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Caner Özdemir, Tzu-Yang Yu, and Roland Potthast
Volume 2015, Article ID 403729, 2 pages

Inversion Study of Vertical Eddy Viscosity Coefficient Based on an Internal Tidal Model with the
Adjoint Method, Guangzhen Jin, Qiang Liu, and Xianqing Lv
Volume 2015, Article ID 915793, 14 pages

ADirectly Numerical Algorithm for a Backward Time-Fractional Diffusion Equation Based on the
Finite Element Method, Zhousheng Ruan, Zewen Wang, and Wen Zhang
Volume 2015, Article ID 414727, 8 pages

Effective Parameter Dimension via Bayesian Model Selection in the Inverse Acoustic Scattering
Problem, Abel Palafox, Marcos A. Capistrán, and J. Andrés Christen
Volume 2014, Article ID 427203, 12 pages

Approximate Sparsity and Nonlocal Total Variation Based Compressive MR Image Reconstruction,
Chengzhi Deng, Shengqian Wang, Wei Tian, Zhaoming Wu, and Saifeng Hu
Volume 2014, Article ID 137616, 13 pages

Aerodynamic Optimal Shape Design Based on Body-Fitted Grid Generation, Farzad Mohebbi
and Mathieu Sellier
Volume 2014, Article ID 505372, 22 pages

An Inversely Designed Model for Calculating Pull-In Limit and Position of Electrostatic Fixed-Fixed
Beam Actuators, Cevher Ak and Ali Yildiz
Volume 2014, Article ID 391942, 7 pages

Applying Hybrid Heuristic Approach to Identify Contaminant Source Information in Transient
Groundwater Flow Systems, Hund-Der Yeh, Chao-Chih Lin, and Bo-Jei Yang
Volume 2014, Article ID 369369, 13 pages

Trajectory Evaluation of Rotor-Flying Robots Using Accurate Inverse Computation Based on Algorithm
Differentiation, Yuqing He, Yingjun Zhou, and Jianda Han
Volume 2014, Article ID 464056, 8 pages

Bound Alternative Direction Optimization for Image Deblurring, Xiangrong Zeng
Volume 2014, Article ID 206926, 12 pages

Resolving Power of Algorithm for Solving the Coefficient Inverse Problem for the Geoelectric Equation,
K. T. Iskakov and Zh. O. Oralbekova
Volume 2014, Article ID 545689, 9 pages

An Adaptive Total Generalized Variation Model with Augmented Lagrangian Method for Image
Denoising, Chuan He, Changhua Hu, Xiaogang Yang, Huafeng He, and Qi Zhang
Volume 2014, Article ID 157893, 11 pages



Sparse Scenario Imaging for Active Radar in the Forward-Looking Direction, Jun Wang, Fenggang Yan,
Yinan Zhao, and Xiaolin Qiao
Volume 2014, Article ID 653208, 12 pages

A Study on Bottom Friction Coefficient in the Bohai, Yellow, and East China Sea, Daosheng Wang,
Qiang Liu, and Xianqing Lv
Volume 2014, Article ID 432529, 7 pages

A Review on Migration Methods in B-Scan Ground Penetrating Radar Imaging, Caner Özdemir,
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This special issue presents some very interesting recent devel-
opments in the area of inverse problems. The scope of the
issue covers wide range of disciplines, for example, electro-
magnetics, acoustics, heat conduction, and image processing,
from theory and application point of view. In the following,
we give very brief descriptions of the published papers.

M. R. Santos et al. propose the estimation of heat flux
at the chip-tool interface using inverse technique. The paper
demonstrates an elaborate experimentation. The nonlinear
heat diffusion equation is solved via a 3D numerical code and
the temperature distribution is predicted using finite volume
elements. For the inverse problem, the function specification
method is employed. Heat fluxes at the tool-workpiece
interface are estimated using inverse problems methods and
experimental temperatures. The results are matched in a fair
way with those of the tool-work thermocouple technique for
cutting parameters on cutting edge temperature.

C. He et al. present an adaptive TGV-based model for
noise removal. The aim of the study is to achieve a balance
between edge preservation and region smoothness for image
denoising. The variable splitting and the classical augmented
Lagrangian method (ALM) are employed in the solution of
the proposedmethod.The authors observe that the proposed
algorithm is effective in suppressing staircasing effect and
preserving edges in images, and it is superior to some other
famed adaptive denoising methods both in quantitative and
in qualitative assessment.

X. Zeng proposes a bound alternative direction method
which can be considered as an extension of alternating direc-
tion method of multipliers for the solution of ℓ𝑝 (𝑝 ∈ (0, 1))
minimization problems in image deblurring. The author
reports that the experiments on a set of image deblurring
problems have shown that the proposed method for the
synthesis ℓ𝑝 formulation is favorably competitive with the
state-of-the-art algorithms for the synthesis ℓ1 formulation.

C. Özdemir et al. present a review paper whose aim is to
evaluate and compare themigration algorithms over different
focusing methods such that the reader can decide which
algorithm to use for a particular application of GPR. In the
paper, the brief formulation and the algorithm steps for the
hyperbolic summation, the Kirchhoff migration, the back-
projection focusing, the phase-shiftmigration, and the (𝜔−𝑘)
migration are presented and the simulated and the measured
examples that are used for the performance comparison of the
presented algorithms are provided.

Y. He et al. investigate the flight maneuvering trajectories
evaluation problem. The algorithm differentiation is used
to realize the inverse computation of the rotor-flying robot
system. The advantages of the proposed algorithms are
mentioned as only desired positions and their derivatives
and the feasibility of the trajectories (including inner states
and inputs) can be evaluated and additionally an accurate
pointwise numerical feasibility analysis of planned trajecto-
ries becomes possible.
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C. Deng et al. consider a compound regularization
based compressive sensingMRI reconstructionmodel, which
exploits the NLTV regularization and wavelet approximate
sparsity prior. For the algorithm, the variable splitting and
augmented Lagrangian algorithm is applied to solve the
compound regularization minimization problem. Authors
report that the experiments on test images demonstrate that
the proposed method leads to high SNR measure and more
importantly preserves the details and edges of MR images.

J. Wang et al. propose a strategy using joint angle-
Doppler representation basis which can determine a sparse
target scenario in spatial domain at the same range for
active radar in the forward-looking direction. According to
the authors, the presented approach settles the trouble that
traditional SAR andDBS techniques cannot provide an image
for active radar in the line of sight and needs only single-
receiver channel without any modification on traditional
radar hardware. The given strategy shows good performance
with different setup about SNR level and target numbers.

A. Palafox et al. pose an acoustic inverse scattering
problem in a Bayesian inference perspective and simulate
the posterior distribution using Markov chain Monte Carlo
(MCMC). For the corresponding direct problem, the classical
layer potential approach is employed and the problem was
solved in a fast and reliable manner with parallel computing.
The authors implemented the effective dimension method
via Bayesian model selection where the normalizing constant
for each model is approximated using the MCMC output
for giving a parametric representation of the solution of the
inverse problem.

D. Wang et al. apply the adjoint tidal model based on
the theory of inverse problem to investigate the effect of
bottom friction coefficient on the tidal simulations. In their
work, the Bohai, Yellow, and East China Sea are simulated
by assimilating altimeter data. Authors report that the sim-
ulated results with new empirical formulas are better than
traditional schemes, such as the constant, different constant
in different subdomain, and depth-dependent form.

F. Mohebbi and M. Sellier study an optimal shape design
problem in aerodynamics. The aim of the inverse problem is
finding the optimal shape of an airfoil placed in a potential
flow at a given angle of attack should have such that the
pressure distribution on its surface matches a desired one.
To achieve this aim, a numerical method is investigated to
generate a mesh over the airfoil surface and to solve for
the flow equation. The authors report in their paper that
the proposed sensitivity analysis method reduces the com-
putation cost even for large number of the design variables
and confirm accuracy and efficiency of the proposed shape
optimization algorithm.

K. T. Iskakov and Zh. O. Oralbekova consider the direct
and inverse problems for the geoelectric equations.They have
showed that the considered problem is reducible to a system
of the Volterra integral equations. A stability estimate has
been proved for the solution of this system. As a result,
a conditional stability estimate has been obtained for the
solution of the considered inverse problem. The application
of this conditional stability estimate is discussed.

H.-D. Yeh et al. propose an approach to solve complicated
source release problems in groundwater contaminant plumes,
containing unknowns of three location coordinates and sev-
eral irregular release periods and concentrations.The authors
employ an ordinal optimization algorithm (OOA), roulette
wheel approach, and a source identification algorithm, based
on simulated annealing, tabu search, and a three-dimensional
groundwater flow and solute transport model. It is demon-
strated that the proposed approach works effectively in the
problems with different initial guesses of source location
and measurement errors and with large suspicious areas and
several source release periods and concentrations.

C. Ak and A. Yildiz propose an inverse approach to
obtain a relation between applied voltage and displacement
of the midpoint of fixed-fixed beam actuator. An inversely
designed model and a modified formula which establishes a
good approximation of the system with an unsophisticated
representation are presented. In this direction, one can
calculate required voltage for pull-in limit in a simpler way.
On the other hand, the approach, for example, does not take
the fringing effect into account for the sake of simplicity.
However, employment of artificial optimization techniques is
suggested for the improvement of the modified formula.

G. Jin et al. study the inversion of vertical eddy viscosity
coefficient (VEVC) with a method based on an isopycnic
coordinate internal tidal model in their paper. Numerical
experiments are provided to examine the influence factors on
the inversion of VEVCs in four aspects: independent point
schemes (IPS), topography, the spatial distribution of VEVC,
and the optimizationmethods.The authors found out in their
investigations that the limited-memory Broyden–Fletcher–
Goldfarb–Shanno (L-BFGS) method is a more effective
method than the gradient descent method (GDM-S) in terms
of the inversion of the VEVC. However, it is noted that the
GDM-S is more convenient and controllable, so it should not
be ignored and should be taken seriously as a choice for the
inversion of the VEVC with spatial distribution.

Z. Ruan et al. study a backward problem for a time-
fractional diffusion equation. This ill-posed problem is for-
mulated as a regularized optimization problem. The authors
propose a direct numerical algorithm for solving the stated
problem. This algorithm is based on the adoption Tikhonov
regularization to overcome ill-posedness. The regularization
parameters are selected from computational experiments by
the discrepancy principle. The numerical results confirm the
robustness of the algorithm.
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Based on an isopycnic-coordinate internal tidal model with the adjoint method, the inversion of spatially varying vertical eddy
viscosity coefficient (VEVC) is studied in two groups of numerical experiments. In GroupOne, the influences of independent point
schemes (IPSs) exerting on parameter inversion are discussed. Results demonstrate that the VEVCs can be inverted successfully
with IPSs and the model has the best performance with the optimal IPSs. Using the optimal IPSs obtained in Group One, the
inversions ofVEVCs on two differentGaussian bottom topographies are carried out inGroupTwo. In addition, performances of two
optimization methods of which one is the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) method and the other is
a simplified gradient descent method (GDM-S) are also investigated. Results of the experiments indicate that this adjoint model is
capable to invert the VEVC with spatially distribution, no matter which optimization method is taken. The L-BFGS method has a
better performance in terms of the convergence rate and the inversion results. In general, the L-BFGS method is a more effective
and efficient optimization method than the GDM-S.

1. Introduction

Internal tide, which is the internal wave of tidal frequency,
is a ubiquitous phenomenon in the oceans. Rattray [1],
Baines [2], Bell [3], Baines [4], Craig [5], Gerkema [6], and
Llewellyn Smith and Young [7] have developed theoretical
models and obtained some analytical solutions of internal
tide on ideal topographies. These theoretical models helped
them investigate the generation and propagation of inter-
nal tide. Although great progress has been made on the
internal tide theory and some analytical works were carried
out, only a small amount of solutions can be provided,
due to the complexity of the problems. For this reason,
quantitative analysis with practical significance still has to
rely on the combination of numerical simulation, theoretical
analysis, experiment, and observation. Numerical simulation
is an effective method in marine research and has been
widely used in the internal tide research. Kang et al. [8]
investigated the 𝑀2 internal tide near Hawaii with a two-
dimensional, two-layered numerical model and confirmed

that the internal tide was generated by barotropic forcing
at the Hawaiian Ridge and propagated in north-northeast
and south-southwest directions. Based on a high-precision
three-dimensional PrincetonOceanModel (POM),Niwa and
Hibiya [9] obtained the distribution of the𝑀2 internal tide in
the Pacific Ocean using the TOPEX/Poseidon (T/P) satellite
data. Cummins et al. [10] simulated the generation and
propagation of internal tides near the Aleutian Ridge using
T/P altimeter data. The comparison between the altimeter
data and their model results showed good agreement for the
phase, which also provided evidence for wave fraction near
the Aleutian Ridge. With a three-dimensional POM, Niwa
and Hibiya [11] investigated the distribution and the energy
of the 𝑀2 internal tide around the continental shelf edge
in the East China Sea. Their numerical experiment results
indicated that𝑀2 internal tides are effectively generated over
prominent topographies such as sea ridges, island chains,
and straits. Jan et al. [12] modified the POM to study the
generation of the 𝐾1 internal tide and its influence on
surface tide in the South China Sea. The conversion from
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the barotropic energy to the baroclinic energy over topo-
graphic ridges in the Luzon Strait was also estimated.

Determination of the vertical eddy viscosity coefficient
(VEVC), which describes the vertical mixing in the ocean,
plays an important role in the study of energy exchange and
material transportation. The VEVC is regularly regarded as
a constant in numerical models. Schemes to determine the
VEVC mainly include the Prandtl mixing-length hypothesis
model, the 𝑘-𝜀 model, the Pacanowski-Philander mixing
model [13], and some turbulent closure models that are
more complicated. Many studies have been carried out to
investigate the variation of the VEVC [14–18]. All these
mentioned studies indicate that due to different intensions
of the vertical mixing in sea water, the VEVC should
not be treated as a constant but a parameter with spatial
distribution.

Satellite remote sensing technology and other related
technologies provide uswith a large number of data.Thus, it is
one of themost importantmissions in physical oceanography
to make use of the data efficiently and precisely as well
as to combine the observation data with present numerical
models. Indeed, data assimilation with the adjoint method
provides an effective access to these missions. The use of the
adjointmethod inmarine science can be traced back to 1980s.
The adjoint model is capable of optimizing control param-
eters in numerical simulation. Bennett and McIntosh [19]
applied theweak constraint thought to solve the tidal problem
and the geostrophic-flow problem. Yu and O’Brien [20]
assimilated both meterological and oceanographic data into
an oceanic Ekman layer model and deduced the unknown
boundary condition, the unknown vertical eddy viscosity,
and the current field. Based on a tidal model with a two-level
leapfrog method, Lardner [21] inverted the open boundary
conditions in three-test problems. Seiler [22] used the adjoint
method to assimilate observations into a quasi-geostrophic
ocean model and estimated the lateral boundary values in
ideal experiments. Navon [23] wrote a summary of the
parameter estimation in meteorology and oceanography in
the view of applications with four- dimensional variational
data assimilation techniques. Using an automatic differen-
tiation compiler, Ayoub [24] constructed the adjoint model
of the Massachusetts Institute of Technology Ocean General
Circulation Model and inverted the open boundary condi-
tions in the North Atlantic. Zhang and Lu [25] developed
a three-dimensional nonlinear numerical tidal model with
the adjoint method and designed several numerical exper-
iments to estimate three kinds of parameters including the
open boundary conditions, the bottom friction coefficients,
and the vertical eddy viscosity coefficients. Zhang and Lu
[26] employed a two-dimensional tidal model to study the
inversion of the bottom friction coefficients in the Bohai Sea
and the Yellow Sea with the adjoint method. Chen et al. [27]
constructed a three-dimensional internal tidal model with
the adjoint method and estimated six different kinds of open
boundary conditions on fourteen types of topography. Based
on a tidal model, Zhang and Chen [28] carried out several
semiidealized experiments to estimate the partly and fully
spatial varying open boundary conditions. Cao et al. [29]
investigated the inversion of open boundary conditions with

a three-dimensional internal tidal model and simulated the
𝑀2 internal tide around Hawaii by assimilating T/P data.

There are two main objectives of this paper. One is to
study the inversion of the VEVC with an internal tidal model
and the adjoint method. According to the introductions
above, a lot of studies have been carried out to investigate the
inversion of the control parameters of internal tide such as
the open boundary condition [29, 30] and the bottom friction
condition [31, 32]. However, few works are found to study
the inversion of VEVC. Since VEVC is a decisive factor to
describe the verticalmixing in the ocean, it is necessary to pay
attention to the inversion of the VEVC.The other objective is
to make a computational investigation on the performance
of the gradient descent method and the limited-memory
Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) method for
the inversion of VEVCs based on the model constructed by
Chen et al. [27]. Both of the methods do not require any
evaluations of the Hessian matrices but gradient vectors and,
thus, are computationally feasible. Chen et al. [30] have made
a comparative study on several optimization methods but it
is on the inversion of the open boundary conditions which
is a one-dimension case. The feasibility of these optimization
methods for two-dimensional case such as the inversion of
the VEVC needs further studies.

Two groups of numerical experiments are carried out
to study the inversion of spatially varying VEVCs based
on an isopycnic-coordinate internal tidal model with the
adjointmethod. InGroupOne, the influences of independent
point schemes (IPSs) exerting on parameter inversion are
discussed. Group Two investigates the inversions of VEVCs
on two different Gaussian bottom topographies and the
performances of two optimization methods which are the
GDM-S and the L-BFGS methods.

This paper is organized as follows. Section 2 briefly
introduces the adjoint tidal model and the methodology.
Two optimization methods, including the GDM-S and the L-
BFGSmethods, are described in Section 3. Section 4 presents
design and process of the experiments in detail. Results of
the experiments are discussed in Section 5. Finally, we make
a summary and draw some conclusions in Section 6.

2. Numerical Model Introduction

An isopycnic-coordinate internal tidal model with adjoint
assimilation method is employed in this paper. There are two
parts in the internal tide model. One is forward model with
the governing equations and the other is adjoint model with
the adjoint equations. The two models are used to simulate
the internal tide and to optimize the control variables,
respectively. Chen et al. [27] had introduced the two parts in
great detail and tested the reasonability and feasibility of the
model. The formulation will not be presented in this paper.
The derivation of VEVC adjustment, introduction of the two
optimization method, test of the adjoint method, and the
independent point scheme (IPS) are described in details in
this part.
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2.1. Test of the Adjoint Method. According to the equations
and derivations of Chen et al. [27], the formula to invert
the VEVC can be derived. The first derivative of Lagrangian
function with respect to VEVC is obtained as follows:

𝜕𝐿

𝜕𝐴V𝑖,𝑗,𝑘
= 0, (1)

where𝐴V𝑖,𝑗,𝑘 is the value of VEVC at grid (𝑖, 𝑗) in the 𝑘th layer.
The gradient of cost functionswith respect to theVEVC in the
grid (𝑖, 𝑗, 𝑘) can be deduced as follows:

𝜕𝐽

𝜕𝐴V𝑖,𝑗,𝑘

= (𝜌𝑘 + 𝜌𝑘+1)

×∑

𝑛

[

[

(𝑢
𝑛

𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑖,𝑗,𝑘+1
) (𝑢
𝑛

𝑎𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑎𝑖,𝑗,𝑘+1
)

ℎ𝑖,𝑗,𝑘 + ℎ𝑖+1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘+1 + ℎ𝑖+1,𝑗,𝑘+1

+

(𝑢
𝑛

𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑖−1,𝑗,𝑘+1
) (𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘+1
)

ℎ𝑖−1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘 + ℎ𝑖−1,𝑗,𝑘+1 + ℎ𝑖,𝑗,𝑘+1

]

]

+ (𝜌𝑘 + 𝜌𝑘+1)

×∑

𝑛

[

[

(V𝑛
𝑖,𝑗,𝑘

− V𝑛
𝑖,𝑗,𝑘+1

) (V𝑛
𝑎𝑖,𝑗,𝑘

− V𝑛
𝑎𝑖,𝑗,𝑘+1

)

ℎ𝑖,𝑗,𝑘 + ℎ𝑖+1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘+1 + ℎ𝑖+1,𝑗,𝑘+1

+

(V𝑛
𝑖−1,𝑗,𝑘

− V𝑛
𝑖−1,𝑗,𝑘+1

) (V𝑛
𝑎𝑖−1,𝑗,𝑘

− V𝑛
𝑎𝑖−1,𝑗,𝑘+1

)

ℎ𝑖−1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘 + ℎ𝑖−1,𝑗,𝑘+1 + ℎ𝑖,𝑗,𝑘+1

]

]

,

(2)

where 𝜌𝑘 is the potential density in the 𝑘th layer, 𝑢𝑛
𝑖,𝑗,𝑘

and
V𝑛
𝑖,𝑗,𝑘

are horizontal velocities at the 𝑛th time step, 𝑢𝑛
𝑎𝑖,𝑗,𝑘

and
V𝑛
𝑎𝑖,𝑗,𝑘

are the adjoint variables of 𝑢𝑛
𝑖,𝑗,𝑘

and V𝑛
𝑖,𝑗,𝑘

, respectively,
and ℎ𝑖,𝑗,𝑘 is the initial thickness of the 𝑘th layer. The detailed
derivation of (2) is presented in the appendix.

Accurately programming the adjoint in such problems as
the present one is quite tricky and experience has shown that
it is essential to check the accuracy of the adjoint computation
before proceeding with the minimization runs [33]. The
correctness of the adjoint method is verified in this section.
Take the first-order term of a Taylor expansion for the cost
function and we obtain the following equation:

𝐽 (p + 𝛼U) = 𝐽 (p) + 𝛼U ⋅ 𝐺 (p) + 𝑂 (𝛼2) . (3)

Here, p is a general point of the control variable, 𝐺(p) =
∇𝐽(p) is the computed gradient, and U is an arbitrary unit
vector in the parameter space. Based on (3) a function of 𝛼
can be written as follows:

Φ (𝛼) =
𝐽 (p + 𝛼U) − 𝐽 (p)

𝛼U ⋅ 𝐺 (p)
, (4)

where 𝛼 is a small real number that is not equal to zero.
If the adjoint methodology is correct, it is supposed that

lim𝛼→0Φ(𝛼) = 1 according to (4). In this paper, the VEVC
variable 𝐴V is treated as p and test of the adjoint method is
based on (4).

In order to test the accuracy of the adjoint method, two
experiments are carried out in which two different types ofU
are used.The different vector directions are𝑈1 = 𝐺(𝑝)/|𝐺(𝑝)|
and 𝑈2 = (√1/𝑁,√1/𝑁, . . . , √1/𝑁), respectively.

Figure 1 indicates the trends ofΦ(𝛼) as 𝛼 approaches to 0.
It is clear that in both experiments when 𝛼 is less than 10−3,
values ofΦ (solid lines) are both very close to 1 (dashed lines).
Equation lim𝛼→0Φ(𝛼) = 1 is proved and the correctness of
gradient computed in the adjoint model is verified.

2.2. Independent Point Scheme. The available observation
data may not be sufficient and control parameters to be
determined may be excessive in practice. That may cause
ill-posedness of the inversion problem. Richardson and
Panchang [34] first noted that if an adjoint method is applied,
when there is a big error in data, the solution will be unstable
and not unique. Many researchers have made progress in
solving this problem. A lot of work [26, 27, 30, 32] have been
done to prove the capability and feasibility of the independent
point scheme (IPS) in solving ill-posed problems of inversion.

In this paper, the IPS is used to optimize the control
parameter.The basic idea of IPS is as follows: some grids (e.g.,
(𝑖𝑖, 𝑗𝑗)) are selected as the independent points; it is assumed
that 𝑃𝑖𝑖,𝑗𝑗 represents the value of VEVC in grid (𝑖𝑖, 𝑗𝑗), so
values of VEVC in all grids 𝑝𝑖,𝑗 can be calculated from 𝑃𝑖𝑖,𝑗𝑗

with linear interpolation method. The computing formula is
given as follows:

𝑝𝑖,𝑗 =

∑𝑖𝑖,𝑗𝑗𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗𝑃𝑖𝑖,𝑗𝑗

∑𝑖𝑖,𝑗𝑗𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗

, (5)

where𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗 is the weight coefficient of the Cressman form
[35]:

𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗 =

𝑅
2
− 𝑟
2

𝑖,𝑗,𝑖𝑖,𝑗𝑗

𝑅2 + 𝑟
2
𝑖,𝑗,𝑖𝑖,𝑗𝑗

, (6)

where 𝑟𝑖,𝑗,𝑖𝑖,𝑗𝑗 is the center distance between (𝑖, 𝑗) and (𝑖𝑖, 𝑗𝑗)
and 𝑅 is the influence radius. According to (5), the gradient
of 𝐽 with respect to 𝑝𝑖,𝑗 can be written as

𝜕𝐽

𝜕𝑃𝑖𝑖,𝑗𝑗

=∑
𝑖,𝑗

𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗

𝜕𝐽

𝜕𝑝𝑖,𝑗

∑

𝑖,𝑗

𝑊𝑖,𝑗,𝑖𝑖,𝑗𝑗, (7)

where 𝜕𝐽/𝜕𝑝𝑖,𝑗 is the gradient of 𝐽 with respect to the VEVC
at the grid (𝑖, 𝑗) and can be calculated using formula (2).

According to Section 2.1, the correctness of the gra-
dient with respect to the independent points should be
tested. Based on (5), the perturbations (𝛼𝑈) applied to the
independent points have a linear impact on those applied
to the nonindependent points. The convergences for the
nonindependent points will remain the same after linear
transformation for independent points.

The values of VEVC at the independent grids can be
calculated inside the model and values at other grids are
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Figure 1: Variation of Φ(𝛼) with respect to 𝛼.

gained through interpolation using (5). Then the spatial
distribution of VEVC in the entire area is obtained.

3. Optimization Algorithms

There have been many large-scale optimization methods to
solve the minimization problem [36]. Four main methods
are line search method (e.g., Wolfe and Goldstein), trust-
region method, conjugate gradient method (e.g., Fletcher-
Reeves), and quasi-newtonmethod (e.g., BFGS and L-BFGS).
However, the number of studies discussing the performances
of various optimization methods in the meteorological and
oceanographic application is still relatively small [30]. Line
search method requires repeated computations for the cost
function and the gradient.Therefore it spends toomuch com-
putation resource during numerical simulations especially for
physical oceanography. Besides, line search methods may fail
in some cases [37].The L-BFGSmethod is commonly used to
solve large-scale problems in oceanography andmeteorology
[30, 38, 39]. Chen et al. [30] have made a computational
investigation on the performances of the L-BFGSmethod and
two versions of gradient descentmethodwith an internal tide
model. In their work, a simplified gradient descent method
is applied which is able to avoid too much computation.
The step length is chosen according to the experience of the
modeler. Compared with other methods, there are two main
advantages of this plan. One is the less computation resource
usage and the other is the more controllable optimization
process. Many research papers have proved the feasibility of
this method [25–27, 31, 32].

Generally speaking, numerical methods to solve the
minimization problems have the similar iterative formula as
follows:

𝐴
𝑛+1

V = 𝐴
𝑛

V + 𝛼
𝑛
𝑑
𝑛
, (8)

where 𝐴𝑛V and 𝐴
𝑛+1

V are the priori and adjusted values of
VEVC in the 𝑛th iteration, respectively and 𝛼

𝑛 and 𝑑
𝑛

represent the iteration step length and the search direction,
respectively.There aremanymethods to determine the search

direction 𝑑𝑛. Two different optimization methods employed
in this paper are the GDM-S and the L-BFGS methods.

3.1. Gradient Descent Method (GDM). The GDM is a simple
and feasible method to define the search direction as follows:

𝑑𝑛 = −𝑔𝑛 = −

(𝜕𝐽/𝐴V𝑖,𝑗,𝑘)𝑛

(𝜕𝐽/𝐴V𝑖,𝑗,𝑘)𝑛



, (9)

where 𝑖, 𝑗, and 𝑘 are the zonal index, the meridional index,
and the layer index of the calculation grid, respectively; 𝑛
represents the step of iteration. ‖(𝜕𝐽/𝐴V𝑖,𝑗,𝑘)𝑛

‖ is the 𝐿2 norm
of the gradient of the cost function with respect to the VEVC
in the 𝑛th iteration.

In theGDM-S, the step length 𝛼 is chosen to be a constant
according to the experience of themodeler.We have surveyed
the performances of different values of𝛼 and take 0.006 as the
best choice. The optimized value of VEVC is obtained after
the VEVC in every grid (𝑖, 𝑗, 𝑘) is adjusted according to (8)
and (9).

3.2. L-BFGS Method. L-BFGS is an optimization algorithm
in the family of quasi-Newtonmethods that approximates the
BFGS algorithm using a limited amount of computer mem-
ory. This method is first described in the work of Nocedal
[40], where it is called the SQN method. It is a popular
algorithm for parameter estimation in machine learning [41,
42]. Due to its resulting linear memory requirement, the
L-BFGS method is particularly well suited for optimization
problems with a large number of variables.

It requires the search direction to be

𝑑𝑘 = −𝐻𝑘𝑔𝑘, (10)
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where

𝐻𝑘+1 = (𝑉
𝑇

𝑘−1
⋅ ⋅ ⋅ 𝑉
𝑇

𝑘−𝑚
)𝐻0 (𝑉𝑘−𝑚 ⋅ ⋅ ⋅ 𝑉𝑘−1)

+ 𝜌𝑘−𝑚 (𝑉
𝑇

𝑘
⋅ ⋅ ⋅ 𝑉
𝑇

𝑘−𝑚+1
) 𝑠𝑘−𝑚𝑠

𝑇

𝑘−𝑚
(𝑉𝑘−𝑚+1 ⋅ ⋅ ⋅ 𝑉𝑘)

+ 𝜌𝑘−𝑚 (𝑉
𝑇

𝑘
⋅ ⋅ ⋅ 𝑉
𝑇

𝑘−𝑚+1
) 𝑠𝑘−𝑚𝑠

𝑇

𝑘−𝑚
(𝑉𝑘−𝑚+1 ⋅ ⋅ ⋅ 𝑉𝑘)

+ 𝜌𝑘−𝑚 (𝑉
𝑇

𝑘
⋅ ⋅ ⋅ 𝑉
𝑇

𝑘−𝑚+1
) 𝑠𝑘−𝑚𝑠

𝑇

𝑘−𝑚
(𝑉𝑘−𝑚+1 ⋅ ⋅ ⋅ 𝑉𝑘)

.

.

.

+ 𝜌𝑘𝑠𝑘𝑠
𝑇

𝑘
.

(11)

Note that 𝑔𝑘 is the simplification of ∇𝐽(𝑝𝑘) for conve-
nience. Here, 𝜌𝑘 = 1/𝑠𝑘𝑦

𝑇

𝑘
, 𝑉𝑘 = 1−𝜌𝑘𝑦𝑘𝑠

𝑇

𝑘
, 𝑠𝑘 = 𝑝𝑘+1 −𝑝𝑘 =

𝛼𝑘𝑑𝑘, and 𝑦𝑘 = 𝑔𝑘+1 − 𝑔𝑘. Many studies have shown that
typically 3 ≤ 𝑚 ≤ 7, where 𝑚 > 7 does not improve the
performance of L-BFGS [43]. So the number of corrections
m used in the L-BFGS update of this paper is taken as 5 [44].
The version of L-BFGS used in this paper is described in Liu
and Nocedal [44] and the Fortran codes are authorized by
Nocedal [45].

4. Design of Experiments

All the experiments in this paper are implemented in an ideal
regional area from 116∘E to 124.17∘E and from 18∘N to 23.17∘N
with in mind the practical sea area located around the Luzon
strait. The horizontal resolution is 10 × 10

 and there are
totally 49 × 31 grids in the area. The maximum depth is set
to be 1000 meters. The horizontal eddy coefficient is chosen
to be 𝐴ℎ = 1000 and the bottom friction coefficient is taken
as 𝜅 = 0.003. The Coriolis coefficient is taken as the local
value. Only𝑀2 tide is considered and its angular frequency is
1.41 × 10

−4 s−1. The whole-time step is 496.86 s which is 1/90
of the period of 𝑀2 tide. All the four boundaries are open
boundaries and boundary conditions are set to be the local
water levels in the Flather form.

Eastern and western boundaries:

𝜁 − 𝜁

= ±√(1 −

𝑓
2

𝜔2
)
𝐻

𝑔
(𝑈 − �̃�) , (12)

positive in eastern boundary and negative in western bound-
ary.

North and south boundaries:

𝜁 − 𝜁

= ±√(1 −

𝑓
2

𝜔2
)
𝐻

𝑔
(𝑉 − �̃�) , (13)

positive in north boundary and negative in south boundary.
𝜁 is the surface elevation above the undisturbed sea level.

𝑈 and 𝑉 are the zonal current velocity and the meridional
current velocity, respectively. 𝜁, �̃�, and �̃� are the surface
elevation and the zonal and meridional current velocity
relating to the boundary barotropic tidal force, respectively.

𝑓 is the Coriolis coefficient and𝜔 is the tidal frequency of𝑀2
tide. 𝐻 is the local water depth and 𝑔 is the acceleration of
gravity.

Similar as Chen et al. [27], the 𝑀2 tidal force at the 𝑛th
time step is subject to

𝜁
2
= 𝑎𝜁 cos (𝜔𝑛Δ𝑡) + 𝑏𝜁 sin (𝜔𝑛Δ𝑡) , (14)

the Fourier coefficients 𝑎𝜁 at four open boundaries are set to
be 0 and 𝑏𝜁 are set to be 1 (−1) at the north and west (south
and east) boundaries.

The T/P altimeter data is widely spread throughout the
ocean and it can be used to invert VEVC. In this work, we pick
89 calculating points based on the distribution features of T/P
altimeter observation as the observation points (Figure 2).

Two kinds of topographies are tested in this paper and
they are generated based on the two formulas in (15),
respectively (Figure 3). The sea water in the computing area
is divided into two layers. The thicknesses of each layers are,
respectively, ℎ1 = 200m and ℎ2 = 800m. The potential
densities of corresponding layer are 𝜌1 = 1021 (kg/m−3) and
𝜌2 = 1024 (kg/m

−3
), respectively. Consider

𝐻𝐴 = ℎ0 exp(−
(𝑥 − 𝑥0)

2
+ (𝑦 − 𝑦0)

2

2𝐿2
)

−MaxDepth,

𝐻𝐵 = ℎ0(1 − exp(−
(𝑥 − 𝑥0)

2
+ (𝑦 − 𝑦0)

2

2𝐿2
))

−MaxDepth,

(15)

where ℎ0 is the height of the topography andMaxDepth is the
depth of the water.

For each experiment, the optimization of the VEVC can
be implemented with the following steps.

Step 1. The prescribed VEVC is given and the forward model
is run. The whole simulation time is 20 period of the 𝑀2
tide in order to obtain a stable simulation result. The water
elevations in the observation positions are treated as the
“pseudoobservations.”

Step 2. Initial value of the control parameter (VEVC) is given
and forwardmodel is run to get the simulated results of all the
state variables such as current velocity and water elevation.
The value of cost function 𝐽 is calculated.

Step 3. Difference between the simulated elevation and the
“pseudoobservation” plays as the external force of the adjoint
model. Via backward integrating the adjoint equations in
a period of the 𝑀2 tide values of the adjoint variables are
obtained.

Step 4. Using formula (2), along with the state variables and
the adjoint variables obtained in Steps 2 and 3, the gradient
of cost function with respect to VEVC is calculated.



6 Mathematical Problems in Engineering

116.5 117 117.5 118 118.5 119 119.5 120 120.5

18.5

19

19.5

20

20.5

21

−1000
−950
−900
−850
−800
−750
−700
−650
−600
−550
−500

La
tit

ud
e (
∘
N

)

Longitude (∘E)

Figure 2: Planform of topography (e.g., topography A) and loca-
tions of the observations (white dots).

Step 5. Update the unknown control variables with a certain
optimization method.

Step 6. If the stopping criterion of iteration is reached, bring
the iteration to an end and return the optimized parameter.
Otherwise, update all the parameters and go back to Step 2.

In the experiments of this paper, all initial values of VEVC
are set to 0.005 and the total number of iterations is allowed
to be 100 at most. The chosen convergence criterion is that
the last two values of the cost function are sufficiently close,
which is defined by

𝐽end − 𝐽end−1
 < 10

−9
, (16)

where 𝐽end and 𝐽end−1 are the last and the second last values of
the cost function, respectively.

Two groups of numerical experiments are carried out:
the influence of IPSs on the inversion of VEVC is studied
in Group One; in Group Two the ability of this internal
tide model to invert different kinds of VEVC with spatial
distribution is examined. Two kinds of spatial distribution
of VEVC are prescribed and given in Figure 4. For both
distributions, the VEVC value ranges from 3 × 10

−3m2/s to
7 × 10

−3 m2/s.
InGroupOne, nine experiments are carried out to discuss

the influence of IPS on the inversion of VEVC. The distance
between independent points (IP) ranges from 20 (length of
2 grids) to 100 (length of 10 grids) and details are listed
in Table 1. Topography A is applied and distribution (a) is
chosen to be the prescribed spatial distribution of VEVC.

In Group Two, four numerical experiments (NEs) are
carried out which are numbered as NE1∼NE4, respectively.
Each experiment is implemented with GDM-S and the L-
BFGS methods. Information of topographies and prescribed
VEVCs for all NEs is listed in Table 2. The IPSs are the
optimal schemes obtained in Group One. Other parameters
are exactly the same as Group One.

All the experiments in Group One and Group Two are
carried out following Steps 1 to 6 described in Section 4.
Version of L-BFGS method used in this paper is from the
work of Liu and Nocedal [44].

Table 1: Settings of independent point schemes in Group One.

IPS 1 2 3 4 5 6 7 8 9
Number of IPs 360 160 96 60 40 35 24 24 15
Distance between IPs () 20 30 40 50 60 70 80 90 100

Table 2: Topographies and distributions of VEVC in Group Two.

Experiment Topography Distribution
NE1 A a
NE2 A b
NE3 B a
NE4 B b

5. Experiment Results and Discussions

5.1. Results and Discussions of Group One. Figure 5 illustrates
the relationships betweenmean absolute errors (MAE, which
reflects the error between the inversion result and the given
VEVC) and the distance between independent points in
Group One.

As is shown in Figure 5, MAEs with different optimiza-
tion methods vary as the IPSs change. The minimum MAEs
with the two methods are not the same (dashed lines). The
minimum MAE with the GDM-S is 2.66 × 10

−4m2/s while
that with the L-BFGS method reaches 9.14 × 10−5m2/s. The
corresponding IP distances are 90 (length of 9 grids, GDM-
S) and 30 (length of 3 grids, L-BFGS), respectively. According
to the MAEs illustrated in Figure 5, the optimal IPSs of the
two methods are selected as IPS8 (GDM-S) and IPS 2 (L-
BFGS).

5.2. Results and Discussions of Group Two. With the respec-
tive optimal IPSs and the iteration process in Section 4, the
VEVCs are inverted with GDM-S method (I) and L-BFGS
method (II), respectively, and the inversion results are shown
in Figure 6.

Comparison of the inversion results with the prescribed
VEVCs indicates that all the given spatial distributions of
VEVC are successfully inverted after 100 iteration steps. The
main features of all distributions can be recovered very well.
Surfaces of the inverted VEVC with the L-BFGS are much
smoother than those with the GDM-S. Compared against
the inversion results with the GDM-S (left panels), patterns
with the L-BFGS method (right panels) are closer to the
prescribed VEVC. More statistic data will be presented in the
next paragraphs.

MAEs of the four numerical experiments after assimila-
tion are calculated and listed in Table 3. The initial values of
MAE in all NEs are 1×10−3m2/s. Based on the results shown
in Table 3, all the MAEs after assimilation are more than one
order ofmagnitude lower than the initial values, whichmeans
the success for both of the two optimization methods. Note
that the MAEs with the L-BFGS method are quite close (less
than 1 × 10−8m2/s and cannot be distinguished in the table)
and are less than half of those with the GDM-S. This result
demonstrates the ability of the L-BFGSmethod to deduce the
overall errors.
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Figure 3: Topographies A and B. Note that the abscissa and ordinate axes are labeled with zonal index and meridional index, respectively.
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Figure 4: Planformof two prescribed spatial distributions of VEVC.

Table 3: Inversion errors of VEVC in Group Two (unit: m2/s).

Method Experiment
NE1 NE2 NE3 NE4

GDM-S(I) 2.42𝐸 − 04 2.43𝐸 − 04 2.23𝐸 − 04 2.24𝐸 − 04

L-BFGS(II) 9.14𝐸 − 05 9.14𝐸 − 05 9.14𝐸 − 05 9.14𝐸 − 05

To compare the effectiveness of the twomethods to invert
the VEVC, we make statistics on the percentages of the grids
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0
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2
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)
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Figure 5: MAEs versus IP distance in Group One. The abscissas
indicates distance between adjacent IPs (unit: ) while the ordinate
indicates MAE of inversion results. The solid lines are values of
different experiments and the dashed lines indicate the minimum
values of two solid lines, respectively.

at which the MAEs are less than 1 × 10
−4m2/s, which is

listed in Table 4. With the GDM-S, the inversion errors are
deduced by one order of magnitude at about 40% of the
total grids. By contrast, ratios of all NEs with the L-BFGS
method are 79.76%, without differences between NEs. This
phenomenon indicates that the L-BFGSmethod is effective at
more computation grids than the GDM-S. Furthermore, the
L-BFGS method maintains its effectiveness no matter which
topography is applied.

Combining the inversion patterns, the inversion errors of
the VEVC, and the effectiveness analyses, conclusions can be
drawn that the L-BFGS has a better performance in reducing
the inversion errors.

Finally we come to the optimization history for all the
experiments carried out in Group Two. The variations of the
cost function normalized by its initial value, that of the 𝐿2
norm of the gradient of the cost function with respect to the
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Figure 6: Planform of inversion results in Group Two.
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Table 4: Effectiveness analyses of inversions in Group Two.

Method Experiment
NE1 NE2 NE3 NE4

GDM-S(I) 42.53% 42.24% 40.99% 40.91%
L-BFGS(II) 79.76% 79.76% 79.76% 79.76%

VEVCs and that of the inversion error, are plotted in Figures
7(a), 7(b), and 7(c), respectively, as a function of the iteration
step.

Note that all experiments with the L-BFGS method reach
the convergence criterion and stop after 4 iterations, which
indicates that the computation time for the L-BFGSmethod is
one twenty-fifth of that for the GDM-S. Figure 7(a) indicates
that all the cost functions are in downward trends throughout
the iteration process and decrease bymore than 2 (7) orders of
magnitude for the GDM-S (L-BFGS method), which means
that the final differences between simulation value and the
observation of these two methods are less than one-tenth
and one-thousandth of their initial values, respectively. As is
shown in Figure 7(b), the 𝐿2 norms of gradient of the cost
function with respect to the VEVC decrease by more than
1 order of magnitude (GDM-S) and 4 orders of magnitude
(L-BFGS), compared with their respective initial values. This
indicates that the inversion result is becoming increasingly
closer to the given VEVC during the iteration. As shown
in Figure 7(c), the inversion errors with the two methods
keep declining throughout the iterations until the stopping
criterions are satisfied. In general, the cost functions, norms
of gradient, and the inversion errors of the VEVC have
steady descent, which demonstrates that this adjoint model
is capable to invert the VEVC. What is more, both the
GDM-S and the L-BFGS methods are effective in terms
of the inversion of the control parameters with spatially
distributions of internal tide.

It is also clear in Figure 7 that the convergence rate for the
cost functions, norms of gradient, and the inversion errors
of the VEVC is much faster with the L-BFGS method than
those with the GDM-S, which is consistent with the classic
theories about the convergence rate of the quasi-Newton
method and the GDM [36]. This trend is also consistent
with the results of numerical experiments to invert the open
boundary conditions in Chen et al. [30]. With no doubt, the
L-BFGSmethod is a more effective and efficient optimization
method to invert the spatially varying VEVC. However, the
GDM-S is easier to understand and to implement in the
model. Moreover, the step length and the search direction
in the process of GDM-S can be freely controlled by the
modelers, which is very convenient in practice. Therefore,
for the inversion of the VEVC, the GDM-S should also be
regarded as a choice.

6. Summary and Conclusions

Based on an isopycnic-coordinate internal tidal model, the
inversion of VEVC is studied in this paper. A series of
numerical experiments are carried out to examine the influ-
ence factors on the inversion of VEVCs in four aspects:

independent point schemes (IPS), topography, the spatial
distribution of VEVC, and the optimization methods. For
each experiment, the cost function, the 𝐿2 norm of gradient
of cost function with respect to the VEVC, and the inversion
error are calculated and analyzed in details.

The IPS is introduced and discussed in Group One. All
the VEVCs can be inverted successfully with IPS. MAE is
regarded as the comparison criterion of the result. After
comparing the 9 experiments, the correctness of the IPS is
confirmed and the optimal IPSs are selected for the GDM-S
and the L-BFGS methods, respectively.

Based on the optimal IPSs in Group One, two kinds of
VEVCdistributions are successfully invertedwith this adjoint
model on two kinds of topography inGroup Two.MAEs after
optimization are at the level of 10−4 (10−5) for the GDM-S
(L-BFGS), which is one (two) order(s) of magnitude lower
than the initial value. All the cost functions and their gradient
norms with respect to the VEV lead satisfactory declines no
matter which optimization method is taken. Compared with
the GDM-S, the L-BFGS method has a remarkably better
performance, not only in terms of the convergence rate but
also in terms of the final inversion results. The computation
time for the L-BFGS method is much shorter than that for
the GDM-S. To sum up, the L-BFGS method is a more
effective and efficient method than the GDM-S in terms of
the inversion of the VEVC. Nevertheless, the GDM-S is more
convenient and controllable so it should not be ignored and
should be taken seriously as a choice for the inversion of the
VEVC with spatially distribution.

The success of numerical experiments lays a solid founda-
tion for the practical experiments and encourages us to carry
out experiments in practical sea area with measured data and
the real T/P altimeter data.

Appendix

Derivation of (2)
Let us start with the governing equations in Chen et al. [27].

Layer 1 (surface layer)

𝜕𝑞1

𝜕𝑡
+

1

𝑅 cos𝜑
𝜕 (𝑞1𝑢1)

𝜕𝜆
+

1

𝑅 cos𝜑
𝜕 (𝑞1V1 cos𝜑)

𝜕𝜑
= 0,

(A.1a)
𝜕𝑢1
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+

𝑢1
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(
𝑞𝑚

𝜌𝑚

− ℎ𝑚) +
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𝜌𝑘
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𝜕𝜆
] = 0,
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(A.1c)



10 Mathematical Problems in Engineering

−10
−5

0

lo
g
1
0
(J
/J
0
)

10 20 30 40 50 60 70 80 90 100
Iteration steps

(a)

10 20 30 40 50 60 70 80 90 100
Iteration steps

−4
−2

0

lo
g
1
0
(G
/G
0
)

(b)

NE1(I)
NE2(I)
NE3(I)
NE4(I)

NE1(II)
NE2(II)
NE3(II)
NE4(II)

10 20 30 40 50 60 70 80 90 100
Iteration steps

−4
−3.5

−3

lo
g
1
0
(M

A
E)

(c)

Figure 7: Optimization history for experiments of Group Two, about (a) the cost function normalized by its initial value 𝐽0, (b) the 𝐿2 norm
of gradient of the cost function with respect to the VEVC, and (c) the MAEs between the inverted and prescribed VEVCs.

Layer 𝑘 (𝑘 = 2, . . . , 𝑙 − 1)

𝜕𝑞𝑘

𝜕𝑡
+

1

𝑅 cos𝜑
𝜕 (𝑞𝑘𝑢𝑘)

𝜕𝜆
+

1

𝑅 cos𝜑
𝜕 (𝑞𝑘V𝑘 cos𝜑)

𝜕𝜑
= 0,

(A.2a)

𝜕𝑢𝑘

𝜕𝑡
+

𝑢𝑘

𝑅 cos𝜑
𝜕𝑢𝑘

𝜕𝜆
+
V𝑘
𝑅

𝜕𝑢𝑘

𝜕𝜑
−
𝑢𝑘V𝑘 tan𝜑

𝑅
− 𝑓V𝑘 − 𝐴ℎ𝑘Δ𝑢𝑘

−
𝜏(𝑘−1)𝜆−𝜏𝑘𝜆

𝑞𝑘

+
𝑔

𝑅 cos𝜑

× [

𝑘−1

∑

𝑚=1

(
1

𝜌𝑘

−
1

𝜌𝑚

)
𝜕𝑞𝑚

𝜕𝜆

+
𝜕

𝜕𝜆

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑚

− ℎ𝑚) +
𝜌1

𝜌𝑘

𝜕𝜁

𝜕𝜆
] = 0,

(A.2b)

𝜕V𝑘
𝜕𝑡

+
𝑢𝑘

𝑅 cos𝜑
𝜕V𝑘
𝜕𝜆

+
V𝑘
𝑅

𝜕V𝑘
𝜕𝜑

+
𝑢
2

𝑘
tan𝜑
𝑅

+ 𝑓𝑢𝑘

− 𝐴ℎ𝑘ΔV𝑘 −
𝜏(𝑘−1)𝜑−𝜏𝑘𝜑

𝑞𝑘

+
𝑔

𝑅

× [

𝑘−1

∑

𝑚=1

(
1

𝜌𝑘

−
1

𝜌𝑚

)
𝜕𝑞𝑚

𝜕𝜑

+
𝜕

𝜕𝜑

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑚

− ℎ𝑚) +
𝜌1

𝜌𝑘

𝜕𝜁

𝜕𝜑
] = 0.

(A.2c)

Layer 𝑙 (bottom layer)

𝜕𝑞𝑙

𝜕𝑡
+

1

𝑅 cos𝜑
𝜕 (𝑞𝑙𝑢𝑙)

𝜕𝜆
+

1

𝑅 cos𝜑
𝜕 (𝑞𝑙V𝑙 cos𝜑)

𝜕𝜑
= 0, (A.3a)

𝜕𝑢𝑙

𝜕𝑡
+

𝑢𝑙

𝑅 cos𝜑
𝜕𝑢𝑙

𝜕𝜆
+
V𝑙
𝑅

𝜕𝑢𝑙

𝜕𝜑
−
𝑢𝑙V𝑙 tan𝜑

𝑅
− 𝑓V𝑙

− 𝐴ℎ𝑙Δ𝑢𝑙 −
𝜏(𝑙−1)𝜆−𝜏𝑏𝜆

𝑞𝑙

+
𝑔

𝑅 cos𝜑

× [
𝜕

𝜕𝜆

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑙

− ℎ𝑚) +
𝜌1

𝜌𝑙

𝜕𝜁

𝜕𝜆
] = 0,

(A.3b)

𝜕V𝑙
𝜕𝑡

+
𝑢𝑙

𝑅 cos𝜑
𝜕V𝑙
𝜕𝜆

+
V𝑙
𝑅

𝜕V𝑙
𝜕𝜑

+
𝑢
2

𝑙
tan𝜑
𝑅

+ 𝑓𝑢𝑙

− 𝐴ℎ𝑙ΔV𝑙 −
𝜏(𝑙−1)𝜑−𝜏𝑏𝜑

𝑞𝑙

+
𝑔

𝑅

× [
𝜕

𝜕𝜑

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑙

− ℎ𝑚) +
𝜌1

𝜌𝑙

𝜕𝜁

𝜕𝜑
] = 0.

(A.3c)

The variables and background of the governing equations
have been introduced in Chen’s [27] work in details. We will
not repeat them in this part. The interface and friction terms
are expressed by

(𝜏𝑘𝜆, 𝜏𝑘𝜑) = 𝐴V𝑘
𝜌𝑘+1/2

ℎ𝑘+1/2

(𝑢𝑘−𝑢𝑘+1, V𝑘−V𝑘+1) ,

𝑘 = 1, . . . , 𝑙 − 1,

(A.4)

where 𝐴V is the vertical eddy viscosity coefficient, 𝜌𝑘+1/2 =
(𝜌𝑘 + 𝜌𝑘+1)/2, and ℎ𝑘+1/2 = (ℎ𝑘 + ℎ𝑘+1)/2.
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The cost function is defined as
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𝑑𝜎,

(A.5)

which is exactly the same as that in [27].Then the Lagrangian
function is defined as

𝐿 (𝑞, 𝑢, V; 𝑞𝑎, 𝑢𝑎, V𝑎; p)

= 𝐽 (𝑞, 𝑢, V; p)

+ ∫ [𝑞𝑎1 ⋅ (A.1a) + 𝑢𝑎1𝑞1 ⋅ (A.1b) + V𝑎1𝑞1 ⋅ (A.1c)] 𝑑𝜎

+ ⋅ ⋅ ⋅

+ ∫ [𝑞𝑎𝑘 ⋅ (A.2a) + 𝑢𝑎𝑘𝑞𝑘 ⋅ (A.2b) + V𝑎𝑘𝑞𝑘 ⋅ (A.2c)] 𝑑𝜎

+ ⋅ ⋅ ⋅

+ ∫ [𝑞𝑎𝑙 ⋅ (A.3a) + 𝑢𝑎𝑙𝑞𝑙 ⋅ (A.3b) + V𝑎𝑙𝑞𝑙 ⋅ (A.3c)] 𝑑𝜎,
(A.6)
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+
V1
𝑅

𝜕𝑢1

𝜕𝜑
−
𝑢1V1 tan𝜑

𝑅

− 𝑓V1 − 𝐴ℎ1Δ𝑢1 +
𝜏1𝜆

𝑞1

+
𝑔

𝑅 cos𝜑

× [
𝜕

𝜕𝜆

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑚

− ℎ𝑚) +
𝜌1

𝜌𝑘

𝜕𝜁

𝜕𝜆
]} ,

(A.8)

(A.1c) = −{
𝜕V1
𝜕𝑡

+
𝑢1

𝑅 cos𝜑
𝜕V1
𝜕𝜆

+
V1
𝑅

𝜕V1
𝜕𝜑

+
𝑢
2

1
tan𝜑
𝑅

− 𝑓𝑢1 − 𝐴ℎ1ΔV1 +
𝜏1𝜑

𝑞1

+
𝑔

𝑅

× [
𝜕

𝜕𝜑

𝑙

∑

𝑚=1

(
𝑞𝑚

𝜌𝑚

− ℎ𝑚) +
𝜌1

𝜌𝑘

𝜕𝜁

𝜕𝜑
]} ,

(A.9)

same definitions are applied in (A.2a)∼(A.2c) and (A.3a)∼
(A.3c). Then the Lagrangian function 𝐿(𝑞, 𝑢, V; 𝑞𝑎, 𝑢𝑎, V𝑎; p)
can be written as

𝐿 (𝑞, 𝑢, V; 𝑞𝑎, 𝑢𝑎, V𝑎; p)

= 𝐽 (𝑞, 𝑢, V; p)

− ∫[

𝑢𝑎1𝐴V𝑖+1/2,𝑗,1𝜌1+1/2

ℎ𝑖+1/2,𝑗,1+1/2

(𝑢1 − 𝑢2)

+

𝑢𝑎1𝐴V𝑖+1/2,𝑗,1𝜌1+1/2

ℎ𝑖+1/2,𝑗,1+1/2

(V1 − V2) − 𝐹1]𝑑𝜎

+ ⋅ ⋅ ⋅

− ∫[

𝑢𝑎𝑘𝐴V𝑖+1/2,𝑗,𝑘𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(𝑢𝑘 − 𝑢𝑘+1)

−

𝑢𝑎𝑘𝐴V𝑖+1/2,𝑗,𝑘−1𝜌𝑘−1/2

ℎ𝑖+1/2,𝑗,𝑘−1/2

(𝑢𝑘−1 − 𝑢𝑘)] 𝑑𝜎

− ∫[

V𝑎𝑘𝐴V𝑖+1/2,𝑗,𝑘𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(V𝑘 − 𝑢V𝑘+1)

−

V𝑎𝑘𝐴V𝑖+1/2,𝑗,𝑘−1𝜌𝑘−1/2

ℎ𝑖+1/2,𝑗,𝑘−1/2

(V𝑘−1 − V𝑘) − 𝐹𝑘]𝑑𝜎

+ ⋅ ⋅ ⋅

+ ∫[

𝑢𝑎𝑙𝐴V𝑖+1/2,𝑗,𝑙−1𝜌𝑙−1/2

ℎ𝑖+1/2,𝑗,𝑙−1/2

(𝑢𝑙−1 − 𝑢𝑙)

+

𝑢𝑎𝑙𝐴V𝑖+1/2,𝑗,𝑙−1𝜌𝑙−1/2

ℎ𝑖+1/2,𝑗,𝑙−1/2

(V𝑙−1 − V𝑙) − 𝐹𝑙]𝑑𝜎,

(A.10)

where 𝐴V𝑖+1/2,𝑗,𝑘 = (𝐴V𝑖,𝑗,𝑘𝐴V𝑖+1,𝑗,𝑘)/2, ℎ𝑖+1/2,𝑗,𝑘+1/2 = (ℎ𝑖,𝑗,𝑘 +

ℎ𝑖+1,𝑗,𝑘 +ℎ𝑖,𝑗,𝑘+1+ℎ𝑖+1,𝑗,𝑘+1)/4, and functions 𝐹1, 𝐹𝑘, and 𝐹𝑙 are,
respectively, defined as

𝐹1 = 𝑞𝑎1 ⋅ (A.1a) + 𝑢𝑎1𝑞1 ⋅ [(A.1b) +
𝜏1𝜆

𝑞1

]

+ V𝑎1𝑞1 ⋅ [(A.1c) +
𝜏1𝜑

𝑞1

] ,

(A.11)
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𝐹𝑘 = 𝑞𝑎𝑘 ⋅ (A.2a) + 𝑢𝑎𝑘𝑞𝑘 ⋅ [(A.2b) −
𝜏(𝑘−1)𝜆 − 𝜏𝑘𝜆

𝑞1

]

+ V𝑎𝑘𝑞𝑘 ⋅ [(A.2c) −
𝜏(𝑘−1)𝜑 − 𝜏𝑘𝜑

𝑞𝑘

] ,

(A.12)

𝐹𝑙 = 𝑞𝑎𝑙 ⋅ (A.3a) + 𝑢𝑎𝑙𝑞𝑙 ⋅ [(A.3b) −
𝜏(𝑙−1)𝜆

𝑞𝑙

]

+ V𝑎𝑙𝑞𝑙 ⋅ [(A.3c) −
𝜏(𝑙−1)𝜑

𝑞𝑙

] .

(A.13)

Note that (A.11)∼(A.13) do not contain the variable𝐴V, which
means

𝜕𝐹1

𝜕𝐴V𝑖,𝑗,𝑘
=

𝜕𝐹𝑘

𝜕𝐴V𝑖,𝑗,𝑘
=

𝜕𝐹𝑙

𝜕𝐴V𝑖,𝑗,𝑘
= 0. (A.14)

The Lagrangian function can be written as

𝐿 (𝑞, 𝑢, V; 𝑞𝑎, 𝑢𝑎, V𝑎; p)

= 𝐽 (𝑞, 𝑢, V; p)

− ∫[

𝑢𝑎1,𝑗,1𝐴V𝑖+1/2,𝑗,1𝜌1+1/2

ℎ𝑖+1/2,𝑗,1+1/2

(𝑢𝑖,𝑗,1 − 𝑢𝑖,𝑗,2)

+

𝑢𝑎1,𝑗,1𝐴V𝑖+1/2,𝑗,1𝜌1+1/2

ℎ𝑖+1/2,𝑗,1+1/2

(V𝑖,𝑗,1 − V𝑖,𝑗,2) − 𝐹1]𝑑𝜎

+ ⋅ ⋅ ⋅

− ∫[

𝑢𝑎𝑖,𝑗,𝑘𝐴V𝑖+1/2,𝑗,𝑘𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(𝑢𝑖,𝑗,𝑘 − 𝑢𝑖,𝑗,𝑘+1)

−

𝑢𝑎𝑖,𝑗,𝑘𝐴V𝑖+1/2,𝑗,𝑘−1𝜌𝑘−1/2

ℎ𝑖+1/2,𝑗,𝑘−1/2

(𝑢𝑖,𝑗,𝑘−1 − 𝑢𝑖,𝑗,𝑘)] 𝑑𝜎

− ∫[

V𝑎𝑖,𝑗,𝑘𝐴V𝑖+1/2,𝑗,𝑘𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(V𝑖,𝑗,𝑘 − V𝑖,𝑗,𝑘+1)

−

V𝑎𝑘𝐴V𝑖+1/2,𝑗,𝑘−1𝜌𝑘−1/2

ℎ𝑖+1/2,𝑗,𝑘−1/2

(V𝑖,𝑗,𝑘−1 − V𝑖,𝑗,𝑘) − 𝐹𝑘]𝑑𝜎

+ ⋅ ⋅ ⋅

+ ∫[

𝑢𝑎𝑖,𝑗,𝑙𝐴V𝑖+1/2,𝑗,𝑙−1𝜌𝑙−1/2

ℎ𝑖+1/2,𝑗,𝑙−1/2

(𝑢𝑖,𝑗,𝑙−1 − 𝑢𝑖,𝑗,𝑙)

+

𝑢𝑎𝑖,𝑗,𝑙𝐴V𝑖+1/2,𝑗,𝑙−1𝜌𝑙−1/2

ℎ𝑖+1/2,𝑗,𝑙−1/2

(V𝑖,𝑗,𝑙−1 − V𝑖,𝑗,𝑙) − 𝐹𝑙]𝑑𝜎.

(A.15)

Finally, according to the typical theory of Lagrangian
multiplier method, we have the following first-order derivate
of Lagrangian function with respect to the control parameter
𝐴V:

𝜕𝐿

𝜕𝐴V𝑖,𝑗,𝑘
= 0, (A.16)

then the gradient of the cost function with respect to the
variable 𝐴V can be deduced from (A.16):

𝜕𝐽

𝜕𝐴V𝑖,𝑗,𝑘

= ∑

𝑛

[𝑢
𝑛

𝑎𝑖,𝑗,𝑘

𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(𝑢
𝑛

𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑖,𝑗,𝑘+1
)

+ 𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘

𝜌𝑘+1/2

ℎ𝑖−1/2,𝑗,𝑘+1/2

(𝑢
𝑛

𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑖−1,𝑗,𝑘+1
)]

−∑

𝑛

[𝑢
𝑛

𝑎𝑖,𝑗,𝑘+1

𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(𝑢
𝑛

𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑖,𝑗,𝑘+1
)

+ 𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘+1

𝜌𝑘+1/2

ℎ𝑖−1/2,𝑗,𝑘+1/2

(𝑢
𝑛

𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑖−1,𝑗,𝑘+1
)]

+∑

𝑛

[V𝑛
𝑎𝑖,𝑗,𝑘

𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(V𝑛
𝑖,𝑗,𝑘

− V𝑛
𝑖,𝑗,𝑘+1

)

+ V𝑛
𝑎𝑖−1,𝑗,𝑘

𝜌𝑘+1/2

ℎ𝑖−1/2,𝑗,𝑘+1/2

(V𝑛
𝑖−1,𝑗,𝑘

− V𝑛
𝑖−1,𝑗,𝑘+1

)]

−∑

𝑛

[V𝑛
𝑎𝑖,𝑗,𝑘+1

𝜌𝑘+1/2

ℎ𝑖+1/2,𝑗,𝑘+1/2

(V𝑛
𝑖,𝑗,𝑘

− V𝑛
𝑖,𝑗,𝑘+1

)

+ V𝑛
𝑎𝑖−1,𝑗,𝑘+1

𝜌𝑘+1/2

ℎ𝑖−1/2,𝑗,𝑘+1/2

(V𝑛
𝑖−1,𝑗,𝑘

− V𝑛
𝑖−1,𝑗,𝑘+1

)]

= (𝜌𝑘 + 𝜌𝑘+1)

×∑

𝑛

[

[

(𝑢
𝑛

𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑖,𝑗,𝑘+1
) (𝑢
𝑛

𝑎𝑖,𝑗,𝑘
− 𝑢
𝑛

𝑎𝑖,𝑗,𝑘+1
)

ℎ𝑖,𝑗,𝑘 + ℎ𝑖+1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘+1 + ℎ𝑖+1,𝑗,𝑘+1

+

(𝑢
𝑛

𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑖−1,𝑗,𝑘+1
) (𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘
− 𝑢
𝑛

𝑎𝑖−1,𝑗,𝑘+1
)

ℎ𝑖−1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘 + ℎ𝑖−1,𝑗,𝑘+1 + ℎ𝑖,𝑗,𝑘+1

]

]

+ (𝜌𝑘 + 𝜌𝑘+1)

×∑

𝑛

[

[

(V𝑛
𝑖,𝑗,𝑘

− V𝑛
𝑖,𝑗,𝑘+1

) (V𝑛
𝑎𝑖,𝑗,𝑘

− V𝑛
𝑎𝑖,𝑗,𝑘+1

)

ℎ𝑖,𝑗,𝑘 + ℎ𝑖+1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘+1 + ℎ𝑖+1,𝑗,𝑘+1

+

(V𝑛
𝑖−1,𝑗,𝑘

− V𝑛
𝑖−1,𝑗,𝑘+1

) (V𝑛
𝑎𝑖−1,𝑗,𝑘

− V𝑛
𝑎𝑖−1,𝑗,𝑘+1

)

ℎ𝑖−1,𝑗,𝑘 + ℎ𝑖,𝑗,𝑘 + ℎ𝑖−1,𝑗,𝑘+1 + ℎ𝑖,𝑗,𝑘+1

]

]

.

(A.17)
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We study a backward problem for a time-fractional diffusion equation, which is formulated into a regularized optimization problem.
After solving a sequence of well-posed direct problems by the finite element method, a directly numerical algorithm is proposed
for solving the regularized optimization problem. In order to obtain a reasonable regularization solution, we utilize the discrepancy
principle with decreasing geometric sequence to choose regularization parameters. One- and two-dimensional examples are given
to verify the efficiency and stability of the proposed method.

1. Introduction

Nowadays, there is increasing attention on fractional diffu-
sion equations which can be used to describe anomalous
diffusion phenomena instead of classical diffusion process.
These new fractional-ordermodels aremore efficient than the
integer-order models, because the fractional-order deriva-
tives and integrals enable the description of the memory
and hereditary properties of different substance [1]. By an
argument similar to the derivation of the classical diffusion
equation from Brownian motion, one can derive a fractional
diffusion equation from continuous-time random walk. For
example, in paper [2] the authors illustrated a fractional
diffusion with respect to a non-Markovian diffusion process,
while the authors discussed continuous-time random walks
on fractals in paper [3].

We notice that mathematical and numerical analysis of
the direct problems of the time-fractional diffusion equa-
tions has aroused wide concern in recent years; see [4–
10] and references therein. At the same time, the inverse
problems for the time-fractional diffusion equations have
attracted more and more attention, not only for theoreti-
cal analysis but also for popular applications. The authors

concluded that there exists a unique weak solution for the
backward time-fractional diffusion equation problem under
the overdetermined condition 𝑢(𝑥, 𝑇) ∈ 𝐻

2
(Ω) ∩ 𝐻

1

0
(Ω)

in paper [4]. The authors of papers [11–13] considered the
backward problem of the time-fractional diffusion equation
and proposed, respectively, a quasi-reversibility method, an
optimization method, and a data regularization method for
reconstructing the initial value. Inverse source problems for
time-fractional diffusion equations were studied by using
the method of the eigenfunction expansion [14], the integral
equationmethod [15], and the separation of variablesmethod
[16], respectively, for recovering the space-dependent or
time-dependent source term. In [17], the authors recovered
the temperature function from one measured temperature
at one interior point of a one-dimensional semi-infinite
fractional diffusion equation based on Dirichlet kernel mol-
lification techniques.The authors studied an inverse problem
of identifying a spatially varying potential term in a one-
dimensional time-fractional diffusion equation from the flux
measurements taken at a single fixed time corresponding to a
given set of input sources in [18]. Recently, for determining
the space-dependent source in a parabolic equation, the
authors [19] proposed a regularized optimization method
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together with the linear model function method [19, 20]
for choosing regularization parameters. Inspired by this
noniterative optimization method, we develop it to solve the
backward problem for a time-fractional diffusion equation in
this paper.

Let 𝛼 be a constant such that 0 < 𝛼 < 1. We consider the
following time-fractional diffusion equation:

𝜕
𝛼
𝑢 (𝑥, 𝑡)

𝜕𝑡𝛼
= (𝐿𝑢) (𝑥, 𝑡) , (𝑥, 𝑡) ∈ Ω × (0, 𝑇) (1)

with homogeneous boundary condition
𝑢 (𝑥, 𝑡)|𝜕Ω = 0, 𝑡 ∈ [0, 𝑇] (2)

and initial condition

𝑢 (𝑥, 𝑡)|𝑡=0 = 𝜑 (𝑥) , 𝑥 ∈ Ω, (3)

where Ω is a bounded domain in 𝑅
𝑑
(𝑑 ≥ 1) and 𝐿 is

symmetric uniformly elliptic operator given by

𝐿 (𝑢) =

𝑑

∑

𝑖=1

𝜕

𝜕𝑥𝑖

(

𝑑

∑

𝑗=1

𝜃𝑖,𝑗

𝜕

𝜕𝑥𝑗

𝑢 (𝑥)) − 𝑐 (𝑥) 𝑢 (𝑥) ; (4)

that is, there exists a constant V > 0, such that V∑𝑑
𝑖
𝜉
2

𝑖
≤

∑
𝑑

𝑖,𝑗=1
𝜃𝑖,𝑗𝜉𝑖𝜉𝑗, 𝑥 ∈ Ω, and 𝜉 ∈ R𝑑. The coefficients satisfy

𝜃𝑖,𝑗 ∈ 𝐶
1
(Ω) , 𝜃𝑖,𝑗 = 𝜃𝑗,𝑖,

𝑐 (𝑥) ∈ 𝐶 (Ω) , 𝑐 (𝑥) ≥ 0, ∀𝑥 ∈ Ω.

(5)

Here, 𝜕𝛼𝑢(𝑥, 𝑡)/𝜕𝑡𝛼 is the Caputo fractional derivative which
is defined by

𝜕
𝛼
𝑢 (𝑥, 𝑡)

𝜕𝑡𝛼

=
1

Γ (1 − 𝛼)
∫

𝑡

0

(𝑡 − 𝜂)
−𝛼 𝜕𝑢

𝜕𝜂
d𝜂, 0 < 𝛼 < 1,

(6)

where Γ(1 − 𝛼) is the Gamma function.
If the function 𝜑(𝑥) and the coefficients in (1) are all

known, problem (1)–(3) is the so-called direct problem that
can be solved stably by the finite element method, the finite
difference, the spectrummethod, and so forth. Here, we focus
on the backward problem; that is, we try to determine the
initial value 𝜑(𝑥) by the additional data 𝑔(𝑥) which is the
measurement of the exact value 𝑢(𝑥, 𝑇) and satisfies

𝑢(⋅, 𝑇) − 𝑔(⋅)
𝐿2(Ω) ≤ 𝛿 (7)

for some known error level 𝛿 > 0. As we all know, the
backward problem is ill-posed, whichmeans that the solution
does not depend continuously on the given data and any small
perturbation in the given data may cause large change to
the solution. For overcoming the ill-posedness we will adopt
Tikhonov regularization in our treatment.

The rest of the paper is organized as follows. In Section 2,
we reformulate the direct problem in a weak and variational
sense. Then we formulate the inverse problem into a regular-
ized optimization problem in Section 3. In Section 4, we give
implementations of the regularized optimization method.
Finally, numerical results are given to illustrate the efficiency
and stability of the proposed method.

2. Weak Form and Weak Solution

The weak form of problem (1)–(3) is finding 𝑢(⋅, 𝑡) ∈ 𝐻
1

0
(Ω)

such that

⟨
𝜕
𝛼
𝑢

𝜕𝑡𝛼
, 𝜒⟩ + 𝑎 (𝑢, 𝜒) = 0, ∀𝜒 ∈ 𝑋, 0 < 𝑡 < 𝑇,

𝑢 (0) = 𝜑 (𝑥) ,

(8)

where 𝑋 = 𝐻
1

0
(Ω), ⟨⋅, ⋅⟩ denotes the inner product in 𝐿

2
(Ω),

and

𝑎 (𝑢, 𝜒) = ∫
Ω

(

𝑑

∑

𝑖,𝑗=1

𝜃𝑖,𝑗

𝜕𝑢 (𝑥)

𝜕𝑥𝑖

⋅ 𝜒𝑥
𝑗

− 𝑐 (𝑥) 𝑢 ⋅ 𝜒) d𝑥. (9)

Definition 1. A function 𝑢(𝑥, 𝑡) is said to be a weak solution of
the direct problem (1)–(3) if 𝑢 ∈ 𝐶([0, 𝑇]; 𝐿

2
(Ω)) ∩ 𝐶((0, 𝑇];

𝐻
2
(Ω) ∩ 𝐻

1

0
(Ω)) and the weak form (8) is satisfied.

