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1. Introduction

Nature-inspiredmetaheuristic algorithms have become pow-
erful and popular in computational intelligence and many
applications. There are some important developments in
recent years, and this special issue aims to provide a timely
review of such developments, including ant colony opti-
mization, bat algorithm, cuckoo search, particle swarm opti-
mization, genetic algorithms, support vector machine, neural
networks, and others. In addition, these algorithms have been
applied in a diverse range of applications, and some of these
latest applications are also summarized here.

Computational intelligence andmetaheuristic algorithms
have become increasingly popular in computer science, arti-
ficial intelligence, machine learning, engineering design, data
mining, image processing, and data-intensive applications.
Most algorithms in computational intelligence and optimiza-
tion are based on swarm intelligence (SI) [1, 2]. For example,
both particle swarm optimization [1] and cuckoo search [3]
have attracted much attention in science and engineering.
They both can effectively deal with continuous problems [2]
and combinatorial problems [4]. These algorithms are very
different from the conventional evolutionary algorithms such
as genetic algorithms and simulated annealing [5, 6] and
other heuristics [7].

Many new optimization algorithms are based on the so-
called swarm intelligence (SI) with diverse characteristics

in mimicking natural systems [1, 2]. Consequently, different
algorithms may have different features and thus may behave
differently, even with different efficiencies. However, It still
lacks in-depth understandingwhy these algorithmsworkwell
and exactly under what conditions, though there were some
good studies that may provide insight into algorithms [2, 8].

This special issue focuses on the recent developments of
SI-based metaheuristic algorithms and their diverse appli-
cations as well as theoretical studies. Therefore, this paper
is organized as follows. Section 2 provides an introduction
and comparison of the so-called infinite monkey theorem
and metaheuristics, followed by the brief review of compu-
tational intelligence and metaheuristics in Section 3. Then,
Section 4 touches briefly the state-of-the-art developments,
and finally, Section 5 provides some open problems about
some key issues concerning computational intelligence and
metaheuristics.

2. Monkeys, Shakespeare, and Metaheuristics

There is a well-known thought experiment, called the infinite
monkey theorem, which states that the probability of pro-
ducing any given text will almost surely be one if an infinite
number ofmonkeys randomly type for an infinitely long time
[9, 10]. In other words, the infinite monkeys can be expected
to reproduce the whole works of Shakespeare. For example,
to reproduce the text “swarm intelligence” (18 characters
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including the space), for a random typing sequence of 𝑛
characters on a 101-key computer keyboard, the probability of
a consecutive 18-character random string to be “swarm intel-
ligence” is 𝑝

𝑠
= (1/101)

18

≈ 8.4 × 10
−37, which is extremely

small. However, the importance here is that this probability
is not zero. Therefore, for an infinitely long sequence 𝑛 →
∞, the probability of reproducing the collected works of
Shakespeare is one, though the formal rigorousmathematical
analysis requires Borel-Cantelli lemma [9, 11].

Conversely, we can propose a finite monkey theorem
without proof. For a given finite number of monkeys typing
for a fixed amount of time, what is the probability of
reproducing any piece of text such as this paper?

In many ways, heuristic and metaheuristic algorithms
have some similarities to the infinitemonkey approach.Mon-
keys type randomly and, ultimately, some meaningful high-
quality text may appear. Similarly, most stochastic algorithms
use randomization to increase the search capability. If such
algorithms are executed for a sufficiently long time with
multiple runs, it can be expected that the global optimality
of a given problem can be reached or found. In theory, it
may take infinitely long to guarantee such optimality, but,
in practice, it can take many thousands or even millions of
iterations. If we consider the optimality as an important piece
of work of Shakespeare, the infinite monkeys should be able
to reproduce or achieve it in an infinite amount of time.

However, there are some key differences between the
heuristic algorithms and the infinite monkey approach. First,
monkeys randomly type without any memory or learning
processing, and each key input is independent of another.
Heuristic algorithms try to learn from history and the past
moves so as to generate new, better moves or solutions
[7]. Second, random monkeys do not select what has been
typed, while algorithms try to select the best solutions or
the fittest solutions [5]. Third, monkeys use purely stochastic
components, while all heuristic algorithms use both deter-
ministic and stochastic components. Finally, monkey typing
at most is equivalent to a random search on a flat landscape,
while heuristic algorithms are often cleverly constructed to
use the landscape information in combination with history
(memory) and selection. All these differences ensure that
heuristic algorithms are far better than the randommonkey-
typing approach.

In addition, metaheuristics are usually considered as a
higher level of heuristics, because metaheuristic algorithms
are not simple trial-and-error approaches andmetaheuristics
are designed to learn frompast solutions, to be biased towards
better moves, to select the best solutions, and to construct
sophisticated search moves. Therefore, metaheuristics can be
much better than heuristic algorithms and can definitely be
far more efficient than random monkey-typing approaches.

3. Computational Intelligence
and Metaheuristics

Computational intelligence has been in active development
for many years. Classical methods and algorithms such
as machine learning methods, classifications and cluster

methods, and data mining techniques are all well established,
though constant improvements and refinements are being
carried out. For example, neural networks and support vector
machines have been around for a few decades, and they have
been applied to almost every area of science and engineering
[12, 13]. However, it was mainly in the 1990s when these
twomethods became truly popular, when the mass computer
facilities become affordable with the steady increase of the
computational speed.

Nowadays computational intelligence has permeated into
many applications directly or indirectly. Accompanying this
expansion, nature-inspiredmetaheuristic algorithms begin to
demonstrate promising power in computational intelligence
and many other areas [14]. For example, cuckoo search has
been used in optimizing truss structures [15] and other
applications [3], while a hybrid approach combining a two-
stage eagle strategy with differential evolution can save
computational efforts [16]. New algorithms emerge almost
every year with a trend of speedup.

Algorithms which appeared in the last five years include
bat algorithm [17], cuckoo search [3], flower pollination
algorithm [18], and others, which are in addition to the
popular and well-accepted algorithms such as particle swarm
optimization, ant colony optimization, firefly algorithm, dif-
ferential evolution, and genetic algorithms. Different algo-
rithms have different sources of inspiration, and they can
also perform differently [1, 2]. For example, among most
recent, bioinspired algorithms, flower pollination algorithm
(FPA), or flower algorithm (FA) for simplicity, was developed
by Xin-She Yang, which has demonstrated very good effi-
ciency in solving both single optimization andmultiobjective
optimization problems [18]. Both the flower algorithm and
the cuckoo search use more subtle Lévy flights instead of
standard Gaussian random walks [19].

However, some efficient approaches can be based on the
combination of different algorithms, and the eagle strategy is
a two-stage strategy combining a coarse explorative stage and
an intensive exploitative stage in an iterative manner [16].

Applications can be very diverse, from structural opti-
mization [15] to energy efficient telecommunications [20].
Detailed list of applications can be found in recent review
articles [3, 17] or books [2].

4. State-of-the-Art Developments

As the developments are active and extensive, it is not possible
to cover a good part of the recent advances in a single special
issue. Therefore, this special issue can only provide a timely
snapshot of the state-of-the-art developments. The responses
to this special issue were overwhelming, and more than 100
submissions were received. After going through the rigorous
peer-review process, 32 papers have been accepted for this
issue. A brief summary of these papers is given below.

E. Cuevas et al. provide a study of multimodal opti-
mization using the cuckoo search algorithm, while E. Saraç
and S. A. Özel carry out web page classification using ant
colony optimization and O. Elizarraras et al. obtain better
performance in ad hoc network using genetic algorithms. In
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addition, K. Yang et al. provided a multiobjective memetic
estimation based on incremental local search, and S. Darzi et
al. solve a beam enhancement problem using particle swarm
optimization and other approaches, followed by the study
of routing in cognitive radio ad hoc networks by H. A. A.
Al-Rawi et al. and the feature extraction of flotation froth
images using a combined approach of shuffled cuckoo search
and BP neural networks by J.-s. Wang et al. Furthermore,
A. U. Ahmed et al. provide user categorization for closed
access femtocell network and N. A. Ab Aziz et al. present
a synchronous-asynchronous particle swarm optimization
approach.

On the other hand, S. Lee and S. Shin carry out gait signal
analysis using similarity measures, and J. Wang et al. use
improved ant colony optimization for process planning,
while S. Deng and A. Sakurai use multiple kernel learning
approach in combinationwith differential evolution tomodel
EUR/USD trading problems, followed by the optimization
of virtual machine deployment by Y.-S. Dong et al. and
fault detection of aircraft system by random forest algorithm
and similarity measures by S. Lee et al. In addition, S. Kim
presents an adaptive MANET multigraph routing approach
based simulated annealing.Moreover, solution quality assess-
ment in the context of swarm intelligence has been attempted
by Z. Zhang et al. and application of model and algorithms in
cognitive radio networks has been carried out by K.-L. A. Yau
et al.

Further algorithm developments and enhancements
include the study of the mean-variance portfolio optimiza-
tion by using the firefly algorithmbyN. Bacanin andM. Tuba,
the global support curve data fitting via the cuckoo search
with Lévy flights by A. Gálvez et al., the uncertain portfolio
selection by artificial bee colony by W. Chen, and fuzzy
partitioning problems by island grouping genetic algorithm
approach by S. Salcedo-Sanz et al. In addition, Y. Zhou et al.
present a cloudmodel based bat algorithm,while I. Fister Jr. et
al. propose novel reasoning in the context of PSO using RDF
and SPARQL, followed by J.-h. Yi et al.’s detailed study of back
propagation optimization by the cuckoo search algorithm.

In addition to the above applications in networks,
planning, and feature selection, more applications include
the diagnosis of clinical diseases using PSO-based support
vector machine with cuckoo search by X. Liu and H. Fu,
phase equilibrium thermodynamic calculations using nature-
inspired metaheuristic algorithms by S.-E. K. Fateen and
A. Bonilla-Petriciolet, query workload optimization of cloud
data warehouse by T. Dokeroglu et al., and crop-mix planning
decision using multiobjective differential evolution by O.
Adekanmbi et al.

S. Fong et al. propose ways to enhance performance
of K-means clustering by using nature-inspired optimiza-
tion algorithms, while A. Alihodzic and M. Tuba carry
out multilevel image thresholding by using the improved
bat algorithm. In addition, F. Gómez-Vela and N. Dı́az-
Dı́az use gene-gene interaction for gene network biological
validity, while D. Aguirre-Guerrero et al. provide a fair packet
delivery method with congestion control in wireless sensor
network, and N. Bouhmala solves MAX-SAT problems using
a variable neighbourhood approach. In parallel with the

above developments, T. O. Ting et al. tune Kalman filter
parameters using genetic algorithms for batterymanagement,
and E. Osaba et al. present a golden ball algorithm for solving
routing problems. Last but not least, C. Lagos et al. compare
evolutionary strategies in the text of the biobjective cultural
algorithm.

As we can see from the above extensive list of papers,
the current studies concern a diverse range of real-world
applications as well as algorithm developments and analysis.

5. Open Questions
In fact, there is still a significant gap between theory and
practice. Most metaheuristic algorithms have successful
applications in practice, but their mathematical analysis lags
far behind. In fact, apart from a few limited results about
the convergence and stability concerning particle swarm
optimization, genetic algorithms, simulated annealing, and
others [21, 22], many algorithms do not have theoretical
analysis in the literature. Therefore, we may know that they
can work well in practice, but we hardly understand why they
work and how to improve them with a good understanding
of their working mechanisms.

In addition, there is a well-known “no-free-lunch” the-
orem which concerns the average performance for solving
all problems [23]. However, this theorem is only valid
under strict conditions such as the assumptions of closed
under permutation of solution sequences and nonrevising
assumption of the search points. In fact, for coevolutionary
approaches, there are potentially free lunches [24].

There are many key issues that need to be addressed in
the context of computational intelligence and metaheuristic
algorithms. To list all these problems may require a lengthy
article to provide sufficient details for each key issue. How-
ever, we believe that the following open problems are worth
emphasizing.

(i) It still lacks a general mathematical framework for
analyzing the convergence and stability of metaheu-
ristic algorithms. There are some good results using
Markov chains, dynamic systems, and self-organiza-
tion theory, but a systematic framework is yet to be
developed.

(ii) Parameter tuning is still a time-consuming process for
tuning algorithms. How to best tune an algorithm so
that it can work for a wide range of problems is still an
unsolved problem. In fact, it is a hyperoptimization
problem; that is, it is the optimization of an optimiza-
tion algorithm.

(iii) How can we solve high-dimensional problems effec-
tively? At the moment, most case studies using meta-
heuristic algorithms are small-scale problems. It is not
clear if these algorithms are scalable to dealwith large-
scale problems effectively.

(iv) Discrete problems and combinatorial optimization,
especially those NP-hard problems, are still very
challenging to solve. Though studies indicate that
metaheuristic algorithms can be effective alternatives
[2], it is still at early stage of the research.More studies
are highly needed.



4 The Scientific World Journal

Obviously, these challenges also pose great opportunities
for researchers. It can be expected that any progress in the
above areas will provide great insight into the understanding
of metaheuristic algorithms and their capabilities in solving a
diverse range of problems in real-world applications.

Xin-She Yang
Su Fong Chien
Tiew On Ting
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In recent years, gene networks have become one of the most useful tools for modeling biological processes. Many inference gene
network algorithms have been developed as techniques for extracting knowledge from gene expression data. Ensuring the reliability
of the inferred gene relationships is a crucial task in any study in order to prove that the algorithms used are precise. Usually, this
validation process can be carried out using prior biological knowledge. The metabolic pathways stored in KEGG are one of the
most widely used knowledgeable sources for analyzing relationships between genes. This paper introduces a new methodology,
GeneNetVal, to assess the biological validity of gene networks based on the relevance of the gene-gene interactions stored in KEGG
metabolic pathways. Hence, a complete KEGG pathway conversion into a gene association network and a new matching distance
based on gene-gene interaction relevance are proposed. The performance of GeneNetVal was established with three different
experiments. Firstly, our proposal is tested in a comparative ROC analysis. Secondly, a randomness study is presented to show
the behavior of GeneNetVal when the noise is increased in the input network. Finally, the ability of GeneNetVal to detect biological
functionality of the network is shown.

1. Background

Modeling process occurring in living organisms is one of the
main goals in bioinformatics [1–4]. Gene networks (GNs)
have become one of the most important approaches to
discover which gene-gene relationships are involved in a
specific biological process.

A GN can be represented as a graph where genes,
proteins, and/or metabolites are represented as nodes and
their relationships as edges [1].

It is important to note that GNs can vary substantially
depending on the model architecture used to infer the
network. These models can be categorized into four main
approaches according to Hecker et al. [1]: correlation [5, 6],
logical [7–9], differential equation-based, and Bayesian net-
works [10, 11]. These approaches have been broadly used in
bioinformatics. For example, Rangel et al. [12] used linear
modeling to infer T-cell activation from temporal gene
expression data, or Faith et al. [13] adapted correlation and

Bayesian networks to develop a method for inferring the
regulatory interactions of Escherichia coli.

Once a model has been generated, it is very important
to assure the algorithm reliability in order to demonstrate
its efficacy. The quality of the algorithm(s) can be measured
by applying so-called synthetic data [14] and/or by using
prior biological knowledge [15]. Synthetic data approaches
can be used to analyze the performance of the GN inference
algorithm, whereas a study of biological validity is supported
by real data.

Synthetic data methods produce an artificial data set
according to a previously known network. The values of
the simulated gene expression are stored in a data set and
used as input for the GN inference algorithm. Finally, the
performance of the algorithm is tested comparing both GNs.
Currently, this process can be carried out using different tools
as GeneNetWeaver [16] or SynTReN [17].

Although this approach is commonly used for comparing
inference algorithms, it can not fully reproduce the internal
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features of real biological processes. This drawback means
they are not suitable for the validation of the inferredmodels,
from a biological point of view.

To address this issue, comparison with prior biological
knowledge has been proposed [18, 19]. Currently, there are
a number of different available biological repositories where
the Kyoto encyclopedia of genes and genomes (KEGG) is
one of the most widely used for analyzing relationships
between genes [20, 21]. KEGG’s metabolic pathways con-
tain knowledge about different biological processes. These
pathways are represented as a graph where nodes represent
genes, enzymes, or compounds (i.e., carbohydrates, lipids,
and amino acids) and edges encode relationships, reactions,
or interactions between the nodes. The pathways contained
in the KEGG database represent the actual knowledge of
molecular interaction and reaction networks for metabolism,
genetic information processing, environmental information
processing, cellular processes, and human disease. They
provide useful structured information for gene network
validation. For example, C. Li and H. Li [15] used KEGG
transcriptional pathways to perform a network analysis of the
glioblastoma microarray data, or Ko et al. [22] tested a new
Bayesian network approach using gene-gene relationships
stored in KEGG. In this line we proposed a GN validation
framework based on a direct comparison between a gene
network and KEGG pathways [23].

The aforementioned approaches, hereafter called the
classical use of KEGG, present three major shortcomings: (a)
not all the biological information is used, (b) only strong
gene-gene relationships are considered, and (c) the current
biological knowledge is not complete.

Gene-gene relationships are only usually considered by
metabolic pathways based GN validation approaches. Hence,
all other biological information provided by pathways is
ignored, such as gene-compound or compound-compound
relationships (see Table 1). For example, Wei and Li [24]
only used human gene-gene interactions stored in the KEGG
pathways when performing simulation studies, excluding
gene-compound and compound-compound relationships.
Or Zhou andWong [25] used the relationship betweenKEGG
gene pairs (mainly PPrel and ECrel) to study protein-protein
interaction data sets.

Furthermore, current GN validation approaches are not
entirely accurate as they only consider strong relation-
ships between genes (direct gene-gene interactions), leaving
weaker relationships to one side [4].

In addition, the use of prior biological knowledge could
present another important lack, the current limitations of the
biological databases. As described byDougherty and Shmule-
vich [2], biological knowledge has some intrinsic limitations
in the sense that they depend inherently on the nature of
scientific knowledge. Others are contingent depending on
the present state of knowledge, including technology. Current
validation methods use these biological databases in order to
classify the inferred relationships as true or false positives.
Due to the intrinsic problem of the biological databases, it
is not possible to argue that these false positives are actually
caused by a bad prediction from the inference methods or
because of incomplete knowledge.

This paper proposes a new methodology, GeneNetVal, to
analyze the biological validity of a gene network by utilizing
the biological information stored in KEGG by weighting
the gene-gene relationships. GeneNetVal uses different types
of relationships contained in KEGG pathways (gene-gene,
gene-compound, and compound-compound), carrying out
an exhaustive and complete conversion of a pathway into a
gene network. The network obtained will be used as a gold
standard in comparison with the input network. Moreover,
a novel matching distance is proposed. This measure, based
on gene-gene interaction relevance, takes into account the
concept of weak relationships between a pair of genes to
present a set of nondeterministic indices with different levels
of accuracy. Thus, we do not categorically accept or refuse
a gene-gene relationship, but a weighted value is assigned
according to distance of those genes in the pathway.Through
these values we generated a new gene network validity mea-
sure and mitigate the problem of the incomplete biological
knowledge.

2. Methods

In this section, the GeneNetVal methodology and also the
methods used to perform the experiments will be presented.
Thesemethodswill be used inResults andDiscussion section.

2.1. GeneNetVal Methodology. As already stated, the two-
step methodology proposed, GeneNetVal, is based on KEGG
metabolic pathways and summarized in Figure 1. In the first
step, a complete conversion of a metabolic pathway into a
gene association network is carried out. In the second step,
the biological validity of a GN is determined. In order to do
this, a novel matching distance between networks is used.

2.1.1. Step One: From Metabolic Pathways to Gene Asso-
ciation Networks. KEGG database stores knowledge about
many different organisms, but we only need the information
pertaining to the network to be analyzed. Hence, only the
KEGGmetabolic pathways for the sameorganismof the input
network are considered.This is represented in Figure 1, where
all pathways of the organism 𝑜 are extracted.

These pathways are converted into gene association net-
works where all types of pathway relationships (see Table 1),
including gene-gene (PPrel, ECrel, and GErel), gene-
compound (PCrel), and compound-compound, are used.

As stated previously, a metabolic pathway is composed
of different types of nodes (genes or other compounds)
while genes are only used in gene networks. This difference
exhibits that direct comparison between them is unreliable
based on the information containing different elements. This
difference is overcome by increasing the abstraction level of
the pathways. Concretely, each pathway is converted into a
gene association network, the highest level of abstraction for
reconstruction of gene regulatory processes as it is described
by Mart́ınez-Ballesteros et al. [30].This conversion process is
represented in Figure 2 and explained bellow.

Firstly, all the compound nodes presented in the pathway
are removed. However, gene nodes are conserved along with
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Figure 2: The simplest conversion example. In the first substep the
compound nodes and the direction of the relationship edges are
removed. In the second substep, new association relationships are
established.

Table 1: Possible interactions presented in KEGG are classified into
two groups, gene relationships and others relationships. First the
four types of gene relationships are presented.

KEGG relationships Description
Gene relationships

ECrel Enzyme-enzyme relation
PPrel Protein-protein interaction
GErel Gene expression interaction
PCrel Protein-compound interaction

Others
compound-compound Compound-compound interaction

their relationships of influence (nondirect edges), be they
PPrel, ECrel, orGErel.ThePCrel, compound-compound, and
others relationships are processed in different way.

The compound nodes located between two genes carry
information from one gene to another. They act as a bridge
between the genes, so these two gene nodes should be related.
Based on this, after removing the compound nodes, new
undirected gene-gene relationships will be created. These
relationships are established between each pair of genes that
were previously associated with the same compound node.

Figure 2 shows the conversion process from “Pathway
M” (Figure 1) to a gene network in detail. For example,
genes 3 and 8 are associated with a compound node in the
pathway but there is no direct relationship between them.
However, the information pertaining to this indirect gene-
gene influence should be taken into account so that a new
influence relationship between genes is created. Similarly, a
relationship is generated between genes 6 and 7.

The conversion presented in Figure 2 is a simple example;
pathways are often more complex. In a pathway, multiple
genes are likely related to the same compound node, or
the chemical compounds are transferred by two or more
genes/enzymes. These two cases should be considered to
carry out an exhaustive conversion. In the first type, multiple
genes somehow interact with the same compound (substrate
of a chemical reaction, product, etc.).This biological informa-
tion is preserved creating new relationships (see Figure 3(a)).
In the second group, the genes responsible for transferring the
compounds should be related in the newGN, since they actu-
ally interact with the chemical compounds simultaneously.
Hence, new relationships between these genes are included
(see Figure 3(b)).

2.1.2. Second Step: Biological Validity. In the second step,
the metabolic pathways are used as biological knowledge to
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Figure 3: Two portions of real KEGG pathways with multicon-
nected nodes. (a) contains a fragment of the pathway ℎ𝑠𝑎00410

where three genes are connected to the same compound. In the
process of conversion to a gene network, new relationships between
these genes are created. (b) shows a fragment of the 𝑠𝑐𝑒00510

pathway, illustrating how a compound is transferred by two genes.
When the gene network is created, these two genes must be
connected (as shown in the figure). Note genes HSD11B1, AKR1D1,
and AKR1C4 (a) correspond to enzymes “1.1.1.146,” “1.2.1.3,” and
“1.1.1.50,” respectively.

evaluate the input network. Usually, the literature applies a
scoringmethodology [1, 27, 29] to evaluate an inferredmodel
using prior knowledge, be it synthetic or biological data.
Based on this idea and on the notion of the strong and weak
relationships in GNs [4], the authors have developed a novel
measure for evaluating the validity of an input network that
is based on the relevance of the gene-gene interactions stored
in KEGG.

Let 𝐺
𝐼
= {𝑁

𝐼
, 𝐸
𝐼
} and 𝐺

𝑃
= {𝑁

𝑃
, 𝐸
𝑃
} be two graphs,

where (𝑁
𝐼
, 𝑁
𝑃
) represent the nodes of the graphs and (𝐸

𝐼
, 𝐸
𝑃
)

represent the edges (gene-gene relationships). The validity of
the input graph (𝐺

𝐼
), according to the biological information

of pathway 𝑃 represented in the graph 𝐺
𝑃
, is measured as the

difference between both graphs at certain level of distance.

Definition 1 (Level). Let a graph 𝐺 = {𝑁, 𝐸} and two nodes
𝑔
𝛼
, 𝑔
𝛽
∈ 𝑁. The level of the relationship between (𝑔

𝛼
, 𝑔
𝛽
) is

calculated as the number of edges between nodes 𝑔
𝛼
and 𝑔

𝛽

in 𝐺.

For example, in Figure 4, the relationship between nodes
3 and 7 in 𝐺

𝑃
has a level of 2 because there are two edges

between these nodes.

Definition 2 (Hits at level l (Hitl )). The number of edges
where the level between the nodes directly connected in 𝐺

𝐼

is 𝑙 in 𝐺
𝑃
.

An example of Hit
1
and Hit

2
can be found in Figure 4,

where the edge between genes 3 and 2 represents the Hit
1

H1 = 1
F1 = 1
V1 = 0.5

H2 = 1.5

F2 = 0.5

V2 = 0.75

Input network Metabolic pathway

2

3
7

11 12

Hit 1

Hit
2

3 2

8

7 6

Hit1
Hit2

Pruned gene
Pruned edge

Level1

Level2

Figure 4: An example of the comparison using level 1 and level 2.
Examples of Hit

1
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2
are presented.The purple nodes and their

relationships are pruned for this specific evaluation because they do
not belong to the metabolic pathway.

and the edge between 3 and 7 is Hit
2
. Obviously the greater

the distance between nodes, the lower the relevance of the
evaluated relationship. Thus, the new matching distance
provides two weighted indices through comparison with the
selected level.

Definition 3. Cumulative hits at level 𝑛,H
𝑛
, can be defined as

the weighted sum of correctly inferred edges at level 𝑛 in 𝐺
𝐼

according to the information presented in 𝐺
𝑃
. Consider

H
𝑛
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𝐼
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𝑃
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𝑛

∑

𝑙=1
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𝑙

𝑙

, (1)

where H
𝑛
denotes the sum of edges that were correctly

inferred weighted by their relevance in the network with
distance (level) 𝑛.

Figure 4 presents an example of calculation of𝐻
1
and𝐻

2
.

Definition 4. Cumulative failures at level 𝑛, F
𝑛
, can be

defined as the number of incorrect inferred edges at level 𝑛
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where ‖𝐸
𝐼
‖ is the number of edges in 𝐺

𝐼
. Thus, F

𝑛
denotes

the number of edges that were not correctly inferred in the
network with distance (level) 𝑛.

Figure 4 shows an example of calculation of 𝐹
1
and 𝐹

2
.

At level 1, the graph presents one cumulative failure because
of the genes 3 and 7, which are directly connected in 𝐺

𝐼
and

have a distance of 2 in𝐺
𝑃
. As the interaction between 3 and 7

is weak (hit of level 2), the value of the cumulative failure level
2 is 0.5. Accordingly, the validity measure can be defined.

Definition 5. The validity (GeneNetVal measure) of graph 𝐺
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𝑃
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𝑛
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This measure ranges between 0 and 1, where 0 is the
lowest validity value and 1 the highest. The validity measure
estimates the ratio of correctness of 𝐺

𝐼
with respect to 𝐺

𝑃
.

The biological validity is obtained as the proportion of
positive prediction according to the cumulative hits and
failures. This is the principal measure obtained by our
methodology to rate the quality of a GN.

2.2. ROC Study. A receiver operating characteristic (ROC)
analysis will be presented in the Results section. The goal
of this study is to compare the performance of different
gene network validity approaches, evaluating real networks
against random networks (without biological sense). The
three networks will be used in the experiment, attempt to
encompass the regulation of a large number of functional
processes in yeast. Hence, we have assumed that these net-
works contain biological meaning of each functional process
described in the KEGG pathways (they are functionally
complex networks).

Therefore, the evaluation of these networks should pro-
duce relevant validity results for each of the pathways consid-
ered. In contrast, the biological validity of random networks
ought to yield poor results because, in fact, they should not
contain biological meaning.

A validity threshold (T) has been used to decide if the
input network has relevant information for each selected
pathway.T denotes theminimumvalidity value for a network
with a specific pathway to be considered as valid value. In
order to generate the ROC curve for each experiment, we
have used 101 different T values (from 0 to 1). A confusion
matrix is obtained for each iteration. If the validity value
obtained for a pathway exceeds theT value, the input network
is classified as a positive (true positive or false positive,
depending on whether the input network is a real network
or a random network). If the obtained value is lower, the
input network is described as a negative (true negative or false
negative). With this idea, for each iteration the indexes are
computed for the confusion matrix.

Hence, it is possible to calculate 101 confusion matrices
and 101 true positive rates (TPR) and false positive rates
(FPR) values to draw the curve.

Figure 5 provides a toy example showing the entire pro-
cess (only for one random network). It offers a comparison
between the results obtained by a real network and the results
obtained by a random network. With the validity values
obtained for both networks (Figure 5(a)), different confusion
matrices were generated according to different thresholds,
only 4 thresholds in this example (Figure 5(b)).Thus, for each
iteration it is possible to obtain the values of TPR and FPR
(Figure 5(c)). With these values, the ROC curve is finally
represented (Figure 5(d)).

It is important to note that the results presented in
Figure 6 are average values for a sample of random networks.

2.3. Selecting Functional Description with GeneNetVal. The
specific functionality of the input network could be studied
in accordance with the biological process information store

in a specific KEGG pathway. A metabolic pathway represents
a model of a particular biological process. Different sets of
genes are involved in different pathways. This should be
considered if a functional assessment of the input network
is performed. If a pathway contains a set of genes, this set is
annotated to the pathway’s biological function. Hence, any
information from the input network that does not belong
to the specific biological process will be not taken into
account for this validation. Note that these relationships
should not be considered as a failure because actually there is
no information to classify the validity of the interactions from
genes in the input network that are not present in metabolic
pathways.

This pruning process, which is depicted in Algorithm 1,
entails removing any edge from the input network if the
corresponding genes are not present in the specific pathway.
The input network will suffer a different pruning for each
pathway. Through this pruning, the input network can be
evaluated independently for each process. An example of this
pruning is shown in Figure 4 where the purple edges are
removed for the comparison with the pathway.

After pruning, the comparisons with each pathway will
show the validity measure.The functionality described by the
pathway with the highest value ofV

𝑛
(GeneNetVal measure)

will be the functionality that best fits the input network. A
highV

𝑛
value means that the input network fully or partially

describes the functionality that is described by that particular
metabolic pathway.

Hence,𝑀 different comparisons have been carried out in
Figure 1, where the highest value was generated by the gene
network extracted from “𝑝𝑎𝑡ℎ𝑤a𝑦𝑀.”

It is also possible for the input network to contain
information about more than one specific biological process.
Alternatively, the biological processes are usually interrelated
(e.g., the cell cycle and the meiosis). An example of this
situation in Figure 1 might be the comparison between the
gene network from “𝑝𝑎𝑡ℎ𝑤𝑎𝑦2” and the input network.
In that case, the highest values of the validity measure
could be considered, to determine which processes are better
described.

3. Results and Discussion

The performance of our proposal was tested through three
experiments using different types of networks. Firstly our
proposal was compared with the classical use of KEGG.
A ROC analysis of different distance level of GeneNetVal
and precision measure were carried out. The behavior of
the method proposed with different noise level is tested in
the second experiment. Finally, the ability of GeneNetVal to
detect the biological functionality encoded in a input network
is analyzed in the third experiment.

3.1. ROC Analysis. TheROC analysis was performed to show
the improvement achieved by our approach over those that
only consider direct gene-gene relationships [24, 25], along
with its robustness against information without biological
meaning (see Section 2.2).
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Figure 5: Representation of a toy example for the ROC study performed. (a) represents the GeneNetVal process, where the validity values
for both networks are obtained. In (b) the confusion matrices are obtained. The TPR and FPR values are presented in (c). Finally the ROC
curve is depicted in (d).

ROC analysis has been widely used in the literature [31,
32] because it is able to score the performance of classifiers
and rankers as a trade-off between a true positive rate and
false positive rate. Additionally, the area under theROCcurve
(AUC) is presented, as it provides information about the level
of randomness of the approach.

For this study three complex and contrasting yeast gene
networks with different types of gene relationships were used.
A protein-protein interaction network was used by Batada
et al. [33] in the analysis of highly connected proteins in
a network (hubs). The network resulting of selecting the
protein-protein and protein-DNA interactions of the Saccha-
romyces Genome Database (SGD) [34] provides an access
to the complete Saccharomyces cerevisiae (yeast) genomic
sequence. And, finally, the network was presented by Lee
et al. [35] (YeastNet v.2) which combines protein-protein,
protein-DNA, coexpression, phylogenetic conservation, and
literature information.

For every input network explained above, two differ-
ent topologies of random networks were considered: pure
random and scale-free. This latter topology is used since
biological networks usually follow it [36, 37].

The sample size for each input network and topology
was calculated with a confidence interval of 95% for an
infinite population of networks [38]. Hence, a sample size
of 385 random networks was used. Pure random networks
were designed to have the same node and edge size as the
input network, but gene-gene relationships were randomly
generated. Scale-free networkswere generated using the open
source library JGraphT, with the same nodes as well. To use
information stored in KEGG, we extracted the KGML files of
yeast pathways using the KEGG API.

The results of the analysis are represented in Figure 6,
where each row represents the study of a different input
network. The left column in the figure represents the study
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INPUT 𝐺
𝐼
= {𝑁
𝐼
, 𝐸
𝐼
}: input network

𝐺
𝑃
= {𝑁
𝑃
, 𝐸
𝑃
}: network obtained from the pathway

OUTPUT 𝐺
𝑅
= {𝑁
𝑅
, 𝐸
𝑅
}: network pruned

begin
⟨𝑁
𝑅
, 𝐸
𝑅
⟩ := ⟨𝑁

𝐼
, 𝐸
𝐼
⟩

for each edge 𝑒 ∈ 𝐸
𝐼
do

for each node 𝑛 of 𝑒 do
if 𝑛 ∉ 𝑁

𝑃
then

𝑁
𝑅
= 𝑁
𝑅
− {𝑛}

𝐸
𝑅
= 𝐸
𝑅
− {𝑒}

end if
end for

end for
end

Algorithm 1: Pruning process.

for pure random topology, and the rightmost shows the scale-
free topology. Each graph contains five lines that encode the
behavior of GeneNetVal considering the distance levels from
one to four and the precisionmeasure [30, 39] for the classical
use of KEGG. In total, more than 11000 (3 input networks ×
2 topologies × 5 measures/levels × 385 networks) evaluations
were carried out.

The ROC curves show that the results of the three
networks follow a similar pattern for both topologies. Par-
ticularly striking is the distance between the point (1, 1)
and the one above. FPR is 1 for a threshold equal to zero
(see Section 2.2 for more details) but represents a very low
value for the next checkpoint (threshold = 0.01).This could be
due to the fact that the use of KEGG as gold standard is very
effective detecting interactions with no biological meaning.

For some levels the lines do not start at point (0, 0)
(Figures 6(b) and 6(d)).This is because someKEGGpathways
do not contain many interactions (e.g., 𝑠𝑐𝑒00062 pathway
contains only 5); so a random network might contain those
gene relationships at a certain distance level.

Regarding the values obtained for the area under the
curve (AUC), it is important to note that the major is the
number of type of relationships considered in the network
the better the methodology performs. The best results are
obtained by Lee’s network [35] which combines four different
types of relationships. The second best result is generated
using SGD, while Batada’s network presents the worst result.
This makes sense since KEGG pathways gather biological
data from various contrast sources.

Comparing the classical use of KEGG with level 1 of our
proposal, which only differs on how the pathways informa-
tion is managed, is possible to argue that the conversion
proposed produces significant improvement in AUC. Level 1
produces better result in all cases. For example, theAUCvalue
of 0.88 is increased to 0.92 in SGD for scale-free topology
(Figure 6(d)). Furthermore, it is possible to improve AUC
by increasing the distance level in the comparison. The best

result is shown by level 2, while levels 3 and 4 perform worse
than levels 1 and 2.

The results presented show that GeneNetVal is capable
of detecting gene relationships with and without biological
meaning. Furthermore, the methodology presents a signifi-
cant improvement compared to the classical approach (preci-
sion) for all levels studied. In particular, the best performance
is obtained by level 2 for all the experiments.

Finally, in spite of the fact that biological databases are
crucial information sources for evaluating results obtained
in any study, they have some limitations. These limitations
are intrinsic to all of them, in the sense that they depend
inherently on the nature of scientific knowledge; others are
contingent, depending on the present state of knowledge,
including technology [2, 40]. Such limitations can include
incorrect event or entity labels, missdirections in the rela-
tionships, absence of associations, and other ambiguities.
Consequently, the performance of prior knowledge-based
methods could be affected by these limitations, including our
approach. In particular, GeneNetVal could be affected for
incorrect event or entity labels and also for the absence of
association in the metabolic pathways in terms of bad classi-
fication of relationships (incorrect hit or failure). Despite this
fact, it is worth mentioning that the classical approaches are
also affected for the problems presented above. In this sense,
GeneNetVal presents a more robust performance than the
classical approaches, since the use of indirect relationships
mitigates these problems. This affirmation is supported by
the results presented in this ROC analysis, where GeneNetVal
performs better than the classical approach even though the
same databases (containing the same lacks) are used in both
methods.

3.2. Randomness Study. Despite the fact that in the ROC
analysis section it was shown that GeneNetVal is better
distinguishing real networks from random networks than
a classical approach extracted from the literature, in this
section the behavior of the methodology to the progressive
inclusion of noise will be shown.

Concretely, we have carried out the study for all of the
yeast networks which were previously presented in the paper
(Batada, Lee, and SGD networks).These input networks were
changed increasing randomness in their gene relationships.
Hence, in a loop process composed of 10 iterations, the
random relationships added to the networks were increased
in 10% at each iteration. In the same way a 10% of the original
relationships were removed. To avoid bias, this was done 385
times (sample sizewith a confidence interval of 95%assuming
an infinite population of random networks) [38]. Therefore,
15360 (385 networks × 10 iterations × 4 original networks)
different random networks were analyzed.

According to the results presented in the ROC analysis
section, the validity value level 2 was considered in this exper-
iment. As gold standard, we have used the pathway 𝑠𝑐𝑒04111
(yeast cell cycle) since it is one of the most studied pathways
from yeast [41–43]. The results averages are summarized in
Figure 7.
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Figure 6: ROC analysis of our methodology using some yeast networks. For this analysis two different topologies were used: pure random
and scale-free topology.
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Table 2: Most representative 𝐿𝑒V𝑒𝑙
2
results found using our method assessing some yeast cell cycle networks. The results from GeneNetVal

and the Hits levels 1 and 2 obtained from the evaluation are shown. Note that all similarities found with the KGN are also found for the cell
cycle pathways network as expected.

GeneNetVal
2

Hit
1

Hit
2

GeneNetVal
2

Hit
1

Hit
2

Nariai et al. [26] Gallo et al. [27]
KGN 0.852 35 5 0.65 4 5
sce04111 0.852 35 5 0.65 4 5
sce04113 0.81 22 3 0.4 2 2

Bulashevska and Eils [28] Ponzoni et al. [29]
KGN 0.542 4 5 0.647 6 10
sce04111 0.458 4 3 0.618 6 9
sce04113 0.2 0 2 0.417 1 1
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Figure 7: Results of the randomness study of GeneNetVal using
level 2. For this study, we have used different yeast networks versus
pathway sce04111.

Figure 7 presents the evolution of the validity values for
the yeast networks. It can be observed that the different
validity values follow a similar behavior.This behavior verifies
that the loss of relevant information in the networks is
progressive, and it increases as the randomness is increased
in them as well. These results show that our method is able to
detect the loss of information as the randomness increases in
the networks.

3.3. A Functional Study: Yeast Cell Cycle Networks. In this
section some well-known yeast networks are used to prove
the usefulness of our approach by detecting specific biolog-
ical functionality as it was described in Section 2.3. These
networks were produced by applying different gene networks
inference approaches to the same time-series yeast cell-cycle
microarray [44]. Concretely, the networks were generated
by applying the approaches of the network presented by
Nariai et al. [26], which is obtained through a Bayesian-based

algorithm; Bulashevska andEils [28] that is another Bayesian-
based algorithm; Ponzoni et al. [29] whose algorithm called
GRNCORP is based on a combinatorial optimization; and
finally the network presented byGallo et al. [27] (calledGRN-
CORP2) that is a performance improvement of GRNCORP.

For this study, all the information stored in KEGG has
been brought together in a single complex network. This
global network (KEGG global network, KGN) is generated
according to the knowledge gathered in each gene association
network generated from Saccharomyces cerevisiae pathways.
The aim of KGN is to conduct a global evaluation of the
different networks to decide whether the networks contain
biological knowledge or not. Specifically, the evaluation has
been performedwith level 2, according to the results obtained
in the ROC analysis section. To compare the gene networks,
only the relationships between genes contained in the input
network and KGN have been considered. It is not possible
to establish the quality of those interactions, because KEGG
contains no information to ascertain whether the gene-gene
interactions are biologically relevant or not.

In Table 2, the KGN rows, the global evaluation results,
are shown. It is worth mentioning that two of the four net-
works obtain better validity results with the KGN because of
the inclusion of a greater number of the indirect relationships
(Hit
2
).

Once the results of the global KGN network are obtained,
a specific functional biological analysis was performed. This
analysis reveals whether the cell cycle’s network describes a
specific biological process or if the information is dispersed
among all the pathways stored in the organism.

Therefore, all input networks have been compared with
each of the 105 GNs obtained from Saccharomyces cerevisiae
pathways.Themost representative results were obtained with
the sce04111 and sce04113 pathways, which represent the cell
cycle and meiosis processes, respectively. These results are
presented in the sce04111 and sce04113 rows of Table 2. They
show that the networks store the majority of its biological
information regarding the cell cycle metabolic pathway. For
that reason, we obtain practically the same values using the
cell cycle pathway or KGN for the evaluation.

Moreover, all the hits (Hits
1
and Hits

2
) obtained in

comparison to KGN are also found in cell cycle pathway



10 The Scientific World Journal

sce04111. This information is summarized in Table 2 where
the results of Hits

1
and Hits

2
are presented for all networks

studied. As expected, the functionality found in the global
evaluation is completed in relation to the yeast cell cycle
process.

The input networks also contain biological information
for the meiosis pathway (sce04113) (last row of Table 2).
This does not contradict the previous result, since meiosis is
related to the cell cycle [45], sharing gene-gene relationships.

The presented results show that our approach is able to
identify the biological functionality that best describes the
input network. Moreover, it is also able to find more related
subprocesses.

4. Conclusions

A new methodology to score the biological validity of
gene networks is proposed. Our presented approach, called
GeneNetVal, entails identifying biological knowledge
included in the input network. It is based on the gene-gene
interaction relevance between the genes involved in the
KEGGmetabolic pathways.Themethod provides a complete
and exhaustive conversion from a pathway to a gene
association network. This approach also uses the concept of
weak relationships between genes to present a new matching
distance with different distance levels.

Three different experiments have been carried out. Firstly,
our approach was compared to the classical use of KEGG to
score the gene network validity. Comparisons were made for
three different Saccharomyces cerevisiae complex networks.
To demonstrate the robustness of the methodology, ROC
analysis was performed for pure random and scale-free
topologies. The results show that the proposal represents a
significant improvement over the classical use of KEGG for
assessing gene networks. Furthermore, it is possible to obtain
better results by increasing the level of GeneNetVal in the
comparison, where level 2 presents the best performance for
all the experiments.

Secondly, a randomness study was performed.This study
shows GeneNetVal is able to detect the loss of information in
the input networks as the noise increases in them. Hence, our
proposal distinguishes biologically correct from less correct
networks.

Finally, the ability of GeneNetVal in finding a specific
biological functionality was tested using some yeast cell cycle
networks. The results show that our proposal is able to
identify the main biological process described in an input
network and other related processes.
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6 Escuela de Ingenieŕıa Industrial, Universidad Diego Portales, 8370109 Santiago, Chile

Correspondence should be addressed to Carolina Lagos; carolina.lagos.c@mail.pucv.cl

Received 9 April 2014; Accepted 27 June 2014; Published 31 August 2014

Academic Editor: Xin-She Yang

Copyright © 2014 Carolina Lagos et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Evolutionary algorithms have been widely used to solve large and complex optimisation problems. Cultural algorithms (CAs) are
evolutionary algorithms that have been used to solve both single and, to a less extent,multiobjective optimisation problems. In order
to solve these optimisation problems, CAs make use of different strategies such as normative knowledge, historical knowledge,
circumstantial knowledge, and among others. In this paper we present a comparison among CAs that make use of different
evolutionary strategies; the first one implements a historical knowledge, the second one considers a circumstantial knowledge, and
the third one implements a normative knowledge. These CAs are applied on a biobjective uncapacitated facility location problem
(BOUFLP), the biobjective version of the well-known uncapacitated facility location problem. To the best of our knowledge, only
few articles have applied evolutionary multiobjective algorithms on the BOUFLP and none of those has focused on the impact
of the evolutionary strategy on the algorithm performance. Our biobjective cultural algorithm, called BOCA, obtains important
improvements when compared to other well-known evolutionary biobjective optimisation algorithms such as PAES and NSGA-II.
The conflicting objective functions considered in this study are cost minimisation and coverage maximisation. Solutions obtained
by each algorithm are compared using a hypervolume S metric.

1. Introduction

Evolutionary algorithms (EAs) are an effective alternative to
(approximately) solve several large and complex optimisation
problems, as they are able to find good solutions for a
wide range of problems in acceptable computational time.
Although less studied, EAs for multiobjective optimisation
(MO) problems, called evolutionarymultiobjective optimisa-
tion (EMO), have demonstrated to be very effective. In fact,
during the last two decades, several authors have focused
their efforts on the development of several EMO algorithms
to solve a wide range ofMO problems. For instance, Maravall

and de Lope [1] use a genetic algorithm (GA) to solve the
multiobjective dynamic optimisation for automatic parking
system. In [2] the authors propose an improvement to the
well-known NSGA algorithm (called NSGA-II) based on an
elitist approach. In [3] the author presents an EMO algorithm
applied on a specific variation of the well-studied capacitated
vehicle routing problem (CVRP), where the author includes
in the EMO algorithm an explicit collectivememorymethod,
namely, the extended virtual loser (EVL). Other well-known
EMO algorithms developed during the last two decades are
PAES [4] and MO particle swarm optimisation [5]. More
recently, hybrid techniques have been also applied to a large
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number of optimisation problems (see [6]). A comprehensive
literature review related to EMO algorithms can be found in
[7].

EMO algorithms have some problems that must be taken
into account, though. For instance, they tend to fall into
premature convergence with low evolution efficiency [8].
This is because of implicit information embodied in the
evolution process and domain knowledge corresponding to
optimisation problems which are not fully included in the
solution approach [9]. To overcome these problems, one
can make use of implicit evolution information. Reynolds
[10] proposes an EA, called cultural algorithm (CA), which
is inspired from human culture evolution process and that
makes use of the implicit evolution information generated at
each iteration.TheCAs have a dual evolution structure which
consists of two spaces: population and belief space. On the
one hand, the population space works as in any other EA,
that is, using evolutionary operators such as mutation and
crossover. On the other hand, in the belief space, implicit
knowledge is extracted from selected individuals in the
population and stored in a different way. Then, they are used
to guide the whole evolution process in the population space
such that they can induce the population to escape from
local optimal solutions. It has been proved that CAs can
effectively improve the evolution performance [9]. Although
less studied, CAs have been also used to solve MO problems.
Coello et al. [11] andCoello et al. [12], two remarkable surveys
onCAs, onlymentionCoello and Landa [13] work as example
of a CA application solving MO problems. More recently,
Zhang et al. [14] present a CA which is enhanced by using
a particle swarm optimisation algorithm. This enhanced CA
is applied to fuel distribution MO problem. Srinivasan and
Ramakrishnan [15] present a MO cultural algorithm that is
applied on data mining domain. In [16] the authors applied
a CA to a biobjective portfolio selection problem using
normative knowledge in the belief space. In [17] authors
present a formal framework to implement MO cultural
algorithms. To the best of our knowledge, [18] is the only
article that uses CAs to solve the biobjective uncapacitated
facility location problem (BOUFLP). Furthermore, we did
not find any article which compares the performance of CAs
using different evolutionary strategies at the belief space level.
Thus, in this paper we present an extension of the biobjective
cultural algorithm (BOCA) developed in [18]. We use two
different strategies at the belief space level and compare the
performance of our new algorithms with the performance
of the previous one. We also compare its results with other
well-known EMO algorithms such as PAES and NSGA-II.
Obtained solutions were compared using the hypervolume S
metric proposed in [19].

The remaining of this paper is organised as follows.
Section 2 shows an overview on MO focused on EMO
algorithms. Section 2.1 presents briefly the BOUFLP and
some of its distinctive features. In Section 3, we describe our
implementation for the BOCA algorithm. We describe the
main differences between our implementation and the one in
[18]. Section 3.2 presents the BOCA algorithm applied to a set
of well-known instances from the literature. Finally, Section 4
presents the conclusions of this work.

2. Overview

In this section we show an overview of topics related
to this paper. In Section 2.1, MO concepts are presented,
emphasizing EMO algorithms and its state of art. More
specifically, we focus on the development of EMO algorithms
for MO combinatorial optimisation (MOCO) problems. In
Section 2.2 we present the BOUFLP formulation based on a
cost-coverage approach. Finally, in Section 2.3 we present an
overview of CAs and its multiobjective extension. Details of
our CA implementation are also presented at the end of this
section.

2.1. (Evolutionary) Multiobjective Optimisation. In this sec-
tionwe briefly introduce themain principles ofMOproblems
and, particularly, MOCO problems. For a comprehensive
review of this topic see [20, 21]. In this paper we will make
use of the following notation for the comparison of vectors
(solutions). Let 𝑦 and 𝑦



∈ R𝑝. We say that 𝑦 ≦ 𝑦
 if

𝑦
𝑘
≦ 𝑦


𝑘
∀𝑘 = 1, . . . , 𝑝. Similarly, we will say that 𝑦 ≤ 𝑦

 if
𝑦 ≦ 𝑦

 but 𝑦 ̸= 𝑦
. Finally, we say that 𝑦 < 𝑦

 if 𝑦
𝑘
< 𝑦


𝑘
∀𝑘 =

1, . . . , 𝑝. A solution 𝑥 ∈ R𝑛, with 𝑛 being equal to the number
of decision variables, is called an efficient solution and its
image 𝑓(𝑥), with 𝑓 : R𝑛 → R𝑝, a nondominated point of
the MO problem if there is no 𝑥 ∈ R𝑛, with 𝑥 ̸= 𝑥, such that
𝑓(𝑥) ≤ 𝑓(𝑥). In [22] the author describes several excellence
relations. These relations establish strict partial orders in the
set of all nondominated points related to different aspects
of their quality. Previously, in [23, 24] the authors consider
several outperformance relations to address the closeness
of the set of nondominated points found by an algorithm
to the actual set of nondominated points, called Pareto
Frontier (PF). In [25] a comprehensive explanation of the
desirable features of an approximation to the PF is presented.
In this paper, we choose the S metric which is properly
explained in [24]. The S metric calculates the hypervolume
of a multidimensional region [19] and allows the integration
of aspects that are individually measured by other metrics.
An advantage of the S metric is that each algorithm can be
assessed independently of the other algorithms involved in
the study. However, the S values of two setsA andB, namely,
SA and SB, respectively, cannot be used to derive whether
either set entirely dominates the other. Figure 1(a) shows a
situation where SA > SB and setA completely dominates set
B. Figure 1(b) shows a situation where SB > SA but neither
A dominatesB norB dominatesA.

In this paper we use EAs to solve the BOUFLP. An EA
is a stochastic search procedure inspired by the evolution
process in nature. In this process, individuals evolve and the
fitter ones have a better chance of reproduction and survival.
The reproduction mechanisms favour the characteristics of
the stronger parents and hopefully produce better children
guaranteeing the presence of those characteristics in future
generations [26]. EAs have been successfully applied to a
large number of both single- andmultiobjective optimisation
problems. Comprehensive reviews of EMO algorithms are
presented in [11, 24] andmore recently in [12]. Amore general
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(b) NeitherA dominatesB norB dominatesA

Figure 1: S metric represented as the area that is dominated by a set
of (approximately) nondominated points.

review of hybrid heuristics solving MOCO problems, where
EMO algorithms are also included, is presented in [27].

2.2. Biobjective Uncapacitated Facility Location Problem.
Facility location problem (FLP) is one of the most important
problems for companies with the aim of distributing products
to their customers. The problem consists of selecting sites to
install plants, warehouses, and distribution centres, allocating
customers to serving facilities and interconnecting facilities
by flow assignment decisions. Comprehensive reviews and
analysis of the FLP are presented in [28–30].

In this paper we consider a two-level supply chain, where
a single plant serves a set of warehouses, which serve a set of
end customers or retailers. Figure 2 shows this configuration.

Two main (conflicting) objectives can be identified in the
FLP:

(i) minimise the total cost associated with the facility
installation and customer allocation and

(ii) maximise the customers rate coverage.

Several works on single-objective optimisation have been
carried out considering these two objectives separately. On
the one hand, uncapacitated FLP (UFLP) is one of most
studied FLPs in the literature. In the UFLP the main goal
is to minimise the location-allocation cost of the network.
On the other hand, 𝑝 median FLPs are one of the most
common FLPs among those that are focused on coverage
maximisation.Most important FLPmodels arewell described
and formalised in [29]. MO FLPs have been also well studied
in the literature during the last two decades. A survey on this
topic can be found in [31].

As we mentioned before, in this paper we solve the
BOUFLP. BOUFLP has been modelled with minisum and
maxisumobjectives (cost and coverage).The followingmodel
formulation is based on [32]. Let 𝐼 = {1, . . . , 𝑚} be the set of
potential facilities and 𝐽 = {1, . . . , 𝑛} the set of customers.
Let FC

𝑖
be the fixed cost of opening facility 𝑖 and 𝑑

𝑗
the

demand of customer 𝑗. Let 𝑐
𝑖𝑗
be the cost of assigning the

customer 𝑗 to facility 𝑖 and ℎ
𝑖𝑗
the distance between facility 𝑖

and customer 𝑗. Let𝐷MAX be the maximal covering distance;
that is, customers within this distance to an open facility are
considered well served. Let 𝑄

𝑗

= {𝑖 ∈ 𝐼 : ℎ
𝑖𝑗

≤ 𝐷MAX}
be the set of facilities that could serve customer 𝑗 within the
maximal covering distance 𝐷MAX. Let 𝑥𝑖 be 1 if facility 𝑖 is
open and 0, otherwise. Let 𝑦

𝑖𝑗
be 1 if the whole demand of

customer 𝑗 is served by facility 𝑖 and 0, otherwise. Consider

minimise 𝑓 (𝑥, 𝑦) (1)

s.t. ∑

𝑖∈𝐼

𝑦
𝑖𝑗

∀𝑗 ∈ 𝐽 (2)

𝑦
𝑖𝑗
≤ 𝑥
𝑖

∀𝑗 ∈ 𝐽, 𝑖 ∈ 𝐼 (3)

𝑦
𝑖𝑗
∈ {0, 1} ∀𝑗 ∈ 𝐽, 𝑖 ∈ 𝐼 (4)

𝑥
𝑖
∈ {0, 1} ∀𝑖 ∈ 𝐼 (5)

with 𝑓 : R𝑛 → R𝑝 and 𝑝 = 2. Objective functions 𝑓
1
and 𝑓

2

are as follows:

𝑓
1
(𝑥, 𝑦) = ∑

𝑖∈𝐼

FC
𝑖
𝑥
𝑖
+ ∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝑐
𝑖𝑗
𝑦
𝑖𝑗
, (6)

𝑓
2
(𝑥, 𝑦) = −∑

𝑗∈𝐽

𝑑
𝑗
∑

𝑖∈𝑄
𝑗

𝑦
𝑖𝑗
. (7)

Equation (6) represents total operating cost; the first term
corresponds to location cost, that is, the sum of the fixed costs
of all the open facilities, and the second term represents the
allocation cost, that is, the cost of attending customer demand
by an open facility. Equation (7) measures coverage as the
sum of the demand of customers attended by open facilities
within the maximal covering distance. Equations (2) and (3)
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Figure 2: A two-level supply chain network configuration.

ensure that each customer is attended by only one facility.
Equation (3) also forces customer to be assigned to an open
facility. Finally, equations (4) and (5) set decision variables as
binary.

2.3. Biobjective Cultural Algorithm. The experience and
beliefs accepted by a community in a social system are the
main motivations for the creation of the CAs. Originally pro-
posed by Reynolds [10], CAs model the evolution of cultural
systems based on the principles of human social evolution.
In this case, evolution is seen as an optimisation process [10].
The CAs guide the evolution of the population based on the
knowledge. Knowledge acquired during previous iterations
is provided to future generations, allowing accelerating the
convergence of the algorithm to good solutions [33]. Domain
knowledge is modelled separately from the population,
because there is certain independence between them which
allows us to work and model them separately, in order to
enhance the overall algorithm performance. Figure 3 shows
this interaction.

CAs are mainly characterised by presenting two inher-
itance systems: one at population level, called population
space, and the other at knowledge level, called belief space.
This key feature is designed to increase the learning rates
and convergence of the algorithm and thus to do a more
responsive system for a number of problems [34]. Moreover,
it allows us to identify two significant levels of knowledge:

a microevolutionary level (represented by the population
space) andmacroevolutionary level (represented by the space
of beliefs) [35].

CAs have the following components: population space
(set of individuals who have independent features) [35]; belief
space (stored individuals acquired in previous generations)
[34]; computer protocol, connecting the two spaces and
defining the rules on the type of information to be exchanged
between them by using the acceptance and influence func-
tions; and finally knowledge sources which are described
in terms of their ability to coordinate the distribution of
individuals depending on the nature of a problem instance
[35]. These knowledge sources can be of the following
types: circumstantial, normative, domain, topographic, and
historical.

The most distinctive feature of CAs is the use of the
belief space which through an influence function affects
future generations. For this reason, in this paper we focus
on the effect on the algorithm performance of changes in
such an influence function. To do this, we have considered
results obtained previously in [18], where the authors used
an influence function based on historical knowledge, and
we compare those results with our BOCA implementation
which considers two influence functions: the first one based
on circumstantial knowledge and the second one based
on normative knowledge. Algorithm 1 shows the general
procedure of our BOCA algorithm.
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Figure 3: CA general diagram.

begin
𝑘 = 0;
initialise Popuation 𝑃

𝑘
;

initialise BeliefSpace 𝐵
𝑘
;

while 𝑘 < 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑁𝑢𝑚𝑏𝑒𝑟 do
Evaluate(𝑃

𝑘
);

𝑃
best
𝑘

= bestIndividuals(𝑃
𝑘
);

updateBeliefSpace(𝐵
𝑘
, accept(𝑃best

𝑘
));

influence(𝑃
𝑘
, 𝐵
𝑘
);

𝑘 = 𝑘 + 1;
𝑃
𝑘
= newPopulation(𝑃

𝑘−1
);

end

Algorithm 1: BOCA general algorithmic frame.

To initialise the population, we use a semirandom func-
tion. In its first phase, this function defines in a stochastic
way the set of facilities that will be opened (selected facili-
ties). Then, we allocate each customer to a selected facility
minimising the cost function 𝑓

1
while avoiding minimising

the coverage function 𝑓
2
. This strategy provides better results

than using completely random initial populations, and its
computational time additional cost is marginal.

To obtain the next generation, two parents are used in a
recombination process. To avoid local optimal values, we do
not overuse the culture. Thus, a parent is selected from the
population to obtain diversity and the other parent is selected

from the belief space to influence the next generation. The
belief space keeps a list of all the individuals which meet
some criteria. These criteria depend on what knowledge
the algorithm implements. In this paper the circumstantial
knowledge selects the best individuals found so far for
each objective function. Thus, one individual will give us
information on the best value found for 𝑓

1
and the other will

do the same for 𝑓
2
. The historical knowledge stores a list of

individuals with the best fitness value found so far.The fitness
value is calculated as the hypervolume S that is covered by an
individual. Finally, normative knowledge considers a list of
individuals which are pairwise nondominated with respect to
the other individuals of their generation.

Let |𝐽| be the number of available facilities and let |𝐼|

be the number of customers of our BOUFLP. In this paper
decisions variables 𝑥 and 𝑦 are represented by a binary |𝐽|-
length vector and |𝐽| × |𝐼| matrix, respectively. Comparing
two different solutions (individuals) needs an evaluation
criterion. In this paper we use the same criterion explained
in [18].

3. Computational Experiments

In this section we present the set of instances that are used
in this study as well as results obtained by our BOCA
implementation.

3.1. Instances Presentation. The instances that were used in
this paper correspond to random instances using a problem
generator that follows the methodology from UflLib [36].
Previous works in the literature have also used this problem
generator to create their test instances [18, 26].

The BOCA algorithm has several parameters that need to
be set. As in [18], the number of generations considered in
this paper is equal to 100. Population size 𝐿 is set equal to 100,
mutation probability in the population space 𝑃ps is equal to
0.2, and probability of mutation in the belief space 𝑃bs is 0.04.
Both 𝐿 and 𝑃ps values are different from the values used in
[18]. These values are chosen as they all together yield to the
best performance of the algorithm given some test instances.
Thus, although resulting values are different from that used in
[18], the method we use to set them is the same as that used
in that work. This is important in order to fairly compare the
different BOCA algorithms.

3.2. Results and Discussion. In this section we compare the
results obtained by the previous BOCAalgorithm (see [18] for
further details) and our approach. Moreover, a comparison
between results obtained by well-known EMO algorithms
such as NSGA-II and PAES and our BOCA algorithm is also
presented in this section.

Tables 1 and 2 show the results obtained by the BOCA
implementations using historical [18], circumstantial, and
normative knowledge, respectively. In the same way, Tables 3
and 4 present the results obtained by the well-known NSGA-
II and PAES algorithms. For each algorithm 𝑆 value (%), time
𝑡 (in seconds), and the number of efficient solutions 𝑥 ∈ 𝑋

have been included in these tables. As we mentioned before,
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Table 1: Results obtained by the BOCA implementations for instance of class 𝐴.

Instance BOCA (historical) BOCA (circumstantial) BOCA (normative)
𝑡
1
(sec) S

1
% |𝑋

1
| 𝑡

2
(sec) S

2
% |𝑋

2
| 𝑡

3
(sec) S

3
% |𝑋

3
|

𝐴
10–25𝐶1 252 0.7057 13 167 0.7058 13 37 0.6963 11

𝐴
10–25𝐶2 197 0.6136 11 176 0.6136 11 27 0.6135 10

𝐴
10–25𝐶3 186 0.6993 9 184 0.6992 9 33 0.6992 9

𝐴
10–25𝐶4 115 0.5729 5 193 0.5729 5 28 0.5728 3

𝐴
10–25𝐶5 152 0.6351 8 168 0.6352 8 32 0.6352 8

𝐴
10–25𝐶6 183 0.5982 9 186 0.5961 8 34 0.5944 8

𝐴
30–75𝐶1 464 0.8071 18 793 0.7828 16 1908 0.7300 12

𝐴
30–75𝐶2 1247 0.8013 47 598 0.7798 23 1201 0.7090 30

𝐴
30–75𝐶3 1177 0.7552 50 611 0.7374 21 1305 0.7098 29

𝐴
30–75𝐶4 450 0.7471 21 960 0.6307 10 1450 0.6048 15

𝐴
30–75𝐶5 940 0.7790 46 610 0.7628 32 1725 0.7078 28

𝐴
30–75𝐶6 740 0.7245 37 536 0.6656 14 446 0.7010 28

𝐴
50–150𝐶1 1473 0.7878 52 2386 0.6685 27 3481 0.7140 42

𝐴
50–150𝐶2 1043 0.7611 37 4266 0.6418 27 5412 0.6200 32

𝐴
50–150𝐶3 1165 0.7883 53 1644 0.7171 24 3941 0.7160 27

𝐴
50–150𝐶4 735 0.6345 17 1437 0.5849 17 3419 0.6010 20

𝐴
50–150𝐶5 1459 0.8039 53 2333 0.6725 21 2745 0.7158 35

𝐴
50–150𝐶6 1434 0.7903 43 2399 0.6535 26 2811 0.7040 48

Table 2: Results obtained by the BOCA implementations for instance of class 𝐵.

Instance BOCA (historical) BOCA (circumstantial) BOCA (normative)
𝑡
1
(sec) S

1
% |𝑋

1
| 𝑡

2
(sec) S

2
% |𝑋

2
| 𝑡

3
(sec) S

3
% |𝑋

3
|

𝐵
10–25𝐶1 135 0.7795 7 196 0.7795 7 36 0.7721 8

𝐵
10–25𝐶2 130 0.5856 5 128 0.5813 4 48 0.5807 4

𝐵
10–25𝐶3 238 0.7410 14 229 0.7278 12 101 0.7170 13

𝐵
10–25𝐶4 260 0.7261 14 222 0.7246 14 182 0.7218 12

𝐵
10–25𝐶5 115 0.8117 6 185 0.7250 4 25 0.8020 5

𝐵
10–25𝐶6 285 0.6517 18 245 0.6340 15 31 0.5967 12

𝐵
30–75𝐶1 683 0.7650 38 736 0.6945 26 1208 0.7119 20

𝐵
30–75𝐶2 944 0.7323 59 882 0.7133 30 1014 0.7115 24

𝐵
30–75𝐶3 1351 0.6335 72 683 0.6263 28 1076 0.6106 28

𝐵
30–75𝐶4 618 0.5214 32 857 0.4947 27 472 0.4824 29

𝐵
30–75𝐶5 905 0.7473 45 917 0.6869 37 1820 0.6647 25

𝐵
30–75𝐶6 800 0.8775 42 565 0.8502 24 781 0.8310 35

𝐵
50–150𝐶1 802 0.8345 23 885 0.8105 18 2371 0.8090 20

𝐵
50–150𝐶2 1221 0.7634 53 1405 0.7134 24 2678 0.7050 35

𝐵
50–150𝐶3 1410 0.7915 58 1706 0.7169 13 2791 0.6940 45

𝐵
50–150𝐶4 567 0.7498 10 604 0.6720 17 3841 0.6420 15

𝐵
50–150𝐶5 939 0.6393 37 482 0.5470 27 5712 0.5870 25

𝐵
50–150𝐶6 1904 0.8016 67 1745 0.7560 34 4958 0.7150 54

we want to produce a set with a large number of efficient
solutions 𝑥 ∈ 𝑋, a 𝑆 value close to 100% (ideal), and a small 𝑡.
For the sake of easy reading, we have split the set of instances
into two subsets (instances type 𝐴 and 𝐵).

We then compare our BOCA implementations with the
one presented in [18]. Tables 5 and 6 show a comparison
between those algorithms. As we can see, when compared in
terms of its 𝑆 value (the bigger, the better), BOCA algorithm

using historical knowledge (BOCAH) performs consistently
better than the ones using circumstantial (BOCAC) and
normative (BOCAN) knowledge. In fact BOCAH obtains a 𝑆

value that is, in average, 5.8% bigger than the one obtained
by BOCAC and 6.5% bigger than the 𝑆 value obtained by
BOCAN. When compared in terms of the CPU time needed
to reach the number of iterations (generations), BOCAH is,
in average, faster than both BOCAC and BOCAN algorithms.
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Table 3: Results obtained bywell-knownMOEA algorithmsNSGA-
II and PAES for instances of class 𝐴.

Instance NSGA-II PAES
𝑡
4
(sec) S

4
% |𝑋

4
| 𝑡
5
(sec) S

5
% |𝑋

5
|

𝐴
10–25𝐶1 1344 0.7057 13 372 0.7057 13

𝐴
10–25𝐶2 1511 0.6136 11 394 0.6136 11

𝐴
10–25𝐶3 1859 0.6993 9 326 0.6993 9

𝐴
10–25𝐶4 3186 0.5729 5 305 0.5729 5

𝐴
10–25𝐶5 1748 0.6351 8 378 0.6351 8

𝐴
10–25𝐶6 1650 0.5982 9 384 0.5982 9

𝐴
30–75𝐶1 1633 0.8071 18 499 0.7795 16

𝐴
30–75𝐶2 1345 0.8012 43 622 0.7915 41

𝐴
30–75𝐶3 1394 0.7538 43 603 0.7384 29

𝐴
30–75𝐶4 1874 0.7508 20 525 0.7342 20

𝐴
30–75𝐶5 1413 0.7783 40 595 0.7572 33

𝐴
30–75𝐶6 1474 0.6676 36 511 0.5300 12

𝐴
50–150𝐶1 2385 0.7913 43 1386 0.7391 25

𝐴
50–150𝐶2 2522 0.7597 39 1231 0.6729 23

𝐴
50–150𝐶3 2298 0.7665 34 1269 0.6900 26

𝐴
50–150𝐶4 2575 0.6344 17 1233 0.6106 15

𝐴
50–150𝐶5 2446 0.8072 40 1251 0.7590 23

𝐴
50–150𝐶6 2259 0.7862 38 1218 0.6461 27

Table 4: Results obtained bywell-knownMOEAalgorithmsNSGA-
II and PAES for instances of class 𝐵.

Instance NSGA-II PAES
𝑡
4
(sec) S

4
% |𝑋

4
| 𝑡
5
(sec) S

5
% |𝑋

5
|

𝐵
10–25𝐶1 1439 0.7795 7 397 0.7795 7

𝐵
10–25𝐶2 1430 0.5856 5 405 0.5856 5

𝐵
10–25𝐶3 1288 0.741 13 433 0.7410 13

𝐵
10–25𝐶4 1747 0.7261 14 440 0.7261 14

𝐵
10–25𝐶5 1766 0.8117 6 363 0.8117 6

𝐵
10–25𝐶6 1261 0.6517 17 394 0.6517 17

𝐵
30–75𝐶1 1566 0.7609 30 562 0.7134 27

𝐵
30–75𝐶2 1525 0.7285 49 563 0.6899 34

𝐵
30–75𝐶3 1345 0.6330 51 578 0.5991 53

𝐵
30–75𝐶4 2562 0.5333 23 502 0.5211 21

𝐵
30–75𝐶5 1433 0.7631 31 564 0.7360 26

𝐵
30–75𝐶6 1460 0.8088 47 585 0.7602 32

𝐵
50–150𝐶1 2698 0.8447 23 1280 0.6925 10

𝐵
50–150𝐶2 2289 0.7515 41 1241 0.4970 13

𝐵
50–150𝐶3 2284 0.7988 52 1279 0.6836 26

𝐵
50–150𝐶4 2603 0.7500 10 1192 0.7253 14

𝐵
50–150𝐶5 2301 0.6387 35 1212 0.5021 16

𝐵
50–150𝐶6 3178 0.8029 43 1260 0.7152 32

We can note that for 𝐵 instances, times required by BOCAH

and BOCAC are, in average, quite similar (only 1.6% of
difference). Finally, when we look at the number of efficient
solutions found by each algorithm (|𝑋| column), we can see
that, again, BOCAH outperforms both BOCAC and BOCAN

algorithms. In this case, the average number of efficient

Table 5: Comparison among our BOCA implementations (𝐴
instances).

Instance Δ
S1
S2 Δ

𝑡1
𝑡2

Δ
|�̂�1 |

|�̂�2 |
Δ
S1
S3 Δ

𝑡1
𝑡3

Δ
|�̂�1 |

|�̂�3 |

𝐴
10−25

𝐶
1

−0.014 33.73 0.00 1.332 85.32 15.38
𝐴
10−25

𝐶
2

0.000 10.66 0.00 0.016 86.29 9.09
𝐴
10−25

𝐶
3

0.014 1.08 0.00 0.014 82.26 0.00
𝐴
10−25

𝐶
4

0.000 −67.83 0.00 0.017 75.65 40.00
𝐴
10−25

𝐶
5

−0.016 −10.53 0.00 −0.016 78.95 0.00
𝐴
10−25

𝐶
6

0.351 −1.64 11.11 0.635 81.42 11.11
𝐴
30−75

𝐶
1

3.011 −70.91 11.11 9.553 −311.21 33.33
𝐴
30−75

𝐶
2

2.683 52.04 51.06 11.519 3.69 36.17
𝐴
30−75

𝐶
3

2.357 48.09 58.00 6.012 −10.88 42.00
𝐴
30−75

𝐶
4

15.58 −113.33 52.38 19.047 −222.22 28.57
𝐴
30−75

𝐶
5

2.080 35.11 30.43 9.140 −83.51 39.13
𝐴
30−75

𝐶
6

8.130 27.57 62.16 3.244 39.73 24.32
𝐴
50−150

𝐶
1

15.143 −61.98 48.08 9.368 −136.32 19.23
𝐴
50−150

𝐶
2

15.675 −309.01 27.03 18.539 −418.89 13.51
𝐴
50−150

𝐶
3

9.0320 −41.12 54.72 9.172 −238.28 49.06
𝐴
50−150

𝐶
4

7.8170 −95.51 0.00 5.280 −365.17 −17.65
𝐴
50−150

𝐶
5

16.345 −59.90 60.38 10.959 −88.14 33.96
𝐴
50−150

𝐶
6

17.310 −67.29 39.53 10.920 −96.03 −11.63

Table 6: Comparison among our BOCA implementations.

Instance Δ
S1
S2 Δ

𝑡1
𝑡2

Δ
|�̂�1 |

|�̂�2 |
Δ
S1
S3 Δ

𝑡1
𝑡3

Δ
|�̂�1 |

|�̂�3 |

𝐵
10–25𝐶1 0.000 −45.19 0.00 0.949 73.33 −14.29

𝐵
10–25𝐶2 0.734 1.54 20.00 0.837 63.08 20.00

𝐵
10–25𝐶3 1.781 3.78 14.29 3.239 57.56 7.14

𝐵
10–25𝐶4 0.207 14.62 0.00 0.592 30.00 14.29

𝐵
10–25𝐶5 10.681 −60.87 33.33 1.195 78.26 16.67

𝐵
10–25𝐶6 2.716 14.04 16.67 8.439 89.12 33.33

𝐵
30–75𝐶1 9.216 −7.76 31.58 6.941 −76.87 47.37

𝐵
30–75𝐶2 2.595 6.57 49.15 2.840 −7.42 59.32

𝐵
30–75𝐶3 1.137 49.44 61.11 3.615 20.36 61.11

𝐵
30–75𝐶4 5.121 −38.67 15.63 7.480 99.92 9.38

𝐵
30–75𝐶5 8.082 −1.33 17.78 11.053 −101.10 44.44

𝐵
30–75𝐶6 3.111 29.38 42.86 5.299 2.38 16.67

𝐵
50–150𝐶1 2.876 −10.35 21.74 3.056 −195.64 13.04

𝐵
50–150𝐶2 6.550 −15.07 54.72 7.650 −119.33 33.96

𝐵
50–150𝐶3 9.425 −20.99 77.59 12.318 −97.94 22.41

𝐵
50–150𝐶4 10.376 −6.53 −70.00 14.377 −577.43 −50.00

𝐵
50–150𝐶5 14.438 48.67 27.03 8.181 −508.31 32.43

𝐵
50–150𝐶6 5.689 8.35 49.25 10.803 −160.40 19.40

solutions found by the BOCAH algorithm is about 20%bigger
than the one obtained by the other two approaches.

Results above are consistent with the good performance
obtained by the BOCAH approach in [18]. Moreover, results
show that performance of the BOCA algorithm depends
largely on the selected knowledge and it can make the
difference in terms of 𝑆 value, time, and number of efficient
solutions found by the algorithm.This is an important finding



8 The Scientific World Journal

Table 7: Comparison among our BOCAwith circumstantial knowl-
edge and NSGA-II and PAES.

Instance Δ
S2
S4 Δ

𝑡2
𝑡4

Δ
|�̂�2 |

|�̂�4|
Δ
S2
S5 Δ

𝑡2
𝑡5

Δ
|�̂�2 |

|�̂�5 |

𝐴
10–25𝐶1 −1.35 −3532.43 −18.18 −1.35 −905.41 −18.18

𝐴
10–25𝐶2 −0.02 −5496.30 −10.00 −0.02 −1359.26 −10.00

𝐴
10–25𝐶3 −0.01 −5533.33 0.00 −0.01 −887.88 0.00

𝐴
10–25𝐶4 −0.02 −11278.57 −66.67 −0.02 −989.29 −66.67

𝐴
10–25𝐶5 0.02 −5362.50 0.00 0.02 −1081.25 0.00

𝐴
10–25𝐶6 −0.64 −4752.94 −12.50 −0.64 −1029.41 −12.50

𝐴
30–75𝐶1 −10.56 14.41 −50.00 −6.78 73.85 −33.33

𝐴
30–75𝐶2 −13.00 −11.99 −43.33 −11.64 48.21 −36.67

𝐴
30–75𝐶3 −6.20 −6.82 −48.28 −4.03 53.79 0.00

𝐴
30–75𝐶4 −24.14 −29.24 −33.33 −21.40 63.79 −33.33

𝐴
30–75𝐶5 −9.96 18.09 −42.86 −6.98 65.51 −17.86

𝐴
30–75𝐶6 4.76 −230.49 −28.57 24.39 −14.57 57.14

𝐴
50–150𝐶1 −10.83 31.49 −2.38 −3.52 60.18 40.48

𝐴
50–150𝐶2 −22.53 53.40 −21.88 −8.53 77.25 28.13

𝐴
50–150𝐶3 −7.05 41.69 −25.93 3.63 67.80 3.70

𝐴
50–150𝐶4 −5.56 24.69 15.00 −1.60 63.94 25.00

𝐴
50–150𝐶5 −12.77 10.89 −14.29 −6.04 54.43 34.29

𝐴
50–150𝐶6 −11.68 19.64 20.83 8.22 56.67 43.75

Table 8: Comparison among our BOCAwith circumstantial knowl-
edge and NSGA-II and PAES.

Instance Δ
S2
S4 Δ

𝑡2
𝑡4

Δ
|�̂�2 |

|�̂�4 |
Δ
S2
S5 Δ

𝑡2
𝑡5

Δ
|�̂�2 |

|�̂�5|

𝐵
10–25𝐶1 −0.96 −3897.22 12.50 −0.96 −1002.78 12.50

𝐵
10–25𝐶2 −0.84 −2879.17 −25.00 −0.84 −743.75 −25.00

𝐵
10–25𝐶3 −3.35 −1175.25 0.00 −3.35 −328.71 0.00

𝐵
10–25𝐶4 −0.60 −859.89 −16.67 −0.60 −141.76 −16.67

𝐵
10–25𝐶5 −1.21 −6964.00 −20.00 −1.21 −1352.00 −20.00

𝐵
10–25𝐶6 −9.22 −3967.74 −41.67 −9.22 −1170.97 −41.67

𝐵
30–75𝐶1 −6.88 −29.64 −50.00 −0.21 53.48 −35.00

𝐵
30–75𝐶2 −2.39 −50.39 −104.17 3.04 44.48 −41.67

𝐵
30–75𝐶3 −3.67 −25.00 −82.14 1.88 46.28 −89.29

𝐵
30–75𝐶4 −10.55 −442.80 20.69 −8.02 −6.36 27.59

𝐵
30–75𝐶5 −14.80 21.26 −24.00 −10.73 69.01 −4.00

𝐵
30–75𝐶6 2.67 −86.94 −34.29 8.52 25.10 8.57

𝐵
50–150𝐶1 −4.41 −13.79 −15.00 14.40 46.01 50.00

𝐵
50–150𝐶2 −6.60 14.53 −17.14 29.50 53.66 62.86

𝐵
50–150𝐶3 −15.10 18.17 −15.56 1.50 54.17 42.22

𝐵
50–150𝐶4 −16.82 32.23 33.33 −12.98 68.97 6.67

𝐵
50–150𝐶5 −8.81 59.72 −40.00 14.46 78.78 36.00

𝐵
50–150𝐶6 −12.29 35.90 20.37 −0.03 74.59 40.74

as it points out the relevance of the choice of a specific type of
knowledge.

We now compare BOCAC and BOCAN algorithms to
the well-known NSGA-II and PAES algorithms. Tables 7 and
8 show a comparison between our BOCAC algorithm and
the NSGA-II and PAES algorithms. As we can see, although
BOCAC obtains, in average, a 𝑆 value 6.8% lower than the

Table 9: Comparison among our BOCAwith normative knowledge
and NSGA-II and PAES.

Instance Δ
S3
S4 Δ

𝑡3
𝑡4

Δ
|�̂�3 |

|�̂�4 |
Δ
S3
S5 Δ

𝑡3
𝑡5

Δ
|�̂�3 |

|�̂�5 |

𝐴
10–25𝐶1 0.01 −704.79 0.00 0.01 −122.75 0.00

𝐴
10–25𝐶2 0.00 −758.52 0.00 0.00 −123.86 0.00

𝐴
10–25𝐶3 −0.01 −910.33 0.00 −0.01 −77.17 0.00

𝐴
10–25𝐶4 0.00 −1550.78 0.00 0.00 −58.03 0.00

𝐴
10–25𝐶5 0.02 −940.48 0.00 0.02 −125.00 0.00

𝐴
10–25𝐶6 −0.35 −787.10 −12.50 −0.35 −106.45 −12.50

𝐴
30–75𝐶1 −3.10 −105.93 −12.50 0.42 37.07 0.00

𝐴
30–75𝐶2 −2.74 −124.92 −86.96 −1.50 −4.01 −78.26

𝐴
30–75𝐶3 −2.22 −128.15 −104.76 −0.14 1.31 −38.10

𝐴
30–75𝐶4 −19.04 −95.21 −100.00 −16.41 45.31 −100.00

𝐴
30–75𝐶5 −2.03 −131.64 −25.00 0.73 2.46 −3.13

𝐴
30–75𝐶6 −0.30 −175.00 −157.14 20.37 4.66 14.29

𝐴
50–150𝐶1 −18.37 0.04 −59.26 −10.56 41.91 7.41

𝐴
50–150𝐶2 −18.37 40.88 −44.44 −4.85 71.14 14.81

𝐴
50–150𝐶3 −6.89 −39.78 −41.67 3.78 22.81 −8.33

𝐴
50–150𝐶4 −8.46 −79.19 0.00 −4.39 14.20 11.76

𝐴
50–150𝐶5 −20.03 −4.84 −90.48 −12.86 46.38 −9.52

𝐴
50–150𝐶6 −20.31 5.84 −46.15 1.13 49.23 −3.85

one obtained by the NSGA-II algorithm, it is more than
three times faster. Moreover, when BOCAC is compared
to PAES algorithm, the obtained 𝑆 values are, in average,
equivalent while BOCAC is around 30% faster than PAES.
PAES obtains, in average, more efficient points than BOCAC

though (9.32%).
Finally, Tables 9 and 10 show a comparison between

BOCAN and NSGA-II and PAES algorithms. BOCAN per-
forms quite similar to PAES algorithm with respect to both
𝑆 value and the number of obtained efficient solutions.
However, BOCAN is faster than PAES. Similar situation
occurs when BOCAN is compared to NSGA-II algorithm.
Although NSGA-II obtains better values for both 𝑆 and |𝑋|,
BOCAN is much faster than NSGA-II. This situation can
be explained by the very fast performance that our BOCAN

algorithm obtains for the set of small instances. When we
look further at the results, we can note that if we only
consider both medium and large size instances, execution
times obtained by both algorithms are quite similar to each
other.This result confirmswhat is outlined in [18] in the sense
of the good performance that the BOCA algorithm shows.
Furthermore, our results confirm this good performance
with respect to other well-known EMO algorithms does not
depend on which type of knowledge is considered. However,
as we mentioned before, the choice of the knowledge used
on the BOCA algorithm is an important issue and it has an
impact on the algorithm performance.

4. Conclusions and Future Work

Evolutionary algorithms are a very good alternative to solve
complex combinatorial optimisation problems. In this paper
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Table 10: Comparison among our BOCA with normative knowl-
edge and NSGA-II and PAES.

Instance Δ
S3
S4 Δ

𝑡3
𝑡4

Δ
|�̂�3 |

|�̂�4 |
Δ
S3
S5 Δ

𝑡3
𝑡5

Δ
|�̂�3 |

|�̂�5 |

𝐵
10–25𝐶1 0.00 −634.18 0.00 0.00 −102.55 0.00

𝐵
10–25𝐶2 −0.74 −1017.19 −25.00 −0.74 −216.41 −25.00

𝐵
10–25𝐶3 −1.81 −462.45 −8.33 −1.81 −89.08 −8.33

𝐵
10–25𝐶4 −0.21 −686.94 0.00 −0.21 −98.20 0.00

𝐵
10–25𝐶5 −11.96 −854.59 −50.00 −11.96 −96.22 −50.00

𝐵
10–25𝐶6 −2.79 −414.69 −13.33 −2.79 −60.82 −13.33

𝐵
30–75𝐶1 −9.56 −112.77 −15.38 −2.72 23.64 −3.85

𝐵
30–75𝐶2 −2.13 −72.90 −63.33 3.28 36.17 −13.33

𝐵
30–75𝐶3 −1.07 −96.93 −82.14 4.34 15.37 −89.29

𝐵
30–75𝐶4 −7.80 −198.95 14.81 −5.34 41.42 22.22

𝐵
30–75𝐶5 −11.09 −56.27 16.22 −7.15 38.50 29.73

𝐵
30–75𝐶6 4.87 −158.41 −95.83 10.59 −3.54 −33.33

𝐵
50–150𝐶1 −4.22 −204.86 −27.78 14.56 −44.63 44.44

𝐵
50–150𝐶2 −5.34 −62.92 −70.83 30.33 11.67 45.83

𝐵
50–150𝐶3 −11.42 −33.88 −300.00 4.64 25.03 −100.00

𝐵
50–150𝐶4 −11.61 −330.96 41.18 −7.93 −97.35 17.65

𝐵
50–150𝐶5 −16.76 −377.39 −29.63 8.21 −151.45 40.74

𝐵
50–150𝐶6 −6.20 −82.12 −26.47 5.40 27.79 5.88

we have implemented a biobjective cultural algorithm to solve
the well-known BOUFLP. We have considered two different
sources of knowledge, namely, circumstantial and normative,
and compare them with a previously implemented historical
knowledge. Furthermore, we compare our BOCAapproaches
with two well-known EAs, namely, NSGA-II and PAES.

Although BOCA approaches using both normative and
circumstantial knowledge could not improve the results
obtained by the BOCA algorithm with the historical knowl-
edge, results pointed out that performance of the BOCA
algorithm depends largely on the selected knowledge and
it can make the difference in terms of 𝑆 value, time, and
number of efficient solutions found by the algorithm. This
is an important finding as it points out the relevance of the
choice of a specific type of knowledge. Moreover, our results
also confirm the good performance showed by the BOCA
algorithmwith respect to other well-known EMO algorithms
such as NSGA-II and PAES algorithms.The BOCA algorithm
is very competitive when compared to those EMOalgorithms
independently of the type of knowledge implemented.

As a future work we think that more investigation is
needed in order to find patterns that allow us to get the
right knowledge implemented depending on the problem
features. As we mentioned before, the knowledge choice has
an impact on the performance of the BOCA algorithm and
therefore it must be studied in depth. Also, as future work,
hybrid knowledge could be implemented in order to exploit
the advantages of each kind of knowledge at the same time.
Moreover, our BOCA algorithm can be used to solve other

interesting MOPs arising in the logistic field, such as routing
or scheduling problems.

Appendix

Result Tables

In this appendix section, obtained results are presented.
Columns 𝑆

{⋅}
show the 𝑆 value obtained by algorithm {⋅} as

%. Algorithms are indexed as follows. The original BOCA
algorithm is indexed by {1}. BOCA algorithms using cir-
cumstantial and normative knowledge are indexed by {2}

and {3}, respectively. Finally, the other EAs considered in
this paper, namely, NSGA-II and PAES, are indexed by {4}

and {5}, respectively. Columns 𝑡
{⋅}
show the time obtained by

each algorithm in seconds. Columns |𝑋
{⋅}
| show the number

of efficient solutions found by the corresponding algorithm.
Finally operator Δ{⋅}

{⋅⋅}
shows a value that is equivalent to ({⋅} −

{⋅⋅})/{⋅} × 100.
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Traditional K-means clustering algorithms have the drawback of getting stuck at local optima that depend on the random values of
initial centroids. Optimization algorithms have their advantages in guiding iterative computation to search for global optima while
avoiding local optima.The algorithms help speed up the clustering process by converging into a global optimum early withmultiple
search agents in action. Inspired by nature, some contemporary optimization algorithms which include Ant, Bat, Cuckoo, Firefly,
andWolf search algorithmsmimic the swarming behavior allowing them to cooperatively steer towards an optimal objective within
a reasonable time. It is known that these so-called nature-inspired optimization algorithms have their own characteristics as well
as pros and cons in different applications. When these algorithms are combined with K-means clustering mechanism for the sake
of enhancing its clustering quality by avoiding local optima and finding global optima, the new hybrids are anticipated to produce
unprecedented performance. In this paper, we report the results of our evaluation experiments on the integration of nature-inspired
optimization methods into K-means algorithms. In addition to the standard evaluation metrics in evaluating clustering quality, the
extended K-means algorithms that are empowered by nature-inspired optimization methods are applied on image segmentation
as a case study of application scenario.

1. Introduction

Based on a partitioning strategy, K-means clustering algo-
rithm [1] assigns membership to data points by measuring
the distance between each pair of data point and centroid
of a designated cluster. The membership assignment will
be progressively refined until the best possible assignment
is yielded—that is when the total intradistances of the
data points within a cluster are minimized and the total
interdistances of the data points across different clusters
are maximized. The final quality of the clustering results,
however, depends largely on the values of the initial centroids
at the beginning of the partitioning process. These initial
centroid values are randomly generated each time the clus-
tering kick-starts which are different from time to time. By
such random chance, K-means can probably plunge into local
optima whereby the final quality of the clusters falls short
from the globally best. An example that is depicted in Figure 1

demonstrates some possible outcomes of K-means. The top
two snapshots represent good clustering results where the
cluster distributions are even; the bottom two snapshots show
otherwise, the clustering results in uneven distribution. All
these depend on the starting positions of the centroids which
are randomly generated.

Technically it is possible though not feasible in achiev-
ing a globally optimum clustering result, via a brute-force
approach in trying out exhaustively all partitioning pos-
sibilities. As the number of clusters and the number of
data points increase, the combinatorial number of possible
grouping arrangements escalates, leading to computationally
prohibitive.Therefore, heuristic approach is desired for seek-
ing global optima stochastically, improving the quality of the
final clustering results iteration by iteration. Metaheuristics
which enable incremental optimization by design are ideal
candidates for such computation.
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Figure 1: Examples of clustering results by random centroids of K-means where 𝑘 = 3.

A substantial collection of nature-inspired optimization
methods aka metaheuristics have emerged recently with
designs mimicking swarm behavior exhibited by living crea-
tures. Each of the search agents represents a particular
combination of centroid positions; they move and search for
optimality in their own ways, they sometimes communicate
with each other and are collectively guided towards a global
optimization goal. To date, the proposed nature-inspired
optimization algorithms have gained much attention among
data mining researchers. The computational merits have
been verified mathematically and their feasibilities have been
applied in various practical applications. However, validat-
ing the efficacy of hybrids combining such nature-inspired
algorithms with classical data mining algorithms is still at an
infant stage [2].

By the merits of design, nature-inspired optimization
algorithms are believed to be able to overcome the shortcom-
ings of K-means clustering algorithms on the issue of getting
stuck in local optima.The objective of this study is to validate
the efficacy of the hybrids and to quantitatively measure the
quality of clustering results produced by each of the hybrids.
In our experiments, we used four popular nature-inspired
optimization methods to combine with K-means clustering
algorithm. The integration is paramount, because it enables
enhancement over data mining algorithms which have many
wide applications.

A preliminary experiment reported in [3] shows their
feasibility as a successful pioneer exemplar.This paper reports
further experiment including a case study of image segmenta-
tion using these hybrid algorithms. In the past, some research-
ers started to integrate nature-inspired optimizationmethods

intoK-means algorithms [4]; their research efforts are limited
to almost the same form of swarming maneuvers—that is,
there is constantly a leader in the swarm which the fellow
agents follow. Some examples are nature-inspired optimiza-
tion algorithms such as the Artificial Bee Colony [5], Firefly
[6], and Particle Swarm Optimization [7]. For the sake of
intellectual curiosity, in our experiments as well as whose
models described in this paper, two nature-inspired algo-
rithms which take on a slightly different course of swarming
are included. They are the Bat Algorithm [8] which swarm
with varying speeds and the Cuckoo Algorithm [9] which
do not swarm but iterate with fitness selection improvement.
They represent another two main groups of algorithms and
their variants, which are adaptive to the environment by their
sensing abilities, and utilize a special method to improve the
solution by evolving the old solutions from one generation
into better ones in new generations. Specifically, the perfor-
mance indicators in terms of speed and time consumption
for clustering by these two bioinspired algorithms integrated
with K-means are observed. The technical details of the
aforementioned nature-inspired algorithms and the K-means
clustering are not duplicated here. Readers are referred to the
respective references for the background information of the
algorithms involved in this paper.

2. Enhancing K-Means Clustering by Nature-
Inspired Optimization Algorithms

A major reason in obtaining quality K-means clustering
results is having the right combination of centroid positions.
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The resultant centroids ideally should be dispersed in such a
way that the clusters formed upon them yield the maximum
quality, which we call a global optimum. It is characterized
by having the properties of maximum intrasimilarities and
minimum intersimilarities in clustering. K-means is known
to produce clustered data with nonoverlapping convex clus-
ters, and they always converge quickly. One drawback is
that clusters in K-means do not always converge into the
global optimum. Just like any other partition-based cluster-
ing algorithm, initial partition is made by some randomly
generated centroids which do not guarantee the subsequent
convergence will lead to the best possible clustering result.
K-means, for example, is reputed to have the final clusters
stuck at local optima which prevent further exploration for
the best results [10]. In reality, to achieve the best clustering
results, it would require running many rounds with each
round taken different random initiations of centroid values.
This practice certainly would have to be done at the very
high cost of computation and model training time. In [3],
the authors first proposed the integration of nature-inspired
optimization algorithms intoK-means.We take a step further
in the experiments and applying it for image segmentation.
To start with the integration, the formation of centroids,
which are computed stochastically from start to convergence,
is directed by the searching agents of the nature-inspired
optimization algorithms.The evolution of the new generation
is based on the principle that the centroids which are being
relocated in each iteration are inclined to enable the new
clusters that are being formed with better results. Hence, in
order to achieve the optimal configuration of centroids as an
objective, we let cen

𝑗V be the centroid as the center point of
the 𝑗th cluster in the multidimensional search space by the
Vth attribute.𝑊

𝑖,𝑗
is the membership of data point 𝑥

𝑖
whether

it exists in cluster 𝑗. The centroid location can be calculated
by (2) for each attribute V and for each cluster 𝑗; the clustering
objective function is defined as (3):

𝑤
𝑖,𝑗
= {

1, 𝑥
𝑖
∈ cluster

𝑗
,

0, 𝑥
𝑖
∉ cluster

𝑗
,

(1)

cen
𝑗,V =

∑
𝑆

𝑖=1
𝑤
𝑖,𝑗
𝑥
𝑖,V

∑
𝑆

𝑖=1
𝑤
𝑖,𝑗

, 𝑗 = 1, . . . , 𝐾, V = 1, . . . , 𝐾 ∗ 𝐷,

(2)

where 𝑆 is the number of search agents in the whole
population, 𝐾 is the maximum number of clusters, and 𝑗 is
the current cluster being processed. The highest dimension
of attributes is 𝐷 for the dataset; a centroid is hence located
by a tuple of size𝐷. In the design of our computationalmodel,
cen is a 2D matrix of size 𝐾 × 𝐷 holding all the values of the
centroids (the cluster centers) indicated by cen

𝑗,V:

𝐹 (cen) =
𝐾

∑

𝑗=1

𝑆

∑

𝑖=1

𝑤
𝑖,𝑗

𝐾∗𝐷

∑

V=1
(𝑥
𝑖,V − cen

𝑗,V)
2

. (3)

The computation process scans through the cen matrix
up to 𝐾 × 𝐷 times to check the values of all the attributes
of the data point 𝑥 for measuring the distance or similarity

between each pair of 𝑥 and the centroid. This process repeats
for each cluster V. For the optimization algorithm to work,
each searching agent represents a particular combination of
centroids for all the clusters, as an optimization solution
in the 𝐾 × 𝐷 dimensional search space. The best search
agent being found in each iteration is supposed to produce
the best clustering result in that particular iteration. For
instance, in a simple dual-cluster clustering task, there are
three variables for the objective function to work with. In
this case, there are three dimensions in the search space.
In the three dimensional search space, the 𝑖th search agent
may take the form of 𝑥

𝑖
= (𝑖, [𝑥

𝑖,1
, 𝑥
𝑖,2
, 𝑥
𝑖,3
, 𝑥
𝑖,4
, 𝑥
𝑖,5
, 𝑥
𝑖,6
]).

Due to the fact that there are 2 × 3 attributes for a search
agent, the centroid can be coded in the same format for the
coordinate of the second dimension. A search agent may
have a best fitness value as cen = (𝑥

𝑖,1
, 𝑥
𝑖,2
, 𝑥
𝑖,3
, 𝑥
𝑖,4
, 𝑥
𝑖,5
, 𝑥
𝑖,6
).

According to the given definitions, the clustering strategy can
be constructed as a minimization function, as follows, that
aims at shortening the distances among the data points in a
cluster:

clmat
𝑖,𝑗
= min
𝑘∈𝐾

{




𝑥
𝑖
− cen
𝑘





} . (4)

The ranges of the parameters are as follows: 𝑖 = 1, . . . , 𝑁,
𝑗 = 1, . . . , 𝑆, and 𝑘 = 1, . . . , 𝐾. The double line notation in (4)
means it is a function of Euclidean distance. The interpreta-
tion of (4) is that the 𝑖th search agent that is now handling the
𝑘th cluster takes a value bymeasuring theminimized distance
between the 𝑖th search agent and centroid of the 𝑘th center.
The equation is an objective function in which the smaller the
value the better. As long as the value of clmat is minimized by
this metaheuristic optimization approach, every data point
within a cluster would be drawn as close as possible to the
centroid. The metaheuristic will guide the search agents to
find the appropriate centroids for the clusters.

Nature-inspired optimization algorithms require certain
functional parameters to be initiated with values to run. The
function parameters are defined as follows. They allow the
users to setwith user-specific values for customizing the oper-
ations of the algorithms. Some of the parameters are common
across different bioinspired optimization algorithms. In this
paper, we have four hybrids, which resulted from combining
four bioinspired optimization algorithms intoK-means.With
the capital letter C denoting “clustering,” the four hybrid
algorithms are called C-ACO, C-Bat, C-Cuckoo, and C-
Firefly, respectively. The original mathematical models for
the four bioinspired optimization algorithms can be found in
[6, 8, 9, 11], respectively.

Table 1 consists of the parameters for the C-Firefly algo-
rithm. 𝑋 is a composite matrix of size [𝑁, (𝐾 ⊗ 𝐷)], where
𝑥 ∈ 𝑋 since 𝑋 has a maximum of 𝐾 centroids and each
centroid is represented by a maximum of 𝐷 dimensions by
the attributes.

TheC-Bat algorithmhasmore parameters than the others
because it includes the velocity and location of each bat
(Table 3). Velocity is determined by frequency, loudness,
and pulse rate. However, only two of the four bioinspired
clustering algorithms (C-Cuckoo and C-Bat) are described
in this paper due to space limitations. Nonetheless, C-Firefly
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Table 1: Parameters used for C-Firefly.

𝑁 Population of fireflies
𝑀 Number of pseudo time steps
𝐾 Number of groups or clusters
𝑆 Number of samples
𝐷 Number of attributes

𝑤(𝑠, 𝑘)

The element in matrix [𝑠, 𝑘] where 𝑠 ∈ 𝑆, 𝑘 ∈ 𝐾

𝑤
𝑠,𝑘

=

{

{

{

1, 𝑥
𝑠
∈ cluster

𝑘

0, 𝑥
𝑠
∉ cluster

𝑘

𝑥(𝑖, 𝑗)
The best solution in matrix [𝑖, 𝑗] where

𝑖 ∈ 𝑁, 𝑗 ∈ 𝐾 ⊗ 𝐷

Cen(𝑘, 𝑑) The centroid in matrix [𝑘, 𝑑] where
𝑘 ∈ 𝐾, 𝑑 ∈ 𝐾 ⊗ 𝐷

Clmat(𝑛, 𝑠) The classification matrix [𝑛, 𝑠] where 𝑛 ∈ 𝑁, 𝑠 ∈ 𝑆

Table 1 consists of the parameters for the C-Firefly algorithm. 𝑋 is a
composite matrix of size [𝑁, (𝐾 ⊗ 𝐷)], where 𝑥 ∈ 𝑋 since 𝑋 has a
maximum of 𝐾 centroids and each centroid is represented by a maximum
of𝐷 dimensions by the attributes.

and C-Bat have recently been reported in [1]. Readers may
refer to [1] for the detailed integration of aK-Means clustering
algorithm with the firefly and bat algorithms.

2.1. Cuckoo Clustering Algorithm (C-Cuckoo). In the original
cuckoo algorithm, Yang and Deb used an analogy whereby
each egg in a nest represents a solution, and a cuckoo
egg represents a new solution. The goal is to use the new
and better solution to replace a relatively poor solution by
chasing off an old egg with a new cuckoo egg. We adopt
the same analogy in constructing our C-Cuckoo algorithm.
The solution 𝑥 represents the host nest. In the clustering
algorithm, the solution is composed of a set of real numbers
representing the cluster center. As defined earlier, 𝑥 takes the
form of a (𝑁,𝐾 ⊗ 𝐷) matrix where 𝑁 is the population, 𝐾
is the number of clusters, and 𝐷 is the number of attributes
associated with each data point. The second index of the
matrix represents the center of all𝐾 clusters, and the whole 𝑥
represents the current locations of all the cuckoos. We now
give a simple example. If there is a given data set and two
dimensions andweneed to create two clusters (𝐾 = 2,𝐷 = 2),
then the value of 𝑥 is four. The 𝑖th𝑥 in the middle of the
clustering process may look something like this:

Cluster 1: 1 3
Cluster 2: 8 9

In the initialization phase, the population of 𝑛 host nests
𝑥
𝑖
, where 𝑖 = 1, 2, . . . , 𝑛, is generated. The cluster centers are

represented by the means of the attributes. Each cuckoo has
the same parameters (Table 2): Tol (tolerance) and pa (alien
egg discovery rate). In this phase, the most important action
is that a cluster ID is randomly assigned to each cuckoo as the
initial clustering result.

Because the cuckoo has characteristics typical of Levy
flight, when it comes to generating a solution𝑥(𝑡+1) for cuckoo
𝑖, we use the equation 𝑥

(𝑡+1)

= 𝑥
(𝑡)

+ 𝛿 ⊕ Levy(𝜆), where 𝛿 is

Table 2: Parameters used for C-Cuckoo.

𝑁 Population of cuckoos
𝑀 Number of pseudo time steps
𝑃𝑎 Discovery rate of alien eggs
Tol Tolerance
𝐾 Number of groups (clusters)
𝑆 Number of samples
𝐷 Number of attributes

𝑤(𝑠, 𝑘)

The element in matrix [𝑠, 𝑘] where 𝑠 ∈ 𝑆, 𝑘 ∈ 𝐾

𝑤
𝑠,𝑘

=

{

{

{

1, 𝑥
𝑠
∈ cluster

𝑘

0, 𝑥
𝑠
∉ cluster

𝑘

𝑥(𝑖, 𝑗)
The best solution in matrix [𝑖, 𝑗] where

𝑖 ∈ 𝑁, 𝑗 ∈ 𝐾 ⊗ 𝐷

Cen(𝑘, 𝑑) The centroid in matrix [𝑘, 𝑑] where
𝑘 ∈ 𝐾, 𝑑 ∈ 𝐾 ⊗ 𝐷

Clmat(𝑛, 𝑠) The classification matrix [𝑛, 𝑠] where 𝑛 ∈ 𝑁, 𝑠 ∈ 𝑆

Pa and Tol are conditional variables used for controlling execution of the
cuckoo optimization algorithm [9].

Table 3: Parameters used for C-Bat.

𝑄 Frequency
𝑉 Velocity
𝑅 Pulse rate
𝐴 Loudness
⋅ ⋅ ⋅ All other parameters are the same as those in Table 1

the step size scalar used to control the resolution of the step
length. In our algorithm, we use 𝛿 = 1, which satisfies most
cases. The above formula means the cuckoo takes a random
walk. In this case, the random walk is implemented as a Levy
flight, which is based onMantegna’s algorithm [12].The algo-
rithm takes the following steps. First, the number of centroids
𝑘 is initialized, as are the other variables. By going through
a random walk, the nest, which is regarded as the central
point of a cluster, is updated. The step length 𝑠 is calculated
by 𝑠 = 𝑢/|V|1/𝛽 and 𝛽 ∈ [1, 2], where 𝑢 and V are drawn from
normal distributions. That is, 𝑢 ∼ 𝑁(0, 𝜎

2

𝑢
) and V ∼ 𝑁(0, 𝜎

2

V ),
where 𝜎

𝑢
= [Γ(1 + 𝛽) sin(𝜋𝛽/2)/Γ[(1 + 𝛽)/2]𝛽2

(𝛽−1)/2

]

1/𝛽

.
This distribution follows the Levy distribution.

The goal of this clustering algorithm is to search for the
best center tominimize the distance between the center of the
cluster and its points.Our objective function is, thus, the same
as (3) and its result is the degree of fitness. After calculating
the degree of fitness, we use (4) to assign each point to a
suitable cluster. A better degree of fitness represents a good
quality cuckoo solution.

The best solution derived from the above equations is
then nominated, and the new solution replaces the old. If
no new solution is better than the old one, the current
solution is retained as the best. The host bird cleans out
the nest according to a given probability. The next iteration
of the computation process then occurs to look for the
next best solution. In each iteration, the best and hence the
optimal solution to date is set as the clustering centroid.
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The centroid is represented as a paired tuple, cen(𝑖, :), where
𝑖 is the central point of the cluster. The tuple has the
format of (𝑘, 𝑑), where 𝑘 is the 𝑘th cluster and 𝑑 is the
coordinates in (𝑥, 𝑦, 𝑧, . . . etc.) or higher dimensions. For
example, the locations of three clusters can be represented
as [1, (3, 4, 5), 2, (8, 8, 9), 3, (5, 6, 4)]. Each cuckoo represents a
cluster with coordinates (𝑘, 𝑑), and 𝑑 is the central coordinate
of the cuckoo. Each cuckoo is initially assigned a random 𝑑

value. Subsequently, 𝑑 is updated by iterative optimization.
The progressive search for the best solution helps to avoid
local optima in a manner similar to chromosome mutations
in genetic algorithms. When the locations of the cuckoos are
set in each round, the distances between the data points and
the centers aremeasured by their Euclidean distance.Thedata
points are reassigned to their nearest cluster by

MIN {𝑥 − cen} . (5)

The clusters are then reformed on the basis of the newly
assigned data points. At the beginning, the averages of the
data points are used as starting centroids by

cen =

1

𝑁

∑

𝑥𝑖∈cluster𝑖

𝑥
𝑖
, 𝑖 = 1, . . . , 𝐾. (6)

In this way, the algorithm achieves better partitioning
of clusters at the start to avoid the center points being too
near or too far from each other, as would occur if they were
assigned purely by random chance. As the algorithm runs,
the clustering distribution is refined and changes to quality
centroids are avoided by averaging the data. This is why
(6) is only needed at the beginning to initialize the starting
centroids. According to survival of the fittest, the partitioning
process reaches a final optimum. The logic of the C-Cuckoo
algorithm is shown as a flow chart in Figure 2.

2.2. Bat Clustering Algorithm (C-Bat). Each bat has its own
unique ID, position, and fitness attributes. However, in
the bat algorithm, each bat is assigned the same loudness,
pulse frequency, and wave length. The position of a bat is
represented by a solution 𝑥. Its location is determined by the
values of 𝐷 dimensions. As for the C-Cuckoo algorithm, the
solution uses a (𝑁,𝐾⊗𝐷)matrix, the second term identifying
the location of the bat.

The initiation step is similar to that employed for the
C-Cuckoo algorithm. However, the bats have an additional
feature: each bat has a velocity V

𝑖
, which is similar to particle

swarm optimization. The bat’s position is partly determined
by its velocity. At first, the bats are randomly distributed. After
initialization, the bats move to a better place according to (8).
A random number is then produced: if it is larger than the
current bat rate, the algorithm selects a solution from those
calculated and generates a local solution. The centroids are
the averages of the nearby data points. The distances are then
minimized according to the direction of the optimization
goal. The objective functions are identical to (5) and (6)
above. The convergence process then starts to iterate based
on the following formula:

𝛽 = 𝑄 × rand () , (7)

Generate initial population of n host
nest x and parameters

Set the initial centroids to be mean of
each attribute

Assign clusters for each nest x
randomly

Calculate the fitness and find the best
solution

Start

End

Get a cuckoo randomly by levy,
evaluate its F, update centroid

Replace j by the new solution

Get current best

Last iteration? Yes

Yes

No

No

Choose a nest j randomly

Fi > Fj

Figure 2: Workflow of C-Cuckoo algorithm.

where rand() is a random value generator and the random
values are distributed over [0, 1]. Consider

𝑓
𝑖
= 𝑓min + (𝑓max − 𝑓min) × 𝛽,

V𝑡
𝑖
= V𝑡−1
𝑖

+ (𝑥
𝑡−1

𝑖
− 𝑥
∗
) × 𝑓
𝑖
,

𝑥
𝑡

𝑖
= 𝑥
𝑡−1

𝑖
+ V𝑡
𝑖
.

(8)

The positions of the bats are then updated. 𝑓 represents
the frequency of echolocation. When the frequency equals
the sum of the minimum frequency and the difference
between the maximum and minimum frequencies, the speed
of the bat is updated. The new speed is set to the previous
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Initialize the bat population x and �,
define frequency and loudness

Set the initial centroids to be mean of
each attribute

Assign clusters for each bat x randomly

Calculate the fitness and find the best
solution

Last iteration?

Start

End

Generate new solution by adjusting
frequency and updating velocity,

solution and centroid

Choose a nest j randomly

Accept the new solutions
increase ri and reduce A∗

Rand() > Aiand f(xi) < f(x∗)

Rand() > ri

Yes

Yes

Yes

No

No

No

Figure 3: Workflow of C-Bat algorithm.

speed plus the product of the previous frequency and the
difference between the current position and the previous
position. A variable called the pulse rate is also used in the
algorithm. When the pulse rate is exceeded, the following
formula is updated:

𝑥
𝑡

𝑖
= 𝑥
∗
+ 0.01 × rand () . (9)

Equation (9) serves as the updating function, where 𝑥
∗
is

taken as the best solution. It is also used to represent the best
position for the bat to move towards. If the loudness value is

Table 4: Testing dataset information.

Dataset Instances Attributes Clusters
Iris 150 4 3
Wine 178 13 3
Haberman’s survival 306 3 2
Libras 360 91 15
Synthetic 600 60 6

not high enough and the new solution is better than the old
one, the better one becomes the solution. A fitness function
the same as that employed for theC-Cuckoo algorithm is then
applied by checking whether echolocation is loud enough.
The logic of the C-Bat algorithm is shown as a flow chart in
Figure 3.

3. Experiments

There are two sets of experiments; one is focused in evaluating
the performance of algorithms using a series of multivariate
real-life datasets. The other is to test out the efficacy of
the algorithms in image segmentation. The purpose is to
validate the new algorithms with respect to their clustering
quality. The first test is about how the new algorithms
work with general-purpose datasets with different number of
attributes and instances.Their performances in particular are
evaluated in details.The latter test is to observe howwell these
algorithms will work in the domain of machine vision. The
setups of the experiments and their results are discussed as
follow.

3.1. Experiment Set-Up. The new nature-inspired cluster-
ing algorithms (C-ACO, C-Bat, C-Cuckoo, and C-Firefly)
proposed here are experimented over six datasets which
are available for download from UCI data repository
(http://archive.ics.uci.edu/ml). The clustering results of the
new hybrid clustering algorithms are compared with those of
original K-means which serves as a benchmarking reference.
The computer simulation environment is implemented in
MATLAB software and the algorithms are coded inMATLAB
programs. The hardware platform is a MacBook Pro com-
puter configuredwith a 2.3GHzCPU and 4GBRAM. In each
trail run, each of the testing datasets is run repeatedly ten
times for measuring up the average CPU time consumption,
as well as obtaining the average values of the top objective
fitness. The datasets used are collected from real-life appli-
cations, namely, Iris, Wine, Haberman’s survival, Libras, and
Synthetic. Synthetic is a dataset of control chart time-series
which are artificially generated clustering data point values
in random. The information regarding the testing datasets is
shown in Table 4.

The full length of dataset is used for training—in clus-
tering, building clusters are referred to until perfection
is attained using the full set of data. Performance of the
clustering is evaluated in terms of cluster integrity which
is reflected by the intra- and intersimilarities of data points
within and across different clusters, the average sum of
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CPU time consumption per iteration during the clustering
operation, and the number of loops taken for all the clusters
to get converged.The criterion for convergencewhich decides
when the looping of evolution stops is the fraction of the
minimum distance between the initial cluster centers that
takes on a numeric value between [0, 1]. For example, if the
criterion is initialized with 0.01, the looping halts when a
complete iteration does notmove any of the cluster centers by
a distance of more than 1% of the smallest distance between
any of the initial cluster centers.

The quality of the final outcome of clustering is measured
by the integrity of each of the clusters, which in turn is
represented by the final fitness value of the objective function.
The resultant fitness value of the objective function is driven
by how much each variable contributes towards the final
goal which is being optimized in the process. From the
perspective of clustering the goal is finding a suitable set
of centroids as guided by the metaheuristic of the nature-
inspired algorithm. The metaheuristic will always insist that
the relocation of centroids in each step is progressive aiming
at exploring for the optimum grouping. The end result of
the ideal group should lead to having the data points within
each cluster closest to their centroid. Iteratively, the search
for the optimum grouping proceeds. During the search the 𝑘
centroids relocate in the search space step-by-step according
to the swarming pattern of the nature-inspired optimization
algorithm until no more improvement is observed. It stops
when there is no further relocation that will offer a better
result. To be precise, no other new relocation of centroids
seems to provide better integrity of the clusters.The algorithm
is geared at minimizing the intrasimilarity of each cluster
by an objective function. In this case, it is a squared error
function so any slight differencewill be enlarged by the square
function. Equation (10) defines such objective function.
Consider

𝑉 =

𝐾

∑

𝑗=1

𝑁

∑

𝑖=1






𝑥
𝑖,𝑗
− cen
𝑗







2

. (10)

In the experiments, each dataset is run ten times to test
and obtain the average CPU time and is also run ten times
to test the objective function values/best fitness value. The
parameters are set as reported in Tables 5 and 6.

3.2. Testing the New Clustering Algorithms with General-
Purpose Multivariate Datasets. The five diagrams in Figure 4
below present snapshots of the experimental run for the Iris
dataset. The original data points are shown in the topmost
plot Figure 4(a), and the data points in different colors
obtained by the new clustering algorithms are shown in
Figures 4(b), 4(c), 4(d), and 4(e) by C-Firefly, C-Cuckoo, C-
ACO, and C-Bat, respectively.

The quantitative experimental results are shown in Tables
7, 8, 9, 10, and 11. To make observation easier, the best
result across the four algorithms under test (in each column)
is highlighted with a double asterisks. It is apparent to
observe that the C-Cuckoo and C-Bat algorithms achieve
a lot better of objective fitness value than do the C-ACO
and C-Firefly algorithms. Overall, the four nature-inspired

Table 5: Parameters set for C-Firefly and C-Cuckoo.

C-Firefly C-Cuckoo
𝛼 (randomness):
0.2 Pa (discovery rate): 0.25

𝛾 (absorption): 1.0 Tol (tolerance): 1.0𝑒−5

Number of
clusters: 4 𝛽 (Levy): 3

2

Max number of
iterations: 20 𝜀 (Levy): 𝜎

𝑢
= [

Γ(1 + 𝛽) sin(𝜋𝛽/2)
Γ[(1 + 𝛽)/2]𝛽2

(𝛽−1)/2

]

1/𝛽

Population: 400 Number of clusters: 4
𝛽 = 0 Max number of iterations: 20
𝛽
0
= 0 Population: 400

Table 6: Parameters set for C-Bat and C-ACO.

C-Bat C-ACO
A (loudness): 0.5 Population: 400
R (pulse rate): 0.5 q (threshold): 0.9
Number of clusters: 4 Number of clusters: 4
Max number of iterations: 20 rho (evaporation rate): 0.1
𝑄min (frequency min): 0 Number of clusters: 4
𝑄max (frequency max): 0.2 Max number of iterations: 20
Population: 400

Table 7: Testing objective function fitness and CPU time consump-
tion on IRIS.

Objective function value
Best Worst Average

K-means 78.9451 152.3687 127.8941
C-ACO 139.3081 150.9815 144.79
C-Firefly 78.9408∗∗ 109.4036 89.88241
C-Cuckoo 78.9408∗∗ 78.9408∗∗ 78.9408∗∗

C-Bat 78.9408∗∗ 81.2655 79.46626
CPU time (second)

Best Worst Average
K-means 51.291414 51.673431 51.444755
C-ACO 440.7980 443.9105 443.0668
C-Firefly 142.899517 177.743484 167.2426438
C-Cuckoo 15.499098 15.798136 15.7319299
C-Bat 8.6212∗∗ 8.8354∗∗ 8.75495∗∗

clustering algorithms execute in less time and succeed in
achieving higher accuracy in clustering than the plain K-
means. High accuracy is referred to high cluster integrity
where the data points in a cluster are close to their centroid.
This observation tallies with our proposition that K-means
enhanced by nature-inspired optimization algorithms speeds
up the searching time for the good centroids for good
clustering integrity. This enhancement is important because
for all the partitioning-based clustering methods potentially
they can be enhanced by nature-inspired algorithms in the
similar way—the end result is expected in search process
acceleration and local optima avoidance.
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Figure 4: Snapshots of clustering operations.

Our detailed performance evaluation tests include com-
puting the final objective function fitness values and the CPU
time consumption for clustering the data in the general-
purpose UCI datasets in Table 4. The objective function
fitness value is computed using (10) which represents the
overall cluster integrity, and CPU time consumption is timed
as how long it is necessary for the clustering algorithm to
converge from beginning to end. Given the datasets are of
fixed volume, CPU time consumption is related directly to
the speed of the clustering operation.

Tables 7 to 11 clearly show that the C-Cuckoo and C-
Bat algorithms both yield better objective values than the C-
ACO and C-Firefly algorithms. The study reported in [1] has
already shown that the C-ACO and C-Firefly algorithms per-
formmore quickly and accurately than a traditional K-means
specification. Our evaluation results provide further evidence
confirming this phenomenon: nature-inspired algorithms do
indeed accelerate the process of finding globally optimum
centroids in clustering, and partitioning clustering methods

can be combinedwith nature-inspired algorithms to speed up
the clustering process and avoid local optima. Furthermore,
our results show that two new hybrid clustering algorithms,
theC-Cuckoo andC-Bat specifications, aremore efficient and
accurate than the others we test.

The next experiment is undertaken to measure the aver-
age computation time required per iteration in the clustering
process. Only the Iris dataset is used here, as it is one of
the datasets in the UCI repository most commonly used for
testing time spent per iteration for clustering with nature-
inspired algorithms.

From Figures 5 and 6, it can be seen that all four algo-
rithms scale quite well—as the number of iterations increases,
the computation time taken remains flat. In particular, C-
ACO is very fast. It takes only a fraction of a second to execute
each iteration of the clustering process. C-Firefly takes about
8 to 10 seconds. C-Cuckoo andC-Bat are relatively fast, taking
less than a second per iteration for code execution. The CPU
times taken for each algorithm are reported in Table 12. The
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Table 8: Testing objective function fitness and CPU time consump-
tion on wine.

Objective function value
Best Worst Average

K-means 2.3707𝑒 + 006 2.3707𝑒 + 006 2.3707𝑒 + 006

C-ACO 2.3707𝑒 + 006 2.3707𝑒 + 006 2.3707𝑒 + 006

C-Firefly 2.3707𝑒 + 006 2.3707𝑒 + 006 2.3707𝑒 + 006

C-Cuckoo 2.3707𝑒 + 006 2.3707𝑒 + 006 2.3707𝑒 + 006

C-Bat 2.3707𝑒 + 006 2.3707𝑒 + 006 2.3707𝑒 + 006

CPU time (second)
Best Worst Average

K-means 73.793875 77.226464 75.7386
C-ACO 623.3123 695.2312 653.2154
C-Firefly 260.725002 278.206271 267.8236183
C-Cuckoo 18.582329 19.137426 18.7511367
C-Bat 10.3032∗∗ 10.8225∗∗ 10.42148∗∗

Table 9: Testing objective function fitness and CPU time consump-
tion on Libras.

Objective function value
Best Worst Average

K-means 822.8381 899.2441 842.3452
C-ACO 1.1361𝑒 + 003 1.6345𝑒 + 003 1.3981𝑒 + 003

C-Firefly 743.3432 892.0506 777.1993
C-Cuckoo 707.5916∗∗ 819.1392∗∗ 763.1102∗∗

C-Bat 745.8008 918.2488 841.71931
CPU time (second)

Best Worst Average
K-means 1332.059811 1392.3113 1362.0344
C-ACO 1.0142𝑒 + 004 1.3245𝑒 + 004 1.1195𝑒 + 004

C-Firefly 260.725002 278.206271 267.8236183
C-Cuckoo 168.502947 169.849548 169.17942
C-Bat 10.3032∗∗ 10.8225∗∗ 10.42148∗∗

Table 10: Testing objective function fitness andCPU time consump-
tion on Haberman.

Objective function value
Best Worst Average

K-means 30507.0207 31321.2134 30912.2141
C-ACO 2888.4833∗∗ 3051.1412∗∗ 2933.1641∗∗

C-Firefly 30507.2735 31567.7231 30822.3426
C-Cuckoo 30507.0207 30574.2412 30591.1234
C-Bat 30507.8928 31455.1241 30712.8321

CPU time (second)
Best Worst Average

K-means 170.0535 174.123152 172.743
C-ACO 825.2858 856.3724 831.223
C-Firefly 1257.6772 1289.3124 1266.4123
C-Cuckoo 25.1611 26.2312 25.4431
C-Bat 14.5597∗∗ 14.9087∗∗ 14.6722∗∗

Table 11: Testing objective function fitness and CPU time consump-
tion on Synthetic.

Objective function value
Best Worst Average

K-means 9.8221𝑒 + 005 1.0451𝑒 + 006 9.9632𝑒 + 005

C-ACO 43847.7264∗∗ 5.4264.3234∗∗ 47321.9682∗∗

C-Firefly 9.4509𝑒 + 005 9.8221𝑒 + 005 9.6622𝑒 + 005

C-Cuckoo 9.4499𝑒 + 005 9.7800𝑒 + 005 9.5721𝑒 + 005

C-Bat 9.5232𝑒 + 005 9.8525𝑒 + 005 9.6150𝑒 + 005

CPU time (second)
Best Worst Average

K-means 1579.2311 1663.2234 1617.305490
C-ACO 4354.9328 4725.4525 4556.2073
C-Firefly 51092.57336 51404.66323 51232.55324
C-Cuckoo 138.204069 151.547294 141.9006882
C-Bat 77.8049∗∗ 80.8928∗∗ 79.63274∗∗
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Figure 5: Computation time (in secs.) for C-Firefly, C-Cuckoo, and
C-Bat algorithms.

figures are averaged, and the table shows the net CPU time
taken per iteration.

The following graphs in Figures 7 and 8 show the
number of iterations required for the clustering algorithms
to converge according to the given threshold criterion.

As shown in Figure 7, the C-Firefly, C-Cuckoo, and C-
Bat algorithms take about two or three iterations to achieve
convergence, which is extremely fast. In contrast, C-ACO in
Figure 8 takes many rounds to converge, 4681 iterations to
be exact. For the other three algorithms, the best objective
function value is reached at 78.94. C-ACO goes no lower
than 101 and remains there even if the number of iterations
increases to a large value.

Therefore, wemay conclude that the C-Firefly, C-Cuckoo,
and C-Bat algorithms are suitable for static data. C-Firefly
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Figure 6: Computation time (in secs.) for C-ACO algorithm.

Table 12: Comparison of algorithmswith respect to CPU time taken
per iteration.

CPU time per iteration
Iris

Best Worst Average
C-ACO 0.2148∗∗ 0.2625∗∗ 0.2260∗∗

C-Firefly 8.1591 9.8726 8.5261
C-Cuckoo 0.7824 0.8812 0.8035
C-Bat 0.4340 0.5066 0.4448

Wine
Best Worst Average

C-ACO 0.3362∗ 0.5362∗ 0.4271∗

C-Firefly 10.6828 16.4298 12.5449
C-Cuckoo 0.937 1.0074 0.95102
C-Bat 0.5231 0.5576 0.52809

Haberman
Best Worst Average

C-ACO 0.4156∗ 0.4551∗ 0.4243∗

C-Firefly 64.3562 67.9928 66.1953
C-Cuckoo 1.2376 1.3037 1.2581
C-Bat 0.4340 0.5066 0.4448

compares data 𝑂(𝑛
2

) times in each iteration, so it takes a
lot of time to converge. The traditional K-means algorithm
converges easily to a local optimum, so the result of the
objective function is worse than for the others. C-Bat has the
ability to adjust itself in every iteration, and because it only
changes location once, at the end of an iteration, it is very
fast. Because C-Cuckoo retains better solutions and discards
worse solutions, working like a PSO-clustering algorithm, it
also performs well in providing objective function values.

AlthoughC-Bat, C-Cuckoo, andC-Fireflymayneedmore
time for each iteration, they are good optimization algo-
rithms. They can find the optimal solution relatively quickly
overall (because they converge very fast). However, the ants
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Figure 7: Number of iterations required for C-Firefly, C-Cuckoo,
and C-Bat algorithms to converge.
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acting as the searching agents in the C-ACO algorithm make
only a small move in each iteration. Many comparisons are
thus required to find the best solution. In sum,C-ACOmaybe
suitable for applications in which incremental optimization is
desired and very little time is needed for each step, but it may
take many steps to reach the optimal goal.

The next set of experiments tests the quality of clustering
in terms of accuracy (measured as 100%minus the percentage
of instances overlapping in wrong clusters) and standard
deviation. Standard deviation is related to how much vari-
ation from the average (mean) is caused by clustered data.
Themisclustered data derived in the experiments can be seen
in Figure 3. Most of the results are satisfactory. The standard
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Table 13: Accuracy of clustering in the three datasets using different
clustering algorithms.

Accuracy of clustering algorithm
Name Iris Wine Haberman
K-means 0.8666 0.7225∗∗ 0.522
C-Firefly 0.7866 0.7225∗∗ 0.529
C-ACO 0.68 0.5505 0.562∗∗

C-Cuckoo 0.89 0.7225∗∗ 0.526
C-Bat 0.92∗∗ 0.6966 0.473

Table 14: Standard deviation measures for different algorithms in
different datasets.

The standard deviation of each algorithm
Iris

Algorithm Cluster1 Cluster2 Cluster3
K-means 1.8476∗∗ 1.7277 1.9847
C-ACO 1.9185 1.809 1.9742
C-Firefly 1.8476∗∗ 1.6269∗∗ 1.9136∗∗

C-Cuckoo 1.8476∗∗ 1.7345 1.982
C-Bat 1.8476∗∗ 1.7311 1.9741

Wine
Algorithm Cluster1 Cluster2 Cluster3
K-means 319.8828 194.4313 123.3868
C-ACO 296.271∗∗ 155.1661∗∗ 154.7441
C-Firefly 319.8828 194.4315 123.3868
C-Cuckoo 319.8828 194.4315 123.3836∗∗

C-Bat 318.5658 200.5721 130.7622
Haberman

Algorithm Cluster1 Cluster2
K-means 28.1977 25.1797
C-ACO 28.0195∗∗ 25.4671
C-Firefly 28.0842 25.1372∗∗

C-Cuckoo 28.1977 25.1797
C-Bat 28.1627 25.193

deviations indicate that the data points tend to be very close
to the mean. The mathematical definition is simply

𝜎 = √
1

𝑁

[(𝑥
1
− 𝑢)
2

+ (𝑥
2
− 𝑢)
2

+ ⋅ ⋅ ⋅ + (𝑥
𝑁
− 𝑢)
2

], (11)

where 𝑢 = (1/𝑁)(𝑥
1
+ ⋅ ⋅ ⋅ + 𝑥

𝑁
). Again, the most widely

employed dataset, the iris dataset, is used for this set of
experiments.

Table 13 shows that the results obtained using the C-
Bat algorithm are the best in the iris dataset, whereas those
derived with the C-Cuckoo algorithm are the best in the wine
dataset. In the Haberman data, all five algorithms are almost
equally accurate, though the C-ACO algorithm is slightly
more precise.

Table 14 shows that the C-Firefly algorithm has the
minimum deviation within clusters, whereas the original K-
means algorithm deviates to the greatest extent.

Table 15: Performance of clustering results of image segmentation
using different clustering Aalgorithms.

Algorithms Intercluster
distance

Intracluster
distance CPU time (s)

Tower Bridge, 𝑘 = 3

K-means 6.5932𝑒 + 4 1.1154𝑒 + 8 24.5465
∗∗∗

C-ACO 6.7741𝑒 + 4
∗∗∗

1.0561𝑒 + 8 351.9310

C-Bat 6.5932𝑒 + 4 1.0561𝑒 + 8 39.3933

C-Cuckoo 6.7412𝑒 + 4 1.0561𝑒 + 8 39.7490

C-Firefly 3.5565𝑒 + 4 1.0407𝑒 + 8
∗∗∗

150.1532

Cambridge University, 𝑘 = 3

K-means 1.7154𝑒 + 5 4.8854𝑒 + 8 166.7963∗∗∗

C-ACO 1.9773𝑒 + 5 4.8926𝑒 + 8 343.1299
C-Bat 2.0971𝑒 + 5

∗∗∗

4.9134𝑒 + 8 386.0401
C-Cuckoo 1.9967𝑒 + 5 4.8915𝑒 + 8 380.7575
C-Firefly 0.0046𝑒 + 5 3.4682𝑒 + 8

∗∗∗ 1477.0564
Le Mont-Saint-Michel, 𝑘 = 4

K-means 1.8142𝑒 + 5 2.5541𝑒 + 8 160.2645∗∗∗

C-ACO 1.7534𝑒 + 5 2.5273𝑒 + 8 223.5515
C-Bat 1.8125𝑒 + 5 2.5793𝑒 + 8 250.0147
C-Cuckoo 2.0102𝑒 + 5

∗∗∗

2.4998𝑒 + 8
∗∗∗ 250.7541

C-Firefly 0.4564𝑒 + 5 2.5273𝑒 + 8 941.8844
Château de Chenonceau, 𝑘 = 4

K-means 1.7651𝑒 + 5 2.8993𝑒 + 8 148.6572∗∗∗

C-ACO 2.0091𝑒 + 5 2.5037𝑒 + 8 226.8645
C-Bat 1.8708𝑒 + 5 2.8424𝑒 + 8 251.7009
C-Cuckoo 2.0756𝑒 + 5

∗∗∗

2.4884𝑒 + 8 251.8786
C-Firefly 0.4310𝑒 + 5 1.5130𝑒 + 8

∗∗∗ 982.2208

3.3. Testing the New Clustering Algorithms in Image Segmen-
tation. In this set of experiment, the new hybrid clustering
algorithms are put under test of image segmentation task.
Pixel color oriented image segmentation is the core of
image analysis which finds its applications in many areas
of image interpretation, pattern identification/recognition,
and robotic vision. Some popular applications [13] include
but are not limited to geographical information remote
sensing, medical microscopy, content-based audio/visual
media retrieval, factory automation, and unmanned vehicle
navigation, just to name a few.

In practical scientific and industrial applications, the
quality and accuracy of image segmentation are very impor-
tant which depend on the underlying data clustering algo-
rithms. A common choice of unsupervised clustering algo-
rithm is K-means in image segmentation based on color.
The regions of the image depending on the color features
are grouped into a certain set of segments by measuring
the intercluster distance and intracluster distance between
each image pixel and the centroid within the cluster. The
clustering process is exactly the same as that used in the
previous experiment on UCI datasets, except that the images
under test in this experiment are larger in amount. An 8MB
high-resolution photo like those used in the experiment
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Figure 9: Results of image segmentation by using different nature-inspired clustering algorithms, on a photo called “Tower Bridge.”

here has typically 5184 × 3456 pixels. In addition to spatial
information, 𝑥- and 𝑦-axises of the pixel position in the
image, each pixel is triplet of red, green, and blue information,
ranging from 0 in darkness to 255 being the strongest in
intensity. It is well-known that every pixel of an image is
made up by mixing the 256 independent intensity levels of
red, green, and blue light. Each data point of the 17,915,904
pixels is a five-dimensional matrix comprised of the pixel
location information and RGB information, [𝑥, 𝑦, 𝑅, 𝐺, 𝐵]
where 0 ≤ 𝑥 ≤ 5184, 0 ≤ 𝑦 ≤ 3456, and 0 ≤ 𝑅, 𝐺, 𝐵 ≤

255. The hybrid clustering algorithms are extended from K-
means in the sameway as described in Section 2.The required
image data can be technically extracted by using MATLAB
functions imread(filename) that creates a three-dimensional
matrix and impixel() that returns the values of the RGB triplet
for the pixel.

The experiment is run over four images whose pixels are
to be clustered using different preset numbers of 𝑘 = 3

and 𝑘 = 4. The four images are shots of sceneries, namely,
Tower Bridge (TB), Cambridge University (CU), Le Mont-
Saint-Michel (MSM), and Château de Chenonceau (CDC).

Theyhave similar image composition and identical size. Some
particular features that are subtly contained in the images are
used for testing the efficacy of the clustering algorithms like
those as follows.

(i) TB, thickness of clouds in the sky, the shaded part of
the tower bridge.

(ii) CU, depths of perspectives along the cupula and
college building, details on the lawn.

(iii) MSM, details of the fortress wall and small windows
on the chapel.

(iv) CDC, reflection of the Château over the water.

The performance is againmeasured by intersimilarity and
intrasimilarity across and within the same cluster, as well
as time taken in seconds in processing a whole image. The
performance results are tabulated in Table 15. The winning
performance result by one of the four hybrid clustering
algorithms or K-means is marked with a triple asterisks as
distinction.The original images under test and the segmented
images by the various clustering algorithms are shown in
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Figure 10: Results of image segmentation by using different nature-inspired clustering algorithms, on a photo called “Cambridge University.”

Figures 9, 10, 11, and 12, respectively for TB, CU, MSM, and
CDC.

Theperformance is againmeasured by intersimilarity and
intrasimilarity across and within the same cluster, as well
as time taken in seconds in processing a whole image. The
performance results are tabulated in Table 15. The winning
performance result by one of the four hybrid clustering
algorithms or K-means is marked with a triple asterisks as
distinction.

In all the tests, K-means seems to take the shortest time,
probably because it stops early in local optima.This is evident
by the fact that none of the results by K-means score the
best in either intercluster distance or intracluster distance. In
the experiment of TB, C-ACO scores the widest intercluster
length, and C-Firefly has the tightest intracluster distance. As
a result, visually C-ACOproduces slightlymore details on the
cloud at the top right corner. C-Firefly seems to produce the
most details on the sun-facing side of the tower as well as
the shaded side of the tower. C-Firefly again scores the best
in intracluster distance in CU and CDC. Again, in CU, C-
Firefly offers the most details on the lawn; the copula likewise

has most details and reproduces seemingly most accurately
on the college façade by C-Firefly. Interestingly, C-Cuckoo
has the longest inter,cluster distance in MSM and CDC. In
MSM C-Cuckoo gives the most structural outline of shades
and colors on the wall of the chapel, while C-Firefly produces
most details on the fortress wall. In CDC, C-Cuckoo and C-
Fireflymanage to produce the relatively best reflection images
over the water, by visual inspect.

The overall results of the experiments described in
this paper show that two of the new clustering algorithms
observed here, the C-Cuckoo and C-Bat algorithms, which
have never been tested by other researchers, aremore efficient
and accurate than the C-ACO and C-Firefly specifications.
This represents a significant contribution to existing knowl-
edge, because it sheds light on the encouraging possibility
that optimization techniques derived fromnature can be used
to improve K-means clustering; we hope that this lays the
foundation for more sophisticated bio-inspired optimization
methods to be integrated with existing clustering algorithms.

The characteristics of each of the four bioinspired clus-
tering algorithms are listed in the Appendix by way of
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Figure 11: Results of image segmentation by using different nature-inspired clustering algorithms, on a photo called “LeMont-Saint-Michel.”

summary. It is hoped that researchers will find them useful
as a source of inspiration for developing better algorithms
in future. As the phrase “meta-heuristics” suggests, these
bioinspired optimization heuristics come in abstract and
general forms.There is ample potential to extend,modify, and
even build hybrids of them with other heuristic functions to
suit different applications.

4. Conclusion

K-Means clustering algorithms, a classical class of partition-
based algorithms used for merging similar data into clusters,
are known to have the limitation of getting stuck in local
optima. As a matter of intellectual curiosity in computer
science, how best to cluster data such that the integrity of
the clusters is maximized, has always been a challenging
research question. The ideal solution is to find an optimal
clustering arrangement which is globally best—so that no
other possible combinations of data clustering exist that are
better than the global one. One way of achieving this is

to try all the possible combinations by brute-force which
could be computational intractable. Alternatively, nature-
inspired optimization algorithms, which recently rise as a
popular research topic, are extended toworkwithK-means in
guiding the convergence of disparate data points and to steer
them towards global optima, stochastically instead of deter-
ministically. These two research directions of metaheuristic
optimization and data mining do fit like hand and glove.
Constrained by the inherent limitation of K-means design
and the merits of nature-inspired optimization algorithms,
it is feasible to combine them letting them complement and
function together. This paper evaluates four hybrid types
of clustering algorithms developed by integrating nature-
inspired optimization algorithms into K-means. The results
produced from the experiments clearly validate the new
algorithms possess a performance enhancement, apparently
for the C-Bat and C-Cuckoo. The extended versions of clus-
tering algorithms enhanced by nature-inspired optimization
methods perform better than their original versions, in two
sets of experimental datasets—general purpose and image
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Figure 12: Results of image segmentation by using different nature-inspired clustering algorithms, on a photo called “Château de
Chenonceau.”

segmentation. Experiments are conducted to validate the
benefits of the proposed approach.

Appendix

C-Firefly. (1) In this algorithm, using light intensity as the
objective function value, each firefly 𝑥 is represented by its
location.

(2) Every firefly needs 𝑂(𝑛2) comparisons, and each one
will move towards the brighter one. Therefore, it takes more
time for each iteration, but convergence can be reached in
very few iterations.

(3) The attractiveness varies according to the inverse
square law (𝑟) = 𝛽

0
𝑒
−𝛾⋅𝑟
2

, the 𝛾 is the absorb coefficient.

C-ACO. (1) This algorithm uses a pheromone matrix as the
communication channel.

(2) The pheromone matrix leads the ant to choose the
path.

(3)Ants construct the solution step-by-step, and the deci-
sion variables of associated mathematical objective function
are discrete.

C-Cuckoo. (1)The nests represent the population.
(2) The cuckoo moves using Levy flight, which is a

Markov chain in which the next location depends solely on
the current location.

(3)This algorithm has the ability to discover foreign eggs
and abandon them. This means that the algorithm can avoid
local optima.

(4) In each iteration, the worst solution will be replaced
by the better one. If there is no worse solution, the better one
will be retained for the next iteration.

(5) Every cuckoo only cares about its nest. It is not
necessary to communicate.

C-Bat. (1) Each bat has data on velocity and location. This is
similar to PSO-clustering.



16 The Scientific World Journal

(2) Velocity is determined by frequency, loudness, and
pulse rate.

(3) The solution can be adjusted by frequency, loudness,
and pulse rate.

(4) In each iteration, the bat only updates its location
once. Therefore, the algorithm runs very quickly.

(5)The bat has the ability to adjust itself. It can sense the
surrounding environment.

Similarities among these algorithms.

(1) They all use attribute means to determine the initial
centroid.

(2) Optimization algorithms are the key factors in accel-
erating clustering and avoiding local optima.
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In this work, we propose that packets travelling across a wireless sensor network (WSN) can be seen as the active agents that make
up a complex system, just like a bird flock or a fish school, for instance. From this perspective, the tools and models that have been
developed to study this kind of systems have been applied. This is in order to create a distributed congestion control based on a set
of simple rules programmed at the nodes of theWSN. Our results show that it is possible to adapt the carried traffic to the network
capacity, even under stressing conditions. Also, the network performance shows a smooth degradationwhen the traffic goes beyond
a threshold which is settled by the proposed self-organized control. In contrast, without any control, the network collapses before
this threshold. The use of the proposed solution provides an effective strategy to address some of the common problems found
in WSN deployment by providing a fair packet delivery. In addition, the network congestion is mitigated using adaptive traffic
mechanisms based on a satisfaction parameter assessed by each packet which has impact on the global satisfaction of the traffic
carried by the WSN.

1. Introduction

A wireless sensor network (WSN) consists of a large number
of nodes, which have sensing, processing, and communicat-
ing capabilities. Nodes in a WSN do not only monitor their
environment, but they also forward and route data packets
to one or more appointed sink nodes. It is known that there
are open issues that limit the practical adoption of WSNs
[1]. These limitations come from the fact that each individual
wireless node in a WSN has reduced processing capabilities
as well as limited energy budget.

Network congestion occurs when the system is close
to its carrying capacity and an increase on the incoming
traffic, or even a burst, may overload node buffers with a
potential domino effect that may turn into a disaster. On
these conditions, and unless a congestion control mechanism
is used, the number of packets arriving to their final end
falls abruptly. In contrast, a network under congestion control
keeps close to an ideal response. That is, the outgoing traffic

equals the network carrying capacity. Additionally, for WSN
applications, congestion control mechanisms should also
consider the side effects of wireless transmissions, such as
interference and power loss.

In recent years, a set of models and tools initially devel-
oped by the physics community have shown their pertinence
to address problems from other domains, such as biology and
economics, amongmanyothers.Theobjects studied from this
emerging body of knowledge are generally called complex
systems. Mitchell [2] describes complex systems as “. . .made
up from a massive network of interacting components, without
a central control, that follow a simple set of operational rules
and are able to achieve an elaborated collective behavior, thanks
to sophisticated information processing techniques and adap-
tation, based on learning or evolution.” We can immediately
identifymany systems that fit into this definition, for example,
ant colonies, bird flocks, fish schools, the international econ-
omy, the city vehicle traffic, and so forth. We know that none
of them have a central control. We say that the interactions
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of components occur in a microscopic level. Nevertheless, in
a macroscopic level, all of them show an emergent behavior
which adapts to changing conditions over the time.

In this work, we agree with other authors that a WSN
can be described as a complex system. The novelty of our
approach is based on the fact that packets are regarded
as the key entities that shape the overall system behavior.
From our perspective, there are two types of interactions,
among packets and packets with nodes. At node level, packets
compete for network resources (buffers and links) on their
way to the sink node(s). Based on these local interactions,
each node is programmed to take decisions about routing,
medium contention, and packet dropping. As an emergent
global behavior, it is shown that the network achieves a self-
adaptivemechanism thatmatches the trafficwith the network
capacity. An underlying assumption of our work is that, as
it was stated by the economist Adam Smith, there exists an
“invisible hand” that guides individual packets to benefit the
system through the pursuit of their private interests.

Our experimental results show that the proposed solution
may provide an effective strategy to address some of the
common problems found in WSN deployment, such as fair
packet delivery, adaptive routing, energy consumption, and
congestion control.

The rest of this work is comprised of the following
sections. Section 2 summarizes relevant work found in the
literature related to a variety of control mechanisms for
wireless sensor networks. Section 3 describes the theoretical
framework on which the proposed method is based on.
Section 4 presents the experimental platform and a diversity
of methods used to evaluate the performance of the proposed
scheme. We describe and analyze in Section 5 the results
obtained by simulations and we also discuss some relevant
aspects that should be taken into consideration during the
scheme implementation. Finally, Section 6 provides some
concluding remarks.

2. Related Work

In this work, we introduce a model that comprises the
idea of self-organized agents that can modulate a global
behaviorwhich, in our case of study, turns into the congestion
control of a wireless sensor network. Our approach is strongly
inspired by agent-directed simulations [3]. To the best of our
knowledge, this approach is barely found in the literature
of WSN, with a few related alternatives, such as [4], where
authors propose the use of the complex system theory to
deal with WSN. In our work we proposed a similar analogy
but additionally we show results for specific applications and
scenarios as well as a novel mechanism for the traffic control
based on the packet satisfaction where the packet is regarded
as the agent of the complex system.

In [5], a methodology for designing a self-organized
WSN is presented. The authors suggest that cooperation
between nodes is needed in order to accomplish more
complex tasks for WSNs. In addition, they mentioned that
a promising approach of how to cope with this is the use
of the emergent self-organization. The proposed emergent

self-organizing system aims to achieve improved scalability
by the simplicity of its elements and their interactions.
We agreed with the authors in [5] with the macroscopic
and microscopic approach; however, we proposed a subtle
difference from that work in the distributed coordination
mechanism, because they use an explicit feedback loop
mechanism but we proposed the packet interactions with the
nodes as main distributed coordination mechanism without
a specific control mechanism based on positive and negative
feedback loops. In our proposed mechanism the packet
satisfaction is the main parameter to adjust the traffic flow
without the need of an explicit feedback loop between nodes.

A more comprehensive approach is presented in [6],
which introduces an agent-based simulation framework.
This work focuses on modeling of sensed variables of the
environment rather than a WSN itself. The work presented
in [7, 8] also considers packets as active entities of a complex
system. From an agent-based approach, an improvement
on directed diffusion routing protocol is presented in [7],
whereas in [8] a routing protocol inspired on bird flocking
is proposed.

In [9], a congestion control is presented for sensor
networks with an algorithm independent of the topology and
any addressing scheme. Then, the authors emphasize that
the absence of state information per node in the network
becomes a critical issue if a congestion control algorithm is
required. Thus, a common approach is to provide a solution
based on biological mechanisms for self-organization and
complex systems [9–11]. In our proposedmodel shown in this
work, an important viewpoint introduced is that data packets
circulating over the network can be described as independent
entities that are shaping an emergent global process. The
interaction rules that we introduce are settled on a local
and short-termed level. Nevertheless, the resulting emerging
properties are studied from a global perspective.

Several publications have paid attention to the fact that
theWSNs are comprised of resource-constrained devices [11–
13]. Therefore, their design is oriented to minimize efforts
without compromising the task’s integrity and the gathering
of the vast information required for a huge and unknown
deployed area.

In recent years, many protocols and implementations
have been developed for congestion control in wireless sensor
networks. The most popular approach is based on traditional
methodologies and protocols recognized from the Internet.
For instance, several of them have studied the congestion
problem from the transport and link layers perspective.
However, the possibility of developing congestion control of
a network during the packet trip from source to destination
has not been explored in depth.

The authors in [14] propose a multiagent system with
the ability of its agents to find alternative paths for energy
efficient data dissemination. This approach is mainly used
for routing. In [15] the network is able to gather information
using the multiagent approach, in order to take further
decisions. In contrast, we propose a simple mechanism to
detect changes in the network conditionswithout considering
anything but the degree of satisfaction of the individual
packets. Satisfaction is a measure that estimates whether
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a packet has the possibility to reach its final destinationwithin
a bounded time.

3. Theoretical Framework

According to [16], a complex system is made up from a
set of entities, called agents, which are deployed and act
over a given environment. Agents have goals and show a
particular behavior oriented to achieve such goals. From this
perspective, it is important to recognize not only the acting
elements of a system, but also the interactions of the agents
with their environment (agent-to-environment), as well as
the interactions among themselves (agent-to-agent).

In this work, we state that the traffic on a WSN, under
stressing conditions, can be studied from a complex system
perspective. Data packets are regarded as agents, whose goal
is to reach a given sink, with minimum delay. In this case,
the interactions between the packets and their environment
can be described in terms of the network resources used by
packets travelling to the sink, that is, links and buffers. Notice,
for instance, that the conditions of a wireless link may induce
undesired effects, such as noise and power loss, which have
impact on the packet reception. Also, the size of the buffer
limits the number of packets that can be temporarily stored
in a given node. The interactions among packets arise from
the fact that they compete for the network resources and this
condition may cause network congestion, whose effects can
be detected either at the link level or at the node level. In the
former, it produces packets collisions. In the latter, it increases
the delivery time, and under very stressing conditions it
produces packet losses.

3.1. Taking the Pulse of the System. In order to evaluate the
impact of the aforementioned interactions, we propose two
measures that allow us to study the network traffic from
a microscopic view. The first one estimates the fulfillment
of a packet goal. The second one estimates the interference
produced by a packet while interacting with other packets.
Besides, we developed amacroscopicmeasure to estimate the
overall network performance.

We can assume that each node of the network takes a
snapshot of its current state, according to some schedule,
including its buffer occupancy. Based on this state, each node
calculates the following measures.

3.1.1. The Individual Packet Satisfaction. Let 𝑝 be a packet
travelling over a WSN, from a source 𝑆 to a target sink 𝑇. Let
us also assume that 𝑝 has been temporarily stored in node
𝑁, which is the 𝑘-th stage on its route, after being forwarded
from node 𝑀 (see Figure 1). The packet satisfaction of 𝑝 is
assessed by the variable 𝜎

𝑝,𝑁
∈ [0, 1] and is calculated at

each node it traverses (visits), including 𝑆. Accordingly, the
satisfaction of 𝑝 at node 𝑁 is determined by the following
expression:

𝜎
𝑝,𝑁

= 𝜎
𝑝,𝑀

+

(1 − Δ𝑡/Δ𝑡max) − 𝜎𝑝,𝑀

𝑘

, (1)

S M N T

Packet p
is here

· · · · · ·

Figure 1: Packet 𝑝 travelling from source node (𝑆) to sink node (𝑇).

where Δ𝑡 is the time that 𝑝 has been stored in the buffer at
node 𝑁, while Δ𝑡max is the maximum time that 𝑝 is allowed
to remain in a buffer before it has to be discarded; then 0 <
Δ𝑡 ≤ Δ𝑡max. As we just mentioned, (1) applies to each node
on the route of 𝑝, including node 𝑆. For the initial case at the
departing node, 𝑘 = 1 and 𝜎

𝑝,𝑀
= 0.

The first step for 𝑁 to calculate 𝜎
𝑝,𝑁

is to determine the
normalized delay experienced by 𝑝 while buffered at𝑁. This
delay is given as follows:

|Δ𝑡| = (1 −

Δ𝑡

Δ𝑡max
) . (2)

The second step consists in evaluating the change on the
packet satisfaction (Δ𝜎

𝑝,𝑁
), which is given by the contribu-

tion of𝑁 to the normalized delay of 𝑝; that is,

Δ𝜎
𝑝,𝑁

=

|Δ𝑡| − 𝜎
𝑝,𝑀

𝑘

. (3)

Therefore, (1) can be written in terms of Δ𝜎
𝑝,𝑁

, as in the
following:

𝜎
𝑝,𝑁

= 𝜎
𝑝,𝑀

+ Δ𝜎
𝑝,𝑁
. (4)

Notice that 𝜎
𝑝,𝑁

can be understood as a function that
updates the accumulated delay of 𝑝 on its journey from
source to sink.

Each node on the route traveled by packet 𝑝 must be
able to label the packet with its corresponding time of arrival
in order to estimate Δ𝑡. As for Δ𝑡max, this is a parameter
that features each node, and it is oriented to shape desired
properties of the traffic that will be carried by the network.
For instance, Δ𝑡max can be settled according to the distance
from a given node to the sink, in such a way that a node
which is near to the sink will have a value greater than those
nodes that are rather away from the sink.Thus,we foresee that
packets travelling long routes do not accumulate an excessive
delay at the beginning of their journey, while a longer delay is
expected at nodes that are near the sink.

3.1.2. Interference among Packets. Let 𝑁 be a node with a
buffer that is temporarily occupied by a group of 𝐹 packets,
called flock, which includes packet 𝑝. The interference (𝜙

𝑝
)

assesses the way that 𝑝 affects the satisfaction of the flock it
belongs to according to the following expression:

𝜙
𝑝
= −Δ𝜎

𝑝,𝑁
−

1

𝐹 − 1

∑

𝑖 ̸=𝑝

Δ𝜎
𝑖,𝑁
. (5)

Equation (5) shows an algebraic addition with two parts.
The first part corresponds to the satisfaction change experi-
enced by packet 𝑝 at the current node (−Δ𝜎

𝑝,𝑁
). The second
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part is the average change experienced by the rest of the
packets that share the current buffer with 𝑝, that is, (−(1/(𝐹−
1))∑
𝑖 ̸=𝑝
Δ𝜎
𝑖,𝑁

).
If the current change of the normalized packet delay is

greater than its accumulated delay, then it results in a negative
change, which means that the packet satisfaction has been
reduced at the current node. Let us recall that the satisfaction
is a number between 0 and 1, where 1 represents themaximum
satisfaction and 0 a null satisfaction.

Now, let us assume that (5) produces a positive interfer-
ence, called friction, which is an undesirable condition. This
implies the following.

(1) Both of its parts are negative. In this case, we say that
both sides have lost satisfaction.

(2) The change in the satisfaction of 𝑝 is negative, while
the average change in the rest of the packets is
positive. Nevertheless, the absolute value of the first
part is greater than the second. In this case we say that
the loss of satisfaction on one side is not compensated
by the increase on the other side.

(3) The change in the satisfaction of 𝑝 is positive, while
the average change in the rest of the packets is
negative. Nevertheless, the value of the second part
is greater than the first. We also say that the loss of
satisfaction on one side is not compensated by the
increase on the other side.

Now, let us assume that (5) produces a negative inter-
ference, called synergy, which is a desirable condition. This
implies the following.

(1) Both of its parts are positive. In this case, we say that
both sides have gained satisfaction.

(2) The change in the satisfaction of 𝑝 is positive, while
the average change in the rest of the packets is
negative. Nevertheless, the absolute value of the first
part is greater than the second. In this case, we say that
the gain of satisfaction on one side does not strongly
affect the loss on the other side.

(3) The change in the satisfaction of 𝑝 is negative, while
the average change in the rest of the packets is
positive. Nevertheless, the value of the second part
is greater than the first. We also say that a gain of
satisfaction on one side does not strongly affect the
other side loss.

Therefore, there are three possible interactions between
packet 𝑝 and the flock it belongs to.

If 𝜙
𝑝
> 0, then the packet 𝑝 introduces friction on the

flock, which is an undesirable condition.
If 𝜙
𝑝
< 0, then packet 𝑝 fosters synergy, which is a

desirable condition.
If 𝜙
𝑝
= 0, then the change on packet satisfaction cancels

the change on the satisfaction of the others. In this case we
say that 𝑝 has a neutral interaction with the flock.

3.1.3. Overall System Performance or aMacroscopic View of the
Network. Let us suppose now that we are able to synchronize,

at time 𝑡, the snapshots taken by the overall set of nodes
that make up the WSN and gather these pictures to elaborate
a global diagnostic of the system. We assume that, at this
point in time, there are 𝑛 packets stored at different places.
For a packet, with identifier 𝑖 = 1, . . . , 𝑛, we say that this
packet is stored at a given node𝑁(𝑖) and, at time 𝑡, this node
takes its local snapshot.The network satisfaction is estimated
according to the following expression:

𝜎WSN (𝑡) =
1

𝑛

𝑛

∑

𝑖=1

𝜎
𝑖,𝑁(𝑖)

. (6)

This expression means that, at the time of the snapshot,
we evaluate the average satisfaction of the packets traveling
across the network.

3.2. Congestion Control for WSN under Heavy Traffic Load.
Now, we present a new congestion control based on the
aforementioned framework. Our proposal is targeted to
maximize the network satisfaction 𝜎WSN(𝑡).

The solution consists of four stages: (1) initialization, (2)
processing, (3) routing, and (4) transmission. Initialization
is executed only once in order to settle down the working
parameters of each active node. Processing takes place each
time a new packet is received at the node in order to estimate
its microscopic measurements. Based on these estimates, and
during the routing stage, the node decideswhether to forward
the packet immediately, store it at its local buffer, or drop it.
Finally, if transmission applies, the node invokes a CSMA
MAC protocol, which includes a modified version of an
adaptive back-off interval, to forward the packet to the next
node.

3.2.1. Initialization. During initialization, the sink node
grows a spanning tree rooted at this node [17]. We say that
each node lying on the tree has a corresponding level (𝑙).This
level is related to the minimum number of hops from a given
node to the sink. The root has a level 0; the children of the
root have a level 1, and each node has the level of its father
plus one. Each node knows its level as well as the level of its
neighbors.

We consider that the workload of a given node depends
on its distance to the sink. This means that the nodes in the
vicinity of the sink concentrate on a higher load and there-
fore, they are expected to show a higher buffer occupancy
compared to those nodes in the borders of the network. As a
consequence, we also consider that those packets arriving at
the last stages of their trip will experience longer delay. From
this perspective, we assume that the processing of a packet
must take into account the relative position of the node that
is traversing, on its way to the sink. It is important to recall
that the “goal” of an individual packet is to arrive to its final
destination with the higher satisfaction, that is, the smallest
accumulated delay. In contrast, the goal of the network, from
amacroscopic view, is to keep congestion under control. Also,
it is important to realize that the accumulated delay of a
packet is strongly related to the flock size defined at the node
where it is temporarily stored.
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Assuming that all nodes have a uniform buffer size,
given by 𝑏, (measured in bits), and in order to address the
aforementioned considerations, the flock size must be related
to the position of the node which allocates this set of packets.
In general terms, a small flock introduces smaller delays than
a bigger flock. If we accept that a packet should accumulate
the least possible delays at the beginning of its journey and
that it should be prepared to tolerate longer delays at the
end, we conclude that the flock size must be a fraction of
the buffer size, reflecting the distance of the node to the final
target. To estimate this distance we may use the level of the
node, according to the spanning tree that the sink has built
over the underlying graph. Nevertheless we simplified this
approach and decided to classify the network in three zones
only: distant, intermediate, and nearby, all measured with
respect to the sink node. For this purpose, we can think of
the network as divided by three concentric “circles” drawn
around the sink. These circles define the boundaries of such
zones.

Let 𝐿 be the highest level that can be achieved by a node
in the network, that is, themaximum hop distance to the sink
node. Then, we divide the spanned region into three zones
according to 𝐿. A node having level 𝑙 is considered to lay on
zone 1, 2, or 3, according to the following expression:

Zone =

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

1, 0 < 𝑙 < ⌊

𝐿

3

⌋ ,

2, ⌊

𝐿

3

⌋ ≤ 𝑙 < ⌊

2𝐿

3

⌋ ,

3, ⌊

2𝐿

3

⌋ ≤ 𝑙.

(7)

As we stated before, packets are gathered in groups, called
flocks. The size of a flock (𝑓), measured in bits, depends on
the level of the node where this flock is currently stored.
Notice that 𝐹 represents the number of packets that make up
a flock, while 𝑓 represents the overall “weight” of this group.
Consider

𝑓 =

{
{
{
{
{
{

{
{
{
{
{
{

{

𝑏, ∀𝑙 ∈ Zone 1,

⌈

2𝑏

3

⌉ , ∀𝑙 ∈ Zone 2,

⌈

𝑏

3

⌉ , ∀𝑙 ∈ Zone 3,

(8)

where 𝑏 is the buffer size, in bits. Let us recall that we are
assuming that all nodes have the same buffer size.

Equation (8) implies that, depending on the zone where
a given flock is travelling, the flock occupies one-third, two-
thirds, or the overall buffer size, corresponding to zone 3, 2,
or 1, respectively. In turn, this means that as the flocks get
closer to the sink they can grow and, as a consequence, the
may experience longer delays.

Each node configures its local time-to-live (TTL) param-
eter, which indicates the maximum number of hops that a
packet may travel to reach the sink. A node on the role of
source will use this parameter to stamp each issued packet.

As it can be deduced, the particular value of the TTL depends
on the zone where the corresponding node lies. Consider

TTL = ⌈4𝑙
3

⌉ . (9)

Let us notice that a long TTL value may foster the
existence of packets that travel around the sink without
finishing their trip but interfere with the rest of the packets
and reinforce congestion. Therefore, TTL should be settled
in order to give a packet a rather small chance to evade a
troubled area before it is discarded.

Notice that the minimum number of hops that packets
need to reach the sink is equal to level 𝑙 of its source
node. However, packets are settled with extra hops to dodge
congestion zones. In order to finish the initialization stage,
each node settles a value Δ𝑡max that corresponds to the
maximum time a packet may be stored in its buffer.The value
of Δ𝑡max depends on the zone where the node belongs to,
according to the following expression:

Δ𝑡max =

𝑓 − 𝑤

V
, (10)

where𝑤 is the packet length, in bits, such that𝑤 < 𝑓 and V is
the local transmission rate, in bps.

Let us imagine that a packet arrives to a given node and
it happens to be the last that completes a whole flock. In
other words, regarded as a queue, this is the missing client
that starts the forwarding service. How long will it wait to
continue its trip? Well, it has to wait for the rest of its flock
to be dispatched before it takes its turn.

From the above expressions, we observe that most of the
working conditions of a node strongly depend on its distance
to the sink, which is roughly estimated by its corresponding
zone. In this way, we not only foresee that the nodes on the
vicinity of the sink are able to tolerate high buffer occupancy,
during harsh conditions, but also foster that packets coming
from the farthest places do not accumulate long delays at the
beginning of their trip.

3.2.2. Processing. When a source node 𝑆 issues a new packet
𝑝, it labels such packet with an initial value 𝜎

𝑝,𝑆
. Then, each

node 𝑁 visited by 𝑝 updates this value according to the
following steps.

Before storing 𝑝 in its buffer, 𝑁 records the value 𝜎
𝑝,𝑀

that 𝑝 is carrying in its header and reduces the TTL field of 𝑝
by 1. If TTL reaches 0, it simply drops the packet, otherwise it
stores 𝑝.

When 𝑁 has gathered a flock, it retrieves each packet 𝑝
from its buffer and updates the header of 𝑝 with a new value
𝜎
𝑝,𝑁

. Also, 𝑁 calculates the interference caused by 𝑝 on the
flock it belongs to, according to the expressions (4) and (5),
respectively.

The interaction of𝑝with the rest of the flockmay produce
friction or synergy or may be neutral depending on the
following cases.
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Case A. Friction (𝜙
𝑝
> 0).

Case B. Synergy (𝜙
𝑝
< 0).

Case C. Neutral (𝜙
𝑝
= 0).

Concurrently with these steps, each node is regularly
scanning its buffer load. If it finds a stored packet which is
about to reach its maximum storage time (Δ𝑡max), it retrieves
this packet immediately and places it on the routing stage.
Otherwise, the node waits to gather a whole flock to enter
into this stage.

3.2.3. Routing. Based on the packet interference, this phase
applies an adaptive mechanism that may produce either a
vertical or a horizontal routing decision. The vertical and
horizontal routing decisions depend on the distance from the
sink to the node distributing the traffic. The routing decision
is horizontal when a node forwards traffic to other nodes with
equal level or hop distance. The routing decision is vertical
when nodes forward packets to other nodes that are closer to
the sink; it means nodes with lower level.

Once the node has updated the value 𝜎
𝑝,𝑁

, it checks
whether there is a packet with a value Δ𝜎

𝑝,𝑁
< 0. If there

is not a single packet in this condition, the flock goes to
the transmission stage to be forwarded in a vertical routing.
Otherwise, for each packet withΔ𝜎

𝑝,𝑁
> 0, it verifies if packet

𝑝 introduces friction; that is, Δ𝜎
𝑝,𝑁

> |∑
𝑖 ̸=𝑝
(Δ𝜎
𝑖,𝑁
/(𝐹 − 1))|.

The packets that do not meet this condition, along with those
packets such that Δ𝜎

𝑝,𝑁
< 0, go to the transmission stage to

be forwarded in a vertical routing.The remaining packets are
forwarded in a horizontal routing.

3.2.4. Transmission. In this stage we assume the existence
of a medium access control based on CSMA. Nevertheless,
this scheme includes an adaptive back-off interval that
depends on the zone where the corresponding node has been
deployed. The node in charge forwards a packet according to
the following rules.

(1) The node senses the medium to find out whether it is
busy or idle.

(a) If the medium is busy, it programs a back-off
timer and goes back to step (1), when the timer
expires.

(b) Otherwise, the node sends a “request-to-send”
packet (RTS) to the immediate target node(s);
this packet includes the number of data packets
which is about to forward.

(2) A node that receives the RTS packet answers with a
“clear-to-send” (CTS) packet including the number of
data packets which is able to store in its buffer.

(3) Upon receiving the answers, the issuing node for-
wards the rest of the flock to as many nodes as pos-
sible. Transmission starts with those packets having
the minimum Δ𝜎

𝑝,𝑁
.

(4) When the node has an empty buffer, it measures its
remaining battery, and in case it has less than 10% of
its initial charge, it broadcasts a “farewell” message to
all of its neighbors to let them know that it is about to
“die.”

(5) Anode that receives thismessage eliminates the issuer
from its routing tables.

4. The Experimental Platform
and the Methods

Simulation tools are the best suited resources when analytic
methods are unable to provide accurate solutions, or when
direct experiments are not feasible. Both conditions can be
met in WSN. Due to the amount of interacting entities,
analytic tools can hardly assess the parameters that feature the
system’s performance. In addition, deploying an experimental
settlement can be expensive and the obtained results may not
be considered for amore general framework.Therefore,many
specialists onWSN consider simulation tools as the departing
point for experiments of network operations.

We developed a simulation model oriented to test and
evaluate various congestion control schemes and routing
mechanisms. The model is based on the description of
the network traffic from the agent-based perspective. It
is important to underline that we present a model that
can be implemented using any tool supporting an agent-
based specification, as well as discrete events. Our particular
implementation is based on NetLogo [18], because it is a
well-known tool which supports the development of a model
where agents interact at discrete points in time and space.

4.1. An Agent-Based Model. Agent-directed simulation [3]
is used to emulate a complex system behavior, such as the
system analyzed in this work. The key premise that guides
this analysis is that friction reduction between agents benefits
the system satisfaction, thus increasing performance of the
WSN. Maximizing 𝜎WSN(𝑡) can be accomplished by limiting
the action of those agents that reduce the value 𝜎

𝑝,𝑁
of others,

while preserving functionalities and fostering synergy among
them.

As agents may present conflicting goals, their behavior is
limited or regulated by means of mediators. These entities
are in charge of minimizing conflicts, interferences, and
frictions in order to maximize cooperation and synergy. In
our particular case, nodes play the role of mediators. Table 1
shows the correspondence between concepts used in WSN
and complex systems. These equivalent concepts are the key
to the construction of the proposed experimental platform.

4.2. A WSN Simulation Tool. The tool that we have devised
comprises the following set of modules:

(i) network deployment and properties,
(ii) packet generation,
(iii) routing,
(iv) congestion control,
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Table 1: Complex systems concepts and their equivalences for the
proposed WSN model.

Concept WSN equivalent
Agent Data packet
Goal Arrive to the sink with minimum delay

Satisfaction1 0 if data packet does not arrive to the sink, 1 if it
arrives to the sink within minimum time

Behavior Packets travel across the network to the sink

Friction
An increase on the incoming traffic
(throughput), reduces the outgoing traffic
(goodput)

System’s
satisfaction Can be evaluated from the outgoing traffic

Mediators Nodes

Mediator’s role
To execute a (distributed) algorithm that
prevents congestion and maximizes the
outgoing traffic

1Notice that satisfaction and friction are user-definedmeasures and they can
change if required.

(v) wireless effects,
(vi) energy consumption,
(vii) performance evaluation.

4.2.1. Network Deployment. This module fixes the space and
time properties of the supported WSN model. It describes
the extension of the area, spanned by the WSN, as well
as its shape, for example, square, circle, or irregular. Also,
it settles the total simulation time as well as the length
of the window that measures the value of 𝜎WSN(𝑡). It is
known that many control mechanisms strongly depend on
the time scale chosen to introduce adaptive decisions, but
also the effectiveness of these mechanisms becomes evident
depending on the time scale chosen to evaluate the system’s
performance: “an apparently bad decision in the short term
may turn into a good decision in the long term.”

In our model we consider 3 types of nodes.

(i) Sink: it is the final destination of the packets carried
by the network. Therefore, the outgoing traffic, that
is, throughput, is measured considering the number
of packets delivered at this point.

(ii) Source: these nodes generate the incoming traffic; that
is, the packets that are carried by the network towards
the sink. If necessary, these nodes may also develop
forwarding operations.

(iii) Forwarding: these nodes are in charge of routing the
packets on their way to the sink.

The number of deployed nodes is defined by the user,
who also defines the number of source nodes. The sink has
a random location, as the rest of the deployed nodes.

The average node degree defines the average number
of connections each node has. In WSN, nodes’ degree can
be featured as a random variable that follows a probability
distribution function (PDF). In this particular case, we

generate a random number using a normal distribution and
then we round it to the closest integer. According to this
characteristic, each node is connected with those nodes
within its propagation radio. The global effect of these local
connections is the resulting graph thatmodels the underlying
communications network.

Due to the fact that coverage directly depends on the
transmission power, coverage also affects the nodes’ lifetime.
A wider coverage area means that the corresponding node
is running out of its energy more rapidly. Coverage is
also considered a random variable that follows a normal
distribution.

Other parameters that are settled within this module are
buffer size, transmission rate, packet size, error rate, end-
to-end delay, and energy consumption per packet which is
related to coverage.

4.2.2. Packet Generation. The traffic scenarios are simulated
by traffic generated at the source nodes. This has the pos-
sibility of issuing a given number of packets per unit time,
according to any of the following options:

(i) generating a random number using a normal PDF
and then it is rounded to the closest integer,

(ii) generating a random number using a Poisson PDF,

(iii) a continuous generation rate,

(iv) an augmenting rate that grows “𝑥” packets per unit
time, every fixed time step.

4.2.3. Routing. The routes from all sources to the sink node
are established once at the beginning of each simulation,
using a well-known distributed algorithm [17], called “Prop-
agation of Information” (PI).This initialization step produces
a spanning tree with root at the sink. As we have already
explained, each node lying on the spanning tree has a level,
which is given by the level of its father plus one. In the case of
the root, we say that it has a level equal to zero. The routing
strategy that a given node follows is very simple; when the
node decides to forward a packet to its father node, that is,
along the spanning tree, we say that it uses a vertical routing;
when it forwards a packet to any node of a level less or equal
to that of its own, we say that it uses horizontal routing. It is
very important to remark that, due to our modular design,
a different settlement can be introduced to test alternative
strategies.

4.2.4. Congestion Control. The module in charge of conges-
tion control is the core of this work. This module provides
a self-organized and self-configurable congestion control
distributed algorithm that works like a traffic light that
controls the transit of packets on their way to the sink. Either
let the packets to go forward or stop the packets at the buffers.
The “green” and “red” lights depend on a function that intends
to maximize the overall system satisfaction. The algorithm
that rules each traffic light has been explained in the previous
section.
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4.2.5. Wireless Effects. Our design considers the free space
loss model, the effects of thermal noise, and interferences.
We calculate the normalized signal-to-noise ratio and, for
the binary phase-shift keying modulation (BPSK), we assess
the bit error rate (BER). We determine the error probability
per packet according to a fixed error tolerance. With this
probability we are able to simulate packet losses due to
wireless effects.

The simulations of wireless effects are considered and in
the final statistics, it can be distinguished between packet
losses due to wireless effects from those due to congestion.

The equation to calculate the signal power is

𝑃
𝑟
=

𝑃
𝑡
𝜆
2

(4𝜋𝑑)
2
, (11)

where 𝑃
𝑟
is the received signal power, 𝑃

𝑡
is the power of

transmitted signal, 𝜆 is the wavelength, and 𝑑 is the distance
between transmitter and receiver.

Wireless simulation also includes the effects of thermal
noise and interference in transmission of each node. We can
calculate the maximum capacity of the wireless channel (𝐶)
using the Shannon capacity for a given bandwidth (𝐵).

Using (12) we found the normalized signal-to-noise ratio
(𝐸
𝑏
/𝑁
𝑜
). Consider

𝐸
𝑏

𝑁
𝑜

=

𝐵

𝐶

(2
𝐶/𝐵

− 1) . (12)

We have chosen BPSK because it requires less 𝐸
𝑏
/𝑁
𝑜

than other traditional modulation techniques. From a table
[19] of BER for BPSK, BER is obtained, and considering the
application requirements, specifically the bit error tolerance,
the packet error rate (PER) is estimated as follows.

PER = 1 −
𝑒

∑

𝑖=0

(

𝑤

𝑖
) [BER𝑖(1 − BER)𝑤−𝑖] , (13)

where 𝑒 is the number of bit errors tolerated by the application
and 𝑤 is the packet size in bits. The packet losses due to
wireless effects are estimated by the PER.

4.2.6. Energy Consumption. The WSN topology changes are
represented using the power consumption simulation, due to
the loss of connectivity caused by nodes that have depleted
their battery energy. This effect is simulated by setting a
percentage of consumed power in the data transmission.The
consumption of energy due to processing capabilities is not
considered in the simulation.

Packet losses resulting from the effects described in the
previous paragraph are considered losses due to node level
congestion. It is clear that as the network topology changes,
an adaptive and self-configurable routing protocol is required
to reduce node level congestion.

4.2.7. Performance Evaluation. This module performs the
recording of different parameters of the network, such
as packet losses, offered traffic, throughput, and good-
put. Different performance metrics are also calculated with

Table 2: Simulation settings.

Parameter Value
Number of nodes 250
Number of source nodes 20
Packet size 2048 bits
Transmission rate 180 kb/s
Buffer size 16384 bits
Average degree of connectivity 6
Average coverage range 110m
Percentage of consumed battery per transmission 0.01
Transmission frequency 2048MHz
Transmission model Free space loss
Modulation scheme BPSK
Bandwidth 4 kHz
Generation packet rate 30 packets/s

the information obtained, for example, buffering time and
lifetime of the network. Additionally, the user can propose
other performance metrics, which can be drawn from the
measurement of 𝜙

𝑝
and 𝜎WSN(𝑡).

5. Results and Discussion

5.1. Simulation Results. In order to evaluate the benefits
of using our congestion control scheme, four evaluation
scenarios are proposed:

(1) a scenario without congestion control,
(2) an adaptive-routing scenario based on packet inter-

ference,
(3) a medium access control based on CSMA and apply-

ing an adaptive-adjustment of back-off intervals,
(4) a congestion control scenario.

The fourth scenario corresponds to our congestion con-
trol scheme, which also considers the use of mechanisms
defined in 2 and 3, as previously explained in Section 3.
Simulation settings for the abovementioned scenarios are
shown in Table 2.

Figure 2 shows the performance of our congestion control
scheme for the four proposed scenarios. From this figure,
it can be observed that the WSN performance considerably
decreases once generated traffic exceeds 65% of the WSN
capacity. On one hand, if no congestion control mechanism
is applied in this case, theWSN performance may be reduced
up to a point where the network collapses. On the other hand,
when our proposed congestion control is used, the amount
of delivered packets approaches 80% of the WSN capacity.
Figure 2 also illustrates the benefits of applying, combined
and separated, both mechanisms considered in the proposed
congestion control. It is worth pointing out that, due to the
cross-layer approach used in the proposed congestion control
mechanism, there is a synergistic effect while using both
mechanisms.
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Figure 2: Throughput versus offered traffic load.
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Figure 3: Percentage of received packets from each source node.

Another relevant advantage produced by the use of a
congestion control mechanism is the equality of packet deliv-
ery. This goal is achieved upon adjusting specific congestion
control parameters, which depend on node positions, in
order to deliver information from all sources to sink node.
Figure 3 shows the performance of the proposed congestion
control for a simulation scenario which consists of 1 to 20
source nodes. An ID number is assigned to each source node;
a small ID number indicates that the corresponding source
node is found closer to the sink node and vice versa. In
this figure, it can be observed that the congestion control
improves a fair packet delivery. Ideally, if 𝑆 is the number
of source nodes, for a fair packet delivery, the percentage of
received packetswould be given by𝑃 = 100/𝑆. Figure 3 shows

the ideal percentage of received packets when the number of
source nodes is 𝑆 = 20 nodes; that is, 𝑃 = 5%. As it can be
observed from Figure 3, the use of the proposed congestion
control increases the fairness in packet delivery.

In order to evaluate the fairness in packet delivery, we
use Jain’s Fairness Index [20]. In general terms, this metric
provides a numerical estimate of how fair the resource
assignment among network users is done by the system.
In our case of study, we want to evaluate how fair the
packet delivery from several sources to the sink in a WSN
is performed. In order to use Jain’s Fairness Index (JFI) to
measure the average number of packets received by the sink
from the source nodes, we use the following expression:

JFI =
(∑
𝑚

𝑗=1
𝑥
𝑗
)

2

𝑚 ∗ ∑
𝑚

𝑗=1
(𝑥
𝑗
)

2
, (14)

where 𝑚 corresponds to the number of source nodes in the
network and 𝑥

𝑗
corresponds to the percentage of received

packets from source 𝑗; (𝑥
𝑗
) is measured with respect to the

percentage of expected packets (𝑥
𝑗
) from source 𝑗; that is,

𝑥
𝑗
=

𝑥
𝑗

𝑥
𝑗

. (15)

By using (14) with data presented in Figure 3, we obtained
the following indexes:

JFI = 88.81% (without using congestion control),
JFI = 96.75% (using congestion control).

As it can be observed, the proposed control improves the
fairness in packet delivery.

As mentioned above, the number of packets in a flock
depends on the buffer size. Hence, the buffer size is an
important parameter for the proposed congestion control.
In order to evaluate the impact of this parameter on the
congestion control behavior, a series of simulations were
conducted while changing the buffer size. Figures 4 and 5
illustrate the percentage of lost packets versus the buffer
size while using the proposed congestion control and by
individually using CSMA and adaptive routing as well as
without using a congestion control mechanism.

In these experiments, we consider two case scenarios
which depend on theWSN application, that is, delay-tolerant
and delay-sensitive applications. For delay-tolerant applica-
tions, if the buffer size is increased, the packet drop rate
decreases up to reaching a certain level when the full network
capacity is achieved, as it can be observed in Figure 4. For
delay-sensitive applications, generally a packet expiration
time is established. This parameter limits the number of
packets in a flock, in addition to the buffer size. As a
consequence of such expiration time, even if the buffer size
is increased, the packet loss may increase due to the fact
that all packets arriving after this time will be discarded
by the application, as it can be seen in Figure 5. For this
case scenario, the percentage of lost packets comprises the
percentage of dropped packets plus the percentage of packets
arriving out of time to the sink.
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Figure 4: Lost packets versus buffer size for delay-tolerant applica-
tions.
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tions.

Figure 6 shows the overall network satisfaction for dif-
ferent values of offered load. For each possible value on
the horizontal axis, we took a snapshot after the sink has
started receiving the first packets, and therefore we can
assume that the control mechanism is already acting at every
node. The network satisfaction only considers those packets
having an individual satisfaction above zero. Otherwise,
packets with null or negative satisfaction will be dropped in
the next possible moment. This figure also shows that our
proposed control should be regarded as a reactivemechanism
that is triggered when the offered load is greater than the 50%
of the network capacity. Nevertheless, we get the best out of

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

8.
1

16
.3

24
.4

32
.5

40
.7

48
.8

56
.9

65
.0

73
.2

81
.3

89
.4

97
.6

10
5.

7
11

3.
8

12
2.

0
13

0.
1

13
8.

2
14

6.
3

15
4.

5
16

2.
6

Offered traffic load with respect to network capacity (%)  

Ideal response
With congestion control
Without congestion control

W
SN

’s 
sa

tis
fa

ct
io

n

Figure 6: Network satisfaction as a function of the incoming traffic.

this control when the offered load is greater than the 100% of
the network capacity.

The system requires some time to converge, and this time
can be estimated as follows. Under these extreme conditions,
it is considered that the offered load is over the full capacity
of the network and flocks are assembled instantaneously.
Then, the proposed adaptive mechanism reacts after the first
packets arrive to the sink.Therefore, the time that the system
takes to converge, that is, the time that the system takes to
be in steady state, depends on the packet trip time, from the
source(s) to the sink. If flocks are assembled with a certain
delay, then the convergence will depend on the time it takes
to assemble them, in addition to the packet trip time.

5.2. Discussion. The proposed congestion control provides a
distributed solution. In this way, each node makes routing,
contention, and selective packet dropping decisions based
on its local traffic conditions. The main parameters of this
solution are defined according to the zone where nodes are
located, which can be translated on the hop distance between
each node and the sink. Due to the fact that traffic conditions
at each node of theWSN strongly depend on their distance to
the sink node, traffic density is higher at zones closer to the
sink node, and, therefore, it is expected that energy supply
of these nodes is depleted more rapidly. The parameters of
the congestion control, such as, packet lifetime, flock size, and
maximum waiting time in the buffer node, are set up at each
node according to its distance to the sink.

An important parameter of the proposed congestion
control is given by the flock size, which must be adjusted
with respect to buffer size. Flock size must be large enough
to guarantee an effective operation of this solution. At this
point, we can use as an analogy the vehicular traffic, where
groups of vehicles are controlled by traffic lights. In this sense,
a reduce-sized flock can be seen as a traffic light when the
red light lasts only a short period of time, which is more
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suitable for a low traffic density. However, for a WSN with
a high density of data packets, the size of the flock should be
large; otherwise, itmay endeavor collision avoidance and self-
organization capabilities of the WSN. In contrast, extremely
large-sized flocks may produce long transmission delays,
because packetsmust remain in a bufferwaiting for the arrival
of the amount of packets settled by the flock size. Considering
previous conditions, the flock size can be specified at node
level according to the following two factors: (a) the packet
density found in each zone of the WSN and (b) the packet
arrival rate.

Due to the fact that the proposed method has been
designed to work on scenarios with high traffic densities, we
have decided to define the flock size according to the packet
density, as observed in (8), where the flock size depends on
node distance with respect to the sink node.

We consider that, for variants of WSN, such as query-
based WSN, where traffic conditions fluctuate more fre-
quently, it would be useful to establish other congestion
control parameters taking into account, for example, the
arrival packet rate.

The proposed solution is based on packet overhearing,
because it uses a modified version of CSMA as the medium
access control, and transmission requests are used among
neighboring nodes. Packet overhearing may represent a
disadvantage for applications that require a long-life WSN,
beyond keeping a continuous packet transmission. However,
for a high traffic density WSN, which is caused by the
detection of an event of interest, the main purpose of the
network is to inform about the evolution of this event,
although this may imply that active nodes may deplete their
energy supply soon.

We mention at the beginning of this work that an under-
lying assumptionwas that, as in economic systems (which are
also complex systems), there is an “invisible hand” that guides
individual packets to benefit the system through the pursuit
of their private interests. Nevertheless, modern economy
admits the government intervention to settle regulations that
help agents to achieve synergy. We consider that this is the
role of nodes within our theoretical framework. Thus, in our
solution, each node decides the status of a packet, depending
on its microscopic measures. These local decisions enforce
congestion control as an emergent behavior at the system
level.

5.3. Implementation Issues. About the overhead required to
deploy the control mechanism that has been proposed, we
focus the analysis on two aspects: (i) the amount of additional
information that a packet should carry and (ii) the additional
processing that a node must perform.

The packet overhead is minimum, because it is only the
satisfaction value (𝜎

𝑝,𝑀
) achieved at the last node where the

packet comes from.
As for the processing steps, each node has to calculate for

each packet of a flock the following:

(1) the local change of its satisfaction (Δ𝜎
𝑝,𝑁

, see (2) and
(3)),

(2) the accumulated satisfaction (𝜎
𝑝,𝑁

, see (4)),

(3) the interference each packet induces on the rest of its
flock (𝜙

𝑝
, see (5)).

The first and second steps imply two subtractions, two
divisions, and one addition, which means five elementary
arithmetic operations. The third calculation seems to be
expensive because (5) is invoked for each packet. Neverthe-
less, there is a simple shortcut that simplifies this step. Before
the calculation of (𝜙

𝑝
) we add all the changes calculated

at Step (1). Let us call 𝑋 to this result, which implies 𝐹 −

1 additions. Then we enter into a loop to calculate each
individual interference but this time we subtract Δ𝜎

𝑝,𝑁
from

𝑋.We divide this result by (𝐹−1) andwe have the second part
of 𝜙
𝑝
. Finally, we again subtract this result from −Δ𝜎

𝑝,𝑁
. This

step has taken three subtractions and one division, without
considering the calculation of 𝑋 (which is done only once).
Besides this reduction in complexity we must recall that the
calculation of 𝜙

𝑝
is not always required. According to the

forwarding procedure, 𝜙
𝑝
is not necessary when none of

the packets has experienced a reduction on its satisfaction.
Otherwise, the node forwards immediately those packets
whose satisfaction has been reduced. The node calculates the
interference of each packet for the rest of the flock.

The number of packets that makes up a flock (𝐹) plays a
key role on the complexity of the processing steps that each
node must perform. We also know that a flock occupies 1/3
of the buffer size for those nodes at zone 3 (the most distant
places from the sink) and 2/3 of the buffers size for those
nodes at zone 2, and it takes the overall buffer size for nodes
in zone 1, which is in the vicinity of the sink. Therefore, the
heaviest costs of this control are in charge of the nodes in zone
1. It is clear that these nodes define the carrying capacity of
the network and therefore they are the busiest components of
the system. This implies that these nodes may be the first to
exhaust their energy budget. We consider that the deployed
control contributes to extend the lifetime of these nodes,
because there is a packet droppingmechanism acting at every
node. This mechanism regulates the number of packets that
finally arrive to the outskirts of the sink. Therefore, although
the processing overhead mainly affects the nodes in zone 1,
in compensation, the nodes in the other zones control the
number of packets that arrive to zone 1. Also it is important to
consider that, in terms of energy consumption, bit processing
is less expensive than the corresponding transmission.

6. Conclusions

A conceptual framework for analyzing the traffic in wire-
less sensor networks (WSNs) from the “complex systems”
perspective was developed. By means of this conceptual
framework, it is possible to analyze the overall behavior
of WSN traffic from local interactions of data packets.
Although there is related work that analyzes the WSN as
a “complex system,” the approach shown in our congestion
control is different because the packets are considered as
the main self-organized agents. In addition, the network
congestion is mitigated using adaptive traffic mechanisms
based on a satisfaction parameter assessed by each packet.
These mechanisms have impact on the global satisfaction of
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the traffic carried by theWSN.Then the proposed congestion
control is able to preserve the traffic stream close to theWSN
capacity, even in case scenarios with extreme congestion.

For the developed control, packets are sent in groups,
called flocks, assessing whether a packet is causing friction
to the flock. The main idea of the proposed solution is to
reduce friction among data packets by means of a synergic
encouragement, which increases the overall performance.
According to this idea, each node makes decision about
routing, contention, and packet dropping in order to improve
global performance. For instance, in specific scenarios, flocks
are able to avoid congested zones of the WSN. The CSMA
protocol is used for the medium access control, which is
modified to consider the remaining space in the buffer node.
As a consequence, nodes can decide if they are able to carry
the packets and how many bits they can receive avoiding
congestion not only at the link level, but also at the node level.
In addition, nodes far from the sink keep their packets in
buffer for shorter time than those packets near to the sink.
As a result, the congestion control also improves fairness in
packet delivery. Furthermore, our solution provides a novel
and efficient way to improve the performance of WSN.
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The simplicity of the maximum satisfiability problem (MAX-SAT) combined with its applicability in many areas of artificial
intelligence and computing science made it one of the fundamental optimization problems. This NP-complete problem refers to
the task of finding a variable assignment that satisfies the maximum number of clauses (or the sum of weights of satisfied clauses)
in a Boolean formula. The Walksat algorithm is considered to be the main skeleton underlying almost all local search algorithms
for MAX-SAT. Most local search algorithms including Walksat rely on the 1-flip neighborhood structure. This paper introduces
a variable neighborhood walksat-based algorithm. The neighborhood structure can be combined easily using any local search
algorithm. Its effectiveness is compared with existing algorithms using 1-flip neighborhood structure and solvers such as CCLS and
Optimax from the eighth MAX-SAT evaluation.

1. Introduction

Many optimization algorithms have been developed for
successfully solving a wide range of optimization prob-
lems. Although these techniques have demonstrated excellent
search capabilities for solving small or medium sized opti-
mization problems, they still encounter serious challenges
when applied to solving large scale optimization problems,
that is, problems with several hundreds to thousands of vari-
ables. How well optimization algorithms handle this sort of
real world large scale optimization problems still remains an
open question for various optimization problems including
MAX-SAT. MAX-SAT is a widely used modeling framework
for solving various combinatorial problems. Many impor-
tant applications can be naturally expressed as MAX-SAT
[1]. Examples include routing [2], scheduling [3], model-
checking [4] of finite state systems, design debugging [5], AI
planning [6], and electronic markets [7]. Interested readers
may refer to [8–10] for more details. Efficient methods that
can solve large and hard instances of MAX-SAT are eagerly
sought. Due to their combinatorial explosion nature, large
and complex MAX-SAT problems are hard to solve using
systematic algorithms based on branch and bound techniques

[11]. One way to overcome the combinatorial explosion is
to give up completeness. Stochastic local search algorithms
(SLS) are techniques which use this strategy and gained
popularity in both worlds whether it is discrete or continuous
due to their conceptual simplicity and good performance.The
Walksat algorithm [12] is considered to be the main skeleton
underlying almost all SLS algorithms for MAX-SAT. It works
by assigning all the variables a random truth assignment and
then tries to refine the assignment according to a selected
heuristic until the CNF formula evaluates to true. The
heuristic used for varying the truth assignment defines the
variant of Walksat. All variants share the common behavior
of exploiting the standard 1-flip neighborhood structure for
which two truth value assignments are neighbors if they differ
in the truth value of exactly one variable. The critical issue in
the design of a neighborhood search strategy is the choice of
the neighborhood structure, that is, the manner in which the
neighborhood is defined. Larger neighborhood yields better
local optima but the computational effort spent to search the
neighborhood increases exponentially 𝑂(𝑛𝑘) where 𝑘 is the
cardinality of neighborhood (i.e., the number of variables to
be flipped in order to move from the current solution 𝑠

𝑖
to a

neighboring solution 𝑠
𝑗
) and 𝑛 is the number of variables [13].
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In this paper a variable neighborhood Walksat-based
algorithm is introduced forMAX-SAT.The key feature of this
algorithm aims at identifying improved neighbor solutions
without explicitly enumerating and evaluating all the neigh-
bors in the neighborhood. The strategy involves looking at
the search as a process evolving from a 𝑘-flip neighborhood
to the standard 1-flip neighborhood-based structure in order
to achieve a tactical interplay between diversification (i.e., the
ability to explore many different regions of the search space)
and intensification (i.e., the ability to obtain high quality
solutions within those regions). The authors in [14] discuss
the latest design of hybrid approaches in order to find an
adequate balance between diversification and intensification.

The rest of the paper is organized as follows. A definition
of MAX-SAT is given in Section 2. Section 3 provides a
short survey of methods used to solve MAX-SAT. Section 4
explains theWalksat algorithm. Section 5 introduces the vari-
able neighborhoodWalksat-Based algorithm and the experi-
mental results. Finally, conclusions are drawn in Section 6.

2. The Maximum Satisfiability Problem

Generally, the satisfiability problem (SAT) which is known
to be NP-complete [15] is defined as follows. Given is a
propositional formula Φ consisting of a set of 𝑁 variables
usually represented in CNF (conjunctive normal form). In
CNF, the formula is represented as a conjunction of clauses
written as Φ = 𝐶

1
∧ 𝐶
2
∧ 𝐶
3
∧ ⋅ ⋅ ⋅ 𝐶

𝑀
, with 𝑀 being the

number of clauses. A clause 𝐶
𝑖
(𝑥) is a disjunction of literals

and a literal is a variable or its negation. As a simple example,
let Φ(𝑥) be the following formula containing 4 variables and
3 clauses:

Φ (𝑥) = (𝑥1 ∨ ¬𝑥4) ∧ (¬𝑥1 ∨ 𝑥3) ∧ (¬𝑥1 ∨ 𝑥4 ∨ 𝑥2) .

(1)

The task is to determine whether there exists an assign-
ment of values to the variables under which Φ(𝑥) evaluates
to true. Such an assignment, if it exists, is called a satisfying
assignment for Φ, and Φ is called satisfiable. Otherwise, Φ is
said to be unsatisfiable. There exist two important variations
of theMAX-SAT problem.TheweightedMAX-SAT problem
is the MAX-SAT problem in which each clause is assigned a
positive weight. The goal of the problem is to maximize the
sum of weights of satisfied clauses. The unweighted MAX-
SAT problem is the MAX-SAT problem in which all the
weights are equal to 1 and the goal is to maximize the number
of satisfied clauses. In this paper, the focus is restricted
to formulas in which all the weights are equal to 1 (i.e.,
unweighted MAX-SAT).

3. Short Survey of SLS for MAX-SAT

Stochastic local search algorithms [16] are based on what
is perhaps the oldest optimization method, trial and error.
Typically, they start with an initial assignment of values to
variables randomly or heuristically generated. During each
iteration, a new solution is selected from the neighborhood

of the current one by performing a move. Choosing a good
neighborhood and a method for searching is usually guided
by intuition, because very little theory is available as a guide.
All the methods usually differ from each other in the criteria
used to flip the chosen variable. One of the earliest local
searches for solving SAT is GSAT [17]. The GSAT algorithm
operates by changing a complete assignment of variables into
one in which the maximum possible number of clauses is
satisfied by changing the value of a single variable. Another
widely used variant of GSAT is the Walksat based on a two-
stage selection mechanism which is originally introduced
in [12]. Several state-of-the-art local search algorithms are
enhanced versions of GSAT andWalksat algorithms [18–20].
As the quality of the solution improves when larger neigh-
borhood is used, the work proposed in [13] uses restricted 2-
and 3-flip neighborhoods and better performance has been
achieved compared to the 1-flip neighborhood for structured
problems. Clause weighting based SLS algorithms [21, 22]
have been proposed to solve SAT and MAX-SAT problems.
The key idea is to associate the clauses of the given CNF
formula with weights. Although these clause weighting SLS
algorithms differ in the manner clause weights should be
updated (probabilistic or deterministic), they all choose to
increase the weights of all the unsatisfied clauses as soon as
a local minimum is encountered. Numerous other methods
such as Simulated Annealing [23], Evolutionary Algorithms
[24, 25], Scatter Search [26], Greedy Randomized Adaptive
Search Procedures [27], and guided local search [28] have
also been developed. Lacking the theoretical guidelines while
being stochastic in nature, the deployment of several SLS
involves extensive experiments to find the optimal noise or
walk probability settings. To avoid manual parameter tuning,
new methods have been designed to automatically adapt
parameter settings during the search [29, 30] and results have
shown their effectiveness for a wide range of problems. The
work conducted in [31] introduced Learning Automata (LA)
as a mechanism for enhancing SLS based SAT solvers, thus
laying the foundation for novel LA-based SAT solvers. A
new strategy based on an automatic procedure for integrating
selected components from various existing solvers has been
devised in order to build new efficient algorithms that draw
the strengths of multiple algorithms [32, 33]. The work
conducted in [34] proposed an adaptive memory based local
search algorithm that exploits various strategies in order
to guide the search to achieve a suitable tradeoff between
intensification and diversification. The computational results
show that it competes favorably with some state-of-the-art
MAX-SAT solvers. Finally, new solvers have emerged based
on a new diversification scheme to prevent cycling [35–37].

4. Walksat/SKC Algorithm

In this section, the Walksat/SKC (WS) algorithm originally
introduced in [12] which constitutes the chosen local search
that will be combined with systematic changes of neighbor-
hood is shown in Algorithm 1.

The algorithm starts with a random assignment (line 3).
Thereafter, a random unsatisfied clause is selected (line 5).
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input: Problem in CNF format
output: Number of satisfied clauses

(1) begin
(2) for 𝑖 ← 1 to MAX-TRIES do
(3) T← Random-Assignment();
(4) for 𝑖 ← 1 to MAX-FLIPS do
(5) 𝐶

𝑘
← Random-Unsatisfied-Clause();

(6) if (∃variable V ∈ 𝐶
𝑘
with breakcount = 0) then Chosen-Variable← V;

(7) else if (random(0,1) ≤ 𝑝noise) then
(8) Chosen-Variable← Random-Variable(𝐶

𝑘
);

(9) else
(10) Chosen-Variable← Random-Lowest-Break count(𝐶

𝑘
);

(11) end
(12) end
(13) end
(14) end

Algorithm 1: Walksat algorithm.

