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Aeronautics and aerospace face great pressure for ever
increasing performance and efficiency while ensuring max-
imum reliability and controlling costs. Material selection,
structural design, and fabrication methods play a central
role among many different contributions for achieving
those objectives.

The main metallic materials have been Al alloys, where
the introduction of special alloying (Li, Sc, etc.) may substan-
tially improve performance, and Ti alloys playing an increas-
ingly important role because of their corrosion performance.
The trends for additive manufacturing (AM) imply that com-
ponents may become simpler, reducing weight and part
count, a trend that is also supported by fabrication tech-
niques as friction stir welding or laser beam welding leading
to integral structures.

Among composites, thin ply laminates and design of
composites for specific performance are the object of con-
tinuing interest and progress. Joining and adhesive tech-
nology is an important area where improved structural
performance and durability are expected.

Open problems exist in all those areas, as exemplified by
the assurance of integrity and mechanical performance of
AM parts or the improvement of composite structure fabri-
cation through reduction of shimming and other nonadded
value operations.

The understanding of the mechanical behavior and its
incorporation into design practice is made through structural
analysis, and this subject is also of interest for this special
issue. Computational mechanics has progressed from the

traditional FEM and DBEM approaches to combined/hybrid
and multiscale analyses that may accurately model and pre-
dict crack paths and damage within controlled computa-
tional effort. Some complications arise when considering
modelling of crack propagation in orthotropic materials like
single crystal and directionally solidified polycrystalline com-
ponents (typical application in first-stage aircraft turbines).

The purpose of this special issue is to draw attention of
the scientific community to recent advances in modelling
and optimizing structural behavior of advanced materials
for aerospace and their possible applications.

In this special issue researchers contributed original
research articles as well as review articles on modelling and
optimizing structural behavior and damage of advanced
materials used in aeronautics and aerospace, also considering
nondestructive testing and evaluation.

Theoretical, numerical, and experimental contributions
describing original research results and innovative concepts
on aeronautical and aerospace materials and structures
were collected.

The special issue includes several high-quality papers
written by leading and emerging specialists in the field.

13 submissions have been received. Among the articles
collected, a number of high-quality papers existed, which
led to 6 published articles.

A very short description of the addressed topics, in the
order of themes cited below, is presented as follows:

In “Numerical-Experimental Assessment of a Hybrid FE-
MB Model of an Aircraft Seat Sled Test” by F. Caputo et al.,
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the development of an established hybrid multibody- (MB-)
finite element (FE) model for the simulation of an experi-
mental sled test was provided. The numerical investigation
was carried out by focusing on the passenger passive safety:
the occupant injury assessment was quantitatively monitored
by means of the Head Injury Criterion (HIC). Numerical
results provided by the hybrid model proposed in the paper
were compared with the experimental ones, provided by
Geven S.p.A. company, and with the results carried out by
a previously developed full-FE model, showing a good level
of consistency vs. experimental results and a significant
reduction of computing time vs. full-FE analyses.

In “Optimization of Hybrid Laminates with Extension-
Shear coupling” by D. Cui and D. Li, the expressions of stiff-
ness coefficient, thermal stress, and thermal moment for
hybrid laminates were derived based on the geometrical fac-
tors of laminates, and the necessary and sufficient conditions
for the hybrid extension-shear coupled laminates with
immunity to hygrothermal shear distortion (HTSD) were
further derived. The extension-shear coupled effect of hybrid
laminates was optimized with improved differential evolu-
tion algorithm. Results were presented for hybrid laminates
made of carbon fiber and glass fiber composite material.
The hygrothermal effect and extension-shear coupled effect
were simulated and verified, and the robustness of hybrid
laminates was analyzed by Monte Carlo method.

In “Aeronautical and Aerospace Material and Struc-
tural Damages to Failures: Theoretical Concepts” by A. V.
Goncharenko, the multioptionality hybrid function uncer-
tainty conditional optimization was implemented for a
degrading failure problem optimal solution determination.
The principal supposition was that there should have been
some certain objectively existing value extremized in the
conditions of the hybrid-optional function uncertainty.
The described doctrine allowed obtaining the objectively
existing optimal values with the help of a not probabilistic
rather multioptimal concept. Applying simplified, however
possible, models and expressions for effectiveness, plausible
results were obtained, illustrated in diagrams, and allowed
taking a good choice.

In “Analytical Study on Deformation and Structural
Safety of Parafoil” by L. Wang and W. He, the cell bump
distortion and bearing capacity of parafoil structure was
analyzed. Based on the mechanical properties of the mem-
brane structure, the spanwise model of parafoil inflation
was established and verified by comparing with the fluid-
structure interaction (FSI) results. The analytical model
was proved to be useful for the weakening deformation
design and the safety discussion of large parafoil for rocket
booster recovery.

In “Effective Mechanical Property Estimation of Com-
posite Solid Propellants Based on VCFEM” by L. Shen et al.,
the structural integrity of propellant grain was estimated by a
numerical method that combines the Voronoi cell finite ele-
ment method (VCFEM) and the homogenization method.
The correctness of this combined method was validated by
comparing with a standard finite element method and con-
ventional theoretical models. The microscopic numerical
analysis method proposed in this paper could also be used

to provide references for the design and the analysis of other
large volume fraction composite materials.

In “Application of a Cohesive Zone Model for Simulating
Fatigue Crack Growth from Moderate to High ΔK Levels of
Inconel 718” by H. Li et al., a cyclic cohesive zone model
was applied to characterize the fatigue crack growth behavior
of a IN718 superalloy which is frequently used in aerospace
components. The gradual loss of the stress-bearing ability
of the material was considered through the degradation of a
novel cohesive envelope. The experimental data of cracked
specimens were used to validate the simulation result. Based
on the reasonable estimation for the model parameters, the
fatigue crack growth from moderate to high ΔK levels could
be reproduced under the small-scale yielding condition,
which was in fair agreement with the experimental results.
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This paper deals with the development of an established hybrid finite element multibody (FE-MB) model for the simulation of an
experimental sled test of a single row of a double passenger seat placed in front of a fuselage bulkhead, by considering a single
anthropomorphic Hybrid II 50th dummy arranged on one of the seat places. The numerical investigation has been carried out
by focusing on the passenger passive safety. Specifically, the occupant injury assessment has been quantitatively monitored by
means of the head injury criterion (HIC), which, based on the average value of the dummy head acceleration during a crash
event, should not exceed, according to the standards, the value of 1000. Numerical results provided by the hybrid model have
been compared with the experimental ones provided by the Geven S.p.A. company and with the results carried out by a full FE
model. The hybrid model simulates with a good level of accuracy the experimental test and allows reducing significantly the
computing time with respect to the full FE one.

1. Introduction

Nowadays, the importance of passive safety is becoming even
more important for the transport field to the point of
influencing the design practice [1–3]. In fact, several experi-
mental and numerical studies are addressed to investigate
and improve the crashworthiness of vehicles by paying atten-
tion to the passengers’ safety. Compliance with the passive
safety specifications leads to a little increase of the vehicle
weight, which can be tolerated in view of an increasing of
the chance of survival in case of an accident.

In the aerospace field, several components, such as the
seat system, have been completely redesigned in order to
improve the capability of the aircraft to protect passengers
during crash events. As crash event, it must be intended,
for example, an emergency landing.

The vehicle crashworthiness can be measured also in
terms of the occupant injuries [4–12]. Among the several
parameters that can be monitored, the head injury criterion
(HIC) one plays a key role, denoting possible head injuries
[13–18]. HIC parameter, based on the average value of the

passenger’s head acceleration acting during a crash event,
should be lower than 1000 in order to guarantee the passen-
gers’ safety. Another parameter is the maximum compressive
load measured between the pelvis and the lumbar column of
the anthropomorphic test dummy (ATD), which should not
exceed 1500 lb (6.67 kN), or, if torso restraints are used, ten-
sion loads in individual straps should not exceed 1750 lb
(7.78 kN) [1, 2].

Several experimental and numerical studies dealing with
such matter have been proposed in literature: the former
are characterized usually by destructive tests performed on
such large instrumented full-scale structures such as aircraft,
fuselage section, and seats, even equipped with ATDs, which
cannot be easily repeated due to the high costs and the com-
plexity of the tests, requiring often advanced laboratories, the
use of complex acquisition sensor networks, complex and
long result analysis, and so on. Concerning the numerical
investigations, an established predictive numerical model
can give a significant contribution in the assessment of pas-
sengers’ safety, allowing to overcome all aforementioned
issues related to experimental test. In particular, a numerical
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tool gives also the possibility, under a certification by analysis
(CBA) approach [19–22], to perform optimization analyses
aimed to virtually achieve the optimal structural solution,
decreasing the number of experimental tests and the costs
required for the developmental phase. Concerning the disad-
vantages, numerical simulation of crash phenomena involv-
ing ATDs needs a high computational power. Moreover,
the establishment of the model requires facing with the
assessment of the assumed assumptions as well as hypothe-
ses, the improvement of the level of accuracy, and conse-
quently, the availability of high computational power.

This paper investigates on the passive safety addressed to
the aircraft seat system.

A well-designed seat should allow passengers to not
entrap themselves independently and escape the aircraft, by
leading to good chance to survive, after a crash. Standards
that investigate on the realistic dynamic performance of air-
craft seats can be found in literature in order to emphasize
occupant impact protection and to analyse the full-scale air-
craft impact tests.

This paper deals with an improved hybrid finite element
multibody (FE-MB) model for the simulation of an experi-
mental sled test of a single row of a double passenger seat
placed in front of a fuselage bulkhead by considering a single
anthropomorphic dummy arranged on one of the seat places.
Tests have been developed at the laboratory of Geven S.p.A.,
which is equipped with a sled decelerator testing system com-
pliant with certification requirements from the FAR25 for
TSO C127a regulations [1]. The development of the pro-
posed numerical model started from a preliminary hybrid
FE-MB model presented by authors in [23]. Specifically, the
new modelling has been carried out in order to improve the
level of accuracy of the predicted passenger kinematics. The
hybrid modelling strategy has been carried out in order to
exploit both FE method level of accuracy and the lower MB
computational costs [23]. Whilst in the MB approach, which
requires less computational costs, the dummy is modelled by
rigid bodies, defined by both mass and moments of inertia
(connected by suitable characteristics joints); in the FE
approach, the dummy is modelled by means of finite ele-
ments containing more details than the former, which lead
to several difficulties in terms of model management and
higher computational costs.

In a seat sled test, all components, such as dummy, seat,
and restraint system, may be modelled by means of both
MB and FE approaches, leading to a less or more accurate
simulation, respectively.

FE codes allow a very detailed modelling of all compo-
nents, such as safety belts, dummies, and structural parts,
by leading to very complex models, which are usually charac-
terized by several million of degrees of freedom with negative
feedback on the computing time and on the model versatility.
In fact, the management of small design changes implies
strong efforts in terms of modelling.

On the contrary, the MB method, to the detriment of a
less level of accuracy related to the nondeformability of the
modelled components, can be helpful for designers to simu-
late quickly the structural response of a structure under sev-
eral configurations. More properly, MBmethods lend mainly

themselves to the prediction of the kinematics of assembly
components under complex loading conditions more than
to the investigation of the stress-strain field.

As a matter of fact, this modelling method is widely used
in a preliminary design stage where it is still interesting to
investigate more structural solutions.

So in order to enjoy the accuracy of the FE method, as
well as the low computational time provided by the MB
method, the hybrid approach can be used, allowing improve-
ment of the modelling where needed by means of the FE
method as well as lowering the computational time. The low-
ering of the computational time can be achieved by consider-
ing the MB approach for the parts of the analysed system,
whose deformations do not influence the dynamic system
responses and for which only kinematic aspects must be
taken into account.

In order to assess the prediction capability of the devel-
oped hybrid FE-MB model, the simulated biomechanical
parameters, such as the acceleration of the head of the pas-
senger, with the relative calculation of the head injury cri-
terion (HIC) and the loads transmitted to his lower limbs
have been compared with the experimental ones. More-
over, the predicted ATD trajectory has been compared
with the trajectory simulated by a full FE model in previous
papers [22, 23].

2. Experimental Dynamic Testing of
Airplane Seats

The experimental test, provided by Geven S.p.A., is aimed
to demonstrate the compliance of the seat passenger system
with FAR 25.562 [1]. A Hybrid II 50th passenger dummy
has been arranged on a double seat positioned in front of
a relatively stiff bulkhead (Figure 1). The main parameter
monitored during the test is the acceleration of the head,
with the relative calculated HIC. The experimental test pro-
vided value of HIC higher than the limit one expressed in
the standard. However, this aspect does not affect the
purpose of determining a methodology for a numerical-
experimental correlation.

The sled and passenger seat systems are launched at the
prescribed speed against a steel bar deceleration system in
order to reproduce the required simulation pulse. The resul-
tant longitudinal deceleration over time is shown in Figure 2.

A dedicated test rig has been set up to reproduce the over-
all seat installation within the aircraft cabin. Prototype seat
has been installed on the test sled with effective seat track.
Proper seat belt installation required a test rig able to guaran-
tee the correct position of aircraft/belt interface points with
respect to the seat. Additionally, the test rig has been over-
sized in order to minimize the effects of any deformation
occurring during the test.

2.1. Hybrid FE-MB Model. In a hybrid FE-MB model, the
user diversifies the modelling, where possible, by integrating
within the same solver rigid bodies with deformable finite
element components, with the advantage of computing time
reduction. The paper [23] reported an alternative strategy of
simulation, named coupling, that as well as the hybrid one
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gathers features and advantages of both FE and MBmethods;
according to this strategy, two separate solvers (one FEM and
the other MB) work in parallel, exchanging information, and
the connection between the software is represented by con-
tact and constraint forces acting on the elements of the
models. Generally, the effectiveness of these techniques lies
in the combination of multibody versatility with finite ele-
ment level of accuracy; these simulations are more flexible
than full FEM. The hybrid method, contrary to the coupling
approach, does not use an external FE code; for this reason,
the computational costs are strongly reduced. Specifically, it
has been assessed in a preliminary study [22, 23] that the
simulation of the deformability of both seat and restraint sys-
tem, which cannot be accomplished by means of the MB
method, influences significantly the kinematics of the ATD
during the seat sled test. This aspect can be empathised by
comparing the ATD trajectory simulated by a full FE model
(Figure 3(a)) with the trajectory simulated by a full MB one
(Figure 3(b)). In fact, according to Figure 3(b), the ATD of
the full MB model does not hit the bulkhead, unlike that of
the full FEM (Figure 3(a)).

As a result, the modelling of the whole seat system by
FEM, in the hybrid FE-MB model, appears to be the most
efficient strategy to simulate the seat sled test. Consequently,
the other parts, such as the ATD and the bulkhead, are mod-
elled by means of rigid bodies according to the MB approach
to reduce the computing time.

The improvement of this hybrid FE-MB model with
respect to the one presented by authors in [23] lies in a differ-
ent setup of the kinematic joints of the MB components. The
interconnection structure of a multibody system depends
strictly on the definition of the kinematic joints. The equa-
tions of motion (Newton-Euler) (1 and 2) of a rigid body,
referred to its centre of gravity, are

miri = Fi, 1

Ji · ωi + ωi × Ji · ωi = Ti, 2

where mi is the mass, Ji is the inertia tensor with respect to
the centre of gravity, ωi is the angular velocity vector, Fi is
the resultant force vector, and Ti is the resultant torque vec-
tor relative to the centre of gravity. For each body, Fi and Ti
include the constraint forces and torques due to joints which
cannot be determined until the acceleration of the system is
known, in contrast with all other forces and torques which
depend only on position and velocity quantities. Equations
(2) and (3) are multiplied by a variation of the position vec-
tor, δri, and a variation of the orientation, δπi, and the result-
ing equations are summed for all bodies of the system.

〠δri · miri − Fi + δπi · Ji · ωi + ωi × Ji · ωi − Ti = 0
3

When the variations δri and δπi of connected bodies are
such that the constraints caused by the joint are not violated,
the constraint forces and torques in joints will cancel.

The model has been developed within the TNOMadymo®
software [24, 25] environment (Figure 4), which contains
both MB and FE solvers. In the finite element module, solid
hexa, penta, 1D beam, and shell elements can be chosen.
However, since the Madymo is a native MB code, the FE
module is not characterized by the same accuracy of other
native FE codes, especially for 3D finite elements. Hence, in
order to improve the precision of the simulations, it has been
preferred to model the whole seat by means of shell element
type for a total of 105,226 elements and 151,219 nodes.

The modelling of inertial properties of the seat system has
been guaranteed by the definition of both materials’ density
and thickness for each shell element.

The adopted hybrid approach allows the use of different
integration methods for the equations of motion for both
FE and MB modules. For short-duration crash analyses,
explicit integration methods are preferred.

The hybrid approach is in any case based on the assump-
tions that the parts considered rigid do not influence the
behaviour of deformable parts [7]. The deceleration pulse
(Figure 2) has been applied to the seat fixed to the slide, along
the seat sled test longitudinal direction as shown in Figure 4.
Gravity and initial velocity have been applied to all parts of
the model. The test case selected for the experimental test
consists of a metallic double seat, fabricated from aluminium
2024-T351 and 7075-T651 components. Cushions are made
of foammaterial [26], which constitutive law has been shown
in Figure 5 in true stress-strain. For each material, an elastic-
plastic model has been selected.

Figure 1: Experimental test.
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Figure 2: Resultant deceleration versus time curve characterizing
the seat sled test.

3International Journal of Aerospace Engineering



3. Results and Discussion

To assess the reliability of the proposed hybrid model,
the head resultant acceleration has been numerically and
experimentally monitored, allowing consequently the calcu-
lation of the experimental and predicted HIC values.

The numerical and experimental frames corresponding
to the instant of time in which the ATD head hits the bulk-
head are shown in Figure 6. According to Figure 6, it is pos-
sible to observe that the seat deformation (Figure 6(a)) is in
good agreement with the predicted one (Figure 6(b)).

Y

x

(a)

Z

X

(b)

Figure 3: Full FE (a) and full MB (b) models.

Figure 4: Hybrid model.
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Figure 5: Foam constitutive curve.
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Figure 6: Experimental test (a) and hybrid model (b).
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Moreover, results of the hybrid model have been com-
pared to those predicted by the full FE model presented by
the authors in [22, 23]. Some numerical frames extracted by
both full FE and hybrid models have been compared in
Figure 7.

Figure 7 shows a good correlation in terms of seat system
and ATD kinematics.

Moreover, the predicted head path, induced mainly by
the effects of the deformation on the seat frame, has been
compared with the experimental one in Figure 8.

According to Figure 8, a good level of accuracy can
be noticed.

Concerning the head resultant accelerations, Figure 9
compares results provided by the experimental and numeri-
cal investigations. Acceleration versus time curves have been
filtered with SAE filter 1000 [27]. For a better comparison,
the numerical curves have been shifted a few milliseconds
to make sure that their maximum occurs at the same instant
as that of the experimental one.

