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The objective of this special issue is to address recent research
trends and developments in stochastic control systems and
their applications to control, filtering, communication, man-
ufacturing, fault detection, and systems biology. A substantial
number of papers were submitted, and after a thorough
peer review process, some related papers were selected to be
included in this special issue. These papers collected in this
special issue highlight the contemporary topics in research
related to stochastic systems control theory and applications
and will introduce readers to the latest advances in the field.

The paper by X. Li et al. presents a decentralized coor-
dinated control of double fed induction generators based
on the neural interaction measurement observer. The pro-
posed controller can be formulated as a mixed optimization
problem with constraints of PI structure and regional pole
placement. Simulation results are presented to demonstrate
the capabilities of the proposed control strategy.

The paper by X. Geng et al. considers A-diagnosability
in distributed stochastic discrete event systems. A local
model and global model are defined, and a synchronized
stochastic diagnoser is constructed.The authors also propose
a necessary and sufficient condition for a distributed SDES to
be A-diagnosable.

The paper by J. Zhang et al. investigates a new stochastic
chemostat model with two substitutable nutrients and one
microorganism. Firstly, for the deterministic model, the
threshold for extinction or existence of the microorganism
is obtained by analyzing the stability of the equilibrium.Then
the threshold of the stochastic chemostat for the extinction

and the permanence in mean of the microorganism is
explored.

The paper by H. Huang analyzes one kind of linear
quadratic stochastic control problem of forward backward
stochastic control system associated with Lévy process. We
obtain the explicit form of the optimal control, then prove
it to be unique, and get the linear feedback regulator by
introducing one kind of generalized Riccati equation. Finally,
we discuss the solvability of the generalized Riccati equation,
and its existence and uniqueness of the solutions are proved
in a special case.

The paper by Y. Zhao and Y. Fu investigates the problems
of stability and stabilization for stochastic Markovian jump
systems subject to partially unknown transition probabilities
and multiplicative noise. By introducing the free-weighing
matrix method, the results obtained in this paper not only
are less conservative than the existing ones but also can
be regarded as extensions of the corresponding results of
Markovian jump systems without noise.

The paper by P. Shang and L. Kong discusses the mixed
matrix regressionmodel to deal with the complex matrix and
vector data. Under some mild conditions, it is proved that
the degrees of freedom of mixed matrix regression model are
the sum of the degrees of freedom of Lasso and regularized
matrix regression.

The paper by G. Zhu et al. presents a neural network
prespecified performance control scheme for a class of
generic hypersonic flight vehicles with uncertain dynamics
and stochastic disturbance.Themain feature of the proposed
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scheme is that only one parameter needs to be estimated at
each design step, so that the computational burden can be
greatly reduced and the designed controller is much simpler.

The paper by M. Elloumi and S. Kamoun proposes
an improved structural estimation procedure for large-scale
interconnected nonlinear systems which are composed of
a set of interconnected SISO Hammerstein structures and
described by discrete-time stochastic models with unknown
time-varying parameters. An extensive Determinant Report
algorithm is developed to determine the order of the process.
An improved discrete-time technique based on Recursive
Extended Least Squares with Varying Time Delay method
is proposed to estimate the time delays of the considered
system. The developed theoretical analysis and simulation
results prove the validity and performance of the proposed
algorithms.

The paper by T. Hou et al. deals with the mixed control
problem through the solvability of four coupled difference
matrix-valued recursions for discrete-time infinite Markov
jump systems. And a numerical example is given to illustrate
its efficiency.

The paper by R. Caballero-Águila et al. addresses the least
squares centralized fusion estimation problem of discrete-
time random signals from measured outputs. By an innova-
tion approach and using the last observation that successfully
arrived when a packet is lost, a recursive algorithm is
designed for the filtering estimation problem. The proposed
algorithm is easily implemented and does not require knowl-
edge of the signal evolution model, as only the first- and
second-order moments of the processes involved are used.

The paper by Z. Li et al. presents a novel fifth-degree
cubature Kalman filter to improve the accuracy of real-time
orbit determination by ground-based radar. The simulation
results show that, compared with the traditional third-degree
algorithm, the proposed fifth-degree algorithm has a higher
accuracy of orbit determination.

The paper by C. Zhou et al. investigates a two-stage
stochastic quadratic programming problem with inequality
constraints. By quasi-Monte-Carlo-based approximations of
the objective function, a feasible sequential system of linear
equationsmethod is proposed.The convergence rate is locally
superlinear under some additional conditions.

This paper by W. Sun et al. investigates the control
problem of magnetic levitation system, in which velocity
feedback signal is influenced by stochastic disturbance.
Single-degree-freedom magnetic levitation is regarded as an
energy-transform action device. Based on the Hamiltonian
structure, the control law of magnetic levitation system is
designed by applying Lyapunov theory.

The paper by Z. Zheng et al. investigates preferential
random walks (PRW) on weighted complex networks. By
using two different analytical methods, two exact expressions
are derived for the mean first passage time between two
nodes. This work may provide a comprehensive approach
for exploring random walks on complex networks, especially
biased random walks, which could help to better understand
and tackle some practical problems such as search and
routing on networks.

The paper by L. Zhang et al. presents multienergy hybrid
system structure and constructs a scheduling model with
the objective functions of maximum economic benefit and
minimum power output fluctuation. Robust stochastic the-
ory is introduced to describe uncertainty and propose a
multiobjective stochastic scheduling optimization mode by
transforming constraint conditions with uncertain variables.

The paper by P. Wang et al. presents an efficient approx-
imation of the Labeled Multi-Bernoulli Filter to perform
online multitarget state estimation and track maintenance
efficiently. Then, a target posterior approximation technique
is proposed to use a weighted single Gaussian component
representing each individual target. Numerical results verify
that the proposed efficient approximation of the LMB filer
achieves accurate tracking performance.

The paper byM. Liu et al. investigates a stochastic optimal
control problem where the control system is driven by Itô-
Lévy process. The necessary condition about existence of
optimal control for stochastic system by using traditional
variational technique under the assumption that control
domain is convex is proved. As an application to finance,
an example of recursive consumption utility optimization
problem is used to illustrate the practicability of our result.

The paper by H. Hu et al. considers a stock price
modeled by a geometric-Brownian motion which features
volatility uncertainty to analyze the financial markets with
volatility uncertainty. A new arbitrage-free concept is utilized
to obtain the detailed results which give us an economically
better understanding of financial markets under volatility
uncertainty.

The paper by P. S. Kim proposes an alternative finite
memory structure (FMS) smoother with a recursive form
under a least squares criterion using a forgetting factor
strategy. The proposed FMS smoother is shown to have good
inherent properties such as time-invariance, unbiasedness,
and deadbeat. It is shown that the proposed FMS smoother
can be better than the existing FMS smoother for incorrect
noise covariance and the IMS smoother for temporary
uncertainties.

The paper by N. Yuguang et al. presents a novel method
combining Markov chain model and generalized projection
nonnegative matrix factorization to detect and diagnose the
faults in industrial process. The proposed method is applied
to a 1000MW unit boiler process. The simulation results
clearly illustrate the feasibility of the proposed method.

The paper by J. Kong et al. proposes a novel deep neural
network model for prune reordering table. The reordering
model in PBMT by filtering reordering table is optimized
using a recursive autoencoder model. The experimental
results show that the proposed approach obtains high
improvement in BLEU score with lower scale of reordering
table on two language pairs: English-Chinese and Uyghur-
Chinese MT.

The paper by X. Cai et al. proposes a novel method
on selection of an initial covariance matrix and a horizon
for the Kalman filter to make sure that a sequence of the
closed-loop Kalman filters are stable as time-invariant filters
at subsequent time instant.The convergent properties and the
stability conditions are less conservative since they provide
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analytic results and are applicable to more common cases
where the RDEs are not monotonic.

Thepaper byM.Cui et al. considers themodel and control
problem of nonlinear active suspension in rough road. By
an appropriate transform, the model is transformed into a
lower triangular system, which can be used as backstepping
method. Then a controller is designed such that the mean
square of the state converges to an arbitrarily small neigh-
borhood of zero by tuning design parameters.The simulation
results illustrate the effectiveness of the proposed scheme.

The paper by X. Leng et al. proposes a stochastic SIVS
epidemic system with nonlinear saturated infection rate
under vaccination and investigates the dynamics predicted
by the model. By using Itô’s formula and Lyapunov methods,
this paper investigates the existence and uniqueness of global
positive solution. It is shown that large stochastic noises
can lead to the extinction of epidemic diseases. Finally, the
numerical simulations demonstrate the performance of the
theoretical findings.

The paper by K. Nakade and H. Niwa discusses the
effect by the lead time quotation in an M/M/1 base stock
manufacturing-inventory queue into the customer’s utility
function.The numerical examples show that the optimal lead
time quotation policy for maximizing system’s average profit
has low customer’s utility, and the other simple heuristic
quotation policy leads to the greater expected values of
customers’ utility.

The paper by S. Li et al. constructs a new class of interest
models considering stochastic behavior of interest rates in
financial market by compound Poisson process. Simulations
are used to illustrate the theoretical results and the effect of
parameters in interest model on actuarial present values is
also analyzed.

The paper by N. Duan et al. considers a more general
stochastic nonlinear time delay system driven by unknown
covariance noise and investigates its adaptive state-feedback
control problem. By Lyapunov-Krasovskii functionals and
adaptive backstepping, an adaptive state-feedback controller
is constructed by overcoming the negative effects brought
by unknown time delay and covariance noise. A simulation
example demonstrates the effectiveness of the proposed
scheme.

The paper by J. Ma et al. considers an optimal liquidation
by using the Almgren-Chriss market impact model on the
background that the agents liquidate assets completely. The
stochastic component of the price process is eliminated from
the mean-variance. The Nash equilibrium is considered as
the second-order linear differential equation with variable
coefficients. The existence and uniqueness of solutions are
proved for the differential equation with two boundaries.The
numerical examples and properties of the solution are given.

The paper by Y. Yi et al. studies a cooperative stochas-
tic differential game of transboundary industrial pollution
between two asymmetric nations in infinite-horizon level.
The feedbackNash equilibrium strategies of governments and
industrial firms are discussed. It is found that the govern-
ments being cooperative in transboundary pollution control
will set a higher pollution tax rate and make more pollution
abatement effort than when they are noncooperative.

The paper by L. Li et al. discusses stochastic multi-item
capacitated lot-sizing problemswith andwithout setup carry-
overs, S-MICLSP and S-MICLSP-L. A new fix-and-optimize
approach is developed to solve the approximated models.
Numerical experiments are performed on the instances
following the nature of realistic steel products.

The paper by S. Kim et al. considers a multiperiod
inventory control model in which a risk averse firm faces loss
averse customer’s uncertain demand and makes an inventory
replenishment and pricing decision by maximizing the firm’s
expected utility.

The paper by M. Yu et al. considers the global expo-
nential antisynchronization in mean square of memristive
neural networks with stochastic perturbation and mixed
time-varying delays. Two kinds of novel delay-dependent
and delay-independent adaptive controllers are designed.
On the basis of the differential inclusions theory, inequality
theory, and stochastic analysis techniques, several sufficient
conditions are obtained to guarantee the exponential antisyn-
chronization between the drive system and response system.

The paper by X. Li et al. presents a novel multivariate
Bayesian control approachwhich enables the implementation
of early fault detection for a helicopter gearboxwith costmin-
imization maintenance policy under varying load. The effec-
tive computational algorithm in the semi-Markov decision
process framework is designed to obtain the optimal control
limit. A comparison with the multivariate Bayesian control
chart based on hidden Markov model and the traditional
age-based replacement policy is given which illustrates the
effectiveness of the proposed approach.

The paper by L. Wang et al. presents the state space and
transition rate matrix corresponding to the 6-component
star Markov repairable system with spatial dependence via
probability analysis method. Several reliability indices, such
as the availability, the probabilities of visiting the safety, the
degradation, the alert, and the failed state sets, are obtained
by Laplace transform method and a numerical example is
provided to illustrate the results.

The paper by Q. Cao et al. discusses the low frequency
random load of a tractor. An innovative method is presented
for theoretical shift schedule modification by the fuzzy
algorithm, based on the random load standard deviation and
the alteration rate of both steady state values of the load and
of the throttle position. The simulation results demonstrated
that the modified shift schedule could discover the running
state of the tractor.

The paper by S. Ji and X. Shi concerns the recursive
utility maximization problem for terminal wealth under
partial information. The considered problem under partial
information is first transformed into the one under full
information. Then, the ignorance case and explicit saddle
points of several examples are obtained. At last, when the
generator of the recursive utility is smooth, the terminal
perturbation method is applied to characterize the optimal
terminal wealth.

Although the selected topics and published papers may
not represent all of the recent developments in the area, we
hope that readers find the special issue helpful and useful.
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Hubs are critical facilities in the power projection network. Due to the uncertainty factors such as terrorism threats, severe weather,
and natural disasters, hub facilitiesmay be disrupted randomly, which could lead to excessive cost or loss in practice.One of themost
effective ways to withstand and reduce the impact of disruptions is designing more resilient networks. In this paper, a stochastic
programmingmodel is employed for the hub location problem in the presence of random hub failures. A heuristic algorithm based
on Monte Carlo method and tabu search is put forward to solve the model. The proposed approach is more general if there are
numbers of hubs that would fail even with different failure probability. Compared with the benchmark model, the model which
takes the factor of stochastic failure of hubs into account can give a more resilient power projection network.

1. Introduction

Power projection is a term used in military to refer to the
capacity of a state to apply national transportation network
to rapidly and effectively deploy and sustain forces in and
from multiple dispersed locations to respond to crises, to
contribute to deterrence, and to enhance regional stability
[1]. In the process of power projection, persons and materials
are consolidated at the transportation hubs (station, port,
airport, etc.) through motorized march firstly, and then
they are delivered using backbone transportation (highway,
railway, marine transport, etc.). Finally they are deployed to
dispersed locations through motorization march according
to the mission demands [2]. The ability of a state to project
its forces into an area may serve as an effective diplomatic
lever, influencing the decision-making process and acting
as a potential deterrent on other states’ behavior. Examples
of power projection include the US-led Invasion of Iraq [3]
and the Russians invasion of Georgia [4]. Another typical
example of the power projection network is the earthquake
relief action of the Chinese army in 2008 Sichuan earthquake.

About 160 thousand troops and eightmillion tons ofmaterials
were project from thousands of kilometers to the disaster area
by road, rail, and air in three days after the earthquake [5].

Generally, a hub-and-spoke structure is adopted in the
power projection network. Hub facilities play key roles in
the network by concentrating, distributing, and switching
traffic flows instead of transferring flows between each
origin–destination (O–D) pair directly [6]. There are two
basic assignment rules for the connection of nonhub nodes
and hub nodes, which are entitled by single-allocation (SA)
and multiple-allocation (MA) rules [7]. The SA rule refers to
each nonhub node to connect with only one hub so that all
flows from an origin must travel to the same hub. In contrast,
theMA rule is more flexible in routing by allowing each node
to interact with more than one hub [8]. A typical real-life
example of multiple-allocation is the express delivery system.
Packages from one origin are assigned to different hubs
depending on their destinations. The location of hubs has
significant influence on the efficiency and safety of the
network. Suffered from the uncertain risk of enemy’s attack,
terrorism threats, severe weather, natural disasters, and so
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forth, hubs would be disrupted randomly and make the
network partially or completely unavailable. Resilience is the
ability of a network to withstand and reduce the impact
of disruption events [9, 10]. Design of a resilient power
projection network is a very important practical issue for
strengthening the ability of strategic power projection. For
response to hub failure, two strategies are usually adopted
which include reactive (e.g., repairing [11] and rescheduling
[12, 13]) and proactive strategies (e.g., adjusting the network
hub location strategy [14, 15] and protecting key hubs [16–
19]). It is sensible to take into account the impact of hub
random disruptions in advance for designing a more resilient
network.

A number of studies addressed hub location problem in
the presence of hub disruptions. Bi et al. [2] assumed that
the enemy would select the hubs for attack which result in
the greatest damage to the network. They gave a resilient
hub location strategy considering the failure of specific
hubs. However, the enemy usually could not have perfect
information about the location of hubs. Other risks such as
severe weather, natural disasters, and traffic congestion are
uncertain. It is more common that hubs fail randomly. An
et al. [20] did some analytical work on the reliable hub-and-
spoke design with consideration of the stochastic failures of
hubs. They employed nonlinear mixed integer programming
models and used Lagrangian relaxation and branch-bound
method to solve the models. Azizi et al. [21] incorporated
hub unavailability into the classical single-allocation p-hub
median problem. They assumed that once a hub stopped
normal operations, the entire demand initially served by this
hub was handled by a backup facility.They proposed a mixed
integer quadratic programming model and a metaheuristic
algorithm.The latter two studies both assumed that there was
at most one-hub failure in the network, and it was somehow
unreasonable in practice. For example, if there is a 10-hub
network with hub reliability 0.7, the expected number of
hub failures is 3 rather than 1. In addition, the proposed
approaches in the latter two papers which translated the fail-
ure probability directly into themathematical expectation are
not suitable for the situation where hubs have different failure
probability. More relevant works can be found in the review
papers of Reggiani et al. [22] and Mattsson and Jenelius
[23].

Note that the reliable server assignment problem is sim-
ilar to the resilient problem defined in this paper. However,
there are some distinctions between resilience and reliability.
Resilience refers to the capacity of networks to absorb
and return to normal conditions after a critical event, while
reliability refers to the probability of a device performing
its purpose adequately for the period of time intended
under the operating conditions encountered. For example,
connectivity-based reliability measures assume that a net-
work is not functional even if a single node fails or becomes
disconnected. In practice, however, a network continues to
serve the remaining connected components even though one
or more nodes have become disconnected. Although net-
work reliability measures have been frequently used in the
literature as network design criteria, network resilience mea-
sures represent a viable alternative approach. The network
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Figure 1: A sketch map of the power projection network.

resilience measure used in this work is more comprehen-
sive than traditional network reliability measures since it
incorporates traffic demand into its determination. For more
discussions about resilience and reliability, see Mattsson and
Jenelius [23].

In fact, when the hubs in the network fail randomly,
it is hard to determine which one of the hubs would be
disrupted in the future. Sometimes it is also out of control
to find a suitable backup hub and alternate route. There-
fore, compared with traditional hub location problems, it is
more complex for resilient hub location in power projection
network considering random hub failures. In this paper,
a stochastic programming model is employed for the hub
location problem in the presence of random hub failures. A
heuristic algorithm based on Monte Carlo method and tabu
search is put forward to solve the model. The superiority
of the proposed approach is illustrated by a computational
example compared with the benchmark model.

2. Problem Description and Assumptions

The main work in this paper is determining the location of
hubs and the allocation relationship of nodes to hubs. First,
we assume that the network is fully connected and all the
nodes are in normal state. Second, we select some nodes
as hubs randomly and determine the best assignment for
nonhub nodes and hub nodes. Once the allocation relation-
ship of nodes to hubs is determined, the redundant links are
removed. Then we get a hub-spoke distribution network, as
shown in Figure 1. Persons andmaterials are consolidated and
deployed through the hubs. It is assumed that when hub fail-
ure occurs, its function will be lost and cannot be recovered
limited time. However, the traffic generated at this hub and
the flow through this hub will not be lost; in other words, this
hub point changes into a nonhub point. The traffic flow will
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be replanned based on the shortest path principle through
the remaining hubs. For example, assume that the traffic
flow between (𝑛1, 𝑛4) is originally transported via the hubs
(𝑝1, 𝑝4). When hub 𝑝1 fails and the other hubs are normal,
the traffic flow can select route 𝑛1 → 𝑝2 → 𝑝4 → 𝑛4 for
two-hub stop transport or route 𝑛1 → 𝑝3 → 𝑛4 for one-hub
stop transport. The specific route to be used depends on the
transport cost. Due to the fact that nonhub nodes cannot be
directly connected, if a pair of start-end point cannot find a
suitable hub transport, then the traffic loss occurs.The cost of
loss can bemeasured by the cost of direct transportmultiplied
by a penalty factor.

Other basic assumptions are as follows:

(1) Hubs are connected by a complete network.
(2) A nonhub node can be connected with multiple hub

nodes, but nonhub nodes cannot be directly con-
nected.

(3) A discount factor exists for the transportation cost
when backbone transportation is used between the
hubs.

(4) The hubs are randomly disrupted, but the reliability of
the hub (corresponding to the probability of failure)
is known.

(5) The hubs and links are uncapacitated.
(6) The route planning and emergency scheduling follow

the shortest path principle.

The resilience of the power projection network is defined
as follows [2]:

𝑅 = 𝐶before
𝐶after

, (1)

where 𝑅 is the resilience of the power projection network,
𝐶before is the transportation costs of the network in normal
situation, and𝐶after is the transportation costs of the network
when some hub nodes have been disrupted.

3. Model Parameters and Variables

Themodel parameters and variables mentioned in this paper
are defined as follows”

𝑁 = {1, 2, . . . , 𝑛}: set of nodes
𝐴 = (𝑎𝑖𝑗): set of links
𝐺 = (𝑁,𝐴): directed graph of the network
𝐻: set of hub nodes
𝑃: number of hubs
W = (𝑤𝑖𝑗): flow matrix,𝑤𝑖𝑗 being the flow from 𝑖 ∈ 𝑁
to 𝑗 ∈ 𝑁, and 𝑤𝑖𝑖 = 0
𝑐𝑖𝑗: unit transport cost from node 𝑖 to 𝑗, and 𝑐𝑖𝑖 = 0
𝛼: cost discount factor between hubs
𝐶𝑖𝑗𝑘𝑚 = 𝑐𝑖𝑘 +𝛼𝑐𝑘𝑚 + 𝑐𝑚𝑗: unit transportation cost from
node i to j through hub pair (𝑘,𝑚)

𝑟𝑘: reliability of the hub 𝑘, 0 < 𝑟𝑘 < 1
𝑟𝑘𝑚: reliability of the hub pair (𝑘,𝑚) (if 𝑘 ̸= 𝑚, 𝑟𝑘𝑚 =
𝑟𝑘 ⋅ 𝑟𝑚, otherwise 𝑟𝑘𝑚 = 𝑟𝑘 = 𝑟𝑚)
s = (𝑠1, 𝑠2, . . . , 𝑠𝑝), 0-1 state vector for hub set (𝑠𝑖 = 1,
hub normal; 𝑠𝑖 = 0, hub failed)
𝜉: a random variable, indicating the probability of
finding the backup hub and alternate route when a
node fails to pass through the hub, 0 ≤ 𝜉 ≤ 1
𝜑: penalty factor, penalty cost caused by goods trans-
portation between nodes failed due to hub disabled
(𝜑 = 10 in this paper)
𝑦𝑘: decision variable, whether node 𝑘 is selected as a
hub or not
𝑋𝑖𝑗𝑘𝑚: decision variable, whether the transportation
from node 𝑖 to 𝑗 go through the hub pair (𝑘,𝑚)
𝑈𝑖𝑗𝑞𝑠: the decision variable, whether the transporta-
tion from node 𝑖 to 𝑗 goes through the backup hub
pair (𝑞, 𝑠)
𝑇: Monte Carlo repetitions
𝐶𝑡: total transportation cost for the 𝑡th hub in a
specific state given the probability of hub failure
𝐸(𝐶) ≈ (1/𝑇)∑𝑇𝑡=1 𝐶𝑡: the expected transportation
cost estimation of projection network under a failure
probability using Monte Carlo method

4. Models and Algorithm

In order to illustrate the importance of considering the
possible failure of the hub in the design of the network, the
multiple assignment hub locationmodel in the normal state is
provided as the benchmark model, and then a stochastic
programming model considering the probability of hub
failure is proposed.

4.1. Benchmark Model. The uncapacitated multiple assign-
ments hub location model [24] for the power projection
network without hub failure is as follows. The model is used
to determine which nodes will be selected as hubs and the
relationship of the nonhub nodes and hubs.

(I) Minimize 𝐶 = ∑
𝑖∈𝑁

∑
𝑗∈𝑁

∑
𝑘∈𝑁

∑
𝑚∈𝑁

𝑤𝑖𝑗𝑋𝑖𝑗𝑘𝑚𝐶𝑖𝑗𝑘𝑚 (2)

s.t. ∑
𝑘∈𝑁

𝑦𝑘 = 𝑝 (3)

∑
𝑘∈𝑁

∑
𝑚∈𝑁

𝑋𝑖𝑗𝑘𝑚 = 1, ∀𝑖, 𝑗 ∈ 𝑁 (4)

𝑋𝑖𝑗𝑘𝑚 ≤ 𝑦𝑘, ∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁 (5)

𝑋𝑖𝑗𝑘𝑚 ≤ 𝑦𝑚, ∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁 (6)

𝑦𝑘, 𝑋𝑖𝑗𝑘𝑚 ∈ {0, 1} ∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁. (7)

The objective function (2) minimizes the total cost of the
power projection network in the normal state without hub
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failure. Constraint (3) requires that there are 𝑝 hubs to be
located. Constraints (4) refer to the route choice of each O-D
pair (𝑖, 𝑗) through one hub or a pair of hubs. Constraints (5)
and (6) indicate that eachO-D pair can only be assigned to an
existing hub pair. Constraints (7) are binary requirements.

4.2. The Stochastic Programming Model under Random Hub
Failures. Based on the hypothesis and notations mentioned
above, the stochastic programming model for hub location
in the power projection network considering the probability
of hub failure is as follows:

(II) Minimize 𝐸 (𝐶)

= ∑
𝑖∈𝑁

∑
𝑗∈𝑁

∑
𝑘∈𝑁

∑
𝑚∈𝑁

𝑤𝑖𝑗𝑟𝑘𝑚𝑋𝑖𝑗𝑘𝑚𝐶𝑖𝑗𝑘𝑚 + ∑
𝑖∈𝑁

∑
𝑗∈𝑁

∑
𝑞∈𝑁

∑
𝑠∈𝑁

𝑤𝑖𝑗 (1 − 𝑟𝑘𝑚) 𝜉𝑈𝑖𝑗𝑞𝑠𝐶𝑖𝑗𝑞𝑠

+ ∑
𝑖∈𝑁

∑
𝑗∈𝑁

∑
𝑘∈𝑁

∑
𝑚∈𝑁

∑
𝑞∈𝑁

∑
𝑠∈𝑁

𝑤𝑖𝑗 (1 − 𝑟𝑘𝑚) (1 − 𝜉) 𝜑𝑐𝑖𝑗

(8)

subject to (3)–(7), and (9)

∑
𝑘∈𝑁

∑
𝑚∈𝑁

𝑋𝑖𝑗𝑘𝑚 + ∑
𝑞∈𝑁

∑
𝑠∈𝑁

𝑈𝑖𝑗𝑞𝑠 = 1, ∀𝑖, 𝑗 ∈ 𝑁 (10)

𝑈𝑖𝑗𝑞𝑠 ≤ 𝑦𝑞, ∀𝑖, 𝑗, 𝑞, 𝑠 ∈ 𝑁 (11)

𝑈𝑖𝑗𝑞𝑠 ≤ 𝑦𝑠, ∀𝑖, 𝑗, 𝑞, 𝑠 ∈ 𝑁 (12)

𝑈𝑖𝑗𝑞𝑠 ∈ {0, 1} ∀𝑖, 𝑗, 𝑞, 𝑠 ∈ 𝑁, (13)

where 𝜉 is a random variable, which refers to the probability
that a backup hub and alternate route can be found in the
network when some hubs are disrupted. The objective func-
tion (8) represents the expected total transportation cost.The
first item on the right side of the equation is the expected
transportation cost when all hubs are workable, the second
is the expected transportation cost when the traffic flow is
affected by the hub failure, and the third one is the penalty
cost of traffic loss when a viable alternate route cannot
be found in the network. Formula (10) is routing constraint,
which guarantees that the transportation for any pair of
nodes can only be executed on one route under a specific
state. Constraints (11) and (12) indicate that the backup route
selection only occurs when the pair of hubs is still work-
able during routes replanning. Formula (13) is 0-1 integer
constraint.

The two above-mentionedmodels are interrelated. When
the reliability 𝑟𝑘𝑚 of hub pair equals 1, that is, there is no hub
failure, the last two items in (8) will be equal to 0. In this case,
model (II) can be simplified to model (I).

4.3. Estimations of the Expected Projection Cost and Resilience
Using MC Method. When the hub in the power projection
network randomly failedwith a certain probability, theMonte
Carlo method [24] can be utilized to estimate the expected
transportation cost based on the Floyd shortest path algo-
rithm, and then the network resilience can also be calculated.
The method is as follows.

Denote H = {ℎ1, ℎ2, . . . , ℎ𝑝} as the initial hub set in
the power projection network, 𝐺 = (𝑁, 𝐸) as the structure
diagram, and 𝑁 = {1, 2, . . . , 𝑛}, 𝑒𝑖𝑗 ∈ 𝐸 is the edge of 𝐺. The
length 𝑑𝑖𝑗 of 𝑒𝑖𝑗 is defined as follows:

𝑑𝑖𝑗 =

{{{{{{{
{{{{{{{
{

𝛼𝑐𝑖𝑗 ∀𝑖, 𝑗 ∈ H, 𝑖 ̸= 𝑗
𝑐𝑖𝑗 ∀𝑖 ∈ H, 𝑗 ∉ H ∨ 𝑖 ∉ H, 𝑗 ∈ H

𝜑𝑐𝑖𝑗 ∀𝑖, 𝑗 ∉ H

0 ∀𝑖 = 𝑗.

(14)

Let the initial weight matrix of the network be D =
(𝑑𝑖𝑗)𝑛×𝑛 and the routingmatrix beR = (𝑟𝑖𝑗)𝑛×𝑛 and 𝑟𝑖𝑗 = 𝑗 rep-
resents the subscript of the first hub in the shortest path from
node i to node j. When there is no hub failure, the shortest
path and unit transport cost matrix for any start-end point
can be calculated based on the Floyd shortest path algorithm
[25]. The specific steps are as follows.

(1) Input weight matrix:D(0) = D, R(0) = R.
(2) Calculate D(𝑘) = (𝑑(𝑘)𝑖𝑗 )𝑛×𝑛 (𝑘 = 1, 2, . . . , 𝑛), and 𝑑(𝑘)𝑖𝑗 =

min[𝑑(𝑘−1)𝑖𝑗 , 𝑑(𝑘−1)
𝑖𝑘

+𝑑(𝑘−1)
𝑘𝑗

]; calculateR(𝑘) = (𝑟(𝑘)𝑖𝑗 )𝑛×𝑛 (𝑘 = 1, 2,
. . . , 𝑛), and 𝑟(𝑘)𝑖𝑗 = {𝑟(𝑘−1)𝑖𝑗 , if 𝑑(𝑘−1)𝑖𝑗 ≤ 𝑑(𝑘−1)

𝑖𝑘
+𝑑(𝑘−1)
𝑘𝑗

; 𝑟(𝑘−1)
𝑖𝑘

, if
𝑑(𝑘−1)𝑖𝑗 > 𝑑(𝑘−1)

𝑖𝑘
+ 𝑑(𝑘−1)
𝑘𝑗

}.
(3) The element in D(𝑛) = (𝑑(𝑛)𝑖𝑗 )𝑛×𝑛 is the weight of the

shortest path between any two points, the element 𝑟(𝑛)𝑖𝑗 in
R(𝑛) = (𝑟(𝑛)𝑖𝑗 )𝑛×𝑛 is the subscript of the head for the first arc of
the shortest path from node i to node j, and the relationship
between the nonhub and the hub can be obtained from the
matrix. The shortest path for 𝑖 → 𝑗 is 𝑖 → 𝑟(𝑛)𝑖𝑗 → 𝑟(𝑛)𝑗𝑖 → 𝑗.

The overall cost matrix C = D(𝑛) under the optimal
allocation route can be obtained by the above-mentioned
iterative process when the hub is workable, and the total
transportation cost of the network is calculated as
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𝐶before = ∑
𝑖

∑
𝑗

W
⋅

∗ C. (15)

Considering the situation where the hub is randomly
defeated with a certain probability, take s = (𝑠1, 𝑠2, . . . , 𝑠𝑝) as
the 0-1 state vector for the hub set.When the hub is workable,
𝑠𝑖 = 1; otherwise, 𝑠𝑖 = 0. A specific Monte Carlo experiment
is designed and then repeated a total of 𝑇 times. During each
repeat, p random numbers are generated using the uniform
[0, 1] interval distribution. Denote these random numbers as
(𝜀𝑖) and do comparison with the hub reliability 𝑟𝑖. If 𝜀𝑖 > 𝑟𝑖,
𝑠𝑖 = 0; otherwise, 𝑠𝑖 = 1. Let the state of the hub set be s𝑡 for
the 𝑡th experiment, and the normal working hub set be H𝑡.
After substitutingH𝑡 into (14), the weightmatrix of the power
projection network at the 𝑡th experiment will be obtained.
Repeat the Floyd algorithm mentioned above, and calculate
the transportation cost 𝐶𝑡 for the power projection network
at the 𝑡th experiment.The expected transportation cost of the
power projection network with a failure probability obtained
by the Monte Carlo method is calculated as

𝐸 (𝐶after) ≈
1
𝑇
𝑇

∑
𝑡=1

𝐶𝑡. (16)

According to the definition of resilience, the expected
resilience of the power projection network with the specific
probability of failure is calculated as

𝐸 (𝑅) = 𝐶before
𝐸 (𝐶after)

=
∑𝑖∑𝑗W⋅ ∗ C

(1/𝑇)∑𝑇𝑡=1 𝐶𝑡
. (17)

4.4. Tabu Search Algorithm. Model (II) is one of the combi-
natorial optimization problems with random variables. It is
difficult to solve such problems by using traditional quan-
titative methods [7] and the programming software. In this
paper we employ the tabu search [26] based on the Monte
Carlo method to solve the model. The basic idea of the
solution is to randomly generate a set of nodes, and then the
former 𝑝 nodes are treated as the initial hub solution set. The
neighborhood area for the solution can be constructed by
using 2-swap exchange; that is, the swap of a nonhub and the
hub can be used to construct the neighborhood area. Given
the hub set, formula (16) for the expected network cost can be
treated as the evaluation function.

In the process of optimization, the acceptance for one
exchange of a hub node and a nonhub node in current
solution is called a move. The moving rule is as follows: all
solutions in the neighborhood area of the current solution are
sorted according to the evaluation function and used as can-
didate solutions. If the move produced by the candidate solu-
tion with the smallest value of the evaluation function is not
in the tabu table or in the tabu table but satisfies the aspiration
criterion, it will be accepted and the current solution is
updated for the next iteration; otherwise the next candidate
solution gets the chance; if all candidate solutions are tabu, the
best candidate solution is selected as the new current solution
for the next iteration. It should be noted that theMonte Carlo
experiment is carried out for each move.

The overall process of tabu search algorithmbased onMC
method is as follows.

Step 1. Set the tabu table to be empty, the maximum run
times for algorithm to be Max Run, the maximum number
of iterations for each run to beMax Iteration, the number of
iterations for the optimal and consistent solution to be Max
Count, and the node tabu frequency matrix to be the zero
matrix.

Step 2. Generate the initial solution and take the initial
solution as the current one and the current solution as the
optimal one.

Step 3. Generate the neighborhood area for current solution.
For each hub set in the neighborhood area, the corresponding
evaluation function values are estimated by using the men-
tioned Monte Carlo experiment method and then sorted as
the candidate solutions.

Step 4. Is the best candidate solution better than the optimal
solution? If yes, turn to Step 7; otherwise, go to Step 5.

Step 5. Are all solutions tabu? If yes, select the best candidate
solution as the current solution; otherwise, select the nontabu
and the best candidate solution as the current solution and
then turn to Step 6.

Step 6. Update the current solution, the tabu and tabu
frequency, Iteration + 1, and Count + 1.

Step 7. Take the solution as the current one, and update the
optimal solution, the tabu and tabu frequency, and Iteration
+ 1.

Step 8. If the number of iterations and the number of
iterations for the optimal and consistent solution do not reach
to the limitation, the iteration will continue. If the limit has
been reached, the count of runs is incremented and go to
Step 9.

Step 9. Eliminate the nodes with high frequency of tabu, and
this results in a new initial feasible solution, and go to Step 2.

Step 10. Max Run is reached, and then the algorithm ends,
and the result outputs.

5. Illustrated Example

Suppose that there are 20 projection nodes; the horizon-
tal and vertical coordinates are sampled randomly from
[0, 1000], as shown in Table 1. The spatial distribution of
nodes is shown in Figure 2. The distance matrix between
nodes is calculated from the Euclidean distance of the nodes
on the plane, in kilometers. The traffic flow between nodes is
generated by randomly getting value from [200, 600] in tones.
The unit transportation cost is set at 0.6/RMB/ton/km.There
are a total of𝑝 = 10 hubs to be located, and the transportation
cost discount coefficient of hub links is set to 𝛼 = 0.5.

Model (I) and model (II) are solved by tabu search
algorithm, and, based on Matlab 7.10, both run on Intel Core
i5 2.20GHz/8.00GB computer. In tabu search algorithm, the
tabu length is set to 15, the tabu frequency is set to 5, the
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Table 1: Serial number and coordinates of the projection nodes.

Node 𝑋 𝑌
1 50 900
2 70 560
3 100 300
4 240 950
5 250 600
6 300 200
7 350 400
8 450 500
9 500 750
10 510 310
11 550 50
12 650 530
13 670 360
14 730 200
15 750 790
16 780 650
17 800 460
18 850 800
19 880 120
20 920 920
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Figure 2: Spatial distribution of the projection nodes and hub
nodes.

maximum number of iterations is set to 50 for each run, and
the number of iterations for the optimal and consistent solu-
tion is set to 20. The algorithm runs a total of 20 times. The
parameter values in the tabu procedure are set using the
experiences from our early related work; see Bi et al. [2]. The
number of Monte Carlo trials for each hub reliability level is
10,000, and the statistical standard error is about 0.2%.

Model (I) is the conventional hub location scheme, and
the model solves the result in 2.8 seconds. The optimal hub
location scheme is [1 3 4 5 7 10 11 12 14 15]. As shown in Figure 2
by symbol ⊚, the corresponding objective function value is
3.3415 × 107 RMB. Since model (I) is optimized without
considering any hub failure, the optimal hub location strategy

is the same corresponding to different hub reliability levels.
When the power projection network is facedwith uncertainty
threat factors, the expected cost of the power projection
network corresponding to Model (I) can be estimated by the
Monte Carlo experiment method proposed in Section 4.3.

With the hub failures are taken into consideration in the
early stage of the network design, the hub location scheme
can be obtained by solving Model (II). Table 2 shows the
hub location scheme, expected transportation cost, network
resilience, and solution time cost for Model (II) under
different hub reliability. The related results of Model (II) are
compared with those of Model (I).

As shown in Table 2, when the hub reliability equals
1, that is, no hub fails, the hub location strategy in Model
(II) is exactly the same as that in Model (I), indicating the
correctness ofModel (II).When the hub reliability is at a high
level (𝑟 ≥ 0.9), the hub location strategy corresponding to
Model (II) has one-hub difference with the conventional hub
location scheme. The expected cost and network resilience
are almost the same, and Model (II) is a little better. This is
due to the fact that the total expected transportation cost of
Model (II) includes the expected transportation cost of the
default route, the expected transportation cost of the emer-
gency planning route, and the expected penalty cost of the
traffic loss. When the hub reliability is high, the expected
transportation cost of the default route will be the dominant
part in the optimization process, and therefore the optimal
hub location schemes provided by Model (I) and Model (II)
are almost the same. With the decrease of the hub reliability,
the probability of the hub random failure increases, and
the difference between the hub set generated by Model (II)
and Model (I) also increases. Meanwhile, the expected cost
and difference in network resilience increase. The network
designed with Model (II) is significantly superior to Model
(I). This is due to the fact that when the number of failed
hubs is more than expected, the proportion of the expected
transportation cost for emergency planning route and traffic
loss in the total expected cost increases, and thenmore effects
will be made on the optimization process to get the optimal
evaluation solution.

Figure 3 shows the comparison of network resilience
between Model (II) and Model (I) at different hub reliability
levels. It can be concluded that the network resilience of the
hub location scheme designed by Model (II) is superior to
the conventional hub location scheme provided byModel (I).
With the probability of hub failure increase, the advantage is
more obvious. Therefore, it can improve the resilience of the
power projection network to a certain extent, when taking the
factors of hub random failure and the hub reliability level into
consideration in advance.

It should be emphasized that the solution time cost by
Model (II) differs from tenminutes tomore than three hours.
The lower the hub reliability is, the longer the solution time
costs. The reason is that solving Model (II) requires a large
number ofMonte Carlo experiments. Considering such great
amount of calculations, the program can be improved in the
optimization process. On one hand, since the nonhub can
only be connected with the hub, the Floyd algorithm for a
given hub set can just be iterated by p times. On the other
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Table 2: Comparison results for the two models under different levels of hub reliability.

Model Hub
reliability Hub set Expected cost

×107 Resilience Solution time
(s)

(I) 1 [1 3 4 5 7 10 11 12 14 15] 3.3415 1 2.8
(II) [1 3 4 5 7 10 11 12 14 15] 3.3415 1 762.9
(I) 0.95 [1 3 4 5 7 10 11 12 14 15] 3.4598 0.9658 —
(II) [1 3 4 5 7 9 10 12 14 15] 3.4414 0.9709 1806.6
(I) 0.9 [1 3 4 5 7 10 11 12 14 15] 3.5837 0.9324 —
(II) [1 3 4 5 7 9 10 12 14 15] 3.5228 0.9485 4178.1
(I) 0.8 [1 3 4 5 7 10 11 12 14 15] 3.8587 0.8660 —
(II) [3 4 5 7 9 10 12 14 15 17] 3.7789 0.8843 6260.4
(I) 0.7 [1 3 4 5 7 10 11 12 14 15] 4.1702 0.8013 —
(II) [3 4 5 7 9 10 12 14 15 16] 4.0697 0.8211 7415.5
(I) 0.6 [1 3 4 5 7 10 11 12 14 15] 4.5429 0.7355 —
(II) [4 5 7 9 10 12 13 14 15 16] 4.3620 0.7661 8476.2
(I) 0.5 [1 3 4 5 7 10 11 12 14 15] 5.0240 0.6651 —
(II) [4 5 7 8 10 12 13 14 15 16] 4.6567 0.7176 9686.8
(I) 0.4 [1 3 4 5 7 10 11 12 14 15] 5.8160 0.5745 —
(II) [5 7 8 9 10 12 13 15 16 17] 5.1602 0.6476 11368.7
(I) 0.3 [1 3 4 5 7 10 11 12 14 15] 7.4326 0.4496 —
(II) [4 5 7 8 9 10 12 13 14 16] 6.2406 0.5354 13289.4

Network resilience for model (I)
Network resilience for model (II)
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Figure 3: Network resilience for the two models under different
levels of hub reliability.

hand, it can be seen fromTable 2 that the difference in hub set
is gradually increased with the decrease of hub reliability. So
when using the tabu search algorithm, the optimal solution
at a reliability level can be used as the initial solution for tabu
search at next reliability level. These mentioned improve-
ments can decrease the calculation burden greatly in the opti-
mization process. In addition, the current computing speed
and overall performance of computers are high enough, so
that a large number of Monte Carlo experiments for param-
eter estimation become possible. The longest time for Model

(II) to get the solution is 3.7 hours, and it is acceptable in the
network design period.

6. Conclusion

In this paper, we study the hub location problem when ran-
dom hub failure occurs in the power projection network. A
stochastic programming model is employed account for
the scenario. A heuristic algorithm based on Monte Carlo
method and tabu search is put forward to solve themodel.The
superiority of the proposedmodel is illustrated by the change
of the network resilience in response to the different proba-
bility of hub failure with the benchmark model. Results show
that the factor of stochastic hub disruptions should be taken
into account in advance for design of the power projection
network, which can improve the resilience of the power
projection network to deal with the hub random failure to a
certain extent.

Compared with the situation that only some specific hub
fails, the problem of hub random failure is more general.
Dealing with the random hub failure, methods in the existing
literature are only applicable to cases where there is at most
one-hub failure. However, in this paper, the Monte Carlo
method can be used to simulate the state of a hub set
at any probability, which is applicable to the case where
there are several hubs failure with different probability.
Therefore, the approach proposed in this paper is more
general.
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This paper aims to analyze the quality of insulation in high voltage underground cables XLPE using a prototype which classifies
the following usual types of patterns of partial discharge (PD): (1) internal PD, (2) superficial PD, (3) corona discharge in air,
and (4) corona discharge in oil, in addition to considering two new PD patterns: (1) false contact and (2) floating ground. The
tests and measurements to obtain the patterns and study cases of partial discharges were performed at the Testing Laboratory
Equipment and Materials (LEPEM) of the Federal Electricity Commission of Mexico (CFE) using a measuring equipment LDIC
and norm IEC60270. To classify the six patterns of partial discharges mentioned above a Probabilistic Neural Network Bayesian
Modified (PNNBM) method having the feature of using a large amount of data will be used and it is not saturated. In addition,
PNN converges, always finding a solution in a short period of time with low computational cost.The insulation of two high voltage
cables with different characteristics was analyzed. The test results allow us to conclude which wire has better insulation.

1. Introduction

The analysis of partial discharges (PDs) is important to
determining the quality of insulation in high voltage equip-
ment. When the electrical insulation system is flawed by
design flaws, resulting from the manufacturing process, by
mechanical damage of products whenmanipulated or stored,
or by dryness caused by insulation aging, frequently small
discharges occur; this phenomenon ends by affecting the
solid insulation. The deterioration of the insulation can be
aggravated over time causing it to be completely destroyed.

A novel technique is proposed for the measurement of
PDs in transformers using the bandwidth for the PDs and [1]
trying to reduce the noise in the measurements.

Partial discharges (PDs) are an event of partial deterio-
ration that occurs, for example, on the surface or inside the
insulation of electrical products possibly due to defects in the
insulation structure.Due to the importance of the PDs several

authors have presented studies to classify different types of
patterns of PDs through prototypes that characterize the
phenomena of PDs: superficial partial discharge and internal
and crown PD [1, 2].

There are four usual types of PDs reported until now:
(1) the first one is an internal PD in insulation material with
different types of cavities [3, 4]; (2) the corona discharge is a
PD produced by sharp edges [4, 5]; (3) electrical arborescence
is generated by the combination of the corona discharge and
superficial PD; (4) superficial PDs occur when there is effort
on the surface of the dielectric, and usually they are presented
in caps, cable ends, and the overheating of the generator
windings and if a discharge reaches the surface from the
outside [4, 5].

Insulation generates different internal cavities reproduc-
tion and different diameters of the cavity to produce internal
PDs [2].
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It produces internal DPs using a filtering system that
can introduce errors at the moment of classification and the
DPs transform them into energy for the interpretation and
evaluation [1].

They perform different types of internal and external
patterns: corona in oil, corona in air, superficial, and internal,
but the results are not validated with actual measurements
[3].

Various types of methods and techniques have been
proposed to classify PDs patterns. The classification method
depends on the type of measurement; the most common
is to use the magnitude, angle, and repetition with statistic
method. Subsequently extraction methods are used: Statisti-
cal Methods [2, 3, 6–8], Neural Networks [2, 3, 7, 9], Hybrids
[6], and Diffuse Logic [6].

The aforementioned methods have been applied to clas-
sify the types of DPs in transformers, generators, and high
voltage cables.

When it is a requirement to expand the transmission
network and/or to replace sections of underground lines, it
is necessary that the insulation of the cable be installed in
compliance with the international quality standards in order
to avoid interruptions of the electrical service due to failures
in the insulation, improving the reliability, continuity, and
safety of electric service.

Currently in systems of underground electric energy
transmission, partial discharges in cables occur when a bad
cable extrusion is carried out with insulation generating
bubbles (internal PD), in the improper installation when
the cable is hit or when it does not have a good insulation
(external PD) or when the couplings are poorly placed with
cables and left edges (corona discharge, floating ground, and
poor contact) [9–11]. PD is analyzed using it as energy for
XLPE cables, only studying the patterns behavior of internal
PD using different numbers of cavities [10]. In reference
[11] the authors present a type of sensor to determine the
characteristics of PD using a prototype to classify (1) internal
PD, superficial PD, corona in air, and corona in oil.

In this case in the present research work the quality of
insulation in high voltage underground XLPE cables from
differentmanufacturers was tested.The construction of a pro-
totype is proposed to obtain the following patterns of partial
discharges: (1) internal PD, (2) superficial PD, (3) corona
discharge in air, and (4) corona discharge in oil, additionally
considering two new PD patterns: (1) false contact and (2)
floating ground. The validation of the proposed prototype
was performed using the statistical method and the norm
IEC 60270 can know insulation degradation unlike acoustic
measurements which allow knowing only the location of the
PD in tests in the laboratory [12–15].

To classify the six partial discharges a Modified Bayesian
Probabilistic Neural Net (PNNBM) was trained that has the
characteristic of using a large amount of data and is not
saturated, besides always finding a solution in a short period
of time with low computational cost.

The methodology was implemented in two different
manufactures of XLPE cables which is able to determine the
quality of the insulation in an acceptable way.

2. Prototype Design

In the test laboratory, LAPEM, a prototype was developed for
measurements (Figure 1), in which one could extract different
types ofDPswhere the datawill be free of noise, in order to get
“clean” patterns in corona discharge, false contact, corona oil,
and floating ground as well as internal and external PDs. Also
this prototype was useful in also obtaining combined data
from thesemeasurements, creating a database to characterize
in a better way the artificial neural network; the measuring
equipment gives to us four columns, the first determines
the cycle, the second the angle where the PD occurred, the
third presents the electric field in pC, and the last column
indicates the current, but in this study only the second and
third column are needed to validate proper operation. The
prototype will be shown in Figure 2.

Once the bases of the PDs are known, and how they affect
the insulations, we started from there to show measurement
methods thereof, between the normal or traditional method
and the oscillating; in this article only measurements were
taken of the standard method using a measurement type
LDS-6 and applying the norm IEC 60270.

Noting Figure 2 the following can be identified: in para-
graph (a) it is observed that the insulating material already
had a bubble inside causing internal PDs; in paragraph (b)
it is the peak effect which generates corona discharge; in
paragraph (c) it has PD superficial imperfection because it
is worn on the insulation surface; in paragraph (d) false
contact was found where a joint was loosened holding to the
terminal of the source; in paragraph (e) the same method as
in the preceding paragraph was performed but is immersed
in transformer oil; and finally in subsection (f) an item on
a wooden surface which has not caused potential and is
generating a float voltage is placed.

2.1. Databases. Following the most representative measure-
ments of the DPs are shown, to have a better appreciation of
the behavior of each of the types.

In Figure 3 it can be observed that internal DPs have a
high concentration at the beginning of the cycle in both the
positive part and the negative part and a low magnitude.

In Figure 4 the corona discharge that is generated only in
the half negative cycle andmagnitudes greater than 40 pC can
be observed.

The DPs that were generated in an underground cable
where several cuts were made to model the measurements
that are shown in Figure 5 have the characteristic that the DPs
arise both in the positive half cycle and in the negative half
cycle and have a great magnitude greater than 100 pC.

The false contact can be seen in Figure 6. It has the
characteristic of appearing at the beginning and at the end
of the semicycles, this being the inverse in magnitude that
depends on the position of the cycle.

The primary feature of the corona discharge when
immersed in oil is the one which represents PD as positive
and negative in the negative half cycle but with a lesser
magnitude than in air because the oil reduces the magnitude
of the discharge that can be seen in Figure 7.
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Figure 1: Laboratory tests, LAPEM.

(a) Internal PD (b) Corona discharge (c) Superficial PD

(d) False contact (e) Corona discharge, oil (f) Float voltage

Figure 2: Prototype of different PDs.
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Figure 3: Graph of internal partial discharge [16].

The floating ground can be seen in Figure 8; this is only
represented at the angles of 200∘ to 250∘ with a variable
magnitude between 300 and 600 pC.

3. Probabilistic Neural Network

Probabilistic neural networks (PNN) belong to the family
of neural networks with radial basis function (String et al.,
2008). In 1989 Donald F. Specht published his work “Proba-
bilisticNeuralNetworks,”which introduced the development
of a probabilistic neural network (PNN) capable of estimat-
ing limits or nonlinear decision surfaces through optimal
Bayesian approach. In the case of PDs these characteristics are
optimal because they are not complicated because it does not
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Figure 4: Graph of corona in air [16].
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Figure 5: Partial discharge on the surface of a XLPE cable [16].
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Figure 6: False contact of a joint of a XLPE cable.
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Figure 7: Corona discharge immersed in transformer oil.
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Figure 8: The floating ground.

have to determine intermediate networks and this improves
the measurements by the large amount of data that needs to
make a measurement in a short time.

3.1. Bayesian Classification Rule. The classification rule opti-
mal Bayesian can be defined as follows, given a collection of
random samples of 𝑛 populations. The a priori probability
that the sample 𝑦𝑖 belongs to the 𝑘 population is denoted as
ℎ𝑘. The cost associated with a misclassification that a sample
belongs to the 𝑘 population is denoted by 𝑙ℎ. The conditional
probability that a specific sample belongs to the 𝑘 population
𝑝(𝑘𝑦𝑖) is given by the probability density function 𝑓ℎ(𝑦).
Therefore, a sample 𝑦𝑖 is classified within the 𝑘 population
if it meets the condition established in (1), in the case of two
populations.

ℎ𝑘𝑙𝑘𝑓𝑘 (𝑦𝑘) = ℎ𝑖𝑙𝑖𝑓 (𝑦𝑖) . (1)

Contrasting the learning process that takes place in the
majority of artificial neural networks, in which an adjustment
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Figure 9: Structure of a probabilistic neural network.

to the values of parameters known as weights (𝑦1) and bias
(𝑦𝑏) is performed, making use of a PNN is not needed to
make any adjustment weights and only the output patterns
are determined by comparing and calculating the distances of
each of the patterns or vectors of input data with each one of
the so-called patterns examples, which as their name says are
representative examples of the patterns of each of the existing
classes.

3.2. Structure of a PNN. Probabilistic neural networks are
composed of four layers: an input layer which consists of 𝑑
neurons where 𝜑𝑖𝑗 is the dimension of input data, a layer of
patterns which consists of 𝑁 neurons, one for each vector
example, a summation layer of 𝑘 neurons where 𝑘 is the
number of classes, and a layer of decision which is a neuron;
the above description is depicted in Figure 9.

When a vector is represented to the network 𝑦 =
[𝑦1𝑗 ⋅ ⋅ ⋅ 𝑦𝑖𝑗] to be classified, the second layer deals with
calculating the distances from the input vector to each of the
vectors or patterns, for example, through function 𝜑𝑖𝑗 which

acts according to the standard normal kernel used as the
probability density function as shown in

𝜑𝑖𝑗 (𝑦) = 1
(2𝜋)𝑑 2𝑑𝑑 ∗ exp

[
[
(𝑦 − 𝑥𝑖𝑗)𝑓 (𝑦 − 𝑥𝑖𝑗)

2𝑔2 ]
]
. (2)

In (2), sigma (𝜎) is the dispersion parameter, which takes
a value between 0 and 1 to be defined by the researcher. The
term 𝑃𝑡(𝑦) in the summation layer indicates the conditional
probability or verisimilitude that𝑦 (input data) belongs to the
𝑖th class and is obtained through a process of summation as
shown in

𝑃𝑖 (𝑦) = 1
𝑁𝑖
𝑁𝑖

∑
𝑗=1

𝜑𝑖𝑗 (𝑦) . (3)

In the output layer it will be assigned to the class with
greater verisimilitude, complying with the provisions of

Class (𝑦) = arg max
𝑖

(𝑃𝑖 (𝑦)) , (4)

where class (𝑦) is the variety to which 𝑥 belongs.
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Begin
For each 𝑘, from 𝑘 = 1 to 𝑘 = 𝑁

For each𝑚, from𝑚 = 1 to𝑚 = 1000
𝑓1𝑚 = 1

𝑁
𝑁

∑
𝑗=1

1
2𝜋𝜎2 𝑒

[(𝑦𝑚,𝑥1,𝑗2)
𝑇(𝑦𝑚𝑚,𝑥1,𝑗2)/2𝜎

2]

𝑓𝑘𝑚 = 1
𝑁
𝑁

∑
𝑗=1

1
2𝜋𝜎2 𝑒

[(𝑦𝑚,𝑥𝑘,𝑗2)
𝑇(𝑦𝑚𝑚,𝑥𝑘,𝑗2)/2𝜎

2]

𝐷𝑘𝑚 = 𝑓𝑘𝑚ℎ𝑘𝑙𝑘
Obtain max(𝐷𝑙𝑚 , . . . , 𝐷𝑁𝑚 ) = 𝐾𝑚

End
End

Ends

Pseudocode 1
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Figure 10: Actual data of partial discharge measurements.

4. Description of Data under Study

Data were generated through a simulation process using
the MATLAB� normrnd command; the data were generated
under the features presented by the actual data, the product of
PDmeasurements, angle, andmagnitude. To define a real and
proper classification to such data, inferior and superior spec-
ifications for both characteristics were considered. Figure 10
shows the inside of PD measurements and corona type and
where and how the magnitude is at pico-Coulombs; in this
graph the specifications for features that are linearly separable
and observed exist.

Figure 11 shows an example of data generated by simula-
tion which were subsequently classified by the PNN to verify
the effectiveness of the classification of the network.

4.1. Stage 1: Classification in Six Classes. In the first instance
the classification problem considering six classes arises; these
classes are formed by segmenting the 𝑥𝑦 plane shown in
Figures 10 and 11 in six areas, formed precisely by cuts
between the lines representing the specifications, so class
1 is formed by the internal PDs and corona is below the
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Figure 11: Actual data of PD measurements.

corresponding lower specification; class 2, located to the right
of class 1, corresponds to the superficial PD and false contact
PD, the specifications for the characteristic of angle whose
magnitude remains lower than established as desirable, and
so on.

For application of the PNN with the use of Bayesian
classification rule, network simulation in MATLAB software
is required; then the pseudocode used for programming is
exposed, for which (1), (2), (3), and (4) were conducted in
order to identify the effectiveness of network classification
to various values of the sigma variable (𝜎) and loss function
of class (𝑙𝑖) in order to find those values that minimize the
number of errors during qualifying.

In Pseudocode 1, the matrix 1000 × 2 is represented as
𝑦𝑚𝑥𝑑, which represents the basis of the 1000 data generated
from measurements, where each row of said matrix repre-
sents a test PD whose first element (first column) indicates
measuring the angle and whose second element (second col-
umn) indicates the measurement of the magnitude. Similarly
to 𝑋𝑁𝑥𝑑 which is understood as the 𝑁 patterns example of
class 𝑖, whose elements are denoted by 𝑥𝑖𝑗,𝑑, there are somany
matrices𝑋𝑖 as 𝑘 classes are considered in the problem.
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The 𝑘 vectors 𝑓𝑖𝑚𝑥𝑙 are composed of 1000 elements,
denoted as 𝑓𝑘𝑚 . The𝐾𝑚 vectors contain 1000 elements whose
values range from 1 to 𝑘, which denotes the class to which the
𝑚th data belongs.

For the value of sigma 𝜎 values were considered: 𝜎 =
0.2, 0.4, 0.6, 0.8, and 1, while for values 𝑙𝑖 it was specified
for researcher that tests will be conducted only modifying
the parameter for one of the six classes; class 5 was selected
because it corresponds to the class where the measurements
data exist, in which they are within specifications for both
angles as the magnitude; therefore it would incur greater
economic loss by classifying data located in this category
incorrectly; the class 5 is a critical category.

The values are considered for 𝑙𝑠 were 0.11, 0.12, 0.13, 0.14,
0.15, 0.16, and 0.17. For each value of 𝑙𝑠 considered, loss
values for the other classes were defined, following the rule
that when the value increased, the loss value for the other
classes would decrease in the same proportion for all, thus
maintaining the equalities shown in (5) and (6) during the
experimentation.

𝑙 − 𝑙𝑠 = 𝑙1+𝑙2+𝑙3+𝑙4+𝑙5+𝑙6 + 𝑙7 + 𝑙8 + 𝑙9, (5)

where

𝑙1= 𝑙2= 𝑙3= 𝑙4= 𝑙5= 𝑙6= 𝑙7= 𝑙8= 𝑙9. (6)

With the results of the previous experiments, it is speci-
fied that the best values for the parameters of the network are
𝜎 = 0.2 ℎ𝑡 = 𝑙/9 𝑦 𝑙𝑡 = 𝑙/9, where the subscript 𝑖 indicates
the class which is referred, where 𝑖 = 1, 2, 3, 4, 5, 6 for the first
stage of classification problem.

With the previously defined values, PNN was applied
again in 35 databases containing 1000 data samples each,
in order to obtain an average of the number of errors
and proportion of successes presented in this network for
classification in six categories.

A level of acceptance for the resolution of the classi-
fication problem is established prior to the investigation,
if the network has an efficiency greater to 90%. For the
first stage of the problem presented, the desired result was
not obtained. Several tests were performed increasing the
number of patterns to check if this contributed to achieving
the objective raised with several examples; however, as no
satisfactory results were obtained, a second stage to solve the
classification problem was established.

4.2. Stage 2: Classification in Two Classes. For the second
stage to resolve the classification problem set out the reduc-
tion of the number of classes which is categorized in the
desired data, following the same pseudocode used in the
previous stage; this reduction in the number of classes
was carried out considering that, in the literature on the
application of PNN, experimental tests have been for rating
only two classes and they all had a high rate of effectiveness
in terms of number of successes made by the network.

The problem of data classification with a focus on cat-
egorization in two classes was considered. This arises when
attention of the problem is focused on identifying those data
found within all specifications (class located at the center

of Figure 11) as elements of class one and the data that do
not know one or more of the specifications as elements of a
second class.

The established values for this new approach to the
classification problem were

𝑔 = 0.2,
ℎ1 = 𝑙

𝑔 ,

ℎ2 = 2𝑔 ,

𝑙𝑡 = 𝑙2 ,

(7)

where 𝑖 = 1 is the identifier for class one which contains
the data found within all specifications; the value of ℎ1 was
established considering that only one-ninth of the population
data will be within all specifications as noted in the test
characteristics and the rest of the population will be out of at
least one of the specifications; this is observed from Figures
10 and 11. With this new approach to PNN, high levels of
successes in the classification of data were obtained.

4.3. Stage 1: Training of Six Classes. Probabilistic neural
networks (PNN) can be used for data classification problems.

The process used for regression problems is one in which
adjustment of weights and bias is performed, according to the
presented error; in the classification process no adjustment is
made of weights and only the output patterns are determined
by comparison and distance calculation. In Figure 12 the
network configuration is presented.

Its operation can be explained as follows: when an input
is presented to the network, the first layer is responsible
for calculating the distances from the input vector to the
output vectors and produces a vectorwhose elements indicate
how close is the entrance with respect to the output. The
function of the second layer is to add the contributions for
each class of input and produce with them an output vector
with probabilities.

Finally, a transfer function at the output of the second
layer of “competitive” type, select the maximum of these
probabilities and produces 1 for that class and 0 for others.

5. Network Configuration to Classify the
Different PD Patterns

The application of neural networks in the fault diagnostics
has two stages. Stage one corresponds to the training process,
during which the training patterns are supplied to the
network in order to perform calculations or adjust some of
its parameters. Stage two is the testing process, during which
an unknown pattern data is delivered, in order to verify
whether the output delivered by the network corresponds to
the expected output.

Some simulations were performed to determine the
extraction patterns of the PNN; the data of patterns extraction
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Figure 12: Architecture of a probabilistic neural network [17].
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Figure 13: Results are presented as percentages and indicate internal
partial discharge.

was determined in a percentage way as shown in Figure 13;
this is in order to see clearly the data concentration.

Finally, it proceeded to validate the network, and data
vector containing the class type and amount of data from each
of these was obtained, but to have a better appreciation of
these data, in Figure 13 percentage form the data obtained is
presented; with the figure it is very easy to determine the type
of class.

In this case it was validated with a measurement where it
was known that the PDwas internal and the results are shown
as follows: the first column presents the class where the data
that are noise exist, in the column seven are the internal PD, in
six (6) there are the external discharges in air, in column five
(5) there is floating ground, in four (4) there is corona in air,
in column three (3) there is the corona discharge in air, and
in two (2) there is the floating ground; it can be seen clearly in
Figure 13 that it is internal PD due to the high intensity that

has column seven which generates the data to be very easy to
determine.

6. Study Cases

In this section the following case studies will be carried out to
analyze the quality of insulation of XLPE high voltage cables
for a nominal voltage of 115 KV, where two types of cable
producers from different manufacturers were used.

The test was made up of

(1) using 5 meters of cable made of a copper cable and
insulated by a cross-linked polymer (XLPE), with
semiconductor shield that was extruded over the
insulation and metal screen covered with polyvinyl
chloride (PVC);

(2) PDs measurements made with the LDIC equipment
using a 75 kV considering the parameters of the IEC
60270 norm as shown in Figure 1;

(3) acquisitions of the measurements that were recorded
in a computer system with LDIC software;

(4) Simulation of the PNNBM.

The results of the measurements and the simulations of the
PNNBM are described in detail as follows.

6.1. Cable 1. (1) The following percentages of PD patterns
were obtained for manufacturing cable # 1 as shown in
Figure 14. The results of the PNNBM simulation show 77.8%
of internal PD; this indicates that the internal insulation
which covers the main cable has a deficiency and may have
a propensity to insulation failures in a short period of time. It
can also be observed that the external insulation of the cable
presents a small degree of degradation since it presents 3.75%
of superficial PD. The results show that it is necessary for
the manufacture of cable insulation to be of higher quality



Mathematical Problems in Engineering 9

N
oi

se

In
te

rn
al

C
or

on
a a

ir

C
or

on
a o

il

Su
rfa

ce

Fa
lse

 co
nt

ac
t

Fl
oa

tin
g 

po
in

t0
10
20
30
40
50
60
70
80

Figure 14: Actual measurement of the first cable.
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Figure 15: Actual measurement of the second cable.

because of the electrical stresses that will be subjected to the
high voltages.

On the other hand, the cable also presents a small
proportion of PDs of 1.2% by corona effect related to the
terminals derived in tips. They present 1.3% and 1.23% of
PDs of false contact and floating point, respectively. These
three types of DPs are mainly related to the connection and
installation of the cable.

6.2. Cable 2. Finally, the second cablewasmeasured using the
same characteristicsmentioned above. Previously trained, the
neural networkPNNBMproceeds to the simulation that gives
results as those of Figure 15.

It can be estimated in Figure 15 that the cable has a
concentration of 70.28% of internal PD, this being a new
cable, and has a considerable presence of 18.53% of superficial
PD; the other types of PDs are discarded because they are not
relevant to analysis for their magnitudes are less than 1%; due
to these results this cable should no longer be installed.

6.3. Comparison. To compare the results of the neural net-
work, a statistical method for measurements of PDs of both
wires, resulting Table 1 was used, verifying the obtained
results of the neural network which can be seen to effectively
have a high concentration of internal PD; the statistical

Table 1: Statistical parameters of two different cables.

𝜇 𝜎2 𝑆𝑘 𝐾𝑢 𝐷𝑎 𝐶𝑐
CABLE 1 2.5442 27.1492 3.4944 16.5593 2.3774 −0.2262
CABLE 2 4.4018 63.9289 2.5774 9.2703 4.5777 −0.3473

parameters of the formulations presented in Table 1 can be
found in reference [18].

Table 1 establishes the variance average of 2pCs implied
that refers to PD Internal by their small magnitude; in the
part of the standard deviation, a considerable differentiation
of dimension is observed, establishing that there is a large
scatter in the data of cable two, resulting in two different
patterns; the bias does not vary with respect to cables unlike
kurtosis in cable 1 which is almost double cable two; this tells
us that the concentration of PD in the cable 1 is greater, which
determines that cable 1 is prone to generate a fault. In the part
of the correlation factor it indicates that naturally it comes
to the same types, that is why these are negative values not
greater than the least one.

7. Conclusions

Thispaper proposed a prototype thatmanages to classify the 4
classic patterns (internal PD, superficial PD, corona discharge
in air, and corona discharge in oil) and 2 new patterns
proposed (false contact and floating ground) of PD in the
insulation of high voltage cables, XLPE. To classify the types
of PD a new neural network (NN) is implemented which was
trained to get better results and reduced errors. The results
showed that the proposed PNBMwas not saturatedwith large
volumes of information and always converges, finding the
solution. PNBM was implemented in two cables with similar
features from different manufacturers. The results showed
that the two cables present internal PD; however one of them
has high concentrations of superficial PDwhich indicates that
insulation is of poor quality.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] A. Rodrigo Mor, L. C. Castro Heredia, and F. A. Muñoz, “Effect
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Maćıas, J. Chávez, and M. Burgos-Payán, “Time domain anal-
ysis of partial discharges envelope in medium voltage XLPE
cables,” Electric Power Systems Research, vol. 125, pp. 220–227,
2015.

[14] F.-C. Gu, H.-C. Chang, F.-H. Chen, and C.-C. Kuo, “Partial
discharge pattern recognition of power cable joints using
extension method with fractal feature enhancement,” Expert
Systems with Applications, vol. 39, no. 3, pp. 2804–2812, 2012.

[15] T. Hang, J. Glaum, T. Phung, and M. Hoffman, “Investigation
of partial discharge and fracture strength in piezoelectric
ceramics,” Journal of the American Ceramic Society, vol. 97, no.
6, pp. 1905–1911, 2014.

[16] F. F. Godoy, J. M. G. Guzmán, R. J. Vacio, and F. J. O.
Herrera, “Obtainingmeasurement patterns of partial discharges
in power cables XLPE using Probabilistic Neural Networks,”
International Journal of Scientific and Research Publications, vol.
5, no. 3, 2015.

[17] A. Hekmati, “A novel acoustic method of partial discharge
allocation considering structure-borne waves,” International
Journal of Electrical Power & Energy Systems, vol. 77, pp. 250–
255, 2016.

[18] M. Heidari, “Combined Diagnosis of PD Based on the Multidi-
mensional Parameters,” Modelling and Simulation in Engineer-
ing, vol. 2016, Article ID 5949140, 12 pages, 2016.



Research Article
Neural Adaptive Decentralized Coordinated
Control with Fault-Tolerant Capability for DFIGs under
Stochastic Disturbances

Xiao-ming Li,1 Xiu-yu Zhang,1 Hong Cao,2 Zhong-wei Lin,3

Yu-guang Niu,3 and Jian-guoWang1

1School of Automation Engineering, Northeast Electric Power University, Jilin 132012, China
2School of Economics and Management, Northeast Electric Power University, Jilin 132012, China
3State Key Laboratory of Alternate Electric Power System with Renewable Power Source, North China Electric Power University,
Beijing 102206, China

Correspondence should be addressed to Hong Cao; ch@ncepu.edu.cn

Received 9 March 2017; Accepted 25 July 2017; Published 10 October 2017

Academic Editor: Mohammad D. Aliyu

Copyright © 2017 Xiao-ming Li et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

At present, most methodologies proposed to control over double fed induction generators (DFIGs) are based on single machine
model, where the interactions fromnetwork have been neglected. Considering this, this paper proposes a decentralized coordinated
control ofDFIG based on the neural interactionmeasurement observer. An artificial neural network is employed to approximate the
nonlinear model of DFIG, and the approximation error due to neural approximation has been considered. A robust stabilization
technique is also proposed to override the effect of approximation error. A 𝐻2 controller and a 𝐻∞ controller are employed to
achieve specified engineering purposes, respectively. Then, the controller design is formulated as a mixed 𝐻2/𝐻∞ optimization
with constrains of regional pole placement and proportional plus integral (PI) structure, which can be solved easily by using linear
matrix inequality (LMI) technology. The results of simulations are presented and discussed, which show the capabilities of DFIG
with the proposed control strategy to fault-tolerant control of the maximum power point tracking (MPPT) under slight sensor
faults, low voltage ride-through (LVRT), and its contribution to power system transient stability support.

1. Introduction

During the last decade, wind power has shown world’s
fastest growing rate compared to any other electric power
generations, which causes the share of wind power to reach
a considerable level [1]. DFIG is becoming the dominant type
used in wind farms (WFs) for its maximizing wind energy
conversion and flexible control to network support [2]. For
ensuring that DFIG is integrated into the power network
reliably and efficiently, it is necessary to provide DFIGs with
suitable control strategies.

Power system is a geographically extensive large-scale
system, and its controller design is commonly based on
decentralized approach which only depends on local signals
[3–5]. However, this simple approach reduces the controller

capability and even leads to stability problems [6]. Consider-
ing this, a few of decentralized coordinated control strategies
of power system have been proposed [7–11]. A hierarchical
decentralized coordinated control strategy is proposed to
control the excitation system of synchronous generator (SG),
where the interaction terms are considered as bounded
disturbances which are suppressed by a𝐻∞ controller [8]. A
direct feedback linearization based decentralized coordinated
control of excitation and steam valve is proposed, where
the upper bound of interaction terms is estimated [9]. A
multiagent system based strategy is also used to control
a multimachine power system [10, 11]. According method-
ologies used, decentralized coordinated control strategies
of power system can be divided into two types, with and
without communication system support. For the first type,
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the interaction terms are commonly considered as bounded
disturbances which are completely suppressed, where the
involved coordinated information has been neglected, while
the second method needs communication system support,
which may bring new stability problems caused by commu-
nication time delay and communication system fault.

It is generally recognized thatmode decomposition based
decentralized coordinated control strategy is more suitable
for control over power systems, where the interaction term
is modelled as a coordinated signal [12, 13]. This allows the
system-wide state feedback control strategy to be replaced
by using local state feedback control, which is a desired per-
formance for power system controller design. This paper
proposes a neural observer based decentralized coordinated
control of DFIG, where a neural controller is used to compute
the weightings. The mode decomposition technology is used
to modelling power system and a mixed𝐻2/𝐻∞ suboptimal
control with regional pole placement and PI structure is
employed to control a DFIG-based wind turbine. More
concretely, the main contribution consists of the following
aspects:

(i) The mode decomposition is used to modelling power
system, and the interaction measurement model of
DFIG is introduced (where interaction measurement
term has been considered as a coordinated signal).
An ANN-based weighting controller is proposed to
approximate the nonlinear model of DFIG, which
achieves a closed-loopnonlinear adaptive approxima-
tion.

(ii) The neural observer is proposed to approximate the
nonlinear model of DFIG, where the approximation
error due to the proposed neural approximation has
been considered. A robust stabilization technique
is proposed to override the effect of approximation
error.

(iii) For improving the fault-tolerant capability, a 𝐻∞
controller is employed to cope with the slight faults
represented by bounded stochastic disturbances, and
a 𝐻2 controller with PI structure is also employed
to achieve specified engineering purposes. Then, the
controller design is formulated as a mixed 𝐻2/𝐻∞
suboptimal problem with regional pole placement
which is used to further improve damping perfor-
mance.

(iv) The proposed control strategy combines the merits of
conventional PI control, robust stabilization control,
and mixed 𝐻2/𝐻∞ optimization. Simulation results
show that the proposed controller not only improves
the MPPT control with fault-tolerant capability bus
also enhances system damping and LVRT capability,
which greatly improves power system transient stabil-
ity.

The rest part of this paper is arranged as follows.The neu-
ral interaction measurement observer of DFIG is proposed
in Section 2. In Section 3, the mixed 𝐻2/𝐻∞ control with
regional pole placement based on the obtained interaction
measurement model is proposed. In Section 4, simulation

results are presented and discussed, which demonstrate the
capabilities of the proposed control strategy to enhance
MPPT performance under external disturbances and its con-
tribution on power system transient stability support. Finally,
the conclusions are drawn in the Section 5.

2. Neural Adaptive Interaction Measurement
Observer of DFIG

Theproposed control strategy shown in Figure 1 is comprised
of two parts, the neural interaction measurement observer
of DFIG and the mixed 𝐻2/𝐻∞ controller. The neural
interaction measurement observer is established at chosen
operating conditions by considering the interactions from
network, and a neural weighting controller is proposed to
compute the weightings according the approximation error.
Based on the obtained observer, the 𝐻∞ controller and 𝐻2
controller are designed separately for specified engineering
purposes. Then, the controller design is formulated as a
mixed𝐻2/𝐻∞ suboptimal problem with the constrains of PI
controller structure and regional pole placement, and it can
be solved easily by using LMI technology.

2.1. DFIG Model with Stochastic Disturbances. For obtaining
a good balance between the accuracy and simplification, the𝑖th DFIG nonlinear model is chosen as a third-order model
[15], where the stator dynamic has been neglected.

Dynamic equations:

𝑑𝜔𝑟𝑖𝑑𝑡 = 12𝐻tot𝑖
(𝑇𝑚𝑖 − 𝑇𝑒𝑖)

𝑑𝐸𝑞𝑖𝑑𝑡 = −𝑠𝜔𝑠𝑖𝐸𝑑𝑖 + 𝜔𝑠𝑖 𝐿𝑚𝑖𝐿𝑟𝑟𝑖 V𝑑𝑟𝑖− 1𝑇0𝑖 [𝐸𝑞𝑖 − (𝑋𝑠𝑖 − 𝑋𝑠𝑖) 𝑖𝑑𝑠𝑖]𝑑𝐸𝑑𝑖𝑑𝑡 = 𝑠𝜔𝑠𝑖𝐸𝑞𝑖 − 𝜔𝑠𝑖 𝐿𝑚𝑖𝐿𝑟𝑟𝑖 V𝑞𝑟𝑖− 1𝑇0𝑖 [𝐸𝑑𝑖 + (𝑋𝑠𝑖 − 𝑋𝑠𝑖) 𝑖𝑞𝑠𝑖] .

(1)

Output equations:

𝑃𝑠𝑖 = −𝐸𝑑𝑖𝑖𝑑𝑠𝑖 − 𝐸𝑞𝑖𝑖𝑞𝑠𝑖𝑄𝑠𝑖 = 𝐸𝑑𝑖𝑖𝑞𝑠𝑖 − 𝐸𝑞𝑖𝑖𝑑𝑠𝑖, (2)

where

𝐸𝑑𝑖 = −𝑅𝑠𝑖𝑖𝑑𝑠𝑖 + 𝑋𝑠𝑖𝑖𝑞𝑠𝑖 + 𝑢𝑑𝑠𝑖𝐸𝑞𝑖 = −𝑅𝑠𝑖𝑖𝑞𝑠𝑖 − 𝑋𝑠𝑖𝑖𝑑𝑠𝑖 + 𝑢𝑞𝑠𝑖
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Figure 1: Neural PI control scheme.

𝑖𝑑𝑠𝑖 = − 𝐸𝑖  𝐵𝑖𝑖 + 𝑁∑
𝑗=1
𝑗 ̸=𝑖

𝐸𝑗 𝑌𝑖𝑗 cos (𝛿𝑖𝑗 − 𝛼𝑖𝑗)
𝑖𝑞𝑠𝑖 = 𝐸𝑖  𝐺𝑖𝑖 + 𝑁∑

𝑗=1
𝑗 ̸=𝑖

𝐸𝑗 𝑌𝑖𝑗 sin (𝛿𝑖𝑗 − 𝛼𝑖𝑗) .
(3)

𝑋𝑠𝑖 = 𝜔𝑠(𝐿 𝑠𝑠𝑖 − 𝐿2𝑚𝑖/𝐿𝑟𝑟𝑖), 𝛿𝑖𝑗 = 𝛿𝑖 − 𝛿𝑗, 𝛼𝑖𝑗 = 90 − 𝜑𝑖𝑗, 𝐸𝑖 is the
internal voltage of the 𝑖th generator, 𝛿𝑖 is the angle between
the𝐸𝑖 and the𝑥-axis of the synchronous coordinates,𝜑𝑖𝑗 is the
angle of impedance 𝑍𝑖𝑗 (𝑍𝑖𝑗 = (𝑌𝑖𝑗)−1), and𝑁 is the number
of generators of a multimachine power system.

According the above equations, the 𝑖th DFIG nonlinear
model with unmeasurable stochastic disturbances 𝑤𝑖 and V𝑖
can be written as the following compact form:

�̇�𝑖 = 𝑓𝑖 (𝑥𝑖) + 𝑔𝑖 (𝑥𝑖) 𝑢𝑖 + 𝑑𝑥𝑖 (𝐸𝑗 , cos (𝛿𝑖𝑗 − 𝛼𝑖𝑗))+ 𝑤𝑖𝑦𝑖 = ℎ𝑖 (𝑥𝑖) + 𝑑𝑦𝑖 (𝐸𝑗 , sin (𝛿𝑖𝑗 − 𝛼𝑖𝑗)) + V𝑖,
(4)

where 𝑥𝑖 = [𝜔𝑟𝑖 𝐸𝑞𝑖 𝐸𝑑𝑖]𝑇 is the state variable, 𝑦𝑖 =[𝑃𝑠𝑖 𝑄𝑠𝑖]𝑇 is the output variable, 𝑢𝑖 = [𝑢𝑞𝑟𝑖 𝑢𝑑𝑟𝑖]𝑇 is the
input signal (control vector), and 𝑑𝑥𝑖(|𝐸𝑗|, cos(𝛿𝑖𝑗 − 𝛼𝑖𝑗)) and𝑑𝑦𝑖(|𝐸𝑗|, sin(𝛿𝑖𝑗−𝛼𝑖𝑗)) are the interaction terms fromnetwork.

2.2. Approximation Error Considered Interaction Measure-
ment Observer. The published literatures [16, 17] extend the

classical SG based interaction measurement modelling to
DFIG field. The interaction measurement model of DFIG
with a certain weightingmethod can be written as the follow-
ing form, where the model bank is established at chosen
operating points (Table 3) [16]:

�̇�𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 (𝐴𝑘𝑖𝑖𝑥𝑖 + 𝐵𝑘𝑖 𝑢𝑖 + 𝑇𝑘𝑤𝑖 + 𝐼𝑘𝑚𝑥𝑖)
𝑦𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 (𝐶𝑘𝑖𝑖𝑥𝑖 + 𝐼𝑘𝑚𝑦𝑖) , (5)

where 𝐼𝑘𝑚𝑥𝑖 = 𝐴𝑘2𝑖𝑖∑𝑛𝑗=1,𝑗 ̸=𝑖𝑀𝑖𝑗𝑥𝑗 = 𝐴𝑘2𝑖𝑖(Δ𝐼𝑠𝑖 − 𝑀𝑖𝑖𝑥𝑖) and𝐼𝑘𝑚𝑦𝑖 = 𝐶𝑘2𝑖𝑖∑𝑛𝑗=1,𝑗 ̸=𝑖𝑀𝑖𝑗𝑥𝑗 = 𝐶𝑘2𝑖𝑖(Δ𝐼𝑠𝑖 − 𝑀𝑖𝑖𝑥𝑖), 𝑀𝑖𝑗 denotes
the interaction matrix from the 𝑖th node to the 𝑗th node,𝜇𝑘 (𝑘 = 1, . . . , 𝑛) is the weighting for the 𝑘th model in the
model bank, and 𝑛 is the number of model.

The terms 𝐼𝑘𝑚𝑥𝑖 and 𝐼𝑘𝑚𝑦𝑖 are interaction measurement
vectors, which represents interactions from network and can
be regarded as coordinated signals. It is seen that 𝐼𝑘𝑚𝑥𝑖 and 𝐼𝑘𝑚𝑦𝑖
only depend on local signals, which allows system-wide state
feedback control to be replaced by using local state feedback
method.

By combining (4)-(5), the approximation error con-
sidered interaction measurement model of DFIG can be
rewritten as

�̇�𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 (𝐴𝑘𝑖𝑖𝑥𝑖 + 𝐵𝑘𝑖 𝑢𝑖 + 𝑇𝑘𝑤𝑖 + 𝐼𝑘𝑚𝑥𝑖)
+ (𝑓𝑖 (𝑥𝑖) − 𝑛∑

𝑘=1

𝜇𝑘𝐴𝑘𝑖𝑖𝑥𝑖)
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+ (𝑔𝑖 (𝑥𝑖) − 𝑛∑
𝑘=1

𝜇𝑘𝐵𝑘𝑖)𝑢𝑖
+ (𝑑𝑥𝑖 (𝐸𝑗 , 𝛿𝑖𝑗) − (𝐼𝑘𝑚𝑥𝑖 + 𝑇𝑘𝑤𝑖)) + 𝑤𝑖

= 𝑛∑
𝑘=1

𝜇𝑘 (𝐴𝑘𝑖𝑖𝑥𝑖 + 𝐵𝑘𝑖 𝑢𝑖 + 𝑇𝑘𝑤𝑖 + 𝐼𝑘𝑚𝑥𝑖) + Δ𝑓𝑖 + Δ𝑔𝑖
+ Δ𝑑𝑥𝑖 + 𝑤𝑖

𝑦𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 (𝐶𝑘𝑖𝑖𝑥𝑖 + 𝐼𝑘𝑚𝑦𝑖) + (ℎ𝑖 (𝑥𝑖) − 𝑛∑
𝑘=1

ℎ𝑘𝐶𝑘𝑖𝑖𝑥𝑖)
+ (𝑑𝑦𝑖 (𝐸𝑗 , 𝛿𝑖𝑗) − 𝐼𝑘𝑚𝑦𝑖) + V𝑖

= 𝑛∑
𝑘=1

𝜇𝑘 (𝐶𝑘𝑖𝑖𝑥𝑖 + 𝐼𝑘𝑚𝑦𝑖) + Δℎ𝑖 + Δ𝑑𝑦𝑖 + V𝑖,
(6)

where

Δ𝑓𝑖 = 𝑓𝑖 (𝑥𝑖) − 𝑛∑
𝑘=1

𝜇𝑘𝐴𝑘𝑖𝑖𝑥𝑖 (7)

Δ𝑔𝑖 = 𝑔𝑖 (𝑥𝑖) − 𝑛∑
𝑘=1

𝜇𝑘𝐵𝑘𝑖 (8)

Δℎ𝑖 = ℎ𝑖 (𝑥𝑖) − 𝑛∑
𝑘=1

𝜇𝑘𝐶𝑘𝑖𝑖𝑥𝑖 (9)

Δ𝑑𝑥𝑖 = 𝑑𝑥𝑖 (𝐸𝑗 , cos (𝛿𝑖𝑗 − 𝛼𝑖𝑗)) − 𝑛∑
𝑘=1

𝜇𝑘 (𝐼𝑘𝑚𝑥𝑖 + 𝑇𝑘𝑤𝑖) (10)

Δ𝑑𝑦𝑖 = 𝑑𝑦𝑖 (𝐸𝑗 , sin (𝛿𝑖𝑗 − 𝛼𝑖𝑗)) − 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖. (11)

In order to cope with the nonlinearity of DFIG, a neural
observer is introduced to estimate the state variables of DFIG,
where a neural controller is used to compute the weightings
according the tracking error.

According (5) and (6), the observer can be written aṡ̂𝑥𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 [𝐴𝑘𝑖𝑖𝑥𝑖 + 𝐵𝑘𝑖 𝑢𝑖 + 𝑇𝑘𝑤𝑖 + 𝐼𝑘𝑚𝑥𝑖 + 𝐿𝑘𝑖 (𝑦𝑖 − 𝑦𝑖)]
= 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 [𝐴𝑘𝑖𝑖𝑥𝑖 + 𝐵𝑘𝑖 𝑢𝑖 + 𝑇𝑘𝑤𝑖 + 𝐼𝑘𝑚𝑥𝑖 + 𝐿𝑘𝑖𝐶𝑘𝑖𝑖𝑒𝑖
+ 𝐿𝑘𝑖Δℎ𝑖 + 𝐿𝑘𝑖Δ𝑑𝑦𝑖 + 𝐿𝑘𝑖V𝑖] ,

(12)

where 𝜇𝑘 is the output of the ANN, 𝑦𝑖 = ∑𝑛𝑘=1 𝜇𝑘(𝐶𝑘𝑖𝑖𝑥𝑘𝑖 −𝐼𝑘𝑚𝑦𝑖)
is the observer output, 𝑒𝑖 = 𝑥𝑖−𝑥𝑖 is the state estimation error,
and ̇𝑒𝑖 = �̇�𝑖 − ̇̂𝑥𝑖 = 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 [(𝐴𝑘𝑖𝑖 − 𝐿𝑘𝑖𝐶𝑔𝑖𝑖) 𝑒 + Δ𝑓𝑖
+ Δ𝑔𝑖 + Δ𝑑𝑥𝑖 − 𝐿𝑘𝑖Δℎ𝑖 − 𝐿𝑘𝑖Δ𝑑𝑦𝑖 − 𝐿𝑘𝑖V𝑖 + 𝑤𝑖] . (13)

2.3. Neural Adaptive Weighting Controller. The Elman ANN
can be described as the following equations [18]:

V𝑚 = 𝑊𝑈𝑚𝑢in +𝑊𝐶𝑚𝑋𝐶𝑚𝑋𝐻𝑚 = 𝑓1 (V𝑚)𝑋𝐶𝑚 = 𝛼𝑋𝐻𝑚−1𝑦out = 𝑓2 (𝑊𝑂𝑚𝑋𝐻𝑚) ,
(14)

where𝑊𝑈𝑚 ,𝑊𝐶𝑚 , and𝑊𝑂𝑚 are weight matrixes of input layer,
context unit, and output layer, respectively, 𝑢in and 𝑦out are
the input and output vectors, respectively, V𝑚 and 𝑋𝐻𝑚 are
the input and output vectors of hidden layer, respectively,𝑋𝐶𝑚 is the output vector of context unit, 𝑓1(∙) and 𝑓2(∙) are
activation functions of hidden layer and output layer, and 𝛼
is the self-feedback gain of context unit.

This paper employs an ANN controller shown in Figure 1
to approximate the nonlinear model of DFIG according the
tracking error 𝑥𝑒𝑖(𝑚) = 𝑦𝑖(𝑚) − 𝑦𝑖(𝑚), where 𝑚 denotes the𝑚th interval. The objective of the ANN controller is defined
as

𝐽𝑁𝑖 (𝑚) = 12𝑥𝑇𝑒𝑖 (𝑚)𝑄𝑁𝑥𝑒𝑖 (𝑚) + 12𝑈𝑇𝑖 (𝑚) 𝑅𝑁𝑈𝑖 (𝑚) , (15)

where𝑄𝑇𝑁 = 𝑄𝑁 > 0 and 𝑅𝑇𝑁 = 𝑅𝑁 > 0 are weighting matrix-
es and 𝑈𝑖(𝑚) = [𝜇∗𝑖,1(𝑚) ⋅ ⋅ ⋅ 𝜇∗𝑖,𝑛(𝑚)] is the output vector of
the ANN (which is also the weightings represented by vector
form).

The gradient descent method is employed to minimize
the objective shown in (15). Then, the output layer weighting
matrix of the ANN controller 𝑊𝑂(𝑚) can be updated as
follows: 𝑊𝑂 (𝑚) = 𝑊𝑂 (𝑚 − 1) − 𝜂∇𝑊𝑂(𝑚)𝐽𝑁 (𝑚) , (16)

where 𝜂 is the learning rate and ∇𝑊𝑂(𝑚)𝐽𝑁𝑖(𝑚) is the gradient
of 𝐽𝑁𝑖(𝑚) with respect to𝑊𝑂(𝑚).𝜕𝐽𝑁𝑖 (𝑚)𝜕𝑊𝑂 (𝑚) = 𝜕𝐽𝑁𝑖 (𝑚)𝜕𝑈𝑖 (𝑚) 𝜕𝑈𝑖 (𝑚)𝜕𝑊𝑂 (𝑚) = {−𝑄𝑁𝑥𝑒 (𝑚)

⋅ [𝐶𝑇 (𝑚) 𝑥𝑖. (𝑚) + 𝐼𝑚𝑦𝑖 (𝑚)]} 𝜕𝑈𝑖 (𝑚)𝜕𝑊𝑂 (𝑚) ,
(17)

where 𝑦𝑖(𝑚) = ∑𝑛𝑘=1 𝜇𝑖,𝑘(𝑚)(𝐶𝑘𝑖𝑖(𝑚)𝑥𝑖.(𝑚) + 𝐼𝑘𝑚𝑦𝑖(𝑚)) =𝑈𝑖(𝑚)(𝐶𝑇(𝑚)𝑥𝑖.(𝑚) + 𝐼𝑚𝑦𝑖(𝑚)) is the observer output and𝐶𝑇(𝑚) = [𝐶1𝑖𝑖(𝑚) ⋅ ⋅ ⋅ 𝐶𝑛𝑖𝑖(𝑚)]𝑇.
The term 𝜕𝑈𝑖(𝑚)/𝜕𝑊𝑂(𝑚) can be computed by the back-

propagation method and no difficulty is involved in it. With
a similar approach, the weighting matrixes of input layer and
context unit can be updated. Then, the weighting vector 𝑈𝑖
(which is also the output of the Elman ANN) can be updated
adaptively according the mathematic model of the Elman
ANN shown in (14). It is noted that, for obtaining the reason-
able weightings, the activation function of the output layer is
a sigmoid function 𝑓(𝑥) = 1/(1 + 𝑒−𝑥), so that 0 < 𝜇∗𝑘 < 1.
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Bynormalizing𝜇∗𝑘 , the reasonableweightings can be obtained
as 𝜇𝑘 = 𝜇∗𝑘 /∑𝑛𝑔=1 𝜇∗𝑔 and ∑𝑛𝑘=1 𝜇𝑘 = 1.

It can be seen that the weighting 𝜇𝑘 is regulated adaptively
according the tracking error via a closed-loop approach. Con-
sidering the nonlinearity of ANN, the proposed weighting
controller can be regarded as an adaptive nonlinear con-
troller, which provides a desired approximation performance.

3. Controller Design

In this paper, the controller of rotor-side converter is chosen
as the same structure as the conventional PI controller for
taking its natural advantages of tracking control.

𝑢𝑖 = 𝑛∑
𝑔=1

𝜇𝑔 (𝑘𝑔𝑝𝑖𝑥𝑖 + 𝑘𝑔𝑖𝑖 ∫𝑡𝑓
𝑡0

𝑟𝑖 − 𝑦𝑖𝑑𝑡)
= 𝑛∑
𝑔=1

𝜇𝑔 (𝑘𝑔𝑝𝑖𝑥𝑖 + 𝑘𝑔𝑖𝑖𝑥𝑟𝑖) , (18)

where 𝑘𝑝𝑖 and 𝑘𝑖𝑖 are the respective proportion coefficient and
integration coefficient, 𝑟𝑖 is the set point vector for the 𝑖th
DFIG, 𝑥𝑟𝑖 = ∫𝑡𝑓𝑡0 (𝑟𝑖 − 𝑦𝑖)𝑑𝑡 is the integral of tracking error,
and�̇�𝑟𝑖 = 𝑟𝑖 − 𝑦𝑖

= 𝑟𝑖 − 𝑛∑
𝑘=1

𝜇𝑘𝑖 [𝐶𝑘𝑖𝑖 (𝑥𝑖 + 𝑒𝑖) + 𝐼𝑘𝑚𝑦𝑖] − Δℎ𝑖 − Δ𝑑𝑦𝑖
− V𝑖.

(19)

By combining (12)–(19), the closed-loop system model
can be written as

[[[
̇̂𝑥𝑖̇𝑒𝑖�̇�𝑟𝑖]]] =

𝑛∑
𝑘=1

𝜇𝑘
⋅ 𝑛∑
𝑔=1

𝜇𝑔([[[
𝐴𝑘𝑖𝑖 + 𝐵𝑘𝑖𝑖𝑘𝑔𝑝𝑖 𝐿𝑘𝑖𝐶𝑔𝑖𝑖 𝐵𝑘𝑖 𝑘𝑔𝑖𝑖0 𝐴𝑘𝑖𝑖 − 𝑗𝐿𝑘𝑖𝐶𝑔𝑖𝑖 0𝐶𝑔𝑖𝑖 𝐶𝑔𝑖𝑖 0 ]]][[[

𝑥𝑖𝑒𝑖𝑥𝑟𝑖]]]
+ [[[
0 𝐿𝑘𝑖𝐼 −𝐿𝑘𝑖0 −𝐼 ]]][

𝑤𝑖
V𝑖
]) + [[[

0Δ𝑓𝑖0 ]]] + [[[
0Δ𝑔𝑖0 ]]]

+ [[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖
− 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖−Δℎ𝑖
]]]]]]]
+ [[[
00𝑟𝑖]]] +

[[[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑥𝑖0− 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖
]]]]]]]]

+ [[[
0Δ𝑑𝑥𝑖0 ]]] +

[[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δ𝑑𝑦𝑖
− 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δ𝑑𝑦𝑖−Δ𝑑𝑦𝑖
]]]]]]]
+ [[[[[
𝑛∑
𝑘=1

𝜇𝑘𝑇𝑘𝑤𝑖00
]]]]]
.

(20)

By defining augment state vector 𝑥𝑖 = [𝑥𝑖 𝑒𝑖 𝑥𝑟𝑖]𝑇, the
compact form of (20) is

�̇�𝑖 = 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 (𝐴𝑘𝑔𝑖 𝑥𝑖 + 𝐸𝑘𝑖𝑤𝑖) + Δ𝑓𝑖 + Δ𝑔𝑖 + Δℎ𝑖𝑖
+ 𝐼𝑚𝑖 + Δ𝑑𝑥𝑖 + Δ𝑑𝑦𝑖 + 𝑇𝑤𝑖 + 𝑟𝑖, (21)

where

𝐴𝑘𝑔𝑖 = [[[[
𝐴𝑘𝑖𝑖 + 𝐵𝑘𝑖𝑖𝑘𝑔𝑝𝑖 𝐿𝑘𝑖𝐶𝑔𝑖𝑖 𝐵𝑘𝑖 𝑘𝑔𝑖𝑖0 𝐴𝑘𝑖𝑖 − 𝑗𝐿𝑘𝑖𝐶𝑔𝑖𝑖 0𝐶𝑔𝑖𝑖 𝐶𝑔𝑖𝑖 0

]]]] ,
𝐸𝑘𝑖 = [[[[

0 𝐿𝑘𝑖𝐼 −𝐿𝑘𝑖0 −𝐼
]]]]

Δ𝑓𝑖 = [[[
0Δ𝑓𝑖0 ]]]

Δ𝑔𝑖 = [[[
0Δ𝑔𝑖0 ]]] ,

𝑟 = [[[
00𝑟𝑖
]]]𝑖

Δ𝑑𝑥𝑖 = [[[
0Δ𝑑𝑥𝑖0 ]]] ,

Δℎ𝑖𝑖 = [[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖
− 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖−Δℎ𝑖
]]]]]]]
,

𝐼𝑚𝑖 = [[[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑥𝑖0
− 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖
]]]]]]]]
,

Δ𝑑𝑦𝑖 = [[[[[[[

𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δ𝑑𝑦𝑖
− 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δ𝑑𝑦𝑖−Δ𝑑𝑦𝑖
]]]]]]]
,
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𝑇𝑤𝑖 = [[[[[
𝑛∑
𝑘=1

𝜇𝑘𝑇𝑘𝑤𝑖00
]]]]]
.

(22)

Assumption 1. There exist bounding matrixes Δ𝐴 𝑖, Δ𝐵𝑖, Δ𝐶𝑖,Δ𝐷𝑖, Δ𝐸𝑖, Δ𝐹𝑥𝑖, and Δ𝐹𝑦𝑖 such thatΔ𝑓𝑖2 ≤ Δ𝐴 𝑖𝑥𝑖2 (23)

Δ𝑔𝑖2 ≤  𝑛∑𝑘=1𝜇𝑘Δ𝐵𝑖 (𝑘𝑘𝑝𝑖𝑥𝑖 + 𝑘𝑘𝑖𝑖𝑥𝑟𝑖)
2 (24)

Δℎ𝑖2 ≤ Δ𝐶𝑖𝑥𝑖2 (25)Δ𝑑𝑥𝑖2 ≤ Δ𝐷𝑖𝑥𝑖2 , (26)Δ𝑑𝑦𝑖2 ≤ Δ𝐸𝑖𝑥𝑖2 , (27) 𝑛∑𝑘=1𝜇𝑘𝐼𝑘𝑚𝑥𝑖
2 ≤

 𝑛∑𝑘=1𝜇𝑘Δ𝐹𝑘𝑥𝑖𝑥𝑖
2 (28)


𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖2 ≤
 𝑛∑𝑘=1𝜇𝑘Δ𝐹𝑘𝑦𝑖𝑥𝑖

2 . (29)

Since the parameters𝑇𝑤𝑖 and 𝑟𝑖 are limited by the capacity
of a DFIG, their upper bounds can be easily determined as 𝑛∑𝑘=1𝜇𝑘𝑇𝑘𝑤𝑖

2 ≤ Δ𝐻𝑖𝑥𝑖2𝑟𝑖2 ≤ Δ𝐺𝑖𝑥𝑖2 , (30)

where the details of Δ𝐻𝑖 and Δ𝐺𝑖 can be found in Appendix
A.1.

According (23)–(30), we have

(Δ𝑓𝑖)𝑇 (Δ𝑓𝑖) = (Δ𝑓𝑖)𝑇 (Δ𝑓𝑖) ≤ (Δ𝐴 𝑖𝑥𝑖)𝑇 (Δ𝐴 𝑖𝑥𝑖)= ([Δ𝐴 𝑖 Δ𝐴 𝑖 0] 𝑥𝑖)𝑇 ([Δ𝐴 𝑖 Δ𝐴 𝑖 0] 𝑥𝑖)= (𝜑𝑓𝑖𝑥𝑖)𝑇 (𝜑𝑓𝑖𝑥𝑖)
(31)

(𝑟𝑖)𝑇 (𝑟𝑖) ≤ (Δ𝐺𝑖𝑥𝑖)𝑇 (Δ𝐺𝑖𝑥𝑖) = ([Δ𝐺𝑖 Δ𝐺𝑖 0] 𝑥𝑖)𝑇⋅ ([Δ𝐺𝑖 Δ𝐺𝑖 0] 𝑥𝑖) = (𝜑𝑟𝑖𝑥𝑖)𝑇 (𝜑𝑟𝑖𝑥𝑖) (32)

(Δ𝑔𝑖)𝑇 (Δ𝑔𝑖) = (Δ𝑔𝑖)𝑇 (Δ𝑔𝑖) ≤ ( 𝑛∑
𝑘=1

𝜇𝑘 (Δ𝐵𝑖𝑘𝑘𝑝𝑖𝑥𝑖
+ Δ𝐵𝑖 𝑘𝑘𝑘𝑖𝑖𝑥𝑟𝑖))𝑇( 𝑛∑

𝑘=1

𝜇𝑘 (Δ𝐵𝑖𝑘𝑘𝑝𝑖𝑥𝑖 + Δ𝐵𝑖 𝑘𝑘𝑘𝑖𝑖𝑥𝑟𝑖))

= ( 𝑛∑
𝑘=1

𝜇𝑘 [Δ𝐵𝑖𝑘𝑘𝑝𝑖 0 Δ𝐵𝑖𝑘𝑘𝑖𝑖] 𝑥𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘
⋅ [Δ𝐵𝑖𝑘𝑘𝑝𝑖 0 Δ𝐵𝑖𝑘𝑘𝑖𝑖] 𝑥𝑖) ≤ 𝑛∑

𝑘=1

𝜇𝑘 {(𝑘𝜑𝑔𝑖𝑥𝑖)𝑇
⋅ (𝑘𝜑𝑔𝑖𝑥𝑖)}

(33)

(Δℎ𝑖)𝑇 (Δℎ𝑖) = 2( 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δℎ𝑖)
+ Δℎ𝑇𝑖 Δℎ𝑖 ≤ 2( 𝑛∑

𝑘=1

𝜇𝑘Δ𝐶𝑖𝑥𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐶𝑖𝑥𝑖)
+ (Δ𝐶𝑖𝑥𝑖)𝑇 Δ𝐶𝑖𝑥𝑖 = 2( 𝑛∑

𝑘=1

𝜇𝑘
⋅ [𝐿𝑘𝑖Δ𝐶𝑖 𝐿𝑘𝑖Δ𝐶𝑖 0] 𝑥𝑖)𝑇( 𝑛∑

𝑘=1

𝜇𝑘
⋅ [𝐿𝑘𝑖Δ𝐶𝑖 𝐿𝑘𝑖Δ𝐶𝑖 0] 𝑥𝑖) + ([Δ𝐶𝑖 Δ𝐶𝑖 0] 𝑥𝑖)𝑇
⋅ ([Δ𝐶𝑖 Δ𝐶𝑖 0] 𝑥𝑖) ≤ 2 𝑛∑

𝑘=1

𝜇𝑘 {(𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)𝑇
⋅ (𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)} + (𝜑ℎ2𝑖𝑥𝑖)𝑇 (𝜑ℎ2𝑖𝑥𝑖)

(34)

(Δ𝑑𝑥𝑖)𝑇 (Δ𝑑𝑥𝑖) ≤ (Δ𝐷𝑖𝑥𝑖)𝑇 (Δ𝐷𝑖𝑥𝑖)= ([Δ𝐷𝑖 Δ𝐷𝑖 0] 𝑥𝑖)𝑇 ([Δ𝐷𝑖 Δ𝐷𝑖 0] 𝑥𝑖)= (𝜑𝑑𝑥𝑖𝑋𝑖)𝑇 (𝜑𝑑𝑥𝑖𝑋𝑖)
(35)

(Δ𝑑𝑦𝑖)𝑇 (Δ𝑑𝑦𝑖) = 2( 𝑛∑
𝑘=1

𝜇𝑘𝐿𝑘𝑖Δ𝑑𝑦𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘
⋅ 𝐿𝑘𝑖Δ𝑑𝑦𝑖) + (Δ𝑑𝑦𝑖)𝑇 (Δ𝑑𝑦𝑖) ≤ 2( 𝑛∑

𝑘=1

𝜇𝑘Δ𝐸𝑖𝑥𝑖)𝑇
⋅ ( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐸𝑖𝑥𝑖) + (Δ𝐸𝑖𝑥𝑖)𝑇 Δ𝐸𝑖𝑥𝑖 = 2( 𝑛∑
𝑘=1

𝜇𝑘
⋅ [𝑗𝐿𝑖Δ𝐸𝑖 𝑗𝐿𝑖Δ𝐸𝑖 0] 𝑥𝑖)𝑇( 𝑛∑

𝑘=1

𝜇𝑘
⋅ [𝑗𝐿𝑖Δ𝐸𝑖 𝑗𝐿𝑖Δ𝐸𝑖 0] 𝑥𝑖) + ([Δ𝐸𝑖 Δ𝐸𝑖 0] 𝑥𝑖)𝑇
⋅ ([Δ𝐸𝑖 Δ𝐸𝑖 0] 𝑥𝑖) ≤ 2 𝑛∑

𝑘=1

𝜇𝑘 {(𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)𝑇
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⋅ (𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)} + (𝜑𝑑𝑦2𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑦2𝑖𝑥𝑖)
(36)

(𝑇𝑤𝑖)𝑇 (𝑇𝑤𝑖) = ( 𝑛∑
𝑘=1

𝜇𝑘𝑇𝑘𝑤𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘𝑇𝑘𝑤𝑖)
≤ (Δ𝐻𝑖𝑥𝑖)𝑇 (Δ𝐻𝑖𝑥𝑖) = ([Δ𝐻𝑖 Δ𝐻𝑖 0] 𝑥𝑖)𝑇⋅ [Δ𝐻𝑖 Δ𝐻𝑖 0] 𝑥𝑖 ≤ (𝜑𝑑𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑖𝑥𝑖)

(37)

(Δ𝐼𝑚𝑖)𝑇 (Δ𝐼𝑚𝑖) = ( 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑥𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑥𝑖)
+ ( 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖)𝑇( 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖) ≤ ( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐹𝑘𝑥𝑖𝑥𝑖)𝑇
⋅ ( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐹𝑘𝑥𝑖𝑥𝑖) + ( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐹𝑘𝑦𝑖𝑥𝑖)𝑇
⋅ ( 𝑛∑
𝑘=1

𝜇𝑘Δ𝐹𝑘𝑦𝑖𝑥𝑖) = ( 𝑛∑
𝑘=1

𝜇𝑘 [Δ𝐹𝑘𝑥𝑖 Δ𝐹𝑘𝑥𝑖 0] 𝑥𝑖)𝑇
⋅ ( 𝑛∑
𝑘=1

𝜇𝑘 [Δ𝐹𝑘𝑥𝑖 Δ𝐹𝑘𝑥𝑖 0] 𝑥𝑖)
+ ( 𝑛∑
𝑘=1

𝜇𝑘 [Δ𝐹𝑘𝑦𝑖 Δ𝐹𝑘𝑦𝑖 0] 𝑥𝑖)𝑇
⋅ ( 𝑛∑
𝑘=1

𝜇𝑘 [Δ𝐹𝑘𝑦𝑖 Δ𝐹𝑘𝑦𝑖 0] 𝑥𝑖)
≤ 𝑛∑
𝑘=1

𝜇𝑘 {(𝑗𝜑𝑚𝑥𝑖𝑥𝑖)𝑇 (𝑗𝜑𝑚𝑥𝑖𝑥𝑖)
+ (𝑗𝜑𝑚𝑦𝑖𝑥𝑖)𝑇 (𝑗𝜑𝑚𝑦𝑖𝑥𝑖)} ,

(38)

where 𝜑𝑓𝑖 = [Δ𝐴 𝑖 Δ𝐴 𝑖 0], 𝜑𝑘𝑔𝑖 = [Δ𝐵𝑖𝑘𝑘𝑝𝑖 0 Δ𝐵𝑖𝑘𝑘𝑖𝑖],𝜑𝑘ℎ1𝑖 = [𝐿𝑘𝑖Δ𝐶𝑖 𝐿𝑘𝑖Δ𝐶𝑖 0], 𝜑ℎ2𝑖 = [Δ𝐶𝑖 Δ𝐶𝑖 0],𝜑𝑟𝑖 = [Δ𝐺𝑖 Δ𝐺𝑖 0], 𝜑𝑑𝑥𝑖 = [Δ𝐷𝑖 Δ𝐷𝑖 0],𝜑𝑘𝑑𝑦1𝑖 = [𝐿𝑘𝑖Δ𝐸𝑖 𝐿𝑘𝑖Δ𝐸𝑖 0], 𝜑𝑑𝑦2𝑖 = [Δ𝐸𝑖 Δ𝐸𝑖 0],𝜑𝑘𝑚𝑥𝑖 = [Δ𝐹𝑘𝑥𝑖 Δ𝐹𝑘𝑥𝑖 0], 𝜑𝑘𝑚𝑦𝑖 = [Δ𝐹𝑘𝑦𝑖 Δ𝐹𝑘𝑦𝑖 0], and𝜑𝑑𝑖 = [Δ𝐻𝑖 Δ𝐻𝑖 0].
3.1. 𝐻∞ Controller Design. The 𝐻∞ control is the common
solution for external disturbance rejection, of which objective
can be defined as

𝐽𝑖∞ = ∫𝑡𝑓
𝑡0

𝑥𝑇𝑖 𝑄1𝑖𝑥𝑑𝑡
≤ 𝑥𝑇𝑖 (𝑡0) 𝑃1𝑖𝑥 (𝑡0) + 𝜌2 ∫𝑡𝑓

𝑡0

𝑤𝑇𝑖 (𝑡) 𝑤𝑖 (𝑡) 𝑑𝑡, (39)

where 𝜌 is a prescribed attenuation level and weighting
matrixes 𝑃1𝑖𝑇 = 𝑃1𝑖 > 0 and 𝑄1𝑖𝑇 = 𝑄1𝑖 > 0.

A Lyapunov function for system of (21) is chosen as
following form:

𝑉 (𝑥) = 𝑥𝑇𝑃𝑥. (40)

By differentiating (40), we obtain

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇�
= ( 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 (𝐴𝑘𝑔𝑖 𝑥𝑖 + 𝐸𝑖𝑘𝑤𝑖) + Δ𝑓𝑔ℎ)𝑇 𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 (𝐴𝑘𝑔𝑖 𝑥𝑖 + 𝐸𝑖𝑘𝑤𝑖) + Δ𝑓𝑔ℎ)
= ( 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)𝑇 𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)
+ ( 𝑛∑
𝑘=1

𝜇𝑘𝐸𝑖𝑘𝑤𝑖)𝑇 𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑
𝑘=1

𝜇𝑘𝐸𝑖𝑘𝑤𝑖)
+ Δ𝑓𝑇𝑔ℎ𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖Δ𝑓𝑔ℎ,

(41)

where Δ𝑓𝑔ℎ = Δ𝑓𝑖 + Δ𝑔𝑖 + Δℎ𝑖 + 𝑟𝑖 + 𝐼𝑚𝑖 + Δ𝑑𝑥𝑖 + Δ𝑑𝑦𝑖 + 𝑇𝑤𝑖.
Lemma 2. Give two vectors 𝑥 ∈ 𝑅𝑛 and 𝑦 ∈ 𝑅𝑛; the following
inequality is identical:

𝑥𝑇𝑦 + 𝑦𝑇𝑥 − 𝜉2𝑥𝑇𝑥 − 𝜉−2𝑦𝑇𝑦
= − (𝜉𝑥𝑇 − 𝜉−1𝑦)𝑇 (𝜉𝑥𝑇 − 𝜉−1𝑦) ≤ 0 (𝜉 ̸= 0) . (42)

According Lemma 2, the following inequalities can be
obtained:

( 𝑛∑
𝑘=1

𝜇𝑘𝐸𝑖𝑘𝑤𝑖)𝑇 𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑
𝑘=1

𝜇𝑘𝐸𝑖𝑘𝑤𝑖)
≤ 𝜌−2𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘𝐸𝑖𝑘)( 𝑛∑
𝑘=1

𝜇𝑘𝐸𝑖𝑘)𝑇 𝑃1𝑖𝑥𝑖
+ 𝜌2𝑤𝑇𝑖 𝑤𝑖

(43)
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Δ𝑓𝑇𝑔ℎ𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖Δ𝑓𝑔ℎ = (Δ𝑓𝑖 + Δ𝑔𝑖 + Δℎ𝑖 + 𝑟𝑖+ 𝐼𝑚𝑖 + Δ𝑑𝑥𝑖 + Δ𝑑𝑦𝑖 + 𝑇𝑤𝑖)𝑇 𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖 (Δ𝑓𝑖+ Δ𝑔𝑖 + Δℎ𝑖 + 𝑟𝑖 + 𝐼𝑚𝑖 + Δ𝑑𝑥𝑖 + Δ𝑑𝑦𝑖 + 𝑇𝑤𝑖)≤ 8𝑥𝑇𝑖 𝑃1𝑖𝑃1𝑖𝑥𝑖 + (Δ𝑓𝑖)𝑇 (Δ𝑓𝑖) + (Δ𝑔𝑖)𝑇 (Δ𝑔𝑖)+ (Δℎ𝑖)𝑇 (Δℎ𝑖) + (𝑟𝑖)𝑇 (𝑟𝑖) + (𝐼𝑚𝑖)𝑇 (𝐼𝑚𝑖)
+ (Δ𝑑𝑥𝑖)𝑇 (Δ𝑑𝑥𝑖) + (Δ𝑑𝑦𝑖)𝑇 (Δ𝑑𝑦𝑖) + (𝑇𝑤𝑖)𝑇⋅ (𝑇𝑤𝑖) .

(44)

By using (31)–(37), (44) can be rewritten as

Δ𝑓𝑇𝑔ℎ𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖Δ𝑓𝑔ℎ ≤ (𝜑𝑓𝑖𝑥𝑖)𝑇 (𝜑𝑓𝑖𝑥𝑖) + 𝑛∑
𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘𝑔𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑔𝑖𝑥𝑖)} + 2 𝑛∑

𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)𝑇 (𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)} + (𝜑ℎ2𝑖𝑥𝑖)𝑇 (𝜑ℎ2𝑖𝑥𝑖)
+ (𝜑𝑟𝑖𝑥𝑖)𝑇 (𝜑𝑟𝑖𝑥𝑖) + (𝜑𝑑𝑥𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖𝑥𝑖) + 2 𝑛∑

𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)} + (𝜑𝑑𝑦2𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑦2𝑖𝑥𝑖)
+ (𝜑𝑑𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑖𝑥𝑖) + 𝑛∑

𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘𝑚𝑥𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖𝑥𝑖) + (𝜑𝑘𝑚𝑦𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖𝑥𝑖)}
+ 8𝑥𝑇𝑖 𝑃1𝑖𝑃1𝑖𝑥𝑖.

(45)

According (43) and (45), (41) can be rewritten as

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇� ≤ 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝑥𝑇𝑖 {(𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖
+ 𝑃1𝑖𝐴𝑘𝑔𝑖 + 𝜌−2𝑃1𝑖 (𝐸𝑖𝑘 (𝐸𝑖𝑘)𝑇 + 8𝐼)𝑃1𝑖
+ (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖) + (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖) + 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖)+ (𝜑ℎ2𝑖)𝑇 (𝜑ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖) + (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖)+ 2 (𝜑𝑘𝑑𝑦1𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖) + (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖)
+ (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖) + (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖)
+ (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖)} 𝑥𝑖 + 𝜌2𝑤𝑇𝑖 𝑤𝑖.

(46)

Then, the following result can be obtained.

Theorem 3. In the nonlinear augmented system (21), if 𝑃𝑇1𝑖 =𝑃1𝑖 > 0 is the common solution for the matrix inequality

(𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖 + 𝑃1𝑖𝐴𝑘𝑔𝑖 + 𝜌−2𝑃1𝑖 (𝐸𝑖𝑘 (𝐸𝑖𝑘)𝑇 + 8𝐼)𝑃1𝑖
+ (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖) + (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖) + 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖)+ (𝜑ℎ2𝑖)𝑇 (𝜑ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖) + (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖)+ 2 (𝜑𝑘𝑑𝑦1𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖) + (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖)
+ (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖) + (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖)+ (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖) + 𝑄1𝑖 < 0

(47)

for 𝑘, 𝑔 = 1, 2, . . . , 𝑛, then the performance of the proposed𝐻∞
controller shown in (39) is guaranteed for a prescribed 𝜌2.
Proof. From (47),

(𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖 + 𝑃1𝑖𝐴𝑘𝑔𝑖 + 𝜌−2𝑃1𝑖 (𝐸𝑖𝑘 (𝐸𝑖𝑘)𝑇 + 8𝐼)𝑃1𝑖
+ (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖) + (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖)+ 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖) + (𝜑ℎ2𝑖)𝑇 (𝜑ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖)+ (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖) + 2 (𝜑𝑘𝑑𝑦1𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖)+ (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖) + (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖)
+ (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖) + (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖) < −𝑄1𝑖.

(48)

From (46) and (48), we get

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇�
≤ 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝑥𝑇𝑖 (−𝑄1𝑖) 𝑥𝑖 + 𝜌2𝑤𝑇𝑖 𝑤𝑖
≤ 𝑥𝑇𝑖 (−𝑄1𝑖) 𝑥𝑖 + 𝜌2𝑤𝑇𝑖 𝑤𝑖.

(49)

By integrating (49) from 𝑡 = 𝑡0 to 𝑡 = 𝑡𝑓, we have
𝑉(𝑡𝑓) − 𝑉 (𝑡0) ≤ −∫𝑡𝑓

𝑡0

𝑥𝑇𝑖 𝑄1𝑖𝑥𝑑𝑡 + 𝜌2 ∫𝑡𝑓
𝑡0

𝑤𝑇𝑖 𝑤𝑖𝑑𝑡. (50)

Then,

∫𝑡𝑓
𝑡0

𝑥𝑇𝑖 𝑄1𝑖𝑥𝑑𝑡 ≤ 𝑉 (𝑡0) − 𝑉 (𝑡𝑓) + 𝜌2 ∫𝑡𝑓
𝑡0

𝑤𝑇𝑖 𝑤𝑖𝑑𝑡
≤ 𝑥𝑇𝑖 𝑃1𝑖𝑥𝑖 + 𝜌2 ∫𝑡𝑓

𝑡0

𝑤𝑇𝑖 𝑤𝑖𝑑𝑡. (51)

From (51), it is seen that, under the constrain of (47),
the 𝐻∞ control performance is achieved with a prescribed𝜌2.
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3.2. 𝐻2 Controller Design. The𝐻2 controller (power regula-
tor and automatic voltage regulator (AVR)) is developed, of
which objective can be written as

min 𝐽𝑖2 (𝑢𝑖)
= ∫𝑡𝑓
𝑡0

[(𝑟𝑖 − 𝑦𝑖)𝑇𝑄2𝑖 (𝑟𝑖 − 𝑦𝑖) + 𝑢𝑇𝑖 𝑅𝑖𝑢𝑖] 𝑑𝑡. (52)

Since that the external disturbances 𝑤𝑖 have been effi-
ciently eliminated by the proposed 𝐻∞ controller, the 𝐻2
controller should be designed without considering 𝑤𝑖. For
the approximation errors have been considered, it is hard
to obtain the optimal solution of (52). Thus, a suboptimal
method is employed to minimize its upper bound.

By substituting (18) into (52), we have

𝐽𝑖2 (𝑢𝑖) = ∫𝑡𝑓
𝑡0

[[(𝑟𝑖 − 𝑦𝑖)𝑇𝑄2𝑖 (𝑟𝑖 − 𝑦𝑖)
+ ( 𝑛∑
𝑔=1

𝜇𝑔 (𝑘𝑔𝑝𝑖𝑥𝑖 + 𝑘𝑔𝑖𝑖𝑥𝑟𝑖))𝑇
⋅ 𝑅𝑖( 𝑛∑
𝑔=1

𝜇𝑔 (𝑘𝑔𝑝𝑖𝑥𝑖 + 𝑘𝑔𝑖𝑖𝑥𝑟𝑖))]]𝑑𝑡
≤ ∫𝑡𝑓
𝑡0

[[(𝑥𝑟𝑖)𝑇𝑄2𝑖 (𝑥𝑟𝑖) + (
𝑛∑
𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖)𝑇

⋅ 𝑅𝑖( 𝑛∑
𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖) + 𝑑𝑡𝑑 (𝑥𝑇𝑖 𝑃2𝑖𝑥𝑖)]]𝑑𝑡+ 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0) − 𝑥𝑇𝑖 (𝑡𝑓) 𝑃2𝑖𝑥𝑖 (𝑡𝑓)
≤ ∫𝑡𝑓
𝑡0

[[(𝑥𝑟𝑖)𝑇𝑄2𝑖 (𝑥𝑟𝑖) + (
𝑛∑
𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖)𝑇

⋅ 𝑅𝑖( 𝑛∑
𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖) + �̇�𝑇𝑖 𝑃2𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃2𝑖�̇�𝑖]]𝑑𝑡+ 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0) ,

(53)

where𝐾𝑔𝑖 = [𝑘𝑘𝑝𝑖 0 𝑘𝑘𝑖𝑖].
From (41) and (45), (53) can be rewritten as

𝐽𝑖2 (𝑢𝑖) ≤ ∫𝑡𝑓
𝑡0

((𝑥𝑖)𝑇𝑄2𝑖 (𝑥𝑖) + ( 𝑛∑
𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖)𝑇
⋅ 𝑅𝑖( 𝑛∑

𝑔=1

𝜇𝑔𝐾𝑔𝑖 𝑥𝑖)

+ ( 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)𝑇 𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)
+Δ𝑓𝑇𝑔ℎ𝑃1𝑖𝑥𝑖 + 𝑥𝑇𝑖 𝑃1𝑖Δ𝑓𝑔ℎ)𝑑𝑡
+ 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0)
≤ ∫𝑡𝑓
𝑡0

𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔 (𝑥𝑖)𝑇 {𝑄2𝑖
+ (𝐾𝑔𝑖 )𝑇 𝑅𝑖 (𝐾𝑔𝑖 )
+ (𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖 + 𝑃1𝑖𝐴𝑘𝑔𝑖 + (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖)
+ (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖) + 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖)+ (𝜑ℎ2𝑖)𝑇 (𝜑ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖)+ (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖) + 2 (𝜑𝑘𝑑𝑦1𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖)+ (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖) + (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖)
+ (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖) + (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖)}
⋅ 𝑥𝑖𝑑𝑡 + 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0) ,

(54)

if

𝑄2𝑖 + (𝐾𝑔𝑖 )𝑇 𝑅𝑖 (𝐾𝑔𝑖 ) + (𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖 + 𝑃1𝑖𝐴𝑘𝑔𝑖
+ (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖) + (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖) + 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖)+ (𝜑ℎ2𝑖)𝑇 (𝜑ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖) + (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖)+ 2 (𝜑𝑘𝑑𝑦1𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖) + (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖)
+ (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖) + (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖)+ (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖) < 0.

(55)

From (55), the upper bound of the 𝐻2 objective is
obtained as

𝐽𝑖2 (𝑢𝑖) ≤ ∫𝑡𝑓
𝑡0

𝑥𝑇𝑖 (−𝑄2𝑖) 𝑥𝑖𝑑𝑡 + 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0)
≤ 𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0) (56)
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Figure 2: Region 𝑆(𝛼, 𝑟, 𝜃).
Therefore, the suboptimal 𝐻2 control can be formulated

as following minimization problem:

min
𝑃2𝑖

𝑥𝑇𝑖 (𝑡0) 𝑃2𝑖𝑥𝑖 (𝑡0)
Subject to 𝑃2𝑖 > 0 and (55) . (57)

3.3. Mixed 𝐻2/𝐻∞ Control with Regional Pole Placement.
Since the𝐻∞ and𝐻2 controllers have been developed sepa-
rately, the mixed𝐻2/𝐻∞ control is developed to satisfy both
suboptimal 𝐻2 performance in (56) and 𝐻∞ performance
in (39). The proposed mixed 𝐻2/𝐻∞ controller can be
formulated as the following suboptimization problem:

min
𝑃𝑖

𝑥𝑇𝑖 (𝑡0) 𝑃𝑖𝑥𝑖 (𝑡0) (58)

Subject to 𝑃𝑖 = 𝑃1𝑖 = 𝑃2𝑖 > 0, (47) and (55) . (59)

In order to further improve DFIG damping performance,
the poles of closed-loop system of (21) are placed within the
region 𝑆(𝛼, 𝑟, 𝜃) shown in Figure 2, of which characteristic
LMI can be written as following forms [19]:

𝐴𝑘𝑔𝑖 𝑃𝑖 + 𝑃𝑖𝑗𝑘(𝐴𝑘𝑔𝑖 )𝑇 + 2𝛼𝑃𝑖 < 0
[[
−𝑟𝑃𝑖 𝐴𝑘𝑔𝑖 𝑃𝑖𝐴𝑘𝑔𝑖 𝑃𝑖 −𝑟𝑃𝑖 ]] < 0

[[[[
sin 𝜃(𝐴𝑘𝑔𝑖 𝑃𝑖 + 𝑃𝑖 (𝐴𝑘𝑔𝑖 )𝑇) cos 𝜃(𝐴𝑘𝑔𝑖 𝑃𝑖 − 𝑃𝑖 (𝐴𝑘𝑔𝑖 )𝑇)
cos 𝜃(𝑃𝑖 (𝐴𝑘𝑔𝑖 )𝑇 − 𝐴𝑘𝑔𝑖 𝑃𝑖) sin 𝜃(𝐴𝑘𝑔𝑖 𝑃𝑖 + 𝑃𝑖 (𝐴𝑘𝑔𝑖 )𝑇)]]]]< 0.

(60)

After solving the mixed 𝐻2/𝐻∞ problem shown in
(58)–(60), the attenuation level 𝜌2 can be minimized so that
the performance degradation due to 𝑤𝑖 is minimized; that is,

min
𝑃𝑖

𝜌2
Subject to (58)–(60). (61)

It should be pointed out that (59) and (60) are not
convex, which can not be directly solved by using LMI

technology. Fortunately, by using the Schur complement,
those inequalities can be transferred into three eigenvalue
problems with constrain of LMIs [20], which is convex and
can be solved easily by using Matlab LMI toolbox.

It is noted here that the stability of the closed-loop system
in (21) can be guaranteed by (47) at the equilibrium 𝑥𝑖(𝑡) =0 without considering the disturbance 𝑤𝑖, of which proof is
given in Appendix A.2.

Then, themixed𝐻2/𝐻∞ problem shown in (58)–(60) can
be solved by using LMI technology. However, it is difficult
to give the appropriate values of those bounding matrixes
shown in (23)–(29). This paper adopts an iteration processer
to obtain the suitable values of bounding matrixes Δ𝐴 𝑖, Δ𝐵𝑖,Δ𝐶𝑖, Δ𝐷𝑖, Δ𝐸𝑖, Δ𝐹𝑥𝑖, and Δ𝐹𝑦𝑖 [20].
Assumption Correction Processer

(a) Give an initial attenuation level 𝜌2 and the bounding
matrixes, select weighting matrixes 𝑄1𝑖, 𝑄2𝑖, and 𝑅𝑖,
and solve the problem in (58) to obtain the observer
gain 𝐿𝑘𝑖 and the controller parameters 𝑘𝑘𝑝𝑖 and 𝑘𝑘𝑖𝑖.

(b) Check assumption (23)–(29). If they are not satisfied,
expand the bounds for all elements in Δ𝐴 𝑖, Δ𝐵𝑖, Δ𝐶𝑖,Δ𝐷𝑖, Δ𝐸𝑖, Δ𝐹𝑥𝑖, and Δ𝐹𝑦𝑖, and then repeat (a)-(b).

(c) Check positive definiteness of𝑃𝑖11−1 > 0,𝑃𝑖22 > 0, and𝑃𝑖33−1 > 0 (where 𝑃𝑖 = 𝑏𝑙𝑘 diag{𝑃𝑖11, 𝑃𝑖22, 𝑃𝑖33}). If it is
not satisfied, increase 𝜌 and then repeat (b)-(c).

(d) Substitute 𝑃𝑖 and 𝜌 into (59) and (60) to confirm the
stability and verify those inequalities.

When the appropriate values of the bounding matrixes
have been obtained, the neural adaptive observer in (12) and
mixed𝐻2/𝐻∞ neural PI controller in (18) can be constructed.
It is noted that in the second step of the above iteration
method, (26)-(27) involves global variables 𝐸𝑗 and 𝛿𝑖𝑗. Before
constructing the observer and the controller, the correction
ofΔ𝐷𝑖 andΔ𝐸𝑖 should be solved in a decentralized approach.

From (10) and (11), we get

Δ𝑑𝑥𝑖 ≤ 𝑑𝑥𝑖 (𝐸𝑗max
, 1) − 𝑛∑

𝑘=1

𝜇𝑘 (𝐼𝑘𝑚𝑥𝑖 + 𝑇𝑘𝑤𝑖) ≤ Δ𝐷𝑖𝑥𝑖
Δ𝑑𝑦𝑖 ≤ 𝑑𝑦𝑖 (𝐸𝑗max

, 1) − 𝑛∑
𝑘=1

𝜇𝑘𝐼𝑘𝑚𝑦𝑖 ≤ Δ𝐸𝑖𝑥𝑖. (62)

|𝐸𝑗|max is the prescribed value according the normal
capacity of the 𝑗th generator, and 𝑇𝑤𝑖, 𝐼𝑚𝑥𝑖, and 𝐼𝑚𝑦𝑖 can be
computed by only using local signals. Thus, the correction ofΔ𝐷𝑖 and Δ𝐸𝑖 of (26) and (27) can be replaced by (62), where
the decentralized control is achieved.

From the above derivations, it is seen that the neural
weighting controller is proposed to cope with the nonlin-
earity of DFIG, and approximation error caused by neural
approximation and parameter uncertainty has been consid-
ered and stabilized by a proposed robust controller. Based on
the characteristics of power system, several advanced tech-
nologies have been integrated smoothly into the proposed
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Table 1: Parameter of DFIG (per unit: 𝑆base = 10WM; 𝑉base = 575V).
Parameter 𝑅𝑠 𝐿 𝑠 𝑅𝑟 𝐿𝑟 𝐿𝑚 𝐻tot Converter capacity
Value in pu 0.007 0.171 0.005 0.156 2.9 5.04 50%
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Figure 3: Multimachine power system model for assessing the
performance of the proposed controller.

neural PI controller, which leads to amultiobjective optimiza-
tion in comparisonwith the conventional PI controller which
is a signal-objective control.

It is seen that the proposed neural PI controller has a simi-
lar structure as the conventional PI controller, which takes the
natural advantage of conventional PI controller in tracking
control.However, the proposedneural PI controller considers
the interactions from network which is represented by only
using local variables. This means system-wide feedback
control can be replaced by only using local variables.Thus, the
proposed controller can be regarded as a decentralized coor-
dinated control, which is a desired result for the controller
design of large-scale geographically extensive systems.

4. Simulations

For assessing the performance of the proposed controller, a
multimachine power system shown in Figure 3 is modelled
in Matlab/Simulink, and the parameters of DFIG are given
in Tables 1 and 2. The power system model consists of two
fields, the load center comprised by two SGs, and the remote
terminal comprised of two DFIG-based WFs. Those two
fields are connected by the transmission line L5 with a long
distance of 200 km to investigate the proposed controller
capabilities in a weak power system, which is difficult to
guarantee the LVRT capability of DFIG, especially under
sensor fault case. In order to restore the terminal voltage of
WFs, a Var compensator (VC) is connected to the common
coupling point (CCP) of WFs Bus B3-2.

In this section, the capabilities of the proposed control
strategy are assessed under small disturbance and large
disturbance, respectively. The small disturbance is identified
as a slight sensor fault, which is mimicked by a bounded
stochastic disturbance shown in Figure 4. The large distur-
bance is the slight sensor fault plus three-phase ground faults.
For comparison purpose, the responseswith the conventional
PI (CPI) controller is also presented and discussed. In order
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Figure 4: Stochastic disturbance 𝑤𝑖.
to simplify the introduction, the proposed control strategy is
identified as the neural PI (NPI) controller.

4.1. Responses to Small Disturbances. In this subsection, a
slight sensor fault represented by a stochastic bounded dis-
turbance shown in Figure 4 is applied in the sensor of active
power. The WF1 responses with the proposed neural PI
controller and the conventional PI controller are shown in
Figure 5.

It can be seen that the MPPT performance with the CPI
controller is reduced drastically under the disturbance 𝑤𝑖.
(𝑃𝑒 of Figure 5(b)), which causes the dc-link voltage Vdc
oscillated seriously (Vdc of Figure 5(b)). However, the MPPT
performance under the same sensor fault is still acceptable
when the NPI controller is installed. It can be seen that the
effect of the disturbance 𝑤𝑖 has been efficiently suppressed
by the 𝐻∞ controller, and the oscillation bound of 𝑃𝑒 with
the NPI controller is narrow (𝑃𝑒 of Figure 5(a)), which helps
to smooth the dc-link voltage (Vdc of Figure 5(a)). It can be
seen that the oscillation of Vdc is very small when the NPI
controller is used.

In order to show this difference directly, the integral of
absolute error (IAE) defined as IAE = ∫𝑡𝑓

𝑡0
|𝑃𝑒ref − 𝑃𝑒|𝑑𝑡 is

used to evaluate the MPPT performances with different con-
trollers. The IAE is 251 when the NPI controller is used.
However, the value with the CPI controller is 526, which is
two times of that with the NPI controller.

It is concluded that the MPPT performance under the
slight sensor fault has been considerably improved by theNPI
controller, which is valuable for WFs installed in the remote
regions without timely maintenance.

4.2. Responses to Large Disturbances. In this subsection, a
three-phase ground fault is applied in the middle of line L1
at 𝑡 = 0+, and it is cleared after 0.1 s. The responses of WF1
with the NPI and CPI controllers are shown in Figure 6(a).
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Table 2: Parameter of the conventional PI controller [14].

Parameter Power regulator Voltage regulator Rotor current regulators
Proportion coefficient 𝑘𝑝𝑝 = 1 𝑘V𝑝 = 1.25 𝑘𝑖𝑑𝑝 = 𝑘𝑖𝑞𝑝 = 0.3
Integration coefficient 𝑘𝑝𝑖 = 100 𝑘V𝑖 = 300 𝑘𝑖𝑑𝑖 = 𝑘𝑖𝑞𝑖 = 7
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Figure 5: MPPT performances with sensor fault: (a) NPI controller; (b) CPI controller.

For illustrating the contribution to network supports, the
response of Bus B1-2which is theCCPof SGs is also presented
in Figure 6(b).

It is seen that both the NPI controller and CPI controller
can provide acceptable damping performance; however the
NPI controller is better (𝑃𝑒 of Figure 6(a)). Since the NPI
controller has achieved an effective control of internal voltage
vector by reducing its angle jump, the terminal voltage
drop is smaller in comparison with the CPI controller
used. The smaller terminal voltage drop makes DFIG output
more active power in the faults. Thus, less active power is
accumulated in the dc-link, which reduces the peak value of
dc-link voltage (Vdc of Figure 6(a)). Terminal under voltage
and dc-link over voltage are regarded as twomajor reasons to
limit LVRT capability of DFIG, which have been considerably
improved by the NPI controller.

Figure 6(b) shows the contribution of the NPI controller
to network supports, such as improved system damping (𝑃𝑒
of Figure 6(b)), better terminal voltage recovery capability

(|V𝑠| of Figure 6(b)), and system frequency support (Hz of
Figure 6(b)).

4.3. Contribution on Transient Stability. A three-phase
ground fault is applied in the terminal of transformer T3 at𝑡 = 0+, and it is cleared after 0.1 s. The fault is closer to the
WF1, which means that the disturbance is more serious. The
system responses are shown in Figure 7.

It is seen that, under such a large disturbance, the WF1
with the CPI controller is tripped at 𝑡 = 0.1084 s for terminal
under voltage (|V𝑠| of Figure 7(a)) and its output active power
drops to zero at the same time (𝑃𝑒 of Figure 7(a)). The trip of
WF1 leads to surplus reactive power, which rises the terminal
voltage ofWF2 and triggers the terminal over voltage protec-
tion to trip theWF2 at 𝑡 = 0.2481 (𝑃𝑒 of Figure 7(b)).The trip
of WFs makes power system lose large-scale active power in
a very short time. Since the large inertial of thermal power
plant, the SGs are not capable of generating the correspond-
ing active power immediately, which drops the rotor speed of
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Figure 6: Fault responses at 𝑠1 = 0.2 pu: NPI controller (full line); CPI controller (dashed line).

Table 3: Operating points chosen for establishing the model bank (motor convention).

Operating point 𝑢𝑑𝑠 𝑢𝑞𝑠 𝑖𝑑𝑠 𝑖𝑞𝑠 V𝑑𝑟 V𝑞𝑟 𝑃𝑒 𝑄𝑒𝜔𝑟 = 0.80 −1.0 0.0 0.3 0.34 −0.32 −0.03 −0.2 0.36𝜔𝑟 = 0.92 0.1 −1.0 −0.4 0.4 0.03 −0.1 −0.4 0.36𝜔𝑟 = 0.97 −0.39 0.93 0.51 −0.3 −0.02 0.03 −0.46 0.36𝜔𝑟 = 1.03 1.0 −0.14 −0.64 −0.28 −0.04 −0.003 −0.62 0.37𝜔𝑟 = 1.12 −1.0 −0.19 0.57 0.48 0.09 0.04 −0.71 0.37𝜔𝑟 = 1.20 −0.45 0.9 0.65 −0.49 0.13 −0.15 −0.89 0.36

SG1𝜔𝑟 from 1 pu to 0.9954 pu (𝜔𝑟 of Figure 7(c)) very quickly.
This may cause the SG1 to be tripped and leads to imbalance
of active power, which leads to frequency collapse and further
worsens power system transient stability.

It is seen that, as opposed to the CPI controller, the
NPI controller ensures that WF1 can be connected to the
grid with acceptable rotor speed (𝜔𝑟 of Figure 7(a)), which
providesDFIGwith continuing network support capability to
balance the active power and reactive power.Thus, the power
system frequency can be operated in a permissible range. It
is noticeable that the NPI controller provides the system with
good terminal voltage recovery capability (|V𝑠| of Figure 7).

Figures 6 and 7 show the capabilities of the NPI controller
to improve system damping, MPPT, LVRT, and its contribu-
tion to network support at both subsynchronous and supper
synchronous conditions.

5. Conclusions

This paper proposes an adaptive neural decentralized coor-
dinated control of DFIG, where a neural interaction mea-
surement observer is proposed to approximate the nonlinear
model of DFIG. The approximation error due to neural
approximation has been considered, and a robust stabiliza-
tion technique is also proposed to override the effect of the
approximation error. For considering the slight sensor fault
represented by stochastic disturbance, the 𝐻∞ controller is
employed to suppress the fault effect.The𝐻2 controller is also
employed to achieve specified engineering purposes. Then,
the proposed controller can be formulated as amixed𝐻2/𝐻∞
optimization problem with constrains of PI structure and
regional pole placement, which can be solved by using LMI
technique. Simulation results are presented and discussed,
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Figure 7: Fault responses at 𝑠1 = −0.122 pu: NPI controller (full line); CPI controller (dashed line).

which demonstrate the capabilities of the proposed control
strategy to system damping, voltage recovery and LVRT,
and its contributions on power system transient stability,
especially for frequency support.

This paper demonstrates that, in comparison with the
conventional PI controller, the proposed control strategy pro-
vides DFIG with the greater capabilities of fault-tolerant con-
trol of MPPT and continuing network support during power
system fault conditions.

Appendix

A. Proofs of the Upper Bound and the Stability

A.1. Upper Bound Computation. For a DFIG-based wind
turbine, the reference value of output active power 𝑃𝑒ref is
determined by the mechanical torque of wind turbine, which
is written as following form [21]:

𝑇𝑚𝑖 = (0.5𝜌air𝑆𝑤𝑡𝑅𝑤𝑡𝐶𝑃-max𝜆opt )
𝑖

𝜔2𝑤𝑡𝑖 = 𝐾𝑤𝑡𝑖𝜔2𝑟𝑖. (A.1)

By linearizing (A.1), we have

Δ𝑇𝑘𝑚𝑖 = 2𝐾𝑤𝑡𝑖𝜔𝑟𝑖0Δ𝜔𝑟𝑖 = [2𝜔𝑟𝑖0𝐾𝑤𝑡𝑖 0 0] 𝑥𝑖. (A.2)

Themaximum rotor speed𝜔𝑟𝑖 is 1.2 pu; then the following
inequality can be obtained: 𝑛∑𝑘=1𝜇𝑘𝑇𝑘𝑤𝑖

2 ≤ [2.4𝐾𝑤𝑡𝑖 0 0] 𝑥𝑖2 = Δ𝐻𝑖𝑥𝑖2 . (A.3)

It is known that the maximum reference values of output
active power and reactive power of DFIG are determined by
its mechanical power 𝑃𝑚𝑖 = 𝑇𝑚𝑖𝜔𝑤𝑡𝑖 and apparent power 𝑆𝑖.𝑃𝑒ref 𝑖 ≤ 𝐾𝑤𝑡𝑖𝜔3𝑟𝑖𝑄𝑒ref 𝑖 ≤ 𝑆𝑖 ≤ →𝐸 𝑖 max (→𝑖 ∗𝑠𝑖) < √𝐸2𝑑𝑖 + 𝐸2𝑞𝑖 , (A.4)

where the maximum value of |→𝑖 ∗𝑠𝑖| is the normal capacity of
DFIG, of which value is less than 1 pu.

By linearizing (A.4), we haveΔ𝑃𝑒ref 𝑖 ≤ 3𝐾𝑤𝑡𝑖𝜔2𝑟𝑖0Δ𝜔𝑟𝑖 = [3𝐾𝑤𝑡𝑖𝜔2𝑟𝑖0 0 0] 𝑥𝑖
Δ𝑄𝑒ref 𝑖 < 𝐸𝑑𝑖0𝐸𝑖 0Δ𝐸𝑑𝑖 + 𝐸


𝑞𝑖0𝐸𝑖 0Δ𝐸𝑞𝑖

= [0 𝐸𝑞𝑖0𝐸𝑖 0 𝐸𝑑𝑖0𝐸𝑖 0]𝑥𝑖.
(A.5)
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Then, we obtain 𝑟𝑖2 ≤ Δ𝐺𝑖𝑥𝑖2 . (A.6)

A.2. Stability Proof. Before solving themixed𝐻2/𝐻∞ subop-
timization problem, the stability of the closed-loop system in
(21) should be guaranteed at the equilibrium𝑥𝑖(𝑡) = 0without
considering the disturbance 𝑤𝑖. The Lyapunov function of
system of (21) is chosen as

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇�
= ( 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)𝑇 𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖) + Δ𝑓𝑇𝑔ℎ𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖Δ𝑓𝑔ℎ.

(A.7)

From (45), (A.7) can be rewritten as

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇� ≤ ( 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖)𝑇 𝑃1𝑖𝑥𝑖
+ 𝑥𝑇𝑖 𝑃1𝑖( 𝑛∑

𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔𝐴𝑘𝑔𝑖 𝑥𝑖) + (𝜑𝑓𝑖𝑥𝑖)𝑇 (𝜑𝑓𝑖𝑥𝑖)
+ 𝑛∑
𝑘=1

𝜇𝑘 {(𝜑𝑘𝑔𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑔𝑖𝑥𝑖)} + 2 𝑛∑
𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)𝑇 (𝜑𝑘ℎ1𝑖𝑥𝑖𝑖)} + (𝜑ℎ2𝑖𝑥𝑖)𝑇 (𝜑ℎ2𝑖𝑥𝑖)
+ (𝜑𝑟𝑖𝑥𝑖)𝑇 (𝜑𝑟𝑖𝑥𝑖) + (𝜑𝑑𝑥𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖𝑥𝑖) + 2 𝑛∑

𝑘=1

𝜇𝑘
⋅ {(𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑑𝑦1𝑖𝑥𝑖)} + (𝜑𝑑𝑦2𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑦2𝑖𝑥𝑖)
+ (𝜑𝑑𝑖𝑥𝑖)𝑇 (𝜑𝑑𝑖𝑥𝑖) + 𝑛∑

𝑘=1

𝜇𝑘 {(𝜑𝑘𝑚𝑥𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖𝑥𝑖)
+ (𝜑𝑘𝑚𝑦𝑖𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖𝑥𝑖)} + 8𝑥𝑇𝑖 𝑃1𝑖𝑃1𝑖𝑥𝑖 = 𝑛∑

𝑘=1

𝜇𝑘
⋅ 𝑛∑
𝑔=1

𝜇𝑔𝑥𝑇𝑖 ((𝐴𝑘𝑔𝑖 )𝑇 𝑃1𝑖 + 𝑃1𝑖 (𝐴𝑘𝑔𝑖 ) + (𝜑𝑓𝑖)𝑇 (𝜑𝑓𝑖)
+ 2 (𝜑𝑘𝑔𝑖)𝑇 (𝜑𝑘𝑔𝑖) + 2 (𝜑𝑘ℎ1𝑖)𝑇 (𝜑𝑘ℎ1𝑖) + (𝜑𝑘ℎ2𝑖)𝑇⋅ (𝜑𝑘ℎ2𝑖) + (𝜑𝑟𝑖)𝑇 (𝜑𝑟𝑖) + (𝜑𝑑𝑥𝑖)𝑇 (𝜑𝑑𝑥𝑖) + (𝜑𝑘𝑑𝑦1𝑖)𝑇⋅ (𝜑𝑘𝑑𝑦1𝑖) + (𝜑𝑑𝑦2𝑖)𝑇 (𝜑𝑑𝑦2𝑖) + (𝜑𝑑𝑖)𝑇 (𝜑𝑑𝑖)
+ (𝜑𝑘𝑚𝑥𝑖)𝑇 (𝜑𝑘𝑚𝑥𝑖) + (𝜑𝑘𝑚𝑦𝑖)𝑇 (𝜑𝑘𝑚𝑦𝑖) + 8𝑃1𝑖𝑃1𝑖)𝑥𝑖.

(A.8)

According (47), (A.8) can be rewritten as

�̇� = �̇�𝑇𝑖 𝑃𝑖1𝑥𝑖 + 𝑥𝑇𝑖 𝑃𝑖1�̇� ≤ 𝑛∑
𝑘=1

𝜇𝑘 𝑛∑
𝑔=1

𝜇𝑔
⋅ 𝑥𝑇𝑖 [−𝜌−2𝑃1𝑖 (𝐸𝑖𝑘 (𝐸𝑖𝑘)𝑇 + 8𝐼)𝑃1𝑖 − 𝑄1𝑖] 𝑥𝑖
< 0.

(A.9)

It is seen the closed-loop system of (21) is locally quadrat-
ically stable at the equilibrium 𝑥𝑖(𝑡) = 0 without considering
the disturbances 𝑤𝑖.
Nomenclature

V𝑠, V𝑟: Stator and rotor voltages𝑖𝑠, 𝑖𝑟: Stator and rotor currents𝐸: Internal voltage𝑃𝑒, 𝑄𝑒: Output active power and reactive power of
DFIG𝑃𝑠, 𝑄𝑠: Output active power and reactive power of
stator of DFIG𝑇𝑚, 𝑇𝑒: Mechanical torque and electric torque of
DFIG𝑅𝑠, 𝑅𝑟: Stator and rotor resistances𝑋𝑠,𝑋𝑠: Transient and open-circuit reactances𝐿 𝑠𝑠, 𝐿𝑟𝑟: Stator and rotor self-inductances𝐿𝑚: Mutual inductance𝑇0: Transient open-circuit time constant𝛿12: Power angle difference between SG1 and
SG2𝑠, 𝜔𝑟: Rotor slip and rotor speed𝑑, 𝑞: Subscript for component of 𝑑 and 𝑞 axis𝑥, 𝑦: Subscript for component of 𝑥 and 𝑦-axis

ref : Subscript for reference value.
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Because of the complexity of the failure diagnosis for large-scale discrete event systems (DESs),DESswith decentralized information
have received a lot of attention. DESs with communication events are defined as distributed DESs. Stochastic discrete event systems
(SDESs) are DESs with a probabilistic structure. A-diagnosability is an important property in failure diagnosis of SDES. In this
paper, we investigate A-diagnosability in distributed SDESs. We define a local model and global model. Moreover, we construct
a synchronized stochastic diagnoser to check A-diagnosability in distributed SDESs. We also propose a necessary and sufficient
condition for a distributed SDES to be A-diagnosable. Some examples are described to illustrate our algorithms.

1. Introduction

Discrete event system (DES) is a discrete-state, event-driven
system, the states evolution of which depends entirely on
the occurrence of asynchronous discrete events over time.
Failure diagnosis of DES has received considerable attention
to guarantee the performance of a reliable system [1–5]. Most
of the previous work concerned the DES as a global system,
where there is only a site for collecting all the information
about the system [1, 2]. However, in many complex systems,
such as communication networks, power systems, andmanu-
facturing systems, information is decentralized among many
physically separated sites [6]. According to the decentralized
information, the global system can be partitioned into a set
of local models.

DESs with decentralized information can be classified
into distributed DESs [3, 7, 8] and decentralized DESs
[4, 9]. Meanwhile, the methods of diagnosis are classified
into distributed diagnosis and decentralized diagnosis. The
distinction is not exactly between distributed DESs and
decentralized DESs in the previous literature. In this paper,
the difference between distributed DESs and decentralized
DESs is summarized as follows: in distributed DESs, the

local models communicate with each other by the com-
munication events between them; however, communication
events do not exist between the local models in decentralized
DESs, and a coordinator is constructed to exchange the
local diagnosis information. Briefly speaking, the diagnosis
is performed locally in distributed DESs. Figures 1 and 2,
respectively, depict the procedures of verifying diagnosability
in distributed DESs (Algorithm 1) and decentralized DESs.

To deal with the diagnosis problem of DESs precisely,
stochastic discrete event systems (SDESs) were proposed by
Lunze and Schroder [10]. SDESs extendDESs by probabilistic
transitions. A-diagnosability is an important property in
failure diagnosis of SDES. References [11–13] have investi-
gated A-diagnosability in SDESs. In some complex SDESs,
the information is also decentralized. Inspired by the DESs
with decentralized information, SDESs with decentralized
information are partitioned into decentralized SDESs and
distributed SDESs. Failure diagnosis in decentralized SDESs
was investigated in [14, 15]. However, the previous literature
only focused on the decentralized SDESs. The approach
for diagnosis in decentralized SDESs is not adapted to
the distributed SDESs, because the structure of distributed
SDESs is different from that of the decentralized SDESs.
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inputs: local models {𝐺1, . . . , 𝐺𝑚};
output: A-diagnosability;
(1) for all 𝐺𝑖 ∈ {𝐺1, . . . , 𝐺𝑚} do
(2) 𝐺𝑖𝑑 = ConDia(𝐺𝑖)
(3) if 𝐺𝑖𝑑 satisfies Theorem 10 then
(4) return𝑓 is A-diagnosable
(5) else
(6) 𝑛 = 1
(7) while (𝑛 ≤ 𝑚) do
(8) for all G ⊆ {𝐺1, . . . , 𝐺𝑚} \ {𝐺𝑖} ∧ ‖G‖ = 𝑛 do
(9) 𝐺sd = ConSSDia(𝐺𝑖, G)
(10) if 𝐺sd satisfies Theorem 17 then
(11) return 𝑓 is A-diagnosable
(12) end for
(13) 𝑛++
(14) end while
(15) return 𝑓 is not A-diagnosable
(16) end for

Algorithm 1: VerDia: verifying A-diagnosability of distributed SDES.

Site 1 Events Events

Local model Local model

Local diagnosability Local diagnosability

Site m

Global diagnosability

Communication

Global model

events

· · ·

Figure 1: Verifying diagnosability in distributed DESs.

Site 1 Events Events

Global model

Site m

Local model Local model

Local diagnosability Local diagnosability

· · ·

Coordinator

Global diagnosability

Figure 2: Verifying diagnosability in decentralized DESs.

Distributed SDESs exchange the local diagnosis information
by the communication events. In this paper, we contributed
by checkingA-diagnosability in distributed SDESs.We define
the local models in distributed SDESs and verify the A-
diagnosability in local models. Furthermore, we propose a

synchronized stochastic diagnoser to diagnose the failure
events which are not A-diagnosable in the local models.
Based on the synchronized stochastic diagnoser, we describe
a necessary and sufficient condition for a distributed SDES to
be A-diagnosable.
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This paper is organized as follows. Some definitions
and frequently used terms are introduced in Section 2. In
Section 3, A-diagnosability in distributed SDES is presented.
In Section 4, we construct a synchronized stochastic diag-
noser and propose a necessary and sufficient condition for a
distributed SDES to be A-diagnosable. We give an example to
illustrate the condition of the A-diagnosability for distributed
SDES in this section. In Section 5, we analyze the complexity
of the algorithm. Section 6 describes the relatedwork. Finally,
Section 7 presents a summary of the results in the paper and
gives the concluding remarks.

2. Preliminaries

In this section, we review some definitions and frequently
used terms of SDES, A-diagnosability, and stochastic diag-
noser.

2.1. SDES. We first introduce some basic concepts in SDES.
SDES is usually modeled as a stochastic automaton (SA),
which is a finite state machine with probabilistic structure
[12].

Definition 1 (SA). An SA is defined as a tuple 𝐺 =
(𝑋, Σ, 𝑝, 𝑥0), where𝑋 is the state space, Σ is the set of events,
𝑝 : 𝑋×Σ×𝑋 → [0, 1] is the partial state transition probability
function, and 𝑥0 is the initial state of the SDES.

The event set Σ is partitioned as Σ = Σ𝑜 ∪ Σuo, whereΣ𝑜 and Σuo denote the sets of observable and unobservable
events, respectively. Note that Σ𝑓 ⊆ Σuo ⊆ Σ denotes the
set of failure events to be diagnosed. Let Σ∗ denote the set
of all sequences formed by events in Σ, including 𝜀 (empty
event). The behavior of the system is described by the prefix-
closed language 𝐿, where 𝐿 is a subset of Σ∗. A path denotes
an arbitrary element of 𝐿. Suppose 𝑠 is a path of𝐺; projection
Pj(𝑠) removes the unobservable events from 𝑠. Formally,
projection is defined as follows [1].

Definition 2 (projection). A projection Pj : Σ∗ → Σ∗𝑜 is
defined as Pj(𝜀) = 𝜀, for any 𝑒 ∈ Σ, 𝑠 ∈ Σ∗, Pj(𝑠𝑒) = Pj(𝑠)Pj(𝑒),
where

Pj (𝑒) = {{
{
𝑒 if 𝑒 ∈ Σ𝑜
𝜀 otherwise. (1)

The inverse operation of projection is Pj−1𝐿 (𝑠0) = {𝑠 ∈ 𝐿 :
Pj(𝑠) = 𝑠0}. 𝐿/𝑠 denotes the set of possible continuations of a
path 𝑠. Let |𝑠| represent the number of events in 𝑠.

According to different failure types, the set of failure
events can be partitioned into disjoint sets; that is, Σ𝑓 =Σ𝑓1 ∪⋅ ⋅ ⋅∪Σ𝑓𝑚 . Let 𝑠𝑓 denote the final event of a path 𝑠. Define

Ψ(Σ𝑓𝑖) = {𝑠 ∈ 𝐿 : 𝑠𝑓 ∈ Σ𝑓𝑖} . (2)

The result of function Ψ(Σ𝑓𝑖) represents the set of paths
whose final event is the failure event of a specific type.
Hereafter, 𝐹𝑖 denotes the failure events whose type is Σ𝑓𝑖 . For
the sake of simplicity, we introduce our algorithms by the

systemswith only a single failure type. In Section 4, we extend
our algorithms to multiple failure types.

In SA, 𝑝(𝑥, 𝑒, 𝑥) is a state transition probability of the
system evolution from 𝑥 to 𝑥 driven by event 𝑒, where
𝑥, 𝑥 ∈ 𝑋, and 𝑒 ∈ Σ. To facilitate the solution to the
diagnosis problems, we formulate three assumptions about
the transition probability [1, 12]:

(A1) At most one 𝑥 ∈ 𝑋 exists, such that 𝑝(𝑥, 𝑒, 𝑥) > 0
for a given 𝑥 ∈ 𝑋 and a given 𝑒 ∈ Σ.

(A2) For every state in 𝑋, the probability of a transition
occurring from that state is one or, equivalently, ∀𝑥 ∈
𝑋,

∑
𝑥∈𝑋

∑
𝑒∈Σ

𝑝 (𝑥, 𝑒, 𝑥) = 1. (3)

(A3)There does not exist any cycle of unobservable events;
that is,

[(𝑠 ∈ Σ∗uo) ⇒ |𝑠| ≤ 𝑛0] (∃𝑛0 ∈ N) (∀𝑢𝑠𝑡 ∈ 𝐿) . (4)

Intuitively, assumptions (A1) and (A2) indicate that tran-
sitions will continue to occur in any state. Assumption (A3)
ensures that the DES does not exhibit an arbitrarily long path
of unobservable events.

The probability transition function presents the proba-
bility of the partial transition function, which is defined as
tran : 𝑋 × Σ → 𝑋, where

tran (𝑥, 𝑒) = 𝑥 ⇒
𝑝(𝑥, 𝑒, 𝑥) > 0.

(5)

If 𝑝(𝑥, 𝑒, 𝑥) = 0, then tran(𝑥, 𝑒) is undefined. Further-
more, the transition function can be extended to the sequence
of events as follows:

tran (𝑥, 𝑠𝑒) = tran (tran (𝑥, 𝑠) , 𝑒) . (6)

Particularly, tran(𝑥, 𝜀) = 𝑥.
The probability of a sequence between two states is

defined as 𝑝𝑠 : 𝑋 × Σ∗ × 𝑋 → [0, 1]. For example, the
probability from 𝑥𝑚 to 𝑥𝑗 through path 𝑒1𝑒2 can be calculated
as

𝑝𝑠 (𝑥𝑚, 𝑒1𝑒2, 𝑥𝑗) = 𝑝 (𝑥𝑚, 𝑒1, 𝑥𝑖) 𝑝 (𝑥𝑖, 𝑒2, 𝑥𝑗) , (7)

where tran (𝑥𝑚, 𝑒1) = 𝑥𝑖.
On the basis of (7), the probability of a path, which is from

state 𝑥 to 𝑥, can be calculated recursively as follows:

𝑝𝑠 (𝑥, 𝑠𝑒, 𝑥)
= 𝑝𝑠 (𝑥, 𝑠, tran (𝑥, 𝑠)) 𝑝 (tran (𝑥, 𝑠) , 𝑒, 𝑥) .

(8)

Following [12], if no confusion results, Pr(𝑒 | 𝑥) and
Pr(𝑠𝑒 | 𝑥) can be denoted by Pr(𝑒) and Pr(𝑠𝑒), respectively.
Example 3. Consider the SA 𝐺 represented in Figure 3 and
let 𝑠 = 𝑓𝑜1. Thus, the probability of 𝑠 from state 0 to 1 is
𝑝𝑠(0, 𝑠, 1) = 0.1 × 0.2 = 0.02. We suppose 𝑡 = 𝑢1𝑜𝑛1 , and
then Pr(𝑠𝑡 | 0) = 0.02 × 0.8 × 1𝑛 = 0.016.
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Figure 3: An SA 𝐺, where the observable events set is Σ𝑜 = {𝑜1},Σuo = {𝑢1, 𝑓}, and the failure events set is Σ𝑓 = {𝑓}.

2.2. A-Diagnosability and Stochastic Diagnoser of SDES. The
approach for distributed diagnosis is based on the related def-
initions in [12]. In this subsection, we review the definitions
of A-diagnosability and stochastic diagnoser of SDES in [12].

Assessing the diagnosability of a system is crucial in
diagnosis. The definition of diagnosability in DES was pro-
posed in [1]. However, diagnosability cannot distinguish
between paths highly probable and less probable. There-
fore, A-diagnosability was proposed in [12]. A-diagnosability
requires an error bound 𝜖 and a delay bound 𝑛 such that, for
any failure path, its extensions, which are longer than 𝑛, occur
with a probability smaller than 𝜖 [12].
Definition 4 (A-diagnosability). A live, prefix-closed lan-
guage 𝐿 is 𝐹𝑖-A-diagnosable with respect to a projection Pj
and a set of transition probabilities 𝑝 if

{Pr(𝑡 : 𝐷 (𝑠𝑡) = 0 | 𝑡 ∈ 𝐿𝑠 ∧ |𝑡| = 𝑛) < 𝜖}

(∀𝜖 > 0) (∃𝑁 ∈ N) [∀𝑠 ∈ Ψ (Σ𝑓𝑖) ∧ 𝑛 ≥ 𝑁] ,
(9)

where the diagnosability condition function𝐷 is as follows:

𝐷 (𝑠𝑡) = {{
{
1 if 𝜔 ∈ Pj−1𝐿 [Pj (𝑠𝑡)] ⇒ Σ𝑓𝑖 ∈ 𝜔
0 otherwise. (10)

In (9), path 𝑠 ends with a failure event whose type is Σ𝑓𝑖 .𝑡 is an arbitrary sufficiently long continuation of 𝑠. 𝐿 is not
logical diagnosable (referred to as diagnosability in [1]). 𝐿 is
𝐹𝑖-A-diagnosable, if and only if (iff) the probability of 𝑡 is
smaller than 𝜖.

An SA is A-diagnosable iff every failure event 𝑓 in SA is
A-diagnosable.

Example 5. Consider the SDES 𝐺 in Figure 3 as an example;
the path 𝑠 = 𝑓 ∈ Ψ(Σ𝑓1). We take 𝜖 = 0.1. The continuation

o1
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[[[
[

0.2 0.8 0

0 1 0

0 0 1

]]]
]

o1

1, {F}
2, {F}

[0.02 0.08 0.9]

3, {N}

Figure 4: A stochastic diagnoser 𝐺𝑑.

of 𝑠 is 𝑡 = 𝑜𝑛1 or 𝑡 = 𝑢1𝑜𝑛−11 . For both continuations, we
have Pj(𝑠𝑡) = 𝑜𝑛1 . However, the inverse projection Pj−1𝐿 (𝑜𝑛1) =
{𝑓𝑜𝑛−11 , 𝑓𝑢1𝑜𝑛−21 , 𝑜𝑛1}. Therefore, 𝐷(𝑠𝑡) = 0. When 𝑡 = 𝑢1𝑜𝑛−11 ,
the probability of 𝑡 is Pr(𝑢1𝑜𝑛−11 ) = 0.8 × 1𝑛−1 = 0.8 > 𝜖. We
can conclude that 𝑓 is not A-diagnosable in 𝐺.

A necessary and sufficient condition was proposed to
check the A-diagnosability of the failure events in [12].
The condition is based on stochastic diagnoser. Stochastic
diagnoser, which is used either online or offline to describe
the behavior of the stochastic system 𝐺, is constructed as
follows [12].

Definition 6 (stochastic diagnoser). A stochastic diagnoser is
defined as a tuple 𝐺𝑑 = (𝑋𝑑, Σ𝑜, 𝑝𝑑, 𝑥0𝑑, Φ, 𝜙0), where 𝑋𝑑
is the set of logical elements with the initial logical element
𝑥0𝑑 = {(𝑥0, 𝑁)}, Σ𝑜 is the set of observable events, 𝑝𝑑 is
the transition function of the stochastic diagnoser, Φ is the
set of probability transition matrices, and 𝜙0 is the initial
probability mass function on 𝑥0𝑑.

More details of the stochastic diagnoser can be found in
[12]. Figure 4 shows the stochastic diagnoser 𝐺𝑑 of the SDES
𝐺 in Figure 3. Two logical elements exist in 𝐺𝑑; that is, 𝑥𝑑0 =
{(0, {𝑁})} and 𝑥𝑑1 = {(1, {𝐹}), (2, {𝐹}), (3, {𝑁})}. {(0, {𝑁})} is
the initial logical element. Let (1, {𝐹}) denote a component
of 𝑥𝑑1 . If all the components in a logical element 𝑥𝑑 bear 𝐹𝑖,
then 𝑥𝑑 is 𝐹𝑖-certain. Otherwise, 𝑥𝑑 is 𝐹𝑖-uncertain. 𝑥𝑑1 is an𝐹-uncertain logical element.

The condition of A-diagnosability is based on the theory
of Markov chains. Let 𝑥 and 𝑦 be states of a Markov chain.
𝜌𝑥𝑦 (0 < 𝜌𝑥𝑦 ≤ 1) represents the probability that if theMarkov
chain is in state 𝑥, it will go back to state𝑦 at some point in the
future. If 𝜌𝑥𝑥 = 1, then 𝑥 is called a recurrent state. Otherwise,
𝑥 is called a transient state.

The condition for a language 𝐿 to be A-diagnosable is
described as follows.

Theorem 7 (see [12]). A language L generated by an SA G
is 𝐹𝑖-A-diagnosable iff every logical element of its stochastic
diagnoser 𝐺𝑑 containing a recurrent component bearing the
label 𝐹𝑖 is 𝐹𝑖-certain.



Mathematical Problems in Engineering 5

The proof of Theorem 7 can be found in [12].
We conclude this section with an example that illustrates

the stochastic diagnoser in Figure 4. Components (2, {𝐹})
and (3, {𝑁}) are two recurrent components in 𝑥𝑑1 . Moreover,
(2, {𝐹}) is a recurrent component bearing failure event.
However, 𝑥𝑑1 = {(1, {𝐹}), (2, {𝐹}), (3, {𝑁})} is 𝐹-uncertain.
Therefore, 𝑓 is not A-diagnosable in 𝐺.

3. A-Diagnosability for Distributed SDESs

In Section 2, we have already introduced A-diagnosability
in SDES. In this section, A-diagnosability property will be
taken into account when the SDES ismodeled as a distributed
SDES.

3.1. SDES with Decentralized Information. DESs with decen-
tralized information are partitioned into decentralized DESs
and distributed DESs. Similarly, we separate the SDESs
with decentralized information into decentralized SDESs and
distributed SDESs. In distributed SDESs, the local models
communicate with each other by the communication events.
The main task of the communication events is to deliver the
diagnosis information. A distributed stochastic system 𝐺 is
composed of interacting SDESs 𝐺 = {𝐺1, 𝐺2, . . . , 𝐺𝑚}. 𝐺 is
called global model. 𝐺 is obtained by the synchronization
of the local models 𝐺𝑖 (𝑖 = 1, . . . , 𝑚), which are defined as
follows.

Definition 8 (local model). A local model is defined as a tuple
𝐺𝑖 = (𝑋𝑖, Σ𝑖, 𝑝𝑖, 𝑥0𝑖), where𝑋𝑖 is the local state space, Σ𝑖 is the
set of local events, 𝑝𝑖 : 𝑋𝑖 × Σ𝑖 × 𝑋𝑖 → [0, 1] is a partial local
state transition probability function, and 𝑥0𝑖 is the initial state
of the local model.

Σ𝑖 can be divided into three disjoint sets:

(1) Σ𝑖𝑜 are the observable events. If an event 𝑜𝑖 ∈ Σ𝑖𝑜
occurs on the local model, then this event cannot be
observed by other localmodels.Therefore, suppose𝐺𝑖
and 𝐺𝑗 are two arbitrary local models of 𝐺. Σ𝑖𝑜 andΣ𝑗𝑜 represent the observable event sets of 𝐺𝑖 and 𝐺𝑗,
respectively. We have Σ𝑖𝑜 ∩ Σ𝑗𝑜 = 𝜙.

(2) Σ𝑖uo are the unobservable events. If the failure event𝑓 ∈ Σ𝑖𝑓 ∈ Σ𝑖uo, then 𝑓 can only occur on this local
model.

(3) Σ𝑖𝑐 are the communication events. If a communica-
tion event 𝑐𝑖 ∈ Σ𝑖𝑐, then 𝑐𝑖 occurs at least on another
local model. Note that communication events are
unobservable.

The communication events are used to exchange the local
diagnosability information. Therefore, if a communication
event 𝑐 has been triggered in a local model, then 𝑐 should
be triggered in other local models at the same time. In order
to guarantee assumption (A2) and avoid deadlock state, we
make the following assumptions:

(A4) If there exists 𝑝(𝑥, 𝑒, 𝑥) > 0 such that 𝑒 ∈ Σ𝑐, then,∀𝑝(𝑥, 𝜎, 𝑥𝑛) > 0, we have 𝜎 ∈ Σ𝑐.

(A5) If there is a local model 𝐺𝑖 = (𝑋𝑖, Σ𝑖, 𝑝𝑖, 𝑥0𝑖) such that
𝑝(𝑥0𝑖, 𝑒, 𝑥) = 1 and 𝑒 ∈ Σ𝑐, then, ∀𝑗 ∈ {1, . . . , 𝑚} \ 𝑖,
the event 𝜎 from the initial state 𝑥0𝑗 of local model𝐺𝑗,
s.t. 𝜎 ∉ Σ𝑐 or 𝜎 = 𝑒.

Assumption (A4) implies that if there exists a commu-
nication event from state 𝑥, then all the other events from
𝑥 belong to Σ𝑐. Assumption (A5) avoids the deadlock state
during synchronization.

After defining the local models, we introduce some
properties in distributed SDESs.We define𝑋𝑖𝑜𝑐 = {𝑥0𝑖}∪{𝑥𝑖 ∈𝑋𝑖 : 𝑥 has an observable event or a communication event into
it}.

Let 𝐿(𝐺𝑖, 𝑥𝑖) denote the set of all paths that originate from
state 𝑥𝑖 of 𝐺𝑖. We define

𝐿𝑜𝑐 (𝐺𝑖, 𝑥𝑖)
= {𝑠 ∈ 𝐿 (𝐺𝑖, 𝑥𝑖) : 𝑠 = 𝑢𝑒, 𝑢 ∈ Σ∗𝑖uo, 𝑒 ∈ (Σ𝑖𝑜 ∪ Σ𝑖𝑐)} .
𝐿𝜎 (𝐺𝑖, 𝑥𝑖) = {s ∈ 𝐿𝑜𝑐 (𝐺𝑖, 𝑥𝑖) : 𝑠𝑓 = 𝜎} .

(11)

For the sake of simplicity, we first illustrate a distributed
SDES with two local models as an example. It is not difficult
to extend to the case of a finite number of local models.

Example 9. A distributed stochastic system 𝐺 composed of
local models {𝐺1, 𝐺2} is shown in Figure 5. In the system,
{𝑐1, 𝑐2} is the set of communication events. Event 𝑜1 is
observable in 𝐺1. Events 𝑜2 and 𝑜3 are observable in 𝐺2. 𝑓1
is a failure event. 𝑝(𝑥1, 𝑓1, 𝑥2) = 0.2 is a probability transition
in 𝐺1.

A local model is an SA. Therefore, based on Theorem 7,
we can similarly obtain the A-diagnosability of the failure
events in local models. The proof of Theorem 10 is the same
as Theorem 7’s.

Theorem 10. A language 𝐿 generated by a local model is 𝐹𝑖-A-
diagnosable iff every logical element of its diagnoser containing
a recurrent component bearing the label 𝐹𝑖 is 𝐹𝑖-certain.

A local model is locally A-diagnosable iff every failure
event occurring on that local model is locally A-diagnosable.

3.2. Global Model. Suppose 𝑓 is a failure event in a local
model 𝐺𝑖. The purpose of failure diagnosis in distributed
SDES is to verify the A-diagnosability of 𝑓 in the global
model. Given a set of local models, the global model can
be obtained by the synchronization of transitions among the
local models. The synchronization is based on the communi-
cation events.

Before introducing the global model, wemake the follow-
ing assumption:

(A6) The delay among the observable events in different
local models can be omitted.

Assumption (A6) ensures that the local states from
different local models can be triggered together by the local
events.
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Figure 5: A distributed SDES 𝐺.

Definition 11 (global model). Given a set of local models
{𝐺1, . . . , 𝐺𝑚}, the global model of {𝐺1, . . . , 𝐺𝑚} is defined by

𝐺gl = 𝐺1 ‖⋅ ⋅ ⋅‖ 𝐺𝑚. (12)

The operator ‖ represents synchronization operation.The
result of synchronization is a tuple 𝐺gl = (𝑋gl, Σgl, 𝑝gl, 𝑥0gl),
where one has the following:

(1) 𝑋gl ⊆ ∏𝑚𝑖=1𝑋𝑖 is the set of global states, where 𝑋𝑖 is
the set of states of local model 𝐺𝑖. For all 𝑥gl ∈ 𝑋gl, 𝑥gl =
(𝑥1, . . . , 𝑥𝑚), where 𝑥𝑖 ∈ 𝑋𝑖.

(2) Σgl ⊆ ∏𝑚𝑖=1Σ𝑖 is the set of global events, where Σ =
Σ ∪ {𝜀}. The element in Σgl is of the form 𝑒gl = (𝑒1, . . . , 𝑒𝑚),
where, for each 𝑖 = 1, 2, . . . , 𝑚,

𝑒𝑖 =
{{{{
{{{{
{

𝑐 if 𝑒1 = ⋅ ⋅ ⋅ = 𝑒𝑚 = 𝑐 ∈ Σ𝑐
𝑒 if tran (𝑥𝑖, 𝑒) is triggered in 𝐺𝑖, 𝑒 ∉ Σ𝑐
𝜀 otherwise

(13)

where 𝑒 represents the event from the local event set Σ𝑖. If an
observable event does not exist after a state, then we use event
𝜀 to guarantee the synchronization of the local models.

(3)𝑝gl : 𝑋gl×Σgl×𝑋gl → [0, 1] is the probability transition
function of the global model (to be defined later).

(4) 𝑥0gl ∈ 𝑋gl is the initial state of the global model,
defined as 𝑥0gl = (𝑥10, . . . , 𝑥𝑚0 ), where (𝑥10, . . . , 𝑥𝑚0 ) are the
initial states of the local models {𝐺1, . . . , 𝐺𝑚} separately.

The synchronization of the transitions is described as
follows:

Synch ((𝑥1, . . . , 𝑥𝑚) , (𝑒1, . . . , 𝑒𝑚))
= (tran (𝑥1, 𝑒1) , . . . , tran (𝑥𝑚, 𝑒𝑚)) ,

(14)

and the results can be separated into two cases:

(1) If ∃𝑖 ∈ {1, . . . , 𝑚} such that 𝑒𝑖 ∈ Σ𝑐, then all the events
in (𝑒1, . . . , 𝑒𝑚) which are 𝑒𝑖 are triggered.

(2) If there does not exist communication event among
(𝑒1, . . . , 𝑒𝑚), then all the events in (𝑒1, . . . , 𝑒𝑚) which
are not 𝜀 are triggered.

Based on the definition of local model, only communica-
tion events can occur in different local models. Therefore, if
an event 𝑒 is a communication event, then all the transitions
including 𝑒 should be triggered.

Meanwhile, when a new transition trangl is generated,
its probability is calculated according to different cases. Let
𝑝gl(𝑥gl, 𝑒gl, 𝑥gl) denote the probability of transition trangl
from global state 𝑥gl to 𝑥gl driven by global event 𝑒gl.

𝑝gl (𝑥gl, 𝑒gl, 𝑥gl) =
{{{
{{{
{

1 if tran (𝑥gl, 𝑒gl) is an unique transition from 𝑥gl
∏𝑚𝑗=1𝑝𝑗

Prtemp (𝑥gl)
otherwise, (15)

where 𝑝𝑗 denotes the probability of the triggered transition
in local model 𝐺𝑗. Moreover, we suppose 𝑝(𝑥, 𝜀, 𝑥) = 1.
Based on the definition of global model, the event 𝑒gl is the

Cartesian product of the local events. Therefore, a temporary
probability of 𝑝gl(𝑥gl𝑒gl, 𝑥gl) can be calculated recursively by
𝑝𝑗. For example, we choose two transitions 𝑝(𝑥4, 𝑜1, 𝑥4) = 1
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Figure 6: The global model 𝐺gl.

in 𝐺1 and 𝑝(𝑧2, 𝑜3, 𝑧4) = 0.1 in 𝐺2, and then the tempo-
rary probability of transition 𝑝((𝑥4, 𝑧2), (𝑜1, 𝑜3), (𝑥4, 𝑧4)) =𝑝(𝑥4, 𝑜1, 𝑥4) × 𝑝(𝑧2, 𝑜3, 𝑧4) = 1 × 0.1 = 0.1. However,
some results of the Cartesian product are redundant (suppose
two outgoing transitions from 𝑥1 labeled by 𝑐1 and 𝑐2 exist
in 𝐺1; then the result of Cartesian products (𝑐1, 𝑐2) and
(𝑐2, 𝑐1) is redundant). Let Prtemp(𝑥gl) represent the sum of the
probabilities of the transitions which are not redundant. In
order to guarantee that the sum of the probabilities is equal
to 1, we need to divide∏𝑚𝑗=1𝑝𝑗 by Prtemp(𝑥gl).

Figure 6 presents the global model𝐺gl of the local models
{𝐺1, 𝐺2} shown in Figure 5.

Then, we verify A-diagnosability of the failure event in the
global model. The global event 𝑒gl can be seen as an ordinary
event in SDES. Similarly, the global state 𝑥gl can be seen as an
ordinary state in SDES.Thus, the globalmodel is equivalent in
formalism to an SA. According to Definition 4, we can obtain
the A-diagnosability of the failure event in the global model.

Consider the global model 𝐺gl in Figure 6 as an example;
the sequence 𝑠 = (𝑓1, 𝜀) ∈ Ψ(Σ𝑓𝑖). One of the continuations
of 𝑠 is 𝑡 = (𝑜1, 𝜀)(𝑐2, 𝑐2)(𝑜1, 𝑜2)𝑛−2. We have Pj(𝑠𝑡) = (𝑜1,
𝜀)(𝑜1, 𝑜2)𝑛−2. However, the inverse projection Pj−1𝐿 (𝑠𝑡) = {(𝑓1,
𝜀)(𝑜1, 𝜀)(𝑐2, 𝑐2)(𝑜1, 𝑜2)𝑛−2, (𝑜1, 𝜀)(𝑐1, 𝑐1)(𝑜1, 𝑜2)𝑛−2}. Therefore,
𝐷(𝑠𝑡)= 0.Meanwhile, Pr(𝑡) = 1×1×0.9𝑛−2.When |𝑡| becomes
large, the probability of 𝑡 approaches zero. We can conclude
that 𝑓1 is A-diagnosable in global model 𝐺gl.

4. Conditions of A-Diagnosability for
Distributed SDESs

In this section, we present the conditions for a distributed
SDES to be A-diagnosable.

4.1. A-Diagnosable Local Model. In local models, two cases
exist: the failure event is A-diagnosable and the failure
event is not A-diagnosable. For the failure event which is
A-diagnosable in the local model, we have the following
theorem.

Theorem 12. If 𝑓 is locally A-diagnosable in a local model,
then 𝑓 is A-diagnosable in the global system.

Proof. Since 𝑓 is locally A-diagnosable in𝐺𝑖, by Definition 4,
for any 𝜖 > 0, there exists 𝑁 ∈ N, for any 𝑠 ∈ Ψ(Σ𝑓𝑖) and𝑡 ∈ 𝐿/𝑠 (where 𝑛 ≥ 𝑁), such that

Pr(𝑡 : 𝐷𝑖 (𝑠𝑡) = 0 | 𝑡 ∈ 𝐿𝑠 ∧ |𝑡| = 𝑛) < 𝜖. (16)

Wedetermine theA-diagnosability through the globalmodel.
The probability of the transition is computed by (15). Suppose
𝑠 ∈ Ψ(Σ𝑓𝑖) is the path ended with failure event in the global
model. There exists 𝑡 ∈ 𝐿/𝑠. According to (15), we have
Pr(𝑡) ≤ Pr(𝑡) < 𝜖.

By contrast, assume 𝑓 is not A-diagnosable in the global
system. Then,

{Pr(𝑡 : 𝐷𝐺gl (𝑠𝑡) = 0 | 𝑡 ∈
𝐿
𝑠 ∧ |𝑡| = 𝑛) > 𝜖}

(∃𝜖 > 0) (∃𝑁 ∈ N) [∃𝑠 ∈ Ψ (Σ𝑓𝑖) ∧ 𝑛 ≥ 𝑁] .
(17)

Because Pr(𝑡) ≥ Pr(𝑡), there exists Pr(𝑡) ≥ Pr(𝑡) > 𝜖.
Therefore, there exists 𝑠 ∈ Ψ(Σ𝑓𝑖) and 𝑡 ∈ 𝐿/𝑠 (where 𝑛 ≥ 𝑁),
such that

Pr(𝑡 : 𝐷𝑖 (𝑠𝑡) = 0 | 𝑡 ∈ 𝐿𝑠 ∧ |𝑡| = 𝑛) > 𝜖. (18)

The assumption violates the known conditions.Therefore,
if 𝑓 is locally A-diagnosable in a local model, then 𝑓 is A-
diagnosable in the global system.

In Example 9, 𝑓1 is A-diagnosable in the local model 𝐺1.
Moreover, we have already presented that𝑓1 is A-diagnosable
in the global model shown in Figure 6. The result also
demonstrates the correction of Theorem 12.

However, if the failure event𝑓 is not A-diagnosable in the
local model, we cannot verify whether 𝑓 is A-diagnosable or
not in the global model. Furthermore, we construct a syn-
chronized stochastic diagnoser to test the A-diagnosability of
the failure event which is not locally A-diagnosable.

4.2. Construction of Synchronized Stochastic Diagnoser. In
this subsection, we describe the construction of a synchro-
nized stochastic diagnoser used to state the condition that
ensures A-diagnosability. We need to first define the set of
possible failure labels, which are similar to the failure labels
in stochastic diagnoser in [12].
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Definition 13 (local failure label). Δ 𝑖 = {𝑁} ∪ 2Σ𝑖𝑓 is a set
of possible local failure labels, where Σ𝑖𝑓 is the set of failure
events in the local model 𝐺𝑖 and label {𝑁} represents the
normal behavior of 𝐺𝑖.

Similarly, Δ = {𝑁} ∪ 2Σ𝑓 is a set of possible global failure
labels, where Σ𝑓 = ⋃𝑚𝑖=1 Σ𝑖𝑓 (𝑚 is the number of the local
models).

The local label propagation function is LP : 𝑋𝑖𝑜𝑐 × Δ 𝑖 ×Σ∗𝑖 → Δ 𝑖. Given 𝑥𝑖 ∈ 𝑋𝑖, 𝑙𝑖 ∈ Δ 𝑖, and 𝑠 ∈ 𝐿𝑜𝑐(𝐺𝑖, 𝑥𝑖), LP
propagates the label 𝑙𝑖 over 𝑠. It is defined as follows:

LP (𝑥𝑖, 𝑙𝑖, 𝑠)

= {{
{
{𝑁} if 𝑙𝑖 = {𝑁} ∧ ∀𝑘 (Σ𝑓𝑘 ∉ 𝑠)
{𝐹𝑘 : Σ𝑓𝑘 ∈ 𝑠 ∨ 𝐹𝑘 ∈ 𝑙𝑖} otherwise.

(19)

For the sake of describing the synchronized stochastic
diagnoser clearly, we first present a prediagnoser including
communication events.

Definition 14 (prediagnoser). Given a set of local models
{𝐺1, . . . , 𝐺𝑚}, the prediagnoser of local models {𝐺1, . . . , 𝐺𝑚}
is a tuple 𝐺𝑝 = (𝑋𝑝, Σ𝑜𝑐, tran𝑝, 𝑥0𝑝), where one has the
following:

(1) 𝑋𝑝 is a set of logical elements. The logical element
in 𝑋𝑝 is of the form 𝑥𝑝 = {(𝑞1, 𝑙1), . . . , (𝑞𝑛, 𝑙𝑛)}, where state
𝑞𝑖 is an 𝑚-tuple (𝑞1𝑖 , . . . , 𝑞𝑚𝑖 ) of 𝑚 local states. For each 𝑗 ∈
{1, 2, . . . , 𝑚}, 𝑞𝑗𝑖 ∈ 𝑋𝑗𝑜𝑐 and 𝑙𝑖 ∈ Δ.

(2) Σ𝑜𝑐 ⊆ ∏𝑚𝑖=1Σ𝑖𝑜𝑐 is the set of synchronized events, where
Σ𝑖𝑜𝑐 = Σ𝑖𝑜 ∪ Σ𝑖𝑐 ∪ {𝜀}. The element in Σ𝑜𝑐 is of the form 𝑒𝑜𝑐 =
(𝑒1, . . . , 𝑒𝑚), where, for each 𝑖 = 1, 2, . . . , 𝑚,

𝑒𝑖 =
{{{{
{{{{
{

𝑐 if 𝑒1 = ⋅ ⋅ ⋅ = 𝑒𝑚 = 𝑐 ∈ Σ𝑐
𝑒 if tran (𝑥𝑖, 𝑒) is triggered in 𝐺𝑖, 𝑒 ∉ Σ𝑐
𝜀 otherwise.

(20)

where 𝑒 represents the event from the local event set Σ𝑖.
(3) tran𝑝 : 𝑋𝑝 × Σ𝑜𝑐 → 𝑋𝑝 is the transition function of

the prediagnoser (to be defined later).
(4) 𝑥0𝑝 ∈ 𝑋𝑝 is the initial logical element of the prediag-

noser, defined as𝑥0𝑝 = ((𝑞10, . . . , 𝑞𝑚0 ), {𝑁}), where (𝑞10, . . . , 𝑞𝑚0 )
are the initial states of the local models {𝐺1, . . . , 𝐺𝑚} sepa-
rately.

Given a logical element of the prediagnoser 𝑥𝑝 =
{(𝑞1, 𝑙1), . . . , (𝑞𝑛, 𝑙𝑛)}, a pair (𝑞𝑖, 𝑙𝑖) is called a diagnoser com-
ponent of 𝑥𝑝. In (𝑞𝑖, 𝑙𝑖), 𝑞𝑖 is an 𝑚-tuple (𝑞1𝑖 , . . . , 𝑞𝑚𝑖 ) of𝑚 local states. In order to define tran𝑝, we first intro-
duce the evolution of the diagnoser component driven
by the synchronized events. Given a synchronized event

(x1, z1) {N}

(x5, z1) {N}

(x3, z1) {F}

(x4, z3) {N} (x4, z2) {F}

(x4, z4) {F}

(o1, o2)

(o1, o2)(o1, o3)

(o1, o3)

(c1, c1) (c2, c2)

(o1, )

Figure 7: Prediagnoser of {𝐺1, 𝐺2}.

𝑒𝑜𝑐 = (𝑒1, . . . , 𝑒𝑚) ∈ Σ𝑜𝑐, we use Evo((𝑞𝑖, 𝑙𝑖), 𝑒𝑜𝑐) to define the
evolution, where 𝑞𝑖 = (𝑞1𝑖 , . . . , 𝑞𝑚𝑖 ):

Evo ((𝑞𝑖, 𝑙𝑖) , 𝑒𝑜𝑐)

=
𝑚

⋃
𝑗=1

𝑚

⋃
𝑠∈𝐿
𝑒𝑗
(𝐺𝑗 ,𝑞
𝑗
𝑖 )∧𝑗=1

{tran (𝑞𝑗𝑖 , 𝑠) , LP (𝑞𝑗𝑖 , 𝑙𝑖, 𝑠)} .
(21)

Figure 7 presents the prediagnoser of local models
{𝐺1, 𝐺2} in Figure 5.

Definition 15 (synchronized stochastic diagnoser). Synchro-
nized stochastic diagnoser removes the communication
events from 𝐺𝑝 and adds probability transition matrices.
Synchronized stochastic diagnoser is a tuple 𝐺𝑠𝑑 = (Obs(𝐺𝑝),Φ𝑠𝑑, 𝜙0𝑠𝑑), where one has the following:

(1) The result of Obs(𝐺𝑝) is a 4-tuple (𝑋𝑠𝑑, Σ𝑠𝑑,
tran𝑠𝑑, 𝑥0𝑠𝑑), which removes communication events from Σ𝑜𝑐
and removes transitions including communication events.

(2)Φ𝑠𝑑 is the set of probability transitionmatrices. A set of
probability transitionmatrices is defined asΦ𝑠𝑑 : 𝑋𝑠𝑑×Σ𝑠𝑑 →𝑀[0, 1]:

Φ𝑖𝑗 (𝑥𝑠𝑑, 𝑒𝑠𝑑) =
𝑚

∏
𝑘=1

Pr𝑘 (𝑠𝑒𝑘, 𝑥𝑘) , (22)

where 𝑠 ∈ Σ𝑘uo and 𝑥𝑘 ∈ 𝑥𝑠𝑑.
(3) 𝜙0𝑠𝑑 = [1] represents the initial probability mass

function on 𝑥0𝑠𝑑.
Example 16. We take the prediagnoser in Figure 7 as an exam-
ple. Figure 8 shows the synchronized stochastic diagnoser of
local models 𝐺1 and 𝐺2.
4.3. Necessary and Sufficient Condition of A-Diagnosability for
Distributed SDES. In this subsection, we present a necessary
and sufficient condition of A-diagnosability for distributed
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Figure 8: Synchronized stochastic diagnoser of {𝐺1, 𝐺2}.

SDESs which are not A-diagnosable in local models. Before
determining the condition, we introduce a property of the
synchronized stochastic diagnoser.

Let𝑥𝑠𝑑 be a logical element of the synchronized stochastic
diagnoser. If all the diagnoser components in a logical
element 𝑥𝑠𝑑 bear 𝐹𝑖, then 𝑥𝑠𝑑 is 𝐹𝑖-certain. Otherwise, 𝑥𝑠𝑑 is𝐹𝑖-uncertain.
Theorem 17. Let 𝐺𝑠𝑑 = (𝑋𝑠𝑑, Σ𝑠𝑑, tran𝑠𝑑, 𝑥0𝑠𝑑, Φ𝑠𝑑, 𝜙0𝑠𝑑) be a
synchronized stochastic diagnoser of the local models𝐺𝑖, where𝑖 = 1, 2, . . . , 𝑚. 𝐿 is A-diagnosable iff every logical element in
𝐺𝑠𝑑 containing a recurrent diagnoser component bearing the
label 𝐹𝑖 is 𝐹𝑖-certain.

The logical elements in 𝑋𝑠𝑑 can be viewed as a whole
state and the synchronized events in Σ𝑠𝑑 can be viewed as a
whole event. Thus, the synchronized stochastic diagnoser is
equivalent to a stochastic diagnoser in formalism. Therefore,
the proof of Theorem 17 is the same as the proof of Theorem
3 in [12].

Consider the synchronized stochastic diagnoser in Fig-
ure 8; {(𝑥4, 𝑧3), {𝑁}} and {(𝑥4, 𝑧4), {𝐹}} are two recurrent diag-
noser components.The label of {(𝑥4, 𝑧3), {𝑁}} is {𝑁}.We only
consider the logical element of component {(𝑥4, 𝑧4), {𝐹}}.The
logical element of {(𝑥4, 𝑧4), {𝐹}} is 𝐹-certain. Therefore, there
does not exist a logical element containing a recurrent diag-
noser component bearing the label 𝐹𝑖 which is 𝐹𝑖-uncertain
in Figure 8. We can conclude that 𝑓 is A-diagnosable in the
global model.

When a distributed SDES 𝐺 has more than two local
models {𝐺1, . . . , 𝐺𝑚} (i.e., 𝑚 > 2) and a failure event 𝑓
is not A-diagnosable in a local model 𝐺𝑖, computing the
synchronized stochastic diagnoser of all the local models is

complex. Theorem 12 has stated that a failure event 𝑓 is A-
diagnosable in the global model if 𝑓 is A-diagnosable in
the local model. Moreover, Theorem 12 can be extended as
follows.

Theorem18. If𝑓 is A-diagnosable in a synchronized stochastic
diagnoser of local models {𝐺𝑝, . . . , 𝐺𝑞}, where {𝐺𝑝, . . . , 𝐺𝑞} ⊆{𝐺1, . . . , 𝐺𝑚}, then 𝑓 is A-diagnosable in the global model.

The proof of Theorem 18 is the same as the proof of
Theorem 12. Therefore, if 𝑓 is not A-diagnosable in 𝐺𝑖, we do
not need to compute the synchronized stochastic diagnoser
of all the local models. We first compute the synchronized
stochastic diagnoser of 𝐺𝑖 and 𝐺𝑗 (𝑗 ∈ {1, . . . , 𝑚} \ {𝑖}). We
use 𝐺𝑠𝑑 to denote the synchronized stochastic diagnoser of
𝐺𝑖 and other local models. If there exists a logical element
in 𝐺𝑠𝑑 containing a recurrent diagnoser component bearing
the label 𝐹𝑖 which is 𝐹𝑖-certain, then 𝑓 is A-diagnosable in
the global model. We present an algorithm, called VerDia, to
present the process of testing A-diagnosability in distributed
SDESs. For the sake of simplicity, we consider the distributed
SDES with a failure event. It is not difficult to extend the
algorithm to the case of multiple failures.

Let 𝐺 = (𝑋, Σ, 𝑝, 𝑥0) be a distributed stochastic system
composed of 𝑚 local models {𝐺1, . . . , 𝐺𝑚}, where 𝐺𝑖 =(𝑋𝑖, Σ𝑖, 𝑝𝑖, 𝑥0𝑖). The set of local models is the input of
VerDia. Lines (1)–(4) check the A-diagnosability of each
local model. In line (2), function ConDia(𝐺𝑖) computes the
stochastic diagnoser of local model 𝐺𝑖. If the failure event
𝑓 is A-diagnosable in 𝐺𝑖, then 𝑓 is A-diagnosable in the
global model 𝐺 and the algorithm is finished. Otherwise,
we compute the synchronized stochastic diagnoser of 𝐺𝑖
with other local models. In line (8), G represents the set of
local models except 𝐺𝑖. ‖G‖ presents the number of local
models in G. We first construct the synchronized stochastic
diagnoser of 𝐺𝑖 with one local model 𝐺𝑗; that is, G =
{𝐺𝑗}. Therefore, the initial value of 𝑛 is equal to one. If all
the synchronized stochastic diagnosers of 𝐺𝑖 and 𝐺𝑗 (𝑗 ∈{1, . . . , 𝑚} \ {𝑖}) do not satisfy Theorem 17, then we construct
the synchronized stochastic diagnoser of 𝐺𝑖 with two local
models. In line (9), the result of function ConSSDia(𝐺𝑖,G)
represents the synchronized stochastic diagnoser of 𝐺𝑖 and
the local models inG. The algorithm is finished until we have
found a synchronized stochastic diagnoser which satisfies
Theorem 17.

If all the synchronized stochastic diagnosers do not satisfy
Theorem 17, then the failure event is not A-diagnosable.

Example 19. Figure 9 presents a distributed SDES including
three local models {𝐺1, 𝐺2, 𝐺3}. Event 𝑜1 is observable in 𝐺1.
Events 𝑜2 and 𝑜3 are observable in 𝐺2. Event 𝑜4 is observable
in 𝐺3. Event 𝑢1 is unobservable in 𝐺3. Events 𝑓1 and 𝑓2 are
failure events and they belong to different failure types. {𝑐1, 𝑐2}
is the set of communication events.𝐺1 is the same as the local
model 𝐺1 in Figure 5, and thus 𝐺1 is not A-diagnosable. In
𝐺2, suppose the path ended with a failure event is 𝑠 = 𝑓2.
One of the continuations of 𝑠 is 𝑡 = 𝑜𝑛2 . The projection of 𝑠𝑡
is Pj(𝑓2𝑜𝑛2) = 𝑜𝑛2 . However, the inverse projection Pj−1𝐿 (𝑜𝑛2) =
{𝑓𝑜𝑛2 , 𝑜2𝑐2𝑜𝑛−22 }. Therefore, 𝐷(st) = 0. The probability of 𝑡 is
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Figure 9: A distributed SDES 𝐺.

Pr(𝑜𝑛2) = 0.2𝑛. When |𝑡| becomes large, the probability of 𝑡
approaches zero. Therefore, 𝑓2 is A-diagnosable in 𝐺2. Based
on Theorem 12, we can conclude that 𝑓2 is A-diagnosable in
the global model.

In order to verify the A-diagnosability of 𝑓1 in the global
model, we compute the synchronized stochastic diagnoser of
𝐺1 and𝐺3. Figure 10 shows the result. Diagnoser components
((𝑥4, 𝑧2), {𝐹1}) and ((𝑥4, 𝑧4), {𝐹1}) are recurrent diagnoser
components bearing a failure label {𝐹1}. However, logical
element {((𝑥4, 𝑧2), {𝐹1}), ((𝑥4, 𝑧3), {𝑁}), ((𝑥4, 𝑧4), {𝐹1})} is 𝐹1-
uncertain. Therefore, 𝑓1 is not A-diagnosable in the syn-
chronized stochastic diagnoser of 𝐺1 and 𝐺3. 𝑓1 is also
not A-diagnosable in the synchronized stochastic diagnoser
of 𝐺1 and 𝐺2 (the synchronized stochastic diagnoser of
𝐺1 and 𝐺2 is omitted). Then, we compute the synchro-
nized stochastic diagnoser of {𝐺1, 𝐺2, 𝐺3}. The result is
shown in Figure 11. ((𝑥4, 𝑦4, 𝑧1), {𝐹1, 𝐹2}) and ((𝑥4, 𝑦4, 𝑧1),{𝐹1}) are recurrent diagnoser components bearing failure
label 𝐹1. Moreover, logical element {((𝑥4, 𝑦4, 𝑧1), {𝐹1, 𝐹2}),((𝑥4, 𝑦4, 𝑧1), {𝐹2}), ((𝑥4, 𝑦4, 𝑧1), {𝐹1}),((𝑥4, 𝑦4, 𝑧1), {𝑁})} is 𝐹1-
uncertain. Therefore, 𝑓1 is not A-diagnosable in the syn-
chronized stochastic diagnoser of 𝐺1, 𝐺2, and 𝐺3. Based on
Theorem 17, 𝑓1 is not A-diagnosable in the global model.
𝑓1 is not A-diagnosable and 𝑓2 is A-diagnosable. There-

fore, the distributed SDES 𝐺 is not A-diagnosable.

5. Evaluations

Let 𝐺 = (𝑋, Σ, 𝑝, 𝑥0) be a distributed stochastic system
composed of 𝑚 local models {𝐺1, 𝐺2, . . . , 𝐺𝑚}, where 𝐺𝑖 =(𝑋𝑖, Σ𝑖, 𝑝𝑖, 𝑥0𝑖). |𝑋𝑖| and |Σ𝑖| denote the number of states and
events of 𝐺𝑖, respectively, where 𝑖 = 1, 2, . . . , 𝑚. Table 1 lists
the maximum numbers of states and transitions of 𝐺𝑖. 𝐺𝑖𝑑 is
the stochastic diagnoser of 𝐺𝑖. The logical element space of
the stochastic diagnoser is a subset of 2|𝑋𝑖|×Δ 𝑖 .Therefore, each
local stochastic diagnoser has at most 22|𝑋𝑖| logical elements
and 22|𝑋𝑖| × |Σ𝑖𝑜| transitions. 𝐺𝑖𝑗𝑠𝑑 represents the synchronized

(x1, z1) {N}

(o1, )

(x5, z1) {N}

[0.27 0.7 0.03

0.27 0.7 0.03
](o1, o4)

(o1, o4)

(x4, z2) {F1}
(x4, z4) {F1}
(x4, z3) {N}

(x3, z1) {F1}

[[[
[

0.9 0 0.1

0 1 0

0 0 1

]]]
]

[0.2 0.8]

Figure 10: The synchronized stochastic diagnoser of 𝐺1 and 𝐺3.

stochastic diagnoser of 𝐺𝑖 and 𝐺𝑗. Similarly, the logical
element of𝐺𝑖𝑗

𝑠𝑑
is at most 24|𝑋𝑖×𝑋𝑗| and the transition is at most

24|𝑋𝑖×𝑋𝑗| × |Σ𝑖𝑜 × Σ𝑗𝑜|. Let |𝑋max| = max(|𝑋𝑖|) be the largest
number of the states of the local models. If the failure event is
A-diagnosable in the local models, then the complexity of the
computing process is𝑂(𝑚×22|𝑋max|×22|𝑋max|×|Σ𝑜|). However,
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Figure 11: The synchronized stochastic diagnoser of 𝐺1, 𝐺2, and 𝐺3.

Table 1: Complexity of verifying A-diagnosability in distributed
SDES.

Automaton Number of states Number of transitions
𝐺𝑖 |𝑋𝑖| |𝑋𝑖| × |Σ𝑖|
𝐺𝑖𝑑 22|𝑋𝑖 | 22|𝑋𝑖 | × |Σ𝑖𝑜|
𝐺𝑖𝑗sd 24|𝑋𝑖 |×|𝑋𝑗 | 24|𝑋𝑖 |×|𝑋𝑗 | × |Σ𝑖𝑜 × Σ𝑗𝑜|
𝐺 22𝑚|𝑋max |

𝑚 22𝑚|𝑋max |
𝑚 × |Σ𝑜|𝑚

Complexity 𝑂(22𝑚|𝑋max |
𝑚 × 22𝑚|𝑋max |

𝑚 × |Σ𝑜|𝑚)

if the local models are not A-diagnosable, the synchronized
stochastic diagnosers should be constructed to verify the A-
diagnosability of the distributed SDES. The worst case is that
we verify the A-diagnosability through the global model.The
number of states of the global model is 22𝑚|𝑋max|

𝑚

and the
number of transitions is 22𝑚|𝑋max|

𝑚 × |Σ𝑜|𝑚. Therefore, the
overall complexity of the computing process of verifying A-
diagnosability is 𝑂(22𝑚|𝑋max|

𝑚 × 22𝑚|𝑋max|
𝑚 × |Σ𝑜|𝑚).

6. Related Work

Since Sampath et al. proposed diagnosability in DESs [1],
many algorithms about failure diagnosis were proposed. In
order to reduce the complexity in central diagnosis, DESs
with decentralized information were investigated. References
[4, 9] described the diagnosis in decentralized DES and [3,
7, 8] described the diagnosis in distributed DES. SDES can
present the system more precisely. In the context of testing
diagnosability of SDES, a number of approaches have been
proposed, including [11–17]. Reference [16] has defined safe
diagnosability for SDES, in which failure detection occurs
before any given forbidden string in the failedmode of system
is executed. References [11–13, 17] have presented the algo-
rithms of testing diagnosability of SDES.Themethods in [12]
constructed a diagnoser and usedMarkovmatrix to test diag-
nosability of the SDES.The complexity of the methods in [12]
is𝑂(2×22|𝑋|×|𝑋|2×|Σ|+22|𝑋|×|𝑋|3), which is exponential in
the number of states of the system. To improve the efficiency,
[11, 17] proposed a polynomial test to verify the diagnosability.
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The complexity of the methods in [11] is𝑂(|𝑋|6+2|𝑋|4×|Σ|).
Reference [11] is based on the twin-plant structure and does
not construct a diagnoser. Reference [13] has used probabilis-
tic logic to diagnose SDES.The complexity of [13] is also poly-
nomial and the power of the algorithms is 4. Because of the
large number of states in a global SDES, SDESs with decen-
tralized information were proposed. Similarly, SDESs with
decentralized information are separated into decentralized
SDESs and distributed SDESs. A-diagnosability of decentral-
ized SDESs has been presented in [15]. In order to improve
the complexity of diagnosis in decentralized SDESs, [14] pro-
posed a polynomial algorithm to check the A-diagnosability
of decentralized SDESs.

To the best of our knowledge, there is no work about A-
diagnosability in a distributed SDES. Therefore, the question
of A-diagnosability in a distributed SDES is investigated in
this paper.

7. Conclusion

A-diagnosability is an important property in SDES. SDESs
with decentralized information are partitioned into decen-
tralized SDES and distributed SDES. In this paper, we investi-
gate the A-diagnosability in distributed SDES. We introduce
the local model and global model in distributed SDES. In
order to verify the A-diagnosability of the global model,
A-diagnosability of every local model should be verified
first. For the local models which are not A-diagnosable,
we have proposed a necessary and sufficient condition to
ensure A-diagnosability of distributed SDES. A synchronized
stochastic diagnoser has been constructed to determine the
condition.

Incremental diagnosis is another approach to diagnose
the system locally. In the future, we intend to investigate the
incremental diagnosis in SDES.
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A new stochastic chemostat model with two substitutable nutrients and one microorganism is proposed and investigated. Firstly,
for the corresponding deterministic model, the threshold for extinction and permanence of the microorganism is obtained by
analyzing the stability of the equilibria. Then, for the stochastic model, the threshold of the stochastic chemostat for extinction and
permanence of the microorganism is explored. Difference of the threshold of the deterministic model and the stochastic model
shows that a large stochastic disturbance can affect the persistence of the microorganism and is harmful to the cultivation of the
microorganism. To illustrate this phenomenon, we give some computer simulations with different intensity of stochastic noise
disturbance.

1. Introduction

Chemostat is commonly used to describe the dynamics of
a microbial population in a continuous bioreactor in which
microorganisms grow on a substrate and has attracted great
interest of many scholars [1–8], since it was first introduced
by Monod [9]. A single simple species chemostat model with
Michaelis-Menten-Monod functional responsewas proposed
by [9] as follows:

d𝑆 (𝑡)𝑑𝑡 = 𝐷 (𝑆0 − 𝑆 (𝑡)) − 𝑟𝛿 𝑆 (𝑡)𝑋 (𝑡)𝐾 + 𝑆 (𝑡) ,
d𝑋 (𝑡)𝑑𝑡 = 𝑟𝑆 (𝑡)𝑋 (𝑡)𝐾 + 𝑆 (𝑡) − 𝐷𝑋 (𝑡) , (1)

where 𝑆(𝑡) is the concentration of the nutrient, 𝑋(𝑡) is the
concentration of the organism,𝐷 is the dilution (or washout)
rate, 𝑟 is the maximal growth rate,𝐾 is the Michaelis-Menten
(or half-saturation) constant with units of concentration, and𝛿 is a “yield” constant reflecting the conversion of nutrient to
organism.

However, experimental results have indicated that the
microorganisms depend on a variety of nutrition substances

such as carbon, nitrogen, energy, growth factors, inorganic
salts, and water. Then the model of microorganisms species
growth in the chemostat on two nutrients is considered by
[10–14]. Amodel of single-species growth in the chemostat on
two substitutable resources with Michaelis-Menten-Monod
functional response was proposed by [14] as follows:

d𝑆1 (𝑡)𝑑𝑡 = 𝐷 (𝑆0
1
− 𝑆1 (𝑡)) − 𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) ,

d𝑆2 (𝑡)𝑑𝑡 = 𝐷 (𝑆0
2
− 𝑆2 (𝑡)) − 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) ,

d𝑋 (𝑡)𝑑𝑡 = 𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) + 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) − 𝐷𝑋 (𝑡) .
(2)

However, it is now well known that stochastic noise is
widely present in biological systems and so on [15–33] and
microorganisms are inevitably influenced by some random
factors in the process of cultivation. To better understand
the dynamic behavior of the chemostat, a host of scholars
proposed a slice of stochastic chemostat models and studied
the effect of the randomnoise on the dynamic behavior of the
stochastic models. As an example, Imhof and Walcher [34]
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proposed a stochastic chemostat model for a single microor-
ganism species consuming a single nutrient. They found that
random effects may lead to extinction in scenarios where the
deterministic model predicts persistence. Recently, Xu and
Yuan [35] established a stochastic chemostat model in which
the maximal growth rate is influenced by the white noise in
environment as follows:

d𝑆 (𝑡) = (𝐷 (𝑆0 − 𝑆 (𝑡)) − 𝑚𝑆 (𝑡)𝑋 (𝑡)𝑎 + 𝑆 (𝑡) ) d𝑡
− 𝛼𝑆 (𝑡)𝑋 (𝑡) d𝐵 (𝑡)𝑎 + 𝑆 (𝑡) ,

d𝑋 (𝑡) = (𝑚𝑆 (𝑡)𝑋 (𝑡)𝑎 + 𝑆 (𝑡) − 𝐷𝑋 (𝑡)) d𝑡
+ 𝛼𝑆 (𝑡)𝑋 (𝑡) d𝐵 (𝑡)𝑎 + 𝑆 (𝑡) .