If there exists a variable belonging to the selected clause with
break count equal to zero (line 6), this variable is flipped;
otherwise a random variable (line 8) or the variable with
minimal break count (line 10) is selected with a certain
probability (noise probability: line 7). The break count of
a variable is defined as the number of clauses that would
be unsatisfied by flipping the chosen variable. It turns out
that the choice of unsatisfied clauses, combined with the
randomness in the selection of variables, can enable Walksat
to avoid local minima and to better explore the search space.
The flips are repeated until a preset value of the maximum
number of flips is reached (MAX-FLIPS) and this phase is
repeated as needed up to MAX-TRIES times.

5. The Algorithm

The main difference between metaheuristics relies in the
way neighborhood structures are defined and explored.
Some metaheuristics work only with a single neighborhood
structure. Others, such as numerous variants of variable
neighborhood search, operate on a set of different neigh-
borhood structures. Variable neighborhood search (VNS for
short) [38–40] aims at finding a tactical interplay between
diversification and intensification [16] to overcome local
optimality using a combination of a local search and sys-
tematic changes of neighborhood. Diversification refers to
the ability to explore many different regions of the search
space, whereas intensification refers to the ability to obtain
high quality solutions within those regions. The basic VNS
starts by selecting a finite set of predefined neighborhood
structures that will be used during the search. Let 𝑁

𝑘
(𝑘 =

1, 2, . . . , 𝑘max) denote the selected set and let 𝑁
𝑘
(𝑥) denote

the set of solutions in the 𝑘th neighborhood of 𝑥. Let 𝑆start
denote the initial solution.VNS starts by generating a random
solution 𝑆rand from the neighborhood 𝑁

1
(𝑆rand) ∈ 𝑁1(𝑆start).

Let 𝑆new denote the reached local optimum when a local
search is used with 𝑆rand as input. If 𝑆new is better compared
to 𝑆rand, the solution is updated and a new round of local

search with a random solution from 𝑁
1
(𝑆new) is performed.

If the test fails, VNS moves to the next neighborhood. The
effectiveness of VNS is strongly affected by the ordering
in which a given type of neighborhood is considered [41].
Bearing this concept inmind, it is obvious that the application
order of the neighborhood structures is crucial for the
performance of VNS. Most of the work published earlier on
VNS starts from the first neighborhood and moves on to
higher neighborhoods without controlling and adapting the
ordering of neighborhood structures. Few research articles
have begun to search for strategies to dynamically move from
one neighborhood to another based on some benefit metrics.
Algorithm 2 shows the details of the variable neighborhood
Walksat-based Algorithm which consists of two phases.

(i) Phase 1. Let 𝑃 denote the set of variables of the problem
to be solved. The first phase of the algorithm consists in
constructing a set of neighborhoods satisfying the following
property: 𝑁

1
(𝑥) ⊂ 𝑁

2
(𝑥) ⊂ ⋅ ⋅ ⋅ 𝑁

𝑘max
(𝑥). The starting neigh-

borhood with 𝑘 = 0 consists of a move based on the flip
of a single variable. A flip means assigning the opposite
state to a variable (i.e., change True → False or False →
True). The first neighborhood 𝑁

1
is constructed from 𝑃

by merging variables. The merging procedure is computed
using a randomized algorithm. The variables are visited in
a random order. If a variable 𝑙

𝑖
has not been matched yet,

then a randomly unmatched variable 𝑙
𝑗
is selected and a new

variable 𝑙
𝑘
(a cluster) consisting of the two variables 𝑙

𝑖
and 𝑙
𝑗

is created. The set 𝑁
1
consists of the move based on flipping

predefined clusters each having 21 variables.The new formed
clusters are used to define a new and larger neighborhood𝑁

2

and recursively iterate the process until the desired number
of neighborhoods (𝑘max) is reached (lines 3, 4, and 5 of
Algorithm 1).Thereafter, a random solution is generated from
the largest neighborhood (𝑁

𝑘max
) (line 2 of Algorithm 2).The

random solution consists in assigning True or False to each
cluster and all the literals within that cluster will get the same
state.
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input: Problem in CNF Format
output: Number of unsatisfied clauses

(1) /∗ Determine the set of neighborhood structures𝑁
𝑘
(𝑘 = 1, 2,. . ., 𝑘max) /

∗;
(2) 𝑘 := 0;
(3) while (Not reached the desired set of neighborhood) do
(4) 𝑁

𝑘+1
:= Construct(𝑃

𝑘
);

(5) 𝑘 := 𝑘 + 1;
(6) Generate a random solution 𝑆current from 𝑘

th
max neighborhood;

(7) 𝑘 ← 𝑘max;
(8) while (𝑘 ≽ 0) do
(9) 𝑆new ← Apply Walksat with 𝑆current as input solution;
(10) 𝑆current ←Project(𝑆new);
(11) 𝑘 ← 𝑘 − 1;
(12) 𝑆new ← Apply Walksat with (𝑆current) as input solution;
(13) return (𝑆new);

Algorithm 2: VNS-WS.

(ii) Phase 2. The second phase which is the most crucial
aims at selecting the different neighborhoods according to
some strategy for the effectiveness of the search process. The
strategy adopted in this work is to let VNS start the search
process from the largest neighborhood 𝑁

𝑘max
and continue

to move towards smaller neighborhood structures (lines 7,
8, 9, 10, and 11 of Algorithm 2). The motivation behind
this strategy is that the order in which the neighborhood
structures have been selected offers a better mechanism for
performing diversification and intensification. The largest
neighborhood𝑁max allowsWS to view any cluster of variables
as a single entity leading the search to become guided in
faraway regions of the solution space and restricted to only
those configurations in the solution space in which the
variables grouped within a cluster are assigned the same
value. As the switch from one neighborhood to another
implies a decrease in the size of the neighborhood, the search
is intensified around solutions from previous neighborhoods
in order to reach better ones. Once the search has reached
the convergence criterion with respect to neighborhood
𝑁
𝑖
, the assignment reached on that neighborhood must be

projected on its parent neighborhood 𝑁
𝑖−1

. The projection
algorithm (line 10 of Algorithm 2) is simple; if a cluster
𝑐
𝑖
∈ 𝑁
𝑚

is assigned the value of true, then the merged
pair of clusters that it represents, 𝑐

𝑗
, 𝑐
𝑘
∈ 𝑁
𝑚−1

, are also
assigned the true value. Finally, the algorithm Walksat is
applied at the default neighborhood (line 12 of Algorithm 2).
This process is graphically illustrated in Figure 1 using an
example with 12 variables. During the first phase, a random
merging procedure is used to merge randomly the variables
in pairs leading to the first neighborhood𝑁

1
consisting of six

clusters each of which is composed of 2 variables.The second
neighborhood 𝑁

2
is constructed in the same manner. The

clusters formed at neighborhood 𝑁
1
are merged randomly

in pairs leading to a new neighborhood 𝑁
2
consisting of

three clusters each of which is composed of 2 different
clusters each having 2 variables.When the construction of the
different neighborhoods comes to its end, a random solution
is computed at the neighborhood 𝑁

2
. Each cluster will be

assigned a random value (True or False). Thereafter, the
heuristic WS is applied at 𝑁

2
. When WS flips a cluster from

True to False at 𝑁
2
, all the variables within that cluster (22)

will get the same value. When WS reaches the convergence
criterion, WS is applied to a smaller neighborhood (𝑁

1
),

where a move made by WS will consist in flipping a cluster
which is having 2 variables. The last step consists in applying
WS at 𝑁

0
where a move made by WS will consist in flipping

a single variable. At this neighborhood, one expects that WS
has reached the maximum amount of unsatisfied clauses.

The performance of VNS-WS is evaluated against WS
using a set of real industrial problems. This set is taken
from the eighth MAX-SAT 2013 organized as an affiliated
event of the 16th International Conference on Theory and
Applications of Satisfiability Testing (SAT-2013). Due to the
randomization nature of both algorithms, each problem
instance was run 50 times with a cutoff parameter (max-
time) set to 30 minutes. The tests were carried out on a
DELL machine with 800MHz CPU and 2GB of memory.
The code was written in C++ and compiled with the GNU
C compiler version 4.6. The following parameters have been
fixed experimentally and are listed below:

(i) 𝑘max: the cardinality of the neighborhood is set such
that the number of the formed clusters is 10% of the
size of the problem instance (i.e., a problem with 100
literals will lead to 𝑘max equal to 3).

(ii) WS spends equal amount of time (max-time/𝑘max)
between the different neighborhoods.

(iii) Noise probability: the performance of WS depends
highly on the walking probability setting which in
turns depends on the class of problems to be solved.
The plots in Figures 1 and 2 show four selected tests
that reflect the general trend observed on almost
all the industrial instances tested. Peak performance
with respect to the lowest number of unsatisfied
clauses is achieved when the walking probability was
set to 10.
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Figure 1: Example illustrating the different phases of the algorithm.
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Figure 2: Noise probability versus number of unsatisfied clauses: (a) i2c-master1.dimacs.filtered.cnf: variables = 82429, clauses = 285987, (b)
mem-ctrl-debug.dimacs.cnf: variables = 381721, clauses = 505547.

5.1. Observed Search Trend. Figures 3 and 4 show the evo-
lution of the mean of unsatisfied clauses of both algorithms
as a function of time. Both algorithms provide an initial
solution of the samequalitywhile showing a crossover in their
corresponding curves. During the early phase of the search,
the solution quality provided by WS is better compared to
VNS-WS.The superiority of WS lasts for a short while before
VNS-WS catches up and surpassesWS. Both algorithms were
able to decrease the mean number of unsatisfied clauses at a
high rate before entering the so-called plateaus region where
WS typically encounters a sequence of states that leave the
number of unsatisfied clauses unchanged. While WS shows
a premature stagnation behavior of the search, VNS-WS was

capable of finding neighboring states with fewer unsatisfied
clauses, thereby exiting the plateau. VNS-WS shows equal or
marginally better asymptotic convergence for small problems
compared toWS as the two curves overlay each other closely,
while the convergence behavior becomes more distinctive
for larger problems. The key behind the efficiency of VNS-
WS relies on the variable neighborhood structure. VNS-
WS draws its strength from coupling WS across different
neighborhoods. This paradigm offers two main advantages
which enables WS to become much more powerful. During
the improvement phase (i.e., each time WS is called with a
different neighborhood), WS applies a local transformation
(i.e., a move) within the neighborhood (i.e., the set of
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Figure 3: Log-Log Plot: (a) rsdecoder2.dimacs.filtered.cnf: variables = 415480, clauses = 1632526, (b) rsdecoder-fsm1.dimacs.filtered.cnf:
variables = 238290, clauses = 936006. Time development for 100 runs in 15 minutes.
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Figure 4: Log-Log Plot: (a) rsdecoder1-blackbox-CSEEblock-problem.dimacs-32.filtered: variables = 277950, clauses = 806460, (b)
rsdecoder-multivec1.dimacs.filtered: variables = 394446, clauses = 1626312. Time development for 100 runs in 15 minutes.

solutions that can be reached from the current one) of the
current solution to generate a new one. The selected variable
neighborhood structure offers a better mechanism for per-
forming diversification and intensification. By allowing WS
to view a cluster of variables as a single entity, the search
becomes guided and restricted to only those configurations
in the solution space in which the variables grouped within
a cluster are assigned the same value. The switch from one
neighborhood to another implies a decrease in the size of the
neighborhood leading the search to explore different regions
in the search space, while intensifying the search by exploiting
the solutions from previous neighborhoods in order to reach
better ones.

5.2. Convergence Speed. Figures 5 and 6 show the conver-
gence speed behavior expressed as the ratio between themean
of unsatisfied clauses of the two algorithms as a function
of time. A negative value demonstrates the superiority of
WS while a positive value confirms the opposite. For some
instances, WS exhibits a better convergence speed during the
early stage of the search before the ratio turns in favor ofVNS-
WS which starts demonstrating its dominance as the search
continues. The asymptotic performance offered by VNS-WS
is impressive and dramatically improves on WS. In some
cases, the difference in the convergence speed reaches 20%
during the first seconds and maintains this level during the
whole search process as expressed in the right plot of Figure 5.
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However, on other cases, the difference continues to increase
as the search progresses and gets as high as 93% as shown
in Figure 6. The plot depicted in Figure 7 shows the number
of unsatisfied clauses as a function of the clause to variable
ratio. The first thing to notice is that as the ratio of clauses
to variables increases, the number of unsatisfied clauses
produced by VNS-WS remains lower while not showing a
substantial variation compared to WS. The second thing is
the existence of a crossover point at which the difference in
the solution quality between the two algorithms is the highest.
This turning point occurs at 4.5 and might represent the set
of instances that are harder to solve.

5.3. Comparison of VNS-WS with Other Algorithms. Tables 1,
2, and 3 compare VNS-WS with three state-of-art algorithms
(WS, Walksat with weights W-w, and variable weighting
scheme VW2) using the package UCBSAT [42]. W-w and
VW2 have proven to be very effective giving the best known
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Figure 7: WS versus VNS-WS: clause to variable ratio.

results on some industrial benchmarks [43]. The first and
second columns show the number of variables and clauses for
the instance input. The last four columns show the number
of unsatisfied clauses produced by each method. VNS-WS
gave the better results than W-w and VW2 in 38 cases out
of 44. When compared to VW2, the improvement ranges
from 64% to 99% and from 29% to 99% when compared
to W-w. Similar results were observed in 6 cases and beaten
in one case by W-w. The comparison against WS shows that
VNS-WS outperforms WS in 39 cases with an improvement
ranging from 28% to 92% while similar results were observed
in the remaining 5 cases. Table 4 compares VNS-WS with
highly efficient solvers CCLS [35] and Optimax which is a
modified version of glucose SAT solver [44] ranked 1st at
the 2011 SAT competition. CCLS won four categories of the
incomplete algorithms track of Max-SAT Evaluation 2013.
The instances used in the benchmark belong to random and
crafted categories used at SAT2013 competition. VNS-WS
gave similar quality results in 20 cases out of 27. However the
time of CCLS ranges from 10% to 96% of the time of VNS-
WS except in one case (s3v80-900-2) where VNS-WS was
39% faster compared to CCLS. In the remaining cases where
VNS-WS was beaten, the difference in quality ranges from
2% to 11%. Another interesting remark to mention is that the
time required by VNS-WS does vary significantly depending
on the problem instance while the variations observed with
CCLS remain very low. The comparison between Optimax
and VNS-WS shows that Optimax converges very fast at the
expense of delivering solutions of poor quality compared
to VNS-WS. VNS-WS was capable of delivering solutions
of better quality than Optimax in all the cases and the
improvement ranges from 13% to 66%.

6. Conclusions and Future Research

In this work, a variable neighborhood search combined with
Walksat (VNS-WS) for the maximum satisfiability problem
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Table 1: SAT2013 industrial benchmarks: comparison among VNS-WS, WS, W-w, and VW2.

Instances Instance input Unsatisfied clauses
Var Cls WS W-w VW2 VNS-WS

diverders11.dimacs.filtered 45552 162982 2434 2101 4169 715
fpu8-problem.dimacs24.filtered 160232 548848 6328 6306 11290 3043
fpu-fsm1-problem.dimacs15.filtered 160200 548843 6125 6213 11855 3055
i2c-master2.dimacs.filtered 63816 221320 615 590 2037 161
b14-opt-bug2-vec1-gate-0.dimacs 130328 402707 1763 1749 5985 1279
b15-bug-fourvec-gate-0.dimacs 581064 1712690 7241 7596 22082 3184
b15-bug-onevec-gate-0.dimacs 121836 359040 1122 1244 4094 493
c1-DD-s3-f1-e2-v1-bug-fourvec-gate-0.dimacs 391897 989885 955 1317 4966 60
c1-DD-s3-f1-e2-v1-bug-onevec-gate-0.dimacs 102234 258294 62 191 592 2
c2-DD-s3-f1-e2-v1-bug-onevec-gate-0.dimacs 84525 236942 2537 2634 3699 1362
c3-DD-s3-f1-e1-v1-bug-fourvec-gate-0.dimacs 33540 86944 4 4 4 4
c3-DD-s3-f1-e1-v1-bug-onevec-gate-0.dimacs 8358 21736 1 1 1 1
c4-DD-s3-f1-e1-v1-bug-gate-0.dimacs 797728 2011216 3761 5714 15798 1129
c4-DD-s3-f1-e2-v1-bug-fourvec-gate-0.dimacs 448465 1130672 1834 1993 7772 516
c4-DD-s3-f1-e2-v1-bug-onevec-gate-0.dimacs 131548 331754 439 482 1899 105

Table 2: SAT2013 industrial benchmarks: comparison among VNS-WS, WS, W-w, and VW2.

Instances Instance input Unsatisfied clauses
Var Cls WS W-w VW2 VNS-WS

c5315-bug-gate-0.dimacs.seq.filtered 1880 5049 1 1 1 1
c5-DD-s3-f1-e1-v1-bug-fourvec-gate-0.dimacs 100472 270492 25 25 943 4
c5-DD-s3-f1-e1-v1-bug-gate-0.dimacs 200944 540984 97 153 2026 8
c5-DD-s3-f1-e1-v2-bug-gate-0.dimacs 200944 540984 59 101 1873 8
c5-DD-s3-f1-e1-v1-bug-onevec-gate-0.dimacs 25118 67623 11 11 65 1
c6288-bug-gate-0.dimacs.seq.filtered 3462 9285 14 16 63 1
c6-DD-s3-f1-e1-v1-bug-fourvec-gate-0.dimacs 170019 454050 1668 1644 4900 921
c6-DD-s3-f1-e1-v1-bug-gate-0.dimacs 298058 795900 3188 3332 9340 1752
c6-DD-s3-f1-e1-v1-bug-onevec-gate-0.dimacs 44079 117720 277 302 986 175
c6-DD-s3-f1-e2-v1-bug-fourvec-gate-0.dimacs 170019 454050 1645 1705 5066 919
c7552-bug-gate-0.dimacs.seq.filtered 2640 7008 1 1 1 1
divider-problem.dimacs-11.filtered 215964 709377 9992 10090 15889 3978
divider-problem.dimacs12.filtered 229482 751921 10914 10844 17297 4667
divider-problem.dimacs1.filtered 215676 708801 10181 10308 16102 4295
divider-problem.dimacs2.filtered 228874 750705 10688 11180 17319 4392

is introduced. VNS-WS follows a simple principle that is
based on systematic changes of neighborhood within the
search. The set of neighborhoods proposed in this paper can
easily be incorporated into any local search used for MAX-
SAT. Starting the search from the largest neighborhood and
moving systematically towards the smallest neighborhood is
a better strategy to get a better heuristic. Thus, in order to get
a comprehensive picture of the new algorithms performance,
a set of large industrial instances is used. The results indi-
cate that the proposed variable neighborhood strategy can
enhance the convergence behavior of the Walksat algorithm.
It appears clearly from the results that the performance of
both WS and VNS-WS is fairly close with a slight edge in
favor of VNS-WS for small problems. However, for larger
problems, VNS-WS can find excellent solutions compared to

those of WS at a faster convergence rate. The difference lies
between 30% and 93%.The larger the problem, the larger the
size of the neighborhood needed, and consequently the more
efficient the WS at different neighborhoods. The results have
shown that VNS-WS consistently delivers better solutions
than Optimax while requiring the least amount of time.
When compared to CCLS, VNS-WSwas capable of providing
similar results in 74% of the studied cases; however, the time
invested is several orders of magnitude slower than CCLS.
The author aims at submitting this solver for the next MAX-
SAT competition after having improved its performance.
For the time being, further work is mainly conducted on
improving the solution quality of VNS-WS. In particular,
during the construction of the different neighborhoods, the
random merging scheme does not exploit the information
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Table 3: SAT2013 industrial benchmarks: comparison among VNS-WS, WS, W-w, and VW2.

Instances Instance input Unsatisfied clauses
Var Cls WS W-w VW2 VNS-WS

divider-problem.dimacs3.filtered 216900 711249 10054 10727 16249 3972
divider-problem.dimacs4.filtered 225340 743637 11030 11536 17240 4406
divider-problem.dimacs5.filtered 228874 750705 11194 11929 17459 5139
mot-comb1-red-gate-0.dimacs.seq.filtered 2159 5326 1 1 1 1
mrisc-mem2wire1.dimacs.filtered 168960 641598 823 998 8191 293
rsdecoder2.dimacs.filtered 415480 1632526 3799 4811 24221 461
rsdecoder-fsm1.dimacs.filtered 238290 936006 1703 1906 12689 179
rsdecoder-problem.dimacs-34.filtered 226040 728516 3016 3880 11408 386
s15850-bug-fourvec-gate-0.dimacs.seq.filtered 88544 206252 62 84 176 21
s15850-bug-onevec-gate-0.dimacs.seq.filtered 22136 51563 3 1 5 2
SM-AS-TOP-buggy1.dimacs.filtered 145900 694438 3791 4023 11888 1549
SM-MAIN-MEM-buggy1.dimacs.filtered 870975 3812147 45360 52045 97604 20196
SM-RX-TOP.dimacs.filtered 235456 934091 3645 3528 13487 2456
spi2.dimacs.filtered 124260 515813 1872 1985 9993 581

Table 4: Comparing VNS-WS with CCLS and Optimax.

Instance CCLS Optimax VNS-WS
Quality Time Quality Time Quality Time

brock400-1 255 0.38 340 0.08 255 15.02
brock400-2 252 0.84 310 0.08 252 24.02
brock400-3 238 1.27 278 0.08 238 9.05
brock400-4 249 0.73 374 0.08 249 4.05
brock800-1 205 0.95 273 0.09 205 1.05
brock800-2 207 0.97 270 0.09 207 3.08
brock800-3 203 0.47 315 0.07 203 10.01
brock800-4 200 0.32 310 0.13 200 4.07
hamming10-2 400 0.09 532 0.08 400 1.04
hamming10-4 319 0.42 341 0.09 319 64.03
hamming6-2 832 1.18 1100 0.13 843 55.01
hamming6-4 192 1.00 312 0.13 192 1.06
hamming8-2 441 0.12 551 0.13 441 1.05
s2v120c1600-8 240 2.55 289 0.09 251 118
s2v140c1200-3 155 2.97 195 0.08 165 107
s2v140c1300-4 164 2.34 208 0.10 181 74
s2v140c1400-3 193 3.38 239 0.12 206 121
s2v140c1500-5 205 2.111 248 0.13 218 145
s3v80c600-5 12 1.02 16 32.61 12 1.06
s3v80c700-6 18 1.56 26 4.28 18 1.06
s3v80c800-2 32 1.24 59 0.12 32 48.02
s3v80c900-1 35 1.76 73 0.12 35 25.02
s3v80c900-10 35 1.60 59 0.11 35 33.07
s3v80c900-2 37 1.71 64 0.08 37 1.06
t5pm3-7777.spn 78 1.46 120 0.10 78 23.05
t6pm3-8888.spn 136 3.30 222 0.09 144 36.02
t7pm3-9999.spn 209 4.36 343 0.11 233 87

structure of the problem. The author believes that VNS-WS
might benefit from further research into merging strategies

used to construct the neighborhoods. A better strategy
would be to construct the different neighborhoods based on
merging variables by exploiting the number of clauses they
have in common rather randomly.
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In this work, a state-space battery model is derived mathematically to estimate the state-of-charge (SoC) of a battery system.
Subsequently, Kalman filter (KF) is applied to predict the dynamical behavior of the battery model. Results show an accurate
prediction as the accumulated error, in terms of root-mean-square (RMS), is a very small value. From this work, it is found that
different sets of Q and R values (KF’s parameters) can be applied for better performance and hence lower RMS error. This is the
motivation for the application of a metaheuristic algorithm. Hence, the result is further improved by applying a genetic algorithm
(GA) to tune Q and R parameters of the KF. In an online application, a GA can be applied to obtain the optimal parameters of the
KF before its application to a real plant (system). This simply means that the instantaneous response of the KF is not affected by
the time consuming GA as this approach is applied only once to obtain the optimal parameters. The relevant workable MATLAB
source codes are given in the appendix to ease future work and analysis in this area.

1. Introduction

BatteryManagement System (BMS) [1–3] comprises ofmech-
anism that monitors and controls the normal operation of a
battery system so as to ensure its safety while maintaining
its State-of-Health (SoH).The BMS, in essence, measures the
voltage, current, and temperature of each cell in a battery
pack. These data are then analyzed by a management system
that guarantees safe and reliable operations. A common
example of an independent battery pack is portrayed in
Figure 1. The battery is an essential component and should
be accurately modeled in order to design an efficient man-
agement system [4]. Hence, a generic tool to describe the
battery performance under a wide variety of conditions
and applications is highly desirable [4]. As such, electrical
modeling is necessary to provide such a tool that enables
visualization of the processes occurring inside rechargeable
batteries. These generic models are necessary for the devel-
opment of batterymanagement algorithms.These algorithms

control the operation and maintain the performance of
battery packs. In short, the ultimate aim of BMS is to prolong
battery life, while ensuring reliable operation alongside many
applications, especially in photovoltaic systems [5–7].

Battery modeling is performed in many ways depending
on the types of battery. In general, the resulting batterymodel
is amathematicalmodel comprising numerousmathematical
descriptions [8]. Ultimately, battery models aim to determine
the state-of-charge (SoC) of the battery system. However,
the complexity of the nonlinear electrochemical processes
has been a great barrier to modeling this dynamic process
accurately.The accurate determination of the SoC will enable
utilization of the battery for optimal performance and long-
life and prevent irreversible physical damage to the battery
[9]. The solution to the SoC via neural networks [10] and
fuzzy logic [11] has been difficult and costly for online imple-
mentation due to the large computation required, causing
the battery pack controller to be heavily loaded. This may
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Figure 1: Typical Lithium-ion battery packs for electric vehicle.

however be a good alternative in the near future as the
computational power of processing chips increase alongside
their declining cost.

The state-estimation process usually leads to some state
variables in a dynamical system. The SoC is a measure of a
battery’s available power and thus it is important to calculate
this value accurately from BMS by the cell voltage, tempera-
ture, and polarization effect caused by the electrolyte concen-
tration gradient during high rate charging/discharging cycle
[12]. Recently, the battery state-of-charge (SoC) is one of the
significant elements attracting significant attention [13, 14].
By definition, SoC is the ratio of remaining capacity to the
nominal capacity of the battery. Here, the remaining capacity
is the number of ampere-hours (Ah) that can be extracted at
normal operating temperature. The mathematical expression
for the SoC is given in [13, 14], which is

𝑍 (𝑡) = 𝑍 (0) + ∫

𝑡

0

𝐼
𝑏
(𝜏)

𝐶
𝑛

d𝜏, (1)

where 𝑡 is time, 𝑧(𝑡) is battery SoC, in amphere-hours (Ah), 𝐼
𝑏

is current flowing through the battery (passing through 𝐶bk),
illustrated in Figure 2, and𝐶

𝑛
is nominal battery capacity. For

charging, 𝐼
𝑏
> 0 and for discharging, 𝐼

𝑏
< 0.

From this mathematical expression, it is noted that the
SoC cannot be explicitly measured. In the literature, there is
a myriad of methods dealing with predicting and estimating
of SoC. The most popular of these methods are described in
the following paragraphs.

At present, Coulomb-counting [15], also known as charge
counting, or current integration is the most commonly
used technique; it requires dynamic measurement of battery
current.This is an open-loopmethod; however, it suffers from
a reliance on the mathematical integration, and errors (noise,
resolution, and rounding) are cumulative, which can lead to
large SoC errors at the endof the integration process in (1).On
the positive side, if an accurate current sensor is incorporated,
the implementation will be much easier.

Another prominent SoC estimator is the well-known
Kalman filter (KF), invented by Kalman in 1960. Although
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Figure 2: Schematic of RC battery model.

his popular work was published almost 54 years ago in [16],
it remains as an important citation source in the literature.
Readers who are new to this method can refer to an excellent
KF tutorial by Faragher in [17]. The KF method is a well-
known technique for dynamic state estimation of systems
such as target tracking, navigation, and also battery systems
[18, 19]. The state-of-the-art method provides recursive solu-
tion to linear filtering for state observation and prediction
problems. The key advantage of the KF is that it accurately
estimates states affected by external disturbances such as
noises governed by Gaussian distribution. On the contrary,
the disadvantage of KF is that it requires highly complex
mathematical calculations. This can be realized by a state-
space model, as shown in previous work by the author in
[20, 21]. The modeling is a heavy duty task and is also
presented in this work to ease the understanding of readers.
As such, there exist some possibilities of divergence due to
an inaccurate model and complex calculation. In the case of
a slow processor, the calculation results may be delayed and
exceed the sampling interval, thereby result in an inaccurate
tracking.

Various artificial intelligence (AI) methods, mainly the
neural networks and fuzzy logic, are being applied in the
estimation of battery’s SoC [10, 22]. Neural networks are
computationally expensive, which can overload the BMS and
thus this approach, though theoretically feasible, may not
be suitable for online implementation that requires instan-
taneous feedback and action. Also, neural networks require
huge datasets in the time-consuming training process. Other
techniques for SoC, include the sliding mode observer, are
reported in [12].

In this work, a mathematical derivation leading to a
state-space model is presented. The basic schematic model
is adopted from [18, 20]. A thorough analysis in the form
of state variables with the application of the Kalman filter
is presented. The rest of the paper is organized as follows.
The mathematical model is derived in Section 2, resulting in
a state-space model. Further, in Section 3, the KF is applied
to estimate the SoC of a battery system. This is followed by
the tuning of KF’s parameter by adopting a metaheuristic
approach, namely, a genetic algorithm in Section 4. Relevant
results are presented in Section 5, and finally the conclusions
are derived in Section 6.



The Scientific World Journal 3

2. Battery Modeling

Many model-based state-estimations have been proposed in
[18, 20, 21, 23]. In [18, 21], the well-known Kalman filter [16]
had been applied successfully for both state observation and
prediction of the SoC. Work in [24] utilized manufacturers’
data inmodeling the dynamic behavior of the battery. Several
battery models exist from many works over the past few
years. Each of these models varies in terms of its complexity
and applications. In this work, a dynamical battery model
is adopted, consisting of state variable equations, from [20,
21]. The schematic representation of this model is shown
in Figure 2. In this model, there exists a bulk capacitor 𝐶bk
that acts as an energy storage component in the form of the
charge, a capacitor that models the surface capacitance and
diffusion effects within the cell 𝐶surface, a terminal resistance
𝑅
𝑡
, a surface resistance 𝑅

𝑠
, and an end resistance 𝑅

𝑒
. The

voltages across both capacitors are denoted as 𝑉
𝐶𝑏

and 𝑉
𝐶𝑠
,

respectively.

2.1. Mathematical Derivations of Battery Model. In this
derivation, we aim to form a state-space model consisting
of the state variables 𝑉

𝐶𝑏
, 𝑉
𝐶𝑠
, and 𝑉

0
. State variables are

mathematical descriptions of the “state” of a dynamic system.
In practice, the state of a system is used to determine its
future behavior. Models that consist of a paired first-order
differential equations are in the state-variable form.

Following the voltages and currents illustrated in
Figure 2, the terminal voltage 𝑉

0
can be expressed as

𝑉
0
= 𝐼𝑅
𝑡
+ 𝐼
𝑏
𝑅
𝑒
+ 𝑉
𝐶𝑏
, (2)

which is similar to

𝑉
0
= 𝐼𝑅
𝑡
+ 𝐼
𝑠
𝑅
𝑠
+ 𝑉
𝐶𝑠
. (3)

By (2) and (3), and following straightforward algebraic
manipulation, 𝑉

0
can be written as

𝐼
𝑏
𝑅
𝑒
= 𝐼
𝑠
𝑅
𝑠
+ 𝑉
𝐶𝑠
− 𝑉
𝐶𝑏
. (4)

From Kirchoff ’s current law, 𝐼 = 𝐼
𝑏
+ 𝐼
𝑠
,

𝐼
𝑠
= 𝐼 − 𝐼

𝑏
. (5)

Thus, substituting (5) into (4) yields

𝐼
𝑏
(𝑅
𝑒
+ 𝑅
𝑠
) = 𝐼𝑅

𝑠
+ 𝑉
𝐶𝑠
− 𝑉
𝐶𝑏
. (6)

By assuming a slow varying 𝐶bk, that is, 𝐼𝑏 = 𝐶bk𝑉𝐶𝑏 (from
basic formula of 𝑖 = 𝐶(𝜕𝑉/𝜕𝑡)), and then substituting it into
(6), and after rearranging results in

𝑉
𝐶𝑏
=

𝐼𝑅
𝑠

𝐶bk (𝑅𝑒 + 𝑅𝑠)
+

𝑉
𝐶𝑠

𝐶bk (𝑅𝑒 + 𝑅𝑠)
−

𝑉
𝐶𝑏

𝐶bk (𝑅𝑒 + 𝑅𝑠)
. (7)

By applying a similar derivation, the rate of change of the
surface capacitor voltage 𝑉

𝐶𝑠
, derived also from (2) and (3),

gives

𝑉
𝐶𝑠
=

𝐼𝑅
𝑒

𝐶surface (𝑅𝑒 + 𝑅𝑠)
−

𝑉
𝐶𝑠

𝐶surface (𝑅𝑒 + 𝑅𝑠)

+

𝑉
𝐶𝑏

𝐶surface (𝑅𝑒 + 𝑅𝑠)
.

(8)

Further, by assuming 𝐴 = 1/𝐶bk(𝑅𝑒 + 𝑅𝑠) and 𝐵 =

1/𝐶surface(𝑅𝑒 + 𝑅𝑠), (7) and (8) can be written as

𝑉
𝐶𝑏
= 𝐴 ⋅ 𝐼 ⋅ 𝑅

𝑠
+ 𝐴 ⋅ 𝑉

𝐶𝑠
− 𝐴 ⋅ 𝑉

𝐶𝑏
,

𝑉
𝐶𝑠
= 𝐵 ⋅ 𝐼 ⋅ 𝑅

𝑒
− 𝐵 ⋅ 𝑉

𝐶𝑠
+ 𝐵 ⋅ 𝑉

𝐶𝑏
,

(9)

respectively. Further, (9) and (10) can be combined to form a
state variable relating voltages 𝑉

𝐶𝑠
and 𝑉

𝐶𝑏
and current flow

𝐼, which is

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

] = [

−𝐴 𝐴

𝐵 −𝐵
] [

𝑉
𝐶𝑏

𝑉
𝐶𝑠

] + [

𝐴 ⋅ 𝑅
𝑠

𝐵 ⋅ 𝑅
𝑒

] 𝐼. (10)

Next, the output voltage is derived from (2) and (3). By adding
both equations, we obtain

2𝑉
0
= 2𝐼𝑅

𝑡
+ 𝐼
𝑏
𝑅
𝑒
+ 𝐼
𝑠
𝑅
𝑠
+ 𝑉
𝐶𝑏
+ 𝑉
𝐶𝑠
. (11)

Then by substituting 𝐼
𝑏
= 𝑅
𝑠
/(𝑅
𝑠
+ 𝑅
𝑒
) ⋅ 𝐼 and 𝐼

𝑠
= 𝑅
𝑒
/(𝑅
𝑠
+

𝑅
𝑒
) ⋅ 𝐼 into (11), it is further simplified as

𝑉
0
=

𝑉
𝐶𝑏
+ 𝑉
𝐶𝑠

2

+ (𝑅
𝑡
+

𝑅
𝑒
𝑅
𝑠

𝑅
𝑒
+ 𝑅
𝑠

) 𝐼. (12)

Taking the time derivative of the output voltage and assuming
𝑑𝐼/𝑑𝑡 ≈ 0 (this simply means that the change rate of terminal
current can be ignored when implemented digitally), we
obtain

𝑉
0
=

𝑉
𝐶𝑏
+ 𝑉
𝐶𝑠

2

. (13)

Substituting the formulae obtained in (9) and (10) into (13)
results in

2𝑉
0
= (−𝐴 + 𝐵)𝑉

𝐶𝑏
+ (𝐴 − 𝐵)𝑉

𝐶𝑠
+ (𝐴𝑅

𝑠
+ 𝐵𝑅
𝑒
) 𝐼. (14)

Then, solving for 𝑉
𝐶𝑠

from (12) we obtain

𝑉
𝐶𝑠
= 2𝑉
0
− 2(𝑅

𝑡
+

𝑅
𝑒
𝑅
𝑠

𝑅
𝑒
+ 𝑅
𝑠

) 𝐼 − 𝑉
𝐶𝑏
, (15)

and after substituting it into (14), it yields

𝑉
0
= (−𝐴 + 𝐵)𝑉

𝐶𝑏
+ (𝐴 − 𝐵)𝑉

0

+ [𝐴 (0.5𝑅
𝑠
+ 𝑅
𝑡
+ 𝐷) + 𝐵 (0.5𝑅

𝑒
− 𝑅
𝑡
− 𝐷)] 𝐼.

(16)

Finally, the complete state variable network is obtained by
substituting (16) into (10), represented in matrix form as

[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

=
[

[

−𝐴 𝐴 0

𝐵 −𝐵 0

(−𝐴 + 𝐵) 0 (𝐴 − 𝐵)

]

]

⋅
[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

+
[

[

𝐴 ⋅ 𝑅
𝑠

𝐵 ⋅ 𝑅
𝑒

𝐴 (0.5𝑅
𝑠
− 𝑅
𝑡
− 𝐷) + 𝐵 (0.5𝑅

𝑒
+ 𝑅
𝑡
+ 𝐷)

]

]

𝐼,

(17)



4 The Scientific World Journal

Table 1: Parameters for cell model [18, 20].

𝐶bk 𝐶surface 𝑅
𝑒

𝑅
𝑠

𝑅
𝑡

88372.83 F 82.11 F 0.00375Ω 0.00375Ω 0.002745Ω

whereby constants 𝐴, 𝐵, and 𝐷 were derived previously but
are hereby restated as

[

[

𝐴

𝐵

𝐷

]

]

=

[

[

[

[

[

[

[

[

[

1

𝐶bk (𝑅𝑒 + 𝑅𝑠)

1

𝐶surface (𝑅𝑒 + 𝑅𝑠)

𝑅
𝑒
𝑅
𝑠

𝑅
𝑒
+ 𝑅
𝑠

]

]

]

]

]

]

]

]

]

. (18)

This completes the initial derivation of the battery model.

2.2. Numerical Example. By substituting all capacitor and
resistor values from Table 1 into (18), the following values are
obtained:

[

[

𝐴

𝐵

𝐷

]

]

=
[

[

0.001508759347566

1.623837940973491

0.001875000000000

]

]

. (19)

By defining matrix A,

A = [
[

−𝐴 𝐴 0

𝐵 −𝐵 0

(−𝐴 + 𝐵) 0 (𝐴 − 𝐵)

]

]

, (20)

B = [
[

𝐴 ⋅ 𝑅
𝑠

𝐵 ⋅ 𝑅
𝑒

𝐴 (0.5𝑅
𝑠
− 𝑅
𝑡
− 𝐷) + 𝐵 (0.5𝑅

𝑒
+ 𝑅
𝑡
+ 𝐷)

]

]

. (21)

Again by substituting the values from Table 1 to calculate 𝐴,
𝐵, and𝐷, we obtain the value of A as

A = [
[

−1.51 × 10
−3

1.51 × 10
−3

0

1.6238 −1.6238 0

1.6223 0 −1.6223

]

]

(22)

and B as

B = [
[

5.66 × 10
−6

6.08 × 10
−3

1.05 × 10
−2

]

]

. (23)

As such (17) can be rewritten as

[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

= A ⋅ [
[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

+ B ⋅ 𝐼, (24)

or numerically as

[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

=
[

[

−0.0015 0.0015 0

1.6238 −1.6238 0

1.6223 0 −1.6223

]

]

⋅
[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

+
[

[

5.66 × 10
−6

6.08 × 10
−3

1.05 × 10
−2

]

]

⋅ 𝐼.

(25)

2.3. State-Space Modeling. Based on control theories, a lum-
ped linear network can be written in the form

̇𝑥 (𝑡) = A𝑥 (𝑡) + B𝑢 (𝑡) ,

𝑦 (𝑡) = C𝑥 (𝑡) +D𝑢 (𝑡) ,
(26)

where in this work, the state variable ̇𝑥(𝑡) is

̇𝑥 (𝑡) =
[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

. (27)

Obviously,

𝑥 (𝑡) =
[

[

𝑉
𝐶𝑏

𝑉
𝐶𝑠

𝑉
0

]

]

, (28)

with

𝑢 (𝑡) = 𝐼. (29)

Therefore, by restating the previous calculation values in (21)
and (23), we should note that the values ofA, B, C, andD are
as follows:

A = [
[

−1.51 × 10
−3

1.51 × 10
−3

0

1.6238 −1.6238 0

1.6223 0 −1.6223

]

]

, (30)

B = [
[

5.66 × 10
−6

6.08 × 10
−3

1.05 × 10
−2

]

]

, (31)

C = [0 0 1] , (32)

D = [0] , (33)

respectively. As such, with (32), the output 𝑦(𝑡) is in fact

𝑦 (𝑡) = 𝑉
0
. (34)

This means that the output of the system is the open terminal
voltage 𝑉

0
, as expected. Note that this is an important

observation from this state-space modeling.
Further, the above state-space variables are transformed

to a transfer function, 𝐺(𝑠). This is done by using 𝑠𝑠2𝑡𝑓
function in MATLAB, which after factorization yields

𝐺 (𝑠) =

0.01054𝑠
2

+ 0.0171𝑠 + 2.981 × 10
−5

𝑠
3
+ 3.248𝑠

2
+ 2.637𝑠 − 1.144 × 10

−18
. (35)

The plot of the unit step response for the gain in (35) is given
in Figure 3. Basically, it shows that the open circuit terminal
voltage 𝑉

0
in Figure 2 increases linearly during the charging

operation in a very slowmanner after transient behaviour for
few seconds.
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Figure 3: Output response of RC model due to constant input.

2.4. Observability of the RC Battery Model. In control theory,
observability is the degree to which the internal states of a
system can be predicted via its external outputs. As such, for
an observable system, the behavior of the entire system can
be predicted via the system’s outputs. On the other hand, if
a system is not observable, the current values of some of its
states cannot be estimated through the output signal. This
means the controller does not know the states’ values. In
theory, the observability of a system can be determined by
constructing an observability matrix 𝑂

𝑏
.

𝑂
𝑏
=

[

[

[

[

[

[

[

C
CA
CA2
...

CA𝑛−1

]

]

]

]

]

]

]

, (36)

and a system is observable if the row rank of 𝑂
𝑏
is equal

to 𝑛 (this is also known as a full rank matrix). The ultimate
rationale of such a test is that if 𝑛 rows are linearly inde-
pendent, then each of the 𝑛 states is viewable through linear
combinations of the output 𝑦(𝑡).

Further, substituting A and C values from (30) and (32)
into (36) yields

𝑂
𝑏
=
[

[

0 0 1

1.6223 0 −1.6223

−2.6344 0.0024 2.6320

]

]

. (37)

Clearly, in this case 𝑂
𝑏
is a full rank matrix, which concludes

that this system is observable.

3. Kalman Filter for SoC Estimation

A continuous time-invariant linear system can be described
in the state variable form as

̇𝑥 (𝑡) = A𝑥 (𝑡) + B𝑢 (𝑡) ,

𝑦 (𝑡) = C𝑥 (𝑡) ,
(38)

where 𝑢(𝑡) is the input vector, 𝑥(𝑡) is the state vector, 𝑦(𝑡) is
the output vector, A is the time invariant dynamic matrix, B
is the time invariant input matrix, and C is the time invariant
measurement matrix.

If we assume that the applied input 𝑢 is constant during
each sampling interval, a discrete-time equivalent model of
the system will now be

𝑥 (𝑛 + 1) = Ad ⋅ 𝑥 (𝑛) + Bd ⋅ 𝑢 (𝑛) ,

𝑦 (𝑛 + 1) = Cd ⋅ 𝑥 (𝑛 + 1) ,
(39)

where

Ad ≈ I + A ⋅ 𝑇
𝑐
, Bd = B ⋅ 𝑇

𝑐
, Cd = C, (40)

whereby I is the identity matrix and 𝑇
𝑐
is the sampling

period. As for this system, two independent process noises
are present which are additive Gaussian noise, w vector
representing system disturbances and model inaccuracies
and V vector representing the effects of measurement noise.

Bothw and k have a mean value of zero and the following
covariance matrices:

𝐸 [w ⋅ wT
] = Q,

𝐸 [k ⋅ kT] = R,
(41)

where 𝐸 denotes the expectation (or mean) operator and
superscript 𝑇 means the transpose of the respective vectors.
In usual case, Q and R are normally set to a constant before
simulation; in our case both are set to one (see Section 5).
Further, a genetic algorithm (GA) is applied in order to obtain
a better set of Q and R values resulting in lower RMS error
from the KF’s output.

By inclusion of these noises, the resulting system can now
be described by

𝑥 (𝑛 + 1) = Ad ⋅ 𝑥 (𝑛) + Bd ⋅ 𝑢 (𝑛) + w,

𝑧 (𝑛 + 1) = Cd ⋅ 𝑥 (𝑛 + 1) + k,
(42)

which is illustrated in Figure 4,

3.1. Property of Kalman Filter. An important property of the
KF is that it minimizes the sum-of-squared errors between
the actual value 𝑥 and estimated states 𝑥, given as

𝑓min (𝑥) = 𝐸 ([𝑥 − 𝑥] ⋅ [𝑥 − 𝑥]
𝑇

) . (43)

To understand the operations of the KF, the meaning of the
notation 𝑥(𝑚 | 𝑛) is crucial. Simply stated, it means that the
estimate of 𝑥 at event𝑚 takes into account all discrete events
up to event 𝑛. As such, (43) can include such information,
now expanded as

𝑓min (𝑥) = 𝐸 ([𝑥 (𝑛) − 𝑥 (𝑛 | 𝑛)] ⋅ [𝑥 (𝑛) − 𝑥(𝑛 | 𝑛)
𝑇

]) .

(44)

In recursive implementation of the KF, the current estimate
𝑥(𝑛 | 𝑛), together with the input 𝑢(𝑛) and measurement
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Figure 5: Parallel connection of plant and Kalman filter.

signals 𝑧, is used for further estimating 𝑥(𝑛 + 1 | 𝑛 + 1). This
means that in this discrete system, the input for each sample
step will be 𝑢

1
, 𝑢
2
, 𝑢
3
, . . . , 𝑢

𝑛+1
with respect to the output of

𝑦
1
,𝑦
2
,𝑦
3
, . . . , 𝑦(𝑛+1).The recursive KF algorithm is obtained

with the predictor and corrector stages.

3.2. KF Online Implementation. For the case of a battery,
it is well understood that only the terminal quantities can
be measured (terminal voltage 𝑉

0
and current 𝐼). Assuming

that battery parameters are time-invariant quantities, the
recursive KF algorithm is applied. By applying (40) into (30)–
(32), we obtain the following values of updatedmatrices, with
𝑇
𝑐
= 1:

Ad = [

[

0.9984 1.51 × 10
−3

0

1.6238 0.6238 0

1.6223 0 0.6223

]

]

,

Bd = [

[

5.66 × 10
−6

6.08 × 10
−3

1.05 × 10
−2

]

]

,

Cd = [0 0 1] .

(45)

Note that Bd and Cd remain similar to their previous values,
as given in (31) and (32). By utilizing MATLAB’s control
toolbox, the KF is placed in parallel to the state-space model,
hereby represented by plant in Figure 5. The complete source
code is given in the Appendix.

(1) BEGIN
(2) Initialize population P(X)
(3) while Terminate = False do
(4) P(X) ← 𝑓(𝑥): Fitness evaluation,
(5) Selection,
(6) Crossover,
(7) Mutation,
(8) end while
(9) END

Algorithm 1: Pseudocode of GA.

4. Genetic Algorithm

The genetic algorithm (GA), introduced by John Holland,
is an approach based on biological evolution [25]. The
algorithm is developed based on Charles Darwin’s theory of
survival of the fittest. The GA has a very powerful encoding
mechanism that enables the representation of a solution
vector as either a real coded or binary string. Both encodings
serve a different purpose in the context of different problem
space. GAs are regarded as the global optimizer that often
spot or locate the potential area or even accurately obtain
the best solution, known as the global minimum [26–28].
Underneath this popular algorithm are the three operators
that contribute to its success in performing optimization task.

(i) Selection. In selection, offsprings with higher fitness
have better chance for survival to the following
generation in the evolutionary process. This basically
is based on the theory of “survival of the fittest.”

(ii) Crossover. The crossover increases and maintains the
diversity of the entire population over the entire run.
This is due to the fact that a population with higher
diversity has the ability to explore a wider range of
search space.

(iii) Mutation. This enables chromosomes (potential solu-
tions) to jump to a wider range than crossover. Again,
mutation also increases the diversity of the entire
population.
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The pseudocode of the GA is presented in Algorithm 1,
and relevant figure depicting the algorithm flow is illustrated
in Figure 6. To avoid extended discussions onGA, we include
here a complete workable source code in the appendix. All
parameter settings for theGA are available in the source code.

In the context of Kalman filter, GA is applied to tune theQ
andR parameters, which was explained in detail in Section 3.
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Figure 8:The voltage error recorded and depictingmeasured (green
color) and estimated (blue color) errors.

Table 2: RMS error recorded during charging operation.

Output Q, R RMS error [V]
Measurement, 𝑦 − 𝑦V 1, 1 1.0013

Estimated (KF), 𝑦 − 𝑦
𝑒

1, 1 1.9185 × 10
−4

Estimated (KF), 𝑦 − 𝑦
𝑒

0.012697316315642,
2.3282 × 10

−6

(After GA tuning) 2.303940992875865

5. Results

The program, implemented in MATLAB, is given in the
appendix to clarify the results obtained in this work. Take
note that the Q and R mentioned in (41) are both set to a
numerical value of one (Q =R = 1) in the first simulation.The
results obtained are tabulated in Table 2. From these results,
RMS of the estimated error, which is the error from KF, is
far smaller in comparison to the measured error, with values
of 1.0013V and 1.92 × 10

−4 V, respectively. This RMS error
is further minimized by utilizing Q = 0.012697316315642

and R = 2.303940992875865, found using the GA approach.
A graph depicting the convergence characteristic is shown in
Figure 7.

The time plot of the estimated error from 0 s to 60000 s
is shown in Figure 8, depicting a very small amplitude, in
blue color (≈ ± 0.04V) along the timeline. This is observed
through the zoomed display of the MATLAB graph. On the
contrary, the measurement error, portrayed by green color
noise in Figure 8, has an absolute magnitude of ≈ ± 2V.

5.1. Charging Behaviour. The charging characteristic is illus-
trated in Figure 9 whereby the initial terminal voltage 𝑉

0

starts from 0V and rises up to approximately 0.5 V within
60000 seconds (which is 100 minutes). Charging impulses
of 1.53 A are applied in this case as shown in Figure 9. As
expected, this is a time consuming process as in general case
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Figure 9: Response of RC battery model in terms of 𝑉
0
due to charging current 𝐼 = 1.53A pulses.
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Figure 10: Response of RC battery model in terms of 𝑉
0
due to discharge current 𝐼 = −1.53A pulses.

it may take hours for a car battery (lead acid) to be completely
charged.

5.2. Discharging. For the discharging process, the initial
value of terminal voltage, 𝑦

0
= 𝑉
0
, is set to 2.2V in the

MATLAB program. Again, in this case, impulses of 1.53 A are
applied, but now in negative form. The dynamic behavior of
the discharging characteristic is shown in Figure 10. From this
figure, it is observed that the discharging process is similar
to the charging process, but now with a linearly decreasing
terminal voltage slope. The open terminal voltage 𝑉

0
drops

from 2.2V to 1.7 V in 60000 seconds (100 minutes); this is
similar to the charging process as it takes 100minutes to reach
𝑉
0
= 0.5V from zero potential.

6. Conclusion

In this work, we successfully obtained the state variables of
the RCmodel representing a battery in terms ofmathematical
derivations. The derivations lead to the conclusion that
there exist three state variables relevant to a battery’s state-
space model. With this state-estimation model, a prominent
technique known as the Kalman filter is applied in the aim of
estimating state-of-charge for a Battery Management System.
From numerical results, the KF is shown to be accurate in
predicting the dynamic behavior of the system.This is shown
by a very small RMS error of the estimation in comparison to
its measurement.The estimated error is further reduced after
incorporating the optimized values of Q and R through the

offlineGAapproach.As such, the efficacy of such an approach
is, thus, validated.

Appendix

A. MATLAB Source Code, in a Script File

format long;
randn(‘seed’,0) %Same sequence

%Value for resistors and capacitors
Csurface=82.11;
Cbk=88372.83;
Re=0.00375;
Rs=0.00375;
Rt=0.002745;

a=1/(Cbk∗(Re+Rs));
b=1/(Csurface∗(Re+Rs));
d=(Re∗Rs)/(Re+Rs);

%State variable matrices
A=[−a a 0; b −b 0; (−a+b) 0 (a−b) ];
B=[a∗Re; b∗Re;

a∗ (0.5∗Rs−Rt−d)+ b∗(0.5∗Re+Rt+d)];
C=[0 0 1 ];
D=[0];
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%Transfer function
figure(1); %Figure 1
[num, den]=ss2tf(A,B,C,D,1);
G=tf(num,den)
step(G),grid;

% For Kalman filter:
% Identity matrix + diagonal element
A=[1−a a 0; b 1−b 0; (−a+b) 0 1+(a−b) ]
B=[a∗Re; b∗Re;

a∗ (0.5∗Rs−Rt−d)+ b∗(0.5∗Re+Rt+d)]
C=[ 0 0 1 ]

Tc=1;
A=A∗Tc;
B=B∗Tc;
C=C;

x=[2,2]
options = gaoptimset(. . .
‘PopulationType’, ‘doubleVector’,. . .
‘PopInitRange’, [0;1],. . .
‘PopulationSize’, 5,. . .
‘EliteCount’, 1,. . .
‘CrossoverFraction’, 0.8,. . .
‘ParetoFraction’, 0.35, . . .
‘MigrationDirection’, ‘both’, . . .
‘MigrationInterval’, 20,. . .
‘MigrationFraction’, 0.2,. . .
‘Generations’, 50,. . .
‘TimeLimit’, Inf,. . .
‘FitnessLimit’, −Inf,. . .
‘StallGenLimit’, 50,. . .
‘StallTimeLimit’, Inf,. . .
‘TolFun’, 0,. . .
‘TolCon’, 0,. . .%1e−6,. . .
‘InitialPopulation’, x,. . .
‘InitialScores’, [],. . .
‘InitialPenalty’, 10,. . .
‘PenaltyFactor’, 100,. . .
‘CreationFcn’, @gacreationuniform,. . .
‘FitnessScalingFcn’, @fitscalingrank,. . .
‘SelectionFcn’, @selectionroulette,. . .
‘CrossoverFcn’, @crossoverarithmetic,. . .
‘MutationFcn’, @mutationadaptfeasible,. . .
‘DistanceMeasureFcn’, @distancecrowding,. . .
‘HybridFcn’, [],. . .
‘Display’, ‘final’,. . .
‘OutputFcns’, [],. . .
‘PlotFcns’, @gaplotbestf, . . .
‘PlotInterval’, 2, . . .
‘Vectorized’, ‘off’, . . .
‘UseParallel’, ‘always’);

Fmin =@(x)fobj(x, A, B, C);
lb=[0.001,0.001]; %Set lower bounds
v[X,fval,exitflag ] =. . .

ga(Fmin, 2, [],[],[],. . .
[], lb, [],[], options );

% After simulation,
% repeat simulation all plot all graphs
if fval<0.0001
Q=X(1); R=X(2);

% Sample time=−1 for discrete model
Plant = ss(A,[B B],C,0,−1,. . .

‘inputname’,{‘u’ ‘w’},. . .
‘outputname’, ‘y’);

[kalmf,L,P,M] = kalman(Plant,Q,R);
kalmf = kalmf(1,:);
Kalmf

a = A;
b = [B B 0∗B];
c = [C;C];
d = [0 0 0;0 0 1];
P = ss(a,b,c,d,−1,. . .
‘inputname’,{‘u’ ‘w’ ‘v’},. . .
‘outputname’,{‘y’ ‘yv’});

sys = parallel(P,kalmf,1,1,[],[])

% Close loop for input #4 and output #2
SimModel = feedback(sys,1,4,2,1)

% Delete yv from I/O list
SimModel = SimModel([1 3],[1 2 3])
SimModel.inputname

%This part generates rectangular waveform
A=1.53; %Amplitude of negative pulses
t = 0:1:60000;
T=30000/5.5;
% I here represents current
I = (A/2)∗square(2∗pi∗(1/T)∗t);
I = I+(A/2);
figure(1); %Figure 2
subplot(211),plot(t,I),
axis([0 60000 −0.5 2.0]);
grid on; %charging
xlabel(‘Time (sec)’);
ylabel(‘Cell terminal current (A)’);

u = I’;
n = length(t);
%randn(‘seed’,0) %Same sequence
w = sqrt(Q)∗randn(n,1);
v = sqrt(R)∗randn(n,1);
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[out,x] = lsim(SimModel,[w,v,u]);
y0=0; %This is initial terminal voltage
y = out(:,1)+y0; % true response
ye = out(:,2)+y0; % filtered response
yv = y + v; % measured response

figure(2);
plot(t,y, ‘g--’,t,ye, ‘b−’), grid on;

figure(1);
subplot(212),plot(ye, ‘b−’),
axis([0 60000 0 0.7]); grid on; %charging
xlabel(‘Time (s)’),
ylabel(‘Cell terminal voltage (V)’)

%Kalman filter response
figure(3); %Figure 3
plot(t,y−yv, ‘g−’, t, y−ye, ‘b−’), grid on;
xlabel(‘Time (s)’), ylabel(‘Error’)

%Calculate Errors
MeasErr = y−yv; %Measurement error
MeasErrCov=...
sum(MeasErr.∗MeasErr)/length(MeasErr);
EstErr = y−ye; %Estimated error
EstErrCov =. . .

sum(EstErr.∗EstErr)/length(EstErr);

%Display onto screen
MeasErrCov %Measurement error
EstErrCov %Estimated error
End

B. MATLAB Source Code, in a Function File

function f = fobj(x, A, B, C)

Q=x(1);
R=x(2);

% Sample time=−1 for discrete model
Plant = ss(A,[B B],C,0,−1,. . .

‘inputname’,{‘u’ ’w’},. . .
‘outputname’, ‘y’);

[kalmf,L,P,M] = kalman(Plant,Q,R);
kalmf = kalmf(1,:);
Kalmf

a = A;
b = [B B 0∗B];
c = [C;C];
d = [0 0 0;0 0 1];

P = ss(a,b,c,d,−1,. . .
‘inputname’,{‘u’ ‘w’ ‘v’},. . .
‘outputname’,{‘y’ ‘yv’});

sys = parallel(P,kalmf,1,1,[],[])

% Close loop around input #4 and output #2
SimModel = feedback(sys,1,4,2,1)

% Delete yv from I/O list
SimModel = SimModel([1 3],[1 2 3])
SimModel.inputname

%This part generates rectangular waveform
A=1.53; %Amplitude of negative pulses
t = 0:1:60000;
T=30000/5.5;
% I here represents current
I = (A/2)∗square(2∗pi∗(1/T)∗t);
I = I+(A/2);

u = I’;
n = length(t);
%randn(‘seed’,0) %Same sequence
w = sqrt(Q)∗randn(n,1);
v = sqrt(R)∗randn(n,1);

[out,x] = lsim(SimModel,[w,v,u]);
y0=0; %This is initial terminal voltage
y = out(:,1)+y0; % true response,
ye = out(:,2)+y0; % filtered response
yv = y + v; % measured response

%Calculate Errors
MeasErr = y−yv; %Measurement error
MeasErrCov= . . .
sum(MeasErr.∗MeasErr)/length(MeasErr);
EstErr = y−ye; %Estimated error
EstErrCov = . . .
sum(EstErr.∗EstErr)/length(EstErr);

f=EstErrCov;
end

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors would like to acknowledge the support from
Xi’an Jiaotong-Liverpool University under RDF-13-01-13.The
authors would also like to thank their colleague, Sanghyuk
Lee, for the sharing of his expertise, contributing to the
success of this project.



The Scientific World Journal 11

References

[1] C. Chen, K. L. Man, T. O. Ting et al., “Design and realization
of a smart battery management system,” in Proceedings of
the International MultiConference of Engineers and Computer
Scientists (IMECS ’12), vol. 2, pp. 1173–1176, March 2012.

[2] K. L.Man, K.Wan, T. O. Ting et al., “Towards a hybrid approach
to SoC estimation for a smart Battery Management System
(BMS) and battery supported Cyber-Physical Systems (CPS),”
in Proceedings of the 2nd Baltic Congress on Future Internet
Communications (BCFIC ’12), pp. 113–116, April 2012.

[3] K. L.Man, C. Chen, T.O. Ting, T. Krilavičius, J. Chang, and S.H.
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Multilevel image thresholding is a very important image processing technique that is used as a basis for image segmentation
and further higher level processing. However, the required computational time for exhaustive search grows exponentially with
the number of desired thresholds. Swarm intelligence metaheuristics are well known as successful and efficient optimization
methods for intractable problems. In this paper, we adjusted one of the latest swarm intelligence algorithms, the bat algorithm,
for the multilevel image thresholding problem. The results of testing on standard benchmark images show that the bat algorithm
is comparable with other state-of-the-art algorithms. We improved standard bat algorithm, where our modifications add some
elements from the differential evolution and from the artificial bee colony algorithm. Our new proposed improved bat algorithm
proved to be better than five other state-of-the-art algorithms, improving quality of results in all cases and significantly improving
convergence speed.

1. Introduction

Image segmentation is process of subdivision of an image
into homogeneous anddisjoint sets sharing similar properties
such as intensity, color, and contours. Homogeneous sets are
introducedwith respect to a certain criterion of homogeneity.
Image segmentation usually represents the first step in image
understanding and representation and the results obtained
by segmentation are used for further high-level methods
such as feature extraction, semantic interpretation, image
recognition, and classification of objects. In general, image
segmentation simplifies the process of dividing an image
into regions that are used for further specific applications.
Several practical applications cover character recognition
[1], detection of video changes [2], medical imaging [3, 4],
automatic target recognition [5], and so forth. Over the last
few decades a lot of algorithms for image segmentation, either
for gray level or color images, were presented in the literature.
Good review of these algorithms can be found in [6]. In
general, image segmentation algorithms can be grouped into
thresholding, edge-based, region-grow, and clustering.

Image thresholding is one of the most widespread seg-
mentation techniques that performs image segmentation
based on the information contained in the global gray
value of the image histogram. Thresholding is called bilevel
thresholding in the case that an image is separated into
two classes, one including those pixels with gray levels
above a specified threshold and the other including the rest.
Unlike bilevel thresholding,multilevel thresholding performs
subdivision of an image into several classes. In this case the
pixels belonging to the same class take gray levels from the
intervals defined by successive thresholds. Multiple pixels
belonging to the same class are not always homogeneous
and may be represented by different feature values. Selection
or computing of the multilevel thresholds is crucial in
image segmentation since proper segmentation depends on
adequately computed thresholds.

There are many different methods for computing the
thresholds for an image such as maximizing the gray level
variance [7], entropy [8], similarity [9], andmeasure of fuzzi-
ness [10]. In general, thresholding methods can be divided
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into parametric and nonparametric methods. Using para-
metric methods, such as a novel image thresholding method
based on Parzen window estimate [11], nonsupervised image
segmentation based on multiobjective optimization [12], a
multilevel thresholding approach using a hybrid optimal
estimation algorithm [13], and optimal multithresholding
using a hybrid optimization approach [14], may involve
the solution of nonlinear equations which increases of
the computational complexity. Therefore, the nonparametric
methods [15] are introduced for finding the thresholds by
optimizing some discriminating criteria. Among the men-
tioned different thresholding criteria, the entropy is the
most popular optimization method. Using the entropy of the
histogram, Pun was the first to introduce a new method for
gray level image thresholding [8]. Later, this method was
corrected and improved by Kapur et al. [16], since Kapur
found some artifacts in Pun’s method. Sahoo used Shanon’s
concept of entropy, considering two probability distributions
for background and foreground objects. He has proposed
a thresholding technique based on Renyi’s entropy [17].
Information about the gray value of each pixel and the average
value of its immediate neighborhood are obtained by two-
dimensional entropy which is calculated by two-dimensional
histogram.

Another important group of methods based on discrim-
inant analysis is the clustering-based methods [18]. In these
methods, gray values are clustered into several classes, so
that there is a similarity of gray values within the class and
dissimilarity between classes. To perform the separation of
classes, Otsu has developed a thresholding method for com-
puting the optimal thresholds by maximizing the between-
class variance using an exhaustive search [7]. It has been
shown that this method gives acceptable results when the
number of pixels in each class is close to each other. For
bilevel image thresholding, the above-mentioned methods
are effective. However, for the optimal multilevel threshold-
ing, the existing conventional methods are being hindered
by an exhaustive search when the number of thresholds is
increased. To overcome this problem, powerful metaheuris-
tics are used to search for the optimal thresholds in order
to achieve a fast convergence and reduce the computational
time.

Metaheuristics are optimizationmethods that orchestrate
an interaction between local improvement procedures and
higher level strategies to create a process capable of escaping
from local optima and performing a robust search of a
solution space [19, 20]. Several metaheuristic algorithms
derived from the behavior of biological and physical systems
in the nature have been proposed as powerful methods
for searching the multilevel image thresholds. Since magic
algorithm that works for all problems does not exist [21],
different approaches have been developed for different classes
of problems such as combinatorial or continuous, with addi-
tions for constrained optimization problems [22]. Original
versions of metaheuristic algorithms are often modified or
hybridized in order to improve performance on some classes
of problems. The most popular nature-inspired algorithms

for optimization, with improvements, adjustments, and
hybridizations, include particle swarm optimization (PSO)
[23], differential evolution (DE) [24], firefly algorithm (FA)
[25, 26], cuckoo search (CS) [27–29], ant colony optimization
[30–33], artificial bee colony algorithm [34–38], bat algo-
rithm (BA) [39, 40], and human seeker optimization (HSO)
[41–43].

DE algorithm has been adapted for searching the optimal
multilevel thresholds [44]. PSO algorithmmodified by Yin to
search for the thresholds can be found in [45]. Akay presented
a comprehensive comparative study of the ABC and PSO
algorithms for finding multilevel thresholds using Kapur’s
and Otsu’s criteria [46]. Maitra and Chatterjee proposed an
improved variant of PSO algorithm for the task of image
multilevel thresholding [47]. The results showed that the
ABC algorithm with both the between-class variance and
the entropy criterion can be efficiently used in multilevel
thresholding. Hammouche focused on solving the image
thresholding problem by combining between-class variance
criterionwithmetaheuristic techniques such asGA, PSO,DE,
ACO, SA, and TS [48].

In this paper, we adapted the bat algorithm for mul-
tilevel image thresholding. Bat algorithm is simple to
implement and produces good results. However, based on
our experiments, it is powerful in intensification, but at
times it may get trapped into local optima when it is
applied to some difficult problems. Therefore, we propose
an improved version of bat algorithm adopted to search
for multilevel thresholds using Kapur and Otsu criteria.
Our proposed modification merges three approaches to
produce a new improved bat-inspired (IBA) algorithm
according to the principle of bat algorithm, differential
evolution, and some scout technique taken from the ABC
algorithm. We compared our proposed algorithm with state-
of-the-art algorithms from [49]. The experimental results
show that the proposed IBA algorithm always gives better
results compared to PSO, DE, CS, FA, and BA algorithms,
considering both accuracy and, especially, convergence
speed.

The remainder of the paper is organized as follows.
Section 2 describes the multilevel thresholding problem and
presents Kapur’s and Otsu’s objective functions. Section 3
and Section 4 describe the original BA and IBA algorithms
adopted to search for the optimal multilevel thresholds,
respectively. Section 5 shows the experimental and compar-
ative results of applying PSO, DE, CS, FA, BA, and IBA
to multilevel segmentation to standard benchmark images.
Finally, our conclusions are discussed in Section 6.

2. Multilevel Image Thresholding

Thresholding technique performs image segmentation based
on the information contained in the image histogram. If
we consider a gray-scale input image 𝐼 as a set of pixels
𝐴, multilevel thresholding can be defined as a method of
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dividing the set 𝐴 into 𝑛 + 1 disjoint subsets (𝐴
0
, 𝐴
1
, . . . , 𝐴

𝑛
)

by some numbers (𝛼
0
, 𝛼
1
, . . . , 𝛼

𝑛−1
) such that

𝐴
0
= {𝑥 : 0 ≤ 𝑓 (𝑥) < 𝛼

0
} ,

𝐴
1
= {𝑥 : 𝛼

0
≤ 𝑓 (𝑥) < 𝛼

1
} ,

...

𝐴
𝑛
= {𝑥 : 𝛼

𝑛−1
≤ 𝑓 (𝑥) ≤ 𝐿 − 1} ,

(1)

where 𝑥 = (𝑥
1
, 𝑥
2
) is a pixel defined by coordinates 𝑥

1

and 𝑥
2
in the Cartesian coordinate system, 𝑓(𝑥) presents

a gray level value of pixel 𝑥, and the 𝑓(𝑥) takes values in
the range [0, 255]. The aim of multilevel thresholding is to
compute the optimal threshold values (𝛼

0
, 𝛼
1
, . . . , 𝛼

𝑛−1
). The

sets (𝐴
0
, 𝐴
1
, . . . , 𝐴

𝑛
) may represent different regions of the

object. It is clear that 𝐴
𝑖
∩ 𝐴
𝑗
= ø, and their union presents

the whole input image 𝐼.
Optimal threshold selection for bilevel thresholding is

not computationally expensive, while for multilevel thresh-
olding, computing more than few optimal threshold values
is an expensive and time consuming operation. The optimal
threshold values can be determined by optimizing some
criterion functions defined from the histogram of image. In
this paper, we use two popular threshold criteria: Kapur’s
entropy criterion andOtsu’s between-class variance criterion.

2.1. Kapur’s Thresholding Method. Entropy is a measure of
uncertainty proposed by Shannon [50], later widely used [51].
Let 𝑥 be a discrete random variable taking values 𝑥

𝑖
with

probabilities 𝑝
𝑖
, 𝑖 = 1, 2, . . . , 𝑛, respectively. Then its entropy

is defined by

𝐻(𝑥) = −

𝑛

∑

𝑖=1

𝑝
𝑖
ln (𝑝
𝑖
) . (2)

The Kapur’s method [16] based on the entropy is used
to perform multilevel thresholding. For this method, the
threshold criteria can be formulated as follows. Assume that
an image 𝐼 contains 𝑛 pixels with gray levels belonging to
the set {0, 1, . . . , 𝐿 − 1}. Let ℎ(𝑖) present the number of
pixels at gray level 𝑖, and 𝑝

𝑖
= ℎ(𝑖)/𝑛 is the probability of

occurrences of gray level 𝑖 in the image 𝐼. The subdivision
of an image into 𝑘 + 1 classes can be considered as a 𝑘-
dimensional optimization problem for the calculation of 𝑘
optimal thresholds (𝑡

0
, 𝑡
1
, . . . , 𝑡

𝑘−1
). The optimal thresholds

are obtained by maximizing the objective function:

𝑓 (𝑡
0
, 𝑡
1
, . . . , 𝑡

𝑘−1
) =

𝑘

∑

𝑖=0

𝐻
𝑖
, (3)

where the entropies𝐻
𝑖
are defined by

𝐻
0
= −

𝑡0−1
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𝑝
𝑖
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ln
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, 𝑤
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=

𝑡0−1

∑
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𝑝
𝑖
,

𝐻
1
= −

𝑡1−1

∑
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𝑝
𝑖
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ln
𝑝
𝑖

𝑤
1

, 𝑤
1
=

𝑡1−1

∑

𝑖=𝑡0

𝑝
𝑖
,

...

𝐻
𝑘
= −

𝐿−1

∑

𝑖=𝑡𝑘−1

𝑝
𝑖

𝑤
𝑘

ln
𝑝
𝑖

𝑤
𝑘

, 𝑤
𝑘
=

𝐿−1

∑

𝑖=𝑡𝑘−1

𝑝
𝑖
.

(4)

2.2. Otsu’s Thresholding Method. Otsu’s method [7] based on
the maximization of the between-class variance is one of
the most popular methods proposed for image thresholding.
The algorithm for this method can be described as follows.
Assume that an image 𝐼 can be represented by 𝐿 gray levels.
The probabilities of pixels at level 𝑖 are denoted by 𝑝

𝑖
so 𝑝
𝑖
≥ 0

and𝑝
0
+𝑝
1
+⋅ ⋅ ⋅+𝑝

𝐿−1
= 1. Cumulative probabilities for classes

𝐴
𝑖
, 𝑖 = 0, 1, . . . , 𝑘, can be defined as

𝑤
0
=

𝑡0−1

∑

𝑖=0

𝑝
𝑖
, 𝑤

1
=

𝑡1−1

∑

𝑖=𝑡0

𝑝
𝑖
, . . . , 𝑤

𝑘
=

𝐿−1

∑

𝑖=𝑡𝑘−1

𝑝
𝑖
, (5)

where 𝑡
𝑗
are the thresholds separating these classes. For 𝑘 + 1

classes 𝐴
𝑖
, (𝑖 = 0, 1, . . . , 𝑘), the goal is to maximize the

objective function:

𝑓 (𝑡
0
, 𝑡
1
, . . . , 𝑡

𝑘−1
) =

𝑘

∑

𝑖=0

𝜎
𝑖
, (6)

where the sigma functions are defined by

𝜎
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0
(
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−
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2

,

𝜎
1
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1
(
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−
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∑
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2

,

...

𝜎
𝑘
= 𝑤
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(
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∑
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−
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∑

𝑖=0

𝑖𝑝
𝑖
)

2

.

(7)

3. Bat Algorithm Adapted for Multilevel
Image Thresholding

Bat algorithm is a recent metaheuristic introduced by Yang
[39], based on so-called echolocation of the bats. In this
algorithm, bats detect prey and avoid the obstacles by using
the echolocation. Bat algorithm was successfully applied
to a number of very different problems like large-scale
optimization problems [52], global engineering optimization
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[53], fuzzy clustering [54], parameter estimation in dynamic
biological systems [55], multiobjective optimization [56],
image matching [57], economic load and emission dispatch
problems [58], data mining [59], scheduling problems [60],
neural networks [61], and phishing website detection [62].

In the bat algorithm, bats navigate by using time delay
from emission to the reflection. The pulse rate can be simply
determined in the range from 0 to 1, where 0 means that
there is no emission and 1 means that the bat’s emitting
is at maximum. Apart from the control parameters, such
as the population size and maximum iteration number
which are common control parameters for all nature inspired
algorithms, the BA has few important parameters such as
frequency tuning parameter similar to the key feature used
in the PSO and HS, parameter for automatically zooming
into a region where the promising solutions have been found,
and the control parameter for automatically switching from
exploration to exploitation. This gives advantage to the BA
over other metaheuristic algorithms in the literature.

In order to implement the bat algorithm, the following
three idealized rules are used [39]:

(i) all bats use echolocation to sense distance, and they
also “know” the surroundings in some magical way;

(ii) bats fly randomly with velocity V
𝑖
at position 𝑥

𝑖
with

a fixed frequency 𝑓min, varying wavelength 𝜆, and
loudness 𝐴

0
to search for prey. They can automat-

ically adjust the wavelength of their emitted pulses
and adjust the rate of pulse emission 𝑟 from [0, 1],
depending on the proximity of their target;

(iii) although the loudness can vary in many ways, it is
assumed that the loudness varies from a positive large
value 𝐴

0
to a minimum constant value 𝐴min.

The proposed bat algorithm tries to select 𝑘 threshold
values which maximize the fitness functions which are
described by (3) and (6), respectively. The details of the
developed BA approach formultilevel image thresholding are
given as follows.

Step 1 (generate initial population of solutions). The bat
algorithmgenerates a randomly distributed initial population
of 𝑁 solutions (bats) (𝑖 = 1, 2, . . . , 𝑁), where each solution
has 𝑘 dimensions. All solutions can be presented by matrix
𝑋:

𝑋 =

[

[

[

[

[

𝑥
1,1

𝑥
1,2

𝑥
1,3
⋅ ⋅ ⋅ 𝑥

1,𝑘

𝑥
2,1

𝑥
2,2

𝑥
2,3
⋅ ⋅ ⋅ 𝑥

2,𝑘

...
𝑥
𝑁,1

𝑥
𝑁,2

𝑥
𝑁,3

⋅ ⋅ ⋅ 𝑥
𝑁,𝑘

]

]

]

]

]

, (8)

where 𝑥
𝑖,𝑗

is the 𝑗th component value that is restricted to
{0, . . . , 𝐿−1} and 𝑥

𝑖,𝑗
< 𝑥
𝑖,𝑗+1

for all 𝑗.The fitness values for all
solutions are evaluated and variable 𝑐𝑦𝑐𝑙𝑒 is set to one.The bat

algorithm detects the most successful solution as 𝑥best before
starting iterative search process.

Step 2 (calculation of new solutions). Calculation of a new
solution 𝑥𝑡

𝑖
is performed by moving virtual bats 𝑥𝑡−1

𝑖
accord-

ing to equation

𝑥
𝑡

𝑖
= 𝑥
𝑡−1

𝑖
+ V𝑡
𝑖
, (9)

where V𝑡
𝑖
denotes the bat velocity of movement, and it is

calculated by formula

V𝑡
𝑖
= V𝑡−1
𝑖
+ (𝑥
𝑡

𝑖
− 𝑥best) ∗ 𝑓𝑖. (10)

In (10),𝑓
𝑖
denotes the frequency and 𝑥best denotes the current

global best solution. The frequency 𝑓
𝑖
can be calculated as

𝑓
𝑡

𝑖
= 𝑓min + (𝑓max − 𝑓min) ∗ 𝛽, (11)

where 𝛽 is a random vector generated by a uniform distribu-
tion belonging to the closed interval [0, 1]. For min and max
frequency, the recommended values 𝑓min = 0 and 𝑓max = 2
are used. In this computation step, the bat algorithm controls
the boundary conditions of the calculated new solution 𝑥𝑡

𝑖
.

In the case that the value of a variable overflows the allowed
search space limits, then the value of the related variable is
updated with the value of the closer limit value to the related
variable.

Step 3 (improving the current best solution). For each
solution 𝑥𝑡

𝑖
apply the next operator which is defined by

𝑥new = {
𝑥best + 𝜖𝐴 𝑡, if 𝑟𝑎𝑛𝑑

1
> 𝑟
𝑡

𝑖
,

𝑥
𝑡

𝑖
, otherwise,

(12)

where 𝑟𝑎𝑛𝑑
1
is a uniform random number in range [0, 1], 𝜖 is

a scaling factor drawn from uniform distribution in the range
[−1, 1], 𝐴

𝑡
= ⟨𝐴
𝑡

𝑖
⟩ is the average loudness of all bats at the

computation step 𝑡, and 𝑟𝑡
𝑖
is the pulse rate function.The pulse

rate function is defined by

𝑟
𝑡

𝑖
= 𝑟
0

𝑖
(1 − 𝑒

−𝛽𝑡

) , (13)

where 𝛽 is a constant and 𝑟0
𝑖
are initial pulse rates in the range

[0, 1]. It can be seen from (12) that this function controls
the intensive local search depending on the value of uniform
variable 𝑟𝑎𝑛𝑑

1
and the rate 𝑟𝑡

𝑖
. Also, at this step, the BA

controls the boundary conditions at each iteration.

Step 4 (acceptation of a new solution by flying randomly). In
this step, the solution 𝑥new obtained in Step 3 is accepted as
a new solution and 𝑓(𝑥new) as a new objective function value
by using

(𝑥
𝑡

𝑖
, fit (𝑥𝑡

𝑖
)) =

{

{

{

(𝑥new, 𝑓 (𝑥
𝑡

new)) ,

if (𝑟𝑎𝑛𝑑
2
< 𝐴
𝑡

𝑖
and𝑓 (𝑥𝑡new) > 𝑓 (𝑥

𝑡−1

𝑖
)) ,

(𝑥
𝑡−1

𝑖
, 𝑓 (𝑥
𝑡−1

𝑖
)) , otherwise,

(14)

where 𝑟𝑎𝑛𝑑
2
is a uniform random number in range [0, 1] and

𝐴
𝑡

𝑖
is the loudness function defined by

𝐴
𝑡

𝑖
= 𝛼𝐴
𝑡−1

𝑖
, (15)
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where 𝛼 is a constant and plays a similar role as the cooling
factor of a cooling schedule in the simulated annealing.
Therefore, if the solution 𝑥new has the higher objective
function value compared to the old solution 𝑥𝑡−1

𝑖
and the

loudness 𝐴𝑡
𝑖
is more than 𝑟𝑎𝑛𝑑

2
, then the new solution is

accepted, the old fitness value is updated, and functions
defined by (13) and (15) are updated, too. Otherwise, the new
solution 𝑥new is abandoned, and the old best solution is kept.

Step 5 (memorize the best current solution). Record the best
solution so far (𝑥best), that is, the solution with the highest
objective function value.

Step 6 (check the stopping criteria). If the termination
criterion is met or the variable 𝑐𝑦𝑐𝑙𝑒 is equal to the maximum
number of iterations, then the algorithm is finished. Other-
wise, increase the variable 𝑐𝑦𝑐𝑙𝑒 by one and go to Step 2.

4. Our Proposed Improved Bat Algorithm: IBA

As described in the previous section, we selected the BA for
multilevel image thresholding. BA is simple to implement and
it produces good results when the number of thresholds is
small. However, based on our experiments, the BA algorithm
often fails when the number of thresholds is larger, especially
for the Kapur’s objective function. Therefore, an adjustment
of the bat algorithmwas required. In this paper, the improved
hybridized bat algorithm (IBA) is proposed to overcome the
mentioned drawback of the pure bat algorithm. It combines
two different solution search equations of the bat algorithm
and DE algorithm [24]. The IBA algorithm includes differ-
ential operators mutation and crossover from DE algorithm,
with the aim of speeding up convergence and to achieve
a good balance between intensification and diversification.
Mutation and crossover operators are used to improve the
original BA generation of a new solution for each bat so
that the IBA can more efficiently explore and exploit the new
search space and avoid being trapped into local optima.

In the pure BA, exploration and exploitation are con-
trolled by pulse rate function (13). Analyzing this function we
noticed that the algorithm loses exploration capability as iter-
ations progress. The form of this function makes switching
from the exploration to exploitation and vice versa possible.
In this way, the exploration capability of BA can be modified
by inserting differential operators for crossover andmutation
[24] instead of (12) and for the exploitation capability (12)
continues to be used for a good intensification. Therefore,
a good balance is established between intensification and
diversification.

Although the above modification can improve many
solutions, some solutions will still remain stuck in some local
optimum. In order to fix this lack of the former modification,
we introduced the second modification which is inspired by
launch of the scouts in the scout phase of the ABC algorithm.
When some solution gets trapped in a local optimum after
a certain number of iterations, it will eventually exceed the
predetermined number of allowed trials called “limit.” When
a solution exceeds the “limit” trials unchanged, it is redirected
to search new space by using the random walk.

In the proposed IBA algorithm, bats form a population
of threshold values. The threshold values produced by the
bat 𝑖 are noted as 𝑥

𝑖
= (𝑥
𝑖,1
, 𝑥
𝑖,2
, . . . , 𝑥

𝑖,𝑘
), 𝑖 = 1, . . . , 𝑁. All

bats perform searching in the solution search space with the
aim to optimize the objective functions described by (3) or
(6). The details of the proposed IBA approach for multilevel
thresholding are given as follows.

Step 1 (generate the initial population of solutions). The IBA
begins by randomly generating populationwith 𝑘 dimensions
as in the case of the proposed BA approach for multilevel
thresholding. Each threshold value 𝑥

𝑖,𝑗
(𝑖 = 1, . . . , 𝑛; 𝑗 =

1, . . . , 𝑘) of the matrix 𝑋 generated by the bat 𝑖 is restricted
to set {0, 1, . . . , 𝐿 − 1} and for all 𝑗 holds 𝑥

𝑖,𝑗
< 𝑥
𝑖,𝑗+1

.
Also, at this step initialization is done for the parameter limit
which presents the number of allowed attempts to improve
a bat, the initial loudness 𝐴

𝑖
and pulse rate 𝑟0

𝑖
, as well as

the initial values of the parameters in the DE algorithm such
as the differential weight 𝐹 and crossover probability 𝐶

𝑟
.

After generation of the initial population, the fitness value for
each solution 𝑥

𝑖
is evaluated. Then the IBA algorithm detects

the most successful solution as 𝑥best, before starting iterative
search process. After that it sets the variable 𝑐𝑦𝑐𝑙𝑒 to one.

Step 2 (calculate the new population). Calculation of a new
threshold 𝑥𝑡

𝑖
is performed bymoving virtual bats 𝑥𝑡−1

𝑖
accord-

ing to (9). The velocity V𝑡
𝑖
and frequency 𝑓

𝑖
are calculated

by (10) and (11), respectively. At this computation step, the
IBA controls the boundary conditions of the calculated new
solution 𝑥𝑡

𝑖
. In the case that the value of the 𝑥𝑡

𝑖
is less than 0

or is more than 𝐿− 1, then the value of the 𝑥𝑡
𝑖
is updated with

the value of the closer limit value to the variable 𝑥𝑡
𝑖
.

Step 3 (improving the current best solution by differential
operators). For each solution𝑥𝑡

𝑖
apply the next operatorwhich

is defined by

𝑥new = {
𝑥
𝑡

dif, if 𝑟𝑎𝑛𝑑
1
> 𝑟
𝑡

𝑖
,

𝑥
𝑡

loc, otherwise,
(16)

where 𝑟𝑎𝑛𝑑
1
is randomization term in the range [0, 1], 𝑟𝑡

𝑖
is

the pulse rate function defined by (13), 𝑥𝑡dif is the differential
operator for mutation and crossover, and 𝑥𝑡loc is the operator
based on the local search in the BA.The differential mutation
and crossover operations are performed by

𝑥
𝑡

dif,𝑗 = {
𝑥
𝑡

𝑐,𝑗
+ 𝐹 (𝑥

𝑡

𝑎,𝑗
− 𝑥
𝑡

𝑏,𝑗
) , if (𝑟𝑎𝑛𝑑

2
< 𝐶
𝑟
or 𝑗 = 𝑗

𝑟
) ,

𝑥
𝑡

𝑖,𝑗
, otherwise,

(17)

where 𝑥
𝑎
, 𝑥
𝑏
, and 𝑥

𝑐
are three randomly chosen different

vectors in the range [0,𝑁−1] at the cycle 𝑡,𝐹 is the differential
weight that scales the rate of modification,𝐶

𝑟
is the crossover

probability in the interval [0, 1], 𝑗
𝑟
is randomly selected in

the range [0, 𝑘], and 𝑟𝑎𝑛𝑑
2
is a uniform variable in the range

[0, 1]. Inside the implementation of the differential operator
𝑥dif, the boundary conditions for all 𝑗 (𝑗 = 1, . . . , 𝑘) are
controlled. As an important improvement of the proposed
method, the binomial “DE/rand/1/bin” scheme is used in
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order to increase the diversity of the bats and achieve both the
precision and search efficiency.The local search is performed
by

𝑥
𝑡

loc,𝑗 = {
𝑥
𝑡

𝑙best,𝑗, if (𝑓 (𝑥𝑡
𝑙best,𝑗) > 𝑓 (𝑥

𝑡

𝑖,𝑗
)) ,

𝑥
𝑡

𝑖,𝑗
, otherwise,

(18)

where 𝑥𝑡
𝑙best,𝑗 is defined by

𝑥
𝑡

𝑙best,𝑗 = 𝑥
𝑡−1

best,𝑗 + 𝜖𝐴
𝑡−1

𝑖,𝑗
. (19)

As in the ordinary BA, parameters 𝜖 and 𝐴
𝑖,𝑗
denote the

scaling factor and the loudness function, respectively. Also,
inside the local search operator 𝑥loc, the boundary conditions
for all 𝑗 (𝑗 = 1, . . . , 𝑘) are checked. In our proposed approach,
we found that it is beneficial to replace (13) by 𝑟𝑡

𝑖
= 𝑟
0

𝑖
(1 − 𝛽

𝑡

).
It will be shown in experimental study that the best results
are obtained for initial pulse rates 𝑟0

𝑖
= 0.5, initial loudness

𝐴
0
= 0.95, and 𝛽 = 0.9.

Step 4 (acceptation of a new solution by flying randomly). In
this step, the solution 𝑥new obtained in Step 3 is accepted as
a new solution and 𝑓(𝑥new) as a new objective function value
by using

(𝑥
𝑡

𝑖
, fit (𝑥𝑡

𝑖
)) =

{
{
{

{
{
{

{

(𝑥
𝑡

new, 𝑓 (𝑥
𝑡

new)) ,

if (𝑟𝑎𝑛𝑑
3
< 𝐴
𝑡

𝑖
and𝑓 (𝑥𝑡new) > 𝑓 (𝑥

𝑡−1

𝑖
)) ,

(𝑥
𝑡−1

𝑖
, 𝑓 (𝑥
𝑡−1

𝑖
)) tr

𝑖
= tr
𝑖
+ 1,

otherwise,
(20)

where 𝑟𝑎𝑛𝑑
3
is a random number in the range [0, 1], 𝑡𝑟

𝑖
is

a vector recording the number of attempts through which
solution 𝑥𝑡

𝑖
could not be improved at cycle 𝑡, and𝐴𝑡

𝑖
is defined

by (15). In the above equation, if the solution 𝑥𝑡−1
𝑖

cannot be
improved, then the new solution 𝑥new is abandoned and the
𝑖th element of the trial vector tr is increased by one. Also, after
certain number of cycles determined by the variable limit, if
the solution 𝑥𝑡

𝑖
cannot be further improved, it is abandoned

and replaced by randomly generated solution. In this case, the
𝑖th element of the trial vector is set to 0. This modification
can improve the exploration process and it will help to avoid
trapping into some local optima. Also, it will improve the
solution quality and speed convergence.

Step 5 (memorize the best current solution). Record the best
solution so far (𝑥best), that is, the solution with the highest
objective function value.

Step 6 (check the stopping criteria). If the termination
criterion is met or the variable 𝑐𝑦𝑐𝑙𝑒 is equal to the maximum
number of iterations, then the algorithm is finished. Other-
wise, increase the variable 𝑐𝑦𝑐𝑙𝑒 by one and go to Step 2.

5. Experimental Results

Themultilevel image thresholding problemdealswith finding
optimal thresholds within the range [0, 𝐿 − 1] that maximize
the functions defined by (3) and (6). The dimension of the

optimization problem is the number of thresholds 𝑘, and
the search space is [0, 𝐿 − 1]𝑘. In this study our proposed
IBA algorithm was compared against four other standard
population based metaheuristic techniques: PSO, DE, CS,
and FA from [49] and pure BA.

The experiments were conducted on 6 standard images,
the same as used in [49], in order to make comparison of
the obtained results simpler. Images used in this paper,
namely, Barbara, Living room, Boats, Goldhill, and Lake, are
of size (512 × 512) and Aerial has size (256 × 256). Barbara
and Boats images are available at http://decsai.ugr
.es/∼javier/denoise/test images/. The Living room and Lake
images were chosen from http://www.imageprocessingplace
.com/root files V3/image databases.htm. The Goldhill
image can be found at https://ece.uwaterloo.ca/∼z70wang/
research/quality index/demo.html. The Aerial image was
taken from the University of Southern California Signal and
Image Processing Institute’s image database at http://sipi.usc
.edu/database/database.php?volume=misc. These original
images and their gray level histograms are depicted in Figures
1 and 2, respectively.

For the Kapur’s and Otsu’s thresholding methods, the
exhaustive search method was conducted first to derive
the optimal solutions, the corresponding optimal objective
function values, and the processing time for comparison
with the results generated by the PSO, DE, CS, FA, BA, and
IBA algorithms. These results generated by the exhaustive
search for Kapur’s and Otsu’s criterion are presented in
Tables 1 and 2, respectively. It is obvious that computational
times increase exponentially and for more than 5 thresholds
become unacceptable. We did not implement optimal use
of multicore processor, but improvements would not be
significant.

The number of thresholds 𝑘 explored in the experiments
were 2, 3, 4, and 5. Since metaheuristic algorithms have
stochastic characteristics, each experiment was repeated 50
times for each image and for each 𝑘 value. Each run of an
algorithm was terminated when the fitness value of the best
solution 𝑓(𝑥best) reached the known optimal value (from
the exhaustive search) of the objective function 𝑓opt, that is,
|𝑓(𝑥best) − 𝑓opt| < 𝜖, where 𝜖 = 10

−9 was a tolerance for the
accuracy of the measurement. Hence, the stopping condition
for all algorithmswas the value of the fitness, unless optimum
could not be reached within 2000 iterations.

The proposed IBA method has been implemented in C#
programming language, as the rest of the algorithms. Results
for CS and FA are from [49]. All tests were done on an
Intel Core i7-3770K @3.5GHz with 16GB of RAM running
under the Windows 8 x64 operating system. The PSO and
DEalgorithmshave been implemented in their basic versions,
while the BA and IBA have been implemented as it was
described in the previous two sections.

5.1. Parameters Setup. To compare the proposed IBA algo-
rithm with PSO, DE, CS, FA [49], and BA algorithms, the
objective function evaluation was computed 𝑁 × 𝐺 times,
where 𝑁 is the population size and 𝐺 is the maximum
number of generations (unless optimumwas reached earlier).
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(a) (b)

(c) (d)

(e) (f)

Figure 1: Test images: (a) Barbara, (b) Living room, (c) Boats, (d) Goldhill, (e) Lake, and (f) Aerial.

The population size in all algorithms was set to 𝑁 = 40

and the number of generation is set to 𝐺 = 2000 for
all algorithms, as in [49]. Besides these common control
parameters, each of mentioned algorithms has additional
control parameters that directly improve their performance.

For both the proposed IBA and pure BA algorithms, the
additional control parameters 𝑓min and 𝑓max were set to 0
and 2.0, respectively. The initial values for parameters 𝑟0

𝑖

and loudness 𝐴
𝑖
were set to 0.5 and 0.99, respectively. The

constant 𝛽was set to 0.9. Instead of the average loudness ⟨𝐴𝑡
𝑖
⟩
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Figure 2: Gray-level histogram of test images: (a) Barbara, (b) Living room, (c) Boats, (d) Goldhill, (e) Lake, and (f) Aerial.

of all bats, we found that the value 1.66 was acceptable for all
images. In the proposed IBA algorithm, control parameters
introduced from DE algorithm, such as differential weight
𝐹 and crossover probability 𝐶

𝑟
, were set to 0.75 and 0.95,

respectively. Also, in the IBAmethod, the parameter limit was
set to 150.

5.2. Quality and Computational Analysis of the Results. The
mean and standard deviations for 50 runs for six testedmeta-
heuristic algorithms have been calculated and are presented
in Table 3 for the experiments based on Kapur’s entropy
and in Table 4 for the experiments based on Otsu’s objective
function. These mean values can be compared to the optimal

values of the corresponding objective functions found by an
exhaustive search from Tables 1 and 2.

The first conclusion that can be drown from the results
in Tables 3 and 4 is that the cases when the number of
desired thresholds is 2 or 3 are too easy and are not interesting
for nondeterministic metaheuristics. Almost all algorithms
in almost all cases reached optimal results (PSO and DE
had few misses). We included these results in the tables for
comparison with results in [49], but we will not discuss them
further. All the remaining discussion is only about caseswhen
the number of desired thresholds is 4 or 5.

From Tables 3, 4, 5, and 6 many details can be seen.
We will here, in three additional tables, synthetize the most
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Table 1: Thresholds, objective function values, and time processing
provided by the exhaustive search for Kapur’s method.

Images 𝐾
Threshold
values

Objective
function Time (ms)

Barbara

2 96, 168 12.668336540 25
3 76, 127, 178 15.747087798 341

4 60, 99, 141,
185 18.556786861 11103

5 58, 95, 133,
172, 210 21.245645310 666869

Living room

2 94, 175 12.405985592 31
3 47, 103, 175 15.552622213 339

4 47, 98, 149,
197 18.471055578 12612

5 42, 85, 124,
162, 197 21.150302316 478114

Boats

2 107, 176 12.574798244 25
3 64, 119, 176 15.820902860 342

4 48, 88, 128,
181 18.655733570 11461

5 48, 88, 128,
174, 202 21.401608305 469862

Goldhill

2 90, 157 12.546393623 24
3 78, 131, 177 15.607747002 329

4 65, 105, 147,
189 18.414213765 11958

5 59, 95, 131,
165, 199 21.099138996 399458

Lake

2 91, 163 12.520359742 24
3 72, 119, 169 15.566286745 336

4 70, 111, 155,
194 18.365636309 12658

5 64, 99, 133,
167, 199 21.024982760 410753

Aerial

2 68, 159 12.538208248 29
3 68, 130, 186 15.751881495 347

4 68, 117, 159,
200 18.615899102 11390

5 68, 108, 141,
174, 207 21.210455499 599570

important conclusions concerning the quality of the results
and the convergence speed.

Table 7, computed from Tables 3 and 4, shows for each
tested algorithm in what percentage of cases it achieved the
best result, considering all tested images and both optimiza-
tion criteria. From Table 7, we can see that PSO and DE were
very inferior compared to other tested algorithms.The results
for the CS and FA [49] algorithms are quite acceptable, where
FA had slightly better results.

For the BA we can notice that it gives rather poor results
for the Kapur’s method, while it gives rather good results for
theOtsu’smethod.When theKapur’s criterion is used, the BA
gets trapped in local optima, so it consumes the maximum
number of iterations without switching to another subspace

Table 2:Thresholds, objective function values, and time processing
provided by the exhaustive search for Otsu’s method.

Images 𝐾
Threshold
values

Objective
function Time (ms)

Barbara

2 82, 147 2608.610778507 39
3 75, 127, 176 2785.163280467 89
4 66, 106, 142, 182 2856.262131671 3014

5 57, 88, 118, 148,
184 2890.976609405 100079

Living room

2 87, 145 1627.909172752 39
3 76, 123, 163 1760.103018395 88
4 56, 97, 132, 168 1828.864376614 2945

5 49, 88, 120, 146,
178 1871.990616316 130397

Boats

2 93, 155 1863.346730649 38
3 73, 126, 167 1994.536306242 89
4 65, 114, 147, 179 2059.866280428 2931

5 51, 90, 126, 152,
183 2092.775965336 75879

Goldhill

2 94, 161 2069.510202452 38
3 83, 126, 179 2220.372641501 88
4 69, 102, 138, 186 2295.380469158 2775

5 63, 91, 117, 147,
191 2331.156597921 74674

Lake

2 85, 154 3974.738214185 39
3 78, 140, 194 4112.631097687 89
4 67, 110, 158, 198 4180.886161109 2613

5 57, 88, 127, 166,
200 4216.943583790 73019

Aerial

2 125, 178 1808.171050536 46
3 109, 147, 190 1905.410606582 103
4 104, 134, 167, 202 1957.017965982 2670

5 99, 123, 148, 175,
205 1980.656737348 99880

which is more promising. That explains why it needed some
modifications to be introduced to help it leave the local
optimum space and continue to search new spaces.

Our proposed improved IBA algorithm, by taking some
features of the DE and ABC algorithms, obtained the best
results compared to the rest of algorithms. It actually achieved
the best result for bothmean value and variance, for all tested
cases.

Tables 5 and 6 report the mean number of iterations
and the average CPU time taken by each algorithm to
satisfy the stopping condition for Kapur’s and Otsu’s criteria,
respectively. Most significant conclusions concerning the
convergence speed of the tested algorithms are shown in
Tables 8 and 9.

In Table 8 (for Kapur’s criterion) in each column labeled
byThrs. 𝑘 (𝑘 = 2, 3, 4, 5) we calculated for each of the tested
algorithms: PSO, DE, CS, FA, BA, and IBA, the sum of mean
number of required iterations for each test image. We can
observe that in the case of the FA and especially the IBA
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Table 7: The percent of the best results for thresholds 4 and 5.

Alg. Kapur’s method Otsu’s method
PSO 8% 8%
DE 0% 0%
CS 67% 58%
FA 67% 92%
BA 42% 83%
IBA 100% 100%

Table 8: The number of evaluations for all test images and all
threshold values for Kapur’s method.

Alg. Trsh. 2 Trsh. 3 Trsh. 4 Trsh. 5 Total
PSO 1214 411 3130 5439 10194
DE 96 186 1456 3356 5094
CS 1004 2183 3112 4891 11189
FA 70 176 347 932 1525
BA 876 1193 2784 3777 8631
IBA 74 116 192 352 734

Table 9: The number of evaluations for all test images and all
threshold values for Otsu’s method.

Alg. Trsh. 2 Trsh. 3 Trsh. 4 Trsh. 5 Total
PSO 56 85 665 25206 3326
DE 95 294 1164 4245 5798
CS 1323 2322 3669 5665 12979
FA 72 171 230 889 1362
BA 10 40 196 2110 2356
IBA 53 99 158 249 559

method, the number of iterations does not grow rapidly with
the increase of the number of thresholds as is the case with
the rest of algorithms. From Table 8 we can also observe that
the proposed IBA converges in considerably less iterations
compared to the rest of algorithms.

From Table 9 (for the Otsu’s criterion), it can be seen
that the proposed IBA method in this case also converges in
considerably less iterations compared to the other methods.
It also maintains the feature of linearity with increasing the
number of thresholds. Actually, in both cases, for Kapur’s and
Otsu’s criteria, our proposed IBA algorithm improved the
convergence speed by more than a factor of 2, compared to
the next best algorithm.

6. Conclusion

In this paper, we considered an important optimization
problemofmultilevel image thresholding. It is an exponential
problem and as such it is appropriate for swarm intelligence
metaheuristics. We adapted new bat algorithm for this prob-
lem and compared it to other state-of-the-art algorithms from
[49]. Pure version of the bat algorithm performed well, but
the results were slightly below the average, especially when
Kapur’s criterion was used. We determined that the pure
bat algorithm, when applied to this problem, may be easily

trapped into local optimum so we modified it by changing
new solution equation by hybridized one with elements from
DE.We also included limit parameter similar to the one used
in the ABC algorithm.

Our proposed improved bat-inspired hybridized with
DE (IBA) algorithm was tested on 6 standard benchmark
images, the same as used in [49]. It proved to be superior
to all other tested algorithms considering the quality of
the solutions (it actually achieved the best result for both
mean value and variance, for all tested cases), especially it
significantly improved convergence speed (more than two
times better than the next algorithm). This shows that our
proposed algorithm is excellent choice for the multilevel
image thresholding problem. Additional adjustments can
be done in the future using larger set of synthetic images
which will allow more precise modifications and parameter
adjustment.
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Nowadays, the development of new metaheuristics for solving optimization problems is a topic of interest in the scientific
community. In the literature, a large number of techniques of this kind can be found. Anyway, there are many recently proposed
techniques, such as the artificial bee colony and imperialist competitive algorithm.This paper is focused on one recently published
technique, the one called Golden Ball (GB). The GB is a multiple-population metaheuristic based on soccer concepts. Although it
was designed to solve combinatorial optimization problems, until now, it has only been tested with two simple routing problems:
the traveling salesman problem and the capacitated vehicle routing problem. In this paper, the GB is applied to four different
combinatorial optimization problems. Two of them are routing problems, which are more complex than the previously used
ones: the asymmetric traveling salesman problem and the vehicle routing problem with backhauls. Additionally, one constraint
satisfaction problem (the n-queen problem) and one combinatorial design problem (the one-dimensional bin packing problem)
have also been used. The outcomes obtained by GB are compared with the ones got by two different genetic algorithms and two
distributed genetic algorithms. Additionally, two statistical tests are conducted to compare these results.

1. Introduction

Today, optimization problems receive much attention in
artificial intelligence. There are several types of optimization,
such as numerical [1], linear [2], continuous [3], or combi-
natorial optimization [4]. Typically, problems arising in these
fields are of high complexity. Additionally, many of the prob-
lems arising in optimization are applicable to the real world.
For these reasons, in the literature, many different techniques
designed to be applied to these problems can be found.

Some classical examples of these techniques are the
simulated annealing [5], the tabu search [6], the genetic
algorithm (GA) [7, 8], ant colony optimization [9], or the
particle swarm optimization [10]. Since their proposal, all
these metaheuristics have been widely applied in a large
amount of fields. In fact, these techniques are the focus of
many research studies nowadays [11–14].

Despite the existence of these conventional algorithms,
the development of newmetaheuristics for solving optimiza-
tion problems is a topic of interest in the scientific com-
munity. On the one hand, optimization problems represent

a great challenge because they are hard to solve. For this
reason, the development of new techniques that outperform
the existing ones is a topic of interest for the researchers.
On the other hand, optimization problems (such as routing
problems) are very important from a social perspective. This
is because their resolution directly affects the economy and
sustainability in terms of cost reduction and energy saving.

In this way, there have been many recently proposed
metaheuristics, which have been successfully applied to
various fields and problems. One example is the imperialist
competitive algorithm (ICA) [15]. This population based
metaheuristic, proposed by Gargari and Lucas in 2007, is
based on the concept of imperialisms. In ICA, individu-
als are called countries and they are divided into various
empires, which evolve independently. Throughout the exe-
cution, different empires battle each other with the aim of
conquering their colonies. When one empire conquers all
the colonies, the algorithm converges into the final solution.
Some examples of its application can be seen in recent papers
[16, 17]. Another example is the artificial bee colony. This
technique was proposed in 2005 by Karaboga [18, 19] for
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multimodal and multidimensional numeric problems. Since
then, it has been used frequently in the literature for solving
different kinds of problems [20–22]. The artificial bee colony
is a swarm based technique which emulates the foraging
behaviour of honey bees.Thepopulation of thismetaheuristic
consists in a colony, with three kinds of bees: employed,
onlooker, and scout bees, each with a different behaviour.
The harmony search, presented by Geem et al. in 2001, is
another example [23, 24]. This metaheuristic mimics the
improvisation of music players. In this case, each musical
instrument corresponds to a decision variable; a musical note
is the value of a variable; and the harmony represents a
solution vector.With the intention of imitating themusicians
in a jam session, variables have random values or previously
memorized good values in order to find the optimal solution.
This algorithm is also used frequently in the literature [25–
27].

Bat-inspired algorithm is a more recent technique [28,
29].Thismetaheuristic, proposed by Yang in 2010, is based on
the echolocation behaviour ofmicrobats, which can find their
prey and discriminate different kinds of insects even in com-
plete darkness. Yang and Deb proposed the cuckoo search
algorithm in 2009 [30, 31]. On this occasion, as authors claim
in [30], this metaheuristic is based on the obligate brood
parasitic behaviour of some cuckoo species in combination
with the Levy flight behaviour of some birds and fruit flies.
Another recently developed technique which is very popular
today is the firefly algorithm [32, 33]. This nature-inspired
algorithm is based on the flashing behaviour of fireflies, which
act as a signal system to attract other fireflies. Like the afore-
mentioned techniques, these metaheuristics have been the
focus of several research [34–40] and review papers [41–43].

As can be seen, there are many metaheuristics in the
literature to solve optimization problems. Although sev-
eral techniques have been mentioned, many other recently
developed ones could be cited, such as the spider monkey
optimization [44] or seeker optimization algorithm [45].
This large amount of existing techniques demonstrates the
growing interest in this field, on which several books, special
issues in journals, and conferences proceedings are published
annually. Moreover, combinatorial optimization is a widely
studied field in artificial intelligence nowadays. Being NP-
Hard [46], a lot of problems arising in this field are particu-
larly interesting for the researchers.This kind of optimization
is the subject of a large number of works every year [47–49].
This scientific interest is the reason why this study is focused
on this sort of optimization.

This paper is focused on one recently proposed meta-
heuristic called Golden Ball (GB). This technique is a multi-
ple-population based metaheuristic, and it is based on soccer
concepts. A preliminary version of the GB and some basic
results were firstly introduced in 2013 by Osaba et al. [50].
Furthermore, the final version of the GB and its practical
use for solving complex problems have been presented this
very year (2014) by the same authors [51]. In that paper,
the GB is introduced, and it is compared with some similar
metaheuristics of the literature. In addition, it is successfully
applied to two different routing problems: the traveling sales-
man problem (TSP) [52] and the capacitated vehicle routing

problem (CVRP) [53]. Additionally, the results obtained by
GB were compared with the ones obtained by two different
GAs and two distributed genetic algorithms (DGA) [54, 55].
As a conclusion of that study, it can be said that the GB
outperforms these four algorithms when it is applied to the
TSP and CVRP.

The authors of that study claim that GB is a technique
to solve combinatorial optimization problems. Even so, they
only prove its success with two simple routing problems, the
TSP and the CVRP.This is the reason that motivates the work
presented in this paper. Thus, the objective of this paper is to
verify if the GB is a promising metaheuristic to solve combi-
natorial optimization problems, performing a more compre-
hensive and rigorous experimentation than that presented to
date.Thereby, in this research study, the GB is applied to four
different combinatorial optimization problems. Two of them
are routing problems, which are more complex than the ones
used in [51]: the asymmetric traveling salesman problem
(ATSP) [56] and the vehicle routing problem with backhauls
(VRPB) [57]. Furthermore, in order to verify that the GB
is also applicable to other types of problems apart from the
routing ones, two additional problems have also been used
in the experimentation, the n-queen problem (NQP) [58]
and the one-dimensional bin packing problem (BPP) [59].
As in [51], the results obtained by GB are compared with the
ones obtained by two different GAs and two DGAs. Besides,
with the objective of performing a rigorous comparison, two
statistical tests are conducted to compare these outcomes:
the well-known normal distribution 𝑧-test and the Friedman
test.

The rest of the paper is structured as follows. In Section 2,
the GB is introduced. In Section 3, the problems used in the
experimentation are described.Then, in Section 4, the exper-
imentation conducted is described. In Section 5, the results
obtained are shown and the statistical tests are performed.
This work finishes with the conclusions and future work
(Section 6).

2. Golden Ball Metaheuristic

In this section, the GB is described. As has been mentioned
in Section 1, the GB is a multiple-population based meta-
heuristic which takes several concepts related to soccer. To
begin with, the technique starts with the initialization phase
(Section 2.1). In this first phase, the whole population of
solutions (called players) is created. Then, these players are
divided among the different subpopulations (called teams).
Each team has its own training method (or coach). Once
this initial phase has been completed, the competition phase
begins (Section 2.2). This second phase is divided in seasons.
Each season is composed of weeks, in which the teams
train independently and face each other creating a league
competition. At the end of every season, a transfer procedure
happens, in which the players and coaches can switch teams.
The competition phase is repeated until the termination
criterion is met (Section 2.3). The entire procedure of the
technique can be seen in Figure 1. Now, the different steps that
form the proposed technique are explained in detail.
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Figure 1: Flowchart of GB metaheuristic.

2.1. Initialization Phase. As has been said, the first step of the
execution is the creation of the initial population𝑃.The initial
population is composed of 𝑃𝑇 ⋅ 𝑇𝑁 number of solutions 𝑝

𝑖
,

called 𝑝𝑙𝑎𝑦𝑒𝑟𝑠. Note that 𝑃𝑇 is the number of players per
team, and 𝑇𝑁 is the number of teams. Additionally, both
parameters must have a value higher than 1.

After the whole population 𝑃 is created, all the 𝑝
𝑖
are

randomly divided in the 𝑇𝑁 different teams 𝑡
𝑖
. Once the

players are divided between the different teams, they are
represented by the variable 𝑝

𝑖𝑗
, which means the player

number 𝑗 of the team 𝑖. The total set of teams 𝑇 forms the
league. All these conceptsmay be representedmathematically
as follows:

𝑃 : {𝑝
1
, 𝑝
2
, 𝑝
3
, 𝑝
4
, 𝑝
5
, . . . , 𝑝

𝑃𝑇∗𝑇𝑁
}

𝑇 : {𝑡
1
, 𝑡
2
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3
, 𝑡
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, . . . , 𝑡

𝑇𝑁
}
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1
: {𝑝
11
, 𝑝
12
, 𝑝
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, . . . , 𝑝

1𝑃𝑇
}

Team 𝑡
2
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, 𝑝
22
, 𝑝
23
, . . . , 𝑝

2𝑃𝑇
}

...

Team 𝑡
𝑇𝑁

: {𝑝
𝑇𝑁1

, 𝑝
𝑇𝑁2

, . . . , 𝑝
𝑇𝑁𝑃𝑇

}

𝑃𝑇 = Number of players per team,

𝑇𝑁 = Total number of teams of the system.

(1)

Furthermore, every 𝑝
𝑖𝑗
has its own quality, which is

represented by the variable 𝑞
𝑖𝑗
(quality of the player 𝑖 of team

𝑗). This variable is represented by a real number, which is
determined by a cost function 𝑓(𝑝

𝑖𝑗
). This function depends

on the problem. For example, for some routing problems, this
function is equivalent to the traveled distance. On the other
hand, for the NQP, for instance, this function is the number
of collisions. In addition, each 𝑡

𝑖
has a captain (𝑝

𝑖cap), which

is the player with the best 𝑞
𝑖𝑗
of their team. To state this in a

formal way, consider

𝑝
𝑖cap = 𝑝𝑖𝑘 ∈ 𝑡𝑖 ⇐⇒ ∀𝑗 ∈ {1, . . . , 𝑃𝑇} : 𝑞

𝑖𝑘
≥ 𝑞
𝑖𝑗
. (2)

It should be borne in mind that, depending on the
problem characteristics, the objective is to minimize or
maximize 𝑓(𝑝

𝑖𝑗
). In the problems used in this paper, for

example, the lower the 𝑞
𝑖𝑗
is, the better the player is.

Moreover, each team has a strength value associated with
𝑇𝑄
𝑖
. This value is crucial for the matches between teams

(Section 2.2.2). It is logical to think that the better the players
are, the stronger a team is. Thereby, if one team is strong, it
can win more matches and it can be better positioned in the
classification of the league. In this way, the strength value of a
team 𝑡

𝑖
is equal to the average of the 𝑞

𝑖𝑗
of the players of that

team. 𝑇𝑄
𝑖
can be expressed by the following formula:

𝑇𝑄
𝑖
=

∑
𝑃𝑇

𝑗=1
𝑞
𝑖𝑗

𝑃𝑇

.
(3)

Once the initialization phase is completed, the competi-
tion phase begins. This phase is repeated iteratively until the
ending criterion is met.

2.2. Competition Phase. This is the central phase of the
metaheuristic. In this stage, each team evolves independently
and improves its 𝑇𝑄

𝑖
(Section 2.2.1). Additionally, in this

phase, the teams face each other, creating a league compe-
tition (Section 2.2.2). This league helps to decide the player
transfers between teams (Section 2.2.3). The competition
stage is divided into seasons (𝑆

𝑖
). Each 𝑆

𝑖
has two different

periods of player transfers. In each season, every team face
each other twice. In this way, each team plays 2NT-2 matches
in a season. Lastly, an amount of training sessions equal to the
number of matches played is performed.
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Figure 2: Workflow of a training process.

2.2.1. Training of Players. As in real life, trainings are the
processes thatmake players improve their quality. InGB, each
𝑡
𝑖
has its own training method, and some of them are more

effective than others. This fact makes some teams improve
more than others. There are two kinds of training methods
in GB: conventional trainings and custom trainings.

Conventional trainings are those that are performed reg-
ularly throughout the season. This type of training is applied
individually for each player. A training method is a successor
function, which works on a particular neighborhood struc-
ture in the solution space. Taking the TSP as example, one
training function could be the 2-opt [60]. As has been said,
each team has its own training function, which acts as the
coach of the team.The training function is assigned randomly
at the initialization phase. Thereby, each 𝑝

𝑖𝑗
uses the method

of its team. For each training session, the function is applied
a certain number of times, and the 𝑝

𝑖𝑗
generated is accepted

if 𝑞
𝑖𝑗
> 𝑞
𝑖𝑗
. Besides, this process could make a change in the

𝑝
𝑖cap of a team, if one𝑝

𝑖𝑗
outperforms the quality of its captain.

It is worth mentioning that one training session has its
own termination criterion. A training session ends when
there is a number of successors without improvement in the
quality of the 𝑝

𝑖𝑗
trained. This number is proportional to the

neighborhood of the team training function. For example,
taking the 2-opt and a 30-noded TSP instance, the training
ends when there are 𝑛/4 + ∑

𝑛/4

𝑘=1
𝑘 (the size of its neighbor-

hood) successors without improvement, with 𝑛 being the size
of the problem (30). Figure 2 schematizes this process.

Furthermore, the fact that every 𝑡
𝑖
explores the space solu-

tion in a different way increases the exploration and exploita-
tion capacity of the GB. This fact occurs because of the use
of a different training method for each team. Besides, this is
enhanced by the fact that players can change their teams.

On the other hand, the procedure of custom trainings
is different. These trainings are performed when one 𝑝

𝑖𝑗

receives a number of conventional training sessions without
experiencing any improvement (in this study, this number

No

Match

Yes

Yes

Done

Yes

No
No

j = 1

q1j > q2j

q2j > q1j

j > PT

j++

GoalsTeam1 = 0

GoalsTeam2 = 0

GoalsTeam1++

GoalsTeam2++

Figure 3: Flowchart of a match.

has been set in 𝑃𝑇/2). When this fact happens, it can be
considered that 𝑝

𝑖𝑗
is trapped in a local optimum. A custom

training is conducted by two players: the trapped 𝑝
𝑖𝑗
and the

𝑝
𝑖cap of their team.The purpose of these operations is to help
𝑝
𝑖𝑗
to escape from the local optimum and to redirect them

to another promising region of the solution space. From a
practical point of view, custom training combines two players
(like the crossover operator of aGA), resulting in a newplayer
𝑝


𝑖𝑗
who replaces 𝑝

𝑖𝑗
. Taking the TSP as example, a function

that combines the characteristics of two players could be the
order crossover (OX) [61] or the partially mapped crossover
[62].The custom training helps a thorough exploration of the
solution space.

2.2.2.Matches betweenTeams. InGB, as in the real world, two
teams (𝑡

𝑗
, 𝑡
𝑘
) are involved in a match. Each match consists

in 𝑃𝑇 goal chances, which are resolved in the following
way: first, the players of both teams are sorted by quality (in
descending order). Then, each 𝑝

𝑖𝑗
faces 𝑝

𝑖𝑘
. The player with

the highest qualitywins the goal chance, and their team scores
a goal. As can be surmised, the team that achieves more goals
wins the match. Furthermore, the team that wins the match
obtains 3 points and the loser obtains 0 points. If both teams
obtain the same number of goals, each one receives one point.
These points are used to perform a team classification, sorting
the teams by the points obtained in a whole season. Figure 3
shows the flowchart of a match.

2.2.3. Player Transfers between Teams. The transfers are the
processes in which the teams exchange their players. There
are two types of transfers in GB: season transfers and special
transfers.The former are the conventional ones, and they take
place twice in a 𝑆

𝑖
. In these transfers, the points obtained by

each team and its position in the league are crucial factors.
In this way, in the middle and the end of each 𝑆

𝑖
, the teams

placed in the top half of the league classification “hire” the
best players of the teams located on the lower half. Moreover,
teams of the bottom half receive in return the worst players
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of the top teams. In addition, the better the position of the
team is, the better the player it receives is. In other words, the
best 𝑡
𝑖
is reinforced with the best player of the worst team of

the league. Furthermore, the second 𝑡
𝑖
obtains the second best

𝑝
𝑖𝑗
of the penultimate team, and so on. Finally, if the league

has an odd number of teams, the team placed in the middle
position does not exchange any 𝑝

𝑖𝑗
.

On the other hand, the special transfers are sporadic
exchanges that can occur at any time during a season. If one
player receives a certain number of conventional and cus-
tom trainings without experiencing any improvement, they
changes their team (in this study, this number has been set
in PT conventional training sessions without improvement).
This change is made in order to obtain a different kind of
training. Besides, it is nomatter whether the destination team
has less 𝑇𝑄

𝑖
than its current team. Additionally, with the aim

of maintaining the 𝑃𝑇 per team, there is an exchange with a
random player of the destination team.

As authors said in [51], these interchanges help the search
process. This neighborhood changing improves the explora-
tion capacity of the technique.

Lastly, it is noteworthy that another sort of transfer exists
in GB. In this case, these transfers are not performed with
players, but with team coaches. This process has been called
cessation of coaches. In each period of season tranfers, the
teams positioned in the bottom half of the league classi-
fication change their training form. This change is made
hoping to get another kind of training which improves the
performance and the 𝑇𝑄

𝑖
of the team.This training exchange

is performed randomly among all the training types existing
in the system, allowing repetitions between different 𝑡

𝑖
.

This random neighborhood change increases the exploration
capacity of the metaheuristic.

2.3. Termination Criterion. The termination criterion is a
critical factor in the development of a metaheuristic. It must
be taken into account that this criterion has to allow the
search to examine a wide area of the solution space. On
the other hand, if it is not strict enough, it can lead to a
considerable waste of time. In this way, the termination crite-
rion of the GB is composed of three clauses:

𝑇𝑁

∑

𝑖=1

𝑞


𝑖cap ≤
𝑇𝑁

∑

𝑖=1

𝑞
𝑖cap,

𝑇𝑁

∑

𝑖=1

𝑇𝑄


𝑖
≤

𝑇𝑁

∑

𝑖=1

𝑇𝑄
𝑖
,

𝐵𝑒𝑠𝑡𝑆𝑜𝑙


≤ 𝐵𝑒𝑠𝑡𝑆𝑜𝑙.

(4)

In other words, the execution of the GB finishes when (1)
the sum of the quality 𝑞

𝑖cap of all the captains is not improved
over the previous season, (2) the sum of the strengths 𝑇𝑄

𝑖
of

all the teams has not been improved compared to the previous
season, and (3) there is no improvement in the best solution
found (𝐵𝑒𝑠𝑡𝑆𝑜𝑙) in relation to the previous season. When
these three conditions are fulfilled, the 𝑝

𝑖𝑗
with the best 𝑞

𝑖𝑗

of the system is returned as the final solution.

3. Description of the Used Problems

As has been mentioned in the introduction of this study, four
combinatorial optimization problems have been used in the
experimentation conducted. In this section, these problems
are described. The first two are routing problems: the ATSP
(Section 3.1) and the VRPB (Section 3.2). Besides, with the
aim of verifyingwhether theGB is also a promising technique
with other kinds of problems apart from the routing ones, the
NQP (Section 3.3) and the BPP (Section 3.4) have been used.

It is important to highlight that the objective of the
present paper is not to find an optimal solution to these
problems. In fact, in the literature, there are multiple efficient
techniques with this objective. Instead, these four problems
have been used as benchmarking problems. In this way, the
objective of using them is to compare the performance of
the GB with the one of the GAs and DGAs and to conclude
which obtains better results using the same parameters and
functions.

3.1. Asymmetric Traveling Salesman Problem. As the sym-
metric version of this problem (the TSP), the ATSP has
a great scientific interest, and it has been used in many
research studies since its formulation [63, 64]. This problem
can be defined as a complete graph 𝐺 = (𝑉,𝐴), where
𝑉 = {V

1
, V
2
, . . . , V

𝑛
} is the set of vertexes which represents the

nodes of the system and 𝐴 = {(V
𝑖
, V
𝑗
) : V
𝑖
, V
𝑗
∈ 𝑉, 𝑖 ̸= 𝑗}

is the set of arcs which represents the connection between
nodes. Additionally, each arc has an associated distance cost
𝑑
𝑖𝑗
. Unlike in the TSP, in the ATSP, the distance cost between

two nodes is different depending on the direction of the flow;
that is, 𝑑

𝑖𝑗
̸= 𝑑
𝑗𝑖
.Thereby, the objective of the ATSP is to find a

route that, starting and finishing at the same node, visits every
V
𝑖
once andminimizes the total distance traveled. In this way,

the objective function is the total distance of the route.
In this study, the solutions for the ATSP are encoded

using the permutation representation [65]. According to this
encoding, each solution is represented by a permutation of
numbers, which represents the order in which the nodes
are visited. For example, for a possible 10-node instance,
one feasible solution would be encoded as 𝑋 = (0, 5,

2, 4, 3, 1, 6, 8, 9, 7), and its fitness would be 𝑓(𝑋) = 𝑑
05
+𝑑
52
+

𝑑
24
+ 𝑑
43
+ 𝑑
31
+ 𝑑
16
+ 𝑑
68
+ 𝑑
89
+ 𝑑
97
+ 𝑑
70
. This situation is

depicted in Figure 4.

3.2. Vehicle Routing Problem with Backhauls. The VRPB is a
variant of the basic VRP where customers can demand either
a delivery or a pick-up of certain goods [57]. In this problem,
all deliveries are done before the pick-ups. This is so because,
otherwise, it could be a movement of material within the
mobile unit that could be counterproductive, for example,
putting collected materials on the front of the trunk, whereas
at the bottom some goods remain undelivered. The VRPB is
widely used in the literature thanks to its applicability to the
real world and to its solving complexity [66–68].

The VRPB can be defined as a complete graph 𝐺 =

(𝑉,𝐴), where 𝑉 = {V
0
, V
1
, . . . , V

𝑛
} is the set of vertexes and

𝐴 = {(V
𝑖
, V
𝑗
) : V

𝑖
, V
𝑗

∈ 𝑉, 𝑖 ̸= 𝑗} is the set of arcs.
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Figure 4: Example of a 10-node ATSP instance and a possible solution.

The vertex V
0
represents the depot, and the rest are the

customers. Besides, in order to facilitate the formulation, the
set of customers 𝑉 can be separated into two subsets [69].
The first one, 𝐿, called linehaul customers, contains those
users who demand the delivery of goods. On the other hand,
the second subset, 𝐵, called backhaul customers, demand the
pick-up of a certain amount of material. To express customer
demand (𝑞

𝑖
), positive values are used for linehaul customers

and negative values for backhaul ones.
Additionally, a fleet of 𝐾 vehicles is available with a lim-

ited capacity𝑄.The objective of the VRPB is to find a number
of routes with a minimum cost such that (i) each route starts
and ends at the depot, (ii) each client is visited exactly by one
route, (iii) all deliveries aremade before pick-ups, and (iv) the
total demand of the customers visited by one route does not
exceed the total capacity of the vehicle that performs it.

Finally, the permutation representation is also used for
this problem [70], and the routes are also encoded as
nodes permutation. In addition, to distinguish the different
routes in a solution, they are separated by zeros. As an
example, suppose a set of five linehaul customers 𝐿 =

{𝐿1, 𝐿2, 𝐿3, 𝐿4, 𝐿5} and seven backhaul customers 𝐵 =

{𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐵5, 𝐵6, 𝐵7}. One possible solution with three
vehicles would be𝑋 = (𝐿5, 𝐿3, 𝐵1, 𝐵6, 0, 𝐿4, 𝐿1, 𝐵3, 𝐵7, 0, 𝐿2,
𝐵4, 𝐵5, 𝐵2) and its fitness would be 𝑓(𝑋) = 𝑑

0𝐿5
+ 𝑑
𝐿5𝐿3

+

𝑑
𝐿3𝐵1

+ 𝑑
𝐵1𝐵6

+ 𝑑
𝐵60

+ 𝑑
0𝐿4

+ 𝑑
𝐿4𝐿1

+ 𝑑
𝐿1𝐵3

+ 𝑑
𝐵3𝐵7

+ 𝑑
𝐵70

+

𝑑
0𝐿2

+𝑑
𝐿2𝐵4

+𝑑
𝐵4𝐵5

+𝑑
𝐵5𝐵2

+𝑑
𝐵20

. In Figure 5(a), an example
of a VRPB instance is depicted. Furthermore, in Figure 5(b),
a possible solution for this instance is shown.

3.3. n-Queen Problem. The NQP is a generalization of the
problem of putting eight nonattacking queens on a chess-
board [71], which was introduced by Bezzel in 1848 [72]. The
NQP consists in placing 𝑁 queens on a 𝑁 × 𝑁 chessboard,
in order that they cannot attack each other. This problem is
a classical combinatorial design problem (constraint satisfac-
tion problem), which can also be formulated as a combinato-
rial optimization problem [73]. In this paper, the NQP has
been formulated as a combinatorial optimization problem,

where a solution 𝑋 is coded as an 𝑁-tuple (𝑞
1
, 𝑞
2
, . . . , 𝑞

𝑛
),

which is a permutation of the set (1, 2, . . . , 𝑁). Each 𝑞
𝑖

represents the row occupied by the queen positioned in the
𝑖th column. Using this representation, vertical and horizontal
collisions are avoided, and the complexity of the problem
becomes𝑂(𝑁!).Thereby, the fitness function is defined as the
number of diagonal collisions along the board. Notice that 𝑖th
and 𝑗th queens collide diagonally if





𝑖 − 𝑞
𝑖





=






𝑗 − 𝑞
𝑗







∀𝑖, 𝑗 : {1, 2, . . . , 𝑁} ; 𝑖 ̸= 𝑗. (5)

In this way, the objective of NQP is to minimize the
number of conflicts, the ideal fitness being zero. A possible
solution for an 8-queen chessboard is depicted in Figure 6.
According to the encoding explained, the solution repre-
sented in this figure would be encoded as 𝑓(𝑋) = (4, 3, 1,

6, 5, 8, 2, 7). Additionally, its fitness would be 3, since there
are three diagonal collisions (4-3, 6-5, and 6–8). This same
formulation has been used before in the literature [74, 75].

3.4. One-Dimensional Bin Packing Problem. The packing of
items into boxes or bins is a daily task in distribution and
production. Depending on the item characteristics, as well
as the form and capacity of the bins, a wide amount of
different packing problems can be formulated. In [59], an
introduction to bin-packing problems can be found.The BPP
is the simplest one, and it has been frequently used as a
benchmarking problem [76–78]. The BPP consists of a set of
items 𝐼 = (𝑖

1
, 𝑖
2
, . . . , 𝑖

𝑛
), each with an associated size 𝑠

𝑖
and

an unlimited supply of bins with the same capacity 𝑞. The
objective of the BPP is to pack all the items into a minimum
number of bins. In this way, the objective function is the
number of bins, which has to be minimized.

In this study, the solutions are encoded as a permutation
of items. To count the number of bins needed in one solution,
the item sizes are accumulated in a variable (𝑠𝑢𝑚𝑆𝑖𝑧𝑒). When
𝑠𝑢𝑚𝑆𝑖𝑧𝑒 exceeds 𝑞, the number of bins is incremented in
1, and 𝑠𝑢𝑚𝑆𝑖𝑧𝑒 is reset to 0. Thereby, we suppose a simple
instance of 9 items 𝐼 = {𝑖

1
, 𝑖
2
, . . . , 𝑖

9
}, three different sizes

𝑠
1−3

= 20, 𝑠
4−6

= 30, and 𝑠
7−9

= 50, and 𝑞 = 100. One
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Figure 5: Example of a VRPB instance and a possible solution.

Figure 6: Example of an 8 × 8 instance for the NQP.

possible solution could be𝑋 = (𝑖
1
, 𝑖
4
, 𝑖
7
, 𝑖
2
, 𝑖
5
, 𝑖
8
, 𝑖
3
, 𝑖
6
, 𝑖
9
), and

its fitness would be 3 (the number of bins needed to hold all
the items). This example is represented in Figure 7.

4. Experimentation Setup

In this section, the experimentation performed is described.
According to the study carried out in [51], the GB meta-
heuristic provides some originality regarding the well-known

Items Bin

Possible solution

50
3020

50
30

20

50
30

20

50
30

20

q = 100

×3 ×3 ×3

Figure 7: Example of a BPP instance and a possible solution.

techniques that can be found today in the literature. In line
with this, analyzing the philosophy and the working way of
GB, it can be concluded that the DGA is the technique which
shares the most similarities with it. Among other similarities,
in the evolution of their individuals, thesemetaheuristics rely
on two operators, a local and a cooperative one, which are
used for the exploitation and exploration. In addition, these
techniques are easy to apply to combinatorial optimization
problems.

For these reasons, to prove the quality of the GB, two
single-population GAs and two DGAs are used for the
experimentation. The general characteristics of these four
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(1) Initialization of the population
(2) while termination criterion not reached do
(3) Parents selection
(4) Crossover phase
(5) Mutation phase
(6) Survivors selection
(7) end
(8) Return the best individual found

Algorithm 1: Pseudocode of GA1 and GA2.

(1) Initialization of the subpopulations
(2) while termination criterion not reached do
(3) for each subpopulation do
(4) Parents selection
(5) Crossover phase
(6) Mutation phase
(7) Survivors selection
(8) end
(9) Individual migration phase
(10) end
(11) Return the best individual found

Algorithm 2: Pseudocode of DGA1 and DGA2.

techniques are explained in Section 4.1. In addition, the
parametrization of all the algorithms is described in the same
section. The details of the experimentation are introduced in
Section 4.2.

4.1. General Description of Developed Techniques. As has been
mentioned, the outcomes obtained by the GB are compared
with the ones obtained by two basic single-population GAs
(GA
1
and GA

2
) and two different DGAs (DGA

1
and DGA

2
).

The structure used for both GAs is the one represented
in Algorithm 1, and it is considered the conventional one.
Furthermore, in Algorithm 2, the structure of both DGAs is
depicted, which is also the conventional one.

On one hand, for GA
1
and DGA

1
conventional operators

and parameters have been used, that is, a high crossover
probability and a low mutation probability. These concepts
are based on the concepts outlined in many previous studies
[54, 79, 80]. On the other hand, for GA

2
and DGA

2
,

parameters have been adjusted to be similar to those used
for the GB. Thereby, the numbers of cooperative movements
(crossovers and custom trainings) and individualmovements
(mutations and conventional trainings) performed are the
same. In addition, the same functions have been used for
GA
2
, DGA

2
, and GB. In this way, the only difference between

them is the structure. Thereby, it can be deduced which
algorithm is the one that obtains better results, using the same
operators for the same number of times.

The population size used for each metaheuristic is 48.
All the initial solutions have been generated randomly. For
DGA
1
and DGA

2
, this population has been divided into

4 subpopulations of 12 individuals. For the GB, the whole
population is also divided into 4 teams of 12 players each.The
crossover probability (𝑝

𝑐
) and mutation probability (𝑝

𝑚
) of

the GA
1
are 95% and 5%, respectively. On the other hand,

different 𝑝
𝑐
and 𝑝

𝑚
have been used for every subpopulation

of DGA
1
. For 𝑝

𝑐
, 95%, 90%, 80%, and 75% have been utilized,

and for𝑝
𝑚
, 5%, 10%, 20%, and 25% have been utilized. At last,

for GA
2
and DGA

2
, 𝑝
𝑐
= 0.003% and 𝑝

𝑚
= 100% have been

used, in order to fit with the GB parameters.
In relation to the parents selection criteria for the GAs

and DGAs, first, each individual of the population is selected
as parent with a probability equal to 𝑝

𝑐
. If one individual

is selected for the crossover, the other parent is selected
randomly. Regarding the survivor function, a 100% elitist
function has been developed for GA

2
and DGA

2
, and a 50%

elitist random (which means that the half of the survivor
population is composed of the best individuals, and the
remaining ones are selected randomly) has been developed
for GA

1
and DGA

1
. In DGA

1
and DGA

2
, the classic best-

replace-worst migration strategy has been used. In this
strategy, every subpopulation 𝑖 shares its best individual
with the following 𝑖 + 1 deme, in a ring topology. This
communication happens every generation and the immigrant
replaces the worst individual of deme 𝑖 + 1. Ultimately, the
execution of both GAs and DGAs finishes when there are
𝑛 + ∑

𝑛

𝑘=1
𝑘 generations without improvements in the best

solution, where 𝑛 is the size of the problem.The problem size
is the number of customers in the two routing problems, the
number of queens in the NQP and the number of items in the
BPP.

The successor functions employed by GB as conventional
training functions for the ATSP, NQP, and BPP are the
following.

(i) 2-opt and 3-opt: these functions, proposed by Lin for
the TSP [60], have been used widely in the literature
[81–83]. These operators eliminate at random 2 (for
the 2-opt) and 3 (for the 3-opt) arcs of the solution,
and they create two or three new arcs, avoiding the
generation of cycles.

(ii) Insertion function: this operator selects and extracts
one random node of a solution, and it inserts it
in another random position. Because of its easy
implementation and its good performance, this func-
tion is often used in the literature for any kind of
permutation encoded problem [84, 85].

(iii) Swapping function: this well-known function is also
widely employed in lots of research studies [86].
In this case, two nodes of a solution are selected
randomly, and they swap their position.

These successor functions have also been used as muta-
tion functions for the DGA

2
(a different function for each

subpopulation). On the other hand, for the GA
1
, GA
2
, and

DGA
1
, the 2-opt has been utilized for this purpose, since it is

the one that gets the best results.
For the same problems (ATSP, NQP, and BPP), GB uses

the half crossover (HX) operator [81] as a custom training
function. This operator is a particular case of the traditional
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8 2 6 3 79 51 04

3 1 0 9 68 45 27
Initial state

8 2 6 91

3 1 0 85

8 2 6 5 09 31 74

3 1 0 85 96 472
Intermediate state Final state

Figure 8: Example of HX with a 10-node instance.

8 2 6 3 79 51 04

3 1 0 9 68 45 27

Initial state Intermediate state Final state

6 39 5

0 98 4

8 4 6 3 79 50 12

3 5 0 86 74 219

Figure 9: Example of OX with a 10-node instance.

one-point crossover, in which the cut-point is made always
in the middle of the solution. Assuming a 10-node instance,
in Figure 8, an example of this function can be seen. This
function has been used as a crossover operator for the GA

2

and DGA
2
. On the other hand, for the GA

1
and DGA

1
, the

well-known order crossover (OX) [61] has been implemented
as a crossover function. In Figure 9, an example of the OX is
shown. Finally, in Table 1, a summary of the characteristics of
both GAs and DGAs is depicted.

Regarding the VRPB, 2-opt and Insertion functions are
also used as conventional training functions.These operators,
as Savelsbergh called them [87], are intraroute functions,
which means that they work within a specific route. Addi-
tionally, two interroute functions have been developed.

(i) Insertion Routes: this function selects and extracts
one random node from a random route. After that,
this node is reinserted in a random position in anoth-
er randomly selected route.This function could create
new routes.

(ii) Swapping Routes: this operator selects randomly two
nodes of two randomly selected routes. These nodes
are swapped.

It is noteworthy that all these functions take into account
both the vehicles capacity and the class of the nodes’
demands, never making infeasible solutions. As in the previ-
ous problems, these same operators have been also developed
as mutation functions for the DGA

2
(a different operator for

each subpopulation).Moreover, Insertion Routes operator has
been used for the same purpose in GA

1
, GA
2
, and DGA

1
.

For the VRPB, the half route crossover (HRX) has been
used as custom training.This function has been used recently
in several studies [49, 85], and it operates as follows: first,
half of the routes of one parent are directly inserted into the
child.Then, the nodes that remain to be inserted are added in
the same order in which they appear in the other parent. As
the above functions, the HRX takes into account the VRPB
constraints, and it does not generate infeasible solutions. In
Figure 10, an example of the HRX procedure in a 20-node
instance is shown. Additionally, in Table 2, a summary of the
characteristics of both GAs and DGAs for VRPB is shown.
Finally, the features of the GB for the four problems are
depicted in Table 3.
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Figure 10: A possible example of HRX with a 20-node instance.

4.2. Description of the Experimentation. In this section, the
basic aspects of the experimentation are detailed. First, all
the tests have been run on an Intel Core i7 3930 computer,
with 3.20GHz and a RAM of 16GB. Microsoft Windows
7 has been used as OS. All the techniques were coded
in Java. For the ATSP, 19 instances have been employed,
which have been obtained from the TSPLib Benchmark [88].
These 19 instances are all the available ones that can be
found in the TSPLib webpage (https://www.iwr.uni-heidel-
berg.de/groups/comopt/software/TSPLIB95/). Additionally,
12 instances have been utilized for the VRPB.These instances
have been created by the authors of this study.With the aim of
allowing the replication of this experimentation, the bench-
mark used is available under request, and it can be obtained
from the personal site of the corresponding author of this
paper (http://paginaspersonales.deusto.es/e.osaba). The first
6 instances of the benchmark have been picked from the
VRPTW Solomon Benchmark (http://w.cba.neu.edu/∼msol-
omon/problems.htm). For these instances, the time con-
straints have been removed. Furthermore, the demands type
has been modified in order to create backhaul and linehaul
customers.The vehicles capacity and the amount of customer
demands have been retained. On the other hand, the remain-
ing instances have been taken from the VRPWeb, and they
belong to the Christofides/Eilon (http://neo.lcc.uma.es/vrp)
CVRP set. In this case, only the demand nature has been
modified. These problem instances have been adapted for
experimentation purpose and so, their optimum solutions are
unknown.

In regard to the NQP, 15 different instances have been
developed. The name of each of them describes the number
of queens and the dimension of the chessboard. For example,
the 20-queen instance consists in placing 20 queens on a
20x20 board. For this problem, the optimum is also not
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Table 1: Summary of the characteristics of GA1, GA2, DGA1, and DGA2 for the ATSP, NQP, and BPP.

Alg. Population 𝑝
𝑐
and 𝑝

𝑚
Surviv. funct. Cross. oper. Mut. operators

GA1
1 population, 48
individuals 80% & 20% 50% elitist—50%

random OX 2-opt

GA2
1 population, 48
individuals 0.003% & 100% 100% elitist HX 2-opt

DGA1

4 subpopulations,
each with 12
individuals

95% & 5%, 90% &
10%, 75% & 25%, 80%
& 20%, respectively

50% elitist—50%
random OX 2-opt (the same for all

subpopulations)

DGA2

4 subpopulations,
each with 12
individuals

0.003% & 100% 100% elitist HX

2-opt, 3-opt,
Swapping, and

Insertion (a different
function for each

population)

Table 2: Summary of the characteristics of GA1, GA2, DGA1, and DGA2 for the VRPB.

Alg. Population 𝑝
𝑐
and 𝑝

𝑚
Surviv. funct. Cross. oper. Mut. operators

GA1
1 population, 48
individuals 80% & 20% 50% elitist—50%

random HRX Insertion Routes

GA2
1 population, 48
individuals 0.003% & 100% 100% elitist HRX Insertion Routes

DGA1

4 subpopulations,
each with 12
individuals

95% & 5%, 90% &
10%, 75% & 25%, 80%
& 20%, respectively

50% elitist—50%
random HRX

Insertion Routes (the
same for all

subpopulations)

DGA2

4 subpopulations,
each with 12
individuals

0.003% & 100% 100% elitist HRX

2-opt, Insertion,
Insertion Routes, and
Swapping Routes (a
different function for
each population)

Table 3: Summary of the characteristics of GB.

Number of teams (TN) 4
Number of players per team (PT) 12
Number of trainings without
improvement for a custom training 6

Number of trainings without
improvement for a special transfer 12

Custom training function for the
ATSP, NQP, and BPP HX

Custom training function for the
VRPB HRX

Conventional training functions for
the ATSP, NQP, and BPP

2-opt, 3-opt, Swapping, and
Insertion

Conventional training functions for
the VRPB

2-opt, Insertion, Swapping
Routes, and Insertion

Routes

shown, since it is 0 in every case. At last, regarding the
BPP, 16 instances have been chosen from the well-known
Scholl/Klein benchmark (http://www.wiwi.uni-jena.de/ent-
scheidung/binpp/index.htm). These cases are named
𝑁𝑥𝐶𝑦𝑊𝑧 𝑎, where 𝑥 is 1 (50 items), 2 (100 items), 3 (200
items), or 4 (500 items); 𝑦 is 1 (capacity of 100), 2 (capacity of
120), and 3 (capacity of 150); 𝑧 is 1 (items size between 1 and

100) and 2 (items size between 20 and 100); and 𝑎 is A, B, or
C as benchmark indexing parameter.

Each instance has been run 40 times. Besides, with the
intention of conducting a fair and rigorous outcomes’ com-
parison, two different statistical tests have been performed:
the normal distribution 𝑧-test and the Friedman test. Thanks
to these tests, it can be concluded whether the differences in
the results are statistically significant or not. The details of
these statistical tests are explained in the next section.

5. Experimentation Results

In this section, the results obtained by each technique for
the chosen problems are shown and analysed. In addition,
the statistical tests are also depicted in this section. First,
the results and statistical tests are displayed (Section 5.1).
Then, the analysis of the outcomes obtained is conducted
(Section 5.2).

5.1. Results and Statistical Tests. In this section, the outcomes
and statistical tests are shown. In Table 4, the results obtained
for the ATSP are introduced. Furthermore, in Table 5, the
outcomes got for the VRPB are presented. Besides, results
obtained for the NQP and BPP are detailed in Tables 6
and 7, respectively. For each instance, the average result and
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Table 4: Results of GB, GA1, GA2, DGA1, and DGA2 for the ATSP. For each instance results average, standard deviation, and time average
are shown.

Instance GB GA1 GA2 DGA1 DGA2

Name Optimum Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time
br17 39 39.0 0.0 0.1 39.2 0.4 0.1 39.1 0.2 0.1 39.0 0.0 0.1 39.0 0.0 0.2
ftv33 1286 1329.2 33.7 0.2 1412.5 81.5 0.4 1540.3 83.1 0.2 1403.7 60.9 0.4 1416.8 90.4 0.4
ftv35 1473 1509.5 28.8 0.2 1609.1 76.9 0.4 1678.3 165.3 0.2 1606.8 74.7 0.4 1598.3 57.0 0.4
ftv38 1530 1580.4 37.3 0.3 1676.1 71.7 0.5 1709.1 145.8 0.3 1703.6 91.8 0.5 1699.4 74.5 0.4
p43 5620 5620.6 0.8 0.3 5627.7 5.5 0.9 5626.9 3.8 0.4 5625.9 3.7 0.8 5624.8 3.4 0.4
ftv44 1613 1695.1 42.7 0.4 1787.1 93.2 1.0 2071.5 147.7 0.4 1832.6 131.9 0.9 1835.0 108.0 0.6
ftv47 1776 1862.2 55.2 0.5 1961.4 86.7 1.4 2526.2 705.5 0.6 2020.2 139.1 1.0 2038.2 130.7 0.8
ry48p 14422 14614.2 164.5 0.6 15008.2 348.6 1.6 14976.5 259.7 0.8 15038.8 381.9 1.8 14945.2 178.8 0.7
ft53 6905 7335.0 204.7 0.8 8077.2 344.9 1.8 9401.1 632.6 0.9 8331.5 462.9 1.7 7997.4 232.2 0.9
ftv55 1608 1737.1 73.2 0.8 1879.3 110.7 1.4 2152.4 312.5 1.4 2021.2 153.4 1.7 1990.9 109.4 1.4
ftv64 1839 2023.5 93.4 1.6 2203.5 129.5 2.1 3032.9 226.8 1.8 2284.3 163.2 3.2 2321.8 141.3 1.7
ftv70 1950 2151.9 83.9 1.8 2313.7 145.2 2.7 3335.5 330.2 2.1 2390.0 127.0 2.5 2509.6 140.4 2.1
ft70 38673 40135.9 461.4 2.1 40416.0 623.4 3.2 47067.0 1647.2 2.1 40813.1 746.0 2.6 41129.9 823.5 2.3
kro124p 36230 38924.6 1157.4 7.4 42259.0 1813.8 9.4 44084.0 1932.5 8.8 43408.1 2020.3 11.4 41116.5 1044.9 7.8
ftv170 2755 3873.4 468.7 41.2 4214.8 361.8 49.8 4210.1 481.3 43.5 4367.0 470.7 51.7 4252.4 174.2 39.8
rbg323 1326 1494.2 35.7 120.3 1601.0 76.8 130.7 1596.1 77.3 124.9 1584.7 73.7 130.7 1614.7 194.4 124.9
rbg358 1163 1364.8 40.1 147.7 1781.9 62.5 158.1 1799.8 66.2 150.4 1720.8 175.0 164.8 1724.7 189.7 159.4
rbg403 2465 2510.4 29.6 222.0 3088.4 199.6 227.4 3298.8 378.1 224.2 2870.2 194.5 235.1 2766.2 138.4 220.4
rbg443 2720 2767.9 17.5 324.5 3142.5 219.3 335.9 3154.4 242.5 321.0 2992.2 125.6 335.9 2989.6 128.1 329.0

Table 5: Results of GB, GA1, GA2, DGA1, and DGA2 for the VRPB. For each instance results average, standard deviation, and time average
are shown.

Instance GB GA1 GA2 DGA1 DGA2
Name Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time
C101 675.3 39.1 3.3 722.3 67.7 10.4 706.0 40.2 2.9 739.1 47.7 12.6 707.0 65.6 3.4
C201 648.6 44.1 1.1 852.3 124.5 1.2 834.8 75.3 1.4 795.8 50.2 2.4 717.2 133.7 1.1
R101 895.8 25.1 3.1 995.8 80.9 7.8 946.1 48.8 2.5 959.5 43.9 9.1 903.9 51.5 3.1
R201 1047.6 22.6 7.0 1270.0 62.5 13.0 1137.2 65.4 6.5 1188.9 75.1 12.4 1085.7 39.5 6.8
RC101 583.3 15.1 0.5 778.9 118.9 0.9 660.2 59.2 0.9 645.1 66.3 1.1 626.3 44.1 1.1
RC201 1164.6 41.6 6.2 1304.5 76.5 13.2 1261.0 87.9 5.9 1337.2 60.1 12.4 1182.1 63.8 6.1
En23k3 696.8 13.5 0.5 797.0 67.8 0.9 748.4 33.9 0.8 771.0 49.3 0.8 702.6 24.1 0.8
En30k4 509.6 16.3 0.5 672.2 51.7 1.5 630.7 39.7 1.3 600.6 56.6 1.4 593.3 69.2 0.8
En33k4 777.9 30.7 0.6 851.7 41.9 1.7 835.7 47.3 1.1 833.6 35.3 1.2 819.7 28.7 0.9
En51k5 630.5 20.7 2.0 716.8 52.3 2.6 715.0 46.5 2.3 721.5 33.5 2.5 646.0 35.6 1.9
En76k8 830.7 26.4 6.3 915.2 43.1 10.7 916.3 54.3 6.1 918.5 74.0 9.7 871.4 39.2 5.8
En101k14 1088.0 24.2 22.0 1183.8 38.8 26.3 1164.8 56.2 20.8 1231.9 42.9 24.8 1191.4 59.1 19.8

standard deviation are shown. Additionally, average runtimes
are also displayed (in seconds).

As mentioned, two statistical tests have been performed
according to these outcomes. The first one is the normal
distribution 𝑧-test. By this test, the results obtained by the GB
are compared with those obtained by the other techniques.
Thanks to the normal distribution 𝑧-test, it can be concluded
whether the differences betweenGB and the other techniques
are statistically significant or not. The 𝑧 statistic has the
following form:

𝑧 =

𝑋GB − 𝑋𝑖

√(𝜎
2

GB/𝑛GB) + (𝜎
2

𝑖
/𝑛
𝑖
)

, (6)

where𝑋GB: average of the GB, 𝜎GB: standard deviation of the
GB, 𝑛GB: sample size for GB,𝑋

𝑖
: average of the technique 𝑖, 𝜎

𝑖
:

standard deviation of the technique 𝑖, and 𝑛
𝑖
: sample size for

technique 𝑖.
It is noteworthy that the GB has been faced with the other

four implemented metaheuristics. Thereby, the parameter 𝑖
can be GA

1
, GA
2
, DGA

1
, and DGA

2
.The confidence interval

has been stated at 95% (𝑧
0.05

= 1.96). In this way, the result
of the test can be positive (+), if 𝑧 ≥ 1.96; negative (−), if
𝑧 ≤ −1.96; or neutral (∗), if −1.96 < 𝑧 < 1.96. A + indicates
that GB is significantly better. In the opposite case, it obtains
substantially worse solutions. If the result is (∗), the difference
is not significant. In this study, the numerical value of 𝑧 is also
displayed.Thereby, the difference in results may be seenmore
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Table 6: Results of GB, GA1, GA2, DGA1, and DGA2 for the NQP. For each instance, results average, standard deviation, and time average
are shown. The optimum of each instance is 0.

Instance GB GA1 GA2 DGA1 DGA2
Name Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time
8-queen 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0 0.1
20-queen 0.1 0.2 0.1 1.4 0.6 0.1 0.1 0.3 0.1 1.5 1.1 0.2 0.8 0.7 0.1
50-queen 0.0 0.0 0.7 5.3 1.7 0.8 1.9 0.7 0.8 5.0 1.1 1.1 4.3 1.6 0.8
75-queen 0.1 0.2 4.1 8.1 1.6 4.1 4.6 1.8 4.6 9.1 1.7 5.4 6.1 1.7 4.8
100-queen 0.5 0.7 5.8 13.6 2.1 6.8 7.2 1.7 7.2 12.0 2.0 10.1 11.4 3.0 11.0
125-queen 0.3 0.4 13.4 16.4 3.2 15.8 12.6 2.4 14.8 16.2 2.5 18.4 14.3 2.4 14.8
150-queen 1.7 1.4 16.7 18.1 3.2 18.4 17.0 2.9 16.5 20.0 3.2 20.6 19.0 1.9 16.5
200-queen 3.3 1.9 23.1 26.0 3.9 26.1 24.5 3.5 26.1 32.8 4.8 31.1 23.4 3.1 26.1
225-queen 4.3 1.7 35.4 31.9 5.0 41.5 37.9 3.2 31.2 38.4 3.5 31.2 29.2 4.3 35.8
250-queen 3.5 1.6 72.4 44.3 3.9 83.1 32.7 6.7 78.1 41.2 5.3 78.1 32.0 3.1 78.1
275-queen 5.6 3.0 101.6 50.0 11.2 104.2 39.5 4.9 102.5 44.1 7.5 107.6 39.9 4.9 104.7
300-queen 6.4 2.6 131.0 61.9 5.2 132.9 44.4 5.3 130.9 52.8 5.9 134.5 44.4 5.9 128.4
325-queen 4.8 2.4 215.6 63.5 5.6 225.3 47.4 6.4 220.7 54.4 3.6 228.7 49.1 4.1 218.1
350-queen 5.1 3.0 275.3 71.4 5.6 286.7 51.0 4.7 281.2 65.5 5.7 289.6 49.9 5.8 278.5
400-queen 4.3 2.2 359.7 59.9 10.1 371.8 54.0 9.7 365.7 59.4 8.1 379.5 56.1 7.6 357.8

Table 7: Results of GB, GA1, GA2, DGA1, and DGA2 for the BPP. For each instance results average, standard deviation, and time average are
shown.

Instance GB GA1 GA2 DGA1 DGA2

Name Optimum Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time Avg. S. dev. Time
N1C1W1 A 25 26.0 0.0 0.2 26.5 0.5 0.2 26.7 0.4 0.1 26.8 0.5 0.3 26.7 0.5 0.3
N1C1W1 B 31 31.0 0.0 0.2 31.9 0.4 0.2 31.5 0.5 0.2 31.5 0.5 0.4 31.6 0.6 0.3
N1C2W1 A 21 21.1 0.2 0.2 21.9 0.5 0.3 21.9 0.5 0.2 21.8 0.4 0.4 22.0 0.4 0.3
N1C2W1 B 26 26.1 0.2 0.3 27.6 0.5 0.3 27.1 0.4 0.3 26.8 0.4 0.3 26.8 0.5 0.3
N2C1W1 A 48 51.0 0.3 1.8 53.1 0.6 1.7 52.4 0.6 1.4 52.9 0.6 1.8 52.2 0.7 1.4
N2C1W1 B 49 51.4 0.5 1.8 52.6 0.6 1.9 53.0 0.8 1.5 53.3 0.8 1.8 52.8 0.6 1.4
N2C2W1 A 42 43.9 0.2 1.8 44.6 0.6 1.8 45.4 0.5 1.7 45.7 0.6 1.9 45.3 0.6 1.7
N2C2W1 B 50 51.4 0.5 2.1 52.4 0.6 1.9 53.1 0.7 1.8 53.4 0.6 1.9 53.2 0.6 1.5
N3C2W2 A 107 114.1 1.1 15.0 121.8 1.3 14.8 118.7 1.5 13.5 120.0 1.4 15.2 118.0 1.3 14.1
N3C2W2 B 105 109.6 0.5 17.1 119.8 1.5 16.5 113.4 1.1 16.1 115.3 1.8 15.4 111.9 0.7 14.9
N3C3W1 A 66 70.2 0.5 12.2 74.6 0.7 12.9 71.5 0.7 12.1 72.6 0.9 14.8 71.4 0.8 13.8
N3C3W1 B 71 76.1 0.5 12.1 78.4 0.6 13.1 77.4 0.9 12.7 78.6 1.0 15.7 77.6 1.0 14.5
N4C1W1 A 240 260.5 1.5 194.7 271.6 2.5 187.4 268.4 3.8 181.0 270.1 2.4 200.7 267.7 2.1 199.9
N4C2W1 A 210 231.2 1.2 195.8 239.1 1.6 188.5 233.3 5.2 186.4 241.0 1.9 203.2 235.4 1.3 200.1
N4C2W1 B 213 233.3 1.6 190.5 241.5 2.4 186.2 234.3 4.7 184.2 243.6 1.9 198.6 239.1 0.7 195.4
N4C2W1 C 213 234.5 1.6 199.8 241.7 1.8 194.2 239.7 6.8 191.4 241.3 2.0 201.5 238.1 1.9 198.3

easily. In Table 8, the tests performed for the chosen problems
are shown.

The second statistical test conducted is the Friedman test.
In Table 9, the results of overall ranking calculated using
this test are summarized, where the smaller the score is, the
better the ranking is. This ranking is conducted considering
the average results of each technique and comparing them
instance by instance. Furthermore, in order to check if there
are statistical differences between the developed techniques,
the value of𝑋2

𝑟
is also depicted in Table 9.This value has been

obtained using the following formula:

𝑋
2

𝑟
=

12

𝐻𝐾 (𝐾 + 1)

∑ (𝐻𝑅𝑐)
2

− 3𝐻 (𝐾 + 1) . (7)

𝐻 is the number of problem instances (e.g., for ATSP,
𝐻 = 19), 𝐾 is the number of techniques (𝐾 = 5), and 𝑅𝑐 is
the value of the Friendman test ranking score.The confidence
interval has been stated at the 99% confidence level. The
critical point in a 𝜒2 distribution with 4 degrees of freedom
is 13.277. Thereby, if 𝑋2

𝑟
> 13.277, it can be concluded that

there are significant differences between the five techniques.
Otherwise, the differences are not substantial.

5.2. Analysis of the Results. Looking at the results presented
in the previous section, one clear conclusion can be drawn:
the GB outperforms the other techniques in terms of quality.
Analyzing Tables 4–7, it can be seen how GB obtains
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Table 8: Normal distribution 𝑧-test.

Instance Versus GA1 Versus GA2 Versus DGA1 Versus DGA2

br17 +(3.16) +(3.16) ∗(0.00) ∗(0.00)
ftv33 +(5.97) +(14.88) +(6.76) +(5.74)
ftv35 +(7.67) +(6.35) +(7.68) +(8.79)
ftv38 +(7.48) +(5.40) +(7.86) +(9.03)
p43 +(8.07) +(10.26) +(8.85) +(7.60)
ftv44 +(5.67) +(15.48) +(6.27) +(7.61)
ftv47 +(6.10) +(5.93) +(6.67) +(7.84)
ry48p +(6.46) +(7.45) +(6.45) +(8.61)
ft53 +(11.70) +(19.65) +(12.45) +(13.53)
ftv55 +(6.77) +(8.18) +(10.57) +(12.19)
ftv64 +(7.12) +(26.02) +(8.77) +(11.13)
ftv70 +(6.10) +(21.97) +(9.89) +(13.83)
ft70 +(2.28) +(25.62) +(4.88) +(6.65)
kro124p +(9.80) +(14.48) +(12.17) +(8.89)
ftv170 +(3.64) +(3.16) +(4.69) +(4.79)
rbg323 +(7.97) +(7.56) +(6.98) +(3.85)
rbg358 +(35.52) +(35.54) +(12.54) +(11.73)
rbg403 +(18.11) +(13.14) +(11.56) +(11.43)
rbg443 +(10.76) +(10.05) +(10.96) +(10.84)
C101 +(3.80) +(3.46) +(6.54) +(2.62)
C201 +(9.75) +(13.49) +(13.93) +(3.08)
R101 +(7.46) +(5.79) +(7.96) ∗(0.89)
R201 +(21.16) +(8.18) +(11.39) +(5.29)
RC101 +(10.32) +(7.96) +(5.74) +(5.83)
RC201 +(10.16) +(6.26) +(14.93) ∗(1.45)
En23k3 +(9.16) +(8.94) +(9.18) ∗(1.32)
En30k4 +(18.97) +(17.84) +(9.77) +(7.44)
En33k4 +(8.98) +(6.48) +(7.53) +(6.29)
En51k5 +(9.70) +(10.49) +(14.61) +(2.38)
En76k8 +(10.57) +(8.96) +(7.06) +(5.44)
En101k14 +(13.24) +(7.93) +(18.47) +(10.24)
8-queen ∗(0.00) ∗(0.00) ∗(0.00) ∗(0.00)
20-queen +(13.00) ∗(0.00) +(7.91) +(6.08)
50-queen +(19.71) +(17.16) +(28.74) +(16.99)
75-queen +(31.37) +(15.71) +(33.25) +(22.16)
100-queen +(37.42) +(23.04) +(34.32) +(22.37)
125-queen +(31.57) +(31.97) +(39.71) +(36.39)
150-queen +(29.69) +(30.04) +(33.13) +(46.36)
200-queen +(33.09) +(33.66) +(36.14) +(34.96)
225-queen +(33.05) +(58.64) +(55.42) +(34.05)
250-queen +(61.21) +(26.80) +(43.06) +(51.66)
275-queen +(24.21) +(37.31) +(30.14) +(37.75)
300-queen +(60.37) +(40.71) +(45.51) +(37.27)
325-queen +(60.93) +(39.41) +(72.50) +(58.97)
350-queen +(66.00) +(52.06) +(59.30) +(43.39)
400-queen +(34.01) +(31.60) +(41.51) +(41.40)
N1C1W1 A +(6.32) +(11.06) +(10.11) +(8.85)
N1C1W1 B +(14.23) +(6.32) +(6.32) +(6.32)
N1C2W1 A +(9.39) +(9.39) +(9.89) +(12.72)
N1C2W1 B +(17.61) +(14.14) +(9.89) +(8.22)
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Table 8: Continued.

Instance Versus GA1 Versus GA2 Versus DGA1 Versus DGA2

N2C1W1 A +(19.79) +(13.19) +(17.91) +(9.96)
N2C1W1 B +(9.71) +(10.72) +(12.73) +(11.33)
N2C2W1 A +(7.00) +(17.61) +(18.00) +(14.00)
N2C2W1 B +(8.09) +(12.49) +(16.19) +(14.57)
N3C2W2 A +(28.59) +(15.64) +(20.95) +(14.48)
N3C2W2 B +(40.08) +(19.89) +(19.29) +(16.90)
N3C3W1 A +(32.34) +(9.55) +(14.74) +(8.04)
N3C3W1 B +(20.57) +(7.98) +(14.14) +(8.48)
N4C1W1 A +(24.07) +(12.23) +(21.45) +(17.64)
N4C2W1 A +(24.98) +(2.48) +(27.58) +(15.01)
N4C2W1 B +(17.97) ∗(1.27) +(26.22) +(21.00)
N4C2W1 C +(18.90) +(4.70) +(16.79) +(9.16)
+GB is significantly better. −It is worse. ∗The difference is not significant (at 95% confidence level).

Table 9: Results of Friedman’s test (smaller is better). The last
column depicts the𝑋2

𝑟
value.

Problem GB GA1 GA2 DGA1 DGA2 𝑋
2

𝑟

ATSP 1.01 3.16 4.52 3.17 3.01 42.04
VRPB 1.00 4.33 3.25 4.00 2.25 28.00
NQP 1.04 4.21 2.28 4.21 2.64 15.49
BPP 1.00 3.96 3.03 4.06 2.81 34.00

better results than the other metaheuristics in 95.16% of
the instances (59 out of 62). In the remaining 3 instances,
GB obtains the same outcomes as one or more of the
other techniques. Besides, as can be proved, GB has never
obtained worse results. In addition, as Table 8 demonstrates,
GB obtains significantly better results in 95.96% of the cases
(238 out of 248), the differences being insignificant in the
remaining 4.04%. The conclusions that can be extracted by
performing a problem-by-problem analysis are the same.
Regarding the ATSP, the GB gets better results in 94.73%
of the cases (18 out of 19). In the remaining instance, GB
obtains the same results as DGA

1
and DGA

2
. Furthermore,

according to Table 8, GB is substantially better in 97.36% of
the confrontations (74 out of 76). In regard to VRPB and
BPP, GB outperforms the other alternatives in 100% of the
cases, and the differences are significant in 93.75% (45 out
of 48) of the confrontations for the VRPB and in 100% (64
out of 64) for the BPP. Finally, in relation to NQP, GB proves
to be better in 86.66% of the instances. In the remaining 2
cases, it obtains the same results as one or more of the other
techniques. Besides, these differences are significantly better
for the GB in 91% of the confrontations (55 out of 60).

At last, observing the results offered by the Friedman test
(Table 9), it can be seen howGB is arguably the best technique
for all the problems. In addition, all the values of𝑋2

𝑟
are higher

than the critical point, 13.277. For this reason, it can be con-
cluded again that there are significant differences among the
results obtained by the four techniques for all the problems.

The reasons why GB performs better than the other
algorithms are the same that were presented in [51]. On
the one hand, the GB combines local improvement phases
(conventional trainings) with cooperative (custom trainings
and player transfers) and competitive phases (matches).
This technique gives greater importance to the autonomous
improvement of the players, while the other four algorithms
aremore focused on the cooperation and competition of indi-
viduals. Furthermore, GB uses cooperation between players
through custom trainings. Anyway, this resource is used to
avoid local optima and to increase the exploration capacity
of the technique. For this reason, this kind of trainings
is used sporadically and only when it is beneficial for the
search process. Besides, in the GB metaheuristic, players
can explore different neighborhood structures. This feature
is another alternative to avoid local optima, and it helps
players to explore in different ways the solution space. On
the other hand, GA

1
, GA
2
, DGA

1
, and DGA

2
have also

some mechanisms to avoid local optima, but optimization
mechanisms are not as powerful as the GB.

Regarding runtimes, GB is faster than GA
1
and DGA

1
,

while GA
2
and DGA

2
need similar times to GB. This fact

gives an advantage to GB, since it can obtain better results
than the rest of techniques needing similar runtimes as GA

2

and DGA
2
.

The reason why GB is faster than GA
1
and DGA

1
can be

explained following the same concepts introduced in several
recently published works [49, 81]. Comparing individual
improvement operators (mutation and custom training) and
cooperative operators (crossover and custom training), the
first ones need less time.They operate with one solution, and
they perform a simple modification which can be made in
a minimum time. On the other hand, cooperative operators
work with two different solutions, and their working ways
are more complex, needing more runtime. GB makes less
cooperative movements than GA

1
and DGA

1
, and this fact

is perfectly reflected in runtimes. Additionally, GB, GA
2
,

and DGA
2
obtain similar runtimes because they use their

operators similarly.
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Another noteworthy fact is the robustness of the GB.The
standard deviation of the GB is lower than the one of the
other techniques in 93.54% of the instances (58 out of 62).
This means that the differences between the worst and the
best result found for an instance are lower for the GB, in
comparisonwith the four other algorithms.This fact provides
robustness and reliability to the metaheuristic, something
very important for a real-world problem.

As a final conclusion, it can be drawn that the GB has
proved to be better than the other four metaheuristics for
all the used problems. In this way, adding these outcomes
to those presented in [51] for the TSP and CVRP, it can be
confirmed that the GB is a promising technique for solving
combinatorial optimization problems.

6. Conclusions and Further Work

The Golden Ball is a recently published multiple-population
metaheuristic, which is based on soccer concepts. Until now,
its performance has been tested with two simple routing
problems, the TSP and the CVRP. In this paper, the quality of
this technique is demonstrated applying it to four additional
combinatorial problems. Two of them are routing problems,
which are more complex than the previously used ones: the
ATSP and the VRPB. Furthermore, one constraint satisfac-
tion problem (NQP) and one combinatorial design problem
(BPP) have also been used. In the paper presented, GB has
been tested with 62 new problem instances. The outcomes
obtained by the GB have been compared with the ones got by
two different GAs and twoDGAs. Additionally, two statistical
tests have been conducted, in order to perform a rigorous
and fair comparison. As a conclusion, adding the results
obtained in this study with those obtained in [51], it can be
concluded that the GB is a promising metaheuristic to solve
combinatorial optimization problems.

As future work, it has been planned to apply the GB
to other types of optimization problems. In addition, it is
intended to compare the technique with other population
metaheuristics, in terms of concepts and results.
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[54] E. Cantú-Paz, “A survey of parallel genetic algorithms,” Calcu-
lateurs Paralleles, Reseaux et Systems Repartis, vol. 10, no. 2, pp.
141–171, 1998.

[55] E. Alba and J. M. Troya, “A survey of parallel distributed genetic
algorithms: a structured and extensive overview on an up-to-
date search paradigm,” Complexity, vol. 4, no. 4, pp. 31–52, 1999.

[56] A. M. Frieze, G. Galbiati, and F. Maffioli, “On the worst-case
performance of some algorithms for the asymmetric traveling
salesman problem,” Networks, vol. 12, no. 1, pp. 23–39, 1982.

[57] B. Golden, E. Baker, J. Alfaro, and J. Schaffer, “The vehicle
routing problemwith backhauling: two approaches,” inProceed-
ings of the 21st Annual Meeting of SE TIMS, pp. 90–92, South
Carolina, SC, USA, 1985.

[58] I. Rivin, I. Vardi, and P. Zimmermann, “The 𝑛-queens problem,”
The American Mathematical Monthly, vol. 101, no. 7, pp. 629–
639, 1994.



The Scientific World Journal 17

[59] S. Martello and P. Toth, Knapsack Problems: Algorithms and
Computer Implementations, Wiley, New York, NY, USA, 1990.

[60] S. Lin, “Computer solutions of the traveling salesman problem,”
The Bell System Technical Journal, vol. 44, pp. 2245–2269, 1965.

[61] L. Davis, “Applying adaptive algorithms to epistatic domains,”
in Proceedings of the International Joint Conference on Artificial
Intelligence, vol. 1, pp. 161–163, 1985.

[62] D. E. Goldberg and R. Lingle, “Alleles, loci, and the traveling
salesman problem,” in Proceedings of the 1st International
Conference on Genetic Algorithms and Their Applications, pp.
154–159, Lawrence Erlbaum Associates, 1985.

[63] J. LaRusic and A. P. Punnen, “The asymmetric bottleneck trav-
eling salesman problem: algorithms, complexity and empirical
analysis,” Computers & Operations Research, vol. 43, pp. 20–35,
2014.

[64] J. Bai, G. K. Yang, Y. W. Chen, L. S. Hu, and C. C. Pan, “Amodel
induced max-min ant colony optimization for asymmetric
traveling salesman problem,” Applied Soft Computing Journal,
vol. 13, no. 3, pp. 1365–1375, 2013.
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A novel hybrid multiobjective algorithm is presented in this paper, which combines a newmultiobjective estimation of distribution
algorithm, an efficient local searcher and 𝜀-dominance. Besides, twomultiobjective problemswith variable linkages strictly based on
manifold distribution are proposed. The Pareto set to the continuous multiobjective optimization problems, in the decision space,
is a piecewise low-dimensional continuous manifold. The regularity by the manifold features just build probability distribution
model by globally statistical information from the population, yet, the efficiency of promising individuals is not well exploited,
which is not beneficial to search and optimization process. Hereby, an incremental tournament local searcher is designed to
exploit local information efficiently and accelerate convergence to the true Pareto-optimal front. Besides, since 𝜀-dominance is a
strategy that canmakemultiobjective algorithmgainwell distributed solutions and has low computational complexity, 𝜀-dominance
and the incremental tournament local searcher are combined here. The novel memetic multiobjective estimation of distribution
algorithm, MMEDA, was proposed accordingly. The algorithm is validated by experiment on twenty-two test problems with and
without variable linkages of diverse complexities. Compared with three state-of-the-art multiobjective optimization algorithms,
our algorithm achieves comparable results in terms of convergence and diversity metrics.

1. Introduction

Multiobjective optimization usually involves many conflict-
ing, incomparable, and noncommensurable objectives. Dur-
ing the past two decades, multiobjective evolutionary algo-
rithms (MOEAs) have obtained much more interest among
optimization community mainly because of the fact that they
can be suitably applied to deal simultaneously with a set of
possible solutions. A number of evolutionary algorithms have
been developed for multiobjective problems, such as strength
Pareto evolutionary algorithm (SPEA) [1], Pareto archived
evolution strategy (PAES) [2], Pareto envelope-based selec-
tion algorithm (PESA) [3, 4], micro-GA [5], nondominated
sorting genetic algorithm II (NSGA-II) [6], strength Pareto
evolutionary algorithm 2 (SPEA2) [7], multiple objectives
with particle swarm optimization (MOPSO) [8], nondomi-
nated neighbor immune algorithm (NNIA) [9], and MOEA

with adaptive weight adjustment (MOEA/D-AWA) [10].
Following the recent review of evolutionary multiobjective
optimization fields [11, 12], NSGA-II and SPEA2 can be
considered as two representatives of state-of-the-art MOEAs
in current multiobjective optimization community.

The current MOEAs research mainly focuses on the
following several highly related issues, such as fitness assign-
ment, diversity maintenance, external population, combina-
tion of MOEA and local search, new dominance scheme,
and many-objective problems. However, there are little fresh
work done on how to generate new solutions and most
current MOEAs directly adopt traditional crossover and
mutation operators. Based on the works [13, 14], we can
gain multiobjective problems (MOPs) with variable linkages
causing trouble to MOEAs with traditional crossover and
mutation operators. It seems that it is urgent to design new
scheme to generate new solutions.
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Estimation of distribution algorithms (EDAs) are a
new computing paradigm in evolutionary computation. A
posterior probability distribution model based on globally
statistical information from the selected solutions is built to
generate new solutions for next generation. This new class
of algorithms generalizes genetic algorithms by replacing the
crossover and mutation operators by learning and sampling
the probability distribution of the promising individuals
of population per iteration. Working in such a way, the
relationships between the variables involved in the problem
domain are explicitly and effectively captured and exploited.
Several EDAs have been proposed for MOPs. Khan [15]
proposed multiobjective BOA (mBOA) and multiobjective
hierarchical BOA (mhBOA) by combining the model build-
ing and model sampling procedures of BOA [16] and hier-
archical BOA (hBOA) [17] with the selection procedure of
NSGA-II. They compared the performance of mBOA and
mhBOA with that of NSGA-II on a class of bounded difficult
additively separable deceptive and hierarchically deceptive
functions. Bosman and Thierens [18] combined IDEAs with
nondominated tournament selection and clustering, and they
used clustering to split the population into subpopulation
and separate models were built for each subpopulation.
Laumanns and Ocenasek [19] combined mixed BOA with
the selection and replacement procedures of SPEA2. The
algorithm was tested on some knapsack problems, and it was
shown to dominate NSGA-II and SPEA2 in most instances.
Zhou et al. [20] present a way, named multiobjective EDA
based on decomposition, which utilizes decomposition based
techniques and probabilistic model based methods, to tackle
the traveling salesman problem. However, these MOEDAs
do not involve how the Pareto set distributes in the decision
space.

The Pareto set of a continuous MOP is a piecewise
continuous (𝑚 − 1)-dimensional manifold, where 𝑚 is the
number of the objectives, which have been investigated and
applied by several scholars [21, 22]. Zhang et al. [14] exploited
the property explicitly and proposed regularity model based
multiobjective estimation of distribution algorithm, called
RM-MEDA, a regularity model based EDA for continuous
MOPs. They have validated that RM-MEDA can effectively
deal with MOPs with variable linkages and admitted that the
performance of RM-MEDAdeclines if aMOP hasmany local
Pareto fronts [14, 23].

As Ong et al. [24, 25] suggested, in recent years, the
development of hybrid genetic algorithm is one of the most
significant trends in the field of metaheuristics. Methods
of this kind hybridize recombination operators with local
heuristics. Such a hybrid algorithm is also called a memetic
algorithm. It is clearly shown that memetic algorithms have
higher search ability than traditional EMO algorithms [26].
Ishibuchi and Murata [27] are the first two scholars to
propose a multiobjective genetic local search algorithm.
Afterward, Xu et al. [28] proposed GLSA, Jaszkiewicz [29]
proposed MOGLS, and Liu et al. [30] proposed FMOPSO.
As forenamed, RM-MEDA extracts globally statistical infor-
mation to build the probability distribution model and
performs weakly in local search. If we hybridize an effective
local search operator with RM-MEDA, we may get balance

between exploration and exploitation in the search space.
For this end, an incremental tournament local searcher
operator is proposed in our study, which biases solutions with
high isolation value. Our algorithm is called multiobjective
memetic estimation of distribution algorithm.

In order to keep well-spread Pareto-optimal solutions, 𝜀-
dominance is employed in our algorithm. The 𝜀-dominance
does not allow two solutions with a difference less than 𝜀

𝑖
in

the 𝑖th objective to be nondominated to each other, thereby
allowing a good diversity to be maintained in a population.
Besides, the method is quite pragmatic because it allows
the user to choose a suitable 𝜀

𝑖
depending on the desired

resolution in the 𝑖th objective. Deb et al. [31] have validated
that the diversitymetric of 𝜀-MOEA is slightly better than that
of NSGA-II based on crowding distance.

Moreover, in [14], Zhang et al. proposed ten multiobjec-
tive problemswith variable linkages. However, distribution of
these ten problems is linear or almost linear in decision space.
Besides, RM-MEDA introduces local principal component
analysis to build probability distribution model, which is lin-
ear or local-linear distribution in decision space. Therefore,
most of these problems may be easy for RM-MEDA. For this
end, two more difficulty problems are proposed in this paper,
whichmore accordwithmanifold distribution in the decision
space by introducing nonlinear mapping into variables.

In the remainder of the paper, we briefly mention nota-
tions and definitions in Section 2.Thereafter, in Section 3, we
briefly describe RM-MEDA. Section 4 presents the proposed
MMEDA. Section 5 describes our proposed two problems. In
Section 6, the experimental study is demonstrated. Finally, we
outline the conclusions of this paper.

2. Definitions and Notations

In our paper, we consider the following continuous MOP:

min𝑓 (x) = (𝑓
1
(x) , 𝑓

2
(x) , . . . , 𝑓

𝑚
(x))𝑇, (1)

where x ∈ Ω ⊆ 𝑅𝑁, x is a decision variable vector, and
Ω is a continuous search space. 𝑓 : x → 𝑅

𝑚 is the map
of decision variable space to 𝑚 real valued objective space.
The objectives in a MOP conflict each other, and no single
solution can optimize all the objectives at the same time.
The Pareto front/Pareto set (PF/PS) is set of all the optimal
tradeoff solutions in the objective/decision space.

Definition 1 (Pareto dominance). There is a vector u =

(𝑢
1
, 𝑢
2
, . . . , 𝑢

𝑚
), which is said to dominate v = (V

1
, V
2
, . . . , V

𝑚
)

(denoted by u < v), if and only if u is partially less than k,
which is equal to this expression:∀𝑖 ∈ {1, . . . , 𝑚},𝑢

𝑖
≤ V
𝑖
∧∃𝑖 ∈

{1, . . . , 𝑚} : 𝑢
𝑖
< V
𝑖
.

Definition 2 (Pareto optimality). A point x∗ ∈ Ω is a random
optimal point and if for every x ∈ Ω and I = (1, 2, . . . , 𝑚)
either ∀𝑖 ∈ I, 𝑓

𝑖
(x) = 𝑓∗

𝑖
(x) or there is at least one 𝑖 ∈ I such

that 𝑓
𝑖
(x) > 𝑓∗

𝑖
(x). In other words, this definition says that

x∗ is Pareto optimal if there are no feasible vectors x which
can decrease some criterion without causing a simultaneous
increase in at least one other criterion.
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Step 1. Initialization: Set 𝑡 = 0, generate initial population P(0) and evaluate them.
Step 2. Termination: If 𝑡 > 𝐺max is satisfied, export P(t) as the output of the algorithm, and stop, else go to step 3.
Step 3. Modeling: Perform local PCA to partition P(t) into 𝐾 disjoint clusters 𝑆1, 𝑆2, . . . , 𝑆𝐾. For each cluster 𝑆𝑗,
build model (2) by (4) and (5).
Step 4. Sampling: Sample new populationO(t) from model (2) and evaluateO(t).
Step 5. Non-dominated Sorting and Crowding Distance Assignment: Use the famous fast non-dominated sorting procedure
and select solutions at first several low ranks from P(t) andO(t). At the critical rank, the crowding distance computation
is employed to select individuals with higher values of crowding distance. Then, P(t + 1) is created.
Step 6. set 𝑡 := 𝑡 + 1 and go to Step 2.

Algorithm 1: The main loop of RM-MEDA.

Solutions 
Pareto set

Figure 1: Illustration of individual solutions scattered around PS in
the decision space.

3. The Framework of RM-MEDA

Under some smoothness assumptions, it could be induced
from the Karush-Kuhn-Tucker condition that the PS of (1)
defines a piecewise continuous (𝑚−1)-dimensionalmanifold,
where𝑚 is the number of objectives. In [14], they give us the
following model to illustrate individual solutions scattered
around the PS in the decision space:

𝜉 = 𝜁 + ], (2)

where 𝜁 is uniformly distributed over a piecewise continuous
(𝑚 − 1)-dimensional manifold. ] is an 𝑛-dimensional zero-
mean noise vector and 𝑛 is the number of decision variables.
Figure 1 illustrates the basic idea of RM-MEDA.

In [14], piecewise (𝑚 − 1)-dimensional linear models are
used to approximate model 𝜁 in (2). Local principal com-
ponent analysis is applied to partition population. In RM-
MEDA, the number of clusters is an experimental parameter
andZhang sets it to be 5.The solutions of each cluster are used
to build a statistical model by principal component analysis
and we could get the parameters of eachmodel and noise ] in
(2). New trial solutions are sampled from each local model.

As mentioned above, offspring solutions are generated by
the statistical model and how to build the model is crucial to
this algorithm. In RM-MEDA, they first partition population
𝑃(𝑡) into disjoint clusters 𝑆1, 𝑆2, . . . , 𝑆𝐾 by local principal
component analysis, and more details about partition can be

found in [32]. For each cluster 𝑆𝑗, let x𝑗 be its mean andU𝑗
𝑖
its

𝑖th principal component. Compute following two equations:

𝑎
𝑗

𝑖
= min (x − x𝑗)

𝑇

U𝑗
𝑖
,

𝑏
𝑗

𝑖
= max (x − x𝑗)

𝑇

U𝑗
𝑖
, x ∈ 𝑆𝑗

(3)

for 𝑖 = 1, 2, . . . , 𝑚. Then, set

Ψ
𝑗

= {x ∈ 𝑅
𝑛

x
= x𝑗 +∑𝛼

𝑖
U𝑗
𝑖
, 𝑎
𝑗

𝑖
− 0.25 (𝑏

𝑗

𝑖
− 𝑎
𝑗

𝑖
)

≤ 𝛼
𝑖
≤ 𝑏
𝑗

𝑖
+ 0.25 (𝑏

𝑗

𝑖
− 𝑎
𝑗

𝑖
) , 𝑖 = 1, 2, . . . , 𝑚 − 1} .

(4)

Let 𝜆𝑗
𝑖
be the 𝑖th largest eigenvalue of covariance matrix of

points in 𝑆𝑗, and ] ∼ 𝑁(0, 𝛿
𝑗
I):

𝛿
𝑗
=

1

𝑛 − 𝑚 + 1

(𝜆
𝑗

𝑚
+ 𝜆
𝑗

𝑚+1
+ ⋅ ⋅ ⋅ + 𝜆

𝑗

𝑛
) . (5)

From (4) and (5), we can get the model of (2) for each cluster,
and new offspring solutions are sampled from themodel.The
flowchart of RM-MEDA is illustrated in Algorithm 1.

RM-MEDA is a novel and efficient multiobjective esti-
mation of distribution algorithms and has been validated by
multiobjective problems with variable linkages. However, it
may fail in locating the global PF if aMOPhasmany local PFs
[23], and it has not been tested by famous ZDT and DTLZ
problems. In the next section, we proposed multiobjective
memetic estimation of distribution algorithms, which is a
more efficient and effective hybrid multiobjective algorithm.

4. The Proposed Method: MMEDA

4.1. Incremental Tournament Local Searcher (ITLS). It is
known that memetic algorithms, combined with EAs and
local search heuristics, can be implemented to maintain a
balance between exploration and exploitation in the search
space. Besides, it is clearly shown by Jaszkiewicz [26] that
memetic EMOalgorithms have higher search ability than tra-
ditional EMO algorithms. Several memetic EMO algorithms
have been proposed and showhigh competitive performance.
In this paper, an incremental tournament local searcher is
proposed and combined with RM-MEDA.



4 The Scientific World Journal

Step 1. Find non-dominated solutions N(t) from population P(t), and assign crowding distance to N(t).
Step 2. Select 𝑛

𝑠
non-dominated solutions from N(t) by crowding distance to form tournament pool.

If the size of N(t) is less than 𝑛
𝑠
, then all of N(t) are selected.

Step 3. Perform tournament selection with tournament size 𝑛
𝑡
from the tournament pool by crowding distance and𝑁

𝑠

non-dominated solutions are selected, called active subpopulation.
Step 4. Solutions from active subpopulation and tournament pool are selected randomly to implement simulated binary
crossover operator and polynomial mutation. All of the new solutions are merged into new populationO(t).

Pseudocode 1: The main pseudocode of ITLS.

Following Liu et al.’s recent reviews [30], the issues
considered in the design of the local searcher operator include
(1) the selection of appropriate search direction; (2) the
selection of appropriate solutions for local optimization; and
(3) the allocation of computational budget for local search.
With these notions in mind, we devise our local searcher as
follows.

An active subpopulation is selected by tournament; that
is, 𝑁
𝑠
nondominated solutions are selected before modeling

in RM-MEDA per iteration. At first, a tournament pool
is built by nondominated solutions with higher value of
crowding distance, and the size of tournament pool is 𝑛

𝑠
. If

the number of nondominated solutions found so far is less
than 𝑛

𝑠
, all of the nondominated solutions are included in the

tournament pool. Then we select solutions with higher value
of crowding distance by performing tournament selection,
and the winner solutions are put in the active subpopulation,
whose size is 𝑁

𝑠
. Since 𝑁

𝑠
is always larger than the size of

tournament pool, 𝑛
𝑠
, we call it incremental tournament local

searcher.Then, traditional genetic operators are employed on
the active subpopulation for local search. Figure 2 illustrates
the basic idea of ITLS.

By Figure 2, we can obtain that if a nondominated solu-
tion locates in more isolated regions, there are more off-
springs created near the solutions. The aim is that the larger
the crowding-distance value of an individual, the more the
times the individual will be reproduced. So there exist more
chances to do search in less-crowded regions of the tradeoff
fronts. Now, we can answer the former three issues of local
searcher.The search direction is optimization direction and is
illustrated in Figure 2; the solutions for local optimization are
biased towards isolated ones; and the allocation of computa-
tional resource for local searcher is determined by𝑁

𝑠
, the size

of active subpopulation.
In order to present ITLS in detail, the procedure is

outlined in Pseudocode 1. Before we describe the ITLS, let
us give some more notations. The tournament scale is 𝑛

𝑡
,

and population 𝑃(𝑡) is from RM-MEDA before modeling.
Nondominated solutions from 𝑃(𝑡) are denoted by𝑁(𝑡).

4.2. The Adopted 𝜀-Dominance. It is clear from the existing
studies that there are two distinct goals in the development
of an MOEA: the first one is convergence to the true Pareto-
optimal front; then the second one is maintenance of a well-
distributed set of nondominated solutions. The proposed
ITLS in former subsection corresponds to the first goal. In

Offsprings
Nondominated solutions 

Search direction

Pareto set

Figure 2: Illustration of basic idea of ITLS.

order to maintain well-spread Pareto-optimal solutions, we
introduce the 𝜀-dominance in our paper.

The 𝜀-dominance does not allow two solutions with a
difference less than 𝜀

𝑖
in the 𝑖th objective to be nondominated

to each other, thereby allowing a good diversity to be main-
tained in a population. By 𝜀-dominance, the search space
is divided into a number of grids (or hyperboxes) and the
diversity is maintained by ensuring that a grid or hyperbox
can be occupied by only one solution. In our MMEDA, there
are two coevolving populations: an internal population𝑃(𝑡)
and an archive population 𝑁(𝑡). The archive population is
updated based on the 𝜀-dominance concept, whereas a usual
domination concept is used to update the internal population.
Every solution in the archive is assigned an identification
array (B = (𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑚
)
𝑇, where 𝑚 is the total number

of objectives) as follows:

𝐵
𝑗
(f) =

[

[

[

[

(𝑓
𝑗
− 𝑓

min
𝑗
)

𝜀
𝑗

]

]

]

]

for min 𝑓 (x) in (1) , (6)

where𝑓min
𝑗

is theminimumpossible value of the 𝑗th objective
(default value of it is 𝑓min

𝑗
= 0) and 𝜀

𝑗
is the allowable

tolerance in the 𝑗th objective below which two values are
meaningless to the user. With the identification arrays cal-
culated for the offspring and each archive member, we can
decide how the archive population updates. More details of
𝜀-dominance can be found in [31].
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Step 1. Initialization: Set 𝑡 = 0, generate initial population P(0) and evaluate it.
Step 2. Update non-dominated population: Identify non-dominated solutions from population P(t), and update archive N(t)
by 𝜀 dominance.
Step 3. Termination: If 𝑡 > 𝐺max is satisfied, export N(t) as the output of the algorithm, and Stop, else go to step 3.
Step 3. ITLS: Perform incremental tournament local searcher to generate𝑁

𝑠
new solutions Ns(t).

Step 4.Modeling: Perform the (m-1)-d local PCA to partition P(t) into 𝐾 disjoint clusters 𝑆1, 𝑆2, . . . , 𝑆𝐾. For each cluster 𝑆𝑗,
build model (2) by (4) and (5).
Step 5. Sampling: Sample new populationO(t) from model (2) and evaluateO(t).
Step 6. Update current population: select𝑁 solutions from P(t) ∪O(t) ∪ Ns(t) to create P(t + 1).
Step 7. set 𝑡 := 𝑡 + 1 and go to Step 2.

Algorithm 2: The details of MMEDA.

4.3. Details of MMEDA. As mentioned above, RM-MEDA
extracts globally statistical information to build the prob-
ability distribution model and then samples it to gener-
ate offspring, which emphasizes global statistics ability, yet
brings the trouble of weak performance in local search.
However, several memetic MOEAs have been proposed and
implemented to maintain a balance between exploration and
exploitation in search space, which is often crucial to the
success of the search and optimization process. For this end,
a local search operator, called ITLS, is proposed to combine
with RM-MEDA. Besides, in order to maintain well-spread
Pareto-optimal solutions, 𝜀-dominance is employed in our
algorithm, whose name is MMEDA.The proposed algorithm
is hybrid with global search and local search, and the success
of it is due to the tradeoff between the exploration ability of
RM-MEDA and the exploitation ability of ITLS. The details
of MMEDA are in Algorithm 2.

5. Two Novel Multiobjective Problems with
Variable Linkages

A number of test problems for multiobjective optimization
have been designed by some scholars, such as SCHby Schaffer
[33], KUR by Kursawe [34], FON by Fonseca and Fleming
[35], ZDTs by Zitzler et al. [36], and DTLZs by Deb et al. [37].
These MOPs have been used in a number of significant past
studies of EMO to test an optimization methodology. Fol-
lowing Deb’s recent review of multiobjective test problems,
many of the existing test problems are separable variable-wise
or possess linear functions of the variable, which may not
provide adequate difficulties to an EMOmethodology. Zhang
et al. [14] realized the point and proposed ten multiobjective
problems with variable linkages (F1∼F10 in Table 1).

Analyzing the ten problems proposed by [14], we can get
that x

𝑖
= x
1
, 𝑖 = 2, . . . , 30, for F1∼F4, and x

𝑖
= √x1 , 𝑖 =

2, . . . , 30, for F5∼F10, when all the solutions converge to
Pareto- optimal fronts. The scheme of introducing variable
linkages proposed in the ten problems can be regarded as
variable linear or near-linear mapping. Besides, RM-MEDA
is based on probability distributions model built by local
principal component analysis, which is also a linear or local-
linear statistical model. Consequently, RM-MEDA may be
efficient to most of these problems. In order to investigate
the performance of the optimization methodology, more

problems should be employed and tested. For this end,
we introduce twenty-two multiobjective problems with and
without variable linkages in our experiment in Table 1.

The variable linkages in our proposed problems are based
on the following nonlinear mapping on the variables:

x
1
→ x
1
, x

𝑖
→ sin (𝜋x

𝑖
) − x
1
, 𝑖 = 2, . . . , 𝑛. (7)

In Figure 1, we can obtain that the Pareto set, in the decision
space, of a continuous multiobjective optimization problem
is a piecewise continuous (𝑚−1)-dimensional manifold, and
it seems that the ten problems (F1∼F10) may be a simple
and special case of the regularity. The problem introduced
by nonlinear mapping in (7) seems more accordant with the
regularity. Furthermore, there is no common rules of why
we choose sin() function, and other nonlinear function can
be used, and more difficulty problems can be proposed by
modifying the period of the sin().The details of two advanced
problems are in Table 1 (AF1 and AF2).

6. Experimental Study

6.1. Test Problems. The first five ZDT problems were devel-
oped by Zitzler et al. [36] (so called ZDT problems), and
the next five DTLZ problems were defined by Deb et al. [37]
(so called DTLZ problems). These problems have been cited
in a number of significant past studies in EMO community
and they can test evolutionary multiobjective optimization
algorithms in different aspects. Furthermore, ten problems
with variable linkages proposed by Zhang et al. [14] have
also been introduced in our paper, which can bring trouble
to most of variable-wise EMO methodology, and have been
validated by Zhang et al. Lastly, two more difficult problems
proposed by ourselves are also presented in Table 1.

It is necessary to note that the performance of an MOEA
in tacklingmultiobjective constrained optimization problems
may largely depend on the constraint-handling technique
used [38], so we do not mention side-constrained problems
in this study.

6.2. Performance Metrics. Zitzler et al. [39] suggested that for
a 𝑘-objective optimization problem, at least 𝑘 performances
are needed to compare two or more solutions and an infinite
number of metrics to compare two or more sets of solutions.



6 The Scientific World Journal

Table 1: Test instances.