From Figure 9, it can be noticed that even if all predicted
acceleration peaks are well-predicted, the same cannot be
said for HIC values. Specifically, HIC value carried out by
the full FE simulation is significantly higher than the ones
provided by the experimental test and hybrid model. The full
FE overestimation can be attributed to the fact that HIC value
is calculated by (4), which considers mainly the area under
the full FE acceleration versus time curve larger than the
other ones.

HIC =max t2 − t1
1

t2 − t1

t2

t1

a t dt

2 5

, 4

where a t is the resultant head acceleration measured in g
and t1 and t2 are the extremes of the integration interval

containing the head acceleration peak measured in seconds
for the HIC calculation.

It is very important to emphasize that the computational
time of the numerical simulations are about 20 hours for the
full FE simulation and about 2 hours for the hybrid one.

FE model
t1 t2

t3 t4

t5 t6

FE modelHybrid Hybrid

FE model FE modelHybrid Hybrid

FE model FE modelHybrid Hybrid

Figure 7: Full FE and hybrid model results.
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4. Conclusions

In this paper, a hybrid FE-MB model has been developed,
and its reliability has been assessed against the experimental
test results provided by the Geven S.p.A. company and the
numerical results carried out by a full FE simulation, pre-
sented by the authors in previous papers [22, 23]. The hybrid
model allowed simulating the seat sled test, reducing sig-
nificantly the computational costs with respect to those
requested by a full FE strategy and at the same time improv-
ing the level of accuracy that can be achieved by a full MB
model which does not permit the modelling of the deform-
ability of the seat system. As a result, the hybrid approach
is a good solution to exploit both FE accuracy and MB lower
computing time.

The performed numerical-experimental result correla-
tion demonstrates the efficiency of the proposed hybrid
model in simulating the phenomenon. Moreover, the corre-
lation of the numerical results achieved by the hybrid model
with the results carried out by the full FE simulation showed
that the former is also able to simulate the kinematics of both
seat and dummy during the crash event.
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The introduction of hybrid composites into the structure with coupling effect can greatly reduce the cost of materials. The
expressions of stiffness coefficient, thermal stress, and thermal moment for hybrid laminates are derived based on the
geometrical factors of laminates, and the necessary and sufficient conditions for the hybrid extension-shear-coupled laminates
with immunity to hygrothermal shear distortion (HTSD) are further derived. The extension-shear-coupled effect of hybrid
laminates is optimized with improved differential evolution algorithm. Results are presented for the hybrid laminates that
consist of carbon fiber and glass fiber composite materials. The hygrothermal effect and extension-shear-coupled effect are
simulated and verified, meanwhile the robustness of hybrid laminates is analyzed by Monte Carlo method.

1. Introduction

Laminated composites are playing an important and irre-
placeable role in designing structures with coupling effect.
For example, the bending-twisting-coupled wing structure
can be designed by using composite extension-shear-
coupled laminates [1] and the bending-twisting-coupled
wind turbine blades structure can be designed by using
composite extension-twisting-coupled laminates [2]. How-
ever, with the large-scale use of these bending-twisting
coupling structures, the common glass fiber composites have
difficulties in meeting the requirements of structural reliabil-
ity. On the other hand, the carbon fiber composites with good
comprehensive properties [3, 4] cost about ten times more
than glass fiber composites, which restricts its wide range
of applications. Therefore, it is necessary to introduce
hybrid fiber composites into the design of the bending-
twisting-coupled structure to achieve the purpose that
greatly reduces material cost under meeting the structural
reliability requirements.

According to different hybrid modes, hybrid fiber com-
posites are mainly divided into two types of composites, the
in-layer composites and between-layer composites [5]. The
in-layer hybrid composites consist of two or more fibers

which uniformly dispersed in the same matrix of the lamina;
the between-layer hybrid composites are composed of two or
more different laminae which consist of different single-fiber
composites. In this paper, the bending-twisting-coupled
structure is designed by between-layer hybrid laminates.

At present, the widely used materials in the study of the
bending-twisting coupled structure are the single-fiber com-
posite laminates [6–10], whose important design parameters
contain paving angles merely. However, the important
design parameters for hybrid laminates also include the pav-
ing materials [11]. Once the paving materials become vari-
able, the design of laminates becomes more complicated
and the number of optimization constraints even multiplies
at the same time.

J. Li and D. Li [2] have designed a kind of single-fiber
composite laminates with immunity to hygrothermal shear
distortion (HTSD) with only extension-shear-coupled
effect—the AFB0DS laminates (refer to the nomenclature of
references [1, 2])—and the sequential quadratic program-
ming (SQP) is used to optimize its coupled effect. However,
we found that feasible solutions cannot be found when using
the SQP algorithm to optimize the hybrid AFB0DS laminates
with immunity to HTSD, for this algorithm cannot meet the
strong constraints of hybrid laminates. Therefore, this paper
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takes the improved differential evolution algorithm
DE_CMSBHS to optimize this problem.

The DE_CMSBHS algorithm is an efficient global opti-
mization algorithm, which has the characteristics of simple
structure, easy realization, fast convergence, and strong
robustness, and can effectively solve the single-objective opti-
mization problems such as integer problems, real problems,
and mixed integer-real problems [12]. The single-objective
nonlinear optimization problems are able to be solved well
by combining the penalty function’s ability to handle con-
straints with the optimal performance of DE_CMSBHS algo-
rithm [13, 14]. The optimization problem of hybrid AFB0DS
laminates with immunity to HTSD is a typical nonlinear
mixed integer-real single-objective optimization problem.

In this paper, the model of hybrid laminates is firstly
established. Then the expressions of stiffness coefficient, ther-
mal stress, and thermal moment for laminates are derived
with important parameter geometric factor [15, 16]. Sec-
ondly, the necessary and sufficient conditions for the hybrid
extension-shear-coupled laminates with immunity to HTSD
are derived. Thirdly, the DE_CMSBHS algorithm combined
with the penalty function is used to optimize the extension-
shear-coupled effect of hybrid laminates with immunity to
HTSD. Finally, the mechanical properties of optimized lam-
inates are verified.

2. Stiffness Coefficient, Thermal Stress, and
Thermal Moment of Hybrid Laminates

Introducing the geometrical factors into the design of lami-
nates can effectively improve the efficiency of this progress.
In this section, the model of hybrid laminates will be estab-
lished. Based on the geometric factors, the expressions of
stiffness coefficient, thermal stress, and thermal moment of
hybrid laminates are derived.

The research object is set as a kind of hybrid laminates
which are composed of two different types of lamina, and each
lamina has the same thickness, as shown in Figure 1.Wherein,
zk is the position of the k-ply in the entire laminates, n is the
number of plies of the laminates, andH is the entire thickness
of the laminates. ① and ② represent two kinds of laminae
with different material properties, respectively, and the
number and layer order of each kind of lamina are variables.

2.1. Stiffness Coefficient. The off-axis stiffness coefficients of
the k-ply in the entire hybrid laminates can be defined as

Q11 k
=Uq

1 +Uq
2cos 2θk +Uq

3cos 4θk,

Q12 k
= −Uq

3cos 4θk +Uq
4,

Q16 k
= Uq

2
2 sin 2θk +Uq

3sin 4θk,

Q22 k
=Uq

1 −Uq
2cos 2θk +Uq

3cos 4θk,

Q26 k
= Uq

2
2 sin 2θk −Uq

3sin 4θk,

Q66 k
= −Uq

3cos 4θk +Uq
5

1

Wherein, θk is the paving angle of the k-ply of the
laminates. The superscript “q” is defined to mean which kind
of lamina corresponds to: q =① implies that the lamina
corresponds to the type ① lamina and q =② implies that
the lamina corresponds to the type ② lamina. Moreover,
Uq

i i = 1, 2,… , 5 are the material constants of hybrid
laminates, which are only related to the material parame-
ters of the laminae, as shown in

Uq
1 =

3Qq
11 + 3Qq
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66
8 ,
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22
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66
8

= 1
2 Uq
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4

2

In which, Qq
ij are the stiffness coefficients of two types of

lamina. The geometric factors ξqj j = 1, 2,… , 15, q =①,②
of hybrid laminates, which are convenient to express the stiff-
ness matrices, are defined as

ξq1 ξq2 ξq3 ξq4 =〠
k=q

cos 2θk cos 4θk sin 2θk sin 4θk

zk − zk−1 ,

ξq5 ξq6 ξq7 ξq8 =〠
k=q

cos 2θk cos 4θk sin 2θk sin 4θk

z2k − z2k−1 ,

ξq9 ξq10 ξq11 ξq12 =〠
k=q

cos 2θk cos 4θk sin 2θk sin 4θk

z3k − z3k−1 ,

ξq13 ξq14 ξq15 =〠
k=q

zk − zk−1 z2k − z2k−1 z3k − z3k−1 ,

3

where k = q means the sum of all the type ① or ② lami-
nae on the right side of the equation. Obviously, the geo-
metric factors are only related to the paving angle and
location of each lamina.

2.1.1. Extension Stiffness Matrix A. According to the classical
theory of laminates, the extension stiffness matrix of lami-
nates can be expressed as

Aij = 〠
n

k=1
Qij k

zk − zk−1 , i, j = 1, 2, 6 4

Substituting (1), (2), and (3) into (4) can be used to obtain
the expressions of the extension stiffness coefficients, which
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are only related to the material constants and geometric fac-
tors, as shown in

A11 = 〠
n
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2.1.2. Coupling Stiffness Matrix B. Similarly, the coupling
stiffness matrix of the hybrid laminates can be expressed as

Bij = 〠
n

k=1
Qij k

z2k − z2k−1 , i, j = 1, 2, 6 6

Substituting (1), (2), and (3) into (6) can be used to obtain
the expression of the coupling stiffness coefficients, which are
only related to the material constants and geometric factors,
as shown in
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Figure 1: Model of hybrid laminates.
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2.1.3. Bending Stiffness Matrix D. The bending stiffness
matrix of the hybrid laminates can be expressed as

Dij = 〠
n

k=1
Qij k

z3k − z3k−1 , i, j = 1, 2, 6 8

Substituting (1), (2), and (3) into (8) can be used to obtain
the expressions of the bending stiffness coefficients, which
are only related to the material constants and geometric fac-
tors, as shown in
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To sum up, the stiffness coefficients of the hybrid lami-
nates, which are only related to the material constants and
geometric factors, can be expressed as
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Uq
3

Uq
4

Uq
5

,

11

D11

D12

D16

D22

D26

D66

= 1
3 〠
q=①,②

ξq15 ξq9 ξq10 0 0
0 0 −ξq10 ξq15 0

0 ξq11
2 ξq12 0 0

ξq15 −ξq9 ξq10 0 0

0 ξq11
2 −ξq12 0 0

0 0 −ξq10 0 ξq15

Uq
1

Uq
2

Uq
3

Uq
4

Uq
5

12

2.2. Thermal Stress and Thermal Moment. The thermal
expansion coefficients of the k-ply in the entire hybrid lami-
nates are

αx k = αq1 cos2θk + αq2 sin2θk,
αy k

= αq1 sin2θk + αq2 cos2θk,

αxy k
= αq1 − αq2 2sin θkcos θk,

13

wherein αq1 and αq2 q =①,② are the thermal expansion
coefficients of two different types of lamina. The variation
of temperature can be expressed by ΔT , and the thermal
stress and thermal moment of laminates are expressed as
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NT
x = 〠

n

k=1
ΔT Q11 k

αx k + Q12 k
αy k

+ Q16 k
αxy k

zk − zk−1 ,

NT
y = 〠

n

k=1
ΔT Q12 k

αx k + Q22 k
αy k

+ Q26 k
αxy k

zk − zk−1 ,

NT
xy = 〠

n

k=1
ΔT Q16 k

αx k + Q26 k
αy k

+ Q66 k
αxy k

zk − zk−1 ,

14

MT
x = 1

2〠
n

k=1
ΔT Q11 k

αx k + Q12 k
αy k

+ Q16 k
αxy k

z2k − z2k−1 ,

MT
y = 1

2〠
n

k=1
ΔT Q12 k

αx k + Q22 k
αy k

+ Q26 k
αxy k

z2k − z2k−1 ,

MT
xy =

1
2〠

n

k=1
ΔT Q16 k

αx k + Q26 k
αy k

+ Q66 k
αxy k

z2k − z2k−1
15

Substituting (1) and (13) into (14) can be used to obtain
the expressions of thermal stress, which are only related to
the material constants and geometric factors, as shown in

NT
x = 〠

n

k=1
ΔT 1

2U
Tq
1 + 1

2U
Tq
2 cos 2θk zk − zk−1

= ΔT
2 UT①

1 ξ①13 +UT①
2 ξ①1 +UT②

1 ξ②13 +UT②
2 ξ②1 ,

NT
y = 〠

n

k=1
ΔT 1

2U
Tq
1 −

1
2U

Tq
2 cos 2θk zk − zk−1

= ΔT
2 UT①

1 ξ①13 −UT①
2 ξ①1 +UT②

1 ξ②13 −UT②
2 ξ②1 ,

NT
xy =

ΔT
2 〠

n

k=1
UTq

2 sin 2θk zk − zk−1

= ΔT
2 ξ①3 U

T①
2 + ξ②3 U

T②
2

16

In which, UTq
1 and UTq

2 are defined as the thermal invari-
ants of the hybrid laminates, which can be calculated from
the thermal expansion coefficients and the invariants of lam-
inates, as shown in

UTq
1 = αq1 + αq2 Uq

1 +Uq
4 + αq1 − αq2 Uq

2,

UTq
2 = αq1 + αq2 Uq

2 + αq1 − αq2 Uq
1 + 2Uq

3 −Uq
4

17

Substituting (1) and (13) into (15) can be used to obtain
the expressions of the thermal moment, which are only
related to the material constants and geometric factors, as
shown in

MT
x = 1

2〠
n

k=1
ΔT 1

2U
Tq
1 + 1

2U
Tq
2 cos 2θk z2k − z2k−1

= ΔT
4 UT①

1 ξ①14 +UT①
2 ξ①5 +UT②

1 ξ②14 +UT②
2 ξ②5 ,

MT
y = 1

2〠
n

k=1
ΔT 1

2U
Tq
1 −

1
2U

Tq
2 cos 2θk z2k − z2k−1

= ΔT
4 UT①

1 ξ①14 −UT①
2 ξ①5 +UT②

1 ξ②14 −UT②
2 ξ②5 ,

MT
xy =

ΔT
4 〠

n

k=1
UTq

2 sin 2θk zk − zk−1

= ΔT
4 ξ①7 U

T①
2 + ξ②7 U

T②
2

18

To sum up, the thermal stress and thermal moment of the
hybrid laminates, which are only related to the thermal
invariants and geometric factors, can be expressed as

NT
x

NT
y

NT
xy

= ΔT
2 〠

q=①,②

UTq
1 ξq13 +UTq

2 ξq1

UTq
1 ξq13 −UTq

2 ξq1

UTq
2 ξq3

, 19

MT
x

MT
y

MT
xy

= ΔT
4 〠

q=①,②

UTq
1 ξq14 +UTq

2 ξq5

UTq
1 ξq14 −UTq

2 ξq5

UTq
2 ξq7

20

3. The Hybrid AFB0DS Laminates with
Immunity to HTSD

3.1. Necessary and Sufficient Conditions. From (10), (11), and
(12), for matrices A, B, and D, respectively, can we see that
the stiffness coefficients of laminates are only related to geo-
metrical factors and material constants. In order to make the
designed laminates suitable for all materials, the necessary
and sufficient conditions of geometric factors for the hybrid
AFB0DS laminates with immunity to HTSD will be derived
in this section. The stiffness coefficients of hybrid AFB0DS
laminates should meet the following relationships [2].

B11 = B12 = B16 = B22 = B26 = B66 = 0,
D16 =D26 = 0

21

Substituting (11) and (12) into Eq. (21) can be used to
obtain the necessary and sufficient conditions of geometric
factors for the hybrid AFB0DS laminates.

ξ①5 = ξ①6 = ξ①7 = ξ①8 = ξ①11 = ξ①12 = ξ①14 = 0,

ξ②5 = ξ②6 = ξ②7 = ξ②8 = ξ②11 = ξ②12 = ξ②14 = 0
22

In order to ensure that the hybrid AFB0DS laminates will
not cause hygrothermal shear distortion, its thermal shear
strain should meet following relationship.
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γTxy = 0 23

Moreover, the connection between thermal stress NT and
thermal shear strain γTxy of AFB0DS hybrid laminates is

εTx

εTy

γTxy

=
A11 A12 A16

A12 A22 A26

A16 A26 A66

−1 NT
x

NT
y

NT
xy

= A∗

A

NT
x

NT
y

NT
xy

,

24

where

A∗ =
A22A66 −A2

26 A16A26 −A12A66 A12A26 −A16A22

A16A26 −A12A66 A11A66 −A2
16 A16A16 −A11A26

A12A26 −A16A22 A16A16 −A11A26 A11A22 −A2
12

25

Substituting (25) into (24) can be used to obtain the
expression of thermal shear strain of the hybrid AFB0DS
laminates.

γTxy =
1
A A12A26 −A16A22 NT

x + A12A16 −A11A26 NT
y

+ A11A22 −A2
12 NT

xy

26

Inserting (26) into (23) gives

A12A26 −A16A22 NT
x + A12A16 −A11A26 NT

y

+ A11A22 −A2
12 NT

xy = 0
27

Inserting (19) into (27) and simplifying gives

A12A26 −A16A22 + A12A16 −A11A26
〠

q=①,②
UTq

1 ξq13 + A12A26 −A16A22 − A12A16 −A11A26

〠
q=①,②

UTq
2 ξq1 + A11A22 −A2

12 〠
q=①,②

UTq
2 ξq3 = 0

28

If (28) is constantly established, the previous coefficient
of thermal material constant UTq

1 and UTq
2 q =①,② must

be zero.