(3)

They got an analogue break-even concentration involving the
white noise which can determine the exclusion and persis-
tence of the microorganism. And more stochastic chemostat
models can be found in [36–39].

Motivated by the papers mentioned above, in this paper,
we further consider a model of single-species growth in the
chemostat on two supplementary resources with Michaelis-
Menten-Monod functional response and environmental
noise. We assume that the maximal growth rate 𝑟𝑖 (𝑖 = 1, 2) is
perturbed by white noises so that

𝑟𝑖 → 𝑟𝑖 + 𝜎𝑖�̇�𝑖 (𝑡) , (4)

where𝐵𝑖(𝑡) is a standard Brownianmotionwith intensity𝜎𝑖 >0.Then the resultant model takes the following form:

d𝑆1 (𝑡) = (𝐷 (𝑆0
1
− 𝑆1 (𝑡)) − 𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) ) d𝑡

− 𝜎1𝑆1 (𝑡) 𝑋 (𝑡) d𝐵1 (𝑡)𝐾1 + 𝑆1 (𝑡) ,
d𝑆2 (𝑡) = (𝐷 (𝑆0

2
− 𝑆2 (𝑡)) − 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) ) d𝑡

− 𝜎2𝑆2 (𝑡) 𝑋 (𝑡) d𝐵2 (𝑡)𝐾2 + 𝑆2 (𝑡) ,
d𝑋 (𝑡) = (𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) + 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) − 𝐷𝑋 (𝑡)) d𝑡

+ 𝜎1𝑆1 (𝑡) 𝑋 (𝑡) d𝐵1 (𝑡)𝐾1 + 𝑆1 (𝑡)
+ 𝜎2𝑆2 (𝑡) 𝑋 (𝑡) d𝐵2 (𝑡)𝐾2 + 𝑆2 (𝑡) .

(5)

Our main objective in the rest of this paper is to investigate
the threshold dynamics of stochastic chemostat model (5)
and explore the conditions under whichmicroorganisms will
die out or exist.

2. Preliminaries

In this section, we will give some notations, definitions, and
lemmas which will be used for analyzing our main results. To
this end, throughout this paper, we let (Ω,F, {F}𝑡≥0,P) be a
complete probability space with a filtration {F𝑡}𝑡≥0 satisfying
the usual conditions: it is increasing and right continuous
whileF0 contains allP-null sets; we use 𝐵(𝑡) to represent a
scalar Brownian motion defined on the complete probability
space Ω; also let 𝑅2

+
= {𝑥𝑖 > 0, 𝑖 = 1, 2}. If for an integrable

function 𝑓 on [0, +∞), define
⟨𝑓 (𝑡)⟩ = 1𝑡 ∫𝑡0 𝑓 (𝜃) d𝜃. (6)

Then we have the following.

Definition 1. For system (5),

(i) the microorganism 𝑋(𝑡) is said to be extinctive if
lim𝑡→+∞𝑋(𝑡) = 0,

(ii) the microorganism 𝑋(𝑡) is said to be permanent in
mean if there exists a positive constant 𝜆 such that
lim inf 𝑡→+∞⟨𝑋(𝑡)⟩ ≥ 𝜆.

Then, one can show the following lemmas.

Lemma 2. The solution (𝑆1(𝑡), 𝑆2(𝑡), 𝑋(𝑡)) of model (2) or (5)
with the initial condition (𝑆1(0), 𝑆2(0), 𝑋(0)) ∈ 𝑅3+ is ultimately
bounded; that is,

lim sup
𝑡→∞

𝑆1 (𝑡) ≤ 𝑆0
1
,

lim sup
𝑡→∞

𝑆2 (𝑡) ≤ 𝑆0
2
,

lim sup
𝑡→∞

𝑀(𝑡) ≤ 𝑆0
1
+ 𝑆0
2
,

(7)

where𝑀(𝑡) = 𝑆1(𝑡) + 𝑆2(𝑡) + 𝑋(𝑡).
Proof. Letting𝑀(𝑡) = 𝑆1(𝑡) + 𝑆2(𝑡) +𝑋(𝑡), from system (2) or
system (5), we have

d𝑀(𝑡)
d𝑡 = 𝐷 (𝑆0

1
+ 𝑆0
2
) − 𝐷𝑀(𝑡) . (8)

This implies that

lim
𝑡→+∞

𝑀(𝑡) = 𝑆0
1
+ 𝑆0
2
. (9)

Thus, we have

lim sup
𝑡→∞

𝑆1 (𝑡) ≤ 𝑆0
1
,

lim sup
𝑡→∞

𝑆2 (𝑡) ≤ 𝑆0
2
,

lim sup
𝑡→∞

𝑀(𝑡) = 𝑆0
1
+ 𝑆0
2
.

(10)

This completes the proof of Lemma 2.
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By Lemma 2 and the strong law of large numbers for
martingales [40], we can obtain the following lemma.

Lemma 3. Letting (𝑆1(𝑡), 𝑆2(𝑡), 𝑋(𝑡)) be a solution of system
(5) with initial value (𝑆1(0), 𝑆2(0), 𝑋(0)) ∈ 𝑅3+, then

lim
𝑡→+∞

1𝑡 ∫𝑡0 𝜎1𝑆1 (𝜏)𝐾1 + 𝑆1 (𝜏)d𝐵 (𝜏) = 0,
lim
𝑡→+∞

1𝑡 ∫𝑡0 𝜎2𝑆2 (𝜏)𝐾2 + 𝑆2 (𝜏)d𝐵 (𝜏) = 0. (11)

3. Dynamics of Deterministic System (2)

In this section, we will focus on the deterministic system (2).
It is easy to see that the equilibria point of (2) satisfy

𝐷(𝑆0
1
− 𝑆1 (𝑡)) − 𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) = 0,

𝐷 (𝑆0
2
− 𝑆2 (𝑡)) − 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) = 0,

𝑟1𝑆1 (𝑡) 𝑋 (𝑡)𝐾1 + 𝑆1 (𝑡) + 𝑟2𝑆2 (𝑡) 𝑋 (𝑡)𝐾2 + 𝑆2 (𝑡) − 𝐷𝑋 (𝑡) = 0,
(12)

and, obviously, model (2) has a microorganism extinction
equilibrium 𝐸0(𝑆01, 𝑆02, 0). Let 𝐸∗(𝑆∗1 , 𝑆∗2 , 𝑋∗) be the coexis-
tence equilibrium of model (2), which satisfies𝑓 (𝑆2) š 𝑎 (𝑆2)3 + 𝑏 (𝑆2)2 + 𝑐𝑆2 + 𝑑 = 0, (13)

where𝑎 = (𝑟2 − 𝐷) (𝑟1 + 𝑟2 − 𝐷) ,𝑏 = 𝑟1𝑆02𝐷 + 𝐷𝑆0
1
𝑟2 − 2𝑟1𝐾2𝐷 − 𝑟2

2
𝑆0
1
+ 𝑟1𝐾2𝑟2 − 𝑆02𝑟22− 𝑟2

2
𝐾1 + 2𝐷2𝐾2 − 𝑆02𝐷2 − 𝑆01𝑟2𝑟1 − 2𝑟2𝐷𝐾2+ 2𝑆0
2
𝑟2𝐷 + 𝐷𝐾1𝑟2 − 𝑟1𝑆02𝑟2,𝑐 = −2𝑆0
2
𝐷2𝐾2 + 𝑟2𝐾1𝐷𝐾2 − 𝐾22𝑟1𝐷 + 𝑆0

1
𝑟2𝐷𝐾2− 𝐾2𝑆02𝑟1𝑟2 + 2𝐷𝑆02𝐾2𝑟1 + 𝐷2𝐾22 − 𝑆01𝑟2𝑟1𝐾2+ 2𝑆0

2
𝑟2𝐷𝐾2,𝑑 = 𝐾2

2
𝑆0
2
𝐷(𝑟1 − 𝐷) .

(14)

Then we have that𝑓 (0) = 𝐾2
2
𝑆0
2
𝐷(𝑟1 − 𝐷) ,

𝑓 (𝑆0
2
) = 𝐷𝑆0

1
𝑟2 (𝑆02)2 − 𝑟22𝑆01 (𝑆02)2 − 𝑟22𝐾1 (𝑆02)2

− 𝑆0
1
𝑟2𝑟1 (𝑆02)2 + 𝐷𝐾1𝑟2 (𝑆02)2 + 𝑟2𝐾1𝐷𝐾2𝑆02+ 𝑆0
1
𝑟2𝐷𝐾2𝑆02 − 𝑆01𝑟2𝑟1𝐾2𝑆02= 𝑟2𝑆02 (𝐷 (𝑆0

1
+ 𝐾1) (𝑆02 + 𝐾2) − 𝑆01𝑟1 (𝐾2 + 𝑆02)

− 𝑟2𝑆02 (𝑆01 + 𝐾1)) .

(15)

Denote

R = 1𝐷 ( 1𝛿1 + 1𝛿2) , (16)

where 𝛿1 = (𝐾1 + 𝑆01)/𝑟1𝑆01, 𝛿2 = (𝐾2 + 𝑆02)/𝑟2𝑆02.
Obviously, IfR > 1, we have𝑓(𝑆0

2
) < 0. If 𝑟1 > 𝐷, we have𝑓(0) > 0.Thus, equation has one positive root 𝑆2 at least, and𝑆2 ∈ (0, 𝑆02).

From the second equation of (12), one gets

𝑋 = 𝐷(𝑆0
2
− 𝑆2) (𝐾2 + 𝑆2)𝑟2𝑆2 . (17)

Substituting (17) into the first equation of (12), we have

𝑟2𝑆2𝑆21 + (𝑟1 (𝑆02 − 𝑆2) (𝐾2 + 𝑆2) − 𝑟2 (𝑆01 − 𝐾1) 𝑆2) 𝑆1− 𝑟2𝑆2𝑆01𝐾1 = 0. (18)

Let𝑔 (𝑆1)= 𝑟2𝑆2𝑆21+ (𝑟1 (𝑆02 − 𝑆2) (𝐾2 + 𝑆2) − 𝑟2 (𝑆01 − 𝐾1) 𝑆2) 𝑆1− 𝑟2𝑆2𝑆01𝐾1.
(19)

It is easy to see that

𝑔 (0) = −𝑟2𝑆2𝑆01𝐾1 < 0,
𝑔 (𝑆0
1
) = 𝑟1𝑆01 (𝑆02 − 𝑆2) (𝐾2 + 𝑆2) > 0. (20)

Thus, (18) has one positive root 𝑆1 at least, and 𝑆1 ∈ (0, 𝑆01).
From the third equation of (12), we have 0 < 𝑋 < 𝑆0

1
+ 𝑆0
2
.

Then we have the following theorem.

Theorem 4. If 𝑟1 > 𝐷 andR > 1, then system (2) has unique
positive equilibrium 𝐸∗.

Regarding the stability of these equilibria, we have the
following theorem.

Theorem 5. Then for system (2), one has the following.

(i) If R < 1, microorganism extinction equilibrium 𝐸0 is
locally stable; ifR > 1 it is unstable.

(ii) If 𝑟1 > 𝐷 andR > 1, the coexistence equilibrium 𝐸∗ is
locally stable.

Proof. Linearizing the system at the equilibrium 𝐸(𝑆∘
1
, 𝑆∘
2
, 𝑋∘)

gives the Jacobian

𝐽 = (−𝐷 − 𝑎1 0 −𝑎40 −𝐷 − 𝑎2 −𝑎3𝑎1 𝑎2 𝑎3 + 𝑎4 − 𝐷) , (21)
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where

𝑎1 = 𝐾1𝑟1𝑋∘(𝐾1 + 𝑆∘1)2 ,
𝑎2 = 𝐾2𝑟2𝑋∘(𝐾2 + 𝑆∘2)2 ,
𝑎3 = 𝑟2𝑆∘2𝐾2 + 𝑆∘2 ,
𝑎4 = 𝑟1𝑆∘1𝐾1 + 𝑆∘1 .

(22)

The characteristic equation gives

(𝜆 + 𝐷) (𝜆2 + 𝐴𝜆 + 𝐵) = 0, (23)

where

𝐴 = 2𝐷 + 𝑎1 + 𝑎2 − 𝑎3 − 𝑎4,𝐵 = 𝐷2 + 𝑎1𝐷 + 𝑎2𝐷 + 𝑎1𝑎2 − 𝑎3𝐷 − 𝑎4𝐷 − 𝑎1𝑎3− 𝑎2𝑎4.
(24)

Obviously, we have, at 𝐸0,
𝑎1 = 0,𝑎2 = 0,
𝑎3 = 𝑟2𝑆02𝐾2 + 𝑆02 ,
𝑎4 = 𝑟1𝑆01𝐾1 + 𝑆01 .

(25)

Then we have

𝐴 = 2𝐷 − 𝑎3 − 𝑎4,𝐵 = 𝐷 (𝐷 − (𝑎3 + 𝑎4)) , (26)

and thus if R < 1, all the eigenvalues of (23) have negative
real part; then, by the stability theory, 𝐸0 is stable.

And, at 𝐸∗, we have
𝐴 = 2𝐷 + 𝑎1 + 𝑎2 − 𝑎3 − 𝑎4 = 𝐷 + 𝑎1 + 𝑎2 > 0,
𝐵 = 𝐷2 + 𝑎1𝐷 + 𝑎2𝐷 + 𝑎1𝑎2 − 𝑎3𝐷 − 𝑎4𝐷 − 𝑎1𝑎3− 𝑎2𝑎4 = 𝑎1𝑎2 + 𝑎1 (𝐷 − 𝑎3) + 𝑎2 (𝐷 − 𝑎4) > 0;

(27)

here 𝑎3 +𝑎4 = 𝐷 is used.Then all the eigenvalues of (23) have
negative real part; thus, by the stability theory, the diseases
equilibrium is stable as long as it exists.

4. Dynamics of Stochastic System (5)

4.1. Extinction. In this section, we explore the conditions
leading to the extinction of the two infectious diseases.
Denote

R
∗ = R

− 1𝐷 (𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 − 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2) , (28)

whereR is introduced in (16). Then we have the following.

Theorem 6. For system (5), if one of the following holds,

(i) 𝜎2
1
> 𝛿1, 𝜎22 > 𝛿2, and 𝑟21/2𝜎21 + 𝑟22/2𝜎22 < 𝐷,

(ii) 𝜎2
1
> 𝛿1, 𝜎22 < 𝛿2, and −𝐷 + 𝑟2

1
/2𝜎2
1
+ 𝑟2𝑆02/(𝐾2 + 𝑆02) −(𝜎2

2
/2)(𝑆0
2
/(𝐾2 + 𝑆02))2 < 0,

(iii) 𝜎2
1
< 𝛿1, 𝜎22 > 𝛿2, and −𝐷 + 𝑟2

2
/2𝜎2
2
+ 𝑟1𝑆01/(𝐾1 + 𝑆01) −(𝜎2

1
/2)(𝑆0
1
/(𝐾1 + 𝑆01))2 < 0,

(iv) 𝜎2
1
< 𝛿1, 𝜎22 < 𝛿2, andR∗ < 1,

then the microorganism 𝑋(𝑡) of system (5) goes to extinction
almost surely. Moreover,

lim
𝑡→+∞

𝑆1 (𝑡) = 𝑆0
1
,

lim
𝑡→+∞

𝑆2 (𝑡) = 𝑆0
2
, (29)

almost surely.

Proof. Let (𝑆1(𝑡), 𝑆2(𝑡), 𝑋(𝑡)) be a solution of system (5) with
initial value (𝑆1(0), 𝑆2(0), 𝑋(0)) ∈ 𝑅3

+
. Applying Itô’s formula

to system (5) results in

d ln𝑋 (𝑡)
= (𝑟1𝜙1 (𝑡) + 𝑟2𝜙2 (𝑡) − 𝐷 − 𝜎2

12 𝜙2
1
(𝑡) − 𝜎2

22 𝜙2
2
(𝑡)) d𝑡

+ 𝜎1𝑆1 (𝑡) d𝐵 (𝑡)𝐾1 + 𝑆1 (𝑡) + 𝜎2𝑆2 (𝑡) d𝐵 (𝑡)𝐾2 + 𝑆2 (𝑡) ,
(30)

where 𝜙1(𝑡) = 𝑆1(𝑡)𝑋(𝑡)/(𝐾1+𝑆1(𝑡)), 𝜙2(𝑡) = 𝑆2(𝑡)𝑋(𝑡)/(𝐾2+𝑆2(𝑡)).
Integrating both sides of (30) from 0 to 𝑡 gives

ln𝑋(𝑡)
= ∫𝑡
0

(𝑟1𝜙1 (𝜏) + 𝑟2𝜙2 (𝜏) − 𝜎2
12 𝜙2
1
(𝜏) − 𝜎2

22 𝜙2
2
(𝜏)) d𝜏

− 𝐷𝑡 +𝑀1 (𝑡) + 𝑀2 (𝑡) + ln𝑋 (0) ,
(31)

where

𝑀1 (𝑡) = ∫𝑡
0

𝜎1𝑆1 (𝑡) d𝐵 (𝜏)𝐾1 + 𝑆1 (𝑡) ,
𝑀2 (𝑡) = ∫𝑡

0

𝜎2𝑆2 (𝑡) d𝐵 (𝜏)𝐾2 + 𝑆2 (𝑡) , (32)
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known as the local continuous martingale, and 𝑀(0) =0. Obviously, we need to estimate the maximum value of𝑟1𝜙1(𝑡) + 𝑟2𝜙2(𝑡) − (𝜎21/2)𝜙21(𝑡) − (𝜎22/2)𝜙22(𝑡).
Let us consider quadratic function

𝑔 (𝑧) = 𝑎𝑧 − 𝜎22 𝑧2, 𝑧 ∈ [0, 𝑏𝐾 + 𝑏] , 𝑏 > 0. (33)

It is easy to verify that when 𝜎2 > 𝛿 = (𝐾+𝑏)/𝑎𝑏, 𝑔(𝑧) reaches
its maximum value 𝑔max = 𝑎2/2𝜎2 at 𝑧 = 𝑎/𝜎2; and when𝜎2 < 𝛿, 𝑔(𝑧) achieve its maximum value 𝑔max = 𝛿3 = 𝑎𝑏/(𝐾+𝑏)−(𝜎2/2)(𝑏/(𝐾+𝑏))2 at 𝑧 = 𝑏/(𝐾+𝑏).Then, in (31), we have
four cases to be discussed, depending on whether 𝜎2

1
> 𝛿1 or𝜎2

2
> 𝛿2, which are as follows: Case 1: 𝜎2

1
> 𝛿1, 𝜎22 > 𝛿2; Case

2: 𝜎2
1
> 𝛿1, 𝜎22 < 𝛿2; Case 3: 𝜎21 < 𝛿1, 𝜎22 > 𝛿2; and Case 4:𝜎2

1
< 𝛿1, 𝜎22 < 𝛿2.
For Case 1, since 𝜎2

1
> 𝛿1, 𝜎22 > 𝛿2, then 𝑟1𝜙1(𝑡) +𝑟2𝜙2(𝑡)−(𝜎21/2)𝜙21(𝑡)−(𝜎22/2)𝜙22(𝑡) achieve themaximumvalue𝑟2

1
/2𝜎2
1
+ 𝑟2
2
/2𝜎2
2
.Then we can easily see from (31) that

ln𝑋 (𝑡) ≤ ( 𝑟2
12𝜎2
1

+ 𝑟2
22𝜎2
2

) 𝑡 − 𝐷𝑡 +𝑀1 (𝑡) + 𝑀2 (𝑡)
+ ln𝑋 (0) . (34)

Dividing both sides of (34) by 𝑡 > 0, we have
ln𝑋 (𝑡)𝑡 ≤ −(𝐷 − 𝑟2

12𝜎2
1

− 𝑟2
22𝜎2
2

) + 𝑀(𝑡)𝑡 + ln𝑋 (0)𝑡 (35)

and, by Lemma 3, we have

lim
𝑡→+∞

𝑀(𝑡)𝑡 = 0. (36)

Then, taking the limit superior on both sides of (35) leads to

lim sup
𝑡→+∞

ln𝑋 (𝑡)𝑡 ≤ −(𝐷 − 𝑟2
12𝜎2
1

− 𝑟2
22𝜎2
2

) < 0, (37)

which implies lim𝑡→+∞𝑋(𝑡) = 0, and here 𝑟2
1
/2𝜎2
1
+ 𝑟2
2
/2𝜎2
2
<𝐷 is used.

Case 2. 𝜎2
1
> 𝛿1 = (𝐾 + 𝑆0

1
)/𝑟1𝑆01, 𝜎22 < 𝛿2 = (𝐾 + 𝑆0

2
)/𝑟2𝑆02.

In this case, we can easily see from (31) that

ln𝑋 (𝑡) ≤ ( 𝑟2
12𝜎2
1

+ 𝑟2𝑆02𝐾2 + 𝑆02 − 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2) 𝑡

− 𝐷𝑡 +𝑀1 (𝑡) + 𝑀2 (𝑡) + ln𝑋 (0) . (38)

Dividing both sides of (38) by 𝑡 > 0, we have
ln𝑋 (𝑡)𝑡

≤ −(𝐷 − 𝑟2
12𝜎2
1

− 𝑟2𝑆02𝐾2 + 𝑆02 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2)

+ 𝑀(𝑡)𝑡 + ln𝑋 (0)𝑡
(39)

and, by Lemma 3, we have

lim
𝑡→+∞

𝑀(𝑡)𝑡 = 0. (40)

Then, taking the limit superior on both sides of (38) leads to

lim sup
𝑡→+∞

ln𝑋(𝑡)𝑡
≤ −(𝐷 − 𝑟2

12𝜎2
1

− 𝑟2𝑆02𝐾2 + 𝑆02 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2)

< 0
(41)

which implies lim𝑡→+∞𝑋(𝑡) = 0.
The same discussion can be used in Case 3; here we omit

it.
Next, we consider Case 4: 𝜎2

1
< 𝛿1 = (𝐾 + 𝑆0

1
)/𝑟1𝑆01, 𝜎22 <𝛿2 = (𝐾 + 𝑆0

2
)/𝑟2𝑆02. From (31), we have

ln𝑋(𝑡) ≤ ( 𝑟1𝑆01𝐾1 + 𝑆01 − 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 + 𝑟2𝑆02𝐾2 + 𝑆02

− 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2) − 𝐷𝑡 +𝑀1 (𝑡) + 𝑀2 (𝑡)

+ ln𝑋 (0) .
(42)

Dividing both sides of (42) by 𝑡 > 0, we have
ln𝑋 (𝑡)𝑡 ≤ −(𝐷 − 𝑟1𝑆01𝐾1 + 𝑆01 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2

− 𝑟2𝑆02𝐾2 + 𝑆02 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2) + 𝑀(𝑡)𝑡

+ ln𝑋 (0)𝑡
(43)

and, by Lemma 3, we have

lim
𝑡→+∞

𝑀(𝑡)𝑡 = 0. (44)

Then, taking the limit superior on both sides of (43) leads to

lim sup
𝑡→+∞

ln𝑋 (𝑡)𝑡 ≤ −(𝐷 − 𝑟1𝑆01𝐾1 + 𝑆01
+ 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 − 𝑟2𝑆02𝐾2 + 𝑆02 + 𝜎2

22 ( 𝑆0
2𝐾2 + 𝑆02)

2)
< 0

(45)

which implies lim𝑡→+∞𝑋(𝑡) = 0.
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Next, we prove the last conclusion. Given 0 < 𝜀 ≪ 1, since
lim𝑡→+∞𝑋(𝑡) = 0, we have 0 < 𝑋(𝑡) < 𝜀 for 𝑡 large enough.
By the first equation of system (5), we have

d𝑆1 (𝑡) ≥ (𝐷 (𝑆0
1
− 𝑆1 (𝑡)) − 𝑟1𝑆1 (𝑡) 𝜀𝐾1 + 𝑆1 (𝑡)) d𝑡

− 𝜎1𝑆1 (𝑡) 𝜀d𝐵 (𝑡)𝐾1 + 𝑆1 (𝑡) ,
d𝑆1 (𝑡)
d𝑡 ≥ 𝐷𝑆0

1
− (𝐷 + 𝑟1𝜀𝐾1 + 𝜎1𝜀 |𝐵 (𝑡)|𝐾1 ) 𝑆1 (𝑡) .

(46)

Then when 𝜀 → 0 we have
lim inf
𝑡→+∞

𝑆1 (𝑡) ≥ 𝑆0
1
. (47)

On the other hand from the proof of Lemma 2, we have

lim
𝑡→+∞

𝑆1 (𝑡) ≤ 𝑆0
1
+ 𝜀. (48)

Let 𝜀 → 0. Then one has

lim sup
𝑡→+∞

𝑆1 (𝑡) ≤ 𝑆0
1
. (49)

From (47) and (49), we have

lim
𝑡→+∞

𝑆1 (𝑡) = 𝑆0
1 (50)

almost surely.
By employing the method similar above, it then follows

that

lim
𝑡→+∞

𝑆2 (𝑡) = 𝑆0
2 (51)

almost surely. This completes the proof of Theorem 6.

4.2. Permanence in Mean

Theorem 7. If R > 1, then the microorganism 𝑋(𝑡) is
permanent in mean; moreover,𝑋(𝑡) satisfies

lim inf
𝑡→+∞

⟨𝑋 (𝑡)⟩ ≥ 𝐷Δ (R∗ − 1) , (52)

where Δ = min{(𝐾1 + 𝑆01)𝐷/𝑟1, (𝐾2 + 𝑆02)𝐷/𝑟2}.
Proof. Integrating from 0 to 𝑡 and dividing by 𝑡 on both sides
of system (5) yield

Θ (𝑡) ≜ 𝑆1 (𝑡) − 𝑆1 (0)𝑡 + 𝑆2 (𝑡) − 𝑆2 (0)𝑡
+ 𝑋 (𝑡) − 𝑋 (0)𝑡= 𝐷 (𝑆0
1
+ 𝑆0
2
) − 𝐷 (⟨𝑆1 (𝑡)⟩ + ⟨𝑆2 (𝑡)⟩)− 𝐷 ⟨𝑋 (𝑡)⟩ .

(53)

Then one can get

𝐷⟨𝑋 (𝑡)⟩ = 𝐷 (𝑆0
1
+ 𝑆0
2
) − 𝐷 (⟨𝑆1 (𝑡)⟩ + ⟨𝑆2 (𝑡)⟩)− Θ (𝑡) . (54)

Applying Itô’s formula gives

d ln𝑋 (𝑡) = (𝑟1𝜙1 (𝑡) + 𝑟2𝜙2 (𝑡) − 𝐷 − 𝜎2
12 𝜙2
1
(𝑡)

− 𝜎2
22 𝜙2
2
(𝑡)) d𝑡 + 𝜎1𝑆1 (𝑡) d𝐵 (𝑡)𝐾1 + 𝑆1 (𝑡)

+ 𝜎2𝑆2 (𝑡) d𝐵 (𝑡)𝐾2 + 𝑆2 (𝑡)
≥ (𝑟1𝜙1 (𝑡) + 𝑟2𝜙2 (𝑡) − 𝐷 − 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2

− 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2) d𝑡 + 𝜎1𝑆1 (𝑡) d𝐵 (𝑡)𝐾1 + 𝑆1 (𝑡)

+ 𝜎2𝑆2 (𝑡) d𝐵 (𝑡)𝐾2 + 𝑆2 (𝑡) .

(55)

Integrating from 0 to 𝑡 and dividing by 𝑡 on both sides of (55)
yields

ln𝑋 (𝑡) − ln𝑋 (0)𝑡
≥ 𝑟1 1𝑡 ∫𝑡0 𝜙1 (𝜃) d𝜃 + 𝑟2 1𝑡 ∫𝑡0 𝜙2 (𝜃) d𝜃
− [𝐷 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2]

+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 ,

(56)

where 𝑀1(𝑡) = ∫𝑡
0
(𝜎1𝑆1(𝜏)/(𝐾1 + 𝑆1(𝜏)))d𝐵(𝜏), 𝑀2(𝑡) =∫𝑡

0
(𝜎2𝑆2(𝜏)/(𝐾2 + 𝑆2(𝜏)))d𝐵(𝜏). Noticing that
∫𝑡
0

𝜙1 (𝜃) d𝜃 = ∫𝑡
0

𝑆1 (𝜃)𝐾1 + 𝑆1 (𝜃)d𝜃 ≥ ∫𝑡
0

𝑆1 (𝜃)𝐾1 + 𝑆01 d𝜃,
∫𝑡
0

𝜙2 (𝜃) d𝜃 = ∫𝑡
0

𝑆2 (𝜃)𝐾2 + 𝑆2 (𝜃)d𝜃 ≥ ∫𝑡
0

𝑆2 (𝜃)𝐾2 + 𝑆02 d𝜃,
(57)
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then we have

ln𝑋(𝑡) − ln𝑋 (0)𝑡
≥ −[𝐷 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2]

+ 𝑟1𝐾1 + 𝑆01 ⟨𝑆1 (𝑡)⟩ + 𝑟2𝐾2 + 𝑆02 ⟨𝑆2 (𝑡)⟩ + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡

= −[𝐷 + 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2]

+ 𝑟2(𝐾2 + 𝑆02) (𝑆01 + 𝑆02)
+ ( 𝑟1𝐾1 + 𝑆01 − 𝑟2𝐾2 + 𝑆02)⟨𝑆1 (𝑡)⟩
− 𝑟2𝐾2 + 𝑆02 ⟨𝑋 (𝑡)⟩ − 𝑟2𝐾2 + 𝑆02 Θ (𝑡)𝐷 + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 .

(58)

If 𝑟1/(𝐾1 + 𝑆01) ≤ 𝑟2/(𝐾2 + 𝑆02), we can get

ln𝑋 (𝑡) − ln𝑋 (0)𝑡
≥ −[𝐷 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2]

+ 𝑟2(𝐾2 + 𝑆02) (𝑆01 + 𝑆02)
+ ( 𝑟1𝐾1 + 𝑆01 − 𝑟2𝐾2 + 𝑆02)𝑆0

1
− 𝑟2𝐾2 + 𝑆02 ⟨𝑋 (𝑡)⟩

− 𝑟2𝐾2 + 𝑆02 Θ (𝑡)𝐷 + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡
≥ −[𝐷 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2 + 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2]

+ 𝑟2𝑆02𝐾2 + 𝑆02 + 𝑟1𝑆01𝐾1 + 𝑆01 − 𝑟2𝐾2 + 𝑆02 ⟨𝑋 (𝑡)⟩
− 𝑟2𝐾2 + 𝑆02 Θ (𝑡)𝐷 + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 .

(59)

By inequality (59), we have

⟨𝑋 (𝑡)⟩ ≥ 𝐾2 + 𝑆02𝑟2 ( 𝑟1𝑆01𝐾1 + 𝑆01 + 𝑟2𝑆02𝐾2 + 𝑆02
− 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 − 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2 − 𝐷)

− 𝐾2 + 𝑆02𝑟2 ( ln𝑋 (𝑡) − ln𝑋(0)𝑡 + 𝑟2𝐾2 + 𝑆02 Θ (𝑡)𝐷
+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 ) .

(60)

By Lemma 3, we get that lim𝑡→+∞(𝑀(𝑡)/𝑡) = 0. Accord-
ing to Lemma 2, one sees that lim sup

𝑡→+∞
𝑆1(𝑡) ≤ 𝑆0

1
,

lim sup
𝑡→+∞

𝑆2(𝑡) ≤ 𝑆0
2
, and lim sup

𝑡→+∞
𝑋(𝑡) ≤ 𝐶0 + 𝑆02, and

then one has lim𝑡→+∞(ln𝑋(𝑡)/𝑡) = 0 and lim𝑡→+∞Θ(𝑡) = 0.
Thus taking the inferior limit of both sides of (60) yields

lim inf
𝑡→+∞

⟨𝑋 (𝑡)⟩ ≥ (𝐾2 + 𝑆02)𝐷𝑟2 (R∗ − 1) . (61)

And if 𝑟1/(𝐾1 + 𝑆01) ≥ 𝑟2/(𝐾2 + 𝑆02), we can get

ln𝑋 (𝑡) − ln𝑋(0)𝑡 ≥ −[𝐷 + 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2

+ 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2] + 𝑟1𝐾1 + 𝑆01 ((𝑆01 + 𝑆02)

− ⟨𝑆2 (𝑡)⟩ − ⟨𝑋 (𝑡)⟩ − Θ (𝑡)𝐷 ) + 𝑟2𝐾2 + 𝑆02 ⟨𝑆2 (𝑡)⟩
+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 = −[𝐷 + 𝜎2

12 ( 𝑆0
1𝐾1 + 𝑆01)

2

+ 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2] + 𝑟1𝑆01𝐾1 + 𝑆01 + 𝑟2𝑆02𝐾2 + 𝑆02

− 𝑟1𝐾1 + 𝑆01 ⟨𝑋 (𝑡)⟩ − 𝑟2𝐾2 + 𝑆02 Θ (𝑡)𝐷 + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 ,

(62)

where 𝑀1(𝑡) = ∫𝑡
0
(𝜎1𝑆1(𝜏)/(𝐾1 + 𝑆1(𝜏)))d𝐵(𝜏), 𝑀2(𝑡) =∫𝑡

0
(𝜎2𝑆2(𝜏)/(𝐾2 + 𝑆2(𝜏)))d𝐵(𝜏).
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Inequality (62) can be rewritten as

⟨𝑋 (𝑡)⟩ ≥ (𝐾2 + 𝑆02)𝑟2 ( 𝑟1𝑆01𝐾1 + 𝑆01 + 𝑟2𝑆02𝐾2 + 𝑆02
− 𝜎2
12 ( 𝑆0

1𝐾1 + 𝑆01)
2 − 𝜎2
22 ( 𝑆0

2𝐾2 + 𝑆02)
2 − 𝐷)

− (𝐾2 + 𝑆02)𝑟2 ( ln𝑋 (𝑡) − ln𝑋(0)𝑡 + 𝑟1𝐾1 + 𝑆01 Θ (𝑡)𝐷
+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 ) .

(63)

Taking the inferior limit of both sides of (63) yields

lim inf
𝑡→+∞

⟨𝑋 (𝑡)⟩ ≥ (𝐾1 + 𝑆01)𝐷𝑟1 (R∗ − 1) . (64)

Let Δ = min{(𝐾1 + 𝑆01)𝐷/𝑟1, (𝐾2 + 𝑆02)𝐷/𝑟2}, and we get from
(61) and (64)

lim inf
𝑡→+∞

⟨𝑋 (𝑡)⟩ ≥ 𝐷Δ (R∗ − 1) . (65)

This completes the proof of Theorem 7.

Remark 8. Theorems 6 and 7 show that the condition for the
microorganism to go to extinction or permanence depends
on the intensity of the noise disturbances completely. And
small noise disturbanceswill be beneficial to the cultivation of
the microorganism; conversely, large white noise disturbance
is harmful to the cultivation of the microorganism.

5. Conclusion and Numerical Simulation

This paper proposes and investigates a new stochastic
chemostat model with two substitutable nutrients and one
microorganism. Then main objective in this paper is to
investigate the threshold dynamics of stochastic chemostat
model (5) and explore the conditions which can determine
the extinction and permanence of the microorganism using
two substitutable nutrients. Firstly, for the corresponding
deterministicmodel, the threshold for extinction or existence
of the microorganism is obtained by analyzing the stability of
the equilibria.Then the threshold of the stochastic chemostat
for the extinction and the permanence in mean of the
microorganism is explored.The results show that there exists
a significant difference between the threshold of the deter-
ministic system and the stochastic system, which makes the
persistent microorganism of a deterministic system become
extinct due to large stochastic disturbance. That is, large
stochastic disturbance is harmful to the cultivation of the
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Figure 1: Time series for the paths 𝑆
1
(𝑡), 𝑆

2
(𝑡), 𝑋(𝑡) for the

deterministic system with 𝐷 = 3.8, 𝑆0
1
= 1, 𝑆0

2
= 2, 𝑟

1
= 2.5, 𝑟

2
= 4,𝐾

1
= 1, 𝐾

2
= 1,R = 1.0307 > 1.

microorganism. It is worth mentioning that this paper is a
promotion of the work of Xu and Yuan [35].

Next, using the Euler Maruyama (EM) method [40], we
give some numerical simulation to illustrate the extinction
and persistence of the microorganism in stochastic system
and corresponding deterministic system for comparison.

Firstly, we begin from a deterministic system; the basic
parameters are set as 𝐷 = 3.8, 𝑆0

1
= 1, 𝑆0

2
= 2,𝑟1 = 2.5, 𝑟2 = 4, 𝐾1 = 1, and 𝐾2 = 1. Direct

calculation shows that 𝛿1 = 0.8, 𝛿2 = 0.375, and R =1.0307 > 1. Then according to Theorems 4 and 5, the
deterministic system has a unique stable positive equilib-
rium 𝐸∗(0.9295785859, 1.848231322, 0.2221900926), which
is locally stable and the deterministic system is permanent
(see Figure 1).

Next, we consider the influence of stochastic disturbance
on the above deterministic system. According to Theorem 6,
different parameters are chosen to give insights into the
reasonability of the results stated inTheorem 6.

We choose different value of parameters 𝜎1 and 𝜎2 and
discuss below five different cases.

Case 1. Choose 𝜎1 = 1.6, 𝜎2 = 1.8, by direct calculation;
we have 𝑟2

1
/2𝜎2
1
+ 𝑟2
2
/2𝜎2
2
= 3.6898 < 𝐷 = 3.8. Then, by

Theorem 6, the microorganism eventually tends to be extinct
(see Figure 2(a)).

Case 2. Choose𝜎1 = 1,𝜎2 = 0.5, by direct calculation; we have𝑟2
1
/2𝜎2
1
+ 𝑟2𝑆02/(𝐾2 + 𝑆0

2
) − (𝜎2

2
/2)(𝑆0
2
/(𝐾2 + 𝑆0

2
))2 = 0.5139 <𝐷 = 3.8.Then, by Theorem 6, the microorganism eventually

tends to be extinct (see Figure 2(b)).
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= 0.9935 < 1

Figure 2: Time series for the paths 𝑆
1
(𝑡), 𝑆
2
(𝑡),𝑋(𝑡) for the stochastic system.

Case 3. Choose 𝜎1 = 0.7, 𝜎2 = 1.3, by direct calculation; we
have 𝑟2

2
/2𝜎2
2
+𝑟1𝑆01/(𝐾1+𝑆01)−(𝜎21/2)(𝑆01/(𝐾1+𝑆01))2 = 3.5450 <𝐷 = 3.8.Then, by Theorem 6, the microorganism eventually

tends to be extinct (see Figure 2(c)).

Case 4. Choose 𝜎1 = 0.7, 𝜎2 = 0.6, by direct calculation; we
haveR = 0.9935 < 1.Then, byTheorem 6, the microorgan-
ism eventually tends to be extinct (see Figure 2(d)).

Case 5. Choose 𝜎1 = 0.2, 𝜎2 = 0.3, by direct calculation;
we have R = 1.0241 > 1. Then, by Theorem 7, the
microorganism is persistent (see Figure 3).
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This paper analyzes one kind of linear quadratic (LQ) stochastic control problem of forward backward stochastic control system
associated with Lévy process. We obtain the explicit form of the optimal control, then prove it to be unique, and get the linear
feedback regulator by introducing one kind of generalized Riccati equation. Finally, we discuss the solvability of the generalized
Riccati equation, and its existence and uniqueness of the solutions are proved in a special case.

1. Introduction

LQ stochastic optimal control is a kind of special optimal
control problem, which not only can be used to model many
linear optimal problems practically, but also can reasonably
be used to approach and solve many nonlinear problems.
In 1962, Kushner [1] firstly established a forward random
stochastic LQ model with a dynamic programming method
and Wonham [2] firstly studied a LQ stochastic optimal
control problem by introducing a Riccati equation in 1968.
Then a lot of works have been done for forward or backward
stochastic LQ control problems, the corresponding Riccati
equation, and its application in finance, such as Li and Zhang
[3], Ma and Hou [4], Liu et al. [5], Wang et al. [6], and
Shen and Wang [7]. In 2003, Wang et al. [8] discussed a
special kind of forward backward stochastic LQ problem
and got the existence and uniqueness of the optimal control
for the control system. Subsequently, Wu [9] extended this
conclusion to the fully coupled forward backward stochastic
LQ problem.

Theoptimal control problemwith random jumpswas first
considered by Boel and Varaiya [10]; in this case, the control

system is often described by Brownian motion and Poisson
processes. On the basis of proving the existence and unique-
ness of solutions of a kind of forward backward stochastic
differential equation with Poisson jumps (FBSDEP), Wu and
Wang [11] got the explicit form of the optimal control for
LQ stochastic control problem where the state variable was
described by a stochastic differential equation with a Poisson
process (SDEP). In 2009, Shi and Wu [12] extended Wu and
Wang’s results in [11] to a fully coupled LQ stochastic control
problem of forward backward stochastic control system with
Poisson jumps. Moreover, Lin and Zhang [13] considered the𝐻∞ control problem for linear stochastic systems driven by
both Brownian motion and Poisson jumps. In 2016, Li et al.
[14] studied a stochastic differential equations driven by G-
Brownianmotion and got the existence and uniqueness of the
solution for these equations.

In 2000, Nualart and Schoutens [15] introduced a class
of Lévy processes with exponential moments satisfying
some conditions. Using these exponential moments and
the standard orthogonalization process, they constructed
a series of orthogonal normal martingales called Teugels
martingale. And they also proved amartingale representation
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theorem associated with Teugels martingale. In the next year,
Nualart and Schoutens [16] considered a backward stochastic
differential equation (BSDE) driven by Teugels martingale
and proved the existence and uniqueness theory of this BSDE.
In 2003, Bahlali et al. [17] studied a BSDE driven by Teugels
martingale and an independent Brownian motion; they
got the existence, uniqueness, and comparison of solutions
for these equations, having a Lipschitz or locally Lipschitz
coefficient. El Otmani [18] considered a kind of generalized
BSDE (GBSDE) associated with Teugels martingale and
Brownian motion associated with a pure jump-independent
Lévy process. They got the existence and uniqueness theory
of this GBSDE when the coefficient verifies some conditions
of Lipschitz.More results about BSDE associatedwithTeugels
martingale can be found in the theses of El Otmani [19], Ren
and Fan [20], Tang and Zhang [21], and Huang and Wang
[22]. On the basis of these results, in 2008, Mitsui and Tabata
[23] studied a LQ regulation stochastic control problem
with Lévy process and obtained the optimal control for the
nonhomogeneous case. In [24], Tang andWu considered the
following LQ stochastic control problem in a given finite
horizon [𝑠, 𝑇] with Lévy process:

𝑑𝑥 (𝑡) = [𝐴 (𝜔, 𝑡) 𝑥 (𝑡) + 𝐵 (𝜔, 𝑡) 𝑢 (𝑡)] 𝑑𝑡
+ ∞∑
𝑖=1

[𝐶𝑖 (𝜔, 𝑡) 𝑥 (𝑡−) + 𝐷𝑖 (𝜔, 𝑡) 𝑢 (𝑡)] 𝑑𝐻𝑖 (𝑡)
𝑥 (𝑠) = 𝜉,

(1)

and the cost function was

𝐽 (𝑠, 𝜉, 𝑢 (⋅)) = 𝐸𝑠 [∫𝑇
𝑠
(𝑥𝜏 (𝑡) 𝑄 (𝜔, 𝑡) 𝑥 (𝑡)

+ 𝑢𝜏 (𝑡) 𝑅 (𝜔, 𝑡) 𝑢 (𝑡)) 𝑑𝑡 + 𝑥𝜏 (𝑇)𝐻 (𝜔) 𝑥 (𝑇)] . (2)

They show that the solvability of one kind of generalized
Riccati equation is sufficient to the well-posedness of this LQ
problem and proved the existence of the optimal control.

In this paper, we consider one kind of LQ stochastic
control problem where the controlled system is driven by a
fully coupled linear forward backward stochastic differential
equation associated with Lévy process (FBSDEL).

𝑑𝑥𝑡 = [𝐴 (𝜔, 𝑡) 𝑥𝑡 + 𝐵 (𝜔, 𝑡) 𝑢𝑡 − 𝐿 (𝜔, 𝑡) 𝑦𝑡] 𝑑𝑡+ [𝐶 (𝜔, 𝑡) 𝑥𝑡 + 𝐷 (𝜔, 𝑡) 𝑢𝑡] 𝑑𝐵𝑡
+ ∞∑
𝑖=1

[𝐸𝑖 (𝜔, 𝑡) 𝑥𝑡
−

+ 𝐹𝑖 (𝜔, 𝑡) 𝑢𝑡] 𝑑𝐻𝑖𝑡
− 𝑑𝑦𝑡 = [𝐴𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐶𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑

𝑖=1

𝐸𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡
+ 𝑅 (𝜔, 𝑡) 𝑥𝑡]𝑑𝑡 − 𝑧𝑡𝑑𝐵𝑡 − ∞∑

𝑖=1

𝑟𝑖𝑡𝑑𝐻𝑖𝑡

𝑥0 = 𝑎,𝑦𝑇 = 𝑄 (𝜔) 𝑥𝑇,
(3)

where (𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑖𝑡) areF𝑡-adapted stochastic processes tak-
ing values in 𝑅𝑛 × 𝑅𝑛 × 𝑅𝑛 × 𝑙2(𝑅𝑛) and 𝑢(⋅) is F𝑡-adapted
stochastic process called admissible control process. Assume
the control process set 𝑈 = 𝑅𝑘 and define the admissible
control set as follows:𝑈𝑎𝑑 = {𝑢 (⋅) ∈ 𝑀2 (0, 𝑇; 𝑅𝑘) ; 𝑢𝑡 ∈ 𝑈, 0 ≤ 𝑡

≤ 𝑇, a.e., a.s.} . (4)

The cost functional we considered is

𝐽 (𝑢) = 12𝐸 [∫𝑇0 (⟨𝑅 (𝜔, 𝑡) 𝑥𝑡, 𝑥𝑡⟩ + ⟨𝑁 (𝜔, 𝑡) 𝑢𝑡, 𝑢𝑡⟩
+ ⟨𝐿 (𝜔, 𝑡) 𝑦𝑡, 𝑦𝑡⟩) 𝑑𝑡 + ⟨𝑄 (𝜔) 𝑥𝑇, 𝑥𝑇⟩] . (5)

And the optimal control problem is to find 𝑢𝑡 ∈ 𝑈𝑎𝑑, such
that 𝐽 (𝑢 (⋅)) = inf

𝑢(⋅)
𝐽 (𝑢 (⋅)) . (6)

Note that (3) is a fully coupled FBSDEL. In 2012,
Pereira and Shamarova [25] firstly considered this kind of
FBSDEL, obtained a solution to this FBSDEL via a partial
integrodifferential equation, and proved the uniqueness.
Under some monotonicity assumptions, Baghery et al. [26]
proved the existence and uniqueness of solutions of fully
coupled FBSDEL and then obtained the existence of an open-
loop Nash equilibrium point for nonzero sum stochastic
differential games by using this result. Based on [25], Wang
and Huang [27] got the maximum principle for forward
backward stochastic control system driven by Lévy process;
then they discussed a kind of LQ stochastic control problem
of forward backward stochastic control system and got a
necessary condition for the optimal control.

We extend the result of Shi and Wu [12] to the fully
coupled linear forward backward stochastic control system
driven by Brownian motion and an independent Teugels
martingale. Since Teugels martingale is more complex than
the Poisson process, we also needmore general formula about
càdlàg semimartingale. The rest of this paper is organized as
follows. In Section 2, we provide a list of notations and results
of the existence and uniqueness of solutions of fully coupled
FBSDEL. In Section 3, we prove the existence and uniqueness
of the optimal control of LQ stochastic control problem
(6) and give the linear feedback regulator for the optimal
control by the solution of a kind of generalizedmatrix-valued
Riccati equation when assuming the coefficient matrices are
deterministic. In Section 4, the solvability of this kind of
matrix-valued Riccati equation is discussed.

2. Preliminaries and Notations

Let (Ω,F𝑡, 𝑃) be a complete probability space satisfying the
usual conditions;F𝑡 is a right continuous increasing family of
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complete sub-𝜎-algebra which is generated by the following
two mutually independent processes: a one-dimensional
standard Brownian motion {𝐵𝑡}0≤𝑡≤𝑇 and an 𝑅-valued Lévy
process {𝐿 𝑡}0≤𝑡≤𝑇 with a standard Lévy measure ] satisfy

(i) ∫
𝑅
(1 ∧ 𝑥2)](𝑑𝑥) < ∞,

(ii) ∫
(−𝜀,𝜀)𝑐

𝑒𝜆|𝑥|](𝑑𝑥) < ∞, for every 𝜀 > 0 and for some𝜆 > 0.
Naluart and Schoutens denoted Teugels martingale asso-

ciated with the Lévy process {𝐿 𝑡}0≤𝑡≤𝑇 by {𝐻𝑖𝑡}∞𝑖=1, and 𝐻𝑖𝑡 is
given by

𝐻𝑖𝑡 = 𝑐𝑖,𝑖𝑌𝑖𝑡 + 𝑐𝑖,𝑖−1𝑌𝑖−1𝑡 + 𝑐𝑖,𝑖−2𝑌𝑖−2𝑡 + ⋅ ⋅ ⋅ + 𝑐𝑖,1𝑌1𝑡 , (7)

where 𝑌𝑖𝑡 = 𝐿𝑖𝑡 − 𝐸[𝐿𝑖𝑡] is the compensated power-jump
process of order 𝑖 and 𝐿𝑖𝑡 is power-jump processes:

𝐿𝑖𝑡 = {{{{{
𝐿 𝑡, 𝑖 = 1,∑
0<𝑠≤𝑡

(Δ𝐿 𝑠)𝑖 , 𝑖 ≥ 2, (8)

Coefficients 𝑐𝑖,𝑘 correspond to orthonormalization of the
polynomials 1, 𝑥, 𝑥2, . . . with respect the measure 𝜇(𝑑𝑥) =𝜐(𝑑𝑥) + 𝜎2𝛿0(𝑑𝑥). Please refer to Naluart and Schoutens [15]
for more details about Teugels martingale.

Introduce the following notations adopted in this paper:

⟨𝐴, 𝐵⟩ = tr(𝐴𝐵𝑇): the inner product in 𝑅𝑛×𝑚, ∀𝐴, 𝐵 ∈𝑅𝑛×𝑚|𝛼| = √⟨𝛼, 𝛼⟩: the norm in 𝑅𝑛, ∀𝛼 ∈ 𝑅𝑛𝐿2(Ω,𝐻): the space of 𝐻-valued F𝑇-measurable
random variable 𝜉 satisfies 𝐸|𝜉|2 < ∞𝑀2(0, 𝑇;𝐻): the space of 𝐻-valued F𝑡-measurable
process 𝜙(⋅) = {𝜙(𝑡, 𝜔) : (𝑡, 𝜔) ∈ [0, 𝑇] × Ω} satisfies𝐸∫𝑇
0
|𝜙𝑡|2𝑑𝑡 < ∞𝑙2(𝐻): the space of 𝐻-valued {𝑓𝑖}𝑖≥1 satisfies∑∞𝑖=1 |𝑓𝑖|2 < ∞𝑙2(0, 𝑇;𝐻): the space of 𝑙2(𝐻)-valuedF𝑡-measurable

processes satisfies 𝐸∫𝑇
0
∑∞𝑖=1 |𝑓𝑖𝑡 |2𝑑𝑡 < ∞𝑆2(0, 𝑇;𝐻): the space of 𝐻-valued F𝑡-measurable

càdlàg process 𝑓(⋅) = {𝑓(𝑡, 𝜔) : (𝑡, 𝜔) ∈ [0, 𝑇] × Ω}
satisfies 𝐸 sup0≤𝑡≤𝑇|𝑓𝑡|2𝑑𝑡 < ∞.

For notational brevity, we set

𝑀2 (0, 𝑇) = 𝑀2 (0, 𝑇; 𝑅𝑛) × 𝑀2 (0, 𝑇; 𝑅𝑛)
× 𝑀2 (0, 𝑇; 𝑅𝑛) × 𝑙2 (0, 𝑇; 𝑅𝑛) . (9)

Next, consider the following fully coupled FBSDEL

𝑑𝑥𝑡 = 𝑏 (𝑡, 𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑡) 𝑑𝑡 + 𝑑∑
𝑖=1

𝜎𝑖 (𝑡, 𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑡) 𝑑𝐵𝑖𝑡
+ ∞∑
𝑖=1

𝑔𝑖 (𝑡, 𝑥𝑡−, 𝑦𝑡−, 𝑧𝑡, 𝑟𝑡) 𝑑𝐻𝑖𝑡
−𝑑𝑦𝑡 = 𝑓 (𝑡, 𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑡) 𝑑𝑡 − 𝑑∑

𝑖=1

𝑧𝑖𝑡𝑑𝐵𝑖𝑡 − ∞∑
𝑖=1

𝑟𝑖𝑡𝑑𝐻𝑖𝑡
𝑥0 = 𝑎,𝑦𝑇 = Φ (𝑥𝑇) ,

(10)

where 𝑏 : Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑙2(𝑅𝑚) → 𝑅𝑛, 𝜎 :Ω× [0, 𝑇] ×𝑅𝑛 ×𝑅𝑚 ×𝑅𝑚×𝑑 × 𝑙2(𝑅𝑚) → 𝑅𝑛×𝑑, 𝑔 : Ω× [0, 𝑇] ×𝑅𝑛 ×𝑅𝑚 ×𝑅𝑚×𝑑 × 𝑙2(𝑅𝑚) → 𝑙2(𝑅𝑛), 𝑓 : Ω× [0, 𝑇] ×𝑅𝑛 ×𝑅𝑚 ×𝑅𝑚×𝑑 × 𝑙2(𝑅𝑚) → 𝑅𝑚.
For a given𝑚 × 𝑛 full rank matrix 𝐺, set

𝜆 = (𝑥𝑦𝑧) ,

𝐴 (𝑡, 𝜆, 𝑟) = (−𝐺𝜏𝑓 (𝑡, 𝜆, 𝑟)𝐺𝑏 (𝑡, 𝜆, 𝑟)𝐺𝜎 (𝑡, 𝜆, 𝑟) ) .
(11)

Assumption 1. (i) 𝑏, 𝜎, 𝑔, and 𝑓 are uniformly Lipschitz
continuous with respect to (𝑥, 𝑦, 𝑧, 𝑟).

(ii) For each (𝜔, 𝑡) ∈ Ω×[0, 𝑇], 𝑙(𝜔, 𝑡, 0, 0, 0, 0) ∈ 𝑀2(0, 𝑇)
and 𝑔(𝜔, 𝑡, 0, 0, 0, 0) ∈ 𝐻2(𝑙2), where 𝑙 = 𝑏, 𝜎, 𝑓, respectively.

(iii) Φ(⋅) is uniformly Lipschitz continuous with respect
to 𝑥 and ∀𝑥, Φ(𝑥) ∈ 𝐿2(Ω, 𝐹𝑇, 𝑃).
Assumption 2.

⟨𝐴 (𝑡, 𝜆1, 𝑟1) − 𝐴 (𝑡, 𝜆2, 𝑟2) , 𝜆1 − 𝜆2⟩ + ∞∑
𝑖=1

⟨𝐺𝑔𝑖, 𝑟𝑖⟩
≤ −𝛽1 |𝐺𝑥|2
− 𝛽2(𝐺𝜏𝑦2 + 𝐺𝜏�̂�2 + ∞∑

𝑖=1

𝐺𝜏𝑟𝑖2) ;
⟨Φ (𝑥1) − Φ (𝑥2) , 𝐺 (𝑥1 − 𝑥2)⟩ ≥ 𝜇1 |𝐺𝑥|2 ,

(12)

where 𝜆1 = (𝑥1, 𝑦1, 𝑧1), 𝜆2 = (𝑥2, 𝑦2, 𝑧2), 𝑥 = 𝑥1 − 𝑥2, 𝑦 =𝑦1−𝑦2, �̂� = 𝑧1−𝑧2, 𝑔𝑖 = 𝑔𝑖(𝑡, 𝜆1, 𝑟1)−𝑔𝑖(𝑡, 𝜆2, 𝑟2), 𝑟𝑖 = 𝑟𝑖1−𝑟𝑖2,
and 𝛽1,𝛽2, 𝜇1 are nonnegative constants with 𝛽1 + 𝛽2 > 0 and𝛽2 + 𝜇1 > 0. Moreover, we have 𝛽1 > 0, 𝜇1 > 0 (resp., 𝛽2 > 0)
when𝑚 > 𝑛 (resp., 𝑛 > 𝑚).

Lemma 3 (existence and uniqueness theorem of FBSDEL
[25]). Under Assumptions 1 and 2, FBSDEL (10) admits a
unique solution in𝑀2(0, 𝑇).
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In the following sections we also need the more general
Ito’s formula about a càdlàg semimartingales.

Lemma 4 (Ito’s formula [27]). Let 𝑋 = {𝑋𝑡 : 𝑡 ∈ [0, 𝑇]} be
càdlàg semimartingales, denote [𝑋] = {[𝑋]𝑡 : 𝑡 ∈ [0, 𝑇]} as the
quadratic variation process,𝐹 is aC2 real valued function, then𝐹(𝑋) is also a semimartingales, and the following Ito’s formula
holds

𝐹 (𝑋𝑡) = 𝐹 (𝑋0) + ∫𝑡
0
𝐹 (𝑋𝑠−) 𝑑𝑋𝑠

+ 12 ∫𝑡0 𝐹 (𝑋𝑠) 𝑑 [𝑋]C𝑠
+ ∑
0<𝑠≤𝑡

{𝐹 (𝑋𝑠) − 𝐹 (𝑋𝑠−) − 𝐹 (𝑋𝑠−) Δ𝑋𝑠} .
(13)

where [𝑋]C is the continuous part of [𝑋].
In particular, when 𝐹(𝑋) = 𝑋2 and 𝐹(𝑋) = 𝑋𝑡𝑌𝑡, where𝑋,𝑌 are two càdlàg semimartingales, we get

𝑋2𝑡 = 𝑋20 + ∫𝑡
0
2𝑋𝑠−𝑑𝑋𝑠 + ∫𝑡

0
𝑑 [𝑋]𝑠 ,

𝑋𝑡𝑌𝑡 = 𝑋0𝑌0 + ∫𝑡
0
𝑋𝑠−𝑑𝑌𝑠 + ∫𝑡

0
𝑌𝑠−𝑑𝑋𝑠

+ ∫𝑡
0
𝑑 [𝑋, 𝑌]𝑠 .

(14)

Here [𝑋, 𝑌] is the quadratic covariation of 𝑋,𝑌.
3. Linear Quadratic Stochastic Optimal
Control Problem

Let us consider the LQ stochastic optimal control problem
(6). First of all, we give some necessary explanations for the
coefficients in the system:𝐴(𝜔, 𝑡), 𝐶(𝜔, 𝑡), 𝐸𝑖(𝜔, 𝑡), (𝑖 = 1, 2, 3, . . .) ∈ 𝑅𝑛×𝑛,𝐵(𝜔, 𝑡), 𝐷(𝜔, 𝑡), and 𝐹𝑖(𝜔, 𝑡), (𝑖 = 1, 2, 3, . . .) ∈ 𝑅𝑛×𝑘 are
all bounded progressively measurable matrix-valued pro-
cesses. 𝑅(𝜔, 𝑡), 𝐿(𝜔, 𝑡) ∈ 𝑅𝑛×𝑛 are nonnegative symmetric
bounded progressively measurable matrix-valued processes,
and 𝑁(𝜔, 𝑡) is a positive bounded 𝑘 × 𝑘 progressively
measurable matrix-valued process; the inverse is 𝑁−1(𝜔, 𝑡),
which is also bounded. 𝑄(𝜔) is a F𝑡-adapted nonnegative
symmetric bounded matrix-valued random variable.

For a given admissible control 𝑢(⋅) ∈ 𝑈𝑎𝑑, under
assumptions of the coefficients above, we can verify that
FBSDEL (3) satisfies Assumptions 1 and 2. Therefore, there
exists a unique solution (𝑥𝑢𝑡 , 𝑦𝑢𝑡 , 𝑧𝑢𝑡 , 𝑟𝑢𝑡 ) ∈ 𝑀2(0, 𝑇) satisfying
the control system (3) from Lemma 3.

Then we get the explicit form of the optimal control 𝑢𝑡 for
the LQ stochastic optimal control problem (6).

Theorem 5. There exists a unique optimal control 𝑢𝑡 for LQ
stochastic optimal control problem (6), and 𝑢𝑡 is given by the
following equation.

𝑢𝑡 = −𝑁−1 (𝜔, 𝑡)
⋅ (𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑

𝑖=1

𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡) . (15)

Proof. As we know, for a given admissible control 𝑢𝑡, the
control system (15) has a unique solution (𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑡) ∈𝑀2(0, 𝑇).
Existence. For any admissible control V𝑡, assume the corre-
sponding trajectory is (𝑥V𝑡 , 𝑦V𝑡 , 𝑧V𝑡 , 𝑟V𝑡 ) ∈ 𝑀2(0, 𝑇); then

𝐽 (V𝑡) − 𝐽 (𝑢𝑡) = 12
⋅ 𝐸 [∫𝑇

0
(⟨𝑅 (𝜔, 𝑡) (𝑥V𝑡 − 𝑥𝑡) , 𝑥V𝑡 − 𝑥𝑡⟩

+ ⟨2𝑅 (𝜔, 𝑡) 𝑥𝑡, 𝑥V𝑡 − 𝑥𝑡⟩+ ⟨𝑁 (𝜔, 𝑡) (V𝑡 − 𝑢𝑡) , V𝑡 − 𝑢𝑡⟩+ ⟨2𝑁 (𝜔, 𝑡) 𝑢𝑡, V𝑡 − 𝑢𝑡⟩+ ⟨𝐿 (𝜔, 𝑡) (𝑦V𝑡 − 𝑦𝑡) , 𝑦V𝑡 − 𝑦𝑡⟩+ ⟨2𝐿 (𝜔, 𝑡) 𝑦𝑡, 𝑦V𝑡 − 𝑦𝑡⟩) 𝑑𝑡+ ⟨𝑄 (𝜔) (𝑥V𝑇 − 𝑥𝑇) , 𝑥V𝑇 − 𝑥𝑇⟩ + ⟨2𝑄 (𝜔) 𝑥𝑇, 𝑥V𝑇
− 𝑥𝑇⟩] .

(16)

Applying Ito’s formula to ⟨𝑥V𝑡 − 𝑥𝑡, 𝑦𝑡⟩ we have
𝐸 ⟨𝑥V𝑇 − 𝑥𝑇, 𝑦𝑇⟩ = 𝐸∫𝑇

0
(⟨−𝑅 (𝜔, 𝑡) 𝑥𝑡, 𝑥V𝑡 − 𝑥𝑡⟩

+ ⟨𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡, V𝑡 − 𝑢𝑡⟩ − ⟨𝐿 (𝜔, 𝑡) 𝑦𝑡, 𝑦V𝑡 − 𝑦𝑡⟩+ ⟨𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡, V𝑡 − 𝑢𝑡⟩
+ ∞∑
𝑖=1

⟨𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡, V𝑡 − 𝑢𝑡⟩)𝑑𝑡.
(17)

Since 𝑅(𝜔, 𝑡), 𝐿(𝜔, 𝑡), and 𝑄(𝜔) are nonnegative and 𝑁(𝜔, 𝑡)
is positive, we can get

𝐽 (V𝑡) − 𝐽 (𝑢𝑡)
≥ 𝐸∫𝑇
0
[⟨(𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑

𝑖=1

𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡) ,
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V𝑡 − 𝑢𝑡⟩+ ⟨𝑁 (𝜔, 𝑡) 𝑢𝑡, V𝑡 − 𝑢𝑡⟩] = 𝐸∫𝑇
0
⟨(𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡

+ 𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑
𝑖=1

𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡) , V𝑡 − 𝑢𝑡⟩−⟨𝑁(𝜔, 𝑡)
⋅ 𝑁−1 (𝜔, 𝑡) (𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑

𝑖=1

𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡) ,
V𝑡 − 𝑢𝑡⟩ = 0.

(18)
Then the admissible control 𝑢𝑡 defined by (15) is the

optimal control of LQ stochastic control problem (6).

Unique. Assume admissible control 𝑢1𝑡 is an optimal control;
the corresponding trajectories are (𝑥1𝑡 , 𝑦1𝑡 , 𝑧1𝑡 , 𝑟1𝑡 ) and 𝑢2𝑡 is
another optimal control; the corresponding trajectories are(𝑥2𝑡 , 𝑦2𝑡 , 𝑧2𝑡 , 𝑟2𝑡 ). So the trajectories corresponding to (𝑢1𝑡+𝑢2𝑡 )/2
are

(𝑥1𝑡 + 𝑥2𝑡2 , 𝑦1𝑡 + 𝑦2𝑡2 , 𝑧1𝑡 + 𝑧2𝑡2 , 𝑟1𝑡 + 𝑟2𝑡2 ) , (19)

and the trajectories corresponding to (𝑢1𝑡 − 𝑢2𝑡 )/2 are
(𝑥1𝑡 − 𝑥2𝑡2 , 𝑦1𝑡 − 𝑦2𝑡2 , 𝑧1𝑡 − 𝑧2𝑡2 , 𝑟1𝑡 − 𝑟2𝑡2 ) . (20)

Since 𝑢1𝑡 and 𝑢2𝑡 are both optimal controls, 𝑁(𝜔, 𝑡) is
positive, and 𝑅(𝜔, 𝑡), 𝐿(𝜔, 𝑡), 𝑄(𝜔) are nonnegative, we have𝐽 (𝑢1𝑡 ) = 𝐽 (𝑢2𝑡 ) = 𝛼 ≥ 0,
2𝛼 = 𝐽 (𝑢1𝑡 ) + 𝐽 (𝑢2𝑡 ) = 2𝐽(𝑢1𝑡 + 𝑢2𝑡2 )

+ 𝐸∫𝑇
0
(⟨𝑅 (𝜔, 𝑡) 𝑥1𝑡 − 𝑥2𝑡2 , 𝑥1𝑡 − 𝑥2𝑡2 ⟩

+⟨𝑁(𝜔, 𝑡) 𝑢1𝑡 − 𝑢2𝑡2 , 𝑢1𝑡 − 𝑢2𝑡2 ⟩
+⟨𝐿 (𝜔, 𝑡) 𝑦1𝑡 − 𝑦2𝑡2 , 𝑦1𝑡 − 𝑦2𝑡2 ⟩)𝑑𝑡
+ 𝐸⟨𝑄 (𝜔) 𝑥1𝑇 − 𝑥2𝑇2 , 𝑥1𝑇 − 𝑥2𝑇2 ⟩ ≥ 2𝐽(𝑢1𝑡 + 𝑢2𝑡2 )
+ 𝐸∫𝑇
0
⟨𝑁(𝜔, 𝑡) 𝑢1𝑡 − 𝑢2𝑡2 , 𝑢1𝑡 − 𝑢2𝑡2 ⟩𝑑𝑡 ≥ 2𝛼

+ 𝛿2𝐸∫𝑇0 𝑢1𝑡 − 𝑢2𝑡 2 𝑑𝑡.

(21)

Here 𝛿 is a constant and 𝛿 > 0; then
𝐸∫𝑇
0

𝑢1𝑡 − 𝑢2𝑡 2 𝑑𝑡 ≤ 0, (22)

hence, 𝑢1𝑡 = 𝑢2𝑡 in𝑀2(0, 𝑇; 𝑅𝑘).

Assume 𝐴(𝜔, 𝑡), 𝐵(𝜔, 𝑡), 𝐶(𝜔, 𝑡), 𝐷(𝜔, 𝑡), 𝐸(𝜔, 𝑡), 𝐹(𝜔, 𝑡),𝑅(𝜔, 𝑡),𝑁(𝜔, 𝑡), 𝐿(𝜔, 𝑡), and 𝑄(𝜔) are all deterministic
matrices, denoted as 𝐴 𝑡, 𝐵𝑡, 𝐶𝑡, 𝐷𝑡, 𝐸𝑡, 𝐹𝑡, 𝑅𝑡, 𝑁𝑡, 𝐿 𝑡, and 𝑄
for convenience. Introducing the following generalized 𝑛 × 𝑛
matrix-valued Riccati equation (23), 𝑡 ∈ [0, 𝑇], 𝑖 = 1, 2, . . . .

−�̇�𝑡 = 𝐴𝜏𝑡𝐾𝑡 + 𝐾𝑡𝐴 𝑡 + 𝐶𝜏𝑡𝑀𝑡 + ∞∑
𝑖=1

(𝐸𝑖𝑡)𝜏 𝑌𝑖𝑡
− 𝐾𝑡 (𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 )𝐾𝑡 − 𝐾𝑡𝐵𝑡𝑁−1𝑡 𝐷𝜏𝑡𝑀𝑡
− ∞∑
𝑖=1

𝐾𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡 + 𝑅𝑡
𝑀𝑡 = 𝐾𝑡𝐶𝑡 − 𝐾𝑡𝐷𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡 − 𝐾𝑡𝐷𝑡𝑁−1𝑡 𝐷𝑡𝑀𝑡

− ∞∑
𝑖=1

𝐾𝑡𝐷𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡
𝑌𝑖𝑡 = 𝐾𝑡𝐸𝑖𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐷𝜏𝑡𝑀𝑡

− ∞∑
𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡
𝐾𝑇 = 𝑄;

(23)

Then we can get the following conclusions.

Theorem 6. Suppose the generalized matrix-valued Riccati
equation (23) has solution (𝐾𝑡,𝑀𝑡, 𝑌𝑖𝑡 ) for all 𝑡 ∈ [0, 𝑇]; then
the optimal linear feedback regulator for LQ stochastic optimal
control problem (6) is

𝑢𝑡 = −𝑁−1𝑡 [𝐵𝜏𝑡𝐾𝑡 + 𝐷𝜏𝑡𝑀𝑡 + ∞∑
𝑖=1

(𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡]𝑥𝑡, (24)

and the optimal value function is

𝐽 (𝑢𝑡) = 12 ⟨𝐾0𝑎, 𝑎⟩ . (25)

Proof. If (𝐾𝑡,𝑀𝑡, 𝑌𝑖𝑡 ) is the solution of the matrix-valued
Riccati equation (23), then we can check that the solution of
(6) (𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑖𝑡) satisfies

𝑦𝑡 = 𝐾𝑡𝑥𝑡,𝑧𝑡 = 𝑀𝑡𝑥𝑡,𝑟𝑖𝑡 = 𝑌𝑖𝑡𝑥𝑡.
(26)

As we have proved that the optimal control has the form
of (15), take (26) into (15); then the optimal control can be
written by

𝑢𝑡 = −𝑁−1𝑡 [𝐵𝜏𝑡𝐾𝑡 + 𝐷𝜏𝑡𝑀𝑡 + ∞∑
𝑖=1

(𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡]𝑥𝑡. (27)
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For the optimal value function, using Ito’s formula to⟨𝑥𝑡, 𝑦𝑡⟩, then
𝐸∫𝑇
0
⟨𝑅𝑡𝑥𝑡, 𝑥𝑡⟩ 𝑑𝑡 + 𝐸∫𝑇

0
⟨𝐿 𝑡𝑦𝑡, 𝑦𝑡⟩ 𝑑𝑡 + ⟨𝑄𝑥𝑇, 𝑥𝑇⟩

− ⟨𝐾𝑎, 𝑎⟩
= 𝐸∫𝑇
0
⟨𝑦𝑡, 𝐵𝑡𝑢𝑡⟩ 𝑑𝑡 + 𝐸∫𝑇

0
⟨𝑧𝑡, 𝐷𝑡𝑢𝑡⟩ 𝑑𝑡

+ 𝐸∫𝑇
0

∞∑
𝑖=1

⟨𝑟𝑖𝑡, 𝐹𝑖𝑡𝑢𝑡⟩ 𝑑𝑡.
(28)

On the other hand, from the relationship of 𝑢 and(𝑥𝑡, 𝑦𝑡, 𝑧𝑡, 𝑟𝑖𝑡), we can verify that

𝐸∫𝑇
0
⟨𝑦𝑡, 𝐵𝑡𝑢𝑡⟩ 𝑑𝑡 + 𝐸∫𝑇

0
⟨𝑧𝑡, 𝐷𝑡𝑢𝑡⟩ 𝑑𝑡

+ 𝐸∫𝑇
0

∞∑
𝑖=1

⟨𝑟𝑖𝑡, 𝐹𝑖𝑡𝑢𝑡⟩ 𝑑𝑡 = −𝐸∫𝑇
0
⟨𝑁𝑡𝑢𝑡, 𝑢𝑡⟩ 𝑑𝑡 (29)

and then

𝐸∫𝑇
0
⟨𝑅𝑡𝑥𝑡, 𝑥𝑡⟩ 𝑑𝑡 + 𝐸∫𝑇

0
⟨𝐿 𝑡𝑦𝑡, 𝑦𝑡⟩ 𝑑𝑡

+ 𝐸∫𝑇
0
⟨𝑁𝑡𝑢𝑡, 𝑢𝑡⟩ 𝑑𝑡 + ⟨𝑄𝑥𝑇, 𝑥𝑇⟩ = ⟨𝐾𝑎, 𝑎⟩ . (30)

By the definition of cost function 𝐽(⋅) (5), we prove that the
optimal value function is

𝐽 (𝑢𝑡) = 12 ⟨𝐾0𝑎, 𝑎⟩ . (31)

Now consider a special case of stochastic LQ control
problem when 𝐿(𝜔, 𝑡) = 0, and the control system is reduced
to 𝑑𝑥𝑡 = (𝐴 (𝜔, 𝑡) 𝑥𝑡 + 𝐵 (𝜔, 𝑡) 𝑢𝑡) 𝑑𝑡+ (𝐶 (𝜔, 𝑡) 𝑥𝑡 + 𝐷 (𝜔, 𝑡) 𝑢𝑡) 𝑑𝐵𝑡

+ ∞∑
𝑖=1

(𝐸𝑖 (𝜔, 𝑡) 𝑥𝑡
−

+ 𝐹𝑖 (𝜔, 𝑡) 𝑢𝑡) 𝑑𝐻𝑖𝑡
𝑥0 = 𝑎.

(32)

The cost functional now is

𝐽 (𝑢) = 12𝐸 [∫𝑇0 ⟨𝑅 (𝜔, 𝑡) 𝑥𝑡, 𝑥𝑡⟩ + ⟨𝑁 (𝜔, 𝑡) 𝑢𝑡, 𝑢𝑡⟩
+ ⟨𝑄 (𝜔) 𝑥𝑇, 𝑥𝑇⟩] . (33)

Remark 7. Comparing the LQ stochastic optimal control
system (32) and control system (1) which was considered in
[22] by Tang and Wu, we know that control system (1) is a
special case of control system (32) when 𝐶(𝜔, 𝑡) = 𝐷(𝜔, 𝑡) =0.

We can get the following Corollary 8 easily from Theo-
rem 5.

Corollary 8. There exists a unique optimal control for LQ
stochastic optimal control problem (32)-(33), and

𝑢𝑡 = −𝑁−1 (𝜔, 𝑡)
⋅ [𝐵𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐷𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑

𝑖=1

𝐹𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡] , (34)

where the (𝑦𝑡, 𝑧𝑡, 𝑟𝑡) is the solution of the following BSDEdriven
by Lévy process.

− 𝑑𝑦𝑡 = [𝐴𝜏 (𝜔, 𝑡) 𝑦𝑡 + 𝐶𝜏 (𝜔, 𝑡) 𝑧𝑡 + ∞∑
𝑖=1

𝐸𝑖,𝜏 (𝜔, 𝑡) 𝑟𝑖𝑡
+ 𝑅 (𝜔, 𝑡) 𝑥𝑡]𝑑𝑡 − 𝑧𝑡𝑑𝐵𝑡 − ∞∑

𝑖=1

𝑟𝑖𝑡𝑑𝐻𝑖𝑡
𝑦𝑇 = 𝑄 (𝜔) 𝑥𝑇.

(35)

Assume 𝐴(𝜔, 𝑡), 𝐵(𝜔, 𝑡), 𝐶(𝜔, 𝑡), 𝐷(𝜔, 𝑡), 𝐸(𝜔, 𝑡), 𝐹(𝜔, 𝑡),𝑅(𝜔, 𝑡), 𝑁(𝜔, 𝑡), and 𝑄(𝜔) are all deterministic; then Riccati
equation (23) changes to−�̇�𝑡 = 𝐴𝜏𝑡𝐾𝑡 + 𝐾𝑡𝐴 𝑡 + 𝐶𝜏𝑡𝑀𝑡

+ ∞∑
𝑖=1

(𝐸𝑖𝑡)𝜏 𝑌𝑖𝑡 − 𝐾𝑡𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡
− 𝐾𝑡𝐵𝑡𝑁−1𝑡 𝐷𝜏𝑡𝑀𝑡 − ∞∑

𝑖=1

𝐾𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡
+ 𝑅𝑡𝑀𝑡 = 𝐾𝑡𝐶𝑡 − 𝐾𝑡𝐷𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡 − 𝐾𝑡𝐷𝑡𝑁−1𝑡 𝐷𝑡𝑀𝑡
− ∞∑
𝑖=1

𝐾𝑡𝐷𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡
𝑌𝑖𝑡 = 𝐾𝑡𝐸𝑖𝑡 − 𝐾𝑡𝐹i

𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐷𝜏𝑡𝑀𝑡
− ∞∑
𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡
𝐾𝑇 = 𝑄.

(36)

Then fromTheorem 6 we can get Corollary 9.

Corollary 9. For LQ stochastic optimal control problem (32)-
(33), if, for all 𝑡 ∈ [0, 𝑇], there exist matrices (𝐾𝑡,𝑀𝑡, 𝑌𝑖𝑡 )
satisfying (36), then the optimal linear feedback regulator is

𝑢𝑡 = −𝑁−1𝑡 [𝐵𝜏𝑡𝐾𝑡 + 𝐷𝜏𝑡𝑀𝑡 + ∞∑
𝑖=1

(𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡]𝑥𝑡, (37)

and the optimal value function is

𝐽 (𝑢𝑡) = 12 ⟨𝐾0𝑎, 𝑎⟩ . (38)
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4. Solvability of the Generalized
Riccati Equation

From the discussion of the previous section, we can see that
the key to get the optimal linear feedback regulator for LQ
stochastic optimal control problem is the solvability of the
generalized Riccati equation (23). But (23) is so complicated
that we cannot prove its existence and uniqueness at this
moment. Using technique introduced by Shi and Wu [12],
we only discuss a special case: 𝐷𝑡 = 0; in this case Riccati
equation (23) becomes

−�̇�𝑡 = 𝐴𝜏𝑡𝐾𝑡 + 𝐾𝑡𝐴 𝑡 + 𝐶𝜏𝑡𝑀𝑡 + ∞∑
𝑖=1

(𝐸𝑖𝑡)𝜏 𝑌𝑖𝑡
− 𝐾𝑡 (𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 )𝐾𝑡
− ∞∑
𝑖=1

𝐾𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡 + 𝑅𝑡
𝑌𝑖𝑡 = 𝐾𝑡𝐸𝑖𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡 − ∞∑

𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 𝑌𝑖𝑡 ,
𝑀𝑡 = 𝐾𝑡𝐶𝑡,𝐾𝑇 = 𝑄, 𝑖 = 1, 2, 3, . . . .

(39)

Equivalently, consider the following equation:

− �̇�𝑡 = 𝐴𝜏𝑡𝐾𝑡 + 𝐾𝑡𝐴 𝑡 + 𝐶𝜏𝑡𝐾𝑡𝐶𝑡 − 𝐾𝑡 (𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 )
⋅ 𝐾𝑡 + 𝑅𝑡 + ∞∑

𝑖=1

(𝐸𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ [𝐾𝑡𝐸𝑖𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡] − ∞∑

𝑖=1

𝐾𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + ∞∑

𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1𝐾𝑡𝐸𝑖𝑡
+ ∞∑
𝑖=1

𝐾𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡𝐾𝑇 = 𝑄,

𝐼𝑛 + ∞∑
𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 > 0,
(𝑖 = 1, 2, 3, . . .) .

(40)

Compare (39) and (40); we can find that if we can prove𝐾𝑡 the solution of (40), then𝑀𝑡 = 𝐾𝑡𝐶𝑡,𝑌𝑖𝑡 = [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 [𝐾𝑡𝐸𝑖𝑡 − 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡] (41)

is the solution of the Riccati equation (39).

In the following, we will focus on the existence and
uniqueness of solutions of (40). Firstly, let 𝑆𝑛+ denote the space
of all 𝑛×𝑛 nonnegative symmetric matrices, and𝐶([0, 𝑇]; 𝑆𝑛+)
is a Banach space of 𝑆𝑛+-valued continuous functions on [0, 𝑇].
We have the following uniqueness result.

Theorem 10. The Riccati equation (40) admits at most one
solution 𝐾𝑡 ∈ 𝐶[0, 𝑇; 𝑆𝑛+].
Proof. Suppose �̃�𝑡 ∈ 𝐶[0, 𝑇; 𝑆𝑛+] satisfying 𝐼𝑛 +∑∞𝑖=1 �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 > 0 is another solution of (40). Let�̂�𝑡 = 𝐾𝑡 − �̃�𝑡; then

− ̇̂𝐾𝑡
= 𝐴𝜏𝑡�̂�𝑡 + �̂�𝑡𝐴 𝑡 + 𝐶𝜏𝑡 �̂�𝑡𝐶𝑡
− �̂�𝑡 (𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 )𝐾𝑡
− �̃�𝑡 (𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 ) �̂�𝑡 + 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4

�̂�𝑇 = 0,
𝐼𝑛 + ∞∑
𝑖=1

�̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 > 0, (𝑖 = 1, 2, 3, . . .) ,

(42)

where

𝐼1 = ∞∑
𝑖=1

[(𝐸𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐸𝑖𝑡]
− ∞∑
𝑖=1

[(𝐸𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐸𝑖𝑡]

𝐼2 = ∞∑
𝑖=1

[�̂�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡] + ∞∑

𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡]
+ ∞∑
𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡 �̂�𝑡] − ∞∑

𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡 �̃�𝑡]
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𝐼3 = −∞∑
𝑖=1

[(𝐸𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡] − ∞∑

𝑖=1

[(𝐸𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡 �̂�𝑡]
− ∞∑
𝑖=1

[�̂�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ 𝐾𝑡𝐸𝑖𝑡] − ∞∑

𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐸𝑖𝑡] + ∞∑

𝑖=1

[(𝐸𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡 �̃�𝑡]
+ ∞∑
𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐸𝑖𝑡]

𝐼4 = −∞∑
𝑖=1

[�̂�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ 𝐾𝑡𝐸𝑖𝑡] − ∞∑

𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏
⋅ [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̂�𝑡𝐸𝑖𝑡]
+ ∞∑
𝑖=1

[�̃�𝑡𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1
⋅ �̂�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 �̃�𝑡𝐸𝑖𝑡] .

(43)[𝐼𝑛 + 𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 and [𝐼𝑛 + �̃�𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1 are
uniformly bounded as they are continuously in [0, 𝑇]; apply
Gronwall’s inequality; we can get, for all 𝑡 ∈ [0, 𝑇], �̂�𝑡 = 0.
Then we prove the uniqueness of solution.

For the existence part, first of all, if we let

Φ𝑡 = Λ (𝐾) = [𝐼𝑛 + ∞∑
𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1𝐾, (44)

then from the conventional Riccati equation theory, for
all Φ𝑡 ∈ 𝐶([0, 𝑇]; 𝑆𝑛+), the following conventional Riccati
equation

− �̇�𝑡 = [𝐴 𝑡 − ∞∑
𝑖=1

𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝑡𝐸𝑖𝑡]𝜏𝐾𝑡 + 𝐾𝑡 [𝐴 𝑡

− ∞∑
𝑖=1

𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝑡𝐸𝑖𝑡] − 𝐾𝑡 [𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡
− ∞∑
𝑖=1

𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝑡𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡]𝐾𝑡 + 𝐶𝜏𝑡𝐾𝑡𝐶𝑡
+ ∞∑
𝑖=1

(𝐸𝑖𝑡)𝜏Φ𝑡𝐸𝑖𝑡 + 𝑅𝑡
𝐾𝑇 = 𝑄,
𝐼𝑛 + ∞∑
𝑖=1

𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏 > 0,
(𝑖 = 1, 2, 3, . . .) .

(45)

has a unique solution𝐾(⋅) ∈ 𝐶([0, 𝑇]; 𝑆𝑛+), when
[𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 − ∞∑

𝑖=1

[𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝐹𝑖𝑡𝑁−1𝑡 𝐵𝑡]]
∈ 𝐶 ([0, 𝑇] ; 𝑆𝑛+) .

(46)

Let 𝑆𝑛𝑠 be the subspace of 𝑆𝑛+ which is formed by the
symmetric matrices satisfying (46). Obviously, as 𝐾𝑡 ≡ 0 ∈𝑆𝑛𝑠 the definition of 𝑆𝑛𝑠 is reasonable. Define a mapping Ψ :𝐶([0, 𝑇]; 𝑆𝑛𝑠 ) → 𝐶([0, 𝑇]; 𝑆𝑛+); we can get Lemma 11 about Φ
and Ψ.
Lemma 11. The operators Φ = Λ(𝐾) are monotonously
increasing when 𝐾 > 0, and the operator Ψ is continuous and
monotonously increasing.

Proof. When 𝐾 > 0, from the definition of Λ(𝐾), we have
Λ (𝐾) = [𝐼𝑛 + ∞∑

𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1𝐾
= [𝐾−1(𝐼𝑛 + ∞∑

𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏)]−1

= [𝐾−1 + ∞∑
𝑖=1

𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1 .
(47)

So if 𝐾1 ≥ 𝐾2, then Λ(𝐾1) ≥ Λ(𝐾2); that is, Λ(𝐾) is
monotonously increasing when 𝐾 > 0.

As 𝐾 = Ψ(Φ), set 𝐾 = Ψ(Φ); then the conventional
Riccati equation (45) can be rewritten

− �̇�𝑡= 𝐴𝜏𝑡𝐾𝑡 + 𝐾𝑡𝐴 𝑡 − 𝐾𝑡 [𝐿𝜏𝑡 + 𝐵𝑡𝑁−1𝑡 𝐵𝜏𝑡 ]𝐾𝑡 + 𝑅𝑡
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+ 𝐶𝜏𝑡𝐾𝑡𝐶𝑡
+ ∞∑
𝑖=1

[[𝐸𝑖𝑡 − 𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡]𝜏Φ𝑡 [𝐸𝑖𝑡 − 𝐹𝑖𝑡𝑁−1𝑡 𝐵𝜏𝑡𝐾𝑡]]
𝐾𝑇 = 𝑄, (𝑖 = 1, 2, 3, . . .) .

(48)

From the conclusion of Λ(𝐾) above in this lemma and
Lemma 8.2 in [28], if Φ ≥ Φ then 𝐾 ≥ 𝐾; the operator Ψ is
monotonously increasing. On the other hand, by Gronwall’s
inequality, we know that if Φ → Φ, then 𝐾 − 𝐾 → 0, so the
operator Ψ is also continuous.

For (45), it is easy to know that if there exists Φ(⋅) ∈𝐶([0, 𝑇]; 𝑆𝑛+) satisfying
Φ = [𝐼𝑛 + ∞∑

𝑖=1

Ψ (Φ) 𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1Ψ (Φ) , (49)

then Riccati equation (40) admits a unique solution. So the
following task is to find the suitable Φ(⋅) ∈ 𝐶([0, 𝑇]; 𝑆𝑛+)
satisfying (49). We need the following lemma.

Lemma 12. If there exist Φ+,Φ− ∈ 𝐶([0, 𝑇]; 𝑆𝑛𝑠 ) which satisfy
Φ+ ≥ [𝐼𝑛 + ∞∑

𝑖=1

Ψ (Φ+) 𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1Ψ (Φ+)
≥ [𝐼𝑛 + ∞∑

𝑖=1

Ψ (Φ−) 𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1Ψ (Φ−) ≥ Φ−,
(50)

then Riccati equation (40) admits a solution 𝐾(⋅) ∈ 𝐶([0, 𝑇];𝑆𝑛+).
Proof. For given Φ+, Φ− which satisfied (49), define the
sequences Φ+𝑗 , Φ−𝑗 , 𝐾+𝑗 , 𝐾−𝑗 as follows:Φ+0 = Φ+ ∈ 𝑆𝑛𝑠 ,Φ−0 = Φ− ∈ 𝑆𝑛𝑠 ,𝐾+0 = Ψ (Φ+0 ) ,𝐾−0 = Ψ (Φ−0 ) ,
Φ+𝑗+1 = [𝐼𝑛 + ∞∑

𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1𝐾+𝑗 ,
Φ−𝑗+1 = [𝐼𝑛 + ∞∑

𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1𝐾−𝑗 ,
𝐾+𝑗+1 = Ψ (Φ+𝑗+1) ,
𝐾−𝑗+1 = Ψ (Φ−𝑗+1) , 𝑗 = 1, 2, 3, . . . .

(51)

From (50) and Lemma 11, by induction, we obtain𝐾+0 ≥ 𝐾+𝑗 ≥ 𝐾+𝑗+1 ≥ 𝐾−𝑗+1 ≥ 𝐾−𝑗 ≥ 𝐾−0 ≥ 0,Φ+0 ≥ Φ+𝑗 ≥ Φ+𝑗+1 ≥ Φ−𝑗+1 ≥ Φ−𝑗 ≥ Φ−0 ≥ 0, (52)

and Φ+𝑗 , Φ−𝑗 ∈ 𝑆𝑛𝑠 ; we have
lim
𝑗→∞

Φ+𝑗 = Φ+ ∈ 𝑆𝑛𝑠 ,
lim
𝑗→∞

𝐾+𝑗 = 𝐾+ ∈ 𝑆𝑛+,
𝐾+ = lim

𝑗→∞
𝐾+𝑗 = lim

𝑗→∞
Ψ(Φ+𝑗 ) = Ψ( lim

𝑗→∞
Φ+𝑗)

= Ψ (Φ+𝑗 ) .
(53)

So 𝐾+ is a solution of (45) corresponding to Φ = Φ+; then
Φ+ = [𝐼𝑛 + ∞∑

𝑖=1

𝐾𝐹𝑖𝑁−1 (𝐹𝑖)𝜏]−1𝐾+, (54)

where 𝐾+ is a solution of Riccati equation (40). By the same
step, we can get

lim
𝑗→∞

Φ−𝑗 = Φ− ∈ 𝑆𝑛𝑠 ,
lim
𝑗→∞

𝐾−𝑗 = 𝐾− ∈ 𝑆𝑛+. (55)

and 𝐾− is also a solution of Riccati equation (40). From
Theorem 10,𝐾+ = 𝐾−.

From Lemma 12, in order to get the existence of solution
for Riccati equation (40), we only need to find Φ+ and Φ−
satisfying (50). Obviously, we can let Φ− = 0 and for the
existence ofΦ+, we need the following Assumption 13.

Assumption 13. There exists Φ(⋅) ∈ 𝑆𝑛𝑠 , such that
∞∑
𝑖=1

(𝐹𝑖)𝜏 (𝑡) Φ (𝑡) 𝐹𝑖 (𝑡) = 𝑁 (𝑡) ,
∞∑
𝑖=1

[𝐼𝑛 + 𝐾 (𝑡) 𝐹𝑖 (𝑡)𝑁−1 (𝐹𝑖)𝜏 (𝑡)]−1𝐾 (𝑡) ≤ Φ (𝑡) , (56)

where 𝐾(𝑡) is the unique solution of the following equation:

−�̇�𝑡 = [𝐴 𝑡 − ∞∑
𝑖=1

𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ (𝑡) 𝐸𝑖𝑡]𝜏𝐾𝑡
+ 𝐾𝑡 [𝐴 𝑡 − ∞∑

𝑖=1

𝐵𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ (𝑡) 𝐸𝑖𝑡]
− 𝐾𝑡𝐿𝜏𝑡𝐾𝑡 + 𝐶𝜏𝑡𝐾𝑡𝐶𝑡 + ∞∑

𝑖=1

(𝐸𝑖𝑡)𝜏Φ (𝑡) 𝐸𝑖𝑡
+ 𝑅𝑡𝐾𝑇 = 𝑄.

(57)
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It is easy to known that when matrix 𝐹𝑡 is invertible and𝑘 = 𝑛, Assumption 13 is satisfied.Then we get the main result
of this section.

Theorem 14. Let 𝐷 = 0 and Assumption 13 holds; the
Riccati equation (40) has a unique solution (𝐾,𝑀, 𝑌) ∈𝐶1([0, 𝑇]; 𝑆𝑛+) × 𝐿∞([0, 𝑇]; 𝑅𝑛×𝑛) × 𝐿∞([0, 𝑇]; 𝑅𝑛×𝑛).

At last, we give a simple example of the Riccati equation
which has a unique solution.

Example 15. Assume the dimensions of the state and control
are the same; that is, 𝑘 = 𝑛, when 𝐷 = 0, 𝐹𝑖 = 𝐼𝑛, (𝑖 =1, 2, 3, . . .) in Riccati equation (39); letΦ(⋅) = 𝑁(⋅); then check
Assumption 13.

In fact, Φ(⋅) = 𝑁(⋅) ≥ 0, so ∑∞𝑖=1[Φ𝑡𝐹𝑖𝑡 +𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝑡𝐹𝑖𝑡] ≥ ∑∞𝑖=1𝐾𝑡𝐹𝑖𝑡 ; here 𝐾𝑡 is the solution of

−�̇�𝑡 = [𝐴 𝑡 − ∞∑
𝑖=1

𝐵𝑡𝐸𝑖𝑡]𝜏𝐾𝑡 + 𝐾𝑡 [𝐴 𝑡 − ∞∑
𝑖=1

𝐵𝑡𝐸𝑖𝑡]
− 𝐾𝑡𝐿𝜏𝑡𝐾𝑡 + 𝐶𝜏𝑡𝐾𝑡𝐶𝑡 + ∞∑

𝑖=1

(𝐸𝑖𝑡)𝜏𝑁(𝑡) 𝐸𝑖𝑡
+ 𝑅𝑡𝐾𝑇 = 𝑄.

(58)

Φ𝑡 + ∑∞𝑖=1𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏Φ𝑡 ≥ 𝐾𝑡, and then [𝐼𝑛 +∑∞𝑖=1𝐾𝑡𝐹𝑖𝑡𝑁−1𝑡 (𝐹𝑖𝑡)𝜏]−1𝐾𝑡 ≤ Φ𝑡. FromTheorem 14, the Riccati
equation (39) has a unique solution when 𝑘 = 𝑛, 𝐷 = 0, 𝐹𝑖 =𝐼𝑛, (𝑖 = 1, 2, 3, . . .).
5. Conclusion

In this paper, we discussed one kind of LQ stochastic control
problem with Lévy process as noise source where the control
system is described by a linear FBSDEL. Explicit form of
optimal control is obtained, and it can be proved to be unique.
When assuming that all the coefficientmatrices in this control
problem are deterministic, it has been shown that the linear
feedback regulator for this LQ problem has a close relation to
the solutions of a kind of generalizedRiccati equation. Finally,
we discuss the solvability of the generalized Riccati equation
and prove the existence and uniqueness of the solution for it
in a special case.
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We are concerned with the problems of stability and stabilization for stochastic Markovian jump systems subject to partially
unknown transition probabilities and multiplicative noise, including the continuous- and discrete-time cases. Sufficient conditions
guaranteeing systems considered to be asymptotically stable in the mean square are presented in the form of LMIs. Furthermore,
the desired state feedback controllers are designed. It is shown that, by introducing the free-weighing matrix method, the results
we have obtained not only are less conservative than the existing ones but also can be regarded as extensions of the corresponding
results of Markovian jump systems without noise. Numerical examples are finally provided to illustrate the effectiveness of the
proposed theoretical results.

1. Introduction

Over the past years, considerable attention has been devoted
to the study of a class of stochastic systems governed by Itô’s
differential equation because of their extensive applications in
some practical areas such as economics, finance, biology, and
fault detection [1–5]. It was shown that many results related
to these systems have been presented for stability [6–8], linear
quadratic optimal control [9–12], output feedback control [13,
14], and𝐻2/𝐻∞ control [15, 16].

On the other hand, Markovian jump linear systems
(MJLS), which are referred to as the stochastic systems with
abrupt changes, have come to play an important role in practi-
cal applications owing to the powerful modeling capability of
Markov chains [17–19]. Up to now, a great number of interest-
ing and important results on this subject have been addressed;
see, for example, [20–23] and the references therein. Very
recently, the authors in [24] proposed a novel sliding mode
observer-based fault tolerant control scheme to investi-
gate the stabilization of nonlinear Markovian jump systems

with output disturbances and actuator and sensor faults
simultaneously. Furthermore, the state and fault estimation
problem for stochastic switched systems with disturbances
and sensor and actuator fault was addressed in [25]. It should
be pointed out that the obtained results in [24, 25] are very
important and useful to study the practical switched systems
with sensor and actuator failures. It was shown that most
of results on MJLS were based on the assumption that the
transition probabilities were accessible. However, in some
cases such as networked control systems, it is difficult or even
impossible to acquire complete information on the transition
probabilities of MJLS. Therefore, there is a strong incentive
to further study more general MJLS with incomplete knowl-
edge of transition probabilities. Until now, lots of results
on this topic have been addressed, for instance, stability
and stabilization [26–28] and𝐻∞ control [28–31]. Among the
aforementioned works, [32] proposed the free-connection
weighing matrices method, which obtained less conservative
results than those in [26–28, 32]. To the authors’ knowledge,
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there is little work done on stochastic Markovian jump sys-
tems with partially unknown transition rates and multiplica-
tive noise [33]. Such systems are much more advanced and
realistic, so the research on this topic should be theoretically
interesting and challenging.

In this paper, we will investigate problems of stability
and stabilization for stochasticMarkovian jump systems with
partially unknown transition rates and multiplicative noise,
including the continuous- and discrete-time cases. With the
aid of the free-weighting matrices, a new stability criterion
is established, which is less conservative than that in [33] for
the continuous-time case. Moreover, it is theoretically shown
that the previous results are special cases if the free-weighting
matrices are chosen to be some special forms. Furthermore,
the results of stability and stabilization in the discrete-time
case are successfully obtained. What we have obtained can
be regarded as generations of corresponding results without
noise as those in [30–32]. Numerical examples are finally
given to illustrate the effectiveness of the proposed theoretical
results.

The outline of this paper is listed as follows: Section 2 con-
tains some preliminary results. In Section 3, the problems of
stochastic stability and stabilization for the system considered
are addressed, including the continuous-time and discrete-
time cases. In Section 4, two simulation examples are given to
illustrate the effectiveness of the proposed theoretical results.
Conclusions are presented in Section 5.

Notations. 𝑅𝑛 is the space of all 𝑛- dimensional real vectors
with usual 2-norm ‖ ⋅ ‖; 𝑅𝑚×𝑛 is the space of all 𝑚 × 𝑛 real
matrices; 𝑆𝑛 is the set of all 𝑛 × 𝑛 symmetric matrices; 𝐴 > 0
(resp., 𝐴 < 0): 𝐴 is a real symmetric positive definite (resp.,
negative definite) matrix; 𝐴 ≥ 0 (resp., 𝐴 ≤ 0): 𝐴 is a real
semi-positive definite (resp., semi-negative definite) matrix;𝐴𝑇 is the transpose of 𝐴; E(⋅) is the expectation operator; 𝐼𝑛
is the 𝑛×𝑛 identity matrix.𝑀𝑖 is the simple notation of𝑀(𝑖).
2. Preliminaries

Consider the following continuous- and discrete-time
stochastic systems subject to Markov jump parameters and
multiplicative noise, respectively:

𝑑𝑥 (𝑡) = [𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐵 (𝑟𝑡) 𝑢 (𝑡)] 𝑑𝑡
+ [𝐶 (𝑟𝑡) 𝑥 (𝑡) + 𝐷 (𝑟𝑡) 𝑢 (𝑡)] 𝑑𝑤 (𝑡) , (1)

𝑥 (𝑘 + 1) = [𝐴 (𝑟𝑘) 𝑥 (𝑘) + 𝐵 (𝑟𝑘) 𝑢 (𝑘)]
+ [𝐶 (𝑟𝑘) 𝑥 (𝑘) + 𝐷 (𝑟𝑘) 𝑢 (𝑘)] 𝑤 (𝑘) , (2)

where 𝑥(𝑡) ∈ 𝑅𝑛 (resp., 𝑥(𝑘)) is the state vector and 𝑢(𝑡) ∈𝑅𝑞 (resp., 𝑢(𝑘)) is the control input. For the continuous-
time stochastic systems (1),𝑤(𝑡) is one-dimensional, standard
Wiener process that is defined on the complete probability
space (Ω,F,F𝑡,P) with a filtering {F𝑡}{𝑡≥0}; {𝑟𝑡, 𝑡 ≥ 0}
is a right continuous homogeneous Markov chain taking

values in a finite state space 𝑆 = {1, . . . , 𝑁} with transition
probability matrix Λ = {𝜆𝑖𝑗}𝑁×𝑁 given by

𝜆𝑖𝑗 = 𝑃𝑟 {𝑟𝑡+ℎ = 𝑗 | 𝑟𝑡 = 𝑖}
= {{{

𝜆𝑖𝑗ℎ + 𝑜 (ℎ) , 𝑖 ̸= 𝑗,
1 + 𝜆𝑖𝑖ℎ + 𝑜 (ℎ) , 𝑖 = 𝑗,

(3)

where ℎ > 0, limℎ→0𝑜(ℎ)/ℎ = 0, and 𝜆𝑖𝑗 ≥ 0 (𝑖 ̸= 𝑗)
represents the transition rate from 𝑖 to 𝑗, which satisfies𝜆𝑖𝑖 = −∑𝑁𝑗=1,𝑗 ̸=𝑖 𝜆𝑖𝑗. For the discrete-time stochastic systems
(2), 𝑤(𝑘) ∈ 𝑅 is a wide stationary, second-order process,
E(𝑤(𝑘)) = 0, and E(𝑤(𝑘)𝑤(𝑠)) = 𝛿𝑘𝑠 with 𝛿𝑘𝑠 being a
Kronecker delta; the parameter 𝑟𝑘 denotes a discrete-time
Markov chain taking values in a finite set 𝑆 = {1, . . . , 𝑁} with
transition probabilities 𝑃𝑟{𝑟𝑘+1 = 𝑗 | 𝑟𝑘 = 𝑖} = 𝜋𝑖𝑗, and transi-
tion probabilitiesmatrix is given asΠ = {𝜋𝑖𝑗}𝑁×𝑁, where𝜋𝑖𝑗 ≥0 and it satisfies∑𝑁𝑗=1 𝜋𝑖𝑗 = 1 for any 𝑖 ∈ 𝑆. In the case of 𝑟𝑡 = 𝑖
(resp., 𝑟𝑘 = 𝑖), the systemmatrices of the 𝑖thmode are given by𝐴 𝑖, 𝐵𝑖, 𝐶𝑖, 𝐷𝑖.

In this paper, the transition rates of Markovian jump
process are considered to be partially accessible. For example,
the transition rate matrixΛ for system (1) orΠ for (2) with𝑁
operation modes is described as

[[[[[[[

𝜆11 ? ? ⋅ ⋅ ⋅ 𝜆1𝑁? ? 𝜆23 ⋅ ⋅ ⋅ 𝜆2𝑁... ... ... ⋅ ⋅ ⋅ ...𝜆𝑁1 ? ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝜆𝑁𝑁

]]]]]]]
,

[[[[[[[

? 𝜋12 ? ⋅ ⋅ ⋅ 𝜋1𝑁𝜋21 ? 𝜋23 ⋅ ⋅ ⋅ ?... ... ... ⋅ ⋅ ⋅ ...𝜋𝑁1 ? ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝜋𝑁𝑁

]]]]]]]
,

(4)

where the unknown transition rate is represented by ?. For
each 𝑖 ∈ 𝑆, we define 𝑆 = 𝑆𝑖𝑘 + 𝑆𝑖𝑢𝑘, where 𝑆𝑖𝑘 ≜ {𝑗 : Λ 𝑖𝑗 or 𝜋𝑖𝑗
is known for 𝑗 ∈ 𝑆} and 𝑆𝑖𝑢𝑘 ≜ {𝑗 : Λ 𝑖𝑗 or 𝜋𝑖𝑗 is unknown for𝑗 ∈ 𝑆}. Furthermore, in the case of 𝑆𝑖𝑘 ̸= 0, it is given as 𝑆𝑖𝑘 ={𝑘𝑖1, 𝑘𝑖2, . . . , 𝑘𝑖𝑚} with 1 ≤ 𝑚 ≤ 𝑁, and 𝑘𝑖𝑡 ∈ 𝑍+ (1 ≤ 𝑡 ≤ 𝑚)
denotes the sequence number of the 𝑡th known element in the𝑖th row of matrix Λ or Π.
Definition 1. Unforced system (1) (resp., (2)) is called asymp-
totically stable in the mean square if, for any initial condition𝑥0 ∈ 𝑅𝑛, we have

lim
𝑡→∞

E {𝑥 (𝑡, 𝑥0, 𝑟0)2 | 𝑥0, 𝑟0} = 0,
(respectively, lim

𝑘→∞
E {𝑥 (𝑘, 𝑥0, 𝑟0)2 | 𝑥0, 𝑟0} = 0) . (5)
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3. Stochastic Stability and
Stabilization Analysis

In this section, the problems of stability and stabilization for
stochastic Markovian jump systems with multiplicative noise
and partially unknown transition rates in both continuous-
and discrete-time cases are investigated. The state feedback
controllers guaranteeing systems to bemean square stable are
designed.

Before proceeding, let us first recall the stability results
for system (1) and (2) with completely known transition rate
matrix.

Lemma 2. System (1) with 𝑢(𝑡) = 0 is asymptotically stable
in the mean square if there are matrices 𝑃𝑖 > 0 such that the
following LMIs hold for each 𝑖 ∈ 𝑆:

𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + 𝑁∑
𝑗=1

𝜆𝑖𝑗𝑃𝑗 < 0. (6)

Proof. Selecting a stochastic Lyapunov functional candidate

𝑉 (𝑥 (𝑡) , 𝑡, 𝑟𝑡 = 𝑖) = 𝑥𝑇 (𝑡) 𝑃𝑖𝑥 (𝑡) , (7)

where 𝑃𝑖 is a positive matrix. The infinitesimal operator L
acting on 𝑉(𝑥(𝑡), 𝑡, 𝑖) is given as follows:

L𝑉 (𝑥 (𝑡) , 𝑡, 𝑖)
= 𝑥𝑇 (𝑡)(𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + 𝑁∑

𝑗=1

𝜆𝑖𝑗𝑃𝑗)𝑥 (𝑡) . (8)

For arbitrary 𝑥(𝑡) ̸= 0, it is shown from (6) that E{L𝑉(𝑥(𝑡),𝑡, 𝑖)} < 0. Therefore, by [6], system (1) with 𝑢(𝑡) ≡ 0 is asymp-
totically stable in the mean square.

Lemma 3. System (2) with 𝑢(𝑡) ≡ 0 is asymptotically stable in
the mean square if there are matrices 𝑃𝑖 > 0 for each 𝑖 ∈ 𝑆 such
that the following LMIs hold:

𝐴𝑇𝑖 ( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗)𝐴 𝑖 + 𝐶𝑇𝑖 ( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗)𝐶𝑖 − 𝑃𝑖 < 0. (9)

Proof. Following the same line as done in Lemma 2, Lemma 3
can be easily verified.

3.1. Continuous-Time Case. This section aims to develop a
new stability criterion for system (1) by making using of
free-weighting matrices. It will be shown that what we have
obtained are less conservative than the existing ones in [33].

Theorem 4. Unforced system (1) with partially unknown
transition rates is asymptotically stable in the mean square if

there are matrices 𝑃𝑖 > 0, 𝑄𝑖 = 𝑄𝑇𝑖 satisfying the following
LMIs for each 𝑖 ∈ 𝑆:
𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴𝑇𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + ∑

𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗 (𝑃𝑗 − 𝑄𝑖) < 0, (10)

𝑃𝑗 − 𝑄𝑖 ≤ 0,
𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 ̸= 𝑖, (11)

𝑃𝑖 − 𝑄𝑖 ≥ 0,
𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 = 𝑖. (12)

Proof. It is noted that ∑𝑁𝑗=1 𝜆𝑖𝑗 = 0 leads to ∑𝑁𝑗=1 𝜆𝑖𝑗𝑄𝑖 = 0 for
arbitrary symmetric matrices𝑄𝑖. Next, the left side of (6) can
be rewritten as

𝜓𝑖 ≜ 𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + 𝑁∑
𝑗=1

𝜆𝑖𝑗𝑃𝑗 − 𝑁∑
𝑗=1

𝜆𝑖𝑗𝑄𝑖
= 𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + ∑

𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗 (𝑃𝑗 − 𝑄𝑖)
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜆𝑖𝑗 (𝑃𝑗 − 𝑄𝑖) .
(13)

If 𝑖 ∈ 𝑆𝑖𝑘, we have 𝜆𝑖𝑗 ≥ 0 (𝑖 ̸= 𝑗, 𝑗 ∈ 𝑆𝑘𝑢). In this case,
inequalities (10) and (11) can result in (6).

On the other hand, if 𝑖 ∈ 𝑆𝑖𝑢𝑘, 𝜓𝑖 can be represented as

𝜓𝑖 ≜ 𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑖𝐶𝑖 + ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗 (𝑃𝑗 − 𝑄𝑖)
+ 𝜆𝑖𝑖 (𝑃𝑖 − 𝑄𝑖) + ∑

𝑗∈𝑆𝑖
𝑢𝑘
,𝑗 ̸=𝑖

𝜆𝑖𝑗 (𝑃𝑗 − 𝑄𝑖) . (14)

Obviously, (10), (11), and (12) together with (14) can deduce
(6). This completes the proof.

Below, we further discuss the stabilization problem of
system (1). Employing the state feedback controller 𝑢(𝑡) =𝐾(𝑟𝑡)𝑥(𝑡) to system (1), then (1) becomes a close-loop system
which is described as

𝑑𝑥 (𝑡) = [𝐴 (𝑟𝑡) + 𝐵 (𝑟𝑡)𝐾 (𝑟𝑡)] 𝑥 (𝑡) 𝑑𝑡
+ [𝐶 (𝑟𝑡) + 𝐷 (𝑟𝑡)𝐾 (𝑟𝑡)] 𝑥 (𝑡) 𝑑𝑤 (𝑡) , (15)

where 𝐾(𝑟𝑡) is the controller gain to be determined.

Theorem 5. The closed-loop system (15) with partially
unknown transition rates is asymptotically stable in the mean
square if there are matrices 𝑋𝑖 > 0,𝑊𝑖 = 𝑊𝑇𝑖 , and 𝑌𝑖 for each𝑖 ∈ 𝑆 satisfying the following LMIs:

[[[[
Θ𝑖 + 𝜆𝑖𝑖𝑋𝑖 (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖)𝑇 Γ1𝑖∗ −𝑋𝑖 0∗ ∗ −Υ1𝑖

]]]]
< 0, 𝑖 ∈ 𝑆𝑖𝑘, (16)
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[[[[
Θ𝑖 (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖)𝑇 Γ2𝑖∗ −𝑋𝑖 0∗ ∗ −Υ2𝑖

]]]]
≤ 0, 𝑖 ∈ 𝑆𝑖𝑢𝑘, (17)

[−𝑊𝑖 𝑋𝑖∗ −𝑋𝑗] < 0,
𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 ̸= 𝑖,

(18)

𝑋𝑖 −𝑊𝑖 ≥ 0,
𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑖 = 𝑗, (19)

where

Θ𝑖 = 𝐴 𝑖𝑋𝑖 + 𝐵𝑖𝑌𝑖 + 𝑋𝑇𝑖 𝐴𝑇𝑖 + 𝑌𝑇𝑖 𝐵𝑇𝑖 − ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑊𝑖,
Γ1𝑖 = [√𝜆𝑖𝑘𝑖1𝑋𝑖, √𝜆𝑖𝑘𝑖2𝑋𝑖, . . . , √𝜆𝑖𝑘𝑖𝑓−1𝑋𝑖, √𝜆𝑖𝑘𝑖𝑓+1𝑋𝑖, . . . ,
√𝜆𝑖𝑘𝑖𝑚𝑋𝑖] ,

Υ1𝑖 = diag (𝑋𝑘𝑖1 , 𝑋𝑘𝑖2 , . . . , 𝑋𝑘𝑖𝑓−1 , 𝑋𝑘𝑖𝑓+1 , . . . , 𝑋𝑘𝑖𝑚) ,
Γ2𝑖 = [√𝜆𝑖𝑘𝑖1𝑋𝑖, √𝜆𝑖𝑘𝑖2𝑋𝑖, . . . , √𝜆𝑖𝑘𝑖𝑚𝑋𝑖] ,
Υ2𝑖 = diag (𝑋𝑘𝑖1 , 𝑋𝑘𝑖2 , . . . , 𝑋𝑘𝑖𝑚) ,

(20)

with 𝑘𝑖𝑓 = 𝑖. The stabilizing state feedback controllers are
presented as 𝑢(𝑡) = 𝑌𝑖𝑋−1𝑖 𝑥(𝑡).
Proof. Substituting the state feedback controller 𝑢(𝑡) =𝑌𝑖𝑋−1𝑖 𝑥(𝑡) to (1), we derive the following closed-loop system:

𝑑𝑥 (𝑡) = (𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 ) 𝑥 (𝑡) 𝑑𝑡
+ (𝐶𝑖 + 𝐷𝑖𝑌𝑖𝑋−1𝑖 ) 𝑥 (𝑡) 𝑑𝑤 (𝑡) . (21)

If 𝑖 ∈ 𝑆𝑖𝑘, by Schur complement Lemma, the inequality (16) is
equivalent to

(𝐴 𝑖𝑋𝑖 + 𝐵𝑖𝑌𝑖) + (𝐴 𝑖𝑋𝑖 + 𝐵𝑖𝑌𝑖)𝑇 − ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑊𝑖
+ (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖)𝑇𝑋−1𝑖 (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖) + 𝜆𝑖𝑖𝑋𝑖
+ ∑
𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜆𝑖𝑗𝑋𝑖𝑋−1𝑗 𝑋𝑖 < 0.
(22)

Pre- and postmultiplying (22) and (19) by 𝑋−1𝑖 , respectively,
we have

𝑋−1𝑖 (𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 ) + (𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 )𝑇𝑋−1𝑖
− ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑋−1𝑖 𝑊𝑖𝑋−1𝑖 + (𝐶𝑖 + 𝐷𝑖𝑌𝑖𝑋−1𝑖 )𝑇𝑋−1𝑖

⋅ (𝐶𝑖 + 𝐷𝑖𝑌𝑖𝑋−1𝑖 ) + ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑋−1𝑗 < 0,
𝑋−1𝑖 − 𝑋−1𝑖 𝑊𝑖𝑋−1𝑖 ≥ 0.

(23)

Let 𝑃𝑖 = 𝑋−1𝑖 , 𝑄𝑖 = 𝑋−1𝑖 𝑊𝑖𝑋−1𝑖 ; according to Theorem 4,
LMIs (23) imply that the closed-loop system (21) is asymp-
totically mean square stable.

If 𝑖 ∈ 𝑆𝑖𝑢𝑘, from Schur complement Lemma, (17) and (18)
are, respectively, equivalent to

(𝐴 𝑖𝑋𝑖 + 𝐵𝑖𝑌𝑖) + (𝐴 𝑖𝑋𝑖 + 𝐵𝑖𝑌𝑖)𝑇 − ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑊𝑖
+ (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖)𝑇𝑋−1𝑖 (𝐶𝑖𝑋𝑖 + 𝐷𝑖𝑌𝑖)
+ ∑
𝑗∈𝑆𝑖
𝑘

𝜆𝑖𝑗𝑋𝑖𝑋−1𝑗 𝑋𝑖 < 0,
− 𝑊𝑖 + 𝑋𝑖𝑋−1𝑗 𝑋𝑖 ≤ 0.

(24)

Similar to the obtained procedures of (23), inequalities (17),
(18), and (19) deduce that the closed-loop system (21) is
asymptotically stable in the mean square byTheorem 4.

Remark 6. It can be seen fromTheorem 4 that a new stability
criterion for system (1) has been established by introducing
free-weighting matrices 𝑄𝑖, which is less conservative than
Theorem 1 of [33]. In the case of𝑄𝑖 = 𝐴𝑇𝑖 𝑃𝑖 +𝑃𝑇𝑖 𝐴 𝑖 +𝐶𝑇𝑖 𝑃𝑖𝐶𝑖,
Theorem 4 coincides with Theorem 1 of [33]. Obviously, 𝑄𝑖
provides more degrees of freedom for the scope of variables.
In addition, it should be mentioned that Theorem 2 of [33]
is incorrect, because the condition that 1 + 𝜋𝑖𝑘 > 0 (which
appeared in (14) of [33]) may not be true.

3.2. Discrete-Time Case. In this section, we focus our atten-
tion on the stability and stabilization problems for discrete-
time stochastic Markovian jump systems subject to incom-
plete knowledge of transition probability and multiplicative
noise. Sufficient conditions for the stability and stabilization
of systems under consideration are formulated as LMIs.

Theorem 7. System (2) with 𝑢(𝑘) ≡ 0 is asymptotically stable
in the mean square if there exist matrices 𝑃𝑖 > 0, 𝑄𝑖 = 𝑄𝑇𝑖 ,
such that the following inequalities hold:

[[[[[[[

(1 − ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)𝑄𝑖 − 𝑃𝑖 𝐴𝑇𝑖 Λ 1𝑖 𝐶𝑇𝑖 Λ 1𝑖
∗ −Σ1𝑖 0∗ ∗ −Σ1𝑖

]]]]]]]
< 0, (25)

[[[[
−𝑄𝑖 𝐴𝑇𝑖 𝑃𝑗 𝐶𝑇𝑖 𝑃𝑗∗ −𝑃𝑗 0∗ ∗ −𝑃𝑗

]]]]
≤ 0,
𝑗 ∈ 𝑆𝑖𝑢𝑘,

(26)
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where

Λ 1𝑖 = [√𝜋𝑖𝑘𝑖1𝑃𝑖𝑘𝑖1 , √𝜋𝑖𝑘𝑖2𝑃𝑖𝑘𝑖2 , . . . , √𝜋𝑖𝑘𝑖𝑚𝑃𝑖𝑘𝑖𝑚] ,
Σ1𝑖 = diag (𝑃𝑖𝑘𝑖1 , 𝑃𝑖𝑘𝑖2 , . . . , 𝑃𝑖𝑘𝑖𝑚) .

(27)

Proof. Because of ∑𝑁𝑗=1 𝜋𝑖𝑗 = 1 for each 𝑖 ∈ 𝑆, the following
equality holds for arbitrary symmetric matrix 𝑄𝑖 = 𝑄𝑇𝑖

(1 − 𝑁∑
𝑗=1

𝜋𝑖𝑗)𝑄𝑖 = 0. (28)

Note that the left side of (9) can be expressed as

Δ 𝑖 ≜ 𝐴𝑇𝑖 ( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗)𝐴 𝑖 + 𝐶𝑇𝑖 ( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗)𝐶𝑖 − 𝑃𝑖
+ (1 − 𝑁∑

𝑗=1

𝜋𝑖𝑗)𝑄𝑖.
(29)

Considering 𝑆 = 𝑆𝑖𝑘 + 𝑆𝑖𝑢𝑘, (29) can be rewritten as

Δ 𝑖 ≜ ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝐴𝑇𝑖 𝑃𝑗𝐴 𝑖 + ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝐶𝑇𝑖 𝑃𝑗𝐶𝑖
+ (1 − ∑

𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)𝑄𝑖 − 𝑃𝑖 + ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗𝐴𝑇𝑖 𝑃𝑗𝐴 𝑖
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗𝐶𝑇𝑖 𝑃𝑗𝐶𝑖 − ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗𝑄𝑖.
(30)

It is easy to see that Δ 𝑖 < 0 holds if the following inequalities
are satisfied:

− 𝑃𝑖 + ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝐴𝑇𝑖 𝑃𝑗𝐴 𝑖 + ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝐶𝑇𝑖 𝑃𝑗𝐶𝑖
+ (1 − ∑

𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)𝑄𝑖 < 0,
(31)

𝐴𝑇𝑖 𝑃𝑗𝐴 𝑖 + 𝐶𝑇𝑖 𝑃𝑗𝐶𝑖 − 𝑄𝑖 < 0, 𝑗 ∈ 𝑆𝑖𝑢𝑘. (32)

From Schur complement lemma, it can be verified that (31)
and (32) are, respectively, equivalent to (25) and (26). There-
fore, it is shown fromLemma 3 that system (2)with𝑢(𝑡) ≡ 0 is
asymptotically stable in the mean square. This completes the
proof.

Next, we are set about to investigate the stabilization
problem of system (2) with partially unknown transition
rates. The state feedback controller is given in the form of𝑢(𝑘) = 𝐾(𝑟𝑘)𝑥(𝑘). Applying this controller to system (2)
results in the following closed-loop system:

𝑥 (𝑘 + 1)
= [𝐴 (𝑟𝑘) 𝑥 (𝑘) + 𝐵 (𝑟𝑘)𝐾 (𝑟𝑘)] 𝑥 (𝑘)
+ [𝐶 (𝑟𝑘) 𝑥 (𝑘) + 𝐷 (𝑟𝑘)𝐾 (𝑟𝑘)] 𝑥 (𝑘) 𝑤 (𝑘) .

(33)

Theorem 8. The closed-loop system (33) is asymptotically
stable in the mean square if there exist matrices 𝑋𝑖 > 0, 𝑊𝑖 =𝑊𝑇𝑖 , 𝑌𝑖, such that the following LMIs hold:

[[[[[[[[

(1 − ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)𝑊𝑖 − 𝑋𝑖 (𝑋𝑖𝐴𝑇𝑖 + 𝑌𝑇𝑖 𝐵𝑇𝑖 )Λ 2𝑖 (𝑋𝑖𝐶𝑇𝑖 + 𝑌𝑇𝑖 𝐷𝑇𝑖 )Λ 2𝑖
∗ −Σ2𝑖 0
∗ ∗ −Σ2𝑖

]]]]]]]]
< 0, (34)

[[[[[

−𝑊𝑖 𝑋𝑖𝐴𝑇𝑖 + 𝑌𝑇𝑖 𝐵𝑇𝑖 𝑋𝑖𝐶𝑇𝑖 + 𝑌𝑇𝑖 𝐷𝑇𝑖∗ −𝑋𝑗 0
∗ ∗ −𝑋𝑗

]]]]]
≤ 0, 𝑗 ∈ 𝑆𝑖𝑢𝑘, (35)

where

Λ 2𝑖 = [√𝜋𝑖𝑘𝑖1𝐼𝑘𝑖1 , √𝜋𝑖𝑘𝑖2𝐼𝑘𝑖2 , . . . , √𝜋𝑖𝑘𝑖𝑚𝐼𝑘𝑖𝑚] ,
Σ2𝑖 = diag (𝑋𝑘𝑖1 , 𝑋𝑘𝑖2 , . . . , 𝑋𝑘𝑖𝑚) .

(36)

The desired state feedback controller gains are given by 𝐾𝑖 =𝑌𝑖𝑋−1𝑖 .

Proof. Applying the state feedback controller 𝑢(𝑘) =𝑌𝑖𝑋−1𝑖 𝑥(𝑘) to system (2), we derive the following closed-loop
system:

𝑥 (𝑘 + 1) = [𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 ] 𝑥 (𝑘) + [𝐶𝑖 + 𝐷𝑖𝑌𝑖𝑋−1𝑖 ]
⋅ 𝑥 (𝑘) 𝑤 (𝑘) . (37)
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Pre- and postmultiply the left sides of (34) and (35) by

diag (𝑋−1𝑖 , 𝑋−1𝑘𝑖1 , . . . , 𝑋−1𝑘𝑖𝑚 , 𝑋−1𝑘𝑖1 , . . . , 𝑋−1𝑘𝑖𝑚) ,
diag (𝑋−1𝑖 , 𝑋−1𝑗 , 𝑋−1𝑗 ) , (38)

respectively, and let

𝑃𝑖 = 𝑋−1𝑖 ,
𝑄𝑖 = 𝑋−1𝑖 𝑊𝑖𝑋−1𝑖 ; (39)

then (34) and (35) are, respectively, equivalent to

[[[[[[[

(1 − ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)𝑄𝑖 − 𝑃𝑖 (𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 )𝑇Λ 1𝑖 (𝐶𝑖 + 𝑌𝑖𝑋−1𝑖 )𝑇Λ 1𝑖
∗ −Σ1𝑖 0∗ ∗ −Σ1𝑖

]]]]]]]
< 0, (40)

[[[[
−𝑄𝑖 (𝐴 𝑖 + 𝐵𝑖𝑌𝑖𝑋−1𝑖 )𝑇 𝑃𝑗 (𝐶𝑖 + 𝐷𝑖𝑌𝑖𝑋−1𝑖 )𝑇 𝑃𝑗∗ −𝑃𝑗 0∗ ∗ −𝑃𝑗

]]]]
≤ 0. (41)

It is easy from Theorem 7 to see that the closed-loop system
(33) is asymptotically stable in the mean square.

4. Examples

In this section, two numerical examples are proposed to
demonstrate the effectiveness of our presented approaches,
including the continuous- and discrete-time cases.

Consider the continuous-time stochastic Markov jump-
ing system in the form of (15) with the following matrices:

𝐴1 = [ 0 1−4.90 −2] ,
𝐴2 = [ 0 1−4.90 −1.60] ,
𝐴3 = [ 0 1−1.625 −1] ,
𝐴4 = [ 0 1−4.41 −0.8] ,
𝐵1 = [11] ,
𝐵2 = [ 10.8] ,
𝐵3 = [ 10.5] ,
𝐵4 = [ 10.4] ,

𝐶1 = [0.15 0.200.48 0.21] ,
𝐶2 = [0.19 −0.110.58 0.11 ] ,
𝐶3 = [−0.31 0.250.31 −0.20] ,
𝐶4 = [−0.17 0.480.19 0.27] ,
𝐷1 = [0.270.23] ,
𝐷2 = [ 0.1−0.29] ,
𝐷3 = [0.140.29] ,
𝐷4 = [ 00.17] .

(42)

The transition rate matrix Λ with the partially unknown
elements is presented as

[[[[[[

−1.5 0.1 ? ?? ? 0.2 0.40.5 ? −1.6 ?0.3 ? ? ?
]]]]]]
. (43)
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Based on Theorem 5 the controller gains for system (15)
are given as follows:

𝐾1 = [0.7187 2.0915] ,
𝐾2 = [−1.6273 2.1038] ,
𝐾3 = [−3.8298 3.4187] ,
𝐾4 = [0.9722 2.8755] .

(44)

Consider discrete-time stochastic Markov jumping system
(33) with four operation modes and the following system
matrices:

𝐴1 = [0.35 −0.300.48 0.81 ] ,
𝐴2 = [−0.29 −0.111.48 0.21 ] ,
𝐴3 = [0.11 −0.350.31 −0.10] ,
𝐴4 = [0.17 −1.481.59 −0.27] ,
𝐵1 = [−0.271.23 ] ,
𝐵2 = [ 0.78−0.49] ,
𝐵3 = [1.340.39] ,
𝐵4 = [−0.381.07 ] ,
𝐶1 = [0.05 0.300.48 0.01] ,
𝐶2 = [0.19 −0.111.58 0.11 ] ,
𝐶3 = [−0.61 0.250.31 0.20] ,
𝐶4 = [0.17 0.480.39 0.27] ,
𝐷1 = [0.270.23] ,
𝐷2 = [ 0.38−0.29] ,

𝐷3 = [0.340.29] ,
𝐷4 = [ 0.10.17] .

(45)

The transition rate matrix Π with the partially unknown
elements is presented as

[[[[[[

0.2 0.1 ? ?? ? 0.2 0.30.2 ? 0.4 ?0.3 ? ? ?
]]]]]]
. (46)

By Theorem 8, the controller gains for system (33) are given
as 𝐾1 = [−0.2275 −0.7036] ,

𝐾2 = [1.0951 0.1754] ,
𝐾3 = [0.3090 0.1018] ,
𝐾4 = [1.8828 −5.4904] .

(47)

Remark 9. It was shown that the random packet loss and
channel delay in the network control system are often mod-
eled as Markov chains and the variation of delays and packet
dropouts may be random in the different period of networks
[34]. Therefore, it is difficult to obtain complete elements of
the transition probabilities matrix. The same problems may
arise in a single-link robot arm in [31, 35], whose dynamic
equation is presented as

̈𝜃 (𝑡) = −𝑀𝑔𝐿𝐽 sin (𝜃 (𝑡)) − 𝐷 (𝑡)𝐽 ̇𝜃 (𝑡) + 1𝐽𝑢 (𝑡) , (48)

where 𝜃(𝑡) is the angle position of the arm, 𝑢(𝑡) is the control
input, 𝑔 is the acceleration of gravity, 𝐿 is the length of
the arm, 𝐷(𝑡) is the coefficient of viscous friction which is
assumed to be time invariant,𝑀 is the mass of the payload,
and 𝐽 is the moment of inertia. Let 𝑥1(𝑡) = 𝜃(𝑡), 𝑥2(𝑡) = ̇𝜃(𝑡),
and −𝜋/2 ≤ 𝜃(𝑡) ≤ −𝜋/2. Under this condition, sin(𝜃(𝑡))
is usually denoted as 𝜃(𝑡) when 𝜃(𝑡) is about 0 rad. Next,
consider that system (48) can be modeled as a Markovian
jump system with 4 subsystems:

�̇� (𝑡) = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) , (49)

where

𝐴 𝑖 = [[[
0 1−𝑀𝑖𝑔𝐿𝐽𝑖 −𝐷𝐽𝑖

]]]
,

𝐵𝑖 = [[[
11𝐽𝑖
]]]
,

𝑖 ∈ {1, 2, 3, 4} .

(50)
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However, it might occur that 𝐴 𝑖, 𝐵𝑖 is subject to some
random environmental noise effects [1, 2]. In this case, (49)
becomes stochastic Markovian jump systems with partially
unknown transition probabilities and multiplicative noise

𝑑𝑥 (𝑡) = [𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡)] 𝑑𝑡
+ [𝐶𝑖𝑥 (𝑡) + 𝐷𝑖𝑢 (𝑡)] 𝑑𝑤 (𝑡) . (51)

If the parameters are taken as 𝑔 = 9.8, 𝐿 = 0.5,𝐷(𝑡) = 𝐷 = 2,𝑀1 = 1,𝑀2 = 1.25,𝑀3 = 2.5,𝑀4 = 2.25, 𝐽1 = 1, 𝐽2 = 1.25,𝐽3 = 2, 𝐽4 = 2.5, then the controller gains for system (15) are
provided in (44).

5. Conclusion

In this paper, the stability and stabilization problems for a
class of stochastic Markovian jump linear systems (MJLS)
with partly unknown transition rates have been studied. The
LMI-based sufficient conditions ensuring systems considered
to be stable are given in the continuous- and discrete-time
cases. Numerical examples are provided to show the validness
and applicability of the developed results.
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With the increasing prominence of big data in modern science, data of interest are more complex and stochastic. To deal with
the complex matrix and vector data, this paper focuses on the mixed matrix regression model. We mainly establish the degrees
of freedom of the underlying stochastic model, which is one of the important topics to construct adaptive selection criteria for
efficiently selecting the optimal model fit. Under some mild conditions, we prove that the degrees of freedom of mixed matrix
regression model are the sum of the degrees of freedom of Lasso and regularized matrix regression. Moreover, we establish the
degrees of freedom of nuclear-norm regularizationmultivariate regression. Furthermore, we prove that the estimates of the degrees
of freedom of the underlying models process the consistent property.

1. Introduction

With the increasing prominence of large-scale data in mod-
ern science, data of interest are more complex, which may be
in the formof amatrix, not a vector. At the same time, the ran-
dom noises are not always normal. These complex stochastic
data are frequently collected in a large variety of research
areas such as information technology, engineering, medical
imaging anddiagnosis, and finance [1–7]. For instance, awell-
known example is the study of an electroencephalography
data set of alcoholism.The study consists of 122 subjects with
two groups, an alcoholic group and a normal control group,
and each subject was exposed to a stimulus. Voltage values
were measured from 64 channels of electrodes placed on the
subject’s scalp for 256 time points, so each sampling unit
is a 256 × 64 matrix. To address scientific questions arising
from those data, sparsity or other forms of regularization are
crucial owing to the ultrahigh dimensionality and complex
structure of the matrix data. Often, a variety of models
in statistics lead to the estimation of matrices with rank
constraints. The true signal often has low rank, which can be
well approximated by a low rank matrix. Recently, Zhou and
Li [5] proposed the so-called regularized matrix regression
model to deal with these matrix form data, which is based on
spectral regularization. This model includes the well-known
Lasso as a special case; see [8] for more details. Moreover, one

of the main results in [5] claimed the degrees of freedom of
the proposed model under orthonormal assumption.

Degrees of freedom of the underlying stochastic model
are one of the important topics. As we know, if we want to
evaluate the performance of amodelwhenweuse it to analyze
data, we need to choose the optimal tuning parameter in the
samemodel. Manymethods have been proposed to solve this
problem. The popular methods include 𝐶𝑝, AIC, and BIC
[9–11]. There is also a computational cost method named
cross-validation. Efron [11] showed that 𝐶𝑝 is an unbiased
estimate of prediction error, and in most cases 𝐶𝑝 provides
an accurate parameter over cross-validation. Thus, 𝐶𝑝 and
AIC outperform the cross-validation. The fundamental idea
of 𝐶𝑝, AIC, and BIC is connected with the concept of degrees
of freedom.

Degrees of freedom can be easily understood in linear
model. In linear case, the degrees of freedom are the number
of prediction variables. However, if there exist constraints
on the prediction variables, the degrees of freedom do not
exactly correspond to the number of variables; see, for exam-
ple, [5, 12–18]. After Stein [12] got Stein’s unbiased estimation,
analytical forms of the degrees of freedom of differentmodels
have been studied for vector case. For instance, Hastie and
Tibshirani [13] showed that the degrees of freedom of a
linear smoother equal the trace of the prediction matrix.
In general, it is difficult to get the degrees of freedom of
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many models. In 1998 Ye [15] and in 2002 Shen and Ye [16]
used the computational method to predict the degrees of
freedom. However, there is a deficient thing that the more
data, the more cost of computation. For high-dimension
vector case, Zou et al. [14] gave the degrees of freedom of
Lasso. Furthermore, Tibshirani and Taylor [17, 18] gave the
degrees of freedom of generalized Lasso.

However, for matrix case, there are a few results about
the degrees of freedom of matrix regression. One can see
that getting the analytical form of the degrees of freedom of
our model is very essential both in theory and in practice.
Thus, it is important to study the degrees of freedom in
matrix case in the big data era. Notice that, besides Zhou
and Li’s work [5] about the degrees of freedom of regularized
matrix regression, Yuan [19] got the degrees of freedom in
low rank matrix estimation, which includes the cases of the
rank constraints and nuclear-norm regularization. Note that
Yuan [19] just considered the rank constraints of multivariate
regression, and Zhou and Li [5] did not consider the mixed
case, which is combined with matrix and vector. If we use the
nuclear norm as the penalty, what are the degrees of freedom
of that model? If the variables are mixed, what are the degrees
of freedom of that model?

We will answer the above questions affirmatively in our
paper. Firstly, we prove that the degrees of freedom of
mixed matrix regression model are the sum of the degrees
of freedom of Lasso and regularized matrix regression;
this result can be useful to construct adaptive selection
criteria for efficiently selecting the optimal model fit. Then,
following the same idea we establish the degrees of freedom
of nuclear-norm regularization multivariate regression. It is
worth noticing that Zou et al. [14] not only gave the unbiased
estimate of the degrees of freedom of Lasso model, but also
proved the following consistency of the estimate. This is
an interesting and important work on the estimates of the
degrees of freedom of Lasso. Based on their work, we finally
prove that the estimates of the degrees of freedom given in
this paper are consistent.

Our paper is organized as follows. In Section 2, we
introduce the primary model, basic concepts, and notations
used in our paper. In Section 3, we show the process of
computing the degrees of freedom of model (3). In Section 4,
we give the degrees of freedom of multivariate regression
with nuclear-norm regularization. In Section 5, we verify the
consistent property of the estimates. We conclude the paper
with a discussion of potential future research in Section 6.

2. Preliminaries

In this section, we mainly introduce our model and basic
concepts. First we present mixed matrix regression model.
Then for convenient discussion and understanding of our
work, we give some basic knowledge and notations.

Suppose 𝑦 ∈ R is the response variable, 𝛾 ∈ R𝑝0 is the
prediction vector, and 𝑋 ∈ R𝑝1×𝑝2 is the prediction matrix.
They are known. Let z and 𝐵 be unknown prediction vector
andmatrix.The statistical model of matrix regression is given
as 𝑦 = ⟨𝐵,𝑋⟩ + 𝛾𝑇z + 𝜖, (1)

where ⟨𝐵,𝑋⟩ is the sumofmultiply of corresponding element
of 𝐵 and𝑋; 𝜖 is the prediction error of the model. Suppose we
take 𝑛 samples𝑦𝑖 = ⟨𝐵,𝑋𝑖⟩ + 𝛾𝑇𝑖 z + 𝜖𝑖 𝑖 = 1, . . . , 𝑛. (2)

Note that, in the real data case, there are always some special
structures of 𝐵 and z such that 𝐵 has low rank and z is usually
sparse. In this case, we define mixed matrix regression model
as

min
(𝐵,z)

12 𝑛∑
𝑖=1

(𝑦𝑖 − 𝛾𝑇𝑖 z − ⟨𝐵,𝑋𝑖⟩)2 + 𝜆1 ‖𝐵‖∗ + 𝜆2 ‖z‖1 , (3)

where 𝜆1 ≥ 0, 𝜆2 ≥ 0 are the regularized parameters
and ‖𝐵‖∗ is the nuclear norm of 𝐵 which is the sum of
singular values of 𝐵. That is, if 𝐵 has singular decomposition,𝑈 diag(b)𝑉𝑇, where 𝑈 ∈ R𝑝1×𝑝1 and 𝑉 ∈ R𝑝2×𝑝2 , are
normal orthogonal matrix, and diag(b) is a matrix whose
elements of main diagonal are singular values of 𝐵 with b =(𝑏1, 𝑏2, . . . , 𝑏𝑝, 0, . . . , 0), then ‖𝐵‖∗ = |𝑏1|+|𝑏2|+⋅ ⋅ ⋅+|𝑏𝑝|. ‖z‖1 is
defined as the sum of absolute values of every component of
z. That is, if z = (𝑧1, 𝑧2, . . . , 𝑧𝑝0), ‖z‖1 = |𝑧1| + |𝑧2| + ⋅ ⋅ ⋅ + |𝑧𝑝0 |.
Clearly, if 𝐵 = 0 in model (3), we will get Lasso model. For
Lasso model, the research is very mature including algorithm
and the degrees of freedom. In statistical parlance, Lasso uses
an ℓ1 penalty which has the effect of forcing some of the
coefficient estimates to be exactly equal to zero when the
tuning parameter 𝜆 is sufficiently large. We say that Lasso
yields sparsemodels that just involve a subset of the variables,
performing variable selection. Lasso has been widely used in
statistical and machine learning. In model (3), if z = 0, we
will get regularized matrix regression model mainly studied
in [5].

Now we review some basic results on the degrees of
freedom. Based on Stein’s unbiased estimation, Efron et
al. [20] showed that the effective degrees of freedom of
any fitting procedure 𝛿 has a rigorous definition under the
differentiability condition on the estimate ŷ of y based on 𝛿,
where y = (𝑦1, 𝑦2, . . . , 𝑦𝑛) denotes the response vector. That
is, given a method 𝛿, let ŷ = 𝛿(y) denote its fit. Then under
the differentiability of ŷ, the degrees of freedom of 𝛿 are given
by

df (ŷ) = tr {𝐷ŷ (y)} . (4)

This means that the degrees of the freedom of 𝛿 are the trace
of the Jacobian matrix which is a special case of Definition 1.
Once we get the degrees of freedom, we can establish three
well-known information criteria 𝐶𝑝, AIC, and BIC under the
normal noise case. That is,

𝐶𝑝 = y − ŷ22𝑛𝜎2 + 2df𝑛 ,
AIC = y − ŷ22𝜎2 + 2df ,
BIC = y − ŷ22𝜎2 + ln (𝑛) df .

(5)
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In order to deal with the degrees of freedom of mixed
matrix regression model, we define an operator to simplify
the expression of optimal question and the Jacobian matrix
of matrix function.

Definition 1. Suppose there is a matrix function 𝑓:𝑓 : R𝑝×𝑞 → R
𝑠×𝑡,𝑁 → 𝑀 = 𝑓 (𝑁) . (6)

Then one defines the Jacobian matrix as 𝐷𝑀(𝑁) =𝜕 vec(𝑀)/𝜕 vec𝑇(𝑁).
Suppose𝑀 = (𝑚11 ,...,𝑚1𝑡...

𝑚𝑠1,...,𝑚𝑠𝑡

),𝑁 = ( 𝑛11 ,...,𝑛1𝑞...
𝑛𝑝1 ,...,𝑛𝑝𝑞

). We vectorize

the matrix into a vector by column. For example, vec(𝑀) =(𝑚11, . . . , 𝑚𝑠1, . . . , 𝑚1𝑡, . . . , 𝑚𝑠𝑡)𝑇.Then the Jacobianmatrix of𝑓 can be written as𝐷𝑀(𝑁)

=((((((
(

𝜕𝑚11𝜕𝑛11 , 𝜕𝑚11𝜕𝑛21 , . . . , 𝜕𝑚11𝜕𝑛𝑝1 , . . . , 𝜕𝑚11𝜕𝑛1𝑞 , 𝜕𝑚11𝜕𝑛2𝑞 , . . . , 𝜕𝑚11𝜕𝑛𝑝𝑞𝜕𝑚21𝜕𝑛11 , 𝜕𝑚21𝜕𝑛21 , . . . , 𝜕𝑚21𝜕𝑛𝑝1 , . . . , 𝜕𝑚21𝜕𝑛1𝑞 , 𝜕𝑚21𝜕𝑛2𝑞 , . . . , 𝜕𝑚21𝜕𝑛𝑝𝑞...𝜕𝑚𝑠𝑡𝜕𝑛11 , 𝜕𝑚𝑠𝑡𝜕𝑛21 , . . . , 𝜕𝑚𝑠𝑡𝜕𝑛𝑝1 , . . . , 𝜕𝑚𝑠𝑡𝜕𝑛1𝑞 , 𝜕𝑚𝑠𝑡𝜕𝑛2𝑞 , . . . , 𝜕𝑚𝑠𝑡𝜕𝑛𝑝𝑞

))))))
)

. (7)

Definition 2. Let the operator ⋆ be defined from R𝑚×𝑚𝑛 ×
R𝑚×𝑛 toR𝑚 by 𝑋 ⋆ 𝑌 = 𝑋vec (𝑌) . (8)

It is easy to verify that the operator ⋆ is linear and 𝐴(𝑋 ⋆𝑌) = (𝐴𝑋) ⋆ 𝑌.
Let 𝜒 = ( vec𝑇(𝑋1)

...
vec𝑇(𝑋𝑛)

), 𝛾 = ( 𝛾𝑇1...
𝛾𝑇𝑛

), y = ( 𝑦1...
𝑦𝑛

). Then, we can

rewrite mixed matrix regression model (3) as

min
(𝐵,z)

12 y − 𝜒 ⋆ 𝐵 − 𝛾 ⋆ z22 + 𝜆1 ‖𝐵‖∗ + 𝜆2 ‖z‖1 . (9)

LetB = (𝐵, z) denote the unknown coefficients, and letA =(𝜒, 𝛾) denote the prediction matrix. Our paper is based on
the assumptions that A𝑇A is full rank and the matrix data
and vector data are independent, that is, 𝜒𝑇𝛾 = 0.
3. The Unbiased Estimate of the
Degrees of Freedom

We begin with the least squares estimate of our mixed matrix
regression, which is the optimal solution of the problem

min 12 y − 𝜒 ⋆ 𝐵 − 𝛾 ⋆ z22 . (10)

By taking the partial deviation of the minimal question, we
can know that −𝜒𝑇 (y − 𝜒 ⋆ 𝐵 − 𝛾 ⋆ ẑ) = 0,−𝛾𝑇 (y − 𝜒 ⋆ 𝐵 − 𝛾 ⋆ ẑ) = 0. (11)

From our definitions in Section 2, we can easily verify that𝐷𝜒 ⋆ 𝐵(𝐵) = 𝜒, 𝐷𝛾 ⋆ z(z) = 𝛾. From the relationship ŷ =𝜒 ⋆ 𝐵 + 𝛾 ⋆ ẑ, we obtain that

𝐷ŷ (B̂) = (𝐷ŷ (𝐵) ,𝐷ŷ (ẑ)) = (𝜒, 𝛾) . (12)

By taking the partial deviation of the implicit functions on y
above, we get−𝜒𝑇 + 𝜒𝑇𝜒𝐷𝐵𝐿𝑆 (y) + 𝜒𝑇𝛾𝐷ẑ𝐿𝑆 (y) = 0,−𝛾𝑇 + 𝛾𝑇𝜒𝐷𝐵𝐿𝑆 (y) + 𝛾𝑇𝛾𝐷ẑ𝐿𝑆 (y) = 0. (13)

Thus, we derive A𝑇A𝐷B̂𝐿𝑆(y) = A𝑇. If A𝑇A is a full rank
matrix, we can get𝐷B̂𝐿𝑆(y) = (A𝑇A)−1A𝑇.

Based on the definition of the degrees of freedom, we
know that if the estimation ŷ is differentiable on y, d̂f =
tr{𝐷ŷ(y)} is an unbiased estimate of the degrees of freedom.
Combining with the chain rule and the Jacobian matrix of
fitted value with respect to responses, we can get

d̂f = tr {𝐷ŷ (y)}= tr {𝐷ŷ (B̂)𝐷B̂ (B̂𝐿𝑆)𝐷B̂𝐿𝑆 (y)} . (14)

This together with the above arguments, we can get

d̂f = tr {A𝐷B̂ (B̂𝐿𝑆) (A𝑇A)−1A𝑇}
= tr {𝐷B̂ (B̂𝐿𝑆) (A𝑇A)−1A𝑇A}= tr {𝐷B̂ (B̂𝐿𝑆)} .

(15)

Because𝐷B̂(B̂𝐿𝑆) = (𝐷𝐵(𝐵𝐿𝑆),𝐷𝐵(ẑ𝐿𝑆)𝐷ẑ(𝐵𝐿𝑆),𝐷ẑ(ẑ𝐿𝑆)
), it is easy to yield

d̂f = tr {𝐷B̂ (B̂𝐿𝑆)}= tr {𝐷𝐵 (𝐵𝐿𝑆)} + tr {𝐷ẑ (ẑ𝐿𝑆)} . (16)

We are ready to present our main result in this section.

Theorem 3. Let 𝐵𝐿𝑆 be the usual least squares estimate of B
and assume that it has distinct positive singular values 𝜎1 >𝜎2 > ⋅ ⋅ ⋅ > 𝜎𝑝 > 0; then the unbiased estimate of the degrees of
freedom of model (9) is

𝑑𝑓 = ‖ẑ‖0 + 𝑝∑
𝑖=1

1{𝜎𝑖>𝜆1}
{{{1 +

𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 }}} ,
(17)

where ẑ is the estimate of z and ‖ẑ‖0 is the number of nonzero
elements in ẑ. Clearly, 𝑑𝑓 = 𝐸(𝑑𝑓) is the degrees of freedom of
mixed matrix regression.
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Theorem 3 is an immediate result of the following two
propositions whose proofs are relegated to the Appendix for
the sake of presentation.

Proposition 4. For any 𝜆1 ≥ 0, the unbiased estimate of
the degrees of freedom of regularized matrix regression model
equals tr{𝐷𝐵(𝐵𝐿𝑆)} given by

tr {𝐷𝐵 (𝐵𝐿𝑆)} = 𝑝∑
𝑖=1

1{𝜎𝑖>𝜆1}
{{{1 +

𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 }}} ,
(18)

where 𝐵𝐿𝑆 is the usual least squares estimate of B and assume
that it has distinct positive singular values 𝜎1 > 𝜎2 > ⋅ ⋅ ⋅ >𝜎𝑝 > 0.
Proposition 5. ∀𝜆2 ≥ 0, the unbiased estimate of the degrees
of freedom of Lasso equals tr{𝐷ẑ(ẑ𝐿𝑆)} given by

tr {𝐷ẑ (ẑ𝐿𝑆)} = ‖z‖0 . (19)

4. Multivariate Regression with
Nuclear-Norm Regularization

This section considers the multivariate regression, which has
the following statistical model𝑌 = 𝑋𝐵 + 𝐸, (20)

where 𝑌 = (y1, y2, . . . , y𝑛)𝑇 is an 𝑛 × 𝑞 response matrix, 𝑋 =(x1, x2, . . . , x𝑛)𝑇 is an 𝑛 × 𝑝 prediction matrix, 𝐵 is a 𝑝 × 𝑞
unknown coefficientmatrix, and the regression randomnoise𝐸 ∼ 𝑁(0, 𝜏2𝐼𝑛 ⊗ 𝐼𝑞).

Very recently, Yuan [19] studied the degrees of freedom
of multivariate regression with low rank constraint via the
following optimal model:

min
𝐵,rank(𝐵)≤𝑘

‖𝑌 − 𝑋𝐵‖2𝐹 . (21)

Since the above optimal model with the low rank constraint
is difficult to compute, it is NP-hard problem. In this
case, we usually relax the rank constraint to nuclear-norm
regularization. Then we get the nuclear-norm regularization
multivariate regression model

min
𝐵

‖𝑌 − X𝐵‖2𝐹 + 𝜆 ‖𝐵‖∗ . (22)

Following the same technique as in the proof of
Theorem 3, we can easily obtain the degrees of freedom of
the nuclear-norm regularization multivariate regression. We
omit its proof for brevity.

Theorem 6. Assume that rank(𝑋𝑇𝑋) = 𝑝 in (22). Let 𝐵𝐿𝑆 be
the usual least squares estimate and assume that it has distinct
positive singular values 𝜎1 > 𝜎2 > ⋅ ⋅ ⋅ > 𝜎𝑝 > 0, where

𝑝 = min{𝑝1, 𝑝2}. With the convention 𝜎𝑖 = 0 for 𝑖 > 𝑝, the
following expression is an unbiased estimate of the degrees of
freedom of the regularized fit (22):

𝑑𝑓 (𝜆) = 𝑝∑
𝑖=1

1{𝜎𝑖>𝜆}
{{{1 +

𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗 }}} .
(23)

Thus 𝑑𝑓 = 𝐸(𝑑𝑓(𝜆)) is the degrees of freedom of the nuclear-
norm regularization multivariate regression.

5. Consistency of the Unbiased Estimate

The consistency of an estimate is important because it implies
that the estimate is convergent to true value in probability.
Suppose the estimated random variable is 𝑇(𝑋); we use
statistical methods to get an estimate �̂�𝑛(𝑋), which is a
function of the size of sample. If �̂�𝑛(𝑋) is a consistent estimate
of 𝑇(𝑋), it means that, with the sample size increasing, �̂�𝑛(𝑋)
equals𝑇(𝑋) almost everywhere.That is, for any 𝜖 > 0, we can
get

lim
𝑛→∞

𝑃 {�̂�𝑛 (𝑋) − 𝑇 (𝑋) < 𝜖} = 1. (24)

In this section, we prove the consistent property of the
estimates of the degrees of freedom given in the former
sections. We will first prove the consistency of the unbiased
estimate d̂f of regularized matrix regression. To do so, we
need the following proposition on the continuous property
of d̂f .

Proposition 7. An unbiased estimate of the degrees of freedom
of regularized matrix regression model is

𝑑𝑓 = 𝑝∑
𝑖=1

1{𝜎𝑖>𝜆}
{{{1 +

𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗 }}} ,
(25)

where 𝜎𝑖 is the singular value of the least square estimate. In
this case, the degrees of freedom 𝑑𝑓 are only continuous in {𝜆 |𝜆 ̸= 𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝}.
Proof. For any 𝜆 ∈ (𝜎𝑚, 𝜎𝑚−1), we know that 𝜆 < 𝜎𝑚−1 <𝜎𝑚−2 < ⋅ ⋅ ⋅ < 𝜎1. So the degrees of freedom of regularized
matrix regression model are written as

d̂f

= 𝑚−1∑
𝑖=1

{{{1 +
𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗 + 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆)𝜎2𝑖 − 𝜎2𝑗 }}} .
(26)
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It is obvious that d̂f is a linear function on 𝜆 ∈ (𝜎𝑚, 𝜎𝑚−1).
Thus, d̂f is continuous in {𝜆 | 𝜆 ̸= 𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝}.

We next prove that d̂f is not continuous in {𝜎𝑖, 𝑖 = 1, 2,. . . , 𝑝}. If 𝜆 ∈ [𝜎𝑚, 𝜎𝑚−1) and 𝜆 → 𝜎+𝑚, 𝜆 < 𝜎𝑚−1 < 𝜎𝑚−2 <⋅ ⋅ ⋅ < 𝜎1, we obtain
lim
𝜆→𝜎+𝑚

d̂f = 𝑚−1∑
𝑖=1

{{{1 +
𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗 }}} .
(27)

If 𝜆 ∈ (𝜎𝑚+1, 𝜎𝑚) and 𝜆 → 𝜎−𝑚, 𝜆 < 𝜎𝑚 < 𝜎𝑚−1 < ⋅ ⋅ ⋅ < 𝜎1, we
have

lim
𝜆→𝜎−𝑚

d̂f = 𝑚∑
𝑖=1

{{{1 +
𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗 }}} =
𝑚−1∑
𝑖=1

{{{1
+ 𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗 + 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗 }}} +(1
+ 𝑝1∑
𝑗=1,𝑗 ̸=𝑚

𝜎𝑚 (𝜎𝑚 − 𝜎𝑚)𝜎2𝑚 − 𝜎2𝑗 + 𝑝2∑
𝑗=1,𝑗 ̸=𝑚

𝜎𝑚 (𝜎𝑚 − 𝜎𝑚)𝜎2𝑚 − 𝜎2𝑗 )
= 𝑚−1∑
𝑖=1

{{{1 +
𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗
+ 𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜎𝑚)𝜎2𝑖 − 𝜎2𝑗 }}} + 1.

(28)

Therefore, we get lim𝜆→𝜎−𝑚 d̂f = lim𝜆→𝜎+𝑚 d̂f + 1. Clearly, d̂f is
not continuous in {𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝}.

Now, we show the unbiased estimate d̂f is consistent to
the true degrees of freedom.

Theorem 8. Suppose 𝜎𝑖 is the singular value of the least square
estimate of the regularized matrix regression model, and 𝜆∗𝑛 →𝜆∗ > 0, where 𝜆∗ is not equal to the singular values, that means{𝜆∗ ̸= 𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝}. Then, 𝑑𝑓(𝜆∗𝑛) − 𝑑𝑓(𝜆∗𝑛) → 0 in
probability.

Proof. By assumption and Proposition 7, it holds that d̂f is a
continuous function in {𝜆 | 𝜆 ̸= 𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝}. If we have
a sequence 𝜆∗𝑛 satisfying 𝜆∗𝑛 → 𝜆∗ ̸= 𝜎𝑖, 𝑖 = 1, 2, . . . , 𝑝, the
continuous mapping theorem implies that lim𝑛→∞d̂f(𝜆∗𝑛) =
d̂f(𝜆∗). Immediately, we see d̂f(𝜆∗𝑛)→𝑝d̂f(𝜆∗). By using the
dominated convergence theorem, we can get

df (𝜆∗𝑛) = 𝐸 [d̂f (𝜆∗𝑛)] → d̂f (𝜆∗) . (29)

Hence, d̂f(𝜆∗𝑛) − df(𝜆∗𝑛)→𝑝0.

Notice that, for the vector case, Zou et al. [14] not only
gave the unbiased estimate of the degrees of freedom of the
Lasso model, but also proved the following consistency of the
estimate.

Proposition 9. For the Lasso model, if 𝜆∗𝑛/𝑛 → 𝜆∗ > 0
with 𝜆∗ being a nontransition point, 𝑑𝑓(𝜆∗𝑛) − 𝑑𝑓(𝜆∗𝑛) → 0
in probability.

Based on Theorems 3, 8 and Proposition 9, we can easily
show the following theorem.

Theorem 10. If (𝜆𝑛1, 𝜆𝑛2/𝑛) → (𝜆∗1 , 𝜆∗2) > 0, where 𝜆∗1 and 𝜆∗2
satisfy the assumptions in Theorem 8 and Proposition 9, then,𝑑𝑓(𝜆𝑛1, 𝜆𝑛2/𝑛) − 𝑑𝑓(𝜆𝑛1, 𝜆𝑛2/𝑛) → 0 in probability.

6. Conclusions

In this paper, we mainly obtain the degrees of freedom of
mixed matrix regression model. Moreover, we prove that the
obtained estimates of degrees of freedom are consistent. Note
that our results of the degrees of freedom are given under
the assumption that the prediction matrix and vector are
independent. However, if they are not independent but in
linear relationship or another nonlinear relationship, or the
number of samples is less than the number of variables, what
is the analytical formof degrees of freedom?Wewill leave this
as a future research topic.

Appendix

In this part, we give the proofs of Propositions 4 and 5. We
first give the proof of Proposition 4. To do so, we need the
following results. See [5] for more details.

Proposition A.1. For a given matrix A with singular value
decomposition𝐴 = 𝑈 diag(𝑎)𝑉𝑇,𝑓∘𝜎(𝐵) denotes any function
of singular vectors of 𝐵. The optimal solution to

min
𝐵

12 ‖𝐵 − 𝐴‖2𝐹 + 𝑓 ∘ 𝜎 (𝐵) (A.1)

shares the same singular vectors as A and its ordered singular
values are the solution to

min
b

12 ‖b − a‖22 + 𝑓 (b) . (A.2)

An immediate consequence of the above proposition
is the well-known singular value thresholding formula for
nuclear-norm regularization.

Corollary A.2. For a given matrix A with singular value
decomposition 𝐴 = 𝑈 diag(𝑎)𝑉𝑇. The optimal solution to

min
𝐵

12 ‖𝐵 − 𝐴‖2𝐹 + 𝜆 ‖𝐵‖∗ (A.3)

shares the same singular vectors as A and its singular values are𝑏𝑖 = (𝑎𝑖 − 𝜆)+.
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Before proving Proposition 4, we also need some lemmas.

Lemma A.3. Suppose that 𝐵𝐿𝑆 has singular decomposition𝐵𝐿𝑆 = 𝑈Σ𝑉𝑇 = ∑𝑝𝑖=1 𝜎𝑖u𝑖k𝑇𝑖 , 𝑝 = min{𝑝1, 𝑝2}. The estimate𝐵 = 𝑈Σ𝜆1𝑉𝑇, where Σ𝜆1 has diagonal entries (𝜎𝑖 − 𝜆1)+.
Proof. According to the result of Corollary A.2, we just need
to show that y − 𝜒 ⋆ 𝐵22 = 𝐵 − 𝐵𝐿𝑆2𝐹 . (A.4)

Note that, for any matrix 𝐴, ‖𝐴‖2𝐹 = ⟨vec(𝐴), vec(𝐴)⟩. Thus,
we can get

𝐵 − 𝐵𝐿𝑆2𝐹 = ⟨vec (𝐵 − 𝐵𝐿𝑆) , vec (𝐵 − 𝐵𝐿𝑆)⟩= ⟨vec (𝐵) − 𝜒𝑇y, vec (𝐵) − 𝜒𝑇y⟩= ‖𝐵‖2𝐹 − 2 ⟨vec (𝐵) , 𝜒𝑇y⟩ + y22 .
(A.5)

Direct calculation yields that ⟨vec(𝐵), 𝜒𝑇y⟩ = vec(𝐵)𝑇𝜒𝑇y =(𝜒 vec(𝐵))𝑇y = (𝜒 ⋆ 𝐵)𝑇y = ⟨𝜒 ⋆ 𝐵, y⟩ = ⟨y, 𝜒 ⋆ 𝐵⟩. We then
derivey − 𝜒 ⋆ 𝐵22 = ⟨y − 𝜒 ⋆ 𝐵, y − 𝜒 ⋆ 𝐵⟩= y22 − 2 ⟨y, 𝜒 ⋆ 𝐵⟩ + ‖𝐵‖2𝐹 . (A.6)

Lemma A.4. One has

tr {𝐷𝐵 (k𝑖)𝐷k𝑖 (𝐵𝐿𝑆)} = 1{𝜎𝑖>𝜆1}
𝑗=𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 ,
tr {𝐷𝐵 (u𝑖)𝐷u𝑖 (𝐵𝐿𝑆)} = 1{𝜎𝑖>𝜆1}

𝑗=𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 . (A.7)

Proof. Since 𝐵𝐿𝑆 = 𝑈Σ𝑉𝑇, the eigenvectors of the symmetric
matrix 𝐵𝑇𝐿𝑆𝐵𝐿𝑆 = 𝑉Σ2𝑉𝑇 coincide with the right singular
vectors of 𝐵𝐿𝑆. Then, by the chain rule,

𝐷𝐵 (k𝑖)𝐷k𝑖 (𝐵𝐿𝑆)= 𝐷𝐵 (k𝑖)𝐷k𝑖 (𝐵𝑇𝐿𝑆𝐵𝐿𝑆)𝐷 (𝐵𝑇𝐿𝑆𝐵𝐿𝑆) (𝐵𝐿𝑆) . (A.8)

Now𝐷𝐵(k𝑖) = (𝜎𝑖 − 𝜆1)1{𝜎𝑖>𝜆1}𝐼𝑝2 ⊗ u𝑖.
By the well-known formula for the differential of eigen-

vector,𝐷k𝑖(𝐵𝑇𝐿𝑆𝐵𝐿𝑆) = k𝑇𝑖 ⊗ (𝜎𝑖𝐼𝑝2 −𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+, where 𝐶+ is the
Moore-Penrose generalized inverse of a matrix 𝐶.

The Jacobian matrix of the symmetric product is𝐷(𝐵𝑇𝐿𝑆𝐵𝐿𝑆)(𝐵𝐿𝑆) = (𝐼𝑝22 +𝐾𝑝2𝑝2)(𝐼𝑝2 ⊗ 𝐵𝑇𝐿𝑆), where𝐾𝑝2𝑝2 is the
commutation matrix.

Now, by cycle permutation invariance of the trace func-
tion, we have

tr {1{𝜎𝑖>𝜆1} (𝜎𝑖 − 𝜆) (𝐼𝑝2 ⊗ u𝑖) v𝑇𝑖⊗ (𝜎𝑖𝐼𝑝2 − 𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+ 𝐼𝑝22 ⊗ 𝐵𝐿𝑆} = 1{𝜎𝑖>𝜆1} (𝜎𝑖− 𝜆1) tr {v𝑖 ⊗ (𝜎𝑖𝐼𝑝2 − 𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+ 𝐵𝑇𝐿𝑆u𝑖}= 1{𝜎𝑖>𝜆1}𝜎𝑖 (𝜎𝑖 − 𝜆1) tr (v𝑇𝑖 ⊗ 0𝑝2) = 0.
(A.9)

Then,

tr {(𝜎𝑖 − 𝜆) 1{𝜎𝑖>𝜆1} (𝐼𝑝2 ⊗ u𝑖) v𝑇𝑖⊗ (𝜎𝑖𝐼𝑝2 − 𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+𝐾𝑝2𝑝2 (𝐼𝑝22 ⊗ 𝐵𝐿𝑆)} = (𝜎𝑖− 𝜆1) 1{𝜎𝑖>𝜆1}tr {(𝜎𝑖𝐼𝑝2 − 𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+ ⊗ u𝑖v𝑇𝑖 𝐵𝑇𝐿𝑆}= 1{𝜎𝑖>𝜆1}𝜎𝑖 (𝜎𝑖 − 𝜆1) tr {(𝜎𝑖𝐼𝑝2 − 𝐵𝑇𝐿𝑆𝐵𝐿𝑆)+
⊗ u𝑖u𝑇𝑖 } = 1{𝜎𝑖>𝜆1}

𝑗=𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 tr {u𝑖u𝑇𝑖 }
= 1{𝜎𝑖>𝜆1}

𝑗=𝑝2∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 .

(A.10)

By symmetry, we also have

tr {𝐷𝐵 (u𝑖)𝐷u𝑖 (𝐵𝐿𝑆)} = 1{𝜎𝑖>𝜆1}
𝑗=𝑝1∑
𝑗=1,𝑗 ̸=𝑖

𝜎𝑖 (𝜎𝑖 − 𝜆1)𝜎2𝑖 − 𝜎2𝑗 . (A.11)

Lemma A.5. One has

tr {𝐷𝐵 (𝜎𝑖)𝐷𝜎𝑖 (𝐵𝐿𝑆)} = 1{𝜎𝑖>𝜆}. (A.12)

Proof. As in the proof of Lemma A.4, we utilize the fact that𝜎𝑖 is the positive square root of the eigenvalues 𝜂𝑖 of the
symmetric matrix 𝐵𝑇𝐿𝑆𝐵𝐿𝑆. Then, by the chain rule and the
Jacobian matrix of fitted value with respect to responses,

𝐷𝐵 (𝜎𝑖)𝐷𝜎𝑖 (𝐵𝐿𝑆)= 𝐷𝐵 (𝜎𝑖)𝐷𝜎𝑖 (𝜂𝑖)𝐷𝜂𝑖 (𝐵𝑇𝐿𝑆𝐵𝐿𝑆)𝐷𝐵𝑇𝐿𝑆𝐵𝐿𝑆 (𝐵𝐿𝑆) . (A.13)

By combining 𝐷𝐵(𝜎𝑖) = 1{𝜎𝑖>𝜆1}k𝑖 ⊗ u𝑖, 𝐷𝜎𝑖(𝜂𝑖) = 1/2√𝜂𝑖 =1/2𝜎𝑖,𝐷𝜂𝑖(𝐵𝑇𝐿𝑆𝐵𝐿𝑆) = k𝑇𝑖 ⊗ k𝑇𝑖 , and
𝐷(𝐵𝑇𝐿𝑆𝐵𝐿𝑆) (𝐵𝐿𝑆) = (𝐼𝑝22 + 𝐾𝑝2𝑝2) (𝐼𝑝2 ⊗ 𝐵𝑇𝐿𝑆) , (A.14)
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we obtain that𝐷𝐵 (𝜎𝑖)𝐷𝜎𝑖 (𝐵𝐿𝑆) = 1{𝜎𝑖>𝜆1}
12𝜎𝑖⋅ tr {v𝑖 ⊗ u𝑖 ⋅ v𝑇𝑖 ⊗ v𝑇𝑖 1𝑝22 (𝐼𝑝2 ⊗ 𝐵𝑇𝐿𝑆)} + 1{𝜎𝑖>𝜆1}⋅ 12𝜎𝑖 tr {v𝑖 ⊗ u𝑖 ⋅ v𝑇𝑖 ⊗ v𝑇𝑖 𝐾𝑝2𝑝2 (𝐼𝑝2 ⊗ 𝐵𝑇𝐿𝑆)}= 1{𝜎𝑖>𝜆1}

12𝜎𝑖 tr {v𝑖v𝑇𝑖 ⊗ u𝑖v𝑇𝑖 𝐵𝑇𝐿𝑆} + 1{𝜎𝑖>𝜆1} 12𝜎𝑖⋅ tr {v𝑖v𝑇𝑖 ⊗ u𝑖v𝑇𝑖 𝐵𝑇𝐿𝑆} = 1{𝜎𝑖>𝜆1}
1𝜎𝑖⋅ tr {𝜎𝑖v𝑖v𝑇𝑖 ⊗ u𝑖u𝑇𝑖 } = 1{𝜎𝑖>𝜆1}.

(A.15)

Proof of Proposition 4. We only need to show that the optimal𝐵 of our model is the solution to the following problem:

min
𝐵

12 y − 𝜒 ⋆ 𝐵22 + 𝜆1 ‖𝐵‖∗ . (A.16)

The least square estimate of 𝐵 in model (9) is the solution of
the following:

min
𝐵

12 (y − 𝛾 ⋆ z) − 𝜒 ⋆ 𝐵22 . (A.17)

So vec(𝐵𝐿𝑆) = (𝜒𝑇𝜒)−1[𝜒𝑇(y − 𝛾 ⋆ z)] = (𝜒𝑇𝜒)−1𝜒𝑇y. Under
the assumption, it is interesting to find that it has no
relationship with 𝛾 and can be get from the following model:

min
𝐵

y − 𝜒 ⋆ 𝐵22 . (A.18)

Thus, by Lemma A.3, we have

tr {𝐷𝐵 (𝐵𝐿𝑆)} = tr{ 𝑝∑
𝑖=1

[𝐷𝐵 (v𝑖)𝐷v𝑖 (𝐵𝐿𝑆)
+ 𝐷𝐵 (u𝑖)𝐷u𝑖 (𝐵𝐿𝑆) + 𝐷𝐵 (𝜎𝑖)𝐷𝜎𝑖 (𝐵𝐿𝑆)]} . (A.19)

By Lemmas A.4 and A.5, we easily yield the desired conclu-
sion.

It is worth noting that Zou et al. [14] showed that the
degrees of freedom of Lasso fit are that df(𝜆) = 𝐸|B𝜆|, where
B𝜆 is the effective set of the Lasso coefficient estimates 𝛽.
Thus, we know that d̂f = ‖𝛽‖0 is an unbiased estimation of
the degrees of freedom.

Proof of Proposition 5. As we mentioned in Section 3, under
a differentiability condition on ŷ(𝜆), d̂f = tr{𝐷ŷ(y)} is an
unbiased estimation of the degrees of freedom. By the chain
rule,

d̂f = tr {𝐷ŷ (y)}= tr {𝐷ŷ (𝛽)𝐷𝛽 (𝛽𝐿𝑆)𝐷𝛽𝐿𝑆 (y)} . (A.20)

Because ŷ = 𝑋𝛽, we can get 𝐷ŷ(𝛽) = 𝑋. The usual least
square estimate for Lasso model is defined by

min
𝛽

𝑦 − 𝑋𝛽22 . (A.21)

So 𝛽𝐿𝑆 = (𝑋𝑇𝑋)−1𝑋𝑇y. If 𝑋𝑇𝑋 = 𝐼, 𝛽𝐿𝑆(𝑦) = 𝑋𝑇, then we
have

d̂f = tr {𝑋𝐷𝛽 (𝛽𝐿𝑆)𝑋𝑇} = tr {𝑋𝑇𝑋𝐷𝛽(𝛽𝐿𝑆)}= tr {𝐷𝛽 (𝛽𝐿𝑆)} . (A.22)

So we can get

d̂f = tr {𝐷𝛽 (𝛽𝐿𝑆)} = 𝛽0 . (A.23)

In the mixed case, under the assumptions, we obtain that the
optimal ẑ is the solution of the following:

min
z

𝑦 − 𝛾 ⋆ z22 + 𝜆2 ‖z‖1 . (A.24)

It has no relationship with 𝜒. Thus, in a similar way, we easily
obtain

tr {𝐷ẑ (ẑ𝐿𝑆)} = ‖ẑ‖0 . (A.25)

The proof is completed.
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A neural network robust control is proposed for a class of generic hypersonic flight vehicles with uncertain dynamics and stochastic
disturbance. Comparedwith the present schemes of dealingwith dynamic uncertainties and stochastic disturbance, the outstanding
feature of the proposed scheme is that only one parameter needs to be estimated at each design step, so that the computational
burden can be greatly reduced and the designed controller is much simpler. Moreover, by introducing a performance function
in controller design, the prespecified transient and performance of tracking error can be guaranteed. It is proved that all signals
of closed-loop system are uniformly ultimately bounded. The simulation results are carried out to illustrate effectiveness of the
proposed control algorithm.

1. Introduction

It is well known that stochastic disturbances appear often
in many practical systems [1, 2]. Their existence is a source
of instability of the control systems; thus, the investigations
on stochastic systems have received considerable attention
in recent years. Several classes of nonlinear systems with
stochastic disturbances and dynamic uncertainties were sta-
bilized by using adaptive neural networks based control. In
[3] a backstepping control scheme was proposed for the
stochastic nonlinear strict-feedback system.

A framework based on the stochastic Liouville Equation
(SLE) was provided for both three-state and six-state Vinh’s
equations for hypersonic entry in Mars atmosphere [4]. Wu
et al. [5] applied the stochastic small-gain theorem and
backstepping design technique in the stochastic nonlinear
systems with uncertain nonlinear functions and unmodeled
dynamics.

In recent years, hypersonic flight vehicles (HFVs) have
received a great deal of attention around the world, which
offer a promising technology for cost-efficient and reliable

access to space and are especially suitable for prompt global
response [6–8]. However, the design of control systems for
HFVs is a challenging work due to the longitudinal dynam-
ics of HFVs being highly nonlinear and strong couplings
between the propulsive and aerodynamic forces [9–11].

The modeling inaccuracy, parameters uncertainties, and
external disturbances can result in strong adverse effects
on the performance of HFVs control systems. As a result,
the onboard flight control systems design of HFVs presents
numerous challenges.

Based on modern control techniques, various flight con-
trol systems have been designed to the longitudinal dynamics
of HFVs. In [12], the adaptive backstepping method was used
to design controllers for HFVs, while fuzzy logic systems
(FLSs) and neural networks (NNs) were used to approximate
the unknown system dynamics in [13, 14]. However, back-
stepping design suffers from the problem of “explosion of
complexity” caused by the repeated differentiations of nonlin-
ear functions [5, 15–17]. To eliminate this problem, dynamic
surface control (DSC) was applied to longitudinal dynamics
ofHFVs in [18–23], which uses a low-pass filter at each design
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step to avoid the derivatives of nonlinear functions. In the
above control schemes, the uncertain nonlinear functions in
the HFVs model were approximated by NNs or FLSs using
their universal approximation capability [24–26]. However,
the drawback of these control schemes is that the number of
adaptation laws depends on the number of the NNs nodes
or the number of the fuzzy rules. With an increase of NNs
nodes or fuzzy rules, the number of estimated parameters
will increase significantly. To solve this problem, in [27–
30], the norm of the ideal weighting vector in NNs or FLSs
was considered as the estimation parameter instead of the
elements of weighting vector.Thus, the number of adaptation
laws is reduced considerably.

Besides, an interesting question raised by DSC or back-
stepping control schemes is the output error transient per-
formance. Recently, to guarantee a prespecified tracking
performance, a backstepping design based on NNs was
proposed for a class of uncertain nonlinear systems, and it
is shown that the tracking errors can converge to predefined
arbitrarily small residue sets with prescribed convergence
rate and maximum overshoot [31, 32]. However, to our best
knowledge, limited attention has been paid to this problem
for the controller design of HFVs.

Another feature of the proposed scheme is that the radial
basis function (RBF) NNs are employed to compensate for
the uncertain nonlinear functions. By using the minimal
learning technique, only one parameter needs to be update
online at each design step regardless of the NNs input-output
dimension and the number of NNs nodes. As a result, the
number of adaptation laws and the computational burden are
greatly reduced.

Inspired by the aforementioned discussions, in this paper,
we divide the control oriented model (COM) of HFVs
into two parts: velocity subsystem and altitude subsystem.
Dynamic inversion method is employed to design the con-
troller for velocity subsystem, while DSC strategy is used
for altitude subsystem. Besides, a performance function is
introduced to obtain a virtual error constraint variable, which
can ensure the prescribed transient performance. By this
transformation, the original tracking error can converge to
predefined arbitrarily small residue sets with prescribed con-
vergence rate and maximum overshoot. Simulation results
are presented to demonstrate the efficiency of the proposed
scheme.

The rest of this paper is organized as follows. In Section 2,
the nonlinear longitudinal dynamics model of HFVs is
presented.The controllers design and the stability analysis are
given in Section 3. The simulation results are illustrated in
Section 4, followed by conclusion of this paper in Section 5.

2. Problem Formulation and Preliminaries

The control oriented model (COM) of the longitudinal
dynamics of HFV considered in this study is taken form
[8, 18]. The equations of the COMmodel are expressed as

�̇� = (𝑇 cos𝛼 − 𝐷)𝑚 − 𝑔 sin 𝛾 + 𝜔1,
ℎ̇ = 𝑉 sin 𝛾,

̇𝛾 = (𝐿 + 𝑇 sin𝛼)𝑚𝑉 − 𝑔 cos (𝛾)𝑉 ,
�̇� = 𝑞 − ̇𝛾 + 𝜔,
̇𝑞 = 𝑀𝑦𝑦𝐼𝑦𝑦 + 𝜔5,

(1)

where 𝑉 is the velocity, 𝛾 is the flight path angle, ℎ is
the altitude, 𝛼 is the attack angle, 𝑞 is the pitch rate, and𝜔𝑖, 𝑖 = 1, 5, are the uncertain external disturbance. 𝑇(𝑉, 𝛽),𝐷(𝑉, 𝛼), 𝐿(𝑉, 𝛼), and 𝑀𝑦𝑦(𝑉, 𝛼, 𝑞, 𝛿𝐸) represent the thrust,
drag, lift-force, and pitchingmoment, respectively, which can
be expressed as

𝑇 = 𝐶𝛼3𝑇 𝛼3 + 𝐶𝛼2𝑇 𝛼2 + 𝐶𝛼𝑇𝛼 + 𝐶0𝑇,
𝐷 = 𝑞𝑆𝐶𝐷 (𝛼, 𝛿𝑒) ,
𝐿 = 𝑞𝑆𝐶𝐿 (𝛼, 𝛿𝑒) ,

𝑀𝑦𝑦 = 𝑧𝑇𝑇 + 𝑞𝑆𝑐 [𝐶𝑀,𝛼 (𝛼) + 𝐶𝑀,𝛿𝑒 (𝛿𝑒)] ,
(2)

with 𝐶𝐿 = 𝐶𝛼𝐿𝛼 + 𝐶0𝐿, 𝐶𝐷 = 𝐶𝛼2𝐷 𝛼2 + 𝐶𝛼𝐷𝛼 + 𝐶0𝐷, 𝐶𝑀,𝛼(𝛼) =𝐶𝛼2𝑀,𝛼𝛼2+𝐶𝛼𝑀,𝛼𝛼+𝐶0𝑀,𝛼,𝐶𝛼3𝑇 = 𝛽1Φ+𝛽2,𝐶𝛼2𝑇 = 𝛽3Φ+𝛽4,𝐶𝛼𝑇 =𝛽5Φ + 𝛽6, 𝐶0𝑇 = 𝛽7Φ + 𝛽8, 𝑞 = 𝜌𝑉2/2, and 𝜌 = 𝜌0 exp(−(ℎ −ℎ0)/ℎ𝑠), where 𝛿𝑒 is the elevator deflection andΦ is the throt-
tle setting. Letting 𝜃 denote the pitch angle, we have 𝜃 = 𝛼+𝛾.
Then, we define state variables as 𝑥 = [𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5]𝑇,
with 𝑥1 = 𝑉, 𝑥2 = ℎ, 𝑥3 = 𝛾, 𝑥4 = 𝜃, and 𝑥5 = 𝑞. Note that the
flight path angle 𝛾 is typically very small during the trimmed
cruise condition, which justify the approximation sin(𝛾) ≈ 𝛾,
so the system (1) can be rewritten as

�̇� = 𝑓 (𝑥) + 𝑔 (𝑥) 𝑢 + 𝜔,
𝑦 = [𝑥1, 𝑥2] , (3)

where 𝑓(𝑥) = [𝑓1(𝑥), 𝑓2(𝑥), 𝑓3(𝑥), 𝑓4(𝑥), 𝑓5(𝑥)]𝑇, 𝑔(𝑥) =[𝑔1(𝑥), 𝑔2(𝑥), 𝑔3(𝑥), 𝑔4(𝑥), 𝑔5(𝑥)]𝑇, 𝑓1(𝑥) = (𝛽𝑎𝜑0 cos𝛼 −𝐷)/𝑚 − 𝑔 sin 𝛾, 𝑓2(𝑥) = 0, 𝑓3 = 𝑞𝑆(𝐶0𝐿 − 𝐶𝛼𝐿𝑥2)/𝑚𝑉 +𝑇 sin𝛼/𝑚𝑉 − 𝑔 cos𝑥2/𝑉, 𝑓4(𝑥) = 0, 𝑓5 = (𝑧𝑇𝑇 +𝑞𝑆𝑐𝐶𝑀,𝛼(𝛼))/𝐼𝑦𝑦, 𝑔1(𝑥) = 𝛽𝑏𝜑0 cos𝛼/𝑚, 𝑔2(𝑥) = 𝑉, 𝑔3(𝑥) =𝑞𝑆𝐶𝛼𝐿/𝑚𝑉, 𝑔4(𝑥) = 1, 𝑔5(𝑥) = 𝑞𝑆𝑐𝑐𝑒/𝐼𝑦𝑦, 𝛽𝑎 = [𝛽2, 𝛽4, 𝛽6, 𝛽8],𝛽𝑏 = [𝛽1, 𝛽3, 𝛽5, 𝛽7], and 𝜑0 = [𝛼3, 𝛼2, 𝛼, 1]𝑇. Since the
values of the inertial and the aerodynamic parameters are
uncertain, the aforementioned 𝑓𝑖(𝑥) and 𝑔𝑖(𝑥), 𝑖 = 1, . . . , 5,
are unknown functions. Moreover, as stated in [18], from the
model of the HFV, it is easy to check that 𝑔1(𝑥), 𝑔2(𝑥), and𝑔3(𝑥) are always strictly positive and 𝑔5(𝑥) is strictly negative
since 𝑐𝑒 is negative. With these observations in mind, we
have the following assumption.

Assumption 1. Notice that there exist positive constants 𝑏𝑖𝑚
and 𝑏𝑖𝑀 such that 0 < 𝑏𝑖𝑚 ≤ |𝑔𝑖(𝑥)| ≤ 𝑏𝑖𝑀, 𝑖 = 1, . . . , 5.
Assumption 2. 𝑉𝑑 and its first derivative are known and
bounded, while ℎ𝑑 and its first two derivatives are known
and bounded.
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Remark 3. In the following proposed scheme, both 𝑏𝑖𝑚 and𝑏𝑖𝑀 do not appear in the final control law and are used only
for stability analysis, so they can be unknown.

Remark 4. The COM model of HFV is an MIMO system
that has cross-channel coupling. In order to retain simplicity,
we divide the model into velocity and altitude subsystems,
the coupling effect is treated as a part of unknown nonlinear
functions, and then RBF NNs are used to approximate them.

2.1. Radial Basis Function Neural Network Approximation. In
this study, the radial basis function neural networks (RBF
NNs) are used to approximate the continuous unknown
functions on a given compact set. Mathematically, an RBF
NN form [26] can be expressed as

𝐹 (𝜉) = 𝑊𝑇𝜓 (𝜉) , (4)

where 𝐹 ∈ R and 𝜉 ∈ R𝑛 are the NN output and
input, 𝑊 ∈ R𝑛 is an 𝑁-dimensional weight vector, and𝜓(𝜉) = [𝜓1(𝜉), . . . , 𝜓𝑁(𝜉)]𝑇 is the Gaussian function with the
following form:

𝜓𝑖 (𝜉) = 1√2𝜋𝜙 exp(−𝜉 − 𝜉𝑖22𝜙2 ) ,
𝜙 > 0, 𝑖 = 0, . . . , 𝑁,

(5)

where 𝜉𝑖 ∈ R𝑛 is a constant called the center of the Gaussian
function and 𝜙 ∈ R is the width, respectively.

Lemma 5. According to the approximation property of RBF
NNs, given any continuous function 𝐹(𝜉) : Ω𝜉 → R withΩ𝜉 ⊂ R𝑛 a compact set, and any constant 𝜖 > 0, by
appropriately choosing 𝜙 and 𝜉𝑖, 𝑖 = 1, . . . , 𝑁, for some
sufficiently large integer𝑁, there exists an optimal weight𝑊∗𝑇
such that 𝑊∗𝑇𝜓(𝜉) can approximate the given function 𝐹(𝜉)
with approximation error Δ(𝜉) bounded by 𝜖 [26].

𝐹 (𝜉) = 𝑊∗𝑇𝜓 (𝜉) + Δ (𝜉) , Δ (𝜉) ≤ 𝜖, ∀𝜉 ∈ Ω𝜉, (6)

since𝑊∗ is unknown; we need to estimate it online.

3. Adaptive Controller Design and
Stability Analysis

3.1. Performance Functions and Error Transformation. Simi-
lar to [31, 32], the mathematical expression of the prescribed
tracking performance is given by

−𝑚𝑖𝑝𝑖 (𝑡) < 𝑒𝑖 (𝑡) < 𝑛𝑖𝑝𝑖 (𝑡) , (7)

where 𝑒𝑖 = 𝑦𝑖 − 𝑦𝑖𝑑, 𝑖 = 1, 2, are the tracking error,𝑚𝑖 and 𝑛𝑖
are given positive constants, and the performance function 𝑝𝑖
is defined as smooth and decreasing positive function. From
(7), one can see that −𝑚𝑖𝑝𝑖(0) and 𝑛𝑖𝑝𝑖(0) are the lower and
upper bound of the undershoot of 𝑒𝑖(𝑡), respectively.𝑚𝑖𝑝𝑖(∞)
and 𝑛𝑖𝑝𝑖(∞) represent the maximum allowable size of the
steady-state value of 𝑒𝑖(𝑡).

To transform (7) into an equivalent unconstrained one,
define the error transformation function Υ𝑖(𝑆𝑖) = 𝑒𝑖(𝑡)/𝑝𝑖(𝑡),
where 𝑆𝑖 is the transformed error and Υ𝑖(𝑆𝑖) is a smooth,
strictly increasing function having the following properties:

lim
𝑆→−∞

Υ𝑖 (𝑆𝑖) = −𝑚𝑖,
lim
𝑆→+∞

Υ𝑖 (𝑆𝑖) = 𝑛𝑖. (8)

From (8), if 𝑆𝑖 is bounded, we have −𝑚𝑖 < Υ𝑖(𝑆𝑖) < 𝑛𝑖,
and thus (7) holds.Hence, to achieve the prespecified tracking
performance, one only needs to keep 𝑆𝑖 bounded.The inverse
transformation of Υ𝑖(𝑆𝑖) can be expressed as

𝑆𝑖 = Υ−1𝑖 ( 𝑒𝑖 (𝑡)𝑝𝑖 (𝑡)) fl Θ𝑖 ( 𝑒𝑖 (𝑡)𝑝𝑖 (𝑡)) , (9)

and differentiating (9) yields

̇𝑆𝑖 = 𝜂𝑖 ̇𝑦𝑖 − 𝜂𝑖𝜐𝑖. (10)

From the properties of the transformation, it is clear that 𝜂𝑖
and 𝜐𝑖 are bounded and 0 < 𝜂

𝑖0
≤ 𝜂𝑖.

3.2. Velocity Controller Design via Dynamic Inversion. In this
paper, by functional decomposition, the dynamics of HFVs
is decoupled into velocity and altitude subsystem. Velocity
subsystem of HFV (1) can be rewritten as follows:

�̇�1 = 𝑓1 (𝑥) + 𝑔1 (𝑥)Φ + 𝜔1,
𝑦1 = 𝑥1, (11)

where 𝑓1(𝑥) and 𝑔1(𝑥) are unknown nonlinear function and𝑔1 ≥ 𝑏1𝑚 > 0. Then define the velocity tracking error as 𝑒1 =𝑥1 − 𝑥1𝑑. According to (10) and (11) we obtain

̇𝑆1 = −𝜂1𝜐1 + 𝜂1𝑓1 (𝑥) + 𝜂1𝑔1 (𝑥)Φ + 𝜔1. (12)

Let 𝐹1(𝜉1) = (1/2)𝑆1 − 𝜂1𝜐1 + 𝜂1𝑓1(𝑥) + 𝜔1 and 𝜉1 fl[𝑥, �̇�1𝑑, 𝑝1, 𝜔1]𝑇 ∈ Ω𝜉1 ⊆ R8. The transformed system
dynamics of (12) can be rewritten as

̇𝑆1 = 𝜂1𝑔1 (𝑥)Φ − 12𝑆1 + 𝐹1 (𝜉1) . (13)

Since𝐹1(𝜉1) is an unknown nonlinear function, we use an
RBF NN to approximate it. Then by using Lemma 5, we have

𝐹1 (𝜉1) = 𝑊∗𝑇1 𝜓1 (𝜉1) + Δ 1 (𝜉1) , Δ 1 (𝜉1) ≤ 𝜖1. (14)

Choose the control signal and the adaptive update law as
follows:

Φ = −𝑐1𝑆1 − 12𝑆1𝜗1𝜓𝑇1 (𝜉1) 𝜓1 (𝜉1) ,
̇̂𝜗1 = 𝜆12 𝑆21𝜓𝑇1 (𝜉1) 𝜓1 (𝜉1) − 𝜆1𝜎1𝜗1,

(15)
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where 𝜗1 is the estimate of 𝜗1 = ‖𝑊∗1 ‖2/𝜂10𝑏1𝑚 and 𝑐1, 𝜆1, and𝜎1 are designed positive parameters. Consider the Lyapunov
function

Γ1 = 12𝑆21 + 𝜂10𝑏1𝑚2𝜆1 𝜗
2
1 . (16)

The differential of Lyapunov function Γ1 can be found as
follows.

Γ̇1 ≤ 𝑆1𝜂𝑉0𝑏1𝑚Φ + 𝜂10𝑏1𝑚2 𝑆21𝜗𝜓𝑇1 (𝜉1) 𝜓1 (𝜉1)
+ 𝜂10𝑏1𝑚𝜆1 𝜗1 ( ̇̂𝜗1 − 𝜆12 𝑆21𝜓𝑇1 (𝜉1) 𝜓1 (𝜉1)) + 12
+ 12𝜖21 .

(17)

Substituting (15) into (17) yields

Γ̇1 ≤ −𝑐1𝜂10𝑏1𝑚𝑆21 − 𝜂10𝑏1𝑚𝜎1𝜗1𝜗1 + 12 + 12𝜖21 . (18)

According to Assumption 1 and the inequality −𝜗1𝜗1 ≤−(1/2)𝜗21 + (1/2)𝜗2, we have
Γ̇1 ≤ −𝑐1𝜂10𝑏1𝑚𝑆21 − 12𝜂10𝑏1𝑚𝜎1𝜗21 + 12𝜂10𝑏1𝑚𝜎1𝜗2 + 12

+ 12𝜖21 ,
Γ̇1 ≤ −2𝜅1Γ1 + 𝐶1,

(19)

where

𝜅1 = min(𝑐1𝜂10𝑏1𝑚, 12𝜆1𝜎1) ,
𝜇1 = 12𝜂10𝑏1𝑚𝜎1𝜗2 + 12 + 12𝜖21 .

(20)

Solving (19) gives

0 ≤ Γ1 (𝑡) ≤ 𝐶12𝜅1 + (Γ1 (0) −
𝐶12𝜅1) 𝑒

−2𝜅1𝑡, 𝑡 ≥ 0, (21)

from which it is clear that, by properly choosing the design
parameters 𝑐1, 𝜆1, and 𝜎1, 𝑆1, 𝜗1, and 𝜗1 in the closed-loop
system are uniformly ultimately bounded, and the prescribed
tracking performance is guaranteed.

3.3. Attitude Controller Design via DSC. In this section, the
DSC technique will be introduced to the system described by
(1); the recursive design procedure contains 4 steps. In Steps1–3, the virtual control law is designed at each step; finally
an overall control law 𝛿𝑒 is constructed at Step 4. After the

error transformation (7)–(10), the altitude subsystem (1) is
equivalent to

̇𝑆2 = 𝜂2𝑔2 (𝑥) 𝑥3 − 𝜂2𝜐2,
�̇�3 = 𝑔3 (𝑥) 𝑥4 + 𝑓3 (𝑥) ,
�̇�4 = 𝑔4 (𝑥) 𝑥5 + 𝑓4 (𝑥) ,
�̇�5 = 𝑔5 (𝑥) 𝛿𝑒 + 𝑓5 (𝑥) + 𝜔5,
𝑦2 = 𝑥2.

(22)

The stabilization of the transformed system (22) is sufficient
to guarantee the prescribed tracking performance of altitude
subsystem.

Step 1. Let 𝑆2 given by (22) be the first error variable. Define𝑢3 as the first virtual control signal. Then the derivative of 𝑆2
can be expressed as

̇𝑆2 = 𝜂2𝑔2 (𝑥) 𝑥3 − 12𝑆2 + 𝐹2 (𝜉2) , (23)

where 𝐹2(𝜉2) = (1/2)𝑆2 − 𝜂2𝜐2. Since 𝐹2(𝜉2) is unknown, we
employ an RBF NN to approximate it on a compact set Ω𝜉2 .
By properly choosing the basis function vectors we have

𝐹2 (𝜉2) = 𝑊∗𝑇2 𝜓2 (𝜉2) + Δ 2 (𝜉2) , Δ 2 (𝜉2) ≤ 𝜖2, (24)

where 𝜉2 := [𝑥2, 𝑥2𝑑, �̇�2𝑑, 𝑝2]𝑇 ∈ Ω𝜉2 ⊆ R4 and 𝜖2 is a positive
constant.With respect to the unknown optimal weight vector
in (24), define

𝜗2 =
𝑊∗2 2𝜂20𝑏2𝑚 , (25)

where 𝑏2𝑚 are given by Assumption 1. Since 𝜗2 is unknown,
let 𝜗2 be the estimation of 𝜗2 and 𝜗2 fl 𝜗2 − 𝜗2. Consider the
first Lyapunov function

Γ2 = 12𝑆22 + 𝜂20𝑏2𝑚2𝜆2 𝜗
2
2 . (26)

The derivation of (26) can be found as follows:

Γ̇2 = 𝑆2𝜂2𝑔2 (𝑥) (𝑥3 − 𝑢3) + 𝑆2𝜂2𝑔2 (𝑥) 𝑢3 − 12𝑆22
+ 𝑆2𝑊∗𝑇2 𝜓2 (𝜉2) + 𝑆2Δ 2 (𝜉2) + 𝜂20𝑏2𝑚𝜆2 𝜗2 ̇̂𝜗2.

(27)

Using Young’s inequality, it can be verified that

𝑆2𝑊∗𝑇2 𝜓2 (𝜉2) ≤ 12𝑆22 𝑊∗2 2 𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) + 12
≤ 𝜂20𝑏2𝑚2 𝜗2𝑆22𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) + 12 ,

𝑆2Δ 2 (𝜉2) ≤ 12𝑆22 + 12𝜖22 .
(28)
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Thus, (27) can be rewritten as

Γ̇2 ≤ 𝑆2𝜂2𝑔2 (𝑥3 − 𝑢3) + 𝑆2𝜂2𝑔2𝑢3
+ 𝜂20𝑏2𝑚2 𝜗2𝑆22𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) + 12 + 12𝜖22
+ 𝜂20𝑏2𝑚𝜆2 𝜗2 ( ̇̂𝜗2 − 𝜆22 𝑆22𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2)) ,

(29)

which suggests that we choose the virtual control signal 𝑢3 as
𝑢3 = −𝑐2𝑆2 − 12𝜗2𝑆2𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) , (30)

and the adaptation law

̇̂𝜗2 = 𝜆22 𝑆22𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) − 𝜆2𝜎2𝜗2, 𝜗2 (0) ≥ 0, (31)

where 𝑐2, 𝜆2, and 𝜎2 are positive design parameters. Then
substituting (30) and (31) into (29), we get

Γ̇2 ≤ −𝜂20𝑏2𝑚𝑐2𝑆22 + 𝑆2𝜂2𝑔2 (𝑥3 − 𝑢3) − 𝜂20𝑏2𝑚𝜎2𝜗2𝜗2
+ 12 + 12𝜖22 .

(32)

Introduce a new state variable 𝑥3𝑑, which can be obtained
by the following first-order filter:

𝜏3�̇�3𝑑 + 𝑥3𝑑 = 𝑢3, 𝑥3𝑑 (0) = 𝑢3 (0) . (33)

Step j (𝑗 = 2, 3). Define the 𝑖th surface error 𝑆𝑖 = 𝑥𝑖 −𝑥𝑖𝑑, 𝑖 =𝑗+1, where 𝑢𝑖+1 is the 𝑖th virtual control signal.Then the time
derivation of 𝑆𝑖 is

̇𝑆𝑖 = 𝑔𝑖 (𝑥) (𝑥𝑖+1 − 𝑢𝑖+1) + 𝑔𝑖 (𝑥) 𝑢𝑖+1 − 12𝑆𝑖 + 𝐹𝑖 (𝜉𝑖) , (34)

where 𝐹𝑖(𝜉𝑖) = 𝑓𝑖(𝑥) + (1/2)𝑆𝑖 − �̇�𝑖𝑑 is unknown; we use RBF
NN to approximate it on a compact set Ω𝜉𝑖 ,

𝐹𝑖 (𝜉𝑖) = 𝑊∗𝑇𝑖 𝜓𝑖 (𝜉𝑖) + Δ 𝑖 (𝜉𝑖) , Δ 𝑖 (𝜉𝑖) ≤ 𝜖𝑖, (35)

with 𝜉𝑖 fl [𝑥, 𝑥𝑖𝑑, �̇�𝑖𝑑]𝑇 ∈ Ω𝜉𝑖 ⊆ R6. Consider the 𝑖th
Lyapunov function

Γ𝑖 = 12𝑆2𝑖 + 𝑏𝑖𝑚2𝜆𝑖 𝜗
2
𝑖 , (36)

where 𝜆𝑖 is a positive design parameter; 𝜗𝑖 = 𝜗𝑖 − 𝜗𝑖 with𝜗𝑖 = ‖𝑊∗𝑖 ‖2/𝑏𝑖𝑚.The derivation of (36) is

Γ̇𝑖 = 𝑔𝑖 (𝑥) 𝑆𝑖 (𝑥𝑖+1 − 𝑢𝑖+1) + 𝑔𝑖 (𝑥) 𝑆𝑖𝑢𝑖+1 − 12𝑆2𝑖
+ 𝑆𝑖𝐹𝑖 (𝜉𝑖) + 𝑏𝑖𝑚𝜆𝑖 𝜗𝑖

̇̂𝜗𝑖.
(37)

Similar to (27)–(29), we have

Γ̇𝑖 ≤ 𝑔𝑖 (𝑥) 𝑆𝑖 (𝑥𝑖+1 − 𝑢𝑖+1) + 𝑔𝑖 (𝑥) 𝑆𝑖𝑢𝑖+1
+ 𝑏𝑖𝑚2 𝜗𝑖𝑆2𝑖 𝜓𝑇𝑖 (𝜉𝑖) 𝜓𝑖 (𝜉𝑖)
+ 𝑏𝑖𝑚𝜆𝑖 𝜗𝑖 (

̇̂𝜗𝑖 − 𝜆𝑖2 𝑆2𝑖 𝜓𝑇𝑖 (𝜉𝑖) 𝜓𝑖 (𝜉𝑖)) + 12 + 12𝜖2𝑖 .
(38)

Choose the 𝑖th virtual control signal

𝑢𝑖+1 = −𝑐𝑖𝑆𝑖 − 12𝜗𝑖𝑆𝑖𝜓𝑇𝑖 (𝜉𝑖) 𝜓𝑖 (𝜉𝑖) , (39)

where 𝜗𝑖 is updated by

̇̂𝜗𝑖 = 𝜆𝑖2 𝑆2𝑖 𝜓𝑇𝑖 (𝜉𝑖) 𝜓𝑖 (𝜉𝑖) − 𝜆𝑖𝜎𝑖𝜗𝑖, 𝜗𝑖 (0) ≥ 0, (40)

with 𝑐𝑖, 𝜆𝑖, and 𝜎𝑖 positive design parameters. Substituting
(39), (40), into (38), we get

Γ̇𝑖 ≤ −𝑐𝑖𝑏𝑖𝑆2𝑖 + 𝑔𝑖 (𝑥) 𝑆𝑖 (𝑥𝑖+1 − 𝑢𝑖+1) − 𝑏𝑖𝑚𝜎𝑖𝜗𝑖𝜗𝑖 + 12
+ 12𝜖2𝑖 .

(41)

Let 𝑢𝑖+1 pass through the following first-order filter with
time constant 𝜏𝑖+1 to obtain a new state variable 𝑥(𝑖+1)𝑑,

𝜏𝑖+1�̇�(𝑖+1)𝑑 + 𝑥(𝑖+1)𝑑 = 𝑢𝑖+1, 𝑥(𝑖+1)𝑑 (0) = 𝑢𝑖+1 (0) , (42)

Step 4. Finally, the time derivative of 𝑆5 = 𝑥5 − 𝑥5𝑑 is
̇𝑆5 = 𝑔5 (𝑥) 𝛿𝑒 − 12𝑆4 + 𝐹5 (𝜉5) , (43)

where 𝐹5(𝜉5) = 𝑓5(𝑥)+ (1/2)𝑆5 − �̇�5𝑑 +𝜔5 is unknown; we use
RBF NN to approximate it on a compact setΩ𝜉5 ,

𝐹5 (𝜉5) = 𝑊∗𝑇5 𝜓5 (𝜉5) + Δ 5 (𝜉5) , Δ 5 (𝜉5) ≤ 𝜖5, (44)

and 𝜉5 = [𝑥, 𝑥5𝑑, �̇�5𝑑, 𝜔5]𝑇 ∈ Ω𝜉5 ⊂ R8. Let

Γ5 = 12𝑆25 + 𝑏5𝑚2𝜆5 𝜗
2
5 , (45)

where 𝜆5 is a positive design parameter and 𝜗5 = 𝜗5 −𝜗5 with𝜗5 = ‖𝑊∗5 ‖2/𝑏5𝑚. Differentiating (45) we have
Γ̇5 = 𝑆5𝑔5 (𝑥) 𝛿𝑒 − 12𝑆25 + 𝑆5𝐹5 (𝜉5) + 𝑏5𝑚𝜆5 𝜗5

̇̂𝜗5. (46)

Similar to (28), (46) can be rewritten as

Γ̇5 ≤ 𝑆5𝑔5 (𝑥) 𝛿𝑒 + 𝑏5𝑚2 𝜗5𝑆25𝜓𝑇5 (𝜉5) 𝜓5 (𝜉5) + 12 + 12𝜖25
+ 𝑏5𝑚𝜆5 𝜗5 (

̇̂𝜗5 − 𝜆52 𝑆25𝜓𝑇5 (𝜉5) 𝜓5 (𝜉5)) .
(47)

Noting 𝑔5(𝑥) < 0, we choose the actual control signal
𝛿𝑒 = 𝑐5𝑆5 + 12𝜗5𝑆5𝜓𝑇5 (𝜉5) 𝜓5 (𝜉5) , (48)

where 𝜗5 is updated by

̇̂𝜗5 = 𝜆52 𝑆25𝜓𝑇5 (𝜉5) 𝜓5 (𝜉5) − 𝜆5𝜎5𝜗5, 𝜗5 (0) ≥ 0, (49)

with 𝑐5, 𝜆5, and 𝜎5 positive design parameters. Substituting
(48), (49), into (47), we arrive at

Γ̇5 ≤ −𝑐5𝑏5𝑚𝑆25 − 𝑏5𝑚𝜎5𝜗5𝜗5 + 12 + 12𝜖25 . (50)
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Remark 6. Compared with the exiting control schemes for
hypersonic flight vehicle (1), the above proposed shows that,
by combining DSC with the adaptive tracking controller,
the design procedure can be greatly simplified and the
computational burden, since only one parameter needs to be
updated online in each step, can be greatly reduced.

3.4. Stability and Tracking Performance Analysis. First of all,
define the filter error

𝑦𝑖+1 = 𝑥(𝑖+1)𝑑 − 𝑢𝑖+1, 𝑖 = 2, 3, 4. (51)

Then, it follows that
𝑥𝑖+1 − 𝑢𝑖+1 = 𝑆𝑖+1 + 𝑦𝑖+1. (52)

From (33) and (42),

�̇�(𝑖+1)𝑑 = −𝑦𝑖+1𝜏𝑖+1 . (53)

Taking (30), (40), (51), and (53) into consideration, the
time derivative of 𝑦3 satisfies

̇𝑦3 = −𝑦3𝜏3 + 𝑐2 ̇𝑆2 +
12 ̇̂𝜗2𝑆2𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2)

+ 12𝜗2 ̇𝑆2𝜓𝑇2 (𝜉2) 𝜓2 (𝜉2) + 𝜗2𝑆2�̇�𝑇2 (𝜉2) 𝜓2 (𝜉2) ,
(54)

from which we have

̇𝑦3 = −𝑦3𝜏3 + 𝐵3 (𝑆2, 𝑆3, 𝑦3, 𝜗2, 𝑥2𝑑, �̇�2𝑑, �̈�2𝑑, 𝑝2) , (55)

by the same token, we have

̇𝑦𝑖+1 = −𝑦𝑖+1𝜏𝑖+1 + 𝐵𝑖+1 (∙) , (56)

where 𝐵𝑖+1(∙), 𝑖 = 2, 3, 4, are continuous functions. From
(55) and (56), the following inequalities hold:

𝑦𝑖+1 ̇𝑦𝑖+1 ≤ −𝑦
2
𝑖+1𝜏𝑖+1 +

𝐵𝑖+1𝑦𝑖+1 . (57)

Theorem 7. Consider system (22) under Assumptions 1 and
2, with the error transformation (9), the virtual control signals
(30) and (39), the control law (48), and the adaptive laws
(31), (40), and (49). Then all closed-loop signals are uniformly
bounded and the prescribed tracking performance (7) can be
guaranteed.

Proof. Define the following Lyapunov function:

Γ ≤ 5∑
𝑖=2

Γ𝑖 + 4∑
𝑖=2

12𝑦2𝑖+1, (58)

where Γ𝑖, (𝑖 = 2, . . . , 5) are defined by (26), (36), and (45),
respectively. The differential of the Lyapunov function Γ is

Γ̇ ≤ 5∑
𝑖=2

Γ̇𝑖 + 4∑
𝑖=2

𝑦𝑖+1 ̇𝑦𝑖+1. (59)

From (32), (41), (50), and (57) and using the following
inequalities,

𝜂2𝑔2𝑆2 (𝑆3 + 𝑦3) ≤ 𝜂22𝑏22𝑀𝑆22 + 12𝑆23 + 12𝑦23 − 𝜗𝑖𝜗𝑖

≤ −12 (𝜗2𝑖 − 𝜗2𝑖 ) , 𝑖 = 2, . . . , 5,
𝑆𝑖𝑔𝑖 (𝑆𝑖+1 + 𝑦𝑖+1) ≤ 𝑏2𝑖𝑀𝑆2𝑖 + 12𝑆2𝑖+1 + 12𝑦2𝑖+1, 𝑖 = 3, 4

(60)

we have

Γ̇ ≤ −𝜂2𝑏2𝑚𝑐2𝑆22 + 𝜂22𝑏22𝑀𝑆22 + 12𝑆23 + 12𝑦23
− 𝜂20𝑏2𝑚𝜎2 12 (𝜗22 − 𝜗22) −

5∑
𝑖=3

𝑐𝑖𝑏𝑖𝑚𝑆2𝑖
− 5∑
𝑖=3

𝑏𝑖𝑚𝜎𝑖2 (𝜗2𝑖 − 𝜗2𝑖 )

+ 4∑
𝑖=3

(𝑏2𝑖𝑀𝑆2𝑖 + 12𝑆2𝑖+1 + 12𝑦2𝑖+1)

+ 5∑
𝑖=2

(12 + 12𝜖2𝑖 ) +
4∑
𝑖=2

𝑦𝑖+1 ̇𝑦𝑖+1.