Lemma 2 (see [4]). If 0 < 𝛼 < 1, 𝜑 ∈ 𝐿
2
(Ω), there exists a

unique weak solution 𝑢 ∈ 𝐶([0, 𝑇]; 𝐿
2
(Ω))∩𝐶((0, 𝑇]; 𝐻2(Ω)∩

𝐻
1

0
(Ω)) to problem (1)–(3), and the expression of the weak

solution can be formulated by the following eigenfunction
expansion:

𝑢 (𝑥, 𝑡; 𝜑) =

∞

∑

𝑘=1

𝐸𝛼,1 (−𝜆𝑘𝑡
𝛼
) (𝜑, 𝜒𝑘) 𝜒𝑘, (10)

where 𝐸𝛼,𝛾(𝑧) is the double-parameter Mittag-Leffler function
and is defined by

𝐸𝛼,𝛾 (𝑧) :=

∞

∑

𝑘=0

𝑧
𝑘

Γ (𝛼𝑘 + 𝛾)
, 𝑧 ∈ C, 𝛼 > 0, 𝛾 ≥ 0; (11)

{𝜆𝑖}
∞

𝑗=1
(0 < 𝜆1 ≤ 𝜆2 ≤ ⋅ ⋅ ⋅ , 𝑖 = 1, . . . ,∞) and {𝜒𝑖}

∞

𝑗=1
are

the Dirichlet eigenvalues and the orthonormal eigenfunctions
of symmetric uniformly elliptic operator −𝐿, respectively.

The following two propositions will be used in the
context.

Proposition 3. 𝐸𝛼,1(−𝑡) is a completely monotonic decreasing
function for 𝑡 > 0 and satisfies

1 =
𝐸𝛼,1 (0)

 >
𝐸𝛼,1 (−𝜆1𝑡

𝛼
)
 >

𝐸𝛼,1 (−𝜆2𝑡
𝛼
)
 > ⋅ ⋅ ⋅ > 0.

(12)

Proposition 4. Let 0 < 𝛼 < 2, 𝛽 ∈ R, and 𝜋𝛼/2 < 𝜇 <

min{𝜋, 𝜋𝛼}. Then there exists a constant 𝐶 = 𝐶(𝛼, 𝛽, 𝜇) > 0

such that


𝐸𝛼,𝛽 (𝑧)


≤

𝐶

1 + |𝑧|
, 𝜇 ≤

arg (𝑧)
 ≤ 𝜋, 𝑧 ∈ C. (13)

3. The Regularized Optimization Problem

In this section, we will propose a regularized optimization
method together with its implementations for solving the
considered backward problem.
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3.1. Regularized Optimization Functional. From results of
Lemma 2, formula (10) gives a uniquely weak solution
𝑢(𝑥, 𝑡; 𝜑) for any initial value 𝜑(𝑥) ∈ 𝐿

2
(Ω). Naturally, it

defines a forward operator

𝑀 : 𝜑 (𝑥) → 𝑢 (𝑥, 𝑇; 𝜑) . (14)

Clearly, the forward operator 𝑀 is a linear map and has the
following property.

Lemma 5. The operator 𝑀 is a well-defined bounded linear
operator from 𝐿

2
(Ω) to 𝐿

2
(Ω). Moreover, it is injective and

compact.

Proof. From Lemma 2, the solution 𝑢(𝑥, 𝑡; 𝜑) can be repre-
sented by

𝑢 (𝑥, 𝑡; 𝜑) =

∞

∑

𝑘=1

𝐸𝛼,1 (−𝜆𝑘𝑡
𝛼
) (𝜑, 𝜒𝑘) 𝜒𝑘. (15)

From Proposition 3, we know that 0 ≤ 𝐸𝛼,1(−𝑡) < 1 for
𝑡 ∈ [𝜎, +∞); 𝜎 is a very small positive number. By the
orthogonality of {𝜒𝑖}

∞

𝑗=1
and Proposition 4, we obtain

‖Δ𝑢(⋅, 𝑡)‖
2

𝐿2(Ω)
=

∞

∑

𝑘=1

𝜆
2

𝑘
𝐸
2

𝛼,1
(−𝜆𝑘𝑡

𝛼
)
2
⟨𝜑, 𝜒𝑘⟩

2

≤

∞

∑

𝑘=1

𝐶
2

𝜎2𝛼
⟨𝜑, 𝜒𝑘⟩

2

=
𝐶
2

𝜎2𝛼

𝜑


2

𝐿2(Ω)
, ∀𝑡 ∈ [𝜎, +∞) ,

(16)

which implies that ‖𝑢‖𝐻2(Ω) ≤ 𝐶‖𝜑‖𝐿2(Ω). Then by Sobolev
embedding theorem, we conclude the compactness of the
operator𝑀.

Results of Lemma 5 show that the backward problem
is ill-posed due to the compactness of operator 𝑀. Thus,
regularization is necessary for recovering the initial value
𝜑(𝑥). To this end, we consider a Tikhonov functional as

𝐽 (𝜑) =
1

2

𝑢(𝑥, 𝑇; 𝜑) − 𝑔


2

𝐿2(Ω)
+
𝛽

2

𝜑


2

𝐿2(Ω)
, (17)

where 𝜑(𝑥) ∈ 𝐿
2
(Ω) and 𝛽 is a regularization parame-

ter balancing the fidelity term and the smoothness of the
solution. Due to the 𝐿

2-regularization term (𝛽/2)‖𝜑‖
2

𝐿2(Ω)
,

the cost functional 𝐽(𝜑) is strongly convex. Subsequently,
the unique existence of the minimizer can be obtained by
standard arguments.

Theorem 6. There exists a unique minimizer 𝜑⋆ to 𝐽(𝜑) for
any given 𝛽 > 0.

Now, we formulate the backward problem into the follow-
ing minimization problem:

min
𝜑∈𝐿2(Ω)

𝐽 (𝜑) . (18)

3.2. Finite Element Method Approximation. Obviously, prob-
lem (18) is a function space minimization problem. Here, we
use the finite element method to approximate it. Similar to
that done in [19, 21], we first triangulate the domain Ω with
a regular triangulation 𝑇ℎ of simplicial elements; let {𝑝𝑖}

𝑁
1

𝑖=0

be the set of the nodes, and define 𝑉ℎ to be the continuous
piecewise linear finite element space defined over 𝑇ℎ; that is,

𝑉ℎ = {V : V ∈ 𝐶0 (Ω) , V|Δ
ℎ

∈ 𝑃1 (Δ ℎ) , ∀Δ ℎ ∈ 𝑇ℎ} . (19)

Then any 𝑢ℎ ∈ 𝑉ℎ can be repeated as 𝑢ℎ = ∑
𝑁
1

𝑖=0
𝑢𝑖𝜓𝑖, where

𝑢𝑖 is the value of 𝑢ℎ(𝑥) at point 𝑝𝑖, and 𝜓𝑖 is the pyramid
function; that is,

𝜓𝑖 (𝑝𝑗) = {
1, 𝑖 = 𝑗

0, 𝑖 ̸= 𝑗.
(20)

Next, we need to consider the discretization of the
bounded linear operator 𝑀. We will adopt the discrete
Galerkinmethod to solve the direct problem (1)–(3).The time
interval [0, 𝑇] is partitioned into 𝑁2 equal subintervals by
using nodal points 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑁

2
−1 < 𝑡𝑁

2

= 𝑇,
with 𝑡𝑘 = 𝑘𝜏, 𝜏 = 𝑇/𝑁2. Then, the time-fractional derivative
𝜕
𝛼
𝑢(𝑥, 𝑡)/𝜕𝑡

𝛼 at 𝑡𝑘 is estimated by

𝜕
𝛼
𝑢 (𝑥, 𝑡)

𝜕𝑡𝛼

𝑡=𝑡
𝑘

=
1

Γ (1 − 𝛼)
∫

𝑡
𝑘

0

(𝑡𝑘 − 𝜂)
−𝛼 𝜕𝑢 (𝑥, 𝜂)

𝜕𝜂
d𝜂

=
1

Γ (1 − 𝛼)

𝑘

∑

𝑙=1

∫

𝑡
𝑙

𝑡
𝑙−1

(𝑡𝑘 − 𝜂)
−𝛼 𝜕𝑢 (𝑥, 𝜂)

𝜕𝜂
d𝜂

≈
𝜏
−𝛼

Γ (2 − 𝛼)

𝑘

∑

𝑙=1

(𝑢 (𝑥, 𝑡𝑙) − 𝑢 (𝑥, 𝑡𝑙−1))

× ((𝑘 + 1 − 𝑙)
1−𝛼

− (𝑘 − 𝑙)
1−𝛼

)

=
𝜏
−𝛼

Γ (2 − 𝛼)

𝑘

∑

𝑙=1

𝜔𝑙 (𝑢 (𝑥, 𝑡𝑘+1−𝑙) − 𝑢 (𝑥, 𝑡𝑘−𝑙)) ,

(21)

where 𝜔𝑙 = 𝑙
1−𝛼

− (𝑙 − 1)
1−𝛼, 𝑙 = 1, 2, . . . , 𝑘, 𝑘 = 1, 2, . . . , 𝑁2.

Denote by 𝑢𝑘
ℎ
∈ 𝑉ℎ the approximation of 𝑢(⋅, 𝑡𝑘) and

𝐷𝑢
𝛼,𝑘

ℎ,𝑡
=

𝜏
−𝛼

Γ (2 − 𝛼)

𝑘

∑

𝑙=1

𝜔𝑙 (𝑢
𝑘+1−𝑙

ℎ
− 𝑢
𝑘−𝑙

ℎ
) . (22)

Nowwe define the fully discrete finite element method by

⟨𝐷𝑢
𝛼,𝑘

ℎ,𝑡
, 𝜓⟩ + 𝑎 (𝑢

𝑘

ℎ
, 𝜓) = 0, 𝑢

0
= 𝜑 (𝑥) (23)

for any𝜓 ∈
∘

𝑉ℎ, where 𝑎(𝑢
𝑘

ℎ
, 𝜓) = ∫

Ω
(∑
𝑑

𝑖,𝑗=1
𝜃𝑖,𝑗(𝜕𝑢

𝑘

ℎ
/𝜕𝑥𝑖)⋅𝜓𝑥

𝑗

−

𝑐(𝑥)𝑢
𝑘

ℎ
⋅ 𝜓)d𝑥. The space

∘

𝑉ℎ, in which all functions vanish on
the boundary 𝜕Ω, is a subspace of 𝑉ℎ. Clearly, (23) is a linear
system about 𝑢𝑘

ℎ
, 𝑘 = 1, 2, . . . , 𝑁2. Subsequently, there exists

a discrete linear operator𝑀ℎ such that

𝑀ℎ : 𝜑 → 𝑢
𝑘
, 𝑘 = 1, 2, . . . , 𝑁2. (24)
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Theorem 7. Let 𝑢 and 𝑢
𝑘

ℎ
be the weak solution of (1)–(3) and

the discrete Galerkin finite element solution of (23), respectively.
Then there is a constant 𝐶 > 0 such that, for 0 < 𝛼 < 1,

𝑢(⋅, 𝑡𝑘) − 𝑢

𝑘

ℎ

𝐿2(Ω)
≤ 𝐶 (𝜏

2−𝛼
+ ℎ) , 𝑘 = 1, 2, . . . , 𝑁2, (25)

where 𝐶 is independent of ℎ, 𝛼, and 𝜏.

Theproof ofTheorem 7 follows the same lines as the proof
of Theorem 2.1 in [22]. So, we omit it.

3.3. Implementations of the Regularized OptimizationMethod.
Applying the interpolation of finite element, the initial value
function 𝜑(𝑥) can be written approximately in the finite
element form of

𝜑 ≈ 𝜑ℎ =

𝑁
1

∑

𝑖=0

𝜑𝑖𝜓𝑖 (𝑥) , (26)

where 𝜑𝑖 := 𝜑(𝑥𝑖). Due to the linearity of the homoge-
neous governing equation and the homogeneous boundary
condition, we easily see that problem (1)–(3) satisfies the
principle of superposition. Here, we also use this principle of
superposition to formulate the continuous problem (18) into
the following discrete problem:

min
𝜑
ℎ
∈𝑉
ℎ

𝐽 (𝜑ℎ) =
1

2
∫
Ω

(

𝑁
1

∑

𝑖=0

𝜑𝑖𝑢
𝑁
2

ℎ,𝑖
− 𝑔ℎ)

2

d𝑥

+
𝛽

2
∫
Ω

(

𝑁
1

∑

𝑖=0

𝜑𝑖𝜓𝑖(𝑥))

2

d𝑥,

(27)

where 𝑢𝑘
ℎ,𝑖
, 𝑘 = 1, 2, . . . , 𝑁2, is the finite element solution of

𝑢(𝑥, 𝑡) and satisfies

𝑢
0

ℎ,𝑖
= 𝜓𝑖,

⟨𝐷𝑢
𝛼,𝑘

ℎ,𝑖
, 𝜓𝑗⟩ + 𝑎 (𝑢

𝑘

ℎ,𝑖
, 𝜓𝑗) = 0,

(28)

for any 𝜓𝑗 ∈
∘

𝑆ℎ and 𝑘 = 1, 2, . . . , 𝑁2, where

𝐷𝑢
𝛼,𝑘

ℎ,𝑖
=

𝜏
−𝛼

Γ (2 − 𝛼)

𝑘

∑

𝑙=1

𝜔𝑙 (𝑢
𝑘+1−𝑙

ℎ,𝑖
− 𝑢
𝑘−𝑙

ℎ,𝑖
) ,

𝑔ℎ (𝑥) =

𝑁
1

∑

𝑖=0

𝑔𝑖𝜓𝑖 (𝑥) ,

𝑎 (𝑢
𝑘

ℎ,𝑖
, 𝜓𝑗) = ∫

Ω

(

𝑑

∑

𝑖,𝑗=1

𝜃𝑖,𝑗

𝜕𝑢
𝑘

ℎ,𝑖

𝜕𝑥𝑖

⋅ 𝜓𝑗𝑥
𝑗

− 𝑐 (𝑥) 𝑢
𝑘

ℎ,𝑖
⋅ 𝜓𝑗) d𝑥.

(29)

Therefore, numerical solving of the backward problem is
essential to determine the (𝑁1 + 1)-dimensional real vector
Φ = [𝜑0, . . . , 𝜑𝑁

1

]
𝑇.

From the necessary condition forminimizing the approx-
imation function 𝐽(𝜑ℎ), that is,

𝜕𝐽 (𝜑ℎ)

𝜕𝜑𝑖

= 0, 𝑖 = 0, 1, . . . , 𝑁1, (30)

we obtain a linear algebraic system

𝐴Φ = 𝐹, (31)

𝐴 = [∫
Ω

(𝑢
𝑁
2

ℎ,𝑖
(𝑥)𝑢
𝑁
2

ℎ,𝑗
(𝑥) + 𝛽𝜓𝑖𝜓𝑗) 𝑑𝑥]

(𝑁
1
+1)×(𝑁

1
+1)

,

Φ = [𝜑0, 𝜑1, . . . , 𝜑𝑁
1

]
𝑇

,

𝐹 = [∫
Ω

𝑔ℎ(𝑥)𝑢
𝑁
2

ℎ,𝑖
(𝑥)d𝑥]

(𝑁
1
+1)×1

.

(32)

Let Φ
∗

= [𝜑
∗

0
, 𝜑
∗

1
, . . . , 𝜑

∗

𝑁
1

]
𝑇 be the solution of (31) for

a given regularization parameter 𝛽. Then, we obtain the
approximation solution of 𝜑 as follows:

𝜑ℎ =

𝑁
1

∑

𝑖=0

𝜑
∗

𝑖
𝜓𝑖 (𝑥) . (33)

4. Method for Choosing
Regularization Parameters

As we all know, the backward problem for determining the
initial value is an ill-posed problem; that is, the round-off
errors and the measurement noises may be highly amplified
due to the choice of an unreasonable regularization parame-
ter, therefore making the regularization solution completely
useless [19, 20]. Because of the important role of regulariza-
tion parameters, a good strategy for selecting regularization
parameters should be taken in the computational process. For
a fixed 0 < 𝑟 < 1 and 𝛽0 > 0, we consider a geometric
sequence of regularization parameters

𝛽𝑘 = 𝛽0𝑟
𝑘
, 𝑘 ∈ N. (34)

Then, we employ the discrepancy principle to choose a
regularization parameter 𝛽𝑘∗ after 𝑘

∗ steps with

∫
Ω

(𝑢
𝑘
∗

ℎ
(𝑥, 𝑇) − 𝑔ℎ)

2

d𝑥 ≤ 𝛿
2
< ∫
Ω

(𝑢
𝑘

ℎ
(𝑥, 𝑇) − 𝑔ℎ)

2

d𝑥,

0 ≤ 𝑘 < 𝑘
∗
,

(35)

where 𝑢𝑘
ℎ
(𝑥, 𝑡) is the finite element solution with respect to 𝜑ℎ

and 𝛽𝑘.

5. Numerical Examples

In all one-dimensional examples, Ω = [0, 1], we divide
Ω into 100 equal subintervals which means that there are
100 elements and 101 nodes, 𝑁2 = 100, (𝐿𝑢)(𝑥, 𝑡) =

(d/d𝑥)(𝜃(𝑥)(d/d𝑥)𝑢) − 𝑐(𝑥)𝑢. In all two-dimensional exam-
ples, Ω = [0, 1] × [0, 1], we divide Ω into 1024 equal triangle
element, 𝑁2 = 80, (𝐿𝑢)(𝑥, 𝑡) = ∇(𝜃(𝑥, 𝑦)∇𝑢) − 𝑐(𝑥, 𝑦)𝑢.
In the computational process, the measurement vector 𝑔ℎ is
obtained actually at the points of the mesh grid and added by
randomly distributed perturbations with relative noise level
𝛿; that is, 𝑔ℎ = 𝑢ℎ(𝑥, 𝑇)∗(1+𝛿∗(2∗rand(size(𝑢ℎ(𝑥, 𝑇)))−1)).
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Figure 1: Comparison between exact solution and inverse solution for Example 1.
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Figure 2: Comparison between exact solution and inverse solution for Example 2.

We take 𝛽0 = 1 and 𝑟 = 0.1 in all numerical examples. The
relative error of the inverse solutions is defined by

RelError =
𝜑exact − 𝜑inversion

𝐿2(Ω)
𝜑exact

𝐿2(Ω)

. (36)

Example 1. We take 𝛼 = 0.9, 𝜃(𝑥) = 1, and 𝑐(𝑥) = 0. Let the
exact initial value for problem (1)–(3) be sin(𝜋𝑥). Numerical
results for relative noise levels 1% and 5% are shown and listed
in Figure 1 and Table 1.

Example 2. Let the exact initial value for problem (1)–(3) be

𝜑 (𝑥) =

{{{

{{{

{

𝑥, 𝑥 ∈ [0,
1

2
]

(1 − 𝑥) , 𝑥 ∈ [
1

2
, 1] ,

(37)

𝜃(𝑥) = 𝑥, 𝑐(𝑥) = −0.001𝑥, and 𝛼 = 0.6. Numerical results
with the relative noise levels 1%and 5%are shown in Figure 2
and listed in Table 1.

Example 3. Let the exact initial value for problem (1)–(3) be
10𝑥
3
𝑦
2
(1 − 𝑥)(1 − 𝑦). And we take 𝛼 = 0.8, 𝜃(𝑥, 𝑦) = 1,
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Figure 6: Results with 𝛿 = 0.05 for Example 4.

Table 1: Some numerical results for Examples 1–4.

Examples 𝛿 𝛽 RelError

Example 1 0.01 1𝑒 − 6 3.05𝑒 − 3

0.05 1𝑒 − 5 1.61𝑒 − 2

Example 2 0.01 1𝑒 − 5 2.64𝑒 − 2

0.05 1𝑒 − 4 6.87𝑒 − 2

Example 3 0.01 1𝑒 − 7 2.29𝑒 − 2

0.05 1𝑒 − 6 6.02𝑒 − 2

Example 4 0.01 1𝑒 − 3 3.7𝑒 − 2

0.05 1𝑒 − 2 5.01𝑒 − 2

and 𝑐(𝑥, 𝑦) = 0. Numerical results are listed in Table 1 and
shown in Figures 3 and 4 with relative noise levels 1% and
5%, respectively.

Example 4. In this example, the exact initial value for prob-
lem (1)–(3) is taken as 𝜑(𝑥, 𝑦) = sin(2𝜋𝑥) sin(2𝜋𝑦). And
let 𝛼 = 0.8, 𝜃(𝑥, 𝑦) = 0.01(𝑥 + 𝑦), and 𝑐(𝑥, 𝑦) = −0.001.
Numerical results are listed in Table 1 and shown in Figures 5
and 6 with relative noise levels 1% and 5%, respectively.
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Correspondence should be addressed to Abel Palafox; abel.palafox@cimat.mx

Received 8 April 2014; Revised 23 July 2014; Accepted 23 July 2014; Published 7 September 2014

Academic Editor: Fatih Yaman

Copyright © 2014 Abel Palafox et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We address a prototype inverse scattering problem in the interface of applied mathematics, statistics, and scientific computing. We
pose the acoustic inverse scattering problem in a Bayesian inference perspective and simulate from the posterior distribution using
MCMC. The PDE forward map is implemented using high performance computing methods. We implement a standard Bayesian
model selection method to estimate an effective number of Fourier coefficients that may be retrieved from noisy data within a
standard formulation.

1. Introduction

Inverse problems are typically ill-posed and analytical solu-
tions are seldom available. Approaches to inverse problems in
the interface of applied mathematics, statistics, and scientific
computing represent a setting with a myriad of tools for
robust solutions, for a number of reasons including its
sound theoretical setting for uncertainty quantification [1, 2],
prediction, and decision making. See [3] for a recent review.
Although these interdisciplinary approaches are becoming
prevalent [4–8], topics such as knowledge representation
in complex systems [9] and effective dimension are not as
mature yet. Sparsity promoting regularization and Bayesian
methods have received attention recently [8, 10].

In this paper we consider a nonlinear acoustic scattering
inverse problem as a case study. The rationale is that the
well posedness of the direct problem and robust numerical
methods has been comprehensively studied [11, 12]. This fact
allows us to address the inverse problem with a reliable direct
problem solver.

The propagation of acoustic waves in a homogeneous
isotropic medium with constant speed of sound is governed
by the linear wave equation:

𝑈𝑡𝑡 = 𝑐
2
Δ𝑈 in R

𝑛
, 𝑛 = 2, 3 (1)

for a velocity potential 𝑈 and 𝑐 the speed of sound in the
medium. For monochromatic time-harmonic waves with
frequency 𝜔 we have

𝑈 (𝑥, 𝑡) = Re (𝑒𝑖𝜔𝑡𝑢 (𝑥)) , (2)

where the space dependent term 𝑢(𝑥) satisfies the Helmholtz
equation. Consider the following:

Δ𝑢 + 𝑘
2
𝑢 = 0, (3)

where 𝑘 = 𝜔/𝑐 is called the wave number. Given an obstacle
of compact support 𝐷 ⊂ R𝑛 (𝑛 = 2, 3), its forward scattering
problem is governed by the Helmholtz equation in R𝑛

− 𝐷.
The total wave 𝑢(𝑥) = exp(𝑖𝑘𝑥 ⋅ 𝑑) + 𝑢

𝑠
(𝑥) is a superposition

of the incident wave exp(𝑖𝑘𝑥⋅𝑑) and the scattered wave 𝑢
𝑠
(𝑥),

and it is subject to a boundary condition on Γ = 𝜕𝐷. The
boundary conditionmay be of type𝑢 = 0 (Dirichlet), 𝜕𝑢/𝜕] =

0 (Neumann), or 𝜕𝑢/𝜕] + 𝑖𝑘𝜆𝑢 = 0 (impedance). Also, the
scatteredwaves 𝑢𝑠 satisfy the Sommerfeld radiation condition

lim
𝑟→∞

𝑟
(𝑛−1)/2

(
𝜕𝑢

𝑠

𝜕𝑟
− 𝑖𝑘𝑢

𝑠
) = 0, 𝑟 = ‖𝑥‖2 (4)

and are referred to as radiating solutions of the Helmholtz
equation.
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Given an incidentwave exp(𝑖𝑘𝑥⋅𝑑), the obstacle boundary
Γ uniquely determines the scattered wave 𝑢

𝑠
(𝑥), and every

scattered wave 𝑢
𝑠
(𝑥) which is a radiating solution of the

Helmholtz equation has the asymptotic behavior of an out-
going spherical wave. Consider the following:

𝑢 (𝑥) =
𝑒
𝑖𝑘|𝑥|

|𝑥|
{𝑢∞ (𝑥) + 𝑂(

1

|𝑥|
)} , (5)

where 𝑥 = 𝑥/|𝑥| and 𝑢∞(𝑥) are the scattering amplitude or
far field pattern. We denote by 𝐹Γ the boundary to far field
mapping:

𝐹Γ (𝑥) = 𝑢∞ (𝑥) . (6)

The mapping from the obstacle boundary Γ to the far field
scattering amplitude 𝑢∞ is injective [11, 12].

In this work we address the problem of estimating the
boundary Γ given noisy measurements of the far field data
𝑢∞. This paper is organized as follows. For the sake of
making this paper self-contained, in Section 2 we briefly
review useful results used throughout the paper.The acoustic
layer potential and integral equationmethod are presented in
Section 2.1. We discuss the numerical solution of the forward
mapping and its implementation in Section 2.2. In Section 2.3
we present in detail the Bayesian formulation of the inverse
problem along with the probability distributions involved.
The inverse problem results and the effective dimension
analysis are presented in Section 3. We consider the effective
dimension exploration as the main contribution of this work.

2. Materials and Methods

In this section we describe the forward mapping evaluation
using the integral equations method and the layer acoustic
potentials approach as in [11, 12].

2.1. Single Layer andDouble Layer Potentials. The fundamen-
tal solution of the Helmholtz equation (3) is

Φ(𝑥, 𝑦) =

{{{

{{{

{

1

4𝜋

𝑒
𝑖𝑘|𝑥−𝑦|

𝑥 − 𝑦


𝑛 = 3

𝑖

4
𝐻

(1)

0
(𝑘

𝑥 − 𝑦
) 𝑛 = 2,

(7)

for 𝑥 ̸= 𝑦, where | ⋅ | denotes the 𝐿2 norm and 𝐻
(1)

0
is

the Hankel function of first kind and order zero. Given an
integrable function 𝜑, the integral operators

(𝑆𝜑) (𝑥) = ∫
Γ

𝜑 (𝑦)Φ (𝑥, 𝑦) 𝑑𝑠 (𝑦) , 𝑥 ∈ R
𝑛
\ Γ, (8)

(𝐾𝜑) (𝑥) = ∫
Γ

𝜑 (𝑦)
𝜕Φ (𝑥, 𝑦)

𝜕] (𝑦)
𝑑𝑠 (𝑦) , 𝑥 ∈ R

𝑛
\ Γ, (9)

with ] being the unit normal vector to Γ directed to the
exterior of 𝐷, are called acoustic single layer and acoustic
double layer potentials for density 𝜑, respectively. Both, the
single and double layer potentials are radiant solutions of

the Helmholtz equation in R𝑛
\ 𝐷. The single layer potential

is continuous in R𝑛
\ 𝐷 (including the boundary Γ) and

consequently it is defined as in (8) also for 𝑥 ∈ Γ. The double
layer potential is only continuous in R𝑛

\ 𝐷 (not including
Γ); nonetheless (𝐾𝜑)(𝑥) is defined in the boundary as its
corresponding limit when 𝑥 approaches Γ, namely,

(𝐾𝜑) (𝑥) =
1

2
𝜑 (𝑥) − ∫

Γ

𝜕Φ (𝑥, 𝑦)

𝜕] (𝑦)
𝜑 (𝑦) 𝑑𝑠 (𝑦) , 𝑥 ∈ Γ;

(10)

see [12] for details.
The direct problem is formulated in the form of a

combined potential using the Dirichlet boundary condition:
1

2
𝜑 + 𝐾𝜑 − 𝑖𝜂𝑆𝜑 = −𝑢

inc
, (11)

where 𝑢
inc

= exp(𝑖𝑘𝑥 ⋅ 𝑑) is the incident wave, 𝜂 is a coupling
factor (in our case we set 𝜂 = 𝑘), and 𝑆 and𝐾 are the acoustic
potentials defined above.

The three potentials (single layer, double layer, and com-
bined potential) reproduce the same far field pattern given
a boundary Γ. However, the combined potential operator
in (11) is the sum of the identity and a compact operator,
and therefore its singular values are bounded away from
zero. Consequently, the combined potential is more stable
regarding numerical implementation and then we use the
combined potential in the remainder.

The far field pattern for the combined potential is given
by

𝑢∞ (𝑥) =
𝑒
−𝑖(𝜋/4)

√8𝜋𝑘

∫
Γ

{𝑘] (𝑦) ⋅ 𝑥 + 𝜂} 𝑒
−𝑖𝑘𝑥⋅𝑦

𝜑 (𝑦) 𝑑𝑠 (𝑦) .

(12)

The corresponding far field pattern for the single-layer
potential is given by

𝑢∞ (𝑥) =
𝑒
𝑖(𝜋/4)

√8𝜋𝑘

∫
Γ

𝑒
−𝑖𝑘𝑥⋅𝑦

𝜑 (𝑦) 𝑑𝑠 (𝑦) . (13)

The integral (12) can be evaluated numerically using the
trapezoidal rule after solving the integral equation (11) for 𝜑.
It is known [13] that the trapezoidal rule has high accuracy
when integrating over periodic functions and therefore is a
sensible method to use in this case.

2.2. Numerical Solution of the ForwardMap. As a test case we
consider the two-dimensional kite-shaped domain shown in
Figure 1. The parametric representation for the boundary is
given by Γ(𝑡) = (cos 𝑡 + 0.65 cos 2𝑡 − 0.65, 1.5 sin 𝑡), 0 ≤ 𝑡 ≤

2𝜋.
The combined potential equation (11) gives rise to a linear

system upon discretization:

𝐴𝜑 = 𝑔, (14)

where 𝜑 is the density, 𝑔 = −2𝑢
inc, and the matrix 𝐴 has the

form

𝐴 = 𝐼 − 𝐿 − 𝑖𝑘𝑀, (15)
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Figure 1: Synthetic example: a kite-shaped object. Numerical
results for forward mapping evaluations are obtained by generating
synthetic far field patternmeasurements for this smooth, nonconvex
boundary.
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Figure 2: Elapsed times of serial and parallel numerical implemen-
tations for a single forward mapping evaluation using the combined
potential.

where 𝐼 is the 𝑁 × 𝑁 identity matrix and 𝑁 is the number
of knots used to discretize the boundary Γ. 𝐿 and 𝑀 are the
discrete kernels corresponding to single layer potential and
double layer potential, respectively (for details see [12]).

Matrix 𝐴 in (15) is square, nonsymmetric, dense, com-
plex, and well conditioned. Mathematical software such as
Matlab or Python can be used to evaluate the direct problem.
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Figure 3: Relative errors of the forward mapping evaluation on
direction 𝑑 = (1, 0), for the smooth and periodic kite-shaped
boundary, varying the number of points 𝑁 and wave number 𝑘 =

1 fixed. This plot with logarithmic scale for 𝑦-axis illustrates the
exponential convergence of Nÿstrom method for combined and
single layer potentials.

However, it must be taken into account that a big number
of evaluations of the forward mapping must be done in a
Bayesian statistics approach.

Consequently, in order to have an efficient numerical
machinery to evaluate the direct problem we have imple-
mented a parallel version of the general conjugate residuals
method (GCR) to solve the linear system (14). The GCR
method was programmed in C on a graphics processing
unit (GPU). Of note, a serial version of the GCR method
programmed in C is slow, even compared with matlab
and python solvers of the linear systems; see Figure 2. The
implementation details for parallel computing scheme are
presented on Appendix B. Although the evaluation of the far
field pattern (12) is not computationally expensive, it can be
done in parallel. Details are shown also in Appendix B.

The far field pattern value 𝑢∞(𝑑) obtained for the kite in
the directions 𝑑 = (1, 0) closely resembles results previously
reported in [12]. The convergence of Nÿstrom method, used
to numerically evaluate the integral operators, is illustrated
on Figure 3. We use as a reference solution the far field
pattern value 𝑢∞(1, 0) with wave number 𝑘 = 1, obtained
with the combined potential for 𝑁 = 1024 points, and we
plot in logarithmic scale for 𝑦-axis the relative errors for far
field patterns obtained with combined potential (solid line in
Figure 3) and single layer potential (dashed line in Figure 3)
for number of points 𝑁 = 8, 16, 32, 64, 128, 256.

2.3. Bayesian Formulation. First let us remember the Bayes
rule:

𝜋 (𝜃 | 𝑢∞) =
𝜋 (𝑢∞ | 𝜃) 𝜋 (𝜃)

𝜋 (𝑢∞)
. (16)
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The posterior density 𝜋(𝜃 | 𝑢∞) quantifies the uncertainty of
the parameter 𝜃 to be recovered from data 𝑢∞. The prior den-
sity 𝜋(𝜃) expresses the information regarding the unknown
parameter 𝜃. 𝜋(𝑢∞ | 𝜃) is the likelihood function, that is,
the measurement error distribution assumed, conditional on
𝜃. The density 𝜋(𝑢∞) is a normalizing constant. Below we
describe these density functions for our inverse problem.

We consider the inverse problemdefined by the nonlinear
forward mapping (6) from the point of view of Bayesian
statistics. In Bayesian statistical inversion theory, the solution
of the inverse problem is the conditional probability of
parameters, given the data (posterior probability).We assume
that the data are noisy measurements of far field pattern 𝑢∞

and that the boundary Γ may be described by a vector of
parameters 𝜃 as follows.

We construct a prior model based on a parameterization
for Γ considering that it is a simple 2𝜋-periodic curve and
Γ ∈ 𝐶

2
(R2

). We express Γ as follows:
Γ (𝑡) = 𝑟 (𝑡) (cos 𝑡, sin 𝑡) , (17)

where 𝑡 ∈ [0, 2𝜋) and

𝑟 (𝑡) =
𝑎0

2
+

∞

∑

𝑖=1

𝑎𝑖 cos (𝑖𝑡) + 𝑏𝑖 sin (𝑖𝑡) . (18)

Thus the radius of Γ is expressed in terms of a Fourier series.
The vector of parameters

𝜃 = (𝑎0, 𝑎1, . . . , 𝑎𝑛, . . . , 𝑏1, 𝑏2, . . . , 𝑏𝑛, . . .) (19)
contains the Fourier series coefficients in (18). For a boundary
Γ that is defined by a vector of coefficients 𝜃 we denote the
forward mapping by 𝐹𝜃. We refer to

𝜃𝑛 = (𝑎0, 𝑎1, . . . , 𝑎𝑛, 𝑏1, 𝑏2, . . . , 𝑏𝑛) (20)
as the finite vector of 𝑐 = 2𝑛 + 1 Fourier coefficients to
represent a boundary Γ𝑛.

2.3.1. Posterior Distribution. The posterior distribution does
not have to our knowledge a closed form. Consequently,
we resort to Markov chain Monte Carlo (MCMC) simula-
tion methods to analyze the posterior distribution. We use
the t-walk [14], a general purpose sampling algorithm for
continuous distributions, in order to sample satisfactorily
from the posterior distribution.Wedescribe briefly the t-walk
algorithm and implementation details in Appendix A.

The t-walk algorithm evaluates the energy function
(minus log of the nonnormalized posterior). Consider the
following:

𝜀 (𝜃) = 𝐸 − log 𝐿 (𝜃, 𝑢∞) − log𝜋Θ (𝜃) , (21)
for an arbitrary constant 𝐸 (i.e., minus log of the nonnormal-
ized posterior) on each iteration. In practice the constant 𝐸
is not used and the energy is evaluated as minus log of the
product likelihood times the prior one.

Theoutput simulations of the t-walk are vectors of Fourier
coefficients 𝜃𝑛 for 𝑛 fixed, each one of which defines a
boundary Γ𝑛 through (18). We refer subsequently to the sim-
ulations 𝜃𝑛, obtained with the t-walk, as MCMC simulations
or posterior samples and we refer to a simulated boundary as
the curve Γ𝑛 which is defined by a simulated vector 𝜃𝑛.

2.3.2. Prior Distribution. We establish the prior model as
follows. Suppose that Γ ∈ 𝐶

2
(R2

) corresponds to a star
shaped domain. Then Γ admits a representation (17)-(18).
Furthermore, the mean square error for approximating Γ by
Γ̃𝑛 is given by


Γ − Γ̃𝑛



2

= ∑

𝑚>𝑛

(𝑎𝑚, 𝑏𝑚)


2
. (22)

Further details of this consequence of Parseval inequality are
described in [15].

Due to smoothness of Γ, the amplitude of the Fourier
coefficients decays quickly along the series. In fact

(𝑎𝑚, 𝑏𝑚)
 = 𝑂 (𝑚

−2
) . (23)

Note that 𝑚 is the position of the coefficient in the Fourier
series.Therefore the norm |(𝑎𝑚, 𝑏𝑚)| of the coefficients 𝑎𝑚, 𝑏𝑚

is by definition of 𝑂(𝑚
−2

) bounded by

(𝑎𝑚, 𝑏𝑚)
 <

𝐶

𝑚2
, (24)

for some positive constant 𝐶 ∈ R.
We pose a normal distribution for each pair 𝑎𝑚, 𝑏𝑚 of

coefficients as follows:

𝑎𝑚, 𝑏𝑚 ∼ 𝑁(0,
𝐶

4𝑚2
) , (25)

with 𝑎𝑚, 𝑏𝑚 mutually independent. We note that the variance
was set to 𝐶/4𝑚

2. The rationale is that with the variance
in this way, we guarantee that the pair 𝑎𝑚, 𝑏𝑚 satisfies the
inequality (24) with probability higher than 0.99. Moreover
the variance decreases when increasing position 𝑚, that is,
for high order coefficients along the Fourier series. Conse-
quently, this modeling incorporates the smoothness of Γ on
the prior distribution.

The coefficient 𝑎0 in (18) is related to the size of the
scattering object. We assume that

𝑎0 ∼ 𝑁 (2.5, 0.14) . (26)

It is not clear how to set the constant 𝐶 in distribution
(25). This constant can be seen as a scaling factor and the
parameter𝑚 controls the spread of the distribution by 1\4𝑚

2.
A single constant 𝐶 can be chosen for all prior distributions
(25) independently of the value of the index𝑚 = 1, . . . , 𝑛. For
this aim we sample coefficients 𝜃𝑛 from the distributions (25)
varying the value of 𝐶. We add the condition

𝑟 (𝑡) > 0.75 ∀𝑡 ∈ [0, 2𝜋) (27)

on the radius (18) to guarantee that the sample curves do not
intersect themselves. The sampled curves are presented on
Figure 4. Aswe observe, using the values of𝐶 = 0.5 and𝐶 = 1

(see Figures 4(a) and 4(b)) we obtain very smooth curves. On
the other hand, Figures 4(c) and 4(d) show curves with more
oscillations. For our purposes, a value of 𝐶 = 2 is chosen.
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Figure 4: Prior distribution samples for coefficients on our boundary representation.The sample is drawn from a Gaussian distribution with
mean 𝜇 = 0 and variance 𝜎

2
= 𝐶/4𝑚

2, where 𝑚 is the position of the coefficient on a Fourier series and 𝐶 is constant. We vary the variance
and set the value of 𝐶 depending on the expected smoothness of the boundary to recover.

2.3.3. Likelihood. Assume that the measurements of the far
field pattern have additive Gaussian noise

𝑢∞ (𝑥) = 𝐹
Γ
(𝜃) + 𝜂𝑥, (28)

with 𝜂𝑥 ∼ 𝑁(0, 𝜎
2
) for a boundary Γ. The likelihood is given

by the noise distribution

𝐿 (𝜃, 𝑢∞) = (2𝜋𝜎)
−𝑁/2 exp{−

1

2
∑

𝑥



𝑢∞ (𝑥) − 𝐹
Γ
(𝑥)

𝜎



2

} ,

(29)

assuming independent measurements. We assume that the
measurements 𝑢∞ are taken on evenly spaced directions 𝑥.

3. Results and Discussion

In order to avoid committing an “inverse crime” [5] in
our numerical experiments we proceed as follows. First we
generate synthetic noisy far field measurements from the
kite-shaped object (see Figure 1). Second, this kite is not
obtained from any finite Fourier series expansion and it is
therefore not included in any of our models. This forces our
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Figure 5: Marginal posterior distributions for 𝑎𝑖’s coefficients for 𝑐 = 11. These unimodal distributions are used to estimate coefficients of
the inverse problem.

methodology to cope with diverse shapes, being the finite
Fourier series only an approximation. Third, synthetic data
generation is done using the single-layer potential approach,
whereas for MCMC steps we evaluate the forward mapping

using the combined potential. Of note, both the single and
the combined potential approaches approximate the same
far field pattern when 𝑁 is large enough, however they are
numerically different.
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Figure 6: Continued.
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Figure 6: Probability Regions from theMCMC simulations (gray).The boundaries defined frommean of marginal posterior distribution are
shown in blue. The corresponding MAP boundaries are shown in green. The results are compared to the kite object in dashed red line.

We present results of theMCMC simulations, varying the
number of Fourier coefficients in Section 3.1. Results repre-
senting the main contribution of this paper are presented on
Section 3.2.

3.1. Inverse Problem Results. For our experiments we dis-
cretize the boundary of the kite-shaped object with 256
points. The far field pattern was computed on 16 evenly
spaced points. We use 16 incident waves and we set the
coupling parameter 𝜂 to be equal to the wave number 𝑘 = 1.
The synthetic data are generated with additive Gaussian noise
𝑁(0, 𝜎

2
)whit 𝜎 = 0.1 (equivalently SNR = 0.97).We generate

100,000 MCMC simulations of the posterior distribution
for each number of coefficients (𝑐 = 3, 5, . . . , 31, 33). The
transient stage of the MCMC is taken into account and we
remove the first 5,000 iterations in each case. We highlight
that it takes about 7 hours to produce 100,000 MCMC
simulations on a Python implementation. With our parallel
implementation the execution time is reduced to about 1 hour.

Due to space constrains, we present only marginal pos-
terior probability distributions of cosine terms for 𝑐 = 11

coefficients in Figure 5. As we observe, for each coefficient,
the corresponding distribution is unimodal with low varia-
tion. The same feature is presented for coefficients for cases
𝑐 ∈ {3, 5, . . . , 31, 33}, 𝑐 ̸= 11 (not shown).

We present in Figure 6 the probability region (in gray)
for the number of Fourier coefficients for cases 𝑐 ∈

{3, 5, . . . , 31, 33}. For this aimwe draw 1000 simulated bound-
aries subsampled with their corresponding IAT factor in each
case.The true kite-shaped boundary is shown as a red dashed
line. From Figure 6 it is apparent that as we increase the
number of coefficients the samples havemore oscillations and
the probability region becomes imprecise. This fact exhibits
the numerical instability of Fourier-based representation for
the solutions of the inverse problem of interest.

Also, in Figure 6 we show what we refer to as MAP
boundary (dashed line) and mean boundary (continuous
line) for each value of 𝑐. The MAP boundary is the curve
defined by the simulated vector 𝜃𝑛 that has the lowest energy
value (maximum a posteriori). The mean boundary is the
curve defined by the mean of each coefficient of simulated
vectors 𝜃𝑛. MAP boundaries and mean boundaries seem to
approximate the true curve with approximately the same
quality. In fact, we cannot qualitatively distinguish the best
approximation from 𝑐 = 9 coefficients to 𝑐 = 33. This issue
gives rise to the analysis presented on the next section.

3.2. EffectiveDimension. Werefer to effective dimension as the
number of parameters that can be properly retrieved from a
noisy data set. In the context of this paper, effective dimension
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is related to the uncertainty quantification of parameters,
that is, identifying the number of Fourier coefficients on
the representation given by (17)–(20), required to approxi-
mate properly the boundary of the kite (see Figure 1) from
synthetic far field measurements. As an aside comment we
want to mention that effective dimension can be seen as
an indicator for a parsimonious approximation regarding
computational cost. However this feature is not used here due
to the fact that effective dimension analysis is performed as
a posterior procedure. In this section we have changed the
notation for the distributions to be consistent with [14].

We define a collection of 𝑘 models given by

𝜋
𝑛

𝑢∞|Θ
𝑛

(𝑢
∞

| 𝜃𝑛) , (30)

with 𝑛 ∈ {1, 2, . . . , 𝑘}. Θ𝑛 is a vector of random variables.
A realization of Θ𝑛 is a vector 𝜃𝑛 defined in (20), and
𝜋
𝑛

𝑢∞|Θ
𝑛

is the corresponding posterior distribution for model
𝑛. For simplicity we use as index 𝑛 to indicate the model
corresponding to 𝑐 = 2𝑛 + 1 Fourier coefficients.

We use the super-model approach; that is, a newmodel is
defined

𝜋𝑢∞|Θ,𝑀 (𝑢
∞

| 𝜃, 𝑛) = 𝜋
𝑛

𝑢∞|Θ
𝑛

(𝑢
∞

| 𝜃𝑛) , (31)

where 𝑀 = 𝑛 is the indicator of the model and Θ =

(Θ1, Θ2, . . . , Θ𝑘).
The posterior probability for model 𝑀 = 𝑛 of explaining

the observed far field pattern is given by

𝜋 (𝑀 = 𝑛 | 𝑢∞) ∝ 𝜋𝑀 (𝑛) 𝜋
𝑛

𝑢
∞

(𝑢∞) , (32)

where 𝜋𝑀(𝑛) is the prior probability of model 𝑀 = 𝑛 and
𝜋
𝑛

𝑢
∞

(𝑢∞) is the corresponding normalizing constant (also
known as the marginal likelihood) for model 𝑛. A straight-
forward way to perform model selection is by computing
(32) for all the models and choosing the model with highest
probability. Indeed, the difficulty regarding the computation
of (32) is evaluating the normalizing constant 𝜋

𝑛

𝑢
∞

(𝑢∞). To
perform our MCMC only the nonnormalized posterior is
needed and therefore 𝜋

𝑛

𝑢
∞

(𝑢∞) was not previously calculated
(this is the usual case when doing MCMC in a fixed number
of parameters in a Bayesian application). Nevertheless, the
MCMC simulations may be used to estimate 𝜋

𝑛

𝑢
∞

(𝑢∞) and
provide information to explore the effective dimension. This
is explained below.

The ratio of two normalizing constants is defined as
follows:

𝑟 =
𝜋
𝑙

𝑢∞
(𝑢

∞
)

𝜋
𝑠

𝑢∞
(𝑢∞)

, (33)

where 𝑠, 𝑙 ∈ {1, 2, . . . , 𝑘}, 𝑠 ̸= 𝑙. Considering a uniform prior
distribution for the models, that is, 𝜋𝑀(𝑛) = 1 \ 𝑛, model 𝑠 is
better thanmodel 𝑙when 𝑟 > 1, and they are indistinguishable
if 𝑟 = 1 and 𝑙 is better than 𝑠when 𝑟 < 1.Then, the best model
has the highest normalizing constant value.

A consistent estimator of the ratio is

𝑟 =

(1/𝑚𝑙)∑
𝑚
𝑙

𝑖=1
𝜋
𝑙

𝑢∞|Θ
𝑙

(𝑢
∞

| 𝜃𝑙,𝑖) 𝜋
𝑙

Θ
𝑙

(𝜃𝑙,𝑖) /𝜋
𝐼

𝑙
(𝜃𝑙,𝑖)

(1/𝑚𝑠)∑
𝑚
𝑠

𝑖=1
𝜋
𝑠

𝑢∞|Θ
𝑠

(𝑢∞ | 𝜃𝑠,𝑖) 𝜋
𝑠
Θ
𝑠

(𝜃𝑠,𝑖) /𝜋
𝐼
𝑠
(𝜃𝑠,𝑖)

, (34)

where 𝜋
𝐼

𝑙
, 𝜋

𝐼

𝑠
are completely known importance sampling

densities for 𝜋
𝑙

Θ
𝑙
|𝑢∞

and 𝜋
𝑠

Θ
𝑠
|𝑢∞

, respectively, and the sets
{𝜃𝑙,1, 𝜃𝑙,2, . . . , 𝜃𝑙,𝑚

𝑙

} and {𝜃𝑠,1, 𝜃𝑠,2, . . . , 𝜃𝑠,𝑚
𝑠

} are samples of the
posterior distribution for models 𝑙 and 𝑠, respectively, (see
[14] for details).

We observe from (34) that for a model 𝑠, the product

𝜋
𝑠

𝑢∞|Θ
𝑠

(𝑢
∞

| 𝜃𝑠,𝑖) 𝜋
𝑠

Θ
𝑠

(𝜃𝑠,𝑖)

for each 𝜃𝑠,𝑖 ∈ {𝜃𝑠,1, 𝜃𝑠,2, . . . , 𝜃𝑠,𝑚
𝑠

} ,

(35)

is the corresponding likelihood times prior distribution.
This product is in fact the energy (21) using a suitable
constant 𝐸.Then the resulting sample fromMCMC posterior
simulations is used to compute (34), as a byproduct of the
formerwithmarginal computational cost added. Somedetails
about approximating normalizing constant from MCMC
simulations are discussed in [16].

The importance sampling density 𝜋
𝐼

𝑠
must be comparable

to the product (35). We propose to numerically estimate the
density 𝜋

𝐼

𝑠
for every model using a Kernel density estimation

(KDE) [17] of the posterior distribution using the MCMC
sample. A rough estimate may be used, for the sole purpose
of estimating 𝑟.

The kernel density estimator has the form

�̂�𝑠 (𝜃
∗

𝑠
| 𝑢∞) =

1

𝑚𝑠ℎ𝑚
𝑠

𝑚
𝑠

∑

𝑖=1

𝐾𝑠 (
𝜃
∗

𝑠
− 𝜃𝑠,𝑖

ℎ𝑖
𝑚
𝑠

) , (36)
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where the kernel𝐾 is a bounded density on 𝑅
𝑠 and ℎ𝑚

𝑠

is the
bandwidth. For this estimator we define a Gaussian kernel

𝐾𝑠 (𝑥) = (2𝜋)
−𝑠/2

𝑒
−𝑥
2
/2 (37)

and a bandwidth

ℎ𝑚
𝑠

=

𝑚
𝑠

∏

𝑖=1

ℎ
𝑖

𝑚
𝑠

, (38)

where ℎ
𝑖

𝑚
𝑠

= 1.06𝜎𝑖𝑚
−1/5

𝑠
and 𝜎𝑖 is the standard deviation for

each coefficient on the model 𝑠. We compute

𝑐𝑠 = (
1

𝑚𝑠

)

𝑚
𝑠

∑

𝑖=1

𝜋
𝑠

𝑢∞|Θ
𝑠

(𝑢
∞

| 𝜃𝑠,𝑖) 𝜋
𝑠

Θ
𝑠

(𝜃𝑠,𝑖)

𝜋𝐼
𝑠
(𝜃𝑠,𝑖)

, (39)

for each model 𝑠 ∈ {1, 2, . . . , 𝑘} then all the models can be
compared together. Then effective dimension corresponds to
the model with the highest normalizing constant, equiva-
lently the lowest value of minus logarithm of the normalizing
constant.

We present in Figure 7 the minus logarithm of the
estimated normalizing constants (39) for all models (red
line). As we see in this figure, the lowest value is obtained
with 𝑛 = 11 coefficients. Also we present in the same
Figure the distance (norm 𝐿2 of the pointwise difference)
between the radius of the kite and the radius of the simulated
boundaries. The continuous line shows the difference with
respect to the mean boundaries.The dashed line corresponds
to the distances with respect to the map boundaries. The
boxplot in the same figure corresponds to distances of the last
1000 simulations of the posterior. These last simulations are
taken and subsampled with their corresponding IAT factor.
These boundaries are in fact the probability region shown in
Figure 6.

Based on the Bayes factors, the best model corresponds
to 𝑛 = 11 (we recall that 𝑐 = 2𝑛 + 1). Of note, there are MAP
boundaries (e.g. 𝑐 ∈ {13, 19, 25, 29}) with lowermean squared
error compared with the MAP for 𝑐 = 11. Also the mean
boundaries from 𝑐 = 15 to 𝑐 = 33 have lower distances to
theMAP. However as we observe on the boxplot, the mean of
the error decreases from 3 to 11 Fourier coefficients and then
oscillations appear, increasing spread and increasing error
from 13 to 33 coefficients. Despite the low error of MAP and
mean boundaries for models with 13 to 33 coefficients, due to
the spread shown in the boxplot, the best model is certainly
given by Bayes’ factor (i.e., for 𝑐 = 11). A qualitative analysis
that agrees with these results is also discussed in Section 3.

Fourier series is a classical representation for smooth
periodic closed curves. Furthermore, we have used a well
understood and high order numerical method for forward
mapping evaluation. However, these two elements by them-
selves are not enough to have confidence regarding the
solution of the inverse problem. The quality of the solution
depends also on the number of coefficients of the Fourier
series used for the representation.

Our effective dimension discussion relies on MCMC
methods to provide a quantitative strategy to determine the
number of parameters that can be retrieved given a data set.

4. Conclusions

In this work we address the acoustic inverse scattering
problem with a classical Fourier-based representation of
the solution. We pose the inverse problem as a Bayesian
inference problem and use the output of a MCMC method
(namely, the t-walk) for our effective dimension results. For
the corresponding direct problem we have used the classical
layer potential approach, which was solved in a fast and
reliable manner with a robust numerical method and par-
allel computing. Using Fourier series to represent solutions
allows for a straightforward formulation that incorporates
the smoothness of the solutions into the prior distribution.
On the other hand, the finite Fourier representation is
numerically unstable. Although other approaches to repre-
sent the scattering obstacle are applicable (e.g., wavelet basis
which correspond to Besov priors), a fundamental question
remains: Howmuch information can be retrieved, within the
representation, from a noisy data set?

The main contribution of this paper is the effective
dimension method, which is a quantitative method to esti-
mate and quantify the uncertainty of the estimable parame-
ters given a noisy data set. Given a parametric representation
of the solution of the inverse problem, the effective dimension
method is implemented via Bayesian model selection where
the normalizing constant for each model is approximated
using the MCMC output. Of note, the effective dimension
method is applicable regardless of the parametric represen-
tation of the solution.

Appendices

A. The t-Walk

The t-walk (for “traverse” or “thoughtful” walk) is a MCMC
sampler for arbitrary continuous distributions that require no
tuning. The t-walk maintains two independent points in the
sample space and allmoves are based on four proposals (walk,
traverse, hop, and blow) that are accepted with a standard
Metropolis-Hastings acceptance probability on the product
space. These moves produce an efficient sampling algorithm
that is invariant to scale and approximately invariant to affine
transformations of the state space.

For an objective function (e.g., posterior distribution)
𝜋(𝑥), 𝑥 ∈ X, andX ⊂ R𝑛, a new objective function is defined
as 𝑓(𝑥, 𝑥


) = 𝜋(𝑥)𝜋(𝑥


) in the corresponding product space

X × X. Then two proposals are considered as follows:

(𝑦, 𝑦

) = {

(𝑥, ℎ (𝑥, 𝑥

)) , with probability 0.5

(ℎ (𝑥, 𝑥

) , 𝑥


) , with probability 0.5,

(A.1)

where ℎ(⋅, ⋅) is defined by one of the following four moves.

(i) Walk Move.The walk move is defined by the function

ℎ𝑤(𝑥, 𝑥

)
𝑗
= {

𝑥𝑗 + (𝑥𝑗 − 𝑥


𝑗
) 𝛼𝑗, 𝐼𝑗 = 1

𝑥𝑗, 𝐼𝑗 = 0,
(A.2)
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for 𝑗 = 1, 2, . . . , 𝑛, where 𝛼𝑗 ∈ R are i.i.d. r.v. with density

𝜓𝑤 (𝛼𝑗) =

{{

{{

{

1

𝑘√1 + 𝛼𝑗

, 𝛼 ∈ [
−𝑎𝑤

1 + 𝑎𝑤

, 𝑎𝑤]

0, otherwise
(A.3)

with 𝑎𝑤 = 1.5, 𝑘 = 2(√1 + 𝑎𝑤 − 1/√1 + 𝑎𝑤), and 𝛼𝑗 =

(𝑎𝑤/(1 + 𝑎𝑤))(−1 + 2𝑢 + 𝑎𝑤𝑢
2
) with 𝑢 ∼ 𝑈(0, 1). In this case

the Hastings ratio is

𝑔 (𝑥 | 𝑦, 𝑥

)

𝑔 (𝑦 | 𝑥, 𝑥)
= 1, (A.4)

for both cases on (A.1).

(ii) Traverse Move. The traverse move is defined by the
function

ℎ𝑡(𝑥, 𝑥

)
𝑗
= {

𝑥


𝑗
+ 𝛽 (𝑥



𝑗
− 𝑥𝑗) , 𝐼𝑗 = 1

𝑥𝑗 𝐼𝑗 = 0,
(A.5)

where 𝛽 ∈ R+ is a r.v. with density

𝜓𝑡 (𝛽) =
𝑎𝑡 − 1

2𝑎𝑡

{(𝑎𝑡 + 1) 𝛽
𝑎
𝑡𝐼(0,1] (𝛽)}

+
𝑎𝑡 + 1

2𝑎𝑡

{(𝑎𝑡 − 1) 𝛽
−𝑎
𝑡𝐼(1,∞] (𝛽)}

(A.6)

which is a mixture of densities and can be easily sampled as
follows:

𝛽 =

{{{

{{{

{

1

𝑢𝑎
𝑡
+1

, with probability
𝑎𝑡 − 1

2𝑎𝑡

1

𝑢1−𝑎
𝑡

, with probability
𝑎𝑡 + 1

2𝑎𝑡

,

(A.7)

with 𝑎𝑡 = 6 and 𝑢 ∼ 𝑈(0, 1). The acceptance ratios are

𝜋 (𝑦

)

𝜋 (𝑥)
𝛽
𝑛
𝐼
−2 or

𝜋 (𝑦)

𝜋 (𝑥)
𝛽
𝑛
𝐼
−2

, (A.8)

for first and second cases on (A.1), respectively.

(iii) Hop Move.The hop move is defined by the function

ℎℎ (𝑥, 𝑥

) =

{{

{{

{

𝑥𝑗 +

𝜎 (𝑥, 𝑥

)

3
𝑧𝑗, 𝐼𝑗 = 1

𝑥𝑗, 𝐼𝑗 = 0,

(A.9)

with 𝑧𝑗 ∼ 𝑁(0, 1) and 𝜎(𝑥, 𝑥

) = max𝐼

𝑗
=1|𝑥𝑗 − 𝑥



𝑗
|. For this

proposal

𝑔ℎ (𝑦 | 𝑥, 𝑥

)

=
(2𝜋)

−𝑛
𝐼
/2
3
𝑛
𝐼

𝜎(𝑥, 𝑥)
𝑛
𝐼

exp
{

{

{

−
9

2𝜎(𝑥, 𝑥)
2
∑

𝐼
𝑗
=1

(𝑦𝑗 − 𝑥𝑗)
2}

}

}

× ∏

𝐼
𝑗
=0

𝛿𝑥
𝑗

(𝑦𝑗) .

(A.10)

(iv) Blow Move.The blow move is defined by the function

ℎℎ (𝑥, 𝑥

) = {

𝑥


𝑗
+ 𝜎 (𝑥, 𝑥


) 𝑧𝑗, 𝐼𝑗 = 1

𝑥𝑗, 𝐼𝑗 = 0,
(A.11)

with 𝑧𝑗 ∼ 𝑁(0, 1) and 𝜎(𝑥, 𝑥

) = max𝐼

𝑗
=1|𝑥𝑗 − 𝑥



𝑗
|. For this

proposal

𝑔𝑏 (𝑦 | 𝑥, 𝑥

)

=
(2𝜋)

−𝑛
𝐼
/2

𝜎(𝑥, 𝑥)
𝑛
𝐼

exp
{

{

{

−
1

2𝜎(𝑥, 𝑥)
2
∑

𝐼
𝑗
=1

(𝑦𝑗 − 𝑥𝑗)
2}

}

}

× ∏

𝐼
𝑗
=0

𝛿𝑥
𝑗

(𝑦𝑗) .

(A.12)

The numerical implementation of the algorithm only
requires the user to define three functions.

(i) Initialization. A function to generate the two different
initial guesses 𝑥 and 𝑥

.
(ii) Support. Defines the support of the target function.

Points outside of the support are rejected.
(iii) Energy. In this function the minus logarithm of the

target density is evaluated.

The algorithm is available for download from Andres
Christen’s personal web page http://www.cimat.mx/-jac/
twalk and it has been implemented onC, C++,Matlab, R, and
Python languages.

B. Parallel Computing

Although MCMC methods are by definition serial pro-
cedures, the high computational cost can be reduced by
performing each evaluation of the objective function in a
parallel computing scheme when possible. In this appendix
we present a way to solve the direct problem for combined
potential and Nÿstrom method.

We recall the linear systemmatrix for combined potential
and Nÿstrom method:

(𝐼 − 𝐿 + 𝑖𝑘𝑀)𝜑 = 𝑔, (B.1)

where 𝐿,𝑀 are kernels for double layer potential and single
layer potential (for details see [12]). The matrix coefficient 𝑖𝑗
corresponds to

(𝐼 − 𝐿 + 𝑖𝑘𝑀)𝑖𝑗 = (𝐼𝑖𝑗 − 𝐿 𝑖𝑗 + 𝑖𝑘𝑀𝑖𝑗) , (B.2)

where 𝐼𝑖𝑗 = 0 for 𝑖 ̸= 𝑗 and 𝐼𝑖𝑗 = 1 for 𝑖 = 𝑗, 𝐿 𝑖𝑗 = 𝐿(𝑡𝑖, 𝑡𝑗),
and 𝑀𝑖𝑗 = 𝑀(𝑡𝑖, 𝑡𝑗), with 𝑡𝑖 = 2𝜋𝑖/𝑁, 𝑡𝑗 = 2𝜋𝑗/𝑁, and 𝑖, 𝑗 =

0, 1, . . . , 𝑁.
The evaluation of each entry of the matrix involves the

numerical evaluation of Bessel functions which is computa-
tionally costly. On the other hand, each entry of the matrix
is independent. Then the matrix setup is recommended to
be performed in a parallel scheme in order to reduce the



12 Mathematical Problems in Engineering

𝑟0 = −𝑢𝑖 − 𝐴𝜑0

𝑝0 = 𝑟0

for 𝑖 < 𝑁 do

𝑎𝑖 =
(𝑟𝑖, 𝐴𝑝𝑖)

(𝐴𝑝𝑖, 𝐴𝑝𝑖)

𝑥𝑖+1 = 𝑥𝑖 + 𝑎𝑖𝑝𝑖

𝑟𝑖+1 = 𝑟𝑖 − 𝑎𝑖𝐴𝑝𝑖

𝑝𝑖+1 = 𝑟𝑖 +

𝑖

∑

𝑗=0

𝑏
(𝑖)

𝑗
𝑝𝑗,where 𝑏

(𝑖)

𝑗
= −

(𝐴𝑟𝑖+1, 𝐴𝑝𝑗)

(𝐴𝑝𝑗, 𝐴𝑝𝑗)

end for

Algorithm 1: Conjugate residuals method (GCR).

computing time.That is, given a number of knots𝑁we define
a grid of threads in CUDA of size 𝑁 × 𝑁 and each entry 𝑖𝑗 is
evaluated in a different thread.

In order to solve the linear system (B.1) we choose the
GCR method which is described in Algorithm 1. The dot
products involved are performed based on the cascading
algorithm of the optimizing parallel reduction in CUDA
sample from Nvidia CUDA toolkit documentation (see web
page http://docs.nvidia.com/cuda).

The most demanding part is computing the vector 𝑝

since a set of 𝑖 coefficients 𝑏 should be computed on each
iteration. For this aim,we use 𝑖CUDAblocks andwe compute
the corresponding 𝑏

(𝑖)

𝑗
within each block by using cascading

algorithm.
When usingmultiple incident waves, the term 𝑢𝑖 becomes

a matrix. This is equivalent to solve as many linear systems
as incident waves. The same algorithm is performed using a
CUDAblock for each incident wave excepting the computing
of 𝑏(𝑖)

𝑗
which is done for a single incident wave at time. The

computing of the far field pattern can be done in parallel
by approximating the integral (12) for the multiple incident
waves. However this latter evaluation is not expensive and it
takes no advantage of the parallel computing.

In our experiments, this parallel computing implemen-
tation has a performance enhancement of about 7x speedup
over the original. An implementation with a more effective
method than this parallel version of GCR is left as future
work.
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Recent developments in compressive sensing (CS) show that it is possible to accurately reconstruct the magnetic resonance (MR)
image from undersampled 𝑘-space data by solving nonsmooth convex optimization problems, which therefore significantly reduce
the scanning time. In this paper, we propose a new MR image reconstruction method based on a compound regularization model
associated with the nonlocal total variation (NLTV) and the wavelet approximate sparsity. Nonlocal total variation can restore
periodic textures and local geometric information better than total variation. The wavelet approximate sparsity achieves more
accurate sparse reconstruction than fixed wavelet ℓ0 and ℓ1 norm. Furthermore, a variable splitting and augmented Lagrangian
algorithm is presented to solve the proposedminimization problem. Experimental results onMR image reconstruction demonstrate
that the proposed method outperforms many existing MR image reconstruction methods both in quantitative and in visual quality
assessment.

1. Introduction

Magnetic resonance imaging (MRI) is a noninvasive and
nonionizing imaging processing. Due to its noninvasiveman-
ner and intuitive visualization of both anatomical structure
and physiological function, MRI has been widely applied in
clinical diagnosis. Imaging speed is important in many MRI
applications. However, both scanning and reconstruction
speed ofMRIwill affect the quality of reconstructed image. In
spite of advances in hardware and pulse sequences, the speed,
at which the data can be collected in MRI, is fundamentally
limited by physical and physiological constraints. Therefore
many researchers are seeking methods to reduce the amount
of acquired data without degrading the image quality [1–3].

In recent years, the compressive sensing (CS) framework
has been successfully used to reconstruct MR images from
highly undersampled 𝑘-space data [4–9]. According to CS
theory [10, 11], signals/images can be accurately recovered
by using significantly fewer measurements than the number
of unknowns or than mandated by traditional Nyquist sam-
pling. MR image acquisition can be looked at as a special case
of CSwhere the sampled linear combinations are simply indi-
vidual Fourier coefficients (𝑘-space samples). Therefore, CS

is claimed to be able to make accurate reconstructions from
a small subset of 𝑘-space data. In compressive sensing MRI
(CSMRI), we can reconstruct a MR image with good quality
from only a small number of measurements. Therefore, the
application of CS to MRI has potential for significant scan
time reductions, with benefits for patients and health care
economics.

Because of the ill-posed nature of the CSMRI recon-
struction problem, regularization terms are required for a
reasonable solution. In existing CSMRI models, the most
popular regularizers are ℓ0, ℓ1 sparsity [4, 9, 12] and total
variation (TV) [3, 13]. The ℓ0 sparsity regularized CSMRI
model can be understood as a penalized least square with
ℓ0 norm penalty. It is well known that the complexity of
this model is proportional with the number of variables.
Particularly when the number is large, solving the model
generally is intractable. The ℓ1 regularization problem can
be transformed into an equivalent convex quadratic opti-
mization problem and, therefore, can be very efficiently
solved. And under some conditions, the resultant solution
of ℓ1 regularization coincides with one of the solutions of
ℓ0 regularization [14]. Nevertheless, while ℓ1 regularization
provides the best convex approximation to ℓ0 regularization
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and it is computationally efficient, the ℓ1 regularization often
introduces extra bias in estimation and cannot reconstruct an
image with the least measurements when applied to CSMRI
[15]. In recent years, the ℓ𝑞 (0 < 𝑞 < 1) regularization
[16, 17] was introduced into CSMRI, since ℓ𝑞 regularization
can assuredly generate much sparser solutions than ℓ1 reg-
ularization. Although the ℓ𝑞 regularizations achieve better
performance, they always fall into local minima. Moreover,
which 𝑞 should yield a best result is also a problem. Trzasko
and Manduca [18] proposed a CSMRI paradigm based on
homotopic approximation of the ℓ0 quasinorm.Although this
method has no guarantee of achieving a global minimum,
it achieves accurate MR image reconstructions at higher
undersampling rates than ℓ1 regularization. And it was faster
than those ℓ𝑞 regularization methods. Recently, Chen and
Huang [19] accelerated MRI by introducing the wavelet tree
structural sparsity into the CSMRI.

Despite high effectiveness in CSMRI recovery, sparsity
and TV regularizers often suffer from undesirable visual
artifacts and staircase effects. To overcome those drawbacks,
some hybrid sparsity and TV regularization methods [5–
8] are proposed. In [5], Huang et al. proposed a new opti-
mization algorithm for MR image reconstruction method,
named fast composite splitting algorithm (FCSA), which is
based on the combination of variable and operator splitting
techniques. In [8], Yang et al. proposed a variable splitting
method (RecPF) to solve hybrid sparsity and TV regularized
MR image reconstruction optimization problem. Ma et al.
[20] proposed an operator splitting algorithm (TVCMRI) for
MR reconstruction. In order to deal with the problem of low
andhigh frequency coefficientsmeasurement, Zhang et al. [6]
proposed a new so-called TVWL2-L1 model which measures
low frequency coefficients and high frequency coefficients
with ℓ2 norm and ℓ1 norm. In [7], an experimental study on
the choice of CSMRI regularizations was given. Although the
classical TV regularization performs well in CSMRI recon-
struction while preserving edges, especially for cartoon-
like MR images, it is well known that TV regularization
is not suitable for images with fine details and it often
tends to oversmooth image details and textures. Nonlocal
TV regularization extends the classical TV regularization by
nonlocal means filter [21] and has been shown to outperform
the TV in several inverse problems such as image deonising
[22], deconvolution [23], and compressive sensing [24, 25].
In order to improve the signal-to-noise ratio and preserve
the fine details of MR images, Gopi et al. [26], Huang and
Yang [27], and Liang et al. [28] have proposed nonlocal
TV regularization based MR reconstruction and sensitivity
encoding reconstruction.

In this paper, we proposed a novel compound regulariza-
tion based compressive MR image reconstruction method,
which exploits the nonlocal total variation (NLTV) and
the approximate sparsity prior. The approximate sparsity,
which is used to replace the traditional ℓ0 regularizer and
ℓ1 regularizer of compressive MR image reconstruction
model, is sparser and much easier to be solved. The NLTV
is much better than TV for preserving the sharp edges
and meanwhile recovering the local structure details. In
order to compound regularization model, we develop an

alternative iterative scheme by using the variable splitting
and augmented Lagrangian algorithm. Experimental results
show that the proposed method can effectively improve the
quality of MR image reconstruction. The rest of the paper is
organized as follows. In Section 2 we review the compressive
sensing and MRI reconstruction. In Section 3 we propose
our model and algorithm. The experimental results and
conclusions will be shown in Sections 4 and 5, respectively.

2. Compressive Sensing and
MRI Reconstruction

Compressive sensing [10, 11], as a new sampling and com-
pression theory, is able to reconstruct an unknown signal
from a very limited number of samples. It provides a firm
theoretical foundation for the accurate reconstruction of
MRI from highly undersampled 𝐾-space measurements and
significantly reduces the MRI scan duration.

Supposeu ∈ R𝑁 is aMR image andF ∈ R𝑀×𝑁 is a partial
Fourier transform; then the sampling measurement b ∈ R𝑀
of MR image u in 𝐾-space can be defined as

b = Fu. (1)
The compressive MR image reconstruction problem is to
recover u given the measurement b and the sampling matrix
F. Undersampling occurs whenever the number of 𝐾-space
sample is less than the number of unknowns (𝑀 < 𝑁). In
that case, the compressive MR image reconstruction is an
underdetermined problem.

In general, compressive sensing reconstructs the
unknowns u from the measurements b by minimizing the
ℓ0 norm of the sparsified image Φu, where Φ represents
a sparsity transform for the image. In this paper, we
choose the orthonormal wavelet transform as the sparsity
transform for the image. Then the typical compressive MR
image reconstruction is obtained by solving the following
constrained optimization problem [4, 9, 12]:

minu ‖Φu‖0

s.t. b = Fu.
(2)

However, in terms of computational complexity, the ℓ0 norm
optimization problem (2) is a typical NP-hard problem, and
it was difficult to solve. According to the certain condition
of the restricted isometric property, the ℓ0 norm can be
replaced by the ℓ1 norm.Therefore, the optimization problem
(2) is relaxed to alternative convex optimization problem as
follows:

minu ‖Φu‖1

s.t. b = Fu.
(3)

When the measurements b are contaminated with noise, the
typical compressive MR image reconstruction problem using
ℓ1 relaxation of the ℓ0 norm is formulated as the following
unconstrained Lagrangian version:

minu ‖Fu − b‖
2

2
+ 𝛼‖Φu‖1, (4)

where 𝛼 is a positive parameter.
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Despite high effectiveness of sparsity regularized com-
pressive MR image reconstruction methods, they often suffer
from undesirable visual artifacts such as Gibbs ringing in
the result. Due to its desirable ability to preserve edges, total
variation (TV) model is successfully used in compressive
MR image reconstruction [3, 13]. But the TV regularizer has
still some limitations that restrict its performance, which
cannot generate good enough results for images with many
small structures and often suffers from staircase artifacts. In
order to combine the advantages of sparsity-based and TV
model and avoid their main drawbacks, a TV regularizer,
corresponding to a finite-difference for the sparsifying trans-
form, is typically incorporated into the sparsity regularized
compressive MR image reconstruction [5–8]. In this case the
optimization problem is written as

minu ‖Fu − b‖
2

2
+ 𝛼‖Φu‖1 + 𝛽‖∇u‖1, (5)

where𝛽 is a positive parameter.TheTVwas defineddiscretely
as ‖∇u‖1 = ∑𝑖(|∇ℎ𝑢𝑖| + |∇V𝑢𝑖|), where ∇ℎ and ∇V are the
horizontal and the vertical gradient operators, respectively.
The compound optimization model (5) is based on the
fact that the piecewise smooth MR images can be sparsely
represented by the wavelet and should have small total
variations.