A12A26 −A16A22 + A12A16 −A11A26 ξq13 = 0 q =①,② ,
29

A12A26 −A16A22 − A12A16 −A11A26 ξq1
+ A11A22 −A2

12 ξq3 = 0 q =①,②
30

According to (30) can we find out that

ξq1 = ξq3 = 0 q =①,② 31

Inserting (31) into (10) gives

A11

A12

A16

A22

A26

A66

= 〠
q=①,②

ξq13 0 ξq2 0 0
0 0 −ξq2 ξq13 0
0 0 ξq4 0 0
ξq13 0 ξq2 0 0
0 0 −ξq4 0 0
0 0 −ξq2 0 ξq13

Uq
1

Uq
2

Uq
3

Uq
4

Uq
5

32

Then inserting (32) into (29) further gives

A12A26 −A16A22 + A12A16 −A11A26
= A26 +A16 A12 −A11

33

Furthermore, because of A26 +A16 = 0 and ξq13 ≠ 0, (29)
is also established. Considering that if ξq4 = 0, A16 and A26 of
laminates are both zero and the laminates will not have
extension-shear-coupled effect. Therefore, geometric factor
ξq4 cannot be zero; thus, the necessary and sufficient condi-
tions for “with immunity to HTSD” can be expressed as

ξ①1 = ξ①3 = ξ②1 = ξ②3 = 0, ξ①4 ≠ 0, ξ②4 ≠ 0 34

In summary, the necessary and sufficient conditions of
the hybrid AFB0DS laminates with immunity to HTSD can
be expressed as

ξ①1 = ξ①3 = ξ②1 = ξ②3 = 0, ξ①4 ≠ 0, ξ②4 ≠ 0,

ξ①5 = ξ①6 = ξ①7 = ξ①8 = ξ①11 = ξ①12 = ξ①14 = 0,

ξ②5 = ξ②6 = ξ②7 = ξ②8 = ξ②11 = ξ②12 = ξ②14 = 0

35

3.2. Curing Deformation. Considering that the curing defor-
mation phenomenon will occur during the process of mold-
ing, which may bring about deformation difference between
the expected design shape and the free shape after taking
off the model at room temperature, now, the thermal strain
of the hybrid AFB0DS laminates with immunity to HTSD
will be derived by the necessary and sufficient conditions
during the process of curing deformation.

Due to the similarity of influence between humidity
changes and temperature changes on composite materials,
it only needs to replace the thermal expansion coefficients
by humidity expansion coefficients. In order to simplify the
analysis and derivation process, the analysis for hygrother-
mal distortion contains the thermal effect merely.

Substituting (25) into (24) can be used to obtain the
expressions of thermal strain of the hybrid AFB0DS lami-
nates with immunity to HTSD.
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εTx = 1
A A22A66 −A2

26 NT
x + A16A26 −A12A66 NT

y

+ A12A26 −A16A22 NT
xy ,

εTy = 1
A A16A26 −A12A66 NT

x + A11A66 −A2
16 NT

y

+ A16A16 −A11A26 NT
xy

36

Substituting (35) into (19) can give the expressions of
thermal stress of the hybrid AFB0DS laminates with immu-
nity to HTSD.

NT
x

NT
y

NT
xy

= ΔT
2

UT①
1 ξ①13

UT①
1 ξ①13

0

+ ΔT
2

UT②
1 ξ②13

UT②
1 ξ②13

0

37

Inserting (10), (35), and (37) into (36) gives

εTx = εTy = ΔT
2 A16 A26 −A16 +A66 A11 −A12

UT①
1 ξ①13 +UT②

1 ξ②13

38

Therefore, the thermal strains of two main directions of
the hybrid AFB0DS laminates with immunity to HTSD are
equal to each other and the value of the thermal strain is not
only related to the material constants and temperature varia-
tion but also changing with geometric factors ξq2, ξ

q
4, and ξ

q
13.

4. Optimized Design of Laminates

Considering that the extension-shear-coupled effect of
hybrid AFB0DS laminates with immunity to HTSD is the
main performance index, the maximum extension-shear-
coupled effect is therefore the major objective. Regarding
the ply materials and ply angles of each lamina as variables,
take the ply materials and ply angles as the optimized design
variables. The optimized constraint conditions can be
obtained by (35), which ensures that the final optimized lam-
inates are hybrid AFB0DS laminates with immunity to
HTSD. Take the flexibility coefficient a16 as the parameter
to test the extension-shear-coupled effect of laminates, which
can be obtained by inverting the stiffness matrix of laminates,
as shown in (39).

a11 a12 a16 b11 b12 b16

a12 a22 a26 b12 b22 b26

a16 a26 a66 b16 b26 b66

b11 b12 b16 d11 d12 d16

b12 b22 b26 d12 d22 d26

b16 b26 b66 d16 d26 d66

=

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 s66

−1

39

However, taking into account the actual engineering
demands, which should be combined with the good compre-
hensive properties of carbon fiber composites and the low
cost of glass fiber composites, the proportion of two kinds
of material must have a minimum requirement. On the one
hand, if the proportion of carbon fiber composites is too
small, the structural stability of the hybrid laminates cannot
be guaranteed. On the other hand, if the proportion of glass
fiber composites is too small, the cost reduction effect is not
obvious. Therefore, in this paper, the minimum proportions
of two types of material are both set as 30% and the mathe-
matical model of optimization problem can be formulated as

min  F q1, q2,… , qn, θ1, θ2,… , θn = − a16 ,

s t  

1 3n ≤ 〠
n

i=1
qk ≤ 1 7n,

−90° < θk ≤ 90°, k = 1, 2,… , n,
〠
qk=1

cos2θk zk − zk−1 = 〠
qk=2

cos2θk zk − zk−1 = 0,

〠
qk=1

sin2θk zk − zk−1 = 〠
qk=2

sin2θk zk − zk−1 = 0,

〠
qk=1

cos2θk z2k − z2k−1 = 〠
qk=2

cos2θk z2k − z2k−1 = 0,

〠
qk=1

cos4θk z2k − z2k−1 = 〠
qk=2

cos4θk z2k − z2k−1 = 0,

〠
qk=1

sin2θk z2k − z2k−1 = 〠
qk=2

sin2θk z2k − z2k−1 = 0,

〠
qk=1

sin4θk z2k − z2k−1 = 〠
qk=2

sin4θk z2k − z2k−1 = 0,

〠
qk=1

sin2θk z3k − z3k−1 = 〠
qk=2

sin2θk z3k − z3k−1 = 0,

〠
qk=1

sin4θk z3k − z3k−1 = 〠
qk=2

sin4θk z3k − z3k−1 = 0,

〠
qk=1

z2k − z2k−1 = 〠
qk=2

z2k − z2k−1 = 0,

〠
qk=1

sin4θk zk − zk−1 ≠ 0, 〠
qk=2

sin4θk zk − zk−1 ≠ 0

40

Table 1: Material properties of carbon fiber lamina and glass fiber
lamina.

Performance parameters
Carbon fiber

lamina
Glass fiber
lamina

Elastic modulus (GPa)
E1 181.0 38.6

E2 10.2 8.3

Shear modulus (GPa) G12 7.2 4.14

Poisson’s ratio ν12 0.28 0.26

Thickness (mm) t 0.1 0.1

Thermal expansion
coefficient (μ/°C)

α1 −0.1 8.6

α2 25.6 22.1
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Wherein, qk = 1, 2 k = 1, 2,… , n represents the values of
“q” for the k-ply, qk = 1 shows that the lamina corresponds to
the type ① lamina, and qk = 2 shows that the lamina corre-
sponds to the type ② lamina. If ∑n

k=1qk = n, it means that all
lamina are made of type ① material, and similarly, if ∑n

k=1qk
= 2n, it means that all lamina are made of type ② material.

θk represents the paving angle of the k-ply, whose initial value
is selected randomly from the range of [−90°, 90°].

The improved differential evolution algorithm
DE_CMSBHS is used to optimize this problem. Because of
the strong constraints of optimization problems, which have
18 equality constraints and 2 inequality constraints, the pen-
alty function is applied to deal with the constraints. The type
① lamina and type ② lamina are made up of carbon fiber
composites and glass fiber composites, respectively, and the
corresponding material parameters are shown in Table 1.

Table 2 shows the 12–20-ply hybrid AFB0DS laminates
with immunity to HTSD which are optimized by using
DE_CMSBHS algorithm to maximize the extension-shear-
coupled effect. The subscripts “c” and “gl” in the table indi-
cate that the lamina is made of carbon fiber composites and
glass fiber composites, respectively. As can be seen from the
table, (1) there is no hybrid AFB0DS laminates with immu-
nity to HTSD for 1–11-ply laminates; (2) for 12–20-ply
hybrid AFB0DS laminates with immunity to HTSD, the pro-
portions of two kinds of lamina are both not less than 30%;
and (3) for optimized laminates with the maximum
extension-shear-coupled effect, paving materials are sym-
metrical about the geometric middle plane and have a rela-
tively uniform distribution, which is the one in the middle
and the other on both sides.

In order to reflect the influence of the hybrid form on the
extension-shear-coupled effect of laminates more intuitively,
this paper further optimizes the extension-shear-coupled

Table 2: Hybrid AFB0DS laminates with immunity to HTSD.

Number of plies Stacking sequence/° a16 /m ⋅N−1

1–11 No feasible solution

12 [1.2623c/−88.1563c/86.2219c/−4.7557c/90gl/0gl/0gl/90gl/85.2442c/−3.7780c/1.8436c/−88.7376c]T 2.28× 10−9

13 [78.6287c/2.5518c/−62.5528c/−4.4571c/0gl/90gl/57.6811c/90gl/0gl/−22.1785c/74.0623c/−77.5022c/5.4030c]T 2.15× 10−9

14
[−82.7030c/3.4955c/−9.5277c/68.6342c/−87.1720gl/−4.8666gl/44.7270gl/−44.7270gl/4.8666gl/87.1720gl/

−86.6975c/−18.9236c/84.4406c/9.1474c]T
2.62× 10−9

15
[13.7114c/79.6085c/−25.7171c/−74.2581c/85.3581gl/7.4729gl/−44.4060gl/15.8105c/44.4060gl/−7.4729gl/

−85.3581gl/−88.3194c/−87.3471c/24.6320c/−19.9766c]T
1.68× 10−9

16
[−82.2580c/3.4541c/−7.8035c/71.9029c/0.0178gl/−0.0360gl/−89.9848gl/89.9417gl/−89.9861gl/89.9911gl/

−0.0421gl/0.0222gl/−86.5215c/−16.3448c/84.9501c/9.0614c]T
2.10× 10−9

17
[−86.7602c/86.2949c/−3.1492c/3.7823c/−4.3788gl/35.9403gl/−50.2104gl/89.9014gl/−72.6480gl/41.0040gl/

−73.7900gl/27.9322gl/−16.0242gl/−3.7823c/3.1492c/−86.2949c/86.7602c]T
8.26× 10−10

18
[−0.0130gl/−89.9908gl/0.0171gl/89.9876gl/−80.5781c/79.3162c/7.2684c/−20.7364c/13.9886c/12.0891c/

−86.7465c/−66.9711c/0.1373c/80.6754c/−89.9869gl/−0.0163gl/89.9904gl/0.0125gl]T
1.93× 10−9

19
[−3.8195c/−1.6516c/−87.2690c/−86.3382c/39.6427c/−81.7483c/−0.0004gl/−89.9971gl/89.9928gl/−14.8789c/

−0.0071gl/0.0028gl/89.9995gl/25.4403c/−72.0969c/−83.9994c/−0.8820c/79.5202c/−2.8331c]T
1.93× 10−9

20
[88.5760gl/38.9195gl/−76.4222gl/−17.7876gl/−8.6194gl/12.7407c/−21.3605c/−87.3614c/64.3117c/−30.3418c/

−87.4610c/48.9897c/89.9981c/−24.1090c/7.9710c/14.9679gl/69.9391gl/0.3258gl/−50.8020gl/86.2064gl]T
2.20× 10−9

Table 3: Maximum extension-shear-coupled effect of two single-composite laminates.

Number of plies 12 13 14 15 16 17 18 19 20

Carbon fiber laminates (10−9m·N−1) 2.80 2.71 2.36 2.10 3.01 0.809 1.93 2.19 1.26

Glass fiber laminates (10−9m·N−1) 12.3 13.0 11.0 8.76 11.0 10.4 9.40 8.53 7.59

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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Figure 2: Maximal extension-shear-coupled effect of hybrid
laminates with different proportions of two materials.
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effect of single-material laminates and laminates with differ-
ent proportions of two materials. Table 3 shows the optimi-
zation results of two kinds of single-material laminates.
Taking 16-ply laminates and 17-ply laminates as an example,
the optimized results of laminates with different proportions
of two materials are exhibited in Figure 2.

It can be obtained from Table 3 that the maximum
extension-shear-coupled effect of glass fiber composite lami-
nates is greater than that of carbon fiber composite laminates
in the case of the same number of plies. In the process of opti-
mization by DE_CMSBHS algorithm, if the minimum pro-
portion limits of the two materials are removed, which
means the paving material is free, the final optimal results
are totally the same as those of single-glass fiber composite
laminates of Table 3. Furthermore, the data in Tables 2 and
3 suggests that the maximum extension-shear-coupled effects
of the 14-ply, 17-ply, and 20-ply hybrid laminates are greater
than those of single-carbon fiber composite laminates, which
indicates that the introduction of glass fiber composite mate-
rials into carbon fiber composite laminates can improve the
extension-shear-coupled effect of partial numbers of plies
laminates.

The abscissa “ngl” in Figure 2 represents the number of
glass fiber lamina. As can be seen from Figure 2, (1) for
hybrid laminates with different proportions of two materials,
there is no feasible solution when ngl takes some values, for
which the geometrical factors of those kinds of laminates
cannot satisfy the necessary and sufficient condition of (35)
and (2) compared with single-carbon material composite
laminates, some hybrid laminates can not only significantly
reduce costs but also increase the maximum extension-
shear-coupled effect.

5. Verification of Mechanical
Properties of Laminates

5.1. Verification of Hygrothermal Effect. The finite element
method is used to verify the distortion caused by the temper-
ature change of the hybridAFB0DS laminates with immunity
to HTSD. In this paper, the hygrothermal effect of laminates
in Table 2 is verified by the example of 16-ply and 17-ply

laminates and the conclusion of other laminates is the same
as that of these laminates.

Based on the finite element software MSC.Patran, the
10m× 1m finite element model is established and 360 shell
units are divided. In order to simulate the displacement
boundary condition of the composite laminates, the geomet-
ric center of the finite element model is fixed, as shown in
Figure 3. The typical temperature difference of the high-
temperature curing process is −180°C to this finite element
model. Then the finite element softwareMSC.Nastran is used
to compute with the linear statics calculation function.

The calculated results of two kinds of hybrid AFB0DS
laminates with immunity to HTSD are shown in Table 4. In
which, εTx and εTy are the thermal strain of two main direc-

tions, γTxy is the thermal shear strain of the laminates, and

κTx , κ
T
y , and κ

T
xy are expressed as the surface curvature and dis-

tortion of the laminates caused by temperature changes. It
can be seen from the table that the shear strain of these lam-
inates are all zero during the high-temperature curing pro-
cess, which means two kinds of laminates will not cause
hygrothermal distortion. The thermal strains of two direc-
tions are equal to each other, but this regulation is not suit-
able for laminates with different numbers of plies.
Furthermore, their bending curvature and twist rate are all
zero, which indicates that two kinds of laminates will not
cause hygrothermal warping distortion.

5.2. Verification of Extension-Shear-Coupled Effect. In order
to verify the extension-shear-coupled effect of two kinds of
hybrid AFB0DS laminates in Table 2, the finite element
method is also used based on the finite element software
MSC.Patran and the finite element model of a rectangular
plate with 12m× 1m is established. A total of 800 shell units
and 891 nodes (six degrees of freedom) are divided, and a
multipoint constraint element (RBE2) is used to connect
the nodes in the 1.2m× 1m region at both ends of the model.
The axial tension F = 1000 N is applied to the multipoint
confinement unit to ensure that the intermediate
9.6m× 1m area bears a uniform load. The geometric center
of the finite element model is fixed, as shown in Figure 4.
The finite element software MSC.Nastran is used to compute
with the linear statics calculation function.

The calculated displacement nephogram of two kinds of
hybrid AFB0DS laminates with immunity to HTSD under
axial extension force is shown in Figure 5, and the concrete
results of distortion are shown in Table 5. It can be seen
from the table that under the axial extension force of
1000N, the two kinds of hybrid AFB0DS laminates not
only have axial distortion but also shear distortion and

X

123456Y

Figure 3: Finite element model of the laminates for hygrothermal effect verification.

Table 4: Simulation results of hybridAFB0DS laminates on thermal
distortion.

Type of laminates εTx εTy γTxy κTx κTy κTxy

16-ply laminates −6.54× 10−4 −6.54× 10−4 0 0 0 0

17-ply laminates −6.90× 10−4 −6.90× 10−4 0 0 0 0
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the extension-shear-coupled effect of 16-ply laminates is
obviously more than that of 17-ply laminates.

Table 5 also shows the theoretical calculation results of
two kinds of hybrid AFB0DS laminates subjected to axial
extension distortion, and through comparison, it is found
that the results of finite element analysis agree well with the
theoretical results. The error is controlled within 2%, and
the extension-shear-coupled effect of laminates is validated.
The reason for the error is that the finite element simulation
is loaded on the unit node and cannot be completely equiva-
lent to the linear loading method.

5.3. Robustness Analysis. Considering that there may be
human error and equipment error in the actual process of
paving the laminates, which may have a negative effect on
the extension-shear-coupled effect, in order to ensure the
practicability of the composite laminates, the slight angle
deviation should not have an obvious influence on the
extension-shear-coupled effect of the hybrid AFB0DS lami-
nates with immunity to HTSD. Now, the extension-shear-
coupled effect of laminates is analyzed under the ply angle
existing deviation, which is based on the Monte Carlo
composite laminates robustness analysis method.

X

Y
123456

Figure 4: Finite element model of the laminates for extension-shear-coupled effect verification.
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(a) 16-ply laminates

5.12−005
4.77−005
4.43−005
4.09−005
3.75−005
3.41−005
3.07−005
2.73−005
2.39−005
205−005
171−005
1.36−005
1.02−005
6.82−006
3.41−006

0.

Y

XZ

(b) 17-ply laminates

Figure 5: Deformation of two kinds of hybrid AFB0DS laminates due to extension load.

Table 5: Simulation results of hybrid AFB0DS laminates on extension-shear distortion.

Type of laminates Simulation result εx Theoretical result εx Error of εx Simulation result γxy Theoretical result γxy Error of γxy
16-ply laminates 1.08× 10−5 1.10× 10−5 1.82% 2.23× 10−6 2.27× 10−6 1.76%

17-ply laminates 1.04× 10−5 1.06× 10−5 1.89% 8.20× 10−7 8.26× 10−7 0.73%
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Assume that the paving angle of the k-ply for the hybrid
AFB0DS laminates with immunity to HTSD is θk ± Δθk , in
which θk is the theoretical paving angle of the k-ply and Δθk
is the angle deviation and with the value of Δθk = 2° [17].
Figure 6 shows the error distribution of the extension-
shear-coupled effect for the 16-ply laminates and the 17-ply
laminates in Table 2 under 10,000 random samples. The fig-
ure suggests that when there exists a random error in the pav-
ing angle of the laminates, the error of extension-shear-
coupled effect is in accordance with the normal distribution
law and can be controlled within 2%.

6. Summary

In this paper, the model of hybrid laminates is established
and the expressions of stiffness coefficient, thermal stress,
and thermal moment of laminates are derived based on the
geometric factor and the necessary and sufficient conditions
for hybrid extension-shear-coupled laminates with immu-
nity to HTSD are further derived. The method of combing
the improved differential evolution algorithm DE_CMSBHS
with the penalty function is used to optimize the extension-
shear-coupled effect of the hybrid AFB0DS laminates with
immunity to HTSD. The hygrothermal effect, extension-
shear-coupled effect, and robustness of laminates are verified.
Some conclusions of optimization and simulation can be
obtained as follows.