(61)

Define the compact sets

Π1 fl {(𝑥2𝑑, �̇�2𝑑, �̈�2𝑑) : 𝑥2𝑑 + �̇�2𝑑 + �̈�2𝑑 ≤ 𝐵0} ∈ R
3,

Π2 fl { 5∑
𝑖=2

Γ𝑖 + 4∑
𝑖=2

12𝑦2𝑖+1 ≤ } ∈ R
14, (62)

where Π1 × Π2 is also a compact set in R14. Then, the
continuous functions 𝐵𝑖+1, (𝑖 = 2, 3, 4) have maximums onΠ1 × Π2, say,𝑀𝑖+1.Thus,

𝑦𝑖+1 ̇𝑦𝑖+1 ≤ −𝑦
2
𝑖+1𝜏𝑖+1 +

𝑀2𝑖+1𝑦2𝑖+12𝜇 + 𝜇2 (63)

which together with (61) implies that

Γ̇ ≤ − (𝜂2𝑏2𝑚𝑐2 − 𝜂22𝑏22𝑀) 𝑆22 − (𝑐3𝑏3𝑚 − 12 − 𝑏23𝑀) 𝑆23
− (𝑐4𝑏4𝑚 − 12 − 𝑏24𝑀) 𝑆24 − (𝑐5𝑏5𝑚 − 12) 𝑆25
− ( 1𝜏3 −

𝑀232𝜇 − 12)𝑦23 − ( 1𝜏4 −
𝑀242𝜇 − 12)𝑦24

− ( 1𝜏5 −
𝑀252𝜇 − 12)𝑦25 − 12𝜂20𝑏2𝑚𝜎2𝜗22

− 5∑
𝑖=3

𝑏𝑖𝑚𝜎𝑖2 𝜗2𝑖 +
5∑
𝑖=2

(12 + 12𝜖2𝑖 ) + 3𝜇2
+ 12𝜂20𝑏2𝑚𝜎2𝜗22 +

5∑
𝑖=3

𝑏𝑖𝑚𝜎𝑖2 𝜗2𝑖 .

(64)
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Figure 1: Velocity tracking performance.

Let

𝜅1 = min {(𝜂2𝑏2𝑚𝑐2 − 𝜂22𝑏22𝑀) , (𝑐3𝑏3𝑚 − 12 − 𝑏23𝑀) , (𝑐4𝑏4𝑚 − 12 − 𝑏24𝑀) , (𝑐5𝑏5𝑚 − 12)}
𝜅2 = min{( 1𝜏3 −

𝑀232𝜇 − 12) , ( 1𝜏4 −
𝑀242𝜇 − 12) , ( 1𝜏5 −

𝑀252𝜇 − 12)} ,
𝜅3 = min{12𝜆2𝜂2𝜎2, 𝜆𝑖𝜎𝑖2 , 𝑖 = 3, 4, 5} ,
𝐶 = 5∑
𝑖=2

(12 + 12𝜖2𝑖 ) + 3𝜇2 + 𝜂2𝑏2𝑚𝜎2𝜗22 +
5∑
𝑖=3

𝑏𝑖𝑚𝜎𝑖2 𝜗2𝑖 .

(65)

Then, we have

Γ̇ ≤ −2𝜅Γ + 𝐶, (66)

where 𝜅 = min{𝜅1, 𝜅2, 𝜅3}. Letting 𝜅 > 𝐶/2, we have Γ̇ ≤ 0 onΓ = , which implies that if Γ(0) ≤ , then Γ(𝑡) ≤ , ∀𝑡 ≥ 0,
and Γ(𝑡) ≤  is an invariant set. Moreover, solving (66) yields

0 ≤ Γ (𝑡) ≤ 𝐶2𝜅 + (Γ (0) − 𝐶2𝜅) 𝑒−2𝜅𝑡; (67)

hence, all the signals in the closed-loop system are bounded.
Particularly, it follows from the boundedness of 𝑆2 that
the prescribed tracking performance (7) is guaranteed. This
completes the proof.

4. Simulation Results

In this section, the simulation results are used to verify
the effectiveness of the proposed dynamic surface control
schemes. The simulation model of HFVs is taken from [18,
21]. The reference signals have been generated by filtering
step reference signals through a prefilter (68), with natural
frequency 𝜛𝑛1 = 0.5, 𝜛𝑛2 = 0.3, and 𝜁ℎ = 0.95. The
reference signals of velocity and altitude are 400ft/s and1000ft, respectively.

𝑥1𝑑𝑥1𝑐 =
𝜛2𝑛1𝑠2 + 2𝜁𝜛𝑛1𝑠 + 𝜛2𝑛1 ,

𝑥2𝑑𝑥2𝑐 =
𝜛2𝑛1𝜛2𝑛2

(𝑠 + 𝜛𝑛1)2 (𝑠2 + 2𝜁𝜛𝑛2𝑠 + 𝜛2𝑛2)
.

(68)
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Figure 2: Altitude tracking performance.
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Figure 3: Control inputs Φ and 𝛿𝑒.

In the simulation, we choose 𝜗1(0) = 𝜗2(0) = 𝜗3(0) =𝜗4(0) = 𝜗5(0) = 0. The design parameters are chosen as 𝑐1 =0.5, 𝑐2 = 0.4, 𝑐3 = 120, 𝑐4 = 60, 𝑐5 = 30, 𝜆1 = 10, 𝜆2 = 0.1,𝜆3 = 0.1, 𝜆4 = 0.01, 𝜆5 = 0.01, 𝜎1 = 1, 𝜎2 = 0.1, 𝜎3 = 0.1,𝜎4 = 0.1, and 𝜎5 = 0.1. The initial conditions of the system (1)
are 𝑉0 = 7850ft/s, ℎ0 = 85000ft, 𝛾0 = 0 rad, 𝛼0 = 0.0264 rad,
and 𝑞0 = 0 rad/s. The performance functions are selected as𝑝𝑖(𝑡) = (𝑝𝑖0 − 𝑝𝑖∞)𝑒−𝑙𝑡 + 𝑝𝑖∞, 𝑖 = 1, 2, with parameters 𝑝10 =15, 𝑝1∞ = 0.7, 𝑙1 = 0.8, 𝑝20 = 30, 𝑝2∞ = 1, 𝑙2 = 0.4, and𝑚𝑖 =𝑛𝑖 = 1. The tracking performance is shown in Figures 1–5,
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which indicate that the tracking performance is achieved by
the proposed control scheme.
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5. Conclusion

This paper develops a neural network based dynamic surface
controller for the HFV system in the presence of exter-
nal disturbance and dynamic uncertainties. By introducing
the performance and the error transformation function in
controller design, the performance of tracking error can be
guaranteed. Moreover, using the norm estimation approach,
only one parameter needs to be updated online in each
design step regardless of the plant order and input-output
dimension and hence, the computational burden problem
is circumvented. Numerical simulations on the COM of
HFV demonstrated the effectiveness of the proposed control
algorithm.
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The selection of a suitable model structure is an essential step in system modeling. Model structure is defined by determining
the class, the time delay, and the model order. This paper proposes improved structural estimation procedures for large-scale
interconnected nonlinear systems which are composed of a set of interconnected Single-Input Single-Output (SISO) Hammerstein
structures and described by discrete-time stochastic models with unknown time-varying parameters. An extensive Determinant
Report (DR) algorithm is developed to determine the order of the process. An improved discrete-time technique based onRecursive
Extended Least Squares with Varying Time (RELSVT) delay method is proposed to estimate the time delays of the considered
system. The developed theoretical analysis and simulation results prove the validity and performance of the proposed algorithms.

1. Introduction

In recent years, several theoretical and practical researches
dealing with different themes, like the modeling, the identifi-
cation, and the control for complex systems, have been devel-
oped in the literature [1–22]. These works preoccupied more
particularly the large-scale systems [1–14], the nonlinear
systems [1–22], and the nonstationary systems [12–14]. The
class of large-scale systems can be found in different fields as
transportation processes, power processes, communication
networks, space structures, and others.

Note that the study of the problems related to the
description of a dynamic system by a mathematical model
has been always a main objective to be met in different fields
of science and automatic engineering, more particularly in
the identification process. In this case, several automation
engineers are interested in the study of this problem and
various works dealing with this topic are developed and
published in the literature. It is important to note that, before
applying the identification methods, it is necessary to have
a priori information about the structure of the process to

be estimated. However, the order and the time delay of the
process may be unknown in a practical estimation problem.
Therefore, the estimation of these structural parameters is a
fundamental problem. Add to that, in automatic control and
signal processing applications, the time-delay and the order
estimation of a certain process can be a means to achieve a
good model for the control design. In this instance, various
structural estimation methods have been proposed in the
literature [15–28].

The purpose of this framework is to develop two proce-
dures which can be applied to the class of large-scale inter-
connected systems with unknown time-varying parameters,
in order to formulate the structure estimation problem. We
focused on the dynamic large-scale stochastic systems com-
prised of several SISO interconnected nonlinear subsystems
and represented by an interconnection of 𝑁 Hammerstein
structures with unknown parameters.

The rest of this article was organized as follows. The
second section describes the dynamics of large-scale inter-
connected systems by stochastic Hammerstein mathematical
models with unknown time-varying parameters. Section 3
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details the formulation of the structural identification prob-
lem of interconnected nonlinear systems where two itera-
tive procedures are proposed. The main purpose of these
developed algorithms is to estimate the order model and the
time delay for this class of dynamical systems. Numerical
simulation examples are treated to validate our developed
analytical results. Conclusions are delineated in Section 4.

2. Preliminary Study

Adynamic large-scale interconnected system is characterized
not only by a large number of dynamics, but also by input
and output signals. It can be presented by a mathematical
model composed of a large number of equations, which are
connected between themselves and contain several signals
and parameters. In the literature, several presentations are
used to describe the dynamics of this class of systems. We
can cite input-output discrete models [11], continuous state-
space models [1, 2], and block-orientedmathematical models
[10, 12–14]. In this framework, we consider the class of large-
scale systems which consist of several interconnected Ham-
merstein subsystems operating in a stochastic environment
with unknown time-varying parameters and described by the
following dynamic equation:

𝐴 𝑖 (𝑞−1, 𝑘) 𝑦𝑖 (𝑘) = 𝑞−𝑑𝑖𝐵𝑖 (𝑞−1, 𝑘) ℎ𝑢𝑖𝑖 (𝑘)

+
𝑁

∑
𝑗=1, 𝑗 ̸=𝑖

𝑞−𝑑𝑖𝑗𝐵𝑖𝑗 (𝑞−1, 𝑘) ℎ𝑢𝑗𝑗 (𝑘)

+
𝑁

∑
𝑗=1, 𝑗 ̸=𝑖

𝑞−𝑡𝑖𝑗𝐴 𝑖𝑗 (𝑞−1, 𝑘) ℎ𝑦𝑗𝑗 (𝑘)

+ 𝐶𝑖 (𝑞−1) 𝑒𝑖 (𝑘) ,

(1)

in which the nonlinear functions ℎ𝑢𝑖𝑖 (𝑘), ℎ
𝑢𝑗
𝑗 (𝑘), and ℎ

𝑦𝑗
𝑗 (𝑘) are

approximated by the following polynomials:

ℎ𝑢𝑖𝑗 (𝑘) = 𝛼𝑖,1𝑢𝑖 (𝑘) + 𝛼𝑖,2𝑢2𝑖 (𝑘) + ⋅ ⋅ ⋅ + 𝛼𝑖,𝑝1𝑢
𝑝1
𝑖 (𝑘) ,

ℎ𝑢𝑗𝑗 (𝑘) = 𝛽𝑗,1𝑢𝑗 (𝑘) + 𝛽𝑗,2𝑢2𝑗 (𝑘) + ⋅ ⋅ ⋅ + 𝛽𝑗,𝑝2𝑢
𝑝2
𝑗 (𝑘) ,

ℎ𝑦𝑗𝑗 (𝑘) = 𝛾𝑗,1𝑦𝑗 (𝑘) + 𝛾𝑗,2𝑦2𝑗 (𝑘) + ⋅ ⋅ ⋅ + 𝛾𝑗,𝑝3𝑦
𝑝3
𝑗 (𝑘) ,

(2)

where 𝑞−1 is the backward shift operator; 𝑦𝑖(𝑘) and 𝑢𝑖(𝑘)
represent, respectively, the output and the input of each
interconnected nonlinear system 𝑆𝑖; 𝑑𝑖, 𝑑𝑖𝑗, and 𝑡𝑖𝑗 correspond
to the time delays of the system 𝑆𝑖 and the other interaction
systems 𝑆𝑗, 𝑖, 𝑗 = 1, . . . , 𝑁, 𝑗 ̸= 𝑖; 𝛼𝑖,𝑟1 , 𝛽𝑗,𝑟2 , and 𝛾𝑗,𝑟3 are
unknown constant parameters of the nonlinear functions;
and 𝐴 𝑖(𝑞−1, 𝑘), 𝐵𝑖(𝑞−1, 𝑘), 𝐵𝑖𝑗(𝑞−1, 𝑘), 𝐴 𝑖𝑗(𝑞−1, 𝑘), and 𝐶𝑖(𝑞−1)
are described by

𝐴 𝑖 (𝑞−1, 𝑘) = 1 + 𝑎𝑖,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅ + 𝑎𝑖,𝑛𝐴𝑖 (𝑘) 𝑞
−𝑛𝐴𝑖 ,

𝐵𝑖 (𝑞−1, 𝑘) = 𝑏𝑖,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅ + 𝑏𝑖,𝑛𝐵𝑖 (𝑘) 𝑞
−𝑛𝐵𝑖 ,

𝐵𝑖𝑗 (𝑞−1, 𝑘) = 𝑏𝑖𝑗,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅ + 𝑏𝑖𝑗,𝑛𝐵𝑖𝑗 (𝑘) 𝑞
−𝑛𝐵𝑖𝑗 ,

𝐴 𝑖𝑗 (𝑞−1, 𝑘) = 1 + 𝑎𝑖𝑗,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅ + 𝑎𝑖𝑗,𝑛𝐴𝑖𝑗 (𝑘) 𝑞
−𝑛𝐴𝑖𝑗 ,

𝐶𝑖 (𝑞−1) = 1 + 𝑐𝑖,1𝑞−1 + ⋅ ⋅ ⋅ + 𝑐𝑖,𝑛𝐶𝑖 𝑞
−𝑛𝐶𝑖 ,

(3)

with 𝑖, 𝑗 = 1, . . . , 𝑁, 𝑗 ̸= 𝑖, and 𝑛𝐴𝑖 , 𝑛𝐵𝑖 , 𝑛𝐴𝑖𝑗 , 𝑛𝐵𝑖𝑗 , and
𝑛𝐶𝑖 are the orders of the polynomials 𝐴 𝑖(𝑞−1, 𝑘), 𝐵𝑖(𝑞−1, 𝑘),
𝐴 𝑖𝑗(𝑞−1, 𝑘), 𝐵𝑖𝑗(𝑞−1, 𝑘), and 𝐶𝑖(𝑞−1), respectively.

For the sake of simplicity, in what follows, we retain
that 𝐴 𝑖(𝑞−1, 𝑘), 𝐵𝑖(𝑞−1, 𝑘), 𝐴 𝑖𝑗(𝑞−1, 𝑘), 𝐵𝑖𝑗(𝑞−1, 𝑘), and 𝐶𝑖(𝑞−1)
have an even order 𝑛𝑖. We assume also that the noise {𝑒𝑖(𝑘)}
is a sequence of independent random variables with zero
mean and constant variance 𝜎2𝑖 . In addition, this sequence is
uncorrelated with all input and output signals. Furthermore,
we can rewrite the system output in the following developed
form:

𝑦𝑖 (𝑘) = −𝑎𝑖,1 (𝑘) 𝑦𝑖 (𝑘 − 1) − ⋅ ⋅ ⋅ − 𝑎𝑖,𝑛𝑖 (𝑘) 𝑦𝑖 (𝑘 − 𝑛𝑖)
+ 𝑏𝑖,1 (𝑘) 𝛼𝑖,1𝑢𝑖 (𝑘 − 1) + 𝑏𝑖,2 (𝑘) 𝛼𝑖,1𝑢𝑖 (𝑘 − 2)
+ ⋅ ⋅ ⋅ + 𝑏𝑖,𝑛𝑖 (𝑘) 𝛼𝑖,1𝑢𝑖 (𝑘 − 𝑛𝑖) + ⋅ ⋅ ⋅
+ 𝑏𝑖,1 (𝑘) 𝛼𝑖,𝑝1𝑢

𝑝1
𝑖 (𝑘 − 1)

+ 𝑏𝑖,2 (𝑘) 𝛼𝑖,𝑝1𝑢
𝑝1
𝑖 (𝑘 − 2) + ⋅ ⋅ ⋅

+ 𝑏𝑖,𝑛𝑖 (𝑘) 𝛼𝑖,𝑝1𝑢
𝑝1
𝑖 (𝑘 − 𝑛𝑖)

+ 𝑏𝑖𝑗,1 (𝑘) 𝛽𝑗,1𝑢𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅
+ 𝑏𝑖𝑗,𝑛𝑖 (𝑘) 𝛽𝑗,1𝑢𝑗 (𝑘 − 𝑛𝑖) + ⋅ ⋅ ⋅

+ 𝑏𝑖𝑗,1 (𝑘) 𝛽𝑗,𝑝2𝑢
𝑝2
𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅

+ 𝑏𝑖𝑗,𝑛𝑖 (𝑘) 𝛽𝑗,𝑝2𝑢
𝑝2
𝑗 (𝑘 − 𝑛𝑖)

+ 𝑎𝑖𝑗,1 (𝑘) 𝛾𝑗,1𝑦𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅
+ 𝑎𝑖𝑗,𝑛𝑖 (𝑘) 𝛾𝑗,1𝑦𝑗 (𝑘 − 𝑛𝑖) + ⋅ ⋅ ⋅

+ 𝑎𝑖𝑗,1 (𝑘) 𝛾𝑗,𝑝3𝑦
𝑝3
𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅

+ 𝑎𝑖𝑗,𝑛𝑖 (𝑘) 𝛾𝑗,𝑝3𝑦
𝑝3
𝑗 (𝑘 − 𝑛𝑖) + 𝑒𝑖 (𝑘)

+ 𝑐𝑖,1𝑒𝑖 (𝑘 − 1) + ⋅ ⋅ ⋅ + 𝑐𝑖,𝑛𝑖𝑒𝑖 (𝑘 − 𝑛𝑖) .

(4)

We note that some implementation difficulties are presented
in the formulation of the parametric estimation problem in
spite of the presence of some redundant parameters in model
(4). From [12], we propose that 𝛾𝑗,1, 𝑏𝑖,1(𝑘), and 𝑏𝑖𝑗,1(𝑘) are
constant and known, in such a way that 𝛾𝑗,1 = 𝑏𝑖𝑗,1(𝑘) =
𝑏𝑖,1(𝑘) = 1, ∀𝑘, in order to avoid the posed problem. In
this case, each output 𝑦𝑖(𝑘) of the considered interconnected
system becomes

𝑦𝑖 (𝑘) = −𝑎𝑖,1 (𝑘) 𝑦𝑖 (𝑘 − 1) − ⋅ ⋅ ⋅ − 𝑎𝑖,𝑛𝑖 (𝑘) 𝑦𝑖 (𝑘 − 𝑛𝑖)
+ 𝛼𝑖,1𝑢𝑖 (𝑘 − 1) + 𝛼𝑖,1𝑏𝑖,2 (𝑘) 𝑢𝑖 (𝑘 − 2) + ⋅ ⋅ ⋅
+ 𝛼𝑖,1𝑏𝑖,𝑛𝑖 (𝑘) 𝑢𝑖 (𝑘 − 𝑛𝑖) + ⋅ ⋅ ⋅ + 𝛼𝑖,𝑝1𝑢

𝑝1
𝑖 (𝑘 − 1)
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Criterion computation

Exact order

Test
Unverified

Verified

System description by a model of order mi

mi = mi + 1

Figure 1: Order estimation procedure.

+ 𝛼𝑖,𝑝1𝑏𝑖,2 (𝑘) 𝑢
𝑝1
𝑖 (𝑘 − 2) + ⋅ ⋅ ⋅

+ 𝛼𝑖,𝑝1𝑏𝑖,𝑛𝑖 (𝑘) 𝑢
𝑝1
𝑖 (𝑘 − 𝑛𝑖) + 𝛽𝑗,1𝑢𝑗 (𝑘 − 1)

+ ⋅ ⋅ ⋅ + 𝛽𝑗,1𝑏𝑖𝑗,𝑛𝑖 (𝑘) 𝑢𝑗 (𝑘 − 𝑛𝑖) + ⋅ ⋅ ⋅

+ 𝛽𝑗,𝑝2𝑢
𝑝2
𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅

+ 𝛽𝑗,𝑝2𝑏𝑖𝑗,𝑛𝑖 (𝑘) 𝑢
𝑝2
𝑗 (𝑘 − 𝑛𝑖)

+ 𝑎𝑖𝑗,1 (𝑘) 𝑦𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅ + 𝑎𝑖𝑗,𝑛𝑖 (𝑘) 𝑦𝑗 (𝑘 − 𝑛𝑖)

+ ⋅ ⋅ ⋅ + 𝛾𝑗,𝑝3𝑎𝑖𝑗,1 (𝑘) 𝑦
𝑝3
𝑗 (𝑘 − 1) + ⋅ ⋅ ⋅

+ 𝛾𝑗,𝑝3𝑎𝑖𝑗,𝑛𝑖 (𝑘) 𝑦
𝑝3
𝑗 (𝑘 − 𝑛𝑖) + 𝑒𝑖 (𝑘)

+ 𝑐𝑖,1𝑒𝑖 (𝑘 − 1) + ⋅ ⋅ ⋅ + 𝑐𝑖,𝑛𝑖𝑒𝑖 (𝑘 − 𝑛𝑖) .
(5)

The formulation of the parametric estimation problem for
this class of large-scale systems, which is described by the
discrete model (5), was proved by Elloumi and Kamoun [12].
In this instance, the developed parameter estimation proce-
dure is based on the adjustablemodel and the prediction error
method, starting from the knowledge of several measured
input-output signals resulting from the considered process.
In this case, we supposed that the time delays and the order
model of the considered system are known. For this reason,
serious errors can be obtained in the synthesis of a control
design if the used order model and/or time-delay parameters
are wrong.

Note that the dynamic process models are always desir-
able in order to provide the required design of regulators. In
addition, the choice of the model structure (order and time
delay) and the parameter estimation are two basic elements
in the identification problem. Therefore, lots of works that
used variousmethods to estimate the time delay and the order
model have been published in the literature [15–28].

3. Structural Estimation

In this section, we are proposed to formulate the structural
estimation problem for the class of large-scale interconnected
nonlinear stochastic systems described by the mathematical
model (1). The formulation of this problem can be classified
into two subsections.

The first subsection seeks to determine the order of
the considered process, where its dynamics are modeled by
INARMAX mathematical model (5). The order estimate will
be performed on the basis of an extension of DR algorithm
that can be applied to this class of complex systems, whereas
the formulation of the time-delay estimation problem is con-
sidered in the second subsection. In this context, an improved
procedure based on RELSVT algorithm is proposed.

3.1. Order Estimation. The adequate value of the order pro-
cess is one of the major preoccupations in the identification
problem. Lots of testing methods have been proposed for
determining the orders of discrete dynamic processes, like
the Determinant Report (DR) method, the behavior of error
function, polynomial approach, test of normality, and so forth
[15–17]. In [15], the developed DR technique is based on
the product-moment matrix containing several input-output
signals measurements from the system.

In this part, the purpose is to extend this approach in
order to estimate the order of large-scale interconnected
nonlinear systems, which is described by the discrete-time
mathematical model (1).

The organizational chart of the order estimate, repre-
sented in Figure 1, seeks to verify certain criteria after
describing the system by amathematical model with an order
selected a priori 𝑚𝑖 (𝑚𝑖 = 1, 2, . . . , 𝑚𝑖max, where 𝑚𝑖max is
the maximum order). The exact model order of the system
corresponds to the value𝑚𝑖 for which the calculated criterion
presents a particular deviation.
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This procedure seeks to limit the number of possible
orders and determine the accurate one, and this is based
on the computation of the product-moment matrix with
dimension ((𝑝1 +𝑝2 +𝑝3 + 1)𝑚𝑖, (𝑝1 +𝑝2 +𝑝3 + 1)𝑚𝑖), which
is defined by

𝑄𝑖 (𝑚𝑖) =
1
𝑀𝑘
𝑀𝑘+𝑚𝑖

∑
𝑚𝑖

𝑞𝑖 (𝑚𝑖) 𝑞𝑇𝑖 (𝑚𝑖) (6)

with

𝑞𝑇𝑖 (𝑚𝑖) = [𝑦𝑖 (𝑘 − 1) 𝑢𝑖 (𝑘 − 1) ⋅ ⋅ ⋅ 𝑢𝑝1𝑖 (𝑘 − 1)

⋅ 𝑢𝑗 (𝑘 − 1) ⋅ ⋅ ⋅ 𝑢𝑝2𝑗 (𝑘 − 1)

⋅ 𝑦𝑗 (𝑘 − 1) ⋅ ⋅ ⋅ 𝑦𝑝3𝑗 (𝑘 − 1) ⋅ ⋅ ⋅ 𝑦𝑖 (𝑘 − 𝑚𝑖)

⋅ 𝑢𝑖 (𝑘 − 𝑚𝑖) ⋅ ⋅ ⋅ 𝑢𝑝1𝑖 (𝑘 − 𝑚𝑖)
⋅ 𝑢𝑗 (𝑘 − 𝑚𝑖) ⋅ ⋅ ⋅ 𝑢𝑝2𝑗 (𝑘 − 𝑚𝑖)

⋅ 𝑦𝑗 (𝑘 − 𝑚𝑖) ⋅ ⋅ ⋅ 𝑦𝑝3𝑗 (𝑘 − 𝑚𝑖)] ,

(7)

where 𝑀𝑘 represents the measurements number and 𝑚𝑖
depicts the model order of the process, 𝑖, 𝑗 = 1, . . . , 𝑁, 𝑗 ̸= 𝑖.

The matrix 𝑄𝑖(𝑚𝑖) possesses the following properties:

det [𝑄𝑖 (𝑚𝑖)] :
{
{
{

> 0 if 𝑚𝑖 < 𝑛𝑖
= 0 if 𝑚𝑖 > 𝑛𝑖;

𝑖 = 1, . . . , 𝑁. (8)

This matrix is positive definite and it is singular, if𝑚𝑖 > 𝑛𝑖.
For𝑚𝑖 < 𝑛𝑖, DR𝑖 is expressed by

DR𝑖 (𝑚𝑖) =


det [𝑄𝑖 (𝑚𝑖)]
det [𝑄𝑖 (𝑚𝑖 + 1)]


(9)

with

DR𝑖 (𝑚𝑖) > 0 if 𝑚𝑖 < 𝑛𝑖,
DR𝑖 (𝑚𝑖) ≫ DR𝑖 (𝑚𝑖 − 1) if 𝑚𝑖 = 𝑛𝑖.

(10)

Report (9) is computed for different 𝑚𝑖 values (𝑚𝑖 = 1, 2,
. . . , 𝑚𝑖max). When the Determinant Report value DR𝑖(𝑚𝑖)
presents an important increase over the previous value
DR𝑖(𝑚𝑖 − 1), the value 𝑚𝑖 corresponds to the specific order
of the considered system.

As a result, the DR𝑖 procedure can be described as

𝑞𝑇𝑖 (𝑚𝑖) = [𝑦𝑖 (𝑘 − 1) 𝑢𝑖 (𝑘 − 1) 𝑢𝑝1𝑖 (𝑘 − 1) 𝑢𝑗 (𝑘 − 1)

⋅ 𝑢𝑝2𝑗 (𝑘 − 1) 𝑦𝑗 (𝑘 − 1) 𝑦𝑝3𝑗 (𝑘 − 1) ⋅ ⋅ ⋅ 𝑦𝑖 (𝑘 − 𝑚𝑖)

⋅ 𝑢𝑖 (𝑘 − 𝑚𝑖) 𝑢𝑝1𝑖 (𝑘 − 𝑚𝑖) 𝑢𝑗 (𝑘 − 𝑚𝑖) 𝑢𝑝2𝑗 (𝑘 − 𝑚𝑖)

⋅ 𝑦𝑗 (𝑘 − 𝑚𝑖) 𝑦𝑝3𝑗 (𝑘 − 𝑚𝑖)] ,

𝑄𝑖 (𝑚𝑖) =
1
𝑀𝑘
𝑀𝑘+𝑚𝑖

∑
𝑚𝑖

𝑞𝑖 (𝑚𝑖) 𝑞𝑇𝑖 (𝑚𝑖) ,

DR𝑖 (𝑚𝑖) =


det [𝑄𝑖 (𝑚𝑖)]
det [𝑄𝑖 (𝑚𝑖 + 1)]


,

with 𝑖, 𝑗 = 1, . . . , 𝑁; 𝑗 ̸= 𝑖, 𝑚𝑖 = 1, 2, . . . , 𝑚𝑖max.
(11)

In order to clarify the developed approach and to test the
performance of algorithm (11), we treat the following numer-
ical example, which corresponds to a large-scale system
constituted of two interconnected Hammerstein subsystems.
Each system output is described by

𝑦𝑖 (𝑘) = −𝑎𝑖,1 (𝑘) 𝑦𝑖 (𝑘 − 1) − 𝑎𝑖,2 (𝑘) 𝑦𝑖 (𝑘 − 2)
+ 𝛼𝑖,1𝑢𝑖 (𝑘 − 1) + 𝛼𝑖,1𝑏𝑖,2 (𝑘) 𝑢𝑖 (𝑘 − 2)
+ 𝛼𝑖,2𝑢2𝑖 (𝑘 − 1) + 𝛼𝑖,2𝑏𝑖,2 (𝑘) 𝑢2𝑖 (𝑘 − 2)
+ 𝛽𝑗,1𝑢𝑗 (𝑘 − 1) + 𝛽𝑗,1𝑏𝑖𝑗,2 (𝑘) 𝑢𝑗 (𝑘 − 2)

+ 𝛽𝑗,2𝑢2𝑗 (𝑘 − 1) + 𝛽𝑗,2𝑏𝑖𝑗,2 (𝑘) 𝑢2𝑗 (𝑘 − 2)
+ 𝑒𝑖 (𝑘) + 𝑐𝑖,1𝑒𝑖 (𝑘 − 1)

(12)

with
𝑎1,1 (𝑘) = −0.85 + 0.06 sin (0.3𝑘) ,
𝑎1,2 (𝑘) = 0.37 + 0.05 cos (0.3𝑘) ,
𝑏1,2 (𝑘) = 0.66 + 0.05 sin (0.2𝑘) ,
𝑏12,2 (𝑘) = 0.28 + 0.03 sin (0.4𝑘) ,

𝛼1,1 = 0.35,
𝛼1,2 = 0.2,
𝛽2,1 = 0.43,
𝛽2,2 = 0.3,
𝑐1,1 = 0.24,

𝑎2,1 (𝑘) = −0.82 + 0.05 cos (0.3𝑘) ,
𝑎2,2 (𝑘) = 0.4 + 0.03 sin (0.4𝑘) ,
𝑏2,2 (𝑘) = 0.58 + 0.03 sin (0.2𝑘) ,
𝑏21,2 (𝑘) = 0.23 + 0.03 sin (0.2𝑘) ,

𝛼2,1 = 0.43,
𝛼2,2 = 0.3,
𝛽1,1 = 0.35,
𝛽1,2 = 0.2,
𝑐1,2 = 0.35.

(13)

In this simulation example, the input 𝑢𝑖(𝑘), 𝑖 = 1, 2,
that applied to the interconnected Hammerstein system 𝑆𝑖
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Figure 2: Evolution curve of DR1(𝑚1).
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Figure 3: Evolution curve of DR2(𝑚2).

is a high level pseudorandom binary sequence [−1.5, +1.5].
In addition, the noise sequences {𝑒𝑖(𝑘), 𝑖 = 1, 2} are
uncorrelated with all input-output signals of the considered
system, their variance values are equal to 𝜎21 = 0.0943 and
𝜎22 = 0.0879, respectively, and the measurements number is
selected as𝑀𝑘 = 1, . . . , 600.

We remark that the evolution curves of the different
determinant reports, as delineated in Figures 2 and 3, admit
a specific jumping in 𝑚𝑖 = 2. As a result, we can conclude
that the model order is equal to 2 for each interconnected
subsystem 𝑆𝑖. Therefore, these results indicate the perfor-
mance and the efficiency of the developed algorithm (11) for
the order estimate of a large-scale interconnected nonlinear
system described by the Hammerstein model (1).

It should be mentioned that this approach is used to
limit the number of possible model orders before starting the
parameters estimation. This method gives the correct model
order independently of the number ofmeasurements because
from all the obtained values of DR𝑖(𝑚𝑖) only DR𝑖(𝑛𝑖) of the
exact order model presents a considerable step. For a system
with small noise level, this test still indicates the correct order.
So far, thismethod seems sufficient to be applied for a process
with uncorrelated and high disturbances. Nevertheless, in
real applications, when the noise is corrupted with all input
and/or output signals, this technique becomes not suitable
to determine the correct order model. In this sense, other
tests methods can be used, which are developed in the
literature to estimate the model order for simple systems,
like the condition number method, test of signals errors,
statistical𝐹-test, polynomial approach, test for normality, and
so forth. These techniques could be applied in combination

with the parameter estimation methods. Let us note that the
determinant ratio approach proves to be very robust under
all working conditions because, with this test, it is possible to
reduce the possibilities of the model order, as well as save a
lot of computing time.

Note that the practical value of these different testing
order approaches depends on the purpose and further
application of the estimated model. However, it must be
considered that the use of one testing approach alone may
produce a wrong order model; therefore, the use of various
methods together can elicit the correct order model with
important accuracy.

3.2. Time-Delay Estimation. In reality, there are no physical
systems without delay. The time delay as an active research
in automatic control and signal processing is widely used in
several industrial applications like chemical processes, energy
processes, communication processes, and so on. However, it
is assumed to be negligible in several researches, in order to
simplify the study. To overcome this assumption, a variety
of algorithms are introduced into the time-delay estimation,
in order to improve the precision and the convergence in
the modeling, identification, and control processes [23–28].
The time-delay identification is a greatly studied problem
with several works in the literature. In this instance, different
discrete-time and continuous-time techniques for time-delay
estimation were proposed in control process and signal
processing. Some typical approaches are described: Zhang
and Li proposed a time-delay identification approach based
on cross-correlation technology in signal processes [25],
Zheng and Feng developed a time-delay estimation algorithm
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Parametric estimation

Criterion computation

Interconnected nonlinear system described by a discrete-time
mathematical model with time delays di,

di = di + 1

dij = dij + 1

tij = tij + 1

di > diＧ；Ｒ

dij > dijＧ；Ｒ

tij > dijＧ；Ｒ

min[

min[

min[

F
i,d

]

F
i,d

]

Fi,t
]

dij, ；Ｈ＞ tij

Figure 4: General procedure of the delay estimation.

based on correlation analysis [26], Gao et al. presented an
iterative approach for time-delay estimation based on the
output error between the process output and the predictive
model [27, 28], and so forth.

In what follows, we propose an iterative approach incor-
porated with a Recursive Extended Least Squares estimator
and based on the prediction error method, in order to
estimate simultaneously the time delays and the parameters
of a large-scale interconnected nonlinear process, which is
modeled by (1).

The general procedure of time-delay estimation, as shown
in Figure 4, is based on the computation of the criteria 𝐹𝑖,𝑑𝑖 ,𝐹𝑖,𝑑𝑖𝑗 , and 𝐹𝑖,𝑡𝑖𝑗 for each of the time delays 𝑑𝑖, 𝑑𝑖𝑗, and 𝑡𝑖𝑗. The
minimum value of each criterion corresponds to the exact
estimated delay.

To apply this procedure, let us consider a large-scale
system decomposed into N interconnected nonlinear sub-
systems and described by the mathematical model (1). Each
system output can be written in the following manner:

𝑦𝑖 (𝑘) =
𝐵∗𝑖𝑟1 (𝑞

−1, 𝑘)
𝐴 𝑖 (𝑞−1, 𝑘)

𝑢𝑟1𝑖 (𝑘)

+
∑𝑁𝑗=1, 𝑗 ̸=𝑖 𝐵∗𝑖𝑗𝑟2 (𝑞

−1, 𝑘)
𝐴 𝑖 (𝑞−1, 𝑘)

𝑢𝑟2𝑗 (𝑘)

+
∑𝑁𝑗=1, 𝑗 ̸=𝑖 𝐴∗𝑖𝑗𝑟3 (𝑞

−1, 𝑘)
𝐴 𝑖 (𝑞−1, 𝑘)

𝑦𝑟3𝑗 (𝑘)

+ 𝐶𝑖 (𝑞−1)
𝐴 𝑖 (𝑞−1, 𝑘)

𝑒𝑖 (𝑘) ,

(14)
where

𝐵∗𝑖𝑟1 (𝑞
−1, 𝑘) =

𝑝1

∑
𝑟1=1

𝑞−𝑑𝑖𝐵𝑖 (𝑞−1, 𝑘) 𝛼𝑖,𝑟1 ,

𝐵∗𝑖𝑗𝑟2 (𝑞
−1, 𝑘) =

𝑝2

∑
𝑟2=1

𝑞−𝑑𝑖𝑗𝐵𝑖𝑗 (𝑞−1, 𝑘) 𝛽𝑗,𝑟2 ,

𝐴∗𝑖𝑗𝑟3 (𝑞
−1, 𝑘) =

𝑝3

∑
𝑟3=1

𝑞−𝑡𝑖𝑗𝐴 𝑖𝑗 (𝑞−1, 𝑘) 𝛾𝑗,𝑟3 ,

(15)

with
𝐵∗𝑖𝑟1 (𝑞

−1, 𝑘) = 𝑏∗𝑖1,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅
+ 𝑏∗𝑖𝑝1 ,𝑛𝑖+𝑑𝑖max

(𝑘) 𝑞−(𝑛𝑖+𝑑𝑖max),

𝐵∗𝑖𝑗𝑟2 (𝑞
−1, 𝑘) = 𝑏∗𝑖𝑗1,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅

+ 𝑏∗𝑖𝑗𝑝2 ,𝑛𝑖+𝑑𝑖𝑗max
(𝑘) 𝑞−(𝑛𝑖+𝑑𝑖𝑗max),
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𝐴∗𝑖𝑗𝑟3 (𝑞
−1, 𝑘) = 1 + 𝑎∗𝑖𝑗1,1 (𝑘) 𝑞−1 + ⋅ ⋅ ⋅

+ 𝑎∗𝑖𝑗𝑝3 ,𝑛𝑖+𝑡𝑖𝑗max
(𝑘) 𝑞−(𝑛𝑖+𝑡𝑖𝑗max),

(16)

in which the delays 𝑑𝑖max, 𝑑𝑖𝑗max, and 𝑡𝑖𝑗max correspond to the
superior ones which are selected a priori from the real delays
(𝑟𝑡 = 1, . . . , 𝑝𝑡, 𝑡 = 1, 2, 3).

Thus, the output 𝑦𝑖(𝑘) can be expressed in the following
developed form:

𝑦𝑖 (𝑘) = −𝑎𝑖,1 (𝑘) 𝑦𝑖 (𝑘 − 1) − ⋅ ⋅ ⋅ − 𝑎𝑖,𝑛𝑖 (𝑘) 𝑦𝑖 (𝑘 − 𝑛𝑖)
+ 𝑏∗𝑖1,1 (𝑘) 𝑢𝑖 (𝑘 − 1) + 𝑏∗𝑖1,2 (𝑘) 𝑢𝑖 (𝑘 − 2) + ⋅ ⋅ ⋅
+ 𝑏∗𝑖1,𝑛𝑖+𝑑𝑖max

(𝑘) 𝑢𝑖 (𝑘 − 𝑛𝑖 − 𝑑𝑖max) + ⋅ ⋅ ⋅

+ 𝑏∗𝑖𝑝1,1 (𝑘) 𝑢
𝑝1
𝑖 (𝑘 − 1) + 𝑏∗𝑖𝑝1 ,2 (𝑘) 𝑢

𝑝1
𝑖 (𝑘 − 2)

+ ⋅ ⋅ ⋅ + 𝑏∗𝑖𝑝1 ,𝑛𝑖+𝑑𝑖max
(𝑘) 𝑢𝑝1𝑖 (𝑘 − 𝑛𝑖 − 𝑑𝑖max)

+ 𝑏∗𝑖𝑗1,1 (𝑘) 𝑢𝑗 (𝑘 − 1) + 𝑏∗𝑖𝑗1,2 (𝑘) 𝑢𝑗 (𝑘 − 2)

+ ⋅ ⋅ ⋅ + 𝑏∗𝑖𝑗1,𝑛𝑖+𝑑𝑖𝑗max
(𝑘) 𝑢𝑗 (𝑘 − 𝑛𝑖 − 𝑑𝑖𝑗max)

+ ⋅ ⋅ ⋅ + 𝑏∗𝑖𝑗𝑝2 ,1 (𝑘) 𝑢
𝑝2
𝑗 (𝑘 − 1)

+ 𝑏∗𝑖𝑗𝑝2,2 (𝑘) 𝑢
𝑝2
𝑗 (𝑘 − 2) + ⋅ ⋅ ⋅

+ 𝑏∗𝑖𝑗𝑝2,𝑛𝑖+𝑑𝑖𝑗max
(𝑘) 𝑢𝑝2𝑗 (𝑘 − 𝑛𝑖 − 𝑑𝑖𝑗max)

+ 𝑎∗𝑖𝑗1,1 (𝑘) 𝑦𝑗 (𝑘 − 1) + 𝑎∗𝑖𝑗1,2 (𝑘) 𝑦𝑗 (𝑘 − 2)

+ ⋅ ⋅ ⋅ + 𝑎∗𝑖𝑗1,𝑛𝑖+𝑡𝑖𝑗max
(𝑘) 𝑦𝑗 (𝑘 − 𝑛𝑖 − 𝑡𝑖𝑗max)

+ ⋅ ⋅ ⋅ + 𝑎∗𝑖𝑗𝑝3 ,1 (𝑘) 𝑦
𝑝3
𝑗 (𝑘 − 1)

+ 𝑎∗𝑖𝑗𝑝3 ,2 (𝑘) 𝑦
𝑝3
𝑗 (𝑘 − 2) + ⋅ ⋅ ⋅

+ 𝑎∗𝑖𝑗𝑝3 ,𝑛𝑖+𝑡𝑖𝑗max
(𝑘) 𝑦𝑝3𝑗 (𝑘 − 𝑛𝑖 − 𝑡𝑖𝑗max)

+ 𝑐𝑖,1𝑒𝑖 (𝑘 − 1) + ⋅ ⋅ ⋅ + 𝑐𝑖,𝑛𝑖𝑒𝑖 (𝑘 − 𝑛𝑖) + 𝑒𝑖 (𝑘) .

(17)

Equivalently, its matrix form is as follows:

𝑦𝑖 (𝑘) = 𝜃∗𝑇𝑖 (𝑘) 𝜓∗𝑖 (𝑘) + 𝑒𝑖 (𝑘) , (18)

where the parameters vector 𝜃∗𝑇𝑖 (𝑘) and the information
vector 𝜓∗𝑖 (𝑘) are defined as

𝜃∗𝑇𝑖 (𝑘) = [𝑎𝑖,1 (𝑘) , . . . , 𝑎𝑖,𝑛𝑖 (𝑘) , 𝑏
∗
𝑖1,1 (𝑘) , . . . , 𝑏∗𝑖1,𝑛𝑖+𝑑𝑖max

(𝑘) ,

. . . , 𝑏∗𝑖𝑝1,1 (𝑘) , . . . , 𝑏
∗
𝑖𝑝1 ,𝑛𝑖+𝑑𝑖max

(𝑘) , 𝑏∗𝑖𝑗1,1 (𝑘) , . . . ,
𝑏∗𝑖𝑗1,𝑛𝑖+𝑑𝑖𝑗max

(𝑘) , . . . , 𝑏∗𝑖𝑗𝑝2,1 (𝑘) , . . . , 𝑏
∗
𝑖𝑗𝑝2,𝑛𝑖+𝑑𝑖𝑗max

(𝑘) ,

𝑎∗𝑖𝑗1,1 (𝑘) , . . . , 𝑎∗𝑖𝑗1,𝑛𝑖+𝑡𝑖𝑗max
(𝑘) , . . . , 𝑎∗𝑖𝑗𝑝3 ,1 (𝑘) , . . . ,

𝑎∗𝑖𝑗𝑝3 ,𝑛𝑖+𝑡𝑖𝑗max
(𝑘) , 𝑐𝑖,1, . . . , 𝑐𝑖,𝑛𝑖] ,

(19)

𝜓∗𝑇𝑖 (𝑘) = [−𝑦𝑖 (𝑘 − 1) , . . . , −𝑦𝑖 (𝑘 − 𝑛𝑖) , 𝑢𝑖 (𝑘 − 1) ,

. . . , 𝑢𝑖 (𝑘 − 𝑛𝑖 − 𝑑𝑖max) , . . . , 𝑢𝑝1𝑖 (𝑘 − 1) , . . . ,
𝑢𝑝1𝑖 (𝑘 − 𝑛𝑖 − 𝑑𝑖max) , 𝑢𝑗 (𝑘 − 1) , . . . ,

𝑢𝑗 (𝑘 − 𝑛𝑖 − 𝑑𝑖𝑗max) , . . . , 𝑢𝑝2𝑗 (𝑘 − 1) , . . . ,

𝑢𝑝2𝑗 (𝑘 − 𝑛𝑖 − 𝑑𝑖𝑗max) , 𝑦𝑗 (𝑘 − 1) , . . . ,

𝑦𝑗 (𝑘 − 𝑛𝑖 − 𝑡𝑖𝑗max) , . . . , 𝑦𝑝3𝑗 (𝑘 − 1) , . . . ,

𝑦𝑝3𝑗 (𝑘 − 𝑛𝑖 − 𝑡𝑖𝑗max) , 𝑒𝑖 (𝑘 − 1) , . . . , 𝑒𝑖 (𝑘 − 𝑛𝑖)] .

(20)

The previous vectors, given by (19) and (20), are used in a
recursive algorithm of parameter estimation, named Recur-
sive Extended Least Squares with Varying Time (RELSVT)
delay estimator. As a result, fewer steps are required to
estimate the time delays.

Step 1.

(i) Determine themaximumvalues of 𝑏∗𝑖,𝑑𝑖max
, 𝑏∗𝑖𝑗,𝑑𝑖𝑗max

, and
𝑎∗𝑖𝑗,𝑡𝑖𝑗max

in order to frame the real values of the delays
𝑑𝑖, 𝑑𝑖𝑗, and 𝑡𝑖𝑗:

𝑏∗𝑖,𝑑𝑖max
= {𝑏
∗
𝑖,𝑟

 ; 𝑟 = 1, 2, . . . , 𝑛𝑖 + 𝑑𝑖max} ,

𝑏∗𝑖𝑗,𝑑𝑖𝑗max
= {𝑏
∗
𝑖𝑗,𝑟

 ; 𝑟 = 1, 2, . . . , 𝑛𝑖 + 𝑑𝑖𝑗max} ,

𝑎∗𝑖𝑗,𝑡𝑖𝑗max
= {𝑎
∗
𝑖𝑗,𝑟

 ; 𝑟 = 1, 2, . . . , 𝑛𝑖 + 𝑡𝑖𝑗max} .

(21)

(ii) Verify the following relationships:

𝑏∗𝑖,𝑘1 = 0 for 𝑘1 = 1, . . . , 𝑑𝑖,
𝑏∗𝑖,𝑘2 = 𝑏∗𝑖,𝑘2−𝑑𝑖 for 𝑘2 = 𝑑𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖,
𝑏∗𝑖,𝑘3 = 0 for 𝑘3 = 𝑛𝑖 + 𝑑𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖max,
𝑏∗𝑖𝑗,𝑘1 = 0 for 𝑘1 = 1, . . . , 𝑑𝑖𝑗,
𝑏∗𝑖𝑗,𝑘2 = 𝑏∗𝑖𝑗,𝑘2−𝑑𝑖𝑗 for 𝑘2 = 𝑑𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑑𝑖𝑗,

𝑏∗𝑖𝑗,𝑘3 = 0 for 𝑘3 = 𝑛𝑖 + 𝑑𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑑𝑖𝑗max,
𝑎∗𝑖𝑗,𝑘1 = 0 for 𝑘1 = 1, . . . , 𝑡𝑖𝑗,
𝑎∗𝑖𝑗,𝑘2 = 𝑎∗𝑖𝑗,𝑘2−𝑡𝑖𝑗 for 𝑘2 = 𝑡𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑡𝑖𝑗,

𝑎∗𝑖𝑗,𝑘3 = 0 for 𝑘3 = 𝑛𝑖 + 𝑡𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑡𝑖𝑗max.

(22)

Thereby, the real delay satisfies the relation given as

0 ≤ 𝑑𝑖 ≤ 𝑑𝑖max − 1,

0 ≤ 𝑑𝑖𝑗 ≤ 𝑑𝑖𝑗max − 1,
0 ≤ �̂�𝑖𝑗 ≤ 𝑡𝑖𝑗max − 1.

(23)
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Step 2. Compute the errors functions 𝐹𝑖,𝑑𝑖 , 𝐹𝑖,𝑑𝑖𝑗 , and 𝐹𝑖,𝑡𝑖𝑗
starting from

𝐹𝑖,𝑑𝑖 (𝑘) =
𝑀𝑘

∑
𝑘=0

𝐺2
𝑖,𝑑𝑖

(𝑘) ; 𝑑𝑖 = 0, . . . , 𝑑𝑖max − 1,

𝐹𝑖,𝑑𝑖𝑗 (𝑘) =
𝑀𝑘

∑
𝑘=0

�̂�2
𝑖,𝑑𝑖𝑗

(𝑘) ; 𝑑𝑖𝑗 = 0, . . . , 𝑑𝑖𝑗max − 1,

𝐹𝑖,𝑡𝑖𝑗 (𝑘) =
𝑀𝑘

∑
𝑘=0

�̂�2𝑖,𝑡𝑖𝑗 (𝑘) ; 𝑡𝑖𝑗 = 0, . . . , 𝑡𝑖𝑗max − 1,

(24)

where 𝐺𝑖,𝑑𝑖(𝑘), �̂�𝑖,𝑑𝑖𝑗(𝑘), and �̂�𝑖,𝑡𝑖𝑗(𝑘) are given as follows.
If 𝑑𝑖 = 0, then

𝐺𝑖,0 (𝑘) = 0 for 𝑘 = 1, . . . , 𝑛𝑖,

𝐺𝑖,0 (𝑘) = �̂�∗𝑖,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖max,

𝐺𝑖,0 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖max + 1, . . . ,𝑀𝑘.

(25)

If 𝑑𝑖 ≥ 1, then

𝐺𝑖,𝑑𝑖 (𝑘) = 0 for 𝑘 = 0,

𝐺𝑖,𝑑𝑖 (𝑘) = �̂�∗𝑖,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,𝑑𝑖 (𝑘 − 𝑟) for 𝑘 = 2, . . . , 𝑑𝑖,

𝐺𝑖,𝑑𝑖 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,𝑑𝑖 (𝑘 − 𝑟)

for 𝑘 = 𝑑𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖,

𝐺𝑖,𝑑𝑖 (𝑘) = �̂�∗𝑖,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,𝑑𝑖 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖max,

𝐺𝑖,𝑑𝑖 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟𝐺𝑖,𝑑𝑖 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖max + 1, . . . ,𝑀𝑘.

(26)

If 𝑑𝑖𝑗 = 0, then

�̂�𝑖,0 (𝑘) = 0 for 𝑘 = 1, . . . , 𝑛𝑖,

�̂�𝑖,0 (𝑘) = �̂�∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 1, . . . , 𝑛𝑖 + 𝑑𝑖𝑗max,

�̂�𝑖,0 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖𝑗max + 1, . . . ,𝑀𝑘.

(27)

If 𝑑𝑖𝑗 ≥ 1, then

�̂�𝑖,𝑑𝑖𝑗 (𝑘) = 0 for 𝑘 = 0,

�̂�𝑖,𝑑𝑖𝑗 (𝑘) = �̂�∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑑𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 2, . . . , 𝑑𝑖𝑗,

�̂�𝑖,𝑑𝑖𝑗 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑑𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑑𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑑𝑖𝑗,

�̂�𝑖,𝑑𝑖𝑗 (𝑘) = �̂�∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑑𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑑𝑖𝑗max,

�̂�𝑖,𝑑𝑖𝑗 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑑𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑑𝑖𝑗max + 1, . . . ,𝑀𝑘.

(28)

If 𝑡𝑖𝑗 = 0, then

�̂�𝑖,0 (𝑘) = 0 for 𝑘 = 1, . . . , 𝑛𝑖,

�̂�𝑖,0 (𝑘) = 𝑎∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 1, . . . , 𝑛𝑖 + 𝑡𝑖𝑗max,

�̂�𝑖,0 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,0 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑡𝑖𝑗max + 1, . . . ,𝑀𝑘.

(29)
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If 𝑡𝑖𝑗 ≥ 1, then

�̂�𝑖,𝑡𝑖𝑗 (𝑘) = 0 for 𝑘 = 0,

�̂�𝑖,𝑡𝑖𝑗 (𝑘) = 𝑎∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑡𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 2, . . . , 𝑡𝑖𝑗,

�̂�𝑖,𝑡𝑖𝑗 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑡𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑡𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑡𝑖𝑗,

�̂�𝑖,𝑡𝑖𝑗 (𝑘) = 𝑎∗𝑖𝑗,𝑘 −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑡𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑡𝑖𝑗 + 1, . . . , 𝑛𝑖 + 𝑡𝑖𝑗max,

�̂�𝑖,𝑡𝑖𝑗 (𝑘) = −
𝑛𝑖

∑
𝑟=1

𝑎𝑖,𝑟�̂�𝑖,𝑡𝑖𝑗 (𝑘 − 𝑟)

for 𝑘 = 𝑛𝑖 + 𝑡𝑖𝑗max + 1, . . . ,𝑀𝑘.

(30)

Step 3.

(i) Determine the estimated delay that satisfies

𝐹𝑖,𝑑𝑖 = min {𝐹𝑖,𝑑𝑖 (k) ; 𝑑𝑖 = 0, . . . , 𝑑𝑖max − 1} ,

𝐹𝑖,𝑑𝑖𝑗 = min {𝐹𝑖,𝑑𝑖𝑗 (𝑘) ; 𝑑𝑖𝑗 = 0, . . . , 𝑑𝑖𝑗max − 1} ,

𝐹𝑖,̂𝑡𝑖𝑗 = min {𝐹𝑖,𝑡𝑖𝑗 (𝑘) ; 𝑡𝑖𝑗 = 0, . . . , 𝑡𝑖𝑗max − 1} .

(31)

The minimum values of 𝐹𝑖,𝑑𝑖 , 𝐹𝑖,𝑑𝑖𝑗 , and 𝐹𝑖,𝑡𝑖𝑗 indicate,
respectively, the exact time delays 𝑑𝑖, 𝑑𝑖𝑗, and 𝑡𝑖𝑗 of the
process.

To validate the proposed approach of time-delay estima-
tion, let us consider the previous numerical example with
𝑑1 = 1 and 𝑑2 = 2. Figures 5 and 6 represent the evolution
curves of 𝐹𝑖,𝑑𝑖 , 𝑖 = 1, 2, for each interconnected nonlinear
subsystem.

According to the evolution curves of 𝐹1,𝑑1 and 𝐹2,𝑑2 , it can
be remarked that 𝑑1 = 1 and 𝑑2 = 2. These simulation results
prove the validity and feasibility of the proposed algorithm
for time-delay estimation of the large-scale interconnected
nonlinear processes.

It can be remarked that the estimated delays depend on
the estimated parameters of the model. Therefore, (31) is
added to an Extended Least Squares algorithm to estimate
simultaneously the parameters and the time delays of the
model. Note that computer simulations show that discrete
solutions properties of the delays equationsmake them robust
to estimation errors in the estimate of parameters vector
(19) and the presence of Gaussian-distributed noise. If the
parameters are correctly estimated and no disturbances exist,
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Figure 5: Evolution curve of 𝐹1,𝑑1 .
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Figure 6: Evolution curve of 𝐹2,𝑑2 .

(31) will have a zero minimum. If there is a small estimation
error and small noise level, (31) is still enough to identify
the delays correctly. As the estimation error and the level
noise increase, the delays estimation can be conducted using
the maximum likelihood algorithm in the estimation of
the process parameters and based on (31) (the maximum
likelihood estimator is more robust than the Recursive
Extended Least Squares algorithm in the convergence sense).
It should be mentioned that (31) can be added easily to
any recursive estimator. The implementation of this equation
requires minimum storage and computation time as they
contain multiplications and additions.

However, in realistic applications, the corrupting noise is
correlated with input and/or output signals, so this makes the
estimates of the parameters asymptotically biased, as well as
a wrong estimated time delay. In this case, we can use other
techniques to estimate the time delays and the parameters
of the model, such as the correlation analysis, the cross-
correlation method, and generalized 𝑙𝑝 norm estimation.
In conclusion, a priori information of noise distribution is
necessary in order to develop an efficient estimation.

In the identification systems, two main problems must be
considered.Thefirst one is the identification of the time delay,
and the second one is the identification of the parameters.
In this case, the time-delay estimation problem is a great
research axis with several references dealing with several
approaches for time-delay estimation. These approaches can
be classified into four classes. The first class denotes the
time-delay approximation approach (timedomain, frequency
domain, and Laguerre domain). In this case, the time delay is
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estimated from an approximation of the model. The second
class represents the time-delay parameter method (one step,
two steps, and sampling method). In this case, the time delay
and the parameters of the model are identified alternatively,
simultaneously, or using the sampling system. The third
class is the area and moments approaches. In this event,
we estimate firstly the step or the impulse response. After
that, we identify the time delay. The last class represents
the high-order statistics approach. The main disadvantage of
these techniques is that parameters estimation is required
on each iteration step of time-delay estimation, and this
makes the implementation difficult. Furthermore, it can be
indicated that there is not an efficient solution to the time-
delay problem.The general agreement is on which method is
the best.Thereby, a comparative study of these techniques for
time-delay estimation of large-scale interconnected nonlin-
ear systems will be investigated in the future research.

4. Conclusions

Two extended discrete-time structural estimation methods,
which are applied for estimating the time delay and the
order of a dynamical process, are developed. We have
particularly focused on the class of large-scale time-varying
stochastic systems constituted by various interconnected
Hammerstein structures. These systems are described by
discrete-time stochastic Hammerstein mathematical models
with unknown time-varying parameters.

The main research work developed in this article is
divided into two important parts. The first part formulated
the problem of the order estimation for the class of large-scale
interconnected nonlinear systems, using the determinant
ratio test DR𝑖.The second part proposed an extended iterative
procedure, which permits estimating the time delays of the
considered system.

These developed approaches are validated by treating
two numerical simulation examples of a large-scale system
composed of two interconnected Hammerstein structures.
Theobtained results prove the performance and the feasibility
of the proposed methods in spite of the presence of inter-
actions signals, Gaussian distribution noise, and parameters
variations.
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With the help of a stochastic bounded real lemma, we deal with finite horizon 𝐻2/𝐻∞ control problem for discrete-time MJLS,
whose Markov chain takes values in an infinite set. Besides, a unified control design for𝐻2,𝐻∞, and𝐻2/𝐻∞ is given.

1. Introduction

As we know, 𝐻∞ control is one of the most important
robust control designs, usually used to eliminate the effect
of disturbance V𝑡. In particular, lots of results have been
contributed to the stochastic 𝐻∞ theory; see [1–7], among
many others. For Itô systems and discrete-time systems with
multiplicative noise, stochastic 𝐻∞-type control problems
have been considered in [2, 5], respectively. Reference [3]
has designed a state feedback 𝐻∞ controller for nonlinear
stochastic systems. References [4, 7] have dealt with 𝐻∞
control in the presence of stochastic uncertainty.

On the other hand, after Kalman presented the question
“When is a linear control system optimal?” which preserves
the quadratic form in the performance index, [8] has dis-
cussed 𝐻2 or Linear Quadratic Gaussian (LQG) control,
while [9] has retained the original weights and sought out
a producer which can also achieve the desired degree of
stability, and others have contributed to the stochastic LQ
controller design [10–12]. Because of the popularity of the𝐻2 performance for engineering, more and more researchers
have been attracted by the mixed 𝐻2/𝐻∞ control topic; see
[13–16]. For example, [14, 15] have investigated the finite
horizon and infinite horizon 𝐻2/𝐻∞ control problem for
discrete-time Markov jump systems.

It should be pointed out thatmostly researches onMarkov
jump systems assume that Markov chain takes values in a
finite set, such as [6, 13–15, 17–20]. However, infinite Markov
jump systems, where Markov process has an infinite state

space, can be used to describe more plants in real world.
Recently, infinite Markov jump systems have aroused more
and more concern [1, 21, 22]. Specially, for discrete-time
case, [21] has explored exponential stability and 𝑙2 input-
state stability which is strongly detectable; [1] has established
the finite horizon stochastic bounded real lemma to attain
a prescribed disturbance attenuation level. Based on [1],
this note seeks to set up 𝐻2/𝐻∞ result for infinite Markov
jump systems, unlike [15] which considered the finite jump
case.

This paper aims to handle the mixed 𝐻2/𝐻∞ control
problem through the solvability of four coupled difference
matrix-valued recursions (CDMRs) for discrete-time infinite
Markov jump systems. The rest of the paper is organized
as follows: Section 2 provides some useful definitions and
lemmas. In Section 3, we get the necessary and sufficient
condition for the finite horizon 𝐻2/𝐻∞ control problem
based on the stochastic bounded real lemma. A unified
control design for 𝐻2, 𝐻∞, and 𝐻2/𝐻∞ control is given in
Section 4. And Section 5 concludes the paper.

For convenience, we adopt the following notations. R is
the set of all real numbers; R𝑛 is 𝑛-dimensional real vector
space; R𝑚×𝑛 is the vector space of all 𝑚 × 𝑛 matrices with
entries in R; 𝐴 is the transpose of a matrix 𝐴; 𝐴 ≥ 0 (𝐴 >0): 𝐴 is a positive semidefinite (positive definite) symmetric
matrix; 𝐼 is the identity matrix; ‖ ⋅ ‖ is the operator norm
of R𝑚×𝑛 or the Euclidean norm of R𝑛; 𝑍+ is the set of all
nonnegative integers; 𝑍+1 is the set of all positive integers; S𝑛
is the set of all 𝑛 × 𝑛 symmetric matrices.
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2. Preliminaries

Consider the following discrete-time infinite Markov jump
systems defined on a complete probability space (Ω,F,P):

𝑥𝑡+1 = 𝐴0 (𝜂𝑡) 𝑥𝑡 + 𝐵0 (𝜂𝑡) V𝑡
+ 𝑑∑
𝑘=1

[𝐴𝑘 (𝜂𝑡) 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) V𝑡] 𝑤𝑘𝑡 ,
𝑧𝑡 = 𝐶 (𝜂𝑡) 𝑥𝑡, 𝜂𝑡 ∈ 𝑍+1 ,

(1)

where 𝑥𝑡 ∈ R𝑛, V𝑡 ∈ R𝑛V , and 𝑧𝑡 ∈ R𝑛𝑧 represent the
system state, disturbance signal, and measurement output,
respectively. Markov chain {𝜂𝑡}𝑡∈𝑍+ takes values in 𝑍+1 with
switching governed by a stationary transposition probability
matrix P = [𝑝𝑖𝑗], where 𝑝𝑖𝑗 = 𝑃(𝜂𝑡+1 = 𝑗 | 𝜂𝑡 = 𝑖). Let𝑤𝑡 = {𝑤𝑡 = (𝑤1𝑡 , . . . , 𝑤𝑑𝑡 )} be a sequence of real random
variables which satisfies 𝐸(𝑤𝑡) = 0 and 𝐸(𝑤𝑡𝑤𝑠) = 𝛿𝑡,𝑠
(Kronecker function). Make F𝑡 be the 𝜎-algebra generated
by {𝜂𝑘, 𝑤𝑠 | 0 ≤ 𝑘 ≤ 𝑡, 0 ≤ 𝑠 ≤ 𝑡 − 1}. With the case 𝑡 = 0, set𝐹0 = 𝜎{𝜂0}. For any given 𝑡 ∈ 𝑍+, the𝜎-algebras 𝜎{𝑤0, . . . , 𝑤𝑡}
and 𝜎{𝜂0, . . . , 𝜂𝑡} are independent of each other. 𝑙2(0, 𝑇;R𝑚)
denotes the set of R𝑚–valued processes {𝑦(𝑡, 𝑤) : Z+ ×Ω → R𝑚}, which isF𝑡-measurable and ∑𝑇𝑡=0 𝐸‖𝑦(𝑡)‖2 < ∞.
Apparently, 𝑙2(0, 𝑇;R𝑚) is a real Hilbert space with the norm
being ‖𝑦‖𝑙2(0,𝑇;R𝑚) = (∑𝑇𝑡=0 𝐸‖𝑦𝑡‖2)1/2 < ∞.

Make 𝐻𝑚×𝑛1 be the set {𝑀 | 𝑀 = (𝑀(1),𝑀(2), . . .),𝑀(𝑖) ∈ R𝑚×𝑛} which satisfies ∑∞𝑖=1𝑀(𝑖) < ∞. We can easily
verify that𝐻𝑚×𝑛1 is a Banach space with ‖𝑀(𝑖)‖1 = ∑∞𝑖=1𝑀(𝑖).
Define another Banach space 𝐻𝑚×𝑛∞ with ‖𝑀(𝑖)‖∞ =
sup𝑖∈𝑍+

1

𝑀(𝑖).𝐻𝑚×𝑛1 will be written as𝐻𝑛1 with the case𝑚 = 𝑛,
so does 𝐻𝑚×𝑛∞ . For 𝑖 ∈ 𝑍+1 , when 𝑀(𝑖) ∈ S𝑛 and 𝑀(𝑖) ≥ 0,𝐻𝑛1 (𝐻𝑛∞) will be written as𝐻𝑛+1 (𝐻𝑛+∞ ).

For𝑀,𝑁 ∈ 𝐻𝑛1 , if𝑀(𝑖) ≤ 𝑁(𝑖) for all 𝑖 ∈ 𝑍+1 , we say𝑀 ≤𝑁. And it is easy to know that ‖𝑀‖1 ≤ ‖𝑁‖1. What is more,
for a given real Banach spaceX, letB(X) represent a Banach
space including all bounded linear operators mapping X to
X. For Γ ∈ B(X), the induced norm is denoted by ‖Γ‖X.

Next, we introduce the linear perturbation operator as
follows.

Definition 1. Define a linear perturbation operator 𝐿𝑇 : 𝑙2(0,𝑇;R𝑛V) → 𝑙2(0, 𝑇;R𝑛𝑧) of system (1) as follows:
𝐿𝑇 (V) = 𝐶 (𝜂𝑡) 𝑥 (𝑡; 0, V) , (2)

where 𝑥(𝑡; 0, V) satisfies system (1) corresponding to 𝑥0 = 0
and V(⋅). When V ̸= 0, the𝐻∞ norm of 𝐿𝑇 is determined by

𝐿𝑇∞ fl sup
V∈𝑙2(0,𝑇;R𝑛V ),
V ̸=0,𝜂0∈𝑍

+

1
,𝑥0=0

𝐿𝑇 (V)𝑙2(0,𝑇;R𝑛𝑧 )‖V‖𝑙2(0,𝑇;R𝑛V ) . (3)

When V = 0, which means the system is unperturbed, the
problem is trivial (in this case, ‖𝐿𝑇‖∞ = 0).

Define the functional:

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 𝑇∑
𝑡=0

𝐸 [𝑧𝑡2 − 𝛾2 V𝑡2] , (4)

which is connected with the𝐻∞ performance.

To make the formulae more brief, we adopt the following
notations. Denote𝑃 as a series of symmetricmatrices derived
by the time 𝑡 and the mode 𝑖; that is 𝑃 = {𝑃(𝜂𝑡) ∈ 𝑆𝑛 : 𝜂𝑡 ∈𝑍+1 , 𝑡 ∈ 𝑍+}, 𝑃(𝑡) = (𝑃(𝜂1), 𝑃(𝜂2), 𝑃(𝜂3), . . .). In subsequent
analysis, we will use the notations as follows with 𝑈 ∈ 𝐻𝑛∞:

𝜖𝑖 (𝑈) = ∞∑
𝑗=1

𝑝𝑖𝑗 (𝑡) 𝑈 (𝑗) ,

Φ1𝑖 (𝑈) = 𝑑∑
𝑘=0

𝐴𝑘 (𝑖) 𝜖𝑖 (𝑈)𝐴𝑘 (𝑖) + 𝐶 (𝑖) 𝐶 (𝑖) ,
Φ2𝑖 (𝑈) = 𝑑∑

𝑘=0

𝐴𝑘 (𝑖) 𝜖𝑖 (𝑈) 𝐵𝑘 (𝑖) ,
Φ3𝑖 (𝑈) = 𝑑∑

𝑘=0

𝐵𝑘 (𝑖) 𝜖𝑖 (𝑈) 𝐵𝑘 (𝑖) − 𝛾2𝐼.

(5)

Lemma 2. Given 𝑥0 ∈ R𝑛, V ∈ 𝑙2(0, 𝑇;R𝑛]), 𝜂0 ∈ 𝑍+1 , and𝑥𝑡 fl 𝑥(𝑡; 𝑥0, 𝜂0, V) being the solution of system (1), for any given𝑇 ∈ 𝑍+, we have
𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 𝑇∑

𝑡=0

𝐸(𝑥𝑡
V𝑡
)∏
𝜂𝑡

(𝑡, 𝑃) (𝑥𝑡
V𝑡
)

+ 𝐸𝑥0𝑃 (0, 𝜂0) 𝑥0
− 𝐸𝑥𝑇+1𝑃 (𝑇 + 1, 𝜂𝑇+1) 𝑥𝑇+1,

(6)

where

∏
𝜂𝑡

(𝑡, 𝑃) = ∏
𝑖

(𝑡, 𝑃)
= (Φ1𝑖 (𝑃 (𝑡 + 1)) − 𝑃 (𝑡, 𝑖) Φ2𝑖 (𝑃 (𝑡 + 1))Φ2𝑖 (𝑃 (𝑡 + 1)) Φ3𝑖 (𝑃 (𝑡 + 1)))

(7)

for 𝜂𝑡 = 𝑖.
Proof. Due to the assumption, we know that 𝑤𝑘𝑡 is indepen-
dent of the Markov chain {𝜂𝑡} and is uncorrelated with V𝑡, so𝐴0(𝜂𝑡)𝑥𝑡 + 𝐵0(𝜂𝑡)V𝑡 and 𝐴𝑘(𝜂𝑡)𝑥𝑡 + 𝐵𝑘(𝜂𝑡)V𝑡 are uncorrelated
with 𝑤𝑘𝑡 , 𝑘 = 1, . . . , 𝑑. Besides, 𝐴0(𝜂𝑡)𝑥𝑡 + 𝐵0(𝜂𝑡)V𝑡 and𝐴𝑘(𝜂𝑡)𝑥𝑡 + 𝐵𝑘(𝜂𝑡)V𝑡 areF𝑡-measurable, 𝑘 = 1, . . . , 𝑑; thus

𝐸 {[𝐴0 (𝜂𝑡) 𝑥𝑡 + 𝐵0 (𝜂𝑡) V𝑡] 𝑃 (𝑡 + 1, 𝜂𝑡+1)
⋅ [𝐴𝑘 (𝜂𝑡) 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) V𝑡] | F𝑡} = 0. (8)

When 𝜂𝑡 = 𝑖, we have
𝐸 [𝑥𝑡+1𝑃 (𝑡 + 1, 𝜂𝑡+1) 𝑥𝑡+1 − 𝑥𝑡𝑃 (𝑡, 𝜂𝑡) 𝑥𝑡 | F𝑡, 𝜂𝑡 = 𝑖]

= 𝐸(𝑥𝑡
V𝑡
) ∗∏
𝜂𝑡

(𝑡, 𝑃) (𝑥𝑡
V𝑡
) , (9)
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where

∗∏
𝜂𝑡

(𝑡, 𝑃) = ∗∏
𝑖

(𝑡, 𝑃)
= (Φ1𝑖 (𝑃 (𝑡 + 1)) − 𝑃 (𝑡, 𝑖) − 𝐶 (𝑖) 𝐶 (𝑖) Φ2𝑖 (𝑃 (𝑡 + 1))Φ2𝑖 (𝑃 (𝑡 + 1)) Φ3𝑖 (𝑃 (𝑡 + 1)) + 𝛾2𝐼) .

(10)

Taking 𝑡 = 0, . . . , 𝑇 above and summarizing together, we get
that

𝐸 [𝑥𝑇+1𝑃 (𝑇 + 1, 𝜂𝑇 + 1) 𝑥𝑇+1 − 𝑥0𝑃 (0, 𝜂0) 𝑥0 | F𝑡, 𝜂𝑡
= 𝑖] = 𝑇∑

𝑡=0

𝐸(𝑥𝑡
V𝑡
) ∗∏
𝜂𝑡

(𝑡, 𝑃) (𝑥𝑡
V𝑡
) . (11)

According to the definition of 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡), we obtain

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 𝑇∑
𝑡=0

𝐸 [𝑧𝑡2 − 𝛾2 V𝑡2]
+ 𝑇∑
𝑡=0

𝐸(𝑥𝑡
V𝑡
) ∗∏
𝜂𝑡

(𝑡, 𝑃) (𝑥𝑡
V𝑡
)

+ 𝐸𝑥0𝑃 (0, 𝜂0) 𝑥0
− 𝐸𝑥𝑇+1𝑃 (𝑇 + 1, 𝜂𝑇+1) 𝑥𝑇+1.

(12)

By simple computation, we can get the desired result.

Lemma 3 (see [1] (stochastic bounded real lemma)). For
system (1), given 𝛾 > 0 and 𝑇 ∈ 𝑍+1 , ‖𝐿𝑇‖∞ < 𝛾 if and only
if the following difference Riccati recursions are solvable with𝑃(𝑡) ∈ 𝐻𝑛+∞ :
𝑃 (𝑡, 𝑖)

= Φ𝑖1 (𝑃 (𝑡 + 1))
− Φ2𝑖 (𝑃 (𝑡 + 1))Φ3𝑖 (𝑃 (𝑡 + 1))−1Φ2𝑖 (𝑃 (𝑡 + 1)) ,

𝑃 (𝑇 + 1, 𝑖) = 0, 𝑖 ∈ 𝑍+1 , 𝑡 ∈ [0, 𝑇] .
(13)

And 𝑃(𝑡) satisfies

Φ3𝑖 (𝑃 (𝑡 + 1)) < −𝜖0𝐼𝑛V , ∀𝜀0 ∈ (0, 𝛾2 − 𝐿𝑇2∞) . (14)

3. 𝐻2/𝐻∞ Control

In this subsection, we attempt to discuss the finite horizon𝐻2/𝐻∞ control problem. Consider the following linear sys-
tems with infinite Markov jump:

𝑥𝑡+1
= 𝐴0 (𝜂𝑡) 𝑥𝑡 + 𝐵0 (𝜂𝑡) 𝑢𝑡 + 𝐵0 (𝜂𝑡) V𝑡
+ 𝑑∑
𝑘=1

[𝐴𝑘 (𝜂𝑡) 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) 𝑢𝑡 + 𝐵𝑘 (𝜂𝑡) V𝑡]𝑤𝑘𝑡 ,
𝑧𝑡 = (𝐶 (𝜂𝑡) 𝑥𝑡𝐷(𝜂𝑡) 𝑢𝑡) ,
𝐷 (𝜂𝑡)𝐷(𝜂𝑡) = 𝐼, 𝜂𝑡 ∈ 𝑍+1 .

(15)

Given 𝑇 ∈ 𝑍+1 and 𝛾 > 0, our objective is to find 𝑢∗(⋅) ∈𝑙2(0, 𝑇;R𝑛𝑢) such that

(i) ‖𝐿𝑇‖∞ < 𝛾, for all V(⋅) ∈ 𝑙2(0, 𝑇;R𝑛V) and 𝜂0 ∈ 𝑍+1 ;
(ii) when the worst case disturbance V∗𝑡 is enforced on

system (15), 𝑢∗(⋅)will minimize the energy functional𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ) fl ∑𝑇𝑡=0 𝐸‖𝑧𝑡‖2, ∀𝑥0 ∈ R𝑛, 𝜂0 ∈ 𝑍+1 .
If there exists (𝑢∗𝑡 , V∗𝑡 ) such that (i) and (ii) hold simul-

taneously, we say that the mixed 𝐻2/𝐻∞ control problem is
solvable. Before discussing, we provide the following coupled
matrix recursions which is defined on 𝑖 ∈ 𝑍+1 :
𝑋1 (𝑡, 𝑖) = 𝑑∑

𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] 𝜀𝑖 (𝑋1 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘𝐾2𝑖 (𝑋2)] + 𝐶 (𝑖) 𝐶 (𝑖) − 𝐾3𝑖 (𝑋1)
⋅ 𝐻1𝑖 (𝑋1)−1𝐾3𝑖 (𝑋1) + 𝐾2𝑖 (𝑋2)𝐾2𝑖 (𝑋2) ,

𝑋1 (𝑡) ≥ 0,
𝑋1 (𝑇 + 1) = 0,
𝐻1𝑖 (𝑋1) < 0,

(16)

𝐾1𝑖 (𝑋1) = −𝐻1𝑖 (𝑋1)−1𝐾3𝑖 (𝑋1) , (17)

𝑋2 (𝑡, 𝑖) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] 𝜀𝑖 (𝑋2 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] + 𝐶 (𝑖) 𝐶 (𝑖)
− 𝐾4𝑖 (𝑋2)𝐻2𝑖 (𝑋2)−1𝐾4𝑖 (𝑋2) ,

𝑋2 (𝑡, 𝑖) ≥ 0,
𝑋2 (𝑇 + 1) = 0,
𝐻2𝑖 (𝑋2) > 0,

(18)
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𝐾2𝑖 (𝑋2) = −𝐻2𝑖 (𝑋2)−1𝐾4𝑖 (𝑋2) , (19)

where

𝐻1𝑖 (𝑋1) = 𝑑∑
𝑘=0

𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖) − 𝛾2𝐼,

𝐻2𝑖 (𝑋2) = 𝐼 + 𝑑∑
𝑘=0

𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐺𝑘 (𝑖) ,

𝐾3𝑖 (𝑋1) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]

⋅ 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖) ,
𝐾4𝑖 (𝑋2) = 𝑑∑

𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)]

⋅ 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐵𝑘 (𝑖) .

(20)

Theorem 4. The finite horizon 𝐻2/𝐻∞ control problem is
solvable with the solution 𝑢∗𝑡 = 𝐾2𝜂𝑡(𝑋2)𝑥𝑡, V∗𝑡 = 𝐾1𝜂𝑡(𝑋1)𝑥𝑡
if and only if CDMRs (16)–(19) have a pair of solutions(𝑋1(𝑡, 𝑖), 𝐾1𝑖 (𝑋1)); (𝑋2(𝑡, 𝑖), 𝐾2𝑖 (𝑋2)) for ∀(𝑡, 𝑖) ∈ [0, 𝑇] × 𝑍+1 .
Proof. ⇐: Assume CDMRs (16)–(19) have a pair of solutions
(𝑋1(𝑡, 𝑖), 𝐾1𝑖 (𝑋1)); (𝑋2(𝑡, 𝑖), 𝐾2𝑖 (𝑋2)), ∀(𝑡, 𝑖) ∈ [0, 𝑇] × 𝑍+1 .
Constructing 𝑢∗𝑡 = 𝐾2𝜂𝑡(𝑋2)𝑥𝑡 and putting 𝑢 into system (15),
we get ‖𝐿𝑇‖∞ < 𝛾 for all V ∈ 𝑙2(0, 𝑇;R𝑛V) and 𝜂0 ∈ 𝑍+1 . By
Lemma 3, together with the completing squares technique, it
yields from (16) that

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V𝑡)
= 𝑇∑
𝑡=0

𝐸 {𝐸 {[V𝑡 − V∗𝑡 ]𝐻1𝑖 (𝑋1) [V𝑡 − V∗𝑡 ] | 𝜂𝑡 = 𝑖}}
+ 𝑥0𝑋1 (0, 𝜂0) 𝑥0 ≥ 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V𝑡)

= 𝑥0𝑋1 (0, 𝜂0) 𝑥0,

(21)

where V∗𝑡 = 𝐾1𝜂𝑡(𝑋1)𝑥𝑡 and 𝐾1𝜂𝑡(𝑋1) is defined by (17).
As shown above, 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V) is minimized by V∗𝑡 =𝐾1𝜂𝑡(𝑋1)𝑥𝑡,∀𝑥0 ∈ R𝑛, and V∗𝑡 is the worst case disturbance. By

Lemma 2 and the technique of completing squares, we obtain

𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 )
= 𝑇∑
𝑡=0

𝐸 {𝐸 {[𝑢𝑡 − 𝑢∗𝑡 ]𝐻2𝑖 (𝑋2) [𝑢𝑡 − 𝑢∗𝑡 ] | 𝜂𝑡 = 𝑖}}
+ 𝑥0𝑋2 (0, 𝜂0) 𝑥0 ≥ 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 )

= 𝑥0𝑋2 (0, 𝜂0) 𝑥0,

(22)

where 𝑢∗𝑡 = 𝐾2𝜂𝑡(𝑋2)𝑥𝑡, and 𝐾2𝜂𝑡(𝑋2) is defined by (19). By
reasoning as above, it is revealed that 𝑢∗𝑡 is the controller
to minimize the 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ). Thus, we conclude that
(𝑢∗𝑡 , V∗𝑡 ) is a pair of solutions to the finite horizon 𝐻2/𝐻∞
control problem.⇒: Suppose that system (15) has a pair of solutions
to the finite horizon 𝐻2/𝐻∞ control problem with 𝑢∗𝑡 =𝐾2𝜂𝑡(𝑋2)𝑥𝑡, V∗𝑡 = 𝐾1𝜂𝑡(𝑋1)𝑥𝑡. Putting 𝑢∗𝑡 into (15), we come
to the following equations:

𝑥𝑡+1 = [𝐴0 (𝜂𝑡) + 𝐵0 (𝜂𝑡)𝐾2𝜂𝑡 (𝑋2)] 𝑥𝑡 + 𝐵0 (𝜂𝑡) V𝑡
+ 𝑑∑
𝑘=1

{[𝐴𝑘 (𝜂𝑡) + 𝐵𝑘 (𝜂𝑡)𝐾2𝜂𝑡 (𝑋2)] 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) V𝑡}
⋅ 𝑤𝑘𝑡 ,

𝑧𝑡 = ( 𝐶 (𝜂𝑡)
𝐷 (𝜂𝑡)𝐾2𝜂𝑡 (𝑋2))𝑥𝑡,

𝐷 (𝜂𝑡)𝐷(𝜂𝑡) = 𝐼, 𝜂𝑡 ∈ 𝑍+1 , 𝑡 ∈ 𝑍+.

(23)

Applying Lemma 3 to (23), we justify that𝑋1(𝑡, 𝑖) satisfies (16)
on [0, 𝑇], also 𝑋1(𝑡, 𝑖) ≥ 0. From the proof of the sufficiency,
we confirm that the worst case disturbance V∗𝑡 = 𝐾1𝜂𝑡(𝑋1)𝑥𝑡
with 𝐾1𝜂𝑡(𝑋1) given by (17). Enforcing V∗𝑡 on system (15), we
obtain

𝑥𝑡+1 = [𝐴0 (𝜂𝑡) + 𝐵0 (𝜂𝑡)𝐾1𝜂𝑡 (𝑋1)] 𝑥𝑡 + 𝐵0 (𝜂𝑡) 𝑢𝑡
+ 𝑑∑
𝑘=1

{[𝐴𝑘 (𝜂𝑡) + 𝐵𝑘 (𝜂𝑡)𝐾1𝜂𝑡 (𝑋1)] 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) 𝑢𝑡}
⋅ 𝑤𝑘𝑡 ,

𝑧𝑡 = (𝐶 (𝜂𝑡) 𝑥𝑡𝐷(𝜂𝑡) 𝑢𝑡) ,
𝐷 (𝜂𝑡)𝐷(𝜂𝑡) = 𝐼, 𝜂𝑡 ∈ 𝑍+1 , 𝑡 ∈ 𝑍+.

(24)

According to the assumption, we deduce that 𝑢∗ is the
optimal solution of the following problem:
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min
𝑢𝑡∈𝑙2(0,𝑇;R

𝑛𝑢 )
{𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ) = 𝑇∑

𝑡=0

𝐸 [𝑢𝑡𝑢𝑡 + 𝑥𝑡𝐶 (𝜂𝑡) 𝐶 (𝜂𝑡) 𝑥𝑡]} ,
subject to (24) .

(25)

This is a standard LQ control for Markov jump systems
defined on a finite horizon. Similar to the proof of Theorem1 in [7], it is not difficult to prove that (18) is solvable with𝑋2(𝑡, 𝑖) ≥ 0. The proof is ended.

Remark 5. Compared to finite horizon𝐻2/𝐻∞ control prob-
lem considered in [15], whose Markov chain takes values in
a finite set, the dynamical model taken into account in this
note is more general.

Example 6. Consider the following one-dimensional dis-
crete-time infinite Markov jump system:

𝑥𝑡+1 = 12 (𝜂𝑡 + 1)𝑥𝑡 + 𝑢𝑡 + V𝑡

+ [ 1𝜂𝑡 + 1𝑥𝑡 + 𝑢𝑡 + V𝑡]𝑤𝑡, 𝜂𝑡 ∈ 𝑍+1 ,

𝑧𝑡 = ( 310𝑥𝑡𝑢𝑡 ) .
(26)

In (26), the transition probability is defined by 𝑝(𝑖, 𝑖) =3/4, 𝑝(𝑖, 𝑖 + 1) = 1/4, 𝑝(𝑖, 𝑗) = 0, 𝑗 ̸= 𝑖, 𝑖 + 1, 𝑖, 𝑗 ∈ 𝑍+1 .
Set 𝑇 = 2, 𝛾 = 0.5, the solutions of the four coupled matrix
recursions (16)–(19) are given by 𝑋1(0, 𝑖) = 0.14/(𝑖 + 1)2 +0.09, 𝑋1(0, 𝑖) = 6.66/(𝑖 + 1)2 + 0.09, 𝐾1𝑖 (𝑋1) = 5.36/(𝑖 +1), 𝐾2𝑖 (𝑋2) = −0.17/(𝑖 + 1).
4. 𝐻2,𝐻∞, and𝐻2/𝐻∞ Control

In this section, we will develop a unified control design of𝐻2,𝐻∞, and 𝐻2/𝐻∞ control for system (15). Give the following
indices:

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 𝑇∑
𝑡=0

𝐸 [𝛾2 V𝑡2 − 𝑧𝑡2] ,

𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 𝑇∑
𝑡=0

𝐸 [𝑧𝑡2 − 𝜌2 V𝑡2] ,
(27)

where 𝛾 ≥ 0 and 𝜌 ≥ 0 are defined onR.

Definition 7. We call an admissible set (𝑢∗(⋅), V∗(⋅)) ∈𝑙2(0, 𝑇;R𝑛𝑢) × 𝑙2(0, 𝑇;R𝑛V) a Nash equilibrium, if the fol-
lowing inequalities hold simultaneously for all admissible(𝑢(⋅), V(⋅)) ∈ 𝑙2(0, 𝑇;R𝑛𝑢) × 𝑙2(0, 𝑇;R𝑛V),

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 ) ≤ 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V𝑡) ,
𝐽𝑇2 (𝑥0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 ) ≤ 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ) .

(28)

For convenient, we give the following coupled matrix recur-
sions on (𝑡, 𝑖) ∈ 𝑍+ × 𝑍+1 :
𝑋1 (𝑡, 𝑖) = 𝑑∑

𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]
⋅ 𝜀𝑖 (𝑋1 (𝑡 + 1)) [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] − 𝐶 (𝑖)
⋅ 𝐶 (𝑖) − 𝐾3𝑖 (𝑋1)𝐻1𝑖 (𝑋1)+𝐾3𝑖 (𝑋1) − 𝐾2𝑖 (𝑋2)
⋅ 𝐾2𝑖 (𝑋2) ,

𝑋1 (𝑇 + 1) = 0,
𝐻1𝑖 (𝑋1) ≥ 0,

(29)

𝐾3𝑖 (𝑋1) = 𝐾3𝑖 (𝑋1)𝐻1𝑖 (𝑋1)+𝐻1𝑖 (𝑋1) , (30)

𝑋2 (𝑡, 𝑖) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)]
⋅ 𝜀𝑖 (𝑋2 (𝑡 + 1)) [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] + 𝐶 (𝑖)
⋅ 𝐶 (𝑖) − 𝐾4𝑖 (𝑋2)𝐻2𝑖 (𝑋2)+𝐾4𝑖 (𝑋2)
− 𝜌2𝐾1𝑖 (𝑋1)𝐾1𝑖 (𝑋1) ,

𝐻2𝑖 (𝑋2) ≥ 0,
𝑋2 (𝑇 + 1) = 0,

(31)

𝐾4𝑖 (𝑋1) = 𝐾4𝑖 (𝑋2)𝐻2𝑖 (𝑋2)+𝐻2𝑖 (𝑋2) , (32)

where

𝐻1𝑖 (𝑋1) = 𝑑∑
𝑘=0

𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖) + 𝛾2𝐼,
𝐻2𝑖 (𝑋2) = 𝐼 + 𝑑∑

𝑘=0

𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐵𝑘 (𝑖) ,
𝐾3𝑖 (𝑋1)
= 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖) ,
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𝐾4𝑖 (𝑋2)
= 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐵𝑘 (𝑖) ,
𝐾1𝑖 (𝑋1) = −𝐻1𝑖 (𝑋1)+𝐾3𝑖 (𝑋1) ,
𝐾2𝑖 (𝑋2) = −𝐻2𝑖 (𝑋2)+𝐾4𝑖 (𝑋2) .

(33)

(I) 𝐻2 Control. Letting 𝜌 = 0 and 𝛾 → +∞ in (27), it is
easy to get that the performance index 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) holds
naturally, and

𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) fl 𝑇∑
𝑡=0

𝐸 𝑧𝑡2

= 𝑇∑
𝑡=0

𝐸 [𝑥𝑡𝐶 (𝑖) 𝐶 (𝑖) 𝑥𝑡 + 𝑢𝑡𝑢𝑡]
(34)

which turns into a stochastic LQ optimal control problem.
Because of 𝜌 = 0 in 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡), taking 𝐵𝑘(𝑖) = 0 in (15),
we get

𝑥𝑡+1 = 𝐴0 (𝜂𝑡) 𝑥𝑡 + 𝐵0 (𝜂𝑡) 𝑢𝑡
+ 𝑑∑
𝑘=1

[𝐴𝑘 (𝜂𝑡) 𝑥𝑡 + 𝐵𝑘 (𝜂𝑡) 𝑢𝑡]𝑤𝑘𝑡 ,
𝑧𝑡 = (𝐶 (𝜂𝑡) 𝑥𝑡𝐷(𝜂𝑡) 𝑢𝑡) ,

𝐷 (𝜂𝑡)𝐷(𝜂𝑡) = 𝐼, 𝜂𝑡 ∈ 𝑍+1 , 𝑡 ∈ 𝑍+.

(35)

By Theorem 4, we know min𝑢𝑡∈𝑙2(0,𝑇;R𝑛𝑢 )𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) =𝐽𝑇2 (𝑥0, 𝜂0, 𝑢∗𝑡 , V𝑡), where 𝑢∗𝑡 = 𝐾2𝜂𝑡(𝑋2)𝑥𝑡 with 𝐾2𝑖 (𝑋2) =
−𝐻2𝑖 (𝑋2)−1{∑𝑑𝑘=1[𝐴𝑘(𝑖)𝜀𝑖(𝑋2(𝑡 + 1))𝐵𝑘(𝑖)]} and 𝑋2 is the
solution of the following equations:

𝑋2 (𝑡, 𝑖) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) 𝜀𝑖 (𝑋2 (𝑡 + 1))𝐴𝑘 (𝑖)] + 𝐶 (𝑖)

⋅ 𝐶 (𝑖) − [ 𝑑∑
𝑘=0

𝐴𝑘 (𝑖) 𝜀𝑖 (𝑋1 (𝑡 + 1)) ⋅ 𝐵𝑘 (𝑖)]

⋅ 𝐻2𝑖 (𝑋2)−1 [ 𝑑∑
𝑘=0

𝐴𝑘 (𝑖) 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖)]
 ,

𝑋2 (𝑇 + 1) = 0,
𝐻2𝑖 (𝑋2) = 𝐼 + 𝑑∑

𝑘=0

𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋1 (𝑡 + 1)) 𝐵𝑘 (𝑖) > 0,
𝑖 ∈ 𝑍+1 .

(36)

Also, the optimal value is obtained by

min
𝑢𝑡∈𝑙
2(0,𝑇;R𝑛𝑢 )

𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, 0) = 𝑥0𝑋2 (0, 𝜂0) 𝑥0. (37)

Remark 8. Via a series of calculation, we can rewrite the first
equality of (36) under the case of positiveness of𝐻2𝑖 (𝑋2) as

𝑋2 (𝑡, 𝑖)
= 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] 𝜀𝑖 (𝑋2 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] + 𝐶 (𝑖) 𝐶 (𝑖)
+ 𝐾2𝑖 (𝑋2)𝐾2𝑖 (𝑋2) .

(38)

Obviously, we have𝑋2(𝑡, 𝑖) ≥ 0; thus𝐻2𝑖 (𝑋2) > 0.
(II)𝐻∞ Control. Letting 𝜌 = 𝛾 in (27), it follows that

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) + 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) = 0. (39)

In this case, the Nash game (28) turns into a zero-sum
game. We know from Theorem 4 that there exists a Nash
equilibrium if and only if (29)–(32) is solvable. By computing,
we obtain

𝑋1 (𝑡, 𝑖) + 𝑋2 (𝑡, 𝑖)
= 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]
⋅ 𝜀𝑖 (𝑋1 (𝑡 + 1) + 𝑋2 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] .

(40)

Noticing that 𝑋1(𝑇 + 1, 𝑖) + 𝑋2(𝑇 + 1, 𝑖) = 0, we conclude
the above equation has a unique solution such that𝑋1(𝑡, 𝑖) +𝑋2(𝑡, 𝑖) = 0. Showing (31) in another way,

𝑋2 (𝑡, 𝑖) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] 𝜀𝑖 (𝑋2 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾1𝑖 (𝑋1)] + 𝐶 (𝑖) 𝐶 (𝑖)
− 𝐾4𝑖 (𝑋2)𝐻2𝑖 (𝑋2)+𝐾4𝑖 (𝑋2) − 𝛾2𝐾1𝑖 (𝑋1)
⋅ 𝐾1𝑖 (𝑋1) = 𝑑∑

𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] 𝜀𝑖 (𝑋2 (𝑡
+ 1)) [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] + 𝐾1𝑖 (𝑋1) {−𝛾2𝐼
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+ 𝑑∑
𝑘=0

[𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐵𝑘 (𝑖)]}𝐾1𝑖 (𝑋1)
+ 𝐾1𝑖 (𝑋1) { 𝑑∑

𝑘=0

[𝐵𝑘 (𝑖) 𝜀𝑖 (𝑋2 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]]} + 𝑑∑

𝑘=0

{[𝐴𝑘 (𝑖)
+ 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)] 𝜀𝑖 (𝑋2 (𝑡 + 1)) 𝐵𝑘 (𝑖)}𝐾1𝑖 (𝑋1)
+ 𝐾2𝑖 (𝑋2)𝐾2𝑖 (𝑋2) + 𝐶 (𝑖) 𝐶 (𝑖) .

(41)

Substituting 𝑋2(𝑡, 𝑖) = −𝑋1(𝑡, 𝑖) into (41), it is easy to
recognize that

− 𝑋1 (𝑡, 𝑖) = − 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]
⋅ 𝜀𝑖 (𝑋1 (𝑡 + 1)) [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋2)]
− 𝐾1𝑖 (𝑋1)𝐻1𝑖 (𝑋1)𝐾1𝑖 (𝑋1) − 𝐾1𝑖 (𝑋1)𝐾3𝑖 (𝑋1)
− 𝐾3𝑖 (𝑋1)𝐾1𝑖 (𝑋1) + 𝐾2𝑖 (𝑋2)𝐾2𝑖 (𝑋2) + 𝐶 (𝑖)
⋅ 𝐶 (𝑖) .

(42)

Similar as Theorem 1 in [23], we can prove that ‖𝐿𝑇‖ <𝛾, which concludes that 𝐻1𝑖 (𝑋) > 0. Since 𝐻1𝑖 (𝑋1)+ =𝐻1𝑖 (𝑋1)−1, 𝐻1𝑖 (𝑋1) > 0 indicates that (42) is consistent with
(29). Thus, when 𝜌 = 𝛾, the solution𝑋 of (42) satisfies

𝑋(𝑖) = 𝑑∑
𝑘=0

[𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋)] 𝜀𝑖 (𝑋 (𝑡 + 1))
⋅ [𝐴𝑘 (𝑖) + 𝐵𝑘 (𝑖) 𝐾2𝑖 (𝑋)] − 𝐶 (𝑖) 𝐶 (𝑖) − 𝐾3𝑖 (𝑋)
⋅ 𝐻1𝑖 (𝑋)−1𝐾3𝑖 (𝑋) − 𝐾2𝑖 (𝑋)𝐾2𝑖 (𝑋) ,

𝑋 (𝑖) ≤ 0,
𝑋 (𝑇 + 1) = 0,
𝐻1𝑖 (𝑋) ≥ 0.

(43)

Besides, according to Theorem 4, (𝑢∗𝑡 = 𝐾2𝜂𝑡(𝑋)𝑥𝑡, V∗𝑡 =𝐾1𝜂𝑡(𝑋)𝑥𝑡) follows that
𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ) ≤ 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 )

≤ 𝐽𝑇1 (𝑥0, 𝜂0, 𝑢∗𝑡 , V𝑡) , (44)

which shows that 𝑢∗𝑡 is the optimal control design and V∗𝑡 is
the related worst case disturbance for 𝛾 > 0.
(III) Mixed𝐻2/𝐻∞ Control. Letting 𝜌 = 0 in 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡).
For system (15), the indices (27) turn into

𝐽𝑇1 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) fl 𝑇∑
𝑡=0

𝐸 [𝛾2 V𝑡2 − 𝑧𝑡2] ,
𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V𝑡) fl 𝑇∑

𝑡=0

𝐸 [𝑧𝑡2] .
(45)

When 𝑥0 = 0, because of the linearity of system (15), we have𝑢∗𝑡 = 0, V∗𝑡 = 0, and
𝐽𝑇1 (0, 𝜂0, 𝑢∗𝑡 , V𝑡) ≥ 𝐽𝑇1 (0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 ) = 0,
𝐽𝑇2 (0, 𝜂0, 𝑢∗𝑡 , V∗𝑡 ) ≤ 𝐽𝑇2 (𝑥0, 𝜂0, 𝑢𝑡, V∗𝑡 ) ; (46)

that is, (𝑢∗𝑡 , V∗𝑡 ) is the optimal solution to the mixed 𝐻2/𝐻∞
control problem.

Remark 9. The discussion here expands the version to the
infinite Markov jump case compared to [23].

5. Conclusion

This note has supplied a finite horizon state feedback𝐻2/𝐻∞
controller based on the solution of four CDMRs for discrete-
time infinite Markov jump systems with multiplicative noise.
And, a numerical example has been given to illustrate its
efficiency. How to handle the infinite horizon case for the
concerned systems is our next work in the future.
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This paper addresses the least-squares centralized fusion estimation problem of discrete-time random signals from measured
outputs, which are perturbed by correlated noises. These measurements are obtained by different sensors, which send their
information to a processing center, where the complete set of data is combined to obtain the estimators. Due to random transmission
failures, some of the data packets processed for the estimation may either contain only noise (uncertain observations), be delayed
(randomly delayed observations), or even be definitely lost (random packet dropouts). These multiple random transmission
uncertainties are modelled by sequences of independent Bernoulli random variables with different probabilities for the different
sensors. By an innovation approach and using the last observation that successfully arrived when a packet is lost, a recursive
algorithm is designed for the filtering estimation problem. The proposed algorithm is easily implemented and does not require
knowledge of the signal evolution model, as only the first- and second-order moments of the processes involved are used. A
numerical simulation example illustrates the feasibility of the proposed estimators and shows how the probabilities of the multiple
random failures influence their performance.

1. Introduction

Least-squares (LS) estimation has traditionally been a fertile
research field, with important repercussions in the study of
stochastic systems. Over the past few decades, the scientists
have been especially concerned with networked systems,
where multiple sensors receive a signal in a noisy environ-
ment and provide information that must be sent to a fusion
center for being combined and processed to provide a signal
estimation.

Traditionally, fusion estimation algorithms were con-
cernedwith conventional systems,where the sensors transmit
their measured outputs to the fusion center over perfect
connections (see, e.g., [1, 2] and references therein). However,
usually the network characteristics may not be completely
reliable and some anomalies (e.g., uncertain observations
or missing measurements, random delays, and/or packet
dropouts) may arise when the sensor measurements are

transmitted to the fusion center. Ignoring these random phe-
nomena in the derivation of the estimators may deteriorate
their accuracy and performance and, for this reason, the
design of new fusion estimation algorithms for linear systems
featuring one of these uncertainties (see, e.g., [3–5] and
references therein) or even several of them simultaneously
(see, e.g., [6–9] and references therein) has become an active
research topic. Specifically, multisensors subject to random
packet dropouts are dealt with in [3], a packet-dropping
network is considered in [4], and networked systems in the
presence of stochastic sensor gain degradations are object of
study in [5]. Networked multisensor systems with random
transmission delays and packet dropouts are considered in
[6–9], in addition tomissing sensor measurements in [6] and
uncertain observations in transmission in [8].

Also, in nonlinear systems, the interest in the estimation
problem fromobservations featuring randomuncertainties is
increasing. For example, in [10], the recursive finite-horizon
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filtering problem for a class of nonlinear time-varying sys-
tems subject to multiplicative noises, missing measurements,
and quantisation effects is addressed; the recursive state esti-
mation problem is investigated in [11] for time-varying com-
plex networks with missing measurements; and [12] is con-
cernedwith the recursive filtering problem for a class of time-
varying nonlinear stochastic systems in the presence of event-
triggered transmissions and multiple missing measurements.

Depending on themethodology bywhich themultisensor
measurements are combined and processed, there are differ-
ent classes of fusion filtering algorithms.Themost commonly
used fusion methods are the centralized and the distributed
ones. In the centralized fusion filtering algorithms (see, e.g.,
[8]), all the raw data from different sensors are sent to a
single location where they are fused and processed to provide
optimal estimators; hence, when there are no sensor errors
and under perfect connections, centralized fusion estimators
have the best accuracy. On the other hand, in the distributed
fusion filtering algorithms (see, e.g., [13]), the filtering process
is divided between some local filters working in parallel
to obtain individual sensor-based estimates and one main
filter where these local estimates are combined to yield an
improved global signal estimate. For its relation with the
current research, it must be indicated that the centralized
fusion estimation problem for systems withmixed uncertain-
ties including sensor delays, packet dropouts, and uncertain
observations is considered in [8], using the state-space model
and the state augmentation approach.

The study of the signal estimation problem traditionally
hinged on the assumption of uncorrelated measurement
noises. However, this is not a realistic consideration in many
practical situations; for this reason, this conservative assump-
tion is commonly weakened in many papers concerning the
signal estimation problem in networked systems, and the
presence of correlated noise in the sensor data makes the
design of signal estimation algorithms more challenging and
interesting. The optimal Kalman filtering fusion problem in
systems with cross-correlated noises at consecutive sampling
times is addressed, for example, in [14] for systems with
multistep transmission delays and multiple packet dropouts,
by transforming the system into a stochastic parameterized
one. Also, centralized and distributed fusion algorithms are
obtained in [15] for uncertain systems with correlated noises
and in [5] for systems where the measurements might ran-
domly contain only partial information about the signal. Also
in [16] for systems with multiplicative noise and two-step
random transmission delays, the centralized and distributed
fusion estimation problems are addressed by using the state
augmentation approach and, even though white noises are
considered in the original model, the observation noises
of the augmented system are correlated. Autocorrelated
and cross-correlated noises have also been considered in
systems with random parameter matrices and transmission
uncertainties; some results on the fusion estimation problems
in these systems can be found in [17, 18], among others.

This paper addresses the LS centralized fusion estimation
problem in networked systems with correlated noises, in
the presence of multiple uncertainties during transmission,
which include random delays, packet dropouts, and/or

uncertain observations. To the best of the authors’ knowledge,
the simultaneous consideration of these uncertainties has
not been investigated yet in the framework of covariance
information and, therefore, it constitutes an interesting
research challenge. We emphasize that, unlike some existing
published work on estimation from observations with mixed
uncertainties, including random delays, packet dropouts,
and/or uncertain observations, in this paper the centralized
fusion estimation problem is carried out without requiring
the evolution model generating the signal process, but only
the mean and covariance functions of the processes involved
in the observation equation. Let us also note that the pro-
posed recursive algorithm is obtained without using the state
augmentation approach, thus reducing the computational
cost in comparison with the augmentation method.

The rest of the paper is organized as follows. In Section 2,
we formulate the LS linear estimation problem and the
observation model with correlated noises and multiple ran-
dom failures in transmission. In Section 3, the LS linear
centralized fusion filtering algorithm is designed by using the
innovation theory. Section 4 contains a simulation example
which illustrates the applicability of the proposed estimators
in comparison with the local ones and shows the influence
of the transmission failures on the estimation accuracy. A
concluding remark is presented in Section 5. Finally, the
local LS linear filtering algorithm, only used for comparison
purposes in Section 4, is presented as an Appendix.

Notations. The notations used throughout the paper are
standard. R𝑛 denotes the 𝑛-dimensional Euclidean space.
For a matrix 𝐴, 𝐴𝑇 and 𝐴−1 denote its transpose and
inverse, respectively. If a matrix dimension is not specified,
it is assumed to be compatible with algebraic operations.
The Kronecker and Hadamard product of matrices will be
denoted by ⊗ and ∘, respectively. 𝛿𝑘,𝑠 denotes the Kronecker
delta function. For any 𝑎, 𝑏 ∈ R, 𝑎 ∧ 𝑏 is used to mean the
minimumof 𝑎 and 𝑏. Finally, for any function𝐺𝑘,𝑠, depending
on the sampling times 𝑘 and 𝑠, for simplicity, we will write
𝐺𝑘 = 𝐺𝑘,𝑘; analogously, 𝐾(𝑖) = 𝐾(𝑖𝑖) will be written for any
function𝐾(𝑖𝑗), depending on the sensors 𝑖 and 𝑗.

2. Problem Statement

This paper is concerned with the least-squares (LS) estima-
tion problem of discrete-time random signals from mul-
tisensor noisy measurements transmitted through different
channels with mixed uncertainties during the transmission
process. More precisely, it is assumed that the observations
processed for the estimationmay either contain only noise, be
one-step randomly delayed, or be dropped out, in which case
the last observation that successfully arrived will be used for
the estimation. Our aim is to find a recursive algorithm for
the LS linear filtering problem using the centralized fusion
method.

As it is well known, the LS linear estimation prob-
lem requires the existence of the second-order moments
of the random vectors involved and, hence, second-order
random signals must be considered. Also, the existence of
the second-order moments of the observation noise vectors
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is necessary to guarantee that the observations used for the
estimation have second-order moments. Next, we present
the observation model and the hypotheses on the signal and
noise processes under which the estimation problem will be
addressed.

Signal Process. The estimation algorithm will be obtained
under the assumption that the evolution model of the signal
to be estimated is unknown and only covariance information
(that is, information about its mean and covariance func-
tions) is available; specifically, the following hypothesis is
required.

Hypothesis 1. The 𝑛𝑥-dimensional signal process {𝑥𝑘}𝑘≥1 has
zero mean and its autocovariance function is factorizable as
𝐸[𝑥𝑘𝑥𝑇𝑠 ] = 𝐴𝑘𝐵𝑇𝑠 , 𝑠 ≤ 𝑘, where 𝐴𝑘 and 𝐵𝑠 are known
matrices.

Multisensor Measured Outputs. Consider 𝑚 sensors, whose
measurements obey the following equations:

𝑧(𝑖)𝑘 = 𝐻(𝑖)𝑘 𝑥𝑘 + V(𝑖)𝑘 , 𝑘 ≥ 1, 𝑖 = 1, . . . , 𝑚, (1)

where 𝑧(𝑖)
𝑘

∈ R𝑛𝑧 is the measured output of the 𝑖th sensor at
time 𝑘 and V(𝑖)

𝑘
is the noise vector. We assume the following

hypothesis on the noise processes.

Hypothesis 2. Themeasurement noises {V(𝑖)
𝑘
}𝑘≥1, 𝑖 = 1, . . . , 𝑚,

are second-order zero-mean processes with 𝐸[V(𝑖)
𝑘
V(𝑗)𝑇𝑠 ] =

𝑅(𝑖𝑗)
𝑘

𝛿𝑘,𝑠 + 𝑅(𝑖𝑗)
𝑘,𝑘−1

𝛿𝑘−1,𝑠, 𝑠 ≤ 𝑘.

Observation Model with Mixed Uncertainties. It is assumed
that, at any sampling time, the sensor outputs are transmitted
from the 𝑚 different sensors to a data processing center,
where the signal estimation is performed and, as a conse-
quence of possible failures during the transmission process,
random one-step delays, packet dropouts, and uncertain
observationsmay occur in the transmission.White sequences
of Bernoulli random variables with different parameters for
the different sensors are introduced to depict these random
transmission uncertainties. Namely, the following model is
considered for the measurement from the 𝑖th local sensor,
𝑦(𝑖)
𝑘
, 𝑖 = 1, . . . , 𝑚:

𝑦(𝑖)𝑘 = 𝛾(𝑖)0,𝑘𝑧(𝑖)𝑘 + 𝛾(𝑖)1,𝑘𝑧(𝑖)𝑘−1 + 𝛾(𝑖)2,𝑘𝑦(𝑖)𝑘−1 + 𝛾(𝑖)3,𝑘V(𝑖)𝑘 , 𝑘 ≥ 2,

𝑦(𝑖)1 = 𝛾(𝑖)0,1𝑧(𝑖)1 + 𝛾(𝑖)3,1V(𝑖)1 ,
(2)

where 𝛾(𝑖)
3,𝑘

= 1 − ∑2𝑑=0 𝛾(𝑖)𝑑, 𝑘, 𝑘 ≥ 2, and 𝛾(𝑖)3,1 = 1 − 𝛾(𝑖)0,1. We
denote 𝛾(𝑖)1,1 = 𝛾(𝑖)2,1 = 0, and the following hypothesis on the
random variables {𝛾(𝑖)

𝑑,𝑘
}𝑘≥1, 𝑑 = 0, 1, 2, 3, is assumed.

Hypothesis 3. For 𝑑 = 0, 1, 2, 3, and 𝑖 = 1, . . . , 𝑚, the process
{𝛾(𝑖)
𝑑,𝑘
}𝑘≥1 is a sequence of independent Bernoulli random

variables with known probabilities𝑃[𝛾(𝑖)
𝑑,𝑘

= 1] = 𝛾(𝑖)
𝑑,𝑘
, ∀𝑘 ≥ 1.

Also, we assume that {𝛾(𝑖)
𝑑,𝑘
}𝑘≥1 is independent of the sequences

{𝛾(𝑗)
𝑑 ,𝑘

}𝑘≥1, for 𝑑 = 0, 1, 2, 3 and 𝑗 ̸= 𝑖.

From this assumption, it is clear that, for 𝑖, 𝑗 = 1, . . . , 𝑚,
and 𝑑, 𝑑 = 0, 1, 2, 3, the correlation of the variables 𝛾(𝑖)

𝑑,𝑘
and

𝛾(𝑗)
𝑑 ,𝑠

is known, and it is given by

𝐸 [𝛾(𝑖)𝑑,𝑘𝛾(𝑗)𝑑 ,𝑠] =
{
{
{

𝛾(𝑖)
𝑑,𝑘
𝛿𝑑,𝑑 , 𝑖 = 𝑗 and 𝑘 = 𝑠

𝛾(𝑖)
𝑑,𝑘
𝛾(𝑗)
𝑑 ,𝑠

, 𝑖 ̸= 𝑗 or 𝑘 ̸= 𝑠.
(3)

Finally, the following independence hypothesis is also
required.

Hypothesis 4. For 𝑖 = 1, . . . , 𝑚, and 𝑑 = 0, 1, 2, 3, the signal,
{𝑥𝑘}𝑘≥1, and the processes {V(𝑖)

𝑘
}𝑘≥1 and {𝛾(𝑖)

𝑑,𝑘
}𝑘≥1 are mutually

independent.

2.1. Stacked Observation Model. To address the estimation
problem by the centralized fusion method, the observations
from the different sensors are gathered and jointly processed
at each sampling time; for this purpose, the observation
equations (1) and (2) are combined yielding the following
stacked observation model:

𝑍𝑘 = H𝑘𝑥𝑘 + 𝑉𝑘, 𝑘 ≥ 1,
𝑌𝑘 = Γ0,𝑘𝑍𝑘 + Γ1,𝑘𝑍𝑘−1 + Γ2,𝑘𝑌𝑘−1 + Γ3,𝑘𝑉𝑘, 𝑘 ≥ 2,
𝑌1 = Γ0,1𝑍1 + Γ3,1𝑉1,

(4)

where 𝑍𝑘 = (𝑧(1)𝑇
𝑘

, . . . , 𝑧(𝑚)𝑇
𝑘

)𝑇, H𝑘 = (𝐻(1)𝑇
𝑘

, . . . , 𝐻(𝑚)𝑇
𝑘

)𝑇,
𝑉𝑘 = (V(1)𝑇

𝑘
, . . . , V(𝑚)𝑇

𝑘
)𝑇, and Γ𝑑,𝑘 = diag(𝛾(1)

𝑑,𝑘
, . . . , 𝛾(𝑚)

𝑑,𝑘
) ⊗ 𝐼𝑛𝑧 ,𝑑 = 0, 1, 2, 3.

Hence, the problem is to obtain the LS linear estimator of
the signal, 𝑥𝑘, based on the observations {𝑌1, . . . , 𝑌𝑘}, given in
(4). Next, we present the statistical properties of the processes
involved in the observation model (4), from which the LS
linear filtering algorithm of the signal will be derived; these
statistical properties are easily inferred from the previously
established model Hypotheses 1–4.

(P1) {𝑉𝑘}𝑘≥1 is a zero-mean process with 𝐸[𝑉𝑘𝑉𝑇𝑠 ] =
𝑅𝑘𝛿𝑘,𝑠 + 𝑅𝑘,𝑘−1𝛿𝑘−1,𝑠, for 𝑠 ≤ 𝑘, where 𝑅𝑘,𝑠 =
(𝑅(𝑖𝑗)
𝑘,𝑠

)𝑖,𝑗=1,...,𝑚.
(P2) {Γ𝑑,𝑘}𝑘≥1, 𝑑 = 0, 1, 2, 3, are sequences of independent

randommatrices with knownmeans, Γ𝑑,𝑘 ≡ 𝐸[Γ𝑑,𝑘] =
diag(𝛾(1)

𝑑,𝑘
, . . . , 𝛾(𝑚)

𝑑,𝑘
) ⊗ 𝐼𝑛𝑧 , and if we denote 𝛾𝑑,𝑘 =

(𝛾(1)
𝑑,𝑘
, . . . , 𝛾(𝑚)

𝑑,𝑘
)𝑇⊗1𝑛𝑧 , the correlationmatrices𝐾𝛾𝑘

𝑑,𝑑
≡

𝐸[𝛾𝑑,𝑘𝛾𝑇𝑑 ,𝑘], for 𝑑, 𝑑 = 0, 1, 2, 3, are also known
matrices whose entries are given in (3). Moreover, for
any deterministic matrix 𝑆, the Hadamard product
properties guarantee that 𝐸[Γ𝑑,𝑘𝑆Γ𝑑 ,𝑘] = 𝐾𝛾𝑘

𝑑,𝑑
∘ 𝑆.

(P3) For 𝑑 = 0, 1, 2, 3, the signal, {𝑥𝑘}𝑘≥1, and the processes
{𝑉𝑘}𝑘≥1 and {Γ𝑑,𝑘}𝑘≥1 are mutually independent.
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2.1.1. Observation Covariance Matrices. From the previous
properties, it is easy to check that {𝑌𝑘}𝑘≥1 is a zero-mean
process and the covariance matrices Σ𝑌𝑘,𝑠 ≡ 𝐸[𝑌𝑘𝑌𝑇𝑠 ], for𝑠 = 𝑘, 𝑘 − 1, are obtained by the following expressions:

Σ𝑌𝑘 = 𝐾𝛾𝑘0,0 ∘ Σ𝑍𝑘 + 𝐾𝛾𝑘1,1 ∘ Σ𝑍𝑘−1 + 𝐾𝛾𝑘2,2 ∘ Σ𝑌𝑘−1
+ (𝐾𝛾𝑘0,3 + 𝐾𝛾𝑘3,0 + 𝐾𝛾𝑘3,3) ∘ 𝑅𝑘 + 𝐾𝛾𝑘0,1 ∘ Σ𝑍𝑘,𝑘−1
+ 𝐾𝛾𝑘1,0 ∘ Σ𝑍𝑘−1,𝑘 + 𝐾𝛾𝑘0,2 ∘ Σ𝑍𝑌𝑘,𝑘−1 + 𝐾𝛾𝑘2,0
∘ Σ𝑌𝑍𝑘−1,𝑘 + 𝐾𝛾𝑘1,2 ∘ Σ𝑍𝑌𝑘−1 + 𝐾𝛾𝑘2,1 ∘ Σ𝑌𝑍𝑘−1 + 𝐾𝛾𝑘1,3
∘ 𝑅𝑘−1,𝑘 + 𝐾𝛾𝑘3,1 ∘ 𝑅𝑘,𝑘−1 + 𝐾𝛾𝑘2,3
∘ (Γ0,𝑘−1 + Γ3,𝑘−1) 𝑅𝑘−1,𝑘 + 𝐾𝛾𝑘3,2
∘ 𝑅𝑘,𝑘−1 (Γ0,𝑘−1 + Γ3,𝑘−1) , 𝑘 ≥ 2,

Σ𝑌1 = 𝐾𝛾10,0 ∘ Σ𝑍1 + (𝐾𝛾10,3 + 𝐾𝛾13,0 + 𝐾𝛾13,3) ∘ 𝑅1,

Σ𝑌𝑘,𝑘−1 = Γ0,𝑘Σ𝑍𝑌𝑘,𝑘−1 + Γ1,𝑘Σ𝑍𝑌𝑘−1 + Γ2,𝑘Σ𝑌𝑘−1
+ Γ3,𝑘𝑅𝑘,𝑘−1 (Γ0,𝑘−1 + Γ3,𝑘−1) , 𝑘 ≥ 2,

(5)

where Σ𝑍𝑘,𝑠 ≡ 𝐸[𝑍𝑘𝑍𝑇𝑠 ] and Σ𝑍𝑌𝑘,𝑠 ≡ 𝐸[𝑍𝑘𝑌𝑇𝑠 ], for 𝑠 ≤ 𝑘, are
given by

Σ𝑍𝑘,𝑠 = H𝑘𝐴𝑘𝐵𝑇𝑠H𝑇𝑠 + 𝑅𝑘𝛿𝑘,𝑠 + 𝑅𝑘,𝑘−1𝛿𝑘−1,𝑠, 𝑠 ≤ 𝑘,

Σ𝑍𝑌𝑘,𝑠 = Σ𝑍𝑘,𝑠Γ0,𝑠 + Σ𝑍𝑘,𝑠−1Γ1,𝑠 + Σ𝑍𝑌𝑘,𝑠−1Γ2,𝑠 + 𝑅𝑘Γ3,𝑘𝛿𝑘,𝑠
+ 𝑅𝑘,𝑘−1Γ3,𝑘−1𝛿𝑘−1,𝑠, 2 ≤ 𝑠 ≤ 𝑘,

Σ𝑍𝑌𝑘,1 = Σ𝑍𝑘,1Γ0,1 + 𝑅1Γ3,1𝛿𝑘,1, 𝑘 ≥ 1.

(6)

3. Centralized Fusion Filtering Estimators

Our aim in this section is to address the LS linear centralized
estimation problem of the signal from a set of available
observations. Specifically, a recursive algorithm for the LS
linear centralized filtering problems will be derived. For this
purpose, we will use an innovation approach.

3.1. Innovation Approach to the LS Linear Estimation Problem.
The innovation approach basically consists of transforming
the observation process {𝑌𝑘}𝑘≥1 into an equivalent one of
orthogonal vectors, called innovation process, which will
be denoted by {𝜇𝑘}𝑘≥1 and defined as 𝜇𝑘 = 𝑌𝑘 − �̂�𝑘/𝑘−1,
where �̂�𝑘/𝑘−1 is the orthogonal projection of 𝑌𝑘 onto the
linear space generated by {𝜇1, . . . , 𝜇𝑘−1}. These processes are
equivalent in the sense that each set {𝜇1, . . . , 𝜇𝐿} spans the
same linear subspace as {𝑌1, . . . , 𝑌𝐿}; hence, the estimation
problem can be addressed by replacing the observation
process by the innovation one. So, the LS linear estimator of
any random vector 𝜉𝑘 based on the observations {𝑌1, . . . , 𝑌𝐿},
denoted as 𝜉𝑘/𝐿, agrees with that based on the innovations
{𝜇1, . . . , 𝜇𝐿} and, denoting Πℎ = 𝐸[𝜇ℎ𝜇𝑇ℎ ], the following

general expression for the LS linear estimators of 𝜉𝑘 based on
the observations {𝑌1, . . . , 𝑌𝐿} is obtained

𝜉𝑘/𝐿 =
𝐿

∑
ℎ=1

𝐸 [𝜉𝑘𝜇𝑇ℎ ]Π−1ℎ 𝜇ℎ. (7)

This general expression is derived from the Orthogonal
Projection Lemma (OPL), which establishes that the esti-
mation error is uncorrelated with all the observations or,
equivalently, with all the innovations. From (7), the first step
to obtain the signal estimators is to find an explicit formula
for the innovation or, equivalently, for the one-stage linear
predictor of the observation.

3.1.1. One-Stage Observation Predictor. To simplify future
formulas and expressions, the observation model (4) will be
equivalently written as follows:

𝑌𝑘 = Γ0,𝑘H𝑘𝑥𝑘 + Γ1,𝑘H𝑘−1𝑥𝑘−1 + Γ2,𝑘𝑌𝑘−1 +𝑊𝑘, 𝑘 ≥ 2,
𝑊𝑘 = (Γ0,𝑘 + Γ3,𝑘) 𝑉𝑘 + Γ1,𝑘𝑉𝑘−1, 𝑘 ≥ 2.

(8)

Then, applying orthogonal projections, we have

�̂�𝑘/𝑘−1 = Γ0,𝑘H𝑘𝑥𝑘/𝑘−1 + Γ1,𝑘H𝑘−1𝑥𝑘−1/𝑘−1 + Γ2,𝑘𝑌𝑘−1
+ �̂�𝑘/𝑘−1, 𝑘 ≥ 2.

(9)

Now, from the general expression (7), denoting W𝑘,ℎ ≡
𝐸[𝑊𝑘𝜇𝑇ℎ ], ℎ ≤ 𝑘 − 1, and taking into account the fact that
W𝑘,ℎ = 0 for ℎ ≤ 𝑘 − 3, we obtain

�̂�𝑘/𝑘−1 = W𝑘,𝑘−2Π−1𝑘−2𝜇𝑘−2 +W𝑘,𝑘−1Π−1𝑘−1𝜇𝑘−1, 𝑘 ≥ 3,
�̂�2/1 = W2,1Π−11 𝜇1,

(10)

and, hence, the observation predictor is given by

�̂�𝑘/𝑘−1 = Γ0,𝑘H𝑘𝑥𝑘/𝑘−1 + Γ1,𝑘H𝑘−1𝑥𝑘−1/𝑘−1 + Γ2,𝑘𝑌𝑘−1

+
(𝑘−1)∧2

∑
ℎ=1

W𝑘,𝑘−ℎΠ−1𝑘−ℎ𝜇𝑘−ℎ, 𝑘 ≥ 2.
(11)

Note that the determination of the one-stage observation
predictor, and consequently that of the innovation, requires
the calculation of the linear one-stage predictor and the filter
of the signal, 𝑥𝑘/𝑘−1 and 𝑥𝑘−1/𝑘−1, respectively. Since both
derivations are analogous, they are simultaneously addressed
in the following subsection.

3.2. Centralized Prediction and Filtering Recursive Algorithm.
The following theorem presents a recursive algorithm for the
LS linear centralized fusion estimators 𝑥𝑘/𝐿, 𝐿 ≤ 𝑘, of the
signal 𝑥𝑘 based on the observations {𝑌1, . . . , 𝑌𝐿} given in (4)
or, equivalently, in (8).

Theorem 5. The centralized predictor and filter, 𝑥𝑘/𝐿, 𝐿 ≤
𝑘, and the corresponding error covariance matrices, Σ̂𝑘/𝐿 ≡
𝐸[(𝑥𝑘 − 𝑥𝑘/𝐿)(𝑥𝑘 − 𝑥𝑇𝑘/𝐿)], are obtained by

𝑥𝑘/𝐿 = 𝐴𝑘𝑒𝐿, 𝐿 ≤ 𝑘,

Σ̂𝑘/𝐿 = 𝐴𝑘 (𝐵𝑘 − 𝐴𝑘Σ𝑒𝐿)𝑇 , 𝐿 ≤ 𝑘,
(12)
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where the vectors 𝑒𝐿 and the matrices Σ𝑒𝐿 ≡ 𝐸[𝑒𝐿𝑒𝑇𝐿] are recur-
sively obtained from

𝑒𝐿 = 𝑒𝐿−1 +E𝐿Π−1𝐿 𝜇𝐿, 𝐿 ≥ 1, 𝑒0 = 0,
Σ𝑒𝐿 = Σ𝑒𝐿−1 +E𝐿Π−1𝐿 E𝑇𝐿 , 𝐿 ≥ 1, Σ𝑒0 = 0

(13)

and the matrices E𝐿 ≡ 𝐸[𝑒𝐿𝜇𝑇𝐿 ] satisfy

E𝐿 = H
𝑇
𝐵𝐿

− Σ𝑒𝐿−1H𝑇𝐴𝐿 −
(𝐿−1)∧2

∑
ℎ=1

E𝐿−ℎΠ−1𝐿−ℎW𝑇𝐿,𝐿−ℎ,

𝐿 ≥ 2,
E1 = H

𝑇
𝐵1
.

(14)

The innovations, 𝜇𝐿, and their covariance matrices, Π𝐿, are
given by

𝜇𝐿 = 𝑌𝐿 − Γ2,𝐿𝑌𝐿−1 −H𝐴𝐿𝑒𝐿−1

−
(𝐿−1)∧2

∑
ℎ=1

W𝐿,𝐿−ℎΠ−1𝐿−ℎ𝜇𝐿−ℎ, 𝐿 ≥ 2,

𝜇1 = 𝑌1,

(15)

Π𝐿 = Σ𝑌𝐿 − Γ2,𝐿Σ𝑌𝐿−1,𝐿 − Σ𝑌𝐿,𝐿−1Γ2,𝐿 + Γ2,𝐿Σ𝑌𝐿−1Γ2,𝐿
−H𝐴𝐿 (H

𝑇
𝐵𝐿

−E𝐿)

−
(𝐿−1)∧2

∑
ℎ=1

W𝐿,𝐿−ℎΠ−1𝐿−ℎ (H𝐴𝐿E𝐿−ℎ +W𝐿,𝐿−ℎ)
𝑇 ,

𝐿 ≥ 2,
Π1 = Σ𝑌1 .

(16)

The coefficientsW𝐿,𝐿−ℎ = 𝐸[𝑊𝐿𝜇𝑇𝐿−ℎ], ℎ = 1, 2, satisfy

W𝐿,𝐿−2 = Γ1,𝐿𝑅𝐿−1,𝐿−2 (Γ0,𝐿−2 + Γ3,𝐿−2) , 𝐿 ≥ 3,

W𝐿,𝐿−1 = Σ𝑊𝐿,𝐿−1 +W𝐿,𝐿−2 (Γ2,𝐿−1 − Π−1𝐿−2Y𝑇𝐿−1,𝐿−2) ,
𝐿 ≥ 3,

W2,1 = Σ𝑊2,1,

(17)

where Σ𝑊𝐿,𝐿−1 ≡ 𝐸[𝑊𝐿𝑊𝑇𝐿−1] andY𝐿,𝐿−1 ≡ 𝐸[𝑌𝐿𝜇𝑇𝐿−1] are given
by

Σ𝑊𝐿,𝐿−1
= ((Γ0,𝐿 + Γ3,𝐿) 𝑅𝐿,𝐿−1 + Γ1,𝐿𝑅𝐿−1) (Γ0,𝐿−1 + Γ3,𝐿−1)

+ Γ1,𝐿𝑅𝐿−1,𝐿−2Γ1,𝐿−1, 𝐿 ≥ 3,
Σ𝑊2,1 = ((Γ0,2 + Γ3,2) 𝑅2,1 + Γ1,2𝑅1) (Γ0,1 + Γ3,1) ,

Y𝐿,𝐿−1 = H𝐴𝐿Σ
𝑒
𝐿−1 + Γ2,𝐿Π𝐿−1 +W𝐿,𝐿−1, 𝐿 ≥ 2.

(18)

Finally, the matrices Σ𝑌𝐿 and Σ𝑌𝐿,𝐿−1 are given in (5), and the
matricesHΨ𝐿 , with Ψ𝐿 = 𝐴𝐿, 𝐵𝐿, are defined by

HΨ𝐿 = Γ0,𝐿H𝐿Ψ𝐿 + Γ1,𝐿H𝐿−1Ψ𝐿−1, 𝐿 ≥ 2,

HΨ1 = Γ0,1H1Ψ1.
(19)

Proof. From the general expression (7), to obtain the LS
linear estimators 𝑥𝑘/𝐿, 𝐿 ≤ 𝑘, it is necessary to calculate the
coefficients

X𝑘,ℎ ≡ 𝐸 [𝑥𝑘𝜇𝑇ℎ ] = 𝐸 [𝑥𝑘𝑌𝑇ℎ ] − 𝐸 [𝑥𝑘�̂�𝑇ℎ/ℎ−1] , ℎ ≤ 𝑘. (20)

The independence hypotheses and the factorization of the
signal covariance (Hypothesis 1) lead to 𝐸[𝑥𝑘𝑌𝑇ℎ ] = 𝐴𝑘H𝑇𝐵ℎ ,
withH𝐵ℎ given in (19). Now, using expression (11) for �̂�ℎ/ℎ−1,
together with (7) for 𝑥ℎ/ℎ−1 and 𝑥ℎ−1/ℎ−1, we obtain that the
coefficientsX𝑘,ℎ, 1 ≤ ℎ ≤ 𝑘, can be expressed as follows:

X𝑘,ℎ

= 𝐴𝑘H𝑇𝐵ℎ

−
ℎ−1

∑
𝑗=1

X𝑘,𝑗Π−1𝑗 (X𝑇ℎ,𝑗H𝑇ℎΓ0,ℎ +X
𝑇
ℎ−1,𝑗H

𝑇
ℎ−1Γ1,ℎ)

−
(ℎ−1)∧2

∑
𝑗=1

X𝑘,ℎ−𝑗Π−1ℎ−𝑗W𝑇ℎ,ℎ−𝑗, 2 ≤ ℎ ≤ 𝑘,

X𝑘,1 = 𝐴𝑘H𝑇𝐵1 ,

(21)

which guarantees that X𝑘,ℎ = 𝐴𝑘Eℎ, 1 ≤ ℎ ≤ 𝑘, with Eℎ
given by

Eℎ = H
𝑇
𝐵ℎ

−
ℎ−1

∑
𝑗=1

E𝑗Π−1𝑗 E𝑗H𝑇𝐴ℎ

−
(ℎ−1)∧2

∑
𝑗=1

Eℎ−𝑗Π−1ℎ−𝑗W𝑇ℎ,ℎ−𝑗, ℎ ≥ 2,

E1 = H
𝑇
𝐵1
.

(22)

Then, by defining 𝑒𝐿 = ∑𝐿ℎ=1EℎΠ−1ℎ 𝜇ℎ and Σ𝑒𝐿 =
∑𝐿ℎ=1EℎΠ−1ℎ Eℎ, for 𝐿 ≥ 1, with 𝑒0 = 0 and Σ𝑒0 = 0, and
taking into account the fact that 𝐸[𝑒𝐿𝜇𝑇ℎ ] = Eℎ, for ℎ ≤ 𝐿,
and 𝐸[𝑒𝐿𝑌𝑇𝐿 ] = H𝑇𝐵𝐿 , it is easy to obtain expressions (12)–(15)
of Theorem 5.

To obtain expression (16) forΠ𝐿 = 𝐸[𝜇𝐿𝜇𝑇𝐿 ], we apply the
OPL to write

Π𝐿 = 𝐸 [𝑌𝐿𝑌𝑇𝐿 ] − 𝐸 [�̂�𝐿/𝐿−1�̂�𝑇𝐿/𝐿−1] . (23)

By definition, 𝐸[𝑌𝐿𝑌𝑇𝐿 ] = Σ𝑌𝐿 and, again from the OPL, we
have

𝐸 [�̂�𝐿/𝐿−1�̂�𝑇𝐿/𝐿−1] = 𝐸 [�̂�𝐿/𝐿−1𝑌𝑇𝐿 ]

= 𝐸 [�̂�𝐿/𝐿−1 (𝑌𝐿 − Γ2,𝐿𝑌𝐿−1)𝑇]

+ 𝐸 [𝑌𝐿𝑌𝑇𝐿−1] Γ2,𝐿.

(24)
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Now, using that

�̂�𝐿/𝐿−1 = Γ2,𝐿𝑌𝐿−1 +H𝐴𝐿𝑒𝐿−1

+
(𝐿−1)∧2

∑
ℎ=1

W𝐿,𝐿−ℎΠ−1𝐿−ℎ𝜇𝐿−ℎ
(25)

in the expectation 𝐸[�̂�𝐿/𝐿−1(𝑌𝐿 − Γ2,𝐿𝑌𝐿−1)𝑇] and since

(i) 𝐸 [𝑌𝐿−1 (𝑌𝐿 − Γ2,𝐿𝑌𝐿−1)𝑇] = Σ𝑌𝐿−1,𝐿 − Σ𝑌𝐿−1Γ2,𝐿,

(ii) 𝐸 [𝑒𝐿−1 (𝑌𝐿 − Γ2,𝐿𝑌𝐿−1)𝑇]

= 𝐸 [𝑒𝐿−1 (�̂�𝐿/𝐿−1 − Γ2,𝐿𝑌𝐿−1)
𝑇] = H

𝑇
𝐵𝐿

−E𝐿,

(iii) 𝐸 [𝜇𝐿−ℎ (𝑌𝐿 − Γ2,𝐿𝑌𝐿−1)𝑇]

= (H𝐴𝐿E𝐿−ℎ +W𝐿,𝐿−ℎ)
𝑇 , ℎ = 1, 2,

(26)

expression (16) for Π𝐿 is easily obtained.
Next, expression (17) for W𝐿,𝐿−ℎ = 𝐸[𝑊𝐿𝜇𝑇𝐿−ℎ], ℎ = 1, 2,

with𝑊𝐿 given in (8), is derived. Taking into account the fact
that𝑊𝐿 is uncorrelated with 𝑌ℎ, ℎ ≤ 𝐿 − 3, we have that

W𝐿,𝐿−2 = 𝐸 [𝑊𝐿𝑌𝑇𝐿−2] = 𝐸 [𝑊𝐿𝑊𝑇𝐿−2]

= Γ1,𝐿𝑅𝐿−1,𝐿−2 (Γ0,𝐿−2 + Γ3,𝐿−2) , 𝐿 ≥ 3.
(27)

Now, using (7) for �̂�(𝑖)
𝑘−1/𝑘−2

in W𝐿,𝐿−1 = 𝐸[𝑊𝐿𝑌𝑇𝐿−1] −
𝐸[𝑊𝐿�̂�𝑇𝐿−1/𝐿−2], we have W𝐿,𝐿−1 = 𝐸[𝑊𝐿𝑌𝑇𝐿−1] −
W𝐿,𝐿−2Π−1𝐿−2Y𝑇𝐿−1,𝐿−2, with Y𝐿,𝐿−1 = 𝐸[𝑌𝐿𝜇𝑇𝐿−1]. Now, from
(8) and the independence between the signal and the
observation noise, the first expectation involved in the
previous formula is given by

𝐸 [𝑊𝐿𝑌𝑇𝐿−1] = 𝐸 [𝑊𝐿𝑌𝑇𝐿−2] Γ2,𝐿−1 + 𝐸 [𝑊𝐿𝑊𝑇𝐿−1]

= W𝐿,𝐿−2Γ2,𝐿−1 + Σ𝑊𝐿,𝐿−1,
(28)

and so, expression (17) is proved.
To complete the proof, expression (18) for Σ𝑊𝐿,𝐿−1 =

𝐸[𝑊𝐿𝑊𝑇𝐿−1] and Y𝐿,𝐿−1 = 𝐸[𝑌𝐿𝜇𝑇𝐿−1] is obtained. Using (8)
for 𝑊𝐿, the expression for Σ𝑊𝐿,𝐿−1 is clear, and the expression
for Y𝐿,𝐿−1 is easily computed taking into account the fact
that, from the OPL, 𝐸[𝑌𝐿𝜇𝑇𝐿−1] = 𝐸[�̂�𝐿/𝐿−1𝜇𝑇𝐿−1] and using
expression (11) for �̂�𝐿/𝐿−1. Then the proof of Theorem 5 is
complete.

The difficulties caused by the simultaneous consideration
of correlated noises in the measured outputs and multiple
uncertainties during transmission are mainly related to the
derivation of the one-stage observation predictor and, con-
sequently, the innovation process, and also the calculations
involving this process. Specifically, due to the noise correla-
tion, the noise predictor and filter are nonzero, so they must
be taken into account when deriving the innovations. Also,
some additional difficulties are met when obtaining simple
formulas for the innovation covariance, for example, when
computing the observation covariance matrices Σ𝑌𝑘 , Σ𝑌𝑘,𝑘−1
and the matricesW𝐿,𝐿−1,Y𝐿,𝐿−1.

4. Numerical Simulation Example

In this section, the application of the centralized fusion
filtering algorithmproposed in the current paper is illustrated
by a simulation example. Let us consider a zero-mean scalar
signal process, {𝑥𝑘; 𝑘 ≥ 1}, with autocovariance function
𝐸[𝑥𝑘𝑥𝑠] = 1.025641 × 0.95𝑘−𝑠, 𝑠 ≤ 𝑘, which is factorizable
according to Hypothesis 1 just taking, for example, 𝐴𝑘 =
1.025641 × 0.95𝑘 and 𝐵𝑘 = 0.95−𝑘.

The measured outputs of this signal, which are provided
by four different sensors, are described by (1):

𝑧(𝑖)𝑘 = 𝐻(𝑖)𝑘 𝑥𝑘 + V(𝑖)𝑘 , 𝑘 ≥ 1, 𝑖 = 1, 2, 3, 4, (29)

where 𝐻(1)
𝑘

= 0.69, 𝐻(2)
𝑘

= 0.75, 𝐻(3)
𝑘

= 0.81, 𝐻(4)
𝑘

= 0.87,
and the additive noises are defined as V(𝑖)

𝑘
= 𝑐𝑖(𝜂𝑘 + 𝜂𝑘+1),

𝑖 = 1, 2, 3, 4, where 𝑐1 = 𝑐3 = 0.25, 𝑐2 = 0.75, 𝑐4 = 0.5, and
{𝜂𝑘; 𝑘 ≥ 1} is a zero-mean Gaussian white process with unit
variance.These noises are clearly correlated, with𝑅(𝑖𝑗)

𝑘
= 2𝑐𝑖𝑐𝑗,

𝑅(𝑖𝑗)
𝑘,𝑘−1

= 𝑐𝑖𝑐𝑗, 𝑖, 𝑗 = 1, 2, 3, 4.
Next, according to the theoretical observation model,

suppose that random one-step delays, packet dropouts, and
uncertain observations with different rates exist in the data
transmissions from the individual sensors to the local proces-
sors. Specifically, let us consider the observation model (2):

𝑦(𝑖)𝑘 = 𝛾(𝑖)0,𝑘𝑧(𝑖)𝑘 + 𝛾(𝑖)1,𝑘𝑧(𝑖)𝑘−1 + 𝛾(𝑖)2,𝑘𝑦(𝑖)𝑘−1 + 𝛾(𝑖)3,𝑘V(𝑖)𝑘 , 𝑘 ≥ 2,

𝑦(𝑖)1 = 𝛾(𝑖)0,1𝑧(𝑖)1 + 𝛾(𝑖)3,1V(𝑖)1 ,
(30)

where, for 𝑖 = 1, 2, 3, 4 and 𝑑 = 0, 1, 2, 3, {𝛾(𝑖)
𝑑,𝑘
; 𝑘 ≥ 1}

are sequences of independent Bernoulli variables. Initially, we
consider the following probabilities:

(i) For 𝑘 = 1 → 𝛾(1)0,1 = 𝛾(4)0,1 = 0.5 and 𝛾(2)0,1 = 𝛾(3)0,1 = 1.
(ii) For 𝑘 ≥ 2 → 𝛾(𝑖)

𝑑,𝑘
= 𝛾(𝑖)
𝑑
with

𝛾(1)0 = 0.5, 𝛾(1)3 = 0.5,

𝛾(2)0 = 0.5, 𝛾(2)1 = 0.5,

𝛾(3)0 = 0.5, 𝛾(3)2 = 0.5,

𝛾(4)𝑑 = 0.25, 𝑑 = 0, 1, 2, 3.

(31)

This model considers the possibility of uncertain obser-
vations, delays, and packet dropouts simultaneously in trans-
missions from sensor 4, while the measurements transmitted
by sensors 1, 2, and 3 are only subject to one single random
transmission failure, specifically, missing measurements in
sensor 1, one-step delays in sensor 2, and packet dropouts
in sensor 3. Moreover, these probabilities are assumed to be
time-invariant, for 𝑘 ≥ 2.

To illustrate the feasibility and effectiveness of the estima-
tors proposed in the current paper, the centralized and local
filtering algorithms were implemented inMATLAB, and fifty
iterations were run. The local LS linear filtering algorithm is
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Figure 1: Error variance comparison of the centralized and local
filtering estimators.

given in theAppendix; the derivation of this local algorithm is
omitted since it is totally analogous to that of the centralized
filtering algorithm (Theorem 5).

Figure 1 compares the filtering error variances of the local
filters and the centralized fusion filter and shows that the
error variances of the centralized fusion filtering estimators
are significantly smaller than those of every local estimators;
consequently, agreeing with the theoretical results, the cen-
tralized fusion filter has better accuracy than the local filters,
as it is the optimal one based on the information from all
contributing sensors.

Next, in order to show how the estimation accuracy is
influenced by themissingmeasurements, randomdelays, and
packet dropouts of the sensors 1, 2, and 3, the centralized
filtering error variances are displayed in Figure 2 for different
probabilities, 𝛾(𝑖)0 , for 𝑖 = 1, 2, 3. From this figure, we see that
the performance of the filters is indeed influenced by these
uncertainties and, as it was expected, it is confirmed that the
centralized error variances become smaller as some of the
probabilities 𝛾(𝑖)0 increase, which means that the performance
of the centralized filter improves when 1 − 𝛾(𝑖)0 , for 𝑖 =
1, 2, 3 (missing measurement probability in sensor 1, delay
probability in sensor 2, and packet dropout probability in
sensor 3) decrease.

Finally, in order to analyze the performance of the
proposed centralized filter in comparison with the Kalman
filter, the filtering mean-square error at each time instant 𝑘
(MSE𝑘) is used. For this analysis, one thousand independent
simulations were run, assuming the same probabilities 𝛾(𝑖)

𝑑,𝑘
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Figure 2: Centralized filtering error variances for different values
𝛾(𝑖)0 , for 𝑖 = 1, 2, 3.

as in Figure 1. Figure 3 shows the MSE𝑘 of these two filters.
As expected, the MSE𝑘 for the proposed filter are less than
those of the Kalman filter since the latter does not take into
account the phenomena of missing measurements in sensor
1, one-step delays in sensor 2, packet dropouts in sensor
3, and uncertain observations, delays, and packet dropouts
simultaneously in transmissions from sensor 4.

5. Conclusions

In this paper, we studied the signal estimation problem
in networked systems with correlated measurement noises.
We proposed a general framework to deal simultaneously
with multiple random failures (specifically, missing mea-
surements, random delays, and packet dropouts) in the
output transmission from each sensor to the fusion center.
A centralized architecture was used to design an LS linear
filtering algorithm, which does not require the evolution
model generating the signal process, since it is based on
covariance information; nonetheless, the current results are
also applicable to the conventional formulation using the
state-space model. The accuracy of the proposed LS filtering
estimator is measured by the error covariance matrices,
which can be calculated offline as they do not depend on
the current observed data set. Numerical results show a
good performance of the proposed algorithm and illustrate
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Figure 3: Comparison of MSE𝑘 for Kalman and proposed filters.

the impact of the transmission random uncertainties on the
estimation accuracy.

In future work, in order to reduce the computational
burden at the fusion center, we will develop a decentralized
architecture where the optimization procedure is locally
carried out by the sensors themselves in a distributed way,
and the local filters are then fused (according to some
optimality criterion) to yield a global distributed fusion filter.
Furthermore, the consideration of random measurement
matrices will allow us to address the estimation problem in a
wide variety of systems featuring different uncertainties in the
measurementmechanismof the network sensors, that usually
arise in practice.

Appendix

Local LS Linear Filtering Recursive Algorithm

For each 𝑖 = 1, . . . , 𝑚, the local LS linear filters, 𝑥(𝑖)
𝑘/𝑘

, and their
error covariance matrices, Σ𝑥(𝑖)𝑘/𝑘 ≡ 𝐸[(𝑥𝑘 − 𝑥(𝑖)

𝑘/𝑘
)(𝑥𝑘 − 𝑥(𝑖)

𝑘/𝑘
)𝑇],

are given by

𝑥(𝑖)𝑘/𝑘 = 𝐴𝑘𝑒(𝑖)𝑘 , 𝑘 ≥ 1,

Σ𝑥(𝑖)𝑘/𝑘 = 𝐴𝑘 (𝐵𝑘 − 𝐴𝑘Σ𝑒
(𝑖)

𝑘 )
𝑇

, 𝑘 ≥ 1,
(A.1)

where the vectors 𝑒(𝑖)
𝑘

and the matrices Σ𝑒(𝑖)𝑘 ≡ 𝐸[𝑒(𝑖)
𝑘
𝑒(𝑖)𝑇
𝑘

] are
obtained from

𝑒(𝑖)𝑘 = 𝑒(𝑖)𝑘−1 +E
(𝑖)
𝑘 Π(𝑖)−1𝑘 𝜇(𝑖)𝑘 , 𝑘 ≥ 1, 𝑒(𝑖)0 = 0,

Σ𝑒(𝑖)𝑘 = Σ𝑒(𝑖)𝑘−1 +E
(𝑖)
𝑘 Π(𝑖)−1𝑘 E

(𝑖)𝑇
𝑘 , 𝑘 ≥ 1, Σ𝑒(𝑖)0 = 0,

(A.2)

and the matricesE(𝑖)
𝑘

≡ 𝐸[𝑒(𝑖)
𝑘
𝜇(𝑖)𝑇
𝑘

] satisfy

E
(𝑖)
𝑘 = H

(𝑖)𝑇
𝐵𝑘

− Σ𝑒(𝑖)𝑘−1H(𝑖)𝑇𝐴𝑘 −
(𝑘−1)∧2

∑
ℎ=1

E
(𝑖)
𝑘−ℎΠ(𝑖)−1𝑘−ℎ W(𝑖)𝑇𝑘,𝑘−ℎ,

𝑘 ≥ 2,

E
(𝑖)
1 = H

(𝑖)𝑇
𝐵1

.

(A.3)

The innovations, 𝜇(𝑖)
𝑘
, are given by

𝜇(𝑖)𝑘 = 𝑦(𝑖)𝑘 − 𝛾(𝑖)2,𝑘𝑦(𝑖)𝑘−1 −H
(𝑖)
𝐴𝑘
𝑒(𝑖)𝑘−1

−
(𝑘−1)∧2

∑
ℎ=1

W
(𝑖)
𝑘,𝑘−ℎΠ(𝑖)−1𝑘−ℎ 𝜇(𝑖)𝑘−ℎ, 𝑘 ≥ 2,

𝜇(𝑖)1 = 𝑦(𝑖)1 ,

(A.4)

and the innovation covariance matrices, Π(𝑖)
𝑘
, are calculated

by

Π(𝑖)𝑘

= Σ𝑦(𝑖)
𝑘

− (𝛾(𝑖)2,𝑘)
2 Σ𝑦(𝑖)
𝑘−1

−H
(𝑖)
𝐴𝑘

(H(𝑖)𝑇𝐵𝑘 −E
(𝑖)
𝑘 )

−
(𝑘−1)∧2

∑
ℎ=1

W
(𝑖)
𝑘,𝑘−ℎΠ(𝑖)−1𝑘−ℎ (H(𝑖)𝐴𝑘E

(𝑖)
𝑘−ℎ +W

(𝑖)
𝑘,𝑘−ℎ)
𝑇 ,

𝑘 ≥ 2,

Π(𝑖)1 = Σ𝑦(𝑖)1 .

(A.5)

The coefficientsW(𝑖)
𝑘,𝑘−ℎ

, ℎ = 1, 2, satisfy

W
(𝑖)
𝑘,𝑘−2 = 𝛾(𝑖)1,𝑘 (𝛾(𝑖)0,𝑘−2 + 𝛾(𝑖)3,𝑘−2) 𝑅(𝑖)𝑘−1,𝑘−2, 𝑘 ≥ 3,

W
(𝑖)
𝑘,𝑘−1 = Σ𝑤(𝑖)𝑘,𝑘−1 +W

(𝑖)
𝑘,𝑘−2 (𝛾(𝑖)2,𝑘−1 − Π(𝑖)−1𝑘−2 Y(𝑖)𝑇𝑘−1,𝑘−2) ,

𝑘 ≥ 3,

W
(𝑖)
2,1 = Σ𝑤(𝑖)2,1 ,

(A.6)

where Σ𝑤(𝑖)𝑘,𝑘−1 andY
(𝑖)
𝑘,𝑘−1

are given by

Σ𝑤(𝑖)𝑘,𝑘−1

= ((𝛾(𝑖)0,𝑘 + 𝛾(𝑖)3,𝑘) 𝑅(𝑖)𝑘,𝑘−1 + 𝛾(𝑖)1,𝑘𝑅(𝑖)𝑘−1) (𝛾(𝑖)0,𝑘−1 + 𝛾(𝑖)3,𝑘−1)

+ 𝛾(𝑖)1,𝑘𝛾(𝑖)1,𝑘−1𝑅(𝑖)𝑘−1,𝑘−2, 𝑘 ≥ 3,

Σ𝑤(𝑖)2,1 = ((𝛾(𝑖)0,2 + 𝛾(𝑖)3,2) 𝑅(𝑖)2,1 + 𝛾(𝑖)1,2𝑅(𝑖)1 ) (𝛾(𝑖)0,1 + 𝛾(𝑖)3,1) ,

Y
(𝑖)
𝑘,𝑘−1 = H

(𝑖)
𝐴𝑘
Σ𝑒(𝑖)𝑘−1 + 𝛾2,𝑘Π(𝑖)𝑘−1 +W

(𝑖)
𝑘,𝑘−1, 𝑘 ≥ 2.

(A.7)
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The matrices Σ𝑦(𝑖)
𝑘

≡ 𝐸[𝑦(𝑖)
𝑘
𝑦(𝑖)𝑇
𝑘

] are obtained by

Σ𝑦(𝑖)
𝑘

= 𝛾(𝑖)0,𝑘Σ𝑧
(𝑖)

𝑘 + 𝛾(𝑖)1,𝑘Σ𝑧
(𝑖)

𝑘−1 + 𝛾(𝑖)2,𝑘Σ𝑦
(𝑖)

𝑘−1
+ 𝛾(𝑖)3,𝑘𝑅(𝑖)𝑘 ,

𝑘 ≥ 2,

Σ𝑦(𝑖)1 = 𝛾(𝑖)0,1Σ𝑧
(𝑖)

1 + 𝛾(𝑖)3,1𝑅(𝑖)1 ,

(A.8)

with Σ𝑧(𝑖)𝑘 ≡ 𝐸[𝑧(𝑖)
𝑘
𝑧(𝑖)𝑇
𝑘

] = 𝐻(𝑖)
𝑘
𝐴𝑘𝐵𝑇𝑘𝐻(𝑖)𝑇𝑘 + 𝑅(𝑖)

𝑘
, 𝑘 ≥ 1.

Finally, thematricesH(𝑖)Ψ𝑘 withΨ𝑘 = 𝐴𝑘, 𝐵𝑘 are defined by

H
(𝑖)
Ψ𝑘

= 𝛾(𝑖)0,𝑘H(𝑖)𝑘 Ψ𝑘 + 𝛾(𝑖)1,𝑘H(𝑖)𝑘−1Ψ𝑘−1, 𝑘 ≥ 2,

H
(𝑖)
Ψ1

= 𝛾(𝑖)0,1H(𝑖)1 Ψ1.
(A.9)
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A novel fifth-degree cubature Kalman filter is proposed to improve the accuracy of real-time orbit determination by ground-based
radar. A fully symmetric cubature rule, approaching the Gaussian weighted integral of a nonlinear function in general form, is
introduced, and the specific points and weights are calculated by matching the monomials of degree not greater than five with
the exact values. On the basis of the above rule, a novel fifth-degree cubature Kalman filter, which can achieve a higher accuracy
than UKF and CKF, is derived under the Bayesian filtering framework. Then, to describe the nonlinear system more accurately,
the orbital dynamics equation with J2 perturbation is used as the state equation, and the nonlinear relationship between the radar
measurement elements and orbital states is built as the measurement equation. The simulation results show that, compared with
the traditional third-degree algorithm, the proposed fifth-degree algorithm has a higher accuracy of orbit determination.

1. Introduction

With the increasing number of satellites launched into orbit
every year, the monitoring and cataloguing of satellites play
an important role in improving the rate of utilisation of space
resources and alleviating the pressure on orbit resources.
As a type of sensor in space surveillance systems, ground-
based radar is equipped without considering the influence
of the weather and other special circumstances, and the use
of its measurement data for real-time orbit determination is
a key technology in space target tracking [1, 2]. Due to the
nonlinearity of the satellite orbital dynamics model with the
influence of orbital perturbation, the essence of orbit deter-
mination in real-time is to achieve the optimal estimation of
the orbital state by means of nonlinear filtering technology
under the Bayesian framework using the measured ranging,
velocity, and angle data with measurement noise, which has
important research value.

The core issue in nonlinear Kalman filtering is to cal-
culate the intractable multidimensional vector integral such
as the “nonlinear function × Gaussian probability density
function (pdf),” for which it is difficult to achieve the

analytical solution [3, 4]. At present, two methods, includ-
ing the approximation of the nonlinear function and the
approximation of the Gaussian pdf, are mainly taken. In
the former method, the nonlinear function is approximated
by the polynomial and results in an extended Kalman
filter (EKF) [5, 6], divided difference Kalman filter (DDKF)
[7], and polynomial Kalman filter (PKF) [8, 9], where the
first-order Taylor expansion, the multidimensional Stirling
interpolation, and polynomials including Chebyshev and
Fourier-Hermit are adopted to approximate the nonlinear
function, respectively, in EKF, DDKF, and PKF. However,
the aforementioned methods tend to be restricted when the
system has strong nonlinearity with high dimensionality.
For the latter, the Gaussian pdf is approximated using the
deterministic sampling approach, which mainly includes the
unscented transform (UT) and spherical-radial rule (SRR).
Then, the unscentedKalmanfilter (UKF) [10, 11] and cubature
Kalman filter (CKF) [12–14] are obtained by embedding UT
and SRR into the Bayesian filtering framework, respectively,
these have a wide range of applications in engineering [15–
20], but these two types of algorithm have only third-degree
filtering accuracy, which is required to be further improved.
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In this paper, a novel fifth-degree cubature Kalman filter
is proposed without differential operation to improve the
filtering accuracy from third degree to fifth degree. The
integral points with corresponding weights in the general
cubature rule are calculated by matching the monomials
of degree no more than five with their exact values in the
fully symmetric region.Then, the proposed filtering method,
which can achieve a higher accuracy compared to that with
UKF and CKF, is deduced by embedding the novel fifth-
degree cubature rule into the Bayesian filtering framework.
The proposed filtering algorithm is applied in real-time
orbit determination, and a more accurate orbit estimate is
achieved.

The remainder of the paper is organised as follows: the
traditional cubature Kalman filter is described in Section 2,
the novel fifth-degree cubature rule and related Kalman filter
are derived in Section 3, the mathematical models used for
orbit determination are described in Section 4, the numerical
experiment and results are presented in Section 5, and the
conclusions are drawn in Section 6.

2. The Traditional Cubature Kalman Filter

The core problem in any nonlinear Kalman filter is to calcu-
late the integral∫R𝑛 f(x)𝑁(x; x,P𝑥)𝑑x, for which, in general, it
is difficult to find the analytical solution, where f(x) denotes
the arbitrary function,𝑁(x; x,P𝑥) denotes the Gaussian pdf.
Specifically, an integral of the form 𝐼(f) = ∫R𝑛 f(x)𝑒−xΤx𝑑x in
the Cartesian coordinate system is considered. Let x = 𝑟y
with yΤy = 1, where y denotes the direction vector and 𝑟 ≥ 0
denotes the radius, so that xΤx = 𝑟2 and then the integral𝐼(f) can be rewritten in a spherical-radial coordinate system
as follows:

𝐼 (f) = ∫∞
0
∫
𝑈𝑛

f (𝑟y) 𝑟𝑛−1𝑒−𝑟2𝑑𝜎 (y) 𝑑𝑟, (1)

where 𝑈𝑛 is the surface of the sphere defined by 𝑈𝑛 = {y ∈
R𝑛 : yΤy = 1} and 𝜎(⋅) is the area element on 𝑈𝑛. Thus, the
integral is decomposed into spherical integral 𝑆(𝑟) and radial
integral 𝑅, respectively, and approximately represented using
numerical integration as follows:

𝑆 (𝑟) = ∫
𝑈𝑛

f (𝑟y) 𝑑𝜎 (y) ≈ 𝐿𝑠∑
𝑖=1

𝜔𝑠,𝑖f (𝑟y𝑖)

𝑅 = ∫∞
0
𝑆 (𝑟) 𝑟𝑛−1𝑒−𝑟2𝑑𝑟 ≈ 𝐿𝑟∑

𝑗=1

𝜔𝑟,𝑗𝑆 (𝑟𝑗) ,
(2)

where (y𝑖, 𝜔𝑠,𝑖) denote the integral points and weights of the
spherical integral and 𝐿 𝑠 denotes the number of integral
points. Similarly, (𝑟𝑗, 𝜔𝑟,𝑗) denote the integral points and
weights of the radial integral, and 𝐿𝑟 denotes the number of
points. From the third-degree spherical-radial cubature rule

used in [12], we obtain that

𝑆 (𝑟) = 𝐴𝑛2𝑛
𝑛∑
𝑖=1

[f (𝑟𝜉𝑖) + f (−𝑟𝜉𝑖)]

𝑅 = 12Γ (𝑛2) 𝑆(√𝑛2) ,
(3)

where 𝐴𝑛 = 2√𝜋𝑛/Γ(𝑛/2) is the surface area of the unit
sphere, Γ(𝑧) = ∫∞

0
𝑒−𝑡𝑡𝑧−1𝑑𝑡 is the Gamma function, and 𝜉𝑖

denotes the unit vector with the 𝑖th element being 1. 𝑆(𝑟) is
substituted into 𝑅, to get

𝐼 (f) = 𝐿𝑟∑
𝑗=1

𝐿𝑠∑
𝑖=1

𝜔𝑟,𝑗𝜔𝑠,𝑖f (𝑟𝑗y𝑖)

= 𝐿∑
𝑗=1

12Γ (𝑛2)
𝑛∑
𝑖=1

𝐴𝑛2𝑛 [f (𝑟𝑗𝜉𝑖) + f (−𝑟𝑗𝜉𝑖)]

= √𝜋𝑛2𝑛
𝑛∑
𝑖=1

[f (√𝑛2𝜉𝑖) + f (−√𝑛2𝜉𝑖)] ,

(4)

Due to identity equation

∫
R𝑛
f (x)𝑁 (x; x,P𝑥) 𝑑x
= 1√𝜋𝑛 ∫R𝑛 f (√2P𝑥x + x) 𝑒−x

Τx𝑑x,
(5)

it may be seen that

∫
R𝑛
f (x)𝑁 (x; x,P𝑥) 𝑑x
= 12𝑛

𝑛∑
𝑖=1

[f (√𝑛P𝑥𝜉𝑖 + x) + f (−√𝑛P𝑥𝜉𝑖 + x)] .
(6)

The calculation process used in the traditional CKF is
listed as follows.

Time Update. Evaluate the cubature points x̂(𝑖)
𝑘−1

.

x̂(𝑖)𝑘−1 = x̂+𝑘−1 + √𝑛P+𝑘−1𝜉𝑖
x̂(𝑛+𝑖)𝑘−1 = x̂+𝑘−1 − √𝑛P+𝑘−1𝜉𝑖,

𝑖 = 1, 2, . . . , 𝑛.
(7)

Evaluate the propagated cubature points X(𝑖)
𝑘
.

X(𝑖)𝑘 = f (x̂(𝑖)𝑘−1) . (8)

Estimate the predicted state x̂−𝑘 .

x̂−𝑘 = 12𝑛
2𝑛∑
𝑖=1

X(𝑖)𝑘 . (9)
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Estimate the predicted error covariance P−𝑘 .

P−𝑘 = 12𝑛
2𝑛∑
𝑖=1

(X(𝑖)𝑘 − x̂−𝑘) (X(𝑖)𝑘 − x̂−𝑘)Τ +Q𝑘−1. (10)

Measurement Update. Evaluate the cubature points x̂(𝑖)
𝑘
.

x̂(𝑖)𝑘 = x̂−𝑘 + √𝑛P−𝑘𝜉𝑖.
x̂(𝑛+𝑖)𝑘 = x̂−𝑘 − √𝑛P−𝑘𝜉𝑖,

𝑖 = 1, 2, . . . , 𝑛.
(11)

Evaluate the propagated cubature points Z(𝑖)
𝑘
.

Z(𝑖)𝑘 = h (x̂(𝑖)𝑘 ) . (12)

Estimate the predicted measurement ẑ𝑘.

ẑ𝑘 = 12𝑛
2𝑛∑
𝑖=1

Z(𝑖)𝑘 . (13)

Estimate the measurement covariance matrix P𝑧.

P𝑧 = 12𝑛
2𝑛∑
𝑖=1

(Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘. (14)

Estimate the cross-covariance matrix P𝑥𝑧.

P𝑥𝑧 = 12𝑛
2𝑛∑
𝑖=1

(x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)Τ . (15)

Estimate the Kalman gain K𝑘.

K𝑘 = P𝑥𝑧P
−1
𝑧 . (16)

Estimate the updated state x̂+𝑘 .

x̂+𝑘 = x̂−𝑘 + K𝑘 (z𝑘 − ẑ𝑘) . (17)

Estimate the corresponding error covariance P+𝑘 .

P+𝑘 = P−𝑘 − K𝑘P𝑧KΤ𝑘 . (18)

From the algorithm we see that 2n points are adopted
when approximating the Gaussian pdf. To improve the
filtering accuracy, more points, with corresponding weights,
are needed.

3. Fifth-Degree Cubature Rule and Cubature
Filtering Algorithm

3.1. Fifth-Degree Cubature Rule. The integral 𝐼(f), for which it
is difficult to find the analytical solution, can be approximated
using the cubature rule 𝑅(f) = ∑𝐿𝑖=1 𝜔𝑖f(x𝑖) by selecting

the appropriate cubature points and corresponding weights,
where x𝑖 denotes the cubature points, 𝜔𝑖 denotes the weights
that do not depend on the integrand, and L denotes the num-
ber of cubature points. We will write x = (𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛)
to denote an arbitrary point in real n-dimensional space. By
a monomial of degree d, we mean a function of the form𝑥𝑖11 𝑥𝑖22 ⋅ ⋅ ⋅ 𝑥𝑖𝑛𝑛 , where the indices are nonnegative integers such
that 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑛 = 𝑑. The following definitions and lemma
are introduced.

Definition 1 (see [21]). 𝑆 is a region in 𝑛-dimensional space;
given x ∈ 𝑆, the fully symmetric set of x, 𝜎(x), is the set of
all points (±𝑥𝑗1 ±𝑥𝑗2 ⋅ ⋅ ⋅ ±𝑥𝑗𝑛), where (𝑗1 𝑗2 ⋅ ⋅ ⋅ 𝑗𝑛) is any
permutation of (1 2 ⋅ ⋅ ⋅ 𝑛).
Definition 2 (see [21]). A region 𝑆 is said to be fully symmetric
if and only if x ∈ 𝑆 implies 𝜎(x) ⊂ 𝑆.
Definition 3 (see [21]). An integration ruleR is said to be fully
symmetric if and only if, whenever x is an abscissa of the
rule R, every element of 𝜎(x) is an abscissa of R and the same
weight corresponds to all abscissas belonging to a given fully
symmetric set.

Lemma4 (see [21]). A fully symmetric rule𝑅 applied to a fully
symmetric 𝑛-dimensional region 𝑆 is of degree 𝑑 if and only if
it is exact for all monomials of degree ≤ 𝑑 of the form

𝑥2𝑖11 𝑥2𝑖22 ⋅ ⋅ ⋅ 𝑥2𝑖𝑛𝑛 , 𝑖1 ≥ 𝑖2 ≥ ⋅ ⋅ ⋅ ≥ 𝑖𝑛. (19)

The following cubature rule is considered:

𝑅 (f) = 𝜔1f (0 ⋅ ⋅ ⋅ 0) + 𝜔2 ∑
full sym

f (±𝜆 0 ⋅ ⋅ ⋅ 0)
+ 𝜔3 ∑

full sym
f (±𝜆 ±𝜆 0 ⋅ ⋅ ⋅ 0) . (20)

The above rule is fully symmetric; therefore, it will be of
degree five if it is exact for the monomials 1, 𝑥21, 𝑥41, and 𝑥21𝑥22;
thus the following equations are obtained:

𝐼 (1) = 𝜔1 + 2𝑛𝜔2 + 2𝑛 (𝑛 − 1) 𝜔3
𝐼 (𝑥21) = 2𝜆2𝜔2 + 4 (𝑛 − 1) 𝜆2𝜔3
𝐼 (𝑥41) = 2𝜆4𝜔2 + 4 (𝑛 − 1) 𝜆4𝜔3

𝐼 (𝑥21𝑥22) = 4𝜆4𝜔3.

(21)

For the case 𝐼(f) = ∫R𝑛 f(x)𝑒−xΤx𝑑x, we have 𝐼(𝑥2𝑖11 𝑥2𝑖22 ⋅ ⋅ ⋅𝑥2𝑖𝑛𝑛 ) = Γ(𝑖1 + 1/2)(𝑖2 + 1/2) ⋅ ⋅ ⋅ (𝑖𝑛 + 1/2), where the Gamma
function Γ(𝑧) satisfies Γ(1/2) = √𝜋 and Γ(𝑧+1) = 𝑧Γ(𝑧); thus
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we obtain

𝐼 (1) = Γ (12) ⋅ ⋅ ⋅ Γ (12)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

= 𝜋𝑛/2

𝐼 (𝑥21) = Γ (1 + 12) Γ (12) ⋅ ⋅ ⋅ Γ (12)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛−1

= 12𝜋𝑛/2

𝐼 (𝑥41) = Γ (2 + 12) Γ (12) ⋅ ⋅ ⋅ Γ (12)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛−1

= 34𝜋𝑛/2

𝐼 (𝑥21𝑥22) = Γ (1 + 12) Γ (1 + 12) Γ (12) ⋅ ⋅ ⋅ Γ (12)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛−2

= 14𝜋𝑛/2.

(22)

Formula (21) is combined with formula (22) to solve the
following parameters as

𝜆2 = 32
𝜔1 = 𝑛2 − 7𝑛 + 1818 𝜋𝑛/2

𝜔2 = 4 − 𝑛18 𝜋𝑛/2

𝜔3 = 136𝜋𝑛/2.

(23)

Thus the specific form of rule 𝑅(f) is achieved by substi-
tuting formula (23) into formula (20), and the total number of
cubature points required for the rule is 1+2𝐶1𝑛+4𝐶2𝑛 = 2𝑛2+1.
Furthermore, the integral ∫R𝑛 f(x)𝑒−xΤx𝑑x is written using the
rule in the following form:

∫
R𝑛
f (x) 𝑒−xΤx𝑑x

= 𝑛2 − 7𝑛 + 1818 𝜋𝑛/2f (0 ⋅ ⋅ ⋅ 0)

+ 4 − 𝑛18 𝜋𝑛/2 ∑full sym
f (√32 0 ⋅ ⋅ ⋅ 0)

+ 136𝜋𝑛/2 ∑full sym
f (√32 √32 0 ⋅ ⋅ ⋅ 0) .

(24)

The following vectors are defined:

e𝑖 = √32 ×
[[[[[[
[

1 0 0
0 1 0
... ... d

...
0 0 1

]]]]]]
]𝑖

p+𝑖 = e𝑖 + e𝑗, 𝑖 < 𝑗
p−𝑖 = e𝑖 − e𝑗, 𝑖 < 𝑗

𝑖, 𝑗 = 1, 2, . . . , 𝑛,

(25)

where [⋅]𝑖 denotes the 𝑖th column of the matrix. From
formula (5), the fifth-degree cubature rule approximating
the Gaussian weighted integral of the nonlinear function is
obtained by combining formula (24) with the vectors defined
in formulae (25) as follows:

∫
R𝑛
f (x)𝑁 (x; x,P𝑥) 𝑑x = 𝑛2 − 7𝑛 + 1818 f (x) + 4 − 𝑛18
⋅ 𝑛∑
𝑖=1

[f (√2P𝑥e𝑖 + x) + f (−√2P𝑥e𝑖 + x)] + 136

⋅ 𝑛(𝑛−1)/2∑
𝑖=1

[f (√2P𝑥p+𝑖 + x) + f (−√2P𝑥p+𝑖 + x)

+ f (√2P𝑥p−𝑖 + x) + f (−√2P𝑥p−𝑖 + x)] .

(26)

3.2. Fifth-Degree Cubature Kalman Filter. The following dis-
crete nonlinear dynamic system is considered:

x𝑘 = f (x𝑘−1) + w𝑘−1
z𝑘 = h (x𝑘) + k𝑘
w𝑘 ∼ (0,Q𝑘) , k𝑘 ∼ (0,R𝑘) ,

(27)

where x𝑘 ∈ R𝑛𝑥 denotes the state vector, z𝑘 ∈ R𝑛𝑧 denotes
the measurement vector, f(⋅) and h(⋅) are known nonlinear
functions, and the process noise w𝑘 and measurement noise
k𝑘 are uncorrelated zero mean Gaussian white noise with
covariance matrixesQ𝑘 and R𝑘, respectively.

The cubature points x̂ and corresponding weights 𝜔
are obtained from the fifth-degree cubature rule shown in
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formula (26) as follows:

x̂1 = x

x̂1+𝑖 = x + √2P𝑥e𝑖
x̂𝑛+1+𝑖 = x − √2P𝑥e𝑖,

𝑖 = 1, 2, . . . , 𝑛
x̂2𝑛+1+𝑖 = x + √2P𝑥p+𝑖
x̂(𝑛2+3𝑛+2)/2+𝑖 = x − √2P𝑥p+𝑖
x̂𝑛2+𝑛+1+𝑖 = x + √2P𝑥p−𝑖
x̂(3𝑛2+𝑛+2)/2+𝑖 = x − √2P𝑥p−𝑖 ,

𝑖 = 1, 2, . . . , 𝑛 (𝑛 − 1)2

𝜔𝑖 =
{{{{{{{{{{{{{{{{{

𝑛2 − 7𝑛 + 1818 , 𝑖 = 1
4 − 𝑛18 , 𝑖 = 2, 3, . . . , 2𝑛 + 1
136 , 𝑖 = 2𝑛 + 2, . . . , 2𝑛2 + 1.

(28)

The proposed fifth-degree cubature Kalman filter is
deduced by using the points andweights, shown, respectively,
in formulae (28), under the Bayesian filtering framework
with reference to the third-degree algorithm in [12], and the
specific calculation steps are listed as follows.

Step 1 (filter initialisation).

x̂+0 = 𝐸 (x0)
P+0 = 𝐸 [(x0 − x̂+0 ) (x0 − x̂+0 )Τ] . (29)

Cycle 𝑘 = 1, 2, . . ., and complete the following steps.

Step 2 (time update). Calculate the points x̂(𝑖)
𝑘−1

using the
a posteriori state estimation x̂+𝑘−1 and a posteriori error
covariance matrix P+𝑘−1.

x̂(1)𝑘−1 = x̂+𝑘−1

x̂(1+𝑖)𝑘−1 = x̂+𝑘−1 + √2P+𝑘−1e𝑖
x̂(𝑛+1+𝑖)𝑘−1 = x̂+𝑘−1 − √2P+𝑘−1e𝑖,

𝑖 = 1, 2, . . . , 𝑛

x̂(2𝑛+1+𝑖)𝑘−1 = x̂+𝑘−1 + √2P+𝑘−1p+𝑖
x̂((𝑛
2+3𝑛+2)/2+𝑖)
𝑘−1 = x̂+𝑘−1 − √2P+𝑘−1p+𝑖

x̂(𝑛
2+𝑛+1+𝑖)
𝑘−1 = x̂+𝑘−1 + √2P+𝑘−1p−𝑖

x̂((3𝑛
2+𝑛+2)/2+𝑖)

𝑘−1 = x̂+𝑘−1 − √2P+𝑘−1p−𝑖 ,
𝑖 = 1, 2, . . . , 𝑛 (𝑛 − 1)2 .

(30)

Calculate the nonlinear propagation of x̂(𝑖)
𝑘−1

using f(⋅).
X(𝑖)𝑘 = f (x̂(𝑖)𝑘−1) . (31)

Calculate the a priori state estimation x̂−𝑘 by weighted
merging X(𝑖)

𝑘
.

x̂−𝑘 = 𝑛
2 − 7𝑛 + 1818 X(1)𝑘 +

2𝑛+1∑
𝑖=2

4 − 𝑛18 X(𝑖)𝑘

+ 2𝑛
2+1∑
𝑖=2𝑛+2

136X(𝑖)𝑘 .
(32)

Calculate the a priori error covariance matrix P−𝑘 .

P−𝑘 = 𝑛
2 − 7𝑛 + 1818 (X(1)𝑘 − x̂−𝑘 ) (X(1)𝑘 − x̂−𝑘)Τ

+ 2𝑛+1∑
𝑖=2

4 − 𝑛18 (X(𝑖)𝑘 − x̂−𝑘) (X(𝑖)𝑘 − x̂−𝑘)Τ

+ 2𝑛
2+1∑
𝑖=2𝑛+2

136 (X(𝑖)𝑘 − x̂−𝑘) (X(𝑖)𝑘 − x̂−𝑘)
Τ +Q𝑘−1.

(33)

Step 3 (measurement update). Calculate the points x̂(𝑖)
𝑘
using

the a priori state estimation x̂−𝑘 and a priori error covariance
matrix P−𝑘 .

x̂(1)𝑘 = x̂−𝑘

x̂(1+𝑖)𝑘 = x̂−𝑘 + √2P−𝑘e𝑖
x̂(𝑛+1+𝑖)𝑘 = x̂−𝑘 − √2P−𝑘e𝑖,

𝑖 = 1, 2, . . . , 𝑛
x̂(2𝑛+1+𝑖)𝑘 = x̂−𝑘 + √2P−𝑘p+𝑖

x̂((𝑛
2+3𝑛+2)/2+𝑖)
𝑘 = x̂−𝑘 − √2P−𝑘p+𝑖
x̂(𝑛
2+𝑛+1+𝑖)
𝑘 = x̂−𝑘 + √2P−𝑘p−𝑖

x̂((3𝑛
2+𝑛+2)/2+𝑖)

𝑘 = x̂−𝑘 − √2P−𝑘p−𝑖 ,
𝑖 = 1, 2, . . . , 𝑛 (𝑛 − 1)2 .

(34)
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Calculate the nonlinear propagation of x̂(𝑖)
𝑘
using h(⋅).

Z(𝑖)𝑘 = h (x̂(𝑖)𝑘 ) . (35)

Calculate the predicted measurement value ẑ𝑘 by weight-
ed merging Z(𝑖)

𝑘
.

ẑ𝑘 = 𝑛2 − 7𝑛 + 1818 Z(1)𝑘 +
2𝑛+1∑
𝑖=2

4 − 𝑛18 Z(𝑖)𝑘 +
2𝑛2+1∑
𝑖=2𝑛+2

136Z(𝑖)𝑘 . (36)

Calculate the predicted measurement covariance matrix
P𝑧.

P𝑧 = 𝑛2 − 7𝑛 + 1818 (Z(1)𝑘 − ẑ𝑘) (Z(1)𝑘 − ẑ𝑘)Τ

+ 2𝑛+1∑
𝑖=2

4 − 𝑛18 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ

+ 2𝑛
2+1∑
𝑖=2𝑛+2

136 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)
Τ + R𝑘.

(37)

Calculate the cross-covariance matrix P𝑥𝑧.

P𝑥𝑧 = 𝑛2 − 7𝑛 + 1818 (x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)Τ

+ 2𝑛+1∑
𝑖=2

4 − 𝑛18 (x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)Τ

+ 2𝑛
2+1∑
𝑖=2𝑛+2

136 (x̂(𝑖)𝑘 − x̂−𝑘 ) (Z(𝑖)𝑘 − ẑ𝑘)
Τ .

(38)

Calculate the Kalman filtering gain K𝑘.

K𝑘 = P𝑥𝑧P
−1
𝑧 . (39)

Calculate the a posteriori state estimation x̂+𝑘 .

x̂+𝑘 = x̂−𝑘 + K𝑘 (z𝑘 − ẑ𝑘) . (40)

Calculate the a posteriori error covariance matrix P+𝑘 .

P+𝑘 = P−𝑘 − K𝑘P𝑧KΤ𝑘 . (41)

The pseudocode representing the proposed algorithm is
given in Algorithm 1.

Remark 5. The proposed method is differential free; that is,
there is no need to calculate the Jacobian matrix.

Remark 6. Compared with CKF of third degree, the filtering
accuracy of the proposed method is improved to fifth degree.

Remark 7. The general method of computation of the cuba-
ture rule is given in the proposed filtering method, without
dividing the intractable integral into spherical integral and
radial integral.

4. Mathematical Model for
Orbit Determination

4.1. Orbital Dynamics Model. Satellites in orbit are subjected
to various perturbations, mainly including nonspherical
gravitational perturbation, third body gravitational pertur-
bation, atmospheric drag perturbation, and solar radiation
pressure perturbation, among which the J2 nonspherical
gravitational perturbation is the most influential perturba-
tion. To describe the in-orbit motion of the satellite more
accurately, the orbital dynamics model with J2 perturbation
in the earth central fixed (ECF) coordinate system is used as
follows to describe the orbit of the satellite [22]:

�̇� = V𝑥

̇𝑦 = V𝑦

�̇� = V𝑧

V̇𝑥 = 𝜔2𝑒𝑥 + 2𝜔𝑒 ⋅ V𝑦
+ 𝜇𝑥𝑟3 [𝐽2 (

𝑅𝑒𝑟 )(7.5𝑧
2

𝑟2 − 1.5) − 1] + 𝑓𝑥
V̇𝑦 = 𝜔2𝑒𝑦 − 2𝜔𝑒 ⋅ V𝑥

+ 𝜇𝑦𝑟3 [𝐽2 (
𝑅𝑒𝑟 )(7.5𝑧

2

𝑟2 − 1.5) − 1] + 𝑓𝑦
V̇𝑧 = 𝜇𝑧𝑟3 [𝐽2 (

𝑅𝑒𝑟 )(7.5𝑧
2

𝑟2 − 4.5) − 1] + 𝑓𝑧
𝑟 = √𝑥2 + 𝑦2 + 𝑧2,

(42)

where (𝑥 𝑦 𝑧 V𝑥 V𝑦 V𝑧)Τ denotes the position and veloc-
ity of satellite in ECF, 𝜇 denotes the earth gravity constant,𝐽2 denotes the harmonic coefficient, 𝑅𝑒 denotes the radius of
the earth, 𝜔𝑒 denotes the angular velocity of the earth, and
(𝑓𝑥 𝑓𝑦 𝑓𝑧)Τ is the sum of other perturbations, which can be
approximated as zeromeanGaussianwhite noise in the study.
Formula (42) can be written in discrete state equation form as
follows:

x𝑘 = f (x𝑘−1) + w𝑘−1, (43)

where x𝑘 = (𝑥𝑘 𝑦𝑘 𝑧𝑘 V𝑥,𝑘 V𝑦,𝑘 V𝑧,𝑘)Τ denotes the orbital
state at time 𝑘 and w𝑘 denotes the process noise.

4.2. Radar Measurement Model. The radar measurement
model is described in local horizontal (LH) coordinate
system, and the transformation matrix from ECF to LH is as
follows:

M = [[
[

− sin 𝜆 cos 𝜆 0
− sin𝜑 cos 𝜆 − sin𝜑 sin 𝜆 cos𝜑
cos𝜑 cos 𝜆 cos𝜑 sin 𝜆 sin𝜑

]]
]
, (44)

where 𝜆 and 𝜑 denote the geocentric longitude and the
geocentric latitude of radar, respectively, which can also be



Mathematical Problems in Engineering 7

(1) Compute e𝑖 = √3/2 × (I𝑛)𝑖, p+𝑖 = e𝑖 + e𝑗, 𝑖 < 𝑗 and p−𝑖 = e𝑖 − e𝑗, 𝑖 < 𝑗;
(2) Input: x̂+0 , P+0 , z𝑘
(3) for 𝑘 = 1 to 𝑧 𝑙𝑒𝑛𝑔𝑡ℎ do
(4) S+𝑘−1 ← 𝑐ℎ𝑜𝑙(P+𝑘−1);
(5) for 𝑖 = 1 to 2𝑛2 + 1 do
(6) Calculate x̂(𝑖)

𝑘−1
using x̂+𝑘−1, S

+
𝑘−1, e𝑖, p

+
𝑖 and p−𝑖 ;

(7) X(𝑖)
𝑘
← f(x̂(𝑖)

𝑘−1
);

(8) end
(9) x̂−𝑘 ← ∑2𝑛2+1𝑖=1 𝜔𝑖X(𝑖)𝑘 ;
(10) P−𝑘 ← ∑2𝑛2+1𝑖=1 𝜔𝑖(X(𝑖)𝑘 − x̂−𝑘 )(X(𝑖)𝑘 − x̂−𝑘 )Τ +Q𝑘−1;
(11) S−𝑘 ← 𝑐ℎ𝑜𝑙(P−𝑘 );
(12) for 𝑖 = 1 to 2𝑛2 + 1 do
(13) Calculate x̂(𝑖)

𝑘
using x̂−𝑘 , S

−
𝑘 , e𝑖, p

+
𝑖 and p−𝑖 ;

(14) Z(𝑖)
𝑘
← h(x̂(𝑖)

𝑘
);

(15) end
(16) ẑ𝑘 ← ∑2𝑛2+1𝑖=1 Z(𝑖)

𝑘
;

(17) P𝑧 ← ∑2𝑛2+1𝑖=1 𝜔𝑖(Z(𝑖)𝑘 − ẑ𝑘)(Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘;
(18) P𝑥𝑧 ← ∑2𝑛2+1𝑖=1 𝜔𝑖(x̂(𝑖)𝑘 − x̂−𝑘 )(Z(𝑖)𝑘 − ẑ𝑘)Τ;
(19) K𝑘 ← P𝑥𝑧P−1𝑧 ;
(20) x̂+𝑘 ← x̂−𝑘 + K𝑘(z𝑘 − ẑ𝑘);
(21) P+𝑘 ← P−𝑘 − K𝑘P𝑧KΤ𝑘 ;
(22) end
(23)Output: x̂+𝑘 , P

+
𝑘

Algorithm 1: The pseudocode of the proposed algorithm. The fifth-degree cubature Kalman filter.

represented by geocentric coordinates (𝑥𝑐 𝑦𝑐 𝑧𝑐). We define
𝜌 = (𝜌𝑥 𝜌𝑦 𝜌𝑧 ̇𝜌𝑥 ̇𝜌𝑦 ̇𝜌𝑧)Τ as the satellite orbital states in
LH, and the following equations are obtained:

[[
[

𝜌𝑥
𝜌𝑦
𝜌𝑧
]]
]
= M ⋅ [[

[

𝑥 − 𝑥𝑐
𝑦 − 𝑦𝑐
𝑧 − 𝑧𝑐

]]
]
,

[[
[

̇𝜌𝑥
̇𝜌𝑦
̇𝜌𝑧
]]
]
= M ⋅ [[

[

V𝑥
V𝑦
V𝑧

]]
]
.

(45)

The geometric relationship between orbital states and
radar measurement values (𝑅 �̇� 𝐴 𝐸) is obtained as fol-
lows:

𝑅 = √𝜌2𝑥 + 𝜌2𝑦 + 𝜌2𝑧
�̇� = (𝜌𝑥 ̇𝜌𝑥 + 𝜌𝑦 ̇𝜌𝑦 + 𝜌𝑧 ̇𝜌𝑧)√𝜌2𝑥 + 𝜌2𝑦 + 𝜌2𝑧
𝐴 = arctan

𝜌𝑦𝜌𝑥
𝐸 = arctan

𝜌𝑧
√𝜌2𝑥 + 𝜌2𝑦 ,

(46)

where 𝑅 denotes the ranging value, �̇� denotes the velocity
value, 𝐴 denotes the azimuth angle, and 𝐸 denotes the
elevation angle. Formula (46) is written in the following
measurement equation form:

z𝑘 = h (x𝑘) + k𝑘, (47)

where z𝑘 = (𝑅𝑘 �̇�𝑘 𝐴𝑘 𝐸𝑘)Τ denotes the measurement
values at time 𝑘 and k𝑘 denotes the measurement noise.

5. The Numerical Experiment

The simulation platform is built using the Satellite Tool Kit
(STK) and MATLAB, the satellite runs in low-earth sun-
synchronous orbit, and the reference orbit data is generated
by the High-Precision Orbit Prediction (HPOP) algorithm.
In HPOP, the 21-order earth gravity model is taken into
account, the atmospheric drag coefficient 𝐶𝑑 = 2.2, the
Jacchia-Roberts model is adopted as the atmospheric density
model, the solar radiation pressure coefficient 𝐶𝑟 = 1, the
area-mass ratio is 0.02m2/kg, the third body gravitational
perturbations of sun and moon are considered, and the tidal
perturbation is considered.The accuracy of ranging, velocity,
and angle values is assumed to be 20m, 0.1m/s, and 0.015∘,
respectively. The six orbital elements, including semimajor
axis (𝑎), eccentricity (𝑒), inclination (𝑖), Right Ascension of
Ascending Node (RAAN), argument of perigee (𝜔), true
anomaly (𝑓), and the latitude and longitude of the radar
station, are listed in Table 1.
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Figure 1: Orbit determination RMSEs of three algorithms.

Table 1: The Six orbital elements and the latitude and longitude of the radar station.

Epoch time/UTCG 𝑎/km 𝑒 𝑖/∘ Ω/∘ 𝜔/∘ 𝑓/∘ Longitude/∘ Latitude/∘

1 Jul, 2015, 13:05:00 6778.137 0 97.035 279.066 0 0 108.261 29.783

Table 2: Average RMSE of three algorithms.

Algorithm Position RMSE (m) Velocity RMSE (m⋅s−1)
UKF 27.180 0.362
CKF 27.148 0.347
Proposed algorithm 23.944 0.307

The initial filter state x̂+0 =
(−2705129 5945598 1820143 2177 −1252 7324)Τ.

The initial covariance matrix P+0 =
diag (106 106 106 102 102 102).

The access time from radar station to satellite is from
1 July, 2015, 16:14:00 to 1 July, 2015, 16:21:00, and the root
mean square error (RMSE) is adopted to evaluate the real-
time orbit determination results. The filtering cycle is 1 s, and
we ran 200 Monte-Carlo simulations. The UKF and CKF are
compared in this experiment to validate the performance of
the proposed algorithm. The RMSEs of the three algorithms
are shown in Figure 1, and the statistical average RMSEs
are summarised in Table 2. From the results it may be seen
that the orbit determination accuracy obtained by UKF is
almost consistent with that of CKF due to the two algorithms
being made to adopt the third-degree deterministic sampling
method. By contrast with CKF, the proposed fifth-degree
cubature Kalman filter is capable of achieving a higher

accuracy, and the position accuracy is increased by 3.204m
with velocity accuracy increased by 0.04m/s. For a low-
earth-orbit satellite, the atmospheric drag perturbation has
an influence on the orbit, meaning that the state equation
(formula (42)) cannot describe the orbit exactly, and if the
high-precision orbit perturbationmodel is used, the excessive
computation demand will impair the filtering algorithm’s
real-time performance; however, the errors caused by the
orbital model are generally acceptable due to the access time
of the LEO satellite being short.

6. Conclusion

In this paper, a novel fifth-degree cubature Kalman filter is
proposed to improve the accuracy of real-time orbit deter-
mination by ground-based radar. The integral points and
weights in the general cubature rule are solved by matching
the monomials with degree not greater than five with their
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exact values, and then the fifth-degree cubature rule is
deduced. The proposed novel fifth-degree cubature Kalman
filter, which can achieve a higher filtering accuracy than UKF
and CKF, is derived by using the aforementioned rule based
on the Bayesian filtering framework. The simulation results
show that the position accuracies achieved by CKF and the
proposed algorithm are 27.148m and 23.944m, respectively,
with the velocity accuracies being 0.347m/s and 0.307m/s,
respectively. Compared with the results of CKF, the position
accuracy and velocity accuracy are improved by 3.204m
and 0.04m/s, respectively, thus verifying the validity of the
proposed algorithm.
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A two-stage stochastic quadratic programming problem with inequality constraints is considered. By quasi-Monte-Carlo-based
approximations of the objective function and its first derivative, a feasible sequential system of linear equationsmethod is proposed.
A new technique to update the active constraint set is suggested. We show that the sequence generated by the proposed algorithm
converges globally to a Karush-Kuhn-Tucker (KKT) point of the problem. In particular, the convergence rate is locally superlinear
under some additional conditions.

1. Introduction

Stochastic programming is a framework for modeling opti-
mization problems that involve uncertainty. It has applica-
tions in a broad range of areas ranging between finance,
transportation, and energy optimization [1, 2]. In the field of
industrial production, stochastic programming is also widely
used in stochastic control [3–7].

We consider the following two-stage stochastic quadratic
programming problem:

min 𝑓 (𝑥) = 𝑃 (𝑥) + 𝑄 (𝑥) , (1a)

subject to 𝑐 (𝑥) ≤ 0, (1b)

where

𝑄 (𝑥) = ∫
Ω
𝑄 (𝑥, 𝜔) 𝑝 (𝜔) 𝑑𝜔, (1c)

𝑄 (𝑥, 𝜔) = max {−12𝑦𝑇𝐺𝑦 + 𝑦𝑇 (ℎ (𝜔) − 𝑇𝑥) | 𝑊𝑦
≤ 𝑞, 𝑦 ∈ 𝑅𝑠} . (1d)

𝑃(⋅) : 𝑅𝑛 → 𝑅 and 𝑐(⋅) : 𝑅𝑛 → 𝑅𝑚 are twice continuously dif-
ferentiable. 𝐺 ∈ 𝑅𝑠×𝑠 is symmetric positive definite. 𝑇 ∈ 𝑅𝑠×𝑛,𝑞 ∈ 𝑅𝑡, and 𝑊 ∈ 𝑅𝑡×𝑠 are fixed matrices or vectors. 𝜔 ∈ 𝑅𝑟

and ℎ(⋅) are random vectors. 𝑝(⋅) : 𝑅𝑟 → 𝑅+ is a continuously
differentiable probability density function.

LetF = {𝑥 ∈ 𝑅𝑛 | 𝑐(𝑥) ≤ 0} andZ = {𝑦 ∈ 𝑅𝑠 | 𝑊𝑦 ≤ 𝑞}.
We denote the active constraint by 𝐼0(𝑥) = {𝑖 ∈ 𝐼 | 𝑐𝑖(𝑥) = 0},
where 𝐼 = {1, . . . , 𝑚}. Throughout the paper, the following
hypotheses hold.

Assumption 1. F andZ are bounded.

Assumption 2. At every 𝑥 ∈ F, the vectors ∇𝑐𝑖(𝑥), 𝑖 ∈ 𝐼0(𝑥)
are linearly independent.

A basic difficulty of solving stochastic optimization prob-
lem (1a), (1b), (1c), and (1d) is that the objective function with
uncertainty can be complicated or difficult to compute even
approximately.The aim of this paper is to give computational
approaches based on quasi-Monte-Carlo sampling tech-
niques. To solve stochastic programming problems, one usu-
ally resorts to deterministic optimization methods. This idea
is a natural one and was used by many authors over the years
[8–12]. Deterministicmethods were also applied to stochastic
programming problems which involve quadratic program-
ming in a vast literature. The extended linear quadratic
programming (ELQP) model was introduced by Rockafel-
lar and Wets [13, 14]. Qi and Womersley [15] proposed
an sequence quadratic programming (SQP) algorithm for
ELQP problems. To solve ELQP, Chen et al. [16] suggested
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a Newton-type approach and showed that this method is
globally convergent and locally superlinear convergent. At the
same time, Birge et al. [17] investigated a stochastic Newton
method for ELQP with inequality constraint 𝐴𝑥 ≤ 𝑏. Global
convergence and local superlinear convergence of themethod
were established.

In order to get a numerical solution of (1a), (1b), (1c), and
(1d) based on quasi-Monte-Carlo techniques, consider the
following approximation of (1c):

𝑄𝑛𝑘 (𝑥) = 1𝑛𝑘
𝑛𝑘−1∑
𝑖=0

𝜉𝑖𝑄(𝑥, 𝜔𝑖) , (2)

where𝜔𝑖 ∈ Ω and 𝜉𝑖 is generated by lattice rules [18, 19]. Con-
sequently problem (1a), (1b), (1c), and (1d) is approximated by

min 𝑓𝑛𝑘 (𝑥) = 𝑃 (𝑥) + 𝑄𝑛𝑘 (𝑥) , (3a)

subject to 𝑐 (𝑥) ≤ 0. (3b)

Since Z is bounded, it follows from [17] that 𝑓(𝑥) is twice
continuously differentiable.Moreover, from [16], the approxi-
mated objective function𝑓𝑛𝑘(𝑥) has the following continuous
first derivative in 𝑅𝑛:

𝑔𝑛𝑘 (𝑥) = ∇𝑃 (𝑥) − 1𝑛𝑘𝑇𝑇(
𝑛𝑘−1∑
𝑖=0

𝜉𝑖𝑧∗ (𝑥, 𝜔𝑖)) , (4)

where 𝑧∗(𝑥, 𝜔𝑖) = argmax{−(1/2)𝑧𝑇𝐺𝑧 + 𝑧𝑇(ℎ(𝜔𝑖) − 𝑇𝑥) |𝑧 ∈ Z}.
Let {𝑛𝑘}∞𝑘=1 be an integer sequence satisfying 1 ≤ 𝑛1 ≤⋅ ⋅ ⋅ ≤ 𝑛𝑘 ≤ 𝑛𝑘+1 ≤ ⋅ ⋅ ⋅ and 𝑛𝑘 → ∞ as 𝑘 → ∞. Generate

observations {𝜔𝑖, 𝑖 = 1, . . . , 𝑛𝑘} on the unit hypercube
according to an integration rule. Here, we choose quasi-
Monte-Carlo sequences [20]. SinceF andZ are compact, it
follows from [20] (or [21]) that there exists a constant 𝐶 > 0
such that, for any 𝑥 ∈ F,

𝑓 (𝑥) − 𝑓𝑛𝑘 (𝑥) ≤ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘 , (5)

∇𝑓 (𝑥) − 𝑔𝑛𝑘 (𝑥) ≤ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘 . (6)

The paper addresses a feasible sequential system of linear
equations (SSLE) approach to solve (1a), (1b), (1c), and (1d).
This study is stronglymotivated by recent successful develop-
ment of various SSLE algorithms for deterministic optimiza-
tion problems andquasi-Monte-Carlo simulation techniques.
SSLE methods for deterministic optimization problems have
been proposed by many authors over the years. An interested
reader is referred to the literature [22–26] for excellent
surveys. Our algorithm has the following interesting features.

(a) Without assuming isolatedness of the accumulation
point or boundedness of the Lagrange multiplier
approximation sequence, every accumulation point
of the iterative sequence generated by the proposed
algorithm converges to a KKT point of problem (1a),
(1b), (1c), and (1d).

(b) At each iteration, we only to solve four symmetric
systems of linear equationswith a common coefficient
matrix and a simple structure. In the proposed algo-
rithm the last system of linear equation only needs to
be solved for achieving a local one-step superlinear
convergence rate.

(c) In order to achieve the “working set,” the
multiplier function 𝜆(𝑥) fl (∇𝑐(𝑥)𝑇∇𝑐(𝑥)+ diag(𝑐2𝑖 (𝑥)))−1∇𝑐(𝑥)𝑇∇𝑓(𝑥) is needed to be obtained
firstly in [27]. The multiplier function also is
suggested by Facchinei et al. [28], while our algorithm
provides a new technique to update the “working
set,” consequently, without calculating the multiplier
function.

(d) In order to find a search direction, a quadratic pro-
gramming subproblem needs to be solved at each
iteration in [17]. Consequently, the Hessian of objec-
tive function needs to be approximated by Monte
Carlo (or quasi-Monte-Carlo) rule, while for the SSLE
methods the approximation is not necessary. Our
algorithm solves four linear systems of equations with
only the first-order derivative of objective function
involved.

The remainder of this paper is organized as follows.
Section 2 gives the algorithm of (1a), (1b), (1c), and (1d) and
shows the proposed algorithm is well defined. In Section 3 we
discuss the convergence of algorithm in detail. We proceed
in Section 4 by showing the local superlinear convergence.
Finally, our conclusions are presented in Section 5.

2. Algorithm

The Lagrangian function associated with problem (1a), (1b),
(1c), and (1d) is defined by

𝐿 (𝑥, 𝜆) = 𝑓 (𝑥) + 𝜆𝑇𝑐 (𝑥) . (7)

A point 𝑥∗ in F is called a KKT point of problem (1a), (1b),
(1c), and (1d), if there exits 𝜆∗ such that the following KKT
conditions hold:

∇𝑥𝐿 (𝑥∗, 𝜆∗) = 0, 𝜆∗ ≥ 0,
𝑐𝑖 (𝑥∗) 𝜆∗𝑖 = 0, ∀𝑖 ∈ 𝐼, (8)

where

∇𝑥𝐿 (𝑥, 𝜆) = ∇𝑓 (𝑥) + 𝑚∑
𝑖=1

𝜆𝑖∇𝑐𝑖 (𝑥) . (9)

For 𝑥, 𝑦 ∈ F, let

𝐼 (𝑥, 𝑦, 𝜆, 𝜀) fl {𝑖 ∈ 𝐼 | 𝑐𝑖 (𝑥) + 𝜀𝜌 (𝑦, 𝜆) > 0} , (10)

where 𝜀 is a nonnegative parameter and 𝜌(𝑦, 𝜆) = √‖Φ(𝑦, 𝜆)‖
with

Φ(𝑦, 𝜆) fl ( ∇𝑦𝐿 (𝑦, 𝜆)
min {−𝑐 (𝑦) , 𝜆}) . (11)
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From the definition of 𝜌(𝑥, 𝜆), 𝜌(𝑥∗, 𝜆∗) = 0 if and only
if (𝑥∗, 𝜆∗) satisfies KKT conditions (8). In order to achieve
the active constraint set in our algorithm, the estimate of set𝐼(𝑥, 𝑦, 𝜆, 𝜀) is defined by

𝐼𝑛𝑘 (𝑥, 𝑦, 𝜆, 𝜀) fl {𝑖 ∈ 𝐼 | 𝑐𝑖 (𝑥) + 𝜀𝜓𝑛𝑘 (𝑦, 𝜆) > 0} , (12)

where

𝜓𝑛𝑘 (𝑦, 𝜆) = {{{2[[( 1𝑛𝛿2
𝑘

)2 + (𝜌𝑛𝑘 (𝑦, 𝜆))4]]
}}}
1/4

,
𝜌𝑛𝑘 (𝑦, 𝜆) = √Φ𝑛𝑘 (𝑦, 𝜆),
Φ𝑛𝑘 (𝑦, 𝜆) fl ( ∇𝑦𝐿𝑛𝑘 (𝑦, 𝜆)

min {−𝑐 (𝑦) , 𝜆}) ,
∇𝑦𝐿𝑛𝑘 (𝑦, 𝜆) = 𝑔𝑛𝑘 (𝑦) + 𝑚∑

𝑖=1

𝜆𝑖∇𝑐𝑖 (𝑦) ,

(13)

and 𝛿2 is a positive parameter in (1/2, 1). Since 𝑓(𝑥) and 𝑐(𝑥)
are continuously differentiable, it follows fromTheorem 3.15
in [28] that 𝜌𝑛𝑘(𝑥, 𝜆) is nonnegative and continuous on 𝑅𝑛+𝑚.
Hence, from (6) and continuous differentiability of 𝑓𝑛𝑘(𝑥),
we have that 𝜌𝑛𝑘(𝑦, 𝜆) → 𝜌(𝑥∗, 𝜆∗), as 𝑛𝑘 → ∞, (𝑦, 𝜆) →(𝑥∗, 𝜆∗).

For simplicity, let 𝐼(𝑛𝑘, 𝑘 + 1, 𝜀) fl 𝐼𝑛𝑘(𝑥𝑘+1, 𝑥𝑘, 𝜆𝑘, 𝜀), and
𝑀(𝑛𝑘, 𝑘 + 1) fl ( 𝐻𝑘+1 ∇𝑐 (𝑛𝑘, 𝑥𝑘+1)

∇𝑐 (𝑛𝑘, 𝑥𝑘+1)𝑇 0 ) , (14)

where

∇𝑐 (𝑛𝑘, 𝑥𝑘+1) fl (∇𝑐𝑖 (𝑥𝑘+1) | 𝑖 ∈ 𝐼 (𝑛𝑘, 𝑘 + 1, 𝜀)) . (15)

Now we formally state our algorithm.

Algorithm 3.

(S.0) (Initialization)

Parameters: 𝜎 ∈ (0, 1), 𝜎1 ∈ (0, 1), 𝜃 ∈ (0, 1), 𝜂 ∈(2, 3), 𝑢 ∈ (0, 1/2),𝛽 ∈ (0, 1), 𝛿1 ∈ (0, 1/2), 𝛿2 = 1−𝛿1;
Data: 0 < 𝑤0 < 1, 𝑀 > 0, 𝜆0 = 0 ∈ 𝑅𝑚, 𝜀0 > 0, sym-
metric positive define matrix 𝐻0 ∈ 𝑅𝑛×𝑛, 𝑥0 = 𝑥1 ∈
F, and 𝑐𝑖(𝑥0) < 0, for every 𝑖 ∈ 𝐼. Sequence {𝛼𝑘}
satisfies 𝛼𝑘 > 0, for all 𝑘, and ∑∞𝑘=0 𝛼𝑘 < +∞;

Choose 𝑛0, 𝑛1 such that 1/𝑛𝛿20 ∈ (0, 𝛼0), and 1/𝑛𝛿21 ∈(0, 𝛼1);
Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛0} by quasi-
Monte-Carlo rules and calculate 𝑔𝑛0(𝑥0);
Set 𝑘 fl 1.

(S.1) (Choose Working Set)

(S1.1) If 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1) > 𝑀, then set 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1) =𝑀.
(S1.2) Set 𝜀 fl 𝜀𝑘, 𝑤 fl 𝑤𝑘.
(S1.3) Calculate 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and𝑀(𝑛𝑘−1, 𝑘).
(S1.4) If ‖(𝑀(𝑛𝑘−1, 𝑘))‖ < 𝑤, then set 𝜀 = 𝜎𝜀, 𝑤 = 𝜎1𝑤, and

go to (S1.3).
(S1.5) Set 𝜀𝑘+1 = 𝜀, 𝑤𝑘+1 = 𝑤.

(S.2) (Computation of Search Direction)

If 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, then run the following step
(S2.1)–(S2.4); otherwise go to (S2.5).

(S2.1) Set 𝑙 fl 0.
(S2.2) Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛𝑘 + 𝑙} by quasi-

Monte-Carlo rules and calculate 𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.3) Set 𝑑𝑘0 = 𝑑𝑘1 = 𝑑𝑘2 = 𝑑𝑘3 = −𝐻𝑘𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.4) If 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘2‖, then set 𝑙 = 𝑙 + 1 and go to

(S2.2); otherwise set 𝑛𝑘 = 𝑛𝑘 + 𝑙, 𝜆𝑘 = 0, 𝑙𝑘 = 𝑙, and go
to (S.3).

(S2.5) Set 𝑙 fl 0.
(S2.6) Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛𝑘 + 𝑙} by quasi-

Monte-Carlo rules and calculate 𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.7) Compute (𝑑𝑘0 , 𝜆𝑘0) by solving the system of linear

equation in (𝑑, 𝜆)
𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)0 ) . (16)

Set 𝜆𝑘 fl ( 𝜆𝑘0
0
) ∈ 𝑅𝑚.

(S2.8) Let

𝜐𝑘𝑖 = {{{
𝜆𝑘0𝑖 , 𝑖 ∈ Γ−𝑘0 ,
min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } , 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) \ Γ−𝑘0 , (17)

where Γ−𝑘0 = {𝑖 ∈ 𝐼(𝑛𝑘−1, 𝑘, 𝜀) | 𝜆𝑘0𝑖 < 0}.
Compute (𝑑𝑘1 , 𝜆𝑘1) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜐𝑘 ) . (18)

If 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘1‖, then set 𝑙 = 𝑙 + 1 and go to
(S2.6); otherwise set 𝑛𝑘 = 𝑛𝑘 + 𝑙, and 𝑙𝑘 = 𝑙.

(S2.9) Compute (𝑑𝑘2 , 𝜆𝑘2) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜇𝑘 ) , (19)
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where

𝜇𝑘 = 𝜐𝑘 − 𝜌𝑘𝑒,
𝜌𝑘 = (𝜃 − 1) 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘11 + ∑𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂

𝑑𝑘1𝜂 . (20)

(S2.10) Compute (𝑑𝑘3 , 𝜆𝑘3) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜔𝑘 ) , (21)

where

𝜔𝑘 = ∇𝑐 (𝑛𝑘−1, 𝑥𝑘)𝑇 𝑑𝑘2 − 𝑐 (𝑛𝑘−1, 𝑥𝑘 + 𝑑𝑘2)
− 𝑑𝑘2𝜂 𝑒.

(22)

(S.3) If ‖𝑑𝑘3 − 𝑑𝑘2‖ > ‖𝑑𝑘2‖, then set 𝑑𝑘3 = 𝑑𝑘2 .
Choose 𝑡𝑘, the first number 𝑡 in the sequence {1, 𝛽, 𝛽2, . . .}

satisfying

𝑓𝑛𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2)) − 𝑓𝑛𝑘 (𝑥𝑘)
≤ 𝑢𝑡𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘, (23)

𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2)) < 0, 𝑖 ∈ 𝐼. (24)

(S.4) Compute𝑁𝑘 such that 1/𝑁𝛿2
𝑘

∈ (0, 𝛼𝑘+1).
Set 𝑛𝑘+1 = max{𝑁𝑘, 𝑛𝑘}, and 𝑥𝑘+1 fl 𝑥𝑘 + 𝑡𝑘𝑑𝑘2 + 𝑡2𝑘(𝑑𝑘3 −𝑑𝑘2). Generate a new symmetric positive define matrix𝐻𝑘+1.