3. Proposed Model and Algorithm

As mentioned above, joint TV and ℓ1 norm minimization
model is a useful way to reconstruct MR images. How-
ever, they have still some limitations that restrict their
performance. ℓ0 norm needs a combinatorial search for its
minimization and its too high sensibility to noise. ℓ1 problems
can be very efficiently solved. But the solution is not sparse,
which influences the performance of MRI reconstruction.
The TV model can preserve edges, but it tends to flatten
inhomogeneous areas, such as textures. To overcome those
shortcomings, a novel method is proposed for compressive
MR imaging based on the wavelet approximate sparsity
and nonlocal total variation (NLTV) regularization, named
WasNLTV.

3.1. Approximate Sparsity. The problems of using ℓ0 norm in
compressive MR imaging (i.e., the need for a combinatorial
search for its minimization and its too high sensibility to
noise) are both due to the fact that the ℓ0 norm of a vector is
a discontinuous function of that vector. The same as [29, 30],
our idea is to approximate this discontinuous function by a
continuous one, named approximate sparsity function, which
provides smoothmeasure of ℓ0 norm and better sparsity than
ℓ1 regularizer.

The approximate sparsity function is defined as

𝜓𝜎 (𝑥) =
2

𝜋
arctan(|𝑥|

𝜎2
) , 𝑥 ∈ R, 𝜎 ∈ R

+
. (6)

The parameter 𝜎 may be used to control the accuracy with
which 𝜓𝜎 approximate the Kronecker delta. In mathematical
terms, we have

lim
𝜎→0
𝜓𝜎 (𝑥) = {

1, 𝑥 ̸= 0,

0, 𝑥 = 0.
(7)

Define the continuous multivariate approximate sparsity
function Ψ𝜎(x) as

Ψ𝜎 (x) =
𝑚

∑

𝑖=1

𝜓𝜎 (𝑥𝑖) , x ∈ R𝑚×1. (8)

It is clear from (7) thatΨ𝜎(x) is an indicator of the number of
zero-entries in x for small values of 𝜎. Therefore, ℓ0 norm can
be approximate by

‖x‖0 ≈ Ψ𝜎 (x) =
𝑚

∑

𝑖=1

𝜓𝜎 (𝑥𝑖) . (9)

Note that the larger the value of 𝜎, the smoother the Ψ𝜎(x)
and the worse the approximation to ℓ0 norm; the smaller the
value of ℓ0 norm, the closer the behavior ofΨ𝜎(x) to ℓ0 norm.

3.2. Nonlocal Total Variation. Although the classical TV is
surprisingly efficient for preserving edges, it is well known
that TV is not suitable for images with fine structures, details,
and textures which are very important to MR images. The
NLTV is a variational extension of the nonlocal means filter
proposed by Wang et al. [30]. NLTV uses the whole image
information instead of using adjacent pixel information to
calculate the gradients in regularization term.The NLTV has
been proven to be more efficient than TV for improving the
signal-to-noise ratio, on preserving not only sharp edges,
but also fine details and repetitive patterns [26–28]. In this
paper, we use the NLTV to replace the TV in compound
regularization based compressive MR image reconstruction.

Let Ω ⊂ R2, 𝑖, 𝑗 ∈ Ω, 𝑢(𝑥) be a real function 𝑢 : Ω →
R, and let 𝑤(𝑥, 𝑦) be a weight function. For a given image
𝑢(𝑥), the weighted graph gradient is ∇𝑁𝐿𝑢(𝑥) if defined as the
vector of all directional derivatives ∇𝑁𝐿𝑢(𝑥, ⋅) at 𝑥:

∇𝑁𝐿𝑢 (𝑥, 𝑦) := (𝑢 (𝑦) − 𝑢 (𝑥))
√𝑤 (𝑥, 𝑦), ∀𝑦 ∈ Ω. (10)

The directional derivatives apply to all the nodes 𝑦 since the
weight𝑤(𝑥, 𝑦) is extended to the whole domainΩ×Ω. Let us
denote vectors such that ⇀𝑝 = 𝑝(𝑥, 𝑦) ∈ Ω × Ω; the nonlocal
graph divergence (div𝑁𝐿

⇀
𝑝) : Ω × Ω → Ω is defined as the

adjoint of the nonlocal gradient:

(div𝑁𝐿
⇀
𝑝) (𝑥) := ∑

𝑦∈Ω

(𝑝 (𝑥, 𝑦) − 𝑝 (𝑦, 𝑥))√𝑤 (𝑥, 𝑦). (11)

Due to being analogous to classical TV, the ℓ1 norm
is in general more efficient than the ℓ2 norm for sparse
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(a) Chest (b) Artery

(c) Cardiac (d) Brain

Figure 1: 2D test MR images.

reconstruction. In this paper, we are interested in NLTV.
Based on the above definition, theNLTV is defined as follows:

∇𝑁𝐿u
1 := ∑

𝑥∈Ω

∇𝑁𝐿𝑢 (𝑥)


= ∑

𝑥∈Ω

√∑

𝑦∈Ω

(𝑢 (𝑥) − 𝑢 (𝑦))
2
𝑤 (𝑥, 𝑦).

(12)

Theweight function𝑤(𝑥, 𝑦) denotes howmuch the difference
between pixels 𝑥 and 𝑦 is penalized in the images, which is
calculated by

𝑤 (𝑥, 𝑦) =
1

𝐶𝑢

exp(
−
𝑓𝑢 (𝑥) − 𝑓𝑢 (𝑦)



2

2ℎ2
) , (13)

where 𝑓𝑢(𝑥) and 𝑓𝑢(𝑦) denote a small patch in image 𝑢
centering at the coordinates 𝑥 and 𝑦, respectively. 𝐶𝑢 =
∑𝑦∈Ω 𝑤(𝑥, 𝑦) is the normalizing factor. ℎ is a filtering param-
eter.

3.3. The Description of Proposed Model and Algorithm.
According to the compressive MR image reconstruction
models described in Section 2, the proposed WasNLTV
model for compressive MR image reconstruction is

minu ‖Fu − b‖
2

2
+ 𝛼Ψ (Φu) + 𝛽∇𝑁𝐿u

1. (14)

It should be noted that the optimization problem in (14),
although convex, is very hard to solve owing to nons-
mooth terms and its huge dimensionality. To solve the
problem in (14), we use the variable splitting and aug-
mented Lagrangian algorithm following closely the method-
ology introduced in [31]. The core idea is to intro-
duce a set of new variables per regularizer and then
exploit the alternating direction method of multipliers
(ADMM) to solve the resulting constrained optimization
problems.
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Figure 2: Performance comparisons (sampling rate versus SNR) on different MR images.

By introducing an intermediate variable vector (k1, k2,
k3), the problem (14) can be transformed into an equivalent
one; that is,

minu,k
1
,k
2
,k
3

k1 − b


2

2
+ 𝛼Ψ (k2) + 𝛽

k3
1

s.t. Fu = k1, Φu = k2, ∇𝑁𝐿u = k3.
(15)

The optimization problem (15) can be written in a compact
form as follows:

minu,k 𝑔 (k)

s.t. Gu + Bk = 0,
(16)

where
k ≡ (k1, k2, k3) ,

𝑔 (k) = k1 − b


2

2
+ 𝛼Ψ (k2) + 𝛽

k3
1,

G = [
[

F
Φ

∇𝑁𝐿

]

]

, B = [
[

−I 0 0

0 −I 0
0 0 −I

]

]

.

(17)

The augmented Lagrangian of problem (16) is

L (u, k, d) = 𝑔 (k) +
𝜇

2
‖Gu + Bk − d‖22, (18)

where 𝜇 > 0 is a positive constant, d ≡ (d1, d2, d3),
and d/𝜇 denotes the Lagrangian multipliers associated to
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(a) TVCMRI (b) Cropped TVCMRI (c) RecPF

(d) Cropped RecPF (e) FCSA (f) Cropped FCSA

(g) WasNLTV (h) Cropped WasNLTV

Figure 3: Reconstructed cardiac MR images from 20% sampling.

the constraint Gu + Bk = 0. The basic idea of the augmented
Lagrangian method is to seek a saddle point of L(u, k, d),
which is also the solution of problem (16). By using ADMM
algorithm, we solve the problem (16) by iteratively solving the
following problems:

(u𝑘+1, k𝑘+1) = minu,k L (u, k, d) , (19)

d𝑘+1 = d𝑘 − Gu𝑘+1 − Bk𝑘+1. (20)

It is evident that the minimization problem (19) is still
hard to solve efficiently in a direct way, since it involves a
nonseparable quadratic term and nondifferentiability terms.

To solve this problem, a quite useful ADMM algorithm is
employed, which alternatively minimizes one variable while
fixing the other variables. By using ADMM, the problem (19)
can be solved by the following four subproblems with respect
to u and k.

(1) u subproblem: by fixing k and d, the optimization
problem (19) to be solved is

u𝑘+1 = minu
𝜇

2


Fu − k𝑘

1
− d𝑘
1



2

2
+
𝜇

2


Φu − k𝑘

2
− d𝑘
2



2

2

+
𝜇

2


∇𝑁𝐿u − k

𝑘

3
− d𝑘
3



2

2
.

(21)
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Initialization: set 𝑘 = 0, choose 𝛼, 𝛽, 𝜇, u0, k0
1
, k0
2
, and k0

3

repeat:
compute u sub-problem: u𝑘+1 = minu 𝜇/2‖Gu + Bk − d‖2

2
based on (23)

for 𝑖 = 1, . . . , 3
computer k𝑖 sub-problem: k𝑘+1

𝑖
= minv𝑖 𝑔 (k𝑖) + 𝜇/2

Gu + Bk𝑖 − d𝑖


2

2
based on (25), (27) and (29)

end for
update Lagrange multipliers:

d𝑘+1
1
= d𝑘
1
− Fu𝑘+1 + k𝑘+1

1

d𝑘+1
2
= d𝑘
2
−Φu𝑘+1 + k𝑘+1

2

d𝑘+1
3
= d𝑘
3
− ∇𝑁𝐿u𝑘+1 + k𝑘+13

update iteration: 𝑘 = 𝑘 + 1
until the stopping criterion is satisfied.

Algorithm 1: Pseudocode of WasNLTV based compressive MR image reconstruction.

It is clear that problem (21) is a quadratic function. By
direct computation, we get the Euler-Lagrange equation for
(21):

𝜇F𝑇 (Fu − k𝑘
1
− d𝑘
1
) + 𝜇Φ

𝑇
(Φu − k𝑘

2
− d𝑘
2
)

+ 𝜇div𝑁𝐿 (∇𝑁𝐿u − k
𝑘

3
− d𝑘
3
) = 0.

(22)

Therefore, the solution of problem (21) is

u𝑘+1 = (F𝑇F +Φ𝑇Φ + Δ𝑁𝐿)
−1

× (F𝑇 (k𝑘+1
1
+ d𝑘+1
1
) +Φ

𝑇
(k𝑘+1
2
+ d𝑘+1
2
)

+ div𝑁𝐿 (k
𝑘+

3
+ d𝑘+1
3
)) .

(23)

Due to the computational complexity of NLTV, the same
as [27], the NLTV regularization in this paper only runs one
time.

(2) k1 subproblem: by fixing k2, k3,u, andd, the optimiza-
tion problem (19) to be solved is

k𝑘+1
1
= min

k
1

k1 − b


2

2
+
𝜇

2


Fu𝑘+1 − k1 − d

𝑘+1

1



2

2
. (24)

Clearly, the problem (24) is a quadratic function; its solution
is simply

k𝑘+1
1
=

(2b + 𝜇Fu𝑘+1 − 𝜇d𝑘+1
1
)

(2 + 𝜇)
. (25)

(3) k2 subproblem: by fixing k1, k3,u, andd, the optimiza-
tion problem (19) to be solved is

k𝑘+1
2
= min

k
2

𝛼Ψ (k2) +
𝜇

2


Φu𝑘+1 − k2 − d

𝑘+1

2



2

2
. (26)

The same as problem (24), the problem (26) is a
quadratic function and its gradient ∇k

2

is simplified as

Table 1: SNR (dB) results of different methods with different
sampling ratios.

Image Samp. ratio TVCMRI RecPF FCSA WasNLTV

Chest
(220 × 220)

10 8.12 8.15 8.31 8.74
20 13.12 13.28 13.75 14.70
30 17.71 18.15 19.19 20.39
40 20.95 21.35 22.59 23.64
50 24.19 24.49 26.12 26.97

Artery
(220 × 220)

10 8.17 8.39 12.40 13.35
20 14.78 15.51 20.35 21.20
30 18.57 19.86 24.61 25.43
40 22.02 23.66 28.35 29.33
50 24.74 26.62 32.08 33.60

Cardiac
(192 × 192)

10 3.77 1.06 4.34 5.19
20 13.45 13.80 15.24 16.01
30 16.93 17.38 18.25 18.97
40 17.07 17.67 18.62 21.71
50 21.26 21.62 22.52 23.24

Brain
(210 × 210)

10 4.09 4.14 4.84 5.23
20 10.40 10.64 16.18 17.58
30 14.37 14.85 21.33 22.13
40 17.65 18.34 25.17 25.93
50 21.57 22.45 28.85 29.75

∇k
2

= 𝜇(k2 −Φu𝑘+1 + d𝑘+12 ) + 2𝛼𝜎
2
/𝜋(𝜎
2
+ k2)
−2. The steepest

descent method is desirable to use to solve (26) iteratively by
applying

k𝑘+1
2
= k𝑘
2
− 𝜂∇k

2

. (27)

(4) k3 subproblem: by fixing k1, k2,u, andd, the optimiza-
tion problem (19) to be solved is

k𝑘+1
3
= min

k
3

𝛽
k3
1 +

𝜇

2


∇𝑁𝐿u
𝑘+1
− k3 − d

𝑘+1

3



2

2
. (28)
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(a) TVCMRI (b) Cropped TVCMRI (c) RecPF

(d) Cropped RecPF (e) FCSA (f) Cropped FCSA

(g) WasNLTV (h) Cropped WasNLTV

Figure 4: Reconstructed brain MR images from 20% sampling.

Problem (28) is a ℓ1 norm regularized optimization problem.
Its solution is the well-known soft threshold [32]:

k𝑘+1
3
= soft(∇𝑁𝐿u

𝑘+1
− d𝑘+1
3
,
𝛽

𝜇
) , (29)

where soft(𝑦, 𝜏) = sign(𝑦)max{|𝑦| − 𝜏, 0} denotes the
component-wise application of soft-threshold function.

In conclusion, the ADMM algorithm for optimization
problem (16) is shown in Algorithm 1.

4. Experimental Results

In this section, a series of experiments on four 2DMR images
(named brain, chest, artery, and cardiac) are implemented to
evaluate the proposed and existing methods. Figure 1 shows
the test images. All experiments are conducted on a PC
with an Intel Core i7-3520M, 2.90GHz CPU, in MATLAB
environment. The proposed method (named WasNLTV) is
compared with the existing methods including TVCMRI
[19], RecPF [8], and FCSA [5]. We evaluate the perfor-
mance of various methods both visually and qualitatively in
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(a) TVCMRI (b) Cropped TVCMRI (c) RecPF

(d) Cropped RecPF (e) FCSA (f) Cropped FCSA

(g) WasNLTV (h) Cropped WasNLTV

Figure 5: Reconstructed chest MR images from 20% sampling.

signal-to-noise ratio (SNR) and root-mean-square error
(RMSE) values. The SNR and RMSE are defined as

SNR = 10 log
10

‖u − 𝐸 (u)‖22
‖u − ũ‖22

,

RMSE = √𝐸 ((u − ũ)2),

(30)

where u and ũ denote the original image and the recon-
structed image, respectively, and 𝐸(⋅) is the mean function.

For fair comparisons, experiment uses the same observa-
tion methods with TVCMRI. In the 𝐾-space, we randomly

obtain more samples in low frequencies and fewer samples in
higher frequencies. This sampling scheme is widely used for
compressedMR image reconstructions. Suppose aMR image
u has𝑁 pixels and the partial Fourier transform F in problem
(1) consists of 𝑀 rows of 𝑁 × 𝑁 matrix corresponding to
the full 2D discrete Fourier transform. The 𝑀 chosen rows
correspond to the sampling measurements b. Therefore, the
sampling ratio is defined as 𝑀/𝑁. In the experiments, the
Gaussian white noise generated by 𝜎𝑛 × randn (𝑀, 1) in
MATLAB is added, where standard deviation 𝜎𝑛 = 0.01. The
regularization parameters 𝛼, 𝛽, and 𝜇 are set as 0.001, 0.035,
and 1, respectively. To be fair to compare the reconstruction
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(a) TVCMRI (b) Cropped TVCMRI (c) RecPF

(d) Cropped RecPF (e) FCSA (f) Cropped FCSA

(g) WasNLTV (h) Cropped WasNLTV

Figure 6: Reconstructed artery MR images from 20% sampling.

MR images of various algorithms, all methods run 50 iter-
ations and the Rice wavelet toolbox is used as the wavelet
transform.

Table 1 summarizes the average reconstruction accuracy
obtained by using different methods at different sampling
ratios on the set of test images. From Table 1, it can be
seen that the proposedWasNLTVmethod attains the highest
SNR (dB) in all cases. Figure 2 plots the SNR values with
sampling ratios for different images. It can also be seen that
the WasNLTV method achieves the larger improvement of
SNR values.

Table 2 gives the RMSE results of reconstructed MRI
after applying different algorithms. From Table 2, it can be
seen that WasNLTV method attains the lowest RMSE in
all cases. As is known, the lower the RMSE is, the better
the reconstructed image is. That is to say the MR images
reconstructed by WasNLTV have the best visual quality.

To illustrate visual quality, reconstructed compressiveMR
images obtained using differentmethodswith sampling ratios
20% are shown in Figures 3, 4, 5, and 6. For better visual
comparison, we zoom in a small patch where the edge and
texture are much more abundant. From the figures, it can be
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Figure 7: Performance comparisons (CPU-time versus SNR) on different MR images.

observed that the WasNLTV always obtains the best visual
effects on all MR images. In particular, the edge of organs and
tissues obtained by WasNLTV are much more clear and easy
to identify.

Figure 7 gives the performance comparisons between dif-
ferentmethods with sampling ratios 20% in terms of the CPU
time over the SNR. In general, the computational complexity
of NLTV is much higher than TV. In order to reduce the
computational complexity of WasNLTV, in the experiment,
we perform the NLTV regularization once in some iterations.
Despite the higher computational complexity of WasNLTV,
the WasNLTV obtains the best reconstruction results on
all MR images by achieving the highest SNR in less CPU
time.

5. Conclusions

In this paper, we propose a new compound regularization
based compressive sensingMRI reconstructionmodel, which
exploits the NLTV regularization and wavelet approximate
sparsity prior. The approximate sparsity prior is used in
compressiveMR image reconstructionmodel instead of ℓ0 or
ℓ1 norm, which can produce much sparser results. And the
optimization problem ismuch easier to be solved. Because the
NLTV takes advantage of the redundancy and self-similarity
in a MR image, it can effectively avoid blocky artifacts
caused by traditional TV regularization and keep fine edge
of organs and tissues. As for the algorithm, we apply the
variable splitting and augmented Lagrangian algorithm to
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Table 2: RMSE results of different methods with different sampling
ratios.

Image Samp. ratio TVCMRI RecPF FCSA WasNLTV

Chest
(220 × 220)

10 38.13 38.04 35.09 19.81
20 10.90 10.60 9.71 8.67
30 6.02 5.73 4.94 3.52
40 3.72 3.58 3.00 2.20
50 2.22 2.27 1.90 1.22

Artery
(220 × 220)

10 43.95 43.81 41.03 14.67
20 10.19 9.72 3.77 3.35
30 5.06 4.46 2.18 1.77
40 3.37 2.88 1.52 1.17
50 2.17 1.88 1.09 0.64

Cardiac
(192 × 192)

10 18.95 18.81 15.86 14.77
20 8.12 7.89 5.71 4.28
30 2.85 2.81 2.61 2.24
40 2.16 2.20 2.15 1.74
50 1.29 1.57 1.51 1.09

Brain
(210 × 210)

10 40.27 40.11 35.87 29.11
20 16.11 15.71 6.48 5.87
30 9.48 9.05 3.63 3.14
40 6.46 6.05 2.73 2.57
50 3.25 3.07 2.41 2.01

solve the compound regularization minimization problem.
Experiments on test images demonstrate that the proposed
method leads to high SNR measure and more importantly
preserves the details and edges of MR images.
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This paper is concernedwith an optimal shape design problem in aerodynamics.The inverse problem in question consists in finding
the optimal shape an airfoil placed in a potential flow at a given angle of attack should have such that the pressure distribution on
its surface matches a desired one. The numerical method to achieve this aim is based on a body-fitted grid generation technique
(elliptic, O-type) to generate a mesh over the airfoil surface and solve for the flow equation. The O-type scheme is used due to its
ability to generate a high quality (fine and orthogonal) grid around the airfoil surface.This paper describes a novel and very efficient
sensitivity analysis scheme to compute the sensitivity of the pressure distribution to variation of grid node positions and both the
conjugate gradient method (CGM) and a version of the quasi-Newton method (i.e., BFGS) are used as optimization algorithms
to minimize the difference between the computed pressure distribution on the airfoil surface and desired one. The elliptic grid
generation technique allows us to map the physical domain (body) onto a fixed computational domain and to discretize the flow
equation using the finite difference method (FDM).

1. Introduction

Thanks to the advent of modern high speed computers over
the last few decades, computational fluid dynamics (CFD)
has been extensively employed as an analysis and as a design
optimization tool. Among themethodologies often employed
in shape optimization are gradient-based techniques. These
techniques may be applied to minimize a specified objective
function. In airfoil shape optimization, the objective function
can be, for example, a measure of difference between the
pressure distribution on the airfoil surface and a desired one,
and it would be desirable tominimize this objective function.
In this paper, we consider the 2D shape optimization of an
airfoil in an irrotational and incompressible flow governed by
the Laplace equation.Theprocedure employed is based on the
elliptic grid generation, a novel sensitivity analysis (based on
finite difference method), and an optimization method. The
conjugate gradient method and an efficient version of quasi-
Newton method (BFGS) will be used as the optimization
algorithms.The airfoil surface is parameterized using the grid
points and the Bezier curve. Three different types of design

variables were considered: the grid points, the Bezier curve
control points, and the maximum thickness of NACA00xx
airfoils. It will be represented that the use of the Bezier
curve significantly improves the optimization performance
to reach the optimal shape. Furthermore, it will be shown
that the proposed sensitivity analysis method reduces the
computation cost significantly even for large number of the
design variables.

Some of the earliest studies using a combination of
CFD with numerical optimization in aerodynamic were
made by Hicks et al. [1] and Hicks and Henne [2]. In
[1], a procedure for optimal design of symmetric low-drag,
nonlifting transonic airfoils in inviscid flow is proposed. The
proposed procedure uses an optimization program based on
themethod of the feasible directions coupled with an analysis
program that utilizes a relaxation method to solve the partial
differential equation that governs the inviscid, transonic, and
small disturbance fluid flow. The drag minimization with
geometric constraints is considered in this reference. In fluid
dynamics, Pironneau was the first one to use the adjoint
equations for design [3].This is the first application of control
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theory to design optimization. However, within the field of
aeronautical computational fluid dynamics, Jameson was the
first researcher who used the continuous adjoint formulation
for aerodynamic shape optimization in transonic potential
flows andflows governed byEuler equations [4–7]. Giles et al.
made considerable contributions to the development of the
discrete adjoint approach [8–11]. In [10], the adjoint equations
are formulated for the transonic design applications for
which there are shocks. The adjoint equations were already
formulated for the incompressible or subsonic flows in which
the assumption that the original nonlinear flow solution is
smooth is valid. In [11], a number of algorithm develop-
ments are presented for adjoint methods using the “discrete”
approach. In continuous adjoint method, the original par-
tial differential equations are linearized, the adjoint partial
differential equation and appropriate boundary conditions
are formulated, and finally the equations are discretized.
Unlike the continuous adjoint approach, in discrete adjoint
approach the partial differential equations are discretized,
the discrete equations are linearized, and then the transpose
of the linear operator is used to form the adjoint problem.
The adjoint equations have also been used by Baysal and
Eleshaky to infer the optimal design for a scramjet-afterbody
configurationwhich yields themaximumaxial thrust [12] and
by Ta’asan et al. to obtain an optimal airfoil shape [13]. Baysal
and Eleshaky’s work was based on a computational fluid
dynamics-sensitivity analysis algorithm (two different quasi-
analytical approaches: the direct method and the adjoint
variable method) to solve Euler equations for the inviscid
analysis of the flow. Adjoint methods have been applied to
incompressible viscous flowproblems byCabuk et al. [14] and
Desai and Ito [15]. Cabuk et al. worked on the problem of
determining the profile of a channel or duct that provides the
maximum static pressure rise by solving the incompressible,
laminar flow governed by the steady state Navier-Stokes
equations. Early applications of discrete adjoint methods on
unstructured meshes can be found in works by Elliott and
Peraire in inviscid [16] and viscous flows [17] for 2D and
3D [18] configurations. In [16], an inverse design procedure
for single- andmultielement airfoils using unstructured grids
and based on the Euler equations is presented. The discrete
adjoint method is used to compute the sensitivities and the
results are compared with corresponding finite difference
values. It is shown that the use of the adjoint method prac-
tically eliminates the dependence of the objective function
gradient computation on the number of design variables.The
continuous adjoint approach for unstructured grids has been
developed by Anderson and Venkatakrishnan [19]. In [19],
aerodynamic shape optimization on unstructured grids using
a continuous adjoint approach is developed and analyzed for
inviscid and viscous flows. B spline and Bezier curves are
employed to parameterize the airfoil surface. The objective
functions considered include drag minimization, lift max-
imization, and matching a specified pressure distribution.
The quasi-Newton optimization method is used to obtain
the optimal design. Evolutionary algorithms, as methods that
do not need the computation of the gradient, have recently
gained much attention in the context of aerodynamic shape
optimization [20–24]. Although they are of extremely high

computational cost, they have the advantage that they can
escape from a “local minimum” (a major issue in using gra-
dient based methods) and have the ability of finding globally
optimum solutions amongst many local optima [25, 26]. A
detailed study of many methods in shape optimization in
fluid mechanics is given byMohammadi and Pironneau [27].

The adjoint approach, as an alternative to the finite
difference method to compute the gradient of functional
with respect to the design variables, is computationally
very efficient. Therefore, as far as the computational cost is
concerned, it is the appropriate choice. This is the case when
there are a large number of design variables which makes use
of the finite difference method impractical. The differences
between the adjoint method and the finite difference one (to
compute the gradient of functional with respect to the design
variables) can be summarized as follows.

Adjoint Method. 𝑁 design variables, 1 flow solution, and 1

adjoint calculation.

Finite Difference Method. 𝑁 design variables, 𝑁 flow solu-
tions. Because

𝜕J

𝜕𝛼𝑗

=

[J (𝛼𝑗 + 𝛿𝛼𝑗) −J (𝛼𝑗)]

𝛿𝛼𝑗

, (1)

where J is the objective function and 𝛼𝑗 are the design
variables [28]. As can be seen, aerodynamic shape optimiza-
tion with large number of design variables is computationally
practical only when the adjoint method is used. However, as
will be shown in this paper, a novel sensitivity analysis will
be presented which makes use of the finite difference method
comparable (from computation cost viewpoint) to the use of
adjoint method. The numerical algorithm used in this paper
is already employed in shape optimization problems in heat
conduction [29, 30]. The numerical algorithm consists of
three steps, namely, grid generation and flow equation solver
to find the pressure on the airfoil surface, sensitivity analysis
to compute the gradient of the objective functionwith respect
to the design variables, and an optimization method to
minimize the functional and reach optimum solution.

2. Governing Equation

For a two-dimensional incompressible flow, a stream func-
tion 𝜓 can be defined such that

𝑢 =
𝜕𝜓

𝜕𝑦
,

V = −
𝜕𝜓

𝜕𝑥
,

(2)

where 𝑢 and V are the components of the velocity vector V;
that is, V = 𝑢i + Vj (i and j are the unit vectors in 𝑥 and
𝑦 directions, resp.). Combining the above definitions with
the irrotationality condition leads to the following Laplace
equation for the stream function

𝜕
2
𝜓

𝜕𝑥2
+

𝜕
2
𝜓

𝜕𝑦2
= 0. (3)
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Figure 1: Boundary conditions at infinity and on the airfoil surface
(no-penetration).

Consider an irrotational incompressible flow over an
airfoil (Figure 1). The boundary conditions are as shown in
Figure 1.

Conditions at Infinity. Far away from the airfoil surface
(toward infinity), in all directions, the flow approaches the
uniform freestream conditions. If the angle of attack (AOA)
is 𝛼, the free stream velocity 𝑉∞, the components of the flow
velocity can be written as

𝑢 =
𝜕𝜓

𝜕𝑦
= 𝑉∞ cos𝛼,

V = −
𝜕𝜓

𝜕𝑥
= 𝑉∞ sin𝛼.

(4)

Condition on the Airfoil Surface. The relevant boundary
condition at the airfoil surface for this inviscid flow is the
no-penetration boundary condition.Thus the velocity vector
must be tangent to the surface. This wall boundary condition
can be expressed by

𝜕𝜓

𝜕𝑠
= 0, or 𝜓 = constant, (5)

where 𝑠 is tangent to the surface. In the problem of the flow
over an airfoil, if the free stream velocity and the angle of
attack are known, from the boundary conditions at infinity
(see (4)) and the wall boundary condition (see (5)) one can
compute the stream function 𝜓 at any point of the physical
domain (flow region).Then, by knowing 𝜓, one can compute
the velocity of all points. Since for an incompressible flow, the
pressure coefficient is a function of the velocity only, one can
obtain the pressure of any point in the flow region, as will be
shown.

Pressure Coefficient.The pressure coefficient 𝐶𝑝 is defined as

𝐶𝑝 =
𝑝 − 𝑝∞

(1/2) 𝜌∞𝑉
2
∞

= 1 − (
𝑉

𝑉∞

)

2

, (6)
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Figure 2: Physical domain showing the discretization of the bound-
aries used for O-type elliptic grid generation technique.

where 𝑉 is the velocity of fluid at the point at which the
pressure coefficient 𝐶𝑝 is being evaluated. At standard sea
level conditions,

𝜌∞ = 1.23 kg/m3,

𝑝∞ = 1.01 × 10
5N/m2,

(7)

where 𝜌∞ and 𝑝∞ are the freestream density and pressure,
respectively. From (6),

𝐶𝑝 = 0 indicates that the point at which the pressure
coefficient 𝐶𝑝 is being evaluated is located at infinity.

𝐶𝑝 = 1 indicates that the point at which the pressure
coefficient 𝐶𝑝 is being evaluated is a stagnation point (where
𝑉 = 0). For an incompressible flow, this is the maximum
allowable value of 𝐶𝑝 anywhere in the flow field.

And in regions of the flow where 𝑉 > 𝑉∞, 𝐶𝑝 value will
be negative.

3. Grid Generation and Flow Solver

To calculate the pressure at any point in the flow region, a
grid should be generated over the region.The grid generation
method considered in this study is the elliptic grid generation,
which was proposed by Thompson et al. [31] and is based
on solving a system of elliptic partial differential equations
to distribute nodes in the interior of the physical domain
by mapping the irregular physical domain from the 𝑥 and
𝑦 physical plane (Figure 2) onto the 𝜉 and 𝜂 computational
plane (Figure 3), which is a regular region.

TheO-type elliptic grid generation technique is employed
here which results in a smooth and orthogonal grid over the
airfoil surface.Thediscretization of the physical domain (flow
region) and the corresponding computational domain are
shown in Figures 2 and 3, respectively. In the computational
domain, 𝑀 and 𝑁 = 2𝑁1 + 2𝑁2 + 𝑁3 + 6 are the number
of nodes in the 𝜉 and 𝜂 directions, respectively. The resulting
O-type gird scheme over an airfoil for the case 𝑁2 = 𝑁1 and
𝑁3 = 2𝑁1 − 1 or𝑁 = 6𝑁1 + 5 is shown in Figure 4.



4 Mathematical Problems in Engineering

N = 2N1 + 2N2 + N3 + 6

H M G

F

E

D

C

BMA

N

(M,N)

(M,N1 + 2N2 + N3 + 5)

(M,N1 + N2 + N3 + 4)

(M,N1 + N2 + 3)

(M,N1 + 2)

(M, 1)
𝜂

𝜉

(1, N)

(1, 1)

Figure 3: Computational domain showing the discretization of the
physical domain boundaries.

The initial guess for the elliptic grid generation is per-
formed using the transfinite interpolation (TFI) method.
Since TFI method is an algebraic technique and does not
require much computational time, it will be an appropriate
initial guess for the elliptic grid generation method and
accelerates convergence time for the ellipticmethod. Another
advantage of using the TFImethod as an initial guess is that it
prevents the grids generated by the elliptic (O-type) method
from folding.

If 𝑉∞ and 𝛼 are known, then from (4) one can obtain
the stream function 𝜓 at any point on the boundaries of the
physical domain as follows:

𝜓2 = 𝜓1 + (𝑦2 − 𝑦1) 𝑉∞ cos𝛼, (8)

𝜓2 = 𝜓1 − (𝑥2 − 𝑥1) 𝑉∞ sin𝛼, (9)

where subscripts 1 and 2 refer to any two arbitrary grid points
on the boundaries of the physical domain. Equations (8) and
(9) are applied to vertical and horizontal boundaries of the
physical domain, respectively. By knowing the values of the
stream function 𝜓 on the boundaries of the physical domain
as well as on the airfoil surface, we can obtain the values of 𝜓
over the physical domain by applying the Kutta condition [32,
33] and using the following formula (bymapping the physical
domain onto the computational domain [29]):

𝛼𝜓𝜉𝜉 − 2𝛽𝜓𝜉𝜂 + 𝛾𝜓𝜂𝜂

= −𝐽
2
(𝑃 (𝜉, 𝜂) 𝜓𝜉 + 𝑄 (𝜉, 𝜂) 𝜓𝜂) ,

(10)

where

𝛼 = 𝑥
2

𝜂
+ 𝑦
2

𝜂
,

𝛽 = 𝑥𝜉𝑥𝜂 + 𝑦𝜉𝑦𝜂,

𝛾 = 𝑥
2

𝜉
+ 𝑦
2

𝜉
,

𝐽 = 𝑥𝜉𝑦𝜂 − 𝑥𝜂𝑦𝜉, (Jacobian of transformation) .

(11)

𝑃 and 𝑄 are grid control functions which control the density
of grids towards a specified coordinate line or about a specific

grid point. Equations (10) and (11) are discretized using the
finite differencemethod. Formore details, please refer to [29].

Velocity Calculation. There are three sections where the
velocity must be known:

(1) the outer boundaries (four sides CD, DE, EF, and FC
of the rectangle shown in Figure 2);

(2) the airfoil surface (AH in Figure 2);
(3) the inside of the physical domain.

The velocity values on the outer boundaries are known
from the conditions at infinity (using (4)). In other words,
𝑥-component of the velocity vector (𝑢) on all the outer
boundaries is equal to 𝑉∞ cos𝛼 and 𝑦-component of the
velocity vector (V) on all the outer boundaries is equal to
𝑉∞ sin𝛼. For the inside of the physical domain and the airfoil
surface, we can use the flowing relationships to evaluate
the velocity. These relationships are obtained by using the
transformation relationships and chain rule in mapping the
physical domain onto the computational one. Consider

𝑢𝑖,𝑗 =
𝜕𝜓

𝜕𝑦

𝑖,𝑗

=
1

𝐽
[−(𝑥𝜂)𝑖,𝑗

(𝜓𝜉)𝑖,𝑗
+ (𝑥𝜉)𝑖,𝑗

(𝜓𝜂)𝑖,𝑗
] , (12)

V𝑖,𝑗 = −
𝜕𝜓

𝜕𝑥

𝑖,𝑗

= −
1

𝐽
[(𝑦𝜂)𝑖,𝑗

(𝜓𝜉)𝑖,𝑗
− (𝑦𝜉)𝑖,𝑗

(𝜓𝜂)𝑖,𝑗
] . (13)

The central and forward difference schemes are used for the
inside of the physical domain and the airfoil surface, respec-
tively. After obtaining the components of the velocity vector,
the total velocity (velocity distribution) can be computed by

𝑉𝑖,𝑗 = √𝑢
2
𝑖,𝑗

+ V2
𝑖,𝑗
. (14)

As stated before, for an incompressible flow, the pressure
coefficient can be expressed in terms of the velocity only.Thus
(6) can be used to determine the pressure at any grid point in
the domain. Therefore,

𝑝𝑖,𝑗 =
1

2
𝜌 (𝑉
2

∞
− 𝑉
2

𝑖,𝑗
) + 𝑝∞. (15)

Validation of the Results for the Pressure Distribution. The
results obtained here are compared with the results given in
[34] which are obtained both analytically and by using the
panel method (see Figure 7).

Validation Case. The pressure coefficient distribution (𝐶𝑝)
over the NACA 0012 airfoil at an angle of attack 𝛼 = 9

∘ is
plotted. The results are compared with the results from [34].
TheO-type grid size used in the computation is 155 × 155.The
computation time is 53 seconds.

4. Airfoil Parameterization

So far, the airfoil surface is parameterized by grid points
which result in accurate pressure distribution on the airfoil
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Figure 4:O-type grid (elliptic) around an airfoil.This close-up view of the grid shows orthogonality and smoothness of the gridlines especially
near airfoil surface.

surface (see Figures 14, 19, and 25). However, a large number
of grid points are needed to obtain such accurate results
which in turn lead to high (see Figures 5 and 6) computation
cost. The design variables are the coordinate (usually 𝑦-
coordinate) of grid points. Therefore, the optimization pro-
cessmay be inappropriate if there are a large number of design
variables since it is difficult to maintain a smooth geometry,
the optimization problem will be difficult to solve, and the
optimization strategy is likely to fail or be impractical [35].
Thus alternative methods of airfoil surface parameterization
are needed. These methods should represent great flexibility
in defining the airfoil surfacewithminimumdesign variables.
In this paper, in addition to the grid points to represent the
airfoil surface, Bezier curves (a special subset of B-spline) are

employed due to their ability to produce airfoil surfaces easily
and precisely with only a few control points.

Bezier Curve. A Bezier curve is a special case of a B-spline
curve and is mathematically defined by

𝑃 (𝑡) =

𝑛

∑

𝑖=0

𝐵𝑖𝐽𝑛,𝑖 (𝑡) , (16)

where

𝐽𝑛,𝑖 (𝑡) =
𝑛!

𝑖! (𝑛 − 𝑖)!
𝑡
𝑖
(1 − 𝑡)

𝑛−𝑖 (17)

is Bernstein basis polynomial of degree 𝑛. By convention
0
0

≡ 1 and 0! ≡ 1. Here, 𝑛, the degree of the Bernstein
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Figure 6: The pressure coefficient distribution over an NACA 0012
airfoil at a 9∘ angle of attack [34].

basis polynomial is one less than the number of points in the
Bezier polygon. In other words, the number of control points
is 𝑛 + 1. The points 𝐵𝑖 are the vertices of a Bezier polygon
or the control points of a Bezier curve. The curve begins at
𝐵0 and ends at 𝐵𝑛. The order of a Bezier curve 𝑘 is equal to
𝑛 + 1. In other words, the order of a Bezier curve is equal to
the number of the control points [36].

In this paper, two different Bezier curves of order 7
(degree = 6) and of order 11 (degree = 10) will be considered.
As it will be shown, the Bezier curve of order 7 represents
the better optimization performance due to its less design
variables. However, this kind of Bezier curve is not able to
produce very accurate airfoil shapes. Indeed, it is appropriate
to NACA 00xx airfoils only. On the other hand, the Bezier
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Figure 7: Comparison between the results from [34] and the results
from our method for validation case. The figure shows an excellent
agreement between the results.

curve of order 11 can successfully generate any airfoil shape
with a high degree of accuracy. Therefore, the formulation
for the Bezier curve of order 11 only will be given here. The
formulation for the Bezier curve of order 7 can be written in
a similar fashion.

The parametric Bezier curve of order 11 is as follows:

𝑛 = 10 ⇒ number of control points = 11

𝑃 (𝑡) =

10

∑

𝑖=0

𝐵𝑖𝐽10,𝑖 (𝑡)

= 𝐵0𝐽10,0 (𝑡) + ⋅ ⋅ ⋅ + 𝐵10𝐽10,10 (𝑡)

= 𝐵0

10!

0! (10 − 0)!
𝑡
0
(1 − 𝑡)

10−0

+ ⋅ ⋅ ⋅ + 𝐵10

10!

10! (10 − 10)!
𝑡
10
(1 − 𝑡)

10−10
.

(18)

Therefore,

𝑃 (𝑡) = 𝐵0 (1 − 𝑡)
10

+ 𝐵110𝑡 (1 − 𝑡)
9
+ 𝐵245𝑡

2
(1 − 𝑡)

8

+ 𝐵3120𝑡
3
(1 − 𝑡)

7
+ 𝐵4210𝑡

4
(1 − 𝑡)

6

+ 𝐵5252𝑡
5
(1 − 𝑡)

5
+ 𝐵6210𝑡

6
(1 − 𝑡)

4

+ 𝐵7120𝑡
7
(1 − 𝑡)

3
+ 𝐵845𝑡

8
(1 − 𝑡)

2

+ 𝐵910𝑡
9
(1 − 𝑡)

1
+ 𝐵10𝑡

10
.

(19)

In order to construct the airfoil surface, two Bezier curve will
be considered corresponding to the upper and lower surfaces,
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respectively. Here there are 11 control points (vertices) for
each surface. Since the coordinates of the airfoil surface are
known, the problem is to determine values for the control
points 𝐵𝑖 (𝑖 = 0, . . . , 10). In other words, our problem is to
specify the coordinates of the control points 𝐵𝑖 so that the
curve passes through the predetermined data points on the
airfoil surface. Equation (16) can be written in matrix form as
follows:

[𝑃 (𝑡)] = [𝐽 (𝑡)] [𝐵] . (20)

If the number of the chosen data points on the airfoil surface
is𝑚 and the degree of Bezier curve is 𝑛, then [𝑃(𝑡)] is a𝑚×2

matrix, [𝐽(𝑡)] is a 𝑚 × (𝑛 + 1)matrix, and [𝐵] is a (𝑛 + 1) × 2

matrix. Two columns of the matrix [𝑃(𝑡)] pertain to the 𝑥-
and 𝑦-coordinates of the predetermined data on the airfoil
surface. Equation (20) can be rewritten as

[𝑃 (𝑡)]𝑚×2 = [𝐽 (𝑡)]𝑚×(𝑛+1)[𝐵](𝑛+1)×2. (21)

If 𝑚 = 𝑛 + 1, the matrix [𝐽(𝑡)]𝑚×(𝑛+1) will be a square matrix
and it can be inverted. In such a case, (21) can be written as
follows to find the matrix [𝐵]:

[𝐵](𝑛+1)×2 = [𝐽 (𝑡)]
−1

𝑚×(𝑛+1)
[𝑃 (𝑡)]𝑚×2. (22)

However, the number of the airfoil surface data points is
usually more than the number of control points. In such a
case, there aremore equations than unknowns and thematrix
[𝐽(𝑡)]𝑚×(𝑛+1) is no longer a square matrix. Hence it is required
to convert it to a square matrix by multiplying both sides of
(21) by the transpose of [𝐽(𝑡)]𝑚×(𝑛+1) as follows:

[𝐽 (𝑡)]
𝑇

(𝑛+1)×𝑚[𝑃 (𝑡)]𝑚×2

= [𝐽 (𝑡)]
𝑇

(𝑛+1)×𝑚[𝐽 (𝑡)]𝑚×(𝑛+1)[𝐵](𝑛+1)×2.

(23)

Thus,

[𝐵](𝑛+1)×2 = [[𝐽 (𝑡)]
𝑇

(𝑛+1)×𝑚[𝐽 (𝑡)]𝑚×(𝑛+1)]
−1

⋅ [𝐽 (𝑡)]
𝑇

(𝑛+1)×𝑚[𝑃 (𝑡)]𝑚×2.

(24)

NACA 0015 and TsAGI “B” 12% airfoils produced by Bezier
curve with 𝑛 = 10 and 𝑚 = 51 and their comparison
with conventional NACA 0015 and TsAGI “B” 12% airfoils are
shown in Figures 8 and 9, respectively. There is an excellent
agreement between two airfoils in each figure.

The predetermined data for the NACA airfoils can be
extracted from, for example, the software JavaFoil [37] which
is based on the analytical NACA formulations.

NACA 00xx Symmetric Airfoils. Since the maximum thick-
ness of a NACA 00xx symmetric airfoil will be considered as
a design variable, the equation for generating such airfoils is
given as follows:

±𝑦𝑡 =
𝑡

0.2
[0.2969√𝑥 − 0.1260𝑥

−0.3516𝑥
2
+ 0.2843𝑥

3
− 0.1015𝑥

4
] ,

(25)
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where 𝑥 is coordinates along the chord of the airfoil, from 0

to 𝑐 (𝑐 is the chord length and is assumed equal to 1), 𝑦𝑡 is
the thickness coordinates above and below the line extending
along the length of the airfoil, and 𝑡 is maximum thickness
of the airfoil in percentage of chord (i.e., 𝑡 in a %15 thick
airfoil would be 0.15). Equation (25) can be used to find
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the 𝑦-coordinates of a NACA 00xx symmetric airfoil by
knowing the values for 𝑥 and 𝑡. As will be shown, the
maximum thickness of such airfoils will also be considered
as a design variable. By optimizing the thickness, the optimal
shape for such airfoils will be obtained.This kind of optimiza-
tion problem, however, is not comprehensive and produces
the optimalNACA00xx symmetric airfoils only. In summary,
three kinds of design variable will be considered in this paper
for airfoil shape optimizationwhich are grid points on a given
airfoil surface extracted from, say, the software JavaFoil, the
Bezier curve control points, and the maximum thickness of
NACA 00xx symmetric airfoils.

5. Shape Optimization

Different objective functions may be considered for the
aerodynamics shape optimization including maximizing the
lift-drag ratio, maximizing the lift, and minimizing the drag.
In the framework of this paper, the shape optimization
problem will be to infer the shape an airfoil should have so
that the pressure distribution on the airfoil surface matches
a prescribed one (an inverse problem). In inverse design
problem, the desired pressure distribution of the target design
may be specified a priori.

Design Variable (DV). Here the airfoil grid points, the
Bezier curve control points, and the maximum thickness
of NACA00xx airfoils are considered as design variables.
Therefore, one has the following:

Case 1: the airfoil grid points as design variable (see
Figure 13);
Case 2: the Bezier curve control points as design
variable;
Case 3: the maximum thickness of NACA00xx air-
foils.

Case 1. The mathematical expression for the objective func-
tion considered for Case 1 can be stated as

J =

𝑁−1

∑

𝑗=2,𝑗 ̸= (𝑁+1)/2

(𝑃1,𝑗 − 𝑃𝑑(1,𝑗))
2

, (26)

where 𝑃(1,𝑗) is the pressure at grid points 𝐹1,𝑗 on the airfoil
surface and 𝑃𝑑(1,𝑗) is the desirable pressure at grid points 𝐹1,𝑗
on the airfoil surface (Figure 10). The aim is to minimize J
and to reach the desirable pressure distribution by changing
the position of the grid points on the airfoil surface. Since
the 𝑥-coordinates of the grid points can be constant during
the optimization process, only the 𝑦-coordinates of the grid
points are considered as design variables. Two end points of
airfoil, namely, leading edge (𝑗 = (𝑁 + 1) /2) and trailing edge
(𝑗 = 1,𝑁), are fixed. Thus they are not considered as design
variables.

Case 2. The mathematical expression for the objective func-
tion considered for Case 2 can be stated as

J =

2𝑚−4

∑

𝑖=1

(𝑃𝑖𝐵 − 𝑃𝑖𝐵
𝑑

)
2

, (27)
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where 𝑚 is the number of the predetermined data on each
of the upper and the lower surfaces of the airfoil, 𝑃𝑖𝐵 is the
pressure at point 𝑖 of the airfoil surface generated by theBezier
curve, and 𝑃𝑖𝐵

𝑑

is the desirable pressure at point 𝑖. Why does
2𝑚−4?𝑚 data points for the upper surface,𝑚 data points for
the lower surface, and the leading and the trailing edges for
two surfaces are considered fixed. The aim is to minimizeJ
and to reach the desirable pressure distribution by changing
the 𝑦-position of the control points 𝐵𝑖 (𝑖 = 1, . . . , 9) on
each of the upper and the lower surfaces of the airfoil (see
Figure 11). 𝐵0 and 𝐵10, which are concerned with the leading
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considered as the design variables.

edge and the trailing edge, respectively, are considered fixed
for both upper and lower surfaces. Therefore, for the shape
optimization problemwith a Bezier curve of order 11, we have
2 × (11 − 2) = 18 design variables. For the shape optimization
problem with a Bezier curve of order 7, we have 2 × (7 − 2)
= 10 design variables. The reason for considering these two
kinds of the Bezier curve is twofold:

(1) to show that the optimization problem will be more
successful if we have less number of design variable;

(2) to have a very accurate and flexible representation of
the airfoil shapes, a degree of at least 10 should be
used.

Case 3. The airfoil surface is generated by the analytical
NACA formula (25) and the maximum thickness is con-
sidered as the design variable. To show the accuracy of the
sensitivity scheme, the upper and lower airfoil surfaces are
generated separately and hence the design variables will be
two maximum thicknesses in the upper and lower airfoil
surfaces. As shown in Figure 12, if the indices 1 and 2
denote the location of maximum thickness on the upper
and lower airfoil surfaces, respectively, then themathematical
expression for the objective function considered for Case 3 is
as follows:

J =

2

∑

𝑖=1

(𝑃𝑖 − 𝑃𝑑(𝑖))
2
. (28)

6. Sensitivity Analysis

Suppose we wish to calculate the sensitivity of pressure
of nodes on the airfoil surface (see Figure 10), 𝑃1,𝑗 (𝑗 =

2, . . . , 𝑁 − 1, 𝑗 ̸= (𝑁 + 1) /2), to the 𝑦-position of the nodes
on the airfoil surface, 𝑦1,𝑗 (𝑗


= 2, . . . , 𝑁−1, 𝑗


̸= (𝑁 + 1) /2).
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Figure 14: Pressure distribution around the airfoil surface (initial
shape).

The sensitivity analysis can be performed by introducing
small perturbations to the 𝑦-coordinate of each point on
the airfoil surface, individually. The grid generation and flow
problem may be solved for this perturbed shape to obtain
the new values for the pressure 𝑃1,𝑗. Using these values for
the pressure, the dependency of the pressure 𝑃1,𝑗 to the
perturbation of the 𝑦-position of points of coordinates (1, 𝑗),
𝑦1,𝑗 , can be evaluated. The finite difference method may be
used to formulate these sensitivities as follows:

𝜕𝑃1,𝑗

𝜕𝑦1,𝑗
=

𝑃1,𝑗 (𝑦1,𝑗 + 𝜀𝑦1,𝑗) − 𝑃1,𝑗 (𝑦1,𝑗)

𝜀𝑦1,𝑗
, (29)

where 𝜀 may be, say, 10−6. The term 𝜀𝑦1,𝑗 is the perturba-
tion in the 𝑦-position of points of coordinates (1, 𝑗


), 𝑦1,𝑗 .
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Since the sensitivity of each pressure 𝑃1,𝑗 (𝑗 = 2, . . . , 𝑁 −

1, 𝑗 ̸= (𝑁 + 1) /2) to each 𝑦-position of points of coordinates
(1, 𝑗

) (𝑗


= 2, . . . , 𝑁 − 1, 𝑗


̸= (𝑁 + 1) /2) is required, the
computation of the sensitivity coefficients using this method
requires (𝑁 − 3) additional solutions of the flow problem.
Therefore, this method is only suitable when the number of
points on the airfoil surface is small.Thus for the airfoil shape
optimization problem, which demand a fine grid to obtain
accurate results, the perturbation method using the finite
difference method will be of high computation cost. In this
paper, wewill expand the novelmethodused in evaluating the
sensitivity matrix in the shape optimization of heat transfer
problems. As will be shown, it requires only one solution of
the flow problem (at each iteration) to compute all sensitivity
coefficients.

With regard to (26), the following equation can bewritten
in order to calculate the Jacobian matrix

𝜕J

𝜕𝑦1,𝑙

= 2

𝑁−1

∑

𝑗=2,𝑗 ̸= (𝑁+1)/2

(𝑃1,𝑗 − 𝑃𝑑(1,𝑗))

𝜕𝑃1,𝑗

𝜕𝑦1,𝑙

, (30)

where (𝑗 = 2, . . . , 𝑁 − 1, 𝑗 ̸= (𝑁 + 1) /2) and (𝑙 = 2, . . . , 𝑁 −

1, 𝑙 ̸= (𝑁 + 1) /2). The expression 𝜕𝑃1,𝑗/𝜕𝑦1,𝑙 in the above
relation is called the Jacobian coefficient. In this case, the
sensitivity matrix can be expanded as

Ja𝑦 =

[
[
[
[
[
[
[
[
[
[
[

[

𝜕𝑃1,2

𝜕𝑦1,2

𝜕𝑃1,2

𝜕𝑦1,3

𝜕𝑃1,2

𝜕𝑦1,4

⋅ ⋅ ⋅
𝜕𝑃1,2

𝜕𝑦1,𝑁−1

𝜕𝑃1,3

𝜕𝑦1,2

𝜕𝑃1,3

𝜕𝑦1,3

𝜕𝑃1,3

𝜕𝑦1,4

⋅ ⋅ ⋅
𝜕𝑃1,3

𝜕𝑦1,𝑁−1
...

...
... d

...
𝜕𝑃1,𝑁−1

𝜕𝑦1,2

𝜕𝑃1,𝑁−1

𝜕𝑦1,3

𝜕𝑃1,𝑁−1

𝜕𝑦1,4

⋅ ⋅ ⋅
𝜕𝑃1,𝑁−1

𝜕𝑦1,𝑁−1

]
]
]
]
]
]
]
]
]
]
]

]

. (31)

Since the physical domain is mapped onto the computa-
tional one, the chain rule may be used to correlate variables
in the two domains. Therefore,

𝜕𝑃1,𝑗

𝜕𝑥1,𝑙

=

𝜕𝑃1,𝑗

𝜕𝜉

𝜕𝜉

𝜕𝑥1,𝑙

+

𝜕𝑃1,𝑗

𝜕𝜂

𝜕𝜂

𝜕𝑥1,𝑙

, (32)

𝜕𝑃1,𝑗

𝜕𝑦1,𝑙

=

𝜕𝑃1,𝑗

𝜕𝜉

𝜕𝜉

𝜕𝑦1,𝑙

+

𝜕𝑃1,𝑗

𝜕𝜂

𝜕𝜂

𝜕𝑦1,𝑙

. (33)

As pointed out before, the 𝑥-coordinate of the grid points
are considered fixed and they are not included in the design
variables. Thus (32) is written here to derive the required
relations for the sensitivity coefficients. By interchanging 𝑥

and 𝜉, and 𝑦 and 𝜂, and solving the derived equations for
𝜕𝑃/𝜕𝑥 and 𝜕𝑃/𝜕𝑦, we finally obtain

𝜕𝑃1,𝑗

𝜕𝑦1,𝑙

=
1

𝐽
[−(𝑥𝜂)1,𝑙

(𝑃𝜉)1,𝑗
+ (𝑥𝜉)1,𝑙

(𝑃𝜂)1,𝑗
] , (34)

where 𝐽 = (𝑥𝜉𝑦𝜂 − 𝑥𝜂𝑦𝜉)1,𝑙 is the Jacobian of the transforma-
tion.Using the finite differencemethod to discretize the equa-
tions in the computational domain, we can write appropriate

algebraic approximations for all partial derivatives involved
in the above equation. Therefore,

(𝑃𝜉)1,𝑗
=

−3𝑃1,𝑗 + 4𝑃2,𝑗 − 𝑃3,𝑗

2
, (35)

(𝑃𝜂)1,𝑗
=

𝑃1,𝑗+1 − 𝑃1,𝑗−1

2
, (36)

(𝑥𝜉)1,𝑙
=

−3𝑥1,𝑙 + 4𝑥2,𝑙 − 𝑥3,𝑙

2
, (37)

(𝑥𝜂)1,𝑙
=

𝑥1,𝑙+1 − 𝑥1,𝑙−1

2
(38)

which are based on the central and the forward differences.
Equations (35) through (38) are employed to calculate the
sensitivity coefficients in (31).

Bezier Control Points as Design Variables.With regard to (27)
and considering the control points of the Bezier curve as
design variable, we can write

𝜕J

𝜕𝐵𝑦
𝑙

= 2

2𝑚−4

∑

𝑖=1

(𝑃𝑖𝐵 − 𝑃𝑖𝐵
𝑑

)
𝜕𝑃𝑖𝐵

𝜕𝐵𝑦
𝑙

. (39)

Using the chain rule, we can write

𝜕𝑃𝑖𝐵

𝜕𝐵𝑦
𝑙

=
𝜕𝑃𝑖𝐵

𝜕𝑦𝑖𝐵

𝜕𝑦𝑖𝐵

𝜕𝐵𝑦
𝑙

, (40)

where 𝑦𝑖𝐵 (𝑖

= 1, . . . , 2𝑚 − 4) are the 𝑦-coordinate of the

predetermined grid points to be passed by the Bezier curve
and 𝐵𝑦

𝑙

(𝑙 = 1, . . . , 18) are the 𝑦-coordinate of Bezier control
points whose number is equal to 18 (9 for each of the upper
and lower surfaces). The term 𝜕𝑃𝑖𝐵/𝜕𝑦𝑖𝐵 can be computed
by the expressions derived for Case 1 (see (31)). The size of
the matrix formed by the arrays 𝜕𝑃𝑖𝐵/𝜕𝑦𝑖𝐵 is (2𝑚 − 4) ×

(2𝑚 − 4). The term 𝜕𝑦𝑖𝐵/𝜕𝐵𝑦
𝑙

can be easily evaluated by
taking derivative of (19) with respect to the control points
𝐵 (noting that [𝑃(𝑡)] ≡ [𝑥(𝑡), 𝑦(𝑡)]). The control points
may be renumbered so that 𝐵𝑦

1

= 𝐵𝑦
9𝑈

, 𝐵𝑦
2

= 𝐵𝑦
8𝑈

, . . .,
𝐵𝑦
9

= 𝐵𝑦
1𝑈

and 𝐵𝑦
10

= 𝐵𝑦
1𝐿

, 𝐵𝑦
11

= 𝐵𝑦
2𝐿

, . . ., 𝐵𝑦
18

= 𝐵𝑦
9𝐿

.
The indices 𝑈 and 𝐿 denote the upper and lower surfaces,
respectively. The direction of numbering is from right to left
for the upper surface and from left to right for the lower
surface. The reason for this renumbering is the compatibility
with the grid point data reading (most of the airfoil data are
in this format) as well as the pressure reading to compute the
objective function (see (27)). However, we should note that
the Bezier curve evaluation is from left to right for both the
upper and lower surfaces. The size of the matrix formed by
the arrays 𝜕𝑦𝑖𝐵/𝜕𝐵𝑦

𝑙

is (2𝑚 − 4) × 18. Because the upper and
lower surfaces are constructed separately, the variation of 𝑦
of the upper surface with respect to the change in position of
the lower surface control points as well as the variation of 𝑦
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of the lower surface with respect to the change in position of
the upper surface control points is zero.

MaximumThickness as Design Variables. In a similar deriva-
tion to Case 1, the sensitivity matrix for Case 3 will be

Ja =
[
[
[

[

𝜕𝑃1

𝜕𝑦1
𝜕𝑃2

𝜕𝑦1

𝜕𝑃1

𝜕𝑦2

𝜕𝑃2

𝜕𝑦2

]
]
]

]

. (41)

7. Optimization Method

In this paper, two powerful optimization methods, namely,
the conjugate gradient method and the quasi-Newton
method will be used. For the airfoil grid points as a
design variable (Case 1) both optimization methods will be
employed. However, for the Bezier curve control points as a
design variable (Case 2), only the quasi-Newton method will
be used. For Case 3 (the maximum thickness of NACA00xx
airfoils as a design variable), only the conjugate gradient
method will be employed.

Conjugate Gradient Method. The conjugate gradient algo-
rithm to obtain the optimal shape for the airfoil is as follows.

(1) Specify the physical domain, the boundary condi-
tions, the problem conditions such as Mach number
and the angle of attack, and the desired airfoil surface
pressure distribution.

(2) Generate the boundary fitted grids using the grid
generation methods described earlier.

(3) Solve the direct flow problem of finding the pressure
values at any grid points of the physical domain and
hence the airfoil surface.

(4) Using (26), compute the objective function (J(𝑘)).
(5) If the value of the objective function obtained in step

(4) is less than the specified stopping criterion, the
optimization is finished. Otherwise, go to step (6).

(6) Compute the sensitivity matrix (Ja) from (31).
(7) Compute the gradient direction ∇J(𝑘) from (30).
(8) Compute the conjugation coefficient 𝛾

(𝑘) from the
following equation (the Polak-Ribiere formula):

𝛾
(𝑘)

=

[∇J(𝑘)]
𝑇

(∇J(𝑘) − ∇J(𝑘−1))

∇J
(𝑘−1)

2

=

[∇J(𝑘)]
𝑇

(∇J(𝑘) − ∇J(𝑘−1))

[∇J(𝑘−1)]
𝑇
∇J(𝑘−1)

.

(42)

For 𝑘 = 0, set 𝛾(0) = 0.
(9) Compute the direction of descent d(𝑘) from the

following:

d(𝑘) = ∇J
(𝑘)

+ 𝛾
(𝑘)d(𝑘−1). (43)

(10) Compute the search step size 𝛽(𝑘) from the following:

𝛽
(𝑘)

=

[Ja(𝑘)d(𝑘)]
𝑇

[𝑃1,𝑗 − 𝑃𝑑(1,𝑗)]

[Ja(𝑘)d(𝑘)]𝑇 [Ja(𝑘)d(𝑘)]
. (44)

(11) Evaluate the new 𝑦-coordinates of the airfoil surface
grid nodes as follows:

y(𝑘+1) = y(𝑘) − 𝛽
(𝑘)d(𝑘). (45)

(12) Set the next iteration (𝑘 = 𝑘 + 1) and return to step
(2).

The above algorithm is for the airfoil grid points as a design
variable (Case 1) only. The algorithm for Case 3 can be
expressed in a similar way.

Quasi-Newton Method. Quasi-Newton method is another
powerful optimization method used in this paper. In quasi-
Newton method, the Hessian matrix (which is composed
of the second partial derivatives) is replaced by an approx-
imation of it. The approximation uses only the first partial
derivatives. The Broyden-Fletcher-Goldfarb-Shanno (BFGS)
method is a quasi-Newtonmethod for solving unconstrained
nonlinear optimization. In the BFGS method, the Hessian
matrix approximation, B(𝑘), is updated iteratively. The steps
of BFGS method can be summarized as follows.

(1) Specify the physical domain, the boundary condi-
tions, the problem conditions such as Mach number
and the angle of attack, and the desired airfoil surface
pressure distribution.

(2) Generate the boundary fitted grids using the grid
generation methods described earlier.

(3) Solve the direct flow problem of finding the pressure
values at any grid points of the physical domain and
hence the airfoil surface.

(4) Using (26), compute the objective function (J(𝑘)).
(5) If value of the objective function obtained in step

(4) is less than the specified stopping criterion, the
optimization is finished. Otherwise, go to step (6).

(6) Compute the sensitivity matrix (Ja) from (31).

(7) Compute the gradient direction ∇J(𝑘) from (30).

(8) The initial Hessian matrix approximation, B(1), is
taken as the identity matrix, namely, B(1) = I.

(9) Set S(𝑘) = −B(𝑘)∇J(𝑘) and the iteration number as
𝑘 = 1.

(10) Compute the search step size 𝛽
(𝑘) (from (44)) in the

direction S(𝑘) and set

y(𝑘+1) = y(𝑘) − 𝛽
(𝑘)S(𝑘). (46)

(11) Repeat the steps (2) to (7) with these new values of y
for the grid points𝑦-coordinates to calculate∇J(𝑘+1).
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Table 1: Data used for Test Case 1.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial TsAGI“B” 10% 300 × 305 1∘ 70m/s
Desired NACA 0015 350 × 365 1∘ 70m/s

(12) Update the Hessian matrix approximation as

B(𝑘+1) = B(𝑘) + (1 +

(g(𝑘))
𝑇

B(𝑘)g(𝑘)

(d(𝑘))𝑇g(𝑘)
)

d(𝑘)(d(𝑘))
𝑇

(d(𝑘))𝑇g(𝑘)

−

d(𝑘)(g(𝑘))
𝑇

B(𝑘)

(d(𝑘))𝑇g(𝑘)
−

B(𝑘)g(𝑘)(d(𝑘))
𝑇

(d(𝑘))𝑇g(𝑘)
,

(47)

where

d(𝑘) = y(𝑘+1) − y(𝑘) = −𝛽
(𝑘)S(𝑘),

g(𝑘) = ∇J
(𝑘+1)

− ∇J
(𝑘)

.

(48)

(13) Set the new iteration number as 𝑘 = 𝑘 + 1 and go to
step (9).

8. Results

In this section, the results obtained for the shape optimization
of an airfoil in the incompressible, irrotational, and inviscid
flow under given boundary conditions are presented. Three
kinds of the design variable (the airfoil grid points, the Bezier
curve control points, and the maximum thickness of NACA
00xx airfoils) as well as two optimization methods (CG and
BFGS) are considered. In all test cases in this paper which
employ the Bezier curve, the number of predetermined airfoil
data,𝑚, is set equal to the Bezier curve order, 𝑛 + 1.

Test Case 1. In this test case, the airfoil surface is parame-
terized by a Bezier curve of order 11. The total number of
the design variable is 18, namely, 9 design variables for each
of the upper and lower surfaces. At first, two parametric
curves for two surfaces (upper and lower) are obtained using
11 grid points and then a fine grid is generated to obtain
accurate results. The data for Test Case 1 is given in Table 1.
The comparison of the initial and optimal airfoil shapes and
somemagnified parts of them are shown in Figures 15, 20, and
26. In this test case, BFGS optimization method is employed.

The convergence of the objective function is shown in
Figures 17, 23, 29, 37, and 39. The initial and minimum
values for the objective function are approximately 3517433
and 2877116, respectively, which shows %18.2 reduction in
objective function (see Figures 16, 21, and 27). The minimum
value for the objective function takes place in iteration 14.
The optimization time spent on the 1st iteration (which is
equivalent to one direct flow solution) is 11 minutes and 43
seconds and the total optimization time for 30 iterations is 11
minutes and 46 secondswhich shows the proposed sensitivity
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Figure 15: Comparison of the initial and optimal shapes and some
magnified parts including the leading edge, middle parts, and the
trailing edge.
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Figure 16: Comparison of the initial and optimal shapes. The 𝑦-
axis has been greatly exaggerated to highlight difference in the airfoil
shapes.

analysis efficiency. 30 iterations take only 3 seconds. The
reason for the difference between the 1st iteration and the
following ones is that the solution after the 1st iteration is a
very good initial guess for the 2nd iteration and the direct
solution converges quickly. In other words, what is a bit
time consuming for the 1st iteration is the grid generation
and stream function loops not the pressure calculation,
sensitivity analysis, and optimization stages. Moreover, a fine
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Figure 17: Objective function value versus the iteration number.

0 1

0.4

0.2

0

−0.2

−0.4

Y

X

0.5

Figure 18: Grid used in Test Case 2 (around initial shape).

grid (300 × 305) and a tolerance of 10−8 are used in the
iterative loopswhich increase the computation time.The code
is programmed in Fortran 77 using a Fortran compiler (Force
2.0) and the computations are run on a PCwith Intel Pentium
Dual 1.73 and 1G RAM. All the computations in the test
cases in this paper are performed using the above mentioned
compiler and PC. Therefore, there is no need to repeat it in
the following test cases.

Test Case 2. Test Case 2 is similar to Test Case 1 but with
different specifications (see Figure 18). The data for this test
case is given in Table 2.

The explanation is similar to Test Case 1. Thus only the
results will be given in Table 3.

Now an optimal shape design problem using a Bezier
curve of order 7 is given. As it will be shown, it decreases
the objective function value much bigger than when using
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Figure 19: Pressure distribution around the airfoil surface (initial
shape).
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Figure 20: Comparison of the initial and optimal shapes and some
magnified parts including the leading and trailing edges.

Table 2: Data used for Test Case 2.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial NACA 0028 400 × 425 2
∘ 70m/s

Desired NACA 0016 350 × 365 2
∘ 70m/s

a Bezier curve of order 11 as there is less number of design
variables (10 design variables for a Bezier curve of order 7
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Table 3: Results for Test Case 2.

Initial objective
function

Minimum objective
function (iteration 3)

Computational time,
1st iteration

Total computational
time, 30 iterations

Percentage of
reduction in
objective
function

10074507 5585758 35m and 30 s 35m and 34 s 44.5%

Table 4: Data used for Test Case 3.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial NACA 0012 300 × 305 0
∘ 70m/s

Desired NACA 0017 250 × 305 0
∘ 70m/s
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Figure 21: Comparison of the initial and optimal shapes. The 𝑦-
axis has been greatly exaggerated to highlight difference in the airfoil
shapes.

versus 18 design variables for a Bezier curve of order 11).
However, as it will be shown, using a Bezier curve of order
7 is not comprehensive for all airfoil shapes and is suitable to
NACA 00XX or similar airfoils only. In other words, it is not
able to produce all airfoil shapes precisely.

Test Case 3 (using a Bezier curve of order 7; see Figure 24 and
Table 4). The results are given in Table 5.

Although there is a decrease of %59 in objective function,
the %59 approach from the initial shape to desired one is
not seen (see Figure 28). This indicates that the solution of
the inverse problem is not unique. The reason for this can
be found in the trailing edge configuration for the initial,
optimal, and desired airfoil shapes (Figure 28).

Although the results of using the Bezier curve of order
7 is very promising, its drawback is that it is restricted to
the simple and symmetric airfoil shapes such as NACA 00xx.

For other airfoil shapes, there can be seen some oscillations
around the trailing edge (see Figure 30).

Moreover, the Bezier curve of order 7 fails to represent
the NACA 00xx airfoils accurately. In other words, the Bezier
curve of order 11 is the appropriate option to produce very
accurate airfoils (Figure 31).

Test Case 4. In this test case, the airfoil surface is parame-
terized by grid points obtained from the analytical NACA
formula (e.g., software JavaFoil). In this case, the number of
the design variables is equal to the number of grid points
minus three (one for leading edge and two for trailing
edge).Therefore, we have an aerodynamic shape optimization
problem with a high number of the design variables as we
should have a fine grid to obtain sufficiently accurate results.
It is known that the optimization process becomes more
challenging by increasing the number of design variables.
Hence we have a difficult shape optimization problem in Test
Case 4. The data used for Test Case 4 is given in Table 6.
A very fine grid (400 × 425) is used for the initial airfoil
shape (NACA 0012). The number of the design variables is
𝑁 − 3 which is 425 – 3 = 422. Therefore, a time consuming
optimization problem is expected. However, by using the
sensitivity analysis scheme proposed in this paper, the total
time for the optimization problem in Test Case 4 using both
CG and BFGS optimization methods is about 46 minutes for
8000 iterations. The computation time for the 1st iteration
is about 25 minutes. The comparison of the computation
times for the 1st iteration and 8000 ones indicates again the
efficiency of the sensitivity analysis scheme. The summary
of the results is presented in Table 7. The comparison of
the initial, optimal, and desired airfoil shapes is given in
Figure 32. As can be seen in the figure, the variation of the
shape is minute.The convergence of the objective function to
a local minimum when both the CG and BFGS optimization
methods are used as well as a comparison of them is shown
in Figures 33, 34, and 35, respectively. The plots reveal the
better performance of the BFGS method in minimizing the
objective function.

In Test Cases 5 and 6 the maximum thickness of the
NACA 00xx is considered as a design variable. As mentioned
previously, the conjugate gradient method is employed as the
optimization method.

Test Case 5. The data for the problem including the condi-
tions for the initial and desired airfoils are given in Table 8.

Figure 36 represents the comparison of the initial, opti-
mal, and desired shapes for airfoils (also see Figures 22 and
38). The desired airfoil shape is a NACA0018 at conditions
stated in Table 8. As can be seen, this shape is shown by
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Table 5: Results for Test Case 3.

Initial objective
function

Minimum objective
function (iteration 34)

Computational time,
1st iteration

Total computational
time, 100 iterations

Percentage of
reduction in
objective
function

898639 368148 9m and 32 s 9m and 43 s 59%

Table 6: Data used for Test Case 4.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial NACA 0012 400 × 425 0
∘ 70m/s

Desired NACA 0014 400 × 425 0
∘ 70m/s

Table 7: Summary of the results of Test Case 4.