(1) Although the optimized constraints is enhanced,
which is mainly due to the introduction of variable
parameter paving materials, the feasible solutions
of the hybrid AFB0DS laminates with immunity
to HTSD can still be obtained by using the
DE_CMSBHS algorithm combined with the pen-
alty function. The optimal solution can be obtained
according to the different requirements of different
proportions of two materials, which achieved the
synchronous optimization of paving angle and
paving materials.

(2) The maximum extension-shear-coupled effect of the
single-glass fiber composite laminates is greater than
that of single-carbon fiber composite laminates in the
case of the same number of plies, and the introduc-
tion of glass fiber composite material into single-
carbon fiber composite laminates can improve the
extension-shear-coupled effect of the partial number
of plies laminates.

(3) The optimized laminates are able to meet the condi-
tions of no hygrothermal shearing distortion and no
hygrothermal warping distortion. When there exists
a random error in the paving angle of the laminates,
the error of extension-shear-coupled effect is in
accordance with the normal distribution law and
can be controlled within 2%.

The expressions for parameters of the hybrid laminates
can also be applied to laminates with other coupling effects.
The DE_CMSBHS algorithm combined with the penalty
function can also optimize the different objectives of other
types of laminates.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors gratefully acknowledge the support of the
National Natural Science Foundation of China (Grant no.
11472003).

−0.5 0 0.5 1−1
Percent error of coupling (%)

0

200

400

600

800

1000

1200

1400

1600
C

ou
nt

s

(a) 16-ply laminates

0

200

400

600

800

1000

1200

1400

1600

C
ou

nt
s

−1 -0.5 0 0.5 1 1.5−1.5
Percent error of coupling (%)

(b) 17-ply laminates

Figure 6: Robustness analysis of hybrid AFB0DS laminates on extension-shear distortion.
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The goal of this paper is to investigate the possible directions of some specifiedmethods for aeronautical and aerospace material and
structure effectiveness modeling and optimization. Multioptionality hybrid function uncertainty conditional optimization doctrine
application is supposed to be implemented for a degrading failure problem optimal solution determination. The optimal solution is
assumed to deliver the maximum value to the probability of damage but not the failure state of the studied material behavior. The
principal supposition is that there should be some certain objectively existing value extremized in the conditions of the hybrid
optional function uncertainty. There is a scientific proof for the choice of a good maintenance optimal periodicity method that
fits the customer’s needs, taking into account the effectiveness functions pertaining to the options. The described doctrine allows
obtaining the objectively existing optimal values not with the help of a probabilistic but rather with a multioptimal concept. The
subjective entropy maximum principle is the other paradigm concept involved in the considered problem solution, which is an
equivalent for the uncertainty conditional optimization at the optimal hybrid function distribution determination. By applying
simplified, however possible, models and expressions for effectiveness, plausible results are obtained and illustrated in diagrams
visualizing the situation and allowing for the selection of a good choice. The ideas of the required material method choice
optimization with respect to only two simple parameters, nevertheless, develop numerous particular combinations. Moreover,
an increase in the number of parameters and further complication of the problem setting will not change the principle of the
problem solution.

1. Introduction

The complex process of choosing materials for the airspace
industry commonly follows a systematic approach based on
multiple requirements and specifications and supported by
extensive studies. The executors’ individual preferences are
an essential factor at this process. It is also important to note
that the selection and use of one or another type of material
for aerospace use, development of aeronautical engineering
and aircraft element structural design, and contemplation
of the appropriate fabrication methods are a matter of some-
one’s choice. Therefore, ensuring maximum reliability and
efficiency in the field of aeronautics and aerospace, while
controlling related costs, faces great pressure for ever

increasing performance. Thus, the problem of optimization
plays a central role among many different contributions for
achieving those objectives and goes far beyond the frame-
work of basic engineering optimization.

The theory of subjective analysis [1] deals with the scien-
tific explanations of the human’s behavior in situations of
multialternativeness uncertainty. The theory is developed
especially for an evaluation of the individuals’ subjective
preferences. The preference functions in their turn are found
in an explicit view. Moreover, the distribution of the prefer-
ence functions is obtained with the help of an optimization
on the basis of an entropy paradigm. The key point is the
so-called subjective entropy maximum principle (SEMP).
The core of SEMP is the statement postulating the optimality
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of the individual’s subjective preference distribution with
regard to the achievable alternative uncertainty degree mea-
sured by subjective entropy [1, Section 3.5, pp. 141–149].

The doctrine proposed in this paper uses a similar math-
ematical apparatus; however, an original objective [2–4] ver-
sus subjective theoretical concept is described, applied, and
discussed in [1, 5] for finding certain extremal values of
reliability measures (probabilities). In those cases, studied
in the works of [1, 5], the use of SEMP is essential for optimal
decision making.

Possible fields of the proposed approach application are
morphing aeronautical structures [6, 7], different investiga-
tions on the influence of process parameters [8], and effects
of heat treatment on fatigue [9] crack growth. Also, the
models can be used at modeling the volume-based strain
energy density approach [10], as well as fatigue strength sub-
ject to cyclic loading [11] and modifications of the activation
energy, like for the material purposes discussed in the Sixth
World Congress report in [12].

The presented paper’s theoretical concept is centered
upon material degradation issues.

2. Mathematical Modeling and
Developed Methods

2.1. Multioptionality Hybrid Function Uncertainty Conditional
Optimization Doctrine Application. In previous publications
[2–4], a multioptional way for determining the optimal solu-
tion for a degrading failure problem was shown.

It is proposed to consider modeling and optimizing
structural behavior and damage of advanced materials for
aerospace use with the help of a graph presented in Figure 1.

In Figure 1, “0” denotes the up state of the system, “1”
denotes damage, and “2” denotes failure. The corresponding
system state transition intensities are depicted as λ01 and λ12.

The situation portrayed with the graph illustrated in
Figure 1 is a simplified case for calculating the probabilities
of the relating states “0”, “1”, and “2”: P0, P1, and P2, develop-
ing in time t.

In order to determine the “0”, “1”, and “2” states’
probabilities, it is proposed to implement the specially
introduced works in [2–4] on hybrid optional-probabilistic
approach function distribution entropy conditional optimi-
zation doctrine.

The principal supposition is that there should be some
certain objectively existing value extremized in conditions
of the hybrid optional function uncertainty. This is a
radically different ideology from that of subjective analysis
[1, 5], where it is postulated that an individual’s subjective
optimal distribution of her/his preference functions accord-
ingly with the achievable set of alternatives that she/he has
taken into consideration, that is, SEMP.

With the use of the supposed multioptional optimality,
likewise in subjective analysis [1, 5] conditional optimality

of the individual’s subjective preference distribution with
extremizing subjective entropy, that is, applying the doctrine
analogous to the SEMP concept, we have the right to write
down the postulated functional in view of [2–4]:

Φh = − 〠
2

i=1
hi Fi, x ln hi Fi, x + t∗p 〠

2

i=1
hi Fi, x Fi ⋅

+ γ 〠
2

i=1
hi Fi, x − 1 ,

1

where hi Fi are specific hybrid optional effectiveness func-
tions of the option effectiveness functions: Fi and hi Fi are
similar to the preference functions of [1, 5], however, in this
problem setting the assumed specific hybrid optional effec-
tiveness functions hi Fi are not related with anybody’s pref-
erences or choice; x is unknown, an uncertain multiplier of
the Lagrange type; tp

∗ is the system’s (see Figure 1) and the
system’s described process intrinsic parameter, suspected to
be an optimal (in such a problem setting, tp

∗, which is
accepted by an assumption optimal value of maintenance
periodicity, is going to deliver the maximal value to the
probability P1 t of the damaged but still not fractured
(failure) state “1” of a material, [2–4]); γ is the normalizing
coefficient (function).

The solution tp
∗ of the objective functional in (1) is

obtained on the basis of the necessary conditions for the
extremum existence of the functional in (1):

∂Φh

∂hi Fi, x
= 0 2

The condition of (2) yields

∂Φh

∂hi ⋅
= −ln hi ⋅ − 1 + t∗p Fi ⋅ + γ = 0, ∀i = 1, 2 3

This inevitably means in turn

ln h1 ⋅ − t∗p F1 ⋅ = γ − 1 = ln h2 ⋅ − t∗p F2 ⋅ 4

From where

ln h1 ⋅ − ln h2 ⋅ = t∗p F1 ⋅ − F2 ⋅ 5

And in analogous way to (2),

t∗p =
ln h1 ⋅ − ln h2 ⋅
F1 ⋅ − F2 ⋅

6

The two considered optional processes (see Figure 1) are
as follows:

(i) Option number 1 is to go out from state “0” or to
come into state “1” (in the presented circumstances,
both are the same).

(ii) Option number 2 is to go out from state “1” or to
come into state “2” (in the presented circumstances,
both are the same).

�휆010 1 2 �휆12

Figure 1: Graph of the states of a system with a degrading failure.
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Hence, it is obvious that the effectiveness functions relat-
ing with the options are supposed as follows:

F1 = λ01 7

For the second option,

F2 = λ12 8

The corresponding hybrid optional effectiveness function
would be

h1 = xF1 = xλ01, 9

h2 = xF2 = xλ12 10

Substituting the relevant interrelationships of (7), (8), (9),
and (10) for their values into the sought expression in (6) of
the optimal periodicity tp

∗, one obtains

t∗p =
ln xλ01 − ln xλ12

λ01 − λ12
= ln xλ01/xλ12

λ01 − λ12
11

Finally, (11) yields

t∗p =
ln λ01 − ln λ12

λ01 − λ12
12

One has to emphasize here that optimal periodicity
tp

∗ in view of (12) and also obtained in [2] has been
found not in a probabilistic way but rather in an optimal
multioptional way.

The sense of the uncertain multiplier x becomes obvious
with the use of the normalizing condition of the initial func-
tional in (1). That is, with the use of the presupposed rela-
tions of (7), (8), (9), and (10)

〠
2

i=1
hi Fi, x = 1 = h1 = xλ01 + h2 = xλ12 , 13

which yields

x = 1
λ01 + λ12

14

Therefore, from the expressions for the corresponding
hybrid optional effectiveness functions in (9) and (10) it fol-
lows that

h1 =
λ01

λ01 + λ12
15

Hence,

h2 =
λ12

λ01 + λ12
16

2.2. SEMP Paradigm Concept Equivalent Uncertainty
Conditional Optimization Hybrid Function Distribution
Determination. Concerning the objective functional in (1),
it is possible to find an optimal distribution of the hybrid
optional effectiveness functions starting with the functional
(1) extremum existence conditions of (2) and (3).

This gives

ln hi ⋅ = γ − 1 + tFi ⋅ 17

Here in (17), the parameter of time t is implemented. It is
put into the objective functional in (1) instead oftp

∗. This was
done because time now is deemed to be an independent var-
iable. Therefore, this parameter has to be reckoned with as
the variable to be optimized.

Then from (17),

hi ⋅ = exp γ − 1 + tFi ⋅ 18

The normalizing condition application, likewise expressed
with (13), yields

h1 ⋅ + h2 ⋅ = 1 = exp γ − 1 exp tF1 ⋅ + exp tF2 ⋅
19

From where

exp γ − 1 = 1
exp tF1 ⋅ + exp tF2 ⋅

20

At last,

hopti ⋅ = exp tFi ⋅
〠2

j=1exp tF j ⋅
21

The obtained optimal distribution, described with
(21) of the hybrid optional functions, ensures the condi-
tional extremum (maximum) for the hybrid optional
function entropy or the maximum to the objective func-
tional in (1).

Indeed, one can easily make sure that the extremum
existence conditions of the second order, from (3), are
as follows:

∂2Φh

∂hi Fi, x 2 = −
1

hi Fi, x
< 0 22

This inequality of (22) is satisfied at any “point”, since the
hybrid optional functions always have positive values ]0… 1[
in the postulated view functional for multioptional consider-
ation, like (1), including the “point” suspected for the extre-
mum on the condition of (2).

Moreover, although the optimally distributed hybrid
optional functions expressed with (21) are different from
the hybrid optional functions described with (9) and (10),
as well as their developed transformed versions in the view
of (15) and (16), in the case of (6), (7), (8), (9), (10), (11),
(12), (13), (14), (15), and (16), the functions of (21) and
(15) and (16) have the same value.

2.3. An Idea of Combining the Concepts. It can be easily seen
that if the optimal periodicity tp

∗, in view of (12), is
substituted for the value of time into the optimal distribution
of hybrid optional functions represented by (21), then (15)
and (16) will be derived.
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Indeed,

hopt1 ⋅
t=t∗p

=
exp t∗p F1 ⋅

exp t∗p F1 ⋅ + exp t∗p F2 ⋅
23

Then,

exp t∗p F1 ⋅ = exp ln λ01 − ln λ12
λ01 − λ12

λ01 24

And equally,

exp t∗p F2 ⋅ = exp ln λ01 − ln λ12
λ01 − λ12

λ12 , 25

exp t∗p F1 ⋅ = exp ln λ01
λ12

λ01/ λ01−λ12
, 26

exp t∗p F2 ⋅ = exp ln λ01
λ12

λ12/ λ01−λ12
, 27

exp t∗p F1 ⋅ = λ01
λ12

λ01/ λ01−λ12
, 28

exp t∗p F2 ⋅ = λ01
λ12

λ12/ λ01−λ12
29

From (23),

hopt1 ⋅
t=t∗p

= 1
1 + exp t∗p F2 ⋅ /exp t∗p F1 ⋅

30

Therefore,

hopt1 ⋅
t=t∗p

= 1
1 + λ01/λ12 λ12/ λ01−λ12 / λ01/λ12 λ01/ λ01−λ12

,

31

hopt1 ⋅
t=t∗p

= 1
1 + λ01/λ12 λ12/ λ01−λ12 −λ01/ λ01−λ12

, 32

hopt1 ⋅
t=t∗p

= 1
1 + λ01/λ12 −1 , 33

hopt1 ⋅
t=t∗p

= 1
1 + λ12/λ01

34

This inevitably gives

hopt1 ⋅
t=t∗p

= λ01
λ01 + λ12

35

The parallel to the derivation of (23), (24), (25),
(26), (27), (28), (29), (30), (31), (32), (33), (34), and
(35) leads to

hopt2 ⋅
t=t∗p

= λ12
λ01 + λ12

36

Now, it raises the problem of the combinational concept
of both the multioptional doctrine [2–4] (for the objectively
existing phenomena) and the multialternative entropy
paradigm [1, 5] (for the subjectively preferred choices and
decision making).

The part of the general problem dealing with the objec-
tively existing maximum of probability P1 t is solved with
the help of the multioptional doctrine, whereas the options
for the part of the material improvement for the diversity of
the objective parameters λ01 and λ12 is finally going to be
made with the use of SEMP.

2.4. Simulation. A numerical case study is proposed in
order to illustrate the theoretical concepts and clarify
mathematical derivations of (1), (2), (3), (4), (5), (6),
(7), (8), (9), (10), (11), (12), (13), (14), (15), (16),
(17), (18), (20), (21), (22), (23), (24), (25), (26), (27),
(28), (29), (30), (31), (32), (33), (34), (35), and (36).
The conducted simulation detailing the case study per-
forms the role of an aid for the possible applications of the
multioptional doctrine.

The usefulness of this methodology depends upon the
individual subjective preferences of the persons conducting
the experimentation procedure, and details may vary in
instruments, materials, sets or sequences, and so on.

Also, for example, for data collection, the simplest forms
may be used, like basic spreadsheets or something similar. It
is not so important for the given stage of the developed
theoretical approach.

The purpose of the modeling carried out here is to
manifest the damages presented herein which were due to
the failures of the ability of theoretical concepts to be applied
to a wide range of material-degrading phenomena.

For the computer simulation in the framework of the
approaches of (1), (2), (3), (4), (5), (6), (7), (8), (9), (10),
(11), (12), (13), (14), (15), (16), (17), (18), (20), (21),
(22), (23), (24), (25), (26), (27), (28), (29), (30), (31),
(32), (33), (34), (35), and (36), there have been calculation
data used which are visible in the diagrams plotted in
Figures 2–4.

Figure 2 shows the curves of state “1” (see Figure 1)
probability P1 t . P101 λ01, 1 · 10−3 stands for P1 t maxi-
mums in the case of the transition intensity λ01 variation
and λ12 = 1 · 10−3 plotted as the function of T01 λ01, 1 ·
10−3 when the objective parameters λ01 and λ12 have cor-
responding values. T01 λ01, 1 · 10−3 was computed with
help of (12). P112 5 · 10−3, λ12 stands for P1 t maximums
in the case of the transition intensity λ12 variation and
λ01 = 5 · 10−3. P112 5 · 10−3, λ12 was plotted as the function
of T12 5 · 10−3, λ12 similar to the method of a phase por-
trait P101 λ01, 1 · 10−3 − T01 λ01, 1 · 10−3 . The next seven
curves of P1 t , P1 0 6 · 10−3 … 4 · 10−3, 1 · 10−3, t , indicate
the situation of the transition intensity λ01 variation and
λ12 = 1 · 10−3 with the corresponding maximum values
crossed with the P101 λ01, 1 · 10−3 line. The last seven curves
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of the probability P1 t , P1 5 · 10−3, 0 15 · 10−3 … 3 · 10−3, t ,
are plotted for the other alternative case of the transition
intensity λ12 variation and λ01 = 5 · 10−3.

Also, there are two points with the coordinates of
(402.359, 0.66874) and (810.93, 0.44444) denoted for the
specified examples in Figure 2.
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P1 (5 · 10−3, 2 · 10−3, t)
P1 (5 · 10−3, 3 · 10−3, t)

Figure 2: Divergence of the objectively existing maximum for the probability of the materials damaged; however, there is no fractured state in
the case of the transition intensity variations.
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The results of numerical modeling shown in Figure 3
represent a contour plot for the probability P1 t of the
damaged but not ruined state “1” denoted as P101 and corre-
spond to the situation described above.

Figure 4 illustrates the situation when P1 t changes in
time as a result of the transition intensity λ12 variation and
λ01 = 5 · 10−3.

3. Results and Discussion

3.1. Analysis of the Obtained Results. The obtained results
represented by the diagrams shown in Figures 2–4 brightly
distinguish the two major options for the improvement of

the material described above, increasing its reliability mea-
sures: the required change of the transition intensities λ12
and λ01. If the case is not so simple, certain additional
assumptions can be made.

3.2. Discussion. The demonstrated hereinafter possibility of
the multioptional optimality doctrine application in the areas
of exclusively objective options in contrast to that which is
subjectively preferred by somebody’s alternatives gives the
same result as that one found on the basis of the probabilistic
approach [2–4]. This is an undoubtedly fragmented piece of
evidence proving the substantiation of the proposed doctrine.