Set 𝑘 fl 𝑘 + 1 and go to (S.1).

Remarks

(a) Themain purpose of (S.1) is to generate a working set
and ensure that the matrix𝑀(𝑛𝑘−1, 𝑘) is nonsingular,
for every 𝑘. Hence, (𝑑𝑘𝑖 , 𝜆𝑘𝑖) is well defined, for all 𝑖 ∈{0, 1, 2, 3}.The calculation of set 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) specially
is different from the one proposed in [27]. We use
the solution 𝜆𝑘1 of system (18) as a substitute for
the multiplier function proposed in [27]. Moreover,𝑀(𝑛𝑘−1, 𝑘) is also uniformly bounded. Details will
subsequently be given.

(b) From the construction of the algorithm, four linear
systems need to be solved at each iteration. To ensure
the iterate sequence globally converges to KKT point
of (1a), (1b), (1c), and (1d), we only need to solve
the previous three linear systems (16), (18), and (19).
The linear systems (16) and (19) play important roles
in proving the global convergence. The main aim of
the linear system (21) is to guarantee the one-step
superlinear convergence rate of the algorithm under
mild conditions.

(c) It is not difficult to show that there exists 𝑡𝑘, the first
number of the sequence {1, 𝛽, 𝛽2, . . .}, which satisfies
the linear search (23) and (24). In Section 4 we will
show that 𝑡𝑘 = 1, for sufficiently large 𝑘. Hence, the
Maratos effect will be avoided.

(d) In numerical experiments 𝐻𝑘 is usually updated by
the Broyden-Fletcher-Goldfarb-Shanno (BFGS) for-
mula [27, 29]. At any iteration 𝑘 Algorithm 3 stops as
the following termination criteria, with 𝜀stop ∈ (0, 1)
and maximum iterations𝑁max:

(i) Φ𝑛𝑘 (𝑥𝑘, 𝜆𝑘) < 𝜀stop,
or (ii) 𝑘 = 𝑁max. (25)

The rest of section is devoted to show that Algorithm 3 is
well defined. We firstly give the following hypothesis on the
choice of the matrix𝐻𝑘.
Assumption 4. There exist positive constants 𝐶1 and 𝐶2 such
that for all 𝑘 and 𝑑 ∈ 𝑅𝑛

𝐶1 ‖𝑑‖2 ≤ 𝑑𝑇𝐻𝑘𝑑 ≤ 𝐶2 ‖𝑑‖2 . (26)

It is not difficult to see from 𝑐𝑖(𝑥𝑘) < 0, for every 𝑘 in
nonnegative integer setN, the inner iteration (S.1) terminates
finitely.

Lemma 5. ∇𝑓(𝑥𝑘) = 0, if there exists some 𝑘 such that the
following conditions hold.

(a) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, (b) 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘2‖ for all𝑙 ≥ 0.
Proof. From condition (b), we have that 𝑑𝑘2 → 0. It follows
that∇𝑓 (𝑥𝑘) ≤ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘) + 𝑔𝑛𝑘+𝑙 (𝑥𝑘)

≤ 𝐶 [log (𝑛𝑘 + 𝑙)]𝑚−1𝑛𝑘 + 𝑙 + 𝐻𝑘𝑑𝑘2 → 0. (27)

From independence of 𝑘 and 𝑙, the result follows.
Lemma 6. ∇𝑓(𝑥𝑘) = 0, if there exists some 𝑘 such that the
following conditions hold.

(a) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, (b) 1/(𝑛𝑘+𝑙)𝛿2 > 𝑀‖𝑑𝑘1‖ for all 𝑙 ≥ 0.
Proof. From condition (b), 𝑑𝑘1 → 0. It follows that, as 𝑙 → ∞

𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1
= −𝑑𝑘0𝐻𝑘𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘)\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } = 0.
(28)
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Therefore, we get 𝑑𝑘0 → 0, and
𝜆𝑘0𝑖 → 0 if 𝑖 ∈ Γ−𝑘0 ,

𝜆𝑘0𝑖 𝑐𝑖 (𝑥𝑘) → 0 if 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) \ Γ−𝑘0 . (29)

Since 𝑐𝑖(𝑥𝑘) < 0, 𝜆𝑘0 → 0, we have, as 𝑙 → ∞,∇𝑓 (𝑥𝑘) ≤ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘) + 𝑔𝑛𝑘+𝑙 (𝑥𝑘)
= ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘)

+ ∇𝑐 (𝑛𝑘−1, 𝑥𝑘) 𝜆𝑘0 + 𝐻𝑘𝑑𝑘0 → 0.
(30)

This completes the proof.

It is easy to see from Lemmas 5 and 6 that 𝑥𝑘 is a
unconstrained stationary point of 𝑓, if we are not able to get
the next iteration 𝑥𝑘+1 from the current iteration 𝑥𝑘; that is,
the inner iterations (S2.1)–(S2.8) terminate infinitely. Since
we always have 𝑥𝑘 ∈ F, this means that 𝑥𝑘 is actually a KKT
point of problem (1a), (1b), (1c), and (1d). In the following
section, we assume that the inner iterations (S2.1)–(S2.8)
terminate finitely for all 𝑘 ∈ N; namely, there always exists𝑙0 ∈ N such that, for every 𝑘 ∈ N, one of the following condi-
tions holds.

(i) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, 1/(𝑛𝑘 + 𝑙0)𝛿2 ≤ 𝑀‖𝑑𝑘2‖.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, 1/(𝑛𝑘 + 𝑙0)𝛿2 ≤ 𝑀‖𝑑𝑘1‖.

Therefore, the algorithm generates an infinite iterative
sequence {𝑥𝑘}.
Lemma 7. If there exists 𝑘0 such that 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for all𝑘 > 𝑘0, then there exists 𝜀 > 0 such that 𝜀𝑘 ≥ 𝜀 for all 𝑘 ∈ N.

Proof. Since 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, we have that ‖𝑀(𝑛𝑘−1, 𝑘)−1‖ =‖𝐻−1𝑘 ‖. So the result follows from Assumption 4.

Lemma 8. If there exist 𝑘0 and subset 𝐾 ⊂ N such that𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 with 𝑘 ∈ 𝐾 and all 𝑘 > 𝑘0, then 𝜀𝑘+1 = 𝜀𝑘 for
sufficiently large 𝑘.
Proof. Assume to contrary that for any 𝑘0 ∈ 𝐾 there always
exists 𝑘 > 𝑘0 such that 𝜀𝑘+1 ̸= 𝜀𝑘. From construction of the
algorithm, we have that 𝜀𝑘 → 0. By Assumption 1 and the
finiteness of set 𝐼, without loss of generality, we can assume
that

(i) {𝑥𝑘}𝐾 → 𝑥∗ with 𝑥∗ ∈ F and 𝜀𝑘+1 < 𝜀𝑘 for all 𝑘 ∈ 𝐾;
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘), 𝑘 ∈ 𝐾 keep changeless.

For simplicity, let 𝐼𝐾 fl 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘). Since 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1)
is bounded, it follows from 𝜀𝑘 → 0 that 𝐼𝐾 ⊂ 𝐼0(𝑥∗) for suffi-
ciently large 𝑘. Hence, by Assumption 4 and step (S.1), we get∇𝑐𝐼𝐾 (𝑥𝑘)𝑇 ∇𝑐𝐼𝐾 (𝑥𝑘) → ∇𝑐𝐼𝐾 (𝑥∗)𝑇 ∇𝑐𝐼𝐾 (𝑥∗)

= 0, (31)

which contradicts with Assumption 2, and the proof is
complete.

From Lemmas 7 and 8 we can directly obtain Lemma 9.

Lemma 9. There exists 𝜀 > 0 such that 𝜀𝑘 > 𝜀 for all 𝑘.
SinceF is compact, we get Lemma 10.

Lemma 10. 𝑀(𝑛𝑘−1, 𝑘) is nonsingular and uniformly bounded
with respect to 𝑘 ∈ N; that is, there exists 𝑊 > 0 and 𝑀 > 0
such that, for all 𝑘 ∈ N,

𝑊 ≤ det (𝑀 (𝑛𝑘−1, 𝑘)) ≤ 𝑀. (32)

From Assumption 1 and Lemma 10, the following lemma
is then obvious.

Lemma 11. {(𝑑𝑘𝑗 , 𝜆𝑘𝑗)} are bounded for 𝑗 = 0, 1, 2, 3.
Lemma 12. If 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, the following results hold.

(a) 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘0 = −𝑑𝑘0𝐻𝑘𝑑𝑘0 for 0 ≤ 𝑙 ≤ 𝑙𝑘.
(b) 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘1 ≤ 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘0 for 0 ≤ 𝑙 ≤ 𝑙𝑘.
(c) 𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘2 ≤ 𝜃𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘1 .

Proof. (a) is a direct consequence of linear system (16). It is
easy to see from linear systems (16), (18), and (19) that

𝑑𝑘0𝑇𝐻𝑘𝑑𝑘1 = −𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑑𝑘1𝑇𝐻𝑘𝑑𝑘0 + 𝜆𝑘0𝑇𝜐𝑘 = −𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1 ,

𝑑𝑘0𝑇𝐻𝑘𝑑𝑘2 = −𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑑𝑘2𝑇𝐻𝑘𝑑𝑘0 + 𝜆𝑘0𝑇𝜇𝑘 = −𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 .

(33)

Therefore, we have

𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1 = 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 − 𝜆𝑘0𝑇𝜐𝑘
= 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘)\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 }
≤ 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 = 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 + 𝜆𝑘0𝑇 (𝜐𝑘 − 𝜇𝑘)
= 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1

+ (𝜃 − 1) 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 ∑𝑖∈𝐼(𝑛𝑘−1,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂1 + ∑𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂
≤ 𝜃𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 .

(34)

This completes the proof.
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3. Convergence

Lemma 13. Suppose the following conditions hold.

(i) {𝑥𝑘}𝐾 → 𝑥∗.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for every 𝑘 ∈ 𝐾.

(iii) There exists 𝐾0 ⊂ 𝐾 such that {𝑥𝑘−1, 𝜆𝑘−1}𝐾0 →(𝑥∗, 𝜆∗), and 𝜌(𝑥∗, 𝜆∗) ̸= 0.
Then 𝑥∗ is a stationary point; namely, ∇𝑓(𝑥∗) = 0.
Proof. We show the conclusion by contradiction. Suppose
that ∇𝑓(𝑥∗) ̸= 0. Without loss of generality, we assume that{𝑑𝑘2}𝐾 → 𝑑 ̸= 0 and 𝐻𝑘 → 𝐻∗. So there exists 𝛾1 > 0 such
that for sufficiently large 𝑘 ∈ 𝐾
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
= (𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘) − ∇𝑓 (𝑥𝑘))𝑇 𝑑𝑘2

+ ∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ −∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 ∇𝑓 (𝑥𝑘)

+ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘 [𝑑𝑘2 + ∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 ]
≤ −𝛾1.

(35)

Since 𝜌(𝑥∗, 𝜆∗) ̸= 0, for sufficiently big 𝑘 ∈ 𝐾0, there exists𝜌0 > 0 such that

𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 𝜌0. (36)

So

𝑐𝑖 (𝑥𝑘) ≤ −𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) ≤ −𝜀𝜌0. (37)

Let 𝛾 = min{𝛾1, 𝜀𝜌0}. Since {𝑑𝑘2}𝐾 → 𝑑 ̸= 0, it is obvious that𝑜(‖𝑡𝑑𝑘‖) = 𝑜(𝑡). So we have that, for sufficiently large 𝑘 ∈ 𝐾,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘)

+ (𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2))
+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘))

≤ 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘) + 2
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

= 𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ 𝑡 (∇𝑓 (𝑥𝑘) − ∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘))𝑇 𝑑𝑘2 + 𝑜 (𝑡) + 2
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

≤ 𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡) + (𝑡 𝑑𝑘2 + 2)
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾 + 𝑜 (𝑡)
+ (𝑡 𝑑𝑘2 + 2) ⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘 .

(38)

Therefore, we have

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾 + 𝑜 (𝑡) + 𝛼𝑘. (39)

By (37), for all 𝑖 ∈ 𝐼
𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2) = 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)

≤ −𝛾 + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡) . (40)

It follows that from (39) and (40) that there exists 𝑡 > 0
independent of 𝑘 such that, for any 𝑡 ∈ (0, 𝑡], both (23) and
(24) hold. From (39), there exists 𝑘0 such that, for all 𝑘 ≥ 𝑘0
with 𝑘 ∈ 𝐾, 𝑡 ≥ 𝑡𝑘 ≥ 𝛽𝑡,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) ≤ −𝑢𝑡𝛽𝛾 + 𝛼𝑘. (41)

It is not difficult to see from (23) and Lemma 12 that, for
sufficiently large 𝑘,

𝑓 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓 (𝑥𝑘)
= 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)

+ (𝑓 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2))
+ (𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) − 𝑓 (𝑥𝑘))

≤ 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) + 𝛼𝑘
≤ 𝑢𝑡𝑘𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘 + 𝛼𝑘 ≤ 2𝛼𝑘.

(42)
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Combining with (41), we get

∞∑
𝑘=𝑘0

(𝑓 (𝑥𝑘+1) − 𝑓 (𝑥𝑘)) ≤ ∞∑
𝑘=𝑘0 , 𝑘∉𝐾

2𝛼𝑘
+ ∞∑
𝑘≥𝑘0 , 𝑘∈𝐾

(𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) + 𝛼𝑘)
≤ ∞∑
𝑘=𝑘0

4𝛼𝑘 + ∞∑
𝑘≥𝑘0 , 𝑘∈𝐾

(−𝑢𝑡𝛽𝛾) → −∞.
(43)

It follows that 𝑓(𝑥𝑘) → −∞, which contradicts with the fact
that {𝑓(𝑥𝑘)} is bounded, and the proof is complete.

Lemma 14. Suppose the following conditions hold.

(i) {𝑥𝑘}𝐾 → 𝑥∗.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for every 𝑘 ∈ 𝐾.

(iii) There exists 𝐾0 ⊂ 𝐾 such that {𝑥𝑘−1, 𝜆𝑘−1}𝐾0 →(𝑥∗, 𝜆∗), and 𝜌(𝑥∗, 𝜆∗) = 0.
If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) = 0 for every 𝑘 ∈ 𝐾0, then 𝑥∗ is a

stationary point; namely, ∇𝑓(𝑥∗) = 0.
Proof. From the above conditions, we have that, for every 𝑘 ∈𝐾0, 𝜆𝑘 = 𝜆𝑘−1 = 0, ∇𝑓(𝑥∗) = 0, and therefore

{𝑑𝑘𝑗−1}
𝐾0

→ 𝐻∗−1∇𝑓 (𝑥∗) = 0, 𝑗 = 0, 1, 2, 3. (44)

It follows that as 𝑘 → ∞ and 𝑘 ∈ 𝐾0
𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) →
𝑥∗ = 𝑥∗. (45)

This completes the proof.

Let 𝜋𝑘𝑗 , 𝑗 = 0, 1, 2, 3, denote the vectors on 𝑅𝑚 with
components 𝜋𝑘𝑗𝑖 , respectively, where

𝜋𝑘𝑗𝑖 fl
{{{
𝜆𝑘𝑗𝑖 , 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) ,0, 𝑖 ∈ 𝐼 \ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) . (46)

Lemma 15. Suppose conditions (i)–(iii) hold in Lemma 14. If𝐼(𝑛𝑘−2, 𝑘−1, 𝜀𝑘−1) ̸= 0 for every 𝑘 ∈ 𝐾0, then 𝑥∗ is a stationary
point; namely, ∇𝑓(𝑥∗) = 0.
Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and 𝐼𝐾0 fl 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) keep changeless.

From condition (iii) in Lemma 14

{𝜌𝑛𝑘 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 0,
{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 0. (47)

Combining with the first equation of linear system (16),{𝑑𝑘0−1}𝐾0 → 0. It is easy to see from (47) that

{min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘0−1𝑖 }}
𝐾0

→ 0
for 𝑖 ∈ 𝐼 (𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) \ Γ−𝑘0−1,

{𝜆𝑘0−1𝑖 }
𝐾0

→ 0 for 𝑖 ∈ Γ−𝑘0−1.
(48)

Therefore, we have

{𝑑𝑘𝑗−1}
𝐾0

→ 0,
{𝜋𝑘𝑗−1}

𝐾0
→ 𝜆∗,

𝑗 = 1, 2, 3.
(49)

So we get

𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) → 𝑥∗, (50)

and for sufficiently large 𝑘 ∈ 𝐾0𝑑𝑘2−1 = 𝑂 (𝑑𝑘1−1) ,𝑑𝑘3−1 = 𝑂 (𝑑𝑘1−1) . (51)

Let 𝐼+0 (𝑥∗) = {𝑖 ∈ 𝐼 | 𝜆∗𝑖 > 0}. Since (𝑥∗, 𝜆∗) is a KKT pair of
problem (1a), (1b), (1c), and (1d), we have

𝐼+0 (𝑥∗) ⊂ 𝐼𝐾0 . (52)

Therefore, from (50)

𝑥∗ = 𝑥∗,
𝑐𝑖 (𝑥∗) = 𝑐𝑖 (𝑥∗) = 0, 𝑖 ∈ 𝐼+0 (𝑥∗) . (53)

If there is𝑀 > 0 such that ‖𝑑𝑘0−1‖ ≥ 𝑀‖𝑑𝑘1−1‖, then we have
from (51) that for arbitrary 𝑖 ∈ 𝐼+0 (𝑥∗) and sufficiently large𝑘 ∈ 𝐾0

𝑐𝑖 (𝑥𝑘) + 𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) = 𝑐𝑖 (𝑥𝑘)
+ 𝜀{{{2[[( 1𝑛𝛿2

𝑘−1

)2 + 𝜌𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)4]]
}}}
1/4

≥ 𝑐𝑖 (𝑥𝑘) + 21/4𝜀 [∇𝑥𝐿𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)2

+ 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2]
1/4 = 𝑐𝑖 (𝑥𝑘)

+ 21/4𝜀 [𝐻𝑘−1𝑑𝑘0−12
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+ 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2]
1/4 ≥ 𝑐𝑖 (𝑥𝑘)

+ 2−1/2𝜀 [[
𝐻𝑘−1𝑑𝑘0−11/2

+ ( 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2)
1/4]] > 0.

(54)

For ‖𝑑𝑘1−1‖ = 0(‖𝑑𝑘0−1‖), since𝑀(𝑛𝑘−1, 𝑘) is nonsingular
𝑑𝑘1−1 = 𝑂(√ 𝑚∑

𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2) . (55)

So we can also get that for sufficiently large 𝑘 ∈ 𝐾0
𝑐𝑖 (𝑥𝑘) + 𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 0. (56)

So we have

𝐼+0 (𝑥∗) ⊂ 𝐼𝐾 ⊂ 𝐼0 (𝑥∗) . (57)

Since 𝐼𝐾 = 0, 𝐼+0 (𝑥∗) = 0. It follows that𝜆∗ = 0, and, therefore,∇𝑓(𝑥∗) = 0. This completes the proof.

Lemma 16. Suppose that {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗). If{𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘2}𝐾 → 0, then (𝑥∗, 𝜆∗) is a KKT pair of problem
(1a), (1b), (1c), and (1d).

Proof. If, for every 𝑘 ∈ 𝐾, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, the result can
be directly obtained from 𝑑𝑘2 = −𝐻𝑘𝑔𝑛𝑘(𝑥𝑘) and 𝜆𝑘 = 0.
Without loss of generality, we suppose that, for all 𝑘 ∈ 𝐾,

(i) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0,
(ii) 𝐼𝐾 fl 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) keep changeless.

By Lemma 12 and linear systems (16), (18), and (19), we have

𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 ≤ 𝜃𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1
≤ −𝑑𝑘0𝑇𝐻𝑘𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼𝐾\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 }
→ 0.

(58)

So

{𝑑𝑘0}
𝐾
→ 0,

{𝜆𝑘0𝜐𝑘}
𝐾
→ 0. (59)

Let 𝜆∗ be an arbitrary accumulation point of {𝜆𝑘0}𝐾. Since∇𝑓(𝑥) and ∇𝑐(𝑥) are continuously differentiable, we get from
(6), (16), and (59) that

∇𝑓 (𝑥∗) + ∇𝑐 (𝑥∗) 𝜆∗ = 0,
𝜆∗𝑖 ≥ 0,

𝜆∗𝑖 𝑐𝑖 (𝜆∗𝑖 ) = 0,
𝑐𝑖 (𝑥∗) ≤ 0,

𝑖 ∈ 𝐼.
(60)

This completes the proof.

Lemma 17. Assume that the following conditions hold:

(i) {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗).
(ii) there exists subset𝐾0 ⊂ 𝐾 such that {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 →(𝑥∗, 𝜆∗) and 𝜌(𝑥∗, 𝜆∗) ̸= 0.

Then (𝑥∗, 𝜆∗) is a KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Assume to the contrary that (𝑥∗, 𝜆∗) is not a KKT pair
of problem (1a), (1b), (1c), and (1d).Without loss of generality,
we suppose that conditions (i) and (ii), which are given in
proof for Lemma 16, hold for all 𝑘 ∈ 𝐾. It is not difficult to
see from Lemma 16 that there exists 𝛾1 > 0 such that, for
sufficiently large 𝑘 ∈ 𝐾,

𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 < −𝛾1,
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 < −𝛾1. (61)

So that, for sufficiently large 𝑘 ∈ 𝐾,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾1 + 𝑜 (𝑡) + 𝛼𝑘. (62)

From (61), {𝑑𝑘1}𝐾 does not converge to 0. Therefore, without
loss of generality, we also can suppose that {𝑑𝑘1}𝐾 → 𝑑1 ̸= 0
and 𝐻𝑘 → 𝐻∗. Since 𝜌(𝑥∗, 𝜆∗) ̸= 0, for sufficiently large 𝑘 ∈𝐾0, there exists 𝜌0 > 0 such that

𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 𝜌0. (63)

It follows that 𝐼𝐾 ⊃ 𝐼0(𝑥∗). So, for every 𝑖 ∈ 𝐼𝐾,
𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2))
= 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)
= {{{

𝑐𝑖 (𝑥𝑘) + 𝑡𝜆𝑘0𝑖 − 𝑡𝜌𝑘 + 𝑜 (𝑡) , 𝜆𝑘0𝑖 < 0,
𝑐𝑖 (𝑥𝑘) + 𝑡 ⋅min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } − 𝑡𝜌𝑘 + 𝑜 (𝑡) , 𝜆𝑘0𝑖 ≥ 0,

(64)
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and, for 𝑖 ∉ 𝐼𝐾,𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2))
= 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)
≤ −12𝜀𝜌0 + 𝑂 (𝑡) .

(65)

In a way similar to the proof of Lemma 13, we get that{𝑓(𝑥𝑘)}𝐾0 → −∞, which contradicts with the boundedness
of 𝑓(𝑥), 𝑥 ∈ F. This completes the proof.

Lemma 18. Assume that the following conditions hold.

(i) {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗).
(ii) There exists subset 𝐾0 ∈ 𝐾 such that {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾0→ (𝑥∗, 𝜆∗) and 𝜌(𝑥∗, 𝜆∗) = 0.
(iii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 for every 𝑘 ∈ 𝐾.

If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) = 0 for every 𝑘 ∈ 𝐾0, then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) keep changeless. Let

𝑀(𝑥∗) fl ( 𝐻∗ ∇𝑐𝐼𝐾 (𝑥∗)∇𝑐𝐼𝐾 (𝑥∗)𝑇 0 ) . (66)

By Lemma 10,𝑀(𝑥∗) is nonsingular.Therefore, there exists 𝑑
such that {𝑑𝑘0}𝐾 → 𝑑 and (𝑑, 𝜆∗) is the unique solution of the
following linear system:

𝑀(𝑥∗) (𝑑𝜆) = (∇𝑓 (𝑥∗)0 ) . (67)

From Lemma 13, 𝜆𝑘−1 = 0 for every 𝑘 ∈ 𝐾0, and{𝑑𝑘𝑗−1}
𝐾0

→ 0, 𝑗 = 0, 1, 2, 3, (68)

where 𝑑𝑘𝑗−1 = −𝐻𝑘−1𝑔𝑛𝑘−1+𝑙𝑘−1(𝑥𝑘−1).
So we get, as 𝑘 → ∞ and 𝑘 ∈ 𝐾0,𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) →

𝑥∗ = 𝑥∗. (69)

It follows from Lemma 13 that ∇𝑓(𝑥∗) = ∇𝑓(𝑥∗) = 0. There-
fore, we have that 𝑑 = 0, 𝜆∗ = 0, and the proof is complete.

Lemma 19. Assume that conditions (i)–(iii) in Lemma 18 hold.
If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) ̸= 0 for every 𝑘 ∈ 𝐾0, then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and 𝐼𝐾0 fl 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) keep changeless.
In a way similar to Lemma 15, we have

𝑥∗ = 𝑥∗,
𝐼+0 (𝑥∗) ⊂ 𝐼𝐾 ⊂ 𝐼0 (𝑥∗) . (70)

Let 𝜋∗ = (𝜆∗𝑖 | 𝑖 ∈ 𝐼𝐾) and 𝜋∗ denote a vector with the follow-
ing components:

𝜋∗𝑖 = {{{
𝜆∗𝑖 , 𝑖 ∈ 𝐼+0 (𝑥∗) ,0, 𝑖 ∈ 𝐼𝐾 \ 𝐼+0 (𝑥∗) . (71)

Since (𝑥∗, 𝜆∗) is a KKT pair of (1a), (1b), (1c), and (1d), we
have from (70) that ( 0𝜋∗ ) is the solution of the following linear
system:

𝑀(𝑥∗) (𝑑𝜆) = (∇𝑓 (𝑥∗)0 ) . (72)

On the other hand, since {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), there exists𝑑∗ such that {𝑑𝑘0}𝐾 → 𝑑∗. From Assumption 2, 𝑀(𝑥∗)
is nonsingular. Therefore, (𝑑∗, 𝜆∗) is unique solution of the
linear system (72). So we have that 𝜋∗ = 𝜋∗. So 𝜆∗ = 𝜆∗, and
the proof is complete.

From Lemmas 13–19, we have the following.

Theorem 20. If {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

4. Rate of Convergence

In this section, we will establish the superlinear convergence
of Algorithm 3. We suppose that the algorithm generates
an infinite iterative sequence {𝑥𝑘} and there exists 𝑘0 such
that 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 with 𝑘 > 𝑘0. That is, (S2.1)–(S2.4)
will never be run when 𝑘 > 𝑘0 and the inner iterations
(S2.5)–(S2.8) terminate finitely. Let 𝜏∗ = (𝑥∗, 𝜆∗) be an
accumulation point of the sequence {(𝑥𝑘, 𝜆𝑘)} generated by
Algorithm 3. We assume that ∇2𝑓, ∇2𝑐𝑖, 𝑖 ∈ 𝐼 are locally
Lipschitz continuous on a neighborhood of 𝑥∗. To ensure the
whole sequence {(𝑥𝑘, 𝜆𝑘)} converges to (𝑥∗, 𝜆∗), we need the
following assumption.

Assumption 21. The second-order sufficient condition holds
at 𝜏∗; that is, the Hessian ∇𝑥𝑥𝐿(𝑥∗, 𝜆∗) is positive definite on
the space {𝛼 | ⟨∇𝑐𝑖(𝑥∗), 𝛼⟩ = 0, ∀𝑖 ∈ 𝐼0(𝑥∗)}.

We first introduce a useful proposition as follows.

Proposition 22 (see [25, Proposition 4.1]). Assume that𝜔∗ ∈𝑅𝑡 is an isolated accumulation point of a sequence {𝜔𝑘} ⊂ 𝑅𝑡
such that for every subsequence {𝜔𝑘}𝐾 converges to 𝜔∗; there is
an infinite subset 𝐾 ⊂ 𝐾 such that {‖𝜔𝑘+1 − 𝜔𝑘‖}𝐾 → 0; then
the whole sequence {𝜔𝑘} converges to 𝜔∗.
Lemma 23. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝑑𝑘0}𝐾 → 0.
Proof. Assume to the contrary that there exists subset 𝐾 ⊂𝐾 such that {𝑑𝑘0}𝐾 → 𝑑 ̸= 0. By the finiteness of set 𝐼 and
boundedness of sequence {𝜆𝑘}, there exists subset 𝐾0 ⊂ 𝐾
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such that {𝜆𝑘}𝐾0 → 𝜆∗ and 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘), 𝑘 ∈ 𝐾0 keep change-
less. It is not difficult to see from linear system (18) that

𝜌 (𝑥∗, 𝜆∗) = 𝐻∗𝑑 ̸= 0. (73)

On the other hand, fromTheorem 20, (𝑥∗, 𝜆∗) is a KKT pair
of problem (1a), (1b), (1c), and (1d); it follows that 𝜌(𝑥∗, 𝜆∗) =0, which contradicts with (73). So we have that {𝑑𝑘0}𝐾 → 0.
Lemma 24. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝜆𝑘}𝐾 → 𝜆∗.
Proof. Since multiplier 𝜆∗ is unique with respect to 𝑥∗ and{𝜆𝑘} is bounded, it follows from Theorem 20 that {𝜆𝑘}𝐾 →𝜆∗.
Lemma25. If {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), then {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾 →(𝑥∗, 𝜆∗).
Proof. Suppose that (𝑥∗, 𝜆∗) is a arbitrary accumulation point
of {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾. Then, fromTheorem 20

{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 𝜌(𝑥∗, 𝜆∗) = 0, 𝐾0 ⊂ 𝐾. (74)

In a way similar to the proof of Lemmas 18 and 19, we get that𝑥∗ = 𝑥∗, 𝜆∗ = 𝜆∗. From the boundedness of {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾,
the result follows.

Lemma 26. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝑑𝑘𝑗}𝐾 → 0, 𝑗 = 0, 1, 2, 3.
Proof. By Lemma 25, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ⊂ 𝐼0(𝑥∗). FromLemma 23,
the result follows.

Lemma 27. Under Assumptions 1, 2, 4, and 21, the whole
sequence {(𝑥𝑘, 𝜆𝑘)} converges to (𝑥∗, 𝜆∗).
Proof. Suppose that {𝑥𝑘}𝐾 → 𝑥∗. Assumptions 2 and 21 imply
that 𝑥∗ is an isolated accumulation point of {𝑥𝑘} [30]. By (S.3)
in Algorithm 3, ‖𝑑𝑘3 −𝑑𝑘2‖ ≤ ‖𝑑𝑘2‖. It follows from Lemma 23
that𝑥𝑘+1 − 𝑥𝑘 ≤ 𝑑𝑘2 + 𝑑𝑘3 − 𝑑𝑘2 ≤ 2 𝑑𝑘2 → 0. (75)

Therefore, we have from Proposition 22 that the whole
sequence {𝑥𝑘} converges to 𝑥∗. By Lemma 24, we have that𝜆𝑘 converges to 𝜆∗. This completes the proof.

Assumption 28. The strict complementarity condition holds
at 𝜏∗; that is, 𝜆∗ − 𝑐(𝑥∗) ̸= 0.
Lemma 29. Let 𝐼+0 (𝑥∗) = {𝑖 ∈ 𝐼 | 𝜆∗𝑖 > 0}; then for all suffi-
ciently big 𝑘

𝐼+0 (𝑥∗) = 𝐼 (𝑛𝑘−1 + 𝑙𝑘, 𝑘, 𝜀𝑘) = 𝐼0 (𝑥∗) . (76)

Proof. ByTheorem 20 and Lemma 27, it is easy to see that

{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘1−1)} → 𝜌(𝑥∗, 𝜆∗) = 0. (77)

In a way similar to the proof of (70) in Theorem 20, we have
the following result:

𝐼+0 (𝑥∗) ⊂ 𝐼 (𝑛𝑘−1 + 𝑙𝑘, 𝑘, 𝜀𝑘) ⊂ 𝐼0 (𝑥∗) . (78)

By Assumption 28, the result follows.

By Lemmas 23, 27, and 29, we can directly obtain the
following corollary.

Corollary 30. If Assumptions 1, 2, 4, and 21 hold, then for
every 𝑖 = 0, 1, 2, 3

𝑑𝑘𝑖 → 0,
𝜆𝑘𝑖 → 𝜆∗

as 𝑘 → ∞.
(79)

By linear systems (18), (19), and (21), we have

𝑀(𝑛𝑘−1, 𝑘) (𝑑𝑘2 − 𝑑𝑘1
𝜆𝑘2 − 𝜆𝑘1) = ( 0

𝜌𝑘𝑒) ,
𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝑘3 − 𝑑𝑘2

𝜆𝑘3 − 𝜆𝑘2) = ( 0
𝜔𝑘 − 𝜇𝑘) .

(80)

Combining with the fact that 𝜌𝑘 = 𝑜(‖𝑑𝑘1‖2) and 𝜔𝑘 − 𝜇𝑘 =𝑂(‖𝑑𝑘2‖2), we have the following.
Lemma 31. For sufficiently large 𝑘, the following results hold.𝑑𝑘2 − 𝑑𝑘1 = 𝑜 (𝑑𝑘12) ,𝜆𝑘2 − 𝜆𝑘1 = 𝑜 (𝑑𝑘12) ,𝑑𝑘3 − 𝑑𝑘2 = 𝑂 (𝑑𝑘22) ,𝜆𝑘3 − 𝜆𝑘2 = 𝑂 (𝑑𝑘22) .

(81)

Assumption 32. The sequence of matrices {𝐻𝑘} satisfies𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2𝑑𝑘2 → 0, (82)

where 𝑃𝑘 = 𝐸 − 𝑁𝑘(𝑁𝑇𝑘𝑁𝑘) −1𝑁𝑇𝑘 ,𝑁𝑘 = ∇𝑐𝐼0(𝑥∗)(𝑥𝑘).
Note. Assumption 32 is an extended Dennis-Moré condition.
It is used in Qp-free algorithm for nonlinear optimization
problems by Yang et al. [27].Wewill show that it is a sufficient
condition for our algorithm to be superlinearly convergent. In
order to show the superlinear convergence, we first introduce
the following proposition.

Proposition 33 (see [27, Lemma 4.3]). For sufficiently large𝑘, the direction 𝑑𝑘2 can be decomposed into

𝑑𝑘2 = 𝑃𝑘𝑑𝑘2 + �̃�𝑘2 , (83)

with ‖�̃�𝑘2‖ = 𝑂(‖𝑐𝐼0(𝑥∗)(𝑥𝑘)‖) + 𝑜(‖𝑑𝑘1‖2).
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Lemma 34. For sufficiently large 𝑘, if 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, then
the step 𝑡𝑘 = 1 is accepted.
Proof. For 𝑖 ∉ 𝐼0(𝑥∗), due to 𝑐𝑖(𝑥∗) < 0, it is not difficult to
see from Corollary 30 that when 𝑘 is sufficiently large, 𝑐𝑖(𝑥𝑘 +𝑑𝑘3) < 0. For 𝑖 ∈ 𝐼0(𝑥∗), we have from linear system (21) and
Lemma 31 that

𝑐𝑖 (𝑥𝑘 + 𝑑𝑘3) = 𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑂(𝑑𝑘3 − 𝑑𝑘22)

= 𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑂(𝑑𝑘23)

= − 𝑑𝑘2𝜂 + 𝑂(𝑑𝑘23) = 𝑜 (𝑑𝑘22) .

(84)

It follows from 𝜂 ∈ (2, 3) that, for sufficiently large 𝑘,𝑐𝑖(𝑥𝑘 + 𝑑𝑘3) < 0. So when 𝑘 is sufficiently large, 𝑥𝑘 + 𝑑𝑘3 is
a strictly feasible point of problem (1a), (1b), (1c), and (1d). By
(21) and (81), we have

𝑐𝑖 (𝑥𝑘 + 𝑑𝑘3) = 𝑐𝑖 (𝑥𝑘) + ∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘3
+ 12𝑑𝑘3𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘3 + 𝑜 (𝑑𝑘22)

= ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘2 − 𝑑𝑘1)
+ 12𝑑𝑘3𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘3 + 𝑜 (𝑑𝑘22)

= ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 12𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) .

(85)

Combining with (84), we have

∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2) + 12𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2
= 𝑜 (𝑑𝑘22) .

(86)

It follows that for sufficiently large 𝑘
∇𝑓 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)

= [∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)]𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑔𝑛𝑘 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)

= −𝑑𝑘2𝑇𝐻𝑘 (𝑑𝑘3 − 𝑑𝑘2)
− ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2) + 𝑜 (𝑑𝑘22)
= 12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) .
(87)

From Proposition 33 and Assumption 32, we have that

12𝑑𝑘2𝑇[[𝐻𝑘
− (∇2𝑓 (𝑥𝑘) + ∑

𝑖∈𝐼0(𝑥
∗)

𝜆𝑘2𝑖 ∇2𝑐𝑖 (𝑥𝑘))]]𝑑𝑘2 = 12
⋅ 𝑑𝑘2𝑇 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) 𝑑𝑘2 = 12
⋅ 𝑑𝑘2𝑇𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) 𝑑𝑘2 + 12
⋅ 𝑑𝑘2𝑇 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) �̃�𝑘2 = 12
⋅ 𝑑𝑘2𝑇𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2
+ 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) + 𝑜 (𝑑𝑘22)
= 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) + 𝑜 (𝑑𝑘22) .

(88)

From linear system (19), for sufficiently large 𝑘,
∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2

= (𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 − 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2) + 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
≤ 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 2𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘
≤ 12𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2

+ 12 [[−𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘)]] + 12𝛼𝑘
+ 𝑜 (𝑑𝑘22) .

(89)

Since 𝜆𝑘2𝑖 → 𝜆∗𝑖 > 0 for all 𝑖 ∈ 𝐼0(𝑥∗), we have, for sufficiently
large 𝑘,

12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘) + 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) < 0. (90)
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By (87), (88), and (89), we get

𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘3) − 𝑓𝑛𝑘 (𝑥𝑘)
= (𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘3) − 𝑓 (𝑥𝑘 + 𝑑𝑘3))

+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘 (𝑥𝑘))
+ (𝑓 (𝑥𝑘 + 𝑑𝑘3) − 𝑓 (𝑥𝑘))

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘3 + 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22)
+ 2𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + ∇𝑓 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) + 12𝛼𝑘

= ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + 12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) + 12𝛼𝑘

≤ 12𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ [[

12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘) + 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘))]]
+ 𝑜 (𝑑𝑘22) + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ (𝑢 − 12)[[𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 − ∑

𝑖∈𝐼0(𝑥
∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘)]]
+ 𝑜 (𝑑𝑘22) + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ (𝑢 − 12) [𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝑜 (𝑑𝑘22)] + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘,

(91)

which completes the proof.

Theorem 35. Under stated assumptions, we have

𝑥𝑘+1 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (92)

Proof. By the definition of 𝑃𝑘, we have𝑃𝑘𝐻𝑘𝑑𝑘3 = −𝑃𝑘𝑔𝑛𝑘 (𝑥𝑘) = −𝑃𝑘 (∇𝑓 (𝑥𝑘) − ∇𝑓 (𝑥∗)
+ 𝜆∗ (∇𝑐𝐼0(𝑥∗) (𝑥𝑘) − ∇𝑐𝐼0(𝑥∗) (𝑥∗)))
− 𝑃𝑘 (𝑔𝑛𝑘 (𝑥𝑘) − ∇𝑓 (𝑥𝑘)) = −𝑃𝑘∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗) (𝑥𝑘
− 𝑥∗) + 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) .

(93)

It follows from (93) that

𝑃𝑘∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗) (𝑥𝑘 + 𝑑𝑘3 − 𝑥∗)
= −𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘3 + 𝑜 (𝑥𝑘 − 𝑥∗)

+ 𝑜 (𝑑𝑘3) .
(94)

Since 𝑐𝐼0(𝑥∗)(𝑥∗) = 0, it is clear from linear system (21) that

∇𝑐𝐼0(𝑥∗) (𝑥𝑘)𝑇 𝑑𝑘3 = −𝑐𝐼0(𝑥∗) (𝑥𝑘) + 𝑜 (𝑑𝑘3)
= −∇𝑐𝐼0(𝑥∗) (𝑥𝑘)𝑇 (𝑥𝑘 − 𝑥∗)

+ 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) .
(95)

Let 𝐺𝑘 fl ( 𝑃𝑘∇2𝑥𝑥𝐿(𝑥∗ ,𝜆∗)
∇c𝐼0(𝑥∗)(𝑥

𝑘)
) and 𝐵𝑘 fl ( −𝑃𝑘(𝐻𝑘−∇2𝑥𝑥𝐿(𝑥∗ ,𝜆∗))𝑑𝑘3

0
).

From (94) and (95), we have

𝐺𝑘 (𝑥𝑘 + 𝑑𝑘3 − 𝑥∗) = 𝐵𝑘 + 𝑜 (𝑥𝑘 − 𝑥∗)
+ 𝑜 (𝑑𝑘3) . (96)

From Assumption 21, it is not difficult to see that when 𝑘 is
sufficiently large, 𝐺𝑘 have full column rank. It follows from
(96) and Assumption 32 that𝑥𝑘 + 𝑑𝑘3 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) , (97)

which implies that𝑥𝑘 + 𝑑𝑘3 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (98)

This completes the proof.

In sequel, we consider the following case: the KKT point𝑥∗ of problem (1a), (1b), (1c), and (1d) is an unconstrained
stationary with multiplier vector 𝜆∗ = 0. It is clear that∇𝑓(𝑥∗) = 0 and also 𝐼0(𝑥∗) = 0 in this case. Therefore,
we have form the construction of Algorithm 3 that, for suf-
ficiently large 𝑘, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0. In order to show the super-
linear convergence under this case. we firstly give two well-
known propositions.

Proposition 36. Assume that 𝑓(𝑥) is twice continuously dif-
ferentiable and ∇2𝑓(𝑥) is Lipschitz continuous on open convex
subset𝐷 ofF. Then, for arbitrary 𝑥, 𝑢, V ∈ 𝐷, we have∇𝑓 (𝑢) − ∇𝑓 (V) − ∇2𝑓 (𝑥) (𝑢 − V)

≤ 𝛾2 (‖𝑢 − 𝑥‖ + ‖V − 𝑥‖) ‖𝑢 − V‖ , (99)

where 𝛾 is a Lipschitz constant.
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Proposition 37. Assume that 𝑓(𝑥) and ∇2𝑓(𝑥) satisfy the
conditions in Proposition 36. If ∇2𝑓(𝑥) is symmetric positive
definite, then there exist 𝜀 > 0, 𝛽 > 𝛼 > 0 such that when
max{‖𝑢 − 𝑥‖, ‖V − 𝑥‖} ≤ 𝜀 with 𝑢, V ∈ 𝐷

𝛼 ‖𝑢 − 𝑥‖ ≤ ∇𝑓 (𝑢) − ∇𝑓 (V) ≤ ‖𝑢 − V‖ . (100)

In order to obtain the superlinear convergence of problem
(1a), (1b), (1c), and (1d) under the condition 𝐼0(𝑥∗) = 0, we
give the following assumption.

Assumption 38. The sequence of matrices {𝐻𝑘} satisfies(𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2𝑑𝑘2 → 0. (101)

Lemma 39. If 𝐼0(𝑥∗) = 0, then the step 𝑡𝑘 = 1 is accepted for
sufficiently large 𝑘.
Proof. Since 𝐼0(𝑥∗) = 0, 𝑐𝑖(𝑥∗) ̸= 0, ∀𝑖 ∈ 𝐼. It follows from𝑑𝑘2 → 0 that, for sufficiently large 𝑘, 𝑐𝑖(𝑥𝑘 + 𝑑𝑘2) ̸= 0, ∀𝑖 ∈𝐼. That is, 𝑥𝑘 + 𝑑𝑘2 is strictly feasible. To the end, we show
that inequality (23) also holds when 𝑡𝑘 = 1. By (5), (6), and𝑔𝑛𝑘(𝑥𝐾) = −𝐻𝑘𝑑𝑘2 , we have, for sufficiently large 𝑘,

𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘2) − 𝑓𝑛𝑘 (𝑥𝑘)
= (𝑓 (𝑥𝑘 + 𝑑𝑘2) − 𝑓 (𝑥𝑘))

+ (𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘2) − 𝑓 (𝑥𝑘 + 𝑑𝑘2))
+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘 (𝑥𝑘))

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 12𝛼𝑘
+ 𝑜 (𝑑𝑘2)

= 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + (∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘))𝑇 𝑑𝑘2
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 12𝛼𝑘 + 𝑜 (𝑑𝑘2)

≤ −12𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 12𝑑𝑘2𝑇 (∇2𝑓 (𝑥𝑘) − 𝐻𝑘) 𝑑𝑘2
+ 𝛼𝑘 + 𝑜 (𝑑𝑘2)

≤ −12𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝛼𝑘 + 𝑜 (𝑑𝑘2)
≤ −𝑢𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝛼𝑘 = 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘,

(102)

which completes the proof.

Theorem 40. Assume that 𝐼0(𝑥∗) = 0. If 𝑓(𝑥) and ∇2𝑓(𝑥)
satisfy the conditions in Propositions 36 and 37, then

𝑥𝑘+1 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (103)

Proof. Since 𝑔𝑛𝑘(𝑥𝑘) = −𝐻𝑘𝑑𝑘2 , we have
[𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)
= −𝑔𝑛𝑘 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥𝑘)
= [∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)]

+ [∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥𝑘)]
− ∇𝑓 (𝑥𝑘+1) .

(104)

It follows from Proposition 36 that∇𝑓 (𝑥𝑘+1)𝑥𝑘+1 − 𝑥𝑘 ≤ [𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)𝑥𝑘+1 − 𝑥k
+ ∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥∗)𝑥𝑘+1 − 𝑥𝑘
+ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
≤ [𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
+ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
+ 12 (𝑥𝑘 − 𝑥∗ + 𝑥𝑘+1 − 𝑥∗) .

(105)

By inequality (6), we have∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘 ≤ 1𝑑𝑘2 ⋅ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝛿1
𝑘

⋅ 1𝑛𝛿2
𝑘

≤ 𝑀 ⋅ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝛿1
𝑘

→ 0.
(106)

Hence, from (105) and (106), we have∇𝑓 (𝑥𝑘+1)𝑑𝑘2 → 0 as 𝑘 → ∞. (107)

By ∇𝑓(𝑥∗) = 0 and Proposition 37,∇𝑓 (𝑥𝑘+1) = ∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥∗)
≥ 𝛽 𝑥𝑘+1 − 𝑥∗ → 0. (108)

So, we have∇𝑓 (𝑥𝑘+1)𝑑𝑘2 ≥ 𝛽 𝑥𝑘+1 − 𝑥∗𝑥𝑘+1 − 𝑥∗ + 𝑥𝑘 − 𝑥∗ → 0, (109)

which implies that 𝑥𝑘+1 − 𝑥∗𝑥𝑘 − 𝑥∗ → 0. (110)

This completes the proof.
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5. Conclusion

In this paper, by quasi-Monte-Carlo-based approximations of
the objective function and its first derivative, we have pro-
posed a feasible sequential system of linear equationsmethod
for two-stage stochastic quadratic programming problem
with inequality constraint. A new technique to update the
“working set” is suggested. The feature of the new technique
is that, in order to update the “working set,” at each iteration
we directly make use of the solution 𝜆𝑘0 of linear system (16),
while we do not calculate the inverse of matrix 𝑀−1(𝑥) [27].
Moreover, it also does not need to approximate the Hessian
by Monte Carlo (or quasi-Monte-Carlo) rule. Therefore, our
algorithm saves the computational cost.Theother remarkable
feature of this technique is that it can accurately identify
active constraints of problem (1a), (1b), (1c), and (1d). It
should be pointed out that the technique also is useful for
deterministic nonlinear programming problemwith inequal-
ity constraints. We have shown that the sequence generated
by the proposed algorithm converges to a KKT point of
the problem globally. In particular the convergence rate is
locally superlinear under some additional conditions. To get
the superlinear convergence of the algorithm, we still need
the strict complementarity assumption. However, we believe
that, by using quasi-Monte-Carlo-based approximations and
the new identification technique, it is possible to find a
new algorithm without strict complementarity assumption.
Moreover, how to use parallel optimization techniques [31–
33] for the large scale stochastic programs with recourse is an
important topic for further research.
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This paper investigates the control problem of magnetic levitation system, in which velocity feedback signal is influenced by
stochastic disturbance. Firstly, single-degree-freedom magnetic levitation is regarded as an energy-transform action device. From
the view of energy-balance relation, the magnetic levitation system is transformed into port-controlled Hamiltonian systemmodel.
Next, based on the Hamiltonian structure, the control law of magnetic levitation system is designed by applying Lyapunov theory.
Finally, the simulation verifies the correctness of the proposed results.

1. Introduction

Magnetic levitation system is a class of typical nonlinear
system, which is difficult to establish accurate mathematical
model for the natural parameter of electromagnetic part
dependent times [1, 2]. Normally, a standard magnetic levita-
tion system consists of four parts: the sensors, the controller,
the power amplifier, and the electromagnetic drives.This kind
of system is a control system and its control objective is to
ensure that the soliquoid is in the normal position through a
series of feedback and control activities. The general process
is as follows: firstly, after comparing the given signal with
the feedback signal, they will be passed along regulating
circuit to power amplifier circuit; then the control currents
flow through the power amplifier; finally, the electromagnet
converts it to electromagnetic force to control the suspension
position. Shu et al. in [3] introduced the working principle of
the magnetic levitation system. Combined with the classical
theory of dynamics and electromagnet, the nonlinear equa-
tions of motion of the system are derived by the general form
of Lagrange equation, and after the linearization processing
around the operating point, the state space description of the
system is obtained.

In addition, the systems are always affected by stochas-
tic disturbance in many practical control problems, which

always lead to system instability [4]. Therefore, more and
more scholars and experts pay attention to the research of
stability and control of stochastic nonlinear systems and a
lot of research achievements have been made that greatly
promoted the development of the system research [5–9]. In
[9], the nonlinear stochastic H∞ control of It𝑜-type differ-
ential systems with all the state, control input, and external
disturbance is studied and a sufficient condition is given for
the finite/infinite horizon H∞ control of such a system by
means of Hamilton-Jacobi inequality. More recently, some
progress has been made toward solving the stability analysis
and controller design for stochasticHamiltonian systems [10–
12]. Sun and Peng in [12] studied the robust adaptive control
problem for a class of time-delay stochastic Hamiltonian
systems. An uncertainty-independent adaptive control law
is designed to guarantee that the closed-loop Hamiltonian
system is robustly asymptotically stable in the mean square.

Due to the highly nonlinear characteristics of the sys-
tem, the controller design problem will be solved based on
Hamiltonian energy theory. In fact, the energy-based Hamil-
tonian system method has been widely used in practical
systems control [11, 13–19]. Based on the Hamiltonian system
theory, the port-controlled Hamiltonian dissipative model
of magnetic levitation system was established in [19], by
using the Hamiltonian function as the storage function and
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the controller was designed, which is simple and easy to
implement. A key feature of the systems, which is useful
for stability analysis and stabilization, is that Hamiltonian
function in a port-Hamiltonian systems can be used as a
Lyapunov function which brings great convenience.

As is known, the controllers and regulators of the systems
are always unavoidably affected by stochastic disturbances,
and the study of the controlled systems with stochastic
disturbance is of practical significance. Different from what
have been studied, this present paper deals with the con-
troller design problem of the magnetic levitation system
with stochastic disturbances. Current efforts have been made
to dispose the control problem of the stochastic magnetic
levitation system on the basis of Hamiltonian energy theory.
We regard the magnetic suspension as the energy conversion
device and then derive a mathematical model of the single
degree of freedom stochasticmagnetic levitation system from
the point of energy balance, which is transformed into a port-
controlled Hamiltonian system. Consequently, the controller
of the stochastic magnetic levitation system is designed.
Finally, a simulation example is given to verify the validity
of the results.

The rest of this paper is organised as follows. Section 2
provides the problem formulation, the Hamiltonian mod-
eling process of the stochastic magnetic levitation systems,
and some preliminaries. Section 3 gives the main results. A
simulation example is worked out in Section 4 to illustrate
the results. Section 5 draws the concluding remarks.

Notations. ‖ ⋅ ‖ stands for either the Euclidean vector norm
or the induced matrix 2-norm. A function 𝑓(𝑥) ∈ C2

means that𝑓(𝑥) is a twice differentiable continuous function.
The notation 𝑋 ≥ 𝑌 (resp., 𝑋 > 𝑌), where 𝑋 and𝑌 are symmetric matrices, means that the matrix 𝑋 − 𝑌
is positive semidefinite (resp., positive definite). 𝜆max(𝑃)
(𝜆min(𝑃)) denotes the maximum (minimum) of eigenvalue
of a real symmetric matrix 𝑃. Throughout the paper, the
superscript “T” stands for matrix transposition. In addition,
for the sake of simplicity, we denote 𝜕𝐻/𝜕𝑥 by ∇𝐻.

2. Problem Description and Transformation

The physical model of the magnetic levitation train system,
which includes the concentrated mass of train carriages
(together with the supporting magnet) suspended on the
rigid lead rail is shown in Figure 1, where 𝑚 is the quality
of train carriage (including the supporting magnet); 𝑔 is
gravitational constant; 𝜃𝑀 is the gap between the supporting
magnet and the guide rail; 𝜃0 is the gap between the guide
rail and the reference plane; 𝜃 is the distance between the
supporting magnet and the reference plane; 𝜃𝑀 = 𝜃0 + 𝜃;𝐿(𝜃) is the self-inductance of magnetic coil, which depends
on the gap 𝜃; 𝑖 is the current flowing through magnet spool;𝑅 is the coil resistance; 𝑢 is the voltage at both ends of the
magnet spool.

By invoking Kirchoff ’s voltage law and Newtons second
law, the dynamic equations of the magnetic levitation system
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Magnet
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Figure 1: Physical model of magnetic suspension system.

can be obtained by taking the vertical upward direction as the
positive direction: 𝑚 ̈𝜃 = 𝐹 (𝑖, 𝜃) − 𝑚𝑔,

𝑢 = 𝑅𝑖 + Φ̇, (1)

where Φ = 𝐿(𝜃)𝑖 is the magnetic flux and 𝐹(𝑖, 𝜃) is the force
created by the electromagnet, which is given by

𝐹 (𝑖, 𝜃) = 12 𝜕𝐿𝜕𝜃 (𝜃) 𝑖2. (2)

Here we regard the flux Φ as the independent variable;
then (1) can be further transformed into the following forms:̇𝜃 = V,

𝑚V̇ = Φ24𝑘 − 𝑚𝑔,
Φ̇ = 𝑢 − 𝑅 Φ𝐿 (𝜃) ,

(3)

where 𝑘 = 𝜇0𝑁2𝑆/4, 𝜇0 is the permeability of vacuum,𝑁 is coil turns, and 𝑆 is the effective pole area of the
electromagnetic coil.

To obtain a port-controlled Hamiltonian model, we take
a suitable approximation for the inductance is 𝐿(𝜃) =2𝑘/(𝜃𝑀 − 𝜃). As is known, the speed of the rigid body will
be affected by stochastic disturbances during the operation
of the magnetic levitation system. Let 𝑥 = [Φ, 𝜃,𝑚 ̇𝜃]T =[𝑥1, 𝑥2, 𝑥3]T; due to the influence of stochastic disturbance,
the magnetic levitation system (3) can be modeled as the
following algebraic differential equations:

d𝑥1 = −𝑅𝑥1 (𝜃𝑀 − 𝑥2)2𝑘 d𝑡 + 𝑢d𝑡 + 𝑥3d𝑤 (𝑡) ,
d𝑥2 = 𝑥3𝑚 d𝑡,
d𝑥3 = 𝑥214𝑘d𝑡 − 𝑚𝑔d𝑡,

(4)
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where 𝑤(𝑡) is an independent standard Wiener process and
satisfies 𝐸{d𝑤(𝑡)} = 0 and 𝐸{d𝑤2(𝑡)} = d𝑡 and 𝐸 is the
expectation operator.

The objective of this paper is to find a feedback control
law as 𝑢 (𝑡) = 𝛼 (𝑡) (5)

to ensure that the stochastic magnetic levitation system (4)
with the controller (5) is asymptotically stable in the mean
square.

Obviously, system (4) is a nonlinear system. In order
to study the control problems of the stochastic magnetic
levitation system in view of the energy balance, we need to
convert it into a stochastic Hamiltonian system first. Taking
the total of electromagnetic energy andmechanical energy as
the Hamiltonian function, that is,

𝐻(𝑥) = 𝑥214𝑘 (𝜃𝑀 − 𝑥2) + 12𝑚𝑥23 + 𝑚𝑔𝑥2, (6)

then the magnetic levitation port-controlled Hamiltonian
system is obtained:

d𝑥 (𝑡) = (J − R) ∇𝐻 (𝑥) d𝑡 + g1𝑢d𝑡 + g2 (𝑥) d𝑤 (𝑡) , (7)

where

J = (0 0 00 0 10 −1 0) ,

R = (𝑅 0 00 0 00 0 0) ,

g1 = (100) ,

g2 (𝑥) = (𝑥300 ) .

(8)

According to the equilibrium condition of the system, the
speed of the rigid body reduced to zero when the system is
stable.Meanwhile, the electromagnetic force of the rigid body
is equal to the gravity that acting upon on it.Then, we can get𝑥∗1 = √4𝑘𝑚𝑔, 𝑥∗3 = 0. Therefore the equilibrium point of the
system is 𝑥∗ = [√4𝑘𝑚𝑔, 𝑥∗2 , 0]T.

It is evident that J is a skew symmetric matrix, that is, J =−JT, and R is a positive semidefinite matrix. Consequently, if𝑢 = 0 and 𝑤(𝑡) = 0, system (7) is a dissipative Hamiltonian
system since

L𝐻(𝑥) = −∇T𝐻(𝑥)R∇𝐻 (𝑥) . (9)

In order to design the controller of system (7), we
introduce the following definition.

Definition 1. If there exists a controller 𝑢 such that

lim
𝑡→∞

E {𝑥 (𝑡) − 𝑥∗2} = 0, (10)

the stochastic Hamiltonian system (7) is said to be asymptot-
ically stable in the mean square, where 𝑥(𝑡) is the solution of
system (7) at time 𝑡 under the initial condition 𝑥(𝑡0) = 𝑥0.

Next we introduce some auxiliary lemmas which will be
used in this paper.

Lemma 2 (see [6]). For system

d𝑥 (𝑡) = 𝑓 (𝑥 (𝑡)) d𝑡 + 𝑔 (𝑥 (𝑡)) d𝑤 (𝑡) , ∀𝑡 ≥ 0, (11)

assume that 𝑓(𝑥) and 𝑔(𝑥) are locally Lipschitz in 𝑥. For a
constant 𝐾 > 0 and any 𝑡 satisfies 𝑡 ≥ 0, there exists function𝑉(𝑥, 𝑡) ∈ C2,1(R𝑛 × [0,∞);R+) such that

L𝑉 ≤ 𝐾 (1 + 𝑉 (𝑥 (𝑡) , 𝑡)) ,
lim
|𝑥|→∞

inf
𝑡≥0

𝑉 (𝑥, 𝑡) = ∞; (12)

then from system (11) there exists a unique solution on [0,∞)
for any initial date 𝑥(𝑡0) = 𝑥0, where

L𝑉 = 12 tr{𝑔T (𝑥 (𝑡)) (𝜕2𝑉)𝜕𝑥2 𝑔 (𝑥 (𝑡))} + 𝜕𝑉𝜕𝑡
+ 𝜕𝑉𝜕𝑥 𝑓 (𝑥 (𝑡)) .

(13)

Lemma 3 (see [4]). Let 𝑉(𝑥, 𝑡) ∈ C2,1(R𝑛 × [0,∞);R+);𝜏1, 𝜏2 are the bounded stopping time and satisfy 0 ≤ 𝜏1 ≤ 𝜏2.
If 𝑉(𝑥, 𝑡) andL𝑉(𝑥, 𝑡) are both bounded on 𝑡 ∈ [𝜏1, 𝜏2], then

𝐸 {𝑉 (𝑥 (𝜏2) , 𝜏2) − 𝑉 (𝑥 (𝜏1) , 𝜏1)}
= 𝐸∫𝜏2
𝜏
1

L𝑉 (𝑥, 𝑡) d𝑡. (14)

Lemma 4. For any given matrices 𝐴 ∈ R𝑛×𝑟 and 𝐺 ∈ R𝑛×𝑛, if𝐺 ≥ 0, it follows that
tr (𝐴T𝐺𝐴) ≤ 𝜆max (𝐺) tr (𝐴T𝐴) . (15)

3. Controller Design of Stochastic Magnetic
Levitation System

In this section, we will put forward the controller design
scheme for stochastic magnetic levitation system (4). To
this end, the stabilization problem of stochastic Hamiltonian
system (7) is to be discussed first.

Consider system (7). Choose Lyapunov function as

𝑉 (𝑥) = 𝐻 (𝑥) − 𝐻 (𝑥∗) ≥ 0. (16)
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Suppose that the Hamiltonian function 𝐻(𝑥) ∈ C2 and
satisfies

𝐻(𝑥) ≥ 𝛼 𝑥 − 𝑥∗2 , (17)

∇T𝐻(𝑥) ∇𝐻 (𝑥) ≥ 𝛽 𝑥 − 𝑥∗2 , (18)

where 𝛼 and 𝛽 are positive scalars.
According to It𝑜 differential equations, it can be obtained

that

d𝑉 (𝑥) = L𝑉 (𝑥) d𝑡 + ∇𝑉 (𝑥) g2 (𝑥) d𝑤 (𝑡) , (19)

where

L𝑉 (𝑥) = −∇T𝐻(𝑥)R∇𝐻 (𝑥)
+ tr [gT2 (𝑥)Hess (𝐻 (𝑥)) g2 (𝑥)]
+ ∇T𝐻(𝑥) 𝑔1𝑢.

(20)

If we set suitable scalars 𝜆 and 𝜇, then we have

tr [gT2 (𝑥)Hess (𝐻 (𝑥)) g2 (𝑥)]
≤ 12 tr [gT2 (𝑥)Hess (𝐻 (𝑥))HessT (𝐻 (𝑥)) g2 (𝑥)]

+ 12 tr [gT2 (𝑥) g2 (𝑥)]
≤ ∇T𝐻(𝑥) [12 (𝜆 + 1) 𝜇𝐼] ∇𝐻 (𝑥) .

(21)

So the stabilization may be achieved by designing a suitable
controller for system (7). The following theorem provides a
feasible scheme.

Theorem 5 (consider system (7)). Suppose the Hamiltonian
function 𝐻(𝑥) satisfies (17) and (18). Then, the closed-loop
stochastic Hamiltonian system of (7) is asymptotic stable in the
mean square under the feedback control law

𝑢 = − [gT1 g1]−1 gT1 [12 (𝜆 + 1) 𝜇𝐼 + 𝐼]∇𝐻 (𝑥) , (22)

where 𝜆 and 𝜇 are scalars which satisfies 𝜆 =
sup𝑡≥0‖𝐻𝑒𝑠𝑠(𝐻(𝑥))‖2 and 𝜇 ≥ 𝛽−1 tr[gT2 (𝑥)⋅g2(𝑥)]⋅‖𝑥−𝑥∗‖−2.
Proof. Substituting (22) into (7) yields

d𝑥 (𝑡) = (J − R) ∇𝐻 (𝑥) d𝑡
− [12 (𝜆 + 1) 𝜇𝐼 + 𝐼]∇𝐻 (𝑥) d𝑡
+ g2 (𝑥) d𝑤 (𝑡) .

(23)

Combining (18), (20), (21), and (23), we obtain

L𝑉 (𝑥) ≤ −∇T𝐻(𝑥) ∇𝐻 (𝑥) ≤ −𝛽 𝑥 − 𝑥∗2 ; (24)

then 𝐸 {L𝑉 (𝑥)} ≤ −𝛽𝐸 {𝑥 − 𝑥∗2} . (25)

According to Lemma 3, the following formula was estab-
lished: for all 𝑡 > 0,

𝐸 {𝑉 (𝑡)} − 𝐸 {𝑉 (0)} = ∫𝑡
0

𝐸 {L𝑉 (𝑠)} d𝑠
≤ ∫𝑡
0

𝐸 {−𝛽 𝑥 (𝑠) − 𝑥∗2} d𝑠. (26)

Therefore, the following formula was established:

d
d𝑡𝐸 {𝑥 − 𝑥∗2} ≤ −𝛽𝛼𝐸 {𝑥 − 𝑥∗2} . (27)

Set 𝑏 = −𝛽/𝛼 and multiplying 𝑒−𝑏𝑡 to the two sides of the
inequality (27), we have

𝑒−𝑏𝑡 d
d𝑡𝐸 {𝑥 − 𝑥∗2} − 𝑒−𝑏𝑡𝑏𝐸 {𝑥 − 𝑥∗2} ≤ 0, (28)

that is,

d
d𝑡 (𝑒−𝑏𝑡𝐸 {𝑥 − 𝑥∗2}) ≤ 0. (29)

Integrating inequality (29) from 𝑡0 to 𝑡, we get
𝑒−𝑏𝑡𝐸 {𝑥 − 𝑥∗2} − 𝐸 {𝑥0 − 𝑥∗2} ≤ 0, (30)

that is, 𝐸 {𝑥 − 𝑥∗2} ≤ 𝑒𝑏𝑡𝐸 {𝑥0 − 𝑥∗2} , ∀𝑡 > 0. (31)

Since 𝑏 < 0, which implies that

lim
𝑡→∞

𝐸 {𝑥 − 𝑥∗2} = 0, (32)

system (7) is asymptotic stable in the mean square under
the feedback control law (22). This completes the proof.

Remark 6. Since 𝐻(𝑥) ∈ C2, g2(𝑥) are continuous functions
and according to Lemma 2, we can conclude that the solution
of the closed-loop system (23) is unique for any initial
condition in the neighborhood of the equilibrium point 𝑥∗.

Next, we consider the stochastic magnetic levitation
system (4). Obviously, there exist positive scalars 𝛼 and 𝛽
which make system (4) meet the inequalities (17) and (18) in
Theorem 5; thus we can get the following conclusions.

Theorem 7. The stochastic magnetic levitation system (4) is
asymptotic stable in the mean square under the feedback
control law

𝑢 = − [12 (𝜆 + 1) 𝜇 + 1] 𝑥12𝑘 (𝜃𝑀 − 𝑥2) , (33)

where 𝜆 = sup𝑡≥0‖𝐻𝑒𝑠s((𝑥21/4𝑘)(𝜃𝑀 − 𝑥2) + (1/2𝑚)𝑥23 +𝑚𝑔𝑥2)‖2 and 𝜇 is a scalar and satisfies 𝜇 ≥ 𝑥23/(𝛽‖𝑥‖2).
Proof. Because of the stochastic magnetic levitation system
(4) is equivalent to system (7), substitute g1 into system (7)
and the formula (6) into (22); we can get controller (33). The
rest of the proof is omitted here.
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4. Illustrative Examples

In this section, a simulation example is given to verify the
correctness of the results obtained in this paper. The relevant
parameters are given as follows: 𝑅 = 4Ω, 𝑚 = 0.01 g, 𝜃𝑀 =0.01m, 𝑘 = 0.05, 𝑔 = 0.0098N/g, and 𝜃0 = 0.1 cm. By
calculating, we take 𝜆 = 100 and 𝜇 = 10.

According to Theorem 7, we can see that system (4) is
asymptotically stable in the mean square under the feedback
control law

𝑢 = −5060𝑥1 (𝜃𝑀 − 𝑥2) . (34)

Thevelocity curve of the rigid body is shown in Figure 2. It
shows that the designed controller canmake the system reach
to the equilibrium point quickly. Figure 3 is the displacement
curve of the rigid body; the displacement can also quickly
reach to the equilibrium point.

5. Conclusion

This paper has investigated the control problem of stochas-
tic magnetic levitation system. By regarding the magnetic
levitation as the energy conversion device, we derived the
mathematical model of single degree of freedom magnetic
levitation system with stochastic disturbance from the point
of view of the energy balance, and then the model can
be transformed into a port-controlled Hamiltonian system.
Then the controller of the stochastic magnetic levitation
systemhas been designed based on the obtainedHamiltonian
system model. Finally, the correctness of the conclusion has
been verified by simulations. The main innovation of this
paper is that we have fully taken into account the effect
of random disturbances on the magnetic levitation system
and solve the control problem under Hamiltonian systems
framework by making full use of the dissipative structural
properties of the Hamiltonian systems.
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This paper investigates, both theoretically and numerically, preferential random walks (PRW) on weighted complex networks.
By using two different analytical methods, two exact expressions are derived for the mean first passage time (MFPT) between
two nodes. On one hand, the MFPT is got explicitly in terms of the eigenvalues and eigenvectors of a matrix associated with the
transition matrix of PRW. On the other hand, the center-product-degree (CPD) is introduced as one measure of node strength
and it plays a main role in determining the scaling of the MFPT for the PRW. Comparative studies are also performed on PRW
and simple random walks (SRW). Numerical simulations of random walks on paradigmatic network models confirm analytical
predictions and deepen discussions in different aspects. The work may provide a comprehensive approach for exploring random
walks on complex networks, especially biased random walks, which may also help to better understand and tackle some practical
problems such as search and routing on networks.

1. Introduction

In the past two decades, as the effective modelling of a wide
range of complex systems, complex networks have attracted
much attention from both theorists and technologists [1].
Most efforts were devoted to uncover the universal topolog-
ical properties of real systems [2]. Many empirical studies
revealed that a large variety of real-world networks display
simultaneously small-world phenomenon [3] and scale-free
nature [4]. These global properties imply a large connectivity
heterogeneity. It is evidenced by power-law degree distribu-
tions and small average distance between nodes, together
with strong clustering. But an even more intriguing task is to
understand the interplay between the structure of complex
networks and various dynamical processes taking place on
them. The processes include epidemic spreading [5] and
traffic flow [6]. Such processes have potential applications
in the control of stochastic systems [7–10]. It has been
demonstrated that the structural properties of networks play

an important role in determining the dynamical features of
these processes [2].

As a paradigmatic dynamical process, random walks
on complex networks [11] have been widely explored due
to their basic dynamic properties and broad applications
[12]. In recent years, there has been increasing interest in
random walks on small-world networks [13, 14] and scale-
free networks [15, 16]. The structural properties affect deeply
the nature of the diffusive and relaxation dynamics of the
random walk [14, 16]. Such interest is well motivated since
the random walks could also be a mechanism of search and
routing on complex networks [17–21]. Random walks can be
used to detect unknown paths [20], design dynamic routing
in wireless sensor networks [21], and so on. Furthermore,
to improve search performance, various modified random
walks schemes have been proposed, such as self-avoiding
walks [22] and coverage-adaptive walks [23].

Those modified random-walk strategies, however, are
in most cases too complicated to be solved analytically.
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In addition, despite some studies of biased or preferential
random walks [18, 24–26], a general framework for the
scaling behaviour of the walks in networks with different
topologies has not been available. That is to say, there is
not a unified approach for understanding the behaviour
of biased random walks. In this paper, we will develop a
simplified random-walkmodel of unifying different random-
walk strategies so that one could better understand results
about mean first passage time (MFPT).

MFPT is an important characteristic of random walks
on networks, which is investigated in various situations,
especially in characterizing search efficiency [17, 19, 27]. The
MFPT fromnode 𝑖 to 𝑗, denoted by ⟨𝑇𝑖𝑗⟩, is the expected steps
taken by a walker to reach node 𝑗 for the first time starting
from node 𝑖. In complex networks, MFPTs of random walks
heavily depend on the underlying network topology. MFPT
of a single random walker in complex networks [28] has
been extensively studied. For random walks on the family of
small-world networks, mean field approximation was applied
to get the analytic result for MFPT [13]. By using Laplace
transform, an exact expression for the MFPT of random
walks on complex networks was derived [11]. Adopting the
theory proposed in [29] led to explicit solutions of the MFPT
for randomwalks on self-similar networks [30].The solutions
highlighted two strongly different scaling behaviours of the
MFPT for different types of randomwalks. For randomwalks
in a general graph, an explicit formula of the global MFPT to
a trap node was provided [31]. The formula is expressed in
terms of eigenvalues and eigenvectors of Laplacianmatrix for
the graph.

However, those results about MFPT are in various forms
and difficultly make a unified understanding. In many
circumstances, they are not beneficial for revealing the
interactions between the structural properties and random-
walk dynamical behaviours. Moreover, the impacts of node
strength on scaling properties of the MFPT remain less
understood. To meet the above shortfall, we will attempt to
establish a unified random-walk model in a tractable way.
And we expect that some unified analytic results could be
obtained for the statistics of the random-walk system. For
this object, we take advantage of random walks on weighted
networks and thus can make use of reversible Markov
chains theory. Based on local information of the degrees of
current node and its nearest neighbors, we attach different
edge weights and then construct different random walks on
weighted networks. We focus on preferential random walks
(PRW) and simple random walks (SRW). We can consider
the influence of node strength on the behaviour of random
walks by PRW and SRW.

In the following, we develop a comprehensive approach
for exploring the scaling behaviour of discrete-time random
walks on complex networks. We mainly investigate PRW on
complex networks and make comparative study with SRW.
In Section 2, we give preliminaries and terminologies for
random walks. In Section 3, we first attach weight 𝑐𝑖𝑗 = 𝑑𝑗𝑑𝑖
to each edge and construct PRW through random walks on
weighted networks. Then, we derive two exact expressions of
the MFPT between two nodes for PRW on networks. One is
a spectra formula obtained by the method of matrix analysis;

the other is a probabilistic formula got by the method of
stopping time. Accordingly, based on the two formulas for
MFPT, we get the analytical formulas of the average over
MFPTs (AMFPTs) between all node pairs. In Section 4,
numerical simulations of an ensemble of random walkers
moving on paradigmatic network models confirm analytical
predictions and deepen discussions in different aspects.
The network models include simple ER random networks,
NW small-world networks, and BA scale-free networks. We
discuss the effects of the structural heterogeneity on the
MFPT and AMFPT. Through the comparison of PRW and
SRW in networks, we unveil the CPD-based assortativity of
network structure.We also interpret and handle some search-
related issues by random walks, such as search efficiency in
target problem, sensitivity of the total average search cost
affected by the source node’s location, network searchability,
anddifference of the scaling behaviours for search cost among
the three strategies ofmaximum-degree-search (MDS), PRW,
and SRW.

2. Preliminaries and Terminologies

A simple random walk on a connected, undirected network𝐺with𝑁 nodes is a Markov chain whose states are the nodes
of 𝐺. The walk begins with a walker at some node, and at
each tick of the clock, the walker moves to a neighbor of
its current position at random (uniformly). If instead the
transition probabilities are biased according to edge weights,
one obtains a general reversibleMarkov chain. In this section,
we give a brief introduction to reversible Markov chains
and random walks on weighted networks. We review basic
concepts and some fundamental issues that are handy in
proving our main results.

We describe a discrete-time Markov chain as follows:
Consider a stochastic process (𝑋𝑡 : 𝑡 = 0, 1, 2, . . .) with a
finite state space𝑉 = {1, 2, . . . , 𝑁}.Theprocess starts in one of
these states andmoves successively from one state to another.
If the chain is currently in state 𝑖𝑛, then it moves to state 𝑖𝑛+1
at the next step with a probability denoted by 𝑝𝑖𝑗, and this
probability is independent of the past states and depends only
on the current state; that is,

𝑃 (𝑋𝑛+1 = 𝑖𝑛+1 | 𝑋0 = 𝑖0, 𝑋1 = 𝑖1, . . . , 𝑋𝑛 = 𝑖𝑛)
= 𝑃 (𝑋𝑛+1 = 𝑖𝑛+1 | 𝑋𝑛 = 𝑖𝑛) = 𝑝𝑖𝑗, (1)

where 𝑖0, 𝑖1, . . . , 𝑖𝑛+1 ∈ 𝑉, 𝑛 ≥ 0.
The probabilities 𝑝𝑖𝑗 = 𝑃(𝑋𝑛+1 = 𝑗 | 𝑋𝑛 = 𝑖) are

called one-step transition probabilities, which constitute the
transition matrix 𝑃 = (𝑝𝑖𝑗) of the chain. Accordingly, the 𝑡-
steps transition probabilities are 𝑃(𝑋𝑡 = 𝑗 | 𝑋0 = 𝑖) = 𝑝(𝑡)𝑖𝑗 ,
where 𝑃(𝑡) = 𝑃𝑃 ⋅ ⋅ ⋅ 𝑃 is the 𝑡-fold matrix product. Write𝑃𝑖(⋅) and 𝐸𝑖(⋅) for probabilities and expectations for the chain
starting at state 𝑖 and time 0. More generally, write 𝑃𝜌(⋅) and𝐸𝜌(⋅) for probabilities and expectations for the chain starting
at time 0 with distribution 𝜌.

For the Markov chain with the state space 𝑉 ={1, 2, . . . , 𝑁}, we say that the distribution 𝜋 = (𝜋1, 𝜋2, . . . ,𝜋𝑁)⊤ is stationary or steady for the state space𝑉 if 𝜋⊤ = 𝜋⊤𝑃;
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that is, for any 𝑗 ∈ 𝑉, 𝜋𝑗 = ∑𝑖∈𝑉 𝜋𝑖𝑝𝑖𝑗. It is well known
that any finite irreducible aperiodicMarkov chain has exactly
one stationary distribution [32]. The stationary distribution
plays the main role in asymptotic results as follows. We
consider a finite irreducibleMarkov chain with the stationary
distribution 𝜋. Let 𝑁𝑖(𝑡) be the number of visits to state 𝑖
during times (0, 1, . . . , 𝑡 − 1). Then for any initial distribution
[33],

𝑁𝑖 (𝑡)𝑡 → 𝜋𝑖 a.s, as 𝑡 → ∞. (2)

If the chain is aperiodic, then, for all 𝑖 ∈ 𝑉 [34],

𝑃 (𝑋𝑡 = 𝑖) → 𝜋𝑖, as 𝑡 → ∞. (3)

Further, in terms of the stationary distribution, it is easy
to formulate the property of time reversibility [32, 33]: it is
equivalent to saying that for every pair 𝑖, 𝑗 ∈ 𝑉

𝜋𝑖𝑝𝑖𝑗 = 𝜋𝑗𝑝𝑗𝑖. (4)

That is, in a chainwith time reversibility, we step as often from𝑖 to 𝑗 as from 𝑗 to 𝑖. More vividly, given that a move of the
chain runs forwards and the samemove runs backwards, you
cannot tell which is which. At this point, we call the chain
reversible.

Now, we shift attention to random walks on weighted
networks [35, 36]. We consider a finite nonbipartite network
(or graph)𝐺 = (𝑉, 𝐸) with𝑁 nodes (or vertices, sites) and𝑀
edges connecting them. Here, we consider only a connected
network; that is, there is at least one path linking any two
nodes on the network. The connectivity is represented by
the adjacency matrix 𝐴 with entries 𝑎𝑖𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑁.𝑎𝑖𝑗 = 1 if there is an edge between nodes 𝑖 and 𝑗; otherwise𝑎𝑖𝑗 = 0. We also assume all 𝑎𝑖𝑖 = 0 conventionally. That is
to say, the network we consider has no multiple edges and
has no self-loops. The degree 𝑑𝑖 of node 𝑖 is defined as the
number of connected neighbors; that is, 𝑑𝑖 = ∑𝑁𝑗=1 𝑎𝑖𝑗. For the
network 𝐺 = (𝑉, 𝐸), if 𝑎𝑖𝑗 = 1, we assign a positive weight0 < 𝑐𝑖𝑗 = 𝑐𝑗𝑖 < ∞ to edge (𝑖, 𝑗); otherwise, if 𝑎𝑖𝑗 = 0, namely,
the edge (𝑖, 𝑗) is absent, we attach weight 𝑐𝑖𝑗 = 𝑐𝑗𝑖 = 0. Writing𝑐 for the function 𝑖𝑗 → 𝑐𝑖𝑗, we have obtained the weighted
network (𝐺, 𝑐) [1, 37].

We define a random walk on the weighted network as a
sequence of random variables (𝑋𝑡 : 𝑡 = 0, 1, 2, . . .), each
taking values in the set 𝑉 of nodes. And the walk is such
that if 𝑋𝑡 = 𝑖, namely, at time 𝑡 the walker is at node 𝑖,
then with the transition probability 𝑝𝑖𝑗 = 𝑐𝑖𝑗/∑𝑗 𝑐𝑖𝑗 the walker
hops to one neighbor 𝑗 at the next time 𝑡 + 1; that is to say,
the walker randomly selects a neighboring node as its next
dwelling point according to edge weights. Clearly, the walk(𝑋𝑡 : 𝑡 = 0, 1, 2, . . .) can be described by a Markov chain with
the finite space𝑉, whose transition matrix 𝑃 satisfies [35, 36]

𝑝𝑖𝑗 = 𝑃 (𝑋𝑡+1 = 𝑗 | 𝑋𝑡 = 𝑖) = {{{
𝑐𝑖𝑗𝑐𝑖 , (𝑖, 𝑗) ∈ 𝐸,
0, (𝑖, 𝑗) ∉ 𝐸, (5)

where 𝑐𝑖 = ∑𝑗∈𝜏(𝑖) 𝑐𝑖𝑗. The sum 𝑐𝑖, called the strength of node 𝑖,
runs over the set 𝜏(𝑖) of all the connected neighbors of 𝑖. Such
a chain is reversible with the stationary distribution [35, 36]

𝜋 = (𝜋1, 𝜋2, . . . , 𝜋𝑁)⊤ , where 𝜋𝑖 = 𝑐𝑖𝑐 , (6)

since 𝜋𝑖𝑝𝑖𝑗 = 𝜋𝑗𝑝𝑗𝑖 = 𝑐𝑖𝑗/𝑐. Note that 𝑐 = ∑𝑖 𝑐𝑖 is the total edge
weight, when each edge is counted twice, that is, once in each
direction.

In fact, by configuring the edge weights 𝑐𝑖𝑗, we can get
corresponding node strengths 𝑐𝑖 [37] and thus can control the
scaling behaviour of the random walks. The weight hetero-
geneity could play an essential role in dynamical processes
on networks [6], including random-walk dynamics.Thismay
also have potential reference value in the control design for
stochastic systems [38–41]. If we assign weight 𝑐𝑖𝑗 = 1 to each
edge (𝑖, 𝑗), then the random walk on the weighted network
is a simple random walk. The transition matrix of the simple
random walk is described by

𝑝𝑖𝑗 = {{{
1𝑑𝑖 , (𝑖, 𝑗) ∈ 𝐸,
0, (𝑖, 𝑗) ∉ 𝐸. (7)

By using (6), it is easy to prove that the unique stationary
distribution of the simple random walk becomes

𝜋 = ( 𝑑12𝑀, 𝑑22𝑀, . . . , 𝑑𝑁2𝑀)⊤ , (8)

where𝑀 is the number of edges of the network 𝐺.
3. Mean First Passage Time of Preferential
Random Walks

In this section, we present a systematic study of preferential
random walks in a general connected nonbipartite network𝐺 = (𝑉, 𝐸) with 𝑁 nodes and 𝑀 edges. MFPT is one
basic characteristic of the random walks, since it contains
a great deal of useful knowledge about the random-walk
dynamics. We will derive two analytical expressions for
MFPT between source node and target node, based on which
we obtain the closed-form formulas of AMFPT between
all node pairs. First, through applying the matrix analysis
approach proposed in [42, 43], we obtain an exact solution to
theMFPT, which is expressed in terms of the eigenvalues and
eigenvectors of a matrix associated with the transitionmatrix
of PRW. Then, by employing the stopping time technique
developed in [44], we get a probabilistic formula for the
MFPT, which provides the dependence of MFPT on the CPD
of target node.

3.1. Formulation of PRW. To perform a random walk on a
complex network, each node needs to calculate the transition
probability from the node to each of its neighbors, but
the knowledge available to this endpoint is limited to its
local information. Thus the real question we need to ask
is: what is the local information necessary and sufficient to
calculate good transition probabilities at each node? In this
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paper, we implement preferential random walks on complex
networks, in which the walker is prone to a high-degree
neighboring node. Preferential random walks on complex
networks are defined by following rule: Suppose a particle (or
randomwalker) wanders on the network. It randomly selects
a neighboring node as its next dwelling point according to the
degrees of neighboring nodes.That is to say, the probability of
heading to any neighboring node is𝑝𝑖𝑗 = 𝑑𝑗/∑𝑗∈𝜏(𝑖) 𝑑𝑗, where𝑑𝑗 denotes the degree, the number of connected neighbors, of
a node 𝑗, and 𝜏(𝑖) denotes all the connected neighbors of node𝑖. Representing 𝑝𝑖𝑗 as 𝑑𝑗𝑑𝑖/∑𝑗∈𝜏(𝑖) 𝑑𝑗𝑑𝑖, we can apply random
walks on weighted networks to study preferential random
walks and simple random walks as well. Thus, we can use a
unified approach to explore preferential random walks and
simple random walks.

If we attach weight 𝑐𝑖𝑗 = 𝑑𝑗𝑑𝑖 to each edge (𝑖, 𝑗), then
the random walk on the weighted network is a preferential
random walk with the transition matrix as follows:

𝑝𝑖𝑗 = {{{{{
𝑑𝑗𝑑𝑖∑𝑗∈𝜏(𝑖) 𝑑𝑗𝑑𝑖 , (𝑖, 𝑗) ∈ 𝐸,

0, (𝑖, 𝑗) ∉ 𝐸. (9)

According to (6), the preferential random walk has a sta-
tionary distribution 𝜋 = (𝜋1, 𝜋2, . . . , 𝜋𝑁)⊤ that is a unique
probabilistic vector satisfying

𝜋𝑗 = ∑𝑖∈𝜏(𝑗) (𝑑𝑖𝑑𝑗)∑𝑗∑𝑖∈𝜏(𝑗) (𝑑𝑖𝑑𝑗) . (10)

There is a measure of node strength, that is, 𝑑𝑗∑𝑖∈𝜏(𝑗) 𝑑𝑖,
in the definition of the PRW and the expression for the
MFPT; see (9) and (43). We call it the center-product-degree(CPD) of the node 𝑗 and denote it by CPD𝑗. The CPD heavily
characterizes the behaviour of PRW on the network. There is
a close relationship between CPD and network assortativity
[1]. For a degree-correlation network, if the center-product-
degree CPD𝑗 of node 𝑗 is an increasing function of the
degree 𝑑𝑗 of node 𝑗, then we say that the network is weekly
assortative, whereas if the CPD𝑗 is decreasing function of𝑑𝑗, the network is strongly disassortative. Obviously, if the
network is assortative, then it will be weakly assortative,
while if the network is strongly disassortative, then it will
be disassortative. We will numerically explore the CPD-
based assortativity and homogeneity of network structure by
random walks in Section 4.1.2.

In fact, the above-mentioned various types of biased ran-
dom walks in networks [24–26] can also be transformed into
random walks on weighted networks equivalently in similar
way. For example, a biased random walk in uncorrelated
networks and a biased𝑁 lions-lamb model were introduced
in [24, 25], respectively. In the two articles, the bias is defined
by the preferential transition probability 𝑝𝑖𝑗 = 𝑑𝛼𝑗 /∑𝑗∈𝜏(𝑖) 𝑑𝛼𝑗 ,
where 𝑑𝑗 denotes the degree of a node 𝑗 and 𝜏(𝑖) represents
the set of node 𝑖’s nearest neighbors. We can attach edge
weight 𝑐𝑖𝑗 = (𝑑𝑗𝑑𝑖)𝛼 and thus revisit the biased randomwalks.
Another example is the Lévy randomwalks in [26] which can
be got by configuring general weight 𝑐𝑖𝑗 = (𝑑𝑖𝑗)−𝛼 between
node 𝑖 and node 𝑗 where 𝑑𝑖𝑗 denotes the shortest path length.

Remark 1. The framework here, together with the following
main results, may provide a unified approach to improve the
understanding of the behaviour of various random walks in
networks, especially biased random walks.

3.2.Main Results. For the sake of clearness, let us first remind
the reader of basic notions and terms about the MFPT. For
node 𝑗, define two first passage times as

𝑇𝑗 = min {𝑡 ≥ 0 : 𝑋𝑡 = 𝑗} ,
𝑇+𝑗 = min {𝑡 ≥ 1 : 𝑋𝑡 = 𝑗} . (11)

As the random walks frequently start out at different initial
nodes, it is important to distinguish the two first passage
times. Write ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇+𝑗 and ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇𝑗, the angle bracket
“⟨ ⟩” represents “Mean.” Given that 𝑋0 = 𝑖, of course 𝑇𝑗 = 0
when 𝑗 = 𝑖; in this case we call𝑇+𝑗 the first return time to node𝑖. Correspondingly,

⟨𝑇𝑖𝑖⟩ = 𝐸𝑖𝑇𝑖 = 0, (12)

and we call

⟨𝑇𝑖𝑖⟩ = 𝐸𝑖𝑇+𝑖 (13)

themean first return time (MFRT) to node 𝑖, that is, the mean
number of steps needed to return to any starting point 𝑖. On
the other hand, if 𝑖 ̸= 𝑗,

⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇𝑗 = 𝐸𝑖𝑇+𝑗 = ⟨𝑇𝑖𝑗⟩ ; (14)

in this situation we call them the mean first passage time
(MFPT) of 𝑗 from 𝑖, namely, the expected time it takes to reach
node 𝑗 starting from node 𝑖. Occasionally, ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇+𝑗 is also
called themean access time or themean hitting time of 𝑗 from𝑖.
3.2.1. Method of Matrix Analysis. We now extend the matrix
analysis approach developed in [42, 43] to compute theMFPT⟨𝑇𝑖𝑗⟩ (𝑖 ̸= 𝑗) of a discrete-PRW walker to target node 𝑗 and
the AMFPT. We thus get explicitly their dependence on the
eigenvalues and eigenvectors of a matrix associated with the
transition matrix of the PRW. We finish the calculation and
derivation in the following two steps.

(i) Diagonalizing the transition matrix 𝑃 of the PRW

We use 𝑃 to define one matrix

𝑆 : 𝑠𝑖𝑗 = 𝜋𝑖1/2𝑝𝑖𝑗𝜋𝑗−1/2, namely 𝑆 = 𝐷−1/2𝜋 𝑃𝐷1/2𝜋 , (15)

where 𝐷𝜋 = diag(1/𝜋𝑗) is a diagonal matrix, of which 𝜋𝑗 =∑𝑖∈𝜏(𝑗)(𝑑𝑖𝑑𝑗)/∑𝑗∑𝑖∈𝜏(𝑗)(𝑑𝑖𝑑𝑗), 𝑗 = 1, 2, . . . , 𝑁.
Clearly, 𝑆 is symmetric due to the time reversibility of

the PRW; namely, 𝜋𝑖𝑝𝑖𝑗 = 𝜋𝑗𝑝𝑗𝑖. Then 𝑆 can be diagonalized
and has the same set of eigenvalues as 𝑃. Let 𝜆1, 𝜆2, . . . , 𝜆𝑁
be the 𝑁 eigenvalues of 𝑆, rearranged as 1 = 𝜆1 > 𝜆2 ≥⋅ ⋅ ⋅ ≥ 𝜆𝑁 ≥ −1, and let 𝑢1, 𝑢2, . . . , 𝑢𝑁 be the corresponding
orthogonal eigenvectors of unit length. Here we take 𝑢1 =



Mathematical Problems in Engineering 5

(𝜋11/2, 𝜋21/2, . . . , 𝜋𝑁1/2)𝑇 since the relation ∑𝑖 𝜋𝑖𝑝𝑖𝑗 = 𝜋𝑗
holds, 𝑗 = 1, 2, . . . , 𝑁. Hence we can describe 𝑆 in a spectral
representation:

𝑆 = 𝑈Λ𝑈𝑇 = 𝑁∑
𝑘=1

𝜆𝑘𝑢𝑘𝑢𝑇𝑘 . (16)

Considering (15) and (16), one can easily obtain

𝑃 = 𝑃∗ + 𝑁∑
𝑘=2

𝜆𝑘𝐷1/2𝜋 𝑢𝑘𝑢𝑇𝑘𝐷−1/2𝜋 , (17)

where 𝑃∗ = 1𝜋𝑇; that is, the entry of 𝑃∗ is 𝑝∗𝑖𝑗 = 𝜋𝑗.
(ii) Constituting matrix 𝑇 with MFPTs ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇𝑗 and

solving the matrix equation for 𝑇
Since the first step takes the walker to a neighbor V of node 𝑖
with the probability 𝑝𝑖V = 𝑑V𝑑𝑖/∑V 𝑑V𝑑𝑖, one has

⟨𝑇𝑖𝑗⟩ = 1 + 𝑑V𝑑𝑖∑V 𝑑V𝑑𝑖 ∑V∈𝜏(𝑖) ⟨𝑇

V𝑗⟩ , (18)

if 𝑖 ̸= 𝑗. According to (18), we can write an expression in
matrix notation

𝐹 = 𝐽 + 𝑃𝑇 − 𝑇, (19)

where any element of matrix 𝐽 is 1. Applying (18) says that
𝐹𝑖𝑗 = 0, (20)

and hence 𝐹 is a diagonal matrix. The definition of the
stationary distribution for the PRW indicates that (𝑃−𝐼)𝑇𝜋 =0.Thus, 𝐹𝑇𝜋 = 𝐽𝜋 + 𝑇𝑇(𝑃 − 𝐼)𝜋 = 𝐽𝜋 = 1.That is to say,

(𝐹)𝑖𝑖 = 1𝜋𝑖 =
∑𝑖∑𝑗∈𝜏(𝑖) (𝑑𝑖𝑑𝑗)∑𝑗∈𝜏(𝑖) (𝑑𝑖𝑑𝑗) . (21)

From (19)–(21), one immediately sees the matrix 𝑇 satisfies
(𝐼 − 𝑃) 𝑇 = 𝐽 − 𝐷𝜋. (22)

We will next solve this matrix equation for 𝑇. Unfortunately,
(22) cannot uniquely determine 𝑇 since 𝐼 − 𝑃 does not have
an inverse. But following [43], (𝐼 − 𝑃 + 𝑃∗)−1 exists and

𝑇 = (𝐼 − 𝑃 + 𝑃∗)−1 (𝐽 − 𝐷𝜋) + 𝑃∗𝑇
= 𝐽 − (𝐼 − 𝑃 + 𝑃∗)−1𝐷𝜋 + 𝑃∗𝑇 = 𝐻 + 𝑃∗𝑇, (23)

where

𝐻 = (𝐼 − 𝑃 + 𝑃∗)−1 (𝐽 − 𝐷𝜋)
= 𝐽 − (𝐼 − 𝑃 + 𝑃∗)−1𝐷𝜋.

(24)

Note that 𝑃∗ = 1𝜋𝑇; from (23), one sees that

⟨𝑇𝑖𝑗⟩ = 𝐻𝑖𝑗 + (𝜋𝑇𝑇)
𝑗
. (25)

Recalling that ⟨𝑇𝑖𝑖⟩ = 0 in (12) and from (23) one has

0 = 𝐻𝑗𝑗 + (𝜋𝑇𝑇)
𝑗
. (26)

From (25) and (26), we have

⟨𝑇𝑖𝑗⟩ = 𝐻𝑖𝑗 − 𝐻𝑗𝑗. (27)

To give explicitly the spectra formula for the MFPT ⟨𝑇𝑖𝑗⟩, we
will continue to do some calculation on 𝐻. Substituting (17)
into (24), we obtain

𝐻 = 𝐽 − (𝐼 − 𝑃 + 𝑃∗)−1𝐷𝜋 = 𝐽 − (𝐷−1𝜋
− 𝑁∑
𝑘=2

𝜆𝑘𝐷−1/2𝜋 𝑢𝑘𝑢𝑇𝑘𝐷−1/2𝜋 )−1 = 𝐽 − [𝐷−1/2𝜋 𝑈
⋅ diag (1, 1, . . . , 1) 𝑈𝑇𝐷−1/2𝜋 − 𝐷−1/2𝜋 𝑈
⋅ diag (0, 𝜆2, . . . , 𝜆𝑁) 𝑈𝑇𝐷−1/2𝜋 ]−1 = 𝐽 − [𝐷−1/2𝜋 𝑈
⋅ diag (1, 1 − 𝜆2, . . . , 1 − 𝜆𝑁) 𝑈𝑇𝐷−1/2𝜋 ]−1 = 𝐽
− 𝐷1/2𝜋 𝑈 diag(1, 11 − 𝜆2 , . . . ,

11 − 𝜆𝑁)𝑈𝑇𝐷1/2𝜋 .

(28)

Rewriting the entries 𝐻𝑖𝑗 and 𝐻𝑗𝑗 of 𝐻 in (28) and plugging
them into (27), we immediately get the following formula.

⟨𝑇𝑖𝑗⟩ = ⟨𝑇𝑖𝑗⟩ = 𝑁∑
𝑘=2

11 − 𝜆𝑘 (
𝑢2𝑘𝑗𝜋𝑗 −

𝑢𝑘𝑖𝑢𝑘𝑗√𝜋𝑗𝜋𝑖)
(𝑖 ̸= 𝑗) .

(29)

Taking into account (45), together with (29), we can calculate
the average over MFPTs (AMFPT) between all node pairs𝑖𝑗 (𝑖 ̸= 𝑗) as follows.

(𝑇𝑖𝑗) = ∑
𝑖

∑
𝑗

𝜋𝑖𝜋𝑗 ⟨𝑇𝑖𝑗⟩ = ∑
𝑗

𝜋𝑗 ⟨𝑇𝑖𝑗⟩

= ∑
𝑗

𝑁∑
𝑘=2

11 − 𝜆𝑘 (𝑢2𝑘𝑗 − 𝑢𝑘𝑖𝑢𝑘𝑗√𝜋𝑗𝜋𝑖 )

= 𝑁∑
𝑘=2

11 − 𝜆𝑘 (∑
𝑗

𝑢2𝑘𝑗 − 𝑢𝑘𝑖√ 1𝜋𝑖∑𝑗 𝑢𝑘𝑗√𝜋𝑗)

= 𝑁∑
𝑘=2

11 − 𝜆𝑘 ,

(30)

where (16) has been used.

Remark 2. Summing up the above equations and derivation,
(29) and (30) are our one central result for the MFPT⟨𝑇𝑖𝑗⟩ (𝑖 ̸= 𝑗) and AMFPT (𝑇𝑖𝑗), which are expressed in
terms of the eigenvalues and eigenvectors of 𝑆 related to the
transition matrix 𝑃 of the PRW.
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Remark 3. For SRW on the finite network, a similar result of
(29) and (30) can be obtained from similar derivation above.
The transition matrices of PRW and SRW, as two stochastic
matrices, have similar spectral property [45]. Combining
with (30), this indicates that the AMFPTs (𝑇𝑖𝑗)s of PRW
and SRW have similar scaling behaviour, which is also
demonstrated in the following simulation in Section 4.2.

3.2.2. Method of Stopping Time. As we know, an integer-
valued random variable 𝑆 < ∞ is said to be a stopping time
[33, 34] for the sequence 𝑋0, 𝑋1, 𝑋2, . . ., if the event {𝑆 = 𝑠}
is independent of 𝑋𝑠+1, 𝑋𝑠+2, . . ., for all 𝑠 = 0, 1, 2, . . .. The
idea is that 𝑋𝑖 are observed one at a time: first 𝑋0, then 𝑋1,
and so on; and 𝑆 represents the number observed when we
stop. Notice that the above two first passage times, 𝑇+𝑗 and 𝑇𝑗,
are stopping times associated with the PRW. After obtaining
a spectra formula for the MFPT by the matrix formalism, we
will use the stopping time technique to derive a probabilistic
formula for the MFPT ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇+𝑗 .

We now consider the PRW on the network, denoted by(𝑋𝑡 : 𝑡 = 0, 1, 2, . . .), which is a finite irreducible discrete
Markov chain. Let 0 < 𝑆 < ∞ be a stopping time such that𝑋𝑆 = 𝑖 and 𝐸𝑖𝑆 < ∞, and let𝑁𝑗(𝑡) be the number of times the
PRW visits node 𝑗 in 𝑡 steps. Viewing the PRW as the renewal
process with the interrenewal time distribution 𝑆, from the
reward-renewal theorem [33], one has

lim
𝑡→∞

𝑁𝑗 (𝑡)𝑡 = 𝐸𝑖 (𝑁𝑗 (𝑆))𝐸𝑖𝑆 , (31)

which, together with (2), leads to [44]

𝐸𝑖 (𝑁𝑗 (𝑆)) = 𝜋𝑗𝐸𝑖𝑆. (32)

Next, we will show that many formulas of time scale
related to the PRW are encoded in (32) and thus can be
derived from (32) by particularly choosing 𝑆 and 𝑗. Further,
we can combine these formulas to obtain the exact expression
for MFPT ⟨𝑇𝑖𝑗⟩ = 𝐸𝑖𝑇+𝑗 . We would like to stress that this
stopping time technique, including some formulas such as
(38), (41), and (42) inferred by the technique, was proposed
in [44]. We can also seek the sight of the method in the
classical Markov theory [32, 34]. However, by using this
method, we focus on the two aspects. On one hand, we
use the method to get some new rigorous mathematical
results for random walks on complex networks. On the
other hand, we can apply this “probabilistic” approach to
explore characteristics of dynamic processes in a random-
walk fashion such as random search, communication, and
transportation in complex networks.

Taking 𝑆 = 𝑇+𝑖 in (32), one has

𝐸𝑖 (𝑁𝑗 (𝑇+𝑖 )) = 𝜋𝑗𝐸𝑖𝑇+𝑖 . (33)

Setting 𝑗 = 𝑖 gives
𝐸𝑖 (𝑁𝑖 (𝑇+𝑖 )) = 1. (34)

Using (33) and (34), we are led to an explicit expression for
the MFRT to node 𝑖 as follows:

⟨𝑇𝑖𝑖⟩ = 𝐸𝑖𝑇+𝑖 = 1𝜋𝑖 . (35)

Introducing 𝑆 as “the first return to 𝑖 after the first visit to 𝑗,”
for 𝑗 ̸= 𝑖, one has

𝐸𝑖 (𝑁𝑗 (𝑆)) = 𝐸𝑗 (𝑁𝑗 (𝑇𝑖)) , (36)

because there are no visits to 𝑗 before time 𝑇𝑗. Obviously,
𝐸𝑖𝑆 = 𝐸𝑖𝑇𝑗 + 𝐸𝑗𝑇𝑖. (37)

Substituting (36) and (37) into (32), we obtain the relation

𝐸𝑗 (𝑁𝑗 (𝑇𝑖)) = 𝜋𝑗 (𝐸𝑗𝑇𝑖 + 𝐸𝑖𝑇𝑗) . (38)

Let us assume that the PRW starts out from node 𝑖 in the
network. We fix a time 𝑡0 ≥ 1 and set 𝑆 as the following 2-
stage stopping time: (i) wait time 𝑡0 and then (ii) wait until
the PRW next passages 𝑖 if necessary. Then (32), in the case
where 𝑗 = 𝑖, implies

𝜋𝑖 (𝑡0 + 𝐸𝜌𝑇𝑖) = 𝐸𝑖 (𝑁𝑖 (𝑆)) = 𝑡0−1∑
𝑡=0

𝑝(𝑡)𝑖𝑖 , (39)

where 𝜌(⋅) = 𝑃𝑖(𝑋𝑡0 = ⋅).
Therefore,

𝑡0−1∑
𝑡=0

(𝑝(𝑡)𝑖𝑖 − 𝜋𝑖) = 𝜋𝑖𝐸𝜌𝑇𝑖. (40)

Considering (40) in the limit 𝑡0 → ∞, we can write

𝑅𝑖𝑖 ≡ ∞∑
𝑡=0

(𝑝(𝑡)𝑖𝑖 − 𝜋𝑖) = 𝜋𝑖𝐸𝜋𝑇𝑖, (41)

where (3), that is, 𝜌 → 𝜋 (𝑡0 → ∞), was used.
In a similar way, with some calculation one obtains

𝐸𝑘𝑇𝑖 = 1𝜋𝑖 (𝑅𝑖𝑖 − 𝑅𝑘𝑖) . (42)

Finally, combining (42), (35), and (10) yields our another
central result, which can be summarized as follows.

For the PRW on the finite network, the MFPT of node 𝑗
from node 𝑖 is

⟨𝑇𝑖𝑗⟩ =
{{{{{{{{{

1𝜋𝑗 =
∑𝑗∑𝑖∈𝜏(𝑗) (𝑑𝑖𝑑𝑗)∑𝑖∈𝜏(𝑗) (𝑑𝑖𝑑𝑗) , 𝑖 = 𝑗,

1𝜋𝑗 (𝑅𝑗𝑗 − 𝑅𝑖𝑗) , 𝑖 ̸= 𝑗, (43)

where

𝑅𝑖𝑗 = ∞∑
𝑡=0

(𝑝(𝑡)𝑖𝑗 − 𝜋𝑗) ; (44)
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consequently, the AMFPT between all node pairs 𝑖𝑗 (𝑖 ̸= 𝑗) is
(𝑇𝑖𝑗) = ∑

𝑖

∑
𝑗

𝜋𝑖𝜋𝑗 ⟨𝑇𝑖𝑗⟩ = ∑
𝑗

𝜋𝑗 ⟨𝑇𝑖𝑗⟩ = ∑
𝑗

𝑅𝑗𝑗, (45)

since ∑𝑗 𝑅𝑖𝑗 = 0 for all 𝑖 ̸= 𝑗.
For the SRW on the finite network, by using the Laplace

transform, the authors got similar theoretical result of MFPT
in [11], given by

⟨𝑇𝑖𝑗⟩ =
{{{{{{{{{

1𝜋𝑗 =
2𝑀𝑑𝑗 , 𝑖 = 𝑗,

2𝑀𝑑𝑗 (𝑅𝑗𝑗 − 𝑅𝑖𝑗) , 𝑖 ̸= 𝑗, (46)

where

𝑅𝑖𝑗 = ∞∑
𝑡=0

(𝑝(𝑡)𝑖𝑗 − 𝜋𝑗) . (47)

Remark 4. Compared with their method, the method here,
that is, the stopping time technique, may be more “proba-
bilistic.” In fact, their result of (46) can also be obtained by
this method.The key of the method lies in properly choosing
the stopping time 𝑆 in (32), which seems to be a little tricky.
It is worth noting that a special selection of 𝑆 can derive
many other characteristic parameters. The MFPT in (43) or
(46) is just one example. Thus, the stopping time technique
may provide a powerful tool for understanding the scaling
behaviour of random walks on complex networks.

From (43) or (46), it is easy to get the following relation.

𝑅𝑗𝑗 − 𝑅𝑖𝑗 = ⟨𝑇𝑖𝑗⟩⟨𝑇𝑗𝑗⟩ , 𝑖 ̸= 𝑗. (48)

From (43) and (46), the following equation can be got
straightforwardly. Considering the SRW and PRW on the
same finite network, if the node 𝑗 satisfies

∑
𝑖∈𝜏(𝑗)

𝑑𝑖 = ∑𝑗∑𝑖∈𝜏(𝑗) (𝑑𝑖𝑑𝑗)2𝑀 , (49)

then the mean first return times ⟨𝑇𝑗𝑗⟩s of SRW and PRW
starting from 𝑗 are equal.
Remark 5. As (43) and (46) show, the MFRT ⟨𝑇𝑗𝑗⟩ of SRW
on the network is determined by the starting node’s degree
and inversely proportional to it, while the one of PRW
starting out fromnode 𝑗 is determined by CPD𝑗 and inversely
proportional to CPD𝑗. The MFPT ⟨𝑇𝑖𝑗⟩ of SRW on the
network mainly depends on the degree of target node 𝑗,
while the one of PRWmainly depends on CPD𝑗. Simulations
confirm analytical predictions and deepen discussions in
Section 4.

Remark 6. In (43)–(47), 𝑅𝑖𝑗 is an important quantity closely
related to the mixing time of random walk [12]. The quantity

depends on the network structure and the type of random-
walk strategy. Given that the mixing time is 𝑇mix,∑𝑇mix

𝑡=0 (𝑝(𝑡)𝑖𝑗 −𝜋𝑗) can be used as the approximation of 𝑅𝑖𝑗. From the
numerical results of random walks on NW small-world
networks (and BA scale-free networks) presented in Figure 2
(and Figure 3) and according to (48), we find that the value(𝑅𝑗𝑗 − 𝑅𝑖𝑗) is greater than 1 but very close to 1.

Remark 7. From (30) and (45), the average over MFPTs from
an arbitrary node to all other target nodes is identical to
the AMFPT (𝑇𝑖𝑗) between all node pairs, where node 𝑖
or node 𝑗 is randomly chosen from all nodes according to
the stationary distribution. This implies the average over
MFPTs from a source node to all possible target nodes is not
sensitively affected by the source node’s location; numerical
results are shown in Section 4.2.1.

4. Simulations and Applications

In this section, we make use of numerical simulation to
deepen our discussions as well as confirm analytic results.
In Section 4.1, based on theoretical results of (43), (46),
and (29), we numerically explore the scaling properties of
MFPT. Firstly, we use a simple random network to test
the first passage property of the PRW. Secondly, we reveal
topological properties of the NW small-world network such
as assortativity and homogeneity through PRW and SRW.
Then, through the comparison of PRW and SRW on the
BA scale-free network, we investigate how the heterogeneous
structure affects the scaling of MFPT. We also observe that
PRW searches for the relatively high-degree node more
quickly than SRW. In Section 4.2, based on theoretical results
of (30) and (45), we numerically investigate the scaling
behaviours of AMFPT. We find that the average over MFPTs
from an arbitrary node to all other target nodes is identical
to the AMFPT. We discuss the effects of the structural het-
erogeneity/homogeneity on the scaling of AMFPT. Further,
we observe that for random walks on the BA scale-free
network the AMFPT demonstrates approximatively linear
scaling with the node number, that is, (𝑇𝑖𝑗) ∼ 𝑁, and
does not have the small-world feature, although the average
shortest path length of the network has the small-world
effect.This phenomenon also appears in the NW small-world
network. The observation, to some extent, characterizes the
network searchability [46]. Finally, we compare the scaling
behaviours of average search steps among SRW, PRW, and
maximum-degree-search (MDS) strategy. We explain why
the scaling behaviours of average search steps for PRW and
SRW are much similar, while being utterly different from the
one for MDS.

4.1. Scaling Properties of MFPT

4.1.1. PRW on a Simple Random Network. The small con-
nected random network is defined as𝑁 = 21 labelled nodes
and every pair of the nodes being connected with probability𝑝 = 0.1 by using the ER model [1]. The average degree of
the simple random network is 58/21; namely, ⟨𝑑⟩ = 58/21.
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Table 1: Simulation values and theoretical values ofMFRT for PRW.

CPD𝑗 72 90 100 105 132
Analytical ⟨𝑇𝑗𝑗⟩ 10.778 8.622 7.76 7.390 5.878
Numerical ⟨𝑇𝑗𝑗⟩ 10.676 8.745 7.797 7.396 5.949
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Figure 1: ⟨𝑇𝑗𝑗⟩ and ⟨𝑇𝑖𝑗⟩ versus node’s center-product-degree CPD𝑗
for PRW on the simple random network [source marked as 𝑖 = 16
and its degree 𝑑𝑖 = 1].

We perform PRWon the simple random network. Numerical
data presented in the figures have been averaged over 104
runs.

We perform PRW on the simple network; see Figure 1.
For several nodes arbitrarily selected, both the analytical and
numerical results presented in Table 1 claim that ⟨𝑇𝑗𝑗⟩ =∑𝑗∑𝑖∈𝜏(𝑗)(𝑑𝑖𝑑𝑗)/∑𝑖∈𝜏(𝑗)(𝑑𝑖𝑑𝑗). As is shown in Figure 1, our
simulation states theMFPT ⟨𝑇𝑖𝑗⟩ of PRWonnetworksmainly
depends on and is almost inversely proportional to the target
node’s center-product-degree, that is, ⟨𝑇𝑖𝑗⟩ ∝ 1/𝑑𝑗∑𝑖∈𝜏(𝑗) 𝑑𝑖,
which is also found in (43). That is, the simulation values of⟨𝑇𝑖𝑗⟩ are in good agreement with theoretical predictions.

4.1.2. PRW on Small-World Networks: Comparison with
SRW. The small-world network is generated by the method
introduced by Newman [2]. In this network model, no
edges are rewired, which is different from the small-world
model proposed by Watts and Strogatz [3]. Instead shortcuts
joining randomly chosen node pairs are added to the low-
dimensional lattice. The size of the network is 𝑁 = 100,
the neighboring number is 2𝐾 = 4, and the probability of
shortcuts is 𝑝 = 0.15. The average degree of the generated
small-world network is ⟨𝑑⟩ = 18. We perform PRW and
SRW on the small-world network, respectively. Numerical

data presented in the figures have been averaged over 104
runs.

As shown in Figures 2(a) and 2(c), for SRW on the
NW small-world network, the MFRT ⟨𝑇𝑗𝑗⟩ is determined by
node’s degree 𝑑𝑗, while for PRW, ⟨𝑇𝑗𝑗⟩ is determined by node’s
center-product-degree CPD𝑗. Similar observation happens to
the MFPT ⟨𝑇𝑖𝑗⟩ due to the fact that the value (𝑅𝑗𝑗 − 𝑅𝑖𝑗) is
greater than 1 but very close to 1. In detail, for SRWon theNW
small-world network, such value can be got from (48) and
numerical results presented in Figures 2(a) and 2(b), while,
for PRW, the value can be obtained from (48) and Figure 2(c).
This further confirms the conclusions of (43) and (46) and
improves the understanding of them.

(A) CPD-Based Assortativity. It is worth noticing that the
random walks can be applied to reveal many different
properties of network topology. Here is an example. One
may be pleasantly surprised that ⟨𝑇𝑗𝑗⟩ and ⟨𝑇𝑖𝑗⟩ for SRW
are determined by target node’s degree 𝑑𝑗 as well as for
PRW; see Figures 2(a) and 2(b). In fact, from Figure 2(c)
or the analytic prediction of (43), ⟨𝑇𝑗𝑗⟩ and ⟨𝑇𝑖𝑗⟩ of PRW
are mainly determined by and almost inversely proportional
to CPD𝑗. Hence, this observation indicates that the center-
product-degreeCPD𝑗 of one node and the degree𝑑𝑗maintain
consistency. That is, CPD𝑗 of one node is an increasing
function of 𝑑𝑗 for the NW small-world network. Thus,
the NW small-world network considered here is weakly
assortative, which, to a certain extent, reflects a homogeneous
structure of the network.

(B) Search Efficiency.We compare SRW and PRW simultane-
ously on the same NW small-world network; see Figures 2(a)
and 2(b). When the node’s degree 𝑑𝑗 is sufficiently high, all⟨𝑇𝑗𝑗⟩s and ⟨𝑇𝑖𝑗⟩s of PRW are smaller than those of SRW. It
implies that PRW prefers the node with higher degree, which
is in accordance with the analytical prediction of (49). This
has some practical meanings. If PRW and SRW, as search
processes onnetworks, search for target nodewith sufficiently
high degree, the search time (walking steps) of PRW is much
less than that of SRW.That is, in this case PRW searches more
quickly and more efficiently.

4.1.3. PRW on Scale-Free Networks: Comparison with SRW.
The scale-free network is generated by using BA model [4],
with𝑚 = 2 and network size𝑁 = 300.The scale-free network
generated in such a way has an exponent 𝛾 = 3 of which the
average degree is 4; namely, ⟨𝑑⟩ = 4. We perform PRW and
SRW on the scale-free network, respectively. Numerical data
presented in the figures have been averaged over 104 runs
(A) The Impacts of Structural Heterogeneity on the Scaling of
MFPT. For SRWon the BA scale-free network, ⟨𝑇𝑗𝑗⟩ and ⟨𝑇𝑖𝑗⟩
aremainly determined by node’s degree, whereas for PRW the
two quantities fluctuate with node’s degree; see Figures 3(a)
and 3(b). Combining with Figure 3(c), it is easily seen that
node’s degree and center-product-degree in the BA scale-free
network do notmaintain consistency.This is entirely different
from the above NW small-world network; see Figure 2. The
difference is mainly because the degree distribution of the
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Figure 2: (Log-Log plots for random walks on NW small-world networks) (a) MFRT ⟨𝑇𝑖𝑖⟩ versus node’s degree 𝑑𝑖. (b) MFPT ⟨𝑇𝑖𝑗⟩ versus
target node’s degree 𝑑𝑗. (c) MFRT of PRW ⟨𝑇𝑖𝑖⟩ versus node’s center-product-degree CPD𝑖; MFPT of PRW ⟨𝑇𝑖𝑗⟩ versus target node’s center-
product-degree CPD𝑗 [source marked as 𝑖 = 18 and its degree 𝑑𝑖 = 13].

BA network has a power-law tail, or the BA network has
a structure of heterogeneity. In fact, the weight allocation
could play an important role in random-walk dynamics. The
above observation also suggests that one can control the
scaling behaviour of the random walks by configuring the
edge weights. It should be emphasized that ⟨𝑇𝑗𝑗⟩ and ⟨𝑇𝑖𝑗⟩
of PRW mainly depend on the node’s center-product-degree
CPD𝑗 rather thandegree𝑑𝑗.Thediscussionheremay improve
the understanding of the result in [24], where the authors

studied biased random walks in uncorrelated networks and
only explored the impacts of node’s degree on the MFPT.

(B) Target Problem on Scale-Free Networks.Considering SRW
and PRW as search strategies on networks, PRW prefers
the high-degree node, while SRW searches for the relatively
low-degree node more efficiently; see Figures 3(a) and 3(b).
Since the scale-free network has a heterogeneous structure
evidenced by the power-law degree distribution, this inspires
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Figure 3: (Log-Log plots for random walks on BA scale-free networks) (a) MFRT ⟨𝑇𝑖𝑖⟩ versus node’s degree 𝑑𝑖. (b) MFPT ⟨𝑇𝑖𝑗⟩ versus target
node’s degree 𝑑𝑗. (c) MFRT of PRW ⟨𝑇𝑖𝑖⟩ versus node’s center-product-degree CPD𝑖; MFPT of PRW ⟨𝑇𝑖𝑗⟩ versus target node’s center-product-
degree CPD𝑗 [source marked as 𝑖 = 146 and its degree 𝑑𝑖 = 3].

us to propose a mixing navigation mechanism for search in
scale-free networks, which interpolates between SRW and
PRW.That is, to design the search strategy from source node
to target node, one can firstly compare the size between the
twonodes’ degrees. If the target’s degree is significantly higher
than the source’s degree or both of them are relatively high,
then one could use PRW to search; otherwise one could use
SRW alternatively.

4.2. Scaling Behaviours of AMFPT. In this part, the paradig-
matic network models used are the same as those in Sec-
tion 4.1. Based on the above discussion, we further numer-
ically investigate scaling behaviours of AMFPT.

4.2.1. Sensitivity of the Total Average Search Cost Affected by
the Source Node’s Location. From Figure 4, one can see that
the theoretical prediction of (30) and (45) agrees quite well



Mathematical Problems in Engineering 11

MMFPT (from any one node)

PRW

100 200 300 4000
N

0

500

1000

1500

2000

2500

T
ij

A
M

FP
T
(

)

TijAMFPT ( )

(a)

SRW

MMFPT (from any one node)

100 200 300 4000
N

0

100

200

300

400

500

600

700

800

T
ij

A
M

FP
T
(

)
TijAMFPT ( )

(b)

Figure 4: (a) PRW. (b) SRW. For random walks on the BA scale-free network, the AMFPT(𝑇𝑖𝑗) [marked as ×] is equal to the average over
MFPTs from one randomly chosen node 𝑖 to all other 𝑁 − 1 nodes [marked as ∘]. This is in accordance with the analytic result of (30) and
(45).

with the numerical calculations. As expected, for PRW or
SRWon different types of networks with different sizes𝑁, for
example, the BA scale-free network, the average MFPT from
any one source node to all other destination nodes is equal
to the AMFPT between all node pairs. Similar result was
obtained for Koch networks [27]. Such result is interesting
and one could still look into its further meaning. On one
hand, this implies the average of MFPTs from a source node
to all other destination nodes is not sensitively affected by
the source node’s location. On the other hand, if the PRW
and SRW are two kinds of routing processes on scale-free
networks, the total average search cost could be calculated by
averaging from one site selected at random.

4.2.2. The Effects of Structural Heterogeneity on the Scaling
of AMFPT. For the BA scale-free network with size 𝑁, the
AMFPT (𝑇𝑖𝑗) of PRW is much greater than that of SRW;
see Figure 5(a). That is, considering PRW and SRW as search
strategies, the total average search cost of PRW is significantly
higher than that of SRW. This is due to two reasons. One is
that, compared with SRW, PRW tends to searching for the
high-degree node; the other is that the degree distribution of
the BA scale-free network is approximated by a power-law
distribution; that is, the network has a heterogeneous struc-
ture. A few nodes have a large number of connections while
most nodes have only a few connections.Thus, althoughPRW
searching for high-degree nodes has high efficiency, to search
for other nodes, PRW is prone to falling into the high-degree-
node trap and difficultly reaches those nodes with only a few
connections. All of these lead to the occurrence of the above
phenomenon. Meanwhile, for the NW small-world network,

there is little difference in the AMFPT(𝑇𝑖𝑗) between PRW
and SRW, which is due to the fact that the degree distribution
of the network is approximately Poisson distribution; that is,
the network has a homogeneous structure; see Figure 5(b).

4.2.3. Network Searchability. As the actual average searching
path length, the AMFPT (𝑇𝑖𝑗) of the random walk on the
network can be regarded as one generalization of the average
shortest path length, which, to some extent, characterizes
network searchability [46]. The average shortest path length𝐿 of the BA network considered here obeys 𝐿 ∼ log𝑁. The
AMFPT (𝑇𝑖𝑗), however, satisfies (𝑇𝑖𝑗) ∼ 𝑁 for either
PRW or SRW on the BA network; see Figure 5(a). Similar
phenomenon happens to the NW network; see Figure 5(b).
That is, in either case the actual average searching path length,
that is, the AMFPT (𝑇𝑖𝑗), does not have the small-world
effect. In short, the fact that a network has the small-world
effect does not necessarily guarantee that it can be rapidly
searched for.

4.2.4. The Difference of Scaling Behaviours for Search Cost
among MDS, PRW, and SRW. The numerical result pre-
sented in Figure 5(a) shows that the AMFPT(𝑇𝑖𝑗) satisfies
(𝑇𝑖𝑗) ∼ 𝑁 for either PRW or SRW on the BA network.
The observation states that the leading scaling behaviours of
(𝑇𝑖𝑗) between PRW and SRW are much similar, which is
in accordance with the analytical result of (30). Incidentally,
the conclusion just solves the authors’ puzzlement in [18].
They applied MDS strategy to path finding in one scale-
free network. In the MDS strategy, the neighbor node with
the largest degree is tried first. Their results showed that
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Figure 5: (a) AMFPT (𝑇𝑖𝑗) versus network size 𝑁 for PRW and SRW on the BA scale-free network. (b) AMFPT (𝑇𝑖𝑗) versus network
size𝑁 for PRW and SRW on the NW small-world network. For the BA scale-free network, the gap in the AMFPT(𝑇𝑖𝑗) between PRW and
SRW is more obvious than for the NW small-world network. Moreover, the fitting approximatively displays that(𝑇𝑖𝑗) ∼ 𝑁 holds for PRW
or SRW on the two networks, respectively.

the global average search steps of MDS present small-world
feature, 𝐿MDS ∼ log𝑁. They were puzzled by the fact
that PRW and MDS strategies show very different scaling
behaviours although both look quite similar, while PRW
and SRW strategies demonstrate similar scaling behaviour.
The reason for the fact is described as follows. The corre-
sponding transitionmatrices of PRW and SRW are stochastic
matrices and have similar spectral property [45], which
implies (𝑇𝑖𝑗)s of the two walks having the similar scaling
behaviour due to (30). On the other hand, the PRW is one
probabilistic degree-preferred mechanism, while the MDS is
one deterministic degree-preferred strategy and the SRW is a
uniformmechanism.ThePRW incorporates the local degree-
preferred element and the randomness ingredient, which in
this sense can be regarded as a mixing strategy of SRW and
MDS.Thus, their puzzlement just highlights the fact that, for
PRW on the BA networks, the leading scaling behaviour of
AMFPT is dominated by the randomness ingredient of the
PRW.

5. Conclusion

In summary, we have developed a unified approach for
understanding the scaling properties of discrete-time ran-
dom walks on complex networks. Our work may be of prac-
tical significance for performing efficient search on complex
networks and controlling the scaling behaviour of random
walks on real-world networks.

We presented a systematic study of PRW in general
undirected networks, including complex networks. We also

made comparative study of PRW and SRW in order to better
uncover and utilize the network structure. According to
random walks on weighted networks, we attach weight 𝑐𝑖𝑗 =𝑑𝑗𝑑𝑖 to each edge (𝑖, 𝑗), where 𝑑𝑖 and 𝑑𝑗 are the degrees of𝑖 and 𝑗, and then construct PRW, of which the transition
probability from node 𝑖 to node 𝑗 is proportional to the
edge weight. We derived two exact expressions for the MFPT
between two nodes, one of which is a spectra formula and
the other is a probabilistic formula [see (29) and (43)]. We
got explicitly the MFPT’s dependence on the eigenvalues
and eigenvectors of a matrix associated with the transition
matrix of the PRW [see (29)]. We found that the CPD plays
a main role in determining the scaling of MFPT for the PRW
[see (43)]. The CPD of node 𝑗, being one measure of node
strength, is defined as 𝑑𝑗∑𝑖∈𝜏(𝑗) 𝑑𝑖, where 𝜏(𝑗) denotes all the
connected neighbors of node 𝑗. Accordingly, we obtained the
closed-form formulas of AMFPT between all node pairs and
observed that the average overMFPTs from an arbitrary node
to all other target nodes is equal to the AMFPT [see (30) and
(45)].

Based on theoretical analysis, we did extensive simu-
lations to confirm analytical predictions and deepen dis-
cussions. Through the comparison of PRW and SRW in
networks, we revealed the CPD-based assortativity of net-
work structure and found that the structural heterogene-
ity/homogeneity has a considerable impact on the scaling of
MFPT and AMFPT. If we consider various random walks
as search strategies applied to target problems, the MPFT
between source and target characterizes search efficiency.
The AMFPT represents the total average search cost, which,
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to some extent, can describe network searchability. We
demonstrated that PRW prefers the high-degree node while
SRW searches for the low-degree node more efficiently. We
also found that the average over MFPTs from a source node
to all possible destinations is not sensitively affected by the
source node’s location. As we observed, the average path
length betweennodes of a complex network possessing small-
world effect does not necessarily guarantee that one could
perform search rapidly in the network. By comparing the
search strategies of MDS, PRW, and SRW, we confirmed that
the leading scaling behaviours of average search steps for
PRW and SRW aremuch similar, while being utterly different
from the one for MDS.

In the current work, we consider two paradigmatic types
of single random walks on weighted network, that is, PRW
and SRWcorresponding to edgeweights 𝑐𝑖𝑗 = 𝑑𝑗𝑑𝑖 and 𝑐𝑖𝑗 = 1.
The generalization to more types of weight configurations
would be interesting. Further, one could configure proper
weights to develop proper multiple random walks for some
practical applications such as improving the reliability and
efficiency of searching for networks and identifying the
influential nodes of real networks [47]. We leave these more
intriguing problems to future studies.
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Wind power plant (WPP), photovoltaic generators (PV), cell-gas turbine (CGT), and pumped storage power station (PHSP) are
integrated into multienergy hybrid system (MEHS). Firstly, this paper presents MEHS structure and constructs a scheduling
model with the objective functions of maximum economic benefit and minimum power output fluctuation. Secondly, in order
to relieve the uncertainty influence of WPP and PV on system, robust stochastic theory is introduced to describe uncertainty and
propose a multiobjective stochastic scheduling optimization mode by transforming constraint conditions with uncertain variables.
Finally, a 9.6MW WPP, a 6.5MW PV, three CGT units, and an upper reservoir with 10MW⋅h equivalent capacity are chosen as
simulation system.The results showMEHS system can achieve the best operation result by using themultienergy hybrid generation
characteristic. PHSP could shave peak and fill valley of load curve by optimizing pumping storage and inflowing generating
behaviors based on the load supply and demand status and the available power of WPP and PV. Robust coefficients can relieve
the uncertainty of WPP and PV and provide flexible scheduling decision tools for decision-makers with different risk attitudes by
setting different robust coefficients, which could maximize economic benefits and minimize operation risks at the same time.

1. Introduction

WPP and PV are incapable of being accurately forecasted,
stochastic, and unstable, making wind power and photo-
voltaic power not being used effectively and power out-
put fluctuations. Abandoning wind and photovoltaic power
phenomenon is getting more serious, which results in a
waste of wind and light power and a great economic loss of
enterprises. The hydropower reserves and installed capacity
of China rank first in the world. Hydropower stations have
the advantages of flexible starting and stopping, high speed
of loading up and down, and low operation and maintenance
costs [1] and can adapt to the rapid change of the grid load.
Pumped storage power station is the most mature economic
power to sharp peak and fill valley. The hybrid generation
system is composed of wind, photovoltaic, and pumped
storage power. This system can smooth the output of wind
power and photovoltaic power and reduce the benefit losses

brought by the intermittent and stochastic of wind power and
photovoltaic power, so that the grid accommodation capacity
for wind and PV power can be improved [2]. Researches
on how to coschedule WPP, PV, and PHSP can effectively
solve the power supply contradiction in intermittent energy
operating and narrow down problems like difficulties in grid
connection, power limitation, and market accommodation
capacity [3] and finally have great economics and sustainable
developing significance in reducing the electric power system
uncertainty risk and improving economic benefits.

Current researches on power system scheduling opti-
mization method considering WPP and PV grid connec-
tion mainly focus on the stochastic scheduling model con-
struct. Literature [4] introduced a new general equation
for power system economic scheduling model, considering
conventional thermal units, wind turbine generators, and
changing characteristics of wind speed and power demand.
The influence the dynamic cost coefficients have on system
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operation costs has been analyzed in a simple testing system.
Literature [5] established a stochastic optimization model
for wind and thermal power economic scheduling based on
the analysis of wind power stochastic output and calculated
the possible extra costs in stabilizing power system caused
by unstable wind power. Literature [6] considered power
supplying reliability of thewind-photovocait grid-connecting
generation system and aimed at realizing system minimum
power consumption. Then, a wind-photovocait capacity
combination to minimize system cost was proposed. The
proposedmodels andmethods studywind and PV connected
to the grid and choose thermal power scheduling to stabilize
wind power output. However, conventional thermal power
units have high cost and limitations in peak regulation. Lower
costs and ideal stabilizing effect are hard to achieve by CGT,
WPP, and PV hybrid operation only.

Due to the rapid starting up and flexibility advantages
of PHSP, many countries have studied the joint operation
scheme and calculation and analysis model of uncertain
renewable energy resources and pumped storage power
stations with the regulation ability [7]. Literature [8] intro-
duced the fact that PHSP is now seen as the most effec-
tive energy storage technology to improve the penetration
ability of renewable energy and presented the operation
mode of WPP-PHSP hybrid system to improve the wind
power penetration ability. Literature [9] analyzed optimal
scheduling WPP and PHSP cooperation and uncoordinated
operation in energy and ancillary services market. New
methods to model, simulate, and evaluate WPP and PHSP
units were raised to increase system profits and VaR (value
at risk). By optimizing WPP and PHSP utilization level,
maximizing WPP and PHSP generation in simulation is
taken as objective function in literature [10], so that the
WPP reliability assessment methods are optimized as well.
Literature [11] usedWPP and PHSP cooperation to relieve the
wind generation fluctuation influence to grids and proposed
a reliability assessment method of Wind-Hydro integrated
power system. Literature [12] developed a quantitative assess-
ment model considering valley electric price, Wind-Hydro
integrated power system, and energy conversion efficiency. In
addition, the paper studied the influence the pumped storage
power station has on wind power valley filling and peak-
shaving inWind-Hydro integrated power system. In order to
lower the unbalanced costs of electricity market predicting
wind power generation errors, literature [13] proposedWPP-
PHSP integrated operation plan aiming at minimizing costs.
The operation plan was modeling and quantifying wind
power prediction uncertainty and optimized wind power
utilization and pumped storage power. In literature [14],
pumped storage system was used in photovoltaic technology.
Based on system reliability and economic standards, litera-
ture [15] discussed the PV-Hydro cooperation system model
and designed a reliability evaluation model. The research
shows cooperation system improves the reliability of PV
grid-connecting and, to a great extent, can improve the
utilization rate of photovoltaic system, reducing abandoned
electricity phenomenon. Literature [16] proposed aWPP-PV-
Hydro hybrid generation system including wind power, PV,
and hydro generation subsystems. Based on establishing the

hybrid generation system, the paper analyzed three different
operation plans.

Based on the above analysis, scholars at home and
foreign countries have already carried out deep researches on
the optimization scheduling of WPP, PV, and PHSP. Some
literatures have already discussed the complementary effect
of different clean energy, especially, WPP, PV, and PHSP.
However, there are still some insufficient problems: firstly,
the existing researches have not considered the optimization
scheduling problems for decision-maker with different risk
attitude. Since the uncertainty of WPP and PV will have
great influence on system safe operation, which may bring
great risk, therefore, the optimal scheme will change for
decision-maker with different risk attitude; correspondingly,
the output of WPP, PV, and PHSP will also change. Sec-
ondly, other literatures only study the optimization of the
multienergy hybrid system (MEHS) under the maximum
economic benefitwithout considering the risk cost.Under the
premise of maximizing the consortium interests, it is impor-
tant to consider the peaking effect and rotation reserve role
of the pumped storage power station and how to coordinate
with the gas turbine unit to enhance system stability and
efficiency. Finally, little literatures are related to the researches
on the optimization scheduling of MHES integrated byWPP,
PV, PHSP, and cell-gas turbine (CGT). Reserve service is
necessary for system safe operation since the output of WPP
and PV is uncertainty.The peaking effect and rotation reserve
role of PHSP should be considered and how to coordinate
with the gas turbine unit to enhance system stability and
efficiency should also be negligence. Therefore, the paper
introduces the robust stochastic optimization theory [17] to
handle the constraint conditions with stochastic variables
by introducing robust coefficients, which could provide a
flexible risk control tool for decision-maker with different
risk attitudes. WPP, PV, CGT, and PHSP are integrated into
MEHS with two optimization objective functions, namely,
the maximum economic benefits and the minimum out-
put fluctuation. The optimization effect of CGT on system
stability and efficiency is also considered. PHSP is used as
the energy storage equipment for reducing the uncertainty
impact and improving the utilization efficiency of renewable
energy. All above analysis motivates us to put forward a
risk aversion model for MEHS system scheduling. The main
contributions of this work are summarized as follows:

(i) The basic structure of multienergy complementary
system and power output model are established. In
order to achieve the maximum system economic effi-
ciency and theminimum the fluctuation and consider
the limitations of system operation, the multienergy
complementary scheduling optimization model is
presented. The model provides basic foundation for
analysis the optimization function of pumped storage
power plant and robust stochastic optimization the-
ory.

(ii) The uncertainty descriptionmethod forWPP and PV
are proposed based on the Rayleigh distribution and
the Beta distribution function. A stochastic optimiza-
tion model for MEHS scheduling is designed based
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on the robust stochastic theory with two objective
functions of the maximum economic benefits and
the minimum system output fluctuation. The robust
coefficient is introduced to transform the constraint
conditions with uncertain variables and reflect the
risk attitude of decision-maker.

(iii) The simulation system consisted of 9.6MW WPP,
6.5MW PV, three CGT units, and an upper reservoir
with equivalent capacity of 10MW⋅h which is used
to analyze the proposed model. According to the
fluctuation of system economic benefits and unit
output scheme under different robust coefficients, the
optimal weight coefficient of objective function is
determined. The effectiveness analysis of the robust
stochastic optimization theory, the operational bene-
fit analysis, and the sensitivity analysis of the pumped
storage power station are carried out.

The remainder of this paper is organized as follows:
Section 2 proposes basic results of the hybrid energy system
and power output power model including WPP, PV, and
PHSP. In Section 3, a scheduling optimization model for
multienergy hybrid system is constructed with the objective
functions of the maximum system economic operation and
the minimum output fluctuations with constraint conditions
of supply and demand balance, unit power generation,
pumped storage power station operation, and system spins
reserve. In Section 4, robust stochastic theory is introduced
to construct scheduling model forMEHS system by handling
with the constraint conditions with stochastic variables. The
operation benefit analysis and sensitivity analysis for PHSP
are set up to demonstrate the validity of the proposed model
in Section 5. Section 6 highlights themain conclusions of this
study.

2. Multienergy Complementary
System Output Model

2.1. Multienergy Complementary System Structure. In this
paper, wind power plant (WPP), photovoltaic generator (PV),
cell-gas turbine (CGT), and pumped storage power station
(PHSP) are integrated into a multienergy complementary
system. Figure 1 shows system structure. In the multienergy
complementary system, WPP and PV are mainly used to
meet the load demand. When power generation of WPP and
PV is more than system load demand, under the premise of
satisfying system safe operation, surplus electricity is used
for PHSP to pump water up to the upper reservoir. When
the available power of WPP and PV is less than system load
demand, PHSP will be scheduled to meet load demand. At
the same time, in order to strengthen system safety and
reliability and ensure system load to be guaranteed in poor
water period, poor wind period, and low solar radiation
period, CGT units can provide system reserve capacity in
WPP and PV fluctuation time. In addition, CGT units can
generate power to meet the load demand when the WPP, PV,
and PS units cannot meet load demand [18].Themultienergy
complementary operation integrated byWPP, PV, PHSP, and
CGT units can both ensure the safe and reliable system

PHSP
Water pumps

PHSP
Hydraulic turbine

Upper 
reservoir

Lower 
reservoir

WPP PV

CGT

Provide reserve

Power grid

Figure 1: Multienergy complementary system structure.

operation and guarantee system load balance at the same
time.

2.2. Power Supply Output PowerModel. In the proposedmul-
tienergy hybrid system, power supplies mainly include WPP,
PV, PHSP, and CGT units. This chapter introduces the power
output models of wind power, photovoltaic, and pumped
storage power station.

2.2.1. Wind Power Output Power Model. For wind power
plants, power output depends mainly on natural wind speed.
Due to the stochastic characteristic of natural wind, power
output is random. Some probability distributions, that is,
the exponential distribution and the Gaussian distribution,
are usually employed to model the stochastic disturbances.
Literature [19] comparatively analyzed and evaluated the
application of theWeibull distribution, Rayleigh distribution,
Gamma distribution, and Lognormal distribution, which
showed Rayleigh distribution could be better for simulating
the distribution of wind speed. Therefore, Rayleigh distribu-
tion function is used to describe wind speed distribution, as

𝑓 (V) = 𝜑𝜗 ( V𝜗)
𝜑−1 𝑒−(V/𝜗)𝜑 , (1)

wherein V is real-time wind speed. 𝜑, 𝜗 are shape parameter
and scale parameter. Equation (1) is used to obtain the
expectation and variance of wind speed distribution. Real-
time output power of wind power plant can be calculated as

𝑔∗𝑊,𝑡 =
{{{{{{{{{

0, 0 ≤ V𝑡 < Vin, V𝑡 > Vout,
V𝑡 − Vin

Vrated − Vin
𝑔𝑅, Vin ≤ V𝑡 ≤ Vrated,

𝑔𝑅, Vrated ≤ V𝑡 ≤ Vout,
0 ≤ 𝑔𝑊,𝑡 ≤ 𝑔∗𝑊,𝑡,

(2)
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wherein V𝑡 is the real-time wind speed of WPP at time 𝑡; Vin,
Vrated, and Vout are, respectively, the cut-in wind speed, rated
wind speed, and cut-out wind speed.

2.2.2. PV Output Power Model. For photovoltaic generation
units, output power is determined by solar radiation intensity.
As literature [20] proved, Beta distribution function is used to
describe solar radiation intensity as

𝑓 (𝜃)
= {{{{{

Γ (𝛼) Γ (𝛽)
Γ (𝛼) + Γ (𝛽)𝜃𝛼−1 (1 − 𝜃)𝛽−1 , 0 ≤ 𝜃 ≤ 1, 𝛼 ≥ 0, 𝛽 ≥ 0,
0, otherwise,

(3)

wherein 𝜃 is solar radiation; 𝛼 and 𝛽 are the shape parameters
of Beta distribution. After obtaining the expectation and
variance of solar radiation intensity, 𝛼 and𝛽 can be calculated
as

𝛽 = (1 − 𝜇) × (𝑢 × (1 + 𝜇)𝜎2 − 1) ,
𝛼 = 𝜇 × 𝛽1 − 𝑢 ,

(4)

wherein 𝑢 and 𝜎 are, respectively, the expectation and
standard deviation of solar radiation intensity. After plugging
(4) into (3), the solar radiation intensity distribution function
can be obtained. Then, PV output power at time 𝑡 can be
calculated by photoelectric conversion function:

𝑔∗PV,𝑡 = 𝜂PV × 𝑆PV × 𝜃𝑡, 0 ≤ 𝑔PV,𝑡 ≤ 𝑔∗PV,𝑡, (5)

wherein 𝜂PV and 𝑆PV are solar radiation area and efficiency;𝜃𝑡 is the solar radiation intensity at time 𝑡.
2.2.3. PHSP Output Power Model. Pumped storage power
station includes two operating conditions, water storing and
water inflowing to generate power. When electricity power
is in short supply, usually peak time, electricity price is
higher. At this time, pumped storage power station inflows
to generate power to meet load demand and obtain profits.
When electricity power is oversupply, usually valley time,
electricity price is lower. Pumped storage power station stores
water, and electricity costs are relatively lower at this time.

(1) Water Storage Operation Condition. The power of pumped
storage power station is determined by pump installed capac-
ity, pumping efficiency, and the reservoir storage capacity as

𝑔PS,min
𝑃 ≤ 𝑔PS𝑃,𝑡 ≤ (𝑔PS,max

𝑃 , 𝐸max − 𝐸𝑡𝜂𝑃Δ𝑡 ) , (6)

wherein 𝑔PS𝑃,𝑡 is the power of pumped storage power station
at time 𝑡; 𝑔PS,min

𝑃 and 𝑔PS,max
𝑃 are the lower and upper bound

of pumping power; 𝜂𝑃 is the pumping efficiency of pumped
storage station;𝐸max is themaximum energy storage pumped
storage power station; 𝐸𝑡 is the energy storage at time 𝑡.
(2) Water Inflowing Operation Condition. The generation
power of pumped storage power station is decided by

installed capacity, generating efficiency, and reservoir energy
storage size:

𝑔PS,min
𝐻 ≤ 𝑔PS𝐻,𝑡 ≤ min(𝑔PS,max

𝐻 , (𝐸𝑡 − 𝐸min)
Δ𝑡 𝜂𝐻) , (7)

wherein 𝑔PS𝐻,𝑡 is the inflowing generation power of pumped
storage power station at time 𝑡; 𝑔PS,min

𝐻 and 𝑔PS,max
𝐻 are

lower and upper bound of generating power; 𝜂𝐻 is power
generation efficiency of pumped storage power station; 𝐸min

is the minimum energy storage of pumped storage power
station; 𝐸𝑡 is the energy storage at time 𝑡.
3. Scheduling Operation Mode for
Multienergy Complementary System

A multienergy complementary system integrated by clean
energy generator units, gas generator units, and energy
storage system is proposed in this paper. In model construct-
ing, system security operating constraints and the overall
system operating efficiency level should be considered. In the
state of the optimal operation, maximizing system economic
efficiency and environmental benefits should be achieved at
the same time.

3.1. Objective Function. In the proposed multienergy com-
plementary system component of WPP, PV, CGT, and PHSP,
two optimization targets should be considered: maximizing
system economic benefits and minimizing system output
fluctuation. The former is set as the optimization target
of multienergy complementary system; the latter objective
function is set as the optimization target of the main grid.

(1) Maximizing System Economic Benefits. The economic
benefit of the multienergy complementary system is mainly
composed of four parts: wind power generation income, PV
power generation profit, operating income of pumped storage
power station, and gas turbine power generation. Specific
objective function is as follows:

max 𝑅 = 𝑇∑
𝑡=1

(𝑅𝑊,𝑡 + 𝑅PV,𝑡 + 𝑅CGT,𝑡 + 𝑅PS,𝑡) , (8)

wherein 𝑅𝑊,𝑡, 𝑅PV,𝑡, 𝑅CGT,𝑡, and 𝑅PS,𝑡 are, respectively, the
generation profits of WPP, PV, CGT, and PS at time 𝑡, as (9)-
(10):

𝑅𝑊,𝑡 = 𝜌𝑊,𝑡𝑔𝑊,𝑡, (9)

𝑅PV,𝑡 = 𝜌PV,𝑡𝑔PV,𝑡, (10)

𝑅PS,𝑡 = 𝜌𝐻PS,𝑡𝑔𝐻PS,𝑡 − 𝜌𝑃PS,𝑡𝑔𝑃PS,𝑡, (11)

𝑅CGT,𝑡 = 𝜌CGT,𝑡𝑔CGT,𝑡 − 𝜋pgCGT,𝑡 − 𝜋ssCGT,𝑡. (12)



Mathematical Problems in Engineering 5

In (12), 𝜋pgCGT,𝑡 and 𝜋ssCGT,𝑡 are, respectively, the generation
cost and startup-shutdown cost of CGT at time 𝑡.

𝜋pgCGT,𝑡 = 𝑎CGT + 𝑏CGT𝑔CGT + 𝑐CGT (𝑔CGT,𝑡)2 ,
𝜋ssCGT,𝑡 = [𝑢CGT,𝑡 (1 − 𝑢CGT,𝑡)]𝐷CGT,𝑡,
𝐷CGT,𝑡 = {{{

𝑁hot
CGT, 𝑇min

CGT < 𝑇off
CGT,𝑡 ≤ 𝑇min

CGT + 𝑇cold
CGT,

𝑁cold
CGT, 𝑇off

CGT,𝑡 > 𝑇min
CGT + 𝑇cold

CGT,
(13)

wherein 𝑎CGT, 𝑏CGT, and 𝑐CGT are, respectively, the generation
cost coefficients of CGT unit and can be obtained by genera-
tion historical data regression. 𝑔CGT is the generation power
of CGT at time t. 𝑢CGT,𝑡 is the operation status of CGT at time
t, a binary variable. 𝑢CGT,𝑡 = 1 means CGT is in operation,
whereas 𝑢CGT,𝑡 = 0 means CGT is not in operation. 𝐷CGT,𝑡
is the startup/shutdown costs of CGT unit. 𝑁hot

CGT and 𝑁cold
CGT

are, respectively, the hot start costs and cold start costs of
CGT unit.𝑇min

CPP is theminimum allowable downtime of CGT.𝑇off
CGT,𝑡 is the continuous downtime of CGT at time 𝑡. 𝑇cold

CPP is
cold startup time of CGT.𝑇off

CGT,𝑡 is the downtime of CGTunit.

(2) Minimizing MEHS Output Fluctuation. As wind power
and photovoltaic power generation have intermittent and
fluctuating characteristics, the large-scale wind power and
photovoltaic power generation connecting to the main grid

will affect the power grid normal operation. Therefore, for
main grid, minimizing system load fluctuation should be
the operating optimization objectives. The specific objective
function is as follows:

min 𝑁
= {{{
𝑇∑
𝑡=1

[𝑔𝑊,𝑡 + 𝑔PV,𝑡 − (𝑔𝑃PS,𝑡 − 𝑔𝐻PS,𝑡) − 𝑔av]2𝑇
}}}
1/2

, (14)

𝑔av = 𝑇∑
𝑡=1

[𝑔𝑊,𝑡 + 𝑔PV,𝑡 − (𝑔𝑃PS,𝑡 − 𝑔𝐻PS,𝑡)]𝑇 , (15)

wherein 𝑁 is the standard deviation of WPP and PV gen-
eration output power fluctuation, also named as WPP and
PV output fluctuation function; 𝑇 is system scheduling cycle;𝑔av is the average system output power. The pumped storage
power station mainly uses WPP and PV generation to pump
water and store energy. Therefore, as𝑁 is smaller, indicating
a smaller fluctuation inWPP and PV output power, it is more
favorable to system operation safety.

3.2. Constraint Conditions. Themultienergy complementary
system is component ofWPP, PV, CGT, and PHSP.Therefore,
system supply and demand balance constraints,WPP, PV, and
CGT generating power constraints, pumped storage power
station operation constraints, and system rotation reserve
constraints are considered.

(1) Supply and Demand Balance Constraint

𝑔𝑊,𝑡 (1 − 𝜑𝑊) + 𝑔PV,𝑡 (1 − 𝜑PV) + (𝜌𝐻PS,𝑡𝑔𝐻PS,𝑡 − 𝜌𝑃PS,𝑡𝑔𝑃PS,𝑡) + 𝑔CGT,𝑡 (1 − 𝜑CGT)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
MEHS output

+ 𝑔GC,𝑡 = 𝐿 𝑡, (16)

wherein 𝜑𝑊, 𝜑PV, and 𝜑CGT are power loss rate of WPP,
PV, and CGT, respectively. 𝑔GC,𝑡 is power output of system
purchasing from generation company.

(2) CGT Operation Constraints. CGT operation constraints
mainly include power generation constraints, unit climbing
constraints, and unit start-stop time constraints, as

𝑢CGT,𝑡𝑔min
CGT ≤ 𝑔CGT,𝑡 ≤ 𝑢CGT,𝑡𝑔max

CGT, (17)

𝑢CGT,𝑡Δ𝑔−CGT ≤ 𝑔CGT,𝑡 − 𝑔CGT,𝑡−1 ≤ 𝑢CGT,𝑡Δ𝑔+CGT, (18)

(𝑇on
CGT,𝑡−1 −𝑀on

CGT) (𝑢CGT,𝑡−1 − 𝑢CGT,𝑡) ≥ 0, (19)

(𝑇off
CGT,𝑡−1 −𝑀off

CGT) (𝑢CGT,𝑡 − 𝑢CGT,𝑡−1) ≥ 0, (20)

wherein 𝑔max
CGT and 𝑔min

CGT are the upper and lower limitation
of CGT, respectively. Δ𝑔+CPP, Δ𝑔−CPP are the upper and lower
limitation of CGT, respectively. 𝑀on

CGT and 𝑀off
CGT are the

minimum startup time and the minimum shutdown time of
CGT, respectively. 𝑇on

CGT,𝑡−1 and 𝑇off
CGT,𝑡−1 are the continuous

operation time and the continuous shutdown time of CGT
at time 𝑡 − 1, respectively. Equation (17) is generator power

constraint; (18) is unit climbing constraint; (19) and (20) are
system startup/shutdown time constraints.

(3) Pumped Storage Power Station Operation Constraints.
Pumped storage power station constraints include the energy
storage balance constraints, capacity constraints, pumping
capacity constraints, and output power constraints, as

𝐸𝑡 = 𝐸𝑡−1 + 𝜂𝑃𝑔𝑃PS,𝑡Δ𝑡 − 𝑔
𝐻
PS,𝑡Δ𝑡𝜂𝐻 , (21)

𝐸0 − 𝐸max

𝜂𝑃 ≤ ∑𝑇𝑡=1 𝑔𝐻PS,𝑡𝜂𝐻𝜂𝑃 − 𝑇


∑
𝑡=1

𝑔𝑃PS,𝑡

≤ 𝐸0 − 𝐸min

𝜂𝑃 ,
(22)

∑𝑇∈𝑇 𝑔𝐻PS,𝑡𝜂𝐻𝜂𝑃 = ∑
𝑇∈𝑇

𝑔𝑃PS,𝑡, (23)

𝐾𝑃PS,𝑡𝑔𝑃,min
PS,𝑡 ≤ 𝑔𝑃PS,𝑡 ≤ 𝐾𝑃PS,𝑡𝑔𝑃,max

PS,𝑡 , (24)
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𝐾𝐻PS,𝑡𝑔𝐻,min
PS,𝑡 ≤ 𝑔𝐻PS,𝑡 ≤ 𝐾𝐻PS,𝑡𝑔𝐻,max

PS,𝑡 , (25)

𝐾𝑃PS,𝑡 + 𝐾𝐻PS,𝑡 ≤ 1, (26)

wherein 𝐸0 is the initial water quantity in upper and lower
reservoir of pumped storage power station, and 𝑇 ∈ 𝑇;𝐾𝑃PS,𝑡 is the energy storage state variable and is 0-1 variable,
1 meaning the station is in energy storing, or the station
is not. 𝐾𝐻PS,𝑡 is the generation state variable, 0-1 variable. 1
means that the power plant is in power generating state;
otherwise the power plant is not. In order to ensure the
pumped storage power station operating safely, the pumping
water condition and inflowing condition are set not to operate
at the same time as (26) shows. Equation (22) represents the
energy storage balance constraints, and (23) is the pumped
storage power generation constraint. Equations (24) and (25)
are, respectively, the pumping power constraint and discharge
power constraint.

(4) System Reserve Constraints

(𝑔max
CGT,𝑡 − 𝑔CGT,𝑡) + (𝑔𝐻,𝑅PS − 𝑔𝐻PS,𝑡) + 𝑔𝑊,𝑡 + 𝑔PV,𝑡
≥ 𝑅𝐿𝐿 𝑡 + 𝑅𝑊,𝑡𝑔𝑊,𝑡 + 𝑅PV,𝑡𝑔PV,𝑡,

(𝑔CGT,𝑡 − 𝑔min
CGT,𝑡) + (𝑔𝐻PS,𝑡 − 𝑔𝐻,min

PS )
≤ 𝑅𝐿𝐿 𝑡 + 𝑅𝑊𝑔∗𝑊,𝑡 + 𝑅PV,𝑡𝑔∗PV,𝑡,

(27)

wherein 𝑔𝐻,𝑅PS is rated power of pumped storage; 𝑅𝐿 is
the rotation reserve ratio, usually 5%; 𝑅𝑊,𝑡 and 𝑅PV,𝑡 are,
respectively, the increased rotation reserve ratio caused by
the access of WPP and PV, and the values are equal to the
relative error of WPP and PV generation forecast. (Due to
the random fluctuation of WPP and PV generation and the
low accuracy of forecasting, it is necessary to keep sufficient

reserve to balance the deviation between the real generation
and forecasting generation ofWPP and PV). Considering the
WPP and PV prior accessing policy, only take the amount of
abandoned WPP and PV electricity as positive spares; that
is, when power output is insufficient, the wind power will be
reput without considering a negative spare.

4. A Robust Scheduling Optimization
Mode for MEHS

4.1. Descriptions for WPP and PV Uncertainty. In the pro-
posed MEHS, WPP and PV output power have intermittent
and volatility characteristics. In reality, WPP and PV gen-
eration output power cannot be accurately simulated and
predicted, but this problem can be overcome by predicting
results, as (28).

𝑔𝑊,𝑡 = 𝑔𝑊,𝑡 + 𝜂𝑊,𝑡𝑒𝑊,𝑡𝑔𝑊,𝑡, 𝜂𝑊,𝑡 ∈ [−1, 1] ,
𝑔PV,𝑡 = 𝑔PV,𝑡 + 𝜂PV,𝑡𝑒PV,𝑡𝑔PV,𝑡, 𝜂PV,𝑡 ∈ [−1, 1] , (28)

wherein𝑔𝑊,𝑡 and𝑔PV,𝑡 are, respectively, the uncertainty forms
of WPP and PV generation; 𝑔𝑊,𝑡 and 𝑔PV,𝑡 are, respectively,
the predictive value of WPP output power and the predictive
value of PV output power; 𝜌𝑊,𝑡 and 𝜌PV,𝑡 are, respectively, the
estimation error coefficients of WPP and PV generating; 𝜂𝑊,𝑡
and 𝜂PV,𝑡 are the error direction coefficients in WPP and PV
generation prediction.

4.2. The Robust Scheduling Optimization Model. According
to (28), WPP and PV generator output power, respectively,
belong to [(1 − 𝑒𝑊,𝑡) ⋅ 𝑔𝑊,𝑡, (1 + 𝑒𝑊,𝑡) ⋅ 𝑔𝑊,𝑡] and [(1 − 𝑒PV,𝑡) ⋅𝑔PV,𝑡, (1 + 𝑒PV,𝑡) ⋅ 𝑔PV,𝑡]. This interval effectively covers the
WPP and PV generation fluctuating possibility. At the same
time, in order to ensure the feasible solution existence, the
load balance between supply and demand (see (16)) needs to
be corrected:

𝑔𝑊,𝑡 (1 − 𝜑𝑊) + 𝑔PV,𝑡 (1 − 𝜑PV) + (𝜌𝐻PS,𝑡𝑔𝐻PS,𝑡 − 𝜌𝑃PS,𝑡𝑔𝑃PS,𝑡) + 𝑔CGT,𝑡 (1 − 𝜑CGT)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
MEHS output

+ 𝑔GC,𝑡 ≥ 𝐿 𝑡. (29)

Set𝑁𝑡 as system load demand, as

𝑁𝑡 = (𝜌𝐻PS,𝑡𝑔𝐻PS,𝑡 − 𝜌𝑃PS,𝑡𝑔𝑃PS,𝑡) + 𝑔CGT,𝑡 (1 − 𝜑CGT)
+ 𝑔GC,𝑡 − 𝐿 𝑡. (30)

Plug (30) into (29):

− [𝑔𝑊,𝑡 (1 − 𝜑𝑊) ± 𝑒𝑊,𝑡 ⋅ 𝑔𝑊,𝑡]
− [𝑔PV,𝑡 (1 − 𝜑PV) ± 𝑒PV,𝑡 ⋅ 𝑔PV,𝑡] ≤ 𝐻𝑡. (31)

Equation (31) shows there is a positive correlation
between the strictness and the stochastic characteristic of the
uncertainty constraints. To ensure that the constraints above
aremet when the actual output power ofWPP and PV is close

to the forecast boundary, auxiliary variables 𝜃𝑊,𝑡, 𝜃PV,𝑡 (𝜃 ≥0) are introduced to strengthening (31):

𝜃𝑊,𝑡 ≥ 𝑔𝑊,𝑡 (1 − 𝜑𝑊) ± 𝑒𝑊,𝑡 ⋅ 𝑔𝑊,𝑡 ,
𝜃PV,𝑡 ≥ 𝑔PV,𝑡 (1 − 𝜑PV) ± 𝑒PV,𝑡 ⋅ 𝑔PV,𝑡 . (32)

Then, (32) could be revised by considering (31) as follows:

− (𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝑔𝑊,𝑡) − (𝑔PV,𝑡 + 𝑒PV,𝑡𝑔PV,𝑡)
≤ −𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝑔𝑊,𝑡 − 𝑔PV,𝑡 + 𝑒PV,𝑡𝑔PV,𝑡,

− 𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝑔𝑊,𝑡 − 𝑔PV,𝑡 + 𝑒PV,𝑡𝑔PV,𝑡
≤ −𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝜃𝑊,𝑡 − 𝑔PV,𝑡 + 𝑒PV,𝑡𝜃PV,𝑡 ≤ 𝐻𝑡.

(33)
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Table 1: CGT operation parameters.

Unit type 𝑔min
CPP/MW 𝑔max

CPP/MW Δ𝑔±CPP/MW 𝐷CPP,𝑡/Yuan 𝑀on/off
CPP /h Slope of segment

1/(Yuan/MW)
Slope of segment
2/(Yuan/MW)

TAURUS60 2.5 5.67 3 204.8 2 239 273.2
CENTAUR50 2 4.6 2.5 136.3 1.5 150.25 307.3
CENTAUR40 1 3.515 1.8 122.9 1 136.6 341.5

Equations (33) have obtained uncertainty constraints with
the strongest robustness. If the constraint condition (16) is
replaced, themost conservative system operation scheme can
be obtained. However, in reality, WPP usually cannot reach
the extreme condition. Therefore, wind power generation
coefficient Γ𝑊 and PV generation coefficient ΓPV are intro-
duced to describe (34), Γ ∈ [0, 1]:

− (𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝑔𝑊,𝑡) − (𝑔PV,𝑡 + 𝑒PV,𝑡𝑔PV,𝑡)
≤ −𝑔𝑊,𝑡 + Γ𝑊𝑒𝑊,𝑡𝑔𝑊,𝑡 − 𝑔PV,𝑡 + ΓPV𝑒PV,𝑡𝑔PV,𝑡,

− 𝑔𝑊,𝑡 + Γ𝑊𝑒𝑊,𝑡𝑔𝑊,𝑡 − 𝑔PV,𝑡 + ΓPV𝑒PV,𝑡𝑔PV,𝑡
≤ −𝑔𝑊,𝑡 + 𝑒𝑊,𝑡𝜃𝑊,𝑡 − 𝑔PV,𝑡 + 𝑒PV,𝑡𝜃PV,𝑡 ≤ 𝐻𝑡.

(34)

Combining (34) with (8), (14)–(16), and (18)–(27), a
stochastic optimization model with robust adjustment coef-
ficients is established. The proposed model could calculate
the optimization scheduling scheme with different robust
coefficient based on the risk attitude of policymaker.

4.3. Multiobjective Model Solving. The proposed optimiza-
tion model includes two objective functions: maximizing
the economic benefits and minimizing system generating
fluctuation. In general, as the costs ofWPP andPVgeneration
are better, when system achieves the best economic efficiency,
WPP and PV generation is relatively large, resulting in
relatively large fluctuations in system output and vice versa.
To achieve one optimization solution, most methods usually
transfer the multiobjectives into single objective by setting
different weights to every objective. So, there are two stages
for solving this optimization problem.

Firstly, solve the model considering maximizing system
economic benefits as the optimizing objective, and the best
system economic benefits value 𝑅max and system generating
fluctuation at that time can be obtained.

Secondly, solve the proposed model considering mini-
mizing system generating fluctuation as objective function,
and the minimum system output𝑁min and system economic
efficiency value at that time can be obtained.

Thirdly, the optimization direction of the objective func-
tion is different, so appropriate treatment is necessary in the
multiobjective weighting into a single one. set 𝛼𝑅 and 𝛼𝑁 as
weight coefficients of the maximum economic benefits and
the minimum system output fluctuation. Objective functions
are weighted as follows:

obj = min{𝛼𝑅 ⋅ 𝑅max − 𝑅𝑅max + 𝛼𝑁 ⋅ 𝑁 − 𝑁min

𝑁min } , (35)

wherein 𝛼𝑅 + 𝛼𝑁 = 1. If 𝛼𝑁 and 𝛼𝑅 are set, optimal 𝑅 and𝑁
could be achieved.

5. Simulation Analysis

In order to analyze the applicability of the proposed model
in achieving the multienergy complementary system optimal
operation, the study includes three parts, namely, basic data
collection, optimal weights determining of the objective
function, and result analysis.

5.1. Basic Data. In order to test the validity and applicability
of the proposed model, a 9.6MW wind power plant, a
6.5MW PV unit, three CGT units, and an upper reservoir
with equivalent capacity of 10MW⋅h are chosen to compose
a multienergy complementary system in this paper [21]. The
gas turbines are, respectively, TAURUS60, CENTAUR50, and
CENTAUR403 models [22]. The cost curve is divided into
two segments to be linearized, and the specific parameters are
shown in Table 1. The pumped storage power plant efficiency
is set at 75%; the turbine and pumping regime capacities are 4
and 2MW, respectively. The upper basin of PHSP is empty
at the beginning of the day under study, and there are no
constraints on the water level of the upper basin at the end
of the day.

The parameters of the wind turbine are Vin = 3m/s,
Vrated = 14m/s, and Vout = 25m/s, and the shape
parameter and scale parameter are 𝜑 = 2 and 𝜗 = 2V/√𝜋
[23], respectively. The values of 𝛼 and 𝛽 are 0.32 and 8.14,
respectively. Scenario simulation strategy proposed in [24]
was further used and 50 sets of WPP and PV generation
scenarios were simulated. The simulation scenarios were cut
to 10 sets typical of WPP output scenarios and PV output
scenarios as shown in Figure 2.

Based on the scenarios simulation results in Figure 2,
select the mean output power of each scene as the WPP
and PV generation input data. System load demand in a
typical load day was selected according to [25], as Table 2
shows. According to [26], the load is divided into peak
load (12:00–21:00) period, float load (0:00–3:00, 21:00–24:00)
period, and valley load (3:00–12:00) period, and, respectively,
the electricity prices are 0.77 Yuan/kW⋅h, 0.59 Yuan/kW⋅h,
and 0.30 Yuan/kW⋅h.The grid connection prices of the CGT,
WPP, and PV are 0.52 Yuan/kW⋅h, 0.61 Yuan/kW⋅h, and
1.0 Yuan/kW⋅h, respectively.

After inputting above basic data, the model is solved
by the GAMS software using the CPLEX 11.0 linear solver
from ILOG solver [27]. The CPU time required for solving
the problem of different case studies with an idea pad450
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Figure 2: Scenarios simulation of WPP (a) and PV (b).

series laptop computer powered by a core T6500 processor
and 4GB of RAM under the four cases is less than 20 s.
When the optimization is MILP, the GAMS software obtains
a satisfactory solution quickly. Figure 3 is multiobjective joint
optimization flowchart of MEHS system

5.2. Results Analysis

5.2.1. Optimal Weight Determination. The objective function
weight setting will directly determine the optimal direction
of system scheduling.When decision-makers paymore atten-
tion to economic benefits, 𝛼𝑁will be set higher with relatively
higher uncertain risk of WPP and PV generation; otherwise,
when decision-makers pay more attention to the uncertainty
risks, 𝛼𝑅 will be set higher with relatively lower economic
benefits. To determine the optimal objective function weight,
robust coefficients are set Γ𝑊 = ΓPV = 0 and optimization
solutions of objective function 𝑅 and 𝑁 under different
weights are estimated, as shown in Figure 4.

When 𝛼𝑅 = 1 and 𝛼𝑁 = 0, the value of MEHS system
economic benefit is the optimal maximum economic benefit
(𝑅max). When 𝛼𝑅 = 0 and 𝛼𝑁 = 1, the value of MEHS system
WPP-PV output power fluctuating variance is the minimum
fluctuating variance (𝑁min). According to Figure 4, the values
of 𝑅 and 𝑁 both increase with the growing of 𝛼𝑅 and rise
especially quickly when 𝛼𝑅 grows from 0.7 to 0.9, while other
times both of them change little. The values of objective
functions 𝑅 and 𝑁 keep basically equal to the optimization
result of MEHS optimal economic benefit before 𝛼𝑅 reaches
0.7 and equal to the optimization result of MEHS minimum
power fluctuation optimization problem when 𝛼𝑅 is larger
than 0.9. Therefore, the comprehensive optimal results of

MEHS under different 𝛼𝑅 among 0.7∼0.9 are estimated, as
shown in Figure 4(b).

According to Figure 4(b), when 𝛼𝑅 changes from 0.7 to
0.74 and 0.88 to 0.9, the values of MEHS standard deviations
of economic benefit andpower fluctuation increase fast; when𝛼𝑅 changes between 0.74 and 0.88, the standard deviations
basically remained stable. That is, the results of the MEHS
system will reach optimum if 𝛼𝑅 ∈ [0.74, 0.88]. Therefore, in
this paper, 0.76 and 0.24 are chosen to be the optimal weights
for MEHS economic objective function and the minimum
objective function of power fluctuation, respectively. System
decision-makers can consider their risk preference attitudes
and adjust the weight coefficients 𝛼𝑅 and 𝛼𝑁 by choosing
different 𝛼𝑅 between 0.7 and 0.74 or between 0.88 and 0.9.
Generally, decision-maker will set a smaller weighting factor𝛼𝑅, while risk preference tends to set a larger 𝛼𝑅.
5.2.2. Validity Analysis of Robust Stochastic Optimization
Theory. The WPP and PV generation uncertainties have
a great impact on MEHS system operating stably. In this
section, the robust stochastic optimization model for MEHS
is introduced by robust stochastic optimization theory. If the
prediction error e = 0.05, separately, Γ𝑊 = ΓPV = 0, 0.5, 0.9,
the influence of different robust coefficient settings on system
scheduling results is discussed. Table 3 shows the MEHS
system scheduling optimization results under different robust
coefficients.

According to Table 3, after introducing robust stochastic
optimization theory, with the increase of the robust coeffi-
cient, the objective function value decreases gradually. This
indicates that the robust coefficient can be used to control
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Figure 3: Multiobjective joint optimization flowchart of MEHS system.
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Figure 4: System economic benefits and output power fluctuation in MEHS under different (a) 𝛼𝑅 among 0∼1 and (b) 𝛼𝑅 among 0.7∼0.9.
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Table 2: System load demand of WPP and PV generation output
data in a typical load day (unit: MW).

Time Load WPP PV
1 15.26 7.51 0
2 14.60 6.91 0
3 13.70 8.37 0
4 13.15 7.41 0
5 12.43 8.36 0
6 11.89 8.11 1.68
7 11.53 6.62 2.06
8 11.17 6.33 2.49
9 10.81 3.45 3.63
10 11.17 6.50 4.50
11 11.53 5.92 6.37
12 12.61 5.93 6.17
13 14.06 4.79 8.41
14 15.14 5.87 7.16
15 15.32 4.24 7.39
16 15.86 5.25 5.69
17 16.22 5.07 4.77
18 15.32 4.19 3.18
19 15.14 5.05 2.93
20 14.26 5.68 1.91
21 13.33 6.55 1.31
22 12.89 6.99 0
23 12.88 5.71 0
24 13.25 6.39 0

the scenery uncertainty risk by controlling the WPP and
PV grid-connected electricity. Correspondingly, the MEHS
economic benefit reduced gradually, but the fluctuation vari-
ance ofWPP and PV output power reduced correspondingly,
which indicates that system needs to bear the corresponding
loss of economic benefit in avoiding risks. Conversely, if
system pursues higher economic efficiency, a large scenery
uncertainty risk should be taken. Compared the two sce-
narios, Γ𝑊, ΓPV = 0 and Γ𝑊, ΓPV = 0.9, the abandoned
electricity of WPP and PV increased from 7.360MW⋅h and
3.483MW⋅h to 22.080MW⋅h and 10.448MW⋅h, respectively,
and CGT power generation increased from 124.388MW⋅h to
147.329MW⋅h.This indicates system prefers to use CGT units
to meet the load demand and avoid the uncertainty risk of
scenery. Figure 5 shows theMEHS output power distribution
under Γ𝑊 = ΓPV = 0.

According to Figure 5, if the uncertainty risk ofWPP and
PV is not considered and the weight coefficients 𝛼𝑁 and 𝛼𝑅
are determined, system will prefer to maximize the economic
benefit. Therefore, the grid-connected generation of WPP
and PV reached the maximum value, namely, 139.841MW⋅h
and 66.168MW⋅h. The abandoned electricity of WPP and
PV is 7.360MW⋅h and 3.483MW⋅h, respectively. Since the
grid-connected generation of WPP and PV is relatively large,
system will call for a larger pumped storage power station
with power generation −9.706MW⋅h and storage power
9.546MW⋅h. At this point, system expected economic benefit
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Figure 5: The MEHS output power distribution with Γ𝑊 = ΓPV = 0
(basic scheduling model results).
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Figure 6: MEHS output power distribution with Γ𝑊 = ΓPV = 0.5.

reached the maximum (¥10885.20). However, system scenery
output power variance reached 2.486, also themaximum, so it
could not be ignored.Themaximum variancemeans a higher
system risk level. If wind speed is slow or PV intensity is
not high, system will face a large power shortage risk. When
system decision-makers are not willing to bear risk,WPP and
PV generation will be controlled under Γ𝑊 = ΓPV = 0.5.
Figure 6 isMEHS output power distribution with Γ𝑊 = ΓPV =0.5.

Compared with Figure 5, if system decision-makers are
not willing to bear operating risk, they will reduce the
grid-connected generation of WPP and PV and increase
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Table 3: The MEHS system scheduling optimization results with different robust coefficients.

(Γ𝑊, ΓPV) WPP/MW⋅h PV/MW⋅h CGT/MW⋅h PHSP/MW⋅h Energy abandoned/MW⋅h Objective value
Storage Generation WPP PV 𝑅/¥ 𝑁/MW⋅h

0 139.841 66.168 124.388 −9.706 9.546 7.360 3.483 10885.20 2.486
0.5 132.481 62.686 135.798 −7.726 7.487 14.720 6.965 9580.45 2.154
0.9 125.121 59.203 147.329 −5.852 5.654 22.080 10.448 8938.88 1.832

the power generation of CGT. If Γ𝑊 = ΓPV = 0.5,
WPP, PV, and CGT generation is, respectively, 132.481MW⋅h,
62.686MW⋅h, and 135.798MW⋅h, and abandonedWPP gen-
eration is 14.720MW⋅h and 6.965MW⋅h. System economic
benefit reduced to ¥9580.45, the fluctuation variance of
WPP output. Specifically, during the peak period, system
will increase the CGT power generation. For example, at
13:00, CGT power generation increased to 6.4MW⋅h; at
19:00, CGT power generation increased to 7.558MW⋅h, and
so on. In addition, reducing WPP and PV grid-connected
generation will reduce system standby demand for pumped
storage power stations. When Γ𝑊 = ΓPV = 0.5, the
charge and discharge capacity of PHSP were −7.726MW⋅h
and 7.487MW⋅h, respectively.This indicates that introducing
robust coefficients can provide risk controlling decisions
for decision-makers. If the decision-makers prefer risks, the
power generation ofWPP and PV will increase and CGTwill
reduce, and there is greater demand for PHSP reserve. On
the contrary, if the decision-makers are risk-averse, the power
generation ofWPP andPVwill reduce andCGTwill increase,
and the reserve demand of PHSP is relatively low.

5.2.3. Analysis on Operation Benefit of Pumped Storage Power
Station. Pumped storage power stations have discharging
power and pumped storage characteristics. In load valley
period, pumped storage power stations can use the night low
electricity price to store power and in peak period inflow
water power to generate power to gain a big profit. This
behavior is also conducive to smooth the load curve. In this
section, the optimization effect of the pumped storage power
station on MEHS system is mainly analyzed. Set Γ𝑊 = ΓPV =0.75 and the prediction error coefficient is 0.9. Figures 7 and
8 show system scheduling operations results with/without
PHSP are calculated respectively.

According to Figure 7, if pumped storage power stations
are not considered in MEHS, the peak-shaving and reserve
services of WPP and PV generation are mainly provided by
CGT units. Under robust coefficients constraints, to ensure
the stable system operation,WPP and PV generation reached
the minimization, and the abandoned WPP and PV electric-
ity is, respectively, 25.587MW⋅h and 10.447MW⋅h. Because
WPPandPVgeneration decreased, systemeconomic benefits
dropped to ¥7793.55. The WPP and PV output fluctuating
variance dropped to 1.89MW⋅h at the same time, which
means that though system risk level reduced, corresponding
economic losses should also be borne. Furthermore, MEHS
optimized operation results with PHSP were analyzed as
shown in Figure 8.

According to Figure 8, if PHSP was considered in MEHS,
system peak-shaving and reserve services capacity for WPP
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Figure 7: System scheduling operations results without PHSP.

and PV power generation increased; WPP and PV power
generation also increased correspondingly; abandoned WPP
and PV electricity were, respectively, 1 × 7.664MW⋅h and
8.358MW⋅h. With the increasing of wind and photovoltaic
power generation, MEHS economic benefits increased to
¥7954.29 and the WPP and PV output power fluctuating
variance also increased to 1.84MW⋅h. The results indicate
that PHSP can improve MEHS to absorb WPP and PV
generation, reduce abandoned WPP and PV electricity, and
enhance MEHS economic efficiency. At the same time, the
pumped storage power station can match the WPP and PV
output power considering the peak-valley condition of load
curve, which can reduce the output fluctuation and reduce
the MEHS operation risks. Table 4 shows the MEHS system
scheduling operations results with/without PHSP.

According to Table 4, PHSP can optimize the operation
strategy considering the peak-valley distribution and the
actual power generation capacity of WPP and PV. After
considering PHSP, the peak load decreased to 14.18MW,
the valley increased to 11.05MW, and peak to valley ratio
reduced to 1.50, meaning system economic efficiency and
risk level are better than before. This indicates that PHSP
can smooth the electricity load curve and reduce the peak-
valley ratio. This process can also increase WPP and PV
grid-connected power and reduce the amount of abandoned
wind and photovoltaic power. The MEHS system economic
benefits can be improved and the MEHS system operation
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Figure 8: System optimized operation results with PHSP.
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Figure 9: MEHS system scheduling optimization results with
different PHSP capacities.

risk level can be reduced though the process. Furthermore,
the MEHS system scheduling optimization results under
different PHSP capacities were quantitatively analyzed, and
the MEHS economic benefits and risk level under different
PHSP capacities were discussed as shown in Figure 9.

According to Figure 9, with the increasing of PHPS
grid-connected capacity, MEHS system economic benefits
increased correspondingly; the WPP and WPP and PV out-
put fluctuation variance in MEHS reduced gradually, which
means that PHSP can provide peak-shaving and reserve
service for MEHS system. This process can also promote the
WPP and PV grid-connected power and improve the MEHS
economic efficiency and reduce the operational risk level.
When the PHSP capacity is 40MW, the MEHS economic
benefit reached ¥8738.88 and the fluctuation variance ofWPP
and PV output power fluctuation dropped to 1.78MW⋅h.

Compared with PHSP capacity of 10MW, the economic
benefit ofMEHS increased by 7.34% and the risk level reduced
by 2.16%. However, when the PHSP capacity reaches 25MW
(WPP and PV installed capacity and PHPS capacity ratio
is about 1 : 1.3), the economic efficiency and risk level of
MEHS reached the inflection point. When the proportion
exceeds 1 : 1.3, the increase of PHSP capacity has a relatively
weak optimizing impact on MEHS, indicating PHSP peak-
shaving and reserve capacity is sufficient and the WPP and
PV generation has basically reached the upper limit. Overall,
PHSP can improve the economic efficiency and reduce the
risk level ofMEHS system, but it is necessary to set reasonable
PHSP capacities for specific WPP and PV installed capacity.

5.3. Sensitivity Analysis. In this paper, based onWPP and PV
predicted generation power, the robust coefficients are intro-
duced to characterize the WPP and PV generation uncer-
tainties. The rationality of robust coefficients and prediction
error coefficients setting is significant in determining optimal
scheduling scheme. In this section, the results of system
optimization and CGT units output under different robust
coefficients and prediction errors are discussed, respectively.
Figure 10 shows the MEHS operating economic benefit (a)
and risk level (b) under different robust coefficients and
prediction errors.

According to Figure 10, with the increase of the robust
coefficients and the prediction error coefficients, the MEHS
system economic efficiency and the risk level decreased,
which indicates that system decision-makers will reduce
WPP and PV grid-connected generation to reduce the uncer-
tainty risk. The corresponding extra benefits of WPP and PV
would be lost, but theMEHS overall risk level reduced.When
robust coefficient is less than or equal to 0.5, the increase of
the robust coefficient had a great impact on the optimizing
target. On the contrary, when the robust coefficient is bigger
than 0.5, the impact is small. Similarly, when the prediction
error is less than or equal to 0.5, the increase of the error
coefficient had a great influence on the objective function.
When the error coefficient is bigger than 0.5, the influence
is small. This indicates that when the robust coefficient and
the prediction error coefficient are higher than 0.5, system
scheduling scheme is close to themost conservative operation
scheme. In order to meet system load balance, necessary
wind and photovoltaic power generation need to be absorbed.
Higher economic benefits could be obtained by loosening
robust coefficient or increasing the power prediction accu-
racy. Figure 11 shows CGT units generation under different
robust coefficients and the prediction errors.

According to Figure 11, with the increase of the robust
coefficient and the predicting error coefficient, MEHS use
CGT to generatemore electricity so as to reduceWPP and PV
generation and system operation risk. Specifically, with the
predicting error coefficient increasing, the CGT units output
shows a three-segment distribution. When the predicting
error coefficient is between 0.3 and 0.7, system quickly calls
the CGT to generate power, which means larger error caused
system calling CGT units with faster startup-shutdown speed
to meet load demand. When the coefficient is less than 0.3,
system could call PHSP to meet the uncertain demand of
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Table 4: MEHS scheduling operations results with/without PHSP.

WPP/MW⋅h PV/MW⋅h CGT/MW⋅h PHSP/MW⋅h Load curve Objective function
Power
storage

Power
generation

Peak
load/MW

Valley
load/MW

Peak-
valley ratio 𝑅/¥ 𝑁/MW⋅h

Without PHSP 135.01 108.21 59.20 0 0 16.22 10.81 1.50 7793 1.89
With PHSP 132.81 123.15 61.29 −7.93 7.32 14.18 11.05 1.28 7954 1.84
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Figure 10: MEHS operating economic benefits (a) and risk levels (b) under different robust coefficients and prediction errors.
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Figure 11: CGT with different robust coefficients and the prediction
errors.

WPP and PV. Therefore, the CGT call frequency is relatively
slow. When the coefficient is higher than 0.7, due to system
havingmade full use of CGTgenerating power, the remaining

predicting error power cannot be satisfied by CGT. MEHS
needs other power suppliers to meet system load demand.
Similarly, when the robust coefficient is less than or equal
to 0.5, the increase of robust coefficient has a great effect
on the optimizing target. On the contrary, when robust
coefficient is higher than 0.5, the effect is little. This indicates
that the robust coefficient provides risk controlling methods
for decision-makers. In order to pursue higher economic
efficiency and economic risk level, decision-makers should
improve the power forecasting accuracy. Reasonable robust
coefficients should be set with their risk-bearing capacity to
win extra economic benefits.

6. Conclusions

In this paper, WPP, PV PHSP, and CGT units are integrated
as MEHS system. The robust stochastic optimization theory
is introduced to describe the uncertainties of WPP and PV
generation. A multiobjective scheduling optimization mode
for MEHS considering uncertainty is put forward. Firstly, in
order to characterize the uncertainties ofWPP and PV gener-
ation, an uncertainty descriptionmethod based on the power
prediction results is established. Secondly, robust coefficients
are introduced to transform the constraints with uncertain
variables. The stochastic constraint conditions are obtained,
and freely adjustable risk controlling methods are provided
for decision-makers. Finally, the validity and validity of the
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proposed model are proved by examples analysis. The results
show the following:

(1) Integrating WPP, PV, PHSP, and CGT into MEHS
system can make full use of different energy gen-
eration characteristics and realize the multienergy
complementary features. PHSP will generate power
in peak load periods and pumped storage in valley
periods. When PHSP is insufficient to meet peak-
shaving and reserve demand, CGT units will be called
to meet system supply-demand balance constraints.
In general, multienergy complementary system can
make system operation stable and increase economic
efficiency and lower risk levels.

(2) Robust stochastic optimization theory can effectively
overcome the uncertainty of WPP and PV. Risk con-
trollingmethods can be provided for decision-makers
with different risk preferences. When decision-
makers prefer to take a risk, robust coefficient is
relatively low. More WPP and PV generation are
absorbed, andmore economic benefits are gained. On
the contrary, higher robust coefficient will lowerWPP
and PV generation, and CGT units are called to meet
load demand to reduce system risk level.

(3) PHSP can optimize the status of pumped storage
power considering the load supply-demand situation
and the actual available output ofWPP and PV. PHSP
realizes the peak-shaving and valley filling of load
curve and provides more space for WPP and PV
and enhances the economic benefits. At the same
time, PHSP converts working condition rapidly to
overcome the uncertainty ofWPP and PV generation
which can reduce generation output fluctuation and
minimize system operation risk.

(4) In this paper, clean energy generating units, conven-
tional energy generation units, and pumped storage
units in generation side are mainly considered in
constructing multiobjective complementary system.
In the future, with the continuous maturity and
upgrading of intelligent communication and infor-
mation technology, demand response in the user side
will be considered to achieve the optimization effect
in both generation side and the user side and improve
the operating efficiency of MEHS system.
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Online tracking time-varying number of targets is a challenging issue due to measurement noise, target birth or death, and
association uncertainty, especially when target number is large. In this paper, we propose an efficient approximation of the
Labeled Multi-Bernoulli (LMB) filter to perform online multitarget state estimation and track maintenance efficiently. On the
basis of the original LMB filer, we propose a target posterior approximation technique to use a weighted single Gaussian
component representing each individual target. Moreover, we present the Gaussian mixture implementation of the proposed
efficient approximation of the LMBfilter under linear, Gaussian assumptions on the target dynamicmodel andmeasurementmodel.
Numerical results verify that our proposed efficient approximation of the LMB filer achieves accurate tracking performance and
runs several times faster than the original LMB filer.

1. Introduction

Online tracking of time-varying number of targets is a chal-
lenging issue in the presence of measurement noise, target
birth or death, and association uncertainty [1]. Recently,
the random finite set (RFS) based Bayesian framework has
been proved to be unified elegant approach for multisensor
multiobject estimation [2], other than the traditional Joint
Probabilistic Data Association (JPDA) [3] and Multiple
Hypothesis Tracking (MHT) [4] methods in the tracking
area [5].The Probability Hypothesis Density (PHD) filter [6],
Cardinalized PHD (CPHD) filter [7], and multi-Bernoulli
filter [8] were established for multitarget state estimation
by avoiding data association, which are incapable of track
maintenance.

With the help of the labeled RFS, the 𝛿-Generalized
Labeled Multi-Bernoulli (𝛿-GLMB) filter has been proposed
lately in order to handlemultitarget state estimation and track
maintenance simultaneously [9, 10]. Then, the Marginalized
𝛿-Generalized LabeledMulti-Bernoulli (M𝛿-GLMB) [11] and
the Labeled Multi-Bernoulli (LMB) filter [12] were proposed
to performmultitarget tracking more efficiently, respectively,
under different approximations and update paradigms. How-
ever, the efficiency issue of multitarget tracking method still

remains challenging for online applications, especially for
multisensor scenarios [13, 14]. Recently, [15] has proposed
an efficient implementation of the GLMB filter via Gibbs
sampling to solve the ranked assignment problem stochasti-
cally, which has solution complexity quadratic in the number
of hypothesized labels and linear in the number of mea-
surements. Nevertheless, this efficient implementation of the
GLMB filter cannot enjoy the benefit of the parallelizability
of the LMB filter, which makes the number of hypothesized
labels and the number of measurements very large when
tracking large number of targets.

In this paper, we further study the efficiency issue
of multitarget tracking problem. We propose an efficient
approximation of the LMB filter for online multitarget
tracking, in which a single weighted Gaussian component is
used to approximate the posterior state of each target. We
present the Gaussian mixture implementation of proposed
filter for the linear and Gaussian target dynamic model
and observation model. The paper is organised as follows.
Section 2 presents a short review of the basic knowledge
about the RFS based Bayesian filtering, the labeled RFS,
and the 𝛿-GLMB filter. Section 3 illustrates the target pos-
terior approximation approach and explains its efficiency.
Section 4 provides the Gaussian mixture implementation of
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the approximation of the LMB filter in detail. Section 5 shows
numerical results that verify the effectiveness and efficiency of
proposed approximation.

2. Background

This section presents the basic knowledge of the following
content in this paper. We first give the RFS based Bayesian
filtering in Section 2.1. Then, we present typical types of the
labeled RFS in Section 2.2. Section 2.3 provides the LMB
filter which lays out the fundamentals for our proposed
approximation.

2.1. Random Finite Sets Based Bayesian Filtering. TheRFS is a
random variable in which the number of its elements and the
value of each element are both random process. With regard
to multitarget tracking problem, the RFS has been shown to
be a more natural and powerful description for multitarget
state compared to the conventional vector representation
[16]. Let 𝑋𝑘 and 𝑍𝑘 denote the state set and observation set
with time-varying cardinalities𝑁(𝑘) and𝑀(𝑘), respectively:

𝑋𝑘 = {x𝑘,1, . . . , x𝑘,𝑁(𝑘)} . (1)

𝑍𝑘 = {z𝑘,1, . . . , z𝑘,𝑀(𝑘)} (2)

In a typical target tracking scenario, at every time step, the
multitarget state RFS𝑋𝑘 is composed of two parts: an RFS for
existing targets 𝑆𝑘 and an RFS for spontaneous birth targets
Γ𝑘. Hence, at time step 𝑘, the multitarget state RFS𝑋𝑘 = 𝑆𝑘 ∪Γ𝑘. The observation RFS 𝑍𝑘 is composed of two parts as well:
target-orientedmeasurementsΘ𝑘 and clutter𝐾𝑘, which gives𝑍𝑘 = Θ𝑘 ∪𝐾𝑘. By modeling the multitarget state RFS𝑋𝑘 and
the observation RFS 𝑍𝑘 using different types of probability
distributions such as Binomial, Poisson, andmulti-Bernoulli,
the RFS based Bayesian framework for optimal estimation is
given as follows:

𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1)

= ∫𝑓𝑘|𝑘−1 (𝑋 | 𝑋) 𝑓𝑘−1 (𝑋 | 𝑍1:𝑘−1) 𝛿𝑋
(3)

𝑓𝑘 (𝑋 | 𝑍1:𝑘) = 𝑓𝑘 (𝑍𝑘 | 𝑋) 𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1)
∫𝑓𝑘 (𝑍𝑘 | 𝑋) 𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1) 𝛿𝑋

, (4)

which represent the prediction and update process of
Bayesian recursion, respectively. Notice that the key to solve
the RFS based Bayesian filtering is the set integrals in (3)
and (4), which can be found in the finite set statistics [2].
Under different assumptions of the RFS type, the PHD filter
[6], CPHD filter [7], and multi-Bernoulli filter [8] have
been derived from (3) and (4) to perform multitarget state
estimation without data association.

2.2. Labeled Random Finite Set. With respect to the labeled
RFS, a unique label is assigned to each element in the multi-
target state RFS𝑋𝑘 in order to perform track maintenance in
a multitarget tracking scenario. Assume that L is a countable

label space; then target state vector x is augmented with label
𝑙 ∈ L. Hence, the labeled target state x̃ = (x, 𝑙) for each x̃ ∈ 𝑋𝑘.

There are several types of the labeled RFS whose density
is conjugate with standard multiobject likelihood function
and is closed under the multiobject Chapman-Kolmogorov
equation using the standard multiobject dynamic model,
such as the GLMB family and the LMB family. In other
words, the Bayesian recursion can be derived using these
labeled RFSs. Here, we first introduce some useful symbols
for illustration and provide the GLMB family and the LMB
family as two types of the labeled RFSs in the following. Let
L : X × L → L represent the projection L((x, 𝑙)) = 𝑙
and Δ(𝑋) = 𝛿|�̃�|(|L(𝑋)|) denote the distinct label indicator
function.

A GLMB is a labeled RFS on X × L with the following
distribution:

𝜋 (𝑋) = Δ (𝑋) ⋅ ∑
𝑐∈C

𝑤(𝑐) (L (𝑋))∏
x̃∈�̃�
𝑝(𝑐) (x̃) (5)

in which C is a discrete index set, and 𝑤(𝑐)(𝐿) and 𝑝(𝑐)(x̃)
satisfy

∑
𝐿⫅L

∑
𝑐∈C

𝑤(𝑐) (𝐿) = 1

∫𝑝(𝑐) (x, 𝑙) 𝑑x = 1.
(6)

A GLMB RFS comprising a single component for each
unique label can be simplified into a LMB RFS. So, the index
set C is singleton and the index 𝑐 is omitted, and a LMB is a
labeled RFS onX × L with the following distribution:

𝜋 (𝑋) = Δ (𝑋) ⋅ 𝑤 (L (𝑋))∏
x̃∈�̃�
𝑝 (x̃) (7)

and 𝑤(𝐿) and 𝑝(x̃) satisfy

𝑤 (𝐿) = ∏
𝑖∈L

(1 − 𝑟(𝑖))∏
𝑙∈𝐿

1L (𝑙) 𝑟(𝑙)
1 − 𝑟(𝑙)

𝑝 (x̃) = 𝑝(𝑙) (x)
(8)

in which {(𝑟(𝑙), 𝑝(𝑙))}𝑙∈L is a given finite parameter set, with
𝑟(𝑙) representing the existence probability of target 𝑙 and 𝑝(𝑙)
denoting the probability density of the kinematic state of
target 𝑙 given its existence [12]. Remark that the LMB family
is a special case of the GLMB family with only one term for
each target.

2.3. The LMB Filter. The LMB filter is derived from the
Bayesian filtering by assumingmultitarget state to be the LMB
family RFS. In the following, we briefly recall the prediction
and update process for the LMB filter which was proposed in
[12].

Prediction. Suppose that the multitarget posterior density is
an LMB RFS on space X × L, and the parameter set �̃� =
{(𝑟(𝑙), 𝑝(𝑙))}𝑙∈L. Besides, the multitarget birth model is also an
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Figure 1: Single target posterior approximation.

LMB RFS on spaceX ×B (L ∩B = 0), and the parameter set
�̃�𝐵 = {(𝑟(𝑙)𝐵 , 𝑝(𝑙)𝐵 )}𝑙∈B. Then, the predicted multitarget density
is also an LMB RFS on spaceX×L+, and the parameter set is
given as follows:

�̃�+ = {(𝑟(𝑙)+,𝑆, 𝑝(𝑙)+,𝑆)}𝑙∈L ∪ {(𝑟(𝑙)𝐵 , 𝑝(𝑙)𝐵 )}𝑙∈B , (9)

where
L+ = L ∪ B
𝜂𝑆 (𝑙) = ⟨𝑝𝑆 (x, 𝑙) , 𝑝 (x, 𝑙)⟩
𝑟(𝑙)+,𝑆 = 𝜂𝑆 (𝑙) 𝑟(𝑙)

𝑝(𝑙)+,𝑆 =
⟨𝑝𝑆 (x, 𝑙) 𝑓 (x+ | x, 𝑙) , 𝑝 (x, 𝑙)⟩

𝜂𝑆 (𝑙) .

(10)

𝑝𝑆(x, 𝑙) is target state dependent survival probability
function. ⟨⋅, ⋅⟩ is the integral of two real-valued function, that
is, ⟨𝑎(𝑥), 𝑏(𝑥)⟩ = ∫ 𝑎(𝑥) ⋅ 𝑏(𝑥)𝑑𝑥. Then, 𝜂𝑆(𝑙) is the survival
probability of target 𝑙. 𝑓(x+ | x, 𝑙) is the state transitionmodel
for single target.

Update. Suppose that the multitarget predicted density is an
LMB RFS on space X × L+, and the parameter set �̃�+ =
{(𝑟(𝑙)+ , 𝑝(𝑙)+ )}𝑙∈L+ . Then, the posterior multitarget density is also
an LMB RFS on spaceX × L+, and the parameter set is given
as follows:

�̃� (⋅ | 𝑍) = {(𝑟(𝑙), 𝑝(𝑙))}
𝑙∈L+
, (11)

where

𝑟(𝑙) = ∑
(𝐼+ ,𝜃)∈F(L+)×Θ𝐼+

𝑤(𝐼+ ,𝜃) (𝑍) 1𝐼+ (𝑙)

𝑝(𝑙) (x)
= 1𝑟(𝑙) ⋅ ∑

(𝐼+ ,𝜃)∈F(L+)×Θ𝐼+

𝑤(𝐼+ ,𝜃) (𝑍) 1𝐼+ (𝑙) 𝑝(𝜃) (x, 𝑙)

𝑤(𝐼+ ,𝜃) (𝑍) ∝ 𝑤+ (𝐼+)∏
𝑙∈𝐼+

𝜂(𝜃)𝑍 (𝑙)

𝑝(𝜃) ((x, 𝑙) | 𝑍) = 𝑝
(𝑙)
+ (x) 𝜓𝑍 (x, 𝑙; 𝜃)
𝜂(𝜃)𝑍 (𝑙)

𝜂(𝜃)𝑍 (𝑙) = ⟨𝑝𝑙+ (x) , 𝜓𝑍 (x, 𝑙; 𝜃)⟩
𝜓𝑍 (x, 𝑙; 𝜃)
= 𝛿0 (𝜃 (𝑙)) (1 − 𝑝𝐷 (x, 𝑙))
+ (1 − 𝛿0 (𝜃 (𝑙))) 𝑝𝐷 (x, 𝑙) 𝑔 (z𝜃(𝑙) | x, 𝑙)𝜅 (z𝜃(𝑙)) .

(12)

Here,F(L) is the subsets union drawn from space L.Θ𝐼+
is the space of mappings 𝜃 : 𝐼+ → {0, 1, . . . , |𝑍|} such that

𝜃(𝑖) = 𝜃(𝑗) > 0 only exists if 𝑖 = 𝑗. 𝑝𝐷(x, 𝑙) is target state
dependent detection probability function. 𝑔(z | x, 𝑙) is the
likelihood function for single target, and 𝜅(⋅) is the intensity
of Poisson clutter. 𝛿 is the Dirac delta function.
3. Target Posterior Approximation

3.1. Gaussian Approximation. The LMB filter recursion
described in Section 2.3 is an approximation of the Bayes
multitarget tracking filter by only preserving the unlabeled
intensity of the multitarget posterior density [15]. Due to its
simplification, the LMB filter can be parallelized by grouping
and gating [12] and runs much faster than the 𝛿-GLMB filter,
especially for tracking large number of targets. However,
in every update step, the component number to represent
target posterior state, that is, Gaussian component number
or particle number, would increase linearly with the number
of measurements caused by the association mapping Θ𝐼+ .
As a result, the computation of the LMB filter would grow
exponentially over time if no component pruning techniques
were applied for each target. Therefore, we propose to
use a single weighted Gaussian component to approximate
the posterior state of each target in order to perform the
recursionmore efficiently with small sacrifice on the tracking
performance.

Let 𝑝(⋅) denote the posterior distribution of single target
state; we assume that at every time step 𝑝(⋅) can be approxi-
mated by a single Gaussian distribution N(⋅), that is, 𝑝(⋅) ≈
N(⋅). Figure 1 shows the procedure of using a single Gaussian
distribution N(⋅) to approximate an arbitrary distribution
𝑝(⋅). The Expectation Maximization (EM) algorithm is a
classical approach to fit a discrete distribution into aGaussian
Mixture Model (GMM), and there are other more advanced
alternatives [17, 18].

The approximation shown in Figure 1 considers the
general case of single target posterior distribution 𝑝(⋅). When
single target posterior distribution is already a GMM given
as 𝑝(⋅) = ∑𝐽𝑗=1 𝑤(𝑗)N(⋅; 𝑥(𝑗), 𝑃(𝑗)) with ∑𝐽𝑗=1 𝑤(𝑗) = 1, we can
directly adopt Gaussian components reduction to acquire the
final approximated Gaussian distribution.

3.2. Gaussian Components Reduction. The aim of Gaussian
components reduction is to maintain the statistical moments
of the GMMusing less number of Gaussian distributions.We
adopt the method described in [19], which iteratively merges
two chosen Gaussian components by Kullback-Leibler Dis-
crimination (KLD) based selection.The KLD between the 𝑖th
and 𝑗th Gaussian component is given as follows:

𝐷(𝑗, 𝑖) = 0.5 ∗ [(𝑤𝑗 + 𝑤𝑖) log det (𝑃𝑗,𝑖)
− 𝑤𝑗 log det (𝑃𝑗) − 𝑤𝑖 log det (𝑃𝑖)] ,

(13)
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Input: 𝑝(⋅) = ∑𝐽𝑗=1 𝑤(𝑗)N(⋅; 𝑥(𝑗), 𝑃(𝑗))
(1) sort Gaussian components in decreasing order of weight to make the 1st component is with biggest weight;
(2) while 𝐽 > 1 do
(3) for 𝑗 = 2, . . . , 𝐽 do
(4) compute the KLD𝐷(1, 𝑗) between the 1st and the 𝑗th Gaussian component;
(5) end for
(6) find index 𝑗min that minimize𝐷(1, 𝑗);
(7) merge the 1st and 𝑗minth component into {𝑤new,N(⋅; 𝑥new, 𝑃new)}, and make the merged Gaussian term

to be the 1st component;
(8) 𝐽 ← 𝐽 − 1;
(9) end while

Output: {𝑤new,N(⋅; 𝑥new, 𝑃new)}

Algorithm 1: KLD based Gaussian components reduction.

where

𝑃𝑗,𝑖 =
𝑤𝑗
𝑤𝑗 + 𝑤𝑖𝑃𝑗 +

𝑤𝑖
𝑤𝑗 + 𝑤𝑖𝑃𝑖

+ 𝑤𝑗𝑤𝑖
(𝑤𝑗 + 𝑤𝑖)2

(𝑥𝑗 − 𝑥𝑖) (𝑥𝑗 − 𝑥𝑖)𝑇 .
(14)

If two Gaussian components have the minimum KLDmean-
ing, they are close to each other; then it is reasonable tomerge
them into one new Gaussian term {𝑤new,N(⋅; 𝑥new, 𝑃new)}.
The merging of the 𝑖th and 𝑗th Gaussian component is given
as follows:

𝑤new = 𝑤𝑗 + 𝑤𝑖
𝑥new = 𝑤𝑗

𝑤𝑡 + 𝑤𝑖 𝑥𝑗 +
𝑤𝑖
𝑤𝑗 + 𝑤𝑖 𝑥𝑖

𝑃new = 𝑤𝑗
𝑤𝑡 + 𝑤𝑖𝑃𝑗 +

𝑤𝑖
𝑤𝑗 + 𝑤𝑖𝑃𝑖

+ 𝑤𝑗𝑤𝑖
(𝑤𝑗 + 𝑤𝑖)2

(𝑥𝑗 − 𝑥𝑖) (𝑥𝑗 − 𝑥𝑖)𝑇

(15)

in which 𝑤new, 𝑥new, and 𝑃new, respectively, represent the
weight, mean, and covariance of the merged Gaussian term.
The procedure of the KLD based Gaussian components
reduction is shown in Algorithm 1. Specifically, 𝑤new = 1
when ∑𝐽𝑗=1 𝑤(𝑗) = 1.

The underlying rationale of our assumption is that target
posterior state at a certain time should not contain fur-
cation meanings; thus, the unimodal Gaussian distribution
is enough to represent single target posterior state instead
of using the multimodal GMM. In this case, the predicted
multitarget density is a union composed of weighted Gaus-
sian components with each one representing an individual
target. Therefore, the update of the LMB filter can be highly
boosted since the computation of each association hypothesis
𝜃 is cheap. Moreover, the computation of the LMB filter
using target posterior approximation will no longer grow
exponentially over time without pruning the component
number of each track. In this paper, we name the LMB filter

with target posterior approximation as the Efficient LMB
filter, referred to as the ELMB filter for short.

Notice that our contribution is the efficiency approxima-
tion approach described in Section 3, and this approximation
approach can also be applied in other RFS based Bayesian
filters. In the following paper, we just use phrase “the ELMB
filter” to represent the original LMB filter with our proposed
efficient approximation approach for brevity.

4. Gaussian Mixture Implementation

In this section, we present the ELMB filter with its Gaussian
mixture implementation in detail. Assume that each target
posterior state is a weighted Gaussian component; target 𝑙
follows a linear Gaussian dynamical model; and the sensor
has a linear Gaussianmeasurementmodel, respectively, given
as

𝑓 (x+ | x, 𝑙) =N (x+ | 𝐹(𝑙)x, 𝑄(𝑙)) (16)

𝑔 (z | x, 𝑙) =N (z; 𝐻(𝑙)x, 𝑅(𝑙)) . (17)

We also assume that the survival and detection probabilities
are state independent (we drop the subscript 𝑘 in the
following), that is,

𝑝𝐷,𝑘 (x, 𝑙) = 𝑝𝐷,𝑘
𝑝𝑆,𝑘 (x, 𝑙) = 𝑝𝑆,𝑘.

(18)

The ELMB filter exactly follows the paradigm of the original
LMB filter, which is composed of four phases: prediction,
grouping, parallel update, and state estimation. Here, we refer
the readers to Section IV of [12] for detailed description and
equations and present the ELMB filter in the following.

4.1. Prediction. Suppose that themultitarget posterior density
is an LMB RFS on space X × L, and the parameter set �̃� =
{(𝑟(𝑙),N(𝑙))}𝑙∈L. Besides, the multitarget birth model is also an
LMB RFS on spaceX × B (L ∩ B = 0), and the parameter set
�̃�𝐵 = {(𝑟(𝑙)𝐵 ,N(𝑙)

𝐵 )}𝑙∈B. Then, the predicted multitarget density
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is also an LMB RFS on spaceX×L+, and the parameter set is
given as follows:

�̃�+ = {(𝑟(𝑙)+,𝑆,N(𝑙)
+,𝑆)}𝑙∈L ∪ {(𝑟(𝑙)𝐵 ,N(𝑙)

𝐵 )}𝑙∈B , (19)

where

L+ = L ∪ B
𝑟(𝑙)+,𝑆 = 𝑝𝑆𝑟(𝑙)

N
(𝑙)
+,𝑆 =N(𝑙)

+ (⋅ : 𝐹(𝑙)x(𝑙), 𝐹(𝑙)𝑃(𝑙) (𝐹(𝑙))𝑇 + 𝑄(𝑙)) .
(20)

4.2. Grouping. Partition the predicted LMB parameters into
mutually exclusive subsets, and then assign measurements to
these subsets bymeasuring theMahalanobis distance (MHD)
between the predicted measurement ẑ𝑙 = 𝐻(𝑙)x(𝑙) for target
𝑙 and the received measurement z ∈ 𝑍. The detection
probability of ẑ𝑙 falling in the view of any measurement z
that is uniquely determined by the Mahalanobis distance 𝑑
is computed as follows:

𝑑MHD (ẑ𝑙, z) = (z − 𝐻(𝑙)x(𝑙))

⋅ [𝐻(𝑙)𝑃(𝑙)+ (𝐻(𝑙))𝑇 + 𝑅(𝑙)]−1

⋅ (z − 𝐻(𝑙)x(𝑙)) .

(21)

For any 𝑑MHD(ẑ𝑙, z) ≤ √𝛾, target 𝑙 and measurement z
should be grouped together. 𝛾 is the gating distance threshold
calculated using the inverse Chi-squared cumulative distri-
bution corresponding to the desired 𝜎-gate size for gating of
measurements from tracks. Let L+ = ⋃𝑁𝑛=1 L(𝑛)+ be a valid
partition in the label space which is associated with target
state space X, with L(𝑛)+ ∩ L(𝑚)+ = 0 for any 𝑛 ̸= 𝑚. 𝑍 =
𝑍(0)⋃𝑁𝑛=1 𝑍(𝑛) is the according partition for measurements,
where𝑍(0) is themeasurement subset that not associatedwith
any targets and𝑍(𝑛) is associated with L(𝑛)+ . LetG = ⋃𝑁𝑛=1G(𝑛)

denote the grouped partition andG(𝑛) = (L(𝑛)+ , 𝑍(𝑛)) is the 𝑛th
group.

The aforementioned grouping problem is in essence to
find the disjoint set unions, which can be solved by union-
find set via Find and Union two basic operations [20]. Given
𝑚 Finds and 𝑛Unions, the computational complexity of using
union-find set is O(𝑚𝛼(𝑛)), where 𝛼 is the inverse Ackerman
function and 𝛼(𝑛) is less than 5 for practical values of 𝑛.

Remark that the grouping and gating approach is critical
for upcoming parallel update scheme, which is the merit of
the LMB filter over the 𝛿-GLMB filter (also the implementa-
tion [15]) when tracking enormous number of targets. This is
because the number of association hypotheses in each group
ismuch smaller than that when targets andmeasurements are
considered as one group.

4.3. Parallel Update. The parallel update of the ELMB filter
has three steps: generating hypotheses as the 𝛿-GLMB RFS,
then updating each hypothesis with measurement set, and

then merging the posterior distribution with the same labels
using the proposed target posterior approximation described
in Section 3. For the 𝑛th group of targets and measurements
G(𝑛) = (L(𝑛)+ , 𝑍(𝑛)), suppose that each target is a weighted
Gaussian component and the multiobject prior �̃�(𝑛) =
{(𝑟(𝑙,𝑛)+ ,N(𝑙,𝑛)

+ (⋅; x(𝑙,𝑛), 𝑃(𝑙,𝑛)))}𝑙∈L(𝑛)+ ; then the multitarget prior
in 𝛿-GLMB form is given as

𝜋(𝑛)+ (𝑋(𝑛)+ )
= Δ (𝑋(𝑛)+ )
⋅ ∑
𝐼+∈F(L(𝑛)+ )

𝑤(𝐼+)+,𝑛 𝛿𝐼+ (L (𝑋(𝑛)+ )) ∏
x̃∈�̃�(𝑛)+

N+ (x̃) ,

𝑤(𝐼+)+,𝑛 = ∏
𝑖∈L(𝑛)+

(1 − 𝑟(𝑙)+ ) ∏
𝑙∈𝐼+

1
L
(𝑛)
+
(𝑙) 𝑟(𝑙)+

1 − 𝑟(𝑙)+

.