Instance Variable Objectives Number of evaluations

ZDT1 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1

𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
𝑥
𝑖
) / (𝑛 − 1)

50 000

ZDT2 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1

𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x) )2]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
𝑥
𝑖
) / (𝑛 − 1)

50 000

ZDT3 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1

𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x) − 𝑓

1
(x)/𝑔 (x) sin(10𝜋𝑥

1
)]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
𝑥
𝑖
) / (𝑛 − 1)

50 000

ZDT4
𝑥
1∈[0,1]

𝑥
𝑖∈[−5,5]

𝑖 = 2, . . . , 10

𝑓
1
(x) = 𝑥

1

𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 10(𝑛 − 1) + ∑𝑛
𝑖=2
[𝑥
𝑖

2

− 10 cos (4𝜋𝑥
𝑖
)]

50 000

ZDT6 [0, 1]
𝑛

𝑛 = 10

𝑓
1
(x) = 1 − exp (−4𝑥

1
) sin6 (6𝜋𝑥

1
)

𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x))2]

𝑔 (x) = 1 + 9[(∑𝑛
𝑖=2
𝑥
𝑖
) / (9) ]

0.25

50 000

DTLZ1
[0, 1]
𝑛

𝑛 = 7

x
𝑀
= [0, 1]

5

𝑓
1
(x) = 0.5𝑥

1
𝑥
2
(1 + 𝑔 (x))

𝑓
2
(x) = 0.5𝑥

1
(1 − 𝑥

2
) (1 + 𝑔 (x))

𝑓
3
(x) = 0.5 (1 − 𝑥

1
) (1 + 𝑔 (x))

𝑔 (x) = 100 [

x
𝑀





+ ∑
𝑥𝑖∈𝑋𝑀

((𝑥
𝑖
− 0.5)

2

− cos (20𝜋 (𝑥
𝑖
− 0.5)))]

60 000

DTLZ2 [0, 1]
𝑛

𝑛 = 12

𝑓
1
(x) = cos (0.5𝜋𝑥

1
) cos(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
2
(x) = cos (0.5𝜋𝑥

1
) sin(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
3
(x) = sin(0.5𝜋𝑥

1
)(1 + 𝑔)

𝑔 (x) = ∑𝑛
𝑖=3
(𝑥
𝑖
− 0.5)

2

50 000

DTLZ3 [0, 1]
𝑛

𝑛 = 12

𝑓
1
(x) = cos (0.5𝜋𝑥

1
) cos(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
2
(x) = cos (0.5𝜋𝑥

1
) sin(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
3
(x) = sin(0.5𝜋𝑥

1
)(1 + 𝑔)

𝑔 (x) = 100 [

x
𝑀





+ ∑
𝑛

𝑖=3
((𝑥
𝑖
− 0.5)

2

− cos (20𝜋 (𝑥
𝑖
− 0.5)))]

50 000

DTLZ4 [0, 1]
𝑛

𝑛 = 12

𝑓
1
(x) = cos (0.5𝜋𝑥

1

𝛼

) cos(0.5𝜋𝑥
2

𝛼

)(1 + 𝑔)

𝑓
2
(x) = cos (0.5𝜋𝑥

1

𝛼

) sin(0.5𝜋𝑥
2

𝛼

)(1 + 𝑔)

𝑓
3
(x) = sin(0.5𝜋𝑥

1

𝛼

)(1 + 𝑔)

𝑔 (x) = ∑𝑛
𝑖=3
(𝑥
𝑖
− 0.5)

2

𝛼 = 100

50 000

DTLZ6
[0, 1]
𝑛

𝑛 = 22

x
𝑀
= [0, 1]

20

𝑓
1
(x) = 𝑥

1 𝑓2
(x) = 𝑥

2
𝑓
3
(x) = (1 + 𝑔 (x

𝑀
)) ℎ

𝑔 (x
𝑀
) = 1 + 0.45∑𝑥

𝑖 𝑥𝑖
∈ x
𝑀

ℎ = 3 − 𝑓
1
/ (1 + 𝑔) (1 + sin (3𝜋𝑓

1
)) − 𝑓

2
/ (1 + 𝑔) (1 + sin (3𝜋𝑓

2
))

50 000

F1 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1 𝑓2 (
x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
(𝑥
𝑖
− 𝑥
1
)
2

) / (𝑛 − 1)

15 000

F2 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1 𝑓2 (
x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x) )2]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
(𝑥
𝑖
− 𝑥
1
)
2

) / (𝑛 − 1)

15 000

F3 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 1 − exp (−4𝑥

1
) sin6 (6𝜋𝑥

1
)

𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x))2]

𝑔 (x) = 1 + 9[(∑𝑛
𝑖=2
(𝑥
𝑖
− 𝑥
1
)
2

) /9]
0.25

100 000

F4 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = cos (0.5𝜋𝑥

1
) cos(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
2
(x) = cos (0.5𝜋𝑥

1
) sin(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
3
(x) = sin(0.5𝜋𝑥

1
)(1 + 𝑔)

𝑔 (x) = ∑𝑛
𝑖=3
(𝑥
𝑖
− 𝑥
1
)
2

35 000

F5 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1 𝑓2 (
x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
(𝑥
𝑖

2

− 𝑥
1
)

2

) / (𝑛 − 1)

15 000
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Table 1: Continued.

Instance Variable Objectives Number of evaluations

F6 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1
𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x) )2]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
(𝑥
𝑖

2

− 𝑥
1
)

2

) / (𝑛 − 1)

15 000

F7 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 1 − exp (−4𝑥

1
) sin6 (6𝜋𝑥

1
)

𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x))2]

𝑔 (x) = 1 + 9[(∑𝑛
𝑖=2
(𝑥
𝑖

2

− 𝑥
1
)

2

) /9]
0.25

100 000

F8 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = cos (0.5𝜋𝑥

1
) cos(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
2
(x) = cos (0.5𝜋𝑥

1
) sin(0.5𝜋𝑥

2
)(1 + 𝑔)

𝑓
3
(x) = sin(0.5𝜋𝑥

1
)(1 + 𝑔)

𝑔 (x) = ∑𝑛
𝑖=3
(𝑥
𝑖

2

− 𝑥
1
)

2

35 000

F9 [0, 1] × [0, 10]
𝑛−1

𝑛 = 30

𝑓
1
(x) = 𝑥

1
𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔(x) = 0.00025∑𝑛
𝑖=2
(𝑥
2

𝑖
− 𝑥
1
)
2

−∏
𝑛

𝑖=2
cos((𝑥2

𝑖
)/√𝑖 − 1) + 2

100 000

F10 [0, 1] × [0, 10]
𝑛−1

𝑛 = 30

𝑓
1
(x) = 𝑥

1
𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 10(𝑛 − 1) + ∑𝑛
𝑖=2
[(𝑥
𝑖

2

− 𝑥
1
)

2

− 10 cos (2𝜋 (𝑥
𝑖

2

− 𝑥
1
))]

100 000

AF1 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 𝑥

1
𝑓
2
(x) = 𝑔 (x) [1 − √𝑓

1
(x) /𝑔 (x)]

𝑔 (x) = 1 + 9 (∑𝑛
𝑖=2
(100 sin(𝜋𝑥

𝑖
) − 𝑥
1
)
2

) / (𝑛 − 1)

30 000

AF2 [0, 1]
𝑛

𝑛 = 30

𝑓
1
(x) = 1 − exp (−4𝑥

1
) sin6 (6𝜋𝑥

1
)

𝑓
2
(x) = 𝑔 (x) [1 − (𝑓

1
(x) /𝑔 (x))2]

𝑔 (x) = 1 + 9[(∑𝑛
𝑖=2
(6 (sin𝜋𝑥

𝑖
− 𝑥
1
))
2

) /9]
0.25

60 000

Coello Coello et al. [8] proposed three issues to allow a
quantitative assessment of the performance of a multiobjec-
tive optimization algorithm. As we know, it is a common
task for any multiobjective optimization algorithm to find
solutions as close as possible to the Pareto front and to make
them as diverse as possible in the obtained nondominated
front. Furthermore, the latter case includes maximizing the
spread and the uniformity of solutions found in the final
Pareto front. For this end, three metrics are employed in our
paper to investigate the performance of the algorithm. As
[14], we apply inverted generation distance to the final Pareto-
optimal set obtained by anMOEA to evaluate its convergence
and spread performance. We also adopt convergence metric
proposed by Deb et al. [6] to measure the convergence to
the final solutions. Finally, in order to check the uniformity
of Pareto-optimal solutions we get in final generation and
spacing devised by Schott [40] metric is employed in our
paper. The three metrics are summarized as follows.

6.2.1. Inverted Generation Distance. Let 𝑃∗ be a set of
uniformly distributed points in the objective space along
the PF. Let 𝑃 be an approximation to the PF; the inverted
generational distance from 𝑃∗ to 𝑃 is defined as

𝐷(𝑃
∗

, 𝑃) =

∑V∈𝑃∗ 𝑑 (V, 𝑃)
|𝑃
∗
|

, (8)

where 𝑑(V, 𝑃) is the minimum Euclidean distance between V
and the points in 𝑃.The inverted generation distance denotes
the metric convergence and spread, which represents the
distance between the set of the true Pareto-optimal fronts and
converged Pareto solutions obtained by EMOAs.

6.2.2. Convergence Metric. Metric 𝑌 is used to estimate how
far the elements in the set of nondominated solutions found
so far are from those in the Pareto-optimal set, and it is
defined as

𝑌 (𝑃, 𝑃
∗

) =

∑V∈𝑃 𝑑 (V, 𝑃
∗

)

|𝑃|

, (9)

where 𝑑(V, 𝑃∗) is the minimum Euclidean distance between
V and the points in 𝑃∗. Since multiobjective algorithms can
be tested on problems having a known set of Pareto-optimal
solutions, the calculation of the two metrics is possible.

6.2.3. Spacing. Let 𝑃 be the final approximate Pareto-optimal
set obtained by an MOEA.The function 𝑆 is as follows:

𝑆 = √
1

ℎ − 1

ℎ

∑

𝑖=1

(𝑑 − 𝑑
𝑖
)

2

, (10)

where 𝑑
𝑖
= min

𝑗
(|𝑓
𝑖

1
(𝑥) − 𝑓

𝑗

1
(𝑥)| + ⋅ ⋅ ⋅ + |𝑓

𝑖

𝑚
(𝑥) − 𝑓

𝑗

𝑚
(𝑥)|), 𝑑

is the mean of all 𝑑
𝑖
, and ℎ is the number of nondominated

solutions found so far. A value of zero for thismetric indicates
that all members of the Pareto front currently available are
equidistantly spaced.

6.3. The Compared Algorithms. As Deb et al.’s suggestion in
[13], some EMO procedures with variable-wise recombina-
tion operators do not perform as well as those with vector-
wise operators; besides, PCX-NSGA-II [13] and GDE3 [41]
are recommended to handle linkages-based multiobjective
optimization problems. Zhang et al. [14] compared RM-
MEDA with GDE3, PCX-NSGA-II, and MIDEA [42]. They
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concluded that RM-MEDA performed better than GDE3,
PCX-NSGA-II, andMIDEA on some test instances with vari-
able linkages, and MIDEA performed slightly badly among
the four algorithms. Overall considering former works [13,
14], we choose RM-MEDA, GDE3, and PCX-NSGA-II as the
comparisons with MMEDA.

The third evolution version of generalized differential
evolution (GDE3) is another updated version of original
DE, which modifies earlier GDE version using a growing
population and nondominated sorting with pruning of non-
dominated solutions to decrease the population size at each
generation. The procedure is similar to NSGA-II except that
the simulator binary crossover is replaced with a differential
evolution operator. The code of GDE3 used in comparison is
written in MATLAB by the authors.

Parent-centric recombination (PCX) is a real parameter
genetic operator in [43]. Deb et al. [13] introduced the PCX
recombination operator in NSGA-II and validated that PCX-
based NSGA-II performs better on some problem with vari-
able linkages. The details of PCX-NSGA-II can be found in
[13]. The code of PCX-NSGA-II is programmed by ourselves
by referring to the code of SBX-NSGA-II and G3PCX from
KanGAL (http://www.iitk.ac.in//kangal/).

We have discussed so much about RM-MEDA in the
former section in our paper.Here, we acknowledge the help of
Professor Qingfu Zhang and Dr. Aimin Zhou for sharing the
code of RM-MEDA with us and their insightful comments.

6.4. Experimental Setup. In our experiments, the code is
programmed in MATLAB. The source code of MMEDA
can be obtained from the authors upon request. All the
simulations run at a personal computer with P-IV 3.0G CPU
and 2G RAM. The experimental setting is as follows. Firstly,
in GDE3, both CR and F in the differential operator are set to
be 1 for F1∼F10 and AF1∼AF3, which have been investigated
by Deb et al. [13] and Zhang et al. [14] on MOPs with
variable linkages. Furthermore, by referring to the involved
literatures [44, 45], CR and F are set to be 0.2 for ZDTs
and DTLZ2, DTLZ4, and DTLZ6 except 0.5 for DTLZ1 and
DTLZ3. Secondly, in PCX-NSGA-II, 𝜎 in PCX is set to be 0.4
for all the test instances which work well in studies in [13].
Thirdly, in RM-MEDA, all the parameters’ setting is the same
as the original paper; that is, in local PCA algorithm,𝐾 is set
to be 5, and extension rate is 0.25. Finally, in MMEDA, the
size of tournament pool, 𝑛

𝑠
, is 30, tournament scale is 2, and

the size of active subpopulation,𝑁
𝑠
, is 40 for all test instances.

Besides, the crossover probability of 𝑝
𝑐
= 0.9 and a mutation

probability of 𝑝
𝑚
= 1/𝑟 (where 𝑟 is the number of decision

variables for real-coded GAs) for test instances. We choose
𝜂
𝑐
= 15 and 𝜂

𝑚
= 20, which are similar to Deb et al.’s setting

in [6].
Furthermore, the fourth column in Table 1 is the number

of total evaluations for each test instance, respectively, which
is followed by some significant past studies in this area [9,
14, 37, 46]. Indexes of the different algorithms are shown in
Table 2. The 𝜀 values for different test instances are described
in Table 3, which are similar to 𝜀-MOEA [31] and 𝜀-ODEMO
[47]. Besides, we select 500 for two objective problems and

Table 2: Indexes of the different algorithms.

Index 1 2 3 4
Algorithms MMEDA RM-MEDA GDE3 PCX-NSGA-II

1000 for three objective problems with evenly distributed
points in Pareto-optimal front, and these points are denoted
by 𝑃∗.

6.5. Experimental Results of Multiobjective Problems without
Variable Linkages. Deb et al. [13] and Zhang et al. [14] have
investigated and validated that GDE3, PCX-NSGA-II, and
RM-MEDA performed better than other EMOAs on multi-
objective problems with variable linkages. However, whether
these algorithms could get the same good performance on
multiobjective problems without variable linkages is still not
investigated so far. For this end, we give the experimental
comparison of MMEDA, RM-MEDA, GDE3, and PCX-
NSGA-II on famous ZDT andDTLZproblems in this section.

Figure 3 shows the Pareto fronts obtained from our
algorithm in a random single run. These problems without
variable linkages are rarely tested by estimation of distri-
bution algorithms, and we can see that our method could
get fairish results on famous ZDT and DTLZ test instances.
Besides, seeing DTLZ2, DTLZ3, and DTLZ4 in Figure 3, we
can gain that some extreme points of the Pareto front, as
well as points located in segments of the Pareto front that are
almost horizontal or vertical, are lost. This is the curse of 𝜀-
dominance, which has been investigated byDeb et al. [31] and
Hernández-Dı́az et al. [48].

Next, we investigate statistical results of the four algo-
rithms in our paper in 30 independent runs on each test
problem, which are in the form of box plots [49]. In a notched
box plot, the notches represent a robust estimate of the
uncertainty about the medians for box-to-box comparison.
Symbol “+” denotes outlier (Figure 4).

The 30-variable ZDT1 problem has a convex Pareto-
optimal front, while ZDT2 has a nonconvex Pareto-optimal
front, and ZDT3 provides difficulties by its discontinuities.
Many MOEAs have achieved very good results on these
problems in both goals of multiobjective optimization (con-
vergence to the true Pareto front and uniform spread of
solutions along the front). The results of the problems ZDT1,
ZDT2, and ZDT3 (Figures 3 and 4) show that MMEDA
achieves good results, which are comparable to the results of
RM-MEDA,GDE3, andPCX-NSGA-II; however,MMEDA is
not the best in all metrics of the four algorithms. On the first
three test problems we cannot see a meaningful difference
in performance of the four algorithms. If it is exigent to
find which is best, we can see that RM-MEDA is slightly
better than the other three algorithms in terms of spacing,
while it performs a little poor in convergencemetric. Besides,
MMEDA andGDE3 are a little better in terms of convergence
metric, while they achieve a little worse in spacing metric of
these three problems.

ZDT4 is a hard optimization problem with many (219)
local Pareto fronts that tend to mislead the optimization
algorithm. In Figure 5, we can see that RM-MEDA has
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Table 3: The 𝜀 values for different test instances.

ZDT1 [0.0075, 0.0075] DTLZ2 [0.045, 0.045, 0.03] F4 [0.045, 0.045, 0.03] F10 [0.0075, 0.0075]
ZDT2 [0.0075, 0.0075] DTLZ3 [0.045, 0.045, 0.03] F5 [0.0075, 0.0075] AF1 [0.0075, 0.0075]
ZDT3 [0.0025, 0.0035] DTLZ4 [0.045, 0.045, 0.03] F6 [0.0075, 0.0075] AF2 [0.0075, 0.0075]
ZDT4 [0.0075, 0.0075] DTLZ6 [0.035, 0.035, 0.035] F7 [0.0075, 0.0075] AF3 [0.0075, 0.0075]
ZDT6 [0.0075, 0.0075] F1 [0.0075, 0.0075] F8 [0.045, 0.045, 0.03]
DTLZ1 [0.02, 0.02, 0.05] F2 [0.0075, 0.0075] F9 [0.0075, 0.0075]

difficulty in locating the global true Pareto-optimal front.
Besides, MMEDA, GDE3, and PCX-NSGA-II produce a very
similar convergence and diversity measure. Furthermore,
it seems that MMEDA demonstrates the best in terms of
convergence and diversity by box plots in small scale.

With respect to the 10-variable test problem ZDT6, there
are two major difficulties. The first one is thin density of
solutions towards the Pareto front and the second one is
nonuniform spread of solutions along the front. The Pareto-
optimal solutions of DTLZ1 with (115 – 1) local Pareto fronts
lie on a three-dimensional plane satisfying 𝑓

1
+ 𝑓
2
+ 𝑓
3
=

0.5 (Figure 3). In Figure 5, we can obtain that MMEDA and
GDE3 achieve good convergence and diversity measures of
ZDT6, followed by PCX-NSGA-II and RM-MEDA, while,
for DTLZ1, it seems that MMEDA gives both the best
convergence and diversity measure in the four algorithms.

On the whole, we can obtain that MMEDA seems to be
the best algorithmon these three problems. However, if we do
not employ local searcher, EDAs based on probability global
statistical informationmay performweakly in approximating
the Pareto-optimal fronts of the three problems.

Problems of DTLZ2, DTLZ3, and DTLZ4 are three-
objective test instances with spherical Pareto-optimal front
(see Figure 3). Note that DTLZ3 has lots of local Pareto
fronts, DTLZ4 emphasizes nonuniformity, and DTLZ6 has
219 disconnected Pareto-optimal regions in the search space.
Figure 6 shows the performance metrics of the four algo-
rithms on the four problems, respectively. We can find that
MMEDA is the best in terms of both convergence and
diversity on DTLZ3 and DTLZ4. Furthermore, for DTLZ3,
MMEDA performs much better than the other there algo-
rithms even though DTLZ3 has (310 – 1) local Pareto-optimal
fronts. Gong et al. [9], Deb et al. [37], and Khare et al.
[46] claimed that, for DTLZ3, NSGA-II, SPEA2, and PESA-
II could not quite converge on to the true Pareto-optimal
fronts in 500 generations (50 000 function evaluations). In
our paper, we have found that GDE3, PCX-NSGA-II, and
RM-MEDA also did badly in solving DTLZ3.

For convergence metric, it seems that GDE3 achieves the
best measure in the four algorithms on DTLZ2 and DTLZ6.
Besides, for diversity metric, MMEDA is the best on the four
problems, which is the strongpoint of 𝜀-dominance. Since the
𝜀-dominance does not allow two solutions with a difference
of 𝜀
𝑖
in the 𝑖th objective to bemutually nondominated to each

other, it will be usually not possible to obtain the extreme
corners of the Pareto-optimal front. Although there is such
shortcoming of 𝜀-dominance, we could still get better spacing

measurement than that of RM-MEDA, GDE3, and PCX-
NSGA-II, which are based on crowding distance proposed by
Deb et al. [6].

Overall considering the ten famous two and three objec-
tive problems without variable linkages, we can conclude
that MMEDA produces a good convergence and diversity
metrics with the exception of ZDT1, ZDT2, and ZDT3. GDE3
obtains comparative results for most of problems except
DTLZ1 and DTLZ3. Besides, PCX-NSGA-II and RM-MEDA
are not better than MMEDA and GDE3 on most of the ten
problems. However, the mechanism of RM-MEDA is based
on global statistical information, and strongpoints of RM-
MEDA are discovering linkages of variables and holding the
spread of the final solutions. Besides, there are no variable
linkages in the former ten problems. Therefore, it is not
fair for RM-MEDA. In [14], it has been validated that RM-
MEDA performs better than GDE3 and PCX-NSGA-II on
some multiobjective problems with variable linkages. In the
next subsection, we will give experimental results of our
algorithms compared with the other three algorithms on
twelve multiobjective problems with variable linkages.

6.6. Experimental Results of Multiobjective Problems with
Variable Linkages. In this subsection, experimental results
of twelve multiobjective problems with variable linkage are
presented. The representation of experimental results is
similar to that of Section 6.5; that is, 30 independent runs are
performed on each test problem.The statistical results of our
selected three metrics are shown by box plots too.

Figure 7 shows the Pareto fronts obtained by our algo-
rithm on F1∼F10 and AF1, AF2 in a random single run. We
can see that MMEDA obtains good results of F1, F2, F3, F4,
F5, F6, F9, AF1, and AF2. However, MMEDAperforms a little
poor on F7, F8, and F10, especially on F10, of which MMEDA
cannot converge to the true Pareto-optimal fronts. In [14],
RM-MEDA is also trapped in local Pareto front on F10.
Furthermore, for GDE3 and PCX-NSGA-II, they converge to
a small region of global Pareto fronts of F10, which is called
“genetic drift.” Next, we will give experimental comparison
with MMEDA, RM-EDA, GDE3, and PCX-NSGA-II by box
plots for further research.

Since F1 and F5 are variants of ZDT1 by introducing
linear and nonlinear variable linkages into them, respectively,
we put the statistical results of them in the same figure
(Figure 8) for comparison, which are similar to F2 and F6.
Note that the metric inverted generation distance should
be first choice for comparison because inverted generation
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Figure 3: Pareto fronts obtained by MMEDA on ZDT and DTLZ problems in our paper, respectively.
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distance can measure both convergence and spread. If we
ignore inverted generation distance, we cannot get rational
and comprehensive comparison. Taking F6, for example, if we
only concentrate on the metric convergence and spacing, it
seems that PCX-NSGA-II is the best choice for this problem.
Nevertheless, analyzing F6D in Figure 8, the result of F6 is in
a small region of whole Pareto- optimal front, which is called
“genetic drift” by Goldberg and Segrest [50] and Fonseca and
Fleming [51]. Zhang et al. got the same results of PCX-NSGA-
II on F6 [14]. For this end, inverted generation distance is
foundational one among the three metrics.

In terms of convergence metric of F1 and F2, MMEDA
obtains best performance, while it performs a little poor
in spacing metric. Furthermore, MMEDA and RM-MEDA
perform better than GDE3 and PCX-NSGA-II on the four
problems in terms of spread and convergence. Although

PCX-NSGA-II seems better in spacing metric on F5 and F6,
it experiences difficulty in spread.

With respect to F3 and F7, since they are variants of ZDT6
by introducing linear and nonlinear variable linkages into
them, respectively, there are three major difficulties of them.
The first two difficulties are the same as ZDT6 as described
above, while the third one is linkage relations between vari-
ablemappings.Therefore, F3 and F7 havemore difficulty than
F1, F2, F5, and F6. Figure 9 shows the performance measures
on F3 and F7. We can obtain that RM-MEDA and MMEDA
achieve better performance thanGDE3 and PCX-NSGA-II in
terms of spread, convergence, and uniformity. This might be
the reason why GDE3 and PCX-NSGA-II have no efficient
mechanism for discovering variable relation, yet RM-MEDA
and MMEDA hold the property by building the probability
distribution model based on manifold distribution of Pareto
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Figure 6: Statistical values of inverted generation distance (“D” in DTLZXD for short), convergence (“Y” in DTLZXY for short), and
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respectively.

set in decision space, which have been described in detail in
Section 3. Finally, it seems that RM-MEDA is slightly better
than MMEDA on the two problems.

F4 and F8 are variants of DTLZ2, and Figure 10 is the
statistical results of them. We can obtain that MMEDA is
slightly better than other three algorithms in our paper.
Besides, GDE3 shows comparative results on F4, followed by

RM-MEDA. In [14], Zhang et al. admitted that GDE3 slightly
outperforms better than RM-MEDA on some problems and
pointed out that the reason might be that RM-MEDA does
not directly use the local information of previous solutions
in generating new solutions. Here, we give one possible
answer, MMEDA, the hybridization of RM-MEDA and an
efficient local searcher. For F8,GDE3 andPCX-NSGA-II both
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Figure 7: Pareto fronts obtained by MMEDA on F1∼F10 and AF1, AF2 in our paper, respectively.

converge to a curve and several points, which is “genetic
drift” in multiobjective optimization. Figure 11 is the result
of a single run of GDE3, and PCX-NSGA-II has similar
results with GDE3. In multiobjective optimization, genetic
drift means that finite population tends to converge to small
regions of efficient set.

F9 is a variant of multimodal with Griewank function,
while F10 is a variant of multimodal with Rastrigin function,
and all of them are introduced into nonlinear mapping on
variables. Figure 12 is the statistical results of them by the
four algorithms in our study. We can obtain that MMEDA
and RM-MEDA get very similar performance of F9, and
they get better measurement than GDE3 and PCX-NSGA-
II. However, with respect to F10, it seems that MMEDA
and PCX-NSGA-II are the best two algorithms in terms
of the three metrics. However, it is not true to them. In
Figure 7 (F10), we can see that all the solutions obtained by
MMEDA converge to a small region near the global Pareto-
optimal front, which is similar to PCX-NSGA-II [14]. They
are trapped in “genetic drift.” Besides, the final Pareto fronts
obtained by RM-MEDA and GDE3 on F10 are far from the
Pareto-optimal front, which can be validated by inverted
generation distance (F10D in Figure 12) and convergence
metric (F10Y in Figure 12). They are stagnated at local Pareto
fronts. In a word, we have to admit that all the four algorithms
cannot solve the problem efficiently.

By comparison, we can see that MMEDA is best in
convergence and spread on AF1 and AF2, followed by RM-
MEDA and GDE3. For PCX-NSGA-II (Figure 13), it cannot
converge to the true Pareto-optimal front of the two prob-
lems. From these two problems, we can see that MMEDA,
which hybrids with ITLS, is a competitive algorithm for some
problems.

However, overall considering the experimental results of
the twelve problems with variable linkages, RM-MEDA and
MMEDA are twomore efficient and effective algorithms than
traditional EAs for most of the problems. For EDAs, this
new class of algorithms generalizes genetic algorithms by
replacing the crossover and mutation operators by learning
and sampling the probability distribution of the promising
individuals of population, and the relationships between the
variables involved in the problem domain are explicitly and
effectively captured and exploited. Besides, the regularity
that the distribution of Pareto set in the decision space is a
piecewise continuous (𝑚−1)-dimensionalmanifold is hybrid
into MMEDA and RM-MEDA. Therefore, we can conclude
that MMEDA and RM-MEDA should be better GDE3 and
PCX-NSGA-II. Besides, from two problems (F3, F7) we can
see that RM-MEDA is better than MMEDA in all metrics.
However, in terms of convergence, MMEDA is slightly better
than RM-MEDA on nine problems (F1, F2, F4, F5, F6, F8,
F10, AF1, and AF2) and the effectiveness of our ITLS seems
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Figure 8: Statistical values of inverted generation distance (“D” in FXD for short), convergence (“Y” in FXY for short), and spacing (“S” in
FXS for short) for F1, F5, F2, and F6 obtained by MMEDA, RM-MEDA, GDE3, and PCX-NSGA-II, respectively.

to play a very significant role for the above nine problems.
But, for seven problems (F1∼F3, F5∼F7, and F9), RM-MEDA
outperforms MMEDA in terms of spacing metric.

As we know, convergence to the true Pareto-optimal front
and maintenance of a well-distributed set of nondominated
solutions are two challenges for multiobjective optimization
community. However, if solutions obtained by an algorithm

cannot converge to the true Pareto-optimal fronts, they are
stagnated in local optimal fronts. It is useless to consider
uniformity. Besides, if solutions obtained by an EMOA only
converge to a small region of the whole Pareto-optimal
front, they have trouble in “genetic drift.” We cannot make
a comprehensive view of the EMOA if we only take conver-
gence and spacing metrics into account. Since the inverted
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generation can measure both convergence and spread of
solutions obtained by an EMOA, it is used as remedy for
the shortcomings of generation distance and spacingmetrics.
Next, we judge the statistical results by combined metrics.

Finally, with respect to the twenty-two multiobjective
problemswith andwithout variable linkages, we can conclude
the following.

(1) In terms of convergence and spread, MMEDA
achieves the best measurement among the four algo-
rithms on ZDT4, DTLZ1, DTLZ3, DTLZ4, F1, F2,
F4, F5, F8, F9, AF1, and AF2 out of the twenty-two
problems while RM-MEDA performs best on F3, F6,
and F7. GDE3 does best on ZDT1, ZDT3, ZDT6,
DTLZ2, and DTLZ6. PCX-NSGA-II seems to obtain
the best result of ZDT2.

(2) In terms of spread and spacing, MMEDA performs
the best performance on ZDT4, ZDT6, DTLZ1,
DTLZ2, DTLZ3, DTLZ4, DTLZ6, F4, F8, AF1, and
AF2, while RM-MEDA is the best on ZDT1, ZDT2,
ZDT3, F1, F3, F5, F6, F7, and F9. GDE3 achieves the
best on F2.

Overall considering the three metrics, we can get that
MMEDA turns out to be the best compromise among the
four MOEAs considered in this study. However, MMEDA
is possibly trapped in “genetic drift,” and we can get it
from the results of F10 in Figure 3. Therefore, much work
is needed to balance the exploration ability of global model
and the exploitation ability of local searcher, or more efficient
EDAs based on other machine learning techniques should be
proposed.

In one word, depending on these empirical results and
detailed analysis, we can draw that MMEDA is an efficient
algorithm in solving multiobjective optimization problems
with and without variable linkages.

7. Concluding Remarks

We have proposed a novel multiobjective algorithm based on
the manifold distribution of Pareto set in the decision space,

an efficient local searcher (ITLS), and 𝜀-dominance. Besides,
two more difficult multiobjective problems by introducing
nonlinear mapping into variable linkages are proposed. Fol-
lowing Deb et al. and Zhang et al.’s recent review of current
evolutionarymultiobjective optimization fields [13, 14]multi-
objective problemswith variable linkages havemore difficulty
for most current state-of-the-art MOEAs. Consequently, in
order to test our proposed algorithm, MMEDA, twenty-two
multiobjective problems with and without variable linkages
are employed, and RM-MEDA, GDE3, and PCX-NSGA-II
are used in comparison.The results show that our algorithms
get competitive results in terms of convergence and diversity
metrics.

However, there is much work to do in multiobjective
optimization community. An issue that should be addressed
in the future research is 𝜀-dominance. In our study, it
seems that spacing metric of some two-objective problems
(such as ZDT1 and ZDT3) is not better than PCX-NSGA-
II and GDE3, which are based on crowding distance in
SBX-NSGA-II [6], and Deb et al. [31] have validated by
experiments that 𝜀-MOEAs get better spacing metric than
NSGA-II based on crowding distance. There are two major
reasons of this. The first is that we introduce a local searcher
(ITLS) and the number of iterations will be less than the
other three algorithms in our study under the same limit
of total evaluations. The second is that some extreme points
of the Pareto front, as well as points located in segments
of the Pareto front that are almost horizontal or vertical,
are lost. This is the curse of 𝜀-dominance. Some scholars
have proposed Pareto adaptive 𝜀-dominance [48], which is
an advanced version of 𝜀-dominance. But the loss of extreme
solutions still exists. So much work is still needed to propose
new version of dominance.

Another important topic is “genetic drift,” which has been
studied by some researchers, such as Goldberg and Segrest
[50], Fonseca and Fleming [51], and Srinivas and Deb [52].
At first, fitness sharing techniques are proposed to prevent
genetic drift in multimodal function optimization andmulti-
objective optimization [52]. Later on, fitness assignment and
crowding distance are proposed by Deb et al. [6] and Zitzler
et al. [7] for diversity maintenance. Nowadays, some state-of-
the-art MOEAs have still trouble in “genetic drift” on some
multiobjective problems with variable linkages [13, 14]. So
how we can design new efficient and effective scheme to
maintain diversity is an important issue of modern EMO
community.

How to advance the local search ability of modern
MOEAs is anotherworthwhilework.Gong et al. [9],Deb et al.
[37], and Khare et al. [46] validated that, for DTLZ3, NSGA-
II, SPEA2, and PESA-II, which are representative of state-of-
the-art MOEAs in multiobjective optimization community,
could not quite converge on to the true Pareto-optimal fronts
in 500 generations (50 000 function evaluations). We have
found that GDE3, PCX-NSGA-II, and RM-MEDA also did
badly in solving DTLZ3. DTLZ3 may be only one case of
problems with many local Pareto fronts, and, possibly, there
are many complicated problems like DTLZ3. Therefore, it
requires designing more efficient and effective algorithms.
Memetic algorithm may be one potential answer to the
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Figure 12: Statistical values of inverted generation distance (“D” in FXD for short), convergence (“Y” in FXY for short), and spacing (“S” in
FXS for short) for F9 and F10 obtained by MMEDA, RM-MEDA, GDE3, and PCX-NSGA-II, respectively.

1 2 3 4
0

5

10

15

20

AF1D

1 2 3 4
0

1

2

AF1D

1 2 3 4
0

20

40

60

80

100

AF1Y

1 2 3 4

0
0.2
0.4
0.6

AF1Y

1 2 3 4
0

5

10

AF1S

1 2 3 4

5

10
AF1S

1 2 3 4
0

5

10

AF2D

1 2 3 4

0.2

0.4

AF2D

1 2 3 4
0

10

20

30

40

AF2Y

1 2 3 4

0.5
1

1.5
2

AF2Y

1 2 3 4
0

0.5

1

1.5

AF2S

1 2 3 4

0.05

0.1
AF2S

−0.2

×10−3

Figure 13: Statistical values of inverted generation distance (“D” in AFXD for short), convergence (“Y” in AFXY for short), and spacing (“S”
in AFXS for short) for AF1 and AF2 obtained by MMEDA, RM-MEDA, GDE3, and PCX-NSGA-II, respectively.



20 The Scientific World Journal

problem, and several multiobjective memetic algorithms
have been proposed by some scholars [27, 29, 53], which have
shown comparative performance than traditional EMOAs.
A more efficient and effective hybrid algorithm should be
addressed in the future research.
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Linear constraint minimum variance (LCMV) is one of the adaptive beamforming techniques that is commonly applied to cancel
interfering signals and steer or produce a strong beam to the desired signal through its computed weight vectors. However, weights
computed by LCMV usually are not able to form the radiation beam towards the target user precisely and not good enough to
reduce the interference by placing null at the interference sources. It is difficult to improve and optimize the LCMV beamforming
technique through conventional empirical approach. To provide a solution to this problem, artificial intelligence (AI) technique is
explored in order to enhance the LCMV beamforming ability. In this paper, particle swarm optimization (PSO), dynamic mutated
artificial immune system (DM-AIS), and gravitational search algorithm (GSA) are incorporated into the existing LCMV technique
in order to improve the weights of LCMV. The simulation result demonstrates that received signal to interference and noise ratio
(SINR) of target user can be significantly improved by the integration of PSO, DM-AIS, andGSA in LCMV through the suppression
of interference in undesired direction. Furthermore, the proposed GSA can be applied as a more effective technique in LCMV
beamforming optimization as compared to the PSO technique. The algorithms were implemented using Matlab program.

1. Introduction

Adaptive beamforming was inaugurated to evolvement in
aerospace and military applications with technology firmly
fixed on phased-array via the electronically steered antennas
[1]. Adaptive antennas were then supposed appropriate to
solve the cochannel interference and multipath fading prob-
lem for mobile wireless communication. Adaptive antenna
array was created in the 1950s by Howells identified as
the intermediate frequency side lobe canceller (SLC) [2].
Although SLC technique encompasses the ability of auto-
matic interference nulling, it was not fully adaptive due to
fixed pattern for main beam and few controlled elements for
ancillary array. This technology simplified the improvement
of qualified adaptive array in 1965 by Applebaum. This

algorithm was employed to increase the signal-to-noise ratio
(SNR) in order to have more efficiency of adaptive antenna.
Meanwhile, another adaptive array technique known as
linear constraint minimum variance (LCMV) was created by
Windrow [3]. This algorithm was developed based on the
conventional minimum mean square error (MMSE) for the
automatic adjustment of array weights with the privilege of
simplicity. Low convergence rate is the main disadvantage
of LCMV technique that makes it inappropriate for some
applications, while the advantage of it is only that it requires
the direction of arrival (DOA) for maximizing the SNR.
Formerly, different research works have been presented,
which used LCMV for beamforming applications [3–5].
According to the characteristics of LCMV beamforming
technique, it has a weak beam pattern and low signal to
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interference-noise ratio (SINR) value. Solving this problem
through conventional empirical approach is very difficult,
time consuming, and sometimes in the applied case unman-
ageable. Consequently, many metaheuristics and exploratory
methods have been settled to get the best results for these
types of difficulties. Previous studies show that the employ-
ment of metaheuristics algorithm has been growing instead
of exhaustive and exact procedures. In this regard, approaches
such as genetic algorithms (GA) [6, 7], artificial bee colony
(ABC) [8, 9], differential evolution (DE) [10], particle swarm
optimization (PSO) [11, 12], ant colony optimization (ACO)
[13–15], tabu search (TS) [8, 16, 17], artificial immune system
(AIS) [18], and clonal selection (CS) [19, 20] have been used to
solve a variety of problems in order to improve various issues
in antenna system. According to the above-mentioned study,
the main goal of this paper is to optimize the LCMV beam-
forming weights by PSO and gravitational search algorithm
(GSA) technique to improve the performance of system in
the expect of SINR.

In this investigation, PSO, DM-AIS, and GSA have been
applied in uniform linear antenna arrays with 0.5𝜆 spacing
between adjacent elements at a frequency of 2.3 GHz. The
rest of this paper is organized as follows. Section 2 introduces
system model which contains the basics of adaptive beam-
forming, LCMV technique, and its algorithm. The artificial
intelligence (AI) techniques including PSO, DM-AIS, and
GSA are summarized in Section 3. Section 4 shows the
application of presented AI in LCMV technique. Simulation
results are reported in Section 5, and finally Section 6 con-
cludes this investigation.

2. System Model

In this section, the mathematical formulation of the design
model for an adaptive beamforming and LCMV technique
will be presented in detail.

2.1. Adaptive Beamforming. The beamforming technique
attempts tomake beam toward the signal of interest (SOI) and
produce null toward the direction of signals not of interest
(SNOI). Signal processing technique automatically adjusts
incoming SOIs and SNOIs from collected information and
weight. The outputs of the individual sensors were linearly
combined after being scaled with the corresponding weights.
This process optimizes the antenna array to achieve maxi-
mum gain in the direction of the desired signal and nulls in
the direction of interferers. For a beamformer, the output at
any time 𝑛, 𝑦(𝑛) is given by a linear combination of the data at
𝑀 antennas, with𝑥(𝑛) being the input vector,𝑤(𝑛) theweight
vector, and 𝐻 the Hermitian transpose. Consider

𝑦 (𝑛) = 𝑤
𝐻

(𝑛) 𝑥 (𝑛) . (1)

Weight vector 𝑤(𝑛) can be defined as follows

𝑤 (𝑛) =

𝑀−1

∑

𝑁=0

𝑤
𝑛
,

𝑥 (𝑛) =

𝑀−1

∑

𝑛=0

𝑋
𝑛
.

(2)

The weight vector at time 𝑛 + 1 for any system that uses the
direct gradient vector for upgrading weight vector and avoid
the matrix inverse process can be as follows

𝑊(𝑛 + 1) = 𝑊 (𝑛) +

1

2

𝜇 [∇𝐽 (𝑛)] , (3)

where 𝜇 is the step size parameter, which controls the speed
of convergence and lies between 0 and 1. While the smallest
quantity of 𝜇 assists the cost function superior estimation and
sluggish concurrence, the huge quantity of it may result in a
quick union. Nevertheless, the constancy over the minimum
value could disappear. Consider

0 < 𝜇 <

1

𝜆

. (4)

Estimation of gradient vector is written as

∇𝐽 (𝑛) = −2𝑝 (𝑛) + 2𝑅 (𝑛)𝑊 (𝑛) ,

𝑅 (𝑛) = 𝑋 (𝑛)𝑋
𝐻

(𝑛) ,

𝑃 (𝑛) = 𝑑 (𝑛) ∗ 𝑋 (𝑛) ,

(5)

where 𝑅 is the covariance matrix and 𝑝 is the cross-correla-
tion vector.

By integrating (5) into (3), the weight vector can be
derived as follows

𝑊(𝑛 + 1) = 𝑊 (𝑛) + 𝜇 [𝑝 (𝑛) − 𝑅 (𝑛)𝑊 (𝑛)]

= 𝑊 (𝑛) + 𝜇𝑋 (𝑛) [𝑑
∗

(𝑛) − 𝑋 (𝑛)𝑊 (𝑛)]

= 𝑊 (𝑛) + 𝜇𝑋𝑒
∗

(𝑛) .

(6)

The following three formulas further define the desired
signal as

𝑦 (𝑛) = 𝑤
𝐻

(𝑛) 𝑥 (𝑛) ,

𝑒 (𝑛) = 𝑑 (𝑛) ⋅ 𝑦 (𝑛)𝑊 (𝑛 + 1)

= 𝑊 (𝑛) + 𝜇𝑋 (𝑛) 𝑒
∗

(𝑛) .

(7)

2.2. Conventional LCMV Beamforming. Numerous algo-
rithms were introduced for the design of an adaptive beam-
former [21]. One of the popular approaches for adaptive
beamforming was generated by Windrow [3]. His technique
leads to an adaptive beamformer with the LCMV. The form
of radiation beam in LCMV depends on the knowledge of
the received desired signal. Moreover, LCMV technique can
estimate the source of interference and control radiation lobe
in order to accumulate high power to the desired direction.
Although this system does not have to know the radiated
power of the desired signal or the direction of interference
and white noise, it is capable of suppressing the disturbances
as much as possible. The total signal is given by

𝑥Total = 𝑥
𝑠
(𝑡) + 𝑥

𝑖
(𝑡) + 𝑥

𝑛
(𝑡) , (8)

where 𝑥
𝑠
is the desired signal, 𝑥

𝑖
is the interference signal, 𝑥

𝑛

is the noise signal added from Gaussian noise, and 𝑥
𝑖
+ 𝑥
𝑛
is

the undesired signal.
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Asmentioned in Section 2.1, the array output can be writ-
ten as follow

𝑦 = 𝑤
𝐻

𝑥. (9)

The output power is given by

𝑝 = {𝐸




𝑦





2

} = 𝐸 {𝑤
𝐻

𝑥𝑥
𝐻

𝑤} = 𝑤
𝐻

𝐸 {𝑥𝑥
𝐻

𝑤} = 𝑤
𝐻

𝑅,

(10)

where the 𝑅 covariance matrix should be (𝑀, 1) for the
received signal 𝑥.

The LCMV algorithm depends on the steering vector,
based on the incident angle that is obtained from the incident
wave on each element. The optimum weights are selected to
minimize the array output power while maintaining unity
gain in the look direction. The LCMV adaptive algorithm
is shown in formula (11) when a constant beam pattern is
required. Consider

min {𝑤
𝐻

𝑅
𝑥𝑥

𝑤} conditional on𝑤
𝐻

𝑎 (𝜃
0
) = 𝑔, (11)

where 𝑔 is the complex scalar.
Steering vector 𝑎(𝜃) is given by [22]

𝑎 (𝜃) =

[

[

[

[

[

[

1

exp {𝑗

2𝜋

𝜆

(sin 𝜃
𝑖
) 𝑑}

exp {𝑗

2𝜋

𝜆

(sin 𝜃
𝑖
) (𝑚 − 1) 𝑑}

]

]

]

]

]

]

, (12)

where 𝜃
𝑖
is the desired angle, 𝑑 is the space between elements

of antenna, and𝑚 is number of elements. All assumptions in
this work will be shown later in Sections 4 and 5.

The optimization weight vectors can be calculated by the
following formula [22, 23]:

𝑊LCMV = 𝑔 ∗

𝑅
−1

𝑥𝑥
𝑎 (𝜃
0
)

𝑎
𝐻

(𝜃
0
) 𝑅
−1

𝑥𝑥
𝑎 (𝜃
0
)

. (13)

That means 𝑀 number of weights as below will be obtained
by using 𝑀 number of adaptive antenna elements. Consider

𝑤MVDR =

[

[

[

[

[

𝑤
1

𝑤
2

⋅ ⋅ ⋅

𝑤
𝑀

]

]

]

]

]

. (14)

The total noise, containing uncorrelated noise and interfer-
ences, is decreased by the minimization procedure. Notably,
continually sustaining the output signal, the minimization of
the total interference and noise is the same asmaximizing the
output SINR. The number of interference sources should be
equal to or less than𝑀−2 since an array with𝑀 elements has
only𝑀−1 degrees of freedom and has been employed by the
constraint in the look direction for cancelling interferences
in order to maximize the SINR. The LCMV algorithm is
unsuitable when the users spread in all directions. This is
called a multipath environment due to capability of incresing

sensitivity in only one direction [24]. The multipath inter-
ference occurs where numeorus scatterers neighbor in the
same base station and users are in populated urban regions.
Consequantly, LCMV beamforming technique may have an
inappropriately low null level, in the situation of undesired
interference signals which may have significant effect on
performance of the system.

3. Methodology

In this section, the PSO, DM-AIS, and GSA are summarized
as a basis to describe the proposed model which is used to
solve adaptive beamforming problems in LCMV technique.

3.1. Particle SwarmOptimization (PSO). Particle swarm opti-
mization (PSO) is a heuristic robust stochastic optimization
technique that was introduced byKennedy andEberhart [25].
This method is inspired from the simulation of the social
behaviors of animals (flock of birds). PSO updates the popu-
lation of particles by adding an operator based on the fitness
information achieved from the environment. Therefore, the
individuals of the population would be estimated to move
to the improved solution. The position and velocity of every
population member are updated via the following formula
[26]:

V𝑑
𝑖
(𝑡 + 1) = 𝑤V𝑑

𝑖
(𝑡) + 𝑐

1
𝑅
1
(𝑝best𝑑

𝑖
(𝑡) − 𝑝

𝑑

𝑖
(𝑡))

+ 𝑐
2
𝑅
2
(𝑔best(𝑡)𝑑 − 𝑝

𝑑

𝑖
(𝑡)) ,

(15)

𝑝
𝑑

𝑖
(𝑡 + 1) = 𝑝

𝑑

𝑖
(𝑡) + V𝑑

𝑖
(𝑡 + 1) . (16)

In the mentioned formula, velocity is V𝑑
𝑖
with dimension 𝑑

and particle 𝑖, 𝑝𝑑
𝑖
shows the position of particle 𝑖, 𝑡 is the

iteration number, and 𝑑 represents the dimension of search
space.𝑅

1
and𝑅

2
are uniform randomvariables as the random

cognitive coefficient and random social coefficient, respec-
tively, that are applied to make a randomized characteristic
in the search region. 𝑤 is the inertia weight to balance the
local and global search abilities of the particles. 𝑐

1
and 𝑐
2

are cognitive and social coefficient, 𝑝best is the individual
best solution for 𝑖th particle, and 𝑔best represents the global
best solution for the population. The positions are updated
according to formula (16) and their fitnesses are evaluated.
This process is repeated untill a termination criterion is met.
The work in [27] has suggested six different steps for solving
the problem by using the PSO as below.

Step 1. Generate randomly the particles and their velocity in
the dimensional search space.

Step 2. Evaluate the fitness function for each one.

Step 3. Update 𝑝best for each position; if the 𝑝best value is
lower than current fitness value of the particle, replace it by
current value.
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Step 4. Update 𝑔best; if the 𝑔best value is lower than current
fitness value of the particle, replace it by current value.

Step 5. Update the velocity and position of each particle using
(15) and (16), respectively.

Step 6. Repeat Steps 2–5, until the maximum number of
iteration is met.The explanations on how PSO is used to opti-
mize the weights of LCMV technique is given in Section 4.

3.2. Dynamic Mutated Artificial Immune System (DM-AIS).
One of the metaheuristic algorithms is artificial immune
systems (AIS) [28, 29] with significant popularity in the field
of optimization. AIS is mimicking the behavior of human
immune system towards foreign elements in a host body.The
human immune system makes active antibodies when anti-
gens attack the body. In addition, the human immune system
produces great amount of antibodies that fix powerfully to
a specific antigen through its cloning process. The mutation
rate of cloned antibodies is inversely proportionate to the
affinity of antigens. Thus, the lowest affinity antibodies will
result in the highest mutation rates. The general steps of AIS
are described as below.

(i) Initialize of random solutions (antibodies).
(ii) Calculate fitness for each solution.
(iii) Store the best fitness value and its associated solution.
(iv) Select a subset of antibodies for cloning.
(v) Apply mutation for each cloned antibody.
(vi) Calculate fitness for each cloned antibody after muta-

tion.
(vii) Compare new fitness with best fitness value.
(viii) If fitness of cloned antibody better than previous

fitness, replace cloned antibody as antibody.
(ix) Repeat until termination criteria are met.

DM-AIS [18] is a type of AIS algorithm with a new dynamic
mutation function. The new population of antibodies is
derived from the fitness value based on dynamic mutation
rate. The new dynamic mutation rate is then able to improve
the convergence rate of the antibody solution.

3.3. Gravitational Search Algorithm (GSA). One of the latest
search algorithms for heuristic population is gravitational
search algorithm (GSA). GSA is employed as an artificial
world of masses following the gravitation of Newtonian laws
[30]. All the GSA search agents (individuals) can be consid-
ered as objects and their masses are the factors of evaluate
them.

Gravity force is the cause of the movement of all objects
globally toward the objects with heaviermasses. It means that
optimum solutions of the problems are represented by the
heavy masses. In this method, the new position and velocity
of agent 𝑖 will be upgraded based on the formula below:

V𝑑
𝑖
(𝑡 + 1) = rand

𝑖
× V𝑑
𝑖
(𝑡) + 𝑎

𝑑

𝑖
(𝑡) ,

𝑝
𝑑

𝑖
(𝑡 + 1) = 𝑝

𝑑

𝑖
(𝑡) + V𝑑

𝑖
(𝑡 + 1) .

(17)

In thementioned formula, velocity of 𝑖th agent is V𝑑
𝑖
in dimen-

sion 𝑑, 𝑝𝑑
𝑖
is position of 𝑖th agent at iteration number 𝑡. rand

𝑖

represents a random variable in order to provide a random-
ized characteristic for the search space as well as enhance-
ment of the finding the global optimal chance, 𝑎𝑑

𝑖
is the accel-

eration of agent 𝑖 in dimension 𝑑, and could be obtained as
below:

𝑎
𝑑

𝑖
(𝑡) = ∑

𝑗∈𝑘best,𝑗 ̸=𝑖
rand
𝑖
𝐺 (𝑡)

𝑀
𝑗
(𝑡)

𝑅
𝑖,𝑗

(𝑡) + 𝜀

(𝑝
𝑑

𝑗
(𝑡) − 𝑝

𝑑

𝑖
(𝑡)) ,

(18)

where 𝑎
𝑑

𝑖
is the acceleration of 𝑖th agent in dimension 𝑑

and rand
𝑗
is random value; according to formula (19), the

gravitational constant at time 𝑡 is𝐺(𝑡);𝑀
𝑗
is mass of 𝑗th agent

represented in formula (20); 𝜀 is a minor element to prevent
division by zero and the𝑅

𝑖,𝑗
(𝑡) is the Euclidean distance that is

represented as𝑅
𝑖,𝑗
(𝑡) = ‖𝑝

𝑖
(𝑡), 𝑝
𝑗
(𝑡)‖
2

. It is valued to reference
that we employ 𝑅 as a replacement of 𝑅2 in formula (18) due
to the tests offered in [30] which illustrate that 𝑅 offers better
output in comparison with𝑅

2. 𝑘best is a control function that
is able to advance the performance of GSA. This function
controls the exploitation and exploration with initialization
to 𝑘
0
at the starting and reducing with each iteration [30]. 𝑘

0

is adjusted to 𝑁 (overall amount of agents) and is reduced to
1 linearly. In formula (18), the gravitational constant 𝐺(𝑡) is a
reducing function of time when it is set to 𝐺

0
at the starting

and will be decreased exponentially as shown in formula
below:

𝐺 (𝑡) = 𝐺
0
× exp(−𝛽 ×

𝑡

𝑡max
) . (19)

In formula (19), 𝛽 is a gradient constant value, 𝑡 is the current
repetition, and 𝑡max is the maximum repetition number.
Furthermore, the mass of agents in formula (18) is examined
with employing the formula (20) as a below:

𝑀
𝑖
(𝑡) =

𝑚
𝑖
(𝑡)

∑
𝑁

𝑗=1
𝑚
𝑗
(𝑡)

, (20)

in which

𝑚
𝑖
(𝑡) =

fit
𝑖
(𝑡) − worst (𝑡)

best (𝑡) − worst (𝑡)
. (21)

In formula (21), fit
𝑖
(𝑡) is the fitness value of the agent 𝑖 at time

𝑡. worst(𝑡) and best(𝑡) are the worst and best fitness of all
agents, respectively.

4. Proposed LCMV Beamforming Assisted
by Gravitational Search Algorithm, Dynamic
Mutated Artificial Immune System, and
Particle Swarm Optimization

The PSO, DM-AIS, and GSA were utilized to enhance the
SINR value of the LCMV beamforming technique in this
paper. The smart antenna will try to optimize via PSO, DM-
AIS, andGSA iteration process tomake deep null at the inter-
ference sources in order to get the maximum SINR.
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Table 1: Used parameters of PSO and GSA briefly in this study.

Parameter Description PSO GSA
N Population size 10 10
d Dimension of the search space 4,8 4,8
𝑡max Maximum iteration 500 500

W Weight Start weight = 0.9
End weight = 0.4

N.A

𝑐
1

Cognitive coefficient 2 N.A
𝑅
1

Random cognitive coefficient Rand(0, 1) N.A
𝑐
2

Social coefficient 2 N.A
𝑅
2

Random social coefficient Rand(0, 1) N.A
𝐺
0

Initial value of gravitational constant N.A 100
𝛽 Gradient constant N.A 20
𝜀 Zero offset constant N.A 2.22e − 16

In these algorithms, the 𝑤 (weight vector) will be used
as the system population. These algorithms will initiate by
generating the 𝑁 particles, which is indicated by 𝑊

𝑁
weight

vectors. Moreover, the number of produced weight vectors is
dependent on the population size 𝑃size. For the first genera-
tion, the first set of weight vectors 𝑊

1
is obtained from the

computation of the conventional LCMV weight vector. The
weight vectors in every particle contain an 𝑀 number of
weight vectors, depending on the antenna elements usedor
the number of sensors. The weight vectors in the population
of any iteration can be illustrated inmatrix format as a below:

𝑊
𝑁𝑀

=

[

[

[

[

[

[

[

[

[

[

𝑊lcmv1 𝑊lcmv2 ⋅ ⋅ ⋅ 𝑊lcmv𝑀

𝑊
11

𝑊
12

⋅ ⋅ ⋅ 𝑊
1𝑀

𝑊
21

𝑊
22

⋅ ⋅ ⋅ 𝑊
2𝑀

⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅

𝑊
𝑛1

𝑊
𝑛2

⋅ ⋅ ⋅ 𝑊
𝑛𝑀

]

]

]

]

]

]

]

]

]

]

, (22)

where𝑊
𝑁𝑀

are the weight vectors of total population𝑁with
𝑀 sensors in each antenna and 𝑊lcmv are the weight vectors
from LCMV beamformer.

PSO, DM-AIS, and GSA: 𝑝𝑑
𝑖

= 𝑊
𝑀

𝑛
, where 𝑑 = 𝑀, 𝑖 =

𝑛, and 𝑖th Particle at 𝑑th dimension can be presented as 𝑛th
weight at dimension 𝑀.

Each set of particles 𝑊 has amplitude and phase (𝐴∀𝜃)
to steer the radiation beam toward its target user and place
the deep null toward the interference sources to achieve
the optimum SINR. The best weight vector is determined
according to the fitness value obtained from fitness function
as shown below. Consider

Fitness Function (FF) =

𝑃User

∑
𝑁

𝑛=1
𝑃Inter 𝑛 + Noise

, (23)

where 𝑃User is the power of target user, 𝑃Inter is the power of
interference, and 𝑛 is the number of interference sources.

Table 1 shows the used parameters of PSO and GSA in
this study. The parameters of GSA are chosen according to

the guidelines and recommendations presented in [30].These
configurations of GSA have also been utilized extensively
after the development ofGSA [31–34].The linearly decreasing
inertia coefficient of PSO was chosen to allow initial explora-
tion while not degrading the convergence rate. The cognitive
and social coefficients were chosen based on the recommen-
dations in the literature [35, 36]. The maximum iterations for
DM-AIS are 500 for fair comparisonwithGSA andPSO.DM-
AIS parameters implemented in this study were the same as
in [18].

5. Experimental Results and Discussion

The effectiveness of the proposed PSO, DM-AIS, and GSA
techniques in LCMV in comparison with the conventional
LCMVbeamforming is investigated by considering four cases
of different interferences and elements in this section. All
cases have one user at 0∘, while the number of interferences
and elements changes in each case. The first case is inter-
ference signal at 20∘ by using 4-element patch antenna; the
second case is two interference signals at 20∘ and 60∘ by using
4-element patch antenna. Third and fourth cases include
same interference at cases 1 and 2 but using 8-element patch
antenna. Optimization result of PSO and GSA are obtained
from 10 cycle’s simulation and the best results are plotted.

5.1. Case 1: One User, One Interference, Four Elements. One
interference source at 20∘ and user at 0∘ by using 4-element
patch antenna has been assumed in the first case study. The
simulation result is shown in Figure 1.

Table 2 compares the power values of the above-
mentioned four methods. It is obvious that the GSA method
performs better than PSO and DM-AIS with the same num-
ber of iterations. It means GSA is superior as compared to
PSO and DM-AIS because it creates deeper null in the inter-
ference direction while increasing power at desired direction.
This result also demonstrates that the improvements of SINR
are 52.01%, 53.63%, and 54.14%, respectively, by PSO, DM-
AIS, and GSA as compared to conventional LCMVmethod.
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Table 2: Comparison of weight vectors, power values, and SINR calculation for conventional LCMV, PSO-LCMV, DM-AIS-LCMV, and
GSA-LCMV for user at 0∘ with interference at 20∘ by using 4 elements.
Algorithm Weights Power at 0∘ (W) Power at 20∘ (W) SINR (dB)

LCMV
−0.0034 − 0.9316i
−2.1723 − 1.8276i
−2.1723 + 1.827i
−0.0034 + 0.9316i

4.35 4.07 × 10
−5 50.27

PSO
−1.0592 − 0.3784i
−1.1478 − 0.3784i
−1.8144 + 1.27657i
0.0176 + 1.2784i

4.38 1 × 10
−15 76.42

DM-AIS
1.2962 + 0.9929i
0.3293 + 0.9559i
1.2026 + 0.3361i
1.9141 + 0.1246i

5.31 6.29 × 10
−10 77.23

GSA
0.6579 + 0.8473i
1.3924 + 1.1853i
0.6916 + 0.5625i
2.5054 − 0.4960i

5.65 5.03 × 10
−10 77.50

LCMV
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Figure 1: Comparison of performance of power response LCMV,
PSO-LCMV, DM-AIS-LCMV, and GSA-LCMV for user at 0∘ with
interference at 20∘ by using 4 elements.

5.2. Case 2: One User, Two Interferences, Four Elements. Two
interference sources at 20∘, 60∘ by using 4-element patch
antenna and user at 0∘ has been assumed in the second case
study. The simulation outcome is displayed in Figure 2.

Table 3 compares the power values and SINR of the
methods mentioned previously. The GSA method achieves
better performance with the same iterations in Case 2 also.
This shows that the proposed methods can achieve better
nulls than conventional LCMV for two interference cases.
In addition, this table presents the ratio of SINR 4.40 dB
through conventional LCMV while the PSO, DM-AIS, and
GSA improve these values 1176.81%, 1556.59%, and 1732.95%,
respectively.
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Figure 2: Comparison of performance of power response LCMV,
PSO-LCMV, DM-AIS-LCMV, and GSA-LCMV for user at 0∘ with
interference at 20∘ and 60∘ by using 4 elements.

5.3. Case 3: One User, One Interference, Eight Elements. One
interference at 20∘ by using 8-element patch antenna and
user at 0∘ has been assumed in the third case study.

The results of Case 3 are consistent with the findings of
previous two cases. GSA-LCMV outperforms conventional
LCMV, DM-AIS-LCMV, and PSO-LCMV significantly for
eight-element array also, as illustrated in Figure 3. Thus, the
superiority of GSA over other techniques is independent of
number of array elements. Table 4 demonstrates the ratio of
SINR 38.93 dB through conventional LCMV, while the PSO,
DM-AIS, and GSA improve these values 49.73%, 72.61%, and
105.26%, respectively.

5.4. Case 4: One User, Two Interferences, and Eight Elements.
Two interference sources at 20∘, 60∘ by using 8-element patch
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Table 3: Comparison of weight vectors, power values, and SINR calculation for conventional LCMV, PSO-LCMV, DM-AIS-LCMV, and
GSA-LCMV for user at 0∘ with interference at 20∘ and 60∘ by using 4 elements.

Algorithm Weights Power at 0∘ (W) Power at 20∘ (W) Power at 60∘ (W) SINR (dB)

LCMV
0.0067 − 0.7860i
−1.7890 − 1.6179i
−1.7888 + 1.6184i
0.0069 + 0.7860i

3.56 1.5 × 10
−1

1.14 × 10
0 4.40

PSO
0.2620 + 1.0535i
0.1924 + 0.6244i
0.5209 + 0.8704i
1.3205 + 0.3789i

3.72 8.69 × 10
−6

1.54 × 10
−7 56.18

DM-AIS
0.7471 + 1.2004i
0.4117 + 0.5250i
0.7398 + 0.8941i
1.7452 + 0.1232i

4.56 9.44 × 10
−8

3.96 × 10
−8 72.89

GSA
−4.1832 − 1.6647i
−2.5456 + 0.9557i
−1.8412 + 0.4129i
−3.3839 + 2.0752i

12.08 1.78 × 10
−9

2.18 × 10
−9 80.65

Table 4: Comparison of weight vectors, power values, and SINR calculation for conventional LCMV, PSO-LCMV, DM-AIS-LCMV, and
GSA-LCMV for user at 0∘ with interference at 20∘ by using 8 elements.

Algorithm Weights Power at 0∘ (W) Power at 20∘ (W) SINR (dB)

LCMV

0.0317 + 0.1445i
0.1194 + 0.0909i
−0.2264 + 0.1311i
0.0990 − 0.2212i
0.1017 + 0.2525i

−0.1896 − 0.12725i
0.1060 − 0.1115i
0.0227 − 0.1350i

6.90 × 10
−2

8.71 × 10
−6 38.93

PSO

0.0317 + 0.1445i
0.1194 + 0.0909i
−0.2263 + 0.1311i
0.0990 − 0.2212i
0.1017 + 0.2525i
−0.1897 − 0.1271i
0.1061 − 0.1115i
0.0227 − 0.1349i

6.92 × 10
−2

2.23 × 10
−9 58.30

DM-AIS

−0.0864 + 0.7410i
0.9922 + 0.1975i
1.6119 + 0.4745i
0.1607 + 0.5461i
1.3573 + 0.2932i
−0.1193 + 0.6657i
0.9244 + 0.7284i
0.0049 + 0.5399i

6.40 × 10
0

1.11 × 10
−6 67.20

GSA

−0.6737 + 0.8571i
0.6194 − 0.0643i
1.3861 + 0.6505i
0.8473 + 0.8198i
1.1431 + 0.9980i
1.5379 + 1.0542i
1.8363 + 0.9692i
1.3944 + 0.42148i

9.90 × 10
0

6.30 × 10
−10 79.92
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Table 5: Comparison of weight vectors, power values, and SINR calculation for conventional LCMV, PSO-LCMV, DM-AIS-LCMV, and
GSA-LCMV for user at 0∘ with interference at 20∘, 60∘ by using 8 elements.

Algorithm Weights Power at 0∘ (W) Power at 20∘ (W) Power at 60∘ (W) SINR (dB)

LCMV

−0.6890 + 0.4136i
0.2415 + 1.1050i

−0.6307 − 0.3236i
−0.2050 + 0.4525i
−0.1819 − 0.4779i
−0.5573 + 0.2462i
0.2360 − 1.2187i
−0.7214 − 0.4358i

2.51 2.98 × 10
−5

7.66 × 10
−5 43.73

PSO

−0.6004 + 0.5241i
0.2293 + 1.1021i

−0.5799 − 0.3262i
−0.5170 + 0.9217i
−0.1831 − 0.3784i
−1.0433 + 0.2464i
0.0982 − 0.3784i
−0.6887 − 0.3784i

3.54 1 × 10
−15

1 × 10
−15 75.49

DM-AIS

−0.4890 + 0.5137i
−0.2718 + 0.6251i
0.0371 + 0.4669i
0.2083 + 0.6415i
−0.6586 + 0.7074i
−0.1554 + 0.7897i
0.3603 + 0.5786i
0.3198 + 0.5346i

4.90 1.70 × 10
−9

1.79 × 10
−9 76.75

GSA

−0.3417 + 0.1177i
0.1586 + 1.0271i
1.1506 + 0.3389i
1.8499 + 0.6928i
1.5246 + 1.0174i
0.7917 + 0.3530i
1.5273 + 0.7368i
1.4564 + 0.8934i

9.62 2.64 × 10
−9

6.36 × 10
−10 79.69
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Figure 3: Comparison of performance of power response LCMV,
PSO-LCMV, DM-AIS-LCMV, and GSA- LCMV for user at 0∘ with
interference at 20∘ by using 8 elements.

antenna and user at 0∘ have been assumed in the fourth case
study.

Case 4 confirms the findings of Case 3 in terms of superi-
ority of GSA, as shown in Figure 4. Table 5 shows that GSA-
LCMV achieves highest power in desired direction and lower
power at nulls than conventional LCMV. PSO is known to
have premature convergence issues. Thus, GSA is able to
consistently outperformPSO in array optimization problems.
Besides, this result also illustrates that the development of
SINR is 72.62%, 75.50%, and 82.22%, respectively, by PSO,
DM-AIS, andGSA as compared to conventional LCMV tech-
nique. The DM-AIS was developed to improve the perfor-
mance of AIS for beamforming applications [18]. Based on
the results presented in this section, it converges to signifi-
cantly better solutions than PSO consistently. However, GSA
still outperformsDM-AISwith superior SINR in all scenarios.

6. Conclusion

This paper applied PSO, DM-AIS, and GSA in linear antenna
arrays with different number of elements to control the
nulling of interference and the directionality towards the
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Figure 4: Comparison of performance of power response LCMV,
PSO-LCMV, DM-AIS-LCMV, and GSA-LCMV for user at 0∘ with
interference at 20∘, 60∘ by using 8 elements.

desired signal. The results of the LCMV assisted by proposed
approaches were compared with conventional LCMV, and
the effectiveness of the proposed approaches in minimizing
the power of interference and increasing SINR was observed.
The result of LCMV beamforming assisted by GSA algo-
rithm is better than PSO and DM-AIS algorithm and also
its conventional LCMV beamforming algorithm. This new
proposedGSA-LCMVcan be useful for smart antenna for the
radiation pattern synthesis because of its good accuracy and
not requiring complicated mathematical functions.
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Interest in multimodal optimization is expanding rapidly, since many practical engineering problems demand the localization
of multiple optima within a search space. On the other hand, the cuckoo search (CS) algorithm is a simple and effective global
optimization algorithm which can not be directly applied to solve multimodal optimization problems. This paper proposes a new
multimodal optimization algorithm called the multimodal cuckoo search (MCS). Under MCS, the original CS is enhanced with
multimodal capacities by means of (1) the incorporation of a memory mechanism to efficiently register potential local optima
according to their fitness value and the distance to other potential solutions, (2) the modification of the original CS individual
selection strategy to accelerate the detection process of new local minima, and (3) the inclusion of a depuration procedure to
cyclically eliminate duplicated memory elements. The performance of the proposed approach is compared to several state-of-the-
art multimodal optimization algorithms considering a benchmark suite of fourteen multimodal problems. Experimental results
indicate that the proposed strategy is capable of providing better and even amore consistent performance over existing well-known
multimodal algorithms for the majority of test problems yet avoiding any serious computational deterioration.

1. Introduction

Optimization is a field with applications in many areas of
science, engineering, economics, and others, where mathe-
matical modelling is used [1]. In general, the goal is to find
an acceptable solution of an objective function defined over
a given search space. Optimization algorithms are usually
broadly divided into deterministic and stochastic ones [2].
Since deterministic methods only provide a theoretical guar-
antee of locating a local minimum for the objective function,
they often face great difficulties in solving optimization
problems [3]. On the other hand, stochastic methods are
usually faster in locating a global optimum [4]. Moreover,
they adapt easily to black-box formulations and extremely
ill-behaved functions, whereas deterministicmethods usually
rest on at least some theoretical assumptions about the
problem formulation and its analytical properties (such as
Lipschitz continuity) [5].

Evolutionary algorithms (EA), which are considered to
be members of the stochastic group, have been developed by
a combination of rules and randomness that mimics several
natural phenomena. Such phenomena include evolutionary
processes such as the evolutionary algorithm (EA) proposed

by Fogel et al. [6], de Jong [7], and Koza [8]; the genetic
algorithm (GA) proposed by Holland [9] and Goldberg [10];
the artificial immune system proposed by de Castro and von
Zuben [11]; and the differential evolution algorithm (DE)
proposed by Storn and Price [12]. Some othermethods which
are based on physical processes include simulated annealing
proposed by Kirkpatrick et al. [13], the electromagnetism-
like algorithm proposed by Birbil and Fang [14], and the
gravitational search algorithm proposed by Rashedi et al.
[15]. Also, there are other methods based on the animal-
behavior phenomena such as the particle swarmoptimization
(PSO) algorithmproposed byKennedy and Eberhart [16] and
the ant colony optimization (ACO) algorithm proposed by
Dorigo et al. [17].

Most of research work on EA aims for locating the
global optimum [18]. Despite its best performance, a global
optimum may be integrated by parameter values that are
considered impractical or prohibitively expensive, limiting
their adoption into a real-world application. Therefore, from
a practical point of view, it is desirable to have access to
not only the global optimum but also as many local optima
as possible (ideally all of them). Under such circumstances,
a local optimum with acceptable performance quality and
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modest cost may be preferred over a costly global solution
with marginally better performance [19]. The process of
finding the global optimum and multiple local optima is
known as multimodal optimization.

EA perform well for locating a single optimum but fail
to provide multiple solutions [18]. Several methods have
been introduced into the EA scheme to achieve multimodal
optimization, such as fitness sharing [20–22], deterministic
crowding [23], probabilistic crowding [22, 24], clustering
based niching [25], clearing procedure [26], species conserv-
ing genetic algorithm [27], and elitist-population strategies
[28]. However, most of these methods have difficulties that
need to be overcome before they can be employed suc-
cessfully to multimodal applications. Some identified prob-
lems include difficulties in tuning some niching parameters,
difficulties in maintaining discovered solutions in a run,
extra computational overheads, and poor scalability when
dimensionality is high. An additional problem represents the
fact that such methods are devised for extending the search
capacities of popular EA such as GA and PSO, which fail
in finding a balance between exploration and exploitation,
mainly for multimodal functions [29]. Furthermore, they
do not explore the whole region effectively and often suffer
premature convergence or loss of diversity.

As alternative approaches, other researchers have emplo-
yed artificial immune systems (AIS) to solvemultimodal opti-
mization problems. Some examples are the clonal selection
algorithm [30] and the artificial immune network (AiNet)
[31, 32]. Both approaches use operators and structures which
attempt to find multiple solutions by mimicking the natural
immune system’s behavior.

Every EA needs to address the issue of exploration and
exploitation of the search space [33]. Exploration is the
process of visiting entirely newpoints of a search space, whilst
exploitation is the process of refining those points within
the neighborhood of previously visited locations in order to
improve their solution quality. Pure exploration degrades the
precision of the evolutionary process but increases its capacity
to find new potential solutions. On the other hand, pure
exploitation allows refining existent solutions but adversely
driving the process to local optimal solutions.

Multimodal optimization requires a sufficient amount of
exploration of the population agents in hyperspace so that
all the local and global attractors can be successfully and
quickly detected [34, 35]. However, an efficient multimodal
optimization algorithm should exhibit not only good explo-
ration tendency but also good exploitative power, especially
during the last stages of the search, because it must ensure
accurately a distributed convergence to different optima in
the landscape.Therefore, the ability of an EA to find multiple
solutions depends on its capacity to reach a good balance
between the exploitation of found-so-far elements and the
exploration of the search space [36]. So far, the exploration-
exploitation dilemma has been an unsolved issue within the
framework of EA.

Recently, a novel nature-inspired algorithm, called the
cuckoo search (CS) algorithm [37], has been proposed for
solving complex optimization problems. The CS algorithm is
based on the obligate brood-parasitic strategy of some cuckoo

species. One of the most powerful features of CS is the use
of Lévy flights to generate new candidate solutions. Under
this approach, candidate solutions aremodified by employing
many small changes and occasionally large jumps. As a result,
CS can substantially improve the relationship between explo-
ration and exploitation, still enhancing its search capabilities
[38]. Recent studies show that CS is potentially far more
efficient than PSO and GA [39]. Such characteristics have
motivated the use of CS to solve different sorts of engineering
problems such as mesh generation [40], embedded systems
[41], steel frame design [42], scheduling problems [43],
thermodynamics [44], and distribution networks [45].

This paper presents a new multimodal optimization
algorithm called the multimodal cuckoo search (MCS). The
method combines the CS algorithm with a new memory
mechanism which allows an efficient registering of potential
local optima according to their fitness value and the distance
to other potential solutions.The original CS selection strategy
is mainly conducted by an elitist decision where the best indi-
viduals prevail. In order to accelerate the detection process of
potential local minima in our method, the selection strategy
is modified to be influenced by individuals that are contained
in the memory mechanism. During each generation, eggs
(individuals) that exhibit different positions are included in
the memory. Since such individuals could represent to the
same local optimum, a depuration procedure is also incor-
porated to cyclically eliminate duplicated memory elements.
The performance of the proposed approach is compared to
several state-of-the-art multimodal optimization algorithms
considering a benchmark suite of 14 multimodal problems.
Experimental results indicate that the proposed strategy
is capable of providing better and even more consistent
performance over the existing well-known multimodal algo-
rithms for the majority of test problems avoiding any serious
computational deterioration.

The paper is organized as follows. Section 2 explains the
cuckoo search (CS) algorithm, while Section 3 presents the
proposedMCS approach. Section 4 exhibits the experimental
set and its performance results. Finally, Section 5 establishes
some concluding remarks.

2. Cuckoo Search (CS) Method

CS is one of the latest nature-inspired algorithms, developed
by Yang and Deb [37]. CS is based on the brood parasitism of
some cuckoo species. In addition, this algorithm is enhanced
by the so-called Lévy flights [46], rather than by simple
isotropic random walks. Recent studies show that CS is
potentially far more efficient than PSO and GA [39].

Cuckoo birds lay their eggs in the nests of other host birds
(usually other species)with amazing abilities such as selecting
nests containing recently laid eggs and removing existing eggs
to increase the hatching probability of their own eggs. Some
of the host birds are able to combat this parasitic behavior of
cuckoos and throw out the discovered alien eggs or build a
new nest in a distinct location.This cuckoo breeding analogy
is used to develop the CS algorithm. Natural systems are
complex, and therefore they cannot be modeled exactly by
a computer algorithm in its basic form. Simplification of
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natural systems is necessary for successful implementation
in computer algorithms. Yang and Deb [39] simplified the
cuckoo reproduction process into three idealized rules.

(1) An egg represents a solution and is stored in a nest.
An artificial cuckoo can lay only one egg at a time.

(2) The cuckoo bird searches for the most suitable nest
to lay the eggs in (solution) to maximize its eggs’
survival rate. An elitist selection strategy is applied,
so that only high-quality eggs (best solutions near
the optimal value) which are more similar to the
host bird’s eggs have the opportunity to develop (next
generation) and become mature cuckoos.

(3) The number of host nests (population) is fixed. The
host bird can discover the alien egg (worse solutions
away from the optimal value) with a probability of
𝑝
𝑎
∈ [0, 1], and these eggs are thrown away or the

nest is abandoned and a completely newnest is built in
a new location. Otherwise, the egg matures and lives
to the next generation. New eggs (solutions) laid by
a cuckoo choose the nest by Lévy flights around the
current best solutions.

From the implementation point of view, in the CS
operation, a population, E𝑘 ({e𝑘

1
, e𝑘
2
, . . . , e𝑘

𝑁
}), of𝑁 eggs (indi-

viduals) is evolved from the initial point (𝑘 = 0) to a total gen
number iterations (𝑘 = 2 ⋅ gen). Each egg, e𝑘

𝑖
(𝑖 ∈ [1, . . . , 𝑁]),

represents an 𝑛-dimensional vector, {𝑒𝑘
𝑖,1
, 𝑒
𝑘

𝑖,2
, . . . , 𝑒

𝑘

𝑖,𝑛
}, where

each dimension corresponds to a decision variable of the
optimization problem to be solved. The quality of each egg,
e𝑘
𝑖
(candidate solution), is evaluated by using an objective

function,𝑓(e𝑘
𝑖
), whose final result represents the fitness value

of e𝑘
𝑖
.Three different operators define the evolution process

of CS: (A) Lévy flight, (B) replacement of some nests by
constructing new solutions, and (C) elitist selection strategy.

2.1. Lévy Flight (A). One of the most powerful features of
cuckoo search is the use of Lévy flights to generate new
candidate solutions (eggs). Under this approach, a new
candidate solution, e𝑘+1

𝑖
(𝑖 ∈ [1, . . . , 𝑁]), is produced by

perturbing the current e𝑘
𝑖
with a change of position c

𝑖
. In order

to obtain c
𝑖
, a random step, s

𝑖
, is generated by a symmetric

Lévy distribution. For producing s
𝑖
, Mantegna’s algorithm

[47] is employed as follows:

s
𝑖
=

u
|k|1/𝛽

, (1)

where u ({𝑢
1
, . . . , 𝑢

𝑛
}) and k ({V

1
, . . . , V

𝑛
}) are 𝑛-dimensional

vectors and 𝛽 = 3/2. Each element of u and v is calculated by
considering the following normal distributions:

𝑢 ∼ 𝑁(0, 𝜎
2

𝑢
) , V ∼ 𝑁(0, 𝜎

2

V) ,

𝜎
𝑢
= (

Γ (1 + 𝛽) ⋅ sin (𝜋 ⋅ 𝛽/2)

Γ ((1 + 𝛽) /2) ⋅ 𝛽 ⋅ 2
(𝛽−1)/2

)

1/𝛽

, 𝜎V = 1,

(2)

where Γ(⋅) represents the gamma distribution. Once s
𝑖
has

been calculated, the required change of position c
𝑖
is com-

puted as follows:

c
𝑖
= 0.01 ⋅ s

𝑖
⊕ (e𝑘
𝑖
− ebest) , (3)

where the product ⊕ denotes entrywise multiplications
whereas ebest is the best solution (egg) seen so far in terms
of its fitness value. Finally, the new candidate solution, e𝑘+1

𝑖
,

is calculated by using

e𝑘+1
𝑖

= e𝑘
𝑖
+ c
𝑖
. (4)

2.2. Replacement of Some Nests by Constructing New Solutions
(B). Under this operation, a set of individuals (eggs) are
probabilistically selected and replaced with a new value.
Each individual, e𝑘

𝑖
(𝑖 ∈ [1, . . . , 𝑁]), can be selected with

a probability of 𝑝
𝑎

∈ [0, 1]. In order to implement this
operation, a uniform random number, 𝑟

1
, is generated within

the range [0, 1]. If 𝑟
1
is less than 𝑝

𝑎
, the individual e𝑘

𝑖

is selected and modified according to (5). Otherwise, e𝑘
𝑖

remains without change. This operation can be resumed by
the following model:

e𝑘+1
𝑖

= {

e𝑘
𝑖
+ rand ⋅ (e𝑘

𝑑1
− e𝑘
𝑑2
) , with probability 𝑝

𝑎
,

e𝑘
𝑖
, with probability (1 − 𝑝

𝑎
) ,

(5)

where rand is a random number normally distributed,
whereas 𝑑

1
and 𝑑

2
are random integers from 1 to𝑁.

2.3. Elitist Selection Strategy (C). After producing e𝑘+1
𝑖

either
by operator A or by operator B, it must be compared with its
past value e𝑘

𝑖
. If the fitness value of e𝑘+1

𝑖
is better than e𝑘

𝑖
, then

e𝑘+1
𝑖

is accepted as the final solution. Otherwise, e𝑘
𝑖
is retained.

This procedure can be resumed by the following statement:

e𝑘+1
𝑖

= {

e𝑘+1
𝑖

, if 𝑓 (e𝑘+1
𝑖

) < 𝑓 (e𝑘
𝑖
) ,

e𝑘
𝑖
, otherwise.

(6)

This elitist selection strategy denotes that only high-quality
eggs (best solutions near the optimal value) which are more
similar to the host bird’s eggs have the opportunity to develop
(next generation) and become mature cuckoos.

2.4. Complete CS Algorithm. CS is a relatively simple algo-
rithm with only three adjustable parameters: 𝑝

𝑎
, the popula-

tion size, 𝑁, and the number of generations gen. According
to Yang and Deb [39], the convergence rate of the algorithm
is not strongly affected by the value of 𝑝

𝑎
and it is suggested

to use 𝑝
𝑎
= 0.25. The operation of CS is divided in two parts:

initialization and the evolution process. In the initialization
(𝑘 = 0), the first population, E0 ({e0

1
, e0
2
, . . . , e0

𝑁
}), is produced.

The values, {𝑒0
𝑖,1
, 𝑒
0

𝑖,2
, . . . , 𝑒

0

𝑖,𝑛
}, of each individual, e𝑘

𝑖
, are ran-

domly and uniformly distributed between the prespecified
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(1) Input: 𝑝
𝑎
, N and gen

(2) Initialize E0(𝑘 = 0)

(3) until (𝑘 = 2 ⋅ gen)
(5) E𝑘+1 ← OperatorA(E𝑘) Section 2.1
(6) E𝑘+1 ← OperatorC(E𝑘, E𝑘+1) Section 2.3
(7) E𝑘+2 ← OperatorB(E𝑘+1) Section 2.2
(8) E𝑘+1 ← OperatorC(E𝑘+1, E𝑘+2) Section 2.3
(9) end until

Algorithm 1: Cuckoo search (CS) algorithm.

0% 50% 75% 100%

s = 1 s = 2 s = 3

1 < k ≤ gen gen < k ≤ 1.5 · gen 1.5 · gen < k ≤ 2 · gen

Figure 1: Division of the evolution process according to MCS.

lower initial parameter bound, 𝑏low
𝑗

, and the upper initial
parameter bound, 𝑏high

𝑗
. One has

𝑒
0

𝑖,𝑗
= 𝑏

low
𝑗

+ rand ⋅ (𝑏high
𝑗

− 𝑏
low
𝑗

) ;

𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝑛.

(7)

In the evolution process, operatorsA (Lévy flight), B (replace-
ment of some nests by constructing new solutions), and
C (elitist selection strategy) are iteratively applied until the
number of iterations 𝑘 = 2 ⋅ gen has been reached. The
complete CS procedure is illustrated in Algorithm 1.

FromAlgorithm 1, it is important to remark that the elitist
selection strategy (C) is used two times, just after operator A
or operator B is executed.

3. The Multimodal Cuckoo Search (MCS)

In CS, individuals emulate eggs which interact in a bio-
logical system by using evolutionary operations based on
the breeding behavior of some cuckoo species. One of the
most powerful features of CS is the use of Lévy flights
to generate new candidate solutions. Under this approach,
candidate solutions are modified by employing many small
changes and occasionally large jumps. As a result, CS can sub-
stantially improve the relationship between exploration and
exploitation, still enhancing its search capabilities. Despite
such characteristics, the CS method still fails to provide
multiple solutions in a single execution. In the proposedMCS
approach, the original CS is adapted to include multimodal
capacities. In particular, this adaptation contemplates (1) the
incorporation of a memory mechanism to efficiently register
potential local optima according to their fitness value and the
distance to other potential solutions, (2) the modification of
the original CS individual selection strategy to accelerate the
detection process of new local minima, and (3) the inclusion
of a depuration procedure to cyclically eliminate duplicated
memory elements.

In order to implement these modifications, the proposed
MCSdivides the evolution process in three asymmetric states.
The first state (𝑠 = 1) includes 0 to 50% of the evolution
process. The second state (𝑠 = 2) involves 50 to 75%. Finally,
the third state (𝑠 = 3) lasts from 75 to 100%. The idea of this
division is that the algorithm can react in a different manner
depending on the current state. Therefore, in the beginning
of the evolutionary process, exploration can be privileged,
while, at the end of the optimization process, exploitation can
be favored. Figure 1 illustrates the division of the evolution
process according to MCS.

The next sections examine the operators suggested by
MCS as adaptations of CS to provide multimodal capacities.
These operators are (D) the memory mechanism, (E) new
selection strategy, and (F) depuration procedure.

3.1. Memory Mechanism (D). In the MCS evolution process,
a population, E𝑘 ({e𝑘

1
, e𝑘
2
, . . . , e𝑘

𝑁
}), of 𝑁 eggs (individuals) is

evolved from the initial point (𝑘 = 0) to a total gen number
iterations (𝑘 = 2 ⋅ gen). Each egg, e𝑘

𝑖
(𝑖 ∈ [1, . . . , 𝑁]),

represents an 𝑛-dimensional vector, {𝑒𝑘
𝑖,1
, 𝑒
𝑘

𝑖,2
, . . . , 𝑒

𝑘

𝑖,𝑛
}, where

each dimension corresponds to a decision variable of the
optimization problem to be solved. The quality of each egg,
e𝑘
𝑖
(candidate solution), is evaluated by using an objective

function,𝑓(e𝑘
𝑖
), whose final result represents the fitness value

of e𝑘
𝑖
. During the evolution process, MCS maintains also

the best, ebest,𝑘, and the worst, eworst,𝑘, eggs seen so far, such
that

ebest,𝑘 = arg min
𝑖∈{1,2,...,𝑁},𝑎∈{1,2,...,𝑘}

(𝑓 (e𝑎
𝑖
)) ,

eworst,𝑘 = arg min
𝑖∈{1,2,...,𝑁},𝑎∈{1,2,...,𝑘}

(𝑓 (e𝑎
𝑖
)) .

(8)

Global and local optima possess two important character-
istics: (1) they have a significant good fitness value and (2)
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they represent the best fitness value inside a determined
neighborhood. Therefore, the memory mechanism allows
efficiently registering potential global and local optima dur-
ing the evolution process, involving a memory array,M, and
a storage procedure. M stores the potential global and local
optima, {m

1
,m
2
, . . . ,m

𝑇
}, during the evolution process, with

𝑇 being the number of elements so far that are contained in
the memory M. On the other hand, the storage procedure
indicates the rules that the eggs, {e𝑘

1
, e𝑘
2
, . . . , e𝑘

𝑁
}, must fulfill

in order to be captured as memory elements. The mem-
ory mechanism operates in two phases: initialization and
capture.

3.1.1. Initialization Phase. This phase is applied only once
within the optimization process. Such an operation is
achieved in the null iteration (𝑘 = 0) of the evolution process.
In the initialization phase, the best egg, e

𝐵
, of E0, in terms

of its fitness value, is stored in the memory M (m
1
=e
𝐵
),

where e
𝐵

= arg min
𝑖∈{1,2,...,𝑁}

(𝑓(e0
𝑖
)), for a minimization

problem.

3.1.2. Capture Phase. This phase is applied from the first
(𝑘 = 1) iteration to the last iteration (𝑘 = 2, 3, . . . , 2 ⋅

gen), at the end of each operator (A and B). At this stage,
eggs, {e𝑘

1
, e𝑘
2
, . . . , e𝑘

𝑁
}, corresponding to potential global and

local optima are efficiently registered as memory elements,
{m
1
,m
2
, . . . ,m

𝑇
}, according to their fitness value and the

distance to other potential solutions. In the operation, each
egg, e𝑘

𝑖
, of E𝑘 is tested in order to evaluate if it must be

captured as a memory element. The test considers two rules:

(1) significant fitness value rule and (2) nonsignificant fitness
value rule.

Significant Fitness Value Rule. Under this rule, the solution
quality of e𝑘

𝑖
is evaluated according to the worst element,

mworst, that is contained in the memory M, where mworst
=

arg max
𝑖∈{1,2,...,𝑇}

(𝑓(m
𝑖
)), in case of a minimization problem.

If the fitness value of e𝑘
𝑖
is better than mworst(𝑓(e𝑘

𝑖
) <

𝑓(mworst
)), e𝑘
𝑖
is considered potential global and local optima.

The next step is to decide whether e𝑘
𝑖
represents a new

optimum or it is very similar to an existent memory element,
{m
1
,m
2
, . . . ,m

𝑇
} (if it is already contained in the memory

M). Such a decision is specified by an acceptance probability
function, Pr(𝛿

𝑖,𝑢
, 𝑠), that depends, on one side, on the dis-

tances 𝛿
𝑖,𝑢
from e𝑘

𝑖
to the nearestmemory elementm

𝑢
and, on

the other side, on the current state 𝑠 of the evolution process
(1, 2, and 3). Under Pr(𝛿

𝑖,𝑢
, 𝑠), the probability that e𝑘

𝑖
would be

part of M increases as the distance 𝛿
𝑖,𝑢
enlarges. Similarly, the

probability that e𝑘
𝑖
would be similar to an existent memory

element {m
1
,m
2
, . . . ,m

𝑇
} increases as 𝛿

𝑖,𝑢
decreases. On the

other hand, the indicator 𝑠 that relates a numeric value
with the state of the evolution process is gradually modified
during the algorithm to reduce the likelihood of accepting
inferior solutions. The idea is that in the beginning of the
evolutionary process (exploration), large distance differences
can be considered, while only small distance differences are
tolerated at the end of the optimization process.

In order to implement this procedure, the normalized
distance 𝛿

𝑖,𝑞
(𝑞 ∈ [1, . . . , 𝑇]) is calculated from e𝑘

𝑖
to all

the elements of the memory M {m
1
,m
2
, . . . ,m

𝑇
}. 𝛿
𝑖,𝑞

is
computed as follows:

𝛿
𝑖,𝑞

= √(

𝑒
𝑘

𝑖,1
− 𝑚
𝑞,1

𝑏
high
1

− 𝑏
low
1

)

2

+ (

𝑒
𝑘

𝑖,2
− 𝑚
𝑞,2

𝑏
high
2

− 𝑏
low
2

)

2

+ ⋅ ⋅ ⋅ + (

𝑒
𝑘

𝑖,𝑛
− 𝑚
𝑞,𝑛

𝑏
high
𝑛

− 𝑏
low
𝑛

)

2

,
(9)

where {𝑚
𝑞,1
, 𝑚
𝑞,2
, . . . , 𝑚

𝑞,𝑛
} represent the 𝑛 components of

the memory element m
𝑞
, whereas 𝑏high

𝑗
and 𝑏

low
𝑗

indicate the
low 𝑗 parameter bound and the upper 𝑗 parameter bound
(𝑗 ∈ [1, . . . , 𝑛]), respectively. One important property of the
normalized distance 𝛿

𝑖,𝑞
is that its values fall into the interval

[0, 1].
By using the normalized distance 𝛿

𝑖,𝑞
the nearest memory

elementm
𝑢
to e𝑘
𝑖
is defined, withm

𝑢
= arg min

𝑗∈{1,2,...,𝑇}
(𝛿
𝑖,𝑗
).

Then, the acceptance probability function Pr(𝛿
𝑖,𝑢
, 𝑠) is calcu-

lated by using the following expression:

Pr (𝛿
𝑖,𝑢
, 𝑠) = (𝛿

𝑖,𝑢
)
𝑠

. (10)

In order to decide whether e𝑘
𝑖
represents a new optimum or

it is very similar to an existent memory element, a uniform
random number 𝑟

1
is generated within the range [0, 1]. If 𝑟

1
is

less than Pr(𝛿
𝑖,𝑢
, 𝑠), the egg e𝑘

𝑖
is included in thememoryM as

a new optimum. Otherwise, it is considered that e𝑘
𝑖
is similar

tom
𝑢
. Under such circumstances, the memoryM is updated

by the competition between e𝑘
𝑖
and m

𝑢
, according to their

corresponding fitness values. Therefore, e𝑘
𝑖
would replacem

𝑢

in case 𝑓(e𝑘
𝑖
) is better than 𝑓(m

𝑢
). On the other hand, if

𝑓(m
𝑢
) is better than 𝑓(e𝑘

𝑖
),m
𝑢
remains with no change. The

complete procedure of the significant fitness value rule can be
resumed by the following statement:

M=

{
{
{
{

{
{
{
{

{

m
𝑇+1

= e𝑘
𝑖
,

with probability Pr (𝛿
𝑖,𝑢
, 𝑠) ,

m
𝑢
= e𝑘
𝑖

if 𝑓 (e𝑘
𝑖
) < 𝑓 (m

𝑢
) ,

with probability 1 − Pr (𝛿
𝑖,𝑢
, 𝑠) .

(11)

In order to demonstrate the significant fitness value rule
process, Figure 2 illustrates a simple minimization prob-
lem that involves a two-dimensional function, 𝑓(x) (x =

{𝑥
1
, 𝑥
2
}). As an example, it assumed a population, E𝑘, of

two different particles (e𝑘
1
,e𝑘
2
), a memory with two memory
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(1) Input: e𝑘
𝑖
, ebest,𝑘, eworst,𝑘

(2) Calculate 𝑝(e𝑘
𝑖
, ebest,𝑘, eworst,𝑘) = 1 − (𝑓 (e𝑘

𝑖
) − 𝑓 (ebest,𝑘)) / (𝑓 (eworst,𝑘) − 𝑓 (ebest,𝑘) )

(3) Calculate 𝑃(𝑝) = {

𝑝 0.5 ≤ 𝑝 ≤ 1

0 0 ≤ 𝑝 < 0.5

(5) if (rand(0, 1) ≤ 𝑃) then
(6) e𝑘

𝑖
is considered a local optimum With probability 𝑃

(7) else
(8) e𝑘

𝑖
is ignored With probability 1 − 𝑃

(9) end if

Algorithm 2: Nonsignificant fitness value rule procedure.

f
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)
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ek1 ek2

Figure 2: Graphical illustration of the significant fitness value rule
process.

elements (m
1
,m
2
), and the execution of the first state (𝑠 = 1).

According to Figure 2, both particles e𝑘
1
and e𝑘

2
maintain a

better fitness value thanm
1
, which possesses the worst fitness

value of the memory elements. Under such conditions, the
significant fitness value rulemust be applied to both particles.
In case of e𝑘

1
, the first step is to calculate the correspondent

distances 𝛿
1,1

and 𝛿
1,2
. m
1
represents the nearest memory

element to e𝑘
1
. Then, the acceptance probability function

Pr(𝛿
1,1
, 1) is calculated by using (10). Since the value of

Pr(𝛿
1,1
, 1) is high, there exists a great probability that e𝑘

1

becomes the next memory element (m
3
= e𝑘
1
). On the other

hand, for e𝑘
2
, m
2
represents the nearest memory element. As

Pr(𝛿
2,2
, 1) is very low, there exists a great probability that e𝑘

2

competes with m
2
for a place within M. In such a case, m

2

remains with no change considering that 𝑓(m
2
) < 𝑓(e𝑘

2
).

Nonsignificant Fitness Value Rule. Different to the significant
fitness value rule, the nonsignificant fitness value rule allows
capturing local optima with low fitness values. It operates
if the fitness value of e𝑘

𝑖
is worse than mworst (𝑓(e𝑘

𝑖
) ≥

𝑓(mworst
)). Under such conditions, it is necessary, as a first

step, to test which particles could represent local optima and
which must be ignored as a consequence of their very low
fitness value. Then, if the particle represents a possible local
optimum, its inclusion inside the memoryM is explored.

The decision on whether e𝑘
𝑖
represents a new local

optimum or not is specified by a probability function, 𝑃,

I

II

0.5 ≤ P ≤ 1

P = 0

f(eworst ,k) − f(ebest ,k)

Figure 3: Effect of the probability function 𝑃 in a simple example.

which is based on the relationship between 𝑓(e𝑘
𝑖
) and the

so far valid fitness value interval (𝑓(eworst,𝑘) − 𝑓(ebest,𝑘)).
Therefore, the probability function 𝑃 is defined as follows:

𝑝 (e𝑘
𝑖
, ebest,𝑘, eworst,𝑘) = 1 −

𝑓 (e𝑘
𝑖
) − 𝑓 (ebest,𝑘)

𝑓 (ewors𝑡,𝑘) − 𝑓 (ebest,𝑘)
,

𝑃 (𝑝) = {

𝑝, 0.5 ≤ 𝑝 ≤ 1,

0, 0 ≤ 𝑝 < 0.5,

(12)

where ebest,𝑘 and eworst,𝑘 represent the best andworst eggs seen
so far, respectively. In order to decide whether p𝑘

𝑖
represents a

new local optimum or it must be ignored, a uniform random
number, 𝑟

2
, is generated within the range [0, 1]. If 𝑟

2
is less

than 𝑃, the egg e𝑘
𝑖
is considered to be a new local optimum.

Otherwise, it must be ignored. Under 𝑃, the so far valid
fitness value interval (𝑓(eworst,𝑘) − 𝑓(ebest,𝑘)) is divided into
two sections: I and II (see Figure 3). Considering this division,
the function 𝑃 assigns a valid probability (greater than zero)
only to those eggs that fall into the zone of the best individuals
(part I) in terms of their fitness value. Such a probability
value increases as the fitness value improves. The complete
procedure can be reviewed in Algorithm 2.

If the particle represents a possible local optimum, its
inclusion inside the memory M is explored. In order to
consider if e𝑘

𝑖
could represent a new memory element,

another procedure that is similar to the significant fitness
value rule process is applied. Therefore, the normalized
distance 𝛿

𝑖,𝑞
(𝑞 ∈ [1, . . . , 𝑇]) is calculated from p𝑘

𝑖
to all the

elements of the memory M {m
1
,m
2
, . . . ,m

𝑇
}, according to

(9). Afterwards, the nearest distance 𝛿
𝑖,𝑢

to e𝑘
𝑖
is determined.
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Then, by using Pr(𝛿
𝑖,𝑢
, 𝑠) (10), the following rule can be thus

applied:

M = {

m
𝑇+1

= e𝑘
𝑖
, with probability Pr (𝛿

𝑖,𝑢
, 𝑠) ,

no change, with probability 1 − Pr (𝛿
𝑖,𝑢
, 𝑠) .

(13)

Under this rule, a uniform random number, 𝑟
3
, is generated

within the range [0, 1]. If 𝑟
3
is less than Pr(𝛿

𝑖,𝑢
, 𝑠), the egg e𝑘

𝑖

is included in the memoryM as a new optimum. Otherwise,
the memory does not change.

3.2. New Selection Strategy (E). The original CS selection
strategy is mainly conducted by an elitist decision where the
best individuals in the current population prevail. Such an
operation, defined in this paper as operator C (Section 2.3), is
executed two times, just after operators A and B in the orig-
inal CS method. This effect allows incorporating interesting
convergence properties to CS when the objective considers
only one optimum. However, in case of multiple-optimum
detection, such a strategy is not appropriate. Therefore, in
order to accelerate the detection process of potential local
minima in our method, the selection strategy is modified to
be influenced by the individuals contained in thememoryM.

Under the new selection procedure (operator E), the final
population E𝑘+1 is built by considering the first 𝑁 element
from the memory M instead of using the best individuals
between the currents E𝑘+1 and E𝑘. In case of the number of
elements in M is less than 𝑁, the rest of the individuals are
completed by considering the best elements from the current
E𝑘+1.

3.3. Depuration Procedure (F). During the evolution process,
the memory M stores several individuals (eggs). Since such
individuals could represent the same local optimum, a depu-
ration procedure is incorporated at the end of each state 𝑠 (1,
2, and 3) to eliminate similarmemory elements.The inclusion
of this procedure allows (a) reducing the computational
overhead during each state and (b) improving the search
strategy by considering only significant memory elements.

Memory elements tend to concentrate on optimal points
(good fitness values), whereas element concentrations are
enclosed by areas holding bad fitness values. The main idea
in the depuration procedure is to find the distances among
concentrations. Such distances, considered as depuration
ratios, are later employed to delete all elements inside them,
except for the best element in terms of their fitness values.

The method used by the depuration procedure in order
to determine the distance between two concentrations is
based on the element comparison between the concentration
corresponding to the best element and the concentration
of the nearest optimum in the memory. In the process, the
best element mbest in the memory is compared to a memory
element, m

𝑏
, which belongs to one of both concentrations

(where mbest
= arg min

𝑖∈{1,2,...,𝑇}
(𝑓(m
𝑖
))). If the fitness value

of the medium point, 𝑓((mbest
+m
𝑏
)/2), between both is not

worse than both, (𝑓(mbest
), 𝑓(m

𝑏
)), the elementm

𝑏
is part of

the same concentration ofmbest. However, if𝑓((mbest
+m
𝑏
)/2)

is worse than both, the elementm
𝑏
is considered as part of the

nearest concentration. Therefore, if m
𝑏
and mbest belong to

different concentrations, the Euclidian distance between m
𝑏

and mbest can be considered as a depuration ratio. In order
to avoid the unintentional deletion of elements in the nearest
concentration, the depuration ratio 𝐷

𝑅
is lightly shortened.

Thus, the depuration ratio 𝑟 is defined as follows:

𝐷
𝑅
= 0.85 ⋅






mbest

−m
𝑏






. (14)

The proposed depuration procedure only considers the depu-
ration ratio 𝑟 between the concentration of the best element
and the nearest concentration. In order to determine all
ratios, preprocessing and postprocessing methods must be
incorporated and iteratively executed.

The preprocessing method must (1) obtain the best
element mbest from the memory in terms of its fitness
value, (2) calculate the Euclidian distances from the best
element to the rest of the elements in the memory, and
(3) sort the distances according to their magnitude. This
set of tasks allows identification of both concentrations: the
one belonging to the best element and that belonging to
the nearest optimum, so they must be executed before the
depuration ratio 𝐷

𝑅
calculation. Such concentrations are

represented by the elements with the shortest distances to
mbest. Once𝐷

𝑅
has been calculated, it is necessary to remove

all the elements belonging to the concentration of the best
element. This task is executed as a postprocessing method in
order to configure the memory for the next step. Therefore,
the complete depuration procedure can be represented as an
iterative process that at each step determines the distance
of the concentration of the best element with regard to the
concentration of the nearest optimum.

A special case can be considered when only one concen-
tration is contained within thememory.This case can happen
because the optimization problem has only one optimum
or because all the other concentrations have been already
detected. Under such circumstances, the condition where
𝑓((mbest

+ m
𝑏
)/2) is worse than 𝑓(mbest

) and 𝑓(m
𝑏
) would

be never fulfilled.
In order to find the distances among concentrations, the

depuration procedure is conducted in Procedure 1.
At the end of the above procedure, the vector Y will

contain the depurated memory which would be used in the
next state or as a final result of the multimodal problem.

In order to illustrate the depuration procedure, Figure 4
shows a simple minimization problem that involves two
different optimal points (concentrations). As an example, it
assumed a memory, M, with six memory elements whose
positions are shown in Figure 4(a). According to the depura-
tion procedure, the first step is (1) to build the vectorZ and (2)
to calculate the corresponding distance Δ𝑎

1,𝑗
among the ele-

ments. Following such operation, the vector Z and the set of
distances are configured asZ = {m

5
,m
1
,m
3
,m
4
,m
6
,m
2
} and

{Δ
1

1,2
, Δ
2

1,3
, Δ
3

1,5
, Δ
4

1,4
, Δ
5

1,6
}, respectively. Figure 4(b) shows

the configuration of X where, for sake of easiness, only the
two distances Δ1

1,2
and Δ

3

1,5
have been represented. Then,
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(1) Define two new temporal vectors Z and Y. The vector Z will hold the results of the iterative
operations whereas Y will contain the final memory configuration. The vector Z is initialized with
the elements ofM that have been sorted according to their fitness values, so that the first element
represents the best one. On other hand, Y is initialized empty.

(2) Store the best element z
1
of the current Z in Y.

(3) Calculate the Euclidian distances Δ
1,𝑗

between z
1
and the rest of elements from Z (𝑗 ∈ {2, . . . , |Z|}),

where |Z| represents the number of elements in Z.
(4) Sort the distances Δ

1,𝑗
according to their magnitude. Therefore, a new index 𝑎 is incorporated to

each distance Δ𝑎
1,𝑗
, where a indicate the place of Δ

1,𝑗
after the sorting operation. (𝑎 = 1 represents the shortest distance).

(5) Calculate the depuration ratio𝐷
𝑅
:

for 𝑞 = 1 to |Z| − 1

Obtain the element z
𝑗
corresponding to the distance Δ𝑞

1,𝑗

Compute 𝑓((z
1
+ z
𝑗
)/2)

if (𝑓((z
1
+ z
𝑗
)/2) > 𝑓(z

1
) and 𝑓((z

1
+ z
𝑗
)/2) > 𝑓(z

𝑗
))

𝐷
𝑅
= 0.85 ⋅






x
1
− x
𝑗







break
end if

if 𝑞 = |Z| − 1

There is only one concentration
end if

end for
(6) Remove all elements inside𝐷

𝑅
from Z.

(7) Sort the elements of Z according to their fitness values.
(8) Stop, if there are more concentrations, otherwise return to Step 2.

Procedure 1

(1) Input: 𝑝
𝑎
, 𝑁 and gen

(2) Initialize E0(𝑘 = 0)

(3) until (𝑘 = 2 ⋅ gen)
(5) E𝑘+1 ← OperatorA(E𝑘) Section 2.1
(6) M ← OperatorD(E𝑘+1) Section 3.1
(7) E𝑘+1 ← OperatorE(M,E𝑘+1) Section 3.2
(8) E𝑘+2 ← OperatorB(E𝑘+1) Section 2.2
(9) M ← OperatorD(E𝑘+2) Section 3.1
(10) E𝑘+2 ← OperatorE(M,E𝑘+2) Section 3.2
(11) if (𝑠 has changed)
(12) M ← OperatorF(M) Section 3.3
(13) end if
(14) end until

Algorithm 3: Multimodal cuckoo search (MCS) algorithm.

the depuration ratio𝑅 is calculated.This process is an iterative
computation that begins with the shortest distance Δ1

1,2
. The

distance Δ1
1,2

(see Figure 4(c)), corresponding to z
1
and z

2
,

produces the evaluation of theirmediumpoint𝑢 ((z
1
+z
2
)/2).

Since 𝑓(𝑢) is worse than 𝑓(z
1
) but not worse than 𝑓(z

2
), the

element z
2
is considered to be part of the same concentration

as z
1
. The same conclusion is obtained for Δ2

1,3
in case of

z
3
, after considering the point V. For Δ

3

1,5
, the point 𝑤 is

produced. Since 𝑓(𝑤) is worse than 𝑓(z
1
) and 𝑓(z

5
), the

element z
5
is considered to be part of the concentration

corresponding to the next optimum. The iterative process
ends here, after assuming that the same result is produced
with Δ

4

1,4
and Δ

5

1,6
, for z

4
and z
6
, respectively. Therefore, the

depuration ratio𝐷
𝑅
is calculated as 85% of the distancesΔ3

1,5
.

Once the elements inside of 𝐷
𝑅
have been removed from Z,

the same process is applied to the new Z. As a result, the final
configuration of the memory is shown in Figure 4(d).

3.4. Complete MCS Algorithm. Once the new operators (D)
memory mechanism, (E) new selection strategy, and (F)
depuration procedure have been defined, the proposed MCS
algorithm can be summarized by Algorithm 3. The new
algorithm combines operators defined in the original CS
with the new ones. Despite these new operators, the MCS
maintains the same three adjustable parameters (𝑝

𝑎
, 𝑁, and

gen) compared to the original CS method.
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Figure 4: Depuration procedure. (a) Initial memory configuration, (b) vector Z and distances Δ𝑎
1,𝑗
, (c) the determination of the depuration

ratio 𝑅, and (d) the final memory configuration.

4. Experimental Results

This section presents the performance of the proposed
algorithm beginning from Section 4.1 that describes the
experimental methodology. For the sake of clarity, results
are divided into two sections, Section 4.2 and Section 4.3,
which report the comparison between theMCS experimental
results and the outcomes produced by other multimodal
metaheuristic algorithms.

4.1. Experimental Methodology. This section examines the
performance of the proposed MCS by using a test suite of
fourteen benchmark functions with different complexities.
Table 3 in the appendix presents the benchmark functions
used in our experimental study. In the table,NO indicates the
number of optimal points in the function and 𝑆 indicates the
search space (subset of 𝑅2). The experimental suite contains
some representative, complicated, and multimodal functions
with several local optima. Such functions are considered
complex entities to be optimized, as they are particularly
challenging to the applicability and efficiency of multimodal
metaheuristic algorithms. A detailed description of each
function is given in the appendix.

In the study, five performance indexes are compared:
the effective peak number (EPN), the maximum peak ratio
(MPR), the peak accuracy (PA), the distance accuracy (DA),
and the number of function evaluations (NFE).The first four
indexes assess the accuracy of the solution, whereas the last
measures the computational cost.

The effective peak number (EPN) expresses the amount
of detected peaks. An optimum o

𝑗
is considered as detected

if the distance between the identified solution z
𝑗
and the

optimum o
𝑗
is less than 0.01 (‖o

𝑗
−z
𝑗
‖ < 0.01).Themaximum

peak ratio (MPR) is used to evaluate the quality and the
number of identified optima. It is defined as follows:

MPR =

∑
𝑡

𝑖=1
𝑓 (z
𝑖
)

∑
𝑞

𝑗=1
𝑓 (o
𝑗
)

, (15)

where 𝑡 represents the number of identified solutions (identi-
fied optima) for the algorithmunder testing and 𝑞 represesnts
the number of true optima contained in the function. The
peak accuracy (PA) specifies the total error produced between
the identified solutions and the true optima. Therefore, PA is
calculated as follows:

𝑃𝐴 =

𝑞

∑

𝑗=1






𝑓 (o
𝑗
) − 𝑓 (z

𝑗
)






. (16)

Peak accuracy (PA) may lead to erroneous results, mainly if
the peaks are close to each other or hold an identical height.
Under such circumstances, the distance accuracy (DA) is
used to avoid such error. DA is computed as PA, but fitness
values are replaced by the Euclidian distance. DA is thus
defined by the following model:

DA =

𝑞

∑

𝑗=1






o
𝑗
− z
𝑗






. (17)
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The number of function evaluations (NFE) indicates the total
number of function computations that have been calculated
by the algorithm under testing, through the overall optimiza-
tion process.

The experiments compare the performance of MCS
against the crowding differential evolution (CDE) [22], the
fitness sharing differential evolution (SDE) [21, 22], the
clearing procedure (CP) [26], the elitist-population strategy
(AEGA) [28], the clonal selection algorithm (CSA) [30], and
the artificial immune network (AiNet) [31].

Since the approach solves real-valued multimodal func-
tions and a fair comparison must be assured, we have used
for the GA approaches a consistent real coding variable
representation and uniform operators for crossover and
mutation. The crossover probability of 𝑃

𝑐
= 0.8 and the

mutation probability of 𝑃
𝑚

= 0.1 have been used. We have
employed the standard tournament selection operator with
tournament size = 2 for implementing the sequential fitness
sharing, the clearing procedure, and the elitist-population
strategy (AEGA). On the other hand, the parameter values
for the AiNet algorithm have been defined as suggested in
[31], with the mutation strength of 𝛽 = 100, the suppression
threshold of 𝜎

𝑠(aiNet) = 0.2, and the update rate of 𝑑 = 40%.
Algorithms based on DE use a scaling factor of 𝐹 = 0.5 and a
crossover probability of 𝑃

𝑐
= 0.9. The crowding DE employs

a crowding factor of CF = 50 and the sharing DE considers
𝛼 = 1.0 with a share radius of 𝜎share = 0.1.

In case of the MCS algorithm, the parameters are set
to 𝑝
𝑎

= 0.25, the population size is 𝑁 = 50, and the
number of generations is gen = 500. Once they have been
all experimentally determined, they are kept for all the test
functions through all experiments.

To avoid relating the optimization results to the choice of
a particular initial population and to conduct fair compar-
isons, we perform each test 50 times, starting from various
randomly selected points in the search domain as it is
commonly done in the literature.

All algorithms have been tested in MatLAB© over the
same Dell Optiplex GX520 computer with a Pentium-4
2.66G-HZ processor, runningWindows XP operating system
over 1 Gb of memory. The sections below present experi-
mental results for multimodal optimization problems which
have been divided into two groups. The first one consid-
ers functions 𝑓

1
–𝑓
7
, while the second gathers functions

𝑓
8
–𝑓
14
.

4.2. Comparing MCS Performance for Functions 𝑓
1
–𝑓
7
. This

section presents a performance comparison for different
algorithms solving the multimodal problems 𝑓

1
–𝑓
7
that are

shown in Table 3. The aim is to determine whether MCS is
more efficient and effective than other existing algorithms
for finding all multiple optima of 𝑓

1
–𝑓
7
. All the algorithms

employ a population size of 50 individuals using 500 succes-
sive generations.

Table 1 provides a summarized performance comparison
among several algorithms in terms of the effective peak
number (EPN), the maximum peak ratio (MPR), the peak
accuracy (PA), the distance accuracy (DA), and the number

of function evaluations (NFE). The results are averaged by
considering 50 different executions.

Considering the EPN index, in all functions 𝑓
1
–𝑓
7
, MCS

always finds better or equally optimal solutions. Analyzing
results of function 𝑓

1
, the CDE, AEGA, and the MCS

algorithms reach all optima. In case of function 𝑓
2
, only

CSA and AiNet have not been able to detect all the optima
values each time. Considering function 𝑓

3
, only MCS can

detect all optima at each run. In case of function 𝑓
4
, most

of the algorithms detect only half of the total optima but
MCS can recognize most of them. Analyzing results of
function 𝑓

5
, CDE, CP, CSA, and AiNet present a similar

performance whereas SDE, AEGA, and MCS obtain the best
EPN values. In case of 𝑓

6
, almost all algorithms present a

similar performance; however, only the CDE, CP, and MCS
algorithms have been able to detect all optima. Considering
function 𝑓

7
, the MCS algorithm is able to detect most of

the optima whereas the rest of the methods reach different
performance levels.

By analyzing the MPR index in Table 1, MCS has reached
the best performance for all the multimodal problems. On
the other hand, the rest of the algorithms present different
accuracy levels, withCDE and SDEbeing themost consistent.

Considering thePA index, MCS presents the best perfor-
mance. Since PA evaluates the accumulative differences of
fitness values, it could drastically change when one or several
peaks are not detected (function 𝑓

3
) or when the function

under testing presents peaks with high values (function 𝑓
4
).

For the case of the DA index in Table 1, it is evident that the
MCS algorithm presents the best performance providing the
shortest distances among the detected optima.

Analyzing the NFE measure in Table 1, it is clear that
CSA and AiNet need fewer function evaluations than other
algorithms considering the same termination criterion. This
fact is explained by considering that both algorithms do not
implement any additional process in order to detect multiple
optima. On the other hand, the MCS method maintains a
slightly higher number of function evaluations than CSA and
AiNet due to the inclusion of the depuration procedure. The
rest of the algorithms present a considerable higher NFE
value.

It can be easily deduced from such results that the MCS
algorithm is able to produce better search locations (i.e., a
better compromise between exploration and exploitation) in
a more efficient and effective way than other multimodal
search strategies by using an acceptable number of function
evaluations.

4.3. Comparing MCS Performance for Functions 𝑓
8
–𝑓
14
. This

section presents a performance comparison for different
algorithms solving the multimodal problems 𝑓

8
–𝑓
14
that are

shown in Table 3. The aim is to determine whether MCS is
more efficient and effective than its competitors for finding
multiple optima in𝑓

8
–𝑓
14
. All the algorithms employ a popu-

lation size of 50 individuals using 500 successive generations.
Table 2 provides a summarized performance comparison
among several algorithms in terms of the effective peak
number (EPN), the maximum peak ratio (MPR), the peak
accuracy (PA), the distance accuracy (DA), and the number



The Scientific World Journal 11

Table 1: Performance comparison among multimodal optimization algorithms for the test functions 𝑓
1
–𝑓
7
. For all the parameters, numbers

in parentheses are the standard deviations.

Function Algorithm EPN MPR PA DA NFE

𝑓
1

CDE 3 (0) 0.9996 (0.0004) 0.0995 (0.1343) 0.0305 (0.0169) 27432 (1432)
SDE 2.96 (0.18) 0.9863 (0.0523) 1.3053 (0.8843) 0.1343 (0.0483) 31435 (2342)
CP 2.93 (0.25) 0.9725 (0.0894) 1.3776 (1.0120) 0.1432 (0.0445) 34267 (4345)

AEGA 3 (0) 0.9932 (0.0054) 0.0991 (0.2133) 0.1031 (0.0065) 30323 (2316)
CSA 2.91 (0.20) 0.9127 (0.0587) 1.4211 (1.0624) 0.2188 (0.0072) 25050 (0)
AiNet 2.94 (0.20) 0.9002 (0.0901) 1.3839 (1.0214) 0.1760 (0.0067) 25050 (0)
MCS 3 (0) 1 (0) 0.0005 (0.0001) 0.0007 (0.0002) 25433 (54)

𝑓
2

CDE 12 (0) 1 (0) 0.0015 (0.0010) 0.2993 (0.0804) 26321 (1934)
SDE 12 (0) 1 (0) 0.0018 (0.0006) 0.3883 (0.0657) 32563 (1453)
CP 12 (0) 1 (0) 0.0009 (0.0003) 0.2694 (0.0506) 30324 (3521)

AEGA 12 (0) 0.9987 (0.0011) 0.0988 (0.0097) 0.3225 (0.0058) 29954 (1987)
CSA 11.92 (0.41) 0.9011 (0.0091) 0.1055 (0.0121) 0.4257 (0.0096) 25050 (0)
AiNet 11.96 (0.30) 0.9256 (0.0074) 0.0996 (0.0105) 0.3239 (0.0081) 25050 (0)
MCS 12 (0) 1 (0) 0.0001 (0.0001) 0.0073 (0.0002) 25188 (42)

𝑓
3

CDE 23.03 (1.77) 0.8780 (0.0956) 180.47 (265.54) 9.3611 (6.4667) 28654 (2050)
SDE 20.06 (2.59) 0.6980 (0.1552) 155.52 (184.59) 14.892 (7.5935) 31432 (1017)
CP 21.03 (1.90) 0.7586 (0.1125) 192.32 (146.21) 11.195 (3.1490) 32843 (2070)

AEGA 20.45 (1.21) 0.7128 (0.1493) 134.47 (157.37) 16.176 (8.0751) 30965 (2154)
CSA 18.02 (2.41) 0.5875 (0.1641) 185.64 (104.24) 21.057 (10.105) 25050 (0)
AiNet 19.24 (2.01) 0.6123 (0.1247) 179.35 (164.37) 18.180 (9.1112) 25050 (0)
MCS 24.66 (1.01) 0.9634 (0.0397) 2.9408 (4.3888) 15.521 (8.0834) 25211 (37)

𝑓
4

CDE 3.46 (1.00) 0.4929 (0.1419) 395.46 (305.01) 210.940 (72.99) 29473 (3021)
SDE 3.73 (0.86) 0.5301 (0.1268) 544.48 (124.11) 206.65 (160.84) 33421 (1342)
CP 3.26 (0.63) 0.4622 (0.0869) 192.32 (146.21) 199.41 (68.434) 29342 (1543)

AEGA 3.51 (0.52) 0.5031 (0.0754) 188.23 (101.54) 187.21 (33.211) 32756 (1759)
CSA 3.12 (0.11) 0.4187 (0.0464) 257.54 (157.18) 278.14 (47.120) 25050 (0)
AiNet 3.20 (0.47) 0.5164 (0.0357) 197.24 (86.21) 178.23 (29.191) 25050 (0)
MCS 6.26 (0.82) 0.8919 (0.1214) 41.864 (16.63) 39.938 (12.962) 25361 (81)

𝑓
5

CDE 22.96 (2.25) 0.4953 (0.0496) 0.2348 (0.0269) 17.83 (7.1214) 28543 (1345)
SDE 31.40 (2.35) 0.6775 (0.0503) 0.7005 (0.0849) 3.9430 (0.9270) 30543 (1576)
CP 21.33 (2.00) 0.4599 (0.0436) 1.3189 (0.5179) 10.766 (1.9245) 28743 (2001)

AEGA 30.11 (2.01) 0.6557 (0.0127) 0.8674 (0.0296) 2.870 (1.6781) 29765 (1911)
CSA 24.79 (3.14) 0.5107 (0.0308) 0.2121 (0.0187) 8.7451 (3.470) 25050 (0)
AiNet 26.57 (2.35) 0.5005 (0.0471) 0.2087 (0.0324) 6.472 (2.4187) 25050 (0)
MCS 33.03 (2.07) 0.8535 (0.0251) 0.1617 (0.0283) 4.6012 (1.4206) 25159 (49)

𝑓
6

CDE 6 (0) 0.9786 (0.0157) 0.1280 (0.0942) 0.1231 (0.0182) 30234 (2410)
SDE 5.86 (0.43) 0.9185 (0.0685) 0.3842 (0.1049) 0.1701 (0.0222) 31453 (1154)
CP 6 (0) 0.9423 (0.0123) 0.3460 (0.0741) 0.1633 (0.0149) 30231 (832)

AEGA 5.11 (0.64) 0.8945 (0.0387) 0.4004 (0.0879) 0.1224 (0.0101) 31932 (943)
CSA 4.97 (0.24) 0.8174 (0.0631) 0.4797 (0.0257) 0.1295 (0.0054) 25050 (0)
AiNet 5.23 (1) 0.9012 (0.0197) 0.3974 (0.0702) 0.1197 (0.0054) 25050 (0)
MCS 6 (0) 0.9993 (0.0002) 0.0037 (0.0014) 0.0006 (0.0002) 25463 (37)

𝑓
7

CDE 30.36 (2.77) 0.6200 (0.0566) 2.2053 (1.8321) 330.51 (47.531) 33423 (1021)
SDE 35.06 (5.15) 0.7162 (0.1051) 1.9537 (0.9290) 243.39 (140.04) 32832 (995)
CP 35.06 (3.98) 0.7164 (0.0812) 2.4810 (1.4355) 250.11 (78.194) 31923 (834)

AEGA 32.51 (2.59) 0.7004 (0.0692) 2.0751 (0.9561) 278.78 (46.225) 33821 (1032)
CSA 31.78 (1.14) 0.6764 (0.4100) 1.9408 (0.9471) 347.21 (38.147) 25050 (0)
AiNet 34.42 (1.80) 0.7237 (0.0257) 1.8632 (0.0754) 261.27 (61.217) 25050 (0)
MCS 38.86 (1.54) 0.8014 (0.0313) 0.2290 (0.0166) 49.53 (7.1533) 25643 (97)
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Table 2: Performance comparison amongmultimodal optimization algorithms for the test functions𝑓
8
–𝑓
14
. For all the parameters, numbers

in parentheses are the standard deviations.

Function Algorithm EPN MPR PA DA NFE

𝑓
8

CDE 24.16 (2.77) 0.9682 (0.0318) 2.4873 (2.4891) 0.8291 (0.8296) 28453 (2345)
SDE 18.56 (2.51) 0.4655 (0.0636) 30.21 (43.132) 2.1162 (0.6697) 31328 (945)
CP 8.80 (1.95) 0.2222 (0.0509) 60.52 (56.056) 6.9411 (0.9500) 30743 (1032)

AEGA 15.67 (2.21) 0.3934 (0.0534) 40.56 (10.111) 3.2132 (0.2313) 32045 (684)
CSA 14.54 (3.12) 0.3323 (0.0431) 48.34 (8.343) 3.8232 (0.4521) 25050 (0)
AiNet 16.78 (2.63) 0.4264 (0.0321) 37.32 (10.432) 2.9832 (0.5493) 25050 (0)
MCS 24.73 (0.49) 0.9898 (0.0170) 0.900 (1.4771) 0.2584 (0.1275) 25582 (74)

𝑓
9

CDE 2.1 (0.20) 0.7833 (0.0211) 23.235 (7.348) 2.9354 (0.3521) 30074 (1621)
SDE 2.3 (0.31) 0.8245 (0.0145) 20.745 (8.012) 2.6731 (0.8621) 31497 (245)
CP 2.4 (0.25) 0.8753 (0.0301) 18.563 (5.865) 2.3031 (0.7732) 29746 (1114)

AEGA 2.1 (0.10) 0.7879 (0.0174) 22.349 (6.231) 3.0021 (0.6431) 30986 (1027)
CSA 2 (0) 0.7098 (0.0025) 32.859 (8.659) 3.1432 (0.5431) 25050 (0)
AiNet 2 (0) 0.7165 (0.0076) 31.655 (6.087) 3.2265 (0.3467) 25050 (0)
MCS 4.74 (0.25) 0.9154 (0.0163) 2.3515 (2.511) 0.0109 (0.0428) 26043 (112)

𝑓
10

CDE 4.12 (0.78) 0.7285 (0.0342) 3.546 (1.034) 3.0132 (0.5321) 29597 (1034)
SDE 4.64 (0.54) 0.7893 (0.0532) 3.054 (1.127) 2.864 (0.3271) 32743 (964)
CP 4 (0) 0.7092 (0.0298) 3.881 (1.154) 3.3412 (0.4829) 28463 (1142)

AEGA 3.43 (0.33) 0.6734 (0.0745) 4.212 (1.312) 3.9121 (0.8732) 29172 (1044)
CSA 3.76 (0.51) 0.6975 (0.0828) 4.002 (1.197) 3.5821 (0.7498) 25050 (0)
AiNet 4 (0) 0.7085 (0.0385) 3.797 (1.002) 3.3002 (0.6496) 25050 (0)
MCS 6.82 (0.75) 0.9274 (0.0137) 0.423 (0.064) 0.6842 (0.0598) 25873 (88)

𝑓
11

CDE 10.36 (1.60) 0.8572 (0.1344) 1.859 (0.952) 0.5237 (0.0321) 34156 (2321)
SDE 10.36 (2.04) 0.8573 (0.1702) 1.268 (0.581) 0.6927 (0.0921) 32132 (975)
CP 9.16 (1.76) 0.7577 (0.1462) 2.536 (0.890) 0.6550 (0.0440) 30863 (1002)

AEGA 8.34 (1.32) 0.6954 (0.1021) 4.432 (1.232) 0.7021 (0.0231) 31534 (852)
CSA 8 (0) 0.6532 (0.1378) 4.892 (1.003) 0.7832 (0.0432) 25050 (0)
AiNet 8 (0) 0.6438 (0.2172) 4.921 (1.102) 0.7753 (0.0326) 25050 (0)
MCS 12 (0) 0.9998 (0.0003) 0.011 (0.008) 0.0060 (0.0012) 25789 (121)

𝑓
12

CDE 6.21 (1.54) 0.6986 (0.1893) 4.029 (1.401) 5.1514 (1.0351) 31456 (975)
SDE 5.34 (2.03) 0.5812 (0.1992) 5.075 (1.071) 6.0117 (1.1517) 32481 (1002)
CP 6.04 (0.61) 0.6312 (0.1771) 4.657 (1.321) 5.3177 (1.7517) 33123 (563)

AEGA 4 (0) 0.4112 (0.0343) 6.341 (1.034) 7.8751 (1.652) 32634 (843)
CSA 4 (0) 0.3998 (0.0212) 6.151 (1.121) 7.7976 (1.0043) 25050 (0)
AiNet 4 (0) 0.4034 (0.0973) 6.003 (1.735) 7.6613 (1.1219) 25050 (0)
MCS 9.65 (1.45) 0.9411 (0.0087) 0.015 (0.009) 0.1043 (0.0864) 25832 (65)

𝑓
13

CDE 13 (0) 1 (0) 0.010 (0.003) 0.031 (0.0098) 31572 (962)
SDE 13 (0) 1 (0) 0.008 (0.004) 0.021 (0.0065) 33435 (1201)
CP 13 (0) 1 (0) 0.015 (0.002) 0.037 (0.0065) 31834 (799)

AEGA 10.66 (1.21) 0.8323 (0.0343) 0.088 (0.033) 0.096 (0.0098) 32845 (1182)
CSA 8.94 (2.34) 0.7998 (0.0564) 0.110 (0.088) 0.113 (0.0104) 25050 (0)
AiNet 10.32 (1.52) 0.8297 (0.0206) 0.098 (0.075) 0.087 (0.0086) 25050 (0)
MCS 13 (0) 0.9997 (0.0134) 0.011 (0.007) 0.023 (0.0016) 25740 (101)

𝑓
14

CDE 3.04 (1.34) 0.6675 (0.0754) 0.809 (0.101) 176.54 (21.23) 32273 (1004)
SDE 3.55 (0.56) 0.7017 (0.0487) 0.675 (0.079) 115.43 (34.21) 30372 (965)
CP 2.87 (1.23) 0.6123 (0.0861) 1.081 (0.201) 202.65 (42.81) 31534 (1298)

AEGA 3 (0) 0.6686 (0.0542) 0.894 (0.076) 150.32 (57.31) 29985 (1745)
CSA 3 (0) 0.6691 (0.0231) 0.897 (0.045) 161.57 (27.92) 25050 (0)
AiNet 3.50 (0.25) 0.7001 (0.0765) 0.668 (0.097) 121.43 (43.12) 25050 (0)
MCS 7.13 (0.81) 0.9859 (0.0094) 0.023 (0.010) 17.62 (4.13) 25786 (92)
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of function evaluations (NFE). The results are averaged by
considering 50 different executions.

The goal of multimodal optimizers is to find as many
as possible global optima and good local optima. The main
objective in these experiments is to determine whether MCS
is able to find not only optima with prominent fitness value,
but also optima with low fitness values. Table 2 provides
a summary of the performance comparison among the
different algorithms.

Considering the EPN measure, it is observed that MCS
finds more optimal solutions for the multimodal problems
𝑓
8
–𝑓
14
than the other methods. Analyzing function 𝑓

8
, only

MCS can detect all optima whereas CP, AEGA, CSA, and
AiNet exhibit the worst EPN performance.

Functions 𝑓
9
–𝑓
12

represent a set of special cases which
contain a few prominent optima (with good fitness value).
However, such functions present also several optimawith bad
fitness values. In these functions, MCS is able to detect the
highest number of optimum points. On the contrary, the rest
of algorithms can find only prominent optima.

For function 𝑓
13
, four algorithms (CDE, SDE, CP, and

MCS) can recognize all optima for each execution. In case
of function 𝑓

14
, numerous optima are featured with different

fitness values. However, MCS still can detect most of the
optima.

In terms of number of the maximum peak ratios (MPR),
MCS has obtained the best score for all the multimodal
problems. On the other hand, the rest of the algorithms
present different accuracy levels.

A close inspection of Table 2 also reveals that the pro-
posed MCS approach is able to achieve the smallest PA and
DA values in comparison to all other methods.

Similar conclusions to those in Section 4.2 can be estab-
lished regarding the number of function evaluations (NFE).
All results demonstrate that MCS achieves the overall best
balance in comparison to other algorithms, in terms of
both the detection accuracy and the number of function
evaluations.

5. Conclusions

The cuckoo search (CS) algorithm has been recently pre-
sented as a new heuristic algorithm with good results in real-
valued optimization problems. In CS, individuals emulate
eggs (contained in nests) which interact in a biological system
by using evolutionary operations based on the breeding
behavior of some cuckoo species. One of the most powerful
features of CS is the use of Lévy flights to generate new
candidate solutions.Under this approach, candidate solutions
are modified by employing many small changes and occa-
sionally large jumps. As a result, CS can substantially improve
the relationship between exploration and exploitation, still
enhancing its search capabilities. Despite such characteristics,
the CSmethod still fails to providemultiple solutions in a sin-
gle execution. In order to overcome such inconvenience, this
paper proposes a new multimodal optimization algorithm
called themultimodal cuckoo search (MCS). UnderMCS, the
original CS is enhanced withmultimodal capacities bymeans
of (1) incorporation of a memory mechanism to efficiently

register potential local optima according to their fitness value
and the distance to other potential solutions, (2)modification
of the original CS individual selection strategy to accelerate
the detection process of new local minima, and (3) inclusion
of a depuration procedure to cyclically eliminate duplicated
memory elements.

MCS has been experimentally evaluated over a test
suite of the fourteen benchmark multimodal functions. The
performance of MCS has been compared to some other
existing algorithms including the crowding differential evo-
lution (CDE) [22], the fitness sharing differential evolution
(SDE) [21, 22], the clearing procedure (CP) [26], the elitist-
population strategy (AEGA) [28], the clonal selection algo-
rithm (CSA) [30], and the artificial immune network (AiNet)
[31]. All experiments have demonstrated that MCS generally
outperforms all other multimodal metaheuristic algorithms
in terms of both the detection accuracy and the number of
function evaluations. The remarkable performance of MCS
is explained by two different features: (i) operators (such as
Lévy flight) allow a better exploration of the search space,
increasing the capacity to find multiple optima, and (ii)
the diversity of solutions contained in the memory M in
the context of multimodal optimization is maintained and
further improved through an efficient mechanism.

Appendix

For list of benchmark functions, see Table 3.
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Structural Design of Tall and Special Buildings, vol. 22, no. 13,
pp. 1023–1036, 2013.

[43] L. H. Tein and R. Ramli, “Recent advancements of nurse
scheduling models and a potential path,” in Proceedings of
6th IMT-GT Conference on Mathematics, Statistics and Its
Applications (ICMSA ’10), pp. 395–409, 2010.

[44] V. Bhargava, S. E. K. Fateen, andA. Bonilla-Petriciolet, “Cuckoo
search: a new nature-inspired optimization method for phase
equilibrium calculations,” Fluid Phase Equilibria, vol. 337, pp.
191–200, 2013.

[45] Z. Moravej and A. Akhlaghi, “A novel approach based on
cuckoo search for DG allocation in distribution network,”
International Journal of Electrical Power andEnergy Systems, vol.
44, no. 1, pp. 672–679, 2013.
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Theproblemof obtaining the transmission rate in an adhocnetwork consists in adjusting the power of eachnode to ensure the signal
to interference ratio (SIR) and the energy required to transmit from one node to another is obtained at the same time. Therefore,
an optimal transmission rate for each node in a medium access control (MAC) protocol based on CSMA-CDMA (carrier sense
multiple access-code division multiple access) for ad hoc networks can be obtained using evolutionary optimization. This work
proposes a genetic algorithm for the transmission rate election considering a perfect power control, and our proposition achieves
improvement of 10% compared with the scheme that handles the handshaking phase to adjust the transmission rate. Furthermore,
this paper proposes a genetic algorithm that solves the problem of power combining, interference, data rate, and energy ensuring
the signal to interference ratio in an ad hoc network. The result of the proposed genetic algorithm has a better performance (15%)
compared to the CSMA-CDMA protocol without optimizing. Therefore, we show by simulation the effectiveness of the proposed
protocol in terms of the throughput.

1. Introduction

In a wireless ad hoc network, the nodes can communicate
with each other without the support of infrastructure. Since
the wireless channel is shared by all the nodes in the network,
a medium access control (MAC) plays an important role in
coordinating access among the nodes so that information
gets through from one node to another [1]. Usually each
node is able to communicate with each other’s node when
all nodes are spread around a geographic range. However,
nodes could spread over larger geographic range than the
communication signal can reach. In this case, the nodes could
have communication over multiple hops. However, there is
only one medium that is shared by all the nodes that are in
the same radio communication range and the radio frequency
bandwidth is limited. Furthermore, packet collisions are
unavoidable due to the fact that traffic arrivals are random
and there is nonzero propagation time between transmitters
and receivers. Therefore, MAC schemes are used to coordi-
nate the access to the channel in the network [2].

The tendency of the MAC protocols for wireless ad hoc
networks is using adaptive systems to adjust the transmission
parameters (multirate) and the objective is to maximize

the throughput in the use of the channel. Rate adaptation
is indispensable to optimally exploit the scarce wireless
resources under instable channel conditions. Rate adaptation
consists of assessing the wireless channel conditions and
selecting the most appropriate data rate. Moreover, in the
MAC protocols, the low throughput in the region of low
traffic is because there is no more information for sending
(this is not due to errors of the multiuser interference). So the
systemperformance is limited by the access technique used in
wireless ad hoc networks [3]. To address this problem, we use
a rate adaptation to optimize throughput requirements.Then,
the problem can be formulated as an optimization problem;
that is, minimize the resources consumption considering the
power, interference, data rate, and energy ensuring the signal
to interference ratio in an ad hoc network. The multirate in
ad hoc networks has been addressed in [4–9]; these protocols
were proposed to maximize the throughput by adapting the
rate based on the channel, but they do not address the energy
issue.

TheMACprotocol plays a critical role in a wireless ad hoc
network considering bandwidth efficiency, resolving colli-
sions, resources allocation, power transmission, interference,
energy, data rate, and distance. In most standardized wireless
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ad hoc networks, such as in the widely deployed IEEE 802.11
networks, only one node is allowed to transmit in a given
time slot, while in CSMA-CDMA (carrier sense multiple
access-code division multiple access) protocol more than
one node can transmit; that is, more than one simultaneous
transmission can be achieved. Hence, CSMA-CDMA MAC
protocol is employed for multihop wireless ad hoc networks
[10–13].

Furthermore, power control is applied in a wireless ad
hoc network to control transmission range (distance between
the source and destination); on the other hand, it is useful
to keep low interference levels to the neighboring nodes.
Because CDMA systems are interference limited, power
control also serves as a tool for interference management in
CDMA systems to guarantee success of multiple concurrent
transmissions [1]. Another parameter closely related with
power transmission is the energy consumption. In critical
environments such as military or rescue operations, where
ad hoc networks will be typically used, conserving of battery
power will be vital in order to make the network operational
for long durations. Recharging or replacing batteries will
not often be possible. The majority of work in the literature
focuses on the protocol design and performance evaluation in
terms of traditional metrics such as throughput, delay, power,
energy, and distance. In this case, the literature analyzes these
terms by separate. Some protocols related to these routing
metrics have been proposed in [14–18].

In order to improve the performance (throughput) of an
ad hoc network, we use a MAC protocol based on CDMA
with an efficient evolutionary algorithm for transmission
rate election. In this evolutionary optimization algorithm, we
control the transmission rate and handle the spreading factor
or processing gain (𝑃

𝐺
) for a MAC scheme based on CSMA-

CDMA ad hoc networks and we take a perfect control power
into account.

Modern evolutionary optimization techniques have
aroused great interest among the scientific and technical
community in a wide variety of fields for the last years
because of their ability to solve problems with a nonlinear
and nonconvex dependence of design parameters. Several
optimization techniques have emerged in the past two
decades that mimic biological evolution or the way biological
entities communicate in nature. Some of these algorithms
have been used successfully in many electromagnetism and
network problems with many constraints and nonlinear
processes. The most representative algorithm includes genet-
ic algorithms (GA) [19], among others.

Therefore, in this work, we present a genetic algorithm
that solves the problem of power combining, interference,
data rate, and energy ensuring the signal to interference ratio
in an ad hoc network and we use Dijkstra’s algorithm tomake
the search and discovery of the route.

The remainder of this paper is organized as follows. In
Section 2, we introduce the model for the MAC protocol
based on CSMA-CDMA considering a perfect power control.
The operation of proposed protocol is presented in Section 3.
Section 4 presents the genetic algorithm for the transmission
rate election. Section 5 presents the simulations performed

and the results obtained. Finally, we present the conclusions
of our work in Section 6.

2. MAC Protocol Considering
a Perfect Power Control

In a system based on CSMA-CDMA, the CSMA protocol is
used to access the channel and reserve it for a communication
between two nodes. Instead, the function of CDMA is to
assign a code to each node so they can transmit simultane-
ously.

The CSMA protocol operation is as follows: when a node
wants to transmit its data, it monitors the channel state.
If the channel is idle for a time period that is equal to a
distributed interframes space, the node transmits the request-
to-send (RTS) packet after a random period called backoff.
If the channel is not idle, the node defers its transmission.
If the destination node detects an RTS packet, it responds
with a clear-to-send (CTS) packet.The transmission will only
start after the CTS packet is correctly received. Moreover, the
packets RTS and CTS carry the information of the duration
of the packet to be transmitted. This information can be read
by each node, which is then able to update their network
allocation vector (NAV) containing the information of the
period of time in which the channel will remain busy.

In the CDMA protocol, the simultaneous transmission of
packet by different nodes is allowed.Therefore, it is necessary
for a code assignment mechanism to assign distinct codes to
different nodes. Several code assignment mechanisms have
been previously proposed [20, 21] and we have used the
receiver-transmitter-based mechanism.

Considering the previously mentioned, in this paper, the
MAC protocol for ad hoc networks is based on CSMA-
CDMA with different transmission rates. Furthermore, we
consider a perfect control power and an error-free channel.
The operation of the protocol MAC is as follows.

Assuming that nodeA has generated a packet and it needs
to transmit to node B, then

(1) node A contends for the allocation of a code. This
code is selected randomly from a code table;

(2) node A sends a RTSmessage informing the neighbor-
ing nodes of its intention to transmit, code selected,
transmission duration, and destination node (node
B). Node A changes its state to receive the response
message (CTS) from node B. If node A does not
receive the CTS message, it assumes that there was a
collision and applies the backoffmechanism.This step
(Step 2) will run until it has received the reply from
node B or until the lifetime of the packet has expired;

(3) node B receives the RTS message; it sends the reply
message (CTS) and informs the neighboring nodes
that will be occupied (attending node A);

(4) node A determines the number of active neighboring
nodes. With this number, it can obtain an optimal
transmission rate according to the genetic algorithm.
Then, it sends data packet to node B;
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(5) once B receives the packets, it sends an ACK
(acknowledgement) message to inform node A that
the packets were successfully received and the code is
released;

(6) if A does not receive the ACK message, it returns to
Step 2 until the transmission turns successful or until
the packet expires.

Furthermore, we need to propose an algorithm to obtain
the transmission rate for each node.Therefore, if a node needs
to transmit a packet, it calculates the number of neighboring
nodes trying to transmit in a time slot. With this number, it is
possible to obtain the best transmission rate combination for
each node [3].This combination of transmission rates should
maximize the throughput and it is based on the nodes that
transmit at different rates as well as the bit error probability
(𝑃
𝑏
) or bit error rate (BER) as it is often called. The use

of the Gaussian approximation to determine 𝑃
𝑏
is based on

the argument that the decision statistic and the multiple
access interference may be modeled as a Gaussian random
variable. Therefore, considering that the system is limited by
interference and noise is neglected, the bit error probability
used for a fixed rate of transmission is given by [22]

𝑃
𝑏
(𝑛) = 𝑄(√3

𝑃
𝐺

𝑛 − 1

) , (1)

where 𝑛 is the number of simultaneous nodes, 𝑃
𝐺
is the pro-

cessing gain and it is defined as the ratio of the transmission
bandwidth to the information bandwidth, and 𝑄 is the error
function given by

𝑄 (𝑥) =

1

√2𝜋

∫

∞

𝑥

𝑒
−𝑢
2
/2

𝑑𝑢, (2)

where (2) is in terms of 𝑢, and this indicates the variable of
the function to be integrated and defined in [23].

The correctly detecting probability of a packet containing
𝐿 bits is

𝑃
𝑑
(𝑛) = [1 − 𝑃

𝑏
(𝑛)]
𝐿

. (3)

In the CSMA-CDMA protocol, when the channel has a
low traffic, a high processing gain is not necessary in the sys-
tem because there is a low multiuser interference. Then, the
processing gain (protection against multiuser interference)
depends on the traffic conditions in the channel. Therefore,
the system performance can be improved by using an adap-
tive transmission rate according to load conditions in the
channel. Therefore, through genetic algorithms, it is possible
to obtain the rate at which each node must transmit in an ad
hoc network compared to [3] where it used exhaustive search.

Up to now, we have analyzed the CSMA-CDMA protocol
with perfect power control to obtain the transmission rate for
each node. In next section, we present the problem of power
combining, interference, data rate, and energy ensuring the
signal to interference ratio in a multihop ad hoc wireless
network for the MAC protocol based on CSMA-CDMA as
medium access technique with the ability to route packets.

3. Proposed Protocol

3.1. Operation. Assuming that node A has generated a packet
and it needs to transmit to node B, which is out of node A
transmission range, then

(1) node A contends for the allocation of a code. This
code is selected randomly from a code table. If a pri-
mary collision is present, then the nodes use a backoff
mechanism to retransmit [24];

(2) node A performs the route discovery based on the
minimum distance, the same way as the link state
routing protocol (Dijkstra). This means that the node
source finds the route to its destination hop by
hop through the minimum path until it reaches its
destination node;

(3) once the route is obtained, the algorithm optimizes
the power, interference, transmission rate, and energy
of the nodes that forward packets to destination node
B;

(4) node A sends the RTS message to the next node of
the route. This process is repeated consecutively until
it reaches node B. Node A changes its state to receive
the CTS message;

(5) node B receives the RTSmessage and it responds with
a CTS message;

(6) node A receives the CTS message and starts sending
data packets. If node A receives no response from
node B, it assumes that there was collision and
retransmits the RTS message;

(7) once the RTS-CTS dialog is completed, B starts to
receive data packets and responds with an ACK
message to inform node A that the packets have been
received successfully;

(8) if A receives no acknowledgement (ACK) from B, it
waits for a random time to retransmit and repeat the
process from Step 4;

(9) once B receives the packets, it sends an ACKmessage
to inform node A that the packets were successfully
received and if there are no more packets to send, the
code is released.

3.2. SystemModel. It is considered a wireless ad hoc network
where there are 𝑀 nodes participating in routing and 𝑁

active nodes in the system. It should be mentioned that
𝑀 nodes that participate in routing are determined in the
phase of path discovery, and each node knows the neighbor
nodes. This path discovery is assumed to be executed at
the beginning of the simulation. We considered a link
state routing algorithm, and all nodes know the detailed
information of the network, topology, nodes neighboring,
distance between them, and so forth. Moreover, the gain on
the communication link between node 𝑖 and node 𝑗 is given
by 𝑔
𝑖𝑗
. All the 𝑔

𝑖𝑗
are positive. The transmission powers of

node 𝑖 and node 𝑗 are denoted by 𝑝
𝑖
and 𝑝

𝑗
, respectively. The

current signal to interference ratio (SIR) [25] between node 𝑖
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and node 𝑗, 𝛾
𝑖𝑗
, is the ratio between the power received from

transmitter 𝑖 at receiver 𝑗 and the received interference caused
by neighboring nodes plus noise power at receiver 𝑗, and it is
determined by

𝛾
𝑖𝑗
=

𝑊

𝑅
𝑖𝑗

𝑔
𝑖𝑗
𝑝
𝑖𝑗

∑
𝑁

𝑥=1,𝑥 ̸=𝑗,𝑥 ̸=𝑖
𝑔
𝑗𝑥
𝑝
𝑗𝑥
+ 𝜎
𝑗

, 𝑖 = 1, 2, 3, . . . ,𝑀, (4)

where 𝑅
𝑖𝑗
is the data rate used to transmit from node 𝑖 to

node 𝑗,𝑊 is the total spread spectrum bandwidth occupied
by CDMA, 𝜎

𝑗
is the noise power at receiver 𝑗, and 𝑝

𝑖𝑗
and

𝑝
𝑗𝑥
are, respectively, the received powers of the transmissions

between nodes 𝑖 and 𝑗 and nodes 𝑗 and 𝑥.
On the other hand, if noise power at receiver 𝑗 is neglected

because its value is very small, then we have

𝛾
𝑖𝑗
=

𝑊

𝑅
𝑖𝑗

𝑔
𝑖𝑗
𝑝
𝑖𝑗

∑
𝑁

𝑥=1,𝑥 ̸=𝑗,𝑥 ̸=𝑖
𝑔
𝑗𝑥
𝑝
𝑗𝑥

, 𝑖 = 1, 2, 3, . . . ,𝑀, (5)

and the channel gain is determined by

𝑔
𝑖𝑗
= 𝑑
−∝

𝑖𝑗
, (6)

where 𝑑
𝑖𝑗
is the distance between nodes 𝑖 and 𝑗 and 𝛼 is the

attenuation coefficient.
We assume that each node should achieve the target SIR,

𝛾
𝑡

𝑖𝑗
, from node 𝑖 along the route to node 𝑗 as follows:

𝛾
𝑖𝑗
≥ 𝛾
𝑡

𝑖𝑗
, 𝑖 = 1, 2, . . . ,𝑀, 𝑖 ̸= 𝑗. (7)

A power vector P and a transmission rate vector R are
used such that they satisfy the criterion expressed in (7),
where the power vector must comply as follows:

𝑝min ≤ 𝑝𝑖 ≤ 𝑝max. (8)

The R vector must satisfy the next criterion as follows:

𝑅min ≤ 𝑅𝑖𝑗 ≤ 𝑅max. (9)

Considering that each node can choose its rate transmis-
sion and power within𝐾 possibilities, one has

𝑝
𝑖
∈ {𝑝
1

𝑖
, 𝑝
2

𝑖
, . . . , 𝑝

𝐾

𝑖
} ,

𝑅
𝑖
∈ {𝑟
1

𝑖
, 𝑟
2

𝑖
, . . . , 𝑟

𝐾

𝑖
} .

(10)

4. Genetic Algorithm

The main purpose of this study is to solve the problem of
power combining, interference, data rate, and energy ensur-
ing the signal to interference ratio in an ad hoc network. For
this purpose, we propose to use a population-based stochastic
procedure denominated genetic algorithm (GA) [19]. We
chose this algorithm for its easiness of implementation. The
procedure for the used GA technique (Figure 1) is described
as follows.

The function Generate Initial Population randomly and
uniformly generates a set of individuals.

r = 0

Generate initial population
POP[r]of size gsize

Classify individuals
i = 1

Use selection scheme
combining fitness ranking

and elitist selection

Apply crossover with
probability pc and mutation

with probability pm

i = i + 1

i > gsize

Update population
POP[r + 1]

r = r + 1

r = rmax

Stop

No

SI

No

SI

Figure 1: Flow chart for the evolutionary optimization algorithm.

The main idea in Classify Individuals is to rank the
individuals according to their fitness value.

A selection scheme combining fitness ranking and elitist
selection [19] is implemented instead of a common weighted
roulette wheel selection.

The function Update Population assigns ranks to individ-
uals in the population generated by the union of parents and
children. This is in order to hold the best individuals in each
generation. Golberg [19] explains the procedures involved in
each step of this algorithm in detail. The individual represen-
tations as well as the crossover and mutation operators are
explained in the following subsections.

4.1. Individual Representation and Decoding

4.1.1. Perfect Power Control. For a number of desired trans-
mission rate combinations, 𝑡, with a population 𝑃 of size 𝑛,
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each individual (combination of transmission rates) is
expressed as

𝑃 =

[

[

[

[

[

𝐶
1

𝐶
2

...
𝐶
𝑛

]

]

]

]

]

, (11)

where 𝐶
1
⋅ ⋅ ⋅ 𝐶
𝑛
represents each individual as potential solu-

tion. Moreover, 𝐶 represents the combinations of transmis-
sion rates as individuals. Consider

𝐶 = [𝑘
1𝑅
⋅ ⋅ ⋅ 𝑘
𝑡𝑅
] , (12)

where 𝑘 nodes transmit at 𝑡 times the basic rate (𝑅).
On the other hand, the bandwidth,𝑊, is given as

𝑊 = 𝑃
𝐺
⋅ 𝑅, (13)

where 𝑃
𝐺
is processing gain, 𝑅 is the transmission rate, and

the bandwidth (𝑊) must be constant.
So the basic transmission rate is expressed in terms of

processing gain as follows:

𝑅 =

𝑊

𝑃
𝐺

. (14)

Therefore, the individuals in (11) are encoded in binary
form so that the individual of population (12) is transformed
into a single binary string.

4.1.2. Power Combining. In this case, we consider the trans-
mission rates and powers as individuals and potential solu-
tions to the previously presented problem. Furthermore, they
must comply with target SIR (7).

The vector R and vector P are transformed into binary
numbers or strings; that is, they are encoded in a binary
form. The chromosomes 𝐴

𝑖
and 𝐵

𝑖
are used to represent the

vectorsR andP, respectively, where 𝑖 represents an individual.
Moreover,𝐴

𝑖
= 𝑎
1
, 𝑎
2
, . . . , 𝑎

𝑙
, where 𝑎

1
, 𝑎
2
, . . . , 𝑎

𝑙
is the binary

representation of length 𝑙 for the rate transmission 𝑅
𝑖
, and

𝐵
𝑖
= 𝑏
1
, 𝑏
2
, . . . , 𝑏

𝑙
, where 𝑏

1
, 𝑏
2
, . . . , 𝑏

𝑙
is the binary represen-

tation for power 𝑝
𝑖
[25].

The individuals for power population and rate transmis-
sion population are given by

𝐴 =

[

[

[

[

[

𝐴
1

𝐴
2

...
𝐴
𝑇

]

]

]

]

]

,

𝐵 =

[

[

[

[

[

𝐵
1

𝐵
2

...
𝐵
𝑇

]

]

]

]

]

,

(15)

where 𝑇 is the population size.

4.2. Genetic Operators. The used genetic operators are stan-
dard; the well-known two-point crossover [19] along with
a single mutation where a locus is randomly selected and
the allele is replaced by a random number is uniformly
distributed in the feasible region.

4.3. Objective Function

4.3.1. Perfect Power Control. The objective function (of)
for maximizing the performance of the transmission rates
combination is given by

of = max 𝑆. (16)

Evaluating the performance 𝑆 (throughput) for a trans-
mission rates combination 𝑡, considering a perfect power
control, is determined as the average of the correctly detecting
probability of each node that transmits with different rates
[22] as follows:

𝑆
𝑡
=

𝑡max

∑

𝑡

𝑛
𝑡𝑅
𝑃
𝑑,𝑡𝑅

𝐿, (17)

where 𝑆
𝑡
is the performance for the given combination of

transmission rates, 𝑛
𝑡𝑅

is number of nodes transmitting 𝑡

times the transmission basic rate 𝑅, 𝑃
𝑑,𝑡𝑅

is the correctly
detecting probability of a packet transmitted at 𝑡 times the
transmission basic rate 𝑅, 𝐿 is packet length, and 𝑡max is the
maximum value that can increase the basic rate.

Therefore, the procedure to find the optimal transmission
rate is as follows.

(1) Generate a population of random combinations of
transmission rates.

(2) Calculate the fitness (𝑆
𝑡
) of the population generated.

(3) Apply genetic operators to the population by keeping
the fittest individuals (best solutions).

(4) Iterate Steps 2 and 3 the number of generations
desired.

The result of this algorithm for each number of nodes is
stored in a table. Therefore, depending on the number of the
nodes that are transmitting in an instant of time, the nodes
automatically will select the appropriate transmission rate.

4.3.2. Power Combining. The objective function (of) used
to minimize the resources consumption in each hop is as
follows:

of = min (abs (𝛾
𝑖𝑗
− 𝛾
𝑡

𝑖𝑗
) + 𝐸
𝑖𝑗
) . (18)

To evaluate each individual (power and rate) and the
energy consumed through a path, we apply (19) (fitness).
This equation represents an evaluation function for each
possible solution obtained from the transmission rate and
power calculated by each node. It is important to mention
that, through this formulation, the genetic algorithmwill tend
to choose those solutions that require lower power, lower
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energy, and higher transmission rate, depending on the
quality of the link (SIR). Consider

Fit
𝑖
= abs (𝛾

𝑖𝑗
− 𝛾
𝑡

𝑖𝑗
) + 𝐸
𝑖𝑗
, (19)

where 𝐸
𝑖𝑗
is the energy needed to transmit from node 𝑖

to node 𝑗. To calculate the energy, we consider that the
power transmission between nodes 𝑖 and 𝑗 is 𝑝

𝑖𝑗
, 𝑅
𝑖𝑗
is the

transmission rate used to transmit from node 𝑖 to node
𝑗, 𝑃
𝑑
(𝛾
𝑖𝑗
) is the probability of correctly detecting a packet,

with 𝛾
𝑖𝑗
being equal to the SIR of link (𝑖, 𝑗), and 𝐿 denotes

the packet length. Moreover, the number of transmissions
necessary to receive a packet correctly is a random variable,
𝐷. If all transmissions are statistically independent, 𝐷 is a
geometric random variable. So the expected value of 𝐷 is
𝐸[𝐷] = 1/𝑃

𝑑
(𝛾
𝑖𝑗
). The total transmission time required for

correct reception is the random variable 𝐷𝐿/𝑅
𝑖𝑗
. With the

transmitted power 𝑝
𝑖𝑗
, the energy expended is the random

variable 𝑝
𝑖𝑗
𝐷𝐿/𝑅

𝑖𝑗
with expected value 𝐸[𝐷]𝐿𝑝

𝑖𝑗
/𝑅
𝑖𝑗

=

𝐿𝑝
𝑖𝑗
/[𝑅
𝑖𝑗
𝑃
𝑑
(𝛾
𝑖𝑗
)]. Therefore, energy 𝐸

𝑖𝑗
is obtained by [26]

𝐸
𝑖𝑗
=

𝐿𝑃
𝑖𝑗

𝑅
𝑖𝑗
𝑃
𝑑
(𝛾
𝑖𝑗
)

. (20)

Energy (20) is in function of the transmission rate, and
𝑃
𝑑
(𝛾
𝑖𝑗
) is given by

𝑃
𝑐
(𝛾
𝑖𝑗
) = (1 − 2BER

𝑖𝑗
)

𝐿

, (21)

where BER
𝑖𝑗
is the bit error rate for the link (𝑖, 𝑗). The BER is

expressed as follows:

BER
𝑖𝑗
= 0.5𝑒

−𝛾𝑖𝑗/2
. (22)

Therefore, the main steps of the procedure of the pro-
posed optimization algorithm are as follows.

(1) Generate populations of transmission rate (R) and
power (P).

(2) Calculate the fitness of the population.
(3) Manipulate the individuals by genetic operators keep-

ing the elite individuals.
(4) Repeat Steps 2 and 3 until the desired number of

generations has been reached.

5. Simulations and Results

The first simulation is considering a perfect power control
and the process of simulation was achieved by a program in
MATLAB, on a personal computer, which considers a single
hop ad hoc wireless network. We consider 160 nodes that are
placed randomly in a square area of side length 150 meters.
In this simulation, the nodes generate packets using a Pareto
distribution. Additionally, we consider that the nodes are
fixed. The preview concepts are applied to the simulation.
Furthermore, a chip rate of 4.096Mcps, four transmission
rates (16, 32, 64, and 128 kbps), four processing gains (256,
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Figure 2: Throughput of the CSMA-CDMA protocol considering
perfect power control.

128, 64, and 32), and the basic transmission rate of 16 kbps
are employed.

For the genetic algorithm implemented, a population size
of 50 individuals is used with 50 generations. Furthermore,
crossover and mutation rates of 0.9 and 0.05 were used,
respectively. These parameters have been selected following
the recommendations of De Jong [27] and Grefenstette [28].
Furthermore, elitism is implemented in the genetic algorithm
(GA) to ensure that the fitness of the population will not
diminish from one generation to another. Elitism guarantees
that the best individuals from the current generation are
going to survive to the next generation. Therefore, with
elitism is united the population of parents and children and
half of them selected.The result of the simulation is shown in
Figure 2.

Figure 2 shows the throughput behavior with proposed
genetic algorithm (GA) for transmission rate election, and
we observe a better performance with respect to fixed rates
and the throughput is normalized with respect to maximum
capacity of the system. Furthermore, Figure 2 illustrates that
our proposed GA achieves improvement of 10% as compared
with the basic scheme [13]. This is because the transmission
rate with the basic scheme is obtained in the handshaking
phase, where the node attempts to transmit with the maxi-
mum value of rate and if there is a fail in the handshaking
phase, then the node decreases its transmission rate. When
the node has success in the handshaking phase, it increases
its transmission rate. Therefore, the basic scheme is a trial-
and-error process. Unlike the basic scheme, in the proposed
GA, the optimum transmission rate of each node is obtained
and ensures that it will not affect the multiuser interference.
Furthermore, during low traffic channel, nodes increase their
transmission rates. As traffic increases, processing gain also
increases, obtaining as a result a dynamic CDMA system
bandwidth control.

The following simulation considers the combination of
power, interference, data rate, and energy. The maximum
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Figure 3: Fitness optimization.

power is 100mW and the minimum power is 5mW.The ther-
mal noise is neglected. The target SIR (signal to interference
ratio) was set to 3.918 dB. The attenuation coefficient 𝛼 was
set to 2. The channel gain only is in function of the distance.
Therefore, fading is not considered. The transmission rates
are 1200, 1800, 2400, 4800, 7200, 9600, and 14400 bps. The
network was considered as a multihop network for this
simulation, in which the routing technique used for routing
data packets is based on minimum path. In this work,
Dijkstra’s algorithm for routing is implemented.

The genetic algorithm assigns powers and transmission
rates considering the standard IS-95. The population size is
of 50 individuals; crossover probability and mutation are of
0.95 and 0.05, respectively [27, 28].The termination criterion
is 50 generations.The individual length for the power was set
to 7 bits and in the case of transmission rate is 3 bits.

An obtained result of the genetic algorithm is shown
in Figure 3. This result confirms the effectiveness of the
proposed algorithm.

Figure 3 shows that when fitness decreases SIR approach-
es to the desired value; therefore, the node only uses the
resource needed to reach the destination node without
interfering with their neighbors. This is shown in Figure 4.

Figure 4 illustrates the behavior of power with respect to
generation number using genetic algorithms. It is observed
how the power isminimized and thus the node does not cause
interference to neighboring nodes or expend more energy
than necessary. Furthermore, another consideration of the
genetic algorithm is to increase the transmission rate, and
this behavior can be seen in Figure 5. The behavior shown
in Figure 5 is the result of the genetic algorithm through 50
generations. In this graphic, we can see that the data rate
is increased, while the power is decreased (Figure 4), which
means that the SIR is fitted to a target with optimum param-
eters to achieve the best performance and throughput by the
MAC protocol.

Furthermore, Figure 6 shows the throughput of proposed
protocol where codes are used to grant the channel access
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and genetic algorithms are applied to guarantee the signal to
interference ratio (SIR) for a successful transmission. Figure 6
shows the throughput behavior with proposed genetic algo-
rithm (GA) for transmission multirate. The throughput is
normalized with respect to maximum capacity of the system.
Furthermore, during low traffic channel, nodes increase their
transmission rates. As traffic increases, processing gain also
increases, obtaining as a result a dynamic CDMA system
bandwidth control. The proposed algorithm is compared
with the CSMA-CDMA protocol without optimization. In
CSMA-CDMA without optimization, as in [29], the nodes
perform the RTS/CTS process and they adjust the power to
reach their neighboring nodes but the SIR and the minimum
energy are not guaranteed. Therefore, the CSMA-CDMA
without optimization has a lower performance compared to
our proposed GA (15%).
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6. Conclusions

This paper has presented a MAC protocol based on CSMA-
CDMA considering a perfect power control. A genetic algo-
rithm is used to obtain the optimal transmission rate for each
node in an ad hoc network. In this proposed protocol, we
control the transmission rate according to the offered traffic.
The simulation results demonstrate that proposed MAC
protocol performs better than traditional CSMA-CDMA
with fixed rates and the proposed protocol outperforms
conventional protocols for single hop. Moreover, a shortest
path routing protocol is applied in this paper when the
nodes communicate with each other using multihop links.
The method of genetic algorithms is used to optimize the
network resource. On the other hand, the paper presents an
efficient MAC protocol based on CSMA-CDMA to achieve
high performance.
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The increased popularity of the web has caused the inclusion of huge amount of information to the web, and as a result of this
explosive information growth, automated web page classification systems are needed to improve search engines’ performance.Web
pages have a large number of features such as HTML/XML tags, URLs, hyperlinks, and text contents that should be considered
during an automated classification process.The aim of this study is to reduce the number of features to be used to improve runtime
and accuracy of the classification of web pages. In this study, we used an ant colony optimization (ACO) algorithm to select the
best features, and then we applied the well-known C4.5, naive Bayes, and k nearest neighbor classifiers to assign class labels to web
pages. We used the WebKB and Conference datasets in our experiments, and we showed that using the ACO for feature selection
improves both accuracy and runtime performance of classification. We also showed that the proposed ACO based algorithm can
select better features with respect to the well-known information gain and chi square feature selection methods.

1. Introduction

The aim of text classification is to categorize documents into
a certain number of predefined classes by using document
features. Text classification plays a crucial role in many
retrieval andmanagement tasks such as information retrieval,
information extraction, document filtering, and building
hierarchical directories [1]. When text classification focuses
on web pages it is named web classification or web page
classification. However, web pages are different from text,
and they contain a lot of additional information, such as
URLs, links, HTML tags, which are not supported by text
documents. Because of this property of web pages, web
classification is different from traditional text classification
[1].

On the web, classification is used for topic-specific web
link selection, analysis of the topical structure of the web,
development of web directories, and focused crawling [1].
Previously, people manually constructed some web directo-
ries such asYahoo! [2] and theOpenDirectory Project [3] and
manually assigned class labels to web documents. However,

manual classification is time consuming and needs a lot of
human effort, which makes it unscalable with respect to the
high growing speed of the web. Therefore, there has been
great need for automated web page classification systems [4].

A major problem of the web page classification is the
high dimensionality of the feature space. We need to select
“good” subsets of features from the original feature space to
reduce the dimensionality and to improve the efficiency and
run time performance of the classification process [5]. Several
approaches such as document frequency, information gain,
mutual information, chi square analysis, and term strength
have been applied to select proper features for text categoriza-
tion. According to Yang and Pedersen [6] chi square analysis
and information gain aremore effective for optimizing classi-
fication results, and document frequency is less effective but it
is scalable and affordable. InAghdam et al. [7] nature inspired
search and optimization algorithms have been applied for
feature selection of text classification problem. According
to [7], ant colony optimization and genetic algorithms can
choose better features than the information gain and chi
square analysis, and performance of ant colony optimization
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is better than the genetic algorithm. For this reason, in this
study we applied an ant colony optimization, which was
originally developed to solve optimization problems, to select
the best features from the web pages for accurate and time
efficient classification.

Ant colony optimization (ACO) was inspired from the
behavior of real ant colonies, and it is used to solve discrete
optimization problems.The first ACO systemwas introduced
byMarcoDorigo in his Ph.D. thesis [8] and was called the ant
system (AS). The AS is the result of a research on computa-
tional intelligence approaches to combinatorial optimization
[8]. The AS was initially applied to the travelling salesman
problem [9] and then to other hard problems. The original
AS is motivated by the natural phenomenon that ants deposit
pheromone on the ground in order to mark some favorable
path that should be followed by other members of the colony.
The aim of the colony is to find the shortest path between
a food source and the nest. The behavior of an ant colony
is a good example of a self-organized system such that it is
based on positive feedback (i.e., the deposit of pheromone)
and negative feedback (i.e., the evaporation of pheromone).
Theoretically, if the quantity of pheromone remains the same
over time on all edges, no route is chosen. However, because
of feedback, a slight variation on an edge allows the edge to
be chosen. The algorithm moves from an unstable state in
which no edge is stronger than another, to a stable state where
the route is composed of the strongest edges. Ant colony
optimization has a wide application domain; for example, Liu
et al. [10] have used ACO for continuous domains.

In this study, a new ACO based feature selection algo-
rithm, which selects best features from web pages, has been
proposed. The contributions of this study are summarized as
follows.

(i) In the earlier studies, only the bag of terms approach
is used for feature extraction and ACO is applied
to select features among the small number of terms.
However, in our study each term in the URLs and
in the HTML tags is taken as a different feature.
Therefore, a feature is represented as <URL><term>,
or <tag><term> pair which we call “tagged terms”
representation that yields thousands of features to be
extracted from web pages. According to our research
in the literature, there exists no ACO based study
which works on such large scale feature space.

(ii) In earlier studies, each ant selects features one by one;
however, in our study each ant selects a set of features
at a time since our feature space is too high, and
selecting features one by one increases running time
of ACO sharply.

(iii) In earlier studies, only the effect of using features from
bag of terms approach has been studied. In this study,
the effect of using features only from URLs, from
<title> tags, and tagged terms, as well as bag of terms
approach, is investigated. We also study the effects of
HTML tags on classification performance.

This paper is organized as follows. In Section 2, we give
related work on ACO based feature selection and web page

classification. Section 3 describes our ACO-based feature
selection algorithm. Section 4 includes the datasets used,
the experiments performed, their results, and discussions.
Section 5 concludes the study and gives some future work.

2. Related Work

In this section, we give a brief review of web page classifica-
tion, feature selection, and ant colony optimization for feature
selection.

2.1. Web Page Classification. Classification is the process of
assigning predefined class labels to some unseen or test data.
For this purpose, a set of labeled data is used to train a
classifier which is then used for labeling unseen data. This
classification process is also defined as a supervised learning
[11]. The process is not different in web page classification
such that there is one or more predefined class labels and a
classification model assigns class labels to web pages which
are in fact hypertext and have many features such as textual
tokens, markup tags, URLs, and host names in URLs that
are meaningful for classifiers. As web pages have additional
properties, their classification has several differences from
traditional text classification [1].

Web page classification has some subfields like subject
classification and functional classification [1]. In subject
classification, classifier is concernedwith the content of a web
page and tries to determine the “subject” of the web page.
For example, categories of online newspapers like finance,
sport, and technology are instances of subject classification.
Functional classification on the other hand deals with the
function or type of the web page. For example, determining
whether a web page is a “personal homepage” or a “course
page” is an instance of a functional classification. Subject and
functional classification are the most popular classification
types [1].

Classification can be divided into binary classification and
multiclass classification according to the number of classes
[1]. In binary classification, there is only one class label.
Classifier looks for an instance and assigns it to the specific
class or not. Instances of the specific class are called relevant,
and the others are named nonrelevant. If there is more
than one class, this type of classification is called multiclass
classification [1]. The classifier also assigns an instance to one
of the multiple classes. In our study, we focus on functional
classification of web pages, and we make binary classification
since it is the basis of the focused crawlers [12, 13] or topical
crawlers [14] of the search engines.The techniques developed
in this study can also be used for subject classification and/or
multiclass classification of web pages.

2.2. Feature Selection for Web Page/Text Classification. Fea-
ture selection is the one of the most important steps in
classification systems. Web pages are generally in HTML
format.Thismeans that web pages are semistructured data, as
they contain HTML tags and hyperlinks in addition to pure
text. Because of this property of web pages, feature selection
in web page classification is different than traditional text
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classification. Feature selection is generally used to reduce
dimension of data with tens or hundreds of thousands
of features which would be impossible to process further.
A major problem of web page classification is the high
dimensionality of the feature space. The best feature subset
contains the least number of features that most contribute to
classification accuracy and efficiency.

To improve the performance of web page classification,
several approaches that are imported from feature selection
for text classification have been applied. Information gain
[11], mutual information [15], document frequency [6], and
term strength [16] are the most popular traditional feature
selection techniques. Information gain (IG) measures the
amount of information in bits about the class prediction, if
the only information available is the presence of a feature and
the corresponding class distribution. Concretely, it measures
the expected reduction in entropy [11].

Mutual information (MI) was first introduced by Shan-
non [15] in the context of digital communications between
discrete random variables and was generalized to contin-
uous random variables. Mutual information is considered
as an acceptable measure of relevance between two ran-
dom variables [17]. Mutual information is a probabilistic
method which measures how much information the pres-
ence/absence of a term contributes to making the correct
classification decision on a class [18].

Document frequency (DF) is the number of documents in
which a termoccurs in a dataset. It is the simplest criterion for
term selection and easily scales to a large dataset with linear
computational complexity. It is a simple but effective feature
selection method for text categorization [6].

Term strength (TS) has been proposed and evaluated by
Wilbur and Sirotkin [16] for vocabulary reduction in text
retrieval. Term strength is also used in text categorization
[19, 20], such that it predicts term importance based on
how commonly a term is likely to appear in “closely-related”
documents. TS uses training set of documents to derive
document pairs whose measured similarity according to the
cosine value of the twodocument vectors is above a threshold.
Then, “term strength” is computed based on the predicted
conditional probability that a term occurs in the second
half of a pair of related documents given that it occurs
in the first half. The above methods namely the IG, the
DF, the MI, and the TS have been compared by Yang and
Pedersen [6] by using the kNN classifier on the Reuters [21]
corpus. According to [6], IG is the most effective method
with 98% feature reduction; DF is the simplest method
with the lowest cost in computation and it can be credibly
used instead of IG if computation of this measure is too
expensive.

In addition to traditional feature selection methods,
swarm intelligence techniques are also popular to be used for
feature selection. In this study, we review the application of
ACO for feature selection in general classification problems
and web/text classification domains.

2.3. Ant Colony Optimization for General Classification Prob-
lems. Jensen and Shen [22] have proposed a hybrid approach

which is a combination of fuzzy rough set and ACO to select
features from the Water Treatment Plant database. Fuzzy
rough set dependency measure is used for features which
are more informative in the currently given selected subset.
The number of features is reduced from 38 to 10 with fuzzy
rough sets, and then it is further reduced from 10 to 9.5 with
ACO. Dependency measure is used as the stopping criteria,
and C4.5 is employed for classification. Instead of accuracy
and F-measure values only the training and testing errors
are presented. The error rates in training with no feature
reduction, fuzzy rough set reduction, and ant fuzzy rough
set reduction are 1.5%, 10.8%, and 6.5%, respectively. They
have observed 19.1%, 25.2%, and 22.1% testing errors with no
feature reduction, fuzzy rough set reduction, and ant fuzzy
rough set reduction, respectively.

Chen et al. [23] have proposed a rough set approach
for feature selection based on ACO. Mutual information is
used as heuristic information. Feature selection is started
with a feature core rather than a random feature which
causes complete graph to become in a smaller form. Feature
reduction is finished after the core has been found.They have
studied the UCI dataset with C4.5 classifier and achieved
98.2% average accuracy for classification.

Huang [24] has used classification accuracy and feature
weights of the constructed SVM classifier to design the
pheromone update in ACO based feature selection. In this
study the UCI and simulated datasets are used and 94.65%
average accuracy value is obtained.

Sivagaminathan and Ramakrishnan [25] have proposed
a hybrid approach which is a combination of the neural
networks and ACO for feature selection. Neural networks
are used for error prediction and classification. In the exper-
iments 3, 5, 8, 10, and 12 ants are used for the medical
diagnosis dataset which contains 21 to 34 features, and 77.50%
average accuracy on breast cancer (Wisconsin prognostic)
and 98.22% average accuracy on thyroid disease datasets are
achieved.

Vieira et al. [26] have proposed two separate ant colonies
combined with fuzzymodels for feature selection; one colony
is used for minimizing number of features, and the other one
is employed tominimize classification error. In this study, the
first colony determines the number of features and the second
one selects the features. A fuzzy model is used as a classifier
and 96.4% average accuracy on breast cancer (Wisconsin
prognostic) dataset is observed.

Nemati and Basiri [27] have proposed an ACO based
method for a speaker verification system. Gaussian mixture
model universal background model (GMM-UBM) is used as
a classifier over the TIMIT corpora and equal error rate (EER)
of the classification is taken as evaluation criteria. 4.56%,
2.634%, and 3.679% EER values are observed with GMM-
UBM, ACO, and GA methods, respectively.

Kabir et al. [28] have combined ACO with neural net-
works where neural networks are used as classifier. The
proposed study contains both wrapper and filter methods
such that a probabilistic formula for random selection and
determination of subset size is used. Eight well-known cancer
datasets are used in the experiments and 98.91% average
accuracy is achieved.
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Akarsu and Karahoca [29] have used ACO for clustering
and feature selection. Ant colony clustering technique is used
to segment breast cancer dataset. To remove irrelevant or
redundant features from the dataset, sequential backward
search technique is applied. Feature selection and clustering
algorithms are incorporated as a wrapper.The results showed
that the accuracy of the FS-ACO clustering approach is better
than the filter approaches. They have compared their study
with the clustering algorithm in Weka with respect to the
sum of squared error value. According to the experimental
evaluation, the sum of squared error is 732 for Weka and 758
for the proposed method.

Al-Ani [30] has proposed an ACO based subset search
procedure for speech classification problem. Local impor-
tance of a given feature is measured by using the mutual
information evaluation function, and only the best k subsets
are used to update the pheromone. First iteration starts with
𝑚 features. The second and following steps start with 𝑚 − 𝑝

features that are selected randomly from the previous k-best
subsets. 𝑝 is a numeric value which changes from 1 to 𝑚 − 1.
They have studied TIMIT corpora with ANN classifier. The
average classification accuracy of ACO, GA, and SFS over all
the cases is 84.22%, 83.49%, and 83.19%, respectively.

Wang et al. [31] have developed an ACO based feature
selection, which employs SVM classifier, to find the best
feature subset for the UCI dataset. The experiments are
performed with 5, 10, 15, 20, and 25 ants, and the best feature
subset is found with 15 ants. In the experimental evaluation
94.83% average accuracy forWine dataset and 79.57% average
accuracy for Image Segment dataset are observed.

Jain and Singh [32] have modified probability function
of ANT with exponential function for feature selection. Two
modified ant algorithms are applied to a number of problems
and the results are compared with those obtained by applying
the original ACO and genetic algorithm, and the same results
but with better execution time are observed.

Abd-Alsabour and Randall [33] have proposed a wrapper
based system for feature selection. In the experiments, UCI
dataset and SVM classifier are used. In the proposed feature
selection algorithm, the number of selected features is not
fixed, so the length of each ant’s feature subset may differ. By
using the features selected by ants, 1 and 0.8584 classification
accuracy values are observed for Wine and Vehicle datasets,
respectively.

Rasmy et al. [34] have proposed a hybrid approach
for feature selection. They have used ACO for selecting
features and ANTMiner for classification. In their ACO,
ants start choosing a node (i.e., feature) randomly, after that
classifier performance and length of selected feature vectors
are adopted as heuristic information for ACO. In this study,
UCI dataset having 150 to 560 features is used and the number
of features is reduced to 9 and 70 forDiabetes andAnalcatdata
classes, respectively. After feature selection, 94.4% and 85%
average classification accuracy is achieved for Sonar and
Diabetes datasets, respectively.

2.4. Ant Colony Optimization for Text and Web Classification.
AntMiner [35] is the first study that uses the ACO in

the web page classification domain. Holden and Freitas
[36] have been inspired by AntMiner [35] and used the
ant colony paradigm to find a set of rules that classify
the web pages into several categories. They have no prior
assumptions about which words in the web pages to be
classified can be used as potential discriminators. To reduce
data rarity, they use stemming which is a technique in which
different grammatical forms of a root word are considered
as equivalent such that help, helping, and helped are taken
as help. Holden and Freitas [36] have also gathered sets of
words if they are closely related in the WordNet electronic
thesaurus. They have compared their AntMiner with the
rule inference algorithms C4.5 and CN2. They have found
that AntMiner is comparable in accuracy and forms simpler
rules with respect to C4.5 and CN2. The best result of
AntMiner is 81.0% classification accuracy and this result is
obtained when WordNet generalization is used with Title
features.

Aghdam et al. [7] have proposed an ACO based fea-
ture selection algorithm for text classification. The features
selected by an ant are evaluated according to the classifier
performance and the feature subset length. In the exper-
iments, it is assumed that classifier performance is more
important than subset length, so that they assign 80% and
20% weights to classifier performance and the subset length,
respectively. To measure classification performance, a simple
k nearest neighbor classifier is used in the experiments. The
performance of the proposed algorithm is compared with
the performance of a genetic algorithm, information gain,
and chi square analysis on the task of feature selection in
Reuters-21578 dataset [21]. Their experimental evaluation
showed the superiority of the ACO based feature section over
genetic algorithms, information gain, and chi square analysis
methods. They studied only bag of terms feature extraction
method and observed 89.08%microaverage F-measure value
for Reuters-21578 dataset.

Jensen and Shen [37] have proposed an ACO enhanced
fuzzy rough feature selection for web page classification.
Terms extracted from web pages are weighted according to
the 𝑡𝑓 ∗ 𝑖𝑑𝑓 weighting scheme. In the proposed ACO based
feature selection algorithm, each subset selected by each
ant is evaluated by a fuzzy-rough measure of the selected
subset. The pheromone values are updated according to
this measure and the length of the selected subset. After
selecting the best feature set, the web pages are then classified.
The experiments are performed on a small dataset which
contains 280 web pages collected from Arts & Humanities,
Entertainment, Computers & Internet, Health, Business &
Economy categories of Yahoo directory and it is observed
that ACObased feature selection performs the highest degree
of reduction in the feature space with minimal loss of
information.

Janaki Meena et al. [38] have used ACO for feature
selection and näıve Bayes for classification over the 20
Newsgroup dataset. The ratio between observed frequency
and expected frequency of the term is applied as a heuristic
measure to the features extracted according to the bag
of terms method. Map reduce is used for parallelization.
Experiments are performed with 500 ants and 150 iterations.
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For talk.politics.mideast dataset, recall and precision values
are 0.94 and 0.68, respectively.

Mangai et al. [39] have studied the WebKB dataset. Fea-
tures are selected with Ward’s minimum variance measure,
information gain, and 𝑡𝑓 ∗ 𝑖𝑑𝑓 methods. Ward’s minimum
variancemeasure is first used to identify clusters of redundant
features in a web page. In each cluster, the best represen-
tative features are retained and the others are eliminated.
Removing such redundant features helps to minimize the
resource utilization during classification. After clustering
process, features are selected from these clusters, then kNN,
SVM, naı̈ve Bayes, and C4.5 classifiers are used with 10-
fold cross validation for classification. Course web pages
are used as positive instances and student web pages are
used as negative instances. The proposed method of feature
selection is compared with other common feature selection
methods. Experiments showed that the proposed method
performs better than most of the other feature selection
methods in terms of reducing the number of features and the
classifier training time. 95.00% and 95.65% accuracy values
are achieved with kNN and SVM classifiers, respectively.

Our proposed system is different from the above studies
in the following respects.

(i) We use ACO for selecting a predefined number of
features from the large feature space extracted from
the web pages instead of selecting features one by
one. Our feature selection method chooses features
as feature groups. Since using a single feature to
determine the class of a web page is not enough, also,
including features one by one to the selected feature
list of each ant increases run time of ACO because
all the computations for pheromone update must be
repeated for each selection process. However, when
we choose a set of features, we perform the necessary
computations just once for each selected set.

(ii) We adopt ACO pheromone update formula for web
page classification such that our ants are not blind as
in the original ACO’s ants; we feed themwith 𝑡𝑓∗ 𝑖𝑑𝑓

value of each term. So, they have an idea about terms
before selecting features.

(iii) We have investigated effects of using features from
URLs, <title> tags, tagged terms, and bag of terms on
the classification performance.

(iv) We have used larger datasets with larger feature
spaces.

(v) We have also investigated which tags are more impor-
tant for web page classification.

3. Ant Colony Optimization for
Feature Selection

This section includes our ACO based feature selection and
classification system. The main structure of the proposed
system is shown in Figure 1. Our system consists of feature
extraction, ACO based feature selection, and classification
components. The training dataset is prepared according to
binary class classification problem. From the training dataset,

Training

Feature
extraction

Feature
selection

Classification

The best features

New (test)

Preprocessing

Classification

Results

ACO based feature selection
web pages

web pages

Figure 1: Architecture of the proposed system.

features are extracted, after that the best subset of features
is selected by our ACO algorithm and then, by using the
selected best features, new web pages are classified with
Weka [40] data mining software implemented in Java. The
components of our proposed system are explained in detail
in the following subsections.

3.1. Feature Extraction. In the feature extraction phase all
terms from the <title>, <h1>, <h2>, <h3>, <a>, <b>, <i>,
<em>, <strong>, <p>, and <li> tags which denote title,
header at level 1, header at level 2, header at level 3, anchor,
bold, italic, emphasize, strong, paragraph, and list item, and
additionally URL addresses of web pages are used. According
to the experimental results of the earlier studies [41–43],
these tags have useful information and should be used
during feature extraction. To extract features, all the terms
from each of the above mentioned tags and URL addresses
of the relevant pages in the training set are taken. After
term extraction, stopwords are removed and the remaining
terms are stemmed by using the Porter’s stemmer [44]. The
stemmed terms and their corresponding tags form our whole
feature set. The details of the feature extraction step are
presented in Section 4.3.

3.2. Feature Selection. After the feature extraction step, the
(sub)optimum subset of features is selected with our ACO
based feature selection algorithm. The flowchart of our
proposed ACO algorithm is presented in Figure 2.

In our proposed method, each feature represents a node,
and all nodes are independent of each other. Nodes (i.e.
features) are selected according to their selection probability
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Figure 2: Flow chart of the proposed ACO algorithm.

𝑃
𝑘
(𝑖) which is given in (1). Initially, all nodes have the same

selection probability:

𝑃
𝑘
(𝑖) =

[𝜏 (𝑖)]
𝛼

[𝜂 (𝑖)]
𝛽

∑
𝑙∈𝑁
𝑘
𝑖
[𝜏 (𝑙)]

𝛼

[𝜂 (𝑙)]
𝛽

, (1)

where 𝜂(𝑖) is equal to the document frequency of feature
𝑖 which is the number of documents in the training set
that contains feature 𝑖 and represents heuristic information
available to the ants. 𝑁

𝑘

𝑖
is the “feasible” neighborhood

of ant 𝑘, that is, all features as yet unvisited by ant 𝑘.
𝜏(𝑖) is the pheromone trail value of feature 𝑖. Parameters
𝛼 and 𝛽 determine the relative influence of heuristic and

pheromone information respectively.The pheromone values,
and parameters 𝛼 and 𝛽 are initialized according to [45]
which have shown that 1 is the best value for 𝛼 and 𝛽, and 10
is suitable for initial pheromone trail value. After all the ants
have built a complete tour, the pheromone trail is updated
according to the global update rule which is given in (2) as

𝜏 (𝑖) = 𝜌𝜏 (𝑖) +

𝑛

∑

𝑘=1

Δ𝜏
𝑘
(𝑖) , (2)

where 𝜌 denotes pheromone evaporation parameter which
decays the pheromone trail, and 𝑛 is the number of ants.
According to [45], 𝜌 value is selected as 0.2. The specific
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amount of pheromone, Δ𝜏
𝑘
(𝑖), that each ant k deposits on the

trail is given by (3) as

Δ𝜏
𝑘
(𝑖) =

{
{

{
{

{

2𝐵
𝑘
𝐿
𝑘

if node 𝑖 is used by elithist ant 𝑘
𝐵
𝑘
𝐿
𝑘

if node 𝑖 is used by any ant 𝑘
0 otherwise.

(3)

In (3), 𝐿
𝑘
is the F-measure value of ant k’s feature subset,

and 𝐵
𝑘
is the unit pheromone value. This means that the

higher the F-measure of the ant’s selected subset, the more
the pheromone deposited on the features used in the subset,
and these features are more likely to be selected in the next
iteration.

The proposed ACO based feature selection algorithm
works as follows. Initially all features have the same selection
probability 𝑃

𝑘
(𝑖) value. According to 𝑃

𝑘
(𝑖) value of each

feature 𝑖, an ant 𝑘 chooses 𝑛 features. A roulette wheel
selection algorithm [46] is used to select each of the 𝑛 features.

When an ant 𝑘 chooses 𝑛 features, the web pages in the
training dataset are classified with respect to the selected 𝑛

features by using the C4.5 classifier (i.e., the J48 classifier)
of Weka data mining tool. To classify the web pages in the
training dataset, 𝑡𝑓∗𝑖𝑑𝑓 valueswhere 𝑡𝑓 is the term frequency
and 𝑖𝑑𝑓 is the inverse document frequency of the selected
features for each web page are taken as the feature values.

The J48 classifier is an open source Java implementation
of the C4.5 algorithm in the Weka data mining tool. C4.5 is a
well-known decision tree algorithm, and it is an extension of
Quinlan’s earlier ID3 algorithm [47]. It builds decision trees
from a set of training data using an extension of information
gain known as gain ratio. After making classification by
using the selected features, the classification performance is
measuredwith respect to F-measure [48] valuewhich is given
in (4) as

𝐹-measure =

2 ∗ recall ∗ precision
recall + precision

. (4)

F-measure is a combination of precision and recall such
that recall is the proportion of web pages which are classified
as class 𝐶

𝑖
, among all web pages which truly have class 𝐶

𝑖
,

and precision is the proportion of the web pages which truly
have class 𝐶

𝑖
among all those which are classified as class

𝐶
𝑖
. In earlier studies, researchersmeasured performance with

respect to F-measure value. To comply with the standards
on this issue, F-measure value is chosen as the performance
metric in this study. The above feature selection and F-
measure value computations are repeated for all ants. After
these computations, an ant is chosen as an elitist ant which
has the highest F-measure value.Then, the pheromone values
are updated based on (2) and (3). This process is repeated a
predetermined number of times (i.e., N). Finally, the feature
subset having the best F-measure value is chosen as the
best feature set which can then be used for classifying new
(unseen) web pages.

Table 1: Train/test distribution of WebKB dataset for binary class
classification.

Class Train
relevant/nonrelevant

Test
relevant/nonrelevant

Course 846/2822 86/942

Project 840/2822 26/942

Student 1485/2822 43/942

Faculty 1084/2822 42/942

4. Experimental Evaluation and Results

This section includes the datasets, namely, the WebKB and
the Conference that were used in this study, the experiments
performed, and their results.

4.1. WebKB Dataset. TheWebKB dataset [49] is a set of web
pages collected by the World Wide Knowledge Base (Web-
>KB) project of the CMU [50] text learning group and has
been downloaded fromThe4Universities DatasetHomepage
[51].These pages are collected from computer science depart-
ments of various universities in 1997 and manually classified
into seven different classes, namely, student, faculty, staff,
department, course, project, and others. For each class, the
collection contains web pages from four universities which
are Cornell, Texas, Washington, Wisconsin universities, and
other miscellaneous pages collected from other universities.

The 8,282 web pages aremanually classified into the seven
categories such that the student category has 1641 pages,
faculty has 1124, staff has 137, department has 182, course has
930, project has 504, and other contains 3764 pages.The class
other is a collection of pages that are not deemed as the “main
page” and are not representing an instance of the previous
six classes. The WebKB dataset includes 867 web pages
from Cornell University, 827 pages from Texas University,
1205 pages from Washington University, 1263 pages from
Wisconsin University, and finally 4120 miscellaneous pages
from other universities.

From the WebKB dataset Project, Faculty, Student, and
Course classes are used in this study. As Staff andDepartment
classes have small number of positive examples, they are
not considered. Training and test datasets are constructed
as described in the WebKB project website [51]. For each
class, training set includes relevant pages which belong to
randomly chosen three universities and others class of the
dataset. The fourth university’s pages are used in the test
phase. Approximately 75% of the irrelevant pages from others
class are included in the training set and the remaining 25%of
them are included in the test set.The number of web pages in
the train and test part of the WebKB dataset, which is used
in this study, is given in Table 1. For example, the Course
class includes 846 relevant and 2822 irrelevant pages for the
training phase and 86 relevant and 942 irrelevant pages for
the test phase.

4.2. Conference Dataset. The Conference dataset consists of
the computer science related conference homepages thatwere
obtained from the DBLP website [52]. The conference web
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Table 2: Train/test distribution of the conference dataset.

Train
relevant/nonrelevant

Test
relevant/nonrelevant

Conference 618/1159 206/386

pages are labeled as positive documents in the dataset. To
complete the dataset, the short names of the conferences were
queried using the Google search engine [53] manually, and
the irrelevant pages in the result set were taken as negative
documents. The dataset consists of 824 relevant and 1545
irrelevant pages which are approximately 2 times of the
relevant pages.

In the Conference dataset, approximately 75% of both
relevant and irrelevant pages are taken as the training set,
and the remaining 25% of the relevant and irrelevant pages
are included into the test set. The number of web pages in
the train and test part of the Conference dataset is given in
Table 2.

4.3. Feature Extraction. In the feature extraction phase all
<title>, <h1>, <h2>, <h3>, <a>, <b>, <i>, <em>, <strong>,
<li>, and <p> tags, text content, and URL addresses of
web pages are used. All the terms from each of the above
mentioned tags and URL addresses of the relevant web pages
in the training set are taken. After term extraction, stopword
removal and Porter’s stemming algorithm [44] are applied.
Each stemmed term and its corresponding tag or URL pair
forms a feature. For example, a term “program” in a <title>
tag, in a <li> tag, or in a URL is taken as a different
feature and this feature extraction method is called “tagged
terms” method. Terms from similar HTML tags, for example,
<strong>, <b>, <em>, and <i>, are grouped together to
reduce the feature space.

In this study, features are selected from four different
feature sets for each class. In the first set, features are extracted
only from the URL addresses of web pages. Secondly, only
<title> tags are used for feature extraction. In the third feature
extraction method, all terms that appear in the web pages
regardless of their HTML tag are used as features. In other
words, a termwhich appears in the document regardless of its
position is taken as a feature.This feature extraction approach
is called “bag-of-terms”method. Finally, all terms that appear
in each of the above listed HTML tags are used as features. In
other words, a term which appears in different HTML tags is
taken as a different feature (i.e., tagged terms).

Thenumber of features varies according to the dataset and
the feature extraction method used. Numbers of features for
each class of all datasets with respect to the feature extraction
method used are shown in Table 3. As an example, 33519
features are extracted when tagged termsmethod are used for
the Course class. When only the <title> tag is considered, the
number of features extracted reduces to 305 for this class.

4.4. Experimental Setup. In this study, Perl script language
was used for the feature extraction phase, and our ACO
based feature selection algorithm was implemented in Java
programming language under Eclipse environment. The

proposed method was tested under Microsoft Windows 7
operating system. The hardware used in the experiments has
16 GB of RAM and Intel Xenon E5-2643 3.30 GHz processor.
Our feature selection method is tested on the Conference
and the WebKB datasets. The proposed ACO based feature
selection method is run for 250 iterations, since after 250
iterations we observed that there is no improvement on the
classification performance. We have determined the number
of ants as 30 experimentally, since we observed that 30 ants
give satisfactory results for our study.

In our ACO based feature selection algorithm, each ant
chooses a predefined number (i.e., 𝑛) of features. However,
in classical ACO based systems, each ant choses features one
by one. The reasons for choosing 𝑛 features are that (i) our
classification problemhas thousands of features and inclusion
or removal of one single feature does notmake a considerable
effect on the classification performance; (ii) choosing features
one by one among the thousands of features increases time
complexity of the ACO. In the experiments the number 𝑛 is
taken as 10, 100, and 500.

In our ACO based feature selection system, we need a
classifier to evaluate the fitness of each set of features selected
by each ant. For this purpose, we employed C4.5 classifier
since in our previous study [54] we compared classification
performance of navie Bayes, kNN (i.e., IBk) and C4.5 (i.e.,
J48) algorithms of Weka data mining tool, and we observed
that C4.5 is the best performer for our datasets.

After determining the best set of features by using our
ACO based feature selection algorithm, we use the selected
features to classify the web pages in the test datasets. We
repeat this process (i.e., ACObased feature selection and then
classification of test datasets) 5 times, and the best, worst, and
average F-measure values of these 5 runs are presented in the
following sections.

4.5. Experiment 1: Selecting Features Only from URLs of Web
Pages. Performance of the proposed method for selecting
features from only URL addresses of web pages is considered
in this experiment. For this purpose, features are extracted
only from the URL addresses of web pages in the training
datasets. For all classes, 𝑛 features are selected with our ACO
based feature selection algorithm, and then test (unseen) web
pages are classified with respect to these selected 𝑛 features.
To classify test web pages, J48 classifier is used.This process is
repeated 5 times and the best, worst, and average classification
performance of these 5 runs in F-measure values for the
selected 𝑛 features for all datasets is given in Table 4. As
Course dataset has less than 500 features extracted from
URLs (see Table 3), we only select 100 and 10 features from
URLs for Course class.

In Table 4, the best F-measure values are written in bold
face for all classes. According to the experimental results
presented in Table 4, we observed that the WebKB dataset
includes meaningful URL addresses so that, for all 𝑛 values,
web pages from the Course, Project, Student, and Faculty
classes are classified at 100% accuracy by using the ACO
selected features from the URLs of the web pages. However,
this observation is not true for the Conference dataset, as
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Table 3: Number of features for all classes with respect to feature extraction methods.

Class Feature extraction method
Tagged terms Bag of terms ⟨title⟩ tag URL

Course 33519 16344 305 479
Project 30856 15307 596 686
Student 49452 22245 1987 1557
Faculty 47376 24641 1502 1208
Conference 34952 18572 890 1115

Table 4: The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from URLs for all classes.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 1 1 1 1 0.782
Avg. 1 0.911 0.993 1 0.664
Worst 1 0.822 0.986 1 0.545

100
Best 1 1 1 1 0.883
Avg. 1 1 1 1 0.745
Worst 1 1 1 1 0.606

500
Best — 1 1 1 0.842
Avg. — 1 1 1 0.794
Worst — 1 1 1 0.745

Table 5: The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from ⟨title⟩ tags for all classes.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 0.983 0.92 0.891 0.947 0.736
Avg. 0.966 0.903 0.883 0.901 0.712
Worst 0.948 0.885 0.875 0.854 0.687

100
Best 0.983 0.92 0.883 0.939 0.739
Avg. 0.976 0.916 0.879 0.930 0.713
Worst 0.980 0.911 0.869 0.921 0.687

500
Best — 0.92 0.883 0.94 0.741
Avg. — 0.915 0.879 0.933 0.678
Worst — 0.91 0.869 0.922 0.710

the best F-measure value obtained is 0.883. So, we can
say that the Conference dataset has less meaningful URL
addresses with respect to the WebKB dataset. There is no
considerable difference between varying numbers of features
for the WebKB dataset. For the Conference dataset, on the
other hand, reducing the number of features also reduces
the average F-measure values of classification of the test web
pages.