InitialJ FinalJ Number of
iterations

Computation
time (total)

Reduction
inJ

CG 6351997 6053996 8000 ∼46mins 4.7%
BFGS 6351997 6036943 8000 ∼46mins 5%

Table 8: Data used for Test Case 5.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial NACA 0011 80 × 125 2
∘ 70m/s

Desired NACA 0018 80 × 125 2
∘ 70m/s

a black color line. The optimization process is started by
a NACA0011 as an initial shape which is shown by a red
color line. The optimal shape (shown by a blue color line),
which is obtained by the conjugate gradient method, is in an
excellent agreement (full matching) with the desired one.The
objective function variation is shown in Figure 37.The initial
and final values for the objective function are about 773597.45
and 15.48, respectively, which reveals an approximately %100
reduction in the objective function within 31 iterations. The
total time for the optimization (for 31 iterations) is 2 minutes
and 14 seconds. The tolerance used in iterative steps in the
program is 10−8. Although such a tolerance value increases
the computation time, it enhances the accuracy of the results.
If the 𝑦-components of the maximum thickness in upper
and lower airfoil surfaces are denoted by 𝑦thick𝑈 and 𝑦thick𝐿,
respectively, the value of the pressure for these two locations
for initial, optimal, and desired shapes are reported in Tables
10 and 13.The difference values show the validity of the shape
optimization process.

Test Case 6. The data for the problem is given in Table 11.The
explanation for the results is similar to Test Case 5 (see Tables
9 and 12).
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Figure 22: Comparison of the initial, optimal, and desired shapes.

Table 9: Results for Test Case 5.

InitialJ FinalJ Number of
iterations

Computation
time (total)

Reduction
inJ

CG 773597.45 15.48 31 2m : 14 s ∼100%

9. Adjoint Method

As pointed out previously, for the aerodynamic shape opti-
mization problems requiring a large number of design vari-
ables, the use of finite difference method to evaluate the
gradient by introducing a small perturbation to each design
variable separately and then solving the flow problem is of
very high computational cost, because it requires a number
of additional flow solutions equal to the number of design
variables. For optimal shape design problems with a high
number of design variables, the adjoint method [4] can
compute the gradients of objective functionmuch faster than
the finite difference method.

The aerodynamic shape optimization problem of interest
here can be expressed as

minimization of objective function J

subject to constraint R = 0 (the governing equation) .
(49)
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Table 10: Comparison of the pressure at the maximum thicknesses of the airfoil surface (upper and lower surfaces) for the initial, optimal,
and desired shapes.

Initial shape Optimal shape Desired shape Difference (Pa)

Pressure at 𝑦thickU (Pa) 100080.04 99411.37 99410.06

Difference in initial and desired
= 669.98

Difference in optimal and desired
= 1.31

Pressure at 𝑦thickL (Pa) 100814.39 100248.25 100244.54

Difference in initial and desired
= 569.85

Difference in optimal and desired
= 3.71

Table 11: Data used for Test Case 6.

Airfoil Grid size
Angle of
attack

𝛼

Free stream
velocity
𝑉∞

Initial NACA 0015 80 × 125 2
∘ 70m/s

Desired NACA 0035 80 × 125 2
∘ 70m/s

Table 12: Results for Test Case 6.

InitialJ FinalJ Number of
iterations

Computation
time (total)

Reduction
inJ

CG 7986880.34 1.15 21 1m : 08 s ∼100%

Table 13: Comparison of the pressure at the maximum thicknesses of the airfoil surface (upper and lower surfaces) for the initial, optimal,
and desired shapes.

Initial shape Optimal shape Desired shape Difference (Pa)

Pressure at 𝑦thickU (Pa) 99703.83 97552.39 97552.99

Difference in initial and desired
= 2150.84

Difference in optimal and desired
= 0.60

Pressure at 𝑦thickL (Pa) 100494.52 98662.17 98661.28

Difference in initial and desired
= 1833.24

Difference in optimal and desired
= 0.89
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Figure 23: Objective function value versus the iteration number.
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Figure 24: Grid used in Test Case 3 (around initial shape).
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Figure 25: Pressure distribution around the airfoil surface (initial shape).

The objective function J and the governing equation R =

0 depend on the flow variables W and the geometry design
variable X𝐷:

J = J (W,X𝐷) ,

R = R (W,X𝐷) = 0.

(50)

The derivative of the objective functionJwith respect to the
design variables X𝐷 can be expressed as

𝑑J

𝑑X𝐷
=

𝜕J

𝜕X𝐷
+

𝜕J

𝜕W
𝜕W
𝜕X𝐷

(51)

which states that a change in the objective function is due
to a combination of a variation in the flow solution 𝜕W and

a variation in the design variable (change in geometry) 𝜕X𝐷.
In a similar way, we have

𝑑R

𝑑X𝐷
=

𝜕R

𝜕X𝐷
+

𝜕R

𝜕W
𝜕W
𝜕X𝐷

= 0. (52)

If the sensitivity analysis is performed using (51) and (52),
the problem is referred to as the “primal problem.” Solving
the primal problem comes with the same difficulties as we
encounter with use of the finite differencemethod. It requires
the additional flow solutions proportional to the number of
the design variablesX𝐷.Therefore, the adjointmethod comes
to the picture by introducing a vector of Lagrange multipliers
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Figure 26: Comparison of the initial and optimal shapes and some
magnified parts including the leading and trailing edges.
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Figure 27: Comparison of the initial and optimal shapes. The 𝑦-
axis has been greatly exaggerated to highlight difference in the airfoil
shapes.

Ψ. By adding (52) as a constraint to the sensitivity equation
(51), we obtain

𝑑J

𝑑X𝐷
=

𝜕J

𝜕X𝐷
+

𝜕J

𝜕W
𝜕W
𝜕X𝐷

− Ψ
𝑇
{{

{{

{

=0
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝜕R

𝜕X𝐷
+

𝜕R

𝜕W
𝜕W
𝜕X𝐷

}}

}}

}

.

(53)
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Figure 28: Comparison of the initial, optimal, and desired shapes.
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Figure 29: Objective function value versus the iteration number.

Rearranging the terms inside (53), we get

𝑑J

𝑑X𝐷
= (

𝜕J

𝜕X𝐷
− Ψ
𝑇 𝜕R

𝜕X𝐷
)

+ (
𝜕J

𝜕W
− Ψ
𝑇 𝜕R

𝜕W
)

𝜕W
𝜕X𝐷

.

(54)

If

𝜕J

𝜕W
− Ψ
𝑇 𝜕R

𝜕W
= 0, (55)
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Figure 30: Oscillations around the trailing edge.
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Figure 31: Comparison of an analytical NACA 0012 airfoil (upper
surface only) with one obtained by using the Bezier curves of orders
7 and 11. The plots represent an excellent agreement between the
analytical NACA and the Bezier of order 11.

then (54) reduces to

𝑑J

𝑑X𝐷
=

𝜕J

𝜕X𝐷
− Ψ
𝑇 𝜕R

𝜕X𝐷
. (56)

Equation (55) is the adjoint equation and the vector Ψ is the
adjoint variables. Equations (55) and (56) are referred to as
the “dual problem.” The adjoint equation is a linear system
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Figure 32: Comparison of the initial and optimal airfoil shapes with
the magnified sections of them to show the variation of the shape.
Both BFGS and CG are used in optimization process.
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Figure 33: Convergence of the objective function. CG is used as the
optimization method.

and can be solved to obtainΨ. Then the determinedΨ can be
substituted into (56) to obtain the gradient of the objective
function. It can be seen that the gradient of the objective
function can be determined without the need for additional
flow solutions. The computational cost of solving the adjoint
equation is comparable to that of solving the flow equation.
Therefore, the computational cost of evaluating the objective
function gradient is roughly equal to the computational cost
of two flow equation solutions, independent of the number of
design variables [38–41].
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Figure 34: Convergence of the objective function. BFGS is used as
the optimization method.
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Figure 35: Comparison of the CG and BFGSmethods in decreasing
the objective function.

From the accuracy of the derivatives view point, the finite
difference method (based on the perturbation scheme) is
compared to the adjoint method [42–44]. The comparison
shows a very good agreement between two methods. There-
fore, our aim here is to compare our novel shape sensitivity
method to the adjoint method from the efficiency view point
only. As mentioned above, the computational cost of solving
the adjoint equation is comparable to that of solving the
flow equation whereas the computational cost of our novel
method is comparable to that of computation of an algebraic
expression for arrays of a matrix. As seen in Test Case 4,
the computation time for iterations 2 to 8000 is 46 – 25 =
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Figure 36: The initial, optimal, and desired shapes for the airfoil.
There is an excellent agreement between the optimal and desired
airfoil shapes.
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Figure 37: Objective function value versus the iteration number.

21 minutes (about 7 iterations per second) which reveals the
efficiency of the proposed sensitivity analysis.

10. Conclusion

This paper addressed the aerodynamic shape optimization for
an airfoil in an irrotational and incompressible flow governed



Mathematical Problems in Engineering 21

0 0.5 1

0

0.2

0.4

0.6

Desired airfoil (NACA 0035)
Initial airfoil (NACA 0015)
Optimal airfoil

0.29995 0.3 0.30005
0.17498
0.17499

0.175
0.17501
0.17502
0.17503
0.17504

−0.2

−0.4

X

X

Y

Y

Figure 38: The initial, optimal, and desired shapes for the airfoil.
There is an excellent agreement between the optimal and desired
airfoil shapes.
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Figure 39: Objective function value versus the iteration number.

by Laplace equation using a type of the elliptic grid genera-
tion (O-type), a novel and very efficient sensitivity analysis
method, and the conjugate gradient and BFGS optimization
methods.The airfoil was parameterized using the grid points
and the Bezier curve. Three different types of design variable
were considered: the grid points, the Bezier curve control
points, and the maximum thickness of NACA00xx airfoils. It
was represented that the use of the Bezier curve significantly
improves the optimization performance to reach the optimal

shape. The results obtained in test cases presented in this
paper show that the proposed sensitivity analysis method
reduces the computation cost even for large number of the
design variables (Test Case 4) and confirm accuracy and
efficiency of the proposed shape optimization algorithm.
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This study presents an inverse approach to obtain a relation between applied voltage and displacement of the midpoint of fixed-
fixed beam actuator. The approach has two main sections. The first one is the inverse design of a model to replace real action of
upper beam under electrostatic force. The formula obtained from the first section does not comprise the residual stress and gives
very small errors when there is no residual stress on the upper electrode. So, the second part was carried out to add this important
system variable into the formula. Likewise, inverse solution was again applied in the later section. The final formula demonstrates
that pull-in limit of clamped-clamped actuator is to be at around 40% of original spacing that is in agreement with simulation and
previous experimental results. Its percentage errors are within 2%when compared with simulations that are based on finite element
method (FEM). The results are comparable to numerical solutions received from diverse distributed models which require more
calculation power in electrostatic and structural domains. On top of that, our formula is valid for all displacements from original
position up to pull-in limit.

1. Introduction

ElectrostaticMEMS based actuators have been usedwidely as
a sensor due to their higher sensitivity, smaller dimensions,
low-power consumption, and easy fabrication with new
design possibilities. They have been used as a microelec-
tromechanical varactor [1], as a capacitive pressure sensor for
measuring blood pressure for a cardiovascular catheter [2], as
a mass sensor [3], as an RF microswitch [4, 5], as an energy
harvester for MEMS devices [6], and as small force detection
[7].

An electrostatically controlled MEMS based fixed-fixed
actuator is made up of two parallel conductive beams; the
ground electrode is fabricated on a substrate and notmovable
and the upper electrode is suspended above it with an initial
gap (𝑔) and fixed from both ends. When a voltage difference
is applied between bottom and upper electrodes, the middle
section of top electrode moves towards bottom electrode due
to electrostatic force.The counteract spring force will stop the
motion of upper electrode at some equilibrium point. The

spring force is a linear function of the movement whereas
the electrostatic force increases with the square of distance.
After a certain point, the restoring force due to bending
cannot balance the electrostatic force any longer. The upper
electrode is instable after this point and collides on the bottom
electrode.This limit is called pull-in limit and voltage value is
named as pull-in voltage.The real behavior of upper electrode
can be seen in Figure 1. It obeys two constraints; fixed ends
have zero movement and zero-angle.

Calculating the pull-in voltage value accurately is the
most crucial issue inMEMS actuators. Nevertheless, behavior
is nonlinear because of electrostatic andmechanical coupling.
Hence, getting an analytical formula for pull-in limit is
very difficult. For more than two decades, researchers have
been developing many models and methods for electrostatic
MEMS based actuators to calculate pull-in limit [8–16].
However, most of these works have found different pull-in
limits. When it is controlled by software (COMSOL) which
employs finite element method, pull-in limit appears to be
at approximately 40% of initial gap which is also consistent
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Figure 1: Electrostatic actuator (side view).

Table 1: COMSOL Simulation Pull-in Results of a Fixed-Fixed
Beamwith length = 200 𝜇m,width = 50 𝜇m, thickness = 1 𝜇m,Young
Modulus = 160GPa, Poisson Ratio = 0.22.

Initial Gap (𝜇m) Pull-in Gap (𝜇m) Pull-in Gap/Initial Gap
2 0.797 0.3985
4 1.594 0.3985
5 1.992 0.3984
10 3.984 0.3984

with former experimental measurements [12, 14]. Table 1
points some simulation results out for varying initial gaps.
Upper beam was simulated as linear and isotropic poly-Si
material in 3D geometry. Its length was chosen as 200𝜇m
for simulation purposes only since length is not a function of
pull-in gap. Ratio of pull-in gap to initial gap is constant and
independent of material properties of the upper electrode.
Other properties of the material in simulation can be seen in
Table 1.

The main intention of this work is to find a relatively
simple formula which demonstrates not only the pull-in limit
at the actual position, but also a relationship between applied
potential difference and displacement of the middle part of a
clamped-clamped electrostatic actuator.

2. Inversely Designed Model

We have altered the real behavior of upper electrode with
a new model for the sake of simplicity. Upper electrode
has subdivided into three regions with four pivots. Two of
the pivots are located at both fixed ends. They can only
rotate around the pivot points whereas they cannot move
horizontally and vertically. The other pivot points are located
at 3𝐿/7 distances from both fixed sides symmetrically. These
pivots are free to move vertically though.The newmodel can
be seen clearly in Figure 2. Total length of the electrode is 𝐿.
The first and third partitions divided as 3𝐿/7while the second
one as 𝐿/7. These values have been inversely reached by trial
and errormethod since we already know the true results from
simulations and previous experimental studies.

We had studied bisection model for fixed-free actuators
earlier [21, 22]. The model was dividing the upper electrode
into two partitions. One is not moving at all and fixed
to the substrate from one end and the other section can
freely move linearly around a pivot which is selected by trial
and error method inversely. It was successful as well when
compared with simulation results and experimental studies.
Later, model for fixed-free actuators was simplified further

Pivot

3a 3aa

PivotPivot Pivot

g

L = 7a

𝛿

C1 C2 C3

Figure 2: The movements and capacitances of the partitions
introduced in new model.

and named as Pivot Model [23]. In the model, fixed side of
the upper electrode is pivoted and the other side is totally free
to move linearly around the pivot point.The upper beam was
assumed as a rigid body in themodel for the sake of simplicity.
These were reasonable assumptions since the bending of the
beam was very small. It establishes a good relation between
applied voltage and displacement span from rest position to
pull-in limit.

The new model was developed for clamped-clamped
actuators and utilizes only one constraint of the fixed ends of
top electrode. Fixed ends still have zero displacement while
zero-angle constraint is omitted as in Pivot Model. Thus,
only one end of the first and third partitions moves linearly
around fixed pivot while the second region is totally free
to move vertically. The new design model was named as
Inverse Pivot Model (IPM) since pivots were used to make
the system uncomplicated. In this model, upper electrode is
subdivided into three partitions. Locations of the movable
pivots were chosen inversely from simulation results and
previous experimental measurements. It was also possible
to subdivide the beam into more than 3 partitions in order
to have a closer representation of the real bending shape
of the beam. However, model would get complicated which
is not a desired case. In this study, keeping the model as
simple as possible is foremost and initiative intention while
it gives a good approximation of the real system. After
many comparisons with simulation outcomes and previous
measurements, length of the upper beam was subdivided
into 7 equal segments. One segment was taken as a middle
partition, and the other 2 partitions equally shared the rest
of the segments due to symmetry. Therefore, side partitions
(partitions 1 and 3) consist of 3 segments.

The capacitance calculation of the second partition is easy
since it establishes a parallel plate capacitance shape during its
movement and 𝐶2 can be calculated as

𝐶2 =
1

7

𝜀0𝑤𝐿

(𝑔 − 𝛿)
, (1)

where 𝜀0 is permittivity of free space. Capacitances of the
first and third partitions are equal because of the symmetry.
Therefore, calculating one of them will be enough. However,
calculation of it is not simple as second partition.

Partial capacitance of 𝐶1 can be considered as a parallel
plate capacitance since the inclination of the upper electrode
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Figure 3: Capacitance calculation for the first partition.

is negligible for this infinitesimally small region. It can be seen
in Figure 3 and can be written as

𝑑𝐶1 = 𝜀0

𝑑𝐴

𝑔 − 𝑦
. (2)

𝑑𝐴 is infinitesimal surface area and equal to 𝑤𝑑𝑥, where 𝑤
is the width of the upper beam. y can be found from the
geometry shown in Figure 3 as

𝑦 = 𝛿
𝑥

3𝑎
, (3)

where 𝛿 is the farthest displacement of the upper beam when
a potential difference is applied. It equals the displacement of
middle point as well. Therefore, (2) can be rewritten as

𝑑𝐶1 = 3𝑎𝜀0

𝑤𝑑𝑥

3𝑎𝑔 − 𝑔𝑥
. (4)

So, capacitances of the first partitions can be calculated as

𝐶1 = ∫𝑑𝐶1 = 3𝑎𝜀0𝑤∫

3𝑎

𝑥=0

𝑑𝑥

3𝑎𝑔 − 𝑔𝑥
. (5)

When value of 𝑎 is inserted in (5),𝐶1 and𝐶3 can be calculated
as

𝐶1 = 𝐶3 =
3

7

𝜀0𝑤𝐿

𝛿
ln(

𝑔

𝑔 − 𝛿
) . (6)

In a real actuator, electrostatic force is nonuniform and
distributed along the upper beam. It is extremely difficult
to express it in a simple formula. Therefore, it has been
exchanged with a single equivalent electrostatic force term.
Since the middle region is the closest part of the upper
electrode to bottomone, the electrostatic force has the biggest
component at this point. Besides, because of symmetry,
electrostatic force is placed at the center of the upper electrode
as a single equivalent force.Nevertheless, fringing effect of the
capacitances was ignored in order to keep the model simple.
To compensate the absence of the fringing effect, restoring
forces are adjusted accordingly. Instead of using one restoring
force term at the center, it has been split into three. Two
restoring forces are placed at the one-third of the linearly
moving partitions from fixed ends in order to decrease effect
of spring force term to make up the missing fringing effect.

V

δ

3a 3aa

a a

L = 7a

Fs Fs Fs

Fe

𝛿/3 𝛿/3

Figure 4: Locating the equivalent forces of new model.

The final exact point is again reached after many attempts
by inverse approach. Optimization algorithms can also be
used to find a more precise location in the future studies.
Themiddle spring force is apparently placed at the center. All
equivalent forces and their locations can be seen in Figure 4.

The infinitesimal electrostatic force term can be written
as

𝑑𝐹𝑒 =
1

2

𝑑𝐶

𝑑𝛿
𝑉
2
, (7)

where 𝐶 is the total capacitance term of the system and 𝑉
is potential difference applied between electrodes. The total
electrostatic force term can be calculated as

𝐹𝑒 = −
𝜀0𝑤𝐿

14

× (

5𝛿
2
− 6𝛿𝑔 + (6𝛿

2
+ 6𝑔
2
− 12𝛿𝑔) ln (𝑔/ (𝑔 − 𝛿))

𝛿2(𝑔 − 𝛿)
2

)𝑉
2

(8)

and spring constant 𝑘 can be obtained for a fixed-fixed beam
as [24]

𝑘 = 32𝐸𝑤(
𝑡

𝐿
)

3

, (9)

where

𝐸 =
𝐸

(1 − ]2)
, (10)

where 𝐸, ], and 𝑡 are Young’s modulus, Poisson ratio of mate-
rial, and the thickness of the upper electrode, respectively.
Instead of plain 𝐸, 𝐸 has been used to keep the formula valid
for wide beams 𝑤 ≥ 5𝑡 [17].

Since the 3 restoring springs are parallel to each other,
spring constant of each partition is equal to 𝑘/3. The spring
displacement of middle partition is a distance 𝛿, while
displacements of the other two partitions are 𝛿/3. The total
restoring force term can be written for 3 partitions as

𝐹𝑦 = 𝛿(
𝑘

3
) + 2(

𝛿

3
)(

𝑘

3
) =

160

9

𝛿𝐸𝑤

(1 − ]2)
(
𝑡

𝐿
)

3

. (11)
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Table 2: Comparison of Voltage Values for Arbitrary Displace-
ments. 𝐸 = 169GPa, 𝐿 = 350 𝜇m, 𝑡 = 3 𝜇m, ] = 0.06 and 𝑔 = 1 𝜇m.

Displacement
(𝜇m)

Voltage (Volt)
IPM (9)

Voltage (Volt)
COMSOL Δ%

0.0116 4.9518 5 0.97
0.0493 9.9076 10 0.93
0.0739 11.8935 12 0.90
0.1062 13.8822 14 0.85
0.1496 15.8724 16 0.80
0.1775 16.8617 17 0.82
0.2125 17.8567 18 0.80
0.2594 18.8394 19 0.85
0.3445 19.8053 20 0.98
0.3891 19.9634 20.19 1.14

The first term in (11) represents the restoring force of the
middle partition spring, and the second term represents the
total restoring forces of the side partitions springs.

Since the electrostatic and restoring forces have to be
equal to each other at equilibrium position, (8) and (11) can
be equated to each other as

−
𝜀0𝑤𝐿

14
(

5𝛿
2
− 6𝛿𝑔 + (6𝛿

2
+ 6𝑔
2
− 12𝛿𝑔) ln (𝑔/ (𝑔 − 𝛿))

𝛿2(𝑔 − 𝛿)
2

)

× 𝑉
2
=
160

9

𝛿𝐸𝑤

(1 − ]2)
(
𝑡

𝐿
)

3

.

(12)

Consequently, the relation between displacement and applied
voltage can be obtained from (12) as

𝑉 = (
2240

9
( − 𝐸𝑡

3
𝛿
3
(𝛿 − 𝑔)

2

× (𝜀0𝐿
4
(1 − ]2)

× (ln(
𝑔

𝑔 − 𝛿
) (6𝛿

2
+ 6𝑔
2
− 12𝛿𝑔)

+5𝛿
2
− 6𝛿𝑔))

−1

))

1/2

.

(13)

Equation (13) is valid not only for pull-in limit, but also for
all valueswithin the pull-in limit. A comparison of simulation
results received from COMSOL package and our IPM results
for different displacements up to pull-in limit boundary. All
results seem within 1% error level.

Many fixed-fixed actuator sensors employ only on/off
position like a switch. Therefore, determination of pull-in
voltage is very crucial for an actuator before real device
fabrication in order to produce a proper sensor which is
working in a range of interest. In order to retrieve the pull-
in limit, derivative of 𝑉 in (13) with respect to 𝛿 has to

Table 3: Comparison of IPM and IPMF with previous simulation
results. 𝐿 = 250 𝜇m, 𝐸 = 169GPa, ] = 0.06, 𝑤 = 50 𝜇m, 𝑡 = 3 𝜇m
and 𝑔 = 1 𝜇m in each case.

Residual Stress, 𝜎,
(MPa) 0 100 −25

CoSolve [17] 40.10 57.60 33.60
V (2D) [17] (Δ%) 39.50 (1.50%) 56.90 (1.22%) 33.70 (0.30%)
OCI Model [12] (Δ%)39.60 (1.25%) 57.40 (0.35%) 33.71 (0.33%)
GDQM [15] (Δ%) 39.13 (2.41%) 57.62 (0.03%) 33.63 (0.09%)
IPM (Δ%) 39.13 (2.41%) 39.13 (32.07%) 39.13 (16.461%)
IPMF (Δ%) 39.42 (1.70%) 57.03 (0.99%) 33.61 (0.03%)

be taken and equate the result to zero and this position is
named as pull-in limit [9]. The upper beam will be unstable
and collapse towards bottom beam after this critical point.
Since the derivative equation equals zero, we can use only
the numerator of the derivative since denominator is not
affecting the result. So, denominator is dropped from the
derivative equation. Subsequently, some common variables
are also canceled in order to keep the calculation simple:

18 ln(
𝑔

𝑔 − 𝛿
) (𝑔 − 𝛿)

3
− 𝛿 (2𝑔 − 3𝛿) (9𝑔 − 7𝛿) = 0. (14)

Unfortunately, having an analytical solution to this equa-
tion is very cumbersome. Thence, a computational result has
been obtained by iteration as

𝛿Pull-in Limit ≅ 0.4𝑔. (15)

This value also can be seen in Table 2. When 𝛿/𝑔 gets
closer to 0.4, voltage value starts to saturate. When this
important value was inserted into (13) back, crucial value of
potential difference can be found as

𝑉Pull-in Limit = √11.5486
𝐸𝑔
3
𝑡
3

(1 − ]2) 𝜀0𝐿4
. (16)

This value is the potential difference value at the pull-in
limit boundary. Applying a voltage difference higher than this
value causes the upper electrode to be unstable and collapse
onto the bottom electrode.

3. Inverse Pivot Modified Formula

When it is checked with simulation results obtained by
a different software package which utilize finite element
method from a previous study, it can be seen that formula
gives small errors if there is no residual stress. However, error
goes as high as 45% whenever residual stress gets involved
since our Inverse Pivot Model does not take residual stress
into account. Effect of residual stress can be seen in Table 3.
Thence, we decided to improve the formula by considering
residual stress as a system parameter. In this second section,
formula is merely modified inversely since we have a starting
point (equation (16)) and the true results from previous
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Table 4: Comparison of IPM and IPMF with previous simulation
results. 𝐿 = 350 𝜇m, 𝐸 = 169GPa, ] = 0.06, 𝑤 = 50 𝜇m, 𝑡 = 3 𝜇m
and 𝑔 = 1 𝜇m in each case.

Residual Stress, 𝜎,
(MPa) 0 100 −25

CoSolve [17] 20.30 35.80 13.70
V (2D) [17] (Δ%) 20.20 (0.50%) 35.40 (1.11%) 13.80 (0.73%)
OCIModel [12] (Δ%)20.20 (0.50%) 35.91 (0.31%) 13.71 (0.07%)
GDQM [15] (Δ%) 20.36 (0.30%) 35.99 (0.53%) 13.60 (0.73%)
IPM (Δ%) 19.96 (1.67%) 19.96 (44.25%) 19.96 (45.69%)
IPMF (Δ%) 20.11 (0.94%) 35.25 (1.54%) 13.97 (1.97%)

researches [12, 15, 17] to compare outcomes of the new
formula. Adding residual stress into (16) is easier than starting
from scratch to get a new model. From Tables 3 and 4, it
can be apparently seen that positive residual stress increases
whereas negative one decreases pull-in voltage. Nevertheless,
effect of residual stress should increase with the thickness and
decrease with the length of upper electrode. We had to move
some physical and system parameters from numerator to
denominator in order to keep formula dimensionally correct.
After many trials, Inverse Pivot Modified Formula (IPMF)
has been reached as

𝑉 = (

(𝜎𝑡(𝑡/𝐿)
1.1
+ (65/9) (𝐸𝑔𝑡

3
/ (1 − ]2) 𝐿3))

(61/99) (𝜀0𝐿/𝑔
2)

)

1/2

, (17)

where 𝜎 is the residual stress. Equation (17) has not been
attained as an analytical calculation. However, when the
residual stress is assumed as zero in this equation, it closely
approaches (16). It also establishes very good results for
actuators with residual stress at pull-in limit boundary. Errors
are now in acceptable ranges which all are smaller than 2%,
even for the worst case (see Tables 3 and 4).

In Tables 3 and 4, Poisson ratios are 0.06 in all cases. So,
our model was also checked with a different Poisson ratio
which is 0.32. From Table 5, it can be seen that IPM delivers
a comparable result with other studies. In particular, IPMF
demonstrates very similar error levels when compared with
previous methods which depends on numerical distributed
models.These kinds ofmodel requiremore computing power
and need more time to get the result. However, our formula
is just one step calculation if it is written in an Excel sheet.

The IPMF is also checked for some other parameters in
order to explore the applicable range of the formula. Table 6
shows simulation results obtained in COMSOL for a poly-Si
beamwhosematerial properties are selected fromCOMSOL’s
library. Mesh numbers are selected automatically for each
case in the software.

Table 6 demonstrates comparison between IPMF and
simulation results for wide range of material parameters.
IPMF gives very satisfactory results with a maximum error
level of 8% for residual stress case. In Table 7, width is
changed for 200 𝜇m and 500 𝜇m beam lengths while other
parameters are kept constant to show the effect of width.
IPMF again shows very satisfactory results for the range of

Table 5: Comparison of IPM and IPMF with previous simulation
results [12]. 𝐿 = 250 𝜇m, 𝐸 = 169GPa, ] = 0.32, 𝑤 = 50 𝜇m, 𝑡 =
3 𝜇m and 𝑔 = 1 𝜇m in each case.

Residual Stress, 𝜎, (MPa) 0
CoSolve FEA [17] 41.20
V (2D) [17] (Δ%) 41.50 (0.73%)
[18] (Δ%) 42.54 (3.25%)
[19] (Δ%) 41.20 (0.00%)
[20] (Δ%) 41.42 (0.53%)
OCI Model [12] 41.72 (1.26%)
IPM (Δ%) 41.53 (0.80%)
IPMF (Δ%) 41.23 (0.07%)

Table 6: Pull-in Voltage Comparison of IPMF to simulation results
for Poly-Si material from COMSOL library. 𝐸 = 160GPa, ] = 0.22
and 𝑤 = 50 𝜇m for all cases.

Residual Stress, 𝜎, (MPa) COMSOL (V) IPMF (V) (Δ%)
𝐿 = 100 𝜇m, 𝑡 = 2 𝜇m, 𝑔 = 1 𝜇m, Number of Meshes = 7533

0 134.70 132.53 1.61
−25 130.30 127.74 1.96
100 150.00 150.18 0.12
𝐿 = 200 𝜇m, 𝑡 = 2 𝜇m, 𝑔 = 1 𝜇m, Number of Meshes = 4467

0 33.60 33.13 1.40
−25 29.00 28.40 2.07
100 47.50 47.55 0.11

𝐿 = 300 𝜇m, 𝑡 = 3 𝜇m, 𝑔 = 2 𝜇m, Number of Meshes = 3531
0 78.30 76.52 2.27
−25 67.90 68.49 0.87
100 109.00 102.51 5.95

𝐿 = 400 𝜇m, 𝑡 = 3 𝜇m, 𝑔 = 2 𝜇m, Number of Meshes = 2817
0 44.01 43.04 2.20
−25 34.00 34.88 2.59
100 72.00 66.30 7.92

𝐿 = 500 𝜇m, 𝑡 = 4 𝜇m, 𝑔 = 2 𝜇m, Number of Meshes = 3259
0 42.83 42.41 0.98
−25 33.30 32.71 1.77
100 68.10 68.64 0.79

𝐿 = 750 𝜇m, 𝑡 = 5 𝜇m, 𝑔 = 3 𝜇m, Number of Meshes = 1782
0 49.10 48.39 1.45
−25 32.80 34.99 6.68
100 87.00 82.53 5.14

width with a maximum error level of 3.5%. In Table 8, initial
gap is changed for again 200𝜇m and 500 𝜇m beam lengths
while other parameters are kept constant to show the effect
of the gap between electrodes. It can be seen that error level
gets increase as the initial gap heightens for both 200𝜇m
and 500 𝜇m beam lengths. This error stems from ignorance
of fringing effect between upper and bottom electrodes. As
the initial gap rises, the capacitance value of the system also
proliferates due to additional increase of the fringing effect.
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Table 7: Comparison of IPMF to simulation results for the variety
of widths. 𝐸 = 160GPa, ] = 0.22 and 𝑤 = 50 𝜇m for all cases.

Width, 𝑤, (𝜇m) COMSOL (V) IPMF (V) (Δ%)
𝐿 = 200 𝜇m, 𝑡 = 2 𝜇m, 𝑔 = 1 𝜇m

50 33.60 33.13 1.40
20 33.30 33.13 0.51
10 33.10 33.13 0.09
5 32.90 33.13 0.70
2 32.60 33.13 1.63
1 32.20 33.13 2.89

𝐿 = 500 𝜇m, 𝑡 = 4 𝜇m, 𝑔 = 2 𝜇m
50 42.83 42.41 0.98
20 42.30 42.41 0.26
10 42.10 42.41 0.74
5 41.80 42.41 1.46
2 41.40 42.41 2.44
1 41.00 42.41 3.44

4. Conclusions

In the present study, we have proposed a new inversely
designed model (IPM) and modified formula (IPMF) which
both deliver pull-in limit of a fixed-fixed beam actuator
at around 40% of the initial gap. They are consistent with
COMSOL simulation results (Tables 1 and 2) and previous
experimental and distributed models (Tables 3, 4, and 5).
Besides, it establishes a good relation between applied voltage
anddisplacements commencing from rest position up to pull-
in limit. Particularly, our inversely designed modified for-
mula yields percentage errors less than 2%, even for the worst
case. IPMF is a plain formula which does not demand much
computing power. Moreover, IPM is successful with gratify-
ing outcomes for applied voltages for given displacements.
When compared with previous experimental measurements,
IPM and IPMF can be found considerably successful too.
However, if the upper electrode has residual stress, our first
model IPM cannot deliver good results because model does
not take residual stress into account. On the other hand,
IPMF still demonstrates very small percentage errors which
are comparable to previous distributed models. IPMF also
attests successful outcomes for a wide range of top beam
geometric parameters (Tables 6 and 7). The formula is valid
for both long beams where 𝐿 ≥ 5𝑤 and narrow beams (𝑤 >

5𝑡) [12].
The most eminent benefit of IPMF is that it establishes a

good approximation of the system with an unsophisticated
plain formula. One can simply calculate required voltage
for pull-in limit rather than utilize numerical distributed
methods which requires more computing power and is time
consuming.

Although IPM and IPMF are outstandingly precise espe-
cially around pull-in limit, they have some limitations since
they neglect some physical parameters of the system for sake
of simplification of the final formula. Firstly, both of them
do not take the fringing effect into account. It causes the
actual capacitance to be higher than what we have calculated

Table 8: Comparison of IPMF to simulation results for the variety
of initial gaps. 𝐸 = 160GPa, ] = 0.22 and 𝑤 = 50 𝜇m for all cases.

Gap, 𝑔, (𝜇m) COMSOL (V) IPMF (V) (Δ%)
𝐿 = 200 𝜇m, 𝑤 = 50 𝜇m, 𝑡 = 2 𝜇m

1 33.60 33.13 1.40
2 99.50 93.71 5.82
3 196.00 172.17 12.16
5 520.00 370.45 28.76

𝐿 = 500 𝜇m, 𝑤 = 50 𝜇m, 𝑡 = 4 𝜇m
2 42.83 42.41 0.98
3 79.80 77.91 2.37
4 126.00 119.95 4.81
6 249.00 220.38 11.49

in our Inverse Pivot Model. Therefore, when the initial gap
gets higher, IPMF also deviates from acceptable error levels
(Table 8).

Secondly, the upper beam was also assumed as a rigid
body in the model. Thence, length of the beam was taken as
constant even under significant electrostatic force.Therefore,
both axial and transverse stresses would not be formed.

Lastly, the models assume the actuators are in vacuum
since they ignore any atmospheric pressure on the upper
electrode.

IPMF can be improved more by applying artificial opti-
mization techniques and fringing effect of the capacitance
geometry can be taken into account to make the formula
deliver smaller error level.
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Simultaneous identification of the source location and release history in aquifers is complicated and time-consuming if the release
of groundwater contaminant source varies in time. This paper presents an approach called SATSO-GWT to solve complicated
source release problems which contain the unknowns of three location coordinates and several irregular release periods and
concentrations. The SATSO-GWT combines with ordinal optimization algorithm (OOA), roulette wheel approach, and a source
identification algorithm called SATS-GWT.The SATS-GWT was developed based on simulated annealing, tabu search, and three-
dimensional groundwater flow and solute transport model MD2K-GWT.The OOA and roulette wheel method are utilized mainly
to reduce the size of feasible solution domain and accelerate the identification of the source information. A hypothetic site with
one contaminant source location and two release periods is designed to assess the applicability of the present approach.The results
indicate that the performance of SATSO-GWT is superior to that of SATS-GWT. In addition, the present approach works very
effectively in dealingwith the cases which have different initial guesses of source location andmeasurement errors in themonitoring
points as well as problems with large suspicious areas and several source release periods and concentrations.

1. Introduction

The issues of identifying the source location and/or recov-
ering the release history of a groundwater contaminant
plume are getting more and more public concern recently.
In some countries, groundwater is an important source for
drinking water and agricultural use. If a site is found to
have groundwater contamination, the source information
including the location as well as release concentration and
period should be determined before taking remedial actions.
Site remediation is usually quite costly, so the responsible
parties for the contamination should be recognized via the
source identification works. In addition, incorrect infor-
mation on contaminant source may confuse or mislead
remediation plan.The technique for identifying contaminant
source location and its release history is therefore important
in dealing with the groundwater contamination problem.
Moreover, if the source release varies in time, the estimation
of the actual source information becomes rather complicated
and difficult. Thus, there is a need to develop an effective
approach for identifying the contaminant source location and
its release history based on the concentration measurements.

Identification of unknown contaminant sources in
groundwater is an inverse problem. Mathematically, the
processes of contaminant transport in groundwater are
irreversible and their inversion solutions are sensitive to
the errors in the observation data, especially when data are
sparse or missing (e.g., [1–6]). Atmadja and Bagtzoglou [1]
pointed out that the groundwater source identification is an
ill-posed problem because the solution may not be unique
and stable. They reviewed the available methods for source
location identification and the release history reconstruction
and classified them into four categories: optimization
approaches, probabilistic and geostatistical (GS) simulation
approaches, analytical solution and regression approaches,
and direct approaches. Tracking the contaminant source
location usually needs to run forward simulations with
an initial guess solution and then to search the best-fitted
solution via an optimization approach. Probabilistic and
GS simulation approaches employ several probabilistic
and statistical techniques to assess the probability of the
location of the sources (Sun [7]). Atmadja and Bagtzoglou
[1] indicated that this approach is applicable only when
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the location of the potential source is known in advance.
Regression approaches along with analytical solution can
estimate all the parameters simultaneously but work well
only for simple aquifer geometry and flow conditions.
Direct approaches reconstruct the release history by solving
governing equation directly.

The problems of identifying groundwater contaminant
source can generally be classified as (1) identifying source
location problems (e.g., [8–17]), (2) recovering the release
history problems (e.g., [5, 18–34]), and (3) identifying source
location and recovering the release history problems simul-
taneously (e.g., [2, 7, 35–42]).

For the third-type problem, Aral and Gaun [35] proposed
an approach called improved genetic algorithm (IGA) to
determine the information of source location, leak rate, and
release period. They showed that the results obtained from
the IGAmatchwith those obtained from linear and nonlinear
programming approaches. Later, they further developed an
iterative approach based on genetic algorithm (GA) algo-
rithm, defined as progressive genetic algorithm (PGA), in
conjunction with a finite element groundwater flow model
(Aral et al. [43]) to identify the coordinates of source
location and release history in a two-dimensional steady-
state groundwater flow system. In their case study, the source
release history was assumed to be over 180 months and
four monitor wells were installed at the downstream of the
source location.The contaminant concentrationwas sampled
at each well every 3 months. Therefore, there were totally
240 observation data used in identifying the source location
and reconstructing the release history. Mahar and Datta [2]
used an optimal source identification methodology based
on embedded optimization models to estimate the release
concentrations of multiple hypothetical contaminant sources
over discrete time intervals using breakthrough curve data.
Their study successfully identified the source information
for flow in both steady and transient states. Bagtzoglou [36]
modified the reversible-time particle tracking method by
introducing a variance minimization procedure to backtrack
groundwater solute concentration profiles and identify the
most probable source location. Bagtzoglou and Atmadja
[37] presented a comprehensive literature review on the
mathematical methods for hydrologic inversion and the
identifications of the contaminant source location and time-
release history. Neupauer and Lin [38] extended the work
of Neupauer and Wilson [44] by conditioning the backward
probability density functions of source location to measured
concentration data. Sun et al. [39] employed a constrained
robust least squares (CRLS) method to recover the release
history of a single source, and the results of CRLS in their
hypothetic example are better than several classic methods
(i.e., ordinary least squares (LS), standard total least squares
(TLS), and nonnegative least squares (NNLS)). In addition,
they further employed the CRLS combined with a branch-
and-bound global optimization solver for identifying source
locations and release histories (Sun et al. [40]). In their
numerical examples, a two-dimensional and steady-state flow
field was developed. Totally 57 sampled observation data
from eleven observationwells were utilized for release history
identification. Later, Sun [7] developed a robust version of

the GS approach, namely, the robust geostatistical (RGS)
approach, to explicitly illustrate the contaminant release
history identification in a 2D heterogeneous aquifer with
the hydraulic conductivity exhibiting spatially lognormal
distribution. Yeh et al. [15] constructed a source identification
model, SATS-GWT, by combining simulated annealing (SA),
tabu search (TS), and MF2K-GWT, to identify the constant
source release problem.Theirmodel can determine the infor-
mation of contaminant source with a constant release rate in
a three-dimensional (3D) transient groundwater flow system.
Ababou et al. [41] presented a new and stable methodology
for pollutant source identification in terms of unknown initial
position and past history based on the reverse antidiffusive
randomwalk scheme. Butera et al. [42] introduced the simul-
taneous release function and source location identification
(SRSI), which was capable of simultaneously identifying the
source location and release history of the contaminant in 2D
confined aquifers with strongly nonuniform flow fields.

Ho et al. [45] presented an approach called ordinal opti-
mization algorithm (OOA) which can solve complex opti-
mization problems, which usually require huge amount of
computing time in obtaining the optimal solution, effectively
and accurately. The OOA is suitable for solving optimization
problems with sifting the most possible solution for further
evaluations (e.g., [46–49]).

This study aims at developing a novel approach called
SATSO-GWT to identify the source location and release his-
tory in a 3D, heterogeneous, and transient groundwater flow
system. The approach combines the model MD2K-GWT for
simulating the groundwater flow and pollutant transport with
heuristic optimization techniques such as SA, TS, OOA, and
roulette wheelmethod.This new approach has the advantages
of avoiding possible trap in a local optimum and improving
the computational efficiency when the searching space of
problem becomes very large. A hypothetic case is design
to assess the applicability of the SATSO-GWT. In addition,
three cases are considered to assess the performance of
SATSO-GWT. They are (1) different initial guesses of source
location, (2) various measurement errors in the monitoring
points, (3) a large suspicious area with six release periods and
concentrations.

2. Methodology

2.1. Groundwater Flow and Transport Simulation. Darcy’s law
can be written as (Konikow et al. [50])

𝑉𝑖 = −

𝐾𝑖𝑗

𝜀

𝜕ℎ

𝜕𝑥𝑖

, 𝑖, 𝑗 = 1, 2, 3, (1)

where 𝑉𝑖 is a vector of the average linear velocity of ground-
water flow [L/T], 𝜀 is the effective porosity (dimensionless),
𝐾𝑖𝑗 is the hydraulic conductivity tensor of the porous media
[L/T], ℎ is the hydraulic head [L], and 𝑥𝑖 are the Cartesian
coordinates. Combining Darcy’s law with the continuity
equation, the 3D groundwater flow equation can be expressed
as (Konikow et al. [50])

𝜕

𝜕𝑥𝑖

(𝐾𝑖𝑗
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𝜕𝑥𝑖

) = 𝑆𝑠

𝜕ℎ

𝜕𝑡
+ 𝑊, 𝑖, 𝑗 = 1, 2, 3, (2)
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where 𝑆𝑠 is the specific storage [L−1], 𝑡 is time [T], and 𝑊
is the volumetric flux per unit volume (positive for inflow
and negative for outflow [1/T]). Equation (2) can be used to
predict the hydraulic head distribution in a 3D groundwater
flow system.

The governing equation for 3D solute transport in
groundwater can be written as (Konikow et al. [50])

𝜕 (𝜀𝐶)

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(𝜀𝐶𝑉𝑖) −
𝜕

𝜕𝑥𝑖

(𝜀𝐷𝑖𝑗

𝜕𝐶

𝜕𝑥𝑗

) −∑𝐶

𝑊 = 0,

𝑖, 𝑗 = 1, 2, 3,

(3)

where 𝐶 is the contaminant concentration [M/L3], 𝐷𝑖𝑗 is a
second-order tensor of the dispersion coefficient [L2/T], and
𝐶
 is the concentration of the source or sink fluid [M/L3].The

average linear velocity 𝑉𝑖 can be determined by (1).
The computer model MF2K-GWT developed based on

(2) and (3) by the United State Geological Survey can be
used to simulate the groundwater flow and contaminant
transport simultaneously. This model combines the modular
3D finite-difference ground-water flow model, MODFLOW-
2000 (Harbaugh et al. [51]), and the 3D method-of-
characteristics solute-transport model (MOC3D) (Konikow
et al. [50]) to simulate groundwater flow field and spatial and
temporal plume distribution.

2.2. Simulated Annealing. Press et al. [52] mentioned that SA
is a technique suitable for solving large-scale optimization
problems. The concept of SA is based on an analogy to
crystallization of a solid annealing from a high temperature
state. If the temperature is cooled properly, amost stable crys-
talline structure of the solid will be obtained with minimum
energy state. The possible solution spaces for a problem to
be solved looks like different crystalline structures and the
optimal solution of the problem is equivalent to the most
stable crystalline structure.

In the SA, the Metropolis mechanism (Metropolis et al.
[53]) is employed to determine the acceptance of adjacent
solution. This mechanism dictates that the SA is capable of
accepting bad trial solution to avoid the problem of being
trapped in the local optimal solution. More details of the
introduction of SA are available in Metropolis et al. [53] or
Yeh et al. [15].The SA has been successfully applied to various
types of problems such as aquifer parameter estimation (e.g.,
[54–56]), pipe wall surface reaction rate (e.g., [57]), and
pumping source information (e.g., [58]).

2.3. Tabu Search. Glover [59] proposed two main concepts
of TS: memory and learning.Throughmemory and learning,
the TS is of more intensification and diversification in
algorithm. Memory means to memorize the past solutions
to avoid the repetition of evaluations. During the process
of learning, the result of next experiment infers from the
memorized prior result. A better result may encourage the
next trial to increase the accuracy of the obtained solution.
Then through the learning process, the succeeding search
can focus on better solutions but not wasting time on worse
solutions. According to these two ideas, TS utilizes the tabu

list and aspiration criterion to interdict or to encourage some
trial solutions during the iterative process. The utility of
the tabu list is to memorize some previously evaluated trial
solutions. The goal of the aspiration criteria is to release
some of the solutions memorized in the tabu list to avoid the
iteration cycling andmay finally be trapped in a local optimal
solution.

The TS has been successfully applied to solve groundwa-
ter problems such as the identification of optimal parameter
structure (Zheng and Wang [60]) and the determination
of spatial pattern of groundwater pumping rates (Tung and
Chou [61]). The iterative procedure of TS in Yeh et al. [15],
which contains the components of initial guess, candidate
solution and movement, tabu list, and aspiration criterion, is
adopted in this study.

2.4. Ordinal Optimization. Recently, the OOA has been
applied to many areas related to simulation-based complex
optimization problems. The OOA has two major tenets:
ordinal comparison and goal softening procedures. The first
procedure is to see if there is a relative relationship between
each solution because it ismuch easier to findbetter solutions.
The second procedure is to determine a reliable and good
enough solution instead of directly evaluating the optimal
solution in a complex optimization model. Therefore, this
procedure reduces the consumption of computation and
obtains the optimum solution from the feasible solution
space. To get top proportion solutions is much easier than
to find out the best one. Lau and Ho [47] showed that the
OOA ensures that top 5% solutions can be regarded as good
enough solutions and are of very high probability (≧ 0.95) to
be reliable.

According to theOOA, all the possible trials are estimated
roughly and ranked quickly. The feasible solution domain
is divided into several different parts, and the possible
optimum solution located in subdomainmight be effortlessly
recognized. The optimum solution can then be obtained
while all the calculation efforts are focused on searching the
possible subdomain. A crudemodel should first be employed
to estimate and rank the solution, and the good solutions can
be separated from the bad ones.The goal softening procedure
then concentrates on the top proportion solutions in order to
find the optimum solution. Accordingly, the simulation time
can be considerably reduced.The OOA has been successfully
applied to many areas such as power system planning and
operation (Guan et al. [62]; Lin et al. [63]), electricity network
planning (Liu et al. [64]), and wafer testing (Lin and Horng
[65]).

2.5. Roulette Wheel Method. The roulette wheel method is
an important part of GA. The concept of GA is based
on the survival of the fittest by natural selection. Better
solutions have larger areas occupied on roulette wheel and
the corresponding solutions will have higher chance to be
selected. Through the procedure of not evaluating the bad
solutions, computer time can be considerably reduced.

2.6. SATSO-GWTModel. A newmodel called SATSO-GWT
is developed based on SATS-GWT, OOA, and the roulette
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Initial guess

Using TS to generate a CALO

Generate 3 times
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Do TS process in SATSO-GWT 
(Figure 2)

Calculate their simulated
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Generate NT CALOs?

Satisfy stopping criterion?

End

Reduce temperature

Do OOA process in SATSO-
GWT (Figure 3)

Yes

No

Yes

Yes

No

No

NS sets of release periods and

Find OFVCULO

Figure 1: Flowchart of SATSO-GWT. The OFV represents the objective function value, CALO represents the candidate location, and
OFVCULO represents the optimal OFV at current location.

wheel selection method. The objective function in SATSO-
GWT is to minimize the sum of square errors between the
simulated and observed concentrations and defined as

Minimize 𝑓 = 1

𝑛𝑚 × 𝑛𝑝

𝑛𝑝

∑

𝑗=1

𝑛𝑚

∑

𝑖=1

(𝐶𝑖𝑗,sim − 𝐶𝑖𝑗,obs)
2

, (4)

where 𝑛𝑚 is the total number of monitoring wells, 𝑛𝑝 is the
number of observed concentrationmeasured in amonitoring
well, 𝐶𝑖𝑗,sim is the simulated concentration at 𝑗th terminated
time period in 𝑖th monitoring well, and𝐶𝑖𝑗,obs is the observed
concentration sampled at 𝑗th terminated time period in 𝑖th
monitoring well. The value 𝑛𝑚 × 𝑛𝑝 is generally greater than
the number of unknowns (Yeh et al. [15]). Equation (4) is used
to calculate the objective function value (OFV) of the trial
solution generated by the present approach.

To use MF2K-GWT, the problem domain has to be
discretized into block-centered finite difference meshes. A
block including several finite difference meshes is then
chosen as a suspicious area which includes the contaminant
source. Figure 1 displays the flowchart of SATSO-GWTwhile
Figures 2 and 3 show the flowcharts of TS process and OOA
in SATSO-GWT, respectively. All meshes in the suspicious
area are called candidate source locations (CALOs). The first
step of SATSO-GWT is to calculate the initial OFV based
on the initial guesses of the source location, release peri-
ods, and release concentrations. The initial guess of source
location is considered as the current location (CULO) and
the initial OFV is set as the current global optimal objective
function value (OFVGO). Then SATSO-GWT generates one
CALO and 𝑁𝑆 trial solutions for the source release periods
and concentrations. For each set of trial solutions, MF2K-
GWT is employed to predict the simulated concentrations at
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Update OFVGO if needed

?

Figure 2: Flowchart of TS process in SATSO-GWT.TheOFVGO represents the current global optimal OFV, OFVCULO represents the optimal
OFV at current location, GOLO represents the global optimal location, CALO represents the candidate location, and CULO represents the
current location.

Select the top 5% CALOs

OOA process start

Apply roulette wheel method 
to generate a CALO 

from the top 5% CALOs

OOA process end

Increase NS and NT

Figure 3: Flowchart of OOA in SATSO-GWT.

the monitoring points using (3) and the OFV corresponding
to each set of trial solution is then computed using (4). Each
CALO is regarded as one subdomain and the best combi-
nation of the source location and the release periods and
concentrations in the monitoring points, i.e., the least objec-
tive function value at each CULO (hereinafter referred to as
OFVCULO), is recorded at each subdomain. The TS process
(Figure 2) is then applied to determine whether the CULO
is in tabu list. If not, the CULO is moved to tabu list and
the OFVGO is replaced by OFVCULO if OFVCULO < OFVGO.
Otherwise, check the aspiration criterion (i.e., OFVCULO <

OFVGO). If OFVCULO < OFVGO, the OFVGO is replaced by
OFVCULO and the CULO is set as new CALO. On the other
hand, the global optimal location (GOLO) is assigned as new
CALO based on Metropolis criterion defined as

𝑃𝐿 = exp(
OFVGO −OFVCULO

𝑇
) , (5)

where 𝑃𝐿 is the acceptance probability of the trial location
and 𝑇 is the current temperature defined by SA. A random
number ranging from zero to one is generated to compare
with 𝑃𝐿. The GOLO will be rejected if 𝑃𝐿 is less than the
random number.

Totally, 𝑁𝑇 CALOs are generated at each tempera-
ture; therefore, 𝑁𝑇 sets of the combinations are obtained.
After generating 3 times of CALOs, the top 5% best sub-
domains can be sifted by the OOA as demonstrated in
Figure 3 The roulette wheel method is then applied so that
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Figure 4: The groundwater flow system has an area of 540m by 540m and the domain is divided into three areas with different hydraulic
conductivities and recharge rates.The real source is located at S1 and A to H represent the monitoring wells.The slash grids represent no flow
boundary.

the better combinations (lower OFVs) regarding source
release information have larger probability to be chosen.
In reality, the real source location falls in the top 5% best
combinations. The algorithm is terminated when the OFVs
are less than 10−6 four times successively. Finally, the latest
updated solution, including the estimated location and the
release concentrations and time periods, is considered as the
final solution.

3. Results and Discussion

3.1. Hypothetic Contamination Site and Identification Results.
A hypothetic site shown in Figure 4 is designed to test the
applicability of SATSO-GWT for a source identification
problem. The domain of the site is divided into 27 × 27 × 4
finite difference meshes in 𝑥-, 𝑦-, and 𝑧-directions. Both
the grid width and length are 20m and the grid height
is 6m. Thus, the total length and width of the site are
both 540m, and the aquifer thickness is 24m. The site is
heterogeneous and divided into three different areas with the
hydraulic conductivities of 20m/day, 10m/day, and 30m/day
in areas I, II, and III, respectively. The aquifer porosity,
specific storage, and hydraulic gradient are 0.3, 10−4m−1,
and 0.009, respectively. The recharge rates are assumed to
be 120mm/year, 80mm/year, and 100mm/year in areas I, II,
and III, respectively, in the first 180 days. The contaminant
is assumed to be no decay and not adsorbed by the aquifer
media. The dispersion coefficients in 𝑥-, 𝑦-, and 𝑧-directions
are 40m2/day, 10m2/day, and 1m2/day, respectively.

The boundary conditions for the flow system are illustrated
in Figure 4. The slash grids represent no flow boundary.
The origin of the vertical coordinate is taken at the land
surface.The source S1 is located at coordinates (110m, 270m,
−9m) and the rate of source release (𝑄) is 1m3/day with
the concentrations of 100 ppm and 50 ppm over first and
second 180 days, respectively. There are seven unknowns
to be determined including three coordinates of the source
location and two release periods and release concentrations.
Yeh et al. [15] mentioned that the number of sampling
points should be greater than the number of unknowns.
Accordingly, eight sampling points, i.e., points A to H shown
in Figure 4, with various depths are considered. The A2
represents that the concentration measurement is sampled
from second layer below the ground surface at point A.
The concentration measurements at these sampling points
are listed in Table 1. The groundwater transport model
MF2K-GWT is utilized to generate the concentrations at
these monitoring wells and the SATSO-GWT is used to
determine the source information.

Before the source is identified, a block with 3 × 3 × 4
meshes is delineated as a suspicious area which contains the
contaminant source. Thus, there are 36 candidate sources
within the block and one of the candidates is the real source.
The lower and upper bounds of the release period are taken
as 0 day and 400 days, respectively, and the lower and upper
bounds of the release concentration are considered 0 ppmand
200 ppm, respectively. If the measures of release period and
concentration have the accuracy to the first decimal place,
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Table 1: The sampling points and concentration measurements.

Sampling point
Concentration
measurement

(ppm)
A2 2.231𝐸 − 01

B1 1.536𝐸 − 01

C2 1.930𝐸 − 01

D4 1.215𝐸 − 01

E3 6.441𝐸 − 02

F2 1.195𝐸 − 01

G1 1.675𝐸 − 01

H3 1.213𝐸 − 01

the feasible solution domain will be 36 × 40002× 20002. Such
a solution space is very huge and poses a large computa-
tional burden to find the contaminant source information.
Therefore, the OOA is adopted in SATSO-GWT in the
identification process. Once the SATSO-GWT generates the
CALOs for 3 times, the top 5% combinations with different
source locations can be sifted. To statemore specifically, there
are 2 best locations (36 × 0.05 = 1.8 ≈ 2) that can be
sifted. The obtained results of the sifted locations from eight
different initial locations are listed in Table 2 indicating that
the real source location (110m, 270m, −9m) already falls
within the top 2 best locations and, thus, the solution space
is largely reduced. Note that the parameters 𝑁𝑆, 𝑁𝑇, initial
temperature, and reduce temperature factor are taken as 20,
10, 0.5, and 0.7, respectively, in this case study.

Table 3 shows the identification results of the case study
using SATS-GWT and SATSO-GWT. The same SA param-
eter values and initial location, i.e., at coordinates (290m,
130m, −21m) are used for these two approaches. The SATS-
GWT obtains correct source location but has deviated results
for the release period and concentration. In contrast, the
information of contaminant source is accurately identified
by SATSO-GWT. Moreover, SATS-GWT takes about 1 day
and 10 hours to obtain the result while SATSO-GWT only
consumes about 12 hours and 36 minutes performing on
a personal computer with Intel 3.3 G E3-1230v2 CPU and
16GBRAM. From this table, the performance of SATSO-
GWT is much superior to that of SATS-GWT.

To further assess the performance of SATSO-GWT, the
following three cases are considered: (1) different initial
guesses of source location; (2) various measurement errors
in the monitoring points; and (3) a large suspicious area with
various source release periods and concentrations.

3.2. Different Initial Guesses of Source Location. In this case,
eight scenarios with different initial locations are considered.
Eight different source locations, situated at the corners of the
area, are chosen to investigate the influence of different initial
locations. Table 4 shows the identified results of the source
location as well as two release periods and concentrations.
Figure 5 displays the temporal concentration distribution
of eight scenarios observed at monitoring well A2. The
predicted results exhibit excellentmatchwith the observation
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Figure 5: The temporal concentration distribution at monitor well
A2 with 8 different initial guesses of source location.

data within 360 days. In these eight cases, the estimated
source locations are all correct. In addition, the estimated
release periods and concentrations are fairly good when
compared with the real release data.

3.3.Measurement Errors in theMonitoring Points. Thesecond
case is to assess the performance of SATSO-GWT when
the simulated sampling concentrations containmeasurement
errors. The disturbed observed concentrations are expressed
as (Mahar and Datta [2])

𝐶


𝑖,obs = 𝐶𝑖,obs × (1 + Er × RD1) , (6)

where 𝐶
𝑖,obs is the disturbed observed concentration, Er is

defined as the level of measurement error, and RD1 is a
random standard normal deviate generated by the routine
RNNOF of IMSL [66]. Three different values of Er, 1%, 5%,
and 10%, are considered for this problem.

The predicted results shown in Table 5 indicate that the
source locations of those three scenarios are all correctly
identified. When Er = 1%, the optimal OFV is 0.490 ×
10−7. As Er = 10%, the OFV is 13.04 × 10−7. The predicted
release periods and concentrations are slightly deviated from
the target values in scenario 3 but still are acceptable. Figure 6
shows the temporal concentration at monitoring well A2
predicted by SATSO-GWT. The results indicate that even
though the sampling concentrations contain measurement
errors whose level is up to 10%, the proposed SATSO-GWT
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Table 2: Results of 8 scenarios for sifting the top two locations.

Scenario

Initial guess
value Sifted results

Guess source
location
(m)

First source
location
(m)

Current
objective

function value
(×10−5)

Second source
location
(m)

Current
objective

function value
(×10−5)

1 (250, 90, −3) (110, 270, −9) 2.408 (90, 270, −9) 7.418
2 (250, 90, −21) (110, 270, −9) 2.068 (90, 270, −9) 8.217
3 (250, 130, −3) (90, 270, −9) 3.628 (110, 270, −9) 5.354
4 (250, 130, −21) (110, 270, −9) 0.503 (90, 270, −9) 13.106
5 (290, 90, −3) (90, 270, −9) 1.739 (110, 270, −9) 3.448
6 (290, 90, −21) (110, 270, −9) 0.345 (90, 270, −9) 2.393
7 (290, 130, −3) (110, 270, −9) 1.977 (90, 270, −9) 5.492
8 (290, 130, −21) (90, 270, −9) 2.582 (110, 270, −9) 3.276
Note that the real source is located at (110m, 270m, −9m).

Table 3: The identified results using SATS-GWT and SATSO-GWT.

Methodology

Results

Source location
(m)

First release
period
(day)

First release
concentration

(ppm)

Second release
period
(day)

Second release
concentration

(ppm)
Computer time

Objective
function value

(×10−9)

SATS-GWT (110, 270, −9) 192.18 144.60 49.47 200.27 1 day
10 hours 1057.7

SATSO-GWT (110, 270, −9) 180.19 99.90 179.58 50.02 12 hours
36 minutes 4.145

Table 4: Results of 8 scenarios with different initial guesses of source location.

Scenario

Initial guess
value Results

Objective
function value

(×10−9)
Guess source
location
(m)

Source location
(m)

First release
period
(day)

First release
concentration

(ppm)

Second release
period
(day)

Second release
concentration

(ppm)
1 (250, 90, −3) (110, 270, −9) 178.90 100.14 180.04 49.99 6.035
2 (250, 90, −21) (110, 270, −9) 180.25 99.65 179.41 49.92 6.053
3 (250, 130, −3) (110, 270, −9) 177.38 100.91 180.14 50.01 7.483
4 (250, 130, −21) (110, 270, −9) 179.86 99.99 180.11 49.97 2.031
5 (290, 90, −3) (110, 270, −9) 180.01 99.92 180.10 50.07 2.165
6 (290, 90, −21) (110, 270, −9) 180.14 99.80 179.55 49.91 4.520
7 (290, 130, −3) (110, 270, −9) 179.38 99.76 178.53 49.78 9.155
8 (290, 130, −21) (110, 270, −9) 180.19 99.90 179.58 50.02 4.145
Note that the real source is located at (110m, 270m, −9m); real release concentration is 100 ppm over the first 180 days and 50 ppm over the second 180 days.

Table 5: Results of three scenarios when observed concentrations have measurement errors with different levels.

Scenario Error level
(%)

Results
Optimal objective
function value

(×10−7)
Source location

(m)

First release
period
(day)

First release
concentration

(ppm)

Second release
period
(day)

Second release
concentration

(ppm)
1 1 (110, 270, −9) 179.55 99.77 177.14 49.29 0.490
2 5 (110, 270, −9) 185.51 98.27 174.49 46.29 3.452
3 10 (110, 270, −9) 189.21 95.04 168.23 43.48 9.835
Note that the real source is located at (110m, 270m, −9m); real release concentration is 100 ppm over the first 180 days and 50 ppm over the second 180 days.
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Figure 6: The temporal concentration distribution at monitor well
A2 with 3 measurement error levels.

still gives fairly good results in reconstructing the release
history and identifying the source location.

3.4. Larger Suspicious Area with Six Release Periods. In
Section 3.1, it has been shown that SATSO-GWT can reduce
the feasible solution domain based on OOA for a complex
source information identification problem.Thus, the SATSO-
GWT is applied to the case of a large suspicious area which
has 100 candidate source locations (5 rows × 5 columns
× 4 layers) delineated by the dashed lines as shown in
Figure 7.This case considers six source release periods within
a year and each period has an interval of two months.
The concentrations in those six release periods are assumed
to be 100 ppm, 200 ppm, 150 ppm, 50 ppm, 100 ppm, and
70 ppm. Therefore, there are fifteen unknowns involved in
this case (i.e., three coordinates of the source location, six
release periods, and six release concentrations).Thus, sixteen
sampling data from wells A to H at 360 days and 390 days are
considered and listed in Table 6.

The parameter 𝑁𝑇 associated with the generated loca-
tions by TS process at each temperature is taken as 25
to accommodate larger candidate locations. Because the
number of the total CALOs is modified as 100, there are
5 best locations (5%) chosen by OOA. The upper part of
Table 7 displays the top 5 best locations and the rank number
1 of sifted location exactly matches the real one. In Table 7,
SATSO-GWT gives correct identification of source location
and the predicted source release history is very close to
the target one. This case has fifteen unknowns and the
SATSO-GWT takes about 12 hours to obtain the results when

Table 6: The sampling points and concentration measurements in
third case.

Sampling point Concentration measurement (ppm)
At 360 (day) At 390 (day)

A2 3.467𝐸 − 01 2.981𝐸 − 01

B1 2.124𝐸 − 01 1.997𝐸 − 01

C2 2.882𝐸 − 01 2.496𝐸 − 01

D4 1.586𝐸 − 01 1.553𝐸 − 01

E3 9.521𝐸 − 02 9.418𝐸 − 02

F2 1.710𝐸 − 01 1.608𝐸 − 01

G1 2.103𝐸 − 01 1.998𝐸 − 01

H3 1.671𝐸 − 01 1.587𝐸 − 01

performing on a personal computer with Intel 3.3 G E3-
1230v2 CPU and 16GB RAM. Obviously, the SATSO-GWT
works very well in identifying the source information even
when the suspicious area is large and the release pattern is
rather irregular.

4. Concluding Remarks

A novel identification approach, SATSO-GWT, is developed
to combine the model MD2K-GWT for simulating the
groundwater flow and pollutant transport MD2K-GWTwith
heuristic optimization approaches such as SA, TS, OOA,
and roulette wheel method. This new approach is capable
of simultaneously identifying the pollution source location
and release history in a 3D, heterogeneous, and transient
groundwater flow system. A hypothetic contamination site
consisted of 27 × 27 × 4 finite difference meshes along
with a suspicious area of having 3 × 3 × 4 meshes is
designed to assess the capability of the present approach.The
site is divided into three different areas and each area has
different hydraulic conductivity and surface recharge rate.
The contaminant source is continuously released over two
periods with different concentrations. The present approach
successfully identifies the source location and corresponding
release periods and concentrations. Moreover, the results
obtained from the same problem indicate that the perfor-
mance of SATSO-GWT is much superior to that of SATS-
GWT.

Three cases are designed to further assess the perfor-
mance of SATSO-GWT.These are (1) different initial guesses
of source location; (2) various measurement errors in the
monitoring points; and (3) a large suspicious area with var-
ious source release periods and concentrations. The SATSO-
GWT gives exact identification in source location and accu-
rate predictions of release periods and concentrations in eight
scenarios with different initial guess locations. In addition,
the SATSO-GWT gives fairly good results when the sampling
concentration having measurement errors, even when the
error level is up to 10%. For a large suspicious area with six
release periods and concentrations, the SATSO-GWT can
also give excellent results which demonstrate its capability of
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Figure 7: A larger suspicious areas delineated by the broken lines with totally 100 suspicious areas (5 rows × 5 columns × 4 layers). The
hydrogeological conditions of the flow system are the same as those shown in Figure 4.

Table 7: Results of the larger suspicious areas with six release periods and concentrations.

(a)

Initial guess source location Sifted results Real source location
(m)Rank Sifted location (m) Current objective function value (×10−4)

(150, 310, −21)

1 (110, 270, −9) 0.371

(110, 270, −9)
2 (90, 270, −9) 3.277
3 (130, 270, −9) 4.650
4 (90, 270, −3) 10.61
5 (90, 250, −9) 12.77

(b)

Final result

Estimated
source
location

First release
period
(day)

Second
release period

(day)

Third release
period
(day)

Fourth
release period

(day)

Fifth release
period
(day)

Sixth release
period
(day)

Optimal
objective

function value
(×10−7)

Computer
time

(110, 270, −9) 60.012 56.509 66.845 55.070 61.556 60.587
First release
concentra-

tion
(ppm)

Second
release con-
centration
(ppm)

Third release
concentra-

tion
(ppm)

Fourth
release con-
centration
(ppm)

Fifth release
concentra-

tion
(ppm)

Sixth release
concentra-

tion
(ppm)

105.53 194.59 147.29 56.852 97.929 70.829 8.191 12 hours
Note that the real release concentration is 100 ppm over the first 60 days, 200 ppm over the second 60 days, 150 ppm over the third 60 days, 50 ppm over
the fourth 60 days, 100 ppm over the fifth 60 days, and 70 ppm over the sixth 60 days.
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dealing with complex optimization problems. The SATSO-
GWT has been shown to be an efficient tool in solving the
complicated groundwater source identification problems.
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Autonomous maneuvering flight control of rotor-flying robots (RFR) is a challenging problem due to the highly complicated
structure of its model and significant uncertainties regardingmany aspects of the field. As a consequence, it is difficult inmany cases
to decide whether or not a flight maneuver trajectory is feasible. It is necessary to conduct an analysis of the flight maneuvering
ability of an RFR prior to test flight. Our aim in this paper is to use a numerical method called algorithm differentiation (AD) to
solve this problem.The basic idea is to compute the internal state (i.e., attitude angles and angular rates) and input profiles based on
predetermined maneuvering trajectory information denoted by the outputs (i.e., positions and yaw angle) and their higher-order
derivatives. For this purpose, we first present a model of the RFR system and show that it is flat. We then cast the procedure for
obtaining the required state/input based on the desired outputs as a static optimization problem, which is solved using AD and
a derivative based optimization algorithm. Finally, we test our proposed method using a flight maneuver trajectory to verify its
performance.

1. Introduction

The autonomous rotor-flying robot (RFR) is one of the fron-
tier research topics in the field of robotics. Extensive research
has been conducted on issues related to RFR, including flight
control [1, 2], path/trajectory planning [3, 4], and intelligent
navigation [5, 6].

Flight maneuvering is a very important ability for an
RFR system because it can greatly extend the system’s field
of applications. However, the flight maneuver control of an
RFR is a challenging and absorbing problem in the field of
autonomous RFR research [2].This can be explained from the
following two points. On the one hand, the model of an RFR
system is an extremely complicated structure [7, 8], designing
a suitable controller for which is very difficult. On the other
hand, flightmaneuvering requires that both the interval states
(i.e., the attitude angles and the angular rates) and the control
surfaces to have a large scope variation (or even approach the
largest permitted value) [9]. This may produce a great deal of
uncertainty and thus presents that this flight maneuvering is
dangerous and difficult to be implemented and thus requires
a much more robust controller than usual [10].

Most work on flight maneuver control, such as [11, 12], is
based on successful flight demonstrations and grounded in
learning techniques used to update the control laws. These
methods have successfully pushed the envelope of what is
possible with autonomous control, but they lack performance
guarantees and are limited to situations where safety is not a
critical concern. Thus, it is very important to assess the flight
maneuvering ability of an RFR system prior to designing
a controller and conducting tests. Some research has been
conducted in this area. For instance, research in [2] is based
on reachability analysis and explores aerobatic maneuvers
and multiple vehicle collision avoidance of the RFR systems.
This involves designing a sequence of modes and conducting
safe transition from one to the next. However, reachability
analysis is very time consuming, due to which the proposals
in [2] are viable only for simplified models. Similarly, [9]
involves a feasibility analysis of planned trajectories by using
a greatly simplified dynamics model (without considering
angular dynamics). Both the positions and attitude angles are
predetermined and then used to evaluate the feasibility of the
planned trajectories. Although the algorithm is simple and
easily implemented, it is unfit for many planning algorithms
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since for which it is difficult to obtain the positions and
attitude angles simultaneously.

In this paper, based on a full state dynamics model, we
investigate the feasibility analysis problem of a flight maneu-
vering trajectory. This is actually an inverse computation
problem, that is, to compute both the interval states and
the inputs based on predetermined position, yaw angle, and
their higher-order derivatives. In our work, we model it as
a static optimization problem and then use a derivative-
based optimization algorithm to obtain an accurate solution
of it. We use algorithm differentiation (AD) to obtain precise
higher-order derivatives of the nonlinear cost function. The
advantages of our proposed algorithm are as follows: (1) only
with desired positions and their derivatives, which is the case
formany planning algorithm, the feasibility of the trajectories
(including inner states and inputs) can be evaluated; (2)

inverse computation can be very accurate because AD is a
numerical algorithm that can precisely obtain the deriva-
tive of a nonlinear function. Thus, an accurate pointwise
numerical feasibility analysis of planned trajectories becomes
possible.

The remainder of this paper is organized as follows. We
first present a model of the RFR system and show that it
is flat by taking the three positions and the yaw angle as a
group of flat outputs. This allows us to model the trajectory
evaluation problem as an optimization problem by taking
into account the dynamical model, which is solved by using
the AD algorithm along with a derivative-based optimization
algorithm. Finally, in order to test our proposed method, we
use it to analyze a flight maneuvering trajectory.