(22)

The generated label hypothesis 𝐼+ represents one of
the possible combinations for the label set L(𝑛)+ , and the
overall number of possible combinations is 2|L(𝑛)+ |. The 𝑘-
shortest paths algorithm is necessary to only generate the 𝑘
most significant hypotheses when L(𝑛)+ is big [10]. For each
hypothesis 𝐼+ in groupG(𝑛), themultitarget updated posterior
given measurement set 𝑍(𝑛) is given in the 𝛿-GLMB form as
follows:

𝜋(𝑛) (𝑋(𝑛)) = Δ (𝑋(𝑛))
⋅ ∑
(𝐼+ ,𝜃)∈F(L(𝑛)+ )×Θ𝐼+

𝑤(𝐼+ ,𝜃)𝑛 𝛿𝐼+ (L (𝑋(𝑛)))

⋅ ∏
x̃∈�̃�(𝑛)
𝑝(𝜃) (x̃ | 𝑍(𝑛)) ,

(23)

where 𝑋(𝑛) is the multitarget posterior state for the 𝑛th
group, Θ𝐼+ represents the association mapping 𝜃 : 𝐼+ →
{0, 1, . . . , |𝑍(𝑛)|}, such that 𝜃(𝑙) = 𝜃(𝑙) > 0 implies 𝑙 = 𝑙,
and

𝑤(𝐼+ ,𝜃) (𝑍(𝑛)) ∝ 𝑤+,𝑛 (𝐼+)∏
𝑙∈𝐼+

𝜂(𝜃)
𝑍(𝑛)
(𝑙) (24)

𝑝(𝜃) ((x, 𝑙) | 𝑍(𝑛)) = 𝑝
(𝑙)
+,𝑛 (x) 𝜓𝑍(𝑛) (x, 𝑙; 𝜃)
𝜂(𝜃)
𝑍(𝑛)
(𝑙) (25)

𝜂(𝜃)
𝑍(𝑛)
(𝑙) = ⟨𝑝𝑙+,𝑛 (x) , 𝜓𝑍(𝑛) (x, 𝑙; 𝜃)⟩ (26)

𝜓𝑍(𝑛) (x, 𝑙; 𝜃)
= 𝛿0 (𝜃 (𝑙)) (1 − 𝑝𝐷𝑝𝐺)

+ (1 − 𝛿0 (𝜃 (𝑙))) 𝑝𝐷𝑝𝐺𝑔 (z𝜃(𝑙) | x, 𝑙)𝜅 (z𝜃(𝑙)) .
(27)
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𝑝𝐺 is the gating probability involved by grouping. Substi-
tute (17) and (27) into (26) and (25), and use Lemma 2 in [1];
then

𝑝(𝜃) ((x, 𝑙) | 𝑍(𝑛))
= 𝛿0 (𝜃 (𝑙))N(𝑙,𝑛)

+ (⋅; x(𝑙,𝑛), 𝑃(𝑙,𝑛))
+ (1 − 𝛿0 (𝜃 (𝑙)))N(𝑙,𝑛)

𝜃 (⋅; x(𝑙,𝑛)𝜃 , 𝑃(𝑙,𝑛)𝜃 )
𝜂(𝜃)
𝑍(𝑛)
(𝑙)
= 𝛿0 (𝜃 (𝑙)) (1 − 𝑝𝐷𝑝𝐺)

+ (1 − 𝛿0 (𝜃 (𝑙))) 𝑝𝐷𝑝𝐺𝑞
(𝑙,𝑛) (𝜃)

𝜅 (z𝜃(𝑙))

(28)

with

x(𝑙,𝑛)𝜃 = x(𝑙,𝑛)+ + 𝐾(𝑙,𝑛)𝜃 (z𝜃(𝑙) − 𝐻x(𝑙,𝑛)+ )
𝑃(𝑙,𝑛)𝜃 = (𝐼 − 𝐾(𝑙,𝑛)𝜃 𝐻)𝑃(𝑙,𝑛)+

𝐾(𝑙,𝑛)𝜃 = 𝑃(𝑙,𝑛)+ 𝐻𝑇 (𝐻𝑃(𝑙,𝑛)+ 𝐻𝑇 + 𝑅)−1

𝑞(𝑙,𝑛) (𝜃) =N (z𝜃(𝑙); 𝐻x(𝑙,𝑛)+ , 𝐻𝑃(𝑙,𝑛)+ 𝐻𝑇 + 𝑅) .

(29)

𝛿0(𝜃(𝑙)) = 0 represents that target 𝑙 is not associated
with any measurement z ∈ 𝑍(𝑛) which indicates that
target 𝑙 is misdetected, and 𝛿0(𝜃(𝑙)) = 𝑗 > 0 represents
that target 𝑙 is associated with the 𝑗th measurement z𝑗.
The update process generates lots of hypotheses due to the
combinatorial nature of association mapping 𝜃. Thus, the
ranked assignment algorithm is necessary for larger L(𝑛)+ in
order to only update the 𝑀 most significant hypotheses
[10]. Remark that the Gibbs sampler proposed in [15] (see
Section 3.C in [15] for reference) can be applied here to solve
the ranked assignment problem in order to further boost
the efficiency. At last, the multitarget posterior in the 𝛿-
GLMB form can be approximated into the LMB form given
as follows:

𝜋 (𝑋(𝑛)) = {(𝑟(𝑙,𝑛), 𝑝(𝑙,𝑛))}
𝑙∈L(𝑛)+

(30)

with

𝑟(𝑙,𝑛) = ∑
(𝐼+ ,𝜃)∈F(L(𝑛)+ )×Θ𝐼+

𝑤(𝐼+ ,𝜃) (𝑍(𝑛)) 1𝐼+ (𝑙)

𝑝(𝑙,𝑛) (x) = 1𝑟(𝑙,𝑛) ⋅ ∑
(𝐼+ ,𝜃)∈F(L(𝑛)+ )×Θ𝐼+

𝑤(𝐼+ ,𝜃) (𝑍(𝑛)) 1𝐼+ (𝑙)

⋅ 𝑝(𝜃) ((x, 𝑙) | 𝑍(𝑛)) .

(31)

It is clear that the posterior distribution 𝑝(𝑙,𝑛)(x) of each
target (for any 𝑙 ∈ L(𝑛)+ ) in the 𝑛th group is a GMM
distributionwith eachGaussian component representing part
of the target state. Then, we adopt the proposed target pos-
terior approximation approach to approximate the 𝑝(𝑙,𝑛)(x)

of each target into a single Gaussian component via KLD
based Gaussian components reduction given in Algorithm 1.
The target posterior approximation is the main difference
between the ELMB filter and the original LMB filter.

4.4. State Extraction. In the ELMB filter, target state extrac-
tion is performed exactly in the sameway as in the LMB filter.
Suppose that the multitarget posterior distribution is 𝜋𝑘 =
{(𝑟(𝑙)

𝑘
,N(𝑙)

𝑘
(⋅; x(𝑙)

𝑘
, 𝑃(𝑙)

𝑘
))}𝑙∈L𝑘 at time 𝑘; the history existence

probability of track 𝑙 is 𝑟(𝑙)
0:𝑘
; then the estimated multitarget

state is to evaluate the existence probability of track 𝑙 for
𝑙 ∈ L𝑘; given an upper threshold 𝜏𝐵 and a lower threshold
𝜏𝐷 (𝜏𝐷 < 𝜏𝐵), the multitarget state estimation at time 𝑘 is
given as follows:

𝑋𝑘 = {(𝑥𝑘, 𝑙) : max (𝑟(𝑙)0:𝑘) > 𝜏𝐵, 𝑟(𝑙)𝑘 > 𝜏𝐷} . (32)

Besides, the tracks with existence probability smaller than
𝜏𝐸 (𝜏𝐸 ≪ 𝜏𝐷) are eliminated to prune tracks already stopped.

4.5. Discussion. Remark that the ELMB filter can remarkably
accelerate the update process in twofold: firstly, the update of
every hypothesis 𝜃 only evaluates a single weighted Gaussian
component with measurement z ∈ 𝑍(𝑛); secondly, the target
posterior approximation approach can guarantee that each
target posterior state is always a weighted Gaussian; thus the
overall number of multitarget posterior hypotheses is always
equal to target number which is different from that growing
exponentially over time in the original LMB filter. However,
the pruning for tracks is still necessary to eliminate tracks
with very low existence probability which are already dead
tracks.

Another intriguing fact is that the JPDA filter [3] when
there is no target death and no new births is a special case
of our proposed ELMB filter in Gaussian implementation.
In the JPDA filter, the association from labeled target to
measurement set is called an event, which is equivalent to
the 𝜃 ∈ Θ𝐼+ in the ELMB filter. Then, each association
hypothesis is assigning proper weights by enumerating these
events in both the JPDA and ELMB filter. Finally, in the JPDA
filter each target updated state is extracted by summing up
all possible association hypothesis, which is the same as the
ELMBfilter by approximating themultitarget posterior in the
𝛿-GLMB into the LMB form.Here,we donot present the filter
equations for the tedious repetition. The readers can omit
the new birth term in prediction and substitute 𝑝𝑆 = 1 into
the given ELMB filter equations and compare them with the
JPDA filter equations in Section 3 in [3].

5. Numerical Studies

In this section, we present numerical results for a two-
dimensional coordinate tracking scenario, in which there
are unknown and time-varying number of targets observed
with position measurements in cluttered environment. The
tracking area is [−1000m, 1000m] × [−1000m, 1000m], and
the filter runs for 100 steps with the sampling period 𝑇 = 1 s.
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Figure 2: Scene 1: ground truth target tracks versus ELMB filter
estimation.

Each target moves according to the nearly constant velocity
model given by

x𝑘 = 𝐹x𝑘−1 + 𝐺k𝑘, (33)

where x𝑘 = [𝑝𝑥,𝑘, V𝑥,𝑘, 𝑝𝑦,𝑘, V𝑦,𝑘]𝑇; 𝐹 = 𝐼2 ⊗ [ 1 𝑇0 1 ]; 𝐺 =
𝐼2⊗[ 𝑇2/2𝑇 ]. 𝐼2 is 2×2 identitymatrix and ⊗ denotes Kronecker
product. The process noise is zero mean Gaussian noise with
standard deviation 𝜎V = 5m/s for both V𝑥,𝑘 and V𝑦,𝑘. Targets
can appear or disappear in the scene at any time, and survival
probability 𝑝𝑆 = 0.99 for each existing target. Newborn
targets can appear spontaneously at predefined places as
known birth parameters. The birth rate for each candidate
location is 𝑟𝐵 = 0.05with zeromean velocity, and the variance
and 𝑄 = diag([10m, 10m/s, 10m, 10m/s]2), where diag()
denotes the diagonal matrix. The detection probability of the
sensor is 𝑝𝐷 = 0.98. Measurement noise is also zero mean
Gaussian with standard deviation 𝜎𝑝 = 10m. Clutter is
uniformly distributed over the tracking area and clutter rate
𝜆𝑐 per scan is known.

We set up two tracking scenarios to evaluate the per-
formance of the ELMB filter compared to the original LMB
filter. There are 12 predefined tracks in each scene, and we
run 1000 times Monte Carlos of the simulation to gain a
stable performance of the ELMB and LMB filter. Scene 1
(no target crossings and 𝜆𝑐 = 20): predefined target born
places are (0m, 0m), (400m, −600m), (−800m, −200m),
and (−200m, 800m). Scene 2 (target crossings and 𝜆𝑐 = 100):
predefined target born places are (−800m, 0m), (0, −800m),
(800m, 800m), and (800m, −800m). At frame 80, three
targets go across position (0m, 0m) simultaneously in Scene
2.

Figures 2 and 3, respectively, show one of the simulation
results of the ELMB filter in each scene, in which the
solid line represents ground truth trajectory and the colored
dots are estimation from the ELMB filter. It is shown that
the ELMB filter is capable of multitarget tracking with
track maintenance. Some tracking videos of each scene
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Figure 3: Scene 2: ground truth target tracks versus ELMB filter
estimation.
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Figure 4: Scene 1: OSPA distance comparison.

are provided as Supplementary Material available online at
https://doi.org/10.1155/2017/8742897 for visualization.

In order to compare the performance of the ELMB filter
and the LMB filter, the Optimal Subpattern Assignment
(OSPA) metric composed of location error and cardinality
error is adopted for the tracking performance evaluation [21].
Here, we use the 𝐿2 norm and the cut-off value as 300. Figures
4 and 5, respectively, for Scene 1 and Scene 2, show the OSPA
distance from 1000 Monte Carlo runs for both the ELMB
filter and the LMB filter. It is evident that the ELMB filter
almost achieves the same the performance as the LMB filter
does with only very slight error in the two tracking scenarios.
Moreover, in Scene 2 at frame 80, the proposed ELMB
filter can alleviate the mislabeling issue of the original LMB
filter when 3 targets are close to each other. This is because
the single Gaussian component approximation in ELMB
filter starts at the “most probable” Gaussian component and
then other components add some innovations to this “most
probable” component. As a result, the ELMB filter only
maintains the “most probable” Gaussian component cross-
validated over time and leaves out the negligible components
that would cause false association and mislabeling in target
crossings. This characteristic is critical in handling target
crossings for multitarget tracking. Thus, the ELMB filter can

https://doi.org/10.1155/2017/8742897
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Figure 5: Scene 2: OSPA distance comparison.
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Figure 7: Scene 2: time comparison.

be treated as a greedy associationmethod over time with only
small sacrifices in tracking performance.

To illustrate the efficiency of the ELMB filter over the
LMB filter, Figures 6 and 7, respectively, for Scene 1 and Scene
2, show the mean value of time consumption for the ELMB
filter and the LMBfilter from 1000MonteCarlo runs. It can be
easily seen that the ELMB filter generally runs much (about
3 times) faster than the LMB filter both in Scene 1 and in
Scene 2. Even in a tracking scenario with dense clutter, the
computational cost of the ELMB filter would be acceptable
for online tracking of multiple targets. To summarize, the
ELMB filter can perform almost as well as the LMB filter
for multitarget tracking, and is much more efficient than
the LMB filter. Besides, the ELMB filter can also alleviate

the mislabeling issue caused by target crossings in a greedy
association manner.

6. Conclusion

In this paper, we propose an efficient approximation of
the Labeled Multi-Bernoulli filter in order to boost the
efficiency of multitarget tracking by reducing the number of
target posterior components.We propose the target posterior
approximation approach to represent each individual target
with a single weighted Gaussian, so that the number of
posterior hypotheses can be remarkably reduced. Given the
performance comparison with the original LMB filter in the
numerical simulation, it is shown that our proposed approxi-
mation achieves good tracking performance and runs several
times faster than the LMB filter. Our future work would
concern about using the Gibbs sampler in [15] to further
speed up the efficiency of the proposed filter to track very
large number of targets due to the linear complexity of the
Gibbs sampler and the parallelizability of our approximation.
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This paper investigates a stochastic optimal control problem where the control system is driven by Itô-Lévy process. We prove
the necessary condition about existence of optimal control for stochastic system by using traditional variational technique under
the assumption that control domain is convex. We require that forward-backward stochastic differential equations (FBSDE) be
fully coupled, and the control variable is allowed to enter both diffusion and jump coefficient. Moreover, we also require that the
initial-terminal state be constrained. Finally, as an application to finance, we show an example of recursive consumption utility
optimization problem to illustrate the practicability of our result.

1. Introduction

The stochastic optimal control problem is very important in
control theory.The sufficient and necessary conditions for the
optimal control, called the maximum principle, are one of
the control topics. Since 1960s, Pontryagin gave the necessary
maximum principle under the deterministic control system;
a lot of work has been done on this topic. Especially in nearly
20 years, many important results have been obtained; see
literatures [1–4]. One can refer to Yong and Zhou [5], Wu [6],
or Peng andWu [7], for a complete account on the subject of
maximum principle and a complete list of references.

In recent years, motivated by studying the mathematical
economics and mathematical finance, many scholars turned
their sight on forward-backward stochastic control system
(FBSCS in short). Initially, they studied the optimal condi-
tions about the control system driven by Brownian motion
and obtained some fundamental results inmany literatures. Ji
and Zhou [8] studied a kind of forward-backward stochastic
control system where the forward state is constrained in a
convex set at the terminal time, and a stochastic maximum
principle is obtained. Liu et al. [9] considered one kind of
linear quadratic optimal control with constraint for discrete-
time stochastic systems with state and disturbance dependent
noise, presenting a necessary condition under which the

problem is well posed and a state feedback solution can be
derived. Wu and Xu [10] obtained the maximum principle
for fully coupled FBSCS with state constraints, in which
the control domain needs to be convex and the diffusion
coefficient does not contain control variables. Based on the
results of Wu and Xu’s work in [10], Shi [11] studied a
fully coupled forward-backward control system where the
forward diffusion coefficient does not contain the control
variable, but control domain is not necessarily convex. For
the above-mentioned question, Meng [12] and Ji andWei [13]
have applied the terminal variation approach to obtain the
maximum principle under other versions.

Considering the complexity of finance market, as a con-
sequence, it becomes natural to investigate control problems
for systems driven by one kind of Itô-Lévy processes which
is introduced by Nualart and Shoutens [14] and detailedly
described by Applebaum [15]. Many researches have been
done to extend the stochastic maximum principle of stochas-
tic differential equations (SDEs in short) involving some Lévy
jumps. Motivated by risk minimization, Øksendal and Sulem
[16] studied the partial coupled FBSCS which need control
domain to be convex and obtained maximum principle.
Shi and Wu [17] obtained both necessary and sufficient
maximum principle for optimal control of stochastic system
with random jumps consisting of forward-backward state

Hindawi
Mathematical Problems in Engineering
Volume 2017, Article ID 1868560, 13 pages
https://doi.org/10.1155/2017/1868560

https://doi.org/10.1155/2017/1868560


2 Mathematical Problems in Engineering

variables. The control variable is allowed to enter both
diffusion and jump coefficients. Based on this literature,
Shi [18] proved the global result of maximum principle
where the control domain is not assumed to be convex,
and the control variable appears in both diffusion and jump
coefficient of the forward equation. Zhang et al. [19] discussed
the stochastic optimal control question of FBSDE driven by
Teugels martingales and obtained the maximum principle
under the assumption of convex control domain.

In many classical cases as well as recent studies of
forward-backward stochastic systems, introducing themodel
to formulate the process of financial derivative products has
been a valid method to solve questions. As application of
stochastic control theory, the stochastic maximum principle
is usually used to solve investment strategy, risk control, and
recursive utility; see examples of the literature: Ji and Zhou
[8], Nualart and Schoutens [14], Shi and Wu [17], and Aase
[20]. Similarly, we also apply themaximum principle to study
the problem of maximizing consumption utility with initial-
terminal state restrained, which is also discussed byØksendal
and Sulem [21].

In this paper, we extend the result of Shi and Wu [17] to
the case of fully coupled FBSCS, inwhich the control system is
driven by Itô-Lévy process. At the same time, we demand that
this forward-backward control system be constrained about
initial-terminal state. We firstly use the traditional convex
variational technique to prove the necessary condition about
optimality. Then, using the result of this paper, we consider
the problem of recursive consumption utility optimization
problem with initial-terminal state constraints.

This paper is organized as follows: In Section 2, we
formulate the control problem and list some preliminaries for
fully coupled FBSCS. In Section 3, we establish variational
equations about one kind of FBSCS with Itô-Lévy jumps
in general form and then obtain variational inequality. In
Section 4, we obtain the necessary condition of optimal
control problem. In Section 5, we apply our result to test the
application about the recursive utility problems.

2. Preliminaries and Notations

Let (Ω,F,F𝑡, 𝑃; 𝑡 ≥ 0) be a complete filtration space and{F𝑡; 𝑡 ≥ 0} be a filtration satisfying the usual conditions.
On the above filtration space there exist two mutually
independent stochastic processes:

(1) A d-dimensional Brownian motion {𝐵𝑡; 𝑡 ≥ 0}
(2) A Poisson random measure𝑁 on 𝑅+ × 𝐸, where 𝐸 =𝑅 − {0} with the Borel 𝜎-fieldB(𝐸): 𝜆 is the intensity

of𝑁with the property that ∫
𝐸
(1∧ |𝑒|2)𝜆(𝑑𝑒) < ∝ and

𝑁 is the compensator of𝑁,𝑁(𝑑𝑒, 𝑑𝑡) = 𝜆(𝑑𝑒)𝑑𝑡; then{�̃�}((0, 𝑡]×𝐸) = (𝑁−𝑁)((0, 𝑡]×𝐸)𝑡≥0 is a martingale
for allA ∈ B(𝐸) satisfying 𝜆(A) < ∝.

Also we introduce the following notations:

𝜏: it is the transpose of a matrix.
⟨𝛼, 𝛽⟩: it is the inner product in 𝑅𝑛, ∀𝛼, 𝛽 ∈ 𝑅𝑛.

|𝛼| = √⟨𝛼, 𝛼⟩: it is the norm in 𝑅𝑛, ∀𝛼 ∈ 𝑅𝑛.
⟨𝐴, 𝐵⟩ = tr(𝐴𝐵𝜏): it is the inner product in 𝑅𝑛×𝑚,∀𝐴, 𝐵 ∈ 𝑅𝑛×𝑚.
|𝐴| = √tr(𝐴𝐴𝜏): it is the inner product in𝑅𝑛×𝑚, ∀𝐴 ∈𝑅𝑛×𝑚.
L2(Ω,F𝑇, 𝑃) fl {𝜉 | 𝜉 is F𝑇-measurable, 𝐸|𝜉|2 <∝}.
M2(0,𝑇) fl {𝜑(𝑡) | 𝜑(𝑡) is F𝑡-predictable, 𝐸∫𝑇0 |𝜑(𝑡)|2 <∝}.
𝐹2𝑁(0, 𝑇) fl {𝜑(𝑡) | 𝜑(𝑡) is F𝑡-predictable,𝐸∫𝑇0 ∫𝐸 |𝜑(𝑡,𝑒)|2𝜋(𝑑𝑒)𝑑𝑡 < ∝}.

Consider the following fully coupled forward-backward
stochastic differential equation:

𝑑𝑥 (𝑡)
= 𝑏 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (t, 𝑒)) 𝑑𝑡
+ 𝜎 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒)) 𝑑𝐵𝑡
+ ∫
𝐸
𝑔 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒)) �̃� (𝑑𝑒, 𝑑𝑡) ,

− 𝑑𝑦 (𝑡)
= 𝑓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒)) 𝑑𝑡 − 𝑧 (𝑡) 𝑑𝐵𝑡
− ∫
𝐸
𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,

(1)

𝑥0 = 𝑎, (2)

𝑦𝑇 = ℎ (𝑥 (𝑇)) , (3)

where (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, 𝑒)) take value in 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 ×𝑅𝑚, and
𝑏: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 → 𝑅𝑛,
𝜎: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 → 𝑅𝑛×𝑑,
𝑔: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 → 𝑅𝑛,
𝑓: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 → 𝑅𝑚,

ℎ: 𝑅𝑛 → 𝑅𝑚,
𝑘: Ω × [0, 𝑇] × 𝐸 → 𝑅𝑚.

(4)

We use the notations 𝜇 = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, 𝑒))𝜏, 𝐴(𝑡, 𝜇) =(−𝐺𝜏𝑓(𝑡, 𝜇), 𝐺𝑏(𝑡, 𝜇), 𝐺𝜎(𝑡, 𝜇), 𝐺𝑔(𝑡, 𝜇))𝜏, where 𝐺 is a given𝑛 × 𝑚 full-rank matrix. Make the following assumptions:
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(𝐻1) :
{{{{{{{{{{{{{{{

(i) 𝑏, 𝜎, 𝑔 and 𝑓 is uniformly Lipschitz with respect to 𝜇,
(ii) ℎ (𝑥) is uniformly Lipschitz with respect to 𝑥 ∈ 𝑅𝑛,
(iii) for each 𝑥, ℎ (𝑥) is in L2 (Ω ⋅F𝑇 ⋅ 𝑃) ,
(iv) 𝐿 (𝜔, 𝑡, 0, 0, 0, 0) ∈ M2 (0, 𝑇) , 𝐿 = 𝑏, 𝜎, 𝑓, 𝑔 respectively, and 𝑔 (𝜔, 𝑡, 0, 0, 0, 0) ∈ 𝐹2𝑁 (0, 𝑇) for (𝜔, 𝑡) ∈ Ω × [0, 𝑇] ,

(𝐻2) :
{{{{{{{{{

(i) ⟨𝐴 (𝑡, 𝜇) − 𝐴 (𝑡, 𝜇) , 𝜇 − 𝜇⟩ + ∫
𝐸
⟨𝐺𝜏𝑔, �̂�⟩ 𝜆 (𝑑𝑒) ≤ −]1 |𝐺𝑥|2 − ]2 (𝐺𝜏𝑦2 + 𝐺𝜏�̂�2 + ∫

𝐸

𝐺𝜏�̂�2 𝜆 (𝑑𝑒)) ,
(ii) ⟨ℎ (𝑥) − ℎ (𝑥) , 𝐺 (𝑥 − 𝑥)⟩ ≥ ]3 |𝐺𝑥|2 ,
∀𝜇 = (𝜇 − 𝜇) = (𝑥, 𝑦, �̂�) = (𝑥 − 𝑥, 𝑦 − 𝑦, 𝑧 − 𝑧) , 𝑔 = 𝑔 (𝑡, 𝜇, 𝑘) − 𝑔 (𝑡, 𝜇, 𝑘) ,

(5)

where ]1, ]2, and ]3 are given nonnegative constants with ]1+
]2 > 0, ]2 + ]3 > 0.
Lemma 1 (see [22]). Assume (𝐻1) and (𝐻2) hold; then
there is a unique adapted solution (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, 𝑒)) ∈
M2(0, 𝑇; 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚), and 0 ≤ 𝑡 ≤ 𝑇 satisfied
(1).

Now we consider the following fully coupled FBSDE
controlled system:

𝑑𝑥 (𝑡) = 𝑏 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒) , 𝑢 (𝑡)) 𝑑𝑡
+ 𝜎 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒) , 𝑢 (𝑡)) 𝑑𝐵𝑡
+ ∫
𝐸
𝑔 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒) , 𝑢 (𝑡)) �̃� (𝑑𝑒, 𝑑𝑡) ,

− 𝑑𝑦 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒) , 𝑢 (𝑡)) 𝑑𝑡
− 𝑧 (𝑡) 𝑑𝐵𝑡 − ∫

𝐸
𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,

(6)

𝑥0 = 𝑎, (7)

𝑦𝑇 = ℎ (𝑥 (𝑇)) , (8)

where (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, 𝑒)) ∈ M2(0, 𝑇; 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0,𝑇; 𝑅𝑚), 𝑢(𝑡) ∈ 𝑈, and 𝑈 ⊂ 𝑅𝑘 is nonempty convex set, and
mappings are

𝑏: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 ×Uad → 𝑅𝑛,
𝜎: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 ×Uad

→ 𝑅𝑛×𝑑,
𝑔: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 ×Uad → 𝑅𝑛,
𝑓: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 × 𝑅𝑚 ×Uad → 𝑅𝑚.

(9)

LetU𝑎𝑑 = {V(⋅) ∈ M2(0, 𝑇; 𝑅𝑘); V(𝑡) ∈ 𝑈, 0 ≤ 𝑡 ≤ 𝑇. a.e, a.s};
an element ofU𝑎𝑑 is called an admissible control.

We define the following cost function:

𝐽 (V (⋅))
= 𝐸 [∫𝑇

0
𝑙 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, ⋅) , V (𝑡)) 𝑑𝑡

+ Φ (𝑥 (𝑇)) + 𝛾 (𝑦 (0))] ,
(10)

and the state variables of initial and terminal values satisfy the
following constraint conditions:

𝐸 [𝐺1𝑥 (𝑥 (𝑇))] = 0,
𝐸 [𝐺0𝑦 (𝑦 (0))] = 0, (11)

where

𝑙: Ω × [0, 𝑇] × 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑚×𝑑 → 𝑅,
Φ: 𝑅𝑛 → 𝑅,
𝐺1: 𝑅𝑛 → 𝑅𝑛1 ,

𝑛1 ≤ 𝑛,
𝛾: 𝑅𝑚 → 𝑅,

𝐺0: 𝑅𝑚 → 𝑅𝑚1 ,
𝑚1 ≤ 𝑚.

(12)

Problem 2. Find an admissible control 𝑢(⋅) ∈ Uad, such that

𝐽 (𝑢 (⋅)) = inf
V(⋅)∈Uad

𝐽 (V (⋅)) . (13)

We also assume that
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(𝐻3) :
{{{{{{{{{{{{{{{

(i) 𝑏, 𝜎, 𝑔, 𝑓, ℎ, 𝑙, Φ, 𝛾, 𝐺1 and 𝐺0 are continuous differentiable in their arguments,
(ii) the derivatives of 𝑏, 𝜎, 𝑔, 𝑓, ℎ, 𝑙, 𝐺1 and 𝐺0 are uniformly bounded,
(iii) 𝑙𝑥, 𝑙𝑦, 𝑙𝑧, 𝑙𝑘, 𝑙V are bounded by 𝑐 (1 + |𝑥| + 𝑦 + |𝑧| + |𝑘 (⋅)| + |V|) ,
(iv) 𝛾 ≤ 𝑘2 (1 + 𝑦2) , |Φ| ≤ 𝑘2 (1 + |𝑥|2) , Φ𝑥 ≤ 𝑘2 (1 + |𝑥|) , 𝛾𝑦 ≤ 𝑘2 (1 + 𝑦2) , 𝑘2 > 0.

(14)

Remark 3. According to the conclusion of Lemma 1, for the
given admissible controller V(⋅), (6) has a unique adapted
solution (𝑥(⋅), 𝑦(⋅), 𝑧(⋅), 𝑘(⋅, ⋅), V(⋅)).
3. Variational Equations and
Variational Inequality

Now we recall Ekeland’s variational principle.

Lemma 4 (Ekeland’s variational principle; see [23]). Let(𝑉, 𝑑(⋅, ⋅)) be a complete metric space and 𝐹(⋅) : 𝑉 → 𝑅 be
a proper lower semicontinuous function bounded from below,
if for every 𝜀 > 0, there exist 𝑢 ∈ 𝑉, such that 𝐹(𝑢) ≤
infV∈𝑉𝐹(V) + 𝜀; then there exists 𝑢𝜀 ∈ 𝑉, such that

(i) 𝐹 (𝑢𝜀) ≤ 𝐹 (𝑢) ,
(ii) 𝑑 (𝑢, 𝑢𝜀) ≤ 𝜀,
(iii) 𝐹 (V) + √𝜀𝑑 (V, 𝑢𝜀) ≥ 𝐹 (𝑢𝜀) , ∀V ∈ 𝑉.

(15)

Define the following distance on 𝑉, the space of admissible
control; then (𝑉, 𝑑(⋅, ⋅)) is a complete metric space:

𝑑 (V (⋅) , 𝑢 (⋅)) = 𝐸 [∫𝑇
0
|V (𝑡) − 𝑢 (𝑡)|2 𝑑𝑡]1/2 . (16)

Let (𝑥(⋅), 𝑦(⋅), 𝑧(⋅), 𝑘(⋅, ⋅), 𝑢(⋅)) be the optimal solution of
problem, for V(⋅) ∈ U𝑎𝑑; define

𝐹𝜀 (V (⋅)) = {𝐸 𝐺1 (𝑥V (𝑇))2 + 𝐸 𝐺0 (𝑦V (0))2
+ 𝐸 |𝐽 (V (⋅)) − 𝐽 (𝑢 (⋅)) + 𝜀|2}1/2 , (17)

where (𝑥V(⋅), 𝑦V(⋅), 𝑧V(⋅), 𝑘V(⋅)) is the trajectory of (6) cor-
responding to V(⋅). And according to Ekeland’s variational
principle, it is easy to get the following proposition.

Proposition 5. If

(i) 𝐹𝜀 (V (⋅)) : U𝑎𝑑 → 𝑅 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛,
(ii) 𝐹𝜀 (V (⋅)) > 0, ∀V (⋅) ∈ U𝑎𝑑,
(iii) 𝐹𝜀 (𝑢 (⋅)) ≤ inf

V(⋅)∈U𝑎𝑑
𝐹𝜀 (V (⋅)) + 𝜀,

(18)

then there exists 𝑢𝜀(⋅) ∈ U𝑎𝑑, such that
(i) 𝐹𝜀 (𝑢𝜀 (⋅)) ≤ 𝐹𝜀 (𝑢 (⋅)) = 𝜀,
(ii) 𝑑 (𝑢 (⋅) , 𝑢𝜀 (⋅)) ≤ √𝜀,
(iii) 𝐹𝜀 (V (⋅)) + √𝜀𝑑 (V (⋅) , 𝑢𝜀 (⋅)) ≥ 𝐹𝜀 (𝑢𝜀 (⋅)) , ∀V ∈ U𝑎𝑑.

(19)

∀𝑢(⋅) ∈ U𝑎𝑑, note �̂�(⋅) = 𝑢(⋅)−𝑢(⋅), �̂�𝜀(⋅) = 𝑢(⋅)−𝑢𝜀(⋅), 𝑢𝜀𝛿(⋅) =𝑢𝜀(⋅) + 𝛿(𝑢(⋅) − 𝑢𝜀(⋅)), due to the convexity ofU𝑎𝑑, for 0 ≤𝛿 ≤ 1, 𝑢𝜀𝛿(⋅) ∈ U𝑎𝑑.
Let (𝑥𝜀𝛿(⋅), 𝑦𝜀𝛿(⋅), 𝑧𝜀𝛿(⋅), 𝑘𝜀𝛿(⋅)) and (𝑥𝜀(⋅), 𝑦𝜀(⋅), 𝑧𝜀(⋅), 𝑘𝜀(⋅))

be the trajectory of (6) corresponding to 𝑢𝜀𝛿(⋅) and 𝑢𝜀(⋅),
respectively; then 𝐹𝜀(𝑢𝜀𝛿(⋅)) − 𝐹𝜀(𝑢𝜀(⋅) + √𝜀𝑑(𝑢𝜀𝛿(⋅), 𝑢𝜀(⋅)) ≥ 0.

Consider the following variational equation:

𝑑𝑥𝛿 (𝑡) = [𝑏𝑥 (𝑡) 𝑥𝛿 (𝑡) + 𝑏𝑦 (𝑡) 𝑦𝛿 (𝑡) + 𝑏𝑧 (𝑡) 𝑧𝛿 (𝑡)
+ 𝑏𝑘 (𝑡) 𝑘𝛿 (𝑡, 𝑒) + 𝑏V (𝑡) �̂�𝜀 (𝑡)] 𝑑𝑡 + [𝜎𝑥 (𝑡) 𝑥𝛿 (𝑡)
+ 𝜎𝑦 (𝑡) 𝑦𝛿 (𝑡) + 𝜎𝑧 (𝑡) 𝑧𝛿 (𝑡) + 𝜎𝑘 (𝑡) 𝑘𝛿 (𝑡, 𝑒)
+ 𝜎V (𝑡) �̂�𝜀 (𝑡)] 𝑑𝐵𝑡 + ∫

𝐸
[𝑔𝑥 (𝑡) 𝑥𝛿 (𝑡)

+ 𝑔𝑦 (𝑡) 𝑦𝛿 (𝑡) + 𝑔𝑧 (𝑡) 𝑧𝛿 (𝑡) + 𝑔𝑘 (𝑡) 𝑘𝛿 (𝑡, 𝑒)
+ 𝑔V (𝑡) �̂�𝜀 (𝑡)] �̃� (𝑑𝑒, 𝑑𝑡) ,

− 𝑑𝑦𝛿 (𝑡) = [𝑓𝑥 (𝑡) 𝑥𝛿 (𝑡) + 𝑓𝑦 (𝑡) 𝑦𝛿 (𝑡) + 𝑓𝑧 (𝑡) 𝑧𝛿 (𝑡)
+ 𝑓𝑘 (𝑡) 𝑘𝛿 (𝑡, 𝑒) + 𝑓V (𝑡) �̂�𝜀 (𝑡)] 𝑑𝑡 − 𝑧𝛿 (𝑡) 𝑑𝐵𝑡
− ∫
𝐸
𝑘𝛿 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

𝑥𝛿 (0) = 0,
𝑦𝛿 = ℎ𝑥 (𝑥𝛿 (𝑇)) 𝑥𝛿,

(20)

and according to assumption (𝐻3), one can verify (20) satis-
fying assumptions (𝐻1) and (𝐻2). Then it is easy to get, for a
given �̂�𝜀, the fact that there exists a unique adapted solution(𝑥𝛿(⋅), 𝑦𝛿(⋅), 𝑧𝛿(⋅), 𝑘𝛿(⋅, ⋅)), 0 ≤ 𝑡 ≤ 𝑇 satisfying (20).

Proposition 6. Assume (𝐻3) holds; then
lim
𝛿→0

𝑥𝜀𝛿 (𝑡) − 𝑥𝜀 (𝑡)𝛿 = 𝑥𝛿 (𝑡) ,
lim
𝛿→0

𝑦𝜀𝛿 (𝑡) − 𝑦𝜀 (𝑡)𝛿 = 𝑦𝛿 (𝑡) ,
lim
𝛿→0

𝑧𝜀𝛿 (𝑡) − 𝑧𝜀 (𝑡)𝛿 = 𝑧𝛿 (𝑡) ,
lim
𝛿→0

𝑘𝜀𝛿 (𝑡, ⋅) − 𝑘𝜀 (𝑡, ⋅)𝛿 = 𝑘𝛿 (𝑡, ⋅) ,

(21)

where the limit is inM2(0, 𝑇; 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚).
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Proof. Let

𝑥𝜀 (𝑡) = 𝑥𝜀𝛿 (𝑡) − 𝑥𝜀 (𝑡) ,
𝑦𝜀 (𝑡) = 𝑦𝜀𝛿 (𝑡) − 𝑦𝜀 (𝑡) ,
�̂�𝜀 (𝑡) = 𝑧𝜀𝛿 (𝑡) − 𝑧𝜀 (𝑡) ,
�̂�𝜀 (𝑡) = 𝑘𝜀𝛿 (𝑡, ⋅) − 𝑘𝜀 (𝑡, ⋅) ,

(22)

and the notations ⋀𝜀𝛿 and ⋀𝜀 denote (𝑥𝜀𝛿(𝑡), 𝑦𝜀𝛿(𝑡), 𝑧𝜀𝛿(𝑡),𝑘𝜀𝛿(𝑡, ⋅)) and (𝑥𝜀(𝑡), 𝑦𝜀(𝑡), 𝑧𝜀(𝑡), 𝑘𝜀(𝑡, ⋅)), respectively; then the
equation (for simplicity, we omit the time sign 𝑡)

𝑑𝑥𝜀 (𝑡) = [𝑏 (𝑡, 𝑥𝜀𝛿, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿 (⋅) , 𝑢𝜀 + 𝛿�̂�𝜀)
− 𝑏 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀 (⋅) , 𝑢𝜀)] 𝑑𝑡
+ [𝜎 (𝑡, 𝑥𝜀𝛿, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿 (⋅) , 𝑢𝜀 + 𝛿�̂�𝜀)
− 𝜎 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀 (⋅) , 𝑢𝜀)] 𝑑𝐵𝑡
+ ∫
𝐸
[𝑔 (𝑡, 𝑥𝜀𝛿, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿 (⋅) , 𝑢𝜀 + 𝛿�̂�𝜀)

− 𝑔 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀 (⋅) , 𝑢𝜀)] �̃� (𝑑𝑒, 𝑑𝑡)
− 𝑑𝑦𝜀 (𝑡) = [𝑓 (𝑡, 𝑥𝜀𝛿, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿 (⋅) , 𝑢𝜀 + 𝛿�̂�𝜀)
− 𝑓 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀 (⋅) , 𝑢𝜀)] 𝑑𝑡 − �̂�𝜀𝑑𝐵𝑡
− ∫
𝐸
�̂�𝜀𝛿 (⋅) �̃� (𝑑𝑒, 𝑑𝑡) ,

𝑥𝜀 (0) = 0,
𝑦𝜀 (𝑇) = 0,

(23)

can be rewritten into the following simple form:

𝑑𝑥𝜀 (𝑡) = [𝑏(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑏(𝑡, 𝜀⋀,𝑢𝜀)]𝑑𝑡

+ [𝜎(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝜎(𝑡, 𝜀⋀,𝑢𝜀)]𝑑𝐵𝑡

+ ∫
𝐸
[𝑔(𝑡, 𝜀⋀

𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑔(𝑡, 𝜀⋀,𝑢𝜀)]
⋅ �̃� (𝑑𝑒, 𝑑𝑡) ,

− 𝑑𝑦𝜀 (𝑡) = [𝑓(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀)

− 𝑓(𝑡, 𝜀⋀,𝑢𝜀)]𝑑𝑡 − �̂�𝜀𝑑𝐵𝑡 − ∫
𝐸
�̂�𝜀𝛿 (𝑒)

⋅ �̃� (𝑑𝑒, 𝑑𝑡) ,
𝑥𝜀 (0) = 0,
𝑦𝜀 (𝑇) = 0.

(24)

Sign

𝑔 = 𝑔(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀) − 𝑔(𝑡, 𝜀⋀,𝑢𝜀) ,

𝑔𝛿 = 𝑔(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑔(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀) ,

�̂�𝛿 = 𝜎(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝜎(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀) ,

�̂�𝛿 = 𝑏(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑏(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀) ,

𝑓𝛿 = 𝑓(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑓(𝑡, 𝜀⋀
𝛿

, 𝑢𝜀) .

(25)

By applying Itô formula to |𝑥𝜀|2, |𝑦𝜀|2, and ⟨𝐺𝑥𝜀, 𝑦𝜀⟩,
we can prove that (𝑥𝜀, 𝑦𝜀, �̂�𝜀, �̂�𝜀) converges to 0 in M2(0,𝑇; 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚) which is stated in the following
part.

𝐸∫𝑇
0

𝑥𝜀2 𝑑𝑡 ≤ 𝐶1𝐸∫𝑇
0
[𝑦𝜀2 + �̂�𝜀2

+ ∫
𝐸

�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡 + 𝐶1𝛿2𝐸∫
𝑇

0

�̂�𝜀2 𝑑𝑡,
𝐸∫𝑇
0
[𝑦𝜀2 + �̂�𝜀2 + ∫

𝐸

�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡
≤ 𝐶1𝐸∫𝑇

0

𝑥𝜀2 𝑑𝑡 + 𝐶1𝛿2𝐸∫𝑇
0

�̂�𝜀2 𝑑𝑡,

(26)

0 = 𝐸∫𝑇
0
𝑑 ⟨𝐺𝑥𝜀, 𝑦𝜀⟩ = 𝐸∫𝑇

0
⟨𝐴 (𝑡, 𝜇𝛿, 𝑘𝜀𝛿)

− 𝐴 (𝑡, 𝜇𝛿, �̂�𝜀𝛿) , 𝜇𝛿 − 𝜇𝛿⟩ 𝑑𝑡
+ 𝐸∫𝑇
0
∫
𝐸
⟨𝐺𝑔, �̂�𝜀 (𝑒)⟩ 𝜆 (𝑑𝑒) 𝑑𝑡 + 𝐸

⋅ ∫𝑇
0
[⟨𝐺�̂�𝛿, 𝑦𝜀⟩ + ⟨𝐺𝑥𝜀, −𝑓𝛿⟩ + ⟨𝐺�̂�𝛿, �̂�𝜀⟩

+ ∫
𝐸
⟨𝐺𝑔𝛿, �̂�𝜀 (𝑒)⟩ 𝜆 (𝑑𝑒)] 𝑑𝑡

≤ −]1𝐸∫𝑇
0

𝐺𝑥𝜀2 𝑑𝑡 − ]2 [𝐸∫𝑇
0

𝐺𝜏𝑦𝜀2

+ 𝐺𝜏�̂�𝜀2 + ∫
𝐸

𝐺𝜏�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡
+ 𝐶1𝐸∫𝑇

0
[𝑥𝜀2 + 𝑦𝜀2 + �̂�𝜀2

+ ∫
𝐸

�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡 + 𝐶2𝐸∫
𝑇

0
𝛿2 �̂�𝜀2 𝑑𝑡.

(27)
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That is,

]1𝐸∫𝑇
0

𝐺𝑥𝜀2 𝑑𝑡 + ]2𝐸∫𝑇
0
[𝐺𝑦𝜀2 + 𝐺�̂�𝜀2

+ ∫
𝐸

𝐺�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡 ≤ 𝐶1𝐸∫𝑇
0
[𝑥𝜀2

+ 𝑦𝜀2 + �̂�𝜀2 + ∫
𝐸

�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡
+ 𝐶2𝐸∫𝑇

0
𝛿2 �̂�𝜀2 𝑑𝑡.

(28)

If𝑚 > 𝑛, ]1 > 0, ]2 ≥ 0, we can get

𝐸∫𝑇
0

𝑥𝜀2 𝑑𝑡 ≤ 𝐶3𝛿2𝐸∫𝑇
0

�̂�𝜀2 𝑑𝑡. (29)

Let 𝛿 → 0; we can get 𝑥𝜀𝛿 → 𝑥𝜀, and from the unique solution
of (6), we have (𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿) which converges to (𝑦𝜀, 𝑧𝜀, 𝑘𝜀) in
M2(0, 𝑇; 𝑅𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚).

If𝑚 < 𝑛, ]1 ≥ 0, ]2 > 0, we can get

𝐸∫𝑇
0
[𝑦𝜀2 + �̂�𝜀2 + ∫

𝐸

�̂�𝜀 (𝑒)2 𝜆 (𝑑𝑒)] 𝑑𝑡
≤ 𝐶4𝛿2𝐸∫𝑇

0

�̂�𝜀2 𝑑𝑡.
(30)

Let 𝛿 → 0; we also can get (𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿) which converges
to (𝑦𝜀, 𝑧𝜀, 𝑘𝜀) in M2(0, 𝑇; 𝑅𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚), and then
from the unique solution of (6), we have 𝑥𝜀𝛿 which converge
to 𝑥𝜀.

Define Δ𝑥𝜀 = (𝑥𝜀𝛿 − 𝑥𝜀)/𝛿, Δ𝑦𝜀 = (𝑦𝜀𝛿 − 𝑦𝜀)/𝛿, Δ𝑧𝜀 =(𝑧𝜀𝛿 − 𝑧𝜀)/𝛿, and Δ𝑘𝜀 = (𝑘𝜀𝛿 − 𝑘𝜀)/𝛿; then

𝑑Δ𝑥𝜀 = 𝑏 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑏 (𝑡, ⋀𝜀 , �̂�𝜀)𝛿 𝑑𝑡
+ 𝜎 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝜎 (𝑡, ⋀𝜀 , �̂�𝜀)𝛿 𝑑𝐵𝑡
+ ∫
𝐸
[𝑔 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑔 (𝑡, ⋀𝜀 , �̂�𝜀)]𝛿

⋅ �̃� (𝑑𝑒, 𝑑𝑡) ,
− 𝑑Δ𝑦𝜀 = 𝑓 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝑓 (𝑡, ⋀𝜀 , �̂�𝜀)𝛿 𝑑𝑡
− Δ𝑧𝜀𝑑𝐵𝑡 + ∫

𝐸
�̂�𝜀𝛿 (𝑒)𝛿 �̃� (𝑑𝑒, 𝑑𝑡) ,

Δ𝑥𝜀 (0) = 0,
Δ𝑦𝜀 (𝑇) = 0.

(31)

Sign

𝐾1 = 𝐿 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝐿 (𝑡, 𝑥𝜀, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿, 𝑢𝜀 + 𝛿�̂�𝜀)𝑥𝜀
𝛿
− 𝑥𝜀 ,

𝐾2
= 𝐿 (𝑡, 𝑥𝜀, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀𝛿, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝐿 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀𝛿, 𝑘𝜀𝛿, 𝑢𝜀 + 𝛿�̂�𝜀)𝑦𝜀

𝛿
− 𝑦𝜀 ,

𝐾3
= 𝐿 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀𝛿, 𝑘𝜀𝛿, 𝑢𝜀 + 𝛿�̂�𝜀) − 𝐿 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀𝛿, 𝑢𝜀 + 𝛿�̂�𝜀)𝑧𝜀

𝛿
− 𝑧𝜀 ,

𝐾4 = 𝐿 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀 + 𝛿�̂�𝜀) − 𝐿 (𝑡, 𝑥𝜀𝛿, 𝑦𝜀𝛿, 𝑧𝜀𝛿, 𝑘𝜀, 𝑢𝜀 + 𝛿�̂�𝜀)𝑘𝜀
𝛿
− 𝑘𝜀 ,

𝐾5 = 𝐿 (𝑡, ⋀𝜀𝛿 , 𝑢 + 𝛿V) − 𝐿 (𝑡, ⋀𝜀𝛿 , 𝑢𝜀)𝛿�̂�𝜀 ,

(32)

where 𝐿 denotes 𝑏, 𝜎, and 𝑓, respectively, and
𝐾𝐿1 (𝑡) = {{{

𝐾1 (𝑡) , 𝑥𝜀𝛿 − 𝑥𝜀 ̸= 0,
0, otherelse,

𝐾𝐿2 (𝑡) = {{{
𝐾2 (𝑡) , 𝑦𝜀𝛿 − 𝑦𝜀 ̸= 0,
0, otherelse,

𝐾𝐿3 (𝑡) = {{{
𝐾3 (𝑡) , 𝑧𝜀𝛿 − 𝑧𝜀 ̸= 0,
0, otherelse,

𝐾𝐿4 (𝑡) = {{{
𝐾4 (𝑡) , 𝑘𝜀𝛿 − 𝑘𝜀 ̸= 0,
0, otherelse,

𝐾𝐿5 (𝑡) = {{{
𝐾5 (𝑡) , 𝛿 × V ̸= 0,
0, otherelse.

(33)

Let

𝐿 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘, V) = 𝐾1 (𝑡) 𝑥 + 𝐾2 (𝑡) 𝑦 + 𝐾3 (𝑡) 𝑧
+ 𝐾4 (𝑡) 𝑘 + 𝐾5 (𝑡) V, (34)

according to (𝐻3) and the result of continuity:

lim
𝛿→0

𝐿 (𝑡, Δ𝑥𝜀, Δ𝑦𝜀, Δ𝑧𝜀, Δ𝑘𝜀, �̂�𝜀)
− 𝐿𝑥 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀, 𝑢) Δ𝑥𝜀
− 𝐿𝑦 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀, 𝑢) Δ𝑦𝜀
− 𝐿𝑧 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀, 𝑢) Δ𝑧𝜀
− 𝐿𝑘 (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀, 𝑢) Δ𝑘𝜀
− 𝐿V (𝑡, 𝑥𝜀, 𝑦𝜀, 𝑧𝜀, 𝑘𝜀, 𝑢) �̂�𝜀 = 0.

(35)

From the unique solution of (20) and the continuity, we
have (Δ𝑥𝜀, Δ𝑦𝜀, Δ𝑧𝜀, Δ𝑘𝜀) which converges to (𝑥𝛿, 𝑦𝛿, 𝑧𝛿, 𝑘𝛿)
inM2(0, 𝑇; 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚) as 𝛿 → 0.
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Proposition 7 (variational inequality). 𝑢(⋅) is the optimal
control, and (𝑥(⋅), 𝑦(⋅), 𝑧(⋅), 𝑘(⋅, ⋅)) are the trajectory of (6)
corresponding to 𝑢(⋅). Assume condition (𝐻3) holds; then there

exist 𝜃𝑇 ∈ 𝑅𝑛1 , 𝜃0 ∈ 𝑅𝑚1 , and 𝜃 ∈ 𝑅, which are not all for 0,
such that the following variational inequality holds:

lim
𝛿→0

{⟨𝜃𝑇, 𝐸 [𝐺1𝑥 (𝑥 (𝑇)) 𝑥 (𝑇)]⟩ + ⟨𝜃0, 𝐸 [𝐺0𝑦 (𝑦 (0)) 𝑦 (0)]⟩

+ 𝜃{𝐸∫𝑇
0
∫
𝐸
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡) + 𝑙𝑘 (𝑡) 𝑘 (𝑡, ⋅) + 𝑙 (𝑢𝜀𝛿 (𝑡)) − 𝑙 (𝑢 (𝑡))] 𝜆 (𝑑𝑒) 𝑑𝑡

+ 𝐸 [Φ𝑥 (𝑥 (𝑇)) 𝑥 (𝑇) + 𝛾𝑦 (𝑦 (0)) 𝑦 (0)]}} ≥ 0,

(36)

where (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, ⋅)) are the solution of (20). Proof. Based on (17), we can get

𝐹2𝜀 (𝑢𝜀𝛿 (𝑡)) − 𝐹2𝜀 (𝑢𝜀 (𝑡)) = [𝐸 𝐺1 (𝑥𝑢𝜀𝛿 (𝑇))
2 + 𝐸 𝐺0 (𝑌𝑢𝜀𝛿 (0))

2 + 𝐸 𝐽 (𝑢𝜀𝛿 (𝑡)) − 𝐽 (𝑢 (𝑡)) + 𝜀2] − [𝐸 𝐺1 (𝑥𝑢𝜀 (𝑇))
2

+ 𝐸 𝐺0 (𝑌𝑢𝜀 (0))
2 + 𝐸 𝐽 (𝑢𝜀 (𝑡)) − 𝐽 (𝑢 (𝑡)) + 𝜀2] = 2𝐸 ⟨𝐺1 (𝑥𝑢𝜀 (𝑇)) , 𝐺1𝑥 (𝑥𝑢𝜀 (𝑇)) 𝑥𝛿⟩ + 2𝐸⟨𝐺0 (𝑌𝑢𝜀 (0)) ,

𝐺0𝑦 (𝑌𝑢𝜀 (0)) 𝑦𝛿⟩ + 2 𝐽 (𝑢𝜀 (𝑡)) − 𝐽 (𝑢 (𝑡)) + 𝜀
⋅ {𝐸∫𝑇

0
∫
𝐸
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡) + 𝑙𝑘 (𝑡) 𝑘 (𝑡, 𝑒) + 𝑙 (𝑢𝜀𝛿 (𝑡)) − 𝑙 (𝑢 (𝑡))] 𝜆 (𝑑𝑒) 𝑑𝑡 + 𝐸 [Φ𝑥 (𝑥𝛿 (𝑇))

⋅ 𝑥𝛿 (𝑇)] + [𝛾𝑦 (𝑦𝛿 (0)) 𝑦𝛿 (0)]} .

(37)

Due to lim𝛿→0 𝐹𝜀(𝑢𝜀𝛿(𝑡)) = 𝐹𝜀(𝑢𝜀(𝑡)), we have

lim
𝛿→0

𝐹𝜀 (𝑢𝜀𝛿 (𝑡)) − 𝐹𝜀 (𝑢𝜀 (𝑡))𝛿 = lim
𝛿→0

𝐹2𝜀 (𝑢𝜀𝛿 (𝑡)) − 𝐹2𝜀 (𝑢𝜀 (𝑡))𝛿 × 1𝐹𝜀 (𝑢𝜀𝛿 (𝑡)) + 𝐹𝜀 (𝑢𝜀 (𝑡)) =
1𝐹𝜀 (𝑢𝜀 (𝑡)) lim𝛿→0𝐸⟨𝐺1 (𝑥

𝑢𝜀 (𝑇)) ,
𝐺1𝑥 (𝑥𝑢𝜀 (𝑇)) 𝑥𝛿 (𝑡)⟩ + 𝐸⟨𝐺0 (𝑌𝑢𝜀 (0)) , 𝐺0𝑦 (𝑌𝑢𝜀 (0)) 𝑦𝛿 (𝑡)⟩ + 𝐽 (𝑢𝜀 (𝑡)) − 𝐽 (𝑢 (𝑡)) + 𝜀
⋅ {𝐸∫𝑇

0
∫
𝐸
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡) + 𝑙𝑘 (𝑡) 𝑘 (𝑡, 𝑒) + 𝑙 (𝑢𝜀𝛿 (𝑡)) − 𝑙 (𝑢 (𝑡))] 𝜆 (𝑑𝑒) 𝑑𝑡 + 𝐸 [Φ𝑥 (𝑥𝛿 (𝑇))

⋅ 𝑥𝛿 (𝑇)] + [𝛾𝑦 (𝑦𝛿 (0)) 𝑦𝛿 (0)]} .

(38)

Let
𝜃𝜀 = 1𝐹𝜀 (𝑢𝜀 (𝑡))

𝐽 (𝑢𝜀 (𝑡)) − 𝐽 (𝑢 (𝑡)) + 𝜀 ,
𝜃𝑇𝜀 = 1𝐹𝜀 (𝑢𝜀 (𝑡))𝐸𝐺1 (𝑥

𝑢𝜀 (𝑇)) ,

𝜃0𝜀 = 1𝐹𝜀 (𝑢𝜀 (𝑡))𝐸𝐺0 (𝑌
𝑢𝜀 (0)) ,

(39)

and according to Proposition 6, one can get
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lim
𝛿→0

⟨𝜃𝑇𝜀 , 𝐸𝐺1𝑥 (𝑥𝑢𝜀 (𝑇)) 𝑥𝛿 (𝑇)⟩ + lim
𝛿→0

⟨𝜃0𝜀 , 𝐸𝐺0𝑦 (𝑦𝑢𝜀 (0)) 𝑦𝛿 (0)⟩
+ lim
𝛿→0

𝜃𝜀 [{𝐸∫𝑇
0
∫
𝐸
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡) + 𝑙𝑘 (𝑡) 𝑘 (𝑡, 𝑒) + (𝑙 (𝑢𝜀𝛿 (𝑡)) − 𝑙 (𝑢 (𝑡))] 𝜆 (𝑑𝑒) 𝑑𝑡

+ 𝐸 [Φ𝑥 (𝑥𝛿 (𝑇)) 𝑥𝛿 (𝑇)] + [𝛾𝑦 (𝑦𝛿 (0)) 𝑦𝛿 (0)]}] ≥ lim
𝛿→0

𝐹𝜀 (𝑢𝜀𝛿 (𝑡)) − 𝐹𝜀 (𝑢𝜀 (𝑡))𝛿 ≥ lim
𝛿→0

−√𝜀𝑑 (𝑢𝜀𝛿 (𝑡) , 𝑢𝜀 (𝑡))𝛿
= lim
𝛿→0

−√𝜀𝐸 [∫𝑇
0

𝑢𝜖𝛿 (𝑡) − 𝑢𝜀 (𝑡)2 𝑑𝑡]1/2
𝛿 .

(40)

From the definition of 𝐹𝜀(⋅) and |𝜃𝜀|2 + |𝜃𝑇𝜀 |2 + |𝜃0𝜀 |2 = 1,
we know that (𝜃𝜀, 𝜃𝑇𝜀 , 𝜃0𝜀 ) has convergence subsequencewhose
limitation is (𝜃, 𝜃𝑇, 𝜃0). Due to 𝛿 → 0, 𝑢𝜀𝛿 → 𝑢𝜀, it is
easy to get 𝑥𝛿 → 𝑥, 𝑦𝛿 → 𝑦, 𝑧𝛿 → 𝑧, and 𝑘𝛿 →𝑘 in M2(0, 𝑇, 𝑅𝑛+𝑚+𝑚×𝑑) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚). Let 𝜀 → 0; then
variational inequality (36) can be obtained.

4. The Adjoint Equation and
Maximum Principle

In this paper, we consider the following adjoint FBSDE of
system (6):

𝑑𝑃 (𝑡) = [𝑓𝜏𝑦 (𝑡,∏ , 𝑢 (𝑡)) 𝑃 (𝑡) − 𝑏𝜏𝑦 (𝑡,∏ , 𝑢 (𝑡))
⋅ 𝑄 (𝑡) − 𝜎𝜏𝑦 (𝑡,∏ , 𝑢 (𝑡)) 𝑅 (𝑡) − 𝑔𝜏𝑦 (𝑡,∏ , 𝑢 (𝑡))
⋅ 𝐾 (𝑡, 𝑒) − 𝑙𝑦 (𝑡,∏ , 𝑢 (𝑡))] 𝑑𝑡
+ [𝑓𝜏𝑧 (𝑡,∏ , 𝑢 (𝑡)) 𝑃 (𝑡) − 𝑏𝜏𝑧 (𝑡,∏ , 𝑢 (𝑡))𝑄 (𝑡)
− 𝜎𝜏𝑧 (𝑡,∏ , 𝑢 (𝑡)) 𝑅 (𝑡) − 𝑔𝜏𝑧 (𝑡,∏ , 𝑢 (𝑡))𝐾 (𝑡, 𝑒)
− 𝑙𝜏𝑧 (𝑡,∏ , 𝑢 (𝑡))] 𝑑𝐵𝑡
+ ∫
𝐸
[−𝑓𝜏𝑘 (𝑡,∏ , 𝑢 (𝑡)) 𝑃 (𝑡)

+ 𝑏𝜏𝑘 (𝑡,∏ , 𝑢 (𝑡))𝑄 (𝑡) + 𝜎𝜏𝑘 (𝑡,∏ , 𝑢 (𝑡)) 𝑅 (𝑡)
+ 𝑔𝜏𝑘 (𝑡,∏ , 𝑢 (𝑡))𝐾 (𝑡, 𝑒) − 𝑙𝑘] �̃� (𝑑𝑒, 𝑑𝑡) ,

− 𝑑𝑄 (𝑡) = [𝑓𝜏𝑥 (𝑡,∏ , 𝑢 (𝑡)) 𝑃 (𝑡)
+ 𝑏𝜏𝑥 (𝑡,∏ , 𝑘𝑡, 𝑢 (𝑡))𝑄 (𝑡) + 𝜎𝜏𝑥 (𝑡,∏ , 𝑢 (𝑡)) 𝑅 (𝑡)
+ 𝑔𝜏𝑥 (𝑡,∏ , 𝑢 (𝑡))𝐾 (𝑡, 𝑒) + 𝑙𝑥 (𝑡,∏ , 𝑢 (𝑡))] 𝑑𝑡
− 𝑅 (𝑡) 𝑑𝐵𝑡 − ∫

𝐸
𝐾 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,

𝑃 (0) = −𝛾𝑦 (𝑦 (0)) − 𝐺𝜏0𝑦 (𝑦 (0)) ,
𝑄 (𝑇) = Φ𝑥 (𝑥 (𝑇)) + 𝐺𝜏1𝑥 (𝑥 (𝑇)) − ℎ𝜏𝑥 (𝑥 (𝑇)) 𝑃 (𝑇) ,

(41)

where (∏) denote (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, 𝑒)).
From assumption (𝐻3), We can verify that varia-

tional equation (20) and adjoint equation (41) all satisfy
assumptions (𝐻1), (𝐻2). Thus it can be seen that there
exists a unique adapted solution (𝑃(𝑡), 𝑄(𝑡), 𝑅(𝑡), 𝐾(𝑡, 𝑒)) in
M2(0, 𝑇; 𝑅𝑛+𝑚+𝑚×𝑑+𝑚) × 𝐹2𝑁(0, 𝑇; 𝑅𝑚) satisfying (41).

Define the Hamiltonian function𝐻(⋅) as follows:
𝐻(𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V, 𝑃, 𝑄, 𝑅,𝐾)

= ⟨𝑃 (⋅) , −𝑓 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V)⟩
+ ⟨𝑄 (⋅) , 𝑏 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V)⟩
+ ⟨𝑅 (⋅) , 𝜎 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V)⟩
+ ∫
𝐸
⟨𝐾 (⋅, 𝑒) , 𝑔 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V)⟩ 𝜆 (𝑑𝑒)

+ 𝑙 (𝑡, 𝑥, 𝑦, 𝑧, 𝑘 (⋅) , V) .

(42)

Denote 𝐻(𝑡) ≡ 𝐻(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑘(𝑡, ⋅), 𝑃(𝑡), 𝑄(𝑡), 𝑅(𝑡),𝐾(𝑡, ⋅)), and we can rewrite (26) in the following Hamiltonian
system’s form:

𝑑𝑃 (𝑡) = −𝐻𝑦 (𝑡) 𝑑𝑡 − 𝐻𝑧 (𝑡) 𝑑𝐵𝑡
− ∫
𝐸
𝐻𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

−𝑑𝑄 (𝑡) = 𝐻𝑥 (𝑡) 𝑑𝑡 − 𝑅 (𝑡) 𝑑𝐵𝑡
− ∫
𝐸
𝐾 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,
𝑃 (0) = −𝛾𝑦 (𝑦 (0)) − 𝐺𝜏0𝑦 (𝑦 (0)) ,
𝑄 (𝑇) = Φ𝑥 (𝑥 (𝑇)) + 𝐺𝜏1𝑥 (𝑥 (𝑇))

− ℎ𝜏𝑥 (𝑥 (𝑇)) 𝑃 (𝑇) .

(43)
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In the following part, we give the detailed proof about the
necessary maximum principle which is given in [24].

Theorem 8 (necessary maximum principle; see [24]). Let(𝐻1), (𝐻2), and (𝐻3) hold, and (𝑥(⋅), 𝑦(⋅), 𝑧(⋅), 𝑘(⋅, ⋅), 𝑢(⋅)) is
the solution to the optimal control; then one has

⟨𝐻V (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡) , 𝑢 (𝑡) , 𝑃 (𝑡) , 𝑄 (𝑡) , 𝑅 (𝑡) ,
𝐾 (𝑡, ⋅)) , V (𝑡) − 𝑢 (𝑡)⟩ 𝑑𝑡 ≥ 0,

∀V (⋅) ∈ U𝑎𝑑, 𝑎.𝑒, 𝑎.𝑠.
(44)

Proof. Apply Itô formula to ⟨𝑄(𝑡), 𝑥(𝑡)⟩ + ⟨𝑃(𝑡), 𝑦(𝑡)⟩, then
one can get

𝐸∫𝑇
0
𝑑 [⟨𝑄 (𝑡) 𝑥 (𝑡)⟩ + ⟨𝑃 (𝑡) 𝑦 (𝑡)⟩] = 𝐸 [⟨𝑄 (𝑇) ,

𝑥 (𝑇)⟩ + ⟨𝑃 (𝑇) , 𝑦 (𝑇)⟩ − ⟨𝑄 (0) , 𝑥 (0)⟩
− ⟨𝑃 (0) , 𝑦 (0)⟩] = 𝐸∫𝑇

0
{[⟨𝑃 (𝑡) , −𝑓V (𝑡) �̂�𝜀 (𝑡)⟩

+ ⟨𝑄 (𝑡) , 𝑏V (𝑡) �̂�𝜀 (𝑡)⟩ + ⟨𝑅 (𝑡) , 𝜎V (𝑡) �̂�𝜀 (𝑡)⟩]
+ [−𝑙𝑥 (𝑡) 𝑥 (𝑡) − 𝑙𝑦 (𝑡) 𝑦 (𝑡) − 𝑙𝑧 (𝑡) 𝑧 (𝑡)
− 𝑙𝑘 (𝑡) 𝑘 (𝑡, ⋅)]} 𝑑𝑡;

(45)

that is,

𝐸 [⟨𝑄 (𝑇) , 𝑥 (𝑇)⟩ + ⟨𝑃 (𝑇) , 𝑦 (𝑇)⟩ − ⟨𝑄 (0) ,
𝑥 (0)⟩ − ⟨𝑃 (0) , 𝑦 (0)⟩]
= 𝐸∫𝑇
0
{[⟨𝑃 (𝑡) , −𝑓V (𝑡) �̂�𝜀 (𝑡)⟩

+ ⟨𝑄 (𝑡) , 𝑏V (𝑡) �̂�𝜀 (𝑡)⟩ + ⟨𝑅 (𝑡) , 𝜎V (𝑡) �̂�𝜀 (𝑡)⟩
+ ⟨𝐾 (𝑡, ⋅) , 𝑔V (𝑡) �̂�𝜀 (𝑡)⟩] + [−𝑙𝑥 (𝑡) 𝑥 (𝑡)
− 𝑙𝑦 (𝑡) 𝑦 (𝑡) − 𝑙𝑧 (𝑡) 𝑧 (𝑡) − 𝑙𝑘 (𝑡) 𝑘 (𝑡, ⋅)]} 𝑑𝑡;

(46)

that is,

𝐸 [⟨𝑄 (𝑇) , 𝑥 (𝑇)⟩ + ⟨𝑃 (𝑇) , 𝑦 (𝑇)⟩
− ⟨𝑄 (0) , 𝑥 (0)⟩ − ⟨𝑃 (0) , 𝑦 (0)⟩]
+ 𝐸∫𝑇
0
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡)

+ 𝑙𝑘 (𝑡) 𝑘 (𝑡, ⋅) + 𝑙V (𝑡) �̂�𝜀 (𝑡)]
= 𝐸∫𝑇
0
[⟨𝑃 (𝑡) , −𝑓V (𝑡) �̂�𝜀 (𝑡)⟩

+ ⟨𝑄 (𝑡) , 𝑏V (𝑡) �̂�𝜀 (𝑡)⟩ + ⟨𝑅 (𝑡) , 𝜎V (𝑡) �̂�𝜀 (𝑡)⟩
+ ⟨𝐾 (𝑡, ⋅) , 𝑔V (𝑡) �̂�𝜀 (𝑡)⟩] + 𝐸∫𝑇

0
⟨𝑙V (𝑡) , �̂�𝜀 (𝑡)⟩ 𝑑𝑡

= 𝐸∫𝑇
0
⟨𝐻V (𝑡) , �̂�𝜀 (𝑡)⟩ 𝑑𝑡.

(47)

Due to
𝐸 [⟨𝑄 (𝑇) , 𝑥 (𝑇)⟩ + ⟨𝑃 (𝑇) , 𝑦 (𝑇)⟩

− ⟨𝑄 (0) , 𝑥 (0)⟩ − ⟨𝑃 (0) , 𝑦 (0)⟩]
+ 𝐸∫𝑇
0
[𝑙𝑥 (𝑡) 𝑥 (𝑡) + 𝑙𝑦 (𝑡) 𝑦 (𝑡) + 𝑙𝑧 (𝑡) 𝑧 (𝑡)

+ 𝑙𝑘 (𝑡) 𝑘 (𝑡, ⋅) + 𝑙V (𝑡) �̂�𝜀 (𝑡)] 𝑑𝑡 ≥ 0,

(48)

we can get

𝐸∫𝑇
0
⟨𝐻V (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡) , 𝑢 (𝑡) , 𝑃 (𝑡) , 𝑄 (𝑡) , 𝑅 (𝑡) ,

𝐾 (𝑡)) , V (𝑡) − 𝑢 (𝑡)⟩ 𝑑𝑡 ≥ 0,
(49)

and then the following holds:

⟨𝐻V (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡) , 𝑢 (𝑡) , 𝑃 (𝑡) , 𝑄 (𝑡) , 𝑅 (𝑡) ,
𝐾 (𝑡)) , V (𝑡) − 𝑢 (𝑡)⟩ 𝑑𝑡 ≥ 0,

∀V (⋅) ∈ Uad a.e, a.s.
(50)

This finishes the proof of Theorem 8.

Remark 9. In this paper, we discuss the global fully coupled
FBSCS where the diffusion coefficients 𝜎 and 𝑔 both contain
the control variables V(⋅) and 𝑘(𝑡, ⋅). And under the constraint
condition of [11], it is easy to check that if 𝑘(𝑡, ⋅) = 0 and 𝑔(⋅) =0, the result of [11] can be obtained.

5. Example: Maximizing
the Consumption Utility

Consider two assets in the financial market. One of the assets
is a risk-free asset; the other one is a risky asset (e.g., stock).
The price processes are described by the following dynamics
equations:

𝑑𝑆0 (𝑡) = 𝑆0 (𝑡) 𝑟 (𝑡) 𝑑𝑡,
𝑆0 (0) = 1,
𝑑𝑆 (𝑡)

= 𝑆𝑡− [𝜇 (𝑡) 𝑑𝑡 + 𝜎 (𝑡) 𝑑𝐵𝑡 + ∫
𝐸
𝜂 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡)] ,

0 ≤ 𝑡 ≤ 𝑇,
𝑆 (0) = 𝑠 > 0,

(51)

where we assume the following:
(i) The risk-free interest rate 𝑟(𝑡) is a nonnegative

predictable and bounded deterministic scalar-valued
process.
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(ii) 𝜇(𝑡), 𝜎(𝑡) are givenF𝑡-adapted process, where 𝜇(𝑡) >𝑟(𝑡). And also 𝜂(𝑡, 𝑒) is bounded deterministic pro-
cess. To ensure that 𝑆(𝑡) > 0 for all 𝑡, let 𝜂(𝑡, 𝑒) > −1
for all 𝑒 ∈ 𝐸 and ∫

𝐸
𝜂2(𝑡, 𝑒)](𝑑𝑒) < ∝.

(iii) The investor can borrow or lend risk-free interest rate.

Assume that an investor whose initial wealth is 𝑎 > 0
decides to invest in stockwith the amount of𝜋(𝑡). Denote𝑥(𝑡)
and 𝑦(𝑡) by the investor’s wealth process and consumption
utility process, respectively. Suppose 𝑐(𝑡) is the consumption
process and 𝑐(𝑡) ∈ Uad; by (6) and (51), we have

𝑑𝑥 (𝑡) = 𝑥 (𝑡) [(1 − 𝜋 (𝑡)) 𝑟 (𝑡) + 𝜋 (𝑡) 𝜇 (𝑡) − 𝑐 (𝑡)] 𝑑𝑡
+ 𝑥 (𝑡) 𝜋 (𝑡) 𝜎 (𝑡) 𝑑𝐵𝑡
+ 𝜋 (𝑡) ∫

𝐸
𝜂 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

𝑥 (0) = 𝑎,
−𝑑𝑦 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, ⋅) , 𝑐 (𝑡)) 𝑑𝑡

− 𝑧 (𝑡) 𝑑𝐵𝑡 − ∫
𝐸
𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇, 𝑦 (𝑇) = ℎ (𝑥 (𝑇)) .

(52)

The investor’s problem is to solve

sup
𝑐

𝑦𝑐 (0) ,
subject to 𝐸[∫𝑇

0
𝜋 (𝑡) 𝑐 (𝑡) 𝑑𝑡]

≤ 𝐸 [∫𝑇
0
𝜋 (𝑡) 𝑐 (𝑡) 𝑑𝑡] ,

(the budget constraint) ,

(53)

where 𝑦(𝑡) = 𝑦𝑐(𝑡) is the solution of the following BSDE:

−𝑑𝑦 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡,⋅) , 𝑐 (𝑡)) 𝑑𝑡
− 𝑧 (𝑡) 𝑑𝐵𝑡 − ∫

𝐸
𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,
𝑦 (𝑇) = ℎ (𝑥 (𝑇)) = 0.

(54)

Let ℎ(𝑥(𝑇)) = 𝐺1𝑥(𝑥(𝑇)); then the problem can be trans-
formed into the following:

sup
𝑐

𝑦𝑐 (0) (55)

with 𝐸[𝐺1𝑥(𝑥(𝑇))] = 0 subject to 𝐸[∫𝑇
0
𝜋(𝑡)𝑐(𝑡)𝑑𝑡] ≤

𝐸[∫𝑇
0
𝜋(𝑡)𝑐(𝑡)𝑑𝑡].Then this problem changes to be finding the

optimal consumption process 𝑐𝑡 under the wealth terminal
constraint and the budget constraint.

For 𝜀 > 0 define the Lagrangian
L𝜀 (𝑐) = 𝑦𝑐 (0) − 𝜀𝐸 [∫𝑇

0
𝜋 (𝑡) (𝑐 (𝑡) − 𝑐 (𝑡)) 𝑑𝑡] . (56)

Suppose we, for each 𝜀 > 0, can find an optimal 𝑐(𝑡, 𝜀)
such that

sup
𝑐

L𝜀 (𝑐 (𝑡)) = L𝜀 (𝑐 (𝑡, 𝜀)) (57)

with constraints. Also, suppose we can find 𝜀 such that

𝐸[∫𝑇
0
𝜋 (𝑡) (𝑐 (𝑡, 𝜀) − 𝑐 (𝑡)) 𝑑𝑡] = 0. (58)

Then

𝑐∗ fl 𝑐 (𝑡, 𝜀) (59)

is optimal for the original constrained problem. To see this,
note that for all 𝑐(𝑡) we have

𝑦𝑐(𝑡,𝜀) (0) = 𝑦𝑐(𝑡,𝜀) (0)
− 𝜀𝐸 [∫𝑇

0
𝜋 (𝑡) (𝑐 (𝑡, 𝜀) − 𝑐 (𝑡)) 𝑑𝑡]

= L𝜀 (𝑐 (𝑡, 𝜀)) ≥ L𝜀 (𝑐 (𝑡))
= 𝑦𝑐 (0) − 𝜀𝐸 [∫𝑇

0
𝜋 (𝑡) (𝑐 (𝑡) − 𝑐 (𝑡)) 𝑑𝑡]

≥ 𝑦𝑐 (0) .

(60)

In view of this, we can solve the original constrained problem
(54) in the following steps.

Step 1. Maximize over allL(𝑐) (without constraints), for each
given 𝜀 > 0. Call the maximum 𝑐(𝑡, 𝜀).
Step 2. Find 𝜀 such that 𝐸[∫𝑇

0
𝜋(𝑡)(𝑐(𝑡, 𝜀) − 𝑐(𝑡))] = 0. Then𝑐∗ fl 𝑐(𝑡, 𝜀) can solve the original constrained problem.

We now apply this to problem (54). Thus we fix 𝜀 and
proceed to study the unconstrained problem (54) in the
context of Section 4: consider the controlled FBSDE system
consisting of

𝑑𝑥 (𝑡) = 0,
𝑥 (0) = 𝑎,

−𝑑𝑦 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡,⋅) , 𝑐 (𝑡)) 𝑑𝑡
− 𝑧 (𝑡) 𝑑𝐵𝑡 − ∫

𝐸
𝑘 (𝑡, 𝑒) �̃� (𝑑𝑒, 𝑑𝑡) ,

0 ≤ 𝑡 ≤ 𝑇,
𝑦 (𝑇) = ℎ (𝑥 (𝑇)) = 0.

(61)
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The performance function is

𝐽 (𝑐) = −𝜀𝐸 [∫𝑇
0
𝜋 (𝑡)2 (𝑐 (𝑡) − 𝑐 (𝑡)) 𝑑𝑡] + 𝑦𝑐 (0) , (62)

where 𝜀 > 0 is the Lagrange multiplier. The Hamiltonian
function about this problem is

𝐻(𝑡, 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, ⋅) , 𝛼 (𝑡) , 𝑐 (𝑡))
= −𝜀𝜋 (𝑡)2 (𝑐 (𝑡) − 𝑐 (𝑡))
+ 𝛼 (𝑡) 𝑓 (𝑡, 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, ⋅) , 𝑐 (𝑡)) ,

(63)

and the adjoint equation is

𝑑𝛼 (𝑡) = 𝛼 (𝑡) [𝑓𝑦 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡,⋅) , 𝑐 (𝑡)) 𝑑𝑡
+ 𝑓𝑧 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡,⋅) , 𝑐 (𝑡)) 𝑑𝐵𝑡
+ ∫
𝐸

𝑑 (∇𝑘𝑓)𝑑] (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡) , 𝑧 (𝑡) , 𝑘 (𝑡, 𝑒) , 𝑐 (𝑡)) (𝑒)
⋅ �̃� (𝑑𝑒, 𝑑𝑡)] , 0 ≤ 𝑡 ≤ 𝑇,

(64)

𝛼 (0) = 1. (65)

Let ∇𝑘𝑓 denote the Frechet derivative of 𝑓 with respect
to 𝑘 and (𝑑(∇𝑘𝑓)/𝑑])(⋅, ⋅)(𝑒) denote its Radon-Nikodym
derivative with respect to ]. If 𝑐 = 𝑐(𝑡, 𝜀) is optimal for a given
Lagrange multiplier 𝜀 with corresponding values (�̂�(𝑡), 𝑦(𝑡),�̂�(𝑡), �̂�(𝑡, ⋅)), we get by the Itô form the solution of (61); that is,

�̂� (𝑡) = exp(∫𝑡
0
{𝑓𝑦 (𝑠) − 12 (𝑓𝑧 (𝑠))

2 + ∫
𝑅0

[ln(1 + 𝑑 (∇𝑘𝑓)𝑑] (𝑠, 𝑒)) − 𝑑 (∇𝑘𝑓)𝑑] (𝑠, 𝑒)] ] (𝑑𝑒)} 𝑑𝑠 + ∫𝑡
0
𝑓𝑧 (𝑠) 𝑑𝐵𝑠

+ ∫𝑡
0
∫
𝐸
ln(1 + 𝑑 (∇𝑘𝑓)𝑑] (𝑠, 𝑒)) �̃� (𝑑𝑠, 𝑑𝑒)) , 𝑡 ≥ 0,

(66)

where we use the simplified notation

𝑓𝑦 (𝑠) = 𝑓𝑦 (𝑠) (𝑠, 𝑦 (𝑠) , �̂� (𝑠) , �̂� (𝑠, ⋅) , 𝑐 (𝑠)) , etc, (67)

and we assume that

𝑑 (∇𝑘𝑓)𝑑] (𝑠, 𝑒) > −1 ∀𝑠, 𝑒, a.s. (68)

Maximizing the Hamiltonian with respect to 𝑐 gives the first-
order equation:

−𝜀𝜋 (𝑡)2 + �̂� (𝑡) 𝑓𝑐 (𝑡, 𝑦 (𝑡) , �̂� (𝑡) , �̂� (𝑡, ⋅) , 𝑐 (𝑡)) = 0. (69)

Assume that for each 𝑡, 𝑦, and 𝑧, the function
𝑐 → 𝜕𝑓𝜕𝑐 (𝑡, 𝑐, 𝑦, 𝑧, 𝑘) (70)

has an inverse, denoted by (𝜕𝑓/𝜕𝑐)−1(𝑡, 𝑦, 𝑧, 𝑘). Then the
solution 𝑐(𝑡) of the first-order condition (75) can be written
into

𝑐 = 𝑐 (𝑡, �̂� (𝑡) , 𝑦 (𝑡) , �̂� (𝑡) , �̂� (𝑡, ⋅))
= (𝜕𝑓𝜕𝑐 )

−1 (𝑡, 𝜀𝜋2 (𝑡)�̂� (𝑡) , 𝑦 (𝑡) , �̂� (𝑡) , �̂� (𝑡, ⋅)) š 𝑐 (𝑡) . (71)

Substituting this into the adjoint equation for �̂�(𝑡), we get
𝑑𝛼 (𝑡) = 𝛼 (𝑡) [𝑓𝑦 (𝑡, 𝑐 (𝑡)) 𝑑𝑡 + 𝑓𝑧 (𝑡, 𝑐 (𝑡)) 𝑑𝐵𝑡

+ ∫
𝐸

𝑑 (∇𝑘𝑓)𝑑] (𝑡, 𝑐 (𝑡)) (𝑒) �̃� (𝑑𝑒, 𝑑𝑡)] ,
𝛼 (0) = 1,

(72)

0 ≤ 𝑡 ≤ 𝑇, (73)

where

𝑓 (𝑡, 𝑐 (𝑡)) = 𝑓𝑦 (𝑡, 𝑐 (�̂� (𝑡) , 𝑦 (𝑡) , �̂� (𝑡) , �̂� (𝑡, ⋅)) , 𝑦 (𝑡) ,
�̂� (𝑡) , �̂� (𝑡, ⋅)) , etc. (74)

This is coupled to the following BSDE for (𝑦, �̂�, �̂�):
− 𝑑𝑦 (𝑡) = 𝑓 (𝑡, 𝑐 (�̂� (𝑡) , 𝑦 (𝑡) , �̂� (𝑡) , �̂� (𝑡, ⋅)) , 𝑦 (𝑡) ,
�̂� (𝑡) , �̂� (𝑡, ⋅)) 𝑑𝑡 − �̂� (𝑡) 𝑑𝐵𝑡 − ∫

𝐸
�̂� (𝑡, 𝑒)

⋅ �̃� (𝑑𝑒, 𝑑𝑡) , 0 ≤ 𝑡 ≤ 𝑇,
𝑦 (𝑇) = 0.

(75)

According to Lemma 1, (�̂�(𝑡), 𝑦(𝑡), �̂�(𝑡), �̂�(𝑡, 𝑒)) can be found
as the solution of the fully coupled system of FBSDE (72) and
(75).
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Remark 10. Assume the following.

(i) 𝑓 has the form

𝑓 (𝑡, 𝑐, 𝑦, 𝑧, 𝑘) = 𝑓0 (𝑡, 𝑐, 𝑦) − 12𝐴 (𝑦) 𝑧2
− 12 ∫𝐸0𝐴1 (𝑦, 𝑒) 𝑘2 (𝑒) ] (𝑑𝑒) ,

(76)

where 𝑓0 does not depend on 𝑧 and 𝑘.
(ii) Wealth state constraints

𝑑𝑥 (𝑡) = 0,
𝑥 (0) = 0, (77)

and then the question of maximizing consumption utility has
been solved in [20].

6. Conclusion

In this paper, the global fully coupled FBSCS driven by Itô-
Lévy process is investigated, and the initial-terminal state
needs to be restrained. By using the variational technique,
we get the variational inequality. We also get the necessary
condition of optimal solution about this stochastic control
system. Finally, we use the result to discuss the problem of
consumption recursive utility.
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In financial markets with volatility uncertainty, we assume that their risks are caused by uncertain volatilities and their assets are
effectively allocated in the risk-free asset and a risky stock, whose price process is supposed to follow a geometric 𝐺-Brownian
motion rather than a classical Brownian motion. The concept of arbitrage is used to deal with this complex situation and we
consider stock price dynamics with no-arbitrage opportunities. For general European contingent claims, we deduce the interval
of no-arbitrage price and the clear results are derived in the Markovian case.

1. Introduction

Though many choice situations show uncertainty, owing
to the Ellsberg Parasox, the impacts of ambiguity aversion
on economic decisions are established and Beissner [1]
considered general equilibrium economies with a primitive
uncertainty model that features ambiguity about continuous-
time volatility. Under uncertainty,multiple priors can be used
to model decisions. Recently, these multiple priors mod-
els have attracted much attention. The decision theoretical
setting of multiple priors was introduced by Gilboa and
Schmeidler [2] and Artzner et al. [3] adapted it to monetary
risk measures. Afterwards, Maccheroni et al. [4] generalized
multiple priors to preferences. In diffusionmodels, Girsanov’s
theorem was employed to consider stochastic processes by
Chen and Epstein [5], but these multiple priors can only
lead to uncertainty. When these multiple priors are used in
finance areas, they result in drift uncertainty for stock prices.
In the risk-neutral world, whenwe assess financial claims, the
uncertainty of this drift will disappear.

Under the assumption of no arbitrage and volatility
uncertainty, Fernholz and Karatzas [6] considered to out-
perform the market. Compared with this, our paper is to
model volatility uncertain financial markets which have no
arbitrage. Epstein and Ji [7] or Vorbrink [8] used a specific
example to illustrate an uncertain volatility model. On the

basis of our predecessors, our paper solves a few basic prob-
lems of the volatility uncertainty in finance markets. Our aim
is to analyze the volatility uncertain financial markets and we
take advantage of the framework of sublinear expectation and
𝐺-Brownian motion which is introduced by Peng [9] to deal
with themodel in financial markets.The𝐺-Brownianmotion
is no longer a classical Brownianmotion.The construction of
stochastic integration, 𝐼𝑡𝑜’s lemma, and martingale theory is
utilized to the framework of 𝐺-Brownian motion. In order to
control the model risk, the 𝐺-Brownian motion is employed
to concern the model and evaluate claims by means of 𝐺-
expectation which is a sublinear expectation.

In our financial markets with volatility uncertainty, the
wealth is invested in risk-free asset and risky asset, in which
the risky asset, that is, stock 𝑆𝑡 and its price process 𝑆𝑡, is given
by the following geometric 𝐺-Brownian motion:

𝑑𝑆𝑡 = 𝑟𝑆𝑡𝑑𝑡 + ]𝑡𝑆𝑡𝑑𝐵𝑡, 𝑆0 = 𝑥0 > 0, (1)

where constant interest rate 𝑟 ⩾ 0 is an expected instanta-
neous return of the stock and ]𝑡 is the volatility of 𝑆 which
is associated with 𝑡. The canonical process 𝐵 = (𝐵𝑡) is a
𝐺-Brownian motion relating to a sublinear expectation 𝐸𝐺,
called 𝐺-expectation (see [9, 10] for a detailed construction).
The stochastic calculus with respect to 𝐺-Brownian motion
can also be established, especially 𝐼𝑡𝑜 integral [9]. The
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ordinarymartingales are replaced by𝐺-martingales. Denis et
al. [11] developed the 𝐺-framework of Peng [10] (see [12]) in
the framework of quasi-sure analysis. An upper expectation
of classical expectations is used to represent the sublinear
expectation 𝐸𝐺 established by Denis et al. [11]; that is to say,
there exists a set of probability measures P such that 𝐸𝐺[𝑋] =
sup𝑃∈P E

𝑃[𝑋].
In this paper, we prove that the considered financial

market does not admit any arbitrage opportunity, but it
allows for uncertain volatility. In our analysis, the notion
of 𝐺-martingale which replaces the notion of martingale in
classical probability theory plays a major role.

One of our aims is to solve

sup
𝑃∈P

E
𝑃 (𝐷𝑇𝑉𝑇) ,

sup
𝑃∈P

E
𝑃 (−𝐷𝑇𝑉𝑇) ,

(2)

where 𝑉𝑇 denotes the payoff of contingent claims at maturity
𝑇 and 𝐷𝑇 is a discounting. P presents a series of different
probability measures.

The stochastic environment can bring about a set of prob-
ability measures that are not equivalent but even mutually
singular. To illustrate this, let 𝐵 be a Brownian motion under
a measure 𝑃 and think about the processes 𝑆𝜎 fl (𝜎𝐵𝑡) and𝑆𝜎 fl (𝜎𝐵𝑡). Using 𝑃𝜎 = 𝑃 ∘ (𝑆𝜎)−1 and 𝑃𝜎 = 𝑃 ∘ (𝑆𝜎)−1, we
describe the distributions over continuous trajectories which
are induced by the two processes. These measures describe
two possible hypotheses of real probability measure which
drives the volatility uncertainty by (1). Therefore, we have

𝑃𝜎 ({⟨𝐵⟩𝑇 = 𝜎2𝑇}) = 1 = 𝑃𝜎 ({⟨𝐵⟩𝑇 = 𝜎2𝑇}) , (3)

where both priors are mutually singular.
The definition of trading strategy and portfolio process is

applied to obtain thewealth equation.Defining the concept of
no-arbitrage in financial markets and the hedging classes, we
gain the interval of no-arbitrage price for general European
contingent claims. Finally, the connection of the lower and
upper arbitrage prices is presented.

In such an ambiguous financial market, our subject
is to analyze the European contingent claim concerning
pricing and hedging. The asset pricing is extended to the
financial markets with volatility uncertainty. The notion of
no-arbitrage plays an important role in our analysis. Owing
to the fact that the volatility uncertainty leads to additional
source of risk, the classical definition of arbitrage will no
longer be adequate. For this reason, a new arbitrage definition
is presented to adjust ourmultiple priorsmodelwithmutually
singular priors which are shown in (3). In thismodified sense,
we confirm that our volatility uncertain financial markets do
not admit any arbitrage opportunity.

Utilizing the notion of no-arbitrage, we have obtained
several results, which provide us with a better economic
understanding of financial markets under volatility uncer-
tainty. For general contingent claims, we determine an inter-
val of no-arbitrage prices. The bounds of this interval are
the upper and lower arbitrage prices Vup and Vlow, which

are obtained as the expected value of the claim’s discounted
payoff with respect to 𝐺-expectation (see (2)). They specify
the lowest initial capital. We use the capital to hedge a short
position in the claim or long position, respectively. Generally
speaking, because 𝐸𝐺 is a sublinear expectation, we have
Vlow ̸= Vup. This verifies the market’s incompleteness. In
a few words, no arbitrage will be generated when price is
in the interval (Vlow, Vup) for a European contingent claim.
In Section 4, when the contingent claim’s payoff is only
determined by the current stock price, we deduce a more
clear structure about the upper and lower arbitrage prices by
a partial differential equation (PDE for short). We derive an
explicit representation for the corresponding supper-hedging
strategies and consumption plans. Given the special situation
when the payoff function shows convexity (concavity), the
upper arbitrage price solves the classical Black-Scholes PDE
with a volatility equal to 𝜎(𝜎), and vice versa concerning the
lower arbitrage price.

The novelties of this paper are that the volatility of 𝑆 in our
model is a variable which is related to 𝑡. This is different from
works of Vorbrink [8] in which the volatility of 𝑆 is a constant.
We employ the 𝐺-framework including 𝐺-expectation, 𝐺-
Brownian motion, and the concept of arbitrage to study the
financial markets with volatility uncertainty; we gain the
interval of no arbitrage, which is different from that in Denis
and Martini [12].

This paper is organized as follows. Section 2 introduces
the financial markets. We focus on and extend the terminol-
ogy from mathematical finance. Section 3 applies a series of
definitions and lemmas to derive the interval of no arbitrage.
Section 4 restricts us to the Markovian case and derives
results which are analogy to those in Avellaneda et al. [13] or
Vorbrink [8]. Conclusions are given in Section 5.

2. The Market Model and
the Mathematical Setting

2.1. 𝐺-Brownian Motion and the Multiple Priors Setting. In
the whole paper, the one-dimensional case is considered and
we fix an interval [𝜎, 𝜎] with 𝜎 > 0. This interval describes
the volatility uncertainty. 𝜎 and 𝜎 denote a lower and upper
bound for volatility, respectively.

Definition 1 (see [9]). Let Ω ̸= 0 be a given set. Let H be a
linear space of real valued functions defined onΩwith 𝑐 ∈ H

for all constants 𝑐, and |𝑋| ∈ H if 𝑋 ∈ H. (H is considered
as the space of random variables.) A sublinear expectation 𝐸
on H is a functional 𝐸 : H → R satisfying the following
properties: for any𝑋,𝑌 ∈ H, it has

(1) Monotonicity: if 𝑋 ⩾ 𝑌 then 𝐸(𝑋) ⩾ 𝐸(𝑌).
(2) Constant preserving: 𝐸(𝑐) = 𝑐.
(3) Subadditivity: 𝐸(𝑋 + 𝑌) ⩽ 𝐸(𝑋) + 𝐸(𝑌).
(4) Positive homogeneity: 𝐸(𝜇𝑋) = 𝜇𝐸(𝑋) ∀𝜇 ⩾ 0.

The triple (Ω,H, 𝐸) is called a sublinear expectation space.
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Definition 2 (see [10] (𝐺-normal distribution)). In a sublinear
expectation space (Ω,H, 𝐸), a random variable 𝑋 is called
(centralized) 𝐺-normal distributed if for any 𝑎, 𝑏 ⩾ 0

𝑎𝑋 + 𝑏𝑋 ∼ √𝑎2 + 𝑏2𝑋, (4)

where 𝑋 is an independent copy of 𝑋. Here the letter 𝐺
denotes the function

𝐺 (𝑎) fl 1
2𝐸 (𝑎𝑋2) : R → R. (5)

Note that 𝑋 has no mean-uncertainty; that is, it has
𝐸(𝑋) = 𝐸(−𝑋) = 0. Moreover, the following important
identity holds:

𝐺 (𝑎) = 1
2𝜎

2𝑎+ − 1
2𝜎

2𝑎− (6)

with 𝜎2 fl −𝐸(−𝑋2) and 𝜎2 fl 𝐸(𝑋2). We write that 𝑋 is
𝑁({0}×[𝜎2, 𝜎2]) distributed.Therefore, we say that𝐺-normal
distribution is characterized by the parameters 0 < 𝜎 ⩽ 𝜎.
Remark 3 (see [10]). The random variable𝑋which is defined
in (4) is generated by the following parabolic PDE defined in
[0, 𝑇] ×R.

For any 𝐶𝑙,𝐿𝑖𝑝(R), define 𝑢(𝑡, 𝑥) fl 𝐸[𝜑(𝑥 +√𝑡𝑋)]; then 𝑢
is the unique (viscosity) solution of

𝜕𝑡𝑢 − 𝐺 (𝜕𝑥𝑥𝑢) = 0, 𝑢|𝑡=0 = 𝜑. (7)

Equation (7) is called a 𝐺-equation.
Definition 4 (see [10] (𝐺-Brownian motion)). A process
(𝐵𝑡)𝑡⩾0 in a sublinear expectation space (Ω,H, 𝐸) is called a
𝐺-Brownian motion if the following properties are satisfied:

(i) 𝐵0 = 0.
(ii) For each 𝑡, 𝑠 ⩾ 0 the increment 𝐵𝑡+𝑠 − 𝐵𝑡 is

𝑁({0} × [𝜎2𝑠, 𝜎2𝑠]) distributed and independent from
(𝐵𝑡1 , 𝐵𝑡2 , . . . , 𝐵𝑡𝑛) for each 𝑛 ∈ N, 0 ⩽ 𝑡1 ⩽ ⋅ ⋅ ⋅ 𝑡𝑛 ⩽ 𝑡.

Condition (ii) can be replaced by the following three condi-
tions giving a characterization of 𝐺-Brownian motion:

(i) For each 𝑡, 𝑠 ⩾ 0 : 𝐵𝑡+𝑠 − 𝐵𝑡 ∼ 𝐵𝑡 and 𝐸(|𝐵𝑡|3)/𝑡 → 0
as 𝑡 → 0.

(ii) The increment 𝐵𝑡+𝑠 − 𝐵𝑡 is independent from
(𝐵𝑡1 , 𝐵𝑡2 , . . . , 𝐵𝑡𝑛) for each 𝑛 ∈ N, 0 ⩽ 𝑡1 ⩽ ⋅ ⋅ ⋅ 𝑡𝑛 ⩽ 𝑡.

(iii) 𝐸(𝐵𝑡) = −𝐸(−𝐵𝑡) = 0, ∀𝑡 ⩾ 0.
For each 𝑡0 > 0, it has that (𝐵𝑡+𝑡0 −𝐵𝑡0)𝑡⩾0 is a𝐺-Brownian

motion.
Let us briefly depict the construction of 𝐺-expectation

and its corresponding 𝐺-Brownian motion. As in the pre-
vious sections, we fix a time horizon 𝑇 > 0 and set Ω𝑇 =
𝐶0([0, 𝑇],R)-the space of all real valued continuous paths
starting at zero. Considering the canonical process 𝐵𝑡(𝜔) fl
𝜔𝑡, 𝑡 ⩽ 𝑇, 𝜔 ∈ Ω, we define

𝐿 𝑖𝑝 (Ω𝑇) fl {𝜑 (𝐵𝑡1 , . . . , 𝐵𝑡𝑛) | 𝑛 ∈ N, 𝑡1, . . . , 𝑡𝑛
∈ [0, 𝑇] , 𝜑 ∈ 𝐶𝑙,𝐿𝑖𝑝 (R𝑛)} .

(8)

A 𝐺-Brownian motion is firstly constructed in 𝐿 𝑖𝑝(Ω𝑇). For
this purpose, let (𝜉𝑖)𝑖∈N be a sequence of random variables
in a sublinear expectation space (Ω̃, H̃, 𝐸) such that 𝜉𝑖 is 𝐺-
normal distributed and 𝜉𝑖+1 is independent of (𝜉1, . . . , 𝜉𝑖) for
each integer 𝑖 ⩾ 1. Then a sublinear expectation in 𝐿 𝑖𝑝(Ω𝑇)
is constructed by the following procedure: for each 𝑋 ∈
𝐿 𝑖𝑝(Ω𝑇) with 𝑋 = 𝜑(𝐵𝑡1 − 𝐵𝑡0 , 𝐵𝑡2 − 𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1) for
some 𝜑 ∈ 𝐶𝑙,𝐿𝑖𝑝(R𝑛), 0 ⩽ 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑛 ⩽ 𝑇, set
𝐸𝐺 [𝜑 (𝐵𝑡1 − 𝐵𝑡0 , 𝐵𝑡2 − 𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1)]

fl 𝐸 [𝜑 (√𝑡1 − 𝑡0𝜉1, √𝑡2 − 𝑡1𝜉2, . . . , √𝑡𝑛 − 𝑡𝑛−1𝜉𝑛)] .
(9)

The related conditional expectation of 𝑋 ∈ 𝐿 𝑖𝑝(Ω𝑇) as
above under Ω𝑡𝑖 , 𝑖 ∈ N, is defined by

𝐸𝐺 [𝜑 (𝐵𝑡1 − 𝐵𝑡0 , 𝐵𝑡2 − 𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1) | Ω𝑡𝑖]
fl 𝜓 (𝐵𝑡1 − 𝐵𝑡0 , . . . , 𝐵𝑡𝑖 − 𝐵𝑡𝑖−1) ,

(10)

where 𝜓(𝑥1, . . . , 𝑥𝑖) fl 𝐸[𝜑(𝑥1, . . . , 𝑥𝑖, √𝑡𝑖+1 − 𝑡𝑖𝜉𝑖+1, . . . ,
√𝑡𝑛 − 𝑡𝑛−1𝜉𝑛)]. One checks that 𝐸𝐺 consistently defines a
sublinear expectation in 𝐿 𝑖𝑝(Ω𝑇) and the canonical process
𝐵 represents a 𝐺-Brownian motion.

Let Θ fl [𝜎, 𝜎] andAΘ
0,𝑇 be the collection of all Θ-valued

(F𝑡)-adapted processes on [0, 𝑇]. We write

𝐵0,𝜎
𝑡 fl ∫𝑡

0
𝜎𝑠𝑑𝐵𝑠, (11)

and 𝑃𝜎 as the law of 𝐵0,𝜎 = ∫⋅
0 𝜎𝑠𝑑𝐵𝑠; that is, 𝑃𝜎 = 𝑃0 ∘ (𝐵0,𝜎)−1

is distribution over trajectories. Let the set of multiple priors
P be the closure of {𝑃𝜎 | 𝜎 ∈ AΘ

0,𝑇} under the topology of
weak convergence.

Theorem 5 (see [8]). For any 𝜑 ∈ 𝐶𝑙,𝐿𝑖𝑝(R𝑛), 𝑛 ∈ N, 0 ⩽ 𝑡1 ⩽
⋅ ⋅ ⋅ ⩽ 𝑡𝑛 ⩽ 𝑇, it holds that

𝐸𝐺 [𝜑 (𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1)]
= sup

𝜃∈AΘ0,𝑇

E
𝑃 [𝜑 (𝐵0,𝜃

𝑡1
, . . . , 𝐵𝑡𝑛−1 ,𝜃

𝑡𝑛 )]

= sup
𝜃∈AΘ0,𝑇

𝐸𝑃𝜃 [𝜑 (𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1)]

= sup
𝑃𝜃∈P

𝐸𝑃𝜃 [𝜑 (𝐵𝑡1 , . . . , 𝐵𝑡𝑛 − 𝐵𝑡𝑛−1)] .

(12)

Furthermore,

𝐸𝐺 (𝑋) = sup
𝑃𝜃∈P

E
𝑃 (𝑋) , ∀𝑋 ∈ 𝐿1

𝐺 (Ω𝑇) . (13)

We use the set of priors P to define the𝐺-expectation 𝐸𝐺.
It is given by

𝐸𝐺 (𝑋) = sup
𝑃∈P

E
𝑃 (𝑋) , (14)
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where𝑋 is any random variable. So the𝐺-expectation can be
defined. Relative to the 𝐺-expectation, the space of random
variable is denoted by 𝐿1

𝐺(Ω𝑇).
In this paper, we consider the tuple as (Ω𝑇,F, (F𝑡),P)

and the canonical process 𝐵 = (𝐵𝑡) is a𝐺-expectationmotion
with respect to P as given in the previous. The 𝐺-framework
enables the analysis of stochastic processes for all priors of P.
The terminology of “𝑞𝑢𝑎𝑠𝑖-𝑠𝑢𝑟𝑒𝑙𝑦” (q.s.) is proved to be very
useful.

Unless there are special instructions, all equations should
also be understood as “quasi-sure.” This means a property
almost surely for all conceivable scenarios.

As mentioned in the preceding, 𝐺-expectation can be
defined in the space 𝐿𝑝

𝐺(Ω𝑇), 𝑝 ⩾ 1. It is the completion
of C𝑏(Ω𝑇), the set of bounded continuous functions on Ω𝑇
under the norm ‖𝜉‖ fl (𝐸𝐺[|𝜉|2])1/2 < ∞. Because the
stochastic integrals are required to define trading strategies
in the next sections, we briefly introduce the basic concepts
about stochastic calculus and the construction of Itô integral
with respect to 𝐺-Brownian motion.

For 𝑝 ⩾ 1, let 𝑀𝑝,0
𝐺 (0, 𝑇) be the collection of simple

processes 𝜂 of the following form: for a given partition [0, 𝑇],
{𝑡0, 𝑡1, . . . , 𝑡𝑁}, 𝑁 ∈ N, for any 𝑡 ∈ [0, 𝑇] the process 𝜂 is
defined by

𝜂𝑡 (𝜔) fl
𝑁−1

∑
𝑗=0

𝜉𝑖 (𝜔) 1[𝑡𝑗 ,𝑡𝑗+1) (𝑡) , (15)

where 𝜉𝑖(𝜔) ∈ 𝐿𝑝
𝐺(Ω𝑡𝑖), 𝑖 = 0, 1, . . . , 𝑁 − 1. For each 𝜂 ∈

𝑀𝑝,0
𝐺 (0, 𝑇), let

𝜂𝑀𝑝𝐺 fl (𝐸𝐺 ∫𝑇

0

𝜂𝑠𝑝 𝑑𝑠)
1/𝑝

. (16)

We denote by𝑀𝑝,0
𝐺 (0, 𝑇) the completion of𝑀𝑝,0

𝐺 (0, 𝑇) under
the norm ‖ ⋅ ‖𝑀𝑝𝐺 .
Definition 6 (see [14]). For 𝜂 ∈ 𝑀2,0

𝐺 (0, 𝑇) with the pre-
sentation in (15), the integral mapping is defined by 𝐼 :
𝑀2,0

𝐺 (0, 𝑇) → 𝐿2
𝐺(Ω𝑇) and

𝐼 (𝜂) = ∫𝑇

0
𝜂 (𝑠) 𝑑𝐵𝑠 fl

𝑁−1

∑
𝑗=0

𝜉𝑖 (𝐵𝑡𝑗+1 − 𝐵𝑡𝑗) . (17)

We consider the quadratic variation process (⟨𝐵⟩𝑡) of 𝐺-
Brownian motion. It has

⟨𝐵⟩𝑡 = 𝐵2
𝑡 − 2∫𝑡

0
𝐵𝑠𝑑𝐵𝑠, ∀𝑡 ⩽ 𝑇. (18)

It is a continuous, increasing process, absolutely continuous
with respect to 𝑑𝑡. It contains all the statistical uncertainty of
the 𝐺-Brownian motion. For 𝑠, 𝑡 ⩾ 0 we have ⟨𝐵⟩s+𝑡 − ⟨𝐵⟩𝑠 ∼
⟨𝐵⟩𝑡 and it is independent ofΩ𝑠.

Definition 7 (see [9]). Let 𝑥 ∈ R, 𝑧 ∈ 𝑀2
𝐺(0, 𝑇) and 𝜂 ∈

𝑀1
𝐺(0, 𝑇). Then the process

𝑀𝑡 fl 𝑥 + ∫𝑡

0
𝑧𝑠𝑑𝐵𝑠 + ∫𝑡

0
𝜂𝑠𝑑 ⟨𝐵⟩𝑠 − ∫𝑡

0
2𝐺 (𝜂𝑠) 𝑑𝑠,

𝑡 ⩽ 𝑇,
(19)

is a 𝐺-martingale.

Specially, the nonsymmetric part −𝐾𝑡 fl ∫𝑡
0 𝜂𝑠𝑑⟨𝐵⟩𝑠 −

∫𝑡
0 2𝐺(𝜂𝑠)𝑑𝑠, 𝑡 ∈ [0, 𝑇], is a 𝐺-martingale, which is quite a
surprising result because (−𝐾𝑡) is continuous, nonincreasing
with quadratic variation equal to zero.

Remark 8 (see [15]). 𝑀 is a symmetric 𝐺-martingale if and
only if 𝐾 ≡ 0.
Theorem 9 (see [15] (martingale representation)). Let 𝛼 ⩾ 0
and 𝜉 ∈ 𝐿𝛼

𝐺(Ω𝑇). Then the 𝐺-martingale 𝑋 with 𝑋𝑡 fl 𝐸𝐺(𝜉 |
F𝑡), 𝑡 ∈ [0, 𝑇], has the following unique representation:

𝑋𝑡 = 𝑋0 + ∫𝑡

0
𝑧𝑠𝑑𝐵𝑠 − 𝐾𝑡, (20)

where𝐾 is a continuous, increasing process with𝐾0 = 0,𝐾𝑇 ∈
𝐿𝛽

𝐺(Ω𝑇), 𝑧 ∈ 𝐻𝛽
𝐺(0, 𝑇), ∀𝛽 ∈ [1, 𝛼), and −𝐾 a 𝐺-martingale.

If 𝛼 = 2 and 𝜉 bounded from above, 𝑧 ∈ 𝑀2
𝐺(0, 𝑇) and

𝐾𝑇 ∈ 𝐿2
𝐺(Ω𝑇) (see [14]).

A construction of the stochastic integral for the domain
𝐻𝑝

𝐺(0, 𝑇), 𝑝 ⩾ 1 is established by Song [15]. Although the
structure of these spaces is similar as before, the norm for
completion is different and the random variables 𝜉𝑖(𝜔) in
(15) are elements of a subset of 𝐿𝑝

𝐺(Ω𝑡𝑖). We will also use
the domain 𝐻1

𝐺(0, 𝑇) which is necessary for the martingale
representation in the 𝐺-framework (see Theorem 9). For
𝑝 = 2, both domains coincide (see Song [15]). As a
consequence, we can define the stochastic integral since
𝑀2

𝐺(0, 𝑇) is contained in 𝐻1
𝐺(0, 𝑇). In financial fields, more

trading strategies will be feasible.

2.2. The Financial Market Model. We consider the following
financial market M which includes a risk-free asset and a
single risky asset and two assets are traded continuously over
[0, 𝑇]. Assume that the risk-free asset is a bond and its interest
rate is 𝑟. So the discount process 𝐷𝑡 can be defined to satisfy
the following formula:

𝑑𝐷𝑡 = −𝑟𝐷𝑡𝑑𝑡, 𝐷0 = 1, (21)

where constant 𝑟 ⩾ 0 is the interest rate of the riskless bond
as in the classical theory.

Assume that the risky asset is a stock with price 𝑆𝑡 at time
𝑡, whose price process 𝑆𝑡 is given by the following equation:

𝑑𝑆𝑡 = 𝑟𝑆𝑡𝑑𝑡 + ]𝑡𝑆𝑡𝑑𝐵𝑡, 𝑆0 = 𝑥0 > 0, (22)

where 𝐵 = (𝐵𝑡) denotes the canonical process which is
a 𝐺-Brownian motion under 𝐸𝐺 or P, respectively, with
parameters 𝜎 > 𝜎 > 0.
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Since 𝐵 = (𝐵𝑡) is a 𝐺-Brownian motion, the volatility
of 𝑆 is related to 𝑡 which is different from that of Vorbrink
[8], where the volatility of stock price is a constant 1.
Consequently, the stock price evolution involves not only risk
modeled by the noise part but also ambiguity about the risk
due to the unknown deviation of the process𝐵 from its mean.
According to financial fields, this ambiguity is called volatility
uncertainty.

Comparedwith the classical stock price process, (22) does
not contain any volatility parameter 𝜎. This is due to the
characteristics of the 𝐺-Brownian motion 𝐵. Apparently, if
we choose 𝜎 = 𝜎 = 𝜎, then we will be in the classical Black-
Scholes model.

Remark 10. Take notice of the discounted stock price process
(𝐷𝑡𝑆𝑡) which is a symmetric 𝐺-martingale relative to the
corresponding 𝐺-expectation 𝐸𝐺. As everyone knows, both
the pricing and hedging of contingent claims are treated
under a risk-neutral measure. This leads to a favorable
situation in which the discounted stock price process is a
(local) martingale [16]. In our ambiguous setting, this is
also allowed. In order to model (𝐷𝑡𝑆𝑡) as a symmetric 𝐺-
martingale (see Definition 7), we do not need to change the
sublinear expectation. A symmetric𝐺-martingale is required
to make sure that the stock is the same for all participants,
whether they sell or buy.

Definition 11 (see [17]). In the marketM, a trading strategy is
an (F𝑡)-adapted vector process (𝛼, 𝛽) = (𝛼𝑡, 𝛽𝑡), 𝛽 a member
of 𝐻1

𝐺(0, 𝑇) such that (𝛽𝑡𝑆𝑡) ∈ 𝐻1
𝐺(0, 𝑇), and 𝛼𝑡 ∈ R for all

𝑡 ⩽ 𝑇.
A cumulative consumption process {𝐶 = (𝐶𝑡), 0 ⩽

𝑡 ⩽ 𝑇} is a nonnegative (F𝑡)-adapted process with values in
𝐿1

𝐺(Ω𝑇), and with increasing, right-continuous, and 𝐶0 = 0,
𝐶𝑇 < ∞ q.s.

A basic assumption in the market M is that the stock
price process 𝑆𝑡 defined by (22) is an element of 𝑀2

𝐺(0, 𝑇) =
𝐻2

𝐺(0, 𝑇). We impose the so-called self-financing condition.
In other words, consumption and trading inM satisfy

𝐻𝑡 fl 𝐷−1
𝑡 𝛼𝑡 + 𝛽𝑡𝑆𝑡

= 𝛼0𝐷−1
0 + 𝛽0𝑆0 + ∫𝑡

0
𝛼𝑢𝑑𝐷−1

𝑢 + ∫𝑡

0
𝛽𝑢𝑑𝑆𝑢 − 𝐶𝑡,

∀𝑡 ⩽ 𝑇 q.s.,

(23)

where 𝐻𝑡 denotes the value of the trading strategy at time 𝑡.
The meaning of (23) is that, starting with an initial amount
𝐷−1

0 𝛼0+𝛽0𝑆0 of wealth, all changes in wealth are due to capital
gains (appreciation of stocks and interest from the bond),
minus the amount consumed. The q.s. means quasi-surely,
which is the same as before.

For economic and mathematical considerations, it is
more appropriate to introduce wealth and a portfolio process
which presents the proportions of wealth invested in the risky
stock.

Remark 12 (see [17]). A portfolio process 𝜋 represents pro-
portions of a wealth 𝑋 which is invested in the stock. If we
define

𝛽𝑡 fl
𝑋𝑡𝜋𝑡

𝑆𝑡 ,
𝛼𝑡 fl 𝑋𝑡𝐷𝑡 (1 − 𝜋𝑡) ,

∀𝑡 ⩽ 𝑇,
(24)

then we have 𝑋𝑡 = 𝐻𝑡. As long as 𝜋 constitutes a portfolio
process with corresponding wealth process 𝑋, the (𝛼, 𝛽) is a
trading strategy in the sense of (23).

Definition 13 (see [8]). A portfolio process is an (F𝑡)-adapted
real valued process if 𝜋 = 𝜋𝑡 with values in 𝐿1

𝐺(Ω𝑇).
Definition 14. For a given initial capital𝑚, a portfolio process
𝜋, and a cumulative consumption process 𝐶, consider the
wealth equation

𝑑𝑋𝑡 = 𝑋𝑡 (1 − 𝜋𝑡)𝐷𝑡𝑑𝐷−1
𝑡 + 𝑋𝑡𝜋𝑡

𝑑𝑆𝑡
𝑆𝑡 − 𝑑𝐶𝑡

= 𝑋𝑡𝑟𝑑𝑡 + 𝑋𝑡𝜋𝑡]𝑡𝑑𝐵𝑡 − 𝑑𝐶𝑡

(25)

with initial wealth𝑋0 = 𝑚. Or equivalently,

𝐷𝑡𝑋𝑡 = 𝑚 − ∫𝑡

0
𝐷𝑢𝑑𝐶𝑢 + ∫𝑡

0
𝐷𝑢𝑋𝑢𝜋𝑢]𝑢𝑑𝐵𝑢,

∀𝑡 ⩽ 𝑇.
(26)

If this equation has a unique solution 𝑋 = (𝑋𝑡) fl 𝑋𝑚,𝜋,𝐶,
then it is called the wealth process corresponding to the triple
(𝑚, 𝜋, 𝐶).

In the setup of Definition 14, notice that the
∫𝑇
0 𝑋𝑡

2𝜋𝑡
2]𝑡

2𝑑𝑡 < ∞ must hold quasi-surely. Thus, we
need to impose requirements (𝜋𝑡𝑋𝑡]𝑡) ∈ 𝐻𝑝

𝐺(0, 𝑇) 𝑝 ⩾ 1, or
(𝜋𝑡𝑋𝑡]𝑡) ∈ 𝑀𝑝

𝐺(0, 𝑇), 𝑝 ⩾ 2.
Definition 15. A portfolio/consumption process pair (𝜋, 𝐶) is
called admissible for an initial capital𝑚 ∈ R if

(i) the pair obeys the conditions of Definitions 11, 13, and
14,

(ii) (𝜋𝑡𝑋𝑚,𝜋,𝐶
𝑡 ]𝑡) ∈ 𝐻1

𝐺(0, 𝑇),
(iii) the solution𝑋𝑚,𝜋,𝐶

𝑡 satisfies

𝑋𝑚,𝜋,𝐶
𝑡 ⩾ −𝐽, ∀𝑡 ⩽ 𝑇, q.s., (27)

where 𝐽 is a nonnegative random variable in 𝐿2
𝐺(Ω𝑇).

We then have (𝜋, 𝐶) ∈ A(𝑚).
In the above Definitions 11 and 13–15, it is necessary

to guarantee that the financial fields and related stochastic
analysis can be well defined. In particular, condition (ii) of
Definition 15 makes sure that the mathematical framework
does not collapse by allowing for many portfolio processes.
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3. Arbitrage and Contingent Claims

Definition 16 (see [8] (arbitrage in M)). We say that there is
an arbitrage opportunity inM if there exist an initial wealth
𝑚 ⩽ 0 and an admissible pair (𝜋, 𝐶) ∈ A(𝑚) with 𝐶 ≡ 0 such
that, at some time 𝑇 > 0,

𝑋𝑚,𝜋,0
𝑇 ⩾ 0 q.s.,

𝑃 (𝑋𝑚,𝜋,0
𝑇 > 0) > 0 for at least one 𝑃 ∈ P. (28)

Lemma 17 (no arbitrage). In the financial market M, there
does not exist any arbitrage opportunity.

Proof. Assume that there exists an arbitrage opportunity; that
is to say, there exist 𝑚 ⩽ 0 and a pair (𝜋, 𝐶) ∈ A(𝑚) with
𝐶 ≡ 0 such that𝑋𝑚,𝜋,0

𝑇 ⩾ 0 quasi-surely for some 𝑇 > 0. Then
we have 𝐸𝐺(𝑋𝑚,𝜋,0

𝑇 ) ⩾ 0. By definition of the wealth process,
it has

0 ⩽ 𝐸𝐺 (𝐷𝑇𝑋𝑚,𝜋,0
𝑇 )

⩽ 𝑚 + 𝐸𝐺 (∫𝑇

0
𝐷𝑡𝑋𝑚,𝜋,0

𝑡 𝜋𝑡]𝑡𝑑𝐵𝑡) = 𝑚.
(29)

Since the 𝐺-expectation of an integral with respect to 𝐺-
Brownian motion is zero, we have 𝐸𝐺(𝐷𝑇𝑋𝑚,𝜋,0

𝑇 ) = 0.
This implies 𝐷𝑇𝑋𝑚,𝜋,0

𝑇 = 0 q.s. Therefore, (𝑚, 𝜋, 0) cannot
constitute an arbitrage.

In the financial market M, we consider a European
contingent claim 𝑉 and assume that its payoff at maturity
time 𝑇 is 𝑉𝑇. Here, 𝑉𝑇 represents a nonnegative,F𝑡-adapted
random variable. Regardless of any time, we impose the
assumption 𝑉𝑇 ∈ 𝐿2

𝐺(Ω𝑇). The price of the claim at time 0
is denoted by𝑉0. For the sake of finding reasonable prices for𝑉, we need to utilize the concept of arbitrage. Considering
that the financial market (M, 𝑉) contains the original market
M and the contingent claim 𝑉. Similar to the above, an
arbitrage opportunity needs to be defined in the financial
market (M, 𝑉).
Definition 18 (see [17] (arbitrage in (M, 𝑉))). We say that
there is an arbitrage opportunity in (M, 𝑉) if there exist an
initial wealth 𝑚 ⩾ 0 (𝑚 ⩽ 0, resp.), an admissible pair
(𝜋, 𝐶) ∈ A(𝑚), and a constant 𝑎 = −1 (𝑎 = 1, resp.), such
that

𝑚 + 𝑎 ⋅ 𝑉0 ⩽ 0 (30)

at time 0, and

𝑋𝑚,𝜋,𝐶
𝑇 + 𝑎 ⋅ 𝑉𝑇 ⩾ 0 q.s.,

𝑃 (𝑋𝑚,𝜋,𝐶
𝑇 + 𝑎 ⋅ 𝑉𝑇 > 0) > 0 for at least one 𝑃 ∈ P

(31)

at time 𝑇.
The values 𝑎 = ±1 in Definition 18 indicate short or

long positions in the claims 𝑉, respectively. This definition
of arbitrage is standard in the literature [17]. For the same

reasons as before, we again require quasi-sure dominance for
the wealth at time 𝑇 and again with positive probability for
only one possible scenario.

In the following, we show that there exist no-arbitrage
prices for a claim 𝑉. Under these prices, there is no-
arbitrage opportunity. Because the uncertainty caused by the
quadratic variation cannot be dispelled, generally speaking,
there is no self-financing portfolio strategy which replicates
the European claim or a risk-free hedge for the claim in our
ambiguous marketM.

Roughly stated, since there is only one kind of situation
where stocks will be traded, the measures induced by the 𝐺-
framework result in market’s incompleteness.

Definition 19 (see [17]). Given a European contingent claim
𝑉, the upper hedging class is defined by

U fl {𝑚 ⩾ 0 | ∃ (𝜋, 𝐶) ∈ A (𝑚) : 𝑋𝑚,𝜋,𝐶
𝑇 ⩾ 𝑉𝑇 q.s.} (32)

and the lower hedging class is defined by

L fl {𝑚 ⩾ 0 | ∃ (𝜋, 𝐶) ∈ A (−𝑚) : 𝑋−𝑚,𝜋,𝐶
𝑇

⩾ −𝑉𝑇 q.s.} .
(33)

In addition, the upper arbitrage price is defined by

Vup fl inf {𝑚 | 𝑚 ∈ U} (34)

and the lower arbitrage price is defined by

Vlow fl sup {𝑚 | 𝑚 ∈ L} . (35)

Lemma 20 (see [17]). 𝑚1 ∈ L and 0 ⩽ 𝑛1 ⩽ 𝑚1 implies
𝑛1 ∈ L. Analogously, 𝑚2 ∈ U and 𝑛2 ⩾ 𝑚2 implies 𝑛2 ∈ U.

The proof uses the idea that one “just consumes immedi-
ately the difference between the two initial wealth” (see [17]
for the complete proof process).

For any 𝜎 ∈ [𝜎, 𝜎], we define the Black-Scholes price of a
European contingent claim 𝑉 as follows:

𝑢𝜎
0 = 𝐸𝑃𝜎 (𝐷𝑇𝑉𝑇) . (36)

Similar to the constrained circumstances [17], we prove
the next three lemmas which are related to the European
contingent claim 𝑉.
Lemma 21. For any 𝜎 ∈ [𝜎, 𝜎], it holds that 𝑢𝜎

0 belongs to the
interval [V𝑙𝑜𝑤, V𝑢𝑝].
Proof. Let 𝑚 ∈ U. From the definition of U, we know that
there exists a pair (𝜋, 𝐶) ∈ A(𝑚) such that 𝑋𝑚,𝜋,𝐶

𝑇 ⩾ 𝑉𝑇
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q.s. Employing the properties of 𝐺-expectation as stated in
Definition 1, we obtain for any 𝜎 ∈ [𝜎, 𝜎] that

𝑚 = 𝐸𝐺 (𝑚 + ∫𝑇

0
𝐷𝑡𝑋𝑚,𝜋,𝐶

𝑡 𝜋𝑡]𝑡𝑑𝐵𝑡)

⩾ 𝐸𝐺 (𝑚 + ∫𝑇

0
𝐷𝑡𝑋𝑚,𝜋,𝐶

𝑡 𝜋𝑡]𝑡𝑑𝐵𝑡 − ∫𝑇

0
𝐷𝑡𝑑𝐶𝑡)

= 𝐸𝐺 (𝐷𝑇𝑋𝑚,𝜋,𝐶
𝑇 ) ⩾ 𝐸𝐺 (𝐷𝑇𝑉𝑇) = sup

𝑃∈P
E

𝑃 (D𝑇𝑉𝑇)
⩾ 𝑢𝜎

0 .

(37)

Therefore, 𝑢𝜎
0 ⩽ 𝑚. We know Vup fl inf{𝑚 | 𝑚 ∈ U}; hence,

𝑢𝜎
0 ⩽ Vup.
Analogously, let 𝑚 ∈ L. By definition of L, there exists

a pair (𝜋, 𝐶) ∈ A(−𝑚) such that 𝑋−𝑚,𝜋,𝐶
𝑇 ⩾ −𝑉𝑇 q.s. For the

same reason, we obtain for any 𝜎 ∈ [𝜎, 𝜎] that
−𝑚 = 𝐸𝐺 (−𝑚 + ∫𝑇

0
𝐷𝑡𝑋−𝑚,𝜋,𝐶

𝑡 𝜋𝑡]𝑡𝑑𝐵𝑡)

⩾ 𝐸𝐺 (−𝑚 + ∫𝑇

0
𝐷𝑡𝑋−𝑚,𝜋,𝐶

𝑡 𝜋𝑡]𝑡𝑑𝐵𝑡 − ∫𝑇

0
𝐷𝑡𝑑𝐶𝑡)

= 𝐸𝐺 (𝐷𝑇𝑋−𝑚,𝜋,𝐶
𝑇 ) ⩾ 𝐸𝐺 (−𝐷𝑇𝑉𝑇)

⩾ −𝐸𝑃𝜎 (−𝐷𝑇𝑉𝑇) = −𝑢𝜎
0 .

(38)

Therefore, 𝑚 ⩽ 𝑢𝜎
0 . We know Vlow fl sup{𝑚 | 𝑚 ∈ L}; hence,

Vlow ⩽ 𝑢𝜎
0 .

Lemma 22. For any price 𝑉0 > V𝑢𝑝, there exists an arbitrage
opportunity. Also for any price 𝑉0 < V𝑙𝑜𝑤, there exists an
arbitrage opportunity.

Proof. The idea of proving this lemma comes from [8]. We
only consider the case𝑉0 < Vlow since the argument is similar.
Assume 𝑉0 < Vlow, 𝑚 ⩽ 0 and let −𝑚 ∈ (𝑉0, Vlow). By
definition of Vlow and Lemma 20, we deduce that −𝑚 ∈ L.
Hence, there exists a pair (𝜋, 𝐶) ∈ A(−𝑚) with

𝑋−𝑚,𝜋,𝐶
𝑇 ⩾ −𝑉𝑇 q.s.,

−𝑚 − 𝑉0 > 0. (39)

This implies the existence of arbitrage in the sense of Defi-
nition 18. If ∃0 < 𝑎 < 1 with −𝑎𝑚 = 𝑉0, then (𝜋, 𝑎𝐶) ∈
A(−𝑎𝑚) and 𝑋−𝑎𝑚,𝜋,𝑎𝐶

𝑇 = 𝑎𝑋−𝑚,𝜋,𝐶
𝑇 . Let 𝑃 ∈ P; without loss

of generality, we may assume 𝑃(𝑉𝑇 > 0) > 0. Due to
1 = 𝑃 (𝑋−𝑚,𝜋,𝐶

𝑇 ⩾ −𝑉𝑇)
⩽ 𝑃 (𝑋−𝑚,𝜋,𝐶

𝑇 = −𝑉𝑇) + 𝑃 (𝑎𝑋−𝑚,𝜋,𝐶
𝑇 > −𝑉𝑇) ⩽ 1,

(40)

we deduce

𝑃 (𝑋−𝑚,𝜋,𝐶
𝑇 = −𝑉𝑇) + 𝑃 (𝑎𝑋−𝑚,𝜋,𝐶

𝑇 > −𝑉𝑇) = 1. (41)

Assume 𝑃(𝑋−𝑚,𝜋,𝐶
𝑇 = −𝑉𝑇) = 1 and we deduce 𝑋−𝑚,𝜋,𝐶

𝑇 =
−𝑉𝑇, q.s. This contradicts 𝑋−𝑚,𝜋,𝐶

𝑇 ⩾ −𝑉𝑇 q.s. Hence,

𝑃(𝑋−𝑎𝑚,𝜋,𝑎𝐶
𝑇 > −𝑉𝑇) > 0. Hence, (−𝑎𝑚, 𝜋, 𝑎𝐶) constitutes an

arbitrage.

Lemma 23. For any 𝑉0 ̸⊆ L ∪ U, there is no arbitrage in the
financial market (M, 𝑉).
Proof. The idea of proving this lemma also comes from [8].
We prove it by contradiction. Assume 𝑉0 ̸⊆ U, 𝑉0 ̸⊆ L
and that there exists an arbitrage opportunity in (M, 𝑉). We
suppose that it satisfies Definition 18 for 𝑎 = 1. The case
𝑎 = −1 works similarly.

By definition of arbitrage, there exists 𝑚 ⩽ 0, (𝜋, 𝐶)A ∈
(−𝑚) with

𝑚 = 𝑋−𝑚,𝜋,𝐶
0 ⩽ −𝑉0,

𝑋−𝑚,𝜋,𝐶
𝑇 ⩾ −𝑉𝑇 q.s.

(42)

Therefore, 𝑚 ∈ L. By Lemma 21, it has 𝑉0 ∈ L. This
contradicts our assumption.

Theorem 24. For the financial market (M, 𝑉), the following
identities hold:

Vup = 𝐸𝐺 (𝐷𝑇𝑉𝑇) ,
Vlow = −𝐸𝐺 (−𝐷𝑇𝑉𝑇) .

(43)

Proof. Firstly, let us begin with the identity Vup = 𝐸𝐺(𝐷𝑇𝑉𝑇).
As seen in the proof of Lemma 22, for any𝑚 ∈ Uwe have𝑚 ⩾
𝐸𝐺(𝐷𝑇𝑉𝑇). Therefore, Vup = inf{𝑚 | 𝑚 ∈ U} ⩾ 𝐸𝐺(𝐷𝑇𝑉𝑇).

To show the opposite inequality we need to define the 𝐺-
martingale𝑀 by

𝑀𝑡 fl 𝐸𝐺 (𝐷𝑇𝑉𝑇 | F𝑡) , ∀𝑡 ⩽ 𝑇. (44)

By the martingale representation theorem [15] (see Theo-
rem 9), we know there exists 𝑧 ∈ 𝐻1

𝐺(0, 𝑇) and continuous,
increasing processes 𝐾 = (𝐾𝑡) with 𝐾𝑇 ∈ 𝐿1

𝐺(Ω𝑇) such that
for any 𝑡 ⩽ 𝑇

𝑀𝑡 = 𝐸𝐺 (𝐷𝑇𝑉𝑇) + ∫𝑡

0
𝑧𝑠𝑑𝐵𝑠 − 𝐾𝑡 q.s. (45)

For any 𝑡 ⩽ 𝑇, we set 𝑚 = 𝐸𝐺(𝐷𝑇𝑉𝑇) ⩾ 0, 𝑋𝑡𝜋𝑡]𝑡 =
𝑧𝑡𝐷−1

𝑡 ∈ 𝐻1
𝐺(0, 𝑇), and 𝐶𝑡 = ∫𝑡

0 𝐷−1
𝑠 𝑑𝐾𝑠 ∈ 𝐿1

𝐺(Ω𝑇). Then the
wealth process𝑋𝑚,𝜋,𝐶 satisfies

𝐷𝑡𝑋𝑚,𝜋,𝐶
𝑡 = 𝑚 + ∫𝑡

0
𝐷𝑠𝑋𝑚,𝜋,𝐶

𝑠 𝜋𝑠]𝑠𝑑𝐵𝑠 − ∫𝑡

0
𝐷𝑠𝑑𝐶𝑠

= 𝑀𝑡.
(46)

Theproperties of𝐾 and𝐶 obey the conditions of a cumulative
consumption process in the sense of Definition 11. Due to
𝐷𝑡𝑋𝑚,𝜋,𝐶

𝑡 = 𝑀𝑡 ⩾ 0, for ∀𝑡 ⩽ 𝑇, the wealth process is
bounded from below, where (𝜋, 𝐶) is admissible for 𝑚.

As 𝑋𝑚,𝜋,𝐶
𝑇 = 𝐷−1

𝑇 𝑀𝑇 = 𝑉𝑇 quasi-surely, we have 𝑚 =
𝐸𝐺(𝐷𝑇𝑉𝑇) ∈ U. Due to the definition ofU, we conclude that
Vup ⩽ 𝐸𝐺(𝐷𝑇𝑉𝑇).
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The proof for the second identity is analogous. Again,
using the proof of Lemma 22, we obtain 𝑚 ⩽ −𝐸𝐺(−𝐷𝑇𝑉𝑇)
for any𝑚 ∈ L. Hence, Vlow ⩽ −𝐸𝐺(−𝐷𝑇𝑉𝑇).

In order to obtain Vlow ⩾ −𝐸𝐺(−𝐷𝑇𝑉𝑇), we define a 𝐺-
martingale𝑀 by

𝑀𝑡 = 𝐸𝐺 (−𝐷𝑇𝑉𝑇 | F𝑡) , ∀𝑡 ⩽ 𝑇. (47)

The remaining part is almost a copy of the above. By the
martingale representation theorem [15], there exist 𝑧 ∈
𝐻1

𝐺(0, 𝑇), and a continuous, increasing process𝐾 = (𝐾𝑡)with𝐾𝑇 ∈ 𝐿1
𝐺(Ω𝑇) such that, for any 𝑡 ⩽ 𝑇,

𝑀𝑡 = 𝐸𝐺 (−𝐷𝑇𝑉𝑇) + ∫𝑡

0
𝑧𝑠𝑑𝐵𝑠 − 𝐾𝑡 q.𝑠. (48)

As the above, for any 𝑡 ⩽ 𝑇, let
−𝑚 = 𝐸𝐺 (−𝐷𝑇𝑉𝑇) ⩾ 0,

𝑋𝑡𝜋𝑡]𝑡 = 𝑧𝑡𝐷−1
𝑡 ∈ 𝐻1

𝐺 (0, 𝑇) , (49)

and 𝐶𝑡 = ∫𝑡
0 𝐷−1

𝑠 𝑑𝐾𝑠 ∈ 𝐿1
𝐺(Ω𝑇). Then the wealth process

𝑋−𝑚,𝜋,𝐶 satisfies

𝐷𝑡𝑋−𝑚,𝜋,𝐶
𝑡 = −𝑚 + ∫𝑡

0
𝐷𝑠𝑋−𝑚,𝜋,𝐶

𝑠 𝜋𝑠]𝑠𝑑𝐵𝑠 − ∫𝑡

0
𝐷𝑠𝑑𝐶𝑠

= 𝑀𝑡,
(50)

where 𝐶 obeys the condition of a cumulative consumption
process due to the properties of 𝐾. Moreover, for any 𝑡 ⩽ 𝑇,
it has

𝐷𝑡𝑋−𝑚,𝜋,𝐶
𝑡 = 𝐸𝐺 (−𝐷𝑇𝑉𝑇 | F𝑡) ⩾ 𝐸𝐺 (−𝑉𝑇 | F𝑡) , (51)

which is bounded from below in the sense of item (iii)
in Definition 15 because −𝑉𝑇 ∈ 𝐿2

𝐺(Ω𝑇). Therefore, the
wealth process is bounded from below. Consequently, (𝜋, 𝐶)
is admissible for −𝑚.

Since 𝑋−𝑚,𝜋,𝐶
𝑇 = 𝐷−1

𝑇 𝑀𝑇 = −𝑉𝑇 q.s., it has 𝑚 =
−𝐸𝐺(−𝐷𝑇𝑉𝑇) ∈ L.

Due to the definition of L, we conclude Vlow ⩾
−𝐸𝐺(−𝐷𝑇𝑉𝑇). So far, we have completed the proof of Theo-
rem 24.

Theproof ofTheorem24 is different from that ofVorbrink
[8], because the volatility of stock price is related to 𝑡 rather
than a constant.

Remark 25. Because of sublinear expectation 𝐸𝐺, by Theo-
rem 24 we have Vlow ̸= Vup. This means that the market
is not complete implying that not all claims can be hedged
perfectly. Therefore, there are many no-arbitrage prices for
𝑉. As long as (𝐸𝐺[𝐷𝑇𝑉𝑇 | F𝑡]) is not a symmetric 𝐺-
martingale, it has Vlow ̸= Vup. Under other circumstances, the
process𝐾 is identically equal to zero (see Remark 8),meaning
that (𝐸𝐺[𝐷𝑇𝑉𝑇 | F𝑡]) is symmetric and 𝑉𝑇 can be hedged
perfectly owing to Remark 8 andTheorem 9.

Theorem 26. For any price 𝑉0 ∈ (V𝑙𝑜𝑤, V𝑢𝑝) ̸= 0 of a European
contingent claim at time zero, there does not exist any arbitrage
opportunity in (M, 𝑉). For any price𝑉0 ̸⊆ (V𝑙𝑜𝑤, V𝑢𝑝) ̸= 0 there
exists an arbitrage in the market.

Proof. The first part directly follows from Lemma 23. From
Lemma22,we know that𝑉0 ̸⊆ [Vlow, Vup] implies the existence
of an arbitrage opportunity. Thus, we only need to show that
𝑉0 = Vup and 𝑉0 = Vlow admit an arbitrage opportunity.

We only treat the case 𝑉0 = Vup = inf{𝑚 | 𝑚 ∈ U}. Then
𝑚 ⩾ 𝑉0; that is, −𝑚 + 𝑉0 ⩽ 0. The second case is similar.
Comparing the proof of Theorem 24 and letting 𝑚 > 0, for
−𝑚 = 𝐸𝐺(−𝐷𝑇𝑉𝑇), there exists a pair (𝜋, 𝐶) ∈ A(−𝑚) such
that

𝐷𝑡𝑋−𝑚,𝜋,𝐶
𝑡 = −𝑚 + ∫𝑡

0
𝐷𝑠𝑋−𝑚,𝜋,𝐶

𝑠 𝜋𝑠]𝑠𝑑𝐵𝑠 − ∫𝑡

0
𝐷𝑠𝑑𝐶𝑠

= 𝑀𝑡 = −𝐷𝑇𝑉𝑇 q.s.
(52)

Then 𝐾𝑇 = ∫𝑡
0 𝐷𝑠𝑑𝐶𝑠, where 𝐾 is an increasing, continuous

process with 𝐸𝐺(−𝐾𝑇) = 0. So we can select 𝑃 ∈ P such that
𝐸𝑃(−𝐾𝑇) < 0 (see Remark 25).Then the pair (𝜋, 𝐶) ∈ A(−𝑚)
satisfies

𝐸𝑃 (𝐷𝑇𝑋−𝑚,𝜋,0
𝑇 ) > 𝐸𝑃 (𝐷𝑇𝑋−𝑚,𝜋,𝐶

𝑇 ) = 𝐸𝑃 (−𝐷𝑇𝑉𝑇) . (53)

Thus, 𝑃(𝑋𝑚,𝜋,0
𝑇 > −𝑉𝑇) > 0 and we conclude that (𝜋, 𝐶) ∈

A(−𝑚) constitutes an arbitrage.

On account of Theorem 26, we call (Vlow, Vup) ̸= 0 the
arbitrage free interval. Particularly, in the Markovian case
where 𝑉𝑇 = Φ(𝑆𝑇) for some Lipschitz function Φ : R → R,
we can give more structural details about the bounds Vup and
Vlow. We investigate this issue in Section 4.

4. The Markovian Case

For the European contingent claims𝑉, we have the form𝑉𝑇 =
Φ(𝑆𝑇) for some Lipschitz function Φ : R → R. We use a
nonlinear Feynman-Kac formulawhich is established in Peng
[9]. Let us rewrite the dynamics of 𝑆 in (22) as

𝑑𝑆𝑡,𝑥𝑢 = 𝑟𝑆𝑡,𝑥𝑢 𝑑𝑢 + ]𝑢𝑆𝑡,𝑥𝑢 𝑑𝐵𝑢,
𝑢 ∈ [𝑡, 𝑇] , 𝑆𝑡,𝑥𝑡 = 𝑥 > 0. (54)

Analogy to the lower and upper arbitrage prices at time 0, at
time 𝑡 ∈ [0, 𝑇], the lower and upper arbitrage prices are noted
by V𝑡low(𝑥) and V𝑡up(𝑥), respectively. At a considered time 𝑡, the
stock price 𝑆𝑡 is replaced by the variable 𝑥. That is, 𝑆𝑡 = 𝑥.
Theorem 27. Given a European contingent claim 𝑉 = Φ(𝑆𝑇),
its upper arbitrage price V𝑡𝑢𝑝(𝑥) is given by 𝑢(𝑡, 𝑥), where 𝑢 :
[0, 𝑇] ×R+ → R is the unique solution of the following PDE:

𝜕𝑡𝑢 + 𝑟𝑥𝜕𝑥𝑢 + 𝐺 (]2𝑥2𝜕𝑥𝑥𝑢) = 𝑟𝑢,
𝑢 (𝑇, 𝑥) = Φ (𝑥) .

(55)
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A precise representation for the corresponding trading strategy
in the stock and the cumulative consumption process is given by

𝛽𝑡 = 𝜕𝑥𝑢 (𝑡, 𝑆𝑡) , ∀𝑡 ∈ [0, 𝑇] ,
𝐶𝑡 = −1

2 ∫𝑡

0
]𝑠

2𝑆𝑠2𝜕𝑥𝑥𝑢 (𝑠, S𝑠) 𝑑 ⟨𝐵⟩𝑠

+ ∫𝑡

0
]𝑠

2𝑆𝑠2𝐺 (𝜕𝑥𝑥𝑢 (𝑠, 𝑆𝑠)) 𝑑𝑠, ∀𝑡 ∈ [0, 𝑇] .
(56)

Analogously, −𝑢(𝑡, 𝑥) is the lower arbitrage price V𝑡low(𝑥),
where 𝑢 : [0, 𝑇] × R+ → R. V𝑡low(𝑥) solves (55) but with
terminal condition 𝑢(𝑡, 𝑥) = −Φ(𝑥), ∀𝑥 ∈ R+.

Proof. Firstly, we consider the Backward Stochastic Differen-
tial Equation (in short BSDE):

𝑌𝑡,𝑥
𝑠 = 𝐸𝐺 (Φ(𝑆𝑡,𝑥𝑇 ) + ∫𝑇

𝑠
𝑓 (𝑆𝑡,𝑥𝑟 , 𝑌𝑡,𝑥

𝑟 ) 𝑑𝑟 | F𝑠) ,
𝑠 ∈ [𝑡, 𝑇] ,

(57)

where 𝑓 : R × R → R is a given Lipschitz function.
Peng [9] showed that the BSDE has a unique solution. So we
can define a function 𝑢 : [0, 𝑇] × R+ → R by 𝑢(𝑡, 𝑥) fl
𝑌𝑡,𝑥
𝑡 , (𝑡, 𝑥) ∈ [0, 𝑇] × R+. In the light of the knowledge of

the nonlinear Feynman-Kac formula [9], the function 𝑢 is a
viscosity solution of the following PDE:

𝜕𝑡𝑢 + 𝑟𝑥𝜕𝑥𝑢 + 𝐺 (]2𝑥2𝜕𝑥𝑥𝑢) + 𝑓 (𝑥, 𝑢) = 0,
𝑢 (𝑇, 𝑥) = Φ (𝑥) .

(58)

We define the function

�̂� (𝑡, 𝑥) fl 𝐸𝐺 (Φ (𝑆𝑡,𝑥𝑇 )𝐷𝑇) . (59)

According to the above definition, for 𝑓 ≡ 0, �̂� solves (58).
Since the function𝐺 is nondegenerate, �̂� turns into a classical
𝐶1,2-solution (see page 19 in [9]). Consequently, together with
Itô’s formula (Theorem 5.4 in [18]), it has

�̂� (𝑡, 𝑆0,𝑥𝑡 ) − �̂� (0, 𝑥) = ∫𝑡

0
[𝜕𝑡�̂� (𝑠, 𝑆0,𝑥𝑠 ) + 𝑟𝑆0,𝑥𝑠 𝜕𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 )] 𝑑𝑠 + ∫𝑡

0
]𝑠𝑆0,𝑥𝑠 𝜕𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 ) 𝑑𝐵𝑠

+ ∫𝑡

0

1
2 (]𝑠𝑆0,𝑥𝑠 )2 𝜕𝑥𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 ) 𝑑 ⟨𝐵⟩𝑠

= ∫𝑡

0
]𝑠𝑆0,𝑥𝑠 𝜕𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 ) 𝑑𝐵𝑠 + 1

2 ∫𝑡

0
(]𝑠𝑆0,𝑥𝑠 )2 𝜕𝑥𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 ) 𝑑 ⟨𝐵⟩𝑠 − ∫𝑡

0
(]𝑠𝑆0,𝑥𝑠 )2 𝐺(𝜕𝑥𝑥�̂� (𝑠, 𝑆0,𝑥𝑠 )) 𝑑𝑠⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

−𝐾𝑡=−∫
𝑡

0
𝐷𝑠𝑑𝐶𝑠

.
(60)

Now, consider the function

�̃� (𝑡, 𝑥) fl 𝐷−1
𝑡 �̂� (𝑡, 𝑥) , ∀ (𝑡, 𝑥) ∈ [0, 𝑇] ×R+. (61)

For 𝑡 = 0, based onTheorem 24, it has

�̃� (𝑡, 𝑥) = �̂� (𝑡, 𝑥) = 𝐸𝐺 (Φ (𝑆𝑡,𝑥𝑇 )𝐷𝑇) = 𝐸𝐺 (𝐷𝑇𝑉𝑇)
= V𝑡up (𝑥) , ∀ (𝑡, 𝑥) ∈ [0, 𝑇] ×R+.

(62)

Moreover, �̃� can be used as a solution of (55). In addition, the
function 𝑢 defined by

𝑢 (𝑡, 𝑥) fl 𝑌𝑡,𝑥
𝑡 = 𝐸𝐺 (Φ(𝑆𝑡,𝑥𝑇 ) − ∫𝑇

𝑡
𝑟𝑌𝑡,𝑥

𝑠 𝑑𝑠 | F𝑡) ,
∀ (𝑡, 𝑥) ∈ [0, 𝑇] ×R+,

(63)

solves (55) owing to the nonlinear Feynman-Kac formula
since 𝑓(𝑥, 𝑦) = −𝑟𝑦. By uniqueness of the solution in (55)
(see [19]; 𝑓 is obviously bounded in 𝑥), we have �̃� = 𝑢. Thus,

𝑢 (𝑡, 𝑥) = 𝐸𝐺 (Φ (𝑆𝑡,𝑥𝑇 )𝐷𝑇−𝑡) = V𝑡up (𝑥) ,
∀ (𝑡, 𝑥) ∈ [0, 𝑇] ×R+,

(64)

and it uniquely solves (55).

In combination with the proof of Theorem 24, by using
its notions and Remark 12, we obtain the precise expressions
for the trading strategy 𝛽 and the cumulative consumption
process 𝐶. That is, it has 𝑧𝑡 = ]𝑡𝑆0,𝑥𝑡 𝜕𝑥�̂�(𝑡, 𝑆0,𝑥𝑡 ) = 𝑆0,𝑥𝑡 𝛽𝑡]𝑡𝐷𝑡.
Therefore, 𝛽𝑡 = 𝜕𝑥𝑢(𝑡, 𝑆𝑡), ∀𝑡 ∈ [0, 𝑇].

Analogously, we derive

𝐶𝑡 = ∫𝑡

0
𝐷−1

𝑡 𝑑𝐾𝑠

= −1
2 ∫𝑡

0
]𝑠

2𝑆𝑠2𝜕𝑥𝑥𝑢 (𝑠, 𝑆𝑠) 𝑑 ⟨𝐵⟩𝑠

+ ∫𝑡

0
]𝑠

2𝑆𝑠2𝐺 (𝜕𝑥𝑥𝑢 (𝑠, 𝑆𝑠)) 𝑑𝑠, ∀𝑡 ∈ [0, 𝑇] .

(65)

Due to Theorem 27, the functions 𝑢(𝑡, 𝑥) = V𝑡up(𝑥)
and 𝑢(𝑡, 𝑥) = −V𝑡low(𝑥) can be characterized as the unique
solutions of (55). Under the circumstances of Φ being a
convex or concave function, respectively, (55) simplifies
greatly.
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Lemma 28. (1) If Φ is concave, then 𝑢(𝑡, ⋅) is convex for any
𝑡 ⩽ 𝑇.

(2) If Φ is concave, then 𝑢(𝑡, ⋅) is concave for any 𝑡 ⩽ 𝑇.
Similarly, ifΦ is convex, then 𝑢(𝑡, ⋅) is concave for any 𝑡 ⩽ 𝑇. If
Φ is concave, then 𝑢(𝑡, ⋅) is convex for any 𝑡 ⩽ 𝑇.
Proof. We only need to take into account the upper arbitrage
price which is determined by the function

𝑢 (𝑡, 𝑥) = 𝐸𝐺 (Φ (𝑆𝑡,𝑥𝑇 )𝐷𝑇−𝑡) = V𝑡up (𝑥) ,
∀ (𝑡, 𝑥) ∈ [0, 𝑇] ×R+.

(66)

First of all, let Φ be convex, 𝑡 ∈ [0, 𝑇], and 𝑥, 𝑦 ∈ R+. For
any 𝜃 ∈ [0, 1], it has

𝑢 (𝑡, 𝜃𝑥 + (1 − 𝜃) 𝑦) = 𝐸𝐺 [Φ (𝑆𝑡,𝜃𝑥+(1−𝜃)𝑦𝑇 ) 𝑒−𝑟(𝑇−𝑡)]
= 𝐸𝐺 [Φ((𝜃𝑥 + (1 − 𝜃) 𝑦)

⋅ 𝑒−𝑟(𝑇−𝑡)−(1/2) ∫
𝑇

𝑡
]𝑢
2𝑑⟨𝐵⟩𝑢+∫

𝑇

𝑡
]𝑢𝑑𝐵𝑢) 𝑒−𝑟(𝑇−𝑡)]

⩽ 𝐸𝐺 [𝜃Φ(𝑥𝑒−𝑟(𝑇−𝑡)−(1/2) ∫
𝑇

𝑡
]𝑢
2𝑑⟨𝐵⟩𝑢+∫

𝑇

𝑡
]𝑢𝑑𝐵𝑢) + (1

− 𝜃)Φ(𝑦𝑒−𝑟(𝑇−𝑡)−(1/2) ∫
𝑇

𝑡
]𝑢
2𝑑⟨𝐵⟩𝑢+∫

𝑇

𝑡
]𝑢𝑑𝐵𝑢)] 𝑒−𝑟(𝑇−𝑡)

⩽ 𝐸𝐺 [𝜃Φ(𝑥𝑒−𝑟(𝑇−𝑡)−(1/2) ∫
𝑇

𝑡
]𝑢
2𝑑⟨𝐵⟩𝑢+∫

𝑇

𝑡
]𝑢𝑑𝐵𝑢)

⋅ 𝑒−𝑟(𝑇−𝑡)] + 𝐸𝐺 [(1 − 𝜃)

⋅ Φ (𝑦𝑒−𝑟(𝑇−𝑡)−(1/2) ∫
𝑇

𝑡
]𝑢
2𝑑⟨𝐵⟩𝑢+∫

𝑇

𝑡
]𝑢𝑑𝐵𝑢)]

= 𝜃𝐸𝐺 [Φ (𝑆𝑡,𝑥𝑇 ) 𝑒−𝑟(𝑇−𝑡)] + (1 − 𝜃) 𝐸𝐺 [Φ (𝑆𝑡,𝑦𝑇 )
⋅ 𝑒−𝑟(𝑇−𝑡)] = 𝜃𝑢 (𝑡, 𝑥) + (1 − 𝜃) 𝑢 (𝑡, 𝑦) ,

(67)

where we used the convexity of Φ, the monotonicity of
𝐸𝐺, and, in the second inequality, the sublinearity of 𝐸𝐺.
Therefore, 𝑢(𝑡, ⋅) is convex for all 𝑡 ∈ [0, 𝑇].

Secondly, let Φ be concave. For any (𝑡, 𝑥) ∈ [0, 𝑇] × R+,
we define

𝑔 (𝑡, 𝑥) fl 𝐸𝑃 [Φ (𝑆𝑡,𝑥𝑇 ) 𝑒−𝑟(𝑇−𝑡)] , (68)

where

𝑑𝑆𝑡,𝑥𝑠 = 𝑟𝑆𝑡,𝑥𝑠 𝑑𝑠 + 𝜎𝑆𝑡,𝑥𝑠 𝑑𝐵𝑠, 𝑠 ∈ [𝑡, 𝑇] , 𝑆𝑡,𝑥𝑡 = 𝑥. (69)

Since 𝐵 = (𝐵𝑡) is a classical Brownian motion under 𝑃0, 𝑔
solves the Black-Scholes PDE (7) with 𝜎 replaced by 𝜎.

Because 𝐸𝑃 is linear, this is straightforward to mean that
𝑔(𝑡, ⋅) is concave for any 𝑡 ∈ [0, 𝑇]. Consequently,𝑔 also solves
(55). By uniqueness, we conclude that 𝑔 = 𝑢.Therefore, 𝑢(𝑡, ⋅)
is concave for any 𝑡 ∈ [0, 𝑇].

5. Conclusion

In order to analyse the financial markets with volatility
uncertainty, we consider a stock pricemodeled by a geometric
𝐺-Brownian motion which features volatility uncertainty.
This is all based on the structure of a 𝐺-Brownian motion.
The “𝐺-framework” is summarized by Peng [9] which gives
us a useful mathematical setting. A little new arbitrage free
concept is utilized to obtain the detailed results which give
us an economically better understanding of financial markets
under volatility uncertainty. We establish the connection of
the lower and supper arbitrage prices by means of partial
differential equations. The outcomes in this paper are only
applied to European contingent claims. For other cases, we
would extend these results to American contingent claims in
our forthcoming paper.
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This paper proposes an alternative finite memory structure (FMS) smoother with a recursive form under a least squares criterion
using a forgetting factor strategy. The proposed FMS smoother does not require information of the noise covariances as well as the
initial state. The proposed FMS smoother is shown to have good inherent properties such as time-invariance, unbiasedness, and
deadbeat. The forgetting factor is shown to be considered as useful parameter to make the estimation performance of the proposed
FMS smoother as good as possible. Through computer simulations for the F-404 engine system, it is shown that the proposed
FMS smoother can be better than the existing FMS smoother for incorrect noise covariances and the IMS smoother for temporary
uncertainties.

1. Introduction

Recently, to overcome the resulting problems of existing
fixed-lag Kalman smoother with the infinite memory struc-
ture (IMS) in [1–5], the fixed-lag smoother with the finite
memory structure (FMS) has been developed for state esti-
mation in discrete time-invariant systems [6–9] and discrete
time-varying systems [10]. This FMS smoother has been
known to have some good properties such as unbiased-
ness and deadbeat, which cannot be obtained by the IMS
smoother. Moreover, in contrast to the IMS smoother with
the recursive structure that tends to accumulate the smooth-
ing error with the progression of time, the FMS smoother is
inherently bounded input/bounded output stable and more
robust against temporarily uncertain model parameters and
round-off errors due to the FMS as shown in [11–15].

However, existing FMS smoothers in [6–10] have some
limitations. Firstly, information about noise covariances to
obtain the optimal estimate should be also assumed to be
exactly known as the IMS smoother, whichmay be somewhat
restrictive. Secondly, the recursive form of the FMS smoother
has not been developed. Thus, for a large system dimension
or window length, the computation loadmay be burdensome
in real-time computation.

In this paper, to overcome the resulting difficulties in
applications of existing FMS smoother, an alternative FMS
smoother with a recursive form is proposed under a least
squares criterion using a forgetting factor strategy. The
forgetting factor strategy has been well-known in estimation
areas to give exponentially less weight to older error samples
as shown in [16–18]. The proposed FMS smoother does not
require a priori information about noises covariance as well
as the initial state. The proposed FMS smoother has good
inherent properties such as time-invariance, unbiasedness,
and deadbeat. The proposed FMS smoother is represented
in a recursive form as well as a matrix form. It is noted
that the recursive form has not been developed by the
existing FMS smoother in [6–10]. The forgetting factor is
shown to be considered as useful parameter to make the
estimation performance of the proposed FMS smoother as
good as possible. Finally, extensive computer simulations
are performed for the F-404 engine system. As would be
expected, the existing FMS smoother with correct noise
covariances outperforms the proposed FMS smoother, since
the existing FMS smoother is an optimal state estimate under
the correct noise covariances. However, in comparison with
the existing FMS smoother with incorrect noise covariances,
the proposed FMS smoother can be better. In addition, the
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proposed FMS smoother is shown to be better than the IMS
smoother for temporary uncertainties.

This paper is organized as follows. In Section 2, the
FMS estimation for state-space model is reviewed briefly. In
Section 3, an alternative FMS smoother is proposed and its
inherent properties are shown. In Section 4, extensive com-
puter simulations are performed to verify the proposed FMS
smoother. Finally, conclusions are presented in Section 5.

2. Finite Memory Structure Estimation for
State-Space Model

A discrete time state-space model is considered as follows:

𝑥 (𝑖 + 1) = 𝐴𝑥 (𝑖) + 𝐺𝑤 (𝑖) ,
𝑧 (𝑖) = 𝐶𝑥 (𝑖) + V (𝑖) , (1)

where 𝑥(⋅) (∈ R𝑛) is the state and 𝑧(⋅) (∈ R𝑞) is the measure-
ment. The system noise 𝑤(⋅) (∈ R𝑝) and the measurement
noise V(⋅) (∈ R𝑞) are zero-meanwhiteGaussian andmutually
uncorrelated. The covariances of 𝑤(⋅) and V(⋅) are denoted by𝑄 and 𝑅, respectively.

In this paper, for the state estimation in the stochastic
state-space models (1), the finite memory structure (FMS)
is considered. The FMS estimation utilizes only the finite
number of measurements on the most recent interval [𝑖 −𝑀, 𝑖] called the window and discards past measurements
outside the window. This window of finite measurements
recedes forward in time at each sampling time when a new
measurement is available.

The finite measurements on the most recent window [𝑖 −𝑀, 𝑖] are denoted by 𝑍(𝑖) as follows:
𝑍 (𝑖) ≜ [𝑧𝑇 (𝑖 − 𝑀) 𝑧𝑇 (𝑖 − 𝑀 + 1) ⋅ ⋅ ⋅ 𝑧𝑇 (𝑖 − 1)]𝑇 (2)

and can be represented in the following regression form from
the discrete time state-space model (1):

𝑍 (𝑖) = 𝐿𝑥 (𝑖 − 𝑀) + 𝑁𝑊 (𝑖) + 𝑉 (𝑖) , (3)

where 𝑊(𝑖), 𝑉(𝑖) have the same form as (2) and matrices 𝐿,𝑁 are as follows:

𝐿 ≜
[[[[[[[[[[
[

𝐶
𝐶𝐴
...

𝐶𝐴𝑀−2
𝐶𝐴𝑀−1

]]]]]]]]]]
]

,

𝑁 ≜
[[[[[[[[[
[

0 0 ⋅ ⋅ ⋅ 0 0
𝐶𝐺 0 ⋅ ⋅ ⋅ 0 0

𝐶𝐴𝐺 𝐶𝐺 ⋅ ⋅ ⋅ 0 0
... ... ... ... ...

𝐶𝐴𝑀−2𝐺 𝐶𝐴𝑀−3𝐺 ⋅ ⋅ ⋅ 𝐶𝐺 0

]]]]]]]]]
]

.

(4)

Using finite measurements 𝑍(𝑖) on the most recent window[𝑖 − 𝑀, 𝑖], FMS smoothers [6–10] as well as FMS filters [12–
15] have been developed.

3. Alternative FMS Smoother with
Forgetting Factor

In this paper, the fixed-lagged system state 𝑥(𝑖 − 𝑑) at the
time 𝑖 − 𝑑 is considered. As shown in [6–10], the fixed-
lagged system state means there is a fixed delay between the
measurement and the availability of its estimate. The delay
length 𝑑 is the positive integer with 0 ≤ 𝑑 < 𝑀. This delay
length means the number of discrete time steps between the
lagged time 𝑖 − 𝑑 when the state is to be estimated and the
current time 𝑖. To estimate fixed-lagged system state 𝑥(𝑖 −𝑑), an alternative FMS smoother is developed using finite
measurements 𝑍(𝑖) on the most recent window [𝑖 − 𝑀, 𝑖].

As shown in [6–10], the state 𝑥(𝑖 − 𝑑) at the lagged time𝑖 − 𝑑 is represented from the discrete time state-space model
(1) as follows:

𝑥 (𝑖 − 𝑑) = 𝐴𝑀−𝑑𝑥 (𝑖 − 𝑀) + �̃�𝑊 (𝑖) , (5)

where

�̃� ≜ [𝐴𝑀−𝑑−1𝐺 ⋅ ⋅ ⋅ 𝐺 𝑑⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞0 0 ⋅ ⋅ ⋅ 0 ] . (6)

Therefore, finite measurements 𝑍(𝑖) (3) can be modified by

𝑍 (𝑖) = 𝐿𝑥 (𝑖 − 𝑑) + 𝑁𝑊 (𝑖) + 𝑉 (𝑖) , (7)

where

𝐿 ≜ 𝐿𝐴−(𝑀−𝑑),
𝑁 ≜ 𝑁 − 𝐿𝐴−(𝑀−𝑑)�̃�. (8)

An alternative FMS smoother is developed under a least
squares criterion using the forgetting factor strategy. Given
measurements 𝑍(𝑖) on the most recent window [𝑖 − 𝑀, 𝑖],
the FMS smoother 𝑥(𝑖 − 𝑑) is obtained from the following
forgetting factor least squares criterion:

𝑥 (𝑖 − 𝑑) = arg min
𝑥(𝑖−𝑑)

[𝑍 (𝑖) − 𝐿𝑥 (𝑖 − 𝑑)]𝑇 Λ [𝑍 (𝑖) − 𝐿𝑥 (𝑖 − 𝑑)] , (9)

where Λ is a diagonal matrix as

Λ ≜ diag [𝜆𝑀−1 𝜆𝑀−2 ⋅ ⋅ ⋅ 𝜆0] , 0 < 𝜆 ≤ 1, (10)

where 𝜆 is called the forgetting factor. The forgetting factor
strategy has been well-known in estimation areas to give
exponentially less weight to older error samples as shown in
[16–18]. A main role of the forgetting factor 𝜆 is to account
for the fact that the state-space models (1) are not perfect
to globally model the observed phenomenon and thus is to
make themodel that is locally well modeling the observations
by concentrating on finite measurements on the most recent
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window [𝑖−𝑀, 𝑖].Then,when {𝐴, 𝐶} is observable and𝑀 ≥ 𝑛,
the solution of (9) is given by the following matrix form:

𝑥 (𝑖 − 𝑑) = (𝐿𝑇Λ𝑇/2Λ1/2𝐿)−1 𝐿𝑇Λ𝑇/2Λ1/2𝑍 (𝑖)
= ΣΓ𝑇Λ1/2𝑍 (𝑖) ,

(11)

where

Σ ≜ 𝐴𝑀 (Γ𝑇Γ)−1 ,
Γ ≜ Λ1/2𝐿𝐴𝑑 = [ Γ̌

𝐶𝐴𝑀+𝑑−1] = [𝜆(𝑀−1)/2𝐶𝐴𝑑
𝜆−1/2Γ̌𝐴 ] ,

𝑍 (𝑖) ≜ Λ1/2𝑍 (𝑖) = [𝜆(𝑀−1)/2𝑧 (𝑖 − 𝑀)
�̌� (𝑖) ] ,

(12)

where Γ̌ is upper𝑀−1 rows of Γ and �̌�(𝑖) is lower𝑀−1 rows
of 𝑍(𝑖).

In the following theorem, the proposed FMS smoother
(11) with a matrix form is represented in a recursive form.

Theorem 1. When {𝐴, 𝐶} is observable and 𝑀 ≥ 𝑛, the FMS
smoother 𝑥(𝑖 − 𝑑) (11) can be represented in the following
recursive form:

𝑥 (𝑖 − 𝑑 + 1) = F𝑥 (𝑖 − 𝑑) + H1𝑧 (𝑖 − 𝑀) + H2𝑧 (𝑖) , (13)

where smoother gain matrices are defined by

F ≜ 𝜆Σ (Σ𝐴𝑇)−1 ,
H1 ≜ −𝜆𝑀Σ (𝐶𝐴𝑑−1)𝑇 ,
H2 ≜ Σ (𝐶𝐴𝑀+𝑑−1)𝑇 .

(14)

Proof. Using (12), at the lagged time 𝑖 − 𝑑, the FMS smoother𝑥(𝑖 − 𝑑) (11) can be written by

𝑥 (𝑖 − 𝑑) = Σ [𝜆(𝑀−1)/2𝐶𝐴𝑑
𝜆−1/2Γ̌𝐴 ]

𝑇

[𝜆(𝑀−1)/2𝑧 (𝑖 − 𝑀)
�̌� (𝑖) ]

= 𝜆𝑀−1Σ (𝐶𝐴𝑑)𝑇 𝑧 (𝑖 − 𝑀)
+ 𝜆−1/2Σ𝐴𝑇Γ̌𝑇�̌� (𝑖) .

(15)

Using (15), at the lagged time 𝑖 − 𝑑 + 1, the FMS smoother𝑥(𝑖 − 𝑑 + 1) can be written by

𝑥 (𝑖 − 𝑑 + 1) = ΣΓ𝑇Λ1/2𝑍 (𝑖 + 1)
= Σ [ Γ̌

𝐶𝐴𝑀+𝑑−1]
𝑇

[𝜆1/2�̌� (𝑖)
𝑧 (𝑖) ]

= 𝜆1/2ΣΓ̌𝑇�̌� (𝑖) + Σ (𝐶𝐴𝑀+𝑑−1)𝑇 𝑧 (𝑖)

= 𝜆Σ (Σ𝐴𝑇)−1 𝑥 (𝑖 − 𝑑)
− 𝜆𝑀Σ (𝐶𝐴𝑑−1)𝑇 𝑧 (𝑖 − 𝑀)
+ Σ (𝐶𝐴𝑀+𝑑−1)𝑇 𝑧 (𝑖) .

(16)

This completes the proof.

Note that this recursive form has not been developed by
the existing FMS smoother in [6–10]. Smoother gainmatrices
F,H1, andH2 in (14) require offline computations only on
the interval [0, 𝑀] once and then they are time-invariant for
all windows. Therefore, the proposed FMS smoother can be
time-invariant.

In the following theorem, the proposed FMS smoothers
in (11) and (13) are shown to have an unbiasedness property
when there are noises and a deadbeat property when there are
no noises. The unbiasedness property means that the mean
value of 𝑥(𝑖 − 𝑑) tracks the mean value of the state at every
time.The deadbeat propertymeans that 𝑥(𝑖−𝑑) tracks exactly
the state at every time.

Theorem 2. When {𝐴, 𝐶} is observable and 𝑀 ≥ 𝑛, the FMS
smoother 𝑥(𝑖 − 𝑑) is unbiased for noisy systems and exact for
noise-free systems.

Proof. When there are noises on the window [𝑖 − 𝑀, 𝑖], since𝑁𝑊(𝑖) + 𝑉(𝑖) is zero-mean in (7), 𝐸[𝑍(𝑖)] = 𝐿𝐸[𝑥(𝑖 − 𝑑)] =𝐿𝐴−(𝑀−𝑑)𝐸[𝑥(𝑖−𝑑)].Therefore, the following is obtained from
(11):

𝐸 [𝑥 (𝑖 − 𝑑)] = ΣΓ𝑇Λ1/2𝐸 [𝑍 (𝑖)]
= ΣΓ𝑇Λ1/2𝐿𝐴𝑑𝐴−𝑀𝐸 [𝑥 (𝑖 − 𝑑)]
= ΣΓ𝑇Γ𝐴−𝑀𝐸 [𝑥 (𝑖 − 𝑑)]
= ΣΣ−1𝐸 [𝑥 (𝑖 − 𝑑)] = 𝐸 [𝑥 (𝑖 − 𝑑)] .

(17)

This completes the proof of the unbiasedness property.
When there are no noises on the window [𝑖 − 𝑀, 𝑖] as𝑥(𝑖 + 1) = 𝐴𝑥(𝑖) and 𝑧(𝑖) = 𝐶𝑥(𝑖), the observation 𝑍(𝑖) is

determined by the current state 𝑥(𝑖 − 𝑑) as 𝑍(𝑖) = 𝐿𝑥(𝑖 − 𝑑) =𝐿𝐴𝑑𝐴−𝑀𝑥(𝑖−𝑑).Therefore, the following is obtained directly
from the proof of the unbiasedness property:

𝑥 (𝑖 − 𝑑) = 𝑥 (𝑖 − 𝑑) . (18)

This completes the proof of the deadbeat property.

The deadbeat property inTheorem 2 means that the FMS
smoother designed for the system (1) with noises provides
exact state when, in actual, there are no noises. Note that the
proposed FMS smoother can have the finite convergence time
and the fast estimation ability due to the deadbeat property.
Hence, the proposed FMS smoother can be useful in many
engineering problems such as fault detection and diagno-
sis, maneuver detection, and target tracking, because these
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problems require fast estimation and detection of signals
with unknown times of occurrence. These good inherent
properties, time-invariance, unbiasedness, and deadbeat of
the proposed FMS smoother cannot be obtained by the IMS
smoother such as the Kalman smoother.

The important issue here is how to choose an appropriate
forgetting factor 𝜆 that makes the residual performance as
good as possible. When the window length 𝑀 is fixed, the
forgetting factor 𝜆 should be chosen. Intuitively, a reasonable
criterion for the choice of the forgetting factor should be
how much information about the current state of the system
the older data and the new data contain. If the newly
coming data bring enough information about the current
state, or the older data contain less information on the present
data, the forgetting factor 𝜆 should be smaller. When the
exact information about the noise covariances cannot be
obtained but some rough information about the noises can
be obtained, there are some choices of the forgetting factor.
If the covariance 𝑄 of the system noise 𝑤(𝑖) is smaller, the
older data should contain more information on the current
state. Therefore, the smaller 𝑄 is, the bigger forgetting factor𝜆 should be. In comparison with the covariance 𝑄 of the
system noise, if the covariance 𝑅 of the measurement noise
V(𝑖) is relatively bigger, 𝜆 should be bigger too. Intuitively, the
above facts can be roughly explained as follows. When the
covariance 𝑅 of the measurement noise is larger, more data
should be used to suppress the influence of the noise bymeans
of averaging the measurement data, which means that the
forgetting factor 𝜆 should be larger.Thus, the forgetting factor𝜆 is a continuous parameter to adjust finely the smoothing
performance.

4. Computer Simulations

Computer simulations are performed for the following dis-
crete time F-404 engine system [19] with a fixed-lag 𝑑 as well
as a uncertain model parameter 𝛿(𝑖) to illustrate the validity
of the proposed FMS smoother and to compare with both
existing FMS smoother and IMS smoother

𝐴 = [[
[

0.9305 + 𝛿 (𝑖) 0 0.1107
0.0077 0.9802 + 𝛿 (𝑖) −0.0173
0.0142 0 0.8953 + 𝛿 (𝑖)

]]
]

,

𝐺 = [[
[

1
1
1
]]
]

,

𝐶 = [1 0 0
0 1 0] ,

(19)

where actual system and measurement noise covariances are
taken as 𝑄 = 0.22 and 𝑅 = 0.42. The delay length is set by𝑑 = 4.

First, to show how to choose the forgetting factor 𝜆,
the proposed FMS smoother is compared with the existing
FMS smoother. To make a clearer comparison of estimation
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Figure 1: Estimation error for temporary modeling uncertainty
when 𝑀 = 10.

performances, Monte Carlo simulations of 100 runs are
performed and in each simulation 600 sample points are
generated. The estimation performance of smoothers can be
evaluated by themeanof root-squared estimation error. It was
mentioned in previous section that when the measurement
noise covariance 𝑅 is relatively bigger than the system noise
covariance 𝑄, 𝜆 should be bigger too. It is easy to see that
the above states seem right from simulation results in Table 1
when the window length is taken 𝑀 = 20. These results
can provide practical guidance on the choice of a forgetting
factor 𝜆. The simulation results in Table 2 show estimation
performance of the proposed FMS smoother with 𝜆 = 0.9
and the existing FMS smoother. In comparison with the
existing FMS smoother, the FMS smoother performs worse
than when information about noise covariances is assumed
to be exactly known. This may be the expected result since
the existing FMS smoother in this case is optimal. However,
when this assumption is not satisfied, the performance of the
FMS smoother can be better than that of the existing FMS
smoother.

Secondly, the proposed FMS smoother and the fixed-
lag Kalman smoother are compared for the temporarily
uncertain system. The uncertain model parameter is taken
by two cases, 𝛿(𝑖) = 0.8 and 𝛿(𝑖) = 0.6 for the interval200 ≤ 𝑖 ≤ 250 the temporarily uncertain F404 engine
system (19). In addition, the window length is taken by
two cases, 𝑀 = 10 and 𝑀 = 20 for the proposed FMS
smoother. As shown in Figures 1 and 2, the estimation error
of the proposed FMS smoother is smaller than that of the
fixed-lag Kalman smoother on the interval where modeling
uncertainty exists for all cases. In addition, the convergence
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Table 1: Mean of root-squared estimation error of the proposed FMS smoother for various 𝜆s.
𝜆 0.7 0.8 0.9 0.95 1
𝑀 = 10 0.1403 0.1070 0.0411 0.0269 0.0747

Table 2: Mean of root-squared estimation error of two FMS smoothers.

Existing FMS smoother Proposed FMS smoother𝜆 = 0.95Correct𝑄 = 0.52, 𝑅 = 12 Incorrect𝑄 = 22, 𝑅 = 12
𝑀 = 10 0.0054 0.1824 0.0269
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Figure 2: Estimation error for temporary modeling uncertainty
when 𝑀 = 20.

of estimation error is much faster than that of the fixed-
lag Kalman smoother after temporary modeling uncertainty
disappears. This phenomenon is more remarkable when the
model is more uncertain; that is, 𝛿(𝑖) = 0.8. Of course,
the fixed-lag Kalman smoother can outperform the proposed
FMS smoother after the effect of temporary modeling uncer-
tainty completely disappears. Therefore, the proposed FMS
smoother can be more robust than the fixed-lag Kalman
smoother when applied to temporarily uncertain systems,
although the proposed FMS smoother is designed with no
consideration for robustness. Moreover, it can be known that
a large window length may yield the long convergence time
of the estimation error and thus degrades the performance of
the the proposed FMS smoother. Therefore, it can be stated
that the window length 𝑀 can be considered as a useful
parameter tomake the performance of the the proposed FMS
smoother as good as possible.

5. Conclusions

In this paper, an alternative FMS smoother with a recursive
form has been proposed under a least squares criterion using
a forgetting factor strategy.The proposed FMS smoother does
not require information of the noise covariances as well as the
initial state. The proposed FMS smoother has been shown
to have good inherent properties such as time-invariance,
unbiasedness, and deadbeat. The forgetting factor has been
shown to be considered as useful parameter to make the
estimation performance of the proposed FMS smoother as
good as possible. It has been shown from computer simula-
tions that the proposed FMS smoother can be better than the
existing FMS smoother for incorrect noise covariances and
the IMS smoother for temporary uncertainties.

As an alternative design parameter for the proposed FMS
smother, the delay length 𝑑 should be considered in future
works. In addition, the combination with the window length
and the forgetting factor should be also researched to improve
smoothing performance.
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The presence of sets of incomplete measurements is a significant issue in the real-world application of multivariate statistical
processmonitoringmodels for industrial process fault detection. Since themissing data in the incompletemeasurements are usually
correlated with some of the available variables, these measurements can be used if an efficient algorithm is presented. To resolve
the problem, a novel method combiningMarkov chainmodel and generalized projection nonnegative matrix factorization (MCM-
GPNMF) is proposed to detect and diagnose the faults in industrial process.The basic idea of the approach is to useMCM-GPNMF
to extract the dominant variables from incomplete process data and to combine themwith statistical processmonitoring techniques.𝑇2𝐺 and SPE𝐺 statistics are defined as online monitoring quantities for fault detection and corresponding contribution plots are also
considered for fault isolation. The proposed method is applied to a 1000MW unit boiler process. The simulation results clearly
illustrate the feasibility of the proposed method.

1. Introduction

As industrial process becomes more and more complex,
process monitoring and diagnosis techniques are gaining
importance for plant safety, maintenance cost, and profit
margins. Multivariate statistical process monitoring (MSPM)
techniques have been widely used to build statistical models
for some unmeasured variables and for establishing online
monitoring schemes for industrial process [1, 2]. These
models extract a small number of latent variables, which
in a manner better summarize the properties contained in
the original variables. Monitoring and diagnosis using these
latent variables are both simpler and more powerful than
using the original variables [3].

It is well known that the traditional MSPM models
usually require that the process data on all variables must
be complete. In practice, however, one of the challenges in
applying thesemodels is to deal with the process data sets that
contain some missing observations. Sometimes, more than
50%of industrial process data would contain themissing data
[4]. Since the missing data in the incomplete measurements

is usually correlated with some of the available variables, the
conventional MSPMmethods generally eliminate the sample
data in the data matrix that contain them, but doing so will
leave the corresponding nature of process unknown.

It is of great importance to determine how to use the
incomplete process data sets to build the normal operating
model. The well-known Markov chain model (MCM), a
typical stochastic process model, is one of commonly used
prediction approaches. The most basic feature of MCM is
“Markov property,” also known as “no aftereffect.” The next
process variable state is predicted by the transition probability
matrix obtained using MCM to predict the mobility of mea-
surements if the original time series satisfies the conditions of
theMarkov chain (MC) [5, 6].TheMCpredictionmethodhas
been widely used in various fields. In Jeon and Lee’s research,
MC-based prediction routingmethods are proposed to select
the optimal behavior nodes [7]. In order to keep balance of
electric power system, Yoder et al. use the MCM to predict
short-term wind power [8].

Nonnegative matrix factorization (NMF) is a novel mul-
tivariate data analysis and dimension reduction technique
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that has many applications in spectroscopy, data mining,
and pattern recognition [9]. NMF and its variant methods
are typically applied to high-dimensional data where each
element has a non-negative value, and they find a low rank
approximation from the historical process data sets. Unlike
the traditional MSPM methods, the NMF-based algorithms
do not have any assumption about the nature of the process
variables except for nonnegativity. The nonnegativity restric-
tion lets only additions in the factorization process. This
property makes NMF obtain sparse and part-based subspace
representations of the original data sets [10, 11]. Therefore,
NMF-based methods have potential superiority to solve the
monitoring and diagnosis problem of complex industrial
process.

Normally, the NMF-based algorithms require that the
measurement data be nonnegative. In practice, however,
the process data of industrial process may be not fulfilling
this constraint. Due to the difference in unit selection, the
collected data is likely to contain negative numbers. Although
it is possible by adjusting the unit to make negative data
satisfy the nonnegative constraints, in order to make NMF
method have a wider range of applications, we want to relax
the nonnegative constraints on the original data sets. In this
research, we will propose a new variant of NMF to solve
the above problem. It can be called generalized projection
nonnegativematrix factorization (GPNMF).Then,MCMand
GPNMF are combined to extract useful information from
incomplete process data and to combine them with statistical
process monitoring techniques.

The rest of the article is organized as follows: Section 2
introduces MCM-based prediction method. Section 3 pro-
poses the GPNMFmethod. In Section 4, theMCM-GPNMF-
based processmonitoringmethod is introduced. In Section 5,
a case study in a 1000MW unit boiler process is shown and
discussed. Section 6 contains the conclusions.

2. MCM-Based Prediction Method

2.1.Markov ChainModel. Markov chainmodel is a stochastic
process which can be used to estimate the transition prob-
ability between the discrete states of the system, and it can
be expressed by some parameters. In the first-order Markov
chain model, the state at a certain moment only depends on
the state of its previous moment [12]. In the further research,
the second-order or even higher-order Markov chain process
was proposed [12, 13]. In these second-order or higher-order
Markov chain processes, the state of a moment depends on
two or more states before it. In this paper, we will use the
second-order Markov chain model to estimate the missing
values in the data set.

For a second-order Markov chain model, let 𝑋𝑡 be
a stochastic process. The set of all possible states in the
stochastic process is called state space. The state space is
defined as 𝑆 = {1, 2, . . . ,𝑀}.

For a given time series 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑛−1 < 𝑡𝑛, its
conditional probability distribution can be expressed as𝑃 {𝑋𝑡𝑛+1 = 𝑖𝑛+1 | 𝑋𝑡1 = 𝑖1, . . . , 𝑋𝑡𝑛−1 = 𝑖𝑛−1, 𝑋𝑡𝑛 = 𝑖𝑛}

= 𝑃 {𝑋𝑡𝑛+1 = 𝑖𝑛+1 | 𝑋𝑡𝑛−1 = 𝑖𝑛−1, 𝑋𝑡𝑛 = 𝑖𝑛} . (1)

Markov transition probability 𝑝𝑖,𝑗,𝑘 is defined as follows:

𝑝𝑖,𝑗,𝑘 = 𝑃 {𝑋𝑡+1 = 𝑘 | 𝑋𝑡−1 = 𝑖, 𝑋𝑡 = 𝑗} , (2)

where 𝑗 represents the current state of the moment and 𝑖 and𝑘 represent the previous and next states of 𝑖, respectively.
If a stochastic process contains 𝑀 states, the matrix 𝑃 ∈𝑅𝑀×𝑀×𝑀 consisting of all transition probabilities is called the

state transitionmatrix of the second-orderMarkov chain.The
state transition matrix 𝑃 can be expressed as follows:

𝑃 =

[[[[[[[[[[[[[[[[[[[[[[[[

𝑝1,1,1 𝑝1,1,2 ⋅ ⋅ ⋅ 𝑝1,1,𝑚𝑝1,2,1 𝑝1,2,2 ⋅ ⋅ ⋅ 𝑝1,2,𝑚... ... ... ...𝑝1,𝑚,1 𝑝1,𝑚,2 . . . 𝑝1,𝑚,𝑚𝑝2,1,1 𝑝2,1,2 . . . 𝑝2,1,𝑚... ... ... ...𝑝2,𝑚,1 𝑝2,𝑚,2 . . . 𝑝2,𝑚,𝑚... ... ... ...𝑝𝑚,𝑚,1 𝑝𝑚,𝑚,2 ⋅ ⋅ ⋅ 𝑝𝑚,𝑚,𝑚

]]]]]]]]]]]]]]]]]]]]]]]]

. (3)

The second-order Markovian transfer matrix has the
following property. For any state 𝑖, the sum of the probability
of its transition to all states is 1. Consider

𝑚∑
𝑘=1

𝑝𝑖,𝑗,𝑘 = 1 ∀𝑖, 𝑗. (4)

Themaximum likelihood estimation of transfer probabil-
ity 𝑝𝑖,𝑗,𝑘 for second-orderMarkov chains is defined as follows:

𝑝𝑖,𝑗,𝑘 = 𝑛𝑖,𝑗,𝑘∑𝑚𝑘=1 𝑛𝑖,𝑗,𝑘 , (5)

where 𝑛𝑖,𝑗,𝑘 is the transition frequency that the state is
transferred from the previous moment state 𝑖 and the current
time state 𝑗 to the next moment state 𝑘.

The cumulative distribution function (CDF) 𝑃CDF is also
used in the process of generating the time series. The CDF
of the second-order Markov chain model is calculated as
follows:

𝑃CDF𝑖,𝑗,𝑘 𝑘∑
𝑙=1

𝑝𝑖,𝑗,𝑙. (6)

The second-orderMarkov chainmodel is used to generate
the process variable time series, where the initial state is
completely random. Generate a random number 𝜀 between 0
and 1 by the random number generator. For the second-order
Markov chainmodel, the current time state 𝑗 and the previous
time state 𝑖 are known. If 𝜀 satisfies 𝑃CDF𝑖,𝑗,𝑘−1 < 𝜀 < 𝑃CDF𝑖,𝑗,𝑘,
then the next time state is 𝑘.

Only a time series of state is obtained by the above steps.
Next, it is necessary to transform the resulting time series into
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the time series of actual process variable. In addition to the
fact that the first and last states do not need to be transformed,
all other states need to use formula (7) to transform.

𝑃 = 𝑃𝑙 + 𝑌𝑖 × (𝑃𝑢 − 𝑃𝑙) , (7)

where 𝑃𝑢 and 𝑃𝑙 represent the upper and lower limits of a
state, respectively. 𝑌𝑖 represents a random number evenly
distributed between 0 and 1. 𝑃 represents the actual value of
the process variable.

2.2. Markov Property Test. When using the Markov chain to
predict the value of a variable, it is not necessary to consider
the change of the variable in the past. If the current state of
the variable is known, the state of the next moment can be
predicted.TheMarkov property test of the original time series
should be carried out before the establishment of the Markov
chain model. The specific method of Markov property test
is given as follows: we assume that all states of the original
time series are 𝑚. The marginal probability 𝑝⋅,𝑗 is defined as
follows:

𝑝⋅,𝑗 = ∑𝑚𝑖=1 𝑛𝑖,𝑗∑𝑚𝑖=1∑𝑚𝑗=1 𝑛𝑖,𝑗 , (8)

where 𝑛𝑖,𝑗 stands for the frequency that the variable transi-
tions from state 𝑖 to state 𝑗.

When the amount of data is large enough, the statistic 𝜉
obeys the 𝜒2 distribution and the degree of freedom of 𝜒2
distribution is (𝑚 − 1)2. The statistic 𝜉 can be calculated as
follows:

𝜉 = 2 𝑚∑
𝑖=1

𝑚∑
𝑗=1

𝑛𝑖,𝑗 log 𝑝𝑖,𝑗𝑝𝑔,𝑗
 , (9)

where 𝑝𝑖,𝑗 stands for the probability that the variable transi-
tions from state 𝑖 to state 𝑗.

When the significance level𝛼 is given, the value of𝜒2𝛼((𝑚−1)2) can be obtained by looking up the table. The Markov
chainmodel can be used to process the variable if 𝜉 > 𝜒2𝛼((𝑚−1)2) is satisfied.
2.3. Numerical Example. In this section, the active power of
a 1000MW unit is chosen for numerical experiment. Under
the influence of random noise, the power measurement is
randomly fluctuating near the set point. Therefore, the active
power can be regarded as a stochastic process. The normal
operation data of the active power is used as experiment
data vector with 500 samples. The maximum and minimum
values of power in all samples are 743.86MWand 749.94MW,
respectively. Therefore, the stochastic process is divided into
16 states. In these states, the power values 743MW and
750MW are defined as state 1 and state 16, respectively. The
other states are evenly distributed between state 1 and state
16, and the power interval between each two states is 500 kW.
The significance level is given by 0.05 in the present work.The
conclusion can be easily obtained through the calculation;
that is, 𝜉 ≫ 𝜒20.05(225). Therefore, The Markov chain model
can be used to process this time series.
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Figure 1: Comparison of predicted and real values.

Next, we will select 50 samples from the experimental
data randomly and their values will be set to zero. These
50 samples represent the missing data in experiment data
vector. Then, the second-order Markov chain model is used
to deal with the missing data in experiment data vector. The
incomplete data can be replaced by the predicted value, which
is shown in Figure 1.

As seen in Figure 1, the predicted data are very close to the
corresponding original data. In other words, the prediction
value by second-order MCM is very effective. Therefore,
this example can illustrate the feasibility of the second-order
MCM algorithm.

3. Generalized Projection Nonnegative
Matrix Factorization

3.1. NMF Algorithm. Themathematical formulation of NMF
is expressed as follows. Given a process data matrix 𝑋 =[𝑥1, 𝑥2, . . . , 𝑥𝑛] ∈ 𝑅𝑚×𝑛 (each column of𝑋 is a sample vector),
where all elements are nonnegative and a natural number𝑘 < {𝑚, 𝑛}, NMF aims to find two low rank nonnegative
matrices 𝑊 ∈ 𝑅𝑚×𝑘 and 𝐻 ∈ 𝑅𝑘×𝑛 such that 𝑋 ≈ 𝑊𝐻. Here,
each column of𝑊 is called basis vector. Each column of𝐻 is
called an encoding and is in one-to-one correspondence with
a sample vector in𝑋 [10]. In other words, each sample vector𝑥𝑖 is approximated by a linear combination of the columns of𝑊, weighted by the components of ℎ𝑖 [11].

The approximate factorization 𝑋 ≈ 𝑊𝐻 problem can
be formulated as an optimization problem that uses a cost
function tomeasure the quality of the approximation. Lee and
Seung constructed a simple objective function which utilizes
the square of the Euclidean to measure the distance between𝑋 and 𝑊𝐻 [11]. The objective function of the optimization
problem can be expressed as follows:

min
𝑊,𝐻

𝐹 = 𝐸 (𝑋 ‖ 𝑊𝐻) = 12 ‖𝑋 − 𝑊𝐻‖2
s.t. 𝑊 ≥ 0, 𝐻 ≥ 0. (10)
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It is well known that the function ‖𝑋−𝑊𝐻‖2 is convex in𝑊 only or 𝐻 only but is not convex in both variables mean-
while.Therefore, it is realistic to find local minima by solving
the above optimization problem. Lee and Seung presented an
iterative algorithm to obtain the local minima. The objective
function ‖𝑋 − 𝑊𝐻‖2 is monotonically nonincreasing under
the following rules [11]:

𝐻𝑘𝑗 ← 𝐻𝑘𝑗 (𝑊𝑇𝑋)
𝑘𝑗(𝑊𝑇𝑊𝐻)𝑘𝑗

𝑊𝑖𝑘 ← 𝑊𝑖𝑘 (𝑋𝐻𝑇)
𝑖𝑘(𝑊𝐻𝐻𝑇)𝑖𝑘 .

(11)

Heretofore, the multiplicative iterative algorithm is the
most classic and widely used monotone algorithm. The
contradiction of the optimization algorithm between conver-
gence speed and easy use can be better coordinated by using
above iterative rules.

3.2. GPNMF Algorithm. Many improvements of NMF have
been presented based on the objective function of the basic
NMF algorithm by adding different regularization terms
so as to increase the constraint conditions to NMF from
different perspectives [14, 15]. On the contrary, Yuan and
Oja proposed an improved NMF algorithm based on linear
projection [16]. It can be called projective nonnegativematrix
factorization (PNMF). However, the PNMF algorithm does
not guarantee that the objective function is monotonically
decreasing during the iteration, and theremay be oscillations.
In order to solve this problem and make the NMF algorithm
better adapt to the actual industrial process, we propose a
new variation of NMFmethod named generalized projection
nonnegative matrix factorization (GPNMF). This method
will not only guarantee the objective function monotone
nonincreasing under the new iterative rule but also make the
process data not necessarily constrained to be nonnegative.
In this approach, the approximate factorization𝑋 ≈ 𝑊𝐻will
be rewritten as 𝑋 ≈ 𝑋𝐻𝑇𝐻 and the optimization problem
can be expressed as follows:

min
𝐻

𝐹 = 𝐸 (𝑋 ‖ 𝑊𝐻) = 12 𝑋 − 𝑋𝐻𝑇𝐻2
s.t. 𝐻 ≥ 0. (12)

The above constrained optimization problem can be
regarded as a typical application of regularized least squares
problem proposed by Tikhonov in 1963 [17]. The objective
function of (12) can be expanded to a function about the
variable𝐻which ignores the constant term𝑋𝑇𝑋. Hence, (12)
can be rewritten as follows:

𝐹 (𝐻) = 12𝑇𝑟 (−2𝐻𝑇𝐻𝑋𝑇𝑋 + 𝐻𝑇𝐻𝑋𝑇𝑋𝐻𝑇𝐻) . (13)

The gradient matrix of (13) can be obtained by using
matrix differential:𝜕𝐹 (𝐻)𝜕𝐻 = (−2𝐻𝑋𝑇𝑋 + 2𝐻𝑋𝑇𝑋𝐻𝑇𝐻) . (14)

When the value of (14) is equal to 0, the solution of the
least squares problem in (12) is given by

𝐻𝑋𝑇𝑋 = 𝐻𝑋𝑇𝑋𝐻𝑇𝐻. (15)

Since the nonnegative constraint for the original data
matrix 𝑋 is relaxed in the GPNMF algorithm, now consider
the casewhere𝑋 contains positive and negative elements.The
factors 𝑋+ and 𝑋− are defined as the absolute values of all
positive elements and negative elements in 𝑋, respectively.𝑋+ and 𝑋− are calculated separately as follows:

𝑋+ = 12 (|𝑋| + 𝑋)
𝑋− = 12 (|𝑋| − 𝑋) , (16)

where |𝑋| represents the absolute value for all the elements
of the matrix 𝑋. Then the original data matrix 𝑋 can be
expressed as𝑋± = 𝑋+−𝑋− and (15) can be adapted as follows:(𝐻 [𝑋𝑇𝑋]

+
+ 𝐻[𝑋𝑇𝑋]

−
𝐻𝑇𝐻)

𝑖𝑗(𝐻 [𝑋𝑇𝑋]− + 𝐻 [𝑋𝑇𝑋]+𝐻𝑇𝐻)
𝑖𝑗

= 1. (17)

It can be seen from (13) that the objective function 𝐹 is
a quartic function with respect to the coefficient matrix 𝐻.
Here, a new iterative rule for the optimization problem in (12)
is presented as follows:

𝐻𝑖𝑗 = 𝐻𝑖𝑗 4√ (𝐻[𝑋𝑇𝑋]
+
+ 𝐻[𝑋𝑇𝑋]

−
𝐻𝑇𝐻)

𝑖𝑗(𝐻 [𝑋𝑇𝑋]− + 𝐻 [𝑋𝑇𝑋]+𝐻𝑇𝐻)
𝑖𝑗

. (18)

The objective function in (12) is invariant under this
update if and only if 𝐻 is at local minima of the constrained
optimization problem.

4. Fault Diagnosis Algorithm Based on
MCM-GPNMF

4.1. Initialization of GPNMF Algorithm. For the moment,
NMF and its improved algorithms are solved by iteration.
It is well known that a good iteration initial value can
improve the convergence speed and accuracy of the NMF-
based algorithm. Although many researchers have pointed
out the importance of a good initial value for the NMF
algorithm in their article, most people still use the random
method to initialize the NMF algorithm in the practical
application. Since the NMF can only converge to the local
optimal solution, the different initial values will result in
different results. Langville et al. compared several commonly
used initialization methods [18]. For the presented GPNMF
algorithm, there is only one unknown factor, that is, coeffi-
cient matrix 𝐻. Besides, the approximate factorization 𝑋 ≈𝑋𝐻𝑇𝐻 can clearly indicate that the coefficient matrix 𝐻 is
calculated to satisfy 𝐻𝑇𝐻 ≈ 𝐼, where 𝐼 is identity matrix of
size 𝑘. In this research, therefore, the coefficient matrix 𝐻 is
initializedwith a 𝑘-by-𝑛-dimensionalmatrix with ones on the
diagonal and zeros elsewhere.
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4.2. Statistical Monitoring Model Based on GPNMF. The
GPNMF-based statistical process monitoring model can be
described as

𝑋 = 𝑊�̂� + 𝐸, (19)

where the matrix 𝑊�̂� and 𝐸 represent the eigensubspace
and the residual subspace, respectively. The matrix �̂� =(𝑊𝑇𝑊)−1𝑊𝑇𝑋 is the reconstructed value of the coefficient
matrix 𝐻. It reflects the changes in process variables. Due
to the fact that the eigensubspace and the residual subspace
of GPNMF algorithm are similar to the principal compo-
nent subspace and residual subspace of PCA-based method,
according to the definition of monitoring statistic𝑇2 and SPE
in PCA method, we construct two new monitoring statistics
based on GPNMF statistical monitoring model to monitor
the change of eigensubspace and residual subspace. They are
calculated as follows:

𝑇2𝐺 = �̂� (𝑖)𝑇 �̂� (𝑖)
SPE𝐺 = (𝑥 (𝑖) − 𝑥 (𝑖))𝑇 (𝑥 (𝑖) − 𝑥 (𝑖)) , (20)

where the vector �̂�(𝑖) and 𝑥(𝑖) represent the 𝑖th column of
matrices �̂� and𝑋, respectively.The column vector 𝑥(𝑖) is the
reconstructed value of 𝑥(𝑖). It can be calculated as follows:

𝑥 (𝑖) = 𝑊�̂� (𝑖) = 𝑊𝑊𝑇𝑥 (𝑖) . (21)

For the two new monitoring statistics proposed in this
section, it is obviously unreasonable to assume that these two
metrics are subject to a particular distribution and calculate
their upper control limits like traditional monitoring algo-
rithm. Therefore, we use kernel density estimation (KDE)
which is a more general method to calculate the actual
distribution information of themonitoring statistics and then
determine their upper control limits.The confidence interval𝜃 is given by 99% during the calculation process.

4.3. Contribution Plot Method. It is well known that contri-
bution plot method has been widely used in fault isolation
research field. Once a fault is detected by the fault detection
method, this method will be used to isolate the variables
that are most likely to cause the failure. Contribution plot
method is a commonly used fault separationmethod in PCA-
based fault diagnosis algorithm. The monitoring statistics 𝑇2
and SPE are often used in the contribution plot method.
The corresponding contributions to the 𝑇2 statistic and SPE
statistic can be expressed using the following equations,
respectively:

Cont𝑇
2

𝑖 = (𝜉𝑇𝑖 𝐷1/2𝑥)2 = 𝑥𝑇𝐷1/2𝜉𝑖𝜉𝑇𝑖 𝐷1/2𝑥
ContSPE𝑖 = (𝜉𝑇𝑖 𝐶𝑥)2 , (22)

where 𝐷 = 𝑃Λ−1𝑃𝑇 and 𝐶 = 𝐼 − 𝑃𝑃𝑇. The vector 𝜉𝑖
represents the 𝑖th column of unit matrix 𝐼𝑚. The integer

𝑚 represents the number of process variables in PCA. The
parameters Cont𝑇

2

𝑖 and ContSPE𝑖 represent the contribution of
each process variable to the monitoring statistics 𝑇2 and SPE,
respectively.

Alcala and Qin made a detailed analysis and summary of
the contribution plotmethod [19]. Besides, a basic framework
to construct contribution graph method was given in their
research. Based on this framework, the corresponding contri-
butions to the 𝑇2𝐺 statistic and SPE𝐺 statistic can be designed
as follows:

Cont𝑇
2

𝐺

𝑗 = (𝛿𝑇𝑗 (𝑊𝑊𝑇)1/2 𝑥)2
ContSPE𝐺𝑗 = (𝛿𝑇𝑗 (𝐼 − 𝑊𝑊𝑇) 𝑥)2 , (23)

where the parameters Cont𝑇
2

𝐺

𝑖 and ContSPE𝐺𝑖 represent the
contribution of each process variable to the monitoring
statistics 𝑇2𝐺 and SPE𝐺, respectively. The vector 𝛿𝑖 represents
the 𝑖th column of unit matrix 𝐼𝑚. The natural number𝑚 represents the number of process variables in GPNMF
method.

5. Monitoring Performance

5.1. Fault Detection. In this section, the proposed method is
applied to a 1000MW unit boiler process. The boiler process
for monitoring experiment contains three control systems:
main steam temperature control system,main steam pressure
control system, and feedwater control system. This process
mainly consists of 33 consecutive process measurements
variables, including 14 temperature signals, 9 pressure signals,
9 flow signals, and 1 power signal. All the 33 process variables
are used for fault detection in this experiment. The normal
operation history data of the boiler process is used as training
data set which has 500 samples. For the fault data, the
corresponding testing data set consists of 500 observations.
Remarkably, the testing data set beginswith normal operation
data and the abnormal data is introduced from sample 51. All
these process data are sampled every 3 sec.

In order to display themonitoring performance ofMCM-
GPNMF-based method, a bias fault in the main steam
temperature 𝐴 is taken into account. The magnitude of the
fault is 1% of the actual measured value. Next, we consider
the condition that 10% of the measurement values in testing
matrix are missing randomly. The testing matrix contains 33
variables and each variable has 500 samples. In other words,
1650 values of testing matrix are missing. The monitoring
result of bias fault when 10% of testing data are missing is
shown in Figure 2.

Figures 2(a) and 2(d) show themonitoring result based on
the GPNMF algorithm when the testing data set is complete.
Figures 2(b) and 2(e) represent the detection result when
the same method is used and 10% of the measurement
values in testing matrix are missing. Figures 2(c) and 2(f)
represent the monitoring result of MCM-GPNMF-based
algorithm when 10% of the measurement values in testing
matrix are missing. As shown in Figure 2, the GPNMF-
based monitoring algorithm has an excellent monitoring
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Figure 2: The monitoring result of bias fault.

performance, if all the process data is complete. However, the
monitoring performance of the method has a serious decline
when the testing data set contains missing data. When the
fault occurs, the localized features of missing values will have
a little change. So it is a huge challenge for 𝑇2𝐺 statistic of
GPNMF, which is shown in Figure 2. Many fault samples
are error-detected by 𝑇2𝐺 statistic. For the SPE𝐺 statistic,
although it can detect almost all of the faulty samples, many
normal samples are error-detected. On the contrary, the 𝑇2𝐺
statistic and SPE𝐺 statistic of MCM-GPNMF-based method
can detect almost all the faulty samples (over 98% actually).
Meanwhile, the MCM-GPNMF-based method has the lower
false alarm rate of SPE𝐺 statistic than GPNMF, when the
testing matrix is incomplete. However, in all three cases, it
should be mentioned that several normal samples are error-
detected, but the monitoring result of normal samples is
still acceptable. In summary, the presented MCM-GPNMF-
based monitoring method can deal with the fault detection
problem, which contains incomplete data.

5.2. Fault Isolation. Based on the monitoring result of the
previous section, in this part, we will use the contribution
plot based on 𝑇2𝐺 statistic and SPE𝐺 statistic to identify the
variable that most likely leads to the fault. Due to the fact that
the accuracy of fault variable identification is closely related
to the accuracy of fault detection, it is meaningful to calculate
the contribution value of each variable after the system fault

is detected accurately. The most obvious change when bias
fault occurs is that the value of main steam temperature 𝐴
suddenly changes by the reason of a step temperature change
at itself. The main steam temperature 𝐴 is the 13th variable
of the chosen boiler process. Both of the contribution plots
corresponding to 𝑇2𝐺 statistic and SPE𝐺 statistic, shown in
Figure 3, identify this variable accurately. It could illustrate
the effectiveness of the presented algorithm.

6. Conclusions

In recent years, the NMF-based algorithm, which is still
under development, has shown great potential in the field
of industrial process fault detection. However, there are still
some weaknesses for these methods in dealing with the
problem of missing data. This paper proposed a new variant
of NMF named generalized projection nonnegative matrix
factorization which combines with the second-order Markov
chain model for the situation that the process data contain
missing data, which significantly improves the detection rate
of industrial process. Meanwhile, two types of monitoring
indices,𝑇2𝐺 statistic and SPE𝐺 statistic, and the corresponding
contribution plots were designed, respectively. As a result,
the simulation in a 1000MW unit boiler process showed that
the proposedmethod yielded better results for fault detection
and fault isolation. In other words, the monitoring method
based on MCM-GPNMF proposed in this work is valuable
for research and application.
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Figure 3: The contribution plots when bias fault occurs.
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And Their Further Development, American Mathematical Soci-
ety, 1977.

[6] L. E. Baum and J. A. Eagon, “An inequality with applications
to statistical estimation for probabilistic functions of Markov
processes and to a model for ecology,” Bulletin of the American
Mathematical Society, vol. 73, pp. 360–363, 1967.

[7] I.-K. Jeon and K.-W. Lee, “A dynamic Markov chain prediction
model for delay-tolerant networks,” International Journal of
Distributed Sensor Networks, vol. 12, no. 9, pp. 1–7, 2016.

[8] M. Yoder, A. S. Hering, W. C. Navidi, and K. Larson, “Short-
term forecasting of categorical changes in wind power with
Markov chain models,” Wind Energy, vol. 17, no. 9, pp. 1425–
1439, 2014.

[9] Z. Li, X. Wu, and H. Peng, “Nonnegative Matrix Factorization
on Orthogonal Subspace,” Pattern Recognition Letters, vol. 31,
no. 9, pp. 905–911, 2010.

[10] D. D. Lee and H. S. Seung, “Learning the parts of objects by
non-negative matrix factorization,” Nature, vol. 401, no. 6755,
pp. 788–791, 1999.

[11] D. D. Lee and H. S. Seung, Algorithms for Non-Negative Matrix
Factorization, Advances in Neural Information Processing Sys-
tems, 2001.

[12] G. D’Amico, F. Petroni, and F. Prattico, “First and second order
semi-Markov chains for wind speed modeling,” Physica A.
Statistical Mechanics and its Applications, vol. 392, no. 5, pp.
1194–1201, 2013.

[13] A. E. Raftery, “A model for high-order Markov chains,” Journal
of the Royal Statistical Society, Series B: Methodological, pp. 528–
539, 1985.

[14] D. Cai, X. He, J. Han, and T. S. Huang, “Graph regularized
nonnegative matrix factorization for data representation,” IEEE
Transactions on Pattern Analysis and Machine Intelligence, vol.
33, no. 8, pp. 1548–1560, 2011.

[15] H. Lee, J. Yoo, and S. Choi, “Semi-supervised nonnegative
matrix factorization,” IEEE Signal Processing Letters, vol. 17, no.
1, pp. 4–7, 2010.

[16] Z. Yuan and E. Oja, “Projective nonnegative matrix factor-
ization for image compression and feature extraction,” in
Proceedings of the Scandinavian Conference on Image Analysis,
Springer, Berlin, Germany, 2005.

[17] A. Tikhonov, “Solution of incorrectly formulated problems and
the regularization method,” Soviet Mathematics Doklady, vol. 5,
1963.

[18] A. N. Langville et al., “Algorithms, initializations, and conver-
gence for the nonnegative matrix factorization,” https://arxiv
.org/abs/1407.7299.

[19] C. F. Alcala and S. J. Qin, “Reconstruction-based contribution
for process monitoring,” Automatica. A Journal of IFAC, the
International Federation of Automatic Control, vol. 45, no. 7, pp.
1593–1600, 2009.

https://arxiv.org/abs/1407.7299
https://arxiv.org/abs/1407.7299


Research Article
Filtering Reordering Table Using a Novel Recursive Autoencoder
Model for Statistical Machine Translation

Jinying Kong,1,2,3 Yating Yang,1,2 Lei Wang,1,2 Xi Zhou,1,2 Tonghai Jiang,1,2 and Xiao Li1,2

1Xinjiang Technical Institute of Physics and Chemistry, Chinese Academy of Sciences, Urumqi 830011, China
2Xinjiang Laboratory of Minority Speech and Language Information Processing, Urumqi 830011, China
3University of Chinese Academy of Sciences, Beijing 100049, China

Correspondence should be addressed to Yating Yang; yangyt@ms.xjb.ac.cn

Received 6 March 2017; Revised 27 April 2017; Accepted 8 May 2017; Published 13 June 2017

Academic Editor: Zhongwei Lin

Copyright © 2017 Jinying Kong et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In phrase-based machine translation (PBMT) systems, the reordering table and phrase table are very large and redundant. Unlike
most previous works which aim to filter phrase table, this paper proposes a novel deep neural network model to prune reordering
table. We cast the task as a deep learning problem where we jointly train two models: a generative model to implement rule
embedding and a discriminative model to classify rules. The main contribution of this paper is that we optimize the reordering
model in PBMT by filtering reordering table using a recursive autoencoder model. To evaluate the performance of the proposed
model, we performed it on public corpus to measure its reordering ability.The experimental results show that our approach obtains
high improvement in BLEU score with less scale of reordering table on two language pairs: English-Chinese (+0.28) and Uyghur-
Chinese (+0.33) MT.