4.6. Experiment 2: Selecting Features Only from <title> Tags.
Performance of the proposed method using only <title>
tags of Web pages is considered in this experiment. For
this purpose, features are extracted only from the <title>
tags of web pages in the training datasets. Similar to the
first experiment, each ant selects 𝑛 features from the whole
feature set that are obtained from <title> tags, and our ACO
algorithm returns the best 𝑛 features. After that web pages in

the test dataset are classified with respect to these selected 𝑛

features by using J48 classifier.This process is repeated 5 times
and the best, worst, and average classification performance
for these 5 runs in F-measure value for the selected 𝑛 features
for all datasets is given in Table 5. As Course dataset has less
than 500 features extracted from <title> tags (see Table 3), we
only select 100 and 10 features from <title> tags for Course
class.

In Table 5, the best F-measure values are written in bold
face for all classes. According to the results presented in
Table 5, the F-measure values of the classification of the test
web pages by using the ACO selected 𝑛 features are also high
for theWebKB dataset, which implies that theWebKB dataset
includes meaningful title declarations. However, the title
declarations of the Conference dataset are not meaningful as
the WebKB dataset. In this experiment, the reduced number
of features affects average F-measure values negatively for
the Course, Student, and Faculty classes; however, for the
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Table 6: The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from bag of terms method for all
classes.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 0.926 0.896 0.95 0.862 0.933
Avg. 0.880 0.780 0.944 0.836 0.926
Worst 0.834 0.665 0.947 0.811 0.92

100
Best 0.895 0.840 0.934 0.928 0.948
Avg. 0.873 0.821 0.903 0.918 0.940
Worst 0.851 0.802 0.872 0.908 0.932

500
Best 0.960 0.973 0.981 0.921 0.952
Avg. 0.955 0.969 0.964 0.918 0.949
Worst 0.950 0.966 0.947 0.915 0.946

Project and Conference classes the average F-measure values
are improved when the number of features is reduced.

4.7. Experiment 3: Selecting Features from Bag of Terms
Method. In this experiment, features are selected among
terms which are extracted by using bag of terms method. In
this method, only the terms regardless of their position or
tag are taken as features. Our ACO based feature selection
algorithm runs 5 times for each dataset, and we obtain 5 sets
of best features. Then by using the selected set of features, we
classify the test web pages with J48 classifier. The best, worst,
and average classification performance in F-measure value of
these 5 runs for classifying the test web pages for all datasets
is given in Table 6.

In Table 6, the best F-measure values are written in bold
face for all classes. When we compare Tables 4, 5, and
6, we observed that text contents in web pages are more
meaningful for classification than URL addresses and titles
for the Conference dataset. However, in the WebKB dataset,
URL addresses have better features for classification than
page contents and titles of web pages. As in the previous
experiments, F-measure values change with the number of
features and the average classification performance decreases
when the number of features is decreased.

4.8. Experiment 4: Selecting Features from Tagged Terms
Method. In this experiment, features are selected among
terms which are extracted by using tagged terms method
such that each term in each HTML tag is taken as a different
feature. As URLs have very discriminating terms for the
WebKB dataset, terms from URLs are not taken in this
experiment. Our ACO based feature selection algorithm is
run 5 times and we obtain 5 sets of best features for each
case. Then by using the selected set of features, we classify
the test web pages by using the J48 classifier. The best, worst,
and average classification performance in F-measure value
of these 5 runs for ACO selected 𝑛 features is presented in
Table 7.

In Table 7, the best F-measure values are written in
bold face. According to Table 7, as 𝑛 decreases classification
performance increases for the Course, Student, Project, and
Faculty classes. However, for the Conference dataset, average

classification performance is the best for the medium and
high 𝑛 values (i.e., 100 and 500).

When the results of these four experiments are compared,
we observed that the WebKB dataset (Course, Project, Stu-
dent, and Faculty classes) is classified with 100% accuracy
(i.e., F measure values are 1.0), and the classification per-
formance of the Conference dataset is also satisfactory (i.e.,
F-measure values are up to 0.952). For the WebKB dataset,
when the number of selected features is small (i.e., 𝑛 = 10),
the best feature extraction methods are URL only and tagged
termsmethod. For theConference dataset, on the other hand,
the best feature extraction method is bag of terms and then
tagged terms method.This result has occurred because of the
fact that the URLs of the WebKB dataset have class specific
terms; for the Conference dataset on the other hand, URLs
do not have class specific terms. Since tagged terms feature
extraction method is successful in general cases, we use this
feature extraction method in the rest of the experiments.

4.9. Experiment 5: Using Other Classifiers for the Test Phase.
C4.5 decision tree classifier, which is named J48 in Weka,
is employed in our ACO based feature selection system to
compute the fitness of the selected features and therefore
to update pheromone values and selection probabilities of
features. In the test phase of the previous experiments, we also
applied J48 classifier to classify the test (unseen) web pages.
In this experiment, our aim is to show whether our ACO
based selected features give good classification performance
with other well-known classifiers, namely, the kNN and
the näıve Bayes. For this purpose, we employ kNN, which
is named IBk in Weka, and naı̈ve Bayes classifiers in the
test phase. In the ACO-based feature selection phase, we
employed J48 classifier. It is also possible to employ kNN
or näıve Bayes classifiers in the ACO-based feature selection
algorithm; however, according to our previous study [54], J48
has better classification performancewith respect to kNNand
näıve Bayes for our datasets and that is why we prefer J48
in the feature selection process. Using kNN or naı̈ve Bayes
in the ACO based feature selection may be considered for
the future work. The best, worst, and average classification
performance in F-measure values of the 5 runs is presented
in Tables 8 and 9.
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Table 7: The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from tagged terms method for all
classes.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 0.963 0.94 0.954 0.965 0.921
Avg. 0.957 0.938 0.95 0.952 0.904
Worst 0.954 0.937 0.941 0.946 0.877

100
Best 0.902 0.82 0.923 0.928 0.94
Avg. 0.881 0.808 0.887 0.914 0.932
Worst 0.865 0.79 0.845 0.869 0.911

500
Best 0.9 0.35 0.91 0.356 0.936
Avg. 0.87 0.345 0.896 0.355 0.932
Worst 0.885 0.345 0.884 0.354 0.929

Table 8:The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from tagged terms for all classes when
IBk classifier is used in the test phase.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 0.948 0.929 0.937 0.948 0.906
Avg 0.943 0.914 0.92 0.936 0.888
Worst 0.929 0.909 0.896 0.915 0.842

100
Best 0.95 0.887 0.918 0.965 0.866
Avg 0.94 0.872 0.906 0.951 0.861
Worst 0.932 0.858 0.896 0.941 0.855

500
Best 0.951 0.902 0.918 0.94 0.844
Avg 0.944 0.899 0.911 0.938 0.84
Worst 0.937 0.898 0.908 0.936 0.837

According to Table 8, as the number of features selected
decreases, average classification performance increases for
the Project, Student, and Conference datasets when IBk
classifier is used in the test phase. For the Faculty dataset, the
best classification performance is obtained when 100 features
are selected.

For the näıve Bayes classifier, as the number of selected
features decreases, the classification performance increases as
shown in Table 9. According to Tables 7, 8, and 9 the features
selected by our ACO based feature selection algorithmwhich
uses J48 classifier give satisfactory classification performance
when these features are used to classify new web pages with
IBk and naı̈ve Bayes classifiers. However, when the results
presented in Tables 7, 8, and 9 are compared, we can say
that using J48 in the test phase yields more satisfactory
classification, since we choose features in ACO according to
the J48 classifier.

4.10. Experiment 6: Distribution of Tags in the Selected Feature
Subsets. In this section, we have investigated the distribution
of tags in the ACO selected subset of features from tagged
terms method for each class. Figures 3, 4, 5, 6, and 7 show
tag distributions for the ACO selected features for these five
classes. SinceURLs are very dominant features for theWebKB
dataset as it can be seen from Table 4, we did not include
features from URLs in this experiment.

According to Figures 3, 4, 5, 6, and 7, when the number
of selected features is small (i.e., 10 to 100) the most dis-
criminative features are obtained from h1, title, and anchor
tags. As the number of selected features increases (i.e., 500),
features extracted from anchor tag and body text become
more dominating. According to our experimental results we
observed that using small number of features (10 to 100) is
enough tomake a good classification formost of our datasets,
so instead of using all the features extracted from the web
pages, it is enough to use features extracted from URL, h1,
title, and anchor tags.

4.11. Experiment 7: Effect of ACO Based Feature Selection on
Classification Performance in Terms of Accuracy and Running
Time. In this section, effect of the proposed ACO based
feature selection algorithm on the classification performance
has been investigated. For this purpose, F-measure values and
running time of the classification of the test web pages using
the C4.5 classifier with and without the ACO based feature
selection are compared. The results of this experiment are
presented in Table 10 and Figure 8. In Table 10, F-measure
values of classification of test web pages with ACO based
feature selection and without making any feature selection
(i.e., by using all features) are compared for features extracted
from tagged terms, URLs, and <title> tags.
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Table 9:The best, worst, and average 𝐹-measure values of classification using ACO selected 𝑛 features from tagged terms for all classes when
näıve Bayes classifier is used in the test phase.

No. of features selected (𝑛) 𝐹-measure Dataset
Course Student Project Faculty Conference

10
Best 0.933 0.864 0.917 0.936 0.897
Avg. 0.856 0.863 0.88 0.926 0.855
Worst 0.618 0.859 0.809 0.909 0.838

100
Best 0.868 0.38 0.912 0.875 0.797
Avg. 0.858 0.354 0.901 0.762 0.695
Worst 0.829 0.324 0.889 0.602 0.645

500
Best 0.543 0.54 0.502 0.527 0.826
Avg. 0.51 0.539 0.484 0.51 0.821
Worst 0.478 0.53 0.472 0.501 0.816

Table 10: 𝐹-measure values of the C4.5 classifier with and without making any feature selection.

Dataset

Feature extraction methods
Tagged terms Title URL

ACO selected
features

Without feature
selection

ACO selected
features

Without feature
selection

ACO selected
features

Without feature
selection

Course 0.963 0.909 0.983 0.898 1 1
Faculty 0.965 0.911 0.947 0.920 1 1
Project 0.954 0.355 0.891 0.985 1 1
Student 0.940 0.337 0.920 0.679 1 1
Conference 0.940 0.930 0.741 0.372 0.883 0.972

When we compared the results presented in Table 10, we
can say that classification performance in terms of F-measure
increases when we used features selected by our ACO based
feature selection method from tagged terms. For the features
extracted from title tags, classification performance increases
with our ACO based feature selectionmethod for the Course,
Student, Faculty, and Conference datasets, but F-measure
value decreases for the Project dataset. For the features
extracted from URLs both using all features and making
ACO based feature selection give satisfactory classification
performance.

In Figure 8, time required to classify test web pages for
all classes when C4.5 classifier is used are displayed. As it
can be easily seen from the figure, making feature selection
reduces the time required to classify new (unseen) web pages
sharply without making reduction in classification accuracy
(Table 10).

4.12. Experiment 8: Comparison of the Proposed Method with
the Well-Known Feature Selection Methods. In this experi-
ment, we compared our ACO based feature selectionmethod
with two well-known feature selection methods that are
information gain and chi square analysis. To accomplish this,
we select 10, 100, and 500 features extracted from tagged
terms method with information gain (IG) and chi square
(Chi) feature selection methods. After that, we classify test
datasets by using the selected features. The classification
performance in F-measure values of our ACO basedmethod,
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Figure 3: Distribution of the ACO selected tags for course class.

chi Square, and information gain methods is presented in
Table 11.

The best F-measure values are written in bold face for all
cases in Table 11. According to the results given in Table 11,
our ACO based feature selection algorithm can select better
features with respect to chi square and information gain
especially when the number of selected feature is small (i.e.,
less than 500). As shown in Table 11, when the number of
selected features increases, the classification performance of
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Table 11: Comparison of the proposed method with well-known feature selection methods.

Datasets
No. of selected features

10 100 500
IG Chi ACO IG Chi ACO IG Chi ACO

Faculty 0.89 0.93 0.96 0.90 0.91 0.92 0.90 0.90 0.35
Course 0.91 0.88 0.96 0.36 0.36 0.90 0.90 0.91 0.90
Student 0.80 0.79 0.94 0.42 0.42 0.82 0.34 0.34 0.35
Project 0.83 0.90 0.95 0.39 0.39 0.92 0.35 0.35 0.91
Conference 0.93 0.57 0.92 0.94 0.94 0.94 0.93 0.93 0.93
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Figure 4: Distribution of the ACO selected tags for project class.
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Figure 5: Distribution of the ACO selected tags for faculty class.

test data decreases, so it is better to use small number of
features in terms of classification accuracy and running time
(i.e., Figure 8).

4.13. Comparison of the Proposed Method with Earlier Studies.
Several ACO based feature selection algorithms have been
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Figure 6: Distribution of the ACO selected tags for student class.
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Figure 7: Distribution of the ACO selected tags for conference class.

proposed for the UCI dataset. The authors of [22–26, 28,
29, 31, 33, 34] have reported that their proposed ACO
based algorithms increase the performance of classification.
According to our experimental results, we also observed
that ACO based feature selection algorithm improves the
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Figure 8: Comparison of time required to classify test pages.

classification performance in terms of classification accuracy
and time for the WebKB and Conference datasets in general.

In [55], sequential n-grams are used to extract features
from the URLs of web pages. The selected features are
then classified with maximum entropy and support vector
machine separately. The average F-measure value is 0.525
for the multiclass classification of the WebKB dataset. Our
average F-measure value is 1.0 for WebKB dataset when
features are selected from URLs and binary classification is
made. Based on these results, we can say that our ACO based
feature selection with binary class classification has better
classification performance for the WebKB dataset.

Özel [56] has used tagged terms as features with a
GA based classifier. URL addresses are not used in feature
extraction step. Average F-measure values are 0.9 and 0.7 for
the Course and the Student classes of the WebKB dataset. In
our proposed method, on the other hand, average F-measure
value is increased up to 1.0 for the Course and Student
classes.This comparison shows that features fromURLs affect
the classification performance positively. In addition to this,
usingACObased feature selection and then applying theC4.5
classifier perform better than a GA based classifier.

Jiang [57] has proposed a text classification algorithm that
combines a k-means clustering scheme with a variation of
expectation maximization (EM), and the proposed method
can learn from a very small number of labeled samples and
a large quantity of unlabeled data. Experimental results show
that the average F-measure value is 0.7 for WebKB dataset in
multiclass classification [57].This result shows that our ACO-
based algorithm with binary classification performs better
since it yields higher F-measure value.

Joachims [58] has used transductive support vector
machines on WebKB dataset with binary class classification
and for feature extraction. Bag-of-terms method is used.
According to the experimental results of this study, average
F-measure values are reported as 0.938, 0.537, 0.184, and
0.838 for the Course, Faculty, Project, and Student classes,
respectively. Also, these results show that our proposed
algorithm has better performance with respect to the SVM
algorithm.

Mangai et al. [39] have used Ward’s minimum variance
measure and information gain for feature selection from the
WebKB dataset. 95% accuracy is achieved for Couse dataset
with a kNN classifier. However, when we use our ACO-based
feature selection algorithm and then apply a kNN classifier
to test web pages from the Course dataset, we also obtained
0.951 F-measure value. When we apply C4.5 classifier after
our ACO-based feature selection algorithm, the F-measure
value increases up to 1.

5. Conclusion

In this study we have developed an ACO-based feature
selection system for the web page classification problem.
We have used four kinds of feature extraction methods that
are, namely, URL only, <title> tag only, bag of terms, and
tagged terms. After the feature extraction step, in our ACO
based feature selection algorithm, for each ant we select a
predefined number of features, and then we evaluate the
performance of the selection made by each ant by using
the C4.5 classifier. According to the performance of the
selected features, we update pheromone values and selection
probabilities of the features.This process is repeated until the
best features are selected. After selecting the best features,
classification of the new (unseen) web pages is made by
using the selected feature set. Experimental evaluation shows
that using tagged terms as feature extraction method gives
good classification performance on the average cases with
respect to using bag-of-terms, URL alone, or <title> tag alone
methods. Our ACO based feature selection system is able to
select better features with respect to well-known information
gain and chi square selection methods. The proposed system
is effective in reducing the number of features so that it
is suitable for classification of high dimensional data. By
reducing the feature space, our system also reduces the time
required to classify new web pages sharply without loss of
accuracy in classification. As future work, performance of our
ACO-based feature selection systemmay be evaluated for the
multiclass case.
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Cognitive radio (CR) enables unlicensed users (or secondary users, SUs) to sense for and exploit underutilized licensed spectrum
owned by the licensed users (or primary users, PUs). Reinforcement learning (RL) is an artificial intelligence approach that enables
a node to observe, learn, and make appropriate decisions on action selection in order to maximize network performance. Routing
enables a source node to search for a least-cost route to its destination node.While there have been increasing efforts to enhance the
traditional RL approach for routing in wireless networks, this research area remains largely unexplored in the domain of routing
in CR networks. This paper applies RL in routing and investigates the effects of various features of RL (i.e., reward function,
exploitation, and exploration, as well as learning rate) through simulation. New approaches and recommendations are proposed
to enhance the features in order to improve the network performance brought about by RL to routing. Simulation results show
that the RL parameters of the reward function, exploitation, and exploration, as well as learning rate, must be well regulated, and
the new approaches proposed in this paper improves SUs’ network performance without significantly jeopardizing PUs’ network
performance, specifically SUs’ interference to PUs.

1. Introduction

Cognitive radio (CR) has been proposed to enable unlicensed
users (or secondary users, SUs) to exploit the underutilized
licensed channels (or white spaces) owned by the licensed
users (or primary users, PUs). Most traditional routing
schemes adopt a rule-based approach [1] in which each node
keeps and follows a set of predefined rules in its action selec-
tion for different network conditions; and this may not suit
CR due to its intrinsic characteristic of the dynamicity and
unpredictability of the network conditions (i.e., PUs’ activities
and channel quality) which require context awareness and
intelligence [2–4]. Context awareness enables a SU node
to observe the operating environment; while intelligence
enables the SU node to learn and make action selection
that maximizes network performance as time goes by. These

capabilities are essential as the rule-based approach may not
be feasible to define actions for all possible sets of network
conditions in CR networks (CRNs).

Reinforcement learning (RL) [5], which is an artificial
intelligence approach, has been applied to achieve context
awareness and intelligence in CRNs [2]. This article presents
a simulation study on the application of RL to routing
in CRNs. Firstly, the traditional RL approach is applied
in a routing scheme, which we call Cognitive Radio Q-
routing (CRQ-routing). Next, a RL feature, namely reward
function, is investigated. An enhanced RL-based routing
scheme called weighted cognitive radio Q-routing (WCRQ-
routing) is proposed. Subsequently, other two RL features,
namely, exploitation and exploration, as well as learning
rate, are investigated. The network performance of RL-based
routing schemes can be enhanced by regulating the RL
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features; hence, new enhancements are proposed for the
reward function, exploitation, and exploration, as well as
learning rate.

CRQ-routing is a spectrum-aware scheme that finds
least-cost routes in CRNs taking into account the dynamicity
and unpredictability of the channel availability and channel
quality. Simulation results show that CRQ-routing and its
enhancements minimize SUs’ interference to PUs, SUs’ end-
to-end delay, and SUs’ packet loss rate, as well as maximizing
SUs’ throughput.

Our contributions are as follows.

(i) Section 3 presents CRQ-routing which applies the
traditional RL approach.

(ii) Section 4 investigates different reward representa-
tions for network performance enhancement. In
addition to CRQ-routing, this section investigates a
variant of the reward function which we conveniently
call WCRQ-routing. WCRQ-routing applies a weight
factor 𝜔 to adjust the tradeoff between PUs’ and
SUs’ network performance. Performance enhance-
ment achieved by CRQ-routing and WCRQ-routing
for different PU utilization levels (PULs) and packet
error rate (PER) are compared with the traditional
shortest path (SP) routing scheme and the optimal
primary user-aware shortest path (PASP) routing
scheme.

(iii) Section 5 investigates the effects of exploitation and
exploration on network performance. A simple and
pragmatic exploration approach called dynamic soft-
max (DS) is proposed to dynamically regulate the
frequency of exploration according to the dynamicity
of the operating environment. Performance enhance-
ment achieved by DS is compared with two tradi-
tional exploration approaches, namely, 𝜀-greedy and
softmax.

(iv) Section 6 investigates the effects of learning rate
on network performance. A simple and pragmatic
learning rate adjustment approach called the coun-
terapproach (CA), which is based on the traditional
win-or-learn-fast policy hill climbing (or win-lose)
[6], is proposed to dynamically regulate the learning
rate according to the dynamicity of the operating
environment. Performance enhancement achieved
by CA is compared with the traditional approach,
namely, win-lose.

Simulation experiment, results, and discussions are pre-
sented in each of the sections. Finally, Section 7 concludes
this paper.

2. Related Work

While most researches focus on the enhancement of either
PUs’ or SUs’ network performance [7–10], this paper focuses
on both PUs’ and SUs’. CRQ-routing minimizes SUs’ interfer-
ence to PUswithout causing significant detrimental effects on
SUs’ network-wide performance.

In [7–10], either one or both of the following require-
ments are applicable. Firstly, information on PUs’ and SUs’
physical locations is essential. The associated challenges are
additional energy consumption, increased hardware cost, and
the availability of the physical location information in indoor
scenarios [2]. Secondly, network-wide information such as
link cost is essential; however, it is difficult to obtain up-to-
date information for the entire network in the presence of
dynamicity and unpredictability of the channel availability
and channel quality in CRNs. For instance, a reactive routing
scheme requires a SU destination node to confirm a route
prior to data transmission; however, due to the dynamicity
and unpredictability of the channel availability and channel
quality, a new route may have expired before routing infor-
mation reaches the SU destination node. CRQ-routing does
not require geographical and network-wide information, and
it adopts a per-hop routing approach (rather than an end-
to-end routing approach) that enables each SU intermediate
node tomake routing decision for a single hop to its next-hop
node based on local information.

The application of RL to routing schemes in CRNs has
been limited, such as [11], although it has been shown to
improve routing performance in various traditional wireless
networks [12, 13]. In [11], the SUs’ network performance is
shown to be enhanced, while in CRQ-routing, both PUs’ and
SUs’ network performances are enhanced. Using RL, CRQ-
routing integrates route discovery mechanism with channel
selection. CRQ-routing is a multipath routing scheme that
enables a SU node to maintain multiple routes, and this
can be well incorporated into RL through its feature called
exploration. Generally speaking, the existence of multiple
routes helps to enhance network reliability and to achieve
load balancing among various routes. This is because a SU
can automatically switch its route to another one during route
recovery in the event of route failure.

3. CRQ-Routing: Application of
the Traditional Reinforcement Learning
Approach to Routing

This section presents CRQ-routing that takes account of
the PUs’ and SUs’ network performance by minimizing
SUs’ interference to PUs along a route without significantly
jeopardizing SUs’ network-wide performance. It applies a
traditional RL approach called Q-learning [14, 15], which is a
popular RL approach. CRQ-routing enables a SU to observe
its local operating environment regularly and subsequently
to learn an action selection policy through exploring various
routes, and finally to choose routes with enhanced network
performance (i.e., lower SUs’ interference to PUs, lower SUs’
end-to-end delay, lower SUs’ packet loss rate, and higher SUs’
throughput). Generally speaking, RL enables a SU node to

(a) estimate the dynamic link cost. This allows a SU to
learn about and adapt to the local network conditions
(i.e., PUs’ activities and channel quality) which are
dynamic and unpredictable in nature,



The Scientific World Journal 3

Table 1: CRQ-routing model embedded at SU node 𝑖.

State 𝑠
𝑖

𝑡
∈ 𝑆 = {1, 2, . . . , 𝑁 − 1}, each state 𝑠𝑖

𝑡
representing a SU destination node 𝑛.𝑁 represents the number of SUs in the

entire network.

Action 𝑎
𝑖

𝑡
∈ 𝐴
𝑖

= {1, 2, . . . , 𝐽}, each action 𝑎𝑖
𝑡
representing the selection of a SU next-hop node 𝑗 along with its operating

channel. 𝐽 represents the number of SU 𝑖’s neighboring SU nodes.

Cost 𝑟
𝑖

𝑡
(𝑎
𝑖

𝑡
) represents the link-layer delay incurred to successfully deliver a packet from SU node 𝑖 to SU neighbor node

𝑎
𝑖

𝑡
= 𝑗, including retransmission delays as a result of PU-SU packet collision and packet loss.

(b) search for the best-possible route using information
observed from the local operating environment and
information received from neighboring nodes,

(c) incorporate a wide range of factors that can affect the
routing performance into consideration, including
both PUs’ activities and channel quality.

By choosing links with lower link-layer delay, which is
the time duration required to deliver a SU’s packet to a
next-hop node successfully, SUs’ interference to PUs can be
reduced and SUs’ end-to-end network performance can be
enhanced. Note that the link-layer delay includes the time
duration incurred by retransmission as a result of PU-SU
packet collisions. The RL model for CRQ-routing is shown
in Table 1, and it is embedded in a SU node 𝑖. Using CRQ-
routing, each SU chooses a next-hop node and channel pair
as part of a route. There are three key representations for the
RL model as follows.

(i) State 𝑠
𝑖

𝑡
∈ 𝑆 = {1, 2, . . . , 𝑁 − 1} represents a SU

destination node 𝑛, where 𝑁 represents the number
of SUs in the entire network.

(ii) Action 𝑎𝑖
𝑡
∈ 𝐴
𝑖

= {1, 2, . . . , 𝐽} represents the selection
of a next-hop SU neighbor node 𝑗 along with its
operating channel, where 𝐽 represents the number of
SU 𝑖’s neighboring SU nodes.

(iii) Cost 𝑟𝑖
𝑡
(𝑎
𝑖

𝑡
), which indicates the consequence upon

taking action 𝑎𝑖
𝑡
, represents the link-layer delay of a SU

communication node pair, namely nodes 𝑖 and 𝑗. The
link-layer delay includes retransmission delays caused
by packet loss and PU-SU packet collision. Hence,
the end-to-end delay (or the accumulated link-layer
delay) reflects the accumulated SUs’ interference to
PUs; and by achieving lower delay, the interference
level can be reduced.

Each SU node 𝑖 keeps track of 𝑄-value 𝑄𝑖
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
), which

relates the three representations, in its 𝑄-table (i.e., routing
table). For each state-action pair, the 𝑄-value represents
the accumulated link-layer delay of a route leading to SU
destination node 𝑠𝑖

𝑡
by choosing a SU next-hop node 𝑎𝑖

𝑡
= 𝑗.

At time 𝑡, SU 𝑖 selects a SU next-hop node 𝑎𝑖
𝑡
= 𝑗 as part of

a route to reach destination node 𝑠𝑖
𝑡
; and upon a successful

transmission at time 𝑡 + 1, it receives an end-to-end delay
estimate for the route, namely 𝑄

𝑗

𝑡
(𝑠
𝑗

𝑡
, 𝑘), from node 𝑗 and

estimates the link-layer delay 𝑟𝑖
𝑡+1
(𝑗). Note that the link-layer

delay is dynamic and unpredictable due to the nature of the
PUs’ activities in which there are different levels of PUL. In

general, the link-layer delay increases with PUL in a channel.
The 𝑄-value 𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
= 𝑗) is updated as follows:

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑗)← (1 − 𝛼)𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑗)

+ 𝛼(𝑟
𝑖

𝑡+1
(𝑗) +min

𝑘∈𝐴
𝑗
𝑄
𝑗

𝑡
(𝑠
𝑗

𝑡
, 𝑘)) ,

(1)

where 0 ≤ 𝛼 ≤ 1 is the learning rate and node 𝑘 ∈ 𝐴
𝑗 is

an upstream node of SU node 𝑗. A SU node 𝑖 adopts a policy
𝜋
𝑖

𝑡+1
(𝑠
𝑖

𝑡
) that chooses a SU next-hop node with the minimum

cost as follows:

𝜋
𝑖

𝑡+1
(𝑠
𝑖

𝑡
) = argmin
𝑎 ∈ 𝐴

𝑖

(𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎)) . (2)

In the next section, we present a variant of the reward
representation in RL to further enhance PUs’ and SUs’
network performance.

4. WCRQ-Routing: A Variant of the Reward
Representation

WCRQ-routing incorporates a weight factor into the reward
representation of CRQ-routing to adjust the tradeoff between
PUs’ and SUs’ network performance. WCRQ-routing pro-
vides further enhancement on SUs’ network performance
without jeopardizing PUs’ network performance. The main
difference between WCRQ-routing and CRQ-routing is the
cost (or negative reward) representation as follows.

(i) CRQ-routing enables a SU to learn about the accumu-
lated cost in terms of link-layer delay along a route.

(ii) WCRQ-routing enables a SU to learn about the
accumulated cost in terms of the number of SUs’
packet retransmissions and the packet queue length
of SUs along a route. Hence, WCRQ-routing enables
a SU to take account of packet retransmission which
further improves the PUs’ network performance,
and network performance which further improves
the SUs’ network performance. WCRQ-routing also
incorporates a weight factor 𝜔 which adjusts the
tradeoff between PUs’ and SUs’ network performance.

The RL model for WCRQ-routing is shown in Table 2,
and it is embedded in a SU node 𝑖. The state and action
representations are similar for CRQ-routing (see Table 1) and
WCRQ-routing, and so only the reward representation is
shown. The reward representation for the RL model is as
follows.
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Table 2: Reward representation for WCRQ-routing model embedded at SU node 𝑖.

Cost
𝑟
𝑖

𝑡
(𝑎
𝑖

𝑡
) = 𝜔𝑟

𝑖,𝑗

𝑡
+ (1 − 𝜔)𝑞

𝑗

𝑡
where 𝑟𝑖,𝑗

𝑡
represents the number of retransmissions for a packet sent from SU node 𝑖 to SU

neighbor node 𝑗 at time 𝑡, while 𝑞𝑗
𝑡
represents the number of packets in the queue of SU neighbor node 𝑗. Weight

factor 𝜔 = [0, 1] is used to adjust the tradeoff between PUs’ and SUs’ network performance.

(i) Cost 𝑟𝑖
𝑡
(𝑎
𝑖

𝑡
) = 𝜔𝑟

𝑖,𝑗

𝑡
+ (1 − 𝜔)𝑞

𝑗

𝑡
has two components:

(1) 𝑟
𝑖,𝑗

𝑡
represents the number of retransmissions for

a packet sent from SU node 𝑖 to SU neighbor node 𝑗
at time 𝑡 as a result of PU-SU packet collisions and
SU packet loss and (2) 𝑞

𝑗

𝑡
represents the number of

packets in the queue of SU neighbor node 𝑗. Both
𝑟
𝑖,𝑗

𝑡
and 𝑞

𝑗

𝑡
values in reward 𝑟

𝑖

𝑡
(𝑎
𝑖

𝑡
) are normalized to

[0, 1].The weight factor𝜔 = [0, 1] adjusts the tradeoff
between PUs’ and SUs’ network performance.

Similar to CRQ-routing, each SU node 𝑖 keeps track of
Q-values𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) in its Q-table (i.e., routing table). For each

state-action pair, the Q-value represents a weighted cost that
takes account of the number of packet retransmissions and
packet queue length of SUs along a route leading to SU
destination node 𝑠𝑖

𝑡
by choosing a SU next-hop node 𝑎𝑖

𝑡
. At

time 𝑡, SU 𝑖 selects a SU next-hop node 𝑎𝑖
𝑡
= 𝑗 as part of

a route to reach destination node 𝑠𝑖
𝑡
and upon a successful

transmission, it receives an estimate of the weighted cost
for the route, namely 𝑄𝑗

𝑡
(𝑠
𝑗

𝑡
, 𝑘), from node 𝑗 and estimates

reward 𝑟
𝑖

𝑡+1
(𝑗), which takes into account the number of

retransmissions for a packet and the number of packets in
the queue of SU neighbor node 𝑗 at time 𝑡 + 1. Note that
both number of retransmissions for a packet and number of
packets in the queue of a SU’s neighbor node are dynamic and
unpredictable due to the nature of the PUs’ activities in which
there are different levels of PUL. In general, 𝑟𝑖

𝑡+1
(𝑗) increases

with PUL in a channel.TheQ-value𝑄𝑖
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is updated using

(1) and a SU next-hop node with the minimum cost is chosen
using (2).

The rest of this section is organized as follows. Section 4.1
presents simulation setup and parameters. Section 4.2
presents a comparison of network performance achieved
by CRQ-routing, WCRQ-routing, and two baseline routing
schemes, namely, shortest path (SP) and PU aware shortest
path (PASP) routing schemes. Section 4.3 presents the effects
of the weight factor 𝜔 in reward representation on network
performance.

4.1. Simulation Setup and Parameters. Figure 1 shows the
system model which is a multihop CRN with 𝑁 SUs and
𝐾 PUs [16]. Each PU transmits in one of the 𝐾 different
channels. In Figure 1, we consider a SU source node 𝐴 and
a SU destination node 𝐺.

We compare the network performance achieved by CRQ-
routing and WCRQ-routing with nonlearning approaches,
specifically, the traditional SP routing and the optimal PASP
routing approaches. SP routing selects a route that has the
minimum number of hops and this has been shown to
improve the end-to-end network performance in traditional
networks. PASP routing selects a route that has theminimum
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Figure 1: Network scenario.

accumulated amount of PUs’ activities. This means that the
route encounters the least number of PUs, and so the PUL
along the route may be the lowest. However, PASP routing
may not be feasible in practice as it is a centralized approach
that requires network-wide information of PUL for each
link and channel. Nevertheless, PASP routing is an optimal
approach that minimizes SUs’ interference to PUs and so it
serves as a good comparison in our simulation study.

There are four network performance metrics as follows.

(i) PU-SU collision probability indicates the level of SUs’
interference to PUs. Reducing this metric improves
the PUs’ network performance. This metric is a ratio
of the number of PU-SU collisions to the number of
SUs’ packet transmissions.

(ii) SU end-to-end delay includes the transmission, pro-
cessing, backoff, and queuing delays along a route.

(iii) SU packet loss rate is a ratio of the number of packet
loss to the total number of packets sent.

(iv) SU throughput is the number of arriving packets per
second (pps) at the SU destination node.

The simulation compares the aforementioned perfor-
mance metrics with respect to different levels of PULs
for CRQ-routing, WCRQ-routing, SP routing, and PASP
routing. The dynamicity of the PUs’ activities (or PUL) is
represented by PU arrival rate 𝜇PUL, and each scenario has
a certain level of unpredictability of the PUs’ activities (or the
standard deviation of PU arrival rate) which is represented by
𝜎PUL.

Table 3 shows a summary of the simulation parameters
and values. Generally speaking, each simulation is run for
100 seconds and repeated 50 times with different random
seeds. The simulation reporting interval is 1 second which
indicates that, at each second of the simulation running time,
amean value of the simulation result is calculated.The default
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Table 3: Simulation parameters and values.

Category Parameter Value

SU

SU’s transmission delay, 𝑑trSU 1.0ms
Processing delay, 𝑑prSU 1.0ms
Mean arrival rate, 𝜆SU 0.6
Learning rate, 𝛼 0.5
WCRQ-routing weight factor, 𝜔 0.5

PU
PU’s transmission delay, 𝑑trPU 1.2ms
Mean arrival rate (or PUL), 𝜇PUL [0.0, 1.0]
Standard deviation, 𝜎PUL {0.0, 0.4, 0.8}

Channel Mean PER, 𝜇PER 0.05
Standard deviation of PER, 𝜎PER 0.025

number of SUs is𝑁 = 10, and PUs is 𝐾 = 19. Each PU does
not change its channel and operates in distinctive channels.
Each PU activity in channel 𝑘 ∈ 𝐾 is modeled as a Poisson
process with mean 𝜆𝑘PUL(𝜇PUL, 𝜎PUL), which is assigned using
Box-Muller transform [17] according to an expected mean
𝜇PUL = [0, 1] and standard deviation 𝜎PUL = [0, 1]. The
standard deviation of PUL is 𝜎PUL ∈ {0.0, 0.4, 0.8}, which
indicates low, medium, and high levels of unpredictability of
the PUs’ activities, and these values are chosen due to their
significant effects to the results. Since the focus is on the
comparison of network performance in regard to PUL, we
assume the channels have low level of noise with 𝜇PER =

0.05 and 𝜎PER = 0.025. Packets are generated at the SU
source node using Poisson process with a mean arrival rate of
𝜆SU = 0.6. Since the PUs have higher priority than SUs, their
transmissions take longer; specifically, the SUs’ transmission
delay is 𝑑trSU = 1.0ms and the PUs’ transmission delay is
𝑑
tr
PU = 1.2ms. In order to model a simple queuing delay 𝑑quSU,

we assume a finite packet queue size of 1000 packets in each
SU node with a constant processing delay 𝑑prSU = 1.0ms. The
Q-values are initialized to 0 in order to encourage exploration
at the start of the simulation. The SU learning rate is 𝛼 =

0.5 (see (1)). For WCRQ-routing, the weight factor is set to
𝜔 = 0.5 so that there is a balanced tradeoff between PUs’ and
SUs’ network performance. The effects of 𝜔 on the network
performance are presented in Section 4.3.

4.2. Comparison of CRQ-Routing, WCRQ-Routing, SP, and
PASP Routing Schemes. We present simulation results for the
four performance metrics in this section.

4.2.1. SUs’ Interference to PUs. When the standard deviation
of PUL is low 𝜎PUL = 0, most next-hop node (or link)
and channel pairs have the same PU mean arrival rate 𝜇PUL,
so all routing schemes achieve similar probability of PU-SU
packet collisions across a CRN (see Figure 2(a)). When the
unpredictability level of PUL is 𝜎PUL = 0.4, the link and
channel pairs have greater difference in the levels of PUmean
arrival rate 𝜇PUL, WCRQ-routing, and CRQ-routing choose
routes that minimize SUs’ interference to PUs. Both WCRQ-
routing and CRQ-routing reduce collisions with PUs for up
to 19% compared to SP routing, whereas the empirical PASP

routing scheme, which provides the best results, reduces
collisions with PUs for up to 30% compared to SP routing
(see Figure 2(b)). When 𝜎PUL = 0.8, the link and channel
pairs have the greatest difference in the levels of PU mean
arrival rate 𝜇PUL. Similar trends to the network scenario of
𝜎PUL = 0.4 are observed although collisions with PUs have
generally increased due to the increased unpredictability of
PUs’ activities (see Figure 2(c)).

Generally speaking, both WCRQ-routing and CRQ-
routing achieves almost similar performance in terms of SUs’
interference to PUs; and the SUs’ interference to PUs increases
with the PUmean arrival rate𝜇PUL and the standard deviation
of PUL 𝜎PUL.

4.2.2. SU End-to-End Delay. When the standard deviation
of PUL is low 𝜎PUL = 0, most link and channel pairs
have the same PU mean arrival rate 𝜇PUL. The SU end-to-
end delay increases with PU mean arrival rate 𝜇PUL (see
Figure 3(a)). When the PU mean arrival rate 𝜇PUL is low,
the SU end-to-end delay consists of mainly transmission and
queuing delays, and when 𝜇PUL becomes higher (i.e., 𝜇PUL >
0.3), the retransmission and backoff delays caused by PU-SU
packet collisions and overflow of SUs’ packet queues increase
contributing to higher SU end-to-end delay. WCRQ-routing
reduces SU end-to-end delay for up to 72% compared to the
other routing schemes. This is because WCRQ-routing takes
into account the queue length of SUs along the route, so it
chooses routes with lower network congestion contributing
to lower SU end-to-end delay.

When the unpredictability level of PUL increases from
𝜎PUL = 0.4 to 𝜎PUL = 0.8, the link and channel pairs have
greater difference in the levels of PU mean arrival rate 𝜇PUL.
WCRQ-routing chooses routes that minimize the number of
packet retransmissions caused by PU-SU packet collisions
and overflow of SUs’ packet queues contributing to lower SU
end-to-end delay (see Figures 3(b) and 3(c)). With greater
unpredictability level of PUL 𝜎PUL, it is easier for WCRQ-
routing to find a route with better performance; hence, the
lower SU end-to-end delay when 𝜎PUL = 0.8 in Figure 3(c)
compared to 𝜎PUL = 0.4 in Figure 3(b), and WCRQ-routing
achieves lower SU end-to-end delay for up to 89% when
𝜎PUL = 0.8 compared to other routing schemes. Additionally,
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(b) 𝜎PUL = 0.4
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(c) 𝜎PUL = 0.8

Figure 2: SUs’ interference to PUs for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

there are two main observations. Firstly, the fluctuations of
SU end-to-end delay are observed because the routes of SP
routing and PASP routing are static as they are unaware
of the unpredictability of PUL, while the routes of CRQ-
routing andWCRQ-routing are dynamic in nature. Secondly,
PASP routing and CRQ-routing deteriorate to the network
performance of SP routing with increasing PU mean arrival

rate 𝜇PUL because both schemes take account of PU mean
arrival rate 𝜇PUL only in routing decision, and so when 𝜇PUL
becomes higher, they may choose longer routes resulting
in higher SU end-to-end delay. In contrast, WCRQ-routing
takes account of network congestion as well.

Generally speaking, WCRQ-routing reduces SU end-to-
end delay, and the metric increases with the PU mean arrival
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(b) 𝜎PUL = 0.4
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(c) 𝜎PUL = 0.8

Figure 3: SU end-to-end delay for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

rate 𝜇PUL and reduces with the standard deviation of PUL
𝜎PUL.

4.2.3. SU Packet Loss. When the standard deviation of PUL
is low 𝜎PUL = 0, WCRQ-routing achieves load-balancing
among the available routes as it takes into account the queue
length of SUs along a route, so it reduces network congestion,
andhence there is lower SUpacket loss of up to 16% compared
to the other routing schemes (see Figure 4(a)).

When the unpredictability level of PUL is 𝜎PUL = 0.4

and 𝜎PUL = 0.8, WCRQ-routing achieves almost similar
network performance to PASP routing with lower packet loss
for up to 56% compared to SP routing and 25% compared to
CRQ-routing when 𝜎PUL = 0.8 (see Figures 4(b) and 4(c)).
This is because WCRQ-routing chooses routes with lower
network congestion in order to minimize packet retrans-
mission caused by PU-SU packet collisions and overflow
of SU’s packet queues leading to lower number of packet
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(c) 𝜎PUL = 0.8

Figure 4: SU packet loss for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

retransmissions. Both network scenarios of 𝜎PUL = 0.4 and
𝜎PUL = 0.8 share almost similar trends although the SU
packet loss has generally decreased in the case of 𝜎PUL = 0.8.

Generally speaking, WCRQ-routing reduces SU packet
loss, and the metric increases with the PU mean arrival rate
𝜇PUL and reduces with the standard deviation of PUL 𝜎PUL.

4.2.4. SU Throughput. When the standard deviation of PUL
is low 𝜎PUL = 0, WCRQ-routing achieves load-balancing

among available routes as it takes into account the queue
length of SUs along a route, so it reduces network congestion,
and hence there is higher SU throughput of up to 11%
compared to the other routing schemes (see Figure 5(a)).

When the unpredictability level of PUL is 𝜎PUL = 0.4 and
𝜎PUL = 0.8, WCRQ-routing achieves higher SU throughput
of up to 27% compared to SP routing, up to 12% compared
to CRQ-routing, and up to 9% compared to PASP routing
when 𝜎PUL = 0.8 (see Figures 5(b) and 5(c)). This is because
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Figure 5: SU throughput for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

WCRQ-routing chooses routes with lower network conges-
tion in order to minimize packet retransmission caused by
PU-SU packet collisions and overflow of SU’s packet queues
leading to higher SU throughput.

Generally speaking, WCRQ-routing increases SU
throughput, and the metric reduces with the PU mean
arrival rate 𝜇PUL and reduces with the standard deviation of
PUL 𝜎PUL.

4.2.5. Section Summary. We summarize simulation outcomes
for the comparison of CRQ-routing,WCRQ-routing, SP, and
PASP routing schemes as follows.

(i) Network performance degrades as the dynamicity of
PUs’ activities 𝜇PUL increases.

(ii) WCRQ-routing and CRQ-routing minimize SUs’
interference to PUs with respect to PUL in the
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Table 4: Simulation parameters and values for investigating the
effects of weight factor in reward representation.

Category Parameter Value
SU Mean arrival rate, 𝜆SU 0.8

PU Mean arrival rate (PUL), 𝜇PUL {0.2, 0.4}
Standard deviation, 𝜎PUL 0.5

Channel Mean PER, 𝜇PER {0.2, 0.4}
Standard deviation of PER, 𝜎PER 0.2

presence of dynamicity and unpredictability of the
channel availability.

(iii) WCRQ-routing enhances network performance of
SUs compared to other routing schemes including
lower SU end-to-end delay, lower SU packet loss,
and higher SU throughput. Using a weight factor
in WCRQ-routing, the cost represents two factors
including the number of packet retransmissions and
the packet queue length of SUs.

4.3. Effects of Weight Factor in Reward Representation. This
section investigates the effects of the weight factor 𝜔 of
WCRQ-routing on network performance. WCRQ-routing
applies a weight factor 𝜔 to adjust the tradeoff between
PUs’ and SUs’ network performance. Based on Table 2, with
a higher value of 𝜔, there is greater consideration on 𝑟

𝑖,𝑗

𝑡

which represents the number of retransmissions for a packet
sent from SU node 𝑖 to SU neighbor node 𝑗 at time 𝑡

and indicates the probability of PU-SU packet collision, and
lesser consideration on SU neighbor node 𝑗’s queue length
𝑞
𝑗

𝑡
which indicates SU network congestion. This means a

higher value of weight factor 𝜔 improves the PUs’ network
performance, while a lower value of 𝜔 improves the SUs’
network performance.

While Table 3 presents the default simulation parameters
and values, Table 4 presents the specific simulation param-
eters and values for this investigation. Generally speaking,
we simplify the simulation values in order to focus on the
effects of weight factor 𝜔. This explains why we consider two
different PUL 𝜇PUL and PER 𝜇PER values only and a fixed
value of the standard deviation of PUL 𝜎PUL. We increase the
network congestion level with increased SUmean arrival rate
to 𝜆SU = 0.8.

In this section, we assume that when PU-SU packet
collision occurs, a SU packet is transmitted successfully while
the PU’s packet is lost; therefore, the PUs’ activities can be
easily affected and it is prone to SUs’ interference. We present
the simulation results for the four performancemetrics in the
rest of this section.

4.3.1. SUs’ Interference to PUs. Figure 6 shows that the SUs’
interference to PUs decreases with the weight factor 𝜔 of
WCRQ-routing. Hence, a higher value of weight factor 𝜔
improves the PUs’ network performance, while a lower value
of 𝜔 improves SUs’ network performance. In addition, with
respect to PUL and PER, Figure 6 shows that PUL has
greater effects on PUs’ network performance compared to
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Figure 6: SUs’ interference to PUs for varying weight factor 𝜔.
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Figure 7: SU end-to-end delay for varying weight factor 𝜔.

PER because PUL has a direct effect on the PU-SU packet
collisions; hence, higher PULs indicate higher probability of
PU-SU collisions.

4.3.2. SU End-to-End Delay. Figure 7 shows that the SU end-
to-end delay increases with the weight factor 𝜔 of WCRQ-
routing.Hence, a higher value of weight factor𝜔 improves the
PUs’ network performance; while a lower value of𝜔 improves
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Figure 8: SU packet loss for varying weight factor 𝜔.

SUs’ network performance. In addition, with respect to PUL
and PER, Figure 7 shows that PER has greater effects on SUs’
network performance compared to PUL because PER has
a direct effect on the packet length and a SU’s packet can
be transmitted successfully during a PU-SU packet collision.
With a higher value of PER (or a noisier channel), SUnetwork
congestion increases due to increasing number of SU packet
retransmissions leading to higher SU end-to-end delay.

4.3.3. SU Packet Loss. Figure 8 shows that the SU packet
loss increases with the weight factor 𝜔 of WCRQ-routing.
The explanations leading to this circumstance are similar to
those found in the investigation of SU end-to-end delay (see
Section 4.3.2). Interestingly, Figure 8 shows that when weight
factor is 𝜔 ≅ 0.5, WCRQ-routing achieves the lowest packet
loss. At𝜔 = 0.5, a SU node 𝑖 gives equal consideration to both
link quality 𝑟𝑖,𝑗

𝑡
, which aims to avoid routes with higher PUs’

activities in order to reduce SUs’ backoff delays, and SU 𝑗’s
queue length 𝑞

𝑗

𝑡
, both of which reduce the overflow of SUs’

queues and SUs’ packet loss.

4.3.4. SUThroughput. Figure 9 shows that the SU throughput
reduces with the weight factor𝜔 of WCRQ-routing. The
explanations leading to this circumstance are similar to
those found in the investigation of SU end-to-end delay (see
Section 4.3.2); and when weight factor is 𝜔 ≅ 0.5, WCRQ-
routing achieves the highest throughput.

4.3.5. Section Summary. We summarize simulation outcomes
for the effects of weight factor in reward representation as
follows.
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Figure 9: SU throughput for varying weight factor 𝜔.

(i) A higher value of weight factor 𝜔 improves the
PUs’ network performance; while a lower value of 𝜔
improves the SUs’ network performance.

(ii) A balanced weight factor 𝜔 ≅ 0.5 achieves the
best-possible SUs’ network performance, particularly
lower SU packet loss and higher SU throughput.

5. Enhancement of Exploration Mechanism

Traditionally, during route selection, there are two types of
actions, namely, exploitation and exploration. Exploitation
selects the best-known route 𝑎𝑖

𝑡
= argmin

𝑎∈𝐴
𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎), which

has the lowest cost, in order to improve network performance.
Exploration selects a random route 𝑎𝑖

𝑡
∈ 𝐴 in order to improve

knowledge, specifically, the estimation ofQ-values for various
routes. Two traditional exploration schemes are 𝜀-greedy and
softmax [5], and these schemes have been applied to regulate
the exploration probability. Awell-balanced tradeoff between
exploitation and exploration helps to maximize network
performance as time goes by. There have been some limited
efforts to investigate this tradeoff in wireless networks; and
this investigation applies to routing in CRNs. We present an
overviewof exploration probability and the traditional (called
𝜀-greedy and softmax) and our proposed (called dynamic
softmax) exploration approaches to dynamically regulate the
exploration probability, as well as simulation results for the
four performance metrics, in the rest of this section.

5.1. An Overview of Exploitation and Exploration. While
route exploitation may seem to improve network perfor-
mance as it forwards SUs’ packets using the best-known
route, it may cause network congestion and subsequently
degrade SUs’ network performance. On the other hand, route
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Figure 10: SU end-to-end delay for varying exploration probability
𝜀.

exploration reduces traffic load on the best-known route, and
so it may increase the convergence rate to an optimal route
in a dynamic and unpredictable operating environment.
However, if the exploration probability is high, forwarding
the SUs’ packets along nonoptimal routes may degrade SUs’
network performance causing higher end-to-end delay and
packet loss, as well as lower throughput.

We present simulation results of a preliminary investiga-
tion to show the effects of exploration probability 𝜀 on the
convergence rate of SUs’ network performance, particularly
SU end-to-end delay. Note that more details on simulation
setup and parameters are presented in later section. Using 𝜀-
greedy, a SU explores with a small probability 𝜀 and exploits
with probability 1 − 𝜀. Convergence rate is the time duration
for a SU node to find an optimal or near-optimal route, which
provides a stable and enhanced SUs’ network performance.
Figure 10 shows that, as the exploration probability increases,
the convergence rate increases (e.g., from approximately 200
seconds using 𝜀 = 0.1 to 100 seconds using 𝜀 = 0.2). The
average SU end-to-end delay increases with the exploration
probability 𝜀. Additionally, higher exploration probability
causes instability of SUs’ network performance (e.g., SU end-
to-end delay has higher fluctuations using 𝜀 = 0.4). Also, a
peak is observed when exploration probability is low using
𝜀 = 0.1 because a SU may exploit nonoptimal routes at most
of the time since theQ-values are initialized to 0 values which
encourages exploration.

This initial investigation motivates us to achieve a bal-
anced tradeoff between exploitation and exploration in route
selection.

5.2. Exploration Approaches. We present two traditional
exploration approaches (i.e., 𝜀-greedy and softmax) and a

variant of the exploration approach (i.e., dynamic softmax)
in this section.

5.2.1. The 𝜀-Greedy Approach. The 𝜀-greedy approach per-
forms exploration with a small probability 𝜀 (e.g., 𝜀 = 0.1)
and exploitation with probability 1 − 𝜀 [5]. A drawback is
that, during exploration, it selects nonoptimal routes with
below-average performance in a random manner with equal
probability, and if these routes are chosen most of the times,
the SUs’ network performance may degrade.

5.2.2. The Softmax Approach. The softmax approach chooses
an exploration action based on Q-values [5]. Specifically,
routes with lower Q-values (i.e., lower cost) are likely to be
explored than routes with higher Q-values (i.e., higher cost),
and this addresses the drawback of 𝜀-greedy; specifically,
it minimizes the detrimental effects of exploration to SUs’
network performance while exploring nonoptimal routes.

Using softmax (or the Boltzmann distribution), SU node
𝑖 chooses its next-hop SU neighbor node 𝑎𝑖

𝑡
∈ 𝐴 with the

following probability:

𝑃 (𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) =

𝑒
−𝑄
𝑖
𝑡(𝑠
𝑖
𝑡 ,𝑎
𝑖
𝑡)/𝑀

∑
𝑎 ∈ 𝐴

𝑖 𝑒
−𝑄
𝑖
𝑡(𝑠
𝑖
𝑡 ,𝑎)/𝑀

, (3)

where 𝐴
𝑖 represents a set of SU node 𝑖’s neighbor nodes

and 𝑀 is the temperature that determines the level of
exploration. Higher 𝑀 value indicates higher possibility
of exploration, whereas lower 𝑀 value indicates higher
possibility of exploitation.

5.2.3. The Dynamic Softmax Approach. In 𝜀-greedy and
softmax, the exploration probability is predefined; specifi-
cally, the exploration probability 𝜀 and tempreture 𝑀 are
predefined. There are two shortcomings. Firstly, while the
optimal 𝜀 and 𝑀 values are dependent on the dynamicity
and unpredictability of the network conditions, it may not be
feasible to determine these values on the fly. Secondly, routing
in CRNs involves a number of SU nodes, and it may not be
feasible to determine the optimal 𝜀 and𝑀 values for each SU
node, each of which may operate in distinctive channels.

We propose a simple and pragmatic exploration approach
called dynamic softmax, which is based on the traditional
softmax approach. Dynamic softmax regulates the explo-
ration temperature𝑀 (see (3)) of a SU based on the dynam-
icity and unpredictability of the network conditions. In [18],
a similar approach to regulate the exploration probability of
a nontraditional exploration approach is applied in wireless
sensor networks.

In dynamic softmax, temperature 𝑀 is increased and
decreased by a constant factor 𝑓 based on the network
conditions, so that more exploration is performed only when
necessary (see Algorithm 1). Higher values of 𝑓may increase
the convergence rate at the expense of higher fluctuations in
SUs’ network performance, whereas lower values of 𝑓 may
reduce the convergence rate; however, it achieves lower fluc-
tuations (or higher stability) of SUs’ network performance.
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initialize 𝑀 = [𝑀min,𝑀max]

while (updating a new 𝑄-value 𝑄𝑖
𝑡+1

)
if (𝑄𝑖

𝑡+1
> (𝑄
𝑖

𝑡
+ 𝜗)&&𝑀 < 𝑀max) then 𝑀+ = 𝑓

else if (𝑄𝑖
𝑡+1

< (𝑄
𝑖

𝑡
− 𝜗)) then 𝑀 = 𝑀

else if ((𝑄𝑖
𝑡
− 𝜗) ≤ 𝑄

𝑖

𝑡+1
≤ (𝑄
𝑖

𝑡
+ 𝜗)&&𝑀 > 𝑀min) then 𝑀− = 𝑓

end if
end

Algorithm 1: Dynamic softmax algorithm at SU node 𝑖.

Table 5: Simulation parameters and values for investigating the exploration approaches.

Category Parameter Value

SU

Traditional 𝜀-greedy exploration probability, 𝜀 {0.07, 0.14}
Traditional softmax exploration temperature,𝑀 {0.04, 0.05}
Initial dynamic softmax temperature,𝑀 0.05
Dynamic softmax adjustment factor, 𝑓 0.01
Dynamic softmax temperature range, [𝑀min,𝑀max] [0.01, 0.1]
Dynamic softmax 𝑄-value threshold, 𝜗 0.1

PU Standard deviation of PUL, 𝜎PUL {0.2, 0.8}

Channel Mean PER, 𝜇PER 0
Standard deviation of PER, 𝜎PER 0

The adjustment of temperature 𝑀 is based on the trend of
the Q-value of a route as follows.

(i) When theQ-value increases (i.e., higher routing cost),
temperature 𝑀 is increased in order to encourage
exploration of other routes as this may indicate the
emergence of PUs’ activities which have degraded the
SUs’ network performance.

(ii) When the Q-value decreases (i.e., lower routing
cost), temperature 𝑀 is left unchanged as this may
indicate a forthcoming convergence to an optimal
route which provides greater stability to SUs’ network
performance.

(iii) When the change ofQ-value is less than a threshold 𝜗,
the temperature𝑀 is decreased in order to encourage
exploitation as this indicates that there has been
convergence to an optimal route which provides a
stable network performance.

5.3. Comparison of 𝜀-Greedy, Softmax, Dynamic Softmax,
and Exploitation-Only Approaches. This section investigates
the effects of various exploration approaches applied to
WCRQ-routing on network performance. We compare the
network performance achieved byWCRQ-routing using two
traditional exploration approaches, namely, 𝜀-greedy and
softmax, an exploitation-only approach and a variant of the
exploration approach which we propose, namely dynamic
softmax. The exploitation-only approach exploits at all times
and does not explore.

While Table 3 presents the default simulation parameters
and values, Table 5 presents the specific simulation parame-
ters and values for this investigation. Generally speaking, we

simplify the simulation values in order to focus on the effects
of various exploration approaches on network performance
in the presence of the dynamicity of the channel availability
with respect to PUL, so we assume a noiseless channel
with 𝜇PER = 0 and 𝜎PER = 0. The simulation results are
shown for two conditions, in which the standard deviation
of PUL 𝜎PUL ∈ {0.2, 0.8} indicates low and high levels of
unpredictability of the channel availability, respectively. The
exploration metrics of the traditional approaches are 𝜀 ∈

{0.07, 0.14} and temperature 𝑀 ∈ {0.04, 0.05}, and these
are chosen empirically; specifically, these are the average
optimal values estimated by running extensive simulations
using different values of exploration metrics under different
levels of channel unpredictability 𝜎PUL. Hence, we compare
the dynamic softmax approach with the best possible net-
work performance achieved by 𝜀-greedy and softmax. For
dynamic softmax (see Algorithm 1), the temperature range
is [𝑀min,𝑀max] = [0.01, 0.1] because network performance
degrades significantly when𝑀 > 0.1. The initial temperature
is set to an average value of𝑀 = 0.05. Finally, the adjustment
factor is set to 𝑓 = 0.01 and the Q-value threshold is set to 𝜗
= 0.1, and these values are chosen empirically.

We present simulation results for the four performance
metrics in the rest of this section.

5.3.1. SUs’ Interference to PUs. When the standard deviation
of PUL is low 𝜎PUL = 0.2, most next-hop node (or link)
and channel pairs have very similar PU mean arrival rate
𝜇PUL; however, dynamic softmax outperforms the traditional
exploration approaches, specifically up to 39% compared to
softmax and up to 22% compared to 𝜀-greedy while achieving
very similar network performance with the exploitation-only
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Figure 11: SUs’ interference to PUs for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

approach (see Figure 11(a)). When the PU mean arrival rate
𝜇PUL becomes higher, all channels have high levels of PUs’
activities and Q-values among the channels do not generally
vary. So, there is lack of exploration and all approaches
achieve very similar network performance.When 𝜎PUL = 0.8,
the link and channel pairs have the greatest difference in the
levels of PUmean arrival rate 𝜇PUL. Dynamic softmax outper-
forms the other exploration approaches, and the exploitation-
only approach causes the highest SUs’ interference to PUs
(see Figure 11(b)). When the standard deviation of PUL
𝜎PUL becomes higher, all channels have different levels of
PUs’ activities, and Q-values among the channels generally
vary. So, more explorations are necessary explaining why
the exploitation-only approach causes the worst network
performance with the highest SUs’ interference to PUs. In
general, softmax outperforms 𝜀-greedy in most cases because
softmax explores lesser below-average routes compared to 𝜀-
greedy.

Generally speaking, dynamic softmax achieves similar or
better network performance in terms of SUs’ interference
to PUs compared to the traditional exploration approaches
with optimal exploration metrics. This is because dynamic
softmax learns the optimal exploration temperature dynam-
ically based on the dynamicity and unpredictability levels of
the network conditions. Additionally, the SUs’ interference to
PUs increases with the PUmean arrival rate 𝜇PUL and reduces
with the standard deviation of PUL 𝜎PUL.

5.3.2. SU End-to-End Delay. When the standard deviation of
PUL is low 𝜎PUL = 0.2, most link and channel pairs have
very similar PU mean arrival rate 𝜇PUL. Dynamic softmax

outperforms the traditional exploration approaches, and up
to 52% compared to exploitation-only which incurs the
highest end-to-end delay (see Figure 12(a)).The exploitation-
only approach exploits the best-possible route at all times
and there is lack of load balancing among routes causing
network congestion and increased SU end-to-end delay. Note
that when there are low levels of PU mean arrival rate
𝜇PUL = [0.0, 0.4], softmax incurs the highest end-to-end
delay because it performs themost unnecessary explorations.
When 𝜎PUL = 0.8, the link and channel pairs have great
difference in the levels of PUmean arrival rate 𝜇PUL. Dynamic
softmax outperforms the other exploration approaches (see
Figure 12(b)). However, when there are low levels of PUmean
arrival rate 𝜇PUL = [0.0, 0.5], dynamic softmax incurs higher
SU end-to-end delay because it performs more unnecessary
explorations as a result of greater variations inQ-values, while
𝜀-greedy explores routes randomly which increases load-
balancing, and softmax chooses more above-average routes
which increases network congestion.

Generally speaking, dynamic softmax reduces SU end-to-
end delay compared to the traditional exploration approaches
with optimal exploration metrics. Additionally, the SUs’
interference to PUs increases with the PU mean arrival rate
𝜇PUL and reduces with the standard deviation of PUL 𝜎PUL.

5.3.3. SU Packet Loss. When the standard deviation of PUL
is low 𝜎PUL = 0.2, dynamic softmax either achieves
similar network performance or outperforms the traditional
exploration approaches, specifically up to 57% compared
to the exploitation-only approach which incurs the highest
packet loss (see Figure 13(a)).The exploitation-only approach
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Figure 12: SU end-to-end delay for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.
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Figure 13: SU packet loss for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

exploits the best-possible route at all times and there is lack
of load balancing among routes causing network congestion
and increased SU packet loss. When 𝜎PUL = 0.8, dynamic
softmax outperforms the other exploration approaches (see

Figure 13(b)). The 𝜀-greedy approach explores routes ran-
domly which increases load-balancing, and so it outperforms
softmax at times, while softmax chooses more above-average
routes causing greater network congestions.
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Figure 14: SU throughput for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

Generally speaking, dynamic softmax reduces SU packet
loss compared to the traditional exploration approaches with
optimal exploration metrics. Additionally, the SU packet loss
increaseswith the PUmean arrival rate𝜇PUL and reduceswith
the standard deviation of PUL 𝜎PUL.

5.3.4. SU Throughput. When the standard deviation of PUL
is low 𝜎PUL = 0.2, dynamic softmax either achieves similar
network performance or outperforms the traditional explo-
ration approaches, specifically, up to 17% compared to
the exploitation-only approach which incurs the highest
packet loss (see Figure 14(a)).The exploitation-only approach
exploits the best-possible route at all times and there is lack
of load balancing among routes causing network congestion
and reduced SU throughput. When 𝜎PUL = 0.8, similar
trends are observed in network scenario of 𝜎PUL = 0.8 in the
investigation of SU end-to-end delay (see Section 5.3.3).

Generally speaking, dynamic softmax increases SU
throughput compared to the traditional exploration
approaches with optimal exploration metrics. Additionally,
the SU throughput reduces with the PU mean arrival rate
𝜇PUL and the standard deviation of PUL 𝜎PUL.

5.3.5. Section Summary. Wesummarize simulation outcomes
for the comparison of 𝜀-greedy, softmax, dynamic softmax,
and exploitation-only approaches as follows.

(i) Network performance degrades as the dynamicity of
PUs’ activities 𝜇PUL increases.

(ii) Exploration approaches (i.e., 𝜀-greedy, softmax, and
dynamic softmax) achieve load-balancing among the
available routes, and hence they improve SUs’ (and

PUs’ in some cases) network performance compared
to the exploitation-only approach.

(iii) Traditional exploration approaches, namely 𝜀-greedy
and softmax, outperform each other under different
network conditions. For instance, when the unpre-
dictability of the channel availability 𝜎PUL is low,
softmax achieves better SUs’ network performance
than 𝜀-greedy; however, when the unpredictability
level of the channel availability 𝜎PUL becomes higher,
𝜀-greedy achieves better SUs’ network performance
than softmax due to greater load balancing among
routes, so there is lesser network congestion. Hence,
neither 𝜀-greedy nor softmax achieves the best-
possible network performance under all network
conditions.

(iv) WCRQ-routing and CRQ-routing minimize SUs’
interference to PUs with respect to PUL in the
presence of dynamicity and unpredictability of the
channel availability.

(v) Dynamic softmax achieves the best-possible PUs’ and
SUs’ network performances in most cases compared
to other approaches because it learns the best-possible
exploration temperature dynamically based on the
dynamicity and unpredictability levels of the channel
availability.

6. Enhancement of Learning Rate Adjustment

The learning rate 𝛼, which is used to regulate the speed
of convergence to the optimal or near-optimal action, is
another important parameter. A suitable learning rate 𝛼
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value is essential. There have been some limited efforts to
investigate the learning rate 𝛼 in the domain of routing
in wireless networks [19], and this investigation applies to
routing in CRNs. We present an overview of learning rate,
the traditional (called the Win-or-Learn-Fast Policy Hill
Climbing approach or win-lose [6]) and our proposed (called
the counterapproach) learning rate adjustment approaches
to dynamically regulate the learning rate, as well as the
simulation results for the four performance metrics, in the
rest of this section.

6.1. An Overview of Learning Rate. Higher learning rate
0 ≤ 𝛼 ≤ 1 indicates higher speed of learning and conver-
gence rate, and it is more responsive to the dynamicity of
the operating environment. Higher learning rate may cause
fluctuation in Q-value because the Q-value is now more
dependent on its recent estimates, which may be unstable,
rather than its previous experience. On the other hand, lower
learning ratemay cause very low convergence rate because the
Q-value is now more dependent on its previous experience
rather than its recent estimates.

We present simulation results of a preliminary investi-
gation to show the effects of learning rate 𝛼 on the SUs’
network performance, particularly SU end-to-end delay.
Note that more details on simulation setup and parameters
are presented in later section. Figure 15 shows that neither
the lowest (i.e., 𝛼 = 0.0001) nor the highest (i.e., 𝛼 = 1)

learning rate achieves the lowest SU end-to-end delay, and
learning rate 𝛼 = 0.0016 achieves the lowest SU end-to-end
delay. Hence, too low learning rate causes a SU to learn about
the available routes slowly and so it does not adapt well to
the changes in the PUs’ mean arrival rate, while too high a
learning rate causes a SU to learn very fast and so it changes
its route more frequently causing the SU end-to-end delay to
increase.

Hence, a suitable learning rate 𝛼 value is essential to
provide network performance enhancement. Traditionally,
the learning rate is a predefined and fixed value which is
not adaptive to the dynamicity and unpredictability levels of
the operating environment, and so it does not provide the
best network performance in a dynamic and unpredictable
operating environment.

This initial investigation motivates us to search for a
suitable learning rate.

6.2. Learning Rate Adjustment Approaches. We present a
traditional exploration approach (i.e., the win-lose approach)
and a variant of the exploration approach (i.e., the counter-
approach), as well as a baseline approach (i.e., the random
approach), in this section.

6.2.1. The Win-Lose Approach. In [20], a stochastic learning
algorithm, namely, win-or-learn-fast policy hill climbing
(or win-lose for simplicity) [6] is applied to regulate the
learning rate dynamically based on the dynamicity of the
operating environment in a wireless network. Given that
higherQ-values provide network performance enhancement,
the algorithm defines winning and losing as receiving higher
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Figure 15: SU end-to-end delay for varying learning rate 𝛼.

and lower Q-values than its current Q-value, which is its
expectation, respectively.When the algorithm is winning, the
learning rate is set to a lower value, and vice-versa.The reason
is that when a SU wins, it must be cautious in changing its
routing policy and more time must be given to other SUs
to adjust their own policies in favor of this winning. On the
other hand, when a SU node loses, it must adapt faster to
changes in the operating environment because its network
performance (or rewards) is lower than its expectation.

6.2.2. The Counterapproach. The traditional win-lose ap-
proach (see Section 6.2.1) regulates the learning rate for each
update of Q-value. Nevertheless, in a highly dynamic and
unpredictable operating environment, Q-values may vary
greatly and this causes frequent changes to learning rate. As a
consequence, there are frequent changes to routing decision
causing higher fluctuation in SUs’ network performance.

The proposed counterapproach addresses the aforemen-
tioned issue by regulating the learning rate based on the
historical Q-values. Specifically, for each Q-value (or state-
action pair), it keeps track of a counter for winning 𝑐

𝑝

𝑡

and another counter for losing 𝑐𝑛
𝑡
(see Algorithm 2). Subse-

quently, it calculates a ratio 𝑜
𝑛

𝑡
= 𝑐
𝑝

𝑡
/𝑐
𝑛

𝑡
, which represents

the number of winning to the number of losing for a Q-
value. When the ratio is 𝑜𝑛

𝑡
> 1, the learning rate is set to a

lower value because this indicates a winning event, while the
learning rate is set to a higher value when the ratio is 𝑜𝑛

𝑡
< 1

because this indicates a losing event, and when the ratio is
𝑜
𝑛

𝑡
= 1, the learning rate is unchanged as it indicates a stable

network performance. Similarly, when the newly received
Q-value is similar to the previous value, the counter is not
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initialize 𝛼𝑐𝑝
𝑡+1

+ + = [𝛼min, 𝛼max]

while (updating a new 𝑄-value 𝑄𝑖
𝑡+1

)
if (𝑄𝑖

𝑡+1
< 𝑄
𝑖

𝑡
) then 𝑐

𝑝

𝑡+1
+ +

else 𝑐𝑛
𝑡+1

+ +

end if
compute 𝑜𝑛

𝑡+1
= 𝑐
𝑝

𝑡+1
/𝑐
𝑛

𝑡+1

if (𝑜𝑛
𝑡+1

< 1&& 𝛼 < 𝛼max) then 𝛼+ = 𝑓

else if (𝑜𝑛
𝑡+1

> 1&& 𝛼 > 𝛼min) then 𝛼− = 𝑓

end if
end

Algorithm 2: Counterapproach algorithm at SU node 𝑖.

updated. Note that we assume the learning rate 𝛼 is increased
and decreased by a small constant factor 𝑓 in order to avoid
fluctuations in SUs’ network performance.

6.2.3. The Random Approach. The random approach, which
does not apply any learning mechanism, regulates the learn-
ing rate in a round robin fashion without considering the
dynamicity and unpredictability of the operating environ-
ment. This scheme serves as a baseline for comparison with
win-lose and the counterapproach, and more importantly, it
is used to show the effects of nonoptimal learning rates on
network performance. This approach regulates the learning
rate whenever it loses. Specifically, an agent decreases its
learning rate 𝛼 until the minimum learning rate limit 𝛼min
is reached, and then it increases the learning rate 𝛼 again
until the maximum learning rate limit 𝛼max is reached, and
this continues to loop in between the minimum 𝛼min and the
maximum 𝛼max limits.

6.3. Comparison of Win-Lose and Counter and Random
Approaches. This section investigates the effects of various
learning rate adjustment approaches applied to WCRQ-
routing on network performance. We compare the network
performance achieved by WCRQ-routing using a traditional
learning rate adjustment approach (i.e., win-lose), a variant
of the win-lose (i.e., the counterapproach), a baseline (i.e.,
the random approach), and another baseline that provides
the best empirical learning approach (which we may conve-
niently call best). The best empirical approach provides the
best possible network performance, and the learning rate 𝛼
is obtained by running extensive simulations under different
levels of channel unpredictability.

While Table 3 presents the default simulation parameters
and values, Table 6 presents the specific simulation parame-
ters and values for this investigation. Generally speaking, we
simplify the simulation values in order to focus on the effects
of various learning rate adjustment approaches on network
performance in the presence of the dynamicity of the channel
availability with respect to PUL, so we assume a noiseless
channel with 𝜇PER = 0 and 𝜎PER = 0. The simulation results
are shown for two conditions, inwhich the standard deviation

Table 6: Simulation parameters and values for investigating the
learning rate adjustment approaches.

Category Parameter Value

SU
Best empirical learning rate, 𝛼 {0.0064, 0.004}
Learning rate adjustment factor, 𝑓 0.001
Learning rate range, [𝛼min, 𝛼max] [0.001, 0.1]

PU Standard deviation of PUL, 𝜎PUL {0.2, 0.8}

Channel Mean PER, 𝜇PER 0
Standard deviation of PER, 𝜎PER 0

of PUL 𝜎PUL ∈ {0.2, 0.8} indicates low and high levels of the
unpredictability of channel availability, respectively. The best
empirical learning rate is set to 𝛼 ∈ {0.0064, 0.004}, which is
estimated by running extensive simulations. The range of the
learning rate is [𝛼min, 𝛼max] = [0.001, 0.1] because network
performance degrades significantly when 𝛼 > 0.1. Finally,
the learning rate adjustment factor is 𝑓 = 0.001, which is
estimated by running extensive simulationswith the objective
of enhancing SUs’ network performance.

We present simulation results for the four performance
metrics in the rest of this section.

6.3.1. SUs’ Interference to PUs. When the standard deviation
of PUL is low 𝜎PUL = 0.2, most next-hop node (or
link) and channel pairs have very similar PU mean arrival
rate 𝜇PUL. The effect of learning rate on network perfor-
mance is minimal and so all the learning rate adjustment
approaches achieve almost similar network performance (see
Figure 16(a)). When 𝜎PUL = 0.8, the link and channel pairs
have great difference in the levels of PU mean arrival rate
𝜇PUL, and the Q-values among the channels generally vary
greatly. The counterapproach achieves almost similar SUs’
interference to PUs compared to the best empirical approach
and the lowest interference level compared to the win-lose
and random approaches (see Figure 16(b)). This is because
when 𝜎PUL is high, the counterapproach chooses a suitable
learning rate that reduces fluctuations in Q-values while
making routing decisions, while the win-lose and random
approaches adjust the SU learning rate very fast resulting
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Figure 16: SUs’ interference to PUs for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

in more frequent changes to SU route decision, and hence
higher SUs’ interference to PUs.

Generally speaking, the counterapproach reduces SUs’
interference to PUs. Additionally, the SUs’ interference to PUs
increaseswith the PUmean arrival rate𝜇PUL and reduceswith
the standard deviation of PUL 𝜎PUL.

6.3.2. SU End-to-End Delay. When the standard deviation of
PUL is low 𝜎PUL = 0.2, most link and channel pairs have
very similar PUmean arrival rate 𝜇PUL.The counterapproach
achieves almost similar SU end-to-end delay compared to
the best empirical approach and the lowest SU end-to-end
delay compared to the win-lose and random approaches,
specifically up to 11% compared to win-lose which incurs the
highest packet loss (see Figure 17(a)). The random approach
has the highest SU end-to-end delay, which is up to 12%
higher compared to the best empirical learning rate approach,
and this shows the effects of non-optimal learning rate on SU
end-to-end delay. When 𝜎PUL = 0.8, the link and channel
pairs have great difference in the levels of PUmean arrival rate
𝜇PUL, and the Q-values among the channels generally vary
greatly. So, the learning rate has greater effects on SU end-
to-end delay as a SU needs a suitable learning rate to learn
about the available routes while minimizing fluctuations in
Q-values. Similarly, the counterapproach achieves almost
similar SU end-to-end delay to PUs compared to the best
empirical approach, and the lowest SU end-to-enddelay com-
pared to the win-lose and random approaches, specifically
up to 21% lower compared to win-lose (see Figure 17(b)).
This is because when 𝜎PUL is high, the counterapproach

chooses a suitable learning rate that reduces fluctuations in
Q-values while making routing decisions, while the win-lose
and random approaches adjust the SU learning rate very fast
resulting in more frequent changes to SU route decision, and
hence higher SU end-to-end delay. When PU mean arrival
rate is 𝜇PUL = 1, the win-lose and random approaches reduce
SU end-to-end delay since faster adjustment of learning helps
to achieve load balancing among the available routes.

Generally speaking, the counterapproach reduces SU
end-to-end delay. Additionally, the SU end-to-end delay
increaseswith the PUmean arrival rate𝜇PUL and reduceswith
the standard deviation of PUL 𝜎PUL.

6.3.3. SU Packet Loss. When the standard deviation of PUL
is low 𝜎PUL = 0.2, the effect of learning rate is minimal
and so all the learning rate adjustment approaches achieve
almost similar network performance. When the PU mean
arrival rate is 𝜇PUL = [0.8, 1.0], the win-lose and random
approaches achieve lower packet loss compared to other
approaches, specifically up to 8% lower compared to the
counterapproach (see Figure 18(a)). This is because the win-
lose and random approaches adjust the SU learning rate
faster than the counterapproach leading to more frequent
changes to routes, and as the routes become more congested,
this helps to achieve load balancing among the available
routes and reduces SU packet loss. When 𝜎PUL = 0.8, the
learning rate has slightly greater effects on SU packet loss
as a SU needs a suitable learning rate to learn about the
available routes while minimizing fluctuations in Q-values.
Similarly, the counterapproach achieves almost similar SU
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Figure 17: SU end-to-end delay for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.
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Figure 18: SU packet loss for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

packet loss compared to the best empirical approach, and the
lowest SU packet loss compared to the win-lose and random
approaches, specifically up to 23% lower compared to win-
lose (see Figure 18(b)). This is because when 𝜎PUL is high, the

counterapproach chooses a suitable learning rate that reduces
fluctuations in Q-values while making routing decisions.

Generally speaking, the counterapproach reduces SU
packet loss. Additionally, the SU packet loss increases with
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Figure 19: SU throughput for varying PU mean arrival rate 𝜇PUL for different levels of standard deviation of PUL 𝜎PUL.

the PU mean arrival rate 𝜇PUL and reduces with the standard
deviation of PUL 𝜎PUL.

6.3.4. SU Throughput. When the standard deviation of PUL
is low 𝜎PUL = 0.2, the effect of learning rate is minimal
and so all the learning rate adjustment approaches achieve
almost similar network performance (see Figure 19(a)), and
the reasons are similar to those observed in the investigation
of SU packet loss (see Section 6.3.3). When 𝜎PUL = 0.8,
the counterapproach achieves almost similar SU through-
put compared to the best empirical approach, and the
highest SU throughput compared to the win-lose and ran-
dom approaches, specifically up to 7% higher compared to
win-lose (see Figure 19(b)), and the reasons are similar to
those observed in the investigation of SU packet loss (see
Section 6.3.3).

Generally speaking, the SU throughput decreases with
the PU mean arrival rate 𝜇PUL and reduces with the standard
deviation of PUL 𝜎PUL.

6.3.5. Section Summary. We summarize simulation out-
comes for the comparison of win-lose, counter and random
approaches as follows.

(i) Network performance degrades as the dynamicity of
PUs’ activities 𝜇PUL increases.

(ii) The effects of learning rate on SUs’ network perfor-
mance increase with the unpredictability of the PUs’
activities 𝜎PUL.

(iii) When the PU mean arrival rate is high (i.e., 𝜇PUL =

[0.8, 1.0]), where route congestion is higher, the win-
lose and random approaches improve SUs’ network

performance. This is because these approaches reg-
ulate the learning rate at higher speed, and this
helps to achieve load balancing among the available
routes, and subsequently enhances SUs’ network per-
formance.

(iv) The counterapproach achieves almost similar SU
network performance to the best empirical learning
rate approach and outperforms the win-lose and ran-
dom approaches in most cases, particularly when the
unpredictability of the PUs’ activities 𝜎PUL becomes
higher. This is because the counterapproach chooses
a suitable learning rate to reduce fluctuations in Q-
values which start to vary at higher 𝜎PUL values.

7. Conclusions

Through simulation, this paper investigates the effects of
reinforcement learning (RL) parameters on network perfor-
mance for routing scheme in the presence of the dynamicity
and unpredictability of the channel availability in cognitive
radio ad hoc networks. We present WCRQ-routing that
incorporates a weight factor 𝜔 in the reward representation
to adjust the tradeoff between PUs’ and SUs’ network per-
formances, as well as to further improve the overall network
performance of SUs. Higher weight factor 𝜔 increases PUs’
network performance, while lower 𝜔 increases SUs’ network
performance, and so a balanced value of𝜔helps to achieve the
best SUs’ network performance, particularly lower packet loss
andhigher throughput.TheSUs’ network performance can be
further enhanced by regulating exploration probability and
learning rate. We present a simple and pragmatic exploration
approach called dynamic softmax to regulate the exploration
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temperature. Dynamic softmax learns a near-optimal explo-
ration temperature dynamically according to the dynamic-
ity and unpredictability of the channel availability, and it
achieves better network performance inmost cases compared
to the traditional exploration approaches, namely 𝜀-greedy
and softmax.We present a simple and pragmatic learning rate
adjustment approach called the control approach to regulate
the learning rate dynamically based on the historical Q-
values. The counterapproach achieves better SUs’ network
performance compared to the traditional win-lose approach,
and it achieves almost similar SUs’ network performance to
the best empirical learning rate approach by learning a near-
optimal learning rate dynamically based on the dynamicity
and unpredictability of the operating environment.
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For meeting the forecasting target of key technology indicators in the flotation process, a BP neural network soft-sensor model
based on features extraction of flotation froth images and optimized by shuffled cuckoo search algorithm is proposed. Based on the
digital image processing technique, the color features in HSI color space, the visual features based on the gray level cooccurrence
matrix, and the shape characteristics based on the geometric theory of flotation froth images are extracted, respectively, as the
input variables of the proposed soft-sensor model. Then the isometric mapping method is used to reduce the input dimension, the
network size, and learning time of BP neural network. Finally, a shuffled cuckoo search algorithm is adopted to optimize the BP
neural network soft-sensormodel. Simulation results show that themodel has better generalization results and prediction accuracy.

1. Introduction

Flotation is known as froth flotation, and it is a physico-
chemical reaction process. Flotation is the process which
is based on the differences of the surface property of solid
materials to separate useful minerals and gangue by means
of the buoyancy of air bubbles from ore pulp by this method
to improve the concentrate grade [1]. In the production
process of flotation, concentrate grade and other economic
and technical indicators are key control indicators of the
production process. Process control indicators of domes-
tic flotation process are mainly based on an experienced
operator to observe the information (such as foam color,
size, flow rate, and texture features) which is provided by
the bubble state formed on the surface of the flotation
tank and to adjust the flotation level and change agents
system. Froth flotation method of manual observation has
limitations of its space, time, and subjectivity; meanwhile
this method cannot be organically combined with computer
control systems to implement advanced control. Inference

estimate (soft sensor) technology can effectively solve the
online estimation problems that the online measurement of
the economic and technical indicators in the flotation process
is difficult.

Digital image processing techniques are applied to froth
feature extraction and key technical indicators of soft-sensor
modeling in the flotation process by scholars at home
and abroad and many achievements have been made [2–
6]. Woodbum and many other scholars created a bubble
dynamicmodel based on image processing through research-
ing flotation foam structure and calculated the content of
useful minerals in foam through this model [7]. Zhou et al.
extracted color and size characteristics of the foam by
using digital image processing method and established a
recovery prediction model, which was proved to have good
predictive results by analyzing foam and process image data
[8]. Bartolacci et al. extracted visual characteristic parameter
from the flotation RGB image by the use of MIA and
GLCM methods, and using partial least squares method
established predictive model of flotation foam concentrate
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grade. The model is used in the case of an industrial mineral
process and demonstrated the effectiveness of this method
[9]. Zhou et al. extracted image feature such as bubbles’ color,
speed, and size as the model parameters and built predictive
model using least squares support vector machine. The
experimental results show that this method can effectively
predict recovery [10]. Chun-hua et al. established a soft-
sensormodel of flotation pulp pH value based on sparsemul-
ticore least squares support vector machines through taking
foam video image characteristics as auxiliary variables and
using Schmidt orthogonalization theory reducing multicore
matrix [11]. After that, they extracted image features by using
color cooccurrence matrix (CCM), and this method was
compared with the traditional GLCM extracting the image
features method. Li et al. took the feature information of the
image as the model input by extracting feature information
of foam image, and using the sliding window updating
and deviation compensation strategy, respectively, updated
model parameters in real time and compensated output.This
method achieved soft-sensor modeling of concentrate grade
of flotation process [12]. Wang and Zhang proposed a kind of
soft-sensor model of economic and technical index based on
PCA and ANFIS, and combining PSO algorithm with LSM
put forward a new learning process to optimize parameters
of ANFIS [13]. Geng and Chai utilized least squares support
vector machine to establish soft-sensor model of concentrate
grade and tailing grade in the flotation process based on
analyzing related influencing factors of concentrate grade and
tailing grade of the flotation process technology indicators
[14].

The established flotation process soft-sensormodel above
just used part feature information of the froth image in the
flotation process, but much feature information of flotation
froth image was not integrated, coordinated, and optimized.
In this paper, a BPneural network soft-sensormodel based on
color feature parameters, visual feature parameters, and shape
feature parameters of flotation froth images is proposed, and
then a shuffled cuckoo search algorithm based on adaptive
step is put forward to optimize BP neural network soft-
sensor model parameters. Simulation results demonstrate
the effectiveness of the proposed method. The paper is
organized as follows. In Section 2, the technique flowchart
of the flotation process is introduced. The feature extraction
methods of flotation froth images are presented in Section 3.
In Section 4, the soft-sensor modeling of flotation process is
introduced. The simulation experiments and results analysis
are introduced in details in Section 5. Finally, the conclusion
illustrates the last part.

2. Technique Flowchart of Flotation Process

Flotation is a sorting mineral technology in the vapor-liquid-
solid interface, which consists of roughing, selection, and
scavenging process. Flotation is divided into positive flotation
and reverse flotation. The so-called positive flotation is that
the flotation froth above the flotation tank is concentrate, and
the underflow slurry is tailing. Instead of reverse flotation
process, the basic principle of positive flotation shows in

Ore Grinding

Pharmacy
role

Suspended
mineral
particles

Foam layer

Mineralized
bubbles generation

Mineralization
foaming action

Dispersed into
a bubbles

Water

Flotation reagents Concentrate
(water)

Air
Tailings
(water)

Flotation

Stirred
tank

Figure 1: Basic technique diagram of flotation process.

Figure 1. Figure 2 shows a typical iron ore flotation process
consisting of roughing, selection, and scavenging processes
[15].

The input of the system is concentrate pulp under a fine
sieve, which is the output of the early front beneficiation pro-
cess, and the pulp density is about 38%, and concentrate grade
is about 64%. The entrance pulp is pumped into the efficient
stirred tank through a slurry pipeline. Meanwhile, flotation
reagent which is according to a certain concentration ratio
is pumped into efficient stirred tank by dosing pump, and
pulp temperature reaches suitable temperature through heat
treatment. Then the entrance pulp flows into the flotation
tank, and if the dose is proper the flotation tank can output
concentrate that its grade is 68.5%–69.5%.The output tailings
of the flotation tank are fed into scavenger tank for further
processing. A part of output of scavenger tank is pumped
into an efficient stirred tank for reprocessing by the central
mine return pump, and another part of output goes into the
postflotation process, magnetic separator, dewatering tank,
and other equipment for postprocessing. A part of results is
discharged as the tailings, and another part is pumped into
the efficient stirred tank for recycling.

Control objective of flotation process is to ensure that the
concentrate grade and tailings recovery are controlled within
a certain target range. So using the way of offline artificial test
obtains grade value, and then, according to the grade value,
operators adjust the flotation cell liquid level and the amount
of flotation reagents. Because artificial test is 2 hours once;
thus, when the process variables and boundary conditions
of flotation process change, operators cannot adjust flotation
cell liquid level and pharmaceutical dosage based on test
values timely, which often results in that flotation concentrate
grade and tailings recovery are too high or too low. So it
has important industrial application values adopting soft-
sensor modeling method to achieve real-time measurement
of concentrate grade for optimal control of flotation process.
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3. Feature Extraction of Flotation
Froth Images

Bubble image contains important information which is
related to the flotation process, and traditionally the flotation
froth state is observed by experienced workers. Generally,
flotation froth state can be described by bubble size, foam
color (gray value), texture, and stability. However, due to
the subjectivity of the operators, understanding of flotation
froth state is different and bubble state cannot be observed
carefully, which result in that flotation process control cannot
reach the optimal state. Therefore, the use of digital image
processing technology analyses and processes bubble image,
which has important implications for predicting flotation
performance indicators.

3.1. Digital Image Processing Technology. Digital image pro-
cessing, also known as the computer image processing,
refers to convert image signal into digital signal and use
the computer to deal with the process; that is to say, it
makes traditional analog image store as digital image by
image sampling and quantification [16]. The digital image
acquisition system comprises three basic units: the imaging
system, the sampling system, and the quantizer. Sampling
is a quantifying process of spatial coordinates actually, and
quantization is a discrete process of the function value of
the image. Sampling and quantizing system are collectively
referred to as the digitization. Pixel is the basic element of a
digital image, and each pixel has position coordinates with
the integer row (high) and column (wide). In the sampling, if
the number of horizontal pixels is 𝑚, the number of vertical
pixels is 𝑛, and the total number of pixel is𝑚× 𝑛 pixels in the
image.The number of different gray values is referred as gray
level in the image. Generally an image has 256 gray levels. If
the storage size of an image is 𝑚 × 𝑛 × 8, then the size of the

image data is got. A𝑚×𝑛 digital image can be expressed as a
matrix:

𝐹 =

[

[

[

[

[

𝑓 (0, 0) 𝑓 (0, 1) ⋅ ⋅ ⋅ 𝑓 (0, 𝑛 − 1)

𝑓 (1, 0) 𝑓 (1, 1) ⋅ ⋅ ⋅ 𝑓 (1, 𝑛 − 1)

...
...

...
...

𝑓 (𝑚 − 1, 0) 𝑓 (𝑚 − 1, 1) ⋅ ⋅ ⋅ 𝑓 (𝑚 − 1, 𝑛 − 1)

]

]

]

]

]

.

(1)

Each value of matrix corresponds to a pixel of a digital
image; digital image represented as matrix form has the
advantage of analysis of bubble images, and thus we can
obtain more information about the flotation process. In the
computer, according to the number of colors and gray scale,
images can be divided into four basic types: binary image,
gray image, indexed image, and true color RGB image. True
color RGB image refers to that each pixel value is divided
into the R, G, and B, three primary color components, and
each primary color component will directly determine the
intensity of its color. RGB color model produces a variety
of different colors by different degrees superposition of the
three primary colors. This standard can cover all the colors
the human eyes can perceive, and it is one of the widely used
color system currently. RGB color space can be represented by
a three-dimensional Cartesian coordinate system as shown in
Figure 3.

Generally, flotation froth image is a true color RGB image;
each pixel is specified by the three values in the image: red
(R), green (G), and blue (B) of the three color components.
This is represented by a three-dimensional array, namely,
𝑚×𝑛× 3 array. Because the red, green, and blue components
are, respectively, represented by 8-bit gray levels; that is to say,
(R,G,B) ∈ [0, . . . , 255], so the image can contain 224 kinds of
color theoretically. Since any color can be obtained bymixing
red (R), green (G), and blue (B), the three primary colors,
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Figure 3: RGB color space model.

therefore the image can be represented by three-dimensional
function of position coordinates:

𝑓 (𝑥, 𝑦, 𝑧) = {𝑓red (𝑥, 𝑦, 𝑧) , 𝑓green (𝑥, 𝑦, 𝑧) , 𝑓blue (𝑥, 𝑦, 𝑧)} ,

(2)

where 𝑓 represents the position point color of space coordi-
nate (𝑥, 𝑦, 𝑧) and 𝑓red, 𝑓green, and 𝑓blue, respectively, represent
component values of red, green, and blue of this position
point. But a planar image is usually considered in study; since
each point only includes two coordinate values on the plane,
a planar image can be expressed by the two-dimensional
function of the position coordinates:

𝑓 (𝑥, 𝑦) = {𝑓red (𝑥, 𝑦) , 𝑓green (𝑥, 𝑦) , 𝑓blue (𝑥, 𝑦)} , (3)

where two-dimensional function𝑓(𝑥, 𝑦) represents a pixel of
an image, namely, each value in (1).

RGB color model is very simple, but since this model
is uneven from the point of view of human perception and
its three components have a larger correlation, we rarely
apply RGB space model of images directly. HSI color space is
based on the human visual system, and using hue, saturation
(chroma), and brightness (intensity) describes color. RGB
color space can be converted to the HSI space by transform-
ing.

3.2. Image Feature Selection of Flotation Froth. Flotation froth
image is got from a CCD camera mounted on a flotation
cell. Then the computer image acquisition card converts the
continuous analog signals into discrete digital signals, and
discrete digital signals are sent into computer for flotation
froth visual feature extraction. Typical flotation froth images
are shown in Figure 4.

According to flotation technology and expertise, froth
image will be divided into three categories as follows. (1)
The size of bubbles is larger, and there are parts of large
bubbles in the foam. The texture is lighter, but rough. The
image complexity is small, and the color is hoary. The foam
contains less SiO

2
, and the grade of ore concentrate is low.

(2) The bubble size is appropriate, uniform, and stable, the
color is partial gray, the texture is finer, and image is more
complex. At this time, flotation process is good, and iron
concentrate grade meets the requirements. (3) The color of
foam is darker, even partial black. The foam is finer, some
foam is even difficult to distinguish, and the texture is very
complex. At this time, the foam has a high SiO

2
content.

Although iron concentrate grade of output is higher, the drug
dosage is too big; therefore, this does not meet the economic
requirements of companies.

In the flotation process, the foam layer and flotation
performance indexes have important links [17, 18], such
as color and froth size. It is important for predicting the
performance indexes of the flotation process to extract feature
information of flotation froth image. Feature extraction is
a concept of computer vision and image processing. It
refers to that using a computer extracts image information
and determines whether each point of the image belongs
to an image feature. The results of the feature extraction
are to divide points of image into different subsets. These
subsets are often isolated points, a continuous curve, or a
continuous area. In the froth flotation process, flotation foam
is discharged from flotation tank by the movement of a
mechanical scraper. The moving speed of the scraper has a
great influence on the mobility of the foam. So the measuring
difficulty of the foam mobility is larger. Therefore, we can
first consider the image color features and texture features.
The shape is the outline of the object, and it does not change
with the target color of images. Hence, the shape feature of
images also has the advantages which the color and texture
features do not have, and it is necessary to consider the shape
feature of the image. Therefore, color feature, texture feature,
and shape feature of froth flotation images are extracted in
this paper.

3.3. Color Feature Extraction of Flotation Froth Images. Color
is a very important visual feature for images, and it has certain
stability. It is not sensitive for the changes of size, orientation,
translation, and rotation of the image. The operator of
flotation production process is also based on the closeness
betweenflotation froth color and gray to determine themerits
of the flotation process. System collected images are RGB true
color images, which are indicated by red, green, and blue, but
the three components often have close correlation. Because
the sensitivity to brightness of the human visual is far stronger
than the sensitivity to the color shades, the color information
of Hue, Saturation and Intensity (HSI) model is similar to
the human color visual perception. In order to dispose and
identify color conveniently, the human visual system has
often used HSI color space, which is more in accord with
the human visual characteristic than RGB color space. In the
image processing and computer vision, a lot of algorithms
can be easily used in the HSI color space; meanwhile they
can be treated separately and are independent of each other.
Therefore, image analysis and processing workload can be
greatly simplified in the HSI color space. HSI color space can
be described using a cone-space model. Figure 5 is the HSI
color space model.
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Figure 4: Typical iron ore flotation froth images.
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Figure 5: HSI color space model.

In HSI model, hue (H) can be measured from 0 to 360
degrees, which represents feels of human senses for different
colors, such as red, green, and blue. It may also represent a
range of colors, such as warm color and cool color; wherein
the angle of pure red is 0, the angle of pure green is 2𝜋/3 and
the angle of pure blue is 4𝜋/3. Saturation (S) is the distance
between any point in the color space and I axis, which
represents the depth of color or the degree of shade. Intensity
(I) is mainly affected by the light source, which represents
the light and dark degree of colors. In industrial applications,
the range of S is [0, 1], which changes from unsaturation to
a full saturation (nonwhite); the range of I is [0, 1], which
corresponds to color from dark to bright. HSI color space and
RGB color space are just different representations of the same
physical quantity, so there is a conversion between them:

𝐼 =

R + G + B
3

,

𝑆 = 1 −

3

R + G + B
[min (R,G,B)] ,

𝐻 = cos−1 [[

[

(R − G) + (R − B)

2√(R − G)2 + (R − B) (G − B)

]

]

]

R ̸=B or G ̸=B.
(4)

Thus, the three characteristic parameters (hue, saturation,
and brightness) extracted from images are as model inputs to
predict the content of the concentrate grade.

3.4. Texture Feature Extraction of Flotation Froth Image.
Image texture reflects the attribute of image itself. In general,
texture is a pattern with a small shape and arranged regularly
in a certain range of an image. It is an important characteristic
for describing images. For the flotation industrial production
process, flotation froth images appear to be more obvious
texture features, and their texture statistical characteristics
can reflect the flotation process conditions. Statistics method,
structure method, and spectral method are three texture
analysis methods. For different situations, we should adopt
different analysis methods. When texture is subtle, for
example, wood, meadows, forests, and so forth, statistical
analysis method can be adopted. When texture is coarse
and has a strong regularity, structural analysis method can
be adopted; spectrum method refers to using the frequency
characteristics of Fourier transform to describe the periodic
texture images.

As can be seen in Figure 4, texture of flotation process
froth images is relatively subtle, so we adopt statistical
analysis method. In the statistical analysis method, the
frequently used methods are histogram analysis method and
GLCMmethod (GLCM).Although the histogram is relatively
simple, intuitive, the histogram is a measure of similarity;
that is to say, images may have different texture features
even though they are similar. The texture is formed by the
gray distribution recurring in the spatial position; therefore,
there will be a certain gray relationship between two pixels
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Figure 6: Grey-level cooccurrence matrix.

separated by a certain distance in the image space, namely,
the gray spatial correlation properties in images. Gray level
cooccurrence matrix (GLCM) is a common way describing
the texture by studying the spatial correlation properties
of gray, which is based on the second-order combination
condition probability density function of estimation images.
Cooccurrence matrix is defined using the joint probability
density of pixels of two positions. It not only reflects the dis-
tribution characteristics of intensity but also reflects position
distribution characteristics of pixels that are with the same or
near intensity. It is the second-order statistical characteristics
related image intensity changes, and it is also the basis for
the definition of a set of texture features. Figure 6 is a GLCM
schematic view, wherein 𝑖, 𝑗 indicate the corresponding pixel
gray values.

Supposing 𝑓(𝑥, 𝑦) is a two-dimensional digital image,
GLCM means the simultaneous occurrence probability
𝑃(𝑖, 𝑗, 𝛿, 𝜃) of two pixels. They are the pixel with gray scale
𝑖 from the image 𝑓(𝑥, 𝑦)and the pixel (𝑥 + Δ𝑥, 𝑦 + Δ𝑦) with
gray scale 𝑗, declination 𝜃 and distance 𝛿. The mathematical
formula is expressed as:

𝑃 (𝑖, 𝑗, 𝛿, 𝜃)

= { [(𝑥, 𝑦) , (𝑥 + Δ𝑥, 𝑦 + Δ𝑦)]

| 𝑓 (𝑥, 𝑦) = 𝑖, 𝑓 (𝑥 + Δ𝑥, 𝑦 + Δ𝑦) = 𝑗;

𝑥 = 0, 1, . . . , 𝑁
𝑥
− 1; 𝑦 = 0, 1, . . . , 𝑁

𝑦
− 1} ,

(5)

where 𝑖, 𝑗 = 0, 1, . . . , 𝐿 − 1, 𝑥, 𝑦 are the coordinates of
pixels in the image, 𝐿 is the image gray levels, and𝑁

𝑥
, 𝑁
𝑦
are

the number of rows and columns of the image, respectively.
According to the above definition, the 𝑖th row and 𝑗th
column elements of the composed gray cooccurrence matrix
mean the appearing frequency of all pairs of pixels that with
direction 𝜃, separation 𝛿, gray 𝑖 and 𝑗, respectively.

In order to describe texture condition using the cooc-
currence matrix intuitively, we do not directly use cooccur-
rence matrix generally but derive some parameters that can

reflect the matrix situation from the cooccurrence matrix.
These parameters can describe texture features from different
angles. GLCM has rich feature parameters, so that it can
describe the texture from different angles. Haralick et al. [19]
have proposed 14 kinds of texture feature parameters calcu-
lated from GLCM. In this paper, four texture characteristic
parameters based GLCM such as angular second moment
(energy, 𝑓

1
), contrast (inertia moment, 𝑓

2
), entropy (𝑓

3
), and

correlation (𝑓
4
) are used to describe the visual characteristic

parameters in the flotation froth image:

𝑓
1
=

𝐿

∑

𝑖=1

𝐿

∑

𝑗=1

{𝑃(𝑖, 𝑗)}
2

,

𝑓
2
=

𝐿−1

∑

𝑛=0

𝑛
2

{
{
{
{

{
{
{
{

{

𝐿

∑

𝑖=1

𝐿

∑

𝑗=1

|𝑖−𝑗|=𝑛

𝑃 (𝑖, 𝑗)

}
}
}
}

}
}
}
}

}

,

𝑓
3
= −

𝐿

∑

𝑖=1

𝐿

∑

𝑗=1

𝑃 (𝑖, 𝑗) log {𝑃 (𝑖, 𝑗)} ,

𝑓
4
=

∑
𝐿

𝑖=1
∑
𝐿

𝑗=1
(𝑖𝑗) 𝑃 (𝑖, 𝑗) − 𝜇

𝑥
𝜇
𝑦

𝜎
𝑥
𝜎
𝑦

.

(6)

3.5. Shape Feature Extraction of Flotation Froth Image. The
shape is the outline of the object; it does not change with the
target color in images. It is an important feature of an object.
If the image is viewed from different angles, the shape feature
of the image may vary. Thus, if shape feature of the image
need to be described accurately, it is necessary to make the
image have constant characteristics such as scaling, rotation
transformation, and translation.There are twomethods of the
shape feature of the image in general: shape feature represen-
tation based profile and feature representation based region.
Features representation based profile is suitable for the images
that can be obtained easily and their edges are clearness.
And shape feature representation based regional is suitable
for a single color image. It can be seen from the flotation
foam images that feature representation based region can
be adopted. Therein, the shape features of the object can be
described with rectangularity, circularity, invariant moment,
and skeleton [20].

When the geometry of the object is relatively simple,
using rectangularity and circularity to describe the shape
is more appropriate. However, if boundary feature of the
image is more complex, it is more difficult to use these two
parameters to describe the shape. So for complex objects,
invariant moment can be used to describe shape features of
images.Moment characteristicsmainly represent the geomet-
ric characteristics of the image area, also known as geometric
moment. Because it has the constant characteristics such as
rotation, translation, scaling and other characteristics, it is
also known as the invariant moment. Geometric moment
[21] is raised by Hu (visual pattern recognition by moment
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Figure 7: Structure of flotation soft-sensor model.

invariants) in 1962. (𝑝 + 𝑞) orders geometric moment of the
image defines as follows:

𝑚
𝑝,𝑞
= ∫

+∞

−∞

∫

+∞

−∞

𝑥
𝑝

𝑦
𝑞

𝑓 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 (𝑝, 𝑞 = 0, 1, . . .) ,

(7)

where 𝑓(𝑥, 𝑦) is the gray of the image. Since 𝑚
𝑝,𝑞

does not
have the translation invariance, define 𝑝 + 𝑞 orders central
moment as follows:

V
𝑝𝑞
= ∫

+∞

−∞

∫

+∞

−∞

(𝑥 − 𝑥)
𝑝

(𝑦 − 𝑦)
𝑞

𝑓 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

(𝑝, 𝑞 = 0, 1) ,

(8)

where 𝑥, 𝑦 is the centroid:

𝑥 =

𝑚
10

𝑚
00

, 𝑦 =

𝑚
01

𝑚
00

. (9)

V
𝑝𝑞

only has translation invariance. In order to get a
telescopic invariant moment, define the normalized moment
as follows:

𝜇
𝑝𝑞
=

V
𝑝𝑞

V1+(𝑝+𝑞)/2
00

. (10)

In this case, the normalized moment has invariant
moment when it is translated, stretched or rotated. Hu gives
seven invariant momentsΦ

1
− Φ
7
:

Φ
1
= 𝜇
20
+ 𝜇
02
, (11)

Φ
2
= (𝜇
20
− 𝜇
02
)
2

+ 4𝜇
2

11
, (12)

Φ
3
= (𝜇
30
− 3𝜇
12
)
2

+ (3𝜇
21
− 𝜇
03
)
2

, (13)

Φ
4
= (𝜇
30
+ 3𝜇
12
)
2

+ (𝜇
21
+ 𝜇
03
)
2

, (14)

Φ
5
= (𝜇
30
− 3𝜇
12
) (𝜇
30
+ 3𝜇
12
)

× [(𝜇
30
+ 𝜇
12
)
2

− 3(𝜇
21
+ 𝜇
03
)
2

]

+ (3𝜇
21
− 𝜇
03
) (𝜇
21
+ 𝜇
03
)

× [3(𝜇
30
+ 𝜇
12
)
2

− (𝜇
21
+ 𝜇
03
)
2

] ,

(15)

Φ
6
= (𝜇
20
− 𝜇
02
) [(𝜇
30
+ 𝜇
12
)
2

− (𝜇
21
+ 𝜇
03
)
2

]

+ 4𝜇
11
(𝜇
30
+ 𝜇
12
) (𝜇
21
+ 𝜇
03
) ,

(16)

Φ
7
= (3𝜇

21
− 𝜇
03
) (𝜇
30
+ 𝜇
12
)

× [(𝜇
30
+ 𝜇
12
)
2

− 3(𝜇
21
+ 𝜇
03
)
2

]

− (𝜇
30
− 3𝜇
12
) [3(𝜇

30
+ 𝜇
12
)
2

− (𝜇
21
+ 𝜇
03
)
2

] .

(17)

4. Soft-Sensor Modeling of Flotation Process

4.1. Structure of Soft-Sensor Model. In this paper, take the
texture features, color features, and shape features extracted
from the flotation froth images as auxiliary variables of
soft-sensor model. Isometric mapping will be carried out
to reduce dimensions of auxiliary variables and reduce the
target dimensions of BPNNand neural network scale. Finally,
using an improved cuckoo search algorithm optimizes BP
neural network weights and thresholds to achieve accurate
prediction of flotation concentrate grade. The structure
of BPNN soft-sensor model optimized by the improved
cuckoo search algorithm proposed by this paper is shown in
Figure 7.

For amulti-input single-output (MISO) system, the train-
ing set can be represented as 𝐷 = {𝑌,𝑋

𝑖
| 𝑖 = 1, 2, . . . , 𝑚}.

Where 𝑌 denotes the output,𝑋
𝑖
denotes the 𝑖th input vector,

and it can be represented as 𝑋
𝑖
= [𝑥
1𝑖
, 𝑥
2𝑖
, . . . , 𝑥

𝑛𝑖
]
 (𝑛 is

the number of the training sample sets, 𝑚 is the number
of the input variables). Establishment of soft-sensor model
needs a data set from the normal condition as modeling data.
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Assuming the 𝑚 process variables, 𝑛 data vector samples
comprise testing data matrix 𝑋 ∈ 𝑅

𝑛×𝑚. In order to avoid
the effects of different dimensions of process variables on
predictive results and realize easymathematical handling, it is
necessary to normalize the data. Assuming mean vector of𝑋
is 𝜇, standard deviation vector is 𝜎. After the normalization,
process variables are

𝑋 =

(𝑋 − 𝜇)

𝜎

. (18)

Then the input vector 𝑋 of the training sample are
brought into BPNN to get predictive output �̂�, and the root-
mean-square error (RMSE) is adopted as the fitness value of
soft-sensor model:

RMSE = √
𝑛

∑

𝑘=1

(�̂�
𝑘
− 𝑌
∗

𝑘
)

2

𝑛

,
(19)

where 𝑌∗ is the actual output of the training sample.

4.2. Data Dimensionality Reduction Based on Isometric Map-
ping Method. In this paper, 3 colors characteristic parame-
ters, 4 texture characteristic parameters, and 7 shape char-
acteristic parameters extracted from flotation froth images
are taken as inputs of BP soft-sensor model, and concentrate
grade is as output. Thus, a multi-input single-output soft-
sensor model is built. Through scene collecting a batch of
flotation foam image features values and concentrate grade
measured values of corresponding period from the flotation
operations process we can build the soft-sensor model; the
input and output data sets are shown in Table 1.

Input and output data sets containing 14 feature variables
extracted from the flotation froth images are as auxiliary
variables of soft measurement model. It realizes prediction
of concentrate grade in flotation process, but there are some
problems of jumbled information, repeated expression, and
so on. And for BPNN, the input vector dimension is too large,
which will make the network topology and training become
very complex, so in this paper isometric mapping method
is used to reduce the dimensionality of high dimensional
input vectors [22]. Isometric mapping is a technique that can
solve the problem of saving geodesic distance between data
points. It can achieve the dimension reduction process of
high-dimensional vectors. In this paper, Isomap algorithm is
applied to feature information extracted from foam images
to reduce dimension of high-dimensional input data and get a
four-dimensional data set, taking the data set as inputs of soft-
sensor model, which simplifies the model scale and improves
operational efficiency.

Isomap algorithm is based on MDS algorithm. MDS
algorithm is a classicmethod of remaining Euclidean distance
unchanged theoretically, which is the earliest visualization
operation applied to data. The algorithm is based on the
idea that distant points in the high-dimensional space are
still far away in a low-dimensional embedding space; while
adjacent points in the high-dimensional space remain in
adjacent positional relationship in a low-dimensional space.

Its data characteristic is not the specific position of each
point but is the differences between them. The differences
generally use a distance to measure; that is to say, the more
similar the two data points, the smaller the distance between
them. The commonly used distances are Euclidean distance,
Manhattan distance, Minkowski distance, and so no. When
we use Euclidean distance, MDS and PCA are equivalent.

Isomap algorithm seeks to maintain inherent geometric
properties of data points, namely, maintaining the geodesic
distance between two points.The greatest difference between
Isomap and MDS is that the distance matrix structured
by MDS reflects the Euclidean distance between sample
points, while distance matrix structured by Isomap reflects
the geodesic distance between sample points. Therefore, the
key step of Isomap is how to calculate geodesic distance
between sample points. There are many ways of estimating
geodesic distance; the classic Isomapmethod is as follows: for
each data point 𝑥

𝑖
, find 𝑘 adjacent points, then the geodesic

distance between 𝑥
𝑖
and 𝑘 adjacent points is approximated

by the Euclidean distance between them. The geodesic dis-
tance between other nonadjacent points is accumulated by
the shortest path between adjacent points. The calculation
algorithm is as follows.

Step 1 (Select neighborhood). Structure neighborhood graph
𝐺 of the data set 𝑋. Calculate Euclidean distance between
each sample point 𝑥

𝑖
and other sample points.When 𝑥

𝑗
is one

of the 𝑘 nearest neighbor points of 𝑥
𝑖
, then setting the weight

of the adjacent edge is 𝑑(𝑖, 𝑗).

Step 2 (Calculate the shortest path). When the neighborhood
graph 𝐺 has the side from 𝑥

𝑖
to 𝑥
𝑗
, note the shortest path

𝑑(𝑖, 𝑗); otherwise 𝑑(𝑖, 𝑗) = ∞. For 𝑙 = 1, 2, . . . , 𝑁, there
is 𝑑
𝐺
(𝑖, 𝑗) = min{𝑑

𝐺
(𝑖, 𝑗), 𝑑

𝐺
(𝑖, 𝑙) + 𝑑

𝐺
(𝑙, 𝑗)}. Thus, get the

shortest path matrix𝐷
𝐺
= {𝑑
𝐺
(𝑖, 𝑗)}.

Step 3 (Calculate D-dimensional embedding). {𝜆
1
, 𝜆
2
, . . . ,

𝜆
𝑑
} and 𝑉 = {V

1
, V
2
, . . . , V

𝑑
} are fore 𝑑 eigenvalues and

corresponding eigenvectors of matrix 𝜏(𝐷
𝐺
) = −𝐻𝑆𝐻/2,

respectively. Where 𝑆 represents the shortest path distance
squared matrix; that is, 𝑠

𝑖𝑗
= 𝑑
2

𝑖𝑗
; H is center matrix; that is,

ℎ
𝑖𝑗
= 𝛿
𝑖𝑗
−1/𝑁.Then𝑌 = diag{𝜆

1
, 𝜆
2
, . . . , 𝜆

𝑑
}𝑉
𝑇 is coordinate

values of 𝑑-dimensional coordinate data sets.

4.3. BP Neural Network

4.3.1. Structure and Working Principle of BP Neural Network.
Backpropagation neural network is proposed in 1986 by a
team of scientists led by Rumelhart and McCelland, which
is a multilayer feed-forward network trained by an error back
propagation algorithm, and it is one of the most widely used
neural network models. Typical BP neural network structure
is shown as Figure 8, and the general three-layer structure is
𝑗 − 𝑖 − 𝑚; that is to say, it has 𝑗 inputs, 𝑖 hidden nodes, and𝑚
outputs.

In Figure 8, input node is 𝑥 = [𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑗
]
𝑇, the

network weights of input nodes and hidden nodes are 𝑤
𝑖𝑗
,

the hidden node is 𝑜 = [𝑜
1
, 𝑜
2
, . . . , 𝑜

𝑖
]
𝑇, weights of hidden
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Figure 8: Structure of BP neural network.

nodes and output nodes are 𝑇
𝑚𝑖
, output node is 𝑦 =

[𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑚
]
𝑇, and the desired output of network is 𝑦

𝑝
.

𝜙
𝑖
(⋅) is the 𝑖th hidden node activation function. Usually, S-

type logarithmic function is served as the activation function
of the network, and hyperbolic tangent function can also be
used as follows:

(1) S-type log function

𝜙 (𝑥) =

1

1 + exp(−𝑥)
, (20)

(2) hyperbolic tangent function

𝜙 (𝑥) =

2

1 + exp(−2𝑥)
− 1. (21)

Working principle of BP neural network consists of
two parts: forward propagation and error backpropagation.
Each neuron of input layer receives input information from
the outside world and transmits to the intermediate layer
of each neuron; intermediate layer is an internal informa-
tion processing layer; it charges information conversion;
information is passed from the hidden layer to the output
layer of each neuron. After further treatment, a learning
forward propagation process is completed. The information
processing results are outputted by output layer to the outside
world. When the actual output and the expected output do
not match, the network enters the errors backpropagation
phase. When error through the output layer, weights of each
layers are corrected according to gradient descent method
and back propagating to the hidden layer and input layer.
Cycle of information forward propagation and error back
propagation process is a process of constantly adjusting the
weights of each layer, and it is also a process of the neural
network learning and training. This process continues until
the network output error reduces to an acceptable level, or the
cycle number reaches the preset given number of learning.

4.3.2. Standard BP Learning Algorithm. BP network learning
rules are also known as 𝛿 learning rules. For a set of
given training mode, using training mode network repeats
the process of fore-propagation and error backpropagation
continuously. When the various training modes meet the

requirements, the BP network has learned well. Learning
algorithm of BP neural network mainly corrects weights and
thresholds of the network.

(1) Momentum BP Algorithm (MOBP). Basic BP learning
algorithm adjusts the weights only along the direction of
error gradient descent at tth time and does not consider the
direction before tth time. So the learning process is usually
vibratory and the convergence speed is slow. In order to
improve the training speed, a momentum term is added to
the weight adjustment formula:

Δ𝑤 (𝑡) = 𝜂 [𝑎Δ𝑤 (𝑡 − 1) − (1 − 𝑎) 𝛿𝑂] , (22)

where 𝑤 is weight matrix, 𝑂 is output vector, 𝜂 indicates
learning rate, and 𝑎 ∈ [0, 1] represents the momentum factor.
Momentum 𝑎Δ𝑤(𝑡 − 1) defined by formula (16) reflects the
previous adjustment process. Wherein 𝑑

𝑖
= ‖𝑛
𝑖
− 𝑛best‖/𝑑max

which represents the weight adjustment is only related to
the current negative gradient; wherein 𝑛

𝑖
represents the

adjustment of the weight depending on the negative gradient
of the last training.Thismomentum can be seen as a low-pass
filter, which can smooth fluctuations in the learning process
and can also improve the convergence rate.

In addition, when the error gradient occurs a local
minimum, although 𝑛best, but 𝑑max can make error gradient
jump out from a local minimum, and can accelerate the
iterative convergence

(2) Variable-Rate BP Learning Algorithm. In the gradient
descent method, the learning rate has a great impact on the
entire training process. If the learning rate is too large, the
algorithm may oscillate and make it unstable; if learning rate
is too small, convergence is slow and the training time is
long. That is to say, the success of training depends on how
to choose the learning rate. In the training process, if the rate
of learning changes constantly and the algorithm is corrected
along error performance surface, the training process will be
speeded up. As is shown in the following equation:

step
𝑖
= stepmin + (stepmax − stepmin) 𝑑𝑖, (23)

where step = 𝛼 is incremental factor, 𝑋𝑡
𝑖
is decreased factor,

stepmax is learning rate, and stepmin is the network output total
error performance function of the 𝑑

𝑖
th iteration.

In the training process, trying to make the algorithm
stable, meanwhile trying to make learning step big. The
learning rate is adjusted accordingly according to the local
error surface. When the error tends to the target by the way
of reduction, it indicates that correction direction is right,
and step can be increased. Therefore, the learning rate is
multiplied by the incremental factor 𝑑

𝑖
, so that the learning

rate increases; when the error increases beyond the preset
value, it indicates that correction is excessive and step should
be reduced. Therefore, the learning rate is multiplied by the
decreased factor 𝑘dec, so that the learning rate decreases.
Round the previous step correction process which makes the
error increase.

(3) LM Learning Algorithm. LM algorithm is designed to
avoid calculating the Hessian matrix when correcting uses
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approximate second order training rate. When the error
performance function has the form of error of sum square,
Hessian matrix can be approximated as follows:

𝐻 = 𝐽
𝑇

𝐽. (24)

Gradient calculation expression is

𝑔 = 𝐽
𝑇

𝑒, (25)

where 𝐽 is Jacobian matrix,𝐻 is Jacobi matrix which includes
network error function for the first derivative of weights
and thresholds, and 𝑒 is the network error vector. Jacobian
matrix can be calculated by a standard feed-forward network
technology, and it is much simpler than the Hessian matrix.
LM algorithm uses the above formula approximatingHessian
matrix and it is corrected according to the following formula:

𝑥 (𝑘 + 1) = 𝑥 (𝑘) − [𝐽
𝑇

𝐽 + 𝜇𝐽]

−1

𝐽
𝑇

𝑒. (26)

4.4. BPNeuralNetworkOptimized by ImprovedCuckoo Search
Algorithm

4.4.1. Cuckoo Search Algorithm. Cuckoo search algorithm
is a new metaheuristic search algorithm, which is based
on the behavior of the cuckoo’s nest parasitism and Levy
flight behavior of some birds and fruit flies. In 2009, cuckoo
search algorithm is proposed by the Yang in Cambridge
University and Deb in Raman Engineering University [23–
25]. The Cuckoo bird is a kind of very interesting bird; they
can not only emit pleasant voice, but also have aggressive
reproductive strategy. Most of the cuckoo lay their eggs in
other birds’ nest, making the host tend to cubs instead of
them. If the host found that the eggs are not of their own
birth, it will put alien eggs out of the nest or choose to
abandon its nest and rebuild a new nest elsewhere. However,
some cuckoos choose nests of colors and shapes of their eggs
similar with the host’s to get the love of the host, which
will reduce the possibility of their eggs being abandoned and
increase the reproduction rate of cuckoos [22, 26].

Under normal circumstances, each cuckoo only can
produce one egg, and the egg in each nest represents a
solution; the purpose is to make the potential better solution
replace the bad solution in the nest. Obviously, this method
can be applied to more complex cases. In these cases, there is
not only one egg in each nest. And these eggs represent a set
of solutions. In order to better study cuckoo search algorithm,
wewill use the simplestmethod, which is only one egg in each
nest. In this case, an egg, a nest or a cuckoo is no difference
in above. That is to say, each nest corresponds to one egg
produced by cuckoo.

For a brief description of the cuckoo search algorithm,
the following three ideal rules are adopted to construct the
cuckoo search algorithm [27, 28].

(1) Each cuckoo produces only one egg each time, and
randomly selects the nest to hatch.

(2) The best nest will be retained to the next generation.

(3) The number of nests is fixed, and the probability of
a host finding an alien egg is 𝑃𝑎 = [0, 1]. In this case,
the hostmight push the egg out of the nest or abandon
the nest and renest a new location.

Cuckoo algorithm is based on a random walk search
method of 𝐿𝑒V𝑦 flight. 𝐿𝑒V𝑦 flight is a random walk that step
size is subject to levy distribution, and the walk direction is
subject to a uniform distribution. Based on these rules, the
location update formula of cuckoos hunting nests is

𝑥
(𝑡+1)

𝑖
= 𝑥
𝑡

𝑖
+ 𝛼𝑠
𝐿
, (27)

where 𝑥𝑡
𝑖
represents the position of the 𝑖th nest at the 𝑡th

generation, 𝑥𝑡+1
𝑖

represents the position of the 𝑖th nest at the
(𝑡+1)th generation,𝛼 is step control volume, and 𝑠

𝐿
is a vector

obeying Levy distribution:

𝐿 (𝑠, 𝜆) =

𝜆Γ (𝜆) sin (𝜋𝜆/2)
𝜋

1

𝑠
1+𝜆

, (28)

where 𝑠
0
> 0 is the minimum step, Γ is a gamma function,

and 𝐿(𝜆) step obeys Levy distribution. However, Levy distri-
bution is generally expressed as follows:

𝐿 (𝛽, 𝜆) =

1

𝜋

∫

∞

0

cos (𝑘𝑠) exp[−𝛽|𝑘|𝜆] 𝑑𝑘. (29)

There is not any explicit analyzer in the formula (29),
and, therefore, it is difficult to obtain a random sample by
the formula. The formula (29) can be approximated by the
following formula:

𝐿 (𝛽, 𝜆) =

𝛽𝜆Γ (𝜆) sin (𝜋𝜆/2)
𝜋|𝑠|
1+𝜆

. (30)

When 𝛽 = 1, formula (30) is equivalent to formula
(28). Although formula (30) can describe the behavior of a
random walk of the cuckoo algorithm, it is not conducive
to describing the language of mathematics and also is not
conducive to writing programs. Therefore, Yang Xin She and
Deb found in the realization of the CS algorithm that using
Mantegna algorithm can simulate the random walk behavior
of Levy flight. In this CS algorithm, the step size 𝑠 can be
expressed as

𝑠 =

𝑢

|V|1/𝜆
, 1 ≤ 𝜆 ≤ 2. (31)

When 𝛽 = 1, formula (30) is equivalent to formula
(28). Although formula (30) can describe the behavior of a
random walk of the cuckoo algorithm, it is not conducive
to describing the language of mathematics and also is not
conducive to writing programs. Therefore, Yang Xin She and
Deb found in the realization of the CS algorithm that using
Mantegna algorithm can simulate the random walk behavior
of Levy flight. In this CS algorithm, the step size 𝑠 can be
expressed as

𝑠 ∼ 𝑁 (0, 𝜎
2

𝜇
) , V ∼ 𝑁(0, 𝜎

2

V) ,

𝜎
𝜇
= {

Γ(1 + 𝛽) sin(𝜋𝛽/2)
Γ[(1 + 𝛽)/2]𝛽2

(𝛽−1)/2

}

1/𝛽

, 𝜎V = 1.

(32)
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When 𝛽 = 1, formula (30) is equivalent to formula
(28). Although formula (30) can describe the behavior of a
random walk of the cuckoo algorithm, it is not conducive
to describing the language of mathematics and also is not
conducive to writing programs. Therefore, Yang Xin She and
Deb found in the realization of the CS algorithm that using
Mantegna algorithm can simulate the random walk behavior
of Levy flight. In this CS algorithm, the step size 𝑠 can be
expressed as follows.

Specific steps of CS algorithm are as follows.

Step 1 (Initialization). Randomly generate 𝑁 nest position
𝑋
0

= (𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑁
), select the best nest position, and retain

it to the next generation.

Step 2 (Search operation). Using location update formula
search the next nest position and obtain a set of new position.
Test these positions and compare them with the previous
generation position to get a better position.

Step 3 (Select operation). Generate random numbers 𝑟 ∈

[0, 1] which obey uniform distribution, and compare the
random numbers with detection probability 𝑃𝑎 = 0.25. If 𝑟 >
𝑃𝑎, change 𝑥(𝑡+1)

𝑖
randomly, otherwise unchanged. Test the

changed nest position, and compare it with the nest position
obtained in the previous step; select the best nest position 𝑝𝑏.

Step 4 (Judgment operation). Calculate the fitness and judge
whether it can reach the required accuracy or iteration
termination condition. If reached, 𝑝𝑏 is the optimal solution;
otherwise return to Step 2 to continue the iterative update.

4.4.2. Dynamical Adjusting Step. In the basic CS algorithm,
the step generated by Levy flight is various. Formula (31)
shows that Levy flight entirely depends on the size of the
random numbers u and v; randomness is strong. In the
beginning of the search, the value from the search may be
far away from the optimal values, which need a large step to
reach the optimum value. The bigger the step size, the wider
the scope of the search. Thus, it is easier to search the global
optimum, but meanwhile it also reduces the search accuracy;
with the increase of the iteration, most nests may be close to
the optimal value, which need a smaller step. However, when
the step size is too small, the search scope becomes dense.
Despite the fact that the accuracy of the solution is increased,
the search speed is reduced at the same time. Therefore, the
step of the conventional Levy flight has a strong randomness
and is lack of adaptability. For this case, if we dynamically
adjust the step size according the search results of different
stages, we can balance global optimization and optimization
speed, so that both of them can achieve better results. First
introduced

𝑑
𝑖
=





𝑛
𝑖
− 𝑛best






𝑑max
, (33)

where 𝑛
𝑖
represents the position of the ith nest, 𝑛best rep-

resents the current best nest position, and 𝑑max represents
the maximum distance from the optimal nest position to the

other nest positions. According to this formula, we introduce
the formula of dynamically adjusting the step:

step
𝑖
= stepmin + (stepmax − stepmin) 𝑑𝑖, (34)

where step = 𝛼 is the search path that cuckoos randomly
search new nest positions from the original nest position 𝑋𝑡

𝑖

according to (27) each time; stepmax and stepmin represent the
minimum step and maximum step, respectively.

According to the above equations (33)-(34), we can
dynamically adjust the step size. When the 𝑖th nest location
is close to optimal nest location, 𝑑

𝑖
is smaller, and step

size is also smaller; when the 𝑖th nest location is far away
from optimal nest location, 𝑑

𝑖
is larger, and step size is

also larger. Thus according to the search results of different
stages, the step size changes and can be adjusted dynamically,
which makes cuckoo algorithm have a better adaptability
and improve the global search ability and convergence
precision.

4.4.3. Shuffled Cuckoo Search Algorithm (SCSA). Shuffled
cuckoo search algorithm draws on ideas of shuffled frog
leaping algorithm [29, 30]. The population is divided into
a plurality of memes groups optimized by cuckoo search
algorithm, which improves the local search capabilities of
the population. The basic idea of the SCSA algorithm is to
generate initial population 𝑃 = {𝑋

1
, 𝑋
2
, . . . , 𝑋

𝑁
} consisting

of N cuckoos randomly, where 𝑋
𝑖
= [𝑥
𝑖1
, 𝑥
𝑖2
, . . . , 𝑥

𝑖𝑘
] repre-

sents the 𝑖th cuckoo. After generating the initial population,
order the individuals according to the fitness, and record the
optimal fitness value corresponding cuckoo individual𝑋

𝑔best
in population. Then the group is divided into𝑚 groups, each
group contains 𝑛 cuckoos, and satisfy 𝑁 = 𝑚 × 𝑛. Among
them, the first cuckoo is divided into group 1, the second is
divided into the group 2, the𝑚th cuckoo is divided into group
𝑚, the (𝑚 + 1)th cuckoo is divided into group 1 again, and so
on. Assume that𝑀𝑠 is the collection of the sth group cuckoos,
and the process of allocating cuckoos above can be described
by

𝑀
𝑠

= {𝑋
𝑠+𝑚(𝑙−1)

∈ 𝑃 | 1 ≤ 𝑙 ≤ 𝑛} , (1 ≤ 𝑠 ≤ 𝑚) . (35)

Then using cuckoo search algorithm searches each group
at the same time, that is, Cuckoos in each group are carried
out of the selection, searching, and judgment operation.
When each group completes the current search, cuckoos
will be remixed and sorted in each group, and cuckoo
individual 𝑋

𝑔best corresponding to the best fitness at this
time will be rerecorded. Compare with the last best cuckoo
individual, record the best cuckoo individual, and divide
groups according to the formula (35). Local-search again
until blended iterations are reached, and output the best
individual, that is, the optimal solution.

4.4.4. Flowchart of Shuffled Cuckoo Search Algorithm. In
this paper, shuffled cuckoo search algorithm is applied
to parameters learning of BP neural network soft-sensor
model, which aims to improve the local search capabilities
to achieve better convergence accuracy. SCSA algorithm is
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Figure 9: Structure diagram of SCS-BPNN training algorithm.

different from the traditional cuckoo algorithm; it divides
the initial population into several groups, and then each
group is optimized using cuckoo algorithm, respectively.
After completing the iteration, the individuals in each group
mixed into a population again. Repeat the process above
until achieving the number of iterations or the required
precision. Because prediction accuracy of BP neural network
is related to the initial connections weights and thresholds,
if parameters chosen inappropriately can lead to prediction
accuracy reduce and fall into local optimum. Therefore, in
this paper, adopting this shuffled cuckoo search algorithm to
optimize the weights and thresholds of BP neural network
establishes BP neural network soft-sensor model optimized
by shuffled cuckoo search algorithm.The data of dimension-
ality reduction acquired from the flotation froth image are
taken as inputs of soft measurement model, and concentrate
grade is as output of model. Figure 9 is structure diagram
of BP neural network optimized by shuffled cuckoo search
algorithm.

The algorithm process is described as follows.

Step 1 (Parameter initialization). Determine the topology of
BP neural network, initialize the length of network weight 𝑤
and threshold 𝑏, and get BP neural network training samples.
Set n nests, the number of maximum iteration itermax.

Step 2 (Generated population randomly). Generate 𝑁 nest
locations randomly 𝑋(0)

𝑖
= [𝑥
(0)

1
, 𝑥
(0)

2
, . . . , 𝑥

(0)

𝑁
]
𝑇, and each

nest location corresponds to a set of weights and thresholds
of BP neural network. Train BP neural network, calculate
the prediction accuracy (the fitness value) corresponding to
each group of nests. According to the fitness value, sort the
individuals of the population by ascending order and record
the current best nest 𝑥(0)

𝑏
, 𝑏 ∈ {1, 2, . . . , 𝑁} and fitness value

𝑓𝑖𝑡𝑛𝑒𝑠𝑠.

Step 3 (Grouping operation). The initial group is divided into
𝑚 groups; each group contains 𝑛 cuckoos and satisfies 𝑁 =

𝑚 × 𝑛. Among them, the first cuckoo is divided into group
1, the second is divided into the group 2, the 𝑚th cuckoo is
divided into group𝑚, the (𝑚+1)th cuckoo divided into group
1, and so on.

Step 4 (Search operation). Retain the previous generation
optimal nest location 𝑥(0)

𝑏
. Using the position updated for-

mula updates for each of nests, respectively, and a new
set of nest position is produced, respectively. Test each
of nests and compare them with the previous generation
𝑝
(𝑡−1)

= [𝑥
(𝑡−1)

1
, 𝑥
(𝑡−1)

2
, . . . , 𝑥

(𝑡−1)

𝑛
]
𝑇. Make sure that the

better nest location replaces poor nest location, and then
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each group gets the current best nest position 𝐾
(𝑡)

𝑖
=

[𝑥
(𝑡)

1
, 𝑥
(𝑡)

2
, . . . , 𝑥

(𝑡)

𝑛
].

Step 5 (Selection operation). For each group of nest locations,
the random number obeying uniform distribution 𝑟 ∈ [0, 1]
serves as the probability of a host finding alien eggs. If 𝑟 > 𝑝

𝑎
,

change the location of the nest randomly and get a group of
new nest locations. If 𝑟 < 𝑝

𝑎
does not change the location of

the nest, test this group nest location and compare it with the
fitness value of each nest location in 𝑘(𝑡). The nest location
which has better fitness value replaces poor fitness value
location and obtains a set of new optimum nest locations
𝑝
(𝑡)

= [𝑥
(𝑡)

1
, 𝑥
(𝑡)

2
, . . . , 𝑥

(𝑡)

𝑛
]
𝑇.

Step 6 (Judgment operation). After nest locations of each
group experience ith iterations, the individuals of all groups
are remixed together and sorted according to the fitness value.
Record the individual𝑋

𝑔best corresponding to the best fitness
value. Compare it with the optimal nest location𝑥(0)

𝑏
in Step 4,

and the better one serves as the current optimal nest location
until reaching maximum iterations itermax.

Step 7 (Model validation). The parameters corresponding to
the nest optimum position 𝑥(𝑡)

𝑏
serve as BP neural network

weights and thresholds, retrain the training data, establish BP
neural network model, and verify the model using test data.

5. Simulation Results

In this paper, the flotation process is as the research object
to establish soft-sensor model for the concentrate grade.
Firstly, determine 600 groups of input and output data sets
of BP neural network soft-sensor model based on SCSA,
which is shown in Table 1. Then using isometric mapping
method reduces dimension of 600 groups of input and output
data sets in Table 1. The processing data serve as inputs
of soft-sensor model and the concentrate grade serves as
the output of it to establish BP neural network soft-sensor
model. The former 550 groups of data are as training data
of the model, and the rest of 50 groups of data are as the
prediction data of the model. Using improved cuckoo search
algorithm proposed by this paper optimizes weights and
thresholds of BP neural network. In this paper, select the
normalized root mean square error (NRMSE), mean square
error (MSE), and mean absolute percentage error (MAPE)
and other performance indicators as the basis of judging
predictive effects, which is calculated as follows:

MSE = 1

𝑇

𝑇

∑

𝑡=1

(𝑦 (𝑡) − 𝑦
𝑑
(𝑡))
2

,

RMSE = [ 1
𝑇

𝑛

∑

𝑡=1

(𝑦
𝑑
(𝑡) − 𝑦 (𝑡))

2

]

1/2

,

NRMSE = √ 1

𝑇




𝑦
𝑑






2

𝑇

∑

𝑡=1

(𝑦 (𝑡) − 𝑦
𝑑
(𝑡))
2

,
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Figure 10: Predictive results of soft-sensor model.

SSE =
𝑛

∑

𝑡=1

(𝑦
𝑑
(𝑡) − 𝑦 (𝑡))

2

,

MAPE = 100

𝑇

𝑇

∑

𝑡=1





𝑦 (𝑡) − 𝑦

𝑑
(𝑡)





𝑦
𝑑
(𝑡)

,

(36)

where 𝑇 is the number of predictive sample points, 𝑦(𝑡) is
predictive value, and 𝑦

𝑑
(𝑡) is actual value of the sample.

Firstly, using three learning algorithms of BP neural
network described earlier, namely, momentumBP algorithm,
variable-rate learning algorithms, and LM learning algo-
rithm, establishes corresponding soft-sensor model, respec-
tively. Then using the three soft-sensor models predicts
concentrates grade of the flotation process. Figure 10 is a
comparison of the predictive output and the actual output of
the threemodels, and Figure 11 is the error curve of predictive
output of the three models.

As can be seen from the predictive output curve and
predictive error curve, in the three models, the predictive
effects of BP neural network soft-sensor model based on
LM algorithm are better. Therefore, in order to prove the
effectiveness of shuffled cuckoo algorithm, this paper will
compare BP neural network soft-sensor model based on LM
with BP neural network soft-sensor model based on SCSA-
BP proposed in this chapter. Selecting the latter 50 sets of
data from the input and output samples serves as the forecast
data of the two models. Figure 12 is a comparison of the
predictive output and the actual output of the two models,
and Figure 13 is the error curve of predictive output of the two
models. In order to illustrate the advantages of the proposed
method better, this paper calculates mean square error, root
mean square error, mean absolute percentage error, and other
performance indicators of each method. Their prediction
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Table 2: Performance comparison under different training methods.

Predictive method MSE RMSE NMSE SSE MAPE
MO-BP 0.5245 0.7242 0.0328 26.2236 0.8617
VL-BP 0.4987 0.7062 0.0320 24.9357 0.8232
LM-BP 0.0558 0.2362 0.0107 2.7897 0.2570
CSA-BP 0.0390 0.1976 0.0004 1.9521 0.1897
SCSA-BP 0.0146 0.1207 0.0003 0.7282 0.0993
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accuracy is shown in Table 2. As can be seen from the sim-
ulation results, the prediction accuracy of BP neural network
soft-sensor model based on the proposed shuffled cuckoo
search algorithm is higher than the prediction accuracy of BP
neural network soft-sensor model based LM algorithm.

6. Conclusions

Through analyzing the froth flotation process image, this
paper extracted 14 image feature parameters consisting of
texture feature, color feature, and shape feature. And adopting
Isomap algorithm reduces dimensionality of high dimen-
sional input vectors, which avoid the disaster of data dimen-
sionality and reduce the complexity of the neural network; the
preprocessing data serve as inputs of BP neural network soft-
sensor model, and the predictive variable concentrate grade
serves as the output of the model. Therefore, the parameters
of BP neural network soft-sensor model optimized by an
adaptive step shuffled cuckoo search algorithm are proposed.
Simulation comparing experimental results verifies the effec-
tiveness of the proposed method.
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“Machine-vision-based control of zinc flotation—a case study,”
Control Engineering Practice, vol. 14, no. 12, pp. 1455–1466, 2006.

[4] V. Hasu, Image Analysis inMineral Flotation, Control Engineer-
ing Laboratory, Helsinki University of Technology, Helsinki,
Finland, 2002.

[5] J. J. Liu and J. F. MacGregor, “Froth-basedmodeling and control
of flotation processes,” Minerals Engineering, vol. 21, no. 9, pp.
642–651, 2008.

[6] G. Bartolacci, P. Pelletier Jr., J. Tessier Jr., C. Duchesne, P.
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An artificial neural network (ANN) and affinity propagation (AP) algorithm based user categorization technique is presented. The
proposed algorithm is designed for closed access femtocell network. ANN is used for user classification process and AP algorithm
is used to optimize the ANN training process. AP selects the best possible training samples for faster ANN training cycle.The users
are distinguished by using the difference of received signal strength in a multielement femtocell device. A previously developed
directive microstrip antenna is used to configure the femtocell device. Simulation results show that, for a particular house pattern,
the categorization technique without AP algorithm takes 5 indoor users and 10 outdoor users to attain an error-free operation.
While integrating AP algorithm with ANN, the system takes 60% less training samples reducing the training time up to 50%. This
procedure makes the femtocell more effective for closed access operation.

1. Introduction

The number of cellular users has increased significantly over
the last few decades. To some extent, the cellular operators
were able to provide the increasing demand of voice and
data services. However, due to massive growth of multimedia
applications, the demand has reached beyond the limit
where the existing macrocell cannot support such high node
density. The increasing number of indoor data traffic (more
than 70%) has made it quite difficult for the operators to
provide quality coverage using the existing macrocell [1].
An alternative to this is that femtocell opens up a cost-
effective solution by offloading excess voice and data traffic.
It provides high quality indoor coverage which connects to

the core network throughwired backhaul [2].Without proper
planning, vast deployment of femtocell causes interference
problem in dense heterogeneous network. Overlapping of
coverage zones of both macrocell and femtocell is mostly
subjected to unwanted handover, cell overshooting, and high
mobility events. On the contrary, the users buy the femtocell
to enjoy the service of high quality indoor coverage [3–5].
Access control algorithm is introduced to macrofemtocell
network to minimize the interference caused by excess
mobility event. Among the three access control mechanisms,
closed access allows only particular users (mainly indoor
users) to get access to the network [6–9]. In such technique,
the outdoor users cannot get access to the femtocell and the
mobility event reduces. However, under supreme coverage
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of femtocell, the outdoor user attempts to change base
station that creates signaling congestions in the network.
Therefore, multielement antenna configuration for femtocell
application has been proposed in various articles. It utilizes
beam-forming technique to control the coverage of femtocell
[10–13]. The antennas are usually mounted on the vertical
surface of the device with an individual scanning angle and
separation distance. It creates null coverage in the interfer-
ence regions and optimizes the coverage to avoid supreme
outdoor coverage. Thus far, all the efforts aimed to reduce
the interference by making null coverage in the affected
region.

Smart antenna concept is an add-on to wireless network
in recent years. Direction of arrival (DOA) estimation and
beam steering are considered the fundamental function of
the smart antenna [14–16]. In addition, new features, like user
localization based on distinctive characters of users’ signals,
are also under consideration. Array antennas give flexibility
to identify the users in an adaptive spatially sensitive manner.
It represents leading-edge smart antenna approach by using
diverse signal-processing algorithm adjusted to real time.
In this paper, a novel technique for user classification is
proposed formultielement femtocell device by using artificial
neural network (ANN). Clustering algorithmof affinity prop-
agation (AP) is also introduced to make the process faster
and effective. In multielement femtocell, each of the antennas
has different receiving gain in different angle that gives a set
of received power pattern for every user. Based on this, the
femtocell is trained to identify the indoor and outdoor users.
To model the nonlinear relationship between the indoor and
outdoor user, ANN is trained using randomly generated user
samples. The trained ANN allows the femtocell to select
the indoor and outdoor users from the antenna end. In
addition, the training process is upgraded usingAP clustering
algorithm. This paper focuses on unwanted user admission
control in femtocell to decrease the unwanted handover and
signaling congestion. As femtocell distinguishes between the
users after a certain time, it does not accept users outside
the house, which results in a less number of handover
requests. The performance of the proposed technique is
shown as percentage of error rate in identifying the correct
users. The remainder of the paper is described as follows;
user categorization technique is explained in Section 2 and
detailed structure of the ANN and AP clustering algorithm
is described in Sections 2.1 and 2.2, respectively. Results
and Discussions are in Section 3 and Conclusion is in
Section 4.

2. User Categorization in Closed
Access Femtocell

Closed access mechanism in femtocell network avoids
unwanted handover and mobility events in dense macro-
femtonetwork. The users are predefined and femtocell only
allows access to particular group of users. In case of superior
coverage, which is beyond the threshold limit of the received
signal level, outdoor users want to switch serving cell. As
a result, the femtocell gets continuous handover request

on SDCCH (stand-alone dedicated control channel) from
the outdoor user. This induces signalling congestion that
encompasses the core network for each request. Most of the
time, this event occurs due to overshooting of the femtocell in
unwanted direction. Use of multielement antenna instead of
omnidirectional antenna optimizes the coverage of femtocell
and minimizes the overshooting effect. However, in initial
stage, femtocell does not have any prior knowledge of
house’s dimension and its own position. In such condition,
multielement antenna also creates the overshooting problem.
In multielement femtocell device, the antennas are faced
in different direction, which allows forming of directional
beam for particular user to avoid interference. Since all
the proposed multiantenna concepts used planner antennas
like PIFA (planner inverted-F antenna) and patch antenna,
previously designed microstrip antenna has been used in
this paper to simulate the femtocell device. The antenna was
designed for LTE band 7 [17]. It has a directional gain pattern
that gives different receiving gain for different position of
the user. A 6-element antenna structure is considered for the
femtocell device with a scanning angle of 60∘ degree each.
For a particular user in the uplink, the femtocell will have 6
different received power patterns. The relation between the
received power and antenna gain, which was shown in Friis
transmission equation, is given below [18]:
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antenna gain at the receiver and transmitter direction, respec-
tively.

The transmitting antenna of the user’s equipment is
assumed to be omnidirectional. Even if the antennas are
directional, the received signal strength on the antenna
patch will change scantly as the mutual distance among the
antennas is very small compared to the distance from the
femtocell to the user equipment. In (2), the receiving gain and
free space path-loss for every user are different. Comparing
with the distance between the users and femtocell, the size of
the femtocell is quite small. As a result, the free space path-
loss is almost the same for each antenna element. Figure 1
visualizes the scenario of the above discussion.

Femtocell antennas respond to an incoming wave from
a given direction according to the pattern value in that
direction. Each of 6 antenna elements holds different gain
pattern in each direction.Therefore, the received power varies
due to the prospective antenna gain.The variation of received
power is used to differentiate between the outdoor and indoor
users. Femtocell performsmapping from incident wave to the
received power pattern. The neural network is trained to do
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Figure 1: User pattern in closed access femtocell network.

the inverse mapping. It uses the vectors comprised of energy,
E, from all antennas over multiple instances of n:
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where T is the sampling period and 𝑛 = 0, 1, 2, 3. . ..
In the training stage, the ANN learns the behaviour of

indoor and outdoor users using the value of 𝐸. The network
categorizes the user based on the previous learning. For the
task, a simulated environment is developed in MATLAB.
Indoor and outdoor users are randomly generated using
uniformly distributed pseudorandomnumber. A 2D layout of
a house is also designed considering the indoor and outdoor
walls. Moreover, AP clustering algorithm is used to filter
out the best possible samples from randomly generated data
points. It allows the ANN to learn faster with the same level
of accuracy but a less number of iterations. After the training,
another set of random samples are generated to evaluate the
performance of the network. Standard path-loss model and
additive white Gaussian noise are considered in free space
path-loss calculation:

Pathloss
𝑓
(db) = 38.46 + 20 log

10
𝐷 + 0.7𝑑

2𝐷,indoor

+ 18.3𝑛
((𝑛−2)/(𝑛+1) −0.46)

+ 𝑤𝐿
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where 𝐷, 𝑤, 𝑛, 0.7𝑑
2𝐷,indoor, and Pathloss

𝑓
are distance,

number of walls, number of floors, penetration loss inside the
house, and path-loss of the users, respectively [19].

Generating random indoor and 
outdoor users position

Clustering the generated 
samples using AP algorithm

Neural network training
Input: clustered samples of the 
received power of the antenna 

pattern

Training process

Trained system

Output: categorizes the indoor and 
outdoor users

Calculating free space path-loss and
received powers in multi-element

Figure 2: Proposed femtocell user selection technique using ANN
and AP algorithm.

Using AP algorithm and ANN, femtocell determines the
users’ category to allow access. For random values of 𝐸, the
neural network determines the users’ category by giving an
output of “+1” or “−1.” The details of process is projected in a
flow chart in Figure 2.

2.1. Artificial Neural Network for User Categorization. Arti-
ficial neural network (ANN) is a machine-learning process
that is modelled after the brain architecture. Like the brain’s
smallest cell neuron, it contains hundreds of processing units
wired together as a complex network. It is trained using the
sample data to predict the behaviour of the future data [20].
User categorizing is a supervised learning process. A model
is prepared through a training process where it is required
to make predictions and is corrected when those predictions
are wrong. The training process continues until the model
achieves a desired level of accuracy on the training data. In
general, algorithms are presented in groups by similarities
in terms of their operation process and function. There
are algorithms that could easily fit into multiple categories
like learning vector quantization. It is both an instance-
based method and a neural network inspired method. There
are categories that have the same name that describes the
problem and the class of algorithm such as regression and
clustering. The popular machine leaning algorithms are
regression, instance-based methods, regularization methods,
decision tree learning, Bayesian, kernel methods, clustering
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Figure 3: Structure of MLPFFBP in the proposed technique.

methods, association rule learning, deep learning, dimen-
sionality reduction, ensemble methods, and artificial neural
network [21]. However, in machine learning algorithms
themselves, there is no perfect model, just a good enough
model depending on how the application layout is designed.
ANN has many attractive theoretic properties, specifically,
the ability to detect nonpredefined relations such as nonlinear
effects and/or interactions. These theoretic advantages come
at the cost of reduced interpretability of the model output.
Many authors have analysed the same data set, based on these
factors, with both standard statisticalmethods andANN [22–
24].

In the proposed technique, multilayer perceptron feed
forward backpropagation (MLPFFBP) neural network is used
to categorize the users.MLPFFBPuses error backpropagation
to adjust the weights of the neurons. There are two passes in
the layers of the network: forward pass and backward pass.
The network consists of three layers: input layer, output layer,
and the hidden layer. The input layer is fed with initial data.
The output layer gives the desired solution. In between there
exists a series of hidden layers.The primary layer is connected
with the input layer and the last layer is connected to the
output layer. Each subsequent layer is connected with the
previous layer. Based on the network design, each hidden
layer consists of multiple numbers of neurons. The neurons
use differentiable transfer function to generate the output.
During the training period, the input and output values of
the network are specified and based on these values and the
hidden layer builds up a set of weights for the neurons [25].

The differentiable transfer function (tansig) used here
is a sigmoid function. In multilayer sigmoid function, if
the input vector is very large, the weight becomes so small
to prevent the transfer function being saturated. Thus, the
gradient will be very small and the neural network will

be very slow. On the contrary, higher number of training
samples with higher number of neurons makes the network
more accurate but such a process makes the network bulky
and time-consuming. For this, preprocessing steps are added
in-between the input layers and the hidden layers. The
performance of the neural network is made more effective by
using a preprocessing step in training sample selection. In this
case, AP clustering algorithm is used to select the best-suited
samples for the network training.

In Figure 3, 𝑏
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are the biases and the weights of the
network nodes, respectively. Biases are also considered
the primary weights that are initially put as 1. Moreover,
“signum” function is used to compute the actual response of
the perceptron. The final output from the last neuron passes
through the “signum” function that gives the binary output.

The transfer function is

𝜑 (V) =
1

1 + exp (−V)
. (5)

The signum function is

sgn (𝑥) = {

+1, if 𝑥 ≥ 0

−1, if 𝑥 < 0.

(6)

The weights are calculated as

𝑤 (𝑛 + 1) = 𝑤 (𝑛) + 𝛼 ∗ 𝑤 (𝑛 − 1) + 𝜂 ∗ 𝛿 (𝑛) ∗ 𝑦,

𝛿 (𝑛) = 𝜑


(V) ∗ (𝑑 − 𝑦) ,

(7)

where 𝛼, 𝜂, 𝑑, 𝑦, and 𝛿 are the mobility factor, the training
parameter, the desired output, the real output, and the local
gradient for the nodes of the network, respectively [26, 27].
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After the training process of the network, the femtocell takes
the 6-element antennas received power as input and gives the
category of the users in the output.

2.2. Affinity Propagation Algorithm for Selecting the Best Sam-
ples. AP algorithm is a recent clustering algorithm proposed
by Frey and Dueck [28]. It is widely accepted because of
its high quality set of cluster samples. The proposed user
classification in neural network is a supervised technique.The
performance of the network is subjected to the nature and
quantity of the training samples. Higher number of training
samples led to precise values of the neurons’ weight, but
it makes the training process slower. Clustering of data set
based on similarities is a vital step in data analysis problem.
A common practice in both supervised and unsupervised
learning is to cluster the data based on the similarities [29, 30].
Affinity propagation (AP) is the latest clustering algorithm
that reduces the redundancy of the training data set. It
accelerates the computing process of ANN by reducing the
sample numbers.

Traditional clustering algorithms follow random selec-
tion of initial data subset as exemplars and refine it iteratively.
AP takes an input set of pairwise similarities between the
data points and finds the clusters based on maximum total
similarities between the exemplars and the data points [31].
The real messages are exchanged between the data points
until the finest set of exemplars and corresponding clusters
progressively emerges. It has a better clustering performance
than K-means, K-medians, fuzzy c-means, Hill combining
(HC), and self-organizing map (SOM) algorithms [32, 33].
It is computationally efficient and simple to implement and
customize. In AP algorithm, all the sample data points are
considered a possible candidate to be the desired exemplars.
Each step exchanges real-valued messages between them
until a superior set of exemplar shows up. Messages are
updated based on simple formulae that reflect on the sum-
product or max-product. It updates the rules until the
magnitude of the messages reflects on the current affinity
for choosing another data point as its exemplar. Each data
point is considered a note in the network. The process of the
algorithm is described briefly below.

Input is a set of pairwise similarities as

{𝑠 (𝑖, 𝑘)} = −




𝑥
𝑖
− 𝑥
𝑘






2

,

𝑖 ̸= 𝑘 (squared Euclidean distance) ,

where, (𝑖, 𝑘) ∈ {1, . . . , 𝑁}
2

, 𝑠 (𝑖, 𝑘) ∈ R.

(8)

Here 𝑠(𝑖, 𝑘) ∈ R indicates how well suited the data point 𝑘 is
as an exemplar for data point i.

For each data point 𝑘, a real number 𝑠(𝑘, 𝑘) represents the
preference that is to be considered as an exemplar:

𝑠 (𝑘, 𝑘) = 𝜌, ∀𝑘 ∈ {1, . . . , 𝑁} . (9)

Initialization: set availabilities to zero, for all 𝑖, 𝑘 :

𝑎(𝑖, 𝑘) = 0.

Table 1: System parameters.

System parameters Value/range
Frequency 2.53GHz
Number of training indoor users 10
Number of training outdoor users 15
Number of randomly placed users (after training) 20
Femtocell antenna height 1m
User equipment height 1m
Frequency 2.6GHz
UE transmit power (fixed) 13 dBm
Indoor wall loss 5 dB
Outdoor wall loss 10 dB
Shadow fading std. 6 dB
White noise power density −174 dBm/Hz
Number of neurons in hidden layer 10

Repeat responsibility and availability updates until con-
vergence:

∀𝑖, 𝑘 : 𝑟 (𝑖, 𝑘) = 𝑠 (𝑖, 𝑘) −max [𝑠 (𝑖, 𝑘) + 𝑎 (𝑖, 𝑘


)] ,

∀𝑖, 𝑘 : 𝑎 (𝑖, 𝑘)

=

{
{

{
{

{

∑max [0, 𝑟 (𝑖, 𝑘)] , for 𝑘 = 𝑖

min [0, 𝑟 (𝑘, 𝑘)]

+∑
𝑖

:𝑖

∉{𝑖,𝑘}

max [0, 𝑟 (𝑖, 𝑘)] , for 𝑘 ̸= 𝑖.

(10)

Output is assignments 𝑐 = (𝑐
1
, . . . , 𝑐

𝑁
), where 𝑐

𝑖
=

arg max
𝑘
[𝑎(𝑖, 𝑘) + 𝑟(𝑖, 𝑘)]. Here 𝑐

𝑖
indexes the cluster’s exem-

plar at which point 𝑖 is assigned. If point 𝑖 is a cluster with
point 𝑘 as the exemplar, then 𝑐

𝑖
= 𝑘 and 𝑐

𝑘
= 𝑘 [34].

3. Results and Discussions

A layout of functioning area is modelled with a femto-
cell in the middle of the house. Six-microstrip antennas
are operating with 60∘ separation angle on the same axis
inside the femtocell device. A previously designed microstrip
antenna is used here to configure the directive gain pattern
of each antenna element [17]. The house has indoor and
outdoor walls that decrease the strength of the signal based
on their thickness. Initially random indoor and outdoor users
are generated and the received powers are measured. The
dimension of the house is set to 7m × 6m. In Figure 4(a)
the users and the house are plotted in a 20m × 20m window.
The radiation pattern of the microstrip antenna is shown in
Figure 4(b).

To demonstrate the performance of the technique, ANN
is initially trained without using AP clustering. Random
samples are generated by varying the numbers of indoor
and outdoor users. In the performance analysis stage, again,
random samples are generated to categorize users using the
previous experiences. The system parameters that have been
used in the simulation are given in Table 1. In the model, the
outdoor wall loss is considered higher than the indoor wall.
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Figure 4: (a) Layout of the simulation environment. (b) Radiation pattern of the microstrip antenna at 2.53GHz and 2.66GHz.

One of the reasons is that usually the outdoorwalls are thicker
than the indoor wall with more concrete and steel materials
for the foundation or shape. This increases the loss exponent
of the outdoor walls. Another reason is that outdoor walls are
more subjected to rust and moist from the environment that
weakens the incoming signal [35].

3.1. Femtocell Network Performance with ANN. Figure 5(a)
shows the training stage of the femtocell device. The red
dots are the outdoor users and green dots are the indoor
users. In Figure 5(b), random users are generated for the

femtocell to classify the indoor and outdoor users by using
the learning experience. Femtocell only allows connection
to the indoor users to be connected. The green connecting
lines between the femtocell and the indoor users confirm the
proper recognition of the users.

Figures 6(a) and 6(b) show the training state and perfor-
mance validation state for a simulation with 10 indoor and
15 outdoor training samples. The minimum gradient of the
ANN is set to 1 × 10−6. In this particular iteration, ANN
takes 38 epochs to train up and adjust the values of biases
and weights to achieve the minimum gradient value. The
“validation graph” shows a downward curve. It confirms that,
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Figure 5: (a) Training and (b) testing of the femtocell device.

Table 2

Number of samples ANN training performance AP + ANN training performance Performance comparison after AP

Indoor Outdoor Training time
(sec.)

Number
of

epochs∗
AP clustering
time (sec.)

Total training
time (sec.)

Number of
epochs∗

Training time
decreases (%)

Number of
epochs decreases

(%)
5 10 1.5165 21 0.2885 0.7647 13 49.57 38.09
6 11 1.5655 21 0.3633 0.8257 14 47.25 33.33
7 12 1.6221 22 0.3921 0.9071 14 44.07 36.36
8 13 1.6416 23 0.4172 0.934 15 43.10 34.78
9 14 1.6443 24 0.4226 0.9504 16 42.20 33.33
10 15 1.6504 26 0.4244 0.9611 16 41.76 38.46
11 16 1.6541 26 0.439 0.9803 17 40.73 34.61
12 17 1.6669 27 0.4461 0.9848 18 40.92 33.33
13 18 1.6709 27 0.4556 0.9951 19 40.44 29.62
14 19 1.6801 28 0.4671 0.9951 19 40.77 32.14
15 20 1.6819 28 0.4702 0.9964 19 40.75 32.14
16 21 1.688 29 0.4704 0.9982 19 40.86 34.48
17 22 1.7322 30 0.4997 1.0017 21 42.17 30
18 23 1.7767 31 0.5073 1.0397 22 41.48 29.03
19 24 1.7966 32 0.5234 1.0695 22 40.47 31.25
20 25 1.7996 34 0.5484 1.0511 22 41.59 35.29
∗The fraction values of the epochs are expressed by the nearest integer values.

after every epoch, the latest values of the weights and biases
validate the previous training samples.

Figure 6(c) shows the performance of the femtocell in
percentage of error for different number of outdoor and
indoor training user samples. In every iteration, the network
is tested using 20 random users to verify the performance.
In both types of users, the error rate is quite high at the
beginning. Due to lack of knowledge of the users’ behaviour,
the system cannot categorize the nature of the randomly
created users. For the same number of indoor users, outdoor
users’ percentage of error rate is higher. This is because
of the unpredictable nature of wireless signal propagation

from the outdoor users end. The outdoor walls, their shapes,
and constructing materials also add more variations in the
outdoor users signal strength due to absorption losses and
diffraction loss. As a result, the ANN requires higher number
of outdoor users training samples for categorizing the users.
However, after 5 indoor and 10 outdoor user samples, the
network reaches the perfectionwith error-free user detection.
It shows that the performance of the indoor sample is
better than the outdoor sample. In the indoor situation, the
variation of the signal strength is limited to a certain bound.
The effects of indoor free-space loss, refraction, diffraction,
reflection, aperture-medium coupling loss, and absorption
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Figure 6: (a) Training state and (b) performance of best validation. (c) Performance of femtocell for different number of samples.

are comparatively smaller which allows the system to verify
any random users signal strength within a certain variation
of received power strength. Nevertheless, the number of the
sample users always depends on the geographical shape of the
houses.The system requires higher number of indoor samples
when the variation bounds overlap with the outdoor users
variation bound. Such a case is studied below.

The proposed method is now tested in a more complex
scenario. A “U” shaped house layout is designed to test the
performance of the system. In this layout, indoor wall is
ignored. Figures 7(a) and 7(b) show the training and testing
process of the femtocell network. The challenging shape of

the house makes the user pattern more improvised than
the previous one. In this case, the system requires higher
number of indoor and outdoor training user samples to reach
an error-free performance. Figure 7(c) shows the required
number of indoor and outdoor users against the percentage
of error occurrences in detecting the users’ category. Here
the required number of users for both categories is above 25
users. The rest of the performance analysis of the process is
done using the previous layout of the house.

3.2. Femtocell Network Performance with ANN and AP
Clustering Algorithm. AP algorithm clusters the users into
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Figure 7: (a) Training and (b) testing process of the femtocell with “U” shaped house. (c) Performance of femtocell for different number of
samples.
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users.

subgroups based on their power pattern and selects a
representative from each subgroup. Unlike other clustering

methods, AP algorithm selects the clusters/subgroups based
on the samples nature. If the nature of the sample varies
immensely, the number of clusters gets higher.The clustering
performance of the AP algorithm is presented in Figure 8 as a
form of achieved fitness (net similarities) with respect to the
iteration number. Both the outdoor and indoor users reach
their best fitness before 8 iterations. However, a safe margin
of 25 is kept to ensure the best fitness for both types of users.

Figure 9(a) shows the general ANN training process.
During the training, the ANN adjusts the values of the
weights and the biases of the network. In Figure 9(b), the
AP algorithm clusters the users based on their similarities:
power pattern. A representative has been chosen among the
data points of a subgroup, which has most of similarities
with the other data points of the subgroup. There might also
exist subgroups with only one data point. Figure shows that,
instead of training ANN with 15 outdoor users and 10 indoor
users, the AP selects 3 outdoor users and 3 indoor users.
Figures 9(c) and 9(d) show the performance of the network
with and without AP algorithm. For a random simulation,
both processes show the same accuracy.
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Figure 9: (a) Training with ANN. (b) Training with ANN+AP. (c) Performance of the network with ANN training. (d) Performance of the
network with ANN+AP training.

Results show that training the ANN in corporation with
AP clustering requires less number of training samples. The
process takes less number of epochs to reach the gradient’s
threshold value. For the above simulation, the ANN took 25
epochs while it took 12 epochs using AP clustered samples.
The representative of the data points helps the ANN to
explore all the possible variations of the characters of the
users’ power pattern and guide the network to balance the
values of weights and the biases with a faster time interval.
Figures 10(a) and 10(b) show the mean square rate (MSE) of
the training process. Due to higher number of sample data
points, the accuracy of the regular ANN training is more
precise. However, in the training process with clustered data
samples, the mean square error decreases drastically and gets
to the desired value with less number of epochs. In Figures
10(c) and 10(d), the validation check shows a good fitness
since the number of indoor and outdoor users is chosen from
the error-free region achieved in the result in Figure 6(c).

The performance analysis of both processes is shown in
Table 2. Randomly, 20 users have been generated every time
to test the performance of the network. Each resultant data is

an average value of 1000 simulations. The AP+ANN training
process takes around 75%–85% less time than the regular
ANN training process; meanwhile AP clustering process
takes some additional time which makes the total AP+ANN
time around 50%–60% less than ANN regular training time.
After AP algorithm implementation, the number of epochs
also decreases down to 40%.The fraction values of the epochs
in Table 2 are expressed by the nearest integer value.

3.3. AP Clustering Algorithm versus K-Means Clustering Algo-
rithm and Fuzzy c-Means Clustering. To justify the selection
of AP clustering algorithm over the traditional clustering
algorithm, two popular algorithms, K-means and fuzzy c-
means clustering, are compared with AP clustering in the
ANN training process.

K-Means. K-means is one of the simplest unsupervised
learning algorithms that solves the well-known clustering
problems. It partitions the data set into 𝑘 mutually exclusive
clusters and returns the index of the cluster to which it
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Figure 10: (a) Best validation performance of ANN. (b) Best validation performance of ANN+AP. (c) Training state of ANN. (d) Training
state of ANN+AP femtocell network.

has assigned each observation. Unlike AP, K-means creates
a single level of clusters and needs the number of clusters
assigned before the execution. The algorithm breaks the data
set into 𝑘 different clusters. If it is unable to find 𝑘 clusters,
it breaks the data set into 𝑘 − 1 clusters. Initially it takes 𝑘
number of random observation data set, which is considered
the seeds of the algorithm. Then, it assigns all the other
observations to 𝑘 seeds based on their proximity to the seeds.
In general sense, the algorithm takes a set of objects 𝑆 and
an integer 𝑘 and gives a partition of 𝑆 into subsets 𝑆

1
, . . . , 𝑆

𝑘

defined by 𝑘 cluster centroid locations or centres [36].

Fuzzy c-Means. The central idea in fuzzy clustering is
the nonunique partitioning of the data in a collection of
clusters. LikeK-means, fuzzy c-means creates a single level of
clusters and needs the number of clusters assigned before the

execution. Cluster centres are randomly initialized and data
point (𝑥

𝑖
) assigned into clusters (𝐶

𝑗
, 𝑗 = 1 to 𝑘). Distance

metric (Euclidean distance are widely used) calculate how far
away a point is from a cluster centre. When all data points
have been assigned to clusters, new cluster centres (centroids)
are calculated. The process of calculating cluster member-
ships and recalculating cluster centres continues until the
cluster centres no longer change from one cycle to the next
[37, 38].

Figures 11(b), 11(c), and 11(d) illustrate the representative
selection process of AP, K-means, and fuzzy c-means cluster-
ing algorithm in the functioning area. The green dots show
the indoor representative points of the data set while the red
dots represent the outdoor. In both K-means and fuzzy c-
means, the centroid points are not user data sample; it is a
point of each cluster that has a minimum value distance from
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Figure 11: (a) Position of the sample indoor and outdoor users. (b) AP clustering of indoor and outdoor users based on signal strength. (c)
K-means clustering with 9 clusters. (d) Fuzzy c-means clustering with 9 clusters.

each of themembers of the clusters. In the case ofK-means, it
just executes the distance calculation, whereas fuzzy c-means
needs to do a full inverse-distance weighting. To obtain the
error-free performance in the ANN, K-means and fuzzy c-
means require different number of clusters each time. A little
comparison of the performance is shown in Table 3.

K-means minimizes the sum of distances from each data
points to its cluster centroid. The process repeats until the
sum of distances cannot be decreased further. This process
takes more time than AP. On the other hand, K-means
needs to do a distance calculation, whereas fuzzy c-means
needs to do a full inverse-distance weighting. Fuzzy c-means
thus performs slower than both clustering algorithms in
this particular case. However, for higher number of data
samples, the time increment is a little less than the AP
clustering algorithm. Although the overall clustering time of
AP algorithm is always less by a fair distance, the number of
clusters has to be determined maintaining the same accuracy
of the ANNoutput. Except AP algorithm, the challenge in the
other clustering processes mostly lies in selecting the number

of clusters to perform an error-free training. On this note, AP
algorithm is the best candidate in this process as it selects the
number of clusters by itself analysing the samples in every
simulation.

4. Conclusion

This paper proposed a novel technique to classify the users
in closed access femtocell network by using ANN and AP
clustering algorithm. The technique is developed using a
multielement antenna femtocell device. The power pattern
of each user is used to distinguish different level of users.
A machine learning process is adopted by using ANN to
inaugurate the user recognition feature in the femtocell.
After using a certain number of user samples, the femtocell
successfully recognizes the indoor and outdoor users. In the
later part, AP clustering algorithm is included along with
ANN to speed up the training process. Performance analysis
shows that the femtocell takes less time to recognize user
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Table 3

Number of samples ANN + AP performance ANN + 𝐾-means performance ANN + fuzzy 𝑐-means clustering

Indoor Outdoor
Number of samples

for error-free
operation∗

Clustering +
training time

(sec.)

Number of samples
for error-free
operation∗

Clustering +
training time

(sec.)

Number of samples
for error-free
operation∗

Clustering +
training time

(sec.)
5 10 6 0.7647 8 1.2516 8 1.3712
10 15 6 0.9611 9 1.3354 8 1.4157
15 20 7 0.9964 9 1.3847 9 1.4869
20 25 7 1.0511 9 1.4964 9 1.5738
∗The fraction values of the epochs are expressed by the nearest integer values.

without compromising the accuracy. Finally, a comparison
of AP clustering, K-means clustering, and fuzzy c-means
is showed in the user classification process to justify the
selection of AP clustering method.The result shows for same
simulation that both K-means and fuzzy c-means consume
more time and give less efficiency.
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In the original particle swarm optimisation (PSO) algorithm, the particles’ velocities and positions are updated after the whole
swarm performance is evaluated.This algorithm is also known as synchronous PSO (S-PSO).The strength of this update method is
in the exploitation of the information. Asynchronous update PSO (A-PSO) has been proposed as an alternative to S-PSO. A particle
in A-PSO updates its velocity and position as soon as its own performance has been evaluated. Hence, particles are updated using
partial information, leading to stronger exploration. In this paper, we attempt to improve PSO by merging both update methods
to utilise the strengths of both methods. The proposed synchronous-asynchronous PSO (SA-PSO) algorithm divides the particles
into smaller groups. The best member of a group and the swarm’s best are chosen to lead the search. Members within a group
are updated synchronously, while the groups themselves are asynchronously updated. Five well-known unimodal functions, four
multimodal functions, and a real world optimisation problem are used to study the performance of SA-PSO,which is comparedwith
the performances of S-PSO and A-PSO. The results are statistically analysed and show that the proposed SA-PSO has performed
consistently well.

1. Introduction

Particle swarm optimisation (PSO) was introduced by Ken-
nedy and Eberhart in 1995 [1]. It is a swarm-based stochastic
optimisation algorithm that mimics the social behaviour of
organisms such as birds and fishes. These organisms’ success
in looking for food source is achieved through individual
effort as well as corporation with surrounding neighbours.
In PSO, the individuals are represented by a swarm of agents
called particles. The particles move within the search area
to find the optimal solution by updating their velocity and
position.These values are influenced by the experience of the
particles and their social interactions.The PSO algorithm has
been successfully applied in various fields, such as human
tremor analysis for biomedical engineering [2, 3], electric
power and voltage management [4], machine scheduling [5],
robotics [6], and VLSI circuit design [7].

Since its introduction, PSO has undergone numerous
evolutionary processes. Many variations of PSO have been
proposed to improve the effectiveness of the algorithm. Some
of the improvement involves introduction of a new parameter
to the algorithm such as inertia weight [8] and constriction
factor [9], while others focus on solving specific type of
problems such asmultiobjective optimization [10, 11], discrete
optimization problems [12, 13], and dynamic optimization
problems [14].

Here we focus on the effect of the particles’ update seque-
nce on the performance of PSO. In the original PSO, a
particle’s information on its neighbourhood’s best found
solution is updated after the performance of the whole swarm
is evaluated. This version of PSO algorithm is known as syn-
chronous PSO (S-PSO). The synchronous update in S-PSO
provides the perfect information concerning the particles,
thus allowing the swarm to choose a better neighbour and
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exploit the information provided by this neighbour. How-
ever, this strategy could cause the particles to converge too
fast.

Another variation of PSO, known as asynchronous PSO
(A-PSO), has been discussed by Carlisle and Dozier [15]. In
A-PSO, the best solutions are updated as soon as a particle’s
performance has been evaluated.Therefore, a particle’s search
is guided by the partial or imperfect information from
its neighbourhood. This strategy leads to diversity in the
swarm [16], wherein the particles updated at the beginning
of an iteration use more information from the previous
iterationwhile particles at the end of the iteration are updated
based on the information from the current iteration [17].
In several studies [15, 16, 18], A-PSO has been claimed to
perform better than S-PSO. Xue et al. [19] reported that
asynchronous updates contribute to a shorter execution time.
Imperfect information due to asynchronous updates causes
the information of the current best found solution to be
communicated to the particlesmore slowly, thus encouraging
more exploration. However, a study conducted by Juan et al.
[20] reported that S-PSO is better than A-PSO in terms of the
quality of the solution and also the convergence speed. This
is due to the stronger exploitation.

The synchronicity of the particles influences exploration
and exploitation among the particles [17]. Exploration and
exploitation play important roles in determining the quality
of a solution. Exploration in asynchronous update ensures
that the search space is thoroughly searched so that the
area containing the best solution is discovered. However,
exploitation in synchronous update helps to fine tune the
search so that the best solution can be found. Hence, in
this paper, we attempt to improve the PSO algorithm by
merging both synchronous and asynchronous updates in
the search process so that the advantages of both methods
can be utilised. The proposed algorithm, which is named
as the synchronous-asynchronous PSO (SA-PSO), divides
the particles into smaller groups. These groups are updated
asynchronously, while members within the same group
are updated synchronously. After the performance of all
the particles in a group is evaluated, the velocities and
positions of the particles are updated using a combination
of information from the current iteration of their own
group and the groups updated before them, as well as the
information from the previous iteration of the groups that
have not yet been updated. The search for the optimal
solution in SA-PSO is led by the groups’ best members
together with the swarm’s best. This strategy is different
from the original S-PSO and A-PSO, where the search is led
by the particles’ own experience together with the swarm’s
best.

The rest of the paper is organised as follows. The S-PSO
and A-PSO algorithms are discussed in Section 2. The pro-
posed SA-PSO algorithm is described in detail in Section 3.
In Section 4, the performance of the SA-PSO algorithm is
evaluated using ten benchmark functions comprising of five
unimodal functions, four multimodal functions, and a real
world optimisation problem. The results of the tests are
presented and discussed in Section 5. Our conclusions are
presented in Section 6.

2. Particle Swarm Optimisation

2.1. Synchronous PSO. In PSO, the search for the optimal
solution is conducted by a swarm of 𝑃 particles. At time 𝑡,
the 𝑖th particle has a position, 𝑥

𝑖
(𝑡), and a velocity, V

𝑖
(𝑡). The

position represents a solution suggested by the particle while
velocity is the rate of change from the current position to
the next position. At the beginning of the algorithm, these
two values (position and velocity) are randomly initialised.
In subsequent iterations, the search process is conducted
by updating the position and velocity using the following
equations:

V
𝑖
(𝑡) = 𝜔V

𝑖
(𝑡 − 1) + 𝑐

1
𝑟
1
(𝑝Best

𝑖
− 𝑥
𝑖
(𝑡 − 1))

+ 𝑐
2
𝑟
2
(𝑔Best − 𝑥

𝑖
(𝑡 − 1)) ,

(1)

𝑥
𝑖
(𝑡) = V

𝑖
(𝑡) + 𝑥

𝑖
(𝑡 − 1) . (2)

To prevent the particles from venturing too far from the
feasible region, the V

𝑖
(𝑡) value is clamped to ±𝑉max. If the

value of 𝑉max is too large, then the exploration range is too
wide. Conversely, if the value of 𝑉max is too small, then the
particles will favour the local search [21]. In (1), 𝑐

1
and 𝑐
2
are

the learning factors that control the effect of the cognitive
and social influence on a particle. Typically, both 𝑐

1
and 𝑐
2

are set to 2 [22]. Two independent random numbers 𝑟
1
and

𝑟
2
in the range [0.0, 1.0] are incorporated into the velocity

equation. These random terms provide stochastic behaviour
to the particles, thus encouraging them to explore a wider
area. Inertia weight, 𝜔, which is a term added to improve the
PSO’s performance, controls the particles’ momentum.When
a good area is found, the particles can switch to fine tuning by
manipulating𝜔 [8]. To ensure convergence, a time decreasing
inertia weight is more favourable than a fixed inertia weight
[21]. This is because a large inertia weight at the beginning
helps to find a good area through exploration and a small
inertia weight towards the end—when typically a good area
is already found—facilitates fine tuning. The small inertia
weight at the end of the search reduces the global search
activity [23].

An individual success in PSO is affected not only by the
particle’s own effort and experience but also by the infor-
mation shared by its surrounding neighbours. The particle’s
experience is represented in (1) by 𝑝Best

𝑖
, which is the best

position found so far by the 𝑖th particle. The neighbours’
influence is represented by 𝑔Best, which is the best position
found by the swarm up to the current iteration.

The particle’s position, 𝑥
𝑖
(𝑡), is updated using (2), in

which a particle’s next search is launched from its previous
position and the new search is influenced by the past search
[24]. Typically, 𝑥

𝑖
(𝑡) is bounded to prevent the particles from

searching in an infeasible region [25]. The quality of 𝑥
𝑖
(𝑡) is

evaluated by a problem-dependent fitness function. Each of
the particles is evaluated to determine its current fitness. If
a new position with a better fitness than the current fitness
of 𝑔Best or 𝑝Best

𝑖
or both is found, then the new position

value will accordingly be saved as 𝑔Best or 𝑝Best
𝑖
; otherwise

the old best values will be adopted. This update process
continues until the stopping criterion is met, when either the



The Scientific World Journal 3

Initialization

Evaluate fitness of a
particle

Are all
particles

evaluated?

Yes

Yes

No

No

Update pBesti and gBest

Update �i and xi for the
whole swarm

Is stopping
condition

met?

End

Figure 1: S-PSO flowchart.

maximum iteration limit,𝑇, is achieved or the target solution
is attained.Therefore, for a swarmwith𝑃 number of particles,
themaximumnumber of fitness evaluation in a run is (𝑃×𝑇).

The original PSO algorithm is shown in the flowchart
of Figure 1. As shown in the algorithm, the particles’ 𝑝Best

𝑖

and 𝑔Best updates are conducted after the fitness of all the
particles has been evaluated. Therefore, this version of PSO
is known as synchronous PSO (S-PSO). Because the 𝑝Best

𝑖

and 𝑔Best are updated after all the particles are evaluated, S-
PSO ensures that all the particles receive perfect and complete
information about their neighbourhood, leading to a better
choice of 𝑔Best and thus allowing the particles to exploit this
information so that a better solution can be found. However,
this possibly leads the particles in S-PSO to converge faster,
resulting in a premature convergence.

2.2. Asynchronous PSO. In S-PSO, a particle must wait for
the whole swarm to be evaluated before it can move to a
new position and continue its search.Thus, the first evaluated
particle is idle for the longest time, waiting for the whole
swarm to be updated. An alternative to S-PSO is A-PSO,
in which the particles are updated based on the current
state of the swarm. A particle in A-PSO is updated as soon
as its fitness is evaluated. The particle selects 𝑔Best using
a combination of information from the current and the
previous iteration. This is different from S-PSO, in which
all the particles use information from the same iteration.
Consequently, in A-PSO, particles of the same iterationmight
use various values of 𝑔Best, as it is selected based on the
available information during a particle’s update process.

Initialization

Evaluate fitness of a
particle

particle

Are all
particles

evaluated?

Yes

Yes

No

No

Update pBesti and gBest

Update �i and xi for the

Is stopping
condition
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Figure 2: A-PSO flowchart.

The flowchart in Figure 2 shows the A-PSO algorithm.
The flow of A-PSO is different than S-PSO; however the
fitness function is still called for 𝑃 times per iteration, once
for each particle. Therefore, the maximum number of fitness
evaluation is (𝑃×𝑇).This is similar to S-PSO.The velocity and
position are calculated using the same equations as S-PSO.

Other than the variety of information, the lack of syn-
chronicity in A-PSO solves the issue of idle particles faced
in S-PSO [26]. An asynchronous update also enables the
update sequence of the particles to change dynamically or a
particle to be updated more than once [26, 27]. The change
in the update sequence offers different levels of available
information among the particles, and such differences can
prevent the particles from being trapped in local optima [17].

3. The Proposed Synchronous-Asynchronous
PSO (SA-PSO)

In this paper, the PSO algorithm is improved bymerging both
update methods. The proposed algorithm, synchronous-
asynchronous PSO (SA-PSO), divides the particles into
smaller groups. In S-PSO andA-PSO, the particles learn from
their own best experience, 𝑝Best𝑐

𝑖
and 𝑔Best. However, in the

proposed algorithm, instead of using their own experience,
the particles learn from their group’s performance.

The algorithm proposed is presented in the flowchart
shown in Figure 3. The algorithm starts with initialisation
of particles. The particles in SA-PSO are divided into 𝐶

groups, each of which consists of 𝑁 number of particles.
Initially,𝐶 central particles, one for each group, are randomly
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initializedwithin the search space.This is followed by random
placement of𝑁 − 1 number of members for each group. The
distances of members are within the radius of ±Δ from the
central particle of their respective groups. Therefore, Δ is the
maximum distance of a particle from the central particle of
its group. This parameter is only used once throughout the
execution of the algorithm—during the initialisation phase.
Group memberships remain fixed throughout the search
process. The total number of particles, 𝑃, is 𝐶 × 𝑁 for the
SA-PSO algorithm.

The groups are updated one by one; that is, asynchronous
update is used across groups. The particles from the group
that is being updated use three groups of information to
update their velocity. The first group of information is the
current information of the particles’ group members; the
particles use this information to try to match their group’s
best performer. The particles also use recent information
from the groups that were updated earlier and information
from the previous iteration for the groups to be updated later.

When a group is updated, the group members’ velocity
and position updates are performed after the whole group
performance is evaluated. Therefore, the particles in a group
are updated synchronously.

When a group evaluates the performance of its members,
the fitness function is called for 𝑁 times. One by one of the
groups’ members are updated in an iteration. Since there is
𝐶 number of groups, hence the fitness function is called for
𝐶 × 𝑁 times, which is equivalent to 𝑃 times per iteration.
Therefore, although the particles in SA-PSO are divided into

Table 1: Parameters setting for S-PSO, A-PSO, and SA-PSO.

Parameter Value
Number of runs for each experiment 500
Number of iterations 2000
Velocity clamping, 𝑉max 4
Range of inertia weight, 𝜔 0.9–0.4
Learning factors
𝑐
1

2
𝑐
2

2

groups, the maximum number of fitness evaluation per run
is the same as S-PSO and A-PSO which is (𝑃 × 𝑇).

The velocity at time 𝑡 of 𝑖th particle that belongs to 𝑐th
group, V𝑐

𝑖
(𝑡), is updated using the following equation:

V𝑐
𝑖
(𝑡) = 𝜔V𝑐

𝑖
(𝑡 − 1) + 𝑐

1
𝑟
1
(𝑐Best

𝑐
− 𝑥
𝑐

𝑖
(𝑡 − 1))

+ 𝑐
2
𝑟
2
(𝑔Best − 𝑥𝑐

𝑖
(𝑡 − 1)) .

(3)

Equation (3) shows that the information used to update the
velocity are 𝑐Best

𝑐
and 𝑔Best. 𝑐Best

𝑐
is the best member of

𝑐th group, where 𝑐 is [1, 𝐶], and it is chosen among the
particle’s best of 𝑐th group, 𝑝Best𝑐

𝑖
. This value, together with

the swarm’s best, 𝑔Best, leads the particles’ search in the SA-
PSO algorithm. The 𝑔Best is updated after all once a new
𝑐Best
𝑐
outperforms 𝑔Best. Thus, 𝑔Best is the best 𝑐Best

𝑐
. The

communication among the groups in SA-PSO is conducted
through the best performing member of the groups. The
position of the particle, 𝑥𝑐

𝑖
(𝑡), is updated using

𝑥
𝑐

𝑖
(𝑡) = V𝑐

𝑖
(𝑡) + 𝑥

𝑐

𝑖
(𝑡 − 1) . (4)

The algorithm is ended when either the ideal fitness is
achieved or maximum iteration is reached.

The SA-PSO algorithm takes advantage of both A-
PSO and S-PSO algorithms. In A-PSO, the particles are
updated using imperfect information, which contributes to
the diversity and exploration. In S-PSO, the quality of the
solution found is ensured by evaluating the performance of
the whole swarm first. The S-PSO particles are then updated
by exploiting this information. The asynchronous update
characteristic of A-PSO is imitated by SA-PSO by updating
the groups one after another. Hence, members of a group
are updated using the information from mixed iterations.
This strategy encourages exploration due to the imperfect
information. However, the performance of all members of
a group in SA-PSO is evaluated first before the velocity and
position update process starts.This is the synchronous aspect
of SA-PSO. It provides the complete information of the group
and allows the members to exploit the available information.

4. Experiments

The proposed SA-PSO and the existing S-PSO and A-PSO
were implemented using MATLAB. The parameter settings
are summarised in Table 1. Each experiment was subjected to
500 runs. The initial velocity was set to random value subject
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Figure 4: Results of experiments on unimodal functions.

to the velocity clamping range, ±𝑉max. The position of the
particles was randomly initialised within the search space.
A linear decreasing inertia weight ranging from 0.9 to 0.4
was employed to encourage fine tuning towards the end of
the search. The cognitive and social learning factors were set
to 2 which is a typical value for 𝑐

1
and 𝑐
2
. The search was

terminated either due to the number of iterations reaching
2000 or the ideal solution being found. The maximum
number of iteration is set to 2000 to limit the computational
time taken. The final 𝑔Best values were recorded. The setting
for the additional parameters in SA-PSO is given in Table 2.
Exclusively for SA-PSO, the members of the groups were
randomly initialised with their distance to group centres,
Δ. The group centres were randomly initialised within the
boundary of the search space.

A group of benchmark test problems had been iden-
tified for assessing the performance of the proposed SA-
PSO and the original S-PSO and A-PSO algorithms. The
benchmark test problems consist of five unimodal functions,
four multimodal functions, and one real world optimisation

Table 2: Parameters setting for the additional parameters in SA-
PSO.

Parameter Value
Number of groups, 𝐶 5
Group size (particles per
group) 10

Initial distance to group
centre, Δ

50% of the length of the
search space

problem, namely, frequency-modulated (FM) sound wave
synthesis which is taken from CEC2011 competition on
testing evolutionary algorithms on real world optimisation
problems [28]. These functions are given in Table 3. All
functions used are minimisation functions with ideal fitness
value of 𝑓(𝑥) = 0. The dimension of the unimodal and
multimodal problems, 𝑛, was set to 30. The search spaces
for these problems are therefore high dimensional [29, 30].
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Table 3: Test functions.

Function type Function name Equation

Unimodal

Quadric
𝑓
1
(𝑥) =

𝑛

∑

𝑖=1

(

𝑖

∑

𝑗=1

𝑥
𝑗
)

2

where −100 ≤ 𝑥
𝑗
≤ 100

Quartic
𝑓
2
(𝑥) =

𝑛

∑

𝑖=1

𝑖𝑥
4

𝑖

where −1.28 ≤ 𝑥
𝑖
≤ 1.28

Rosenbrock 𝑓
3
(𝑥) =

𝑛−1

∑

𝑖=1

[100(𝑥
2

𝑖
− 𝑥
𝑖+1
)

2

+ (𝑥
𝑖
− 1)
2

]

where −2.048 ≤ 𝑥
𝑖
≤ 2.048

Spherical/De Jong’s
𝑓
4
(𝑥) =

𝑛

∑

𝑖=1

𝑥
2

𝑖

where −5.12 ≤ 𝑥
𝑖
≤ 5.12

Hyperellipsoid
𝑓
5
(𝑥) =

𝑛

∑

𝑖=1

𝑖𝑥
2

𝑖

where −5.12 ≤ 𝑥
𝑖
≤ 5.12

Multimodal

Ackley 𝑓
6
(𝑥) = 20 + 𝑒 − 20 exp[−0.2√ 1

𝑛

𝑛

∑

𝑖=1

𝑥
2

𝑖
] − exp[1

𝑛

𝑛

∑

𝑖=1

cos (2𝜋𝑥
𝑖
)]

where −32.768 ≤ 𝑥
𝑖
≤ 32.768

Griewank
𝑓
7
(𝑥) = 1 +

1

4000

𝑛

∑

𝑖=1

𝑥
2

𝑖
−

𝑛

∏

𝑖=1

cos(
𝑥
𝑖

√𝑖

)

where −600 ≤ 𝑥
𝑖
≤ 600

Rastrigin
𝑓
8
(𝑥) = 10𝑛 +

𝑛

∑

𝑖=1

[𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
)]

where −5.12 ≤ 𝑥
𝑖
≤ 5.12

Salomon 𝑓
9
(𝑥) = 1 − cos(2𝜋√

𝑛

∑

𝑖=1

𝑥
2

𝑖
) + 0.1√

𝑛

∑

𝑖=1

𝑥
2

𝑖

where −600 ≤ 𝑥
𝑖
≤ 600

Real world problem FM sound wave

𝑦 (𝑡) = 𝑥
1
sin (𝑥

2
𝑡𝜃 + 𝑥

3
sin (𝑥

4
𝑡𝜃 + 𝑥

5
sin (𝑥

6
𝑡𝜃)))

𝑦
0
(𝑡) = (1) sin ((5) 𝑡𝜃 + (−1.5) sin ((4.8) 𝑡𝜃 + (2.0) sin ((4.9) 𝑡𝜃)))

𝑓
10
(𝑥) =

100

∑

𝑡=0

(𝑦 (𝑡) − 𝑦
0
(𝑡))
2

where 𝜃 = 2𝜋

100

and −6.4 ≤ 𝑥
𝑖
≤ 6.35

Note that the FM sound wave problem is a six-dimensional
problem.

The solutions found by the algorithms tested are pre-
sented here using boxplot. A boxplot shows the quality and
also the consistency of an algorithm’s performance. The size
of the box shows the magnitude of the variance of the results;
thus a smaller box suggests a consistent performance of the
algorithm. Because the benchmark functions used in this
study areminimisation problems, a lower boxplot is desirable
as it indicates better quality of the solutions found.

The algorithms are compared using a nonparametric test
due to the nature of the solutions found, where they are not
normally distributed. The test chosen is the Friedman test
with significance level 𝛼 = 0.05. This test is suitable for
comparison ofmore than two algorithms [31].The algorithms
are first ranked based on their average performance for
each benchmark function. The average rank is then used
to calculate the Friedman statistic value. According to the
test, if the statistic value is lesser than the critical value,
the algorithms tested are identical to each other; otherwise,

significant differences exist. If a significant difference is
found, the algorithms are then compared using a post hoc
procedure. The chosen post hoc procedure here is the Holm
procedure. It is able to pinpoint the algorithms that are not
identical to each other, a result that cannot be detected by the
Friedman test.

5. Results and Discussion

5.1. SA-PSO versus S-PSO and A-PSO. The boxplots in
Figure 4 show the quality of the results for unimodal test
functions using the three algorithms. The results obtained
by S-PSO and A-PSO algorithms contain multiple outliers.
These out-of-norm observations are caused by the stochastic
behaviour of the algorithms. The proposed SA-PSO exhibits
no outliers for the unimodal test functions. The particles in
SA-PSO are led by two particles with good experience, 𝑔Best
and 𝑐Best

𝑐
, instead of 𝑔Best only like S-PSO and A-PSO.

Learning from 𝑐Best
𝑐
of each group reduces the effect of the

stochastic behaviour in SA-PSO.
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Figure 5: Results of experiments on multimodal functions.
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Table 4: Friedman test on the results of the experiments.

S-PSO A-PSO SA-PSO

Quadric Mean 305.4320 131.4246 0.0537
Friedman rank 3 2 1

Quartic Mean 1.9524 3.0793 0.0000
Friedman rank 2 3 1

Rosenbrock Mean 58.7646 71.5899 37.9161
Friedman rank 2 3 1

Spherical Mean 0.0963 0.1628 0.0000
Friedman rank 2 3 1

Hyperellipsoid Mean 0.4151 2.5037 0.0000
Friedman rank 2 3 1

Ackley Mean 0.0941 0.0898 0.0000
Friedman rank 3 2 1

Griewank Mean 317.8628 371.7447 0.0071
Friedman rank 2 3 1

Rastrigin Mean 38.6035 42.2694 36.1207
Friedman rank 2 3 1

Salomon Mean 0.3227 0.3211 0.3263
Friedman rank 2 1 3

FM sound wave Mean 5.7751 5.4484 5.7402
Friedman rank 3 1 2

Average Friedman rank 2.3 2.4 1.3

Table 5: Holm procedure on the results of the experiments.

Dataset 𝑧 𝑃 Holm
A-PSO versus SA-PSO 2.4597 0.0139 0.0167
S-PSO versus SA-PSO 2.2361 0.0253 0.0250
S-PSO versus A-PSO 0.2236 0.8231 0.0500

Table 6: Experimental setup for size of groups.

Number of particles Size of groups
20 4
25 5
30 6
35 7
40 8
45 9
50 10

The presence of the outliers makes it difficult to observe
the variance of the results through the box plot. Therefore,
the outliers are trimmed in the boxplots of Figures 4(b), 4(d),
4(f), 4(h), and 4(j). The benchmark functions tested here
are minimisation functions; hence, a lower boxplot indicates
better quality of the algorithm. It can be observed from the
figure that SA-PSO continuously gives good performance in
all the unimodal functions tested. The sizes of the boxplots
show that the SA-PSO algorithm provides a more consistent
performance with smaller variance.

Table 7: Experimental setup for number of groups.

Number of particles Number of groups
20 4
25 5
30 6
35 7
40 8
45 9
50 10

The results of the test onmultimodal problems are shown
in the boxplots in Figure 5. S-PSO and A-PSO have outliers
for Ackley and Rastrigin while SA-PSO only has outliers
in the results of Rastrigin. The Rastrigin function has a
nonprotruding minima, which complicates the convergence
[32]. However, SA-PSOhas fewer outliers compared to S-PSO
and A-PSO.This observation once again proves the efficiency
of learning from two good particles, 𝑔Best and 𝑐Best

𝑐
.

Similar to the boxplots for unimodal test functions,
the boxplots, after trimming of the outliers, show that the
variance of the solutions found by SA-PSO is small. The
variance proves the consistency of SA-PSO’s performance.
SA-PSO foundmuch better results for the Griewank function
compared to the other two algorithms.

The three algorithms tested have similar performance for
the FM sound wave parameter estimation problem as shown
in Figure 6. However, from the distribution of the solution in
the boxplot, it could be seen that SA-PSO and A-PSO have
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Table 8: Average results on the experiments involving the size of group.

Size of groups Quadric Quartic Rosenbrock Spherical Hyperellipsoid Ackley Griewank Rastrigin Salomon
4 1.3459 5.183𝐸 − 11 45.3448 4.285𝐸 − 08 4.805𝐸 − 07 0.0184 0.0081 51.6422 0.3847
5 0.7224 1.289𝐸 − 12 41.0048 0.445 2.275𝐸 − 08 0.0089 0.0074 46.2869 0.3663
6 0.3932 1.925𝐸 − 13 41.5781 4.594𝐸 − 10 4.621𝐸 − 09 1.3387𝐸 − 05 0.007 43.886 0.3505
7 0.223 1.09𝐸 − 14 38.6543 7.226𝐸 − 11 7.833𝐸 − 10 6.9718𝐸 − 06 0.0072 41.6152 0.3396
8 0.1357 1.485𝐸 − 15 38.4704 1.637𝐸 − 11 2.455𝐸 − 10 3.5115𝐸 − 06 0.0068 39.9117 0.3315
9 0.0896 2.63𝐸 − 16 39.4469 6.376𝐸 − 12 8.392𝐸 − 11 1.9843𝐸 − 06 0.0073 38.2884 0.3297
10 0.0537 4.735𝐸 − 17 37.9161 4.086𝐸 − 12 2.704𝐸 − 11 1.1777𝐸 − 06 0.0071 36.1207 0.3263

Table 9: Average results on the experiments involving the number of groups.