2. Dynamical Model of the RFR System

Usually, the complete dynamical model of an RFR system
can be divided into three parts: the actuator dynamics, the
aerodynamics, and the rigid body dynamics. In this paper,
only the rigid body dynamics as shown in the following
equation (1) is considered [3]:

[
[
[
[
[

[

̇𝑝

̇V𝑝

Θ̇

̇𝜔
𝑏

]
]
]
]
]

]

=

[
[
[
[
[
[

[

V𝑝
1

𝑚
𝑅𝑓
𝑏

Ψ𝜔
𝑏

𝐽
−1

(𝜏
𝑏
− 𝜔
𝑏
× 𝐽𝜔
𝑏
)

]
]
]
]
]
]

]

, (1)

where 𝑝 = [𝑥 𝑦 𝑧]
𝑇

∈ 𝑅
3 and V𝑝 = [ ̇𝑥 ̇𝑦 ̇𝑧] ∈ 𝑅

3

are translational position and velocity vector of the RFR
in the inertia frame; 𝑅 is the rotation matrix between the
body frame and the inertia frame; 𝜔

𝑏 is angular velocity
vector; Θ = [𝜙 𝜃 𝜓]

𝑇 is Euler angle vector; 𝑚 and 𝐽 are,
respectively, the mass and inertia matrix of the RFR; Ψ is the
transformation matrix from angular velocity vector in body
frame to angular velocity vector in inertia frame; and 𝑓

𝑏 and
𝜏
𝑏 are force andmoment of the RFR presented in body frame.
Different kinds of RFR have very different aerodynamics, that
is, the relationship between the force/moment and the control
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Figure 1: Sketch of quadrocopter.

surfaces. Here we focus on the quadracopter flying robot,
whose driving forces andmoments can be denoted as follows:

𝑓
𝑏
=

[
[
[

[

𝑓𝑥

𝑓𝑦

𝑓𝑧

]
]
]

]

= [

[

0

0

𝑇𝑀

]

]

= [

[

0

0

𝐹1 + 𝐹2 + 𝐹3 + 𝐹4

]

]

,

𝜏
𝑏
=

[
[
[

[

𝑀𝑥

𝑀𝑦

𝑀𝑧

]
]
]

]

= [

[

𝑙 (𝐹4 − 𝐹2)

𝑙 (𝐹3 − 𝐹1)

𝑙 (𝐹1 − 𝐹2 + 𝐹3 − 𝐹4)

]

]

,

(2)

where 𝐹1, 𝐹2, 𝐹3, and 𝐹4 are force produced by four rotors,
respectively, and 𝑙 is the distance between each rotor center
and the RFR’s center of gravity (see Figure 1).

Thus, define inputs as

𝑢 =
[
[
[

[

𝑢1

𝑢2

𝑢3

𝑢4

]
]
]

]

≜
[
[
[

[
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]
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]

]

. (3)

System (1) can be rewritten as

̈𝑥 =
cos𝜓 sin 𝜃 cos𝜑 + sin𝜓 sin𝜑

𝑚
𝑇𝑀,

̈𝑦 =
sin𝜓 sin 𝜃 cos𝜑 − sin𝜑 cos𝜓

𝑚
𝑇𝑀,

̈𝑧 = −𝑔 +
cos 𝜃 cos𝜑

𝑚
𝑇𝑀,
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1

𝐼𝑥

𝑢2,
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𝐼𝑦
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1

𝐼𝑦

𝑢3,
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𝐼𝑧

̇𝜃 ̇𝜑 +
1

𝐼𝑧

𝑢4,

̈𝑇𝑀 = 𝑢1.

(4)
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It can be easily shown that system (4) is input-to-state
feedback linearizable through defining the following state
vector:

[𝑥 𝑦 𝑧 ̇𝑥 ̇𝑦 ̇𝑧 ̈𝑥 ̈𝑦 ̈𝑧 ⃛𝑥 ⃛𝑦 ⃛𝑧 𝜓 ̇𝜓]
𝑇
. (5)

From (1) and (2), we have

p(4) = −
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[
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]
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𝑏
)
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𝑇
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1
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𝑇 ̈𝑇𝑀,

̈𝜓 = − [0
sin𝜙
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cos 𝜃

] 𝐽
−1

(𝜔
𝑏
× 𝐽𝜔
𝑏
− 𝜏
𝑏
)

+

(𝑞 ̇𝜙 cos𝜙 − 𝑟 ̇𝜙 sin𝜙)

cos 𝜃

× [𝑝 + 2𝑞 sin𝜙 tan 𝜃 + 2𝑟 cos𝜙 tan 𝜃]

(6)

and the system can be transformed into the following linear
form:

𝑝
(4)

=
[
[

[

𝑥
(4)

𝑦
(4)

𝑧
(4)

]
]

]

= [

[
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]

]

,

̈𝜓 = V4

(7)

with the feedback linearization controller
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where
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;

𝑔2 =
[
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sin𝜙
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)
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sin𝜙

cos 𝜃
cos𝜙
cos 𝜃
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−1

] .

(9)

That means system (1) is flat and that the [𝑝
𝑇
, 𝜓] are the

corresponding flat outputs.

3. Automatic Differential Algorithm Based
Inverse Computation

AD is a numerical method that is effective to accurately
compute the derivatives of some complicated nonlinear
function. In this section, we will briefly introduce how to
conduct the inverse computation of a nonlinear flat system
using AD algorithm [13].

Consider the following nonlinear system:

̇𝑥 = 𝑓 (𝑥) ,

𝑦 = ℎ (𝑥) .

(10)

It has been shown that the inverse computation problem
of system (10), that is, to obtain a state vector 𝑥𝑑 with ℎ(𝑥𝑑) =

𝑦𝑑 (a predefined output), is solvable if 𝑦 = ℎ(𝑥) is a flat output
of system (1) [14].

Derivatives of 𝑦 with respect to 𝑥 are necessary to effec-
tively solve the preceding inverse problem. In the following
contents of this section, the basic idea on how to obtain 𝜕𝑦/𝜕𝑥

using AD algorithm will be introduced.
For this purpose, we firstly use the following Taylor series

to denote the state vector 𝑥(𝑡):

𝑥 (𝑡) = 𝑥0 + 𝑥1𝑡 + 𝑥2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑥𝑑𝑡

𝑑
. (11)

Provided that 𝑓(∗) is 𝑑 times continuously differentiable, 𝑧 =

𝑓(𝑥) can also be expressed by Taylor series as follows:

𝑧 (𝑡) = 𝑧0 + 𝑧1𝑡 + 𝑧2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑧𝑑𝑡

𝑑
+ O (𝑡

𝑑+1
) . (12)

It has been shown that each Taylor coefficient 𝑧𝑖 (𝑖 =

0, 1, . . . , 𝑑) is uniquely determined by the coefficients 𝑥𝑖 (𝑖 =

0, 1, . . . , 𝑑) as follows [15, 16]:

𝑧0 = 𝑓 (𝑥0)

𝑧1 =
𝜕𝑓 (𝑥0)

𝜕𝑥0

𝑥1

𝑧2 =
𝜕𝑓 (𝑥0)

𝜕𝑥0

𝑥2 +
1

2

𝜕
2
𝑓 (𝑥0)

𝜕𝑥0𝜕𝑥0

𝑥1𝑥1

...

(13)
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Thus, if 𝑥𝑖 (𝑖 = 0, 1, . . . , 𝑑) in (11) are preknown, all
𝑧𝑖 (𝑖 = 0, 1, . . . , 𝑑) can be obtained based on some derivatives,
which can be computed by basic “forward mode” of AD
[13]. Similarly, the following 𝐴𝑗−𝑖 can also be derived using
“reverse mode” of AD [13–15]:

𝐴𝑗−𝑖 (𝑗 ≥ 𝑖) ≜

𝜕𝑧𝑗−𝑖

𝜕𝑥0

. (14)

Furthermore, based on (10), we have

𝑧 (𝑡) = 𝑧0 + 𝑧1𝑡 + 𝑧2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑧𝑑𝑡

𝑑
+ O (𝑡

𝑑+1
)

= 𝑓 (𝑥) = ̇𝑥 = 𝑥1 + 2𝑥2𝑡 + ⋅ ⋅ ⋅ + 𝑑𝑥𝑑𝑡
𝑑−1

;

(15)

that is,

𝑧𝑖 ≡ (𝑖 + 1) 𝑥𝑖+1, 𝑖 = 0, . . . , 𝑑 − 1. (16)

Through (16) and (13), we can easily compute all 𝑧𝑖 based
on 𝑥0.

Define a new matrix as

𝐵𝑘 ≜
𝑑𝑥𝑘+1

𝑑𝑥0

=
1

𝑘 + 1

𝑑𝑧𝑘

𝑑𝑥0

=
1

𝑘 + 1

𝑘

∑

𝑗=0

𝜕𝑧𝑘

𝜕𝑥𝑗

𝑑𝑥𝑗

𝑑𝑥0

. (17)

From [15], we have

𝜕𝑧𝑘

𝜕𝑥𝑗

=

𝜕𝑧𝑘−𝑗

𝜕𝑥0

. (18)

Thus, 𝐵𝑘 can be iteratively obtained as follows:

𝐵𝑘 =
1

𝑘 + 1

𝑘

∑

𝑗=0

𝜕𝑧𝑘−𝑗

𝜕𝑥0

𝑑𝑥𝑗

𝑑𝑥0

=
1

𝑘 + 1
(𝐴𝑘 +

𝑘

∑

𝑗=0

𝐴𝑘−𝑗𝐵𝑗−1) .

(19)

Furthermore, if we denote 𝑦(𝑡) as

𝑦 (𝑡) = 𝑦0 + 𝑦1𝑡 + 𝑦2𝑡
2
+ ⋅ ⋅ ⋅ + 𝑦𝑑𝑡

𝑑
+ O (𝑡

𝑑+1
) , (20)

then the same process can be used to compute 𝑦 through the
second equation of (10); that is, with a preknown 𝑥0, compute
𝑦𝑖 by forward mode and compute the following derivatives
𝐶𝑗−𝑖 by reverse mode:

𝐶𝑗−𝑖 ≜

𝜕𝑦𝑗

𝜕𝑥𝑖

. (21)

Also, it is not difficult to show that the derivatives of
output with respect to the states can be denoted as follows:

𝐷𝑘 ≜
𝑑𝑦𝑘

𝑑𝑥0

=

𝑘

∑

𝑗=0

𝜕𝑦𝑘

𝜕𝑥𝑗

𝑑𝑥𝑗

𝑑𝑥0

= 𝐶𝑘 +

𝑘

∑

𝑗=1

𝐶𝑘−𝑗𝐵𝑗−1. (22)

Up to now, we have shown that, with a predefined state 𝑥0,
both the corresponding outputs 𝑦(𝑥0) and its higher-order
derivatives with respect to time, as well as the derivatives
with respect to state 𝑥0 (22), can be obtained through AD

algorithm. These results can be further used to conduct the
inverse computation of system (1), and the detailed steps are
given as follows.

AD Based Inverse Computation Algorithm

Initialization. 𝑑 (the highest order of the outputs’ derivatives);
𝛾 (step length of searching algorithm); 𝑘 = 0 (iterative
number).

Step 1. Compute the output vector𝑌(𝑥𝑘) using forwardmode
of AD algorithm at each time instant as a nonlinear map; that
is,

Θ : 𝑥
𝑘
→ 𝑌(𝑥

𝑘
) ≜ (

𝑦0 (𝑥
𝑘
)

...
𝑦𝑑 (𝑥
𝑘
)

) . (23)

Step 2. Based on (22), AD can be used to obtain the partial
derivative of 𝑌 with respect to 𝑥0; that is,

Θ

(𝑥
𝑘
) =

𝜕𝑌

𝜕𝑥𝑘
= (

𝐷0
...

𝐷𝑑

). (24)

Step 3. Update the state 𝑥 using the following searching
iteration:

𝑥
𝑘+1

≜ 𝑥
𝑘
− 𝛾(Ξ


(𝑥
𝑘
))
+

Ξ (𝑥
𝑘
)

= 𝑥
𝑘
− 𝛾(Ξ


(𝑥
𝑘
))
+

[Θ (𝑥
𝑘
) − 𝑌𝑑]

= 𝑥
𝑘
− 𝛾(Θ


(𝑥0))
+

[Θ (𝑥
𝑘
) − 𝑌𝑑] ,

(25)

where superscript “+” means the pseudoinverse of a matrix;
that is,

𝑄
+
= (𝑄
𝑇
𝑄)
−1

𝑄
𝑇
,

Ξ (𝑥) = Θ (𝑥) − 𝑌𝑑.

(26)

Step 4. Go to Step 1 until the terminal conditions are satisfied.
If the system is nonautonomous, that is, it can be rewritten

as following form,

̇𝑥 = 𝑓 (𝑥, 𝑢) ,

𝑦 = ℎ (𝑥) .

(27)

We can first extend it into the following form:

̇𝑥 = 𝑓 (𝑥, 𝑢) ,

̇𝑢 = 0,

𝑦 = ℎ (𝑥)

(28)

and the new system can be rewritten as

̇𝑥 = 𝐹 (𝑥) ,

𝑦 = 𝐻 (𝑥) ,

(29)
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where

𝑥 = [
𝑥

𝑢
] . (30)

Thus, the inverse computation can be conducted using the
preceding algorithm.

As for the proposed quadrocopter system introduced in
Section 2, this algorithm can be directly utilized through
defining the following output vector:

𝑌 ≜ [𝑝
𝑇

̇𝑝
𝑇

̈𝑝
𝑇

⃛𝑝
𝑇

(𝑝
(𝑡)

)
𝑇

𝜓 ̇𝜓 ̈𝜓]

𝑇

18×1

. (31)

4. Evaluation of Circle Flying Maneuver

In this section, a so-called “Circle Maneuver,” that is, the
RFR system flies along a circle as shown in the following
equation (32) and Figure 2 [10], of the Quadrocopter is taken
as an example to show the validity of the proposed algorithm.
Consider

𝜓𝑑 = 𝜋 +
𝑡

𝑇
× 2𝜋,

𝑥𝑑 = 50 sin(
𝑡

𝑇
× 2𝜋) ,

𝑦𝑑 = 50 cos( 𝑡

𝑇
× 2𝜋) ,

𝑧𝑑 = 0,

(32)

where 𝑇 is the period of the circle maneuver.
The parameters of the RFR system are as follows:

𝑚 = 9.5 kg

𝐽 = [

[

0.1364 0 0

0 0.5782 0

0 0 0.6306

]

]

N ⋅ m.

(33)

The trajectory feasibility is decided by some constrains
on both inputs and states. Here the following constrains are
considered.

Input Constrains. Consider

𝑇𝑀 ∈ [49.4, 190.8]N, 𝑀𝑥 ∈ [−25.5, 25.5]N ⋅ m,

𝑀𝑦 ∈ [−40.2, 40.2]N ⋅ m, 𝑀𝑧 ∈ [−34.6, 34.6]N ⋅ m.

(34)

Angular Velocity Constrains. Consider

𝑝, 𝑞 ∈ [−0.4, 0.4] rad/s, 𝑟 ∈ [−1.45, 1.45] rad/s. (35)

Attitude Constrains. Consider

𝜃, 𝜙 ∈ [−0.5, 0.5] rad. (36)

In this paper, the software toolbox LIEDRIVERS [17]
based on ADOL-C is used as the basic AD algorithm, and
the optimization searching is implemented using the golden

Figure 2: Circle maneuver trajectory.

sector algorithm, instead of the direct derivative-based algo-
rithm as in Section 4. During the simulations, we test the
circle maneuvers with different period 𝑇, and the results are
given in Figures 3, 4, and 5.

From these figures, we can obtain the following results.

(1) For input constraints (Figures 3 and 5), only the
maneuvering trajectories with 𝑇 = 10 s are infeasible
because the required dragging force is almost 210N,
larger than the maximum permitted value of 190.8N,
while the other inputs, that is, the three moments, are
all much smaller than the maximum values.

(2) For angular velocity constrains (Figure 5), again, only
the maneuvering trajectories with 𝑇 = 10 s are
infeasible, and the maneuvering trajectories with 𝑇 =

12.5 s are dangerous since the maximum angular
velocity approaches the maximum value of the per-
mitted angular velocity.

(3) Based on the attitude constrains (Figure 4), the
maneuvering trajectories with 𝑇 = 14.3 s, 12.5 s, and
10 s are all infeasible.

Finally, from the preceding results, it can be seen that the
circlemaneuvers are really a highly dynamical maneuver, and
the quantitative analysis prior to the flight test is useful and
necessary to evaluate whether or not a maneuver trajectory is
feasible or even dangerous.

5. Conclusions

In this paper, the flight maneuvering trajectories evaluation
problem is researched, and the algorithm differentiation
(AD) is used to realize the inverse computation of the rotor-
flying robot (RFR) system. This paper starts from construct-
ing nonlinear dynamical model of an RFR system. Then, we
show that the RFR system model is flat taking translational
positions and yaw angle as flat outputs. After that, the scheme
of AD based inverse computation is introduced, that is,
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Figure 3: Control input: ̈𝑇𝑀 (a); 𝑀𝑥 (b); 𝑀𝑦 (c); 𝑀𝑧 (d).
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Mathematical Problems in Engineering 7

0.5

1

0 10 20 30 40 50

0

−0.5

−1

p
(r

ad
/s

)

Time (s)

(a)

0 10 20 30 40 50

0.5

1

0

−0.5

−1

q
(r

ad
/s

)

Time (s)

(b)

r (
ra

d/
s)

0.5

1.5

2.5

1

2

3

0
0

10 20 30 40 50
Time (s)

T = 20 s

T = 50 s

T = 10 s
T = 12.5 s
T = 14.3 s

T = 33.3 s

(c)

80

100

120

140

160

180

200

220

0 10 20 30 40 50
Time (s)

T
M

(N
)

T = 20 s

T = 50 s

T = 10 s
T = 12.5 s
T = 14.3 s

T = 33.3 s

(d)

Figure 5: State: 𝑝 (a); 𝑞 (b); 𝑟 (c); 𝑇𝑀 (d).

computing the internal states and inputs based on the desired
flat outputs. Finally, with the proposed scheme, a typical flight
maneuver, that is, the circle maneuver, is analyzed.

The advantages of our proposed algorithm are as follows:
(1) only desired positions and their derivatives, which is
the case for many planning algorithm, and the feasibility
of the trajectories (including inner states and inputs) can
be evaluated; (2) inverse computation can be very accurate
because AD is a numerical algorithm that can precisely
obtain the derivative of a nonlinear function. Thus, an
accurate pointwise numerical feasibility analysis of planned
trajectories becomes possible.

The method proposed in this paper can be used to not
only evaluate the feasibility and validity of the maneuver
flying trajectories, but also realize the tracking control algo-
rithm, where the computed internal states and inputs are
useful for attenuating the online computational burden of
the tracking controller and thus improving the closed loop
performance. This will be one of our future’s works.
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This paper proposes a new method, bound alternative direction method (BADM), to address the ℓ𝑝 (𝑝 ∈ (0, 1)) minimization
problems in image deblurring.The approach is to first obtain a bound unconstrained problem through bounding the ℓ𝑝 regularizer
by a novel majorizer and then, based on a variable splitting, to reformulate the bound unconstrained problem into a constrained
one, which is then addressed via an augmented Lagrangian method. The proposed algorithm actually combines the reweighted
ℓ1 minimization method and the alternating direction method of multiples (ADMM) such that it succeeds in extending the
application of ADMM to ℓ𝑝 minimization problems. The conducted experimental studies demonstrate the superiority of the
proposed algorithm for the synthesis ℓ𝑝 minimization over the state-of-the-art algorithms for the synthesis ℓ1 minimization on
image deblurring.

1. Introduction

The mission of image deblurring is to restore an original
image x from noisy blurred observation y ∈ R𝑚 modeled as

y = Ax + n, (1)

where x ∈ R𝑛 (stacking an 𝑀 × 𝑁-image into an (𝑛 =

𝑀𝑁)-vector in lexicographic order), A ∈ R𝑚×𝑛 is the matrix
representation of a convolution operator, and n ∈ R𝑚

is Gaussian white noise. This imaging inverse problem has
recently inspired a considerable amount of research ([1–11]
and further references therein) in which the optimization
problems fall into two varieties: synthesis formulation and
analysis formulation [12] which are detailed below.

1.1. Formulations and Algorithms. In the synthesis formu-
lation, the unknown image x is represented as x = Ws,
where W is a wavelet frame or a redundant dictionary and s
are the sparse coefficients estimated usually via one sparsity-
promoting regularizer, yielding

s∗ = argmins
1

2

AWs − y
2

2
+ 𝜆𝜑 (s) , (2)

where 𝜆 is the positive regularization parameter and 𝜑 is the
regularizer, typically the ℓ1 norm.Thedeblurred image is then
obtained by x∗ =Ws∗.

In the analysis formulation, as opposed to (2), it mini-
mizes the cost function with respect to x:

x∗ = argminx
1

2

Ax − y
2

2
+ 𝜆𝜑 (Tx) , (3)

where T is a sparsifying transform (such as wavelet or finite
differences) and 𝜑(Tx) analyzes the image x itself against the
coefficients s that 𝜑(s) in (2) works on. If T = W is a wavelet
frame, then usually 𝜑(Tx) = ‖Tx‖1 where ‖k‖1 = ∑𝑖 V𝑖; if T
is a matrix representing finite differences at horizontal and
vertical directions, then 𝜑(Tx) is the discrete anisotropic or
isotropic total variation [8, 9].

In the past several decades, a lot of algorithms have
been proposed to solve (2) and (3). Among these, the
iterative shrinkage/thresholding (IST, [2]) algorithm can be
considered as the standard one. However, IST tends to be
slow in particular when A in (1) is poorly conditioned. To
overcome this problem, several fast variants of IST have been
proposed. They are TwIST [13], FISTA [14], and SpaRSA
[15]. TwIST is actually a two-step version of IST in which
each iterate depends on the two previous iterates, rather than
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only on the previous one (as in IST); FISTA is a nonsmooth
variant of Nesterov’s optimal gradient-based algorithm for
smooth convex problems [16, 17]; and SpaRSA adopted more
aggressive choices of step size in each iteration. These three
algorithms, which only use the gradient information of the
data-fitting term, have been shown to clearly outperform
IST. Some other efficient algorithms, using the second-order
information of the data-fitting term, have also been proposed.
A noble representative is the so-called split augmented
Lagrangian shrinkage algorithm (SALSA) [10, 11], which was
found to be faster than the previous FISTA, TwIST, and
SpaRSA when the matrix inversion (A𝑇A + 𝜇I)−1 (where 𝜇
is a positive parameter) can be efficiently computed (e.g., if
A is a circulant matrix, then the matrix inversion can be
efficiently calculated by FFT). Actually, SALSA is an instance
of alternating direction method of multipliers (ADMM) [18,
19] which has a close relationship [20] with the Bregman
iterations [21–24], amongst which, the split Bregmanmethod
(SBM) [22] has been recently frequently applied to handle
imaging inverse problems [25–27].

1.2. ℓ𝑝 Minimization. Convergences of above algorithms are
guaranteed, benefiting from the fact that the regularizer 𝜑 in
(2) and (3) is usually convex. In this paper, a nonconvex (also
nonsmooth) regularizer, that is, the ℓ𝑝 (𝑝 ∈ (0, 1)) norm,
is adopted since using the ℓ𝑝 norm is able to find sparser
solution than using the ℓ1 norm which was demonstrated in
many studies [28–32].Thus, there comes the ℓ𝑝minimization
problem of the synthesis formulation:

mins
1

2

AWs − y
2

2
+ 𝜆‖s‖𝑝

𝑝
(4)

and of the analysis formulation:

minx
1

2

Ax − y
2

2
+ 𝜆‖Tx‖𝑝𝑝, (5)

where ‖k‖𝑝
𝑝
= ∑𝑖 |V𝑖|

𝑝.
Next, a brief survey on the literature of ℓ𝑝 minimization

is given. Recently, remarkable attention has been paid to the
ℓ𝑝 minimization problem:

minx ‖x‖𝑝𝑝 : s.t. Ax = y, (6)

where 𝑝 ∈ (0, 1). Some sufficient conditions of (6) have
been established in [29, 33–35]. Many efficient reweighted
minimizationmethods address (6) through iteratively solving

x𝑘+1 = argminx 𝑓 (x) + 𝜆𝜓𝑘+1 (x) , (7)

where x𝑘+1 is the estimated signal at the (𝑘 + 1)th iteration;
𝑓 is the data-fitting term which preserves the consistency;
for instance, 𝑓(x) = (1/2)‖Ax − y‖2

2
for the Gaussian noise;

𝜓
𝑘+1
(x) is the regularization term at the (𝑘 + 1)th iteration,

which is aiming to encourage the desirable properties of the
target x such as sparsity. Most of reweighted minimization
methods (see [2, 28, 30, 31, 34, 36, 37] and many references
therein) focus on the reweighted ℓ1 (IRL1) and the reweighted

ℓ2 (IRL2)minimization, and their corresponding regularizers
are 𝜓𝑘+1(x) = ∑𝑖 𝑤

𝑘+1

𝑖
|𝑥𝑖| and ∑𝑖 𝑤

𝑘+1

𝑖
|𝑥𝑖|
2, respectively,

where 𝑥𝑖 is the 𝑖th component of x and 𝑤𝑘+1
𝑖

is the weight
of 𝑥𝑖 at the 𝑘th iteration and it is a function of the previous
estimated component 𝑥𝑘

𝑖
. In IRL1, usually, 𝑤𝑘

𝑖
= (|𝑥
𝑘

𝑖
| + 𝜖)
𝑞−1,

while 𝑤𝑘
𝑖
= (|𝑥

𝑘

𝑖
|
2

+ 𝜖)
𝑞/2−1 in IRL2, where 𝑞 ∈ (0, 1].

Notice that 𝑞 is always set to 1 (e.g., IRL1: [28] and IRL2:
[2]) or 𝑝 (e.g., IRL1: [34, 36, 38] and IRL2: [30, 31, 38]), even
1/2 [32]. It is worth noting that above weights are separable,
even though there also exist some reweighted minimization
methods [39, 40] with inseparable weights.

1.3. Proposed Approach. In this paper, the ℓ𝑝 minimization
problem will be used for image deblurring, but the resulting
problem cannot be efficiently solved by above ℓ𝑝 mini-
mization methods stated in Section 1.2, since they usually
adopt slow iterations (such as the generic IST algorithm),
and in image deblurring, the matrix-vector products are
always computationally expensive. Considering this, the
ADMM is used in this paper to tackle the resulting ℓ𝑝

minimization problem because as stated in Section 1.1, the
image deblurring problems can be efficiently handled by
the ADMM. The proposed approach is to first bound it
via a variant of the majorizer proposed in [4, 7], obtaining
a bound unconstrained one; then reformulate it into a
constrained problem via the technique of variable splitting
[41, 42]; and lastly attack this resulting constrained problem
using an augmented Lagrangian method (ALM) [43]. If
the majorizer that is proposed in [4, 7] is used to bound
the original ℓ𝑝 minimization unconstrained problem, then
the components of the estimate in the iterations would
be stuck at zero forever if they became zero, which very
likely prevents convergence to a minimizer. To overcome
this problem, in this paper, a variant of this majorizer is
proposed by adding a small positive parameter that shrinks in
each iteration. The obtained bound unconstrained problem
is reformulated into a constrained one through variable
splitting which splits the original variable into a pair of
variables, serving as the arguments of the data-fitting term
and the ℓ𝑝 regularizer, respectively, under the constraint
that these two variables have to be equal. This resulting
constrained problem is then attacked by an ALM, obtaining
a Lagrangian function with two variables resulting from
variable splitting. Next, the Lagrangian function is alterna-
tively solved with respect to the two variables, leading to the
method called bound alternative direction method (BADM),
which is equivalent to the combination of the reweighted
ℓ1 minimization method and the ADMM and is able to
extend the application of ADMM to the ℓ𝑝 minimization
problems.

The proposed BADM has only O(𝑛 log 𝑛) cost in each
iteration in solving the synthesis ℓ𝑝 formulation with a
normalized Parseval frame. Experiments on a set of bench-
mark problems show that the BADM for (4) is favorably
competitive with the state-of-the-art algorithms FISTA [14],
SALSA [11], and SBM [22] for (2).
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1.4. Terminology and Notation. In this section, some useful
elements of convex analysis will be given. Let H be a real
Hilbert space equipped with the inner product ⟨⋅, ⋅⟩ and
associated norm ‖ ⋅ ‖. Let 𝑓 :H → [−∞, +∞] be a function
and let Γ(x) be the class of all lower semicontinuous convex
functions that are not equal to +∞ everywhere and are never
equal to −∞. The proximity operator of 𝑓 is defined as

Prox𝜏𝑓 (k) = argminx (𝜏𝑓 (x) + 1
2
‖x − k‖2) , (8)

where 𝜏 is positive. If 𝑓 ∈ Γ(x), then Prox𝜏𝑓 is unique [44]; if
𝑓(x) = 𝜄𝐶(x), the indicator function of a nonempty closed
convex set 𝐶, then Prox𝜏𝑓(x) becomes the projection of k
onto 𝐶, and in this sense, (8) is therefore a generalization of
projection operator; and if𝑓 is the ℓ1 norm, then (8) becomes
a well-known soft thresholding:

soft (k, 𝜏) = sign (k) ⊙max {|k| − 𝜏, 0} , (9)

where ⊙ is the componentwise multiplication between two
vectors of the same dimension and sign (⋅) is the sign
function.

2. Bound Alternative Direction Optimization

Consider a ℓ𝑝 regularized unconstrained model

minx 𝐹 (x) := 𝑓 (x) + 𝜆‖x‖𝑝𝑝, (10)

where 𝑝 ∈ (0, 1) and 𝑓 : R𝑛 → R is a smooth func-
tion with 𝐿-Lipschitz-continuous gradient and is bounded
below. It is unsuitable to directly apply the existing proximal
splitting algorithms (such as IST, FISTA, TwIST, and SpaRSA
discussed in the section of Introduction) to solve (10), since,
for 𝑝 ∈ (0, 1), the nonconvex nature of ‖x‖𝑝

𝑝
blocks the use

of the proximity operator (see (8)), which is well defined
only on the functions which belong to Γ(x). To overcome this
problem, a bound optimization approach will be considered
in this paper.

2.1. Bound Optimization

2.1.1. Bound 𝐹(x) via the Majorizer Proposed in [7]. Since
‖x‖𝑝
𝑝
(𝑝 ∈ (0, 1)) ∉ Γ(x), it is reasonable to bound 𝐹(x)

through

𝐺 (x, x̃) = 𝑓 (x) + Φ̂ (x, x̃) , (11)

where Φ̂(x, x̃) = 𝜆∑𝑖 𝜙(𝑥𝑖, 𝑥𝑖) with

𝜙 (𝑥, 𝑥) =

{{

{{

{

Ω̂ (𝑥) |𝑥| + (1 − 𝑝) |𝑥|
𝑝
, if 𝑥 ̸= 0,

+∞, if 𝑥 = 0, 𝑥 ̸= 0,

0, if 𝑥 = 0, 𝑥 = 0,
(12)

where Ω̂(𝑥) = 𝑝|𝑥|
𝑝−1. It is easy to see that 𝐹(x) ≤ 𝐺(x, x̃)

with equality for x = x̃, since 𝜆‖x‖𝑝
𝑝
≤ Φ̂(x, x̃) with equality

for x = x̃. One benefit from the above bound is that the
following lemma holds.

Lemma 1. Given x̃, Φ̂(x, x̃) belongs to Γ(x) with respect to x.

Proof. Given 𝑥𝑖 for 𝑖 = 1, . . . , 𝑛, if 𝑥𝑖 ̸= 0, then 𝜙(𝑥𝑖, 𝑥𝑖) is an
affine function of |𝑥𝑖| and thus 𝜙(𝑥𝑖, 𝑥𝑖) ∈ Γ(𝑥𝑖), since |𝑥𝑖| ∈
Γ(𝑥𝑖); if 𝑥𝑖 = 0, then 𝜙(𝑥𝑖, 𝑥𝑖) equals 0 if 𝑥𝑖 = 0 and +∞
otherwise, leading to 𝜙(𝑥𝑖, 𝑥𝑖) ∈ Γ(𝑥𝑖). Therefore, Φ̂(x, x̃) =
𝜆∑𝑖 𝜙(𝑥𝑖, 𝑥𝑖) ∈ Γ(x).

Therefore, the proximity operator of Φ̂(x, x̃) given x̃ is
obtained by

Prox
Φ̂(x,x̃) (k) = argminx (Φ̂ (x, x̃) + 1

2
‖x − k‖2)

= soft (k, �̂� (x̃)) ,
(13)

where �̂�(x̃) = [𝑤1(𝑥1), . . . , 𝑤𝑛(𝑥𝑛)]
𝑇 with

𝑤𝑖 (𝑥𝑖) = {
𝜆Ω̂ (𝑥𝑖) , if 𝑥𝑖 ̸= 0,
+∞, if 𝑥𝑖 = 0.

(14)

Notice that soft(𝑥, +∞) = 0 for any 𝑥.
From above, a closed-form solution of the proximity

operator of Φ̂(x, x̃) can be obtained after the bound operation.
However, in many iteratively minimization algorithms dis-
cussed in the section of Introduction, the proximity operator
of the regularization term is commonly used. For Φ̂(x, x̃),
a nature way is to set x̃ as the previous estimate x𝑘 and
obtain the current estimate x𝑘+1 by computing the proximity
operator of Φ̂(x, x𝑘); that is,

x𝑘+1 = Prox
Φ̂(x,x𝑘) (^

𝑘
) = soft (^𝑘, �̂� (x𝑘)) , (15)

where ^𝑘 is an iteratively temporary variable which differs in
each algorithm. According to (13) with (14), if a component
of x𝑘 becomes zero forever, then this component of x𝑘+1
is set to zero and will be stuck at zero forever, which may
prevent convergence to a local minimizer, letting alone a
global one. To overcome this shortcoming, a new bound
method is proposed below.

2.1.2. Proposed Bound Method. A method is presented that
bounds 𝐹(x) through

𝐺𝜖 (x, x̃) = 𝑓 (x) + Φ𝜖 (x, x̃) , (16)

where Φ𝜖(x, x̃) = 𝜆∑𝑖 𝜙𝜖(𝑥𝑖, 𝑥𝑖) with

𝜙𝜖 (𝑥, 𝑥) = Ω𝜖 (𝑥) |𝑥| + (1 − 𝑝) |𝑥|
𝑝
, (17)

where Ω𝜖(𝑥) = 𝑝(|𝑥| + 𝜖)
𝑝−1 and 𝜖 is a small positive

parameter. It is clear that 𝐹(x) ≤ 𝐺𝜖(x, x̃) with equality for
x = x̃ = 0 (where 0 is a vector composed of all zeros) or x = x̃
with 𝜖 = 0. Φ𝜖(x, x̃) has the following property.

Lemma 2. Φ𝜖(x, x̃) belongs to Γ(x) with respect to x.

Proof. For any 𝑥𝑖, 𝑖 = 1, . . . , 𝑛, Ω𝜖(𝑥𝑖) > 0; thus 𝜙𝜖(𝑥𝑖, 𝑥𝑖)
is an affine function of |𝑥𝑖| and thus 𝜙𝜖(𝑥𝑖, 𝑥𝑖) ∈ Γ(𝑥𝑖).
Therefore, Φ𝜖(x, x̃) = 𝜆∑𝑖 𝜙𝜖(𝑥𝑖, 𝑥𝑖) ∈ Γ(x).
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(1) Set 𝑘 = 0, and choose an arbitrary x0, 𝜖0 > 0 and 𝛾 > 1.
(2) repeat
(3) x𝑘+1 = argminx𝐺𝜖𝑘 (x, x

𝑘
)

(4) 𝜖
𝑘+1

= 𝜖
𝑘
/𝛾

(5) 𝑘 ← 𝑘 + 1

(6) until some stopping criterion is satisfied.

Algorithm 1: IBO.

(1) Set 𝑘 = 0, and choose 𝛽 > 0, 𝛾 > 1, 𝜖0 > 0, 𝛼0 and an arbitrary x0.
(2) repeat
(3) (v𝑘+1, x𝑘+1) ∈ argminv,xL(v, x; x𝑘,𝛼𝑘, 𝛽, 𝜖𝑘)
(4) 𝛼

𝑘+1 = 𝛼𝑘 − 𝛽(v𝑘+1 − x𝑘+1)
(5) 𝜖

𝑘+1 = 𝜖𝑘/𝛾
(6) 𝑘 ← 𝑘 + 1

(7) until some stopping criterion is satisfied

Algorithm 2: BALM.

(1) Set 𝑘 = 0, and choose 𝛽 > 0, 𝛾 > 1, 𝜖0 > 0, d0 and an arbitrary x0.
(2) repeat
(3) (v𝑘+1, x𝑘+1) ∈ argminv,x𝑓(v) + Φ𝜖𝑘 (x, x

𝑘
) + (𝛽/2)


k − x − d𝑘

2

2

(4) d𝑘+1 = d𝑘 − (v𝑘+1 − x𝑘+1)
(5) 𝜖

𝑘+1 = 𝜖𝑘/𝛾
(6) 𝑘 ← 𝑘 + 1

(7) until some stopping criterion is satisfied.

Algorithm 3: Variant of BALM.

(1) Set 𝑘 = 0, and choose 𝛽 > 0, 𝛾 > 1, 𝜖0 > 0, d0 and an arbitrary x0.
(2) repeat
(3) v𝑘+1 = argminv𝑓(v) + (𝛽/2)


k − x𝑘 − d𝑘

2

2

(4) x𝑘+1 = argminxΦ𝜖𝑘 (x, x
𝑘
) + (𝛽/2)


k𝑘+1 − x − d𝑘

2

2

(5) d𝑘+1 = d𝑘 − (v𝑘+1 − x𝑘+1)
(6) 𝜖

𝑘+1
= 𝜖
𝑘
/𝛾

(7) 𝑘 ← 𝑘 + 1

(8) until some stopping criterion is satisfied.

Algorithm 4: BADM.

(1) Set 𝑘 = 0, and choose 𝛽 > 0, 𝛾 > 1, 𝜖0 > 0, d0 and an arbitrary s0.
(2) repeat
(3) v𝑘+1 = [(AW)

𝑇AW + 𝛽I]
−1

[(AW)
𝑇y + 𝛽 (s𝑘 + d𝑘)]

(4) s𝑘+1 = soft(v𝑘+1 − d𝑘,𝜔
𝜖𝑘
(s𝑘) /𝛽)

(5) d𝑘+1 = d𝑘 − (k𝑘+1 − s𝑘+1)
(6) 𝜖

𝑘+1 = 𝜖𝑘/𝛾
(7) 𝑘 ← 𝑘 + 1

(8) until some stopping criterion is satisfied.

Algorithm 5: BADM for (4).



Mathematical Problems in Engineering 5

(a) Cameraman (b) Mandril (c) Lena

Figure 1: Test images.

(a) Corrupted by UNI

Deblurred from (a)

(b) Corrupted by GAU

Deblurred from (b)

(c) Corrupted by PSF

Deblurred from (c)

Figure 2: Deblurred Cameraman images by BADM.

Therefore, a closed-form solution of the proximity oper-
ator ofΦ𝜖(x, x̃) can be obtained

ProxΦ
𝜖
(x,x̃) (k) = argminx (Φ𝜖 (x, x̃) +

1

2
‖x − k‖2)

= soft (k,𝜔𝜖 (x̃)) ,
(18)

where 𝜔𝜖(x̃) = [𝜆Ω𝜖(𝑥1), . . . , 𝜆Ω𝜖(𝑥𝑛)]
𝑇.

2.1.3. Iterative Bound Optimization (IBO). Now, it is ready to
propose a framework of IBO as in Algorithm 1.

A key observation is that the sequence {𝜖𝑘}, generated by
the IBO, approaches to zero as 𝑘 → +∞, such that (10) can
be solved by the IBO which iteratively solves a sequence of
problems:

minx 𝐹𝜖 (x) := 𝑓 (x) + 𝜆
𝑛

∑

𝑖=1

(

𝑥
𝑘

𝑖


+ 𝜖
𝑘
)
𝑝

, (19)
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(a) Corrupted by UNI

Deblurred from (a)

(b) Corrupted by GAU

Deblurred from (b)

(c) Corrupted by PSF

Deblurred from (c)

Figure 3: Deblurred Mandril images by BADM.

where 𝑥𝑘
𝑖
is the 𝑖th component of x𝑘. Any accumulation point

of the sequence {x𝑘} generated by the IBO is a first-order
stationary point of (19), which is guaranteed by the following
theorem.

Theorem 3. Let the sequence {x𝑘} be generated by above IBO
and suppose that x∗ is an accumulation point of {x𝑘}; then x∗
is a first-order stationary point of (19).

Proof. IBO is actually a specific case of the reweighted ℓ𝛼 (𝛼 =
1 or 2) method proposed in [45], such that this theorem is
also a specific case of Theorem 3.1 in [45].

2.2. Bound Alternative Direction Method. Considering the
unconstrained optimization problem that corresponds to
Step 3 of IBO,

minx 𝐺𝜖 (x, x̃) := 𝑓 (x) + Φ𝜖 (x, x̃) . (20)

Using the technique of variable splitting, (20) becomes a
constrained optimization problem:

min
k,x 𝑓 (k) + Φ𝜖 (x, x̃) s.t. k = x. (21)

The rationale behind variable splitting is that it may be
easier to solve (21) than it is to solve (20). The augmented
Lagrangian function of (21) is

L (k, x; x̃, 𝛼, 𝛽, 𝜖)

= 𝑓 (k) + Φ𝜖 (x, x̃) + 𝛼
𝑇
(k − x) +

𝛽

2
‖k − x‖22,

(22)

where 𝛼 is the vector of Lagrangian multipliers and 𝛽 is the
penalty parameter. According to the augmented Lagrangian
method (ALM) [43], (21) can be solved through repeating
the following iterative process until some stopping criterion
is satisfied: minimize (22) with respect to k and x fixing 𝛼
and setting x̃ to the previous estimate of x and then update
𝛼, yielding a variant of ALM called bound ALM (BALM)
(Algorithm 2).

Notice that the terms added to 𝐺𝜖(x, x̃) in the definition
ofL(k, x; x̃, 𝛼, 𝛽, 𝜖) (see (22)) can be reformulated as a single
quadratic term, leading to a variant of BALM (Algorithm 3).

In (Algorithm 3), d𝑘 corresponds to 𝛼𝑘/𝛽 that these
two parameters are used in BALM. It is usually difficult to
simultaneously obtain k𝑘+1 and x𝑘+1 in Step 3. To overcome
this difficulty, the technique of nonlinear block Gauss-Seidel
(NLBGS) [46] is naturally used, in which the objective
function of Step 3 is solved by alternativelyminimizing it with
respect to k and x, while keeping the other variable fixed,
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(a) Corrupted by UNI

Deblurred from (a)

(b) Corrupted by GAU

Deblurred from (b)

(c) Corrupted by PSF

Deblurred from (c)

Figure 4: Deblurred Lena images by BADM.
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Figure 5: Evolutions in experiment (I) (Cameraman): (a) objective function and (b) MSE.
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Figure 6: Evolutions in experiment (II) (Cameraman): (a) objective function and (b) MSE.
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Figure 7: Evolutions in experiment (III) (Cameraman): (a) objective function and (b) MSE.

yielding the following bound alternative direction method
(BADM) (Algorithm 4).

In (Algorithm 4), Step 3 is equivalent to Prox𝑓/𝛽(x𝑘 +d𝑘),
while Step 4 (see (13) and (9)) is equivalent to

ProxΦ
𝜖
𝑘 (x,x𝑘)/𝛽 (k

𝑘+1
− d𝑘) = soft(k𝑘+1 − d𝑘,

𝜔𝜖𝑘 (x𝑘)
𝛽

) .

(23)

Moreover, since the objective function of (10) is nonconvex
for 𝑝 ∈ (0, 1), BADM cannot be guaranteed to converge to

a global optimum. Nevertheless, as stated in Theorem 3, the
proposed algorithm is able to obtain a stationary point, which
in practice is always a good quality deblurred image.

3. Image Deblurring Using Synthesis ℓ𝑝
Formulation and BADM

In this section, the synthesis ℓ𝑝 formulation (see (4)) and
the BADM are applied to image deblurring. Note that
using the analysis ℓ𝑝 formulation can be naturally extended



Mathematical Problems in Engineering 9

0 0.2 0.4 0.6 0.8 1

1

2

3

4

5

6

7

p

Ti
m

e (
s)

UNI
GAU
PSF

(a)

0 0.2 0.4 0.6 0.8 1
50

100

150

200

250

300

350

400

p

M
SE

UNI
GAU
PSF

(b)

UNI
GAU
PSF

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

p

IS
N

R

(c)

Figure 8: Performance of BADM over 𝑝 on deblurring the corrupted Cameraman images: (a) time; (b) MSE; and (c) ISNR.

Table 1: Results of deblurring the Cameraman images.

Algorithm Time (seconds) Iterations MSE ISNR
UNI GAU PSF UNI GAU PSF UNI GAU PSF UNI GAU PSF

FISTA 16.52 11.01 5.02 150 98 47 102.71 217.85 112.32 7.19 2.67 4.39
SALSA 0.80 2.17 1.72 4 8 6 90.40 214.41 109.25 7.80 2.75 4.52
SBM 0.95 2.53 1.50 4 8 6 90.40 214.36 109.25 7.80 2.75 4.52
BADM 1.44 3.28 1.55 4 9 6 85.42 212.29 105.18 8.05 2.78 4.66
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Table 2: Results of deblurring the Mandril images.

Algorithm Time (seconds) Iterations MSE ISNR
UNI GAU PSF UNI GAU PSF UNI GAU PSF UNI GAU PSF

FISTA 56.82 49.11 17.22 110 94 33 119.23 288.45 142.12 5.50 1.42 2.19
SALSA 3.41 5.41 3.63 4 8 5 119.12 255.30 82.98 5.59 1.95 4.51
SBM 3.06 4.51 2.81 4 8 5 119.63 255.30 82.98 5.59 1.95 4.51
BADM 4.26 9.34 3.60 4 8 5 117.24 246.12 81.15 5.69 2.11 4.60

Table 3: Results of deblurring the Lena images.

Algorithm Time (seconds) Iterations MSE ISNR
UNI GAU PSF UNI GAU PSF UNI GAU PSF UNI GAU PSF

FISTA 53.13 40.8 21.41 98 81 42 43.89 82.84 53.90 6.01 2.82 2.17
SALSA 2.91 4.95 4.09 4 6 6 41.15 72.42 34.32 6.15 3.34 4.14
SBM 2.52 4.07 3.42 4 6 6 41.15 72.42 34.32 6.15 3.34 4.14
BADM 4.22 5.21 6.66 4 5 6 38.06 69.10 34.10 6.47 3.59 4.18

and will be left as future work. Therefore, here 𝑓(s) =

(1/2)‖AWs − y‖2
2
, and Φ𝜖𝑘(s, s𝑘) is the proposed majorizer

of 𝜆‖s‖𝑝
𝑝
at 𝑘 iteration, which are inserted into the BADM

yielding (Algorithm 5), where Step 4 is derived from (18).
Assume that A represents a (periodic) convolution andW is
a normalized Parseval frame (i.e., WW𝑇 = I, where I is the
identity matrix and possibly W𝑇W ̸= I). According to the
Sherman-Morrison-Woodbury matrix inversion formula,

[(AW)
𝑇AW + 𝛽I]

−1

=
1

𝛽
[I −W𝑇A𝑇(AA𝑇 + 𝛽I)

−1

AW] .

(24)

Moreover, under the periodic boundary condition for s,AA𝑇

is block circulant, such that (AA𝑇 + 𝛽I)−1 can be diagonalized
by two-dimensional discrete Fourier transform (DFT). Let
F = A𝑇(AA𝑇 + 𝛽I)−1A; then F is equivalent to a filter in
the Fourier domain and the cost of products by F using FFT
algorithms is O(𝑛 log 𝑛) [10]. Thus,

k𝑘+1 =
1

𝛽
(I −W𝑇FW) u𝑘, (25)

where u𝑘 = (AW)
𝑇y + 𝛽(s𝑘 + d𝑘). As the computational

complexity analysis in [10], the cost of computing k𝑘+1 is
O(𝑛 log 𝑛). Moreover, computing s𝑘+1 is the soft thresholding
whose cost is O(𝑛) and computing d𝑘+1 also has O(𝑛) cost.
Therefore, each iteration of the BADM for (4) has O(𝑛 log 𝑛)
cost.

4. Experiments

In this section, the proposed algorithm BADM for (4) is
compared with the state-of-the art algorithms: FISTA [14],
SALSA [11], and SBM [22] for (2) (from now on, the BADM
is only for (4) while FISTA, SALSA, and SBM are for (2) if
without specification). Consider the low-frequency images
(Cameraman), high-frequency images (Mandril), and both

low- and high-frequency images (Lena) (see Figure 1), with
size 512 × 512 pixels, corrupted by the following three
benchmark cases [5, 11]: (I) uniform blur of size 9 × 9 and
noise variance 𝜎2 = 0.562 (termed UNI); (II) Gaussian blur
kernel with 𝜎2 = 8 (termed GAU); (III) the point spread
function of the blur operator is ℎ𝑖𝑗 = 1/(1 + 𝑖

2
+ 𝑗
2
) for

𝑖, 𝑗 = −7, . . . , 7 and 𝜎2 = 8 (termed PSF). All the experiments
were performed using MATLAB on a 64-bit Windows 7 PC
with an Intel Core i7 3.07GHz processor and 6.0GB of RAM.
In order to measure the performance of different algorithms,
the following four metrics (where x is the original image and
y𝑘 and x𝑘 are the observed image and the estimated image
at the 𝑘 iteration, resp.) are employed: (a) consumed CPU
time (Time); (b) number of iterations (Iterations); (c) mean
square error (MSE = ‖x − x𝑘‖2/𝑛); and (d) improvement in
SNR (ISNR = 10 log

10
(∑𝑘 ‖x − y𝑘‖2/∑𝑘 ‖x − x𝑘‖2)) and the

stopping criterion is chosen as ‖x𝑘+1 − x𝑘‖/‖x𝑘+1‖ ≤ 𝜂, where
𝑝 = 0.9, and 𝜂, as well as other necessary parameters (such
as 𝜆, 𝛽 for the proposed BADM algorithm), is hand tuned for
each algorithm in each experiment for the best ISNR; that is,
𝜆 = 0.0075 for experiment (I); 0.09 for (II); and 0.25 for (III)
and 𝛽 = 𝜆/10 in (I), (II), and (III).

The obtained results of four metrics for the Cameraman,
Mandril, and Lena images are listed in Tables 1, 2, and 3,
respectively, and the deblurred images by BADM are shown
in Figures 2, 3, and 4, respectively. And the evolutions
of objective function and MSE by different algorithms in
experiments (I), (II), and (III) (to avoid redundancy, only for
the results of Cameraman images) are shown in Figures 5, 6,
and 7, respectively. Moreover, the results of time, MSE, and
ISNR over 𝑝 are shown in Figure 8. From above results, it
is clear that the BADM outperforms the FISTA, SALSA, and
SBM in terms of MSE and ISNR.

5. Conclusions

This paper has proposed a new bound alternative direction
method (BADM) for the ℓ𝑝 (𝑝 ∈ (0, 1)) minimization
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problems in image deblurring. In order to solve the uncon-
strained ℓ𝑝 optimization problem, the idea of BADM is to first
bound the ℓ𝑝 regularizer to obtain a bound unconstrained
problem, which is then reformulated into a constrained one
by variable splitting. The resulting constrained problem is
further addressed by an augmented Lagrangian method,
more specifically, the alternating direction method of multi-
pliers (ADMM). Therefore, the BADM is an extension of the
ADMM to solve the ℓ𝑝 (𝑝 ∈ (0, 1)) minimization problems.
Experiments on a set of image deblurring problems have
shown that the BADM for the synthesis ℓ𝑝 formulation is
favorably competitive with the state-of-the-art algorithms for
the synthesis ℓ1 formulation.

In future work, the BADM will be applied to the analysis
ℓ𝑝 formulation and other applications such as in painting and
magnetic resonance imaging.
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We considered the inverse coefficient problem for the geoelectric equation. For the purpose of research of the conditional stability of
the inverse problem solution, we used integral formulation of the inverse geoelectric problem. By implementing the relevant norms
and using the close system of Volterra integral equations, we managed to estimate the conditional stability of the solution of inverse
problem or rather lower changes in input data imply lower changes in the solution (of the numerical method). When determining
the additional information the device errors are possible.That is why this research is important for experimental studies with usage
of ground penetrating radars.

1. Introduction

Inverse problems for hyperbolic equations, in particular for
the acoustics and geoelectrics, were investigated by many
authors; notably, a detailed bibliography is given in the
monography of Kabanikhin [1]. We will present the main
scientific results on this problem. Blagoveshchenskii applied
Gelfand-Levitan method for proving the uniqueness of the
solution of the inverse acoustic problem [2]. Romanov proved
a comparable theorem for the following equation [3]:

𝑤𝑡𝑡 (𝑥, 𝑡) = 𝑤𝑥𝑥 (𝑥, 𝑡) − 𝑞 (𝑥)𝑤 (𝑥, 𝑡) , (1)

which is consolidated from the acoustic equation with well-
known transformation (see [4]):

𝑤 (𝑥, 𝑡) = 𝑢 (𝑥, 𝑡) exp {−1
2
ln𝜎 (𝑥)} ,

𝑞 (𝑥) = −
1

2
[ln𝜎 (𝑥)] + 1

4
[
𝜎

(𝑥)

𝜎 (𝑥)
]

2

.

(2)

Romanov and Yamamoto [5] obtained the estimation
of conditional stability in 𝐿2 for getting a multidimension
analog of the inverse problem (1).

Numerical algorithm of inverse acoustic problem solving
in the discrete case was given in work [6] for the first time.

Bamberger and his coauthors used a conjugate gradient
method to define the acoustic impedance [7, 8].

He and Kabanikhin used the optimization method to
solve the inverse problem for three-dimension acoustic equa-
tion [9].

Azamatov and Kabanikhin studied the conditional stabil-
ity of the solution to Volterra operator equation in 𝐿2 [10].

Problems of uniqueness of the inverse problem solution
and set of numerical methods for solving the geoelectric
equation were given in the monograph of Romanov and
Kabanikhin [11].

For solving inverse acoustic problem in integral case
formulation the estimation of the conditional stability in𝐻1
was obtained in the work of Kabanikhin et al. [12].

Further, in works [13, 14] for minimizing purposes they
built and investigated a special form of the composite
functional that allowed proving the following theorems in
the space 𝐿2: the local correctness theorem, the correctness
theorem of the inverse problem for small amount of data, and
the correctness theorem in the envelope of the exact solution
in 𝐿2.
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Bukhgeim and Klibanov suggested using the method of
Carleman estimates when proving uniqueness theorems of
the coefficient inverse problems [15]. A broad overview on the
use of Carleman estimates in the theory of multidimension
coefficient inverse problems is given in the work [16].

The problem of uniqueness of inverse problem solution
for determination of the coefficients of the permittivity and
conductivity for Maxwell’s equation system is considered in
the work [17].

Approbation of the globally convergent numerical algo-
rithm with the use of experimental radar data for determina-
tion of the permittivity is given in work [18]. They presented
an analysis of convergence of the method and it has been
shown that the computed and real values of permittivity were
in enough agreement. A wide range of globally convergent
algorithms of solving a class of problems is described in work
[19].

Comparative analysis of the classical equation methods
and globally convergent numerical method of solving the
coefficient inverse problems was given in work [20]. These
comparisons were performed for both computationally sim-
ulated and experimental data.

In the work [21] continuation problem from the time-
like surface for the 2D Maxwell’s equation was considered.
The gradient method for the continuation and coefficient
inverse problem was explained. The results of computational
experiment were presented.

In this research, following the methods which were
described in the work [12], we obtained the estimation results
of the conditional stability of the geoelectric equation in𝐻1.

Herein after the second paragraph there is the conclusion
of the main equations which were derived from the system of
Maxwell’s equations [11].

In the third paragraph we had amplified the inverse prob-
lem for the geoelectric equation with data on characteristics.
It allows us to obtain a close system of integral equations.

Finally, in the fourth paragraph, the implementation of
the relevant class of input data functions and the class of
solutions of the inverse problem allowed us to estimate the
conditional stability of the inverse problem solution for the
geoelectric equation.

2. Statement of the Problems

The propagation process of electromagnetic waves in a
medium is described by Maxwell’s equations [11]:

𝜀
𝜕

𝜕𝑡
𝐸 − rot𝐻 + 𝜎𝐸 + 𝑗

cm
= 0,

𝑥3 ̸= 0, (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅
3
,

𝜇
𝜕

𝜕𝑡
𝐻 + rot𝐸 = 0, 𝑡 > 0.

(3)

Here 𝐸 = (𝐸1, 𝐸2, 𝐸3)
∗ and 𝐻 = (𝐻1, 𝐻2, 𝐻3)

∗ are the
electric and magnetic fields intensity vectors; 𝜀 is dielectric
permittivity of themedium; 𝜇 is magnetic permeability of the
medium; 𝜎 is conductivity of the medium; 𝑗cm is source of
external currents.

Consider geophysical model of the medium consisting of
two half spaces: 𝑅3

−
= {𝑥 ∈ 𝑅

3
, 𝑥3 < 0}—air; 𝑅3

+
= {𝑥 ∈

𝑅
3
, 𝑥3 > 0}—earth.
Let the external current source take the following form:

𝑗
cm

= (0, 1, 0)
∗
𝑔 (𝑥1) 𝛿 (𝑥3) 𝜃 (𝑡) , (4)

where 𝑔(𝑥1) is the function which describes the transversal
dimension of the source; 𝛿(𝑥3) is Dirac delta function; and
𝜃(𝑡) is Heaviside function.

Setting the external current in the form (4) makes it an
instantaneous inclusion current, parallel to the axis 𝑥2 at time
scales of 10–50 ns (nanoseconds).

Using the definition of the curl we get finally from
Maxwell’s equations

𝜀
𝜕

𝜕𝑡
𝐸1 + 𝜎𝐸1 =

𝜕

𝜕𝑥2

𝐻3 −
𝜕

𝜕𝑥3

𝐻2,

𝜀
𝜕

𝜕𝑡
𝐸2 + 𝜎𝐸2 = −

𝜕

𝜕𝑥1

𝐻3 +
𝜕

𝜕𝑥3

𝐻1 + 𝛾2,

𝜀
𝜕

𝜕𝑡
𝐸3 + 𝜎𝐸3 =

𝜕

𝜕𝑥1

𝐻2 −
𝜕

𝜕𝑥2

𝐻1,

𝜇
𝜕

𝜕𝑡
𝐻1 = −

𝜕

𝜕𝑥2

𝐸3 +
𝜕

𝜕𝑥3

𝐸2,

𝜇
𝜕

𝜕𝑡
𝐻2 = −

𝜕

𝜕𝑥1

𝐸3 −
𝜕

𝜕𝑥3

𝐸1,

𝜇
𝜕

𝜕𝑡
𝐻3 = −

𝜕

𝜕𝑥1

𝐸2 −
𝜕

𝜕𝑥2

𝐸1.

(5)

Assuming that the coefficients of Maxwell’s equations do
not depend on the variable 𝑥2 and are of the special choice of
the source in the form (4), the system will retain only three
nonzero components 𝐸2, 𝐻1, and 𝐻3 [11]. Excluding the last
two components, the final equations are written such that

𝜀
𝜕
2

𝜕𝑡2
𝐸2 + 𝜎

𝜕

𝜕𝑡
𝐸2

=
𝜕

𝜕𝑥1

(
1

𝜇

𝜕

𝜕𝑥1

𝐸2) +
𝜕

𝜕𝑥3

(
1

𝜇

𝜕

𝜕𝑥3

𝐸2)

+ 𝑔 (𝑥1) 𝜂 (𝑥3) 𝜃

(𝑡) , 𝑥3 > 0, 𝑡 > 0,

(6)

𝐸2
𝑡>0 = 0, (7)

𝐸2
𝑥
3
=+0

= 𝜑(1) (𝑥1, 𝑡) , (8)

(
1

𝜇

𝜕

𝜕𝑥3

𝐸2)

𝑥
3
=+0

=
𝜕

𝜕𝑡
𝜑(2) (𝑥3, 𝑡) . (9)

Particular attention has aggravated conditions (8) and (9).
Condition (8) is taken as additional information (the

response of the medium).
Condition (9) is unknown, but it is necessary for solving

direct and inverse problems in a half space {𝑥3 > 0} (earth).
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In this situation we proceed as shown in [11], in the half
space {𝑥3 ≤ 0} where 𝜎 = 0 we solve the direct problem by
the known data 𝜀, 𝜇:

𝜀
𝜕
2

𝜕𝑡2
𝐸2 =

𝜕

𝜕𝑥1

(
1

𝜇

𝜕

𝜕𝑥1

𝐸2) +
𝜕

𝜕𝑥3

(
1

𝜇

𝜕

𝜕𝑥3

𝐸2)

+ 𝑔 (𝑥1) 𝜂 (𝑥3) 𝜃

(𝑡) , 𝑥3 < 0, 𝑡 > 0,

(10)

𝐸2
𝑡<0 = 0, (11)

𝐸2
𝑥
3
=+0

= 𝜑(1) (𝑥1, 𝑡) . (12)

In the last system we consider known additional infor-
mation (8) as a boundary condition for solving the direct
problem in the area {𝑥3 < 0} (air). This fact enables us to
restrict the numerical solution of the inverse problem for the
minimum possible size of the area in the plane {𝑥3 > 0}.

If the coefficients of (10) do not depend on the variable
𝑥1 [11] then applying the Fourier transform 𝐹𝑥

1

[⋅] to (10)–
(12) and similar to (6)–(9), we write the final statement of the
problem.

In the air domain {𝑥3 < 0} we have the following
statement of the direct problem:

𝜀𝜐𝑡𝑡 =
1

𝜇
𝜐𝑥
3
𝑥
3

−
𝜆
2

𝜇
𝜐 + 𝑔𝜆𝜂 (𝑥3) 𝜃


(𝑡) , 𝑥3 < 0,

𝜐|𝑡<0 = 0, 𝜐𝑡
𝑡<0 = 0,

𝜐 (0, 𝑡) = 𝑓(1) (𝑡) .

(13)

In the earth domain {𝑥3 > 0} we have the following
statement of the direct problem:

𝜐𝑡𝑡 +
𝜎

𝜀
𝜐𝑡 =

1

𝜇𝜀
𝜐𝑥
3
𝑥
3

−
𝜆
2

𝜇𝜀
𝑔𝜆𝛿 (𝑥3, 𝑡) , 𝑥3 > 0, 𝑥3 ∈ 𝑅

1
,

(14)

𝜐|𝑡<0 = 0, 𝜐𝑡
𝑡<0 = 0, (15)

1

𝜇
𝜐𝑥
3
(0, 𝑡) = 𝑓(2) (𝑡) , (16)

𝜐 (0, 𝑡) = 𝑓(1) (𝑡) . (17)

Here 𝜆 is a Fourier parameter and 𝜐(𝑥, 𝑡) = 𝐹𝑥
1

[𝐸2(𝑥1,

0, 𝑥3, 𝑡)]; 𝑓(1)(𝑡) = 𝐹𝑥
1

[𝜑(1)(𝑥1, 𝑡)]; and 𝑓(2)(𝑡) = 𝐹𝑥
1

[(𝜕/

𝜕𝑡)𝜑(2)(𝑥1, 𝑡)] are Fourier images.

Direct Problem. By the known values of 𝜀, 𝜇, and 𝜎 find
𝜐(𝑥3, 𝑡) as the solution of the mixed problem (14)–(16).

Inverse Problem. Find 𝜎(𝑥3) and 𝜐(𝑥3, 𝑡) from (14) to (16) for
given 𝑓(1)(𝑡) with fixed 𝜆 = 𝜆0.

To study conditional stability of the inverse geoelectric
problem, it is convenient to use the integral formulation.

Now we introduce the following notations: 𝑏(𝑥3) =

1/𝜇𝜀(𝑥3) and 𝑎(𝑥3) = 𝜎(𝑥3)/𝜀(𝑥3) and change the variables
and functions:

𝑧 = 𝑧 (𝑥3) = ∫

𝑥
3

0

√𝜇𝜀 (𝜉)𝑑𝜉, 𝑥3 = 𝜔 (𝑧) ;

𝑎 (𝑧) =
𝜎 (𝜔 (𝑧))

𝜀 (𝜔 (𝑧))
, 𝑏 (𝑧) =

1

𝜇𝜀 (𝜔 (𝑧))
,

𝑢 (𝑧, 𝑡) = 𝜐 (𝜔 (𝑧) , 𝑡) , 𝑗0 = −𝑔 (𝜆)√
𝜇

𝜀 (0)
.

(18)

Then (14)–(16) can be written in the form

𝑢𝑡𝑡 (𝑧, 𝑡) = 𝑢𝑧𝑧 (𝑧, 𝑡) − 𝑎 (𝑧) 𝑢𝑡 (𝑧, 𝑡)

−
𝑏

(𝑧)

𝑏 (𝑧)
𝑢𝑧 (𝑧, 𝑡) − (𝜆𝑏 (𝑧))

2
𝑢 (𝑧, 𝑡) ,

(19)

𝑢|𝑡<0 = 0, 𝑢𝑡|𝑡<0 = 0, (20)

1

𝜇
𝑢𝑧 (0, 𝑡) = 𝑓(2) (𝑡) , (21)

𝑢 (0, 𝑡) = 𝑓(1) (𝑡) . (22)

In the future, we will get (19) without the derivative 𝑢𝑧; for
this we assume that

𝑢 (𝑧, 𝑡) = 𝐺 (𝑧) V (𝑧, 𝑡) . (23)

Now we calculate derivatives as follows:

𝑢𝑧 = 𝐺
V + 𝐺V𝑧,

𝑢𝑧𝑧 = 𝐺
V + 2𝐺V𝑧 + 𝐺V𝑧𝑧,

𝑢𝑡 = 𝐺V𝑡, 𝑢𝑡𝑡 = 𝐺V𝑡𝑡.

(24)

Substituting (24) into (19), we obtain

𝐺V𝑡𝑡 = 𝐺
V + 2𝐺V𝑧 + 𝐺V𝑧𝑧 − 𝑎 (𝑧) 𝐺V𝑡

−
𝑏


𝑏
(𝐺
V + 𝐺V𝑧) − (𝜆𝑏)

2
𝐺V.

(25)

Grouped together, we obtain

V𝑡𝑡 = V𝑧𝑧 + (2
𝐺


𝐺
−
𝑏


𝑏
) V𝑧

− 𝑎 (𝑧) V𝑡 + (
𝐺


𝐺
−
𝑏


𝑏

𝐺


𝐺
− (𝜆𝑏)

2
) V.

(26)

Put that

2
𝐺


𝐺
−
𝑏


𝑏
= 0, (27)

𝑔 (𝑧) =
𝐺


𝐺
−
𝑏


𝑏

𝐺


𝐺
− (𝜆𝑏)

2
. (28)
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Finally, we have

V𝑡𝑡 = V𝑧𝑧 − 𝑎 (𝑧) V𝑡 + 𝑔 (𝑧) V,

V|𝑡<0 = 0, V𝑡|𝑡<0 = 0,

1

𝜇
V𝑧 (0, 𝑡) = 𝑓(2) (𝑡) ,

V (0, 𝑡) = 𝑓(1) (𝑡) .

(29)

From (27) we have

𝐺


𝐺
=
𝑏


2𝑏
; (ln𝐺) = (ln√𝑏)



,

ln𝐺 = ln√𝑏 + ln 𝑆 (0) , 𝑆 (0) = 1,

𝐺 (𝑧) = √𝑏 (𝑧).

(30)

Thus, the function 𝑔(𝑧) is uniquely determined from (28)
by the formula (30).

3. Statement of the Problem with the Data on
the Characteristics

In the domain Δ(𝑙) = {(𝑧, 𝑡)|0 < |𝑧| < 𝑡 < 𝑙} we consider the
inverse problem with data on the characteristics [11]:

V𝑡𝑡 (𝑧, 𝑡) = V𝑧𝑧 (𝑧, 𝑡) − 𝑃V (𝑧, 𝑡) , (𝑧, 𝑡) ∈ Δ𝑙, (31)

V (𝑧, 𝑧) = 𝑆 (𝑧) , 0 ≤ 𝑧 ≤ 𝑙, (32)

V (0, 𝑡) = 𝑓 (𝑡) , 0 ≤ 𝑡 ≤ 2𝑙, (33)

V𝑧 (0, 𝑡) = 𝜑 (𝑡) , 0 ≤ 𝑡 ≤ 2𝑙. (34)

Here

𝑃V (𝑧, 𝑡) = 𝑎 (𝑧) V𝑡 (𝑧, 𝑡) + 𝑔 (𝑧) V (𝑧, 𝑡) ,

𝑓 (𝑡) = 𝑓(1) (𝑡) , 𝜑 (𝑡) = 𝜇𝑓(2) (𝑡) .

(35)

We deem that 𝑎(𝑧) is an unknown function and the
function 𝑔(𝑧) is to be known.

Function 𝑆(𝑧) is a solution to Volterra integral equation
of the second kind:

𝑆 (𝑧) =
1

2
𝛾0 −

1

2
∫

𝑧

0

𝑎 (𝜉) 𝑆 (𝜉) 𝑑𝜉, 𝑧 ∈ (0, 𝑙) . (36)

Inverting the operator (𝜕2/𝜕𝑡2) − (𝜕
2
/𝜕𝑧
2
) in (31) and

taking into account (33) and (34), we obtain

V (𝑧, 𝑡) = Φ (𝑧, 𝑡) + 𝐴 𝑡,𝑧 [𝑃V] , (𝑧, 𝑡) ∈ Δ (𝑙) . (37)

Here we use the following notations:

Φ (𝑧, 𝑡) =
1

2
[𝑓 (𝑡 + 𝑧) + 𝑓 (𝑡 − 𝑧)] +

1

2
∫

𝑡+𝑧

𝑡−𝑧

𝜑 (𝜉) 𝑑𝜉,

𝐴 𝑡,𝑧 [V] =
1

2
∫

𝑧

0

∫

𝑡+𝑧−𝜉

𝑡−𝑧+𝜉

V (𝜉, 𝜏) 𝑑𝜏 𝑑𝜉.

(38)

Differentiating (37) with respect to 𝑡 we obtain

V𝑡 (𝑧, 𝑡)

= Φ𝑡 (𝑧, 𝑡) +
1

2
∫

𝑧

0

[𝑃V (𝜉, 𝑡 + 𝑧 − 𝜉) − 𝑃V (𝜉, 𝑡 − 𝑧 + 𝜉)] 𝑑𝜉.

(39)

Put 𝑡 = 𝑧 + 0 in (37) and use condition (32); then we have

𝑆 (𝑧) = Φ (𝑧, 𝑧 + 0) + 𝐴𝑧+0,𝑧 [𝑃V] . (40)

Differentiating both sides of the resulting equality with
respect to 𝑧 gives

𝑆

(𝑧) = Φ


(𝑧, 𝑧 + 0) + ∫

𝑧

0

𝑃V (𝜉, 2𝑧 − 𝜉) 𝑑𝜉. (41)

It is not difficult to see that the function 𝑞(𝑧) = [𝑆(𝑧)]
−1

satisfies Volterra integral equation of the second kind:

𝑞 (𝑧) = 𝛾
−1
+
1

2
∫

𝑧

0

𝑎 (𝜉) 𝑞 (𝜉) 𝑑𝜉, 𝛾 =
𝛾0

2
. (42)

Taking this into account and the relation 𝑎(𝑧) =

2𝑆

(𝑧)/𝑆(𝑧), we get

𝑎 (𝑧) = 2 [Φ

(𝑧, 𝑧 + 0) + ∫

𝑧

0

𝑃V (𝜉, 2𝑧 − 𝜉) 𝑑𝜉]

⋅ [𝛾
−1
+
1

2
∫

𝑧

0

𝑎 (𝜉) 𝑞 (𝜉) 𝑑𝜉] .

(43)

Thus, we obtain a closed system of integral equations (37),
(39), (42), and (43).

We write this system in vector form as follows:

Υ = 𝐹 + 𝐾 (Υ) , (44)

where

Υ (𝑧, 𝑡) = (Υ1, Υ2, Υ3, Υ4)
𝑇
,

𝐹 (𝑧, 𝑡) = (𝐹1, 𝐹2, 𝐹3, 𝐹4)
𝑇
,

𝐾 (Υ) = (𝐾1 (Υ) , 𝐾2 (Υ) , 𝐾3 (Υ) , 𝐾4 (Υ))
𝑇
,

Υ1 (𝑧, 𝑡) = V (𝑧, 𝑡) , Υ2 (𝑧, 𝑡) = V𝑡 (𝑧, 𝑡) ,

Υ3 (𝑧) = 𝑞 (𝑧) , Υ4 (𝑧) = 𝑎 (𝑧) .

𝐹1 (𝑧, 𝑡) = Φ (𝑧, 𝑡) , 𝐹2 (𝑧, 𝑡) = Φ𝑡 (𝑧, 𝑡) ,

𝐹3 = 𝛾0
−1
, 𝐹4 (𝑧) = 𝜒 (𝑧) ,

(45)
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where 𝜒(𝑧) = 2𝛾−1Φ(𝑧, 𝑧 + 0),

𝐾1 (Υ) =
1

2
∫

𝑧

0

∫

𝑡+𝑧−𝜉

𝑡−𝑧+𝜉

𝑃Υ (𝜉, 𝜏) 𝑑𝜏 𝑑𝜉, (𝑧, 𝑡) ∈ Δ (𝑙) ,

𝐾2 (Υ) =
1

2
∫

𝑧

0

[𝑃Υ (𝜉, 𝑡 + 𝑧 − 𝜉) − 𝑃Υ (𝜉, 𝑡 − 𝑧 + 𝜉)] 𝑑𝜉,

𝐾3 (Υ) =
1

2
∫

𝑧

0

Υ4 (𝜉) Υ3 (𝜉) 𝑑𝜉,

𝐾4 (Υ) = Φ

(𝑧, 𝑧 + 0) ∫

𝑧

0

Υ4 (𝜉) Υ3 (𝜉) 𝑑𝜉

+ 2∫

𝑧

0

𝑃Υ (𝜉, 2𝑧 − 𝜉) 𝑑𝜉

⋅ (𝛾
−1
+
1

2
∫

𝑧

0

Υ4 (𝜉) Υ3 (𝜉) 𝑑𝜉) .