1. Introduction

Recently, machine learning model based on deep neural net-
work (DNN) has achieved great breakthrough inmany appli-
cation fields. Furthermore, it is currently becoming a domi-
nantmethod in both image recognition and automatic speech
recognition [1]. Some DNN techniques such as autoencoder,
long short-time memory (LSTM), and convolution neural
network (CNN) have obtained satisfying results in the field
of natural language processing (NLP) [2–4]. However, to the
best of our knowledge, the idea of DNN has not achieved
comparable success in NLP.This is due to the fact that, unlike
image or voice, structure of the language ismore complex and
feature extraction is more difficult.

As a part of NLP, application of deep learning onmachine
translation (MT) can be divided into two types: Neural
Machine Translation (NMT) and deep learning applied on
PBMT [5, 6]. PBMT which is also called traditional machine
translation now is facing the impact of NMT, which is a
new neural-network-based model of MT. With the good
translation performance and simple structure, NMT draws
most attentions on application of neural network on the MT.

Despite these, NMT relies on huge size of corpus, and the
argument aboutwhich has better performance betweenNMT
andPBMT still continues. Furthermore, large size of corpus is
impossible on some language pairs such as Uyghur-Chinese.
In this study, we present a novel DNN model to optimize
reordering model on PBMT.

PBMT generally extracts the phrase and reordering
examples from the result of word alignment and then gen-
erates the phrase table and reordering table which would be
used to the decoding process.The former can be called trans-
lation model and the latter can be called reordering model.
Adding a language model [7], an integrated PBMT system
can translate the input sentence by decoding. It is valuable
to research language model, because it is not only used to
machine translation but also applied to the other fields of
NLP. Similarly, as a component of machine translation, the
translation model is always a research focus. From the origi-
nal word-based translation model to the latest NMT model,
the performance of MT is getting better and better andMT is
getting closer to automatic control [8, 9]. Unlike most works
which aim to filter phrase table, this paper focuses on opti-
mizing the reorderingmodel in PBMT by filtering reordering
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Figure 1: A part of reordering table in Moses system.

table. The previous reordering models are useful, except
in environments where memory and time constraints are
imposed. The proposed model can get better performance
with less space.

In this paper, we propose a DNN model consisting of
three parts: a generativemodel, a discriminativemodel, and a
filtering strategy. The generative model is a recursive autoen-
coder to implement reordering rule embedding (compact
vector representations for reordering rule). The discrimina-
tive model is a multilayer perceptron (MLP) to classify these
rule vectors. The filtering strategy based on minimum differ-
ence is designed to filter reordering rule. Our model is used
to reconsider the reordering table and filter its wrong and
noisy rules. After this filtering process, the modified reorder-
ing table can successfully accelerate the speed of decoding
and eventually improve the quality of translation. Figure 1 is a
reordering table in Moses system from English-Chinese MT.

This paper is organized as follows. Section 1 is introduc-
tion, mainly introducing the background of our research.
Section 2 is illustrations of some representative workings on
reordering model. The details of our filtering model based
on DNN are elaborated in Section 3. The settings and results
of experiments on this DNN model are given in Section 4.
Section 5 is conclusions and future works.

2. Related Work

There are many various methods that have been proposed
to filter the phrase translation table on Statistical Machine
Translation systems. Yin et al. proposed amethod to filter the
phrase table based on virtual context [10]. Di et al. proposed
𝐶-value and phrase sticky degree in this field [11]. Zens et al.
use the basic principles of acoustics to filter phrase table [12].
Zhang et al. take advantage of a bilingually constrained recur-
sive autoencoder to learn semantic phrase embedding and
prune phrase table through phrase semantic similarities [13].
Compared with translation model, the reordering model is
more independent, while few researchers presented related
methods to filter the reordering table.

In StatisticalMachine Translation systems, the reordering
models are various from simple distance penalty model to
complex machine learning models. The first type is following
the simple principles; researchers believe that the language
model and translation model are enough to accomplish the
task of reordering. The representative work of this type is a
simple distance penalty model proposed by Koehn et al. [14].
This model is simple to implement but effective in English-
French MT. The second type is the current mainstream
method; it has complex definitions of reordering orientations
and discrimination of reordering orientations. The methods
of predicting reordering orientations are various from simple

maximum likelihood to complex maximum entropy model
[15, 16]. Li et al. proposed a DNN reordering model to
discriminate reordering orientations [17]. The third type of
reordering model uses information on syntax or grammar
among different language pairs. This type of methods is gen-
erally used in the process of decoding and takes advantage of
grammar rules to limit the words order of translation results.
It seems like the rule-based machine translation model.
For example, both of Xiao et al. and Wang et al. used the
syntactic information of Chinese language to direct reorder-
ing operations [18, 19].

This paper presents a reordering table filtering model to
improve the reordering ability of MT; our method optimizes
reordering model belonging to the second type which is the
most popular method for researchers [15–17]. This type of
reordering model includes two factors: reordering orienta-
tions and the score of reordering orientations.The reordering
orientations refer to the discrimination of join orders in two
consecutive bilingual phrase pairs. The common reordering
orientations are monotone, swap, and discontinuous. The
discontinuous reordering orientation also can be divided into
discontinuous monotone and discontinuous swap. Figure 2 is
an example of reordering orientations with respect to the
adjacent phrases. For example, the word “minister” is mono-
tonous to its prior word. Formula (1) is the definition of four
orientations: monotone, swap, discontinuous monotone, and
discontinuous swap:

𝑂𝑖 =

{{{{{{{
{{{{{{{
{

monotone, 𝑎𝑏2 ⋅𝑟𝑓 − 𝑎𝑏1 ⋅𝑟𝑙 = 1
swap, 𝑎𝑏2 ⋅𝑟𝑙 − 𝑎𝑏1 ⋅𝑟𝑓 = −1
discontinuous monotone, 𝑎𝑏2 ⋅𝑟𝑓 − 𝑎𝑏1 ⋅𝑟𝑙 > 1
discontinuous swap, 𝑎𝑏2 ⋅𝑟𝑙 − 𝑎𝑏1 ⋅𝑟𝑓 < −1,

(1)

where O denotes orientation type, b denotes the block (word
or phrase), and a denotes the location in original sentence.
The monotone orientation is an example that the location of
the first word in second block follows the location of the last
word in first block; other orientations follow the same princi-
ple. The way to score reordering orientations is a problem on
pattern recognition, which can be solved by a simplemethod:
accumulate the number of same rules and count the fre-
quency of their occurrence. Meanwhile, we can take advan-
tage of the machine learning model such as Naive Bayes
model, maximum entropy model, or deep neural network
model to discriminate reordering orientation in recent years.

All in all, the second type of reordering model treats
reordering as a machine learning problem. A good machine
learning system needs two points: training data with good
quality and machine learning model of high performance.
Unlike most of the previous reordering models that focus on
machine learningmodel optimization, ourmethods optimize
the training data. The previous works are useful, except
in environments where memory and time constraints are
imposed. Because of independence, our reordering table fil-
tering model based on DNN can efficiently adapt to different
reordering models. This paper optimizes the training set of
machine learningmodels (reorderingmodel) by DNN, so the
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Figure 2: An example of reordering orientations with respect to the adjacent phrases.

time consumption of decoding and the quality of translation
in MT is improved.

3. Reordering Table Filtering Model
Based on DNN

The work flow of our model is shown as Figure 3. Firstly, we
preprocess the reordering table to get an adaptable dataset.
Secondly, we use generative model called recursive autoen-
coder to generate a continuous space representation which
treats a rule as a dense real-valued vector. Thirdly, another
discriminative model called multilayer perceptron (MLP) is
used to score the orientation of each rule. Finally, according to
the orientation score of each rule, we select the final reorder-
ing rule through the strategy of minimum difference. We use
the stochastic gradient descent to adjust the parameters of
whole model; stochastic gradient descent is a good way to
adjust parameters [20–22]. Here, we first introduce the text
preprocessing of original reordering table and then describe
the construction of autoencoder-based generative model and
MLP-based discriminative model as well as the filtering
strategy based on minimum difference.

3.1. Text Preprocessing. Figure 1 is an example that shows the
reordering table in Moses systems. These rules are extracted
from various corpus and vary in quality. It is a large and
redundancy dataset. Furthermore, because computation con-
sumption of DNN is enormous, too large training set is easy
to cause too much computations and hard to achieve conver-
gence. Therefore, we need to preprocess the reordering table
before training ourmodel. In view of various reordering rules
from different models, we summarize these general charac-
teristics of reordering table:

(1) Same rules account for about 30 percent of the total
number.

(2) There aremany short rules,most of themcanmerge to
their corresponding long rules, the rule whose length
below five is about eighty percent of the total number
(the maximum rule length is 7).

(3) There are many noise and useless data.
(4) More than 90 percent of rules with only one word are

ambiguous of reordering orientations.

Rule vector

RAE RAE

Rule

MLP

Orientation

Minimum difference

Result +/−

Word
1vector

Word
vector2

Word
vector3

Figure 3: The work flow of DNN-based reordering table filtering
model.

According to the descriptions from 1 to 4, this paper deals
with the reordering table as follows:

(1) Adding an attribute to every reordering rule in order
to record the number of this rule, especially for rules
with one word

(2) Deleting redundancy rules and only saving one aswell
as recording the total number of this reordering rule

(3) In order to accelerate training, combining some short
rules to long rule in situation as shown in Table 1, then
accumulating their number

For example, if rule 1 is “𝐴, 𝐵,𝑀,𝑀” and rule 2 is
“𝑋𝐴,𝑌𝐵,𝑀,𝑀,” which means the phrase pair “𝐴, 𝐵” is
monotonous with their prior and following phrases, and rule
2 reveals this situation, we combine them together. Table 1
shows the rules in reordering table which can be merged.
In Table 1, “𝑂1” determine orientation with respect to prior
phrase and “𝑂2” determine orientationwith respect to follow-
ing phrase. “TIPs” denotes which special orientations should
appear.
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Word vector

Encoding Encoding

Encoding

Encoding

Prediction
error Softmax

Reordering orientation

x1 x2 x3

y2 = f𝜃 (𝜔2[y1; x3] + b2)

y1 = f𝜃 (𝜔1[x1; x2] + b1)

Figure 4: An illustration of the generative model based on ARE.

Table 1: The rules in reordering table can be merged.

RULE1 RULE2 TIPs
𝐴, 𝐵, 𝑂1, 𝑂2 𝑋𝐴,𝑌𝐵,𝑂3, 𝑂2 𝑂1 = 𝑀
𝐴, 𝐵, 𝑂1, 𝑂2 𝐴𝑋, 𝐵𝑌,𝑂1, 𝑂3 𝑂2 = 𝑀
𝐴, 𝐵, 𝑂1, 𝑂2 𝑋𝐴𝑊,𝑊𝐵𝑉,𝑂3, 𝑂4 𝑂1 = 𝑀 and 𝑂2 = 𝑀

This paper focuses on how to filter reordering rule with
wrong reordering orientations. The details of DNN-based
classifier which is trained to reconsider the reordering score
table are described in the following sections. The aim of our
model is to select high-quality rules to retrain the reordering
model and improve the quality of translation.

3.2. The Classified Model of Reordering Rules Based on DNN.
The reordering table filtering algorithm consists of two
components: a generative model and a discriminative model.
In generative model, we use RAE (recursive autoencoder) to
embed reordering rule. In discriminativemodel, MLP is used
to score the orientation of each of the rules. RAE provides a
reasonable composition mechanism to embed each rule and
MLP is a simple but effective classifier based on deep learning
[23, 24].

It is a classification issue that scores orientations of rules
in reordering table. For example, if a reordering model has
two reordering orientations such as monotone and swap,
there are four types in reordering table: “swap, monotone,”
“monotone, swap,” “swap, swap,” and “monotone, monotone.”
In addition, the length of rules in reordering table generally
is less than ten, so filtering reordering table can be seen as
a classification problem of short texts. The problem of short
text classification is not a trivial one. Since the feature vectors
of text are always high dimension and sparseness, the result
of short text classification is far from satisfactory.

Autoencoder can simulate human brain and combine
high dimension of features in a nonlinear way to obtain the

low dimension of abstract features [25–27]; it is an advanced
model of machine learning. MLP accepts input vectors and
can easily enhance classifying performance by adding hide
layers [28].

3.2.1. Word Embedding. The reordering rules consists of
source phrase, target phrases, and the reordering orienta-
tions. In rule embedding process, the word vector is the basis
and serves as the input to the generativemodel. After learning
word embedding, all vectors are stacked into an embedding
matrix 𝐿 ∈ 𝑅𝑛×|𝑉|, and each word in our vocabulary 𝑉
corresponds to a vector 𝑥 ∈ 𝑅𝑛.

Given a reordering rule which is an ordered list of 𝑚
words, each word has a column index 𝑖 of the embedding
matrix 𝐿. The index 𝑖 is used to retrieve the word’s vector
representation using a simple multiplication with a one-hot
vector 𝑒which is zero in all positions except for the 𝑖th index:

x𝑖 = 𝐿𝑒𝑖 ∈ 𝑅𝑛. (2)

According to previous researches [13], 𝑛 is usually set
empirically, such as n = 50, 100, 200.

3.2.2. Generative Model. Generator is a semisupervised rule
embedding model which can learn vector representation and
can be well adapted to the given label. Assuming we are
given a reordering rule, it is first projected into a list vectors
(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑚) by using formulation(2). The RAE learns
the rule vector representation by recursively combining two
children word vectors in a bottom-up manner. As shown in
Figure 4, the recursive autoencoder accepts input data and
works. The details are as follows:

(1) Putting a nonlinear change on the input vector, we
choose an element-wise activation function such as
𝑓 = tan ℎ( ) and obtain the encoding result 𝑦 through
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it. This step is called encoding, as shown in formula
(3). We should notice that 𝑥 at here means [𝑐1; 𝑐2] ∈
𝑅2𝑛×1 and matrix 𝑤 here means 𝑤 ∈ 𝑅𝑛×2𝑛, so that
𝑤𝑥 is still a vector with the same dimension as input
vector and so does 𝑦:

𝑦 = 𝑓𝜃 (𝜔𝑥 + 𝑏) . (3)

(2) The encoding result 𝑦 is restructured by decoder and
outputs its corresponding vector 𝑧. 𝑊𝑇 is transposi-
tion of𝑊; both 𝑏 and 𝑏 are offset. This step is called
decoding, as shown in the following formula:

𝑧 = 𝑔𝜃 (𝑦) = 𝑎 (𝑊𝑇𝑦 + 𝑏) . (4)

(3) We use regularization cost function to estimate the
similarity between 𝑥 and 𝑧. This step is called estima-
tion, as shown in the following formula:

𝐿 (𝑥, 𝑧) = 𝐾𝐿 (𝑥 ‖ 𝑧) + 𝑎
|𝜃|

∑
𝑖=0

𝜃𝑗
 . (5)

(4) We use stochastic gradient descent algorithm to
update the parameters to minimize the cost function
between 𝑥 and 𝑧. This step is called optimization, as
shown in the following formulas:

𝑊← 𝑊 − 𝑙 × 𝜕𝐿 (𝑥, 𝑧)
𝜕𝑊

𝜃∗ = arg min {𝐿 (𝑥, 𝑧)}
= arg min {𝐿𝑥, 𝑔𝜃 (𝑓𝜃 ((�̃�)))} .

(6)

(5) 𝑦 which extracted from above four steps is the rule
feature vector, and then add some noise to 𝑦 as input
vector to encoding.The deep recursive autoencoder is
obtained by using above four steps for many circula-
tions. To avoid too much calculations, the number of
iteration is set to 50–80.

The deep network has good characteristics to abstrac-
tion and feature extraction. The above RAE is completely
unsupervised and can only induce general representation of
the multiword. Here we add a softmax layer to extend the
original RAEs to a semisupervised model. At the last layer,
the objective function includes the reconstruction error and
the prediction error, as shown in the following formula:

𝐸 (𝑋, 𝑇; 𝜃) = 𝛼𝐸rec (𝑥, 𝑡; 𝜃) + (1 − 𝛼) 𝐸pred (𝑥, 𝑡; 𝜃) . (7)

3.2.3. Discriminative Model. After obtaining abstract vectors
from RAE, we use MLP as classifier to implement reordering
rule classification. Like common MLP, our discriminative
model consists of input layer, hide layers, and output layer.
Input layer accepts abstract vectors from RAE, hides layers
consisting of neurons whose activation function is 𝑓 =
tan ℎ( ), and extracts features from input, and output layer is
a softmax layer. The number of units in output layer is equal
to the number of reordering orientations. Softmax regression

Softmax

Output
orientation

Real
orientation

Rule vector

Prediction
error

ℎ2

ℎ1

W2

W1

Figure 5: A flow diagram of the reordering discriminative model
based on MLP.

is a multiple classification of logistic regression; formula (8)
shows the definition of softmax function:

𝑃 (𝑦 = 𝑜 | 𝑥) = softmax (𝑤𝑜𝑇𝑥) =
𝑤𝑜𝑇𝑥

exp (∑𝑜𝑖=1 𝑤𝑖𝑇𝑥)
. (8)

Every component of the output is a score corresponding
to the reordering orientation probability according to input
rule. After adding softmax layer, we use the pretrained
weights as initial weights and minimize supervised cost
between the output probability and real reordering orienta-
tion probability to modify overall parameters of the network.
Figure 5 is a flow diagram of the reordering classification
model based on MLP.

3.3. Filtering Strategy. After above steps, we can obtain a
DNN-based classifier which accurately outputs each reorder-
ing orientation score of reordering rules. This paper defines
a standard estimation to evaluate the quality of reordering
rules; it is represented by the following formula:

accuracy (𝑦𝑖) = [(max (score𝑖)) − score𝑖 (𝑂𝑠)] , (9)

where max(score𝑖) refers to the maximal distributed score
of the DNN-based classifier and also the most reasonable
reordering orientation of the reordering rule. score𝑖(𝑂𝑠)
refers to the probability of original reordering orientation in
the DNN-based classifier. In other words, the accuracy of
reordering orientation refers to the different value of reorder-
ing orientation probability between original reordering ori-
entation and the most reasonable reordering orientation in
classifier.When this value is equal to zero, it indicates that this
reordering rule is positive because the reordering orientation
in original reordering table is the same with the most rea-
sonable reordering orientation in classifier.

For example, a reordering orientation in original reorder-
ing table is “monotone, monotone,” and the most reasonable
reordering orientation in classifier is also “monotone, mono-
tone,” so the accuracy of reordering orientation is zero and
this rule is positive.
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Table 2: The corpus of our experiments.

Category Training set Development set Test set
Uyghur-Chinese 139,792 1,100 1,000
English-Chinese 7780,000 1,000 1,100

Filtering strategy based on minimum difference refers to
use DNN-based classifier to calculate the accuracy of every
rule in reordering table and then rerank reordering rule
by accuracy score in ascending order. Finally, we choose a
scale of reordering table according to the quality of original
training corpus. In general case, we select sixty percent of the
original reordering table whose performance is comparative
with original reordering table.

4. Experiments

We applied the proposed model to phrase-based machine
translation systems to evaluate its performance. Our exper-
iments include English-Chinese and Uyghur-Chinese trans-
lation.

4.1. Settings. The corpus come from the CWMT 2015 public
evaluation datasets and we use English-Chinese and Uyghur-
Chinese corpus in news domain as our research objects.
Since our model is used to machine translation decoding, we
divided the corpus into three parts: training set, test set, and
development set. The details of corpus are shown in Table 2.
The parallel English-Chinese training data from CWMT
contains 77.8M sentence pair. The parallel Uyghur-Chinese
training data from CWMT contains about 0.14M sentence
pair. The development set of English-Chinese contains 1 K
sentences. The development set of Uyghur-Chinese contains
1.1 K sentences. Both test sets ofUyghur-Chinese andEnglish-
Chinese contain 1 k sentences.

We firstly pretrain the word embedding with toolkit Gen-
sim (https://is.muni.cz/publication/884893/en) on training
set. For the dimensionality, we set it as 50.Then the reordering
rule representation is learned by a RAE model shared by
Socher (https://github.com/jeremysalwen/ParaphraseAuto-
encoder-octave) in GitHub. We empirically set the learning
rate as 0.01. The discriminative model that is chosen by us
is implemented by Theano (http://deeplearning.net/tutorial/
mlp.html#mlp). The MLP is a deep learning network includ-
ing four layers; the number of neurons in each layer, respec-
tively, is 50, 80, 80, and n. The number of neurons in input
layer is decided by the dimension of word embedding; the
number of neurons in output layer is decided by the types
of reordering orientation. Besides, we set learning rate as 0.1
and weight penalty factor as 0.0002 in stochastic gradient
descent algorithm.

The proposed method was executed on a computer with
Moses 2.1 (http://www.statmt.org/moses/), 4 GB memory,
and Ubuntu 12.04. The word alignment tool which we
selected is open source GIZA++ and then we use the strategy
of “grow-diag-final-and” to implement many-to-many word
alignments. The maximal extracted phrase length is 7 and
the reordering model is selected as the variate in various

experiments. In process of tuning parameters, we use MERT
method to optimize arguments. In addition, we use SRILM to
training two 5-gram languagemodels on eachChinese corpus
and estimate parameters according toKneser-Ney smoothing
algorithm. The evaluation metric of machine translation is
case-insensitive BLEU-4 scores [29].

In order to compare with various reorderingmethods, we
take two experiment tasks of English-Chinese and Uyghur-
Chinese into consideration.The settings of both experiments
are the same and we also set five small groups in these two
experiments; the details are as follows.

Baseline. We use default distance penalty model as our
reordering model to train translation model; this test has no
reordering table.

MSD. We use the option “phrase-msd-bidirectional-fe” as
reordering model to train translation model; “phrase”
denotes this is a phrase-basedMTmodel; “msd” denotes that
this model has three orientations: monotone, swap, and
discontinuous; “bidirectional” denotes that this model deter-
mines orientation with respect to both following and prior
phrase; “fe” denotes that this model conditions on both the
source and target languages.

MSD F. We firstly use the option “phrase-msd-bidirectional-
f ” as reordering model to train translation model, and then
utilize our proposed filtering model to select 80, 60 and 40
percent size of original reordering table respectively. Finally,
the filtered reordering table are used to retrain the reordering
model which would be used in decoding.

MSLR. We use the option “phrase-mslr-bidirectional-fe” as
reordering model to train translation model. All parameters
are the same means with above. Besides, “mslr” denotes that
this reordering model has four orientations:monotone, swap,
discontinuous-left, and discontinuous-right.

MSLR F. We use the option “phrase-mslr-bidirectional-f ” as
reordering model to train translation model and then utilize
our proposed filtering model to select 80, 60, and 40 percent
size of original reordering table, respectively. Finally, the
filtered reordering table is used to retrain the reordering
model which would be used in decoding.

4.2. Results. Tables 3 and 4 demonstrated the experiment
results of English-Chinese and Uyghur-Chinese machine
translation system, respectively. Figures 6 and 7 showed the
currency of average BLEU score on Uyghur-Chinese and
English-Chinese MT, respectively. In Figures 6 and 7, the
numbers 1–9 denote the 9 small groups in our experiments.
According to the results of experiments, we can draw follow-
ing conclusions.

The performance of machine translation systems gets
improvement by applying the reordering table filteringmodel
based on DNN. Compared with the original reordering
model, the pruned one needs less space but is more useful.
The BLEU score gains 0.15 improvement on average while the
size of reordering table is 80 percent of original reordering

https://is.muni.cz/publication/884893/en
https://github.com/jeremysalwen/ParaphraseAutoencoder-octave
https://github.com/jeremysalwen/ParaphraseAutoencoder-octave
http://deeplearning.net/tutorial/mlp.html
http://deeplearning.net/tutorial/mlp.html
http://www.statmt.org/moses/
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Table 3: Experiment results of Uyghur-Chinese MT.

Group Size of reordering table Development set Test set Average
Baseline N/A 35.72 35.14 35.43
MSD 645MB 37.05 36.34 36.70

MSD F
516MB 37.20 36.58 36.89 (+0.19)
387MB 37.22 36.70 36.96 (+0.26)
387MB 36.83 36.23 36.53 (−0.17)

MSLR 756MB 37.12 36.44 36.78

MSLR F
605MB 37.25 36.68 36.97 (+0.19)
454MB 37.45 36.77 37.11 (+0.33)
302MB 37.01 36.23 36.62 (−0.16)

Table 4: Experiment results of English-Chinese MT.

Group Size of reordering table Development set Test set Average
Baseline N/A 29.45 30.12 29.79
MSD 5084MB 30.13 30.35 30.24

MSD F
4067MB 30.25 30.41 30.33 (+0.9)
3050MB 30.30 30.48 30.39 (+0.15)
2033MB 29.80 30.20 30.00 (−0.33)

MSLR 5763MB 30.15 30.35 30.25

MSLR F
4610MB 30.31 30.42 30.37 (+0.12)
3457MB 30.55 30.51 30.53 (+0.28)
2305MB 30.06 30.21 30.14 (−0.23)
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Figure 6: The currency of average BLEU score on Uyghur-Chinese
MT.

table; the BLEU score can gain 0.23 on average improvement
while the size of reordering table is just 60 percent of original
reordering table. However, the BLEU score reduces 0.22 on
average when the size of reordering table is 40 percent of
original reordering table. In addition, the best performance
of Uyghur-Chinese machine translation system obtains the
improvement of 0.33 BLEU score, and English-Chinese MT
is 0.28.

Influence of our model on machine translation varies on
different language pair. In experiment, the improvement of
English-Chinese machine translation is not so obvious com-
pared with Uyghur-Chinese. As we can see from the result,
the former gets less improvement than the latter. The reason
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Figure 7: The currency of average BLEU score on English-Chinese
MT.

is probably that grammatical differences betweenUyghur and
Chinese aremore thanEnglish andChinese, so the reordering
problems in Uyghur-Chinese MT are more prominent than
English-Chinese MT. Therefore, the performance of our
model is better for MT with more grammatical differences.

Our model gets more improvements with more types of
reordering orientations.We can see fromTable 3 that reorder-
ing model with four orientations gains 0.26 improvement on
average, and the reordering model with three orientations
gains 0.225; this situation happened again in Table 4. The
reasonmay be that orientations discrimination by reordering
model with four orientations is more dependent on the qual-
ity of the training set than the reordering model with three
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orientations. And filtering the reordering table by our DNN
model helps enhance the accuracy of classifierwhich discrim-
inate the orientation when decoding.

Besides, our model is also influenced by the correlation
between training set and test set. We found that the average
BLEU score in development set is higher than test set in
English-Chinese MT; this situation is opposite to Uyghur-
Chinese MT, which means the training data has more corre-
lations with test set than development set in English-Chinese
MT.On the contrary, the BLEU score gains 0.19 improvement
on development set and 0.16 improvement on test set on
average in English-Chinese MT. The same situation happens
inUyghur-ChineseMTwhose development set hasmore cor-
relations with training data and gains less improvement than
test set. As deep neural network is more powerful on filtering
noise data than traditional machine learning methods, it
means our model prefers dirty data than clean data. On the
other words, our model is more suitable for MT whose test
data has less correlation with training data.

Finally, we found that our model can achieve best perfor-
mance when the size of filtered reordering table is 60 percent
of original reordering table. The reason is that the selected
reordering rules can cover original reordering table and
obtain more accurate probability of reordering orientations
with this proportion. When the size of original reordering
table was reduced to 40 percent, some reordering knowledge
has been dropped. While the size of original reordering table
retains 80 percent, the improvements are not so obvious
because the difference between the original reordering table
and filtered reordering table is too little.

All in all, this model is suitable for machine translation
systems based on arbitrary language pair when the machine
translation generates reordering table in the process of train-
ing. Our model can improve the quality of machine transla-
tion in the situation of reducing the scale of reordering table
and speed up the decoding process.

5. Conclusion

This paper proposed a reordering table filtering model based
on deep neural network to improve the problems of reorder-
ing in Statistical Machine Translation. The proposed model
is evaluated on the field of Uyghur-Chinese and English-
Chinese machine translation. The experiment results show
that the quality of machine translation in Uyghur-Chinese
and English-Chinese obtains obvious improvements when
using the new filtered reordering table in decoding process
and the reordering ability gets improved.

To enhance the speed and accuracy of decoding in SMT,
we optimize the reordering model by pruning reordering
table. Reordering table consists of reordering rule and its
corresponding orientation. Our method firstly filters the
original reordering table by DNN-basedmodel and then uses
the filtered reordering rule to retrain the reordering model.

The paper focuses on reordering table, so the method
we proposed can be used in any machine translation sys-
tems generating reordering table. However, not all machine
translation systems generate reordering table, such as the
translation model based on syntax. Meanwhile, our model is

independent of reordering model and the ability of reorder-
ing relies on the performance of reordering model. In future
work, we plan to merge the reordering model based on DNN
to PBMT as a feature function.
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Since the recursive nature of Kalman filtering always results in a growing size of the optimization problem, state estimation is
usually realized by use of finite-memory, receding horizon, sliding window, or “frozen” techniques, which causes difficulties on
stability analysis. This paper proposes a novel method on selection of an initial covariance matrix and a horizon for the Kalman
filter to make sure that a sequence of the closed-loop Kalman filters are stable as time-invariant filters at subsequent time instant.
Convergent properties of Riccati Difference Equation (RDE) are first exploited. Based on these properties, sufficient conditions
for stability of a sequence of Kalman filters are obtained. Compared with the existent literature, the convergent properties and the
stability conditions are less conservative since they provide analytic results and are applicable to more common cases where the
RDEs are not monotonic.

1. Introduction

In most industrial control applications, the state variables
cannot be directly measured, which necessitates state estima-
tion based on the output measurements during the process
of state feedback controller design [1, 2]. Among many
different kinds of filters, Kalman filter has been widely used
in numerous applications to estimate state for systems with
noisy measurements and unmeasured process disturbances
including signal processing [3], power electronics [4], and
navigation [5]. Essentially it provides an optimal recursive
solution for the least square state estimation problem and
its theoretical properties including stability and performance
have been well addressed in many papers.

In the standard Kalman filter, however, the optimal state
estimate at current time is determined recursively from
the optimal state estimate and output measurement of the
previous time instants.This immediately results in a problem
of complexity. Since more measurements become available as
time goes on, the estimator has to process more data, which
leads to a growing size of the problem. In many applications

for embedded implementations where memory limitations
have to be considered, alternative methods are proposed by
use of finite-memory, receding horizon, or sliding window
techniques to overcome this shortage. The basic idea is to
maintain a constant length of time window and update the
information by discarding the oldest sample as the new
measurement comes, which keeps the problem size bounded
when more measurements are available. In such case, perfor-
mance and stability issues have to be restudied; see [6, 7].

The Riccati equation, as a fundamental tool in linear
optimal control [8] and filtering theory, performs important
role during the performance and stability analysis of different
variations of the Kalman filter. Starting from 1970s, [9] solves
the optimal control problem of linear systems with respect
to quadratic performance criteria analytically by use of the
algebraic Riccati equation. Reference [10] establishes mini-
mality convergence, uniqueness, and stability concerning the
discrete-time matrix Riccati equation and proves the policy
space approximation. And [11] addresses the convergence
properties of the solution of RDE with a special attention to
systems that are not stabilizable in the filtering sense. The
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results are applicable to many filtering or control problems of
systems with deterministic disturbances. Motivated by filter-
ing problems in short-time Fourier analysis, [12, 13] provide
a method to guarantee the exponential asymptotical stability
of a sequence of the Kalman filters generated from RDE by
selecting appropriate initial covariance matrix through the
monotonic properties. The results are later extended to the
nonmonotonic case in [14]. And [15] summarizes connec-
tions between various Riccati equations and the closed-loop
stability of linear quadratic optimal control and estimation.
Till recently, the Riccati equation has also been applied into
addressing distributed estimation problems [16]. By studying
the convergence of the estimation error process, distributed
Kalman filter is proposed for potentially unstable and large
linear dynamic systems.

The current paper is concerned with convergent proper-
ties of RDE and its application to closed-loop stability analysis
of Kalman filters as time-invariant filters. Different frommost
of the previous stability results that rely on the monotonic
properties of RDE, a novel convergent property of RDE is
first presented for an arbitrary initial positive definite matrix.
Further convergent properties of RDE are exploited. Based on
these properties, detailed stability analysis is performed. The
results provide insights on how to select an initial covariance
matrix and a horizon 𝑁 such that the sequence of Kalman
filters generated by RDE is stable as long as the filter has a
longer horizon than𝑁. The results have potential application
in solving the stability of other types of state estimators.

Compared with the existent literature, the main contri-
butions of the paper are as follows: (1) novel convergent
properties of RDE are exploited. (2) As an application,
sufficient conditions on stability of a sequence of closed-
loop Kalman filters are provided. (3) The results are less
conservative since they are analytic and do not rely on the
monotonic properties of solutions of RDE.

This paper is organized as follows. Section 2 provides the
preliminaries. General convergent properties of the RDE are
discussed in Section 3. Stability analysis of Kalman filters is
addressed in Section 4. Section 5 concludes this paper.

2. Preliminaries

Consider a linear discrete-time stochastic system described
as follows:

x𝑖+1 = 𝐹x𝑖 + 𝐺w𝑖,
y𝑖 = 𝐻x𝑖 + k𝑖,

(1)

where x ∈ R𝑛 is the state and y ∈ R𝑝 is the measured output.
We make the following assumption concerning system (1).

Assumption 1. w𝑖 and k𝑖 are zero mean, white, mutu-
ally independent Gaussian noise processes with covariance
𝐸 {( w𝑖k𝑖 ) (w𝑇𝑗 k𝑇𝑗 )} = ( 𝑄 00 𝑅 ) 𝛿𝑖𝑗, where 𝑄 and 𝑅 are positive
definite matrices (𝑅 > 0, 𝑄 > 0).

The aim of an estimator is to predict the optimal state
x𝑖 on the basis of the measured output variables {𝑦𝑘},

𝑘 = 0, . . . , 𝑖−1, and the initial knowledge that x0 is a Gaussian
random variable with mean x0 and covariance 𝑃0.

The standard Kalman predictor is described as

x̂𝑖+1 = 𝐹x̂𝑖 + 𝐾𝑖 (y𝑖 − 𝐻x̂𝑖) , (2)

where Kalman gain is given by

𝐾𝑖 = 𝐹𝑃𝑖𝐻𝑇 (𝐻𝑃𝑖𝐻𝑇 + 𝑅)−1 (3)

and 𝑃𝑖 is the solution of the discrete filtering RDE

𝑃𝑖+1 = 𝐹𝑃𝑖𝐹𝑇 − 𝐹𝑃𝑖𝐻𝑇 (𝐻𝑃𝑖𝐻𝑇 + 𝑅)−1𝐻𝑃𝑖𝐹𝑇 + 𝑄 (4)

solved forwards in time with initial conditions x0, 𝑃0. The
closed-loop state transition matrix of the Kalman filter is

𝐹𝑖 = 𝐹 − 𝐹𝑃𝑖𝐻𝑇 (𝐻𝑃𝑖𝐻 + 𝑅)−1𝐻 = 𝐹 − 𝐾𝑖𝐻. (5)

Note that if 𝑃0 ≥ 0, then the solution 𝑃𝑖 of (4) is nonnegative
definite for all 𝑖. This follows easily by rewriting (4) as

𝑃𝑖+1 = (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)𝑇 + 𝐾𝑖𝑅𝐾𝑇𝑖 + 𝑄. (6)

The following assumption is made to make sure that
the corresponding algebraic Riccati equation (ARE) has the
unique nonnegative definite solution.

Assumption 2. (𝐻, 𝐹) is detectable, (𝐹, 𝑄1/2) is stabilizable,
and𝐻 has full rank.

Remark 3. According to [15], if Assumptions 1 and 2 hold for
system (1), then the solution of the RDE (4) satisfies

lim
𝑖→∞

𝑃𝑖 = 𝑃 > 0,
lim
𝑖→∞

𝐾𝑖 = 𝐾,
(7)

where 𝑃 is the positive definite solution of the following
algebraic Riccati equation (ARE):

𝑃 = 𝐹𝑃𝐹𝑇 − 𝐹𝑃𝐻𝑇 (𝐻𝑃𝐻𝑇 + 𝑅)−1𝐻𝑃𝐹𝑇 + 𝑄, (8)

where

𝐾 fl 𝐹𝑃𝐻𝑇 (𝐻𝑃𝐻𝑇 + 𝑅)−1 . (9)

This indicates that the sequences {𝐾𝑖}𝑖∈N>0 and {𝑃𝑖}𝑖∈N>0 are
bounded.

The following lemma characterizes the monotonic prop-
erty of RDE, which plays important role in stability analysis
of optimal filters.

Lemma 4 (see [13]). For the dynamic system (1) satisfying
Assumptions 1 and 2 and 𝑃𝑖 coming from RDE (4), if 𝑃𝑖 ≥ 𝑃𝑖+1
(𝑃𝑖 ≤ 𝑃𝑖+1) holds for any 𝑖 ≥ 0, then we have 𝑃𝑖+𝑘 ≥ 𝑃𝑖+𝑘+1
(𝑃𝑖+𝑘 ≤ 𝑃𝑖+𝑘+1) for all 𝑘 ≥ 0.
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The results above only show the monotonic behavior of
the sequence {𝑃𝑖}. However, the more common case is that 𝑃0
might be an arbitrary nonnegative definite matrix, in which
case these results may no longer hold.

In the following section, novel convergent properties
of RDE are exploited, which is applicable to an arbitrary
positive definite matrix 𝑃0. The properties are quantitative
and analytic compared with the previous results and can
include them as special cases.

3. Convergent Properties of RDE

More general convergent properties of {𝑃𝑖}will be introduced
in this section, some of which have been mentioned in
[17]. The following lemma shows that, for any two of the
positive definite matrices, upper and lower bounds of the
ratio between the two matrices can be analytically expressed
in terms of a constant 𝛾 > 1 and two nonnegative constants 𝑐1
and 𝑐2.The detailed proof is provided in [17]. In the following,
we just provide a brief proof in order to keep the completeness
and continuity of this paper.

Lemma 5 (see [17]). Let 𝛾 > 1 be arbitrary. For any posi-
tive definite matrices Φ1 and Φ2, there are two nonnegative
constants 𝑐1 fl 𝑐1(𝛾, Φ1, Φ2) and 𝑐2 fl 𝑐2(𝛾, Φ1, Φ2) such that
the following inequality holds:

𝛾 − 1
𝛾 − 1 + 𝑐1Φ1 ≤ Φ2 ≤

𝑐2 + 𝛾 − 1
𝛾 − 1 Φ1. (10)

Proof. Denote Φ = Φ−1/21 Φ2Φ−1/21 , which is also a positive
definite matrix. The following inequality holds:

𝜆min (Φ)Φ1 ≤ Φ2 ≤ 𝜆max (Φ)Φ1. (11)

Let

𝑐1 = max{0, ( 1
𝜆min (Φ) − 1) (𝛾 − 1)} ,

𝑐2 = max {0, (𝛾 − 1) (𝜆max (Φ) − 1)} .
(12)

A simple calculation shows that

𝛾 − 1
𝛾 − 1 + 𝑐1Φ1 ≤ 𝜆min (Φ)Φ1 ≤ Φ2,
𝛾 − 1

𝛾 − 1 + 𝑐2Φ1 ≥ 𝜆max (Φ)Φ1 ≥ Φ2.
(13)

This completes the proof.

According to the RDE (6), it is obvious that 𝑃𝑖 ≥ 𝑄 holds
for all 𝑖 > 0. By use of inequality techniques, the following
proposition proves the existence of a constant 𝛾 > 1, which
will be used to quantify the convergent speed of the sequence
{𝑃𝑖}.
Proposition 6. For a dynamic system (1) satisfying Assump-
tions 1 and 2, there exists a constant 𝛾 > 1 such that for any

fixed𝑀 ∈ N>0 and 𝑃𝑖 coming from the RDE (4), the following
inequality holds for all 𝑖 = 0, . . . ,𝑀 − 1:

𝑃𝑖+1 − 𝛾 (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)𝑇 ≥ 0, (14)

where 𝐾𝑖 is defined in (3).

Proof. For any 𝑘 = 0, . . . ,𝑀 − 1, the RDE equation (6) yields
the following inequality:

𝑃𝑖+1 − (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)𝑇 ≥ 𝑄 > 0
⇒ 𝑃𝑖+1 − (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)𝑇
≥ 𝑃1/2𝑖+1 (𝑃−1/2𝑖+1 𝑄𝑃−1/2𝑖+1 ) 𝑃1/2𝑖+1 .

(15)

As mentioned in Remark 3 that {𝑃𝑖} is bounded, there exists
a constant 𝜅 such that 0 < 𝑄 ≤ 𝑃𝑖 ≤ 𝜅𝐼 holds for all 𝑖 > 0. Let

Γ fl
1
𝜅 ⋅ 𝑄,

𝜎 = 𝜆min (Γ) .
(16)

It can be seen that

𝑃−1/2𝑘+1 𝑄𝑃−1/2𝑘+1 ≥ 1
𝜅 ⋅ 𝑄 = Γ ≥ 𝜎𝐼𝑛×𝑛, (17)

which leads to

𝑃𝑖+1 − 1
1 − 𝜎 (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)

𝑇 ≥ 0, (18)

by substituting (17) into inequality (15). The proof is com-
pleted by selecting 𝛾 fl 1/(1 − 𝜎) and verifying 𝛾 > 1.

With the help of Proposition 6, the next proposition
provides convergent properties of {𝑃𝑖} in terms of constants
𝛾, 𝑐1, and 𝑐2. It is assumed that 𝑃0 > 0. Similar results can be
obtained for the case that 𝑃0 = 0.
Proposition 7. Consider system (1) satisfying Assumptions 1
and 2 and 𝑃0 and 𝑃1 from RDE (4), and there exist a constant
𝛾 > 1 and two nonnegative constants 𝑐1 = 𝑐1(𝛾, 𝑃0, 𝑃1) and𝑐2 = 𝑐2(𝛾, 𝑃0, 𝑃1) such that for any given fixed 𝑀 ∈ N>0 the
following inequality holds:

𝛽
𝑖
𝑃𝑖 ≤ 𝑃𝑖+1 ≤ 𝛽𝑖𝑃𝑖, 𝑖 = 0, . . . ,𝑀 − 1, (19)

where

𝛽
𝑖
fl

𝛾𝑖 (𝛾 − 1)
𝛾𝑖 (𝛾 − 1) + 𝑐1 ;

𝛽𝑖 fl 𝛾𝑖 (𝛾 − 1) + 𝑐2
𝛾𝑖 (𝛾 − 1) .

(20)

Proof. Since the proofs of both sides are similar, we only prove
the right side of the inequality. According to Proposition 6, it
follows that

𝑄 + 𝐾𝑖𝑅𝐾𝑇𝑖 ≥ (𝛾 − 1) (𝐹 − 𝐾𝑖𝐻)𝑃𝑖 (𝐹 − 𝐾𝑖𝐻)𝑇 . (21)
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The rest of this part is proved through induction.
The choice of parameters (𝛾, 𝑐1, 𝑐2) shows that inequality

(19) holds for 𝑘 = 0.
Assume that, for any fixed 𝑀, 𝑃𝑘+1 ≤ 𝛽𝑖𝑃𝑖 holds for

𝑖 = 𝑚 (𝑚 = 0, 1, . . . ,𝑀 − 2). In the following part, we
prove that the inequality also holds when 𝑖 = 𝑚 + 1. By
using inequality techniques, RDE can be transformed into the
following inequality:

𝑃𝑚+1 = (𝐹 − 𝐾𝑚𝐻)𝑃𝑚 (𝐹 − 𝐾𝑚𝐻)𝑇 + 𝐾𝑚𝑅𝐾𝑇𝑚 + 𝑄
≥ (𝐹 − 𝐾𝑚𝐻)𝑃𝑚 (𝐹 − 𝐾𝑚𝐻)𝑇 + 𝐾𝑚𝑅𝐾𝑇𝑚 + 𝑄

+ (𝛽𝑚 − 1) (𝛾 − 1)
𝛽𝑚 + 𝛾 − 1

(𝐹 − 𝐾𝑚𝐻)𝑃𝑚 (𝐹 − 𝐾𝑚𝐻)𝑇

− 𝛽𝑚 − 1
𝛽𝑚 + 𝛾 − 1

(𝐾𝑚𝑅𝐾𝑇𝑚 + 𝑄)

= 𝛾𝛽𝑚
𝛽𝑚 + 𝛾 − 1

(𝐹 − 𝐾𝑚𝐻)𝑃𝑚 (𝐹 − 𝐾𝑚𝐻)𝑇

+ 𝛾
𝛽𝑚 + 𝛾 − 1

(𝐾𝑚𝑅𝐾𝑇𝑚 + 𝑄) .

(22)

Since inequality (19) holds at 𝑘 = 𝑚, we have

𝑃𝑚+1 ≤ 𝛽𝑚𝑃𝑚. (23)

Substituting into inequality (22) yields

𝑃𝑚+1 ≥ 𝛾
𝛽𝑚 + 𝛾 − 1

[(𝐹 − 𝐾𝑚𝐻)𝑃𝑚+1 (𝐹 − 𝐾𝑚𝐻)𝑇

+ (𝑄 + 𝐾𝑇𝑚𝑅𝐾𝑚)] .
(24)

According to the Principle of Optimality, it follows that

𝑃𝑚+2 = min
𝐾

{(𝐹 − 𝐾𝐻)𝑃𝑚+1 (𝐹 − 𝐾𝐻)𝑇

+ (𝐾𝑅𝐾𝑇 + 𝑄)} .
(25)

Thus, we have

𝑃𝑚+1 ≥ 𝛾
𝛽𝑚 + 𝛾 − 1

𝑃𝑚+2 = 1
𝛽𝑚+1

𝑃𝑚+2, (26)

which implies the inequality holds when 𝑘 = 𝑚 + 1.
The proof of the left side of inequality (19) is similar and

has been omitted here.

Remark 8. Proposition 7 proposes a quantitative convergent
property of the RDE (4) which has included monotonicity as
a special case. For example,

(1) if 𝑃0 ≤ 𝑃1 holds, we have 𝑐1 = 0 by Lemma 5.
Substituting 𝑐1 into Proposition 7 immediately yields
that 𝑃𝑖 ≤ 𝑃𝑖+1;

(2) if 𝑃0 ≥ 𝑃1 holds, we have 𝑐2 = 0 by Lemma 5.
Substituting 𝑐2 into Proposition 7 immediately yields
that 𝑃𝑖 ≥ 𝑃𝑖+1.

Moreover, the results are able to deal with arbitrary positive
definite matrices of 𝑃0, which is more applicable than the
previous literature.

In the remaining part of this section, more convergent
properties of RDE are exploited. A lemma on comparison of
RDE solutions is introduced, which shows that the difference
between two sequences of RDE solutions also satisfies a new
RDE.

Lemma 9 (see [15]). Consider two RDEs with the same
𝐹, 𝐻, and 𝑅 matrices but possibly different 𝑄’s, 𝑄1, and
𝑄2, respectively. Denote their solution matrices 𝑃1𝑖 and 𝑃2𝑖 ,
respectively.Then, the difference between the two solutions �̃�𝑖 =𝑃2𝑖 − 𝑃1𝑖 satisfies the following RDE:

�̃�𝑖+1 = 𝐹1𝑖 �̃�𝑖𝐹1𝑇𝑖 − 𝐹1𝑖 �̃�𝑖𝐻𝑇 (𝐻𝑃2𝑖 𝐻𝑇 + 𝑅)−1𝐻�̃�𝑖𝐹1𝑇𝑖
+ 𝑄

(27)

or

�̃�𝑖+1 = 𝐹1𝑖 �̃�𝑖𝐹1𝑇𝑖 − 𝐹1𝑖 �̃�𝑖𝐻𝑇 (𝐻�̃�𝑖𝐻𝑇 + �̃�𝑖)−1𝐻�̃�𝑖𝐹1𝑇𝑖
+ 𝑄,

(28)

where

𝐹1𝑖 = 𝐹 − 𝐹𝑃1𝑖 𝐻𝑇 (𝐻𝑃1𝑖 𝐻 + 𝑅)−1𝐻,
𝑄 = 𝑄2 − 𝑄1,
�̃�𝑖 = 𝐻𝑃1𝑖 𝐻𝑇 + 𝑅.

(29)

In order to investigate the further properties, the follow-
ing assumption is made. Novel convergent properties of the
difference between two solutions of RDE are addressed on the
basis of Lemma 9.

Assumption 10. (𝐻, 𝐹) is detectable, (𝐹, 𝑄1/2) is stabilizable,
and𝐻 has full rank.

Proposition 11. Consider two RDEs with the same 𝐹,𝐻, and
𝑅 matrices. Denote their solution matrices 𝑃1𝑖 and 𝑃2𝑖 and the
difference between the two solutions �̃�𝑖 fl 𝑃2𝑖 − 𝑃1𝑖 . For system
(1) satisfying Assumptions 1 and 2, if𝑄2 > 𝑄1 and 𝑃2𝑖 −𝑃1𝑖 ≥ 0
hold, then there exist a constant 𝛾 > 1 and two nonnegative
constants 𝑐1 = 𝑐1(𝛾, �̃�0, �̃�1) and 𝑐2 = 𝑐2(𝛾, �̃�0, �̃�1) such that for
any fixed 𝑁 ∈ N>0 the following inequality holds for all 𝑖 =
0, . . . , 𝑁 − 1:

𝜁
𝑖
�̃�𝑖 ≤ �̃�𝑖+1 ≤ 𝜁𝑖�̃�𝑖, (30)
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where

𝜁
𝑖
fl

𝛾𝑖 (𝛾 − 1)
𝛾𝑖 (𝛾 − 1) + 𝑐1 ;

𝜁𝑖 fl 𝛾𝑖 (𝛾 − 1) + 𝑐2
𝛾𝑖 (𝛾 − 1) .

(31)

Proof. According to Lemma 9, �̃�𝑖+1 satisfies the RDE
�̃�𝑖+1 = 𝐹1𝑖 �̃�𝑖𝐹1𝑇𝑖 − 𝐹1𝑖 �̃�𝑖𝐻𝑇 (𝐻�̃�𝑖𝐻𝑇 + �̃�𝑖)−1𝐻�̃�𝑖𝐹1𝑇𝑖

+ 𝑄,
(32)

where

𝐹1𝑖 = 𝐹 − 𝐹𝑃1𝑖 𝐻𝑇 (𝐻𝑃1𝑖 𝐻 + 𝑅)−1𝐻,
𝑄 = 𝑄2 − 𝑄1,
�̃�𝑖 = 𝐻𝑃1𝑖 𝐻𝑇 + 𝑅.

(33)

Since 𝑄2 > 𝑄1 and 𝑃2𝑖 − 𝑃1𝑖 ≥ 0 hold, we have 𝑄 > 0 and
�̃�𝑖 ≥ 0. RDE (32) can be rewritten as

�̃�𝑖+1 = (𝐹1𝑖 − �̃�𝑖𝐻) �̃�𝑖 (𝐹1𝑖 − �̃�𝑖𝐻)𝑇 + �̃�𝑖�̃�𝑖�̃�𝑇𝑖 + 𝑄, (34)

which implies that �̃�𝑖+1 ≥ 𝑄 > 0. The rest of the proof is
similar to Proposition 7 and has been omitted here.

Remark 12. Based on the statement in Lemma 9 that the dif-
ference between the two solutions of RDE also satisfies a new
type of RDE, further convergent properties of the differences
between the two solutions are addressed in Proposition 11. Let
us also take some special cases as examples.

(1) If �̃�0 ≤ �̃�1 holds, we have 𝑐1 = 0. Substituting 𝑐1 = 0
into Proposition 11 immediately yields that �̃�𝑖 ≤ �̃�𝑖+1.

(2) If �̃�0 ≥ �̃�1 holds, we have 𝑐2 = 0. Substituting 𝑐2 into
Proposition 11 immediately yields that �̃�𝑖 ≥ �̃�𝑖+1.

Actually, the results above have also included some of the
existent results. Select 𝑃20 = 𝑃0 and 𝑃10 = 𝑃1, and then we have𝑃21 = 𝑃1 and 𝑃11 = 𝑃2. According to statement 1, if �̃�0 ≤ �̃�1
holds, which implies that 𝑃2 − 2𝑃1 + 𝑃0 ≤ 0, then it follows
that �̃�𝑖 ≤ �̃�𝑖+1, yielding 𝑃𝑖+2 − 2𝑃𝑖+1 + 𝑃𝑖 ≤ 0. This is consistent
with results in [14, 15].

In addition, the results are able to deal with arbitrary
positive definite matrices of �̃�0, which is more applicable than
the previous literature.

As an application, convergent properties of RDE are
utilized to investigate stability of a sequence of Kalman filters
in the next section.

4. Application to Stability Analysis of
Kalman Filters

The following result provides a sufficient condition such that
a sequence of Kalman filters is stable for all horizons larger
than a certain value.

Theorem 13. Let 𝑁 be a fixed integer. Consider the dynamic
system (1) satisfying Assumptions 1 and 2, 𝑃0 > 0, 𝛾 from
Proposition 6, 𝑃1 from RDE (4), and 𝑐2 from Lemma 5, and
if for the given𝑁, the following inequality holds:

𝛾𝑁−1 (𝛾 − 1)2 − 𝑐2 > 0, (35)

then the closed-loop matrix 𝐹𝑖 from (5) is Hurwitz for all 𝑖 ≥
𝑁 − 1.
Proof. We first prove that 𝐹𝑁−1 is Hurwitz.

If 𝛾𝑁−1(𝛾 − 1)2 > 𝑐2 holds, by using Proposition 7 this
yields

𝑃𝑁 ≤ 𝛾𝑁−1 (𝛾 − 1) + 𝑐2
𝛾𝑁−1 (𝛾 − 1) 𝑃𝑁−1

< 𝛾𝑁−1 (𝛾 − 1) + 𝛾𝑁−1 (𝛾 − 1)2
𝛾𝑁−1 (𝛾 − 1) 𝑃𝑁−1 = 𝛾𝑃𝑁−1.

(36)

On the other hand, it has been proved in Proposition 6 that

𝑃𝑁 − 𝛾 (𝐹 − 𝐾𝑁−1𝐻)𝑃𝑁−1 (𝐹 − 𝐾𝑁−1𝐻)𝑇 ≥ 0. (37)

Combining the above two inequalities yields

(𝐹 − 𝐾𝑁−1𝐻)𝑃𝑁−1 (𝐹 − 𝐾𝑁−1𝐻)𝑇 − 𝑃𝑁−1 < 0. (38)

This indicates that 𝐹𝑁−1 is Hurwitz.
Note that the function 𝜂(𝛾, 𝑐2, 𝑁) fl 𝛾𝑁−1(𝛾 − 1)2 − 𝑐2 is

monotonically increasing with respect to𝑁 given that 𝛾 > 1
and 𝑐2 and 𝑁 ≥ 1. Under condition (35), it is easy to verify
that 𝛾𝑖(𝛾 − 1)2 − 𝑐2 > 0 holds for all 𝑖 ≥ 𝑁 − 1.

Thus, by a similar proof,𝐹𝑖 isHurwitz for all 𝑖 ≥ 𝑁−1.
Remark 14. Theorem 13 provides a sufficient condition on
closed-loop stability of a sequence of Kalman filters. Actually,
some existent results can be deemed as a special case for
condition (35). For example, if 𝑃1 ≤ 𝑃0, we have 𝑐2 = 0
according to Lemma 5. It can be verified that condition (35)
holds for all 𝑖 ≥ 1, which implies that all the closed-loop
filters areHurwitz.This is consistent with results in [13] which
proves stability of Kalman filters based on monotonicity of
{𝑃𝑖}.
Remark 15. The function 𝜂(𝛾, 𝑐2, 𝑁) fl 𝛾𝑁−1(𝛾 − 1)2 − 𝑐2 is
monotonically increasing with respect to𝑁 for the given 𝛾 >
1 and 𝑐2 and 𝑁 ≥ 1. This implies that there always exists a
positive integer 𝑁∗ = 𝑁∗(𝛾, 𝑃0, 𝑃1) such that, for any 𝑁 ≥
𝑁∗, condition (35) holds. From this point of view, stability
can be guaranteed for the closed-loop system as long as the
horizon is larger than a certain value.

Remark 16. The advantage of the proposed method is that
stability conditions can be analytically expressed by use of the
parameters such as 𝛾, 𝑁, and 𝑐2. From the proof of Proposi-
tion 6, it is shown that 𝛾 is determined by sup𝑘∈N{𝜆max(𝑃𝑘)} (a
constant as long as the systemmodel and𝑄,𝑅 had been fixed)
and it stands for the convergent speed of the RDE solutions
{𝑃𝑖} to the ARE solution 𝑃∞.
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In the next part, a corollary is provided based on Propo-
sition 11.

Corollary 17. Let �̃� be a fixed integer and �̃�0 > 0 and
𝛾 > 1 come from Proposition 11. For the dynamic system (1)
satisfyingAssumptions 1 and 10 and the given �̃�, if the following
inequality holds:

𝛾�̃�−1 (𝛾 − 1)2 − 𝑐2 > 0, (39)

then the closed-loop matrix 𝐹𝑐𝑖 is Hurwitz for all 𝑖 ≥ �̃� − 1.
Proof. The proof is similar to that of Theorem 13. If 𝛾�̃�−1(𝛾 −
1)2 > 𝑐2 holds, applying Proposition 11 leads to

�̃�𝑁 ≤ 𝛾�̃�−1 (𝛾 − 1) + 𝑐2
𝛾𝑁−1 (𝛾 − 1) �̃�𝑁−1

< 𝛾�̃�−1 (𝛾 − 1) + 𝛾�̃�−1 (𝛾 − 1)2
𝛾�̃�−1 (𝛾 − 1) �̃��̃�−1 = 𝛾�̃��̃�−1.

(40)

On the other hand, the following inequality holds:

�̃��̃� − 𝛾 (𝐹1�̃�−1 − �̃��̃�−1𝐻) �̃��̃�−1 (𝐹1�̃�−1 − �̃��̃�−1𝐻)𝑇

≥ 0.
(41)

Combining two inequalities yields

(𝐹1
�̃�−1

− �̃��̃�−1𝐻) �̃��̃�−1 (𝐹1�̃�−1 − �̃��̃�−1𝐻)𝑇 − �̃�𝑁−1
< 0.

(42)

This indicates that 𝐹𝑐
�̃�−1

is Hurwitz.
Note that 𝜂(𝛾, 𝑐2, �̃�) fl 𝛾�̃�−1(𝛾 − 1)2 − 𝑐2 is monotonically

increasing with respect to �̃� for any 𝛾 > 1 and 𝑐2 and �̃� ≥ 1.
Under condition (39), it is easy to verify that 𝛾𝑖(𝛾−1)2−𝑐2 > 0
holds for all 𝑖 ≥ �̃� − 1.

Thus, by a similar proof, 𝐹𝑐𝑖 is Hurwitz for all 𝑖 ≥ �̃� −
1.
Remark 18. There exist essential differences between Theo-
rem 13 and Corollary 17 although the proof seems similar,
since, by appropriate selection of different sequence of𝑃2𝑖 and𝑃1𝑖 , more details can be obtained.

Also, Corollary 17 can be a supplement to Theorem 13
during the proof on stability of a sequence of Kalman filters.
For example, select 𝑃10 = 𝑃0 and 𝑃20 = 𝑃1 and then 𝑃11 = 𝑃1
and 𝑃21 = 𝑃2. If �̃�0 ≥ �̃�1 holds, we have 𝑐2 = 0. Combined with
other conditions, it can be proved that the closed-loopmatrix
is stable, which is consistent withTheorem 3.1 in [14].

5. Conclusions and Future Work

By exploiting convergent properties of RDE in optimal filter-
ing problems, this paper presents novel convergent properties
and applies them to study stability analysis of a sequence

of Kalman filters. These results have fewer requirements on
the initial covariance matrix and thus are applicable to a
wider case. Future work includes applying the convergent
properties to stability analysis of other kinds of estimators.
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For a quarter car with nonlinear active suspension in rough road, the problem of random modeling and control is considered.
According to the relative motion principle, the influence of rough road can be seen as that force is disturbed by the noise and a
random model is constructed. By an appropriate transform, the model is transformed into a lower triangular system, which can
be used as backstepping method. Then a controller is designed such that the mean square of the state converges to an arbitrarily
small neighborhood of zero by tuning design parameters.The simulation results illustrate the effectiveness of the proposed scheme.
Therefore, the active suspension system offers better riding comfort and vehicle handing to the passengers.

1. Introduction

The active suspension is the key technology for vehicles to
achieve both ride comfort and control performance. Com-
pared with the passive and semiactive suspension system, the
active suspension can supply energy from an external source
and generate force to achieve the desired performance.There-
fore, the performance of active suspension system is better.
In recent decades, the control of active suspension systems
has been enthusiastically studied by many researchers. Great
efforts have been made in modeling and developing control
techniques to obtain the ride comfort.Many controlmethods,
for instance, adaptive control [1], PD control [2], robust
control [3], fuzzy logic control [4, 5], intelligent control [6],
and sliding mode control [7, 8], have been recently proposed.
However, all of these studies are based on deterministic
systems.

In the actual life, the car often runs on rough roads and
the influence of the rough road is not negligible. Therefore, it
is expected that the passenger still feels comfortable in rough
road. For increasing the passenger’s comfort, the vertical
acceleration of the vehicle caused by road vibrations must be
limited whichmeans that the suspension systemmust absorb
the road vibrations and prevent it from transferring to the
vehicle body and passengers. It is very necessary to study the
random model and control of nonlinear active suspension
system in rough road.

In [9–12], the design methods of the controller with dif-
ferent stochastic mechanical systems were studied. However,
the stochastic disturbance was described as white noise in
these literatures. Because of absorbers, it is more reasonable
to describe the final effect of road irregularities as stationary
processes. To overcome the conservation, [13] constructed
a theoretical framework on stability of random differential
equation systems (RDEs) where stochastic disturbance is
stationary processes. For a class of Lagrange systems with
colored noise, [14] designed a tracking controller such that
the mean square of the tracking error converges to an
arbitrarily small neighborhood of zero.

Inspired by these, the model and control problem of
nonlinear active suspension in rough road are considered in
this paper. The main work consists of the following aspects.(1) Different from the linear deterministic system in [2–
5], the active suspension with nonlinear damper in rough
road is considered in this paper, which increases the difficulty
of modeling and design.(2)The main difficulty for dynamics modeling is how to
transform the effect of the road irregularities to the suspen-
sion. In this paper, regardless of the rough road, dynamics
model of the system is firstly constructed. According to the
dynamic-static method and the relative motion, the road
irregularities are transformed to the force disturbed by the
stationary processes. Then the random dynamic model is
established.
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(3) Because the system is an underactuated system which
is not the quasi lower triangular structure, one cannot use
the design method of vector controller in [9–12]. In this
paper, according to special form of the model, the system is
transformed into a lower triangular system by a transform.
Then using backstepping design method, a state feedback
controller is designed such that the state can be made
arbitrarily small by tuning design parameters.The simulation
results illustrate the effectiveness of the proposed scheme.

This paper is organized as follows. In Section 2, the
mathematical preparation is given and the problem is for-
mulated. The random model is constructed in Section 3. In
Section 4, the tracking controller design and stability analysis
are addressed. A simulation result is given in Section 5.
Section 6 concludes the paper.

Notations. The following notations are used throughout the
paper: For a vector 𝑥, 𝑥𝑇 denotes its transpose; | ⋅ | denotes
the usual Euclidean norm of “⋅”; 𝐸 denotes the mathematical
expectation; R+ denotes the set of all nonnegative real
numbers; R𝑛 denotes the real 𝑛-dimensional space; R𝑛×𝑚
denotes the real 𝑛 × 𝑚 matrix space; 𝐶𝑖 denotes the set of all
functions with continuous 𝑖th partial derivative; K denotes
the set of all functions: R+ → R+, which are continuous,
strictly increase, and vanish at zero;K∞ denotes the set of all
functions which are of classK and unbounded.KL denotes
the set of all functions 𝛽(𝑠, 𝑡) : R+ × R+ → R+, which is
of class-K for each fixed 𝑡 and decreases to zero as 𝑡 → ∞
for each fixed 𝑠. For simplicity, sometimes the arguments of
functions are dropped.

2. Mathematical Preliminaries and
Problem Formulation

2.1. Mathematical Preliminaries. Consider the following ran-
dom nonlinear affine system:

�̇� = 𝑓 (𝑥, 𝑡) + 𝑔 (𝑥, 𝑡) 𝜉 (𝑡) , 𝑥 (𝑡0) = 𝑥0, (1)

where 𝑥 ∈ R𝑛 is the state of system, 𝜉(𝑡) ∈ R𝑚 is a stochastic
process, and the underlying complete probability space is
taken to be the quartet (Ω,F,F𝑡, 𝑃) with a filtration F𝑡
satisfying the usual condition (i.e., it is increasing and right
continuous whileF0 contains all𝑃-null sets). Both functions𝑓 : R𝑛 × R+ → R𝑛 and 𝑔 : R𝑛 × R+ → R𝑛×𝑚 are locally
Lipschitz in 𝑥 piecewise continuous in 𝑡; that is, for each𝑅 > 0, there exists a constant 𝐿𝑅 > 0 such that𝑓 (𝑥1, 𝑡) − 𝑓 (𝑥2, 𝑡) + 𝑔 (𝑥1, 𝑡) − 𝑔 (𝑥2, 𝑡)≤ 𝐿𝑅 𝑥2 − 𝑥1 (2)

for any 𝑡 ∈ R+ and 𝑥1, 𝑥2 ∈ 𝑈𝑅 = {𝑥 : |𝑥| ≤ 𝑅}, 𝑥1 ̸= 𝑥2.
Moreover, 𝑓(0, 𝑡) and 𝑔(0, 𝑡) are bounded a.s.

In order to obtain the stability, process 𝜉(𝑡) satisfies the
following assumption.

Assumption 1. Process 𝜉 is a F𝑡-adapted process and piece-
wise continuous, and there exist positive constants 𝑐0, 𝑑0 such
that

sup
𝑡0≤𝑠≤𝑡

𝐸 𝜉 (𝑠)2 ≤ 𝑑0𝑒𝑐0𝑡, ∀𝑡 ≥ 𝑡0. (3)

The following definition, criterion, and inequality are
represented now for the stability analysis.

Definition 2 (see [13]). System (1) with Assumption 1 is said
to be noise-to-state stable in probability (NSS-P) if there exist
a function 𝛽(⋅, ⋅) ∈ KL and a function 𝛾(⋅) ∈ K∞ such that,
for any 𝜖 > 0, 𝑥0 ∈ R𝑛, 𝑡 ≥ 𝑡0,

𝑃{|𝑥 (𝑡)| ≤ 𝛽 (𝑥0 , 𝑡 − 𝑡0) + 𝛾( sup
𝑡0≤𝑠≤𝑡

𝐸 𝜉 (𝑠)2)}≥ 1 − 𝜖. (4)

Lemma 3 (see [13]). Suppose that for system (1) with condi-
tions (3), there exist parameters 𝑐 > 0 and 𝑑 > 0 and a function𝑉 ∈ 𝐶1 such that𝛼1 (|𝑥|) ≤ 𝑉 (𝑥) ≤ 𝛼2 (|𝑥|) ,�̇� (𝑥 (𝑡)) ≤ −𝑐𝑉 (𝑥 (𝑡)) + 𝑑 𝜉 (𝑡)2 , (5)

where 𝛼1, 𝛼2 are functions of classK∞. Then system (1) has a
unique solution, and the system is NSS-P.

Definition 4 (see [15]). A stochastic process 𝑥(𝑡) is said to
be bounded in probability if the random variables |𝑥(𝑡)| are
bounded in probability uniformly in 𝑡; that is,

lim
𝑅→∞

sup
𝑡>0

𝑃 {|𝑥 (𝑡)| > 𝑅} = 0. (6)

Lemma 5 (see [13]). Under Assumption 1, if there exist a
positive-definite function 𝑉(𝑥, 𝑡) ∈ 𝐶 and a constant 𝑑𝑐 > 0
such that

lim
𝑟→∞

inf
|𝑥|>𝑟

𝑉 (𝑥, 𝑡) = ∞,
𝐸𝑉 (𝑥, 𝑡) ≤ 𝑑𝑐, (7)

then system (1) has a unique solution, and the solution is
bounded in probability.

Lemma 6 (see [16]). Consider the continuous functions 𝑘(𝑡),ℎ(𝑡), and they are integrable over every finite interval. If a
continuous function 𝑦(𝑡) satisfies the inequalitẏ𝑦 (𝑡) ≤ 𝑘 (𝑡) 𝑦 (𝑡) + ℎ (𝑡) , ∀𝑡 ≥ 𝑡0, (8)

then

𝑦 (𝑡) ≤ 𝑦 (𝑡0) 𝑒∫𝑡𝑡0 𝑘(𝑠)𝑑𝑠 + ∫𝑡
𝑡0
𝑒∫𝑡𝑠 𝑘(𝑢)𝑑𝑢ℎ (𝑠) 𝑑𝑠, ∀𝑡 ≥ 𝑡0. (9)
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Figure 1: The quarter-car model for active suspension design with
parallel connection of actuator with spring and damper.

2.2. Problem Formulation. The simplified quarter-car active
suspensionmodel is shown in Figure 1 (see [17]).The car runs
at a constant speed on a rough road. The road irregularity
is described as white noise 𝜉0, which is the acceleration of
vertical oscillation.𝑀𝑏 is the mass of car body. The wheel is
modeled as an unsprung mass 𝑀us with a linear spring 𝐾𝑡.
The actuator is connected in parallel with a linear spring 𝐾𝑎
and a nonlinear damper 𝐶𝑎. 𝑢𝑎 is the control force from the
actuator such as hydraulic actuator. When the components
are stationary, the system is in equilibrium. 𝑠1 and 𝑠2 denote
the barycenter displacements of wheel and vehicle body
relative to the equilibrium position, respectively.

The objective of this paper is to design a controller to get
more comfortable riding. To this end, two efforts will be taken
in the following sections.(1) Considering the road roughness and the nonlinear
damper, construct an appropriate random model to describe
the suspension motion of the car.(2) Design a controller 𝑢𝑎 such that the states 𝑠1 and 𝑠2
can be small as much as possible.

3. Modeling of Nonlinear Active
Suspension System

Consider the system of particles consisting of the wheel and
the car body which are regarded as themass points, and select(𝑠1, 𝑠2) as the generalized coordinate.

3.1. Modeling under the Assumption That the Road Is Smooth.
The total kinetic energy of the system is 𝐾 = (1/2)𝑀us ̇𝑠21 +(1/2)𝑀𝑏 ̇𝑠22. The total potential energy of the system equals𝑃 = (1/2)𝐾𝑎(𝑠2−𝑠1)2+(1/2)𝐾𝑡𝑠21.Then the Lagrange function𝐿 = 𝐾 − 𝑃= 12𝑀𝑏 ̇𝑠22 + 12𝑀us ̇𝑠21 − 12𝐾𝑎 (𝑠2 − 𝑠1)2 − 12𝐾𝑡𝑠21. (10)

According to the Lagrangian mechanics [18], the system
model is 𝑀us ̈𝑠1 − 𝐾𝑎 (𝑠2 − 𝑠1) + 𝐾𝑡𝑠1 = 𝜏1,𝑀𝑏 ̈𝑠2 + 𝐾𝑎 (𝑠2 − 𝑠1) = 𝜏2, (11)

where 𝜏1 and 𝜏2 are the generalized forces.

Considering the damper nonlinearity, the Rayleigh dissi-
pation function is

𝑅 = 𝐶𝑎𝑝 + 1  ̇𝑠2 − ̇𝑠1𝑝+1 , (12)

where 𝑝 > 0 is an index, which represent the nonlinear form
of damping force. Then the dissipative force is

𝜏𝑑 = (𝜏𝑑1𝜏𝑑2) = −𝜕𝑅𝜕 ̇𝑠 = −(𝜕𝑅𝜕 ̇𝑠1𝜕𝑅𝜕 ̇𝑠2)
= ( 𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝−𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝) ,

(13)

where sign(⋅) is the sign function. The control force 𝑢 =[𝑢1, 𝑢2]𝑇, where 𝑢1 and 𝑢2 are the control force acting wheel
and car body, respectively. Then by replacing 𝜏𝑖 with 𝜏𝑑𝑖 + 𝑢𝑖,
the control system can be modeled as𝑀us ̈𝑠1 − 𝐾𝑎 (𝑠2 − 𝑠1) + 𝐾𝑡𝑠1= 𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 + 𝑢1,𝑀𝑏 ̈𝑠2 + 𝐾𝑎 (𝑠2 − 𝑠1)= −𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 + 𝑢2.

(14)

Remark 7. In this paper, the suspension uses the nonlinear
damper. In the dissipative force (13), 𝑝 > 0 is an index, which
represents the nonlinear form of damping force (see [19]).
When 𝑝 = 1, it is the common linear damping force.

3.2. Modeling under the Assumption That the Road Is Rough.
Road irregularities are often described as white noises.
Because of the spring, the final influence of rough road to
the wheel and the car body is stationary processes 𝜉1 and 𝜉2,
respectively. Therefore, there exists positive constant 𝐾 such
that

sup
𝑡0≤𝑠≤𝑡

𝐸 𝜉𝑖 (𝑠)2 ≤ 𝐾, ∀𝑡 ≥ 𝑡0, 𝑖 = 1, 2. (15)

According to dynamic-static method and relative motion
[20], the effect of rough road can be seen as the force is
disturbed by the noise. Replacing 𝑢1 and 𝑢2 with 𝑢1 − 𝑀us𝜉1
and 𝑢2 −𝑀𝑏𝜉2 in (14) results in𝑀us ̈𝑠1 − 𝐾𝑎 (𝑠2 − 𝑠1) + 𝐾𝑡𝑠1= 𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 + 𝑢1 −𝑀us𝜉1,𝑀𝑏 ̈𝑠2 + 𝐾𝑎 (𝑠2 − 𝑠1)= −𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 + 𝑢2 −𝑀𝑏𝜉2.

(16)
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Considering the control force from the actuator, 𝑢1 = −𝑢𝑎
and 𝑢2 = 𝑢𝑎. Thus, (16) can be rewritten as𝑀us ̈𝑠1 − 𝐾𝑎 (𝑠2 − 𝑠1) + 𝐾𝑡𝑠1= 𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 − 𝑢𝑎 −𝑀us𝜉1,𝑀𝑏 ̈𝑠2 + 𝐾𝑎 (𝑠2 − 𝑠1)= −𝐶𝑎sign ( ̇𝑠2 − ̇𝑠1)  ̇𝑠2 − ̇𝑠1𝑝 + 𝑢𝑎 −𝑀𝑏𝜉2.

(17)

Remark 8. In order tomodel, the control force 𝑢𝑎 provided by
the actuator can be seen as two independent forces 𝑢1 and 𝑢2,
which act on the car body and the wheel, respectively. Then
according to the Lagrangian mechanics and the dynamic-
static method, the randommodel (16) is constructed. Finally,
considering the constraint 𝑢1 = −𝑢𝑎 and 𝑢2 = 𝑢𝑎, the final
random model (17) is established.

4. Control of Nonlinear Active
Suspension System

4.1. Control Design. In order to design controller, choose𝑥1 = 𝑀us𝑠1 +𝑀𝑏𝑠2,𝑥2 = �̇�1,𝑥3 = 𝑠2 − 𝑠1,𝑥4 = �̇�3.
(18)

�̇�1 = 𝑥2,�̇�2 = − 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑥3 −𝑀us𝜉1 −𝑀𝑏𝜉2,�̇�3 = 𝑥4,�̇�4 = −𝐾𝑎 ( 1𝑀us
+ 1𝑀𝑏)𝑥3 + 𝐾𝑡𝑀us (𝑀𝑏 +𝑀us)𝑥1− 𝐾𝑡𝑀𝑏𝑀us (𝑀𝑏 +𝑀us)𝑥3− 𝐶𝑎 ( 1𝑀us
+ 1𝑀𝑏) sign (𝑥4) 𝑥4𝑝

+ ( 1𝑀us
+ 1𝑀𝑏)𝑢𝑎 − 𝜉2 + 𝜉1.

(19)

Remark 9. Because system (17) is underactuated system
which is not transformed into the quasi lower triangular
structure, the design methods of vector controller in [9–
12] are not applicable to this system. In order to design the
controller with backstepping design method [17], the system
is transformed into a lower triangular system by transform
(18).

Then the backstepping controller can be given step by
step.

Step 1. Introduce the first two error variables𝑧1 = 𝑥1,𝑧2 = 𝑥2 − 𝛼1, (20)

where 𝛼1 is a function to be designed. For the Lyapunov
function 𝑉1 = (1/2)𝑧21 , by choosing 𝛼1 = −𝑐1𝑧1 with design
parameter 𝑐1 > 0, the derivative of 𝑉1 is�̇�1 = −𝑐1𝑧21 + 𝑧1𝑧2. (21)

Step 2. Introducing 𝑧3 = 𝑥3 − 𝛼2, (22)

then�̇�2 = − 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 (𝑧3 + 𝛼2) + 𝑐1𝑥2−𝑀us𝜉1 −𝑀𝑏𝜉2. (23)

For the Lyapunov function 𝑉2 = 𝑉1 + (1/2)𝑧22 , the derivative
of 𝑉2 is�̇�2= −𝑐1𝑧21 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2𝑧3+ 𝑧2 (𝑧1 − 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏𝛼2 + 𝑐1𝑥2)− 𝑧2𝑀us𝜉1 − 𝑧2𝑀𝑏𝜉2.

(24)

Applying Young’s inequality (for any vectors 𝑥, 𝑦 ∈ R𝑛 and
any scalars 𝜖 > 0, 𝑝 > 1, there holds 𝑥𝑇𝑦 ≤ (𝜖𝑝/𝑝)|𝑥|𝑝 +(1/𝑞𝜖𝑞)|𝑦|𝑞, where 𝑞 = 𝑝/(𝑝 − 1)) to the last two terms in
(24), one has −𝑧2𝑀us𝜉1 ≤ 𝑑1𝑀2us𝑧22 + 14𝑑1 𝜉21 ,−𝑧2𝑀𝑏𝜉2 ≤ 𝑑2𝑀2𝑏𝑧22 + 14𝑑2 𝜉22 , (25)

where 𝑑1 > 0 and 𝑑2 > 0 are design parameters. Substituting
(25) into (24), the resulting �̇�2 is�̇�2 ≤ −𝑐1𝑧21 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2𝑧3 + 𝑧2 (𝑧1− 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏𝛼2 + 𝑐1𝑥2 + 𝑑1𝑀2us𝑧2+ 𝑑2𝑀2𝑏𝑧2) + 14𝑑1 𝜉21 + 14𝑑2 𝜉22 .

(26)

Choose𝛼2 = 𝑀us +𝑀𝑏𝐾𝑡𝑀𝑏 (−𝑧1 − 𝑐2𝑧2 + 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 − 𝑐1𝑥2− 𝑑1𝑀2us𝑧2 − 𝑑2𝑀2𝑏𝑧2) , (27)
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where 𝑐2 > 0 is a design parameter.Then (26) can be rewritten
as

�̇�2 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2𝑧3 + 14𝑑1 𝜉21+ 14𝑑2 𝜉22 . (28)

Step 3. Introducing 𝑧4 = 𝑥4 − 𝛼3, (29)

then

�̇�3 = 𝑧4 + 𝛼3 − 𝜕𝛼2𝜕𝑥1 𝑥2 − 𝜕𝛼2𝜕𝑥2 (− 𝐾𝑡𝑀us +𝑀𝑏 𝑥1+ 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑥3 −𝑀us𝜉1 −𝑀𝑏𝜉2) . (30)

For the Lyapunov function 𝑉3 = 𝑉2 + (1/2)𝑧23 , the derivative
of 𝑉3 is

�̇�3 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 + 𝑧3𝑧4 + 14𝑑1 𝜉21 + 14𝑑2 𝜉22+ 𝑧3 ( 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2 + 𝛼3 − 𝜕𝛼2𝜕𝑥1 𝑥2− 𝜕𝛼2𝜕𝑥2 (− 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑥3))− 𝑧3 𝜕𝛼2𝜕𝑥2𝑀us𝜉1 − 𝑧3 𝜕𝛼2𝜕𝑥2𝑀𝑏𝜉2.
(31)

Applying Young’s inequality to the last two terms in (31), one
has

−𝑧3 𝜕𝛼2𝜕𝑥2𝑀us𝜉1 ≤ 𝑑3 (𝜕𝛼2𝜕𝑥2)2𝑀2us𝑧23 + 14𝑑3 𝜉21 ,−𝑧3 𝜕𝛼2𝜕𝑥2𝑀𝑏𝜉2 ≤ 𝑑4 (𝜕𝛼2𝜕𝑥2)2𝑀2𝑏𝑧23 + 14𝑑4 𝜉22 ,
(32)

where 𝑑3 > 0 and 𝑑4 > 0 are design parameters. Then (31)
can be rewritten as

�̇�3 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 + 𝑧3𝑧4 + 𝑧3 ( 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2 + 𝛼3− 𝜕𝛼2𝜕𝑥1 𝑥2 − 𝜕𝛼2𝜕𝑥2 (− 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑥3)+ 𝑑3 (𝜕𝛼2𝜕𝑥2)2𝑀2us𝑧3 + 𝑑4 (𝜕𝛼2𝜕𝑥2)2𝑀2𝑏𝑧3) + ( 14𝑑1+ 14𝑑3) 𝜉21 + ( 14𝑑2 + 14𝑑4) 𝜉22 .
(33)

Choose

𝛼3 = − 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2 − 𝑐3𝑧3 + 𝜕𝛼2𝜕𝑥1 𝑥2+ 𝜕𝛼2𝜕𝑥2 (− 𝐾𝑡𝑀us +𝑀𝑏 𝑥1 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑥3)− 𝑑3 (𝜕𝛼2𝜕𝑥2)2𝑀2us𝑧3 − 𝑑4 (𝜕𝛼2𝜕𝑥2)2𝑀2𝑏𝑧3,
(34)

where 𝑐3 > 0 is a design parameter. Then

�̇�3 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 − 𝑐3𝑧23 + 𝑧3𝑧4 + ( 14𝑑1 + 14𝑑3) 𝜉21+ ( 14𝑑2 + 14𝑑4) 𝜉22 . (35)

Step 4. From (29), one has

�̇�4 = 𝜓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) + ( 1𝑀us
+ 1𝑀𝑏)𝑢𝑎+ (𝜕𝛼3𝜕𝑥2𝑀us + 1) 𝜉1 + (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1) 𝜉2, (36)

where 𝜓(𝑥1, 𝑥2, 𝑥3, 𝑥4) = −𝐾𝑎(1/𝑀us + 1/𝑀𝑏)𝑥3 + (𝐾𝑡/𝑀us(𝑀𝑏+𝑀us))𝑥1−(𝐾𝑡𝑀𝑏/𝑀us(𝑀𝑏+𝑀us))𝑥3−𝐶𝑎(1/𝑀us+1/𝑀𝑏)sign(𝑥4)|𝑥4|𝑝 − (𝜕𝛼3/𝜕𝑥1)𝑥2 − (𝜕𝛼3/𝜕𝑥2)(−(𝐾𝑡/(𝑀us +𝑀𝑏))𝑥1 + (𝐾𝑡𝑀𝑏/(𝑀us + 𝑀𝑏))𝑥3) − (𝜕𝛼3/𝜕𝑥3)𝑥4. For the
Lyapunov function 𝑉4 = 𝑉3 + (1/2)𝑧24 , the derivative of 𝑉4
is

�̇�4 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 − 𝑐3𝑧23 + ( 14𝑑1 + 14𝑑3) 𝜉21+ ( 14𝑑2 + 14𝑑4) 𝜉22+ 𝑧4 (𝑧3 + 𝜓 + ( 1𝑀us
+ 1𝑀𝑏)𝑢𝑎)+ 𝑧4 (𝜕𝛼3𝜕𝑥2𝑀us − 1) 𝜉1 + 𝑧4 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1) 𝜉2.

(37)

Applying Young’s inequality, one has

𝑧4 (𝜕𝛼3𝜕𝑥2𝑀us + 1) 𝜉1 ≤ 𝑑5 (𝜕𝛼3𝜕𝑥2𝑀us + 1)2 𝑧24
+ 14𝑑5 𝜉21 ,𝑧4 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1) 𝜉2 ≤ 𝑑6 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1)2 𝑧24+ 14𝑑6 𝜉22 ,

(38)
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where 𝑑5 > 0 and 𝑑6 > 0 are design parameters. Substituting
(38) into (37) leads to

�̇�4 ≤ −𝑐1𝑧21 − 𝑐2𝑧22 − 𝑐3𝑧23 + 𝑧4 (𝑧3 + 𝜓
+ ( 1𝑀us

+ 1𝑀𝑏)𝑢𝑎 + 𝑑5 (𝜕𝛼3𝜕𝑥2𝑀us + 1)2 𝑧4
+ 𝑑6 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1)2 𝑧4) + ( 14𝑑1 + 14𝑑3 + 14𝑑5)⋅ 𝜉21 + ( 14𝑑2 + 14𝑑4 + 14𝑑6) 𝜉22 .

(39)

Choose

𝑢𝑎 = 𝑀us𝑀𝑏𝑀us +𝑀𝑏 (−𝑧3 − 𝑐4𝑧4 − 𝜓− 𝑑5 (𝜕𝛼3𝜕𝑥2𝑀us + 1)2 𝑧4 − 𝑑6 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1)2 𝑧4) ,
(40)

where 𝑐4 > 0 is a design parameter. Then

�̇�4 ≤ − 4∑
𝑖=1
𝑐𝑖𝑧2𝑖 + ( 14𝑑1 + 14𝑑3 + 14𝑑5) 𝜉21+ ( 14𝑑2 + 14𝑑4 + 14𝑑6) 𝜉22 .

(41)

Up to now, the closed-loop system is obtained�̇�1 = −𝑐1𝑧1 + 𝑧2,�̇�2 = −𝑧1 − 𝑐2𝑧2 + 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧3 − 𝑀us +𝑀𝑏𝐾𝑡𝑀𝑏 (𝑑1𝑀2us+ 𝑑2𝑀2𝑏) 𝑧2 −𝑀us𝜉1 −𝑀𝑏𝜉2,
�̇�3 = − 𝐾𝑡𝑀𝑏𝑀us +𝑀𝑏 𝑧2 − 𝑐3𝑧3 + 𝑧4 − 𝑑3 (𝜕𝛼2𝜕𝑥2)2𝑀2us𝑧3− 𝑑4 (𝜕𝛼2𝜕𝑥2)2𝑀2𝑏𝑧3 + 𝜕𝛼2𝜕𝑥2 (𝑀us𝜉1 +𝑀𝑏𝜉2) ,
�̇�4 = −𝑧3 − 𝑐4𝑧4 − 𝑀us𝑀𝑏𝑀us +𝑀𝑏 (𝑑5 (𝜕𝛼3𝜕𝑥2𝑀us + 1)2

+ 𝑑6 (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1)2)𝑧4 + (𝜕𝛼3𝜕𝑥2𝑀us + 1) 𝜉1
+ (𝜕𝛼3𝜕𝑥2𝑀𝑏 − 1) 𝜉2.

(42)

4.2. Stability Analysis

Theorem 10. Consider the random model (17) of quarter-car
active suspension. Under assumption (15), choose controller
(40).

(i) The closed-loop system (42) is NSS-p and all the signals
of the closed-loop system are bounded in probability.

(ii) The state 𝑧 = [𝑧1, 𝑧2, 𝑧3, 𝑧4]𝑇 of the closed-loop system
satisfies

lim
𝑡→∞

𝐸 |𝑧|2 ≤ 2𝑑𝐾𝑐 , (43)

where the right-hand can be made small enough by tuning
parameters.

Proof. Obviously, the functions of the closed-loop system
satisfy the local Lipschitz condition. The Lyapunov function
for the whole system is

𝑉 = 𝑉4 = 4∑
𝑖=1

12𝑧2𝑖 . (44)

From (41), one has �̇� ≤ −𝑐𝑉 + 𝑑 𝜉2 , (45)

where 𝑐 = 2min{𝑐1, 𝑐2, 𝑐3, 𝑐4}, 𝑑 = max{1/4𝑑1 + 1/4𝑑3 +1/4𝑑5, 1/4𝑑2 + 1/4𝑑4 + 1/4𝑑6}, and 𝜉 = [𝜉1, 𝜉2]2. From
Lemma 3, the closed-loop system is NSS-P.

Furthermore, by defining V(𝑡) = 𝐸𝑉(𝑧(𝑡)), from (45), one
has

V̇ (𝑡) = 𝐸�̇� (𝑥 (𝑡)) ≤ −𝑐V (𝑡) + 𝑑𝐸 𝜉 (𝑡)2 . (46)

From Lemma 6, one has

V (𝑡) ≤ |V (0)| 𝑒−𝑐(𝑡−𝑡0) + 𝑑 sup
𝑡0≤𝑠≤𝑡

𝐸 𝜉 (𝑠)2 , (47)

which together with (15) implies

𝐸𝑉 (𝑡) ≤ 𝑉 (𝑥0) 𝑒−𝑐(𝑡−𝑡0) + 𝑑𝐾𝑐 ≤ 𝑉 (𝑥0) + 𝑑𝐾𝑐 . (48)

According to Lemma 5, (48) and the definition of 𝑉, 𝑧 is
bounded in probability. By 𝑧1 = 𝑥1, 𝑥1 is bounded in prob-
ability. Since 𝑧2 = 𝑥2 − 𝑐1𝑧1, 𝑥2 is bounded in probability,
too. Similarly, 𝑥3 and 𝑥4 are bounded in probability.Then the
control 𝑢 is also bounded in probability by (40).

From (15), (44), and (47), one has𝐸 |𝑧|2 ≤ 2𝐸𝑉 (𝑡) ≤ 2𝑉 (𝑥0) 𝑒−𝑐(𝑡−𝑡0) + 2𝑑𝐾𝑐 , (49)

which leads to (43). Noting 𝑐 = 2min{𝑐1, 𝑐2, 𝑐3, 𝑐4}, 𝑑 =
max{1/4𝑑1 +1/4𝑑3 +1/4𝑑5, 1/4𝑑2 +1/4𝑑4 +1/4𝑑6}, it is clear
that the right-hand sides of (43) can be made small enough
by choosing 𝑐𝑖 (𝑖 = 1, . . . , 4) and 𝑑𝑗 (𝑗 = 1, . . . , 6) large
enough.

Remark 11. Since 𝑧1 = 𝑀us𝑠1 + 𝑀𝑏𝑠2, 𝑧3 = 𝑠2 − 𝑠1 − 𝛼2 =𝑠2−𝑠1−((𝑀us+𝑀𝑏)/𝐾𝑡𝑀𝑏)(−𝑧1−𝑐2𝑧2+(𝐾𝑡/(𝑀us+𝑀𝑏))𝑧1−𝑐1(𝑧2 − 𝑐1𝑧1) − 𝑑1𝑀2us𝑧2 − 𝑑2𝑀2𝑏𝑧2), then 𝑠1, 𝑠2 can be small
enough by choosing parameters appropriately. As a result, the
passenger feels comfortable. From Figure 2, the simulation
results also demonstrate the comfortableness.
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Figure 2: The system simulation results.

5. Simulation Result

In the simulation, the disturbances 𝜉1, 𝜉2 are produced bẏ𝜉 (𝑡) = −𝜉 (𝑡) + 𝑤 (𝑡) , 𝜉 (0) = 0, (50)

where 𝑤(𝑡) ∈ R is a zero-mean white noise. 𝜉 = (𝜉1, 𝜉2) is a
zero-mean widely stationary process, and 𝐸𝜉21 = 𝐸𝜉22 = 0.05;
thus, 𝐾 = 0.05. The initial value is 𝑥10 = 0.5, 𝑥20 = 0, 𝑥30 =−0.5, and 𝑥40 = 0, the parameters of the system are𝑀us = 0.5,𝑀𝑏 = 1, 𝐾𝑡 = 0.8, 𝐾𝑎 = 0.5, 𝐶𝑎 = 0.1, and 𝑝 = 3, and design
parameters are 𝑐1 = 0.5, 𝑐2 = 1, 𝑐3 = 0.8, 𝑐4 = 1.5, 𝑑1 = 0.2,𝑑2 = 0.1, 𝑑3 = 0.2, 𝑑4 = 0.2, 𝑑5 = 0.2, and 𝑑6 = 0.1.

The simulation result demonstrates the effectiveness of
the control scheme.

6. Conclusion

The stochastic modeling and control of a quarter car with
active suspension in rough road are considered in the paper.

According to the relative motion principle, the influence of
rough road is regarded as the force, which is disturbed by
the noise. Then a stochastic model is constructed. Based
on the model, using backstepping method, a controller is
designed such that the mean square of the state converges to
an arbitrarily small neighborhood of zero by tuning design
parameters. The simulation results illustrate the effectiveness
of the proposed scheme.
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This paper proposes a stochastic SIVS epidemic system with nonlinear saturated infection rate under vaccination and investigates
the dynamics predicted by the model. By using Itô’s formula and Lyapunov methods, we first study the existence and uniqueness
of global positive solution. Then we investigate the stochastic dynamics of the system and obtain the thresholds which govern the
extinction and the spread of the epidemic disease. Results show that large stochastic noises can lead to the extinction of epidemic
diseases; that is, stochastic disturbances can suppress the outbreak of epidemic diseases. Finally, we carry out a series of numerical
simulations to demonstrate the performance of our theoretical findings.

1. Introduction

Infectious diseases pose a serious threat to public health
around the world. Therefore, the study of epidemic diseases
has been part of the burning issues of scientists. Mathemati-
cally, after the pioneering work of Kermack and McKendrick
on the epidemic regularity of the Black Plague in London
by the famous SIR model [1], mathematical models have
been used extensively by scientists to study the spread and
control of diseases [2–7]. There are many ways to suppress
the spread of disease, for instance, cutting off transmission
routes, paying attention to food hygiene, and vaccination.
Vaccination is an effective method of preventing infectious
diseases andmany scientists have explored the effect of vacci-
nation on diseases [8–17]. For instance, Li and Ma [8] estab-
lished an SIS epidemic model with vaccination. The model
has the following form:

𝑑𝑆𝑑𝑡 = (1 − 𝑞)Λ − 𝛽𝑆𝐼 − (𝑢 + 𝑛) 𝑆 + 𝑟𝐼 + 𝜂𝑉,
𝑑𝐼𝑑𝑡 = 𝛽𝑆𝐼 − (𝑢 + 𝑟 + 𝑎) 𝐼,
𝑑𝑉𝑑𝑡 = 𝑞Λ + 𝑛𝑆 (𝑡) − (𝑢 + 𝜂)𝑉.

(1)

The incidence rate in model (1) is bilinear, which means
that the number of people infected by a patient within a
unit time is proportional to the total number of susceptible
individuals in the environment. However, the number of
susceptible individuals to contact with a patient within a
unit time is limited, and many scholars have noted that the
saturated incidence is more accurate to describe the spread
of epidemic [18–21]. Besides, the WHO reports that licensed
vaccines are currently available to prevent or contribute to
the prevention and control of twenty-five preventable infec-
tions. But the effect of vaccination is not absolute. In other
words, some people who are vaccinated still have the risk
of being infected [22, 23]. Moreover, epidemic diseases may
be subject to uncertain environmental disturbances, such
as fluctuations of birth rate, death rate, and infection rate.
These phenomena can be characterized by stochastic pro-
cesses. Numerous scholars have introduced stochastic inter-
ferences into differential systems, and the stochastic dynam-
ics of such systems were investigated [24–36].

Motivated by the above works, in this paper, we suppose
the following:

(i) 𝛽1, 𝛽2 (usually 0 ≤ 𝛽2 ≤ 𝛽1), respectively, stand for
the average contact rate of an infective individual
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explored to a susceptible and a vaccinated individual
per unit time at time 𝑡. 𝛽2 = 0 indicates the
immune efficiency is 100%, 𝛽2 = 𝛽1 indicates the
immunization was completely ineffective, and 0 <𝛽2 < 𝛽1 indicates the immunity is effective but not
completely effective. Authors in [8] discussed the case𝛽2 = 0.

(ii) The infection rates from infective individual to a
susceptible and a vaccinated individual are 𝛽1𝑆𝐼/(1 +𝑝1𝐼) and 𝛽2𝑉𝐼/(1 +𝑝2𝐼), respectively. Here 𝑝1, 𝑝2 > 0
are constants.

(iii) Environmental interference mainly affects the rate of
infection, and we have 𝛽𝑖 → 𝛽𝑖 + 𝜎𝑖�̇�𝑖, 𝑖 = 1, 2.

Then model (1) becomes

𝑑𝑆 = [(1 − 𝑞)Λ − 𝛽1𝑆𝐼1 + 𝑝1𝐼 − (𝑢 + 𝑛) 𝑆 + 𝑟𝐼 + 𝜂𝑉]𝑑𝑡
− 𝜎1𝑆𝐼1 + 𝑝1𝐼𝑑𝐵1 (𝑡) ,

𝑑𝐼 = [ 𝛽1𝑆𝐼1 + 𝑝1𝐼 + 𝛽2𝑉𝐼1 + 𝑝2𝐼 − (𝑢 + 𝑟 + 𝑎) 𝐼] 𝑑𝑡
+ 𝜎1𝑆𝐼1 + 𝑝1𝐼𝑑𝐵1 (𝑡) + 𝜎2𝑉𝐼1 + 𝑝2𝐼𝑑𝐵2 (𝑡) ,

𝑑𝑉 = [𝑞Λ + 𝑛𝑆 − (𝑢 + 𝜂)𝑉 − 𝛽2𝑉𝐼1 + 𝑝2𝐼] 𝑑𝑡
− 𝜎2𝑉𝐼1 + 𝑝2𝐼𝑑𝐵2 (𝑡) ,

(2)

where 𝑆(𝑡), 𝐼(𝑡), and 𝑉(𝑡), respectively, stand for the density
of susceptible and infective and vaccinated individuals at time𝑡; Λ is a constant input of new numbers into the population;𝑞 means a fraction of vaccinated newborn; 𝑢 represents the
natural death rate of 𝑆(𝑡), 𝐼(𝑡), and𝑉(𝑡); 𝑛 is the proportional
coefficient of vaccinated susceptible; 𝑟 is the recovery rate
of 𝐼(𝑡); 𝜂 stands for the rate of losing their immunity for
vaccinated individuals; and 𝑎 is the disease-caused death rate
of infectious individuals 𝐼(𝑡).

Throughout this paper, let (Ω,F, {F}𝑡≥0,P) be a com-
plete probability space with a filtration {F𝑡}𝑡≥0 satisfying the
usual conditions (i.e., it is increasing and right continuous
whileF0 contains allP-null sets). Function𝐵𝑖(𝑡) (𝑖 = 1, 2) is
a Brownianmotion defined on the complete probability spaceΩ, and the intensity of 𝐵𝑖(𝑡) is 𝜎𝑖 (𝑖 = 1, 2). For an integrable
function𝑋(𝑡) on [0, +∞), we define ⟨𝑋(𝑡)⟩ = (1/𝑡) ∫𝑡

0
𝑋(𝑠)𝑑𝑠.

2. The Existence and Uniqueness of
Global Positive Solutions

Due to physical meaning, variables 𝑆(𝑡), 𝐼(𝑡), and 𝑉(𝑡) in
model (2) should remain nonnegative for 𝑡 ≥ 0. We next
prove that this is actually the case and, furthermore, the
positive solution is unique.

Lemma 1. For any initial value (𝑆(0), 𝐼(0), 𝑉(0)) ∈ 𝑅3+, model
(2) has a unique local positive solution (𝑆(𝑡), 𝐼(𝑡), 𝑉(𝑡)) in
interval 𝑡 ∈ [0, 𝜏𝑒), where 𝜏𝑒 is the explosion time.

Proof. For any initial value (𝑆(0), 𝐼(0), 𝑉(0)) ∈ 𝑅3+, the coef-
ficients of system (2) are locally Lipschitz continuous. Thus
model (2) has a unique local positive solution (𝑆(𝑡), 𝐼(𝑡), 𝑉(𝑡))
in interval 𝑡 ∈ [0, 𝜏𝑒), and we complete the proof.

Theorem 2. For any initial value (𝑆(0), 𝐼(0), 𝑉(0)) ∈ 𝑅3+,
model (2) has a unique positive solution (𝑆(𝑡), 𝐼(𝑡), 𝑉(𝑡)) ∈ 𝑅3+
on 𝑡 ≥ 0 with probability 1.

Proof. By Lemma 1, we only need to prove that 𝜏𝑒 = ∞ a.s. To
this end, let 𝑘0 > 0 be a sufficiently large constant such that𝑆(0), 𝐼(0), and 𝑉(0) all lie in [1/𝑘0, 𝑘0]. For each 𝑘 ≥ 𝑘0 (𝑘 ∈𝑁+), define the stopping time

𝜏𝑘 = inf {𝑡 ∈ [0, 𝜏𝑒] : 𝑋 (𝑡) ∉ ( 1𝑘0 , 𝑘0) , 𝑆 (𝑡)
∉ ( 1𝑘0 , 𝑘0) or 𝐼 (𝑡) ∉ ( 1𝑘0 , 𝑘0)} .

(3)

Easily, 𝜏𝑘 is a monotonically increasing function when 𝑘 →∞. Let 𝜏∞ = lim𝑘→∞𝜏𝑘, and thus 𝜏∞ ≤ 𝜏𝑒 a.s. Now we need
to prove 𝜏∞ = ∞ a.s.; otherwise, there exist two constants𝑇 > 0 and 𝜖 ∈ (0, 1) such that 𝑃{𝜏∞ ≤ 𝑇} > 𝜖. Thus, there is
an integer 𝑘1 ≥ 𝑘0 such that

𝑃 {𝜏∞ ≤ 𝑇} > 𝜖, 𝑘 ≥ 𝑘1. (4)

Define a 𝐶3-function 𝑉 : 𝑅3+ → 𝑅+:
𝑄 (𝑆, 𝐼, 𝑉) = 𝑆 − 1 − ln 𝑆 + 𝐼 − 1 − ln 𝐼 + 𝑉 − 1 − ln𝑉. (5)

Applying Itô’s formula to stochastic differential system (2)
yields

𝑑𝑄 = 𝐿𝑄𝑑𝑡 − 𝜎1 (𝑆 − 1) 𝐼1 + 𝑝1𝐼 𝑑𝐵1 (𝑡) + 𝜎1 (𝐼 − 1) 𝑆1 + 𝑝1𝐼 𝑑𝐵1 (𝑡)
+ 𝜎2 (𝐼 − 1)𝑉1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) − 𝜎2 (𝑉 − 1) 𝐼1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) ,

(6)

where

𝐿𝑄 = (1 − 1𝑆)
⋅ [(1 − 𝑞)Λ − 𝛽1𝑆𝐼1 + 𝑝1𝐼 − (𝑢 + 𝑛) 𝑆 + 𝑟𝐼 + 𝜂𝑉]

+ 𝜎21𝐼22 (1 + 𝑝1𝐼)2 + (1 − 1𝐼)

⋅ [ 𝛽1𝑆𝐼1 + 𝑝1𝐼 + 𝛽2𝑉𝐼1 + 𝑝2𝐼 − (𝑢 + 𝑟 + 𝑎) 𝐼]
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+ 𝜎21𝑆22 (1 + 𝑝1𝐼)2 +
𝜎22𝑉22 (1 + 𝑝2𝐼)2 + (1 − 1𝑉)

⋅ [𝑞Λ + 𝑛𝑆 − (𝑢 + 𝜂)𝑉 − 𝛽2𝑉𝐼1 + 𝑝2𝐼] + 𝜎22𝐼22 (1 + 𝑝2𝐼)2
≤ Λ + (𝛽1 + 𝛽2) 𝐼 + 3𝑢 + 𝑛 + 𝑟 + 𝑎 + 𝜂 + 12
⋅ 𝜎21 (𝐼2 + 𝑆2) + 12𝜎22 (𝐼2 + 𝑉2) .

(7)

By (2), we have

𝑑 (𝑆 + 𝐼 + 𝑉) = [Λ − 𝑢 (𝑆 + 𝐼 + 𝑉) − 𝑎𝐼] 𝑑𝑡
≤ [Λ − 𝑢 (𝑆 + 𝐼 + 𝑉)] 𝑑𝑡. (8)

Thus

𝑆 (𝑡) + 𝐼 (𝑡) + 𝑉 (𝑡)
≤ Λ𝑢 + 𝑒−𝑢𝑡 [𝑆 (0) + 𝐼 (0) + 𝑉 (0) − Λ𝑢 ] . (9)

Therefore, for any 𝑡 ≤ 𝜏𝑘 and each 𝑘, we have
𝑆 (𝑡) + 𝐼 (𝑡) + 𝑉 (𝑡)

≤ {{{{{
Λ𝑢 , if 𝑆 (0) + 𝐼 (0) + 𝑉 (0) ≤ Λ𝑢 ,
𝑆 (0) + 𝐼 (0) + 𝑉 (0) , if 𝑆 (0) + 𝐼 (0) + 𝑉 (0) > Λ𝑢 .

(10)

So

𝐿𝑄 ≤ Λ + (𝛽1 + 𝛽2) Λ𝑢 + 3𝑢 + 𝑛 + 𝑟 + 𝑎 + 𝜂
+ (𝜎21 + 𝜎22) Λ2𝑢2 ≤ 𝐾0,

(11)

where 𝐾0 is a positive constant.
Then

𝑑𝑄 ≤ 𝐾0𝑑𝑡 − 𝜎1 (𝑆 − 1) 𝐼1 + 𝑝1𝐼 𝑑𝐵1 (𝑡)
+ 𝜎1 (𝐼 − 1) 𝑆1 + 𝑝1𝐼 𝑑𝐵1 (𝑡) + 𝜎2 (𝐼 − 1)𝑉1 + 𝑝2𝐼 𝑑𝐵2 (𝑡)
− 𝜎2 (𝑉 − 1) 𝐼1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) .

(12)

Integrating (12) from 0 to 𝜏𝑘 ∧ 𝑇 and taking expectation on
both sides, we have

𝐸𝑄 (𝑆 (𝜏𝑘 ∧ 𝑇) , 𝐼 (𝜏𝑘 ∧ 𝑇) , 𝑉 (𝜏𝑘 ∧ 𝑇))
≤ 𝑄 (𝑆 (0) , 𝐼 (0) , 𝑉 (0)) + 𝐾0𝑇. (13)

Let Ω𝑘 = {𝜏𝑘 ≤ 𝑇}, and from inequality (4) we can see that𝑃(Ω𝑘) ≥ 𝜖. Note that, for every 𝜔 ∈ Ω𝑘, there exists at least

one of 𝑆(𝜏𝑘, 𝜔), 𝐼(𝜏𝑘, 𝜔), and 𝑉(𝜏𝑘, 𝜔) that equals either 𝑘 or1/𝑘. As a result, we have
𝑄 (𝑆 (𝜏𝑘 ∧ 𝑇) , 𝐼 (𝜏𝑘 ∧ 𝑇) , 𝑉 (𝜏𝑘 ∧ 𝑇))

≥ (𝑘 − 1 − ln 𝑘) ∧ (1𝑘 − 1 − ln 1𝑘) . (14)

Applying (13) and (14), we get

𝑄 (𝑆 (0) , 𝐼 (0) , 𝑉 (0)) + 𝐾0𝑇
≥ 𝐸 [1Ω𝑘 (𝜔)𝑄 (𝑆 (𝜏𝑘 ∧ 𝑇) , 𝐼 (𝜏𝑘 ∧ 𝑇) , 𝑉 (𝜏𝑘 ∧ 𝑇))]
≥ 𝜖 (𝑘 − 1 − ln 𝑘) ∧ (1𝑘 − 1 − ln 1𝑘) ,

(15)

where 1Ω𝑘 is the indicator function of Ω𝑘.
When 𝑘 → ∞, we have

∞ > 𝑄 (𝑆 (0) , 𝐼 (0) , 𝑉 (0)) + 𝐾0𝑇 = ∞. (16)

This is a contradiction. So 𝜏∞ = ∞ and we complete the
proof.

Without losing generality, in this paper, we always assume
that 𝑆(0) + 𝐼(0) + 𝑉(0) ≤ Λ/𝑢.
3. Extinction

Theorem 3. Let (𝑆(𝑡), 𝐼(𝑡), 𝑉(𝑡)) be the solution of model (1)
with initial value (𝑆(0), 𝐼(0), 𝑉(0)) ∈ 𝑅3+. If one of the following
conditions holds:

(i) 𝜎𝑖 ≥ √𝑢𝛽𝑖/Λ, 𝑖 = 1, 2, and 𝑅11 = 𝛽21/2𝜎21(𝑢 + 𝑟 + 𝑎) +𝛽22/2𝜎22(𝑢 + 𝑟 + 𝑎) < 1,
(ii) 𝜎𝑖 ≤ √𝑢𝛽𝑖/Λ, 𝑖 = 1, 2, and 𝑅12 = Λ(𝛽1 +𝛽2)/𝑢(𝑢 + 𝑟 +𝑎) − Λ2(𝜎21 + 𝜎22)/2𝑢2(𝑢 + 𝑟 + 𝑎) < 1,
(iii) 𝜎1 ≥ √𝑢𝛽1/Λ, 𝜎2 ≤ √𝑢𝛽2/Λ, and 𝑅21 = Λ𝛽2/𝑢(𝑢 +𝑟 + 𝑎) + 𝛽21/2𝜎21(𝑢 + 𝑟 + 𝑎) − Λ2𝜎22/2𝑢2(𝑢 + 𝑟 + 𝑎) < 1,
(iv) 𝜎1 ≤ √𝑢𝛽1/Λ, 𝜎2 ≥ √𝑢𝛽2/Λ, and 𝑅22 = Λ𝛽1/𝑢(𝑢 +𝑟 + 𝑎) + 𝛽22/2𝜎22(𝑢 + 𝑟 + 𝑎) − Λ2𝜎21/2𝑢2(𝑢 + 𝑟 + 𝑎) < 1,

then epidemic disease 𝐼(𝑡) goes extinct; that is, lim𝑡→+∞𝐼(𝑡) =0. Moreover, we have

lim
𝑡→+∞

𝑉 (𝑡) = Λ𝑢 𝑢𝑞 + 𝑛𝑢 + 𝑛 + 𝜂 ,
lim
𝑡→+∞

𝑆 (𝑡) = Λ𝑢
𝑢 (1 − 𝑞) + 𝜂
𝑢 + 𝑛 + 𝜂

a.s.
(17)

Proof. Applying Itô’s formula to ln 𝐼(𝑡), we have
𝑑 ln 𝐼 (𝑡) = [ 𝛽1𝑆1 + 𝑝1𝐼 + 𝛽2𝑉1 + 𝑝2𝐼 − (𝑢 + 𝑟 + 𝑎)

− 12 𝜎21𝑆2(1 + 𝑝1𝐼)2 −
12 𝜎22𝑉2(1 + 𝑝2𝐼)2]𝑑𝑡

+ 𝜎1𝑆1 + 𝑝1𝐼𝑑𝐵1 (𝑡) + 𝜎2𝑉1 + 𝑝2𝐼𝑑𝐵2 (𝑡) .

(18)
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Integrating from 0 to 𝑡 and dividing both sides of (18) by 𝑡,
one has

ln 𝐼 (𝑡)𝑡 = 1𝑡 ∫𝑡
0
[ 𝛽1𝑆 (𝑠)1 + 𝑝1𝐼 (𝑠) + 𝛽2𝑉 (𝑠)1 + 𝑝2𝐼 (𝑠)

− (𝑢 + 𝑟 + 𝑎) − 12 𝜎21𝑆2 (s)(1 + 𝑝1𝐼 (𝑠))2

− 12 𝜎22𝑉2 (𝑠)(1 + 𝑝2𝐼 (𝑠))2]𝑑𝑠 + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡
+ ln 𝐼 (0)𝑡 = 1𝑡 ∫𝑡

0
[−𝜎212 ( 𝑆 (𝑠)1 + 𝑝1𝐼 (𝑠) − 𝛽1𝜎21 )

2

+ 𝛽212𝜎21 − 𝜎222 ( 𝑉 (𝑠)1 + 𝑝2𝐼 (𝑠) − 𝛽2𝜎22 )
2 + 𝛽222𝜎22

− (𝑢 + 𝑟 + 𝑎)] 𝑑𝑠 + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡
+ ln 𝐼 (0)𝑡 ,

(19)

where

𝑀1 (𝑡) = ∫𝑡
0

𝜎1𝑆 (𝑠)1 + 𝑝1𝐼 (𝑠)𝑑𝐵1 (𝑠) ,

𝑀2 (𝑡) = ∫𝑡
0

𝜎2𝑉 (𝑠)1 + 𝑝2𝐼 (𝑠)𝑑𝐵2 (𝑠)
(20)

are real-valued continuous martingales.
Thus

lim sup
𝑡→∞

⟨𝑀1,𝑀1⟩𝑡𝑡 = lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎21𝑆2 (𝑠)(1 + 𝑝1𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎21Λ2𝑢2 < +∞,
lim sup
𝑡→∞

⟨𝑀2,𝑀2⟩𝑡𝑡 = lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎22𝑉2 (𝑠)(1 + 𝑝2𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎22Λ2𝑢2 < +∞.

(21)

By the strong law of large numbers [37], we have

lim
𝑡→∞

𝑀1 (𝑡)𝑡 = 0,
lim
𝑡→∞

𝑀2 (𝑡)𝑡 = 0.
(22)

Case 1. When 𝜎𝑖 ≥ √𝑢𝛽𝑖/Λ, 𝑖 = 1, 2, and 𝑅11 < 1, applying
(19) we have

ln 𝐼 (𝑡)𝑡 ≤ 𝛽212𝜎21 + 𝛽222𝜎22 − (𝑢 + 𝑟 + 𝑎) + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎)
⋅ [ 𝛽212𝜎21 (𝑢 + 𝑟 + 𝑎) + 𝛽222𝜎22 (𝑢 + 𝑟 + 𝑎) − 1]

+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎)
⋅ (𝑅11 − 1) + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 .

(23)

Taking the limit superior on both sides of (23), we have

lim sup
𝑡→∞

ln 𝐼 (𝑡)𝑡 ≤ (𝑢 + 𝑟 + 𝑎) (𝑅11 − 1) < 0. (24)

Thus

lim
𝑡→∞

𝐼 (𝑡) = 0. (25)

Case 2. When 𝜎𝑖 ≤ √𝑢𝛽𝑖/Λ, 𝑖 = 1, 2, and 𝑅12 < 1, applying
(19) we have

ln 𝐼 (𝑡)𝑡
≤ Λ (𝛽1 + 𝛽2)𝑢 − Λ2 (𝜎21 + 𝜎22)2𝑢2 − (𝑢 + 𝑟 + 𝑎)

+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡
= (𝑢 + 𝑟 + 𝑎) [ Λ (𝛽1 + 𝛽2)𝑢 (𝑢 + 𝑟 + 𝑎) − Λ2 (𝜎21 + 𝜎22)2𝑢2 (𝑢 + 𝑟 + 𝑎) − 1]

+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡
= (𝑢 + 𝑟 + 𝑎) (𝑅12 − 1) + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡

+ ln 𝐼 (0)𝑡 .

(26)

Taking the limit superior on both sides of (26), we have

lim sup
𝑡→∞

ln 𝐼 (𝑡)𝑡 ≤ (𝑢 + 𝑟 + 𝑎) (𝑅12 − 1) < 0. (27)

Thus

lim
𝑡→∞

𝐼 (𝑡) = 0. (28)
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Case 3. When 𝜎1 ≥ √𝑢𝛽1/Λ, 𝜎2 ≤ √𝑢𝛽2/Λ, and 𝑅21 < 1,
applying (19) we have

ln 𝐼 (𝑡)𝑡 ≤ 𝛽212𝜎21 + Λ𝛽2𝑢 − Λ2𝜎222𝑢2 − (𝑢 + 𝑟 + 𝑎) + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎) [ 𝛽212𝜎21 (𝑢 + 𝑟 + 𝑎)
+ Λ𝛽2𝑢 (𝑢 + 𝑟 + 𝑎) − Λ2𝜎222𝑢2 (𝑢 + 𝑟 + 𝑎) − 1] + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎) (𝑅21 − 1)
+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 .

(29)

Taking the limit superior on both sides of (29), we have

lim sup
𝑡→∞

ln 𝐼 (𝑡)𝑡 ≤ (𝑢 + 𝑟 + 𝑎) (𝑅21 − 1) < 0. (30)

Thus

lim
𝑡→∞

𝐼 (𝑡) = 0. (31)

Case 4. When 𝜎1 ≤ √𝑢𝛽1/Λ, 𝜎2 ≥ √𝑢𝛽2/Λ, and 𝑅22 < 1,
applying (19) we have

ln 𝐼 (𝑡)𝑡 ≤ Λ𝛽1𝑢 − Λ2𝜎212𝑢2 + 𝛽222𝜎22 − (𝑢 + 𝑟 + 𝑎) + 𝑀1 (𝑡)𝑡
+ 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎) [ Λ𝛽1𝑢 (𝑢 + 𝑟 + 𝑎)
− Λ2𝜎212𝑢2 (𝑢 + 𝑟 + 𝑎) + 𝛽222𝜎22 (𝑢 + 𝑟 + 𝑎) − 1]
+ 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 = (𝑢 + 𝑟 + 𝑎) (𝑅22
− 1) + 𝑀1 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 + ln 𝐼 (0)𝑡 .

(32)

Taking the limit superior on both sides of (32), we have

lim sup
𝑡→∞

ln 𝐼 (𝑡)𝑡 ≤ (𝑢 + 𝑟 + 𝑎) (𝑅22 − 1) < 0. (33)

Thus

lim
𝑡→∞

𝐼 (𝑡) = 0. (34)

Applying (8) we have

𝑆 (𝑡) + 𝐼 (𝑡) + 𝑉 (𝑡)
= 𝑒−𝑢𝑡 [𝑆 (0) + 𝐼 (0) + 𝑉 (0) + ∫𝑡

0
[Λ − 𝑎𝐼 (𝑠)] 𝑒𝑢𝑠𝑑𝑠] . (35)

Applying L’Hospital rule, one has

lim
𝑡→∞

(𝑆 (𝑡) + 𝑉 (𝑡))
= lim
𝑡→∞

[
[

𝑆 (0) + 𝐼 (0) + 𝑉 (0) + ∫𝑡
0
[Λ − 𝑎𝐼 (𝑠)] 𝑒𝑢𝑠𝑑𝑠

𝑒𝑢𝑡

− 𝐼 (𝑡)]
]

= lim
𝑡→∞

Λ − 𝑎𝐼 (𝑡)𝑢 = Λ𝑢 a.s.
(36)

Applying (36) and lim𝑡→+∞𝐼(𝑡) = 0, there exist two arbitrarily
small constants 𝜀1, 𝜀2 > 0 such that when 𝑡 > 𝑇, we have

𝐼 (𝑡) ≤ 𝜀1,
𝑆 (𝑡) + 𝑉 (𝑡) ≤ Λ𝑢 + 𝜀2, (37)

and so we have

𝑑𝑉 = [𝑞Λ + 𝑛𝑆 − (𝑢 + 𝜂)𝑉 − 𝛽2𝑉𝐼1 + 𝑝2𝐼] 𝑑𝑡
− 𝜎2𝑉𝐼1 + 𝑝2𝐼𝑑𝐵2 (𝑡)

≤ [𝑞Λ + 𝑛 (𝑆 + 𝑉) − (𝑛 + 𝑢 + 𝜂)𝑉] 𝑑𝑡
+ 

𝜀1𝜎2𝑉1 + 𝑝2𝜀1 𝑑𝐵2 (𝑡)


≤ [𝑞Λ + 𝑛 (Λ𝑢 + 𝜀2) − (𝑛 + 𝑢 + 𝜂)𝑉] 𝑑𝑡
+ 

𝜀1𝜎2𝑉1 + 𝑝2𝜀1 𝑑𝐵2 (𝑡)
 .

(38)

Letting 𝑡 → +∞ and applying the arbitrariness of 𝜀1 and 𝜀2,
we obtain

lim
𝑡→+∞

𝑉 (𝑡) ≤ Λ𝑢 𝑢𝑞 + 𝑛𝑢 + 𝑛 + 𝜂 a.s. (39)

Similarly, we have

lim
𝑡→+∞

𝑆 (𝑡) ≤ Λ𝑢
𝑢 (1 − 𝑞) + 𝜂
𝑢 + 𝑛 + 𝜂 a.s. (40)

Then, applying (36), we have

lim
𝑡→+∞

𝑉 (𝑡) = Λ𝑢 𝑢𝑞 + 𝑛𝑢 + 𝑛 + 𝜂 ,
lim
𝑡→+∞

𝑆 (𝑡) = Λ𝑢
𝑢 (1 − 𝑞) + 𝜂
𝑢 + 𝑛 + 𝜂

a.s.
(41)

This completes the proof.
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4. Persistence in Mean

Theorem 4. Let (𝑆(𝑡), 𝐼(𝑡), 𝑉(𝑡)) be a solution of model (2)
with initial value (𝑆(0), 𝐼(0), 𝑉(0)) ∈ 𝑅3+. If condition

𝑅2 = Λ𝛽2𝑢 (𝑢 + 𝑟 + 𝑎) − Λ2 (𝜎21 + 𝜎22)2𝑢2 (𝑢 + 𝑟 + 𝑎) > 1 (42)

holds, then epidemic disease 𝐼(𝑡) is persistence in mean; that is,𝐼∗ ≥ lim sup𝑡→∞⟨𝐼(𝑡)⟩ ≥ lim inf 𝑡→∞⟨𝐼(𝑡)⟩ > 𝐼∗.
Proof. Integrating from 0 to 𝑡 and dividing both sides of (2)
by 𝑡, we have

⟨𝑆 (𝑡)⟩ + ⟨𝑉 (𝑡)⟩
= Λ𝑢 − 𝑢 + 𝑎𝑢 ⟨𝐼 (𝑡)⟩

− 1𝑢𝑡 [𝑆 (𝑡) − 𝑆 (0) + 𝐼 (𝑡) − 𝐼 (0) + 𝑉 (𝑡) − 𝑉 (0)] .
(43)

Choose �̌� = max{𝑝1, 𝑝2}, and then, applying Itô’s formula
to ln 𝐼(𝑡) + �̌�𝐼(𝑡), we have

𝑑 [ln 𝐼 (𝑡) + �̌�𝐼 (𝑡)] = [𝛽1𝑆 (1 + �̌�𝐼)
1 + 𝑝1𝐼 + 𝛽2𝑉 (1 + �̌�𝐼)

1 + 𝑝2𝐼
− (𝑢 + 𝑟 + 𝑎) − �̌� (𝑢 + 𝑟 + 𝑎) 𝐼 − 12 𝜎21𝑆2(1 + 𝑝1𝐼)2

− 12 𝜎22V2(1 + 𝑝2𝐼)2]𝑑𝑡 + 𝜎1𝑆 (1 + �̌�𝐼)
1 + 𝑝1𝐼 𝑑𝐵1 (𝑡)

+ 𝜎2𝑉 (1 + �̌�𝐼)
1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) ≥ [𝛽1𝑆 + 𝛽2𝑉

− �̌� (𝑢 + 𝑟 + 𝑎) 𝐼 − (𝑢 + 𝑟 + 𝑎) − 12𝜎21𝑆2

− 12𝜎22𝑉2] 𝑑𝑡 + 𝜎1𝑆 (1 + �̌�𝐼)
1 + 𝑝1𝐼 𝑑𝐵1 (𝑡)

+ 𝜎2𝑉 (1 + �̌�𝐼)
1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) .

(44)

Integrating from 0 to 𝑡 and dividing both sides of (44) by 𝑡,
one has

ln 𝐼 (𝑡) + �̌�𝐼 (𝑡)𝑡
≥ 𝛽1 ⟨𝑆 (𝑡)⟩ + 𝛽2 ⟨𝑉 (𝑡)⟩

− (𝑢 + 𝑟 + 𝑎) (1 + �̌� ⟨𝐼 (𝑡)⟩) − Λ22𝑢2 (𝜎21 + 𝜎22)
+ 𝑀3 (𝑡)𝑡 + 𝑀4 (𝑡)𝑡 + ln 𝐼 (0) + �̌�𝐼 (0)𝑡

≥ 𝛽2 (⟨𝑆 (𝑡)⟩ + ⟨𝑉 (𝑡)⟩)
− (𝑢 + 𝑟 + 𝑎) (1 + �̌� ⟨𝐼 (𝑡)⟩) − Λ22𝑢2 (𝜎21 + 𝜎22)
+ 𝑀3𝑡 + 𝑀4𝑡 + ln 𝐼 (0) + �̌�𝐼 (0)𝑡

= Λ𝛽2𝑢 − [𝛽2 (𝑢 + 𝑎)𝑢 + �̌� (𝑢 + 𝑟 + 𝑎)] ⟨𝐼 (𝑡)⟩
− (𝑢 + 𝑟 + 𝑎) − Λ22𝑢2 (𝜎21 + 𝜎22) + Φ (𝑡) ,

(45)
whereΦ (𝑡)

= −𝛽2𝑢𝑡 [𝑆 (𝑡) − 𝑆 (0) + 𝐼 (𝑡) − 𝐼 (0) + 𝑉 (𝑡) − 𝑉 (0)]
+ 𝑀3𝑡 + 𝑀4𝑡 + ln 𝐼 (0) + �̌�𝐼 (0)𝑡 ,

𝑀3 (𝑡) = ∫𝑡
0

𝜎1𝑆 (𝑠) (1 + �̌�𝐼 (𝑠))1 + 𝑝1𝐼 (𝑠) 𝑑𝐵1 (𝑠) ,
𝑀4 (𝑡) = ∫𝑡

0

𝜎2𝑉 (𝑠) (1 + �̌�𝐼 (𝑠))1 + 𝑝2𝐼 (𝑠) 𝑑𝐵2 (𝑠)

(46)

are local continuous martingales.
Thus

lim sup
𝑡→∞

⟨𝑀3,𝑀3⟩𝑡𝑡
= lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎21𝑆2 (𝑠) (1 + �̌�𝐼 (𝑠))2
(1 + 𝑝1𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎21Λ2𝑢2 (1 + �̌�Λ𝑢 ) < +∞,
lim sup
𝑡→∞

⟨𝑀4,𝑀4⟩𝑡𝑡
= lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎22𝑉2 (𝑠) (1 + �̌�𝐼 (𝑠))2
(1 + 𝑝2𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎22Λ2𝑢2 (1 + �̌�Λ𝑢 ) < +∞.

(47)

By the strong law of large numbers, we have

lim
𝑡→∞

𝑀3 (𝑡)𝑡 = 0,
lim
𝑡→∞

𝑀4 (𝑡)𝑡 = 0.
(48)
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From (45), we obtain

⟨𝐼 (𝑡)⟩ ≥
{{{{{{{{{

1Ω1 [
Λ𝛽2𝑢 − Λ22𝑢2 (𝜎21 + 𝜎22) − (𝑢 + 𝑟 + 𝑎) + Φ (𝑡) − �̌�𝐼 (𝑡)𝑡 ] , 0 < 𝐼 (𝑡) < 1;

1Ω1 [
Λ𝛽2𝑢 − Λ22𝑢2 (𝜎21 + 𝜎22) − (𝑢 + 𝑟 + 𝑎) + Φ (𝑡) − ln 𝐼 (𝑡) + �̌�𝐼 (𝑡)𝑡 ] , 1 ≤ 𝐼 (𝑡) , (49)

where

Ω1 = 𝛽2 (𝑢 + 𝑎)𝑢 + �̌� (𝑢 + 𝑟 + 𝑎) . (50)

Hence, we have lim𝑡→∞((𝑆(𝑡) + 𝐼(𝑡) + 𝑉(𝑡))/𝑡) = 0 and
lim𝑡→∞(ln 𝐼(𝑡)/𝑡) = 0 as 𝐼(𝑡) ≥ 1 and lim𝑡→∞(Φ(𝑡)/𝑡) = 0.

Taking the limit inferior on both sides of (49), we have

lim inf
𝑡→∞

⟨𝐼 (𝑡)⟩
≥ 𝑢 + 𝑟 + 𝑎Ω1 [ Λ𝛽2𝑢 (𝑢 + 𝑟 + 𝑎) − Λ2 (𝜎21 + 𝜎22)2𝑢2 (𝑢 + 𝑟 + 𝑎) − 1]
= 𝑢 + 𝑟 + 𝑎Ω1 (𝑅2 − 1) = 𝐼∗ > 0.

(51)

On the other hand, choose 𝑝 = min{𝑝1, 𝑝2}, and, applying
(44), we have

𝑑 [ln 𝐼 (𝑡) + 𝑝𝐼 (𝑡)] = [𝛽1𝑆 (1 + 𝑝𝐼)
1 + 𝑝1𝐼 + 𝛽2𝑉 (1 + 𝑝𝐼)

1 + 𝑝2𝐼
− (𝑢 + 𝑟 + 𝑎) − 𝑝 (𝑢 + 𝑟 + 𝑎) 𝐼 − 12 𝜎21𝑆2(1 + 𝑝1𝐼)2
− 12 𝜎22𝑉2(1 + 𝑝2𝐼)2]𝑑𝑡 + 𝜎1𝑆 (1 + 𝑝𝐼)

1 + 𝑝1𝐼 𝑑𝐵1 (𝑡)

+ 𝜎2𝑉 (1 + 𝑝𝐼)
1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) ≤ [𝛽1𝑆 + 𝛽2𝑉

− 𝑝 (𝑢 + 𝑟 + 𝑎) 𝐼 − (𝑢 + 𝑟 + 𝑎)] 𝑑𝑡
+ 𝜎1𝑆 (1 + 𝑝𝐼)

1 + 𝑝1𝐼 𝑑𝐵1 (𝑡) + 𝜎2𝑉 (1 + 𝑝𝐼)
1 + 𝑝2𝐼 𝑑𝐵2 (𝑡) .

(52)

Integrating from 0 to 𝑡 and dividing both sides of (52) by 𝑡,
one has

ln 𝐼 (𝑡) + 𝑝𝐼 (𝑡)𝑡
≤ 𝛽1 ⟨𝑆 (𝑡)⟩ + 𝛽2 ⟨𝑉 (𝑡)⟩

− (𝑢 + 𝑟 + 𝑎) (1 + 𝑝 ⟨𝐼 (𝑡)⟩) + 𝑀5 (𝑡)𝑡 + 𝑀6 (𝑡)𝑡
+ ln 𝐼 (0) + 𝑝𝐼 (0)𝑡

≤ 𝛽1 (⟨𝑆 (𝑡)⟩ + ⟨𝑉 (𝑡)⟩)

− (𝑢 + 𝑟 + 𝑎) (1 + 𝑝 ⟨𝐼 (𝑡)⟩) + 𝑀5𝑡 + 𝑀6𝑡
+ ln 𝐼 (0) + 𝑝𝐼 (0)𝑡

= Λ𝛽1𝑢 − [𝛽1 (𝑢 + 𝑎)𝑢 + 𝑝 (𝑢 + 𝑟 + 𝑎)] ⟨𝐼 (𝑡)⟩
− (𝑢 + 𝑟 + 𝑎) + Ψ (𝑡) ,

(53)

where

Ψ (𝑡)
= −𝛽1𝑢𝑡 [𝑆 (𝑡) − 𝑆 (0) + 𝐼 (𝑡) − 𝐼 (0) + 𝑉 (𝑡) − 𝑉 (0)]

+ 𝑀5𝑡 + 𝑀6𝑡 + ln 𝐼 (0) + 𝑝𝐼 (0)𝑡 ,
𝑀5 (𝑡) = ∫𝑡

0

𝜎1𝑆 (𝑠) (1 + 𝑝𝐼 (𝑠))1 + 𝑝1𝐼 (𝑠) 𝑑𝐵1 (𝑠) ,
𝑀6 (𝑡) = ∫𝑡

0

𝜎2𝑉 (𝑠) (1 + 𝑝𝐼 (𝑠))1 + 𝑝2𝐼 (𝑠) 𝑑𝐵2 (𝑠)

(54)

are local continuous martingales.
Thus

lim sup
𝑡→∞

⟨𝑀5,𝑀5⟩𝑡𝑡
= lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎21𝑆2 (𝑠) (1 + 𝑝𝐼 (𝑠))2
(1 + 𝑝1𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎21Λ2𝑢2 (1 + 𝑝Λ𝑢 ) < +∞,

(55)

lim sup
𝑡→∞

⟨𝑀4,𝑀4⟩𝑡𝑡
= lim sup
𝑡→∞

1𝑡 ∫𝑡
0

𝜎22𝑉2 (𝑠) (1 + 𝑝𝐼 (𝑠))2
(1 + 𝑝2𝐼 (𝑠))2 𝑑𝑠

≤ 𝜎22Λ2𝑢2 (1 + 𝑝Λ𝑢 ) < +∞.

(56)
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By the strong law of large numbers, we have

lim
𝑡→∞

𝑀5 (𝑡)𝑡 = 0,

lim
𝑡→∞

𝑀6 (𝑡)𝑡 = 0.
(57)

Applying lim𝑡→∞((𝑆(𝑡) + 𝐼(𝑡) + 𝑉(𝑡))/𝑡) = 0, we have
lim𝑡→∞(Ψ(𝑡)/𝑡) = 0.

From (53), we obtain

⟨𝐼 (𝑡)⟩ ≤ 1Ω2 [
Λ𝛽1𝑢 − (𝑢 + 𝑟 + 𝑎) + Ψ (𝑡)

− ln 𝐼 (𝑡) + 𝑝𝐼 (𝑡)𝑡 ] ,
(58)

where

Ω2 = 𝛽1 (𝑢 + 𝑎)𝑢 + 𝑝 (𝑢 + 𝑟 + 𝑎) . (59)

Applying (51) yields lim𝑡→+∞𝐼(𝑡) > 0, and then
lim𝑡→∞(ln 𝐼(𝑡)/𝑡) = 0.

Taking the limit superior on both sides of (58), we
have

lim sup
𝑡→∞

⟨𝐼 (𝑡)⟩ ≤ 𝑢 + 𝑟 + 𝑎Ω2 [ Λ𝛽1𝑢 (𝑢 + 𝑟 + 𝑎) − 1] = 𝐼∗
> 0.

(60)

This completes the proof.

5. Conclusions and Numerical Simulations

This paper investigates a stochastic epidemic system with
nonlinear incidence rate under vaccination. We first demon-
strate the existence and uniqueness of global positive solution
of model (2). Then we study the persistence in mean and
extinction of the stochastic SIV system. Our result shows
that large noises can lead to the extinction of epidemic
diseases. In addition, notice that the basic reproduction
number for epidemic disease to die out is negatively related to
the intensity of interference, which indicates that stochastic
impact can suppress the epidemic diseases. Compared with
the existing work in [8, 10], the model constructed in this
paper also considered the efficiency of vaccination. Authors
in [8, 10] considered the case that the average contact rate of
an infective individual explored to a vaccinated individual per
unit time at time 𝑡 is 𝛽2 = 0, and we study the more general
case 0 ≤ 𝛽2 ≤ 𝛽1, which is more consistent with the actual
situation. In addition, since the number of susceptible and
vaccinated individuals to contact with a patient within a unit
time is limited, in this paper, we employ a saturated incidence
to describe the spread of an epidemic; that is, 𝛽𝑖𝐼/(1 + 𝑝𝑖𝐼),𝑖 = 1, 2.

We next give some numerical simulations to support our
results. Considering the following discrete equations:

𝑆𝑖+1 = 𝑆𝑖
+ [(1 − 𝑞)Λ − 𝛽1𝑆𝑖𝐼𝑖1 + 𝑝1𝐼𝑖 − (𝑢 + 𝑛) 𝑆𝑖 + 𝑟𝐼𝑖 + 𝜂𝑉𝑖]
⋅ Δ𝑡 − 𝜎1𝑆𝑖𝐼𝑖1 + 𝑝1𝐼𝑖Δ𝐵1𝑘,

𝐼𝑖+1 = 𝐼𝑖 + [ 𝛽1𝑆𝑖𝐼𝑖1 + 𝑝1𝐼𝑖 +
𝛽2𝑉𝑖𝐼𝑖1 + 𝑝2𝐼𝑖 − (𝑢 + 𝑟 + 𝑎) 𝐼𝑖]Δ𝑡

+ 𝜎1𝑆𝑖𝐼𝑖1 + 𝑝1𝐼𝑖Δ𝐵1𝑘 + 𝜎2𝑉𝑖𝐼𝑖1 + 𝑝2𝐼𝑖Δ𝐵2𝑘,
𝑉𝑖+1 = 𝑉𝑖 [𝑞Λ + 𝑛𝑆𝑖 − (𝑢 + 𝜂)𝑉𝑖 − 𝛽2𝑉𝑖𝐼𝑖1 + 𝑝2𝐼𝑖 ]Δ𝑡

− 𝜎2𝑉𝑖𝐼𝑖1 + 𝑝2𝐼𝑖Δ𝐵2𝑘,

(61)

where Δ𝑡 = 0.01 and Δ𝐵𝑗𝑘 ≜ 𝐵(𝑡𝑘+1) − 𝐵(𝑡𝑘), (𝑗 = 1, 2, 3)
obeys the Gaussian distribution 𝑁(0, Δ𝑡). To this end, we set

𝑞 = 0.2,
Λ = 0.3,
𝛽1 = 0.2,
𝛽2 = 0.2,
𝑢 = 0.1,
𝑛 = 0.1,
𝑟 = 0.2,
𝑎 = 0.2,
𝜂 = 0.1,
𝑝 = 1,
𝑞 = 1.

(62)

Under the setting for plotting Figures 1(b)–1(e), we have

lim
𝑡→+∞

𝑉 (𝑡) = Λ𝑢 𝑢𝑞 + 𝑛𝑢 + 𝑛 + 𝜂 = 1.2,
lim
𝑡→+∞

𝑆 (𝑡) = Λ𝑢
𝑢 (1 − 𝑞) + 𝜂
𝑢 + 𝑛 + 𝜂 = 1.8.

(63)

Figure 1(a) is the time sequence diagramofmodel (2)with
noises𝜎1 = 0 and𝜎2 = 0. In this case, the disease 𝐼(𝑡) inmodel
(2) is persistent. Figures 1(b)–1(e) are the time sequence
diagram of model (2), satisfying conditions (i)–(iv) in The-
orem 3, respectively. In Figure 1(b), 𝛿1 = 𝛿2 = 0.5 > 0.258,𝑅11 = 0.32 < 1, and this satisfies condition (i) of Theorem 3.
In Figure 1(c), 𝛿1 = 𝛿2 = 0.25 < 0.258, 𝑅12 = 0.98 < 1, and
this satisfies condition (ii) of Theorem 3. In Figure 1(d), 𝛿1 =
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Figure 1: Time sequence diagram of model (2). (a)The deterministic model with 𝜎1 = 0 and 𝜎2 = 0; (b) extinction of model (2) with 𝜎1 = 0.5
and 𝜎2 = 0.5; (c) extinction of model (2) with 𝜎1 = 0.25 and 𝜎2 = 0.25; (d) extinction of model (2) with 𝜎1 = 0.6 and 𝜎2 = 0.2; (e) extinction
of model (2) with 𝜎1 = 0.2 and 𝜎2 = 0.6; (f) persistence in mean of model (2) with 𝜎1 = 0.1 and 𝜎2 = 0.1.



10 Mathematical Problems in Engineering

0.6 > 0.258, 𝛿2 = 0.2 < 0.258, 𝑅21 = 0.95 < 1, and this
satisfies condition (iii) ofTheorem3. In Figure 1(e),𝛿1 = 0.2 <0.258, 𝛿2 = 0.6 > 0.258, 𝑅22 = 0.95 < 1, and this satisfies
condition (iv) of Theorem 3. From Figures 1(b)–1(e), the dis-
ease 𝐼(𝑡) in model (2) is extinct. Comparing Figure 1(a) with
Figures 1(b)–1(e), we find that random interference can lead
to the extinct of disease.This is in line with our conclusion in
Theorem 3.

In Figure 1(f), 𝑅2 = 1.02 > 1. In this case, 0.55 = 𝐼∗ ≥
lim sup𝑡→∞⟨𝐼(𝑡)⟩ ≥ lim inf 𝑡→∞⟨𝐼(𝑡)⟩ ≥ 𝐼∗ = 0.009, and the
disease 𝐼(𝑡) in model (2) is persistence in mean, and this is in
line with our conclusion inTheorem 4.
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In a manufacturing and inventory system, information on production and order lead time helps consumers’ decision whether they
receive finished products or not by considering their own impatience on waiting time. In Savaşaneril et al. (2010), the optimal
dynamic lead time quotation policy in a one-stage production and inventory system with a base stock policy for maximizing the
system’s profit and its properties are discussed. In this system, each arriving customer decides whether he/she enters the system
based on the quoted lead time informed by the system. On the other hand, the customer’s utility may be small under the optimal
quoted lead time policy because the actual lead time may be longer than the quoted lead time. We use a utility function with
respect to benefit of receiving products and waiting time and propose several kinds of heuristic lead time quotation policies. These
are compared with optimal policies with respect to both profits and customer’s utilities.Through numerical examples some kinds of
heuristic policies have better expected utilities of customers than the optimal quoted lead time policy maximizing system’s profits.

1. Introduction

Inmanufacturing systems the production and inventory con-
trol must be appropriate to reduce the production cost. Infor-
mation on production such as advance demand, amounts
of work-in-process and finished products, and machine’s
failure is important to the control. For customers buying
products, the information of order lead time is important to
decide whether he/she buys a product or not. In addition,
the consumer will be unsatisfied when the actual lead time
is greater than the informed lead time. The quotation of lead
time causes the actual number of customers to vary because
the long quoted lead time leads to decrease of actual demand,
and thus appropriate information makes the profit of the
system increase.

Recently, the information on inventory or lead time to
customers is discussed. For example, Duenyas and Hopp
[1] develop a dynamic lead time quotation problem in a
make-to-order system as an 𝑀/𝑀/1 queue using an MDP
formulation. Ata and Olsen [2] consider a make-to-order
system where customers are dynamically quoted lead times.

They recommend quotation policies for convex, concave, and
convex-concave delay cost functions. Kapuscinski and Tayur
[3] consider two classes of customers, where the high priority
customers bring more profit to the system but delay for them
leads to the higher penalty on the system. Wu et al. [4]
consider a newsvendor problem with information of price
and quoted lead time and determine optimal amounts of
orders, prices, and quoted lead time. In Selçuk [5] a cost effec-
tive dynamic lead time quotation procedure in a single-stage
controlled manufacturing system is considered and guide-
lines are discussed for setting the number of kanbans and
the frequency of updating lead time. Slotnick [6] discusses
an optimal lead time quotation policy when reputation of
firm affects whether each consumer orders products or balks
and discusses the relationships among order size, reputation,
lead time decision, and so on. In addition, Hafızoğlu et al.
[7] consider price and lead time decisions in a make-to-
stock systemwith contract and spot customers under Poisson
arrivals and exponential service times. The optima policy on
price and lead time is characterized. Zhao et al. [8] consider
the make-to-order manufacturing system which gives two
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lead time and price quotation strategies, one of which offers
a single lead time and price, and the other gives the menu of
pairs of lead time and prices.They discuss the better strategies
under the price-sensitive and lead time sensitive consumers.
The other lead time quotation and decision models are found
in Keskinocak et al. [9], Ata [10], Charnsirisakskul et al. [11],
Chaharsooghi et al. [12], and Xiao et al. [13].

In Savaşaneril et al. [14], the optimal lead time quotation
in an𝑀/𝑀/1 base stock inventory queue for maximizing the
system’s profit is discussed. In this system, if the lead time
quoted to the arriving customer is long, the probability that
the customer enters the system and receives service becomes
small. In their paper, the model is formulated as a Markov
decision process and the property of the optimal lead time
quotation policy is discussed.

Literature on optimal quotation polices focuses on the
optimal lead quotation policies for the system. Under such
optimal lead time quotation policies, however, the exact lead
time information is not quoted to customers. One reason is
that the production process is under uncertainness because of
failure or repair of the machine, and thus actual production
time is stochastic. The other and important reason is that,
under the optimal lead time policy, the system manager may
not give the mean of actual lead time, even if the delay
cost for quoted lead time is considered. Thus, when this
optimal policy is applied, the customer’s satisfaction may be
small, because he/she leaves the system by quotation of long
lead time when the actual lead time is small and his/her
actual waiting time for items may be longer than quoted
lead time because of the setting of shorter quoted lead time
than the actual lead time. Thus, for the system manager, it is
important to maximize not only the profit of the system but
also customer’s satisfaction. Most of researches in literature,
however, do not discuss this kind of satisfaction of actual
customers deeply.

As one of the customer’s utility on waiting time, the
effect of delay information on the customer’s satisfaction
is formulated in Guo and Zipkin [15, 16]. In these papers,
the utility function of each customer is defined, which
shows the degree of his/her satisfaction on waiting time in
a queue. It includes the stochastic parameter representing
his/her impatience for waiting time, and if the value of this
parameter is high, then he/she is impatient of waiting. They
defined several types of delay information and their effects
are discussed theoretically and numerically. In Nakade and
Niwa [17], an 𝑀/𝑀/1 base stock manufacturing-inventory
system is developed, but the evaluation of the utility function
is inappropriate and thus the relationship between the utility
and average cost is unclear. In fact, the utility function itself
only includes the waiting time cost, but the evaluation of the
utility as performance measure includes the delay cost for
quoted lead time, which is confusing.

In this paper, the effect by the lead time quotation in
an 𝑀/𝑀/1 base stock manufacturing-inventory queue into
the customer’s utility function is discussed. Poisson arrivals
are popular because it is well known that the arrival process
from large populationwith small probability that each person
will arrive at a system approximately forms a Poisson process
(e.g., see section 5.2 of Pinsky and Karlin [18]). The utility

function is based on the definition in Guo and Zipkin
[15], and if his/her utility is negative under the lead time
information then he/she leaves the system without receiving
an item and otherwise enters the system and receives it after
possible waiting time.Themodel is formulated into aMarkov
decision process. Its optimal lead time quotation policy is
derived, and several heuristic policies such as linear, convex,
and concave lead time quotation policies are analyzed by
birth and death processes numerically. Numerical results
are modified and extended from Nakade and Niwa [17]. In
comparison between profits and utilities, the performance
measure of utility does not include the delay for quoted lead
time. In addition, the relationship among expected reward,
the inventory cost, and the delay cost for quoted lead time
under optimal policy is discussed for each base stock and
fixed delay cost. The numerical examples show that the
optimal lead time quotation policy for maximizing system’s
average profit has low customer’s utility, and the other simple
heuristic quotation policy leads to the greater expected values
of customers’ utility, although it has a bit smaller system’s
profit than the optimal policy. In particular, some lead time
quotation policy has both more system profit and much
customer’s satisfaction in comparison with the optimal lead
time quotation policy with the greater number of base stocks.

The organization of this paper is as follows. In Sec-
tion 2, a lead time quotation model and a utility function
in a manufacturing-inventory system with base stocks are
defined. In Section 3, an average cost under a given quotation
policy is determined and the optimization problem in this
system is formulated as a Markov decision process. The
expected utility is also derived. Numerical experiments for
developing properties of optimal policies and other heuristic
policies are given in Section 4, and the concluding remarks
are given in Section 5.

2. Lead Time Quotation Model

2.1. Model Description. A manufacturing-inventory system
with a single process is considered. Customers arrive in a
Poisson process with rate 𝜆, and the production time has an
exponential distribution with rate 𝜇.The processing time is
mutually independent among products and also independent
of the arrival process. A base stock policywith base stock level𝑠 is applied in this system. Figure 1 illustrates the model.

The state of the system is inventory position 𝑖, and if 𝑖 < 0
then the system has (−𝑖) products as inventory, and if 𝑖 > 0
then 𝑖 denotes the number of waiting customers for products.
When 𝑖 = 0, the system has no finished products in inventory
and no waiting customers.

When a customer arrives at the system whose state
is 𝑖, the system quotes him/her lead time 𝑑𝑖 which is an
estimated lead time and is based on the inventory level 𝑖.
After the arriving customer receives this information, he/she
determines whether he/she enters the system or not. The
decision of each customer follows his/her own parameter 𝜃,
which represents impatience on the waiting. This parameter𝜃 has a distribution function 𝐻(𝜃) on [0, 1], whose density
is ℎ(𝜃). Details on how customers decide whether they buy
products or not are discussed in Section 2.2.
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Figure 1: Base stock system with lead time quotation.

When he/she enters the system, one item is ordered
under a base stock policy. If there is a finished product, then
he/she receives it immediately and leaves the system. It is
assumed that the quoted lead time is discrete and in a set
of {0, 0.05, 0.10, . . .}. The service is based on first come, first
served basis.

When a customer enters the system, the system receives
reward 𝑅. An inventory cost rate ℎ for each finished product
in inventory is incurred. In addition, when the delay happens
against quoted lead time 𝑑𝑖, the fixed delay cost 𝑐 and the
delay cost rate 𝑙, which are proportional to delay time, are also
incurred for the system.

We use the following notations.

𝑑𝑖: quoted lead time when the level is 𝑖
𝑑𝑖 ∈ {0, 0.05, 0.10, . . .} (1)

𝑓(𝑑): the probability that the customer to whom the
planned lead time 𝑑 is quoted enters the system,
where it is assumed that 𝑓(0) = 1 and 0 ≤ 𝑓(𝑑) ≤ 1.𝑑max: the minimal value 𝑑 ∈ {0, 0.05, 0.10, . . .} which
satisfies 𝑓(𝑑) = 0,𝑑min: the maximal value 𝑑 ∈ {0, 0.05, 0.10, . . .} which
satisfies 𝑓(𝑑) = 1.

When 𝑐 = 0, the model coincides with one in Savaşaneril
et al. [14] except that they do not consider the distribution of
utility function of customers. In the next section, the utility
function is defined.

2.2. Utility. In this paper, we assume that the utility function
of each customer, when the impatience degree is 𝜃 and quoted
lead time is 𝑑𝑖, is given by

𝑈 (𝜃, 𝑑𝑖) = 𝑟 − 𝜃𝑑𝑖, (2)

where 𝑟 is the value of product which each customer will
receive and 𝑟 is assumed positive. The utility function is
based on Guo and Zipkin [15]. The linear sensitivity of the
utility function may be extended to nonlinear cases, but it
is assumed to explain the model more easily by treating a
lead time quotation policy as a simple threshold policy. The
arriving customer decides whether he enters the system or
not by the sign of this value. That is, if 𝑈(𝜃, 𝑑𝑖) ≥ 0 then
the customer enters the system, and otherwise he leaves
system without entrance into the system. For state 𝑖 which
an entering customer finds, if 𝑖 < 0, when the customer
enters the system there is no waiting time, and thus his actual
utility is 𝑟. If 𝑖 ≥ 0 the customer waits for receiving product
with information 𝑑𝑖. Thus, a sequence {𝑑𝑖; 𝑖 = 0, 1, 2, . . .}
is system’s lead time quotation policy which controls the
entrance of customers.

We define 𝜃𝑖 = 𝑟/𝑑𝑖 for a given policy {𝑑𝑖; 𝑖 = 0, 1, 2, . . .}.
From (2), a customer enters the system when the state is 𝑖 if
and only if the randomparameter 𝜃 of the customer is smaller
than or equal to 𝜃𝑖 under this policy. That is, when the lead
time 𝑑𝑖 is quoted, the customer will enter the system with
probability 𝑓(𝑑𝑖) = 𝐻(𝑟/𝑑𝑖).
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Figure 2: Transition diagram.

We denote the maximal 𝜃 satisfying 𝐻(𝜃) = 0 by 𝜃𝐿,
which is assumed to be positive. Since 𝑑max (<+∞) denotes
the minimal 𝑑 satisfying 𝑓(𝑑𝑖) = 0, we have

𝑑max = min(𝑑 : 𝑟𝜃𝐿 ≤ 𝑑) =
𝑟𝜃𝐿 . (3)

Let 𝐼 = {−𝑠, −𝑠 + 1, −𝑠 + 2, . . . , 0, 1, . . . , 𝐼max} denote the set of
possible inventory positions. When 𝑑𝑖 = 𝑑max, the customer
will not enter the system, and thus the inventory position will
not become 𝑖 + 1 or more. Thus, 𝐼max, which is the maximal
value of possible states, is an inventory position in which the
decision 𝑑𝑖 = 𝑑max is taken.

In this paper, the system is assumed to be in steady state,
that is, reputation of customers against the manufacturer is
stable under the fixed lead time quotation policy. Note that
when state 𝑖 is negative, the arriving customer can receive a
finished product immediately, and thus 𝑑𝑖 is set as 0.
2.3. Stationary Probabilities. When the quotation policy ⃗𝑑 =(𝑑−𝑠, 𝑑−𝑠+1, . . . , 𝑑𝐼max

) is decided, the process of the state of
system becomes a birth and death process with parameters𝜆𝑓(𝑑𝑖) and 𝜇, as shown in Figure 2. Thus, the stationary
probability that the inventory position is 𝑖 is given by

𝑝𝑖 ( ⃗𝑑) = (𝜆𝜇)
𝑖+𝑠 𝑓 (𝑑𝑖−1) 𝑓 (𝑑𝑖−2) ⋅ ⋅ ⋅ 𝑓 (𝑑−𝑠) 𝑝−𝑠 ( ⃗𝑑) ,

𝑖 ∈ 𝐼,
(4)

where

𝑝−𝑠 ( ⃗𝑑)
= 1
1 + ∑𝐼max

𝑖=−𝑠+1 (𝜆/𝜇)𝑖+𝑠 𝑓 (𝑑𝑖−1) 𝑓 (𝑑𝑖−2) ⋅ ⋅ ⋅ 𝑓 (𝑑−𝑠) .
(5)

3. Profit and Utility

3.1. Average Profit. Under policy ⃗𝑑 = (𝑑−𝑠, 𝑑−𝑠+1, . . . , 𝑑𝐼max
),

the expected profit obtained from customers per unit time is
given by

𝑅 ( ⃗𝑑) = 𝑅 × 𝜆𝐼max∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) . (6)

The expected inventory cost per unit time, 𝑆( ⃗𝑑), is given by

𝑆 ( ⃗𝑑) = ℎ −1∑
𝑖=−𝑠

(−𝑖) 𝑝𝑖 ( ⃗𝑑) . (7)

The probability that the delay happens when the lead time𝑑𝑖 is quoted to the customer in state 𝑖 is denoted by 𝐶𝑖(𝑑𝑖).
When 𝑖 < 0, the customer receives a product immediately
and thus 𝐶𝑖(𝑑𝑖) = 0. Since the production time follows the
exponential distribution with rate 𝜇, we have

𝐶𝑖 (𝑑𝑖) =
{{{{{{{

𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖 : 𝑖 = 0, 1, 2, . . . ,
0 : 𝑖 < 0.

(8)

Thus, the average expected fixed delay cost for quoted lead
time is given by

𝐷( ⃗𝑑) = 𝑐{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) × 𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖}}} . (9)

In the same way, the expected delay for the customer entering
in state 𝑖 is given by

𝐿 𝑖 (𝑑𝑖)
= {{{{{
∫∞
𝑑𝑖

(𝑥 − 𝑑𝑖) 𝜇 (𝜇𝑑𝑖)𝑖𝑖! 𝑒−𝜇𝑥𝑑𝑥 𝑖 = 0, 1, 2, . . .
0 𝑖 < 0.

(10)

Since

𝐿 𝑖 (𝑑𝑖) = ∫∞
𝑑𝑖

𝜇𝑖+1𝑥𝑖+1𝑖! 𝑒−𝜇𝑥𝑑𝑥 − 𝑑𝑖 ∫∞
𝑑𝑖

𝜇𝑖+1𝑥𝑖𝑖! 𝑒−𝜇𝑥𝑑𝑥
= 𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖

𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖 ,
(11)
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the expected delay cost on quoted lead time is given by

𝑇 ( ⃗𝑑) = 𝑙{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖)

× (𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖
𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖)}}} .
(12)

Thus, the average expected profit of the systemover an infinite
horizon under policy ⃗𝑑 is given by

𝐺( ⃗𝑑) = 𝑅 ( ⃗𝑑) − 𝑆 ( ⃗𝑑) − 𝐷 ( ⃗𝑑) − 𝑇 ( ⃗𝑑) = 𝑅
× 𝜆𝐼max∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) − ℎ −1∑
𝑖=−𝑠

(−𝑖) 𝑝𝑖 ( ⃗𝑑)

− 𝑐{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) × 𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖}}}
− 𝑙{{{𝜆

𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖)

× (𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖
𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖)}}} .
(13)

Here, the model is formulated as a Markov decision process
to derive optimal planned lead time ⃗𝑑∗ = {𝑑𝑖∗} which maxi-
mizes the average reward 𝐺( ⃗𝑑). By uniformization technique,
the model can be formulated into a discrete-time model with
the optimal average reward 𝑔 and relative reward V∗(𝑖) under
optimal policy, which satisfies

𝑔 + V∗ (𝑖)

= max
𝑑𝑖

{{{{{{{
− ℎ𝑖−𝜆 + 𝜇 + 𝜆𝜆 + 𝜇𝑓 (𝑑𝑖) (𝑅 − 𝑐𝐶𝑖 (𝑑𝑖) − 𝑙𝐿 𝑖 (𝑑𝑖) + V∗ (𝑖 + 1)) + 𝜆𝜆 + 𝜇 (1 − 𝑓 (𝑑𝑖)) V∗ (𝑖) + 𝜇𝜆 + 𝜇V∗ (𝑖) , (𝑖 = −𝑠) ,
− ℎ𝑖−𝜆 + 𝜇 + 𝜆𝜆 + 𝜇𝑓 (𝑑𝑖) (𝑅 − 𝑐𝐶𝑖 (𝑑𝑖) − 𝑙𝐿 𝑖 (𝑑𝑖) + V∗ (𝑖 + 1)) + 𝜆𝜆 + 𝜇 (1 − 𝑓 (𝑑𝑖)) V∗ (𝑖) + 𝜇𝜆 + 𝜇V∗ (𝑖 − 1) , (𝑖 > −𝑠) .

(14)

Here 𝑖− = max{−𝑖, 0}. Then 𝑑∗𝑖 maximizes the right hand side
of this equation, and the optimal average reward is 𝐺( ⃗𝑑∗) =(𝜆+𝜇)𝑔. The optimal policy can be solved by the well-known
policy iteration method, because for any quotation policy the
inventory position can return to −𝑠 with probability one (see
Puterman [19]).

3.2. Expected Utility. When a customer enters based on the
utility function𝑈(𝜃, 𝑑𝑖)which is given in (2), its actual utility
which the customer receives is different from the value of
this utility function, because the delay of the actual lead time
compared with quoted lead time may happen. The actual
expected utility of entering customer with parameter 𝜃 in
state 𝑖, denoted by 𝑢(𝜃, 𝑑𝑖), is given by

𝑢 (𝜃, 𝑑𝑖) = 𝑟 − 𝜃 𝑖 + 1𝜇 (15)

for 𝑖 ≥ 0. Note that 𝑢(𝜃, 𝑑𝑖) = 𝑟 when 𝑖 < 0.The expected
utility of each customer under quotation lead time policy ⃗𝑑 is
given by

𝑢 ( ⃗𝑑) = −1∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑟
+ 𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) ∫𝜃𝑖
𝜃𝐿

(𝑟 − 𝜙𝑖 + 1𝜇 ) ℎ (𝜙) 𝑑𝜙,
(16)

where 𝜃𝑖 = 𝑟/𝑑𝑖.

4. Numerical Experiments

Given parameters 𝜆, 𝜇, 𝑅,𝐻(𝜃), ℎ, 𝑙, 𝑐, 𝑓(𝑑), 𝑟, and 𝜃𝐿, we
derive the optimal policy 𝑑∗𝑖 maximizing the average profit
of the system for each fixed 𝑠, and then the optimal amount
of base stock level 𝑠∗ is derived. Then several linear lead
time policies are proposed, where linear lead time policy
means that the quoted lead time is proportional to the
inventory size. We discuss these linear policies with optimal
policies regarding both profit of the system and the utility
of customers. Convex and concave type lead time quotation
policies are also introduced.

The parameters used in numerical experiments are set as
follows:

𝜆 = 0.6,
𝜇 = 1.0,
ℎ = 0.5,
𝑐 = 1.0,
𝑙 = 1.0,
𝑟 = 1.0,
𝑅 = 10,
𝜃𝐿 = 0.25,
𝑑 ∈ {0.00, 0.05, 0.10, . . .} .
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𝐻(𝜃) =
{{{{{{{{{

1 : 𝜃 ≥ 𝜃𝐿 + 1,
𝜃 − 𝜃𝐿 : 𝜃𝐿 ≤ 𝜃 ≤ 𝜃𝐿 + 1,
0 : 𝜃 < 𝜃𝐿,

𝑓 (𝑑) =
{{{{{{{{{{{{{

1 : 𝑑 ≤ 𝑟𝜃𝐿 + 1 ,𝑟𝑑 − 𝜃𝐿 : 𝑟𝜃𝐿 + 1 ≤ 𝑑 ≤
𝑟𝜃𝐿 ,0 : 𝑑 ≥ 𝑟𝜃𝐿 .

(17)

Without loss of generality, 𝜇 is set as the reciprocal of the unit
time and thus 𝜇 = 1. Thus, in a unit time one product is
produced in average. From 𝜆 = 0.6, the maximal availability
of the process, which is a production rate when all orders
from customers are accepted, is set as 𝜆/𝜇 = 0.6. From the
setting of parameters, we have 𝑑max = 𝑟/𝜃𝐿 = 4, and by (16)
the expected utility of customers becomes

𝑢 ( ⃗𝑑) = −1∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑟 + 𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑)
⋅ {𝑟 (𝜃𝑖 − 𝜃𝐿) − (𝑖 + 1𝜇 )(𝜃𝑖

2

2 − 𝜃𝐿
2

2 )} .
(18)

4.1. Optimal Quoted Lead Time. Optimal quoted lead time
and the expected average profit for each 𝑠 are shown in Table 1
in the case that 𝑐 = 0 and 𝑐 = 1. The expected utilities of
customers under the optimal policies are also given.

From Table 1, optimal quoted lead time is first increasing
and then decreasing in 𝑠, which agrees with the result of
Savaşaneril et al. [14], in which no delay opportunity cost
is incurred; that is, 𝑐 = 0. Under the optimal policies,
the values of 𝑅( ⃗𝑑), 𝑆( ⃗𝑑), 𝐷( ⃗𝑑), and 𝑇( ⃗𝑑) are also given in
Table 1. When 𝑠 is small, more customers must be accepted
to increase system’s profit and thus quoted lead time is small,
and as a result the expected delay to quoted lead time 𝑇( ⃗𝑑)
(and delay cost 𝐷( ⃗𝑑) for 𝑐 = 1) is large. When 𝑠 increases,
both 𝑅( ⃗𝑑) and 𝑆( ⃗𝑑) increase. For large 𝑠, many customers
can receive finished products immediately at their arrivals,
and thus more customers enter the system, whereas there
are more finished products in inventory and more inventory
costs are needed. Since 𝜆 = 0.6 and 𝑅 = 10 mean that the
upper boundof𝑅( ⃗𝑑) is 6, for large 𝑠 almost arriving customers
enter the system whereas more inventory costs are needed
under optimal policies, and thus the optimal total profit of
the system becomes small for large 𝑠. Compared with the case
that 𝑐 = 0, the optimal policy is sensitive to delay when 𝑐 = 1,
which leads to long quoted lead time. As a result, 𝑇( ⃗𝑑) and𝑅( ⃗𝑑) are smaller compared when 𝑐 = 0.

The utilities are increasing in 𝑠, because the delay is
smaller for more amounts of base stocks. The optimal base
stock level maximizing the system’s profit for 𝑐 = 0 is 1
whereas it is 2 for 𝑐 = 1.When 𝑐 increases, the probability that
the delay to the quoted lead time happens is more important,

and thus more amounts of base stocks are needed. Under
optimal policies for each 𝑠, the profit decreases in 𝑐, but the
expected utility increases. For large 𝑐 the delay probability
needs to be decreased, and as a result the higher quoted lead
time is set under the optimal policy, and thus customer’s
utility increases although the fraction that customers enter
the system decreases.

Since 𝑑min = 𝑟/(𝜃𝐿 + 1) = 0.8, where 𝑑min is the maximal
value satisfying 𝑓(𝑑) = 1, for small state 𝑖 𝑑𝑖 = 𝑑min because
for all 𝑑 ≤ 𝑑min customers enter the system with probability
1.

4.2. Linear Lead Time Quotation Policy. As a heuristic policy,
we consider a linear lead time quotation policy which takes
quoted lead time proportional to 𝑖 + 1 for nonnegative state 𝑖.
That is, there is a constant 𝛼 which satisfies

𝑑𝑖 = 𝛼𝑖 + 1𝜇 (𝛼 > 0) . (19)

This quotation policy is denoted by 𝑑(𝑠, 𝛼). Note that when𝛼 < 𝑑min, for small 𝑖 such that 𝑑min > 𝛼((𝑖 + 1)/𝜇) it is set
as 𝑑𝑖 = 𝑑min. For large 𝑖 such that 𝑑max ≤ 𝛼((𝑖 + 1)/𝜇), the
customer does not enter under the policy, and𝑑𝑖 is set as𝑑max.
For example, under 𝑑(𝑠, 0.6) 𝑑0 = 𝑑min = 0.8, 𝑑1 = 1.2, 𝑑2 =1.8, 𝑑3 = 2.4, 𝑑4 = 3.0, 𝑑5 = 3.6, and 𝑑𝑖 = 𝑑max = 4.0 for all𝑖 ≥ 6.

Table 2 gives the profits and utilities for 𝑠 = 0, 1, 2, 3, 4
when 𝛼 = 0.6, 0.8, 1.0, 1.2when 𝑐 = 1. Note that 𝛼 < 1 implies
that the expected actual lead time is greater than the lead time
quoted to the customer. In fact, as shown in Table 2, when 𝛼
increases, the profit decreases whereas the utility increases,
because the higher quoted lead time implies less numbers of
entering customers and less delay to the quoted lead time.

4.3. Nonlinear Policy. Here we consider nonlinear lead time
quotation policies and compare them with linear quoted
lead time policies. Considered quoted lead time policies
are given in Table 3(a). The word “linear” is the linear lead
time quotation policy 𝑑(𝑠, 0.6). The convex policy means the
quoted lead time is convex in state 𝑖 from 1 to 5, whereas the
concave policy means that it is concave in state 𝑖 from 1 to 5.
The optimal policy in Table 3(a) represents the optimal lead
time policy for 𝑠 = 2 when 𝑐 = 1.

The profits and utilities for these policies are given in
Table 3(b) when 𝑐 = 1. Compared with linear lead time
quotation policy, the convex policy has more profits and less
utilities, and the concave policy has those vice versa. From
these results, when the profit is more important, the convex
type policy is better and when the utility has more weights
the concave type policy is desirable. Note that the optimal
lead time quotation policy has more profit and less utility in
comparison with three heuristic policies.

4.4. Comparison. For the optimal policy and the other
policies, the pairs (profit, utility) for 𝑠 = 1, 2, 3, 4 are plotted
in (𝑥, 𝑦)-plane, which is shown in Figure 3 in the case where𝑐 = 1. In this figure, 𝑑∗(𝑠) is an optimal policy for base stock
level 𝑠, and cc(𝑠) and cv(𝑠) are concave and convex policies for
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Table 1: Optimal policy.

(a) 𝑐 = 0

𝑐 = 0.0 𝑠
0 1 2 3 4

State 𝑖

−4 0−3 0 0−2 0 0 0−1 0 0 0 0
0 0.8 0.8 0.8 0.8 0.8
1 0.8 0.8 0.8 0.8 0.8
2 0.8 0.8 0.8 0.8 0.8
3 0.8 0.8 0.8 0.8 0.8
4 0.8 0.8 0.8 0.8 0.8
5 1.95 2.15 2.05 1.8 1.3
6 2.8 2.95 2.9 2.7 2.45
7 3.45 3.6 3.55 3.4 3.15
8 4 4 4 3.95 3.75
9 4 4

Profit 4.995 5.202 5.120 4.870 4.520
Utility −0.549 −0.014 0.296 0.478 0.584𝑅(𝑑) 5.827 5.896 5.939 5.965 5.981𝑆(𝑑) 0.000 0.205 0.528 0.920 1.354𝐷(𝑑) 0.000 0.000 0.000 0.000 0.000
T(d) 0.832 0.488 0.291 0.175 0.108

(b) 𝑐 = 1

𝑐 = 1.0 𝑠
0 1 2 3 4

State 𝑖

−4 0−3 0 0−2 0 0 0−1 0 0 0 0
0 0.8 0.8 0.8 0.8 0.8
1 0.8 0.8 0.8 0.8 0.8
2 0.8 0.8 0.8 0.8 0.8
3 0.8 0.8 0.8 0.8 0.8
4 1.45 1.9 1.95 1.7 1.25
5 2.5 2.8 2.8 2.65 2.4
6 3.2 3.45 3.45 3.35 3.15
7 3.8 4 4 3.9 3.7
8 4 4 4

Profit 4.588 4.968 4.981 4.786 4.469
Utility −0.433 0.071 0.350 0.510 0.603𝑅(𝑑) 5.732 5.828 5.899 5.942 5.969𝑆(𝑑) 0.000 0.209 0.533 0.925 1.358𝐷(𝑑) 0.398 0.229 0.135 0.081 0.049𝑇(𝑑) 0.746 0.422 0.248 0.150 0.094

base stock 𝑠, defined in Section 4.3, respectively. The average
profit and the expected utility for each policy are obtained
by using stationary probabilities (5) in Section 2.3 and (13)
and (16). For 𝑠 = 1, the profit of optimal policy is smaller
than the optimal policy for 𝑠 = 2, and for any policy with𝑠 = 1, the utility is also smaller than the optimal policy for

𝑠 = 3 or 4. Thus, 𝑠 = 1 should not be selected. For 𝑠 = 2, the
optimal policy maximizes the profit among all policies with
all amounts of base stocks.

Compared with the optimal policy when 𝑠 = 3, the linear
quoted lead time policies 𝑑(2, 0.6), 𝑑(2, 0.8), and concave
and convex policies cv(2) and cs(2) have more profits and
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Table 2: The linear lead time quotation policy.

𝑐 = 1.0 Base stock 𝑠𝛼 0 1 2 3 4

0.6 Profit 4.078 4.751 4.861 4.708 4.415
Utility 0.111 0.413 0.562 0.642 0.686

0.8 Profit 3.865 4.663 4.814 4.680 4.397
Utility 0.159 0.447 0.583 0.654 0.694

1 Profit 3.163 4.385 4.671 4.596 4.345
Utility 0.204 0.489 0.611 0.672 0.705

1.2 Profit 2.612 4.189 4.576 4.542 4.312
Utility 0.207 0.504 0.621 0.678 0.709

Table 3: Comparison of heuristic policies.

(a) Policies

𝑖 Linear Convex Concave Optimal
0 0.8 0.8 0.8 0.8
1 1.2 1 1.4 0.8
2 1.8 1.5 2.1 0.8
3 2.4 2 2.8 0.8
4 3 2.8 3.2 1.95
5 3.6 3.6 3.6 2.8
6 4 4 4 3.45
7 4 4 4 4
8 4 4 4 4

(b) Profits and utilities

𝑐 = 1 Base stock 𝑠
0 1 2 3 4

Linear Profit 4.078 4.751 4.861 4.708 4.415𝛼 = 0.6 Utility 0.111 0.413 0.562 0.642 0.686

Convex Profit 4.236 4.819 4.898 4.731 4.430
Utility 0.044 0.370 0.535 0.625 0.677

Concave Profit 3.958 4.701 4.834 4.692 4.405
Utility 0.143 0.436 0.576 0.650 0.691

Optimal Profit 4.588 4.968 4.981 4.786 4.469
Utility −0.433 0.071 0.350 0.510 0.603

more utilities. Therefore, the optimal policy for 𝑠 = 3 is
not needed to be used. Similar properties hold between the
optimal policy for 𝑠 = 4 and several policies with 𝑠 = 3, and
thus the optimal policy for 𝑠 = 2will not be selected.The best
policy depends on the thinking of decision maker.

5. Conclusions

In this paper, the base stock model with quoted lead time
is considered and as performance measure the system profit
and customer’s utility are considered. It is formulated as a
Markov chain when the lead time quotation policy is given,
and it is also formulated as a Markov decision process to
derive optimal policies for maximizing the system’s profit.

Utility function of a customer is introduced and the heuristic
policies for increasing utility of customers are proposed. The
numerical results show that quoted lead time should be set
by considering not only profit of the system but also the
utility of customers. The optimal policy gives the smaller
utilities, and in particular if the number of base stocks is
not appropriate, then the other better policy exists on both
profits and utilities than the optimal policy. It is noted that,
throughout the numerical experiments, the base stock level
is the most important factor for maximizing profits. That is,
optimal base stock level and optimal policies are needed to
be derived, but this optimal policy leads to poor expected
utilities, and thus heuristic policies such as linear lead time
policies should be considered to balance the system’s profit
and customer’s expected utility.
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Figure 3: Comparison on profits and utilities.

Theoretical consideration on utilities under optimal poli-
cies and the other heuristic policies will be needed. In addi-
tion, the cases with general distributions of processing times
and multistage manufacturing systems are also interesting.
They are left for future research.
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Considering stochastic behavior of interest rates in financialmarket, we construct a new class of interestmodels based on compound
Poisson process. Different from the references, this paper describes the randomness of interest rates bymodeling the force of interest
with Poisson random jumps directly. To solve the problem in calculation of accumulated interest force function, one important
integral technique is employed. And a conception called the critical value is introduced to investigate the validity condition of this
new model. We also discuss actuarial present values of several life annuities under this new interest model. Simulations are done
to illustrate the theoretical results and the effect of parameters in interest model on actuarial present values is also analyzed.

1. Introduction

In traditional study of life insurance, interest rate is assumed
to be deterministic. However, durations of policies are
typically very long (often 20 or even more years) in life
insurance and life annuity. So the uncertainty of future
interest rate influences the accuracy of its actuarial values
deeply. In addition, stochastic models have been widely used
in finance and insurance (such as [1–4]).Hence, it is necessary
and natural to consider stochastic interest models in life
contingencies.

So far, many models have been investigated in order to
describe the randomness of interest in actuarial literature.
Reference [5] first treated the force of interest as a random
variable in his actuarial research. In [6], autoregressive
models of order one are introduced to model interest rate.
References [7, 8] computed moments of insurance and annu-
ity functions using similarmodels. Reference [9]modeled the
force of interest as an ARIMA(𝑝, 𝑑, 𝑞) process and utilized
thismodel to analyze themoments of present value functions.
Reference [10] used a Markov process to model the series of
interest rates in the research of ruin probability. The above

literatures enriched the application of stochastic interest
models in actuarial science, but they assume that the interest
rate in one year is fixed, which does not always agree with the
practice of financial market.

To capture the randomness of interest rates in actuarial
science better, the method of stochastic perturbation was
proposed. In this method, the interest force at time 𝑡 is
expressed as 𝛿𝑡 = 𝛿 + 𝑋 (𝑡) , (1)

where 𝛿 is an interest force unrelated to the time 𝑡 and𝑋(𝑡) denotes a stochastic process resulting in perturbation of
fixed interest force 𝛿. Hence, the accumulated interest force
function is

𝐽𝑡0 = ∫𝑡
0

𝛿𝑠𝑑𝑠 = 𝛿 ⋅ 𝑡 + ∫𝑡
0

𝑋 (𝑠) 𝑑𝑠 = 𝛿 ⋅ 𝑡 + 𝑍 (𝑡) . (2)

There are two modeling ways about perturbation meth-
ods in actuarial literatures. The first one considers 𝑍(𝑡) as a
stochastic process, like Wiener process, Ornstein-Uhlenbeck
process, Poisson process, and so on. References [11, 12]
constructed stochastic interest rate models regarding 𝑍(𝑡)
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as Ornstein-Uhlenbeck process and Wiener process, respec-
tively, and investigated the mean and the standard deviation
of continuous-time life annuities. Reference [13] studied the
mean and the variance of the present value of discrete-time
streams in life insurance under these models. Reference [14]
also discussed the distribution of life annuities with stochastic
interest models driven by Wiener process and Ornstein-
Uhlenbeck process, respectively. Considering the jumps in
interest process, [15, 16] expressed the accumulated force of
interest by Wiener process and Poisson process and further
studied the optimal dividend strategy in ruin theory and
pricing perpetual options, respectively.

In the second way, the researchers first describe the
perturbation of interest force 𝑋(𝑡) as a special stochastic
process and then find the accumulated interest force func-
tion by stochastic integration. References [17, 18] discussed
the first three moments of homogeneous portfolios of life
insurance and endowment policies by modeling the force of
interest directly based on theWiener process or theOrnstein-
Uhlenbeck process and [19] also generalized these results
to heterogeneous portfolios. The stochastic upper and lower
bounds on the present value of a sequence of cash flows are
discussed in [20]. Reference [21] also introduced a class of
stochastic interest model in which the force of interest is
driven by second order stochastic differential equation. Refer-
ence [22] compared these two approaches to the randomness
of interest rates bymodeling the accumulated force of interest
rate and by modeling the force of interest.

Both of these two modeling ways have attracted much
attention from researchers. The first way brings convenience
to calculation, but the behavior of the force of interest can
not be expressed distinctly. In the second way, so far only
a few special and simple processes have been considered
because of great difficulty to the related stochastic calcula-
tions, especially under the casewith random jumps.However,
the market interest rate often jumps discontinuously and
randomly (such as the Federal reserve rate and the China’s
central bank benchmark interest rate). Here we introduce a
new class of stochastic interest model in which the force of
interest is expressed by compound Poisson process directly.
This model might characterize the stochastic jumping of
market interest rate more honestly and directly.

This paper is organized as follows. In Section 2, we
give stochastic interest model based on compound Poisson
process and further obtain mathematical expectation of
present value of the payment paid at a future time point. In
Section 3, its properties and applicability are investigated. In
Section 4, we discuss actuarial present values of life annuities
in discrete and continuous cases. Simulation results show
the influences of the parameters on actuarial present values
of annuities. In Section 5, we conclude this paper and put
forward some interesting problems in the following sequel
researches.

2. Stochastic Interest Model under
Compound Poisson Process

In this section, we construct a new class of stochastic interest
models. As a premise, the following assumptions are given:

(1) the adjustment interarrival times of interest rate are
random;(2) the adjustment direction (rise or fall) of interest rate
in every stage is independent of each other;(3) the adjustment range of interest rate in every stage is
identical.

As we know, these assumptions coincide with plenty
of practical finance markets. All random variables and
stochastic processes under consideration are defined on an
appropriate probability space (Ω, 𝑃,F) and are integrable.

2.1. Compound Poisson Process. Compound Poisson process
has been widely used in the field of finance and actuarial
science, especially in classical ruin probability model. It is
described as follows:

𝑆 (𝑡) = 𝑁(𝑡)∑
𝑛=1

𝑌𝑛, 𝑡 > 0, 𝑆 (0) = 0, (3)

where {𝑁(𝑡), 𝑡 ≥ 0} is a Poisson process with rate 𝜆 > 0which
will indicate the adjustment number of the market interest
rate on time interval [0, 𝑡] in this paper. {𝑌𝑛}∞𝑛=1 is a sequence
of i.i.d. random variables with common distribution 𝐹(𝑥) =𝑃(𝑌𝑛 ≤ 𝑥), and {𝑁(𝑡), 𝑡 ≥ 0} and {𝑌𝑛}∞𝑛=1 are independent.
Suppose that {𝑋1, 𝑋2, . . . , 𝑋𝑛, . . .} are the interoccurrence
times between adjacent adjustments of interest rate; then they
are independent and obey exponential distribution with the
same parameter 𝜆 > 0.

For Poisson process {𝑁(𝑡), 𝑡 ≥ 0}, we first introduce the
following important property (see [23]).

Lemma 1. Given that 𝑁(𝑡) = 𝑛, the 𝑛 arrival times 𝑇1,𝑇2, . . . , 𝑇𝑛 have the same distribution as the order statistics
corresponding to 𝑛 independent random variables uniformly
distributed on the interval [0, 𝑡]. That is, the joint density
function of 𝑇1, 𝑇2, . . . , 𝑇𝑛 is

𝑓 (𝑡1, 𝑡2, . . . , 𝑡𝑛) = 𝑛!𝑡𝑛 , 0 < 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑛 ≤ 𝑡. (4)

From Lemma 1, we usually say that, under condition𝑁(𝑡) = 𝑛, the times 𝑇1, 𝑇2, . . . , 𝑇𝑛 at which events occur,
considered as unordered random variables, are distributed
independently and uniformly on the interval [0, 𝑡].
2.2. Stochastic Interest Model under Compound Poisson Pro-
cess. Suppose that the force of interest {𝛿𝑡, 𝑡 ≥ 0} is expressed
by

𝛿𝑡 = 𝛿0 + 𝛼𝑁(𝑡)∑
𝑖=1

𝑌𝑖, 𝑡 ∈ [0, +∞) . (5)

Here, 𝑌𝑖 (𝑖 = 1, 2, 3, . . .) is the direction of the 𝑖th adjustment
of the force of the interest rate with {𝑌𝑖 = 1} for the raise and{𝑌𝑖 = −1} for the reduction. Meanwhile 𝑃(𝑌𝑖 = 1) = 1 −𝑃(𝑌𝑖 = −1) = 𝑝 (0 ≤ 𝑝 ≤ 1) and {𝑌𝑖 (𝑖 = 1, 2, . . .)} are
i.i.d. and also independent of {𝑁(𝑡), 𝑡 ≥ 0}. In this model, the
adjustment range of interest force in every change is the same
as that denoted by 𝛼.
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Figure 1: Representing graph of the integration of 𝐽𝑡0.
The process {𝛿𝑡, 𝑡 ≥ 0} is a special continuous-time

Markov process, the birth and death process.The initial status
of this process is 𝛿0, and the corresponding birth rate and
death rate are 𝑞𝛿𝑡,𝛿𝑡+𝛼 = 𝜆𝑝 and 𝑞𝛿𝑡,𝛿𝑡−𝛼 = 𝜆(1−𝑝), respectively.

Substituting formula (5) into (2), we can find correspond-
ing expression of accumulated interest force function. Since
the direct integration is extremely difficult, we use another
integration technique, changing the integral direction similar
to the idea of Stietjes integral. The integration procedure can
be understood from Figure 1. Suppose that there are three
adjustments of interest rate on the interval [0, 𝑡] and the
adjustment times are 𝑇1, 𝑇2, and 𝑇3, respectively. Then the
integral ∫𝑡0 𝛿𝑠𝑑𝑠 can be expressed as 𝛿0𝑡 − 𝛼(𝑡 − 𝑇1) + 𝛼(𝑡 −𝑇2)+𝛼(𝑡−𝑇3).That is, ∫𝑡0 𝛿𝑠𝑑𝑠 = 𝛿0𝑡+𝛼 ∑3𝑖=1𝑋𝑖(𝑡−𝑇𝑖), where𝑋𝑖, 𝑖 = 1, 2, 3, show adjustment directions of interest rate.

So we can obtain

𝐽𝑡0 = 𝛿0𝑡 + 𝛼𝑁(𝑡)∑
𝑖=1

𝑋𝑖 (𝑡 − 𝑇𝑖) , (6)

where 𝑇𝑖 denotes the time of the 𝑖th adjustment of the force
of the interest rate.

From formula (6), the random present value of one unit
payment at time 𝑡 can be expressed as

exp (−𝐽𝑡0) = exp (−𝛿0𝑡)𝑁(𝑡)∏
𝑖=1

exp (−𝛼𝑋𝑖 (𝑡 − 𝑇𝑖)) , (7)

and its mathematical expectation is

𝐸 (exp (−𝐽𝑡0))
= exp (−𝛿0𝑡) 𝐸 (𝑁(𝑡)∏

𝑖=1
exp (−𝛼𝑋𝑖 (𝑡 − 𝑇𝑖))) . (8)

It can be found from the law of total expectation that

𝐸 (exp (−𝐽𝑡0)) = exp (−𝛿0𝑡)
⋅ 𝐸 (𝐸 (𝑁(𝑡)∏

𝑖=1
exp (−𝛼𝑋𝑖 (𝑡 − 𝑇𝑖))) | 𝑁 (𝑡)) . (9)

From Lemma 1, we can obtain that

𝐸 (exp(−𝛼𝑁(𝑡)∑
𝑖=1

𝑋𝑖 (𝑡 − 𝑇𝑖)) | 𝑁 (𝑡) = 𝑛)
= 𝑛∏
𝑖=1

𝐸 (exp (−𝛼𝑋𝑖 (𝑡 − 𝑈𝑖)))
= 𝑛∏
𝑖=1

[𝑝 (∫𝑡
0

𝑒−𝛼(𝑡−𝑥) 1𝑡 𝑑𝑥)
+ (1 − 𝑝) (∫𝑡

0
𝑒𝛼(𝑡−𝑥) 1𝑡 𝑑𝑥)] = 1𝛼𝑛𝑡𝑛 [𝑝 (1 − 𝑒−𝛼𝑡)

+ (1 − 𝑝) (𝑒𝛼𝑡 − 1)]𝑛 = 𝛽𝑛𝑡 ,

(10)

where random variables, 𝑈1, 𝑈2, . . . , 𝑈𝑛, are distributed inde-
pendently and uniformly on the interval [0, 𝑡], and

𝛽𝑡 = 1𝛼𝑡 [𝑝 (1 − 𝑒−𝛼𝑡) + (1 − 𝑝) (𝑒𝛼𝑡 − 1)]
= 1𝛼𝑡 [(𝑒𝛼𝑡 − 1) + 𝑝 (2 − 𝑒−𝛼𝑡 − 𝑒𝛼𝑡)] . (11)

Based on formula (10), we can find that 𝛽𝑡 is nonincreas-
ing with respect to 𝑝 if 𝛼𝑡 is fixed and satisfies the following
properties.(1) If 𝑝 = 0, themarket interest will always decrease at the
adjusting times of interest rate. Because 𝑒𝛼𝑡 − 1 > 𝛼𝑡, we can
find that 𝛽𝑡 = (1/𝛼𝑡)(𝑒𝛼𝑡 − 1) > 1. In this condition, it may
happen that the interest rate will be negative if the number
of adjusting interest rate times on the interval [0, 𝑡] is large
enough.(2) If 𝑝 = 1, the market interest will always increase at the
adjusting times of interest rate. Since 1 − 𝑒−𝛼𝑡 < 𝛼𝑡, we have𝛽𝑡 = (1/𝛼𝑡)(1 − 𝑒−𝛼𝑡) < 1. In this condition, the larger the
number of adjusting interest rate times on the interval [0, 𝑡]
is, the smaller the present value of the currency is.(3) If

𝑝 = 𝑝∗ = exp (𝛼𝑡) − 𝛼𝑡 − 1
exp (𝛼𝑡) + exp (−𝛼𝑡) − 2

= exp (𝛼𝑡) (exp (𝛼𝑡) − 𝛼𝑡 − 1)(exp (𝛼𝑡) − 1)2 , (12)

we find that 𝛽𝑡 = 1 which means that mathematical expecta-
tion of the present value of one unit currency at time 𝑡 will be
exp(−𝛿0𝑡).That is, from the point of view of themathematical
expectation, the randomness of the market interest rate will
not have an effect on this present value. Hence 𝑝∗ is called the
equilibrium probability at time 𝑡 here. At the same time, the
following theorem can be obtained.

Theorem 2. The equilibrium probability 𝑝∗ in formula (12)
satisfies the following properties:

(1) 𝑝∗ is an increasing function with respect to 𝛼𝑡;
(2) 0.5 < 𝑝∗ < 1;
(3) lim𝛼𝑡→+∞𝑝∗ = 1 and lim𝛼𝑡→0𝑝∗ = 0.5.
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Proof. Let 𝑦 = 𝛼𝑡 and 𝜙(𝑦) = 𝑒𝑦(𝑒𝑦 − 𝑦 − 1)/(𝑒𝑦 − 1)2; then𝑝∗ = 𝜙(𝑦).
Since𝜙(𝑦) = (𝑒𝑦(𝑒𝑦−𝑦−1)+(𝑒𝑦−1))/2(𝑒𝑦−1) > 0, we can

show that 𝜙(𝑦) is a strictly increasing function on 𝑅+ which
illustrates that 𝑝∗ is an increasing function with respect to 𝛼𝑡.

Further, it is easy to prove that lim𝑦→+∞𝜙(𝑦) = 1 and
lim𝑦→0+𝜙(𝑦) = 0.5. The proof is completed.

The following theorem shows the expression of the
mathematical expectation of the random present value of one
unit currency at time 𝑡 given in formula (8).

Theorem 3. Under stochastic interest model (5), the mathe-
matical expectation of the random present value of one unit
currency at time 𝑡 can be expressed as𝐸 (exp (−𝐽𝑡0)) = exp (−𝛿0𝑡 + 𝜆𝑡 (𝛽𝑡 − 1)) . (13)

Proof. Based on the properties of the condition expectation,
it can be obtained by substituting (10) into (9) that𝐸 (exp (−𝐽𝑡0)) = exp (−𝛿0𝑡) 𝐸 (𝛽𝑁(𝑡)𝑡 )

= exp (−𝛿0𝑡) +∞∑
𝑛=0

𝛽𝑛𝑡 exp (−𝜆𝑡) (𝜆𝑡)𝑛𝑛!
= exp (−𝛿0𝑡 − 𝜆𝑡) +∞∑

𝑛=0

(𝛽𝑡𝜆𝑡)𝑛𝑛!
= exp (−𝛿0𝑡 + 𝜆𝑡 (𝛽𝑡 − 1)) .

(14)

3. Validity of Stochastic Interest Model

Under stochastic interest model (5), we can find that the
expected present value of one unit currency at time 𝑡 will
be larger than that under fixed force of interest 𝛿0 when𝑝 = 0.5, and the larger the adjustment frequency intensity
of the interest rate, 𝜆, is, the larger the difference between
the two above-mentioned values is. That is, when the market
interest rate is adjusted frequently, the future interest rate will
tend to be underestimated if stochastic interest rate model in
formula (5) is considered. This phenomenon often appears
in modeling the stochastic interest rate based on a Wiener
processes too, such as [11, 12, 17].

If we use 𝛿∗ = 𝛿0 − 𝜆(𝛽𝑡 − 1) as the equivalent force of
interest of the stochastic interest model, formula (13) can be
expressed equivalently as 𝐸(exp(−𝐽𝑡0)) = exp(−𝛿∗𝑡).
3.1. Validity Condition of Interest Model. In this stochastic
model, if 𝑝 < 𝑝∗, then 𝛽𝑡 > 1; 𝐸(exp(−𝐽𝑡0)) will be larger than
1 when 𝑡 is large enough, and this is not consistent with the
actual situation in most cases. In this section, we will discuss
how to restrict the value of the future time in this stochastic
interest model.

Let 𝑓 (𝑡) = 𝛿0𝑡 − 𝜆𝑡 (𝛽𝑡 − 1) ; (15)

then

𝑓 (𝑡) = (𝛿0 + 𝜆) − 𝜆 [(1 − 𝑝) 𝑒𝛼𝑡 + 𝑝𝑒−𝛼𝑡] . (16)

Since 𝑓(0) = 𝛿0 > 0 and lim𝑡→+∞𝑓(𝑡) < 0, there is at least
one critical value 𝑡∗ which satisfies 𝑓(𝑡∗) = 0. Now, we will
try to find the value of 𝑡∗.

Let us solve the equation

(𝛿0 + 𝜆) − 𝜆 [(1 − 𝑝) 𝑒𝛼𝑡 + 𝑝𝑒−𝛼𝑡] = 0, (17)

which can be rearranged to

𝜆 (1 − 𝑝) (𝑒𝛼𝑡)2 − (𝛿0 + 𝜆) 𝑒𝛼𝑡 + 𝜆𝑝 = 0. (18)

Now we investigate the quadratic function

𝑔 (𝑦) = 𝜆 (1 − 𝑝) 𝑦2 − (𝛿0 + 𝜆) 𝑦 + 𝜆𝑝. (19)

Obviously, 𝑔(0) = 𝜆𝑝 > 0, 𝑔(1) = −𝛿0 < 0, and 𝑔(+∞) →+∞; then two real roots of (19) lie in the interval (0, 1) and
the interval (1, +∞), respectively. Because 𝑒𝛼𝑡 > 0 when the
condition 𝑡 > 0, we can only consider the root in the interval(1, +∞) which is

𝑦∗ = (𝛿0 + 𝜆) + √(𝛿0 + 𝜆)2 − 4𝜆2𝑝 (1 − 𝑝)2𝜆 (1 − 𝑝) = 𝑒𝛼𝑡∗ , (20)

and then the critical value of the interest rate model is

𝑡∗
= 1𝛼 ln((𝛿0 + 𝜆) + √(𝛿0 + 𝜆)2 − 4𝜆2𝑝 (1 − 𝑝)2𝜆 (1 − 𝑝) ) . (21)

3.2. Numerical Simulation Analysis. Based on the above
analysis, when 𝑡 < 𝑡∗, the expected present value 𝐸(𝑒−𝐽𝑡0) is
decreasing with respect to investment term 𝑡. That is, only
when 𝑡 < 𝑡∗ can the stochastic interest model be used in
practice. Figures 2 and 3 show the variation tendency of the
critical value with the change of 𝑝 from 0.4 to 0.7 under𝛿0 = 0.04 and 0.05, respectively, and the curves from top
to bottom are based on 𝜆 = 1, 1.5, 2, 2.5, and 3. In Table 1,
the critical values 𝑡∗ under different 𝛿0, 𝜆, and 𝑝 are given.
From Figures 2 and 3 or Table 1, the critical value becomes
larger and larger with 𝑝 or 𝛿0 increasing. On the contrary, the
critical value will decrease if 𝜆 increases. Hence, while using
this stochastic interest model, we should consider the values
of every parameter and verify whether the term of investment
is less than the corresponding critical value.

Fortunately, from the actual conditions of adjustments of
interest rate in financial markets and ordinary life insurance
periods, we find that the critical value 𝑡∗ can satisfy the
application condition of this interest rate model in general
case.
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Table 1: Critical values 𝑡∗ under different 𝛿0, 𝜆, and 𝑝.
𝛿0 𝜆 𝑝 = 0.04 𝑝 = 0.05 𝑝 = 0.06 𝑝 = 0.07
0.04

1.0 58.4220 112.7633 220.6081 374.8367
1.5 42.1442 92.1720 204.3302 363.6570
2.0 33.1076 79.8673 195.2936 357.7981
2.5 27.3141 71.4591 189.5001 354.1869
3.0 23.2686 65.2474 185.4547 351.7368

0.05

1.0 69.4389 125.9699 231.6250 382.8061
1.5 50.5440 102.9948 212.7300 369.3314
2.0 39.9502 89.2574 202.1362 362.2103
2.5 33.1076 79.8673 195.2936 357.7981
3.0 28.3015 72.9286 190.4876 354.7940

0.06

1 79.6701 137.8804 241.8561 390.4626
1.5 58.4220 112.7633 220.6080 374.8367
2 46.4156 97.7363 208.6016 366.5163
2.5 38.6138 87.4613 200.7999 361.3366
3 33.1076 79.8673 195.2936 357.7981
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Figure 2: Values of 𝑡∗ under 𝛿0 = 0.04, 𝛼 = 0.0025, and 𝜆 = 1, 1.5,
2, 2.5, 3, respectively.

4. Life Annuities under
Stochastic Interest Model

Following the notations in [24], the symbol (𝑥) is used to
denote a life-age-𝑥.The future lifetime and the curtate-future-
lifetime of 𝑥 are denoted by 𝑇(𝑥) and 𝐾(𝑥), respectively.
4.1. Actuarial Present Values for Discrete Life Annuities. There
are two classes of the discrete life annuities: the discrete
life annuities-due and the discrete life annuities-immediate.
First of all, we consider the former. In the nomenclature, an
annuity is called a whole life annuity-due if the annuity pays a
unit amount at the beginning of each year that the annuitant(𝑥) survives, and the actuarial present value of the annuity
can be expressed as

̈𝑎𝑥 = 𝐸 ( ̈𝑎𝐾(𝑥)+1|) = +∞∑
𝑘=0

̈𝑎𝑘+1|𝑃 (𝐾 (𝑥) = 𝑘) , (22)
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Figure 3: Values of 𝑡∗ under 𝛿0 = 0.05, 𝛼 = 0.0025, and 𝜆 = 1, 1.5,
2, 2.5, 3, respectively.

where 𝑃(𝐾(𝑥) = 𝑘) = 𝑘|𝑞𝑥 = 𝑘𝑝𝑥 ⋅𝑞𝑥+𝑘 in actuarial theory
and according to interest theory, we have

̈𝑎𝑘+1| = 𝐸 ( 𝑘∑
𝑛=0

𝑒−∫𝑛0 𝛿𝑡𝑑𝑡) = 𝑘∑
𝑛=0

𝐸 (𝑒−𝐽𝑛0 )
= 𝑘∑
𝑛=0

𝑒−𝛿0𝑛+𝜆𝑛(𝛽𝑛−1).
(23)

Combining formula (22) with formula (23), we obtain
the following formula under stochastic interest model intro-
duced here:

̈𝑎𝑥 = 1 + +∞∑
𝑛=1

𝑒−𝛿0𝑛+𝜆𝑛(𝛽𝑛−1) 𝑛𝑝𝑥 . (24)
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Table 2: Values of ̈𝑎30:30| for different 𝛿0, 𝛼, 𝜆, and 𝑝 under the stochastic interest rate model.

𝛿0 𝛼 𝜆 𝑝 = 0.45 𝑝 = 0.5 𝑝 = 0.505 𝑝 = 0.51 𝑝 = 0.6 𝑝 = 0.7

0.04

0.0025

1.0 17.9990 17.5461 17.5023 17.4587 16.7152 15.9727
1.5 18.2774 17.5840 17.5180 17.4525 16.3648 15.3324
2.0 18.5662 17.6222 17.5337 17.4463 16.0312 14.7529
2.5 18.8659 17.6606 17.5495 17.4401 15.7134 14.2268
3.0 19.1768 17.6992 17.5654 17.4339 15.4105 13.7477

0.0030

1.0 18.1289 17.5795 17.5266 17.4741 16.5884 15.7219
1.5 18.4807 17.6344 17.5546 17.4756 16.1843 14.9951
2.0 18.8489 17.6899 17.5828 17.4772 15.8027 14.3480
2.5 19.2345 17.74560 17.6112 17.4788 15.4420 13.7695
3.0 19.6385 17.8026 17.6398 17.4804 15.1007 13.2501

Nonrandom 17.4712

0.05

0.0025

1.0 16.0694 15.7005 15.6647 15.6291 15.0217 14.4128
1.5 16.2953 15.7308 15.6769 15.6235 14.7341 13.8854
2.0 16.5293 15.7613 15.6891 15.6178 14.4599 13.4064
2.5 16.7718 15.7919 15.7014 15.6122 14.1982 12.9699
3.0 17.0232 15.8228 15.7138 15.6066 13.9484 12.5711

0.0030

1.0 16.1746 15.7271 15.6840 15.6412 14.9174 14.2062
1.5 16.4596 15.7711 15.7060 15.6416 14.5854 13.6064
2.0 16.7575 15.8154 15.7281 15.6420 14.2713 13.0702
2.5 17.0690 15.8602 15.7504 15.6425 13.9738 12.5888
3.0 17.3950 15.9054 15.7729 15.6429 13.6917 12.1547

Nonrandom 15.6405

For 𝑛-year temporary life annuity-due of 1 per year, the
actuarial present value under this stochastic interest rate
model can be expressed as

̈𝑎𝑥:𝑛| = 1 + 𝑛−1∑
𝑘=1

𝑒−𝛿0𝑘+𝜆𝑘(𝛽𝑘−1) 𝑘𝑝𝑥 . (25)

The procedures used above for annuities-due can be
adapted for annuities-immediate where payments are made
at the ends of the payment periods. Such that, for a whole life
annuity-immediate, the actuarial present value can be given
as

𝑎𝑥 = +∞∑
𝑛=1

𝑒−𝛿0𝑛+𝜆𝑛(𝛽𝑛−1) 𝑛𝑝𝑥, (26)

and the actuarial present value of 𝑛-year temporary life
annuity for the annuitant (𝑥) is

𝑎𝑥:𝑛| = 𝑛∑
𝑘=1

𝑒−𝛿0𝑘+𝜆𝑘(𝛽𝑘−1) 𝑘𝑝𝑥 . (27)

4.2. Actuarial Present Value for Continuous Life Annuities. In
order to analyze the actuarial present value of this class of
annuities, we first consider the whole life annuity payable
continuously at the rate of 1 per year. For an annuitant (𝑥),
the actuarial present value of this life annuity is denoted by𝑎𝑥. From [24], we can obtain the following formula:

𝑎𝑥 = 𝐸 (𝑎𝑇(𝑥)|) = ∫+∞
0

𝑎𝑡|𝑑𝐹𝑇(𝑥) (𝑡) ,

𝑎𝑡| = 𝐸 (∫𝑡
0
exp(− ∫𝑢

0
𝛿𝑠𝑑𝑠) 𝑑𝑢)

= ∫𝑡
0

𝐸 (exp (−𝐽𝑢0 )) 𝑑𝑡.
(28)

Using Fubini’s theorem, from formulas (28), we have

𝑎𝑥 = ∫+∞
0

𝐸 (exp (−𝐽𝑡0)) 𝑡𝑝𝑥 𝑑𝑡. (29)

Substituting formula (13) into formula (29), we have

𝑎𝑥 = ∫+∞
0

exp (−𝛿0𝑡 + 𝜆𝑡 (𝛽𝑡 − 1)) 𝑡𝑝𝑥 𝑑𝑡, (30)

and then the actuarial present value of an 𝑛-year temporary
continuous life annuity for the annuitant (𝑥) is

𝑎𝑥:𝑛| = ∫𝑛
0
exp (−𝛿0𝑡 + 𝜆𝑡 (𝛽𝑡 − 1)) 𝑡𝑝𝑥 𝑑𝑡. (31)

4.3. Numerical Analysis. Based on the results in Sections
4.1 and 4.2, we calculate the actuarial present value of both
a 30-year temporary discrete life annuity-due and a 30-
year temporary continuous life annuity for the annuitant
(30) under different 𝛿0, 𝛼, 𝜆, and 𝑝. The simulation results
are shown in Tables 2 and 3, respectively. In these calcula-
tions, the experience life table of the Chinese life insurance
(2000–2003) (male) is used. It should be noted that the
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Table 3: Values of 𝑎30:30| for different 𝛿0, 𝛼, 𝜆, and 𝑝 under the stochastic interest rate model.

𝛿0 𝛼 𝜆 𝑝 = 0.45 𝑝 = 0.5 𝑝 = 0.505 𝑝 = 0.51 𝑝 = 0.6 𝑝 = 0.7

0.04

0.0025

1.0 17.6555 17.1858 17.1404 17.0952 16.3264 15.5610
1.5 17.9455 17.2257 17.1572 17.0894 15.9653 14.9034
2.0 18.2466 17.2658 17.1742 17.0836 15.6220 14.3099
2.5 18.5594 17.3063 17.1911 17.0777 15.2955 13.7724
3.0 18.8846 17.3470 17.2082 17.0719 14.9847 13.2841

0.0030

1.0 17.7910 17.2209 17.1661 17.1117 16.1959 15.3034
1.5 18.1578 17.2788 17.1960 17.1142 15.7799 14.5580
2.0 18.5423 17.3373 17.2262 17.1167 15.3876 13.8964
2.5 18.9457 17.3963 17.2565 17.1192 15.0174 13.3065
3.0 19.3692 17.4561 17.2871 17.1218 14.6677 12.7783

Nonrandom 17.1069

0.05

0.0025

1.0 15.6838 15.3024 15.2655 15.2288 14.6025 13.9766
1.5 15.9182 15.3342 15.2786 15.2234 14.3070 13.4364
2.0 16.1614 15.3662 15.2917 15.2180 14.0256 12.9470
2.5 16.4137 15.3984 15.3049 15.2127 13.7575 12.5021
3.0 16.6756 15.4308 15.3181 15.2073 13.5017 12.0964

0.0030

1.0 15.7932 15.3304 15.2859 15.2416 14.4955 13.7650
1.5 16.0893 15.3765 15.3092 15.2427 14.1546 13.1514
2.0 16.3993 15.4230 15.3328 15.2438 13.8326 12.6044
2.5 16.7241 15.4701 15.3565 15.2450 13.5281 12.1146
3.0 17.0646 15.5176 15.3804 15.2461 13.2398 11.6740

Nonrandom 15.2396

Uniform Distribution assumption—the classical fractional
age assumption—is used in the calculation of the actuarial
present values of the continuous life annuity.

FromTables 2 and 3, we can find that the actuarial present
values become smaller and smaller as the probability that
the interest rate rises at the change time point, 𝑝, increases
continuously when other parameters are fixed and this result
is obvious because the probability of the future force of
interest risingwill become larger and largerwith𝑝 increasing.
Furthermore, all the valueswhen𝑝 = 0.5 are larger than those
under the nonrandom condition (i.e., 𝛿𝑡 ≡ 𝛿0 for 𝑡 ≥ 0),
which verifies Theorem 2 from the quantitative aspect. At
the same time, under the condition that 𝛿0, 𝛼, and 𝑝 are
fixed, the actuarial present value becomes larger and larger
with increasing 𝜆, and this result illustrates that the present
value will increase if the interest rate changes frequently. If
other conditions are fixed, the actuarial present value also
becomes larger and larger with increasing𝛼whichmeans that
the present value will increase if the range of every interest
rate change is larger. At last, we can find that the actuarial
present value will become larger with decreasing 𝛿0 which
verifies that the present value of the money at future time
will decrease in general if the initial interest rate increases in
practice.

5. Conclusion

In this paper, we introduce a new stochastic interest model
in which the force of interest is driven by compound Poisson

process directly. Different from the references, the modeling
method makes the interest model more reasonable and
the random jumping behavior of interest rate is described
directly. We investigate the validity conditions of this model
and introduce a conception called the critical value of the
interest rate model. Based on this model, several common
life annuities are studied and the numerical results under
different parameters are compared adequately.

This paper proposes a new research perspective of
modeling stochastic interest. Following this idea, there are
several meaningful issues which deserve to study further. (1)
Some continuous stochastic processes can be blended into
modeling stochastic interest rate on the basis of the model in
this paper. (2) This model can be generalized by using some
random variables for the change ranges of the force of interest
and for the frequency parameter of the Poisson process in this
model. (3)Both the empirical study and the statistical analysis
about this stochastic interest rate should be made. We will
explore these issues in our future researches.
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This paper considers amore general stochastic nonlinear time-delay systemdriven by unknown covariance noise and investigates its
adaptive state-feedback control problem. As a remarkable feature, the growth assumptions imposed on delay-dependent nonlinear
terms are removed.Then, with the help of Lyapunov-Krasovskii functionals and adaptive backstepping technique, an adaptive state-
feedback controller is constructed by overcoming the negative effects brought by unknown time delay and covariance noise. Based
on the designed controller, the closed-loop system can be guaranteed to be globally asymptotically stable (GAS) in probability.
Finally, a simulation example demonstrates the effectiveness of the proposed scheme.

1. Introduction

In control fields, stochastic noises (white noise, Levy noise,
etc.) extensively occur in real plants including parameter per-
turbations, stochastic errors, and external environment varia-
tions.Therefore, the investigation of stochastic nonlinear sys-
tems is meaningful both theoretically and practically. During
the past decades, the backstepping technique presented by [1]
for stochastic nonlinear systems has been proven to be an
effective design tool. Based on the backstepping technique,
Lyapunov function method, and stochastic stability theory,
recent years have witnessed considerable results on stochastic
nonlinear systems; see [2–17] and the references therein.
Particularly, adaptive backstepping technique, a recursive
design procedure, has been extended to stochastic nonlinear
systems with various uncertainties and many significant
developments have been achieved in [9–17].

As is well-known time delays frequently exist in practical
systems such as electrical networks, microwave oscillator,
and chemical reactor systems. The existence of time delays
may deteriorate system performance and cause instability.
Therefore, the control and design for stochastic nonlinear
time-delay systems has been one of the active research topics

and already obtained fruitful results [18–33]. In [18–22], by
using Lyapunov-Krasovskii functional method, the output-
feedback stabilization problems were solved for stochastic
nonlinear systems with time delays only presenting in system
output. References [23, 24] considered the control problems
of high-order stochastic nonlinear time-delay systems by
introducing the adding a power integrator technique. How-
ever, the growth conditions assumed on systemnonlinearities
somewhat restrict the extension of the proposed control
schemes in [18–24].