Number of groups Quadric Quartic Rosenbrock Spherical Hyperellipsoid Ackley Griewank Rastrigin Salomon
4 1.1854 0.262 45.3952 2.864𝐸 − 06 4.349𝐸 − 07 0.0167 0.0073 51.9996 0.3941
5 0.7224 1.289𝐸 − 12 41.0048 0.445 2.275𝐸 − 08 0.0089 0.0074 46.2869 0.3663
6 0.462 1.381𝐸 − 13 39.7459 9.038𝐸 − 10 9.866𝐸 − 09 0.0027 0.0073 43.3588 0.3453
7 0.3886 9.477𝐸 − 14 39.66 1.205𝐸 − 10 1.79𝐸 − 09 9.4418𝐸 − 06 0.0071 40.1133 0.3297
8 0.3013 2.671𝐸 − 14 40.0051 5.109𝐸 − 11 7.606𝐸 − 10 6.1644𝐸 − 06 0.0075 38.2584 0.3193
9 0.25 5.154𝐸 − 15 40.682 0.1889 3.668𝐸 − 10 4.2811𝐸 − 06 0.0067 36.3674 0.3141
10 0.2111 3.448𝐸 − 15 37.3187 1.824𝐸 − 11 2.134𝐸 − 10 3.1415𝐸 − 06 0.0068 35.7875 0.3093
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0
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10

15

20

25

Figure 6: Results of experiments on parameter estimation for FM
sound wave.

slightly better performance than S-PSO as more solutions
found are at the lower part of the box.

In Table 4, the Friedman test is conducted to analyse
whether significant differences exist between the algorithms.
The performances of the algorithms for all test functions are
ranked based on their mean value. The means used here are
calculated inclusive of the outliers because the outliers are
genuine outliers that are neither measurement nor clerical
errors and are therefore valid solutions.Themeans are shown
in the boxplots (before trimming of outliers) using the ∗
symbol. According to the Friedman test, SA-PSO ranked
the best among the three algorithms. The Friedman statistic
value shows that significant differences exist between the
algorithms.Therefore, the Holm procedure is conducted, and
the three algorithms are compared against each other. The
results in Table 5 show that there is significant difference

between SA-PSO and the A-PSO algorithm. The Holm
procedure also shows that the performance of SA-PSO is on
a par with S-PSO.

5.2. Effect of SA-PSO Parameters. The number of particles
can influence the size and the number of groups. To study
the effect of these parameters, the number of particles is
varied from 20 to 50. Only test functions one to nine are used
here as they have similar dimension.There are 7 experiments
conducted each for size of the groups and number of groups
as listed in Tables 6 and 7. In the experiments for the size of
the group, the number of groups is fixed at 5 and the size of
the groups is increased from 4 to 10 members. The effect of
the number of groups is studied using groups of 5 members;
the number of groups is increased from 4, 5, 6, 7, 8, 9, and
10.

The average results for the effect of size of groups and
number of groups are presented in Tables 8 and 9. Generally
the results show that, similar to the original PSO algorithm,
the number of particles affects the performance of SA-PSO.
A higher number of particles, that is, bigger groups or higher
number of groups, contributes to a better performance.
However, the effect is also influenced by the test function.
This can be observed in Figure 7, for quadric and Ackley
functions, the effect is more obvious compared to other
functions.

Friedman test is performed on the experimental results
in Tables 8 and 9. The test is conducted to study the effect of
number of group and group’s size on SA-PSO’s performance.
The average rank is presented in Table 10.

The result of Friedman test shows that significant dif-
ference exists in the SA-PSO performance for different
number of groups. Hence, Holm procedure is conducted
and its statistical values are tabulated in Table 11. The result
of the Holm procedure shows that significant differences
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Figure 7: Continued.
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(g) Hyperellipsoid without outliers
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Figure 7: Effect of number of groups and group size.
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Table 10: Friedman test on the effect of number of groups and group
size.

Number of groups 4 5 6 7 8 9 20
Average Friedman
rank 6.50 6.11 4.61 3.56 3.44 2.67 1.11

Size of groups 4 5 6 7 8 9 20
Average Friedman
rank 6.89 6.00 4.78 3.89 2.67 2.56 1.22

Table 11: Holm procedure on the effect of number of groups.

Dataset 𝑃 𝑧 Holm
4 groups versus 10 groups 0.0000 5.2918 0.0024
5 groups versus 10 groups 0.0000 4.9099 0.0025
4 groups versus 9 groups 0.0002 3.7643 0.0026
6 groups versus 10 groups 0.0006 3.4369 0.0028
5 groups versus 9 groups 0.0007 3.3824 0.0029
4 groups versus 8 groups 0.0027 3.0005 0.0031
4 groups versus 7 groups 0.0038 2.8914 0.0033
5 groups versus 8 groups 0.0088 2.6186 0.0036
5 groups versus 7 groups 0.0121 2.5095 0.0038
7 groups versus 10 groups 0.0164 2.4004 0.0042
8 groups versus 10 groups 0.0219 2.2913 0.0045
6 groups versus 9 groups 0.0562 1.9094 0.0050
4 groups versus 6 groups 0.0636 1.8549 0.0056
9 groups versus 10 groups 0.1266 1.5275 0.0063
5 groups versus 6 groups 0.1408 1.4730 0.0071
6 groups versus 8 groups 0.2519 1.1456 0.0083
6 groups versus 7 groups 0.3000 1.0365 0.0100
7 groups versus 9 groups 0.3827 0.8729 0.0125
8 groups versus 9 groups 0.4450 0.7638 0.0167
4 groups versus 5 groups 0.7025 0.3819 0.0250
7 groups versus 8 groups 0.9131 0.1091 0.0500

exist between SA-PSO implementations if the populations in
each implementation consist of unequal number of groups
and the difference in the number of groups is greater than
three.

The Friedman test performed on the effect of the group
size shows that the SA-PSO implemented with groups of
different sizes are significantly different. This observation
is further studied using Holm procedure as in Table 12.
The outcome of Holm procedure reveals that significant
difference exists between two implementations of SA-PSO
algorithm if the difference in the group size is greater than
three particles.

Δ is a new parameter introduced in SA-PSO. It represents
the maximum distance of a particle to its group head during
the initialisation stage of the algorithm. The value of Δ
determines the distribution of the particles within the search
space. A small Δ will result in close groups, while a large
Δ will result in groups with a bigger radius. The effect of Δ
is tested here, and the test parameters are listed in Table 13.
For each of the test functions, the Δ value is set to 1%, 5%,

Table 12: Holm procedure on the effect of group size.

Dataset 𝑃 𝑧 Holm
4 members versus 10 members 0.0000 5.5646 0.0024
5 members versus 10 members 0.0000 4.6917 0.0025
4 members versus 9 members 0.0000 4.2552 0.0026
4 members versus 8 members 0.0000 4.1461 0.0028
6 members versus 10 members 0.0005 3.4915 0.0029
5 members versus 9 members 0.0007 3.3824 0.0031
5 members versus 8 members 0.0011 3.2733 0.0033
4 members versus 7 members 0.0032 2.9459 0.0036
7 members versus 10 members 0.0088 2.6186 0.0038
6 members versus 9 members 0.0291 2.1822 0.0042
4 members versus 6 members 0.0382 2.0731 0.0045
5 members versus 7 members 0.0382 2.0731 0.0050
6 members versus 8 members 0.0382 2.0731 0.0056
8 members versus 10 members 0.1561 1.4184 0.0063
9 members versus 10 members 0.1904 1.3093 0.0071
7 members versus 9 members 0.1904 1.3093 0.0083
5 members versus 6 members 0.2301 1.2002 0.0100
7 members versus 8 members 0.2301 1.2002 0.0125
4 members versus 5 members 0.3827 0.8729 0.0167
6 members versus 7 members 0.3827 0.8729 0.0250
8 members versus 9 members 0.9131 0.1091 0.0500

Table 13: Test parameters for experiment on the effect of Δ.

Parameter Value
Number of runs for each experiment 500
Number of iterations 2000
Velocity clamping, 𝑉max 4
Range of inertia weight, 𝜔 0.9–0.4
Learning factors
𝑐
1

2
𝑐
2

2
Number of groups 5
Group’s size 6

10%, 50%, and 100% of the length of the search space. The
average performance for different values of Δ is listed in
Table 14.

The Friedman statistic shows that using differentΔ values
makes no significant difference to SA-PSO, thus showing that
the performance of SA-PSO is not greatly affected by the
choice of Δ. This result is confirmed by boxplots in Figure 8
where the sizes of the box in most of the test functions are
similar to each other.

6. Conclusion

A synchronous-asynchronous PSO algorithm (SA-PSO) is
proposed in this paper. The particles in this algorithm are
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Table 14: Friedman test on the effect of Δ.

1% 5% 10% 50% 100%

𝑓
1

Mean 0.3812 0.3944 0.3839 0.3932 0.3738
Friedman rank 2 5 3 4 1

𝑓
2

Mean 0.0732 ∗ 𝑒 − 12 0.1061 ∗ 𝑒 − 12 0.0612 ∗ 𝑒 − 12 0.1925 ∗ 𝑒 − 12 0.1401 ∗ 𝑒 − 12

Friedman rank 2 3 1 5 4

𝑓
3

Mean 38.4925 40.8531 39.8487 41.5781 40.5706
Friedman rank 1 4 2 5 3

𝑓
4

Mean 0.3428 ∗ 𝑒 − 09 0.2885 ∗ 𝑒 − 09 0.9245 ∗ 𝑒 − 09 0.2542 ∗ 𝑒 − 09 0.2786 ∗ 𝑒 − 09

Friedman rank 4 3 5 1 2

𝑓
5

Mean 0.2956 ∗ 𝑒 − 08 0.2979 ∗ 𝑒 − 08 0.3365 ∗ 𝑒 − 08 0.4385 ∗ 𝑒 − 08 0.4271 ∗ 𝑒 − 08

Friedman rank 1 2 3 5 4

𝑓
6

Mean 0.1400 ∗ 𝑒 − 04 0.1180 ∗ 𝑒 − 04 0.1210 ∗ 𝑒 − 04 0.1339 ∗ 𝑒 − 04 0.1753 ∗ 𝑒 − 04

Friedman rank 4 1 2 3 5

𝑓
7

Mean 0.0072 0.0069 0.0073 0.0070 0.0073
Friedman rank 3 1 4.5 2 4.5

𝑓
8

Mean 44.8242 44.4277 44.0441 43.8860 44.2639
Friedman rank 5 4 2 1 3

𝑓
9

Mean 0.3479 0.3515 0.3457 0.3505 0.3521
Friedman rank 2 4 1 3 5

Average Friedman rank 2.67 3 2.61 3.22 3.5

updated in groups; the groups are updated asynchronously—
one by one—while particles within a group are updated
synchronously. A group’s search is led by the group’s best
performer, 𝑐Best

𝑐
, and the best member of the swarm, 𝑔Best.

The algorithm benefits from good exploitation and fine
tuning provided by synchronous update while also taking
advantage of the exploration by the asynchronous update.
Learning from 𝑐Best

𝑐
also contributes to the good perfor-

mance of the SA-PSO algorithm. Overall, the performance
of the algorithm proposed is better and more consistent than
the original S-PSO and A-PSO.
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Human gait decision was carried out with the help of similarity measure design. Gait signal was selected through hardware
implementation including all in one sensor, control unit, and notebook with connector. Each gait signal was considered as high
dimensional data.Therefore, high dimensional data analysis was considered via heuristic technique such as the similarity measure.
Each human pattern such as walking, sitting, standing, and stepping up was obtained through experiment. By the results of the
analysis, we also identified the overlapped and nonoverlapped data relation, and similaritymeasure analysis was also illustrated, and
comparison with conventional similarity measure was also carried out. Hence, nonoverlapped data similarity analysis provided the
clue to solve the similarity of high dimensional data. Considered high dimensional data analysis was designed with consideration
of neighborhood information. Proposed similarity measure was applied to identify the behavior patterns of different persons, and
different behaviours of the same person. Obtained analysis can be extended to organize health monitoring system for specially
elderly persons.

1. Introduction

Analysis on the human gait signal has been studied steadily
by numerous researchers [1–3].The research on the gait signal
applies to the field of healthcare development, security sys-
tem, and another related area. Researchmethodology is based
on how to classify the signal and develop pattern recognition
algorithm for the comparable data sets.This algorithmapplies
the processing of the different signals of the same person
and same action signals from multiple persons. Developing
methodology for gait discrimination is challenge. However
human gait signal has high dimensional characteristics, hence
analyzing and designing explicit classifying formula is needed
[3].

Generally, human gait signals consist of walking, sitting,
standing, stepping up and down, and other usual behavior.
Such a usual behavior would be done in house life, then it
is quite easy for us to identify when we watch them in real
situation. In order to develop a more massive monitoring
system and healthcare system to analyze and identify behav-
ior signal of each person, decision and classifying system for

the gait signal is required.More specifically, decision whether
he/she is doing in normal activities or not can be applied to
the design of health care system.Therefore, obtained research
output can be applied to the identification, healthcare, and
other related fields. Additionally, more detail checking result
even for the healthy people such as athletes can provide
useful information whether he/she has suffered from other
problems compared to the previous behavior.

To discriminate between different patterns, rational
measure obtained from a statistical approach or heuristic
approach is needed. By the point of statistical method, signal
autocorrelation and cross correlation knowledge are useful
because such formula provide us how much the signals
are related with each other by the numeric value. Also, it
is rather convenient to calculate due to the conventional
software such as Matlab toolbox. However, it is not easy
for high dimensional data to construct high dimensional
correlation/covariance matrices. For heuristic approach, it
needs preliminary processing for the signal, such as data
redefinition and measure design based on the human think-
ing. Even the realization of measure based on heuristic
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idea is considered, ordinary measure for discrimination has
to be considered such as distance. Fortunately, similarity
measure design for the vague data has become a more
interesting research topic; hence, numerous researchers have
been focused on the similarity measure, entropy design
problem for fuzzy set, and intuitionistic fuzzy set [4–8].

Similarity measure [9–12] provides useful knowledge to
the clustering, and pattern recognition for data sets [13].
However, most of the conventional results were not included
in high dimensional data. Human gait signal represents
high dimensional data characteristics. So similarity measure
design problem for high dimensional data are also needed
to deal with the human gait signal. Similarity measure
research has rather long history; square error clustering
algorithm has been used from the late 1960s [14]. And it
was modified to create the cluster program [15]. Naturally,
similarity measure topic has been moved to many areas
such as statistics [16], machine learning [17, 18], pattern
recognition [19], and image processing. Extended research
on high-dimensional data can be applied to the security
business including fingerprint and iris identification, image
processing enhancement, and even big data application
recently.

Then, distance between vectors can be organized by
norms such as 1-norm, Euclidean-norm, and so forth. Sim-
ilarity measure is also designed explicitly with the dis-
tance norm. Similarity measure design problem for high-
dimension needs more considerate approach. Convention-
ally, the similarity measure has been designed based on
the distance measure between two considered data, that
is, distance measure was considered information distance
between two membership functions. In the similarity mea-
sure design with distance measure, measure structure should
be related to the same support of the universe of discourse
[14, 15]. Additionally, similarity measure consideration on
overlapped or nonoverlapped data is needed because many
cases of high dimensional data are represented nonover-
lapped data structure. With conventional similarity measure,
nonoverlapped data analysis is not possible. Hence, similarity
measure design for nonoverlapped data should be followed.
In order to design similarity measure on nonoverlapped
data, neighbor data information was considered. Data has
to be affected from the adjacent information, so similarity
measure on nonoverlapped data was designed. Inside of
literature, artificial data was given to compare with con-
ventional similarity measure; calculation result was also
illustrated.

In the following section, preliminary results on the simi-
larity measure on overlapped and nonoverlapped data were
introduced. Proposed similarity measure was proved and
applied to overlapped and nonoverlapped artificial data. In
Section 3, gait signal acquisition system was considered with
sensor and data acquisition Gait signal which was also illus-
trated with different behaviors. High dimensional similarity
measure was proposed and proved in Section 4. Similarity
measure design for high dimensional data was also discussed
by way of norm structure. Similarity calculation results for
different behavior and individuals were also shown. Finally,
conclusions are followed in Section 5.

2. Similarity Measure Based Distance Property

In order to design similarity measure explicitly, usual mea-
sure such as Hamming distance was commonly used as
distance measure between sets 𝐴 and 𝐵 as follows:

𝑑 (𝐴, 𝐵) =
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was the absolute value of 𝑘. The membership function of
𝐴 ∈ 𝐹(𝑋) is represented by 𝐴 = {(𝑥, 𝜇

𝐴
(𝑥)) | 𝑥 ∈ 𝑋, 0 ≤

𝜇
𝐴
(𝑥) ≤ 1}, 𝑋 is total set, and 𝐹(𝑋) is the class of all fuzzy

sets of 𝑋. Similarity measure definition was defined with the
help of distance measure [14]. There are numerous similarity
measures satisfying the following definition.

Definition 1 (see [14]). A real function 𝑠: 𝐹2 → 𝑅
+ is called a

similarity measure if 𝑠 has the following properties:

(S1) 𝑠(𝐴, 𝐵) = 𝑠(𝐵, 𝐴), 𝐴, 𝐵 ∈ 𝐹(𝑋);
(S2) 𝑠(𝐷,𝐷𝐶) = 0, 𝐷 ∈ 𝑃(𝑋);
(S3) 𝑠(𝐶, 𝐶) = max

𝐴,𝐵∈𝐹
𝑠(𝐴, 𝐵), 𝐶 ∈ 𝐹(𝑋);

(S4) 𝐴, 𝐵, 𝐶 ∈ 𝐹(𝑋), if 𝐴 ⊂ 𝐵 ⊂ 𝐶, then 𝑠(𝐴, 𝐵) ≥ 𝑠(𝐴, 𝐶)
and 𝑠(𝐵, 𝐶) ≥ 𝑠(𝐴, 𝐶);

where 𝑅+ = [0,∞), 𝑃(𝑋) is the class of ordinary sets of
𝑋 and 𝐷𝐶 is the complement set of 𝐷. By this definition,
numerous similarity measures could be derived. In the
following theorem, similarity measures based on distance
measure is illustrated.

Theorem 2. For any set 𝐴, 𝐵 ∈ 𝐹(𝑋), if 𝑑 satisfies Hamming
distance measure, then

𝑠 (𝐴, 𝐵) = 𝑑 ((𝐴 ∩ 𝐵) , [0]
𝑋
) + 𝑑 ((𝐴 ∪ 𝐵) , [1]

𝑋
) (2)

is the similarity measure between sets 𝐴 and 𝐵.

Proof. Commutativity of (S1) is clear from (9) itself; that is,
𝑠(𝐴, 𝐵) = 𝑠(𝐵, 𝐴).

For (S2),
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is obtained because of (𝐷 ∩ 𝐷𝐶) = [0]
𝑋
and (𝐷 ∪ 𝐷𝐶) =

[1]
𝑋
, where [0]

𝑋
and [1]

𝑋
denote zero and one over thewhole

universe of discourse of𝑋. Hence, (S2) was satisfied.
(S3) is also easy to prove as follows:

𝑠 (𝐶, 𝐶) = 𝑑 ((𝐶 ∩ 𝐶) , [0]
𝑋
) + 𝑑 ((𝐶 ∪ 𝐶) , [1]

𝑋
)

= 𝑑 (𝐶, [0]
𝑋
) + 𝑑 (𝐶, [1]

𝑋
) = 1.

(4)

It is natural that 𝑠(𝐶, 𝐶) satisfied maximal value. Finally,

𝑑 ((𝐴 ∩ 𝐵) , [0]
𝑋
) = 𝑑 ((𝐴 ∩ 𝐶) , [0]

𝑋
) ,

𝑑 ((𝐴 ∪ 𝐶) , [1]
𝑋
) < 𝑑 ((𝐴 ∪ 𝐵) , [1]

𝑋
)

(5)
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Figure 1: Overlapped data distribution.

guarantees 𝑠(𝐴, 𝐶) < 𝑠(𝐴, 𝐵), and

𝑑 ((𝐵 ∩ 𝐶) , [0]
𝑋
) = 𝑑 ((𝐴 ∩ 𝐶) , [0]

𝑋
) ,

𝑑 ((𝐴 ∪ 𝐶) , [1]
𝑋
) < 𝑑 ((𝐵 ∪ 𝐶) , [1]

𝑋
)

(6)

also guarantees 𝑠(𝐴, 𝐶) < 𝑠(𝐴, 𝐵); therefore, triangular
equality is obvious by the definition, and hence (S4) is also
satisfied.

Besides Theorem 2, numerous similarity measures
are possible. Another similarity measure is illustrated in
Theorem 3, and its proof is also found in the previous result
[15, 16].

Theorem 3. For any set 𝐴, 𝐵 ∈ 𝐹(𝑋), if 𝑑 satisfies Hamming
distance measure, then

𝑠 (𝐴, 𝐵) = 1 − 𝑑 ((𝐴 ∩ 𝐵) , (𝐴 ∪ 𝐵)) , (7)

𝑠 (𝐴, 𝐵) = 1 − 𝑑 (𝐴, 𝐴 ∩ 𝐵) − 𝑑 (𝐵, 𝐴 ∩ 𝐵) , (8)

𝑠 (𝐴, 𝐵) = 2 − 𝑑 ((𝐴 ∩ 𝐵) , [1]
𝑋
) − 𝑑 ((𝐴 ∪ 𝐵) , [0]

𝑋
) (9)

are the similarity measure between sets 𝐴 and 𝐵.

Proof. Proofs are easy to be derived, and it was found in
previous results [15, 16].

Besides similarity measures of (7) to (9), other similarity
measures are also illustrated in previous results [15–17]. With
similarity measure in Theorems 2 and 3, it is only possi-
ble to compute the similarity measure for overlapped data
(Figure 1). Following data distributions of diamonds (⧫) and
circles (e) illustrates nonoverlapped data; it is appropriate
to design similarity measure for data in Figure 2. Consider
the nonoverlapped data distribution of diamonds (⧫) and
circles (e), the similaritymeasure of (7) to (9) cannot provide
the appropriate solution for the nonoverlapped distribution.
Two data pairs that constitute different distributions are
considered in Figure 2. Twelve data with six diamonds (⧫)
and six circles (e) are illustrated with different combination
in Figures 2(a) and 2(b). Similarity degree between circles and
diamonds must be different between Figures 2(a) and 2(b)
because of different distribution. For example, (7) represents

𝑠 (𝐴, 𝐵) = 1 − 𝑑 ((𝐴 ∩ 𝐵) , (𝐴 ∪ 𝐵)) . (10)

From (7), 𝑑((𝐴 ∩ 𝐵), (𝐴 ∪ 𝐵)) provides distance between
(𝐴 ∩ 𝐵) and (𝐴 ∪ 𝐵). By the following definitions:

𝐴 ∩ 𝐵 = min (𝐴, 𝐵) , 𝐴 ∪ 𝐵 = max (𝐴, 𝐵) . (11)

Nonoverlapped data satisfies𝐴∩𝐵 = min(𝐴, 𝐵) = 0, and𝐴 ∪
𝐵 is defined as𝐴 or𝐵. Hence, 𝑠(𝐴, 𝐵) = 1−(1/𝑁)∑max(𝐴, 𝐵)
shows similaritymeasure, where𝑁 is the total number of data
sets 𝐴 and 𝐵. From this property,

𝑠 (𝐴, 𝐵) = 1 −

1

𝑁

∑max (𝐴, 𝐵)

= 1 −

1

12

∑ (0.5 + 0.8 + 0.6 + 0.4 + 0.5 + 0.6 + 0.7

+0.4 + 0.5 + 1 + 0.8 + 0.6) = 0.38,

(12)

and the same result is obtained for Figures 2(a) and 2(b).
Hence, similarity measures (2) to (9) are not proper for
the nonoverlapped data distribution. Two different data in
Figure 2(a) are less discriminate than Figure 2(b). It means
that similarity measure of Figure 2(a) has a higher value
than Figure 2(b). Similar results are also obtained by the
calculation of similarity measures (8) and (9).

Hence, it is required to design similarity measure for
nonoverlapping data distribution. Consider the following
similarity measure for nonoverlapped data such as Figures
2(a) and 2(b).

Theorem 4. For singletons or discrete data 𝑎, 𝑏 ∈ 𝑃(𝑋), if
𝑑satisfied Hamming distance measure, then

𝑠 (𝑎, 𝑏) = 1 −




𝑠
𝑎
− 𝑠
𝑏






(13)

is a similarity measure between singletons 𝑎 and 𝑏. In (13),
𝑠
𝑎
and 𝑠

𝑏
satisfy 𝑑((𝑎 ∩ R), [1]

𝑋
) and 𝑑((𝑏 ∩ R), [1]

𝑋
),

respectively.WhereR is whole data distribution including 𝑎 and
𝑏.

Proof. (S1) and (S2) are clear. (S3) is also clear from definition
as follows:

𝑠 (𝐶, 𝐶) = 1 −




𝑠
𝐶
− 𝑠
𝐶






= 1 −




𝑑 ((𝐶 ∩ R) , [1]

𝑋
) − 𝑑 ((𝐶 ∩ R) , [1]

𝑋
)




= 1.

(14)

Finally, (S4) 𝐴, 𝐵, 𝐶 ∈ 𝐹(𝑋), if 𝐴 < 𝐵 < 𝐶, then

𝑠 (𝐴, 𝐵) = 1 −




𝑑 ((𝐴 ∩ R) , [1]

𝑋
) − 𝑑 ((𝐵 ∩ R) , [1]

𝑋
)





≥ 1 −




𝑑 ((𝐴 ∩ R) , [1]

𝑋
) − 𝑑 ((𝐶 ∩ R) , [1]

𝑋
)





= 𝑠 (𝐴, 𝐶) ,

(15)

because 𝑑((𝐵 ∩ R), [1]
𝑋
) > 𝑑((𝐶 ∩ R), [1]

𝑋
) is satisfied.

Similarly, 𝑠(𝐵, 𝐶) ≥ 𝑠(𝐴, 𝐶) is also satisfied.

Similarity measure (13) is also designed with the dis-
tance measure such as Hamming distance. As noted before,
conventional measures were not proper for nonoverlapping
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Figure 2: (a) Data distribution between circle and diamond. (b) Data distribution between circle and diamond.

continuous data distributions; this property is verified by the
similarity measure calculation of Figures 2(a) and 2(b).

Next, calculate the similarity measure between circle and
diamond with (13).

For Figure 2(a),

𝑠 (⧫,e) = 1 − 

𝑑 ((⧫ ∩ R) , [1]

𝑋
) − 𝑑 ((e ∩ R) , [1]

𝑋
)





= 1 − 1 × (6 |((1 − 0.5) + (1 − 0.8) + (1 − 0.6)

+ (1 − 0.5) + (1 − 0.4) + (1 − 1))

− ((1 − 0.4) + (1 − 0.6) + (1 − 0.7)

+ (1 − 0.5)+(1 − 0.8)+(1 − 0.6))|)
−1

= 1 −

1

6 |2.3 − 2.4|

= 0.983

(16)

is satisfied.
For the calculation of Figure 2(b),

𝑠 (⧫,e) = 1 − 

𝑑 ((⧫ ∩ R) , [1]

𝑋
) − 𝑑 ((e ∩ R) , [1]

𝑋
)





= 1 − 1 × (6 |((1 − 0.5) + (1 − 0.8) + (1 − 0.6)

+ (1 − 0.4) + (1 − 0.5) + (1 − 0.4))

− ((1 − 0.6) + (1 − 0.7) + (1 − 0.5)

+ (1 − 1) + (1 − 0.8) + (1 − 0.6))|)
−1

= 1 −

1

6 |2.8 − 1.8|

= 0.833.

(17)

Calculation result shows that the proposed similarity mea-
sure is possible to evaluate the degree of similarity for
nonoverlapped distributions. By comparison with Figure 2,
distribution between diamond and circle in Figure 2(a) shows
more similar.

3. Human Behavior Signal
Analysis and Experiments

Gait signals are collected with experiment unit; acquisition
system (Figure 3) system is composedwith all in one sensor in

Figure 3: Data acquisition experiment.

which accelerator, magnetic, andGyro sensor, mobile station,
and connector are integrated. Signal acquisition experiment
was done as shown in the following figures.

Gait patterns are composed of walking, step up and
step down for 20 persons. For each behavior, signals are
measured with all in one sensor which integrated with
three sensors (accelerator, magnetic, and Gyro sensors);
each sensor represents three dimension direct signals. Four
sensors are attached to waist, two legs, and head. Example of
obtained gait signals is illustrated in the following Figure 4.
Among numerous cases, walking and stair up signals are
illustrated with acceleration sensor in Figures 4(a) and 4(b),
magnetic sensor in Figures 4(c) and 4(d), and Gyro sensor in
Figures 4(e) and 4(f), respectively. Full signal was illustrated
in Figure 4(f) for stair up with Gyro sensor; we can notice
12 signals for 𝑥-𝑦-𝑧 direction, and it shows almost the same
pattern for similar gait. Hence, 𝑥-𝑧 direction signals are
considered in each figure. Due to the fact that signal patterns
are almost the same and numerous quantity, we collect
two directional signals. From the top, the first two signals
represent 𝑧-𝑥 signals at head, and next ones are waist and
left and right leg signals, respectively. We also carried out
preprocessing to make synchronize signals and obtained gait
signals that are illustrated in Figure 4.
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Figure 4: Gait signal with all in one sensor.
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We get the signals from the control unit, and the signal
is processed in a note book. Signal characteristics were
considered peak value and magnitude distance between each
gait signal. Next, by the application of the similarity measure,
we get the calculation of each action such as walking, step up,
and so on.

4. Numerical Decision Calculation

4.1. High Dimensional Analysis. Research on big data analysis
has been emphasized by research outcomes recently [7, 8, 13,
19]. Big data examples are illustrated as follows.

(i) Biomedical data such as DNA sequence or Electroen-
cephalography (EEG) data. It contains not only high
dimension but also large number of channel data.

(ii) Recommendation systems and target marketing are
important applications in the e-commerce area. Sets
of customers/clients’ information analysis help to
predict their action to purchase based on customers’
interest. It also includes a huge amount of data and
high dimensional structure.

(iii) Industry application such as EV station scheduling
problem needs geometrical information, city size,
population, traffic flow, and others. Hence, number of
station and station size constitute huge data and high
dimension.

Data might be expressed as high dimensional structure such
as

𝐷
𝑖
= (𝑑
𝑖1
, 𝑑
𝑖2
, 𝑑
𝑖3
, . . . , 𝑑

𝑖𝑗
) ,

where 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑚,
(18)

where 𝑛 and 𝑚 denote the number of data and dimension,
respectively.

Direct data comparison is applicable to overlapped data
with norm definition including Euclidean norm such as

d
1
(𝐷
𝑖
, 𝐷
𝑗
) =

𝑚

∑

𝑘=1






𝑑
𝑖𝑘
− 𝑑
𝑗𝑘






, L

1
norm,

d
2
(𝐷
𝑖
, 𝐷
𝑗
) = √

𝑚

∑

𝑘=1

(𝑑
𝑖𝑘
− 𝑑
𝑗𝑘
)
2

, Euclidean-norm,

d
𝑝
(𝐷
𝑖
, 𝐷
𝑗
) = (

𝑚

∑

𝑘=1






𝑑
𝑖𝑘
− 𝑑
𝑗𝑘







𝑝

)

1/𝑝

, L
𝑝
norm .

(19)

Information distributions show various configurations, and
hence it needs consider various types of distance measure
to complete discriminative measure. Furthermore analysis of
similarity and relation between different information should
be considered carefully when it represents high-dimensional
data. Specifically, 𝑚 dimension represents the independent
number of characteristics or attributes.

Table 1: Similarity measure comparison between patterns.

Similarity measure Values
𝑠 (𝑊
𝑖
, 𝑆𝑈
𝑖
) 0.344

𝑠 (𝑊
𝑖
, 𝑆𝐷
𝑖
) 0.278

𝑠 (𝑆𝑈
𝑖
, 𝑆𝐷
𝑖
) 0.550

Table 2: Average similarity measure between individuals.

Similarity measure Values
𝑠 (𝑃𝑊

𝑖
, 𝑃𝑊
𝑗
) 0.624

𝑠 (𝑃𝑆𝐷
𝑖
, 𝑃𝑆𝐷

𝑗
) 0.643

𝑠 (𝑃𝑆𝑈
𝑖
, 𝑃𝑆𝑈

𝑗
) 0.712

4.2. Illustrative Example. Hence, analysis and comparison
with each attribute provide explicit importance of each data.
Similarity measure provides analysis between patterns, such
as

𝑠 (𝐷
𝑖
, 𝐷
𝑗
) , ∀𝑖, 𝑗 = 1, . . . , 𝑛. (20)

And comparison with different patterns for the same person
is carrying out between walking, step up, or step down.
Gait signal related with his/her movement was gathered to
analyze their different patterns and different persons. Each
signal constitutes walking, stair up, and stair down with 20
persons’ gaits were gathered. Hence, personal information
can be represented by multidimensional information such as

𝑃
𝑖
= (𝑊
𝑖
, 𝑆𝑈
𝑖
, 𝑆𝐷
𝑖
) , where 𝑖 = 1, . . . , 20. (21)

And among 20 personal data, 3 different behaviors were
also expressed. Considering the data, it is obvious that data
is overlapped. Hence, it is clear that similarity measures of
(2) and (7)–(9) provide similarity calculation for overlapped
data.

Similaritymeasure between person to person is expressed
as

𝑠 (𝑃
𝑖
, 𝑃
𝑗
) = 1 − 𝑑 ((𝑃

𝑖
∩ 𝑃
𝑗
) , (𝑃
𝑖
∪ 𝑃
𝑗
)) . (22)

Also different action from the same person as follows:

𝑠 (𝑊
𝑖
, 𝑆𝑈
𝑖
) = 1 − 𝑑 ((𝑊

𝑖
∩ 𝑆𝑈
𝑖
) , (𝑊
𝑖
∪ 𝑆𝑈
𝑖
)) . (23)

Normalized similarity calculation results are illustrated in
Table 1.

Results illustrate that the stair up and down shows higher
similarity than the others. However, even similarity calcula-
tion result is higher than others; it is not much close to one,
it just satisfies 0.55. Due to different directions stair up/down
should have basic limit to close maximum similarity.

Table 2 shows the average similarity between different
individuals. Results show that the stair up is the closest even
with a different gait. Naturally, walking pattern represents the
least similar. In Table 3, walking similarity between different



The Scientific World Journal 7

Table 3: Similarity measure comparison between individuals (walking).

Similarity
measure 1 2 3 4 5 6 7 ⋅ ⋅ ⋅ 18 19 20

1 1 0.511 0.621 0.420 0.462 0.581 0.617 0.581 0.470 0.623
2 0.511 1 0.592 0.590 0.490 0.632 0.543 0.603 0.619 0.577
3 0.621 0.592 1 0.510 0.611 0.640 0.599 0.710 0.566 0.582
4 0.420 0.590 0.510 1 0.701 0.653 0.589 ⋅ ⋅ ⋅ 0.612 0.629 0.585
5 0.462 0.490 0.611 0.701 1 0.599 0.603 0.489 0.581 0.620
6 0.581 0.632 0.640 0.653 0.599 1 0.576 0.499 0.545 0.629
7 0.617 0.543 0.599 0.589 0.603 0.576 1 0.710 0.627 0.634

...

0.590 0.611 0.589
...

... 0.429 0.570 0.630

0.559 0.628 0.549
18 0.581 0.603 0.710 0.612 0.489 0.499 0.710 0.590 0.429 0.559 1 0.345 0.626
19 0.470 0.619 0.566 0.629 0.581 0.545 0.627 0.611 0.570 0.628 0.345 1 0.556
20 0.623 0.577 0.582 0.585 0.620 0.629 0.634 0.589 0.630 0.549 0.626 0.556 1

individuals is illustrated; symmetric results of 20 persons are
listed in Table 3.

Similar results for stair up and down are obtained.

5. Conclusions

Gait signal identification was carried out through similarity
measure design. Gait signal was obtained via data acquisition
system including mobile station, all in one sensor attached
to the head, waist, and two legs. In order to discriminate the
gait signal with respect to different behaviors and individuals,
similaritymeasure designwas considered. Similaritymeasure
was considered with the distance measure. For data dis-
tribution, overlapped and nonoverlapped distribution were
considered, and similarity measure was applied to calculate
the similarity. However, the conventional similarity measure
was shown that it was not available to calculate the similarity
on non-overlapped data. To overcome such a drawback, the
similarity measure was considered with data information
of neighbor. Closeness between neighbor data provides a
measure of similarity among data sets; hence, the similarity
measure was calculated. Calculation proposed two different
artificial data, and the proposed similarity measure was
useful to identify nonoverlapped data distribution. It is
meaningful that similarity measure design can be extended
to high dimensional data processing because gait signal was
considered as a high dimensional data. With data acquisi-
tion system, 20 person gait signals were collected through
experiments. Different gaits, walking, stair up, and stair down
signals were obtained, and similarity measure was applied.
By calculation, similarity between stair up and stair down
showed higher similarity than others. Individual similarity
for a different gait signal was also obtained.

Gait signal analysis can be used for behavior decision
system development; it is also naturally extended to health
care system, especially to elderly people. Additionally, it is
also useful for athlete to provide useful information if he/she

is suffering from different actions compared to previous
behavior.
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Computer-aided process planning (CAPP) is an important interface between computer-aided design (CAD) and computer-aided
manufacturing (CAM) in computer-integrated manufacturing environments (CIMs). In this paper, process planning problem is
described based on a weighted graph, and an ant colony optimization (ACO) approach is improved to deal with it effectively.
The weighted graph consists of nodes, directed arcs, and undirected arcs, which denote operations, precedence constraints among
operation, and the possible visited path among operations, respectively. Ant colony goes through the necessary nodes on the graph
to achieve the optimal solution with the objective of minimizing total production costs (TPCs). A pheromone updating strategy
proposed in this paper is incorporated in the standard ACO, which includes Global Update Rule and Local Update Rule. A simple
method by controlling the repeated number of the same process plans is designed to avoid the local convergence. A case has been
carried out to study the influence of various parameters of ACO on the system performance. Extensive comparative experiments
have been carried out to validate the feasibility and efficiency of the proposed approach.

1. Introduction

Process planning for prismatic parts is a very complex and
difficult process. For a prismatic part with complex structures
and numerous features, process planning involves selecting
machining operations for every feature and sequencing
them considering precedence constraints, choosing avail-
able manufacturing resources, determining setup plans, and
machining parameters, and so forth. In CAPP systems, these
activities can be carried out simultaneously to achieve an
optimal plan, thus the manufacturing efficiency could be
largely increased or the production cost could be decreased.
So, process planning problem is well known as a combi-
natorial optimization problem with constraints. With the
advance of computer technology, some artificial intelligence
(AI) techniques are used to solve combinatorial optimiza-
tion problem. For example, some bioinspired algorithms
are applied in complex decision-making process of solve
combinatorial optimization problem [1–3].

In this paper, an improved ant colony optimization
(ACO) approach is proposed to deal with process planning
problem based on a weight graph. The weighted graph

consists of nodes, directed arcs, and undirected arcs, which
denote operations, precedence constraints among operation,
and the possible visited path among operations, respectively.
Ant colony goes through the operation nodes on the graph
along the directed/undirected arcs.The heuristic information
of operation nodes and pheromone amount on the arcs will
guide ant colony to achieve the optimal nodes set and arc set,
which represents the optimal solution with the objective of
minimizing total production costs (TPCs). Some efforts have
been adopted to improve the efficiency of the approach.

2. Previous Related Works

In the past two decades, CAPP has received much attention
[4–7]. Many optimization approaches have been developed
and widely applied for solving process planning problem,
such as knowledge-based reasoning approach [8, 9], genetic
algorithm (GA) [1, 5, 10], artificial neural networks (ANN)
[11], graph manipulation [7, 12], tabu search approach (TS)
[6, 13], simulated annealing algorithm (SA) [13, 14], artificial
immune system (AIS) [15], particle swarm optimization
(PSO) [16, 17], and ant colony optimization (ACO) [18, 19].
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Zhang et al. [5] constructed a novel computer-aided
process planningmodel consisting of operation selecting and
operation sequencing. AGA is proposed for process planning
based on the model considering a job shop manufacturing
environment. GA is used to select machining resources and
sequence operations simultaneously. Ma et al. [14] modeled
the constraints of process planning problems in a concurrent
manner. Precedence relationships among all the operations
are used to generate the entire solution space with multiple
planning tasks. Based on the proposed model, an algorithm
based on simulated annealing (SA) is proposed to search
for the optimal solution. Li et al. [6] consider the process
planning problem as a constraint-based optimization prob-
lem and propose a tabu search-based algorithm to solve it.
In the proposed algorithm, costs of the machines and tools,
machine changes, tool changes, setups, and penalty against
good manufacturing practices are taken as the evaluation
criteria. Precedence constraints between features and the
corresponding operations are defined and classified accord-
ing to their effects on the plan feasibility and processing
quality. Chan et al. [15] model the machine tool selection
and operation allocation of flexible manufacturing systems
and solve process problem by a fuzzy goal—programming
approach based on artificial immune systems. Guo et al. [16]
proposed a PSO approach for process planning problem.The
initial process plans randomly generated are encoded into
particles of the PSO algorithm. To avoid falling into local
optimal and improvemoving efficient of the particles, several
new operators have been developed. Penalty strategy is used
considering the evaluation of infeasible particles. Krishna and
Mallikarjuna Rao [18] proposed a novel approach to apply
the ant colony algorithm as a global search technique for
process planning problem by considering various feasibility
constraints.

Recently, to improve the quality of results and efficiency
of the search, many hybrid approaches are developed for
process planning problem, for example, GA + SA [13], graph
manipulation + GA [7], and local search algorithm + PSO
[20]. Li et al. [6] developed a hybrid genetic algorithm and
a simulated annealing approach for optimizing process plans
for prismatic parts. They modeled the process planning as
a combinatorial optimization problem with constraints. The
evaluation criterion was the combination of machine costs,
cutting tool costs, machine change costs, tool change, and
setup costs. Ding et al. [20] proposed a hybrid approach to
incorporate a genetic algorithm, neural network, and analyti-
cal hierarchical process (AHP) for process planning problem.
A globally optimized fitness function is defined including the
evaluation of manufacturing rules using AHP, calculation of
cost and time, and determination of relative weights using
neural network techniques.Huang et al. [7]model the process
planning problem as a combinatorial optimization problem
with constraints and developed a hybrid graph and genetic
algorithm (GA) approach. In the approach, graph theory
accompanied with matrix theory is embedded into the main
frame of GA.The precedence constraints between operations
are formulated in an operation precedence graph (OPG).
An improved GA was applied to solve process planning
problem based on the operation precedence graph (OPG).

Wang et al. [21] proposed an optimization approach based on
particle swarm optimization (PSO) to solve the process plan-
ning problem and introduced a novel solution representation
scheme for the application of PSO. In the hybrid approach,
two kinds of local search algorithms are incorporated and
interweaved with PSO evolution to improve the best solution
in each generation.

Although significant improvements have been achieved
for process planning problem, there still remains poten-
tial for further improvement [22]. For example, optimiza-
tion approach needs to be improved to be more efficient,
and a more reasonable constraint modeling and handling
mechanism needs to be developed; also, some practical
manufacturing environment should be considered, and the
approach should provide the multiple alternative optimal
plans. Especially, some bioinspired algorithms are improved
to solve the complicated combination optimization problem
[23, 24]. The attempt to use these algorithms to solve process
planning problem should be performed to explore the more
excellent results.

3. Graph-Based Process Planning Problem

In CAPP, a part is generally described by manufacturing
features, which are geometric forms havingmachiningmean-
ings, such as holes, slots, and bosses. In the process planning
for the part, the manufacturing features will be recognized
by analyzing the geometrical and topological information of
the part, which include position, dimensions, tolerance, and
surface finish. A feature may bemapped to one or several sets
of operation types (OPTs) [5]. An OPT refers to an operation
without any attachment of machine (𝑀), tool (𝑇), and tool
approach direction (TAD).

For an operation, there are a set of Ms, Ts, and TADs
under which the operation can be executed. As a result,
for a part, the process plan is a set of operations, which is
represented as follows:

PP = {OP
1
,OP
2
, . . . ,OP

𝑖
} , (1)

where OP
𝑖
is the 𝑖th operation of the part, which is defined as

follows:

OP
𝑖
= {OPT

𝑖1
,OPT

𝑖2
, . . . ,OPT

𝑖𝑗
, . . . ,OPT

𝑖𝑛
} , (2)

where OPT
𝑖𝑗

is the 𝑗th alternative operation of the 𝑖th
operation of the part, which is defined as follows:

OPT
𝑖𝑗
= {𝑀

𝑖𝑗
, 𝑇
𝑖𝑗
,TAD

𝑖𝑗
} , (3)

where 𝑀
𝑖𝑗
, 𝑇
𝑖𝑗
, and TAD

𝑖𝑗
are the index of the machine,

tool, andTADrespectively, bywhich the alternative operation
OPT
𝑖𝑗
is executed.

In process planning for a part, two tasks have to be
done, namely, selecting operation OP

𝑖
for each feature of

the part and sequencing operations. And, also, they must be
carried out simultaneously to achieve an optimal process plan
against a predetermined criterion.Due to the geometrical and
manufacturing constraints between manufacturing features,
operation sequencing must take into account the precedence
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Table 1: Operation selection for the example part.

Feathers Operations Machines Tools TADs Description

F1 Drilling (OP1)
M1 T1

−𝑌

M1: Vertical milling
center

M2 T1 M2: Drill press
F2 Milling (OP2) M1 T2 +𝑍 T1: Drill

F3 Milling (OP3) M1

T4 −𝑍 T2: End mill
T5 −𝑍 T3 Drill
T4 +𝑌 T4: Chamfer cutter
T5 +𝑌 T5: Ball-nose cutter

F4 Drilling (OP4)
M1 T3 −𝑍

T6: T-slot cutter
M2

F5 Milling (OP5) M1 T2 +𝑍

T6 +𝑌

Table 2: Precedence constraints for the example part.

ID Features Operations Precedence constraints description
1 F1 OP1 CO1 is prior to CO2

2 F2 OP2 CO2 is prior to CO4

3 F4 OP4 CO4 is prior to CO3

4 F5 OP5 CO5 is prior to CO3

constraints between operations, which must be satisfied by
the final operations sequence. Many constraints and rules
have been proposed and summarized [1, 5, 7]. In general,
these precedence constraints are as follows [19]:

(1) primary surfaces prior to secondary surfaces,
(2) planes prior to its associated features,
(3) roughmachining operation prior to finish machining

operation,
(4) datum surfaces prior to its associated features, and
(5) some good manufacturing practice.

To construct process plan with the ACO approach, the
process planning problem has to be visualized and repre-
sented by a weighted graph. The weighted graph is denoted
as 𝐷 = (𝑂, 𝐶, 𝑈), where 𝑂 is a set of nodes, 𝐶 is a set of
directed arcs, and 𝑈 is a set of undirected arcs. The nodes of
𝑂 stand for all of the operations OP

𝑖
. 𝐶 corresponds to the

precedence constraints between the operations of the parts.𝑈
represents the set of arcs connecting all possible combinations
of the nodes. Both 𝐶 and 𝑈 represent possible paths for ants
travelling from one node to another. The ants are basically
free to travel along the paths unless there is a precedence
constraint specified by 𝐶. In this paper, an example part is
used to illustrate the weighted graph [2].

The alternative operations for the example in Figure 1 are
listed in Table 1. The precedence constraints for the example
are listed in Table 2.

Figure 2 is the weighted graph for the example part. The
set of nodes includes five nodes,𝑂

1
,𝑂
2
,𝑂
3
,𝑂
4
, and𝑂

5
, which

represent the operations OP
1
, OP
2
, OP
3
, OP
4
, and OP

5
. The

F 1

F2
F5

F3
F4

+Z

+Y

+X

XXX

Figure 1: An example part [5].

set of directed arcs includes four arcs, 𝐶
1
, 𝐶
2
, 𝐶
3
, and 𝐶

4
,

which represent the precedence constraints 1, 2, 3, and 4.The
set of undirected arcs includes six arcs,𝑈

1
,𝑈
2
,𝑈
3
,𝑈
4
,𝑈
5
, and

𝑈
6
.
While applying the ACO in the process planning by

the weighted graph, the ant colony will be placed on the
initial node visited by the ant colony first. The initial node
determines which operation can be executed first. For the
weighted graph in Figure 2, the nodes 𝑂

1
and 𝑂

5
are likely

to be selected as the initial source node, since operations
OP
1
and OP

5
have no precedence operations. To facilitate

the execution of ACO in process planning, a dummy node
𝑂
𝑏
acting as the initial node is added to connect the possibly

executed operations first in the weighted graph. The initial
node 𝑂

𝑏
is used to connect the nodes 𝑂

1
and 𝑂

5
.

4. Process Plan Evaluation Criterion

Lots of process planning evaluation criteria have been pro-
posed in the past literatures. The criterion of minimum
production cost is generally used. The production cost
evaluating process plans comprise five factors: machine pro-
cessing cost (MC), tool processing cost (TC),machine change
cost (MCC), tool change cost (TCC), and set-up change cost
(SCC) [6, 8, 9, 12, 13].The calculation procedures of these cost
factors are described in detail below:
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Dummy node

Directed arc representing the precedence constraints between operations
Undirected arc representing the possible paths between operations

Ob

O1(OP1)
{M1, T1, −Y}(OPT11)
{M2, T1, −Y}(OPT12)

O5(OP5)
{M1, T2, +Z}(OPT51)
{M2, T6, +Y}(OPT52)

O4(OP4)
{M1, T3, −Z}(OPT41)
{M2, T3, −Z}(OPT42)

O3(OP3)
{M1, T4, −Z}(OPT31)
{M1, T4, +Y}(OPT32)
{M1, T5, +Y}(OPT33)
{M1, T5, −Z}(OPT34)

O2(OP2)

{M1, T2, +Z}(OPT21)

C1 C2

C3

C4

U1

U2 U3

U4

U5

U6

Figure 2: Weighted graph for the example part.

(1) total machine cost (TMC):

TMC =

𝑛

∑

𝑖=1

MC
𝑖
, (4)

where 𝑛 is the total number of operations and MC
𝑖
is

the machine cost of the 𝑖th machine for an operation,
a constant for a specific machine;

(2) total tool cost (TTC):

TTC =

𝑛

∑

𝑖=1

TC
𝑖
, (5)

where TC
𝑖
is the tool cost of the 𝑖th tool for an

operation, a constant for a specific machine;
(3) total setup cost (TSC):

TSC = SCC ∗NS, (6)

where SCC is the setup cost and NS is the number of
setups, which can be calculated by

NS = NSC + 1,

NSC =

𝑛−1

∑

𝑖=1

Ω
2
(Ω
1
(𝑀
𝑖+1
,𝑀
𝑖
) , Ω
1
(TAD

𝑖+1
,TAD

𝑖𝑖
)) ,

(7)

where TAD
𝑖
is the 𝑖th TAD;

(4) total machine change cost (TMCC):

TMCC = MCC ∗NMC, (8)

where MCC is machine change cost and NMC is
number of machine change, which can be calculated
by

NMC =

𝑛−1

∑

𝑖=1

Ω
1
(𝑀
𝑖+1
,𝑀
𝑖
) , (9)

Ω
1
(𝑥, 𝑦) = {

1 𝑥 ̸= 𝑦

0 𝑥 = 𝑦,

(10)

where𝑀
𝑖
is the machine for the 𝑖th operation;

(5) total tool change cost (TTCC):

TTCC = TCC ∗NTC, (11)

where TCC is the tool change cost and NTC is the
number of tool change, which can be calculated by
(10) and

NTC =

𝑛−1

∑

𝑖=1

Ω
2
(Ω
1
(𝑀
𝑖+1
,𝑀
𝑖
) , Ω
1
(𝑇
𝑖+1
, 𝑇
𝑖
)) , (12)

Ω
2
(𝑥, 𝑦) = {

0 𝑥 = 𝑦 = 0

1 otherwise,
(13)

where 𝑇
𝑖
is the 𝑖th tool.

The definition of machine change, tool change, and setup
change has been illustrated in detail [6, 9]. In this paper, the
combination of TWC, TTC, TMCC, TTCC, and TSCC will
be used as the objective of process planning problem, which
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can be defined as total production cost (TPC) andcalculated
by

TPC = 𝑤
1
∗ TMC + 𝑤

2
∗ TTC + 𝑤

3
∗ TMCC

+ 𝑤
4
∗ TTCC + 𝑤

5
∗ TSCC.

(14)

In (14), 𝑤
1
, 𝑤
2
, 𝑤
3
, 𝑤
4
, and 𝑤

5
are weights of TMC,

TTC, TMCC, TTCC, and TSCC, respectively, the value of
which is limited in {0, 1}. These weights can be assigned
referring to the active situations, which provides the flexibility
to customize the optimization objective function according to
various situations [13].

5. The Proposed ACO Algorithm

TheproposedACOalgorithmbasically generates solutions by
standard ACO procedures [2]. As described in Section 3, the
directed graphs are used to represent the process planning
problem [19, 25]. The approach in this paper is to solve the
process planning problems using the ACO algorithm which
corresponds to finding a path of the directed graph, where
all necessary nodes have to be visited to complete the process
plan, so that the objective of process planning is minimized.
The explanations for symbols used are listed in the Symbols
section.

5.1. Heuristic Information. To choose the next visiting node,
the ant 𝑘 is guided by the heuristic information 𝜂

𝑢V on the
node and the pheromone amount 𝜏

𝑢V on the arc linking the
source node 𝑢 and possible destination node V. 𝜂

𝑢V is defined
simply by a greedy heuristic

𝜂
𝑢V =

𝐸

PC
, (15)

where 𝐸 is a positive constant, and it can be set by trial
and error. Therefore, the nodes with the smaller processing
cost have the higher heuristic information amount and these
nodes have more attraction for the ant 𝑘. PC is the processing
cost of the selected node operation and it is calculated as
follows:

PC = 𝑤
1
∗MC

𝑖
+ 𝑤
2
∗ TC
𝑖
. (16)

MC
𝑖
is illustrated in (4). TC

𝑖
is illustrated in (5). 𝑤

1
and

𝑤
2
are illustrated in (14).

5.2. Selection Probability. The heuristic information and the
pheromone amount constructed a probability of moving
from a node to another node for an ant. The more the
pheromone amount on the arcs and the heuristic information
on the nodes, the higher the selective probability. For the ant
𝑘, the selective probability 𝑝𝑘

𝑢V from the source node 𝑢 to the
destination node V can be given as follows:

𝑝
𝑘

𝑢V =

{
{
{

{
{
{

{

[𝜏
𝑘

𝑢V]
𝛼

[𝜂
𝑢V]
𝛽

∑
𝑤∈𝑆𝑘

[𝜏
𝑘

𝑢𝑤
]
𝛼

[𝜂
𝑢V]
𝛽

V ∈ 𝑆
𝑘

0 V ∉ 𝑆
𝑘
,

(17)

where 𝛼 and 𝛽 denote the weighting parameters controlling
the relative importance of the pheromone amount and the
heuristic information, respectively. 𝑆

𝑘
is the set of nodes

allowed at the next step for the ant 𝑘.
In order to adjust the convergence speed of the algorithm,

a simple pheromone updating strategy is proposed in the
standard ACO, which includes two pheromone updating
rules. Local Update Ruler for the elite process plan is
incorporated intoGlobalUpdateRuler.Three types of process
planning solutions are specified at different stages of the
algorithm so as to incorporate the pheromone updating
strategy. Iteration best process plan PP

𝑖
denotes the best

process plan generated in the current iteration by the total
number of ants 𝐾, whose TPC is 𝐿

𝑖
. Restart best process

plan PP
𝑟
denotes the best process plan generated since the

last restart of the algorithm, whose TPC is 𝐿
𝑟
. Algorithm

best process plan PP
𝑏
denotes the best process plan generated

since the start of the algorithm, whose TPC is 𝐿
𝑏
. 𝐿avg is

the average TPC since the restart of the algorithm and is
calculated as follows:

𝐿avg =
∑
𝑅ite
𝑖=1

𝐿
𝑖

𝑅ite
. (18)

5.3. Global Update Ruler. The pheromone level is initially set
at 𝜏
0
on every arc. Pheromone intensity on the arcs is dynam-

ically updated after ant colony has completed process plans.
The amount of pheromone deposited on the arcs by an ant 𝑘 is
proportional to respective 𝐿

𝑘
. The process plans with smaller

𝐿
𝑘
will accumulate a greater amount of pheromone on their

corresponding arcs. To avoid unlimited accumulation of the
pheromone, the pheromone also evaporates at every round
of iterations. The pheromone amount 𝜏

𝑢V can be given as
follows:

𝜏
𝑘

𝑢V = (1 − 𝜌) ∗ 𝜏
𝑘

𝑢V + Δ𝜏
𝑘

𝑢V, (19)

where 𝜌 is an evaporation coefficient of the pheromone on the
arc linking the source node 𝑢 and possible destination node
V. Δ𝜏𝑘
𝑢V is the quantity of the pheromone increments on the

arc(𝑢, V) generated by the ant 𝑘 after each iteration. Also, it
can be given as

Δ𝜏
𝑘

𝑢V =
{

{

{

𝑄

𝐿
𝑘

if 𝐿
𝑘
≤ 𝐿avg ant 𝑘 passes the arc (𝑢, V)

0 otherwise,
(20)

where 𝑄 is a positive constant. 𝐿
𝑘
is the TPC by the ant 𝑘.

5.4. Local Update Rule. Local Update Rule is introduced
so that the elite process plan solutions are used to update
the pheromone on the arcs again, which will accelerate the
convergence of the algorithm to the optimal process plan.The
iteration best process plan PP

𝑖
is first identified from all the

ant process plans PP
𝑘
. If the 𝐿

𝑖
is smaller than that of 𝐿

𝑟
, 𝐿
𝑟

is replaced by 𝐿
𝑖
. Similarly, if 𝐿

𝑟
is smaller than that of 𝐿

𝑏
,

𝐿
𝑏
is replaced by 𝐿

𝑟
. Local Update Rule is used to update the

pheromone intensity on the arcs again while update of 𝐿
𝑟
and
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Table 3: Features, operations, and machining information for Part 1.

Features Feature descriptions Operations TADs Machines Tools Remarks
F1 Two replicated holes Drilling (OP1) +𝑍, −𝑍 M1, M2, M3 T1 M1(10):Drill press
F2 A chamfer Milling (OP2) −𝑋, +𝑌, −𝑌, −𝑍 M2, M3 T8 M2(35):Vertical milling
F3 A slot Milling (OP3) +𝑌 M2, M3 T5, T6 M3(60):Vertical CNC milling
F4 A slot Milling (OP4) +𝑌 M2 T5, T6 T1(3):Drill 1
F5 A step Milling (OP5) +𝑌, −𝑍 M2, M3 T5, T6 T2(3):Drill 2
F6 Two replicated holes Drilling (OP6) +𝑍, −𝑍 M1, M2, M3 T2 T3(8):Reamer
F7 Four replicated holes Drilling (OP7) +𝑍, −𝑍 M1, M2, M3 T1 T4(15):Boring tool
F8 A slot Milling (OP8) +𝑋 M2, M3 T5, T6 T5(10):Milling cutter 1
F9 Two replicated holes Drilling (OP9) −𝑍 M1, M2, M3 T1 T6(15):Milling cutter 2
F10 A slot Milling (OP10) −𝑌 M2, M3 T5, T6 T7(10):Chamfer tool
F11 A slot Milling (OP11) −𝑌 M2, M3 T5, T7 T8(10):Slot cutter
F12 Two replicated holes Drilling (OP12) +𝑍, −𝑍 M1, M2, M3 T1 MCC = 300
F13 A step Milling (OP13) −𝑋, −𝑌 M2, M3 T5, T6 SCC = 120
F14 Two replicated holes Drilling (OP14) −𝑌 M1, M2, M3 T1 TCC = 15

𝐿
𝑏
occurs.The pheromone amount 𝜏

𝑢V can be calculated as
(19), and Δ𝜏𝑘

𝑢V will be calculated as follows:

Δ𝜏
𝑘

𝑢V

=

{

{

{

𝑄

𝐿
𝑘

if (𝐿
𝑘
≤ 𝐿
𝑟
or 𝐿
𝑘
≤ 𝐿
𝑏
) ant 𝑘 passes the arc (𝑢, V)

0 otherwise,
(21)

where 𝑄 is a positive constant. 𝐿
𝑘
is the TPC by the ant 𝑘.

5.5. Termination. If all of the ants almost constructed the
same process plan repeatedly at the early stage of the
ACO algorithm, the algorithm would fall into the local
convergence, which leads to failure in the exploration of
new paths for the subsequent iteration. This is derived from
an extraordinary accumulation of pheromone placed on the
same set of arcs visited by the ants. Once the algorithm
has fallen into the local convergence, the output of process
planning would not be the optimal result, even far from the
optimal results. To void the local convergence, the parameter
of𝑀rpt controlling the repeated number of the same process
plan is set in advance. When the adjacent two process plans
are completely the same, the variable of𝑁rpt will increase by 1;
otherwise𝑁rpt will be reset to be 0. When𝑁rpt reaches𝑀rpt,
it means that no improvement on the solutions is made in
the recent iterations. The ants may have converged to local
optimal results. If the two events of 𝑁rpt = 𝑀rpt and 𝑁ite <
𝑀ite are satisfied simultaneously, it is considered that the local
convergence occurs and the algorithm will be restarted. For
the case where the algorithm is restarted, all the pheromones
are reset to their initial value 𝜏

0
, 𝑅ite isreset to be 0, and 𝐿

𝑟

is reinitialized. In this case, the ants are able to escape from
one particular solution to other possible paths and hence the
search space will be increased. If the only event of 𝑁ite =

𝑀ite is satisfied, the resulting process plan will be output and
algorithm will be terminated.

Table 4: Precedence constraints for Part 1.

Constraints Descriptions Hard or soft
Tool
interactions OP1 should be prior to OP2. Hard

Datum
interactions

OP6 should be prior to OP7.
HardOP10 should be prior to OP11.

OP13 should be prior to OP14.
Thin-wall
interactions

OP9 should be prior to OP8. Soft
OP12 should be prior to OP10.

Material
removal
interactions

OP8 should be prior to OP9.

SoftOP10 should be prior to OP12.
OP13 should be prior to OP14.
OP3 should be prior to OP4.

6. Experiments and Results

Two experiments have been conducted to illustrate and vali-
date the feasibility and efficiency of the proposed approach.
In the first experiment and the crucial parameters of the
approach are determined. The second experiment is used to
compare this approach with typical ACO, TS, GA, and SA
methods.

Two prismatic parts are used for the case experiments.
The first prismatic part (Part 1) used by Zhang et al. [5]
is illustrated in Figure 3. It consists of 14 STEP-defined
manufacturing features and 14 machining operations. The
machining information and precedence constraints are given
in Tables 3 and 4. The second prismatic part (Part 2) used by
Li et al. [13] is illustrated in Figure 4.Themachining informa-
tion and precedence constraints are given in Tables 5 and 6.

6.1. Simulation Experiments. When ACO is applied in pro-
cess planning, those parameters including 𝐾, 𝜌, 𝛼, 𝛽, 𝐸, 𝑄,
𝜏
0
,𝑀ite, and𝑀rpt have to be adjusted according the situation

to achieve the optimal process plan. A lot of preliminary



The Scientific World Journal 7

F13
F14 F10

F11
F12 F8

F7
F3F4

F6F2
F1

F5

Z

YX

F9

Figure 3: A sample part with 14 features and 14 operations: Part 1.

F6

F2 F10 F11

F12

F13

F14
F1F3

F4
F5

F7
F9

F8

Z

Y
X

a

6 8

1.
5

2

B-B

8

18
6

18

A-AD0.02

2210

18

//

C

D

6B

B

4 2

6

26
4

10

A

12

A

C0.02//

45∘ ± 0.01

40

16

6

90

63

24
17

32

2

R7

C9×Ø1
4×Ø2

Ø20

Ø18

3
0
±
0.
02
5

76 ± 0.025

20 ± 0.01

16
±
0.
01

0.01

4
0
±
0.
01

R
1

R
11

R10 ± 0.01

R
1

R10

Figure 4: A sample part with 14 features and 20 operations: Part 2.



8 The Scientific World Journal

Table 5: Features, operations, and machining information for Part 2.

Features Feature descriptions Operations TADs Machines Tools Remarks
F1 Planar surface Milling (OP

1
) +𝑍 M2, M3 T6, T7, T8 M1(10): Drilling press

F2 Planar surface Milling (OP
2
) −𝑍 M2, M3 T6, T7, T8 M2(40): Three-axis

vertical milling machineF3 Two replicated pockets Milling(OP3) +𝑋 M2, M3 T6, T7, T8
F4 Four replicated holes Drilling(OP4) +𝑍, −𝑍 M1, M2, M3 T2 M3(100): CNC 3-axis

vertical milling machineF5 A step Milling (OP5) +𝑋, −𝑍 M2, M3 T6, T7
F6 A protrusion (rib) Milling (OP6) +𝑌, −𝑍 M2, M3 T7, T8 M4(60): Boring machine
F7 A boss Milling (OP7) −𝑎 M2, M3 T7, T8 T1(7): Drill 1

F8 A compound hole
Drilling (OP8) −𝑎 M1, M2, M3 T2, T3, T4 T2(5): Drill 2
Reaming (OP9) M1, M2, M3 T9 T3(3): Drill 3
Boring (OP10) M2, M3 T10 T4(8): Drill 4

F9 A protrusion (rib) Milling (OP11) −𝑌, −𝑍 M2, M3 T7, T8 T5(7): Tapping tool

F10 A compound hole
Drilling (OP12) −𝑍 M1, M2, M3 T2, T3, T4 T6(10): Mill 1
Reaming (OP13) M1, M2, M3 T9 T7(15): Mill 2
Boring (OP14) M3, M4 T10 T8(30): Mill 3

F11 Nine replicated holes Drilling (OP15) −𝑍 M1, M2, M3 T1 T9(15): Ream
Tapping (OP16) M1, M2, M3 T5 T10(20): Boring tool

F12 A pocket Milling (OP17) −𝑋 M2, M3 T7, T8 MCC = 160
F13 A step Milling (OP18) −𝑋, −𝑍 M2, M3 T6, T7 SCC = 100

F14 A compound hole Reaming (OP19) +𝑍 M1, M2, M3 T9 TCC = 20
Boring (OP20) M3, M4 T10

Table 6: Precedence constraints for Part 2.

Features Operation Precedence constraints description Hard or soft

F1 Milling (OP1)
F1 (OP1) is the datum and supporting face for the part; hence it is

machined prior to all features and operations. Hard

F2 Milling (OP2)
F2 (OP1) is prior to F10 (OP12, OP13, and OP14) and F11 (OP15, OP16)

for the material removal interactions. Hard

F5 Milling (OP5) F5(OP5) is prior to F4 (OP4) and F7(OP7) for the datum interactions Hard

F6 Milling (OP6)
F6 (OP6) is prior to F10 (OP12, OP13, and OP14) for the datum

interaction. Hard

F7 Milling (OP7)
F7 (OP7) is prior to F8 (OP8, OP9, and OP10) for the datum

interactions. Hard

F8
Drilling (OP8) OP8 is prior to OP9 and OP10; OP9 is prior to OP10 for the fixed order

of machining operations. HardReaming (𝑂𝑃
9
)

Boring (OP10)

F9 Milling (OP11)
F9 (OP11) is prior to F10 (OP12, OP13, and OP14) for the datum

interaction Hard

F10
Drilling (OP12) OP12 is prior to OP13 and OP14; OP13 is prior to OP14 for the fixed

order of machining operations. F10 (OP12, OP13, and OP14) is prior to
F11 (OP15, OP16), and OP12 of F10 is prior to F14 (OP19, OP20)

for the datum interaction.

HardReaming (OP13)
Boring (OP14)

F11 Drilling (OP15) OP15 is prior to OP16 for the fixed order of operations. Hard
Tapping (OP16)

F13 Milling (OP18)
F13 (OP18) is prior to F4 (OP4) and F12 (OP17) for the material

removal interaction. Soft

F14 Reaming (OP19) OP19 is prior to OP20 for the fixed order of machining operations. Hard
Boring (OP20)
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Figure 5: Determination of numbers of ants𝐾.

experiments are dominated to test the effect of various
parameters. In each experiment, one parameter is changed
and the other parameters are fixed, and the effect of the
changed parameter on the algorithm properties was analyzed
at different levels. The process planning problem for Part 1 is
used to illustrate how the crucial parameters are determined.
It is assumed that all the machines and tools are available;
namely, 𝑤

1
–𝑤
5
in (14) and (16) are set as 1.

Those parameters may be analyzed from three aspects,
namely, initial parameters of ACO (𝐾, 𝜌, 𝛼, 𝛽, and 𝜏

0
),

problem data (𝑀ite and 𝑀rpt), and problem size (𝐸, 𝑄).
Firstly, the positive constants 𝐸 and 𝑄 in (15), (20), and (21)
are determined according to problem size, which includes
average PC of each operation node and average TPC of
process plan appearing in the previous paper. For Part 1, while
the initial pheromone intensity on all the arcs 𝜏

0
is set to 1, 𝐸

and 𝑄 are fixed at 50 and 2000, respectively. Secondly, since
an updating strategy including two updating rules is applied
in the proposed ACO, the maximum iteration number 𝑀ite
just needs to guarantee the algorithm convergence. The
maximum repeat number 𝑀rpt affects the performance of
ACO and optimization result.

Thirdly, initial parameters of ACO algorithm affect the
performance of process planning using ACO. The effect is
described and illustrated by an analysis of the application
of the proposed ACO algorithm in the process planning
problem for Part 1. Number of ants 𝐾 has important effect
on the convergence speed. If 𝐾 is too small, searching
randomness of ACO will increase and the computation
time will be long. If 𝐾 is too large, the optimization rate

will become very slow. Generally, value of 𝐾 is considered
according to the problem size. In the case of problems with
𝜌 = 0.75, 𝛼 = 1, 𝛽 = 1, 𝜏

0
= 1, 𝐸 = 50, 𝑄 = 2000,

𝑀ite = 300, and𝑀rpt = 5, 10 trials were separately conducted
by varying the values of 𝐾 ∈ {10, 25, 40}. The average results
of the experiment are summarized in Figure 5.

All the hills and troughs on the TPC of 𝐿
𝑖
and 𝐿

𝑟
in

Figures 5(a) and 5(b) denote the restart of the algorithm.They
indicate that the local convergence avoidance mechanism
takes effect to direct the ants from one solution region to
another. Figure 5(b) shows that there are 10, 7, and 5 restarts
corresponding to𝐾 = 10,𝐾 = 25, and𝐾 = 40within the 300
iterations. Figure 5(c) shows that the compared results under
𝐾 = 10,𝐾 = 25, and𝐾 = 40. Accordingly,𝐾was determined
as 25.

A suitable 𝜌 can ensure good computational efficiency
and algorithm stability. In the case of problems with 𝐾 = 25,
𝛼 = 1, 𝛽 = 1, 𝜏

0
= 1, 𝐸 = 50, 𝑄 = 2000, 𝑀ite = 300,

and𝑀rpt = 5, 10 trials were separately conducted by varying
the values of 𝜌 ∈ {0.25, 0.5, 0.75}. The average results of 𝐿

𝑏

achieved by the algorithm best process PP
𝑏
are summarized

in Figure 6.
In the case of problems with 𝐾 = 25, 𝜌 = 0.75, 𝜏

0
= 1,

𝐸 = 50, 𝑄 = 2000,𝑀ite = 300, and𝑀rpt = 5, 10 trials were
separately conducted by varying the values of 𝛼 ∈ {0.1, 1, 5}

and 𝛽 ∈ {0.1, 1, 5}. The average results of 𝐿
𝑟
achieved by the

restart best process PP
𝑟
are summarized in Table 7.

50 trials were separately conducted to evaluate the
performance of the proposed approach.The results show that
these parameters have a good performance at values 𝐾 = 25,
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Table 7: Determination of varying combinations of 𝛼 and 𝛽.

𝛼 = 0.1 𝛼 = 1 𝛼 = 5

𝛽 = 0.1 𝛽 = 1 𝛽 = 5 𝛽 = 0.1 𝛽 = 1 𝛽 = 5 𝛽 = 0.1 𝛽 = 1 𝛽 = 5

Mean 1137.1 1134.4 1132.6 1136.1 1129.1 1132.8 1336.6 1129.9 1136.9
Maximum 1150.5 1147 1143.5 1148.5 1137 1145 1149 1141.5 1149
Minimum 1131 1128 1128 1128 1128 1128 1128 1128 1129.5

Table 8: One of the best process plans for Part 1.

Operation 6 1 7 9 12 5 3 4 8 10 11 13 14 2
Machine 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Tool 2 1 1 1 1 5 5 5 5 5 5 5 1 8
TAD −𝑍 −𝑍 −𝑍 −𝑍 −𝑍 −𝑍 +𝑌 +𝑌 +𝑋 −𝑌 −𝑌 −𝑌 −𝑌 −𝑌

NMC = 0, NTC = 4, NSC = 3, TMCC = 0, TTCC = 60, TSCC = 480, TMC = 490, TTC = 98, and TPC = 1128
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Figure 6: Determination of pheromone evaporation rate 𝜌.

𝜌 = 0.75, 𝛼 = 1, 𝛽 = 1, 𝜏
0
= 1, 𝐸 = 50, 𝑄 = 2000,𝑀ite = 300,

and 𝑀rpt = 5, under which one of the best process plans is
shown in Table 8 and the corresponding simulation results of
𝐿
𝑟
and 𝐿

𝑏
are in Figure 7.

Figure 7 shows that there are 7 restarts within the 300
iterations. When iterations are between 34 and 38, the ants
repeatedly generate plans without any further improvement
on the TPC under 1143. The local convergence avoidance
mechanism is triggered to renew all the pheromone trails
and bring the ants to other search regions. Therefore, the
first restart occurs on the iteration 39, on which the ants
are released to construct process plans with a TPC of 1348.
Although it is larger than 1143, the ACO algorithm is able to
bring the ants to the better solutions again.

The above experiments are based on Part 1. To ensure
that these parameters are applicable in other situations, the
extensive comparative experiments for Part 2 will use the
same chosen parameters.

6.2. Extensive Comparative Experiments. Three conditions
are used to test proposed algorithm for the sample parts
[6, 13].

(1) Allmachines and tools are available, and𝑤
1
–𝑤
5
in (11)

and (13) are set as 1.
(2) Allmachines and tools are available, and𝑤

2
= 𝑤
5
= 0;

𝑤
1
= 𝑤
3
= 𝑤
4
= 1.

1100
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Figure 7: Simulation results of 𝐿
𝑟
and 𝐿

𝑏
corresponding to one of

the best process plans.

(3) Machine M2 and tool T7 are down, and 𝑤
2
= 𝑤
5
= 0;

𝑤
1
= 𝑤
3
= 𝑤
4
= 1.

Under condition (1), condition (2), and condition (3),
10 trials were separately conducted to evaluate the proposed
algorithm’s performance for Part 2. Experimental observation
has shown that 𝐾 = 40, 𝜌 = 0.75, 𝛼 = 2, 𝛽 = 1, 𝜏

0
= 1,

𝐸 = 100, 𝑄 = 3000, 𝑀ite = 300, and 𝑀rpt = 5 are the
best choices of these parameters. Under condition (1), one
of the best operation sequences is shown in Table 9. Under
condition (2), one of the best operation sequences is shown
in Table 10. Under condition (3), one of the best operation
sequences using proposed algorithm is shown in Table 11.

In Table 12, the TPCs generated by the proposed ACO are
compared with those of GA and SA approach by Li et al. [13],
TS by Li et al. [6], and the ACO by Liu et al. [19]

The comparing results show that the proposed algorithm
is better than the other algorithms. Under condition (1), a
lower TPC (2435.0) has been found using the improved ACO
approach, and the mean TPC (2456.1) is better than the costs
of other four algorithms. Under condition (2), a lower TPC
(1970.0) has been found using the improved ACO approach.
Under condition (3), theminimumTPC (2580) is the same as
the TS [6].Themean TPC generated by proposed approach is
better than the other algorithms under the three conditions.
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Table 12: Results compared to other algorithms for Part 2.

Condition Proposed approach ACO TS SA GA
(1)

Mean 2456.1 2490.0 2609.6 2668.5 2796.0
Maximum 2527.0 2500.0 2690.0 2829.0 2885.0
Minimum 2435.0 2450.0 2527.0 2535.0 2667.0

(2)
Mean 2115.4 2117.0 2208.0 2287.0 2370.0
Maximum 2380.0 2120.0 2390.0 2380.0 2580.0
Minimum 1970.0 2090.0 2120.0 2120.0 2220.0

(3)
Mean 2600 2600.0 2630.0 2630.0 2705.0
Maximum 2740.0 2600.0 2740.0 2740.0 2840.0
Minimum 2580.0 2600.0 2580.0 2590.0 2600.0

7. Conclusions

An improved ACO approach is developed to solve the
process planning optimization problem for prismatic parts.
The approach is characterized by the following aspects.

(1) A weighted graph is used to represent process plan-
ning problem. The graph includes nodes set, directed
arcs set, and undirected arcs set, which denote oper-
ations, precedence constraints between the opera-
tions, and possible visited path connecting the nodes,
respectively.

(2) A pheromone updating strategy proposed in the
proposed ACO is incorporated in the standard ACO,
which includes Global Update Rule and Local Update
Rule. A simple method by controlling the repeated
number of the same process plan is designed to avoid
the local convergence.

In a further study, a deep discussion of selecting the ACO
approach parameters is conducted. In addition, the multi-
objective optimization will be incorporated into the ACO
approach for handling the multiobjective process planning
problem.

Symbols

𝐾: Number of ants
𝑘: Index of ant, 𝑘 ∈ [1, 𝐾]
𝑢: Source node
V: Destination node
𝜏
𝑢V: Pheromone
𝜂
𝑢V: Heuristic information
𝛼: Relative weight of pheromone 𝜏

𝑢V
𝛽: Relative weight of heuristic information 𝜂

𝑢V
𝜌: Pheromone evaporation rate
𝐸: Algorithm constant to determine 𝜂

𝑢V
𝑄: Algorithm constant to determine Δ𝜏
𝜏
0
: Initial value of pheromone

PP
𝑘
: Process plan achieved by ant 𝑘

𝐿
𝑘
: TPC achieved by ant 𝑘

𝑆
𝑘
: Set of nodes allowed by ant 𝑘

PP
𝑏
: Up-to-now best process plan

𝐿
𝑏
: Up-to-now best TPC

PP
𝑖
: Iteration best process plan

𝐿
𝑖
: Iteration best TPC

PP
𝑟
: Restart best process plan

𝐿
𝑟
: Restart best TPC

𝐿avg: Average value of TPC since the latest
restart

𝑀rpt: Maximum number of repeats
𝑀ite: Maximum number of iterations
𝑁rpt: Number of repeats
𝑁ite: Number of iterations
𝑅ite: Number of iterations since the latest

restart.
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Currency trading is an important area for individual investors, government policy decisions, and organization investments. In this
study, we propose a hybrid approach referred to as MKL-DE, which combines multiple kernel learning (MKL) with differential
evolution (DE) for trading a currency pair. MKL is used to learn a model that predicts changes in the target currency pair, whereas
DE is used to generate the buy and sell signals for the target currency pair based on the relative strength index (RSI), while it is
also combined with MKL as a trading signal. The new hybrid implementation is applied to EUR/USD trading, which is the most
traded foreign exchange (FX) currency pair. MKL is essential for utilizing information from multiple information sources and
DE is essential for formulating a trading rule based on a mixture of discrete structures and continuous parameters. Initially, the
predictionmodel optimized byMKL predicts the returns based on a technical indicator called themoving average convergence and
divergence. Next, a combined trading signal is optimized by DE using the inputs from the predictionmodel and technical indicator
RSI obtained frommultiple timeframes.The experimental results showed that trading using the prediction learned byMKL yielded
consistent profits.

1. Introduction

The foreign exchange (FX) market is considered to be the
largest financial market in the world. In the last few decades,
currency trading has received considerable attention from
researchers, individual investors, international trade com-
panies, and government organizations. However, there is a
problemwith predicting directional change in the FX because
it is affected by many factors, including financial policy,
market mood, or even natural disasters such as earthquakes.

In general, researchers use technical indicators as features
of the raw stock prices or FX rates. A technical indicator of
stock prices or FX rates is a function that returns a value for
given prices over a given length of time in the past. These
technical indicators might provide traders with guidance
on whether a currency pair is oversold or overbought, or
whether a trend will continue or halt. Moving average (MA)
[1] is the best-known technical indicator and it is also the
basis of many other trend-following or overbought/oversold
indicators. The MA is inherently a follower rather than a

leader, but it reflects the underlying trend in many cases.
Manywell-known advanced technical indicators are based on
the MA, such as the MACD [2], RSI [3], BIAS ratio [4], and
Bollinger Bands [5]. In general, the MACD is used to capture
a trend while the RSI, BIAS ratio, and Bollinger Bands are
used to provide an earlywarning of an overbought or oversold
currency pair. Traders can follow the trend if it continues
but they should also be cautious not to miss overbought or
oversold signals related to the target trading stocks or cur-
rency pairs.

Previous researchers have used technical indicators such
as some MA based methods to identify trends or used tech-
nical indicators such as the RSI, William %R, or BIAS ratio
to determine whether a target currency pair has been over-
bought or oversold. For example, Jaruszewicz and Mańdziuk
[6] applied technical analysis to predict the Japanese NIKKEI
index and so they claimed that the technical indicators are
useful in a short time as a day for time horizon. Deng et al.
[7] used several technical indicators such as RSI, BIAS ratio,
and William %R to generate trading rules by calculating
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a linear combination of three technical indicators and a stock
price change rate predicted value. Wei et al. [8] used several
technical indicators such as RSI, MA, and William %R and
their values calculated from historical prices were used as
conditional features. Chong andNg [9] predicted the London
Stock Exchange based on technical indicators such as the
MACDandRSI to generate trading rules, such as “a buy signal
is triggered when the RSI crosses the center line (50) from
below, while a sell signal is triggered when the RSI crosses
the center line (50) from above,” and they found that trading
strategy based on RSI or MACD obtained better return
than buy-and-hold strategy. Comparing with the previous
research of Jaruszewicz and Mańdziuk [6] and Chong and
Ng [9], in our proposed method, we used a technical indi-
cator to predict the directional change and used a technical
indicator to find overbought/oversold conditions and then
to combine a directional change signal with a trade signal
from an overbought/oversold indicator, which may provide
more reliable trading signal.

In recent years, machine learning techniques have been
used increasingly as alternative methods to help investors
or researchers forecast directional changes in stock prices or
FX rates. The most popular and useful methods are support
vector machines (SVMs) and genetic algorithms (GAs).
Researchers often apply SVMs to predict directional changes
or GAs to generate trading rules based on combinations
of trading parameters. For example, Kamruzzaman et al. [10]
used a SVMbasedmodel to predict FX rates. Shioda et al. [11]
used a SVM formonitoring to predict the high volatility of FX
rates. Other researchers have used GAs to generate trading
rules. For example, Chang Chien and Chen [12] used a GA
based model to generate rules for stock trading by mining
associative classification rules. Deng and Sakurai [13] used
GA to generate trading rules based on a technical indicator
for FX trading. Hirabayashi et al. [14] used a GA to generate
rules for FX intraday trading by mining features from several
technical indicators. Esfahanipour and Mousavi [15] used a
GA to generate risk-adjusted rules for trading.

In addition to GAs, differential evolution (DE) was
proposed by Storn and Price [16] and it is a population
based stochastic search, which functions as an efficient global
optimizer in continuous search domains.DEhas been applied
successfully in various fields. For example, Worasucheep [17]
usedDE for forecasting the stock exchange index ofThailand.
Takahama et al. [18] used DE to optimize neural networks
for predicting stock prices. Peralta et al. [19] compared DE
and GA for time series prediction and showed that the
performance of DE was better than GA if more than 150
generations were generated.

In addition to SVMs, in the last decade, many researchers
have used the multiple kernel learning (MKL) [20, 21] to
address the problem of selecting suitable kernels for different
feature sets. This technique mitigates the risk of erroneous
kernel selection to some degree by taking a set of kernels,
deriving a weight for each kernel, and making better predic-
tions based on the weighted sum of the kernels. One of the
major advantages of MKL is that it can combine different
kernels for various input features. Many researchers have
applied MKL in their research fields. For example, MKL was

used by Joutou and Yanai [22] for food image recognition.
Foresti et al. [23] used MK regression for wind speed
prediction and their results outperformed those of several
conventional methods. Recently, researchers have used MKL
for predicting the FX rate, crude oil prices, and stock
prices. For example, Deng et al. [24] used MKL to fuse the
information from stock time series and social network service
for stock price prediction. Deng and Sakurai [25] used MKL
for prediction and trading on crude oilmarkets. Fletcher et al.
[26] used MKL for predicting the FX market from the limit
order book. Luss and D’Aspremont [27] employed MKL for
predicting abnormal returns based on the news using text
classification. Yeh et al. [28] usedMKL to predict stock prices
on the Taiwan stock market and they showed that MKL was
better than SVM for evaluating performances. Deng et al.
[7] used MKL to predict short-term foreign exchange rate,
and the prediction results of MKL based method are much
better than conventional methods, in terms of root mean
square (RMSE).Thedifference between themethod proposed
in Deng et al. [7] and this study is that the proposed
method in this study uses one MKL to predict upward
trend and uses another MKL for prediction of downward
trend, while the method in Deng et al. [7] is used MKL to
predict the change rates of FX rate. The reason for using
one MKL to predict upward trend and using another MKL
to predict downward trend is that our classification is a
three-classification problem (upward trend, downward trend,
and unknown). In addition, this study uses one technical
indicator (RSI) but from three different timeframes, while
Deng et al. [7] used three technical indicators but from one
timeframe. Deng et al. [7] used multiple technical indica-
tors because of the differences between different technical
indicators since they may provide different trading signals,
while this research usedmultiple timeframes of one technical
indicator since different timeframes of the same technical
indicator may provide different trading signals. In addition
to using individual method, several researchers have used
hybrid models for trading stocks or FX rate prediction. For
example, Huang and Wu [29] used SVM and GA integrated
model for predicting a stock index. Huang [30] combined
SVMwith GA to produce a stock selection model. The better
performances of the hybrid SVM-GA model than individual
method (SVM or GA), the superiority of DE to GA [19],
and superiority of MKL to SVM [22, 26, 28] inspired us to
try a new hybrid model which combines MKL and DE. It is
logically expected that a MKL-DE will perform better than
the previous methods.

In the present study, we use a hybrid method based on
MKL and DE for prediction and to generate the trading
rules for trading currency rates. In addition, we noticed that
some researchers focused on extreme returns or abnormal
movements of stock prices. For example, Beneish et al. [31]
used contextual fundamental analysis for stock prediction
and they focused only on extreme returns, that is, returns
above a threshold. Luss and D’Aspremont [27] used MKL
and they focused on abnormal movements, which were
movements above a threshold. Inspired by their research,
in this study, we use MKL to generate signals for upward
trends, downward trends, and no trend. The directional
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change predictor performs learning to predict the direction
of price movements. The direction of movement is classified
as an upward trend, a downward trend, or a probabilistic
fluctuation. Thus, we simply set a threshold for the absolute
values of changes, below which we consider the change to be
a fluctuation.

In addition to trends, traders also consider the possibility
of overbought or oversold conditions for the target currency
pair. For example, if a trader predicts an upward trend but
the target currency pair is overbought, that is, at a high
level, it will be risky to continue following the trend. We
could use a technical indicator as a tool to determine the
degree to which the FX pair is oversold or overbought, before
generating trading actions (buy, sell, or no trade) based on
the overbought or oversold signal. In this study, we define
the overbought or oversold signals based on a RSI (refer to
Section 2.1.3).

Our trading time horizon is 1 hour, which means that
we assess overbought or oversold signals based only on 1-
hour time frame data. Clearly, it is possible that the judg-
ment would be different if we made assessments using a
longer or shorter timeframe. For example, Figure 1 shows
the EUR/USD rate and its RSI values for 1-hour and 2-
hour timeframes (i.e., 1-hour RSI and 2-hour RSI values).
Note that at the eighth point (10:00:00, May 5, 2011) in
Figure 1, the 1-hour RSI value is approximately 73.90, which
provides us with a sell signal because the currency pair is
overbought, whereas the 2-hour RSI value is approximately
43.98, which tells us that the currency is not overbought.
The rate increased further from the eighth to the ninth point
(11:00:00, May 5, 2011). In addition, the 1-hour RSI value is
approximately 78.32 at the ninth point and the 2-hour RSI
value is approximately 71.71, which suggests that both values
provide overbought signals so it is highly probable that the
rate will decrease from the ninth point onwards.This example
shows that if we use the RSI to generate trading rules, we
must assess the overbought or oversold conditions not only
for the target timeframe, but also for relatively longer and
shorter timeframes. For example, the features of the RSI from
a relatively shorter timeframe (i.e., 30 minutes in this study)
and a relatively longer timeframe (i.e., 2 hours) were used in
this study as suitable signals for trading a target currency pair.

In the present study, we use the MACD indicator of
two currency pairs as features, rather than only the target
currency pair, and the RSI indicator from two different
timeframes of the target trading currency pair, rather than
the target timeframe.

According to the 2010 Triennial Survey (the share of
trading volume), the most heavily traded currency pairs
were: EUR/USD 28%, USD/JPY 14%, and GBP/USD 9%.The
EUR/USD is the most traded currency pair in the world, so
this is used as our target trading currency pair. JPY and GBP
are the twomost highly exchanged currencies with both USD
and EUR, so we also employ GBP/USD and USD/JPY as sup-
plementary information for predicting our target currency
pair.

Evaluations of the experimental results should be based
on the return-risk ratio as well as the return and the average
return, because most investors prefer to obtain stable returns,
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Figure 1: Example showing the relative strength index values from
multiple timeframes.

rather than high returns with high volatility, that is, high
risk. Therefore, the Sharpe ratio [32] is used as an evaluation
measure to adjust the risk, in addition to the average return.

In summary, this study makes three main innovations, as
follows: (1) to predict directional changes of EUR/USD, we
set thresholds on the magnitude of the FX rate changes to
distinguish upward trend or downward trend from random
fluctuations to predict the return, whereas only a few studies
employed this process. (2) To generate a trade signal, we fuse
information frommultiple currency pairs other than only the
target currency pair and we combined multiple RSIs from
multiple timeframes other than only the target trading time-
frame, whereas many previous researchers have considered
only the target trading currency pair with a target trading
timeframe. (3) The hybrid model combined an upward
trend/down ward trend signal with the multiple RSI signal,
and the hybridmodel yielded greater profits. Proposedmodel
outperformed the baseline and other methods based on the
results of return and the return-risk ratio.

The remainder of this paper is organized as follows.
Section 2 describes the background of this research. Section 3
explains the structure of the proposed method. Section 4
describes the experimental design. Section 5 presents the
experimental results and provides a discussion. Section 6
concludes the paper.

2. Background

2.1. Technical Indicators. Technical indicators are broadly
classified into two types: trend indicators and oscillator
indicators. The best-known trend indicator is the MA, which
is the basis of most other indicators. Next, we introduce the
three technical indicators used in this study: MA,MACD as a
trend indicator, and RSI as an overbought/oversold indicator.
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2.1.1. SimpleMAand ExponentialMA. TheMA is a technique
for smoothing out short-term fluctuations, which can be
obtained by calculating the mean value of the prices over the
past 𝑛-periods. The MA is used to understand the present
trend, which is why it is a so-called trend-following index.
There are several types of MA, depending on how past prices
are weighted.

The simple MA (SMA) is a simple mean value with
identical weights for past prices:

SMA
𝑛
(𝑡) =

∑
𝑡

𝑘=𝑡−𝑛+1
𝑃 (𝑘)

𝑛

, (1)

where 𝑛 is the period length and 𝑃(𝑘) is the foreign exchange
rate or some other value under consideration.

Another type of MA, the exponential MA (EMA), is the
mean of the underlying data, which is generally the price of
a stock or foreign exchange rate for a given time period 𝑛,
where larger weights are attributed to narrower changes. The
difference between the EMA and the SMA is that the EMA
is concerned more with the nearest movements, which may
have greater effects on future changes than older changes.The
EMA is calculated as follows:

EMA
𝑛
(𝑡) = 𝑃 (𝑡) ∗ 𝑎 + (1 − 𝑎) ∗ EMA

𝑛
(𝑡 − 1) , (2)

where EMA
𝑛
(𝑡) is the EMAof the rate at time 𝑡 and 𝑎 = 2/(𝑛+

1), which is commonly used for the 𝑛-period EMA.

2.1.2. MACD. The MACD is used to predict trends in time
series data and it provides two indicators: the MACD value
and the MACD signal. In general, the MACD value is the
difference between the 12-period and 26-period EMAs, as
follows:

MACDvalue (𝑡) = EMA
12
(𝑡) − EMA

26
(𝑡) . (3)

TheMACD signal is equal to the 9-period EMAof theMACD
value, as follows:

MACDsignal (𝑡) = EMA
9
(MACDvalue (𝑡)) . (4)

TheMACDparameters (12, 26, and 9) can be adjusted tomeet
the needs of traders. In our study, we simply use the default
MACD parameters given above because they are used widely
throughout the world.

2.1.3. RSI. In general, traders use the RSI as a momentum
oscillator to compare the magnitude of recent gains with the
magnitude of recent losses. If we let𝑃(𝑡) represent the closing
price on day 𝑡, then we can calculate the gain or loss in period
𝑡 as follows:

𝐺
𝑡
= {

𝑃 (𝑡) − 𝑃 (𝑡 − 1) if 𝑃 (𝑡) > 𝑃 (𝑡 − 1)

0 otherwise,

𝐿
𝑡
= {

𝑃 (𝑡) − 𝑃 (𝑡 − 1) if 𝑃 (𝑡) < 𝑃 (𝑡 − 1)

0 otherwise.

(5)

Next, the 𝑛-period average gain (AG(𝑡)) is calculated as

AG (𝑡) =

𝑛 − 1

𝑛

× AG (𝑡 − 1) +

1

𝑛

× 𝐺
𝑡
, (6)

and the 𝑛-period average loss (AL(𝑡)) is calculated as

AL (𝑡) = 𝑛 − 1

𝑛

× AL (𝑡 − 1) + 1

𝑛

× 𝐿
𝑡
. (7)

Thus, the 𝑛-period RSI at time point 𝑡 is calculated as

RSI
𝑛
(𝑡) =

AG (𝑡)

AG (𝑡) + AL (𝑡)
× 100. (8)

Traditionally, a RSI value higher than 70 indicates that the
currency has been overbought, whereas a value below 30
indicates that the currency pair has been oversold. Thus, the
RSI provides alarm signals for investors to close the current
position or to open a new position to buy when the currency
is oversold and to sell when it is overbought. The parameters
used for the overbought and oversold levels can be set up by
traders. In the present study, we use DE to optimize the RSI
parameter.

2.2. SVM and MKL. A SVM is an optimal hyperplane used
to separate two classes or a nonlinear separating surface
optimized using a nonlinear mapping from the original input
space into a high-dimensional feature space to search for an
optimally separating hyperplane in the feature space.The lat-
ter solves classification problems that cannot be linearly sepa-
rated in the input space.Wedesignate a hyperplane as optimal
if it has a maximal margin, where the margin is the mini-
mal distance from the separating hyperplane to the closest
data points, which are called the support vectors.

The concept used to map the data from the original
feature space to a high-dimensional feature space is called a
kernel method. Finding the optimal hyperplane is formalized
as follows:

min 1

2

‖𝑤‖
2

+ 𝐶

𝑛

∑

𝑖=1

𝜁
𝑖

s.t. 𝑦
𝑖
(⟨𝑤 ⋅ 𝑥

𝑖
⟩ + 𝑏) ≥ 1 − 𝜁

𝑖
,

𝜁
𝑖
≥ 0, ∀𝑖 = 1, 2, . . . , 𝑛,

(9)

where𝑤 is the vector of the parameters that define the optimal
decision hyperplane ⟨𝑤 ⋅ 𝑥

𝑖
⟩ + 𝑏 = 0 and 𝑏 represents the

bias. (1/2)‖𝑤‖2 is considered to be a regularization term,
which controls the generalization capacities of the classifier.
The second term 𝐶∑

𝑛

𝑖=1
𝜁
𝑖
is the empirical risk (error). 𝐶 is

sometimes referred to as the soft margin parameter and it
determines the tradeoff between the empirical risk and the
regularization term. Increasing the value of 𝐶 gives greater
importance to empirical risk relative to the regularization
term. Positive slack variables 𝜁

𝑖
allow classification errors.

To extend SVM, MKL uses multiple kernels to map
the input space to a higher-dimensional feature space by
combining different kernels to obtain a better separation
function. In MKL, the kernels are combined linearly and the
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weight of each kernel reflects its importance. The kernels
can be different kernels or the same kernels with different
parameters. Each kernel in the combination may account for
a different feature or a different set of features. The use of
multiple kernels can enhance the performance of the model.

Suppose 𝑘
𝑚
(𝑚 = 1, . . . ,𝑀) are 𝑀 positive definite

kernels on the same input space. Finding the optimal decision
surface is formalized as follows:

min
𝑤,𝑏,𝜁

1

2

𝑀

∑

𝑚=1

1

𝑑
𝑚





𝐹
𝑚






2

𝐻𝑚
+ 𝐶

𝑁

∑

𝑖=1

𝜁
𝑖

𝑛

∑

𝑖=1

𝑋
2

𝑖
,

s.t. 𝑦
𝑖
(

𝑀

∑

𝑚=1

⟨𝐹
𝑚
, Φ
𝑚
(𝑥
𝑖
)⟩ + 𝑏) ≥ 1 − 𝜁

𝑖
,

𝜁
𝑖
≥ 0, ∀𝑖 = 1, 2, . . . , 𝑛,

𝑀

∑

𝑚=1

𝑑
𝑚
= 1, 𝑑

𝑚
≥ 0,

(10)

where Φ is a possibly nonlinear mapping from the input
space to a feature space, 𝐹

𝑚
is the separation function, ‖‖ is

a norm, ⟨, ⟩ is the inner product, 𝐶 is used to control the
generalization capacities of the classifier, which is selected by
crossvalidation, and 𝑑

𝑚
are the optimized weights.

In our study, the optimized weights 𝑑
𝑚
directly represent

the ranked relevance of each feature used in the prediction
process.We employMKL to learn the coefficients and param-
eter of the subkernels. We used the multiple kernel learning
toolbox SHOGUN [21] in our experiments.

In our MKL based models, similarity is measured based
on the instances of EUR/USD, instances of USD/JPY, and
instances of GBP/USD. We construct three similarity matri-
ces for each data source. These three derived similarity
matrices are also taken as three subkernels of MKL and the
weights of 𝑑

𝑚,EURUSD, 𝑑𝑚,GBPUSD, and 𝑑𝑚,USDJPY are learnt for
the subkernels:

𝑘 ( ⃗𝑥
𝑖
, ⃗𝑥
𝑗
) = 𝑑
𝑚,EURUSD𝑘EURUSD ( ⃗𝑥

(1)

𝑖
, ⃗𝑥
(1)

𝑗
)

+ 𝑑
𝑚,GBPUSD𝑘GBPUSD ( ⃗𝑥

(2)

𝑖
, ⃗𝑥
(2)

𝑗
)

+ 𝑑
𝑚,USDJPY𝑘USDJPY ( ⃗𝑥

(3)

𝑖
, ⃗𝑥
(3)

𝑗
) ,

(11)

where ⃗𝑥
𝑖
, 𝑖 = 1, 2, . . . , 𝑛, are training samples, 𝑑

𝑚,EURUSD,
𝑑
𝑚,GBPUSD, and 𝑑𝑚,USDJPY ≥ 0, and 𝑑

𝑚,EURUSD + 𝑑
𝑚,GBPUSD +

𝑑
𝑚,USDJPY = 1. 𝑥(1) are EUR/USD instances, 𝑥(2) are

GBP/USD instances, and 𝑥
(3) are USD/JPY instances. In

this study, 𝑘 is the RBF (radial basis function) kernel for
SVM and MKL. For other types of information sources or
subkernel combinations, similar distance based similarity
matrices and kernel functions can be constructed, which
are easily imported into our multikernel based learning
framework.

2.3. DE. TheDE method proposed by Storn and Price [16] is
a population based stochastic search approach, which can be
used as an efficient global optimizer in a continuous search

domain. Like other evolutionary algorithms, DE also has a
population with the size 𝑁

𝑝
and 𝐷-dimensional parameter

vectors (𝐷 is the number of parameters present in an objective
function). Two other parameters used in DE are the scaling
factor 𝐹 and the crossover rate 𝐶

𝑟
.

2.3.1. Population Structure. The current population, repre-
sented by 𝑃

𝑥
, comprises the vectors 𝑥(𝐺)

𝑖
, which have already

been found to be acceptable, either as initial points or based
on comparisons with other vectors, as follows:

𝑃
(𝐺)

𝑥
= (𝑥
(𝐺)

𝑖
) 𝑖 = 0, 1, . . . , 𝑁

𝑃
− 1, 𝐺 = 0, 1, . . . , 𝑔max,

𝑥
(𝐺)

𝑖
= (𝑥
(𝐺)

𝑖,𝑗
) 𝑗 = 0, 1, . . . , 𝐷 − 1.

(12)

After initialization, DE mutates randomly selected vectors
to produce an intermediary population 𝑃

(𝐺)

V of 𝑁
𝑝
mutant

vectors 𝑉(𝐺)
𝑖

. Consider

𝑃
(𝐺)

V = (𝑉
(𝐺)

𝑖
) 𝑖 = 0, 1, . . . , 𝑁

𝑃
− 1, 𝐺 = 0, 1, . . . , 𝑔max,

𝑉
(𝐺)

𝑖
= (𝑉
(𝐺)

𝑖,𝑗
) 𝑗 = 0, 1, . . . , 𝐷 − 1.

(13)

Each vector in the current population is recombined with
a mutant to produce a trial population 𝑃

𝑢
of𝑁
𝑝
trial vectors

𝑢
(𝐺)

𝑖
. Consider

𝑃
(𝐺)

𝑢
= (𝑢
(𝐺)

𝑖
) 𝑖 = 0, 1, . . . , 𝑁

𝑃
− 1, 𝐺 = 0, 1, . . . , 𝑔max,

𝑢
(𝐺)

𝑖
= (𝑢
(𝐺)

𝑖,𝑗
) 𝑗 = 0, 1, . . . , 𝐷 − 1.

(14)

2.3.2. Initialization. Before the population can be initialized,
the upper and lower bounds of each parameter must be
specified. They can be collected into two 𝐷-dimensional ini-
tialization vectors, 𝑥

𝑈
and 𝑥

𝐿
. After the initialization bounds

have been specified, a random number generator assigns
each element of every vector with a value from the prescribed
range. For example, the initial value (𝐺 = 0) of the 𝑗th
parameter of the 𝑖th vector is

𝑃
(0)

= 𝑥
(0)

𝑖,𝑗
= 𝑥
𝑗,𝐿

+ rand
𝑗
[0, 1] ⋅ (𝑥

𝑗,𝑈
− 𝑥
𝑗,𝐿
)

𝑖 = 0, 1, . . . , 𝑁
𝑃
− 1; 𝑗 = 0, 1, . . . , 𝐷 − 1,

(15)

where rand
𝑗
[0, 1] is a random number, which is generated

uniformly between 0 and 1.

2.3.3. Mutation. After initialization, DE mutates and recom-
bines the population to produce a population of 𝑁

𝑝
trial

vectors. A mutant vector is produced according to the
following formulation:

𝑉
(𝐺)

𝑖,𝑗
= 𝑥
(𝐺−1)

𝑟1,𝑗
+ 𝐹 ⋅ (𝑥

(𝐺−1)

𝑟2,𝑗
− 𝑥
(𝐺−1)

𝑟3,𝑗
)

𝑖 = 0, 1, . . . , 𝑁
𝑃
− 1; 𝑗 = 0, 1, . . . , 𝐷 − 1.

(16)
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The scale factor 𝐹 is a positive real number, which controls
the rate of population evolution.There is no upper limit to 𝐹,
but effective values are seldom greater than 1. 𝑟1, 𝑟2, and 𝑟3
refer to three randomly selected indices from the population.

2.3.4. Crossover. DE also employs uniform crossover. Some-
times referred to as discrete recombination, crossover builds
trial vectors from elements that have been copied from two
different vectors. In particular, DE crosses each vector with a
mutant vector:

𝑢
(𝐺)

𝑖,𝑗
=

{
{

{
{

{

V(𝐺)
𝑖,𝑗

if (rand(𝐺)
𝑖,𝑗

≤ 𝐶
𝑟
or 𝑗 = 𝑗rand)

𝑥
(𝐺−1)

𝑖,𝑗
otherwise, (17)

where the crossover probability 𝐶
𝑟
∈ [0, 1] is a user-defined

value, which controls the fraction of elements that are copied
from the mutant. To determine the source that contributes, a
given uniform crossover compares 𝐶

𝑟
to a uniform random

number rand(𝐺)
𝑖,𝑗

between 0 and 1. If the random number is
less than or equal to 𝐶

𝑟
, the trial element is inherited from

the mutant 𝑉(𝐺)
𝑖

; otherwise the element is copied from the
vector𝑥(𝐺−1)

𝑖
. In addition, the trial element with the randomly

selected index 𝑗rand is taken from the mutant to ensure that
the trial vector does not duplicate 𝑥(𝐺)

𝑖
.

2.3.5. Selection. If the trial vector 𝑢(𝐺)
𝑖

has an equal or lower
objective function value than that of its target vector 𝑥(𝐺)

𝑖
, it

replaces the target vector in the next generation; otherwise
the target retains its place in the population for at least one
more generation:

𝑥
(𝐺+1)

𝑖
= {

𝑢
(𝐺)

𝑖
if 𝑓 (𝑢(𝐺)

𝑖
) ≤ 𝑓 (𝑥

(𝐺)

𝑖
)

𝑥
(𝐺)

𝑖
otherwise.

(18)

2.3.6. Stopping Criteria. After the new population is gener-
ated, the processes of mutation, recombination, and selection
are repeated until the optimum is obtained, or a user-defined
termination criterion, such as the number of generations, is
reached at a preset maximum 𝑔max.

2.4. EvaluationMeasures. In the present study, we performed
simulated trading using test samples based on the trading
signals generated by MKL prediction and the multiple RSI
signal, and we evaluated the return (gain or loss) obtained
with the proposedmodel and othermodels. In general, a high
return is inevitably accompanied by the potential for high
risk. Therefore, investors desire a method that decreases risk
while not decreasing the profits greatly, which results in a
trade-off relationship. The Sharpe ratio, named after William
Forsyth Sharpe, is a measure of the excess return per unit
of risk in an investment asset or a trading strategy, which is
defined as follows:

𝑆 =

𝐸 [𝑅 − 𝑅
𝑓
]

𝜎

=

𝐸 [𝑅 − 𝑅
𝑓
]

√var [𝑅 − 𝑅
𝑓
]

, (19)

where 𝑅 is the asset return, 𝑅
𝑓
is the return on a benchmark

asset (usually a very low risk return such as a three-monthUS
treasury bill), 𝜎 is the standard deviation of the asset return,
and 𝐸[𝑅 − 𝑅

𝑓
] is the expected value of the excess of the asset

return relative to the benchmark asset return [32]. In our
experiments, we used the Sharpe ratio as an evaluation mea-
sure to assess the return-risk ratio performance of our pro-
posed method with other methods.

3. Proposed Method

3.1. Structure of the Proposed Method. Figure 2 shows the
structure of the proposed method. First, the proposed
method uses a MKL framework to predict directional
changes in the currency rate based on the MACD of three
currency pairs. The RSI signals are generated using multiple
timeframe features of EUR/USD by considering the MKL
trading signals. Finally, the MKL signal and RSIs signal are
combined to produce a final decision, that is, the trading
signal.

The prediction and trading target currency pair in this
study is EUR/USD. We selected it as our target due to
the fact that the euro and US dollar are the two most
traded currencies in the world, representing the world’s two
largest economies. Therefore, to better predict the changes in
EUR/USD is considered to contribute much to the investors
and international companies. In addition to EUR/USD data
itself, since the two most traded currencies with USD and
EUR in FXmarket are JPY andGBP, USD/JPY andGBP/USD
are used for EUR/USD prediction.These three currency pairs
share almost 50% of the FX market; other currencies such as
AUD (Australian dollars), CAD (Canada dollars), and CHF
(Swiss Franc) are also important currencies but since their
shares in FX market are relatively small, we did not consider
them in the structure of the proposed method.

The trading time interval is selected to be one hour in
this study, which is also selected by Hirabayashi et al. [14]. To
find overbought/oversold indicator values other than target
1-hour horizon data and to select some reasonable longer and
shorter time horizons data are important. Since the trading
time interval is one hour, 30-minute and 2-hour time horizon
data are considered to be useful. Too high frequency time
horizon data (such as minute data) or too low frequency time
horizon data (such as daily data) are considered to have small
impact if we fix the trading time interval to be one hour.

In this proposed method, we use MKL to predict direc-
tional changes and DE to find overbought/oversold informa-
tion from RSI indicator. Although the predicted directional
change can be used for simulated trading, in our preliminary
experiments, the accumulated profits based on just the MKL
predictions were not good enough (refer to Section 5.1); the
same was true for accumulated profits based on using just DE
and RSI indicator. Considering that the prediction and the
technical indicatorsmight have complementary components,
we propose to combine them to get the trading signal.
Therefore, we combineMKLandDE in the proposedmethod.

3.2. MKL Input and Output. For MKL, the input features are
derived from three different sources: EUR/USD, GBP/USD,
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Figure 2: Structure of the proposed method.

Table 1: Features for each kernel.

No. Feature
1 MACD-value at time 𝑡
2 MACD-signal at time 𝑡
3 MACD-value at time (𝑡 − 1)
4 MACD-signal at time (𝑡 − 1)
5 MACD-value at time (𝑡 − 2)
6 MACD-signal at time (𝑡 − 2)
7 MACD-value at time (𝑡 − 3)
8 MACD-signal at time (𝑡 − 3)
9 MACD-value at time (𝑡 − 4)
10 MACD-signal at time (𝑡 − 4)
11 MACD-value at time (𝑡 − 5)
12 MACD-signal at time (𝑡 − 5)
13 MACD-value at time (𝑡 − 6)
14 MACD-signal at time (𝑡 − 6)
15 MACD-value at time (𝑡 − 7)
16 MACD-signal at time (𝑡 − 7)

and USD/JPY. We transform the rates to MACD signals and
values. For each kernel, the inputs are the MACD values
and MACD signals for eight consecutive periods, which are
shown in Table 1.

Using MKL, we construct two classifiers to output the
MKL-up labels and the MKL-down labels (MKL-up refers
to an upward trend classifier learned by MKL, while MKL-
down refers to a downward trend classifier learned by MKL).
We want to predict directional changes in a currency with an
insensitive interval, where the changes from −0.1% to 0.1%

are not considered upward or downward. Thus, we set two
threshold values, that is, 0.1% and −0.1%, which we refer
to as the uptrend threshold value and the downtrend value,
respectively, to label the training and testing samples. The
rules for the MKL-up trend and MKL-down trend classifiers
are shown in Table 2.

Based on the predictions of these twoMKL classifiers, we
obtain a combined MKL signal based on the rules, which are
shown in Table 3.The combinedMKL trading signal is one of
the inputs for DE that needs to be combinedwith themultiple
RSI signal.

3.3. Combined Trading Signal Based on the Combined MKL
and Multiple RSI Signals. The multiple RSI signal value
ValueRSIs is the combined value of three timeframeRSI values:

ValueRSIs =
3

∑

𝑖=1

𝑤
𝑖
𝑒
𝑖
, (20)

where 𝑤
𝑖
are the weights of the three RSIs and 𝑒

𝑖
is the value

of the RSI indicator. Note that the value of the RSI indicator is
expressed as a ratio and we use RSI/100 from (8).The weights
𝑤
𝑖
of each RSI are learned by DE.
We compare the RSI values in (20) with the buy/sell

threshold to determine themultiple RSI signal.The signal and
the condition that need to be satisfied before the signal can be
issued are shown in Table 4.

Signaltrading is a signal used for making decisions based
on both the combined MKL signal and the multiple RSI
signal. Table 5 shows how the combined MKL and multiple
RSI signal are combined to obtain the trading signal. If we
decide to take a position (buy or sell), the position is retained
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Table 2: Output labels for MKL up-trend and down-trend classifiers.

MKL classifier MKL-trend signal Conditions

MKL-up trend MKL-up = +1 If the actual change rate is greater than the upward trend threshold value
MKL-up = −1 If the actual change rate is less than the upward trend threshold value

MKL-down trend MKL-down = +1 If the actual change rate is less than the downward trend threshold value
MKL-down = −1 If the actual change rate is greater than the downward trend threshold value

Table 3: Conditions for issuing the MKL signal.

No Combined MKL signal
(SignalMKL)

Conditions

1 No trade MKL-up = 1 and MKL-down = 1
2 No trade MKL-up = −1 and MKL-down = −1
3 Buy MKL-up = 1 and MKL-down = −1
4 Sell MKL-up = −1 and MKL-down = 1

Table 4: Conditions that need to be satisfied before issuing the RSI
signal.

No Multiple RSI signal (SignalRSIs) Conditions
1 Buy ValueRSIs < buy threshold
2 Sell ValueRSIs > sell threshold
3 No trade otherwise

Table 5: Conditions that need to be satisfied before issuing the
trading signal.

Trading signal
(Signaltrading)

Conditions
Combined MKL signal

(SignalMKL)
Multiple RSI signal

(SignalRSIs)
Buy Buy No trade
Sell Sell No trade
No trade No trade No trade
Sell Any (buy, sell, or no trade) Sell
Buy Any (buy, sell, or no trade) Buy

for 1 hour; that is, we check the conditions every hour. If the
trading signal (buy or sell) is the same as that 1 hour before,
we do not trade and we wait for 1 hour. The data we use are 1-
hour EUR/USD (we used 30min data to calculate the 30min
RSI value, and 1-hour data to calculate the 1-hour RSI value
and the 2-hour RSI value).

3.4. DE Parameter Design. The DE parameter vectors shown
in Table 6 are used to construct the multiple RSI signals. The
representations of the parameter vectors are as follows.

(1) The first three groups represent the parameters for
each RSI (three RSIs in total). The values range from
3 to 10 (integer type).

(2) Numbers 4 to 5 are used to decide the times to buy,
sell, and close positions. The values range from 0 to 2
(floating point number type).

Table 6: DE parameter vector design.

No Value Description
1 3 to 10 parameter for 1-hour RSI
2 3 to 10 parameter for 2-hour RSI
3 3 to 10 parameter for 30-min RSI
4 0 to 2 buy threshold
5 0 to 2 sell threshold
6 0 to 1 weight value for 1-hour RSI
7 0 to 1 weight value for 2-hour RSI
8 0 to 1 weight value for 30-min RSI

(3) Numbers 6 to 8 are the weights used to linearly
combine signals, which are described in (20) in
Section 3.3. The values range from 0 to 1 (floating
point number type).

The population size is set to 200 and the maximum
number of generations is set to 200 during the DE training
step. The accumulated return obtained in the training step is
selected as the objective function.

4. Experiment Design

The exchange rates used in this study were obtained from
ICAP. The ICAP data was used in our previous study [13] for
trading on EUR/USD. The ICAP data use the GMT +1 hour
time zone (GMT +2 hour in summer) and they do cover the
exchange rate in weekend. A list of best offers, best bids, and
dealt prices for every second are comprised in the ICAP data.
We transformed them into 30min and 1-hour timeframes.We
used exchange rate data for three currency pairs from ICAP
data: EUR/USD, GBP/USD, and USD/JPY. We separate the
overall data into three datasets and each dataset covered the
period from January 3 to December 30 in each year, with
a total of about 6200 observations (hourly data). The three
datasets used for training and testing are shown in Table 7.

The data include the “open, high, low, and close” rates
during each time interval (30min and 1 hour). The data were
divided into three disjoint datasets that covered consecutive
periods, the details of which are shown in Table 8. Next,
we divided each dataset into a training period and a testing
period. The MKL training period covered 3000 observations
(around 6 months) and the testing period covered 3000
observations (around 6 months). The MKL-DE training step
covered 1500 trading hours and the MKL-DE testing step
covered 1500 trading hours. Details of the length of each
period are shown in Table 8.
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Table 7: Three datasets used for training and testing.

Dataset MKL training MKL testing MKL-DE training MKL-DE testing
Dataset 1 (2008) Jan. to Jun. Jul. to Dec. Jul. to Sep. Oct. to Dec.
Dataset 2 (2009) Jan. to Jun. Jul. to Dec. Jul. to Sep. Oct. to Dec.
Dataset 3 (2010) Jan. to Jun. Jul. to Dec. Jul. to Sep. Oct. to Dec.

Table 8: Trading and testing periods for MKL and DE.

Period Process Length of period
1 MKL learning 3000 trading hours (around 6 months)
2 MKL testing (prediction) 3000 trading hours (around 6 months)

2-1 MKL-DE training 1500 trading hours (around 3 months)
2-2 MKL-DE testing (trading) 1500 trading hours (around 3 months)

Foreign exchange market is often and suddenly affected
by economic events such as a bank rate decision or even
unpredictable affair such as a big earthquake. Therefore, in
a trading in the experiments, our initial investment is 𝐴 US
dollars. For each transaction (long or short), we fix the trading
amount to be𝐴/2US dollars with a trading leverage ratio of 2
to 1. That is, although we did margin transaction, the trading
in our experiments is conducted with very low leverage (or
with a very high margin level), which ensures the safety of
our transaction order even though there is a big shock in FX
market.

Table 9 shows a list of themethods tested, including base-
linemethods, proposedmethods, and intermediate methods.
“Buy and hold” and “sell and hold” were selected as baseline
methods because they are simple and well known, while they
are the best methods for obtaining zero profit on average if
the market is efficient and stationary. The trading rule they
used was to buy or sell at the start of the testing period and
to close the position at the end of the testing period. The
other methods used for comparison comprising the simplest
methods and our proposed methods. SVM-s used a kernel-
ized linear model for exchange rates where the inputs were
the exchange rates of only one currency pair with SVM as
a learning method. SVM-m was the same as SVM-s but it
utilized the features of three currency pairs. MKL-m was the
same as SVM-m but the model was a multiple kernelized
linear model that uses MKL. MKL-m-t and MKL-m-t-DE
were the same as MKL-m but the prediction was changed
to a three-classification problem from a two-classification
problem. The trading rule used by SVM-s, SVM-m, and
MKL-m was to buy a currency pair when the prediction
was positive, to sell when negative, and “no trade” when
the prediction was 0. The trading rule for MKL-m-t was
based on SignalMKL. The trading rule used by MKL-m-t-DE,
our proposed method, was based on Signaltrading where the
parameters were optimized using MKL and DE (see Table 5).
DE-only was based on SignalRSIs; that is, it relied only on
multiple RSI signals. The DE algorithm includes random
numbers, so we conducted 10 experiments with different
seeds for MKL-m-t-DE and DE-only. In the list of methods
tested, since GA based method are well-known methods in

the previous literatures [12–14], GA-s and GA-m which are
implemented by Deng and Sakurai [13] are considered as
benchmark methods, and we conducted 10 experiments with
different seeds for GA-s and GA-m. “Buy and hold” and
“sell and hold” are well-known baseline methods which are
also used as baseline methods by Chong and Ng [9]; SVM-s,
SVM-m,MKL-m,MKL-m-t, DE-only, andMKL-m-t-DE are
implemented by us.

5. Experimental Results and Discussion

5.1. Returns with the Three Datasets. Table 10 shows the
returns with the methods tested, where the returns were
measured in proportion to the initial investment (the entries
in the first three columns for MKL-m-t-DE, DE-only, GA-
s, and GA-m are the average returns from 10 independent
experiments with their standard deviations). First, we found
that during the testing period (threemonths) for each dataset,
our proposed method yielded good average returns (about
6.73%, 4.71%, and 3.52%). In addition, our proposed method
obtained the best average return (4.98%) among all the
methods tested.

Next, we focused on the baseline methods: “buy and
hold” and “sell and hold.” We found that “buy and hold”
yielded losses with all three testing datasets while “sell and
hold” yielded better returns than the other methods except
MKL-m-t-DE during the three testing periods. The “sell
and hold” strategy yielded profits during the testing periods
because EUR had declined against USD due to the European
sovereign debt crisis [33], which occurred in the Eurozone
after a big rise in EUR against USD from 2005 until the first
half of 2008.We could not forecast the decline or surge before
this period, so we could not decide whether “buy and hold”
was better than “sell and hold” andwe could not conclude that
these two näıve strategies performed well.

In addition, we compared the results with SVM-s and
SVM-m. Table 10 shows that these SVM based methods
yielded losses during all three testing periods. SVM-m used
more information (the features of three FX pairs) than SVM-
s (the features of EUR/USD only) in dataset 2 (2009), but the
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Table 9: List of the methods tested.

Method Description
GA-s Trade based on the trading rules optimized by GA, with one RSI input
GA-m Trade based on the trading rules optimization by GA, with three RSI input
Buy and hold Buy and hold until the end point of a period
Sell and hold Sell and hold until the end point of a period
SVM-s Trade based on SVM prediction, with one FX pair input
SVM-m Trade based on SVM prediction, with three FX pairs input
MKL-m Trade based on MKL prediction, with three FX pairs input
MKL-m-t Trade based on SignalMKL

DE-only Trade based on SignalRSIs (parameters are optimized by DE)
MKL-m-t-DE Trade based on Signaltrading

Table 10: Returns with the methods tested (The numbers right to ± is the standard deviation).

Method Dataset 1 (2008) Dataset 2 (2009) Dataset 3 (2010) Average returns
GA-s 0.0068 ± 0.0230 −0.0454 ± 0.0143 −0.0284 ± 0.0569 −0.0223
GA-m 0.0098 ± 0.0991 −0.0326 ± 0.0286 0.0087 ± 0.0241 −0.0046
Buy and hold −0.0510 −0.0426 −0.0229 −0.0388
Sell and hold 0.0510 0.0426 0.0229 0.0388
SVM-s −0.2039 −0.0225 −0.0559 −0.0941
SVM-m −0.0397 −0.0324 −0.0299 −0.0340
MKL-m −0.1932 −0.0103 0.0479 −0.0518
MKL-m-t 0.0216 0.0150 0.0048 0.0138
DE-only 0.0035 ± 0.0991 −0.0318 ± 0.0541 0.0082 ± 0.0131 −0.0201
MKL-m-t-DE 0.0673 ± 0.0343 0.0471 ± 0.0362 0.0352 ± 0.0215 0.0498

return with SVM-m (−3.2%) was not better than that with
SVM-s (−2.2%).

Moreover, we compared the results of proposed method
with that of GA-s and GA-m. Table 10 shows that GA-s
yielded positive return on average during 2008, while yielded
losses on average during 2009 and 2010. GA-m yielded
positive return in 2008 and 2010, but it yielded losses on
average during 2009 and the average return of three data sets
is about −0.004, which is much worse than the results of our
proposed method. In addition, the average return results of
GA-m for the three data sets are better than those of GA-s,
which agrees with the conclusion in Deng and Sakurai [13]
that the return results improved when using information of
RSI indicator from multiple timeframes.

Based on the average returns, we found that MKL-m-t
performed better than MKL-m, which indicated that the
returns were improved by neglecting small predicted changes
such as fluctuations in the MKL-m method. DE-only used
DE alone to generate the trading rules based on multiple
RSI values, but it yielded losses on average. MKL-m-t-DE
performed the best of the four methods (MKL-m, MKL-m-t,
MKL-m-t-DE, and DE-only), which indicates that the inte-
gration ofmultiple RSI signals could improve the trading per-
formance.

5.2. Sharpe Ratios. In addition to the returns, the Sharpe
ratio was used to evaluate the performance of our proposed
method and other methods. We used the one-year treasury

rate as the risk-free asset to calculate the Sharpe ratio. The
one-year treasury rate ranged from 1.7% to 4.3% between
2008 and 2010. Next, we calculated the average risk-free
returns from 2008 to 2010 and the average risk-free return
for each testing period (three months in each year) was about
0.75%. Table 11 shows the average returns, standard devia-
tions, and Sharpe ratios with each method (for the methods
“MKL-m-t-DE” and “DE-only,” “average return” results are
the averages of all the returns obtained from 10 experi-
ments for all the testing periods with all the datasets, while
the “standard deviation” is the standard deviation of these
returns).

A higher Sharpe ratio indicates a higher return or lower
volatility. From Table 11, we found that for the methods “GA-
s,” “GA-m,” “buy and hold,” “SVM-s,” “SVM-m,” “MKL-m,”
and “DE-only,” their Sharpe ratio values are negative, which
indicates that their average return is less than the free-risk
asset. There are three methods that obtained positive Sharpe
ratio value: “sell and hold,” “MKL-m-t,” and our proposed
method “MKL-m-t-DE.” It is clear that our proposedmethod
had a significantly higher Sharpe ratio (2.6111) than the other
two methods during the testing periods. The Sharpe ratio
results indicate that the proposed method is the best method
when evaluated by return-risk ratio.

6. Conclusion and Future Work

In this study, we developed a hybrid method based on
MKL and DE for EUR/USD trading. In the first step of our
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Table 11: Sharpe ratios for the baseline, benchmark, and proposed methods.

Method Average return Standard deviation Sharpe ratio
GA-s −0.0223 0.0242 −0.5025
GA-m −0.0046 0.0266 −1.1177
Buy and Hold −0.0388 0.0144 −3.2152
Sell and Hold 0.0388 0.0144 2.1736
SVM-s −0.0941 0.0965 −1.0528
SVM-m −0.0340 0.0050 −8.3000
MKL-m −0.0518 0.1258 −0.4713
MKL-m-t 0.0138 0.0084 0.7500
DE-only −0.0201 0.0219 −1.2602
MKL-m-t-DE 0.0498 0.0162 2.6111

approach, we used MKL to predict the directional change
in the currency rate (with an insensitive interval) to provide
a combined MKL signal. In the second step, DE combined
the combined MKL signal with the multiple RSI signal to
generate a trading signal. The experimental results showed
that MKL-m-t yielded profits with the three testing datasets
(about 1.38% on average), while integration of the multiple
RSI signal improved the trading profits (about 4.98% on
average). In addition, the proposed method yielded the best
Sharpe ratio (about 2.61) comparedwith all themodels tested,
which indicates that our proposed method outperformed
other methods in terms of the return-risk ratio, as well as the
returns.

However, there are still some unaddressed questions and
some research directions for future work. For example, how
to find the best insensitive internal (−0.1% to 0.1% in this
study) is still an open question in this study: a too large
insensitive interval could decrease the number trading times
too much so that the trading profit also decreases, while
a too small insensitive interval cannot filter the unknown
movements well the trading profit decreases. For future work,
one may combineMKL with GA to use GA to search the best
parameters for insensitive interval in MKL automatically in
order to solve the unaddressed problems. In addition, other
thanRSI, someother famous overbought/oversold indicators,
such as BIAS andWilliam %R, could be also implemented to
improve the trading ability.
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The cloud platform provides various services to users. More and more cloud centers provide infrastructure as the main way of
operating. To improve the utilization rate of the cloud center and to decrease the operating cost, the cloud center provides services
according to requirements of users by sharding the resources with virtualization. Considering both QoS for users and cost saving
for cloud computing providers, we try to maximize performance and minimize energy cost as well. In this paper, we propose a
distributed parallel genetic algorithm (DPGA) of placement strategy for virtualmachines deployment on cloud platform. It executes
the genetic algorithm parallelly and distributedly on several selected physical hosts in the first stage.Then it continues to execute the
genetic algorithm of the second stage with solutions obtained from the first stage as the initial population. The solution calculated
by the genetic algorithm of the second stage is the optimal one of the proposed approach. The experimental results show that the
proposed placement strategy of VM deployment can ensure QoS for users and it is more effective and more energy efficient than
other placement strategies on the cloud platform.

1. Introduction

Cloud computing is at the forefront of information technol-
ogy. The internal system of cloud computing can be seen as a
collection of a set of services [1], including infrastructure layer
(IaaS), platform layer (PaaS), and application layer (SaaS).
With the development of cloud computing, more and more
cloud centers provide IaaS as the main way of operating.
In order to improve the utilization rate of cloud center and
to decrease the operating costs, virtualization technology
has been applied to the cloud computing [2–4]. It provides
services as required to users by sharding the resources with
virtualization. But the distribution of virtualmachines (VMs)
will become sparser on cloud center with creating and closing
the VMs. The placement problem of VMs has attracted
more and more attention and became a research hotspot in
cloud computing area quickly. It can be regarded as packing
problem and has been proved as a NP-completeness problem
[5].

Most of early researches were focused on increasing
resources utilization rate in considering the system per-
formance. With the increase of cloud center scale, energy
saving has attracted significant attention in both industry
and academia area. In order to reduce operating costs by
saving energy, the concept of green cloud is proposed. Most
researches are focused on VMs consolidation with living
migration technology to reduce energy costs. If we take the
energy costs into consideration as a parameter in the VMs
deployment process, it can effectively reduce live migration
frequency for decreasing the energy costs in maintenance of
cloud center.

Genetic algorithm has been appreciated by academic
circles as a solution of the VMs placement problem because
of its speediness and adaptability advantages. Furthermore,
parallel genetic algorithm can be used to solve the relatively
complex problems. Even so, the genetic algorithm probably
terminates before it gets a good enough solution in the case
that there are a large number of servers in cloud platform and
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users need to deploy a certain number ofVMs.The traditional
parallel genetic algorithm is executed on single physical host,
but Amdahl’s law [6] showed that the performance of parallel
program executed on single physical host is not much better
than serial program.The researches [7, 8] showed that we can
get a better performance of parallel program by enlarging the
scale of problem. Therefore, we propose a new distributed
parallel genetic algorithm (DPGA) of placement strategy
which is executed on several physical hosts for the large-scale
VMs deployment problem. This algorithm can get a better
and more accurate solution by increasing the iterative times.
Comparing with the deployment process, the time cost of
deployment strategy is relatively less. Therefore, we did not
take the time cost in consideration in DPGA. We define the
initial population of the DPGA as initial total population and
the initial population of algorithm executing on each selected
host as initial subpopulation. We assign the performance
per watt as fitness value. In order to ensure the coverage
of the solution space, we choose initial subpopulation from
solution space dispersedly and averagely. It executes the first
stage genetic algorithm on several selected physical hosts to
choose initial subpopulation and get several solutions. Then
it collects the solutions calculated by the first stage of DPGA
and puts them into the second stage as initial population.
Finally, we get a relatively satisfied solution from the second
stage of DPGA.

2. Relevant Work

The proposed question refers to finding the target hosts to
place the VMs. In this paper, relevant knowledge of DVFS
will be used in the standard for evaluating the solution
in considering of minimizing energy costs and ensuring
performance as well.This subject has not been widely studied
in the field related to placement strategy forVMsdeployment.
However, many researches are focused on the placement of
applications and services in the cloud environment [9–15],
and many researchers have been working on data placement
in the cloud center [16–19].

There are also some researches focused on the similar
problems. von Laszewski et al. have presented a scheduling
algorithm to allocate virtual machines in a DVFS-enabled
cluster [20]. The proposed algorithm was focused on
scheduling virtual machines in a compute cluster to reduce
power consumption via the technique of DVFS (dynamic
voltage and frequency scaling). It dynamically adjusts the
CPU frequencies and voltages of the compute nodes in a
cluster without degrading the virtual machine performance
beyond unacceptable levels. Recent studies have revealed that
the network elements consume 10–20% of the total power
in the data center. VMPlanner [21] optimized both virtual
machine placement and traffic flow routing so as to turn off
as many unneeded network elements as possible for network
power reduction in the virtualization-based data centers. It
took the advantage of the flexibility provided by dynamic
VM migration and programmable flow-based routing to
optimize network power consumption while satisfying
network traffic demands. Ge et al. have presented distributed

performance-directed DVS (dynamic voltage scaling)
scheduling strategies for use in scalable power-aware HPC
(high-performance computing) clusters [22]. It uses DVS
technology in high-performance microprocessors to reduce
power consumption during parallel application runs in the
case that peak CPU performance is not necessary due to load
imbalance, communication delays, and so forth. VMPACS
[23] is a multiobjective ant colony system algorithm for
the virtual machine placement problem. The purpose of
VMPACS is to efficiently obtain a nondominated Pareto set
that simultaneously minimizes total resource wastage and
power consumption.MILP [24] proposed a holistic approach
for a large-scale cloud system where the cloud services are
provisioned by several data centers interconnected over the
backbone network. It is a mixed integer linear programming
formulation that aims at virtualizing the backbone topology
and placing the VMs in inter- and intradata centers with
the objective of jointly optimized network delay and energy
saving. OVMP [25] is an optimal virtual machine placement
algorithm to provision the resources offered by multiple
cloud providers. It is based on an IaaS model which leverages
virtualization technologies that can minimize the total cost
of resource in each plan for hosting virtual machines in a
multiple cloud provider environment under future demand
and price uncertainty. The tradeoff between the advance
reservation of resources and the allocation of on-demand
resources is adjusted to be optimal. It makes a decision based
on the optimal solution of stochastic integer programming
(SIP) to rent resources from cloud providers. Jing Tai Piao
proposed a network-aware virtual machine placement and
migration approach for data intensive applications in cloud
computing environments to minimize the data transfer time
consumption [26]. It places the VMs on physical machines
with consideration of the network conditions between the
physical machines and the data storage. It also considers
the scenario in which instable network condition changed
the data access behaviors and deteriorated the application
performance. It migrates the VM to other physical machines
in order to deal with this scenario.

3. Distributed Parallel Genetic Algorithm of
VMs Placement

There are 𝑤 physical hosts in the cloud platform and
users need 𝑛 VMs with (ℎ
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)MRAM. We assume that the physical

hosts in cloud center are DVFS [27] enabled and the cloud
center can satisfy requirements of users; namely, 𝑤 is big
enough for 𝑛. We assume that 𝑤 ≫ 𝑛 and the physical
hosts are in the same network environment. Solution space
is recorded as follows: 𝑃 = (𝑃
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Figure 1: Distributed parallel genetic algorithm of VMs placement.

memory size of 𝑃
𝑖
. UM
𝑖
is the used memory size of 𝑃

𝑖
. RM is

the reserved memory size of the system. 𝑃
𝑖
can be a member

of solutions only if AF
𝑖
> ℎ and AM

𝑖
> 𝑚.

From the view of users, cloud center should select the
physical hosts with more remaining resources to load the
VMs with the objective of improving the QoS. From the view
of cloud operators, cloud center should improve the utiliza-
tion rates of resources and decrease the energy costs that aim
at reducing the operating costs. Taken together, we assign
the performance per watt to evaluation standard, namely,
maximizing performance as well as minimizing energy costs.
As shown in Figure 1, the idea of DPGA is divided into
two stages. In the first stage, genetic algorithm is executed
in parallel on 𝑔 selected physical hosts. We select initial
populations dispersedly and averagely by a certain step size
in solution space for these physical hosts. Selection process
chooses the solution vectors according to the probability
which is proportional to the fitness value.Then the algorithm
crosses the selected solution vectors and mutates the crossed
solution vectors in the direction conducive to the fitness
value. After crossover and mutation process, the algorithm
iterates the first stage until it meets the iterative terminal
conditions. In the second stage, the algorithm collects the
solutions obtained fromeach selected physical host in the first
stage, and then it executes the genetic algorithm again as in
the first stage with collected solutions as initial population.

3.1. Initial Population Generation in the First Stage. Instead
of random way, we assign the initial population for higher
coverage rate in the initial population generating process.

Initial vector set 𝑤/𝑛 as jump volume among the vector
members.We select 𝑔 initial vectors as initial solution vectors
and set 𝑤/𝑛/𝑔 as jump volume among the initial solutions.
We set 𝑤/𝑛/𝑔/𝑔 as jump volume among the initial solutions
of the selected physical hosts. To ensure the algorithm
executing correctly, in this paper, we assume that 𝑤/𝑛/𝑔/𝑔 >
1. In physical host 𝑥 (0 ≤ 𝑥 < 𝑔), the vector member
𝑄
𝑥𝑦𝑧
(0 ≤ 𝑧 < 𝑛) of initial solution vector 𝑆

𝑥𝑦
(0 ≤ 𝑦 < 𝑔) is

as follows:
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𝑥𝑦𝑧
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𝑥 × 𝑤/𝑛/𝑔/𝑔 + 𝑦 × 𝑤/𝑛/𝑔 + 𝑧 × 𝑤/𝑛 > 𝑤.

(1)

Number 𝑥 is the serial number of the physical host which
is selected to execute the first stage algorithm. Number 𝑦
is the solution vector serial number of the physical host 𝑥.
Number 𝑧 is the vector member serial number of the solution
vector 𝑦.

For instance, we set 𝑤 = 1000, 𝑛 = 10, and 𝑔 = 4. The
initial population is showed in Table 1.

3.2. Fitness Calculation. We assign the performance per watt
as fitness value. The performance increment of physical
host 𝑄

𝑥𝑦𝑧
is recorded as Δ𝐹

𝑥𝑦𝑧
× 𝑇. Δ𝐹

𝑥𝑦𝑧
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frequency increment of physical host 𝑄
𝑥𝑦𝑧

and 𝑇 is the VM
work time. The energy consumption increment of physical
host 𝑄

𝑥𝑦𝑧
is recorded as Δ𝐸

𝑥𝑦𝑧
. The VCPU frequencies of

placement VMs are (ℎ
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. The relationship among
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Table 1: An example of initial population in the first stage.

Physical host (𝑥) Initial solution vector (𝑦) Member of initial solution vector

0

0 (P0, P100, P200, P300, P400, P500, P600, P700, P800, P900)
1 (P25, P125, P225, P325, P425, P525, P625, P725, P825, P925)
2 (P50, P150, P250, P350, P450, P550, P650, P750, P850, P950)
3 (P75, P175, P275, P375, P475, P575, P675, P775, P875, P975)

1

0 (P6, P106, P206, P306, P406, P506, P606, P706, P806, P906)
1 (P31, P131, P231, P331, P431, P531, P631, P731, P831, P931)
2 (P56, P156, P256, P356, P456, P556, P656, P756, P856, P956)
3 (P81, P181, P281, P381, P481, P581, P681, P781, P881, P981)

2

0 (P12, P112, P212, P312, P412, P512, P612, P712, P812, P912)
1 (P37, P137, P237, P337, P437, P537, P637, P737, P837, P937)
2 (P62, P162, P262, P362, P462, P562, P662, P762, P862, P962)
3 (P87, P187, P287, P387, P487, P587, P687, P787, P887, P987)

3

0 (P18, P118, P218, P318, P418, P518, P618, P718, P818, P918)
1 (P43, P143, P243, P343, P443, P543, P643, P743, P843, P943)
2 (P68, P168, P268, P368, P468, P568, P668, P768, P868, P968)
3 (P93, P193, P293, P393, P493, P593, P693, P793, P893, P993)

energy, voltage, and frequency in CMOS circuits [27] is
related by

𝐸 = 𝐶 × 𝐹 × 𝑉
2

× 𝑇, 𝐹 = 𝐾 ×

(𝑉 − 𝑉𝑡)
2

𝑉

, (2)

where 𝐸 is energy consumption, 𝐶 is CPU circuit switching
capacity, 𝐹 is CPU frequency, 𝑉 is CPU voltage, 𝐾 is a
factorwhich depends on technology, and𝑉𝑡 is CPU threshold
voltage. By formula (2), we can get the relationship between
voltage and frequency as follows:

𝑉 =
√
𝐹 × 𝑉𝑡

𝐾

+

𝐹
2

4 × 𝐾
2
+ 𝑉𝑡 +

𝐹

2 × 𝐾

.
(3)

We can also get the energy consumption increment of
physical host 𝑄

𝑥𝑦𝑧
as follows:

Δ𝐸
𝑥𝑦𝑧
= 𝐶
𝑥𝑦𝑧
× (𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
)

× (
√

(𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
) × 𝑉𝑡

𝑥𝑦𝑧

𝐾
𝑥𝑦𝑧

+

(𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
)

2

4 × 𝐾
𝑥𝑦𝑧

2

+ 𝑉𝑡
𝑥𝑦𝑧
+

𝐹
𝑥𝑦𝑧
+ ℎ
𝑧

2 × 𝐾
𝑥𝑦𝑧

)

2

× 𝑇

− 𝐶
𝑥𝑦𝑧
× 𝐹
𝑥𝑦𝑧
× (√

𝐹
𝑥𝑦𝑧
× 𝑉𝑡
𝑥𝑦𝑧

𝐾
𝑥𝑦𝑧

+

𝐹
𝑥𝑦𝑧

2

4 × 𝐾
𝑥𝑦𝑧

2

+ 𝑉𝑡
𝑥𝑦𝑧
+

𝐹
𝑥𝑦𝑧

2 × 𝐾
𝑥𝑦𝑧

)

2

× 𝑇.

(4)

It updates the 𝐹
𝑥𝑦𝑧

= 𝐹
𝑥𝑦𝑧

+ ℎ
𝑧
dynamically and

temporarily after Δ𝐸
𝑥𝑦𝑧

calculation. The updated 𝐹
𝑥𝑦𝑧

only
works in the process of the fitness value calculation for
current solution vector. The fitness value of the algorithm is
the ratio of the incremental performance and incremental
power consumption after deploying the VMs according to
the solution vector. Thus, the fitness value 𝐼

𝑥𝑦
of the solution

vector 𝑆
𝑥𝑦

in the proposed VM placement strategy can be
expressed as follows:

𝐼
𝑥𝑦
=

∑
𝑛−1

𝑧=0
Δ𝐹
𝑥𝑦𝑧
× 𝑇

∑
𝑛−1

𝑧=0
Δ𝐸
𝑥𝑦𝑧

=

𝑛−1

∑

𝑧=0

ℎ
𝑧

×(

𝑛−1

∑

𝑧=0

𝐶
𝑥𝑦𝑧
× (𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
)

× (
√

(𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
) × 𝑉𝑡

𝑥𝑦𝑧

𝐾
𝑥𝑦𝑧

+

(𝐹
𝑥𝑦𝑧
+ ℎ
𝑧
)

2

4 × 𝐾
𝑥𝑦𝑧

2

+ 𝑉𝑡
𝑥𝑦𝑧
+

𝐹
𝑥𝑦𝑧
+ ℎ
𝑧

2 × 𝐾
𝑥𝑦𝑧

)

2

− 𝐶
𝑥𝑦𝑧
× 𝐹
𝑥𝑦𝑧

× (√

𝐹
𝑥𝑦𝑧
× 𝑉𝑡
𝑥𝑦𝑧

𝐾
𝑥𝑦𝑧

+

𝐹
𝑥𝑦𝑧

2

4 × 𝐾
𝑥𝑦𝑧

2

+ 𝑉𝑡
𝑥𝑦𝑧
+

𝐹
𝑥𝑦𝑧

2 × 𝐾
𝑥𝑦𝑧

)

2

)

−1

.

(5)
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3.3. Selection, Crossover, and Mutation in the First Stage.
Selecting operations choose the solution vectors according
to the probability in the direction proportional to the fitness
value. The selected solution vectors with higher fitness value
will get more opportunities to be inherited by succeeding
generation. The selection probability 𝛽

𝑥𝑦
of solution vector

𝑆
𝑥𝑦

is as follows:

𝛽
𝑥𝑦
=

𝐼
𝑥𝑦

∑
𝑔−1

𝑎=0
𝐼
𝑥𝑎

. (6)

The selection probability area 𝛼
𝑥𝑦

of solution vector 𝑆
𝑥𝑦

between 0 and 1 is as follows:

𝛼
𝑥𝑦
=

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

[0, 𝛽
𝑥𝑦
) , 𝑦 = 0,

[

𝑦−1

∑

𝑎=0

𝛽
𝑥𝑎
,

𝑦

∑

𝑎=0

𝛽
𝑥𝑎
] , 0 < 𝑦 < 𝑔 − 1,

(

𝑦−1

∑

𝑎=0

𝛽
𝑥𝑎
, 1] , 𝑦 = 𝑔 − 1.

(7)

Then selection process generates 𝑔 random numbers
between 0 and 1. It selects 𝑔 solution vectors according to 𝑔
random numbers which appear in probability area.

In crossover process, we use the multipoint crossover
method with self-adaptive crossover rate [28]. We set the
initial crossover rate with 1. Firstly, crossover process calcu-
lates the crossover rate for the solution vectors of current
generation. We record 𝜁pre as the crossover rate of previous
generation solution vectors.

The average fitness value of current generation solution
vectors is as follows:

𝐼
𝑥 average =

∑
𝑔−1

𝑖=0
𝐼
𝑥𝑖

𝑔

. (8)

𝐼
𝑥𝑖
is the fitness value of the current generation solution

vector. The average fitness value of previous generation
solution vectors is as follows:

𝐼
pre
𝑥 average =

∑
𝑔−1

𝑖=0
𝐼
pre
𝑥𝑖

𝑔

. (9)

𝐼
pre
𝑥𝑖

is the fitness value of the previous generation solution
vector.The crossover rate 𝜁 of the current generation solution
vectors is as follows:

𝜁 = 𝜁
pre
× (1 −

𝐼
𝑥 average − 𝐼

pre
𝑥 average

𝐼
pre
𝑥 average

) . (10)

We assume that 𝐼
𝑥max is the largest fitness value of the

solution vectors. Crossover process uses the random mating
strategy for mating the population. For each pair of mating
solution vectors, we assume that 𝐼

𝑥𝑦
is the bigger fitness value

of the two solution vectors. The crossover rate 𝜁
𝑥𝑦

of this pair
of mating solution vectors is as follows:

𝜁
𝑥𝑦
= 𝜁 ×

𝐼
𝑥max − 𝐼𝑥𝑦

𝐼
𝑥max − 𝐼𝑥 average

. (11)

If this pair of mating solution vectors needs to be crossed
according to crossover rate 𝜁

𝑥𝑦
, crossover process generates 𝑛

random numbers of 0 or 1. The position will be the crossover
point if the random number is 1.The process crosses this pair
of mating solution vectors according to the crossover points.

We use the multipoint mutation method with self-
adaptivemutation rate [28] as in the crossover process. Firstly,
the mutation process calculates the mutation rate for the
solution vectors. We assume that 𝐼

𝑥max is the largest fitness
value of the solution vectors. 𝐼

𝑥𝑦
is the fitness value of solution

vector 𝑆
𝑥𝑦
. The mutation rate 𝛿

𝑥𝑦
of 𝑆
𝑥𝑦

is as follows:

𝛿
𝑥𝑦
=

𝜁

𝑛

×

𝐼
𝑥max − 𝐼𝑥𝑦

𝐼
𝑥max − 𝐼𝑥 average

. (12)

Then the mutation process sets the mutation points for
𝑆
𝑥𝑦

according to mutation rate 𝛿
𝑥𝑦
. If the mutation process

sets the point as a mutation point, it records the related
number with 1; otherwise it records the related number with
0. The solution vector is an incorrect solution after crossover
if the number 𝜃 of a physical host that appears in solution
vector is bigger than the number 𝜑 of VMs that can be loaded
in this physical host. In this case, we set 𝜃-𝜑mutation points
(set the related number with 1) randomly on the position of
the physical host in solution vector. For example, there are
two solution vectors (𝑃

5
, 𝑃
14
, 𝑃
54
, 𝑃
189

, 𝑃
201

, 𝑃
323

, 𝑃
405

, 𝑃
667

,
𝑃
701

, 𝑃
899

) and (𝑃
88
, 𝑃
103

, 𝑃
166

, 𝑃
255

, 𝑃
323

, 𝑃
323

, 𝑃
391

, 𝑃
405

, 𝑃
653

,
𝑃
878

), the crossover point is 8, and then the solution vectors
after crossover are (𝑃

5
,𝑃
14
,𝑃
54
,𝑃
189

,𝑃
201

,𝑃
323

,𝑃
405

,𝑃
405

,𝑃
653

,
𝑃
878

) and (𝑃
88
, 𝑃
103

, 𝑃
166

, 𝑃
255

, 𝑃
323

, 𝑃
323

, 𝑃
391

, 𝑃
667

, 𝑃
701

, 𝑃
899

).
The solution vector (𝑃

5
, 𝑃
14
, 𝑃
54
, 𝑃
189

, 𝑃
201

, 𝑃
323

, 𝑃
405

, 𝑃
405

,
𝑃
653

, 𝑃
878

) is an incorrect solution if the remaining available
resources of 𝑃

405
only can load one VM. So we set 𝑃

405
as

mutation point.
After determining the mutation points, the mutation

process continues to mutate the mutation points. In initial
population generation process, we take the coverage of the
solution space into consideration, so the mutation process
mutates the mutation point with the scope of 𝑤/𝑛/𝑔/𝑔. As
for 𝑃
𝑖
, the mutation interval is as follows:

[𝑃
𝑖−𝑤/𝑛/𝑔/𝑔+𝑤

, 𝑃
𝑤−1
] ∪ [𝑃

0
, 𝑃
𝑖+𝑤/𝑛/𝑔/𝑔

]

𝑖 − 𝑤/𝑛/𝑔/𝑔 < 0,

[𝑃
𝑖−𝑤/𝑛/𝑔/𝑔

, 𝑃
𝑖+𝑤/𝑛/𝑔/𝑔

]

𝑖 − 𝑤/𝑛/𝑔/𝑔 ≥ 0, 𝑖 + 𝑤/𝑛/𝑔/𝑔 ≤ 𝑤 − 1,

[𝑃
𝑖−𝑤/𝑛/𝑔/𝑔

, 𝑃
𝑤−1
] ∪ [𝑃

0
, 𝑃
𝑖+𝑤/𝑛/𝑔/𝑔−(𝑤−1)

]

𝑖 + 𝑤/𝑛/𝑔/𝑔 > 𝑤 − 1.

(13)

Because of the indeterminacy of the mutation points,
mutation process mutates the mutation points according
to the sequence of the mutation points. According to the
nonmutation points (the relevant position of randomnumber
is 0), mutation process updates the information of members
in mutation interval and deletes the members of mutation
interval if the remaining resources of relevant physical
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hosts cannot satisfy the requirement of users. The number
of alternative mutation physical hosts after updating the
mutation interval is 𝑙.The alternative mutation physical hosts
are expressed as (𝑃

0
, 𝑃


1
, 𝑃


2
, . . . , 𝑃



𝑙−1
). If 𝑙 = 0, the mutation

process randomly selects a mutation physical host that can
satisfy the requirements of users from solution space. If 𝑙 > 0,
the mutation process selects a physical host from mutation
interval proportional to the benefit of the fitness value to
mutate the mutation point.

If physical host 𝑃
𝑖
loads the VM, the performance per

watt 𝐼
𝑖
is as follows:

𝐼


𝑖
= (ℎ)

× (𝐶
𝑖
× (𝐹
𝑖
+ ℎ)

×(√
(𝐹
𝑖
+ ℎ) × 𝑉𝑡

𝑖

𝐾
𝑖

+

(𝐹
𝑖
+ ℎ)
2

4𝐾
𝑖

2

+ 𝑉𝑡
𝑖
+

𝐹
𝑖
+ ℎ

2𝐾
𝑖

)

2

−𝐶
𝑖
× 𝐹
𝑖
× (√

𝐹
𝑖
× 𝑉𝑡
𝑖

𝐾
𝑖

+

𝐹
𝑖

2

4𝐾
𝑖

2
+ 𝑉𝑡
𝑖
+

𝐹
𝑖

2𝐾
𝑖

)

2

)

−1

.

(14)

The selection probability 𝛽
𝑖
of alternative mutation phys-

ical host 𝑃
𝑖
is as follows:

𝛽


𝑖
=

𝐼


𝑖

∑
𝑙−1

𝑗=0
𝐼


𝑗

. (15)

The probability area 𝛼
𝑖
of alternative mutation physical

host 𝑃
𝑖
between 0 and 1 is as follows:

𝛼


𝑖
=

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

[0, 𝛽


𝑖
) , 𝑖 = 0,

[

𝑖−1

∑

𝑎=0

𝛽


𝑎
,

𝑖

∑

𝑎=0

𝛽


𝑎
] , 0 < 𝑖 < 𝑙 − 1,

(

𝑖−1

∑

𝑎=0

𝛽


𝑎
, 1] , 𝑖 = 𝑙 − 1.

(16)

Then mutation process generates a random number
between 0 and 1. It selects an alternative physical host
according to the probability area in which the random num-
ber appeared. After mutating the mutation point, mutation
process sets the relevant position number of solution vector
with 0.

3.4. Iteration and Termination in the First Stage. After the
mutation process, the algorithm judges whether it reaches

the iterative termination conditions of the first stage of
DPGA. If so, the algorithm stops iteration in the first stage;
otherwise it continues the iteration. The solution vector with
the maximum fitness value is the optimal solution vector in
the first stage.The iterative termination conditions of the first
stage are as follows.

(1) Iterative times attain the preset maximum iterative
times in the first stage. We set the maximum iterative
times in the first stage with 𝜏. The value of 𝜏 is related
to 𝑤 and 𝑛.

(2) The difference between the largest fitness value and
the average fitness value is less than a certain ratio
of the average fitness value. We set the difference
ratio of the second termination condition of the first
stage with 𝜇. We record the largest fitness value of the
solution vectors as 𝐼

𝑥max. Thus, the first stage of the
algorithm will terminate if it satisfies the following
formula:

𝐼
𝑥max ≤ (1 + 𝜇) × 𝐼𝑥 average. (17)

(3) Theoptimized proportion of the average fitness values
between two adjacent generation populations is less
than the preset ratio.We set the optimized proportion
of the third termination condition of the first stage
with 𝜎. Thus, the first stage of the algorithm will
terminate if it satisfies the following formula:

𝐼
𝑥 average ≤ (1 + 𝜎) × 𝐼

pre
𝑥 average. (18)

3.5. Genetic Algorithm in the Second Stage. After completing
the iteration in the first stage of DPGA, the algorithm collects
the solution vectors obtained from the first stage as the initial
population in the second stage. The selection process in the
second stage chooses the solution vectors in the same way as
in the first stage.We also use themultipoint crossovermethod
with self-adaptive crossover rate as in the first stage.

The average fitness value of current generation solution
vectors in the second stage is as follows:

𝐼


average =
∑
𝑔−1

𝑖=0
𝐼


𝑖

𝑔

. (19)

𝐼


𝑖
is the fitness value of the current generation solution

vector in the second stage. The average fitness value of
previous generation solution vectors in the second stage is as
follows:

𝐼
pre
average =

∑
𝑔−1

𝑖=0
𝐼
pre
𝑖

𝑔

. (20)

𝐼
pre
𝑖

is the fitness value of the previous generation solution
vector in the second stage.The crossover rate 𝜁 of the current
generation solution vectors in the second stage is as follows:

𝜁


= 𝜁
pre
× (1 −

𝐼


average − 𝐼
pre
average

𝐼
pre
average

) . (21)
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𝜁
pre is the crossover rate of the previous generation

solution vectors in the second stage. 𝐼
𝑖
is the fitness value of

the current generation solution vector in the second stage.
𝐼
pre
𝑖

is the fitness value of the previous generation solution
vector in the second stage.The crossover rate 𝜁

𝑥
of the pair of

the mating solution vectors in the second stage is as follows:

𝜁


𝑥
= 𝜁


×

𝐼


max − 𝐼


𝑥

𝐼


max − 𝐼


average
. (22)

𝐼


max is the largest fitness value of the solution vectors in
the second stage. 𝐼

𝑥
is the bigger fitness value of the pair of

the mating solution vectors in the second stage.
The mutation process uses the multipoint mutation

method with self-adaptive mutation rate and confirms the
mutation points as the way it used in the first stage. The
mutation rate 𝛿

𝑥
of 𝑆
𝑥
in the second stage is as follows:

𝛿


𝑥
=

𝜁


𝑛

×

𝐼


max − 𝐼


𝑥

𝐼


max − 𝐼


average
. (23)

𝐼


max is the largest fitness value of the solution vectors in
the second stage. 𝐼

𝑥
is the fitness value of solution vector 𝑆

𝑥

in the second stage. After confirming the mutation points
in the second stage, being different from the process in the
first stage, it mutates the mutation points with the scope of
the whole solution space. Because of the indeterminacy of
the mutation points, mutation process mutates the mutation
points according to the sequence of the mutation points.
Firstly, according to the nonmutation points, mutation pro-
cess updates the information of all solution space members
and deletes the members of mutation interval if the remain-
ing resources of relevant physical hosts cannot satisfy the
requirement of users. Then the mutation process mutates the
mutation points in the same way as in the first stage.

After the mutation process in the second stage, the
algorithm judges whether it reaches the iterative termination
conditions of the second stage of DPGA. If so, the algorithm
stops iteration in the second stage; otherwise it continues
the iteration. The solution vector with the maximum fitness
value is the optimal solution vector.The iterative termination
conditions of the second stage are as follows.

(1) Iterative times attain the preset maximum iterative
times in the second stage. Because the solution vectors
obtained from the first stage are relative optimal
solutions, we decrease the maximum iterative times
accordingly in the second stage.We set the maximum
iterative times in the second stage with 𝜏/𝑔.

(2) The difference between the largest fitness value and
the average fitness value is less than a certain ratio of
the average fitness value. As the result of the fact that
the solution vectors obtained from the first stage are
relative optimal solutions, we decrease the difference
ratio accordingly in the second stage. We set the
different ratio of the second termination condition
of the second stage with 𝜇/𝑔. We record the largest
fitness value of the solution vectors as 𝐼max. Thus, the

second stage of the algorithm will terminate if it
satisfies the following formula:

𝐼


max ≤ (1 + 𝜇/𝑔) × 𝐼


average. (24)

(3) Theoptimized proportion of the average fitness values
between two adjacent generation populations is less
than the preset ratio. We decrease the optimized
proportion accordingly in the second stage in conse-
quence of the fact that the solution vectors obtained
from the first stage are relative optimal solutions. We
set the optimized proportion of the third termination
condition of the second stage with 𝜎/𝑔. The second
stage of the algorithm will terminate if it satisfies the
following formula:

𝐼


average ≤ (1 + 𝜎/𝑔) × 𝐼
pre
average. (25)

4. Evaluation

In order to simulate a dynamic cloud platform, we utilize
a cloud simulator named CloudSim toolkit [29], version
3.0.3. The CloudSim framework can create different kinds
of entities and remove data center entities at run time. The
CloudSim framework can also calculate the status infor-
mation of entities such as resource utilization and power
consumption during the simulation period. We choose 6
kinds of host models as shown in Table 2 for CloudSim
platform in the experiments.

According to Table 3, we need to create power model
classes for each kind of host models to calculate the power
consumption of the hosts in CloudSim platform [30].

In the experiments, DPGA needs some parameters of
the hosts. The CloudSim platform does not provide the
parameters 𝐶,𝐾, and𝑉𝑡 of the hosts which should have been
obtained from the hardware providers. Therefore we need to
calculate the approximate values of the parameters. Firstly, we
pick up two groups of core voltage and core frequency for
each kind of host model, and then we calculate their power
consumption by the CloudSim platform. Finally, we utilize
the matlab [31] to solve the multiple equations established
by formula (2) according to the information of Table 4. The
values of parameters are showed in Table 4.

The class PowerHost of the CloudSim platform does not
contain the member variables of 𝐶, 𝐾, and 𝑉𝑡. We create a
new class which extends the class PowerHost by adding the
member variables of 𝐶, 𝐾, and 𝑉𝑡 so that the entities in the
experiments can record the information of parameters for
DPGA. In the experiments, a data center consisting of𝑤hosts
is created. These hosts are averagely composed of the above
6 kinds of host models. Then the data center creates 𝑑 VMs
according to Table 5 averagely with the full utilization model
as the original loads of the data center.

In the experiments, the data center creates 𝑛VMs accord-
ing to Table 6 averagely as the requirements of users with full
utilization model.

4.1. Performance per Watt with Different Original Loads. In
this experiment, we set the hosts number of the data center
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Table 2: Host models for CloudSim platform in the experiments.

Host CPU Memory (G)
IBM System X3650 M4 2 × [Intel Xeon E5-2660 2200MHz, 10 cores] 64
IBM System X3300 M4 2 × [Intel Xeon E5-2470 2300MHz, 8 cores] 24
Dell PowerEdge R710 2 × [Intel Xeon X5675 3066MHz, 6 cores] 24
Dell PowerEdge R610 2 × [Intel Xeon X5670 2933MHz, 6 cores] 12
Acer Altos AR580 F2 4 × [Intel Xeon X4607 2200MHz, 6 cores] 64
Acer Altos R380 F2 2 × [Intel Xeon X2650 2000MHz, 8 cores] 24

Table 3: Benchmark results summary of host models.

Host Power consumption for the different target loads (W)
0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

IBM System X3650 M4 52.7 80.5 90.3 100 110 120 131 143 161 178 203
IBM System X3300 M4 50.8 74.3 84.1 94.5 106 122 141 164 188 220 260
Dell PowerEdge R710 62.2 104 117 127 137 147 157 170 187 205 227
Dell PowerEdge R610 61.9 102 115 126 137 149 160 176 195 218 242
Acer Altos AR580 F2 109 155 170 184 197 211 226 252 280 324 368
Acer Altos R380 F2 52.9 77.1 85.4 94 102 110 124 141 162 186 215

𝑤 = 1600 and the VMs number 𝑛 = 10 as the requirements
of users. We adjust the VMs number 𝑑 as the original loads
from 0 to 5000 and allocate these VMs to the hosts randomly.
It represents different load levels of the data center. All idle
hosts are switched to Sleep state. The experiment is designed
for verifying the efficiency of DPGA in performance per
watt of a cloud center under different original loads. In this
scenario, we compare performance per watt of DPGA with
ST (static threshold) which sets the utilization threshold to
0.9, IQR (interquartile range) which sets the safety parameter
to 1.5, LR (local regression) which sets the safety parameter
to 1.2, LRR (local regression robust) which sets the safety
parameter to 1.2, and MAD (median absolute deviation)
which sets the safety parameter to 2.5 [30]. As illustrated
in Figure 2, DPGA placement strategy for VMs deployment
under different original loads gets higher performance per
watt than other placement strategies. Further, when 𝑑 ≤

1000, namely, the data center under an approximate idle
state, performance per watt of DPGA placement strategy
increases rapidly. When 1000 < 𝑑 ≤ 2000, namely, the
data center under a low loading state, performance per watt
of DPGA placement strategy increases at a relatively flat
rate. When 2000 < 𝑑 ≤ 4000, namely, the data center
under a moderate loading state, performance per watt of
DPGA placement strategy is relatively stable. When 𝑑 >

4000, namely, the data center under an overloading state,
performance per watt of DPGA placement strategy begins to
decline gradually. This is because the hosts under the state
from idle to load or under the overload states consume more
power than the hosts under the state of a certain load. In
conclusion, DPGA has a better performance per watt and is
relatively more stable because DPGA placement strategy is
the heuristic approach. It takes the performance per watt as
evaluation standard and tends towards stability by two step
iterations.
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Figure 2: Comparison of performance per watt with different
original loads.

4.2. Performance per Watt with Different User Requests. In
this experiment, we set the hosts number of the data center
𝑤 = 1600 and the VMs number 𝑑 = 3000 as the original
loads. Then we allocate these VMs to the hosts randomly.
We adjust the VMs number 𝑛 as the requirements of users
from 10 to 50. All idle hosts are switched to Sleep state.
The experiment is designed for verifying the efficiency of
DPGA in performance per watt of a cloud center with
different requirements of users. In this scenario, we compare
performance per watt of DPGA with ST, IQR, LR, LRR,
and MAD that take the same parameters as the experiment
in Section 4.1. As illustrated in Figure 3, DPGA placement
strategy for VMs deployment with different requirements of
users gets higher performance per watt than other placement
strategies. Further, with the increase of the requirements
of users, DPGA placement strategy for VMs deployment
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Table 4: Parameters summary of host models.

Host Core voltage (V) Frequency (Hz) Power (W) Δ𝐸 (W) 𝐶 (F) 𝐾 Vt. (V)

IBM System X3650 M4 0.806 800 ∗ 106 106.364 85.272 0.501 ∗ 10−12 87.565 ∗ 109 0.422
1.172 2100 ∗ 106 191.636

IBM System X3300 M4 0.986 821.5 ∗ 106 101.075 130.386 0.631 ∗ 10−12 57.787 ∗ 109 0.512
1.433 2135.9 ∗ 106 231.461

Dell PowerEdge R710 0.857 1066.4 ∗ 106 131.781 85.647 0.526 ∗ 10−12 72.411 ∗ 109 0.468
1.246 2932.6 ∗ 106 217.428

Dell PowerEdge R610 0.906 980 ∗ 106 129.754 96.781 0.566 ∗ 10−12 65.298 ∗ 109 0.502
1.317 2744 ∗ 106 226.535

Acer Altos AR580 F2 0.994 800 ∗ 106 192.273 191.727 0.617 ∗ 10−12 85.299 ∗ 109 0.521
1.445 2100 ∗ 106 348

Acer Altos R380 F2 0.953 700 ∗ 106 98 102.5 0.59 ∗ 10−12 55.441 ∗ 109 0.514
1.386 1900 ∗ 106 200.5

Table 5: VMmodels for loads of data center.

Item VMmodels
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8

VCPU (MHz) 1000 ∗ 1 1200 ∗ 2 1300 ∗ 2 1400 ∗ 4 1500 ∗ 4 1600 ∗ 6 1800 ∗ 6 2000 ∗ 8
RAM (M) 512 1024 1024 2048 2048 4096 4096 8192
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Figure 3: Comparison of performance per watt with different user
requests.

gets more stable performance per watt than other placement
strategies.

4.3. Performance per Watt with Different State of Idle Hosts.
In this experiment, we set the hosts number of the data center
𝑤 = 1600 and the VMs number 𝑛 = 10 as the requirements
of users. We adjust the VMs number 𝑑 as the original loads
from 0 to 5000 and allocate these VMs to the hosts randomly.
It represents different load levels of the data center. There
are two policies to be formulated for idle hosts. The first
policy is On/Off policy, wherein all idle hosts are switched off.
The second policy is On/Sleep policy, wherein all idle hosts
are switched to Sleep state. The experiment is designed for

verifying the efficiency of DPGA in performance per watt
of a cloud center with different policies for idle hosts. In
this scenario, we compare performance per watt of DPGA
with On/Off policy for idle hosts and DPGA with On/Sleep
policy for idle hosts. As illustrated in Figure 4, DPGA place-
ment strategy for VMs deployment with On/Sleep policy
gets higher performance per watt than DPGA placement
strategy with On/Off policy when the data center is under
an approximate idle state. DPGA placement strategy for VMs
deployment with On/Sleep policy gets approximately the
same performance per watt as DPGA placement strategy
with On/Off policy when the data center is under a loading
state. This is because the idle hosts at Sleep state consume
certain power while the turned-off idle hosts do not consume
any power. Therefore DPGA placement strategy for VMs
deployment is more suitable for the cloud center under a
loading state.

4.4. Actual and Theoretical Values of Performance per Watt.
In this experiment, we set the hosts number of the data center
𝑤 = 1600 and the VMs number 𝑛 = 10 as the requirements of
users.We adjust the VMs number 𝑑 as the original loads from
500 to 5000 and allocate these VMs to the hosts randomly. It
represents different load levels of the data center. All idle hosts
are switched to Sleep state. In this scenario, we compare actual
performance per watt of DPGAwith theoretical performance
per watt of DPGA calculated by formula (5). As illustrated
in Figure 5, theoretical performance per watt is higher than
actual performance per watt when the data center is under
a low loading state. Theoretical performance per watt is
approximately the same as actual performance per watt when
the data center is under a moderate loading state. Theoretical
performance per watt is lower than actual performance per
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Table 6: VMmodels for user requests.

Item User request models
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8 Model 9 Model 10

VCPU (MHz) 1000 ∗ 1 1100 ∗ 2 1300 ∗ 2 1400 ∗ 4 1500 ∗ 4 1600 ∗ 6 1700 ∗ 6 1800 ∗ 8 1900 ∗ 8 2000 ∗ 10
RAM (M) 256 512 512 1024 1024 2048 2048 4096 4096 8192
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Figure 4: Comparison of performance per watt with different state
of idle hosts.
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Figure 5: Comparison of actual performance per watt and theoret-
ical performance per watt.

watt when the data center is under an overloading state.
This is because the hosts under a moderate loading state
can calculate a relatively more accurate value of power
consumption by DVFS formula than the hosts under a low
loading state or an overloading state. In conclusion, DPGA
placement strategy for VMs deployment is more suitable for
the cloud center under a moderate loading state.

5. Conclusion

In this paper, we present the design, implementation, and
evaluation of a distributed parallel genetic algorithm of
virtual machine placement strategy on cloud platform. The
algorithm is divided into two stages to get a better and more

accurate solution. We assign the performance per watt as
evaluation standard.We use themultipoint crossovermethod
with self-adaptive crossover rate and themultipointmutation
method with self-adaptive mutation rate in the proposed
approach. DPGA executes the first stage genetic algorithm
with selected initial subpopulation and puts the solutions
obtained into the second stage genetic algorithm as initial
population. Then it finally gets a relatively optimal solution
from the second stage. The experimental results show that
our approach is an efficient, stable, and effective placement
strategy for VM deployment.

To further improve the performance of placement strat-
egy for VM deployment, there are also many problems that
need to be solved in the future. The number of parallel
executions in the first stage 𝑔 should be related to the
size of solution space 𝑤 and the number of deployment
VMs 𝑛. We plan to assign the value of 𝑔 according to 𝑤
and 𝑛. In population initialization process, we select initial
subpopulation from solution space dispersedly and averagely.
In crossover and mutation process, we use the multipoint
crossover method with self-adaptive crossover rate and the
multipoint mutation method with self-adaptive mutation
rate. We plan to optimize the algorithm in detail. In the
judgment of iterative termination conditions, the maximum
iteration times should be related to the size of solution space
𝑤 and the number of deployment VMs 𝑛. We plan to assign
the maximum iteration times according to𝑤 and 𝑛.There are
also two open questions on the termination of the two stages.
One is to determine the difference ratio between the largest
fitness value and average fitness value, and the other one is
to determine the optimized proportion of the average fitness
values between two adjacent generation populations. In this
paper, to ensure that the algorithm is executed correctly,
we assume that 𝑤/𝑛/𝑔/𝑔 > 1. In order to execute the
algorithm efficiently in the case of 𝑤/𝑛/𝑔/𝑔 ≤ 1, we plan
to combine our approach with other methods. Our approach
is appropriate for the case that all physical hosts of solution
space are in a fast LANand in the samenetwork environment.
We plan to extend our approach to WAN and different
network environment. Our approach uses the parallel genetic
algorithm. We plan to use other heuristic algorithms such
as ant colony algorithm, bee colony algorithm, and particle
swarmoptimization to implement placement strategy ofVMs
deployment and compare their performance.
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Portfolio selection is an important issue for researchers and practitioners. In this paper, under the assumption that security returns
are given by experts’ evaluations rather than historical data, we discuss the portfolio adjusting problem which takes transaction
costs and diversification degree of portfolio into consideration. Uncertain variables are employed to describe the security returns.
In the proposed mean-variance-entropy model, the uncertain mean value of the return is used to measure investment return, the
uncertain variance of the return is used to measure investment risk, and the entropy is used to measure diversification degree of
portfolio. In order to solve the proposed model, a modified artificial bee colony (ABC) algorithm is designed. Finally, a numerical
example is given to illustrate the modelling idea and the effectiveness of the proposed algorithm.

1. Introduction

Portfolio selection deals with the problem of how to allo-
cate investor’s wealth among different assets such that the
investment goal can be achieved. Markowitz [1] originally
proposed the mean-variance (M-V) model for portfolio
selection in 1952, which has played an important role in the
development of modern portfolio selection theory. The key
principle of the M-V model is to use the expected return of a
portfolio as the investment return and to use the variance (or
standard deviation) of the expected returns of the portfolio
as the investment risk. Markowitz’s M-V model for portfolio
selection problems can be formulated mathematically in
two ways: minimizing risk under prescribing a minimum
acceptable expected return level and maximizing expected
return under prescribing a maximum acceptable risk level.
Since then, a number of scholars, including Sharp [2],Merton
[3], Pang [4], Perold [5], Best and Grauer [6], Konno and
Yamazaki [7], and Best andHlouskova [8], proposed different
mathematical methods for the development of portfolio
models. All the above-mentioned researches assume that
the security returns are random variables with probability
distributions. In probability theory, probability density and
probability distribution functions of a random variable are
usually derived from historical data. However, in the real

securities market, market imperfections make the security
returns present vagueness and ambiguity so that sometimes
security returns cannot be well reflected by historical data.
Therefore, the prediction of security returns is determined
largely by experts’ estimation and contains much subjective
imprecision rather than randomness. With the extensive
application of fuzzy set theory [9], many researchers, such as
Tanaka and Guo [10], Carlsson et al. [11], Vercher et al. [12],
Zhang et al. [13], Chen et al. [14], Tsaur [15], and Gupta et al.
[16], have investigated the portfolio selection problem in
fuzzy environment.

An important assumption for the above fuzzy portfolio
problems is that security returns are fuzzy variables.However,
as we research the problem deeper, we find that paradoxes
will appear if fuzzy set is employed. For example, if a security
return is regarded as a fuzzy variable, then we may assign
it a membership function, suppose it is a triangular fuzzy
variable 𝜉 = (−0.02, 0.03, 0.08). Based on the membership
function, the possibility theorywill immediately conclude the
following three propositions: (a) the return is exactly 0.03
with possibility measure 1; (b) the return is not 0.03 with
possibility measure 1; and (c) “return is exactly 0.03” and
“return is not exactly 0.03” are equally likely. However, it is
doubtless that the belief degree of “return is exactly 0.03”
is almost zero. On the other hand, “return is exactly 0.03”

Hindawi Publishing Corporation
e Scientific World Journal
Volume 2014, Article ID 578182, 12 pages
http://dx.doi.org/10.1155/2014/578182

http://dx.doi.org/10.1155/2014/578182


2 The Scientific World Journal

and “return is not exactly 0.03” have the same belief degree
in possibility measure, which implies that the two events
will happen equally likely. It seems that no human being
can accept this conclusion. This paradox shows that those
imprecise quantities like security returns cannot be quantified
by possibility measure and then they are not fuzzy concepts.
To avoid paradox, Liu [17] founded the uncertainty theory
based on an axiomatic system of normality, self-duality,
countable subadditivity, and product uncertain measure.
Based on the uncertainty theory, much work has been done
on the development of theoretical and practical work. Peng
and Iwamura [18] proved a sufficient and necessary condition
of uncertainty distribution. Chen and Liu [19] proved the
existence and uniqueness theorem for uncertain differential
equations. Gao [20] investigated the 𝛼-shortest path and
the shortest path problem in uncertain networks. Ding and
Gao [21] assumed that demand is uncertain variable and
formulated an optimal (𝜎, 𝑆) policy for uncertain multiprod-
uct newsboy problem. In the area of uncertain portfolio
selection problems, Zhu [22] solved an uncertain optimal
control problem and applied it to a portfolio selection model.
Taking semiabsolute deviation as a risk measure, Liu and Qin
[23] presented three mean semiabsolute deviation models
under the assumption that security returns are uncertain
variables. Huang [24] proposed two new mean-variance
and mean-semivariance models in which security returns
are given subject to experts’ estimations. Later, Huang [25]
defined a new risk measurement, that is, a risk index, and
further proposed a newmean-risk index selectionmethod for
portfolio selection based on the new riskmeasurement.Other
portfolio selection methods based on uncertainty theory can
be found in [26].

Artificial bee colony (ABC) algorithm is a fairly new
metaheuristic proposed by Karaboga [27], which is based on
simulating the foraging behavior of honey bee swarms. Based
on some classic benchmark functions, the performance of
the ABC algorithm was compared with that of some other
population-based algorithms such as genetic algorithm (GA),
differential evolution (DE), and particle swarm optimization
(PSO) in [28–31]. Their research results demonstrated that
the ABC algorithm is competitive to other population-based
algorithms with an advantage of employing fewer control
parameters. Recently, ABC algorithm has captured much
attention and has been applied to many practical opti-
mization problems including resource constrained project
scheduling problem [32], reliability redundancy allocation
problem [33], job shop scheduling problem [34], mechanical
design problem [35], and traveling salesman problem [36]. A
survey about applications of ABC algorithm is provided by
Karaboga et al. in [37].

The purposes of this paper are to propose an uncertain
portfolio adjustingmodel under the assumption that security
returns are given mainly by experts’ estimations, in which
four criteria, namely, return, risk, transaction cost, and
diversification degree of portfolio, are considered, and to
develop a modified ABC algorithm for solving the proposed
portfolio problem. The rest of the paper is organized as fol-
lows. For better understanding of the paper, some necessary
knowledge about uncertain variable will be introduced in

Section 2. In Section 3, we will propose an uncertain mean-
variance-entropy model for portfolio selection. In Section 4,
we develop a modified ABC algorithm to solve the proposed
model. After that, an example is given to illustrate the pro-
posed model and the effectiveness of the proposed algorithm
in Section 5. Finally, some concluding remarks are given in
Section 6.

2. Preliminary

Next, we will introduce some fundamental concepts and
properties of uncertainty theory, which will be used through-
out this paper.

Definition 1 (Liu [17]). Let Γ be a nonempty set and letL be
a 𝜎-algebra over Γ. Each element Λ ∈L is called an event. A
set functionM{Λ} is called an uncertainmeasure if it satisfies
the following three axioms.

Axiom 1 (normality axiom):M{Γ} = 1.
Axiom 2(duality axiom):M{Λ} +M{Λ

𝑐

} = 1.
Axiom 3 (subadditivity axiom): for every countable
sequence of events {Λ

𝑖
}, we have

M{

∞

⋃

𝑖=1

Λ
𝑖
} ≤

∞

∑

𝑖=1

M {Λ
𝑖
} . (1)

The triplet (Γ,L,M) is called an uncertainty space. In order
to obtain an uncertainmeasure of compound event, a product
uncertain measure was defined by Liu [38], thus producing
the fourth axiom of uncertainty theory as follows.

Axiom 4 (product axiom): let (Γ
𝑘
,L
𝑘
,M
𝑘
) be uncer-

tainty spaces for 𝑘 = 1, 2, . . ..Then the product uncer-
tain measureM is an uncertain measure satisfying

M{

∞

∏

𝑘=1

Λ
𝑘
} =

∞

⋀

𝑘=1

M
𝑘
{Λ
𝑘
} . (2)

Definition 2 (Liu [17]). An uncertain variable is a measurable
function 𝜉 from an uncertainty space (Γ,L,M) to the set of
real numbers; that is, for any Borel set 𝐵 of real numbers, the
set

{𝜉 ∈ 𝐵} = {𝛾 ∈ Γ | 𝜉 (𝛾) ∈ 𝐵} (3)

is an event.

In order to describe an uncertain variable, a concept of
uncertainty distribution is defined as follows.

Definition 3 (Liu [17]). The uncertainty distribution of an
uncertain variable 𝜉 is defined by

Φ (𝑥) =M {𝜉 ≤ 𝑥} , (4)

for any real number 𝑥.
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Let 𝜉 be an uncertain variable with continuous uncer-
tainty distributionΦ. Then the inverse functionΦ−1 is called
the inverse uncertainty distribution of 𝜉.

Theorem4 (Liu [39]). Let 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
be independent uncer-

tain variables with uncertainty distributions Φ
1
, Φ
2
, . . . , Φ

𝑛
,

respectively. If 𝑓(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) is strictly increasing with

respect to 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑚
and strictly decreasing with respect to

𝑥
𝑚+1

, 𝑥
𝑚+2

, . . . , 𝑥
𝑛
, then 𝜉 = 𝑓(𝜉

1
, 𝜉
2
, . . . , 𝜉

𝑛
) is an uncertain

variable with an inverse uncertainty distribution:

Ψ
−1

(𝛼) = 𝑓 (Φ
−1

1
(𝛼) , . . . , Φ

−1

𝑚
(𝛼) , Φ

−1

𝑚+1
(1 − 𝛼) , . . . ,

Φ
−1

𝑛
(1 − 𝛼)) .

(5)

Based on the uncertain measure, the definitions of the
expected value and variance of an uncertain variable can be
given as follows.

Definition 5 (Liu [17]). Let 𝜉 be an uncertain variable. Then
the expected value of 𝜉 is defined by

𝐸 [𝜉] = ∫

+∞

0

M {𝜉 ≥ 𝑥} − ∫

0

−∞

M {𝜉 ≤ 𝑥} (6)

provided that at least one of the two integrals is finite.

As a useful representation of expected value, it has been
proved by Liu [17] that

𝐸 [𝜉] = ∫

1

0

Ψ
−1

(𝛼) 𝑑𝛼, (7)

whereΨ−1 is the inverse uncertainty distribution of uncertain
variable 𝜉.

Definition 6 (Liu [17]). Let 𝜉 be an uncertain variable with
finite expected value 𝑒. Then the variance of 𝜉 is defined by

𝑉 [𝜉] = 𝐸 [(𝜉 − 𝑒)
2

] . (8)

Let 𝜉 be an uncertain variable with expected value 𝑒. If we
only know its uncertainty distributionΨ, then the variance is

𝑉 [𝜉] = ∫

+∞

0

M {(𝜉 − 𝑒)
2

≥ 𝑥} 𝑑𝑥

= ∫

+∞

0

M {(𝜉 ≥ 𝑒 + √𝑥) ∪ (𝜉 ≤ 𝑒 − √𝑥)} 𝑑𝑥

≤ ∫

+∞

0

(M {𝜉 ≥ 𝑒 + √𝑥} +M {𝜉 ≤ 𝑒 − √𝑥}) 𝑑𝑥

= ∫

+∞

0

(1 − Ψ (𝑒 + √𝑥) + Ψ (𝑒 − √𝑥)) 𝑑𝑥

= 2∫

+∞

0

𝑥 (1 − Ψ (𝑒 + 𝑥) + Ψ (𝑒 − 𝑥)) 𝑑𝑥.

(9)

In this case, it is always assumed that the variance is

𝑉 [𝜉] = 2∫

+∞

0

𝑥 (1 − Ψ (𝑒 + 𝑥) + Ψ (𝑒 − 𝑥)) 𝑑𝑥. (10)

The expected value and variance of an uncertain variable
satisfy the following properties.

Theorem 7 (Liu [38]). Let 𝜉 and 𝜂 be independent uncertain
variables with finite expected values.Then for any real numbers
𝑎 and 𝑏, one has

𝐸 [𝑎𝜉 + 𝑏𝜂] = 𝑎𝐸 [𝜉] + 𝑏𝐸 [𝜂] ,

𝑉 [𝑎𝜉 + 𝑏] = 𝑎
2

𝑉 [𝜉] .

(11)

3. Uncertain Portfolio Selection Model

Suppose that an investor starts with an existing portfolio and
considers to reallocate his/her wealth among 𝑛 securities.
In order to describe the problem conveniently, we use the
following notations.

𝑥
𝑗
: the proportion invested in security 𝑗,

𝑟
𝑗
: the return rate of security 𝑗,

𝑙
𝑗
: the lower bound constraint on security 𝑗,
𝑢
𝑗
: the upper bound constraint on security 𝑗,

𝑘
𝑗
: the constant rate of transaction cost for the

security 𝑗,
𝑗 = 1, 2, . . . , 𝑛.

Transaction cost is an important factor considered by
investors in financial markets. Arnott and Wanger [40]
suggested that ignoring transaction costs would lead to an
inefficient portfolio, whereas Sadjadi et al. [41] showed that
adding transaction costs would assist decision makers to
better understand the behavior of an efficient frontier. Similar
to the researches in [42] and others, we assume that the
transaction cost is aV-shaped function of differences between
a new portfolio x = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) and the existing portfolio

x0 = (𝑥0
1
, 𝑥
0

2
, . . . , 𝑥

0

𝑛
). That is to say, the transaction cost of 𝑗th

security can be expressed as

𝑐
𝑗
= 𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗






, 𝑗 = 1, 2, . . . , 𝑛. (12)

Hence, the total transaction cost of the shift from x0 to x is
𝐶(x; x0) = ∑𝑛

𝑗=1
𝑘
𝑗
|𝑥
𝑗
− 𝑥
0

𝑗
|.

Furthermore, the net return on the portfolio after paying
transaction costs is given by

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗






. (13)

For a new investor, it can be taken that 𝑥0
𝑗
= 0, 𝑗 = 1, 2, . . . , 𝑛.

Barak et al. [43] pointed out that very small weighting
of an asset will have no distinct influence on the portfolio’s
return, but the administrative and monitoring costs will be
increased. Similarly, very high weighting in any asset will
cause investors to suffer from a larger risk. Thus, quantity
constraints have to be included in the portfolio model.
Specifically, a minimum 𝑙

𝑗
and a maximum 𝑢

𝑗
for each asset

𝑗 are given, and we impose that either 𝑥
𝑗
= 0 or 𝑙

𝑗
≤ 𝑥
𝑗
≤ 𝑢
𝑗
.
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In addition, one of the shortcomings of Markowitz’s model is
that the portfolios are often extremely concentrated on a few
assets, which is a contradiction to the notion of diversification
[44]. As a result, some researchers, such as Jana et al. [44],
Fang et al. [45], Kapur [46], andZhang et al. [47], have applied
the entropy measure proposed by Shannon [48] to infer how
much the portfolio is diversified. In this paper, we also employ
entropy to measure the diversification degree of portfolio.
That is to say, we maximize the entropy function:

𝑆 (𝑥) = −

𝑛

∑

𝑗=1

𝑥
𝑗
ln𝑥
𝑗
. (14)

Assume that the objective of the investor wants to mini-
mize the portfolio risk, and to maximize both the portfolio
return after paying the transaction costs and the diversi-
fication degree of portfolio. Thus, the portfolio selection
problem can be formulated as the following three-objective
programming problem:

min 𝑉
[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

max 𝐸
[

[

(

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
) −

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

max −

𝑛

∑

𝑗=1

𝑥
𝑗
ln𝑥
𝑗

s.t.
𝑛

∑

𝑗=1

𝑥
𝑗
= 1,

𝑙
𝑗
≤ 𝑥
𝑗
≤ 𝑢
𝑗
, 𝑗 = 1, 2, . . . , 𝑛,

𝑥
𝑗
≥ 0, 𝑗 = 1, 2, . . . , 𝑛,

(15)

where 𝑉 denotes the variance operators and 𝐸 denotes the
expected value operator.

There are many methods to solve the above multiob-
jective optimization problem (15). One basic method is
to transfer the multiobjective optimization problem into a
single-objective optimization problem. We can divide these
methods into two different types. The first alternative is
to construct only one evaluation function for optimization
by weighting the multiple objective functions. Initial work
on the weighted-sum method can be found in [49] with
many subsequent applications and citations. Rao and Roy
proposed a method for determining weights based on fuzzy
set theory [50]. Marler and Arora provided insight into
how the weighted-sum method works and have explored the
significance of the weights with respect to preferences, the
Pareto optimal set, and the objective-function values [51].The
second alternative is to select one important objective func-
tion as the objective function to optimize, while the rest of
objective functions are defined as constrained conditions. For
example, Marglin developed the 𝜀-constraint method, where

one individual objective function isminimized with an upper
level constraint imposed on the other objective functions
[52]. Ehrgott and Ruzika presented two modifications by
first including slack variables in the formulation and second
elasticizing the constraints and including surplus variables
[53]. More researches for the multiobjective optimization
methods can be found in [54–57]. In this paper, based on the
secondmethod, the problem (15) can be transformed into the
following optimization problem:

min 𝑉
[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

s.t. 𝐸
[

[

(

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
) −

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

≥ 𝜇
0
,

−

𝑛

∑

𝑗=1

𝑥
𝑗
ln𝑥
𝑗
≥ ℎ
0
,

𝑛

∑

𝑗=1

𝑥
𝑗
= 1,

𝑙
𝑗
≤ 𝑥
𝑗
≤ 𝑢
𝑗
, 𝑗 = 1, 2, . . . , 𝑛,

𝑥
𝑗
≥ 0, 𝑗 = 1, 2, . . . , 𝑛,

(16)

where 𝜇
0
is a required rate of return of portfolio and ℎ

0
is the

minimum entropy level the investors can tolerate.
In order to apply model (16) in a practical investment

problem, we need to estimate security returns. The favored
method is to regard security returns as random variables
and then according to the historical observation take the
arithmetic mean as the expected returns. However, since the
security returns, especially short term security returns, are
sensitive to various economic and noneconomic factors, it is
found in reality that sometimes the historical data can hardly
reflect the future security returns. In this situation, security
returns have to be given mainly by experts’ judgements
and estimations rather than historical data. As is mentioned
before, uncertainty theory provides a new tool to deal
with subjective or empirical data. In this paper, we employ
uncertain variables to describe the security returns. For the
sake of simplicity, throughout this paper, the uncertain return
𝑟
𝑗
is a zigzag uncertain variable 𝑟

𝑗
∼ Z(𝑎

𝑗
, 𝑏
𝑗
, 𝑐
𝑗
), 𝑗 =

1, 2, . . . , 𝑛. 𝑟
𝑗
can be described with the following uncertainty

distribution:

Φ
𝑗
(𝑟) =

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

0, if 𝑟 ≤ 𝑎
𝑗
,

(𝑟 − 𝑎)

2 (𝑏 − 𝑎)

, if 𝑎
𝑗
≤ 𝑟 ≤ 𝑏

𝑗
,

(𝑟 + 𝑐 − 2𝑏)

2 (𝑐 − 𝑏)

, if 𝑏
𝑗
≤ 𝑟 ≤ 𝑐

𝑗
,

1, if 𝑟 ≥ 𝑐
𝑗
,

(17)

where 𝑎
𝑗
< 𝑏
𝑗
< 𝑐
𝑗
.
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According to Definitions 5 and 6, the expected value and
the variance of the zigzag uncertain variable 𝜉 ∼ Z(𝑎, 𝑏, 𝑐)
are given as

𝐸 [𝜉] =

𝑎 + 2𝑏 + 𝑐

4

,

𝑉 [𝜉] =

33𝛼
3

+ 21𝛼
2

𝛽 + 11𝛼𝛽
2

− 𝛽
3

384𝛼

,

(18)

where 𝛼 = max{𝑏 − 𝑎, 𝑐 − 𝑏} and 𝛽 = min{𝑏 − 𝑎, 𝑐 − 𝑏}.

Theorem 8 (Liu [38]). Assume that 𝜉
1
and 𝜉

2
are indepen-

dent zigzag uncertain variablesZ(𝑎
1
, 𝑏
1
, 𝑐
1
) andZ(𝑎

2
, 𝑏
2
, 𝑐
2
),

respectively. Then the sum 𝜉
1
+ 𝜉
2
is also a zigzag uncertain

variableZ(𝑎
1
+ 𝑎
2
, 𝑏
1
+ 𝑏
2
, 𝑐
1
+ 𝑐
2
); that is,

Z (𝑎
1
, 𝑏
1
, 𝑐
1
) +Z (𝑎

2
, 𝑏
2
, 𝑐
2
) =Z (𝑎

1
+ 𝑎
2
, 𝑏
1
+ 𝑏
2
, 𝑐
1
+ 𝑐
2
) .

(19)

The product of a zigzag uncertain variable Z(𝑎, 𝑏, 𝑐) and a
scalar number 𝑘 > 0 is also a zigzag uncertain variable
Z(𝑘𝑎, 𝑘𝑏, 𝑘𝑐); that is,

𝑘 ⋅Z (𝑎, 𝑏, 𝑐) =Z (𝑘𝑎, 𝑘𝑏, 𝑘𝑐) . (20)

Therefore, for any real numbers 𝑥
𝑗
≥ 0, 𝑗 = 1, 2, . . . , 𝑛, the

total uncertain return is still a zigzag uncertain variable in the
form of

𝑟
𝑝
=

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗

∼Z(

𝑛

∑

𝑗=1

𝑎
𝑗
𝑥
𝑗
,

𝑛

∑

𝑗=1

𝑏
𝑗
𝑥
𝑗
,

𝑛

∑

𝑗=1

𝑐
𝑗
𝑥
𝑗
) .

(21)

Furthermore, according to Theorem 7, the net uncertain
expected return of the portfolio after paying transaction costs
is given as

𝐸 [𝑟
𝑝
− 𝐶 (𝑥)] = 𝐸

[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

= 𝐸
[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗

]

]

−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







=

1

4

𝑛

∑

𝑗=1

(𝑎
𝑗
+ 2𝑏
𝑗
+ 𝑐
𝑗
) 𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗






,

(22)

and the uncertain variance of the portfolio after paying
transaction costs is

𝑉[𝑟
𝑝
− 𝐶 (𝑥)] = 𝑉

[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗







]

]

= 𝑉
[

[

𝑛

∑

𝑗=1

𝑟
𝑗
𝑥
𝑗

]

]

=

33𝑀
3

+ 21𝑀
2

𝑚 + 11𝑀𝑚
2

− 𝑚
3

384𝑀

=

11𝑀
2

128

+

7𝑀𝑚

128

+

11𝑚
2

384

−

𝑚
3

384𝑀

,

(23)

where

𝑀 = max
{

{

{

𝑛

∑

𝑗=1

(𝑏
𝑗
− 𝑎
𝑗
) 𝑥
𝑗
,

𝑛

∑

𝑗=1

(𝑐
𝑗
− 𝑏
𝑗
) 𝑥
𝑗

}

}

}

,

𝑚 = min
{

{

{

𝑛

∑

𝑗=1

(𝑏
𝑗
− 𝑎
𝑗
) 𝑥
𝑗
,

𝑛

∑

𝑗=1

(𝑐
𝑗
− 𝑏
𝑗
) 𝑥
𝑗

}

}

}

.

(24)

To simplify the portfolio selection model, it seems
reasonable to choose the securities in such a way that
𝑏
𝑗
− 𝑎
𝑗
≤ 𝑐
𝑗
− 𝑏
𝑗
, 𝑗 = 1, 2, . . . , 𝑛. Therefore, model (16) can be

converted into the following crisp form:

min 11

128

(

𝑛

∑

𝑗=1

(𝑐
𝑗
− 𝑏
𝑗
) 𝑥
𝑗
)

2

+

7

128

(

𝑛

∑

𝑗=1

(𝑐
𝑗
− 𝑏
𝑗
) 𝑥
𝑗
)

× (

𝑛

∑

𝑗=1

(𝑏
𝑗
− 𝑎
𝑗
) 𝑥
𝑗
) +

11

384

(

𝑛

∑

𝑗=1

(𝑏
𝑗
− 𝑎
𝑗
) 𝑥
𝑗
)

2

−

(∑
𝑛

𝑗=1
(𝑏
𝑗
− 𝑎
𝑗
) 𝑥
𝑗
)

3

384 (∑
𝑛

𝑗=1
(𝑐
𝑗
− 𝑏
𝑗
) 𝑥
𝑗
)

s.t. 1

4

𝑛

∑

𝑗=1

(𝑎
𝑗
+ 2𝑏
𝑗
+ 𝑐
𝑗
) 𝑥
𝑗
−

𝑛

∑

𝑗=1

𝑘
𝑗






𝑥
𝑗
− 𝑥
0

𝑗






≥ 𝜇
0
,

−

𝑛

∑

𝑗=1

𝑥
𝑗
ln𝑥
𝑗
≥ ℎ
0
,

𝑛

∑

𝑗=1

𝑥
𝑗
= 1,

𝑙
𝑗
≤ 𝑥
𝑗
≤ 𝑢
𝑗

, 𝑗 = 1, 2, . . . , 𝑛,

𝑥
𝑗
≥ 0, 𝑗 = 1, 2, . . . , 𝑛.

(25)

It should be noted that the proposed uncertain portfolio
model (25) is different from the Markowitz M-V model
because it is based on the different theories. That is to say,
if the security returns are characterized as random variables
with probability distributions, we can study portfolio selec-
tion problems by probability theory, while if security returns
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are regarded as uncertain variables with uncertainty distribu-
tions, we can apply uncertainty theory to do researches on the
relevant problems.

4. Modified ABC Algorithm

4.1. Standard ABC Algorithm. Artificial bee colony (ABC)
algorithm is a new swarm intelligence method which sim-
ulates intelligent foraging behavior of honey bees and it is
initially proposed by Karaboga [27]. In the ABC algorithm,
there are three types of bees: the employed bee, the onlooker
bee, and the scout bee. Each of them plays different roles in
the process: the employed bees stay on a food source and
provide the neighborhood of the source in its memory; the
onlooker bee gets the information of food sources from the
employed bees in the hive and selects one of the food sources
to gather the nectar; and the scout bee is responsible for
finding a new food source.

In each successful algorithm, a robust search process,
including exploitation and exploration process, must be
implemented effectively. In the ABC algorithm, the employed
bees and onlookers execute the exploitation process in the
search space, while the scout bees execute the exploration
process. There is only one employed bee around each food
source. In other words, the number of employed bees is
equal to the number of food sources around the hive. The
positions of food sources represent possible solutions to
the optimization problem and the nectar amount of a food
source corresponds to the quality or fitness of the associated
solution. The number of the employed bees or the onlooker
bees is equal to the number of solutions in the population.