(46)

Here

𝑃Υ (𝑧, 𝑡) = Υ4 (𝑧) ⋅ Υ2 (𝑧, 𝑡) − 𝑔 (𝑧) Υ1 (𝑧, 𝑡) . (47)

We deem that Υ = (Υ1, Υ2, Υ3, Υ4) ∈ 𝐿2(𝑙), if

Υ𝑗 (𝑧, 𝑡) ∈ 𝐿2 (Δ (𝑙)) , 𝑗 = 1, 2;

Υ𝑗 (𝑧) ∈ 𝐿2 (0, 𝑙) , 𝑗 = 3, 4.

(48)

Let Υ(𝑗) = (Υ(𝑗)
1
(𝑧, 𝑡), Υ

(𝑗)

2
(𝑧, 𝑡), Υ

(𝑗)

3
(𝑧), Υ

(𝑗)

4
(𝑧))
𝑇

, 𝑗 = 1, 2.
We define the scalar product and the norm as follows:

⟨Υ
(1)
, Υ
(2)
⟩

=

2

∑

𝑘=1

∫

𝑙

0

∫

2𝑙−𝑧

𝑧

Υ
(1)

𝑘
(𝑧, 𝑡) Υ

(2)

𝑘
(𝑧, 𝑡) 𝑑𝑡 𝑑𝑧

+

4

∑

𝑘=3

∫

𝑙

0

Υ
(1)

𝑘
(𝑧) Υ
(2)

𝑘
(𝑧) 𝑑𝑧,

‖Υ‖
2
= ⟨Υ, Υ⟩ .

(49)

Inverse Problem. Find vector Υ ∈ 𝐿2(𝑙) from (44) for given
𝐹 ∈ 𝐿2(𝑙).

4. Conditional Stability

Studying 𝐻1, conditional stability is similar to that in [12]
where it was done for the inverse acoustic problem.

We suppose ‖𝑎‖2
𝐿
2
(0,𝑙)

= 𝑀1, ‖𝑓‖
2

𝐿
2
(0,𝑙)

+ ‖𝑓

‖
2

𝐿
2
(0,𝑙)

= 𝑀2,
‖𝜑‖
2

𝐿
2
(0,𝑙)

= 𝑀3, and ‖𝑔‖
2

𝐿
2
(0,𝑙)

≤ 𝑀4 to be known.
We define ∑(𝑙,𝑀1, 𝑎∗) as the class of possible solutions

of the inverse problem; namely, 𝑎(𝑧) ∈ ∑(𝑙,𝑀1, 𝑎∗) if 𝑎(𝑧)
satisfies the following conditions:

(1) 𝑎(𝑧) ∈ 𝐻1(0, 𝑙) ∩ 𝐶
1
(0, 𝑙),

(2) ‖𝑎‖𝐻
1(0,𝑙)

≤ 𝑀1,
(3) 0 < 𝑎∗ ≤ 𝑎(𝑧), 𝑥 ∈ (0, 𝑙).

We also define𝐹(𝑙,𝑀2,𝑀3,𝑀4, 𝑘0) as the class of possible
initial data; namely, 𝑓 ∈ 𝐹(𝑙, 𝑄, 𝑘0) if 𝑓 satisfies the following
conditions:

(1) 𝑓 ∈ 𝐻1(0, 2𝑙),

(2) ‖𝑓‖
𝐻
1
(0,2𝑙)

≤ 𝑀2,

(3) 𝑓(+0) = 𝑘0, ‖𝜑‖𝐻
1
(0,2𝑙)

≤ 𝑀3.

Suppose that for 𝑓(1), 𝑓(2) ∈ 𝐹(𝑙,𝑀2,𝑀3,𝑀4, 𝑘0) there
exist 𝑎(1) and 𝑎(2) from ∑(𝑙,𝑀1, 𝑎∗) which solve the inverse
problem:

V(𝑗)𝑡𝑡 (𝑧, 𝑡) = V(𝑗)
𝑧𝑧
(𝑧, 𝑡) − 𝑃V(𝑗) (𝑧, 𝑡) , (𝑧, 𝑡) ∈ Δ (𝑙) ,

V(𝑗) (𝑧, 𝑧) = 𝑆(𝑗) (𝑧) , 0 ≤ 𝑧 ≤ 𝑙,

V(𝑗) (0, 𝑡) = 𝑓(𝑗) (𝑡) , V𝑧 (0, 𝑡) = 𝜑
(𝑗)
(𝑡) , 0 ≤ 𝑡 ≤ 2𝑙,

(50)

for 𝑗 = 1, 2, respectively.
Here

𝑃V(𝑗) (𝑧, 𝑡) = 𝑎(𝑗) (𝑧) V(𝑗)𝑡 (𝑧, 𝑡) + 𝑔 (𝑧) V(𝑗) (𝑧, 𝑡) ,

𝑓
(𝑗)
(𝑡) = 𝑓

(𝑗)

(1)
(𝑡) , 𝜑

(𝑗)
(𝑡) = 𝜇𝑓

(𝑗)

(2)
(𝑡) .

(51)

We deem that the function 𝑔(𝑧) is known and 𝑎(𝑗)(𝑧) is
unknown, 𝑗 = 1, 2. We write the early resulting closed system
in the vector form as follows:

Υ
(𝑗)
= 𝐹
(𝑗)
+ 𝐾 (Υ

(𝑗)
) , 𝑗 = 1, 2, (52)

where

Υ
(𝑗)
= (Υ
(𝑗)

1
, Υ
(𝑗)

2
, Υ
(𝑗)

3
, Υ
(𝑗)

4
)
𝑇

;

Υ
(𝑗)

1
(𝑧, 𝑡) = V(𝑗) (𝑧, 𝑡) , Υ

(𝑗)

2
(𝑧, 𝑡) = V(𝑗)𝑡 (𝑧, 𝑡) ,

(53)

Υ
(𝑗)

3
(𝑧) = 𝑞 (𝑧) , Υ

(𝑗)

4
(𝑧) = 𝑎

(𝑗)
(𝑧) ;

𝐹
(𝑗)
= (𝐹
(𝑗)

1
, 𝐹
(𝑗)

2
, 𝐹
(𝑗)

3
, 𝐹
(𝑗)

4
)
𝑇

, 𝑗 = 1, 2;

𝐹
(𝑗)

1
(𝑧, 𝑡) = Φ

(𝑗)
(𝑧, 𝑡) , 𝐹

(𝑗)

2
(𝑧, 𝑡) = Φ

(𝑗)

𝑡 (𝑧, 𝑡) ,

𝐹3 = 𝑗
−1
, 𝐹4 (𝑧) = 𝜒

(𝑗)
(𝑧) , 𝑗 = 1, 2;

(54)

𝐾1 (Υ
(𝑗)
) =

1

2
∫

𝑧

0

∫

𝑡+𝑧−𝜉

𝑡−𝑧+𝜉

𝑃Υ
(𝑗)
(𝜉, 𝜏) 𝑑𝜏 𝑑𝜉, (𝑧, 𝑙) ∈ Δ (𝑙) ,
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𝐾2 (Υ
(𝑗)
)

=
1

2
∫

𝑧

0

[𝑃Υ
(𝑗)
(𝜉, 𝑡 + 𝑧 − 𝜉) − 𝑃Υ

(𝑗)
(𝜉, 𝑡 − 𝑧 + 𝜉)] 𝑑𝜉,

𝐾3 (Υ
(𝑗)
) =

1

2
∫

𝑧

0

Υ
(𝑗)

4
Υ
(𝑗)

3
𝑑𝜉,

𝐾4 (Υ
(𝑗)
) = Φ

(𝑗)
(𝑧, 𝑧 + 0) ∫

𝑧

0

Υ
(𝑗)

4
(𝜉) Υ
(𝑗)

3
(𝜉) 𝑑𝜉

+ 2∫

𝑧

0

𝑃Υ
(𝑗)
(𝜉, 2𝑧 − 𝜉) 𝑑𝜉

⋅ (𝛾
−1
+
1

2
∫

𝑧

0

Υ
(𝑗)

4
(𝜉) Υ
(𝑗)

3
(𝜉) 𝑑𝜉) .

𝑙𝑎𝑏𝑒𝑙𝑒𝑞55 (55)

Here we denote 𝑃Υ(𝑗)(𝑧, 𝑡) = Υ4(𝑧)Υ2(𝑧, 𝑡) − 𝑔(𝑧)Υ1(𝑧, 𝑡).

Theorem 1. Suppose that, for 𝐹(𝑗) ∈ 𝐿2(𝑙), 𝑗 = 1, 2, there exist
Υ
(𝑗)
∈ 𝐿2(Δ(𝑙)) as the solution of the inverse problem as follows:

Υ
(𝑗)
(𝑧, 𝑡) = 𝐹

(𝑗)
(𝑧, 𝑡) + 𝐾 (Υ

(𝑗)
) , 𝑗 = 1, 2, (𝑧, 𝑡) ∈ Δ (𝑙) .

(56)

Then


Υ
(1)
− Υ
(2)

2

≤ 𝐶

𝑓
(1)
− 𝑓
(2)

2

𝐻
1(0,2𝑙)

, (57)

where

𝐶 = 𝐶 (𝑙,𝑀1,𝑀2,𝑀3,𝑀4, 𝑘0) . (58)

Proof. We introduce

Υ̃ (𝑥, 𝑡) = (Υ̃1 (𝑧, 𝑡) , Υ̃2 (𝑧, 𝑡) , Υ̃3 (𝑧) , Υ̃4 (𝑧))

= Υ
(1)
(𝑧, 𝑡) − Υ

(2)
(𝑧, 𝑡) ,

𝐹 (𝑧, 𝑡) = 𝐹
(1)
(𝑧, 𝑡) − 𝐹

(2)
(𝑧, 𝑡) .

(59)

Then from (52) it follows that

Υ̃ (𝑧, 𝑡) = 𝐹 (𝑧, 𝑡) − 𝐾 (Υ̃) , (𝑧, 𝑡) ∈ Δ (𝑙) . (60)

In the vector equation (60) we estimate each component
separately taking into account the obvious inequalities as
follows:

(𝑎 + 𝑏 + 𝑐)
2
≤ 3 (𝑎

2
+ 𝑏
2
+ 𝑐
2
) ,

(√𝑎 + √𝑏)
2

≤ 2𝑎 + 2𝑏,

(61)

for 𝑎 ≥ 0, 𝑏 ≥ 0.
We obtain the chain of the inequalities:


Υ̃1 (𝑧, 𝑡)


≤

𝐹1 (𝑧, 𝑡)


+
1

2
√∫

𝑧

0


Υ̃3 (𝜉)



2

𝑑𝜉

× [

[

√∫

𝑧

0


Υ
(1)

1
(𝜉, 𝑡 + 𝑧 − 𝜉)



2

𝑑𝜉

+√∫

𝑧

0


Υ
(1)

1
(𝜉, 𝑡 − 𝑧 + 𝜉)



2

𝑑𝜉]

]

+
1

2
√∫

𝑧

0


Υ
(2)

3
(𝜉)


2

𝑑𝜉

× [

[

√∫

𝑧

0


Υ̃1 (𝜉, 𝑡 + 𝑧 − 𝜉)



2

𝑑𝜉

+√∫

𝑧

0


Υ̃2 (𝜉, 𝑡 − 𝑧 + 𝜉)



2

𝑑𝜉]

]

.

(62)

Using the obvious inequality we get

Υ̃1 (𝑧, 𝑡)



2

≤ 3

𝐹1 (𝑧, 𝑡)



2

+
3

2
∫

𝑧

0


Υ̃3 (𝜉)



2

𝑑𝜉

× ∫

𝑧

0

[

Υ
(1)

1
(𝜉, 𝑡 + 𝑧 − 𝜉)



2

+

Υ
(1)

1
(𝜉, 𝑡 − 𝑧 + 𝜉)



2

] 𝑑𝜉

+
3

2
∫

𝑧

0


Υ
(2)

3
(𝜉)


2

𝑑𝜉

× ∫

𝑧

0


Υ̃1 (𝜉, 𝑡 + 𝑧 − 𝜉)



2

+

Υ̃
(2)

1
(𝜉, 𝑡 − 𝑧 + 𝜉)



2

𝑑𝜉.

(63)

Turning to the earlier introduced norms we have

Υ̃1



2

𝐿
2(Δ(𝑙,𝑧))

≤ 3

𝐹1



2

𝐿
2(Δ(𝑙,𝑧))

𝑇

+
3

2
∫

𝑧

0

∫

2𝑙−𝜉

𝜉

{∫

𝜉

0


Υ̃3 (𝜉

)


2

𝑑𝜉


× ∫

𝜉

0

[

Υ
(1)

1
(𝜉

, 𝜏 + 𝜉 − 𝜉


)


2
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+

Υ
(1)

1
(𝜉

, 𝜏 − 𝜉 + 𝜉


)


2

] 𝑑𝜉


+ ∫

𝜉

0


Υ
2

3
(𝜉

)


2

𝑑𝜉


× ∫

𝜉

0

[

Υ̃1 (𝜉

, 𝜏 + 𝜉 − 𝜉


)


2

+

Υ̃
(2)

1
(𝜉

, 𝜏 − 𝜉 + 𝜉


)


2

] 𝑑𝜉

}𝑑𝜏 𝑑𝜉

≤ 3

𝐹1



2

𝐿
2(Δ(𝑙,𝑧))

+ 12Υ
2

∗
∫

𝑧

0

∫

𝜉

0


Υ̃3 (𝜉

)


2

𝑑𝜉

𝑑𝜉 + 12Υ

2

∗
∫

𝑧

0


Υ̃1

𝐿
2
(Δ(𝑙,𝜉))

𝑑𝜉.

(64)

Here

Υ∗ = max {Υ
(1)

,

Υ
(2)

} . (65)

We estimate the second component of (60):


Υ̃2 (𝑧)


≤
1

2
∫

𝑧

0


Υ
(1)

3
(𝜉) Υ̃2 (𝜉)


𝑑𝜉

+
1

2
∫

𝑧

0


Υ
(2)

2
(𝜉) Υ̃3 (𝜉)


𝑑𝜉

≤
1

2
√∫

𝑧

0


Υ
(1)

3
(𝜉)


2

𝑑𝜉√∫

𝑧

0


Υ̃2 (𝜉)



2

𝑑𝜉

+
1

2
√∫

𝑧

0


Υ
(2)

2
(𝜉)


2

𝑑𝜉√∫

𝑧

0


Υ̃3 (𝜉)



2

𝑑𝜉.

(66)

Then we have


Υ̃2



2

𝐿
2(0,𝑧)

≤
1

2
Υ
2

∗
∫

𝑧

0

[

Υ̃2



2

𝐿
2(0,𝜉)

+

Υ̃3



2

𝐿
2(0,𝜉)

] 𝑑𝜉. (67)

We estimate the third component of (60) and we have


Υ̃3



2

𝐿
2(0,𝑙)

≤
1

4
𝑀2 ∫

𝑧

0

[

Υ̃3



2

𝐿
2(0,𝜉)

+𝑀3


Υ̃4



2

𝐿
2(0,𝜉)

] 𝑑𝜉. (68)

Finally, for the fourth component of (60) we get the
estimate


Υ̃4 (𝑧)


≤

𝐹4 (𝑧)


+

4

∑

𝑖=1

𝑤𝑖,

𝑤1 (𝑧) = 2

(𝑓
(1)
)


(𝑧)



𝐾2 (Υ

(1)
) − 𝐾2 (Υ

(2)
)

,

𝑤2 (𝑧) =

𝐾6 (Υ

(1)
) − 𝐾6 (Υ

(2)
)

,

𝑤3 =

𝐾2 (Υ

(1)
)

𝑤2 (𝑧) ,

𝑤4 =

𝐾4 (Υ

(2)
)



𝐾2 (Υ

(1)
) − 𝐾2 (Υ

(2)
)

,

𝑤5 =

(𝑓
(1)
)


− (𝑓
(2)
)



𝐾2 (Υ

(2)
)

,

𝐾6 (Υ) = ∫

𝑧

0

Υ3 (𝜉)Φ1 (𝜉, 2𝑧 − 𝜉) 𝑑𝜉.

(69)

Estimating each term𝑤𝑖(𝑧) and substituting into (69) and
using the obvious inequality

(

4

∑

𝑘=1

𝑏𝑘
)

2

≤ 4

4

∑

𝑘=1

𝑏𝑘


2
, (70)

we obtain

Υ̃4 (𝑧)

𝐿
2
(0,𝑧)

≤ ]0 ∫
𝑧

0

[𝑓

(2𝜉)]
2

𝑑𝜉 +
1

2
]1

Υ̃1

𝐿
2
(Δ(𝑙,𝑧))

+ ∫

𝑧

0

]3 (𝜉)

Υ̃2

𝐿
2
(0,𝜉)

𝑑𝜉

+ ∫

𝑧

0

]3 (𝜉)

Υ̃3

𝐿
2
(0,𝜉)

𝑑𝜉

+ ∫

𝑧

0

]4 (𝜉)

Υ̃4

𝐿
2
(0,𝜉)

𝑑𝜉.

(71)

Now we combine all the obtained estimates for the four
components (60) and denote, for convenience,

𝜓1 (𝑧) =

Υ̃1



2

𝐿
2(Δ(𝑙,𝑧))

, 𝑧 ∈ (0, 𝑙) , (72)

and then

𝜓 (𝑧) = 𝜓1 (𝑧) + 𝜓2 (𝑧) + 𝜓3 (𝑧) + 𝜓4 (𝑧) (73)

and for function 𝜓 we obtain the following estimate:

𝜓 (𝑧) ≤ 𝜂 + ∫

𝑧

0

4

∑

𝑖=1

𝛾𝑖 (𝜉) 𝜓𝑖 (𝜉) 𝑑𝜉, (74)

where 𝜂 = 𝜂(Υ2
∗
, ]1, ]2, ]3, ]4).

Introduce a new function:

] (𝑧) = 𝜂∗ + ∫
𝑧

0

4

∑

𝑖=1

𝛾𝑖 (𝜉) 𝜓𝑖 (𝜉) 𝑑𝜉, 𝜂 < 𝜂∗, (75)

where 𝜂∗ is constant.
Then 𝜓(𝑧) ≤ ](𝑧),

] (𝑧) =
4

∑

𝑖=1

𝛾𝑖 (𝑧) Υ𝑗 (𝑧) ≤ ] (𝑧)
4

∑

𝑖=1

𝛾𝑖 (𝑧) ,

] (𝑧)
] (𝑧)

≤

4

∑

𝑖=1

𝛾𝑖 (𝑧) .

(76)
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Applying the Gronwall inequality we obtain

𝜓 (𝑧) ≤ ] (𝑧) ≤ ] (0) exp{∫
𝑧

0

4

∑

𝑖=1

𝛾𝑖 (𝜉) 𝑑𝜉} ,

∫

𝑧

0

4

∑

𝑖=1

𝛾𝑖 (𝜉) 𝑑𝜉 ≤ 25Υ
2

∗
× 𝑧 + 12Υ

2

∗


𝑓
(1)

2

𝐿
2(0,2𝑙)

+ 12Υ
4

∗
+ 12Υ

2

∗
(12 + Υ

2

∗
⋅ 𝑧) .

(77)

Then from (77) we obtain

Υ
(1)
− Υ
(2)

2

≤ �̃�

𝑓
(1)
− 𝑓
(2)𝐻

1
(0,2𝑙)

, (78)

where the constant 𝐶 > 0 is given by (58).
An explicit expression for the constant as a result of

successive computations is given by

𝐶 = [6𝑙 + 6𝑀1 (
4

𝑘
2
0

+ Υ
4

∗
)(1 + 12Υ

2

∗
𝑙)]

×exp{Υ2
∗
[24𝑙 + 8𝑀2 (

4

𝑘
2
0

+ Υ
4

∗
)(𝑀3 + 36Υ

2

∗
𝑙)

+ 6𝑀2Φ
2
+ 8𝑀4Υ

4

∗
]} .

(79)

5. Conclusions

The conditional stability of the inverse problem for the
geoelectric equation has been investigated. For studying we
consider the integral formulation of the inverse geoelectric
problem. The estimation of the conditional stability of the
inverse problem solution has been obtained or rather lower
changes in input data imply lower changes in the solution
(of the numericalmethod).When determining the additional
information the device errors are possible. That is why this
research is important for experimental studies with usage of
ground penetrating radars.The inlet data belongs to the class
𝐹(𝑙,𝑀2,𝑀3,𝑀4, 𝑘0), while the solution belongs to the class
∑(𝑙,𝑀1, 𝑎∗).
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of solution of a nonstationary inverse problem for a nonho-
mogeneous string,” in Mathematical Questions in the Theory of
Wave Diffraction, vol. 115 of Proceedings of the Steklov Institute of
Mathematics in the Academy of Sciences of the USSR, pp. 30–41,
American Mathematical Society, Providence, RI, USA, 1974.

[3] V. G. Romanov, Inverse Problems of Mathematical Physics, VNU
Science Press, Utrecht, The Netherlands, 1987.

[4] S. I. Kabanikhin andA. Lorenzi, Identification Problems ofWave
phenomena, VSP, Utrecht, The Netherlands, 1999.

[5] V. G. Romanov and M. Yamamoto, “Multidimensional inverse
hyperbolic problem with impulse input and a single boundary
measurement,” Journal of Inverse and Ill-Posed Problems, vol. 7,
no. 6, pp. 573–588, 1999.

[6] V. Baranov and G. Kunetz, “Synthetic seismograms with multi-
plenreflections: theory and numerical experience,” Geophysical
Prospecting, vol. 8, pp. 315–325, 1969.

[7] A. Bamberger, G. Chavent, C. Hemon, and P. Lailly, “Inversion
of normal incidence seismograms,”Geophysics, vol. 47, no. 5, pp.
757–770, 1982.

[8] A. Bamberger, G. Chavent, and P. Lailly, “About the stability
of the inverse problem in 1-D wave equations—applications to
the interpretation of seismic profiles,” Applied Mathematics and
Optimization, vol. 5, no. 1, pp. 1–47, 1979.

[9] S. He and S. I. Kabanikhin, “An optimization approach to
a three-dimensional acoustic inverse problem in the time
domain,” Journal of Mathematical Physics, vol. 36, no. 8, pp.
4028–4043, 1995.

[10] J. S. Azamatov and S. I. Kabanikhin, “Volterra operator equa-
tions. 𝐿2-theory,” Journal of Inverse and Ill-Posed Problems, vol.
7, no. 6, pp. 487–510, 1999.

[11] V. G. Romanov and S. I. Kabanikhin, Inverse Problems for
Maxwell’s Equations, VSP, Utrecht, The Netherlands, 1994.

[12] S. I. Kabanikhin, K. T. Iskakov, and M. Yamamoto, “H1-
conditional stability with explicit Lipshitz constant for a one-
dimensional inverse acoustic problem,” Journal of Inverse and
Ill-Posed Problems, vol. 9, no. 3, pp. 249–267, 2001.

[13] S. I. Kabanikhin and K. T. Iskakov, “Justification of the steepest
descent method in an integral formulation of an inverse prob-
lem for a hyperbolic equation,” Siberian Mathematical journal,
vol. 42, no. 3, pp. 478–494, 2001.

[14] S. I. Kabanikhin and K. T. Iskakov, Optimization Methods
of Coefficient Inverse Problems Solution, NGU, Novosibirsk,
Russia, 2001.

[15] A. L. Bukhgeim and M. V. Klibanov, “Uniqueness in the
large of a class of multidimensional inverse problems,” Soviet
Mathematics Doklady, vol. 17, pp. 244–247, 1981.

[16] M. V. Klibanov, “Carleman estimates for global uniqueness, sta-
bility and numerical methods for coefficient inverse problems,”
Journal of Inverse and Ill-Posed Problems, vol. 21, no. 4, pp. 477–
560, 2013.

[17] M. V. Klibanov, “Uniqueness of the solution of two inverse
problems for a Maxwell system,” Computational Mathematics
and Mathematical Physics, vol. 26, no. 7, pp. 67–73, 1986.

[18] A. V. Kuzhuget, L. Beilina, M. V. Klibanov, A. Sullivan, L.
Nguyen, and M. A. Fiddy, “Blind backscattering experimental
data collected in the field and an approximately globally
convergent inverse algorithm,” Inverse Problems, vol. 28, no. 9,
Article ID 095007, 2012.

[19] L. Beilina andM. V. Klibanov, Approximate Global Convergence
and Adaptivity for Coefficient Inverse Problems, Springer, New
York, NY, USA, 2012.



Mathematical Problems in Engineering 9

[20] A. L. Karchevsky, M. V. Klibanov, L. Nguyen, N. Pantong, and
A. Sullivan, “The Krein method and the globally convergent
method for experimental data,” Applied Numerical Mathemat-
ics, vol. 74, pp. 111–127, 2013.

[21] S. I. Kabanikhin, D. B. Nurseitov, M. A. Shishlenin, and B.
B. Sholpanbaev, “Inverse problems for the ground penetrating
radar,” Journal of Inverse and Ill-Posed Problems, vol. 21, no. 6,
pp. 885–892, 2013.



Research Article
An Adaptive Total Generalized Variation Model with Augmented
Lagrangian Method for Image Denoising

Chuan He,1 Changhua Hu,1 Xiaogang Yang,2 Huafeng He,1 and Qi Zhang1

1 Unit 302, Xi’an Institute of High-Tech, Xi’an 710025, China
2Unit 303, Xi’an Institute of High-Tech, Xi’an 710025, China

Correspondence should be addressed to Chuan He; hechuan8512@163.com

Received 3 March 2014; Revised 20 May 2014; Accepted 25 May 2014; Published 10 July 2014

Academic Editor: Fatih Yaman

Copyright © 2014 Chuan He et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We propose an adaptive total generalized variation (TGV) based model, aiming at achieving a balance between edge preservation
and region smoothness for image denoising. The variable splitting (VS) and the classical augmented Lagrangian method (ALM)
are used to solve the proposed model. With the proposed adaptive model and ALM, the regularization parameter, which balances
the data fidelity and the regularizer, is refreshed with a closed form in each iterate, and the image denoising can be accomplished
without manual interference. Numerical results indicate that our method is effective in staircasing effect suppression and holds
superiority over some other state-of-the-art methods both in quantitative and in qualitative assessment.

1. Introduction

In the past few decades, many variation or partial differential
equation (PDE) based restoration models [1–7] have been
proposed to recover images from degraded observations, due
to the ability of preserving significant image features such as
edges or textures. Among these models, the total variation
(TV) model, also named the Rudin-Osher-Fatemi (ROF)
model [1], is distinguished for excellent edge preserving
ability and becomes one of the most widely used regularizers
in image restoration [1, 2, 8–10]. In particular, the TV
denoising problem is in the following form:

argmin
𝑢

∫
Ω

|∇𝑢| dx + 𝜆
2
∫
Ω

𝑢 − 𝑢0


2dx, (1)

where Ω is an open bounded domain in two dimensions, 𝑢
is the image to be restored, 𝑢0 is the observation containing
Gaussian white noise, and 𝜆 is the regularization parameter
which balances the regularization term and the data fidelity
term.∫

Ω
|∇𝑢|dx is the TV seminormof the bounded variation

(BV) space BV(Ω). The TV model is highly effective in
preserving edges and corners, compared with the quadratic
Tikhonov model. However, only when the original image is
piecewise constant, the TV model is proved to be optimal. In

fact, staircasing effect usually appears becausemost of natural
images are not piecewise constant. Staircasing effect cannot
meet the demands of human vision, due to the new artificial
edges which do not exist in original images.

To overcome the drawback of the TV model, researchers
suggest introducing the higher-order derivatives of image
functions [3–7, 12–16]. In order to eliminate the staircasing
effect of TV model, Chambolle and Lions [14] proposed the
following infimal-convolution minimization functional:

argmin
𝑢,V

∫
Ω

|∇𝑢 − ∇V| dx + 𝛼∫
Ω


𝜕
2V

dx

+ 𝜆∫
Ω

𝑢 − 𝑢0


2dx,
(2)

where discontinuous components of the image are allotted to
𝑢 − V while regions of moderate slopes are assigned to V. The
above model was proved to be practically efficient. Later, a
modified form of (2) was proposed in [5] and its regularizer
is of the following form:

argmin
𝑢,V

∫
Ω

|∇𝑢 − ∇V| dx + 𝛼∫
Ω

|ΔV| dx. (3)
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That is, the second-order derivative in (2) is substituted by
the Laplacian in (3).The similar use of Laplacian operator can
also be seen in some PDE-based methods [3].

Since the classical TVmodel could not distinguish jumps
from smooth transitions, Chan et al. [12] considered an
additional penalization of the discontinuities in images.
Precisely, they adopt

∫
Ω

|∇𝑢| dx + 𝛼∫
Ω

𝜓 (|∇𝑢|) ℎ (Δ𝑢) dx (4)

as the regularization term, where 𝜓 is a real-valued function
whose value approaches 0 while |∇𝑢| approaches infinity.The
absence of the staircasing effect for this choice was verified in
[15].

Bredies et al. [17] proposed the concept of total gen-
eralized variation (TGV), which is considered to be the
generalization of TV. The TGV model is defined as

TGV𝑘
𝛼
(𝑢) = sup {∫

Ω

𝑢 div𝑘V dx | V ∈ 𝐶𝑘
𝑐
(Ω, Sym𝑘 (R𝑑)) ,


div𝑙V∞ ≤ 𝛼𝑙,

𝑙 = 0, . . . , 𝑘 − 1}

with

Sym𝑘 (R𝑑) = {𝜁 : R𝑑 ×R𝑑 ⋅ ⋅ ⋅ ×R𝑑⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑘 times
→ R

𝜁 is 𝑘-linear and symmetric } ,

(5)

where 𝑑 ≥ 1 denotes the image dimension, and, throughout
this paper, we assume 𝑑 = 2; Sym𝑘(R𝑑) is the space of
symmetric 𝑘-tensors on R𝑑; 𝐶𝑘

𝑐
(Ω, Sym𝑘(R𝑑)) is the space

of compactly supported symmetric tensor field; 𝛼𝑙 is fixed
positive parameter. From the definition of TGV𝑘

𝛼
, we learn

that it involves the derivatives of 𝑢 of order one to 𝑘. When
𝑘 = 1 and 𝛼0 = 1, TGV

𝑘

𝛼
degenerates to the classical TV.Thus

TGV can be seen as a generalization of TV.
TGV involves and balances higher-order derivatives of 𝑢.

Image reconstruction with TGV regularization usually leads
to result with piecewise polynomial intensities and sharp
edges.Therefore, TGV can effectively suppress the staircasing
effect. In [17], an accelerated first-order method of Nesterov
[18] was proposed to solve the TGV-regularized denoising
problem.

In this paper, we propose an adaptive second-order TGV-
regularized model for denoising and derive an augmented
Lagrangian approach to handle the suggested model. Our
denoising model is as follows:

argmin
𝑢

TGV2
𝛼
(𝑢) s.t. ∫

Ω

𝑢 − 𝑢0


2dx ≤ 𝑐. (6)

According to the standard Lagrange duality, for a given 𝑐,
there exists a nonnegative 𝜆 such that

argmin
𝑢

TGV2
𝛼
(𝑢) +

𝜆

2
∫
Ω

𝑢 − 𝑢0


2dx (7)

is equivalent to (6). However, with (6), we can automatically
estimate the regularization parameter 𝜆. We first utilize an
indicator function of the feasible set to transform problem
(6) into an unconstrained one; then the variable splitting
technique is applied to transform the resulting unconstrained
problem into a problem with linear penalizing constraints;
finally, the obtained constrained problem is solved by the
alternating direction method of multipliers (ADMM) [19–
22], which is an instance of the classical ALM. The result-
ing image denoising algorithm is effective in staircasing
effect suppression compared with some TV-based denoising
methods, due to the second-order TGV regularizer. Besides,
it achieves the adaptive estimation of the regularization
parameter without inner iterative scheme. It is worth noting
that the idea of this paper can be extended to TGV models
with higher order than two. However, for simplicity, we only
treat the second-order model and this is adequate for a large
class of natural images.

Our method differs from the previous works on at
least two aspects. On one hand, compared with [16], which
adopted the accelerated first-order method of Nesterov [18]
to handle the unconstrained TGV-based denoising problem
(7), we apply ALM to the constrained TGV-based denoising
problem (6) and achieve the automatic estimation of the
regularization parameter 𝜆. Our strategy avoids the extra
cost on the manual selection of 𝜆 by try-and-error. On the
other hand, compared with the existing TV-based adaptive
methods [10, 23, 24], we propose amore complicated adaptive
method based on TGV, and it is apt to achievemore attractive
results than the TV-based methods.

The outline of the rest of the paper is organized as
follows. Section 2 provides the description of the adaptive
second-order TGV-based model for image denoising. Based
on the Lagrange duality, an equivalent form of TGV2

𝛼
is

suggested. The derivation of the proposed method is pre-
sented in Section 3. Section 4 gives the numerical results that
demonstrate the effectiveness of the proposed method. At
last, Section 5 ends this paper with a brief conclusion.

2. Adaptive Second-Order TGV-Based Model
for Image Denoising

The space of bounded generalized variation (BGV) functions
of order 𝑘 with weight 𝛼 is defined as

BGV𝑘
𝛼
(Ω) = {𝑢 ∈ 𝐿

1
(Ω)

TGV𝑘
𝛼
(𝑢) < ∞} . (8)

Correspondingly, the BGV norm is defined as

‖𝑢‖BGV𝑘
𝛼

= ‖𝑢‖1 + TGV
𝑘

𝛼
(𝑢) . (9)

The TGV seminorm rather than the BGV norm is usually
used as a regularizer.
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In this paper, we just take 𝑘 = 2 into consideration for
simplicity. The second-order TGV can be written as

TGV2
𝛼
(𝑢) = sup {∫

Ω

𝑢 div2V dx V ∈ 𝐶
2

𝑐
(Ω, Sym2 (R𝑑)) ,

‖V‖∞ ≤ 𝛼0, ‖div V‖∞ ≤ 𝛼1} ,

(10)

where the divergences are defined as

(div V)𝑖 =
𝑑

∑

𝑗=1

𝜕V𝑖𝑗
𝜕𝑥𝑗

, 1 ≤ 𝑖 ≤ 𝑑; div2V =
𝑑

∑

𝑖,𝑗=1

𝜕
2V𝑖𝑗
𝜕𝑥𝑖𝜕𝑥𝑗

. (11)

In fact, Sym2(R𝑑) is equivalent to the space of all symmetric
𝑑 × 𝑑matrices. The infinite norms in (10) are given by

‖V‖∞ = sup
x∈Ω
(

𝑑

∑

𝑖,𝑗=1


V𝑖𝑗 (x)



2

)

1/2

,

‖div V‖∞ = sup
x∈Ω
(

𝑑

∑

𝑖=1

(div V)𝑖


2
)

1/2

.

(12)

For the convenience of the derivation of our algorithm,we
apply the discrete form in the following and the tensors and
vectors are denoted in bold type font. In order to make use of
ADMM, we apply an equivalent definition of TGV2

𝛼
[17, 22]

based on the Lagrange duality. With this definition, we have

TGV2
𝛼
(u) = min

p
𝛼0‖𝜀 (p)‖1 + 𝛼1‖∇u − p‖1, (13)

where u ∈ R𝑚𝑛 denotes an 𝑚 × 𝑛 image, p ∈ R𝑚𝑛 × R𝑚𝑛

belongs to the two-dimensional 1-tensor field, and 𝜀 denotes
the symmetrized derivative operator. Suppose that 𝑢𝑖,𝑗 and
p𝑖,𝑗 denote the (𝑖, 𝑗)th components of u and p, respectively.
Then we have p𝑖,𝑗 = [𝑝𝑖,𝑗,1, 𝑝𝑖,𝑗,2] ∈ Sym1(R2) and the (𝑖, 𝑗)th
component of 𝜀(p) is given by

𝜀(p)𝑖,𝑗 = [
𝜀(p)𝑖,𝑗,1 𝜀(p)𝑖,𝑗,3
𝜀(p)𝑖,𝑗,3 𝜀(p)𝑖,𝑗,2

]

=
[
[
[

[

∇𝑥
1

𝑝𝑖,𝑗,1

(∇𝑥
2

𝑝𝑖,𝑗,1 + ∇𝑥
1

𝑝𝑖,𝑗,2)

2

(∇𝑥
2

𝑝𝑖,𝑗,1 + ∇𝑥
1

𝑝𝑖,𝑗,2)

2
∇𝑥
2

𝑝𝑖,𝑗,2

]
]
]

]

∈ Sym2 (R2) 0 ≤ 𝑖 ≤ 𝑚, 0 ≤ 𝑗 ≤ 𝑛,
(14)

where ∇𝑥1 and ∇𝑥
2

denote the difference operators in
directions 𝑥1 and 𝑥2. According to the definition of
operators ∇ and 𝜀, (∇u)𝑖,𝑗 and 𝜀(p)𝑖,𝑗 are two-dimensional
1-tensor and symmetric 2-tensor, respectively. Besides, the
‖‖1s of p and 𝜀(p) are defined as ‖p‖1 = ∑

𝑚,𝑛

𝑖,𝑗
|p𝑖,𝑗| =

∑
𝑚,𝑛

𝑖,𝑗 √𝑝
2
𝑖,𝑗,1
+ 𝑝
2
𝑖,𝑗,2

and ‖𝜀(p)‖1 = ∑
𝑚,𝑛

𝑖,𝑗
|𝜀(p)𝑖,𝑗| =

∑
𝑚,𝑛

𝑖,𝑗
√𝜀(p)2

𝑖,𝑗,1
+ 𝜀(p)2

𝑖,𝑗,2
+ 2𝜀(p)2

𝑖,𝑗,3
, respectively. The

deduction of (13) is given in the Appendix.
Then the constrained second-order TGV-regularized

denoising problem (6) can be rewritten as

argmin
u,p

𝛼0‖𝜀 (p)‖1 + 𝛼1‖∇u − p‖1

s.t. u − u0


2

2
≤ 𝑐.

(15)

3. Methodology

3.1. The Augmented Lagrangian Model of Adaptive TGV-
Based Denoising. Problem (15) can be transformed into an
unconstrained problem, with the following discontinuous
objective functional:

argmin
u,p

𝛼0‖𝜀 (p)‖1 + 𝛼1‖∇u − p‖1 + 𝐼Φ (u) , (16)

where 𝐼Φ(u) is the indicator function of the feasible set
defined by

𝐼Φ (u) = {
0, if u ∈ Φ ≜ {u : u − u0



2

2
≤ 𝑐} ;

+∞ otherwise.
(17)

Note that Φ is a closed Euclidean ball centered at u0 with
radius√𝑐.

The solution of problem (16) suffers from its nonlinearity
andnondifferentiability. Referring to the variable splitting, we
introduce three auxiliary variables to simplify the solution
process of (16): a variable w for liberating u out from the
constraint of the feasible set; a variable y and a variable z for
liberating 𝜀(p) and ∇u − p out from the nondifferentiable 1-
norms, respectively. Then problem (16) can be transformed
into the following equivalent constrained problem:

argmin
u,p

𝛼0
y
1 + 𝛼1‖z‖1 + 𝐼Φ (w)

s.t. u = w, 𝜀 (p) = y, ∇u − p = z.
(18)

In order to liberate u out from the feasible set constraint,
we introduce auxiliary variable w. Similar operation can also
be found in [10]. Without this operation, we should resort
to an inner iterative scheme to update the regularization
parameter.

The corresponding augmented Lagrangian functional of
(18) is defined as

LA (u, p,w, y, z;𝜇, 𝜉, 𝜂) ≜ 𝐼Φ (w) − ⟨𝜇,w − u⟩

+
𝛽1

2
‖w − u‖22 + 𝛼0

y
1

− ⟨𝜉, y − 𝜀 (p)⟩
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+
𝛽2

2

y − 𝜀 (p)


2

2
+ 𝛼1‖z‖1

− ⟨𝜂, z − ∇u + p⟩

+
𝛽3

2
‖z − ∇u + p‖22,

(19)

where 𝜇, 𝜉, and 𝜂 are Lagrange multipliers and 𝛽1, 𝛽2,
and 𝛽3 are penalty parameters which should be positive.
According to the classical ADMM, we should solve the
following iterative scheme:

u𝑘+1 = argmin
u

LA (u, p
𝑘
,w𝑘, y𝑘, z𝑘;𝜇𝑘, 𝜉𝑘, 𝜂𝑘) ,

p𝑘+1 = argmin
p

LA (u
𝑘+1
, p,w𝑘, y𝑘, z𝑘;𝜇𝑘, 𝜉𝑘, 𝜂𝑘) ,

w𝑘+1 = argmin
w

LA (u
𝑘+1
, p𝑘+1,w, y𝑘, z𝑘;𝜇𝑘, 𝜉𝑘, 𝜂𝑘) ,

y𝑘+1 = argmin
y

LA (u
𝑘+1
, p𝑘+1,w𝑘+1, y, z𝑘;𝜇𝑘, 𝜉𝑘, 𝜂𝑘) ,

z𝑘+1 = argmin
z

LA (u
𝑘+1
, p𝑘+1,w𝑘+1, y𝑘+1, z;𝜇𝑘, 𝜉𝑘, 𝜂𝑘) ,

𝜇
𝑘+1
= 𝜇
𝑘
− 𝛽1 (w

𝑘+1
− u𝑘+1) ,

𝜉
𝑘+1
= 𝜉
𝑘
− 𝛽2 (y

𝑘+1
− 𝜀 (u𝑘+1)) ,

𝜂
𝑘+1
= 𝜂
𝑘
− 𝛽3 (z

𝑘+1
− ∇u𝑘+1 + p𝑘+1) .

(20)

3.2. Solution of the Subproblems. With the auxiliary w,
the u subproblem becomes quadratic and irrelevant to the
constraint of the feasible set. It allows the following objective:

u𝑘+1 = argmin
u

𝛽1

2



w𝑘 − u − 𝜇
𝑘

𝛽1



2

2

+
𝛽3

2



z𝑘 − ∇u + p𝑘 − 𝜂
𝑘

𝛽3



2

2

.

(21)

Theminimization problem (21) can be solved by the following
equation:

u𝑘+1 = (𝛽1
𝛽3

I + ∇𝑇∇)
−1

(
𝛽1

𝛽3

(w𝑘 − 𝜇
𝑘

𝛽1

)

+∇
𝑇
(z𝑘 + p𝑘 − 𝜂

𝑘

𝛽3

)) .

(22)

With the circulant boundary condition of images, we can
solve (22) with several FFTs and IFFTs [8, 10].

Following the same way, the subproblem with respect to
p is also quadratic and we have the objective functional as
follows:

p𝑘+1 = argmin
p

𝛽2

2



y𝑘 − 𝜀 (p) − 𝜉
𝑘

𝛽2



2

2

+
𝛽3

2



z𝑘 − ∇u𝑘+1 + p − 𝜂
𝑘

𝛽3



2

2

.

(23)

Then, for p𝑘+1
1

, we have

(𝛽2∇
𝑇

𝑥
1

∇𝑥
1

+
𝛽2

2
∇
𝑇

𝑥
2

∇𝑥
2

+ 𝛽3I) p
𝑘+1

1

= 𝛽2 [∇
𝑇

𝑥
1

(y𝑘
1
−
𝜉
𝑘

1

𝛽2

) + ∇
𝑇

𝑥
2

(y𝑘
3
−
𝜉
𝑘

3

𝛽2

−
1

2
∇𝑥
1

p𝑘
2
)]

+ 𝛽3 (∇𝑥
1

u𝑘+1 +
𝜂
𝑘

1

𝛽3

− z𝑘
1
) ,

(24)

and for p𝑘+1
2

, we have

(𝛽2∇
𝑇

𝑥
2

∇𝑥
2

+
𝛽2

2
∇
𝑇

𝑥
1

∇𝑥
1

+ 𝛽3I) p
𝑘+1

2

= 𝛽2 [∇
𝑇

𝑥
2

(y𝑘
2
−
𝜉
𝑘

2

𝛽2

) + ∇
𝑇

𝑥
1

(y𝑘
3
−
𝜉
𝑘

3

𝛽2

−
1

2
∇𝑥
2

p𝑘+1
1
)]

+ 𝛽3 (∇𝑥
2

u𝑘+1 +
𝜂
𝑘

2

𝛽3

− z𝑘
2
) ,

(25)

where p1 and p2 are the combinations of 𝑝𝑖,𝑗,1 and 𝑝𝑖,𝑗,2 (0 ≤
𝑖 ≤ 𝑚, 0 ≤ 𝑗 ≤ 𝑛), respectively. Similar to the solution of
(22), problems (24) and (25) can also be solved conveniently
through several FFTs and IFFTs under the assumption of the
circulant boundary condition.

The subproblem for y can be written as

y𝑘+1 = argmin
y

y
1 +

𝛽2

2𝛼0



y − 𝜀 (p𝑘+1) − 𝜉
𝑘

𝛽2



2

2

. (26)

Problem (26) can be solved component-wisely through the
following 4-dimensional shrinkage operation:

y𝑘+1
𝑖,𝑗
= max

{

{

{



𝜀(p𝑘+1)
𝑖,𝑗
+

𝜉
𝑘

𝑖,𝑗

𝛽2

2

−
𝛼0

𝛽2

, 0
}

}

}

×

𝜀(p𝑘+1)
𝑖,𝑗
+ (𝜉
𝑘

𝑖,𝑗
/𝛽2)


𝜀(p𝑘+1)

𝑖,𝑗
+ (𝜉
𝑘

𝑖,𝑗
/𝛽2)
2

0 ≤ 𝑖 ≤ 𝑚, 0 ≤ 𝑗 ≤ 𝑛.

(27)

The z subproblem is given by

z𝑘+1 = argmin
z
‖z‖1 +

𝛽3

2𝛼1



z − ∇u𝑘+1 + p𝑘+1 − 𝜂
𝑘

𝛽3



2

2

, (28)
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Input: u0, 𝑐.
(1) Initialize u0, p0,w0, y0, z0,𝜇0, 𝜉0, 𝜂0. Set 𝑘 = 0 and 𝛽1, 𝛽2, 𝛽3 > 0.
(2) while stopping criterion is not satisfied, do
(3) Compute u𝑘+1 according to (22);
(4) Compute p𝑘+1 according to (24) and (25);
(5) Compute y𝑘+1 according to (27);
(6) Compute z𝑘+1 according to (29);
(5) if (32) holds, then
(6) 𝜆

𝑘+1
= 0 and w𝑘+1 = u𝑘+1 + (𝜇𝑘/𝛽1);

(7) else
(8) Update 𝜆𝑘+1 and w𝑘+1 according to (34) and (31);
(9) end if
(10) Update 𝜇𝑘+1, 𝜉𝑘+1, and 𝜂𝑘+1 according to (20);
(11) 𝑘 = 𝑘 + 1;
(12) end while
(13) return u𝑘+1.

Algorithm 1: Algorithm TGV2ID-ADMM: Second-order TGV-regularized image denoising with ADMM.

and it can be solved component-wisely through the following
2-dimensional shrinkage operation:

z𝑘+1
𝑖,𝑗
= max

{

{

{



(∇u𝑘+1)
𝑖,𝑗
+

𝜂
𝑘

𝑖,𝑗

𝛽3

− p𝑘+1
𝑖,𝑗

2

−
𝛼1

𝛽3

, 0
}

}

}

×

(∇u𝑘+1)
𝑖,𝑗
+ (𝜂
𝑘

𝑖,𝑗
/𝛽3) − p𝑘+1𝑖,𝑗


(∇u𝑘+1)

𝑖,𝑗
+ (𝜂
𝑘
𝑖,𝑗
/𝛽3) − p𝑘+1𝑖,𝑗

2

,

0 ≤ 𝑖 ≤ 𝑚, 0 ≤ 𝑗 ≤ 𝑛.

(29)

The subproblem with respect to w can be written as

w𝑘+1 = argmin
w
𝐼Φ (w) +

𝛽1

2



w − (u𝑘+1 + 𝜇
𝑘

𝛽1

)



2

2

= argmin
w

𝜆
𝑘+1

2

w − u0


2

2

+
𝛽1

2



w − (u𝑘+1 + 𝜇
𝑘

𝛽1

)



2

2

.

(30)

Consequently, the solution of problem (30) is

w𝑘+1 =
𝜆
𝑘+1u0 + 𝛽1 (u𝑘+1 + (𝜇𝑘/𝛽1))

𝜆𝑘+1 + 𝛽1

. (31)

The solution of 𝜆𝑘+1 falls into two cases according to the range
of u𝑘+1 + (𝜇𝑘/𝛽1). On one hand, if



u𝑘+1 + 𝜇
𝑘

𝛽1

− u0


2

2

≤ 𝑐, (32)

we can set 𝜆𝑘+1 = 0, and, obviously, w𝑘+1 = u𝑘+1 + 𝜇𝑘/𝛽1
satisfies the feasible set constraint. On the other hand, if (32)
is not true, w𝑘+1 should fulfill the following equation:


w𝑘+1 − u0



2

2
= 𝑐. (33)

Substituting (31) into (33), we get

𝜆
𝑘+1
=

𝛽1


u𝑘+1 + (𝜇𝑘/𝛽1) − u0

2

√𝑐
− 𝛽1.

(34)

The resulting image denoising algorithm is summarized in
Algorithm 1 TGV2ID-ADMM.

The adoption of the variablew is essential for the adaptive
estimate of the regularization parameter 𝜆. With the assis-
tance ofw,u is liberated out from the constraint of the feasible
set. Thus, the update of 𝜆 is free from the disturbance of the
update of u, and a closed form for updating 𝜆 is achieved in
each step without inner iteration. From functionals (16) and
(18) we learn that, by setting (𝛼0, 𝛼1) = (0, 1), (y, p) = (0, 0),
and 𝛽2 = 0, Algorithm TGV2ID-ADMM will degenerate to
a TV-based denoising algorithm, and we denote this case as
TGV1ID-ADMM.

The convergence of Algorithm TGV2ID-ADMM follows
from the convergence analysis for the TV-based ADMM in
[11, 25], due to the convex property of TGV2

𝛼
. In this paper,

we do not repeat the lengthy analysis procedure. However,
we have the following essential convergence theorem for the
proposed method.

Theorem 1. For fixed 𝛽1, 𝛽2, 𝛽3 > 0, the sequence {u𝑘, p𝑘,w𝑘,
y𝑘, z𝑘,𝜇𝑘, 𝜉𝑘, 𝜂𝑘, 𝜆𝑘} generated by Algorithm TGV2ID-ADMM
from any initial point (u0, p0,w0, y0, z0,𝜇0, 𝜉0, 𝜂0) converges
to (u∗, p∗,w∗, y∗, z∗,𝜇∗, 𝜉∗, 𝜂∗, 𝜆∗), where u∗ is the solution
of functional (15) and 𝜆∗ is the regularization parameter
corresponding to the feasible set constraint u ∈ Φ.

4. Experiment Results

In this section, we illustrate the effectiveness of the proposed
algorithm on suppressing staircasing effect and removing
Gaussian noise in image. Besides, we also show the robustness
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Table 1: Results of the staircasing effect reduction experiment.

Piecewise affine image denoising with 𝜎 = 15
Model RMSE PSNR Iterations Time (s)
Noised 14.99 24.61 — —
TGV2 1.89 42.61 155 18.21
TGV1 2.40 39.81 128 7.76

of the results with respect to the penalty parameters. We per-
formed our algorithm under MATLAB v7.8.0 and Windows
7 on a PC with an Intel Core (TM) i5 CPU at 3.20GHz and
8GB of RAM.

The rootmean squared error (RMSE) and the peak signal-
to-noise ratio (PSNR) used in comparison are defined as

RMSE =
u − uclean

2

√𝑚𝑛
,

PSNR = 10 log
10
(
255
2
⋅ 𝑚𝑛

u − uclean


2

2

) ,

(35)

where uclean is the original image that contains no noise.
Besides, in subsections 4.1 and 4.2, we set the penalty
parameters as𝛽1 = 10

(BSNR/10−1)
×𝛽 and𝛽2 = 𝛽3 = 𝛽 = 0.3 for

TGV2ID-ADMM (𝛽2 = 0 for TGV
1ID-ADMM) to achieve

consistently promising result with fast speed, where BSNR is
the blurred signal-to-noise ratio defined by BSNR = 10 log10
(var(u0)/𝜎2) (var(u0) denotes the variance of u0).

4.1. Staircasing Effect Reduction by the Proposed Method. We
first compare Algorithm TGV2ID-ADMM with Algorithm
TGV1ID-ADMM to illustrate the effectiveness of TGV2

𝛼

model in staircasing effect reduction. We use ‖u𝑘+1 − u𝑘‖2
2
/

‖u𝑘‖2
2
≤ 10
−6 as the stopping criteria for these two algorithms,

where u𝑘 denotes the restored result in the 𝑘th iteration. For
the second-order case, we set (𝛼0, 𝛼1) = (3, 1), whereas for the
one-order case, we set (𝛼0, 𝛼1) = (0, 1).

In this experiment, we use a synthetic piecewise affine
image shown in Figure 1 as the test image. The original
image is contaminated byGaussian noise of standard variance
𝜎 = 15 at first. Then we imply TGV2ID-ADMM and
TGV1ID-ADMM to remove the noise. Table 1 shows the
results in terms of RMSE, PSNR, total iterations, and CPU
time. The ground truth, noised, and restored images by
the two algorithms are displayed in Figure 1. Furthermore,
for better visualization, we additionally provide the three-
dimensional close-ups of the marked regions of the two
restored images in Figure 1. From Table 1 we observe that
TGV2ID-ADMMdoes better than TGV1ID-ADMM in terms
of both RMSE and PSNR. Figure 1 shows that the denoised
image of TGV2ID-ADMMalmost contains no artificial edges
in affine regions. In contrast, the restored result of TGV1ID-
ADMM contains obvious staircasing effect in affine regions.
The three-dimensional closed-ups vividly demonstrate this

phenomenon. This illustrates that our TGV-based algorithm
is effective in staircasing effect reduction.

Table 1 also shows that, to accomplish the denoising
task, TGV2ID-ADMM usually costs more CPU time than
TGV1ID-ADMM, since TGV2

𝛼
model involves much more

calculation. However, the cost is worthy due to the impressive
improvement on both quantitative and qualitative restoration
quality. Figure 2 displays the evolutions of 𝜆s and PSNRs
achieved by the two algorithms. It is learnt that, the regular-
ization parameters of both converge to the optimal points at
last, which guarantees the automatic implementation of the
two algorithms.

4.2. Comparison in Accuracy. In this subsection, we compare
TGV2ID-ADMM with the other two famous adaptive TV-
based denoising algorithms: Chambolle’s projection algo-
rithm [23] and Split Bregman algorithm [24], both possessing
public online implementations at “http://www.ipol.im/”. Two
natural images, Lena andPeppers both of size 512× 512 shown
in Figure 3, are used for comparison. The parameter setting
for TGV2ID-ADMM is the same as that in the previous
subsection. We obtain the test results of the two competitors
through online experimental operation.

We add Gaussian noise of standard variances of 20, 30,
and 40 to Lena and Peppers to obtain the noised obser-
vations, respectively. Then we apply these three algorithms
to restore the noisy images. Table 2 shows the comparison
results in terms of RMSE and PSNR. The best result for
each comparison item is highlighted in bold type font.
Table 2 shows that TGV2ID-ADMM holds superiority on
both RMSE and PSNR for all the tested cases. Figure 4
displays the noised Lena under Gaussian noise of 𝜎 =

30 and the restorations by the three algorithms, whereas
Figure 5 exhibits the noised Peppers under Gaussian noise of
𝜎 = 40 and the corresponding restorations. Figures 4 and 5
demonstrate that TGV2ID-ADMMobtains resultswith better
visual impression and efficiently suppresses the staircasing
effect. In contrast, both TV-based Chambolle’s projection
algorithm and TV-based Split Bregman algorithm achieve
results with obvious staircasing effect. Since we apply test
images with different levels of noise, the robustness of our
algorithm towards the noise level is verified to a certain
extent.

4.3. Solution Robustness with Respect to the Penalty Parame-
ters. Although the positive assumption of penalty parameters
is sufficient for the convergence of ADMM, the results of
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Figure 1: First row: ground truth and Gaussian noised (𝜎 = 15) piecewise affine images; second row: restored images by TGV2ID-ADMM
and TGV1ID-ADMM; third row: three-dimensional close-ups of the marked regions in the two restored images.

ADMMare commonly influenced by the choice of the penalty
parameters to a certain extent in practice. As suggested by
a referee, we add an experiment to show the robustness of
the results of TGV2ID-ADMM with respect to the penalty
parameters, under the two denoising background problems
mentioned above, that is, the Lena denoising problem under

Gaussian noise of 𝜎 = 30 and the Peppers denoising prob-
lem under Gaussian noise of 𝜎 = 40. We still set 𝛽1 =
10
(BSNR/10−1)

× 𝛽 and 𝛽2 = 𝛽3 = 𝛽 but change 𝛽 from 0.01
to 1 with a step size of 0.01. In Figure 6, we plot PSNR versus
𝛽 for the denoised Lena and Peppers. Figure 6 demonstrates
that the optimal 𝛽 should be focalized in [0.2, 0.3] and its
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Table 2: Comparison results in accuracy.

𝜎
Noised TGV2ID-ADMM Chambolle Split Bregman

RMSE PSNR RMSE PSNR RMSE PSNR RMSE PSNR
Lena 512 × 512

20 19.99 22.11 7.09 31.12 7.40 30.75 8.05 30.01
30 30.00 18.59 8.67 29.37 9.45 28.62 9.95 28.17
40 39.97 16.10 10.06 28.07 10.54 27.67 11.66 26.80

Peppers 512 × 512
20 19.96 22.13 7.05 31.17 7.38 30.77 7.82 30.27
30 29.98 18.59 8.68 29.36 9.43 28.64 9.92 28.20
40 40.10 16.07 9.74 28.36 10.74 27.51 12.38 26.28
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Figure 2: Evolutions of 𝜆s (a) and PSNRs (b) achieved by TGV2ID-ADMM (TGV2) and TGV1ID-ADMM (TGV1).

(a) (b)

Figure 3: Test images: Lena and Peppers.
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Figure 4: Noised Lena under Gaussian noise of 𝜎 = 30 and the restorations by TGV2ID-ADMM, Chambolle, and Split Bregman, respectively.
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Figure 5: Noised Peppers under Gaussian noise of 𝜎 = 40 and the restorations by TGV2ID-ADMM, Chambolle, and Split Bregman,
respectively.
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(a) Lena image under Gaussian noise of 𝜎 = 30
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(b) Peppers image under Gaussian noise of 𝜎 = 40

Figure 6: PSNR versus 𝛽 for (a) Lena image under Gaussian noise of 𝜎 = 30 and (b) Peppers image under Gaussian noise of 𝜎 = 40,
respectively. The absolute error between the maximum and the minimum of PSNR for each image is less than 0.18 dB.

location is robust towards the variation of image and noise
level. The results of our method possess sufficient robustness
with respect to the variation of penalty parameters to a certain
extent, since the absolute error between the maximum and
the minimum of PSNR is less than 0.18 dB in the experiment,
and this error could not introduce obvious distinction in
visual quality. In the former two experiments, the setting of
𝛽 = 0.3 is approximately optimal for the proposed algorithm.

5. Concluding Remarks

We propose an adaptive TGV-based model for noise removal
in this paper. The variable splitting (VS) and the classical
augmented Lagrangian method are used to handle the pro-
posed model. From the experimental results, we observe that
the proposed algorithm is effective in suppressing staircasing
effect and preserving edges in images, and it is superior
to some other famed adaptive denoising methods both in
quantitative and in qualitative assessment. Besides, our work
can be smoothly generalized to image deblurring problems.

Appendix

The Equivalent Definition of TGV2
𝛼

In discrete version, we have

TGV2
𝛼
(u) = max

v,d
{ ⟨u, div d⟩ | div v = d,

‖v‖∞ ≤ 𝛼0, ‖d‖∞ ≤ 𝛼1} ,
(A.1)

where

‖v‖∞ = max
𝑖,𝑗
(V2
𝑖,𝑗,1
+ V2
𝑖,𝑗,2
+ 2V2
𝑖,𝑗,3
)
1/2

,

‖d‖∞ = max
𝑖,𝑗
(𝑑
2

𝑖,𝑗,1
+ 𝑑
2

𝑖,𝑗,2
)
1/2

(v𝑖,𝑗 = [
V𝑖,𝑗,1 V𝑖,𝑗,3
V𝑖,𝑗,3 V𝑖,𝑗,2

] , d𝑖,𝑗 = [𝑑𝑖,𝑗,1, 𝑑𝑖,𝑗,2] ) .

(A.2)

Therefore, according to the Lagrange duality, we have

TGV2
𝛼
(u) = min

p
max

‖v‖∞≤𝛼0,‖d‖∞≤𝛼1
⟨u, div d⟩ + ⟨p, d − div v⟩

= min
p

max
‖v‖∞≤𝛼0,‖d‖∞≤𝛼1

⟨−∇u, d⟩ + ⟨p, d⟩ + ⟨𝜀 (p) , v⟩

= min
p

max
‖v‖∞≤𝛼0,‖d‖∞≤𝛼1

⟨p − ∇u, d⟩ + ⟨𝜀 (p) , v⟩

= min
p
𝛼0‖𝜀 (p)‖1 + 𝛼1‖∇u − p‖1.

(A.3)

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors would like to thank Editor Fatih Yaman and
anonymous referees for their valuable comments. Their help
has greatly enhanced the quality of this paper. This work was
partially supported by the National Natural Science Foun-
dation of China under Grant nos. 61203189, 61104223, and



Mathematical Problems in Engineering 11

61374120 and the National Science Fund for Distinguished
Young Scholars of China under Grant no. 61025014.

References

[1] L. I. Rudin, S. Osher, and E. Fatemi, “Nonlinear total variation
based noise removal algorithms,” Physica D: Nonlinear Phenom-
ena, vol. 60, no. 1–4, pp. 259–268, 1992.

[2] T. Chan, S. Esedoglu, F. Park, and A. Yip, “Recent developments
in total variation image restoration,” inMathematical Models of
Computer Vision, Springer, New York, NY, USA, 2005.

[3] Y. L. You and M. Kaveh, “Fourth-order partial differential
equations for noise removal,” IEEE Transactions on Image
Processing, vol. 9, no. 10, pp. 1723–1730, 2000.

[4] M. Lysaker, A. Lundervold, and X.-C. Tai, “Noise removal using
fourth-order partial differential equation with applications to
medical magnetic resonance images in space and time,” IEEE
Transactions on Image Processing, vol. 12, no. 12, pp. 1579–1589,
2003.

[5] T. F. Chan, S. Esedoglu, and F. Park, “A fourth order dualmethod
for staircase reduction in texture extraction and image restora-
tion problems,” in Proceedings of the 17th IEEE International
Conference on Image Processing (ICIP ’10), pp. 4137–4140, Los
Angeles, Calif, USA, September 2010.

[6] M. R. Hajiaboli, “An anisotropic fourth-order diffusion filter for
image noise removal,” International Journal of Computer Vision,
vol. 92, no. 2, pp. 177–191, 2011.

[7] T. Liu and Z. Xiang, “Image restoration combining the second-
order and fourth-order PDEs,”Mathematical Problems in Engi-
neering, vol. 2013, Article ID 743891, 7 pages, 2013.

[8] Y.Wang, J. Yang,W. Yin, and Y. Zhang, “A new alternatingmin-
imization algorithm for total variation image reconstruction,”
SIAM Journal on Imaging Sciences, vol. 1, no. 3, pp. 248–272,
2008.

[9] N. B. Brás, J. Bioucas-Dias, R. C. Martins, and A. C. Serra, “An
alternating direction algorithm for total variation reconstruc-
tion of distributed parameters,” IEEE Transactions on Image
Processing, vol. 21, no. 6, pp. 3004–3016, 2012.

[10] C. He, C. Hu, W. Zhang, B. Shi, and X. Hu, “Fast total-variation
image deconvolution with adaptive parameter estimation via
split Bregman method,”Mathematical Problems in Engineering,
vol. 2014, Article ID 617026, 9 pages, 2014.

[11] T. Goldstein, B. O’Donoghue, S. Setzer, and R. Baraniuk,
“Fast alternating direction optimizationmethods,” UCLACAM
Report, 2012.

[12] T. Chan, A. Marquina, and P. Mulet, “High-order total
variation-based image restoration,” SIAM Journal on Scientific
Computing, vol. 22, no. 2, pp. 503–516, 2001.

[13] O. Scherzer, “Denoising with higher order derivatives of
bounded variation and an application to parameter estimation,”
Computing, vol. 60, no. 1, pp. 1–27, 1998.

[14] A. Chambolle and P.-L. Lions, “Image recovery via total vari-
ation minimization and related problems,” Numerische Mathe-
matik, vol. 76, no. 2, pp. 167–188, 1997.

[15] G. Dal Maso, I. Fonseca, G. Leoni, and M. Morini, “A higher
order model for image restoration: the one-dimensional case,”
SIAM Journal on Mathematical Analysis, vol. 40, pp. 2351–2391,
2009.

[16] B. Shi, Z. F. Pang, and Y. F. Yang, “Image restoration based
on the hybrid total-variation-type model,” Abstract and Applied
Analysis, vol. 2012, Article ID 376802, 30 pages, 2012.

[17] K. Bredies, K. Kunisch, and T. Pock, “Total generalized varia-
tion,” SIAM Journal on Imaging Sciences, vol. 3, no. 3, pp. 492–
526, 2010.

[18] Yu. Nesterov, “A method for solving a convex programming
problem with convergence rate O(1/k2),” Soviet Mathematics
Doklady, vol. 27, pp. 372–376, 1983.

[19] R. Glowinski and P. Le Tallec, Augmented Lagrangians and
Operator-Splitting Methods in Nonlinear Mechanics, Studies in
Applied Mathematics 9, SIAM, Philadelphia, Pa, USA, 1989.

[20] S. Xie and S. Rahardja, “Alternating direction method for
balanced image restoration,” IEEE Transactions on Image Pro-
cessing, vol. 21, no. 11, pp. 4557–4567, 2012.

[21] W. Deng and W. Yin, “On the global and linear convergence
of the generalized alternating direction method of multipliers,”
UCLA CAM Report Cam 12-52, 2012.

[22] W. Guo, J. Qin, and W. Yin, “A new detail-preserving regularity
scheme,” UCLA CAM Report cam13-04, 2013.

[23] J. Duran, B. Coll, and C. Sbert, “Chambolle’s pojection algo-
rithm for total variation denoising,” Image Processing on Line,
vol. 3, pp. 311–331, 2013.

[24] P. Getreuer, “Rudin-Osher-Fatemi total variation denoising
using split Bregman,” Image Processing on Line, vol. 2, pp. 74–
95, 2012.

[25] C. Wu and X.-C. Tai, “Augmented lagrangian method, dual
methods, and split Bregman iteration for ROF, vectorial TV, and
high order models,” SIAM Journal on Imaging Sciences, vol. 3,
no. 3, pp. 300–339, 2010.



Research Article
Sparse Scenario Imaging for Active Radar in
the Forward-Looking Direction

Jun Wang, Fenggang Yan, Yinan Zhao, and Xiaolin Qiao

School of Electronics and Information Engineering, Harbin Institute of Technology, Harbin, Heilongjiang 150001, China

Correspondence should be addressed to Jun Wang; johnwangstudio@gmail.com

Received 8 April 2014; Accepted 29 May 2014; Published 3 July 2014

Academic Editor: Caner Özdemir
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The resolution of multiple targets at the same range cell but different angles in the forward-looking direction is of great trouble
for active radar. Based on compressive sensing (CS) framework, a sparse scenario imaging approach using joint angle-Doppler
representation basis is proposed, which employs multisensor and single-receiver channel hardware architecture. Firstly, the joint
angle-Doppler representation basis is formulated using the Doppler dictionary, and then the radar returns during multiple pulse
repetition periods are modeled as the measurements with respect to a stationary sparse target scenario via the joint representation
basis; in the end, the image of sparse target scenario is recovered using the single-receiver echoes. Numerical experiments
demonstrate that the proposed method can provide an image of the spatial sparse scenario at the same range for active radar
in the forward-looking direction.

1. Introduction

In the forward-looking direction, the resolution of multiple
targets at the same range cell but different angles is of
great trouble for active radar because traditional Doppler
beam sharpening (DBS) and synthetic aperture radar (SAR)
techniques can be employed to improve the cross-range reso-
lution only in the squint and side-looking direction. Conven-
tional multiple signal classification (MUSIC) and estimation
of signal parameters via rotational invariance techniques
(ESPRIT) algorithms which can obtain direction-of-arrival
(DOA) of multiple targets can be difficultly employed in
active radar because of the need of multireceiver structure
and the decayed performance with coherent signals circum-
stance.

Compressive sensing (CS) [1, 2] is emerged in the past few
years which states that a sparse signal can be economically
acquired in a more economical way. A signal x ∈ C𝑁 which
can be written in x = Ψs where Ψ is a representation basis
is defined as a 𝐾-sparse signal if the number of nonzero
elements of vector s is not larger than 𝐾. CS suggests
that the sparse signal x can be reconstructed using 𝑀 ≪

𝑁 measurements y = Φx + n if equivalent dictionary

D = ΦΨ satisfies RIP [1], where Φ ∈ C𝑀×𝑁 is the measure-
ment matrix and n ∈ C𝑀 is additive noise.The reconstructed
x̂ can be obtained by solving a convex optimization problem
as follows:

min
ŝ∈C𝑁

‖ŝ‖1, s.t. y −Dŝ2 ≤ 𝜀, (1)

where 𝜀 = ‖n‖2 and ‖ ⋅ ‖𝑝 denotes ℓ𝑝-norm.
DOA estimation problem generally faces a sparse target

scenario in the spatial domain; consequently the application
of CS in DOA estimation has been concerned recently. In
[3, 4], DOA estimation is modeled as single measurement
vector problem (SMV) and, in [5, 6], is solved using joint
sparse reconstruction algorithm SOMP [7] based onmultiple
measurement vector model (MMV) [8]. Numerical experi-
ments show that the DOA estimation algorithms based on
CS exhibit better performance than traditional subspace algo-
rithms such asMUSIC andESPRIT, especially at lower signal-
to-noise ratio (SNR) and with coherent signal circumstance.
Inspired by Bayesian CS [9] and MT-CS [10] framework,
[11–13] provide more accurate DOA estimation than tradi-
tional algorithms using appropriate priors with respect to
hyperparameters.The compressiveMUSIC [14] can approach
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the optimal 𝑙0-bound with finite number of snapshots even
in cases where the signals are linear dependent. In [15], an
SAR image compression approach based on CS shows better
performance on preserving the important features than JPEG
and JPEG2000, and the CS TomoSAR theory in [16] has
superresolution properties and point localization accuracies.

Motivated by the better performance in DOA estimation
and cross-range resolution in SAR based on CS framework,
we develop a sparse scenario imaging strategy for active radar
in the forward-looking direction which employs multisensor
single-receiver channel structure.

2. Measurement Model of Sparse Scenario

In this section, themeasurementmodel with respect to sparse
target scenario is presented based on the joint angle-Doppler
representation basis.

Traditional DOA estimation algorithms such as MUSIC
and ESPRIT exploit relative phases between the outputs of
multiple array sensors to determine multiple targets. In the
proposed strategy, multiple equivalent sensors are formed in
phased array radar (PAR) in order to provide a multisensor
output during the reception. In nature, each equivalent sensor
is a subarray which consists of multiple array elements. As
shown in Figure 1, PAR forms 𝑀 beams pointing to target
scenarioΩ using𝑀 subarrays during the reception and only
one beam for illumination.The phase centers of𝑀 equivalent
sensors can be expressed as (𝑥𝑚, 𝑦𝑚, 0), 𝑚 = 0, . . . ,𝑀 − 1.

2.1. Measurement Model Using Multisensor. As depicted in
Figure 2, the interest spatial area is restricted in elevation
𝜃max and is discretized into 𝑁 spatial grids Ω = {u𝑛, 𝑛 =

0, . . . , 𝑁 − 1}, where u𝑛 = [𝑢𝑛, V𝑛, 𝑤𝑛]
𝑇 is the cosine vector

corresponding to 𝑛th grid which has elevation angle 𝜃𝑛 and
azimuth angle 𝜑𝑛.