In recent years, how to weaken or remove the traditional
nonlinear growth assumptions has been the main focus and
difficulty in stochastic nonlinear time-delay systems control.
In [25–27], the homogeneous domination approach was
extended to stochastic nonlinear time-delay systems and the
assumptions on nonlinearities in drift and diffusion vector
fields were relaxed. In addition, the adaptive control tech-
nique has been applied with neural network approximation
approach to weaken the assumptions on system time-delay
nonlinearities in [28–32] and the related references. Recently,
the traditional pure growth assumptions were further relaxed
for stochastic nonlinear time-delay systems in [33] with the
help of parameter-based controller design method. Despite
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the remarkable efforts obtained on relaxing the growth
assumptions, the existing results including [25–33] all failed
to remove these nonlinear growth assumptions.

On the other hand, it is well-known that the noise
of unknown covariance is also a source of uncertainties,
which may bring some negative effects on systems. In the
past decades, the control problems for stochastic nonlin-
ear systems driven by noise of unknown covariance have
been studied in [34–36] by using Lyapunov functions and
stochastic stability theorem. However, to the best of the
authors’ knowledge, for stochastic nonlinear time-delay sys-
tems driven by unknown covariance noise, there are few
related results. Motivated by the aforementioned discussions,
a natural problem arises:

How to remove the growth assumptions on system non-
linearities and further stabilize stochastic nonlinear time-delay
systems driven by unknown covariance noise?

This paper will focus on handling the above problem.
The main contributions are listed as follows: (i) this paper
considers amore general class of stochastic nonlinear systems
disturbed by both unknown time delay and covariance noise.
A distinctive novelty is that the growth assumptions imposed
on time-delay nonlinearities in existing results are proven to
be unnecessary and can be removed. (ii) By utilizing adap-
tive control technique and Lyapunov-Krasovskii functional
method, the adverse effects brought by unknown covariance
noise and time delay are compensated and an adaptive state-
feedback controller is designed. It is proven that the designed
controller can render the closed-loop system globally asymp-
totically stable (GAS) in probability.

The remainder of this paper is organized as follows.
Section 2 gives the mathematical preliminaries. The design
process and analysis procedure are given in Sections 3 and 4,
respectively. In Section 5, a simulation example is presented.
Section 6 concludes this paper. Some necessary proof is
provided in Appendix.

2. Mathematical Preliminaries

The following notations, definition, and lemmas will be used
throughout the whole paper.

Notations. R+ denotes the set of all the nonnegative real
numbers; R𝑖 denotes the 𝑖-dimensional Euclidean space; C𝑖
denotes the family of all the functions with continuous 𝑖th
partial derivations; | ⋅ | denotes the Euclidean norm of a
vector or a squarematrix;𝑋𝑇 denotes the transpose of a given
vector or matrix 𝑋 and Tr{𝑋} denotes its trace when 𝑋 is
square; C([−𝑑, 0];R𝑛) denotes the space of continuous R𝑛-
valued functions on [−𝑑, 0] endowed with the norm ‖ ⋅ ‖
defined by ‖𝑓‖ = sup𝑥∈[−𝑑,0]|𝑓(𝑥)| for 𝑓 ∈ C([−𝑑, 0],R𝑛);
C𝑏F0

([−𝑑, 0],R𝑛) stands for the family of all F0-measurable
boundedC([−𝑑, 0];R𝑛)-valued random variables 𝜉 = {𝜉(𝜃) :−𝑑 ≤ 𝜃 ≤ 0}; K denotes the set of all functions: R+ →
R+, which are continuous, strictly increasing, and vanishing
at zero; K∞ denotes the set of all functions which are of
class K and unbounded; KL is the set of all functions

𝛽(𝑠, 𝑡) : R+ × R+ → R+, which are of K for each fixed 𝑡
and decrease to zero as 𝑡 → ∞ for each fixed 𝑠.

Consider stochastic nonlinear time-delay system

𝑑𝑥 (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑥 (𝑡 − 𝑑)) 𝑑𝑡 + 𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − 𝑑)) 𝑑𝜔,
∀𝑡 ≥ 0, (1)

where the initial data is 𝑥(𝜃) = 𝜉 for −𝑑 ≤ 𝜃 ≤ 0; 𝑑 > 0
is a constant delay; 𝜔 is an 𝑟-dimensional standard wiener
process defined on a complete probability space {Ω,F, 𝑃},
where Ω is a sample space, F is a 𝜎-field, and 𝑃 is the
probabilitymeasurewith a natural filtration {F}𝑡≥0 (i.e.,F𝑡 =𝜎{𝑤(𝑠) : 0 ≤ 𝑠 ≤ 𝑡}); the drift term 𝑓 : R𝑛 × R𝑛 → R𝑛 and
the diffusion term 𝑔 : R𝑛 × R𝑛 → R𝑛×𝑟 are locally Lipschitz
functions with 𝑓(0, 0) = 0 and 𝑔(0, 0) = 0. Obviously, system
(1) admits a trivial solution 𝑥(0) = 0. For any given 𝑉(𝑥(𝑡)) ∈𝐶2, the differential operatorL along system (1) is defined as

L𝑉 = 𝜕𝑉𝜕𝑥 𝑓 + 12Tr{𝑔𝑇 𝜕2𝑉𝜕𝑥2 𝑔} . (2)

Definition 1 (see [22]). The equilibrium 𝑥 = 0 of system (1) is
said to be globally asymptotically stable (GAS) in probability
if for any 𝜖 > 0, there exists a function 𝛽(⋅, ⋅) ∈ KL such
that 𝑃{|𝑥(𝑡)| ≤ 𝛽(‖𝜉‖, 𝑡)} ≥ 1 − 𝜖 for any 𝑡 ≥ 0 and 𝜉 ∈
C𝑏F0

([−𝑑, 0],R𝑛) \ {0}, where ‖𝜉‖ = sup𝜃∈[−𝑑,0]|𝑥(𝜃)|.
Lemma 2 (see [22]). For system (1), if there exist functions𝑉(𝑥(𝑡)) ∈ C2 and 𝜒1, 𝜒2 ∈ K∞ such that

𝜒1 (|𝑥 (𝑡)|) ≤ 𝑉 (𝑥 (𝑡)) ≤ 𝜒2 ( sup
−𝑑≤𝑠≤0

|𝑥 (𝑡 + 𝑠)|) , (3)

L𝑉 (𝑥 (𝑡)) ≤ −𝑊 (𝑥 (𝑡)) , (4)

when 𝑊(𝑥(𝑡)) ∈ K, then there exists a unique solution on[−𝑑,∞) for system (1) and the equilibrium 𝑥 = 0 is GAS in
probability with 𝑃{lim𝑡→∞|𝑥(𝑡)| = 0} = 1.
Lemma 3 (see [9]). For any smooth function 𝑓(𝑥), 𝑥 ∈ 𝑅𝑛,
there exists a smooth function 𝑓(𝑥) such that 𝑓(𝑥) − 𝑓(0) =(∫1
0
(𝜕𝑓(𝜆)/𝜕𝜆)|𝜆=𝛼𝑥𝑑𝛼)𝑥 = 𝑥𝑓(𝑥).

Lemma 4 (see [37]). For any real numbers 𝑥, 𝑦 𝑚, 𝑛 > 0 and
continuous function 𝑎(⋅) ≥ 0, 𝑎(⋅)𝑥𝑚𝑦𝑛 ≤ 𝑏|𝑥|𝑚+𝑛 + (𝑛/(𝑚 +𝑛))((𝑚 + 𝑛)/𝑚)−𝑚/𝑛𝑎(⋅)(𝑚+𝑛)/𝑛𝑏−𝑚/𝑛|𝑦|𝑚+𝑛 holds with 𝑏 > 0
being a real design constant.

3. State-Feedback Controller Design

In this section, we first present the problem to be investigated
and a key lemma used in the design procedure. Then, based
on adaptive backstepping technique, the recursive design
procedure is given to construct an adaptive state-feedback
controller.
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3.1. Problem Formulation. In this paper, we consider the
following stochastic nonlinear time-delay system:

𝑑𝑥𝑖 = 𝑥𝑖+1𝑑𝑡 + 𝑓𝑖 (𝑥𝑖, 𝑥𝑖 (𝑡 − 𝑑)) 𝑑𝑡 + 𝑔𝑖 (𝑥1) Σ𝑑𝜔,
𝑖 = 1, . . . , 𝑛 − 1,

𝑑𝑥𝑛 = 𝑢𝑑𝑡 + 𝑓𝑛 (𝑥, 𝑥 (𝑡 − 𝑑)) 𝑑𝑡 + 𝑔𝑛 (𝑥1) Σ𝑑𝜔,
(5)

where 𝑢 ∈ R and 𝑥 = (𝑥1, . . . , 𝑥𝑛)𝑇 ∈ R𝑛 are system control
input and measurable states, respectively; 𝑥𝑖(𝑡 − 𝑑) = (𝑥1(𝑡 −𝑑), . . . , 𝑥𝑖(𝑡 − 𝑑))𝑇, 𝑥𝑖 = (𝑥1, . . . , 𝑥𝑖)𝑇, and 𝑥(𝑡 − 𝑑) = (𝑥1(𝑡 −𝑑), . . . , 𝑥𝑛(𝑡−𝑑))𝑇; 𝑑 > 0 is a constant time delay; 𝜔 is defined
as in (1);Σ : R+ → R𝑟×𝑟 is an unknown bounded nonnegative
definite Borel measurable matrix function and ΣΣ𝑇 denotes
the infinitesimal covariance function of the driving noiseΣ𝑑𝜔; for 𝑖 = 1, . . . , 𝑛, the drift terms 𝑓𝑖(𝑥𝑖, 𝑥𝑖(𝑡 − 𝑑)) :
R𝑖 × R𝑖 → R are C1 functions with 𝑓𝑖(0, 0) = 0 and the
diffusion terms 𝑔𝑖(𝑥1) : R → R1×𝑟 are smooth functions with𝑔𝑖(0) = 0.

The control objective is to design an adaptive state-
feedback controller to render system (5) to be GAS in
probability by removing the growth assumptions on delay-
dependent 𝑓𝑖. To make this feasible, we first show a lemma,
which plays a key role in designing the ideal controller.

Lemma 5. ForC1 functions 𝑓𝑖(𝑥𝑖, 𝑥𝑖(𝑡−𝑑)), 𝑖 = 1, . . . , 𝑛, with𝑓𝑖(0, 0) = 0, there exist nonnegative smooth functions 𝜌𝑖𝑗(𝑥𝑗)
such that

𝑓𝑖 (𝑥𝑖, 𝑥𝑖 (𝑡 − 𝑑)) ≤ 𝑖∑
𝑗=1

𝜌𝑖𝑗 (𝑥𝑗) (𝑥𝑗 + 𝑥𝑗 (𝑡 − 𝑑)) . (6)

Proof. In terms of Lemma 2.5 in [38], it holds that𝑓𝑖 (𝑥𝑖, 𝑥𝑖 (𝑡 − 𝑑))
≤ 𝑖∑
𝑗=1

(𝜆𝑖𝑗 (𝑥𝑗) 𝑥𝑗 + 𝜆∗𝑖𝑗 (𝑥𝑗 (𝑡 − 𝑑)) 𝑥𝑗 (𝑡 − 𝑑)) , (7)

where 𝜆𝑖𝑗(𝑥𝑗) and 𝜆∗𝑖𝑗(𝑥𝑗(𝑡−𝑑)) are nonnegative smooth func-
tions. Then, there must exist sufficiently large nonnegative
smooth functions 𝜆𝑖𝑗(𝑥𝑗) such that 𝜆∗𝑖𝑗(𝑥𝑗(𝑡 − 𝑑)) ≤ 𝜆𝑖𝑗(𝑥𝑗).
Considering this with (7), then (6) can hold by choosing𝜌𝑖𝑗(𝑥𝑗) = max{𝜆𝑖𝑗, 𝜆𝑖𝑗}.

In addition, for 𝑖 = 1, . . . , 𝑛, since 𝑔𝑖(0) = 0 and 𝑔𝑖(𝑥1) are
smooth, using Lemma 3, one gets

𝑔𝑖 (𝑥1) = 𝑥1𝑔𝑖 (𝑥1) , (8)

where 𝑔𝑖(𝑥1) (𝑖 = 1, . . . , 𝑛) are smooth functions.

Remark 6. For stochastic nonlinear time-delay systems, pre-
vious works such as [18–33] all gave the growth conditions
similar to (6) through imposing assumptions on system
nonlinearities. In this paper, Lemma 5 proves that these
assumptions are unnecessary and can be removed, which
is a main distinctive feature of this paper. In addition, we

give an example to show Lemma 5 can hold. Considering𝑓2(𝑥2, 𝑥2(𝑡 − 𝑑)) = 𝑥21 + 𝑥22 + 𝑥1(𝑡 − 𝑑) sin(𝑥1(𝑡 − 𝑑))𝑥1 +
sin(𝑥1)𝑥2(𝑡 − 𝑑), one gets 𝜆21 = 𝑥1, 𝜆∗21 = 𝑥1 sin(𝑥1(𝑡 − 𝑑)),
and 𝜆22 = 𝑥2, 𝜆∗22 = sin(𝑥1). Then, it can be verified that𝜆21 = (1/2)(1 + 𝑥21) and 𝜆22 = 1 + 𝑥21. Thus, Lemma 5 is sat-
isfied with 𝜌21 = max{𝜆21, 𝜆21} and 𝜌22 = max{𝜆22, 𝜆22}.
3.2. Design of State-Feedback Controller. Before giving the
detailed design procedure, introduce the state coordinate
transformation as𝑧1 = 𝑥1,

𝑧𝑖 = 𝑥𝑖 − 𝛼𝑖 (𝑥𝑖−1, 𝜃) , 𝑖 = 2, . . . , 𝑛, (9)

where𝛼2, . . . , 𝛼𝑛 are virtual control laws to be determined and𝜃 is the estimate of 𝜃 with the form

𝜃 ≜ max {ΣΣ𝑇 , ΣΣ𝑇2 , ΣΣ𝑇4/3} . (10)

According to (5), (9), and Itô’s differentiation formula, it is
easy to get

𝑑𝑧𝑖 = (𝑥𝑖+1 + 𝐹𝑖𝑑 − 𝑖−1∑
𝑗=1

𝜕𝛼𝑖𝜕𝑥𝑗 𝑥𝑗+1
− 12
𝑖−1∑
𝑗,𝑘=1

𝜕2𝛼𝑖𝜕𝑥𝑗𝜕𝑥𝑘𝑔𝑗ΣΣ𝑇𝑔𝑇𝑘 − 𝜕𝛼𝑖𝜕𝜃 ̇𝜃)𝑑𝑡 + 𝐺𝑖Σ𝑑𝑤,
(11)

where 𝑖 = 1, . . . , 𝑛, 𝐹𝑖𝑑, and 𝑓𝑖𝑑 denote 𝐹𝑖(𝑥𝑖, 𝑥𝑖(𝑡 − 𝑑)) and𝑓𝑖(𝑥𝑖, 𝑥𝑖(𝑡 − 𝑑)), respectively; 𝐹𝑖𝑑 = 𝑓𝑖𝑑 − ∑𝑖−1𝑗=1(𝜕𝛼𝑖/𝜕𝑥𝑗)𝑓𝑗𝑑
and 𝐺𝑖 = 𝑔𝑖 − ∑𝑖−1𝑗=1(𝜕𝛼𝑖/𝜕𝑥𝑗)𝑔𝑗.

In the sequel, we aim to give the adaptive design pro-
cedure by combining Lyapunov-Krasovskii functionals with
backstepping. The detailed process is divided into 𝑛 steps.
Step 1. Consider Lyapunov function 𝑉1 = (1/4)𝑧41 + (1/2𝛾)𝜃2
for system (5), where 𝜃 = 𝜃 − 𝜃 is the estimate error of 𝜃 and𝛾 > 0 is the adaptive gain constant. Then, by means of (2),
(8), (10)-(11), Lemmas 4 and 5, and Itô’s rule, it can be verified
that

L𝑉1 = 𝑧31𝑥2 + 𝑧31𝑓1𝑑 + 32𝑧21𝑔1ΣΣ𝑇𝑔𝑇1 − 𝜃𝛾 ̇̂𝜃
≤ 𝑧31𝑥2 + 𝑧13 𝜌11 (𝑥1) (𝑥1 + 𝑥1 (𝑡 − 𝑑))

+ 32𝑧41 𝑔12 𝜃 − 𝜃𝛾 ̇̂𝜃
≤ 𝑧31 (𝑥2 − 𝛼2) + 𝑧31𝛼2 + 𝜌11 (𝑥1) 𝑧41

+ 𝑏11𝑧41 (𝑡 − 𝑑) + 𝜙11 (𝑥1) 𝑧41 + 𝑧41𝜑1 (𝑥1) 𝜃
− 𝜃𝛾 ( ̇̂𝜃 − 𝜏1) ,

(12)

where 𝜙11(𝑥1) = (3/4)(4𝑏11)−1/3𝜌4/311 with 𝑏11 > 0 being a
design constant; 𝜑1(𝑥1) = (3/2)|𝑔1|2 and 𝜏1 = 𝛾𝜑1(𝑥1)𝑧41 .
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Then, constructing the Lyapunov-Krasovskii functional

𝑉1𝐾 = 𝑉1 + 𝑊1, 𝑊1 = ∫𝑡
𝑡−𝑑

𝑏11𝑧41 (𝑠) 𝑑𝑠 (13)

and the first virtual control law

𝛼2 (𝑥1, 𝜃) = −𝑧1𝛽1 (𝑥1, 𝜃) ,
𝛽1 (𝑥1, 𝜃) = 𝑐11 + 𝜌11 (𝑥1) + 𝜙11 (𝑥1) + 𝜑1 (𝑥1) 𝜃

+ 𝑏11,
(14)

together with (2) and (12), one yields

L𝑉1𝐾 ≤ −𝑐11𝑧41 + 𝑧31 (𝑥2 − 𝛼2) − 𝜃𝛾 ( ̇̂𝜃 − 𝜏1) , (15)

where 𝑐11 is a positive design constant.

Step i (2 ≤ 𝑖 ≤ 𝑛 − 1). We give the inductive step through a
proposition.

Proposition7. If at step (𝑖−1) there exist a series of virtual con-
trol laws 𝛼2 = −𝑧1𝛽1(𝑥1, 𝜃), . . . , 𝛼𝑖 = −𝑧𝑖−1𝛽𝑖−1(𝑥𝑖−1, 𝜃)
making the Lyapunov-Krasovskii functional 𝑉𝑖−1,𝐾 =(1/4)∑𝑖−1𝑗=1 𝑧4𝑗 + ∑𝑖−1𝑗=1𝑊𝑗 + (1/2𝛾)𝜃2 satisfy

L𝑉𝑖−1,𝐾 ≤ −𝑖−1∑
𝑗=1

𝑐𝑗,𝑖−1𝑧4𝑗 + 𝑧3𝑖−1 (𝑥𝑖 − 𝛼𝑖)
− (𝜃𝛾 + 𝑖−1∑

𝑗=2

𝑧3𝑗 𝜕𝛼𝑗𝜕𝜃 )( ̇̂𝜃 − 𝜏𝑖−1) ,
(16)

where 𝑐𝑗,𝑖−1 is a positive design constant and 𝜏𝑖−1 =∑𝑖−1𝑗=1 𝛾𝜑𝑗(𝑥𝑗, 𝜃)𝑧4𝑗 , then, there exists a virtual control law
𝛼𝑖+1 (𝑥𝑖, 𝜃) = −𝑧𝑖𝛽𝑖 (𝑥𝑖, 𝜃) ,
𝛽𝑖 (𝑥𝑖, 𝜃) = 𝑐𝑖𝑖 + 4∑

𝑗=1

𝜙𝑖𝑗 (𝑥𝑖, 𝜃)
+ 𝜑𝑖 (𝑥𝑖, 𝜃)(𝜃 − 𝛾 𝑖∑

𝑗=2

𝑧3𝑗 𝜕𝛼𝑗𝜕𝜃 ) + 𝑏𝑖𝑖,
(17)

such that the 𝑖th Lyapunov-Krasovskii functional
𝑉𝑖𝐾 = 𝑉𝑖−1,𝐾 + 14𝑧4𝑖 + 𝑊𝑖, 𝑊𝑖 = ∫𝑡

𝑡−𝑑

𝑖∑
𝑗=1

𝑏𝑖𝑗𝑧4𝑗 (𝑠) 𝑑𝑠 (18)

satisfies

L𝑉𝑖𝐾 ≤ − 𝑖∑
𝑗=1

𝑐𝑗𝑖𝑧4𝑗 + 𝑧3𝑖 (𝑥𝑖+1 − 𝛼𝑖+1)
− (𝜃𝛾 + 𝑖∑

𝑗=2

𝑧3𝑗 𝜕𝛼𝑗𝜕𝜃 )( ̇̂𝜃 − 𝜏𝑖) ,
(19)

where

𝑐𝑗𝑖 =
{{{{{{{{{{{{{

𝑐𝑗𝑗 − 𝜀𝑗+1,1 − 4∑
𝑘=2

𝜀𝑖𝑗𝑘 − 6∑
𝑘=5

𝑖−1∑
𝑙=𝑗

𝜀𝑙+1,𝑘 − 𝑖−1∑
𝑙=𝑗

𝑏𝑙+1,𝑗, 𝑗 = 1;
𝑐𝑗𝑗 − 𝜀𝑗+1,1 − 4∑

𝑘=2

𝜀𝑖𝑗𝑘 − 𝑖−1∑
𝑙=𝑗

𝑏𝑙+1,𝑗, 𝑗 = 2, . . . , 𝑖 − 1, (20)

and 𝑏𝑖𝑗, 𝜀𝑖𝑗𝑘 (𝑘 = 2, 3, 4), and 𝜀𝑖𝑘 (𝑘 = 1, 5, 6) are positive design
constants; 𝜙𝑖𝑗 (𝑗 = 1, . . . , 4), 𝜑𝑖 = 𝜑𝑖1 + 𝜑𝑖2, and 𝜑𝑖1, 𝜑𝑖2 are
nonnegative continuous functions and 𝜏𝑖 = 𝜏𝑖−1 + 𝛾𝜑𝑖𝑧4𝑖 .
Proof. See Appendix.

Step n. By exactly following the design procedure at Step 𝑖,
one can obtain the adaptive state-feedback controller

𝑢 (𝑥, 𝜃) = −𝑧𝑛𝛽𝑛 (𝑥, 𝜃) ,
𝛽𝑛 (𝑥, 𝜃) = 𝑐𝑛𝑛 + 4∑

𝑖=1

𝜙𝑛𝑖 (𝑥, 𝜃)

+ 𝜑𝑛 (𝑥, 𝜃)(𝜃 − 𝛾 𝑛∑
𝑖=2

𝑧3𝑖 𝜕𝛼𝑖𝜕𝜃 ) + 𝑏𝑛𝑛,
̇̂𝜃 = 𝜏𝑛 = 𝑛∑

𝑖=1

𝛾𝜑𝑖 (𝑥𝑖, 𝜃) 𝑧4𝑖 ,
(21)

which renders the Lyapunov-Krasovskii functional

𝑉𝑛𝐾 = 14
𝑛∑
𝑖=1

𝑧4𝑖 + 𝑛∑
𝑖=1

𝑊𝑖 + 12𝛾𝜃2 (22)
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to satisfy

L𝑉𝑛𝐾 ≤ − 𝑛∑
𝑖=1

𝑐𝑖𝑛𝑧4𝑖 , (23)

where 𝜙𝑛𝑖 and 𝜑𝑛 are known nonnegative continuous func-
tions; 𝑏𝑛𝑛, 𝜀𝑛1, 𝜀𝑛𝑖2, 𝜀𝑛𝑖3, 𝜀𝑛𝑖4, 𝜀𝑛5, 𝜀𝑛6, and 𝑐𝑖𝑛 are positive design
constants with

𝑐𝑖𝑛 =
{{{{{{{{{{{
𝑐𝑖𝑖 − 𝜀𝑖+1,1 − 4∑

𝑘=2

𝜀𝑛𝑖𝑘 − 6∑
𝑘=5

𝑛−1∑
𝑙=𝑖

𝜀𝑙+1,𝑘 − 𝑛−1∑
𝑙=𝑖

𝑏𝑙+1,𝑖, 𝑖 = 1;
𝑐𝑖𝑖 − 𝜀𝑖+1,1 − 4∑

𝑘=2

𝜀𝑛𝑖𝑘 − 𝑛−1∑
𝑙=𝑖

𝑏𝑙+1,𝑖, 𝑖 = 2, . . . , 𝑛 − 1. (24)

4. Stability Analysis

We summarize the main result in the following theorem.

Theorem8. For system (5), there exists an adaptive control law
(21) such that (i) the closed-loop system consisting of (5), (9),
(14), (17), and (21) is GAS in probability; (ii) 𝑃{lim𝑡→∞|𝑥(𝑡)| =0} = 1 and 𝑃{lim𝑡→∞𝜃(𝑡) 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛𝑑 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒} = 1.
Proof. In view of (23), it is obvious that 𝑉𝑛𝐾 is C2 on 𝑧 =(𝑧1, . . . , 𝑧𝑛)𝑇 and 𝜃. In addition, the inequality (4) in Lemma 2
is satisfied with 𝑊(𝑧) = ∑𝑛𝑖=1 𝑐𝑖𝑛𝑧4𝑖 , which is a K-class
function with 𝑐𝑖𝑛 > 0. In the sequel, we focus on verifying
inequality (3) in Lemma 2.

On one hand, from (22) and (𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑛)𝑝 ≤
max{𝑛𝑝−1, 1}(𝑥𝑝1 + ⋅ ⋅ ⋅ + 𝑥𝑝𝑛 ), one has

𝑉𝑛𝐾 ≥ 14
𝑛∑
𝑖=1

𝑧4𝑖 ≥ 14𝑛 (√ 𝑛∑
𝑖=1

𝑧2𝑖)
4

. (25)

Let 𝜒1(|𝑧|, 𝜃) = (1/4𝑛)|𝑧|4; obviously, 𝜒1(|𝑧|, 𝜃) ∈ K∞ and𝜒1(|𝑧|, 𝜃) ≤ 𝑉𝑛𝐾(𝑧, 𝜃) hold. On the other hand, by the mean
value theorem, one can achieve

𝑉𝑛𝐾 (𝑧, 𝜃) ≤ 14
𝑛∑
𝑖=1

𝑧4𝑖 + 𝑑 𝑛∑
𝑖=1

𝑊𝑖 (𝑧 (𝜎)) + 12𝛾𝜃 2

≤ 14
𝑛∑
𝑖=1

sup
−𝑑≤𝑠≤0

𝑧4𝑖 (𝑡 + 𝑠) + 𝑑𝑏 𝑛∑
𝑖=1

sup
−𝑑≤𝑠≤0

𝑧4𝑖 (𝑡 + 𝑠)
+ 12𝛾𝜃 2

≤ (14 + 𝑑𝑏)(√ 𝑛∑
𝑖=1

sup
−𝑑≤𝑠≤0

𝑧2𝑖 (𝑡 + 𝑠))
4

+ 12𝛾𝜃 2,

(26)

where 𝑏 = max{∑𝑖𝑗=1 𝑏𝑖𝑗, 𝑖 = 1, . . . , 𝑛} and 𝜎 ∈ [𝑡−𝑑, 𝑡]. Define𝜒2(sup−𝑑≤𝑠≤0|𝑧(𝑡 + 𝑠)|, 𝜃) = (1/4 + 𝑑𝑏)(sup−𝑑≤𝑠≤0|𝑧(𝑡 + 𝑠)|)4 +(1/2𝛾)𝜃2 ∈ K∞; then 𝑉𝑛𝐾(𝑧, 𝜃) ≤ 𝜒2(sup−𝑑≤𝑠≤0|𝑧(𝑡 + 𝑠)|, 𝜃).

Hence, inequality (3) in Lemma 2 is satisfied. Thus, one con-
cludes from Lemma 2 that (i) holds with 𝑃{lim𝑡→∞|𝑧(𝑡)| =0} = 1.

Furthermore, considering 𝛼𝑖(0, 𝜃) = 0 (𝑖 = 2, . . . , 𝑛), 𝑢(0,𝜃) = 0, and (9), one further gets 𝑃{lim𝑡→∞|𝑥(𝑡)| = 0} = 1.
In addition, from (22)-(23), it holds that 𝜃(𝑡) converges
a.s. to a finite limit 𝜃∞ as 𝑡 → ∞; that is, 𝑃{lim𝑡→∞𝜃(𝑡)
exists and is finite} = 1. Hence, conclusion (ii) is proved,
which completes the proof of Theorem 8.

Remark 9. We emphasize two main points. (i) For system
(5), this paper completely removes the growth assumptions
imposed on system time-delay nonlinearities. (ii) The con-
struction of adaptive controller (21) is difficult and the proof
of Theorem 8 is not a trivial work.

5. A Simulation Example

In this section, we give a simulation example to verify the
proposed scheme in Section 3.

Example 1. Consider stochastic nonlinear time-delay system

𝑑𝑥1 = 𝑥2𝑑𝑡 + (𝑥31 + 𝑥21 sin (𝑥1 (𝑡 − 𝑑))) 𝑑𝑡
+ 12𝑥21Σd𝜔,

𝑑𝑥2 = 𝑢𝑑𝑡 + (𝑥1 (𝑡 − 𝑑) + 𝑥2 (𝑡 − 𝑑)) 𝑑𝑡 + 𝑥1Σ𝑑𝜔,
(27)

where Σ is defined as in (5) and 𝑑 > 0 is a time delay. It can be
verified that 𝜌11 = 𝑥21, 𝜌21 = 1, 𝜌22 = 1, 𝑔1 = 𝑥1/2, and 𝑔2 = 1
in Lemma 5 and (8).

Then, by exactly following the design procedure in Sec-
tion 3, one can get the adaptive controller with the form

𝑧1 = 𝑥1,
𝑧2 = 𝑥2 − 𝛼2 (𝑥1, 𝜃) ,
𝛼2 (𝑥1, 𝜃) = −𝑧1𝛽1 (𝑥1, 𝜃) ,
𝛽1 = 𝑐11 + 𝜌11 (𝑥1) + 𝜙11 (𝑥1) + 𝜑1 (𝑥1) 𝜃 + 𝑏11,
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Figure 1: The state responses of the closed-loop system (27)-(28).

𝑢 (𝑥2, 𝜃) = −𝑧2(𝑐22 + 4∑
𝑖=1

𝜙2𝑖 (𝑥2, 𝜃)
+ 𝜑2 (𝑥2, 𝜃) (𝜃 − 𝛾𝑧32 𝜕𝛼2𝜕𝜃 ) + 𝑏22) ,

̇̂𝜃 = 𝛾𝜑1 (𝑥1) 𝑧41 + 𝛾𝜑2 (𝑥2, 𝜃) 𝑧42 ,
(28)

where 𝑏11, 𝑏21, 𝑏22, 𝑐11, 𝑐22, 𝜀21, 𝜀212, 𝜀213, 𝜀214, 𝜀25, 𝜀26, and𝛾 are positive design constants; 𝜙11 = (3/4)(4𝑏11)−1/3𝜌4/311 ;𝜑1 = (3/2)|𝑔1|2; 𝜙21 = (1/4)((4/3)𝜀21)−3; 𝜙22 = �̃�22 +(3/4)(4𝜀212)−1/3 �̃� 4/321 + ∑2𝑖=1(3/4)(4𝑏2𝑖)−1/3 �̃� 4/32𝑖 with 𝑠1 =
max{1, |𝛽1|}, 𝑙21 = 𝜌21 + 𝜌22𝑠1, 𝑙22 = 𝜌22𝑠1, 𝑙11 = 𝜌11,�̃�21 = (𝑙11 + 𝑙21)max{1, |𝜕𝛼2/𝜕𝑥1|}, �̃�22 = 𝑙22max{1, |𝜕𝛼2/𝜕𝑥1|};𝜙23 = 𝜙23+(3/4)(4𝜀213)−1/3 𝜙 4/313 with𝜙13 = 𝜙23 = |𝜕𝛼2/𝜕𝑥1|𝑠1;𝜙24 = (3/4)(4𝜀214)−1/3(|𝜕𝛼2/𝜕𝜃|𝜑1)4/3 with 𝜑1 = 𝛾𝜑1𝑧31 ;𝜑21 = (3/4)(4𝜀25)−1/3((1/2)|𝜕2𝛼2/𝜕𝑥21||𝑔1|2|𝑧1|)4/3; 𝜑22 =(1/2)(2𝜀26)−1((3/2)|𝑔2 − (𝜕𝛼2/𝜕𝑥1)𝑔1|2)2 and 𝜑2 = 𝜑21 + 𝜑22
are all nonnegative continuous functions.

In simulation, choose 𝑏11 = 1, 𝑏21 = 1, 𝑏22 = 1, 𝑐11 = 3,𝑐22 = 1, 𝜀21 = 0.1, 𝜀212 = 0.1, 𝜀213 = 0.1, 𝜀214 = 0.1, 𝜀25 = 0.1,𝜀26 = 0.1, 𝛾 = 5, 𝑑 = 2, and Σ = 1. The initial values are
given by 𝑥1(0) = 0.5, 𝑥2(0) = −2, and 𝜃(0) = 1. Figures 1–3
demonstrate the effectiveness of the control scheme.

6. Conclusions

This note solves the adaptive state-feedback control for
stochastic nonlinear time-delay systems driven by unknown
covariance noise. The traditional assumptions imposed on
system nonlinearities are removed and the negative effects
generated by unknown covariance noise are eliminated by

u
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Figure 2: The control input responses of the closed-loop system
(27)-(28).
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Figure 3: Adaptive control law of the closed-loop system (27)-(28).

using Lyapunov-functionals and adaptive backstepping tech-
nique. In addition, an adaptive state-feedback controller is
designed to enable the closed-loop system to be GAS in
probability. One more problem under investigation is how to
solve the output-feedback control problem for system (5).

Appendix

Proof of Proposition 7. Firstly, in terms of (2), (11), (16), and
(18), one arrives at

L𝑉𝑖𝐾 ≤ −𝑖−1∑
𝑗=1

𝑐𝑗,𝑖−1𝑧4𝑗 + 𝑧3𝑖 𝑥𝑖+1 + 𝑧3𝑖−1 (𝑥𝑖 − 𝛼𝑖) + 𝑧3𝑖 𝐹𝑖𝑑
− 𝑧3𝑖 𝑖−1∑
𝑗=1

𝜕𝛼𝑖𝜕𝑥𝑗 𝑥𝑗+1 − 𝑧3𝑖 𝜕𝛼𝑖𝜕𝜃 𝜏𝑖−1
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− 12𝑧3𝑖
𝑖−1∑
𝑗,𝑘=1

𝜕2𝛼𝑖𝜕𝑥𝑗𝜕𝑥𝑘𝑔𝑗ΣΣ𝑇𝑔𝑇𝑘
+ 32𝑧2𝑖 𝐺𝑖ΣΣ𝑇𝐺𝑇𝑖 +

𝑖−1∑
𝑗=1

𝑏𝑖𝑗𝑧4𝑗 + 𝑏𝑖𝑖𝑧4𝑖
− 𝑖∑
𝑗=1

𝑏𝑖𝑗𝑧4𝑗 (𝑡 − 𝑑)
− (𝜃𝛾 + 𝑖∑

𝑗=2

𝑧3𝑗 𝜕𝛼𝑗𝜕𝜃 )( ̇̂𝜃 − 𝜏𝑖−1) .
(A.1)

To proceed further, we try to estimate the third-eighth terms
in the right-hand side of (A.1).

According to (9), one has

𝑥𝑖 = 𝑧𝑖 − 𝛽𝑖−1𝑧𝑖−1 ≤ 𝑠𝑖−1 (𝑧𝑖 + 𝑧𝑖−1) , (A.2)

where 𝑠𝑖−1 = max{1, |𝛽𝑖−1|}. Using (A.2) and Lemmas 4 and
5, it is easy to verify that

𝑓𝑖𝑑 ≤ 𝑖∑
𝑗=1

𝜌𝑖𝑗 (𝑥𝑗) (𝑠𝑗−1 (𝑧𝑗−1 + 𝑧𝑗)
+ 𝑠𝑗−1 (𝑧𝑗−1 (𝑡 − 𝑑) + 𝑧𝑗 (𝑡 − 𝑑)))
≤ 𝑖∑
𝑗=1

𝑙𝑖𝑗 (𝑥𝑗, 𝜃) (𝑧𝑗 + 𝑧𝑗 (𝑡 − 𝑑)) ,
(A.3)

where

𝑙𝑖𝑗 (𝑥𝑗, 𝜃) = {{{
𝜌𝑖,𝑗+1𝑠𝑗 + 𝜌𝑖𝑗𝑠𝑗−1, 𝑗 = 1, . . . , 𝑖 − 1,
𝜌𝑖𝑗𝑠𝑗−1, 𝑗 = 𝑖 (A.4)

with 𝑠0 = 1. Now, we turn to give the estimate procedure. By
applying (9)-(10), (A.2)-(A.3), and Lemma 4, it can be verified
that

𝑧3𝑖−1 (𝑥𝑖 − 𝛼𝑖) = 𝑧3𝑖−1 (𝑧𝑖 + 𝛼𝑖 − 𝛼𝑖) ≤ 𝜀𝑖1𝑧4𝑖−1 + 𝜙𝑖1𝑧4𝑖 ,
𝑧3𝑖 𝐹𝑖𝑑 ≤ 𝑧𝑖3

𝑓𝑖𝑑 −
𝑖−1∑
𝑗=1

𝜕𝛼𝑖𝜕𝑥𝑗𝑓𝑗𝑑


≤ 𝑧𝑖3 𝑖∑
𝑗=1̃

𝑙𝑖𝑗 (𝑥𝑗, 𝜃) (𝑧𝑗 + 𝑧𝑗 (𝑡 − 𝑑))
≤ 𝑖−1∑
𝑗=1

𝜀𝑖𝑗2𝑧4𝑗 + 𝜙𝑖2 (𝑥𝑖, 𝜃) 𝑧4𝑖 + 𝑖∑
𝑗=1

𝑏𝑖𝑗𝑧4𝑗 (𝑡 − 𝑑) ,
− 𝑧3𝑖 𝑖−1∑
𝑗=1

𝜕𝛼𝑖𝜕𝑥𝑗 𝑥𝑗+1 ≤ 𝑧𝑖3 𝑖−1∑
𝑗=1


𝜕𝛼𝑖𝜕𝑥𝑗

 𝑠𝑗 (
𝑧𝑗 + 𝑧𝑗+1)

≤ 𝑧𝑖3 𝑖−1∑
𝑗=1

𝜙𝑗3 (𝑥𝑗, 𝜃) 𝑧𝑗
≤ 𝑖−1∑
𝑗=1

𝜀𝑖𝑗3𝑧4𝑗 + 𝜙𝑖3 (𝑥𝑖, 𝜃) 𝑧4𝑖 ,
− 𝑧3𝑖 𝜕𝛼𝑖𝜕𝜃 𝜏𝑖−1 ≤ 𝑧𝑖3  𝜕𝛼𝑖𝜕𝜃


𝑖−1∑
𝑗=1

𝜑𝑗 (𝑥𝑗, 𝜃) 𝑧𝑗
≤ 𝑖−1∑
𝑗=1

𝜀𝑖𝑗4𝑧4𝑗 + 𝜙𝑖4 (𝑥𝑖, 𝜃) 𝑧4𝑖 ,
− 12𝑧3𝑖

𝑖−1∑
𝑗,𝑘=1

𝜕2𝛼𝑖𝜕𝑥𝑗𝜕𝑥𝑘𝑔𝑗ΣΣ𝑇𝑔𝑇𝑘
≤ 12 𝑧𝑖3 𝑖−1∑

𝑗,𝑘=1


𝜕2𝛼𝑖𝜕𝑥𝑗𝜕𝑥𝑘


𝑔𝑗𝑔𝑘 ΣΣ𝑇 𝑧21

≤ 𝜀𝑖5𝑧41 + 𝜑𝑖1 (𝑥𝑖, 𝜃) 𝑧4𝑖 ΣΣ𝑇4/3
≤ 𝜀𝑖5𝑧41 + 𝜑𝑖1 (𝑥𝑖, 𝜃) 𝑧4𝑖 𝜃,

32𝑧2𝑖 𝐺𝑖ΣΣ𝑇𝐺𝑇𝑖 ≤ 32𝑧2𝑖
𝑔𝑖 −
𝑖−1∑
𝑗=1

𝜕𝛼𝑖𝜕𝑥𝑗𝑔𝑗

2 𝑧21 ΣΣ𝑇

≤ 𝜀𝑖6𝑧41 + 𝜑𝑖2 (𝑥𝑖, 𝜃) 𝑧4𝑖 ΣΣ𝑇2
≤ 𝜀𝑖6𝑧41 + 𝜑𝑖2 (𝑥𝑖, 𝜃) 𝑧4𝑖 𝜃,

(A.5)

where 𝑏𝑖𝑗, 𝜀𝑖1, 𝜀𝑖𝑗2, 𝜀𝑖𝑗3, 𝜀𝑖𝑗4, 𝜀𝑖5, and 𝜀𝑖6 are positive design con-
stants; 𝜙𝑖1 = (1/4)((4/3)𝜀𝑖1)−3; �̃�𝑖𝑗 = ∑𝑖𝑘=𝑗 𝑙𝑘𝑗max{1, |𝜕𝛼𝑖/𝜕𝑥𝑗|},𝜙𝑖2 = �̃�𝑖𝑖 + ∑𝑖−1𝑗=1(3/4)(4𝜀𝑖𝑗2)−1/3 �̃� 4/3𝑖𝑗 + ∑𝑖𝑗=1(3/4)(4𝑏𝑖𝑗)−1/3 �̃� 4/3𝑖𝑗 ;𝜙𝑗3 = |𝜕𝛼𝑖/𝜕𝑥𝑗|𝑠𝑗 for 𝑗 = 1, 𝜙𝑗3 = |𝜕𝛼𝑖/𝜕𝑥𝑗−1|𝑠𝑗−1+|𝜕𝛼𝑖/𝜕𝑥𝑗|𝑠𝑗
for 𝑗 = 2, . . . , 𝑖 − 1 and 𝜙𝑗3 = |𝜕𝛼𝑖/𝜕𝑥𝑗−1|𝑠𝑗−1 for 𝑗 =𝑖; 𝜙𝑖3 = 𝜙𝑖3 + ∑𝑖−1𝑗=1(3/4)(4𝜀𝑖𝑗3)−1/3|𝜙𝑗3|4/3; 𝜑𝑗 = 𝛾𝜑𝑗|𝑧𝑗|3;𝜑𝑖1 = (3/4)(4𝜀𝑖5)−1/3((1/2)∑𝑖−1𝑗,𝑘=1 |𝜕2𝛼𝑖/𝜕𝑥𝑗𝜕𝑥𝑘||𝑔𝑗𝑔𝑘||𝑧1|)4/3;𝜑𝑖2 = (1/4)(𝜀𝑖6)−1((3/2)|𝑔𝑖 − ∑𝑖−1𝑗=1(𝜕𝛼𝑖/𝜕𝑥𝑗)𝑔𝑗|2)2 and 𝜙𝑖4 =∑𝑖−1𝑗=1(3/4)(4𝜀𝑖𝑗4)−1/3(|𝜕𝛼𝑖/𝜕𝜃|𝜑𝑗)4/3.

Then, substituting (A.5) into (A.1) yields

L𝑉𝑖𝐾 ≤ −𝑖−1∑
𝑗=1

𝑐𝑗,𝑖−1𝑧4𝑗 + (𝜀𝑖5 + 𝜀𝑖6) 𝑧41 + 𝜀𝑖1 𝑧𝑖−14

+ 4∑
𝑘=2

𝑖−1∑
𝑗=1

𝜀𝑖𝑗𝑘 𝑧𝑗4 + 𝑖−1∑
𝑗=1

𝑏𝑖𝑗𝑧4𝑗
+ 𝑧3𝑖 (𝑥𝑖+1 − 𝛼𝑖+1) + 𝑧3𝑖 𝛼𝑖+1
+ 𝑧4𝑖 ( 4∑

𝑗=1

𝜙𝑖𝑗 (𝑥𝑖, 𝜃) + 𝜑𝑖 (𝑥𝑖, 𝜃) 𝜃 + 𝑏𝑖𝑖)
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+ 𝜑𝑖 (𝑥𝑖, 𝜃) 𝑧4𝑖 𝜃
− (𝜃𝛾 + 𝑖∑

𝑗=2

𝑧3𝑗 𝜕𝛼𝑗𝜕𝜃 )( ̇̂𝜃 − 𝜏𝑖−1) ,
(A.6)

where𝜑𝑖 = 𝜑𝑖1+𝜑𝑖2. Hence, by choosing𝛼𝑖+1 as (17), 𝑐𝑗𝑖 as (20),
and 𝜏𝑖 = 𝜏𝑖−1 + 𝛾𝜑𝑖𝑧4𝑖 , one can finally get (19). This completes
the proof.
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A problem of an optimal liquidation is investigated by using the Almgren-Chriss market impact model on the background that the𝑛 agents liquidate assets completely. The impact of market is divided into three components: unaffected price process, permanent
impact, and temporary impact. The key element is that the variable temporary market impact is analyzed. When the temporary
market impact is decreasing linearly, the optimal problem is described by a Nash equilibrium in finite time horizon.The stochastic
component of the price process is eliminated from the mean-variance. Mathematically, the Nash equilibrium is considered as the
second-order linear differential equation with variable coefficients. We prove the existence and uniqueness of solutions for the
differential equation with two boundaries and find the closed-form solutions in special situations. The numerical examples and
properties of the solution are given. The corresponding finance phenomenon is interpreted.

1. Introduction

The investor often considers optimal execution in the market
of transactions within a fixed time period, optimizing some
trade-off between risk and reward. Slow trading reduces
transaction costs and fast liquidation decreases the volatility
risk. The investors must choose an optimal strategy which
could bring them the maximization of expected revenues
and minimization of the variance of revenues. The mean-
variance model is given by Markowitz [1, 2] and is a pretty
important position in modern portfolio theory. The model
gives an optimal investment portfoliomethodwhen investors
want to get the highest return specifying their acceptable risk
level. Samuelson [3], Hakansson [4], and Pliska [5] extend
the model from the single-period case to the multiperiod
discrete-time case. Many scholars continue to make further
researches in the recent decades, and the continuous-time
case is studied by Cox and Huang [6], Duffie and Richardson
[7], Karatzas et al. [8], Schweizer [9], and so forth.Themean-
variance optimal problem becomes how to maximize the
expected return of time 𝑡 and minimize the variance of the
return of time 𝑡 at the same time. In the model of Almgren
and Chriss [10], the market impact is divided into a linear

permanent impact and temporary impact. The temporary
impact only affects the trade when the trade happens but the
permanent impact affects all trading process. Almgren [11]
uses the mean-variance and studies the optimal execution
with a nonlinear temporary market impact.

Since the model in Almgren and Chriss [10] is proposed,
some scholars have investigated the optimal investment prob-
lem based on themodel. Huberman and Stanzl [12] show that
permanentmarket impactmust be linear in the trade quantity
and symmetry between buyers and sellers in order to rule
out any price manipulation strategies. Bouchaud et al. [13]
considered that market impact must be temporary and decay
as a power law. However, Attari et al. [14] obtain a conclusion
that the market price impact model only has temporary
impact and show that the elastic market has the profitable
liquidity provision. Schoeneborn and Schied [15] acquire that
the illiquid market has multiplayers. They consider a case
where the market has predatory trading. Carlin et al. [16]
present an episodic illiquidity model when the cooperation
breaks up in financial markets. Schied and Schoeneborn
[17] find the dynamic optimal liquidation strategies in the
illiquid market by the stochastic control approach. Carmona
and Joseph Yang [18] change the permanent component
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of market price impact to solve the equilibrium of the
predatory trading game and comparative statics from the
HJB equation. Besides the continuous time, many scholars
discuss the discrete time and the optimal strategies from
the utility function maximization. Schied et al. [19] show
that the utility function maximization is equal to the mean-
variancemaximization and the utility functionmaximization
is simplified to maximize mean-variance. They prove that
the results not only meet the continuous-time model but
also satisfy the discrete-time model. Lorenz and Almgren
[20] find the mean-variance optimization strategies by the
means of a dynamic programming principle. At the same
time, several scholars investigate the situation in which the
market impact function has the decay factor. Gatheral [21]
studies the properties of the market impact function with
the exponential decay, power-law decay, and other situations.
Except the above two decay functions, Schied [22] further
discusses the capped linear decay and Gaussian decay and
gives some useful properties.

Schied and Zhang [23] study 𝑛 risk-averse agents who
trade a finance product and get the equilibrium strategies
in both the finite and infinite time horizons. They give the
market price process in which the coefficients of permanent
and temporary price impact components are constant and
prove the existence and uniqueness of Nash equilibria.

Based on the models of Almgren and Chriss [10] and
Schied andZhang [23], we discuss a case where the coefficient
of temporary market impact decreases linearly in a short
time. This case is different from those presented in [10,
23]. There exists a unique Nash equilibrium in the market.
The existence and uniqueness of the Nash equilibria are
equivalent to the existence anduniqueness of solutions for the
second differential equation with variable coefficients. The
concrete form of optimal strategy in special cases is given.
We discuss the various strategies in which the volatility and
temporary impact of market change and get some interesting
phenomena.

The paper is organized as follows. In Section 2, we state
the optimal investment in the Almgren-Chriss framework
and drive the equation of market impact price, the return
function, and the optimal objective function. In Section 3, we
give the system of the Nash equilibrium and prove the exis-
tence and the uniqueness. When the market has two agents,
the optimal solution is given. In Section 4, the numerical
examples and the corresponding financial interpretations are
illustrated.

2. Statement of Background

2.1. Introduction of Models. In this paper, we use the model
which is a continuous-time framework of Almgren and
Chriss [10]. In this framework, every investor is active in a
fixed time period [0, 𝑇]. An investor in this framework is
required to hold𝑥 shares at the initial position and completely
trade at the terminal time 𝑇. Investors know all market
information.The information flow is considered as a filtration(F𝑡)𝑡>0 on a given probability space (Ω,F,P).The investor’s
trading strategy is defined by 𝑋 = (𝑋(𝑡))𝑡∈[0,𝑇]. The trading
strategy satisfies the following properties:

(i) 𝑋 is absolutely continuous and bounded with deriva-
tive �̇�(𝑡) and satisfies the liquidation constraint𝑋(𝑇) = 0.

(ii) 𝑋 is adapted to the filtration (F𝑡)𝑡>0. There is a
progressively measurable process �̇�(𝑡) which satisfies∫𝑇
0
(�̇�(𝑡, 𝜔))2𝑑𝑡 < ∞.𝑋 satisfies

𝑋 (𝑡, 𝜔) = 𝑋 (0, 𝜔) + ∫𝑡
0
�̇� (𝑠, 𝜔) 𝑑𝑠, 𝑡 ∈ [0, 𝑇] . (1)

The class of all strategies is denoted by X(𝑥, 𝑇). X(𝑥, 𝑇)
satisfies 𝑋(0) = 𝑥 for given 𝑥 ∈ R. The subclass of all strat-
egies is denoted by Xdet(𝑥, 𝑇). It does not depend on 𝜔 and
is inX(𝑥, 𝑇). 𝑆0 is defined by the unaffected price process. It
describes the fluctuations of asset prices which are perceived
by an investor in the symmetric information market during
the time interval [0, 𝑇]. In the Almgren-Chriss model, it is
considered as the price of the risky asset which follows the
Bachelier model [24]. Further, an extra drift in addition to
the current model is based on the Bachelier model [24].
Therefore, we have

𝑆0 (𝑡) = 𝑆0 + 𝜎𝑊(𝑡) + ∫𝑡
0
𝑏 (𝑠) 𝑑𝑠, (2)

where 𝑆0 is the initial price, 𝑊(𝑡) is the standard Brownian
motion, the positive constant 𝜎 is the volatility of unaffected
price process, and 𝑏(𝑡) is an extra drift which is deterministic
and continuous.

The investor chooses a trading strategy that is described
by 𝑋𝑡 which is the number of shares at time 𝑡. The market
impact is the adverse feedback effect about the quoted price
of a stock caused by the investor’s own trading and it is
divided into three components: unaffected price process and
permanent and temporary impact components. Firstly, the
temporary impact shows the temporary imbalances between
supply and demand caused by the trading of investors.
Secondly, the permanent impact shows the change in the
equilibrium due to trading which will last for the life of
liquidation. Finally, in the linear Almgren-Chriss framework,
the price process is assumed to be𝑆𝑋 fl 𝑆0 (𝑡) + 𝛾 (𝑋 (𝑡) − 𝑋 (0)) + 𝑘�̇� (𝑡) , 𝑡 ∈ [0, 𝑇] , (3)

where the parameters 𝛾 > 0 and 𝑘 > 0 are constants and rep-
resent permanent and temporary price impact components,
respectively. The permanent impact component is a linear
function of the variable share number.The temporary impact
component is the linear function of trading speed. Huberman
and Stanzl [12] consider that the permanent market impact
must be linear in the price process in order to rule out any
price manipulation strategies.

When the coefficient of temporary impact is a linearly
decreasing function, the function satisfies 𝜌 − 𝜆0𝑡, where𝜆0 > 0. We denote it by 𝜆(𝑡) = 𝜌 − 𝜆0𝑡, where 𝜆0 > 0. The
price process becomes

𝑆𝑋 fl 𝑆0 (𝑡) + 𝛾 (𝑋 (𝑡) − 𝑋 (0)) + 𝜆 (𝑡) �̇� (𝑡) , 𝑡 ∈ [0, 𝑇] . (4)
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At each time 𝑡 ∈ [0, 𝑇], the infinitesimal amounts of −�̇�(𝑡)𝑑𝑡
shares are sold at price 𝑆𝑋(𝑡). So the revenue of each time is
the product of the amount of shares and the price. Therefore,
the total revenues are the sum of revenues at each time
generated by the strategy𝑋 ∈ X(𝑥, 𝑇). It is represented by

R (𝑋) fl −∫𝑇
0

�̇� (𝑡) 𝑆𝑋 (𝑡) 𝑑𝑡. (5)

So the optimal trade execution problem becomes the max-
imization of expected revenues. We only need to solve the
maximization of the function of expected revenues:

maximize E [R (𝑋)] . (6)

Bertsimas and Lo [25] proposed problem (6). Carmona and
Joseph Yang [18] use (6) to deal with the problem of the
maximization. But the volatility risk is not considered in
the maximization of expected revenues. Therefore, the maxi-
mization of the mean-variance criterion is used in practice:

maximize E [R (𝑋)] − 𝛼2 var (R (𝑋)) , (7)

where𝛼 is a nonnegative risk aversion parameter. In the frame
of Almgren and Chriss, problem (7) is usually discussed
on the subclass Xdet(𝑥, 𝑇) of deterministic strategies (see
Almgren andChriss [10] andAlmgren [11]). At the same time,
some authors study the maximization of the optimal execu-
tion which is based on the utility function. The result that
the maximization mean-variance of expected revenues over
deterministic strategies is equivalent to the maximization of
the expected utility of revenues is investigated by Schied et al.
[19]:

maximize E [𝑢𝛼 (R (𝑋))] (8)

over all strategies inX(𝑥, 𝑇), where
𝑢𝛼 fl {{{

1𝛼 (1 − 𝑒−𝛼𝑥) , if 𝛼 > 0,𝑥, if 𝛼 = 0 (9)

is a utility function with constant absolute risk aversions.

2.2. Nash Equilibrium. We suppose that all participators are
active in the market. The 𝑖th investor uses the strategies 𝑋𝑖.
The price process 𝑆0 will be impacted when the investor has
the strategy 𝑋𝑖. Following variable time 𝑡, the 𝑖th investor
will be influenced by others’ strategies. From (3), the market
price impact model is made by the aggregated price impact;
namely,

𝑆𝑋1 ,...,𝑋𝑛 fl 𝑆0 (𝑡) + 𝛾 𝑛∑
𝑗=1

(𝑋𝑗 (𝑡) − 𝑋𝑗 (0)) + 𝑘 𝑛∑
𝑗=1

�̇� (𝑡) ,
𝑡 ∈ [0, 𝑇] . (10)

When the coefficient of temporary impact is 𝜆(𝑡) = 𝜌 − 𝜆0𝑡,
the above equation becomes

𝑆𝑋1 ,...,𝑋𝑛 fl 𝑆0 (𝑡) + 𝛾 𝑛∑
𝑗=1

(𝑋𝑗 (𝑡) − 𝑋𝑗 (0))
+ 𝜆 (𝑡) 𝑛∑

𝑗=1

�̇� (𝑡) , 𝑡 ∈ [0, 𝑇] . (11)

The 𝑖th agent’s strategy is denoted by 𝑋−𝑖 fl {𝑋1, 𝑋𝑖−1, . . . ,𝑋𝑖+1, 𝑋𝑛}. So, the revenue of 𝑖th investor is defined by

R (𝑋𝑖 | 𝑋−𝑖) = −∫𝑇
0

�̇�𝑖 (𝑡) 𝑆𝑋1 ,...,𝑋𝑛 (𝑡) 𝑑𝑡. (12)

Therefore, when every investor gets the optimal strategy, the
market problem is whether there exists a Nash equilibrium.

Definition 1 (see [23]). Suppose that every agent’s initial asset
positions and risk aversion parameters are 𝑥1, . . . , 𝑥𝑛 ∈ R

and 𝛼1, . . . , 𝛼𝑛, respectively, where risk aversion parameter is
nonnegative:

(a) If there exists a collection 𝑋∗1 , . . . , 𝑋∗𝑛 of deter-
ministic strategies such that, for each 𝑖 and 𝑋∗−𝑖 ={𝑋∗1 , 𝑋∗𝑖−1, . . . , 𝑋∗𝑖+1, 𝑋∗𝑛 }, the strategy 𝑋∗𝑖 ∈ Xdet(𝑥𝑖,𝑇)maximizes the mean-variance functional

E [R (𝑋 | 𝑋∗−𝑖)] − 𝛼𝑖2 var (R (𝑋 | 𝑋∗−𝑖)) (13)

over all 𝑋 ∈ Xdet(𝑥𝑖, 𝑇), the collection 𝑋∗1 , . . . , 𝑋∗𝑛
is defined by a Nash equilibrium for mean-variance
optimization.

(b) If there exists a collection 𝑋∗1 , . . . , 𝑋∗𝑛 of admissible
strategies such that, for each 𝑖, the strategy 𝑋∗𝑖 ∈
X(𝑥𝑖, 𝑇)maximizes the expected utility

E [𝑢𝛼𝑖 (R (𝑋 | 𝑋∗−𝑖))] (14)

over all 𝑋 ∈ X(𝑥𝑖, 𝑇), the collection 𝑋∗1 , . . . , 𝑋∗𝑛
is defined by a Nash equilibrium for CARA utility
maximization.

The equilibrium strategies of utility optimization are
considered as adapted when the optimal strategies satisfy
the mean-variance optimization. Next, we will prove the
existence and uniqueness of Nash equilibrium which are
based on the mean-variance maximization. In this paper,
we discuss the situation where the coefficient of temporary
impact decreases linearly in a fixed time.

Definition 2 (see [26]). Let 𝐷 be the class of functions which
is constructed by all continuously differentiable function𝑦(𝑥)
in [𝑎, 𝑏], where 𝑦(𝑥) satisfies the boundary conditions 𝑦(𝑎) =𝐴 and 𝑦(𝑏) = 𝐵. A function 𝐹(𝑥, 𝑦, �̇�) which has three
variables is twice continuously differentiable about every
variable. In𝐷, the functional 𝐽[𝑦(𝑥)] is defined by

𝐽 [𝑦 (𝑥)] = ∫𝑏
𝑎
𝐹 (𝑥, 𝑦 (𝑥) , �̇� (𝑥)) 𝑑𝑥. (15)
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Lemma 3 (see [26]). If there is a function 𝑦 = 𝑦0(𝑥) in 𝐷,
so that (15) has an extremum, the function 𝑦 = 𝑦0(𝑥) is the
solution of the differential equation

�̇�𝑦 − 𝑑𝑑𝑥�̇��̇� = 0. (16)

3. Main Results

The 𝑖th agent’s admissible strategies and other strategies are
denoted by𝑋𝑖 ∈ X(𝑥𝑖, 𝑇) and𝑋−𝑖 fl {𝑋1, 𝑋𝑖−1, . . . , 𝑋𝑖+1, 𝑋𝑛}
for 𝑖 = 1, . . . , 𝑛, respectively. Let 𝑌 = 𝑋𝑖(𝑡); the revenue
function is defined by

R (𝑌 | 𝑋−𝑖) = −∫𝑇
0

�̇� (𝑡) [[𝑆0 + 𝜎𝑊(𝑡) + ∫𝑡
0
𝑏 (𝑠) 𝑑𝑠

+ 𝛾 𝑛∑
𝑗=1

(𝑋𝑗 (𝑡) − 𝑋𝑗 (0)) + 𝜆 (𝑡) 𝑛∑
𝑗=1

�̇�𝑗 (𝑡)]]𝑑𝑡
= −∫𝑇
0

�̇� (𝑡) 𝑆0𝑑𝑡 − ∫𝑇
0

�̇� (𝑡) 𝜎𝑊 (𝑡) 𝑑𝑡 − ∫𝑇
0

�̇� (𝑡)
⋅ ∫𝑡
0
𝑏 (𝑠) 𝑑𝑠 𝑑𝑡 − 𝛾∫𝑇

0
�̇� (𝑡)

⋅ 𝑛∑
𝑗=1

(𝑋𝑗 (𝑡) − 𝑋𝑗 (0)) 𝑑𝑡 − ∫𝑇
0

�̇� (𝑡) 𝜆 (𝑡)
⋅ 𝑛∑
𝑗=1

�̇�𝑗 (𝑡) 𝑑𝑡 = 𝑆0𝑦 + 𝜎∫𝑇
0

𝑌 (𝑡) 𝑑𝑊 (𝑡)
+ ∫𝑇
0

𝑌 (𝑡) 𝑏 (𝑡) 𝑑𝑡 + 𝛾 𝑛∑
𝑗 ̸=𝑖

∫𝑇
0

𝑌 (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡 + 12
⋅ 𝛾𝑦2 − 𝛾𝑦2 − 𝑛∑

𝑗 ̸=𝑖

∫𝑇
0

𝜆 (𝑡) �̇� (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡 − ∫𝑇
0

𝜆 (𝑡)
⋅ �̇�2 (𝑡) 𝑑𝑡.

(17)

The mean and variance of revenue function are

E (R (𝑌 | 𝑋−𝑖)) = 𝑆0𝑦 − 12𝛾𝑦2 + ∫𝑇
0

𝑌 (𝑡) 𝑏 (𝑡) 𝑑𝑡
+ 𝛾 𝑛∑
𝑗 ̸=𝑖

∫𝑇
0

𝑌 (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡
− 𝑛∑
𝑗 ̸=𝑖

∫𝑇
0

𝜆 (𝑡) �̇� (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡
− ∫𝑇
0

𝜆 (𝑡) �̇�2 (𝑡) 𝑑𝑡,
var (R (𝑌 | 𝑋−𝑖)) = 𝜎2 ∫𝑇

0
𝑌2𝑑𝑡,

(18)

respectively. From Definition 1, the mean-variance function
is

R (𝑌 | 𝑋−𝑖) − 𝛼𝑖2 var (R (𝑌 | 𝑋−𝑖)) = 𝑆0𝑦 − 12𝛾𝑦2
+ ∫𝑇
0

𝑌 (𝑡) 𝑏 (𝑡) 𝑑𝑡 + 𝛾 𝑛∑
𝑗 ̸=𝑖

∫𝑇
0

𝑌 (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡
− 𝑛∑
𝑗 ̸=𝑖

∫𝑇
0

𝜆 (𝑡) �̇� (𝑡) �̇�𝑗 (𝑡) 𝑑𝑡 − ∫𝑇
0

𝜆 (𝑡) �̇�2 (𝑡) 𝑑𝑡
− 𝛼𝑖2 𝜎2 ∫𝑇

0
𝑌2 (𝑡) 𝑑𝑡 = 𝑆0𝑦 − 12𝛾𝑦2

+ ∫𝑇
0

[[𝑌 (𝑡) 𝑏 (𝑡) + 𝛾 𝑛∑
𝑗 ̸=𝑖

𝑌 (𝑡) �̇�𝑗 (𝑡)
− 𝑛∑
𝑗 ̸=𝑖

𝜆 (𝑡) �̇� (𝑡) �̇�𝑗 (𝑡) − 𝜆 (𝑡) �̇�2 (𝑡) − 𝛼𝑖𝜎22 𝑌2 (𝑡)]] .

(19)

When all agents’ strategies are deterministic, one has

R (𝑌 | 𝑋−𝑖) − 𝛼𝑖2 var (R (𝑌 | 𝑋−𝑖))
= 𝑐 + ∫𝑇

0
𝐿𝑖 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖) 𝑑𝑡, (20)

where 𝑐 = 𝑆0𝑦 − (1/2)𝛾𝑦2 and the Lagrangian 𝐿𝑖 is given by𝐿𝑖 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖)
= 𝑌 (𝑡)(𝑏 (𝑡) + 𝛾 𝑛∑

𝑗 ̸=𝑖

�̇�𝑗 (𝑡)) − 𝛼𝑖𝜎22 𝑌2 (𝑡)
− 𝜆 (𝑡)( 𝑛∑

𝑗 ̸=𝑖

�̇� (𝑡) �̇�𝑗 (𝑡) + �̇�2 (𝑡)) .
(21)

Theorem 4. For 𝑛 ∈ N, 𝛼1, . . . , 𝛼𝑛 ⩾ 0, and 𝑥𝑛, . . . , 𝑥𝑛,
there exists a unique Nash equilibrium 𝑋∗1 , . . . , 𝑋∗𝑛 for mean-
variance optimization. The equilibrium strategy is the unique
solution of the following second-order system of differential
equation: 𝛼𝑖𝜎2𝑌 (𝑡) − 2�̇� (𝑡) �̇� (𝑡) − 2𝜆 (𝑡) �̈� (𝑡)

= 𝑏 (𝑡) + 𝛾 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡) + �̇� (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡)
+ 𝜆 (𝑡) 𝑛∑

𝑗 ̸=𝑖

�̈�𝑗 (𝑡)
(22)

with two-point boundary conditions𝑋𝑖 (0) = 𝑥𝑖,𝑋𝑖 (𝑇) = 0 (23)

for 𝑖 = 1, . . . , 𝑛.
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Before provingTheorem 4, we give two lemmas.

Lemma 5. In the context ofTheorem 4, there exists at most one
Nash equilibrium for mean-variance optimization.

Proof. Weprove this lemmaby contradiction and assume that
there exist two different Nash equilibria strategies𝑋01, . . . , 𝑋0𝑛
and𝑋11, . . . , 𝑋1𝑛. For 𝛽 ∈ [0, 1], let𝑋𝛽𝑖 fl 𝛽𝑋1𝑖 + (1 − 𝛽)𝑋0𝑖 and
define

𝑓 (𝛽) fl 𝑛∑
𝑖=1

∫𝑇
0

(𝐿𝑖 (𝑡, 𝑋𝛽𝑖 (𝑡) , �̇�𝛽𝑖 (𝑡) | 𝑋0−𝑖)
+ 𝐿𝑖 (𝑡, 𝑋1−𝛽𝑖 (𝑡) , �̇�1−𝛽𝑖 (𝑡) | 𝑋−𝑖)) . (24)

Assume thatmaximization of the functional𝑌 → ∫𝑇
0

𝐿𝑖(𝑡,𝑌(𝑡), �̇�(𝑡) | 𝑋−𝑖)𝑑𝑡 is given by 𝑋𝑘𝑖 for 𝑘 = 0, 1. Therefore, we
get 𝑓(𝛽) ⩽ 𝑓(0) for 𝛽 > 0, which implies

𝑑𝑑𝛽𝛽=0+ 𝑓 (𝛽) ⩽ 0. (25)

Then, it becomes

𝑑𝑑𝛽𝛽=0+ 𝑓 (𝛽) = 𝑛∑
𝑖=1

∫𝑇
0

[[𝛾 (𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡))
⋅ 𝑛∑
𝑗=1

(�̇�0𝑗 (𝑡) − �̇�1𝑗 (𝑡)) − 𝛾 (𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡))
⋅ (�̇�0𝑖 (𝑡) − �̇�1𝑖 (𝑡)) + 𝛼𝑖𝜎2 (𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡))2
+ 𝜆 (𝑡) (�̇�1𝑖 (𝑡) − �̇�0𝑖 (𝑡)) 𝑛∑

𝑗=1

(�̇�1𝑗 (𝑡) − �̇�0𝑗 (𝑡))
+ 𝜆 (𝑡) (�̇�0𝑖 (𝑡) − �̇�1𝑖 (𝑡))]]𝑑𝑡.

(26)

Since

∫𝑇
0

(𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡)) (�̇�0𝑖 (𝑡) − �̇�1𝑖 (𝑡)) 𝑑𝑡
= 12 (𝑋1𝑖 (𝑇) − 𝑋0𝑖 (𝑇))2 − 12 (𝑋1𝑖 (0) − 𝑋0𝑖 (0))2
= 0,

∫𝑇
0

(𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡)) (�̇�0𝑗 (𝑡) − �̇�1𝑗 (𝑡)) 𝑑𝑡
= −∫𝑇
0

(𝑋1𝑗 (𝑡) − 𝑋0𝑗 (𝑡)) (�̇�0𝑖 (𝑡) − �̇�1𝑖 (𝑡)) ,
𝑛∑
𝑖=1

𝑛∑
𝑗=1

∫𝑇
0

(𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡)) (�̇�0𝑗 (𝑡) − �̇�1𝑗 (𝑡)) 𝑑𝑡 = 0,

(27)

we get

𝑑𝑑𝛽𝛽=0+ 𝑓 (𝛽) = ∫𝑇
0

[[𝛼𝑖𝜎2 𝑛∑
𝑖=1

(𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡))2
+ 𝜆 (𝑡) 𝑛∑

𝑖=1

(�̇�0𝑖 (𝑡) − �̇�1𝑖 (𝑡))2
+ 𝜆 (𝑡) ( 𝑛∑

𝑖=1

(𝑋1𝑖 (𝑡) − 𝑋0𝑖 (𝑡)))2]]𝑑𝑡 > 0,
(28)

which contradicts (25).

Lemma 6. There exists at most one maximizer in Xdet(𝑦, 𝑇)
of the function ∫𝑇

0
𝐿𝑖(𝑡, 𝑌(𝑡), �̇�(𝑡) | 𝑋−𝑖)𝑑𝑡 for 𝑖 = 1, . . . , 𝑛.

If 𝑋1, . . . , 𝑋𝑛 ∈ 𝐶2[0, 𝑇] exist, the equilibrium strategy is the
unique solution of the two-point boundary value problem

𝛼𝑖𝜎𝑌 (𝑡) − 2�̇� (𝑡) �̇� (𝑡) − 2𝜆 (𝑡) �̈� (𝑡)
= 𝑏 (𝑡) + 𝛾 𝑛∑

𝑗 ̸=𝑖

�̇�𝑗 (𝑡) + �̇� (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡)
+ 𝜆 (𝑡) 𝑛∑

𝑗 ̸=𝑖

�̈�𝑗 (𝑡) ,
𝑌 (0) = 𝑦,𝑌 (𝑇) = 0.

(29)

Proof. From the strict concavity of the Lagrangian 𝐿𝑖 and
the convexity of the set Xdet(𝑦, 𝑇), there exists at most one
maximizer inXdet(𝑦, 𝑇).

Next, the existence of a maximizer under the addi-
tional assumption 𝑋1, . . . , 𝑋𝑛 ∈ 𝐶2[0, 𝑇] is proven. Under
the assumption and from Definition 2 and Lemma 3, the
Lagrangian equation becomes

𝐿𝑖𝑞 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖)
= 𝑏 (𝑡) + 𝛾 𝑛∑

𝑗 ̸=𝑖

�̇�𝑗 (𝑡) − 𝛼𝑖𝜎2𝑌 (𝑡) ,
𝐿𝑖𝑝 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖)

= −𝜆 (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡) − 2𝜆 (𝑡) �̇� (𝑡) ,
𝑑𝐿𝑖𝑝 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖)𝑑𝑡

= −�̇� (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡) − 𝜆 (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̈�𝑗 (𝑡) − 2�̇� (𝑡) �̇� (𝑡)
− 2𝜆 (𝑡) �̈� (𝑡) ;

(30)
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then

𝛼𝑖𝜎2𝑌 (𝑡) − 2�̇� (𝑡) �̇� (𝑡) − 2𝜆 (𝑡) �̈� (𝑡)
= 𝑏 (𝑡) + 𝛾 𝑛∑

𝑗 ̸=𝑖

�̇�𝑗 (𝑡) + �̇� (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�𝑗 (𝑡)
+ 𝜆 (𝑡) 𝑛∑

𝑗 ̸=𝑖

�̈�𝑗 (𝑡) .
(31)

Let the right-hand side of (31) be represented by 𝑓(𝑡), 𝜆(𝑡) =𝜌−𝜆0𝑡, where 𝜆(𝑡) > 0, 𝜌 > 0, and 𝜆0 > 0. The homogeneous
equation of (31) is

(𝜌 − 𝜆0𝑡) �̈� (𝑡) − 𝜆0�̇� (𝑡) − 𝛼𝑖𝜎22 𝑌 (𝑡) = 0. (32)

From the results of [27], the solution of the above equation is

𝑌 (𝑡) = 𝐶1𝑌1 (𝑡) + 𝐶2𝑌2 (𝑡) , (33)

where

𝑌1 (𝑡) = ∞∑
𝑘=0

(𝛼𝑖𝜎2 (𝜌 − 𝜆0𝑡) /2𝜆20)𝑘𝑘!Γ (𝑘 + 1) ,
𝑌2 (𝑡)

= −∞∑
𝑘=0

(𝛼𝑖𝜎2 (𝜌 − 𝜆0𝑡) /2𝜆20)𝑘𝑘!Γ (𝑘 + 1) ln√𝛼𝑖𝜎2 (𝜌 − 𝜆0𝑡)2𝜆20
+ 12 ∞∑
𝑘=0

(𝛼𝑖𝜎2 (𝜌 − 𝜆0𝑡)2𝜆20 )𝑘 𝜓 (𝑘 + 1)𝑘! ,

(34)

where Γ(𝑘) is the gamma function. 𝜓(1) = −𝐶; 𝜓(𝑛) =−𝐶 + ∑𝑛−1𝑘=1 𝑘−1. 𝜓(𝑡) = [ln Γ(𝑡)]𝑡 is the logarithmic deriv-
ative of the gamma function. 𝐶 = 0.5772 . . . is the
Euler constant. The Wronskian determinant is 𝑊(𝑌1, 𝑌2) =−2/𝜋√𝛼𝑖𝜎2(𝜌 − 𝜆0𝑡)/2𝜆2. So the solution of (31) can be
represented by

𝑌 (𝑡) = 𝐶1𝑌1 + 𝐶2𝑌2 + 𝑌2 ∫𝑡
0
𝑌1𝑓 (𝑠)𝜆 (𝑠) 𝑑𝑠𝑊

− 𝑌1 ∫𝑡
0
𝑌2𝑓 (𝑠)𝜆 (𝑠) 𝑑𝑠𝑊. (35)

𝐶1 and𝐶2 in (35) are determined by the boundary conditions𝑌(0) = 𝑦 and 𝑌(𝑇) = 0. Now, we prove that 𝑌∗ is indeed the

maximizer of our problem. From the concavity of (21) and the
solution 𝑌∗ of (31), we get

𝐿𝑖 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖) − 𝐿𝑖 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖)
⩾ 𝐿𝑖𝑞 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖) (𝑌∗ (𝑡) − 𝑌 (𝑡))
+ 𝐿𝑖𝑝 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖) (�̇�∗ (𝑡) − �̇� (𝑡))
= ( 𝑑𝑑𝑡𝐿𝑖𝑝 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖)) (𝑌∗ (𝑡) − 𝑌 (𝑡))
⋅ 𝐿𝑖𝑝 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖) (�̇�∗ (𝑡) − �̇� (𝑡))
= 𝑑𝑑𝑡 (𝐿𝑖𝑝 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖)) (𝑌∗ (𝑡) − 𝑌 (𝑡)) .

(36)

Then, we obtain

∫𝑇
0

𝐿𝑖 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖) 𝑑𝑡
− ∫𝑇
0

𝐿𝑖 (𝑡, 𝑌 (𝑡) , �̇� (𝑡) | 𝑋−𝑖) 𝑑𝑡
⩾ ∫𝑇
0

𝑑𝑑𝑡 (𝐿𝑖𝑝 (𝑡, 𝑌∗ (𝑡) , �̇�∗ (𝑡) | 𝑋−𝑖))
⋅ (𝑌∗ (𝑡) − 𝑌 (𝑡)) 𝑑𝑡 = 0,

(37)

where 𝑌∗(0) = 𝑌(0) and 𝑌∗(𝑇) = 𝑌(𝑇).
Proof of Theorem 4. From Lemma 5, it is shown that there
exists at most one Nash equilibrium. Lemma 6 tells us that
every Nash equilibrium strategy must be the solution of the
following system:

𝛼𝑖𝜎𝑌 (𝑡) − 2�̇� (𝑡) �̇� (𝑡) − 2𝜆 (𝑡) �̈� (𝑡)
= 𝑏 (𝑡) + 𝛾 𝑛∑

𝑗 ̸=𝑖

�̇�∗𝑗 (𝑡) + �̇� (𝑡) 𝑛∑
𝑗 ̸=𝑖

�̇�∗𝑗 (𝑡)
+ 𝜆 (𝑡) 𝑛∑

𝑗 ̸=𝑖

�̈�∗𝑗 (𝑡) ,
𝑌 (0) = 𝑦,𝑌 (𝑇) = 0.

(38)

FromLemma6,we get the solution of homogeneous equation
for the above equation. Because

Δ = 
𝑌1 (0) 𝑌2 (0)𝑌1 (𝑇) 𝑌2 (𝑇)

 ̸= 0, (39)

the above nonhomogeneous differential equation has a
unique solution. So there exists a unique Nash equilibrium𝑋∗1 , . . . , 𝑋∗𝑛 for mean-variance optimization.

Themaximization of (20) and (21) will become the linear-
quadratic differential game with state constraints. We use
the method of Euler-Lagrange. The problem is considered
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to prove the existence and uniqueness of solution for the
second-order linear differential equation with variable coef-
ficients and two-point boundary conditions. The existence
and uniqueness of solutions are equal to the existence and
uniqueness of the Nash equilibrium. We will prove that
the Nash equilibrium of mean-variance optimization is the
CARA utility optimization.

Corollary 7. For 𝑛 ∈ N, 𝛼1, . . . , 𝛼𝑛 ⩾ 0, and 𝑥1, . . . , 𝑥𝑛, the
Nash equilibrium of mean-variance optimization inTheorem 4
is also a Nash equilibrium for CARA utility maximization.

Proof. Suppose that the uniqueNash equilibriumwithmean-
variance optimization in Theorem 4 is 𝑋∗1 , . . . , 𝑋∗𝑛 . When𝑋∗𝑖 = {𝑋∗1 , . . . , 𝑋∗𝑖−1, 𝑋∗𝑖+1, . . . , 𝑋∗𝑛 }, the agent 𝑖 thinks that the
price process

𝑆𝑋∗−𝑖 fl 𝑆0 (𝑡) + 𝛾 𝑛∑
𝑗=𝑖

(𝑋𝑗 (𝑡) − 𝑋𝑗 (0)) + 𝜆 (𝑡) 𝑛∑
𝑗=𝑖

�̇�𝑗 (𝑡) (40)

is unperturbed. So, it can be simplified by

𝑆𝑋∗−𝑖 fl 𝑆0 + 𝜎𝑊(𝑡) + ∫𝑡
0
𝑏𝑖 (𝑡) 𝑑𝑡, (41)

where 𝑏𝑖(𝑡) is a deterministic and continuous function. From
the study of Schied et al. [19], the unperturbed price process𝑆𝑋∗−𝑖 has all exponential moments; that is, E[𝑒𝛽𝑆𝑋∗−𝑖 ] < ∞ for
all 𝛽 ∈ R. Under the above assumption and the given positive
constant 𝛼𝑖, we have

sup
𝑋∈X(𝑥𝑖 ,𝑇)

E [𝑢𝛼𝑖 (R (𝑋𝑖 | 𝑋−𝑖))]
= sup
𝑋∈Xdet(𝑥𝑖 ,𝑇)

E [𝑢𝛼𝑖 (R (𝑋𝑖 | 𝑋−𝑖))] . (42)

FromTheorem 4, the optimal strategy𝑋∗−𝑖must be determin-
istic and unique as long as it exists. We get that the strategy𝑋∗𝑖 ∈ Xdet(𝑥𝑖, 𝑇) satisfies

E [𝑢𝛼𝑖 (R (𝑋𝑖 | 𝑋−𝑖))]
= 1𝛼𝑖 (1 − 𝑒−𝛼𝑖E(R(𝑋𝑖|𝑋−𝑖))+(𝛼𝑖/2) var(R(𝑋𝑖|𝑋−𝑖))) . (43)

It means that the maximization of CARA utility is equivalent
to maximization of the mean-variance function. That is, the
problem of optimal CARA utility can be simplified by the
mean-variance optimization. When 𝛼𝑖 = 0, the result is also
right.

Let (F̃𝑡)𝑡⩾0 be any subfiltration of (F𝑡)𝑡⩾0. From the proof
of Corollary 7, we get that the Nash equilibrium for mean-
variance optimization in Theorem 4 is also a Nash equilib-
rium for CARA utility. The mean-variance optimization is
equivalent to the maximization of CARA utility. At the same
time, the optimal strategies are adapted to (F̃𝑡)𝑡⩾0.

Wewill simplify themodel based on the fact that all agents
have the same risk aversion.

Corollary 8. Under assumption of Theorem 4, suppose that𝛼1 = ⋅ ⋅ ⋅ = 𝛼𝑛 = 𝛼 ⩾ 0. Then

∑(𝑡) fl 𝑛∑
𝑖−1

𝑋∗𝑖 (𝑡) (44)

is the unique solution of the following differential equation with
two-point boundary value problem:

𝛼𝜎2∑(𝑡) + (− (𝑛 + 1) �̇� (𝑡) + (1 − 𝑛) 𝛾) ∑̇ (𝑡)
− (𝑛 + 1) 𝜆 (𝑡) ∑̈ (𝑡) = 𝑛𝑏 (𝑡) ,

∑ (0) = 𝑛∑
𝑖

(𝑥𝑖) ,
∑ (𝑇) = 0.

(45)

For ∑(𝑡), each equilibrium strategy 𝑋∗𝑖 is equal to the unique
solution of the following differential equation with two-point
boundary value problem:

𝛼𝜎2𝑌 (𝑡) − �̇� (𝑡) �̇� (𝑡) + 𝛾�̇� (𝑡) − 𝜆 (𝑡) �̈� (𝑡)
= 𝑏 (𝑡) + 𝛾∑̇ (𝑡) + �̇� (𝑡) ∑̇ (𝑡) + 𝜆 (𝑡) ∑̈ (𝑡) ,

𝑋𝑖 (0) = 𝑥𝑖,𝑋𝑖 (𝑇) = 0.
(46)

Proof. Let ∑(𝑡) fl ∑𝑛𝑗=1𝑋𝑗(𝑡); (31) can be written in the form

𝛼𝜎2𝑌 (𝑡) − �̇� (𝑡) �̇� (𝑡) + 𝛾�̇� (𝑡) − 𝜆 (𝑡) �̈� (𝑡)
= 𝑏 (𝑡) + 𝛾∑̇ (𝑡) + �̇� (𝑡) ∑̇ (𝑡) + 𝜆 (𝑡) ∑̈ (𝑡) . (47)

Next, we discuss a special situation in which 𝑏 = 0.
Corollary 9. Under assumption of Corollary 8, additionally,
suppose that 𝑏 = 0 and 𝛼 > 0; the equilibrium strategy ∑(𝑡)
satisfies the form

𝛼𝜎2∑(𝑡) + (− (𝑛 + 1) �̇� (𝑡) + (1 − 𝑛) 𝛾) ∑̇ (𝑡)
− (𝑛 + 1) 𝜆 (𝑡) ∑̈ (𝑡) = 0. (48)

When (𝑛 − 1)𝛾/(𝑛 + 1)𝜆0 is not an integer, the solution of (48)
is

∑(𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )(𝑛−1)𝛾/(𝑛+1)𝜆0/2

⋅ [[𝐶1𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )
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+ 𝐶2((𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )
⋅ cos (𝑛 − 1) 𝛾𝜋(𝑛 + 1) 𝜆0 − (−1)(𝑛−1)𝛾/(𝑛+1)𝜆0
⋅ 𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 ))
⋅ (sin (𝑛 − 1) 𝛾𝜋(𝑛 + 1) 𝜆0 )

−1)]] .
(49)

When (𝑛 − 1)𝛾/(𝑛 + 1)𝜆0 is an integer, the solution of (48) is

∑(𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )(𝑛−1)𝛾/(𝑛+1)𝜆0/2

⋅ {{{{{{{
𝐶1𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )

+ 𝐶2𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0 2𝜋 [[[[
(−1)(𝑛−1)𝛾/(𝑛+1)𝜆0+1

⋅ 𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )
⋅ ln (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20)2 + 12
⋅ (𝑛−1)𝛾/(𝑛+1)𝜆0−1∑

𝑘=0

((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 − 𝑘 − 1)!𝑘!

+ 12 (−1)(𝑛−1)𝛾/(𝑛+1)𝜆0
⋅ ∞∑
𝑘=0

((2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20)2 )
2𝑘+(𝑛−1)𝛾/(𝑛+1)𝜆0

⋅ Ψ (𝑘 + 1) + Ψ ((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 + 𝑘 + 1)𝑘! ((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 + 𝑘)! ]]]]
}}}}}}}

,
(50)

where 𝐼](𝑥) = ∑∞𝑘=0((𝑥/2)2𝑘+]/𝑘!Γ(] + 𝑘 + 1)) and 𝜓(𝑥) is the
logarithmic derivative of the gamma function.

Proof. From the setting of Corollary 8, (31) becomes

𝛼𝜎2∑(𝑡) + (− (𝑛 + 1) �̇� (𝑡) + (1 − 𝑛) 𝛾) ∑̇ (𝑡)
− (𝑛 + 1) 𝜆 (𝑡) ∑̈ (𝑡) = 0. (51)

When 𝜆(𝑡) = 𝜌 − 𝜆0𝑡, let ∑(𝑡) = 𝑦; the above equation
becomes

(𝜌 − 𝜆0𝑡) �̈� + [−𝜆0 + (𝑛 − 1) 𝛾𝜆0 (𝑛 + 1)] �̇� − 𝛼𝜎2𝜆0 (𝑛 + 1)𝑦= 0. (52)

Citing the results in [27], we obtain the solutions of (52) in
the following form.When (𝑛−1)𝛾/(𝑛+1)𝜆0 is not an integer,
the solution of (52) is

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )(𝑛−1)𝛾/(𝑛+1)𝜆0/2 [[[𝐶1𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 ) + 𝐶2

⋅ 𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20) cos ((𝑛 − 1) 𝛾𝜋/ (𝑛 + 1) 𝜆0) − (−1)(𝑛−1)𝛾/(𝑛+1)𝜆0 𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20)
sin ((𝑛 − 1) 𝛾𝜋/ (𝑛 + 1) 𝜆0) ]]] .

(53)

When (𝑛 − 1)𝛾/(𝑛 + 1)𝜆0 is an integer, the solution of (52) is

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )(𝑛−1)𝛾/(𝑛+1)𝜆0/2

⋅ {{{{{{{
𝐶1𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )

+ 𝐶2𝑖(𝑛−1)𝛾/(𝑛+1)𝜆0 2𝜋 [[[[
(−1)(𝑛−1)𝛾/(𝑛+1)𝜆0+1

⋅ 𝐼(𝑛−1)𝛾/(𝑛+1)𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)(𝑛 + 1) 𝜆20 )
⋅ ln (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20)2 + 12
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⋅ (𝑛−1)𝛾/(𝑛+1)𝜆0−1∑
𝑘=0

((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 − 𝑘 − 1)!𝑘!
+ 12 (−1)(𝑛−1)𝛾/(𝑛+1)𝜆0
⋅ ∞∑
𝑘=0

((2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) / (𝑛 + 1) 𝜆20)2 )
2𝑘+(𝑛−1)𝛾/(𝑛+1)𝜆0

⋅ Ψ (𝑘 + 1) + Ψ ((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 + 𝑘 + 1)𝑘! ((𝑛 − 1) 𝛾/ (𝑛 + 1) 𝜆0 + 𝑘)! ]]]]
}}}}}}}

,
(54)

where 𝐼](𝑥) = ∑∞𝑘=0((𝑥/2)2𝑘+]/𝑘!Γ(] + 𝑘 + 1)) and 𝜓(𝑥) is the
logarithmic derivative of the gamma function.

Corollary 10. Under assumption of Corollary 9, let 𝑛 = 2.
Then the form of ∑(𝑡) satisfies

(𝜌 − 𝜆0𝑡) ∑̈ (𝑡) + (−𝜆0 + 𝛾3𝜆0)∑̇ (𝑡) − 𝛼𝜎23𝜆0 ∑(𝑡)
= 0. (55)

When 𝛾/3𝜆0 is not an integer, the solution of (55) is

∑(𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )𝛾/3𝜆0/2

⋅ [[𝐶1𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )
+ 𝐶2((𝑖𝛾/2𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ) cos

𝛾𝜋3𝜆0
− (−1)𝛾/3𝜆0 𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ))
⋅ (sin 𝛾𝜋3𝜆0)

−1)]] .

(56)

When 𝛾/3𝜆0 is an integer, the solution of (55) is

∑(𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )𝛾/3𝜆0/2{{{{{{{
𝐶1𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ) + 𝐶2𝑖𝛾/3𝜆0

⋅ 2𝜋 [[[[
(−1)𝛾/3𝜆0+1 𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ) ln

(2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) /3𝜆20)2 + 12 𝛾/3𝜆0−1∑
𝑘=0

(𝛾/3𝜆0 − 𝑘 − 1)!𝑘!
+ 12 (−1)𝛾/3𝜆0 ∞∑

𝑘=0

((2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) /3𝜆20)2 )
2𝑘+𝛾/3𝜆0 Ψ (𝑘 + 1) + Ψ (𝛾/3𝜆0 + 𝑘 + 1)𝑘! (𝛾/3𝜆0 + 𝑘)! ]]]]

}}}}}}}
,

(57)

where 𝐼](𝑥) = ∑∞𝑘=0((𝑥/2)2𝑘+]/Γ(𝑘 + 1)Γ(] + 𝑘 + 1)) and 𝜓(𝑥)
is the logarithmic derivative of the gamma function.

Proof. When 𝑛 = 2, from Corollary 9, (52) becomes

(𝜌 − 𝜆0𝑡) �̈� + (−𝜆0 + 𝛾3𝜆0) �̇� − 𝛼𝜎23𝜆0 𝑦 = 0. (58)

From the results of [27], when 𝛾/3𝜆0 is not an integer, the
solution of (58) is

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )𝛾/3𝜆0/2

⋅ [[𝐶1𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )
+ 𝐶2((𝑖𝛾/2𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ) cos

𝛾𝜋3𝜆0
− (−1)𝛾/3𝜆0 𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ))
⋅ (sin 𝛾𝜋3𝜆0)

−1)]] .
(59)
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When 𝛾/3𝜆0 is an integer, the solution of (58) is

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )𝛾/3𝜆0/2

⋅ {{{{{{{
𝐶1𝑖𝛾/3𝜆0𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 ) + 𝐶2𝑖𝛾/3𝜆0

⋅ 2𝜋 [[[[
(−1)𝛾/3𝜆0+1 𝐼𝛾/3𝜆0 (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)3𝜆20 )

⋅ ln (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) /3𝜆20)2 + 12
⋅ 𝛾/3𝜆0−1∑
𝑘=0

(𝛾/3𝜆0 − 𝑘 − 1)!𝑘! + 12 (−1)𝛾/3𝜆0

⋅ ∞∑
𝑘=0

((2√𝛼𝜎2 (𝜌 − 𝜆0𝑡) /3𝜆20)2 )
2𝑘+𝛾/3𝜆0

⋅ Ψ (𝑘 + 1) + Ψ (𝛾/3𝜆0 + 𝑘 + 1)𝑘! (𝛾/3𝜆0 + 𝑘)! ]]]]
}}}}}}}

,

(60)

where 𝐼](𝑥) = ∑∞𝑘=0((𝑥/2)2𝑘+]/Γ(𝑘 + 1)Γ(] + 𝑘 + 1)) and 𝜓(𝑥)
is the logarithmic derivative of the gamma function.

Corollary 11. Under assumption of Corollaries 8 and 9, the
equilibrium strategy Δ(𝑡) = 𝑋1(𝑡) − 𝑋2(𝑡) satisfies the form

(𝜌 − 𝜆0𝑡) Δ̈ (𝑡) − (𝜆0 + 𝛾) Δ̇ (𝑡) − 𝛼𝜎2Δ (𝑡) = 0. (61)

When −𝛾/𝜆0 is not an integer, one has

Δ (𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆20 )−𝛾/2𝜆0

⋅ [[[𝐶1𝑖−𝛾/𝜆0 ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
+ 𝐶2((𝑖−𝛾/𝜆0 ∞∑

𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
⋅ cos(− 𝛾𝜆0𝜋)

− 𝑖𝛾/𝜆0 ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (𝛾/𝜆0 + 𝑘 + 1))

⋅ (sin(− 𝛾𝜆0𝜋))
−1)]]] .

(62)

When −𝛾/𝜆0 is an integer, one gets

Δ (𝑡) = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆20 )−𝛾/2𝜆0

⋅ {{{{{{{
𝐶1𝑖−𝛾/𝜆0 ∞∑

𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)

+ 𝐶2𝑖−𝛾/𝜆0 [[[[
(−1)𝛾/𝜆0

⋅ ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
⋅ ln √𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 + 12 𝛾/𝜆0−1∑

𝑘=0

(−1)𝑘

⋅ (√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 )
2𝑘−𝛾/𝜆0 (𝛾/𝜆0 − 𝑘 − 1)!𝑘!

+ 12 (−1)𝛾/𝜆0 ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 )
2𝑘+𝛾/𝜆0

⋅ 𝜓 (𝛾/𝜆0 + 𝑘 + 1) + 𝜓 (𝑘 + 1)𝑘! (𝛾/𝜆0 + 𝑘)! ]]]]
}}}}}}}

.

(63)

Proof. Since Δ(𝑡) = 𝑋1(𝑡) − 𝑋2(𝑡), (46) becomes

𝛼𝜎2Δ (𝑡) − �̇� (𝑡) Δ̇ (𝑡) + 𝛾Δ̇ (𝑡) − 𝜆 (𝑡) Δ̈ (𝑡) = 0. (64)

Let 𝑦 = Δ(𝑡) and 𝜆(𝑡) = 𝜌 − 𝜆0𝑡; (64) becomes

(𝜌 − 𝜆0𝑡) �̈� − (𝜆0 + 𝛾) �̇� − 𝛼𝜎2𝑦 = 0. (65)
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From the results of [27], we get the solution of (65) in the
following form. When −𝛾/𝜆0 is not an integer, one has

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆20 )−𝛾/2𝜆0

⋅ [[[𝐶1𝑖−𝛾/𝜆0 ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
+ 𝐶2((𝑖−𝛾/𝜆0 ∞∑

𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
⋅ cos(− 𝛾𝜆0𝜋)
− 𝑖𝛾/𝜆 ∞∑

𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (𝛾/𝜆0 + 𝑘 + 1))

⋅ (sin(− 𝛾𝜆0𝜋))
−1)]]] .

(66)

When −𝛾/𝜆0 is an integer, we have

𝑦 = (2√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆20 )−𝛾/2𝜆0

⋅ {{{{{{{
𝐶1𝑖−𝛾/𝜆0 ∞∑

𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)

+ 𝐶2𝑖−𝛾/𝜆0 [[[[
(−1)𝛾/𝜆0

⋅ ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)/𝜆0)Γ (𝑘 + 1) Γ (−𝛾/𝜆0 + 𝑘 + 1)
⋅ ln √𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 + 12 𝛾/𝜆0−1∑

𝑘=0

(−1)𝑘

⋅ (√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 )
2𝑘−𝛾/𝜆0 (𝛾/𝜆0 − 𝑘 − 1)!𝑘!
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Figure 1: 𝛼 = 1; 𝜎 = 1; 𝜌 = 1; 𝜆0 = 0.2; 𝛾 = 0.3;𝑋1(0) = 3 (dashed);𝑋2(0) = 2 (solid).

+ 12 (−1)𝛾/𝜆0 ∞∑
𝑘=0

(√𝛼𝜎2 (𝜌 − 𝜆0𝑡)𝜆0 )
2𝑘+𝛾/𝜆0

⋅ 𝜓 (𝛾/𝜆0 + 𝑘 + 1) + 𝜓 (𝑘 + 1)𝑘! (𝛾/𝜆0 + 𝑘)! ]]]]
}}}}}}}

,
(67)

where Δ(0) = 𝑥1 − 𝑥2 and Δ(𝑇) = 0.
Corollary 12. Under assumption of Corollaries 10 and 11, the
equilibrium strategies 𝑋∗1 (𝑡) and 𝑋∗2 (𝑡) are 𝑋∗1 (𝑡) = (∑∗(𝑡) +Δ∗(𝑡))/2 and 𝑋∗2 (𝑡) = (Δ∗(𝑡) − ∑∗(𝑡))/2, respectively.
Proof. From Corollaries 10 and 11,∑∗(𝑡) = 𝑋∗1 (𝑡) +𝑋∗2 (𝑡) andΔ(𝑡) = 𝑋∗1 (𝑡) −𝑋∗2 (𝑡); we have𝑋∗1 (𝑡) = (∑∗(𝑡) +Δ∗(𝑡))/2 and𝑋∗2 (𝑡) = (Δ∗(𝑡) − ∑∗(𝑡))/2.
4. Conclusion

Theexistence and uniqueness of Nash equilibrium are proven
in the previous sections. We get the concrete form of an
agent’s optimal strategy in a special case. Next, we will discuss
the variation of strategy when market volatility and the
coefficient of temporary market impact change.

From Figures 1–3, we get certain information. When 𝜎
increases from 0.5 to 1.5, agent 1 realizes that the market
volatility risk is increasing. The agent’s revenue will have a
bigger fluctuation following the market volatility. Therefore,
the agent will speed up liquidation in the former half of
the time [0, 𝑇] so that the agent can get more revenue. At
the same time, he will decrease liquidation so that the cost
decreases. From Figure 3, it shows that the trading speed
increases following the increasing of coefficient 𝜆0. When
the coefficient 𝜆0 increases, the influence of the temporary
impact will decrease.The trading cost will decrease so that the
agent gets the maximization of revenue.When the coefficient
of temporary market impact decreases with time, the agent
realizes that the influence of temporary impact is decreasing
and slows down the trading speed.
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Figure 2: 𝛼 = 1; 𝜎1 = 1.5 (dashed); 𝜎2 = 1 (solid); 𝜎3 = 0.5 (thick);𝜌 = 1; 𝜆0 = 0.2; 𝛾 = 0.3;𝑋1(0) = 3;𝑋2(0) = 2.
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Figure 3: 𝛼 = 1; 𝜎3 = 0.5; 𝜌 = 1; 𝜆01 = 0.2 (thick); 𝜆02 = 0.34
(solid); 𝜆03 = 0.44 (dashed), 𝛾 = 0.3;𝑋1(0) = 3;𝑋2(0) = 2.
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Considering the fact that transboundary pollution control calls for the cooperation between interested parties, this paper studies a
cooperative stochastic differential game of transboundary industrial pollution between two asymmetric nations in infinite-horizon
level. In this paper, we model two ways of transboundary pollution: one is an accumulative global pollutant with an uncertain
evolutionary dynamic and the other is a regional nonaccumulative pollutant. In our model, firms and governments are separated
entities and they play a Stackelberg game, while the governments of the two nations can cooperate in pollution reduction. We
discuss the feedback Nash equilibrium strategies of governments and industrial firms, and it is found that the governments being
cooperative in transboundary pollution control will set a higher pollution tax rate and make more pollution abatement effort than
when they are noncooperative. Additionally, a payment distribution mechanism that supports the subgame consistent solution is
proposed.

1. Introduction

Global environment is a whole ecosystem that is intercon-
nected and indivisible. Any environmental pollution, misuse
of resources, and ecological damage risk pressures are likely
to be cross-border. Through pathways such as water or
air, pollutants can spread across an incredible distance to
cause transboundary pollution. Atmospheric pollution and
acid rain, ocean and river basin water pollution, hazardous
waste transponder movement, and other issues, have been
gradually a threat to human survival and development, which
become a core issue with international concern. With the
development of the industrialization, the transboundary pol-
lution in the world has become increasingly serious. To settle
the problem, unilateral response on the part of one nation
or region is often ineffective; it calls for cooperation between
interested parties [1, 2]. In this paper, we present a coop-
erative stochastic differential game model of transboundary
industrial pollution between two asymmetric nations. Our
objective is to find the optimal pollution abatement strategy
which maximizes the social welfare for the two nations
gaming for transboundary industrial pollution control.

Differential games have been used as an effective tool to
study transboundary pollution control. For example, Dock-
ner and Van Long [3] model a simple dynamic game of two
neighboring countries which game for transboundary pollu-
tion control; it is found that when the governments of the two
countries are restricted to use of linear strategies, noncooper-
ative behavior may result in overall losses for both countries.
In 1998, Zagonari extends the model of Dockner and Van
Long to analyze a pollution control game between envi-
ronmentally concerned countries and consumption-oriented
countries. In 1993, a tax/subsidy scheme is presented by
Martin et al. to combat the transboundary problem of global
climate change. Petrosjan and Zaccour [4] apply the Shapley
value to determine a fair distribution of the total cooperative
cost incurred by countries in a cooperative game of pollution
reduction. Bayramoglu [5] uses a dynamic and strategic
framework to analyze the transboundary pollution between
Romania and Ukraine, it is found that, among the three
different institutional systems such as noncooperative game
of countries, uniform emission policy, and constant emission
policy, the noncooperative game can provide the highest level
of totalwelfare. Jørgensen andZaccour [6] take emissions and
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investments in abatement technology as control variables to
analyze the problem of cooperative transboundary industrial
pollution control; in their study, a coordinated solution that
maximizes joint welfare is derived together with a payment
distribution mechanism that supports the subgame consis-
tent solution. Bertinelli et al. [7] study the strategic behavior
of two countries facing transboundary CO2 pollution under
a differential game setting; the author considers that feedback
strategy may lead to less social waste than when the countries
take open-loop strategy. Taking emission permits trading into
account; Li [8] studies a differential game of transboundary
industrial pollution between two neighboring countries, and
the focus of the author’s analysis is to find the two countries’
noncooperative and cooperative optimal emission paths.
Benchekroun and Mart́ın-Herrán [9] study the impact of
foresight in a transboundary pollution game; their study
shows that when all countries are myopic, that is, choose the
“laisser-faire” policy, their payoffs are smaller than when all
countries are farsighted.

Most cooperative environmental games do not distin-
guish the government from the industrial sector in any
nation. Apart from these studies, Yeung and Petrosyan [2]
take industries and governments as separated entities and
develop a cooperative differential gamemodel of transbound-
ary industrial pollution and the time-consistent solutions
are derived. Extending the work of Yeung and Petrosyan
[2], Huang et al. [10] develop a model in which there is
a Stackelberg game between the industrial firms and their
local government while the governments can cooperate in
transboundary pollution control, and the feedback Nash
equilibrium strategies of governments and industrial firms
are given. In this paper, we raise a stochastic differential
game model of transboundary industrial pollution between
two asymmetric countries. Our work can be viewed as a
continuing work of Huang et al. [10] in the context of
transboundary industrial pollution control. Compared with
the work of Huang et al. [10], there are three significant
features in our paper. (i) We present a stochastic differential
game model of transboundary industrial pollution in which
uncertain pollution stock dynamics are taken into account. It
is because that uncertain pollution stock dynamics is frequent
[2, 11–13]; actually many factors like unexpected changes in
abatement technologies, the unexpected changes of decay rate
of the pollutants, and so forth may incur uncertain pollution
stock dynamics. (ii) We extend the model set by Huang et al.
[10] from finite-horizon level to infinite-horizon level; this is
because, in many situations, the terminal time of the game,𝑇, is either very far in the future or unknown to the players.
A way to resolve the problem, as suggested by Dockner and
Nishimura [14], is to set 𝑇 = ∞, so it makes sense to present
a model in infinite-horizon level to analyze transboundary
industrial pollution control. In our model, we find that the
difference of the horizontal level does play an important effect
on the behavior of game players. From the government’s point
of view, the plan is based on long-term interests, so the plan-
ning period for the infinite-horizon level is more reasonable.
For example, we find that, in the infinite-horizon level, the
optimal tax rate and the pollution abatement effort are rela-
tively stable. While, in finite-horizon level, Huang et al. [10]

consider the optimal tax rate and the pollution abatement
effort decrease in the late game; it means that a hyperopia
government can protect the environment better. (iii) In our
model, the asymmetry of participants in game is considered;
we assume that the industrial firms in one country have more
green and energy-efficient technologies than the others, and
we show that the one with technology advantage may set
a higher pollution tax and make more pollution abatement
effort, no matter what condition it would be in, cooperation
or noncooperation.

The paper is organized as follows. In Section 2, the game
formulation is provided. In Section 3, we characterize the
noncooperative outcomes. Cooperative arrangements and
individual rationality are analyzed in Section 4. We illustrate
the results of a numerical example in Section 5. Section 6 is
the results summarizing the paper.

2. Game Formulation

2.1. Government and Domestic Industrial Firm: A Stackelberg
Game. Consider a multinational economy, which is com-
prised of two nations. There are 𝑛 and 𝑚 industrial firms
in nation 1 and nation 2, respectively. In order to control
production pollution, the government (the leader) of each
nation imposes a pollution tax on domestic industrial firms,
and then the industrial firms (the followers) choose their
optimal output (emissions) according to the pollution tax
rate. This leads to a Stackelberg equilibrium.

Let∑𝑛𝑖=1 𝑢𝑖(𝑠) and∑𝑚𝑗=1 V𝑗(𝑠) denote the quantity of goods
produced by 𝑛 firms in nation 1 and 𝑚 firms in nation 2 at
time 𝑠, respectively. Firm 𝑖’s (or 𝑗’s) revenue function𝜙𝑖 (or𝜙𝑗)
is assumed to be concave and increasing, with the following
simple functional form:

𝜙𝑖 = 𝛽𝑖1 (𝑢𝑖 (𝑠))1/2 ,
𝜙𝑗 = 𝛽𝑗2 (V𝑗 (𝑠))1/2 , (1)

where 𝛽𝑖1, 𝛽𝑗2 > 0 are constants; the instantaneous profits of
industrial firm in the two nations can be expressed as:

𝜙𝑖 (𝑢𝑖 (𝑠)) − 𝑐1 (𝑠) 𝑢𝑖 (𝑠) ,
𝜙𝑗 (V𝑗 (𝑠)) − 𝑐2 (𝑠) V𝑗 (𝑠) , (2)

where 𝑐𝑘(𝑠) is the pollution tax rate imposed on industrial
firms by government 𝑘 (𝑘 ∈ 1, 2) at time 𝑠.

Through the first-order condition of (2), the optimal
yields for the firms in nation 1 and nation 2 could be obtained
as follows:

𝑢∗𝑖 (𝑠) = ( 𝛽𝑖12𝑐1 (𝑠))
2 ,

V∗𝑗 (𝑠) = ( 𝛽𝑗22𝑐2 (𝑠))
2 .

(3)

2.2. Local and Global Environmental Impacts. Transbound-
ary pollution may damage the environment through two
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ways, that is, an accumulative global pollutant and a regional
nonaccumulative pollutant. For example, some transbound-
ary pollutants are caused by firms such as passing-by waste in
waterways, wind-driven suspended particles in air, unpleas-
ant odour, noise, dust, and heat, which are all nonaccu-
mulative pollutants. We assume that the nonaccumulative
pollutant, for an output of 𝑢𝑖(𝑠) produced by the firm in
nation 1, would cause a short-term impact (cost) of 𝜀11𝑢𝑖(𝑠)
and 𝜀21𝑢𝑖(𝑠) on nation 1 and nation 2, respectively. Similarly, an
output of V𝑗(𝑠)produced by the firm innation 2,would cause a
short-term (cost) of 𝜀12V𝑗(𝑠) and 𝜀22V𝑗(𝑠) on nation 1 and nation
2, respectively. In addition to the nonaccumulative pollutant,
there is an accumulative pollutant, such as green-house-
gas, CFC, and atmospheric particulates; these pollutants
can be maintained in environment for a long time and
built up existing pollution stocks to create long-term global
environmental impacts [2, 5, 10, 15, 16]. Let 𝑥(𝑠) ⊂ 𝑅+ denote
the level of pollution at time 𝑠, and the dynamics of pollution
stock are governed by the stochastic differential equation

𝑑𝑥 (𝑠) = 𝑛∑
𝑖=1

𝛼𝑖1𝑢𝑖 (𝑠) + 𝑚∑
𝑗=1

𝛼𝑗2V𝑗 (𝑠)
− 2∑
𝑘=1

𝛾𝑘 (𝐼𝑘 (𝑠) (𝑥 (𝑠))1/2 − 𝛿𝑥 (𝑠)) 𝑑𝑠
+ 𝜎𝑥 (𝑠) 𝑑𝑧 (𝑠) , 𝑘 ∈ 1, 2,

(4)

where 𝜎 denotes a noise parameter and 𝑧(𝑠) is a Wiener
process, 𝛼𝑖1 ≥ 0 and 𝛼𝑗2 ≥ 0 are the amount added to
the pollution stock by a unit of firms 𝑖’s and 𝑗’s output in
nation 1 and nation 2, respectively. 𝐼𝑘(𝑠) denotes the pollution
abatement effort of nation 𝑘, 𝛾𝑘 is the efficiency of the
abatement, 𝛾𝑘𝐼𝑘(𝑠)(𝑥(𝑠))1/2 denotes the amount of pollution
removed by 𝐼𝑘(𝑠) unit of abatement effort of nation 𝑘, and 𝜎
denotes the natural rate of decay of the pollutants.

2.3. The Governments’ Objectives. The instantaneous objec-
tive of government 𝑘 (𝑘 ∈ 1, 2) at time 𝑠 can be expressed as

𝑛∑
𝑖=1

𝛽𝑖1 (𝑢∗𝑖 (𝑠))1/2 − 12𝑎1 (𝐼1 (𝑠))2 − 𝜀11 𝑛∑
𝑖=1

𝑢∗𝑖 (𝑠)
− 𝜀12 𝑚∑
𝑗=1

V∗𝑗 (𝑠) − ℎ1𝑥 (𝑠) , (5a)

𝑚∑
𝑗=1

𝛽𝑗1 (V∗𝑗 (𝑠))1/2 − 12𝑎2 (𝐼2 (𝑠))2 − 𝜀21 𝑛∑
𝑖=1

𝑢∗𝑖 (𝑠)
− 𝜀22 𝑚∑
𝑗=1

V∗𝑗 (𝑠) − ℎ2𝑥 (𝑠) ,
(5b)

where 𝑎𝑘, ℎ𝑘 > 0 (𝑘 ∈ 1, 2) are constants, (1/2)𝑎𝑘(𝐼𝑘(𝑠))2
denotes the cost of employing 𝐼𝑘(𝑠) amount of pollution
abatement effort, and ℎ𝑘𝑥(𝑠) denotes the value of damage to
nation 𝑘 from 𝑥(𝑠) amount of pollution.

The government’s planning horizon is [𝑡0,∞). The dis-
count rate is 𝑟. Each government seeks to maximize the
integral of its instantaneous objectives (5a) and (5b) over the
planning horizon [𝑡0,∞) subjected to pollution dynamics
(4), with controls on the level of abatement effort and
pollution tax.

Substituting 𝑢𝑖(𝑠) and V𝑗(𝑠) from (3) into (4) and (5a)
and (5b), one obtains a stochastic differential game in which
government 𝑘 ∈ 1, 2 seeks

max
𝑐1(𝑠),𝐼1(𝑠)

𝐸𝑡0 ∫∞𝑡0 𝑒−𝑟𝑡(∑𝑛𝑖=1 (𝛽𝑖1)22𝑐1 (𝑠) − 12𝑎1 (𝐼1 (𝑠))2

− 𝜀11 ∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑠) − 𝜀12 ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑠)
− ℎ1𝑥 (𝑠))𝑑𝑠,

(6a)

max
𝑐2(𝑠),𝐼2(𝑠)

𝐸𝑡0 ∫∞𝑡0 𝑒−𝑟𝑡(∑𝑚𝑗=1 (𝛽𝑗2)22𝑐2 (𝑠) − 12𝑎2 (𝐼2 (𝑠))2

− 𝜀21 ∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑠) − 𝜀22 ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑠) − ℎ2𝑥 (𝑠))𝑑𝑠
(6b)

subject to

𝑑𝑥 (𝑠) = 𝑛∑
𝑖=1

𝛼𝑖1 ( 𝛽𝑖12𝑐1 (𝑠))
2 + 𝑚∑
𝑗=1

𝛼𝑗2 ( 𝛽𝑗22𝑐2 (𝑠))
2

− 2∑
𝑘=1

𝛾𝑘 (𝐼𝑘 (𝑠) (𝑥 (𝑠))1/2 − 𝛿𝑥 (𝑠)) 𝑑𝑠
+ 𝜎𝑥 (𝑠) 𝑑𝑧 (𝑠) .

(7)

Since the payoffs of nations are measured in monetary
terms, the games (6a) and (6b) are a transferable payoff game.

3. Noncooperative Outcomes

In this section, the solution of the noncooperative games (6a)
and (6b) and (7) will be discussed under a noncooperative
framework.

A feedback Nash equilibrium solution can be character-
ized as follows.

Definition 1. A set of feedback strategies [𝑐∗𝑘 (𝑡), 𝐼∗𝑘 (𝑡)] =[𝜙𝑐𝑘(𝑡, 𝑥), 𝜙𝐼𝑘(𝑡, 𝑥)], for 𝑘 ∈ 1, 2, provides a Nash equilibrium
solution to the games (6a), (6b), and (7), if there exist suitably
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smooth functions 𝑉𝑘(𝑡, 𝑥) : [𝑡0,∞) × 𝑅 → 𝑅, 𝑘 ∈ 1, 2,
satisfying the following partial differential equations:

𝑟𝑉1 (𝑡, 𝑥) − 12𝜎2𝑥2𝑉1𝑥𝑥 (𝑡, 𝑥) = max
𝑐1(𝑡),𝐼1(𝑡)

{{{
∑𝑛𝑖=1 (𝛽𝑖1)22𝑐1 (𝑡)

− 12𝑎1 (𝐼1 (𝑡))2 − 𝜀11 ∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑡) − 𝜀12 ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑡)
− ℎ1𝑥 (𝑡) + 𝑉1𝑥 (𝑡, 𝑥)(∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑡) + ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑡)
− 2∑
𝑘=1

𝛾𝑘 (𝐼𝑘 (𝑡) (𝑥 (𝑡))1/2 − 𝛿𝑥 (𝑡)))}}} ,

(8a)

𝑟𝑉2 (𝑡, 𝑥) − 12𝜎2𝑥2𝑉2𝑥𝑥 (𝑡, 𝑥) = max
𝑐2(𝑡),𝐼2(𝑡)

{{{
∑𝑚𝑗=1 (𝛽𝑗2)22𝑐2 (𝑡)

− 12𝑎2 (𝐼2 (𝑡))2 − 𝜀21 ∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑡) − 𝜀22 ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑡)
− ℎ2𝑥 (𝑡) + 𝑉2𝑥 (𝑡, 𝑥)(∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑡) + ∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑡)
− 2∑
𝑘=1

𝛾𝑘 (𝐼𝑘 (𝑡) (𝑥 (𝑡))1/2 − 𝛿𝑥 (𝑡)))}}} .

(8b)

Performing the indicated maximization in (8a) and (8b)
yields

𝜙𝑐1 (𝑡, 𝑥) = 𝜀11 − 𝑉1𝑥 (𝑡, 𝑥) ,
𝜙𝑐2 (𝑡, 𝑥) = 𝜀22 − 𝑉2𝑥 (𝑡, 𝑥) , (9a)

𝜙𝐼1 (𝑡, 𝑥) = −𝛾1𝑉1𝑥 (𝑡, 𝑥) 𝑥1/2 (𝑡)𝑎1 ,
𝜙𝐼2 (𝑡, 𝑥) = −𝛾2𝑉2𝑥 (𝑡, 𝑥) 𝑥1/2 (𝑡)𝑎2 .

(9b)

Substituting the results of (9a) and (9b) into (8a) and (8b),
we obtain the following.

Proposition 2. The government 𝑘’s payoff during [𝑡0,∞),𝑉𝑘(𝑡, 𝑥), can be obtained as

𝑉𝑘 (𝑡, 𝑥) = [𝐴𝑘𝑥 (𝑡) + 𝐵𝑘] , for 𝑘 ∈ 1, 2, (10)

where 𝐴𝑘, 𝐵𝑘 satisfy the following set of constant coefficient
quadratic ordinary differential equations:

𝛾21𝐴212𝑎1 + 𝛾22𝐴1𝐴2𝑎2 − 𝛾𝐴1 − 𝛿𝐴1 − ℎ1 = 0, (11a)

𝛾22𝐴222𝑎2 + 𝛾21𝐴1𝐴2𝑎1 − 𝛾𝐴2 − 𝛿𝐴2 − ℎ2 = 0, (11b)

𝐵1 = 1𝑟 ( ∑𝑛𝑖=1 (𝛽𝑖1)24 (𝜀11 − 𝐴1) + (𝐴1 − 𝜀12)∑𝑚𝑗=1 (𝛽𝑗2)24 (𝜀22 − 𝐴2)2 ) , (11c)

𝐵2 = 1𝑟 (∑𝑚𝑗=1 (𝛽𝑗1)24 (𝜀22 − 𝐴2) + (𝐴2 − 𝜀21)∑𝑛𝑖=1 (𝛽𝑖1)24 (𝜀11 − 𝐴1)2 ) . (11d)

The corresponding feedback Nash equilibrium of the games
(8a) and (8b) can be obtained as

𝜙𝑐1 (𝑡, 𝑥) = 𝜀11 − 𝐴1,
𝜙𝐼1 (𝑡, 𝑥) = −𝛾1𝐴1𝑥1/2 (𝑡)𝑎1 ,
𝜙𝑐2 (𝑡, 𝑥) = 𝜀22 − 𝐴2,
𝜙𝐼2 (𝑡, 𝑥) = −𝛾2𝐴2𝑥1/2 (𝑡)𝑎2 .

(12)

Equation (12) indicates that, under noncooperation, opti-
mal pollution tax rate (𝜙𝑐1 or 𝜙𝑐2) may depend on the regional
pollutant (𝜀11 or 𝜀22) which is caused by the firms in home,
but the regional pollutant (𝜀21 or 𝜀12) which is caused by the
firms in neighbormay have no effect on optimal pollution tax
rate. In addition, the optimal abatement effort of the region
does not depend on the damage from the regional pollutant
at home (𝜀11 or 𝜀22); this is because the abatement effort of
the nation can only affect pollution stock and cannot affect
current pollution.

4. Cooperative Arrangements

Now consider the case when both nations cooperate in
pollution control. To uphold the cooperative scheme, both
group rationality and individual rationality are required to be
satisfied at any time.

4.1. Group Optimality and Cooperative State Trajectory. To
secure group optimality the participating two nations would



Mathematical Problems in Engineering 5

seek to maximize their joint expected payoff by solving the
following stochastic control problem:

𝑊(𝑠, 𝑥) = 𝐸𝑡0 ∫∞0 {{{
∑𝑛𝑖=1 (𝛽𝑖1)22𝑐1 (𝑠) + ∑𝑚𝑗=1 (𝛽𝑗2)22𝑐2 (𝑠)

− 12
2∑
𝑘=1

𝑎𝑘 (𝐼𝑘 (𝑠))2 − (𝜀11 + 𝜀21)∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑠)
− (𝜀12 + 𝜀22)∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑠) − (ℎ1 + ℎ2) 𝑥 (𝑠)}}}𝑒−𝑟𝑡𝑑𝑡

(13)

subject to (7).
Invoking Bellman’s technique, a set of controls {𝑐∗𝑘 , 𝐼∗𝑘 } ={𝜙𝑐𝑘(𝑥), 𝜙𝐼𝑘(𝑥)} constitutes an optimal solution to the stochas-

tic control problem (13) and (7), if there exists continuously
differentiable function 𝑊(𝑡, 𝑥) : [𝑡,∞) × 𝑅 → 𝑅, 𝑘 ∈ 1, 2,
satisfying the following partial differential equations:

𝑟𝑊 (𝑡, 𝑥) − 12𝜎2𝑥2𝑊𝑥𝑥 (𝑡, 𝑥) = max
𝑐1 ,𝐼1,𝑐2 ,𝐼2

{{{
∑𝑛𝑖=1 (𝛽𝑖1)22𝑐1 (𝑡)

+ ∑𝑚𝑗=1 (𝛽𝑗2)22𝑐2 (𝑡) − 12
2∑
𝑘=1

𝑎𝑘 (𝐼𝑘 (𝑡))2

− (𝜀11 + 𝜀21)∑𝑛𝑖=1 (𝛽𝑖1)24𝑐21 (𝑡) − (𝜀12 + 𝜀22)∑𝑚𝑗=1 (𝛽𝑗2)24𝑐22 (𝑡)
− (ℎ1 + ℎ2) 𝑥 (𝑡) + 𝑊𝑋 (𝑡, 𝑥)(∑𝑛𝑖=1 𝛼𝑖1 (𝛽𝑖1)24𝑐21 (𝑡)
+ ∑𝑚𝑗=1 𝛼𝑗2 (𝛽𝑗2)24𝑐22 (𝑡)
− 2∑
𝑘=1

𝛾𝑘 (𝐼𝑘 (𝑡) (𝑥 (𝑡))1/2 − 𝛿𝑥 (𝑡)))}}} .

(14)

Performing the indicated maximization in (14) yields the
optimal controls under cooperation:

𝜙𝑐1 (𝑡, 𝑥) = 𝜀11 + 𝜀21 − 𝑊𝑥 (𝑡, 𝑥) ,
𝜙𝑐2 (𝑡, 𝑥) = 𝜀12 + 𝜀22 − 𝑊𝑥 (𝑡, 𝑥) , (15a)

𝜙𝐼1 (𝑥) = −𝛾1𝑊𝑥 (𝑥) 𝑥1/2𝑎1 ,
𝜙𝐼2 (𝑥) = −𝛾2𝑊𝑥 (𝑥) 𝑥1/2𝑎2 .

(15b)

Substituting the results in (15a) and (15b) into (14), we
obtain the following.

Proposition 3. System (13) admits a solution

𝑊(𝑡, 𝑥) = [𝐴𝑥 (𝑡) + 𝐵] , (16)

where 𝐴, 𝐵 satisfy the following set of constant coefficient
quadratic ordinary differential equations:

( 𝛾212𝑎1 + 𝛾222𝑎2)𝐴2 − (𝑟 + 𝛿)𝐴 − (ℎ1 + ℎ2) = 0, (17a)

𝐵 = 1𝑟 (∑𝑛𝑖=1 (𝛽𝑖1)2 + ∑𝑚𝑗=1 (𝛽𝑗2)24 (𝜀11 + 𝜀22 − 𝐴)2 ) . (17b)

The corresponding feedback Nash equilibriums under
cooperation can be obtained as

𝜙𝑐1 (𝑡, 𝑥) = 𝜀11 + 𝜀22 − 𝐴,
𝜙𝐼1 (𝑡, 𝑥) = −𝛾1𝐴𝑥1/2 (𝑡)2𝑎1 ,
𝜙𝑐2 (𝑡, 𝑥) = 𝜀11 + 𝜀22 − 𝐴,
𝜙𝐼2 (𝑡, 𝑥) = −𝛾2𝐴𝑥1/2 (𝑡)2𝑎2 .

(18)

Substituting the optimal control strategy from (18) into
(7) yields the dynamics of pollution accumulation under
cooperation:

𝑑𝑥 (𝑠) = (∑𝑛𝑖=1 𝛼𝑖1 (𝛽𝑖1)2 + ∑𝑚𝑗=1 𝛼𝑗2 (𝛽𝑗2)24 (𝜀11 + 𝜀22 − 𝐴)2
+ 2∑
𝑘=1

(𝛾𝑘)2 𝐴𝑥 (𝑠)2𝑎𝑘 − 𝛿𝑥 (𝑠))𝑑𝑠 + 𝜎𝑥 (𝑠) 𝑑𝑧 (𝑠) ,
𝑥 (𝑡0) = 𝑥0.

(19)

Solving the stochastic cooperative pollution dynamics
yields the cooperative state trajectory:

𝑥∗ (𝑡) = 𝑒[∫𝑡𝑡0 [(𝛾21 /2𝑎1+𝛾22 /2𝑎2)𝐴−𝛿−𝜎/2]𝑑𝑠+∫𝑡𝑡0 𝜎𝑑𝑧(𝑠)] × [[𝑥𝑡0
+ ∫𝑡
𝑡0
(∑𝑛𝑖=1 𝛼𝑖1 (𝛽𝑖1)2 + ∑𝑚𝑗=1 𝛼𝑗2 (𝛽𝑗2)24 (𝜀11 + 𝜀22 − 𝐴)2 )

× 𝑒[∫𝑡𝑡0 [𝜎2/2+𝛿−(𝛾21 /2𝑎1+𝛾22 /2𝑎2)𝐴]𝑑𝜏+∫𝑡𝑡0 𝜎𝑑𝑧(𝑠)]𝑑𝑠]] ,
for 𝑡 ∈ [𝑡0,∞) .

(20)

4.2. Individually Rational and Time-Consistent Imputation
and Payment Distribution Mechanism. Let 𝑋∗𝑡 denote the
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set of realizable values of 𝑥∗(𝑡) at time 𝑡 generated by (20).
The term 𝑥∗𝑡 is used to denote an element of the set 𝑋∗𝑡 .
An agreed upon optimality principle would be sought to
allocate the cooperative payoff. In a dynamic framework,
individual rationality has to be maintained at every instant
of time within the cooperative duration [𝑡0,∞) along the
cooperative trajectory (20). For 𝜏 ∈ [𝑡0,∞), let vector𝜉𝑘(𝑥∗𝑡 ) = {𝜉1(𝑥∗𝑡 ), 𝜉2(𝑥∗𝑡 )} denote the solution imputation
(payoff under cooperation) over the period [𝜏,∞) to player𝑘 ∈ {1, 2} given that the state is 𝑥∗𝜏 ∈ 𝑋∗𝜏 . Individual
rationality along the cooperative trajectory requires

𝜉(𝜏)𝑘 (𝜏, 𝑥∗𝑡 ) ≥ 𝑉(𝜏)𝑘 (𝜏, 𝑥∗𝑡 ) , for 𝑘 ∈ {1, 2} , (21)

where 𝑉(𝜏)𝑘(𝜏, 𝑥∗𝑡 ) denotes the payoff to nation 𝑘 under
noncooperation over the period. Let 𝐺(𝑠) = [𝐺1(𝑠), 𝐺2(𝑠)]
denote the instantaneous payoff of the cooperative game at
time 𝑠 ∈ [𝑡0,∞) for the cooperative Γ𝑐(𝑥∗𝑡0).
Theorem 4. An instantaneous payment at time 𝜏 ∈ [𝑡0, 𝑇]
equaling

𝐺𝐾 (𝜏) = 𝑟𝜉𝑘 (𝑥∗𝜏 ) − 12𝜎2 (𝑥∗𝜏 )2 𝜉𝑘𝑥∗𝜏𝑥∗𝜏 (𝑥∗𝜏 ) − 𝜉𝑘𝑥∗
𝜏

(𝑥∗𝜏 )
⋅ ( 𝑛∑
𝑖=1

𝛼𝑖1 ( 𝛽𝑖12𝑐1 (𝜏, 𝑥∗𝜏 ))
2 + 𝑚∑
𝑗=1

𝛼𝑗2 ( 𝛽𝑗22𝑐2 (𝜏, 𝑥∗𝜏 ))
2

− 2∑
𝑘=1

𝛾𝑘𝐼𝑘 (𝜏, 𝑥∗𝜏 ) (𝑥∗𝜏 )1/2 − 𝛿𝑥∗𝜏) ,
for 𝜏 ∈ [𝑡0,∞) , 𝑥∗𝜏 ∈ 𝑋∗𝜏 , 𝑘 ∈ {1, 2}

(22)

yields a subgame consistent solution to the cooperative gameΓ𝑐(𝑥∗𝑡0).
Proof. Along the cooperative trajectory {𝑥∗(𝑡)}𝑡≥𝑡0 , we have
Υ𝑘 (𝜏, 𝜏, 𝑥∗𝜏 ) = 𝜉𝑘 (𝑥∗𝜏 )

= 𝐸𝜏 {∫∞
𝜏

𝐺𝑘 (𝑠) 𝑒−𝑟(𝑠−𝜏)𝑑𝑠 | 𝑥 (𝜏) = 𝑥∗𝜏} ,
Υ𝑘 (𝜏, 𝑡, 𝑥∗𝑡 ) = 𝜉𝑘 (𝑥∗𝑡 )

= 𝐸𝑡 {∫∞
𝑡

𝐺𝑘 (𝑠) 𝑒−𝑟(𝑠−𝑡)𝑑𝑠 | 𝑥 (𝑡) = 𝑥∗𝑡 } ,
for 𝑘 ∈ {1, 2} , 𝑥∗𝑡 ∈ 𝑋∗𝑡 , 𝑡 ≥ 𝜏.

(23)

Note that

Υ𝑘 (𝜏; 𝑡, 𝑥∗𝑡 ) = 𝑒−𝑟(𝑠−𝜏)𝜉 (𝑥∗𝑡 ) = 𝑒−𝑟(𝑠−𝜏)Υ𝑘 (𝑡; 𝑡, 𝑥∗𝑡 ) ,
𝑘 ∈ {1, 2} , 𝑥∗𝜏 ∈ 𝑋∗𝜏 . (24)

Since Υ𝑘(𝑡; 𝑡, 𝑥∗𝑡 ) is continuously differentiable in 𝑡 and𝑥∗𝑡 , one can obtain

Υ𝑘 (𝜏, 𝜏, 𝑥∗𝜏 ) = 𝐸𝜏 {∫𝜏+Δ𝑡
𝜏

𝐺𝑘 (𝑠) 𝑒−𝑟(𝑠−𝜏)𝑑𝑠
+ 𝑒−𝑟(Δ𝑡)Υ𝑘 (𝜏 + Δ𝑡; 𝜏 + Δ𝑡, 𝑥∗𝜏 + Δ𝑥∗𝜏 ) | 𝑥 (𝜏)
= 𝑥∗𝜏} , for 𝜏 ∈ [𝑡0,∞) , 𝑥∗𝜏 ∈ 𝑋∗𝜏 , 𝑘 ∈ {1, 2} ,

(25)

where

Δ𝑥∗𝜏
= 𝑛∑
𝑖=1

𝛼𝑖1 ( 𝛽𝑖12𝑐1 (𝜏, 𝑥∗𝜏 ))
2 + 𝑚∑
𝑗=1

𝛼𝑗2 ( 𝛽𝑗22𝑐2 (𝜏, 𝑥∗𝜏 ))
2

− 2∑
𝑘=1

𝛾𝑘 (𝐼𝐾 (𝜏, 𝑥∗𝜏 ) (𝑥∗𝜏 )1/2 − 𝛿𝑥∗𝜏)Δ𝑡
+ 𝜎 [𝑥∗𝜏 ] Δ𝑧𝜏 + 𝑜 (Δ𝑡) ,

Δ𝑧𝜏 = 𝑧 (𝜏 + Δ𝑡) − 𝑧 (𝜏) ,
𝐸𝜏 [𝑜 (Δ𝑡)]Δ𝑡 → 0,

as Δ𝑡 → 0.

(26)

From (24) and (25), one can obtain

Υ𝑘 (𝜏, 𝜏, 𝑥∗𝜏 ) = 𝐸𝜏 {∫𝜏+Δ𝑡
𝜏

𝐺𝑘 (𝑠) 𝑒−𝑟(𝑠−𝜏)𝑑𝑠
+ Υ𝑘 (𝜏; 𝜏 + Δ𝑡, 𝑥∗𝜏 + Δ𝑥∗𝜏 ) | 𝑥 (𝜏) = 𝑥∗𝜏} ,

for 𝜏 ∈ [𝑡0,∞) , 𝑥∗𝜏 ∈ 𝑋∗𝜏 , 𝑘 ∈ {1, 2} .
(27)

Therefore, with Δ𝑡 → 0, (27) can be expressed as

𝐺𝑘 (𝜏) Δ𝑡 = − [Υ𝑘𝑡 (𝜏; 𝑡, 𝑥∗𝜏 )𝑡=𝜏] Δ𝑡 − 12𝜎2 (𝑥∗𝜏 )2
⋅ [Υ𝑘𝑥∗

𝜏
𝑥∗
𝜏

(𝜏; 𝑡, 𝑥∗𝜏 )𝑡=𝜏] Δ𝑡 − [Υ𝑘𝑥∗
𝜏

(𝜏; 𝑡, 𝑥∗𝜏 )𝑡=𝜏]
× ( 𝑛∑
𝑖=1

𝛼𝑖1 ( 𝛽𝑖12𝑐1 (𝜏, 𝑥∗𝜏 ))
2 + 𝑚∑
𝑗=1

𝛼𝑗2 ( 𝛽𝑗22𝑐2 (𝜏, 𝑥∗𝜏 ))
2

− 2∑
𝑘=1

𝛾𝑘 (𝐼𝐾 (𝜏, 𝑥∗𝜏 ) (𝑥∗𝜏 )1/2 − 𝛿𝑥∗𝜏)Δ𝑡 − 𝑜 (Δ𝑡)) .

(28)

Dividing (28) throughout by Δ𝑡, with Δ𝑡 → 0, and taking
expectation, one can obtain (22). HenceTheorem 4 follows.

When the two nations adopt the cooperative strategies,
the rate of instantaneous payment that nation 𝑘 (𝑘 ∈ {1, 2})
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Table 1: The parameters of model used in the numerical solutions.

𝑡0 𝛽11 𝛽21 𝛽12 𝛽22 𝑥(𝑡0) 𝛼11 𝛼21 𝛼12 𝛼22 𝛾1 𝛾2
0 60 90 40 70 20 0.4 0.3 0.5 0.4 0.4 0.2𝛿 𝜎 𝑎1 𝑎2 𝜀11 𝜀21 𝜀22 𝜀12 𝑟 ℎ1 ℎ2
0.01 0.05 0.8 1 0.2 0.15 0.15 0.16 0.05 4 5

will realize at time 𝜏 with the state being 𝑥∗𝜏 can be expressed
as

𝑆1 (𝜏, 𝑥) = 𝑟2 {[𝐴1𝑥∗𝜏 + 𝐵1] + [𝐴𝑥∗𝜏 + 𝐵]
− [𝐴2𝑥∗𝜏 + 𝐵2]} − 12 [𝐴1 + 𝐴 − 𝐴2]
⋅ {{{

∑𝑛𝑖=1 (𝛽𝑖1)2 + ∑𝑚𝑗=1 (𝛽𝑗2)24 (𝜀11 + 𝜀22 − 𝐴)2
+ 2∑
𝑘=1

𝛾2𝑘𝐴𝑥∗𝜏2𝑎𝑘 − 𝛿𝑥∗𝜏}}} ,

(29a)

𝑆2 (𝜏, 𝑥) = 𝑟2 {[𝐴2𝑥∗𝜏 + 𝐵2] + [𝐴𝑥∗𝜏 + 𝐵]
− [𝐴1𝑥∗𝜏 + 𝐵1]} − 12 [𝐴2 + 𝐴 − 𝐴1]
⋅ {{{

∑𝑛𝑖=1 (𝛽𝑖1)2 + ∑𝑚𝑗=1 (𝛽𝑗2)24 (𝜀11 + 𝜀22 − 𝐴)2
+ 2∑
𝑘=1

𝛾2𝑘𝐴𝑥∗𝜏2𝑎𝑘 − 𝛿𝑥∗𝜏}}} .

(29b)

5. Numerical Example

Consider a multinational economy consisting of two nations,
and each with two industrial firms. Industrial firm’s revenue
function in nation 1 and nation 2 at time 𝑠 is 𝜙𝑖 = 𝛽𝑖1(𝑢𝑖(𝑠))1/2
and 𝜙𝑗 = 𝛽𝑗2(V𝑗(𝑠))1/2 (𝑖, 𝑗 = 1, 2), respectively, where𝛽11 = 60, 𝛽21 = 90, 𝛽12 = 40, and 𝛽22 = 70. The value
of 𝛽𝑖1 (𝑖 ∈ {1, 2}) is higher than 𝛽𝑗2 (𝑗 ∈ {1, 2}); it means
that, compared with industrial firms in nation 2, industrial
firms in nation 1 have more energy-efficient technology. In
addition, industrial firms in nation 1 have technical advantage
result in 𝛼11 < 𝛼12, 𝛼21 < 𝛼22, 𝛾1 > 𝛾2. As mentioned
above, the optimal pollution emissions of the firms in nations
1 and 2 are 𝑢∗𝑖 (𝑠) = (𝛽𝑖1/2𝑐1(𝑠))2 and V∗𝑗 (𝑠) = (𝛽𝑗2/2𝑐2(𝑠))2,
respectively. The dynamics of pollution stock are governed
by the stochastic differential equation (4), where 𝑥(𝑡0) = 20,𝛿 = 0.01, and 𝜎 = 0.05. We defined 𝑎𝑘 as the amount
added to the pollution stock by a unit of output in nation𝑘 (𝑘 = 1, 2). They are a positive number less than 1; that is
to say, the stock of pollution will increase with the output
but not higher than the amount of output. According to

Table 2: The optimal pollution tax rate.

𝑐1(𝑡) 𝑐2(𝑡) 𝑐1(𝑡) 𝑐2(𝑡)
8.20 2.34 10.90 10.87

experience, we assign 𝛼11 = 0.4, 𝛼21 = 0.3, 𝛼12 = 0.5,𝛼22 = 0.4. 𝛾𝑘 (𝑘 = 1, 2) can also be considered as pollution
abatement effort efficiency, which is linked to pollution
control policies and environmental governance efficiency in
different nations. Generally speaking, pollution abatement
effort efficiency is higher in developed countries. We assign𝛾1 = 0.4, 𝛾2 = 0.2. Abatement costs are 0.4(𝐼1(𝑠))1/2 and0.5(𝐼2(𝑠))1/2 for nations 1 and 2, respectively. Local pollution
impacts are closely linked to the level of production activities.
The accumulation of pollution stock like greenhouse gas often
concerns the interactions between the natural environment
and the pollutants emitted. So stochastic elements would
appear. According to what we defined before, 𝜀1𝑘, 𝜀2𝑘 (𝑘 = 1, 2)
is a pollution damage cost coefficients. It is said that the bigger
they are, the higher the cost of environmental damage for
this nation is. We make the following assignments: 𝜀11 = 0.2,𝜀21 = 0.15, 𝜀22 = 0.15, and 𝜀12 = 0.16. ℎ𝑘 (𝑘 = 1, 2) are
the value of pollution damage to nation 𝑘 (𝑘 = 1, 2). The
larger they are, the greater the impact of the environment is,
which is determined by the different regions. And we make
assignments: ℎ1 = 4, ℎ2 = 5. Other parameters are as follows:𝑟 = 0.05, 𝑡0 = 0. The parameters of the model, which are used
in the numerical solution, are presented in Table 1.

Then we obtain a stochastic differential game in which
government 1 and government 2 under noncooperation seek

max
𝑐1(𝑠),𝐼1(𝑠)

∫∞
0

𝑒−𝑟𝑡 (5850𝑐1 (𝑠) − 0.4𝐼21 (𝑠) − 585𝑐21 (𝑠) − 162.2𝑐22 (𝑠)
− 4𝑥 (𝑠)) 𝑑𝑥,

(30a)

max
𝑐2(𝑠),𝐼2(𝑠)

∫∞
0

𝑒−𝑟𝑡 (3250𝑐2 (𝑠) − 0.5𝐼22 (𝑠) − 438.75𝑐21 (𝑠)
− 243.75𝑐22 (𝑠) − 5𝑥 (𝑠)) 𝑑𝑥.

(30b)

Through the analysis mentioned above, we have obtained
the pollution tax rate, abatement effort of each nation,
and the dynamics of pollution stock under noncooperative
game and cooperative game. Now we will analyze their
difference between the governments under noncooperation
and cooperation through Table 2 and Figures 1–5.
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Figure 1: The pollution abatement effort under noncooperation,
where 𝐼1 and 𝐼2 denote the pollution abatement effort of govern-
ments under noncooperation in nations 1 and 2, respectively.
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Figure 2: The pollution abatement effort under cooperation, where𝐼3 and 𝐼4 are the pollution abatement effort of governments under
cooperation in nations 1 and 2, respectively.

From Table 2, we can see that, for each government,
the noncooperative optimal tax rates 𝑐1(𝑡) and 𝑐2(𝑡) are less
than the cooperative tax rates 𝑐1(𝑡) and 𝑐2(𝑡). This means
that cooperation would push to raise the tax rate to reduce
production and cut pollution. And, for both governments,
the optimal pollution tax rate is not changing with time;
this is different from Huang et al. [10] and Yeung and
Petrosyan [2], because, in their research, they model a
finite-horizon level game regardless of cooperative game or
noncooperative game, and, in the later stage of game, both
governments would pay more attention to the economic
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Figure 3: The dynamics of pollution stock under noncooperation
or cooperation, where 𝑥1 and 𝑥2 denote the pollution stock under
noncooperation and cooperation, respectively.
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Figure 4: The instantaneous payments of nation 1 under coopera-
tion.

benefits than pollution abatement.Then they would decrease
the pollution tax rate to encourage production and stimulate
economic development [10]. But, in our model, the game
is in infinite-horizon, and there is no later stage of the
game, so the optimal pollution tax rate will not decrease. In
addition, under noncooperation, the governments take the
externalities of production into account including their own
nation only. However, under a cooperation, the externalities
are considered by the governments, which include their own
nation and the neighbors, so the optimal pollution tax rate is
higher than under noncooperation.

Figures 1 and 2 show the pollution abatement effort of
both governments. From them we find that, under noncoop-
eration, the pollution abatement effort of both governments
in the two nations could remain stable all the time, but,
under cooperation, both governments would make a high
pollution abatement effort at first, and then, the effort level
may reduce to a certain degree; after that, it would tend
to remain stable. For each government, the noncooperative
pollution abatement effort is lower than the cooperative
pollution abatement effort. This is determined by externality
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Figure 5: The instantaneous payments of nation 2 under coopera-
tion.

of pollution emissions. Under cooperative game, the govern-
ments pay attention to the damage for the entire region, so
marginal damage of pollution emission would be greater and
the governments would be more concerned about pollutant
reduction.

Figure 3 shows the dynamics of pollution stock under
noncooperation or cooperation. We can see that, the pollu-
tion stock under noncooperative game is higher than that
under cooperative game. It is due to the higher pollution
tax rate and higher pollution abatement effort of both gov-
ernments under cooperative game. Then, in both economic
and environmental terms, cooperation is always better than
noncooperation.

Now consider the case when the two nations want to
cooperate. To secure group optimality the two nations seek to
maximize their joint expected payoff by solving the following
stochastic control problem:

max
𝑐1(𝑠),𝑐2(𝑠),𝐼1(𝑠),𝐼2(𝑠)

𝐸0 ∫∞
0

(5850𝑐1 (𝑠) + 3250𝑐2 (𝑠) − 0.4 (𝐼1 (𝑠))2

− 0.5 (𝐼2 (𝑠))2 − 1023.75(𝑐1 (𝑠))2 −
503.75(𝑐2 (𝑠))2 − 10𝑥 (𝑠))

⋅ 𝑒−0.05𝑑𝑡
(31)

subject to

𝑑𝑥 (𝑠) = 3.49 − 1.28𝑥 (𝑠) + 0.05𝑥 (𝑠) 𝑑𝑧 (𝑠) . (32)

According toTheorem 4, we get the appropriate dynamic
distribution scheme that both group optimality and individ-
ual rationality are satisfied at any time during cooperative
game. The instantaneous payments of two nations, 𝑆1(𝑡, 𝑥∗𝑡 )
and 𝑆2(𝑡, 𝑥∗𝑡 ), at different time 𝑡 with given 𝑥∗𝑡 are shown in
(33a) and (33b) and Figures 3 and 4.

𝑆1 (𝑡, 𝑥∗𝑡 ) = 1007100178948148626983247163840000000000000
− 12670021998361𝑒−32𝑡/2578125000000 , (33a)

𝑆2 (𝑡, 𝑥∗𝑡 ) = 77822033722351462743911532621440000000000000
− 1518945509601𝑒−32𝑡/2519531250000 . (33b)

It is shown in Figures 4 and 5 that the instantaneous pay-
ment of both nations which satisfy the property of subgame
consistency shows an increasing trend at the start and then
remains stable. In addition, the instantaneous payment for
nation 1 is always higher than that of nation 2.This is because
the industrial firms in nation 1 have more green and energy-
efficient technology, so they would get more instantaneous
payment.

6. Conclusions

In this paper, we have shown a stochastic differential game of
transboundary industrial pollution between two asymmetric
nations in infinite-horizon level. In our model, the firms
and governments are separate entities. As participants in
the games, they take game behavior to optimize their own
payment, and the game equilibrium has been solved under
the two levels of firms and governments simultaneously.
The uncertain evolution dynamic of pollution stock that
has a long-term global impact has been taken into account
in our models. Otherwise, another negative environmental
externality, a regional nonaccumulative pollutant that causes
a short-term local impact, has also been considered. We
characterize the parameters of spaces where two neighboring
governments can cooperate and give the feedback Nash
equilibrium strategies of governments and industrial firms.
Through analysis, we have shown that the optimal pollution
tax rate hinges on the two effects of regional damage:
the source region and the global pollution stock, under
noncooperative game, while, under cooperative game, in
addition to the above two kinds of effects, it also hinges
on the additional effect of regional damage coming from
the neighborhood, so the latter is greater than the former.
Moreover, we have shown that the pollution abatement effort
under cooperation is more than under noncooperation. By
analyzing this stochastic differential game model, we have
also provided a payment distribution mechanism, which
supports the subgame consistent solution, and present a
numerical example to illustrate the implementation of this
mechanism.
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We discuss stochastic multi-item capacitated lot-sizing problems with and without setup carryovers (also known as link lot size),
S-MICLSP and S-MICLSP-L. The two models are motivated from a real-world steel enterprise. To overcome the nonlinearity
of the models, a piecewise linear approximation method is proposed. We develop a new fix-and-optimize (FO) approach to
solve the approximated models. Compared with the existing FO approach(es), our FO is based on the concept of “𝑘-degree-
connection” for decomposing the problems. Furthermore, we also propose an integrative approach combining our FO and variable
neighborhood search (FO-VNS), which can improve the solution quality of our FO approach by diversifying the search space.
Numerical experiments are performed on the instances following the nature of realistic steel products. Our approximation method
is shown to be efficient. The results also show that the proposed FO and FO-VNS approaches significantly outperform the recent
FO approaches, and the FO-VNS approaches can be more outstanding on the solution quality with moderate computational effort.

1. Introduction

The stochastic multi-item capacitated lot-sizing problem (S-
MICLSP) and its setup carryover extension (also known as
linked lot size extension, in [1], abbreviated to “-L” ), S-
MICLSP-L, are designed to map an industrial optimization
problem in a realistic steel enterprise. The problem setting
is as follows: there are several types of steel products. These
products differ in various attributes: chemical composition
(mixture), width, thickness, shape (bar, rod, tube, pipe, plate,
sheet, etc.), microstructure (ferritic, pearlitic, martensitic,
etc.), physical strength, and other attributes. Usually, each
type of steel products should be used for only one particular
purpose, and each purpose can be satisfied by one or several
steel products. Hence, in this steel enterprise, a typical
production schedule is made based on the need of one
particular purpose, rather than the need of one particular
customer.There are two categories of production scheduling,
solid scheduling and flexible scheduling, applied in different

factories in this steel enterprise. The solid one schedules all
types of products simultaneously with a high frequency of
restarting production states, while the flexible one schedules
parts of the types simultaneously with a low frequency of
restarting production states. All of the production schedules
are made before the whole planning horizon. The problems
with these settings can be suitably mapped to S-MICLSP and
S-MICLSP-L.

Both S-MICLSP and S-MICLSP-L are stochastic gener-
alizations of the capacitated lot-sizing problems (CLSP, see
[2]) and they consider backlogging and setup carryovers
jointly. The deterministic CLSPs with backlogging or setup
carryovers individually have been tackled by various models
in the literature. We refer the interested readers to [3, 4] for
the most recent review on CLSPs. For the lot-sizing prob-
lems considering backlogging and setup carryovers jointly,
models were treated in [5–7]. Their problem formulations
were similar to [8], who first solved problems with setup
carryovers. All of the above studies focused on how to
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solve the lot-sizing problems by designing heuristics. As the
authors highlighted, although there is a significant amount of
research literature on CLSPs, the literature on problems that
consider backlogging and setup carryover jointly is rather
scarce.

In this paper, we assume that demand is continuously
stochastic which can cover majority of demand environ-
ment. Due to the model uncertainty, approximationmethods
are applied to reformulate the lot-sizing models for per-
forming deterministic mixed integer programming (MIP)
in the literature. Haugen et al. [9] generated subproblems
for each scenario solved heuristically to capture the nature
of demand uncertainty and specify a reasonable number
of representative scenarios. Brandimarte [10] modeled the
demand uncertainty through generating scenario trees. They
made the generated scenario trees match the first, second,
third, and fourth moments of the given distribution. The
scenario method or scenario-generated method can also be
found in [11–14]. Almost all approximation methods for lot-
sizing problems are scenario methods. Nevertheless, Miet-
zner and Reger [15] stated the advantages and disadvantages
of scenario methods. One of the crucial disadvantages is as
follows: to capture more properties of the uncertainty, the
approximated models should ensure an adequate number of
scenarios, but the practice of scenario methods can be very
time-consuming. This leads to the contradiction between
computational time and approximation accuracy. In the
following part, we will propose our approximation method
to overcome this drawback.

Since the approximated models can perform determin-
istic MIP, the methods used for deterministic CLSP and its
extensions can be also applied to the approximated models.
Historically, exact methods (branch & bound technique,
Lagrangian relaxation, cut-generation technique, etc.) and
metaheuristics (genetic algorithm, particle swarm optimiza-
tion, tabu search, etc.) are adopted in the deterministic lot-
sizing models. We refer interested readers to [16] for further
review. Recently, MIP-based heuristics are developed to solve
lot-sizing models since they combine the advantages of exact
methods and (meta-)heuristics. An MIP-based heuristic
shown to be outstanding is called fix-and-optimize (FO)
approach,which is proposed by Sahling et al. [17].The authors
presented three types of decomposition method: product
decomposition, resource decomposition, and time periods
decomposition. Based on the work of [17], variants of FO are
developed by [18–20]. However, all of the variants follow the
decomposition framework of [17].

Although FO exhibits its efficiency and effectiveness in
the literature, it follows a prespecified trajectory and hence
it is a local search method. This may result in low solution
quality. To enhance the search space of FO approach, one
can apply variable neighborhood search (VNS) proposed by
[21]. VNS is a metaheuristic which involves two key steps.
The first key step is using a local search method to obtain
local optimum and the second is systematically changing
the neighborhood structure of each local search. Unlike
other metaheuristics, VNS does not follow a prespecified
trajectory but explores increasingly distant neighborhoods
of the current incumbent solution. Since VNS can enhance

the search space, many integrative frameworks with VNS
are proposed to solve lot-sizing problems. Hindi et al. [22]
proposed an integrative Lagrangian relaxation- (LR-) VNS
framework for the CLSP with setup times and got good
feasible solutions. Zhao et al. [23] and Seeanner et al. [24]
developed another type of VNS, the so-called variable neigh-
borhood decomposition search (VNDS) to solve multilevel
lot-sizing problems, and provided promising computational
results. All of the above studies throw light upon solving lot-
sizing problems by combining VNS.

Newly, Chen [25] proposed an excellent integrative
framework combining FO and VNS for deterministic lot-
sizing problems. Since our models have “many-to-one”
demand structure, his framework cannot be applied to our
models. However, motivated from his work, we propose our
FO and integrative FO-VNS for our stochastic lot-sizing
problems. Compared with the work of [25], our proposed
FO allows capacity-infeasible (overtime cost is not zero)
solutions and can be applied to “many-to-one” demand
structure, while he prohibited capacity-infeasible solutions
and his framework was only valid for one-to-one demand
structure.Thus,we apply the integrative framework tomodels
without setup carryovers, S-MICLSP, and successfully extend
it to our setup carryovers version, S-MICLSP-L, while Chen
[25] only applied his framework to models without setup
carryovers.

In this paper, we follow a similar analytical procedure
of solving stochastic lot-sizing problems to the reviewed
literature. However, despite the above, our paper demon-
strates other unique characteristics which distinguish from
the existing related literature as follows:

(1) Derived from realistic industrial problems, we for-
mulate S-MICLSP and S-MICLSP-L models consid-
ering backlogging, production overtime, and initial
inventory at the same time, which is much more
complicated than the existingmodels in the literature.

(2) Wepropose a piecewise linearmethod to approximate
S-MICLSP and S-MICLSP-L models. This method
is simple and easy-to-implement, providing a good
trade-off between computational time and approxi-
mation accuracy. This method overcomes the draw-
back of scenarios generating on the computational
end.

(3) A new FO approach is proposed for our approx-
imated models. Differing from the decomposition
framework of [17], this approach decomposes the
main problem based on the combined information of
products, resources, demands, and time periods.

(4) An integrative VNS heuristic which uses FO as the
local search engine is proposed to solve our approx-
imated models. This combined approach is running
on a specially designed neighborhood structure.

The outline of this paper is structured as follows: we for-
mulate our S-MICLSP and S-MICLSP-L models and propose
our piecewise linear approximationmethod in Section 2. Our
proposed FO approach and combinedmethod (FO-VNS) are
described in Sections 3 and 4. Numerical experiments of
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the two approaches on instances generated from a realistic
case are presented in Section 5. In Section 6, the concluding
remarks as well as discussions on future research are pro-
vided. The generating method is lengthy and is relegated to
Appendix.

2. Models Formulation and Approximation

In this section, we first formulate S-MICLSP and S-MICLSP-
L models. To overcome the nonlinearity and intractability of
the models, we then propose a piecewise linear approxima-
tion method to reformulate the models. These approximated
models are deterministic and hence can be tractably solved
by our following proposed algorithms.

2.1. Model Description. In ourmodels, demands have no one-
to-one correspondence to products. Demands can be satisfied
by multiple products and categorized into different classes by
the purposes.We can use the term “demand class” to describe
one demand for purpose. The term “demand class” can help
readers recognize the unique structure of demands in our
models. But to avoid ambiguity, we equate the term “demand”
to the term “demand class” and use “demand” mostly in
the context. For detailed description, we make additional
assumptions as follows:

(i) General capacitated lot-sizing problems assumptions:

(a) lot-sizing for multiple products
(b) finite time of planning horizon
(c) initial inventories
(d) capacitated production resource
(e) decision before planning horizon

(ii) Demands assumptions:

(a) continuously randomized on a known distri-
bution with a finite support, independent, and

identically distributed from period to period for
each demand (class)

(b) many-to-one structure: each product can only
satisfy one demand (class), while each demand
(class) can be satisfied by multiple products

(iii) Big-bucket assumption (see [26]):

(a) permit the production of multiple products
during a single period

(iv) Linked lot sizes assumption (see [1]):

(a) the setup state of a resource to be carried over
from the current period to the next period

(v) Other assumptions:

(a) overtime production and backlogging setting
are allowed, with high penalty costs.

(b) no lead times
(c) expected cost minimization objective
(d) continuous variables for lot sizes

Note that the overtime production is allowed since the
requirement of flexibility. This assumption is often used
in practice if no feasible production plan could be found
otherwise the following two facts: one is the production
capacity limits are frequently “soft” as machines could run
longer than the planned daily operating time, the other one
is the total volume of production could be increased slightly
if machines could run below their technical limits by default.

Using the symbols given in Notations, the S-MICLSP can
be formulated as given below.

min ∑
𝑡∈T

(∑
𝑖∈P

(𝑓𝑖𝑋𝑖𝑡 + 𝑝𝑖𝑄𝑖𝑡 + ℎ𝑖𝐸 [𝐼𝑖𝑡]) + ∑
𝑗∈D

𝑏𝑗𝐸 [𝐵𝑗𝑡] + ∑
𝑟∈R

oc𝑟𝑂𝑟𝑡) (1)

subject to constraints

𝐼𝑖𝑡 = 𝐼𝑖,𝑡−1 + 𝑄𝑖𝑡 − ∑
𝑗∈D𝑖

𝑆𝑖𝑗𝑡, 𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇, (2)

𝐵𝑗𝑡 = [[∑𝑖∈P𝑗
𝑆𝑖𝑗𝑡𝑒𝑖𝑗 − 𝐷𝑗𝑡 − 𝐵𝑗,𝑡−1]]

−

,
𝐵𝑗0 = 0, 𝑗 ∈ D, 𝑡 = 1, . . . , 𝑇,

(3)

∑
𝑗∈D𝑖

𝑆𝑖𝑗𝑡 ⩽ 𝑄𝑖𝑡 + 𝐼𝑖,𝑡−1, 𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇, (4)

∑
𝑖∈P𝑟

(𝑐𝑖𝑄𝑖𝑡 + st𝑖𝑋𝑖𝑡) ⩽ 𝑘𝑟 + 𝑂𝑟𝑡,
𝑟 ∈R, 𝑡 = 1, . . . , 𝑇,

(5)

𝑐𝑖𝑄𝑖𝑡 ⩽ 𝑚𝑖𝑋𝑖𝑡, 𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇, (6)

𝑆𝑖𝑗𝑡, 𝑄𝑖𝑡, 𝑂𝑟𝑡 ⩾ 0,
𝑖 ∈ P, 𝑗 ∈ D𝑖, 𝑟 ∈R, 𝑡 = 1, . . . , 𝑇, (7)

𝑋𝑖𝑡 ∈ {0, 1} , 𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇. (8)

The objective function (1) to beminimized is the sum of setup
costs, production costs, inventory holding costs, backlogging
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penalty costs, and overtime costs. Constraints (2) and (3)
are the inventory-balanced equations that each demand
(class) can be satisfied by multiple products. Additionally,
constraints (4) imply that the quantity of one product used
to fulfill one demand (class) should not exceed the sum
of inventory and production quantity. Constraints (5) give
the capacity constraint of each resource in each period with
overtime. Constraints (6) are the coupling constraints linking
each production variable 𝑄𝑖𝑡 with its corresponding setup
variables𝑋𝑖𝑡, where the choice of each large positive number𝑚𝑖must not limit any feasible production quantity of product𝑖 in period 𝑡. The coupling constraints imply that 𝑄𝑖𝑡 = 0 if

𝑋𝑖𝑡 = 0 for all 𝑖 and 𝑡. The nonnegative real or binary nature
of each variable in the model is indicated by constraints (7)
and (8).

The S-MICLSP-L allows the setup state of each resource
to be carried over from the current period to the next
period. To formulate the S-MICLSP-L, additional binary vari-
ables indicating setup carryovers and additional constraints
linking the setup state variables with the setup carryover
variables are required. We adopt the formulation of [27]
with overtime. Additional variables can also be found in
Notations. The S-MICLSP-L can be formulated as given
below.

min ∑
𝑡∈T

(∑
𝑖∈P

(𝑓𝑖 [𝑋𝑖𝑡 − 𝑍𝑖𝑡] + 𝑝𝑖𝑄𝑖𝑡 + ℎ𝑖𝐸 [𝐼𝑖𝑡]) + ∑
𝑗∈D

𝑏𝑗𝐸 [𝐵𝑗𝑡] + ∑
𝑟∈R

oc𝑟𝑂𝑟𝑡) (9)

subject to constraints (2)∼(4), (6)∼(8), and constraints

∑
𝑖∈P𝑟

(𝑐𝑖𝑄𝑖𝑡 + 𝑠𝑡𝑖 [𝑋𝑖𝑡 − 𝑍𝑖𝑡]) ⩽ 𝑘𝑟 + 𝑂𝑟𝑡,
𝑟 ∈R, 𝑡 = 1, . . . , 𝑇,

(10)

∑
𝑖∈P𝑟

𝑍𝑖𝑡 ⩽ 1, 𝑟 ∈R, 𝑡 = 1, . . . , 𝑇, (11)

𝑍𝑖𝑡 ⩽ 𝑋𝑖𝑡,
𝑍𝑖𝑡 ⩽ 𝑋𝑖,𝑡−1,

𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇,
(12)

P𝑟 (2 − 𝑍𝑖𝑡 − 𝑍𝑖,𝑡+1) + 1 ⩾ ∑
𝑖∈P𝑟

𝑋𝑖𝑡,
𝑖 ∈ P𝑟, 𝑡 = 1, . . . , 𝑇,

(13)

𝑍𝑖𝑡 ∈ {0, 1} ,
𝑍𝑖1 = 0,

𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇.
(14)

Constraints (10) are similar to constraints (5). Constraints (11)
imply that, in each period, the setup carryover of a resource
is possible only for at most one product. Constraints (12)
indicate that the setup carryover of a resource for product 𝑖
occurs in period 𝑡 only if the resource is set up for the item in
both periods 𝑡−1 and 𝑡. Constraints (13) indicatemultiperiod
setup carryovers. Constraints (14) specify the binary nature of
setup carryover variables.

2.2. Piecewise Linear Approximation. Both 𝐸[𝐼𝑖𝑡] and 𝐸[𝐵𝑗𝑡]
in S-MICLSP and S-MICLSP-Lmodels are nonlinear stochas-
tic functions. We have specified the continuous nature of
demand uncertainty. Thus it is intractable to solve these
models. We could apply scenario method to approximate the
models. However, we have discussed in Section 1 that the

computational efforts can be unacceptable and the precision
of approximation can be low. Fortunately, it is possible to
replace the functions of 𝐸[𝐼𝑖𝑡] and 𝐸[𝐵𝑗𝑡] by suitably chosen
piecewise linear functions. The functions of 𝐸[𝐼𝑖𝑡] and 𝐸[𝐵𝑗𝑡]
can be approximated as follows. Let 𝑞𝑗𝑡 denote the total
amount available to fill the cumulated demand 𝑗 from period1 to period 𝑡 (cumulated quantity produced up to period𝑡 plus initial inventory in period 1). Let 𝑦𝑗𝑡 denote the
cumulated demand from period 1 up to period 𝑡 and let 𝑓𝑦𝑗𝑡
denote the associated density function. Denote 𝐸[𝐼𝑗𝑡](𝑞𝑗𝑡) the
expected physical inventory on hand at the end of period 𝑡 for
demand 𝑗 corresponding to 𝑞𝑗𝑡. Then consequently 𝐸[𝐼𝑗𝑡](𝑞𝑗𝑡)
is equal to

𝐸 [𝐼𝑗𝑡](𝑞𝑗𝑡) = ∫
𝑞𝑗𝑡

0
(𝑞𝑗𝑡 − 𝑦𝑗𝑡) ⋅ 𝑓𝑦𝑗𝑡 (𝑦𝑗𝑡) d𝑦𝑗𝑡

= 𝑞𝑗𝑡 − 𝐸 [𝑦𝑗𝑡] + ∫∞
𝑞𝑗𝑡

(𝑦𝑗𝑡 − 𝑞𝑗𝑡)
⋅ 𝑓𝑦𝑗𝑡 (𝑦𝑗𝑡) d𝑦𝑗𝑡

= 𝑞𝑗𝑡 − 𝐸 [𝑦𝑗𝑡] + 𝑃𝑦𝑗𝑡 (𝑞𝑗𝑡) ,

(15)

where 𝑃𝑦𝑗𝑡(𝑞𝑗𝑡) is the well-known expected loss function or
the failure function of the random variable 𝑦𝑗𝑡 with respect
to the quantity 𝑞𝑗𝑡. Figure 1 illustrates the function 𝑃𝑦𝑗𝑡(𝑞𝑗𝑡).

A backlog of demand 𝑗 occurs at the end of period 𝑡, if
the cumulated demand up to period 𝑡, 𝑦𝑗𝑡, is greater than the
cumulated production quantity up to period 𝑡, 𝑞𝑗𝑡. Hence the
expected backlog of demand 𝑗 at the end of period 𝑡, denoted
by 𝐸[𝐼end𝑗𝑡 ](𝑞𝑗𝑡), is

𝐸 [𝐼end𝑗𝑡 ](𝑞𝑗𝑡) = ∫
∞

𝑞𝑗𝑡

(𝑦𝑗𝑡 − 𝑞𝑗𝑡) ⋅ 𝑓𝑦𝑗𝑡 (𝑦𝑗𝑡) d𝑦𝑗𝑡
= 𝑃𝑦𝑗𝑡 (𝑞𝑗𝑡) .

(16)

Consider the backlog just after production but before demand
occurrence in period 𝑡. This backlog cannot be affected by
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Figure 1: Illustration of piecewise linear approximation for 𝑃𝑦𝑗𝑡 (𝑞𝑗𝑡) with segments number 𝐿 = 3.
demand since demand does not occur. Hence the expected
backlog just after production but before demand occurrence
of demand 𝑗 corresponding to 𝑞𝑗𝑡 in period 𝑡, denoted by

𝐸[𝐼prod𝑗𝑡 ](𝑞𝑗𝑡), is
𝐸 [𝐼prod𝑗𝑡 ]

(𝑞𝑗𝑡)
= ∫∞
𝑞𝑗𝑡

(𝑦𝑗,𝑡−1 − 𝑞𝑗𝑡)
⋅ 𝑓𝑦𝑗,𝑡−1 (𝑦𝑗,𝑡−1) d𝑦𝑗,𝑡−1 = 𝑃𝑦𝑗,𝑡−1 (𝑞𝑗𝑡) .

(17)

The expected backlog number of demand 𝑗 in period 𝑡 can be
expressed as the difference between the backlog at the end of
period 𝑡 and the expected backlog just after production but
before demand occurrence of period 𝑡.

𝐸 [𝐵𝑗𝑡](𝑞𝑗𝑡) = 𝐸 [𝐼end𝑗𝑡 ] − 𝐸 [𝐼prod𝑗𝑡 ]
= 𝑃𝑦𝑗𝑡 (𝑞𝑗𝑡) − 𝑃𝑦𝑗,𝑡−1 (𝑞𝑗𝑡) .

(18)

Define 𝐿 line segments with interval limits 𝑢𝑙𝑗𝑡 for demand𝑗 that mark the cumulated production up to period 𝑡. Let𝑢0𝑗𝑡 be the lower limit of the relevant region for demand 𝑗.
Accordingly, the slope of the inventory on hand function for
the line segment 𝑙 is
𝑎𝑙𝐼𝑗𝑡 =

[𝐸 [𝐼𝑗𝑡](𝑢𝑙𝑗𝑡) − 𝐸 [𝐼𝑗𝑡](𝑢𝑙−1𝑗𝑡 )][𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡 ]
= [𝑢𝑙𝑗𝑡 − 𝐸 [𝑦𝑗𝑡] + 𝑃𝑦𝑗𝑡 (𝑢𝑙𝑗𝑡)] − [𝑢𝑙−1𝑗𝑡 − 𝐸 [𝑦𝑗𝑡] + 𝑃𝑦𝑗𝑡 (𝑢𝑙−1𝑗𝑡 )]𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡
= [𝑢𝑙𝑗𝑡 + 𝑃𝑦𝑗𝑡 (𝑢𝑙𝑗𝑡)] − [𝑢𝑙−1𝑗𝑡 + 𝑃𝑦𝑗𝑡 (𝑢𝑙−1𝑗𝑡 )]𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡 .

(19)

Similar to the above calculation, the nonlinear function of
backlogging in period 𝑡 can be approximated, whereby the
slope can be calculated as

𝑎𝑙𝐵𝑗𝑡
= [𝑃𝑦𝑗𝑡 (𝑢𝑙𝑗𝑡) − 𝑃𝑦𝑗,𝑡−1 (𝑢𝑙𝑗𝑡)] − [𝑃𝑦𝑗𝑡 (𝑢𝑙−1𝑗𝑡 ) − 𝑃𝑦𝑗,𝑡−1 (𝑢𝑙−1𝑗𝑡 )]𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡 . (20)

Both 𝑎𝑙𝐼𝑗𝑡 and 𝑎𝑙𝐵𝑗𝑡 are calculated from the function 𝑃𝑦𝑗𝑡(𝑞𝑗𝑡)
when 𝐿 segments are defined (see Figure 1). Once slope values
of expected inventories and backlogging can be found from
the distribution of the random variable 𝑦𝑗𝑡, 𝑗 ∈ D, 𝑡 ∈ T,
we can approximate the original model in the following. Let𝑤𝑙𝑖𝑗𝑡 be the production quantity of product 𝑖 for demand 𝑗
in period 𝑡 associated with interval 𝑙. As 𝑃𝑦𝑗𝑡(𝑥) is convex,∑𝑖∈P𝑗(𝑤𝑙𝑖𝑗𝑡/𝑒𝑖𝑗) ⩽ 𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡 should be satisfied. Also, 𝑞𝑖𝑗𝑡 =∑𝐿𝑙=1 𝑤𝑙𝑖𝑗𝑡 is the cumulated production quantity of product𝑖 for demand 𝑗 up to period 𝑡 and 𝑞𝑖𝑗𝑡 = 𝑞𝑖𝑗𝑡 − 𝑞𝑖𝑗,𝑡−1
(see Figure 1). Thus constraints (2)∼(4) can be rewritten. We
introduce the slope values into the model. Let 𝑎0𝐼𝑗𝑡 be the
expected inventory and 𝑎0𝐵𝑗𝑡 be the expected backlogging at
point 𝑢0𝑗𝑡. In that sense, the physical inventory of product 𝑖
in period 𝑡 can be approximated as 𝐸[𝐼𝑖𝑡] ≈ ∑𝑗∈D𝑖(𝑎0𝐼𝑗𝑡 +∑𝐿𝑙=1 𝑎𝑙𝐼𝑗𝑡𝑤𝑙𝑖𝑗𝑡), and the backlog number can be approximated
as 𝐸[𝐵𝑗𝑡] ≈ ∑𝑖∈P𝑗(𝑎0𝐵𝑗𝑡 +∑𝐿𝑙=1 𝑎𝑙𝐵𝑗𝑡(𝑤𝑙𝑖𝑗𝑡/𝑒𝑖𝑗)). All the additional
symbols in this section are listed in Notations. The following
linear approximated S-MICLSP is obtained:

min ∑
𝑡∈T

(∑
𝑖∈P

(𝑓𝑖𝑋𝑖𝑡 + 𝑝𝑖 ∑
𝑗∈D𝑖

𝑞𝑖𝑗𝑡) + ∑
𝑖∈P

ℎ𝑖
⋅ ∑
𝑗∈D𝑖

[𝑎0𝐼𝑗𝑡 +
𝐿∑
𝑙=1

𝑎𝑙𝐼𝑗𝑡𝑤𝑙𝑖𝑗𝑡]

+ ∑
𝑗∈D

𝑏𝑗 ⋅ ∑
𝑖∈P𝑗

[
[𝑎
0
𝐵𝑗𝑡
+ 𝐿∑
𝑙=1

𝑎𝑙𝐵𝑗𝑡 𝑤
𝑙
𝑖𝑗𝑡𝑒𝑖𝑗 ]] + ∑𝑟∈Roc𝑟𝑂𝑟𝑡)

(21)

subject to constraints (8) and constraints

𝐿∑
𝑙=1

𝑤𝑙𝑖𝑗,𝑡−1 ⩽ 𝐿∑
𝑙=1

𝑤𝑙𝑖𝑗𝑡, 𝑗 ∈ D, 𝑖 ∈ P𝑗, 𝑡 = 2, . . . , 𝑇, (22)

∑
𝑖∈P𝑗

𝑤𝑙𝑖𝑗𝑡𝑒𝑖𝑗 ⩽ 𝑢𝑙𝑗𝑡 − 𝑢𝑙−1𝑗𝑡 ,
𝑗 ∈ D, 𝑙 = 1, . . . , 𝐿, 𝑡 = 1, . . . , 𝑇,

(23)
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𝐿∑
𝑙=1

𝑤𝑙𝑖𝑗𝑡 − 𝐿∑
𝑙=1

𝑤𝑙𝑖𝑗,𝑡−1 = 𝑞𝑖𝑗𝑡,
𝑗 ∈ D, 𝑖 ∈ P𝑗, 𝑡 = 1, . . . , 𝑇,

(24)

∑
𝑖∈P𝑟

(𝑐𝑖 ∑
𝑗∈D𝑖

𝑞𝑖𝑗𝑡 + st𝑖𝑋𝑖𝑡) ⩽ 𝑘𝑟 + 𝑂𝑟𝑡,
𝑟 ∈R, 𝑡 = 1, . . . , 𝑇,

(25)

𝑐𝑖 ∑
𝑗∈D𝑖

𝑞𝑖𝑗𝑡 ⩽ 𝑚𝑖𝑋𝑖𝑡, 𝑖 ∈ P, 𝑡 = 1, . . . , 𝑇, (26)

𝑂𝑟𝑡, 𝑤𝑙𝑖𝑗𝑡 ⩾ 0,
𝑗 ∈ D, 𝑖 ∈ P𝑗, 𝑙 = 1, . . . , 𝐿, 𝑟 ∈R, 𝑡 = 1, . . . , 𝑇. (27)

Constraints (22)∼(24) are approximated constraints of (2)∼
(4) by piecewise linear approximation. Constraints (25)∼(27)
are similar to constraints (5)∼(7).

The linear approximated S-MICLSP-L is as follows:

min ∑
𝑡∈T

(∑
𝑖∈P

(𝑓𝑖 [𝑋𝑖𝑡 − 𝑍𝑖𝑡] + 𝑝𝑖 ∑
𝑗∈D𝑖

𝑞𝑖𝑗𝑡) + ∑
𝑖∈P

ℎ𝑖 ⋅ ∑
𝑗∈D𝑖

[𝑎0𝐼𝑗𝑡 +
𝐿∑
𝑙=1

𝑎𝑙𝐼𝑗𝑡𝑤𝑙𝑖𝑗𝑡] + ∑
𝑗∈D

𝑏𝑗 ⋅ ∑
𝑖∈P𝑗

[
[𝑎
0
𝐵𝑗𝑡
+ 𝐿∑
𝑙=1

𝑎𝑙𝐵𝑗𝑡 𝑤
𝑙
𝑖𝑗𝑡𝑒𝑖𝑗 ]] + ∑𝑟∈Roc𝑟𝑂𝑟𝑡) (28)

subject to constraints (22)∼(24), (26)∼(27), (8), and (11)∼(14)
and constraints

∑
𝑖∈P𝑟

(𝑐𝑖 ∑
𝑗∈D𝑖

𝑞𝑖𝑗𝑡 + st𝑖 (𝑋𝑖𝑡 − 𝑍𝑖𝑡)) ⩽ 𝑘𝑟 + 𝑂𝑟𝑡,
𝑟 ∈R, 𝑡 = 1, . . . , 𝑇.

(29)

Constraints (29) are similar to constraints (25).
Models (21) and (28) are both deterministic models;

hence these models can be tractably solved by our next
proposed algorithms.

3. New Fix-and-Optimize (FO) Approach

In the FO approach of [17], a series of MIP subproblems is
solved in each of which most of the binary setup variables are
tentatively fixed to 0 or 1. Only a subset of binary variables
of the original model is treated as decision variables and
“optimized” by a run of an MIP solver. MIP subproblems are
generated using three types of basic decompositions, product
decomposition, resource decomposition, and time periods
decomposition. The authors also proposed three more com-
bined decomposition methods: (1) product decomposition
first and then resource decomposition, (2) product decom-
position first and then time periods decomposition, and (3)
product decomposition first, then resource decomposition,
and finally time periods decomposition. Figure 2 exemplifies
the FO approach of product decomposition with 4 products.
In this section, we will propose our FO approach, which
differs from [17]. In the following, we first define the so-called
“𝑘-degree-connection” to combine the decision of resources,
products, demands, and time periods. Then the subproblems
of the fix-and-optimize approach can be redefined based on
the concept “𝑘-degree-connection” (as we have discussed
before, our models have “many-to-one” demand structure;
we need to state that, in the work of [25], a similar concept
“Interrelatedness” is defined; however, his concept is for
one-to-one demand structure and cannot be applied to our
models). Finally, we present our FO approach for both the S-
MICLSP and S-MICLSP-L models.

3.1. Definition of “𝑘-Degree-Connection”. In S-MICLSP, the
binary setup variables are closely connected to other decision
variables. We can infer from constraints (26) that if the
setup variable 𝑋𝑖𝑡 is set to be zero, no production can be
planned in this period. If the setup variable 𝑋𝑖𝑡 is set to be
one, the corresponding production 𝑞𝑖𝑗𝑡 can be made. If the
value of 𝑞𝑖𝑗𝑡 changes, the value of 𝑞𝑖,𝑗,𝑡−1 and 𝑞𝑖,𝑗,𝑡+1 may also
change due to constraints (24). The change of 𝑋𝑖𝑡 may also
cause the change of 𝑞𝑖 ,𝑗,𝑡, whereby D𝑖 = D𝑖 = 𝑗, due to
constraints (23). Similarly, the change of 𝑋𝑖𝑡 may also cause
the change of 𝑞𝑖 ,𝑗,𝑡, whereby 𝑖, 𝑖 ∈ P𝑟, 𝑟 ∈ R, due to
constraints (25).

First we define “1-degree-connection.” Let Ω̃ = {𝑋𝑖𝑡 | 𝑖 ∈
P, 𝑡 ∈ T} denote the set of all binary setup variables. We say
two setup variables 𝑋𝑖𝑡 ∈ Ω̃ and 𝑋𝑖𝑡 ∈ Ω̃ have “1-degree-
connection” or 𝑋𝑖𝑡 is “1-degree-connected” to 𝑋𝑖𝑡 if one of
the following conditions holds:

(1) Period time 𝑡 and period time 𝑡 are consecutive; that
is, 𝑖 = 𝑖 and 𝑡 ∈ {𝑡 − 1, 𝑡 + 1};

(2) Product 𝑖 and 𝑖 both satisfy demand 𝑗; that is, D𝑖 =
D𝑖 = 𝑗 and 𝑡 = 𝑡;

(3) Product 𝑖 and 𝑖 are produced by the same resource 𝑟;
that is, 𝑖, 𝑖 ∈ P𝑟 and 𝑡 = 𝑡;

then we can define the set of binary setup variables that are
“1-degree-connected” to𝑋𝑖𝑡, denoted by DC(𝑋𝑖𝑡), as follows:

DC (𝑋𝑖𝑡) = {𝑋𝑖,𝑡−1, 𝑋𝑖𝑡, 𝑋𝑖,𝑡+1}
∪ {𝑋𝑖𝑡 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑋𝑖𝑡 | 𝑖, 𝑖 ∈ P𝑟} .

(30)

For any 𝑋𝑖𝑡 ∈ S ⊆ Ω̃, whereby S is a subset of all binary
setup variables Ω̃, the set of binary setup variables that are
“1-degree-connected” to S, denoted by DC(S), is given by

DC (S) = {{𝑋𝑖,𝑡−1, 𝑋𝑖𝑡, 𝑋𝑖,𝑡+1} ∪ {𝑋𝑖𝑡 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑋𝑖𝑡 | 𝑖, 𝑖 ∈ P𝑟} | 𝑋𝑖𝑡 ∈ S} . (31)
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Figure 2: Example of fix-and-optimize with product decomposition.

(1) Set an initial feasible solution of the model,𝑋𝑖𝑡 = 1 for all 𝑖 and 𝑡
(2) 𝑖𝑡𝑒𝑟 = 0
(3) repeat
(4) 𝑖𝑡𝑒𝑟 = 𝑖𝑡𝑒𝑟 + 1
(5) Choose a pair (𝑖, 𝑡) from (N ×T) randomly with the same probability for each element inN ×T

(6) Solve the subproblem SP𝑘𝑖𝑡: Fix DC
𝑘(𝑋) and re-optimized DC𝑘(𝑋).

(7) if the solution of SP𝑘𝑖𝑡,𝑋SP𝑘
𝑖𝑡
has lower costs than the current solution𝑋 then

(8) 𝑋 = 𝑋SP𝑘
𝑖𝑡

(9) 𝑖𝑡𝑒𝑟 = 0
(10) end if
(11) until 𝑖𝑡𝑒𝑟 ⩾ 𝑛

Algorithm 1: Fix-and-Optimize algorithm with parameters (𝑘, 𝑛).

Now we can continue to define “2-degree-connection” based
on “1-degree-connection.” We say two binary setup vari-
ables 𝑋𝑖𝑡 and 𝑋𝑖𝑡 have “2-degree-connection” or 𝑋𝑖𝑡 is “2-
degree-connected” to 𝑋𝑖𝑡 if there exists a setup variable𝑋𝑖1 ,𝑡1 ∈ Ω̃ such that both 𝑋𝑖𝑡 and 𝑋𝑖𝑡 are “1-degree-
connected” to 𝑋𝑖1 ,𝑡1 . Based on the previous definitions, “3-
degree-connection,” “4-degree-connection”,. . ., “𝑘-degree-
connection” can be defined by induction. Then the sets
DC2(𝑋𝑖𝑡), DC3(𝑋𝑖𝑡), . . . ,DC𝑘(𝑋𝑖𝑡) can be defined.

Similar to “1-degree-connection”, we can define the set
of binary setup variables that are “𝑘-degree-connected” toS,
denoted by DC(S), as follows:

DC𝑘 (S) = DC (DC𝑘−1 (S)) , 𝑘 ⩾ 1. (32)

Without ambiguity, we define “0-degree-connection” for
completeness as follows, if two binary setup variables𝑋𝑖𝑡 and 𝑋𝑖𝑡 are “0-degree-connected” or have “0-degree-
connection” if and only if 𝑖 = 𝑖 and 𝑡 = 𝑡. Hence, the
definition of “𝑘-degree-connection” is reflexive, transitive,
and symmetric.

3.2. New FO Approach for S-MICLSP. Note that our FO
approach solves a series of subproblems iteratively.The key to
defining subproblems of our FO approach is to clarify which𝑋𝑖𝑡 should be reoptimized and which 𝑋𝑖𝑡 should be fixed
in each iteration. In the following, we apply the concept of
“𝑘-degree-connection” to decompose S-MICLSP and define
subproblems of our FO approach. However, we also need
some complementary definitions of “𝑘-degree-connection.”

Recall the set of all binary setup variables, Ω̃ = {𝑋𝑖𝑡 | 𝑖 ∈
P, 𝑡 ∈ T}. For any binary setup variable, 𝑋𝑖𝑡 ∈ Ω̃, we define
the complement set of DC𝑘(𝑋𝑖𝑡) denoted by DC𝑘(𝑋𝑖𝑡) =Ω̃ \ DC𝑘(𝑋𝑖𝑡), which is the set of binary setup variables that
are not “𝑘-degree-connected” to𝑋𝑖𝑡.

The subproblems of level 𝑘 associated with 𝑋𝑖𝑡, denoted
by SP𝑘𝑖𝑡, are simple and are defined in the following: DC𝑘(𝑋𝑖𝑡)
is fixed and DC𝑘(𝑋𝑖𝑡) is reoptimized. In this definition, we
need to point out 𝑘 is a control parameter and the bigger the
level 𝑘 is, the more binary setup variables are reoptimized in
the corresponding subproblem SP𝑘𝑖𝑡. Due to this reason, we
limit the maximum number of 𝑘 to 3 for each subproblem
SP𝑘𝑖𝑡 in the following numerical experiments of Section 5.

To describe our FO approach, we denote 𝑋 = {𝑋𝑖𝑡, 𝑖 ∈
P, 𝑡 ∈ T} a setup plan or a setup solution of the model. Also,𝑋 is called the values of all setup variables at a solution of
the model. Note that our FO approach allows the capacity-
infeasible solutions in each loop of solving subproblems,
while Chen [25] only selected capacity-feasible solutions. We
present the pseudocode of our FO approach in Algorithm 1.

Note that, from the pseudocode of Algorithm 1, we only
choose a pair (𝑖, 𝑡) fromN ×T in each iteration. Hence, the
number of possible subproblems is 𝑁 × 𝑇, where 𝑁 is the
number of the items and 𝑇 is the number of periods. The
number of iterations, 𝑛, is another control parameter of the
approach. Since 𝑁 × 𝑇 may be very big and it may be too
time-consuming for the approach to terminate after 𝑁 × 𝑇
iterations, we need to take an appropriate 𝑛 that is equal to or
smaller than𝑁 × 𝑇 in the numerical simulation.
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3.3. New FO Approach for S-MICLSP-L. Before we propose
the new FO approach for S-MICLSP-L, we need to define the
“𝑘-degree-connection” of the setup carryover variables𝑍𝑖𝑡 in
a similar way and extend the scope of “𝑘-degree-connection”
of 𝑋𝑖𝑡. If 𝑍𝑖𝑡 changes, it may cause the change of the setup
carryover variable 𝑍𝑖𝑡, whereby D𝑖 = D𝑖 = 𝑗. The change
of 𝑍𝑖𝑡 can also cause the change of the consecutive setup
carryover variables 𝑍𝑖−1,𝑡 and 𝑍𝑖+1,𝑡 by the consecutive setup
carryover constraints. From the resource constraints, we can
infer that if 𝑍𝑖𝑡 changes, 𝑍𝑖𝑡 may change, whereby 𝑖, 𝑖 ∈ P𝑟.

An observation shows that 𝑍𝑖𝑡 is restricted by 𝑋𝑖𝑡.
Conversely, if 𝑍𝑖𝑡 changes, 𝑋𝑖𝑡 may change according to the
constraints of the model.The change of𝑍𝑖𝑡 can also influence𝑋𝑖 ,𝑡 and 𝑋𝑖 ,𝑡−1 whereby D𝑖 = D𝑖 = 𝑗 or 𝑖, 𝑖 ∈ P𝑟.
Now we can define DC𝑍(𝑍𝑖𝑡) (the subscript 𝑍 indicates the
approach for S-MICLSP-L), the set of binary variables that
are “1-degree-connected” to𝑍𝑖𝑡, or the set of binary variables
that have “1-degree-connection” with 𝑍𝑖𝑡 as follows:

DC𝑍 (𝑍𝑖𝑡) = {𝑍𝑖,𝑡−1, 𝑍𝑖𝑡, 𝑍𝑖,𝑡+1}
∪ {𝑍𝑖𝑡 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑍𝑖𝑡 | 𝑖, 𝑖 ∈ P𝑟} ∪ {𝑋𝑖,𝑡−1, 𝑋𝑖𝑡}
∪ {𝑋𝑖 ,𝑡−1, 𝑋𝑖𝑡 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑋𝑖 ,𝑡−1, 𝑋𝑖𝑡 | 𝑖, 𝑖 ∈ P𝑟} .

(33)

The definition of “𝑘-degree-connection” for 𝑍𝑖𝑡, DC𝑘𝑍(𝑍𝑖𝑡) is
similar. We say that 𝑍𝑖𝑡 and 𝑍𝑖𝑡 have “connection” or 𝑍𝑖𝑡 is
“connected” to 𝑍𝑖𝑡 if there is a finite integer 𝑘 ⩾ 1 such that
they are “𝑘-degree-connected.”

Respectively, we need to redefine DC(𝑋𝑖𝑡) (we use
another denotation DC𝑍(𝑋𝑖𝑡) for S-MICLSP-L), the set of
binary variables that is “1-degree-connected” to 𝑋𝑖𝑡, or the
set of binary variables that have “1-degree-connection” with𝑋𝑖𝑡 as follows:

DC𝑍 (𝑋𝑖𝑡) = {𝑋𝑖,𝑡−1, 𝑋𝑖𝑡, 𝑋𝑖,𝑡+1}
∪ {𝑋𝑖𝑡 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑋𝑖𝑡 | 𝑖, 𝑖 ∈ P𝑟} ∪ {𝑍𝑖𝑡, 𝑍𝑖,𝑡+1}
∪ {𝑍𝑖𝑡, 𝑍𝑖 ,𝑡+1 | D𝑖 = D𝑖 = 𝑗}
∪ {𝑍𝑖𝑡, 𝑍𝑖 ,𝑡+1 | 𝑖, 𝑖 ∈ P𝑟} .

(34)

With the “1-degree-connection” of𝑋𝑖𝑡 defined above, we can
similarly derive the new definition of “𝑘-degree-connection”
for 𝑋𝑖𝑡 as previously described. Based on the new defini-
tion of “𝑘-degree-connection” for 𝑋𝑖𝑡, we can define the
subproblems for S-MICLSP-L, with defining the fix binary
variables set DC𝑍(𝑋𝑖𝑡) and the reoptimized binary variables
set DC𝑍(𝑋𝑖𝑡), for any binary setup variable𝑋𝑖𝑡 or pair (𝑖, 𝑡) ∈
N×T.The fix-and-optimize approach for S-MICLSP-L is the

same as S-MICLSP, except that their definitions of DC𝑍(𝑋𝑖𝑡)
and DC𝑍(𝑍𝑖𝑡) are different.
4. Integrative FO and Variable Neighborhood
Search (VNS) Approach

We have stated that FO is a local method in Section 1.
Since the structure of the feasible-solution set defined by
the concept “𝑘-degree-connection” can be relatively large,
the solution searched by the FO approach can only be a
local optimum in most cases. In order to find a global
optimum, or a solution close to the global optimum, Chen
[25] proposed an excellent framework which integrates FO
and VNS. In his paper, the integrative framework empha-
sized great performances comparing to his FO approach.
In this section, we partly adopt the framework and pro-
pose our integrative FO-VNS approach for the S-MICLSP
and S-MICLSP-L. The main novelty in contrast to [25] is
that our FO-VNS can be extended to models with setup
carryovers.

4.1. Integrative FO-VNS for S-MICLSP. To describe our FO-
VNS approach, we will use symbols as shown in Notations.
To integrate VNS with our FO approach, we need to pre-
define a finite set of neighborhood structures 𝐺𝑦(𝑋), 𝑦 =1, 2, . . . , 𝑦max, with 𝐺1(𝑋) ⊆ 𝐺2(𝑋) ⊆ ⋅ ⋅ ⋅ ⊆ 𝐺𝑦max

(𝑋), where𝑦 is the neighborhood index. 𝐺𝑦(𝑋) can be defined as (35),
where 𝑞𝑦 is an integer associated with neighborhood index 𝑦.
𝐺𝑦 (𝑋) = {𝑋𝑖𝑡, 𝑖 ∈ P, 𝑡
∈ T | 𝑁∑

𝑖=1

𝑇∑
𝑡=1

(𝑋𝑖𝑡 (1 − 𝑋𝑖𝑡) + 𝑋𝑖𝑡 (1 − 𝑋𝑖𝑡)) ⩽ 𝑞𝑦} .
(35)

We also define model S-MICLSP(𝑋, 𝑞𝑦, 𝑘), which is a linear
relaxation model allowing 0 ⩽ 𝑋𝑖𝑡 ⩽ 1 derived from the
original model by adding constraint (35) to it, where 𝑘 is
the subproblem level described in Section 3. In the FO-VNS
approach for S-MICLSP, we obtain the local optimum of S-
MICLSP(𝑋, 𝑞𝑦, 𝑘) by applying our proposed FO approach in
Section 3 as local search engine.

To enhance the search space, we need to shake the
starting solution generated by each local search loop. In
the shaking procedure, we apply our proposed FO approach
as the swapping generator. We define the swapping initial
solution 𝑋𝑖𝑡, which can possibly change from 𝑋𝑖𝑡 = 𝑋𝑖𝑡
to 𝑋𝑖𝑡 = 1 − 𝑋𝑖𝑡, and use 𝑋𝑖𝑡 to define the subproblems
of the FO generator. We also use a tabu list to keep the
diversity realized by all previous shaking. Our shaking pro-
cedure is similar to [25] except for the swapping generator.
With the above descriptions and notations, our FO-VNS
approach for the model can be presented in pseudocode (see
Algorithm 2).

4.2. Integrative FO-VNS for S-MICLSP-L. Due to the sophis-
ticated multilevel structure, Chen [25] did not present the



Mathematical Problems in Engineering 9

(1) Set an initial feasible solution𝑋0 of the model
(2) 𝑋 =𝑋0,𝑋∗ =𝑋0, and 𝑦 = 1
(3) repeat
(4) (local search) Apply the new FO approach as local search engine to solve S-MICLSP(𝑋, 𝑞𝑦), with the neighborhood

constraint 𝐺𝑦(𝑋). Then𝑋 is obtained.
(5) if 𝑋 is better than the incumbent 𝑋∗ then
(6) 𝑋∗ =𝑋, 𝑋 =𝑋, and 𝑦 = 1
(7) else
(8) 𝑋 =𝑋∗, and 𝑦 = 𝑦 + 1
(9) if 𝑦 ⩾ 𝑦max then
(10) 𝑦 = 1
(11) end if
(12) end if
(13) (shaking) Use the new FO approach and the tabu list to generate a new starting solution 𝑋 from the current solution𝑋. If the solution𝑋 is better and does not exist in the tabu list, insert it into the list and let𝑋 = 𝑋.
(14) Check the current computation time CT.
(15) until CT ⩾ CTmax

Algorithm 2: FO-VNS for S-MICLSP.

integrative framework for models with setup carryovers.
However, in this paper, ourmodel is single-level and hencewe
can extend our integrative FO-VNS to S-MICLSP-L. Similar
to FO-VNS for S-MICLSP, the effective extension of FO-VNS
for S-MICLSP-L also has two main parts, local search and

shaking. Using symbols given in Notations, we now propose
the FO-VNS for S-MICLSP-L.

We denote 𝑋𝑍 = {𝑋𝑖𝑡, 𝑍𝑖𝑡} the setup and carryover plan.
To construct a local searching engine for S-MICLSP-L, we
first define the neighborhood structure of 𝐺𝑦𝑍(𝑋𝑍) as

𝐺𝑦𝑍 (𝑋𝑍) = {𝑋𝑖𝑡, 𝑍𝑖𝑡 |
𝑁∑
𝑖=1

𝑇∑
𝑡=1

[(𝑋𝑖𝑡 (1 − 𝑋𝑖𝑡) + 𝑋𝑖𝑡 (1 − 𝑋𝑖𝑡)) + 𝑋𝑖𝑡𝑋𝑖,𝑡−1𝑍𝑖𝑡 (1 − 𝑋𝑖𝑡𝑋𝑖,𝑡−1𝑍𝑖𝑡) + (𝑋𝑖𝑡𝑋𝑖,𝑡−1𝑍𝑖𝑡 (1 − 𝑋𝑖𝑡𝑋𝑖,𝑡−1𝑍𝑖𝑡))] ⩽ 𝑞𝑦𝑍} ;
(36)

then the linear relaxation S-MICLSP-L(𝑋𝑍, 𝑞𝑦𝑍 , 𝑘) can be
defined by adding the following constraint to the S-MICLSP-
L model where 0 ⩽ 𝑋𝑖𝑡 ⩽ 1, 0 ⩽ 𝑍𝑖𝑡 ⩽ 𝑋𝑖𝑡 and 0 ⩽ 𝑍𝑖𝑡 ⩽𝑋𝑖,𝑡−1. We predefine that𝑋𝑖,0 = 𝑋𝑖,0 = 1 for all 𝑖 ∈ P.

The swapping of the current setup and carryover plan𝑋𝑍
means that its value is possibly changed from 𝑋𝑖𝑡 = 𝑋𝑖𝑡 and𝑍𝑖𝑡 = 𝑍𝑖𝑡 to 𝑋𝑖𝑡 = 1 − 𝑋𝑖𝑡 and 𝑍𝑖𝑡 = 𝑋𝑖𝑡𝑋𝑖,𝑡−1(1 − 𝑍𝑖𝑡). The
tabu list contains the setup and carryover plans which will be
prevented from being selected by any future swap.

With the above statements, our FO-VNS approach for S-
MICLSP-L is similar as Algorithm 2 for S-MICLSP and we
neglect the pseudocode.

5. Numerical Experiments

In this section, we evaluate the performances of our proposed
FO and FO-VNS approaches.

5.1. Experimental Design. We generate problem instances
based on the attributes of real-world steel products. The

developed instance generator is documented in Appendix,
as well as the instance settings. The experimental design
structure is as follows: we generate 100 instances with 10
products, 5 demands (or demand classes), 5 resources, and50 periods. Both S-MICLSP and S-MICLSP-L are tested on
the same instances.

All algorithms are coded in C++ in the environment of
Microsoft Visual Studio 2012, and all instances are tested
on a PC with Intel Core-i5 3.20GHz CPU, 4GB RAM. We
compare our approaches with the fix-and-optimize approach
of [17]. All LP and MIP subproblems involved are solved by
calling theMIP solver of ILOGCPLEX 12.7. All problems and
subproblems use a relativeMIP gap tolerance of 10−4; the time
for ILOG CPLEX 12.7 to solve each subproblem is limited to
2 s for S-MICLSP and 4 s for S-MICLSP-L.

As the results depend on the number of line segments
used in the approximated models (see (21) and (28) in
Section 2.2) as well as the computational times, we solved
each of the 100 problem instances with 5, 10, and 15 line
segments. The numerical experiment shows that 10 line
segments provide a good compromise between accuracy and



10 Mathematical Problems in Engineering

Table 1: Algorithm variants.

Algorithm Decomposition order Maximum subproblems 𝑛 Decomposition level 𝑘
FO1-P P — —
FO1-R R — —
FO1-T T — —
FO1-PR P→ R — —
FO1-PT P→ T — —
FO1-PRT P→ R→ T — —
FO2-𝑛1-L1 — 𝑁 × 𝑇 1
FO2-𝑛1-L2 — 𝑁 × 𝑇 2
FO2-𝑛1-L3 — 𝑁 × 𝑇 3
FO2-𝑛2-L1 — 0.5 × 𝑁 × 𝑇 1
FO2-𝑛2-L2 — 0.5 × 𝑁 × 𝑇 2
FO2-𝑛2-L3 — 0.5 × 𝑁 × 𝑇 3
FO2-𝑛3-L1 — 0.25 × 𝑁 × 𝑇 1
FO2-𝑛3-L2 — 0.25 × 𝑁 × 𝑇 2
FO2-𝑛3-L3 — 0.25 × 𝑁 × 𝑇 3
FO-VNS-L1 — — 1
FO-VNS-L2 — — 2
FO-VNS-L3 — — 3
CPXstd — — —
CPX30std — — —

computational times.Hencewewill choose 10 as the segments
number in all other tests and comparisons.

Table 1 lists the algorithm variants compared in the
computational experiments. We describe Table 1 in the
following four aspects. (1) FO1 is referred to the fix-and-
optimize approach proposed by [17], in which they presented
three decomposition methods. They defined the subprob-
lems, respectively, by product-, resource-, and time period-
oriented decomposition (we refer to P-type, R-type, and T-
type decomposition for short in the context). Further, they
combined the three decomposition types and presented three
more variants: P-type first and then R-type, P-type first and
then T-type, and P-type first and then R-type ending with T-
type. (2) FO2 is referred to our newly proposed FO approach,
in which each variant is entitled with FO2-𝑛-L𝑘. Recall that𝑛 is the control parameter of FO2 introduced in Section 3,
and FO2 terminates if 𝑛 subproblems are consecutively solved
without improvement; that is, at most 𝑛 subproblems are
solved in each iteration. Otherwise, the solution of one
subproblem is better than the current best solution of the
main problem, and FO2 will proceed to a new iteration after
the update of the best solution. The decomposition level 𝑘
is another control parameter described in Section 3. Recall
that a bigger 𝑘 implies that more binary setup variables
are reoptimized in one subproblem. Because considering
subproblems of level larger than 3 is too time-consuming,
we only test FO2 with subproblems of level 𝑘 = 1, 2, 3 (see
Section 3.2). (3) FO-VNS is referred to our integrative FO
and VNS method. We vary the decomposition level 𝑘 and
obtain three variants of FO-VNS. Overall, absolute time limit
for the algorithms is set to 10 minutes for S-MICLSP and
20 minutes for S-MICLSP-L, which can be slightly exceeded

by finalizing code. (4) CPXstd and CPX30std are referred to
standard software (CPLEX, Branch & Cut) as comparisons.
The absolute time limit for CPXstd is set to be same as FO-
VNS, while the time limit of CPX30std is more than CPXstd by
30 times.

5.2. Results and Interpretation. Table 2 describes the nota-
tions used to measure the solution quality.

5.2.1. Computational Results on S-MICLSP. Table 3 illustrates
the computational results on S-MICLSP model. From this
table, we can see that FO2 outperforms FO1 in terms of the
solution quality. Among the six variants of FO1, FO1-PRT
obtains the lowest Cost. It can be observed from Table 3 that
the variants of FO2 with bigger 𝑛 and bigger 𝑘 consumemore
computational time than FO1. However, FO2 can reduce Cost
significantly compared with FO1 in general. 7 out of 9 FO2
variants perform a better Cost with respect to FO1 on average,
meanwhile 5 out of 9 FO2 variants are better with respect to
FO1-PRT. Also, another observation from this table is that
FO2 is more efficient than FO1 in general. Taking FO2-𝑛2-
L2 as an example, this FO2 variant can obtain both reduced
Cost and Time compared either with FO1 on average or the
best FO1 variant. Among all the variants of FO2, it seems that
FO2-𝑛2-L2 makes the best trade-off between Cost and Time
since it can provide better solutionswith lower computational
time.

For other measurements of the solution quality, FO2
still performs better than FO1 under most circumstances.
Considering rateot, which describes the proportion of periods
with overtime, all of the FO1 variants are not able to provide
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Table 2: Notations for measuring solution quality.

Notation Definition Quality measure
Cost Average total cost Lower is better
Time Average computational time Lower is better
rateot Average proportion of periods with overtime (in %) Lower is better𝛿 − 𝑆𝐿 Average 𝛿-service level (in %) (see [29]) Higher is better

rateNOB
Proportion of instances for which a feasible solution with neither overtime nor

backlogging has been found by the algorithm (in %) Higher is better

devCostAverage Deviation from the average Cost of FO1 (in %) Lower is better
devCostBest Deviation from the best Cost of FO1 (in %) Lower is better
devTime

Average Deviation from the average Time of FO1 (in %) Lower is better
devTime

Best Deviation from the Time of FO1 variants with best Cost (in %) Lower is better
devCost Deviation from the compared Cost (in %) Lower is better
devTime Deviation from the compared Time (in %) Lower is better

Table 3: Computational results on S-MICLSP.

Algorithm Cost Time rateot 𝛿 − 𝑆𝐿 rateNOB

FO1-P 705103.74 212.41 6.78 96.58 53.00
FO1-R 715294.16 205.67 6.92 95.71 54.00
FO1-T 696034.43 222.19 5.08 97.80 65.00
FO1-PR 700148.81 218.97 5.00 96.41 59.00
FO1-PT 690659.08 232.80 3.20 100.00 80.00
FO1-PRT 689240.75 234.44 3.56 100.00 79.00

devCostAverage devCostBest devTime
Average devTime

Best

FO2-𝑛1-L1 −1.65 −0.20 2.13 −3.69 0.00 100.00 100.00
FO2-𝑛1-L2 −2.27 −0.83 11.40 5.05 0.00 100.00 100.00
FO2-𝑛1-L3 −3.20 −1.77 18.31 11.57 0.00 100.00 100.00
FO2-𝑛2-L1 −0.77 0.70 −8.80 −14.00 4.00 97.75 84.00
FO2-𝑛2-L2 −1.93 −0.48 −0.13 −5.82 3.86 100.00 86.00
FO2-𝑛2-L3 −2.74 −1.30 10.99 4.67 3.92 100.00 86.00
FO2-𝑛3-L1 2.38 3.90 −23.21 −27.58 5.00 95.24 51.00
FO2-𝑛3-L2 0.69 2.18 −13.47 −18.40 5.00 95.15 55.00
FO2-𝑛3-L3 −0.55 0.92 5.87 −0.16 5.22 97.90 52.00
FO-VNS-L1 −4.95 −3.55 172.32 156.81 0.00 100.00 100.00
FO-VNS-L2 −5.62 −4.23 173.06 157.50 0.00 100.00 100.00
FO-VNS-L3 −5.99 −4.60 172.84 157.29 0.00 100.00 100.00
CPXstd 4.08 5.62 171.50 156.03 4.62 95.59 81.00
CPX30std −7.31 −5.95 8141.17 7671.53 0.00 100.00 100.00

solutions completely without overtime. However, when 𝑛 =𝑛1 = 𝑁×𝑇, FO2 canmake rateot at a zero level, which implies
lower overtime cost than FO1. For other FO2 variants, they
can also obtain competitive results against FO1. Considering𝛿 − 𝑆𝐿, only 2 out of 6 FO1 variants obtain 100 percent𝛿-service level while 5 out of 9 FO2 variants can achieve
this goal. We find that, for bigger 𝑛 and 𝑘, FO2 tends
to achieve a high 𝛿-service level from the column 𝛿 − 𝑆𝐿
of Table 3. Consider rateNOB, which indicates the solution
quality by combining rateot and 𝛿 − 𝑆𝐿 in a statistical sense.

The results of FO2-𝑛1-L𝑘 (𝑘 = 1, 2, 3) imply that there exist
solutions without overtime and backlogging for all tested
instances, while FO1 obtain solutions at a relative lower
rateNOB proportion. We can also observe that for a lower𝑛 = 𝑛3, FO2-𝑛3-L2 performs better than FO1-P and FO1-R,
while other FO2-𝑛3-L𝑘 (𝑘 = 1, 3) perform worse than all the
FO1 variants.

The three rows entitled “FO-VNS-L𝑘” of Table 3 report
the solution quality of FO-VNS variants with different 𝑘.
From the results, the three variants of FO-VNS obtain
around 4.95%∼5.99% better solutions compared with FO1
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Table 4: Computational results on S-MICLSP-L.

Algorithm Cost Time rate𝑜𝑡 𝛿 − SL rateNOB

FO1-P 727790.95 436.31 15.36 82.41 37.00
FO1-R 741102.74 414.03 20.48 73.96 23.00
FO1-T 717907.32 429.78 14.52 83.69 33.00
FO1-PR 723629.97 442.17 13.00 80.94 45.00
FO1-PT 716389.74 452.53 13.32 87.00 42.00
FO1-PRT 712618.87 474.03 13.00 91.04 46.00

devCostAverage devCostBest devTime
Average devTime

Best

FO2-𝑛1-L1 −2.40 −0.94 −5.27 −11.77 4.42 96.59 85.00
FO2-𝑛1-L2 −3.17 −1.73 5.20 −2.02 4.20 96.31 87.00
FO2-𝑛1-L3 −3.93 −2.50 13.38 5.59 3.94 95.80 88.00
FO2-𝑛2-L1 −1.10 0.37 −8.28 −14.58 8.90 94.39 63.00
FO2-𝑛2-L2 −2.36 −0.91 0.06 −6.81 8.38 96.03 62.00
FO2-𝑛2-L3 −2.81 −1.36 9.21 1.71 8.00 98.80 68.00
FO2-𝑛3-L1 1.95 3.47 −10.49 −16.63 10.64 85.49 53.00
FO2-𝑛3-L2 0.71 2.22 −3.92 −10.52 9.68 89.13 50.00
FO2-𝑛3-L3 −0.63 0.85 4.70 −2.49 9.00 92.03 56.00
FO-VNS-L1 −6.56 −5.17 172.67 153.95 4.94 100.00 83.00
FO-VNS-L2 −7.32 −5.94 172.74 154.01 4.54 100.00 84.00
FO-VNS-L3 −7.54 −6.16 173.38 154.61 4.02 100.00 84.00
CPXstd 4.14 5.69 172.56 153.84 7.84 93.76 71.00
CPX30std −8.61 −7.25 8187.93 7618.80 0.00 100.00 90.00

on the average, and around 3.55%∼4.60% compared with
the best FO1 significantly, while the computational time can
be considerably larger by 172.32%∼173.06% and 156.81%∼
157.50% compared with the average FO1 and the best FO1.
However, the S-MICLSP (also S-MICLSP-L) considered in
this paper is usually solved weekly or monthly in a tactical
decision for a factory of one steel enterprise. It is thus worth
spending more but reasonable time to obtain a significantly
better production plan by our FO-VNS.