The optimal maintenance periodicity can be predeter-
mined not necessarily with the probability P1 t maximum
value. In such a case, a more complicated approach perhaps
should be used; however, the application of SEMP still looks
even more attractive since it implies taking into account
someone’s individual subjective preference distribution.
Therefore, the role of the theoretical evolutions as well as
subjective analysis [1, 5] is apparently going to be increased.

With regard to material science and its theory and appli-
cations traced with the references of [6–12], the presented
herewith entropy approach also gives some plausible results.

4. Conclusions

The case study, analyzed in this paper on aeronautical and
aerospace materials and structural damages due to the
failures of theoretical concepts, proves that the described
doctrine allows obtaining the objectively existing optimal
values not with the help of probabilistic but rather with
multioptimal hybrid effectiveness functions.

Conditions of uncertainty embodied in the correspond-
ing entropies are crucial to the two following aspects: objec-
tive hybrid optional and subjective preference function
optimal distributions.

The preference functions give the possibility of the con-
sidered alternative material assessment with respect to the
preference entropy uncertainty measure.

In further research, some other effectiveness functions
and their variables should be considered. Also, it would be
useful to find more theoretical results and applicable areas
of the hybrid optional optimality doctrine as well as the
theory of subjective analysis.
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A solid rocket motor is one of the critical components of solid missiles, and its life and reliability mostly depend on the mechanical
behavior of a composite solid propellant (CSP). Effective mechanical properties are critical material constants to analyze the
structural integrity of propellant grain. They are estimated by a numerical method that combines the Voronoi cell finite element
method (VCFEM) and the homogenization method in the present paper. The correctness of this combined method has been
validated by comparing with a standard finite element method and conventional theoretical models. The effective modulus and
the effective Poisson’s ratio of a CSP varying with volume fraction and component material properties are estimated. The result
indicates that the variations of the volume fraction of inclusions and the properties of the matrix have obvious influences on the
effective mechanical properties of a CSP. The microscopic numerical analysis method proposed in this paper can also be used to
provide references for the design and the analysis of other large volume fraction composite materials.

1. Introduction

A composite solid propellant (CSP), a highly packed particu-
late composite, is a prime structural material of a solid rocket
motor in addition to an energetic material. A CSP consists of
polymeric binder matrix (e.g., HTPB) and particle inclusions.
The particle materials are usually ammonium perchlorate
(AP) and aluminum (Al) [1].

Parametric variations of effective material constants
have been studied by numerical and analytical methods in
the past [2, 3] and present [4–6]. There are a few studied
on the microstructural morphology of the CSP. The effec-
tive mechanical properties of CSP are critical to study the
deformation and fracture characteristics of propellant grain.
Various experimental and numerical studies demonstrate
that the mechanical properties of the CSP can be highly
sensitive to the microstructural morphology such as the
dimension, shape, distribution, and properties of the inclu-
sion. It is a kind of natural choice to study the mechanical
properties of the CSP from the aspects of microscopic
mechanical. In the early stage, some classical theoretical
models of conventional composites have been tailored to

estimate the effective properties of the CSP. These theoreti-
cal investigations are always limited to simple geometries
but are often incapable of reflecting the realistic microstruc-
ture of the CSP. Instead, the numerical method becomes
increasingly popular because its analysis is based on the
realistic geometric simulation model. Zhang et al. [7]
employed a homogenization theory and the displacement
finite element method (FEM) to compute the mean temper-
ature and heat flux of the CSP’s representative volume
element (RVE). The effect of orientation and shape of oxi-
dizer particles on the burning rate was examined by a direct
numerical simulation approach developed by Plaud et al.
[8]. Another group of models published devoted to estimate
mechanical properties of propellants in recent years. Yang
and Liu [9] use coarse triangle meshes and ANSYS to pre-
dict the elastic modulus of the composite solid propellant.
Zhi et al. [10] use ABAQUS to study the effects of the crit-
ical contact stress, initial contact stiffness, and contact fail-
ure distance on the damaged interface model. Matous and
Geubelle [11] and Matous et al. [12] develop a damage anal-
ysis tool at multiple scales from particle packing to failure
use of a numerical framework.
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However, the conventional finite element method
requires complex grid element and huge computational
costs, which limits replication and application in microstruc-
ture analysis; furthermore, very small elements may occur
owing to the fact that the space among the inclusion is too
narrow to create a perfect mesh. For example, they have to
shrink particles in contact with other particles or reduce the
volume fraction to create high-quality meshes [7, 12]. To
overcome some of the limitations discussed above, Ghosh
and his coworkers proposed a new numerical method known
as the Voronoi cell finite element model (VCFEM) to analyze
heterogeneous materials. In 1990, they [13] proposed a two-
dimensional automatic mesh generation technique to dis-
crete the composite domain to yield an aggregate of convex
Voronoi polygons. An assumed stress hybrid formulation
has been implemented to utilize the resulting Voronoi poly-
gons as elements in a finite element model in 1993 [14]. In
the following years, the developments of VCFEM were pre-
sented for linear elastic problems [15] and elastic-plasticity
problems [16], as well as failure analysis [17]. Over the last
few years, the VCFEM was further developed to address
some engineering problems [18, 19]. In addition, some con-
tributions had been devoted by other researchers to develop
this method to analyze the thermomechanical [20] and the
effective properties [21] of heterogeneous materials. How-
ever, very few works have been attempted to tailor the
VCFEM to estimate effective mechanical properties of the
CSP. Shen et al. [1] introduced a noninclusion VCFEM to
analyze material viscoelastic constants.

The feasibility study on the application of VCFEM in the
estimation of effective mechanical properties of the CSP is
carried out in this paper. We focus on establishing a numer-
ical model for the analysis of composites with high particle
volume fraction. A displacement comparison between the
results of VCFEM and those of commercial FEM software
is carried out to indicate the correctness of the program
code. And the validity of the proposed combined method
is obtained by employing two classical theory methods from
the literature. In addition, a simple case is analyzed to under-
stand the influence of microstructural morphology on the
effective modulus and effective Poisson ratio of the CSP.

2. Computational Procedure

2.1. Microstructure Model of CSP. The CSP is one of the
highly particulate composite materials, always with particle
volume fraction between 70% and 80%, or even higher [7].
Figure 1 is a SEM image of the HTPB propellant. Spherical
particles are bonded together tightly by the polymer matrix.
It is necessary to model a RVE to reflect their microstructure
features before obtaining effective material constants of the
CSP numerically. Voronoi tessellation is a simple but effec-
tive geometric representation for charactering the micro-
structures of the composite. The tessellation can subdivide a
plane into many Voronoi cells determined by a set of centers.
Each cell may be perceived as the intersection of open half-
planes bounded by the perpendicular bisectors of lines join-
ing one inclusion center with each of its neighbors. However,
the inclusion will be dissected into multiple segments by

element boundaries of the mesh, when the radius of a cir-
cular inclusion in a Voronoi cell is greater than the mini-
mum distance from its center to the center of other cells.
The centers generated randomly may lead the model to
be inhomogeneous usually. If an element center is closed
to one adjacent center than any other adjacent centers,
the room between the two centers cannot be filled with
inclusion. It will result in the failure to get a large volume
fraction of circular inclusion.

In fact, the coordinates of circular inclusions are almost
determined when the volume fraction of circular inclusions
is large and their sizes are almost equal. A new center-
generated project is proposed here. In this project, the loca-
tions of centers are generated on the basis of the correspond-
ing existing optimal equal circle packing schemes when the
center’s number is determined. Those circles will be homoge-
neous in a RVE model. And the distances between any center
and other adjacent centers are almost equal.

The procedure to build the microstructure model with a
large volume fraction of inclusions is described below.

(1) The size of RVE (LRVE) is determined based on the
inclusion size and material property. RVE sizes are
defined as the minimum size of a microstructural
model that meets the requirement of statistical
homogeneity [22].

(2) The number of inclusion is generated randomly
from the range of nmin to nmax. nmin and nmax can
be obtained using the equation:

nmin =
V fL

2
RVE

πr2max
,

nmax =
V fL

2
RVE

πr2min
,

1

where rmax and rmin are the maximum value and
the minimum value of mean values of inclusion
radius, respectively, and V f is the volume fraction
of inclusion.

(3) The radius and center positions of the circle inclusion
are read from the corresponding existing optimal
equal circle packing schemes. The RVE is meshed

Figure 1: SEM image of the HTPB propellant.
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with the convex Voronoi polygons according to the
centers of the system.

(4) Transform the circles into ellipses. The random num-
ber generator is used to generate the lengths of major
axes, ratio of major to minor axis length, and orienta-
tion (angle) of the major axis of each inclusion. The
nonoverlapping constraint has to be imposed. To
establish this, each inclusion is contained insideacircle
having a diameter equal to the length of themajor axis.

Figure 2 describes an example. The length and width are
6mm. The mean values of the radius of inclusions are rang-
ing from 300μm to 310μm. Since the volume fraction is
about 83%, the nmin and nmax are 95 and 101, respectively.
We set the number of inclusion to 100. And the RVE model
is meshed following the second step and third step. The
radius of inclusions is 308μm, and the volume fraction is
80%. Further, the inclusions are transformed into ellipses
randomly following the fourth step. We can get a model with
a volume fraction of 61%.

2.2. Hybrid Element Formulation. In this section, the finite
element formulation with Voronoi polygons will be reviewed
briefly. Figure 3 shows an example of a hybrid element, used
in the VCFEM method, with an embedded inclusion. Each
node of inclusion may be perceived as the intersection of
the circular inclusion and the line joining the inclusion center
with each matrix node. The element formulation, as reported
in [14], is based upon the stationary of total complementary
energy principle. The total complementary energy of the ele-
ment with an embedded heterogeneity is the addition of the
energy of the matrix and inclusion:

Πmc =
AM
e

1
2

σMe
TSMσMe dAM

e

+
AI
e

1
2

σIe
TSIσIedAI

e

− ∮
lE

nEσMe
TuEe dl

+∮
lMI

nMI σMe − σIe
TuIedl

+∮
lT
TTuEe dl,

2

where the variables with the superscriptsM and I correspond
to the interior of the matrix and inclusion phases, respec-
tively, while those with superscripts E andMI refer to the var-
iables on the element boundary and internal matrix-
inclusion interface, respectively. σ is the stress field within
the matrix or the inclusion. S is the elastic compliance matrix;
A represents the area of the matrix or the inclusion. lE, lMI ,
and lT represent the displacement boundary of the element,
the interface of matrix-inclusion, and traction boundary,
respectively. u represents the compatible displacement fields
on the boundary of element or inclusion. T represents the
prescribed tractions on the boundary lT. n is the outward

normal unit vector of the element boundary or matrix-
inclusion interface.

The displacement field u is interpolated by using the
nodal displacements q and the boundary displacement inter-
polation functions L u = Lq , while the stress components
within the element are assumed to be compatible with the
prescribed boundary tractions and satisfy the equilibrium
conditions into the region neglecting the body forces. The
stress field σ is expressed as the polynomial functions of the
x and y coordinates, by using complete forms of the stress
airy functions. This results in the product of an interpolation
matrix P, which contains polynomial terms in the x and
y coordinates variables as reported in [14], and unknown
vectors of coefficients β σM/I = PM/IβM/I . The Πmc can be
simplified as

Πmc β, q =
1
2
βTHβ − βTGq 3

q = 10 Mpa

Figure 2: A RVE with 100 inclusions.

lT
lE

Matrix

Inclusion

lMT

Figure 3: A typical Voronoi cell element with an octagonal
inclusion.
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The matrices H and G are defined as

H =
HM 0

0 HI
,

G =
GM −GMI

0 GI
,

4

where

HM/I =
AM/I

PM/I TSM/IPM/IdA, 5

GE/MI/II =
lE/MI/I

PM/M/I T nE/MI/I TLE/MI/IdS 6

Considering the stationary condition of the total comple-
mentary energy, we can get ∂Πmc/∂β = 0. Consequently, the
vector β is expressed as

β =H−1Gq 7

Substituting (7) into (3), with respect to the displacement
q, the expression of the stiffness matrix of the element is
obtained as

Ke =GTH−1G 8

Assembling stiffness matrices of each element,

K = 〠
n

i=1
Ke i 9

The nodal displacements are the solutions to the
following:

Kq =Q 10

The Lagrange multiplier method is used to impose addi-
tional constraints to avoid rigid body displacement at the
interface lMT. The inner node displacements qI can be repre-
sented by the element boundary nodal displacements qE,
while the inner node displacements are not affected by other
elements directly. Therefore, the stiffness matrix of elements
and corresponding mechanical load vectors can be elimi-
nated to reduce the computing scale as follows:

K∗
E =K11 −K12K−1

22K
T
12,

Q∗ = Fout −K12K−1
22 Fin,

11

where

K11 = GE T HM −1GE ,

K12 = − GE T HM −1GMI φE TφE −1
φE T ,

K22 = GMI T HM −1GMI + GII T HI −1GII − φI TφI −1
φI T ,

12

where φ is the matrix to restrain the rigid body displacements
and can be expressed as

φ =

1 0 1 0 ⋯ 1 0

0 1 0 1 ⋯ 0 1

−y1 x1 −y2 x2 ⋯ −yn xn

T

13

2.3. Homogenization Methods. As shown in Figure 3, the
inclusion and matrix domains of a 2D Voronoi cell element
can be divided into triangular and quadrilateral integration
regions, respectively. The mean stress and the mean strain
are related to the values of every integration cell and can be
obtained from the homogenization theory [7]:

σij = 〠
N tri

m=1
σtrim

Strim
SRVE

+ 〠
Nquad

n=1
σquadn

Squadn

SRVE
,

εij = 〠
N tri

m=1
εtrim

Strim
SRVE

+ 〠
Nquad

n=1
εquadn

Squadn

SRVE
,

14

where N tri (Nquad) is the quantity of triangular (quadrangu-

lar) elements, σtrim /εtrim (σquad
n /εquadn ) is the mean stress/strain

of each single triangular (quadrangular) element, Strim (Squadn )
is the area of themth (nth) triangular (quadrilateral) integra-
tion cell, and SRVE is the total area of the RVE.

2.4. Numerical Procedures

Remark 1. Octagons are used to simulate the circular inclu-
sions. To construct the matrix H, an integration subdivision
scheme is needed to achieve the numerical area integration
in (5). An integration subdivision scheme is proposed to
reduce the number of integration regions and enhance the
precision of numerical integration. As can be seen in
Figure 3, the inclusion phase and the matrix phase is subdi-
vided into 3 and 8 quadrilateral regions, respectively.

q = 10 Pa

2.4 �휇m

2.4 �휇m

r = 0.2 �휇m

5 8

76

9 12

1110

1 4

32

3

4

1

5

2

6 7 98

Figure 4: RVE model with five inclusions.
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Remark 2. The rank of the stiffness matrix is determined by
the rank of matrix H (refer to (8)). And the rank of matrix
H is equal to the number of the columns of matrix PnP (refer
to (5)). For elements with more nodes, it is necessary to
increase nP to obtain enough rank. The value of nP is adopted
25 to analyze octagon element. When nP is equal to 25, the
highest order of the power of matrix P is equal to 4. As shown
in (5), the Gauss integral with eight points is used in the cal-
culation of matrix H to conquer the ill-conditioned problem
of the stiffness matrix [23].

3. Numerical Examples

3.1. Result Validation

3.1.1. Displacement Analysis. In order to verify the applicabil-
ity of the Voronoi cell element method developed, the dis-
placement of a heterogeneous material with five inclusions
subjected to uniformly tensile load is considered in this exam-
ple (Figure 4). It is computed using VCFEM, and the results
are compared with those obtained from the displacement-
based FEM software Nastran. The matrix material is the fol-
lowing: Young’s modulus E = 1000 Pa and Poisson’s ratio
υ = 0 2. The inclusion material is the following: Young’s
modulus E = 3000 Pa and Poisson’s ratio υ = 0 2. A uniform
tensile stress q = 10 Pa at the top of the model is considered.
Displacement constraints are imposed on the bottom side
of the plate in the vertical direction. The center coordi-
nates of five inclusions are the following: (0.6μm,0.6μm),
(1.8μm,0.6μm), (1.2μm,1.2μm), (0.6μm,1.8μm), and
(1.8μm,1.8μm).

The RVEmodel is subdivided into 5 cells used in Voronoi
tessellation as shown in Figure 5(a). The RVE model is
meshed by FEM in the commerce procedure Patran as
well. There are 15,062 quadrilateral elements as shown in
Figure 5(b).

Table 1 shows the comparisons of the displacements of
nodes on matrix boundary and matrix-inclusion interface
in the loading direction. The results computed by the
VCFEM and Nastran show a good agreement with each

(a) Mesh of VCFEM (b) Mesh of FEM

Figure 5: Mesh of two numerical methods.

Table 1: Comparison of two methods’ displacement results in load
direction.

Node VCFEM (μm) FEM (μm) Error∗

Matrix node

1 0 0 —

2 0.005820 0.005598 3.97%

3 0.011190 0.010841 3.22%

4 0.016790 0.016027 4.76%

5 0.022840 0.021831 4.62%

6 0.021620 0.020608 4.91%

7 0.021960 0.020928 4.93%

8 0.021620 0.020608 4.91%

9 0.022840 0.021831 4.62%

Matrix-inclusion interface node

1 0.01584 0.01568 1.03%

2 0.01514 0.01472 2.89%

3 0.01594 0.01539 3.57%

4 0.01662 0.01634 1.72%

5 0.00543 0.00519 4.56%

6 0.00442 0.00426 3.88%

7 0.00493 0.00504 2.17%

8 0.00592 0.00591 0.14%

9 0.01058 0.01017 4.00%

10 0.00980 0.00937 4.54%

11 0.01063 0.01017 4.49%

12 0.01130 0.01100 2.73%
∗Error = VCFEM − FEM /FEM × 100%.
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other. The maximum relative error is less than 5.0%. In con-
sideration, the stiffness matrix obtained by the displacement
finite element method based on the minimum principle of
potential energy is greater than the real stiffness matrix. So
its displacement results are smaller than real displacement
results. VCFEM is based on the minimum principle of resid-
ual energy. The stiffness matrix obtained by VCFEM is
smaller than the real stiffness matrix. So its displacement
results are greater than real displacement results. The error
between the two displacement results is acceptable.

3.1.2. Modulus Analysis. Furthermore, another example is
adopted to verify the correctness of the combined method.
The effective Young’s modulus and shear modulus are ana-
lyzed for several volume fractions of the aluminum–SiC com-
posites using two theoretical models and the proposed
method [24]. The VCFEM models were generated by using
the program introduced in Section 2 and consisted of 100
hybrid elements containing polygonal inclusions as shown
in Figure 2. A uniform tensile stress q = 10 MPa at the top
of the model is considered. Appropriate displacement con-
straints are imposed on the bottom side of the plate in the
vertical direction. The material of the matrix is aluminum:
E = 70 576 GPa and υ = 0 33. The material of the inclusion
is SiC: E = 450 0 GPa and υ = 0 17.