Assuming that the radar is moving toΩ along with 𝑧 axis
as shown in Figure 2, let �̂� denote fast time, and let 𝑡𝑟 = 𝑟𝑇𝑟

denote 𝑟th slow time where 𝑇𝑟 is pulse repetition interval
(PRI), and then the full time 𝑡 = 𝑡𝑟 + �̂� is abbreviated to
(�̂�, 𝑡𝑟). The illumination waveform is 𝑝(�̂�) = 𝑅(�̂�)𝑝(�̂�), where
𝑅(�̂�) = 1, 0 ≤ �̂� ≤ 𝜏; 𝑅(�̂�) = 0, �̂� > 𝜏, is a window function
and 𝑝(�̂�) is a wideband waveform. For simplicity, let (�̂�, u𝑛)
denote the target position in 𝑛th spatial grid u𝑛 at the range
cell �̂�. Due to noncooperation property of target for active
radar, the corresponding Doppler is not a prior. With respect
to an arbitrary target on (�̂�𝑇, u𝑛), the returns of the reference
array sensor whose coordinate is (0, 0, 0) in one observation
period including 𝑅 PRIs can be expressed as follows:

𝛽𝑛 (�̂�𝑇) 𝑝 (�̂� − �̂�𝑇) exp [𝑗2𝜋𝑓𝑛 (�̂� + 𝑡𝑟)] , 𝑟 = 0, . . . , 𝑅 − 1,

(2)

where 𝛽𝑛(�̂�𝑇) is the amplitude of target on (�̂�𝑇, u𝑛), and 𝑓𝑛

is the corresponding unknown Doppler. The subscript “𝑛”
of 𝛽𝑛(�̂�𝑇) and 𝑓𝑛 denotes the corresponding term about the
target from the 𝑛th spatial grid u𝑛 ∈ Ω.

A sparse target scenario𝐸 = {(�̂�𝑇, u𝑛), u𝑛 ∈ 𝑇}where𝐾 ≪

𝑁 targets are located in 𝑇 ⊂ Ω at the same range cell �̂�𝑇 is
considered, where 𝑇 = {u𝑛, 𝑛 ∈ 𝐼𝑇} and 𝐼𝑇 is the target index

set of 𝑇 in spatial domain Ω. The index set 𝐼𝑇 satisfies the
equation | supp(𝐼𝑇)| = 𝐾, where supp(⋅) denotes the support
operation and | ⋅ | denotes the element number of set. It is of
great trouble for traditional active radar to determine such a
target scenario in the forward-looking direction.

In order to express the radar returns from target scenario
𝐸, the Doppler dictionary 𝐹 = {𝑓

𝑑

𝑠
}
𝑆−1

𝑠=0
including 𝑆 ≥ 𝐾

frequencies is employed here to settle the unknown Doppler
problem in (2). The Doppler dictionary 𝐹 can be seen as the
estimation about the unknown target Doppler 𝐹𝐷 = {𝑓𝑛, 𝑛 ∈

𝐼𝑇} of scenario 𝐸, and the estimated method will be given
in Section 3. Due to the consideration on estimation error,
we assume that there are more frequencies in 𝐹 than actual
Doppler assemble 𝐹𝐷; that is, 𝑆 ≥ 𝐾. Based on the utilization
of 𝐹, we only “know” the estimated Doppler frequencies
about scenario 𝐸, but we “do not know” the relationship
between the frequencies 𝑓𝑑

𝑠
, 𝑠 = 0, . . . , 𝑆 − 1 in 𝐹 and target

directions u𝑛, 𝑛 ∈ 𝐼𝑇 in 𝑇. Therefore, an amplitude vector
𝛽
𝑛
(�̂�𝑇) = [𝛽𝑛,0(�̂�𝑇), . . . , 𝛽𝑛,𝑆−1(�̂�𝑇)]

𝑇 corresponding to all 𝑆
frequencies in 𝐹 is defined for the target located in arbitrary
𝑛th grid u𝑛, where the 𝑠th element of 𝛽𝑛,𝑠(�̂�𝑇), 𝑠 = 0, . . . , 𝑆−1,
denotes the amplitude when the Doppler of the target in u𝑛
is the 𝑠th frequency 𝑓𝑑

𝑠
∈ 𝐹, 𝑠 = 0, . . . , 𝑆 − 1. Assuming that

the actual Doppler 𝑓𝑛 of the target in u𝑛 is equal to the 𝑖th
frequency 𝑓𝑑

𝑖
∈ 𝐹, the corresponding 𝑖th element 𝛽𝑛,𝑖(�̂�𝑇) in

amplitude vector 𝛽
𝑛
(�̂�𝑇) denotes the actual target amplitude

which is nonzero; however, other elements in 𝛽
𝑛
(�̂�𝑇), that is,

𝛽𝑛,𝑠(�̂�𝑇), 𝑠 ̸= 𝑖, 0 ≤ 𝑠 ≤ 𝑆 − 1, are zeros because the target
Doppler is not equal to the frequencies 𝑓𝑑

𝑠
∈ 𝐹, 𝑠 ̸= 𝑖, 0 ≤

𝑠 ≤ 𝑆 − 1. In a word, if the actual Doppler of target on (�̂�𝑇, u𝑛)
corresponds to the 𝑖th frequency in 𝐹, that is, 𝑓𝑛 = 𝑓

𝑑

𝑖
, the

amplitude vector 𝛽
𝑛
(�̂�𝑇) satisfies

𝛽𝑛,𝑠 (�̂�𝑇)
 ̸= 0, 𝑠 = 𝑖,

𝛽𝑛,𝑠 (�̂�𝑇)
 = 0, 𝑠 ̸= 𝑖, 0 ≤ 𝑠 ≤ 𝑆 − 1.

(3)

According to (3), there is not more than one nonzero element
in 𝛽
𝑛
(�̂�𝑇); that is, ‖𝛽𝑛(�̂�𝑇)‖0 ≤ 1.

Regarding sparse scenario 𝐸, a sparse amplitude vector
𝛽(�̂�𝑇) = [𝛽

𝑇

0
(�̂�𝑇), . . . ,𝛽

𝑇

𝑁−1
(�̂�𝑇)]
𝑇

∈ C𝑆𝑁 defined on joint
angle-Doppler domainΩ⊗F is employed, where “⊗” denotes
direct product. The 𝑛th element, 𝛽𝑇

𝑛
(�̂�𝑇), 𝑛 = 0, . . . , 𝑁 − 1,

in 𝛽(�̂�𝑇) denotes the amplitude for the target in the 𝑛th grid
u𝑛 ∈ Ω. If there actually exists a target in the 𝑛th grid, that
is, u𝑛 ∈ 𝑇, its amplitude being 𝛽𝑇

𝑛
(�̂�𝑇), 𝑛 ∈ 𝐼𝑇 satisfies

(3); otherwise, the amplitude vectors 𝛽𝑇
𝑛
(�̂�𝑇), 𝑛 ∉ 𝐼𝑇, 𝑛 =

0, . . . , 𝑁 − 1, are equal to zero because there is not an actual
target. Omitting the fast time term �̂�𝑇, we abbreviate 𝛽𝑛(�̂�𝑇)
to 𝛽
𝑛
= [𝛽𝑛,0, . . . , 𝛽𝑛,𝑆−1]

𝑇
, 𝑛 = 0, . . . , 𝑁 − 1 and 𝛽(�̂�𝑇) to

𝛽 = [𝛽
𝑇

0
, . . . ,𝛽

𝑇

𝑁−1
]
𝑇. The amplitude vector 𝛽 is also named

as sparse target scenario in the paper which is a “block-
structure” vector as follows:

𝛽 = [

[

𝛽0,0, . . . , 𝛽0,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . , 𝛽𝑁−1,0, . . . , 𝛽𝑁−1,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block (𝑁−1)#

]

]

𝑇

. (4)
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Figure 1: Illumination and receiving beam. (a) Illumination mode. (b) Receiving mode.
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Figure 2: The geometry of array and target scenario.

The scenario 𝛽 consists of 𝑁 blocks in which each one has
𝑆 elements. The nonzero element 𝛽𝑛,𝑠 ∈ 𝛽, 𝑛 = 0, . . . , 𝑁 −

1; 𝑠 = 0, . . . , 𝑆 − 1means that there is a target located in 𝑛th
grid u𝑛 and its Doppler is equal to 𝑠th frequency 𝑓𝑑

𝑠
∈ 𝐹;

otherwise, the zero element 𝛽𝑛,𝑠 ∈ 𝛽 means that there is
not a target corresponding to 𝑛th grid u𝑛 and 𝑠th frequency
𝑓
𝑑

𝑠
∈ 𝐹.Therefore, there are not more than ‖𝛽‖

0
= 𝐾 nonzero

elements in 𝛽 with respect to sparse scenario 𝐸.
With respect to an arbitrary target on (�̂�𝑇, u𝑛) with

Doppler 𝑓𝑑
𝑠
∈ 𝐹, the radar return of reference sensor (0, 0, 0)

during the reception of the 𝑟th PRI is

𝑠
𝑟

𝑛,𝑠
(�̂�) = 𝛽𝑛,𝑠𝑝 (�̂� − �̂�𝑇) exp (𝑗2𝜋𝑓

𝑑

𝑠
�̂�) exp (𝑗2𝜋𝑓𝑑

𝑠
𝑡𝑟) , (5)

where the superscript “𝑟” corresponds to the 𝑟th PRT and the
subscript “𝑛, 𝑠” corresponds to the 𝑛th spatial grid u𝑛 ∈ Ω

and the 𝑠th element 𝑓𝑑
𝑠
∈ 𝐹. The receiving signal of the 𝑚th

equivalent sensor about 𝛽 which is assumed to be stationary
during an observation period can be expressed as

𝑦
𝑟

𝑚
(�̂�) =

𝑁−1

∑

𝑛=0

𝑆−1

∑

𝑠=0

𝑠
𝑟

𝑛,𝑠
(�̂�) ⋅ exp [𝑗𝑘 (𝑢𝑛𝑥𝑚 + V𝑛𝑦𝑚)] , (6)

where the subscript “𝑚” represents the𝑚th equivalent sensor
and 𝑘 = 2𝜋/𝜆. The outputs of𝑀 equivalent sensors in the 𝑟th
PRI can be shown as

y𝑟 (�̂�) = A × s𝑟 (�̂�) , (7)

where y𝑟(�̂�) = [𝑦
𝑟

0
(�̂�), . . . , 𝑦

𝑟

𝑀−1
(�̂�)]
𝑇
∈ C𝑀 and A ∈ C𝑀×𝑆𝑁 is

the array response matrix about scenario 𝛽 as follows:

A = [a0, . . . , a0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑆

. . . , a𝑁−1, . . . , a𝑁−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑆

] . (8)

There are 𝑁 blocks in A and each block contains 𝑆 identical
steering vectors. The 𝑛th steering vector a𝑛 in A is

a𝑛 = [𝑎0,𝑛, . . . , 𝑎𝑀−1,𝑛]
𝑇
, (9)

where 𝑎𝑚,𝑛 = exp[𝑗𝑘(𝑢𝑛𝑥𝑚 + V𝑛𝑦𝑚)], 𝑚 = 0, . . . ,𝑀 − 1. In
(7), s𝑟(�̂�) ∈ C𝑆𝑁is the return of 𝛽 at the full time (�̂�, 𝑡𝑟):

s𝑟 (�̂�) = 𝛽 ⊙ p (�̂� − �̂�𝑇) ⊙ e𝑟, (10)

where “⊙” denotesHadamard product. In (10),p(�̂�−�̂�𝑇) ∈ C𝑆𝑁

represents the part corresponding to fast time and e𝑟 ∈ C𝑆𝑁

represents the part corresponding to slow time of returns. If
p̃(�̂� − �̂�𝑇) ∈ C𝑆 denotes the fast time term as shown in (5)
which can be expressed as

p̃ (�̂� − �̂�𝑇) = 𝑝 (�̂� − �̂�𝑇) [exp (𝑗2𝜋𝑓
𝑑

0
�̂�) , . . . , exp (𝑗2𝜋𝑓𝑑

𝑆−1
�̂�)]
𝑇

= [𝑝0 (�̂� − �̂�𝑇) , . . . , 𝑝𝑆−1 (�̂� − �̂�𝑇)]
𝑇
,

(11)
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then p(�̂� − �̂�𝑇) is𝑁 repetition of p̃(�̂� − �̂�𝑇) as follows:

p (�̂� − �̂�𝑇) = [
[

p̃𝑇 (�̂� − �̂�𝑇) , . . . , p̃
𝑇
(�̂� − �̂�𝑇)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑁

]

]

𝑇

. (12)

Similarly, the item e𝑟 in (10) is𝑁 repetitions of ẽ𝑟 as follows:

e𝑟 = [(ẽ𝑟)𝑇, . . . , (ẽ𝑟)𝑇⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑁

]

𝑇

, (13)

where ẽ𝑟 = [exp(𝑗2𝜋𝑓𝑑
0
𝑡𝑟), . . . , exp(𝑗2𝜋𝑓

𝑑

𝑆−1
𝑡𝑟)]
𝑇 is the item

corresponding to the slow time in (5).
Substituting (12) and (13) into (7), the item in s𝑟(�̂�) cor-

responding to slow time can be transferred to measurement
matrix A and a new measurement model can be formulated
as

y𝑟 (�̂�) = A𝑟 × s (�̂�) , (14)

where s(�̂�) ∈ C𝑆𝑁 stems from s𝑟(�̂�) after eliminating the
Doppler item e𝑟, which is the return of 𝛽 in the 0th PRI. The
item s(�̂�) is named as the return of 𝛽 and can be expressed as

s (�̂�)

= s𝑟(�̂�)𝑟=0 = 𝛽 ⊙ p (�̂� − �̂�𝑇)

= [

[

𝑠0,0 (�̂�) , . . . , 𝑠0,𝑆−1 (�̂�)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . , 𝑠𝑁−1,0 (�̂�) , . . . , 𝑠𝑁−1,𝑆−1 (�̂�)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 𝑁−1#

]

]

𝑇

.

(15)

It is seen that s(�̂�) is also a sparse signal which shares the same
support as target scenario 𝛽; therefore, s(�̂�) is also regarded as
sparse target scenario.The 𝑠th element in the 𝑛th block 𝑠𝑛,𝑠(�̂�)
of s(�̂�), 𝑛 = 0, . . . , 𝑁 − 1, 𝑠 = 0 . . . , 𝑆 − 1 denotes the return
corresponding to 𝑛th target inΩ on 𝑠th Doppler of dictionary
𝐹 at fast time �̂�. The matrix A𝑟 ∈ C𝑀×𝑆𝑁 in (14) stems from
immigration of e𝑟 to A based on (7), which is a joint angle-
Doppler representation basis as follows:

A𝑟

=[𝑒
𝑗2𝜋𝑓
𝑑

0
𝑡𝑟a0, . . . , 𝑒

𝑗2𝜋𝑓
𝑑

𝑆−1
𝑡𝑟a0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . , 𝑒
𝑗2𝜋𝑓
𝑑

0
𝑡𝑟a𝑁−1, . . . , 𝑒

𝑗2𝜋𝑓
𝑑

𝑆−1
𝑡𝑟a𝑁−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 𝑁−1#

].

(16)

The matrix A𝑟 also has a block-structure, and there are 𝑁
blocks inwhich each block has 𝑆 columns. In the arbitrary 𝑛th
block of A𝑟, 𝑛 = 0, . . . , 𝑁 − 1, the same one steering vector
a𝑛 provides a representation in spatial angle domain for the
response of receiving array including 𝑀 equivalent sensors,
and the items exp(𝑗2𝜋𝑓𝑑

𝑠
𝑡𝑟), 𝑠 = 0, . . . , 𝑆 − 1 provide the

representation for the phases in Doppler domain with respect
to 𝑆 Doppler frequencies 𝑓𝑑

𝑠
, 𝑠 = 0, . . . , 𝑆 − 1. Consequently,

A𝑟 is a representation for the return of target scenario 𝛽 in
joint angle-Doppler domain.

According to (7) and (14), the measurement y𝑟(�̂�) about
the return s𝑟(�̂�) of 𝛽 in arbitrary 𝑟th PRI can be reformulated

as the measurement about the return s(�̂�) = s𝑟(�̂�)|𝑟=0 of 𝛽 in
the 0th PRI. The sparse scenario s(�̂�) can be recovered using
themeasurementmodel as shown in (14) if sensingmatrixA𝑟
satisfies RIP.

A hardware structure having𝑀 receiver channels will be
considered in the following. Owing to low SNR characteristic
of returns in active radar, we resort to matching filter on the
output of array y𝑟(�̂�). The output after matching filter can be
shown as

y𝑟MF (�̂�) = MF {y𝑟 (�̂�)} = MF {A𝑟 × s (�̂�)} = A𝑟 ×MF {s (�̂�)} ,
(17)

where MF{⋅} denotes matching filter operation. Taking addi-
tive noisen𝑟MF(�̂�) ∈ C𝑀 into account, themeasurementmodel
after matching filter can be expressed as

y𝑟MF (�̂�) = A𝑟 × sMF (�̂�) + n𝑟MF (�̂�) , (18)

where the return sMF(�̂�) = MF{s(�̂�)} = MF{𝛽 ⊙ p(�̂� − �̂�𝑇)} of 𝛽
after matching filter can be expressed as

sMF (�̂�) = 𝛽 ⊙MF {p (�̂� − �̂�𝑇)} , (19)

where MF{p(�̂� − �̂�𝑇)} is the output of matching filter about
p(�̂� − �̂�𝑇), which is abbreviated to p𝑚𝑓(�̂� − �̂�𝑇) ∈ C𝑆𝑁 here.
According to the expression of p(�̂� − �̂�𝑇) in (12), p𝑚𝑓(�̂� − �̂�𝑇)
can be shown as

p𝑚𝑓 (�̂� − �̂�𝑇) = [(p̃
𝑚𝑓
(�̂� − �̂�𝑇))

𝑇
, . . . , (p̃𝑚𝑓(�̂� − �̂�𝑇))

𝑇
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑁

]

𝑇

, (20)

where p̃𝑚𝑓(�̂� − �̂�𝑇) ∈ C𝑆 is MF{p̃(�̂� − �̂�𝑇)} as follows:

p̃𝑚𝑓 (�̂� − �̂�𝑇) = [MF {𝑝0 (�̂� − �̂�𝑇)} , . . . ,MF {𝑝𝑆−1 (�̂� − �̂�𝑇)}]
𝑇

= [𝑝
𝑚𝑓

0
(�̂� − �̂�𝑇) , . . . , 𝑝

𝑚𝑓

𝑆−1
(�̂� − �̂�𝑇)]

𝑇

.

(21)

Due to the sparse characteristic of 𝛽, the return sMF(�̂�) is also
a sparse vector with the same support as 𝛽.

Considering the return with maximum SNR after match-
ing filter appears at the fast time �̂�𝑇−MF with respect to target
at range �̂�𝑇, the return sMF(�̂�) at �̂�𝑇−MF can be used as the
measurement to recover the unknown sparse scenario. The
version of model (18) at �̂�𝑇−MF can be shown as

y𝑟MF = A𝑟 × s + n𝑟MF, (22)

where y𝑟MF = y𝑟MF(�̂�𝑇−MF) and n𝑟MF = n𝑟MF(�̂�𝑇−MF). The signal
s ∈ C𝑆𝑁 is the abbreviation of sMF(�̂�𝑇−MF) as follows:

s = sMF (�̂�𝑇−MF) =
[

[

𝑠0,0, . . . , 𝑠0,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . , 𝑠𝑁−1,0, . . . , 𝑠𝑁−1,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 𝑁−1#

]

]

𝑇

.

(23)

The element 𝑠𝑛,𝑠, 𝑛 = 0, . . . , 𝑁 − 1, 𝑠 = 0, . . . , 𝑆 − 1, is
the 𝑠th element in the 𝑛th block of signal s, which can be
written as 𝑠𝑛,𝑠 = 𝛽𝑛,𝑠𝑝

𝑚𝑓

𝑠
(�̂�− �̂�𝑇)|�̂�=�̂�

𝑇−MF
. Due to the same sparse

characteristic between s and 𝛽, the signal s can also be seen
as target sparse scenario in the paper.
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The measurement model in (22) is a SMV model in CS
framework; sparse scenario s could be reconstructed via the
solution as shown in (1) when the number of measurements
𝑀 is sufficient and SNR is sufficiently high. During an
observation period, the𝑅measurements {y𝑟MF}

𝑅−1

𝑟=0
at the same

fast time �̂�𝑇−MF in 𝑅 pulse repetition intervals satisfy MMV
measurement model and then can be used to recover sparse
target scenario s throughMUSIC, SOMP [7], andCS-MUSIC
[14]. What should be highlighted is that the model in (22)
is developed based on multireceiver structure which needs
the same number of receivers as receiving array sensors. This
multireceiver structure is more expensive in price and larger
in volume than traditional receiver structure in active radar.
In the next section, the proposed strategy which employs
multisensor single-receiver structure is presented to recover
the sparse target scenario.

2.2. Measurement Model Using Single-Receiver. According to
(14), there are 𝑅measurements about a fixed return s(�̂�) with
respect to target scenario 𝛽 at the same fast time �̂� during
an observation period. In CS framework, few measurements
about a sparse signal using randomwaveforms can be used to
recover the original sparse signal with overwhelming proba-
bility. Inspired by this mechanism, the outputs of𝑀 subarray
y𝑟(�̂�) can be randomly weighted through 𝑀 phase shifters
and then be summarized using single-receiver channel. The
random weighted and summarized version of y𝑟(�̂�) is shown
as follows:

𝑧
𝑟
(�̂�) = (f𝑟)𝑇A𝑟s (�̂�) , 𝑟 = 0, . . . , 𝑅 − 1, (24)

where f𝑟 = [𝜙
𝑟

0
, . . . , 𝜙

𝑟

𝑀−1
]
𝑇
∈ C𝑀, 𝑟 = 0, . . . , 𝑅 − 1, is the

randomweight in 𝑟th PRI.The weights remain unchanged in
a pulse repetition period but take different values in different
period. The element 𝜙𝑟

𝑚
in f𝑟 may be a random Bernoulli

variable; for example, 𝜙𝑟
𝑚
= {±1,w.p. 1/2}, 𝑚 = 0, . . . ,𝑀− 1.

In principle, the random weighing onto y𝑟(�̂�) should be
put into practice using𝑀 additional phase shifters connect-
ing to the outputs of 𝑀 subarrays. Assuming that 𝐵 array
elements belonging to 𝑚th subarray, 𝑚 = 0, . . . ,𝑀 − 1,
can form the beam pointing to Ω when phase shifters of 𝐵
corresponding transmitter and receiver (𝑇/𝑅) modules are
set up as 𝐶

𝑚
= {𝐶


𝑚,𝑏
}
𝐵−1

𝑏=0
during the reception, the random

weighting procedure as shown in (24) can be accomplished if
phased shifters of T/R modules change their setup as 𝐶

𝑚
=

𝜙
𝑟

𝑚
𝐶


𝑚
= {𝜙
𝑟

𝑚
𝐶


𝑚,𝑏
}
𝐵−1

𝑏=0
. Accordingly, there is no requirement

of additional phase shifters to achieve the random weighting
onto the outputs of equivalent sensors.

According to (24), the measuring model with respect to
the fixed return s(�̂�) of target scenario 𝛽 can be formulated as

[
[
[

[

𝑧
0
(�̂�)

...
𝑧
𝑅−1

(�̂�)

]
]
]

]

=

[
[
[
[

[

(f0)
𝑇

× A0
...

(f𝑅−1)
𝑇

× A𝑅−1

]
]
]
]

]

× s (�̂�) . (25)

The above model can be rewritten as

z (�̂�) = Φ × A𝑠 × s (�̂�) , (26)

where z(�̂�) = [𝑧
0
(�̂�), . . . , 𝑧

𝑅−1
(�̂�)]
𝑇 is the measurements

about s(�̂�) through random weighting, and Φ ∈ C𝑅×𝑅𝑀 is
the measurement matrix with block-diagonal structure as
follows:

Φ = diag ((f0)
𝑇

, . . . , (f𝑅−1)
𝑇

)

=
[
[

[

(f0)
𝑇

0
d

0 (f𝑅−1)
𝑇

]
]

]

.

(27)

The matrix A𝑠 ∈ C𝑅𝑀×𝑆𝑁 is a joint angle-Doppler represen-
tation basis, which is a stack of 𝑅matrices as follows:

A𝑠 = [(A0)
𝑇

, . . . , (A𝑅−1)
𝑇

]

𝑇

=

[
[
[
[

[

A0
...

A𝑅−1

]
]
]
]

]

, (28)

where the element A𝑟, 𝑟 = 0, . . . , 𝑅 − 1, is shown as (16).
The summarization after random weighing as shown in

(24) should also be processed via matching filter to improve
SNR. Substituting (15), (16), and (19) into (24), a version of
𝑧
𝑟
(�̂�) after matching filter can be expressed as follows:

𝑧
𝑟

MF (�̂�)

= MF {𝑧𝑟 (�̂�)}

= MF
{

{

{

[

[

𝑒
𝑗2𝜋𝑓
𝑑

0
𝑡
𝑟(f𝑟)𝑇 × a0, . . . , 𝑒

𝑗2𝜋𝑓
𝑑

𝑆−1
𝑡
𝑟(f𝑟)𝑇 × a0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . ,

𝑒
𝑗2𝜋𝑓
𝑑

0
𝑡
𝑟(f𝑟)𝑇 × a𝑁−1, . . . , 𝑒

𝑗2𝜋𝑓
𝑑

𝑆−1
𝑡
𝑟(f𝑟)𝑇 × a𝑁−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 𝑁−1#

]

]

× s (𝑡)
}

}

}

=

𝑁−1

∑

𝑛=0

𝑆−1

∑

𝑠=0

{𝑒
𝑗2𝜋𝑓
𝑑

𝑠
𝑡
𝑟(f𝑟)𝑇 × a𝑛} ⋅MF {𝑠𝑛,𝑠 (�̂�)}

= ((f𝑟)𝑇 × A𝑟) × sMF (�̂�) , 𝑟 = 0, . . . , 𝑅 − 1.

(29)

The measuring model corresponding to (26) after matching
filter can be obtained based on (29) as follows:

zMF (�̂�) = Φ × A𝑠 × 𝑠MF (�̂�) + nMF (�̂�) , (30)

where nMF(�̂�) ∈ C𝑅 is the additive noise of measurement and
zMF(�̂�) = MF{z(�̂�)} can be expressed as [𝑧0MF(�̂�), . . . , 𝑧

𝑅−1

MF (�̂�)]
𝑇

which is a 𝑅-dimension measurement.
As described above, the measurement at �̂�𝑇−MF of zMF(�̂�)

where the return after matching filter has maximum SNR can
be shown as

z = Φ × A𝑠 × s + n, (31)

where z = zMF(�̂�𝑇−MF); s = sMF(�̂�𝑇−MF) is expressed in (23)
which can be seen as sparse target scenario; n = n𝑀𝐹(�̂�𝑇−MF)
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is additive Gaussian noise and Re(n), Im(n) ∼ 𝑁(0, 𝜎
2I𝑅),

where Re(n) and Im(n) denote real and imaginary parts,
respectively; I𝑅 denotes 𝑅-dimension identity matrix. For the
convenience of analysis, D = ΦA𝑠 is denoted as equivalent
dictionary, and then (31) can be rewritten as

z = D × s + n. (32)

DictionaryD can be expressed as

D = [

[

d0,0, . . . , d0,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 0#

, . . . , d𝑁−1,0, . . . , d𝑁−1,𝑆−1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

block 𝑁−1#

]

]

, (33)

where d𝑛,𝑠, 𝑛 = 0, . . . , 𝑁 − 1; 𝑠 = 0, . . . , 𝑆 − 1, denotes the 𝑠-
column in 𝑛th block ofD. The SNR of the return 𝑠𝑛,𝑠 ∈ s after
matching filter about target 𝛽𝑛,𝑠 ∈ 𝛽 is defined as

SNR𝑛,𝑠 =
𝑠𝑛,𝑠



2
⋅
d𝑛,𝑠



2

2

𝑅 ⋅ (2𝜎2)
, (34)

where 𝑛 = 0, . . . , 𝑁 − 1, 𝑠 = 0, . . . , 𝑆 − 1.
As shown in (31), we develop a measurement model with

respect to sparse target scenario s (equivalent to 𝛽) using
a joint angle-Doppler representation, which needs only one
receiver channel. The measurement is an SMV model in CS
framework in which the equivalent dictionaryD satisfies RIP
when the number of measurement 𝑅 is sufficient; therefore,
the estimated target scenario ŝ ∈ C𝑆𝑁 can be recovered
via the solution as shown in (1). The reconstructed ŝ can
be rewritten as ŝ = [ŝ𝑇

0
, . . . , ŝ𝑇

𝑁−1
]
𝑇 in which element ŝ𝑛 =

[𝑠𝑛,0, . . . , 𝑠𝑛,𝑆−1]
𝑇
, 𝑛 = 1, . . . , 𝑁 − 1 denotes the amplitude

vector on the Doppler dictionary 𝐹 of target located in the
𝑛th spatial grid of Ω. Integrating energies distributed in all
Doppler elements on 𝐹 for every 𝑛th target inΩ, a recovered
target scenario defined onΩ can be shown as follows:

ŝΩ = [
ŝ0

2, . . . ,
ŝ𝑁−1

2]
𝑇
. (35)

3. Sparse Target Scenario Recovery

In Section 2, the Doppler dictionary 𝐹 is assumed as a known
set during the generation ofA𝑟; in the practice, 𝐹 is unknown
because relative velocities between targets and radar are not
priori. In this section, 𝐹 is built using radar returns and then
matrices A𝑟 and A𝑠 are presented; in the end, target scenario
can be recovered based on measurement model (31).

3.1. Estimation of Targets’ Doppler. A PAR should work on a
conventional mode with one illumination and one receiving
beam via appropriate setup on phase shifters. The radar
returns including 𝑅 pulse in one observation period with
respect to 𝐾 targets distributed in Ω; at the same range, �̂�𝑇
can be expressed as follows:

𝑞
𝑟
(�̂�) =

𝐾−1

∑

𝑘=0

𝛽𝑘𝑝 (�̂� − �̂�𝑇) exp [𝑗2𝜋𝑥𝑘 (�̂� + 𝑡𝑟)] ,

𝑟 = 0, . . . , 𝑅

− 1,

(36)

where 𝑋 = {𝑥𝑘, 𝑘 = 0, . . . , 𝐾 − 1} denotes the actual targets’
Doppler set and 𝛽𝑘, 𝑘 = 0, . . . , 𝐾 − 1 denotes the 𝑘th target
amplitude. The outputs after matching filter about the return
in (36) at the same fast time �̂� = �̂�𝑇−MF where maximum SNR
level exists are

𝑞
𝑟
=

𝐾−1

∑

𝑘=0

𝛽
𝑚𝑓

𝑘
exp (𝑗2𝜋𝑥𝑘𝑡𝑟) , 𝑟 = 0, . . . , 𝑅


− 1, (37)

where 𝛽𝑚𝑓
𝑘
, 𝑘 = 0, . . . , 𝐾 − 1, is the corresponding target

amplitude after matching filter. According to (37), the returns
at the same fast time �̂�𝑇−MF during 𝑅

 pulse repetition periods
are linear combination of 𝐾 complex sinusoids on the slow
time dimension.

Due to the sparse consideration about target scenario,
the number of complex sinusoids in (37) is far less than
the number of the frequencies in set 𝐹𝐵 which contains all
possible Doppler frequencies in radar returns when the pulse
repetition frequency is 𝐹𝑟 = 1/𝑇𝑟. The set 𝐹𝐵 stems from
discretizing [0, 𝐹𝑟] with an interval Δ𝑓 as follows:

𝐹𝐵 = {𝑓𝑏 = 𝑏 ⋅ Δ𝑓, 𝑏 = 0, . . . , 𝐵 − 1} , (38)

where 𝐵 = 𝐹𝑟/Δ𝑓, 𝐵 ≫ 𝐾. In consequence, 𝑋 could be
reconstructed using CS framework. A sparse target scenario
𝛼 ∈ C𝐵 defined on 𝐹𝐵 can be expressed as

𝛼 = [𝛼0, . . . , 𝛼𝐵−1]
𝑇
, (39)

where 𝛼𝑏 = 𝛽
𝑚𝑓

𝑘
when 𝑓𝑏 = 𝑥𝑘; otherwise 𝛼𝑏 = 0 for 𝑏 =

0, . . . , 𝐵 − 1 and 𝑘 = 0, . . . , 𝐾 − 1. Consequently, there are 𝐾
nonzero elements in 𝛼. The returns as shown in (37) can be
reformulated as

q = E𝛼 + n, (40)

whereq = [𝑞0, . . . , 𝑞𝑅

−1
]
𝑇
∈ C𝑅



is themeasurement;n ∈ C𝑅


is additive noise; and E ∈ C𝑅

×𝐵 is the representation basis in

frequency domain as follows:

E = [e (0) , . . . , e (𝐵 − 1)] . (41)

The column e(𝑏) ∈ C𝑅


, 𝑏 = 0, . . . , 𝐵 − 1, of E can be shown
as

e (𝑏) = [exp (𝑗2𝜋𝑓𝑏𝑡0) , . . . , exp (𝑗2𝜋𝑓𝑏𝑡𝑅−1)]
𝑇
, (42)

where 𝑓𝑏 = 𝑏 ⋅ Δ𝑓 and 𝑡𝑟 = 𝑟 ⋅ 𝑇𝑟, 𝑟 = 0, . . . , 𝑅

− 1.
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Consideringmeasurementmodel (40), measuringmatrix
E is a redundant dictionary in frequency domain. The sparse
signal 𝛼 can be recovered using 𝑅


≪ 𝐵 measurements

in CS framework [17]. Denoting �̂� = [�̂�0, . . . , �̂�𝐵−1] as the
reconstructed signal, the estimated targets’ Doppler set can be
obtained when we detect signals in �̂� through an appropriate
threshold 𝑇ℎ. Assuming that the signal indices in �̂�where the
magnitude is larger than 𝑇ℎ is Ω𝑏 = {𝑏 | |�̂�𝑏| ≥ 𝑇ℎ, 𝑏 =

0, . . . , 𝐵 − 1}, then the estimated target Doppler 𝑋 can be
shown as follows if we rewriteΩ𝑏 asΩ𝑏 = {𝑏(𝑘), 𝑘 = 0, . . . , �̂�−
1}:

Χ̂ = {𝑓𝑏(𝑘) = 𝑏 (𝑘) Δ𝑓, 𝑏 (𝑘) ∈ Ω𝑏} , (43)

where �̂� is the element number ofΩ𝑏.

3.2. Generation of Doppler Dictionary. In Section 3.1, an
estimated targets’ Doppler set𝑋 defined on discretized set 𝐹𝐵
is presented. In general, the actual target Doppler 𝑥𝑘 ∈ 𝑋

does not accurately lie on the grid of 𝐹𝐵; hence, 𝑥𝑘 can be
expressed as 𝑥𝑘 = 𝑏(𝑘)Δ𝑓 + Δ𝑥𝑘 where |Δ𝑥𝑘| ≤ 0.5Δ𝑓

is the error between 𝑥𝑘 and its approximating frequency
𝑏(𝑘)Δ𝑓, 𝑏(𝑘) ∈ Ω𝑏 in 𝐹𝐵. When the error term Δ𝑥𝑘 is large
enough, more than one frequency components will appear in
𝑋 to approximate actual Doppler 𝑥𝑘. For example, if the error
Δ𝑥𝑘 = 0.5Δ𝑓, that is, 𝑥𝑘 = 𝑏(𝑘) ⋅ Δ𝑓 + 0.5Δ𝑓, two frequencies
𝑏(𝑘)Δ𝑓 and (𝑏(𝑘) + 1)Δ𝑓 whose magnitude exceed detection
threshold may arise in 𝑋. In conclusion, there are usually
more frequency components in the estimated Doppler set 𝑋
than actual set𝑋, that is, �̂� ≥ 𝐾.

With respect the measurement model (31), sparse sce-
nario 𝛽 could be recovered with overwhelming probability
when the number ofmeasurement𝑅 ≥ 𝐶𝜇

2
(Φ,A𝑠)𝐾 log(𝑆𝑁)

[2], where 𝜇(Φ,A𝑠) is the mutual coherence between Φ and
A𝑠. Therefore, while 𝑅 and 𝑁 are fixed; then, the number
of frequencies in dictionary 𝐹 must satisfy 𝑆 ≤ 𝑆max where
𝑆max denotes the maximum numerical value which assure
that the measurement matrix in (31) satisfy RIP. In summary,
the frequency number in dictionary 𝐹 should satisfy �̂� ≤ 𝑆 ≤

𝑆max. The Doppler dictionary 𝐹 can be generated based on𝑋
in order to include all possible components in actual Doppler
set𝑋. Generally, 𝐹may be formulated as

𝐹 = 𝑋. (44)

In the case where the component number of 𝑋 is small,
we can appropriately extend dictionary 𝐹 based on 𝑋. For
example, there is a neighbor frequency whose amplitude is
close to but not larger than detection threshold 𝑇ℎ, so we can
put this neighbor frequency into𝑋 in order that dictionary 𝐹
includes all actual Doppler in𝑋 as far as possible.

3.3. Resolution of Doppler Dictionary. The Doppler dictio-
nary 𝐹 which is employed to produce joint angle-Doppler
representation A𝑠 comes from the estimated targets’ Doppler
set 𝑋 in which the frequency resolution depends on the
resolution of 𝐹𝐵; therefore the resolution of 𝐹 is Δ𝑓. As

expressed in (28), the representation basis A𝑠 is the stack of
multiple A𝑟. The 𝑆 ⋅ 𝑁 columns in A𝑠 can be divided into 𝑁
blocks inwhich each one comprises 𝑆 subcolumns. According
to (16) and (28), the (𝑛, 𝑠)th column a𝑠

𝑛,𝑠
∈ C𝑆𝑁 in A𝑠 ∀𝑛 ∈

[0,𝑁−1], 𝑠 ∈ [0, 𝑆 − 1], which denotes the 𝑠th subcolumn of
𝑛th block, can be expressed as follows:

a𝑠
𝑛,𝑠
= [exp (𝑗2𝜋𝑓𝑠𝑡0) a

𝑇

𝑛
, . . . , exp (𝑗2𝜋𝑓𝑠𝑡𝑅−1) a

𝑇

𝑛
]
𝑇

. (45)

In a𝑠
𝑛,𝑠
, the identical items a𝑛 models for the relationship of

spatial phases embedded in the 𝑀 subarrays output due to
a target located in u𝑛 ∈ Ω in spatial domain, and the items
exp(𝑗2𝜋𝑓𝑠𝑡𝑟), 𝑟 = 0, . . . , 𝑅 − 1, models for phase relationship
existing in returns of all subarrays due to a target having
Doppler 𝑓𝑠 ∈ 𝐹 on the slow time dimension.

As addressed above, there usually is an estimating error
Δ𝑥𝑘 between actual Doppler 𝑥𝑘 and its estimation 𝑓𝑠 =

𝑏(𝑘)Δ𝑓 ∈ 𝐹 as shown in 𝑥𝑘 = 𝑏(𝑘)Δ𝑓 + Δ𝑥𝑘. During
an observation period including 𝑅 pulses, the actual phase
history in the slow time domain is {exp(𝑗2𝜋𝑥𝑘𝑡𝑟), 𝑟 =

0, . . . , 𝑅 − 1}, while the phase history in the column a𝑠
𝑛,𝑠

corresponding to 𝑠th components𝑓𝑠 ∈ 𝐹 is {exp(𝑗2𝜋𝑓𝑠𝑡𝑟), 𝑟 =
0, . . . , 𝑅−1}.The phase errorΔ𝑃 between the above two phase
histories isΔ𝑃 = 2𝜋⋅Δ𝑥𝑘 ⋅(𝑡𝑅−1−𝑡0). In order to reduce the loss
due to the phase error Δ𝑃, we impose a limit Δ𝑃 < 𝜋/4 for
all possible estimating errorsΔ𝑥𝑘. Considering themaximum
value of Δ𝑥𝑘 = 0.5Δ𝑓, the resolution Δ𝑓 in 𝐹 should satisfy

Δ𝑓 <
1/4

𝑡𝑅−1 − 𝑡0

, (46)

where (𝑡𝑅−1 − 𝑡0) = 𝑅 ⋅ 𝑇𝑟 is the time of duration during in an
observation period as shown in model (31).

3.4. The Choice on the Measurement Number. In CS frame-
work, more measurements can bring better recovery perfor-
mance; therefore, the measurement number 𝑅 in model (31)
should be as large as possible. As described above, 𝑅 is the
number of pulses during a radar observation, so there are
3 factors about 𝑅 being taken into account in the practice.
Firstly, because the maximum moving distance between the
radar platform and targets should not be longer than a radar
range cell during an observation, so the choice of 𝑅 should
satisfy inequality Vmax ⋅ (𝑅𝑇𝑟) ≤ 𝑟cell where Vmax denotes the
maximum relative velocity between radar and targets and 𝑟cell
denotes the range cell of radar. Secondly, the increment of
measurement number 𝑅 brings more computational com-
plexity in the procedure of CS recovery; therefore, the value
of 𝑅 should not be too large in order that the digital signal
processor (DSP) of the radar can meet the computational
demand. In general, the choice of 𝑅 should assure that CS
recovery can be finished in one observation period. Lastly,
the measurement number 𝑅 must satisfy (46); that is, 𝑅 <

(1/4)/(Δ𝑓⋅𝑇𝑟), which assures that the phase errorΔ𝑃 between
the actual and the represented phase history cannot be more
than 𝜋/4. In summary, the value of 𝑅 should be as large as
possible after the consideration on the above 3 factors.

For example, if the range cell of radar is 𝑟cell = 5m, the PRI
is 𝑇𝑟 = 100 𝜇s, and the maximum relative velocity between
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radar and targets is Vmax = 100m/s; the measurement
number needs to satisfy 𝑅 ≤ 𝑟cell/(Vmax ⋅ 𝑇𝑟) = 500 according
to the first factor in the above. If the resolution of Doppler
dictionary 𝐹 is set as Δ𝑓 = 25Hz, the measurement number
should satisfy𝑅 < (1/4)/(Δ𝑓⋅𝑇𝑟) = 100 based on the factor 3.
Supposing that the computation power of the DSP of radar is
sufficient to accomplish the recovery procedure, the choice
on the measurement number should satisfy 𝑅 < 100 after
consideration on the factor 1 and the factor 3.

3.5. Sparse Target Scenario Reconstruction. Based on the
above description, we could reconstruct the sparse target
scenario through the procedure as follows.

(1) Select the appropriate resolution of 𝐹 according to
(46) and then build the discretized frequency set 𝐹𝐵
in (38).

(2) Setup radar on the mode of one illumination and one
receiving beam. Get the estimated Doppler set 𝑋 in
(43) from the measurement model in (40).

(3) Produce the Doppler dictionary 𝐹 according to (44).
(4) Setup radar on the mode of multisensor single-

receiver. Get the recovered ŝ according to measure-
ment model (31) and then the target scenario ŝΩ inΩ
from (35).

The toolbox CVX [18] is employed to reconstruct 𝛼 in
measurement model (40) and s in (31) according to the
solution as shown in (1).

4. Numerical Experiments

In the section, the performance of the proposed strategy is
evaluated through numerical experiments and the algorithm
MUSIC is employed as a benchmark for comparison. What
should be noted is that the proposed strategy as shown
in (31) needs only one receiver channel, while the MUSIC
algorithm is based on the measuring model as shown in (22)
which needsmultiple receiver channels.That is, the proposed
strategy takes a more economical way than the benchmark
algorithmMUSIC on themeasurement about target scenario.

A PAR with wavelength 𝜆 = 0.02m is considered in
all experiments. The shape of array plane is a circle with
diameter 12.5𝜆, and all array sensors are partitioned into
𝑀 = 8 subarrays which are randomly distributed in the
array plane. The interest target area Ω = {|𝜃| ≤ 3

∘
, 𝜑 ∈

[0, 2𝜋]} is uniformly discretized into 𝑁 = 37 grids. The
radar PRI is 100 𝜇s, the range cell of radar is set as 𝑟cell =

5m, and the relative velocity between radar and targets
is not more than Vmax = 100m/s. An experiment point
St = {𝐾, SNR} is defined when target numbers 𝐾 and
SNRare fixed. With respect to each point St, 1000 times of
independent numerical experiments are executed to evaluate
the recovery performance.

4.1. The Procedure of One Experiment. The procedure of one
numerical experiment will be illustrated using an example.
In the example, a sparse target scenario where two adjacent

3200 3400 3600 3800 4000 4200 4400
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

A
m

pl
itu

de
 (V

)

3750Hz

3775Hz

3875Hz

3850Hz

Doppler frequency (Hz)

Figure 3: Recovered target scenario �̂� in Doppler domain.
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Figure 4: Recovered target scenario ŝ in joint angle-Doppler
domain.

targets are randomly distributed in Ω is investigated. The
SNRs of two targets are both equal to 3 dB, and their Doppler
sets are 3765Hz and 3870Hz, respectively. The procedure of
the proposed strategy is shown as follows.

(1) Firstly, the number of measurements in model (31)
is set up as 𝑅 = 80 which will not bring the migration
across a range cell 𝑟cell during a radar observation period as
illustrated in Section 3.4, so, according to (46), the resolution
of dictionary 𝐹 should satisfy Δ𝑓 < 0.25/(𝑅𝑇𝑟); that is, Δ𝑓 <

31Hz. In the experiment, the resolutionΔ𝑓 is set to 25Hz. (2)
According to model (37), sparse target scenario �̂� in Doppler
domain is achieved using 𝑅 = 100 returns. The signal �̂� is a
𝐵-dimension vector where 𝐵 = 𝐹𝑟/Δ𝑓 = 400 and one part of
it is depicted as Figure 3.

As shown in Figure 3, the estimated Doppler set 𝑋 is
{3750, 3775, 3875}Hz after detection. There are 3 numbers
of elements in 𝑋 which are larger than the real number
of targets; that is, (|Χ̂| = 3) > (𝐾 = 2) because
actual target Doppler {𝑥1, 𝑥2} does not accurately lie on the
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Figure 5: Recovered target scenario with two adjacent targets. (a) Original target scenario. (b) Recovery of the proposed strategy. (c) Recovery
of MUSIC.
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Figure 6: Reconstruction probability with two adjacent targets.

grid of discretized Doppler set 𝐹𝐵, where | ⋅ | denotes the
element number of set. (3) Because a frequency leakage
arises in 3850Hz around a large component 3875Hz and the
estimated target number |𝑋| is not large, we put 3850Hz
in dictionary 𝐹. So the used 𝐹 is Χ̂ ∪ {3850}; that is, 𝐹 =

{3750, 3775, 3850, 3875} in this step, and then the element
number of 𝐹 is 𝑆 = |𝐹| = 4. (4) The sparse scenario ŝ
represented in joint angle-Doppler domain is reconstructed
from model (31) as shown in Figure 4. In the figure, the
horizontal axis 𝑛 is the grid index of joint angle-Doppler
domain. An arbitrary 𝑛th grid in the horizontal axis can be
written as 𝑛 = (𝑝 − 1) ⋅ 𝑆 + 𝑞, where 𝑝 ∈ [1,𝑁] denotes the
𝑝th spatial grid of discretized Ω and 𝑞 ∈ [1, 𝑆] denotes 𝑞th
frequency of dictionary 𝐹.

As depicted in Figure 4, target 1 occupies two grids in
joint angle-Doppler domain; that is, the energy of target

0 2 4 6 8 10 12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

The proposed, 3 targets
MUSIC, 3 targets

The proposed, 5 targets
MUSIC, 5 targets

SNR (dB)

Re
co

ns
tr

uc
tio

n 
pr

ob
ab

ili
ty

 

−8 −6 −4 −2

Figure 7: Reconstruction probability with multiple randomly dis-
tributed targets.

1 spreads into two frequencies in dictionary 𝐹 because we
use a representation on discretized set 𝐹𝐵 to approximate an
actual Doppler defined in a continuous frequency domain.
According to ŝ, the sparse scenario ŝΩ defined in spatial
domainΩ can be obtained from (35) as shown in Figure 5.

In Figure 5, the horizontal axis is the index of discretized
azimuth and vertical axis corresponds to discretized elevation
inΩ. It is seen that the performance of the proposed strategy
is better than traditionalMUSICwith less and lower sidelobes
around actual targets.

4.2. Resolution of Two Adjacent Targets. With respect the
scenario of two adjacent targets in Ω at the same range cell
for active radar, the performance of the proposed strategy
is investigated in different SNRs. In each experiment, two
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Figure 8: Recovered target scenario with 5 randomly distributed targets. (a) Original Scenario. (b) Recovery of the proposed strategy. (c)
Recovery of MUSIC.
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Figure 9: Reconstruction probability of the proposed strategy when
𝐾 = 5.

adjacent angles are randomly selected from Ω. As shown
in Figure 6, the reconstruction probability of the proposed
strategy is improved with the increase of SNR and is larger
thanMUSIC algorithm.The proposed strategy achievesmore
than 90% successful recovery probability when the SNR is
larger than −1 dB. According to the result of this subsection,
the proposed strategy can determine the target scenarios
including two adjacent targets randomly distributed in the
spatial domainΩ in the forward-looking direction.

4.3. Resolution of Multiple Randomly-Distributed Targets. In
this subsection, the performance of the proposed strategy
with respect to the sparse scenario where multiple targets are
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Figure 10: Reconstruction probability of the proposed strategy
when 𝐾 = 3.

randomly distributed in Ω is evaluated. In each experiment,
the measurement number 𝑅 in model (31) is equal to 96 and
𝑅
 in model (40) is 100. As shown in Figure 7, the proposed

approach shows better performance than MUSIC, especially
at lower SNR level.The performance of the proposed strategy
is almost not influenced by the number of targets whereas
the performance of MUSIC obviously decays along with the
increasing number of targets.

Figure 8 shows the recovered target scenario of one
numerical experiment when the experiment point is St =

{5, 1}. As illustrated in Figure 8, there are less and lower
sidelobes around actual targets in the reconstructed scenario
of the proposed strategy than MUSIC algorithm.
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Figure 11: Computational complexity of the proposed strategy.
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Figure 12: Computational complexity of the MUSIC algorithm.

According to the results in this subsection, the proposed
strategy can determine the sparse scenario containing multi-
ple randomly distributed targets in the spatial domain Ω in
the forward-looking direction for active radar.

4.4. The Influence of Measurement Number. In the subsec-
tion, the reconstruction probability of the proposed strategy
along with different measurement number 𝑅 is investigated.
Figure 9 shows the performance of the proposed strategy
when target number 𝐾 = 5. As depicted in Figure 9, there is
little difference among the reconstructed probabilities when
𝑅 takes large values, for example, 𝑅 ∈ [65, 95], but the

difference becomes remarkable when 𝑅 takes small values,
for example, 𝑅 ∈ [15, 35]. The dramatic increment of the
recovery probability is the common characteristic of CS
recovery procedure when the measurement number 𝑅 takes
small value. The recovery performance when target number
𝐾 = 3 is depicted in Figure 10. As shown in Figure 10,
the recovery probability when 𝐾 = 3 is subject to similar
characteristic as 𝐾 = 5.

According to Figures 9 and 10, the recovery probability
may be almost changeless when the measurement number
𝑅 takes the values which are larger than a threshold 𝑅th; for
example,𝑅th may be equal to 65when𝐾 = 5 andmay be equal
to 55 when 𝐾 = 3. In nature, 𝑅th can be seen as the smallest
value which meets the condition 𝑅 ≥ 𝐶𝜇

2
(Φ,A𝑠)𝐾 log(𝑆𝑁),

which can assure that the equivalent dictionary D = ΦA𝑠
satisfies RIP in CS framework. According to Figures 9 and 10,
the recovery probability of the proposed strategy can reach
a desirable level if the SNR is sufficiently high although the
measurement number 𝑅 take a lower value. For example,
the reconstruction probability will be more than 90% when
SNR ≥ 3 if the measurement number 𝑅 ≥ 45 as shown in
Figure 10.

4.5. Computational Complexity. In this subsection, the com-
putational complexity of the proposed approach is addressed
through numerical experiments. In the numerical experi-
ments, the measurement number 𝑅 in model (31) varies from
15 to 95 to evaluate the computational cost with respect to
target number 𝐾 ∈ [1, 5]. The hardware platform to carry
out the experiments is “Intel Core 2 Duo CPU E7400 at
2.80GHz, 3G Memory,” and the software is “Matlab R2011a.”
The computational complexity of the proposed strategy is
depicted in Figure 11.

As shown in Figure 11, the computational cost of the
proposed strategy becomes more expensive when the target
number 𝐾 and the measurement number 𝑅 become larger,
and the cost slope becomes larger along with the increment
of measurement number 𝑅 and target number𝐾.

As shown in Figure 12, the computational cost of the
MUSIC algorithm slightly increases with the measurement
number 𝑅 and the target number 𝐾. According to Figures
11 and 12, the computation cost of the proposed strategy is
more expensive than theMUSIC algorithm.The difference of
the computational complexity between the proposed strategy
and MUSIC algorithm becomes more obvious while the
measurement number 𝑅 becomes larger. The running time
of the proposed strategy is approximately 17 times more
than MUSIC when 𝑅 = 95 and 𝐾 = 5, however, 4
times when 𝑅 = 15 and 𝐾 = 1. Consequently, the
computational complexity should be paid more attention
when the measurement number 𝑅 takes large values in the
proposed strategy.

5. Conclusions

Based on compressive sensing framework, a strategy using
joint angle-Doppler representation basis is proposed which
can determine a sparse target scenario in spatial domain
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at the same range for active radar in the forward-looking
direction. The proposed approach does settle the trouble
that traditional SAR and DBS techniques cannot provide
an image for active radar in the line of sight and needs
only single-receiver channel without any modification on
traditional radar hardware. Compared with MUSIC algo-
rithm which needs multiple receiver channels, the proposed
strategy shows better performance with different setup about
SNR level and target numbers. The improvement of the
reconstruction performance when targets do not accurately
lie in the discretized spatial grid ofΩ is the future work.
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The adjoint tidalmodel based on the theory of inverse problemhas been applied to investigate the effect of bottom friction coefficient
(BFC) on the tidal simulation. Using different schemes of BFC containing the constant, different constant in different subdomain,
depth-dependent form, and spatial distribution obtained from data assimilation, the M2 constituent in the Bohai, Yellow, and East
China Sea (BYECS) is simulated by assimilating TOPEX/Poseidon altimeter data, respectively. The simulated result with spatially
varying BFC obtained from data assimilation is better than others. Results and analysis of BFC in BYECS indicate that spatially
varying BFC obtained from data assimilation is the best fitted one; meanwhile it could improve the accuracy in the simulation of
M2 constituent.Through the analysis of the best fitted one, new empirical formulas of BFC in BYECS are developed with which the
commendable simulated results of M2 constituent in BYECS are obtained.

1. Introduction

The bottom friction plays a significant role in the tidal phe-
nomenon. In numerical simulations of tide, bottom friction
is generally parameterized by the bottom friction coefficient
(BFC). In order to improve the simulation accuracy, it is
essential to determine the BFC correctly. In previous studies
[1–8], several methods were suggested to determine the BFC
and some encouraging simulated results were achieved. Lee
and Jung [9] used a three-dimensional mode-splitting, 𝜎-
coordinate barotropic finite-difference model to examine
M2 tidal elevation and current in the Yellow Sea and East
China Sea, and they treated the BFC as a constant in the
whole computing domain. Zhao et al. [10] simulated the
semidiurnal and diurnal tides and tidal currents in the
whole Eastern China Seas with different BFC in different
subdomain. Kang et al. [11] carried out a fine grid tidal
modeling experiment to study the tidal phenomena in the
Yellow and East China Seas, and they used the depth-
dependent form of BFC. He et al. [12] set up a numerical
adjoint model with TOPEX/Poseidon (T/P) altimeter data to
investigate the shallow water tidal constituents in the Bohai

and Yellow Sea. In their model, the Bohai and Yellow Sea
were divided into five sub-regions with different BFC. Lu
and Zhang [13] used the adjoint method to assimilate T/P
altimeter data into a 2-dimensional tidal model in the Bohai,
Yellow, and East China Sea (BYECS) and the spatially varying
BFC were estimated with the independent point strategy.

Additionally, open boundary conditions (OBCs) are cru-
cial for the representation of tidal processes in the regional
ocean model [14]. Generally, OBCs could be obtained from
the larger scale model or by interpolating the existing obser-
vation data near the location.However, OBCs obtained by the
methods mentioned above have to be adjusted by experience
to get ideal simulated results. Based on the theory of inverse
problem, the adjoint method is a powerful tool for parameter
estimation [15], and thus OBCs could be optimized auto-
matically. Zhang and Lu [16] applied the four-dimensional
variational data assimilation technology to simulate the
three-dimensional tidal currents in the marginal seas and the
OBCs were optimized. Guo et al. [14] estimated the OBCs
in Bohai Sea by an adjoint data assimilation approach with
independent point strategy and obtained good simulated
result of M2 constituent. Zhang and Wang [17] developed
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a new method based on the adjoint method to inverse the
periodic OBCs in two-dimensional tidal models and used it
to simulate the M2 constituent in BYECS successfully.

As mentioned above, BFC is an important parameter
for tidal models and many schemes of BFC have been used
in previous study. However, so far there are few systematic
comparisons about the different schemes of BFC. Because
different numerical models and observations are used in
different studies, the simulated results in those papers in
which the BFC are different could not be compared directly.
In this paper, firstly the adjoint tidal model is employed
to compare some different schemes of BFC. At the same
time, in order to reduce the influence of OBCs that are also
important for tidal models, we use the adjoint method to
optimize OBCs. Based on the simulation of M2 constituent
in BYECS, several different schemes of BFC including the
constant, different constant in different subdomain, depth-
dependent form, and spatial distribution obtained from data
assimilation are compared to find the best fitted one.Then we
try to analyze the best fitted one to set up new empirical for-
mulas of BFC in BYECS with which the preferable simulated
results could be obtained.

2. Adjoint Tidal Model

2.1. Equations. The governing equations are described under
the rectangular coordinate system. Assuming that pressure is
hydrostatic and density is constant, the depth averaged two-
dimensional tidal model is as follows:

𝜕𝜁

𝜕𝑡
+
𝜕 [(ℎ + 𝜁) 𝑢]

𝜕𝑥
+
𝜕 [(ℎ + 𝜁) V]

𝜕𝑦
= 0,

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ V

𝜕𝑢

𝜕𝑦
− 𝑓V +

𝑘𝑢√𝑢2 + V2

ℎ + 𝜁

− 𝐴(
𝜕
2
𝑢

𝜕𝑥2
+
𝜕
2
𝑢

𝜕𝑦2
) + 𝑔

𝜕𝜁

𝜕𝑥
= 0,

𝜕V
𝜕𝑡
+ 𝑢

𝜕V
𝜕𝑥

+ V
𝜕V
𝜕𝑦
+ 𝑓𝑢 +

𝑘V√𝑢2 + V2

ℎ + 𝜁

− 𝐴(
𝜕
2V
𝜕𝑥2

+
𝜕
2V
𝜕𝑦2

) + 𝑔
𝜕𝜁

𝜕𝑦
= 0,

(1)

where 𝑡 is time, 𝑥 and 𝑦 are Cartesian coordinates, ℎ is
undisturbed water depth, 𝜁 is sea surface elevation above
the undisturbed sea level, 𝑢 and V are velocity components
in the east and north, 𝑓 is the Coriolis parameter, 𝑔 is
the acceleration due to gravity, 𝑘 is the BFC, and 𝐴 is the
horizontal eddy viscosity coefficient.

With the adjoint method described in Lu and Zhang [13],
the cost function is constructed as

𝐽 =
1

2
𝐾𝜁 ∫
Σ

(𝜁 − 𝜁)
2

𝑑𝜎, (2)

where 𝐾𝜁 is a constant and Σ is the set of the observation
locations.
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Figure 1: Bathymetry map of BYECS.

And the adjoint model can be constructed as follows:

𝜕𝜆
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(3)

where 𝜁 is the simulated result, 𝜁 is the observation, and 𝜆, 𝜇,
and ] denote the adjoint variables of 𝜁, 𝑢, and V, respectively.

The finite difference schemes of (1) and (3) are similar to
those in Lu and Zhang [13].

2.2. Model Setting. The computing area is BYECS
(117.5∘E–131∘E, 24∘N–41∘N) which is shown in Figure 1.
The horizontal resolution is 10× 10. The time step is 62.103
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Figure 2: Positions of T/P altimeter tracks (“∙”) and tidal gauges
(“o”) and open boundary (“+”).

seconds, which is 1/720 of the period of M2 constituent. The
eddy viscosity coefficient (𝐴) is 5000m2/s. The positions of
tidal gauge stations, the T/P altimeter tracks, and the open
boundary are shown in Figure 2.

3. Numerical Experiments and Result Analysis

3.1. Calculation Process of Numerical Experiments. Initial
conditions are that the sea surface elevation (𝜁) and the
velocities (𝑢 and V) are zero. In addition, the initial values of
OBCs are set to zero.

The calculation process of the adjoint tidal model is
designed as follows.

(1) With the BFC given, which is fixed in the whole
computing process, OBCs existed and other model
parameters run the forward tidal model.

(2) The difference of water elevation between simulated
results from step (1) and observations at the grid
points on T/P satellite tracks serves as the external
force of the adjoint model. Values of adjoint variables
are obtained through backward integration of the
adjoint equations.

(3) With the values of adjoint variables from the adjoint
model, the OBCs could be adjusted by the method
mentioned in Cao et al. [18].

Repeat steps (1)–(3) until the number of iteration steps
is exactly 100. For the setting of adjoint tidal model in this
study, 100 iteration steps are sufficient because both the
cost function and the difference between observations and
simulated results will decrease slowly after this step.

3.2. Setting of Numerical Experiments. In each numerical
experiment, the BFC is fixed and the OBCs are optimized by
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Figure 3: The BFC distribution in E4.

assimilating T/P altimeter data into the adjoint tidal model,
so that we could compare the different schemes of BFC
adequately without the possibility that the OBCs do not
match the BFC. Moreover, the tide gauge data are used as an
independent check of the model fidelity.

Refer to some schemes of BFC generally used in previous
studies, and we design several numerical experiments to
compare them.

E1: the BFC is treated as a constant (0.0015) in BYECS.

E2: the BFC is depth-dependent form which is similar
to that used by Kang et al. [11]. The BFC is defined
by 𝑘 = 𝑔/𝐶

2, where 𝑔 is gravity acceleration, 𝐶 is
Chezy coefficient, and the depth-dependent form of
the Chezy coefficient are applied as 𝐶 = ℎ

1/6
/𝑛 with

𝑛 = 0.023.

E3: the scheme of BFC is the same as that employed in
Zhao et al. [10]. The BFC is taken to be 0.001 at the
west of the line from (25∘15N, 120∘45E) to (40∘00N,
124∘15E), 0.0035 in the Korean Strait, and 0.0016 in
other areas.

E4: the space-varying BFC is obtained by assimilating
observations using the adjoint method in Lu and
Zhang [13]. The difference is that the initial condition
of BFC in this paper is 0.0015.The spatial distribution
of BFC is shown in Figure 3.

3.3. Results of Numerical Experiments. When the tide is
stable, the results of next period are used to do harmonic
analysis. The mean absolute errors (MAEs) in amplitude and
phase between simulation results and observations (T/P data
and tidal gauge data) are shown in Table 1.
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Table 1: Differences between simulated results and observations
(T/P data and tidal gauge data).

EXP
MAEs of T/P data MAEs of tidal gauge data

Amplitude
(cm) Phase lag (∘) Amplitude

(cm) Phase lag (∘)

E1 7.2 6.2 10.2 7.3
E2 7.6 6.7 10.3 8.9
E3 6.9 6.1 9.9 7.2
E4 5.7 5.8 6.7 6.6
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Figure 4: The cotidal chart obtained from E4 (the dashed line
denotes coamplitude line (m), and solid line denotes cophase line
(degree)).

From Table 1, one can find that E4 obtains the best
simulated result. From the MAEs in amplitude and phase
between simulation and T/P data, it could be found that
E4 obtains the best assimilated results in the same steps of
assimilation. And it is obvious thatMAEs between simulation
and tidal gauge data are minimum. We try to increase
the number of iteration steps in E1, E2, and E3, but no
improvements are achieved.

The cotidal chart of M2 constituent obtained in E4 is
shown in Figure 4. Compared with Lefèvre et al. [19] and
Fang et al. [20], the cotidal chart seems to coincide with the
observed M2 constituent in BYECS fairly well. It also proves
that E4 gets perfect simulated result. As shown in Figure 4,
there are two amphidromic points in the Bohai Sea, one of
which is near Qinhuangdao and the other is near the Yellow
River delta. There are also two amphidromic points in the
Yellow Sea, one of which is north of Chengshantou and the
other is southeast of Qingdao.

4. Discussion of BFC

4.1. Discussion from Numerical Results. As shown by Table 1
and Figure 4, it is obvious that E4with the space-varying BFC
obtains the best simulated result.

Mofjeld [21] used a turbulence closure model to inves-
tigate the dependence on water depth of bottom stress and
quadratic drag coefficient for a steady barotropic pressure-
driven current in unstratified water when the current was the
primary source of turbulence. He noted that the quadratic
drag coefficient was approximated reasonably well by a
formula from nonrotating channel theory in which the
coefficient depended only on the ratio of the water depth
to the bottom roughness. Jenter and Madsen [22] studied
the bottom stress in wind-stress depth-average coastal flows
and found that the drag tensor variation was a function of
water depth, wind stress, and bottom roughness. From the
aforementioned studies, it is seen that the BFC generally
depends on thewater depth andbottom roughness. And there
is no doubt that the water depth and bottom roughness are
diverse in different area and they vary spatially. In addition,
Kagan et al. [23] studied the impact of the spatial variability
in bottom roughness on tidal dynamics and energetics in the
North European Basin and indicated that ignoring the spatial
variability in bottom roughness was only partially correct
because it was liable to break down for the tidal energetics.
Therefore, the BFC should be spatially varying in fact. It is
noticeable that the schemes of a constant BFC like in E1 is not
reasonable enough. The space-varying BFC obtained from
the data assimilation seems to be more advisable in physics.

In fact, BFC in E2 is depth-dependent, and thus it is also
spatially varying. However, the simulated results from E2 are
worse than that from E1 and E3 and much worse than that
from E4. From Figure 3, the BFC in shallow water are larger
than those in deep water in the Bohai Sea and the Yellow Sea
individually.Meanwhile, the averagewater depth of the Bohai
Sea is 19.3m and the average BFC is 0.00082, while they were
45.4m and 0.00081 for the Yellow Sea and 334.7m and 0.0015
for the East China Sea. From the definition of BFC in E2, it is
evident that the BFC and the depth are in inverse proportion
in whole region. In detail, the average BFC of the Bohai Sea
is 0.0021, while it is 0.0017 for the Yellow Sea and 0.0011 for
the East China Sea. We can find that the BFC in the Bohai
Sea and the Yellow Sea has the same changing trend with
E4, but the value is larger. Green and McCave [24] indicated
that the form drag caused by the bottom topography, wave-
current interaction, boundary-layer stratification, and so on
may impact the BFC. The water depth changes largely in the
Okinawa trough, so the form drag should be larger. But in
E2 the BFC in East China Sea is small and the East China
Sea is the largest area in BYECS, so the simulated result of E2
is dissatisfactory. We surmise that the scheme of BFC in E2
may be reasonable in the shelf sea and not applicable in the
area of slope and trough.Thus, it can be seen that the spatially
varying BFC from data assimilation is better than the depth-
dependent form in BYECS, especially in the East China Sea.

In addition, E3 obtains better result than E2. In E2, the
BFC is 0.0019 at thewest of the line in E3, 0.0012 in theKorean
Strait, and 0.0014 in other areas; meanwhile they are 0.0008,
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Figure 5: BFC versus water depth.

0.0014, and 0.0015 in E4. In the areas except the Korean Strait
whose area is small, the BFC in E3 and E4 have the same
changing tendency and the average values are approximately
equal. However there is the opposite trend in E2. It seems to
explain that the BFC in E3 is better than that in E2. And it
proves that the scheme of BFC in E4 is the best fitted one from
another side.

In conclusion, the spatially varying BFC in E4 is the best
fitted BFC in BYECS.

4.2. Further Exploration of BFC. In this section, the schemeof
BFC in E4 is analyzed to investigate the relationship between
BFC and water depth, the change rate of seafloor topography
(CRST), and bottom roughness.

In this study, CSRT is described as follows:

𝐷ℎ =

ℎ𝑖,𝑗 − ℎ𝑖+1,𝑗


+

ℎ𝑖,𝑗 − ℎ𝑖−1,𝑗



+

ℎ𝑖,𝑗 − ℎ𝑖,𝑗+1


+

ℎ𝑖,𝑗 − ℎ𝑖,𝑗−1


.

(4)

And bottom roughness is described as follows:

𝐷𝐷ℎ = (ℎ𝑖,𝑗 − ℎ𝑖+1,𝑗)
2

+ (ℎ𝑖,𝑗 − ℎ𝑖−1,𝑗)
2

+ (ℎ𝑖,𝑗 − ℎ𝑖,𝑗+1)
2

+ (ℎ𝑖,𝑗 − ℎ𝑖,𝑗−1)
2

.

(5)

The correlation coefficient between BFC and water depth
is 0.4540, while it is 0.3845 for CRST and 0.2520 for bottom
roughness. It is shown that water depth is the significant
factor that affects BFC.We demonstrate the BFC versus water
depth in Figure 5 and could find that the BFC is a constant
when water depth is larger than 100 meters. However, when
water depth is less than 100meters, the BFC varies complicat-
edly. So we focus on the study of quantitative relations of BFC
with water depth, CRST and bottom roughness when water
depth is less than 100 meters.

Considering BFC is mainly affected by water depth, in
first step we ignore the CSRT and bottom roughness to make
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Figure 6: BFC versus ln(𝐷ℎ) when water depth is less than 100
meters.

the relationship simple and just investigate the quantitative
relationship of BFC and water depth. From partial enlarged
drawing in Figure 5, it could be seen that there are two
sections. When water depth is less than 30 meters, BFC
decreases with the water depth increasing, while increasing
for larger than 30 meters. The fitting function could be
obtained as follows:

𝑘 =

{{

{{

{

1.5363 × 10
−3
, ℎ ≥ 100

(56.8850 + 0.9674ℎ) × 10
−5
, 30 ≤ ℎ < 100

(100.0 − 0.5413ℎ) × 10
−5
, ℎ < 30.

(6)

From another perspective, a linear function could
describe the relationship between BFC and water depth
roughly, and at the same time 𝐷ℎ and 𝐷𝐷ℎ are also consid-
ered. As seen in Figure 6, BFC increases linearly along with
ln(𝐷ℎ) by and large. From Figure 7, it is shown that it is
difficult to use a formula to describe the relationship between
BFC and ln(𝐷𝐷ℎ).Therefore considering the impact of ℎ,𝐷ℎ
upon BFC, we obtain the formula as follows:

𝑘 = {
1.5363 × 10

−3
, ℎ ≥ 100

(0.5255 + 0.0068ℎ + 0.0731 ln (𝐷ℎ)) × 10−3, ℎ <100.

(7)

Using formulas (6) and (7), two new schemes of BFC in
BYECS are obtained, and they are recorded as E5 and E6.
The differences between simulated results and observations
are shown in Table 2.

From Tables 1 and 2, it could be found that the simulated
results of E5 and E6 are better than those of others except
E4. It indicates that the schemes of BFC obtained from
the statistical relation could describe the BFC in BYECS
preferably and improve the result of numerical simulation.

Through the analysis of the scheme of BFC in E4, we set
up new empirical formulas of BFC in BYECS with which
the commendable simulated results are obtained. It should
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Table 2: Differences between simulated results and observations
(T/P data and tidal gauge data).

EXP
MAEs of T/P data MAEs of tidal gauge data

Amplitude
(cm) Phase lag (∘) Amplitude

(cm) Phase lag (∘)

E5 6.5 5.9 8.5 6.5
E6 6.7 6.0 8.4 6.1

be noted that the calculation of BFC in BYECS by the new
empirical formulas just needs the bathymetric data. So it
can be considered to be referenced in the simulation of M2
constituent in BYECS.

5. Conclusions

The adjoint tidal model based on the theory of inverse
problem has been applied to investigate the effect of BFC
on the tidal simulation. The M2 constituent in BYECS is
simulated by assimilating T/P altimeter data with several
different schemes of BFC: the constant, different constant
in different subdomain, depth-dependent form, and spatial
distribution obtained from data assimilation. Comparing
with the observations at tidal gauges, it is found that the
simulated result with the spatially varying BFC is the best,
and the MAEs in amplitude and phase are 6.7 cm and 6.6∘,
respectively, while the least values in other experiments are
9.9 cm and 7.2∘. Comparing with the observations at T/P
stations, we found that the simulated result with spatially
varying BFC has advantages over others and the MAEs
in amplitude and phase are 5.7 cm and 5.8∘, respectively,
while in other experiments they are at least 6.9 cm and 6.1∘.
The simulated results and the analysis of BFC in BYECS
simultaneously indicate that spatially varying BFC obtained
from data assimilation is the best fitted one, and it could
improve the accuracy in the simulation of M2 constituent.
Finally, through the statistical analysis of the spatially varying

BFCobtained fromdata assimilation, new empirical formulas
of BFC in BYECS are obtained. We found that the simulated
results with new empirical formulas are better than tradi-
tional schemes, such as the constant, different constant in
different subdomain, and depth-dependent form. We believe
that the new empirical formulas could be referenced in the
simulation of M2 constituent in BYECS.
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Received 14 March 2014; Accepted 5 May 2014; Published 10 June 2014

Academic Editor: Fatih Yaman

Copyright © 2014 Caner Özdemir et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Even though ground penetrating radar has been well studied and applied by many researchers for the last couple of decades, the
focusing problem in the measured GPR images is still a challenging task. Although there are many methods offered by different
scientists, there is not any completemigration/focusingmethod thatworks perfectly for all scenarios.This paper reviews the popular
migration methods of the B-scan GPR imaging that have been widely accepted and applied by various researchers. The brief
formulation and the algorithm steps for the hyperbolic summation, the Kirchhoff migration, the back-projection focusing, the
phase-shift migration, and the 𝜔-𝑘 migration are presented. The main aim of the paper is to evaluate and compare the migration
algorithms over different focusing methods such that the reader can decide which algorithm to use for a particular application of
GPR. Both the simulated and the measured examples that are used for the performance comparison of the presented algorithms
are provided. Other emerging migration methods are also pointed out.