At the first step, the ABC generates a randomly dis-
tributed initial population 𝑃 of 𝑆𝑁 solutions (food source
positions), where 𝑆𝑁 denotes the size of population. Each
solution 𝑋

𝑖
(𝑖 = 1, 2, . . . , 𝑆𝑁) is a 𝐷-dimensional vector.

Here, 𝐷 is the number of optimization parameters. After
initialization, the population is subjected to repeated cycles
of four major steps: updating feasible solutions by employed
bees, selection of feasible solutions by onlooker bees, updat-
ing feasible solutions by onlooker bees, and avoidance of
suboptimal solutions by scout bees.

Updating Feasible Solutions by Employed Bees. In order to
produce a new feasible food source from the old one in
memory, the ABC uses the following expression:

V
𝑖𝑗
= 𝑥
𝑖𝑗
+ 𝜙
𝑖𝑗
(𝑥
𝑖𝑗
− 𝑥
𝑘𝑗
) , (26)

where 𝑘 ∈ 1, 2, . . . , 𝑆𝑁 and 𝑗 ∈ 1, 2, . . . , 𝐷 are randomly
chosen indexes. Although 𝑘 is determined randomly, it has
to be different from 𝑖. 𝜙

𝑖𝑗
is a random number in [−1, 1].

If a new food source 𝑉
𝑖
is better than an old food source

𝑋
𝑖
, the old food source is replaced by the new food source.

Otherwise, the old one is retained.

Selection of Feasible Solutions by Onlooker Bees. After all
employed bees complete the search process, they share the
information about their food sources with onlooker bees. An
onlooker bee evaluates the nectar information obtained from

(1) Initialize the population
(2) set cycle = 1
(3) while cycle ≤MCN do
(4) Update feasible solutions by employed bees
(5) Select feasible solutions by onlooker bees
(6) Update feasible solutions by onlooker bees
(7) Avoid suboptimal solutions by scout bees
(8) set cycle = cycle + 1
(9) end while

Algorithm 1: The framework of the standard ABC algorithm.

all employed bees and chooses a food source depending on
the probability value 𝑝

𝑖
associated with that food source:

𝑝
𝑖
=

fit
𝑖

∑
𝑆𝑁

𝑛=1
fit
𝑛

, (27)

where fit
𝑖
is the fitness value of the solution 𝑖 which is

proportional to nectar amount of the food source in the
position 𝑖.

Updating Feasible Solutions by Onlooker Bees. Based on the
information obtained from the employed bees, the onlooker
bees select their feasible food sources. The selected food
sources are then updated using (26); that is, an old food
source is replaced by a new food source if the new food source
is of a better quality.

Avoidance of Suboptimal Solutions by Scout Bees. If a position
cannot be improved further through a predetermined num-
ber of cycles called limit, then employed bees will abandon
the food source positions and become scout bees. This helps
avoid suboptimal solutions. Assume that the abandoned
source is 𝑋

𝑖
and 𝑗 ∈ 1, 2, . . . , 𝐷; then the scout discovers a

new food source by using the equation below:

𝑥
𝑖,𝑗
= 𝑥
𝑗

min + rand (0, 1) (𝑥𝑗max − 𝑥
𝑗

min) , (28)

where 𝑗 is determined randomly; it should be noticed that it
has to be different from 𝑖.

The main steps of the standard ABC algorithm are given
in Algorithm 1.

4.2. Modified Artificial Bee Colony Algorithm

4.2.1. Chaotic Initialization. Generally speaking, diversity in
initial population helps escape from local optima and good-
quality initial solutions accelerate convergence speed in an
evolutionary algorithm. If no information about the solution
is available, then random initialization is the most commonly
used method to initialize the population. However, this
method may affect the algorithm performance on the con-
vergence speed and the quality of the final solution. Recently,
chaotic maps with ergodicity, irregularity, and the stochastic
property have been adopted to initialize the population, and
some good results have been shown in many applications
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(1) set population size SN and dimension of solution𝐷
// Randomly generate the initial value of chaotic variable 𝑐𝑥

𝑖,𝑗

(2) for 𝑗 = 1 to𝐷 do
(3) 𝑐𝑥

1,𝑗
= rand(0, 1)

(4) while 𝑐𝑥
1,𝑗
∈ {0, 0.25, 0.5, 0.75, 1} do

(5) 𝑐𝑥
1,𝑗
= rand(0, 1)

(6) end while
(7) end for

// The iterative process of chaotic initialization
(8) for 𝑖 = 1 to SN do
(9) for 𝑗 = 1 to𝐷 do
(10) 𝑥

𝑖,𝑗
= 𝑥
𝑗

min + 𝑐𝑥𝑖,𝑗 (𝑥
𝑗

max − 𝑥
𝑗

min)

(11) 𝑐𝑥
𝑖+1,𝑗

= 4𝑐𝑥
𝑖,𝑗
(1 − 𝑐𝑥

𝑖,𝑗
)

(12) end for
(13) end for

Algorithm 2: Chaotic initialization.

[58, 59]. In this paper, chaos-based initialization method is
employed to increase the population diversity and improve
the global convergence.

A simplest chaotic map is logistic map, whose equation is
the following:

𝑥
𝑛+1

= 𝜇𝑥
𝑛
(1 − 𝑥

𝑛
) , (29)

where 𝜇 is a control parameter and 𝑥
𝑛
is the 𝑛th chaotic

number, where 𝑛 denotes the iteration number. Obviously,
𝑥
𝑛
∈ (0, 1) under the conditions that the initial 𝑥

0
∈ (0, 1).

In particular, 𝑥
𝑛
behaves as chaotic dynamics when 𝜇 = 4

and 𝑥
0
∉ {0, 0.25, 0.5, 0.75, 1}.

The pseudocode of the proposed chaotic initialization is
given in Algorithm 2.

4.2.2. New Search Mechanism. The employed bee and
onlooker bee produce a new feasible food source according to
(26).However, the convergence performance of the algorithm
is not good in some cases.Therefore, we proposed a modified
search method to produce new solutions, in which forgetting
factor and neighborhood factor are considered. This opera-
tion can be defined as follows:

V
𝑖,𝑗
= 𝜑𝑥
𝑖,𝑗
+ 𝜓𝜙
𝑖𝑗
(𝑥
𝑖,𝑗
− 𝑥
𝑘,𝑗
) , (30)

where 𝜑 is the forgetting factor, which expresses the memory
strength for current food source, and it is decreased gradually.
In addition, the quality of the neighborhood food source 𝑋

𝑘

also affects the convergence speed and quality of the final
solution. Thus, the neighborhood factor 𝜓 is introduced to
accelerate the convergence speed by adjusting the radius of
the search for new candidates. The 𝜑 and 𝜓 are defined as
follows:

𝜑 = 𝜔max −
iteration
MCN

(𝜔max − 𝜔min) ,

𝜓 = 𝜔min +
iteration
MCN

(𝜔max − 𝜔min) ,

(31)

where the values of 𝜔max and 𝜔min represent the maximum
and minimum percentage of the position adjustment for the

Table 1: The zigzag uncertain returns of 8 securities.

Security 1 2 3 4 5 6 7 8
𝑎
𝑗

0.006 −0.017 0.085 0.050 0.163 −0.035 0.095 0.116
𝑏
𝑗

0.011 −0.035 0.103 0.062 0.172 −0.082 0.161 0.235
𝑐
𝑗

0.028 0.013 0.128 0.095 0.193 0.022 0.232 0.527
𝑥
0

𝑗
0.05 0.07 0.15 0.06 0.15 0.22 0.13 0.17

𝑘
𝑗

0.002 0.005 0.003 0.001 0.004 0.002 0.005 0.003
𝑙
𝑗

0.1 0.05 0.09 0.06 0.07 0.05 0.06 0.06
𝑢
𝑗

0.35 0.35 0.35 0.35 0.35 0.35 0.35 0.35

employed bees or onlooker bees. With these selected values,
the value of 𝜑 will linearly decrease and the value of 𝜓 will
linearly increase.

Moreover, in the scout bee phase, if the food source
is abandoned, then the scouts produce a new food source
by (28). However, to some extent, it has the defects of
prematurity and stagnation. Therefore, the chaotic search
technique is used to get out of the local optima and is
specifically illustrated in Algorithm 3.

4.2.3. The Proposed Method. Based on the above discussions,
the modified ABC algorithm can be well balanced between
the exploration and exploitation. The pseudocode of the
proposed algorithm is given in Algorithm 4.

5. Numerical Example

In this section, we give a numerical example to illustrate the
application of the uncertain mean-variance-entropy model
with transaction costs and the effectiveness of the proposed
algorithm. In the example, security returns cannot be well
reflected by the historical data and are given by experts’
evaluations. The investor wants to select portfolios from 8
individual securities. Thus, we assume that the return of
security 𝑗 is a zigzag uncertain variable 𝑟

𝑗
∼ Z(𝑎

𝑗
, 𝑏
𝑗
, 𝑐
𝑗
), 𝑗 =

1, 2, . . . , 8. The uncertainty distributions of security returns
are given in Table 1. And other related portfolio parameters
are also listed in Table 1.
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(1) Set the maximum number of chaotic iteration 𝐾 = 100 and iterative variable 𝑘 = 1
// The variable 𝑐𝑥

𝑘,𝑗
denotes the 𝑗th chaotic variable in the 𝑘th iteration

(2) for 𝑗 = 1 to𝐷 do
(3) 𝑐𝑥

𝑘,𝑗
= (𝑥
𝑖,𝑗
− 𝑥
𝑗

min)/(𝑥
𝑗

max − 𝑥
𝑗

min)

(4) end for
(5) while 𝑘 < 𝐾 do
(6) for 𝑗 = 1 to𝐷 do
(7) 𝑐𝑥

𝑘+1,𝑗
= 4𝑐𝑥

𝑘,𝑗
(1 − 𝑐𝑥

𝑘,𝑗
)

// 𝑉 = [V
1
, . . . , V

𝐷
] represents a candidate solution

(8) V
𝑗
= 𝑥
𝑗

min + 𝑐𝑥𝑘+1,𝑗(𝑥
𝑗

max − 𝑥
𝑗

min)

(9) end for
// Greedy selection is applied between {𝑉,𝑋

𝑖
}

(10) if 𝑓(𝑉) > 𝑓(𝑥
𝑖
)

(11) Replace solution𝑋
𝑖
with candidate solution 𝑉

(12) Set 𝑡𝑟𝑖𝑎𝑙 = 0
(13) Break
(14) else
(15) Set 𝑡𝑟𝑖𝑎𝑙(𝑖) = 𝑡𝑟𝑖𝑎𝑙(𝑖) + 1
(16) end if
(17) Set 𝑘 = 𝑘 + 1
(18) end while

Algorithm 3: Chaotic search for scout bees.

(1) Set population size SN, the number of maximum cycles MCN and the control parameter limit
(2) Perform Algorithm 2 to fulfill the chaotic initialization
(3) while iteration ≤MCN do

// The employed bees phase
(4) for 𝑖 = 1 to SN do
(5) Produce a new candidate food source 𝑉

𝑖
corresponding to food source𝑋

𝑖
using (29)

(6) if (𝑓(𝑉
𝑖
) > 𝑓(𝑋

𝑖
)) Then 𝑡𝑟𝑖𝑎𝑙(𝑖) = 0

(7) else 𝑡𝑟𝑖𝑎𝑙(𝑖) = 𝑡𝑟𝑖𝑎𝑙(𝑖) + 1
(8) end if
(9) end for
(10) Calculate the fitness values of all food source and the probability values 𝑝

𝑖
by using (27)

// The onlooker bees phase
(11) Set 𝑡 = 0, 𝑖 = 1
(12) while 𝑡 < SN do
(13) if 𝑟𝑎𝑛𝑑𝑜𝑚() < 𝑝

𝑖
then

(14) Set 𝑡 = 𝑡 + 1
(15) Produce a new candidate food source 𝑉

𝑖
for the onlooker bee

(16) if 𝑓(𝑉
𝑖
) > 𝑓(𝑋

𝑖
) then 𝑡𝑟𝑖𝑎𝑙(𝑖) = 0

(17) else 𝑡𝑟𝑖𝑎𝑙(𝑖) = 𝑡𝑟𝑖𝑎𝑙(𝑖) + 1
(18) end if
(19) Set 𝑖 = 𝑖 + 1
(20) if 𝑖 > SN then Set 𝑖 = 1
(21) end if
(22) end while

// The scout bees phase
(23) for 𝑖 = 1 to SN do
(24) if 𝑡𝑟𝑖𝑎𝑙(𝑖) ≥ SN then
(25) Perform Algorithm 3 to implement chaotic search
(26) end if
(27) end for
(28) Set 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 + 1
(29) end while

Algorithm 4: Modified ABC algorithm.
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Table 2: The efficient portfolios with ℎ
0
= 1.8.

Security 𝑥
1

𝑥
2

𝑥
3

𝑥
4

𝑥
5

𝑥
6

𝑥
7

𝑥
8

Risk
𝜇
0
= 0.07 0.349 0.050 0.137 0.072 0.222 0.050 0.060 0.060 0.0002236

𝜇
0
= 0.09 0.309 0.050 0.090 0.098 0.283 0.050 0.060 0.060 0.0002255

𝜇
0
= 0.11 0.136 0.063 0.212 0.068 0.350 0.050 0.060 0.060 0.0002406

Table 3: The efficient portfolios under different transaction costs (𝜇
0
= 0.08, ℎ

0
= 1.7).

Security 𝑥
1

𝑥
2

𝑥
3

𝑥
4

𝑥
5

𝑥
6

𝑥
7

𝑥
8

TC
𝑘
5
= 0 0.341 0.050 0.090 0.060 0.289 0.050 0.060 0.060 0.00188

𝑘
5
= 0.004 0.350 0.050 0.102 0.060 0.268 0.050 0.060 0.060 0.00234

𝑘
5
= 0.008 0.332 0.050 0.096 0.060 0.292 0.050 0.060 0.060 0.00298

𝑘
5
= 0.015 0.322 0.050 0.105 0.060 0.293 0.050 0.060 0.060 0.00394

Table 4: Robustness analysis for the modified ABC algorithm (𝑢
0
=

0.08, ℎ
0
= 1.8).

SN MCN Limit Objective value Relative error (%)
10 1500 50 2.2474𝐸 − 4 0
20 2000 100 2.2445𝐸 − 4 0.13
20 1500 150 2.2424𝐸 − 4 0.22
30 2500 150 2.2469𝐸 − 4 0.02
30 2000 100 2.2369𝐸 − 4 0.47
40 3000 200 2.2384𝐸 − 4 0.4
40 1500 100 2.2406𝐸 − 4 0.3
50 1500 100 2.2372𝐸 − 4 0.45
60 2000 150 2.2371𝐸 − 4 0.46
70 2000 50 2.2358𝐸 − 4 0.52

Table 5:The comparison of the modified ABC, ABC, and GA (𝑢
0
=

0.09, ℎ
0
= 1.75).

Modified ABC ABC GA
𝑥
1

0.327 0.319 0.311
𝑥
2

0.050 0.050 0.061
𝑥
3

0.090 0.132 0.158
𝑥
4

0.060 0.060 0.060
𝑥
5

0.303 0.269 0.240
𝑥
6

0.050 0.050 0.050
𝑥
7

0.060 0.060 0.060
𝑥
8

0.060 0.060 0.060
Risk 2.203𝐸 − 4 2.234𝐸 − 4 2.270𝐸 − 4

To solve the proposed model (25) by the modified ABC
algorithm, we let the number of food sources 𝑆𝑁 = 20,
the dimension of the problem 𝐷 = 8, maximum cycle
number MCN = 1000, and the control parameter limit =
100. Moreover, in this section, a total of 10 runs for each
experimental setting are conducted and the average results
are given. The values of 𝜔max and 𝜔min are fixed to 1 and 0.2,
respectively.
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Figure 1: Comparison results under different diversification
degrees.

Suppose that the minimum entropy level ℎ
0
= 1.8 and

the efficient portfolios under different expected returns are
shown in Table 2. If the investor is not satisfied with any of
the portfolios obtained, more portfolios can be obtained by
varying the value of 𝜇. FromTable 2, we can see that the larger
the return of portfolio is, the larger the risk of portfolio is.
There is a tradeoff between the return and the risk. Moreover,
for the different expected return 𝜇, the optimal portfolios are
also different.

Next, to demonstrate that the transaction costs have effect
on the optimal portfolio selection, given ℎ

0
= 1.7 and 𝜇 =

0.08, the efficient portfolios under different transaction costs
are given in Table 3. It should be noted that, for simplicity,
we only vary the transaction cost of security 5. We can see
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Figure 2: The performance of the ABC algorithm under different bound constraints.

that although the proportions of securities 2, 4, and 6–8
are the same, the holdings of other securities are different.
Simultaneously, we also see that the total transaction cost also
increases.

Figure 1 gives comparison results of the optimal portfolio
strategies under different diversification degrees; that is, ℎ

0
=

1.7, ℎ
0
= 1.8, ℎ

0
= 1.9, and ℎ

0
= 2.0. The result indicates

that, as the diversification degree of the portfolio changes, the
investors adopt different investment strategies.

Figure 2 presents the performance of the ABC algorithm
with respect to the choice of the lower and upper bounds.
Moreover, to show the robustness of the proposed algorithm,
we use relative error as the index; that is, (maximum −

actual value)/maximum × 100%, where the maximum is the
maximal value of all the objective values calculated. The
detailed results are shown in Table 4. Obviously, the relative
errors do not exceed 1%. That is, the proposed algorithm is
robust to set parameters.

Table 5 presents a comparison of the modified ABC,
ABC, and GA. From Table 5, it can be observed that, for
the 𝑢

0
= 0.09 and ℎ

0
= 1.75, the investment strategy

obtained by modified ABC algorithm outperforms those
produced by standard ABC algorithm and GA, because the
global optimal value obtained by modified ABC algorithm
is minimal. In addition, Figure 3 shows the convergence
characteristic of modified ABC, ABC, and GA. Generally
speaking, the modified ABC algorithm converges within 200
iterations, while ABC and GA algorithms converge within
400 and 430 iterations, respectively. All these results show

0 200 400 600 800 1000
2.2

2.4

2.6

2.8

3

3.2

3.4

Iteration

O
bj

ec
tiv

e 
va

lu
e

Modified ABC
ABC
GA

×10−4

Figure 3: Convergence characteristics of the modified ABC, ABC,
and GA (𝑢

0
= 0.08, ℎ

0
= 1.8).

that the modified ABC algorithm has a better performance
and is efficient in finding optimal portfolios.
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6. Conclusion

Since the security market is so complex, sometimes security
returns have to be predicted mainly by experts’ evaluations
rather than historical data. This paper discusses a portfolio
selection problem with returns given by experts’ evaluations.
By taking the security returns as uncertain variables, this
paper makes use of the uncertain expected value and uncer-
tain variance tomeasure the return and risk of securities. Fur-
thermore, we propose an uncertain mean-variance-entropy
model for portfolio selection with transaction costs. After
that, a modified ABC algorithm is developed to solve the
proposed problem. Finally, a numerical example is presented
to illustrate this modeling concept and to demonstrate the
effectiveness of the proposed algorithm.The results show that
the proposed method is applicable and effective for solving
the portfolio selection problem.
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Research on fault detection algorithm was developed with the similarity measure and random forest algorithm. The organized
algorithm was applied to unmanned aircraft vehicle (UAV) that was readied by us. Similarity measure was designed by the help
of distance information, and its usefulness was also verified by proof. Fault decision was carried out by calculation of weighted
similarity measure. Twelve available coefficients among healthy and faulty status data group were used to determine the decision.
Similarity measure weighting was done and obtained through random forest algorithm (RFA); RF provides data priority. In order
to get a fast response of decision, a limited number of coefficients was also considered. Relation of detection rate and amount of
feature data were analyzed and illustrated. By repeated trial of similarity calculation, useful data amount was obtained.

1. Introduction

Fault-tolerance and adaptation of aircraft system with actual
faults/healthy data have been studied. In order to process
the adaptation of the pilot or the flight control system under
abnormal condition, criticalmission or return to a safe region
should be followed with clear and right decision [1]. First of
all, data for fault decision should be available; data acquisition
system is required to take data accurately and quickly for
the guarantee of precise fault decision. A lightweight fault
detection model of DURUMI-II, which is an unmanned
aerial vehicle (UAV), was considered and fault decision
process was carried out with random forests algorithm (RFA)
[2]. RFA is a state-of-the-art classification algorithm and
has shown high classification accuracy. Additionally, RFA
generates priority for each feature. The proposed approach
enables one to figure out stable, important features with
high detection rates. As a result, parameter optimization and
feature selection were performed to make guaranteed high
detection rates.

In order to get fault detection result, discrimination
measure has to be considered. Similarity measure [3–6]
represents the degree of similarity between comparable data;
it has also been done by numerousworks [1, 2, 7–9]. Similarity
measures between two vague datasets mean that it roughly
depends on inverse value of distance. Therefore, similarity
can be considered as common information between two data
distributions; hence, the obtained similarity measure was
based upon the distance measure. Hence, the computation of
similarity between two fuzzy sets could be followed with the
obtained similarity measure.

12 cases operating data are used to design discriminating
measure for healthy/faults condition. Hence, it is represented
as multivariate dataset; it is also understood as multidi-
mensional data. Each component has different importance
to determine either faulty or healthy. To get more accurate
decision, it is needed to consider weighting factor to each
12 coefficients. Depending on expert’s opinion could be a
strong candidate to solve the problem. It seems, like the
heuristic approach, results depend on individual. It means
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that results cannot guarantee the consistency. RFA provides
important values with respect to each feature. It means that
more rationale can be obtained through RFA.

In the previous research [1, 10, 11], fault detection and
isolation (FDI) operation were accompanied by the fault-
tolerant control system to control process failure. With the
assumption of the controllability and the trimmability of the
UAV at postfailure conditions, it means that the aircraft can
keep on flying with the help of 6 flight control computer
even the control surface stuck happen. It makes restructure
and reconfigure controllers according to the grade of system
failure. To get a decision or analysis for faults, statistical
information of elevator deflection, aileron deflection, and
others has been analyzed.

By applying RFA to multivariate similarity measure,
different weighting factors were considered. Detection results
showed good performance with actual data. Specially, when
data was placed within overlapping region, RFA showed
satisfactory performance compared to unitary weighting case
[7, 8]. In the next chapter, RFAwas introduced. Normal oper-
ation and longitudinal faulty operation were performed, and
operation data were obtained. Considered airplane model
and state equation were also illustrated in Chapter 3. RFA
procedure was introduced in Chapter 4, and the importance
value was obtained through RFA. Computation result was
compared with similarity measure calculation. Similarity was
also weighted with importance variable. Finally, conclusions
are derived.

2. Random Forests Algorithm

A lot of interest in ensemble learning algorithm generated
many results about classifier and regression by way of boost-
ing and bagging [2, 7, 8, 12–14]. Random forests algorithm
was proposed by Breiman [2], the method is categorized
under “ensemble learning” method, and it adds an additional
layer of randomness to bagging. Applying ensembles of trees
can achieve important gains in classification and regres-
sion accuracy and each tree in the ensemble is developed
according to the random parameter. Applying an injection
of randomness, each of these trees is generated. Dietterich
proposed random split selection approach, where the split
was selected randomly from the 𝐾 best splits at each node
[8].

The common element in all RFA procedures is multiple
trees. Random vector Θ

𝑘
is generated from past random

vectors Θ
1
, . . . , Θ

𝑘−1
, each has the same distribution inde-

pendently. By the derivation of Breiman, random vector Θ
is generated as the counts in 𝑁 boxes. It is resulting from 𝑁

darts thrown at random at the boxes, where𝑁 is the number
of examples in the training set. Then, Θ consists of a number
of independent random integers between 1 and 𝐾. A tree is
also grown with the training set and Θ

𝑘
and resulting in a

classifier ℎ(x, Θ
𝑘
) where x is an input vector [2]. With the

definition of Breiman, RFA is defined in Definition 1.

Definition 1 (see [2]). A random forest is a classifier consisting
of a collection of tree-structured classifiers {ℎ(x, Θ

𝑘
), 𝑘 =

1, . . .} where the {Θ
𝑘
} are independent identically distributed

Feature 
vectors

Tree 1 Tree 2

Random forest

Decision

Majoring

Tree n· · ·

Figure 1: Structure of RFA.

random vectors and each tree casts a unit vote for the most
popular class at input x.

With the property of Definition 1, two missions are
needed to design RFA, one is a tree structure and the
other is the number of trees. Tree structure has no rule
for the design; it depends on computational requirement
and designer himself/herself. The number of trees should
be decided through heuristic consideration such as by using
trial and error. Well-known tree algorithm is considered in
reference [12].

Total structure of RFA is shown in Figure 1. Trees are
repeated 𝑛 times. As in reference [12], RFA has several advan-
tages and disadvantages. It is one of the effective learning
algorithms, because it is convenient to process large database,
and possible to handlemany input variables.However, it often
shows overfit for some datasets, and not easy to interpret, and
others. Even some uncomfortable RFA results provide useful
information such as variable importance, because decision
result could be obtained through probability.

Majoring could be obtained by averaging each class result.
By overlapping the results of each tree decision, it also
provides ensemble mean of each decision result. Effect of
deleting uncertainty was done by averaging node outputs.
Furthermore, if feature vectors havewide characteristics, then
it is obviously guarantee ergodicity.

3. Model for Similarity Measure

3.1. Airplane Model. Consider the aircraft system of com-
bining with longitudinal mode and lateral-directional mode.
Then, the state space equation is as follows [1, 10, 11, 15–17]:

̇x (𝑡) = Ax (𝑡) + Bu (𝑡) ,

y (𝑡) = Cx (𝑡) +Du (𝑡) ,
(1)
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Table 1: Elevator trim value in longitudinal mode (normal mode elevator trim value: 5.752).

Elevator stuck angle
−10∘ −5∘ 0∘ +5∘ +10∘

Rudder stuck angle

−10∘ — — −5.098 −10.008 —
−5∘ — 11.218 1.006 −9.150 —
0∘ — 10.173 5.796 −1.796 —
5∘ — — 8.880 3.076 —
10∘ — — 14.719 — —

Elevator trim value (elevator stuck only) 12.640 10.173 5.796 −1.796 −9.898

Figure 2: The UAV configuration.

where x and u denote state vector and elevator control input
variable, respectively. Output vector y is identified by x itself
[11, 15–17]. Consider

x = [𝛼 𝑢 𝑞 𝜃 𝛽 𝑝 𝛾 𝜙]
𝑇

,

u= 𝛿
𝑒
,

(2)

where u= 𝛿
𝑒
is elevator control input. In the state vector, 𝑝,

𝑞, and 𝛾 are the angular velocities and 𝛼 and 𝛽 are the angle
of attack and the sideslip angle. Finally, 𝜙 and 𝜃 represent the
roll and pitch angle, respectively.

In Figure 2, an experimental model consisted of one
elevator, one rudder, and two ailerons. In order to get two
types of data, normal and fault, two times of data acquisitions
were carried out. It is notified that one or two of elevator,
aileron, and rudder were broken intentionally. It was made
after taking normal operating data. In order to simulate our
fault detection procedure, the experimental model also has
been equipped with one-piece elevator. It was separated into
two—one is normal and the other is faulty. Hence, it was
difficult to know whether it was faulty or not. Therefore,
control surface has been added at the other vertical stabilizer.
Considered UAV is illustrated in Figure 2; fault was applied
artificially. Two different flight tests were carried out for
normal and faulty operations separately [1, 10, 11].

In order to carry out the experiment, intentional damages
were applied to the right elevator, the left rudder, and the left
aileron stuck and the combination of this surface stuck was
considered.Without the uncontrollability and the untrimma-
bility of the aircraft at postfailure conditions, the flight test
was scheduled. For left rudder only and right elevatorwith the
left rudder stuck cases were considered. Stuck angles of the
first case (left rudder only)were considered from−10∘,−5∘, 0∘,

and +5∘, to +10∘. Same stuck angles of the second case (right
elevator with the left rudder stuck) were also considered.

In the first flight test, the control input for the real-
time parameter estimation was applied with the knob and
switching method, and the flight data was obtained from
the exciting dynamics of UAV operation with the mentioned
method [1, 10, 14]. However, as it was pointed out in the result,
result showed that the applied time interval was slightly
inaccurate. So, in the second flight test, for the purpose of
constant control realization and the time interval, the control
input device was developed to use an RF modem and a R/C
transmitter [1, 10, 11].

3.2. Parameters of Longitudinal Mode. In order to control
UAVduring the occurrence of surface stuck and combination
stuck, the aircraft should possess the controllability and
the trimmability under the postfailure conditions. Because
flight test procedure contains the ability to recover to the
normal state from the fault state [1, 10, 11], Table 1 shows
that the experimental results of UAV (DURUMI-II) show the
trim value of available primary control surface at postfailure
conditions. Blankwas considered as the uncontrollability and
the untrimmability cases.

Research on longitudinal mode fault detection was car-
ried out in the previous research [10]. In order to obtain the
failure status of the elevator, analyses of 𝐶

𝑚𝛿𝑒
, 𝐶
𝑚𝛼
, and 𝐶

𝐿𝛼

were essential to obtain information on the aircraft perfor-
mance characteristics. In the research, instead of statistical
information such as mean and variance similarity measure
was proposed to overcome the ambiguity of big standard
deviation. Because it invokes scattering results, the analysis
results of the stability and controllability derivatives are not
clear.

4. Numerical Results and Their Analysis

Fault detection algorithm was proposed in this chapter. Total
of 89 data were considered, 38 normal and 51 fault. Twelve
features were also included within dataset.

4.1. Random Forest with Numerical Interpolation. Consid-
ering RFA, the number of variables in the random subset
at each node (𝑚try) and the number of trees in the forest
(𝑛tree) are needed. In order to get the best classification rate
(correction decision rate), determination of optimal number
of two parameters is required.
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Experimental data

Building a fault detection model
using random forests

with all features

Important feature ranking and
elimination

Parameters optimization

Evaluation of a fault detection model

Fault visualization using MDS

Rebuilding a fault detection model
with only k selected features

Figure 3: Overall diagram of proposed sequences.

Requirements to decide operation condition are consid-
ered as follows.

Requirement 1. Parameters optimization is conducted to
guarantee high detection rates.

Requirement 2. Fault detection model is built using RFA with
all features. The RFA generates variable importance values in
numerical form.

Requirement 3. Rank whole features and eliminate the irrele-
vant features.

Requirement 4. Rebuild a fault detection model with only 𝑘
selected features.

Requirement 5. Evaluate the rebuilt detection model. If the
detection rates and error rates satisfy requirements, terminate
the computation. Otherwise, iterate with less number of
features.

To evaluate the feasibility of our approach, longitudinal
experiments on the flight test data of Table 3 are considered
[18].

In Figure 3 sequence, the highest detection rate was
satisfied when 𝑚try was used only with 2 features. For 𝑛tree,
there is no specific function that figures out the optimal value
as 𝑚try. Thus, the optimal value of 𝑛tree was considered by
choosing the 𝑛tree value as high and stable detection rates.

As results of experiments, two optimized parameter
values were considered when 𝑚try = 2 and 𝑛tree = 260.
With these two parameters, feature selection of the flight test
data has been carried out by employing the feature selection
algorithm supported by RFA.

RFA provides the variable importance of each feature;
its results are illustrated in Table 2. The proposed approach
shows reasonable context information by their important
feature. Here, the meaning of 𝐶

𝑚𝛿𝑒
, 𝐶
𝑚𝛼
, and 𝐶

𝐿𝛼
and other

parameters are expressed in reference [10, 11]. By the results

Table 2: Variable importance with respect to feature.

Features Variable importance
𝐶
𝑚𝛿𝑒

2.389784762
𝐶
𝑚𝛼

1.601497696
𝐶
𝐿𝛼

1.461898295
𝐶
𝐷𝛿𝑒

1.399035508
𝐶
𝐷0

0.939209972
𝐶
𝐿𝛿𝑒

0.734541155
𝐶
𝑚 ̇𝛼

0.711052447
𝐶
𝑚𝑞

0.693304391
𝐶
𝐿0

0.408650397
𝑢
0

0.24089344
𝐶
𝐷0

0.196847678
𝐶
𝑙𝛿𝑒

0.121865038

Table 3: Polynomial coefficients and standard error.

Value Standard error
𝑎 85.44917 6.34784
𝑏
1

20.15267 10.6106
𝑏
2

−11.5519 6.09265
𝑏
3

2.9505 1.61962
𝑏
4

−0.3802 0.21744
𝑏
5

0.0241 0.0143
𝑏
6

−5.97𝐸 − 04 3.66𝐸 − 04

of Table 1, the pitching moment coefficient with changes in
the elevator deflection 𝐶

𝑚𝛿𝑒
shows bigger difference than

the other parameters. However, to get more reliable data,
detection ratio versus number of parameters was also carried
out.

This approach shows that the feature selection should
be important to decide decision performance because the
number of features determines detection rate. With com-
binations of the highest importance variable, decision rate
was obtained. Results were illustrated in Figures 4 and 5. By
numerical conclusion, the highest decision rate, 97.75%, was
obtained when the highest two features were used.

Interpolating the data with sixth order polynomial was
obtained as

𝑦 = 𝑎 + 𝑏
1
𝑥 + 𝑏
2
𝑥
2

+ ⋅ ⋅ ⋅ + 𝑏
6
𝑥
6

. (3)

Intersecting value and coefficients 𝑏
1
to 𝑏
6
are illustrated in

Table 3.
By differentiating (3), three maxima satisfy 1.67, 6.00, and

11.22.
These values mean number of features. Hence, it is

definite that two features selection guarantees highest detec-
tion rate as in Figure 4. Similarly, 9th order polynomial
interpolation was obtained as follows:

𝑦 = 𝑎 + 𝑏
1
𝑥 + 𝑏
2
𝑥
2

+ ⋅ ⋅ ⋅ + 𝑏
9
𝑥
9

. (4)

Next, three maxima are also obtained as 2.11, 6.11, and 10.11
(Table 4).



The Scientific World Journal 5

2 4 6 8 10 12

94

96

98

D
et

ec
tio

n 
ra

te
s (

%
)

Number of used features

Detection rates (%)
Polynomial fit of sheet1 B

Figure 4: Detection rate with respect to number of features.
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Figure 5: Detection rate with respect to number of features.

Table 4: Polynomial coefficients and standard error.

Value Standard error
𝑎 151.055 21.69855
𝑏
1

−142.582 54.63766
𝑏
2

143.4329 53.61102
𝑏
3

−73.217 27.62498
𝑏
4

21.30309 8.39364
𝑏
5

−3.73895 1.58132
𝑏
6

4.02𝐸 − 01 1.87𝐸 − 01

𝑏
7

−2.59𝐸 − 02 1.34𝐸 − 02

𝑏
8

9.11𝐸 − 04 5.38𝐸 − 04

𝑏
9

−1.35𝐸 − 05 9.19𝐸 − 06

It shows the same result with 6th order polynomial
interpolation.
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Figure 6: MDS plots of normal and fault patterns.

By considering multidimensional scaling (MDS), it pro-
vides a method for discovering “hidden” structures in mul-
tidimensional data. MDS is designed by considering simi-
larity measure and mapped on a lower dimensional spatial
representation [12, 13]. With coefficients 𝐶

𝑚𝛿𝑒
, 𝐶
𝑚𝛼
, and 𝐶

𝐿𝛼
,

normal/fault patterns are implemented by multidimensional
scaling (MDS) methodology in Figure 6 [7]. It is obtained
with open source 𝑅-project [12].

Above results provide two parameters, 𝐶
𝑚𝛿𝑒

and 𝐶
𝑚𝛼
,

which are enough and most efficient to decide whether it is
faulty or not. Now, normal and fault patterns are illustrated
via MDS. Normal and fault patterns are shown via blue
triangles and red circles in Figure 6. This indicates that the
fault monitoring and flight control system organization can
be feasible by visualization, without expert’s knowledge.

4.2. Comparison with Similarity Measure Results. Similarity
measure is designed through using the definition of Liu [19].
Following similaritymeasurewill be used as the calculation of
the degree of similarity between normal and fault operating
conditions. Proposed similarity measure has strong point
by the point of computation in comparison to the result
of the literatures [3–6, 20–22]. They required at least 2𝑛
comparisons and 2𝑛 additions by the formations of

𝑠 (𝐴, 𝐵) = 1 − 𝑑 (𝐴, 𝐴 ∩ 𝐵) − 𝑑 (𝐵, 𝐴 ∩ 𝐵) ,

𝑠 (𝐴, 𝐵) = 2 − 𝑑 ((𝐴 ∩ 𝐵) , [1]
𝑋
) − 𝑑 ((𝐴 ∪ 𝐵) , [0]

𝑋
) .

(5)

Theorem 2. For any sets 𝐴, 𝐵 ∈ 𝐹(𝑋),

𝑠 (𝐴, 𝐵) = 1 − 𝑑 (𝜇
𝐴
(𝑥) , 𝜇

𝐵
(𝑥)) (6)

is the similarity measure between set 𝐴 and set 𝐵, where 𝑑
satisfies Hamming distance measure.
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Table 5: Computation of similarity measure.

Similarity measure A
(normal)

B
(normal)

C
(fault)

D
(fault)

𝑠
𝑚𝛿𝑒
(𝐹
𝑁
, 𝑝) 1.00 0.05 0.05 0.05

𝑠
𝑚𝛿𝑒
(𝑝, 𝐹
𝐹
) 0.00 0.00 1.00 1.00

𝑠
𝑚𝛼
(𝐹
𝑁
, 𝑝) 0.33 0.08 1.00 0.92

𝑠
𝑚𝛼
(𝑝, 𝐹
𝐹
) 1.00 0.00 0.16 0.42

Results only
(6)

𝑠(𝐹
𝑁
, 𝑝) 1.33 0.13 1.05 0.97

𝑠(𝑝, 𝐹
𝐹
) 0.78 0.00 1.16 1.42

Results with
Table 2

𝑠(𝐹
𝑁
, 𝑝) 2.92 0.25 1.72 1.59

𝑠(𝑝, 𝐹
𝐹
) 1.60 0.00 2.64 3.06

Proof. Commutative property of (S1) is easy to prove; it is
clear from (6) itself. To show (S2);

𝑠 (𝐷,𝐷
𝐶

) = 1 − 𝑑 (𝜇
𝐷
(𝑥) , 𝜇

𝐷
𝐶 (𝑥))

= 1 − 1 = 0

(7)

is obtained. Because 𝜇
𝐷
(𝑥) and 𝜇

𝐷
𝐶(𝑥) are complements,

difference 𝑑(𝜇
𝐷
(𝑥), 𝜇
𝐷
𝐶(𝑥)) always satisfies one. (S3) is rather

easy to prove:

𝑠 (𝐶, 𝐶) = 1 − 𝑑 (𝜇
𝐶
(𝑥) , 𝜇

𝐶
(𝑥)) = 1. (8)

From above statement, it is rational that 𝑠(𝐶, 𝐶) satisfies
maximal value. Finally, triangular equality is obvious by the
definition of Liu [19]; hence (S4), is also satisfied.

By applying this similarity measure, calculation reduced
𝑛 comparisons and 𝑛 + 1 additions. Two parameter 𝐶

𝑚𝛿𝑒
and

𝐶
𝑚𝛼

membership functions are illustrated in Figures 7 and 8.
Normal and fault distributions are also shown. With simi-
larity measure (6), decision results are clearly discriminative.
In Table 5, calculation results of (6) are emphasized by
considering variable importance of Table 2 as weighting
factor.

5. Conclusions

Fault detection problem of aircraft system was carried out
with RFA; it was applied to build a fault detection methodol-
ogy for unmanned aircraft system, named URUMI-II. With
obtained performance of RFA, results provide importance of
each parameter or feature. The feasibility of fault detection
algorithm with RFA was validated.

With experimental data on the flight test of DURUMI-II,
fault decision algorithm showed the approach is able to detect
faults with high detection rates (Figure 5). Additionally,
the visualization of normal and fault patterns using MDS
was able to easily figure it out with context information.
Similarity measure weighting calculation with importance
variable was applied for detection problem. Decision results
were emphasized more than with only similarity measure.

By the calculation of RFA, meaningful result was pro-
vided that detection algorithm was effective even with
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Figure 7: Normal/Fault data distribution of 𝐶
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a limited amount of operation data. Consequently, the flight
supporting control system with fault detection algorithm is
reconfigured. Then, the reliability increases without addi-
tional sensors such as a potentiometer on the control surface.
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Mobile ad hoc network represents a system of wireless mobile nodes that can freely and dynamically self-organize network
topologies without any preexisting communication infrastructure. Due to characteristics like temporary topology and absence
of centralized authority, routing is one of the major issues in ad hoc networks. In this paper, a new multipath routing scheme is
proposed by employing simulated annealing approach. The proposed metaheuristic approach can achieve greater and reciprocal
advantages in a hostile dynamic real world network situation. Therefore, the proposed routing scheme is a powerful method for
finding an effective solution into the conflict mobile ad hoc network routing problem. Simulation results indicate that the proposed
paradigm adapts best to the variation of dynamic network situations. The average remaining energy, network throughput, packet
loss probability, and traffic load distribution are improved by about 10%, 10%, 5%, and 10%, respectively, more than the existing
schemes.

1. Introduction

Due to the explosive growth of wireless communication
technology, mobile ad hoc networks (MANETs) have been
used in many practical applications in the commercial,
military, and private sectors. MANETs are self-creating,
self-organizing, and autonomous systems of mobile hosts
connected by wireless links with no static infrastructure such
as base station. When making such networks operational, a
key question is how to effectively decide routing paths, given
the dynamic nature of the system and the limited knowledge
of the network topology. In recent times, a lot of attention
has been attracted to designing efficient routing protocols for
efficient MANET operations [1–4].

During the operation of MANETs, unexpected growth of
traffic may develop in a specific routing path; it may create
local traffic congestion. In order to alleviate this kind of
traffic overload condition, load balancing strategy should be
employed. In MANETs, the meaning of load balancing is to
ease out the heavy traffic load in a specific path, which can
ensure the balanced network resource assumption. To ensure
the load balancing, multipath routing algorithms have been
developed. Multipath routing algorithm establishes multiple
paths between a source and a destination node and spreads

the traffic load along multiple routes. It can alleviate traffic
congestion in a specific path. Therefore, multipath routing
algorithms can provide the route resiliencewhile ensuring the
reliability of data transmission [5, 6].

Nowadays, metaheuristic approach is widely recognized
as a practical perspective to be implemented for real world
network operations [7–9]. Traditionally, metaheuristic algo-
rithms try to improve a candidate solution iteratively with
regard to a given measure of quality. Even though this
approach does not guarantee an optimal solution, it can
be widely applied to various network control problems.
Simulated annealing is a well-known probabilistic meta-
heuristic algorithm for finding an effective solution [10–12].
To adaptively make a routing decision, the basic concept of
simulated annealing approach can be adopted.

Motivated by the facts presented in the above discussion,
a new multipath routing scheme is proposed based on the
simulated annealing approach. In this work, we do not focus
on trying to get an optimal solution itself, but, instead,
an adaptive online feedback model is adopted. Therefore,
the proposed scheme repeatedly estimates the current net-
work situations and dynamically makes a control decision.
This approach can significantly reduce the computational
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complexity and overheads. Due to this reason, wireless nodes
are assumed to be self-interested agents and make local
decisions in a distributed manner. Therefore, routing packets
are adaptively distributed through multiple paths in pursuit
of the main goals such as load balancing and network
reliability. Under diverse network environment changes, the
proposed scheme tries to approximate an optimal network
performance.The important features of our proposed scheme
are (i) interactive process to get an efficient network per-
formance, (ii) distributed approach for large-scale network
operations, (iii) dynamic adaptability to current network, and
(iv) feasibility for practical implementation.

1.1. Related Work. Recently, several routing schemes for ad
hoc networks have been presented in research literature.
Leu et al. developed the multicast power greedy clustering
(MPGC) scheme [13], which is an adaptive power-aware
and on-demand multicasting algorithm. The MPGC scheme
uses greedy heuristic clustering, power-aware multicasting,
and clusteringmaintenance techniques thatmaximize energy
efficiency and prolong network lifetime.

To improve the network reliability and reduce the net-
work traffic, Kim et al. propose the double-layered effective
routing (DLER) scheme for peer-to-peer network systems
[14]. This scheme first chooses the shortest routing paths
among possible routing paths and selects the path associated
with the relay peer who has lower mobility to improve the
reliability of the system. Therefore, in the DLER scheme, the
lower mobility of relay peers contributes to both the stability
of clusters and the robustness of the system.

Hieu and Hong proposed the entropy-based multirate
routing (EMRR) scheme [15]. This scheme introduces a new
approach to modeling relative distance among nodes under
a variety of communication rates, due to node’s mobility in
MANETs. When mobile nodes move to another location, the
relative distance between communicating nodes will directly
affect the data rate of transmission. Therefore, the stability of
a route is related to connection entropy. Taking into account
these issues, the link weight and route stability based on
connection entropy are considered as a new routing metric.
In the EMRR scheme, the problem of determining the best
route is formulated as the minimization of an object function
formed as a linear combination of the link weight and the
connection uncertainty of that link.

The ant-colony based routing algorithm (ARA) scheme
was proposed [16]; in this scheme, swarm intelligence and
ant-colony metaheuristic techniques are used. This scheme
consists of three phases: route discovery, route maintenance,
and route failure handling. In the route discovery phase,
new routes between nodes are discovered using forward
and backward ants. Routes are maintained by subsequent
data packets; that is, as the data traverse the network, node
pheromone values are modified to reinforce the routes.

Wang et al. developed the logical hypercube-based virtual
dynamic backbone (HVDB) scheme for an 𝑛-dimensional
hypercube in a large-scale MANET [17]. The HVDB scheme
is a proactive, QoS-aware, and hybrid multicast routing
protocol. Owing to the regularity, symmetry properties,

and small diameter of the hypercube, every node plays
almost the same role. In addition, no single node is more
loaded than any other node, and bottlenecks do not exist,
unlike the case in tree-based architectures. In particular,
the HVDB scheme can satisfy the new QoS requirements—
high availability and good load balancing—by using location
information.

Barolli et al. proposed the genetic algorithmbased routing
(GAR) scheme for mobile ad hoc networks [18]. In the GAR
scheme, only a small number of nodes are involved in route
computation because a small population size is used. As a
result, routing information is transmitted only for the nodes
present in that population. Different routes are ranked by
sorting; the first route is the best one, and the remaining
routes are used as backup routes. Because a tree-based genetic
algorithm method is used in the GAR scheme, the delay and
transmission success rate are considered as QoS parameters
in this scheme.

The incentive-based repeated routing (IRR) scheme in
[19] is an incentive-based routing model that captures the
notion of repetition. To provide a desirable solution, the IRR
scheme examines certain fundamental properties to govern
the behavior of autonomous agents. The distributed routing
mechanism (DRM) scheme in [20] is an adaptive and scalable
routing scheme for wireless ad hoc networks. This scheme
provides a cost-efficient routing mechanism for strategic
agents. In addition, theDRMscheme is designed tomaximize
the benefit of each agent.

The proactive congestion reduction (PCR) scheme in [5]
focuses on adaptive routing strategies to help congestion
reduction. Based on a nonlinear optimization method for
multipath routings, the PCR scheme calculates a traffic split-
ting vector that determines a near-optimal traffic distribution
over routing paths. The shortest multipath source (SMS)
scheme [6] is one of the most generally accepted on-demand
dynamic routing schemes that build multiple shortest partial
disjoint paths.The SMS scheme uses node-disjoint secondary
paths to exploit fault tolerance, load balancing, and band-
width aggregation. All the earlier work has attracted a lot of
attention and introduced unique challenges. However, these
existing schemes have several shortcomings as described in
Section 3. Compared to the PCR scheme and the SMS scheme
[5, 6], the proposed scheme attains better performance for
wireless network managements.

This paper is organized as follows. Section 2 describes
the proposed algorithms in detail. In Section 3, performance
evaluation results are presented along with comparisons with
the schemes proposed in [5, 6]. Finally, in Section 4, conclud-
ing remarks are given and some directions are identified for
future work.

2. Proposed MANET Routing Algorithms

Multipath routing algorithms are designed to split and
transmit the traffic load through two or more different paths
to a destination simultaneously. In this paper, we propose a
new multipath routing scheme to balance the network load
while ensuring efficient network performance.
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2.1. Path Setup Algorithm. Usually, wireless link capacity
continually varies because of the impacts from transmission
power, interference, and so forth.Therefore, it is important to
estimate the current link status by considering several control
factors. To configure the adaptive multihop routing path, the
proposed algorithm defines a link cost (𝐿 𝑃) for each link to
estimate the degree of communication adaptability [21, 22].
In order to relatively handle dynamic network conditions, the
𝐿 𝑃 value from the node 𝑖 to the node 𝑗 is obtained as

𝐿 𝑃
𝑖𝑗
= [(1 − 𝛼) ×C

𝑖𝑗
+ 𝛼 × (1 − Θ

𝑗
(𝑡))]

+ [𝜔 × (1 − Ψ
𝑖𝑗
(𝑡))] ,

s.t., 𝛼 =
𝐸
𝑖

𝐸
𝑀

, C
𝑖𝑗
=

𝑑
𝑖𝑗

𝐷
𝑀

, Ψ
𝑖𝑗
(𝑡) =

𝜅
𝑖𝑗

𝑡

(𝜅
𝑖𝑗

𝑡
+ 𝜗
𝑖𝑗

𝑡
)

,

(1)

where 𝑑
𝑖𝑗
is the distance from the node 𝑖 to the node 𝑗 and

𝐸
𝑖
is the remaining energy of the node 𝑖. 𝐸

𝑀
and 𝐷

𝑀
are

the initial energy and the maximum coverage range of each
node.Therefore, the 𝑑

𝑖𝑗
and 𝐸

𝑖
are normalized by the𝐷

𝑀
and

𝐸
𝑀
; the range is varied from 0 to 1. Θ

𝑗
(𝑡) is the entropy for

the node 𝑗 at the time (𝑡). Usually, entropy is the uncertainty
and a measure of the disorder in a system. It represents the
topological change, which is a natural quantification of the
effect of node mobility on MANET’s connectivity service
[23]. In this work, the basic concept of entropy is adopted
for supporting and evaluating stable routing routes. For the
mobile node 𝑗, the entropyΘ

𝑗
(𝑡) is calculated as follows [23]:

Θ
𝑗
(𝑡) =

−∑
𝑘∈𝐹𝑗
𝑃
𝑘
(𝑡, Δ
𝑡
) × log𝑃

𝑘
(𝑡, Δ
𝑡
)

log𝐶 (𝐹
𝑗
)

,

s.t., 𝑃
𝑘
(𝑡, Δ
𝑡
) =

𝑎
𝑗,𝑘

∑
𝑖∈𝐹𝑗
𝑎
𝑗,𝑖

,

(2)

where Δ
𝑡
is a time interval. 𝐹

𝑗
denotes the set of the

neighboring nodes of node 𝑗, and 𝐶(𝐹
𝑗
) is the cardinality

(degree) of set 𝐹
𝑗
. To estimate the stability of a part of a

specific route, 𝑎
𝑗,𝑖
represents ameasure of the relativemobility

among two nodes 𝑗 and 𝑖 as

𝑎
𝑗,𝑖
=

1

𝐼 𝑇

×

𝐼 𝑇

∑

𝑙=1





V (𝑗, 𝑖, 𝑡

𝑙
)




,

s.t., V (𝑗, 𝑖, 𝑡) = V (𝑗, 𝑡) − V (𝑖, 𝑡) ,

(3)

where V(𝑗, 𝑡) and V(𝑖, 𝑡) are the velocity vectors of node 𝑗 and
node 𝑖 at time 𝑡, respectively. 𝐼 𝑇 is the number of discrete
times 𝑡

𝑙
that mobility information can be calculated and

disseminated to other neighboring nodeswithin time interval
Δ
𝑡
. V(𝑗, 𝑖, 𝑡) is the relative velocity between nodes 𝑗 and 𝑖 at

time 𝑡. Any change can be described as a change of variable
values 𝑎

𝑗,𝑖
in the course of time 𝑡 such as 𝑎

𝑗,𝑖
(𝑡) → 𝑎

𝑗,𝑖
(𝑡+Δ
𝑡
).

The entropy Θ
𝑗
(𝑡) is normalized as 0 ≤ Θ

𝑗
(𝑡) ≤ 1. If Θ

𝑗
(𝑡)

value is close to 1, the part of the route that represents the links
of the path associated with an intermediate node 𝑗 is stable.
If Θ
𝑗
(𝑡) value is close to 0, the local route is unstable [23]. In

(1), Ψ
𝑖𝑗
(𝑡) is the link 𝑖𝑗’s trust value at the time 𝑡. After the 𝑡th

iteration, Ψ
𝑖𝑗
(𝑡) is using the number of packets successfully

serviced in the link 𝑖𝑗 (𝜅𝑖𝑗
𝑡
) divided by the total number of

packets that have been sent from the node 𝑖 to the relay node
𝑗 (𝜅𝑖𝑗
𝑡
+ 𝜗
𝑖𝑗

𝑡
).

To relatively estimate the current link situation by using
(1), the control parameters 𝛼 and 𝜔 should be adjusted
dynamically. The C

𝑖𝑗
reflects the cost of the wireless com-

munication; the closer a next node, the more attractive for
routing due to the less communication cost. The 𝐸

𝑖
is the

current residual energy of node 𝑖, which reflects the remain-
ing lifetime of a wireless node. Due to the characteristics
of wireless propagation, the energy consumption rate for
wireless communications is strongly related to the internode
distance. The parameter 𝛼 controls the relative weights given
to distance and entropy of corresponding relay node. Under
diverse network environments, a fixed value of 𝛼 cannot
effectively adapt to the changing conditions [21, 22]. In this
paper, we treat it as an online decision problem and adaptively
modify 𝛼 value. When the remaining energy of the node 𝑖
is high, we can put more emphasis on the stability status of
next node 𝑗, that is, on (1 − Θ

𝑗
(𝑡)). In this case, a higher

value of 𝛼 is more suitable. When the remaining energy of
the node 𝑖 is not enough due to traffic overhead, the path
selection should strongly depend on the energy dissipation
for data transmission. In this case, a lower value of 𝛼 is more
suitable for the energy consumption rate, that is, onC

𝑖𝑗
, since

the distance between two neighbor nodes directly affects
the energy consumption rate. In the proposed algorithm,
the value of 𝛼 of the node 𝑖 is dynamically adjusted based
on the current rate of its remaining energy per initially
assigned energy (𝐸

𝑖
/𝐸
𝑀
). Therefore, the system can be more

responsive to current network conditions by the real-time
network monitoring. The parameter 𝜔 is an impact factor to
evaluate the trust level of the link. In this paper, to avoid the
detrimental packet loss effect, each link’s trust level is fully
considered to estimate 𝐿 𝑃 value; the 𝜔 value is fixed as 1.

The 𝐿 𝑃 value can represent the normalized commu-
nication cost of each link. With the 𝐿 𝑃 value, we define
the path cost parameter (PC) to calculate total routing path
cost; PC is computed as the sum of all link costs from the
source node to the current node. Based on the PC value,
the proposed routing algorithm constructs adaptivemultihop
routing paths to reach the destination node. At the initial
time for routing operations, the source node broadcasts its
initial PC value (i.e., PC = 0). Within the power coverage
area, message receiving relay nodes individually estimate
the link cost according to (1) and estimate its PC value
as PC + 𝐿 𝑃. Some nodes can receive multiple PC values
from reachable different neighbor nodes. For self-organizing
and independent-effective controlling, each node keeps this
information. For example, the node 𝑖 can have received
multiple PC values, that is, PC

1
, PC
𝑘
, and PC

𝑁𝑖
, where PC

𝑘

is the receiving PC value of the message-sending neighbor
node 𝑘 (1 ≤ 𝑘 ≤ 𝑁

𝑖
) and𝑁

𝑖
is the number of total reachable

neighbor nodes. In this case, the node 𝑖 calculates its own PC
𝑖

value as follows:

PC
𝑖
= argmin

𝑘∈𝑁𝑖

(PC
𝑘
+ 𝐿 𝑃

𝑖𝑘
) . (4)
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According to (4), the node 𝑖 adaptively selects one neighbor
node as a relay node while minimizing PC

𝑖
value, which

potentially incorporates more global network information.
The estimated PC value is recursively forwarded to establish
the routing path. This route formation process is repeated
until all available multipaths from the source to the destina-
tion node are configured.

2.2. Simulated Annealing Routing Algorithm. Generally, mul-
tipath routing algorithms face an essential challenge—how
to distribute the volume of traffic to a specific path. In
order to produce good solutions within a reasonable amount
of computer time, the proposed scheme does not seek the
optimal allocation. Based on feedbacks of the real-time
traffic measurements, it is designed in a simple but efficient
metaheuristic algorithm.

Simulated annealing (SA) is a well-known metaheuristic
method that has been applied successfully to combinatorial
optimization problems [8]. The term simulated annealing
derives from the roughly analogous natural phenomena of
annealing of solids, which is accomplished by heating up a
solid and allowing it to cool down slowly so that thermal
equilibrium is maintained. Each step of the SA process
replaces the current solution by a random “nearby” solution,
chosen with a probability that depends on the difference
between the corresponding function values and on a global
parameter 𝑇 (called the temperature). The 𝑇 is gradually
decreased during the process to reach steady state or thermal
equilibrium [8, 10, 12].

In the proposed algorithm, the SA approach is used to
solve themultipath routing problem.The basic concept of the
proposed algorithm is to proportionally load traffic on each
route according to its adaptability. To transmit packets, each
node selects a next relay node based on the PC information.
From the point of view of the node 𝑖, selection probability of
the neighbor node 𝑘 (SP

𝑘
) is defined as follows:

SP
𝑘
=

𝑇𝐶
𝑘

∑
𝑛

𝑗=1
𝑇𝐶
𝑗

, where 𝑇𝐶
𝑘
= 1 −

(PC
𝑗
+ 𝐿 𝑃

𝑖𝑗
)

∑
𝑛

𝑗=1
(PC
𝑗
+ 𝐿 𝑃

𝑖𝑗
)

,

𝑘 ∈ 𝑁
𝑖
,

(5)

where 𝑛 is the total number of neighbor nodes. Based on the
roulette-wheel function [24] of SP values, a next relay node is
temporarily selected. For example, the probability of node 𝑘’s
selection is SP

𝑘
. Therefore, we can make the more adaptable

nodesmore likely to be selected than the less adaptable nodes.
In addition, to avoid a local optimal solution, the Boltzmann
probability (BP) is adopted. The BP is defined as follows [8]:

BP = exp(−
𝑁pc − 𝐶pc

𝑇 (𝑡)

) , (6)

where 𝑁pc is the SP value of new selected node and 𝐶pc
is the SP value of previously connected node. In (6), the
difference between 𝑁pc and 𝐶pc (i.e., 𝑁pc − 𝐶pc) means the
path adaptability alteration. 𝑇(𝑡) is a parameter to control
the BP value. Metaphorically, it is the time 𝑡’s temperature of

the system. As an annealing process, the 𝑇(𝑡) is decreased
according to a cooling schedule. At the beginning of the
annealing algorithm run, the initialization temperature is
high enough so that possibility of accepting any decision
changes whether it improves the solution or not. While time
is ticking away, the 𝑇(𝑡) value decreases until the stopping
condition is met. In this paper, 𝑇(𝑡) value is set to the current
ratio of the remaining packet amount to the total routing
packet amount.

At the routing decision time, there are two cases.

(i) If the 𝑁pc value is higher than the 𝐶pc (i.e., 𝑁pc −
𝐶pc ≥ 0), the new selected neighbor node replaces the
current relay node.

(ii) If the 𝑁pc value is less than the 𝐶pc value (i.e., 𝑁pc −
𝐶pc < 0), the new selected neighbor node is not
eligible to replace the current relay node. However,
this node might still be accepted as a new relay node
to potentially avoid local optima. It is analogous to the
uphill move acceptance to reach an optimal point. In
this case, a random number 𝑋 is generated, where 𝑋
is in the range of {0 ⋅ ⋅ ⋅ 1}.

(a) If the 𝑋 is less than BP (i.e., 𝑋 < BP), the
new selected neighbor node replaces the current
relay node.

(b) Otherwise, the current routing route is not
changed.

Based on the SA approach, individual nodes in our proposed
scheme locally make routing decisions to select next relay
nodes. In an entirely distributed fashion, this hop-by-hop
path selection procedure is recursively repeated until the
packet reaches the destination node.Therefore, our proposed
routing algorithm can have the self-adaptability for network
dynamics.

2.3. The Main Steps of MANET Routing Algorithm. In this
paper, we propose a new multipath routing algorithm for
wireless mobile ad hoc networks. In the proposed scheme,
routing is guided by employing a simulated annealing pro-
cess. Therefore, self-interested ad hoc nodes make routing
decisions according to private preferences while adapting
the current network situations. To solve the dynamic and
distributed routing problem, the main steps of the proposed
multipath routing algorithm are given next.

Step 1. Each node dynamically estimates the 𝑑, C, 𝐸, Θ(⋅),
Ψ(⋅), and 𝛼 values based on the real-time measurement.

Step 2. The 𝐿 𝑃 value is locally calculated according to (1).

Step 3. At the initial time for routing operations, the source
node broadcasts the initial PC value to neighbor nodes. Each
node calculates its PC value by using (4) and recursively
forwards this information.

Step 4. Based on the PC value, route configuration process
continues repeatedly until all available multipaths from the
source to the destination node are configured.
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Table 1: Type of traffic and system parameters used in the simulation experiments.

(a)

Traffic type Bandwidth requirement Connection duration (ave./sec)
I 128 Kbps 60 sec (1min)
II 256Kbps 120 sec (2min)
III 512 Kbps 180 sec (3min)

(b)

Parameter Value Description
unit time 1 second Equal interval of time axis
𝑒dis 1 pJ/bit/m2 Energy dissipation coefficient for the packet transmission
𝐸co 10 nJ/bit System parameter for the electronic digital coding energy dissipation
𝐷
𝑀

10m Maximum wireless coverage range of each node
𝐸
𝑀

10 joules Initial assigned energy amount of each node
𝜔 1 The weighted factor for the trust level
I 𝑇 10 seconds The number of discrete times to estimate entropy
𝑋 0∼1 Generated random number

(c)

Parameter Initial Description Values
𝛼 1 The ratio of remaining to initial energy of node 0∼1 (𝐸

𝑖
/𝐸
𝑀
)

𝑇(t) 1 The ratio of remaining to initial packet amount at time t 0∼1

Step 5. To transmit packets, each relay node temporarily
selects a next relay node with the selection probability, which
is estimated according to (5).

Step 6. If the𝑁pc value is higher than the𝐶pc (i.e.,𝑁pc−𝐶pc >
0), the new selected neighbor node replaces the current relay
node; proceed to Step 8. Otherwise, go to Step 7.

Step 7. When the 𝑁pc value is less than the 𝐶pc value (i.e.,
𝑁pc − 𝐶pc < 0), a random number 𝑋 is generated. If a
generated𝑋 is less than the BP (i.e.,𝑋 <BP), the new selected
neighbor node replaces the current relay node.Otherwise, the
established routing route is not changed.

Step 8. In an entirely distributed fashion, this hop-by-hop
path selection procedure is recursively repeated until the
packet reaches the destination node.

3. Performance Evaluation

In this section, the effectiveness of the proposed algorithms is
validated through simulation; we propose a simulationmodel
for the performance evaluation. With a simulation study, the
performance superiority of the proposed multipath routing
scheme can be confirmed. The assumptions implemented in
our simulation model were as follows.

(i) 100 nodes are distributed randomly over an area of
500 × 500 meter square.

(ii) Each data message is considered CBR traffic with the
fixed packet size.

(iii) Network performancemeasures obtained on the basis
of 50 simulation runs are plotted as functions of the
packet generation per second (packets/s).

(iv) Data packets are generated at the source according to
the rate 𝜆 (packets/s), and the range of offered load
was varied from 0 to 3.0.

(v) The bandwidth of the wireless link was set to 5Mb/s
and the unit time is one second.

(vi) The source and destination nodes are randomly
selected.

(vii) For simplicity, we assume the absence of noise or
physical obstacles in our experiments.

(viii) The mobility of each mobile node is randomly
selected from the range of 0–10m/s, and mobility
model is random way point model.

(ix) At the beginning of simulation, all nodes started with
an initial energy of 10 joules.

(x) Three different traffic types were assumed; they were
generated with equal probability.

Table 1 shows the traffic types and system parameters
used in the simulation. Each type of traffic has its own
requirements in terms of bandwidth and service time. In
order to emulate a real wireless network and for a fair
comparison, we used the system parameters for a realistic
simulation model [21, 22].

Recently, the PCR scheme [5] and the SMS scheme [6]
have been published and introduced unique challenges for
the issue of multipath routing in MANETs. Even though
these existing schemes have presented novel multipath rout-
ing algorithms, there are several disadvantages. First, these
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Figure 1: Average remaining energy.

schemes cannot adaptively estimate the current network
conditions. Therefore, each node is unaware of effective
routing paths to reach a destination. Second, some nodes
carry a disproportionately large amount of the entire traffic,
drastically decreasing the throughput of the flows they
forward. Third, the PCR and SMS schemes are based on
a centralized approach. The ideas for practical implemen-
tations are left for future study. As mentioned earlier, we
compare the performance of the proposed scheme with these
existing schemes to confirm the superiority of the proposed
approach. In our simulation analysis of Figures 1–5, the 𝑥-
axis (a horizontal line) marks the traffic intensities, which is
varied from 0 to 3.0.The 𝑦-axis (a vertical line) represents the
normalized value for each performance criterion.

Figure 1 compares the performance of each scheme in
terms of the average remaining energy of wireless nodes.
To maximize a network lifetime, the remaining energy is
an important performance metric. All the schemes have
similar trends. However, based on (1), the proposed scheme
effectively selects the next routing link by considering the
remaining energy information. Therefore, we attain much
remaining energy under heavy traffic load intensities; it
guarantees a longer node lifetime.

Figure 2 shows the performance comparison of network
throughput. Usually, network throughput is the rate of suc-
cessful message delivery over a communication channel. The
throughput is usually measured in bits per second (bit/s or
bps) and sometimes in data packets per second or data pack-
ets per time slot. In this work, network throughput is defined
as the ratio of data amount received at the destination nodes
to the total generated data amount. For a fair comparison, it
is the best realistic way. Due to the inclusion of the adaptive
online approach, the proposed scheme can have the best
throughput gain.

In Figure 3, the packet loss probabilities are presented;
packet loss means the failure of one or more transmitted
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Figure 2: Network throughput.
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packets to arrive at their destinations. As the offered traffic
load increases, wireless nodes will run out of the energy or
capacity for data transmissions and data packets are likely to
be dropped. Therefore, the packet loss probability increases
linearly with the traffic load. Based on the real-time online
manner, our dynamic SA approach can improve the system
reliability, so we achieve a lower packet loss rate than other
schemes under various traffic loads.

The curves in Figures 4 and 5 indicate the average energy-
exhaustion ratio and normalized traffic load distribution. In
this paper, traffic load distribution means the average rate
of traffic dispersion among wireless nodes. In an entirely
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Figure 5: Normalized traffic load distribution.

distributed fashion, individual node in our scheme moni-
tors the current network situation and updates all control
parameters periodically for the adaptive routing. Therefore,
under various system constraints, the proposed scheme is
able to decrease the number of energy expiration nodes and
adaptively distribute routing packets to avoid traffic conges-
tions, which is highly desirable property for the MANET
management.

The simulation results shown in Figures 1–5 demon-
strate that the proposed multipath routing scheme generally
exhibits better performance comparedwith the other existing
schemes [5, 6]. Based on the adaptive simulated annealing

approach, the proposed scheme constantly monitors the
current traffic conditions and gets an efficient solution.
Through the simulation experiments, it could be seen that
the proposed strategy is proved to be an effective paradigm
to solve complex routing problems in a dynamic network
environment.

4. Summary and Conclusions

Recent advances in wireless technology and availability of
mobile computing devices have generated a lot of interest
in mobile ad hoc networks. For these networks, the biggest
challenge is to find routing paths to satisfy varying require-
ments. In this paper, new multipath routing algorithms
are developed based on the effective simulated annealing
approach. For real network implementation, the proposed
scheme is designed in self-organizing, dynamic online, and
interactive process. Therefore, each individual node has an
ability to provide more adaptive control mechanism and
makes a local routing decision to find an efficient path.
Under dynamic network environments, this approach can
dynamically reconfigure the established path to adapt to
network changes. From simulation results, the proposed
scheme outperforms existing schemes in terms of network
reliability, energy efficiency, and so forth.

In the future, we expect our methodology to be useful
in developing new adaptive ad hoc routing algorithms.
In particular, the metaheuristic approach can be extended
to support delay sensitive data services. In addition, the
basic concept of adaptive online algorithms has become an
interesting research topic in highly mobile ad hoc networks.
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Nowadays, swarm intelligence optimization has become an important optimization tool and wildly used in many fields of
application. In contrast to many successful applications, the theoretical foundation is rather weak. Therefore, there are still many
problems to be solved. One problem is how to quantify the performance of algorithm in finite time, that is, how to evaluate the
solution quality got by algorithm for practical problems. It greatly limits the application in practical problems. A solution quality
assessmentmethod for intelligent optimization is proposed in this paper. It is an experimental analysismethod based on the analysis
of search space and characteristic of algorithm itself. Instead of “value performance,” the “ordinal performance” is used as evaluation
criteria in this method. The feasible solutions were clustered according to distance to divide solution samples into several parts.
Then, solution space and “good enough” set can be decomposed based on the clustering results. Last, using relative knowledge
of statistics, the evaluation result can be got. To validate the proposed method, some intelligent algorithms such as ant colony
optimization (ACO), particle swarm optimization (PSO), and artificial fish swarm algorithm (AFS) were taken to solve traveling
salesman problem. Computational results indicate the feasibility of proposed method.

1. Introduction

Swarm intelligence (SI) optimization [1] is a class of certain
population-based metaheuristics which are inspired by the
behavior of swarm of agents (i.e., living beings) interacting
locally with each other and with their environment. SI is
relatively new subfield of artificial intelligence. The behavior
of every agent in SI is simple and does not have intelligence.
But a number of simple agents through local rules are able
to have the emergence of collective intelligence and come to
intelligent solutions for complex problems. In recent years,
SI has received widespread attention in research. Typical SI
schemes include ant colony optimization (ACO) [2], particle
swarm optimization (PSO) [3], artificial bee colony (ABC)
[4], and artificial fish swarm algorithm (AFS) [5].

ACO is a class of optimization algorithms modeled on
the foraging behavior of an ant colony. In ACO, a colony
of artificial ants with the artificial pheromone trails and
heuristic information are stochastic constructive heuristics

that build better and better solutions by using and updating
pheromone trail. New solutions are generated using a param-
eterized probabilistic model, the parameters of which are
updated using previously generated solutions so as to direct
the search towards promising areas of the solution space.
The first ACO algorithm is ant system (AS) [6]. In the next
years, many kinds of ACO algorithms have been developed
to improve the performance of AS, such as ant colony system
(ACS) [7], max-min ant system (MMAS) [8], and two-stage
updating pheromone for invariant ant colony optimization
algorithm (TSIACO) [9]. PSO is a metaheuristic search
method that simulates the movements of a flock of birds
which aim to find food. PSO optimizes a problem by having
a population of candidate solutions, called particles, and
moving these particles around in the search space according
to simple mathematical formulae over the particle’s position
and velocity. Each particle’s movement is influenced by its
local best known position and also guided toward the best
known positions in the search space, which are updated as
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better positions founded by other particles. The first PSO
algorithm was introduced by Kennedy and Eberhart. ABC is
an optimization algorithm based on the intelligent foraging
behavior of honey bee swarm, proposed by Karaboga in 2005.
In the ABC model, the colony consists of three groups of
bees: employed bees, onlookers, and scouts. It is assumed that
there is only one artificial employed bee for each food source.
Employed bees go to their food source and come back to hive
and dance on this area.The employed bee whose food source
has been abandoned becomes a scout and starts to search
for finding a new food source. Onlookers watch the dances
of employed bees and choose food sources depending on
dances.The scout bee moves in the solution space to discover
new food sources. SI has been applied to many applications
problems, such as knapsack problems, scheduling problems,
assignment problems, multiobjective optimization problem,
and cluster analysis.

Although great progress has been achieved in application,
there is also a basic question, which is how to quantify the
goodness of the solution obtained in finite time, needed to be
answered. We call it solution quality evaluation problem. At
present, the existing researches focus on the solution “value
performance,” namely, the difference between the solution
obtained by algorithm and the optimal solution of the prob-
lem. The general use of the method is ratio analysis, namely,
ratio between solution obtained by algorithm and optimal
solution. If the ratio is closer to 1, it means that higher quality
is obtained by algorithm and the algorithm is more effective.
Competitive analysis [10] of online algorithm also can be
employed. The drawback of two methods is that they need
optimal solution of problem. There are some approximation
methods used to estimate optimal for example, extreme value
theory [11] and Lagrange’s relaxation method [12], to get the
solution value or bound to replace the optimal solution in
practical problems. This analysis method generally requires
strong theoretical basis of mathematic and strongmath skills,
and even it is difficult or impossible to give this kind of
boundary for most of the problems. In addition to bias in the
theoretical study of evaluation methods, some scholars pay
more attention to the experimental analysis method. Hoos
and Stützle [13] proposed to analyze the performance and
behavior of stochastic local search algorithm by experimental
analysis method.The performance of several existing particle
swarm optimization algorithms was compared by using
this method, and an improved particle swarm optimization
algorithm was introduced according to the law in [14].

With development of the ordinal optimization (OO) the-
ory [15], the research changes the angle to solution “ordinal
performance” to evaluate solution quality of optimization
method.Here the solution “ordinal performance” refers to the
judgment aboutwhether the solution is belonging to the good
enough solution set. Shen et al. [16] used solution comparison
between heuristicmethods and uniform sampling to evaluate
the solution.The evaluation criterion is alignment probability
used in OO. As the extension of this work, author used
the knowledge of hypothesis testing to develop it into a
theory in [17]. In this paper, we proposed an experimental
analysis method based on the analysis of search space and

characteristic of algorithm itself to evaluate the solution
quality for SI.

The rest of this paper is organized as follows:
Section 2 reviews the basic idea of OO and indicates
the difficulty of quantifying solution quality by analyzing
the existing method. Section 3 describes our experimental
analysis method detailed. Some simulation results are
presented in Section 4 to show the feasibility of proposed
method. Finally, Section 5 concludes the paper.

2. Basics of Ordinal Performance

The ordinal performance is concerned with whether the
solution belongs to the good enough set. The evaluation
criterion is alignment probability. The definition of good
enough set and alignment probability is introduced in OO.
So, in this section, we briefly overview OO.

2.1. Brief Overview of OO. OO was first introduced by Ho
et al. in 1992 [15], which has become an important tool for
optimizing discrete event dynamic system (DEDS).There are
two basic ideas in OO. The first idea is ordinal comparison;
that is, “order” is easier to ascertain than “value.” The second
idea is goal softening. Instead of only caring about optimal
solution, OO is willing to settle for the “good enough”
solution.

In OO, Θ is the search space and satisfies |Θ| = 𝑁. The
“good enough” set 𝐺 is defined as the top-𝑔 of the search
space Θ or top 𝑝% of the search space Θ. It satisfies |𝐺| = 𝑔.
Selected set 𝑆 is selected by rule and satisfies |𝑆| = 𝑠. OO can
guarantee that 𝑆 contains top-𝑔 solutions of the search space
with a high probability. It is called alignment probability in
OO and denoted by 𝑃AP.

2.2. Ordinal Performance. The research of solution quality
evaluation method transfers from the value performance to
the ordinal performance, after the definition of the good
enough set, selected set, and alignment probability intro-
duced. Based on this knowledge, Shen et al. [17] proposed
evaluation method, called ordinal optimization ruler (OO
ruler), using the related knowledge of hypothesis testing. So
we can use OO ruler to qualify the ordinal performance of
solution. One of the intuitive understandings of OO ruler is
that uniform samples are taken out from the whole search
space and evaluated with a crude but computationally easy
model when applying OO. After ordering via the crude
performance estimates, the lined-up uniform samples can
be seen as an approximate ruler. By comparing the heuristic
design with such a ruler, we can quantify the heuristic design,
just as we measure the length of an object with a ruler. If the
OO ruler gets from all the solutions, it is an accurate ruler.
But this is obviously an ideal situation for practical problems.
It is proved that approximate OO ruler is also effective.

Theorem 1 (see [17]). If the 𝑘 solution obtained by optimiza-
tion algorithm is better than 𝑡 solution of selected set obtained
by uniform sampling, we can judge that the 𝑘 solution belongs
to the top 𝑝% of the search space Θ at least. And the type II
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error probability is not larger than 𝛽
0
. The relation between 𝑠,

𝛽
0
, 𝑡, and 𝑝% is determined by

𝑡−1

∑

𝑗=0

(

𝑠

𝑗
) (𝑝%)𝑗(1 − 𝑝%)𝑠−𝑗 ≤ 𝛽

0
, (1)

where ( 𝑠𝑗 ) represents the number of different choices of 𝑠
designed out of 𝑗 distinguished ones.

In the case of given parameters of 𝑠 and 𝛽
0
, we can get

relation between 𝑡 and 𝑝% through the list method.

For an arbitrary solution obtained by heuristic algorithm,
we only need to compare it whether satisfies the conditions of
Theorem 1, then we can make the corresponding judgment,
so as to realize the evaluation ordinal performance of solu-
tion. But OO ruler has a premise. To get OO ruler, uniform
sampling for search space is needed. It is also prerequisite
for OO. The so-called uniform sampling refers to the same
probability of getting arbitrary solution. It is also the reason
why the uniform sampling can provide quantitative reference.
But, for some problems, it is difficult to achieve uniform
sampling, and thus it will not be able to get OO ruler. In
addition, the price of gettingOO ruler for huge solution space
is very high. These two problems limit the application of OO
ruler in solution evaluation. However, the introduction of
ordinal performance has great inspiration for the research of
solution quality evaluation for SI.

3. The Framework of Assessment Method

In this section, we take traveling salesman problem (TSP)
as an example to describe experimental analysis method of
solution quality evaluation.

3.1. Sample Characteristics of SI. For SI, the feature of the
algorithm itself determines that the sampling method in
the search space is not uniform. Especially by the partial
reinforcement effect, it makes the algorithm more and more
concentrated in certain regions. So it is not suitable for
evaluating method directly using OO ruler. In addition, the
algorithm produces a large number of feasible solutions.
The feasible solution contains the search characteristics of
some algorithms and the distribution of the solution space.
To obtain the hidden information and its rational utiliza-
tion through some analysis methods, we need to do some
research. It plays an important role in the research of qualtiy
evaluation and improving the algorithm performance.

3.2. The Framework of Assessment Method. Based on the
above analysis, this paper presents a general framework of
the quality evaluationmethod for SI.The framework contains
three procedures. First, to get some internal approximate
uniform subclass, using cluster method, the solution samples
(corresponding to selected subset of OO) were homogeneous
processing. Second, discrete probability distribution solution
samples of each subclass and the scale relationship of the
subclass are estimated in the fitness space. Based on the
characteristics of the subclass, the presupposition ratio of

the good enough set is distributed to each subclass. Last,
alignment probability is calculated according to the model of
solution quality evaluation, so as to complete the evaluation
of the solution quality.

3.2.1. UniformClustering forNonuniform Samples. According
to the characteristics of discrete space, uniform clustering of
samples is that obtaining probability of solution is approx-
imating same. Compared with the continuous space, clus-
tering is very different from discrete space. General discrete
spatial distance features are defined with the question, and
not as the continuous space as a distance to define general
way. This makes clustering method based on grid no longer
applicable, which is used in continuous space such as density
clustering and clustering method based on grid. And the
huge solution sample set also limits the use of some special
clustering method. Therefore, we need to design a suitable
and efficient clustering algorithm based on demand.

Approximate sampling probability is the purpose of
clustering. The approximate sampling probability here refers
to the neighbor characteristics (including the distance and
number of nearest neighbors) consistent approximation. A
feasible method for TSP is to calculate the distance between
all solution samples. Then clustering is done according to the
nearest neighbor statistical feature of each sample distance.
But it is only applicable to the small size of the solution
sample. Another possible method is that the clustering
centers are selected from the best solutions. The distance
is calculated between each feasible solution and the cluster
center. Then the solution samples are clustered according to
the distance. The calculation complexity of this algorithm
is low. It is more suitable for clustering large scale solution
samples. In the next section, we use this clustering method.

3.2.2. The “Good Enough” Set Decomposition. The solution
alignment probability is calculated using a priori ratio of
the good enough set (the ration between the good enough
set and search space) in OO. The ratio of each kind of the
good enough sets is needed to know after clustering. The
prior ratio requires decomposing prior ratio of each class.
This decomposition has a certain relationship with each class
distribution of samples and the class size. Therefore, the
distribution characteristics of solution in the fitness value,
as well as proportional relation of class size, are needed to
estimate.

Estimation of distribution of solution in the fitness
value is problem of one-dimensional distribution sequence
estimation. The purpose of distribution estimation is to
obtain the good enough set distribution. If the fitness value
is arranged according to the order from small to large,
ordered performance curve (OPC) can be obtained. For the
minimization problem, the good enough set is in the first half
of the OPC. To obtain a true estimation of the good enough
set, you need to consider the types of OPC.

3.2.3. Ordinal Performance Estimation. The original search
space after clustering is divided into 𝑙 approximate uniform
partition. Search space Θ

𝑘
, the good enough set 𝐺

𝑖
, and
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Step 1. Delete the same solution of 𝑆 according to distance, and denote the new
set by 𝑆1;

Step 2. Find the best solution from the set 𝑆1, and denote 𝑠0;
Step 3. Calculate the distance between the solution of 𝑆1 and 𝑠0, divide the set
𝑆1 into some subset 𝑆

𝑖
according to distance, and let |𝑆

𝑖
| = 𝑠
𝑖
;

Step 4. Distribute the good enough solution set 𝐺;
Step 4.1. Get𝑀 solutions from 𝑆1 according to the order of fitness;
Step 4.2. Delete the infeasible and same solutions, and get𝑀1 solutions;
Step 4.3. Assemble𝑀1 solutions and 𝑆1 solutions, and get 𝑔 solutions

by ordering fitness;
Step 4.4. Calculate the distance between 𝑔 solutions and 𝑠0, and count the

number of 𝑔
𝑖
according to the distance;

Step 5. Calculate the alignment probability 𝑃AP by (4)

Algorithm 1: The main steps of assessment method.

selected set 𝑆
𝑖
of each partition and search space Θ, good

enough set 𝐺, and selected set 𝑆 of the original search space
have the following correspondence in the collection and base:

Θ
1
∪ Θ
2
∪ ⋅ ⋅ ⋅ ∪ Θ

𝑙
= Θ,

𝐺
1
∪ 𝐺
2
∪ ⋅ ⋅ ⋅ ∪ 𝐺

𝑙
= 𝐺,

𝑆
1
∪ 𝑆
2
∪ ⋅ ⋅ ⋅ ∪ 𝑆

𝑙
= 𝑆,

𝑁
1
+ 𝑁
2
+ ⋅ ⋅ ⋅ + 𝑁

𝑙
= 𝑁,

𝑁 ≡ |Θ| , 𝑁
𝑖
≡




Θ
𝑖





, ∀𝑖 = 1, . . . , 𝑙,

𝑔
1
+ 𝑔
2
+ ⋅ ⋅ ⋅ + 𝑔

𝑙
= 𝑔,

𝑔 ≡ |𝐺| , 𝑔
𝑖
≡




𝐺
𝑖





, ∀𝑖 = 1, . . . , 𝑙,

𝑠
1
+ 𝑠
2
+ ⋅ ⋅ ⋅ + 𝑠

𝑙
= 𝑠,

𝑠 ≡ |𝑆| , 𝑠
𝑖
≡




𝑆
𝑖





, ∀𝑖 = 1, . . . , 𝑙,

(2)

where | ⋅ | is the base of set ⋅.
Since the probability of any feasible solution pumped into

each subclass is the same, for a sampling result 𝜃
𝑖
has

𝑃 (𝜃
𝑠
= 𝜃
𝑖
) =

1

𝑁
𝑖

, ∀𝜃
𝑖
∈ Θ
𝑖
. (3)

In this paper, we only concern the selected set whether
has at least one solution in good enough set. So we can draw
the following conclusions:

𝑃AP {|𝑆 ∩ 𝐺| ≥ 1} = 1 −
𝑙

∏

𝑖=1

(1 − 𝑝
𝑖
%)𝑠𝑖 . (4)

3.2.4. Procedures of AssessmentMethod. Themain steps to get
the evaluation method by the above analysis are described in
Algorithm 1.

4. Experimental Results and Analysis

In this section, we take the Hopfield 10-city problem, which
is also used in [17], as the example to demonstrate our exper-
imental analysis method. The coordinates of the 10 cities are

{(0.4000, 0.4439); (0.2439, 0.1463); (0.1707, 0.2293); (0.2293,
0.7610); (0.5171, 0.9414); (0.8732, 0.6536); (0.6878, 0.5219);
(0.8488, 0.3609); (0.6683, 0.2536); (0.6195, 0.2634)}. There is
(10−1)! = 362880 solutions in the search space. The best path
is [1, 4, 5, 6, 7, 8, 9, 10, 2, 3] or [1, 3, 2, 10, 9, 8, 7, 6, 5, 4]. Here
we define |𝐺| = 0.005𝑁. We use two groups of experimental
simulation to demonstrate effectiveness of proposedmethod,
where 𝑃AP is alignment probability. Statistics value represents
the alignment probability by our methods. Computational
value is the alignment probability, and the error represents
the difference of two alignment probabilities.

4.1. Evaluation Index. Alignment probability is a measure of
whether optimal solution belongs to the good enough set.
It is a probability value. Therefore, studying this value has
little significance in one experiment. It is needed to do many
experiments to study the statistical laws. So, each kind of
experiment independently does 𝐾 times. If the optimal of 𝑖
time belongs to the good enough set, let 𝑠

𝑖
= 1; otherwise

𝑠
𝑖
= 0. Let 𝑃

𝑔
be statistical frequency. Then, for 𝐾 times

experiment, we have

𝑃
𝑔
=

∑
𝑟

𝑖=1
𝑠
𝑖

𝑟

, 𝑟 = 1, 2, . . . , 𝐾. (5)

From (5), the following can be seen, when 𝐾 tends to
infinity:

lim
𝐾→+∞

𝑃
𝑔
= 𝑃


𝑔
, (6)

where 𝑃
𝑔
is the alignment probability value, but it is generally

difficult to obtain. In general, we only need to compute the 𝑃
𝑔

value which may be tested experimentally.
Let 𝑃
𝐴
(𝑟) be the alignment probability in an experiment

by the evaluation method; 𝑃
𝐴

is average value of 𝑃
𝐴
(𝑟).

Consider

𝑃
𝐴
=

∑
𝑟

𝑖=1
𝑃
𝐴
(𝑟)

𝑟

, 𝑟 = 1, 2, . . . , 𝐾. (7)

Let 𝑒
𝑟
be the absolute value of error of 𝑃

𝑔
and 𝑃

𝐴
; that is,

𝑒
𝑟
=






𝑃
𝐴
− 𝑃
𝑔






. (8)
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Figure 1: Comparison of two probabilities with ratio ≥ 1.

In the following experiments, we are using 𝑒
𝑟
as the

standard evaluation index.

4.2. Ordinal Performance Evaluation of Nonuniform Sampling.
The solution space is sorted according to the fitness values
and gets the whole solution space of the sample set, denoted
byΩ. We deliberately partition the search space into the same
two parts Ω

1
and Ω

2
. Then we sample, respectively, in parts

Ω
1
andΩ

2
, respectively. Times are denoted by 𝑛

1
and 𝑛
2
.Then

the total number of samplings is 𝑛. Then

𝑛
1

𝑛
2

= ratio,

𝑛
1
+ 𝑛
2
= 𝑛.

(9)

Let 𝐾 = 5000 and 𝑛 = 3000. Because the value of ration
can be divided into two cases. One is no less than 1, and the
other is less than 1. So, the following points are discussed.

4.2.1. Ratio≥ 1. This case illustrates the sampling times in area
Ω
1
more than in area Ω

2
, and the good enough set is in area

Ω
1
. The experiment results can be seen in Figures 1 and 2.

The abscissa is value of ratio. The values from left to right,
respectively, are 1, 2, 5, 10, and 100. In Figure 1, we can see
that, with the increasing value of ratio, the sampling point in
area Ω

1
is increasing. The probability of obtaining the good

enough solution increases as the good enough set is in area
Ω
1
. In addition, except for the case of ratio = 1, 𝑃

𝐴
is slightly

higher than 𝑃
𝑔
. The rest of 𝑃

𝐴
are lower than 𝑃

𝑔
. The error

of two probabilities seen from Figure 2 is lower and no more
than 2% generally.

4.2.2. Ratio < 1. This case illustrates the sampling times in
area Ω

2
more than in area Ω

1
. The experiment results can

be seen in Figures 3 and 4. The abscissa is value of ratio. The
values from left to right, respectively, are 0.01, 0.1, 0.2, 0.5, and
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Figure 2: Error of two probabilities with ratio ≥ 1.
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Figure 3: Comparison of two probabilities with ratio < 1.
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Table 1: Experimental comparison for ant number𝑚.

𝑚 Best Worst Average STD 𝑃
𝐴

𝑃
𝑔

𝑒
𝑟

2 2.6907 3.2025 2.7671 0.0840 0.8496 0.9985 0.1489
4 2.6907 2.9689 2.7200 0.0521 0.9626 1.0000 0.0374
5 2.6907 2.9689 2.7111 0.0410 0.9792 1.0000 0.0208
8 2.6907 2.8982 2.6966 0.0222 0.9972 1.0000 0.0028
10 2.6907 2.8982 2.6937 0.0163 0.9992 1.0000 0.0008
The best solution, the worst solution, the average solution quality, and the standard deviation in K times running are given.

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Iteration number

Pr
ob

ab
ili

ty

0.8

0.85

0.9

0.95

1

1.05

PA
PA

Figure 5: Comparison of two probabilities with ACO.
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Figure 6: Error of two probabilities with ACO.

0.9. In Algorithm 1 and Figure 1, we can see that the error of
two probabilities is high. But the error decreaseswith the ratio
increasing.

4.3. Ordinal Performance Evaluation of ACO. Let 𝐾 = 2000;
the computational results can be seen from Figures 5 and 6.
From Figure 5 we can see that the alignment probability of
𝑃
𝐴
and 𝑃

𝑔
is close to 1 and the difference is low. The 𝑃

𝐴
is

slightly lower than𝑃
𝑔
. It is showed that the evaluationmethod

is conservative. The error range is less than 0.1%. This shows
that the calculation result is credible.

In order to further study the relation between the param-
eters of ant colony algorithm and evaluation results, we
focus on the relationship between the maximum number of
iterations changes and ant number changes and evaluation of
results. The results can be seen from Tables 1 and 2.

First, we study the ant number.The ant number𝑚 belongs
to the set {2, 4, 5, 8, 10}. From Table 1 we can see that the
value of 𝑃

𝐴
is increasing with the 𝑚 increasing. The error

of probability is reducing with the 𝑚 increasing. This shows
that the size of solution has some influence on the evaluation
method. Second, we study the iteration number 𝑁max which
is selected from the set {10, 20, 30, 50, 100, 200}. FromTable 2
we can see that 𝑃

𝐴
is much less than 𝑃

𝑔
when 𝑁max is

10. But, with 𝑁max increasing, the error is reducing. The
reason is that the information of space is accumulated with
𝑁max increasing. It is showed that the more the utilization
of information of the solution space, the more accurate the
result.

4.4. Ordinal Performance Evaluation of PSO and AFS. We
also do the same comparison for PSO and AFS. The results
can be seen from Tables 3 and 4. 𝑚 is particle number in
Table 3 and 𝑚 is fish number in Table 4. From Tables 3 and
4 we can see that the value of 𝑃

𝐴
is increasing with the 𝑚

increasing and the maximum number of iterations 𝑁max.
The average solution is also improved. It is showed that the
solution quality is effect on 𝑃

𝐴
.

5. Conclusion

A solution assessmentmethod of SI is presented in this paper.
Based on the analysis of the existing knowledge foundation,
combined with the ordinal optimization theory, the ordinal
performance is research target to evaluate solution. Then
based on the analysis of characteristics of SI algorithms, the
framework of evaluation method is given. The detailed steps
of the method are presented. Finally, taking the Hopfield 10-
city problem as an example, some simulation experiments
are done. The experimental results show that the proposed
method is feasible.
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Table 2: Experimental comparison for maximum iteration number.

Nmax Best Worst Average STD 𝑃
𝐴

𝑃
𝑔

𝑒
𝑟

10 2.6907 3.1879 2.7695 0.0791 0.7750 0.9985 0.2235
20 2.6907 2.9844 2.7138 0.0435 0.9586 1.0000 0.0414
30 2.6907 3.0504 2.7118 0.0440 0.9748 1.0000 0.0252
50 2.6907 2.9390 2.7094 0.0393 0.9803 1.0000 0.0197
80 2.6907 2.9669 2.7073 0.0384 0.9835 1.0000 0.0165
100 2.6907 2.9669 2.7061 0.0358 0.9853 1.0000 0.0147
200 2.6907 2.8982 2.7022 0.0327 0.9909 1.0000 0.0091

Table 3: Experimental comparison for PSO.

m Nmax Best Worst Average STD 𝑃
𝐴

𝑃
𝑔

𝑒
𝑟

10 30 2.6907 3.5976 3.0174 0.1543 0.6720 0.7425 0.0713
10 50 2.6907 3.3618 2.9483 0.1310 0.7861 0.8890 0.1029
10 60 2.6907 3.3582 2.9227 0.1222 0.8257 0.9340 0.1083
10 80 2.6907 3.3038 2.8923 0.1104 0.8894 0.9745 0.0851
10 100 2.6907 3.2328 2.8685 0.1029 0.9262 0.9840 0.0578
20 60 2.6907 3.2275 2.8516 0.0947 0.9480 0.9970 0.0490
20 100 2.6907 3.0861 2.8068 0.0736 0.9898 1.0000 0.0102

Table 4: Experimental comparison for AFS.

m Nmax Best Worst Average STD 𝑃
𝐴

𝑃
𝑔

𝑒
𝑟

5 50 2.6907 3.1556 2.7439 0.1017 0.7036 0.9985 0.2949
8 50 2.6907 3.0909 2.7108 0.0569 0.8215 1.0000 0.1785
10 50 2.6907 3.0783 2.7034 0.0440 0.8639 1.0000 0.1361
15 50 2.6907 3.0302 2.6929 0.0153 0.9397 1.0000 0.0603
10 80 2.6907 3.0344 2.6970 0.0293 0.8855 1.0000 0.1145
10 100 2.6907 3.0830 2.6956 0.0280 0.8898 1.0000 0.1102
20 80 2.6907 2.7782 2.6909 0.0039 0.9743 1.0000 0.0257
20 100 2.6907 2.7782 2.6909 0.0048 0.9750 1.0000 0.0250
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Cognitive radio (CR) enables unlicensed users to exploit the underutilized spectrum in licensed spectrum whilst minimizing
interference to licensed users. Reinforcement learning (RL), which is an artificial intelligence approach, has been applied to enable
each unlicensed user to observe and carry out optimal actions for performance enhancement in a wide range of schemes in CR,
such as dynamic channel selection and channel sensing. This paper presents new discussions of RL in the context of CR networks.
It provides an extensive review on how most schemes have been approached using the traditional and enhanced RL algorithms
through state, action, and reward representations. Examples of the enhancements on RL, which do not appear in the traditional
RL approach, are rules and cooperative learning. This paper also reviews performance enhancements brought about by the RL
algorithms and open issues. This paper aims to establish a foundation in order to spark new research interests in this area. Our
discussion has been presented in a tutorial manner so that it is comprehensive to readers outside the specialty of RL and CR.

1. Introduction

Cognitive radio (CR) [1] is the next generation wireless
communication system that enables unlicensed or Secondary
Users (SUs) to explore and use underutilized licensed spec-
trum (or white spaces) owned by the licensed or Primary
Users (PUs) in order to improve the overall spectrum
utilization. The CR technology improves the availability of
bandwidth at each SU, and so it enhances the SU network
performance. Reinforcement learning (RL) has been applied
in CR so that the SUs can observe, learn, and take optimal
actions on their respective local operating environment. For
example, a SU observes its spectrum to identify white spaces,
learns the best possible channels for data transmissions, and
takes actions such as to transmit data in the best possible
channel. Examples of schemes in which RL has been applied
are dynamic channel selection [2], channel sensing [3], and
routing [4]. To the best of our knowledge, the discussion

on the application of RL in CR networks is new albeit the
importance of RL in achieving the fundamental concept of
CR, namely, cognition cycle (see Section 2.2.1). This paper
provides an extensive review on various aspects of the appli-
cation of RL in CR networks, particularly, the components,
features, and enhancements of RL. Most importantly, we
present how the traditional and enhancedRL algorithms have
been applied to approach most schemes in CR networks.
Specifically, for each new RL model and algorithm which is
our focus, we present the purpose(s) of aCR scheme, followed
by in-depth discussion on its associated RL model (i.e.,
state, action, and reward representations)which characterizes
the purposes, and finally the RL algorithm which aims to
achieve the purpose. Hence, this paper serves as a solid
foundation for further research in this area, particularly, for
the enhancement of RL in various schemes in the context of
CR, which can be achieved using new extensions in existing
schemes, and for the application of RL in new schemes.
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Figure 1: A simplified RL model.

The rest of this paper is organized as follows. Section 2
presents RL and CR networks. Section 3 presents various
components, features, and enhancements of RL in the context
of CR networks. Section 4 presents various RL algorithms in
the context of CR networks. Section 5 presents performance
enhancements brought about by the RL algorithms in various
schemes in CR networks. Section 6 presents open issues.
Section 7 presents conclusions.

2. Reinforcement Learning
and Cognitive Radio Networks

This section presents an overview of RL and CR networks.

2.1. Reinforcement Learning. Reinforcement learning is an
unsupervised and online artificial intelligence technique that
improves system performance using simple modeling [5].
Through unsupervised learning, there is no external teacher
or critic to oversee the learning process, and so, an agent
learns knowledge about the operating environment by itself.
Through online learning, an agent learns knowledge on the
fly while carrying out its normal operation, rather than using
empirical data or experimental results from the laboratory.

Figure 1 shows a simplified version of a RL model. At a
particular time instant, a learning agent or a decision maker
observes state and reward from its operating environment,
learns, decides, and carries out its action. The important
representations in the RL model for an agent are as follows.

(i) State represents the decision-making factors, which
affect the reward (or network performance), observed
by an agent from the operating environment. Exam-
ples of states are the channel utilization level by PUs
and channel quality.

(ii) Action represents an agent’s action, which may
change or affect the state (or operating environ-
ment) and reward (or network performance), and so

the agent learns to take optimal actions at most of the
times.

(iii) Reward represents the positive or negative effects
of an agent’s action on its operating environment in
the previous time instant. In other words, it is the
consequence of the previous action on the operating
environment in the form of network performance
(e.g., throughput).

At any time instant, an agent observes its state and carries
out a proper action so that the state and reward, which
are the consequences of the action, improve in the next
time instant. Generally speaking, RL estimates the reward of
each state-action pair, and this constitutes knowledge. The
most important component in Figure 1 is the learning engine
that provides knowledge to the agent. We briefly describe
how an agent learns. At any time instant, an agent’s action
may affect the state and reward for better or for worse or
maintain the status quo; and this in turn affects the agent’s
next choice of action. As time progresses, the agent learns
to carry out a proper action given a particular state. As an
example of the application of the RL model in CR networks,
the learning mechanism is used to learn channel conditions
in a dynamic channel selection scheme. The state represents
the channel utilization level by PUs and channel quality. The
action represents a channel selection. Based on an applica-
tion, the reward represents distinctive performance metrics
such as throughput and successful data packet transmission
rate. Lower channel utilization level by PUs and higher
channel quality indicate better communication link, and
hence the agent may achieve better throughput performance
(reward). Therefore, maximizing reward provides network
performance enhancement.

𝑄-learning [5] is a popular technique in RL, and it has
been applied in CR networks. Denote decision epochs by
𝑡 ∈ 𝑇 = {1, 2, . . .}; the knowledge possessed by agent 𝑖 for
a particular state-action pair at time 𝑡 is represented by 𝑄-
function as follows:

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) ← (1 − 𝛼)𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
)

+ 𝛼 [𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) +𝛾max
𝑎∈𝐴

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎)] ,

(1)

where
(i) 𝑠𝑖
𝑡
∈ 𝑆 represents state,

(ii) 𝑎𝑖
𝑡
∈ 𝐴 represents action,

(iii) 𝑟𝑖
𝑡+1

(𝑠
𝑖

𝑡+1
) ∈ 𝑅 represents delayed rewards, which is

received at time 𝑡 + 1 for an action taken at time 𝑡,
(iv) 0 ≤ 𝛾 ≤ 1 represents discount factor. The higher

the value of 𝛾, the greater the agent relies on the dis-
counted future reward 𝛾max

𝑎∈𝐴
𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎) compared

to the delayed reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
),

(v) 0 ≤ 𝛼 ≤ 1 represents learning rate. The higher
the value of 𝛼, the greater the agent relies on the
delayed reward 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) and the discounted future

reward 𝛾max
𝑎∈𝐴

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎), compared to the 𝑄-value

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) at time 𝑡.
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At decision epoch 𝑡, agent 𝑖 observes its operating envi-
ronment to determine its current state 𝑠𝑖

𝑡
. Based on the 𝑠𝑖

𝑡
, the

agent chooses an action 𝑎
𝑖

𝑡
. Next, at decision epoch 𝑡 + 1, the

state 𝑠𝑖
𝑡
changes to 𝑠

𝑖

𝑡+1
as a consequence of the action 𝑎

𝑖

𝑡
, and

the agent receives delayed reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
). Subsequently, the

𝑄-value 𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is updated using (1). Note that, in the

remaining decision epochs at time 𝑡, 𝑡 + 1, . . ., the agent is
expected to take optimal actions with regard to the states;
hence, 𝑄-value is updated using a maximized discounted
future reward 𝛾max

𝑎∈𝐴
𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎). As this procedure evolves

through time, agent 𝑖 receives a sequence of rewards and the
𝑄-value converges. Q-learning searches for an optimal policy
at all time instants throughmaximizing value function𝑉

𝜋

(𝑠
𝑖

𝑡
)

as shown below:

𝑉
𝜋

(𝑠
𝑖

𝑡
) = max
𝑎∈𝐴

(𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎)) . (2)

Hence, the policy (or action selection) for agent 𝑖 is as
follows:

𝜋
𝑖
(𝑠
𝑖

𝑡
) = argmax

𝑎∈𝐴

(𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎)) . (3)

The update of the 𝑄-value in (1) does not cater for the
actions that are never chosen. Exploitation chooses the best-
known action, or the greedy action, at all time instants for
performance enhancement. Exploration chooses the other
nonoptimal actions once in a while to improve the estimates
of all 𝑄-value in order to discover better actions. While
Figure 1 shows a single agent, the presence of multiple agents
is feasible. In the context of CR networks, a rigorous proof of
the convergence of 𝑄-value in the presence of multiple SUs
has been shown in [6].

The advantages of RL are as follows:

(i) instead of tackling every single factor that affects the
system performance, RL models the system perfor-
mance (e.g., throughput) that covers a wide range of
factors affecting the throughput performance includ-
ing the channel utilization level by PUs and channel
quality and, hence, its simple modeling approach;

(ii) prior knowledge of the operating environment is
not necessary; and so a SU can learn the operating
environment (e.g., channel quality) as time goes by.

2.2. Cognitive Radio Networks. Traditionally, spectrum allo-
cation policy has been partitioning radio spectrum into
smaller ranges of licensed and unlicensed frequency bands
(also called channels). The licensed channels provide exclu-
sive channel access to licensed users or PUs. Unlicensed users
or SUs, such as the popular wireless communication systems
IEEE 802.11, access unlicensed channels without incurring
any monetary cost, and they are forbidden to access any
of the licensed channels. Examples of unlicensed channels
are Industrial, Scientific, and Medical (ISM) and Unlicensed
National Information Infrastructure (UNII) bands.While the
licensed channels have been underutilized, the opposite phe-
nomenon has been observed among the unlicensed channels.

Cognitive radio enables SUs to explore radio spectrum
and use white spaces whilst minimizing interference to PUs.

Fr
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Figure 2: A SU exploits white spaces across various channels.

The purpose is to improve the availability of bandwidth at
each SU, hence improving the overall utilization of radio
spectrum. CR helps the SUs to establish a “friendly” environ-
ment, inwhich the PUs and SUs coexist without causing inter-
ferencewith each other as shown in Figure 2. In Figure 2, a SU
switches its operating channel across various channels from
time to time in order to utilize white spaces in the licensed
channels. Note that each SU may observe different white
spaces, which are location dependent. The SUs must sense
the channels and detect the PUs’ activities whenever they
reappear in white spaces. Subsequently, the SUs must vacate
and switch their respective operating channel immediately
in order to minimize interference to PUs. For a successful
communication, a particular white space must be available at
both SUs in a communication node pair.

The rest of this subsection is organized as follows.
Section 2.2.1 presents cognition cycle, which is an essential
component in CR. Section 2.2.2 represents various appli-
cation schemes in which RL has been applied to provide
performance enhancement.

2.2.1. Cognition Cycle. Cognition cycle [7], which is a well-
known concept in CR, is embedded in each SU to achieve
context awareness and intelligence in CR networks. Context
awareness enables a SU to sense and be aware of its operating
environment; while intelligence enables the SU to observe,
learn, and use the white spaces opportunistically so that
a static predefined policy is not required while providing
network performance enhancement.

The cognition cycle can be represented by a RL model
as shown in Figure 1. The RL model can be tailored to fit
well with a wide range of applications in CR networks. A
SU can be modeled as a learning agent. At a particular time
instant, the SU agent observes state and reward from its
operating environment, learns, decides, and carries out action
on the operating environment in order to maximize network
performance. Further description on RL-based cognition
cycle is presented in Section 2.1.

2.2.2. Application Schemes. Reinforcement learning has been
applied in a wide range of schemes in CR networks for SU
performance enhancements, whilst minimizing interference
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to PUs. The schemes are listed as follows, and the nomencla-
tures (e.g., (A1) and (A2)) are used to represent the respective
application schemes throughout the paper.

(A1) Dynamic Channel Selection (DCS).The DCS scheme
selects operating channel(s)withwhite spaces for data
transmission whilst minimizing interference to PUs.
Yau et al. [8, 9] propose a DCS scheme that enables
SUs to learn and select channels with low packet error
rate and low level of channel utilization by PUs in
order to enhance QoS, particularly throughput and
delay performances.

(A2) Channel Sensing. Channel sensing senses for white
spaces and detects the presence of PU activities. In
[10], the SU reduces the number of sensing channels
and may even turn off channel sensing function
if its operating channel has achieved the required
successful transmission rate in order to enhance
throughput performance. In [11], the SU determines
the durations of channel sensing, time of channel
switching, and data transmission, respectively, in
order to enhance QoS, particularly throughput, delay,
and packet delivery rate performances. Both [10, 11]
incorporateDCS (A1) into channel sensing in order to
select operating channels. Due to the environmental
factors that can deteriorate transmissions (e.g., mul-
tipath fading and shadowing), Lo and Akyildiz [3]
propose a cooperative channel sensing scheme, which
combines sensing outcomes from cooperating one-
hop SUs, to improve the accuracy of PU detection.

(A3) Security Enhancement. Security enhancement
scheme [12] aims to ameliorate the effects of attacks
from malicious SUs. Vucevic et al. [13] propose
a security enhancement scheme to minimize the
inaccurate sensing outcomes received from neigh-
boring SUs in channel sensing (A2). A SU becomes
malicious whenever it sends inaccurate sensing
outcomes, intentionally (e.g., Byzantine attacks) or
unintentionally (e.g., unreliable devices). Wang et al.
[14] propose an antijamming scheme to minimize the
effects of jamming attacks frommalicious SUs, which
constantly transmit packets to keep the channels
busy at all times so that SUs are deprived of any
opportunities to transmit.

(A4) Energy Efficiency Enhancement. Energy efficiency
enhancement scheme aims to minimize energy con-
sumption. Zheng and Li [15] propose an energy-
efficient channel sensing scheme to minimize energy
consumption in channel sensing. Energy consump-
tion varies with activities, and it increases from
sleep, idle, to channel sensing. The scheme takes
into account the PU and SU traffic patterns and
determines whether a SU should enter sleep, idle,
or channel sensing modes. Switching between modes
should beminimized because each transition between
modes incurs time delays.

(A5) Channel Auction. Channel auction provides a bid-
ding platform for SUs to compete for white spaces.

Chen and Qiu [16] propose a channel auction scheme
that enables the SUs to learn the policy (or action
selection) of their respective SU competitors and
place bids forwhite spaces.This helps to allocatewhite
spaces among the SUs efficiently and fairly.

(A6) Medium Access Control (MAC). MAC protocol aims
to minimize packet collision and maximize channel
utilization in CR networks. Li et al. [17] propose a col-
lision reduction scheme that reduces the probability
of packet collision among PUs and SUs, and it has
been shown to increase throughput and to decrease
packet loss rate among the SUs. Li et al. [18] propose a
retransmission policy that enables a SU to determine
how long it should wait before transmission in order
to minimize channel contention.

(A7) Routing. Routing enables each SU source or interme-
diate node to select its next hop for transmission in
order to search for the best route(s), which normally
incurs the least cost or provides the highest amount of
rewards, to the SU destination node. Each link within
a route has different types and levels of costs, such
as queuing delay, available bandwidth or congestion
level, packet loss rate, energy consumption level, and
link reliability, as well as changes in network topology
as a result of irregular node’s movement speed and
direction.

(A8) Power Control. Yao and Feng [19] propose a power
selection scheme that selects an available channel and
a power level for data transmission.The purpose is to
improve its Signal-to-Noise Ratio (SNR) in order to
improve packet delivery rate.

3. Reinforcement Learning in the Context of
Cognitive Radio Networks:
Components, Features, and Enhancements

This section presents the components of RL, namely, state,
action, reward, discounted reward, and 𝑄-function; as well
as the features of RL, namely, exploration and exploitation,
updates of learning rate, rules and cooperative learning.
The components and features of RL (see Section 2.1) are
presented in the context of CR. For each component and
feature, we show the traditional approach and subsequently
the alternative or enhanced approaches with regard to mod-
eling, representing, and applying them in CR networks. This
section serves as a foundation for further research in this
area, particularly, the application of existing features and
enhancements in current schemes in RL models for either
existing or new schemes.

Note that, for improved readability, the notations (e.g.,
𝑠
𝑖

𝑡
and 𝑎

𝑖

𝑡
) used in this paper represent the same meaning

throughout the entire paper, although different references
in the literature may use different notations for the same
purpose.

3.1. State. Traditionally, each state is comprised of a sin-
gle type of information. For instance, in [11], each state
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𝑠
𝑖

𝑡
∈ 𝑆 = {1, 2, . . . , 𝐾} represents a single channel out

of 𝐾 channels available for data transmission. The state
may be omitted in some cases. For instance, in [10], the
state and action representations are similar, so the state is
not represented. The traditional state representation can be
enhanced in the context of CR as described next.

Each state can be comprised of several types of informa-
tion. For instance, Yao and Feng [19] propose a joint DCS
(A1) and power allocation (A8) scheme in which each state
is comprised of three-tuple information; specifically, sit =

(𝑠
𝑖

1,𝑡
, 𝑠
𝑖

2,𝑡
, 𝑠
𝑖

3,𝑡
) ∈ 𝑆

1
× 𝑆
2
× 𝑆
3
. The substate 𝑠

𝑖

1,𝑡
∈ 𝑆
1

=

{1, 2, . . . , 𝑁SU} represents the number of SU agents, 𝑠𝑖
2,𝑡

∈ 𝑆
2
=

{1, 2, . . . , 𝑁SU-SU} represents the number of communicating
SU agents, and 𝑠

𝑖

3,𝑡
∈ 𝑆
3

= {𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑁𝑟𝑝
} represents the

received power on each channel.
The value of a state may deteriorate as time goes by. For

instance, Lundén et al. [20] propose a channel sensing (A2)
scheme in which each state 𝑠

𝑖

𝑘,𝑡
∈ {0 ≤ 𝑝

𝑖

idle,𝑘 ≤ 1} represents
SU agent 𝑖’s belief (or probability) that channel 𝑘 is idle (or the
absence of PU activity). Note that the belief value of channel
𝑘 deteriorates whenever the channel is not sensed recently,
and this indicates the diminishing confidence in the belief
that channel 𝑘 remains idle. Denote a small step size by 𝛿 (i.e.,
𝛿 = 0.01); the state value of channel 𝑘 deteriorates if it is not
updated at each time instant; specifically, 𝑠𝑖

𝑘,𝑡+1
= 𝑠
𝑖

𝑘,𝑡
− 𝛿.

3.2. Action. Traditionally, each action represents a single
action 𝑎

𝑖

𝑡
out of a set of possible actions 𝐴. For instance, in

[10], each action 𝑎
𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝐾} represents a single

channel out of the𝐾 channels available for data transmission.
The traditional action representation can be enhanced in the
context of CR as described next.

Each action 𝑎
𝑖

𝑡
∈ 𝐴 can be further divided into various

levels. As an example, Yao and Feng [19] propose a joint DCS
(A1) and power allocation (A8) scheme in which each action
𝑎
𝑖

𝑡
∈ 𝐴 = {𝑝

1
, 𝑝
2
, . . . , 𝑝

𝐾
} represents a channel selection,

and each 𝑝
𝑘

∈ 𝑃PA = {𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑁PA
} represents a power

level allocation with 𝑁PA being the number of power levels.
As another example, Zheng and Li [15] propose an energy
efficiency enhancement (A4) scheme in which there are four
kinds of actions, namely, transmit, idle, sleep, and sense
channel. The sleepaction 𝑎

𝑖

sp,𝑡 ∈ 𝐴 = {𝑎sp1, 𝑎sp2, . . . , 𝑎𝑁sp}

represents a sleep level with 𝑁sp being the number of sleep
levels. Note that different sleep level incurs different amount
of energy consumption.

3.3. Delayed Reward. Traditionally, each delayed reward rep-
resents the amount of performance enhancement achieved
by a state-action pair. A single reward computation approach
is applicable to all state-action pairs. As an example, in [2],
𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡+1
) ∈ 𝑅 = {1, −1} represents the reward and cost values

of 1 and −1 for each successful and unsuccessful transmission,
respectively. As another example, in [8], 𝑟𝑖

𝑡+1
(𝑎
𝑖

𝑡+1
) represents

the amount of throughput achieved within a time window.
The traditional reward representation can be enhanced in the
context of CR as described next.

The delayed reward can be computed differently for dis-
tinctive actions. As an example, in a joint DCS (A1) and chan-
nel sensing (A2) scheme, Felice et al. [21] compute the delayed
rewards in two different ways based on the types of actions:
channel sensing 𝑎se and data transmission 𝑎tx. Firstly, a SU
agent calculates delayed reward 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se,𝑡) at time instant
𝑡+1.The 𝑟𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se,𝑡) indicates the likelihood of the existence
of PU activities in channel 𝑠𝑖

𝑡
whenever action 𝑎

𝑖

se,𝑡 is taken.
Specifically, 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se,𝑡) = ∑

𝑁nbr,𝑖
𝑗=0

𝑑
𝑖,𝑗
/𝑁nbr,𝑖 where 𝑁nbr,𝑖

indicates the number of neighboring SU agents, while 𝑑
𝑖,𝑗
,

which is a binary value, indicates the existence of PU activities
as reported by SU neighbor agent 𝑗 ∈ 𝑁nbr,𝑖. Secondly, a SU
agent calculates delayed reward 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx,𝑡) at time instant
𝑡 + 1. The 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx,𝑡) indicates the successful transmission
rate, which takes into account the aggregated effect of
interference from PU activities whenever action 𝑎

𝑖

tx,𝑡 is taken.
Specifically, 𝑟𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx,𝑡) = ∑

𝑁DATA,𝑖
𝑗=0

ACK
𝑖,𝑗
/∑

𝑁DATA,𝑖
𝑗=0

DATA
𝑖,𝑗

where 𝑁DATA,𝑖 indicates the number of data packets sent by
SU agent 𝑖, ACK

𝑖,𝑗
indicates the number of acknowledgment

packets received by SU agent 𝑖, and DATA
𝑖,𝑗

indicates the
number of data packets being transmitted by SU agent 𝑖.

Jouini et al. [22] apply an Upper Confidence Bound
(UCB) algorithm to compute delayed rewards in a dynamic
and uncertain operating environment (e.g., operating envi-
ronment with inaccurate sensing outcomes), and it has been
shown to improve throughput performance in DCS (A1).
The main objective of this algorithm is to determine the
upper confidence bounds for all rewards and subsequently
use them to make decisions on action selection. The rewards
are uncertain, and the uncertainty is caused by the dynamicity
and uncertainty of the operating environment. Let 𝑁

𝑎
𝑖(𝑡)

represent the number of times an action 𝑎
𝑖

∈ 𝐴 has been
taken on the operating environment up to time 𝑡; an agent 𝑖
calculates the upper confidence bounds of all delayed rewards
as follows:

𝐵
𝑖

𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖 (𝑡)) = 𝑟

𝑖

𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖 (𝑡)) + 𝑈

𝑖

𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖 (𝑡)) , (4)

where 𝑟
𝑖

𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖(𝑡)) = ∑

𝑡−1

𝑗=0
𝑟
𝑖

𝑗
(𝑎
𝑖

𝑗
)/𝑁
𝑎
𝑖(𝑡) is the mean reward,

and 𝑈
𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖(𝑡)) is the upper confidence bias being added

to the mean. Note that 𝑟𝑖
𝑗
(𝑎
𝑖

𝑗
) = 0 if 𝑎𝑖

𝑗
is not chosen at time

instant 𝑗. The 𝑈𝑖
𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖(𝑡)) is calculated as follows:

𝑈
𝑖

𝑡
(𝑎
𝑖

𝑡
, 𝑁
𝑎
𝑖 (𝑡)) = √

𝛽 ⋅ ln (𝑡)

𝑁
𝑎
𝑖 (𝑡)

, (5)

where exploration coefficient 𝛽 > 1 is a constant empirical
factor. For instance, 𝛽 = 1.2 in [22, 23].

TheUCB algorithm selects actions with the highest upper
confidence bounds, and so (3) is rewritten as follows:

𝜋
𝑖
(𝑎
𝑖

𝑡
) = argmax

𝑎∈𝐴

𝐵
𝑖

𝑡
(𝑎,𝑁
𝑎
𝑖 (𝑡)) . (6)

3.4. DiscountedReward. Traditionally, the discounted reward
has been applied to indicate the dependency of 𝑄-value
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on future rewards. Based on an application, the discounted
reward may be omitted with 𝛾 = 0 to show the lack of
dependency on future rewards, and this approach is generally
called the myopic approach. As an example, Li [6] and Chen
et al. [24] apply 𝑄-learning in DCS (A1), and the 𝑄-function
in (1) is rewritten as follows:

𝑄
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) ← (1 − 𝛼)𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) + 𝛼 ⋅ 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) . (7)

3.5. 𝑄-Function. The traditional 𝑄-function (see (1)) has
been widely applied to update 𝑄-value in CR networks. The
traditional 𝑄-function can be enhanced in the context of CR
as described next.

Lundén et al. [20] apply a linear function approximation-
based approach to reduce the dimensionality of the large
state-action spaces (or reduce the number of state-action
pairs) in a collaborative channel sensing (A2) scheme. A
linear function 𝑓(𝑠

𝑖

𝑡
, 𝑎
𝑖

𝑡
) provides a matching value 𝜃

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
)

for a state-action pair. The matching value 𝜃
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
), which

shows the appropriateness of a state-action pair, is subse-
quently applied in 𝑄-value computation. The linear function
𝑓(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is normally fixed (or hard-coded), and various kinds

of linear functions are possible to indicate the appropriateness
of a state-action pair based on prior knowledge. For instance,
𝑓(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) yields a value that represents the level of desirability

of a certain number of SU agents sensing a particular channel
[20]. Higher 𝑓(𝑠

𝑖

𝑡
, 𝑎
𝑖

𝑡
) value indicates that the number of SU

agents sensing a particular channel is closer to a desirable
number. Using a fixed linear function𝑓(𝑠

𝑖

𝑡
, 𝑎
𝑖

𝑡
), the learning

problem is transformed into learning the matching value
𝜃
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) as follows:

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) = 𝜃
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) ⋅ 𝑓 (𝑠

𝑖

𝑡
, 𝑎
𝑖

𝑡
) . (8)

The parameter 𝜃
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is updated as follows:

𝜃
𝑡+1

(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) = 𝜃
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) + 𝛼 [𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡
) + 𝛾 ⋅ 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎

𝑖

𝑡+1
)

−𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎

𝑖

𝑡
)] ⋅ 𝑓 (𝑠

𝑖

𝑡
, 𝑎
𝑖

𝑡
) .

(9)

3.6. Exploration andExploitation. Traditionally, there are two
popular approaches to achieve a balanced trade-off between
exploration and exploitation, namely, softmax and 𝜀-greedy
[5]. For instance, Yau et al. [8] use the 𝜀-greedy approach
in which an agent explores with a small probability 𝜀 (i.e.,
𝜀 = 0.1) and exploits with probability 1 − 𝜀. Essentially,
these approaches aim to control the frequency of exploration
so that the best-known action is taken at most of the times.
The traditional exploration and exploitation approach can be
enhanced in the context of CR as described next.

In [3, 25], using the softmax approach, an agent selects
actions based on a Boltzman distribution; specifically, the
probability of selecting an action 𝑎

𝑡
in state 𝑠

𝑡
is as follows:

𝑃 (𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) =

𝑒
𝑄
𝑖
𝑡(𝑠
𝑖
𝑡 ,𝑎
𝑖

𝑡
)/𝜏𝑡

∑
𝐾

𝑗=1
𝑒
𝑄
𝑖
𝑡(𝑠
𝑖
𝑡 ,𝑎
𝑖

𝑗
)/𝜏𝑡

, (10)

where 𝜏
𝑡
is a time-varying parameter called tempera-

ture. Higher temperature value indicates more exploration,
while smaller temperature value indicates more exploitation.
Denote the time duration during which exploration actions
are being chosen by 𝑇

𝑒
; the temperature 𝜏

𝑡
is decreased as

time goes by so that the agent performs more exploitation as
follows:

𝜏
𝑡
= −

(𝜏
0
− 𝜏
𝑒
) ⋅ 𝑡

𝑇
𝑒

+ 𝜏
0
, (11)

where 𝜏
0
and 𝜏

𝑒
are initial and final values of temperature,

respectively. Note that, due to the dynamicity of the operating
environment, exploration is necessary at all times, and so
𝜏
𝑡
≥ 𝜏
0
.

In [21], using the 𝜀-greedy approach, an agent uses a
simple approach to decrease exploration probability as time
goes by as follows:

𝜀
𝑡+1

= max {𝛿 ⋅ 𝜀
𝑡
, 𝜀min} , (12)

where 0 ≤ 𝛿 ≤ 1 is a discount factor and 𝜀min is the minimum
exploration probability.

3.7. Other Features and Enhancements. This section presents
other features and enhancements on the traditional RL
approach found in various schemes for CR networks, includ-
ing updates of learning rate, rules, and cooperative learning.

3.7.1. Updates of Learning Rate. Traditionally, the learning
rate 𝛼 is a constant value [16]. The learning rate 𝛼 may be
adjusted as time goes by because higher value of 𝛼 may
compromise the RL algorithm’s accuracy to converge to a
correct action in a finite number of steps [26]. In [27], the
learning rate reduces as time goes by using 𝛼(𝑡) = 𝛼(𝑡 −

1) − Δ, where Δ is a small value to provide smooth transition
between steps. In [14], the learning rate is updated using
𝛼(𝑡) = Δ ⋅ 𝛼(𝑡 − 1).

3.7.2. Rules. Rules determine a feasible set of actions for
each state. The traditional RL algorithm does not apply rules
although it is an important component in CR networks. For
instance, in order to minimize interference with PUs, the SUs
must comply with the timing requirements set by the PUs,
such as the time interval that a SU must vacate its operating
channel after any detection of PU activities.

As an example, Zheng and Li [15] propose an energy
efficiency enhancement scheme in which there are four
kinds of actions, namely, transmit, idle, sleep, and sense
channel. Rules are applied so that the feasible set of actions
is comprised of idle and sleep whenever the state indicates
that there is no packet in the buffer. As another example, Peng
et al. [4] propose a routing scheme, specifically, a next hop
selection scheme in which the action represents the selection
of a next hop out of a set of SU next hops. Rules are applied
so that the feasible set of actions is limited to SU next hops
with a certain level of SNR, as well as with shorter distance
between next hop and the hop after next. The purposes of
the rules are to reduce transmission delays and to ensure
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high-quality reception. Further description about [4, 15] is
found in Table 1.

3.7.3. Cooperative Learning. Cooperative learning enables
neighbor agents to share information among themselves
in order to expedite the learning process. The exchanged
information can be applied in the computation of𝑄-function.
The traditional RL algorithm does not apply cooperative
learning, although it has been investigated in multiagent
reinforcement learning (MARL) [28].

Felice et al. [11] propose a cooperative learning approach
to reduce exploration. The 𝑄-value is exchanged among the
SU agents, and it is used in the 𝑄-function computation to
update 𝑄-value. Each SU agent 𝑖 keeps track of its own 𝑄-
value 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
), and it is updated using the similar way to [6]

(see Section 3.4). At any time instant, each agent 𝑖 receives𝑄-
value from its neighbor agent 𝑗 ∈ 𝐽 = {1, 2, . . . , 𝑁nbr,𝑖}. The
agent keeps a vector of 𝑄-value Qi

t(s
i
t) with 𝑠

𝑖

𝑡
∈ 𝑆. For the

case 𝑠𝑗
𝑡
= 𝑠
𝑖

𝑡
, the 𝑄-value 𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
) is updated as follows:

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
) = 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
) + 𝑤 (𝑠

𝑖

𝑡
, 𝑗) ⋅ (𝑄

𝑗

𝑡
(𝑠
𝑖

𝑡
) − 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
)) , (13)

where 𝑤(𝑠
𝑖

𝑡
, 𝑗) defines the weight assigned to cooperation

with neighbor agent 𝑗. Similar approach has been applied in
[25], and the 𝑄-value 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
) is updated based on the weight

𝑤(𝑠
𝑖

𝑡
, 𝑗) as follows:

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
) = (1 − 𝑤 (𝑠

𝑖

𝑡
, 𝑗)) ⋅ 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
) + 𝑤 (𝑠

𝑖

𝑡
, 𝑗) ⋅ 𝑄

𝑗

𝑡
(𝑠
𝑖

𝑡
) . (14)

In [11], the weight 𝑤(𝑠
𝑖

𝑡
, 𝑗) depends on how much a

neighbor agent 𝑗 can contribute to the accurate estimation of
value function 𝑉

𝑖

𝑡
(𝑠
𝑖

𝑡
), such as the physical distance between

agent 𝑖 and 𝑗. In [25], the weight 𝑤(𝑠
𝑖

𝑡
, 𝑗) depends on the

accuracy of the exchanged 𝑄-value 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
) (or expert value

𝐸
𝑖

𝑡
(𝑠
𝑖

𝑡
) as described next) and the physical distance between

agent 𝑖 and 𝑗.
In [25], an agent exchanges its 𝑄-value with its neigh-

boring agents only if the expert value 𝐸
𝑖

𝑡
(𝑠
𝑖

𝑡
) for 𝑄-value

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
) is greater than a particular threshold. The expert

value 𝐸
𝑖

𝑡
(𝑠
𝑖

𝑡
) indicates the accuracy of the 𝑄-value 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
). For

instance, in [25], the 𝑄-value 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
) indicates the availability

of white spaces in channel 𝑠𝑖
𝑡
, and so greater deviation in the

signal strengths reduces the expert value 𝐸
𝑖

𝑡
(𝑠
𝑖

𝑡
). By reducing

the exchanges of 𝑄-value with low accuracy, this approach
reduces control overhead, and hence it reduces interference
to PUs.

Application of cooperative learning in the CR context has
been very limited. More description on cooperative learning
is found in Section 4.8. Further research could be pursued to
investigate how to improve network performance using this
approach in existing and new schemes.

4. Reinforcement Learning in
the Context of Cognitive Radio Networks:
Models and Algorithms

Direct application of the traditional RL approach
(see Section 2.1) has been shown to provide performance
enhancement in CR networks. Reddy [29] presents a
preliminary investigation in the application of RL to detect
PU signals in channel sensing (A2). Table 1 presents a
summary of the schemes that apply the traditional RL
approach. For each scheme, we present the purpose(s) of the
CR scheme, followed by its associated RL model.

Most importantly, this section presents a number of new
additions to the RL algorithms, which have been applied
to various schemes in CR networks. A summary of the
new algorithms, their purposes, and references, is shown
in Table 2. Each new algorithm has been designed to suit
and to achieve the objectives of the respective schemes. For
instance, the collaborativemodel (see Table 2) aims to achieve
an optimal global reward in the presence of multiple agents,
while the traditional RL approach achieves an optimal local
reward in the presence of a single agent only. The following
subsections (i.e., Sections 4.1–4.9) provide further details to
each new algorithm, including the purpose(s) of the CR
scheme(s), followed by its associated RL model (i.e., state,
action, and reward representations) which characterize the
purposes, and finally the enhanced algorithm which aims
to achieve the purpose. Hence, these subsections serve as
a foundation for further research in this area, particularly,
the application of existing RL models and algorithms found
in current schemes to either apply them in new schemes or
extend the RLmodels in existing schemes to further enhance
network performance.

4.1.Model 1:Model with 𝛾 = 0 in Q-Function. This is amyopic
RL-based approach (see Section 3.4) that uses 𝛾 = 0 so that
there is lack of dependency on future rewards, and it has been
applied in [10, 17, 18]. Li et al. [10] propose a joint DCS (A1)
and channel sensing (A2) scheme, and it has been shown to
increase throughput, as well as to decrease the number of
sensing channels (see performance metric (P4) in Section 5)
and packet retransmission rate. The purposes of this scheme
are to select operating channels with successful transmission
rate greater than a certain threshold into a sensing channel
set and subsequently to select a single operating channel for
data transmission.

Table 3 shows the RL model for the scheme. The action
𝑎
𝑖

𝑡
∈ 𝐴
𝑝
is to select whether to remain at the current operating

channel or to switch to another operating channel with higher
successful transmission rate. A preferred channel set 𝐴

𝑝
is

composed of actions 𝑎
𝑖

𝑡
with 𝑄-value 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) greater than a

fixed threshold 𝑄th (e.g., 𝑄th = 5 in [10]). Since the state and
action are similar in thismodel, the state representation is not
shown in Table 3, and we represent 𝑟𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
). Note

that 𝑎𝑖
𝑡+1

= 𝑎
𝑖

𝑡
if there is no channel switch.The reward 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
)

represents different kinds of events, specifically, 𝑟𝑖
𝑡+1

(𝑎
𝑖

𝑡
) = 1

in case of successful transmission, and 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = −1 in case
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Table 1: RL models with direct application of the traditional RL approach for various schemes in CR networks.

References Purpose State Action Reward/cost
(A1) Dynamic channel selection (DCS)

Tang et al. [2]

Each SU (agent) selects the
operating channel with the least
channel utilization level by PUs
in order to improve throughput
and to reduce end-to-end delay
and the number of channel

switches

—
Selecting an available

channel for data
transmission

Fixed positive/negative
values to be

rewarded/punished for
successful/unsuccessful

transmission

Li [6]

Each SU (agent) selects different
operating channel with other SUs

in order to reduce channel
contention

—
Selecting an available

channel for data
transmission

Amount of successful data
packet transmission

Yao and
Feng [19]

SU base station (agent) selects an
available channel and a power
level for data transmission in
order to improve its SNR. This
scheme aims to increase packet

delivery rate

Three-tuple information:
(i) SU hosts of the SU base

station,
(ii) transmitting SU hosts,
(iii) received power on each

channel

Selecting a set of actions
(see Section 3.2):

(i) available channel for
data transmission,

(ii) transmission power
level

SNR level

Li et al. [18]

Each SU link (agent) aims to
maximize its individual SNR

level. Note that the agent is a SU
link, instead of the SU itself as
seen in the other schemes

The availability of a channel
for data transmission.
States 𝑠

𝑘
= 0 and 𝑠

𝑘
= 1

indicate that channel 𝑘 is
idle and busy, respectively

Selecting an available
channel for data
transmission

SNR level, which takes into
account the interference
from neighboring SUs

(A2) Channel sensing

Lo and
Akyildiz [3]

Each SU (agent)
(i) finds a set of neighboring SUs
for cooperative channel sensing,

(ii) minimizes cooperative
channel sensing delay.

This scheme aims to increase the
probability of PU detection

A set of SU neighbor nodes
that may cooperate with the

SU agent to perform
cooperative channel

sensing

Selecting SU neighbor
nodes that may cooperate
with the SU agent. The SU
neighbor nodes cooperate
through sending their
respective local sensing
outcome to the SU agent

The reward (or cost) is
dependent on the reporting
delay, which is the time
between a SU agent

requesting for cooperation
from a SU neighbor node

and the arrival of its
sensing outcome

(A4) Energy efficiency enhancement

Zheng and
Li [15]

Each SU (agent) selects a suitable
action (transmit, idle, sleep, or
sense channel) whenever it does
not have any packets to send in

order to reduce energy
consumption

Four-tuple information:
(i) operation mode:

transmit, idle, and sleep,
(ii) number of packets in

the buffer,
(iii) availability of PU

activities,
(iv) countdown timer for
periodic channel sensing

Selecting an action:
transmit, idle, sleep, or

sense channel

Amount of energy
consumption for each

operation mode
throughout the duration of

the operation mode

(A7) Routing

Peng et al. [4]

Each SU (agent) selects a SU
neighbor node (or next hop) for

data transmission to SU
destination node in order to
reduce end-to-end delay and

energy consumption

A set of SU next hops Selecting a SU next hop

Ratio of the residual energy
of the SU next hop to
energy consumption
incurred by sending,

receiving, encoding, and
decoding data while

transmitting data to the SU
next hop
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Table 2: Summary of RL models and algorithms for various schemes in CR networks.

Model Purpose References
Model with 𝛾 = 0 in 𝑄-function This model uses 𝛾 = 0 so that there is lack of dependency on future rewards Li et al. [10, 17, 18]

Model with a set of 𝑄-functions This model uses a set of distinctive 𝑄-functions to keep track of the
𝑄-values of different actions

Di Felice et al.
[11, 21]

Dual 𝑄-function Model This model updates two 𝑄-functions for the next and previous states,
respectively, simultaneously in order to expedite the learning process Xia et al. [33]

Partial observable model
This model computes belief state, which is the probability of the
environment operating in a particular state, in a dynamic and uncertain
operating environment

Bkassiny et al. [34]

Actor-critic model This model adjusts the delayed reward value using reward corrections in
order to expedite the learning process Vucevic et al. [13]

Auction model This model allows agents to place bids during auctions conducted by a
centralized entity so that the winning agents receive rewards

Chen and Qiu [16],
Jayaweera et al.

[36],
Fu and van der
Schaar [37], and
Xiao et al. [38]

Internal self-learning model
This model enables an agent to exchange its virtualactions continuously
with rewards generated by a simulated internal environment within the
agent itself in order to expedite the learning process

Bernardo et al. [27]

Collaborative model
This model enables an agent to collaborate with its neighbor agents and
subsequently make local decisions independently in distributed networks.
A local decision is part of an optimal joint action, which is comprised of the
actions taken by all the agents in a network

Lundén et al. [20]
Liu et al. [39]

Competitive model
This model enables an agent to compete with its neighbor agents and
subsequently make local decisions independently in worst-case scenarios
in the presence of competitor agents, which attempt to minimize the
accumulated rewards of the agent

Wang et al. [14]

Table 3: RL model for joint dynamic channel selection and channel
sensing [10].

Action
𝑎
𝑖

𝑡
∈ 𝐴
𝑝
= {𝑎
𝑖

𝑡
∈ 𝐴 | 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) > 𝑄th}; each action

represents a single channel available for data
transmission

Reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) =

{

{

{

1, if successful transmission
−1, if unsuccessful transmission

of unsuccessful transmission or channel 𝑎𝑖
𝑡+1

is sensed busy.
The RL model is embedded in a centralized entity such as a
base station.

Algorithm 1 presents the RL algorithm for the scheme.
The action 𝑎

𝑖

𝑡
∈ 𝐴
𝑝
is chosen from a preferred channel set.

The update of the𝑄-value𝑄𝑖
𝑡+1

(𝑎
𝑖

𝑡
) is self-explanatory. Similar

approach has been applied in DCS (A1) [30, 31].
Li et al. [18] propose a MAC protocol, which includes

both DCS (A1) and a retransmission policy (A6), to min-
imize channel contention. The DCS scheme enables the
SU agents to minimize their possibilities of operating in
the same channel. This scheme uses the RL algorithm in
Algorithm 1, and the reward representation is extended to
more than a single performance enhancement. Specifically,
the reward 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) represents the successful transmission

rate and transmission delay. Higher reward indicates higher
successful transmission rate and lower transmission delay,

and vice versa. To accommodate both transmission rate and
transmission delay in 𝑄-function, the reward representation
becomes 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = 𝑟

𝑖,

𝑡+1
(𝑎
𝑖

𝑡
) + 𝑟

𝑖,

𝑡+1
(𝑎
𝑖

𝑡
), and so the 𝑄-

function becomes 𝑄𝑖
𝑡+1

(𝑎
𝑖

𝑡
) = 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) + 𝑟
𝑖,

𝑡+1
(𝑎
𝑖

𝑡
) + 𝑟
𝑖,

𝑡+1
(𝑎
𝑖

𝑡
). The

retransmission policy determines the probability a SU agent
transmits at time 𝑡, and so 𝑄

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) indicates the probability

a SU agent transmits at time 𝑡. The reward 𝑟
𝑖,

𝑡+1
(𝑎
𝑖

𝑡
) = 1, 0,

and −1 if the transmission delay at time 𝑡 is smaller than,
equal to, and greater than the average transmission delay,
respectively. The reward 𝑟

𝑖,

𝑡+1
(𝑎
𝑖

𝑡
) represents different kinds of

events; specifically, 𝑟𝑖,
𝑡+1

(𝑎
𝑖

𝑡
) = 2, 0, and−2 in case of successful

transmission, idle transmission, and unsuccessful transmis-
sion, respectively; note that idle indicates that channel 𝑎𝑖

𝑡
is

sensed busy, and so there is no transmission.
Li et al. [17] propose a MAC protocol (A6) to reduce

the probability of packet collision among PUs and SUs, and
it has been shown to increase throughput and to decrease
packet loss rate. Since both successful transmission rate
and the presence of idle channels are important factors, it
keeps track of the 𝑄-functions for channel sensing 𝑄

𝑖

𝑡
(𝑎
𝑖

se)

and transmission 𝑄
𝑖

𝑡
(𝑎
𝑖

tx) using RL algorithm in Algorithm 1,
respectively. Hence, similar to Algorithm 2 in Section 4.2,
there is a set of two 𝑄-functions. The action 𝑎

𝑖

𝑡
is to select

whether to remain at the current operating channel or to
switch to another operating channel. The sensing reward
𝑟
𝑖

𝑡+1
(𝑎
𝑖

se) = 1 and − 1 if the channel is sensed idle and busy,
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Repeat
(a) Choose action 𝑎

𝑖

𝑡
∈ 𝐴
𝑝

(b) Update 𝑄-value:
𝑄
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) + 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
)

(c) Update preferred channel set 𝐴
𝑝
∈ 𝐴

𝑎
𝑖

𝑡
∈ 𝐴
𝑝
= {𝑎
𝑖

𝑡
∈ 𝐴 | 𝑄

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) > 𝑄th}

Algorithm 1: RL algorithm for joint DCS and channel sensing [10].

Repeat
(a) Choose action 𝑎

𝑖

𝑡

(b) Update 𝑄-value 𝑄𝑖
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) ∈ {𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se) , 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx) , 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

sw)} as follows:

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) =

{
{
{

{
{
{

{

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se) = 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se) + 𝛼 ⋅ 𝑒
𝑖

(𝑠
𝑖

𝑡
) ⋅ (𝑇

𝑖

se − 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se)) if 𝑎𝑖
𝑡
= 𝑎

𝑖

se

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx) = 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx) + 𝛼 ⋅ (1 − 𝑒
𝑖

(𝑠
𝑖

𝑡
)) ⋅ (𝑇

𝑖

𝑢
− 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx)) if 𝑎𝑖
𝑡
= 𝑎

𝑖

tx

Switch channel (Change channel from 𝑠
𝑖

𝑡
to 𝑠
𝑖

𝑡+1
) if 𝑎𝑖

𝑡
= 𝑎

𝑖

sw
(c) Update 𝑄-value:

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

sw) = max
1≤𝑠≤𝐾

(𝑉
𝑖

𝑡
(𝑠) − 𝑉

𝑖

𝑡
(𝑠
𝑖

𝑡
) − 𝜃)

(d) Update policy:

𝜋
𝑖

(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

𝑡+1
) =

𝑒
𝑄
𝑖
𝑡(𝑠
𝑖
𝑡+1 ,𝑎
𝑖
𝑡+1)

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

se) + 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

tx) + 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

sw)

Algorithm 2: RL algorithm for joint DCS and channel sensing [11].

respectively.The transmission reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

tx) = 1 and −1 if
the transmission is successful and unsuccessful, respectively.
Action selection is based on the maximum average 𝑄-value;
specifically, 𝑄𝑖

𝑡
(𝑎
𝑖

𝑡
) = [𝑄

𝑖

𝑡
(𝑎
𝑖

se) + 𝑄
𝑖

𝑡
(𝑎
𝑖

tx)]/2.

4.2. Model 2: Model with a Set of 𝑄-Functions. A set of
distinctive𝑄-functions can be applied to keep track of the𝑄-
value of different actions, and it has been applied in [11, 21]. Di
Felice et al. [11] propose a joint DCS (A1) and channel sensing
(A2) scheme, and it has been shown to increase goodput and
packet delivery rate, as well as to decrease end-to-end delay
and interference level to PUs.The purposes of this scheme are
threefold:

(i) firstly, it selects an operating channel that has the
lowest channel utilization level by PUs;

(ii) secondly, it achieves a balanced trade-off between
the time durations for data transmission and channel
sensing;

(iii) thirdly, it reduces the exploration probability using a
knowledge sharing mechanism.

Table 4 shows the RL model for the scheme. The state
𝑠
𝑖

𝑡
∈ 𝑆 represents a channel for data transmission.The actions

𝑎
𝑖

𝑡
∈ 𝐴 are to sense channel, to transmit data, or to switch

its operating channel. The reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) represents the

difference between two types of delays, namely, themaximum
allowable single-hop transmission delay and a successful
single-hop transmission delay. A single-hop transmission
delay covers four kinds of delays including backoff, packet

transmission, packet retransmission, and propagation delays.
Higher reward level indicates shorter delay incurred by a suc-
cessful single-hop transmission. The RL model is embedded
in a centralized entity such as a base station.

Algorithm 2 presents the RL algorithm for the scheme.
Denote learning rate by 0 ≤ 𝛼 ≤ 1, eligible trace by
𝑒
𝑖

(𝑠
𝑖

𝑡
), and the amount of time during which the SU agent

is involved in successful transmissions or was idle (i.e., no
packets to transmit) by 𝑇

𝑖

𝑢
, as well as the temporal differences

by (𝑇
𝑖

se − 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se)) and (𝑇
𝑖

𝑢
− 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx)). A single type of
𝑄-function is chosen to update the 𝑄-value 𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) based

on the current action 𝑎
𝑖

𝑡
∈ 𝐴 = {𝑎

𝑖

se, 𝑎
𝑖

tx, 𝑎
𝑖

sw} being taken.
The temporal difference indicates the difference between the
actual outcome and the estimated 𝑄-value.

In step (b), the eligible trace 𝑒𝑖(𝑠𝑖
𝑡
) represents the temporal

validity of state 𝑠
𝑖

𝑡
. Specifically, in [11], eligible trace 𝑒

𝑖

(𝑠
𝑖

𝑡
)

represents the existence of PU activities in channel 𝑠𝑖
𝑡
, and

so it is only updated when channel sensing operation 𝑎
𝑖

se is
taken. Higher eligible trace 𝑒𝑖(𝑠𝑖

𝑡
) indicates greater presence of

PU activities, and vice versa. Hence, the term 𝑒
𝑖

(𝑠
𝑖

𝑡
) is in the

update of𝑄-value𝑄𝑖
𝑡+1

(𝑠
𝑖

𝑡
, 𝑎
𝑖

se), and (1 − 𝑒
𝑖

(𝑠
𝑖

𝑡
))is in the update

of 𝑄-value 𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx) in Algorithm 2. Therefore, higher
eligible trace 𝑒

𝑖

(𝑠
𝑖

𝑡
) results in higher value of 𝑄𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

se) and
lower value of 𝑄𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

tx), and this indicates more channel
sensing tasks and lesser data transmission in channels with
greater presence of PU activities. The action 𝑎

𝑖

sw switches
channel from state 𝑠

𝑖

𝑡
to state 𝑠

𝑖

𝑡+1
. The 𝜀-greedy approach is

applied to choose the next channel 𝑠𝑖
𝑡+1

. In [21], eligible trace
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Table 4: RL model for joint dynamic channel selection and channel sensing [11].

State 𝑠
𝑖

𝑡
∈ 𝑆 = {1, 2, . . . , 𝐾}; each state represents an available channel

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {𝑎se, 𝑎tx, 𝑎sw}, where action 𝑎se senses a channel for the duration of 𝑇𝑖se, 𝑎tx transmits a data packet, and 𝑎sw switches

the current operating channel to another one which has the lowest best-known average transmission delay for a single-hop

Reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) represents the difference between a successful single-hop transmission delay and the maximum allowable

single-hop transmission delay

Table 5: RL model for the routing scheme [33].

State 𝑠
𝑖

𝑡
∈ 𝑆 = {1, 2, . . . , 𝑁 − 1}; each state represents a SU destination node 𝑛.𝑁 represents the number of SUs in the entire network

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝐽}; each action represents the selection of a next-hop SU node 𝑗. 𝐽 represents the number of SU node 𝑖’s

neighbor SUs
Reward 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

𝑡+1
) represents the number of available common channels among nodes 𝑖 and 𝑗

𝑒
𝑖

(𝑠
𝑖

𝑡
), which represents the temporal validity or freshness

of the sensing outcome, is only updated when the channel
sensing operation 𝑎

𝑖

se is taken as shown in Algorithm 2. The
eligible trace 𝑒

𝑖

(𝑠
𝑖

𝑡
) is discounted whenever 𝑎𝑖se is not chosen

as follows:

𝑒
𝑖

(𝑠
𝑖

𝑡+1
) = {

1, if 𝑎𝑖
𝑡
= 𝑎
𝑖

se
𝛿 ⋅ 𝑒
𝑖

(𝑠
𝑖

𝑡
) , otherwise,

(15)

where 0 ≤ 𝛿 ≤ 1 is a discount factor for the eligible trace.
Equation (15) shows that the eligible trace of each state 𝑠

𝑖

𝑡
is

set to the maximum value of 1 whenever action 𝑎
𝑖

se is taken;
otherwise, it is decreased with a factor of 𝛿.

In step (c), the 𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

sw) value keeps track of the
channel that provides the best-known lowest estimated aver-
age transmission delay. In other words, the channel must
provide themaximumamount of reward that can be achieved
considering the cost of a channel switch 𝜃. Hence, 𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

sw)

can keep track of a channel 𝑠𝑖
𝑡+1

that provides the best-known
state value 𝑉

𝑖

𝑡
(𝑠
𝑖

𝑡+1
) the SU agent receives compared to the

average state value 𝑉
𝑖

𝑡
(𝑠) by switching its current operating

channel 𝑠𝑖
𝑡
to the operating channel 𝑠𝑖

𝑡+1
. Note that the state

value 𝑉
𝑖

𝑡
(𝑠
𝑖

𝑡
) is exchanged among the SU agents to reduce

exploration through cooperative learning (see Section 3.7.3).
In step (d), the policy 𝜋

𝑖

(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

𝑡+1
) is applied at the next

time instant. The policy provides probability distributions
over the three possible types of actions 𝐴 = {𝑎

𝑖

se, 𝑎
𝑖

tx, 𝑎
𝑖

sw}
using a modified Boltzmann distribution (see Section 3.6).
Next, the policy is applied to select the next action 𝑎

𝑖

𝑡+1
in step

(a).

4.3. Model 3: Dual 𝑄-Function Model. The dual 𝑄-function
model has been applied to expedite the learning process
[32]. The traditional 𝑄-function (see (1)) updates a single 𝑄-
value at a time, whereas the dual 𝑄-function updates two 𝑄-
values simultaneously. For instance, in [33], the traditional𝑄-
function updates the 𝑄-value for the next state only (e.g., SU
destination node), whereas the dual 𝑄-function updates the
𝑄-value for the next and previous states (e.g., SU source and
destination nodes, respectively). The dual 𝑄-function model
updates a SU agent’s 𝑄-value in both directions (i.e., towards
the source and destination nodes) and speeds up the learning

process in order to make more accurate decisions on action
selection; however, at the expense of higher network overhead
incurred bymore𝑄-value exchanges among the SU neighbor
nodes.

Xia et al. [33] propose a routing (A7) scheme, and it
has been shown to reduce SU end-to-end delay. Generally
speaking, the availability of channels in CR networks is
dynamic, and it is dependent on the channel utilization level
by PUs. The purpose of this scheme is to enable a SU node
to select a next-hop SU node with higher number of available
channels. The higher number of available channels reduces
the time incurred in seeking for an available common channel
for data transmission among a SU node pair, and hence it
reduces the MAC layer delay.

Table 5 shows the RL model for the scheme. The state
𝑠
𝑖

𝑡
∈ 𝑆 represents a SU destination node 𝑛. The action 𝑎

𝑖

𝑡
∈ 𝐴

represents the selection of a next-hop SU neighbor node 𝑗.
The reward 𝑟

𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

𝑡+1
) represents the number of available

common channels among nodes 𝑖 and 𝑎
𝑖

𝑡
= 𝑗. The RL model

is embedded in each SU agent.
This scheme applies the traditional 𝑄-function (see (1))

with 𝛾 = 1. Hence, the 𝑄-function is rewritten as follows:

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑗) ← (1 − 𝛼)𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑗)

+ 𝛼[𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
, 𝑗) +max

𝑘∈𝑎
𝑗

𝑡

𝑄
𝑗

𝑡
(𝑠
𝑖

𝑡+1
, 𝑘)] ,

(16)

where 𝑘 ∈ 𝑎
𝑗

𝑡
is an upstream node of SU neighbor

node 𝑗, so node 𝑗 must estimate and send information on
max
𝑘∈𝑎
𝑗

𝑡
𝑄
𝑗

𝑡
(𝑠
𝑖

𝑡+1
, 𝑘) to SU node 𝑖.

The dual 𝑄-function model in this scheme is applied to
update the 𝑄-value for the SU source and destination nodes.
While the traditional𝑄-function enables the SU intermediate
node to update the 𝑄-value for the SU destination node
only (or next state), which is called forward exploration, the
dual 𝑄-function model enables an intermediate SU node to
achieve backward exploration as well by updating the 𝑄-
value for the SU source node (or previous state). Forward
exploration is achieved by updating the 𝑄-value at SU
node 𝑖 for the SU destination node whenever it receives an
estimate max

𝑘∈𝑎
𝑗

𝑡
𝑄
𝑗

𝑡
(𝑠
𝑖

𝑡+1
, 𝑘) from SU node 𝑗, while backward
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Table 6: RL model for joint DCS and channel sensing [34].

State sit = (𝑠
𝑖

1,𝑡
, 𝑠
𝑖

2,𝑡
, . . . , 𝑠

𝑖

𝐾,𝑡
) ∈ 𝑆
1
× 𝑆
2
× ⋅ ⋅ ⋅ × 𝑆

𝐾
; each substate 𝑠𝑖

𝑘,𝑡
∈ 𝑆
𝑘
= {0, 1} indicates an idle or busy channel; specifically, 𝑠𝑖

𝑘,𝑡
= 0

if PU activity does not exist in channel 𝑘, and 𝑠
𝑖

𝑘,𝑡
= 1 if PU activity exists in channel 𝑘

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝐾}; each action represents a single channel available for data transmission

Reward 𝑟
𝑖

𝑡+1
(sit+1) =

{
{
{

{
{
{

{

1, if successful transmission
0, if unsuccessful transmission because the sensed channel is busy
−0.5, if unsuccessful transmission and backoff because there is collision with other SUs

exploration is achieved by updating the 𝑄-value at SU node
𝑗 for the SU source node whenever it receives a data packet
from node 𝑖. Note that, in the backward exploration case,
node 𝑖’s packets are piggybacked with its 𝑄-value so that
node 𝑗 is able to update 𝑄-value for the respective SU source
node. Although the dual 𝑄-function approach increases the
network overhead, it expedites the learning process since SU
nodes along a route update 𝑄-value of the route in both
directions.

4.4. Model 4: Partial Observable Model. The partial observ-
able model has been applied in a dynamic and uncer-
tain operating environment. The uniqueness of the partial
observable model is that the SU agents are uncertain about
their respective states, and so each of them computes belief
state 𝑏(𝑠

𝑖

𝑡
), which is the probability that the environment is

operating in state 𝑠𝑖
𝑡
.

Bkassiny et al. [34] propose a joint DCS (A1) and channel
sensing (A2) scheme, and it has been shown to improve the
overall spectrum utilization. The purpose of this scheme is
to enable the SU agents to select their respective operating
channels for sensing and data transmission in which the
collisions among the SUs and PUs must be minimized.

Table 6 shows the RL model for the scheme. The state
sit ∈ 𝑆

1
× 𝑆
2

× ⋅ ⋅ ⋅ × 𝑆
𝐾

represents the availability of
a set of channels for data transmission. The action 𝑎

𝑖

𝑡
∈

𝐴 represents a single channel out of 𝐾 channels available
for data transmission. The reward represents fixed positive
(negative) values to be rewarded (punished) for successful
(unsuccessful) transmissions. The RL model is embedded in
each SU agent so that it can make decision in a distributed
manner.

Algorithm 3 presents the RL algorithm for the scheme.
The action 𝑎

𝑖

𝑡
∈ 𝐴 is chosen from a preferred channel

set. The chosen action has the maximum belief-state 𝑄-
value, which is calculated using belief vector b(sit) =

(𝑏(𝑠
𝑖

1,𝑡
), 𝑏(𝑠
𝑖

2,𝑡
), . . . , 𝑏(𝑠

𝑖

𝐾,𝑡
)) as weighting factor. The belief vec-

tor b(sit) is the probability of a possible set of state sit =

(𝑠
𝑖

1,𝑡
, 𝑠
𝑖

2,𝑡
, . . . , 𝑠

𝑖

𝐾,𝑡
) being idle at time 𝑡 + 1. Upon receiv-

ing reward 𝑟
𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
), the SU agent updates the entire

set of belief vectors b(sit) using Bayes’ formula [34]. Next,
the SU agent updates the 𝑄-value 𝑄

𝑖

𝑡+1
(sit, 𝑎
𝑖

𝑡
). Note that

max
𝑎∈𝐴

𝑄
𝑖

𝑏,𝑡+1
(sit+1, 𝑎) = max

𝑎∈𝐴
∑
𝑠∈sit 𝑏(𝑠)𝑄

𝑖

𝑡
(𝑠, 𝑎).

It shall be noted that Bkassiny et al. [34] apply the belief
vector b(sit) as a weighting vector in its computation of 𝑄-
value 𝑄

𝑖

𝑡+1
(sit, 𝑎
𝑖

𝑡
), while most of the other approaches, such

Table 7: RL model for security enhancement [13].

Action
𝑎
𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝑁nbr,𝑖}; each action represents a

neighboring SU chosen for channel sensing purpose,
where𝑁nbr,𝑖 indicates the number of SU node 𝑖’s
neighbor SUs

Reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) =

{

{

{

𝑅, if correct sensing outcome
−𝑅, if incorrect sensing outcome

as [20], use belief vector b(sit) as the actual state, specifically,
𝑄
𝑖

𝑡+1
(b(sit), 𝑎

𝑖

𝑡
). This approach has been shown to achieve a

near-optimal solution with a very low complexity in [35].

4.5. Model 5: Actor-Critic Model. Traditionally, the delayed
reward has been applied directly to update the 𝑄-value. The
actor-critic model adjusts the delayed reward value using
reward corrections, and this approach has been shown to
expedite the learning process. In this model, an actor selects
actions using suitability value, while a critic keeps track
of temporal difference, which takes into account reward
corrections in delayed rewards.

Vucevic et al. [13] propose a collaborative channel sensing
(A2) scheme, and it has been shown to minimize error
detection probability in the presence of inaccurate sensing
outcomes. The purpose of this scheme is that it selects
neighboring SU agents that provide accurate channel sensing
outcomes for security enhancement purpose (A3). Table 7
shows the RL model for the scheme. The state is not
represented. An action 𝑎

𝑖

𝑡
∈ 𝐴 represents a neighboring

SU chosen by SU agent 𝑖 for channel sensing purpose. The
reward 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
) represents fixed positive (negative) values

to be rewarded (punished) for correct (incorrect) sensing
outcomes compared to the final decision, which is the fusion
of the sensing outcomes. The RL model is embedded in each
SU agent.

The critic keeps track of 𝑐𝑖
𝑡+1

(𝑎
𝑖

𝑡
) = 𝑐

𝑖

𝑡
(𝑎
𝑖

𝑡
) + 𝛽 ⋅ Δ𝑐

𝑖

𝑡
(𝑎
𝑖

𝑡
),

where Δ𝑐
𝑖

𝑡
(𝑎
𝑖

𝑡
) is the temporal difference and 𝛽 is a constant

(e.g., 𝛽 = 0.01). In [13], Δ𝑐
𝑖

𝑡
(𝑎
𝑖

𝑡
) depends on the difference

between the delayed reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) and the long-term

delayed reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = 𝛼⋅𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
)+(1−𝛼)⋅𝑟

𝑖

𝑡
(𝑎
𝑖

𝑡
), the number

of incorrect sensing outcomes, and the suitability value𝜋𝑖
𝑡
(𝑎
𝑖

𝑡
).

Next, the actor selects actions using 𝑐𝑖
𝑡+1

(𝑎
𝑖

𝑡
) given by the critic.

Theprobability of selecting action 𝑎
𝑖

𝑡
is based on the suitability

value of action 𝑖; 𝜋𝑖
𝑡
(𝑎
𝑖

𝑡
) = 𝑒
𝑐
𝑖
𝑡+1(𝑎
𝑖
𝑡)
/∑
𝑎∈𝑁nbr,𝑖

𝑒
𝑐
𝑖
𝑡+1(𝑎).
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Repeat
(a) Choose action 𝑎

𝑖

𝑡
∈ 𝐴

𝑎
𝑖

𝑡
= argmax

𝑎

𝑄
𝑖

𝑏,𝑡
(st, 𝑎) = argmax

𝑎

∑

s∈S
b(s)𝑄𝑖

𝑡
(s, 𝑎)

(b) Receive delayed reward 𝑟
𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
)

(c) Update belief b(sit)
(d) Update 𝑄-value:

𝑄
𝑖

𝑡+1
(sit, 𝑎
𝑖

𝑡
) = 𝑄

𝑖

𝑡
(sit, 𝑎
𝑖

𝑡
) + 𝛼 ⋅ b(sit) ⋅ [𝑟

𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
) + 𝛾max

𝑎∈𝐴

𝑄
𝑖

𝑏,𝑡+1
(sit+1, 𝑎) − 𝑄

𝑖

𝑡
(sit, 𝑎
𝑖

𝑡
)]

Algorithm 3: RL algorithm for joint dynamic channel selection and channel sensing [34].

Table 8: RL model for the channel auction scheme [16].

State 𝑠
𝑖

𝑡
∈ 𝑆 = {0, 1, . . . , 𝐿

𝑏
⋅ 𝐿
𝑐
}, each state represents a two-tuple information composed of buffer fullness index 𝐿

𝑏
and credit ratio

index 𝐿
𝑐

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝐿

𝑎
}; each action represents the amount of a bid for white spaces

Reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) =

{

{

{

Positive value of the amount of data sent, if successful bid
Negative value of the amount of data that could have sent, if unsuccessful bid

Table 9: RL model for the channel auction scheme [36].

Reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
) =

{

{

{

𝑅, if successful bid
−𝑅, if unsuccessful bid

4.6. Model 6: Auction Model. The auction model has been
applied in centralized CR networks. In the auction model, a
centralized entity, such as a base station, conducts auctions
and allows SU hosts to place bids so that the winning SU
hosts receive rewards. The centralized entity may perform
simple tasks, such as allocating white spaces to SU hosts with
winning bids [16], or it may learn using RL to maximize its
utility [36]. The RL model may be embedded in each SU host
in a centralized network [16, 36–38], or in the centralized
entity only [36].

Chen and Qiu [16] propose a channel auction scheme
(A5), and it has been shown to allocate white spaces among
SU hosts (or agents) efficiently and fairly. The purpose of this
scheme is to enable the SU agents to select the amount of bids
during an auction, which is conducted by centralized entity,
for white spaces.The SU agents place the right amount of bids
in order to secure white spaces for data transmission, while
saving their credits, respectively. The RL model is embedded
in each SU host.

Table 8 shows the RLmodel for the scheme.The state 𝑠𝑖
𝑡
∈

𝑆 indicates a SU agent’s information, specifically, the amount
of data for transmission in its buffer and the amount of credits
(or “wealth”) it owns.The action 𝑎

𝑖

𝑡
∈ 𝐴 is the amount of a bid

for white spaces. The reward 𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) indicates the amount

of data sent. This scheme applies the traditional 𝑄-learning
approach (see (1)), to update 𝑄-values.

Jayaweera et al. [36] propose another channel auction
scheme (A5) that allocates white spaces among SUs, and it
has been shown to increase transmission rates of the SUs and
to reduce energy consumption of the PUs. In [36], the PUs

adjust the amount of white spaces and allocate them to
the SUs with winning bids. The winning SUs transmit their
packets, as well as relaying PUs’ packets using the white
spaces so that the PUs can reduce its energy consumption. In
other words, the SUs use their power as currency to buy the
bandwidth. Two different kinds of RL models are embedded
in PUs and SUs, respectively, so that the PUs can learn to
adjust the amount of white spaces to be allocated to the SUs,
and the SUs can learn to select the amount of bids during an
auction for white spaces.

The state is not represented, and we show the action
and reward representations of the scheme. Table 9 shows the
reward representation of the RL model. The reward 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
)

indicates a constant positive reward in case of successful bid
and a constant negative reward in case of unsuccessful bid.
The reward representation is embedded in both PUs and SUs.
The actions for both PUs and SUs are different. Each SU 𝑖

selects the amount of bid 𝑎
𝑖

𝑘,𝑡
∈ 𝐴 during an auction for

white spaces in channel 𝑘, while each PU adjusts the amount
of white spaces 𝑎𝑖

𝑘,𝑡
∈ 𝐴 to be offered for auction in its own

channel 𝑘. Higher amount of white spaces encourages the SUs
to participate in auctions.

This scheme applies 𝑄-function 𝑄
𝑖

𝑘,𝑡+1
(𝑎
𝑖

𝑘,𝑡
) = 𝑄
𝑖

𝑘,𝑡
(𝑎
𝑖

𝑘,𝑡
) +

𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
) with 𝛾 = 0 (see Section 4.1) at both PUs and SUs.

The SUs’𝑄-function indicates the appropriate amount of bids
for white spaces, while the PUs’ 𝑄-function indicates the
appropriate amount of white spaces to be offered for auction.

Fu and Van der Schaar [37] propose a channel auction
scheme (A5) that improves the bidding policy of SUs, and it
has been shown to reduce SUs’ packet loss rate. The purpose
of this scheme is to enable SU agents to learn and adapt the
amount of bids during an auction for time-varying white
spaces in dynamic wireless networks with environmental
disturbance and SU-SU disturbance. Examples of environ-
mental disturbance are dynamic level of channel utilization by
PUs, channel condition (i.e., SNR), and SU traffic rate, while
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Table 10: RL model for the channel auction scheme [37].

State 𝑠
𝑖

𝑡
= (𝑏
𝑖

𝑡
, p𝑖
𝑡
) ∈ 𝑆; each state represents a two-tuple information composed of the fullness of the buffer state 𝑏𝑖

𝑡
and channel states

p𝑖
𝑡
= (𝑝
𝑖

𝑡,1
, 𝑝
𝑖

𝑡,2
, . . . , 𝑝

𝑖

𝑡,𝑘
), where 𝑝𝑖

𝑡,𝑘
represents the state of channel 𝑘 in terms of SNR

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {𝑎

𝑖

𝑡,1
, 𝑎
𝑖

𝑡,2
, . . . , 𝑎

𝑖

𝑡,𝑘
}; each action represents the amount of a bid for white spaces in channel 𝑘. 𝐾 represents the number

of available channels

Reward
𝑟
𝑖

𝑡+1
(s
𝑡+1,

w
𝑡+1,

a
𝑡+1

) = 𝑔
𝑖

𝑡+1
+ 𝑐
𝑖

𝑡+1
represents the sum of the number of lost packets 𝑔𝑖

𝑡+1
and the channel cost 𝑐𝑖

𝑡+1
that SU 𝑖must

pay for using the channel. Note that the packet loss 𝑔𝑖
𝑡+1

and channel cost 𝑐𝑖
𝑡+1

depend on the global state s
𝑡+1

, available
channels w

𝑡+1
, and bidding actions a

𝑡+1
of all competing SUs

Table 11: RL model for a power control scheme [38].

Action 𝑎
𝑖

𝑡
∈ 𝐴 = {𝑎

𝑖

sh, 𝑎
𝑖

mh}, with 𝑎
𝑖

sh and 𝑎
𝑖

mh being transmitting SU 𝑖’s packets to the SU destination node using single-hop
transmission and multiplehop relaying, respectively

Reward 𝑟
𝑖

𝑡+1
(𝑎
𝑖

𝑡+1
) represents the revenue obtained from the other SUs for relaying their packets. Higher rewards indicate higher

transmission rate and transmission power of SU node 𝑖

an example of SU-SU disturbance is the effect from other
competing SUs, who are noncollaborative and autonomous in
nature. Compared to traditional centralized auction schemes,
SUs compute their bids based on their knowledge and obser-
vation of the operating environmentwith limited information
received fromother SUs and the centralized base station.Note
that the joint bidding actions of SUs affect the allocation of
white spaces and bidding policies of the other SUs, and so
the proposed learning algorithm improves the bidding policy
of SUs based on the observed white space allocations and
rewards.

Table 10 shows the RL model for the scheme. The state
𝑠
𝑖

𝑡
∈ 𝑆 indicates SU agent’s information, specifically, its buffer

state, as well as the states of the available channels in terms
of SNR. The action 𝑎

𝑖

𝑡
∈ 𝐴 is the amount of bids for white

spaces. The reward 𝑟
𝑖

𝑡+1
(s
𝑡+1,

w
𝑡+1,

a
𝑡+1

) represents the sum of
the number of lost packets 𝑔𝑖

𝑡+1
and the channel cost 𝑐𝑖

𝑡+1
that

SU 𝑖 must pay for using the channel. Note that the channel
cost 𝑐

𝑖

𝑡+1
represents network congestion, and hence higher

cost 𝑐𝑖
𝑡+1

indicates higher congestion level. The RL model is
embedded in each SU host.

Algorithm 4 presents the RL algorithm for the scheme.
In step (a), SU agent 𝑖 observes its current state 𝑠

𝑖

𝑡
and

available channels (or white spaces) w
𝑡
advertised by the

centralized base station. In step (b), it decides and submits
its bids to the base station, and the bids are estimated based
on SU 𝑖’s state 𝑠𝑖

𝑡
and other SUs’ representative (or estimated)

state 𝑠
−𝑖

𝑡
. Note that, since SU 𝑖 needs to know all the states

and transition probabilities of other SUs, which may not be
feasible, it estimates the representative state 𝑠

−𝑖

𝑡
based on its

previous knowledge of channel allocation 𝑧
𝑖

𝑡
and channel cost

𝑐
𝑖

𝑡+1
(or network congestion). In step (c), SU 𝑖 receives its

channel allocation decision 𝑧
𝑖

𝑡
and the required channel cost

𝑐
𝑖

𝑡
from the base station. In step (d), the representative state 𝑠−𝑖

𝑡

and transition probabilities 𝑝−𝑖
𝑡
of the other SUs are updated

based on the newly received channel allocation decision 𝑧
𝑖

𝑡

and the required channel cost 𝑐𝑖
𝑡
information. In step (e), SU

𝑖 computes its estimated 𝑄-value, which is inspired by the
traditional𝑄-function approach, and this approach explicitly

takes into account the effects of the bidding actions of the
other SUs based on their estimated representative state 𝑠−𝑖

𝑡
and

transition probabilities𝑝−𝑖
𝑡
. Note that a

𝑡
also denotesMarkov-

based policy profile that representsthe bidding policies of all
the other SUs. In step (f), the 𝑄-table is updated if there are
changes in the SU states and channel availability.

Xiao et al. [38] propose a power control scheme (A8),
and it has been shown to increase the transmission rates and
payoffs of SUs. There are two main differences compared to
the traditional auction schemes, which have been applied
to centralized networks. Firstly, the interactions among all
nodes, including PUs and SUs, are coordinated in a dis-
tributed manner. A SU source node transmits its packets to
the SU destination node using either single-hop transmission
or multihop relaying. In multihop relaying, a SU source node
must pay the upstreamnode, which helps to relay the packets.
Secondly, the PUs treat each SU equally, and so there is lack
of competitiveness in auctions. Each SU may accumulate
credits through relaying. Game theory is applied tomodel the
network in which SUs pay credits to PUs for using licensed
channels and to other SUs for relaying their packets. The
purpose of this scheme is to enable a SU node to choose
efficient actions in order to improve its payoff, as well as to
collect credits through relaying, and to minimize the credits
paid to PUs and other SU relays. A RL model is embedded in
each SU.

The state is not represented, and we show the action
and reward representations of the scheme. Table 11 shows
the RL model for the scheme. The action 𝑎

𝑖

𝑡
∈ 𝐴 repre-

sents transmission of SU 𝑖’s packets by either using single-
hop transmission or multihop relaying. The reward 𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑡
)

indicates the revenue (or profit) received by SU node 𝑖

for providing relaying services to other SUs, and so higher
reward indicates higher transmission rate and increased
transmission power of SU node 𝑖. Denote the payoff of SU
𝑖 by p𝑖

𝑡
, as shown in (17). The payoff indicates the difference

between SU 𝑖’s revenue and costs. There are two types of
costs represented by 𝑐

𝑖,𝑗

𝑡
and 𝑐
𝑖,PU
𝑡

. The 𝑐
𝑖,𝑗

𝑡
represents the cost

charged by the upstream SU node 𝑗 for relaying SU node
𝑖’s packets, and the 𝑐

𝑖,PU
𝑡

represents the cost charged by all
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Repeat
(a) Observe the current state 𝑠𝑖

𝑡
and available channels w

𝑡

(b) Choose an action 𝑎
𝑖

𝑡
and submits it to the base station

(c) Receive channel allocation decision 𝑧
𝑖

𝑡
and the required channel cost 𝑐𝑖

𝑡

(d) Estimate the representative state 𝑠
−𝑖

𝑡
and update the state transition probabilities 𝑝−𝑖

𝑡
of the other SUs

(e) Compute the estimated 𝑄-value 𝑄𝑖
𝑡
((𝑠
𝑖

𝑡
, 𝑠
−𝑖

𝑡
) ,w
𝑡
, a
𝑡
) as follows:

𝑄
𝑖

𝑡
((𝑠
𝑖

𝑡
, 𝑠
−𝑖

𝑡
) ,w
𝑡
, a
𝑡
) ≅ {𝑟

𝑖

𝑡+1
(s
𝑡+1,

w
𝑡+1,

a
𝑡+1

)}

+𝛾 ∑

(𝑠
𝑖

𝑡+1
, 𝑠
−𝑖

𝑡+1
) ∈ (𝑆

𝑖

, 𝑆
−𝑖

)

w
𝑡+1

∈ 𝐾

𝑋{𝑝
𝑖

𝑡
⋅ 𝑝
−𝑖

𝑡
⋅ 𝑉
𝑖

𝑡+1
((𝑠
𝑖

𝑡+1
, 𝑠
−𝑖

𝑡+1
) ,w
𝑡+1

)}

(f) Update 𝑄-table 𝑉𝑖
𝑡+1

((𝑠
𝑖

𝑡+1
, 𝑠
−𝑖

𝑡+1
) ,w
𝑡+1

) using learning rate 𝛼 as follows:

𝑉
𝑖

𝑡+1
((𝑠
𝑖

𝑡+1
, 𝑠
−𝑖

𝑡+1
) ,w
𝑡+1

) = (1 − 𝛼)𝑉
𝑖

𝑡
((𝑠
𝑖

𝑡
, 𝑠
−𝑖

𝑡
) ,w
𝑡
) + 𝛼𝑄

𝑖

𝑡
((𝑠
𝑖

𝑡
, 𝑠
−𝑖

𝑡
) ,w
𝑡
, a
𝑡
)

Algorithm 4: RL algorithm for the channel auction scheme [37].

PUs for using the white spaces in licensed channels. The 𝑐𝑖,PU
𝑡

increases with the SU 𝑖’s interference power in the respective
channel. Consider

p
𝑖

𝑡
=

𝑁

∑

𝑗=1

(𝑟
𝑖,𝑗

𝑡
+ 𝑐
𝑖,𝑗

𝑡
+ 𝑐
𝑖,PU
𝑡

) . (17)

This scheme applies 𝑄-function 𝑄
𝑖

𝑡+1
(𝑎
𝑖

𝑡
) = 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑡
) +

𝛿(p𝑖
𝑡
⋅ 𝑃
𝑖

𝑡
(𝑎
𝑖

𝑡
)), which indicates the average payoff, where

𝛿 is a constant step size and 𝑃
𝑖

𝑡
(𝑎
𝑖

𝑡
) is the probability of

SU 𝑖 choosing action 𝑎
𝑖

𝑡
, which is computed according to

Boltzmann distribution (see Section 3.6).

4.7. Model 7: Internal Self-Learning Model. The internal self-
learning model has been applied to expedite the learning
process. The uniqueness of the internal self-learning model
lies in the learning approach in which the learning mecha-
nism continuously interacts with a simulated internal envi-
ronment within the SU agent itself. The learning mechanism
continuously exchanges its actions with rewards generated
by the simulated internal environment so that the SU agent
learns the optimal actions for various settings of the operating
environment, and this helps 𝑄-value and the optimal action
to converge.

Bernardo et al. [27] propose a DCS (A1) scheme, and it
has been shown to improve the overall spectrum utilization
and throughput performances. Note that, unlike the previous
schemes in which the RL models are embedded in the SU
agents, the RL model is embedded in each PU base station
(or agent) in this scheme, and it is applied to make medium-
term decisions (i.e., from tens of seconds to tens of minutes).
The purpose of this scheme is to enable a PU agent to select its
operating channels for transmission in its own cell. In order
to improve the overall spectrum utilization, the PU agent
preserves its ownQoSwhile generating white spaces and sells
them off to SU agents.

Table 12 shows the RL model for the scheme. The action
ait ∈ 𝐴

1
× 𝐴
2
× ⋅ ⋅ ⋅ × 𝐴

𝐾
is a set of chosen available channels

for the entire cell. The reward 𝑟
𝑖

𝑡+1
(ait) has a zero value if

Environment

Reward Observe

Learn

Decide action

Agent

Action

RL-DCSStatus observer

Environment
characterization

entity

DCS information

Operating environment 
information

Figure 3: Internal self-learning model.

the estimated throughput of an action selection ait is less than
a throughput threshold𝑇th; otherwise, the reward is based on
the spectrum efficiency 𝜂(ait) and the amount of white spaces
𝑊(ait), which may be sold off to SU agents. Both 𝜆 and 𝜇 are
constant weight factors.

Figure 3 shows the internal self-learning model. The
learning mechanism, namely, RL-DCS, continuously inter-
acts with a simulated internal environment, namely, Environ-
ment Characterization Entity (ECE). Based on the informa-
tion observed from the real operating environment (i.e., the
number of PUhosts and the average throughput per PUhost),
which is provided by status observer, the ECE implements
a model of the real operating environment (i.e., spectrum
efficiency 𝜂(ait) and the amount of white spaces 𝑊(ait)) and
computes reward 𝑟

𝑖

𝑡+1
(ait). Hence, the ECE evaluates the

suitability of action ait in its simulated internal model of the
operating environment. By exchanging action ait and reward
𝑟
𝑖

𝑡+1
(ait) between RL-DCS and ECE, the RL-DCS learns an

optimal action ait at a faster rate compared to the conventional
learning approach, and this process stops when the optimal
action ait converges.
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Repeat
(a) Choose action ait = (𝑎

𝑖

1,𝑡
, 𝑎
𝑖

2,𝑡
, . . . , 𝑎

𝑖

𝐾,𝑡
) ∈ 𝐴

1
× 𝐴
2
× ⋅ ⋅ ⋅ × 𝐴

𝐾

(b) Receive delayed reward 𝑟
𝑖

𝑡+1
(ait) from ECE

(c) Update 𝑄-value:
For each 𝑎

𝑖

𝑘,𝑡
∈ ait

𝑄
𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
) = 𝑄

𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
) + 𝛼 ⋅ [𝑟

𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
) − 𝑟
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
)] ⋅ [𝑎

𝑖

𝑘,𝑡
− 𝑃
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
)] ⋅ 𝑥

(d) Update probability 𝑃
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
), which is the probability of taking action 𝑎

𝑖

𝑘,𝑡
:

For each 𝑎
𝑖

𝑘,𝑡
∈ ait

𝑃
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
) = max[min{

1

1 + 𝑒
−𝑄
𝑖
𝑡+1
(𝑎
𝑖
𝑘,𝑡
)⋅𝑥

, 1 − 𝜀} , 𝜀]

Algorithm 5: RL algorithm for RL-DCS [27].

Repeat
(a) Take action 𝑎

𝑖

𝑡
∈ 𝐴

(b) Exchange collaboration message𝐷
𝑖

𝑡,1
with SU neighbor agents // First round of collaboration

(c) Determine delayed reward 𝑟
𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
)

(d) Exchange collaboration message𝐷
𝑖

𝑡,2
with SU neighbor agents // Second round of collaboration

(e) Choose action 𝑎
𝑖

𝑡+1
∈ 𝐴

(f) Update 𝜃
𝑡+1

(see (9))
(g) Update 𝑄-value, 𝑄𝑖

𝑡+1
(sit, 𝑎
𝑖

𝑡
)

Algorithm 6: RL algorithm for the channel sensing scheme [20].

Algorithm 5 presents the RL algorithm for the scheme.
The action ait = (𝑎

𝑖

1,𝑡
, 𝑎
𝑖

2,𝑡
, . . . , 𝑎

𝑖

𝐾,𝑡
) ∈ 𝐴

1
× 𝐴
2
× ⋅ ⋅ ⋅ × 𝐴

𝐾
is

chosen using a Bernoulli random variable [27].The PU agent
receives reward 𝑟

𝑖

𝑡+1
(ait) computed by ECE and computes the

average reward 𝑟
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
) for each subaction 𝑎

𝑖

𝑘,𝑡
at time 𝑡 using

the exponential moving average [27]. Denote the probability
of taking action 𝑎

𝑖

𝑘,𝑡
by 𝑃𝑖
𝑡
(𝑎
𝑖

𝑘,𝑡
) and the current overall unused

spectrum, which is the ratio of the unused bandwidth to
the total bandwidth of a cell, by 𝑥. Upon receiving reward
𝑟
𝑖

𝑡+1
(ait), the PU agent updates the 𝑄-value 𝑄𝑖

𝑡+1
(𝑎
𝑖

𝑘,𝑡
) for each

action 𝑎
𝑖

𝑘,𝑡
∈ ait. Finally, the probability of taking action 𝑎

𝑖

𝑘,𝑡
,

specifically, 𝑃
𝑖

𝑡
(𝑎
𝑖

𝑘,𝑡
), is updated. Note that the exploration

probability is 𝜀.

4.8. Model 8: Collaborative Model. Collaborative model
enables a SU agent to collaborate with its SU neighbor agents
and subsequently make local decisions independently in
distributed CR networks. It enables the agents to learn and
achieve an optimal joint action. A joint action is defined as the
actions taken by all the agents throughout the entire network.
An optimal joint action is the actions taken by all the agents
throughout the entire network that provides an ideal and
optimal network-wide performance. Hence, the collaborative
model reduces the selfishness of each agent through taking
other agents’ actions or strategies into account. The collab-
oration may take the form of exchanging local information,
including knowledge (𝑄-value), observations, and decisions,
among the SU agents.

Lundén et al. [20] propose a collaborative channel sensing
(A2) scheme, and it has been shown to maximize the amount
of white spaces found. The purposes of this scheme are
twofold:

(i) firstly, it selects channels with more white spaces for
channel sensing purpose;

(ii) secondly, it selects channels so that the SU agents
diversify their sensing channels. In other words,
the SU agents perform channel sensing in various
channels.

Table 13 shows the RLmodel for the scheme.The state sit ∈
𝑆
1
×𝑆
2
×⋅ ⋅ ⋅×𝑆

𝐾
represents the belief on the availability of a set

of channels for data transmission. An action 𝑎
𝑖

𝑡
∈ 𝐴, which is

part of the joint action at representing all the actions taken
by SU agent 𝑖 and its SU neighbor agents, represents a single
channel chosen by SU agent 𝑖 for channel sensing purpose.
The reward 𝑟

𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
) represents the number of channels

identified as being idle (or free) at time 𝑡 + 1 by SU agent 𝑖.
The RL model is embedded in each SU agent.

Algorithm 6 presents the RL algorithm for the scheme,
and it is comprised of two rounds of collaboration message
exchanges. After taking action 𝑎

𝑖

𝑡
∈ 𝐴, the SU agent 𝑖 exchange

collaboration messages 𝐷
𝑖

𝑡,1
= (𝑎
𝑖

𝑡
, 𝛽
𝑖

𝑡
) with its SU neighbor

agents. The 𝐷
𝑖

𝑡,1
is comprised of two-tuple information,

namely, SU agent 𝑖’s action 𝑎
𝑖

𝑡
and SU agent 𝑖’s sensing out-

comes 𝛽𝑖
𝑡
. SU agent 𝑖 determines the delayed reward based on

𝐷
𝑖

𝑡,1
. Next, the SU agent 𝑖 exchanges collaboration messages
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Table 12: RL model for the DCS scheme [27].

Action
ait = (𝑎

𝑖

1,𝑡
, 𝑎
𝑖

2,𝑡
, . . . , 𝑎

𝑖

𝐾,𝑡
) ∈ 𝐴

1
× 𝐴
2
× ⋅ ⋅ ⋅ × 𝐴

𝐾
; each subaction 𝑎

𝑖

𝑘,𝑡
∈ 𝐴
𝑘
= {0, 1} represents the presence of PU activities.

Specifically, 𝑎𝑖
𝑘,𝑡

= 0 if a PU agent cannot transmit in channel 𝑘 and so it becomes white space, and 𝑎
𝑖

𝑘,𝑡
= 1 if the PU agent can

transmit in channel 𝑘.

Reward 𝑟
𝑖

𝑡+1
(ait) =

{

{

{

0, if ̂𝑇𝐻(ait) < 𝑇th

𝜆 ⋅ 𝜂 (ait) + 𝜇 ⋅ 𝑊(ait) , otherwise.

Table 13: RL model for the channel sensing scheme [20].

State sit = (𝑏 (𝑠
𝑖

1,𝑡
) , 𝑏 (𝑠

𝑖

2,𝑡
) , . . . , 𝑏 (𝑠

𝑖

𝐾,𝑡
)) ∈ 𝑆

1
× 𝑆
2
× ⋅ ⋅ ⋅ × 𝑆

𝐾
; each substate 𝑏 (𝑠

𝑖

𝑘,𝑡
) ∈ 𝑆
𝑘
= {0, 1} indicates SU 𝑖’s belief about channel

𝑘, and it has a value of 0 (busy) or 1 (idle)
Action 𝑎

𝑖

𝑡
∈ 𝐴 = {1, 2, . . . , 𝐾}; each action represents a single channel chosen for channel sensing purpose

Reward 𝑟
𝑖

𝑡+1
(sit+1, 𝑎

𝑖

𝑡
) represents the number of channels identified as being idle by SU node 𝑖

𝐷
𝑖

𝑡,2
= 𝑎
𝑖

𝑡+1
with its SU neighbor agents. During the

second round of collaboration message exchange, a SU agent
𝑖 chooses its action 𝑎

𝑖

𝑡+1
for the next time instance upon

receiving 𝐷
𝑗

𝑡,2
from SU neighbor agent 𝑗. Note that the SU

agent transmission order affects the action selection. This is
because a SU agentmay receive and use information obtained
from its preceding agents, and so it can make decisions using
more updated information in the second round. Since one of
themain purposes is to enable the SU agents to diversify their
sensing channels, the SU agents choose action 𝑎

𝑖

𝑡+1
from a

preferred channel set. The preferred channel set is comprised
of sensing channels which are yet to be chosen by the
preceding SU agents.The SU agent chooses channels with the
maximum 𝑄-value from the preferred channel set. Finally,
the SU agent updates 𝑄-value 𝑄𝑖

𝑡+1
(sit, 𝑎
𝑖

𝑡
) and 𝜃

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) (see

Section 3.5).
Liu et al. [39] propose a collaborative DCS (A1) scheme

that applies a collaborative model, and it has been shown
to achieve a near-optimal throughput performance. The
purpose of this scheme is to enable each SU link to maximize
its individual delayed rewards, specifically, the SNR level.
Note that this collaboration approach assumes that an agent
has full observation of the actions and policies adopted by all
the other SU links at any time instance. Hence, (1) is rewritten
as follows:

𝑄
𝑖

𝑡+1
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
, a−it ) ← (1 − 𝛼)𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
, a−it )

+ 𝛼 [𝑟
𝑖

𝑡+1
(𝑠
𝑖

𝑡+1
) + 𝛾 max
𝑎𝑖 ,a−i∈A

𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡+1
, 𝑎
𝑖

𝑡
, a−it )] ,

(18)

where 𝑎𝑖
𝑡
represents the action taken by agent 𝑖 and a−it repre-

sents the joint action taken by all the SU agents throughout
the entire CR network except agent 𝑖. Note that 𝑎𝑖

𝑡
⋂ a−it ∈

𝐴, where 𝐴 represents joint actions by all the SU agents
throughout the entire CR network. Therefore, (19) is similar
to the traditional RL approach except when an action 𝑎

𝑖

𝑡

becomes a joint action 𝑎
𝑖

𝑡
⋂ a−it (or set of actions). To take into

account actions taken by the other agents a−it , agent 𝑖 updates
an average𝑄-value𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
), which is the average𝑄-value of

agent 𝑖 in state 𝑠
𝑖

𝑡
if it takes action 𝑎

𝑖

𝑡
, while the other agents

take action a−it . The 𝑄𝑖
𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is updated as follows:

𝑄

𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) = ∑

a−i
𝑄
𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
, a−it )

𝑁

∏

𝑗=1,𝑗 ̸= 𝑖

𝜋
𝑗
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
, a−it ) , (19)

where𝑁 is the number of agents.
Next, 𝑄𝑖

𝑡
(𝑠
𝑖

𝑡
, 𝑎
𝑖

𝑡
) is applied in action selection using the

Boltzmann equation (see Section 3.6). Further research can
be pursued to reduce communication overheads and to
enable indirect coordination among the agents.

4.9. Model 9: Competitive Model. Competitive model enables
a SU agent to compete with its SU neighbor agents and
subsequently make local decisions independently in CR
networks. The competitive model enables an agent to make
optimal actions in worst-case scenarios in the presence of
competitor agents, which attempt to minimize the accumu-
lated rewards of the agent. Note that the competitor agent
may also possess the capability to observe, learn, and carry
out the optimal actions in order to deteriorate the agents’
accumulated rewards.

Wang et al. [14] propose an antijamming approach (A3)
scheme called channel hopping, and it applies minimax-𝑄
learning to implement the competitive model. This approach
has been shown to maximize the accumulated rewards (e.g.,
throughput) in the presence of jamming attacks. Equipped
with a limited number of transceivers, the malicious SUs aim
to minimize the accumulated rewards of SU agents through
constant packet transmission in a number of channels in
order to prevent spectrum utilization by SU agents. The
purposes of the channel hopping scheme are twofold:

(i) firstly, it introduces randomness in channel selection
so that the malicious SUs do not jam its selected
channels for data transmission;

(ii) secondly, it selects a proper number of control and
data channels in a single frequency band for control
and data packet transmissions. Note that each fre-
quency band consists of a number of channels. Due
to the criticality of control channel, duplicate control
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Table 14: RL model for the channel hopping scheme [14].

State
sik,t = (𝑃

𝑖

𝑘,𝑡
, 𝑔
𝑖

𝑘,𝑡
, 𝑁
𝑖

𝐶,𝑘,𝑡
, 𝑁
𝑖

𝐷,𝑘,𝑡
) ∈ 𝑆
1
× 𝑆
2
× 𝑆
3
× 𝑆
4
; substate 𝑃𝑖

𝑘,𝑡
∈ 𝑆
1
= {0, 1} indicates an idle or busy channel; specifically,

𝑃
𝑖

𝑘,𝑡
= 0 if PU activity does not exist, and 𝑃

𝑖

𝑘,𝑡
= 1 if PU activity exists; substate 𝑔𝑖

𝑘,𝑡
∈ 𝑆
2
= {𝑞
1
, 𝑞
2
, . . . , 𝑞

𝑁𝑔
} represents gain,

while𝑁𝑖
𝐶,𝑘,𝑡

∈ 𝑆
3
and𝑁

𝑖

𝐷,𝑘,𝑡
∈ 𝑆
4
represent the numbers of control and data channels that get jammed, respectively

Action

ait = {𝑎
𝑖

1,𝑡
, 𝑎
𝑖

2,𝑡
, . . . , 𝑎

𝑖

𝐾,𝑡
} ∈ 𝐴; subaction 𝑎

𝑖

𝑘,𝑡
= (𝑎
𝑖

𝐶1 ,𝑘,𝑡
, 𝑎
𝑖

𝐷1 ,𝑘,𝑡
, 𝑎
𝑖

𝐶2 ,𝑘,𝑡
, 𝑎
𝑖

𝐷2 ,𝑘,𝑡
), where action 𝑎

𝑖

𝐶1 ,𝑘,𝑡
(or 𝑎𝑖
𝐷1 ,𝑘,𝑡

) indicates that the agent
will transmit control (or data) packets in 𝑎

𝑖

𝐶1 ,𝑘,𝑡
(or 𝑎𝑖
𝐷1 ,𝑘,𝑡

) channels uniformly selected from the previously unjammed
channels, while action 𝑎

𝑖

𝐶2 ,𝑘,𝑡
(or 𝑎𝑖
𝐷2 ,𝑘,𝑡

) indicates that the agent will transmit control (or data) packets in 𝑎
𝑖

𝐶2 ,𝑘,𝑡
(or 𝑎𝑖
𝐷2 ,𝑘,𝑡

)
channels uniformly selected from the previously jammed channels

Reward 𝑟
𝑖

𝑡+1
(sik,t+1, a

i
t, a

m
t ) represents the channel gain

Repeat
(a) Choose action ait
(b) Update 𝑄-value 𝑄𝑖

𝑡
(sik,t, a

i
t, a

m
t ) as follows:

𝑄
𝑖

𝑡+1
(sik,t, a

i
t, a

m
t ) = (1 − 𝛼)𝑄

𝑖

𝑡
(sik,t, a

i
t, a

m
t ) + 𝛼 [𝑟

𝑖

𝑡+1
(sik,t+1, a

i
t, a

m
t ) + 𝛾𝑉 (sik,t+1)]

(c) Update optimal strategy 𝜋
𝑖,∗

(sik,t) as follows:
𝜋
𝑖,∗

(sik,t) = arg max
𝜋
𝑖,∗
(sik,t)

min
𝜋
𝑚
(sik,t)

∑

a
𝜋
𝑖

(sik,t)𝑄
𝑖

𝑡
(sik,t, a, a

m
t )

(d) Update value function 𝑉(sik,t) as follows:
𝑉(sik,t) = min

𝜋
𝑚
(sik,t)

∑

a
𝜋
𝑖,∗

(sik,t)𝑄
𝑖

𝑡
(sik,t, a, a

m
t )

Algorithm 7: RL algorithm for the channel hopping scheme [14].

packets may be transmitted in multiple channels to
minimize the effects of jamming, and so a proper
number of control channels are necessary.

Note that, as competitors, the malicious SUs aim
to minimize the accumulated rewards of SU agents.
Table 14 shows the RL model for the scheme. Each state
is comprised of four-tuple information; specifically,
sik,t = (𝑃

𝑖

𝑘,𝑡
, 𝑔
𝑖

𝑘,𝑡
, 𝑁
𝑖

𝐶,𝑘,𝑡
, 𝑁
𝑖

𝐷,𝑘,𝑡
) ∈ 𝑆
1
×𝑆
2
×𝑆
3
×𝑆
4
. With respect

to frequency band 𝑘, the substate 𝑃
𝑖

𝑘,𝑡
∈ 𝑆
1

= {0, 1} rep-
resents the presence of PU activities and 𝑔

𝑖

𝑘,𝑡
∈ 𝑆
2
= {𝑞
1
, 𝑞
2
,

. . . , 𝑞
𝑁𝑔

} represents gain, while 𝑁
𝑖

𝐶,𝑘,𝑡
∈ 𝑆
3
and 𝑁

𝑖

𝐷,𝑘,𝑡
∈ 𝑆
4

represent the numbers of control and data channels that get
jammed, respectively. An action 𝑎

𝑖

𝑡
∈ 𝐴 represents channel

selections within a single frequency band for control and
data packet transmissions purpose, and the channels may be
jammed or not jammed in the previous time slot. The reward
𝑟
𝑖

𝑡+1
(sik,t+1, a

i
t, a

m
t ) represents the gain (e.g., throughput) of

using channels that are not jammed. Note that the reward
𝑟
𝑖

𝑡+1
(sik,t+1, a

i
t, a

m
t ) is dependent on the malicious SU’s (or

competitor’s) action amt . The RL model is embedded in each
SU agent.

Algorithm 7 presents the RL algorithm for the scheme.
In step (b), the 𝑄-function is dependent on the competitor’s
action amt , which is thechannels chosen by the malicious SUs
for jamming purpose. In step (c), the agent determines its
optimal policy 𝜋

𝑖,∗

(sik,t), in which the competitor is assumed
to take its optimal action that minimizes the 𝑄-value, and
hence the term min

𝜋
𝑚
(sik,t). Nevertheless, in this worst-case

scenario, the agent chooses an optimal action and hence

the term argmax
𝜋
𝑖,∗
(sik,t)

. In step (d), the agent updates its value
function 𝑉(sik,t), which is applied to update the 𝑄-value in
step (b) in the next time instant. Using the optimal policy
𝜋
𝑖,∗

(sik,t) obtained in step (c), the agent calculates its value
function 𝑉(sik,t), which is an approximate of the discounted
future reward. Again, the competitor is assumed to take its
optimal action that minimizes the agent’s 𝑄-value and hence
the term min

𝜋
𝑚
(sik,t).

5. Performance Enhancements

Table 15 shows the performance enhancements brought
about by the application of the traditional and enhanced
RL algorithms in various schemes in CR networks. The RL
approach has been shown to achieve the following perfor-
mance enhancement.

(P1) Higher Throughput/Goodput. Higher throughput (or
goodput) indicates higher packet delivery rate, higher
successful packet transmission rate, and lower packet
loss rate.

(P2) Lower End-to-End Delay/Link Delay. Lower end-to-
end delay, which is the summation of link delays along
a route, indicates shorter time duration for packets to
traverse from a source node to its destination node.

(P3) Lower Level of Interference to PUs. Lower level
of interference to PUs indicates lower number of
collisions with PU activities.
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(P4) Lower Number of Sensing Channels. The lower
number of sensing channels indicates lower sensing
overheads (i.e., delays and energy consumption).

(P5) Higher Overall Spectrum Utilization. In order to
increase the overall spectrum utilization, Chen et al.
[24] increase channel access time, while Jiang et al.
[30, 31] reduce blocking and dropping probabilities of
calls, respectively.