It is clear from Figure 6 that those curves, respectively,
obtained by these three methods have the same change trend.
Eshelby’s model and Mori-Tanaka’s model are based on sim-
plifying assumptions. They can only determine a region of
real solution. And the result obtained by VCFEM is between
the results of two models. It indicates that the method can
obtain an effective result and shows its potential in the pre-
diction of mechanical properties of solid propellants.

3.2. Effective Mechanical Properties of CSP. In the following
case, the effective mechanical properties of the CSP are

analyzed for different volume fractions of inclusion and com-
ponent material properties with the RVE model of Section
3.1.2. The matrix will be assumed as an elastic material:
Young’s modulus EM = 10 MPa and Poisson’s ratio νM =
0 495. The AP particle material: Young’s modulus, EAP =
32 4 GPa, Poisson’s ratio νAP = 0 14. The Al material:
Young’s modulus EAl = 68 3 GPa, Poisson’s ratio νAl = 0 33.
The volume fraction of AP and Al particles, the modulus
and Poisson’s ratio of the matrix and inclusions, will be chan-
ged below to understand their relationship with effective
mechanical properties. As shown in Figure 7, the effective
moduli of different RVEs are calculated here to verify that
the RVE size used is large enough. Keep the effective
radius of particles (100μm) the same; increase the number
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of particles to obtain RVEs with different sizes. The results
showed that when the RVE size is greater than 1500μm (con-
tains 48 inclusion particles when the volume fraction is 60%),
its effective modulus remained stable. The model used below
contains 100 inclusions (as shown in Figure 2), whose size is
large enough to ignore the size effect of RVE here. A uniform
tensile stress q = 10 MPa at the top of the model is consid-
ered. Appropriate displacement constraints are imposed on
the bottom side of the plate in the vertical direction.

3.2.1. Effect of Inclusions’ Volume Fraction. The mechanical
properties of composites with different volume fractions of
AP and Al particles are calculated to study the effect of parti-
cle volume fraction. The changing of volume fraction
depends on the changing of the size of RVE. The value of
VAP/VAl varies with the quantity of AP cell elements xAP.
The 3D graphs in Figure 7 display the relationship between
the effective properties and the volume fraction of inclusions
V f and VAP/VAl.

Figure 8(a) illustrates an upward trend with the increase
of volume fraction of inclusion V f . Upon further analysis,
we can note that the effective modulus is closed to the mod-
ulus of the matrix when the V f is less than 60% and, with the
increase of V f , the effective modulus increases more rapidly.
Figure 8(b) illustrates a downward trend with the increase of

V f . The ratio of VAP/VAl describes little influence on the
effective properties.

With the increase of the volume fraction of inclusion, the
mechanical properties of composites, such as a composite
solid propellant, is closing to properties of the inclusion
materials. When the differences between the properties of
two inclusion materials are smaller than the differences
between theirs and the matrix’s, the variation of the propor-
tion of different inclusions is not obvious.

3.2.2. Effect of Matrix’s Material Properties. The mechanical
properties of compositeswithdifferentmodulus andPoisson’s
ratio of the matrix are calculated to study the effect of the
matrix material. The particle volume fraction remains at
65% invariability in this case. The 3D graphs in Figure 8
display the relationship between the effective properties and
the matrix modulus EM and matrix Poisson’s ratio νM.

It can be seen in Figure 9(a) that the effective modulus
has a positive relation with EM, while the influence of νM
can be ignored. Figure 9(b) shows that the effective Poisson’s
ratio has a positive linear relation with EM. Furthermore, the
effective Poisson’s ratio decreases slightly with the increase of
EM. But with the increase of the matrix modulus, the decreas-
ing trend is more and more inconspicuous.
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The variation of the modulus of the matrix has an effect
on both the effective modulus and the effective Poisson’s
ratio of the CSP, when the variation of the Poisson’s ratio
of the matrix has a linear effect on the effective Poisson’s ratio
of the CSP mainly.

3.2.3. Effect of Inclusion’s Material Properties. The mechani-
cal properties of composites with different modulus and
Poisson’s ratio of inclusion are calculated to study the effect
of the inclusion material. The particle volume fraction
remains at 65% invariability in this case. The 3D graphs in
Figure 10 display the relationship between the effective
properties and the inclusion modulus EI and the inclusion
Poisson’s ratio νI.

From Figure 10(a), the effective modulus increases
sharply with the increase of EI when the ratio of EI/EM is less
than 10. As EI continues to increase, the effective modulus
keeps constant steadily. The variation of νI has no significant
effect on effective modulus. From Figure 10(b), we can see
clearly that a dramatical change has taken place in the growth
process of EI. The effective Poisson’s ratio increases linearly
with νI. But the slope of the effective Poisson’s ratio and νI
is declining with the increase of EI.

Only when the modulus of inclusion is matched by the
modulus of the matrix, the effective modulus and effective
Poisson’s ratio are affected by the modulus of inclusion
significantly. However, the modulus of inclusion of the CSP
is larger than the matrix’s. Hence, the variation of modulus
of inclusion does not have as obvious influence as expected.

4. Conclusion

The effective modulus and Poisson’s ratio of the CSP, which
are closely related to the volume fraction and material prop-
erty of each component, are the critical material parameters
to analyze the structural integrity of propellant grains. A
strategy for constructing RVE models of highly packed par-
ticulate composites is presented here, which is adopted by
VCFEM appropriately. A numerical programming method
combined with the VCFEM and homogenization method is
proposed to investigate the relationship between the micro-
structural morphology and the effective properties of the

CSP. Based on the examples mentioned in the above sections,
the following conclusions can be drawn:

(1) The mechanical properties of the CSP are signifi-
cantly affected by the volume fraction of inclusions,
with the increase of the volume fraction of inclusion;
the mechanical properties of composites, such as a
composite solid propellant, are closing to the proper-
ties of the inclusion materials. However, the variation
of the proportion of different inclusions has a minor
influence. Since the properties different between the
inclusion and the matrix are very large, a small
change of inclusion’s properties does not have a sig-
nificant effect on the overall effective properties.

(2) Except that the modulus and Poisson’s ratio of the
matrix directly influence the effective modulus and
Poisson’s ratio of the CSP, respectively, the variation
of the matrix modulus has modest influences on the
effective Poisson’s ratio of the CSP.

(3) The effective properties are affected by the modulus
of inclusion significantly only when the moduli of
the inclusion and matrix are close. However, as for
the CSP, when the modulus of the inclusion is much
larger than that of thematrix, the effects of inclusion’s
material properties are not obvious as expected.
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This study focuses on the cell bump distortion and bearing capacity of parafoil structure. Based on the mechanical properties of the
membrane structure, the spanwise model of parafoil inflation was established and verified by comparing with the fluid-structure
interaction (FSI) results. Because the internal pressure is very low, the chordwise stiffness is mainly generated by suspending
lines. The chordwise model of inflated parafoil was established in consideration of elastic force and aerodynamic force. The
results show that the cell is slenderer; the canopy surface is smoother; the aerodynamic load has a light effect on the shrinkage
and bump ratios; when the cell width is constant, the critical dynamic pressure reduces k times with the k times increasing in
parafoil area; and the design parameters of the first-row line OA have significant effects on the structural stiffness of inflated
parafoil. The analytical model is useful for the weakening deformation design and the safety discussion of large parafoil for
rocket booster recovery.

1. Introduction

The parafoil is a flexible wing maintaining the aerodynamic
shape with ram air in cells and decelerating the payload drop
with aerodynamic lift. The aerodynamic force on canopy can
be changed by pulling down the steering ropes to achieve
steerable flight. As a kind of steerable aerodynamic decelera-
tor, parafoil gets extensive attention in the rocket booster
recovery. The parafoil is made by flexible textile material
and presents large deformation during flight. When used
in booster recovery, the parafoil has a tremendous area
and bears a large wing load. This puts forward higher
requirements for the bearing capacity of parafoil structure.
Therefore, it is necessary to investigate the deformation
and structural stiffness of large parafoils to improve their
performance and safety.

The deformed surface geometry of a parafoil was pre-
sented by a video-based photogrammetry during tethered
testing in a low-speed tunnel [1, 2]. Due to the fact that this
kind of test presents a high cost, numerical simulation
has become a popular way to analyze the deformation of
parafoils. Kalro et al. set the shape of deformed canopy
according to the drop test and analyzed the motion of

opening process [3]. Eslambolchi and Johari extracted the
inflated canopy geometry from close-up images of the
MC-4 canopy during a flight and computed the flow field
around the deformed canopy [4]. Ibos et al. simulated the
fluid-structure interaction problem of a parafoil using SINPA
software [5]. Kalro and Tezduyar calculated the shape of
a parafoil in a steady flight using the parallel coupling
algorithm for fluid-structure coupling using finite element
methods [6]. Fogell et al. analyzed the fluid-structure interac-
tion problem of a single-cell parafoil model [7]. Altmann
studied the deformation of canopy by the potential flow
theory and the cable finite element [8, 9]. Peralta and Johari
investigated the geometry of a fully inflated canopy in steady
flight using a prescribed pressure distribution [10]. Mosseev
developed a series of software to simulate the aerodynamic
deformation of a canopy [11]. The results indicate that the
projected area of an inflated canopy is 18% smaller than the
area of the initial geometry.

The numerical simulation of the fluid-structure inter-
action in the parafoil is very complicated and time-
consuming. It is difficult to carry out a numerical simulation
while designing a parafoil. Besides, the trade studies on
design variables cannot be clearly discussed only by the
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analysis of simulation examples. The deformation and safety
of the parafoil structure during the flight should be included
in the design process in order to improve the flight perfor-
mance of the parafoil. It is important to find a design theory
which is able to guide the manufacture process of large
parafoils. The novelty of the current study is to establish the
theoretical spanwise and chordwise model for the design of
parafoil. Further, the effect of design variables is studied.

2. Spanwise Structure Model

As is shown in Figure 1, the inflating deformation of parafoil
is mainly embodied as the spanwise bumps. This is deter-
mined by the mechanical properties of the membrane struc-
ture. The widthwise projection of the ideal cell is flat, but the
lengthwise projection is curved. When the cell is ballooning,
the widthwise curvature changes more than the lengthwise
curvature to bear pressure load. The failure of spanwise
structure is the primary failure mode of wingtip collapse.
Hence, the chordwise deformation and stress can be
neglected in the two-dimensional deformation model of
canopy structure.

The stress of membrane structure is expressed below [12]:

σ1
r1

+ σ2
r2

= P
t
, 1

where σ1 and σ2 are the radial and latitudinal stresses,
respectively; r1 and r2 are the radial and latitudinal radius
of curvature, respectively; P is the differential pressure;
and t is the thickness. In the two-dimensional model, (1)
is simplified:

σ

r
= P

t
, 2

where σ is the canopy stress, and r is the widthwise radius of
curvature. The widthwise variation of pressure is neglected,
and the canopy stress is constant in each cell, so the cells
must be inflated to a circular arc.

Figure 2 presents the 2D geometrical configuration of
balloon cells. The ribs are simplified as straight lines and
the upper and lower surfaces are simplified as a circular arc
with radius r. The cell coordinate system is established to
analyze the deformation of the cell. The y-axis is parallel to
the rib and the x-axis is perpendicular to the rib. When
the parafoil is in steady flight, every cell structure is in
equilibrium, and the vector sum of the forces acting upon
it is zero. Because the lift of the parafoil is mainly provided by
the upper surface, the aerodynamic pressure load is entirely
applied on the upper surface. The pressure on the lower
surface is equal to the stagnation pressure. By analyzing the
forces on the rib, upper and lower surface, the equations
are listed as follows:

T1 cos φ + T2 cos φ = P2h, 3

2T1 sin φ = P1w, 4

2T2 sin φ = P2w, 5

where T1 and T2 represent the tensions per unit chord of
upper and lower surface, respectively; P1 and P2 represent
the differential pressure on upper surface and the stagnation
pressure, respectively; h and w represent the height and
width of the cell, respectively; and φ represents the half of
the central angle.

As is mentioned above, the difference between P1 and P2
is the aerodynamic pressure load:

P1 = P2 +
1
2CL

′ρV2 = 1 + CL′ 1
2 ρV

2 = 1 + CL′ P2 6

Here, ρ is the air density; V is the parafoil velocity; and
CL′ is the lift coefficient defined in the cell coordinate system.

Equation (5) is subtracted from (4) and combined with
(6), resulting in (7) below:

T1 = T2 +
P1 − P2 w
2 sin φ

= T2 + CL′ P2w
2 sin φ

= 1 + CL′ T2

7

Equation (7) is substituted into (3), resulting in (8) below:

2 + CL′ T2 cos φ = P2h 8

Figure 1: Photograph of parafoil in flight.
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Equation (9) can be derived by the division operation of
(8) and (5):

φ = atan w
h
2 + CL′

2 9

According to the geometric relationship shown in
Figure 2, the ratio between the arc length w′ and the
width w can be indicated as follows:

r = w′
2φ = w

2 sin φ
, 10

η1 = 1 − w

w′
= 1 − sin φ

φ
, 11

η2 =
h′ − h
h

= 2r 1 − cos φ
h

, 12

where η1 and η2 are defined as the shrinkage ratio and the
bump ratio of the cell, respectively. Because the cell height
is mainly concentrated around the rib peak, the cell height
of the parafoil is set as the thickness of the rib. The flexible
lines can only restrict the relative position of the intersection
point of the lines and the connection point of the ribs;
therefore, the ribs can move easily on the arc whose center
is the intersection point and radius is the line length. The
move is similar to the contraction of the accordion and
leads to a large difference between the deformed shape and
the design shape of the parafoil.

To validate the spanwise model, the fluid-structure
interaction (FSI) simulation using the commercial solver
ANSYS has been carried out in our previous work [13]. The
grid of the parafoil system is shown in Figure 3. The canopy
is divided into triangular membrane elements. The two
intersection points of the suspending lines are fixed, and in
order to avoid the rigid body motion, the symmetrical
boundary condition is applied in the middle of the parafoil.
The internal and external pressure distributions on the
canopy, which were calculated at the angle of attack of 5°

using CFD method, were transferred to the canopy structure
through mapping interpolation. To avoid divergence, the
load was applied on the canopy in a way that it increased
linearly with the substeps.

The deformed parafoil obtained from the fluid-structure
interaction (FSI) simulation is presented in Figure 4. The
deformation is not amplified, and its scale is in accordance
with the geometric dimensioning of canopy. The bumps of
cells are clearly visible. It can be seen from Figure 4(a) that
the inflated canopy reduces the span which is equal to the
width of two cells. The actual span in the flight reduced by
13% compared to the designed span. The maximum thick-
ness of the airfoil Clark-Y18 is 18%c, but it will increase to
26%c after the bumps appear.

The cell ratio h/w, stagnation pressure P2, thickness
t, and cell lift coefficient CL′ in the case shown in
Figure 3 are 0.9, 61.25 Pa, 1mm, and 0.55, respectively.
These parameters are substituted into (9), (10), and
(11), then the shrinkage ratio is 14.6% and has little

difference with the value of 13% presented earlier. The
radius of curvature r for the cell is 0.1m. The bump
height h′ is 26%c and is equal to the previous value of
26%c. A comparison of the two sets of shrinkage ratio
and bump height validates the two-dimensional simplified
model. The stress of the lower surface calculated by (2) is
6000Pa, so the strain of the canopy is very small. The
parafoil is a typical large deformation small-strain struc-
ture, and the deformation is determined by geometrical
configuration rather than material characteristics.

The relationship between the shrinkage/bump ratios
and the cell ratio h/w with different CL′ values is plotted
in Figure 5. When the cell ratio is 1.8, the bump ratio is
very close to the wind tunnel test result 18%c to 23%c
[7]. As can be seen from the curves, the cell is slenderer,
the shrinkage ratio and bump ratio are smaller, and the can-
opy surface is smoother. This is why some high-performance
paragliders are composed of numerous cells. When the cell
ratio is greater than 2, the bump ratio changes little, so the
design value of 2 is recommended. The cell ratio is decreased,
and the shrinkage ratio is increased from the peak to the
trailing edge, so the angle of sweepback shows up. The
shrinkage and the bump ratios are increased a bit with the
increase of CL′, and the effect of CL′ is great at the medium
cell ratio. It means that the aerodynamic shape of the
parafoil will change a little with different angles of attack.

The shrinkage and bump ratios are ineradicable. Form
rib peak to trailing edge, the cell ratio is monotonously
decreasing, consequently, so is the shrinkage ratio. The
canopy is made of pieces of cloth. If the pieces of upper and
lower surface are designed to be the strips of uniform
width, the parafoil is likely to be malformed. The ideal cells
of uniform width become wide in the front and narrow in
the back after ballooning. This generates the angle of sweep-
back described previously. In order to guarantee the spanwise
appearance, the design of every cell upper and lower surfaces
needs to provide margin. A piece of upper or lower surfaces is
no longer a rectangular shape. The surcharge is computed by
the shrinkage ratio along the chordwise for a CL value of
0.55. A piece of wider and ideal lower surface for parafoil
described previously is shown in Figure 6.

The ribs are made of textile material, so they can only
bear tension. The expression for calculating the tension

Figure 3: Meshes of the parafoil.
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per unit chord of the rib T3 can be derived from (4)
and (5):

T3 = 2T1 sin φ − 2T2 sin φ = P1 − P2 w = CL′P2w 13

Apparently, the tension of the rib is the lift defined in the
cell coordinate system. The physical significance is that the
ribs and suspending lines are medium for the lift transmis-
sion from the upper surface to payload. Compared with the
inflated wing [14], the internal pressure of the parafoil is
too small, and the bearing capacity of inflated canopy
without the tensile suspending line can be neglected. If the
tensions of the ribs in some cells become zero, the ribs and
suspending lines will be slacked, and the parafoil structure
will collapse. According to (15), the critical pressure on the
upper surface is CL′P2. This critical pressure is not the
normal aerodynamic load but the perturbation caused by
crosswind. This illustrates that the parafoil with large wing
loading has a high ability to resist wingtip collapse. For the
flight parameters, the critical pressure is 33.7 Pa for the

(a) Top view (b) Front view

Figure 4: Deformed configuration of a parafoil.
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deformed parafoil shown in Figure 4. This pressure is much
lower than the differential pressure of the canopy, which is
often considered the critical pressure of wingtip collapse in
previous research.

The nonlinear buckling analysis for wingtip collapse of
the deformed parafoil shown in Figure 4 was carried out.
According to the relationship between the displacement
and the load in Figure 7, the critical pressure on the wingtip
is 32.9 Pa. The error between this critical pressure and the
result above is 2.4%, showing that the two-dimensional
model of wingtip collapse can reproduce the phenomena
with a low margin of error.