1. Introduction

Ground penetrating radar (GPR) is remote sensing technique
that can nondestructively sense and detect objects inside
the visually opaque environment or underneath ground
surface. GPR has gained its fame thanks to its high reso-
lution capability and applicability in numerous fields such
as detecting mines and unexploded ordinances, finding
water leakages, investigating archeological substances, spot-
ting asphalt/concrete cracks in highways, searching buried
victims after an earthquake or an avalanche, and imaging
behind the wall for security applications [1–4]. Depending on
the application, different scanning schemes, namely, A-scan,
B-scan, and C-scan, are being employed [1]. In the B-scan
measurement situation, a downward looking GPR antenna is
moved along a straight path on the top of the surfacewhile the
GPR sensor is collecting and recording the scattered field at
different spatial positions.This static measured data collected
at single point is called an A-scan [1].

The data collection in a typical GPR operation can
be either employed in the time domain by recording the
scattered response of a time-domain pulse or in the frequency
domain by recording the frequency response of the scattered

field. For the former case, the two-dimensional (2D) space-
time GPR image 𝐼(𝑥, 𝑡) is attained by conveying a time-
domain pulse towards the surface at consecutive, distinct
synthetic aperture points. For the latter case, an inverse
Fourier transform (IFT) operation should be accommodated
to carry the collected data from the spatial-frequency domain
to space-time GPR image. In any case, the depth resolution
is achieved by the transmitted signal’s frequency diversity.
The resolution along the scanning direction is attained by
the synthetic processing of the received data collected at
different spatial points of the B-scan. While a fine resolution
in the depth axis is usually easy to get by utilizing a wide-
band transmitted signal, the resolution along the scanning
direction is much harder to realize and requires special treat-
ment. On the other hand, some specific GPR applications like
preservation tasks in ancient constructions or stone masonry
structures and detection of antipersonnel landmines for
humanitarian demining require high resolution images of
the investigated structures or regions especially in the cross-
range dimensions.

In a typical space-time B-scan GPR image, any scatterer
within the image region shows up as a hyperbola because of
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the different trip times of the EM wave while the antenna
is moving along the scanning direction. For this reason,
the resolution along the synthetic aperture direction depicts
undesired low resolution features owing to the long tails of
the hyperbola. Therefore, one of the most applied problem
for the B-scan GPR image is to transform (or to migrate) the
unfocused space-time GPR image to a focused one show-
ing the object’s true location and size with corresponding
EM reflectivity. The common name for this task is called
migration or focusing [5–18]. In fact, migrationmethods were
primarily developed for processing seismic images [19] and
they were also applied to the GPR thanks to the likenesses
between the acoustic and the electromagnetic wave equations
[7–11]. Kirchhoff ’s wave-equation [5] and frequency-wave
number (𝜔-𝑘) based [6, 7] migration algorithms are widely
recognized and employed. The wave number domain focus-
ing techniques, for instance, were first formulated for seismic
imaging applications [7] and then adapted to the contempo-
rary synthetic aperture radar (SAR) imaging practices [12–
15]. These algorithms are also named as seismic migration
[12, 13] and frequency-wave number (or 𝜔-𝑘) migration [16–
18] by different researchers.

In this work, we present a brief review of the B-scan
GPR migration/focusing methods that are commonly used
by GPR research community. Although we have done some
preliminary studies on the performance comparison of only
two GPR focusing algorithms earlier [20] by utilizing very
limited performance parameters, in this paper, we extend
our studies to compare a total of five popular algorithms by
assessing different aspects of these algorithms. In Section 2,
we address the problem of migration together with the well-
known exploding source concept. In fact, most migration
algorithms make use of this concept as we shall explain
in this work. In Section 3, most popular and functional
migration methods for the B-scan GPR imaging applications
are reviewed. For this purpose, (i) hyperbolic summation,
(ii) Kirchhoff ’s migration, (iii) phase-shift migration, (iv)
frequency-wavenumber (or the 𝜔-𝑘) migration, and (v)
back-projection method are presented together with the
detailed algorithm steps. In Section 4, the success and the
performance of these algorithms were compared to each
other by testing them over the simulated and the measured
B-scan GPR data. Our main objective in this work is to
present a qualitative comparison of these popular and widely
used algorithms such that the reader can benefit from the
performance results over different parameters ranging from
resolution to computation time. Section 5 is dedicated to
discussions and the conclusion.

2. The Problem of Migration/Focusing

The common goal in a typical GPR image is to display the
information of the spatial location and the reflectivity of an
underground object. As illustrated in Figure 1, a single point
scatterer appears as a hyperbola in the space-time GPR image
for themonostatic operation. Since this is the expected image
pattern for the B-scan operation, such information can be
thought as sufficient if the main goal of the GPR application

is just to sense a pipe or comparable objects. However, the
information about the scatterer including its depth, its size,
and its EM reflectivity can be very important in most GPR
applications. Therefore, the hyperbola or dispersion in the
space-time B-scan GPR image ought to be converted to a
focused one that demonstrates the object’s factual location
and size together with its scattering amplitude. A focused
or migrated image is gathered after the elimination of this
hyperbolic type of diffraction or any other kind of dispersion
[5–18].

2.1. Exploding Source Model. Most of the migration methods
are based on the concept called exploding source model
(ESM). In 1985, Claerbout [21] came with the clever idea of
thinking of the scattered field at the radar receiver as if it
is originated from the source at the target location. Instead
of assuming a two-way trip convention of the EM wave,
therefore, it is imagined that a fictitious source “explode” at
a reference time of 𝑡 = 0 around the target location and
send EM wave to the receiver as illustrated in Figure 2. The
real data collection scheme is shown in Figure 2(a) where,
in fact, the two-way propagation between the radar and the
object exists.When theESM is utilized, however, the collected
data is assumed to be originally radiated from the source on
the object. Therefore, one-way propagation is assumed in the
ESM depicted in Figure 2(b). Since the trip time of the EM
wave would be half of the original problem the compensation
should be made for the velocity of the EM wave by just
dividing it by two to have V𝑚 = V/2 where V is the speed of
the EM wave within the medium of propagation.

The migration using the ESM is essentially carried out by
applying these two actions:

(i) the received signal is extrapolated back to exploding
source points;

(ii) the migrated image is realized by forming the back
extrapolated EM wave at the time of 𝑡 = 0.

3. Migration/Focusing Methods

In this section, we will briefly review the basic steps of the
mostly applied GPR algorithms, namely, the hyperbolic sum-
mation, the Kirchhoff migration, the phase-shift migration,
the 𝜔-𝑘 (Stolt) migration, and the back-projection focusing.
Other migration methods will also be mentioned at the end
of this section.

3.1. Hyperbolic (Diffraction) Summation. In a typical GPR
application, the radar antenna collects the scattered or back-
scattered EM wave from the air-to-ground interface and
subsurface objects together with many cluttering effects
mainly attributed to inhomogeneities within the ground. For
the idealistic case, the phase of the scattered signal is directly
proportional to the trip time (or distance) that the EM
wave possesses if the propagation medium is homogenous.
The monostatic backscattered signal from a single point-like
scatterer experiences different round-trip distances while the
antenna is moving over the surface for the B-scan operation.
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Figure 1: (a) Typical GPRmeasurement setup (B-scan) and (b) resultant space-time image that contains the well-known hyperbolic aliasing.
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Figure 2: Geometry for (a) B-scan GPR data collection scheme and (b) utilizing “exploding source model.”

For each static measurement along the B-scan axis, one-
dimensional (1D) range profile (or depth profile) of the
subsurface scene is obtained by taking the inverse Fourier
transform (IFT) of the frequency-diverse back-scattered sig-
nal. After putting all the depth profiles aside, the 2D space-
time (or space-depth) B-scan GPR image is obtained. As the
GPR antenna has a finite beamwidth, any subsurface object
is illuminated for a finite length along the B-scan axis as
demonstrated in Figure 1. Therefore, this object shows up as

a parabolic hyperbola in the space-time GPR image due to
different trip distances of the EM wave between the radar
and the illuminated scattering object.The true location of the
object is, in fact, at the apex of this hyperbola.

Let us assume a perfect point scatterer situated at (𝑥𝑜, 𝑧𝑜)

in the 2D plane where 𝑥-axis corresponds to the scanning
direction and the 𝑧-axis is the depth as illustrated in Figure 1.
If the propagating medium is homogeneous, the parabolic
hyperbola in the GPR image can be characterized by the
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following equation when the radar is moving on a straight
path along 𝑋-axis. Consider

R = √𝑧2
𝑜

+ (X − 𝑥𝑜)
2
. (1)

In the above equation,X is the synthetic aperture vector along
the B-scan and R represents the path length vector from
the antenna to the scatterer. Assuming that the resultant B-
scan GPR image can be regarded as the contribution of finite
number of hyperbolas that correspond to different points on
the object(s) below the surface, the following methodology
can be applied tomigrate the defocused image structures, that
is, hyperbolas to the focused versions [22].

(i) For each pixel point, (𝑥𝑖, 𝑧𝑖) on the 2D original B-scan
space-depth GPR image matrix, find the associated
hyperbolic template using (1) and trace all the pixels
under this template.

(ii) Record the image data for the traced pixels under
that template. At this stage of the algorithm, we have
1D field data 𝐸

𝑠, whose length 𝑁 is the same as
the number of sampling points along the synthetic
aperture 𝑋.

(iii) Then, calculate the root-mean-square (rms) of the
entire energy contained inside this 1D complex field
data as follows:

{rms at (𝑥𝑖, 𝑧𝑖)} =
√

(
E

s
2

(Es
)
∗

2

)

𝑁

=
1

√𝑁

𝑁

∑

𝑖=1

E
s
i


2
.

(2)

(iv) The calculated rms figure is recorded on the new
image matrix at the point (𝑥𝑖, 𝑧𝑖). This process is
reiterated until all pixels on the original GPR image
are passed through the algorithm.

3.2. Kirchhoff ’s Migration. Kirchhoff ’s migration (KM), also
known as reverse-time wave equationmigration, is mathemat-
ically equivalent to hyperbolic summationmethodwith some
correcting factors included in the solution [22]. InKirchhoff ’s
migration procedure, the aim is to find the solution to the
following scalarwave equation for thewave function𝜑(𝑥, 𝑧, 𝑡)

within the propagating medium:

(
𝜕
2

𝜕𝑥
2

+
𝜕
2

𝜕𝑧
2

−
1

V2
𝑚

𝜕
2

𝜕𝑡
2

) 𝜑 (𝑥, 𝑧, 𝑡) = 0. (3)

Here, V𝑚 is the velocity of the EMwavewithin the propagating
medium and taken as V/2 by utilizing the “exploding source”
concept. The solution to this differential equation is available
for the far-field approximation from the Kirchhoff integral
theorem [23] as

𝑃 (𝑥, 𝑧, 𝑡) =
1

2𝜋
∫

∞

−∞

(
cos 𝜃

V𝑚𝑅
⋅

𝜕

𝜕𝑡
𝑃 (𝑥, 𝑧, 𝑡 −

𝑟

V𝑚
)) 𝑑𝑥. (4)

Here, 𝜃 is the angle of the incident wave to the depth axis (𝑧)

and 𝑟 = ((𝑥 − 𝑥𝑚)
2

+ 𝑧
2
)
1/2 is the path from the target point

at (𝑥, 𝑧) to the observation point at (𝑥𝑚, 0).
In KM method, the following correction factors that are

not considered in the hyperbolic summation are accounted.

(i) Compensation for the spherical spreading is taken
into account. For this purpose, a correction factor of
1/√V𝑚𝑟 is used for the 2D propagation of the EM
wave, whereas this factor becomes 1/(V𝑚𝑟) for the 3D
propagation.

(ii) The directivity factor cos 𝜃 is also considered. This
factor corrects the diffraction amplitudes.

(iii) The phases and amplitudes of the wave are also
corrected. The phase is corrected by 𝜋/2 and 𝜋/4

for 2D and 3D propagation cases, respectively. The
amplitude of the EM wave is corrected with a factor
proportional to the square of the frequency for the
2D propagation case and to the frequency for the 3D
propagation case [23–25].

3.3. Phase-Shift Migration. The phase-shift migration (PSM)
method is first introduced and applied by Gazdag [6]. Similar
to Kirchhoff ’s migration, this method also utilizes the ESM
concept [26]. In brief, the algorithm iteratively puts a phase-
shift to migrate the wave field to the exploding time of 𝑡 = 0

such that all the scattered waves are drawn back to object site
to have a focused image.

The main aim of the PSM algorithm is to calculate the
wave field at 𝑡 = 0 by extrapolating the downward (𝑧-
directed) EM wave with the phase factor of exp(𝑗𝑘𝑧𝑧).

The PSM algorithm can be briefly summarized via the
following steps.

(i) First, 2D measured raw dataset in frequency wave-
number or (𝜔, 𝑘𝑥) domain is multiplied by a phase-shift
factor, 𝐾, along the depth axis (or 𝑧-axis) as given below

𝐾 = 𝑒
𝑗𝑘
𝑧
⋅Δ𝑧

. (5)

This factor can also bewritten in terms of wave-number along
the data collecting axis (𝑘𝑥) as

𝐾 = exp (𝑗𝑘𝑧 ⋅ Δ𝑧)

= exp (𝑗√𝑘2 − 𝑘2
𝑥

⋅ Δ𝑧)

= exp(𝑗𝑘√1 − (
𝑘𝑥

𝑘
)

2

⋅ Δ𝑧) .

(6)

Putting 𝑘 = 𝜔/V𝑚 (where 𝜔 is the angular frequency and V𝑚
is the speed of wave inside the propagationmedium) into (5),
one can get

𝐾 = exp(𝑗
𝑤

V
⋅ Δ𝑧√1 − (

V𝑚 ⋅ 𝑘𝑥

𝜔
)

2

) . (7)

In the above equation, the incremental depth parameter Δ𝑧

is proportional to the time sampling interval Δ𝑡 of the input
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data via Δ𝑧 = V𝑚 ⋅ Δ𝑡. After this modification, the final form
of the phase-shift factor becomes

𝐾 = exp(𝑗𝑤 ⋅ Δ𝑡√1 − (
V𝑚 ⋅ 𝑘𝑥

𝜔
)

2

) . (8)

2D measured raw dataset 𝐸
𝑠
(𝜔, 𝑘𝑥) is multiplied by 𝐾 along

the depth axis for the time steps of Δ𝑡.
(ii) By utilizing the ESM concept, the imaging task is

accomplished by taking the inverse Fourier transform (IFT)
of the 𝐸

𝑠
(𝜔, 𝑘𝑥) after selecting the time variable as Δ𝑡 = 0.

Therefore, only single FT operation is required at one point
(when Δ𝑡 = 0) for the focused image.

After updating the factor 𝐾 for every value of Δ𝑡 and 𝜔,
we have the data in 3D (𝜔, 𝑘𝑥, 𝑘𝑧) domain as

𝐸
𝑠

(𝜔, 𝑘𝑥, 𝑘
𝑧
) = 𝐾 ⋅ 𝐸𝑠 (𝜔, 𝑘𝑥) . (9)

The new dataset 𝐸
𝑠

(𝜔, 𝑘𝑥, 𝑘
𝑧
) is summed up along the

frequency axis and indexed for different values of Δ𝑡 as

𝐸
𝑠

(𝑘𝑥, 𝑘
𝑧
, 𝑡) = ∑

𝑤

𝐸
𝑠

(𝜔, 𝑘𝑥, 𝑘
𝑧
) . (10)

(iii) Setting Δ𝑡 = 0 and taking the 2D IFT with respect to
𝑘𝑥 and 𝑘𝑧, the focused the image in the (𝑥, 𝑧) domain can be
obtained as given below:

𝐸
𝑠

(𝑥, 𝑧) = IFT {𝐸
𝑠

(𝑘𝑥, 𝑘𝑧)} . (11)

3.4. Frequency-Wavenumber (Stolt) Migration. Frequency-
wavenumber (𝜔-𝑘) migration, also known as Stolt migration
or the 𝑓-𝑘 migration, utilizes the ESM idea and the scalar
wave equation [7]. The algorithm behind the frequency-
wavenumber method works faster than the previously pre-
sented migration methods. The 𝜔-𝑘 migration method has
proven to be working well for the constant-velocity propa-
gation mediums [6, 7]. The solution of the 𝜔-𝑘 migration
can be rewritten to be the same as the solution of the
Kirchhoffmigration [18]. Below is the brief explanation of the
algorithm.

The algorithm begins with the 3D scalar wave equation
for thewave function𝜑(𝑥, 𝑦, 𝑧, 𝑡)within the constant-velocity
propagation medium

(
𝜕
2

𝜕𝑥
2

+
𝜕
2

𝜕𝑦
2

+
𝜕
2

𝜕𝑧
2

−
1

V2
𝑚

𝜕
2

𝜕𝑡
2

) 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 0. (12)

In the Fourier space, spatial wave-numbers and the frequency
of operation are related with the following equation:

𝑘
2

𝑥
+ 𝑘
2

𝑦
+ 𝑘
2

𝑧
= 𝑘
2

=
𝜔
2

V2
𝑚

. (13)

Stratton [27] demonstrated that any given wave function can
be written as the summation of infinite number of plane wave
functions, say 𝐸(𝑘𝑥, 𝑘𝑦, 𝜔), as

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = (
1

2𝜋
)

3/2

∭

∞

−∞

𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔)

× 𝑒
−𝑗(𝑘
𝑥
𝑥+𝑘
𝑦
𝑦+𝑘
𝑧
𝑧−𝜔𝑡)

𝑑𝑘𝑥𝑑𝑘𝑦𝑑𝜔.

(14)

For the GPR operation, the scattered field is taken to be
measured on the 𝑧 = 0 plane above the surface. When
carefully treated, the above equation offers a Fourier trans-
formpair where 𝑒(𝑥, 𝑦, 𝑡) can be regarded as the time-domain
measured field on the 𝑧 = 0 plane. Consider

𝜑 (𝑥, 𝑦, 0, 𝑡) ≜ 𝑒 (𝑥, 𝑦, 𝑡)

= (
1

2𝜋
)

3/2

∭

∞

−∞

𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔)

× 𝑒
−𝑗(𝑘
𝑥
𝑥+𝑘
𝑦
𝑦−𝜔𝑡)

𝑑𝑘𝑥𝑑𝑘𝑦𝑑𝜔.

(15)

It is very important to notice that this equation desig-
nates a 3D forward FT relationship between 𝑒(𝑥, 𝑦, 𝑡) and
𝐸(𝑘𝑥, 𝑘𝑦, 𝜔) for the negative values of time variable, 𝑡. Then,
the inverse FT can be dually defined in the following way:

𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔) = (
1

2𝜋
)

3/2

∭

∞

−∞

𝑒 (𝑥, 𝑦, 𝑡)

× 𝑒
𝑗(𝑘
𝑥
𝑥+𝑘
𝑦
𝑦−𝜔𝑡)

𝑑𝑥 𝑑𝑦 𝑑𝑡.

(16)

Afterwards, we nowuse the ESM to focus the image by setting
𝑡 = 0 in (15) and using

𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔) = 𝑒
𝑗𝑘
𝑧
𝑧
𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔, 𝑧 = 0) . (17)

Therefore, one can get the time-domain measured field via

𝑒 (𝑥, 𝑦, 𝑧, 0) = (
1

2𝜋
)

3/2

∭

∞

−∞

𝐸 (𝑘𝑥, 𝑘𝑦, 𝜔)

× 𝑒
−𝑗(𝑘
𝑥
𝑥+𝑘
𝑦
𝑦+𝑘
𝑧
𝑧)

𝑑𝑘𝑥𝑑𝑘𝑦𝑑𝜔.

(18)

The above equation presents a focused image. However,
the data in (𝑘𝑥, 𝑘𝑦, 𝜔) domain should be transformed to
(𝑘𝑥, 𝑘𝑦, 𝑘𝑧) domain to be able to use the FFT. Therefore, a
mapping procedure from 𝜔 domain to 𝑘𝑧 domain is required
for fast processing. The relationship between the 𝜔- and -𝑘𝑧
and 𝑑𝜔- and -𝑑𝑘𝑧 can be easily obtained from (13) as

𝜔 = V𝑚(𝑘
2

𝑥
+ 𝑘
2

𝑦
+ 𝑘
2

𝑧
)
1/2 (19a)

𝑑𝜔 =
V2
𝑚

𝑘
𝑧

𝜔
𝑑𝑘𝑧.

(19b)

Substituting these equations into (18), one can obtain the
following:

𝑒 (𝑥, 𝑦, 𝑧) = (
1

2𝜋
)

3/2

∭

∞

−∞

V2
𝑚

𝑘
𝑧

𝜔
𝐸
𝑚

(𝑘𝑥, 𝑘𝑦, 𝑘𝑧)

× 𝑒
−𝑗(𝑘
𝑥
𝑥+𝑘
𝑦
𝑦+𝑘
𝑧
𝑧)

𝑑𝑘𝑥𝑑𝑘𝑦𝑑𝑘𝑧.

(20)

Here, 𝐸
𝑚

(𝑘𝑥, 𝑘𝑦, 𝑘𝑧) is the mapped version of the original
data 𝐸(𝑘𝑥, 𝑘𝑦, 𝜔). After this mapping, the new data set does
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Figure 3: The B-scan geometry of the 2D monostatic GPR application.

not lie on the uniform grid due to nonlinear feature of the
transformation.Therefore, an interpolation procedure should
also be applied to be able to use the FFT for fast processing of
the collected dataset. Equation (20) suggests a well-focused
image of the subsurface region that may contain a finite
numbers of scatterers. Since the FFT routine is utilized, the
GPR image in the 𝜔-𝑘 migration is obtained quite fast. It is
also important to express that the mapped dataset is scaled
by the factor of V2

𝑚
𝑘
𝑧
/𝜔. This scaling is sometimes called the

“Jacobian transformation from 𝜔 to 𝑘𝑧.”
The above focusing equation is valid for the 3D GPR

geometry or the C-scan problem. Inmost subsurface imaging
problems, however, the raw data is collected in 2D space, that
is, space-time (space-depth) or space-frequency. Therefore,
the focusing equation in (20) can be easily reduced to 2D
B-scan GPR problem in the space-depth domain via the
following equation:

𝑒 (𝑥, 𝑧) = (
1

2𝜋
) ∬

∞

−∞

V2
𝑚

𝑘
𝑧

𝜔
𝐸
𝑚

(𝑘𝑥, 𝑘𝑧)

× 𝑒
−𝑗(𝑘
𝑥
𝑥+𝑘
𝑧
𝑧)

𝑑𝑘𝑥𝑑𝑘𝑧.

(21)

3.5. Back-Projection BasedMigration. The last category of the
GPR focusing algorithms is based on the tomographic prin-
ciples used in medical imaging and collectively termed as the
back-projection (BP) algorithms. Since its first formulation
for the 2Dmonostatic SAR processing [28], the BP algorithm
has gathered an increasing interest in radar community
thanks to its distinct features that are proved to be very
useful for various SAR imaging applications. For example,
the algorithm does not require a straight and uniformly
sampled synthetic scan aperture due to its serial processing
nature. More clearly, each 1D range profiles are serially
processed and spread or back-projected over the entire 2D
image independently.This sequential processingmeans “real-
time” operation capability and hence the imaging process

can begin before acquiring the entire synthetic aperture data.
Furthermore, the specific subsections of the region to be
imaged can be easily selected to investigate these subsections
more closely. In applications where the approximate location
of the target is known a priori, the detailed image of the region
around this target can be easily formed by the algorithm.

Before briefly explaining the algorithm, let us first
consider the B-scan, monostatic GPR geometry shown in
Figure 3. A radar antenna, situated at a height of ℎ from
the ground, transmits a frequency-diverse waveform at each
distinct point 𝑚 along the synthetic axis. The relative per-
mittivity of the subsurface medium is denoted by 𝜀𝑟 and
the reflectivity function of the scatterers is represented by
𝑒(𝑥, 𝑧). The instantaneous position of the antenna (𝑥𝑚, 𝑧𝑚) is
defined by a unit vector um pointing from the scene center
towards this location. The corresponding view-angle 𝜃𝑚 is
defined as the angle between the unit vector um and the depth
axis 𝑧. Assuming a stepped-frequency continuous waveform
(SFCW) transmission, the back-scattered signal at a specific
observation angle can be written as

𝑆𝜃
𝑚

[𝑘𝑟] = ∬

∞

−∞

𝑒 (𝑥, 𝑧) exp (−𝑗𝑘𝑟𝑟𝑚) 𝑑𝑥 𝑑𝑧, (22)

where 𝑘𝑟 is the wavenumber defined for the two-way prop-
agation as 𝑘𝑟 = 4𝜋𝑓/V, 𝑓 is the frequency, V is the speed of
the propagation, and 𝑟𝑚 is the range from the instantaneous
antenna location (𝑥𝑚, 𝑧𝑚) to the points (𝑥0, 𝑧0) within the
imaging scene. The range profile of the illuminated scene
can be obtained by employing 1D IFT to (22) and can be
mathematically conveyed as

𝑠𝜃
𝑚

(𝑟) ≡ IFT {𝑆𝜃
𝑚

(𝑘𝑟)}

= ∬

∞

−∞

𝑒 (𝑥, 𝑧) 𝛿 (𝑟𝑚 − 𝑟) 𝑑𝑥 𝑑𝑧

(23)

which is nothing but the Radon transform of the scene.
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The derivation of the BPA [29] begins with the imple-
mentation of IFT of the scattering function 𝑒(𝑥, 𝑧) written in
Cartesian coordinates as

𝑒 (𝑥, 𝑧) = ∬

∞

−∞

𝐸 (𝑘𝑥, 𝑘𝑧) exp [𝑗 (𝑘𝑥𝑥 + 𝑘𝑧𝑧)] 𝑑𝑘𝑥𝑑𝑘𝑧, (24)

where 𝐸(𝑘𝑥, 𝑘𝑧) is the 2D FT of 𝑒(𝑥, 𝑧). Equation (24) can be
reformed to be rewritten in the polar coordinates (𝑘𝑟, 𝜃𝑚) as
follows:

𝑒 (𝑥, 𝑧) = ∫

𝜋

−𝜋

∫

∞

0

𝐸 (𝑘𝑟, 𝜃𝑚) exp (𝑗𝑘𝑟𝑟𝑚) 𝑘𝑟𝑑𝑘𝑟𝑑𝜃𝑚. (25)

Now, the projection-slice theorem [30] can be used to relate
the target’s FT𝐸(𝑘𝑥, 𝑘𝑧) to the collectedmeasured data 𝑆𝜃(𝑘𝑟).
For the 2D problem, the theorem essentially states that 1D FT
of the projection at the angle 𝜃 represents the slice of the 2D
FT of the projected (original) scene at the same angle; that
is, 𝑆𝜃(𝑘𝑟) = 𝐸(𝑘𝑟, 𝜃). Therefore, the sampled representation
of 𝐸(𝑘𝑥, 𝑘𝑧) can be obtained from the FT of the projections
𝑆𝜃(𝑘𝑟) measured at several observation aspects. By the help
of this principle, (25) becomes

𝑒 (𝑥, 𝑧) = ∫

𝜋

−𝜋

[∫

∞

0

𝑆𝜃
𝑚

(𝑘𝑟) exp (𝑗𝑘𝑟𝑟𝑚) 𝑘𝑟𝑑𝑘𝑟] 𝑑𝜃𝑚. (26)

The bracketed integral term in (26) can be regarded as the
1D IFT of a function 𝑄𝜃

𝑚

(𝑘𝑟) = 𝑆𝜃
𝑚

(𝑘𝑟)𝑘𝑟 calculated at
𝑟𝑚. Defining 𝑞𝜃

𝑚

(𝑟) as the IFT of this function, (26) can be
represented as

𝜌 (𝑥, 𝑧) = ∫

𝜋

−𝜋

𝑞𝜃
𝑚

(𝑟𝑚) 𝑑𝜃𝑚. (27)

Equation (27) is the final focused image of the 2D filtered
back-projection algorithm. For the SFCW system, the execu-
tion of the algorithm can be summarized as follows.

(1) Preallocate an image matrix of zeros 𝑒(𝑥, 𝑧) to hold
the values of the scene reflectivity.

(2) Multiply the acquired spatial-frequency data 𝑆𝜃
𝑚

(𝑘𝑟)

with 𝑘𝑟.

(3) Take 1D IFT of the result to obtain 𝑞𝜃
𝑚

(𝑟) which
represents the filtered version of the range profile
𝑠𝜃
𝑚

(𝑟).

(4) For each pixel position in the image data, evaluate the
corresponding range value 𝑟𝑚 and acquire its 𝑞𝜃

𝑚

(𝑟𝑚)

value by the help of an appropriate interpolation
method.

(5) Iteratively add interpolated data values to 𝑒(𝑥, 𝑧).

(6) Repeat the above steps from 2 to 5 to cover all the
observation angles 𝜃𝑚.

3.6. Some Other Methods. In addition to the above men-
tioned common migration methods, there are many other
techniques that have been introduced and studied by different
GPR researchers. Fisher et al. [31] applied reverse-time
migration procedure for GPR profiles. Capineri et al. [32]
applied a technique based on Hough transformation to the
B-scan GPR data to attain better resolved images of pipe
structures. Leuschen and Plumb [9] and Morrow and van
Genderen [33] realized back-propagation procedures that
rely on finite difference time-domain (FDTD) reverse-time
focusing methods to resemble the focusing matter in GPR
images.

4. Performance Comparison of the Algorithms

Performance of the algorithms is evaluated by the help of
following various parameters that are resolution, integrated
sidelobe ratio, signal to clutter ratio, and computation speed.

Resolution. GPR measurement can provide fine resolutions
both in depth and azimuth resolutions. The term depth
(range) corresponds to the line of sight distance from the
radar to the target to be imaged. The term azimuth (trans-
verse range, cross range) is used for the dimension that is
perpendicular to range or parallel to the radar’s along-track
axis [34]. The depth resolution is defined as an ability of
the radar equipment to separate two reflecting objects on a
same line of sight, but at different ranges from the antenna.
And the azimuth resolution can be defined as a capability of
the separation of two reflecting objects on the same ranges,
but different aspects from the radar. In GPR operation, the
high resolution in depth is obtained by utilizing a transmitted
signal of wideband. Fine azimuth resolution is achieved by
coherently processing the target’s electromagnetic scattering
measured at different aspects while the radar is moving along
a straight path. However, the measured resolutions after the
postprocessing are dependent on the focusing ability of the
migration algorithm.That is why the resolution performance
of the algorithms is tested bymeasuring the−4 dB contours of
a point scatterer (whose coordinate is 𝑥 = 0m and 𝑧 = 1.5m)
in the resultant images of simulations. Normally, algorithms
with better focusing abilities are expected to produce lower
resolved images.

Integrated Sidelobe Ratio (ISLR). Since ISLR is defined as
the ratio of the total energy within the sidelobes to the
peak energy of the main lobe [35], it can be regarded as an
important parameter when assessing the focusing abilities of
migration algorithms [36]. Based on Sanchez’s definition of
ILSR, it is the ratio of the −3 dB width of the main lobe to the
rest of the energy within all lobes.Therefore, the ISLR of a 2D
image function 𝐼(𝑥, 𝑦) can be formulated as follows:

ISLR = 10log
10

(

∫
−3 dB 𝐼𝑑𝑥


𝑑𝑦


∫
+∞

−∞
𝐼𝑑𝑥𝑑𝑦 − ∫

−3 dB 𝐼𝑑𝑥𝑑𝑦
) , (28)

where ∫
−3 dB 𝐼𝑑𝑥


𝑑𝑦
 is the energy within the −3 dB width of

the main lobe and ∫
+∞

−∞
𝐼𝑑𝑥

𝑑𝑦
 is the total energy.
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Table 1: Performances of focusing algorithms over different parameters for the simulated experiments.

Algorithm Computation time (s) Depth resolution (cm) Azimuth resolution (cm) ISLR (dB)
HSA 46.32 6.78 12 −13.15
KMA 9,372.70 5.43 4 −12.17
PSA 2.13 8.70 10 −13.02
𝜔-𝑘A 0.41 6.30 4 −12.75
BPA 4.29 7.70 5.8 −6.13

Signal to Clutter Ratio (SCR). Signal to clutter ratio (SCR) is
also a crucial parameter when evaluating the quality of the
focusing ability. In a well-focused image, the clutter/noise
level should bemuch lower than the signal level to have awell-
contrasted image. The SCR can be defined as the ratio of the
received target signal power to the received clutter power as
shown below:

SCR = 10log
10

(
𝑃tar

𝑃tot − 𝑃tar
) , (29)

where 𝑃tar is the received target signal power and 𝑃tot is the
total power within the image.

Computation Speed. The processing time of the computation
of the algorithms can be crucial if the GPR application
requires processing of vast data such as scanning and cleaning
a minefield.

4.1. Comparison over Simulation. The migration algorithms
were first tested through an imaging simulation performed in
MATLAB. Considering the classical B-scan geometry shown
in Figure 4, the subsurface was assumed to have a completely
homogeneous soil medium structure (i.e., constant-velocity
medium)with a dielectric constant of 2.4.Themedium is also
assumed to be nonmagnetic; that is, 𝜇𝑟 = 1. The monostatic
operation was considered and the −3 dB beamwidth of the
antenna was assumed to be large enough such that all targets
to be imaged fall inside the beam for the whole aperture with
constant antenna gain. The electric field data of the isotropic
point scatterers with locations depicted in Figure 4 were then
collected along a straight path ranging from 𝑥 = −2.5m
to 𝑥 = 2.5m and with 2 cm steps. At each spatial point,
the frequency response of the subsurface was acquired for
the 1.25GHz–3.75GHz frequency range that was uniformly
sampled at 168 points. Therefore, 251 × 168 spatial-frequency
B-scan data 𝐸(𝑥, 𝑓) were generated for the investigated
scene.The frequency data were subsequently preprocessed by
applying a Hanning window for sidelobe control and 4 times
zero padding for interpolation purposes.

Figure 5(a) shows the raw, unfocused B-scan image sim-
ply formed by applying a 1D inverse Fourier transform to
the collected data, 𝐸(𝑥, 𝑓). As expected, the target reflections
are observed as hyperbolas with different intensities and
curvature slopes. To collapse these hyperbolic signatures at
the apex of the hyperbolas, the migration algorithms were
applied and the corresponding obtained results were given in
Figures 5(b)–5(f). As a quick interpretation, it can be noticed
from all images that the scattering mechanisms are almost
concentrated around the exact locations of the targets.

Antenna

Soil

1 M−1M

L

𝜀r

Air 𝜀0

(0, 1.5) m

Synthetic aperture, x
Depth, z

Origin

(0, 4.5) m

(−1.5, 3) m (1.5, 3) m

Figure 4: Simulation geometry of the B-scan imaging example.

To compare the performances of the algorithms, Table 1
lists the success merits of the algorithms including the
depth resolution, the azimuth resolution, the ISLR, and the
computational time. By looking at the resolution outcomes in
both depth and azimuth direction, KM and 𝜔-𝐾 algorithms
seem to provide better resolved images. On the other hand,
KMA is the worst in terms of computation time while 𝜔-𝑘A
is the fastest among all others. In terms of the ISLR, BPA is
superior to any other algorithm by providing a sharp ISLR
that is at least 6 dB better than the others. When comparing
all parameters, one can conclude that the BPA and𝜔-𝑘A seem
to have a little bit better in terms of the migration ability.

When the resultant focused images of these algorithms
are visually compared in Figure 5, the KM, the BPA, and
the 𝜔-𝑘A look more successful than others as the results
of the HSA and PSA expose some image degradations. If
those well-localized images of Figures 5(c), 5(e), and 5(f) are
compared, some minor differences can even be discerned
between each other. For example, the target reflections in the
BP migrated image have more regular pattern and also have
stronger intensities. Also, the images for the KM and the 𝜔-
𝑘A have some relatively higher sidelobe levels around the top
and bottom targets. Additionally, if the image for the 𝜔-𝑘A is
carefully checked (see Figure 5(e)), the depth of the bottom
target is also shown to be mapped to 𝑧 = 4mwhich indicates
a little deviation from its true value of 𝑧 = 4.5m.

By evaluating the GPR images in Figure 5, we can com-
pare the focusing algorithms against each other as follows.
While the 𝜔-𝑘A may experience some problems in imaging
deep targets with low reflectivities, successful imaging of
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Figure 5: Simulation results for the −40 dB dynamic range.
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Figure 6: Results of the hyperbolic summation and Kirchhoff ’s migration algorithms for a decreased frequency sampling interval (i.e.,
frequency bandwidth 𝐵 = 4.5GHz with 302 sampling points).

shallow targets can be problematic for the KM. Secondly,
the images for the HSA and the PSA look considerably
poorer than those of the other algorithms. This can be seen
from the significantly defocused image that corresponds
to PSA (see Figure 5(d)). This image also has some extra
undesired scattering features such as blurring and spreading.
On the other hand, the image for the HSA exhibits a major
degradation only around the uppermost target. The other
targets are observed to be almost well focused.

To comprehend the sources of abovementioned defo-
cusing effects for these two algorithms, another simulation
was performed by utilizing different simulation parameters.
For this simulation, the total number of frequency samples
was increased to 302 points. The bandwidth was then cor-
respondingly changed to 𝐵 = 4.5GHz to satisfy the same
unambiguous range of the previous simulation, that is, 6.5m.
Corresponding results for the simulation are demonstrated in
Figure 6. It is shown from the Figure 6(a) that the HSA is not
affected from the variation of the sampling points along the
depth direction.Themigrated image is similar to the previous
result given in Figure 5(b), except for the definite resolution
enhancement thanks to wider bandwidth. In any case, HSA
is shown to have difficulty only in providing a reasonable
representation of the uppermost target along the spatial
direction. Although this aliasing is also somewhat observed
for the deeper targets, they can also be regarded as well
focusedwithin the dynamic range of−40 dB. As stated before,
this spatial aliasing for the shallower target is also slightly
observed in the result of the KA as given in Figure 5(c).Thus,
noting the similarities between these algorithms, this fact can
be assumed to stem from the characteristics of thesemethods.
Nevertheless, this spatial aliasing can be avoided by utilizing
different implementations, such as the ones that incorporate

more points along a hyperbolic trajectory, rather than using
a single point during integration.

The PSA result seen in Figure 6(b) conversely shows
drastic improvement when compared to the previous one
shown in Figure 5(d). All of the four scatterers are shown
to be well localized for the increased value of the frequency
sampling points. This notable change can be attributed to
the algorithms’ iterative processing nature along the depth
direction. Since the PSA first records the data at the surface
and repeatedly multiply this data with a phase factor for
each downward range points, the short sampling intervals
would result in better quality images. Hence, this synthetic
example illustrates that the PSA is highly sensitive to the
employed frequency sampling interval. Lastly, due to the
algorithmic similarities between the PSA and the 𝜔-𝑘A, the
corresponding images given in Figures 6(b) and 5(e) are
shown to have similar distortion patterns especially seen at
the bottom of these images.

Finally, the computational efficiency of the algorithms is
tested by looking at the simulation runtime and the required
memory during implementation. Based on our evaluation,
the computational efficiency of the algorithms is listed from
the best to the worst as follows: the 𝜔-𝑘A, the PSA, the BPA,
the HSA, and the KM.

4.2. Comparison over Measurement. The performance of the
focusing algorithms is also tested by the help of measured
data sets. For this purpose, two different experiments were
conducted to better understand the differences between the
focusing capabilities of the algorithms for real datasets.These
experiments were conducted by the help of the Agilent
E5071B ENA Vector Network Analyzer (VNA) that can
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Figure 7: Results for the real soil Experiment 1. Note the different dynamic range (i.e., −60 dB) for the Kirchhoff migration result.
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X, synthetic aperture
Z, depth

Origin

Metal plate
Location: (x, z) = (48, 20) cm

Metal pipe
Location: (x, z) = (1, 18) cm
Size: 7 cm diameter, 33 cm length

Plastic bottle
Location: (x, z) = (−47, 15) cm
Size: 6 × 6 × 25 cm, W : D : L

Figure 8: Geometric representation of the targets used in Experiment 2.

generate SFCW signals within the frequency range of 0.8–
8.5 GHz. In both experiments, a C-band double-ridged pyra-
midal rectangular horn antenna was used as a monostatic
transceiver.

4.2.1. Experiment Number 1. In the experiment, we have
constructed a test bed by building a big wooden pool
with a size of 190 cm × 100 cm × 80 cm and filled it with
homogeneous and dry sand material. The dielectric constant
of the sand was measured to be almost constant around
2.4 for the frequency range between 1GHz and 8GHz. It is
also assumed that the sand material has the unit magnetic
permeability for the frequencies of operation. Two cylindrical
metal rods with different sizes were selected as targets in the
scene. The thin rod with 4.5 cm in diameter and 45 cm in
length was buried at (𝑥 = −12 cm, 𝑧 = 65 cm) and a thick rod
with 6 cm in diameter and 32 cm in length was buried at (𝑥 =

18 cm, 𝑧 = 75 cm). A B-scanmeasurement was accomplished
by moving the antenna along the perpendicular direction of
the target axes and by spanning a synthetic aperture length
of 𝐿 = 1.34m sampled at 63 spatial points. The stepped
frequency response of the medium was then obtained for a
bandwidth of 0.8–4.5GHz that was uniformly sampled at 751
points.

After collecting the data, the classical space-depth B-
scan GPR image is obtained as shown in Figure 7(a) from
which the unfocused target signatures can be clearly seen.The
governing scattering mechanism from air-ground boundary
is also easily detected around at 𝑧 = 40 cm and seen
throughout the entire synthetic aperture. Then, we apply the
above presented migration algorithms in aiming at getting
a better focused image. The resultant migrated images are
displayed in Figures 7(b) to 7(f) wherein the target responses
are seen to be more localized around their correct locations.
To better compare the algorithms against each other, all
resultant focused images were displayed within the same
dynamic range of −60 dB. The focusing performance of all
algorithms seems to be very similar to each other as the
tails (or the sidelobes) of the targets’ images are comparable
dispersion features. In terms of the image contrast, the 𝜔-
𝑘A and the PSA outperforms the BPA, the HSA, and the
KM as it can be clearly deducted from the images. For this
experiment, the numerical noise generated by the iterative
implementation of the BPA seems to be very high when

Figure 9: A scene from real soil measurements.

compared to other algorithms. In fact, the real data contains
infinite number of scatterers (with high or low reflectivities)
under the ground; it seems that the BPA is more sensitive to
reflectivity amplitude than the others.

4.2.2. Experiment Number 2. In the second experiment, the
algorithms were tested under a more heterogeneous soil in
another test bed of the indoor environment. The targets were
selected as a water-void target, a metal pipe, and a metal plate
whose sizes and burial locations were as depicted in Figure 8.
The synthetic aperture length was set to 134 cm for a total
of 68 discrete points and the frequency was changed from
0.8GHz to 5GHz for 501 discrete points. A picture during
the experiment is presented in Figure 9.

After collecting the data, the raw image obtained by
taking the IFT of the measured back-scattering data is shown
in Figure 10(a). As expected, the image is unfocused around
the buried objects. After applying the migration algorithms,
the focused images of the three buried objects are acquired
as seen in Figures 10(b) to 10(f). For this experiment, very
similar features were observed as in the case of the first
experiment. Again, focusing performances of the algorithms
are alike as the sidelobe contours of target’s images are com-
parable. The contrast performances of the images also yield
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Figure 10: Results for the real soil Experiment 2. Note the different dynamic ranges (i.e., −50 and −60 dB) for the hyperbolic summation and
Kirchhoff ’s migration results.
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Table 2: Performances of focusing algorithms over different param-
eters for the measured experiments.

Experiment number 1 results Experiment number 2 results
SCR (dB) Time (s) SCR (dB) Time (s)

HSA −6.27 11.12 −12.48 7.61
KMA −4.55 5,723.80 −9.47 26,76.30
PSA −5.41 13.99 −10.40 3.74
𝜔-𝑘A −5.66 0.57 −9.92 0.34
BPA −4.48 1.75 −9.01 2.19

similar finding as we found in the first experiment. Again,
the 𝜔-𝑘A and the PSA produce more quality images when
compared to other three algorithms. As the final comments,
the BPA seems to have problems again when dealing with
real-world data as it produces significant numerical noise as
it can be seen from Figure 10(f).

Table 2 summarizes the performance of the presented five
different algorithms in terms of processing time and the SCR
over the conducted measurements. In assessing the speed
of the algorithms, we observe similar performances as in
the case of the simulation results that are listed in Table 1.
Again, 𝜔-𝑘A is the fastest one and the BPA is the second best
while the KMA is the worst. If we look at the SCR results,
the clutter suppression ability of BPA is the best while the
others demonstrate moderate performances when compared
to BPA.

5. Conclusion and Discussions

In this paper, we have reviewed and compared fundamental
algorithms that are used to focus the B-scan GPR data by
presenting the algorithm steps. Namely, the hyperbolic sum-
mation, the Kirchhoff migration, the phase-shift migration,
the frequency-wavenumber (𝜔-𝑘) migration, and the back-
projection based migration algorithms have been explained
and applied to both the simulation and the measurement
experiments. Based on the results obtained from the simu-
lated and measured images, we have the following remarks
for the investigated migration algorithms.

(i) The HSA is conceptually very simple and therefore
it is very easy to implement. On the other hand,
numerous hyperbolic template vectors should be
applied for every pixel in the image which, in turn,
is an expensive process in terms of the computation
time. If the image size is relatively big, then the whole
process of calculating the energy under the hyperbolic
templates of every pixel may take a very long time.
Although the focusing ability of the algorithm is not
as good as the 𝜔-𝑘A and the BPA, the measurement
results have showed that focusing success of the HSA
also has some merit as it can be seen from the
constructed GPR images. Also, the HSA produce fair
contrast images when compared to others.

(ii) Although KM is conceptually similar to HSA, the
algorithm is based on the scalar wave equation and
it corrects the amplitude and the phases of some

parameters such as spherical spreading anddirectivity
that are not taken in to account in HSA. Therefore,
the results obtained by KM are a little bit better than
the ones with HSA that can also be seen from the
resulted images. This is, of course, at the price of a
longer simulation time. The improvement obtained
by this amplitude correction can be clearly observed
in Figures 7(c) and 10(c) to be compared to the images
in Figures 7(b) and 10(b). The targets with smaller
reflectivity are more visible in the images obtained
with KM. By looking at both the simulation and
the measurement results, KMA seems to provide the
best resolution figures when compared to other four
algorithms.

(iii) The PSA utilizes the ESM concept and iteratively tries
to add phase-shifts to migrate the wave field to the
exploding time of 𝑡 = 0. The algorithm uses the
advantage of FFT; therefore, it is much faster than the
abovementioned algorithms. The PSA’s performance
in terms of computation time, focusing, and image
quality is modest when compared to others.

(iv) Stolt migration algorithm (or the 𝜔-𝑘A) also makes
use of the ESM concept and the scalar wave equation
for the scattered field. It can be shownmathematically
that the 𝜔-𝑘A provides the same solution set as
in the case of KM. The 𝜔-𝑘A tries to constitute
a 3D Fourier transform relationship between the
image at the object space and the collected scat-
tered field. Before applying the FFT routine, a map-
ping procedure from frequency-wavenumber domain
to wavenumber-wavenumber domain is necessary.
Although this mapping procedure may slow down
the execution time of the algorithm, it is still fast
thanks to the FFT step. This study suggests that the
focusing performance and the image quality feature of
the 𝜔-𝑘A are the best among all five algorithms. The
algorithm is also fast when compared to HSA, KM,
and BPA.

(v) As the BPA is not conceptually as simple as HSA or
KM, the implementation of the algorithm is more
complex. On the other hand, the BPA is much faster
than these two algorithms since it takes and acts on
the data as a block. Therefore, it requires less com-
putation resources when compared to HSA or KM.
This study has showed that the BPA is quite fast and its
focusing ability is also very good. This can be viewed
from both the simulated and the measured images
and from the listed tables where BPA is the best for
almost all the focusing parameters. One drawback
of the BPA is due to its vulnerability to numerical
noise. The algorithm produces comparably higher
noise floor when compared to other four algorithms.
This situation may cause resultant images of the low
reflectivity targets to lie under the exaggerated noise
floor level. Therefore, such targets may not be imaged
within selection of dynamic range for the image
display.
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Copyright © 2014 Marcelo Ribeiro dos Santos et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Duringmachining energy is transformed into heat due to plastic deformation of theworkpiece surface and friction between tool and
workpiece. High temperatures are generated in the region of the cutting edge, which have a very important influence on wear rate of
the cutting tool and on tool life. This work proposes the estimation of heat flux at the chip-tool interface using inverse techniques.
Factors which influence the temperature distribution at the AISI M32C high speed steel tool rake face during machining of a
ABNT 12L14 steel workpiece were also investigated. The temperature distribution was predicted using finite volume elements. A
transient 3D numerical code using irregular and nonstaggered mesh was developed to solve the nonlinear heat diffusion equation.
To validate the software, experimental tests were made. The inverse problem was solved using the function specification method.
Heat fluxes at the tool-workpiece interface were estimated using inverse problems techniques and experimental temperatures. Tests
were performed to study the effect of cutting parameters on cutting edge temperature.The results were compared with those of the
tool-work thermocouple technique and a fair agreement was obtained.

1. Introduction
Nowadays, several researchers proposed the combination of
inverse techniques and analytical or numerical heat transfer
solutions to analyze the thermal fields during machining
processes. One method to study the heat transfer problem is
to adopt a known heat flux and calculate the temperature at
the chip-tool interface from the solution of the heat diffusion
equation. In literature, this methodology is called direct
problem in heat transfer. However, during machining the
experimental heat flux is unknown and inverse techniques
have to be used to predict this parameter. This proposal esti-
mates the transient heat flux with a numerical model based
on the heat diffusion equation using inverse techniques and
experimental temperatures measured at accessible regions of
the sample.

In Chen et al. [1] the inverse technique used was based
on the sequential function specification method proposed
by Beck et al. [2]. The numerical technique used was the
finite volume method and the temperatures were obtained
by inserting a thermocouple in the tool. In both methods
the model took into account only the insert and some dis-
crepancies were observed between calculated and measured
temperatures.

Lazard and Corvisier [3] considered the problem of
estimating the transient temperature and the heat flux at
the chip-tool interface during a turning process using an
inverse approach. The heat transfer model was based on a
quadrupole formulation commonly used to solve ordinary
differential equations in the Laplace domain. The results of
temperature obtained with the analytical model used were
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Figure 1: (a) High speed steel tool, (b) three-dimensional physical model, and (c) tool dimensions in millimeters (mm) where the coordinate
“𝑧” is 9.5 (mm).

in good agreement with those obtained with FLUENT. The
authors assumed that the temperature measurements were
available for the inverse analysis.

In the work of Yvonnet et al. [4] an innovative approach
was proposed. The work was based on a simple inverse
procedure to identify both the heat flux flowing into the
tool through the rake face and the heat transfer coefficient
between the tool and the environment during a typical
orthogonal cutting process. To determine the heat flux and
convection heat transfer coefficient, an iterative Newton-
Raphson procedure was used to minimize the error defined
by the difference between experimental and calculated tem-
peratures. Four different tools were used; three of them
weremanufactured by electrical dischargemachining (EDM)
cutting the last slot with different distances between the tool
tip and the slot: 0.35, 0.50, and 0.60mm. The last tool was
instrumented with a thermocouple to measure the average
heat flux flowing into the tool through the rake face.

Woodbury et al. [5] demonstrated the solution of a three-
dimensional inverse heat conduction problem using an evo-
lutionary algorithm (EA). The heat flux from the workpiece
into the tool during the turning process was determined
using evolutionary operations combined with measurements
of surface temperature on the tool. The three-dimensional
conduction in the tool and tool holder was simulated using
FLUENT.

A numerical prediction of the three-dimensional temper-
ature fields inmoving chip, stationary tool, andmovingwork-
piece during machining operations using a finite difference
method was presented in Ulutan et al. [6]. First, the authors
studied the chip and tool together to create a heat balance
due to the friction on the rake face. Then, an investigation
of the effect of the chip and tool interface temperature on
the temperature field of the workpiece, taking into account
the heat generated at the shear plane, was made. A finite
difference model was employed to describe the process, and
the results were in good agreement with experimental data
presented in the literature. The advantage of this method
in relation to finite element method (FEM) models is the
computational time, which decreased substantially, and the

advantage in relation to curve fitting methods is that the
method is based on the physical phenomenon.

In Samadi et al. [7] the sequential function specification
methodwas usedwith simulated temperature data to estimate
the transient heat flux imposed on the rake face of a cutting
tool during the cutting operation with two different hypothe-
ses.The thermal conductivity was considered constant in one,
and in the other it varied with temperature. The cutting tool
was modeled as a three-dimensional object. The influence of
nonlinearity and different sensor locations were investigated
in order to determine an optimal experimental procedure.
Finally, typical temperature data during turning was used to
recover the heat flux at the cutting tool surface considering
linear and nonlinear solutions.

The aim of the present paper is to estimate the heat flux
and calculate the temperature field at the cutting interface
of the high speed steel tool. In addition, the influence of
the cutting parameters (cutting speed, cutting depth, and
feed rate) on the tool-chip interface temperature was also
investigated. The novelty in this work, compared to others
presented in the literature, is the joint solution and analysis of
the following problems: a nonlinear tridimensional thermal
model, an inverse technique to estimate the heat flux, the
thermal analyses of a machining process, and the final
comparison of the results with those obtained from a fully
experimental methodology proposed to Evangelista Luiz
[8] based on the tool-workpiece thermocouple technique
(TWTT).

2. The Direct Problem: Thermal Model

Figure 1 shows the high speed steel tool, the model used,
and the dimensions of the tool. The interface contact area
𝐴𝑞(𝑥, 𝑦) was subjected to the heat flux 𝑞(𝑥, 𝑦, 𝑡) generated
by contact between the tool and the workpiece. At the
remaining boundaries a constant convective heat transfer
coefficient of 20 (W/m2 K) was considered.

The three-dimensional physical problem was solved in
Cartesian coordinates, using finite volume technique with
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Table 1:Thermal properties of high speed steel tool according to Taylor Specials Steels Ltda (2009). Material: AISI M32 C, with 10% of cobalt.

Temperature range (∘C) 0 ≤ 𝑇 ≤ 400 𝑇 > 400

Thermal conductivity (W/mK) 0.0105 𝑇 + 23.8 −0.005 𝑇 + 30

Thermal diffusivity (m2/s) −5.03 × 10
−10
𝑇 + 7.02 ⋅ 10

−6
−5.94 × 10

−9
⋅ 𝑇 + 9.19 × 10

−6

irregular mesh. The objective is to obtain the temperature
distribution in the tool using the direct problem and in
following estimate the heat flux generated at the chip-tool
interface with inverse techniques.

The choice of the high speed steel tool is due to its large
application in industry and also because Evangelista Luiz [8]
presented a thermal analysis using tool/work thermocouple
technique (TWTT), thus permitting the comparison with the
results obtained using a different technique.

The thermal problem shown in Figure 1(b) is described by
the heat diffusion equation as in Carvalho et al. [9]:

𝜕

𝜕𝑥
(𝜆

𝜕𝑇

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜆

𝜕𝑇

𝜕𝑦
) +

𝜕

𝜕𝑧
(𝜆

𝜕𝑇

𝜕𝑧
) = 𝜌𝐶

𝜕𝑇

𝜕𝑡
. (1)

The boundary conditions imposed are

−𝜆
𝜕𝑇

𝜕𝜂
= ℎ (𝑇 − 𝑇∞) (2)

at the regions exposed to the environment and

−𝜆
𝜕𝑇

𝜕𝜂
= 𝑞

(𝑥, 𝑦, 𝑡) (3)

at the interface defined by𝐴𝑞, where 𝜂 is the outward normal
in coordinates 𝑥, 𝑦, and 𝑧; 𝑇 is the temperature; 𝑇∞ is the
room temperature; 𝜆 is the thermal conductivity; 𝜌𝐶 is the
volumetric heat capacity; and ℎ the heat transfer coefficient.
The initial condition is given by

𝑇 (𝑥, 𝑦, 𝑧, 0) = 𝑇𝑜, (4)

where 𝑇𝑜 is the initial temperature of the tool, shim, and tool
holder.

The above equations were implemented in C++. An
algorithm called Inverse3D or Inv3D was developed. This
computational algorithm has been developed over the last 14
years by the research group of the Laboratory of Heat and
Mass Transfer, College of Mechanical Engineering, Federal
University of Uberlândia. It has been extensively validated
and has led to several articles published in scientific journals
and conferences, such as Brito et al. [10], Brito et al. [11], Sousa
et al. [12] and Carvalho et al. [9].

The thermal properties of the tool obtained from Taylor
Special Steels Ltd. [13] are shown in Table 1.

Several factors are responsible for the errors or uncer-
tainties in the mathematical model. Comparing Figures 1(a)
and 1(b), there are several simplifications in geometry of the
thermal model compared to the cutting tool. The model did
not include the rake and relief angles typical of any cutting
tool. Such simplifications imply an increase in volume of the
model of 1.47% compared to the tool. In spite of this small
increase, no significant changeswere identified in the thermal
field calculated by the model of the cutting tool.

As for the uncertainties in the thermalmodel, the thermal
properties of the tool were obtained from scientific papers.
Other sources of uncertainties are the correct location of the
thermocouples and the presence of noise in the experimental
signal of the temperature. In this work, we opted for the tech-
nique of capacitive discharge to weld the thermocouples to
the tool, thus minimizing uncertainty regarding the thermal
contact resistance.

An HP 75000, series B, data acquisition system with
E1326B voltmeter controlled by a PC, connected to a stabi-
lized power source, was used. The temperature acquisition
interval was 0.25 seconds. Based on the procedures and the
equipment adopted, it was estimated that the measurement
error of the entire system (thermocouple/multimeter) was
less than ±0.3∘C.

Also an average ℎ of 20W/m2 K for the entire surface
of the tool was used. The correct determination of the heat
transfer coefficient by convection is not an easy task. An
analysis of the influence of this important parameter on the
calculated temperature at the cutting interface is shown in
Figure 2.

Figure 2(a) shows that the heat transfer coefficients by
convection (ℎ) in the range tested (10–30W/m2 K) has little
influence on the final temperature at the cutting interface.
Adopting an average ℎ of 20W/m2 K as reference and
comparing the calculated temperature with those obtained
for other values of ℎ a maximum deviation of less than 0.74%
was obtained during machining as shown in Figure 2(b).
With this result, it was concluded that for the range of values
of ℎ considered, the calculation of the temperature at the
cutting interface was not compromised. Hence the value of
20W/m2 K was adopted.

Figure 3 shows the heat transfer rate by convection at the
cutting interface for different values of ℎ.

Figure 3 shows that as ℎ increases, the rate of heat transfer
becomes more significant. Besides, within the range of values
analyzed (10–30W/m2 K) a maximum difference of only 1 W
in relation to ℎ = 20W/m2 K occurred. Thus, it is concluded
that ℎ has little influence on the interface temperature. The
energy lost by convection represents 6.1% of the energy
generated at the cutting interface (ℎ = 20W/m2 K).

3. The Inverse Problem: Function
Specification Procedure

The inverse technique adopted in this work is the Sequential
Function Estimation, Beck’s Method [2]. This technique
requires the sensitivity coefficients (𝜙), which are the deriva-
tives of the calculated temperatures (𝑇) with respect to the
heat flux (𝑞).
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Figure 2: Analysis of the influence of the heat transfer coefficient by convection: (a) cutting interface temperature for different values of ℎ
and (b) analysis of uncertainty considering ℎ = 20W/m2 K as reference. Cutting conditions: feed rate: 0.138mm/rot, cutting speed: 142m/min
(900 rpm), and depth of cut: 1.0mm.
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Figure 3: Heat transfer rate by convection for different values
of ℎ. Cutting conditions: feed rate: 0.138mm/rot, cutting speed:
142m/min (900 rpm), and depth of cut: 1.0mm.

Numerically, the sensitivity coefficients (𝜙) were calcu-
lated at the thermocouples positions (Table 2) as shown in
Figure 4(a).The direct problem is solved considering (1), with
𝑞

= 1 (unit value), initial temperature equal to zero (𝑇 =

0), ℎ equal to 20W/m2 K, and constant thermal properties
calculated for 𝑇 = 30∘C using Table 1. The numerical tech-
nique is based on Duhamel’s summation and Stolz method
[2].

Basically, the Sequential Function Estimation minimizes
a squared error function based on numerical (𝑇) and exper-
imental temperatures (𝑌), to estimate the heat flux (𝑞) at

Table 2: Thermocouple locations following the coordinate system
defined in Figure 1.

Position Thermocouple
1 2 3 4 5

𝑥 (mm) 0.61 2.70 0.0 3.30 2.00
𝑦 (mm) 7.20 8.50 9.0 7.00 3.40
𝑧 (mm) 0.0 0.0 5.0 9.50 9.50

chip-tool contact area for each time step (𝑀). The basic idea
is to reduce a continuous function to a set of parameters by
specifying an underlying nature of the function. In this work
a constant sequential function was adopted. Thus, according
to Beck et al. [2], the heat flux can be estimated as given in

𝑞


𝑀
=

∑
𝑟

𝑖=1
∑
𝐽

𝑗=1
(𝑌𝑗,𝑀+𝑖−1 − �̂�𝑗,𝑀+𝑖−1|𝑞

𝑀=⋅⋅⋅=0

) 𝜙𝑗𝑖

∑
𝑟

𝑖=1
∑
𝐽

𝑗=1
𝜙𝑗𝑖
2

, (5)

where 𝑀 is the time, 𝐽 is the number of sensors, 𝑟 is
the number of future time steps, and 𝑌 and 𝑇 are the
experimental and calculated temperatures, respectively.

In the estimation process 10 future time steps were used
for each cutting condition. The transient heat flux for each
experiment was estimated as shown in Figure 4(b).

Finally, according to Figure 4(c) the direct problem is
again solved considering the nonlinear thermal model (1)
in which the thermal properties vary with temperature,
resulting in the temperature distribution in the cutting tool.

4. Experimental Procedure

The machining test was carried out in a conventional IMOR
MAXI-II-520-6CV lathe without coolant. The material used
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Figure 4: Computational algorithm: (a) calculation of the sensitivity coefficients; (b) Beck’s method for the solution of the inverse problem;
(c) solution of the nonlinear thermal model.
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Figure 5: (a) Thermocouples on the tool and (b) equipment.

in the experimental tests was cylindrical ABNT 12L14 [8] bars
with an external diameter of 50.2mm. Figure 5 shows the
temperatures measured at accessible locations of the insert
using type T thermocouples and an HP 75000, series B, data
acquisition system with an E1326B voltmeter controlled by a
PC.

Table 2 gives the thermocouple locations according to
the coordinate system shown in Figure 1. To evaluate the
influence of the machining parameters—depth of cut (𝑎𝑝),
feed rate (𝑓), and cutting speed (𝑉𝑐)—on temperature at chip-
tool interface, the following tests given in Tables 3, 4, and 5
were made.

The chip-tool contact area of each test was defined by
an imaging system. The device consists of a Hitachi model

Table 3: Depth of cut (constant parameters: 𝑓 = 0.138mm/rot and
𝑉𝑐 = 56 m/min).

Unit (mm)
𝑎𝑝 0.5 1.0 1.5 2.0

KP-110 CCD video camera, an AMD K6 450MHz computer,
and a software processer of images (the Global Lab Image).
Figure 6 shows a photograph of the contact area (𝐴𝑞 = 𝐿 ⋅𝐻)
for cutting conditions: 𝑎𝑝 = 1.0mm, 𝑓 = 0.138mm/rot, and
𝑉𝑐 = 56m/min (scale 25 : 1).

Figure 7 shows the results of the chip-tool contact areas
for the cutting conditions of Tables 3 to 5.
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Figure 6: Chip-tool contact area for cutting conditions: 𝑎𝑝 = 1.0mm; 𝑓 = 0.138mm/rot and; 𝑉𝑐 = 56m/min; scale 25 : 1.
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Figure 7: Chip-tool contact area for the following conditions: (a) 𝑎𝑝 = 1.0mm, 𝑓 = 0.138mm/rot, and 𝑉𝑐 variable; (b) 𝑓 = 0.138mm/rot,
𝑉𝑐 = 56m/min, and 𝑎𝑝 variable; (c) 𝑎𝑝 = 1.0mm, 𝑉𝑐 = 56m/min, and 𝑓 variable.

Table 4: Feed rate (constant parameters: 𝑎𝑝 = 1.0mm and 𝑉𝑐 =
56m/min).

Unit (mm/rot)
𝑓 0.138 0.162 0.176 0.204 0.242 0.298

Increase of the cutting parameters increases the chip-
tool contact area. The development of an accurate method
to measure the chip-tool contact area represents a great
challenge because direct observations during cutting are not
possible. Most of the available theories of the identification
of the chip-tool contact area are derived from the study of

the interface after cutting had been interrupted. In this work,
the methodology is also based on the analysis of the contact
area after cutting.However, evenwith the enlarged areas from
analysis software, identification of the contact area is not
an easy task and requires experience and knowledge of the
researcher. Normally approximate areas are obtained because
even with the various existing theories it is difficult or even
impossible to identify the real chip-tool contact area.

In this work, the area was approximated as a rectangle, in
which the energy is distributed evenly. Thus,

𝑞

(𝑥, 𝑦, 𝑡) = 𝑞


(𝑡) . (6)
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Figure 8: (a) Comparison of the average heat transfer rates and (b) temperatures at the cutting interface.

Table 5: Cutting speed (constant parameters: 𝑎𝑝 = 1.0mm and 𝑓 = 0.138mm/rot).

Unit (m/min)
𝑉𝑐 4.4 7.1 8.8 11.2 14.2 17.7 22.1 28.4 35.3 44.2 56 88.3 112 142

However, metallographic techniques such as those
applied by Dearnley [14] showed that the correct methodol-
ogy would be to adopt an irregular area and a nonuniform
heat flux distribution at the cutting interface. However,
the combination of both parameters in the thermal model,
that is, irregular heat flux and irregular area, would lead
to countless possible results. Thus, as the area had been
previously measured, it was decided to change only the
distribution of the heat flux at the cutting interface. The
thermal model was simulated in two stages: initially a
uniform heat flux at the cutting interface was adopted (6),
and in the following stage, an exponential heat flux was used,
as in

𝑞

(𝑥, 𝑦, 𝑡) = 𝑞



𝑎
⋅ 𝑒
(−1/𝑙
2

𝑥
)⋅(𝑥−𝑥

𝑜
)
2
+(−1/𝑙

2

𝑦
)⋅(𝑦−𝑦

𝑜
)
2

. (7)

The variables𝑥 and𝑦define the coordinates of the contact
area, 𝑞

𝑎
is the maximum value of instantaneous heat flux at

the contact area, 𝑙𝑥 and 𝑙𝑦 are the dimensions of the contact
area, and 𝑥0 and 𝑦0 are the points of maximum value. The
variables 𝑙𝑥, 𝑙𝑦, 𝑥𝑜, and 𝑦𝑜 were adjusted for each cutting
condition, using the contact areas shown in Figure 7.

Thus, with the cutting parameters, the chip-tool contact
area, and the experimental temperatures measured for each
case, this work proposes to solve the inverse problem,
estimate the heat flux at the interface, and obtain the three-
dimensional temperature distribution in the tool. The results
were comparedwith those obtained by the experimental tool-
work thermocouple method [8].

5. Results and Discussions

Figure 8 shows the heat transfer rate and the average temper-
ature at the cutting interface during the most severe cutting
condition: feed rate 𝑓 = 0.138mm/rot, cutting speed 𝑉𝑐 =
142m/min (900 rpm), and cutting depth 𝑎𝑝 = 1.0mm.

Figure 8(a) shows that the average heat transfer rate
estimated with an exponential heat flux (7) is quite similar to
that estimated with a uniform heat flux (6). Consequently the
average temperatures at the cutting interface are quite similar
(Figure 8(b)).

Figure 9 shows a comparison of experimental and calcu-
lated temperatures of each methodology.

Figure 9(a) shows good agreement between calculated
and experimental temperatures. However, Figure 9(b) shows
that the residue is lower for temperatures calculated with
exponential heat flux (7).

Figure 10 shows the temperature profile in the tool for the
following cutting conditions: feed rate 𝑓 = 0.138mm/rot,
cutting speed 𝑉𝑐 = 142m/min (900 rpm), and cutting depth
𝑎𝑝 = 1.0mm, where the maximum temperature calculated at
the chip-tool interface was 600∘C.

Analyzing Figures 10(b) and 10(c) the isotherms in a real
machining process tend to behave as shown in Figure 10(c);
that is, the maximum temperature in the contact area is
at a certain distance from the main cutting edge as found
in the literature, such as Dearnley [14]. Thus the use of an
exponential heat flux gives results more consistent with those
identified in a real turning process.
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Figure 9: (a) Comparison between experimental and calculated temperatures and (b) residual temperatures.

Figure 11 shows the average maximum temperature at the
cutting interface for the cutting conditions defined in Tables
3 to 5. These values were calculated using the numerical
methodology proposed in this work (considering (6) and (7),
uniform and exponential heat flux) and measured with the
experimental technique TWTT [8].

As in Trent [15], the temperature at the cutting interface
increases with the increase in cutting parameters. In other
words, increasing the cutting parameters increases the chip-
tool contact area and the rate of deformation, thus generating
more energy and consequently higher temperatures at the
cutting interface.

Figure 11 also shows the difference between temperature
profiles measured with TWTT and calculated by numerical
techniques. With the experimental TWTT technique as a
reference, there is a significant difference between experi-
mental and numerical temperatures. Figure 11(c) shows that
this difference decreases when the cutting speed increases.
Trent [15] showed that cutting speeds between 100 and
200m/min give temperatures at cutting interface between
600∘C and 800∘C, which agrees with the values obtained in
this work.

Both TWTT and numerical methodology have sources
of errors which can influence directly the measured and
calculated temperatures which can justify the differences
shown in Figure 11.

For the numerical methodology the uncertainties are
related to the dimensions and the simplifications adopted to
simulate the thermal behavior of tool, the correct identifica-
tion of the thermal properties of the high speed steel, the con-
vective heat transfer coefficient, the measured temperatures
during turning, and the correct identification of the chip-tool
contact area for each cutting condition.

According to Evangelista Luiz [8] the uncertainties in
TWTT technique are related to the calibration of the system
and the assembly of the experimental components. The
TWTT basically consists of an electric circuit which involves
the tool, the workpiece, and the lathe. The tool and the
workpiece forming the thermocouple had to be previously
calibrated as any conventional sensor and the experimental
procedure is strongly dependent on the equipments and the
ability of the operator. Besides, during turning, a mercury
chamber had to be used to connect the components of the
system due to the rotation of the workpiece as shown in
Figure 5(a). Also the attrition between tool and workpiece
generates noise in the signal of the temperature that had
to be minimized using statistical tools to remove excessive
noise and to define the mean temperature and the standard
deviation.

6. Conclusions

This work is an interdisciplinary study involving two major
areas of mechanical engineering: heat transfer and manu-
facturing processes. Based on the knowledge of these two
areas, a new computational algorithm for solving problems
of heat transfer applied to manufacturing processes, focusing
on turning process, was developed.

The simulations optimize the numerical model proposed
analyzing the numerical mesh, computational cost, conver-
gence, quality of numerical results, and possible sources of
error in order to obtain a favorable cost-benefit solution of the
thermal problem. Furthermore, in experiments in this study,
it was sought to minimize the likely sources of experimental
errors.
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Figure 10: Temperature profile for feed rate 𝑓 = 0.138mm/rot, cutting speed 𝑉𝑐 = 142m/min (900 rpm), and cutting depth 𝑎𝑝 = 1.0mm:
(a) tool, (b) cutting interface temperatures for exponential heat flux (7), and (c) cutting interface temperatures for uniform heat flux (6).

Regarding the thermal effects studied, it was possible to
calculate and analyze the three-dimensional temperature dis-
tribution in the thermal machining model as well as at chip-
tool interface. The numerically temperatures were compared
with experimental data which can increase the reliability and
credibility of the results found. Besides temperature, in this
study the heat flux at the contact interface, which allowed a
quantitative analysis of the thermal energy generated in the
machining process, was estimated.

This work studied the thermal effects during turning and
also analyzes the influence of the cutting conditions (cutting
speed, feed rate, and depth of cut) on the temperature gen-
erated at chip-tool interface. Analyzing the results, as in the
literature, the temperature at the cutting interface increases
with the increase in cutting conditions. The results do not fit

perfectly with those presented by Evangelista Luiz [8], using
the experimental method of tool-workpiece thermocouple
technique. This fact is attributed to the possible sources of
error in each methodology which have direct influence on
the results. Thus, there is no existing technique that can
be universally accepted as a standard. There are attempts
to understand the fundamentals of the thermal exchanges
during turning and it is believed that the understanding is
the next step to predict the performance of a manufacturing
process [16].
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Figure 11: Chip-tool interface temperature and residual for TWTT and data from (a) Table 3, (b) Table 4, and (c) Table 5.
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