(P6) Lower Number of Channel Switches. Chen et al. [24]
reduce number of channel switches in order to reduce
channel switching time.

(P7) Lower Energy Consumption. Lower energy consump-
tion indicates longer network lifetime and number of
survival nodes.

(P8) Lower Probability of False Alarm. Lo and Akyildiz [3]
reduce false alarm, which occurs when a PU is mis-
takenly considered present in an available channel, in
channel sensing (A2).

(P9) Higher Probability of PU Detection. Lo and Akyildiz
[3] increase the probability of PU detection in order
to reduce miss detection in channel sensing (A2).
Miss detection occurs whenever a PU is mistakenly
considered absent in a channel with PU activities.

(P10) HigherNumber of Channels Being Sensed Idle.Lundén
et al. [20] increase the number of channels being
sensed idle, which contains more white spaces.

(P11) Higher Accumulated Rewards. Wang et al. [14]
increase the accumulated rewards, which represent
gains, such as throughput performance. Xiao et al.
[38] improve SU’s total payoff, which is the difference
between gained rewards (or revenue) and total cost
incurred.

6. Open Issues

This section discusses open issues that can be pursued in this
research area.

6.1. Enhanced Exploration Approaches. While larger value of
exploration probability may be necessary if the dynamicity of
the operating environment is high, the opposite holds when-
ever the operating environment is rather stable. Generally
speaking, exploration helps to increase the convergence rate
of a RL scheme. Nevertheless, higher exploration rate may
cause fluctuation in performance (e.g., end-to-end delay and
packet loss) due to the selection of nonoptimal actions. For
instance, in a dynamic channel selection scheme (A1), the
performance may fluctuate due to the frequent exploration
of nonoptimal channels. Similarly, in a routing scheme
(A7), the performance may fluctuate due to the frequent
exploration of nonoptimal routes. Further research could
be pursued to investigate the possibility of achieving explo-
ration without compromising the application performance.
Additionally, further research could be pursued to investigate
how to achieve an optimal trade-off between exploration and
exploitation in a diverse range of operating environments. For

instance, through simulation, Li [6] found that, with higher
learning rate 𝛼 and lower temperature 𝜏

𝑡
, the convergence

rate of the 𝑄-value is faster.

6.2. Fully Decentralized Channel Auction Models. To the best
of our knowledge, most of the existing RL-based channel
auction models (see Section 4.6) have been applied in cen-
tralized CR networks, in which a centralized entity (e.g., base
station) allocates white spaces to SU hosts with winning bids.
The centralized entity may perform simple tasks, such as
allocating white spaces to SU hosts with winning bids [16],
or it may learn using RL to maximize its utility [36]. The
main advantage of the centralized entity is that it simplifies
the management of the auction process and the interac-
tion among nodes. Nevertheless, it introduces challenges
to implementation due to additional cost and feasibility of
having a centralized entity in all scenarios. While there
have been increasing efforts to enhance the performance of
the RL-based auction models, further research is necessary
to investigate fully decentralized RL-based auction models,
which do not rely on a centralized entity, along with their
requirements and challenges. For instance, by incorporating
the cooperative learning feature (see Section 3.7.3) into the RL
auction model, SUs can exchange auction information with
PUs and other SUs in a decentralized manner, which may
enable them to perform bidding decisions without the need
of a centralized entity. However, this may introduce other
concerns such as security and nodes’ selfishness, which can
be interesting directions for further research.

6.3. Enhancement on the Efficiency of RL Algorithm. The
application of RL in various application schemes in CR
networksmay introduce complexities, and so the efficiency of
the RL algorithm should be further improved. As an example,
the collaborative model (see Section 4.8) requires explicit
coordination in which the neighboring agents exchange
information among themselves in order to expedite conver-
gence to optimal joint action. This enhances the network
performance at the expense of higher amount of control
overhead. Hence, further research is necessary to investi-
gate the possibility of indirect coordination. Moreover, the
network performance may further improve with reduced
overhead incurred by RL. As another example, while RL has
been applied to address security issues in CR networks (see
application (A3)), the introduction of RL into CR schemes
may introduce more vulnerabilities into the system. This
is because the malicious SUs or attackers may affect the
operating environment ormanipulate the information so that
the honest SUs’ knowledge is adversely affected.

6.4. Application of RL in New Application Schemes. The wide
range of enhanced RL algorithms, including the dual 𝑄-
function, partial observable, actor-critic, auction, internal
self-learning, collaborative, and competitive models (see
Sections 4.3–4.9), can be extended to other applications in
CR networks, including emerging networks such as cognitive
maritimewireless ad hoc networks and cognitive radio sensor
networks [40], in order to achieve context awareness and
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intelligence, which are the important characteristics of cog-
nition cycle (see Section 2.2.1). For instance, the collaborative
model (see Section 4.8) enables an agent to collaborate with
its neighbor agents in order to make decisions on action
selection, which is part of an optimal joint action.This model
is suitable to be applied in most application schemes that
require collaborative efforts, such as trust and reputation
system [41] and cooperative communications, although the
application of RL in those schemes is yet to be explored. In
trust and reputation management, SUs make collaborative
effort to detect malicious SUs, such that malicious SUs
are assigned low trust and reputation values. Additionally,
Section 3 presents new features of each component of RL,
which can be applied to enhance the performance of existing
RL-based applications schemes in CR networks. Further
research could also be pursued to

(i) apply new RL approaches, such as two-layered multi-
agent RL model [42], to CR network applications,

(ii) investigate RL models and algorithms applied to
other kinds of networks such as cellular radio access
networks [43] and sensor networks [44], which may
be leveraged to provide performance enhancement in
CR networks,

(iii) apply or integrate the RL features and enhancements
(e.g., state, action, and reward representations) to
other learning-based approaches, such as the neural
network-based approach [45].

6.5. Lack of Real Implementation of RL in CR Testbed. Most
of the existing RL-based schemes have been evaluated using
simulations, which have been shown to achieve performance
enhancements. Nevertheless, to the best of our knowledge,
there is lack of implementation of RL-based schemes in
CR platform. Real implementation of the RL algorithms
is important to validate their correctness and performance
in real CR environment, which may also allow further
refinements on these algorithms. To this end, further research
is necessary to investigate the implementation and challenges
of the RL-based scheme on CR platform.

7. Conclusions

Reinforcement learning (RL) has been applied in cognitive
radio (CR) networks to achieve context awareness and intel-
ligence. Examples of schemes are dynamic channel selection,
channel sensing, security enhancement mechanism, energy
efficiency enhancement mechanism, channel auction mech-
anism, medium access control, routing, and power control
mechanism. To apply the RL approach, several representa-
tions may be necessary including state and action, as well as
delayed and discounted rewards. Based on the CR context,
this paper presents an extensive review on the enhancements
of these representations, as well as other features including
𝑄-function, trade-off between exploration and exploitation,
updates of learning rate, rules, and cooperative learning.Most
importantly, this paper presents an extensive review on awide
range of enhanced RL algorithms in CR context. Examples of

the enhanced RLmodels are dual𝑄-function, partial observ-
able, actor-critic, auction, internal self-learning, and collab-
orative and competitive models. The enhanced algorithms
provide insights on how various schemes in CR networks
can be approached using RL. Performance enhancements
achieved by the traditional and enhanced RL algorithms in
CR networks are presented. Certainly, there is a great deal of
future works in the use of RL, and we have raised open issues
in this paper.
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Portfolio optimization (selection) problem is an important and hard optimization problem that, with the addition of necessary
realistic constraints, becomes computationally intractable. Nature-inspired metaheuristics are appropriate for solving such
problems; however, literature review shows that there are very few applications of nature-inspired metaheuristics to portfolio
optimization problem.This is especially true for swarm intelligence algorithmswhich represent the newer branch of nature-inspired
algorithms. No application of any swarm intelligence metaheuristics to cardinality constrained mean-variance (CCMV) portfolio
problem with entropy constraint was found in the literature. This paper introduces modified firefly algorithm (FA) for the CCMV
portfoliomodelwith entropy constraint. Firefly algorithm is one of the latest, very successful swarm intelligence algorithm; however,
it exhibits some deficiencies when applied to constrained problems. To overcome lack of exploration power during early iterations,
we modified the algorithm and tested it on standard portfolio benchmark data sets used in the literature. Our proposed modified
firefly algorithmproved to be better than other state-of-the-art algorithms,while introduction of entropy diversity constraint further
improved results.

1. Introduction

Sincemost real-life problems can bemodeled as optimization
tasks, many methods and techniques that could tackle such
problemswere developed.Thus, the optimization becameone
of the most applicable fields in mathematics and computer
science.

The difficulty of an optimization problem depends on the
mathematical relationships between the objective function,
potential constraints, and decision variables. Hard optimiza-
tion problems can be combinatorial (discrete) or continuous
(global optimization), while continuous problems can be
further be classified as constrained or unconstrained (bound
constrained).

The optimization problem becomes even harder when
some variables are real-valued, while others can take only
integer values. Such mixed continuous/discrete problems
usually require problem-specific search techniques in order
to generate optimal, or near optimal solution.

One representative example of such hard optimization
problems is portfolio optimization, a well-known issue in
economics and finance. Many methods and heuristics were
developed to optimize various models and formulations of
the portfolio problem [1]. Various portfolio optimization
problemmodels may ormay not include different constraints
in their formulations. Also, to enhance the diversity of portfo-
lio, some approaches include entropy in its formulations [2].

Unconstrained (bound constrained) optimization is for-
mulated as 𝐷-dimensional minimization or maximization
problem:

min (or max) 𝑓 (𝑥) , 𝑥 = (𝑥
1
, 𝑥
2
, 𝑥
3
, . . . , 𝑥

𝐷
) ∈ 𝑆, (1)

where 𝑥 represents a real vector with𝐷 ≥ 1 components and
𝑆 ∈ 𝑅
𝐷 is hyper-rectangular search space with 𝐷 dimensions

constrained by lower and upper bounds:

𝑙𝑏
𝑖
≤ 𝑥
𝑖
≤ 𝑢𝑏
𝑖
, 𝑖 ∈ [1, 𝐷] . (2)
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In (2), 𝑙𝑏
𝑖
and 𝑢𝑏

𝑖
are lower and upper bounds for the 𝑖th

problem component, respectively.
The nonlinear constrained optimization problem in the

continuous space can be formulated in the same way as in (1),
but in this case 𝑥 ∈ 𝐹 ⊆ 𝑆, where 𝑆 is 𝐷-dimensional hyper-
rectangular space as defined in (2) while 𝐹 ⊆ 𝑆 represents
the feasible region defined by the set of𝑚 linear or nonlinear
constraints:

𝑔
𝑗
(𝑥) ≤ 0, for 𝑗 ∈ [1, 𝑞] ,

ℎ
𝑗
(𝑥) = 0, for 𝑗 ∈ [𝑞 + 1,𝑚] ,

(3)

where 𝑞 is the number of inequality constraints, and𝑚 − 𝑞 is
the number of equality constraints.

Fundamental versions of algorithms and metaheuristics
for constrained numerical optimization problems do not
includemethods for dealing with constraints.Therefore, con-
straint handling techniques are usually added to these algo-
rithms to improve and redirect the search process towards the
feasible region of the search space. Equality constraints make
optimization even harder by shrinking the feasible search
space which becomes very small compared to the entire
search space. To tackle such problem, equality constraints are
replaced with the inequality constraints [3]:

|ℎ (𝑥)| − 𝜐 ≤ 0, (4)

where 𝜐 > 0 is some small violation tolerance, usually
dynamically adjusted.

Since hard optimization problems are unsolvable in a rea-
sonable amount of time, the exact methods which trace opti-
mal solution cannot be applied. For such problems, it is more
appropriate to employ nondeterministic metaheuristics.

Metaheuristics are iterative, population based, and
stochastic approaches that do not guarantee finding the
optimal solution, but they can obtain satisfying solution
within acceptable time [4]. In metaheuristics imple-
mentations, the processes of exploitation and exploration
conduct the search process. Exploitation directs search
around the current best solutions, while the exploration
randomly discovers new regions of a search domain.

During the last few decades, wewitnessed development of
nature-inspired sophisticated intelligent systems that can be
used as optimization tools for many complex and hard prob-
lems. Metaheuristics that incorporate and simulate natural
principles and rules are called nature-inspired metaheuris-
tics.

Nature-inspired metaheuristics [5] can roughly be
divided into two categories: evolutionary algorithms (EA)
and swarm intelligence. The most prominent representative
of EA is genetic algorithms (GA). GA can obtain good results
for many kinds of optimization problems [6].

Social behavior of swarms of ants, bees, worms, birds,
and fish was an inspiring source for the emerge of swarm
intelligence [7]. Although swarm system consists of rela-
tively unsophisticated individuals, they exhibit coordinated
behavior that directs swarm towards the desired goal with no
central component that manages the system as a whole.

Ant colony optimization (ACO) was founded on ant’s
ability to deploy a substance called pheromone for marking

the discovered path between the food source and ant’s nests.
It is one of the oldest members of swarm intelligence family
[8] but it is constantly being improved and applied to different
problems [9–11].

Artificial bee colony (ABC) algorithmmimics the behav-
ior of honey bee swarm. In this paradigm, three types of arti-
ficial bees perform search. Each type of bees has its particular
role in the search process. ABC was originally proposed by
Karaboga for problems of continuous optimization [12]. This
algorithm proves to be robust and capable of solving high
dimensionality problems [13–15].

Cuckoo search (CS) is an iterative approach that models
search process by employing Levy flights (series of straight
flight paths with sudden 90 degrees turn). It was first
proposed by Yang and Deb [16] and proved to be a robust
optimization technique [17], obtaining satisfying results in
real-life optimizations like image thresholding [18].

Also, swarm intelligence metaheuristics whichmimic the
human search process were developed. Seeker optimization
algorithm (SOA) is established on human memory, reason-
ing, past experience, and social interactions. It has been
proven that the SOA is a robust technique for solving global
numerical and real-life optimization problems [19] and is
continuously being improved [20].

As a result of the literature survey, it can be concluded that
for portfolio optimization problem there are some genetic
algorithm (GA) implementations. However, there are only
few swarm intelligence algorithms adapted for this problem.
There are papers which refer to solving portfolio prob-
lem with nondominating sorting genetic algorithm (NSGA)
which was first proposed by Srinivas and Deb [21]. Newer
version NSGA-II improves the convergence and the spread
of solutions in the population [22]. Lin et al. presented
NSGA-II based algorithm with integer encoding for solving
MV portfolio model with minimum transaction lots (MTL),
fixed transaction costs (TC), and linear constraints on capital
investments.The optimization of MV portfolio problem with
cardinality andholdingweights constraints byGA is shown in
[23]. Soleimani et al. [24] presented GA with RAR crossover
operator for solving MV portfolio problem where cardinality
constraints, MTL, and constraints on sector capitalization are
taken into account.

As mentioned, only few swarm intelligence metaheuris-
tics exist for portfolio optimization. Deng and Lin presented
ant colony optimization (ACO) for solving the cardinality
constraints Markowitz MV portfolio model [25]. Haqiqi and
Kazemi [26] employed the same algorithm to MV portfolio
model. We emphasize on one ACO implementation based
on the average entropy for real estate portfolio optimization
[27]. This is one of the rare papers that incorporates entropy
in portfolio model. Cura investigated PSO approach to
cardinality constrained MV portfolio optimization [1]. The
test data set contains weekly prices from March 1992 to
September 1997 from the following five indexes: Hang Seng
in Hong Kong, DAX 100 in Germany, FTSE 100 in UK, S&P
100 in USA, and Nikkei in Japan. The results of this study
are compared with those from genetic algorithm, simulated
annealing, and tabu search approaches and showed that
PSO has potential in portfolio optimization. Zhu et al. [28]
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presented PSO algorithm for nonlinear constrained portfolio
optimization with multiobjective functions. The model is
tested on various restricted and unrestricted risky investment
portfolios and a comparative study with GA is showed. PSO
demonstrated high computational efficiency in constructing
optimal risky portfolios and can be compared with other
state-of-the-art algorithms.

ABC algorithm formixed quadratic and integer program-
ming problem of cardinality constrainedMVportfoliomodel
was presented by Wang et al. [29]. Some modifications of
classical ABC algorithm for constrained optimization prob-
lems were adopted. The approach was tested on a standard
benchmark data set and proved to be a robust portfolio
optimizer.

One of the first implementations for portfolio optimiza-
tion problem by the firefly algorithms was developed by
Tuba et al. [30, 31]. Framework for solving this problem
was devised. Metaheuristic was tested on standard five-asset
data set. FA proved to be robust and effective technique for
portfolio problem. Among other metaheuristics for portfolio
problem, one approach based on neural networks (NN)
should be distinguished [32].

In this paper, we propose a modified firefly algorithm
(FA) for cardinality constrained mean-variance (CCMV)
portfolio optimization with entropy constraint. FA was first
introduced by Yang for unconstrained optimization [33].
Later, it was adapted [34] for solving various numerical and
practical optimization problems [35–37].

We modified pure FA algorithm to adjust it for con-
strained problems and to improve its performance. We
intensified exploration during early phase and eliminated it
during late iterationswhen the proper part of the search space
has been reached. Details will be given in Section 4.

The implementation of metaheuristics for the CCMV
portfolio model with entropy constraint was not found in the
literature survey. Thus, we conducted three experiments.

(i) First, we compared original FA with our modified
mFA applied to portfolio optimization problem. We
wanted to see what is the real improvement of our
approach.

(ii) Then, we compared results of our algorithm for the
CCMV portfolio model with and without entropy
constraint. In this test, we analyzed the influence of
entropy constraint to portfolio diversification.

(iii) Finally, in the third test, we made comparative anal-
ysis between our modified mFA and other state-of-
the-art metaheuristics. We compared our proposed
algorithm to Cura’s PSO [1] and also to GA, TS, and
SA, indirectly from [23].

The rest of the paper is organized as follows. Section 2
presents mathematical formulations of variety portfolio opti-
mization models. The presentation of the original FA is
given in Section 3. Our proposed modified FA approach
for the CCMV portfolio problem with entropy constraint
is discussed in Section 4. Section 5 first shows algorithm
parameter settings that are used in experiments. Then, we
present three experiments which we conducted along with

the comparative analyses with other metaheuristics. Finally,
Section 6 gives conclusions and recommendations for future
research.

2. Portfolio Optimization Problem Definitions

Portfolio optimization, as one of the most important issues
in modern financial management, tackles the problem of
distribution of financial resources across a number of assets
to maximize return and control the risk.

When making financial decisions, investors follow the
principle of diversification by investing their capital into
different types of assets. By investment in portfolios, rather
than in single assets, the risk is mitigated by diversification
of the investments, without negative impact on expected
returns.

The essential form of portfolio optimization is formulated
as bicriterion optimization problem where the reward, which
is measured by the mean of return, should be maximized,
while the risk, measured by the variance of return, should be
minimized [38]. This problem deals with the selection of the
portfolio of securities that minimizes the risk subject to the
constraints, while guaranteeing a given level of returns [39].

By literature researchmanymethods for solving portfolio
problem can be found. Markowitz’s standard mean-variance
(MV) model choses one important objective function that
is subject to optimization, while the remaining objective
functions are being threated as constraints [40].The key point
in the MV formulation is to employ the expected returns
of a portfolio as the investment return and the variance of
returns of the portfolio as the investment risk [41]. Its basic
assumptions are that the investors are rational with either
multivariate normally distributed asset returns or in the case
of arbitrary returns, a quadratic utility function [42]. This
approach is widely adapted and plays an important role in the
modern portfolio theory.

Markowitz’s MV model considers the selection of risky
portfolio as objective function, and the mean return of
an asset as one of the constraints [43]. This model can
mathematically be defined as

min𝜎2
𝑅𝑝
= 𝜎
2

𝑝
=

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝜔
𝑖
𝜔
𝑗
Cov (𝑅

𝑖
𝑅
𝑗
) (5)

subject to

𝑅
𝑝
= 𝐸 (𝑅

𝑝
) =

𝑁

∑

𝑖=1

𝜔
𝑖
𝑅
𝑖
≥ 𝑅, (6)

𝑁

∑

𝑖=1

𝜔
𝑖
= 1, 𝜔

𝑖
≥ 0, ∀𝑖 ∈ {1, 2, . . . , 𝑁} , (7)

where 𝑁 is the total number of available assets, 𝑅
𝑖
is the

mean return on asset 𝑖, and Cov(𝑅
𝑖
𝑅
𝑗
) is covariance of

returns of assets 𝑖 and 𝑗, respectively. Constraint defined in
(7) guarantees that the whole disposable capital is invested.
Weight variable 𝜔

𝑖
has a role of control parameter that
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determines the proportion of the capital that is placed in asset
𝑖. Weight variable has a real value in the range [0, 1].

In the presented MV formulation, the objective is to
minimize the portfolio risk 𝜎2

𝑝
, for a given value of portfolio

expected return 𝑅
𝑝
.

Efficient frontier model, which is often called single-
objective function model, constructs only one evaluation
function that models portfolio optimization problem. In this
model, the desired mean return 𝑅 is varying for the purpose
of finding different objective function values. Risk aversion
indicator 𝜆 ∈ [0, 1] controls this process [28].

Efficient frontier definition is

min𝜆[

[

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝜔
𝑖
𝜔
𝑗
Cov (𝑅

𝑖
𝑅
𝑗
)
]

]

− (1 − 𝜆) [

𝑁

∑

𝑖=1

𝜔
𝑖
𝑅
𝑖
] (8)

subject to

𝑁

∑

𝑖=1

𝜔
𝑖
= 1

𝜔
𝑖
≥ 0, ∀𝑖 ∈ {1, 2, . . . , 𝑁} .

(9)

In the presented formulation 𝜆 is critical parameter. It
controls the relative importance of themean return to the risk
for the investor. When the value of 𝜆 is set to 0, mean return
of portfolio is being maximized without considering the risk.
Alternatively, when 𝜆 has a value of 1, risk of the portfolio
is minimized regardless of the mean return. Thus, when the
value of 𝜆 increases, the relative importance of the risk to the
mean return for the investor rises, and vice versa.

Each 𝜆 value generates different objective function value
which is composed of themean return and the variance (risk).
By tracing the mean return and variance intersections for
different 𝜆, a continuous curve can be drawn which is called
an efficient frontier in the Markowitz’s modern portfolio
theory.

Another model worth mentioning is Sharpe ratio (SR)
which uses the information from mean and variance of an
asset [44]. In this model, the measure of mean return is
adjusted with the risk and can be described by

SR =

𝑅
𝑝
− 𝑅
𝑓

StdDev (𝑝)
, (10)

where 𝑝 denotes portfolio, 𝑅
𝑝
is the mean return of the

portfolio 𝑝, and 𝑅
𝑓
is a test available rate of return on a risk-

free asset. StdDev(𝑝) is a measure of the risk in portfolio
(standard deviation of𝑅

𝑝
). By adjusting the portfolio weights

𝑤
𝑖
, portfolio’s Sharpe ratio can be maximized.
However, all three models: the MV, efficient frontier, and

Sharpe ratio were constructed under strict and simplified
assumptions that do not consider real-world parameters
and limitations and as such are not always suitable for real
applications. For these reason extendedMVmodel is devised.

Extended MV formulation takes into account additional
constraints such as budget, cardinality, transaction lots, and
sector capitalization. These constraints model real-world

legal and economic environment where the financial invest-
ments are being done [45]. Budget constraint controls the
minimum andmaximum total budget proportion that can be
invested in particular asset. Cardinality constraint controls
whether a particular asset will be included in the portfolio.
The minimum transaction lots constraint ensures that each
security can only be purchased in a certain number of
units. Sector capitalization constraint directs the investments
towards the assets that belong to the sectors where higher
value of market capitalization can be accomplished. The
review of this constraint is given in [24].

When all the above-mentioned constraints are being
applied to the basic portfolio problem formulation, the
problem becomes a combinatorial optimization problem
whose feasible region is not continuous. Thus, the extended
MV model belongs to the group of quadratic mixed-integer
programming models. Its formulation is

min𝜎2
𝑅𝑝
= 𝜎
2

𝑝
=

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝜔
𝑖
𝜔
𝑗
Cov (𝑅

𝑖
𝑅
𝑗
) , (11)

where

𝜔
𝑖
=

𝑥
𝑖
𝑐
𝑖
𝑧
𝑖

∑
𝑁

𝑗=1
𝑥
𝑗
𝑐
𝑗
𝑧
𝑗

, 𝑖 = 1, . . . , 𝑁, (12)

𝑁

∑

𝑖=1

𝑧
𝑖
= 𝑀 ≤ 𝑁, 𝑀,𝑁 ∈ N,

𝑧
𝑖
∈ {0, 1} , 𝑖 = 1, . . . , 𝑁

(13)

subject to

𝑁

∑

𝑖=1

𝑥
𝑖
𝑐
𝑖
𝑧
𝑖
𝑅
𝑖
≥ 𝐵𝑅 (14)

𝑁

∑

𝑖=1

𝑥
𝑖
𝑐
𝑖
𝑧
𝑖
≤ 𝐵 (15)

0 ≤ 𝐵low𝑖 ≤ 𝑥
𝑖
𝑐
𝑖
≤ 𝐵up𝑖 ≤ 𝐵, 𝑖 = 1, . . . , 𝑁 (16)

∑

𝑖𝑠

𝑊
𝑖𝑠
≥ ∑

𝑖
𝑠

𝑊
𝑖
𝑠

∀𝑦
𝑠
𝑦
𝑠
 ̸=0, 𝑖

𝑠
, 𝑖
𝑠
 ∈ {1, 2, . . . , 𝑁}

𝑠, 𝑠


∈ {1, 2, . . . , 𝑆} , 𝑠 < 𝑠


,

(17)

where

𝑦
𝑠
=

{
{

{
{

{

1 if ∑

𝑖𝑠

𝑧
𝑖
> 0

0 if ∑

𝑖𝑠

𝑧
𝑖
= 0,

(18)

In (11)–(18) 𝑀 represents the number of selected assets
among possible𝑁 assets. 𝐵 is the total disposable budget, and
𝐵low𝑖 and𝐵up𝑖 are lower andupper limits of the budget that can
be invested in asset 𝑖, respectively. 𝑆 represents the number of
sectors in the market where the investment is being placed,
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𝑐
𝑖
is the size of transaction lot for asset 𝑖, and 𝑥

𝑖
denotes the

number of such lots (of asset 𝑖) that is purchased.
Decision variable 𝑧

𝑖
is used to apply cardinality con-

straint: 𝑧
𝑖
is equal to 1 if an asset 𝑖 is present in the

portfolio, otherwise its value is 0. Equation (17)models sector
capitalization constraint. Despite the fact that a certain sector
has high capitalization, security from this sector that has
low return and/or high risk must be excluded from the final
portfolio’s structure. To make such exclusion, variable 𝑦

𝑠
is

defined and it has a value of 1 if the corresponding sector has
at least one selected asset, and 0 otherwise. In (17) 𝑖

𝑠
is a set

of assets which can be found in sector 𝑠. Sectors are sorted in
descending order by their capitalization value.

Entropy was introduced by Jaynes [46] for wide appli-
cation in optimization, crystallography in the beginning,
networks [47], and so forth, but it also becomes an important
tool in portfolio optimization and asset pricing. Entropy is
widely recognized measure of portfolio diversification [2].
In multiobjective portfolio optimization models, the entropy
can be used as an objective function. Here, we will address
entropy as diversity constraint in portfolio models, because
we employed it in portfolio model that is used for testing of
our modified FA approach.

The entropy constraint defines lower bound𝐿
𝐸
of entropy

𝐸(𝑃) of portfolio 𝑃 according to the following equation [48]:

𝐸 (𝑃) = −

𝑁

∑

𝑖=1

𝑥
𝑖
ln𝑥
𝑖
≥ 𝐿
𝐸
, (19)

where𝑁 is the number of assets in portfolio𝑃 and𝑥
𝑖
is weight

variable of the security 𝑖.
In one extreme, when the weigh variable of only one

asset in portfolio 𝑃 is 1, and for the rest of the assets is 0,
𝐸(𝑃) reaches its minimum at −1 ∗ ln 1 = 0 [49]. This is
the least diverse scenario. Contrarily, in the most diverse
condition that, for∀𝑖, 𝑥

𝑖
= 1/𝑁,𝐸(𝑃) obtains itsmaximum in

−𝑁(1/𝑁 ln 1/𝑁) = ln𝑁. According to this, 𝐿
𝐸
is in the range

[0, ln𝑁]. Greater value of entropy denotes better portfolio’s
diversity, and 𝐿

𝐸
is used to make sure that the diversity of 𝑃

is not too low.
Entropy constraint equation (19) can be transformed into

the upper-bound constraint [49]:

𝐹 (𝑃) = 𝑒
−𝐸(𝑃)

= 𝑒
∑
𝑁
𝑖=1 𝑥𝑖 ln𝑥𝑖

≤ 𝑈
𝐸
. (20)

As shown previously, 0 ≤ 𝐸(𝑃) ≤ ln𝑁, which implicates
that 0 ≥ −𝐸(𝑃) ≥ − ln𝑁. Then, the condition 𝑒

0

= 1 ≥

𝑒
−𝐸(𝑃)

= 𝐹(𝑃) ≥ 𝑒
− ln𝑁

= 1/𝑁 holds. Thus, the range of
upper-bound constraint 𝑈

𝐸
is [1/𝑁, 1].

In this paper, for testing purposes, we used model which
employs some of the constraints that can be found in the
extended MV formulation. In the experimental study, we
implemented modified FA for optimizing cardinality con-
strained mean-variance model (CCMV) which is derived
from the standard Markowitz’s and the efficiency frontier
models.

We were inspired by Usta’s and Kantar’s multiobjec-
tive approach based on a mean-variance-skewness-entropy
portfolio selection model (MVSEM) that employs Shannon’s

entropy measure to the mean-variance-skewness portfolio
model (MVSM) to generate a well-diversified portfolio [50,
51]. Thus, we added entropy measure to the CCMV portfolio
formulation to generate well-diversified portfolio.

Formulation of theCCMVmodel with entropy constraint
is

min𝜆[

[

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝑥
𝑖
𝑥
𝑗
𝜎
𝑖,𝑗

]

]

− (1 − 𝜆) [

𝑁

∑

𝑖=1

𝑥
𝑖
𝜇
𝑖
] (21)

subject to

𝑁

∑

𝑖=1

𝑥
𝑖
= 1, (22)

𝑁

∑

𝑖=1

𝑧
𝑖
= 𝐾, (23)

𝜀
𝑖
𝑧
𝑖
≤ 𝑥
𝑖
≤ 𝛿
𝑖
𝑧
𝑖
, 𝑧 ∈ {0, 1} , 𝑖 = 1, 2, 3, . . . , 𝑁, (24)

−

𝑁

∑

𝑖=1

𝑧
𝑖
𝑥
𝑖
ln𝑥
𝑖
≥ 𝐿
𝐸
. (25)

As already mentioned in this section,𝑁 is the number of
potential securities that will be included in portfolio, 𝜆 is risk
aversion parameter, 𝑥

𝑖
and 𝑥

𝑗
are weight variables of assets 𝑖

and 𝑗, respectively, 𝛿
𝑖,𝑗
is their covariance, and 𝜇

𝑖
is 𝑖th asset’s

return.𝐾 is the desired number of assets that will be included
in the portfolio. Decision variable 𝑧

𝑖
controls whether the

asset 𝑖 will be included in portfolio. If its value is 1, asset 𝑖
is included, and if the value is 0, asset 𝑖 is excluded from the
portfolio. 𝜀 and 𝛿 are lower and upper bounds of the asset that
is included in portfolio and they make sure that the asset’s
proportion in the portfolio is within the predefined range.

We applied entropy constraint equation (25) with lower
bounds, as in (19), to ensure that the diversity of portfolio is
not too low. 𝐿

𝐸
is lower bound of the entropy in the range

[0, ln𝐾]. In (25), 𝑧
𝑖
ensures that only assets that are included

in portfolio are taken into account.
From the CCMV formulation with entropy constraint it

can be seen that this problem belongs to the group of mixed
quadratic and integer programming problems. It employs
both real and integer variables with equity and inequity
constraints.

3. Presentation of the Original FA

Firefly algorithm (FA) was originally proposed by Yang in
2008 [33], with later improvements [52]. It was applied to
continuous [53], discrete [54], and mixed [55] optimization
problems. The emergence of this metaheuristic was inspired
by the social and flashing behavior of fireflies.

Fireflies inhabit moderate and tropical climate environ-
ments all around the word. Their flashing behavior has many
different roles. Synchronized flashing by males is unique in
the animal world and involves a capacity for visually coordi-
nated, rhythmically coincident, and interindividual behavior.
Also, flashing is used to alleviate communication for mating
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and to frighten the predators.These flashing properties can be
incorporated into swarm intelligence metaheuristic in such a
way that they are associatedwith the objective functionwhich
is subject to optimization.

With respect to the facts that the real firefly system is
sophisticated and that the metaheuristics are approximations
of real systems, three idealized rules are applied with the goal
to enable algorithm’s implementation [33]: (1) all fireflies are
unisex, so the attractions between fireflies do not depend on
their sex; (2) attractiveness of a firefly is directly proportional
to their brightness, and the less brighter firefly will move
towards the brighter one. Brightness increases as the distance
between fireflies decreases; (3) the brightness of a firefly is
determined by the value of objective function. For minimiza-
tion problems, brightness increases as the objective function
value decreases. There are also other forms of brightness
which can be defined similar to fitness function in genetic
algorithms (GA) [6].

In the implementation of FA, one of the most important
issues that should be considered is the formulation of attrac-
tiveness. For the sake of simplicity, a good approximation
is that the attractiveness of a firefly is determined by its
brightness which depends on the encoded objective function.

In the case of maximization problems, the brightness of
a firefly at a particular location 𝑥 can be chosen as 𝐼(𝑥) ∼

𝑓(𝑥), where 𝐼(𝑥) is the attractiveness and 𝑓(𝑥) is the value of
objective function at this location. Otherwise, if the goal is to
minimize function, the following expression can be used:

𝐼 (𝑥) =

{

{

{

1

𝑓 (𝑥)

, if 𝑓 (𝑥) > 0

1 +




𝑓 (𝑥)





, otherwise.

(26)

The variations of light intensity and attractiveness are
monotonically decreasing functions because as the light
intensity and the attractiveness decrease, the distance from
the source increases, and vice versa. This can be formulated
as [56]

𝐼 (𝑟) =

𝐼
0

1 + 𝛾𝑟
2
, (27)

where 𝐼(𝑟) is the light intensity, 𝑟 is distance, and 𝐼
0
is the light

intensity at the source. Besides that, the air also absorbs part
of the light, and the light becomes weaker. Air absorption is
modeled by the light absorption coefficient 𝛾.

In most FA implementations that can be found in the
literature survey, the combined effect of both the inverse
square law and absorption can be approximated using the
following Gaussian form:

𝐼 (𝑟) = 𝐼
0
𝑒
−𝛾𝑟
2

. (28)

Attractiveness 𝛽 of a firefly is relative because it depends
on the distance between the firefly and the beholder. Thus,
it varies with the distance 𝑟

𝑖,𝑗
between fireflies 𝑖 and 𝑗. The

attractiveness is direct proportional to fireflies light intensity
(brightness), as shown in the following:

𝛽 (𝑟) = 𝛽
0
𝑒
−𝛾𝑟
2

, (29)

where 𝛽
0
is the attractiveness at 𝑟 = 0. Equation (29) deter-

mines a characteristic distance Γ = 1/√𝛾 over which the
attractiveness changes significantly from 𝛽

0
to 𝛽
0
𝑒
−1.

But, in practical applications, the above expression is
usually replaced with

𝛽 (𝑟) =

𝛽
0

1 + 𝛾𝑟
2
. (30)

Main reason for this replacement is that the calculation of
exponential function in (29) demands much more computa-
tional power than simple division in (30).

The movement of a firefly 𝑖 (its new position in iteration
𝑡 + 1) towards the brighter, and thus more attractive firefly 𝑗
is calculated using

𝑥
𝑖
(𝑡 + 1) = 𝑥

𝑖
(𝑡) + 𝛽

0
𝑟
−𝛾𝑟
2
𝑖,𝑗
(𝑥
𝑗
− 𝑥
𝑖
) + 𝛼 (𝜅 − 0.5) , (31)

where 𝛽
0
is attractiveness at 𝑟 = 0, 𝛼 is randomization

parameter, 𝜅 is random number drawn from uniform or
Gaussian distribution, and 𝑟

𝑖,𝑗
is distance between fireflies 𝑖

and 𝑗. The positions of fireflies are updated sequentially by
comparing and updating each pair of them at every iteration.

The distance between fireflies 𝑖 and 𝑗 is calculated using
Cartesian distance form [56]:

𝑟
𝑖,𝑗
=






𝑥
𝑖
− 𝑥
𝑗






= √

𝐷

∑

𝑘=1

(𝑥
𝑖,𝑘
− 𝑥
𝑗,𝑘
), (32)

where 𝐷 is the number of problem parameters. For most
problems, 𝛽

0
= 0 and 𝛼 ∈ [0, 1] are adequate settings.

The parameter 𝛾 has crucial impact on the convergence
speed of the algorithm. This parameter shows the variation
of attractiveness and in theory it has a value of [0, +∞), but
in practice it is determined by the characteristic distance Γ of
the system that is being optimized. In most implementations
𝛾 parameter varies between 0.01 and 100.

There are two special cases of the FA, and they are both
associated with the value of 𝛾 as follows [33]:

(i) if 𝛾 = 0, then 𝛽 = 𝛽
0
. That means that the air around

firefly is completely clear. In this case, 𝛽 is always
the largest it could possibly be, and fireflies advance
towards other fireflies with the largest possible steps.
The exploration-exploitation is out of balance because
the exploitation is maximal, while the exploration is
minimal;

(ii) if 𝛾 = ∞, then 𝛽 = 0. In this case, there is a thick fog
around fireflies and they could not see each other.The
movement is performed in a random steps, and explo-
ration is more intensive with practically no exploi-
tation at all.

The pseudocode for the original FA is given as Algo-
rithm 1.

In the presented pseudocode, 𝑆𝑁 is total number of
fireflies in the population, 𝐼𝑁 is total number of algorithm’s
iterations, and 𝑡 is the current iteration.
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Generate initial population of fireflies 𝑥
𝑖
, (𝑖 = 1, 2, 3, 𝑆𝑁)

Light intensity 𝐼
𝑖
at point 𝑥

𝑖
is defined by 𝑓(𝑥)

Define light absorption coefficient 𝛾
Define number of iterations IN
while 𝑡 < 𝐼𝑁 do

for 𝑖 = 1 to SN do
for 𝑗 = 1 to 𝑖 do

if 𝐼
𝑗
< 𝐼
𝑖
then

Move firefly 𝑗 towards firefly 𝑖 in 𝑑 dimension
Attractiveness varies with distance 𝑟 via exp[−𝛾𝑟]
Evaluate new solution, replace the worst with
better solution and update light intensity

end if
end for

end for
Rank all fireflies and find the current best

end while

Algorithm 1: Original firefly algorithm.

4. Proposed mFA for the CCMV Portfolio
Problem with Entropy Constraint

As mentioned in Section 1, we propose a modified firefly
algorithm for cardinality constrained mean-variance portfo-
lio optimization with entropy constraint.

By analyzing FA we noticed that, as most other swarm
intelligence algorithms, the pure version of the algorithm,
developed for unconstrained problems, exhibits some defi-
ciencies when applied to constrained problems. In the early
cycles of algorithm’s execution established balance between
exploitation and exploration is not completely appropriate
for this class of problems. During early phase exploration
is not intensive enough. However, during late cycles when
FA was able to discover the right part of the search space,
the exploration is no longer needed. To control whether
the exploration will be triggered or not, we introduced
exploration breakpoint 𝐸𝐵𝑃 control parameter.

In this section, we show implementation details of our
modified FA algorithm which we named mFA.

4.1. Initialization Phase and Fitness Calculation. At the initial-
ization step, FA generates random population of 𝑆𝑁 fireflies
(artificial agents) using

𝑥
𝑖,𝑗
= 𝑙𝑏
𝑗
+ rand (0, 1) ∗ (𝑢𝑏

𝑗
− 𝑙𝑏
𝑗
) , (33)

where 𝑥
𝑖,𝑗

is the weight of the 𝑗th portfolio’s asset of the 𝑖th
agent, rand(0, 1) is random number uniformly distributed
between 0 and 1, and 𝑢𝑏

𝑗
and 𝑙𝑏

𝑗
are upper and lower weight

bounds of the 𝑗th asset, respectively.
If the initially generated value for the 𝑗th parameter of

the 𝑖th firefly does not fit in the scope [𝑙𝑏
𝑗
, 𝑢𝑏
𝑗
], it is being

modified using the following expression:

if (𝑥
𝑖,𝑗
) > 𝑢𝑏

𝑗
, then 𝑥

𝑖,𝑗
= 𝑢𝑏
𝑗

if (𝑥
𝑖,𝑗
) < 𝑙𝑏
𝑗
, then 𝑥

𝑖,𝑗
= 𝑙𝑏
𝑗
.

(34)

Moreover, in the initialization phase, decision variables
𝑧
𝑖,𝑗
(𝑖 = 1, . . . , 𝑆𝑁, 𝑗 = 1, . . . , 𝑁) are also initialized for

each firefly agent 𝑖. 𝑁 is the number of potential assets in
portfolio. According to this, each firefly is modeled using
2∗𝑁 dimensions. 𝑧

𝑖
is a binary vector, with values 1, when an

asset is included in portfolio, and 0, when it is excluded from
it.

Decision variables are generated randomly by applying

𝑧
𝑖,𝑗
= {

1, if 𝜙 < 0.5

0 if 𝜙 ≥ 0.5,

(35)

where 𝜙 is random real number between 0 and 1.
To guarantee the feasibility of solutions, we used similar

arrangement algorithm as proposed in [1]. The arrangement
algorithm is applied first time in the initialization phase.

In the arrangement algorithm, 𝑖 is the current solution
that consists of 𝑄 the distinct set of 𝐾∗

𝑖
assets in the 𝑖th

solution, 𝑧
𝑖,𝑗

is the decision variable of asset 𝑗, and 𝑥
𝑖,𝑗

is
the weight proportion for asset 𝑗. Arrangement algorithm
pseudocode is shown as Algorithm 2.

For the constraint ∑𝑁
𝑖=1

𝑥
𝑖
= 1 we set 𝜓 = ∑

𝑗∈𝑄
𝑥
𝑖,𝑗

and put 𝑥
𝑖,𝑗

= 𝑥
𝑖,𝑗
/𝜓 for all assets that satisfy 𝑗 ∈ 𝑄.

The same approach for satisfying this constraint was used
in [1]. To make sure that each asset’s proportion is within
predefined lower and upper bounds, 𝜀 and 𝛿, respectively, we
used 𝑖𝑓 𝑥

𝑖,𝑗
> 𝛿
𝑖,𝑗

then 𝑥
𝑖,𝑗

= 𝛿𝑖, 𝑗 and 𝑖𝑓 𝑥
𝑖,𝑗

< 𝜀
𝑖,𝑗

then
𝑥
𝑖,𝑗
= 𝜀
𝑖,𝑗
.

We did not apply 𝑐-value based approach for adding
and removing assets from the portfolio as in [1]. According
to our experiments, using 𝑐-value does not improve FA
performance. It only increases computational complexity.

In modified FA, the fitness is employed to model the
attractiveness of the fireflies. Attractiveness is directly propor-
tional to the fitness.

After generating 𝑆𝑁 number of agents, fitness value is cal-
culated for each firefly in the population. Fitness (brightness)
is calculated as in the original FA implementation (26).
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while 𝐾∗
𝑖
< 𝐾 do

select random asset 𝑗 such that 𝑗 ∉ 𝑄
𝑧
𝑖,𝑗
= 1, 𝑄 = 𝑄 ∪ [𝑗], 𝐾

∗

𝑖
= 𝐾
∗

𝑖
+ 1

end while
while 𝐾∗

𝑖
> 𝐾 do

select random asset 𝑗 such that 𝑗 ∈ 𝑄
𝑧
𝑖,𝑗
= 1, 𝑄 = 𝑄 − [𝑗], 𝐾

∗

𝑖
= 𝐾
∗

𝑖
− 1

end while
while true do
𝜃 = ∑

𝑗∈𝑄

𝑥
𝑖,𝑗
, 𝑥
𝑖,𝑗
=

𝑥
𝑖,𝑗

𝜓

, 𝜂 = ∑

𝑗∈𝑄

max (0, 𝑥
𝑖,𝑗
− 𝛿
𝑖
) , 𝜙 = ∑

𝑗∈𝑄

max (0, 𝜂
𝑗
− 𝑥
𝑖,𝑗
)

if 𝜂 = 0 and 𝜙 = 0 then
exit algorithm

end if
for 𝑗 = 1 to𝑁 do

if 𝑧
𝑖,𝑗
= 1 then

if 𝑥
𝑖,𝑗
> 𝛿
𝑗
then

𝑥
𝑖,𝑗
= 𝛿
𝑗

end if
if 𝑥
𝑖,𝑗
< 𝜀
𝑗
then

𝑥
𝑖,𝑗
= 𝜀
𝑗

end if
end if

end for
end while

Algorithm 2: Arrangement algorithm.

In the initialization phase, for each firefly in the popu-
lation, constraint violation CV is being calculated. CV is a
measure of how much the agents violate constraints in the
problem definition:

CV
𝑖
= ∑

𝑔𝑗(𝑥𝑖)>0

𝑔
𝑗
(𝑥
𝑖
) +

𝑚

∑

𝑗=𝑞+1

ℎ
𝑗
(𝑥
𝑖
) . (36)

CV calculation is necessary, because it is later used for
performing selection based on Deb’s method [57, 58].

4.2. Firefly Movement. The movement of a firefly 𝑖 towards
the firefly that has a higher fitness 𝑗 is calculated as in the
original FA implementation [56]:

𝑥
𝑖
(𝑡 + 1) = 𝑥

𝑖
(𝑡) + 𝛽

0
𝑟
−𝛾𝑟
2
𝑖,𝑗
(𝑥
𝑗
− 𝑥
𝑖
) + 𝛼 (𝜅 − 0.5) , (37)

where 𝑥
𝑖
(𝑡 + 1) is new solution generated in iteration (𝑡 + 1),

𝛽
0
is attractiveness at 𝑟 = 0, 𝛼 is randomization parameter,

𝜅 is random number drawn from uniform or Gaussian
distribution, and 𝑟

𝑖,𝑗
is distance between fireflies 𝑖 and 𝑗.

Also, when moving a firefly, new decision variables are
calculated:

𝑧
𝑡+1

𝑖,𝑘
= round( 1

1 + 𝑒
−𝑧
𝑡
𝑖,𝑘
+𝜙𝑖,𝑗(𝑧

𝑡
𝑖,𝑘
−𝑧
𝑡
𝑗,𝑘
)

− 0.06) , (38)

where 𝑧𝑡+1
𝑖,𝑘

is decision variable for the 𝑘th asset of the new
solution, 𝑧

𝑖,𝑘
is a decision variable of the 𝑘th parameter of the

old solution, and 𝑧
𝑗,𝑘

is decision variable of 𝑘th parameter of
the brighter firefly 𝑗.

It should be noticed that the decision variables in the
employed bee phase are generated differently than in the
initialization phase equation (35).

After the new 𝑖th solution is generated in exploitation
process using (37) and (38) the winner between new 𝑥

𝑖
(𝑡 + 1)

and old 𝑥
𝑖
(𝑡) solution is retained using the selection process

based on Deb’s rules.

4.3. Exploration. As mentioned before, we noticed insuffi-
cient exploration power in the original FA implementation,
particularly in early iterations of algorithm’s execution. In
this phase of algorithm’s execution, exploitation-exploration
balance is not well established for this type of problems.
This balance was also discussed in [14]. Thus, we adopted
mechanism similar to scout bee with 𝑙𝑖𝑚𝑖𝑡 parameter from
the ABC metaheuristic.

We introduced parameter abandonment threshold (𝐴𝑇)
that represents the allowed predetermined number of unsuc-
cessful tries to improve particular solution. When a potential
solution (firefly) is stagnating (not being improved) for 𝐴𝑇
iterations, it is replaced by a new, randomone using (33), (34),
and (35). Hence, fireflies that exploited exhausted solutions
are transformed into scouts that perform the exploration
process. The value of 𝐴𝑇 is empirically determined and will
be shown in the experimental section.

Also, during late iterations, with the assumption that
the right part of the search space has been found, the
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Generate initial population of fireflies 𝑥
𝑖
and 𝑧

𝑖
(𝑖 = 1, 2, 3, . . . , 𝑆𝑁) by using (33) and (35)

Apply arrangement algorithm
Light intensity 𝐼

𝑖
at point 𝑥

𝑖
is defined by 𝑓(𝑥)

Define light absorption coefficient 𝛾
Define number of iterations IN
Calculate fitness and CV for all fireflies using (26) and (36)
Set initial values for 𝛼
Set 𝑡 value to 0
while 𝑡 < IN do

for 𝑖 = 1 to SN do
for 𝑗 = 1 to 𝑖 do

if 𝐼
𝑖
< 𝐼
𝑗
then

Move firefly 𝑖 towards firefly 𝑗 in 𝑑 dimension using (37) and (38)
Attractiveness varies with distance 𝑟 via exp[−𝛾𝑟]
Evaluate new solution, replace worse with better solution
using Deb’s method and update light intensity
if solution 𝑖 is not improved and 𝑡

𝑖
< 𝐸𝐵𝑃 then

𝑈𝐼𝐶
𝑖
increment by 1

else
𝑈𝐼𝐶
𝑖
set to 0

end if
end if

end for
end for
if 𝑡 < 𝐸𝐵𝑃 then

replace all agents whose UIC > 𝐴𝑇 with random agents using (33)
end if
Apply arrangement algorithm
Rank all fireflies and find the current best
Recalculate values for 𝛼 using (39)

end while

Algorithm 3: Modified firefly algorithm.

intensive exploration is not needed anymore. In that case, the
exploration is not being triggered. For this purpose, we intro-
duce new control parameter, exploration breakpoint (𝐸𝐵𝑃)
which controls whether the exploration will be triggered.The
discussion of this parameter is also given in experimental
section.

Also, we should note that the parameter 𝛼 for FA search
process is being gradually decreased from its initial value
according to

𝛼 (𝑡) = (1 − (1 − ((

10
−4

9

)

1/𝐼𝑁

))) ∗ 𝛼 (𝑡 − 1) , (39)

where 𝑡 is the current iteration and 𝐼𝑁 is the maximum num-
ber of iterations.

Pseudocode of mFA is given as Algorithm 3. Some
implementation’s details are omitted for the sake of simplicity.

In the pseudocode, 𝑆𝑁 is total number of fireflies in the
population, 𝐼𝑁 is total number of algorithm’s iterations, and
𝑡 is the current iteration. As explained, 𝐴𝑇 is the maximum
number of unsuccessful attempts to improve particular solu-
tion after which it will be considered exhausted and replaced
by a new, random solution.

5. Algorithm Settings and
Experimental Results

In this section, we first present parameter settings which were
adjusted for testing purposes of our proposed mFA. Then,
we show experimental results, discussion, and comparative
analysis with other state-of-the-art algorithms.

5.1. Parameter Settings. To test the performance and robust-
ness of our modified FA, we set algorithm parameters similar
to [1]. Number of firefly agents in the population 𝑆𝑁 is
calculated by employing the following expression:

𝑆𝑁 = 20√𝑁, (40)

where𝑁 is the number of potential assets in portfolio.
The value of maximum number of iterations 𝐼𝑁 in one

algorithm’s run is set according to

𝐼𝑁 =

1000 ∗ 𝑁

𝑆𝑁

. (41)

As mentioned in Section 4, to improve the exploration
power of the original FA, we introduced parameter 𝐴𝑇 with
corresponding counters 𝑈𝐼𝐶

𝑖
(𝑖 = 1, 2, . . . , 𝑆𝑁) that count

howmany times a particular firefly agent unsuccessfully tried
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𝜆 = 0

while 𝜆 ≤ 1 do
𝑆𝑁 = 20√𝑁

Set portfolio problem parameters𝐾, 𝜀 and 𝛿
InitializationPhase()
ArrangementAlgorithm()
FitnessCalculation()
Set UIC to 0 and calculate AT value according to (42)
Set initial values for 𝜐 and 𝛼
𝐼𝑁 =

1000𝑁

𝑆𝑁

for 𝑡 = 1 to IN do
Firefly movement
Apply Selection between old and new solution using Deb rules
Exploration phase (if necessary)
ArrangementAlgorithm()
Rank all fireflies and find the current best
Recalculate values for 𝜐 and 𝛼
𝑡 + +

end for
𝜆 = 𝜆 + Δ𝜆

end while

Algorithm 4: Modified firefly with parameters.

improvement. When the value of 𝑈𝐼𝐶
𝑖
reaches predeter-

mined abandonment threshold 𝐴𝑇, corresponding agent is
being replaced by a random agent. 𝐴𝑇 is determined by the
values of 𝑆𝑁 and 𝐼𝑁, like in [14]:

𝐴𝑇 =

𝐼𝑁

𝑆𝑁

=

(1000 ∗ 𝑁) /𝑆𝑁

20√𝑁

. (42)

Exploration breakpoint 𝐸𝐵𝑃 controls whether or not the
exploration will be triggered. According to our experimental
tests, modified FA generates worse results if the exploration
is triggered during late iterations. In most of the runs, the
algorithm is able to find a proper part of the search space
during early cycles, and exploration during late cycles is not
useful. To the contrary, it just relaxes the exploitation. 𝐸𝐵𝑃 is
empirically set to 𝐼𝑁/2.

FA search process parameter 𝛼 is set to start at 0.5, but it
is being gradually decreased from its initial value according
to (39).

The promising approaches for handling equality con-
straints include dynamic, self-adaptive tolerance adjustment
[59]. When this tolerance is included, the exploration is
enhanced by exploring a larger space.

In modified FA implementation, besides the adoption
of arrangement algorithm we used (4) and violation limit
𝜐 for handling constraints. Good experimental results are
obtained by starting with a relatively large 𝜐 value, which
is gradually decreasing through the algorithm’s iterations.
It is very important to chose the right value for 𝜐. If the
chosen value is too small, the algorithmmay not find feasible
solutions, and otherwise the results may be far from the
feasible region [14].

We used the following dynamic settings for the 𝜐:

] (𝑡 + 1) =
] (𝑡)
𝑑𝑒𝑐

, (43)

where 𝑡 is the current generation and 𝑑𝑒𝑐 is a value slightly
larger than 1. For handling equality constraints, we set initial
value for 𝜐 to 1.0, 𝑑𝑒𝑐 to 1.001 and the threshold for 𝜐 to 0.0001
like in [3].

For generating heuristics efficient frontier, we used 𝜉 = 51

different𝜆 values.Thus, we setΔ𝜆 to 0.02 because𝜆 in the first
algorithm’s run is 0 and in the last is 1.

We also set number of assets that will be included in
portfolio 𝐾 to 10, lower asset’s weight 𝜀 to 0.01, and upper
asset’s weight 𝛿 to 1.

Since the entropy lower bound depends on the number of
assets that will be included in portfolio, we set 𝐿

𝐸
in the range

of [0, ln 10].
We present again short modified FA pseudocode as Algo-

rithm 4, but this time with the emphasis on the parameter
settings.

For making better distinction between parameters, we
divided algorithm parameters into four groups: modified FA
global control parameters, FA search parameters, portfolio
parameters, and constraint-handling parameters.

Parameters are summarized in Table 1.

5.2. Experimental Results and Comparative Analysis. In this
subsection, we show the results obtained when search-
ing the general efficient frontier that provides the solu-
tion for the problem formulated in (21)–(25). The test
data were downloaded from http://people.brunel.ac.uk/
∼mastjjb/jeb/orlib/portinfo.html.
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Table 1: Parameters.

Parameter Value
Modified FA global control parameters

Number of
fireflies-solutions (SN) Depends on𝑁

Number of iterations (IN) Depends on SN
Abandonment threshold
(AT) Depends on SN and IN

Exploration breakpoint
(EBP) Depends on IN

FA search parameters
Initial value for
randomization parameter 𝛼 0.5

Attractiveness at 𝑟 = 0, 𝛽
0

0.2

Absorption coefficient 𝛾 1.0
Portfolio parameters

Number of potential
securities (𝑁) Depends on the problem

Number of assets in
portfolio (𝐾) 10

Initial value of risk aversion
(𝜆) 0

Different 𝜆 values (𝜉) 51

Lower asset’s weight (𝜀) 0.01

Upper asset’s weight (𝛿) 1.0
Lower bound of entropy
(𝐿
𝐸
) [0, ln𝐾]

Constraint-handling parameters
Initial violation tolerance
(𝜐) 1.0

Decrement (dec) 1.002

Benchmark data refers to the weekly stock prices from
March 1992 to September 1997 for the indexes: theHongKong
Hang Seng with 31 assets, the German Dax 100 with 85 assets,
the British FTSE 100 with 89 assets, the US S&P 100 with 98
assets, and the Japanese Nikkei with 225 assets.

We adapted test data and stored it in Excel spreadsheets.
For all indexes, we used the following data: mean return,
standard deviation of return for each asset, and correlation
for each possible pair of assets. Also, for generating standard
efficiency frontier, we used mean return and variance of
return for each security.

Since 𝑆𝑁, 𝑀𝐶𝑁, and 𝐴𝑇 parameters depend on the
problem size 𝑁 (number of securities in the test), we show
exact values used for all indexes (tests) in Table 2. Formula
results are rounded to the closest integer values.

Lower bound for entropy for all benchmarks set is in the
range between 0 and ln 10, because 𝐾 is set to 10 for all test
cases.

We conducted tests on Intel CoreTM i7-4770K processor
@4GHz with 16GB of RAM memory, Windows 7 x64
Ultimate 64 operating system and Visual Studio 2012 with
NET 4.5 Framework.

Table 2: Benchmark specific parameters.

Parameter Value
Hang Seng index with 31 assets

Number of fireflies-solutions (SN) 111
Number of iterations (IN) 279
Abandonment threshold (AT) 3
Exploration breakpoint (EBP) 140

DAX 100 index with 85 assets
Number of fireflies-solutions (SN) 185
Number of iterations (IN) 459
Abandonment threshold (AT) 3
Exploration breakpoint (EBP) 230

FTSE 100 index with 89 assets
Number of fireflies-solutions (SN) 189
Number of iterations (IN) 479
Abandonment threshold (AT) 3
Exploration breakpoint (EBP) 240

S&P 100 index with 98 assets
Number of fireflies-solutions (SN) 198
Number of iterations (IN) 494
Abandonment threshold (AT) 3
Exploration breakpoint (EBP) 247

Nikkei index with 225 assets
Number of fireflies-solutions (SN) 300
Number of iterations (IN) 750
Abandonment threshold (AT) 3
Exploration breakpoint (EBP) 375

When sets of Pareto optimal portfolios obtained with
modified FA are taken, heuristic efficient frontier can be
traced. In this paper, we compare the standard efficient
frontiers for five real-world benchmark sets mentioned above
with the heuristic efficient frontier for the same data set. For
comparison of standard and heuristic efficiency frontier, we
use mean Euclidean distance, variance of return error, and
mean return error as in [1]. We also give the execution time
of modified FA for each benchmark on our computer system
platform.

For calculation purposes of mean Euclidean distance,
let the pair (V𝑠

𝑖
, 𝑟
𝑠

𝑖
) = (𝑖 = 1, 2, 3, . . . , 2000) denote the

variance andmean return of the point in the standard efficient
frontier, and the pair (Vℎ

𝑗
, 𝑟
ℎ

𝑗
) = (𝑗 = 1, 2, 3, . . . , 𝜉) represents

the variance and mean return of the point in the heuristic
efficient frontier. Then, the index 𝑖

𝑗
of the closest standard

efficiency frontier point to the heuristic efficiency frontier
point, denoted as (V𝑠

𝑖,𝑗
, 𝑟
𝑠

𝑖,𝑗
), is calculated using Euclidean

distance by

𝑖
𝑗
= arg min
𝑖=1,2,...,2000

(√(V𝑠
𝑖
− Vℎ
𝑗
)

2

+ (𝑟
𝑠

𝑖
− 𝑟
ℎ

𝑗
)

2

)

𝑗 = 1, 2, 3, . . . , 𝜉.

(44)
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Using (44), mean Euclidean distance is defined as

∑
𝜉

𝑗=1

√(V𝑠
𝑖,𝑗
− Vℎ
𝑗
)

2

+ (𝑟
𝑠

𝑖,𝑗
− 𝑟
ℎ

𝑗
)

2

𝜉

.

(45)

In addition to mean Euclidean distance, we used two
other measures to test modified FA, variance of return error
and mean return error.

Variance of return error is defined as

(

𝜉

∑

𝑗=1






V𝑠
𝑖,𝑗
− Vℎ
𝑗







Vℎ
𝑗

)

1

𝜉

. (46)

Mean return error is calculated as

(

𝜉

∑

𝑗=1






𝑟
𝑠

𝑖,𝑗
− 𝑟
ℎ

𝑗







𝑟
ℎ

𝑗

)

1

𝜉

. (47)

For testing purposes, we conducted three experiments.
In the first experiment, we compared mFA with the original
FA for CCMV problem with entropy constraint. Second
experiment refers to comparative analysis between mFA
for CCMV problem with and without entropy constraint.
Finally, in the third experiment, we perform comparative
analysis between our modified mFA and other state-of-the-
art metaheuristics. We compared our proposed algorithm to
Cura’s PSO [1] and also to GA, TS, and SA, indirectly from
[23].

We first wanted to analyze how our mFA compares to
the original FA when optimizing CCMV portfolio model
with entropy constraint. Thus, we also implemented orig-
inal FA for this purpose. We compared mean Euclidean
distance, variance of return error, and mean return error.
These performance indicators were described above. We also
calculated computational time for both algorithms.This time
is comparable since the same computer platformwas used for
testing both original FA and mFA.This comparison is shown
in Table 3. For better distinction between indicator values, we
marked better results in bold.

As can be seen fromTable 3,mFAobtains better results for
almost all benchmarks. Only for variance of return error and
mean return error indicators for𝐹𝑇𝑆𝐸100 index test, original
FA managed to achieve better values. For this benchmark,
exploration in early iterations is unnecessary because the
algorithm quickly converges to the right part of the search
space, and the firefly agents are being wasted on exploration.

All three indicators, mean Euclidean distance, variance
of return error, and mean return error, are significantly
better for mFA tests for 𝐻𝑎𝑛𝑔𝑆𝑒𝑛𝑔, DAX100, S&P100, and
𝑁𝑖𝑘𝑘𝑒𝑖 indexes. SincemFAutilizes exploration at early cycles,
computation time for all tests is worse (higher) than for the
original FA implementation.

In the second experiment, we compared our mFA for
CCMVproblemwith andwithout entropy constraint to show
how the entropy constraint influences the results. CCMV
formulation without entropy constraint is defined in (21)–
(24).

According to the results presented in Table 4, it is clear
that the entropy constraint slightly effects the portfolio’s
performance. In the CCMV optimization with entropy con-
straint, for 𝐻𝑎𝑛𝑔𝑆𝑒𝑛𝑔 and S&P tests, mean Euclidean dis-
tance is slightly better, so the portfolio is better diversified. For
other three tests, the results obtained for this indicator are the
same. Also, for 𝐻𝑎𝑛𝑔𝑆𝑒𝑛𝑔, DAX100, 𝐹𝑇𝑆𝐸100, and S&P100
indexes, optimization of the model with entropy gains better
variance of return error and mean return error values. Only
for𝑁𝑖𝑘𝑘𝑒𝑖 tests, those indicators have better value for CCMV
model optimization without entropy constraint. Since the
algorithm takes extra time to calculate the entropy constraint,
execution time for CCMV with entropy is higher for all tests
except 𝐻𝑎𝑛𝑔𝑆𝑒𝑛𝑔 because this benchmark incorporates less
securities than the other benchmarks.

The implementation of metaheuristics for CCMV port-
folio model with entropy constrained could not be found in
the literature. Thus, in the third experiment, we compared
our mFA approach with metaheuristics for CCMV portfolio
formulation which did not employ entropy. This model is
defined by (21)–(24). We note that this test is not objective
indicator of mFA’s effectiveness compared to the other algo-
rithms.

We compared mFA with tabu search (TS), genetic algo-
rithm (GA), simulated annealing (SA), from [23], and PSO
from [1] for the same set of benchmark data. As in the
first two experiments, for performance indicators, we used
mean Euclidean distance, variance of return error, and mean
return error. Parameter settings for our mFA are given in
Tables 1 and 2 and are comparable to parameters for other
four compared algorithms that can be found in [1, 23]. We
also give computational time for mFA, but those results are
incomparable with results for other metaheuristics because
we used different computer platform and portfolio model. In
experiments in [1], PentiumM 2.13GHz computer with 1 GB
RAM was used. In the results table, best obtained results of
all five heuristics are printed bold.

Other metaheuristic implementations for CCMV port-
folio problem, such as modified ABC [29] and hybrid ABC
(HABC) [41] that have similar performance, can be found in
the literature.

If we consider that the optimization of CCMV with
entropy constraint obtains only slightly better results than
optimization of CCMVmodel without entropy in Table 4, the
experimental results in Table 5 could be used for comparison
of the performance ofmFAwith othermetaheuristics in some
sense.

The experimental results presented in Table 5 prove that
none of the four algorithms which we used for comparisons
has distinct advantages but that on average, mFA is better
approach than other four metaheuristics.

mFA obtains better (smaller) mean Euclidean distance
for all five benchmark sets. In 𝐻𝑎𝑛𝑔𝑆𝑒𝑛𝑔 and 𝐹𝑇𝑆𝐸100

benchmarks, mFA is better than all four algorithms for all
three indicators, mean Euclidean distance, variance of return
error, and mean return error. For those benchmarks, mFA
was able to approximate the standard efficient frontier with
the smallest mean return and variance of return error, and
under the same risk values.
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Table 3: Experimental results of FA and mFA for CCMVmodel.

Index 𝑁 Performance indicators FA mFA

Hang Seng 31

Mean Euclidean distance 0.0006 0.0003
Variance of return error (%) 1.7092 1.2387

Mean return error (%) 0.7172 0.4715
Execution time 18 20

DAX 100 85

Mean Euclidean distance 0.0032 0.0009
Variance of return error (%) 7.3892 7.2569

Mean return error (%) 1.4052 1.3786
Execution time 67 71

FTSE 100 89

Mean Euclidean distance 0.0005 0.0004
Variance of return error (%) 2.6391 2.7085

Mean return error (%) 0.3025 0.3121
Execution time 81 94

S&P 100 98

Mean Euclidean distance 0.0011 0.0003
Variance of return error (%) 3.9829 3.6026

Mean return error (%) 1.0025 0.8993
Execution time 129 148

Nikkei 225

Mean Euclidean distance 0.0001 0.0000
Variance of return error (%) 1.7834 1.2015

Mean return error (%) 0.7283 0.4892
Execution time 335 367

Table 4: Experimental results of mFA for CCMVmodel with and without entropy constraint.

Index 𝑁 Performance indicators mFA for CCMV mFA for CCMV with entropy

Hang Seng 31

Mean Euclidean distance 0.0004 0.0003
Variance of return error (%) 1.2452 1.2387

Mean return error (%) 0.4897 0.4715
Execution time 20 20

DAX 100 85

Mean Euclidean distance 0.0009 0.0009
Variance of return error (%) 7.2708 7.2569

Mean return error (%) 1.3801 1.3786
Execution time 70 71

FTSE 100 89

Mean Euclidean distance 0.0004 0.0004
Variance of return error (%) 2.7236 2.7085

Mean return error (%) 0.3126 0.3121
Execution time 92 94

S&P 100 98

Mean Euclidean distance 0.0004 0.0003
Variance of return error (%) 3.6135 3.6026

Mean return error (%) 0.8997 0.8993
Execution time 146 148

Nikkei 225

Mean Euclidean distance 0.0000 0.0000
Variance of return error (%) 1.1927 1.2015

Mean return error (%) 0.464 0.4892
Execution time 360 367

Second best algorithm shown in Table 5 is GA which
obtains best mean return error and variance of return error
in DAX100 and S&P100 tests, respectively. TS shows best
performance for mean return error indicator in S&P100
benchmark, SA for mean return error in 𝑁𝑖𝑘𝑘𝑒𝑖 test, while

PSO proves to be most robust for variance of return error in
DAX100 index.

From the presented analysis it can be concluded that our
approach obtained results for CCMV portfolio optimization
problem that can be more valuable for the investors: mFA’s
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Table 5: Experimental results for five metaheuristics.

Index 𝑁 Performance indicators GA TS SA PSO mFA

Hang Seng 31

Mean Euclidean distance 0.0040 0.0040 0.0040 0.0049 0.0003
Variance of return error (%) 1.6441 1.6578 1.6628 2.2421 1.2387

Mean return error (%) 0.6072 0.6107 0.6238 0.7427 0.4715
Execution time 18 9 10 34 20

DAX 100 85

Mean Euclidean distance 0.0076 0.0082 0.0078 0.0090 0.0009
Variance of return error (%) 7.2180 9.0309 8.5485 6.8588 7.2569

Mean return error (%) 1.2791 1.9078 1.2817 1.5885 1.3786
Execution time 99 42 52 179 71

FTSE 100 89

Mean Euclidean distance 0.0020 0.0021 0.0021 0.0022 0.0004
Variance of return error (%) 2.8660 4.0123 3.8205 3.0596 2.7085

Mean return error (%) 0.3277 0.3298 0.3304 0.3640 0.3121
Execution time 106 42 55 190 94

S&P 100 98

Mean Euclidean distance 0.0041 0.0041 0.0041 0.0052 0.0003
Variance of return error (%) 3.4802 5.7139 5.4247 3.9136 3.6026

Mean return error (%) 1.2258 0.7125 0.8416 1.4040 0.8993
Execution time 126 51 66 214 148

Nikkei 225

Mean Euclidean distance 0.0093 0.0010 0.0010 0.0019 0.0000
Variance of return error (%) 1.2056 1.2431 1.2017 2.4274 1.2015

Mean return error (%) 5.3266 0.4207 0.4126 0.7997 0.4892
Execution time 742 234 286 919 367

results are more accurate and the generated investment
strategy is able to more efficiently diversify the risk of the
portfolio.

6. Conclusions

In this paper we presented modified firefly algorithm (mFA)
for cardinality constrained mean-variance portfolio opti-
mization problem with entropy constraint. We adopted from
the ABC algorithm 𝑙𝑖𝑚𝑖𝑡 parameter that controls and directs
the exploration process. Original firefly algorithm suffers
from low exploration power at early iterations of algo-
rithm’s execution for this type of problems. By introducing
exploration into this phase of execution, we overcome this
deficiency. However, during late cycles when the right part
of the search space was reached, the exploration is no longer
needed. To control whether the exploration will be triggered
or not, we introduced exploration breakpoint 𝐸𝐵𝑃 control
parameter.

Since swarm intelligence implementations for the CCMV
portfolio model with entropy constraint could not be found
in the literature, we conducted three experiments. In the
first experiment, to measure the enhancement gained by our
modifications, we compared our proposed mFA with the
original FA for CCMV model. Test results show that our
modifications completely rectified original FA deficiencies.
To show how the entropy constraint affects the CCMV port-
folio model, in the second experiment we compared results
of the mFA for CCMV models with and without entropy
constraints. Test results proved that inclusion of the entropy
constraint is justified since it ensures portfolio diversification
and, consequently, quality of results enhancement. Finally,

to test the performance and robustness of our algorithm,
we compared it with four other state-of-the-art algorithms
from [1] (and indirectly [23]). Our proposed algorithm
proved almost uniformly better compared to genetic algo-
rithm, tabu search, simulated annealing, and particle swarm
optimization. This all establishes modified firefly algorithm
as a usable tool for cardinality constrained mean-variance
portfolio optimization problem with entropy constraint.

Future research may include application of the proposed
mFA to other portfolio optimization models and formula-
tions with different constraints. Also, additional modifica-
tions of the FA algorithm can be investigated for possible
further improvement of results.
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The problem of data fitting is very important in many theoretical and applied fields. In this paper, we consider the problem of
optimizing a weighted Bayesian energy functional for data fitting by using global-support approximating curves. By global-support
curves we mean curves expressed as a linear combination of basis functions whose support is the whole domain of the problem,
as opposed to other common approaches in CAD/CAM and computer graphics driven by piecewise functions (such as B-splines
and NURBS) that provide local control of the shape of the curve. Our method applies a powerful nature-inspired metaheuristic
algorithm called cuckoo search, introduced recently to solve optimization problems. A major advantage of this method is its
simplicity: cuckoo search requires only two parameters, many fewer than other metaheuristic approaches, so the parameter tuning
becomes a very simple task. The paper shows that this new approach can be successfully used to solve our optimization problem.
To check the performance of our approach, it has been applied to five illustrative examples of different types, including open and
closed 2D and 3D curves that exhibit challenging features, such as cusps and self-intersections. Our results show that the method
performs pretty well, being able to solve our minimization problem in an astonishingly straightforward way.

1. Introduction

The problem of data fitting is very important in many
theoretical and applied fields [1–4]. For instance, in computer
design and manufacturing (CAD/CAM), data points are
usually obtained from real measurements of an existing
geometric entity, as it typically happens in the construction
of car bodies, ship hulls, airplane fuselage, and other free-
form objects [5–15]. This problem also appears in the shoes
industry, archeology (reconstruction of archeological assets),
medicine (computed tomography), computer graphics and
animation, and many other fields. In all these cases, the
primary goal is to convert the real data from a physical object
into a fully usable digital model, a process commonly called
reverse engineering. This allows significant savings in terms
of storage capacity and processing and manufacturing time.
Furthermore, the digital models are easier and cheaper to

modify than their real counterparts and are usually available
anytime and anywhere.

Depending on the nature of these data points, two
different approaches can be employed: interpolation and
approximation. In the former, a parametric curve or surface
is constrained to pass through all input data points. This
approach is typically employed for sets of data points that
come from smooth shapes and that are sufficiently accurate.
On the contrary, approximation does not require the fitting
curve or surface to pass through all input data points, but
just close to them, according to some prescribed distance
criteria.The approximation scheme is particularly well suited
for the cases of highly irregular sampling and when data
points are not exact, but subjected to measurement errors.
In real-world problems the data points are usually acquired
through laser scanning and other digitizing devices and are,
therefore, subjected to some measurement noise, irregular
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sampling, and other artifacts [12, 13]. Consequently, a good
fitting of data should be generally based on approximation
schemes rather than on interpolation [16–20].

There are two key components for a good approximation
of data points with curves: a proper choice of the approx-
imating function and a suitable parameter tuning. Due to
their good mathematical properties regarding evaluation,
continuity, and differentiability (among many others), the
use of polynomial functions (especially splines) is a classical
choice for the approximation function [16, 17, 23–27]. In
general, the approximating curves can be classified as global-
support and local-support. By global-support curves we
mean curves expressed as a linear combination of basis
functions whose support is the whole domain of the problem.
As a consequence, these curves exhibit a global control, in
the sense that any modification of the shape of the curve
in a particular location is propagated throughout the whole
curve.This is in clear contrast to the local-support approaches
that have become prevalent in CAD/CAM and computer
graphics, usually driven by piecewise functions (such as B-
splines andNURBS) that provide local control of the shape of
the curve [23, 28]. In this work we are particularly interested
to explore the performance of the global-support approach
by using different global-support basis functions for our
approximating curves.

1.1. Main Contributions and Structure of the Paper. In this
paper, we consider the problem of optimizing a weighted
Bayesian energy functional for data fitting by using global-
support approximating curves. In particular, our goal is
to obtain the global-support approximating curve that fits
the data points better while keeping the number of free
parameters of the model as low as possible. To this aim, we
formulate this problem as a minimization problem by using
a weighted Bayesian energy functional for global-support
curves. This is one of the major contributions of this paper.
Our functional is comprised of two competing terms aimed
at minimizing the fitting error between the original and the
reconstructed data points while simultaneously minimizing
the degrees of freedom of the problem. Furthermore, the
functional can be modified and extended to include various
additional constraints, such as the fairness and smoothness
constraints typically required in many industrial operations
in computer-aided manufacturing, such as CNC (computer
numerically controlled) milling, drilling, and machining [4,
5, 12].

Unfortunately, our formulation in previous paragraph
leads to a nonlinear continuous optimization problem that
cannot be properly addressed by conventional mathematical
optimization techniques. To overcome this limitation, in this
paper we apply a powerful nature-inspired metaheuristic
algorithm called cuckoo search, introduced in 2009 by Yang
and Deb to solve optimization problems [21]. The algorithm
is inspired by the obligate interspecific brood parasitism
of some cuckoo species that lay their eggs in the nests of
host birds of other species. Since its inception, the cuckoo
search (specially its variant that uses Lévy flights) has been
successfully applied in several papers reported recently in

the literature to difficult optimization problems from differ-
ent domains. However, to the best of our knowledge, the
method has never been used so far in the context of geometric
modeling and data fitting. This is also one of the major
contributions of this paper.

A critical problem when using metaheuristic approaches
concerns the parameter tuning, which is well known to
be time-consuming and problem-dependent. In this regard,
a major advantage of the cuckoo search with Lévy flights
is its simplicity: it only requires two parameters, many
fewer than other metaheuristic approaches, so the parameter
tuning becomes a very simple task. The paper shows that
this new approach can be successfully applied to solve our
optimization problem. To check the performance of our
approach, it has been applied to five illustrative examples
of different types, including open and closed 2D and 3D
curves that exhibit challenging features, such as cusps and
self-intersections.Our results show that themethod performs
pretty well, being able to solve our minimization problem in
an astonishingly straightforward way.

The structure of this paper is as follows: in Section 2
some previous work in the field is briefly reported. Then,
Section 3 introduces the basic concepts and definitions along
with the description of the problem to be solved. The fun-
damentals and main features of the cuckoo search algorithm
are discussed in Section 4. The proposed method for the
optimization of our weighted Bayesian energy functional
for data fitting with global-support curves is explained in
Section 5. Some other issues such as the parameter tuning
and some implementation details are also reported in that
section. As the reader will see, themethod requires aminimal
number of control parameters. As a consequence, it is very
simple to understand, easy to implement and can be applied
to a broad variety of global-support basis functions. To check
the performance of our approach, it has been applied to five
illustrative examples for the cases of open and closed 2D and
3D curves exhibiting challenging features, such as cusps and
self-intersections, as described in Section 6. The paper closes
with the main conclusions of this contribution and our plans
for future work in the field.

2. Previous Works

The problem of curve data fitting has been the subject
of research for many years. First approaches in the field
were mostly based on numerical procedures [1, 29, 30].
More recent approaches in this line use error bounds [31],
curvature-based squared distance minimization [26], or
dominant points [18]. A very interesting approach to this
problem consists in exploiting minimization of the energy
of the curve [32–36]. This leads to different functionals
expressing the conditions of the problem, such as fair-
ness, smoothness, and mixed conditions [37–40]. Generally,
research in this area is based on the use of nonlinear optimiza-
tion techniques that minimize an energy functional (often
based on the variation of curvature and other high-order
geometric constraints). Then, the problem is formulated
as a multivariate nonlinear optimization problem in which
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the desired formwill be the one that satisfies various geomet-
ric constraints while minimizing (or maximizing) a measure
of form quality. A variation of this formulation consists
in optimizing an energy functional while simultaneously
minimizing the number of free parameters of the problem
and satisfying some additional constraints on the underlying
model function. This is the approach we follow in this paper.

Unfortunately, the optimization problems given by those
energy functionals and their constraints are very difficult
and cannot be generally solved by conventionalmathematical
optimization techniques.On the other hand, some interesting
research carried out during the last two decades has shown
that the application of artificial intelligence techniques can
achieve remarkable results regarding such optimization prob-
lems [6, 8, 10, 11, 14]. Most of these methods rely on some
kind of neural networks, such as standard neural networks [8]
andKohonen’s SOM(self-organizingmaps) nets [10]. In some
other cases, the neural network approach is combined with
partial differential equations [41] or other approaches [42].
The generalization of these methods to functional networks
is also analyzed in [6, 11, 14]. Other approaches are based on
the application of nature-inspired metaheuristic techniques,
which have been intensively applied to solve difficult opti-
mization problems that cannot be tackled through traditional
optimization algorithms. Examples include artificial immune
systems [43], bacterial foraging [44], honey bee algorithm
[45], artificial bee colony [46], firefly algorithm [47, 48], and
bat algorithm [49, 50]. A previous paper in [51] describes
the application of genetic algorithms and functional networks
yielding pretty good results. Genetic algorithms have also
been applied to this problem in both the discrete version
[52, 53] and the continuous version [7, 54]. Other meta-
heuristic approaches applied to this problem include the
use of the popular particle swarm optimization technique
[9, 24], artificial immune systems [55, 56], firefly algorithm
[57, 58], estimation of distribution algorithms [59], memetic
algorithms [60], and hybrid techniques [61].

3. Mathematical Preliminaries

In this paper we assume that the solution to our fitting
problem is given by a model function Φ(𝜉) defined on a
finite interval domain []

1
, ]
2
]. Note that in this paper vectors

are denoted in bold. We also assume that Φ(𝜉) can be
mathematically represented as a linear combination of the so-
called blending functions:

Φ (𝜉) =

𝛿

∑

𝛼=1

Θ
𝛼
𝜓
𝛼
(𝜉) , 𝜉 ∈ []

1
, ]
2
] . (1)

In this work, the family of blending functions {𝜓
𝛼
(𝜉)}
𝛼
in (1)

is assumed to be linearly independent and to form a basis of
the vector space of functions of degree ≤𝛿 − 1 on []

1
, ]
2
].

In this paper we consider the case in which all functions
{𝜓
𝛼
(𝜉)}
𝛼
have their support on the whole domain []

1
, ]
2
].

Without loss of generality, we can also assume that []
1
, ]
2
]

is the unit interval [0, 1]. In practical terms, this means that
the blending functions provide a global control of the shape of
the approximating curve (these functions are usually referred

to as global-support functions), as opposed to the alternative
case of local control given by the piecewise representation
that is characteristic of popular curves such as B-splines and
NURBS. Typical examples of global-support basis functions
are

(1) the canonical polynomial basis: 𝜓
𝛼
(𝜉) = 𝜉

𝛼−1;

(2) the Bernstein basis: 𝜓
𝛼
(𝜉) = (

𝛿−1

𝛼−1
) 𝜉
𝛼−1

(1 − 𝜉)
𝛿−𝛼.

Other examples include the Hermite polynomial basis, the
trigonometric basis, the hyperbolic basis, the radial basis, and
the polyharmonic basis.

Let us suppose now that we are given a finite set of data
points {Δ

𝛽
}
𝛽=1,...,𝜁

in a𝐷-dimensional space (usually𝐷 = 2 or
𝐷 = 3). Our goal is to obtain a global-support approximating
curve that best fits these data points while keeping the
number of degrees of freedom as low as possible. This leads
to a difficult minimization problem involving two different
(and competing) factors: the fitting error at the data points
and the number of free parameters of the model function. In
this paper, we consider the RMSE (root mean square error)
as the fitting error criterion. The number of free parameters
is computed by following a Bayesian approach (see [62] for
further details). This is a very effective procedure to penalize
fitting models with too many parameters, thus preventing
data overfitting [63]. Therefore, our optimization problem
consists in minimizing the following weighted Bayesian
energy functional:

L =

𝜁

2

log(
𝜁

∑

𝛽=1

Ω
𝛽
[Δ
𝛽
−

𝛿

∑

𝛼=1

Θ
𝛼
𝜓
𝛼
(𝜌
𝛽
)]

2

)

+

𝜁 ⋅ 𝛾

2

(

2𝛿 − 1

2

) log (𝜁) ,

(2)

where we need a parameter value 𝜌
𝛽
to be associated with

each data point Δ
𝛽
. Equation (2) is comprised of two terms:

the first one computes the fitting error to the data points,
while the second one plays the role of a penalty term in order
to reduce the degrees of freedom of the model. The penalty
term also includes a real positive multiplicative factor 𝛾 used
to modulate how much this term will affect the whole energy
functional.

This functional L can be modified or expanded to
include any additional constrain in our model. For instance,
it is very common in many engineering domains such
as computer-aided ship-hull design, car-body styling, and
turbine-blade design to request conditions such as fairness
or smoothness. In our approach, these conditions can readily
be imposed by adding different energy functionals adapted
to the particular needs. Suppose that instead of reducing
the degrees of freedom of our problem, the smoothness
of the fitting curve is required. This condition is simply
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incorporated to our model by replacing the penalty term in
(2) by the strain energy functional as follows:

L =

𝜁

2

log(
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Considering the vectors Ξ
𝛼

= (𝜓
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(𝜌
1
), . . . , 𝜓

𝛼
(𝜌
𝜁
))
𝑇,

with 𝛼 = 1, . . . , 𝛿, where (⋅)
𝑇 means transposition, Ξ =
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1
, . . . ,Ξ
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), Δ = (Δ
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), Ω = (Ω
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, . . . ,Ω
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), and Θ =

(Θ
1
, . . . ,Θ

𝛿
)
𝑇, (2) can be written in matricial form as

L = Ω ⋅ Δ
𝑇

⋅ Δ −Ω ⋅Θ
𝑇

⋅ Ξ
𝑇

⋅ Δ −Ω ⋅ Δ
𝑇

⋅ Ξ ⋅Θ

+Ω ⋅Θ
𝑇

⋅ Ξ
𝑇

⋅ Ξ ⋅Θ.

(4)

Minimization of L requires differentiating (4) with respect
toΘ and equating to zero to satisfy the first-order conditions,
leading to the following system of equations (called the
normal equations):

Ξ
𝑇

⋅ Ξ ⋅Θ = Ξ
𝑇

⋅ Δ. (5)

In general, the blending functions {𝜓
𝛼
(𝜉)}
𝛼
are nonlinear

in 𝜉, leading to a strongly nonlinear optimization problem,
with a high number of unknowns for large sets of data points,
a case that happens very often in practice. Our strategy
for solving the problem consists in applying the cuckoo
searchmethod to determine suitable parameter values for the
minimization of functional L according to (2). The process
is performed iteratively for a given number of iterations. Such
a number is another parameter of the method that has to be
calculated in order to run the algorithmuntil the convergence
of the minimization of the error is achieved.

4. The Cuckoo Search Algorithm

Cuckoo search (CS) is a nature-inspired population-based
metaheuristic algorithm originally proposed by Yang and
Deb in 2009 to solve optimization problems [21]. The
algorithm is inspired by the obligate interspecific brood
parasitism of some cuckoo species that lay their eggs in the
nests of host birds of other species with the aim of escaping
from the parental investment in raising their offspring. This
strategy is also useful to minimize the risk of egg loss to other
species, as the cuckoos can distribute their eggs amongst a
number of different nests. Of course, sometimes it happens
that the host birds discover the alien eggs in their nests.
In such cases, the host bird can take different responsive
actions varying from throwing such eggs away to simply
leaving the nest and build a new one elsewhere. However,
the brood parasites have at their turn developed sophisticated
strategies (such as shorter egg incubation periods, rapid
nestling growth, and egg coloration or pattern mimicking
their hosts) to ensure that the host birds will care for the
nestlings of their parasites.

This interesting and surprising breeding behavioral pat-
tern is the metaphor of the cuckoo search metaheuristic
approach for solving optimization problems. In the cuckoo
search algorithm, the eggs in the nest are interpreted as a pool
of candidate solutions of an optimization problem, while the
cuckoo egg represents a new coming solution. The ultimate
goal of themethod is to use these new (and potentially better)
solutions associated with the parasitic cuckoo eggs to replace
the current solution associated with the eggs in the nest. This
replacement, carried out iteratively, will eventually lead to a
very good solution of the problem.

In addition to this representation scheme, the CS algo-
rithm is also based on three idealized rules [21, 22].

(1) Each cuckoo lays one egg at a time and dumps it in a
randomly chosen nest.

(2) The best nests with high quality of eggs (solutions)
will be carried over to the next generations.

(3) The number of available host nests is fixed, and a host
can discover an alien egg with a probability 𝑝

𝑎
∈

[0, 1]. In this case, the host bird can either throw
the egg away or abandon the nest so as to build a
completely new nest in a new location.

For simplicity, the third assumption can be approximated
by a fraction 𝑝

𝑎
of the 𝑛 nests being replaced by new

nests (with new random solutions at new locations). For a
maximization problem, the quality or fitness of a solution can
simply be proportional to the objective function. However,
other (more sophisticated) expressions for the fitness func-
tion can also be defined.

Based on these three rules, the basic steps of the CS
algorithm can be summarized as shown in the pseudocode
reported in Algorithm 1. Basically, the CS algorithm starts
with an initial population of 𝑛 host nests and it is performed
iteratively. In the original proposal, the initial values of the 𝑗th
component of the 𝑖th nest are determined by the expression
𝑥
𝑗

𝑖
(0) = rand ⋅ (up𝑗

𝑖
− low𝑗

𝑖
) + low𝑗

𝑖
, where up𝑗

𝑖
and low𝑗

𝑖

represent the upper and lower bounds of that 𝑗th component,
respectively, and rand represents a standard uniform random
number on the open interval (0, 1). Note that this choice
ensures that the initial values of the variables are within the
search space domain. These boundary conditions are also
controlled in each iteration step.

For each iteration 𝑔, a cuckoo egg 𝑖 is selected randomly
and new solutions x

𝑖
(𝑔 + 1) are generated by using the

Lévy flight, a kind of random walk in which the steps are
defined in terms of the step lengths, which have a certain
probability distribution, with the directions of the steps being
isotropic and random. According to the original creators of
themethod, the strategy of using Lévy flights is preferred over
other simple random walks because it leads to better overall
performance of the CS. The general equation for the Lévy
flight is given by

x
𝑖
(𝑔 + 1) = x

𝑖
(𝑔) + 𝛼 ⊕ levy (𝜆) , (6)

where 𝑔 indicates the number of the current generation and
𝛼 > 0 indicates the step size, which should be related to



The Scientific World Journal 5

begin
Objective function 𝑓(x), x = (𝑥

1
, . . . , 𝑥

𝐷
)
𝑇

Generate initial population of 𝑛 host nests x
𝑖
(𝑖 = 1, 2, . . . , 𝑛)

While (𝑡 < MaxGeneration) or (stop criterion)
Get a cuckoo (say, 𝑖) randomly by Lévy flights
Evaluate its fitness 𝐹

𝑖

Choose a nest among 𝑛 (say, 𝑗) randomly
if (𝐹
𝑖
> 𝐹
𝑗
)

Replace 𝑗 by the new solution
end
A fraction (𝑝

𝑎
) of worse nests are abandoned and new ones are built via Lévy flights

Keep the best solutions (or nests with quality solutions)
Rank the solutions and find the current best

end while
Postprocess results and visualization

end

Algorithm 1: Cuckoo search algorithm via Lévy flights as originally proposed by Yang and Deb in [21, 22].

the scale of the particular problem under study. The symbol
⊕ is used in (6) to indicate the entrywise multiplication. Note
that (6) is essentially a Markov chain, since next location
at generation 𝑔 + 1 only depends on the current location
at generation 𝑔 and a transition probability, given by the
first and second terms of (6), respectively. This transition
probability is modulated by the Lévy distribution as

levy (𝜆) ∼ 𝑔
−𝜆

, (1 < 𝜆 ≤ 3) , (7)

which has an infinite variance with an infinite mean. Here
the steps essentially form a random walk process with a
power-law step-length distribution with a heavy tail. From
the computational standpoint, the generation of random
numbers with Lévy flights is comprised of two steps: firstly, a
random direction according to a uniform distribution is cho-
sen; then, the generation of steps following the chosen Lévy
distribution is carried out. The authors suggested using the
so-called Mantegna’s algorithm for symmetric distributions,
where “symmetric” means that both positive and negative
steps are considered (see [64] for details). Their approach
computes the factor

̂
𝜙 = (

Γ (1 +
̂
𝛽) ⋅ sin ((𝜋 ⋅ ̂𝛽) /2)

Γ (((1 +
̂
𝛽) /2) ⋅

̂
𝛽 ⋅ 2
(
̂
𝛽−1)/2

)

)

1/
̂
𝛽

, (8)

where Γ denotes the Gamma function and ̂
𝛽 = 3/2 in the

original implementation by Yang and Deb [22]. This factor is
used in Mantegna’s algorithm to compute the step length 𝑠 as

𝜍 =

𝑢

|V|1/
̂
𝛽

, (9)

where 𝑢 and V follow the normal distribution of zero mean
and deviation 𝜎

2

𝑢
and 𝜎

2

V , respectively, where 𝜎𝑢 obeys the
Lévy distribution given by (8) and 𝜎V = 1. Then, the stepsize
𝜂 is computed as

𝜂 = 0.01𝜍 (x − xbest) , (10)

where 𝜍 is computed according to (9). Finally, x is modified
as x ← x+𝜂 ⋅Υ, whereΥ is a random vector of the dimension
of the solution x and that follows the normal distribution
𝑁(0, 1).

The CS method then evaluates the fitness of the new
solution and compares it with the current one. In case the new
solution brings better fitness, it replaces the current one. On
the other hand, a fraction of the worse nests (according to the
fitness) are abandoned and replaced by new solutions so as to
increase the exploration of the search space looking for more
promising solutions. The rate of replacement is given by the
probability 𝑝

𝑎
, a parameter of the model that has to be tuned

for better performance. Moreover, for each iteration step, all
current solutions are ranked according to their fitness and the
best solution reached so far is stored as the vector xbest (used,
e.g., in (10)).

This algorithm is applied in an iterative fashion until a
stopping criterion is met. Common terminating criteria are
that a solution is found that satisfies a lower threshold value,
that a fixed number of generations have been reached, or that
successive iterations no longer produce better results.

5. The Method

We have applied the cuckoo search algorithm discussed in
previous section to our optimization problem described in
Section 3. The problem consists in minimizing the weighted
Bayesian energy functional given by (2) for a given family
of global-support blending functions. To this aim, we firstly
need a suitable representation of the variables of the problem.
We consider an initial population of 𝑛 nests, representing the
potential solutions of the problem. Each solution consists of
a real-valued vector of dimension 𝐷 ⋅ 𝛿 + 3𝜁 + 2 containing
the parameters 𝜌

𝛽
, vector coefficients Θ

𝛼
, and weights Ω

𝛽
, 𝛿,

and 𝛾. The structure of this vector is also highly constrained.
On one hand, the set of parameters {𝜌

𝛽
}
𝛽
is constrained to

lie within the unit interval [0, 1]. In computational terms,
this means that different controls are to be set up in order
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to check for this condition to hold. On the other hand, the
ordered structure of data points means that those parameters
must also be sorted. Finally, weights are assumed to be strictly
positive real numbers.

Regarding the fitness function, it is given by either
the weighted Bayesian energy functional in (2) or by the
weighted strain energy functional in (3), where the former
penalizes any unnecessarily large number of free parameters
for the model, while the latter imposes additional constraints
regarding the smoothness of the fitting curve. Note also that
the strength of the functionals can be modulated by the
parameter 𝛾 to satisfy additional constraints.

5.1. Parameter Tuning. A critical issue when working with
metaheuristic approaches concerns the choice of suitable
parameter values for the method. This issue is of paramount
importance since the proper choice of such values will
largely determine the good performance of the method.
Unfortunately, it is also a very difficult task. On one hand,
the field still lacks sufficient theoretical results to answer
this question on a general basis. On the other hand, the
choice of parameter values is strongly problem-dependent,
meaning that good parameter values for a particular problem
might be completely useless (even counterproductive) for
any other problem. These facts explain why the choice
of adequate parameter values is so troublesome and very
often a bottleneck in the development and application of
metaheuristic techniques.

The previous limitations have been traditionally over-
come by following different strategies. Perhaps the most
common one is to obtain good parameter values empirically.
In this approach, several runs or executions of the method
are carried out for different parameter values and a statistical
analysis is performed to derive the values leading to the
best performance. However, this approach is very time-
consuming, especially when different parameters influence
each other. This problem is aggravated when the meta-
heuristic depends on many different parameters, leading to
an exponential growth in the number of executions. The
cuckoo search method is particularly adequate in this regard
because of its simplicity. In contrast to other methods that
typically require a large number of parameters, the CS only
requires two parameters, namely, the population size 𝑛 and
the probability 𝑝

𝑎
. This makes the parameter tuning much

easier for CS than for other metaheuristic approaches.
Some previous works have addressed the issue of param-

eter tuning for CS. They showed that the method is
relatively robust to the variation of parameters. For instance,
authors in [21] tried different values for 𝑛 = 5, 10, 15, 20, 50,

100, 150, 250, and 500 and 𝑝
𝑎
= 0, 0.01, 0.05, 0.1, 0.15, 0.2,

0.25, 0.4, and 0.5. They obtained that the convergence rate
of the method is not very sensitive to the parameters used,
implying that no fine adjustment is needed for the method
to perform well. Our experimental results are in good
agreement with these empirical observations. We performed
several trials for the parameter values indicated above and
found that our results do not differ significantly in any case.
We noticed, however, that some parameter values are more

adequate in terms of the number of iterations required to
reach convergence. In this paper, we set the parameters 𝑛 and
𝑝
𝑎
to 100 and 0.25, respectively.

5.2. Implementation Issues. Regarding the implementation,
all computations in this paper have been performed on a
2.6GHz Intel Core i7 processor with 8GB RAM. The source
code has been implemented by the authors in the native
programming language of the popular scientific program
MATLAB, version 2012a. We remark that an implementation
of the CS method has been described in [21]. Similarly,
a vectorized implementation of CS in MATLAB is freely
available in [65]. Our implementation is strongly based
(although not exactly identical) on that efficient open-source
version of the CS.

6. Experimental Results

We have applied the CS method described in previous
sections to different examples of curve data fitting. To keep
the paper in manageable size, in this section we describe only
five of them, corresponding to different families of global-
support basis functions and also to open and closed 2D
and 3D curves. In order to replicate the conditions of real-
world applications, we assume that our data are irregularly
sampled and subjected to noise. Consequently, we consider a
nonuniform sampling of data in all our examples. Data points
are also perturbed by an additive Gaussian white noise of
small intensity given by a SNR (signal-to-noise ratio) of 60
in all reported examples.

First example corresponds to a set of 100noisy data points
obtained by nonuniform sampling from the Agnesi curve.
The curve is obtained by drawing a line 𝑂𝐵 from the origin
through the circle of radius 𝑟 and center (0, 𝑟) and then
picking the point with the 𝑦 coordinate of the intersection
with the circle and the 𝑥 coordinate of the intersection of
the extension of line 𝑂𝐵 with the line 𝑦 = 2𝑟. Then, they
are fitted by using the Bernstein basis functions. Our results
are depicted in Figure 1(a), where the original data points are
displayed as red emptied circles, whereas the reconstructed
points appear as blue plus symbols. Note the good matching
between the original and the reconstructed data points. In
fact, we got a fitness value of 1.98646 × 10

−3, indicating
that the reconstructed curve fits the noisy data points with
high accuracy. The average CPU time for this example is
3.01563 seconds. We also computed the absolute mean value
of the difference between the original and the reconstructed
data points for each coordinate and obtained good results:
(9.569738 × 10

−4

, 1.776091 × 10
−3

). This good performance
is also reflected in Figure 1(b), where the original data points
and the reconstructed Bézier fitting curve are displayed as
black plus symbols and a blue solid line, respectively.

Second example corresponds to the Archimedean spiral
curve (also known as the arithmetic spiral curve). This curve
is the locus of points corresponding to the locations over
time of a point moving away from a fixed point with a
constant speed along a line which rotates with constant
angular velocity. In this example, we consider a set of 100
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Figure 1: Application of the cuckoo search algorithm to the Agnesi curve: (a) original data points (red emptied circles) and reconstructed
points (in blue plus symbol); (b) data points (black plus symbol) and fitting curve (solid blue line).
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Figure 2: Application of the cuckoo search algorithm to the Archimedean spiral curve: (a) original data points (red emptied circles) and
reconstructed points (in blue plus symbol); (b) data points (black plus symbol) and fitting curve (solid blue line).

noisy data points from such a curve that are subsequently
fitted by using the canonical polynomial basis functions. Our
results for this example are depicted in Figure 2. We omit
the interpretation of this figure because it is similar to the
previous one. Once again, note the good matching between
the original and the reconstructed data points. In this case we
obtained a fitness value of 1.12398×10−2 for these data points,
while the absolute mean value of the difference between the
original and the reconstructed data points for each coordinate
is (1.137795 × 10−2, 6.429596 × 10−3). The average CPU time
for this example is 4.68752 seconds. We conclude that the CS
method is able to obtain a global-support curve that fits the
data points pretty well.

Third example corresponds to a hypocycloid curve. This
curve belongs to a set of a much larger family of curves
called the roulettes. Roughly speaking, a roulette is a curve
generated by tracing the path of a point attached to a curve

that is rolling upon another fixed curve without slippage. In
principle, they can be any two curves. The particular case
of a hypocycloid corresponds to a roulette traced by a point
attached to a circle of radius 𝑟 rolling around the inside of a
fixed circle of radius 𝑅, where it is assumed that 𝑅 = 𝑘 ⋅ 𝑟.
If 𝑘 = 𝑅/𝑟 is a rational number, then the curve eventually
closes on itself and has 𝑅 cusps (i.e., sharp corners, where
the curve is not differentiable). In this example, we consider a
set of 100 noisy data points from the hypocycloid curve with
5 cusps. They are subsequently fitted by using the Bernstein
basis functions. Figure 3 shows our results graphically. In this
case, the best fitness value is 2.00706×10−3, while the absolute
mean value of the difference between the original and the
reconstructed data points for each coordinate is (1.661867 ×
10
−3

, 1.521872×10
−3

).The averageCPU time for this example
is 9.82813 seconds. In this case, the complex geometry of
the curve, involving several cusps and self-intersections, leads
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Figure 3: Application of the cuckoo search algorithm to the hypocycloid curve example: (a) original data points (red emptied circles) and
reconstructed points (in blue plus symbol); (b) data points (black plus symbol) and fitting curve (solid blue line).

to this relatively large CPU time in comparison with the
previous (much simpler) examples. In fact, this example is
very illustrative about the ability of the method to perform
well even in case of nonsmooth self-intersecting curves.

Fourth example corresponds to the so-called piriform
curve, which can be defined procedurally in a rather complex
way. Once again, we consider a set of 100 noisy data points
fitted by using the Bernstein basis functions. Our results
are shown in Figure 4. The best fitness value in this case is
1.17915×10

−3, while the absolutemean value of the difference
between the original and the reconstructed data points for
each coordinate is (8.64616 × 10

−4

, 5.873391 × 10
−4

). The
average CPU time for this example is 3.276563 seconds. Note
that this curve has a cusp in the leftmost part; moreover, the
data points tend to concentrate around the cusp,meaning that
the data parameterization is far from uniform. However, the
method is still able to recover the shape of the curvewith great
detail.

The last example corresponds to a 3D closed curve called
Eight Knot curve. Two images of the curve from different
viewpoints are shown in Figure 5. The CS method is applied
to a set of 100 noisy data points for the Bernstein basis
functions. Our results are shown in Figure 6. The best fitness
value in this case is 3.193634 × 10

−2, while the absolute
mean value of the difference between the original and the
reconstructed data points for each coordinate is (2.7699870×
10
−2

, 2.863125 × 10
−2

, 1.3710703 × 10
−2

). The average CPU
time for this example is 8.75938 seconds.

7. Conclusions and Future Work

This paper addresses the problem of approximating a set of
data points by using global-support curves while simulta-
neously minimizing the degrees of freedom of the model
function and satisfying other additional constraints. This
problem is formulated in terms of a weighted Bayesian

energy functional that encapsulates all these constraints into
a single mathematical expression. In this way, the original
problem is converted into a continuous nonlinear multi-
variate optimization problem, which is solved by using a
metaheuristic approach. Our method is based on the cuckoo
search, a powerful nature-inspired metaheuristic algorithm
introduced recently to solve optimization problems. Cuckoo
search (especially its variant that uses Lévy flights) has been
successfully applied to difficult optimization problems in
different fields. However, to the best of our knowledge, this
is the first paper applying the cuckoo search methodology in
the context of geometric modeling and data fitting.

Our approach based on the cuckoo search method has
been tested on five illustrative examples of different types,
including open and closed 2D and 3D curves. Some examples
also exhibit challenging features, such as cusps and self-
intersections. They have been fitted by using two different
families of global-support functions (Bernstein basis func-
tions and the canonical polynomial basis) with satisfactory
results in all cases. The experimental results show that the
method performs pretty well, being able to solve our difficult
minimization problem in an astonishingly straightforward
way. We conclude that this new approach can be successfully
applied to solve our optimization problem.

Amajor advantage of thismethod is its simplicity: cuckoo
search requires only two parameters, many fewer than other
metaheuristic approaches, so the parameter tuning becomes
a very simple task.This simplicity is also reflected in the CPU
runtime of our examples. Even though we are dealing with a
constrained continuous multivariate nonlinear optimization
problem andwith curves exhibiting challenging features such
as cusps and self-intersections, a typical single execution
takes less than 10 seconds of CPU time for all the examples
reported in this paper. In addition, the method is simple
to understand, easy to implement and does not require any
further pre-/postprocessing.
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Figure 4: Application of the cuckoo search algorithm to the piriform curve example: (a) original data points (red emptied circles) and
reconstructed points (in blue plus symbol); (b) data points (black plus symbol) and fitting curve (solid blue line).
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Figure 5: Two different viewpoints of the 3D Eight Knot curve.
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Figure 6: Application of the cuckoo search algorithm to the 3D Eight Knot curve example: (a) original data points (red emptied circles) and
reconstructed points (in blue plus symbol); (b) data points (black plus symbol) and fitting curve (solid blue line).
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In spite of these encouraging results, further research
is still needed to determine the advantages and limitations
of the present method at full extent. On the other hand,
some modifications of the original cuckoo search have been
claimed to outperform the initial method on some bench-
marks. Our implementation has been designed according to
the specifications of the original method and we did not test
any of its subsequent modifications yet. We are currently
interested in exploring these issues as part of our future work.
The hybridization of this approach with other competitive
methods for better performance is also part of our future
work.
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Disease diagnosis is conducted with a machine learning method. We have proposed a novel machine learning method that
hybridizes support vector machine (SVM), particle swarm optimization (PSO), and cuckoo search (CS). The new method consists
of two stages: firstly, a CS based approach for parameter optimization of SVM is developed to find the better initial parameters
of kernel function, and then PSO is applied to continue SVM training and find the best parameters of SVM. Experimental results
indicate that the proposed CS-PSO-SVM model achieves better classification accuracy and F-measure than PSO-SVM and GA-
SVM.Therefore, we can conclude that our proposed method is very efficient compared to the previously reported algorithms.

1. Introduction

Accurate diagnosis and effective treatment of disease are
important issues in life science research and have a positive
meaning for human health. Recently, medical experts pay
more attention to early diagnosis of disease and propose
many new methods to deal with disease diagnosis problem.
Using machine learning methods to diagnose disease is
rapid development of a novel research branch of machine
learning. Researchers have applied artificial intelligence and
computer technology to develop some medical diagnostic
systems, which improve the efficiency of diagnosis and
become practical tools.

It is shown that support vector machine has good gener-
alization ability and has been widely used in many research
areas, such as signal classification [1], image processing
[2], and disease diagnosis [3–6]. Illán et al. [3] showed a
fully automatic computer-aided diagnosis (CAD) system for
improving the accuracy in the early diagnosis of the AD.The
proposed approach is based firstly on an automatic feature
selection and secondly on a combination of component-
based support vector machine (SVM) classification and
a pasting votes technique of assembling SVM classifiers.

Sartakhti et al. [4] proposed a novel machine learning
method that hybridized support vector machine (SVM) and
simulated annealing (SA) for hepatitis disease diagnosis.
The obtained classification accuracy of SVM-SA method
was 96.25% and it was very promising with regard to the
other classificationmethods in the literature for this problem.
The approach proposed by Ramı́rez et al. [5] was based
on image parameter selection and support vector machine
(SVM) classification. The proposed system yielded a 90.38%
accuracy in the early diagnosis of Alzheimer’s disease and
outperformed existing techniques including the voxel-as-
features (VAF) approach. Abdi and Giveki [6] developed
a diagnosis model based on particle swarm optimization
(PSO), support vector machines (SVMs), and association
rules (ARs) to diagnose erythematosquamous diseases. The
proposed model consists of two stages: first, AR is used to
select the optimal feature subset from the original feature set.
Then, a PSO-based approach for parameter determination
of SVM is developed to find the best parameters of kernel
function (based on the fact that kernel parameter setting
in the SVM training procedure significantly influences the
classification accuracy and PSO is a promising tool for global
searching).
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Support vector machine is a machine learning algorithm
based on statistical learning theory and has the strong
predictive ability for nonlinear problems. However, SVM
prediction performance is closely related to the quality of
the selected parameters. Parameter optimization algorithms
currently used are particle swarm optimization and genetic
algorithms, but these algorithms have their shortcomings and
affect the accuracy of disease prediction.

Cuckoo search (CS) is a new swarm intelligent opti-
mization algorithm. Preliminary studies show that cuckoo
search algorithm is simple and efficient, easy to implement
and has less parameters [7]. Cuckoo search algorithm is
able to provide a new method for the SVM parameter
optimization. This paper proposes a disease diagnosis model
based on cuckoo search, particle swarm optimization (PSO),
and support vector machine.

The structure of this paper is as the following. Section 2
firstly introduces related algorithms, such as support vector
machine and cuckoo search, and then presents the novel
models, CS-PSO-SVM. Section 3 gives results of different
models in two real disease diagnoses datasets fromUniversity
of California Irvine Machine Learning Repository. Finally,
conclusions are presented in Section 4.

2. Methods and Materials

2.1. Methods

2.1.1. SVM. Support vector machines [8–10] (SVMs) are a set
of related supervised learning methods used for classification
and regression. A support vector machine constructs a
hyperplane or set of hyperplanes in a high-dimensional space,
which can be used for classification, regression, or other tasks.
Intuitively, a good separation is achieved by the hyperplane
that has the largest distance to the nearest training data points
of any class (so-called functional margin), since, in general,
the larger the margin, the lower the generalization error of
the classifier.

In order to extend the SVM methodology to handle data
that is not fully linearly separable, we relax the constraints
slightly to allow for misclassified points; the formulation is
following (1). This is done by introducing a positive slack
variable 𝜉

𝑖
, 𝑖 = 1, 2, . . . 𝐿:

𝑥
𝑖
⋅ 𝑤 + 𝑏 ≥ +1 − 𝜉
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(𝑦
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= +1) ,

𝑥
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⋅ 𝑤 + 𝑏 ≤ −1 + 𝜉

𝑖
(𝑦
𝑖
= −1)

(1)

which can be combined into

𝑦
𝑖
(𝑥
𝑖
⋅ 𝑤 + 𝑏) − 1 + 𝜉

𝑖
≥ 0, (2)

where 𝜉
𝑖
≥ 0.

In this softmargin SVM, data points on the incorrect side
of the margin boundary have a penalty that increases with
the distance from it. As we are trying to reduce the number

of misclassifications, a sensible way to adapt our objective
function from the previously mentioned is to find

min 1
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where the parameter 𝐶 controls the trade-off between the
slack variable penalty and the size of the margin. Reformu-
lating as a Lagrange, which as before we need to minimize
with respect to 𝑤, 𝑏, and 𝜉

𝑖
and maximize with respect to 𝛼
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Differentiating with respect to 𝑤, 𝑏, and 𝜉
𝑖
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So, we need to find
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When applying SVM to nonlinear dataset, we need to
define a feature mapping function 𝑥 → 𝜙(𝑥). The feature
mapping function is called kernel function. In the feature
space, optimal hyperplane (Figure 1) can be gotten.

There are three common kernel functions:

polynomial kernel

𝑘 (𝑥
𝑖
, 𝑥
𝑗
) = (𝑥

𝑖
⋅ 𝑥
𝑗
+ 𝑎)

𝑏

, (7)

radial basis kernel

𝑘 (𝑥
𝑖
, 𝑥
𝑗
) = 𝑒
−(‖𝑥𝑖−𝑥𝑗‖

2
/2𝜎
2
)

, (8)

sigmoidal kernel

𝑘 (𝑥
𝑖
, 𝑥
𝑗
) = tanh (𝑎𝑥

𝑖
⋅ 𝑥
𝑗
− 𝑏) , (9)

where 𝑎 and 𝑏 are parameters defining the kernel’s behavior.
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Figure 1: Optimal hyperplane.

In order to use SVM to solve a classification or regression
problem on dataset that is nonlinearly separable, we need
to first choose a kernel and relevant parameters which you
expect they might map the nonlinearly separable data into a
feature space where it is linearly separable. This is more of an
art than an exact science and can be achieved empirically, for
example, by trial and error. Sensible kernels to start with are
polynomial, radial basis, and sigmoid kernels.

For classification, we need the following.
Create𝐻, where𝐻

𝑖𝑗
= 𝑦
𝑖
𝑦
𝑗
𝜙(𝑥
𝑖
)𝜙(𝑥
𝑗
).

Choose how significantly misclassifications should be
treated, by selecting a suitable value for the parameter 𝐶.

Find 𝛼 so that
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Determine the set of support vectors 𝑉, by finding the
indices such that 0 ≤ 𝛼

𝑖
≤ 𝐶.

Calculate
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Each new point 𝑥 is classified by evaluating 𝑦 =
sgn(𝑤𝜙(𝑥) + 𝑏).

2.1.2. PSO-SVM. Particle swarm optimization is an evolu-
tionary computation technique proposed by Kennedy and
Eberhart. It is a population-based stochastic search process,
modeled after the social behavior of a bird flock [11, 12].
It is similar in spirit to birds migrating in a flock toward some

destination, where the intelligence and efficiency lie in the
cooperation of an entire flock [13]. PSO algorithms make use
of particles moving in an 𝑛-dimensional space to search for
solutions for 𝑛-variable function optimization problem. All
particles have fitness values which are evaluated by the fitness
function to be optimized and have velocities which direct the
flying of the particles. The particles fly through the problem
space by following the particles with the best solutions so far.
PSO is initializedwith a group of randomparticles (solutions)
and then searches for optima by updating each generation
[14].

SVM also has a drawback that limits the use of SVM on
academic and industrial platforms: there are free parameters
(SVM hyperparameters and SVM kernel parameters) that
need to be defined by the user. Since the quality of SVM
regression models depends on a proper setting of these
parameters, the main issue for practitioners trying to apply
SVM is how to set these parameter values (to ensure good
generalization performance) for a given training dataset.

SVM based on PSO optimizes two important hyper-
parameters 𝐶 and 𝜀 using PSO. The hyperparameter 𝐶
determines the trade-off between the model complexity and
the degree to which deviations larger than 𝜀are tolerated.
A poor choice of 𝐶 will lead to an imbalance between
model complexity minimization (MCM) and empirical risk
minimization (ERM). The hyperparameter 𝜀 controls the
width of the 𝜀-insensitive zone, and its value affects the
number of SVs used to construct the regression function. If 𝜀
is set too large, the insensitive zone will have ample margin to
include data points; this would result in too few SVs selected
and lead to unacceptable “flat” regression estimates [15].

2.1.3. Cuckoo Search [16]. Cuckoo search is an optimization
algorithm developed by Xin-she Yang and Suash Deb [16–
18]. It was inspired by the obligate brood parasitism of some
cuckoo species by laying their eggs in the nests of other host
birds (of other species). Some host birds can engage direct
conflict with the intruding cuckoos. For example, if a host
bird discovers that the eggs are not their own, it will either
throw these alien eggs away or simply abandon its nest and
build a new nest elsewhere. Some cuckoo species such as the
New World brood-parasitic Tapera have evolved in such a
way that female parasitic cuckoos are often very specialized in
the mimicry in colors and pattern of the eggs of a few chosen
host species [19].

Cuckoo search idealized such breeding behavior and thus
can be applied for various optimization problems. It seems
that it can outperform other metaheuristic algorithms in
applications [20].

Cuckoo search (CS) uses the following representations.
Each egg in a nest represents a solution, and a cuckoo

egg represents a new solution. The aim is to use the new
and potentially better solutions (cuckoos) to replace a not-so-
good solution in the nests. In the simplest form, each nest has
one egg.The algorithm can be extended to more complicated
cases in which each nest has multiple eggs representing a set
of solutions.
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Objective function:
𝑓 (𝑥),𝑋 = (𝑥

1
, 𝑥
2
, 𝑥
3,
. . . , 𝑥

𝑑
)

Generate an initial population of 𝑛 host nests;
While (𝑡 <MaxGeneration) or (stop criterion)

Get a cuckoo’s nest 𝑖 randomly and replace its solution by performing Lévy flights;
Evaluate its quality/fitness 𝐹

𝑖

Choose a nest 𝑗 among 𝑛 randomly;
if (𝐹
𝑖
> 𝐹
𝑗
),

Replace 𝑗 by the new solution;
end if
A fraction (𝑃

𝑎
) of the worse nests are abandoned and new ones are built;

Keep the best solutions/nests;
Rank the solutions/nests and find the current best;
Pass the current best solutions to the next generation;

end while

Algorithm 1

CS is based on three idealized rules:

(1) each cuckoo lays one egg at a time and dumps its egg
in a randomly chosen nest;

(2) the best nests with high quality of eggs will be carried
over to the next generation;

(3) the number of available hosts nests is fixed, and the
egg laid by a cuckoo is discovered by the host birdwith
a probability𝑃

𝑎
∈ (0, 1). Discovering operate on some

set of worst nests, and discovered solutions dumped
from farther calculations.

In addition, Yang and Deb discovered that the random-walk
style search is better performed by Lévy flights rather than
simple random walk.

The pseudocode can be summarized as in Algorithm 1.
An important advantage of this algorithm is its simplicity.

In fact, compared with other population- or agent-based
metaheuristic algorithms such as particle swarm optimiza-
tion and harmony search, there is essentially only a single
parameter 𝑃

𝑎
in CS (apart from the population size 𝑛).

Therefore, it is very easy to be implemented.

2.1.4. CS-PSO-SVM. CS-PSO-SVM consists of two stages:
firstly, a CS based approach for parameter optimization of
SVM is developed to find the better initial parameters of
kernel function and then PSO is applied to continue SVM
training and find the best parameters of SVM. CS-PSO-SVM
algorithm can be shown as follows in detail.

Step 1. Initializing cuckoo and PSO with population size,
inertia weight, generations, and the range of hyperparameters
𝐶 and 𝜀.

Step 2. Applying CS to find the better initial parameters 𝐶
and 𝜀.

Step 3. Evaluating the fitness of each particle.

Step 4. Comparing the fitness values and determining the
local best and global best particle.

Step 5. Updating the velocity and position of each particle till
the value of the fitness function converges.

Step 6. After converging, the global best particle in the swarm
is fed to SVM classifier for training.

Step 7. Training and testing the SVM classifier.

The flowchart of CS-PSO-SVM algorithm is shown in
Figure 2 in detail.

2.2. Materials. In this study, numerical experiments use two
datasets, heart disease dataset, and breast cancer dataset from
UCI Machine Learning Repository [21].

Statlog (heart) dataset has 270 instances. In this dataset,
there are thirteen numerical attributes, including age, sex,
chest, blood (Rbp), serum (mg/dL), sugar (Fbs), electro-
cardiographic (ECG), heart rate, angina, old peak, slope,
vessels (0–3), and THAL. Number of the presence of heart
disease in the patient is 150, and number of the absence
of heart disease in the patient is 120. Breast cancer dataset
has 699 instances. Number of attributes of each instance is
nine.There are thirteen numerical attributes including radius
(mean of distances from center to points on the perimeter),
texture (standard deviation of gray-scale values), smoothness
(local variation in radius lengths), compactness, concavity
(severity of concave portions of the contour), concave points
(number of concave portions of the contour), symmetry,
and fractal dimension. There are 458 as “benign” and 241 as
“malignant.” In the above two datasets, “1” denotes one people
as “benign” and “2” denotes one people as “malignant.” Table 1
shows the detail of two datasets. Heart disease dataset and
breast cancer dataset choose 190 and 549 instances as train
datasets, respectively.The rest of two datasets are test datasets.
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Figure 2: The flowchart of CS-PSO-SVM.

Table 1: Credit dataset.

Dataset Number of
instances

Number of
attributes Benign Malignant

Heart disease
dataset 270 13 150 120

Breast cancer
dataset 699 9 458 241

Continuous attributes are normalized firstly and then used to
train and test.

3. Results and Discussion

For the comparison of performance between traditional GA-
SVM, PSO-SVM, and CS-PSO-SVM, these models are run
several times.The program of the new algorithm is written by
MATLAB 2012b and run on a computer with 2.0GHz CPU,
1 GB DDR RAM. Figures 3 and 5 show the different curves
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Figure 3: Population best fitness value in heart disease dataset.
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Figure 4: Population average fitness value in heart disease dataset.

Table 2: (a) Parameters setting of GA-SVM algorithm. (b) Param-
eters setting of PSO-SVM algorithm. (c) Parameters setting of CS-
PSO-SVM algorithm.

(a)

Parameter PopSize Iteration 𝑝
𝑐

𝑝
𝑚

Value 20 100 0.5 0.005

(b)

Parameter PopSize Iteration 𝑐
1

𝑐
2

Value 20 100 1.5 1.7

(c)

Parameter PopSize Iteration 𝑃
𝑎

PSO-𝑐
1

PSO-𝑐
2

Value 20 100 0.25 1.5 1.7

of population best fitness value in heart disease dataset and
breast cancer dataset by GA-SVM, PSO-SVM, and CS-PSO-
SVM. Figures 4 and 6 show the different curves of population
average fitness value in heart disease dataset and breast
cancer dataset by the above three algorithms. Table 2 lists the
appropriate values of these parameters in three algorithms.

Table 3 shows the accuracy comparison of GA-SVM,
PSO-SVM, and CS-PSO-SVM. For the heart disease dataset,
in the test subset, the accuracy of CS-PSO-SVM is 85% and
PSO-SVM and GA-SVM are 80%. In the training subset, the
accuracy of CS-PSO-SVM is 100%.
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Table 3: Comparison of models.

Dataset Algorithm
Forecasting

accuracy total in
training set

Forecasting
accuracy total in

test set
Precision Recall 𝐹-measure

Heart disease
dataset

GA-SVM 85.7895% 80% 76.09% 87.50% 81.40%
PSO-SVM 86% 80% 76.09% 87.50% 81.40%

CS-PSO-SVM 100% 85% 81.82% 90.00% 85.71%

Breast cancer
dataset

GA-SVM 99.8179% 90.0% 92.08% 62.00% 74.10%
PSO-SVM 97.4499% 90.0% 88.99% 64.67% 74.90%

CS-PSO-SVM 98.3607% 91.3333% 91.43% 64.00% 75.29%

GA-SVM
PSO-SVM

CS-PSO-SVM
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Figure 5: Population best fitness value in breast cancer dataset.
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Figure 6: Population average fitness value in breast cancer dataset.

For the breast cancer dataset, in the test subset, the
accuracy of CS-PSO-SVM is 91.333% and PSO-SVMandGA-
SVM are 90%. The results of empirical analysis showed that
the predictive ability of all the models is acceptable. However,
the CS-PSO-SVM results outperformed the other methods.
Therefore, CS-PSO-SVM is a more effective model to predict
disease in two datasets.

4. Conclusion

In the last few decades, several disease diagnosis models
have been developed for the disease prediction.The objective

of disease diagnosis models is to make a definite diagnosis
from patients’ laboratory sheet early as soon as possible
and initiate timely treatment. Accurate diagnosis has an
important meaning for human health. In this paper, we
design a new disease diagnosis model, CS-PSO-SVM. The
experimental research results show that the novel algorithm
is better than GA-SVM and PSO-SVM.
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This paper presents a novel fuzzy clustering technique based on grouping genetic algorithms (GGAs), which are a class of
evolutionary algorithms especially modified to tackle grouping problems. Our approach hinges on a GGA devised for fuzzy
clustering bymeans of a novel encoding of individuals (containing elements and clusters sections), a newfitness function (a superior
modification of the Davies Bouldin index), specially tailored crossover and mutation operators, and the use of a scheme based on
a local search and a parallelization process, inspired from an island-based model of evolution. The overall performance of our
approach has been assessed over a number of synthetic and real fuzzy clustering problems with different objective functions and
distance measures, from which it is concluded that the proposed approach shows excellent performance in all cases.

1. Introduction

Clustering (also known as partitioning) is an important
subgroup of unsupervised learning techniques which hinges
on grouping data objects into groups of disjoint (“crisp”)
clusters [1–3]. A huge amount of key problems in science,
engineering, and economics (e.g., bioengineering, telecom-
munications, energy, and risk assessment) can be formulated
as clustering problems [4–8]. In this context, an important
line of research related to clustering stems from the fact
that, in some problems, the clusters intrinsically overlap with
each other and, consequently, conventional crisp clustering
algorithms are not suitable for dealing with this overlap
[9, 10]. In these cases when an object can “partially” belong
to different groups, fuzzy clustering algorithms have been
proposed as a powerful methodology in recent years, more
flexible than traditional crisp approaches and with excellent
results in different real problems [11, 12].

To be specific, “fuzzy clustering” is the class of clustering
problems where the boundary between clusters is ill-defined,
in the sense that a given sample is allowed to belong to
different clusters. As such, the notion of fuzziness becomes
relevant since any object of the data set is assigned to a given
cluster with some membership grade, usually set between 0

and 1 (low and high membership grade, resp.). Formally,
if 𝑋 = {x

1
, . . . , x

𝑁
} is a set of 𝑁 data vectors in a given

observation space S, the goal of a fuzzy clustering algorithm
is to find a partition of 𝑋 in a finite number of 𝑘 clusters, so
that a data vector x

𝑗
can belong to a cluster 𝐶

𝑖
∈ {𝐶

1
, . . . , 𝐶

𝑘
}

with a degree of membership 𝑢
𝑖𝑗
∈ [0, 1]. This is equivalent

to finding a “partition matrix” U whose elements 𝑢
𝑖𝑗
∈ [0, 1]

(with 1 ≤ 𝑖 ≤ 𝑘 and 1 ≤ 𝑗 ≤ 𝑁) fulfill
𝑘

∑

𝑖=1

𝑢
𝑖𝑗
= 1, ∀𝑗 ∈ {1, . . . , 𝑁} ,

0 <

𝑁

∑

𝑗=1

𝑢
𝑖𝑗
< 𝑁, ∀𝑖 ∈ {1, . . . , 𝑘} .

(1)

Among the different techniques applied to fuzzy cluster-
ing that can be found in the literature, we focus on those based
on the fuzzy C-means (FCM) algorithm [13], kernel methods
[14, 15], statistical methods [16], clonal selection theory [17],
rule-based clustering [18–20], and many different heuristic
and metaheuristic approaches [21–25]. Metaheuristic algo-
rithms have been thoroughly applied to fuzzy clustering in
the last years due to their superior properties of robustness
and convergence to near-optimal solutions at a moderate
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computational cost. Many of these approaches are based
on evolutionary variants of the C-means algorithm [26,
27] or simply on direct fuzzy clustering algorithms based
on genetic and evolutionary approaches [28–31], multiob-
jective algorithms [32], differential evolution [33], particle
swarm metaheuristics [34], or evolutionary programming
approaches [35].

However, despite the research activity invested on dif-
ferent metaheuristic approaches applied to fuzzy clustering,
several avant-garde algorithms have not been explored yet
in their entirety for fuzzy clustering problem. Specifically,
this paper proposes a grouping genetic algorithm for fuzzy
clustering. The grouping genetic algorithm (GGA) [36, 37] is
a class of evolutionary algorithms whose encoding procedure
is especially designed to deal with grouping problems. It has
been successfully applied to a variety of problems involving
grouping of items but, surprisingly, its performance has not
been assessed yet when tackling fuzzy clustering problems.
For this purpose, this paper builds upon preliminary work
in [38] by presenting a novel grouping encoding, a modified
objective function, and crossover and mutation operators
specifically adapted to fuzzy clustering problems tackled via
GGA heuristics. In order to further enhance the performance
of the grouping genetic approach the proposed scheme also
incorporates a local search stage and a parallelization of
the GGA using the well-known island model, which can
be both considered as additional novel ingredients with
respect to [38]. Simulation results are presented so as to
assess the performance of the proposed scheme in a number
of application scenarios, based on which it is concluded
that the GGA-based procedure here presented outperforms
conventional fuzzy C-means methods.

The rest of this paper is structured as follows. For keeping
the paper self-contained, Section 2 summarizes some key
mathematical concepts to define clustering algorithms, such
as different definitions of distance and objective functions.
Section 3 presents the aforementioned proposed GGA to
tackle fuzzy clustering problems, along with a full description
of its novel encoding, objective function, operators, local
search, and parallelization approach. Section 4 discusses
the performance of the proposed approach in a variety
of different synthetic and real problems. Finally, Section 5
completes the paper by discussing some concluding remarks.

2. Background: Fuzzy Clustering Concepts

The classification of objects into clusters aims at grouping
those that are similar. The extent to which two objects are
similar to each other must be quantified by using an appro-
priate distance measure. In this regard, Section 2.1 discusses
some different definitions for distances in fuzzy clustering.
The second key concept, strongly related to the first one and
outlined in Section 2.2, aims at evaluating the quality of a
candidate solution under test in a fuzzy clustering problem
and plays a key role in the GGA described in Section 3.

2.1. Distances in Fuzzy Clustering. The adequate definition
of the aforementioned distances plays a central role in fuzzy
clustering. For instance, a norm based on Mahalanobis

distance can be used with a similar definition compared to
that for the crisp clustering case; namely,

𝑑
2

𝑀
(x
𝑗
,𝜇
𝑖
) =






x
𝑗
− 𝜇

𝑖





Σ
−1
𝑖

= (x
𝑗
− 𝜇

𝑖
) ⋅ Σ

−1

⋅ (x
𝑗
− 𝜇

𝑖
)

𝑇

,

(2)

though, in this case, the definition of the inverse of the
covariance matrix of any cluster Σ

𝑖
is slightly different and is

given by

Σ
−1

𝑖
=

Σ
𝑁

𝑗=1
𝑢
𝛼

𝑖𝑗
⋅ (x

𝑗
− 𝜇

𝑖
) ⋅ (x

𝑗
− 𝜇

𝑖
)

𝑇

Σ
𝑁

𝑗=1
𝑢
𝛼

𝑖𝑗

. (3)

An alternative to Mahalanobis distance, more suitable for
fuzzy clustering, is the Gustafson-Kessel (GK) distance [39].
This distance metric is defined as

𝑑
2

GK (x𝑗, 𝜇𝑖) =




x
𝑖
− 𝜇

𝑖




|Σ|
1/𝑑
Σ
−1

= (x
𝑗
− 𝜇

𝑖
) ⋅ |Σ|

1/𝑑

⋅ Σ
−1

⋅ (x
𝑗
− 𝜇

𝑖
)

𝑇

(4)

and allows for the consideration of elliptic clusters with
different orientations. However, this distance is not able to
distinguish between different cluster sizes. To circumvent this
drawback, a modification of this distance was proposed in
[39] in the context of the adaptive fuzzy clustering (AFC)
algorithm presented therein; that is,

𝑑
2

AFC (x𝑗,𝜇𝑖) = (x
𝑗
− 𝜇

𝑖
) ⋅ 𝜆

𝑖,𝑑
⋅ Σ
−1

𝑖
⋅ (x

𝑗
− 𝜇

𝑖
)

𝑇

, (5)

where 𝜆
𝑖,𝑑

is a novel adaptive term associated with the
smallest eigenvalue of the 𝑖th cluster’s covariance matrix Σ−1

𝑖

and 𝜇
𝑖
is the centroid of those objects the centroid of those

objects belonging to cluster 𝐶
𝑖
. By using this definition, any

clustering algorithm will have the chance of locating clusters
with different orientation and also with different volumes.

Using a proper definition for distance plays a key role
when evaluating towhat extent an algorithm solves accurately
the problem at hand. Exploring different functions for fuzzy
clustering evaluation is thus the goal of the following section.

2.2. Fuzzy Clustering Evaluation. The evaluation of a given
solution in a fuzzy clustering problem can be carried out
using two different strategies. First, it is possible to directly
evaluate the fuzzy clusters produced by the algorithm at hand
by using the membership functions of the different obser-
vations of the problem. A second strategy consists of using
a defuzzification process, prior to the clustering evaluation,
followed by the application of any of the crisp clustering eval-
uation measures described below. As in the crisp clustering
case, evaluationmeasures can be unsupervised or supervised.
In the first case, direct evaluation is usually applied, whereas
in the second one a defuzzification is often required, since
existing labeled data are usually crisp.

2.2.1. Unsupervised Evaluation. For comparison purposes
with the objective (fitness) function later proposed for evalu-
ating the performance of the algorithm,we summarize herein
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some of the most used unsupervised measures in the related
literature.

(i) Fuzzy sum of quadratic errors (fSSE): consider

fSSE (U) =
𝑘

∑

𝑖=1

∑

𝑥∈𝐶𝑖

𝑢
𝛼

𝑖𝑗
𝑑
2

(x
𝑗
,𝜇
𝑖
) , (6)

where 𝛼 ∈ [1,∞) controls the fuzziness degree of the
solution; that is, values of 𝛼 close to 1 lead the solution
to a disjoint partition, whereas large values of 𝛼 lead
to more fuzzy clusters. Usually a value of 𝛼 = 2 is
selected.

(ii) Xie-Beni index (XB): defined in [40], this measure
combines the sum of square errors with a term for
measuring clusters separation:

XB (U) =
∑
𝑘

𝑖=1
∑
𝑁

𝑗=1
𝑢
𝛼

𝑖𝑗
⋅ 𝑑
2

(x
𝑗
,𝜇
𝑖
)

𝑁 ⋅min
1≤𝑖,𝑗≤𝑘,𝑖 ̸=𝑗

{𝑑
2
(𝜇
𝑖
,𝜇
𝑗
)}

. (7)

(iii) Fukuyama-Sugeno index (FS): the FS index [41] is
similar to theXB index but, in this case, the separation
between clusters is evaluated with respect to the
average centroid of the 𝑘 clusters, 𝜇∗ = (1/𝑘)∑

𝑘

𝑖=1
𝜇
𝑖
,

instead of the centroid of the rest of clusters. Based on
this rationale we obtain

FS (U) =
𝑘

∑

𝑖=1

𝑁

∑

𝑗=1

𝑢
𝛼

𝑖𝑗
⋅ 𝑑
2

(x,𝜇
𝑖
) −

𝑘

∑

𝑖=1

𝑁

∑

𝑗=1

𝑢
𝛼

𝑖𝑗
⋅ 𝑑
2

(𝜇
𝑖
,𝜇
∗

) . (8)

The aforementioned unsupervised measures are useful in
those problems in which there is no additional information
to check the quality of the generated clusters. However, there
are some clustering problems in which such information is
indeed available, hence allowing for supervised measures.

2.2.2. Utilized Supervised Measurement: Rand Index. Among
the supervised measures—sometimes called external
measures—in this work the well-known Rand index (𝑅)

[42] will be utilized after defuzzification of the samples. It
computes the similarity between the obtained partition and
the known optimal solution as follows:

𝑅 (U) = TP + FN
TP + FP + TN + FN

, (9)

where TP and FP are the number of correct and incorrect
assignments, respectively, when the decision consists of
assigning two elements to the same cluster; and TN and FN
are the number of correct and incorrect assignments, respec-
tively, when the decision consists of assigning two elements

to different clusters. In other words, it is a measure of the
percentage of correct decisions taken by the algorithm. Note
that the value of 𝑅 lies on the interval [0, 1]: values of 𝑅 closer
to 1 indicate a better quality of the solution tested.

3. Proposed Grouping Genetic Algorithm for
Fuzzy Clustering

As mentioned in Section 1, the grouping genetic algorithm is
a class of evolutionary algorithms whose encoding strategy is
especially designed to tackle grouping problems. It was first
proposed by Falkenauer [36, 37], who realized that traditional
genetic algorithms had difficulties when applied to grouping
problems. InGGA the encoding procedure and crossover and
mutation operators of traditional GAs are modified to yield a
compact algorithm,with improved performance in grouping-
based problems. In light of their outperforming behavior
with respect to its traditional counterparts, grouping genetic
algorithms have so far been successfully applied to diverse
problems [43–51], including crisp clustering [52]. This paper
joins the upsurge of research gravitating on GGAs by adapt-
ing this heuristic to fuzzy clustering problems. This section
discusses several modifications we have devised towards fur-
ther enhancing the performance of GGAs in fuzzy clustering,
including our modifications in the encoding process, the
objective function, and the crossover andmutation operators
(Sections 3.1, 3.2, 3.4, and 3.5, resp.).

3.1. Problem Encoding. The proposed GGA for fuzzy clus-
tering is a variable-length genetic algorithm, with a novel
encoding to deal with this specific problem. The encoding is
carried out by splitting each chromosome in the algorithm
(or equivalently, its corresponding individual or candidate
solution) into two parts: c = [U | g]. The first part is
the element section composed by the partition matrix U,
whereas the second part is denoted as the group section of
the individual. Following this notation, a certain individual
for a fuzzy clustering problem with 𝑁 elements (objects or
observations) and 𝑘 clusters can be expressed as

[

[

[

𝑢
1,1
, . . . , 𝑢

1,𝑁

..., ⋅ ⋅ ⋅ ,
...

𝑢
𝑘,1
, . . . , 𝑢

𝑘,𝑁

| 𝑔
1
, 𝑔
2
, . . . , 𝑔

𝑘

]

]

]

, (10)

where it is important to note that each element 𝑢
𝑖,𝑗
represents

the degree of membership of 𝑗th observation to 𝑖th cluster,
whereas the group section keeps a list of tags associated with
each of the clusters of the solution. Also observe that in this
encoding, both the group and the element section have a
variable length, since the number of clusters is also a variable
of the problem. For the sake of clarity, let us assume the
following individual:

[

[

[

[

[

0.6 0.0 0.0 0.8 0.0 1.0 0.6 0.0 0.0 0.0 1.0 0.0 0.0 0.4 1.0

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

0.4 0.0 0.0 0.0 1.0 0.0 0.3 0.0 0.1 0.0 0.0 0.2 1.0 0.0 0.0

| 1, 2, 3, 4

]

]

]

]

]

. (11)
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This chromosome encodes an individual (candidate solution)
for a simple clustering problem with 𝑁 = 15 objects: 𝑋 =

{x
1
, . . . , x

15
}. Note that the group section encodes a solution

with 4 clusters, labeled “1,” “2,” “3,” and “4,” respectively.
Any of the columns in the element section indicates to what
extent any object x

𝑗
belongs to a cluster 𝐶

𝑖
, that is, the

partition matrix element 𝑢
𝑖𝑗
. For instance, the first column

in the element section encodes a candidate fuzzy solution
in which the object x

1
belongs to cluster 𝐶

1
with a degree

of membership 𝑢
1,1

= 0.6 and belongs to 𝐶
4
with 𝑢

4,1
=

0.4. Keeping this in mind, the aforementioned chromosome
encodes an individual that represents a solution with 4
clusters, where observations 𝑥

2
, 𝑥
3
, 𝑥
5
, 𝑥
6
, 𝑥
8
, 𝑥
10
, 𝑥
11
, 𝑥
13
,

and 𝑥
15
belong to a single cluster, observations 𝑥

1
, 𝑥
4
, 𝑥
9
, and

𝑥
12

belong to two different clusters with different degrees of
membership, and finally observations 𝑥

7
and 𝑥

14
belong to

three different clusters.

3.2. Objective Function. The proposed GGA will be run
with different objective (fitness) functions to lead the search.
Specifically, and for comparative purposes, we will use some
of the classical objective functions for fuzzy clustering sum-
marized in Section 2.2. In addition, in this paper we propose
an adaptation of the well-known Davis-Bouldin index (used
in crisp clustering problems) to the fuzzy case which, to
the best of our knowledge, is novel in fuzzy clustering. We
will show that the use of this modified index renders better
results for theGGA than the other existing evaluation indices.
The idea of the Davis-Bouldin index [53] for crisp clustering
problems is to minimize the intracluster distances while
simultaneouslymaximizing the distances among the different
clusters, yielding

DB (U) = 1

𝑘

𝑘

∑

𝑖=1

max
𝑖 ̸=𝑗

{

{

{

∑
𝑥∈𝐶𝑖

𝑑
2

(x,𝜇
𝑖
) + ∑

𝑥∈𝐶𝑗
𝑑
2

(x,𝜇
𝑗
)

𝑑
2
(𝜇
𝑖
,𝜇
𝑗
)

}

}

}

.

(12)

In the above expression note that small values of the conven-
tional DB index correspond to compact and well-separated
clusters. The adaptation of the DB index for fuzzy clustering
proposed in this work is expressed as

MDB (U, 𝑑)

=

1

𝑘

𝑘

∑

𝑖=1

max
𝑖 ̸=𝑗

{

{

{

∑
𝑁

𝑡=1
𝑢
𝛼

𝑖,𝑡
𝑑
2

(x
𝑡
,𝜇
𝑖
) + ∑

𝑁

𝑡=1
𝑢
𝛼

𝑗,𝑡
𝑑
2

(x
𝑡
,𝜇
𝑗
)

𝑑
2
(𝜇
𝑖
,𝜇
𝑗
)

}

}

}

,

(13)

where 𝜇
𝑖
stands for the centroid associated with cluster 𝐶

𝑖
,

calculated by considering the average of each observation
weighted by the degree of membership to cluster 𝐶

𝑖
. Note

in expression (13) that the proposed MDB index explicitly
depends on the particular definition considered for the
distance 𝑑. For example, if we consider the GK distance and

based on the covariancematrices of the clusters, theDB index
for fuzzy clustering problems will be given by

MDB (U, 𝑑GK)

=

1

𝑘

𝑘

∑

𝑖=1

max
𝑖 ̸=𝑗

{
{
{
{

{
{
{
{

{

∑
𝑁
𝑡=1 𝑢
𝛼
𝑖,𝑡𝑑
2

|Σ𝑖|
1/𝑑
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𝑖
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𝑡=1 𝑢
𝛼
𝑗,𝑡𝑑
2

|Σ𝑗|
1/𝑑
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min{𝑑2
|Σ𝑖|
1/𝑑
Σ−1
𝑖

(𝜇𝑖,𝜇𝑗) , 𝑑
2

|Σ𝑗|
1/𝑑
Σ−1
𝑗

(𝜇𝑖,𝜇𝑗)}

}
}
}
}

}
}
}
}

}

.

(14)

3.3. Selection Operator. In this paper we use a rank-based
wheel selection mechanism, similar to the one described in
[44]. First, the individuals are sorted in a list based on their
quality.The position of the individuals in the list is called rank
of the individual and is denoted as 𝑅

𝑖
(𝑖 = 1, . . . , 𝜉, with 𝜉

standing for the number of individuals in the population of
the GGA). A rank to which the best individual 𝑥 is assigned
will be 𝑅

𝑥
= 𝜉, whereas the second best will be 𝑦, 𝑅

𝑦
= 𝜉 − 1,

and so forth. A fitness value associated with each individual
is then defined as

𝑓
𝑖
=

2 ⋅ 𝑅
𝑖

𝜉 ⋅ (𝜉 + 1)

. (15)

Note that these values are normalized between 0 and 1,
depending on the position of the individual in the ranking
list. It is important to note that this rank-based selection
mechanism is static, in the sense that probabilities of survival
(given by 𝑓

𝑖
) do not depend on the generation but on the

position of the individual in the list. As a toy example,
consider a population formed by 5 individuals, in which
individual 1 is the best quality one (𝑅

1
= 5), individual 2 is

the second best (𝑅
2
= 4), and so on. In this case, the fitness

associated with the individuals is {0.33, 0.26, 0.2, 0.13, 0.06},
and the associated intervals for the roulette wheel are
{0–0.33, 0.34–0.6, 0.61–0.8, 0.81–0.93, 0.94–1}.

The process carried out in our algorithm consists of
selecting the parents for crossover by using this selection
mechanism. This procedure is performed with replacement;
that is, a given individual can be selected several times as one
of the parents. However, individuals in the crossover operator
must be different.

3.4. Crossover Operator. The crossover operator imple-
mented in the grouping genetic algorithm used in this
paper is a modified version of the one initially proposed by
Falkenauer in [36], butwith the added bonus of being adapted
to the fuzzy clustering problem. These are the main steps
followed in the crossover operation.

(1) Select two individuals at random and choose two
crossing points in their group part.

(2) Insert the elements belonging to the selected groups
of the first individual into the offspring.

(3) Assign the degree of membership of the inserted
elements equal to the first individual.

(4) Insert the elements belonging to the selected groups
of the second individual into the offspring.
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(5) Assign the degree of membership of the inserted
elements in the following way. First, the remain-
ing degree membership after the assignment of the
elements of the first individual is calculated. This
remaining degree membership is then proportionally
shared among the elements of the second individual.

(6) Remove empty clusters, if any.

(7) Modify the labels of the current groups in the off-
spring in order to numerate them from 1 to 𝑘.

A simple yet illustrative enough example follows. Let us
consider two different individuals 𝜉

1
and 𝜉

2
that have been

randomly chosen among all individuals in a given GGA
population so as to perform crossover on them. The groups
selected to carry out the procedure are marked in boldface:

𝜉
1
=

[

[

[

[

0.6 0.0 0.0 0.8 0.0 1.0 0.6 0.0 0.0 0.0 1.0 0.0 0.0 0.4 1.0

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

0.4 0.0 0.0 0.0 1.0 0.0 0.3 0.0 0.1 0.0 0.0 0.2 1.0 0.0 0.0

| 1, 2, 3, 4
]

]

]

]

,

𝜉
2
=
[

[

0.8 0.4 0.0 0.0 0.0 0.3 1.0 0.0 0.0 0.0 0.0 0.6 1.0 0.7 0.0

0.0 0.6 0.0 1.0 0.1 0.3 0.0 0.5 0.0 0.0 1.0 0.4 0.0 0.1 1.0

0.2 0.0 1.0 0.0 0.9 0.4 0.0 0.5 0.9 1.0 0.0 0.0 0.0 0.2 0.0

| 1, 2, 3]
]

.

(16)

After steps 2 and 3 of the proposed crossover procedure
(insertion of the group elements of the first individual and

assignment of the degree of membership), the offspring
results in

𝑂 = [

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0
| 2, 3] . (17)

Then the group elements of the second individual are
inserted, and themembership degree is modified considering
the previous existing degrees from individual 1:

𝑂 =

[

[

[

[

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

1.0 0.0 0.0 0.0 0.0 0.5 0.9 0.0 0.0 0.0 0.0 0.12 1.0 0.35 0.0

0.0 0.0 0.0 0.8 1.0 0.5 0.0 0.0 0.1 0.0 1.0 0.08 0.0 0.05 1.0

| 2, 3, 1
∗

, 2
∗
]

]

]

]

. (18)

There are no empty clusters.Therefore, we pass on to the final
step of the crossover approach: modify the labels of current

groups in the offspring in order to numerate them from 1 to
𝑘 (4 in this case):

𝑂 =

[

[

[

[

[

0.0 0.0 1.0 0.2 0.0 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

1.0 0.0 0.0 0.0 0.0 0.5 0.9 0.9 0.0 0.0 0.0 0.0 0.12 1.0 0.35 0.0

0.0 0.0 0.0 0.8 1.0 0.5 0.0 0.0 0.0 0.1 0.0 1.0 0.08 0.0 0.05 1.0

| 1, 2, 3, 4

]

]

]

]

]

. (19)

An example of the reassignment of the degree of membership
in the final offspring is shown in Figure 1, where the evolution
of the degrees of membership is shown for observation
𝑥
14

along the crossover operation. Intuitively the crossover
should be high in the first stages of the algorithm and more
moderate in the last ones in order to favor the explorative
behavior of the algorithm through the search space.Thus, we

have implemented an adaptive crossover probability defined
as

𝑃
𝑐
(𝑗) = 𝑃

𝑐𝑖
+

𝑗

𝑇𝐺

(𝑃
𝑐𝑖
− 𝑃

𝑐𝑓
) , (20)

where 𝑃
𝑐
(𝑗) is the crossover probability used in a given

generation 𝑗,𝑇𝐺 stands for the total number of generations of
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the algorithm, and 𝑃
𝑐𝑖
and 𝑃c𝑓 are the initial and final values

of probability, respectively, which are set as inputs for the
proposed algorithm.

3.5. Mutation Operator. Mutation operators include
modifications in each individual of the population with
a low probability in order to explore new regions of the
search space and also to escape from local optima when
the algorithm is near convergence. In this case, we have
implemented two different mutation operators adapted to
the fuzzy clustering problems.

(i) Mutation by cluster splitting: this operator consists
of splitting a selected cluster into two different parts. The

degrees of membership are also randomly split between the
two new clusters. The samples belonging to the original
cluster are assigned to the new clusters with equal probability.
Note that one of the new generated clusters will keep its label
in the group section of the individual, whereas the other will
be assigned a new label (𝑘 + 1). The selection for the initial
cluster to be split is carried out depending on the clusters’
size, with more probability of splitting imposed on clusters
of larger size. As an example, we illustrate an application of
this operator in the final offspring individual of the previous
example:

𝑂 =

[

[

[

[

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

1.0 0.0 0.0 0.0 0.0 0.5 0.9 0.0 0.0 0.0 0.0 0.12 1.0 0.35 0.0

0.0 0.0 0.0 0.8 1.0 0.5 0.0 0.0 0.1 0.0 1.0 0.08 0.0 0.05 1.0

| 1, 2, 3, 4

]

]

]

]

. (21)

Let us suppose that the cluster chosen to be split is cluster 1.
A possible cluster splitting mutation operation would be

𝑂
𝑚
=

[

[

[

[

[

[

0.0 0.0 0.4 0.08 0.0 0.0 0.0 0.4 0.0 0.4 0.0 0.0 0.0 0.08 0.0

0.0 1.0 0.0 0.0 0.0 0.0 0.1 0.0 0.9 0.0 0.0 0.8 0.0 0.4 0.0

1.0 0.0 0.0 0.0 0.0 0.5 0.9 0.0 0.0 0.0 0.0 0.12 1.0 0.35 0.0

0.0 0.0 0.0 0.8 1.0 0.5 0.0 0.0 0.1 0.0 1.0 0.08 0.0 0.05 1.0

0.0 0.0 0.6 0.12 0.0 0.0 0.0 0.6 0.0 0.6 0.0 0.0 0.0 0.12 0.0

| 1, 2, 3, 4, 5

]

]

]

]

]

]

. (22)

(ii) Mutation by clusters merging: this mutation consists
of randomly selecting two existing clusters andmerging them
into just one single cluster. The degree of membership of the
new cluster is the sum of the degrees of the previous ones. As
in mutation by cluster splitting, the probability of choosing

the clusters depends on their size. In order to illustrate this
mutation, we use again the final offspring from the crossover
operator example. In this case, let us consider that the selected
clusters to be merged are clusters 2 and 4, resulting in

𝑂
𝑚
=
[

[

0.0 0.0 1.0 0.2 0.0 0.0 0.0 1.0 0.0 1.0 0.0 0.0 0.0 0.2 0.0

0.0 1.0 0.0 0.8 1.0 0.5 0.1 0.0 1.0 0.0 1.0 0.88 0.0 0.45 1.0

1.0 0.0 0.0 0.0 0.0 0.5 0.9 0.0 0.0 0.0 0.0 0.12 1.0 0.35 0.0

| 1, 2, 3
]

]

. (23)

Analogously to the crossover operator, we also con-
sider an adaptive version of the probability of applying the
mutation operators described above. Note that we apply the
two mutation operators in a serial fashion (one after the
other), with independent probabilities of application. In this
case, probability of mutation is made smaller in the first
generations of the algorithm and larger in the last ones
in order to have more opportunities to escape from local
minima in the last stages of the evolutionary process; that is,

𝑃
𝑚
(𝑗) = 𝑃

𝑚𝑖
+

𝑗

𝑇𝐺

(𝑃
𝑚𝑓

− 𝑃
𝑚𝑖
) , (24)

where 𝑃
𝑚
(𝑗) is the probability of mutation used in a given

generation 𝑗,𝑇𝐺 stands for the total number of generations of
the algorithm, and 𝑃

𝑚𝑓
and 𝑃

𝑚𝑖
are the final and initial values

of probability considered, respectively.

3.6. Replacement and Elitism. In the proposed GGA, the
population at a given generation 𝑗 + 1 is obtained by
replacement of the individuals in the population at generation
𝑗, through the application of the selection, crossover, and
mutation operators described above. An elitist scheme is also
applied: the best individual in generation 𝑗 is automatically
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Figure 1: Example of the crossover operator implemented in the
proposed grouping genetic algorithm for fuzzy clustering problems.

passed on to the population of generation 𝑗+1, ensuring that
the best solution encountered so far in the evolution is always
kept by the algorithm.

3.7. Local Search. We use a local search procedure to try
to find local optima in a close neighborhood of a given
individual. The proposed local search is based on minor
modifications of the current individual, as far as they produce
an increase of the associated objective function: the local
search changes the degree ofmembership of the observations,
starting by one randomly chosen. The changes in the degree
of membership are randomly generated. We finally keep the
assignment with the largest objective function. Since this
local search procedure is a time-consuming operation, it is
applied to a given individual with a small probability, 𝑝

𝑏
, that

is modified between an initial and final value in the algorithm
in the same way that the crossover probability is modified.

3.8. An Island Model to Improve the Algorithm’s Performance.
In order to improve the performance of the proposed GGA,
an island model is considered for its parallelization. In this
context, S subpopulations (islands) are set in such a way
that the evolution in each island is forced to be independent
but the migration of good individuals is allowed between
islands.We consider an elitistmigrationmodel, in which only

Table 1: GGA parameters values used in the experiments of the
paper.

Parameter Meaning Value
Ps Population size 20
𝑆 Number of subpopulations 4
TG Maximum number of generations 400
𝑃
𝑐𝑖

Initial crossover probability 0.8
𝑃
𝑐𝑓

Final crossover probability 0.6
𝑃
𝑚𝑖

Initial mutation probability 0.05
𝑃
𝑚𝑓

Final crossover probability 0.1
𝑃
𝑏𝑖

Initial local search probability 0.1
𝑃
𝑏𝑓

Final local search probability 0.05
𝑃
𝑒

Probability of migrating (islands model) 0.03
𝛼 Fuzziness degree 2

the best individual in each island migrates and substitutes a
randomly chosen individual in one of the other islands.There
is a probability of migration 𝑝

𝑒
predefined in the algorithm.

The migration process is summarized in the following steps.

(1) Choose the best individual in each island.
(2) Randomly choose the island toward which each

individual will migrate.
(3) Randomly choose an individual in the destiny island

and change it by the migrating individual.

4. Experiments and Results

This section summarizes and discusses the experimental
work we have carried out in order to assess the performance
of our proposed GGA approach. We have explored a number
of variations of the proposed GGA (by combining different
distances and/or objective functions) in a variety of fuzzy
clustering scenarios (which, as will be shown later, exhibit an
increasing degree of complexity). Table 1 lists the values of
the GGA parameters used in all the simulations carried out
in this paper. These values have been found to be the most
appropriate after a number of side experiments, not shown for
the sake of brevity.The algorithm presented here is compared
with the fuzzy C-means (FCM) [13] algorithm because it has
been successfully applied to many real clustering problems
and applications characterized by different levels of complex-
ity [26, 27].

For reasons made clearer in what follows, the experi-
mental setup for comparing the considered algorithms will
be divided into two different parts, characterized by using
synthetic and real data (Sections 4.1 and 4.2, resp.).

4.1. Synthetic Data

4.1.1. Experiment 1 with Synthetic Data: Spherical Clusters.
In this first experiment, we test the performance of the
proposed GGA in a two-dimensional clustering problem,
defined by 300 observations randomly generated using a
Gaussian distribution from 8 equiprobable classes, withmean
values 𝜇

1
= (−1, 1), 𝜇

2
= (2, −2), 𝜇

3
= (1, 0), 𝜇

4
= (3, −1),
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Figure 2: Two-dimensional representation of data for the first
synthetic clustering example (spherical data). See the main text for
further details.

𝜇
5
= (−1, −1), 𝜇

6
= (−1, −3), 𝜇

7
= (1, 2), and 𝜇

8
= (3, 1) and

covariance matrices:

Σ
1
= Σ

2
= ⋅ ⋅ ⋅ = Σ

8
= [

0.35
2

0

0 0.35
2
] . (25)

Note that this procedure results in a problem charac-
terized by spherical clusters. Figure 2 illustrates the two-
dimensional distribution of the observations following the
above statistical distribution.

We have applied to this problem a number of configura-
tions of the proposedGGA—withMDB, XB, and FS objective
(fitness) functions—and the FCM algorithm fed with the real
number of clusters as a priori information. At this point it
is important to emphasize that the proposed GGA is able
to infer the number of clusters within the problem, whereas
the FCM requires this parameter to be set before execution
(namely, 𝐶 in the above description of FCM). To circumvent
this issue, side simulations have been run for FCM and the
considered scenario by varying𝐶 over a wide range of integer
values, from which the value rendering the best metric value
has been selected for comparison. Also included is the GGA
approach from [38] in order to assess the impact of the novel
aspects of the island-based GGA proposed here.

Having said this, Table 2 lists the supervised evaluation
of the results obtained by the aforementioned algorithms.
Note that the proposedGGAwith the three different objective
functions obtains better results than the FCM algorithm. In
particular, our GGA with the MDB index exhibits the best
behavior (𝑅 = 0.9937), higher than that of the conventional
FCM algorithm (𝑅 = 0.9712) and the GGA with MDB index
from [38] (𝑅 = 0.9918). In addition, note that the GGA
with MDB and XB indexes achieves the solution with the
optimal number of clusters (i.e., 8). In order to better describe
the behavior of the best algorithm (the GGA with our MBD
index), it would be very interesting to have a closer look at
Figures 3 to 5.

(i) Figure 3 represents the two-dimensional distributions
of the 8 clusters found. The color of each observation
has been obtained as a combination of those colors

Table 2: Comparison of the results (in terms of the number of
clusters finally found and as a function of the Rand index) obtained
by the proposed GGA algorithm with MDB, XB, and FS indexes,
respectively, with the previous GGA in [38] and the FCM algorithm
in the first synthetic clustering problem considered.

Algorithm Number of clusters Rand index
Proposed GGA (MDB index) 8 0.9937
Proposed GGA (XB index) 8 0.9805
Proposed GGA (FS index) 9 0.9874
GGA from [38] (MDB index) 8 0.9918
GGA from [38] (XB index) 8 0.9785
GGA from [38] (FS index) 9 0.9847
FCM 8 0.9712
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Figure 3: Representation of the best result obtained by the proposed
GGA with MDB fitness function in the first synthetic clustering
example.

representing each cluster, weighted by the degree of
membership of each observation.

(ii) Figures 4(a) and 4(b) depict, as a function of the
number of generations considered, the evolution of
the objective function and that of the number of
clusters, respectively, in what is the best solution
found for this problem. It is worth noting that the
algorithm is able to isolate the 8 clusters of the data
set with a value of the objective function of 9.7688.

(iii) Finally, Figure 5 shows the final solution after the
defuzzification process, illustrating the ability of the
proposed algorithm to find the 8 clusters.

The question arising from this first experiment lies on
how the proposed fuzzy clustering approach works when
facing clusters that are not spherical or exhibiting different
distributions. This is the rationale behind the following
second synthetic experiment.
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Figure 4: Evolution, as a function of the number of generations involved, of (a) the objective (fitness) function (MDB) and (b) the number
of clusters obtained.

4.1.2. Experiment 2 with Synthetic Data: Unbalanced Data.
We now test the performance of the proposed GGA in a
different two-dimensional clustering problem, defined by 400
randomly generated objects following a distribution drawn
from3Gaussian classeswith probabilities𝑝

1
= 0.5,𝑝

2
= 0.33,

and 𝑝
3
= 0.17. The mean values of each of such classes are

𝜇
1
= (0, 2), 𝜇

2
= (−1, −1), and 𝜇

3
= (2, −1), whereas their

covariance matrices are given by

Σ
1
= [

1
2

0

0 0.8
2
] ,

Σ
2
= [

0.6
2

0

0 0.4
2
] ,

Σ
3
= [

0.3
2

0

0 0.5
2
] .

(26)

Note that, in this case, the classes are not spherical and have
different distributions. Figure 6 displays the observations
generated for this instance.

Table 3 shows, in terms of the Rand index, the results
obtained by the proposed GGA with MDB, XB, and FS
indexes and the previous scheme from [38] with the same
set of indexes and those achieved by the FCM algorithm. As
shown in this table, the GGA with MDB and XB indexes
obtains similar results (better than the FCM), whereas the
result of the GGA with FS index is slightly worse than the
result of the FCM algorithm. The best results correspond
to the here proposed GGA algorithm with the MDB index,
rendering a value of 𝑅 = 0.9284 (higher than that of the
GGA approach from [38] with the same index and the FCM
algorithm) and, what is very important, finding the 3 clusters
hidden in the data. Finally, Figure 7 illustrates, in a more
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Figure 5: Final solution obtained by the proposed GGA (MDB
index) after the defuzzification process in the first synthetic cluster-
ing problem considered.

intuitive way, the fuzzy clustering reached by the proposed
GGA using the MDB index as objective function.

4.1.3. Experiment 3 with Synthetic Data: Heterogeneous
Clusters. The goal of this final synthetic experiment consists
of exploring the effects of using different distances in the
MDB objective function rendering the best results obtained
by the proposed GGA. We again set up another two-
dimensional clustering problem defined by 300 Gaussian-
distributed objects, but in this case the Gaussian distribution
is randomly drawn from 6 classes with probabilities 𝑝

1
= 0.1,

𝑝
2
= 0.1, 𝑝

3
= 0.1, 𝑝

4
= 0.25, 𝑝

5
= 0.25, and 𝑝

6
= 0.2.
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Figure 6: Data for the second synthetic clustering example (unbal-
anced data). See the main text for further details.

Means of the classes are set as 𝜇
1
= (−2, −2), 𝜇

2
= (0, −2),

𝜇
3
= (2, −2), 𝜇

4
= (0, 0.5), 𝜇

5
= (−1.5, 2), and 𝜇

6
= (2, 2.5),

whereas the covariance matrices are selected to be

Σ
1
= [

0.3 0.28

0.28 0.3
] ,

Σ
2
= [

0.02 0

0 0.02
] ,

Σ
3
= [

0.3 −0.28

−0.28 0.3
] ,

Σ
4
= [

0.46 0

0 0.46
] ,

Σ
5
= [

0.2 0

0 0.2
] ,

Σ
6
= [

0.5 0

0 0.5
] .

(27)

For illustrative purposes, Figure 8 displays the observations
generated for this instance.

The analysis we have carried out in this case consists
of comparing the GGA with the MDB index as objective
function (which has obtained the best results in previ-
ous experiments), but using different distance within MDB
metrics. Specifically, we will show the effect of including
Euclidean, GK, andAFCdistanceswithin the proposedGGA.
Figure 9(a) represents the solution found by the GGA with
MDB index and Euclidean distance. Note that the algorithm
is not able to distinguish nonspheric clusters. By contrast,
Figure 9(b) shows the result obtained by the proposed GGA
with the MDB index and the GK distance. In this case, the
algorithm is able to detect the structure of the problem, as
can be checked out in the detection of the elliptic clusters at
the bottom of the figure. Finally, Figure 9(c) shows the result
obtained by the proposedGGAwithMDB index and theAFC
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Figure 7: Best result obtained by the proposed GGA (MDB index)
in the second synthetic clustering example.
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Figure 8: Data for the third synthetic clustering example (heteroge-
neous data).

Table 3: Comparison of the results (in terms of the number of
clusters finally found and as a function of the Rand index) obtained
by the proposed GGA algorithm with MDB, XB, and FS indexes,
respectively, with the previous GGA in [38] and the FCM algorithm
in the second synthetic clustering problem considered.

Algorithm Number of clusters Rand index
Proposed GGA (MDB index) 3 0.9284
Proposed GGA (XB index) 3 0.9203
Proposed GGA (FS index) 7 0.7998
GGA from [38] (MDB index) 3 0.9177
GGA from [38] (XB index) 3 0.9128
GGA from [38] (FS index) 7 0.7606
FCM 4 0.8561
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Figure 9: Best solutions found by theGGAwithMDB index and different distances: (a) Euclidean distance; (b)GKdistance; (c) AFCdistance.

distance. Note that in this case the adaptive distance measure
allows detecting clusters of different sizes, as the large ones at
the topmost part of the figure.

The analysis of the GGA performance in this problem
proceeds by comparing the results obtained in terms of the
Rand index (supervised measure). Table 4 lists the results
computed by the proposed GGA, with MDB index and

the different distances considered, compared to the results
achieved by the FCM approach (with Euclidean distance,
which has been found to be the best for the FCM algorithm).
Note that the strategy using the proposed GGA with our
MDB fitness function and the AFC distance exhibits the best
performance, not only because it reaches the highest Rand
index (𝑅 = 0.9670), but also because it properly detects the 6
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Figure 10: Data for the character recognition problem considered.

Table 4: Comparison of the results (in terms of the number of
clusters finally found and as a function of the Rand index) obtained
by the proposed GGA algorithm with MDB index and different
distances and the FCM algorithm (with Euclidean distance, which
has been found to be the best for this algorithm) in the third
synthetic clustering problem considered. See the main text for
further details.

Algorithm Distance Number of clusters Rand index
GGA (MDB index) Euclidean 5 0.8989
GGA (MDB index) GK 6 0.9475
GGA (MDB index) AFC 6 0.9670
FCM Euclidean 6 0.9416

clusters hidden in the data. Furthermore, only the proposed
GGA approach with MDB index and AFC and GK distances
is able to locate the correct number of clusters in the final
solution.

4.2. Real Data

4.2.1. Real Problem 1: Character Recognition. This problem
can be stated as follows: let I be a character, a two-
dimensional image, in which each pixel, 𝐼

𝑖𝑗
, has been con-

verted to black and white, with black pixels forming the
character image. The goal is to optimally segment all the
black pixels into clusters, in such a way that a final step of
comparison with a reference set can be carried out, with the
aim of recognizing the character of the image.

To illustrate the feasibility of our procedure, we have
made use of an example, given by the character “𝐴” depicted
by means of the different samples in the image represented
in Figure 10. The performance of the proposed GGA in the
recognition of this character is given in Figures 11(a) and
11(b), which display the results achieved by the GGA using
our MDB index as objective function and the Euclidean and
GK distances, respectively. It is important to note how the
proposed GGA approach using the GK distance is able to
correctly allocate the three segments that form the 𝐴 charac-
ter. The GGA with the Euclidean distance does not provide,
however, as good results as those depicted in Figure 11(a).
To further assess the feasibility of our proposal, Table 5
summarizes a quantitative comparison in terms of the Rand
index. The GGA with MDB index and GK distance is the

Table 5: Comparison of the results obtained by the proposed GGA
algorithm with MDB index and different distances and the FCM
algorithm in the character recognition problem.

Algorithm Distance Number of clusters Rand index
GGA (MDB index) Euclidean 5 0.6606
GGA (MDB index) GK 3 0.9380
GGA (MDB index) AFC 3 0.6906
FCM Euclidean 5 0.6781

Table 6: Comparison of the results obtained by the proposed GGA
algorithm with MDB index and different distances and the FCM
algorithm in the diabetes problem. 𝑃

𝐶
(%) stands for the probability

of correct classification.

Algorithm Distance 𝑃
𝐶
(%)

GGA (MDB index) Euclidean 0.7246
GGA (MDB index) GK 0.8348
GGA (MDB index) AFC 0.7406
FCM Euclidean 0.6601

best among all the algorithms compared, whereas the GGA
using the MDB index and either Euclidean or AFC distances
obtains similar results to those of the FCM approach. The
approach that leads to the best solution of this problem is
the proposed GGA by using our MDB fitness function along
with theGKdistance: it is able to correctly find the 3 segments
(clusters of points) with the highest Rand index (𝑅 = 0.9380).

4.2.2. Real Problem 2: Diabetes Data Set. The data set called
“diabetes” (UCI machine learning repository, see [54]) is a
well-known problem in classification and clustering involv-
ing the diagnosis of diabetes patients, as defined by theWorld
Health Organization. This data base is formed by 768 data
vectors, containing, in turn, 8 features that represent medical
conditions of the patients, such as age, arterial pressure, or
bodymass index.The observations belong to two classes, 500
of which belong to a negative diabetes diagnosis and 268 to
a positive one. The results obtained by the proposed GGA
assisted by the MDB index (which has been found to be the
best) are shown in Table 6, in terms of percentage of correct
classification. Note that the GGA-MDB with GK distance is
the best algorithm among all compared, with a percentage of
correct classification over 83%.

5. Conclusions

In this paper we have presented a grouping genetic algorithm
for fuzzy clustering problems.The main contributions of this
work are (1) a novel encoding approach of the individuals
involved in the evolutionary process, containing information
not only of the partition matrix elements, but also of the
clusters being obtained; (2) a novel fitness function based
on a modification of the Davis-Bouldin index for its effi-
cient use in fuzzy clustering problems and that enables the
chance of introducing norms adapted to any problem; (3)
novel crossover and mutation operators particularly derived
to achieve the effective evolution of the individuals; and
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Figure 11: Results obtained in the character recognition problem by
the proposed GGA: (a) Euclidean distance; (b) GK distance.

(4) a local search and parallelization-based scheme of the
algorithm aimed at improving its overall performance.

Indeed, such performance has been explored in a variety
of experiments, both synthetically generated and based on
practical problems. The experimental work devised—based
on different fuzzy problems characterized by an increasing
degree of complexity (clusters with different distribution,
volume, and orientation)—proves that our algorithm (using
our proposed fitness function with distances such as the
Gustafson-Kessel distance or the one established for the
adaptive fuzzy clustering) exhibits a significantly better per-
formance than that achieved by the fuzzyC-means algorithm.
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The search for reliable and efficient global optimization algorithms for solving phase stability and phase equilibrium problems in
applied thermodynamics is an ongoing area of research. In this study, we evaluated and compared the reliability and efficiency of
eight selected nature-inspired metaheuristic algorithms for solving difficult phase stability and phase equilibrium problems. These
algorithms are the cuckoo search (CS), intelligent firefly (IFA), bat (BA), artificial bee colony (ABC), MAKHA, a hybrid between
monkey algorithm and krill herd algorithm, covariance matrix adaptation evolution strategy (CMAES), magnetic charged system
search (MCSS), and bare bones particle swarm optimization (BBPSO). The results clearly showed that CS is the most reliable of all
methods as it successfully solved all thermodynamic problems tested in this study. CS proved to be a promising nature-inspired
optimization method to perform applied thermodynamic calculations for process design.

1. Introduction

Applied thermodynamic calculations in chemical engineer-
ing often involve the repeated solution of phase stability and
phase equilibrium problems as their solutions are needed
during the design of several equipment and separation pro-
cesses. These problems can be formulated as minimization
problems, for which the global minimum represents the
required result. These calculations are challenging due to the
high nonlinearity of thermodynamicmodels used to describe
the equilibrium phases, the potential nonconvexity of the
thermodynamic functions used as objective, and the presence
of trivial solutions in the feasible search space. Thus, the
solution of this type of problems via global optimization
algorithms remains to be an active area of research. These
problems generally feature local minima that are comparable
to the global minimum, which accentuates the need for
reliable global optimizers [1, 2]. For example, the features of
reactive phase equilibrium calculations increase the dimen-
sionality and complexity of the optimization problembecause

the objective functions are required to satisfy the chemical
equilibrium constraints [1, 2].

The global stochastic optimization methods show high
probabilities to locate the global minimumwithin reasonable
computational costs, and thus they offer a desirable balance
between reliability and efficiency for finding the global
optimum solution. Moreover, stochastic methods do not
require any assumptions for the optimization problem at
hand, are more capable of addressing the nonlinearity and
nonconvexity of the objective function, and are relatively
easier to program and implement, among other advantages
[3].

The application of stochastic global optimization meth-
ods for solving phase equilibrium thermodynamic problems
has grown considerably during last years. To date, the most
popular stochastic global optimization methods have been
used and applied for solving phase equilibrium thermody-
namic problems, for example, simulated annealing, genetic
algorithms, tabu search, differential evolution, particle swarm
optimization, and ant colony optimization (ACO) [4–15].
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For example, a variant of ACO was tested in the global
optimization of thermodynamic problems and was found
to be robust in solving vapor-liquid equilibrium parameter
estimation problems [4]. Zhu et al. [5] used an enhanced sim-
ulated annealing algorithm to solve multicomponent phase
stability problems. Bonilla-Petriciolet and his coworkers
compared different variants of PSO [6] and different variants
of simulated annealing [14] for solving phase equilibrium
problems. Repulsive particle swarm optimization was also
studied by Rahman et al. [8]. Rangaiah and his co-workers
studied the differential evolution [9, 10], tabu search [11], and
genetic algorithms [12] for solving phase stability and phase
equilibrium problems.

The above studies have analyzed the capabilities and
limitations of stochastic optimizers. But there exists no
conclusive evaluation of those methods in comparison to one
another for the solution of phase stability and phase equilib-
rium problems. Typically, each algorithm is introduced and
compared with some of the other algorithms in a research
publication. However, to the best of our knowledge, there
exists no study that presents to the scientific community a
ranking of the efficiency and reliability of those algorithms
for the purpose of solving phase equilibrium and stability
problems.

The aim of this study is provide a definitive ranking of
the performance of a set of nature-inspired metaheuristic
algorithms. To do so, we have selected eight of the most
promising nature-inspired optimization methods based on
the performance reported in the literature or obtained from
our previous studies. These algorithms are cuckoo search
(CS), intelligent firefly (IFA), bat (BA), artificial bee colony
(ABC), monkey and krill herd hybrid (MAKHA), covariance
matrix adaptation evolution strategy (CMAES), magnetic
charged system search (MCSS), and bare bones particle
swarm optimization (BBPSO). We systematically used those
methods on some of the difficult phase stability and phase
equilibrium problems reported in the literature and then
analyzed their performance in terms of clear reliability and
efficiency metrics.

The remainder of this paper is organized as follows. The
eight optimization methods and the rationale for their selec-
tion are briefly presented in Section 2. A brief description
of the phase stability and equilibrium problems is given in
Section 3, including the implementation details of the eight
algorithms. Section 4 presents the results and discussion of
their performance in solving these thermodynamic calcula-
tions. Finally, the conclusions of this study are summarized
in Section 5.

2. Selection and Description of the Nature-
Inspired Metaheuristic Algorithms

Each of the eight selected metaheuristics is presented below.
Only brief introductions aremade here. Interested readers are
referred to the primary sources of those algorithms for more
information.

Cuckoo search (CS) is an optimization algorithm inspired
by the obligate brood parasitism of some cuckoo species

by laying their eggs in the nests of other host birds [16].
Intelligent firefly algorithm (IFA) [17] is a variant of firefly
algorithm [18], a metaheuristic algorithm, inspired by the
flashing behavior of fireflies to attract other fireflies.MAKHA
is a hybrid between monkey algorithm (MA) [19], which
is inspired by the simulation of the climbing processes of
monkeys to find the highest mountaintop, and krill-herd
algorithm (KHA) [20], which is based on the simulation of
the herding behavior of krill individuals. Covariance matrix
adaptation evolution strategy (CMAES) [21] is a stochastic
and derivative free method for numerical optimization of
nonlinear nonconvex problems. Artificial bee colony (ABC)
[22] is an optimization algorithm based on the intelligent
foraging behavior of honey bee swarm. Bat algorithm (BA)
[23] is another bioinspired optimization algorithm based on
the echolocation behavior of microbats with varying pulse
rates of emission and loudness. Magnetic charged system
search (MCSS) [24] is a variant of charged system search [25],
which is based on the application of physics principles such
as Coulomb law and Newtonian laws of mechanics to model
how charged particles affect one another during their move
towards the largest bodies. InMCSS, magnetic forces are also
considered in addition to electrical forces. Finally, a variant
of bare bones particle swarm optimization (BBPSO) [26] is
based on the original particle swarm optimization [27], but
without parameters and with the incorporation of mutation
and crossover operators of DE to enhance the global search
capability.

Since it was not possible to include all global stochastic
optimizationmethods available in the literature for this com-
parative study, a screening process was performed to select
the most promising ones. This process depended mainly on
the results of solving phase stability and phase equilibrium
problems using global optimization methods as reported in
the literature. In several publications, limited comparisons
were reported between some GSO methods. For example,
CMAES was selected as it was shown to perform better than
shuffled complex evolution in solving phase equilibrium and
phase stability problems [28]; IFA performed better than
FA in general [17], CS better than integrated differential
evolution [29], MCSS better than CSS for phase equilibrium
and phase stability problems [30], and BBPSO better than
PSO [26]. In addition, our preliminary calculations showed
thatMAKHAperformed better thanMA andKHA, andABC
and BA performed better than FA.

One approach to solving phase stability and phase equi-
librium problems is to start the optimization process with
a stochastic global optimizer, as the methods studied in
this work. Once a certain stopping criterion is satisfied, we
follow with a local optimizer, such as sequential quadratic
programming, to close down to the minimum within the
vicinity of the best value found by the global optimizer. This
approach has been proven successful in previous studies [28–
30] and it would complement any of the methods studied
above. However, we restricted this study to the performance
of the stochastic global optimizers without the use of a local
optimizer to focus on the strength and weakness of the
studiedmethods free from any artificial enhancement of their
results.
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3. Description of Phase Stability and
Phase Equilibrium Problems Used for
the Evaluation

3.1. Objective Functions. In this study, the phase stability and
equilibrium problems are stated as a global optimization
problem. Therefore, the global optimization problem to be
solved is as follows:minimize𝐹(X) with respect to𝐷 decision
variables: X = (𝑋

1

, . . . , 𝑋
𝐷

). The upper and lower bounds
of these variables are (𝑋1max, . . . , 𝑋

𝐷

max) and (𝑋
1

min, . . . , 𝑋
𝐷

min),
respectively.

The phase stability, phase equilibrium, and reactive phase
equilibrium calculations for testing the performance of global
optimization methods are explained briefly in Table 1, which
shows the problem formulation, objective function, decision
variables, and constraints used for those thermodynamic
calculations. Specifically, the phase stability analysis was
performed using the globalminimization of the tangent plane
distance function (TPDF) [31], while the global optimization
of the Gibbs free energy was used for phase equilibrium cal-
culations with or without chemical reactions [2]. The mathe-
matical formulation for phase stability and phase equilibrium
calculations for nonreactive systems is an unconstrained
minimization of the objective function, while the constrained
Gibbs free energy minimization in reactive systems was
performed using the penalty function method according to
the approach reported by Bonilla-Petriciolet et al. [1]. For
interested readers, several references provide a detailed
description of these thermodynamic calculations [1, 2, 4, 10,
12].

Previouswork reported the evaluation of global optimiza-
tion methods for solving twenty-four problems [4, 28, 30].
In this work, we focused on the nine most difficult ones. The
basis for the selection was the relatively lower success rates
that optimization methods obtained when solving them in
the previous studies.These problems are presented in Table 2.

3.2. Details of Numerical Implementation and Performance
Metrics Used for Testing the Algorithms. All thermodynamic
problems and the different optimization algorithms were
coded in the MATLAB technical computing environment.
The codes for CS and BA were obtained from MATLAB file
exchange server as uploaded by their developers and used
without change. The code for IFA was developed by the
authors throughminormodifications of the FA code that was
obtained from the MATLAB file exchange server as well. The
codes for CMAES and ABC were obtained from the develop-
ers’ web sites and used without change. The code for MCSS
was written by the authors based on the developer’s published
work [24, 25]. MAKHA was developed and coded by the
authors.The code for BBPSOwas obtained from its developer
[26]. Each problem was solved 30 times independently and
with different random initial seeds to determine the reliability
of the optimization algorithms. Calculations were performed
for a certain number of iterations and then stopped. This
maximum value for the number of iterations was different for
different algorithms. The maximum values were selected to
give the same number of function evaluations at the end of

the run. Table 3 shows the values selected for the parameters
of the eight optimization algorithms, which were determined
using preliminary calculations.

The methods were evaluated according to the reliability
and efficiency for finding the global optimum.The efficiency
is determined by recording the number of function evalu-
ations NFE for each optimization algorithm, where a low
value of NFE means a higher efficiency. Note that NFE is an
unbiased indicator of the computational costs required by a
certain algorithm and is independent of the host hardware. In
previous studies [1, 4, 6, 26, 28, 30], reliability was measured
by the success rate at certain number of iterations.The success
rate is defined as the ratio of number of runs in which
the global minimum was attained within a tolerance at this
iteration number to the total number of runs. In this work, we
present a different reliability metric: a plot of the average best
value against the number of function evaluations. The best
values are averaged over all the runs and plotted against NFE,
which is calculated at each iteration. Since theNFEneeded for
each iteration differs amongst the optimization methods, the
plot of average best value against NFE is a better indication of
reliability versus efficiency of the optimization method.

For a comparative evaluation of the global optimiza-
tion methods, we have employed performance profile (PP)
reported by Dolan and Moré [32], who introduced PP as
a tool for evaluating and comparing the performance of
optimization software. In particular, PP has been proposed to
represent compactly and comprehensively the data collected
from a set of solvers for a specified performance metric such
as the computing time or the number of function evaluations.
The PP plot allows visualization of the expected performance
differences among several solvers and comparing the quality
of their solutions by eliminating the bias of failures obtained
in a small number of problems.

Consider 𝑛
𝑠
solvers (i.e., optimization methods) to be

tested over a set of 𝑛
𝑝
problems. For each problem 𝑝 and

solver 𝑠, the performance metric 𝑡
𝑝𝑠

must be defined. In
our study, reliability of the stochastic method in accurately
finding the global minimum of the objective function is
considered as the principal goal, and hence the reliability
performance metric is defined as

𝑡
𝑝𝑠
= 𝑓calc − 𝑓

∗

, (1)

where 𝑓∗ is the known global optimum of the objective
function and𝑓calc is the mean value of that objective function
calculated by the metaheuristic over several runs. We have
also used another performance metric for the evaluation
of the efficiency of the method in obtaining the global
minimum. This metric is the minimum number of NFE
needed to reach with 10−5 of the global minimum.

For the performance metric of interest, the performance
ratio, 𝑟

𝑝𝑠
, is used to compare the performance on problem 𝑝

by solver 𝑠 with the best performance by any solver on this
problem. This performance ratio is given by

𝑟
𝑝𝑠
=

𝑡
𝑝𝑠

min {𝑡
𝑝𝑠
: 1 ≤ 𝑠 ≤ 𝑛

𝑠
}

. (2)
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Table 3: Selected values of the parameters used in the implementa-
tion of the eight nature-inspired metaheuristic algorithms.

Metaheuristic Parameter Selected value

MAKHA

𝑛 40𝐷
𝐵 0.5
𝐶 −0.1
𝐷 0.1
𝐷max 0
𝐶
𝑡

0.5
𝑉
𝑓

0.2
𝑊
𝑓

0.1

IFA

𝛼
𝑜

0.5
𝛽min 0.2
𝛾 1
𝑛 20𝐷
𝜙 0.05

CMAES 𝜎 0.2
𝑛 20𝐷

ABC
𝑛 20𝐷

Food number 𝑛/2

limit 100

BA
𝑛 20𝐷
𝐴 0.25
𝑟 0.5

MCSS

CMCR 0.95
PAR 0.1
𝑁 20𝐷

CMS 𝑛/4, if integer
𝑛/2, if 𝑛/4 is not integer

CS 𝑛 20𝐷
𝑝 0.25

BBPSO 𝑛 20𝐷

The value of 𝑟
𝑝𝑠

is 1 for the solver that performs the best
on a specific problem 𝑝. To obtain an overall assessment of
the performance of solvers on 𝑛

𝑝
problems, the following

cumulative function for 𝑟
𝑝𝑠
is used:

𝜌
𝑠
(𝜁) =

1

𝑛
𝑝

size {𝑝 : 𝑟
𝑝𝑠
≤ 𝜁} , (3)

where𝜌
𝑠
(𝜁) is the fraction of the total number of problems, for

which solver 𝑠 has a performance ratio 𝑟
𝑝𝑠
within a factor of

𝜁 of the best possible ratio.The PP of a solver is a plot of 𝜌
𝑠
(𝜁)

versus 𝜁; it is a nondecreasing, piecewise constant function,
continuous from the right at each of the breakpoints [32]. To
identify the best solver, it is only necessary to compare the
values of 𝜌

𝑠
(𝜁) for all solvers and to select the highest one,

which is the probability that a specific solver will “win” over
the rest of solvers used.

In our case, one PP plot compares how accurately the
stochasticmethods canfind the global optimumvalue relative
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Figure 1: The evolution of the mean best value calculated via the
eight metaheuristics versus NFE for problem T7.
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Figure 2: The evolution of the mean best value calculated via the
eight metaheuristics versus NFE for problem T8.

to one another, and so the term “win” refers to the stochastic
method that provides the most accurate value of the global
minimum in the benchmark problems used. The other PP
plot compares how fast the stochastic methods can find the
global minimum with a tolerance level of 10−5, so the term
“win”, in this case, refers to the method that reaches the
solution fastest for the problems used.

4. Results and Discussion

The results are presented in three different ways. For each
problem, themean best values are plotted versusNFE for each
of the eight algorithms. These plots are found in Figures 1–9.
TheminimumNFE required to reach a certain tolerance from
the known global minimum for each problem was calculated
and presented in Table 4. The performance profiles for the
reliability and efficiency metrics are shown in Figures 10 and
11, respectively. A detailed discussion of the results follows.
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4.1. Phase Stability Problems. Problem T7 is a nine-variable
phase-stability problem that is extremely difficult to solve.
The means of the minimum values obtained by all methods
were not close enough to the global minimum except for
CS. As shown in Figure 1 and Table 4, ABC and MCSS were
able to get to within 10−3 of the global minimum. On the
other hand, CS was able to find the global minimum down
to a tolerance of 10−7. To reach the global minimum within a
tolerance of 10−5, it required 109280 function evaluations.
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Figure 11: Performance profile (PP) of the efficiency metric of
the eight metaheuristics for the 9 phase stability and equilibrium
problems.

Problem T8 is also a difficult phase stability problem.
Figure 2 shows how all problems were able to reach values
close to the global optimum. However, close analysis at the
vicinity of the global minimum, as depicted in the inset of
Figure 2, at the level of 10−5, revealed that MAKHA and
BA failed to find the global minimum up to the end of
the runs. CMAES was the most efficient as it converged
to the global minimum in the least NFE by at least one
order of magnitude. None of the methods was able to
reach within 10−6 of the global minimum, as shown in
Table 4.

Problem T9 is the last of the three phase stability prob-
lems. Even though, MAKHA was quite fast in approaching
the global minimum, as depicted in Figure 3, it failed at
converging to within 10−5 of the global minimum. IFA was
also not able to find the global minimum. CMAES was the
most efficient method in getting down to 10−5 distance from
the global minimum but was not able to get any closer. CS,
again, was the only method to converge reliably down to 10−7
of the global minimum.

For the phase stability problems, CS is clearly the most
reliable method. It may not be as efficient in its initial
approach to the global minimum as other methods such as
BA or CMAES, but it outperforms the rest in terms of finding
the global minimum. An open area of development for CS
would be to make it more efficient via hybridization with
some of the other methods in their initial approach to the
global minimum.
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Table 4: Minimum NFE for the average best value to reach 1E-3, 1E-4, 1E-5, 1E-6, and 1E-7 from the known global minimum.

Metaheuristic 𝜀

Phase equilibrium thermodynamic problem
T7 T8 T9 G4 G6 G7 G8 R4 R7

MAKHA

1E-3 ∞ 2164 601 121 301 481 4328 ∞ 10845
1E-4 ∞ 45444 1803 121 602 4329 39493 ∞ 40006
1E-5 ∞ ∞ ∞ 484 903 ∞ ∞ ∞ 40488
1E-6 ∞ ∞ ∞ 2299 1806 ∞ ∞ ∞ 40729
1E-7 ∞ ∞ ∞ 2783 ∞ ∞ ∞ ∞ 41211

IFA

1E-3 ∞ 8820 1400 40 400 1600 19980 17300 9440
1E-4 ∞ 24840 5200 40 3500 18880 36720 ∞ 14480
1E-5 ∞ 39600 ∞ 1040 9000 ∞ 52560 ∞ 20080
1E-6 ∞ ∞ ∞ ∞ 15400 ∞ 73260 ∞ 25040
1E-7 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 30160

CMAES

1E-3 ∞ 3961 201 41 101 161 3961 ∞ ∞

1E-4 ∞ 5761 201 41 101 2721 5401 ∞ ∞

1E-5 ∞ 7381 5801 ∞ 101 4801 7021 ∞ ∞

1E-6 ∞ ∞ ∞ ∞ 101 8641 8821 ∞ ∞

1E-7 ∞ ∞ ∞ ∞ 2401 11681 10621 ∞ ∞

ABC

1E-3 9840 8010 4100 60 850 2480 6570 9750 9560
1E-4 ∞ 12150 9700 60 1950 7920 11790 24959 48236
1E-5 ∞ 17010 21500 1220 3850 34644 19530 ∞ ∞

1E-6 ∞ ∞ 58104 12460 8650 ∞ 27990 ∞ ∞

1E-7 ∞ ∞ ∞ 33092 ∞ ∞ 41850 ∞ ∞

BA

1E-3 ∞ 1980 400 80 200 320 1800 ∞ ∞

1E-4 ∞ 2340 400 80 200 5760 3240 ∞ ∞

1E-5 ∞ ∞ 43200 6960 400 ∞ 16920 ∞ ∞

1E-6 ∞ ∞ ∞ 8400 3700 ∞ ∞ ∞ ∞

1E-7 ∞ ∞ ∞ 8440 ∞ ∞ ∞ ∞ ∞

MCSS

1E-3 87520 35640 800 40 400 640 26460 ∞ 21200
1E-4 ∞ 80820 6200 40 1100 36800 104400 ∞ 34160
1E-5 ∞ 178920 78000 3520 3300 157600 ∞ ∞ 64320
1E-6 ∞ ∞ ∞ 7880 11000 ∞ ∞ ∞ ∞

1E-7 ∞ ∞ ∞ 9120 49600 ∞ ∞ ∞ ∞

CS

1E-3 41440 17460 7400 120 1700 7840 22140 16100 10640
1E-4 79200 35100 11800 120 4100 26400 44820 30900 17680
1E-5 109280 61380 57400 1160 5500 52960 74700 50300 30000
1E-6 132640 ∞ 93400 3480 6700 93280 112500 70300 39760
1E-7 155040 ∞ 131400 4440 24100 140000 152820 87300 53840

BBPSO

1E-3 ∞ 9900 2800 40 600 1760 7380 ∞ 9440
1E-4 ∞ 14040 7400 40 1700 12640 11340 ∞ 17920
1E-5 ∞ 18720 21600 920 3300 ∞ 15300 ∞ 21440
1E-6 ∞ ∞ ∞ 2200 6000 ∞ 19080 ∞ 23360
1E-7 ∞ ∞ ∞ 5120 ∞ ∞ 22500 ∞ 28400

4.2. Phase Equilibrium Problems. Problem G4 is a two-
variable phase equilibrium problem that is relatively easy to
solve. However, CMAES seemed to have been trapped in a
local minimum and was unable to find its global minimum,
within a tolerance of 10−5, as shown in Figure 4. IFA did
slightly better than CMAES, but was unable to reach the
global minimumwithin a tolerance of 10−6. MAKHAwas the
most efficient in finding the global minimumwithin 10−6 and
10−7, with BBPSO and CS performing quite well.

Despite the fact that CMAES was not able to solve
problem G4, it was superior in solving problem G6. With
only 101 NFE, CMAES reached down to 10−6 of the global
minimum, as is shown in Figure 5. All methods converged
to 10−6 from the global minimum, but only CMAES, CS, and
MCSS converged to 10−7, with CMAES being ten times more
efficient. This convergence pattern was repeated in problem
G7.OnlyCMAES andCS solved the problemdown to the 10−6
and 10−7 levels, with CMAES being one order of magnitude
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more efficient, as is clear in Figure 6 and Table 4. MAKHA,
BA, and BBPSO were not able to converge at the 10−5 level.

Problem G8 was successfully solved at the 10−5 level
by IFA, CMAES, ABC, BA, CS, and BBPSO, as shown in
Figure 7. Only CMAES and CS solved the problem down to
the 10−7 levels, with CMAES being one order of magnitude
more efficient. In fact, CMAES was quite efficient at all
tolerance levels, as shown by the NFE numbers in Table 4.

The convergence profiles of the four phase equilibrium
problems (G4, G6, G7, and G8) indicated that CS is the most
reliable of all algorithms as it was the only one to be able to
solve all problems down to the 10−7 tolerance level. CMAES
was the most efficient as it required one order of magnitude
less NFE to solve three of the four problems down to the
same tolerance level. However, CMAES failed to solve the
two-variable problem that was successfully solved by all other
methods, except IFA, down to the 10−7 level.

4.3. Reactive Phase Equilibrium Problems. Regardless of the
number of variables, the reactive phase equilibrium problems
are more difficult than the nonreactive phase equilibrium
problems because the chemical reaction equilibria con-
straints must be satisfied. Problem R4, see Figure 8, was
successfully solved down to the 10−5 tolerance level by CS,
which was also able to converge to the global minimum at
the 10−6 and 10−7 levels. MAKHA, CMAES, BA, MCSS, and
BBPSO were not able to arrive even at a level of 10−3 from the
global minimum. Similarly, CMAES and BA were not able to
reach the 10−3 level for Problem R7. However, MAKHA, IFA,
CS, and BBPSO converged down to 10−7 distance from the
global minimum, with IFA being the most efficient down to
the 10−5 level and BBPSO at the 10−6 and 10−7 levels.

The complete failure of CMAES to solve reactive phase
equilibrium problems is remarkable. CMAES functions
extremely well in certain types of problems and extremely
bad in others. On the other hand, CS solved the reactive
phase equilibrium problems just as it reliably solved all other
problems in this study. Since CS uses Lévy walk, instead of
random walk, in its global search, it can explore the search
space more efficiently and avoid entrapment in local minima,
as was demonstrated by our results. However, CS requires
significantly large NFE to allow it to converge to the global
minimum. Any attempt to improve CS performance should
target its slow convergence behavior.

Our results are summarized in the PP plots of Figures
9 and 10. The reliability ranking, as extracted from the
reliability PP plot of Figure 9, is as follows. CS is the most
reliable, followed by CMAES, BBPSO, and MCSS, on the
second level. The third level contains MAKHA, ABC, IFA,
and BA, in that order. The efficiency ranking starts with
CMAES, BBPSO, and ABC.The second level contains CS and
IFA. The third level contains BA, MAKHA, and MCSS.

5. Conclusions

In this study, we have selected eight promising nature-
inspired metaheuristic algorithms for the solution of nine

difficult phase stability and phase equilibrium problems.
These thermodynamic problems were systematically solved
by the different metaheuristics and the results were tracked
and compared. The results clearly show that CS is the most
reliable of all tested optimization methods as it successfully
solved all problems down to the 10−5 tolerance from the
global minima. Any attempt to improve the performance
of CS should target its slow convergence behavior. Recently
developed CS variants [33] could provide more efficient
performance for the solution of phase stability and phase
equilibrium problems. These variants could be evaluated in
a future study in an attempt to find the most reliable and
efficient algorithm for this application. On the other hand,
CMAES was the most efficient in finding the solution for
the problems it was able to solve. However, it was not able
to converge to the global minimum for some of the tested
thermodynamic problems.

Nomenclature

𝐴: Parameter used in BA
ABC: Artificial bee colony
𝐵: Parameter used in MAKHA algorithm
BA: Bat algorithm
BBPSO: Bare bones particle swarm optimization
𝐶: Parameter used in MAKHA algorithm
CMAES: Covariance matrix adaptation evolution

strategy
CMCR: Parameter used in MCSS
CMS: Parameter used in MCSS
CS: Cuckoo search
𝐶
𝑡
: Empirical and experimental

constants—used in MAKHA
𝐷: Dimension of the problem, Parameter

used in MAKHA Algorithm
𝐷max: Maximum diffusion speed—used in

MAKHA
𝐹, 𝐹obj: Objective function
FA: Firefly algorithm
𝐺: Gibbs free energy
g∗: Global minimum
𝐼: A counter
𝑖, 𝑗: Index of the component, or index used in

an algorithm
IFA: Intelligent firefly algorithm
𝐾eq: Equilibrium constant
𝑚: Dimension of the problem, that is,

number of variables
MAKHA: Monkey Algorithm-Krill Herd Algorithm

hybrid
MCSS: Magnetic charged system search
𝑁: The number of iterations (criterion

maximum number)
𝑛: Population number
NFE: Number of function evaluations
𝑁max: Maximum induced speed
𝑁
𝑃
: Population size (number of points)

𝑛
𝑝
: Number of problems
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nref: Column vector of moles of each of the
reference components

𝑛
𝑠
: Number of solvers

NV: Dimension of the problem, that is,
number of variables

𝑝: Parameter used in CS
PP: Performance profile
𝑅: The half-range of boundaries between the

lower boundary and the upper boundary
of the decision variables (𝑋)—used in
MAKHA

𝑟: Parameter used in BA
𝑟
𝑝𝑠
: The performance ratio

TPDF: Tangent plane distance function
𝑡
𝑝𝑠
: Performance metric

𝑉
𝑓
: Foraging speed—used in MAKHA

𝑤
𝑓
: Inertia weight—used in MAKHA

𝑋: Decision variables
𝑥: Decision variables
𝑌: Decision variables
𝑦: Decision variables
𝑐: Number of components.