3. Chordwise Structure Model

After the inflating deformation of cell, the parafoil can bear
aerodynamic load. The inflated canopy should twist under
the action of chordwise aerodynamic moment. Compared
with the spanwise bumps, the torsion has a completely
different mechanism. It is caused by the aerodynamic
loading and varied with flow velocity. As is mentioned
above, the bearing capacity of inflated canopy without the
tensile suspending line can be neglected. The aerodynamic
loads of each cell are directly transmitted to payload by the
ribs and suspending lines attached on each cell. The force
transmission between cells is negligible, so the analysis of
the chordwise torsion can focus on a cell and the suspending
lines. Hence, the torsion of parafoil can be simplified to
two-dimensional chordwise model.

The two-dimensional chordwise sketch of parafoil is
shown in Figure 8. Due to the constraint of line OB, the cell
in front of line OB can rotate around point B. When the cell
presents an upward rotation angle θ under the aerodynamic
moment, the line OA will be stretched and the elongation is
lθ; l is the distance between points A and B. Hence, the elastic
restoring moment of line OA is l2θ/L1 EA. Here, L1, E,
and A are the length, elasticity modulus, and sectional area
of line OA, respectively. The torsional rigidity of the cell is
shown below:

Kθ =
l2

L1
EA 14

The initial angle of attack is α0, and the free-stream
velocity is V . Due to the elasticity of parafoil structure, the
new equilibrium at angle of attack α = α0 + θ will be estab-
lished under aerodynamic load. The additional angle θ is
defined by torsional rigidity and aerodynamic load, but the
aerodynamic load is also affected by θ. According to aerody-
namics, the aerodynamic load is composed of the lift force L
applied on the aerodynamic center and the nearly invariable
moment M0 about aerodynamic center. The lift L and the
aerodynamic moment M about point B are shown below:

L = CL′qS = ∂CL′
∂α

α0 + θ − αzl qS, 15

M =M0 + Lf =M0 +
∂CL′
∂α

α0 + θ − αzl qSf 16

Here, CL′ is the lift coefficient defined in the cell
coordinate system; q is the dynamic pressure; S is the
reference area of the cell; αzl is the zero lift angle of attack;
and f is the distance between the aerodynamic center and
point B.

The aerodynamic moment is equal to the elastic moment,
so the equilibrium equation can be written as below:

Kθθ =M0 +
∂CL′
∂α

α0 + θ − αzl qSf 17

The term θ is moved to the left:

Kθ −
∂CL′
∂α

qSf θ = ∂CL′
∂α

qSf α0 − αzl +M0 18

Hence, the expression of θ is shown below:

θ =
∂CL′/∂α qSf α0 − αzl +M0

Kθ − ∂CL′/∂α qSf
19

Figure 7: Load-displacement curve of deformed canopy.
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When the dynamic pressure q reaches a particular
value, the denominator in the equation becomes zero
and θ is infinity, and the parafoil structure will crash.
The critical dynamic pressure qD can be written as below:

qD = Kθ

∂CL′/∂α Sf
= l2

∂CL′/∂α Sf L1
EA 20

This critical dynamic pressure is aerodynamic load of
incoming flow, rather than the perturbation load for wingtip
collapse discussed in Section 2. According to the equation
above, when the cell width is constant, the critical dynamic
pressure of the parafoil amplified k times reduces k times.
The structure stability of a large parafoil needs special con-
sideration. The similar conclusion can be drawn by the wind
tunnel test [2].

The calculating example is a large rectangular parafoil
used in rocket booster recovery. Its design parameters are
presented as follows: the baseline airfoil is Clark-Y18, the
span length is 48m, and the chord length is 16m. The
front projection of the canopy is a quadrant arc and its
radius is 32m. There are four chordwise join points
between the ribs and suspending lines on the lower aerofoil.
The diameter of the lines is 3.2mm and its material is
Kevlar29. The elastic modulus of this material is 97GPa.
The lift-curve slope ∂CL′/∂α defined in the cell coordinate
system is 0.044 deg−1 and f is 5%c. According to (14), the
torsional rigidity of the calculating example is 25,600Nm.
According to (20), the critical dynamic pressure is 5340Pa.
If the maximum dynamic pressure in booster recovery
process is larger than 5340Pa, the recovery mission is likely
to fail. Increasing the section area of suspending lines
can enlarge the critical dynamic pressure to improve the
reliability of recovery.

The large sectional area of suspending lines results in
major drag and large weight. The sectional area should be
as little as possible under the premise of safety. The relation-
ship between torsion angle θ and dynamic pressure with
different torsional rigidity is plotted in Figure 9. The torsion
angle of the calculating example is within the acceptable
range. In the case of one-tenth sectional area of suspending
lines, the torsion angle is too large. Therefore, the design
parameters of line OA have significant effects on the struc-
tural stiffness of large parafoil.

4. Conclusion

According to the structural characteristic of parafoil, this
study has established the spanwise and chordwise structure
model of parafoil. The effects of design parameters on
deformation and safety of large parafoils are analyzed. This
may be useful for the preliminary parafoil design in rocket
booster recovery. From the results, the following conclusions
are drawn:

(1) Due to the constraint of flexible ropes, after inflation,
the parafoil will greatly distort in comparison to its
ideal design shape. For the analyzed parafoil with cell

ratio 0.9, the actual span of the parafoil reduces by
13% compared to the designed span; the maximum
thickness of the airfoil Clark-Y18 increases to 26%c
after the bumps appear.

(2) The spanwise model is useful for the weakening
deformation design and the margin design of the
upper and lower piece of the cell. The cell is slenderer
and the canopy surface is smoother. The design value
of 2 for the cell ratio is recommended. The aerody-
namic load has a bit of effect on the shrinkage and
bump ratios.

(3) The critical disturbance load of wingtip collapse is
much lower than the difference of pressure inside
and outside. The parafoil with large wing loading
has high ability to resist wingtip collapse.

(4) When the cell width is constant, the critical dynamic
pressure reduces k times with the k times increasing
in parafoil area. The design parameters of line OA
have significant effects on the structural stiffness of
large parafoils. Increasing the section area of line
OA can enlarge the critical dynamic pressure to
improve the reliability of booster recovery.

Nomenclature

P: Differential pressure
t: Canopy thickness
σ: Canopy stress
r: Widthwise radius of curvature
T1: Tension per unit chord of upper surface
T2: Tension per unit chord of lower surface
T3: Tension per unit chord of the rib
P1: Pressure on upper surface
P2: Stagnation pressure
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Figure 9: Relationship between torsion angle and dynamic
pressure.
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h: Height of cell
w: Width of cell
φ: Half of the central angle
CL′: Lift coefficient defined in the cell coordinate system
η1: Shrinkage ratio of cell
η2: Bump ratio of cell
l: Distance between points A and B
θ: Upward rotation angle
L1: Length of line OA
E: Elasticity modulus line OA
A: Sectional area of line OA
Kθ: Torsional rigidity of cell
S: Reference area of the cell
f : Distance between the aerodynamic center and point B.
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A cyclic cohesive zone model is applied to characterize the fatigue crack growth behavior of a IN718 superalloy which is frequently
used in aerospace components. In order to improve the limitation of fracture mechanics-based models, besides the predictions of
the moderate fatigue crack growth rates at the Paris’ regime and the high fatigue crack growth rates at the high stress intensity factor
ΔK levels, the present work is also aimed at simulating the material damage uniformly and examining the influence of the cohesive
model parameters on fatigue crack growth systematically. The gradual loss of the stress-bearing ability of the material is considered
through the degradation of a novel cohesive envelope. The experimental data of cracked specimens are used to validate the
simulation result. Based on the reasonable estimation for the model parameters, the fatigue crack growth from moderate to high
ΔK levels can be reproduced under the small-scale yielding condition, which is in fair agreement with the experimental results.

1. Introduction

Most of the service failures of aerospace components such as
landing gears, turbine blades, fastener joints, and so on are
caused by fatigue associated with cyclic loading. The fatigue
damage of structural metals normally is associated with the
initiation of macrocracks (the nucleation and growth of
microcracks), such that a few dominated macrocracks grow
until the final unstable fracture happens. By taking into
account material degradation instead of one single major
crack, continuum damage mechanics provides a sophisti-
cated framework for the fatigue crack initiation analysis of
metallic materials [1], while the fracture mechanics-based
models are dominated approaches in simulating fatigue crack
growth [2].

One of the extensively used models for predicting fatigue
crack growth is the Paris’ law [3] which relates the range of the
stress intensity factor ΔK and the crack growth rate da/dN
through a power law in double logarithmic coordinates. Gen-
erally, the relationship between da/dN and ΔK for most of
metallic materials can be divided into three stages [4], as

illustrated in Figure 1. Regime I corresponds to the formation
of a fatigue crack at the lowΔK , where crack growth cannot be
observed if ΔK is less than the threshold ΔK th. Regime II usu-
ally maintains the Paris’ law, which exhibits the moderate
fatigue crack growth rate (i.e., 10−6 mm/cycle <da/dN <
10−3 mm/cycle). The high crack growth rate (i.e., da/dN >
10−3 mm/cycle) achieves at Regime III in which ΔK asymp-
totically approaches the fracture toughness ΔKc. Fatigue life
predictions in engineering design have much success with
the modifications of the Paris’ law to determine crack growth
rates [5, 6].

Since elastic or the small-scale yielding (SSY) condition
at crack-tip is assumed in theK-basedmodels,many attractive
models have also been proposed to simulate fatigue crack
growth with considerable plastic deformations [6–10].
One representative model proposed by Dowling and Begley
[7] is constructed by replacing ΔK with ΔJ-integral to
extend the Paris’ law into the large-scale yielding (LSY)
conditions. However, some researchers [11, 12] have
pointed out that J-integral is invalid upon unloading.
Although other researchers [10] found that ΔJ-integral still
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maintains its path independence under cyclic loadings,
nevertheless, it is a considerable issue how to use ΔJ-inte-
gral correctly in fatigue crack growth simulations.

The cohesive zone model (CZM) is another reliable
approach which can describe the gradual degradation of
stress-carrying ability at a propagating crack-tip within the
framework of the nonlinear fracture mechanics. CZMs were
firstly proposed by Dugdale [13] and Barenblatt [14] to con-
sider the presence of process zone at crack-tip, where the
local degradation during crack growth is determined by a
given constitutive law (cohesive law) to relate the traction
with the magnitude of material separation. Except the appli-
cations in brittle [15] and composite materials [16], cohesive
models have been widely used in simulating the ductile frac-
ture of metallic materials. Tvergaard and Hutchinson [17]
introduced a trapeziform cohesive law to investigate crack
growth resistance during the fracture process of an elastic-
plastic solid. Chen et al. [18] simulated the ductile crack
growth of the thick CT specimens made of the pressure vessel
steel using a polynomial cohesive law. Uthaisangsuk et al.
[19] applied a CZM between martensitic islands and ferritic
grains to consider interface debonding in the dual-phase
microstructure of DP600 steel. Li et al. [20] studied the duc-
tile fracture of a notched Ti-6Al-4V specimen using a CZM.
Several authors [21] summarized classifications and applica-
tions of the CZM, which demonstrate the importance of
cohesive models in simulating ductile fracture.

For fatigue crack calculations, the material degradation
under cyclic loading must be considered; namely, the cyclic
cohesive zone model (CCZM) should be applied to simulate
fatigue crack growth. So far, there are many existing CCZMs
that are able to describe the linear Paris’ region (Regime II)
behavior. The first CCZM disinterring the Paris-like behavior
of fatigue crack growth for metallic materials was proposed
by Nguyen et al. [22]. They simulated fatigue crack growth
of a central cracked aluminum specimen and demonstrated

that the CCZM is capable of reproducing the Paris’ law.
The unloading-reloading hysteresis was applied to account
for dissipative mechanisms, which prevents the “shakedown”
effect efficiently in the crack growth process. However, they
did not mention the predictive ability of the model in Regime
III. Maiti and Geubelle [23] introduced a bilinear cohesive
law with an irreversible unloading-loading path to assess
capacity of the model for predicting fatigue crack growth in
polymers. Although they concluded that the developed
model can be used in both Regime II and Regime III for an
epoxy, they did not show the applications of the proposed
model in simulating ductile materials. Roe and Siegmund
[12] considered the effects of the interface fatigue crack
growth under different loading modes using an irreversible
CZM, and while most of the simulation results were per-
formed under the linear Paris’ region, high rates associated
with Regime III were not demonstrated. Ural et al. [24] used
a damage-based cohesive model to predict the fatigue crack
growth behavior in Regime II of an aluminum alloy. How-
ever, the application of this model has not been identified
in Regime III also. Li and Yuan [25] used a normal stress-
dominated cohesive model to simulate fatigue crack growth
of cracked and notched specimen and reproduced the linear
Paris-like behavior at different loading ratios; nonetheless,
the predictive ability in Regime III has not been considered
in the CZM. Jimenez and Duddu [26] proposed a strain
energy release rate-dependent CZM to model high cycle
fatigue delamination of the composite materials under both
mode I and mixed mode loadings, and they pointed out that
the CZM is suitable for the constant amplitude loading in
Regime II and also expected to extended the model to
describe all three regimes in fatigue crack simulations.
CCZMs can also be applied in analyzing the elastoplastic
fatigue cracks by introducing some stress triaxiality-
dependent parameters [27, 28]; that is, Jha and Banerjee
[28] proposed a triaxiality-dependent cohesive model to
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growth rate are also illustrated [4].
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simulate the fatigue failure of ductile metals and proved that
the CZM is suitable for the geometries with different stress
states. Similarly, these models [27, 28] do not mention their
applications for fatigue crack growth at the high ΔK levels
in Regime III.

Although the Paris-like behavior which corresponds to
the moderate ΔK levels in Regime II can be predicted by
using the aforementioned CCZMs [11, 22-27], this is not
the advantage of CCZMs, since the Paris regime associated
with SSY has already been described successfully according
to the K-based models. In order to resolve the more challeng-
ing task that to simulate the high fatigue crack growth rates in
Regime III of the metallic materials, a CCZM was proposed
in our previous work [29] in which two damage variables
were defined to represent monotonic damage and fatigue
damage, respectively. In fact, it is not easy to distinguish these
two different damage mechanisms in fatigue crack growth
before the final rupture occurs; thus, it is better to describe
the material damage evolution uniformly. Meanwhile, it is
anticipated that CCZMs have the potential to predict high
fatigue crack growth rates in Regime III under the LSY con-
ditions. For the purpose of easing the difficulty level for cohe-
sive modeling of fatigue crack growth at LSY, the predictive
ability of CCZMs in simulating high fatigue crack growth
rates at SSY should be verified systematically.

Therefore, the objective of this work is to examine a
CCZM for predicting high fatigue crack growth rates corre-
sponding to Regime III under the SSY conditions. Mean-
while, the present study attempts to describe the material
damage evolution uniformly and identify the effects of the
cohesive model parameters on fatigue crack growth under
both moderate and high ΔK levels. The contents of this paper
include the following aspects: in Section 2, the detailed for-
mulations of the CCZM are introduced. In Section 3, the
identification of the model parameters is performed firstly,
then the numerical results are presented according to the
compact-tension (CT) specimens and the single-edge
notched (SEN) specimens made of the IN718 superalloy
and validated against the experimental data from literatures.
Finally, the major conclusions are summarized in Section 4.

2. Cohesive Zone Model

The cohesive model has the ability to consider the ductile
rupture of the metallic materials under various loading con-
ditions. For fatigue crack growth simulations, the CCZM
has to be able to describe accumulative damage associated
with cyclic loading. Assume that the degradation of the
original cohesive envelope occurs with damage accumula-
tion, and the constitutive law under fatigue loading is
defined as

Tn = σmax

δn
δ0

exp 1 − δn
δ0

,  δn ≤ δ0,

1, δc = δ0 +D δu − δ0 ,  δ0 < δn ≤ δc,
δu − δn
δu − δc

,  δc < δn ≤ δu,

1

where the normal traction Tn is assumed to be a piecewise
function depending upon the normal separation δn. δ0 is
the characteristic length of the cohesive law, which is denoted
as the cohesive length. δu denotes the maximum normal sep-
aration above which the normal traction vanishes. Following
the concept from the continuum damage models, the damage
variable D = tDdt stands for the material degradation and
represents failure if D approaches 1. σmax = σmax,0 1 −D is
the cohesive strength used to identify the peak value of the
normal traction and σmax,0 is the initial cohesive strength.
The original cohesive law under monotonic loading can be
obtained by substituting D = 0 into (1). The parameter δc
corresponds to the material separation relating to the damage
variable D and δ0 ≤ δc ≤ δu. For both constant and variable
amplitude loadings, the damage evolution equation sug-
gested by Roe and Siegmund [12] can be applied to
reflect the accumulative damage for the metallic materials,
which reads

D = <δn >
dΣ

Tn
σmax,0 1 −D

−
σf

σmax,0
H δ − δ0 , D ≥ 0,

2

where dΣ is the accumulated cohesive length used to scale the
increment of the normal separation δn and δ = t∣δn∣dt. σf is
the cohesive endurance limit. The Macaulay brackets are
used to signify nonnegative value of damage evolution,
and the Heaviside function H states that damage initiates
at δ > δ0.

The novel cohesive envelope determined by (1) will
degrade and change its shape correspondingly associated
with the damage accumulation, and this characteristic is
the major difference between the current model and other
CCZMs [11, 12, 20, 22–28]. For example, in [25], the com-
bination use of (2) and the cohesive envelope of the expo-
nential form are performed to simulate fatigue crack
growth; however, this combination results in the contradic-
tory damage evolution at δn > δ0 if a slightly larger value of
σf /σmax,0 is provided, and this problem can be solved by
using (1). As mentioned above, the similar CCZM has been
proposed to investigate the mixed mode fatigue crack
growth in our previous simulations [29], the difference
between these two models is that the current one does
not introduce the monotonic damage, the material degra-
dation under cyclic loadings is described uniformly by
(2), and the monotonic damage is determined by the
cohesive envelope implicitly. Actually, the combination of
(1) and (2) has the capacity to simulate fatigue crack
growth at the high ΔK levels, the applications need not
be distinguished between monotonic damage and fatigue
damage as introduced in [29], the key point in such simula-
tions is the form of (1), and more details will be performed
in Section 3.

For the numerical implementation of the model under
each unloading-reloading cycle, assume that the residual sep-
aration exists after a complete unloading cycle as plastic
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deformations, and the corresponding unloading-reloading
path can be denoted by

Tn = Tn,t + kn δn − δn,t , δn, δn,t ≥ 0, 3

with

kn =
σmaxexp 1

δ0
, 4

where Tn is the traction at time t + Δt related to the separa-
tion δn according to the cohesive stiffness kn. Tn,t and δn,t
are the traction and the separation at time t, respectively.

As shown in Figure 2(a), assume that the rising segment
(1→ 2) of the loading sequence results in the separation of a
material point at the cohesive zone. In order to explain the
operating mechanism of the model under cyclic loading in
detail, two different cases are considered, namely, δn ≤ δ0
(Figure 2(b)) and δn > δ0 (Figure 2(c)). Upon unloading,
the path (2→ 3) follows (3) without damage evolution.
The contact of two cohesive surfaces is constrained by intro-
ducing a penalized equation as

Tn = Aσmax,0 exp 1 δn
δ0

, δn < 0, 5

where A is the penalty stiffness. Here, we should mention that
this contact algorithm is applied to simulate crack closure
explicitly. The crack closure effects are related to the plastic

deformation of the bulk material around the crack-tip
implicitly under cyclic loading.

The reloading path (3→ a) specified by (3) deviates from
the previous unloading path due to damage evolution. At the
subsequent loading segment (3→ 4), the value of Tn corre-
sponding to reloading may reach the degraded cohesive
envelope T1

n at a. Upon further reloading, the value of Tn
moves along the degraded envelope T1

n at time t; however,
the continued damage accumulation through (2) makes it
move along the subsequent degraded cohesive envelope T2

n
at time t + Δt. The dot lines in Figures 2(b) and 2(c) are
two degraded cohesive envelopes corresponding to δ1c and
δ2c , respectively. In both cases, if the loading level makes the
reloading path move along the descending part of the
degraded cohesive envelop, there is no damage accumulation
that will occur and the material degradation is described by
(1) implicitly.

The above CCZM has been implemented based on the
user interface UMAT of the commercial code ABAQUS
via the cohesive element [30]. Since the numerical simula-
tions are performed according to the ABAQUS/Standard
solver, both the updated cohesive traction and the material
Jacobian matrix should be provided for constructing the
internal nodal force vector and the cohesive stiffness matrix
in UMAT. The standard Newton method is applied to solve
the global nonlinear equations, and the default values for
the solution control parameters are adopted. The global
convergence rule is checked at the end of each time
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Figure 2: Illustration of the loading-unloading-reloading path together with (a) the cyclic loading spectrum at (b) δn < δ0 (first half cycle) and
(c) δn > δ0 (first half cycle): loading with opening of the cohesive surface (1 → 2); unloading (2 → 3); reloading with the damage
accumulation (3 → 4); and subsequent partial unloading (4 → 5). The dot lines represent the degraded cohesive envelopes.
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increment, such that the tolerance limit on the residual
force can be fulfilled.

3. Model Validation

In the present study, the influence of model parameters on
fatigue crack growth will be verified systematically; mean-
while, the predictive ability of the model for the high fatigue
crack rates in Regime III will be validated experimentally.
The material under investigation is a nickel-based superalloy
IN718 which is widely used in aeroengine components due to
its high yield stress, excellent fatigue resistance, and so on in
severe conditions [31]. In modeling a CT specimen with the
initial crack, the length is a = 25 mm and the thickness
is B = 12 5 mm. The material properties are as follows:
Young’smodulus E = 200GPa, Poisson’s ratio v = 0 3, the ini-
tial yield stress σy = 1196MPa, and the plane strain fracture
toughness K Ic = 125MPam1/2. The J2 plasticity is applied to
describe the plastic behavior of the alloy, and the relationship
between true stress σ and true plastic strain εp is described by
the Holomon’s equation as

σ = K εp
n, 6

where the bulk modulus K = 1531 MPa and the strain hard-
ening exponent n = 0 015. We note from the perspective of
cohesive modeling for fatigue crack that the isotropic hard-
ening is often assumed to simulate the material response
approximately without knowing the exact cyclic deformation
behavior of the bulk material [11, 28, 32]. However, the more
accurate cyclic plasticity model should be determined exper-
imentally as mentioned in [33]. Due to the symmetry, only

the upper half of the specimen is modeled under the plane
strain condition, as shown in Figure 3. The whole finite-
element model consists of 1725 elements and 1872 nodes.
The cohesive zone is predefined along the crack growth
path using 240 COH2D4 elements which are uniformly
distributed along the ligament of the specimen with the
element length of 0.1mm. The CPE4 elements are used
for the rest of the regions.

3.1. Identification of Model Parameters. Based on previous
descriptions, the model parameters can be divided into
two types. The monotonic model parameters include cohe-
sive strength σmax,0, cohesive length δ0, and cohesive energy
Γ0. The cyclic model parameters are the accumulative length
dΣ and the cohesive endurance limit σf . Omitting shear
stress in the cohesive zone, only the normal traction is
active under the mode I crack growth condition. The cohe-
sive energy Γ0 is determined by integration of the monotonic
cohesive envelope as follows:

Γ0 =
δu

0
Tndδn, 7

where the form of Tn is represented by (1) with D = 0. The
monotonic cohesive envelope can be constructed through
the initial cohesive strength σmax,0, the cohesive length δ0,
and the cohesive energy Γ0. Under the SSY conditions, the
cohesive energy is related to the plain strain fracture tough-
ness K Ic based on the Irwin’s relation as follows:

Γ0 =
1 − ν2 K2

Ic
E

8

60

30

27.5 13.75
(a) (b)

(c)

62.5
50

a

Initial crack-tip
1 2 3 4

Figure 3: (a) Sketch of a CT specimen (initial crack length a = 25 mm, widthW = 50mm, and thickness B = 12 5 mm) and (b) the FE mesh
(a half of the specimen is modeled), and (c) points 1, 2, 3, and 4 correspond to the four integration points located along the crack growth
path (the distance between two adjacent points is 1.2mm), and the arrow indicates the initial crack-tip of the CT specimen.
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According to (8), the cohesive energy is Γ0 = 7 1 × 104J/
m2 in the present analysis. The cohesive strength σmax,0 =
3900MPa is used, which is nearly three times above the ini-
tial yield stress of IN718 according to the suggestion in
[34], where the corresponding cohesive length σ0 = 0 003m
m. Actually, the relationship between the initial cohesive
strength and cohesive length can be attributed to the effect
of the initial cohesive stiffness kn. The choice related to kn
should guarantee that the cohesive zone does not influence
the overall compliance before damage initiation and nor-
mally a higher value of kn is used. Since the cohesive energy
is the work needed to create a unit area of two mating
fracture surfaces, the resulting δu = 0 017mm is obtained
according to (1) with D = 0.

Identification of the influence of the model parameters is
performed using the CT specimen under constant loading
amplitudes at the loading ratio R = 0 1, where R = Fmin/
Fmax with Fmax and Fmin are the maximum and minimum
of the uniaxial applied force F, respectively. The nominal
stress intensity factor is applied to describe the stress field
at crack-tip. The range of the stress intensity factor ΔK for
the CT specimens can be calculated through [35]:

ΔK = ΔF 2 + ζ

B W 1 − ζ 3/2

0 886 + 4 64ζ − 13 32ζ2 + 14 72ζ3 − 5 6ζ4 ,
9

where ζ = a/W. This formulation is accurate within 0.5%
error over the range 0.2 ≤ζ ≤ 1.

The effect of the accumulative length dΣ to the crack
growth length curve is indicated in Figure 4(a), where the ini-
tial stress intensity factor ΔK i = 76MPam1/2. At a given
crack growth length Δa, the lower value of dΣ corresponds
to the higher crack growth rate for the same value of σf /
σmax,0. In comparison with the number of loading cycles to
the final failure between dΣ = 20 δ0 and dΣ = 25 δ0, the critical
crack growth length of approx. 5.5mm is achieved under
both dΣ = 20 δ0 and dΣ = 25 δ0 at failure. Theoretically, the
critical crack length should be reached at dΣ = 10 δ0 also; how-
ever, the FE calculation is aborted since the high damage
evolution rate associated with dΣ = 10 δ0 is so fast that themesh
resolution of 0.1mm at crack-tip cannot capture the crack
growth rate before the final failure. The effect of σf /σmax,0 on
the crack growth curves is shown in Figure 4(b) by comparing
two different values of σf /σmax,0 at dΣ = 10 δ0, where the higher
crack growth rate is accompanied by the lower value of σf /
σmax,0 at a given crack length. Based on Figure 4, we can con-
clude that the critical crack length is only determined by the
monotonic model parameters together with the ΔK level.

The effect of dΣ on the da/dN versus ΔK curve is shown
in Figure 5(a), where the da/dN data are determined based
on the corresponding a −N curves (see Figure 4). In order
to examine the effects of cyclic model parameters on fatigue
crack growth in the Paris’ region, the numerical results
of the lower loading level Fmax = 20 kN associated with ΔK i
= 63MPam1/2 is also displayed. The accumulative length
dΣ acts like the intercept coefficient C which operates in
the Paris’ law, that is, da/dN = C ΔK m. It plays a role
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Figure 4: The effects of (a) the accumulative length dΣ and (b) σf /σmax,0 on the crack growth curve. The constant loading amplitude is carried

out with Fmax = 24 kN at R = 0 1, where the corresponding initial stress intensity factor range ΔK i = 76MPam1/2 for the CT specimen.

6 International Journal of Aerospace Engineering



60 100 12080

10−3

10−2

d
a
/d
N

 (m
m

/c
yc

le
)

ΔK (MPa m1/2)

ΔKc

dΣ = 10δ0
dΣ = 20δ0
dΣ = 25δ0

𝜎f/𝜎max,0 = 0.33

(a)

10−3

10−2

d
a
/d
N

 (m
m

/c
yc

le
)

ΔKc

dΣ = 10δ0 dΣ = 20δ0

60 100 12080
ΔK (MPa m1/2)

𝜎f/𝜎max,0 = 0.33
𝜎f/𝜎max,0 = 0.48

𝜎f/𝜎max,0 = 0.33

(b)

Figure 5: The effects of (a) the accumulative length dΣ and (b) σf /σmax,0 on the fatigue crack growth rate. The constant loading amplitude is

carried out with Fmax = 20 kN and 24 kN at R = 0 1, where the corresponding initial stress intensity factor range ΔK i = 63MPam1/2 and
ΔK i = 76MPam1/2 for the CT specimen, respectively.

10 100

Curve fitting
Experiment (Newman et al.)

ΔK (MPa m1/2)

ΔKc

10−7

10−5

10−6

10−4

10−3

10−2

10−1

d
a
/d
N

 (m
m

/c
yc

le
)

(a)

Curve fitting
Experiment (Newman and Yamada)

10
10−5

10−4

10−3

10−2

10−1

100

ΔKc

ΔK (MPa m1/2)

d
a
/d
N

 (m
m

/c
yc

le
)

(b)

Figure 6: Plot of the experimental result and the corresponding fitting curve by using the Erdogan-Ratwani model of the IN718 alloy for
(a) the CT specimens and (b) the SEN specimens.
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in increasing or decreasing crack growth rate in all portions
at a certain value of σf /σmax,0. In contrast, σf /σmax,0 has a ten-
dency to modify the slope of the da/dN versus ΔK curve as
the parameter m of the Paris’ law, as shown in Figure 5(b).
However, the effects of the cyclic model parameters are also
influenced by the monotonic model parameters; namely,
the crack growth rate is accelerated inevitably as the ΔK
level approaches the critical value ΔKc = 1 − R K Ic in
Regime III before the final failure. The above results
reveal that the high fatigue crack growth rates at high
ΔK levels can be captured reasonably based on the current
model and the uniform damage evolution equation can be
applied in such simulations.

3.2. Comparison with Experiments. After the parameter
identification, the next the predictive ability of the model will
be examined using the CT specimen as displayed in
Figure 3(a). The experimental data in validations are
obtained by digitizing the results reported by Yamada and
Newman [36] and Newman et al. [37], as shown in
Figure 6, where the fatigue crack growth tests were per-
formed by using the CT specimens and the SEN specimens
at R = 0 1, respectively. The experimental results are fitted
according to the Erdogan-Ratwani model [5]. For the CT
specimens, the experimental points can be well approxi-
mated by the following equation:

da
dN

= 2 554 × 10−5 ΔK − 8 1 887

ΔKc − ΔK , 10

where da/dN is in mm/cycle and ΔK is in MPam1/2. For the
SEN specimens, all points including the threshold region can
be well described by the following equation:

da
dN

= 1 782 × 10−5 ΔK − 5 1 917

ΔKc − ΔK 11

Three constant loading amplitudes, that is, Fmax = 17 kN,
18.5 kN, and 20 kN at R = 0 1, are applied to obtain the cyclic
cohesive model parameters, where the corresponding initial
stress intensity range are ΔK i = 54MPam1/2, ΔK i = 58MPa
m1/2, and ΔK i = 63MPam1/2, respectively. The fatigue crack
growth simulations are performed to fit the experimental
data associated with the moderate growth rates. As depicted
in Figure 7, the fitting curve constructed by the aforemen-
tioned three ΔK levels correlates the experiments very well
in the linear Paris’ region. The corresponding crack growth
versus the applied loading cycle curves are displayed in
Figure 8, where the fastest crack growth rate is achieved
under the highest ΔK level at a given crack length. The
determined cyclic model parameters of IN718 are listed
in Table 1.

For the fatigue crack growth simulation in Regime III, the
constant loading amplitude is applied with Fmax = 24 kN at
R = 0 1, which corresponds to the initial stress intensity fac-
tor range ΔK i = 76MPam1/2. In order to capture the local
response of each material point along the crack growth path,
four material points 1, 2, 3, and 4 located at the crack growth
path are used to trace the material responses associated with
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Figure 7: Plot of the experimental results and the corresponding
fitting curves of the CCZM in the Paris’ region.
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Figure 8: The crack growth curves with varying ΔK i under the
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Table 1: Model parameters of IN718 used in simulations.

σmax,0 (MPa) δ0 (mm) δu (mm) σf (MPa) dΣ (mm)

3900 0.003 0.017 1847 0.03
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the high propagation rates, as illustrated in Figure 3(c). The
distance between two adjoining monitory point is 1.2mm.

The traction-separation responses during crack growth
are indicated in Figure 9 for both points 1 and 4, where the
material damage is obtained based on (2) for the two material

points. The traction of point 1 approaches 87% of the initial
cohesive strength σmax,0 at the first loading cycle while the
traction of point 4 is still small; namely, the traction of point
4 is only 10% of σmax,0 at the first loading cycle, as shown in
Figure 10. Except for point 1 loses its stress-carrying ability at
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Figure 9: The traction versus separation curves are compared between (a) point 1 and (b) point 4, and the constant loading amplitude is
carried out with Fmax = 24 kN at R = 0 1, which corresponds to the initial stress intensity factor range ΔK i = 76MPam1/2 for the CT specimen.
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Figure 10: The traction against the number of applied cycles is compared between (a) point 1 and (b) point 4, and the constant loading
amplitude is carried out with Fmax = 24 kN at R = 0 1, which corresponds to the initial stress intensity factor range ΔK i = 76MPam1/2 for
the CT specimen.
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the 207th cycle, other points have no damage accumula-
tions at the first 548 loading cycles such that their original
cohesive stiffnesses still exist, since there are no damage
evolutions for these points (see Figure 11). The damage
initiation for point 4 starts after 1500 loading cycles,
where the maximal value of the traction increases (up to
80% of σmax,0) at first and then decreases with the applied
loading cycles until the material point is completely dam-
aged (see Figure 10(b)), and this phenomenon is also true
for points 2 and 3.

During the crack growth process, the distributions of the
damage zone, the von-Mises stress, and the equivalent plastic
strain under both the moderate and the high levels of ΔK are
compared in Figure 12. The fatigue crack propagates from
length a = 25 5 mm to 29.5mm by measuring the length of
the complete damage zone of the two levels of ΔK . For two
cases, the von-Mises stress ahead of the current crack-tip is
greater than the initial yield stress 1196MPa and the obvious
plastic zone is created gradually in the crack wake during
crack growth. These results show that the material responses
of both the cohesive zone and the surrounding bulk material
are simulated reasonably.

Figure 13 summarizes the numerical and experimental
crack growth results under constant amplitude loading. The
simulation associated with Fmax = 24 kN is the predicting
result based on the determined model parameters listed in
Table 1. The whole da/dN versus ΔK curves are assembled
through these four different ΔK i levels. With increment of
the crack length, da/dN becomes very high and approaches
instability limited by the ΔKc at failure (see Figure 13). As
indicated in Figure 1, fatigue crack growth in Regime II is

largely influenced by the loading ratio and the frequency in
the air; therefore, fatigue crack growth with moderate rates
is irrelevant to the geometries of specimens. At high propaga-
tion rates as ΔK approaches to ΔKc, there is a good agree-
ment between the prediction and the experiment of the
SEN specimens, while a deviation between the simulation
and the experiment of the CT specimens exists. Actually,
the difference in experiment data also occurs between the
CT and SEN specimens in Regime III due to the occurrence
of ductile fracture. The ductile fracture process of metallic
materials involves nucleation, growth, and coalescence of
microvoids, which is greatly influenced by the stress state
and may not be described, for example, by (1) simply, and
the local constraint effect accompanied by the specimen
geometry also affects the crack growth resistance. Neverthe-
less, based on the cyclic model parameters determined by
the experimental data in Regime II, the numerical result cap-
tures the accelerated fatigue crack growth phenomenon of
the experimental data in Regime III associated with the high
ΔK levels.

4. Conclusions

In order to overcome the limitations of fracture mechanics-
based models, for example, the Paris’ law or the ΔJ-inte-
gral-based model, for predicting elastic-plastic fatigue crack
growth rates, the cyclic cohesive model is verified
systematically on the fatigue crack growth of the IN718 alloy
from moderate to high ΔK levels. Since ductile fracture
occurs as the ΔK level approaches the fracture toughness,
the model parameters determined from the experimental
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Figure 11: (a) The damage evolution and (b) the cohesive stiffness with the number of applied cycles are compared from point 1 to point 4,
and the constant loading amplitude is carried out with Fmax = 24 kN at R = 0 1, which corresponds to the initial stress intensity factor range
ΔK i = 76MPam1/2 for the CT specimen.
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data at the moderate ΔK levels cannot predict the fatigue
crack growth rates at the high ΔK levels for all the specimens
exactly, and the local constraint effect should be considered
during the damage evolution in Regime III.

The simulations reveal that the novel cohesive envelope
combined with one damage evolution equation can also be
used to capture the accelerated fatigue crack growth behavior
at the high ΔK levels, and there is no need to distinguish
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Figure 12: Contour plots during crack growth: (a, b) damage evolution; (c, d) von-Mises stress; (e, f) equivalent plastic strain (PEEQ). The
corresponding crack length a is (a, c, e) 25.5mm with the moderate ΔK = 77MPam1/2; (b, d, f) 29.5mm with the high ΔK = 102MPam1/2.
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between the monotonic damage and the fatigue damage as
introduced in [29]. The crack growth behaviors are largely
affected by the accumulative length dΣ and the cohesive
endurance limit σf ; meanwhile, the effects of the cyclic model
parameters are also influenced by the monotonic model
parameters, that is, cohesive energy and the initial cohesive
strength as the ΔK level approaches the critical value corre-
sponding to the fracture toughness.

After the model parameter identification and the experi-
mental validation, we confirm that the current model has the
capacity to simulate the elastic-plastic fatigue crack growth
behavior of IN718 at SSY, especially in Regime III. Further-
more, it remains for the next work to extend the application
of the CCZM for simulating fatigue crack growth of other
alloys at LSY.
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