Greek Letters

𝜁: The simulating value of 𝑟
𝑝𝑠

𝜍: The counter of 𝜌 points
𝜁max: The maximum assumed value of 𝑟

𝑝𝑠

𝛽: Transformed decision variables used
instead of mole fractions

𝜀: Vector of random numbers in FA
𝜙: Fugacity coefficient, Fraction of top

fireflies to be utilized in the
move—Parameter used in IFA

𝛾: Activity coefficient, Parameter used in IFA
𝜋: Number of phases
𝜇: Chemical potential
𝛼
𝑜
: Parameter used in IFA

𝛽
𝑜
: Parameter used in IFA

𝜌: The cumulative probabilistic function of
𝑟
𝑝𝑠
and the fraction of the total number of

problems
𝜎: Parameter used in CMAES.

Subscripts

𝐹: Feed
𝐼: Index for the components in the mixture
min: Minimum value
𝑂: Initial value of the parameter
𝑦: At composition 𝑦
𝑧: At composition 𝑧.

Superscripts

0: Pure component.
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Bat algorithm (BA) is a novel stochastic global optimization algorithm. Cloud model is an effective tool in transforming between
qualitative concepts and their quantitative representation. Based on the bat echolocation mechanism and excellent characteristics
of cloud model on uncertainty knowledge representation, a new cloud model bat algorithm (CBA) is proposed. This paper focuses
on remodeling echolocation model based on living and preying characteristics of bats, utilizing the transformation theory of cloud
model to depict the qualitative concept: “bats approach their prey.” Furthermore, Lévy flight mode and population information
communication mechanism of bats are introduced to balance the advantage between exploration and exploitation. The simulation
results show that the cloud model bat algorithm has good performance on functions optimization.

1. Introduction

Metaheuristics is a new method for stochastic optimization;
in recent years, more and more different metaheuristic
algorithms have been proposed, such as particle swarm
optimization (PSO) [1], differential evolution (DE) [2], and
bat algorithm (BA) [3], and some novel metaheuristic algo-
rithms are proposed. The bat algorithm was proposed by
Xin-She Yang in 2010, which is inspired by the echolocation
behaviour of microbats. The bat algorithm controls the size
and orientation of bats moving speed through adjusting the
frequency of each bat and then moves to a new location; the
intensive local search is controlled by the loudness and pulse
emission rate. To some extent, PSO is a special case of suitably
simplified BA. Due to the fact that BA combines with the
advantages of swarm intelligence, which utilizes a balanced
combination of the advantages of the standard PSO and the
intensive local search controlled by the loudness and pulse
rate, BA is widely researched in different field applications.
BA has some advantages over other algorithms, and the
number of adjustable parameters is fewer. Consequently, BA
has been used for solving engineering design optimization
[4–6], classifications [7], fuzzy cluster [8], prediction [9],
neural networks, and other applications.

The cloud model is proposed by Li et al. in 1995, which
is a model of the uncertain transition between a linguistic

term of qualitative concept and its numerical representation
[10]. In recent years, the cloud model is applied in the field of
metaheuristics, such as cloud model based genetic algorithm
(CGA) [11] and cloud model based evolutionary algorithm
(CBEA) [12, 13]. In this paper, the bat algorithm was used
for reference, the echolocation mechanism based on cloud
modelwas remodeled, and twomechanismswere introduced:
population information communicating of each individual
and random Lévy flight; a cloud model bat algorithm (CBA)
was proposed, and the purpose is to improve the convergence
rate and precision of bat algorithm. At the end of this paper,
combination strategies and parameter settings of CBA are
discussed, several appropriate parameters are selected, and
eight typical benchmark functions are tested, and the test
results show that the proposed algorithm is feasible and
effective.

2. Behaviors of Bats and Cloud Model

2.1. Flight and Echolocation of Bats. Bats are the only volitant
mammals in the world; after tens of millions of years of
evolution, there are nearly 1,000 species of bats. Bats have
powered flight ability, which is much more complex than
glide; their flight can generate complex aerodynamic tracks,
and the flight is accompanied with local self-similarity [14].
Many microbats have amazing echolocation; these bats can
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Objective function 𝑓(𝑥), 𝑥 = [𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑑
]
𝑇

Initialize the bat population 𝑥
𝑖
(𝑖 = 1, 2, . . . , 𝑛) and V

𝑖

Define pulse frequency 𝑓
𝑖
at 𝑥
𝑖
Initialize pulse rates 𝑟

𝑖
and the loudness 𝐴

𝑖

While (𝑡 < Max number of iterations)
Generate new solutions by adjusting frequency,
and updating velocities and locations/solutions [(1)]

if (rand > 𝑟
𝑖
)

Select a solution among the best solutions
Generate a local solution around the selected best solution

end if
Generate a new solution by flying randomly

if (rand < 𝐴
𝑖
& 𝑓 (𝑥

𝑖
) < 𝑓 (𝑥

∗
))

Accept the new solutions
Increase 𝑟

𝑖
and reduce 𝐴

𝑖

end if
Rank the bats and find the current best 𝑥

∗

end while
Postprocess results and visualization.

Algorithm 1: Pseudocode of the bat algorithm (BA) [3].

emit a very loud and short sound pulse and receive the
echo that reflects back from the surrounding objects by their
extraordinary big auricle. Then, they analyze this feedback
information of echo in their subtle brain. They not only can
discriminate direction for their own flight pathway according
to the echo but also can distinguish different insects and
obstacles, to hunt prey and avoid collision effectively in the
day or night. Bats minimize the conspicuousness of their
echolocation call to potential insect prey by reducing call
intensity and by changing the frequencies in the call [15].
Furthermore, the echolocation signal that one individual bat
uses to collect information can simultaneously serve as a
communication function, allowing, for example, groupmem-
bers to remain in contact with one another. Echolocation call
plays a crucial and hitherto underestimated role for social
communication in a highly mobile and gregarious nocturnal
mammal and thus facilitates social communication in bats
population [16].

2.2. Bat Algorithm. In simulations, they use virtual bats
naturally, to define the updated rules of their positions 𝑥

𝑖

and velocities V
𝑖
in a 𝐷-dimensional search space. The new

solutions 𝑥𝑡
𝑖
and velocities V𝑡

𝑖
at time step 𝑡 are given by

𝑓
𝑖
= 𝑓min + (𝑓max − 𝑓min) 𝛽,

V𝑡
𝑖
= V𝑡−1
𝑖

+ (𝑥
𝑡

𝑖
− 𝑥
∗
) 𝑓
𝑖
,

𝑥
𝑡

𝑖
= 𝑥
𝑡−1

𝑖
+ V𝑡
𝑖
,

(1)

where 𝛽 ∈ [0, 1] is a random vector drawn from a uniform
distribution. Here, 𝑥

∗
is the current global best location

(solution) which is located after comparing all the solutions
among all the 𝑛 bats.

For the local search part, once a solution is selected
among the current best solutions, a new solution for each bat
is generated locally using random walk:

𝑥new = 𝑥old + 𝜀𝐴 𝑡, (2)

where 𝜀 ∈ [−1, 1] is a random number, while𝐴
𝑡
= ⟨𝐴
𝑡

𝑖
⟩ is the

average loudness of all the bats at this time step.
Furthermore, the loudness 𝐴

𝑖
and the rate 𝑟

𝑖
of pulse

emission have to be updated accordingly as the iterations
proceed. These formulas are

𝐴
𝑡+1

𝑖
= 𝛼𝐴
𝑡

𝑖
,

𝑟
𝑡+1

𝑖
= 𝑟
0

𝑖
[1 − exp (−𝛾𝑡)] ,

(3)

where 𝛼 and 𝛾 are constants.
Based on these approximations and idealization, the basic

steps of the bat algorithm [3] can be summarized as the
pseudocode shown in Algorithm 1.

2.3. Lévy Flight. Lévy flight is a random walk in which the
step-lengths have a probability distribution that is heavy-
tailed. Lévy flight has several properties: “heavy tails,” sta-
tistical self-similarity, random fractal characteristics, and
infinite variance with an infinite mean value [17]. Lévy
distribution, Gaussian distribution, and Cauchy distribution,
which is a 𝛼 stable distribution; however, probability density
function (PDF) curves of Gaussian distribution and the
Cauchy distribution are symmetrical; Lévy distribution is
not symmetrical [18]. Probability density function of Lévy
distribution on 𝑥 > 𝜇 is

Lévy ∼ 𝑓 (𝑥) = √
𝐶

2𝜋

𝑒
−𝐶/2(𝑥−𝜇)

(𝑥 − 𝜇)
3/2

, (4)

where 𝜇 is the location parameter and 𝐶 is the scale param-
eter. PDF curve of the three distributions is presented in
Figure 1.
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Figure 1: The PDF curve of the three distributions.

Studies have shown that flight behaviour ofmany animals
and insects has demonstrated the typical characteristics of
Lévy lights. A recent study by Reynolds and Frye shows that
fruit flies explore their landscape using a series of straight
flight paths punctuated by a sudden 90∘ turn, leading to a
Lévy flight-style intermittent scale free search pattern [19].
Studies on human behaviour such as the Ju/’hoansi hunter-
gatherer foraging patterns also show the typical feature of
Lévy flights [20]. Subsequently, due to the remarkable proper-
ties of stable Lévy distribution, Lévy flight has been applied to
optimization and optimal search [21], and preliminary results
show its promising capability.

2.4. Cloud Model. Cloud model build a transformational
bridge between a linguistic term of qualitative concept
and quantitative representation, which reflects randomness,
fuzziness, and the relationship between randomness and
fuzziness of uncertainty in knowledge representation [22, 23].
The cloud and cloud droplets are defined as follows.

Let𝑈 be the set𝑈 = {𝑥}, as the universe of discourse, and
let 𝐶 be a linguistic term associated with𝑈. The membership
degree of 𝑥 in 𝑈 to the linguistic term 𝐶, 𝜇(𝑥), is a random
number with a stable tendency. 𝜇(𝑥) takes the values in [0, 1].
A membership cloud, or compatibility cloud, is a mapping
from the universe of discourse 𝑈 to the unit interval [0, 1].
That is,

𝜇 (𝑥) : 𝑈 → [0, 1] ,

∀𝑥 ∈ 𝑈, 𝑥 → 𝜇 (𝑥) .

(5)

Thedistribution of𝑥 in universe of discourse𝑈 is called cloud
and each 𝑥 is called a drop of cloud [22].

A normal cloud is defined with three digital characteris-
tics, expected value 𝐸𝑥, entropy 𝐸𝑛, and hyper entropy 𝐻𝑒
and a cloud, namely, 𝐶(𝐸𝑥, 𝐸𝑛,𝐻𝑒). Expectation 𝐸𝑥 is the
position at 𝑈 corresponding to the center of gravity of the
cloud. In other words, the element 𝐸𝑥 in the universe of
discourse is fully compatible with the linguistic term. The
entropy 𝐸𝑛 is a measure of the coverage of the concept within
the universe of discourse. In other words, 𝐸𝑛 is defined by

the bandwidth of the mathematical expected curve (MEC)
of the normal cloud showing how many elements in the
universe of discourse could be accepted to the linguistic
term, the greater 𝐸𝑛, and the broader coverage. It can be
also considered as a measure of fuzziness of the concept,
representing the scope of the universe of discourse that can be
accepted by the concept.The hyper entropy𝐻𝑒 is the entropy
of the entropy 𝐸𝑛. It is a measure of dispersion of the cloud
drops; it can be used a measure of thickness of the cloud,
which not only reflects the randomness of samples appearing
that represent qualitative concepts value but also reveals the
relatedness between fuzziness and randomness.

Normal cloud model makes full use of the universality of
the normal distribution and normal membership function,
which not only broaden the formation conditions of the nor-
mal distribution but alsomake the normalmembership func-
tion be the expectation of the random membership degree;
the randomness and fuzziness are represented uniformly by
entropy and then the theoretical basis of universality of the
normal cloud model is established [24]. Cloud model has the
3𝜎 characteristics; there are 99.7% drops of cloud located in
[𝐸𝑥 − 3𝐸𝑛, 𝐸𝑥 + 3𝐸𝑛]. These drops of cloud are generated by
the normal cloud generator. Atomized feature of the cloud
model: the drops of cloud spread around while the hyper
entropy is increasing, butmany drops still stand in the central
area of the cloud, which can be used to adjust the strategies
of the evolution and help to escaping from local optima [11].
The clouds with different digital characteristics are depicted
in Figure 2.

3. Cloud Model Bat Algorithm

Bats prey by emitting pulse with a certain frequency and
detection of the echo; they communicate with each other
using echolocation call. This paper assimilates its principle
to idealize some of the echolocation characteristics of micro-
bats. Based on the excellent characteristics of cloudmodel on
uncertainty knowledge representation, a bat algorithm based
on cloud model was proposed (cloud model bat algorithm,
CBA).

3.1. Knowledge Representation of Bat Cloud. In order to depict
the CBA, the habits of bats are used for reference, taking
advantage of the excellent properties of cloud model. Firstly,
representation of relevant knowledge needs to be described;
several concepts certain about CBA were given as follows.

(1) Optimizing Generation. Optimizing generation indicates
the number of iteration circles in the algorithm; each iteration
circle may include several times replacement of population,
simply, namely, 𝑡.

(2) Individual. In CBA, each bat is treated as an individual;
when it is in flight, the position of each bat 𝑥𝑡

𝑖
signifies a

candidate solution of optimization problem, where 𝑖 is the
number of individuals and 𝑡 is the optimizing generation.
For the high-dimensional optimization, 𝑥𝑡

𝑖
represent a vector

under high-dimensional space, correspondingly, where each
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Figure 2: The cloud with different digital characteristics. 𝐶(0, 2, 0.2) denote a cloud, 0 is expectation, 2 is entropy, and 0.2 is hyper entropy.

dimension denotes an attribute of the solution of optimiza-
tion problem.

(3) Fitness Function. Fitness function denotes adaptation
degree of each individual aiming at their located environment
in the community. It is used to evaluate the individual and
decides which individual to retain or eliminate. Fitness func-
tion usually is the expression of costs, profitability, variance,
and so on.

(4) Population Bats Cloud.The bats live and prey together, and
many bats constitute a community. A cloud was generated,
which is to represent the distribution characteristics of the
same dimension of all individuals, called population bats
cloud, namely, 𝑃𝑏𝑐

𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒), where 𝑗 represents the 𝑗th

dimension of population and 𝐸𝑥, 𝐸𝑛, and𝐻𝑒 are three digital
characteristics of cloud model.

(5) Individual Experience. It denotes these individuals that are
able to remember their own history during the process of
optimization. In the proposed algorithm, bats can memorize
their own best location 𝑥

𝑝best during moving. Its main
purpose is to guide the flight of bat and to promote the
communication among the population.

(6) Population Elite. In this proposed algorithm, population
elite denotes the position of the optimal individual, namely,

𝑥
𝑔best; the population elite 𝑥

𝑔best will be saved and be used in
swarm information communication.

3.2. Cloud Model Bat Search Algorithm. In this paper, at the
basis of original BA and the habits of bats, based on the
cloud model and Lévy flights, cloud model bat algorithm is
proposed under idealized simulation of echolocation of bats.
For simplicity, some idealized rulesareas follows.

(1) Using the echolocation, bats not only can identify
the direction, measure the distance, and determine
the current status of their prey but also can avoid
collision, distinguish obstacles, and prey from back-
ground clutter. This paper only simulates that bats
search for a prey using echolocation mechanism in
a search space under ideal environment, where the
position of prey means an optimal solution of the
problem; each position of bats indicates a candidate
solution of optimization problem. Bats may not prey
their target, but they gradually approach the target,
close to the prey, approximately regard as successful
preying under a certain tolerance.

(2) Each bat flies randomly with frequency 𝑓𝑡
𝑖
; the posi-

tion 𝑥𝑡
𝑖
moves under the adjustment of frequency 𝑓𝑡

𝑖
.

The frequency 𝑓𝑡
𝑖
resembles an adjustment coefficient
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of step length, and frequency 𝑓
𝑡

𝑖
of sound pulse is

changeable, where 𝑡 is the optimizing generation.

(3) The adjustment of frequency 𝑓 caused the change
of the wavelength 𝜆 (this is because of the fact that
𝜆𝑓 = V is a constant and V is the speed of sound in
air; typically, V = 340m/s); such wavelengths 𝜆 are in
the same order of their prey sizes and help to locate
the target. Generally, the frequency 𝑓 is in a range
[𝑓min, 𝑓max], and each individual can communicate
information with others by echolocation call in a
population.

(4) Each bat emits sonic pulse with emission rate 𝑅
𝑖
∈

[0, 1] and loudness 𝐿𝑑
𝑖
. At the beginning of prey,

bats have a smaller 𝑅
𝑖
and larger 𝐿𝑑

𝑖
. During the

process of locating prey, the pulse emission rate
increases and loudness reduces once the bat searches
for target traces, which is figuratively indicated by “bat
is approaching the target.”

(5) In exploration of bats for prey, their flight features
are accompanied by typical Lévy flight characteristic;
many insects and animals have it as well. Exploration
and traces its of to detect potential prey traces of a
random flight.

On the basis of the above mentioned idealized rules,
the properties of the cloud model are utilized which rep-
resents the membership degree of qualitative concept and
reveals the relationship between randomness and fuzziness
in uncertainty knowledge representation. According to nor-
mal cloud model generator with expectations, entropy, and
hyper entropy, many drops of the cloud with quantitative
transformation value corresponding to qualitative concept
are produced. In this paper, updating the position of bats
by cloud model, swarm information communication in each
individual and random Lévy flights are introduced, a cloud
model bat algorithm is proposed, and the steps of CMBA
algorithm can be summarized as follows:

(1) Initialization. Randomly initialize the position of each bat
in the population and relevant parameters.

(2) Initial Evaluation. Evaluate these initial positions using
fitness function, and find out a population elite 𝑥

𝑔best.

(3) Bats Cloud Updating. Generate bats cloud based on cloud
model, and update the position of bats.

(4) Swarm Information Communication. Information com-
munication of bat population adopts a differential operator
that is similar to mutation strategy “DE/best/2” in differential
algorithm.

(5) Bats Random Lévy Flight. Each bat randomly flights using
Lévy flight.

(6) Population Evaluation. For each population in steps (3)–
(5), evaluate each individual by fitness function and find out

and update the individual experience 𝑥
𝑝best for each bat and

population elite 𝑥
𝑔best in each step.

(7) Pulse Emission Rate and Loudness Update. The rate of
pulse emission 𝑅

𝑖
and loudness 𝐿𝑑

𝑖
for each bat need to

update when the achieved optimal solution after steps (3)–(5)
is better than the optimal solution of last generation.

(8) Termination Judgment. 𝑡 = 𝑡 + 1; execute steps (3)–(7)
until 𝑡 reaches a predefined maximum number of optimizing
generation.

In this algorithm framework, three problems need to be
solved: first of all, the formation of bat cloud model, second
information communication of bat population, and third the
updating of 𝑅, 𝐿𝑑.

3.2.1. Formation of Population Bats Cloud Model. This paper
simulates the moving of bats when several bats pursue and
capture prey. Each bat expects to move toward the direction
of prey (the optimal solution). In the search space, the entire
population is trying to approximate the optimal solution;
the position 𝑥

𝑡

𝑖
of each individual should move toward the

optimum position. Consequently, the same dimensions of
population have stable tendency. However, each individual
has their own feature, and the implementations of position
updating are random for each individual. Therefore, the
characteristics of approximated process that bats have to
approximate prey are simulated by cloudmodel. Sequentially,
they adapt bat cloud model to depict the qualitative concept:
“bats approach their prey.”

Normal cloud model of bat approach process utilizes
the characteristics of cloud model that are the uncertain
transition between qualitative and quantitative. The pop-
ulations bats cloud 𝑃𝑏𝑐

𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒) analogize to cloud

𝐶(𝐸𝑥, 𝐸𝑛,𝐻𝑒), where the expected value𝐸𝑥 is the 𝑗th dimen-
sion of population elite 𝑥

𝑔best, the entropy 𝐸𝑛 is the average
loudness of all bats, and the hyper entropy𝐻𝑒 is the average
pulse emission rate of all bats. The population bats cloud
𝑃𝑏𝑐
𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒) is a 1-dimensional normal cloud. In order to

update the position of each individual, each dimension of new
individual is generated by randomly selecting several drops
of the cloud from cloud cluster, and then calculate the result
which is mean of the membership degree of each selected
drop multiplied by expected value 𝐸𝑥. The membership
degree of each drop is the certainty degree of approximation
expectation 𝐸𝑥. The computational formula is described as
follows:

𝑥
𝑡+1

𝑖𝑖
= AVG (∑𝐸𝑥 × 𝑅𝑆 (𝑝𝑏𝑐

𝑖
(𝐸𝑥, 𝐸𝑛,𝐻𝑒))) , (6)

where 𝑖 denotes 𝑖th individual, 𝑗 denotes 𝑗th dimen-
sion, 𝐸𝑥 = 𝑥

𝑔best,𝑗, 𝐸𝑛 = AVG(∑Rate
𝑖
), 𝐻𝑒 =

AVG(∑ Loudness
𝑖
), 𝑅𝑆(⋅) denotes a function of the ran-

domly selected several records, and AVG(⋅) denotes averag-
ing function.

The pulse emission rate 𝑅
𝑖
increases and loudness 𝐿𝑑

𝑖

decreases while the iteration is increasing, and the entropy
𝐸𝑛 and hyper entropy 𝐻𝑒 therewith update. Consequently,
different cloud clusters are generated, so those individuals
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gradually approach the target. Position of the bat is updated
by population bats cloud 𝑃𝑏𝑐

𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒), which quantifica-

tionally represents the qualitative concept that bat approaches
target. Sequentially, which reflect the determine tendency
of swarm optimizing, meanwhile show the fuzziness and
randomness of uncertainty knowledge representation.

The proposed algorithm introduces information commu-
nication in bat population under idealized conditions, which
assure that the entire bat colony gets helpful information by
communicating experience among individuals in a bat popu-
lation.Thismechanismguides these bats that are approaching
prey fast.

Bats can emit sound pulses with certain frequency range.
Generally, the frequency 𝑓 is in a range [𝑓min, 𝑓max] and the
typical range is [0, 1] in implementation. This paper defines
the frequency 𝑓 updating formula as follows:

𝑓
𝑡

1𝑖
= ((𝑓

1,min − 𝑓1,max)
𝑡

𝑛
𝑡

+ 𝑓
1,max)𝛽1, (7)

𝑓
𝑡

2𝑖
= ((𝑓

2,max − 𝑓2,min)
𝑡

𝑛
𝑡

+ 𝑓
2,min)𝛽2, (8)

where 𝛽
1
, 𝛽
2
∈ [0, 1] is a random vector drawn from a

uniform distribution, 𝑓
1,max = 𝑓

2,max = 𝑓max, 𝑓1,min =

𝑓
2,min = 𝑓min, and 𝑛𝑡 is a constant. The frequency 𝑓 would

be analogous to an adjustable parameter. The step length
of individual moving is adjusted by adjusting frequency
𝑓. Meanwhile, it can be interpreted as bats adjusting their
own position by adjusting their own frequency and com-
municating with other bats. Information communication of
bat population adopts a differential operator that is similar
to mutation strategy “DE/best/2” in differential algorithm,
which is described as follows:

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑔best + 𝑓
𝑡

1𝑖
(𝑥
𝑡

𝑟1
− 𝑥
𝑡

𝑟2
) + 𝑓
𝑡

2𝑖
(𝑥
𝑡

𝑟3
− 𝑥
𝑡

𝑟4
) , (9)

where 𝑥
𝑡

𝑔best represents the current population elite after
updating by bat cloud updating and 𝑥

𝑡

𝑟𝑖
is 𝑖th individual

randomly selected in the population after bat cloud updating.
In addition, the above mentioned mechanism accelerates

the convergence rate, while the Lévy flight behavior is
introduced to greatly ensure the swarm diversity against the
premature convergence. Random Lévy flights are manipu-
lated at the basis of individual experience 𝑥𝑡

𝑝best, where 𝑥
𝑡

𝑝best
represents the current individual experience after swarm
information communication. The random Lévy flights are
used to improve the individual ability to escape from the
local optima; simultaneously, thismechanism also assures the
intensification. The detailed description is as follows:

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑝best + 𝜇 × sign [rand − 0.5] ⊕ L ́evy, (10)

where 𝜇 is a random parameter drawn from a uniform
distribution, sign ⊕means entry-wise multiplications, rand ∈
[0, 1], and random step length Lévy obeys Lévy distribution.

3.2.2. Method of Pulse Emission Rate and Loudness Updating.
The pulse emission rate 𝑅

𝑖
and loudness 𝐿𝑑

𝑖
of each bat will

be adjusted suitably when it moves to a better position than
last generation 𝑡 − 1. In this paper, the updating formulas
adopt (11). It is worth noting that the loudness and emission
rates will be updated only if the final population elite 𝑥𝑡

𝑔best in
current generation are better than the final population elite
𝑥
𝑡−1

𝑔best in last generation:

𝐿𝑑
𝑡+1

𝑖
= 𝛼𝐿𝑑

𝑡

𝑖
,

𝑅
𝑡+1

𝑖
=

1

1 + 𝑒
(−(10/𝑡max)×(𝑡−(𝑡max/2))+𝑅

1
𝑖
)

,

(11)

where 𝛼 ∈ [0, 1] is a constant, 𝑡 is optimizing generation, 𝑡max
denotes maximum optimizing generation, and 𝑅

1

𝑖
denotes

initial pulse emission rate of each bat.
Cloud model bat algorithm is inspired by the behavior of

bat; original BA and cloudmodel are used for reference, based
on the properties of cloud model and echolocation of bat
in foraging behavior, to remodel the algorithm framework,
defining several idealized rules and constructing optimizing
mechanism; a cloud model bat algorithm is proposed. The
cloud model bat algorithm is different from the original bat
algorithm, which uses echolocation predation mechanism
of bats as the starting point and uses the universality of
the normal cloud model as the basis. Several predominant
mechanisms are integrated organically in the CBA.

For the performance of the proposed algorithm, the pop-
ulations bats cloud 𝑃𝑏𝑐

𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒) utilizes the information

provided by the current optimal solution to generate the
drops of cloud. The loudness and pulse emission rate are
regarded as entropy 𝐸𝑛 and hyper entropy 𝐻𝑒, respectively,
to control the measure of the coverage and randomness
of optimal solution structure. Reduction of the loudness
and increasing of the pulse rate emission show that bats
approach their target. To quantificationally represent this
qualitative concept by population, bats cloud model makes
many individual clusters around the current optimal solution
and forms a bat cloud, thus exploring much better solutions.
This proposed algorithm has strong stability with bat cloud
updating, which can gradually approach the optimal solution.

The swarm information communication guides thewhole
populationmoving toward the optimal solution.The increase
or decrease of frequency 𝑓 controls the scale of the indi-
vidual moving forward or backward. Each individual can
communicate information with others and ultimately move
toward the common goal or direction. On the one hand,
(7) implements on the basis of population elite 𝑥𝑡

𝑖
, which

can accelerate the convergence speed of proposed algorithm;
however, it may lead to premature convergence. On the other
hand, the mechanism also reflects the importance of Lévy
flight.

From (7), we know that premature convergence may take
place; from (8), Lévy flight is implemented on the individual
experience of population. This randomness of Lévy flight
can ensure the diversity of the population against premature
convergence. Lévy flight has a certain role in escaping from
local optima; meanwhile, based on individual experience of
population it can accelerate the convergence rate to some
extent.
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(a) Box-and-whisker after 50 independent runs with different population
size 𝑝𝑠, where 1–9 in abscissa axis correspond to 𝑝𝑠 = 10, 15, . . . , 50,
respectively
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(b) Iterative curve after one independent run with different population
size 𝑝𝑠, where 1–9 in abscissa axis correspond to 𝑝𝑠 = 10, 15, . . . , 50,
respectively

Figure 3: Box-and-whisker diagram and iterative curve about the impact of different population size 𝑝𝑠.

The range of loudness 𝐿𝑑
𝑖
and pulse emission rate 𝑅

𝑖

may have influence on the performance of the proposed
algorithm; meanwhile, the number of the drops of cloud is
no exception. In [13], for the drops of cloud are generated
by the normal cloud generator, there are 99.7% located in the
interval [𝐸𝑥 − 3𝐸𝑛, 𝐸𝑥 + 3𝐸𝑛]. Consequently, initial value of
𝐿𝑑
𝑖
initializes 0.5(𝑥max−𝑥min)/3, where 𝑥max and 𝑥min denote

the upper and lower limit of the search space.The range of the
drops of cloud that are located around the expectation𝐸𝑥will
reduce while the loudness 𝐿𝑑

𝑖
reduces gradually. In addition,

the thickness of cloud cluster will increase while the pulse
emission rate increases gradually; even the cloud cluster is
excessively discrete and represents atomized feature. In [25],
the expectation 𝐸𝑥 can be approximated by reverse clouds
generator and the error is less than 0.01 if only the number of
the drops of cloud is more than 10. Similarly, to approximate
entropy𝐸𝑛 and assure relative error less than 0.01, the number
of the drops of cloud is more than 100. Consequently, this
paper produces 100 drops of cloud in the implementation,
as a cloud cluster, and randomly selects a larger sample with
50 drops of cloud from the cloud cluster to fit the structure
individual.

4. Simulations and Result Analysis

In order to validate the validity of bat cloud model algo-
rithm, several unconstrained high-dimensional benchmark
test functions are selected (simulation platform: Microsoft
Windows XP Professional SP3, AMD Athlon (tm) II X4 640
3.00GHz, 4.00GB; programming tools: Matlab R2012a).

4.1. Parameter Settings and Analysis. In this section, in order
to test the sensibility of parameter settings, the 2-dimensional
Rosenbrock function was selected. And its global minimum

value is 0 at (1, 1, . . . , 1); the global minimum is inside
a long, narrow, and parabolic shaped flat valley. To find
the valley is trivial. To converge to the global minimum,
however, is difficult. Statistical result of minimum fitness
after 50 independent runs was represented by box-and-
whisker diagram, and the iterative curve was depicted for
once independent run.

To initialize the parameter frequency 𝑓 ∈ [0, 2], 𝑛𝑡 =

4000, select different population size 𝑝𝑠 for experiment. The
purpose is to investigate the influence of the population size
for the proposed algorithm. The descriptive statistics of the
results are plotted in Figure 3(a), where 1–9 in abscissa axis
correspond to 𝑝𝑠 = 10, 15, . . . , 50, respectively. As shown
as Figure 3(a), the precision of the optimum value gradually
increases while the population size 𝑝𝑠 increases, and the
increment of precision gradually decreases. The precision
of the optimum value is low and the extreme outliers
will appear when population only includes 10 individuals,
which show that the population size is insufficient and the
exploring ability is poor. The precision of the optimal value
increases properly and the outliers are mild when population
size increases to 20. After the population size reaches 30,
performance of the proposed algorithm gradually stabilizes,
and the incremental extent of the precision is inapparent.

Figure 3(b) is the iterative curves for one independent
run of CBA. As shown in the figure, the difference of the
optimum value is not outstanding after the population size
increases to 30. Considering the precision and calculation,
𝑝𝑠 = 45 is a preferable balance, which has high precision and
less calculation; in addition, the convergence rate is relatively
fast.

After setting the parameter 𝑝𝑠 = 45, 𝑛𝑡 = 4000 to test the
proposed algorithm with different upper limit of frequency
𝑓 ∈ [0, 𝐹]. The purpose is to investigate the impact of the
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(a) Box-and-whisker after 50 independent runs with different upper limit
of frequency 𝑓 ∈ [0, 𝐹], where 1–6 in abscissa axis correspond to 𝐹 =
0.5, 1, 2, . . . 5, respectively
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(b) Iterative curve after one independent run with different upper limit
of frequency 𝑓 ∈ [0, 𝐹], where 1–6 in abscissa axis correspond to 𝐹 =
0.5, 1, 2, . . . 5, respectively

Figure 4: Box-and-whisker diagram and iterative curve about the impact of different upper limit of frequency 𝑓 ∈ [0, 𝐹].
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(a) Box-and-whisker after 50 independent runs with different parameter
𝑛𝑡, where 1–8 in abscissa axis correspond to 𝑛𝑡 = 1000, 2000, . . . , 8000,
respectively
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(b) Iterative curve after one independent run with different parameter
𝑛𝑡, where 1–8 in abscissa axis correspond to 𝑛𝑡 = 1000, 2000, . . . , 8000,
respectively

Figure 5: Box-and-whisker diagram and iterative curve about the impact of different parameter 𝑛𝑡.

frequency range for the proposed algorithm. The descriptive
statistics of the results are plotted in Figure 4(a), where 1–6 in
abscissa axis correspond to 𝐹 = 0.5, 1, 2, . . . , 5, respectively.
As shown in Figure 4(a), the algorithm is very sensitive to
the initial values, while 𝑓 ∈ [0, 0.5], the exploring ability
is weak and cannot avoid the premature convergence and
escape from local minima, and the stability is poor. The
performance of algorithm is relatively good when the range
is [0, 1]; the performance of CBA gradually reduces while the
upper limit of frequency increases. Figure 4(b) is the iterative

curves for one independent run of CBA. Figure 4(b) shows
that the performance of algorithm and convergence speed are
preferable to the other condition.

Confirm the parameter 𝑝𝑠 = 45, 𝑓 ∈ [0, 1], and then
investigate the impact of the parameter 𝑛𝑡 for the proposed
algorithm. The descriptive statistics of the results are plotted
in Figure 5(a), where 1–8 in abscissa axis correspond to
𝑛𝑡 = 1000, 2000, . . . , 8000, respectively. Figure 5(b) is the
iterative curves for one independent run of the proposed
algorithm with different parameter 𝑛𝑡. As shown in Figure 5,
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Table 1: Benchmarking test functions.

Benchmarks
functions

Functions expression Exact value 𝑥
∗

Search space

𝑓
1
: Sphere 𝑓(𝑥) =

𝑛

∑

𝑖=1

𝑥
2

𝑖
𝑓min = 0 (0, 0, . . . , 0) [−10, 10]

𝑓
2
: Schwefel 𝑓(𝑥) =

𝑛

∑

𝑖=1





𝑥
𝑖





+

𝑛

∏

𝑖=1





𝑥
𝑖






𝑓min = 0 (0, 0, . . . , 0) [−10, 10]

𝑓
3
: Rosenbrock 𝑓(𝑥) =

𝑛

∑

𝑖=1

[(𝑥
𝑖
− 1)
2

+ 100(𝑥
𝑖+1

− 𝑥
𝑖

2

)

2

] 𝑓min = 0 (1, 1, . . . , 1) [−2.408, 2.408]

𝑓
4
: Ackley

𝑓 (𝑥) = 20 + 𝑒 − 20 exp[−0.2√(1
𝑛

) ×

𝑛

∑

𝑖=1

𝑥
2

𝑖
]

− exp[−0.2√ (

1

𝑛

) ×

𝑛

∑

𝑖=1

cos (2𝜋𝑥
𝑖
)]

𝑓min = 0 (0, 0, . . . , 0) [−30, 30]

𝑓
5
: Griewangk 𝑓(𝑥) =

1

4000

×

𝑛

∑

𝑖=1

𝑥
2

𝑖
−

𝑛

∏

𝑖=1

cos
𝑥
𝑖

√𝑖

+ 1 𝑓min = 0 (0, 0, . . . , 0) [−600, 600]

𝑓
6
: Rastrigin 𝑓(𝑥) = 10𝑛 +

𝑛

∑

𝑖=1

[𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
)] 𝑓min = 0 (0, 0, . . . , 0) [−5.12, 5.12]

𝑓
7
: Shubert 𝑓 (𝑥, 𝑦) = [

5

∑

𝑖=1

𝑖 cos (𝑖 + (𝑖 + 1) 𝑥)] ⋅ [
5

∑

𝑖=1

𝑖 cos (𝑖 + (𝑖 + 1) 𝑦)] 𝑓min ≈ −186.7309 — [−10, 10]

𝑓
8
: Easom 𝑓(𝑥, 𝑦) = − cos (𝑥) cos (𝑦) exp [− (𝑥 − 𝜋)2 + (𝑦 − 𝜋)2] 𝑓min = −1 (𝜋, 𝜋) [−10, 10]
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Figure 6: Box-and-whisker after 20 runs independently about
different strategies combination.

the performance of the algorithm has improved to some
extent with gradually increasing parameter 𝑛𝑡. In general,
the algorithm parameter is not sensitive for parameter 𝑛𝑡.
Considering the precision of optimal value, convergence
speed, and stability, parameter 𝑛𝑡 around 5000 or 6000 is
preferable. In this paper, 𝑛𝑡 = 6000.

4.2. Combination Strategies Analysis. In order to discuss the
impact of three strategies (bats cloud updating, swarm infor-
mation communication, and bats random Lévy flight) after
selecting proper parameter, firstly, set bats cloud updating as
C, swarm information communication asG, and bats random
Lévy flight as L and then select Rosenbrock as test function.
The statistical results after 20 times run independently are
shown in Figure 6, where 1–6 in abscissa axis correspond to

LGC, CLG, CGL, GL, CL, and CG, respectively, where the
combination of letters represents the combination of different
strategies. As shown as Figure 6, LGC sometimes can find a
better solution, but it is unstable, and several extreme outliers
appear sometimes, which represent that the algorithmmay be
premature convergence.TheCLG is themost unstable, which
is sensitive to the initial position. GL can repeatedly find
a better solution; however, several extreme outliers appear
likewise, which represent that the algorithm lacks stability.
CL optimizes difficultly and its performance is poor.WithCG
several mild outliers will appear and the performance of CG
is somewhat less thanCGL, and the reason is lack of diversity
without L. Nevertheless, the CGL loses trifling precision of
the optimum value, but the overall performance is the most
stable, and it can always find better solution.

4.3. Experimental Results and Analysis. In order to compare
the performance with other algorithms, eight test functions
are selected to test CBA convergence. In Table 1, the values
listed in the search space column are used to specify the range
of the initial random particles’ position; the 𝑥

∗
denotes the

global optimum, and the 𝑓min is the corresponding fitness
value.

In [11], a cloud model based genetic algorithm (CGA)
was proposed; CGA is based on both the idea of GA and the
properties of randomness and stable tendency of a normal
cloud model. In [12], a cloud model based evolutionary
algorithm (CBEA) was proposed by Zhang et al., which is
based on the outstanding characteristics of the cloud model
on the process of transforming a qualitative concept to a
set of quantitative numerical values and integrates with the
basic principle of evolutionary computation. In [13], cloud
based evolutionary algorithm (CBEA) was proposed by Liu
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Table 2: Experimental results comparison between CGA, CBA, and SAPSO.

Algorithms 𝑓
2

𝑓
3

𝑓
5

𝑓
6

𝑓
7

S-S [−10, 10] [−2.048, 2.048] [−512, 512] [−10, 10] [−10, 10]
F-D 5 2 10 15 2
CGA 0.00013 2.5749𝑒 − 08 0.01170 1.8529𝑒 − 06 −186.6267

SAPSO — 3.5383𝑒 − 003 5.7773𝑒 − 008 1.9425𝑒 − 004 —
CBA 1.9850𝑒 − 93 1.2683𝑒 − 12 0 0 −186.7309

Table 3: Experimental results comparison between CBEA08, CBA, and SAPSO.

Algorithms 𝑓
1

𝑓
5

𝑓
6

𝑓
7

𝑓
8

S-S [−100, 100] [−600, 600] [−5.12, 5.12] [−10, 10] [−100, 100]
F-D 10 10 10 2 2
CBEA08 0 0 0 −186.7309088310227 −1

SAPSO 0.04860173 5.7773𝑒 − 008 1.9425𝑒 − 004 — —
CBA 0 0 0 −186.7309088310230 −1

Table 4: Experimental results comparison between CBEA09, CBA, and SAPSO.

Algorithms 𝑓
1

𝑓
2

𝑓
3

𝑓
4

𝑓
5

S-S [−5.12, 5.12] [−10, 10] [−30, 30] [−32.768, 32.768] [−32.768, 32.768]
CBEA09 1.1696𝑒 − 166 5.2927𝑒 − 97 26.178 0 0
SAPSO 0.04860173 — 3.5383𝑒 − 003 1.5684𝑒 − 003 5.7773𝑒 − 008

CBA 0 2.4707𝑒 − 223 28.879 0 0

et al., who discuss the atomized feature of cloud model;
the selection pressure of evolution is adjusted by changing the
hyper entropy that is the main factor in atomized feature.

There are many ways to carry out the comparison of
algorithm performance with different termination criteria;
the preferable approaches is to compare their accuracies for a
fixed number of fitness function evaluations 𝐹𝐸𝑠. This paper
adopts fixed 𝐹𝐸𝑠 as the termination criterion (𝐹𝐸𝑠 = 𝑝𝑠 ×

𝑡 ×𝑁, where 𝑝𝑠 is population size, 𝑡 is optimizing generation,
and 𝑁 is the number of fitness function evaluations in each
optimizing generation). In order to compare with different
algorithms, search space (SS) and function dimension (FD)
of selected benchmark functions are consistent with corre-
sponding algorithm. CBA is run 50 times independently for
each function and the mean of the function values found in
50 runs was described in experimental result.

In [11], 𝑝𝑠 was set as 100, selected different test functions
have different optimizing generation 𝑡, the minimum 𝐹𝐸𝑠

is 106, and the maximum 𝐹𝐸𝑠 is 2 × 10
7. In this paper,

optimizing generation 𝑡 is set as 200 in each run for corre-
sponding function. 𝐹𝐸𝑠 = 27000. The experimental results
are presented in Table 2, where results of CGA in 30 runs are
derived from [11] and results of SAPSO (simulated annealing
particle swarm optimization) are derived from [6].

Table 3 shows the results of comparison betweenCBEA08
and CBA, where results of CBEA08 in 50 runs are derived
from [12], and results of SAPSO are derived from [6]. Here
𝑝𝑠 = 1000, 𝑡 = 100, and 𝐹𝐸𝑠 = 10

5. In this paper, for these
functions, 𝑡 is set as 500, corresponding to 𝐹𝐸𝑠 = 67500.

Table 4 shows the results of comparison betweenCBEA09
and CBA, where results of CBEA09 in 50 runs are derived
from [13], and results of SAPSO are derived from [6]. All
the selected functions are 30-dimensional function, and the
optimizing generation 𝑡 is set as 500 for all algorithms.

Tables 2, 3, and 4 not only show that the proposed
algorithm is feasible and effective but also demonstrate
the superior approximation capabilities in high-dimensional
space. The proposed algorithm can perform better perfor-
mance while the optimizing generation 𝑡 increases gradually.
As shown as Table 2, CBA has higher precision than CGA
both unimodal and multimodal functions. From Table 3,
CBA has similar precision than CBEA08 both unimodal
and multimodal function, and several theoretical values of
benchmark function can be achieved. Table 4 shows the
results that are tested under high-dimensional condition.The
CBA can perform with better precision, except for Rosen-
brock function which has no best performance. Rosenbrock
function has a narrow valley from the perceived local optima
to the global optimum.

5. Conclusions

In this paper, the bat algorithm is used for reference;
two mechanisms were introduced, population information
communicating of each individual and random Lévy flights,
to propose a cloud model bat algorithm based on normal
cloud model and echolocation mechanism. Cloud model
builds a transformational bridge between a linguistic term
of qualitative concept and quantitative representation, which
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reflects randomness, fuzziness, and the relationship between
randomness and fuzziness of uncertainty in knowledge rep-
resentation. A population bats cloud model 𝑃𝑏𝑐

𝑗
(𝐸𝑥, 𝐸𝑛,𝐻𝑒)

was built, which analogizes to cloud 𝐶(𝐸𝑥, 𝐸𝑛,𝐻𝑒), which
depicts the qualitative concept: “bats approach their prey.”
CBA mainly considers the balance between the global
random search and local search and the balance between
intensification and diversification. In addition, we discuss the
mechanism and parameter set of CBA; several appropriate
parameters are set. The simulation results show that the
proposed algorithm is feasible, effective, and robust.
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With the advent of Cloud databases, query optimizers need to find paretooptimal solutions in terms of response time andmonetary
cost. Our novel approach minimizes both objectives by deploying alternative virtual resources and query plans making use of
the virtual resource elasticity of the Cloud. We propose an exact multiobjective branch-and-bound and a robust multiobjective
genetic algorithm for the optimization of distributed data warehouse query workloads on the Cloud. In order to investigate the
effectiveness of our approach, we incorporate the devised algorithms into a prototype system. Finally, through several experiments
thatwe have conductedwith differentworkloads and virtual resource configurations, we conclude remarkable findings of alternative
deployments as well as the advantages and disadvantages of the multiobjective algorithms we propose.

1. Introduction

Cloud computing has emerged as a new computation para-
digm that builds elastic and scalable software systems. Ven-
dors such as Amazon, Google, Microsoft, and Salesforce
offer several options for computing infrastructures, plat-
forms, and software systems [1–4] and supply highly scalable
database services with simplified interfaces and the goal of
reducing the total cost of ownership [5–7]. Users pay all
costs associated with hosting and querying their data where
database-as-a-service providers present different choices to
tradeoff price and performance to increase the satisfaction
of the customers and optimize the overall performance [8,
9]. Recently, extensive academic and commercial research is
being done to construct self-tuned, efficient, and resource-
economic Cloud database services that protect the benefits
of both the customers and the vendors [10–13].

Virtualization is being exploited to simplify the adminis-
tration of physical machines and accomplish efficient systems
and it is the main enabling technology of Cloud computing
that provides the illusion of infinite resources in many
respects [14]. The perception of hardware and software
resources is decoupled from the actual implementation and

the virtual resources perceived by applications are mapped to
real physical resources. Through mapping virtual resources
to physical ones as needed, the virtualization can be used
by several databases that are located on physical servers
to share and change the allocation of resources according
to query workloads [15] (see Figure 1). This capability of
virtualization provides efficient Cloud databases where each
virtual machine (VM) has its own operating system and
thinks that it is using dedicated resources (CPU, main mem-
ory, network bandwidth, I/O, etc.), whereas in reality the
physical resources are shared among by using a VMmonitor
(VMM) that controls the allocation of resources [16–19].

In addition to providing efficient queries in accordance
with the service level agreements, contemporary relational
Cloud databasemanagement systems need to optimize amul-
ticriteria problem that the overall cost of hardware ownership
price is to be minimized. More specifically, the problem can
be stated as follows.

Given a budget constraint and a query workload, how
can the virtual resources of the Cloud (CPU, main memory,
network bandwidth, etc.) be allocated to virtual machines,
each having a part of a distributed database, that the best
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Figure 1: Virtualization of resources on a server.

overall query performance can be achieved with minimum
pricing?

In this study, we have developed a framework to provide
(near-)optimal virtual resource allocationswith respect to the
overall cost of hardware ownership price and a good tradeoff
between the efficiency and the overall cost of a database
is ensured. Our framework produces cost-efficient design
alternatives (virtual resource configuration and query plans)
and recommends them to decision makers. A budgetary
constraint can be a more important criterion for a consumer,
whereas the response time of the queries is more crucial for
another [20]. Therefore, in order to fully realize the potential
of the Cloud, alternative query plans are executed with
well configured virtual resources instead of only optimizing
single query plans on statically designed virtual resources
[21]. This means that instead of designing the database over
standard VMs, we have configured the virtual resources,
which indicates that CPU usage and RAM can be a crucial
point for a data warehouse workload, whereas network or I/O
bandwidth is more important for another.

In this part, we give a scenario to explain the multiobjec-
tive problem in more detail. Consider a distributed TPC-H
decision support database where all of its tables are located
on different VMs. When we execute TPC-H query 3 with
two different query plans (QP

1
and QP

2
given in Appendix)

and with alternative virtual resource allocations, we obtain
different results. The results of this experiment are presented
in Tables 1 and 2. As it can be seen, the configuration of
VMswith 4× 2Ghz CPU, 8GBRAM, and 300Mbps network
bandwidth and with QP

1
is observed to be the best perform-

ing platform; however, its monetary price is one of the most
expensive alternatives. The configuration of 1 × 2Ghz CPU,
768MB RAM, and 100Mbps network bandwidth and with
QP
1
has a response time, that is, only 25.9% slower but 72.0%

cheaper. The paretooptimal visualization of the solutions can
be seen in Figure 2. Looking at the results, the cheapest
VM configuration is not the worst and the most expensive
configuration is not the best solution in accordance with both
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Figure 2: Paretooptimal curve for the response time and monetary
cost of TPC-HQ3 with different virtual resource configurations and
query plans.

Table 1: Response time andmonetary costs of TPC-H query 3 (QP1)
with 6 different virtual resource configurations.

Virtual machine
configuration

Network
bandwidth

Response time
(sec.) Price ¢

1 × 2Ghz CPU,
768MB RAM 10Mbps 57.0 ¢0.048

1 × 2Ghz CPU,
768MB RAM 100Mbps 16.5 ¢0.055

1 × 2Ghz CPU,
768MB RAM 300Mbps 15.7 ¢0.140

4 × 2Ghz CPU,
8GB RAM 10Mbps 58.2 ¢0.404

4 × 2Ghz CPU,
8GB RAM 100Mbps 13.5 ¢0.128

4 × 2Ghz CPU,
8GB RAM 300Mbps 13.1 ¢0.197

objectives. Instead, alternatives chosen according to virtual
resource demands provide better paretooptimal solutions.
For example, QP

1
requests more network resources, whereas

QP
2
spends more main memory. In this case, QP

1
can be a

better way to execute a query where the network bandwidth
is high and cheap.

In order to investigate the effectiveness of our approach,
we incorporate the devised framework into a prototype
system for evaluation and instantiate it with a simple heuristic
algorithm (SHA), an exact solution method, branch-and-
bound (MOBB), and a soft computing method multiob-
jective genetic algorithm (MOGA). Finally, through several
experiments that we have conducted with the prototype
elastic virtual resource deployment optimizer on TPC-H
query workloads, we conclude remarkable results of the space
of alternative deployments as well as the advantages and
disadvantages of the multiobjective optimization algorithms.

The remainder of this paper is organized as follows. In
Section 2, we provide information about the related studies.
In Section 3, we give mathematical multiobjective query
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Table 2: Response time andmonetary costs of TPC-Hquery 3 (QP2)
with 6 different virtual resource configurations.

Virtual
machine
configuration

Network
bandwidth

Response
time (sec.) Price ¢

1 × 2Ghz CPU,
768MB RAM 10Mbps 32.5 ¢0.027

1 × 2Ghz CPU,
768MB RAM 100Mbps 31.2 ¢0.104

1 × 2Ghz CPU,
768MB RAM 300Mbps 29.6 ¢0.263

4 × 2Ghz CPU,
8GB RAM 10Mbps 14.6 ¢0.101

4 × 2Ghz CPU,
8GB RAM 100Mbps 14.5 ¢0.137

4 × 2Ghz CPU,
8GB RAM 300Mbps 14.3 ¢0.215

optimization problem formulation. In Section 4, infrastruc-
ture and pricing scheme parameters of the Cloud are given.
Section 5 proposes our simple heuristic (SHA), branch-and-
bound (MOBB), and genetic algorithms (MOGA). Section 6
defines our experimental environment and the setup of the
selected TPC-H query workloads and presents the results
of the experiments. In Section 7, we give our concluding
remarks.

2. Related Work

In this section, we summarize some of the studies related
to our work. There has been a lot of research related to the
Cloud, but relatively there is no approach like ours that is
concerned with both the optimization of the total ownership
price and the performance of the queries by taking into
account alternative virtual resource allocation and query
plans.

Distributed databases are considered to be the first repre-
sentatives of the Cloud databases.Therefore, we first analyzed
Mariposa, an early distributed database system that imple-
ments an economic paradigm to solve many drawbacks of
wide-area network cost-based optimizers [22]. In Mariposa,
clients and servers have an account in a network bank and
users allocate a budget to each of their queries.The processing
mechanism aims to service the query in the limited budget by
executing portions of it on various sites. The latter place bids
for the execution of query parts and the bids are collected in
query brokers.The decision of selecting the most appropriate
bids is delegated to the user. A series of similar works have
been proposed for the solution of the problem [23, 24].
Papadimitriou and Yannakakis [25] showed that Mariposa’s
greedy heuristic can be far from the optimum solution and
proposed that the optimumcost-delay tradeoff (Pareto) curve
inMariposa’s framework can be approximated fast within any
desired accuracy. They also present a polynomial algorithm
for the general multiobjective query optimization problem,
which approximates the optimum cost-delay tradeoff.

An advisor automatically configures a set of VMs for
database workloads where the advisor requests domain

knowledge in Soror’s study [15]. Although his approach
concerns with the efficient allocation of the VMs, it does not
optimize the total ownership price of the system. Recently,
efficient cost models have been proposed in the Cloud
for scheduling of dataflows with regard to monetary cost
and/or completion time [12] and cost amortization of data
structures to ensure the economic viability of the provider
[13], particularly for self-tuned caching [11] and for a real-life
astronomy application using the Amazon Cloud [26].

New costmodels that fit into the pay-as-you-go paradigm
of Cloud computing are introduced in [10].These costmodels
achieve a multiobjective optimization of the view material-
ization versus CPU power consumption problem under bud-
get constraints. It is shown that Cloud view materialization
is always desirable. Koutris et al. [27] built a theoretical foun-
dation, the first one towards a practical design and implemen-
tation of a pricing system. They present a formal framework
for query-based pricing. Central to this framework are the
notions of arbitrage-free and discount-free pricing.

In [28], the cost performance tradeoffs of different exe-
cution and resource provisioning plans have been simulated,
showing that by provisioning the right amount of storage
and computing resources, cost can be reduced significantly.
The performance of three workflow applications with dif-
ferent I/O, memory, and CPU requirements has also been
compared on Amazon EC2 and a typical high-performance
cluster (HPC) to identify what applications achieve the best
performance in the Cloud at the lowest cost [26].

Recent research takes interest in various aspects of
database and decision support technologies in the Cloud.
Different studies investigate the storage and processing of
structured data [29], the optimization of join queries, and
how to support analysis operations such as aggregation
[30]. Cloud data warehousing and OLAP systems also raise
various problems related to storage and query performance
[31]. Adaptations of these technologies to the Cloud are
addressed in [32] or the calculation of OLAP cuboids using
the MapReduce runtime environment [33].

In [34], a virtual-machine provisioning policy based on
marginal cost and revenue functions is proposed. For each
Cloud customer there exists a budget as a function of the
execution time of the tasks that are submitted. Knowledge
of this function, combined with the machine-hour cost,
allows for educated decisions regarding the amount of virtual
resources allocated per customer in the context of an IaaS-
Cloud, an answer to the question of exactly how many VMs
a consumer should request from a Cloud within a budget.

In [35], a cost-aware provisioning system for Cloud
applications that can optimize either the rental cost for pro-
visioning a certain capacity or the transition cost of reconfig-
uring an application’s current capacity is proposed. The
system exploits both replication and migration to dynami-
cally provision capacity and uses an integer linear program
formulation to optimize cost.

There has been a substantial amount of work on the prob-
lem of tuning database system configurations for specific
workloads or execution environments [36] and on the prob-
lem of making database systems more flexible and adaptive
in their use of computing resources [37, 38]. In our study
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we are tuning the virtual resources to a database system,
rather than tuning the database system for a given resource
setting. Also our study optimizes the objectives of minimum
money consumption and maximum benefit from the virtual
resources and optimizes this with an efficient multiobjective
genetic algorithm. In summary, our study focuses on the
elasticity of Cloud resources and produces multiple resource
deployment plans with alternative query plans for a set of
queries in a batch, enabling the user to select the desired
tradeoff with efficient cost models. To the best of our know-
ledge, no resource deployment processing system deals with
the concept of elasticity and cost-efficiency on relational
Cloud databases like our system.

3. Multiobjective Query Optimization
Problem Formulation

In this part, we first give the definitions of some main terms
that are used in the study to provide the reader a better
understanding and later we present the mathematical repre-
sentation of our multiobjective query optimization problem
of a data warehouse workload on the Cloud.

VirtualMachine (VM). VM is software that emulates the arch-
itecture and functions of a real computer. The number of
its processors and main memory can be changed through
virtualization.

Distributed Data Warehouse. Distributed data warehouse is
a TPC-H decision support data warehouse that is distributed
over a set of VMs on a network. VMs communicate with each
other by paying a cost required by Cloud vendor.

Workload (W).Workload is a set of queries that are submitted
as a batch to a distributed data warehouse. Our data ware-
house is a distributed database so that the tasks of the queries
are sent to the related VM and its results are received by other
VMs to join the data and give a result.

Response Time. Response time is the time that has elapsed
between the submission of the queries and obtaining of the
results.

Total Execution Time. Total execution time is the sum of the
time spent by the CPUs of the VMs and the time period
during the data transmission over the network.

Monetary Cost. Monetary cost of a Cloud data warehouse
workload (𝐶total) includes renting the resources to run the
database. These resources are mainly data storage (𝐶storage)
processing time of the VMs (𝐶comp) and the sum of data
transfer cost (𝐶comm) [10]:

𝐶total = 𝐶storage + 𝐶comp + 𝐶comm. (1)

Data storage cost, 𝐶storage, depends on the size of the data
(including the structures such as indexes and replications)
and its storage time. Processing time of the VMs, 𝐶comp,
is the total price for CPU usage. During the execution of
the queries, different VM configurations can be used and
the configuration of a VM (RAM, number of CPUs, etc.) is
flexible in accordance with the resources used. Micro, small,
large, and extra-large are some of the configurations provided
by the Cloud vendors at various prices [3]. Data transfer cost,
𝐶comm, is related to the amount of datamigrated between sites
and the pricing model applied by the Cloud provider.

Alternative Query Plans (QPs). QPs provide different ways for
executing a query. In Figure 3, we can see two different QPs
of TPC-H query Q3. QP

1
first joins the customer and orders

relations, whereas QP
2
joins the orders and lineitem relations

first. Alternative QPs can take advantage of different ways of
executing the same query; thus, cheaper resources can reduce
the total price of a query while increasing the response time.
This elasticity provides new opportunities for the solution of
our multiobjective problem.

The formulation of the problem consists of two parts: the
monetary cost and the response time of the query workloads
that will work on the selected VMs with the alternative QPs
of the queries.

The monetary cost is calculated in accordance with (1)
and the response time of the query workloads is calculated
with the parameters and statistics used by query optimizers.
The main goal of the problem is to minimize

𝐹 (𝑥) = {Resp time (𝑥) ,Total cost (𝑥)} , (2)

where 𝑥 denotes a solution vector consisting of a set of VMs,
QPs of 𝑚 queries in workload 𝑊

𝑘
that will be executed on

selected VMs, and the following network:

𝑥 = {{VM
1
, . . . ,VM

𝑛
} , {QP

1
, . . . ,QP

𝑚
} ,Network

𝑖
} . (3)

There are 𝑛 VMs with independent DBMS and each VM
has a set of processors and a main memory. Each DBMS has
a workload that consists of a set of queries.𝑊

𝑖
represents the

𝑖th workload. The resources to be deployed to VMs are CPU
and main memory.

M Cost(𝑊
𝑘
, 𝑥
𝑖
) is the totalmonetary cost of workload𝑊

𝑘

for the solution vector 𝑥
𝑖
.

Resp Time(𝑊
𝑘
, 𝑥
𝑖
) is the response time of workload𝑊

𝑘

with the virtual resource and QP settings given in solution 𝑥
𝑖
.

The main goal is to obtain the paretooptimal set of solu-
tions such that the overall workload cost is minimized. The
overall multiobjective objective function (finding solutions
closer to the ideal point given in Figure 2) is represented in
the following:

𝐹 (𝑥
𝑖
) = min√(Resp time(𝑥

𝑖
) − Best time(𝑥))2 + (M cost(𝑥

𝑖
) − Best cost(𝑥))2, (4)
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Figure 3: Alternative QPs for TPC-H Q3 query.

where Best time(𝑥) is the best response time andBest cost(𝑥)
is the minimal monetary cost for workload𝑊

𝑘
with solution

vector 𝑥.

Response Time Cost Model. In order to measure the response
time of a workload with a configuration of VMs, we deve-
loped a response time based cost model [21, 39] that uses
bushy-plan trees [40]. The cost model depends on the stat-
istics of the database catalog. The main parameters used in
the cost model are shown in Table 3.

Using the number of pages as a parameter, the response
time taken by a query is calculated as

Resp time = (𝑇CPU ∗ seq #insts) + (𝑇I/O ∗ seq #I/O𝑠)

+ (𝑇MSG ∗ seq #msgs) + (𝑇TR ∗ seq #bytes) .
(5)

The network communication time of transferring an
intermediate query result from one site to another is calcu-
lated as

CT (#pages) = 𝑇MSG + (𝑇TR ∗ #pages) . (6)

4. Infrastructure and Pricing Scheme
Parameters of the Cloud

In this section, we describe the infrastructure details of the
Cloud database and the pricing scheme that we have used
during the optimizations. Each customer requests queries
from the Cloud by using Internet and contacts with the
aggregate node. The aggregate node distributes the query
to the appropriate VMs. The Cloud infrastructure provides
unlimited amount of storage space, CPU nodes, RAM, and
very high speed intra-Cloud networking. All the resources of
the Cloud are assumed to be on a network. The CPU nodes,

Table 3: Parameters used in the cost model.

Symbol Definition
𝑇I/O I/O time for a page
#I/O Number of page I/O operations
seq #I/O Max. number of sequential pages I/O
𝑇CPU Time for a CPU instruction
seq #insts Max. number of sequential instructions
𝑇MSG Time to initiate and receive a message
seq #msgs Max. number of sequential messages
𝑇TR Time to transmit a page
seq #pages Max. number of sequential pages
#insts Number of instructions

RAM, and I/Obandwidth of eachVMare different and can be
deployed by usingVMmonitors (VMM) inmilliseconds [14].
The storage system is based on a clustered file system where
the disk blocks are stored close to the CPU nodes accessing
them. I/O bandwidth of the storage is divided evenly to the
VMs (that may have multiple cores up to 8).

There are many Cloud service providers (CSP) in the
market and they offer different pricing schema for the services
they provide. Different pricing schema of Cloud server pro-
viders can be opportunities for customers in accordance
with the tasks they want to complete. In our study, we will
use a pricing scheme that is similar to Windows Azure [3].
VM configurations such as extra small (XS), small (S), and
medium (M) are provided by the Cloud service provider.The
detailed information of VM configurations can be seen in
Table 4. The cost for a small VM (1GHz CPU, 768MB RAM)
is $0.02/hr, whereas for A7 (8 × 1.6 GHz CPU, 56GB RAM)
is $1.64/hr.
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Table 4: Virtual machine prices.

Symbol
Virtual
machine

configuration
Price

XS 1GHz CPU, 768MB RAM $0.02/hr
S 1.6GHz CPU, 1.75GB RAM $0.06/hr

M 2 × 1.6 GHz CPU, 3.5 GB
RAM $0.12/hr

L 4 × 1.6 GHz CPU, 7GB
RAM $0.24/hr

XL 8 × 1.6 GHz CPU, 14GB
RAM $0.48/hr

A6
4 × 1.6 GHz CPU, 28GB

RAM $0.82/hr

A7
8 × 1.6 GHz CPU, 56GB

RAM $1.64/hr

Table 5: Cloud database storage prices.

Database size Price
100MB $5.00/mo
1GB $9.99/mo
2GB $13.99/mo
5GB $25.98/mo
10GB $45.96/mo
50GB $125.88/mo
150GB $225.78/mo

Table 6: Network bandwidth prices.

Bandwidth Price
10Mbps $0.05/hr
100Mbps $0.50/hr
200Mbps $1.00/hr

Data storage is also billed by the Cloud service providers.
In our model, monthly storage price is used. During our
experiments, the data storage price was constant for all the
queries. Therefore, we do not add this parameter to our
overall cost. The detailed information of database storage
prices can be seen in Table 5.

Most of the Cloud providers do not charge for the data
transfers in a private Cloud but the data that leaves the Cloud
and the bandwidth of the intra-Cloud network can reach up
to 10Gbps. In order to make our problem more interesting
and handle this dimension of the optimization, we have
located our VMs on a virtual switch. Different bandwidth
networks can be chosen and the pricing scheme changes in
this communication infrastructure.The pricing we have used
for the network layer is given in Table 6.The bandwidth of the
network is increased from 10Mbps up to 200Mbps during the
experiments.
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Figure 4: Proposed heuristic value for MOBB algorithm.

5. Proposed Algorithms

In this section, we propose three algorithms for the solution
of the problem: simple heuristic algorithm (SHA), an exact
algorithm branch-and-bound which finds the paretooptimal
solutions, and a multiobjective genetic algorithm (MOGA).

5.1. Simple Heuristic Algorithm (SHA). In SHA, we have
ranked the VMs in accordance with the frequency of the
join operations. For example, with the database configuration
we have studied, the first one was the VM that most of
the join operations took place and we have assigned the
best configuration to this VM. For the rest of the VMs
we have assigned configurations with decreasing prices. The
effects of all network types and QPs are evaluated on these
configurations of the VMs. This algorithm is developed to
provide us a test environment to evaluate the performance of
other proposed algorithms, MOBB and MOGA.

5.2. Multiobjective Optimization of Cloud Database Config-
uration Using Branch-and-Bound Algorithm (MOBB). Mul-
tiobjective branch-and-bound algorithm (MOBB) is an
exhaustive optimization algorithm. It enumerates all candi-
date solutions, where fruitless subsets of candidates are
discarded, by using upper and lower estimated bounds of the
problem instance being optimized [41]. MOBB starts search-
ing with null initial values indicating that no QP has yet been
selected for any queries with the current VM configuration.
Later, QPs are assigned to selected VM configuration. At
each level of the tree, one additional QP is assigned to the
query workload. This procedure is repeated for every VM
configuration.

We define two initial upper bounds for MOBB. The
minimum monetary cost is the running time of VMs that
execute the queries in a workload of queries. The response
time is the finishing time of the workload with the given VM
configuration. In order to estimate a lower bound, different
heuristic functions can be used. The heuristic we proposed
here is reasonable and performs well during the optimization
process. We will explain the heuristic with a scenario. In
Figure 4 we can see the results of a sample multiobjective
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query workload optimization. The best response time and
the minimum monetary cost values are defined and marked
on the Figure. We can obtain these values with the most
expensive and the cheapest VM configurations easily. Hereby,
we propose a heuristic point (marked as heuristic point on
the Figure), that is, the center of the square constructed by
the response time and monetary costs of the most expensive
and the cheapest VM configurations. If the response time of
a workload falls above heuristic point or if the monetary cost
is at the right-hand side of heuristic point on the Figure then
it is pruned according to our heuristic.

Table 7 gives us an execution order of a sample workload
W. QP

1
denotes the first query execution plan of a query and

⟨QP
1
,QP
1
, . . . ,QP

2
⟩ is the sequence of submitted queries in

a workload. The first query is executed with query plan QP
1
,

the second query is executed with query plan QP
1
, and the

last query is executed with query plan QP
2
. The executions

in the table start with query execution plan of query 1 and
two null queries. The final solution is the state with no null
values. After finding the best and worst response times with
the most expensive and the cheapest VM configurations, we
set our heuristic point as monetary cost = $1.2 and response
time = 50min.

The execution starts by assigning the queries to the cur-
rent VM configuration. The response time and the monetary
cost of the first query are calculated with its three different
QPs. The first QP is in the acceptable bounds (monetary
cost = $0.5 and response time = 10min.) but the other two
QPs exceed the limits.The second one is more expensive than
the heuristic value ($1.3) and the third one is slower than the
heuristic value (55min.). Therefore, they are pruned. In the
second phase, we assign the QPs of the second query. They
arewithin the limits of the heuristic value and at the last phase
we add the third query. They do not exceed the limits of the
heuristic value and they become solutions. Pseudocode of our
MOBB algorithm is given in Algorithm 1.

5.3. Multiobjective Optimization of Cloud Database Configu-
ration Using Genetic Algorithm (MOGA). The principles of
applying natural evolution to optimization problems were
first described in [42, 43]. The GA theory has been further
developed and GAs have become very powerful tools for
solving search and optimization problems [44–46]. GAs are
based on the principle of genetics and evolution and have
been frequently used to solve many NP-complete problems.
GAs use a computational model that simulates the natural
processes of selection and evolution. Individuals with better
quality have more chance to survive, to reproduce, and to
pass their genetic characteristics to future generations. Each
potential solution in the search space is considered as an
individual and is represented by strings called chromosomes.
Genes are the atomic parts of chromosomes and codify a
specific characteristic. Chromosomes are encoded in dif-
ferent ways for each application. A random population is
generated in the first step of the algorithm and by applying
selection, crossover, and mutation operations iteratively new
generations are created [47]. The individual having the best
fitness value in the population is returned as the solution of

the problem. Algorithm 2 gives the details of GA used in
MOGA system.

Multiobjective query optimization problem can be mod-
eled by evolutionary methods. A chromosome corresponds
to a solution instance including a set of relational Cloud
database QPs. Figure 5 shows the chromosome structure
of a solution instance. The chromosome consists of three
parts; leftmost segment represents the configuration of the
VMs. Middle segment is the set of QPs for the queries in
the workload. Rightmost part gene represents the selected
network layer of the solution vector.

We have defined three operators for the solution of GA
model.

Crossover Operator. The operator uses two parents that are
selected from the population by a selection method. We
have proposed two types of crossover operators, global and
local. Global crossover operator swaps VM, QP, or network
part of two selected chromosomes with the same counter
chromosome. Below we can see two parents and their VM
parts are exchanged to provide two new chromosomes.
Details can be seen in Figure 6. Consider
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1
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} .

(8)

The local crossover operator works on the VM and QP
segments of the chromosome by dividing the parents and
exchanging the segments with each other. Figure 7 gives
an example of local crossover that divides the QPs of the
chromosomes and exchanges to generate new offspring.

Mutation Operator. Mutation operator changes a randomly
selected gene of a chromosome. In our chromosome structure
this operator can act on any of the segments. Only a gene
is replaced at every mutation process. Figure 8 shows how a
mutation operator changes a QP in a chromosome.

Fitness Calculation. Multiobjective fitness evaluation does
not produce a single solution vector. Therefore, we have
selected the nondominant individuals in the population as
the resulting solution set. The fitness of the individuals is
evaluated in accordance with (4).

Parameters of MOGA are as follows:

(i) population size: total number of chromosomes (indi-
viduals) in each generation;
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Table 7: Execution of multiobjective branch-and-bound algorithm with heuristic values (monetary cost = $1.2 and response time = 50min.).

State Monetary cost ($) Response time (sec.) Action
⟨QP
1
,—,—⟩ $0.5 10min. Expanded

⟨QP
2
,—,—⟩ $1.3 25min. Pruned

⟨QP
3
,—,—⟩ $0.5 55min. Pruned

⟨QP
1
,QP
1
,—⟩ $0.9 37min. Expanded

⟨QP
1
,QP
2
,—⟩ $0.9 37min. Expanded

⟨QP
1
,QP
1
,QP
1
⟩ $1.1 42min. Solution

⟨QP
1
,QP
2
,QP
1
⟩ $1.2 45min. Solution

Input: Set of VM types (VMs), Query workload (𝑊)
Output: A set of pareto-optimal solutions

(1) QP: Query Plan
(2) Q: Queue of QPs
(3) Calculated value: Multiobjective cost of optimization
(4) S: Set of solutions
(5) for (𝑖 = 1 to all configurations of (VMs)) do
(6) B response time← Find the best response time (VM

𝑖
,𝑊)

(7) Cheapest cost← Find the cheapest cost (VM
𝑖
,𝑊)

(8) Heuristic value← Calculate heuristic value (B response time, Cheapest cost)
(9) Q = null;
(10) 𝑆 = {};
(11) for (Each Query Plan QP in the workload𝑊) do
(12) Q.Enqueue QP in(𝑊);
(13) Calculated value = Calculate with (VM

𝑖
, Q);

(14) if (Calculated value is worse than Heuristic value}) then
(15) Break the loop and start with the next VM configuration;
(16) if (𝑊is empty and the Calculated value is better than heuristic value) then
(17) Add (VM

𝑖
) to the solution set of 𝑆;

(18) return 𝑆;

Algorithm 1: Multiobjective optimization of Cloud database configuration using branch-and-bound.

(ii) number of generations: each iteration of a GA that a
number of crossovers and mutations are applied;

(iii) maximum number of genes to transfer: maximum
length of the crossed segment in segmented crossover
operation andmaximumnumber of genes transferred
in a multiple-point crossover operation;

(iv) minimum number of genes to transfer: minimum
length of the crossed segment in segmented crossover
operation andminimumnumber of genes transferred
in a multiple-point crossover operation.

(v) selection type (tournament): r chromosomes (r is the
tournament size) are selected from the population,
and the chromosome with the best fitness value is
chosen for the next generation from the r-element
group; this process is repeated as many times as the
population size of the next generation;

(vi) tournament size: number of individuals entering a
selection in tournament selection technique;

(vii) truncate ratio: ratio of the best individuals, which
are sorted according to their fitness values, used for
producing the next generation;

(viii) mutation ratio: probability of mutations in a single
gene.

The results of the experiments with SHA, MOBB, and
MOGA are presented in Section 6.

6. Experimental Evaluation

In this section, we describe our experimental environment,
the setup of the selected TPC-H query workloads, VMM
Hyper-V, and parameter settings for MOGA and present the
results of the experiments we have obtained with multiob-
jective simple heuristic algorithm (SHA), branch-and-bound
(MOBB), and multiobjective genetic algorithm (MOGA).
The VM and network configurations are first optimized by
the algorithms and later we have run the workloads on a
real Cloud database to see the real results and measure the
correctness of our algorithms.
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Input: Set of VM types (VMs), Query workload (W)
Output: A set of pareto-optimal solutions

(1) VM: Set of Virtual Machine types
(2) QP: Set of alternative query plans
(3) N: Set of alternative network bandwidths
(4) p: Population
(5) par

1
, par
2
: Individuals (parent) selected for crossover or mutation

(6) s: Generated individual
(7) p← Generate random individuals(VM, QP, N)
(8) Calculate fitness of individuals(p)
(9) p← truncate(p)
(10) B response time← Find best response time(VMs,W)
(11) Cheapest cost← Find cheapest cost(VMs,W)
(12) for 𝑘 := 1 to generations do
(13) (par

1
, par
2
)← Select pair of parents(p)

(14) s← Crossover(par
1
, par
2
)

(15) Replace with least-fit in the population(p, s)
(16) s←Mutation(p, s)
(17) Replace with least-fit in the population(p, s)
(18) Replace duplicate chromosomes(p)
(19) Update B response time
(20) Update Cheapest cost

Algorithm 2: Multiobjective optimization of cloud database configuration using genetic algorithm.
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Figure 5: Chromosome structure for the proposed multiobjective
genetic algorithm that consists of the virtual machines, the query
plans, and the network layer.

6.1. Experimental Environment. We have performed our exp-
eriments on a private Cloud server: 4U DELL PowerEdge
R910 having 32 (64 with Hyper Threading) cores and each
core is Intel Xeon E7-4820 with a total of 2.00Ghz process-
ing power. Server has 128GB DDR3 1600 Mhz virtualised
memory and Broadcom Nextreme II 5709 1Gbps NICs.
Operating system is Windows Server 2012 Standard Edition
and as guest operating systems Windows Server 2008 R2
SP2 Enterprise Edition is used and on top of guest operating
system, SQL Server 2012 Enterprise Edition Service Pack 1
is implemented as the database server. Windows Hyper-V
3.0 is used as virtualization platform. Network page size was
4KByte during the experiments. The configuration of dis-
tributed data warehouse infrastructure we have used during
the experiments is given in Figure 9. The resources (CPUs,
main memory, and network bandwidth) of the VMs are
changed according to the optimized solutions. VM aggregate
is used to submit the workloads and obtain the results.

Hyper-V, known as Windows Server Virtualization, is a
native hypervisor that enables platform virtualization on x86-
64 systems. Hyper-V implements isolation of VMs in terms of
a partition which is a logical unit of isolation, supported by
the hypervisor, where each guest operating system executes.
Ahypervisor instance has to have at least one parent partition,
running a supported version of Windows Server (2008, 2008
R2, or 2012). The virtualization stack runs in the parent
partition and has direct access to the hardware devices. The
parent partition later creates the child partitions which host
the guest OSs.

6.2. TPC-H Workloads. A TPC-H database of size 10GB is
used during the experiments. The TPC-H database has 8
relations: lineitem (8,145MB), orders (1,757MB), partsupp
(1,236MB), part (290MB), customer (256MB), supplier
(2MB), region (0,008MB), and nation (0,008MB).The tables
are assumed to locate at 5 different VMs. By replicating the
small tables, nation, supplier, and region, we aimed to obtain
a better performance.

We have used three different workloads that consist
of TPC-H queries. Our purpose was to test the proposed
algorithms under diverse workloads, in terms of the response
time of query execution times and total cost of ownership.
Each workload consists of 10 to 15 different TPC-H queries
with predicates. Workload 1 has first 10 TPC-H queries,
workload 2 has queries with smaller relations, and workload
3 has queries with larger relations and joined operations. For
each query we have selected two QPs (including the best QP)
on the average during the experiments. QPs can have more
than a single task and these tasks can have dependencies with
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Figure 6: Global crossover operator for the multiobjective optimization of query workloads.
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Figure 7: Local crossover operator for the multiobjective optimization of query workloads.

Table 8: TPC-H queries used in the workloads.

Workload TPC queries
𝑊
1
(10 queries) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
𝑊
2
(10 queries) 2, 3, 4, 9, 10, 11, 12, 13, 14, 16
𝑊
3
(15 queries) 1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 18, 20, 22

the other tasks to complete a query. Selected queries for the
workloads are given in Table 8.

In Figure 10, we have presented the response time
of the selected TPC-H queries we have used during the
experiments. These response times are obtained with the
highest configuration of VMs (XL) and network bandwidth
(200Mbps).

6.3. Parameter Settings for Multiobjective Genetic Algorithm.
Population size and the number of generations of a genetic
algorithm are the most important parameters that must be
well tuned to obtain (near-)optimal solutions during the
optimization. Larger number of individuals and generations
explore the search space more effectively. On the other hand,
this may bring very long optimization times. In order to
diminish the effect of this drawback we have performed some
experiments with changing number of population sizes and
generations. In Figure 11, we give the performance details
of MOGA with different population sizes (10 to 100) and
number of generations (10 to 100) for workload 1. The figure
gives the average fitness value of populations during the
generations. As it can be seen, MOGA almost converges after
100 generations and continues to improve itself slightly after
this point. Although population size 10 seems to perform as

the best option, population size 40 produces individuals that
are more close to the ideal point that we aim to find.

Figure 12 gives the optimization times of MOGA with
increasing number of populations. The optimization time
of MOGA increases in accordance with the number of
individuals in the population. For 10 individuals optimization
time is 3 seconds and for 100 individuals it is 60 seconds.
We have selected 40 individuals and 100 generations as
our (near-)optimal parameters for the optimizations. These
values provide good solutions for moderate size workloads
such as ours.

In Figure 13, we have analyzed the effect of increasing
number of submitted queries for MOGA with 40 individuals
and 100 generations. There are three sets of queries (10,
20, and 40). It can be seen that increasing the number of
submitted queries decreases the average fitness quality of
the population. With 10 queries, we can obtain solutions
below 0.01 fitness value. For 20 and 40 queries the solution
quality increases to 0.04 and 0.11, respectively. Although the
average fitness values get worse as the number of submitted
queries increases, the values are still not more than 0.11,
which is very efficient. MOGA improves the quality of the
individuals in accordance with the objective response time
and monetary costs. Table 9 shows our parameters settings
used for MOGA. Crossover andmutation ratio are the values
proposed by Holland [42]. Tournament is a very effective
selection mechanism we have applied in our previous studies
[44].

6.4. Experiments with the Workloads. In this part, we have
performed experiments with the three TPC-H workloads we
have defined previously. These workloads are first optimized
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performance configuration VM settings and network bandwidths.
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Table 9: Parameter settings for multiobjective genetic algorithm.

MOGA parameter Value
Population size 40
Number of generations 100
Maximum number of genes to transfer 50%
Minimum number of genes to transfer 10%
Tournament size 10
Mutation ratio 1%
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Table 10: Proposed paretooptimal VM and network configurations for workload 1.

Solution Virtual machines Network type
The most expensive VM0 = A7; VM1 = A7; VM2 = A7; VM3 = A7; VM4 = A7; VM5 = A7 200 (Mbps)
The cheapest VM0 = XS; VM1 = XS; VM2 = XS; VM3 = XS; VM4 = XS; VM5 = XS 10 (Mbps)
SHA-1 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 10 (Mbps)
SHA-2 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 100 (Mbps)
SHA-3 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 200 (Mbps)
MOBB-1 VM0 = S; VM1 = A7; VM2 = XS; VM3 = L; VM4 = S; VM5 = L 100 (Mbps)
MOBB-2 VM0 = XS; VM1 = XL; VM2 = XL; VM3 = S; VM4 = S; VM5 = XS 100 (Mbps)
MOBB-3 VM0 = S; VM1 = L; VM2 = A7; VM3 = A7; VM4 = XS; VM5 = L 100 (Mbps)
MOBB-4 VM0 = XL; VM1 = A7; VM2 = XL; VM3 = A7; VM4 = XS; VM5 = A6 100 (Mbps)
MOBB-5 VM0 = L; VM1 = L; VM2 = M; VM3 = L; VM4 = A6; VM5 = A6 100 (Mbps)
MOGA-1 VM0 = XS; VM1 = A7; VM2 = S; VM3 = XL; VM4 = L; VM5 = A6 100 (Mbps)
MOGA-2 VM0 = S; VM1 = XL; VM2 = XL; VM3 = XL; VM4 = S; VM5 = XS 100 (Mbps)
MOGA-3 VM0 = XS; VM1 = XL; VM2 = XL; VM3 = XL; VM4 = S; VM5 = S 100 (Mbps)
MOGA-4 VM0 = L; VM1 = S; VM2 = XS; VM3 = XL; VM4 = A7; VM5 = L 100 (Mbps)
MOGA-5 VM0 = XS; VM1 = S; VM2 = XS; VM3 = A7; VM4 = A6; VM5 = XS 100 (Mbps)

Table 11: Proposed paretooptimal VM and network configurations for workload 2.

Solution Virtual machines Network type
The most expensive VM0 = A7; VM1 = A7; VM2 = A7; VM3 = A7; VM4 = A7; VM5 = A7 200 (Mbps)
The cheapest VM0 = XS; VM1 = XS; VM2 = XS; VM3 = XS; VM4 = XS; VM5 = XS 10 (Mbps)
SHA-1 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 10 (Mbps)
SHA-2 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 100 (Mbps)
SHA-3 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 200 (Mbps)
MOBB-1 VM0 = XS; VM1 = XL; VM2 = S; VM3 = XL; VM4 = XL; VM5 = XS 100 (Mbps)
MOBB-2 VM0 = XS; VM1 = XL; VM2 = XL; VM3 = XL; VM4 = XL; VM5 = XS 100 (Mbps)
MOBB-3 VM0 = S; VM1 = XL; VM2 = S; VM3 = XL; VM4 = XL; VM5 = L 100 (Mbps)
MOBB-4 VM0 = XL; VM1 = M; VM2 = L; VM3 = XL; VM4 = XS; VM5 = A7 100 (Mbps)
MOBB-5 VM0 = XS; VM1 = XL; VM2 = S; VM3 = XL; VM4 = XL; VM5 = S 100 (Mbps)
MOGA-1 VM0 = XS; VM1 = XL; VM2 = XS; VM3 = XL; VM4 = XL; VM5 = S 100 (Mbps)
MOGA-2 VM0 = L; VM1 = XL; VM2 = L; VM3 = XL; VM4 = M; VM5 = S 100 (Mbps)
MOGA-3 VM0 = M; VM1 = A7; VM2 = S; VM3 = A7; VM4 = XL; VM5 = M 100 (Mbps)
MOGA-4 VM0 = S; VM1 = XL; VM2 = M; VM3 = A7; VM4 = XL; VM5 = S 100 (Mbps)
MOGA-5 VM0 = S; VM1 = A7; VM2 = XS; VM3 = XL; VM4 = XL; VM5 = S 100 (Mbps)

with SHA, MOBB, and MOGA algorithms. Later, selected
solutions are executed in our Cloud database environment to
verify the correctness of our approach.There are 15 alternative
virtual resource configurations in these tests: 3 SHA, 5MOBB,
5 MOGA, the highest performance VM configuration, and
the cheapest VM configuration. The last three solutions
are used to measure the effectiveness of other solutions.
The workloads are executed 10 times with the selected VM
configurations and the average values are used.

Figure 14 shows snapshots of CPU, network, andmemory
consumptions ofWMs during the execution of workloadW

1
,

respectively. As it can be seenWM
1
demands the largest CPU

resource and memory usage and VM
2
and VM

4
ship larger

amounts of data.These snapshots are provided to give an idea
about the resource demands of VMs during the execution of
a workload.

The results of experiments with workloads 1, 2, and 3 are
as follows.

In Figures 15, 16, and 17 and Tables 10, 11, and 12 we
have presented the solutions produced by SHA, MOBB,
and MOGA algorithms and the set of proposed VM and
network bandwidths, respectively. The solutions with the
highest and the cheapest performance VMs are also added
to define upper and lower bounds. VMs with the highest
configuration capabilities (A7) give the best response time
and WMs with the cheapest configurations (XS) give the
longest execution time. In this sense, they providemeaningful
results to evaluate the quality of solutions provided byMOBB
and MOGA.

In the figures, a hypothetical ideal point is defined to
show the optimal fitness value that can be achieved within the
given minimum response time and minimum pricing. The
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Table 12: Proposed paretooptimal VM and network configurations for workload 3.

Solution Virtual machines Network type
The most expensive VM0 = A7; VM1 = A7; VM2 = A7; VM3 = A7; VM4 = A7; VM5 = A7 200 (Mbps)
The cheapest VM0 = XS; VM1 = XS; VM2 = XS; VM3 = XS; VM4 = XS; VM5 = XS 10 (Mbps)
SHA-1 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 10 (Mbps)
SHA-2 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 100 (Mbps)
SHA-3 VM0 = L; VM1 = A7; VM2 = A6; VM3 = XL; VM4 = L; VM5 = M 200 (Mbps)
MOBB-1 VM0 = S; VM1 = XL; VM2 = L; VM3 = XL; VM4 = M; VM5 = M 200 (Mbps)
MOBB-2 VM0 = XS; VM1 = XL; VM2 = XL; VM3 = XL; VM4 = XL; VM5 = S 200 (Mbps)
MOBB-3 VM0 = L; VM1 = A6; VM2 = L; VM3 = M; VM4 = M; VM5 = XS 200 (Mbps)
MOBB-4 VM0 = A7; VM1 = M; VM2 = A6; VM3 = XL; VM4 = A6; VM5 = A6 200 (Mbps)
MOBB-5 VM0 = A6; VM1 = A7; VM2 = L; VM3 = S; VM4 = L; VM5 = A7 200 (Mbps)
MOGA-1 VM0 = M; VM1 = M; VM2 = A6; VM3 = A7; VM4 = A6; VM5 = L 200 (Mbps)
MOGA-2 VM0 = A6; VM1 = A7; VM2 = XS; VM3 = M; VM4 = A6; VM5 = XL 200 (Mbps)
MOGA-3 VM0 = XS; VM1 = XL; VM2 = L; VM3 = XS; VM4 = L; VM5 = L 200 (Mbps)
MOGA-4 VM0 = S; VM1 = L; VM2 = S; VM3 = A7; VM4 = A7; VM5 = XS 200 (Mbps)
MOGA-5 VM0 = M; VM1 = A7; VM2 = M; VM3 = A7; VM4 = L; VM5 = S 200 (Mbps)

0
10
20
30
40
50
60
70
80
90

100

Virtual machine name

CP
U

 u
sa

ge
 (%

)

0
10
20
30
40
50
60
70
80
90

100

0
10
20
30
40
50
60
70
80
90

100

VM3VM1 VM2 VM4 VM5

Virtual machine name
VM3VM1 VM2 VM4 VM5

Virtual machine name
VM3VM1 VM2 VM4 VM5

M
ai

n 
m

em
or

y 
us

ag
e

pe
rc

en
ta

ge

N
et

w
or

k 
us

ag
e (

M
B)

Figure 14: CPU, network, and memory consumption of the virtual machines.
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Figure 15: Proposed paretooptimal solutions forworkload 1 by SHA,
MOBB, and MOGA algorithms.

solutions that are chosen from the set of solutions produced
by MOBB and MOGA algorithms construct a paretooptimal
convex curve where a decision maker can choose any of
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Figure 16: Proposed paretooptimal solutions for workload 2 by
SHA, MOBB, and MOGA algorithms.

the solutions according to his/her requirements. The most
expensive VMs option gives the fastest response time and the
cheapest VMs option is the most time consuming.
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Figure 17: Proposed paretooptimal solutions for workload 3 by
SHA, MOBB, and MOGA algorithms.

The optimal solutions are produced by MOBB algorithm.
MOGA also gives almost the same solutions with faster opti-
mization times thanMOBB.The optimization time ofMOBB
is the longest and it can be prohibitive with workloads having
more than 20 queries. Inworkload 3,MOBBalgorithmwas 20
times longer than MOGA. The solutions of SHA are slightly
above the paretooptimal curve but they are far from the ideal
point. Mostly, the most expensive VMs are assigned to VM1
that executes much of the join operations. Workloads 1 and
2 used 100 Mbps network but workload 3 that needs more
communication between the VMs tends to use 200Mbps
network.

The solution sets produced by MOBB and MOGA con-
struct a paretooptimal curve and decisionmakers can choose
any of these solutions depending on their needs. The best
solutions are near the ideal point. They have fast response
times and cheaper monetary costs.

7. Conclusions and Future Work

In this paper, we solve the multiobjective optimization prob-
lem of Cloud data warehouse query workloads by making
use of the elasticity of the virtual resources and alternative
query execution plans. We minimize the monetary cost
as well as providing fast response times. We formulate
the problem and propose three algorithms, namely, simple
heuristic (SHA), multiobjective branch-and-bound (MOBB),
andmultiobjective robust genetic algorithm (MOGA) for the
optimization of the problem. To the best of our knowledge,
the multiobjective query optimization problem is being
solved for the first time with such amethod.There are studies
that are concerned with the best virtual resource deployment
or theminimalmonetary cost of workloads in static hardware
resources; however, we combine both of these optimization
techniques together with alternative query plans and obtain
remarkable results as they are presented in our study. It is
possible to design and expand the study with additional
elastic resources such as I/O bandwidth and dynamic RAMs.

Appendix

A. Alternative Query Execution Plans for
TPC-H Query Q3

TPC-HQ3 statement in accordance with the query execution
plan 1 where all of the tables are shipped to query issuing
node:

select top 10 l orderkey,. . ., o shippriority
from [vm

2
].customer c, [vm

3
].orders o,

[vm
1
].lineitem l,

where c.c mktsegment = “building”
and c.c custkey = o.o custkey
and l.l orderkey = o.o orderkey
and o.o orderdate < “1995-03-15”
and l.l shipdate > “1995-03-15”
group by l.l orderkey, o.o orderdate, o.o shippriority
order by revenue desc, o.o orderdate.

TPC-HQ3 statement in accordance with query execution
plan 2 where customer and orders tables are joined at virtual
machine 3 and the resulting tuples are shipped to virtual
machine 2 to join with lineitem table:

select top 10 l orderkey,. . ., o shippriority
from
openquery ([vm

3
]. “select o orderdate, o shippriority,

o orderkey
from [vm

2
].customer c, [vm

3
].orders o

where c.c mktsegment = “building”
and c.c custkey = o.o custkey
and o.o orderdate < “1995-03-15”
group by o.o orderdate, o.o shippriority, o orderkey
order by o.o orderdate) remote1, [vm

1
].lineitem l

where and l.l orderkey = remote1.o orderkey
and l.l shipdate > “1995-03-15”
group by l.l orderkey, remote1.o orderdate,
remote1.o shippriority
order by reveneu desc”.
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This paper presents an annual multiobjective crop-mix planning as a problem of concurrent maximization of net profit and
maximization of crop production to determine an optimal cropping pattern. The optimal crop production in a particular
planting season is a crucial decision making task from the perspectives of economic management and sustainable agriculture.
A multiobjective optimal crop-mix problem is formulated and solved using the generalized differential evolution 3 (GDE3)
metaheuristic to generate a globally optimal solution. The performance of the GDE3 metaheuristic is investigated by comparing
its results with the results obtained using epsilon constrained and nondominated sorting genetic algorithms—being two
representatives of state-of-the-art in evolutionary optimization.The performancemetrics of additive epsilon, generational distance,
inverted generational distance, and spacing are considered to establish the comparability. In addition, a graphical comparison with
respect to the true Pareto front for the multiobjective optimal crop-mix planning problem is presented. Empirical results generally
show GDE3 to be a viable alternative tool for solving a multiobjective optimal crop-mix planning problem.

1. Introduction

The overarching objective of this work is to investigate the
performance of the generalized differential evolution meta-
heuristic for multiobjective optimal crop-mix planning deci-
sion in the agricultural domain. The purpose of agricultural
crop planning decision is generally to guarantee sufficient
food resources for the human population, which is increas-
ingly growing at a fast rate. In addition, the global demand for
food items is growing at an accelerated rate. However, most
of the available techniques for expanding agricultural systems
have a serious long-term implication for the human environ-
ment [1]. The impact of increasing crop demand definitely
depends heavily on the development of global agriculture.
The needed development of the agricultural farming systems
is directed toward achieving a great technology improvement.
This should meet the year 2050 crop demand vision with
much lower environmental impact. The impact of doubling

the global crop production will depend on how increased
production is achieved [2].

The intensification of agricultural practices such as clear-
ing land for massive crop production, achieving higher
yields through increased agricultural inputs, and promoting
innovations through the application of information com-
munication technology could improve crop production and
agricultural value chain [3]. The increasing growth of human
population across the world has called for sustainable growth
in agricultural products—so as to meet the primary needs
of the human population [4]. One copious strategy of sus-
tainable agriculture is crop-mix—sometimes called mixed
cropping [5].The formulation ofmultiobjective optimal crop-
mix planning problem as presented in this paper simplifies
the task of crop planning in agriculture setting that is
generally aimed at maximizing returns from the meager
resources available to farmers [6].
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The current work explores an approach based on evolu-
tionarymetaheuristics to solve amultiobjective optimal crop-
mix optimization problem. This could suggest an effective
tool to support farmers in optimal crop planning decision
making. There are numerous reasons for using evolution-
ary metaheuristics to solve optimization problems. One of
such reasons is that evolutionary metaheuristics need little
problem specific knowledge and can be applied to a broad
range of problem types [7]. The evolutionary metaheuristics
required the target objective function for a given problem
to be optimized, but additional problem specific knowledge
can be easily brought into metaheuristics to improve their
performances [8]. In addition, metaheuristics require no
derivative information; they are robust, flexible, and relatively
simple to implement [9].

Previous studies on crop planning have used single
and multiobjective optimization models, including linear
programming [10–13], dynamic programming [14], and evo-
lutionary metaheuristics [15–18] to solve diverse formula-
tions of crop planning problem. The variety of optimization
techniques previously considered for crop planning ranges
from single to multiobjective and from linear to nonlinear
forms, where computational intelligence techniques have
been explored [18]. However, multiobjective optimization
problems are frequently converted to single objective func-
tion optimization by means of weighting functions for
several objective functions and solved using optimization
techniques that are well suited for single objective func-
tion optimization. The relative importance of each objective
function is expressed by the weighting functions. However,
optimizing different objective functions concurrently with-
out emphasizing the importance of each objective func-
tion a priori is called Pareto optimization. This relatively
new optimization approach is more alluring for solving
many nonlinear, multidimensional, multiobjective, com-
binatorial, nondifferentiable, nonconvex, and constrained
practical problems often encountered in the real world
phenomena.

2. Materials and Methods

2.1. Optimal Crop-Mix Planning Model. This section presents
the mathematical formulation of the optimal crop-mix plan-
ning problem investigated in this work.Theoptimal crop-mix
planning model is designed to maximize total net profit that
can be produced by maximizing total crop production. The
objective is to make an optimum use of the available limited
resources in order to determine the land allocation for several
competing crops required to be planted in a year. The soil
characteristics, cropping patterns, crop produced, planting
region, and cropping method are factors that contribute to
the production cost, yield rate, and earning realized by a
decision farmer. The crop-mix planning model is considered
for a large scale planning incorporated with dataset col-
lected from the South African abstract of agricultural statis-
tics [19]. The model is specified as biobjective functions—
profit function and crop production function with a set of
constraints.

2.1.1. Objective Function 1: Profit Maximization. Maximize
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Objective Function 2: Crop Production Maximization. Maxi-
mize
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The two objectives functions are to be concurrently
solved, subject to the following constraints: food delivery,
land allocation, labor cost, capital cost, and nonnegativity of
decision variables.

Food Delivery Constraint. Consider
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Land Allocation Constraint. Consider
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Labor Cost Constraint. Consider
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Capital Cost Constraint. Consider

𝑚

∑

𝑗

∑

𝑖∈𝑀𝑗

𝐵
1
× 𝑋
𝑖,𝑗,𝑘=1

+

𝑚

∑

𝑗

∑

𝑖∈𝑀𝑗

𝐵
2
× 𝑋
𝑖,𝑗,𝑘=2

+

𝑚

∑

𝑗

∑

𝑖∈𝑀𝑗

𝐵
3
× 𝑋
𝑖,𝑗,𝑘=3

≤ 𝐶
𝑎
.

(7)

Nonnegativity Constraint. Consider

𝑋
𝑖,𝑗,𝑘

≥ 0 ∀𝑖, 𝑗, 𝑘, (8)

where

(i) 𝑖 is a crop that can be considered for production,
(ii) 𝑗 is a crop combination made up of 𝑖,
(iii) 𝑘 is land type, 𝑘 = 1 for a single-cropped land, 𝑘 =

2 for a double-cropped land, and 𝑘 = 3 for a triple-
cropped land.

(iv) 𝑃
𝑖
is price in South Africa Rand (ZAR) of crop 𝑖 per

metric ton,
(v) 𝑉
𝑖,𝑗,𝑘

is the variable cost required per unit area for crop
𝑖 of crop combination 𝑗 in land type 𝑘,

(vi) 𝐹
𝑖,𝑗,𝑘

is the fixed cost required per unit area for crop 𝑖

of crop combination 𝑗 in land type 𝑘,
(vii) 𝑈

𝑖,𝑗,𝑘
is number of farming units of crop 𝑖 of crop

combination 𝑗 in land type 𝑘,
(viii) 𝑅

𝑖,𝑗,𝑘
is cultivating land area ratio of crop 𝑖 of crop

combination 𝑗 in land type 𝑘,
(ix) 𝐺

𝑖,𝑗,𝑘
is yield rate, which is the amount of production

in metric tons per hectare of crop 𝑖 of crop combina-
tion 𝑗 in land type 𝑘,

(x) 𝑊
𝑘
is land type coefficient for land type 𝑘,

(xi) 𝐷
𝑖
is expected delivery (metric tons) of crop,

(xii) 𝐿
𝑘
is available domain of land type 𝑘,

(xiii) 𝐶
𝑎
is working capital (ZAR), which indicates the total

amount of money that can be invested for cropping,

(xiv) 𝑀 is number of alternative crops for single-cropped
land,

(xv) 𝑛 is number of crop combinations for double-cropped
land,

(xvi) 𝑞 is number of crop combinations for triple-cropped
land,

(xvii) 𝑀
𝑗
is a crop in each 𝑗 for single-cropped land, 𝑗 =

1, . . . , 𝑚,
(xviii) 𝑁

𝑗
is the 𝑗th crop pair of the possible crop combina-

tions of double-cropped land, 𝑗 = 1, . . . , 𝑛,
(xix) 𝑄

𝑗
is the 𝑗th crop pair of the possible crop combina-

tions of triple-cropped land, 𝑗 = 1, . . . , 𝑞,
(xx) 𝑋

𝑖,𝑗,𝑘
is the area of land in hectare to be cultivated for

a crop 𝑖 of crop combination 𝑗 in land type 𝑘.

2.2. Multiobjective Metaheuristics. The multiobjective evolu-
tionary metaheuristics are population based techniques for
solving complex multiobjective optimization problems. A
metaheuristic is an iterative master process that guides and
modifies the operation of a subordinate heuristic to efficiently
produce high quality solutions by exploring and exploiting
a solution search space [20]. The synonymous underlying
principle for all evolutionary metaheuristics is that, given an
initial population of individuals, an environmental pressure
causes the natural selection of the surviving individuals—
leading to a rise in the population fitness.Themost surviving
individuals, according to their measures of fitness, would
steadily progress to the next generation by the application of
recombination and mutation operators that create diversity.
The recombination operator is applicable to two or more
selected parents to produce a set of offsprings. The mutation
operator is applicable to a single parent to reproduce an
offspring and selection operator guarantees the quality of
individuals in the given population. The execution of recom-
bination andmutation operators yields a set of offsprings that
compete with the existing population members for a place
in the next generation. This process is iterated to refine the
individuals produced and the iteration comes to a stop when
a quality individual is found or a given termination condition
is satisfied.

In this study, we investigated a set of metaheuristics to
test the performance of generalized differential evolution for
multiobjective optimal crop-mix planning problem. These
metaheuristics are 𝜀-constrained, widely used in practice to
solve multiobjective optimization; the nondominated sorting
genetic algorithm (NSGA), one of the most popular elitist
multiobjective evolutionary algorithms; and the generalized
differential evolution 3 (GDE3), a more recent metaheuristic
that finds a global optimum solution for a multiobjective
optimization problem.

2.2.1. Generalized Differential Evolution. The generalized dif-
ferential evolution 3 (GDE3) [21] modifies the selection rule
of the basic differential evolution (DE) [22] and extends
DE/rand/1/bin strategy [23] to problems with 𝑀 objective
functions and𝐾 constraint functions. InDE/rand/1/bin nota-
tion, “rand” indicates how the vector for mutation is selected.
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The number of vector differences used in the mutation is
indicated next, and “bin” indicates the way the old vector and
the trial vector are recombined. The basic principle behind
the selection rule is that the trial vector 𝑢

𝑖,𝐺
is compared with

the old vector 𝑥
𝑖,𝐺
. If the trial vector has an equal or lower

objective value, then it replaces the old vector in the next
generation [24]. This can be presented as follows:

𝑥
𝑖,𝐺+1

= {

𝑢
𝑖,𝐺

if 𝑓 (𝑢
𝑖,𝐺

) ≤ 𝑓 (𝑥
𝑖,𝐺

)

𝑥
𝑖,𝐺

otherwise.
(9)

In the case of comparing feasible, incomparable, and
nondominating solutions, both offspring and parent vectors
are saved for the population of the next generation. This
mechanism reduces the computational costs of the meta-
heuristic and improves its efficiency.The population size may
increase at the end of a generation based on a similar selection
method as used in NSGA-II; the population is reduced
back to the original size. The sorting of the population
members is based on the goal for a posteriori optimization.
The worst population members are eliminated according to
the principle of nondominance and crowding in order to
reduce the population size to the original size. The GDE3
is similar to the differential evolution for multiobjective
optimization (DEMO) [25], except that DEMO does not
provide a mechanism for constraint handling nor recedes to
basic DE in the case of a single objective. This is because
DEMO modifies the basic DE and does not consider weak
dominance in the selection. The GDE3 improves the ability
to handle multiobjective optimization problems by giving a
better distributed set of solutions and is less sensitive to the
selection of control parameter values when compared to the
earlier versions of GDE [26].

2.2.2. The 𝜀-Constrained. The 𝜀-constrained optimization
technique is capable of generating widespread alternative
solutions to constrained multiobjective version of the crop-
mix planningmodel.The 𝜀-constrained technique is based on
the principle of selecting one objective function—usually the
most preferred one to be optimized—whilst the other objec-
tive functions are treated as constraints that are bounded by
some allowable levels of epsilon, 𝜀

𝑖
[27]. This implies that a

single objective function optimization problem is defined for
the most relevant objective functions subject to additional
constraints. The levels of 𝜀

𝑖
required to generate the entire

Pareto optimal set for an optimization problem are then
altered. The apparent difficulty encountered when using this
technique is how to choose the 𝜀

𝑖
values. It is practically hard

to know beforehand what the best values will be. If the value
of 𝜀 is slightly increased, it could lead to a lot of redundant
runs and if the steps between different runs are too large, it is
possible to miss Pareto optimal solutions.

2.2.3. Nondominated Sorting Genetic Algorithm. The non-
dominated sorting genetic algorithm (NSGA) [28] has three
essential properties: (i) it uses an elitist principle; (ii) it
uses an explicit diversity preserving mechanism; and (iii) it
emphasizes the nondominated solutions. In a typical scenario
of the fast nondominated sorting, two entities are required to

be computed: (i) domination count 𝑛
𝑝
, which is the number

of solutions that dominate the solution 𝑝, and (ii) 𝑆
𝑝
, which is

a set of solutions that 𝑝 dominates. The solutions with 𝑛
𝑝
− 0

represent the first nondominated Pareto front.Thereafter, for
each solution with 𝑛

𝑝
− 0, each member (𝑞) of its set 𝑆

𝑝
is

visited and its domination count is reduced by one to remove
solution 𝑝 from 𝑛

𝑞
. The member for which the domination

count becomes zero (𝑛
𝑞
− 0) is put in a separate list 𝑄, which

represents the seconddomination front.These procedures are
repeated for each member of 𝑄 to identify the third front
and the procedure is continued until all fronts are identified.
In order to obtain a density estimation of possible solutions
surrounding a particular solution, the average distance of two
points is computed on either side of the point along each of
the objectives [29].

3. Results and Discussion

The multiobjective optimal crop-mix planning problem was
solved using GDE3, NSGA-II, and 𝜀-constrained. The pop-
ulation size was 100 and the number of generations was
50. The GDE3, NSGA-II, and 𝜀-constrained metaheuristics
were implemented using C-Sharp programming language in
VISUAL-STUDIO version 2010 on an HP PC with Pentium
dual core processor having 2.30GHz clock speed and 4GB of
RAM. Simulation experiments were performed to determine
the best values of step length “F” and crossover rate “CR”
for better performance in GDE3 metaheuristic. The values of
CR and 𝐹 were varied from 0.1 to 1 with an increment of 0.1.
The simulation experiments were conducted for each value
of 𝐹 with respect to all values of CR. Consequently, 100 such
simulation experiments were performed.

The GDE3 was compared to NSGA-II and 𝜀-constrained
to investigate its performance when used to solve the mul-
tiobjective optimal crop-mix planning model considered
in this work. It is interesting to discover that NSGA-II is
very sensitive to the initial population. Due to the inability
of NSGA-II to find a single feasible solution using many
different seeds as experimented, the GDE3 was introduced
to compare the outputs of the three metaheuristics. The
improved selection based on crowding distance was demon-
strated in the optimal crop-mix planning problem.TheGDE3
found a solution that converged to the Pareto front in about
50 generations. In addition, the results of the comparative
study show that better Pareto front is obtained by GDE3
with 𝐹 = 0.5 and CR = 0.9. The control parameters for
NSGA-II are the crossover probability 𝑃

𝑐
= 0.9 and mutation

probability𝑃
𝑚

= 1/𝐷 (𝐷 is the number of decision variables).
The distribution index of crossover operator 𝜂

𝑐
= 20 and the

distribution index ofmutation operator 𝜂
𝑚

= 20.The number
of the needed function evaluations for GDE3, NSGA-II, and
𝜀-constrained was set at 10000.

In order to compare the performance of GDE3 with
performances of NSGA-II and 𝜀-constrained, 100 trial runs
were conducted for solving the optimal crop-mix planning
problem. The best front was obtained from GDE3 based on
the statistical performance metrics of additive epsilon indi-
cator (AEI), generational distance (GD), inverted generational
distance (IGD), and spacing (S) [30, 31].
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Table 1: Additive epsilon indicator metric (10−3).

GDE3 NSGA-II 𝜀-Constrained
Best 7.59 8.29 9.50
Average 8.24 9.16 10.90
Worst 9.65 10.5 13.10
Std. dev. 0.431 0.726 9.83

Table 2: Generational distance metric (10−3).

GDE3 NSGA-II 𝜀-Constrained
Best 2.15 2.73 2.94
Average 3.45 4.06 4.12
Worst 6.87 7.10 7.92
Std. dev. 1.48 1.74 1.91

Table 3: Inverted generational distance metric (10−3).

GDE3 NSGA-II 𝜀-Constrained
Best 2.40 2.62 2.73
Average 2.81 3.52 3.88
Worst 3.15 4.39 5.01
Std. dev. 0.171 0.398 0.512

Table 4: Spacing metric (10−3).

GDE3 NSGA-II 𝜀-Constrained
Best 1.07 1.23 1.62
Average 1.47 1.53 1.92
Worst 1.69 2.03 2.84
Std. dev. 0.415 0.653 0.976

Table 1 shows the results of AEI, wherein it can be
seen that GDE3 recorded the best average value of 0.00824,
closely followed by NSGA-II with a value of 0.00916, and 𝜀-
constrained ranked third with a value of 0.0109. The overall
worst performing metaheuristic according to this metric is
the 𝜀-constrained.

Table 2 shows the results of GD, wherein it can be seen
that GDE3 had the best performance, both in terms of
the average value and the standard deviation, followed by
NSGA-II. The GDE3 had the best average value of 0.00345,
closely followed by NSGA-II with a value of 0.00406, and
𝜀-constrained is ranked third with a value of 0.00412. The
overall worst performing metaheuristic according to this
metric is the 𝜀-constrained.

Table 3 shows the results of IGD, wherein it can be seen
that GDE3 gave the best result with an average value of
0.00281 followed by the NSGA-II with an average value of
0.00352. The NSGA-II and the 𝜀-constrained were ranked
second and third, respectively. The overall worst performing
metaheuristic with respect to this performance metric is the
𝜀-constrained.

Table 4 shows the result of spacing, wherein it can be
seen that GDE3 gave the best result with an average value
of 0.001469, closely followed by the NSGA-II with a value of
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Figure 1: Pareto optimal set for GDE3, NSGA-II, and 𝜀-constrained
metaheuristics.

0.001534. The worst performing metaheuristic according to
this metric is the 𝜀-constrained.

In general, because performance metrics can sometimes
be misleading in multiobjective optimization, it is always
desirable to consider a graphical comparisonwhenever possi-
ble [32]. It is particularly germane when analyzing the Pareto
front produced by a metaheuristic to consider two main
evaluation criteria: (i) the placement of the solutions on the
true Pareto front and (ii) uniform distribution of solutions
along the Pareto front.These criteria were applied to establish
graphical comparisons of the metaheuristics investigated in
this work.

The first evaluation criterion requires us to determine the
extent to which the points on the Pareto front are linearly cor-
related. Consequently, the metaheuristic that gives a Pareto
front with points more linearly correlated is judged to be the
best performing in solving the multiobjective optimal crop-
mix planning problem. This approach is effective because it
could indicate a natural association between crop production
and net profit. The strength of the linearly of an association
between two variables such as crop production and net profit
can be determined by calculating the Pearson correlation
coefficient. The correlation coefficient is a number between
−1 and 1 that indicates the strength of the linear association
between two variables, for instance, crop production and
net profit. The higher positive value indicates a strong linear
association in the same direction; that is, increase/decrease in
one variable leads to increase/decrease in the other variable.
If there is evidence of strong linearity, we would likely expect
higher values of crop production to yield higher values of net
profit.The second evaluation criterion suggests that solutions
on the Pareto front should be uniformly distributed.

Figure 1 shows the Pareto fronts for the metaheuristics
investigated in this work. In Figure 1, it can be seen that
NSGA-II had a good distribution of solutions that it found,
but it missed some portion of Pareto front. Hence, NSGA-
II had an average performance of the multiobjective optimal
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Select planting season

Select province
Select the crop to plant

Select the crop order of planting

Figure 2: The screenshot of the process page of the decision support system.

crop-mix planning problem, despite its good spacing values.
The correlation coefficient computed for the Pareto front
of NSGA-II is 0.9711, which is slightly less than that of
GDE3, which is 0.9736.The distribution of 𝜀-constrained has
better spacing but missed a considerable portion of the true
Pareto front as in Figure 1. In addition, the metaheuristic
has the least coefficient of correlation of 0.9708. It has been
pointed out that having a good distribution of solutions
becomes irrelevantwhen themetaheuristic does not converge
to the true Pareto front of the optimal crop-mix planning
problem [16]. The GDE3 as shown in Figure 1 clearly had
the best overall performance, both in terms of distribution
of solutions and the placement of solutions on Pareto front.

4. Implementation of a Crop Planning System

The crop planning system based on the generalized differen-
tial evolution 3 (GDE3) was implemented using the C-Sharp
programming language in VISUAL-STUDIO. The purpose
of the implementation was to provide a software tool to
assist farmers in optimal crop planning decisionmaking.The
testing of the crop planning software was done with 10000
fitness function evaluations. The combination of parameters
chosen for the testing is appropriate to have a reasonably
good performance.This can be corroborated by checking the

original sources of the GDE3. The varied operations such as
capturing crop information and managing the information
on crop combination as provided by the crop planning system
could be used for crop planning related activities such as
land allocation and crop selection. The recorded data are
stored in a database for easy accessibility and could be
used in various planning and decision making processes.
The prototype system is relatively easy to use and simple to
accommodate basic users with very little literacy levels.

The system was tested with a scenario where a household
farmer has a working capital of R10,000 (unit in South Africa
rand) with the land mass of 1 hectare. The farmer chooses to
plant crops that could be planted alongwith cotton andmaize
such that the crop combination should be of order 3; that is
the farmer decided to plant on a tricropped land. The farmer
supplied all the necessary inputs and clicked on the button
(view combination group) to view the crop combination
group, consisting of crops that could be planted with the
selected crops (cotton, maize). In order to view the number
of possible crop combinations that could be obtained, the
farmer selected any of the crop combination group of his/her
choice and clicked the button (possible crop combination).
Figure 2 shows the screenshot of the process.

The system allocated a land portion to each crop combi-
nation; working with the scenario where the farmer decided
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Table 5: The land allocation result.

Optimization
Serial number of crop combination Crop combination Allocated land portion
1 Cotton, dry beans, maize 0.0538847660170879
2 Cotton, dry beans, soya beans 0.0552823360239594
3 Cotton, dry beans, sugar 0.0554001961353126
4 Cotton, dry beans, tomatoes 0.0537548193766635
5 Cotton, maize, soya beans 0.054378675341399
6 Cotton, maize, tomatoes 0.0537169683262593
7 Cotton, cabbages, dry beans 0.0560629255563752
8 Cotton, cabbages, maize 0.0529411764705882
9 Cotton, cabbages, tomatoes 0.0529411764705882
10 Cotton, tomatoes, potatoes 0.0530232065275474
11 Maize, soya beans, dry beans 0.053340093038395
12 Maize, soya beans, potatoes 0.054408535208579
13 Maize, cabbage, dry beans 0.0577712841409234
14 Maize, cabbage, tomatoes 0.0529411764705882
15 Maize, dry beans, sugar 0.0535396709191825
16 Maize, dry beans, tomatoes 0.0529411764705882
17 Maize, tomatoes, potatoes 0.0532893345994195

Table 6: Output of the optimization process.

Net profit (ZAR) Total crop production (tons) Total land utilization (ha)
995.31296475439 31.5857454386647 0.919617517093457

to choose both combination groups, the system produced the
result in Table 5. Finally, Table 6 shows the best result of the
optimization processwhilemaximizing total crop production
and minimizing total planting area concurrently.

5. Conclusions

This work suggests that generalized differential evolution 3
(GDE3) is a useful multiobjective optimization tool for opti-
mal crop-mix planning decision support. The metaheuristic
is able to produce improved results when compared to those
generated by other two metaheuristics that are representa-
tives of the state-of-the-art in evolutionary multiobjective
optimization. The GDE3 uses a simple mechanism to deal
with constraints and the results computed by the meta-
heuristic generally indicate that such mechanism, despite its
simplicity, is effective in practice.

The following conclusions can be made about the per-
formance of GDE3: (i) GDE3 is able to produce most of
the true Pareto fronts of the optimal crop-mix planning
problem considered and it has the best performance; (ii) the
GDE3 is able to produce a good distribution of solutions
of the multiobjective optimal crop-mix planning problem;
and (iii) GDE3 is ranked first with respect to the selected
performance metrics. It can be concluded that GDE3 is
practically effective for supporting optimal crop planning
decision making process. Given the features of GDE3, an
extension of the paradigm for multiobjective optimization
can be particularly useful to deal with dynamic functions.The

performance comparison of these metaheuristics is valuable
for a decision maker to consider tradeoffs in accuracy versus
complexity of solution techniques.

Future work will extendGDE3 for crop planning decision
under uncertainty. This will produce a novel approach to
deal with practical situations for which profit coefficients
of agriculture are uncertain. The optimization approach
can help farmers to efficiently utilize the available meager
resources, including planting area, time, and money. The
approach combines indigenous farming with information
communication technology to optimize crop production,
support efficient planning, and help farmers determine the
possible combination of crops to plant on the same plant-
ing land year by year. As part of the future work, other
optimization techniques can be compared to GDE3 to estab-
lish its superiority over many other techniques for crop
planning decision making.
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The significant development of the Internet has posed some new challenges andmany new programming tools have been developed
to address such challenges. Today, semantic web is a modern paradigm for representing and accessing knowledge data on the
Internet.This paper tries to use the semantic tools such as resource definition framework (RDF) andRDFquery language (SPARQL)
for the optimization purpose. These tools are combined with particle swarm optimization (PSO) and the selection of the best
solutions depends on its fitness. Instead of the local best solution, a neighborhood of solutions for each particle can be defined
and used for the calculation of the new position, based on the key ideas from semantic web domain. The preliminary results by
optimizing ten benchmark functions showed the promising results and thus this method should be investigated further.

1. Introduction

Searching for the optimal solutions of the hardest real-
world problems is an active field especially in computer
science. An eternal desire of computer scientists is to develop
a general problem solver that will be able to cope with
all classes of real-world problems. Unfortunately, the most
of the so-called clever algorithms are subject of the No
Free Lunch Theorem [1]. Regarding this theorem, if one
algorithm is good on one class of problems, it does not mean
that it will also be good on the other classes of problems.
Especially, three domains of algorithms have recently been
appeared in the role of general problem solver, as follows:
Artificial Intelligence (AI) [2], evolutionary algorithms (EA)
[3], and Swarm Intelligence (SI) [4].While the formermimics
operating a human brain, the latter domains are inspired by
nature. Evolutionary algorithms are inspired by Darwinian
principles of natural evolution [5] according to which the
fittest individuals have the greater possibilities for survival
and pass on their characteristics to their offspring during a
process of reproduction.

Nowadays, evolutionary computation (AC) [6] captures
the algorithms involved in evolutionary domain and it con-
siders genetic algorithms (GA) [7], genetic programming [8],
evolution strategies (ES) [9], evolutionary programming [10],
and differential evolution (DE) [11–13]. The mentioned algo-
rithms differ between each other according to representation
of individual. As a result, these kinds of algorithms have been
applied to various optimization, modeling, and simulation
problems.

However, this paper concentrates on the SI domain that
is concerned with the design of multiagent systems with
applications, for example, in optimization and in robotics [4].
Inspiration for the design of these systems is taken from the
collective behavior of social insects, like ants, termites, and
bees, as well as from the behavior of other animal societies,
like flocks of birds or schools of fish. Recently, there exist a
lot of different algorithms from this domain that is still being
developed. Let usmention only themost importantmembers
of the SI algorithms, as follows: the particle swarm optimiza-
tion (PSO) [14], the firefly algorithm (FA) [15, 16], cuckoo
search [17], the bat algorithm (BA) [18, 19], and so forth.
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The PSO is population-based algorithm that mimics
movement of the swarm of particles (e.g., birds) by flying
across a landscape, thus searching for food. Each particle
in PSO represents the candidate solution of the problem to
be solved. Position of the particle consists of the problem
parameters that are modified when the virtual particle is
moved in the search space. The motion depends on the
current particle position and the current position of local best
and global best solutions, respectively.The local best solutions
denote the best solutions that are whenever arisen on the
definite location in the population, while the current best is
the best solution whenever found in the whole population.
This solution has the main impact on the direction of moving
the swarm towards the optimal solution. When this solution
is not improved anymore, the population gets stuck into a
local optimum.

Mainly, we focused on the new definition of the neigh-
borhood within the PSO algorithm. In place of the local
best solutions, the neighborhood is defined using the pre-
defined radius of fitness values around each candidate solu-
tion, thus capturing all candidate solutions with the fitness
value inside the predefined virtual radius. The size of this
neighborhood can be variable. Therefore, at least one but
maximum three candidate solutions can be permitted to
form this neighborhood. Although this is not the first try
how to define the variable neighborhood within the PSO
algorithm [20–22], in this paper, such neighborhood is
defined using the Resource Description Framework (RDF),
SPARQL Protocol, and RDF query language (SPARQL) tools
taken from semantic web domain. As a result, the modified
RDF-PSO algorithm was developed. Both web tools are
appropriate for describing and manipulating decentralized
and distributed data. On the other hand, the original PSO
algorithm maintains a population of particles that are also
decentralized in their nature. An aim of using these web
tools was to simulate a distributed population of particles,
where each particle is placed on the different location in the
Internet.

The remainder of this paper is structured as follows.
In Section 2, we outline a short description of the PSO
algorithm.The section is finished by introducing the semantic
web tools, that is, RDF and SPARQL. Section 3 concen-
trates on development of the modified RDF-PSO algorithm.
Section 4 presents the conducted experiments and results
obtained with the RDF-PSO algorithms. Finally, Section 5
summarizes our work and potential future directions for the
future work are outlined.

2. Background

2.1. Particle Swarm Optimization. Particle swarm optimiza-
tion (PSO)was one of the first SI algorithms to be presented at
an International Conference onNeuralNetworks byKennedy
and Eberhart in 1995 [14]. PSO is inspired by the social
foraging behavior of some animals such as flocking behavior
of birds (Figure 1) and schooling behavior of fish [23]. In
nature, there are some individuals with better developed
instinct for finding food. According to these individuals, the

Figure 1: PSO.

whole swarm is directed into more promising regions in the
landscape.

The PSO is a population-based algorithm that consists of
𝑁 particles x(𝑡)

𝑖
= (𝑥
𝑖1
, . . . , 𝑥

𝑖𝐷
)
𝑇 representing their position

in a𝐷-dimensional search space.These particles move across
this space with velocity k(𝑡)

𝑖
= (V
𝑖1
, . . . , V

𝑖𝐷
)
𝑇 according to the

position of the best particle x(𝑡)best towards the more promising
regions of the search space. However, this movement is also
dependent on the local best position of each particle p(𝑡)

𝑖
and

is mathematically expressed, as follows:

k(𝑡+1)
𝑖

= k(𝑡)
𝑖
+ 𝑐
1
𝑟
(𝑡)

1
(p(𝑡)
𝑖
− x(𝑡)
𝑖
)

+ 𝑐
2
𝑟
(𝑡)

2
(x(𝑡)best − x(𝑡)

𝑖
) , for 𝑖 = 1, . . . , 𝑁,

(1)

where 𝑟(𝑡)
1
, 𝑟(𝑡)
2

denote the random numbers drawn from the
interval [0, 1], and 𝑐

1
, 𝑐
2
are constriction coefficients that

determine the proportion, with which the local and global
best solutions influence the current solution. Then, the new
particle position is calculated according to the following
expression:

x(𝑡+1)
𝑖

= x(𝑡)
𝑖
+ k(𝑡)
𝑖
, for 𝑖 = 1, . . . , 𝑁. (2)

Pseudocode of the PSO algorithm is illustrated in
Algorithm 1.

After finishing the initialization in function
“init particles” (Algorithm 1), the PSO algorithm optimizes
a problem by iteratively improving the candidate solution
[24, 25]. Thus, two functions are applied. The function
“evaluate the new solution” calculates the fitness value of
particles obtained after initialization or movement. The
movement according to (1) and (2) is implemented in the
function “generate new solution.”

2.2. RDF. The RDF is an XML application devoted to
encoding, exchanging, and reusing structural metadata [26].
It enables the knowledge to be represented in symbolical
form. Fortunately, this knowledge is human readable. On
the other hand, it is understandable to machines. The
main characteristic of this framework is that RDF data can
be manipulated on decentralized manner and distributed
among various servers on the Internet. Resources identified
by Uniform Resource Identifier (URI) are described in RDF
graphs, where each resource representing the node has many
properties that are associated with the resource using the
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Input: PSO population of particles xi = (𝑥𝑖1, . . . , 𝑥𝑖𝐷)
𝑇 for 𝑖 = 1, . . . , 𝑁.

Output:The best solution xbest and its corresponding value 𝑓min = min(𝑓(x)).
(1) init particles;
(2) eval = 0;
(3) while termination condition not meet do
(4) for 𝑖 = 1 to𝑁 do
(5) 𝑓

𝑖
= evaluate the new solution(x

𝑖
);

(6) eval = eval + 1;
(7) if 𝑓

𝑖
≤ 𝑝Best

𝑖
then

(8) p
𝑖
= x
𝑖
; 𝑝Best

𝑖
= 𝑓
𝑖
; // save the local best solution

(9) end if
(10) if 𝑓

𝑖
≤ 𝑓min then

(11) xbest = x
𝑖
; 𝑓min = 𝑓𝑖; // save the global best solution

(12) end if
(13) x

𝑖
= generate new solution(x

𝑖
);

(14) end for
(15) end while

Algorithm 1: Pseudocode of the classic PSO algorithm.

(1) <rdf :RDF>
(2) <rdf :Description rdf :about=“http://www.example.org/Person”>
(3) <ns1:Name>John</ns1:Name>
(4) <ns1:Surname>Smith</ns1:Surname>
(5) </rdf :Description>
(6) </rdf :RDF>

Algorithm 2: Pseudocode of the Person description in RDF.

property-type relationship. This relationship represents an
edge in RDF graph. Thus, attributes may be atomic in nature
(e.g., numbers, text strings, etc.) or represent other resources
with their own properties [27].

The resource, property-type relation, and attribute
present a triplet suitable for presentation in RDF graph. A
sample of this graph is presented in Figure 2, fromwhich two
triples (also 2-triples) can be translated from the diagram.
These 2-triples are written into a RDF database. In general,
the format of this RDF data is serialization of N-triples
obtained from the RDF graphs. For instance, the description
of RDF database obtained from the RDF graph in Figure 2 is
presented in Algorithm 2.

2.3. SPARQL. RDF enables data to be decentralized and dis-
tributed across the Internet. On the other hand, the SPARQL
Protocol has been developed for accessing and discovering
RDF data. SPARQL is an RDF query language that has
its own syntax very similar to SQL queries. The SPARQL
query consists of two parts [28]. The former SELECT clause
identifies the variables that appear in the query results, while
the latter WHERE clause provides the basic patterns that
match against the RDF graph. Usually, these query patterns
consist of three parts denoting the resource name, property-
type relation, and attribute. As a result, the matched patterns
are returned by the query. A sample of SPARQL query is
illustrated in Algorithm 3.

Person

Person: name Person: surname

“Smith”“John”

Figure 2: Diagram illustrates a resource Person in RDF graph. The
resource consists of two atomic attributes “John” and “Smith” that
are assigned to it with relations “PERSON: Name” and “PERSON:
Surname”. In other words, the name of the person is “John”
and the surname of the same person is “Smith.” Note that the
word “PERSON:” denotes a location (URI), where a name space
containing the description of semantics for this relation is located.

As a result of query presented in Algorithm 3, the name
“John” and surname “Smith” are returned.

3. The Modified RDF-PSO Algorithm

Themodified RDF-PSO algorithm implements two features:

(i) using the variable neighborhood of candidate solu-
tions in place of the local best solutions,
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(1) SELECT ?name ?surname
(2) WHERE {
(3) <http://www.example.org/Person> PERSON:Name ?name.
(4) <http://www.example.org/Person> PERSON:Surname ?surname.
(5) }

Algorithm 3: Example of SPARQL query.

Input: PSO population of particles xi = (𝑥𝑖1, . . . , 𝑥𝑖𝐷)
𝑇 for 𝑖 = 1, . . . , 𝑁.

Output:The best solution xbest and its corresponding value 𝑓min = min(𝑓(x)).
(1) init particles;
(2) eval = 0;
(3) while termination condition not meet do
(4) for 𝑖 = 1 to𝑁 do
(5) 𝑓

𝑖
= evaluate the new solution(x

𝑖
);

(6) eval = eval + 1;
(7) if 𝑓

𝑖
≤ 𝑓min then

(8) xbest = x
𝑖
; 𝑓min = 𝑓𝑖; // save the global best solution

(9) end if
(10) N(x

𝑖
) = {p

𝑗
| p
𝑗
is neighbor of x

𝑖
};

(11) x
𝑖
= generate new solution(x

𝑖
,N(x

𝑖
));

(12) end for
(13) end while

Algorithm 4: The proposed RDF-PSO algorithm.

(ii) using the RDF for describing and SPARQL formanip-
ulating this neighborhood.

The main reason for applying these well-known tools
from the semantic web domain was to develop a distributed
population model that could later be used in other SI
algorithms. On the other hand, we try to use the semantic
web tools for optimization purposes as well. Fortunately,
RDF is suitable tool for describing the distributed population
models, in general. In the PSO algorithm, it is applied for
describing the relations between particles in population. For
our purposes, a relation “is neigbour of ” is important that
each particle determines its neighborhood. Furthermore,
SPARQL is used for determining the particles in its neigh-
borhood. As a result, the RDF-PSO algorithm has been
established, whose pseudocode is presented in Algorithm 4.

The three main differences distinguish the proposed
RDF-PSO with the original PSO algorithm, as follows:

(i) no local best solutions that are maintained by the
RDF-PSO (lines 10–12 omitted in the Algorithm 1),

(ii) defining the neighborhood of candidate solution (line
10 in Algorithm 4),

(iii) generating the new solution according to the
defined variable neighborhood relation (line 11 in
Algorithm 4).

The relation N(x
𝑖
) = {x

𝑗
| x
𝑗
is neighbor of x

𝑗
} (line 10

inAlgorithm 4) is defined according to the following relation:

if abs (𝑓 (𝑥
𝑗
) − 𝑓 (𝑥

𝑖
)) ≤ 𝑅 then x

𝑗
∈N (x

𝑖
) , (3)

where radius 𝑅 defines the necessary maximum fitness dis-
tance of two candidate solutions that can be in neighborhood.
In fact, this parameter regulates the number of candidate
solutions in the neighborhood.

Here, the radius is expressed as 𝑅 = ∑
𝑁

𝑖=1
|𝑓(x
𝑖
)|/√𝑁.

Indeed, the neighborhood captures all solutions with the
fitness differences less than the radius 𝑅. Typically, when the
radius 𝑅 is small, the size of neighborhood can also be small.
However, this assertion holds if the population diversity is
higher enough. When the particles are scattered across the
search space, no particles are located in the vicinity of each
other. Consequently, the size of neighborhood becomes zero.
On the other hand, when the particles are crowded around
some fitter individuals, the number of its neighbors can be
increased enormously. In order to prevent this undersizing
and oversizing, the neighborhood size is defined in such a
manner that it cannot exceed the value of three and cannot
be zero; in other words, |N(x

𝑖
) ∈ [1, 3]|.

For each observed particle x
𝑖
, the new solution is gen-

erated according to the number of neighbors |N(x
𝑖
)| in

“generate new solution” function. The following modified
equation is used in RDF-PSO for calculating the velocity:

k(𝑡+1)
𝑖

= 𝑤 ⋅ k(𝑡)
𝑖
+ 𝑐
1
𝑟
(𝑡)

1
(x(𝑡)best − x(𝑡)

𝑖
)

+
[

[

∑

|N(x𝑗)|
𝑗=1

𝑐
𝑗+1
𝑟
(𝑡)

𝑗+1
(p(𝑡)
𝑗
− x(𝑡)
𝑖
)





N (x
𝑖
)





]

]

,

(4)

where, 𝑟
1
, and 𝑟

2
are the real numbers randomly drawn

from the interval [0, 1], 𝑐
1
and 𝑐
2
denote the constriction
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(1) <rdf :RDF>
(2) <rdf :Description rdf :about=“http://www.example.org/population”>
(3) <ns1:member of rdf :resource=“http://www.example.org/particle1”/>
(4) <ns1:member of rdf :resource=“http://www.example.org/particle2”/>
(5) ⋅ ⋅ ⋅

(6) <ns1:member of rdf :resource=“http://www.example.org/particle𝑛”/>
(7) </rdf :Description>
(8) <rdf :Description rdf :about=“http://www.example.org/particle1”>
(9) <ns1:is neighbor of rdf :HREF=“http://www.example.org/particle2”/>
(10) <ns1:is neighbor of rdf :HREF=“http://www.example.org/particle5”/>
(11) <ns1:id>1</ns1:id>
(12) </rdf :Description>
(13) ⋅ ⋅ ⋅

(14) </rdf :RDF>

Algorithm 5: Pseudocode of the PSO population in RDF.

coefficients, p(𝑡)
𝑗
= {x
𝑘
| x
𝑘
is neighbor of x

𝑖
∧ 1 ≤ 𝑘 ≤ 𝑁},

𝑗 ∈ [1, |N(x
𝑖
)|], and ∑|N(x𝑖)|

𝑗=1
𝑐
𝑗+1

= 1. Thus, it is expected
that the movement of more crowded neighborhood depends
on more neighbors. Furthermore, the term between square
parenthesis ensures that the proportion of each neighbor
as determined by constriction coefficients {𝑐

2
, 𝑐
3
, 𝑐
4
} never

exceeded the value of one.

3.1. Representation of a Distributed Population. The rapid
growth of the Internet means that new kinds of application
architectures have been emerged. The Internet applications
are suitable to exploit enormous power of the computers
connected to this huge network. Typically, these applications
search for data distributed on many servers. These data need
to be accessed easily, securely, and efficiently.

This paper proposes the first steps of developing the
distributed population model within the PSO algorithm. In
line with this, the RDF tool is applied that introduces a
description of relations between particles in the population.
These relations make us possible to manipulate population
members on a higher abstraction level. At the moment, only
the relation “is neighbor of ” is implemented that determines
the neighborhood of a specific particle in the population.

For this purpose, RDF is devoted for defining the var-
ious resources on different Internet servers. In our case,
each particle in the population represents the resource that
is defined with corresponding property-type relation (e.g.,
“is neighbor of ”) and attributes. The RDF graph of the
distributed population is illustrated in Figure 3.

The definition of a distributed population in RDF is
presented in Algorithm 5, from which it can be seen that
two kinds of attributes are encountered in this definition,
that is, the references to neighbors of specific particle and its
sequence number. Some details are omitted in this algorithm
because of the space limitation of this paper. The missing
parts of code are denoted by punctuation marks.

3.2. Accessing the Distributed Population. The distributed
population in RDF can be accessed using the SPARQL query

Population ns1:about

ns1:id ns1:is neighbor of

ns1:is neighbor of

1

Particle 1

Particle 2

Particle 5

Figure 3: This PSO distributed population model contains the
definitions of resources population and particle. Thus, each particle
can relate to one or more neighbors and has an identification
number. The former represents a reference to other particles in a
swarm, while the latter is an atomic value.

(1) SELECT ?particle
(2) WHERE {
(3) <http://www.example.org/particle4>
(4) <http://www.example.org/is neighbor of>
(5) ?particle
(6) }

Algorithm 6: SPAQL query that returns particles in the neighbor-
hood of particle4.

language, whose syntax is similar to the standard SQL syntax.
An example of SPARQL query for returning the neighbor-
hood of fourth particle is represented in Algorithm 6. Note
that the SPARQL query from the mentioned algorithm will
return all attributes that are related to the “resource4” with
the relation “is neighbor of.”

3.3. Implementation Details. The proposed RDF-PSO algo-
rithm was implemented in Python programming language
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Table 1: Definitions of benchmark functions.

𝑓 Function name Definition

𝑓
1

Griewangk’s function 𝑓
1
(x) = −

𝑛

∏

𝑖=1

cos(
𝑥
𝑖

√𝑖

) +

𝑛

∑

𝑖=1

𝑥
2

𝑖

4000

+ 1

𝑓
2

Rastrigin’s function 𝑓
2
(x) = 𝑛 ∗ 10 +

𝑛

∑

𝑖=1

(𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
))

𝑓
3

Rosenbrock’s function 𝑓
3
(x) =

𝑛−1

∑

𝑖=1

100 (𝑥
𝑖+1
− 𝑥
2

𝑖
)

2

+ (𝑥
𝑖
− 1)
2

𝑓
4

Ackley’s function 𝑓
4
(x) =

𝑛−1

∑

𝑖=1

(20 + 𝑒
−20

𝑒
−0.2√0.5(𝑥

2
𝑖+1
+𝑥
2
𝑖
)

− 𝑒
0.5(cos(2𝜋𝑥𝑖+1)+cos(2𝜋𝑥𝑖))

)

𝑓
5

Schwefel’s function 𝑓
5
(x) = 418.9829 ∗ 𝐷 −

𝐷

∑

𝑖=1

𝑥
𝑖
sin(√


𝑥
𝑖





)

𝑓
6

De Jong’s sphere function 𝑓
6
(x) =

𝐷

∑

𝑖=1

𝑥
2

𝑖

𝑓
7

Easom’s function 𝑓
7
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Michalewicz’s function 𝑓
8
(x) = −
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sin (𝑥
𝑖
) [sin(
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𝑓
9

Xin-She Yang’s function 𝑓
9
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𝑖





) exp[−
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Zakharov’s function 𝑓
10
(x) =

𝐷

∑
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𝑖
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2

𝐷
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𝑖
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1

2

𝐷

∑

𝑖=1

𝑖𝑥
𝑖
)

4

and executed on Linux operating system. Additionally, the
following libraries were used:

(i) rdflibwhich is a python library for working with RDF
[29],

(ii) NumPy that is the fundamental package for scientific
computing with Python [30]

(iii) matplotlib that is a python 2D plotting library [31].

The decision for using Python has been taken because
there already existed a lot of the PSO implementation.
Furthermore, the RDF and SPARQL semantic tools are also
supported in this language and ultimately, programming in
Python is easy.

4. Experiments and Results

The goal of our experimental work was to show that the
semantic web tools, that is, RDF and SPARQL can be useful
for the optimization purposes as well. Moreover, we want to
show that using the variable neighborhood in RDF-PSO can
also improve the results of the original PSO.

In line with this, the RDF-PSO algorithm was applied
to the optimization of ten benchmark functions taken from
literature. The function optimization belongs to a class
of continuous optimization problems, where the objective
function 𝑓(x) is given and x = {𝑥

1
, . . . , 𝑥

𝐷
} is a vector of 𝐷

design variables in a decision space 𝑆. Each design variable
𝑥
𝑖
∈ [𝐿𝑏

𝑖
, 𝑈𝑏
𝑖
] is limited by its lower 𝐿𝑏

𝑖
∈ R and upper

𝑈𝑏
𝑖
∈ R bounds. The task of optimization is to find the

minimum of the objective functions.
In the remainder of this section, the benchmark suite

is described; then, the experimental setup is presented and
finally, the results of experiments are illustrated in detail.

4.1. Test Suite. The test suite consisted of ten functions,
whichwere selected from the literature.However, the primary
reference is the paper by Yang [32] that proposed a set of opti-
mization functions suitable for testing the newly developed
algorithms. The definitions of the benchmark functions are
represented in Table 1, while their properties are illustrated
in Table 2.

Table 2 consists of five columns that contain the function
identifications (tag 𝑓), their global optimum (tag 𝑓∗), the
values of optimal design variables (tag 𝑥∗), the lower and
upper bounds of the design variables (tag Bound), and their
characteristics (tag Characteristics). The lower and upper
bounds of the design variables determine intervals that limit
the size of the search space.Thewider is the interval, thewider
is the search space. Note that the intervals were selected, so
that the search space was wider than those proposed in the
standard literature.The functionswithin the benchmark suite
can be divided into unimodal and multimodal. The multi-
modal functions have two or more local optima. Typically,
themultimodal functions aremore difficult to solve.Themost
complex functions are those that have an exponential number
of local optima randomly distributed within the search space.



The Scientific World Journal 7

Table 2: Properties of benchmark functions.

𝑓 𝑓
∗

𝑥
∗ Bounds Characteristics

𝑓
1

0.0000 (0, 0, . . . , 0) [−600, 600] Highly multi-modal
𝑓
2

0.0000 (0, 0, . . . , 0) [−15, 15] Highly multi-modal
𝑓
3

0.0000 (1, 1, . . . , 1) [−15, 15] Multiple local optima
𝑓
4

0.0000 (0, 0, . . . , 0) [−32.768, 32.768] Highly multi-modal
𝑓
5

0.0000 (0, 0, . . . , 0) [−500, 500] Highly multi-modal
𝑓
6

0.0000 (0, 0, . . . , 0) [−600, 600] Uni-modal, convex
𝑓
7

−1.0000 (𝜋, 𝜋, . . . , 𝜋) [−2𝜋, 2𝜋] Multiple local optima
𝑓
8

−1.80131 (2.20319, 1.57049)
1

[0, 𝜋] Multiple local optima
𝑓
9

0.0000 (0, 0, . . . , 0) [−2𝜋, 2𝜋] Multiple local optima
𝑓
10

0.0000 (0, 0, . . . , 0) [−5, 10] Uni-modal
1These values are valid for dimensions𝐷 = 2.

4.2. Experimental Setup. This experimental study compares
the results of the RDF-PSO using different kind of dis-
tributed populations within the original PSO algorithm. All
PSO algorithms used the following setup. The parameter
𝑤 was randomly drawn from the interval [0.4, 0.9], while
the constriction coefficients were set as 𝑐

1
= 𝑐
2
= 1.0.

As a termination condition, the number of fitness function
evaluations was considered. It was set to FEs = 1000 ⋅ 𝐷,
where 𝐷 denotes dimension of the problem. In this study,
three different dimensions of functions were applied; that is,
𝐷 = 10,𝐷 = 30, and𝐷 = 50. However, the population size is
a crucial parameter for all population-based algorithms that
have a great influence on their performance. In line with this,
extensive experiments had been run in order to determine the
most appropriate setting of this parameter by all algorithms
in the test. As a result, the most appropriate setting of this
parameter 𝑁 = 100 was considered for the experiments.
Parameters, like the termination condition, dimensions of the
observed functions, and the population size were also used by
the other algorithms in experiments.

The PSO algorithms are stochastic in nature. Therefore,
statistical measures, like minimum,maximum, average, stan-
dard deviation, and median, were accumulated after 25 runs
of the algorithms in order to fairly estimate the quality of
solutions.

4.3. Results. The comparative study was conducted in which
we would like to show, firstly, that the semantic web tools can
be successfully applied to the optimization purposes as well
and, secondly, that using the distributed population affects
the results of the original PSO algorithm. In the remainder
of this section, a detailed analysis of RDF-PSO algorithms is
presented.

4.3.1. Analysis of the RDF-PSO Algorithms. In this experi-
ment, the characteristics of the RDF-PSO algorithm were
analyzed. In line with this, the RDF-PSO with neighborhood
size of one (RDF1), the RDF-PSO with neighborhood size of
two (RDF2), and the RDF-PSO with neighborhood size of
tree (RDF3) were compared with the original PSO algorithm

(PSO) by optimizing ten benchmark functions with dimen-
sions 𝐷 = 10, 𝐷 = 30, and 𝐷 = 50. The obtained results
by the optimization of functions with dimension 𝐷 = 30 are
aggregated in Table 3. Note that the best average values are for
each function presented bold in the table.

From Table 3, it can be seen that the best average values
were obtained by the RDF-1 algorithm eight times, that is,
by 𝑓
1
− 𝑓
4
, 𝑓
6
, 𝑓
8
, and 𝑓

10
. The best results were two times

observed also by the original PSO algorithm, that is, 𝑓
5

and 𝑓
9
. On average, the results of the other two RDF-PSO

algorithms, that are, RDF-2 and RDF-3, were better than the
results of the original PSO algorithm.

In order to statistically estimate the quality of solution, the
Friedman nonparametric test was conducted. Each algorithm
enters this test with five statistical measures for each of
observed functions. As a result, each statistical classifier (i.e.,
various algorithms) consists of 5 ⋅ 10 = 50 different variables.
The Friedman test [33, 34] compares the average ranks of
the algorithms. The closer the rank to one, the better is the
algorithm in this application. A null hypothesis states that
two algorithms are equivalent and, therefore, their ranks
should be equal. If the null hypothesis is rejected, that is,
the performance of the algorithms is statistically different,
the Bonferroni-Dunn test [35] is performed that calculates
the critical difference between the average ranks of those two
algorithms. When the statistical difference is higher than the
critical difference, the algorithms are significantly different.
The equation for the calculation of critical difference can be
found in [35].

Friedman tests were performed using the significance
level 0.05. The results of the Friedman nonparametric test
are presented in Figure 4 where the three diagrams show the
ranks and confidence intervals (critical differences) for the
algorithms under consideration. The diagrams are organized
according to the dimensions of functions. Two algorithms are
significantly different if their intervals do not overlap.

The first diagram in Figure 4 shows that the RDF-1
algorithm significantly outperforms the RDF-3 algorithm.
Interestingly, the results of the original PSO are also better
than the results of the RDF-2 and RDF-3 algorithm. The
situation is changed in the second (by 𝐷 = 30) and third
diagram (by 𝐷 = 50), where RDF-3 improves the results
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Table 3: Comparing the results of different PSO algorithms (𝐷 = 30).

Alg. Meas. 𝑓
1

𝑓
2

𝑓
3

𝑓
4

𝑓
5

PSO

Best 7.40𝐸 − 001 5.83𝐸 + 002 7.08𝐸 + 004 2.00𝐸 + 001 1.55𝐸 + 003

Worst 1.41𝐸 + 000 5.65𝐸 + 003 1.10𝐸 + 007 2.06𝐸 + 001 9.77𝐸 + 003

Mean 1.06𝐸 + 000 1.44𝐸 + 003 3.22𝐸 + 006 2.03𝐸 + 001 5.16E + 003
StDev 1.06𝐸 + 000 1.13𝐸 + 003 2.04𝐸 + 006 2.04𝐸 + 001 7.44𝐸 + 003

Mean 1.37𝐸 − 001 1.02𝐸 + 003 3.14𝐸 + 006 1.90𝐸 − 001 5.97𝐸 + 003

RDF-1

Best 8.87𝐸 − 014 4.55𝐸 − 010 2.85𝐸 + 001 5.31𝐸 − 005 8.77𝐸 + 003

Worst 3.33𝐸 − 010 1.95𝐸 − 006 2.88𝐸 + 001 9.64𝐸 − 003 1.05𝐸 + 004

Mean 3.40E − 011 2.18E − 007 2.87E + 001 2.61E − 003 9.88𝐸 + 003

StDev 1.27𝐸 − 011 4.81𝐸 − 008 2.87𝐸 + 001 1.53𝐸 − 003 9.95𝐸 + 003

Median 6.91𝐸 − 011 4.90𝐸 − 007 5.85𝐸 − 002 2.68𝐸 − 003 3.99𝐸 + 002

RDF-2

Best 1.10𝐸 − 005 3.37𝐸 + 000 3.95𝐸 + 001 2.78𝐸 − 001 8.77𝐸 + 003

Worst 2.42𝐸 − 001 7.03𝐸 + 001 3.42𝐸 + 002 3.64𝐸 + 000 1.04𝐸 + 004

Mean 6.03𝐸 − 002 3.08𝐸 + 001 1.64𝐸 + 002 1.95𝐸 + 000 9.73𝐸 + 003

StDev 4.12𝐸 − 002 2.52𝐸 + 001 1.36𝐸 + 002 1.72𝐸 + 000 9.65𝐸 + 003

Mean 5.80𝐸 − 002 2.12𝐸 + 001 9.62𝐸 + 001 1.04𝐸 + 000 4.43𝐸 + 002

RDF-3

Best 3.07𝐸 − 005 1.85𝐸 + 001 5.49𝐸 + 001 9.11𝐸 − 001 8.81𝐸 + 003

Worst 2.52𝐸 − 001 1.56𝐸 + 002 4.03𝐸 + 002 4.56𝐸 + 000 1.03𝐸 + 004

Mean 8.94𝐸 − 002 7.75𝐸 + 001 1.77𝐸 + 002 2.63𝐸 + 000 9.70𝐸 + 003

StDev 7.62𝐸 − 002 7.60𝐸 + 001 1.64𝐸 + 002 2.66𝐸 + 000 9.78𝐸 + 003

Mean 5.51𝐸 − 002 3.46𝐸 + 001 8.38𝐸 + 001 1.11𝐸 + 000 4.19𝐸 + 002

Evals Meas. 𝑓
6

𝑓
7

𝑓
8

𝑓
9

𝑓
10

PSO

Best 1.10𝐸 − 003 0.00𝐸 + 000 −1.77𝐸 + 001 6.94𝐸 − 012 5.39𝐸 − 001

Worst 3.75𝐸 − 001 0.00𝐸 + 000 −8.45𝐸 + 000 5.38𝐸 − 011 2.42𝐸 + 001

Mean 1.13𝐸 − 001 0.00𝐸 + 000 −1.42𝐸 + 001 1.30E − 011 5.26𝐸 + 000

StDev 6.89𝐸 − 002 0.00𝐸 + 000 −1.41𝐸 + 001 8.60𝐸 − 012 3.36𝐸 + 000

Mean 1.24𝐸 − 001 0.00𝐸 + 000 1.87𝐸 + 000 1.05𝐸 − 011 5.35𝐸 + 000

RDF-1

Best 7.80𝐸 − 014 0.00𝐸 + 000 −6.45𝐸 + 000 1.83𝐸 − 007 2.47𝐸 − 012

Worst 3.55𝐸 − 009 0.00𝐸 + 000 −3.85𝐸 + 000 1.39𝐸 − 005 5.70𝐸 − 007

Mean 3.83E − 010 0.00𝐸 + 000 −4.81E + 000 3.68𝐸 − 006 2.59E − 008
StDev 2.97𝐸 − 011 0.00𝐸 + 000 −4.74𝐸 + 000 3.35𝐸 − 006 1.34𝐸 − 009

Mean 8.15𝐸 − 010 0.00𝐸 + 000 6.12𝐸 − 001 3.29𝐸 − 006 1.13𝐸 − 007

RDF-2

Best 6.63𝐸 − 004 0.00𝐸 + 000 −6.47𝐸 + 000 3.57𝐸 − 009 2.55𝐸 − 001

Worst 2.03𝐸 + 000 0.00𝐸 + 000 −4.06𝐸 + 000 1.73𝐸 − 007 1.99𝐸 + 002

Mean 4.36𝐸 − 001 0.00𝐸 + 000 −4.93𝐸 + 000 6.03𝐸 − 008 2.54𝐸 + 001

StDev 1.48𝐸 − 001 0.00𝐸 + 000 −4.81𝐸 + 000 3.83𝐸 − 008 5.92𝐸 + 000

Mean 5.58𝐸 − 001 0.00𝐸 + 000 5.92𝐸 − 001 4.64𝐸 − 008 4.90𝐸 + 001

RDF-3

Best 5.21𝐸 − 003 0.00𝐸 + 000 −6.27𝐸 + 000 2.42𝐸 − 009 5.94𝐸 + 000

Worst 2.09𝐸 + 000 0.00𝐸 + 000 −4.09𝐸 + 000 1.31𝐸 − 007 4.53𝐸 + 002

Mean 8.47𝐸 − 001 0.00𝐸 + 000 −5.03𝐸 + 000 3.82𝐸 − 008 1.09𝐸 + 002

StDev 8.14𝐸 − 001 0.00𝐸 + 000 −5.05𝐸 + 000 3.35𝐸 − 008 6.65𝐸 + 001

Mean 5.73𝐸 − 001 0.00𝐸 + 000 5.92𝐸 − 001 3.08𝐸 − 008 1.15𝐸 + 002

of the RDF-3 and the original PSO, but not the RDF-2
algorithm.Additionally, the RDF-2 is significantly better than
the original PSO also by𝐷 = 50.

In summary, the RDF-1 exposes the best results between
all the other algorithms in tests by all observed dimensions
of functions. On the other hand, the original PSO algorithm
is only comparable with the modified PSO algorithms by
optimizing the low dimensional functions (𝐷 = 10). The
question why the RDF-PSO with neighborhood size of one

outperformed the other RDF-PSO algorithms remains open
for the future work. At this moment, it seems that here
the primary role plays the constriction coefficients that
determine an influence of specific neighbors.

5. Conclusion

The aim of this paper was twofold. First is to prove that
the semantic web tools, like RDF and SPARQL, can also
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Figure 4: Results of the Friedman nonparametric test.

be used for the optimization purposes. Second is to show
that the results of the modified RDF-PSO using the variable
neighborhood are comparable with the results of the original
PSO algorithm.

In line with the first hypothesis, a distributed population
model was developed within the PSO algorithm that is
suitable for describing the variable neighborhood of particles
in the population. Furthermore, moving particles across the
search space depends on all the particles in the neighborhood
in place of the local best solutions as proposed in the original
PSO algorithm.

In order to confirm the second hypothesis, the bench-
mark suite of ten well-known functions from the literature
was defined. The results of extensive experiments by opti-
mization of benchmark functions showed that the optimal
neighborhood size within the RDF-PSO algorithm is one
(RDF1). This variant of the RDF-PSO also outperformed the
original PSO algorithm.

The distributed population model extends the concept
of population in SI. This means that the population is no
longer a passive data structure for storing particles. Not
only can the particles now be distributed, but also some
relations can be placed between the population members. In
this proof of concept, only one relation was defined, that is,
“is neighbor of.” Additionally, not the whole definition of the
distributed population was put onto Internet at this moment.
Although we are at the beginning of the path of how to make
an intelligent particle in swarm intelligence algorithms, the
preliminary results are encouraging and future researches
would investigate this idea of distributed population models
in greater detail.
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Existing face recognition methods utilize particle swarm optimizer (PSO) and opposition based particle swarm optimizer (OPSO)
to optimize the parameters of SVM.However, the utilization of random values in the velocity calculation decreases the performance
of these techniques; that is, during the velocity computation, we normally use random values for the acceleration coefficients and
this creates randomness in the solution. To address this problem, an adaptive acceleration particle swarm optimization (AAPSO)
technique is proposed. To evaluate our proposed method, we employ both face and iris recognition based on AAPSO with SVM
(AAPSO-SVM). In the face and iris recognition systems, performance is evaluated using two human face databases, YALE and
CASIA, and the UBiris dataset. In this method, we initially perform feature extraction and then recognition on the extracted
features. In the recognition process, the extracted features are used for SVM training and testing. During the training and testing,
the SVM parameters are optimized with the AAPSO technique, and in AAPSO, the acceleration coefficients are computed using
the particle fitness values. The parameters in SVM, which are optimized by AAPSO, perform efficiently for both face and iris
recognition. A comparative analysis between our proposed AAPSO-SVM and the PSO-SVM technique is presented.

1. Introduction

Support vector machine (SVM) is a machine-learning
method based on the structure risk minimization principle.
SVM can find global optimum solutions for problems with
small training samples, high dimensions, and nonlinearity.
SVMhas attractedmuch attention during the past decade as a
modernmachine-learning approach in several domains, such
as pattern recognition, bioinformatics, and other nonlinear
problemswith small sample sizes. SVMhas strong theoretical
foundations and a good generalization capability. From the
implementation point of view, training an SVM in classifica-
tion is equivalent to solving a linearly constrained quadratic
programming (QP) problem, which consumes large amounts

of memory and computation time when the number of
samples increases. Another issue in SVM is that the selection
of the training parameters impacts its performance. Some of
the SVM-based methods are utilized with face applications
[1–15]. Li, Lijuan &Weiguo have proposed amulti-class SVM
for face recognition [2]. They utilized the generalized two-
dimensional Fisher’s linear discriminant (G-2DFLD)method
for feature extraction and used multiclass support vector
machines as the classifier for face recognition.They proposed
a multiobjective uniform design (MOUD) search method as
an SVM model selection tool and then applied an optimized
SVM classifier to face recognition. In their proposedmethod,
LDA has been used for feature extraction. However, LDA is
computationally high and suffers from the so-called small size
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Figure 1: Structure of the proposed recognition technique based on AAPSO-SVM.

problem (SSS) problem [13]. Additionally, a new classification
model based on SVM named as (SVM + NDA) has been
proposed by Khan et al. [12]. In addition, they proposed a
kernel extension of the model KSVM + KNDA to deal with
nonlinear problems. However, it is obvious to notice that
the SVM + NDA in linear case took more computational
time than the LDA, NDA, HLDA, and SVM + LDA. On the
other hand, the KSVM + KNDA required greater number of
iterations than KNDA and KFD in nonlinear case.

Recently, existing face recognition methods utilize PSO
and OPSOmethods to optimize the parameters of SVM. Ref-
erence [3] presented a face recognitionmethod based on sup-
port vector machine and particle swarm optimization (PSO-
SVM). In PSO-SVM method, the parameters optimization
problem in SVM is solved by particle swarm optimization.
Nevertheless, this method lacks the initial phase of the PSO
technique. In PSO, the populations are generated in a random
manner. Due to this random process, the population results
may also be in a random manner. Therefore, it is not certain
that this method will produce a precise result when it is used
with SVM. Later, and to avoid this drawback, a modified
face recognition method based on opposition particle swarm
optimization (OPSO) and SVM (OPSO-SVM) has been
proposed by Hasan, Abdullah and Othman [13]. In OPSO-
SVM, opposition particle swarm optimization (OPSO) [14]
has been used instead of PSO to find the optimal parameters
in SVM. In OPSO, the populations are generated in two
ways: one is random population the same as the standard
PSO technique and the other is opposition population, which
is based on the random population values. The optimized
parameters in SVM by OPSO efficiently perform the face
recognition process. Accelerated PSO with SVM (APSO-
SVM) has been introduced by Yang, Deb and Fong [15]. In
APSO-SVM, APSO is used to find the best kernel parameters
in SVM.Then, the kernel parameters are used to construct the
support vector machines to solve the problem of interest. In
APSO, the algorithm used the global best only and excluded
the individual best and it does not use velocities or inertia
parameter. Though, the PSO performance degrades by the
utilization of random values in the velocity calculation and
this will influence the parameter selection in SVM. In this
paper, to address this problem, an adaptive acceleration par-
ticle swarm optimization (AAPSO) technique is proposed.

The rest of this paper is structured as follows. Section 2
describes the proposed model in relation to PSO and SVM.
Section 3 explains the experimental results. Finally, we end
our paper with conclusions and potential future studies in
Section 4.

2. The Proposed Model

The standard PSOmethod has been utilized inmany research
works to obtain optimal problem solutions. To obtain a
more accurate optimal result, the drawbacks which are
present in the PSO method must be addressed by making
modifications or enhancements to the PSOmodel.Themajor
drawback of the PSO is the random value selection during
new particle generation; that is, in the velocity computation,
the acceleration coefficients are generated randomly. The
random value selection in the velocity process means that the
generated particles will also be random. Randompopulations
do not produce more accurate results. Hence, to acquire a
more accurate result and to reduce this PSO drawback, we
propose an adaptive acceleration particle swarmoptimization
(AAPSO). To obtain more accurate classification results, the
SVM parameters will be optimized by our AAPSO. The
utilization of AAPSO in the SVM parameter optimization
will reduce the PSO drawback and improve the classification
result accuracy. In this research, our intent is to develop a face
and iris recognition system for accurate recognition of face
images from the databases. The proposed face recognition
technique is performed in three phases, feature extraction
by PCA, adaptive acceleration particle swarm optimization
(AAPSO), and parameters selection for SVM with AAPSO.
These three phases are performed repeatedly on the input
database face images, and thus the face images are recognized
more effectively. The three phases are discussed in Sections
2.1, 2.2, and 2.3. The basic structure of our proposed face
recognition technique is shown in Figure 1.

2.1. Feature Extraction Using PCA. Thepurpose of the feature
extraction is to extract the information that represents the
face. Principal component analysis (PCA) is used for this
purpose [9]. We apply PCA on the training and testing
database face images and obtain the unique dimensional
feature vectors.

2.2. The Proposed Adaptive Acceleration Particle Swarm Opti-
mization (AAPSO). Particle swarm optimization (PSO) is a
computational intelligence oriented, stochastic, population
based global optimization technique proposed by Kennedy
and Eberhart [4, 11]. It is inspired by the social behaviour of
biological creatures, such as fishes and birds, which have the
ability to group together to work as a whole to locate desirable
positions in a certain area, for example, fish searching for a
food source. This type of search behaviour is equivalent to
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searching for solutions of equations in a real-valued search
space [10]. PSO emulates the swarm behaviour of individuals
who represent potential solutions in a D-dimensional search
space. Particle 𝑖 is often composed of four vectors: 𝑋

𝑖
=

(𝑥
1

𝑖
, 𝑥
2
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, . . . , 𝑥
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on its own; 𝑉

𝑖
= (V1
𝑖
, V2
𝑖
, . . . , V𝐷
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), where V𝐷
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where 𝑔𝑏𝑒𝑠𝑡𝐷
𝑖
is the global best position in the 𝑑th dimension

that all particles have found. Particles in a swarm move
through the search space as follows:
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where 𝑐
1
and 𝑐
2
are two constants, often with the value of 2.0,

𝑟
1
and 𝑟
2
are two independent random numbers uniformly

generated in the range [0.1] at each updating iteration from
𝑑 = 1 to 𝐷, 𝑉𝑑

𝑖
is the velocity of the 𝑖th particle, 𝑥

𝑖

𝑑 is the
current position of the particle 𝑖, 𝑃𝑏𝑒𝑠𝑡𝑑

𝑖
is the position of

the best fitness value of the particle at the current iteration,
and 𝑔𝑏𝑒𝑠𝑡𝑑

𝑖
is the position of the particle with the best fitness

value in the swarm. The random values of 𝑐
1
and 𝑐

2
in

the velocity computation do not select the optimal SVM
parameters so that the result of the recognition results will
be random or inaccurate. Therefore, we have proposed an
adaptive acceleration particle swarm optimization (AAPSO)
method that selects the acceleration coefficients using particle
fitness values. The AASPO method selects the optimal SVM
parameters and formulates the SVM to provide a more
accurate face recognition result. The AAPSO’s acceleration
coefficients are determined as follows:
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2
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where 𝑐
1max and 𝑐1min represent theminimum andmaximum

values of 𝑐
1
; 𝑓min, 𝑓avg, and 𝑓max are the particle minimum,

average, andmaximumfitness values of the entire population;
and 𝑐
2max and 𝑐2min represent the minimum and maximum

values of 𝑐
2
. By applying 𝑛𝑐

1
and 𝑛𝑐

2
in the velocity equation

(1), the equation is updated as follows:
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Utilizing the above equations, the velocity function accel-
eration coefficients are computed in AAPSO. The evaluation
of the coefficients using the AAPSO equations enables the
SVM to provide more accurate results.

Example 1. Assume that the population pool has five parti-
cles/individuals, 𝑃

𝑛
(for simplicity), and their fitness values

are as follows: 𝑃
1
= 0.5, 𝑃

2
= 0.4, 𝑃

3
= 0.2, 𝑃

4
= 0.7, 𝑃

5
= 0.6,

and 𝑓min = 𝑃3.

As a special case, 𝑓avg is equal to 𝑓min (i.e., 𝑓min = 𝑓avg)
only if each member of the population has the same fitness
value (i.e., 𝑃

1
= 𝑃
2
= 𝑃
3
= 𝑃
4
= 𝑃
5
). Otherwise, 𝑓min <

𝑓avg. Naturally, the probability of 𝑓min/𝑓avg will be between
0 and 1. Assume that the probability of 𝑓min/𝑓avg = 1 and
the probability of 𝑓min/𝑓max = 1; then the sum ((𝑓min/𝑓avg) +
(𝑓min/2𝑓max

)) is 3/2. Therefore, we only restrict the value
within 1, and (3) and (4) are multiplied by 2/3. As a result,
this calculation will produce a maximum value of 1 instead
of 3/2. If 𝑓min, 𝑓avg, and 𝑓max are equal, the acceleration will
be constant at 1; that is, 𝑐

1
approaches 𝑐

1max. If 𝑐1 increases,
then the neighbourhood search space diverges using PSO.
Otherwise, the neighbourhood search space converges. That
is, 𝑐
1
is linearly proportional to its neighbourhood search

space. The data in Figure 2 show that 𝑐
1 min varies linearly

with𝑓min/𝑓avg.
The acceleration constant, 𝑐

1
, accelerates the neighbor-

hood search; that is, it determines the nearest or farthest one.
If 𝑐
1
is small, the updated solutions will be near to the current

solution, whereas if 𝑐
1
is high, the updated solution will be far

from the current solution. In our adaptive method, instead
of fixing a constant 𝑐

1
, we increase or decrease 𝑐

1
at every

iteration. Therefore, the updated solutions may be far, near,
or near-far.

Example 2. Assume a range of 10 and initial acceleration of
0; that is, the acceleration constant can vary within [0, 9]. For
example, if a vehicle starts at 0 km/h and its maximum speed
is 100 km/h, according to the traffic, it will accelerate between
0 and 100 km/h. Thus, the range of the speed is 100 − 0 =

100 (𝑐
1max − 𝑐

1 min). In (3), we add 𝑐
1 min to calculate the

speed from the initial condition. The conventional method
fixes the acceleration constant at one value; thus, the velocity
of the particles is updated without considering the relation
to population fitness. By making this constant adaptive, we
increase or decrease the velocity based on the population
fitness.

2.3. Parameter Selection for SVM with AAPSO. To obtain
more precise recognition, the SVMparameters are optimized
using the AASPO method. The process is shown in Figure 3.
The process of optimal parameter selection by AAPSO in
SVM is shown as follows.
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Step 1. Initially, the particles are generated randomly within
the interval [𝑥, 𝑦]. The generated particles are composed of
SVM parameters 𝑃

𝑖
. Then, the parameters of each particle are

initiated, including position and velocity.

Step 2. The fitness value of every particle is calculated using
(5). The particles that have the minimum fitness values are
selected as the best particles as follows:

min 1

2





𝑃
𝑖






2

+ 𝐶

𝑁

∑

𝑖=1

𝜉
𝑖

(5)
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𝑁

∑

𝑖=1

𝑃
𝑖
𝑥
𝑖
≥ (

1 − 𝜉
𝑖

𝑦
𝑖

) − 𝑏,

𝑖 = 1, 2, . . . , 𝑁, 𝜉
𝑖
≥ 0, 𝑖 = 1, 2, . . . , 𝑁,

(6)

where 𝑁 is the size of the training dataset and 𝐶 is a positive
regularization constant or cost function, which defines the
tradeoff between a large margin and a misclassification error.

Step 3. The 𝑃𝑏𝑒𝑠𝑡
𝑖
of each particle is updated and 𝑔𝑏𝑒𝑠𝑡

𝑖
for

the domain is updated. Based on these values, the velocity and
position of every particle are updated using (4) and (2).

Step 4. Stop if the current optimization solution is good
enough or if the stopping criterion is satisfied.

3. Experimental Results

We divide our experiment into two sections, face recognition
evaluation and then iris recognition evaluation.Theproposed
face recognition technique is implemented using MATLAB
(version 7.12) on an Intel core i5 processor that uses Win-
dows 7 operating system and that has 3.20GHz CPU speed
and 4GB of RAM. The performance of the proposed face
recognition technique is evaluated using the face databases
YALE [5] and CASIA [6].The images are obtained from both
databases and the feature extraction is computed using PCA,
while recognition process is computed using the proposed
AAPSO-SVM technique. Sample face images from the YALE
and CASIA databases are shown in Figure 4.

The performance of our proposed method is analyzed
in three evaluation steps: (i) evaluate the optimization using
three standard functions, (ii) evaluate the classification results
with the UBiris dataset [7], and (iii) evaluate the classification
results with the face datasets.These three evaluation steps are
explained below.

(i) Evaluate the Optimization UsingThree Standard Functions.
To accomplish the performance analysis, we performed 10
rounds of experiments using the AAPSO and PSO methods.
Moreover, our proposed AAPSO method performance is
evaluated using the standard functions [8]: sphere, Rosen-
brock, and Rastrigin.These standard functions are computed
using the following equations:

𝑓
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𝑖
− 10 cos (2Π𝑥

𝑖
) + 10) .

(7)

The performance of our proposed AAPSO and the standard
PSO methods on these standard functions, in terms of their
fitness values for different numbers of iterations, is shown in
Figure 5.

The results in Figure 5 show that our proposed AAPSO
method yields more accurate particles that have lower fitness
values than those generated by the PSO method. The results
in Figures 5(a), 5(b), and 5(c) show that our proposedAAPSO
methodhas obtained accurate fitness values for all of the three
standard functions. The high performance result shows that
our AAPSO method is able to determine the more accurate
SVM parameters. Additionally, the performance of our pro-
posedAAPSOmethod is compared to the performance of the
PSO method using (5) in Figure 6.

In Figure 6, the proposed AAPSO technique obtained
more accurate particles that have minimum fitness values
smaller than those obtained with the PSOmethod.Therefore,
our AAPSO technique has yielded more accurate SVM
parameters. Figure 6(a) shows the fitness value performance
for particles used on the YALE database face images. For all
iterations, the fitness values of the particles of our proposed
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(a)

(b)

Figure 4: Sample face images from (a) YALE [5] and (b) CASIA [6] databases.

Table 1:The accuracy of PSO and AAPSO based on SVM classifica-
tion performance results for the UBiris dataset.

Experiment number Accuracy (%)
PSO

Accuracy (%)
AAPSO

1 90 95
2 87 93
3 91 94
4 90 94
5 92 96
6 89 96
7 91 94
8 92 95
9 88 94
10 92 95
Average 90 95

AAPSO method are lower than those of the PSO method.
However, when applied to the CASIA database, the PSO
method particles have lower fitness values than the AAPSO
particles for iterations 5, 8, and 9. In the remaining iterations,
the AAPSO particles have the same or lower fitness values in
comparison to the PSO particles.

(ii) Evaluate Classification Results with the UBiris Dataset. In
this section, the classification performance is evaluated with
the UBiris dataset. The classification accuracy results that are
obtained for theUBiris dataset are given in Table 1. To analyze
the classification performance, 10 experiments are conducted
on the iris dataset. Sample iris dataset images are shown in
Figure 7.

In 10 experiments, our proposedAAPSOmethod attained
higher iris image classification accuracy than the standard
PSO-SVM.The average classification accuracy is 95%.

(iii) Evaluate Classification Results with Face Datasets. In
this section, the classification results are evaluated with two
databases, Yale and CASIA. Moreover, the performance of
our proposed technique is compared with the PSO-SVM
method using based on accuracy rate. In the experiment,
the face images are evaluated for four conditions: (i) same
pose, same illumination, and different expression; (ii) same
pose, same expression, and different illumination; (iii) same
expression, same illumination, and different pose; and (iv)
different expression, pose, or illumination. The accuracy
results for the proposed AAPSO-SVM and the existing PSO-
SVM face recognition techniques, applied to the YALE and
CASIA databases, with the different conditions, are shown
in Table 2 and Figure 8. The computational times for our
proposed AAPSO and for the PSO methods are shown in
Figure 9.
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Figure 5: Performance of AAPSO and PSO methods with (a) sphere, (b) Rosenbrock, and (c) Rastrigin.
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Figure 6: Performance of AAPSO and PSO methods from (a) YALE [5] database and (b) CASIA [6] database.
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Table 2: Accuracy values of the proposed AAPSO-SVM and the PSO-SVM techniques with face datasets.

Conditions Condition description Yale dataset CASIA dataset
Method Accuracy Method Accuracy

1 Same pose, same illumination, and
different expression

PSO-SVM 73 PSO-SVM 76
AAPSO-SVM 86 AAPSO-SVM 85

2 Same pose, same expression, and
different illumination

PSO-SVM 80 PSO-SVM 82
AAPSO-SVM 95 AAPSO-SVM 96

3 Same expression, same
illumination, and different pose

PSO-SVM 83 PSO-SVM 81
AAPSO-SVM 94 AAPSO-SVM 93

4 Different expression, pose, or
illumination

PSO-SVM 70 PSO-SVM 75
AAPSO-SVM 82 AAPSO-SVM 84

Figure 7: Sample images from the iris dataset.
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Figure 8: Performance accuracy of theAAPSO and PSO recognition methods from (a) YALE [5] database and (b) CASIA [6] database.

As shown in Figure 8, the recognition results of AAPSO-
SVM have higher face recognition accuracy than the results
of the PSO-SVM in all of the four conditions for both the
Yale and CASIA databases. We measured the 𝑡-test values
for the accuracy between AAPSO-SVM and PSO-SVM face
recognition techniques. There was not much variation in
the 𝑡-test results; however, the 𝑡-test result shows that the
proposed AAPSO-SVM is statistically significant and that
it outperforms the PSO-SVM with the 𝑡-test result 𝑃 <

0.05; 𝑃 = 0.0265 for the Yale database and 𝑃 = 0.0186

for the CASIA database. Furthermore, Figure 9 shows the
computational time used by our proposed AAPSO method
and the conventional PSO to determine the optimal SVM
parameters. It was shown that AAPSO optimized the SVM
when compared with conventional PSO.

Figure 9 shows the computational time used by our pro-
posed AAPSO method and the conventional PSO to deter-
mine the optimal SVMparameters. It was shown that AAPSO
optimized the SVM, when compared with conventional
PSO. The results in the table demonstrate the computational
efficiency of AAPSO.That is, AAPSO uses less computational
time to perform the optimization process compared with
the conventional PSO. On average, AAPSO used 12% of the
computational time to optimize the parameters andPSOused
21% of the computational time to optimize the parameters.

4. Conclusions

In this paper, we introduced AAPSO based on SVM to
address the limitation of the standard PSO method that uses
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Figure 9: The computation time of AAPSO-SVM and PSO-SVM.

random selection of the coefficient factor for velocity. This
may lead to performance instability. The optimized SVM,
using the AAPSO technique, shows effective face recogni-
tion performance. Two human face databases, YALE and
CASIA, were utilized to analyze the performance of our pro-
posed AAPSO-SVM face recognition technique. The UBiris
database was also used to illustrate the performance of our
proposed technique in other domains. The performance and
comparative analysis results show that our proposedAAPSO-
SVM technique yields higher face recognition performance
results than the PSO-SVM face recognition methods. In 10
experiments, our proposed AAPSO method attained a high
iris image average classification accuracy of 95%, which is
more than the standard PSO-SVM,which attained 90% in the
same experiments. In addition, the SVM parameters for the
YALE and CASIA databases are more optimal when obtained
from AAPSO than from the conventional PSO. AAPSO also
takes less computational time to perform the optimization
process than the conventional PSO.On average, AAPSOused
12% of the computational time to optimize the parameters
and PSO used 21% of the computational time to optimize
the parameters. Hence, our proposed AAPSO with SVM
technique is more robust and more precisely recognizes the
face and iris images.Our proposedmethod can bemademore
robust if we test it with domains other than biometrics, such
as bioinformatics and text categorization.
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The traditional Back Propagation (BP) has some significant disadvantages, such as training too slowly, easiness to fall into local
minima, and sensitivity of the initial weights and bias. In order to overcome these shortcomings, an improved BP network that is
optimized by Cuckoo Search (CS), called CSBP, is proposed in this paper. In CSBP, CS is used to simultaneously optimize the initial
weights and bias of BP network. Wine data is adopted to study the prediction performance of CSBP, and the proposed method
is compared with the basic BP and the General Regression Neural Network (GRNN). Moreover, the parameter study of CSBP is
conducted in order to make the CSBP implement in the best way.

1. Introduction

Though the traditional neural networks (such as BP) have
been widely used in many areas, they have some inherent
shortcomings. These disadvantages have become a major
bottleneck that restricts their further development. In most
cases, the gradient descent method is used in feedforward
neural networks (FNN), which has the following main
disadvantages.

(1) Training slowly: many iterations are required in the
gradient descent method in order to adjust weights
and bias. Therefore, the training process takes long
time.

(2) It is easy to fall into local minimum, so that it cannot
achieve the global minimum.

(3) It is very sensitive to the choice of the initial weights
and bias. Due to high influence on the performance
for neural networks (NN), proper weights and bias
must be carefully selected in order to obtain a more
ideal network. If the selection of the weights and bias
is improper, convergent speed of the algorithmwill be
very slow and the training process would take a long
time.

Therefore, in order to enhance the performance of BP,
many scholars are always striving for exploring a training
algorithm that has a fast training speed, a global optimal
solution, and a good generalization performance. Finding
this training algorithm is also the main objective of the
research in recent years.

Many metaheuristic methods have been proposed to
solve optimization problems, such as the charged system
search (CSS) [1], big bang-big crunch algorithm [2–5],
harmony search (HS) [6–8], particle swarm optimization
(PSO) [9–13], biogeography-based optimization (BBO) [14–
18], firefly algorithm (FA) [19–23], differential evolution (DE)
[24–27], krill herd (KH) [28–31], and bat algorithm (BA) [32–
34].

In this paper, CS algorithm [35–37] that is a newly-
developed metaheuristic method is used to optimize the
weights and bias of BP. That is to say, CS is well capable of
selecting the best initial weights and bias so as to construct
the BP network instead of the randomly-generated weights
and bias used in the basic BP. In order to prove the superiority
of CSBP, it is used to solve the Italian wine classification
problem. By comparing with the traditional BP and GRNN,
this method has higher prediction accuracy and better
generalization performance.
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The remainder of this paper is organized as follows. The
preliminaries including CS and BP are provided in Section 2.
Section 3 represents the detailed BP optimized by CS. Then,
in Section 4, a series of comparison experiments on Italian
wine classification problem are conducted. The final section
provides our concluding remarks and points out our future
work orientation.

2. Preliminary

2.1. CS Algorithm. CS method [35, 36] is a novel metaheuris-
tic swarm intelligence [38] optimization method for solving
optimization problems. It is based on the behavior of some
cuckoo species in combination with the Lévy flights. In the
case of CS, how far a cuckoo can move forwards in a step can
be determined by the Lévy flights.

In order to describe CS algorithm more easily, Yang and
Deb [35] idealized the behavior of the cuckoo species into the
following three rules:

(1) for all the cuckoos in the population, every one lays
only one egg at a time and randomly selects a nest in
order to place this egg;

(2) the population cannot change the eggs with the best
fitness in order to make the whole population evolve
forward all the time;

(3) the host bird discovers the cuckoo eggs with a proba-
bility 𝑝

𝑎
∈ [0, 1]. In this case, the cuckoo has no other

choice and it has to build a fully new nest.

Based on the above hypothesis, theCS can be summarized
as shown in Algorithm 1. We must point out that, for single
objective problems, the cuckoos, eggs, and nests are equal to
each other. So, we do not differentiate them in our works.

In order to make the balance of exploitation and explo-
ration, CS uses a balanced combination of a local random
walk and the global explorative random walk, controlled
by a switching parameter 𝑝

𝑎
. The exploitation step can be

represented as

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑖
+ 𝛽𝑠⨂𝐻(𝑝

𝑎
− 𝜀)⨂(𝑥

𝑡

𝑗
− 𝑥
𝑡

𝑘
) , (1)

where 𝑥𝑡
𝑗
and 𝑥𝑡
𝑘
are two different randomly selected cuckoos,

𝐻(𝑢) is a Heaviside function, 𝜀 is a random number, and 𝑠

is the step size. On the other hand, the exploration step is
implemented by using Lévy flights as follows:

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑖
+ 𝛽𝐿 (𝑠, 𝜆) , (2)

where 𝐿(𝑠, 𝜆) = (𝜆Γ(𝜆) sin(𝜋𝜆/2)/𝜋)(1/𝑠1+𝜆), (𝑠, 𝑠
0
> 0), 𝛽 >

0 is the scaling factor, and its value can be determined by the
problem of interest. More information of CS can be referred
to in [39–41].

2.2. BP Network. BP network was proposed by a team of
scientists led by Rumelhart and McCelland in 1986 which is
an error back propagation algorithm according to the former
train multilayer feedforward network. It is one of the most
widely used neural network models. BP network can learn

and remember a lot of input-output mapping model without
priormathematical equations that describe thismapping.The
steepest descent method is used as the learning rules in order
to adjust the weights and bias that can finally minimize the
network error. In general, the topology of the BP network
model includes input layer, hidden layer, and output layer.
The number of layers and neurons in each hidden layer can
be determined by the dimension of the input vector, and the
output vector. In most cases, a single hidden layer is used in
BP network.

BP network is a kind of supervised learning algorithm.
Its main idea can be represented as follows. Firstly, training
samples are input into the BP network, and then weights
and bias are adjusted by using the error back propagation
algorithm. This training process would minimize the error
between the desired vector and the output vector. When the
error is satisfied, weights and bias are remembered, which can
be used to predict test samples. More information about BP
can be referred to in [42].

3. CSBP

In the present work, the CS algorithm is used to optimize BP
network. More specifically, the BP network is considered to
be objective function (fitness function), and the weights and
bias are optimized by the CS method in order to obtain the
optimal weights and bias. The best weights and bias are well-
suited to construct the BP that is significantly superior to the
basic BP network.

The process of the BP network optimized by the CS is
divided into three parts: determining BP network structure,
obtaining the best weights and bias through CS, and predict-
ing through neural network. The structure of BP network in
the first part is determined based on the number of input
and output parameters, and then the length of each cuckoo
individual in CS is determined accordingly. In the second
part, CS method is applied to optimize the weights and bias
of the BP network. Each individual in the cuckoo population
includes all the weights and bias in BP, and it is evaluated by
the fitness function. The CS method implements initializing
CS, determining fitness function, updating position opera-
tor, selecting operator, replacing operator, and eliminating
operator in order to find the cuckoo individual with the
best fitness. This optimization process is repeated until the
satisfactoryweights and bias are found. In the last part, the BP
network with the optimal weights and bias is constructed and
is trained to predict the output. Based on the above analyses,
the flowchart of theCSBP algorithm can be shown in Figure 1.

In CSBP, CS is applied to optimize the initial weights
and bias of BP network, so that the optimized BP network
has better predicted output. The elements in CSBP include
initializing CS, determining fitness function, updating posi-
tion operator, selecting operator, replacing operator, and
eliminating operator in order to find the cuckoo individual
with the best fitness. The detailed steps of the CS algorithm
(see Figure 1) are as follows.
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Begin
Step 1. Initialization. Set the generation counter 𝐺 = 1 and the discovery rate 𝑝

𝑎
; initialize

the population 𝑃 of 𝑛 host nests randomly.
Step 2. While 𝐺 < 𝑀𝑎𝑥𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 do

Sort all the cuckoos.
Randomly select a cuckoo 𝑖 and implement Lévy flights to replace its solution.
Evaluate its fitness 𝐹

𝑖
.

Randomly choose another nest 𝑗.
if (𝐹
𝑖
< 𝐹
𝑗
)

Replace j by the new solution.
end if
Randomly generate a fraction (𝑝

𝑎
) of new nests and replace the worse nests.

Keep the best nests.
Sort the population and find the best cuckoo for this generation.
Pass the current best to the next generation.
𝐺 = 𝐺 + 1.

Step 3. end while
End.

Algorithm 1: Cuckoo search.

CS algorithm

Stop?

Initializing CS

Determining fitness function

Updating position operator

Selecting operator

Eliminating operator

Replacing operator

Computing fitness

Input data

Processing

Stop?

Constructing BP 

Initializing weights and bias

Computing error

Output prediction 
results

Yes

No

Yes

No

BP network

Getting optimal weights
and bias

Updating weights
and bias

Figure 1: Flowchart of CSBP.

(1) Initializing CS. Cuckoo individual is encoded in the
real-coded form, and each individual is composed of real-
number string that consists of the following four parts:
connection weights between the hidden layer and output
layer, connection weights between the hidden layer and the
input layer, the bias in the output layer, and the hidden layer.
Each cuckoo individual contains all the weights and bias in

BPnetwork.According to theweights and bias in BPnetwork,
a certain BP network can be constructed.

(2) Determining Fitness Function. The initial weights and
bias of BP network can be determined according to the best
individual. After training the BP network, it is used to predict
the output. The fitness value of cuckoo individual 𝐹 is the
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sum of the absolute error between the desired output and the
predicted output 𝐸 as follows:

𝐹 = 𝑘(

𝑛

∑

𝑖=1





𝑦
𝑖
− 𝑜
𝑖





) , (3)

where 𝑛 is the node number of the output layer in BP network
and 𝑘 is a coefficient. 𝑦

𝑖
and 𝑜
𝑖
are the desired output and the

predicted output for the node 𝑖 in BP network.
(3) Updating Position Operator. A cuckoo (say 𝑖) is randomly
chosen in the cuckoo population and its position is updated
according to (1). The fitness (𝐹

𝑖
) of the 𝑖th cuckoo at genera-

tion 𝑡 and position 𝑥
𝑖
(𝑡) is evaluated by (3).

(4) Selecting Operator. Similarly, another cuckoo (say 𝑗, 𝑖 ̸=𝑗)
is randomly chosen in the cuckoo population and its position
fitness (𝐹

𝑗
) of the 𝑖th cuckoo at generation 𝑡 and position𝑥

𝑗
(𝑡)

is evaluated by (3).
(5) Replacing Operator. If the fitness value of the cuckoo 𝑖 is
bigger than the cuckoo 𝑗, that is, 𝐹

𝑖
> 𝐹
𝑗
, 𝑥
𝑗
is replaced by the

new solution.
(6) Eliminating Operator. In order to make the population in
an optimum state all the time, ceil(𝑛 ∗ 𝑝

𝑎
) worst cuckoos are

removed in each generation. At the same time, in order to
make the population size unchanged, ceil(𝑛 ∗ 𝑝

𝑎
) cuckoos

would randomly be generated. The cuckoos with the best
fitness will be passed directly to the next generation. Here,
ceil(𝑥) rounds the elements of 𝑥 to the nearest integers
towards infinity.

BP network in CSBP (see Figure 1) is similar to an ordi-
nary BP network, and the detailed steps can be represented
as follows.
(1) Determining BP Network Structure. The weights and
bias are randomly initialized, and then they are encoded
according to the CS algorithm.The encoded weights and bias
are input into the CS in order to optimize the BP network,
followed by the CS algorithm (see Figure 1).
(2) Construct CSBP Network. The optimal weights and bias
obtained from the CS algorithm are used to construct CSBP
network.The training set is used to train the network and the
training error is calculated.When the training errormeets the
requirements, training of the CSBP network stops.
(3) Predicted Output. The test set is input into the trained
CSBP network to predict output.

4. Simulation

A classical wine classification problem (http://archive.ics
.uci.edu/ml/datasets/wine) is used to test the prediction
effectiveness of the CSBP network. Wine data that originated
from UCI wine database records three different varieties of
wine on the chemical composition analysis grown in the
same region in Italy. Different kinds of wine are identified
with 1, 2, and 3. Each sample contains 14 dimensions. The
first dimension represents a class identifier, and the others
represent the characteristics of wine. In these 178 samples, 1–
59, 60–130, and 131–178 belong to the first, second, and third
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Figure 2: Convergent curve of CS with Max gen = 10, Popsize = 10,
and 𝑝

𝑎
= 0.1.

category, respectively. Each category is divided into two parts:
training set and test set.

4.1. Comparisons of CSBPwith BP andGRNN. In this section,
CSBP is applied to solve wine classification problem, and the
results are compared with the traditional feedforward neural
networks (BP and GRNN).

For CSBP and BP, the neurons in input layer, hidden layer,
and output layer are 13, 11, and 1, respectively. The length of
encoded string number for each cuckoo individual is 166 that
can be computed by the following equation: 13 ∗ 11 + 11 +

11 ∗ 1 + 1 = 166. That is, CS would find the minimum of a
166-dimension function.

Firstly, the performance of CS when optimizing the
weights and bias is tested with discovery rate 𝑝

𝑎
= 0.1 and

few population sizes (10) and maximum generations (10).
The fitness curve can be shown in Figure 2. From Figure 2,
it can be seen that fitness value sharply decreases from 0.095
to 0.045 within two generations. This means that CS can
significantly minimize the training error, and it does succeed
in optimizing the basic BP network.

In the next experiments, all the paraments are setted as
follows. For BP network, epochs = 50, learning rate = 0.1,
and objective = 0.00004. For GRNN, cyclic training method
is used in order to select the best SPREAD value, making
GRNN achieve the best prediction. For the CSBP, the BP
network part has the same parameters with the basic BP; for
CS algorithm part, we set discovery rate 𝑝

𝑎
= 0.1, population

size NP = 50, and maximum generationMax gen = 50.
As intelligent algorithms always have some randomness,

each run will generate different results. In order to get
a typical statistical performance, 600 implementations are
conducted for each method. The results are recorded in
Figures 3 and 4 and Table 1.

From Table 1, for training set, the best performance and
the average performance of BP, CSBP, and GRNN have little
difference though CSBP performs slightly better than BP
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Table 1: The accuracy of BP, CSBP, and GRNN.

Train set Test set
Mean Best Worst Std Mean Best Worst Std

BP 87.08 89 52 2.67 84.12 89 43 3.80
CSBP 88.78 89 88 0.44 87.33 89 82 0.97
GRNN 88.50 89 84 0.74 85.58 89 79 1.34
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Figure 3: Prediction of train samples (CSBP) with Max gen = 50,
Popsize = 50, and 𝑝

𝑎
= 0.1.

and GRNN. For the worst performance, CSBP is better than
GRNN and is significantly superior to BP network. For test
set, the overall prediction accuracy of CSBP is much better
than BP andGRNN. In addition, the Std (standard deviation)
of CSBP is clearly less than BP and GRNN. That is to say,
CSBP would generate a more stable prediction output with
little fluctuation. Moreover, from Figures 3 and 4, CSBP has a
strong ability of solving the wine classification problem.

4.2. Parameter Study. Aswe are aware, parameter settings are
of paramount importance to the performance of the meta-
heuristics. Here, the effectiveness of maximum generation,
population size, and discovery rate will be analyzed and
studied for CS algorithm.

4.2.1. Influence of theMaximumGeneration for CSBP. Firstly,
the number of maximum generations (Max gen) is studied,
and the results are shown in Table 2. Table 2 shows that, when
Max gen is equal to 40, 50, or 100, CSBP can approach all
training samples without error. However, prediction accuracy
is not always getting better with the increment of maximum
generation. Fromprediction accuracy of test set, it can be seen
that, when the number of maximum generations increases
from 10 to 100, the prediction accuracy of test set is gradually
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Figure 4: Prediction of test samples (CSBP) with Max gen = 50,
Popsize = 50, and 𝑝

𝑎
= 0.1.

increased, decreased, and finally increased. Especially, when
Max gen = 100, the prediction accuracy reaches maximum
(89/89 = 100%). Look carefully at Table 2; it is observed that
the prediction accuracy changes in a very small range. That
is, CSBP is insensitive to the parameter Max gen. Meanwhile,
though more generations (such as 100) have a perfect predic-
tion accuracy, it would take a longer time in order to optimize
the weights and bias. Taking into consideration all the factors
we analyzed earlier, the maximum generation is set to 50 in
our present work.

4.2.2. Influence of the Population Size for CSBP. Subsequently,
the influence of population size (NP) is studied (see Table 3).
From Table 3, when NP is in the range [10, 100], especially
equal to 100, CSBP can approach all training samples with
little error. From prediction accuracy of test set, when the
number of population size is equal to 100, the prediction
accuracy of test set reaches maximum. Similar to the trend
about Max gen, when the NP increases from 10 to 100,
though prediction accuracy gradually increased, decreased,
and finally increased, its fluctuation is little. This means that
population size has little effect on the prediction accuracy of
CSBP. In addition, when NP = 100, the prediction accuracy
reaches maximum (89/89 = 100%). The prediction accuracy
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Table 2: The accuracy of CSBP with different maximum generations.

Max gen Train set Test set
Mean Best Worst Std Mean Best Worst Std

10 88.60 89 88 0.55 86.4 88 83 2.30
20 87.8 89 85 1.64 87.4 89 85 1.52
30 88 89 87 1.00 86.6 89 84 1.95
40 89 89 89 0 88.17 89 85 1.60
50 89 89 89 0 88.2 89 87 1.10
60 87.6 89 87 1.14 84.4 89 77 4.93
70 88 89 86 1.41 85 87 84 1.41
80 89 89 89 0 86.8 89 82 3.19
90 87.2 89 85 1.79 86.2 89 82 2.77
100 88.8 89 88 0.45 89 89 89 0

Table 3: The accuracy of CSBP with different population sizes.

NP Train set Test set
Mean Best Worst Std Mean Best Worst Std

10 88.6 88 88 0.55 86.4 88 83 2.30
20 88.4 89 86 1.34 87.6 89 86 1.34
30 88.6 89 88 0.55 86.4 89 84 2.51
40 88.8 89 88 0.45 87.8 89 87 0.84
50 88.8 89 88 0.45 88.8 89 88 0.45
60 88.4 89 87 0.89 88.4 89 87 0.89
70 87.5 89 82 2.01 84.6 89 67 6.72
80 88.4 89 82 1.78 86.9 89 67 5.42
90 88.4 89 87 0.89 87.4 89 86 1.14
100 89 89 89 0 89 89 89 0

Table 4: The accuracy of CSBP with different discovery rates.

𝑝
𝑎

Train set Test set
Mean Best Worst Std Mean Best Worst Std

0 88.4 89 88 0.52 84.7 89 77 3.30
0.1 88.6 89 87 0.70 87.1 89 83 2.23
0.2 88.2 89 87 1.03 86 89 77 3.56
0.3 88.4 89 86 1.08 84.9 89 75 5.17
0.4 88.9 89 88 0.32 85.9 89 76 4.45
0.5 88.1 89 83 1.91 84.6 89 76 4.92
0.6 88.4 89 86 1.08 86 89 81 3.01
0.7 88.5 89 87 0.71 86.4 89 82 2.50
0.8 88.2 89 86 1.14 85.7 89 77 3.56
0.9 88.1 89 83 1.91 86.9 89 82 2.51
1.0 88.1 89 85 1.29 85.8 89 76 4.15

of NP = 50 is only inferior to NP = 100. However, NP =
50 would take shorter time and obtain relatively satisfactory
results. Comprehensively considering, the population size is
set to 50 in other experiments.

4.2.3. Influence of the Discovery Rate for CSBP. Finally, in
this section, the influence of the last important parameter
discovery rate (𝑝

𝑎
) is studied through a series of experiments

(see Table 4). From Table 4, it is clear that, when 𝑝
𝑎
is in

the range [0, 1], the prediction accuracy of the CSBP is
always bigger than 98.88% (88/89) for training samples. Due
to CS, CSBP has a fast train speed. From the prediction
accuracy of test set, when the discovery rate is equal to 0.1,
the prediction accuracy of test set approaches the maximum
97.87% (87.1/89). Generally speaking, the prediction accuracy
of CSBP for test samples varies a little with the incensement
of the discovery rate. Comprehensively considering, the
discovery rate 𝑝

𝑎
is set to 0.1 in our paper.
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5. Conclusion

If BP network has bad initial weights and bias, it would fail to
find the best solution. In order to overcome the disadvantages
of BP, this paper uses the CS algorithm to optimize the
weights and bias in the basic BP to solve the prediction
problem. This method trains fast, can obtain the global
optimal solution, and has good generalization performance.
Most importantly, CSBP is insensitive to the initial weights
and bias and the parameter settings of CS algorithm.We only
need to input the training samples into the CSBP network,
and then CSBP can obtain a unique optimal solution. By
comparing to other traditional methods (such as BP and
GRNN), this method has a faster and better generalization
performance.

In future, our research highlights would be focused on in
the following points. On the one hand, CSBP will be used to
solve other regression and classification problems, and their
results can be further compared to other methods, such as
feedforward neural network [43], Wavelet Neural Network
(WNN) [44, 45], and Extreme LearningMachine (ELM) [46,
47]. On the other hand, we will hybridize BP with some other
metaheuristic algorithms, such as artificial plant optimization
algorithm (APOA) [48], artificial physics optimization [49],
flower pollination algorithm (FOA) [50], grey wolf optimizer
(GSO) [51], and animal migration optimization (AMO) [52],
so as to further improve the performance of BP.
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