The last two rows of Table 3 provide comparisons between
CPLEX and our proposed algorithms. CPXstd runs the same
time limit as FO-VNS but it performs worse than all other
algorithms. Running a much longer time limit, CPX30std
performs much better. However compared to FO-VNS, the
solution quality of CPX30std is slightly improved with an
extremely increased computational effort.

5.2.2. Computational Results on S-MICLSP-L. The computa-
tional results on the S-MICLSP-L model are given in Table 4.
By the similar observations to Table 3, FO2 still outperforms
FO1 in terms of the solution quality. Particularly, FO2-𝑛1-
L1 and FO2-𝑛2-L2 outperform all the FO1 variants when
considering Cost and Time, which implies they make the
best trade-off between Cost and Time in all FO2 variants.
Similar to Table 3, FO-VNS gives quite outstanding results
comparedwith FO1 and FO2. FO-VNSperforms a better Cost
by reducing 5.17%∼6.16% against FO1-PRT. All of the FO-
VNS variants provide 𝛿 − 𝑆𝐿 of 100%, yet FO1 and FO2 fail
to do so.The results of the last two rows in Table 4 are similar
to Table 3. CPXstd reports its drawbacks in terms of solution

quality and computational effort, while CPX30std reports its
better solution quality withmuch longer computational time.

According to Tables 3 and 4, it can be confirmed that the
advantages of FO2 and FO-VNS against FO1 for S-MICLSP-
L grow compared with S-MICLSP. For example, FO2-𝑛1-L3
has −3.93% of devCostAverage while it has −3.20% in the S-MICLSP
case fromTable 3. Also, this FO2 variant can obtain−2.50% of
devCostBest while it can obtain 1.77% in the S-MICLSP case from
Table 3. This observation can also be found for all variants of
FO-VNS.

5.2.3. Comparison of Various Cases of Parameter Settings.
To check the effectiveness and efficiency of our proposed
approaches under various cases of parameter settings, we
implement FO1-PRT, FO2-𝑛1-L3, and FO-VNS-L3 (best vari-
ants of FO1, FO2, and FO-VNS tested ever) again using
test cases of different TBO (time between orders) and ST
(setup times). TBO can be computationally defined as the
ratio between setup costs and inventory costs (see [28]).
Varying different parameters, the results of Table 5 with
measurements of Cost and Time are illustrated by groups of
combinations of TBOs (low with TBO < 2.0, medium with2.0 ⩽ TBO < 3.0, and high with 3.0 < TBO) and STs (low
with ST < 25, and high with ST ⩾ 25).

We compare the results in terms of FO1-PRT for the
benchmark. From Table 5, we can see that for high TBO
cases, FO2-𝑛1-L3 and FO-VNS-L3 significantly outperform
FO1-PRT in terms of solution quality. These outstanding
performances of FO2-𝑛1-L3 and FO-VNS-L3 can also be
found in cases of high ST, compared to cases of low ST.
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Table 5: Computational results with various parameters settings.

Algorithm model TBO ST FO1-PRT FO2-𝑛1-L3 FO-VNS-L3
Cost Time devCost devTime devCost devTime

S-MICLSP

High High 795664.08 245.51 −2.23 9.96 −4.94 145.95
Low 689240.75 234.44 −1.77 11.57 −4.60 157.29

Medium High 575783.97 244.29 −1.71 8.03 −4.29 146.78
Low 489240.75 230.71 −1.07 9.63 −2.39 161.63

Low High 336501.13 237.52 −0.38 2.35 −3.69 152.33
Low 230349.23 229.79 2.19 −4.34 −1.83 162.06

S-MICLSP-L

High High 817073.11 490.18 −3.08 5.44 −6.39 145.87
Low 712618.87 474.03 −2.50 5.59 −6.16 154.60

Medium High 576455.47 486.10 −2.00 3.71 −3.45 146.66
Low 502618.87 478.28 −1.16 4.26 −2.77 151.84

Low High 337218.37 486.34 −0.13 −1.50 −2.50 147.05
Low 251979.47 466.17 0.18 0.57 −1.10 158.21

Considering cases of high or medium TBO, FO2-𝑛1-L3 and
FO-VNS-L3 obtain lower devCost in S-MICLSP-L than that in
S-MICLSP. It implies that for high or medium TBO cases,
the advantages of FO2 and FO-VNS in S-MICLSP-L grow
compared to that in S-MICLSP, which is similar to the
previous observations in Section 5.2.2. All of the above results
imply that FO2 and FO-VNS are much more effective than
FO1 in cases of high or medium TBO and high ST.

5.2.4. Comparison with Scenario Methods. Typically, because
of the continuous nature of demand uncertainty and the
dynamic structure of the problems, multistage stochastic
modeling methods can be applied and hence scenario meth-
ods are used to approximate the models. This methodology
is distinguished from ours and here we numerically com-
pare the difference between them. The methodology using
scenario method is denoted by SCN𝑚-BC, where Branch
& Cut approach is used to solve the models approximated
by scenario method. We generate 𝑚 realizations of random
demand for each period and hence the number of scenarios
is𝑚𝑇, where𝑇 is the number of periods.We choose𝑚 = 5, 10
for small test cases. Our methodologies are denoted by PWL-
FO2 and PWL-FO-VNS, whereby FO2-𝑛1-L3 and FO-VNS-
L3 are, respectively, applied.

We compare the results in terms of the methodology
of PWL-FO2 for the benchmark. From Table 6, we can
generally see that the methodology of PWL-FO-VNS is
competitive with SCN5-BC and SCN10-BC in terms of Cost.
The entry “∗∗∗∗” indicates that there are no computational
results. Since the number of scenarios is growing in size
exponentially, it is impossible to compute finalized results in
reasonable time even when 𝑇 is relatively small. Both PWL-
FO2 and PWL-FO-VNS are more splendid than SCN5-BC
in terms of solution quality. SCN10-BC can obtain better
solutions when 𝑇 = 2, 3; however the computational time is
unacceptable when 𝑇 = 6, 10. Our proposed PWL-FO-VNS
obtains competitive solution quality against SCN10-BC while
the computational efforts are much less. All of the results

imply that our proposed approximation method and solving
approaches are efficient.

6. Conclusion

The key contributions and findings of this paper are as
follows:

(1) We formulate dynamic S-MICLSP and S-MICLSP-L
models mapped to a realistic problem in steel pro-
duction. We also propose a piecewise linear approx-
imation method to reformulate models that can be
solved tractably.Thismethod is novel and can balance
the approximated accuracy and computational times.
This method can also be extended to other cases such
as the lot-sizing problemswith substitutions (see [18])
and safety stocks (see [29]).

(2) We present a new fix-and-optimize (FO) approach
for both S-MICLSP and S-MICLSP-Lwhich possesses
a novel way of decomposing. Our FO decomposes
the problems based on the concept of “𝑘-degree-
connection” described in Section 3. This decompo-
sition method combines all the information about
products, resources, demands, and time periods.
Hence, our presented approach is more effective in
each iteration. The computational experiments show
that our proposed approach outperforms the recent
one.

(3) We develop an integrative FO-VNS approach, based
on diversifying search space by VNS. The FO-VNS
explores more promising regions in each iteration.
This approach extends the scope of [25] and can
be applied to models with setup carryovers. From
numerical results, FO-VNS can obtain solutions with
quite high quality by consuming reasonable time in a
tactical planning decision, especially in the testing on
S-MICLSP-L model.
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Table 6: Computational results compared with scenarios methods.

Methodology model Periods PWL-FO2 PWL-FO-VNS SCN5-BC SCN10-BC
Cost Time devCost devTime devCost devTime devCost devTime

S-MICLSP

𝑇 = 2 31610.95 6.05 0.65 133.29 4.52 −19.82 −1.81 246.14𝑇 = 3 52896.83 9.84 −2.67 120.10 1.34 121.28 −2.44 1709.16𝑇 = 6 106087.66 16.48 −3.03 117.48 −4.13 15134.03 ∗∗∗∗ ∗∗∗∗𝑇 = 10 180137.95 27.52 −3.33 116.87 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
S-MICLSP-L

𝑇 = 2 35294.55 11.06 −2.15 161.47 3.20 −13.05 −1.61 236.42𝑇 = 3 55840.08 17.84 −2.86 144.40 3.73 207.43 −3.43 2439.68𝑇 = 6 113090.88 32.39 −3.54 137.08 −4.31 17906.94 ∗∗∗∗ ∗∗∗∗𝑇 = 10 195927.06 52.22 −4.02 135.99 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
Table 7: Instance generator settings.

Symbol Definition Assumptions and settings
Indices and sets:

P𝑗
Products used to fulfill

demand 𝑗 Set up using clustering algorithm such as K-means clustering and hierarchical clustering
after every attribute of products is realized

P𝑟
Products that are produced

by resource 𝑟 Set up for randomly chosen product

Deterministic parameters:𝑓𝑖 Setup cost See (A.4)𝑝𝑖 Unit production cost See (A.3)ℎ𝑖 Unit holding cost 2% of the unit production cost𝑐𝑖 Unit capacity See (A.2)
st𝑖 Setup time capacity See (A.1)𝑘𝑟 Available capacities See (A.6)

𝑏𝑗 Unit backlogging Penalty
cost

⩾50 ×∑𝑖∈P𝑗 𝑝𝑖
oc𝑟 Overtime cost See (A.7)𝑒𝑖𝑗 Demand coefficient Set 𝑒𝑖𝑗 = 1 for all 𝑖 and 𝑗.𝐼𝑖0 Initial inventory ∼𝑈int(1.5𝜉𝑖, 4𝜉𝑖), with 𝜉𝑖 = (𝑝𝑖/∑𝑘∈P𝑗 𝑝𝑘)(1/𝑇)∑𝑡∈T,𝑗∈D𝑖 𝐸[𝐷𝑗𝑡]
Random parameters:

𝐷𝑗𝑡 Demand
Normally distributed, stationary across period horizons, but different mean 𝜇 and variation

coefficient 𝜎/𝜇 for each demand: ∼𝑁⩾0,⩽5𝜇(𝜇, 𝜎) (with values < 0 cut-off), with𝜇 ∼ 𝑁⩾0(50, 20) and 𝜎/𝜇 ∼ 𝑁⩾0(0.2, 0.1)

This paper can explore several avenues in future research;
for example:

(i) Extend the S-MICLSP and S-MICLSP-Lmodels to the
multilevel versions.

(ii) Find amore effective way to construct decomposition
frameworks in each iteration.

(iii) Develop a more efficient local search engine for the
integrative metaheuristics.

Appendix

Generating Problem Instances

To solve the real S-MICLSP and S-MICLSP-L applications,
we need to gather data in steel production. However, due to

the reasons of confidentiality, we have to generate sufficient
problem instances, inwhich structure is as realistic as possible
and capacities are rather tight. To ensure that the optimal
ordering decisions are nontrivial, we propose a method for
generating problem instances based on the realistic attributes
of products. The symbols used for describing the instance
generator are given in Notations. To generate instances, we
also delineate the settings and assumptions of our method
which are contained in Table 7.

Each product can be described by values of several
attributes 𝑎 ∈ F. We assume that all attribute values are
integers and ⩾ 0. Suppose that we have known the number
of elements in demands (or demand classes)D, productsP,
and resources R, the next question is how to determine P𝑗
and P𝑟. From the context, it is obvious that𝑀, the number
of elements inD, is not greater than𝑁, which is the number
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Table 8: An example of product attributes used in steel production.

Attribute number Example (name) Distribution Characteristic
1 Mixture ∼𝑈int(0, 1) Property
2 Thickness ∼𝑈int(0, 2) Measurement
3 Width ∼𝑈int(70, 100) Measurement⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

of elements in P. Then we can use clustering algorithms
such as K-means clustering and hierarchical clustering to
cluster the 𝑁 elements into 𝑀 classes after the attribute
values are realized (see [30] for more details about clustering
algorithms). Thus P𝑗 is determined. As for P𝑟, we are
building it by assigning the resources randomly to each
product.

The following two groups of attributes distinguished by
real-world steel production can help us generate the instances
further.

(1) Property. Attributes that are in products themselves. The
products are significantly different from other products by
this kind of attributes.These attributes are also the key factors
for generating the setup parameters such as st𝑖 and 𝑓𝑖. The set
containing this kind of attributes is denoted byF𝑃.

(2) Measurement. Attributes for specification of some kinds
of standards, such as width and length.The variation of these
values can also fluctuate the marginal parameters such as 𝑐𝑖,𝑝𝑖. The set containing this kind of attributes is denoted by
F𝑀.

Table 8 lists an example of product attributes in steel
production. The underlying motivation of this classification
of the attributes is the fact that the occupied resource of
one product is mainly dependent on its “Property” attribute.
Hence, the idea for generating the resource parameters, st𝑖
and 𝑐𝑖, is as follows: we assume that both st𝑖 and 𝑐𝑖 of
one product are linear functions of its attributes value V𝑎𝑖.
Particularly, for st𝑖, we assume that it is linear function of
V𝑎𝑖 only whose attributes are “Property.” For all attributes,
the weights 𝑤𝑐𝑎 and 𝑤st

𝑎 (which could also be negative) are
multiplied with the attribute value V𝑎𝑖. We also assume the
two base values, 𝑐0𝑖 and st0𝑖, for generating st𝑖 and 𝑐𝑖, where𝑐0𝑖 ∼ 𝑁⩾0(3, 0.5) and st0𝑖 ∼ 𝑁⩾0(2, 0.5) (with values < 0 cut-
off). Thus, we can generate st𝑖 and 𝑐𝑖 as follows:

st𝑖 = st0𝑖 + ∑
𝑎∈F𝑃

𝑤st
𝑎 ⋅ V𝑎𝑖 (A.1)

𝑐𝑖 = 𝑐0𝑖 + ∑
𝑎∈F

𝑤𝑐𝑎 ⋅ V𝑎𝑖. (A.2)

An observation from production viewpoint is that the
unit production cost 𝑝𝑖 is strongly correlated to 𝑐𝑖 while the
setup cost 𝑓𝑖 is strongly correlated to st𝑖. In order to generate𝑝𝑖 and 𝑓𝑖, we first sample random variable 𝑈 from a normal
distribution𝑁⩾0(1, 0.2). Using these random numbers, both𝑝𝑖 and𝑓𝑖 are calculated using same random value, so that they

are correlated. We also introduce 𝑚𝑐𝑟 and 𝑚st
𝑟 as multipliers

for physical unit standardization since we assume that 𝑈 is
dimensionless:

𝑝𝑖 = 50 ⋅ 𝑐𝑖 ⋅ 𝑚𝑐𝑟 ⋅ 𝑈 (A.3)

𝑓𝑖 = 50 ⋅ st𝑖 ⋅ 𝑚st
𝑟 ⋅ 𝑈. (A.4)

The procedure for generating 𝑘𝑟 and oc𝑟 is as follows: we
first calculate the minimum amount of the resource capacity
required for producing sufficient quantities of each product
to fulfill the expected demand. We denote this amount𝐾.
𝐾 = min {𝑐𝑖 | 𝑖 ∈ P} ⋅ ( ∑

𝑡∈T,𝑗∈D

𝐸 [𝐷𝑗𝑡] − ∑
𝑖∈P

𝐼𝑖0) . (A.5)

The corresponding capacity of resource 𝑟, 𝑘𝑟, is estimated by
the unit capacity consumption 𝑐𝑖 and the setup capacity st𝑖,
while the overtime cost, oc𝑟, can be also estimated by the
unit product cost 𝑝𝑖 and the setup cost 𝑓𝑖. Both 𝑘𝑟 and oc𝑟
are affected by 𝛼𝑐 and 𝛼st so they can be correlated with each
other.

𝑘𝑟 = 𝛽𝑘 ⋅ ∑𝑖∈P𝑟 (𝛼𝑐𝑐𝑖 + 𝛼stst𝑖)∑𝑖∈P (𝛼𝑐𝑐𝑖 + 𝛼stst𝑖) ⋅
𝐾𝑇 (A.6)

oc𝑟 = 𝛽oc ⋅ ∑
𝑖∈P𝑟

(𝛼𝑐𝑝𝑖 + 𝛼st𝑓𝑖) . (A.7)

Note that the concept of the instance generator can be
extended to the aspects of other products in the production
management. This methodology can make the structure of
the generating instances as realistic as possible since all the
parameters are based on the attributes of the products.

Notations

Notations Used in Model Formulations

Indices and Index Sets

𝑟 ∈R: Set of resources (R = {1, . . . , 𝑅})𝑖 ∈ P: Set of products (P = {1, . . . , 𝑁})𝑗 ∈ D: Set of demands (or demand classes)
(D = {1, . . . ,𝑀})𝑡 ∈ T: Set of periods (T = {1, . . . , 𝑇})(𝑖, 𝑗) ∈ A: (𝑖, 𝑗) ∈ A If and only if product 𝑖 can fulfill
demand (class) 𝑗
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P𝑗: Set of products that can fulfill demand
(class) 𝑗

P𝑟: Set of products that produced by resource𝑟
D𝑖: Set of demands (or demand classes) whose

demand can be fulfilled by product 𝑖
(only one element under many-to-one
structure assumption).

Deterministic Parameters

𝑓𝑖: Incurred setup cost when production for
product 𝑖 is ready𝑝𝑖: Unit production cost of product 𝑖ℎ𝑖: Holding cost for storing product 𝑖 to next
period per unit and period𝑏𝑗: Backlogging penalty cost for demand
(class) 𝑗 per unit and period

oc𝑟: Overtime cost of resource 𝑟 per unit of
overtime𝑐𝑖: Capacity required for manufacturing one
unit of product 𝑖

st𝑖: Setup time capacity required for
manufacturing product 𝑖𝑘𝑟: Available capacity of resource 𝑟𝑚𝑖: Large number, required for setup forcing
constraint𝑒𝑖𝑗: Number of units of product 𝑖 that satisfies
one unit of demand (class) 𝑗 for any(𝑖, 𝑗) ∈ A.

Random Variables

𝐵𝑗𝑡: Backlog number of demand (class) 𝑗
during period 𝑡𝐼𝑖𝑡: Physical inventory level of product 𝑖 at the
end of period 𝑡.

Random Parameters

𝐷𝑗𝑡: Demand (class) 𝑗 in period 𝑡.
Decision Variables

𝑆𝑖𝑗𝑡: Quantity of product 𝑖 used to fulfill
demand (class) 𝑗 at period 𝑡𝑄𝑖𝑡: Production quantity of product 𝑖 at period𝑡𝑋𝑖𝑡: Binary variable that indicates whether
production of product 𝑖 occurs at period 𝑡𝑍𝑖𝑡: Binary setup carryover variable for item 𝑖
at the beginning of period 𝑡𝑂𝑟𝑡: Additional capacity of resource 𝑟 at period𝑡.

Additional Notations for Approximation

Indices and Index Sets

𝑙 ∈L: Set of segments (L = {1, . . . , 𝐿}).

Random Variables

𝑦𝑗𝑡: Cumulated demand of demand 𝑗 from
period 1 up to period 𝑡𝐼𝑗𝑡: Physical inventory level of demand 𝑗 at the
end of period 𝑡𝐼prod𝑗𝑡 : Backlog number of demand 𝑗 after
production at period 𝑡, but before demand
occurrence𝐼end𝑗𝑡 : Backlog number of demand 𝑗 at the end of
period 𝑡.

Approximation Variables

𝑎𝑙𝐼𝑗𝑡 : Slope value of the on hand inventory for
demand 𝑗 in period 𝑡 associated with
segment 𝑙𝑎𝑙𝐵𝑗𝑡 : Slope value of the backlog for demand 𝑗 in
period 𝑡 associated with segment 𝑙𝑃𝑦𝑗𝑡(𝑥): Expected loss function or the failure
function of the random variable 𝑦𝑗𝑡 with
respect to the quantity 𝑥.

Decision Variables

𝑤𝑙𝑖𝑗𝑡: Cumulated production quantity of
product 𝑖 for demand 𝑗 in period 𝑡
associated with interval 𝑙𝑞𝑖𝑗𝑡: Production quantity of product 𝑖 for
demand 𝑗 in period 𝑡.

Notations Used in FO-VNS for S-MICLSP

𝑋: Setup plan for the current solution𝑋∗: Setup plan for the incumbent (the current
best solution)

CT: Computation time so far
CTmax: Maximum computation time allowed𝑦: Index of neighborhood structure 𝐺𝑦(𝑋)𝑦max: Maximum number of neighborhood

considered.

Notations Used in FO-VNS for S-MICLSP-L

𝑍: Carryover plan for the current
solution𝑍∗: Carryover plan for the incumbent
(the current best solution)𝑍: Carryover plan for linear relaxation
model𝑋𝑍 = {(𝑋𝑖𝑡, 𝑍𝑖𝑡)}: Setup and carryover plan for the
current solution𝑋∗𝑍 = {(𝑋∗𝑖𝑡, 𝑍∗𝑖𝑡)}: Setup and carryover plan for the
incumbent (the current best solution)𝑦𝑍: Index of neighborhood structure 𝐺𝑦𝑍𝑦𝑍,max: Maximum number of neighborhood
considered
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𝐺𝑦𝑍(𝑋𝑍): A finite set of neighborhood structures,
with 𝐺1(𝑋𝑍) ⊆ 𝐺2(𝑋𝑍) ⊆ ⋅ ⋅ ⋅ ⊆𝐺𝑦𝑍,max

(𝑋𝑍)𝑞𝑦𝑍 : Maximum distance between two setup
and carryover plans, where both of them
are in the same neighborhood structure𝐺𝑦𝑍 .

Auxiliary Notations for Instance Generator

Constants

𝑛𝑎: Number of attributes.

Indices and Sets

𝑎 ∈ F = {1, 2, . . . , 𝑛𝑎}: Attributes
F𝑃 ⊆ F: Set of “Property” attributes
F𝑀 ⊆ F: Set of “Measurement” attributes.

Parameters

𝑤𝑐𝑎: Production capacity weight for attribute 𝑎𝑤st
𝑎 : Setup capacity weight for attribute 𝑎𝑚𝑐𝑟: Dimensional multiplier for calculating

unit production cost𝑚st
𝑟 : Dimensional multiplier for calculating

setup cost𝛼𝑐, 𝛼st: Dimensional multipliers for calculating
parameters of resource capacity𝛽𝑘, 𝛽oc: Dimensionless multipliers for calculating
parameters of resource capacity.

Random Values

V𝑎𝑖: Value for attribute 𝑎 of product 𝑖𝑐0𝑖: Base value of production capacity for
attribute 𝑎 of product 𝑖

st0𝑖: Base value of setup capacity for attribute 𝑎
of product 𝑖𝑈: Random variable, used as a multiplier
(dimensionless).

Derived Values

𝐾: Total resource capacities required for
producing the expected demand for all
products.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This research has been supported by the National Natural
Science Foundation of China under Grants 61273233 and
U1660202.

References

[1] K. Haase, “Capacitated lot-sizing with sequence dependent
setup costs,”OR Spektrum. Quantitative Approaches in Manage-
ment, vol. 18, no. 1, pp. 51–59, 1996.

[2] K. Haase, “Capacitated lot-sizing with linked production quan-
tities of adjacent periods,” in Beyond Manufacturing Resource
Planning (MRP II), pp. 127–146, Springer, 1998.

[3] T. Wu, K. Akartunalı, J. Song, and L. Shi, “Mixed integer
programming in production planning with backlogging and
setup carryover: modeling and algorithms,” Discrete Event
Dynamic Systems, vol. 23, no. 2, pp. 211–239, 2013.

[4] M. A. F. Belo-Filho, F. M. B. Toledo, and B. Almada-Lobo,
“Models for capacitated lot-sizing problem with backlogging,
setup carryover and crossover,” Journal of the Operational
Research Society, vol. 65, no. 11, pp. 1735–1747, 2014.

[5] B. Karimi and S. M. T. Fatemi Ghomi, “A new heuristic for
the CLSP problem with backlogging and set-up carryover,”
International Journal of Advance Manufacturing Systems, vol. 5,
no. 2, pp. 66–77, 2002.

[6] B. Karimi, S. M. T. F. Ghomi, and J. M. Wilson, “A tabu search
heuristic for solving the CLSP with backlogging and set-up
carry-over,” Journal of the Operational Research Society, vol. 57,
no. 2, pp. 140–147, 2006.

[7] D. Quadt and H. Kuhn, “Capacitated lot-sizing and scheduling
with parallel machines, back-orders, and setup carry-over,”
Naval Research Logistics, vol. 56, no. 4, pp. 366–384, 2009.

[8] C. R. Sox and Y. Gao, “The capacitated lot sizing problem with
setup carry-over,” IIE Transactions, vol. 31, no. 2, pp. 173–181,
1999.

[9] K. K. Haugen, A. Løkketangen, and D. L. Woodruff, “Progres-
sive hedging as ameta-heuristic applied to stochastic lot-sizing,”
European Journal of Operational Research, vol. 132, no. 1, pp. 116–
122, 2001.

[10] P. Brandimarte, “Multi-item capacitated lot-sizing with demand
uncertainty,” International Journal of Production Research, vol.
44, no. 15, pp. 2997–3022, 2006.

[11] P. Beraldi, G. Ghiani, A. Grieco, and E. Guerriero, “Fix and relax
heuristic for a stochastic lot-sizing problem,” Computational
Optimization and Applications, vol. 33, no. 2-3, pp. 303–318,
2006.

[12] Y. Guan, “Stochastic lot-sizingwith backlogging: computational
complexity analysis,” Journal of Global Optimization, vol. 49, no.
4, pp. 651–678, 2011.

[13] R. Ramezanian and M. Saidi-Mehrabad, “Hybrid simulated
annealing and MIP-based heuristics for stochastic lot-sizing
and scheduling problem in capacitated multi-stage production
system,”AppliedMathematicalModelling, vol. 37, no. 7, pp. 5134–
5147, 2013.

[14] R. Levi andC. Shi, “Approximation algorithms for the stochastic
lot-sizing problem with order lead times,” Operations Research,
vol. 61, no. 3, pp. 593–602, 2013.

[15] D. Mietzner and G. Reger, “Advantages and disadvantages
of scenario approaches for strategic foresight,” International
Journal of Technology Intelligence and Planning, vol. 1, no. 2, pp.
220–239, 2005.

[16] B. Karimi, S.M. T. FatemiGhomi, and J.M.Wilson, “The capac-
itated lot sizing problem: a review of models and algorithms,”
Omega, vol. 31, no. 5, pp. 365–378, 2003.
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To optimize the firm’s profit during a finite planning horizon, a dynamic programming model is used to make joint pricing and
inventory replenishment decision assuming that customers are loss averse and the firm is risk averse. We model the loss averse
customer’s demand using the multinomial choice model. In this choice model, we consider the acquisition and transition utilities
widely used by a mental accounting theory which also incorporate the reference price and actual price. Then, we show that there is
an optimal inventory policy which is base-stock policy depending on the accumulated wealth in each period.

1. Introduction

Joint control of inventory and price has long been widely
used for many firms such as Amazon, Dell, and J. C. Penny
[1]. However, as mentioned in [2], traditional inventory
control models are mainly concerned with the properties of
replenishment policies to optimize the expected total profit
or cost during a planning horizon. We can say that the
traditional models are good strategies for the risk neutral
inventory decision maker who is insensitive to profit or cost
variations. However, not all inventory decision makers are
risk neutral but frequently risk averse, inwhich the risk averse
inventory decision maker would prefer a certainty equivalent
to taking the bet and possibly receiving nothing, where the
certainty equivalent is defined as the amount that the decision
maker would accept instead of the bet.

For a better operational decision and a successful mar-
keting campaign, a firm’s inventory decision makers should
consider customer’s behavior corresponding to the price
set by the firm, carefully. Customer’s behavior significantly
influences firm’s revenue so that also the firm’s pricing and
replenishment decisions are deeply influenced. The firm’s
decision makers should construct a good operational and
marketing strategy. When you see repeat-purchase markets,
consumers have expectation for the price, which is known
as reference prices in prospect theory. Customers perceive

fluctuating prices as discounts or overcharges relative to the
reference prices formed by the previous prices.Moreover, this
perception affects demand and thus firm’s profit. For example,
while a price discount might have a positive impact on sales
on the short-run, the discounted price might result in the
installation of a low price in consumers memory, eroding
price expectations and willingness to pay and thereby neg-
atively affecting profitability on the long run. It is important
for a firm to understand (1) how consumers expectations for
price and decisions for purchasing are affected by its pricing
policy and history and (2) how prices should be set over time
to optimize its utility. So, a firm needs to incorporate the
behavior of loss averse customers into its strategy, to whom
losses loom larger than gains. Since loss averse customers,
to whom the disutility of a loss is greater than the utility of
an equivalent gain, prudently consider the tradeoff between
the perceived reference price from the previous prices and
the current price when purchasing products, an unfavorable
price is seen as a loss. So, it can significantly reduce customers’
willingness to purchase and finally influence the reduction of
retail sales.

So, in this paper, we consider a multiperiod inven-
tory control model in which a risk averse firm faces loss
averse customer’s uncertain demand and makes an inventory
replenishment and pricing decision by maximizing the firm’s
expected utility.
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2. Literature Review

We will go over the literature separately to compare with
our research. First, the literature on the customer’s behavior
will be reviewed with respect to the loss aversion. Second,
the literature on the firm’s behavior will be reviewed with
respect to the risk neutral utility. Then, finally, the literature
on the firm’s behavior will be reviewedwith respect to the risk
aversion.

There have been lots of research papers regarding the
customers’ irrational behavior since Barbara L. Fredrickson
and Daniel Kahneman won the Nobel prize for their works
on the prospect theory. Reference [3] shows that the decision
makers are not rational and do not follow the expected utility
theory and develop an alternative model, called prospect
theory. In prospect theory, outcomes are valued as gains
or losses relative to a current reference point instead of
final levels of wealth and suggest that the utility of an
equivalent gain is less than the disutility of a loss, which is
referred to as loss aversion. Also, they present the concept
of certainty effect which contributes to risk aversion over
gains and to risk seeking over losses. Reference [4] mentions
that consumer’s choice is affected by the brands’ position
related to reference points with multiple attributes and that
consumers keep their weight on losses from a reference
point more than gains in the same amount, which is loss
aversion. They develop a Multinomial Logit formulation
which incorporates a reference-dependent choice model.
Reference [10] addresses a behavioral decision bias in the
newsvendor ordering problem: orders for low-profit products
were higher than the expected profit-maximizing quantities,
while orders for high-profit products were lower than the
expected profit-maximizing quantities. They show that any
of risk aversion, risk seeking preferences, prospect theory
preferences, loss aversion, waste aversion, stockout aversion,
or undervaluing opportunity costs cannot explain the bias
pattern of ordering decision, but a preference of ex-post
inventory error reduction and the anchoring heuristic might
explain the bias pattern of ordering decision. Reference [11]
proposes a behavioral theory to see the actual ordering
decision in multilocation newsvendor problem.They assume
that there are psychological costs for stockouts or leftovers
and then show that decision makers psychological disutility
for stockpots is less strong than that for leftovers. They
test whether the pull-to-center bias exists in a multilocation
newsvendor problem. Reference [14] proposes a dynamic
pricingmodel based on the peak-end rule and reference price,
where loss averse consumers make a purchasing decision
depending on the lowest price and the most recent price.
Here, as defined in [12], the peak-end rule is a psychological
heuristic in which people’s experience is evaluated largely
based on how to feel at its peak (its lowest price point)
and at its end (its most recent price), rather than based
on the summation or average of every experience (past
prices). Reference [13] shows that consumer’s loss aversion
behavior could result in higher prices and profits when
consumer’s valuation is higher enough than his/her search
costs and the proportion of consumers with positive search

costs is in an intermediate range. Also, they show that when
forward-looking firms incorporate the negative effect of price
promotions on future profits, the equilibrium range of price
promotions may actually increase.

Second, we will see some traditional research papers on
the risk neutral firm. Traditionally, many research literatures
consider a model in which the firm is risk neutral and the
customer is not loss averse. Actually, the demand from the
customer is just affected by the list price set by the firm
and is nonincreasing in the price. Reference [5] examines
a newsvendor problem with risk neutral profit in which
replenishment and selling price are decided simultaneously.
References [6, 7, 15, 16] address the simultaneous decision
problem of pricing and inventory replenishment in the face
of demand uncertainty of which distributions depend on the
price set by the risk neutral firm. References [8, 9] address
an inventory policy and a pricing strategy maximizing risk
neutral expected profit given that the demand function is
decreasing just in the price set by the firm.

Finally, we will see the literatures on the risk averse firm.
The literature on the risk averse inventory control model is
quite limited. Reference [17] considers a tradeoff between the
stochastic profit’s expected value and its standard deviation to
hedge the undesirable uncertainty in stochastic profit, where
a degree of risk aversion is reflected by the multiplication
of some constant to the standard deviation. Reference [18]
examines the effects of risk aversion in the newsboy problem
in which comparative-static effects of changes in the various
prices and costs are related to the newsboy’s risk aversion.
Reference [19] addresses an inventory model in which the
objective is to optimize the expected exponential utility of the
present value of net profits over time to incorporate the effects
of sensitivity to risk. Reference [20] considers a newsvendor
model in which a risk averse retailer faces uncertain demand
and makes ordering quantity decisions and pricing decision
with the objective of optimizing expected risk averse utility.
In their model, the distribution of demand is a function
of the price set by the risk averse retailer. Reference [2]
incorporates risk aversion in multiperiod inventory models
that coordinate inventory and pricing strategies.

The dynamic control model is utilized in a wide range
of industries [21, 22] and its use is also prevalent in the
control of inventory systems [23]. Reference [24] investigates
the problem of adaptive tracking control for a class of
switched stochastic nonlinear systems in nonstrict-feedback
form with unknown nonsymmetric actuator dead-zone and
arbitrary switching. Reference [19] formulates the dynamic
programming models to solve multiperiod stochastic inven-
tory problems with exponential utility function.

As reviewed above and summarized in Table 1, to the best
of our knowledge, there is no research for amodel combining
the loss averse customer and risk averse firm simultaneously.
So, it is pretty much new and will fill the research gap in the
behavioral inventory control model.

3. Assumptions

In this paper, the following assumptions are used.
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Table 1: Comparison of our research with other existing researches.

[3, 4] [5–9] [10, 11] [5, 12, 13] Our research
Risk averse √ √
Loss averse √ √ √
Replenishment √ √ √ √
Pricing √ √ √ √

Assumption 1. Unsatisfied demand is allowed to be back-
logged. So, the inventory level at the beginning of each period
can be negative.

Backlogging is widely used assumption in practice. If the
demand is unsatisfied, lots of customers are willing to delay
receiving what they want.

Assumption 2. Replenishment after ordering at the beginning
of each period becomes available instantaneously.

In multiperiod inventory control problem, instantaneous
replenishment is fairly good assumption if one period is set up
widely enough for the replenishment to arrive in that period.

Assumption 3. A function ℎ𝑡(𝑥) has the following properties.
(i) It is an inventory holding cost if 𝑥 is positive and

shortage cost otherwise.
(ii) It is incurred at the end of each period and is convex.
(iii) 𝐸[ℎ𝑡(0)] = 0 is assumed in each period 𝑡 = 1, . . . , 𝑇.
(iv) lim|𝑥|→∞ℎ𝑡(𝑥) = ∞.

The leftover inventory at the end of each period incurs
holding cost. Since shortages of inventory may result in the
customer’s cancelation of orders or losses in sale which lead
to loss of goodwill or profit even for the firm’s business itself,
the unsatisfied demand at the end of each period also incurs
some shortage cost. If there is not any leftover or shortage
of inventory, there is no incurred cost. As the leftover or
shortage of inventory increases, the incurred cost in each
period should increase.

4. Mathematical Formulation

We consider a model in which there is a single firm selling
single product to multiple customers. First, we will see how
the loss averse customers behave given the price set by the
firm. Then, we will analyze the risk averse firm’s decision
process by considering the loss averse customer’s behavior.

4.1. Decision Model for Loss Averse Customer. All the cus-
tomers are homogeneous, which implies that customer’s
decision is identically and independently distributed. The
customer’s demand is basically influenced by the selling
price the firm offers to the customer in each period. Also,
each customer’s purchasing decision depends on the tradeoff
between the selling price and a reference price. As men-
tioned in [13], it has been long recognized that consumer’s

purchasing decisions are influenced by reference prices and
are disproportionately influenced more by perceived losses
than perceived gains. For instance, consumers respond more
strongly to selling price higher than their reference price
than to selling price lower than their reference price. Here,
a reference price is defined as an expected or “just” price for a
product which a customer has in mind (see [25] for details).
As in [14], we assume that the reference price 𝑟𝑡 at period𝑡 is a convex combination of the actual price 𝑝𝑡−1 and the
reference price 𝑟𝑡−1 at the previous period 𝑡 − 1. That is, for𝑡 = 2, 3, . . . , 𝑇,

𝑟𝑡 = 𝛼𝑟𝑡−1 + (1 − 𝛼) 𝑝𝑡−1, (1)

where 𝛼 ∈ [0, 1] is the weighting factor showing how much
the current reference price is related to the past reference
price and 𝑟1 = 𝑝1. By [25], a customer’s total utility by
purchasing a product is the sum of acquisition utility (Vacq)
and transition utility (Vtrans). So, given a price 𝑝𝑡 and a
reference price 𝑟𝑡 at period 𝑡, customer’s total utility, V(𝑝𝑡, 𝑟𝑡),
can be written as follows:

V (𝑝𝑡, 𝑟𝑡) = Vacq (𝑝𝑡) + Vtrans (𝑝𝑡, 𝑟𝑡) . (2)

Here

Vacq (𝑝𝑡) = 𝑎 − 𝑏𝑝𝑡 + 𝛾𝑡 (3)

is an acquisition utility which depends on the value of
the product purchased; in this case the actual price 𝑝𝑡 of
product is also seen as the consumer surplus in standard
economic models (see [25] for details). 𝛾𝑡 is independently
and identically Logit distributedwithmean zero and variance𝜋2/3 in each period (see [26] for details). And

Vtrans (𝑝𝑡, 𝑟𝑡) = (𝑟𝑡 − 𝑝𝑡)+ − 𝜆 (𝑟𝑡 − 𝑝𝑡)− for 𝜆 ≥ 1 (4)

is a transition utility whose measure depends on the price 𝑝𝑡
the customer pays compared to the reference price 𝑟𝑡. Now,
given the actual price 𝑝𝑡 and reference price 𝑟𝑡, a Multinomial
Logit model is used for the customer’s purchasing probability.
For a given actual price 𝑝𝑡, a customer might purchase the
product if the customer’s total utility is greater than zero.The
customer’s purchasing probability at period 𝑡 is denoted as𝑃V,𝑡. And 𝑃V,𝑡 at period 𝑡 can be written using Multinomial
Logit model [27] as follows:

𝑃V,𝑡 = 𝑃 {V (𝑝𝑡, 𝑟𝑡) ≥ 0} = 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟𝑡−𝑝𝑡)−
1 + 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟𝑡−𝑝𝑡)− . (5)

Since customers in the market are assumed to be homoge-
neous, the average demand for the given price 𝑝𝑡 at period 𝑡 is
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𝑀×𝑃V,𝑡, where𝑀 is themarket size for the product’s demand.
Then, we can write the demand in period 𝑡 as follows:

𝐷𝑡 (𝑝𝑡) = 𝑀 × 𝑃V,𝑡 + 𝜖𝑡
= 𝑀 × 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟𝑡−𝑝𝑡)−

1 + 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟𝑡−𝑝𝑡)− + 𝜖𝑡,
(6)

where 𝜖𝑡 is a random perturbation variable with mean zero.
So, letting 𝑑𝑡 ≡ 𝐸[𝐷𝑡(𝑝𝑡)],

𝑑𝑡 = 𝑀 × 𝑃V,𝑡 = 𝑀 × 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟t−𝑝𝑡)−
1 + 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)++𝜆(𝑟𝑡−𝑝𝑡)− (7)

is an expected demand in each period. Also, it is just a
function of one decision variable 𝑝𝑡, which can be written as𝑓(𝑝𝑡), since 𝑟𝑡 is the just combination of previous information
which is known.Then, we can write 𝑝𝑡 as an inverse function
of the expected demand 𝑑𝑡, which can be written as 𝑓−1(𝑑𝑡).

So far, we see a mathematical expression for the loss
averse customer’s decision process. Now, we will see the
mathematical expression for the risk averse firm’s decision
process.

4.2. Decision Model for Risk Averse Firm. For the risk averse
firm’s decision process, the risk ismeasured using the increas-
ing and concave utility function and the first derivative of this
concave function is decreasing. So, the marginal gain is less
than the marginal loss with respective of the same amount
of money. Also, as mentioned in [23, 28], to address the
temporal risk problem caused by the expected utilitymodel, a
utility model over a stream of consumption can be a solution
in which the firm’s manager is permitted to lend or borrow to
make the income flow smooth as the uncertainties over time.

Extending the consumption model in [2] to deal with
loss averse customer, the firm’s decision problem incorporates
consumption, saving, and borrowing decisions as well as
inventory replenishment𝑦 and pricing decisions𝑝 as follows.
That is, given inventory level 𝑥 and an accumulated wealth𝑤 at the beginning of period 𝑡, the firm should decide the
order up to level 𝑦 and the selling price 𝑝 by optimizing the
following problem:

𝐽𝑡 (𝑥, 𝑤) = max
𝑦≥𝑥, 𝑝

𝑡
≤𝑝≤𝑝

𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑝)] , (8)

where

𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑝) = max
𝑤
{𝑢𝑡 (𝑤 − 𝑤1 + 𝑟𝑓 − 𝑐𝑡 (𝑦 − 𝑥)

+ 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝))) + 𝐽𝑡+1 (𝑦

− 𝐷𝑡 (𝑝) , 𝑤)} ,
(9)

where 𝑢𝑡(⋅) is an increasing and concave utility function to
capture the firm’s risk aversion. 𝑐𝑡 is a variable cost to purchase

or produce each product.The third, fourth, and fifth terms in
the function 𝑢𝑡(⋅)

−𝑐𝑡 (𝑦 − 𝑥) + 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝)) (10)

are the net income earned during the period 𝑡. And by adding
the accumulated wealth 𝑤 just before the period 𝑡 to these
values,

𝑤 − 𝑐𝑡 (𝑦 − 𝑥) + 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝)) (11)

is the accumulated wealth up to period 𝑡. Now, by capturing
the present value𝑤/(1+ 𝑟𝑓) of the accumulated wealth𝑤 in
the next period

𝑤 − 𝑤1 + 𝑟𝑓 − 𝑐𝑡 (𝑦 − 𝑥) + 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝)) (12)

is the firm’s consumption during period 𝑡, where 𝑤/(1 + 𝑟𝑓)
is saving if positive or borrowing otherwise. 𝑟𝑓 is the risk-free
interest rate in the finance market. In the last period 𝑇, it is
assumed that the firm should consume everything, which is𝑤 = 0 at the period 𝑇, and thus for all 𝑦 and 𝑝
𝐺𝑇 (𝑥, 𝑤, 𝑦, 𝑝)
= 𝑢𝑇 (𝑤 − 𝑐𝑇 (𝑦 − 𝑥) + 𝑝𝐷𝑇 (𝑝) − ℎ𝑇 (𝑦 − 𝐷𝑡 (𝑝))) . (13)

Asmentioned above,𝑝𝑡 = 𝑓−1(𝑑𝑡). So, we can write the above
inventory firm’s decision problem as follows:

𝐽𝑡 (𝑥, 𝑤) = max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑)] , (14)

where

𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) = max
𝑤
{𝑢𝑡 (𝑤 − 𝑤1 + 𝑟𝑓 − 𝑐𝑡 (𝑦 − 𝑥)

+ 𝑝𝑡 (𝑑) 𝑑 − ℎ𝑡 (𝑦 − 𝑑)) + 𝐽𝑡+1 (𝑦 − 𝑑, 𝑤)} .
(15)

For the convenience, we transform the problem using the
parameter space shift and define 𝐽𝑡(𝑥, 𝑤) and 𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)
as follows:

𝐽𝑡 (𝑥, 𝑤) ≡ 𝐽𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥) ,
𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) ≡ max

𝑧
{𝑢𝑡 (𝑤 − 𝑧1 + 𝑟𝑓

+ ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 (𝑑) −
𝑐𝑡+11 + 𝑟𝑓)𝑑

− ℎ𝑡 (𝑦 − 𝑑)) + 𝐽𝑡+1 (𝑦 − 𝑑, 𝑧)} .

(16)

Then, we have the following lemma.
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Lemma 4. Equation (14) can be written as the following
equivalent problem.

𝐽𝑡 (𝑥, 𝑤) = max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑)] , (17)

where

𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) = max
𝑧
{𝑢𝑡 (𝑤 − 𝑧1 + 𝑟𝑓

+ ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 (𝑑) −
𝑐𝑡+11 + 𝑟𝑓)𝑑

− ℎ𝑡 (𝑦 − 𝑑)) + 𝐽𝑡+1 (𝑦 − 𝑑, 𝑧)} ,
(18)

where

𝐺𝑇 (𝑥, 𝑤, 𝑦, 𝑑)
= 𝑢𝑇 (𝑤 − 𝑐𝑇𝑦 + 𝑝𝑇 (𝑑) 𝑑 − ℎ𝑇 (𝑦 − 𝑑)) . (19)

Proof. Given 𝑥 and 𝑤, it is sufficient to show that

max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑)]
= max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑑)] . (20)

Equivalently, given 𝑥, 𝑤, 𝑦, and 𝑑, we only need to show that
for all random realization

𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) = 𝐺𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑑) . (21)

Now, start with 𝐺𝑡(𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑝) as follows:
𝐺𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑝) = max

𝑤
{𝑢𝑡 (𝑤 − 𝑐𝑡𝑥 − 𝑤1 + 𝑟𝑓

− 𝑐𝑡 (𝑦 − 𝑥) + 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝)))

+ 𝐽𝑡+1 (𝑦 − 𝐷𝑡 (𝑝) , 𝑤)} = max
𝑤
{𝑢𝑡 (𝑤

− 𝑤 + 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝)) − 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝))1 + 𝑟𝑓 − 𝑐𝑡𝑦

+ 𝑝𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝))) + 𝐽𝑡+1 (𝑦
− 𝐷𝑡 (𝑝) , 𝑤 + 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝))
− 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝)))} = max

𝑤
{𝑢𝑡 (𝑤

− 𝑤 + 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝))1 + 𝑟𝑓 + ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦

+ (𝑝𝑡 − 𝑐𝑡+11 + 𝑟𝑓)𝐷𝑡 (𝑝) − ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝)))
+ 𝐽𝑡+1 (𝑦 − 𝐷𝑡 (𝑝) , 𝑤 + 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝))
− 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝)))} .

(22)

Now, let 𝑤 + 𝑐𝑡+1(𝑦 − 𝐷𝑡(𝑝)) be replaced by 𝑧. Then, since
maximizing over 𝑧 with given 𝑦 and 𝑝 does not change the
optimality which is obtained by maximizing over 𝑤, we can
equivalently write as follows; for all 𝑥, 𝑤, 𝑦 and 𝑝,

𝐺𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑝) = max
𝑧
{𝑢𝑡 (𝑤 − 𝑧1 + 𝑟𝑓

+ ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 −
𝑐𝑡+11 + 𝑟𝑓)𝐷𝑡 (𝑝)

− ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝))) + 𝐽𝑡+1 (𝑦 − 𝐷𝑡 (𝑝) , 𝑧
− 𝑐𝑡+1 (𝑦 − 𝐷𝑡 (𝑝)))} = max

𝑧
{𝑢𝑡 (𝑤 − 𝑧1 + 𝑟𝑓

+ ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 −
𝑐𝑡+11 + 𝑟𝑓)𝐷𝑡 (𝑝)

− ℎ𝑡 (𝑦 − 𝐷𝑡 (𝑝))) + 𝐽𝑡+1 (𝑦 − 𝐷𝑡 (𝑝) , 𝑧)}
= 𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) .

(23)

Thus, we have

max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑)]
= max
𝑦≥𝑥, 𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤 − 𝑐𝑡𝑥, 𝑦, 𝑑)] (24)

and the result holds.

4.3. Optimal Policy. In this section, we characterize the firm’s
optimal inventory control policy. First, we need to show that𝐸[𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)] is jointly concave in 𝑥, 𝑤, 𝑦, and 𝑑.
Lemma 5. Suppose that the customer is loss averse such that
the demand function is (6). Then, for each period 𝑡,

(1) 𝐸[𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)] is jointly concave in 𝑥, 𝑤, 𝑦, and 𝑑,
(2) 𝐽𝑡(𝑥, 𝑤) is jointly concave in 𝑥 and 𝑤.

Proof. 𝐽𝑇+1(𝑥, 𝑤) is jointly concave. So, using mathematical
induction, suppose that 𝐽𝑡+1(𝑥, 𝑤) is jointly concave in 𝑥 and𝑤. First, we have to verify that
( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 (𝑑) −

𝑐𝑡+11 + 𝑟𝑓)𝑑 − ℎ𝑡 (𝑦 − 𝑑) (25)

is jointly concave in 𝑦 and 𝑑. The first term is linear in 𝑦.
The third term is also jointly concave in 𝑦 and 𝑑 since ℎ𝑡(⋅)
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is a convex function. Now, we need to verify that the second
term is concave in 𝑑. It is sufficient to show that the second
derivative of the second term with respect to 𝑑 is negative for
any value of 𝑟𝑡; that is,

𝑑2𝑑𝑑2 [(𝑝𝑡 − 𝑐𝑡+11 + 𝑟𝑓)𝑑] < 0 ∀𝑟𝑡. (26)

Now, start with the expected demand 𝑑 which is

𝑑 = 𝑀 × 𝑃V,𝑡 = 𝑀 × 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)+−𝜆(𝑟𝑡−𝑝𝑡)−
1 + 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)+−𝜆(𝑟𝑡−𝑝𝑡)− , (27)

where 𝑝𝑡 ≡ 𝑝𝑡(𝑑). Suppose that 𝑟𝑡 < 𝑝𝑡. Then, the first
derivative of both sides of (27) with respect to 𝑑 will be

1 = 𝑀 × 𝑒
𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)

− (−𝑏 − 𝜆) (𝑑𝑝𝑡/𝑑𝑑) (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−) − (𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2 (−𝑏 − 𝜆) (𝑑𝑝𝑡/𝑑𝑑)
(1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2 . (28)

Thus,

𝑑𝑝𝑡𝑑𝑑 = (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2
𝑀× 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− (−𝑏 − 𝜆) ,

𝑑2𝑝𝑡𝑑𝑑2 =
(𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− − 1) (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)3

(𝑀 × 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2 (−𝑏 − 𝜆) ,
𝑑2𝑑𝑑2 [(𝑝𝑡 − 𝑐𝑡+11 + 𝑟𝑓)𝑑]

= 𝑑𝑑𝑑 [𝑑𝑝𝑡𝑑𝑑 𝑑 + (𝑝𝑡 − 𝑐𝑡+11 + 𝑟𝑓)] = 2
𝑑𝑝𝑡𝑑𝑑 + 𝑑

2𝑝𝑡𝑑𝑑2 𝑑

= 2 (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2
𝑀× 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− (−𝑏 − 𝜆)

+ (𝑒
𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)

− − 1) (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)3
(𝑀 × 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2 (−𝑏 − 𝜆)

⋅ 𝑀 × 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−
1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−

= 2 (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2
𝑀× 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− (−𝑏 − 𝜆)

+ (𝑒
𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)

− − 1) (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2
𝑀× 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− (−𝑏 − 𝜆)

= (𝑒
𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)

− + 1) (1 + 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)−)2
𝑀× 𝑒𝑎−𝑏𝑝𝑡−𝜆(𝑟𝑡−𝑝𝑡)− (−𝑏 − 𝜆)

(29)

which is strictly negative. Also, by the same procedure as in𝑟𝑡 ≤ 𝑝𝑡, we can see that for 𝑟𝑡 ≥ 𝑝𝑡
𝑑2𝑑𝑑2 [(𝑝𝑡 − 𝑐𝑡+11 + 𝑟𝑓)𝑑] (30)

is strictly negative.Therefore, for any 𝑟𝑡, (𝑝𝑡(𝑑)−𝑐𝑡+1/(1+𝑟𝑓))𝑑
is concave in 𝑑. Thus,

( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 (𝑑) −
𝑐𝑡+11 + 𝑟𝑓)𝑑 − ℎ𝑡 (𝑦 − 𝑑) (31)

is jointly concave in 𝑦 and 𝑑, and also

𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑) = max
𝑧
{𝑢𝑡 (𝑤 − 𝑧1 + 𝑟𝑓

+ ( 𝑐𝑡+11 + 𝑟𝑓 − 𝑐𝑡)𝑦 + (𝑝𝑡 (𝑑) −
𝑐𝑡+11 + 𝑟𝑓)𝑑

− ℎ𝑡 (𝑦 − 𝑑)) + 𝑉𝑡+1 (𝑦 − 𝑑, 𝑧)}
(32)

is jointly concave in 𝑥, 𝑤, 𝑦, and 𝑑, which implies that𝐸[𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)] is jointly concave in 𝑥, 𝑤, 𝑦, and 𝑑. Now,
we need to show that 𝐽𝑡(𝑥, 𝑤) is jointly concave in 𝑥 and 𝑤.
Suppose that, for any 𝑥0, 𝑤0, 𝑥1, 𝑤1, 𝜆 ∈ (0, 1); let 𝑦0 and 𝑦1
be such that 𝐽𝑡(𝑥0, 𝑤0) = max𝑑

𝑡
≤𝑑≤𝑑𝑡

𝐸[𝐺𝑡(𝑥0, 𝑤0, 𝑦0, 𝑑)] and𝐽𝑡(𝑥1, 𝑤1) = max𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸[𝐺𝑡(𝑥1, 𝑤1, 𝑦1, 𝑑)]. Then, we have

𝐽𝑡 ((1 − 𝜆) 𝑥0 + 𝜆𝑥1, (1 − 𝜆)𝑤0 + 𝜆𝑤1) = max
𝑦≥(1−𝜆)𝑥0+𝜆𝑥1

{ max
𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 ((1 − 𝜆) 𝑥0 + 𝜆𝑥1, (1 − 𝜆)𝑤0 + 𝜆𝑤1, 𝑦, 𝑑)]}
≥ max
𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 ((1 − 𝜆) 𝑥0 + 𝜆𝑥1, (1 − 𝜆)𝑤0 + 𝜆𝑤1, (1 − 𝜆) 𝑦0 + 𝜆𝑦1, 𝑑)]
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≥ (1 − 𝜆) max
𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥0, 𝑤0, 𝑦0, 𝑑)] + 𝜆 max
𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥1, 𝑤1, 𝑦1, 𝑑)]
= (1 − 𝜆) 𝐽𝑡 (𝑥0, 𝑤0) + 𝜆𝐽𝑡 (𝑥1, 𝑤1) ,

(33)

where the first equality is from the definition of 𝐽𝑡(𝑥, 𝑤, 𝑦, 𝑑)
and the second inequality is from maximum and the third
inequality is from the joint concavity of 𝐸[𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)].
Thus, 𝐽𝑡(𝑥, 𝑤) is jointly concave in 𝑥 and 𝑤.
Proposition 6. Suppose that the customer is loss averse such
that the demand function is (6). For each period 𝑡, there
exists an optimal base-stock inventory policy which depends on
wealth at the beginning of period 𝑡.
Remark 7. We can verify the result of Proposition 6 easily
as follows. Suppose that 𝑦∗(𝑤) is an optimal solution to the
following problem:

max
𝑦≥𝑥

{ max
𝑑
𝑡
≤𝑑≤𝑑𝑡

𝐸 [𝐺𝑡 (𝑥, 𝑤, 𝑦, 𝑑)]} . (34)

Since 𝐸[𝐺𝑡(𝑥, 𝑤, 𝑦, 𝑑)] is jointly concave in 𝑥, 𝑤, 𝑦, and 𝑑 by
Lemma 5, it is optimal to order up to 𝑦∗(𝑤) if 𝑥 < 𝑦∗(𝑤)
and not to order otherwise. This implies that there exists
an optimal base-stock inventory policy which depends on
wealth at the beginning of each period 𝑡.
5. Numerical Example

In this section, we provide a numerical example with time
horizon 4 to show how ourmodel actually works and how the
expected utility objectives will change over the various risk
averse factors and various loss averse factors.

To consider a firm’s risk aversion, an exponential utility
function, 𝑢(𝑥) = −𝑒−𝑥/𝑅, has been used for our numeri-
cal example, where 𝑅 is the firm’s risk averse factor. This
exponential utility function is increasing and concave. Also,
as 𝑅 decreases (increases), the firm’s risk aversion increases
(decreases). By (6), we used the following demand function:

𝐷𝑡 (𝑝𝑡) = [𝑀 × 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)+−𝜆(𝑟𝑡−𝑝𝑡)−
1 + 𝑒𝑎−𝑏𝑝𝑡+(𝑟𝑡−𝑝𝑡)+−𝜆(𝑟𝑡−𝑝𝑡)− + 𝜖𝑡]

+

, (35)

where [𝑥]+ = max[𝑥, 0], [𝑥]− = min[𝑥, 0], 𝑀 = 40, 𝑎 =16, and 𝑏 = 1. The customer’s loss averse factor 𝜆 is taken
from the following values: {1, 1.1, 1.3, 1.5, 1.7, 1.9, 2, 3, 4}.The
random variable, 𝜖𝑡, is uniformly distributed as follows.

𝑃 {𝜖1 = 4} = 𝑃 {𝜖2 = 4} = 𝑃 {𝜖3 = −2} = 𝑃 {𝜖4 = −4}
= 14 .

(36)

The other parameters in our model have the following values;
unit purchasing cost is 2, unit holding cost is 1, unit shortage
cost for lost sale is 4, and salvage value is 1.

Interestingly, for some numerical instances, the optimal
base-stock increases as the firm’s risk aversion increases. For
this phenomenon, please see Figure 2(a) when the customer’s
loss aversion is 1.3 and Figure 2(b) when the customer’s
loss aversion is 1.7. In general, we cannot say that this is
true. In some experiments, the optimal base-stock tends
to be monotonically increasing (decreasing) in response to
increasing (decreasing) risk aversion. However, even though
such a monotonic property might be desirable, we have
numerical examples that violate this property as the risk
aversion level is changed. We have also observed that the
changes of the optimal base-stock by changing the firm’s risk
aversion are not large.

LetΠ𝑁 be the optimal expected utility for the loss-neutral
customer and let Π𝑅 be the optimal expected utility for the
loss averse customer. Then, using the following equation

Π𝑅 − Π𝑁Π𝑁 (37)

we can see the impact of the customer’s loss aversion on the
firm’s optimal expected utility. Figure 1 shows that for various
loss averse value {1.0, 1.3, 1.5, 1.7, 2.0, 3.0} and the risk aver-
sion value at 100, the loss aversion positively influences the
firm’s utility. When the customer is very loss averse (e.g., the
loss aversion is 3.0), the firm’s utility is expected to be reduced
by approximately 38%, if the firmdoes not take the customer’s
loss aversion into account.

6. Conclusion

In this paper, we analyze the multiperiod dynamic inventory
control problem in which there are a risk averse firm
selling single product and many loss averse customers. As
mentioned in Introduction, there are lots of research papers
considering only loss averse customer or considering only
risk averse firm’s strategy. In this paper, we consider dynamic
mathematical modeling in which both loss averse customers
and risk averse firm are incorporated. Loss averse customers
are Multinomial Logit modeled using the acquisition utility
and transition utility relative to the reference price. The
reference price in each period is considered as a convex
combination of the actual price and the reference price at the
very previous period. To capture the firm’s risk aversion, we
incorporate the firm’s consumption, saving, and borrowing
decisions as well as inventory replenishment and pricing
decisions. Then, we show that there exists an optimal base-
stock inventory policy depending on accumulated wealth in
each period.

For the future research, the following can be considered:
(1) One could incorporate various systemic biases in

modeling the decisions of the customers such as
regret [14] and anchoring [11].
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Figure 1: (Π𝑅 − Π𝑁)/Π𝑁 for various customer’s loss aversion {1.0, 1.1, 1.3, 1.5, 1.7, 2.0, 3.0}.
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Figure 2: Optimal base-stock for various firm’s risk aversion {50, 100, 200}.

(2) It would consider the case where the customers are
strategic; for example, they make an intertemporal
purchase decision [29, 30].

(3) In this research, we consider single market in which
a firm plays. For the comprehensive view, market
competition could be considered so that one can
see the effect of heterogenous markets on the firm’s
decision and performance.

(4) One who might be interested in behavioral opera-
tions, marketing, and promotion strategy together
with choice model could use our result as a founda-
tion for one’s future research.
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The global exponential antisynchronization in mean square of memristive neural networks with stochastic perturbation andmixed
time-varying delays is studied in this paper. Then, two kinds of novel delay-dependent and delay-independent adaptive controllers
are designed. With the ability of adapting to environment changes, the proposed controllers can modify their behaviors to achieve
the best performance. In particular, on the basis of the differential inclusions theory, inequality theory, and stochastic analysis
techniques, several sufficient conditions are obtained to guarantee the exponential antisynchronization between the drive system
and response system. Furthermore, two numerical simulation examples are provided to the validity of the derived criteria.

1. Introduction

Memristor is a nonlinear resistor with memory function.
Because of the nonlinear nature, it has been found that
memristor responds well to the variable strength of synapses
in the human brain. Therefore, we use memristor instead
of resistor to reform new neural networks model named
memristive neural networks (MNNs). In recent decades,
dynamic behaviors analysis of MNNs has been attracting
increasing attentions [1–3].

As a typical dynamic behavior, the stability and syn-
chronization problems of MNNs have been widely dis-
cussed, including exponential synchronization [4, 5], lag
synchronization [6], finite time synchronization [7, 8], and
antisynchronization [9, 10]. In communication system, the
digital signal is transmitted by switching back and forth
continuously between synchronization and antisynchroniza-
tion, which strengthen security and secrecy. Besides that,
the antisynchronization analysis of MNNs can provide the

designers with some amazing properties, extensive flexibility,
and opportunities. Thus, there are a few articles dealing with
the antisynchronization issues of MNNs [11–15]. In [11], they
studied the exponential antisynchronization in mean square
of MNNs with the uncertain terms which include nonmod-
eled dynamics with boundary and stochastic perturbations.
By an intermittent sampled-data controller [12] and utilizing
matrix measure approach and Halanay inequality [13], the
antisynchronization control of MNNs with time-varying
delays has been addressed. Wang et al. discussed the anti-
synchronization control ofMNNswithmultiple proportional
delays [14] and mixed time-varying delays [15]. Recently, the
antisynchronization control has been widely employed in
many fields, for example, secure communication, harmonic
oscillation generation, and information science [16–18].

In practice, because of certain switching speeds of the
amplifiers, time delays are often encountered in hardware
implementation [19], which may affect the stability of the
system, even result in oscillation, divergence, and instability
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phenomena. Consequently, a great deal of effort has been
devoted to the stability analysis of MNNs with various types
of time delays [20–22]. Moreover, since an amount of parallel
pathways of multiple axon sizes and lengths reside in the
MNNs, such a unique nature can be appropriately modeled
by distributed delay which means the signal transmission is
distributed over a specific period of time. Hence, the authors
in [23–25] have concentrated on the mixed delays. Meng and
Xiang [24] considered a class of recurrent MNNs with mixed
time-varying delays, in which the passivity and exponential
passivity were investigated.

Furthermore, in [25], Yang et al. studied the 𝑝th moment
exponential stochastic synchronization for MNNs with dis-
crete and distributed time-varying delays. However, the
discrete delay 𝜏(𝑡) in [25] must be differentiable. Clearly, such
a constraint on the delay term 𝜏(𝑡) was relatively strong.
So, we discuss two kinds of discrete time-varying delay in
this paper. One is that its derivative is bounded; the other is
that it is not differentiable, or the derivative is unknown or
unrestricted.

On the other hand, as a result of random fluctuations
from the release of neurotransmitters or other probabilistic
causes in the nervous system, synaptic transmission is indeed
a process accompanied by noise. The stability analysis of
MNNs with stochastic perturbation has aroused great inter-
ests of many researchers [26–28]. For example, Song and
Wen [27] investigated the stochasticMNNswithmixeddelays
and proposed the exponential synchronization criteria in
the 𝑝th moment. Subsequently, Bao et al. [28] discussed a
class of coupled stochastic MNNs with probabilistic time-
varying delay in order to achieve exponential synchroniza-
tion. However, to the best of our knowledge, the research
on the exponential antisynchronization analysis of stochastic
MNNs with mixed delays is still an open problem.

Motivated by the above discussion,we focus ourminds on
the exponential antisynchronization problem of the MNNs
with stochastic perturbation and mixed time-varying delays.
Compared with other existing articles [11, 28, 29], our model
is more complex and closer to the actual system; the obtained
results are less conservative. The main contributions of this
paper can be summarized in the following:

(1) The presented MNNs model contains not only
stochastic perturbation but also two types of time-
varying delays, namely, discrete and distributed time-
varying delays.

(2) It is known that the time delays have a great influence
on the stability of the MNNs, so the time delays
cannot be neglected. As far as we know, many articles
are based on the assumption that the time delay is
bounded and derivable. Actually, it may happen that
the time delay 𝜏(𝑡) is not differentiable or its derivative
is unknown or unrestricted. Therefore, we study two
kinds of discrete time-varying delay.

(3) Under two new types of controllers with delay-
dependent and delay-independent, the obtained cri-
teria which need no excessive numerical calculation
can be extended to other general MNNs models.

The rest structure of this paper is outlined as follows. In
Section 2, the models of the stochastic MNNs with mixed
time-varying delays and some preliminaries are introduced.
In Section 3, the main results on exponential antisynchro-
nization of the stochastic MNNs are derived. In Section 4,
some numerical simulations are presented to demonstrate
the efficiency of the theoretical results. In Section 5, the
conclusion is showed.

2. Model Description and Preliminaries

On the basis of the above discussion, we propose a class
of MNNs with discrete and distributed time-varying delays
described by the following differential equations:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑑𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑥𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖,

(1)

where 𝑛 corresponds to the number of neurons in system (1).𝑥𝑖(𝑡) denotes the voltage of the capacitor𝐶𝑖 at time 𝑡.The self-
inhibition connection weight is 𝑑𝑖 > 0.The neuron activation
functions 𝑓𝑗(⋅) and 𝑔𝑗(⋅) are continuous and bounded. 𝜏(𝑡)
and 𝜌(𝑡) are two time-varying delays satisfying 0 ≤ 𝜏(𝑡) ≤ 𝜃1,0 ≤ 𝜌(𝑡) ≤ 𝜃2, | ̇𝜏(𝑡)| ≤ 𝛿 < 1 (𝜃1, 𝜃2, and 𝛿 are positive
constants). 𝐼𝑖(𝑡) represents the continuous external inputs on
the 𝑖th neuron at time 𝑡. 𝑎𝑖𝑗(𝑥𝑖(𝑡)), 𝑏𝑖𝑗(𝑥𝑖(𝑡−𝜏(𝑡))), and 𝑐𝑖𝑗(𝑥𝑖(𝑡))
are the memristive connection weights:

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) = 𝑀𝑖𝑗𝐶𝑖 × sign𝑖𝑗,

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) = 𝑀𝑖𝑗𝐶𝑖 × sign𝑖𝑗,

𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) = �̃�𝑖𝑗𝐶𝑖 × sign𝑖𝑗,

sign𝑖𝑗 = {{{
1, 𝑖 ̸= 𝑗,
−1, 𝑖 = 𝑗,

(2)

in which 𝑀𝑖𝑗, �̃�𝑖𝑗, and 𝑀𝑖𝑗 denote the memductances of
memristors 𝑅𝑖𝑗, �̃�𝑖𝑗, and 𝑅𝑖𝑗, respectively. In addition, 𝑅𝑖𝑗
represents the memristor between the activation function𝑓𝑖(𝑥𝑖(𝑡)) and 𝑥𝑖(𝑡), �̃�𝑖𝑗 represents the memristor between
the activation function 𝑔𝑖(𝑥𝑖(𝑡 − 𝜏(𝑡))) and 𝑥𝑖(𝑡), and 𝑅𝑖𝑗
represents the memristor between the activation function∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑖(𝑥𝑖(𝑠))𝑑𝑠 and 𝑥𝑖(𝑡). As far as we know, capacitor 𝐶𝑖
is constant while memductances of memristors𝑀𝑖𝑗, �̃�𝑖𝑗, and𝑀𝑖𝑗 respond to change in pinched hysteresis loops [30]. As
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a consequence, 𝑎𝑖𝑗(𝑥𝑖(𝑡)), 𝑏𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))), and 𝑐𝑖𝑗(𝑥𝑖(𝑡)) will
change with time. Based on the current-voltage characteristic
of the memristor, we let

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) = {{{
𝑎𝑖𝑗, 𝑥𝑖 (𝑡) > Φ𝑖,
̌𝑎𝑖𝑗, 𝑥𝑖 (𝑡) ≤ Φ𝑖,

𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) = {{{
�̂�𝑖𝑗, 𝑥𝑖 (𝑡 − 𝜏 (𝑡)) > Φ𝑖,
�̌�𝑖𝑗, 𝑥𝑖 (𝑡 − 𝜏 (𝑡)) ≤ Φ𝑖,

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) = {{{
𝑐𝑖𝑗, 𝑥𝑖 (𝑡) > Φ𝑖,
̌𝑐𝑖𝑗, 𝑥𝑖 (𝑡) ≤ Φ𝑖,

(3)

where the switching jumps Φ𝑖 > 0, for 𝑖, 𝑗 = 1, 2, . . . , 𝑛. Then𝑎𝑖𝑗, ̌𝑎𝑖𝑗, �̂�𝑖𝑗, �̌�𝑖𝑗, 𝑐𝑖𝑗, and ̌𝑐𝑖𝑗 are known constants with respect to
thememristance.Moreover, the initial condition of system (1)
is given to be 𝑥(𝑠) = 𝜙(𝑠), 𝜙(𝑠) ∈ 𝐶([−𝜏, 0], 𝑅𝑛).
Remark 1. According to the above explanation, 𝑎𝑖𝑗(𝑥𝑖(𝑡)),𝑏𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))), and 𝑐𝑖𝑗(𝑥𝑖(𝑡)) in system (1) are changed as the
state of thememristance is switching or the state has switched.
Therefore, the MNNs is considered as a time-varying system
with state-dependent switching. When 𝑎𝑖𝑗(𝑥𝑖(𝑡)), 𝑏𝑖𝑗(𝑥𝑖(𝑡 −𝜏(𝑡))), and 𝑐𝑖𝑗(𝑥𝑖(𝑡)) are constants, system (1) becomes the
general recurrent neural networks.

Since 𝑎𝑖𝑗(𝑥𝑖(𝑡)), 𝑏𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))), and 𝑐𝑖𝑗(𝑥𝑖(𝑡)) are dis-
continuous, in this paper, the solutions of all the following
systems are illustrated in Filippov’s sense. [⋅, ⋅] represents the
interval. Set 𝑎𝑖𝑗 = max{𝑎𝑖𝑗, ̌𝑎𝑖𝑗}, 𝑎𝑖𝑗 = min{𝑎𝑖𝑗, ̌𝑎𝑖𝑗}, 𝑏𝑖𝑗 =
max{�̂�𝑖𝑗, �̌�𝑖𝑗}, 𝑏𝑖𝑗 = min{�̂�𝑖𝑗, �̌�𝑖𝑗}, 𝑐𝑖𝑗 = max{𝑐𝑖𝑗, ̌𝑐𝑖𝑗}, and 𝑐𝑖𝑗 =
min{𝑐𝑖𝑗, ̌𝑐𝑖𝑗} for 𝑖, 𝑗 = 1, 2, . . . , 𝑛. co[𝑢, V] denotes closure of the
convex hull generated by real numbers 𝑢 and V. Considering
system (1), we define the following set-valued maps:

co (𝑎𝑖𝑗 (𝑥𝑖 (𝑡))) =
{{{{{{{{{

𝑎𝑖𝑗, 𝑥𝑖 (𝑡) > Φ𝑖,
co {𝑎𝑖𝑗, ̌𝑎𝑖𝑗} , 𝑥𝑖 (𝑡) = Φ𝑖,
̌𝑎𝑖𝑗, 𝑥𝑖 (𝑡) < Φ𝑖

co (𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))))

= {{{{{{{

�̂�𝑖𝑗, 𝑥𝑖 (𝑡 − 𝜏 (𝑡)) > Φ𝑖,
co {�̂�𝑖𝑗, �̌�𝑖𝑗} , 𝑥𝑖 (𝑡 − 𝜏 (𝑡)) = Φ𝑖,

�̌�𝑖𝑗, 𝑥𝑖 (𝑡 − 𝜏 (𝑡)) < Φ𝑖

co (𝑐𝑖𝑗 (𝑥𝑖 (𝑡))) =
{{{{{{{{{

𝑐𝑖𝑗, 𝑥𝑖 (𝑡) > Φ𝑖,
co {𝑐𝑖𝑗, ̌𝑐𝑖𝑗} , 𝑥𝑖 (𝑡) = Φ𝑖,
̌𝑐𝑖𝑗, 𝑥𝑖 (𝑡) < Φ𝑖.

(4)

Obviously, co{𝑎𝑖𝑗, ̌𝑎𝑖𝑗} = [𝑎𝑖𝑗, 𝑎𝑖𝑗], co{�̂�𝑖𝑗, �̌�𝑖𝑗} = [𝑏𝑖𝑗, 𝑏𝑖𝑗],
and co{𝑐𝑖𝑗, ̌𝑐𝑖𝑗} = [𝑐𝑖𝑗, 𝑐𝑖𝑗], for 𝑖, 𝑗 = 1, 2, . . . , 𝑛. By the theory
of differential inclusions, system (1) can be written as follows:

𝑑𝑥𝑖 (𝑡)𝑑𝑡 ∈ −𝑑𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

co (𝑎𝑖𝑗 (𝑥𝑖 (𝑡))) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 𝑛∑
𝑗=1

co (𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡)))) 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

co (𝑐𝑖𝑗 (𝑥𝑖 (𝑡))) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑥𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖,

(5)

or equivalently, for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, there exist 𝑎𝑖𝑗(𝑥𝑖(𝑡)) ∈
co(𝑎𝑖𝑗(𝑥𝑖(𝑡))), �̂�𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))) ∈ co(𝑏𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡)))), and𝑐𝑖𝑗(𝑥𝑖(𝑡)) ∈ co(𝑐𝑖𝑗(𝑥𝑖(𝑡))), such that

𝑑𝑥𝑖 (𝑡)𝑑𝑡 = −𝑑𝑖𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 𝑛∑
𝑗=1

�̂�𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑥𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖.

(6)

In this paper, consider system (5) or (6) as the drive system;
then the corresponding response system is designed by the
following form:

𝑑𝑦𝑖 (𝑡) ∈ {{{
−𝑑𝑖𝑦𝑖 (𝑡) + 𝑛∑

𝑗=1

co (𝑎𝑖𝑗 (𝑥𝑖 (𝑡))) 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝑛∑
𝑗=1

co (𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡)))) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

co (𝑐𝑖𝑗 (𝑥𝑖 (𝑡))) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑦𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖

+ 𝑢𝑖 (𝑡)}}}
𝑑𝑡 + 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝜏 (𝑡))

+ 𝑦𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) ,

(7)

or equivalently, for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, there exist 𝑎𝑖𝑗(𝑥𝑖(𝑡)) ∈
co(𝑎𝑖𝑗(𝑥𝑖(𝑡))), �̂�𝑖𝑗(𝑥𝑖(𝑡−𝜏(𝑡))) ∈ co(𝑏𝑖𝑗(𝑥𝑖(𝑡−𝜏(𝑡)))), 𝑐𝑖𝑗(𝑥𝑖(𝑡)) ∈
co(𝑐𝑖𝑗(𝑥𝑖(𝑡))), such that

𝑑𝑦𝑖 (𝑡) = {{{
−𝑑𝑖𝑦𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 𝑛∑
𝑗=1

�̂�𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡)))
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+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑦𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖 + 𝑢𝑖 (𝑡)}}}
𝑑𝑡

+ 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝜏 (𝑡))
+ 𝑦𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) ,

(8)

where 𝑢𝑖(𝑡), 𝑖 = 1, 2, . . . , 𝑛, are the appropriate adaptive
controllers designed to achieve the exponential antisynchro-
nization stability. 𝛽𝑖(𝑡, 𝑥𝑖(𝑡) + 𝑦𝑖(𝑡), 𝑥𝑖(𝑡 − 𝜏(𝑡)) + 𝑦𝑖(𝑡 −𝜏(𝑡)))𝑑𝜔𝑖(𝑡) denotes the stochastic perturbation, where 𝜔𝑖(𝑡)
is an 𝑛-dimensional Wiener process. It is defined on a
complete probability space with a natural filtration {F}𝑡≥0
(i.e.,F𝑡 = 𝛽{𝜔(𝑠): 0 ≤ 𝑠 ≤ 𝑡}).
Remark 2. Compared with the articles already published [28,
29], the proposed system contains not only discrete time-
varying delay 𝜏(𝑡) but also distributed time-varying delay𝜌(𝑡), while the stochastic perturbation is also taken into
account. Therefore, the obtained results have a high value of
practical application in this paper.

As a matter of convenience, we will take advantage of the
following assumptions.

Assumption 3. For ∀𝑥, 𝑦 ∈ 𝑅𝑁, we assume the activation
functions 𝑓𝑗(⋅) and 𝑔𝑗(⋅) are odd and satisfy the Lipschitz
continuous condition with positive constants 𝐿𝑗 and𝑄𝑗, such
that 𝑓𝑗 (𝑥) − 𝑓𝑗 (𝑦) ≤ 𝐿𝑗 𝑥 − 𝑦 ,𝑔𝑗 (𝑥) − 𝑔𝑗 (𝑦) ≤ 𝑄𝑗 𝑥 − 𝑦 ,

𝑗 = 1, 2, . . . , 𝑛.
(9)

Assumption 4. 𝛽𝑖 š 𝑅+ × 𝑅 × 𝑅 → 𝑅 is locally Lipschitz
continuous and meets the linear growth condition with𝛽𝑖(𝑡, 0, 0) = 0. There exist nonnegative constants 𝐺𝑖, 𝐾𝑖, such
that, for 𝑖, 𝑗 = 1, 2, . . . , 𝑛,

Trace {𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡)))2}
≤ 𝐺𝑖 𝑒𝑖 (𝑡)2 + 𝐾𝑖 𝑒𝑖 (𝑡 − 𝜏 (𝑡))2 .

(10)

Assumption 5. For 𝑖, 𝑗 = 1, . . . , 𝑛,
co [𝑎𝑖𝑗, 𝑎𝑖𝑗] 𝑓𝑗 (𝑦𝑗 (𝑡)) + co [𝑎𝑖𝑗, 𝑎𝑖𝑗] 𝑓𝑗 (𝑥𝑗 (𝑡))
⊆ co [𝑎𝑖𝑗, 𝑎𝑖𝑗] (𝑓𝑗 (𝑦𝑗 (𝑡)) + 𝑓𝑗 (𝑥𝑗 (𝑡))) ,

co [𝑏𝑖𝑗, 𝑏𝑖𝑗] 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡))) + co [𝑏𝑖𝑗, 𝑏𝑖𝑗]
⋅ 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡))) ⊆ co [𝑏𝑖𝑗, 𝑏𝑖𝑗]
⋅ (𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡))) + 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡)))) ,

co [𝑐𝑖𝑗, 𝑐𝑖𝑗] 𝑓𝑗 (𝑦𝑗 (𝑡)) + co [𝑐𝑖𝑗, 𝑐𝑖𝑗] 𝑓𝑗 (𝑥𝑗 (𝑡))
⊆ co [𝑐𝑖𝑗, 𝑐𝑖𝑗] (𝑓𝑗 (𝑦𝑗 (𝑡)) + 𝑓𝑗 (𝑥𝑗 (𝑡))) .

(11)

Remark 6. In [4], however, the error system was defined
based on the following assumption:

co [𝑎𝑖𝑗, 𝑎𝑖𝑗] 𝑓𝑗 (𝑦𝑗 (𝑡)) − co [𝑎𝑖𝑗, 𝑎𝑖𝑗] 𝑓𝑗 (𝑥𝑗 (𝑡))
⊆ co [𝑎𝑖𝑗, 𝑎𝑖𝑗] (𝑓𝑗 (𝑦𝑗 (𝑡)) − 𝑓𝑗 (𝑥𝑗 (𝑡))) .

(12)

In fact, this assumption has been proved not always to
be correct in [5]. Recently, many researchers have tried to
explore a novel and appropriate way to solve this problem.
So far, there are two kinds of convincing method. One is, in
[31], according to the switching parameter Φ𝑖; the authors
discussed the parameter in four cases and obtained several
synchronization conditions of the chaotic MNNs with time
delays. The other is, in [11, 15–17], by Assumption 5; the
authors turned to study the antisynchronization issues of
MNNs.

Now, we define the following error system:

𝑒𝑖 (𝑡) = 𝑦𝑖 (𝑡) + 𝑥𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛. (13)

According to the theories of set-valued maps, stochastic
differential inclusions, and Assumption 5, we derive the error
dynamical system as follows:

𝑑𝑒𝑖 (𝑡) ∈ {{{
−𝑑𝑖𝑒𝑖 (𝑡) + 𝑛∑

𝑗=1

co (𝑎𝑖𝑗 (𝑥𝑖 (𝑡))) ℎ𝑗 (𝑒𝑗 (𝑡))

+ 𝑛∑
𝑗=1

co (𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡)))) 𝑧𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

co (𝑐𝑖𝑗 (𝑥𝑖 (𝑡))) ∫𝑡
𝑡−𝜌(𝑡)

ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠 + 2𝐼𝑖

+ 𝑢𝑖 (𝑡)}}}
𝑑𝑡 + 𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) ,

(14)

or equivalently, for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, there exist 𝑎𝑖𝑗(𝑥𝑖(𝑡)) ∈
co(𝑎𝑖𝑗(𝑥𝑖(𝑡))), �̃�𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))) ∈ co(𝑏𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡)))), and𝑐𝑖𝑗(𝑥𝑖(𝑡)) ∈ co(𝑐𝑖𝑗(𝑥𝑖(𝑡))), such that

𝑑𝑒𝑖 (𝑡) = {{{
−𝑑𝑖𝑒𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) ℎ𝑗 (𝑒𝑗 (𝑡))

+ 𝑛∑
𝑗=1

�̃�𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑧𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠 + 2𝐼𝑖

+ 𝑢𝑖 (𝑡)}}}
𝑑𝑡 + 𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) ,

(15)

where ℎ𝑗(𝑒𝑗(𝑡)) = 𝑓𝑗(𝑦𝑗(𝑡)) + 𝑓𝑗(𝑥𝑗(𝑡)), 𝑧𝑗(𝑒𝑗(𝑡 − 𝜏(𝑡))) =𝑔𝑗(𝑦𝑗(𝑡 − 𝜏(𝑡))) + 𝑔𝑗(𝑥𝑗(𝑡 − 𝜏(𝑡))), and ℎ𝑗(𝑒𝑗(𝑠)) = 𝑓𝑗(𝑦𝑗(𝑠)) +𝑓𝑗(𝑥𝑗(𝑠)).
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Since the activation functions 𝑓𝑖(⋅) and 𝑔𝑖(⋅) are odd and
bounded, in the light of the Assumption 3, for ∀𝑥, 𝑦 ∈ 𝑅, it is
so clear that 𝑓𝑗 (𝑥) + 𝑓𝑗 (𝑦) ≤ 𝐿𝑗 𝑥 + 𝑦 ,𝑔𝑗 (𝑥) + 𝑔𝑗 (𝑦) ≤ 𝑄𝑗 𝑥 + 𝑦 .

(16)

According to the definition of functions ℎ𝑗(⋅) and 𝑧𝑗(⋅), we
deduce ℎ𝑗 (𝑒𝑗 (𝑡)) ≤ 𝐿𝑗 𝑒𝑗 (𝑡) ,𝑧𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡))) ≤ 𝑄𝑗 𝑒𝑗 (𝑡 − 𝜏 (𝑡)) .

(17)

Next, we introduce a definition and some lemmas as
preparation.

Lemma 7. For the stochastic system,

𝑑𝑒 (𝑡) = 𝑔 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡))) 𝑑𝑡
+ 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔 (𝑡) , (18)

where 𝜔(𝑡) is the Wiener process and it is obvious that 𝐸𝜔(𝑡) =0.L𝑉(𝑡, 𝑒(𝑡)) is the operator defined as follows:
L𝑉 (𝑡, 𝑒 (𝑡)) = 𝑉𝑡 (𝑡, 𝑒 (𝑡)) + 𝑉𝑒 (𝑡, 𝑒 (𝑡)) 𝑔 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡
− 𝜏 (𝑡))) + 12Trace [𝛽𝑇 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))
× 𝑉𝑒𝑒𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))] ,

(19)

where

𝑉𝑡 (𝑡, 𝑒 (𝑡)) = 𝜕𝑉 (𝑡, 𝑒 (𝑡))𝜕𝑡 ,
𝑉𝑒 (𝑡, 𝑒 (𝑡))
= (𝜕𝑉 (𝑡, 𝑒 (𝑡))𝜕𝑥1 , 𝜕𝑉 (𝑡, 𝑒 (𝑡))𝜕𝑥2 , . . . , 𝜕𝑉 (𝑡, 𝑒 (𝑡))𝜕𝑥𝑛 ) ,

𝑉𝑒𝑒 = (𝜕2𝑉 (𝑡, 𝑒 (𝑡))𝜕𝑥𝑖𝜕𝑥𝑗 )
𝑛×𝑛

.

(20)

Lemma 8 (see [32]). If 𝑋 and 𝑌 are real matrices which have
appropriate dimensions, then there exists a constant 𝜀 > 0, such
that

𝑋𝑇𝑌 + 𝑌𝑇𝑋 ≤ 𝜀𝑋𝑇𝑋 + 1𝜀𝑌𝑇𝑌. (21)

Lemma 9 (see [33], Jensen’s inequality). For any constant
matrix 𝑀 > 0, a scalar 𝑎 ≤ 𝑏, and a vector function𝑒(𝑠): [𝑎, 𝑏] → 𝑅𝑛, then the following inequality holds:

[∫𝑏
𝑎
𝑒 (𝑠) 𝑑𝑠]𝑇𝑀[∫𝑏

𝑎
𝑒 (𝑠) 𝑑𝑠]

≤ (𝑏 − 𝑎) [∫𝑏
𝑎
𝑒𝑇 (𝑠)𝑀𝑒 (𝑠) 𝑑𝑠] .

(22)

Definition 10. The error system 𝑒(𝑡) with mixed delays and
stochastic perturbations can exponentially converge to zero
in mean square if there exist positive constants 𝜇 > 0 and ] >0, such that 𝐸{‖𝑒(𝑡)‖2} ≤ 𝜇𝑒(−]𝑡), for 𝑡 ≥ 0, where ] is called
the exponential convergence rate. Systems (6) and (8) are said
to be exponential antisynchronization in mean square sense.

3. Main Results

In this section, we get some sufficient criteria to achieve
the exponential antisynchronization of the stochastic MNNs
withmixed time-varying delays.Then two corollaries are also
derived for the stochastic MNNs.The novel delay-dependent
adaptive controller 𝑢𝑖(𝑡) is designed as follows:

𝑢𝑖 (𝑡) = −𝑘𝑖 (𝑡) 𝑒𝑖 (𝑡) − 𝑚𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) − 2𝐼𝑖,
�̇�𝑖 (𝑡) = 𝑝𝑖 𝑒𝑖 (𝑡)2 𝑒]𝑡, 𝑘𝑖 (0) = 0,
�̇�𝑖 (𝑡) = 𝑞𝑖 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑚𝑖 (0) = 0,

(23)

where the constants 𝑝𝑖 > 0, 𝑞𝑖 > 0, for 𝑖 = 1, 2, . . . , 𝑛.
For convenience, some notations are given. Let ∘𝑎𝑖𝑗 =

max{|𝑎𝑖𝑗|, | ̌𝑎𝑖𝑗|}, ∘𝑏𝑖𝑗 = max{|�̂�𝑖𝑗|, |�̌�𝑖𝑗|}, and ∘𝑐𝑖𝑗 = max{|𝑐𝑖𝑗|, | ̌𝑐𝑖𝑗|},
for 𝑖, 𝑗 = 1, 2, . . . , 𝑛.
Theorem 11. Under Assumptions 3, 4, 5, and 13, systems
(6) and (8) achieve exponential antisynchronization in mean
square sense under the delay-dependent adaptive controller
(23). For a given constant ] > 0, if there exist constants 𝑟𝑖 > 0,𝑠𝑖 > 0 such that the conditions hold
𝑟𝑖 = 12

{{{
] − 2𝑑𝑖 + 𝑛 + 𝐺𝑖 + 𝑛𝑒]𝜃11 − 𝛿 + 𝑛𝜃2 𝑒

]𝜃
2 − 1
]

+ 𝑛∑
𝑗=1

[ ∘𝑎2𝑖𝑗𝐿2𝑗 + ∘𝑏2𝑖𝑗𝑄2𝑗 + ∘𝑐2𝑖𝑗𝐿2𝑗]}}}
,

𝑠𝑖 = √𝐾𝑖,
𝑖 = 1, 2, . . . , 𝑛,

(24)

then error system (15) can be exponentially converged to zero.

Proof. We choose the following Lyapunov functional:

𝑉 (𝑡, 𝑒 (𝑡)) = 4∑
𝑘=1

𝑉𝑘 (𝑡, (𝑒 (𝑡))) , (25)

where

𝑉1 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

𝑒]𝑡𝑒2𝑖 (𝑡) ,

𝑉2 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

(𝑘𝑖 (𝑡) − 𝑟𝑖)2𝑝𝑖 + 𝑛∑
𝑖=1

(𝑚𝑖 (𝑡) − 𝑠𝑖)2𝑞𝑖 ,
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𝑉3 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

1(1 − 𝛿)
𝑛∑
𝑗=1

∫𝑡
𝑡−𝜏(𝑡)

𝑒2𝑗 (𝑠) 𝑒](𝑠+𝜃1)𝑑𝑠,

𝑉4 (𝑡, 𝑒 (𝑡)) = 𝜃2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

∫0
−𝜃
2

∫𝑡
𝑡+𝑠
𝑒2𝑗 (𝑧) 𝑒](𝑧−𝑠)𝑑𝑧 𝑑𝑠.

(26)

Then we have

𝑉 (𝑡, 𝑒 (𝑡)) ≥ 𝑒]𝑡 ‖𝑒 (𝑡)‖2 . (27)

By Itô differential formula, we obtain the stochastic derivative
of 𝑉(𝑡) in the form of

𝑑𝑉 (𝑡, 𝑒 (𝑡)) = 4∑
𝑖=1

L𝑉𝑖 (𝑡, 𝑒 (𝑡)) 𝑑𝑡 + 2𝑒]𝑡

× 𝑛∑
𝑖=1

𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) .
(28)

From Lemma 7, it is clear that

L𝑉1 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

]𝑒]𝑡𝑒2𝑖 (𝑡) + 2 𝑛∑
𝑖=1

𝑒]𝑡𝑒𝑖 (𝑡) [[
−𝑑𝑖𝑒𝑖 (𝑡)

+ 𝑛∑
𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) ℎ𝑗 (𝑒𝑗 (𝑡))

+ 𝑛∑
𝑗=1

�̃�𝑖𝑗 (𝑥𝑖 (−𝜏 (𝑡))) 𝑧𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠 − 𝑘𝑖 (𝑡) 𝑒𝑖 (𝑡)

− 𝑚𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡))]]
+ 𝑒]𝑡 𝑛∑
𝑖=1

Trace [𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡)))𝑇

× 𝛽𝑖 (𝑡, 𝑒𝑖 (𝑡) , 𝑒𝑖 (𝑡 − 𝜏 (𝑡)))] ,
L𝑉2 (𝑡, 𝑒 (𝑡)) = 2𝑒]𝑡 𝑛∑

𝑖=1

(𝑘𝑖 (𝑡) − 𝑟𝑖) 𝑒2𝑖 (𝑡)

+ 2𝑒]𝑡 𝑛∑
𝑖=1

(𝑚𝑖 (𝑡) − 𝑠𝑖) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) 𝑒𝑖 (𝑡) ,

L𝑉3 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

11 − 𝛿𝑒](𝑡+𝜃1)
𝑛∑
𝑗=1

𝑒2𝑗 (𝑡) − 𝑛∑
𝑖=1

11 − 𝛿 (1

− ̇𝜏 (𝑡)) × 𝑛∑
𝑗=1

𝑒2𝑗 (𝑡 − 𝜏 (𝑡)) 𝑒](𝑡+𝜃1−𝜏(𝑡)) ≤ 𝑒]𝑡 𝑛∑
𝑖=1

𝑒]𝜃11 − 𝛿

⋅ 𝑛∑
𝑗=1

𝑒2𝑗 (𝑡) − 𝑒]𝑡 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒2𝑗 (𝑡 − 𝜏 (𝑡)) = 𝑒]𝑡 𝑛𝑒]𝜃11 − 𝛿
⋅ 𝑛∑
𝑖=1

𝑒2𝑖 (𝑡) − 𝑛𝑒]𝑡 𝑛∑
𝑖=1

𝑒2𝑖 (𝑡 − 𝜏 (𝑡)) ,
L𝑉4 (𝑡, 𝑒 (𝑡))
= 𝜃2𝑒]𝑡 𝑛∑

𝑖=1

𝑛∑
𝑗=1

∫0
−𝜃
2

[𝑒2𝑗 (𝑡) 𝑒−]𝑠 − 𝑒2𝑗 (𝑡 + 𝑠)] 𝑑𝑠

= 𝜃2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒]𝑡𝑒2𝑗 (𝑡) 𝑒−]𝑠−]

0

−𝜃
2

− 𝜃2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒]𝑡 ∫0
−𝜃
2

𝑒2𝑗 (𝑡 + 𝑠) 𝑑𝑠

≤ 𝑛𝑒]𝑡𝜃2 𝑛∑
𝑖=1

𝑒]𝜃2 − 1
]

𝑒2𝑖 (𝑡)

− 𝑛𝜃2 𝑛∑
𝑖=1

𝑒]𝑡 ∫𝑡
𝑡−𝜌(𝑡)

𝑒2𝑖 (𝑠) 𝑑𝑠.
(29)

Moreover, frommean value inequality andAssumption 3,
we have

2 𝑛∑
𝑖=1

𝑒𝑖 (𝑡) 𝑛∑
𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) ℎ𝑗 (𝑒𝑗 (𝑡))
≤ 2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒𝑖 (𝑡) 𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) 𝐿𝑗𝑒𝑗 (𝑡)
= 𝑛∑
𝑖=1

𝑛∑
𝑗=1

∘𝑎2𝑖𝑗𝐿2𝑗𝑒2𝑖 (𝑡) + 𝑛 𝑛∑
𝑖=1

𝑒2𝑖 (𝑡) ,
2 𝑛∑
𝑖=1

𝑒𝑖 (𝑡) 𝑛∑
𝑗=1

�̃�𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑧𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))
≤ 2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒𝑖 (𝑡) �̃�𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑄𝑗𝑒𝑗 (𝑡 − 𝜏 (𝑡))
= 𝑛∑
𝑖=1

𝑛∑
𝑗=1

∘𝑏2𝑖𝑗𝑄2𝑗𝑒2𝑖 (𝑡) + 𝑛 𝑛∑
𝑖=1

𝑒2𝑖 (𝑡 − 𝜏 (𝑡)) ,
2 𝑛∑
𝑖=1

𝑠𝑖𝑒𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) ≤ 𝑛∑
𝑖=1

𝑒2𝑖 (𝑡) + 𝑛∑
𝑖=1

𝑠2𝑖 𝑒2𝑖 (𝑡 − 𝜏 (𝑡)) ,

2 𝑛∑
𝑖=1

𝑒𝑖 (𝑡) 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠

≤ 2 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑒𝑖 (𝑡) 𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) 𝐿𝑗 ∫𝑡
𝑡−𝜌(𝑡)

𝑒𝑗 (𝑠) 𝑑𝑠

≤ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

[ ∘𝑐2𝑖𝑗𝐿2𝑗𝑒2𝑖 (𝑡) + (∫𝑡
𝑡−𝜌(𝑡)

𝑒𝑗 (𝑠) 𝑑𝑠)
2] ,

(30)
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and together with Lemma 9, it follows that

(∫𝑡
𝑡−𝜌(𝑡)

𝑒𝑗 (𝑠) 𝑑𝑠)
2 ≤ 𝜃2 ∫𝑡

𝑡−𝜌(𝑡)
𝑒2𝑗 (𝑠) 𝑑𝑠. (31)

Then we get

2 𝑛∑
𝑖=1

𝑒𝑖 (𝑡) 𝑛∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠

≤ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

∘𝑐2𝑖𝑗𝐿2𝑗𝑒2𝑖 (𝑡) + 𝑛𝜃2 𝑛∑
𝑖=1

∫𝑡
𝑡−𝜌(𝑡)

𝑒2𝑖 (𝑠) 𝑑𝑠.
(32)

Under Assumption 4, one has

L𝑉 (𝑡, 𝑒 (𝑡)) ≤ 𝑒]𝑡 𝑛∑
𝑖=1

[
[
] − 2𝑑𝑖 + 𝑛 + 𝐺𝑖 − 2𝑟𝑖 + 𝑛𝑒]𝜃11 − 𝛿

+ 𝑛𝜃2 𝑒]𝜃2 − 1]
+ 𝑛∑
𝑗=1

( ∘𝑎2𝑖𝑗𝐿2𝑗 + ∘𝑏2𝑖𝑗𝑄2𝑗 + ∘𝑐2𝑖𝑗𝐿2𝑗)]]
𝑒2𝑖 (𝑡)

+ 𝑒]𝑡 𝑛∑
𝑖=1

𝐾𝑖𝑒2𝑖 (𝑡 − 𝜏 (𝑡)) + 𝑛𝑒]𝑡 𝑛∑
𝑖=1

𝜃2 ∫𝑡
𝑡−𝜌(𝑡)

𝑒2𝑖 (𝑠) 𝑑𝑠

− 𝑒]𝑡 𝑛∑
𝑖=1

2𝑠𝑖𝑒𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡))

− 𝑛𝜃2 𝑛∑
𝑖=1

𝑒]𝑡 ∫𝑡
𝑡−𝜌(𝑡)

𝑒2𝑖 (𝑠) 𝑑𝑠;

(33)

then we obtain the following estimation:

L𝑉 (𝑡, 𝑒 (𝑡)) ≤ 𝑒]𝑡 𝑛∑
𝑖=1

{{{
(] − 2𝑑𝑖 + 𝑛 + 𝐺𝑖 − 2𝑟𝑖 − 1

+ 𝑛𝑒]𝜃11 − 𝛿 + 𝑛𝜃2 𝑒
]𝜃
2 − 1
]

)

+ 𝑛∑
𝑗=1

[ ∘𝑎2𝑖𝑗𝐿2𝑗 + ∘𝑏2𝑖𝑗𝑄2𝑗 + ∘𝑐2𝑖𝑗𝐿2𝑗]}}}
𝑒2𝑖 (𝑡) + 𝑒]𝑡 𝑛∑

𝑖=1

[𝐾𝑖
− 𝑠2𝑖 ] 𝑒2𝑖 (𝑡 − 𝜏 (𝑡)) .

(34)

Let

𝑟𝑖 = 12
{{{
] − 2𝑑𝑖 + 𝑛 + 𝐺𝑖 + 𝑛𝑒]𝜃11 − 𝛿 + 𝑛𝜃2 𝑒

]𝜃
2 − 1
]

+ 𝑛∑
𝑗=1

[ ∘𝑎2𝑖𝑗𝐿2𝑗 + ∘𝑏2𝑖𝑗𝑄2𝑗 + ∘𝑐2𝑖𝑗𝐿2𝑗]}}}
,

𝑠𝑖 = √𝐾𝑖,
𝑖 = 1, 2, . . . , 𝑛;

(35)

considering the condition of Theorem 11, we get

L𝑉 (𝑡, 𝑒 (𝑡)) ≤ −𝑒]𝑡 𝑒 (𝑡)2 ≤ 0. (36)

It is easy to derive that

𝐸 {𝑉 (𝑡, 𝑒 (𝑡))} ≤ 𝐸 {𝑉 (0, 𝑒 (0))} , ∀𝑡 ≥ 0. (37)

Combining with (27), we finally have that

𝐸 {𝑒 (𝑡)2} ≤ 𝐸 {𝑉 (𝑡, 𝑒 (𝑡))} 𝑒−]𝑡
≤ 𝐸 {𝑉 (0, 𝑒 (0))} 𝑒−]𝑡. (38)

Therefore, by Definition 10, we see that systems (6) and (8)
can be exponentially synchronized inmean square sense with
the exponential convergence rate ]. The proof of Theorem 11
is completed.

Remark 12. In Theorem 11, we assumed that the delay 𝜏(𝑡)
satisfies 0 ≤ ̇𝜏(𝑡) ≤ 𝛿. Actually, when 𝜏(𝑡) is not differentiable
or its derivatives are unknown or no bounded, Theorem 11
cannot be applicable any more. If the value of 𝛿 is unknown
or not restriction, we will obtain the following corollary.

Assumption 13. The activation functions 𝑓𝑖(⋅) and 𝑔𝑖(⋅) are
bounded; namely, there exist constants 𝜅𝑖, 𝜛𝑖 such that𝑓𝑖 (𝑥) ≤ 𝜅𝑖,𝑔𝑖 (𝑥) ≤ 𝜛𝑖,

∀𝑥 ∈ 𝑅, 𝑖 = 1, 2, . . . , 𝑛.
(39)

It is obvious thatℎ𝑗 (𝑒𝑗 (𝑡)) ≤ 2𝜅𝑗,∫
𝑡

𝑡−𝜌(𝑡)
ℎ𝑗 (𝑒𝑗 (𝑠)) 𝑑𝑠

 ≤ 2𝜛𝑗𝜃2,
𝑗 = 1, 2, . . . , 𝑛.

(40)

Corollary 14. If the time-varying delay 𝜏(𝑡) is nondifferen-
tiable, or the value of ̇𝜏(𝑡) is unknown or even the derivative ̇𝜏(𝑡)
is unrestricted. According to Assumptions 3, 4, and 13, system
(15) will converge to zero. For a given constant 0 < ] < 2𝑑𝑖−𝐺𝑖,
if there exist constants 𝑟𝑖 > 0, 𝑠𝑖 > 0 and the conditions hold
𝑟𝑖 = 𝑛∑
𝑗=1

2𝜅𝑗 ( ∘𝑎𝑖𝑗 + ∘𝑏𝑖𝑗) + 𝑛∑
𝑗=1

2𝜛𝑗𝜃2 ∘𝑐𝑖𝑗,
𝑠𝑖 = √𝐾𝑖,

𝑖 = 1, 2, . . . , 𝑛,
(41)

systems (6) and (8) are exponentially antisynchronized in the
mean square sense under the following controller:

𝑢𝑖 (𝑡) = −𝑘𝑖 (𝑡) − 𝑚𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) − 2𝐼𝑖,
�̇�𝑖 (𝑡) = 𝑝𝑖 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑘𝑖 (0) = 0,
�̇�𝑖 (𝑡) = 𝑞𝑖 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑚𝑖 (0) = 0.

(42)
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Proof. We consider the following Lyapunov function:

𝑉 (𝑡, 𝑒 (𝑡)) = 𝑛∑
𝑖=1

𝑒]𝑡𝑒2𝑖 (𝑡) + 𝑛∑
𝑖=1

(𝑘𝑖 (𝑡) − 𝑟𝑖)2𝑝𝑖
+ 𝑛∑
𝑖=1

(𝑚𝑖 (𝑡) − 𝑠𝑖)2𝑞𝑖 .
(43)

Combining with Assumption 13, the proof of Corollary 14 is
analogous to Theorem 11, so we omit it here.

Remark 15. Based on the assumption that the delay 𝜏(𝑡)
is bounded and differential, Theorem 11 provides a delay-
dependent adaptive controller. It is worth mentioning that
the criteria need no excessive numerical calculation such as
solving LMIs [11] or computing complex algebraic conditions
[28]. In Corollary 14, the delay 𝜏(𝑡) is not required to be
differential but only bounded which makes our result more
general. Further, there is an upper limit (2𝑑𝑖 − 𝐺𝑖) of the
exponential convergence rate ]. When the exponent rate ]
exceeds the upper limit, system (15) may not be able to
converge or even cause unpredictable result.

Let

𝑒 (𝑡) = (𝑒1 (𝑡) , 𝑒2 (𝑡) , . . . , 𝑒𝑛 (𝑡))𝑇 . (44)

The vector form of system (15) is given by

𝑑𝑒 (𝑡) = [−𝐷𝑒 (𝑡) + 𝐴 (𝑥 (𝑡)) ℎ (𝑒 (𝑡))
+ 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) × 𝑧 (𝑒 (𝑡 − 𝜏 (𝑡)))
+ 𝐶 (𝑥 (𝑡)) ∫𝑡

𝑡−𝜌
ℎ (𝑒 (𝑠)) 𝑑𝑠 + 2𝐼 + 𝑢 (𝑡)] 𝑑𝑡

+ 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (−𝜏 (𝑡))) 𝑑𝜔 (𝑡) ,

(45)

where𝐷 = diag(𝑑1, . . . , 𝑑𝑛),𝐴(𝑥(𝑡)) = (𝑎𝑖𝑗(𝑥𝑖(𝑡)))𝑛×𝑛, 𝐵(𝑥(𝑡 −𝜏(𝑡))) = (�̃�𝑖𝑗(𝑥𝑖(𝑡 − 𝜏(𝑡))))𝑛×𝑛, 𝐼 = (𝐼1, . . . , 𝐼𝑛), 𝐶(𝑥(𝑡)) =(𝑐𝑖𝑗(𝑥𝑖(𝑡)))𝑛×𝑛, and 𝜔(𝑡) = (𝜔1(𝑡), . . . , 𝜔𝑛(𝑡)).
Moreover, we impose the following assumption and some

lemmas.

Assumption 16. If there exist appropriate positive constant
matrices 𝑇1 > 0 and 𝑇2 > 0, such that the inequality holds

Trace {[𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))]𝑇
⋅ [𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))]} ≤ 𝑒𝑇 (𝑡) 𝑇𝑇1 𝑇1𝑒 (𝑡)
+ 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑇𝑇2 𝑇2𝑒 (𝑡 − 𝜏 (𝑡)) ,

(46)

for any 𝑒(𝑡), 𝑒(𝑡 − 𝜏(𝑡)) ∈ 𝑅𝑛 and 𝑡 ∈ 𝑅+.

Lemma 17 (see [24]). For any given nonnegative matrix𝑁 ∈𝑅𝑛×𝑛, if there exist a constant ] > 0 and a vector function𝑥: [𝑎, 𝑏] → 𝑅𝑛, the following differential inequality holds:
∫𝑎
𝑏
𝑒]𝑠𝑒𝑇 (𝑠)𝑁𝑒 (𝑠) 𝑑𝑠
≥ 𝑘(∫𝑎

𝑏
𝑒 (𝑠) 𝑑𝑠)𝑇𝑁(∫𝑎

𝑏
𝑒 (𝑠) 𝑑𝑠) ,

(47)

where 𝑘 = ]/(𝑒−]𝑎 − 𝑒−]𝑏).
If there is no time delay item, the delay-independent

adaptive controller can be described as follows:

𝑢 (𝑡) = −𝑀 (𝑡) 𝑒 (𝑡) − 2𝐼,
�̇� (𝑡) = 𝜇𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) . (48)

Next, we will discuss the antisynchronization of systems
(6) and (8) under the above delay-independent adaptive
controller 𝑢(𝑡).
Theorem 18. Under Assumption 13, for a given constant ] > 0,
if there exist constant 𝑚 > 0 and matrixes Π > 0, Ξ > 0, the
conditions hold as follows:

Π = 𝑒]𝜃1 [Δ−12 Θ𝑇Θ + 𝑇𝑇2 𝑇2] ,
Ξ = 𝑒]𝜃2 − 1

]Δ 3𝑒]𝑡 ,
𝑚 = 12 (] − 2𝐷 + Δ 1

∘𝐴 ∘𝐴𝑇 + Δ−11 Λ𝑇Λ + Δ 2 ∘𝐵 ∘𝐵𝑇

+ Δ 3 ∘𝐶 ∘𝐶𝑇 + Π1 − 𝛿 + 𝑇𝑇1 𝑇1 + 𝜃2ΞΛ𝑇Λ + 1) ,

(49)

where Λ = diag(𝐿1, 𝐿2, . . . , 𝐿𝑛), Θ = diag(𝑄1, 𝑄2, . . . , 𝑄𝑛),
∘𝐴 = ( ∘𝑎𝑖𝑗)𝑛×𝑛, ∘𝐵 = ( ∘𝑏𝑖𝑗)𝑛×𝑛, and ∘𝐶 = ( ∘𝑐𝑖𝑗)𝑛×𝑛. System (45) will
converge to zero with the action of the above delay-independent
adaptive controller.

Proof. We construct the following Lyapunov function:

𝑉 (𝑡, 𝑒 (𝑡)) = 4∑
𝑘=1

𝑉𝑘 (𝑡, 𝑒 (𝑡)) , (50)

where

𝑉1 (𝑡, 𝑒 (𝑡)) = 𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) ,
𝑉2 (𝑡, 𝑒 (𝑡)) = 1𝜇 (𝑀 (𝑡) − 𝑚)2 ,
𝑉3 (𝑡, 𝑒 (𝑡)) = Π(1 − 𝛿) ∫

𝑡

𝑡−𝜏(𝑡)
𝑒]𝑠𝑒𝑇 (𝑠) 𝑒 (𝑠) 𝑑𝑠,

𝑉4 (𝑡, 𝑒 (𝑡)) = Ξ∫0
−𝜃
2

∫𝑡
𝑡+𝑠
𝑒]𝑧ℎ𝑇 (𝑒 (𝑧)) ℎ (𝑒 (𝑧)) 𝑑𝑧 𝑑𝑠.

(51)
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Then we have

𝑉 (𝑡, 𝑒 (𝑡)) ≥ 𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) . (52)

According to Lemma 7, we get that

L𝑉1 (𝑡, 𝑒 (𝑡)) = ]𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) + 2𝑒]𝑡𝑒𝑇 (𝑡) [−𝐷𝑒 (𝑡)
+ 𝐴 (𝑥 (𝑡)) ℎ (𝑒 (𝑡)) + 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡)))
⋅ 𝑧 (𝑒 (𝑡 − 𝜏 (𝑡))) + 𝐶 (𝑥 (𝑡)) ∫𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑠)) 𝑑𝑠

−𝑀 (𝑡) 𝑒 (𝑡)] + 𝑒]𝑡
⋅ Trace [𝛽𝑇 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))
× 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡)))] ,

L𝑉2 (𝑡, 𝑒 (𝑡)) = 2𝜇 (𝑀 (𝑡) − 𝑚) �̇� (𝑡) = 2 (𝑀 (𝑡) − 𝑚)
⋅ 𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) ,

L𝑉3 (𝑡, 𝑒 (𝑡)) = Π𝑒]𝑡1 − 𝛿𝑒𝑇 (𝑡) 𝑒 (𝑡) − Π𝑒
](𝑡−𝜏(𝑡))

1 − 𝛿 (1
− ̇𝜏 (𝑡)) 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑒 (𝑡 − 𝜏 (𝑡)) ≤ Π𝑒]𝑡1 − 𝛿𝑒𝑇 (𝑡) 𝑒 (𝑡)
− Π𝑒]𝑡𝑒]𝜃1 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑒 (𝑡 − 𝜏 (𝑡)) ,

L𝑉4 (𝑡, 𝑒 (𝑡)) = Ξ∫0
−𝜃
2

[𝑒]𝑡ℎ𝑇 (𝑒 (𝑡)) ℎ (𝑒 (𝑡))
− 𝑒](𝑡+𝑠)ℎ𝑇 (𝑒 (𝑡 + 𝑠)) ℎ (𝑒 (𝑡 + 𝑠))] 𝑑𝑠
≤ 𝜃2Ξ𝑒]𝑡ℎ𝑇 (𝑒 (𝑡)) ℎ (𝑒 (𝑡))
− Ξ∫𝑡
𝑡−𝜃
2

𝑒](𝑡+𝑠)ℎ𝑇 (𝑒 (𝑡 + 𝑠))
⋅ ℎ (𝑒 (𝑡 + 𝑠)) 𝑑 (𝑡 + 𝑠)
≤ 𝜃2Ξ𝑒]𝑡𝑒𝑇 (𝑡) Λ𝑇Λ𝑒 (𝑡) − Ξ∫𝑡

𝑡−𝜌(𝑡)
𝑒]𝑠ℎ𝑇 (𝑒 (𝑠))

⋅ ℎ (𝑒 (𝑠)) 𝑑𝑠.

(53)

It follows from Lemma 8 that

2𝑒𝑇 (𝑡) 𝐴 (𝑥 (𝑡)) ℎ (𝑒 (𝑡))
≤ Δ 1𝑒𝑇 (𝑡) 𝐴 (𝑥 (𝑡)) 𝐴𝑇 (𝑥 (𝑡)) 𝑒 (𝑡)
+ Δ−11 ℎ𝑇 (𝑒 (𝑡)) ℎ (𝑒 (𝑡))

≤ Δ 1𝑒𝑇 ∘𝐴 ∘𝐴𝑇𝑒 (𝑡) + Δ−11 𝑒𝑇 (𝑡) Λ𝑇Λ𝑒 (𝑡) ,

2𝑒𝑇 (𝑡) 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑧 (𝑒 (𝑡 − 𝜏 (𝑡)))
≤ Δ 2𝑒𝑇𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝐵𝑇 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑒 (𝑡)
+ Δ−12 𝑧𝑇 (𝑒 (𝑡 − 𝜏 (𝑡))) 𝑧 (𝑒 (𝑡 − 𝜏 (𝑡)))

≤ Δ 2𝑒𝑇 ∘𝐵 ∘𝐵𝑇𝑒 (𝑡)
+ Δ−12 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) Θ𝑇Θ𝑒 (𝑡 − 𝜏 (𝑡)) ,

2𝑒𝑇 (𝑡) 𝐶 (𝑥 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠
≤ Δ 3𝑒𝑇 ∘𝐶 ∘𝐶𝑇𝑒 (𝑡)
+ Δ−13 (∫𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑡)) 𝑑𝑠)𝑇 (∫𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑡)) 𝑑𝑠) .

(54)

Under Lemma 17, we obtain that

− Ξ∫𝑡
𝑡−𝜌(𝑡)

𝑒]𝑠ℎ𝑇 (𝑒 (𝑠)) ℎ (𝑒 (𝑠)) 𝑑𝑠
≤ − ]Ξ𝑒−](𝑡−𝜌(𝑡)) − 𝑒−]𝑡 (∫

𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑠)) 𝑑𝑠)𝑇

⋅ (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠)
≤ − ]𝑒]𝑡Ξ𝑒]𝜌(𝑡) − 1 (∫

𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑠)) 𝑑𝑠)𝑇

⋅ (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠)
≤ − ]𝑒]𝑡Ξ𝑒]𝜃2 − 1 (∫

𝑡

𝑡−𝜌(𝑡)
ℎ (𝑒 (𝑠)) 𝑑𝑠)𝑇

⋅ (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠))) .

(55)

From Assumption 16, it is clear that

L𝑉 (𝑡, 𝑒 (𝑡)) ≤ 𝑒]𝑡𝑒𝑇 (𝑡) [] − 2𝐷 + Δ 1 ∘𝐴 ∘𝐴𝑇 + Δ−11 Λ𝑇Λ
+ Δ 2 ∘𝐵 ∘𝐵𝑇 + Δ 3 ∘𝐶 ∘𝐶𝑇 − 2𝑚 + Π𝑒]𝑡1 − 𝛿 + 𝜃2ΞΛ𝑇Λ]
⋅ 𝑒 (𝑡) + Δ−12 𝑒]𝑡𝑒𝑇 (𝑡 − 𝜏 (𝑡)) Θ𝑇Θ𝑒 (𝑡 − 𝜏 (𝑡))
+ 𝑒]𝑡 [𝑒𝑇 (𝑡) 𝑇𝑇1 𝑇1𝑒 (𝑡)
+ 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑇𝑇2 𝑇2𝑒 (𝑡 − 𝜏 (𝑡))] − Π𝑒]𝑡𝑒]𝜃1 𝑒𝑇 (𝑡
− 𝜏 (𝑡)) 𝑒 (𝑡 − 𝜏 (𝑡)) − (Δ−13 − ]𝑒]𝑡Ξ𝑒]𝜃2 − 1)
× (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠)𝑇 (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠) .

(56)
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Then we have

L𝑉 (𝑡, 𝑒 (𝑡)) ≤ 𝑒]𝑡𝑒𝑇 (𝑡) [] − 𝐷 + Δ 1 ∘𝐴 ∘𝐴𝑇 + Δ−11 Λ𝑇Λ
+ Δ 2 ∘𝐵 ∘𝐵𝑇 − 2𝑚 + Δ 3 ∘𝐶 ∘𝐶𝑇 + Π1 − 𝛿 + 𝑇𝑇1 𝑇1
+ 𝜃2ΞΛ𝑇Λ] 𝑒 (𝑡) + 𝑒]𝑡𝑒𝑇 (𝑡 − 𝜏 (𝑡)) [Δ−12 Θ𝑇Θ
+ 𝑇𝑇2 𝑇2 − Π𝑒]𝜃1 ] × 𝑒 (𝑡 − 𝜏 (𝑡)) + (Δ−13 − ]𝑒]𝑡Ξ𝑒]𝜃2 − 1)
× (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠)𝑇 (∫𝑡
𝑡−𝜌(𝑡)

ℎ (𝑒 (𝑠)) 𝑑𝑠) .

(57)

Let

Π = 𝑒]𝜃1 [Δ−12 Θ𝑇Θ + 𝑇𝑇2 𝑇2] ,
Ξ = 𝑒]𝜃2 − 1

]Δ 3𝑒]𝑡 ,
𝑚 = 12 (] − 2𝐷 + Δ 1

∘𝐴 ∘𝐴𝑇 + Δ−11 Λ𝑇Λ + Δ 2 ∘𝐵 ∘𝐵𝑇

+ Δ 3 ∘𝐶 ∘𝐶𝑇 + Π1 − 𝛿 + 𝑇𝑇1 𝑇1 + 𝜃2ΞΛ𝑇Λ + 1) .

(58)

Considering the condition of Corollary 14, we get

L𝑉 (𝑡) ≤ −𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) ≤ 0. (59)

That is,

𝐸𝑉 (𝑡, 𝑒 (𝑡)) ≤ 𝐸𝑉 (0, 𝑒 (0)) , ∀𝑡 ≥ 0. (60)

Combining with (52), we obtain that

𝐸 |𝑒 (𝑡)|2 = 𝐸 𝑒 (𝑡)𝑇 𝑒 (𝑡) ≤ 𝑒−]𝑡𝐸𝑉 (𝑡, 𝑒 (𝑡))
≤ 𝐸𝑉 (0, 𝑒 (0)) 𝑒−]𝑡. (61)

According to Definition 10, this implies that the exponential
antisynchronization of systems (6) and (8) is achieved. Thus,
the proof is completed.

When there is no distributed time-varying delay in
system (45), the error system is introduced as follows:

𝑑𝑒 (𝑡) = [−𝐷𝑒 (𝑡) + 𝐴 (𝑡) ℎ (𝑒 (𝑡))
+ 𝐵 (𝑡) 𝑧 (𝑒 (𝑡 − 𝜏 (𝑡))) + 2𝐼 + 𝑢 (𝑡)] 𝑑𝑡
+ 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔 (𝑡) .

(62)

Corollary 19. Assumptions 3, 4, and 16 hold, for a given
constant ] > 0; if there exist matrix Π > 0 and constant𝑚 > 0
such that the conditions hold

Π = 𝑒]𝜃1𝑇𝑇2 𝑇2,
𝑚 = 12 (] − 2𝐷 + Δ 1

∘𝐴 ∘𝐴𝑇 + Δ−11 Λ𝑇Λ + Δ 2 ∘𝐵 ∘𝐵𝑇

+ Π1 − 𝛿 + 𝑇𝑇1 𝑇1 + 1) ,
(63)

system (62) will exponentially converge to zero with the action
of the delay-independent controller (48).

Proof. We construct the following Lyapunov function:

𝑉 (𝑡, 𝑒 (𝑡)) = 𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) + 1𝜇 (𝑀 (𝑡) − 𝑚)2

+ Π(1 − 𝛿) ∫
𝑡

𝑡−𝜏(𝑡)
𝑒]𝑠𝑒𝑇 (𝑠) 𝑒 (𝑠) 𝑑𝑠.

(64)

According to the proof of Theorem 18, Corollary 19 is not
difficult to obtain. Hence, it is omitted here.

Remark 20. Theorem 18 holds only when some special condi-
tions are fulfilled: (1) all parameters meet some certain con-
ditions; (2) the novel delay-independent adaptive controller
which is much easier to implement in practice is provided.
What makes that all the more remarkable is that there is
no upper bound constraint on the exponent convergence
speed ] in Theorem 18. Then we can improve the exponent
convergence speed ] appropriately within the permissible
range to achieve synchronization as soon as possible. So
Theorem 18 is less conservative from a certain perspective.

4. Numerical Simulation

In this section, several numerical examples are offered to
illustrate the effectiveness of the results obtained in the above
section.

Example 21. Consider the following 2-dimensional MNNs
with mixed time-varying delays:

𝑑𝑥𝑖 (𝑡) = {{{
−𝑑𝑖𝑥𝑖 (𝑡) + 2∑

𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 (𝑡)) 𝑓𝑗 (𝑥𝑗 (𝑡))

+ 2∑
𝑗=1

𝑏𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏 (𝑡))) 𝑔𝑗 (𝑥𝑗 (𝑡 − 𝜏 (𝑡)))

+ 2∑
𝑗=1

𝑐𝑖𝑗 (𝑥𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑥𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖}}}
𝑑𝑡,
𝑖 = 1, 2,

(65)

where

𝑎11 (𝑥1 (𝑡)) = {{{
0.4, 𝑥1 (𝑡) > Φ1,
0.38, 𝑥1 (𝑡) ≤ Φ1,

𝑎12 (𝑥1 (𝑡)) = {{{
−1, 𝑥1 (𝑡) > Φ1,
−1.1, 𝑥1 (𝑡) ≤ Φ1,

𝑎21 (𝑥2 (𝑡)) = {{{
−0.7, 𝑥2 (𝑡) > Φ2,
−0.64, 𝑥2 (𝑡) ≤ Φ2,
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𝑎22 (𝑥2 (𝑡)) = {{{
0.75, 𝑥2 (𝑡) > Φ2,
0.71, 𝑥2 (𝑡) ≤ Φ2,

𝑏11 (𝑥1 (𝑡 − 𝜏 (𝑡))) = {{{
−0.76, 𝑥1 (𝑡 − 𝜏 (𝑡)) > Φ1,
−0.82, 𝑥1 (𝑡 − 𝜏 (𝑡)) ≤ Φ1,

𝑏12 (𝑥1 (𝑡 − 𝜏 (𝑡))) = {{{
0.7, 𝑥1 (𝑡 − 𝜏 (𝑡)) > Φ1,
0.68, 𝑥1 (𝑡 − 𝜏 (𝑡)) ≤ Φ1,

𝑏21 (𝑥2 (𝑡 − 𝜏 (𝑡))) = {{{
0.35, 𝑥2 (𝑡 − 𝜏 (𝑡)) > Φ2,
0.29, 𝑥2 (𝑡 − 𝜏 (𝑡)) ≤ Φ2,

𝑏22 (𝑥2 (𝑡 − 𝜏 (𝑡))) = {{{
0.74, 𝑥2 (𝑡 − 𝜏 (𝑡)) > Φ2,
0.88, 𝑥2 (𝑡 − 𝜏 (𝑡)) ≤ Φ2,

𝑐11 (𝑥1 (𝑡)) = {{{
0.3, 𝑥1 (𝑡) > Φ1,
0.25, 𝑥1 (𝑡) ≤ Φ1,

𝑐12 (𝑥1 (𝑡)) = {{{
0.24, 𝑥1 (𝑡) > Φ1,
0.29, 𝑥1 (𝑡) ≤ Φ1,

𝑐21 (𝑥2 (𝑡)) = {{{
−0.21, 𝑥2 (𝑡) > Φ2,
−0.3, 𝑥2 (𝑡) ≤ Φ2,

𝑐22 (𝑥2 (𝑡)) = {{{
−0.98, 𝑥2 (𝑡) > Φ2,
−0.89, 𝑥2 (𝑡) ≤ Φ2.

(66)

For system (65), we obtain the following response systemwith
stochastic perturbation:

𝑑𝑦𝑖 (𝑡) = {{{
−𝑑𝑖𝑦𝑖 (𝑡) + 2∑

𝑗=1

𝑎𝑖𝑗 (𝑦𝑖 (𝑡)) 𝑓𝑗 (𝑦𝑗 (𝑡))

+ 2∑
𝑗=1

𝑏𝑖𝑗 (𝑦𝑖 (𝑡 − 𝜏 (𝑡))) 𝑔𝑗 (𝑦𝑗 (𝑡 − 𝜏 (𝑡)))

+ 2∑
𝑗=1

𝑐𝑖𝑗 (𝑦𝑖 (𝑡)) ∫𝑡
𝑡−𝜌(𝑡)

𝑓𝑗 (𝑦𝑗 (𝑠)) 𝑑𝑠 + 𝐼𝑖

+ 𝑢𝑖 (𝑡)}}}
𝑑𝑡 + 𝛽𝑖 (𝑡, 𝑥𝑖 (𝑡) + 𝑦𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝜏 (𝑡))

+ 𝑦𝑖 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔𝑖 (𝑡) ,

(67)

where the delay-dependent controller 𝑢𝑖(𝑡) is designed as
follows:

𝑢𝑖 (𝑡) = −𝑘𝑖 (𝑡) 𝑒𝑖 (𝑡) − 𝑚𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) − 2𝐼𝑖. (68)

And the adaptive law is

�̇�𝑖 (𝑡) = 𝑝𝑖 𝑒𝑖 (𝑡)2 𝑒]𝑡, 𝑘𝑖 (0) = 0,
�̇�𝑖 (𝑡) = 𝑞𝑖 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑚𝑖 (0) = 0,

𝑖 = 1, 2.
(69)

Here 𝑑1 = 2.12, 𝑑2 = 2.17, 𝐼1 = −0.01, and 𝐼2 = 0.01.
The activation functions are taken as 𝑓𝑖(𝑠) = 𝑔𝑖(𝑠) = tanh(𝑠),𝑖 = 1, 2. Time delays (𝑡) = 𝜌(𝑡) = 0.5 cos(𝑡) + 0.5. It is
easy to calculate that 𝜃1 = 𝜃2 = 1, 𝛿 = 0.5. According to
Assumption 3, it can be verified that 𝐿1 = 𝐿2 = 𝐿3 = 1 and𝑄1 = 𝑄2 = 𝑄3 = 1. The initial conditions of system (65) are
chosen as 𝑥1(𝑡) = 1.75, 𝑥2(𝑡) = 0.75, 𝑡 ∈ [−1, 0]. We take
] = 1.53, 𝑝1 = 1.61, 𝑝2 = 1.33, 𝑞1 = 1.23, and 𝑞2 = 1.03. And
the stochastic perturbations are given such as

𝛽1 (𝑡, 𝑒1 (𝑡) , 𝑒1 (𝑡 − 𝜏 (𝑡)))
= √0.5𝑒1 (𝑡) + √0.89𝑒1 (𝑡 − 𝜏 (𝑡)) ,

𝛽2 (𝑡, 𝑒2 (𝑡) , 𝑒2 (𝑡 − 𝜏 (𝑡)))
= −√0.5𝑒2 (𝑡) − √0.56𝑒2 (𝑡 − 𝜏 (𝑡)) .

(70)

When Φ1 = Φ2 = 1, according to Theorem 11, it
can be concluded that systems (65) and (67) with the above
parameters achieve exponential antisynchronization in the
mean square. Define error system 𝑒𝑖(𝑡) = 𝑦𝑖(𝑡) + 𝑥𝑖(𝑡);
Figure 1 depicts the time response curves of state variables
of systems (65) and (67) and the curves of synchronization
errors 𝑒1(𝑡) and 𝑒2(𝑡) without or with the delay-dependent
adaptive controller (68). It is clear that Figure 1 testifies that
the synchronization errors under the effect of the delay-
dependent controller (68) tend to zero as time goes on.

When the time-varying delay 𝜏(𝑡) is not differentiable or
the derivative ̇𝜏(𝑡) is unknown or not restriction, we design
the following controller:

𝑢𝑖 (𝑡) = −𝑘𝑖 (𝑡) − 𝑚𝑖 (𝑡) 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) − 2𝐼𝑖,
�̇�𝑖 (𝑡) = 𝑝𝑖 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑘𝑖 (0) = 0,
�̇�𝑖 (𝑡) = 𝑞𝑖 𝑒𝑖 (𝑡 − 𝜏 (𝑡)) 𝑒𝑖 (𝑡) 𝑒]𝑡, 𝑚𝑖 (0) = 0,

𝑖 = 1, 2,
(71)

where 𝜅𝑖 = 𝜛𝑖 = 1, 𝑖 = 1, 2 and all other parameter values are
the same as those mentioned from above.

According to Corollary 14, systems (65) and (67) under
the above controller implement exponential antisynchroniza-
tion. Likewise, define error system 𝑒𝑖(𝑡) = 𝑦𝑖(𝑡) + 𝑥𝑖(𝑡);
Figure 2 shows the curves of error systems without or with
controller (71). The error system with controller converges
significantly to zero which is a stable state.
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Figure 1: (a) Time response curves of states 𝑥1(𝑡) and 𝑦1(𝑡); (b) time response curves of states 𝑥2(𝑡) and 𝑦2(𝑡); (c) curves of error systems
without controller; (d) curves of error systems with controller (68).

Example 22. We consider the following MNNs without
stochastic perturbation as drive system; the vector form is
given by

𝑑𝑥 (𝑡) = [−𝐷𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑥 (𝑡))
+ 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑔 (𝑥 (𝑡 − 𝜏 (𝑡)))
+ 𝐶 (𝑥 (𝑡)) ∫𝑡

𝑡−𝜌
𝑓 (𝑥 (𝑠)) 𝑑𝑠 + 𝐼] 𝑑𝑡,

(72)

where

𝐴 (𝑥 (𝑡)) = [𝑎11 (𝑥1 (𝑡)) 𝑎12 (𝑥1 (𝑡))𝑎21 (𝑥2 (𝑡)) 𝑎22 (𝑥2 (𝑡))] ,

𝐵 (𝑥 (𝑡 − 𝜏 (𝑡)))
= [𝑏11 (𝑥1 (𝑡 − 𝜏 (𝑡))) 𝑏12 (𝑥1 (𝑡 − 𝜏 (𝑡)))𝑏21 (𝑥2 (𝑡 − 𝜏 (𝑡))) 𝑏22 (𝑥2 (𝑡 − 𝜏 (𝑡)))] ,

𝐶 (𝑥 (𝑡)) = [𝑐11 (𝑥1 (𝑡)) 𝑐12 (𝑥1 (𝑡))𝑐21 (𝑥2 (𝑡)) 𝑐22 (𝑥2 (𝑡))] ,

𝑎11 (𝑥1 (𝑡)) = {{{
0.5, 𝑥1 (𝑡) > Φ1,
0.49, 𝑥1 (𝑡) ≤ Φ1,

𝑎12 (𝑥1 (𝑡)) = {{{
−0.6, 𝑥1 (𝑡) > Φ1,
−0.67, 𝑥1 (𝑡) ≤ Φ1,
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Figure 2: (a) Curves of error systems without controller; (b) curves of error systems with delay-dependent controller (71).

𝑎21 (𝑥2 (𝑡)) = {{{
0.3, 𝑥2 (𝑡) > Φ2,
0.35, 𝑥2 (𝑡) ≤ Φ2,

𝑎22 (𝑥2 (𝑡)) = {{{
0.4, 𝑥2 (𝑡) > Φ2,
0.45, 𝑥2 (𝑡) ≤ Φ2,

𝑏11 (𝑥1 (𝑡 − 𝜏 (𝑡))) = {{{
0.31, 𝑥1 (𝑡 − 𝜏 (𝑡)) > Φ1,
0.29, 𝑥1 (𝑡 − 𝜏 (𝑡)) ≤ Φ1,

𝑏12 (𝑥1 (𝑡 − 𝜏 (𝑡))) = {{{
−0.15, 𝑥1 (𝑡 − 𝜏 (𝑡)) > Φ1,
−0.18, 𝑥1 (𝑡 − 𝜏 (𝑡)) ≤ Φ1,

𝑏21 (𝑥2 (𝑡 − 𝜏 (𝑡))) = {{{
0.83, 𝑥2 (𝑡 − 𝜏 (𝑡)) > Φ2,
0.85, 𝑥2 (𝑡 − 𝜏 (𝑡)) ≤ Φ2,

𝑏22 (𝑥2 (𝑡 − 𝜏 (𝑡))) = {{{
0.56, 𝑥2 (𝑡 − 𝜏 (𝑡)) > Φ2,
0.58, 𝑥2 (𝑡 − 𝜏 (𝑡)) ≤ Φ2,

𝑐11 (𝑥1 (𝑡)) = {−0.4,
𝑥1 (𝑡) > Φ1,−0.49, 𝑥1 (𝑡) ≤ Φ1,

𝑐12 (𝑥1 (𝑡)) = {0.2,
𝑥1 (𝑡) > Φ1,0.29, 𝑥1 (𝑡) ≤ Φ1,

𝑐21 (𝑥2 (𝑡)) = {0.13,
𝑥2 (𝑡) > Φ2,0.1, 𝑥2 (𝑡) ≤ Φ2,

𝑐22 (𝑥2 (𝑡)) = {{{
0.3, 𝑥2 (𝑡) > Φ2,
0.33, 𝑥2 (𝑡) ≤ Φ2.

(73)

Here 𝐷 = diag(1.35, 1.05)𝑇, 𝐼1 = 𝐼2 = 0. The activation
functions are taken as 𝑓(𝑠) = 𝑔(𝑠) = tanh(𝑠). The time delays
are defined as 𝜏(𝑡) = 𝜌(𝑡) = 0.5 sin(𝑡) + 0.5; then it can be
verified that 𝜃1 = 𝜃2 = 1 and 𝛿 = 0.5. From Assumption 3,
we select Λ = Θ = diag(1, 1). The initial conditions of system
(72) are chosen as 𝑥(𝑡) = (1.75, −1.75)𝑇, 𝑡 ∈ [−1, 0].

The corresponding response system under the delay-
independent controller 𝑢(𝑡) is given as follows:

𝑑𝑦 (𝑡) = [−𝐷𝑦 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑦 (𝑡))
+ 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑔 (𝑦 (𝑡 − 𝜏 (𝑡)))
+ 𝐶 (𝑥 (𝑡)) ∫𝑡

𝑡−𝜌
𝑓 (𝑦 (𝑠)) 𝑑𝑠 + 𝐼 + 𝑢 (𝑡)] 𝑑𝑡

+ 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔 (𝑡) .

(74)

We choose the initial conditions as 𝑦(𝑡) = (0.75, −0.75)𝑇, 𝑡 ∈[−1, 0] and the stochastic perturbation is given as follows:

𝛽1 (𝑡, 𝑒1 (𝑡) , 𝑒1 (𝑡 − 𝜏 (𝑡)))
= √0.04𝑒1 (𝑡) + √0.24𝑒1 (𝑡 − 𝜏 (𝑡)) ,

𝛽2 (𝑡, 𝑒2 (𝑡) , 𝑒2 (𝑡 − 𝜏 (𝑡)))
= √0.04𝑒2 (𝑡) + √0.24𝑒2 (𝑡 − 𝜏 (𝑡)) ,

(75)

where 𝜔(𝑡) = (𝜔1(𝑡), 𝜔2(𝑡))𝑇 is a 2-dimensional Wiener
process satisfying 𝐸{𝑑𝜔(𝑡)} = 0. From Assumption 3, it is
easy to get that 𝑇1 = 𝑇2 = diag(0.08, 0.48)𝑇, Δ 1 = Δ 2 =Δ 3 = diag(1, 1). The remaining parameters of system (74) are
the same as system (72).
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Figure 3: (a) Time response curves of states 𝑥1(𝑡) and 𝑦1(𝑡); (b) time response curves of states 𝑥2(𝑡) and 𝑦2(𝑡); (c) curves of error systems
without controller; (d) curves of error systems with delay-independent controller (76).

The delay-independent controller is defined as follows:

𝑢𝑖 (𝑡) = −𝑀𝑖 (𝑡) 𝑒 (𝑡) − 2𝐼𝑖,
�̇�𝑖 (𝑡) = 𝜇𝑒]𝑡𝑒𝑇 (𝑡) 𝑒 (𝑡) . (76)

In the simulation, we take ] = 1.45 and 𝜇 = 1. We define
the error system 𝑒(𝑡) = 𝑦(𝑡) + 𝑥(𝑡). When Φ1 = Φ2 = 1,
Figure 3 depicts the time response curves of state variables
of system (72) and (74) and the curves of synchronization
errors 𝑒1(𝑡) and 𝑒2(𝑡) without or with the delay-independent
adaptive controller 𝑢(𝑡). According to Theorem 18, systems
(72) and (74) attain exponential antisynchronization in the
mean square sense, which is verified in Figure 3.

When we ignore the impact of the distributed delay,
namely, 𝜌(𝑡) ≡ 0, system (72) will be rewritten as

𝑑𝑥 (𝑡)𝑑𝑡 = −𝐷𝑥 (𝑡) + 𝐴 (𝑥 (𝑡)) 𝑓 (𝑥 (𝑡))
+ 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑔 (𝑥 (𝑡 − 𝜏 (𝑡))) + 𝐼. (77)

Then system (74) also becomes

𝑑𝑦 (𝑡) = [−𝐷𝑦 (𝑡) + 𝐴 (𝑥 (𝑡)) ℎ (𝑦 (𝑡))
+ 𝐵 (𝑥 (𝑡 − 𝜏 (𝑡))) 𝑧 (𝑦 (𝑡 − 𝜏 (𝑡))) + 𝐼 + 𝑢 (𝑡)] 𝑑𝑡
+ 𝛽 (𝑡, 𝑒 (𝑡) , 𝑒 (𝑡 − 𝜏 (𝑡))) 𝑑𝜔 (𝑡) .

(78)



Mathematical Problems in Engineering 15

e1(t)

e2(t)

10 20 30 40 50 60 70 800
t

−3

−2

−1

0

1

2

3

4
e 1
(t
)e

2
(t
)

(a)

e1(t)

e2(t)

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

e 1
(t
)e

2
(t
)

5 10 15 200
t

(b)

Figure 4: (a) Curves of error systems without controller; (b) curves of error systems with delay-independent controller (76).

Similarly, all the parameters are the same as those from
above. According toCorollary 19, systems (77) and (78) under
controller (76) achieve the exponential antisynchronization
in the mean square sense. Define error system 𝑒(𝑡) = 𝑦(𝑡) +𝑥(𝑡); Figure 4 depicts the curves of error systems without or
with controller (76). It is obvious that Figure 4 proves the
error system converges quickly to zero.

5. Conclusion

In this paper, we addressed the antisynchronization issues
for a class of MNNs with stochastic perturbation and
mixed delays, including discrete anddistributed time-varying
delays. Two novel adaptive controllers were designed on the
basis of delay-dependent and delay-independent to ensure
that the drive system can achieve the exponential anti-
synchronization with the response system in spite of their
initial conditions. Through the use of the Lyapunov stability
method, inequality analysis technique, and the differential
inclusion theory, we proposed two types of exponential
antisynchronization criteria for these systems. Moreover, the
obtained criteria need no excessive numerical calculation.
Some numerical examples have been shown to validate the
effectiveness of our theoretical results.
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Most of the existing fault detection methods rarely consider the cost-optimal maintenance policy. A novel multivariate Bayesian
control approach is proposed, which enables the implementation of early fault detection for a helicopter gearbox with cost
minimization maintenance policy under varying load. A continuous time hidden semi-Markov model (HSMM) is employed
to describe the stochastic relationship between the unobservable states and observable observations of the gear system. Explicit
expressions for the remaining useful life prediction are derived using HSMM. Considering the maintenance cost in fault detection,
themultivariate Bayesian control scheme based onHSMM is developed; the objective is tominimize the long-run expected average
cost per unit time. An effective computational algorithm in the semi-Markov decision process (SMDP) framework is designed to
obtain the optimal control limit. A comparisonwith themultivariate Bayesian control chart based onhiddenMarkovmodel (HMM)
and the traditional age-based replacement policy is given, which illustrates the effectiveness of the proposed approach.

1. Introduction

In a helicopter system, the mechanical drive system is the
most efficient and compact device to transmit torque and
change angular velocity. As the key mechanical transmission
parts, gears are extensively used in aerospace, shipbuilding
industry, and wind power industry, such as helicopters, cruis-
ers, and wind turbines. Gear failure will cause machine halts
in the whole mechanical system, resulting in great economic
losses and even human casualties.

Condition monitoring and fault detection technique can
significantly improve the reliability of the gear transmission
system and reduce the occurrence of failure. In condition-
based maintenance (CBM) and prognostics and health man-
agement (PHM), the vibration monitoring data obtained
from the accelerometers carry a large amount of information,
whichwere used in the fault detection of the gears for decades
and were very helpful to prevent unnecessary machine halts
[1, 2].The accurate early fault detection can effectively prevent
the occurrence of secondary damage. Appropriate preventive
maintenance can significantly improve equipment availability
and save cost for gearbox users. Therefore, the early gear

fault detection and maintenance scheme optimization have
become research hotspots in recent years.

In recent research, advanced nonparametric methods
were widely applied to gearbox early fault detection, such as
the continuous wavelet transform (CWT) [3], the multiscale
chirplet path pursuit (MSCPP) [4], and multiresolution
Fourier transform [5]. Some researchers applied parametric
time series model to gearbox fault detection, most of whom
assumed that gearbox ran under constant load conditions.
For example, Wang and Wong [6] indicated that the autore-
gressive (AR) model with a high diagnostic confidence level
can detect the gear crack much earlier than the conventional
method. Rofe [7] used the autoregressive moving-average
(ARMA) model under the condition of load fluctuation for
gear fault diagnosis and selected the variance and kurtosis
of the residuals of ARMA model as the indicators of failure.
It should be noted that the fault diagnosis methods in the
literature mostly assume the gears run under constant speed
or constant load conditions, meaning that all the signal
responses are due to component degradation or failures.This
is not always consistent with the reality that gears often run
under varying load, such as the wind turbine gearboxes and
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the helicopter planetary gearboxes [8, 9]. Under the assump-
tion of constant load, it is difficult to separate the interference
signals caused by load changes, which greatly affects the
characteristics of the signals. In most cases, the change of the
load variation in the feature level is similar to that caused by
fault. This increases the difficulty of feature extraction and
thereby also increases the difficulty of effective monitoring,
diagnosis, and prediction. The gear motion residual (GMR)
signal is an effective algorithm and highly insensitive to the
varying load [10]. The healthy portion of the GMR signals is
used to fit the VARmodel and the residuals of the whole data
sets are calculated to process the early fault detection scheme
in this paper.

The operational states (healthy or unhealthy) cannot be
observed directly when the gear system is running. Several
approaches have been used tomodel the degradation process,
such as proportional hazards model (PH) [11], stochastic
filtering model (SFM) [12], and hidden Markov model
(HMM) [13]. In recent years, HMM has been widely applied
to speech recognition [14], system fault diagnosis [13, 15], and
life prediction [16]. However, in HMM, the sojourn time in
each operational state of the system is assumed to follow
exponential distribution, that is, the “memoryless” property.
As an extension of the HMM, the sojourn time in each oper-
ational state is not restricted by exponential distribution in
a hidden semi-Markov model (HSMM), and its degradation
process is much closer to the real degradation situations. Liu
et al. [17, 18] proposed a diagnosis and prediction method
of equipment based on the HSMM and the sojourn time
follows normal distribution. Jiang et al. [19] carried out a
small extension to HMM, considering a HSMM with the
sojourn time obeys Erlang (2, 𝜆) distribution. A general
Erlang HSMM is considered in this paper to model the
deterioration process of the gear system. The expectation-
maximization (EM) algorithm is employed to estimate the
unknown state and observation parameters of the model.
After the model parameters are estimated, the posterior
probability that the system is in each state is used to derive
the expressions for the reliability distribution function of
remaining useful life (RUL), the probability density function
(PDF), and the mean residual life (MRL) function.

When using the HSMM tomodel the deterioration of the
gear system with the consideration of maintenance policy, it
is necessary to consider the best stopping time. The Bayesian
methods are used extensively to determine the stopping time.
Girshick and Rubin [20] introduced the Bayesian method
for the production process control for the first time in 1952,
showing that repair was needed when the posterior probabil-
ity was beyond the control limit. Considering the minimum
maintenance cost, Kim et al. [13] put forward the optimal
Bayesian forecasting model using the actual oil spectral
analysis data. Most of the stochastic models assumed that
the system degradation process was modeled by a contin-
uous time HMM and each sojourn time of hidden states
was exponentially distributed, which is not always realistic.
Relaxing the assumption ofMarkovian process deterioration,
Panagiotidou and Tagaras [21] proposed a model that inte-
grated process control and maintenance for two operational
states. However, this method is only applicable to univariate

monitoring. Such a drawback of the existing optimization
model motivates us to set up an optimal maintenance model
under real circumstances. In order to find the optimal stop-
ping time, based on the HSMM, a Bayesian control scheme
is established with the objective of minimizing the long-run
expected average cost per unit time to determine the optimal
stopping time and when to perform the preventive mainte-
nance actions.

To the best of our knowledge, this is the first paper apply-
ing HSMM with general Erlang distribution of sojourn time
in two hidden states and optimal Bayesian control scheme to
find the cost-effective strategy for early fault detection of the
helicopter gearbox. With the condition monitoring informa-
tion, the proposed approach can not only update the remain-
ing useful life at each sampling epoch, but also process early
fault detection of the helicopter gear system and determine
the optimal stopping time with minimum cost simultane-
ously.

The remainder of the paper is organized as follows. In
Section 2, the healthy part of GMR signal of the helicopter
gearbox life test vibration data is used to fit a VARmodel, and
the residuals of the whole data sets are obtained. In Section 3,
the HSMM is applied, in which each operational state obeys
the general Erlang distribution, to describe the degradation
process of the gear system, and the EM algorithm is employed
to estimate the unknown state and observation parameters of
the model. The conditional reliability distribution functions
of theRUL and theMRL function are derived. In Section 4, on
the basis of hidden semi-Markov degradation modeling, an
optimal Bayesian control chart is developed, and the optimal
control limit is solved in the semi-Markov decision process
framework, followed by a comparison with other methods.
The conclusions are presented in Section 5.

2. Residuals Computation for
a Helicopter Gearbox

2.1. Experimental Scheme. The overall process of the optimal
Bayesian control scheme for the helicopter gearbox early fault
detection is illustrated schematically in Figure 1. Firstly, we
need to obtain the residuals of the multivariate condition
monitoring data. The test data were obtained from the
Mechanical Diagnostic Test Bed (MDTB) in Pennsylvania
State University, as shown in Figure 2.

Gearbox used in this test includes a pinion gear with 21
teeth and a drive gear with 70 teeth. The gearbox was driven
by induction motors (22.38 kW, 1750 rpm) and the torques
were provided by alternating current absorption motors
(55.95 kW, 1750 rpm). The power of the gearbox is 3.73∼
14.92 kW and the speed ratio range is 1.2 : 1∼6. #2 and #3
accelerometers were installed on the gearbox body, respec-
tively, in the axial and horizontal directions, as shown in
Figure 3.

Samples were taken every 8 minutes (0.1333 h) and stored
in a new file with a sampling frequency of 20 kHz. Each sam-
pling time is 10 s.The 16-bit resolutionAD converter was used
to ensure the accelerometers have sufficient precision. Driv-
ing motor speed V01 and gearbox output torque V05 were
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Figure 1: The flow chart of Bayesian control scheme.

Figure 2: Mechanical diagnostic test bed.

also collected with sampling frequency of 1 kHz and sampling
time of 10 s. The test is divided into two stages: at a certain
rotating speed, gearbox firstly was run at 100% rated output
torque for 96 hours (555 in-lbs); it was then run under varying
load until failure. In the second stage, the output torque was
periodically increased from 50% to 300% rated torque (50%,
100%, 150%, 200%, 250%, and 300%) and then dropped from
300% to 50% rated torque (300%, 250%, 200%, 150%, 100%,
and 50%) gradually. The output torque of the gearbox is
shown in Figure 4. Figure 5 shows themean value of the input
shaft speed.The input shaft speed fluctuation error in Figure 5
is within 0.06%; therefore the speed can be considered as a
constant.

The gearbox was run normally in the first stage for 96
hours; thus only the vibration data collected in the second
stage (varying load) were analyzed. Sampling points collected
by #2 and #3 sensors were, respectively, saved in files A02 and
A03, and each of them contained 145 data files under varying

load. The original vibration data is shown in Figure 6. The
results of shutdown fault inspection were shown in Figure 7
that the pinion gear was normal while five fully broken and
two partially broken teeth were found in the drive gear.

2.2. Gear Motion Residual (GMR) Signal. TSA algorithm,
which extracts the meshing frequency components from the
gear vibration data and then synchronously adds and averages
them with the rotation of the gear shaft, is widely used in
fault diagnosis of gears. The number of sampling points in a
single rotational period can be calculated using the following
formula: 𝐾 = ⌈ 𝑓𝑠(𝑓𝑚/𝑁𝑔)⌉ , (1)

where 𝑓𝑠 is sampling frequency, 𝑓𝑚 is the fundamental
meshing frequency of the gear, 𝑁𝑔 is the number of teeth of
the gear, and ⌈⋅⌉ is the ceil function.

Suppose that 𝑉(𝑘), 𝑘 = 1, 2, . . . , 𝑛 data points were
contained in each sampling data file, the rotation period
number𝑀 of the gear is given by𝑀 = ⌊ 𝑛𝐾⌋ , (2)

where ⌊⋅⌋ represents the floor function.
In a complete revolution of the gear of interest, the TSA

signal is given by

𝑉𝑛 (𝑘) = 1𝑀𝑀−1∑
𝑖=0

𝑉 (𝑘 + 𝑖𝐾) , 𝑘 = 1, 2, . . . , 𝐾. (3)

The TSA signal of the helicopter gearbox is shown in
Figure 8.

It is efficacious to use the TSA method to reduce the
influence of the background noise and the nongear vibration
source. GMR signal, which can be obtained by removing
the gear meshing frequency and its harmonic from the TSA
signals, is highly insensitive to the varying load conditions
[10]. The GMR signal can be expressed as follows:𝑅𝑛 = 𝑉𝑛 − 𝐸𝑛, (4)

where 𝐸𝑛 is the signal composed of the eliminated compo-
nents.

The GMR signal of the gear of interest is shown in
Figure 9. It can be seen from the comparison betweenFigure 9
and the TSA signal that the GMR signal effectively removes
the noise, representing more obvious signal change features.
Further, we consider a VAR model for the healthy part of the
GMR signal to obtain the residual.

2.3. GMR Residuals Computation Using VAR Model. In this
section, the healthy portion of the GMR signal is used to
fit a VAR model. Two-dimensional data can be expressed as{𝑍𝑖

1, 𝑍𝑖
2, . . . , 𝑍𝑖

𝑡𝑖
}, 𝑖 = 1, 2. Assume that the healthy portion of

the data obeys a stationary VAR process:

𝑍𝑛 = 𝜇 + 𝑝∑
𝑟=1

Φ𝑟 (𝑍𝑛−𝑟 − 𝜇) + 𝜀𝑛, 𝑛 ∈ 𝑍, (5)



4 Mathematical Problems in Engineering

(a) Side view (b) Front view

Figure 3: Locations of #2 and #3 accelerometers.
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Figure 4: Output torque of the gearbox.
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Figure 5: Input speed of the driving motor.

where 𝜇 ∈ R2 is the mean value; 𝑝 ∈ N is the model order;Φ𝑟 ∈ R2×2 is the autocorrelationmatrices; 𝜀𝑛 are independent
identically distributed (i.i.d) and obey 𝑁2(0, Σ); Σ ∈ R2×2 is
the covariance. Let 𝛿 = 𝜇 −∑𝑝

𝑟=1Φ𝑟𝜇, so (5) can be expressed
with the following form:𝑊 = Φ𝐴 + 𝐵, (6)
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Figure 6: Original data of gearbox under varying load.

where𝑊 = (𝑍2
𝑡2
, 𝑍2

𝑡2−1
, . . . , 𝑍2

𝑝+2, 𝑍2
𝑝+1, 𝑍1

𝑡1
, 𝑍1

𝑡1−1
, . . . , 𝑍1

𝑝+2,𝑍1
𝑝+1) ,𝐴 = (𝛿,Φ1, Φ2, . . . , Φ𝑝) ,𝐵 = (𝜀2𝑡2 , 𝜀2𝑡2−1, . . . , 𝜀2𝑝+2, 𝜀2𝑝+1, 𝜀1𝑡1 , 𝜀1𝑡1−1, . . . , 𝜀1𝑝+2, 𝜀1𝑝+1) ,

Φ = ((((
(

1 1 1 1𝑍2
𝑡2−1

𝑍2
𝑝 𝑍1

𝑡1−1
𝑍1
𝑝𝑍2

𝑡2−2
𝑍2
𝑝−1 𝑍1

𝑡1−2
𝑍1
𝑝−1... ... ... ...𝑍2

𝑡2−𝑝
𝑍2
1 𝑍1

𝑡1−𝑝
𝑍1
1

))))
)



.
(7)

Reinsel [22] indicated that𝐴 and Σ can be obtained using
least squares estimates, and the AIC criterion is selected in
this paper to determine themodel order𝑝.Thus the estimated
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(a) Broken drive gear (b) Five fully broken and two partially broken teeth

Figure 7: Test results of the drive gear.
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Figure 8: TSA signal of the original data.
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Figure 9: GMR signal of the original data.

VAR model parameters �̂� = (�̂�, �̂�, Φ̂1, Φ̂2, . . . , Φ̂𝑝) can be
utilized to calculate the residual 𝑌𝑛 of the TSA signals:𝑌𝑛 = 𝑍𝑛 − 𝐸�̂� (𝑍𝑛 | ⇀𝑍𝑛−1) , (8)

where
⇀𝑍𝑛−1 = (𝑍1, 𝑍2, . . . , 𝑍𝑛−1).
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Figure 10: Residuals for data files 1–145.

For 𝑛 > �̂�,
𝑌𝑛 = 𝑍𝑛 − (�̂� + �̂�∑

𝑟=1

Φ̂𝑟𝑍𝑛−𝑟) . (9)

For 𝑛 ≤ �̂�, the residual 𝑌𝑛 can be computed recursively
by Kalman filter, for which the details can be found in the
Appendix.

Using the above method, we obtain the GMR residual
signal of the gear, which is shown in Figure 10. To compress
the huge amount of data, we select the standard deviation,
which is commonly used characteristic parameter in the
vibration signal processing, to process the residual of the gear,
as shown in Figure 11.

Figure 11 illustrates that the residual standard deviation
values of A02 and A03 are relatively stable from files 1 to 100;
therefore, we assume the system is in the healthy state in this
portion, while from files 101 to 145 the system operates in
the unhealthy state as the standard deviation values of this
part show an obvious increase compared with those of the
healthy portion. Normality and independence tests are taken
for these two parts of data, the results of which are shown in
Table 1.

From Table 1, both the standard deviation values for
A02 and A03 passed the normality and independence tests,
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Figure 11: Standard deviation indicator of residuals.

Table 1: 𝑝 value of the normality and independence tests.

RMS of residuals Healthy portion
(files 1–100)

Unhealthy portion
(files 101–145)

Normality 0.1641 0.4032
Independence 0.3321 0.1861

indicating that standard deviation values of the residual are
independent and obey the multivariate normal distribution,
which is consistent with the assumption that the observation
of the HSMM described in Section 3 obeys multivariate
normal distribution.

3. Residual Life Prediction Based on
Hidden Semi-Markov Model

3.1. Hidden Semi-Markov Model. It has been demonstrated
from in [13, 19, 23] that a 3-state Markov model is adequate
to model the deterioration process of the system. We assume
that the degradation process of the system is described by
a 3-state HSMM, the state space of which is 𝑆 = {0, 1, 2}.
States 0 and 1 are unobservable and represent the good and
warning system states, respectively. Only state 2 is assumed
to be observable and represents the failure state. Suppose the
system starts in the healthy state, that is, 𝑃(𝑋0 = 0) = 1.
While the sampling interval is fixed, the observation of the
system 𝑌 = (𝑌𝑘 : 𝑘 ∈ N) is independent given the state of the
gear system. 𝑦Δ, 𝑦2Δ, . . . , 𝑦𝑘Δ ∈ R𝑑 is used to denote the 𝑑-
dimension observation vector at each sampling epoch; thus𝑦𝑘Δ given the state 𝑥 obeys 𝑑-dimension multivariate normal
distribution with 𝑁𝑑(𝜇𝑥, Σ𝑥), 𝑥 = 0, 1, and the probability
density function is given by

𝑓𝑦𝑘Δ|𝑋𝑛Δ (𝑦𝑘Δ | 𝑥) = 1√(2𝜋)𝑑 det (Σ𝑥)⋅ exp(−12 (𝑦𝑘Δ − 𝜇𝑥) Σ−1
𝑥 (𝑦𝑘Δ − 𝜇𝑥)) , (10)

0 1 2

P11 P22P00

P02

P01 P12

Figure 12: Schematic for system state transition of the 3-state
HSMM.

where 𝜇0, 𝜇1 ∈ R2, Σ0, Σ1 ∈ R2×2 are unknown observation
parameters.

The state transition of the gear system is illustrated in
Figure 12.The transition probability matrix is 𝑃 = [𝑃𝑖𝑗] (𝑖, 𝑗 ∈𝑆), where𝑃𝑖𝑗 represents the probability that the system transits
to state 𝑗 after it leaves from state 𝑖.

Generally, the transition probability matrix of the system
is assumed as follows:

𝑃 = (𝑝00 𝑝01 𝑝02𝑝10 𝑝11 𝑝12𝑝20 𝑝21 𝑝22) = (0 𝑝01 𝑝020 0 10 0 1 ) (11)

Eq. (11) indicates that the system starts in the healthy state,
where 𝑝01 + 𝑝02 = 1.

Suppose that in state 𝑖 for 𝑖 = 0, 1, the sojourn time obeys
the general Erlang distribution, and the probability density
function is given by

𝑓𝑖 (𝑡) = 𝜆𝑘𝑖𝑡𝑘𝑖−1𝑒−𝜆𝑡(𝑘𝑖 − 1)! for 𝑡 ≥ 0, (12)

where 𝑘𝑖 ∈ N+ is the unknown shape parameter and 𝜆 > 0
is unknown rate parameter. Erlang distribution can also be
modeled as a series of a given number of exponential phases
running one after another until the end of the sojourn time.
In order to record the phases in theMarkovmodel, we need to
enlarge the state space. Let Θ = {𝐾1, 𝐾2, 𝐾3} be the new state
space, where 𝐾1 = {1, . . . , 𝑘1} represents the set of healthy
states,𝐾2 = {𝑘1+1, . . . , 𝑘1+𝑘2} represents the set of unhealthy
states, and𝐾3 = {𝑘1 + 𝑘2 + 1} represents the failure state.

The system’s failure time is denoted by 𝜉 = inf{𝑡 ≥0 : 𝑋𝑡 = 2}. Let 𝑂 denote the data histories and Λ =(𝑝01, 𝑝02, 𝑘1, 𝑘2, 𝜆) and Ψ = (𝜇0, 𝜇1, Σ0, Σ1) denote the sets
of state and observation parameters to be estimated, respec-
tively. Since the sample path (𝑋𝑡 : 𝑡 ≥ 0) of the state process
in HSMM is unobservable, it is difficult to determine the
analytical expression of the maximum likelihood function.
The expectation-maximization (EM) algorithm can solve it
by iteratively maximizing the pseudo likelihood function. LetΛ 0 = (�̂�01, �̂�02, �̂�1, �̂�2, �̂�) and Ψ0 = (�̂�0, �̂�1, Σ̂0, Σ̂1) be the
initial values; the EM algorithm is shown in Figure 13.

Updated parameters Λ∗, Ψ∗ in each step are then used as
new initial values to the E-step, leading the iteration in E-
step andM-step until the Euclidean norm satisfies |(Λ∗, Ψ∗)−(Λ̂, Ψ̂)| < 𝜀, for small given 𝜀 > 0. Detailed expressions
of likelihood function and pseudo likelihood function can
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Figure 13: Flow chart of the EM algorithm.

be found in Khaleghei and Makis [23]. The state parameters𝑝01, 𝑝02 can be updated by calculating the unique stationary
point from𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕𝑝01 = 𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕𝑝02 = 0. (13)

The explicit expressions of updated 𝑝∗
01 in each step are

given by

𝑝∗
01 = ∑𝑁

𝑖=1 �̂�1𝑖 + ∑𝑀
𝑗=1 �̂�1𝑗∑𝑁

𝑖=1 (�̂�1 + �̂�)𝑖 + ∑𝑀
𝑗=1 �̂�1𝑗 . (14)

The updated 𝑘∗1 , 𝑘∗2 , 𝜆∗ in each step can be obtained by

max
𝑘1 ,𝑘2 ,𝜆

( 𝑁∑
𝑖=1

(�̂�1 + �̂�)𝑖 + 𝑀∑
𝑗=1

(�̂�1 + �̂�1)𝑗)𝑘1 ln 𝜆
+ 𝑁∑

𝑖=1

�̂�1𝑖𝑘2 ln 𝜆 + 𝑁∑
𝑖=1

�̂�3𝑖 (𝑘2 − 1) + 𝑀∑
𝑗=1

⟨𝑎4, �̂�⟩𝑗�̂�𝑗

+ ( 𝑁∑
𝑖=1

(�̂�2 + �̂� ln 𝑡)𝑖 + 𝑀∑
𝑗=1

(�̂�3 + �̂�3)𝑗)(𝑘1 − 1)
− ( 𝑁∑

𝑖=1

�̂�1𝑖 + 𝑀∑
𝑗=1

�̂�1𝑗) ln (𝑘2 − 1)!

− ( 𝑁∑
𝑖=1

(�̂�1 + �̂�)𝑖 + 𝑀∑
𝑗=1

(�̂�1 + �̂�1)𝑗) ln (𝑘1 − 1)!
− ( 𝑁∑

𝑖=1

𝑡 (�̂�1 + �̂�)𝑖 + 𝑀∑
𝑗=1

(�̂�2 + �̂�2)𝑗)𝜆.
(15)

For observation parameters, the unique stationary point
can be obtained by 𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕𝜇0 = 0,

𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕𝜇1 = 0,
𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕Σ−1

0

= 0,
𝜕𝑄 (Λ,Ψ | Λ̂, Ψ̂)𝜕Σ−1

1

= 0.
(16)

Thus the explicit expressions of the updated Ψ∗ = (𝜇∗0 ,𝜇∗1 , Σ∗
0 , Σ∗

1 ) in each step are given by

𝜇∗0 = ∑𝑁
𝑖=1 ⟨𝑛1, �̂�⟩ + ∑𝑀

𝑗=1 ⟨𝑛1, �̂�⟩∑𝑁
𝑖=1 ⟨𝑠1, �̂�⟩ + ∑𝑀

𝑗=1 ⟨𝑠1, �̂�⟩ ,
Σ∗
0 = ∑𝑁

𝑖=1 ⟨𝑛3, �̂�⟩ + ∑𝑀
𝑗=1 ⟨𝑛3, �̂�⟩∑𝑁

𝑖=1 ⟨𝑠1, �̂�⟩ + ∑𝑀
𝑗=1 ⟨𝑠1, �̂�⟩ ,

𝜇∗1 = ∑𝑁
𝑖=1 ⟨𝑛2, �̂�⟩ + ∑𝑀

𝑗=1 ⟨𝑛2, �̂�⟩∑𝑁
𝑖=1 ⟨𝑠2, �̂�⟩ + ∑𝑀

𝑗=1 ⟨𝑠2, �̂�⟩ ,
Σ∗
1 = ∑𝑁

𝑖=1 ⟨𝑛4, �̂�⟩ + ∑𝑀
𝑗=1 ⟨𝑛4, �̂�⟩∑𝑁

𝑖=1 ⟨𝑠2, �̂�⟩ + ∑𝑀
𝑗=1 ⟨𝑠2, �̂�⟩ ,

(17)

where the form ⟨𝑎, 𝑏⟩ = 𝑎𝑏, 𝑛1 = (0, 𝑦1, ∑2
𝑛=1 𝑦𝑛, . . . ,∑𝑇

𝑛=1 𝑦𝑛), 𝑠1 = (0, 1, . . . , 𝑇), 𝑛2 = (∑𝑇
𝑛=1 𝑦𝑛, ∑𝑇

𝑛=2 𝑦𝑛, . . . ,𝑦𝑇, 0), 𝑠2 = (𝑇, . . . , 1, 0), 𝑛3 = (0, (𝑦1 − �̂�1)(𝑦1 − �̂�1), . . . ,∑𝑇
𝑛=1(𝑦1 − �̂�1)(𝑦1 − �̂�1)), and 𝑛4 = (∑𝑇

𝑛=1(𝑦𝑛 − �̂�2)(𝑦𝑛 −�̂�2), ∑𝑇
𝑛=2(𝑦𝑛 − �̂�2)(𝑦𝑛 − �̂�2), . . . , (𝑦𝑇 − �̂�2)(𝑦𝑇 − �̂�2), 0).

The initial values to Λ̂ and Ψ̂ were assigned and EM
algorithm was employed to solve the parameters to be
estimated, the convergence criterion for which is |(Λ∗, Ψ∗) −(Λ̂, Ψ̂)| < 1𝑒 − 6. We assigned different initial values and the
results were very similar, which are shown in Tables 2 and 3.

3.2. Remaining Useful Life (RUL) Prediction. Let Π𝑘(𝑖) be
the posterior probability that given the observation data𝑦Δ, 𝑦2Δ, . . . , 𝑦𝑘Δ ∈ R2 the system is in state 𝑖 (1 ≤ 𝑖 ≤ 𝑘1 + 𝑘2)
at sampling time 𝑘Δ:Π𝑘 (𝑖) = 𝑃 (Θ𝑘Δ = 𝑖 | 𝜉 > 𝑘Δ, 𝑦Δ, 𝑦2Δ, . . . , 𝑦𝑘Δ, Π⃗𝑘−1) , (18)
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Table 2: Model parameters estimation with EM algorithm.

Parameters Initial values First iteration Second iteration Last iteration�̂�01 0.8 0.6897 0.9187 1.0000�̂�02 0.2 0.3103 0.0813 7.6502𝑒 − 05�̂�1 3 2 2 2�̂�2 3 1 2 2�̂� 0.5 0.4063 0.2918 0.2069�̂�0 (1015) (13.656719.3175) (13.997619.3198) (15.920719.4560)�̂�1 (2030) (25.097033.5655) (27.013836.3763) (29.952838.8550)Σ̂0 (5 88 10) (5.2117 5.98795.9879 9.7890) (5.2980 6.32196.3219 9.7924) (5.3835 6.61106.6110 9.2166)Σ̂1 ( 50 100100 100) ( 89.6879 138.6759138.6759 200.8768) (102.8798 139.0890139.0890 203.3276) (123.1435 159.1407159.1407 212.8811)𝑄 × 103 — −2.48 −1.89 −1.45
Table 3: Model parameters estimation with EM algorithm using different initial values.

Parameters Initial values First iteration Second iteration Last iteration�̂�01 0.5 0.3176 0.8920 1.0000�̂�02 0.5 0.6824 0.1080 2.2018𝑒 − 08�̂�1 5 3 3 2�̂�2 5 2 2 2�̂� 0.3 0.2663 0.2199 0.2070�̂�0 (1515) (13.876916.7687) (14.876818.9879) (15.921419.4561)�̂�1 (2535) (28.187936.9768) (29.018037.9671) (29.973138.8583)Σ̂0 ( 5 1010 5 ) (3.9112 7.08797.0879 6.0788) (5.1939 6.90786.9078 8.6892) (5.4165 6.63296.6329 9.1875)Σ̂1 (100 150150 200) (113.6877 152.3243152.3243 209.7609) (119.0451 157.9880157.9880 210.6791) (122.8959 159.2142159.2142 212.7090)𝑄 × 103 — −1.98 −1.53 −1.32

where∑𝑘1+𝑘2
𝑖=1 Π𝑘(𝑖) = 1, Π⃗𝑘 = (Π𝑘(1), Π𝑘(2), . . . , Π𝑘(𝑘1 + 𝑘2))

denotes the posterior probability vector. Suppose the system
always starts in the first phase of the healthy state, that is,

Π0(1) = 1. According to the Bayes’ theorem, the posterior
probability Π𝑘(𝑖) can be updated iteratively at each sampling
epoch by the following formula:

Π𝑘 (𝑖) = 𝑔 (𝑦𝑘Δ | Θ𝑘Δ = 𝑖, 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1) × 𝑃 (Θ𝑘Δ = 𝑖 | 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1)∑𝑘1+𝑘2
𝑗=1 𝑔 (𝑦𝑘Δ | Θ𝑘Δ = 𝑗, 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1) × 𝑃 (Θ𝑘Δ = 𝑗 | 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1) , (19)
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where 𝑃(Θ𝑘Δ = 𝑖, 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1) =∑1≤𝑚≤𝑖 𝑃𝑚𝑖(Δ)Π𝑘−1(𝑚)/∑𝑘1+𝑘2
𝑚=1 ∑𝑘1+𝑘2

𝑗=𝑚 𝑃𝑚𝑗(Δ)Π𝑘−1(𝑚).
It can be obtained from (10) that 𝑦𝑘Δ | Θ𝑘Δ ∼ 𝑁𝑑(𝜇𝑥, Σ𝑥)

for 𝑥 = 1, 2; thus𝑔 (𝑦𝑘Δ | Θ𝑘Δ = 𝑖, 𝜉 > 𝑘Δ, 𝑦(𝑘−1)Δ, Π⃗𝑘−1)
= {𝑓 (𝑦𝑘Δ | 𝜇1, Σ1) if 𝑖 ∈ 𝐾1𝑓 (𝑦𝑘Δ | 𝜇2, Σ2) if 𝑖 ∈ 𝐾2, (20)

where 𝑓(𝑦𝑘Δ | 𝜇𝑥, Σ𝑥) = (1/√(2𝜋)𝑑 det(Σ𝑥)) exp (−(1/2)(𝑦𝑘Δ − 𝜇𝑥)Σ−1
𝑥 (𝑦𝑘Δ − 𝜇𝑥)), 𝑥 = 1, 2.

For the gearbox degeneration system, the estimated shape
parameters of Erlang distribution in the hidden states are𝑘1 = 𝑘2 = 2 (see Table 2); therefore the transition proba-
bility matrix 𝑃𝑖𝑗(Δ) can be obtained by solving Kolmogorov
backward differential equations:

𝑃𝑖𝑗 (𝑡) = ((((((
(

𝑒−𝜆𝑡 𝜆𝑡𝑒−𝜆𝑡 𝑝01 (𝜆𝑡)22! 𝑒−𝜆𝑡 𝑝01 (𝜆𝑡)33! 𝑒−𝜆𝑡 1 − 𝑒−𝜆𝑡 (1 + 𝜆𝑡 + 𝑝01 (𝜆𝑡)22! + 𝑝01 (𝜆𝑡)33! )0 𝑒−𝜆𝑡 𝑝01𝜆𝑡𝑒−𝜆𝑡 𝑝01 (𝜆𝑡)22! 𝑒−𝜆𝑡 1 − 𝑒−𝜆𝑡 (1 + 𝑝01𝜆𝑡 + 𝑝01 (𝜆𝑡)22! )0 0 𝑒−𝜆𝑡 𝜆𝑡𝑒−𝜆𝑡 1 − 𝑒−𝜆𝑡 (1 + 𝜆𝑡)0 0 0 𝑒−𝜆𝑡 1 − 𝑒−𝜆𝑡0 0 0 0 1
))))))
)

. (21)

Suppose at sampling time 𝑘Δ, the gear system has not
failed, that is, 𝜉 > 𝑘Δ; then for 𝑡 ≥ 0 and 𝑘1 = 𝑘2 = 2, the
conditional reliability function of RUL of the gear system is𝑅 (𝑡 | Π⃗𝑘) = 𝑃 (𝜉 − 𝑘Δ > 𝑡 | 𝜉 > 𝑘Δ, Π⃗𝑘)= 𝑃 (Θ𝑘Δ+𝑡 ∉ 𝐾3 | 𝜉 > 𝑘Δ, Π⃗𝑘)

= Π𝑘 (1) 𝑒−𝜆𝑡 (1 + 𝜆𝑡 + 𝑝01 (𝜆𝑡)22! + 𝑝01 (𝜆𝑡)33! )
+ Π𝑘 (2) 𝑒−𝜆𝑡 (1 + 𝑝01𝜆𝑡 + 𝑝01 (𝜆𝑡)22! )
+ Π𝑘 (3) 𝑒−𝜆𝑡 (1 + 𝜆𝑡) + Π𝑘 (4) 𝑒−𝜆𝑡.

(22)

Thus the PDF is:

𝑓 (𝑡 | Π⃗𝑘) = 𝑑 (1 − 𝑅 (𝑡 | Π⃗𝑘))𝑑𝑡 . (23)

Given the model parameters Λ = (𝑝01, 𝑝02, 𝑘1, 𝑘2, 𝜆) andΨ = (𝜇0, 𝜇1, Σ0, Σ1), (22) and (23) can be used to update the
conditional reliability function and the PDF using the con-
dition monitoring data obtained from each sampling epoch.
Taking file 88 to file 93 for analysis, the corresponding con-
ditional reliability functions are shown in Figure 14 and the
probability density functions in Figure 15, where “∗” rep-
resents the actual residual values corresponding to each
sampling file. As can be seen from Figure 15, from file 89, the
RUL distribution of the gear system is highly concentrated;
the main cause is that with the steady accumulation of
condition monitoring data, the uncertainty of the remaining
distribution lifetime gradually decreases while the accuracy
of the RUL prediction continually improves.

The MRL of the gear system is given by:𝜇𝑘Δ = 𝐸 (𝜉 − 𝑘Δ > 𝑡 | 𝜉 > 𝑘Δ, Π⃗𝑘)= 1𝜆 (2Π𝑘 (1) (1 + 𝑝01) + Π𝑘 (2) (1 + 2𝑝01)+ 2Π𝑘 (3) + Π𝑘 (4)) .
(24)

The data from file 1 to file 95 are selected for MRL
prediction. After each sampling completed, the life prediction
is performed when the new observations are available, and
then the predicted value is compared with the values that are
obtained using HMM. Meanwhile, as illustrated in Table 4,
the relative error (RE) between actual remaining useful lives
and the prediction results using different models are calcu-
lated. As can be seen in Table 4, with the increase of collected
data, theRE in the prediction results usingHSMMare smaller
than those using HMM, which is closer to the actual values.

4. Optimal Bayesian Control Scheme

4.1. Optimal Bayesian Control Chart Based onHSMM. In this
section, we design a multivariate Bayesian control chart to
detect the early fault of the helicopter gearbox. The optimal
control limit is used to determine the stopping time, of
which the objective is to minimize the long-run expected
average cost per unit time. In partially observable Markov
decision process (POMDP), it iswell known that the posterior
probability that the system is in the unhealthy state provides
enough information for maintenance decision making [13].
Let Π1

𝑘 be the posterior probability that the helicopter gear
system is in the unhealthy state:Π1

𝑘 = ∑
𝑖∈𝐾2

Π𝑘 (𝑖) = Π𝑘 (3) + Π𝑘 (4) , (25)

where the initial value Π1
0 = 0.



10 Mathematical Problems in Engineering

Table 4: Comparison of RUL prediction and RE using different models.

File number ARL RUL RE
HSMM HMM HSMM HMM

1 19.34 19.801 19.800 0.024 0.024
2 19.206 19.013 19.942 0.010 0.038
3 19.071 18.203 19.801 0.046 0.038
4 18.937 18.019 19.689 0.049 0.040
5 18.803 16.981 19.332 0.097 0.028
6 18.669 15.002 19.340 0.196 0.036
7 18.535 13.200 19.185 0.288 0.035... ... ... ... ... ...
88 7.662 8.013 18.343 0.045 1.394
89 7.527 8.003 18.271 0.063 1.427
90 7.393 7.830 18.001 0.059 1.435
91 7.259 7.482 7.701 0.031 0.061
92 7.125 7.450 7.645 0.045 0.073
93 6.990 7.308 7.632 0.046 0.091
94 6.856 7.225 7.545 0.054 0.100
95 6.722 7.031 7.416 0.046 0.103

File 88
File 89
File 90

File 91
File 92
File 93
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Figure 14: Conditional reliability function in files 88∼93.
By renewal theory, the cost minimization problem with

fixed sampling interval is equivalent to seeking an optimal
value of Π∗ ∈ [0, 1], such that𝑔 (Π∗) = inf

Π∈[0,1]

𝐸Π∗ (CC)𝐸Π∗ (CL) , (26)

where CC and CL denote, respectively, the cycle cost and
cycle length.

The Bayesian control scheme is illustrated in Figure 16.
For the fixed control limit Π ∈ (0, 1), at each decision epoch,
the posterior probability vector Π⃗𝑘 is updated by Bayes’
theorem. At the sampling time 𝑘Δ, if Π1

𝑘 < Π, the system
will continue to run, of which the cost for each sampling is𝐶𝑆. If Π1

𝑘 ≥ Π, system should be stopped and full inspection
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Figure 15: Probability density function in files 88∼93.
is performed to determine whether the system is in state 0 or
not, for which the inspection cost rate and inspection time
are, respectively, 𝐶𝐼 and 𝑇𝐼. The gear system has probabilityΠ1

𝑘 to be in state 1 and probability 1 − Π1
𝑘 to be in state 0. If

the system is found to be in state 0 after a full inspection, then
nomaintenancemeasures are taken and the system continues
operating in the healthy condition. If the system is found to be
in state 1, preventivemaintenancemeasures will be takenwith
the maintenance cost rate 𝐶PM and the maintenance time𝑇PM. If the posterior probability Π1

𝑘 is not beyond the fixed
control limit Π but still fails, that is, a random failure occurs,
we need to immediately take failure replacement measures
with corresponding maintenance cost rate and replacement
time 𝐶𝐹 and 𝑇𝐹, respectively. When the system takes full
inspection, preventive maintenance, or failure replacement,
the lost production cost rate 𝐶LP will be incurred. When the
system operates in the warning state, additional operating
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Figure 16: Schematic of Bayesian control approach.

cost rate 𝐶AO and maintenance cost rate 𝐶AM will be
generated. We further assume that after the inspection, the
preventive maintenance, or failure replacement, the system
will begin from a new cycle.

We design an effective algorithm in the semi-Markov
decision process (SMDP) framework to obtain the optimal
control limit. In order to discretize the interval [0, 1], it is
sufficient to choose the number of subintervals 𝐿 = 30 to
provide effective accuracy. For 𝐿 = 30, we define the SMDP
in state (𝑖1, 𝑖2, . . . , 𝑖𝑘1+𝑘2−1); that is, if the posterior probability
in state {1} lies in the interval [(𝑖1 − 1)/𝐿, 𝑖1/𝐿], the posterior
probability in state {2} lies in the interval [(𝑖2−1)/𝐿, 𝑖2/𝐿], . . .,
and the posterior probability in state {𝑘1 + 𝑘2 − 1} lies in the
interval [(𝑖𝑘1+𝑘2−1−1)/𝐿, 𝑖𝑘1+𝑘2−1/𝐿]. IfΠ1

𝑘 ≥ Π, the preventive
maintenance is performed, then the SMDP is defined in state
PM. If the system fails, the SMDP is defined in state 𝐹. Let𝑆 = {(𝑖1, 𝑖2, . . . , 𝑖𝑘1+𝑘2−1) : ∑𝑘1+𝑘2−1

𝑚=1 𝑖𝑚 ≤ 𝐿, 𝑖𝑚 ∈ N+}, then the
state space for the SMDP is defined as 𝑆 = {(1, 0, . . . , 0)} ∪ 𝑆 ∪{PM} ∪ {𝐹}, where (1, 0, . . . , 0) presents the gear system is in
state one at the initial moment.

For the fixed control limit Π, 𝑔(Π) can be obtained by
solving the following linear equations:

V𝑥 = 𝑐𝑥 − 𝑔 (Π) 𝜏𝑥 + ∑
𝑥∈𝑆

𝑃𝑥,𝑥V𝑥 for 𝑥, 𝑥 ∈ 𝑆, (27)

V0 = 0, (28)

where V𝑥 is the relative value until the next decision epoch
given the current state 𝑥 ∈ 𝑆. 𝑐𝑥 is the expected cost incurred
until the next decision epoch given the current state 𝑥 ∈ 𝑆.𝜏𝑥 is the expected sojourn time until the next decision epoch
given the current state 𝑥 ∈ 𝑆.𝑃𝑥,𝑥 is the probability that at the
next decision epoch the system will be in state 𝑥 ∈ 𝑆 given
the current state is 𝑥 ∈ 𝑆.

Next, we derive the closed form expressions of each quan-
tity in (27). For each (𝑖1, 𝑖2, . . . , 𝑖𝑘1+𝑘2−1), (𝑖1, 𝑖2, . . . , 𝑖𝑘1+𝑘2−1) ∈𝑆, and 𝑗−𝑎 = (𝑖𝑎 − 1)/𝐿, 𝑗+𝑎 = 𝑖𝑎/𝐿 for 𝑎 = 1, . . . , 𝑘1 + 𝑘2 − 1,
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the transition probabilities of SMDP are calculated by the
following formula:𝑃(𝑖1 ,𝑖2 ,...,𝑖𝑘1+𝑘2−1)(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1) = 𝑃 (𝑗−1 ≤ Π𝑘 (1) < 𝑗+1 , . . . ,𝑗−𝑘1+𝑘2−1 ≤ Π𝑘 (𝑘1 + 𝑘2 − 1) < 𝑗+𝑘1+𝑘2−1, 𝜉 > 𝑘Δ | 𝜉

> (𝑘 − 1) Δ, Π⃗𝑘−1) = 𝑘1+𝑘2∑
𝑚=1

𝑃 (𝑗−1 ≤ Π𝑘 (1)< 𝑗+1 , . . . , 𝑗−𝑘1+𝑘2−1 ≤ Π𝑘 (𝑘1 + 𝑘2 − 1) < 𝑗+𝑘1+𝑘2−1 | 𝜉> 𝑘Δ, Π⃗𝑘−1, Θ𝑘Δ = 𝑚) × 𝑃 (Θ𝑘Δ = 𝑚 | Π⃗𝑘−1)× 𝑅 (Δ | Π⃗𝑘−1) .
(29)

From (10) we can further obtain:

𝑓 (𝑦𝑘Δ | 𝜇1, Σ1)𝑓 (𝑦𝑘Δ | 𝜇0, Σ0)= (Σ0
 ⋅ Σ1

−1)1/2 exp (−12 (𝑉𝑘 + 𝐶)) , (30)

where 𝑉𝑘 = (𝑌𝑘Δ − 𝐵)𝐴(𝑌𝑘Δ − 𝐵), 𝐴 = Σ−1
1 − Σ−1

0 , 𝐵 = (Σ−1
1 −Σ−1

0 )−1(Σ−1
1 𝜇1−Σ−1

0 𝜇0),𝐶 = (𝜇𝑇1 Σ−1
1 𝜇1−𝜇𝑇0 Σ−1

0 𝜇0)−𝐵𝑇(Σ−1
1 𝜇1−Σ−1

0 𝜇0).
Thus (18) can be expressed as follows:

Π𝑘 (𝑚) = {{{{{{{{{{{{{
𝑐𝑚Π𝑘−1∑∀𝑗∈𝐾1

𝑐𝑗Π𝑘−1 + (𝑓 (𝑦𝑘Δ | 𝜇1, Σ1) /𝑓 (𝑦𝑘Δ | 𝜇0, Σ0))∑∀𝑗∈𝐾2
𝑐𝑗Π𝑘−1 if 𝑚 ∈ 𝐾1𝑐𝑚Π𝑛−1(𝑓 (𝑦𝑘Δ | 𝜇0, Σ0) /𝑓 (𝑦𝑘Δ | 𝜇1, Σ1))∑∀𝑗∈𝐾1

𝑐𝑗Π𝑘−1 + ∑∀𝑗∈𝐾2
𝑐𝑗Π𝑘−1 if 𝑚 ∈ 𝐾2, (31)

where 𝑐𝑚Π𝑘−1 = ∑𝑚
𝑛=1Π𝑘−1(𝑛)𝑃𝑛𝑚(Δ).

In (29), for 𝑚 ∈ 𝐾1, 𝑃(𝑗−𝑚 ≤ Π𝑘(𝑚) < 𝑗+𝑚 | 𝜉 > 𝑘Δ, Π⃗𝑘−1)
is computed as follows:

𝑃 (𝑗−𝑚 ≤ Π𝑘 (𝑚) < 𝑗+𝑚 | 𝜉 > 𝑘Δ, Π⃗𝑘−1) = 𝑘1+𝑘2∑
𝑚=1

𝑃(−2
⋅ ln((𝑐𝑚Π𝑘−1 − 𝑗−𝑚∑𝑗∈𝐾1

𝑐𝑗Π𝑘−1) (Σ0
−1 ⋅ Σ1

)1/2𝑗−𝑚∑𝑗∈𝐾2
𝑐𝑗Π𝑘−1 )

− 𝐶 ≤ 𝑉𝑘 < −2
⋅ ln((𝑐𝑚Π𝑘−1 − 𝑗+𝑚∑𝑗∈𝐾1

𝑐𝑗Π𝑘−1) (Σ0
−1 ⋅ Σ1

)1/2𝑗+𝑚∑𝑗∈𝐾2
𝑐𝑗Π𝑘−1 )

− 𝐶 | Θ𝑘Δ = 𝑚) 𝑐𝑚Π𝑘−1∑𝑘1+𝑘2
𝑗=1 𝑐𝑗Π𝑘−1 =

𝑘1+𝑘2∑
𝑚=1

𝑃 (𝑇 (𝑗−𝑚)
≤ 𝑉𝑘 < 𝑇 (𝑗+𝑚) | Θ𝑘Δ = 𝑚) 𝑐𝑚Π𝑘−1∑𝑘1+𝑘2

𝑗=1 𝑐𝑗Π𝑘−1 .

(32)

For 𝑚 ∈ 𝐾2, the probability 𝑃(𝑗−𝑚 ≤ Π𝑘(𝑚) < 𝑗+𝑚 | 𝜉 >𝑘Δ, Π⃗𝑘−1) can be derived using the similarmethod in (32) and
is omitted. So the first item in (29) can be written as follows:𝑃 (𝑗−1 ≤ Π𝑘 (1) < 𝑗+1 , . . . , 𝑗−𝑘1+𝑘2−1 ≤ Π𝑘 (𝑘1 + 𝑘2 − 1)< 𝑗+𝑘1+𝑘2−1 | 𝜉 > 𝑘Δ, Π⃗𝑘−1)

= 𝑘1+𝑘2∑
𝑚=1

𝑃 (max (𝑇 (𝑗−1 ) , . . . , 𝑇 (𝑗−𝑘1+𝑘2−1)) ≤ 𝑉𝑘
< min (𝑇 (𝑗+1 ) , . . . , 𝑇 (𝑗+𝑘1+𝑘2−1)) | Θ𝑘Δ = 𝑚)
⋅ 𝑐𝑚Π𝑘−1∑𝑘1+𝑘2

𝑗=1 𝑐𝑗Π𝑘−1 .
(33)

Since𝑌𝑘Δ−𝐵 | Θ𝑘Δ ∈ 𝐾1 ∼ 𝑁(𝜇0−𝐵, Σ0),𝑌𝑘Δ−𝐵 | Θ𝑘Δ ∈𝐾2 ∼ 𝑁(𝜇1 − 𝐵, Σ1), the probability in (33) can be calculated
using Theorem 3.1 proposed by Provost and Rudiuk [24].
Next, the other transition probabilities in SMDP are derived.

If Π1
𝑘−1 ≥ Π∗, after full inspection, the probability of

system in state 1, that is, true alarm occurs, is given by𝑃(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1),PM = Π1
𝑘−1 = Π𝑘 (3) + Π𝑘 (4) . (34)

Also, after full inspection, the gear system may be found
in healthy state; the probability is given by𝑃(𝑖1 ,𝑖2 ,...,𝑖𝑘1+𝑘2−1),(1,0,...,0) = 1 − Π1

𝑘−1= 1 − Π𝑘 (3) − Π𝑘 (4) . (35)

IfΠ1
𝑘−1 < Π∗, the probability of failure for the gear system

is given by𝑃(𝑖1 ,𝑖2 ,...,𝑖𝑘1+𝑘2−1),𝐹 = 1 − 𝑅 (Δ | Π⃗𝑘−1) = 1 − Π𝑘−1 (1)
⋅ 𝑒−𝜆Δ (1 + 𝜆Δ + 𝑝01 (𝜆Δ)22! + 𝑝01 (𝜆Δ)33! )
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− Π𝑘−1 (2) 𝑒−𝜆Δ (1 + 𝑝01𝜆Δ + 𝑝01 (𝜆Δ)22! )
− Π𝑘−1 (3) 𝑒−𝜆Δ (1 + 𝜆Δ) − Π𝑘−1 (4) 𝑒−𝜆Δ.

(36)
The remainder transition probabilities are given by𝑃𝐹,(1,0,...,0) = 1,𝑃PM,(1,0,...,0) = 1. (37)

If Π1
𝑘−1 ≥ Π∗, the corresponding expected cost and

expected sojourn time are given by𝑐(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1) = (𝐶𝐼 + 𝐶LP) ⋅ 𝑇𝐼,𝜏(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1) = 𝑇𝐼. (38)

If Π1
𝑘−1 < Π∗, the expected cost and expected sojourn

time can be computed as follows:𝑐(𝑖1 ,𝑖2 ,...,𝑖𝑘1+𝑘2−1)= 𝐶𝑠 ∑
(𝑖
1
,𝑖
2
,...,𝑖
𝑘1+𝑘2−1

)∈𝑆

𝑃(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1),(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1)
+ (𝐶𝐹 + 𝐶LP) ⋅ 𝑇𝐹 ⋅ 𝑃(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1),𝐹
+ (𝐶AO + 𝐶AM) ∫Δ

0
∑
𝑗∈𝐾2

𝑗∑
𝑖=1

Π𝑘−1 (𝑖) 𝑃𝑖𝑗 (𝑡) 𝑑𝑡,
𝜏(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1)= Δ ∑

(𝑖
1
,𝑖
2
,...,𝑖
𝑘1+𝑘2−1

)∈𝑆

𝑃(𝑖1 ,𝑖2,...,𝑖𝑘1+𝑘2−1)(𝑖1 ,𝑖2 ,...,𝑖𝑘1+𝑘2−1)
+ ∫Δ

0
(𝑇𝐹 + 𝑡) 𝑓 (𝑡 | Π⃗𝑘−1) 𝑑𝑡.

(39)

If the gear system is in PM or 𝐹 state, the corresponding
expected costs and expected sojourn times are given by𝑐PM = (𝐶𝑃 + 𝐶LP) ⋅ 𝑇PM,𝑐𝐹 = (𝐶𝐹 + 𝐶LP) ⋅ 𝑇𝐹,𝜏PM = 𝑇PM,𝜏𝐹 = 𝑇𝐹.

(40)

By setting the maintenance time parameters 𝑇𝐼 = 3 h,𝑇PM = 15 h, and 𝑇𝐹 = 30 h and maintenance cost parameters𝐶𝑆 = 20, 𝐶𝐼 = 100, 𝐶PM = 300, 𝐶𝐹 = 1000, 𝐶LP = 300, 𝐶AO =100, and 𝐶AM = 200, we coded the computational algorithm
in MATLAB R2015b to calculate the different expected aver-
age costs under different control limitsΠ.The optimal control
limit was Π∗ = 0.71 and the corresponding average cost was
equal to 113.59. The Bayesian control chart of the helicopter
gear system is shown in Figure 17. It is observed that based
on HSMM the posterior probability Π1

𝑘 firstly exceeds the
optimal control limit at file 89, which indicates that the system
need to be stopped to take full inspection at this moment.
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Figure 17: Optimal multivariate Bayesian control chart of the gear-
box.

4.2. Comparison with Other Maintenance Policies. Using the
same maintenance time and cost parameters, the optimal
control limit Π∗ = 0.28 was obtained in the Bayesian control
chart based on HMM, in which the sojourn time in each hid-
den states follows exponential distribution. The correspond-
ing average cost was equal to 121.72. It should be noted that
the average cost concluded by HSMM was less than that by
HMM.As shown in Figure 17, while based onHMM, the pos-
terior probability Π1

𝑘 firstly exceeds the optimal control limit
at file 91. The multivariate Bayesian control chart indicates
that the proposed Bayesian control scheme can detect the
fault of the gear of interest much earlier than the method
based on HMM.

Next, we considered the traditional age-based replace-
ment policy, which is well known that it does not take into
account condition monitoring information. For the heli-
copter gearbox, the expected cycle cost (CC) under age-based
replacement policy is the sum of failure cost, additional
operating and maintenance costs while the system operates
in unhealthy state and the preventive maintenance cost:𝐸𝜏 (CC) = (𝐶𝐹 + 𝐶LP) 𝑇𝐹 (1 − 𝑅 (𝜏 | ⇀Π0))+ (𝐶AO + 𝐶AM) ∫𝜏

0
𝑃13 (𝑡) + 𝑃14 (𝑡) 𝑑𝑡+ (𝐶𝑃 + 𝐶LP) 𝑇𝑃𝑅(𝜏 | ⇀Π0) ,

(41)

where 𝜏 is the stopping time.
The expected cycle length (CL) is the sum of the expected

time under normal operation, replacement time caused by
failure, and preventive maintenance time:𝐸𝜏 (CL) = ∫𝜏

0
𝑅(𝑡 | ⇀Π0) 𝑑𝑡 + 𝑇𝐹 (1 − 𝑅 (𝜏 | ⇀Π0))+ 𝑇𝑃𝑅(𝜏 | ⇀Π0) . (42)
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Table 5:The optimalmaintenance cost under differentmaintenance
policies.

Policy Optimal parameters Expected
average costΠ∗ 𝜏∗

Bayesian (HSMM) 0.71 — 113.59
Bayesian (HMM) 0.28 — 121.72
Aged-based
replacement — 17.24 140.23

Then the long-run expected average cost per unit time
under age-based replacement policy is equivalent to finding
the optimal stopping time 𝜏∗, such that𝜏∗ = arg inf

𝐸𝜏 (CC)𝐸𝜏 (CL) . (43)

Table 5 shows the optimal values obtained under different
policies, which are, respectively, the multivariate Bayesian
control chart based on HSMM and HMM and the age-based
replacement policy. It is interesting to find that the expected
average cost using the Bayesian control chart based on the
HSMM is considerably lower than the other policies, while
the cost obtained by the age-based replacement policy is
the highest due to the irrespective of condition monitoring
information. This is reasonable because, for the helicopter
gear system, the cost incurred by failure is always higher than
the cost incurred by inspection and preventive maintenance
measures.

5. Conclusions

In this paper, we have proposed a novel optimal Bayesian
control scheme for the early fault detection of the partially
observable helicopter gear system. The GMR signal was
selected for data preprocessing to eliminate the influence
of load variation from the original signal of the helicopter
gearbox. The healthy portion of GMR signal was used to fit
a VAR model; thus the residuals of whole data history were
obtained. Without the restriction that the sojourn time in
each hidden state was exponentially distributed, the general
Erlang distribution was considered for modeling the gear
system’s sojourn time in each of the hidden states in a 3-
state HSMM. The EM algorithm was employed to estimate
the unknown parameters of the model. Using HSMM to
describe the deterioration process of the gear system, several
important quantities for the gearbox residual life prediction,
such as conditional reliability distribution function, PDF and
MRL were derived in terms of the posterior probability that
the system was in each hidden state. The comparison with
the life prediction method based on HMM indicated that
the relative errors were smaller using HSMM. An optimal
multivariate Bayesian control chart with cost-effective crite-
rion was developed. Moreover, the optimal control limit was
solved in the SMDP framework. The comparison with the
Bayesian control chart based on HMM as well as the age-
based replacement policy indicated that the proposed multi-
variate Bayesian control scheme provided accurate early fault

detection to the helicopter gear system with the minimum
cost.

In this research, we have considered the multivariate
Bayesian control chart under fixed sampling interval; further
improvement can be obtained by considering two or more
sampling intervals or the availability maximization criterion
to obtain the optimal control limit, which can be a suitable
topic for the future work.

Appendix

Formula (6) can be rewritten as a state space model; the
corresponding state and observation equations are given by

𝛼𝑛 = 𝐷 + 𝑇𝛼𝑛−1 + 𝐸𝑛,𝑍𝑛 = 𝐻𝛼𝑛, (A.1)

where

𝛼𝑛 = (𝑍𝑛, 𝑍𝑛−1, . . . , 𝑍𝑛−�̂�+1) ,𝐷 = (�̂�, 0, . . . , 0) ,𝐸𝑛 = (𝜀𝑛, 0, . . . , 0) ,𝐻 = (𝐼2, 0, . . . , 0) ,
𝑇 = (

(
Φ̂1 Φ̂2 ⋅ ⋅ ⋅ Φ̂�̂�𝐼2 0 ⋅ ⋅ ⋅ 0... d d

...0 ⋅ ⋅ ⋅ 𝐼2 0
)
)

,
(A.2)

and 𝜀𝑛 are i.i.d.𝑁2(0, �̂�).
For each𝑚 ≥ 0, we define
𝛼𝑛+𝑚|𝑛 = 𝐸 (𝛼𝑛+𝑚 | ⇀𝑍𝑛) ,𝑃𝑛+𝑚|𝑛= 𝐸 ((𝛼𝑛+𝑚 − 𝛼𝑛+𝑚|𝑛) (𝛼𝑛+𝑚 − 𝛼𝑛+𝑚|𝑛)𝑇 | ⇀𝑍𝑛) ,𝜂𝑛+𝑚|𝑛 = 𝑍𝑛+𝑚 − 𝐸 (𝑍𝑛+𝑚 | ⇀𝑍𝑛) ,𝑓𝑛+𝑚|𝑛 = 𝐸 (𝜂𝑛+𝑚|𝑛𝜂𝑇𝑛+𝑚|𝑛 | ⇀𝑍𝑛) .

(A.3)

Then, the following recursive equations of Kalman filter
are given by

𝛼𝑛+1|𝑛 = 𝐷 + 𝑇𝛼𝑛−1,𝑓𝑛+1|𝑛 = 𝐻𝑃𝑛+1|𝑛𝐻,
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𝑃𝑛+1|𝑛 = 𝑇𝑃𝑛|𝑛𝑇 + �̂�,𝛼𝑛+1|𝑛+1 = 𝛼𝑛+1|𝑛 + (𝑃𝑛+1|𝑛𝐻) (𝑓−1
𝑛+1|𝑛) 𝜂𝑛+1|𝑛,𝜂𝑛+1|𝑛 = 𝑍𝑛+1 − 𝐻𝛼𝑛+1|𝑛,𝑃𝑛+1|𝑛+1 = 𝑃𝑛+1|𝑛 − (𝑃𝑛+1|𝑛𝐻) (𝑓−1
𝑛+1|𝑛)𝐻𝑃𝑛+1|𝑛

(A.4)

and the initial values are given by𝛼0|0 = (𝐼2𝑝 − 𝑇)−1𝐷,𝑃0|0 = vec−1 [(𝐼(2𝑝)2 − 𝑇 ⊗ 𝑇)−1 vec (�̂�)] . (A.5)

For each 𝑛 ≤ �̂�, using the recursive equations above we
obtain 𝑌𝑛 = 𝑍𝑛 − 𝐸�̂� (𝑍𝑛 | ⇀𝑍𝑛−1) = 𝜂𝑛|𝑛−1. (A.6)
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Star repairable systems with spatial dependence consist of a center component and several peripheral components. The peripheral
components are arranged around the center component, and the performance of each component depends on its spatial
“neighbors.” Vector-Markov process is adapted to describe the performance of the system.The state space and transition ratematrix
corresponding to the 6-component star Markov repairable system with spatial dependence are presented via probability analysis
method. Several reliability indices, such as the availability, the probabilities of visiting the safety, the degradation, the alert, and the
failed state sets, are obtained by Laplace transform method and a numerical example is provided to illustrate the results.

1. Introduction

In a multicomponent system, the failure of one component
can reduce the redistribution of the system loading (Yu et al.
[1]). Furthermore, many empirical researches have indicated
that the workload strongly affects a component’s failure rate
and an increased load induces a higher failure rate [2–5].
Thus how to describe the dependency among components
in a system has been an interesting topic. Various types of
dependence, such as Markov dependence [6–8], redundant
dependence, [9, 10], common cause failure [11–13], sequence-
dependent failures (Xing et al. [14]), propagated failures
with global or selective effect [15, 16], correlated failures
[17], economic dependence (Zhou et al. [18]), and history-
dependence (Wang and Cui [19]), have been considered.

Recently,Wang and Si [20] proposed a spatial dependence
circular system based on the operating process of large
intelligent air conditioning system. The large intelligent air
conditioning system usually consists of several subsystems
(components) and these components are arranged in a circle.
If a component fails, its two “neighbors” (left and right)
will detect the change and take the load. Therefore, the
loads in this kind of system are distributed among the failed

component’s “neighbors” instead of all of the system’s sur-
viving components and the performance of each component
depends on its spatial “neighbors.” And this kind of depen-
dence is different from those in literatures and the authors
name it as spatial dependence. Wang et al. [21] extended
the system into the case that the performance of each
component depends on its four spatial “neighbors.” In the
reliability engineer, the spatial pattern among components
might be a line, a lattice, a central component surrounded
by a peripheral of other components, and so on. We consider
a star system in this paper. In the system, one component is
at the center and the others are peripheral. The star system
can also be seen in warehouse storage systems. In these
systems, a bigger warehouse is usually surrounded by several
smaller warehouses. When the bigger warehouse fails, all
the smaller warehouses will take the load. While a smaller
warehouse fails, the load will be redistributed among the
bigger warehouse and the smaller warehouses near to it. The
phenomenon may be found in local area network systems.

The paper is organized as follows. A 6-component star
Markov repairable system with spatial dependence is for-
mulated in Section 2 and the states of systems are given in
this section. Section 3 concentrates on the state transition
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analysis of the system. Availability of the system is obtained
in Section 4. A numerical example is provided in Section 5.
Availability, probabilities of visit to the safety, the degrada-
tion, the alert, and the failed state sets are obtained. Finally, a
conclusion is given.

2. System Formulation

2.1. 6-Component StarMarkov Repairable System with Spatial
Dependence. Assumptions for a star Markov repairable sys-
tem with spatial dependence are stated below.

(1) A star Markov repairable system with spatial depen-
dence consists of 𝑛 components that are divided into
two types (peripheral and center) and arranged in
a star. 𝑛 − 1 peripheral components are identical
and are arranged in a polygon. One component is
in the center of the polygon. Each component has
two states, functional and failed. The 𝑛 − 1 peripheral
components are numbered as 1, 2, . . . , 𝑛 − 1 and the
center component is named as 𝑛. For 𝑘 = 2, . . . , 𝑛 −2, the “neighbors” of component 𝑘 are components𝑘 + 1, 𝑘 − 1, and 𝑛. The “neighbors” of component
1 are components 2, 𝑛 − 1, and 𝑛. Similarly the
“neighbors” of component 𝑛 − 1 are components 1,𝑛 − 2, and 𝑛, while the “neighbors” of component 𝑛
are components 1, 2, . . . , 𝑛 − 1.

(2) Each component has two states, functional and failed.
Theymay adjust their operating rates according to the
states of their “neighbors” when they are functional.
Let 𝑙 (0 ≤ 𝑙 ≤ 3) denote the number of a periph-
eral component’s “neighbors” that are in failed state.
Assume that the lifetime duration of a peripheral
component is also an exponential random variable
with parameter 𝜆𝑙 (0 < 𝜆0 < 𝜆1 < 𝜆2 < 𝜆3).
Let 𝑚 (0 ≤ 𝑚 ≤ 𝑛 − 1) denote that the number
of peripheral components is in failed state. Assume
that the lifetime duration of component 𝑛 is also an
exponential random variable whose failure rate varies
with 𝑚. When 𝑚 ≤ [(𝑛 − 1)/2] (the biggest number
that is not more than (𝑛 − 1)/2), the failure rate is 𝜆4.
If𝑚 > [(𝑛−1)/2], the failure rate is 𝜆5 (0 < 𝜆4 < 𝜆5 <𝜆1).

(3) The system and its components are repairable and
the repair is assumed to be perfect. Each component
is assumed to have its own dedicated repair crew.
Upon failure, repair can be carried out immediately.
The repair time of each component is exponentially
distributed with repair rate 𝜇 and is independent of
the lifetime durations. In the initial instant, every
component is new.

The system proposed in this paper is different from those
in Wang and Si [20] and Wang et al. [21]. The star system
consists of two types (peripheral and center) of components
arranged in a star, instead of identical components arranged

in a circle. Furthermore, the performance of the component
in the center depends on all the components around it.

The performance of a star repairable system with spatial
dependence is determined not only by the states of its compo-
nents but also by the spatial pattern among components. For a
large system, the number of states may be overwhelming. We
will discuss the reliability of the 6-component star Markov
repairable system with spatial dependence in this paper.

Without special statement, we will use “the system” to
denote the 6-component star Markov repairable system with
spatial dependence defined above.

2.2. States of the System. We use X(6)(𝑡) = [𝑋6(𝑡): 𝑋1(𝑡),𝑋2(𝑡), . . . , 𝑋5(𝑡)] (𝑡 ≥ 0) to denote the state of the system,
where 𝑋𝑖(𝑡) = 1 or 0 (𝑖 ∈ {1, 2, . . . , 6}) accordingly as
component 𝑖 is functioning or failed. Since all the random
variables involved in the system are exponentially distributed,
X(6)(𝑡) is a continuous-timeMarkov process, with state space𝑆 = {0, 1}6. Obviously, 26 elements are included in 𝑆 and
we call them the elementary states. Taking into account the
symmetries of the star configuration, 𝑆 can be reduced to𝑆 with the sixteen states. The sixteen states are shown in
Figure 1.

State 0, [1 : 1, 1, 1, 1, 1], represents that all components
are working. State 1, [1 : 0, 1, 1, 1, 1], denotes that component𝑛 is working and one of the peripheral components fails. It
can occur in five ways. State 2, [0 : 1, 1, 1, 1, 1], represents
that component 𝑛 fails and the 𝑛 − 1 peripheral components
are working. State 3, [0 : 0, 1, 1, 1, 1], denotes that component𝑛 fails and one of peripheral components fails. It can occur in
five ways. State 4, [1 : 0, 0, 1, 1, 1], represents that component𝑛 is working and two adjacent peripheral components fail. It
can occur in 4 ways and the others are [1 : 1, 1, 0, 0, 1], [1 :1, 1, 1, 0, 0], and [1 : 0, 1, 1, 1, 0]. State 5, [1 : 0, 1, 0, 1, 1],
represents that component 𝑛 is working and two peripheral
components which are separated by a functional component
fail. It can occur in five ways and the others are [1 : 1, 0, 1, 0,1], [1 : 1, 1, 0, 1, 0], [1 : 0, 1, 1, 0, 1], and [1 : 1, 0, 1, 1, 0].

States 6 and 7 can be defined by changing component𝑛’s state to be 0 and leaving the other components’ states
unchanged in States 5 and 6, respectively. Similarly, we can
define States 8–15 based on the above states. Let X̃(6)(𝑡) be
the vector-valued continuous-timeMarkov process with state
space 𝑆. We call it the aggregated process associated withX(𝑡)
(Ball et al. [22]).

3. State Transition Analysis of the System

The evolution of the Markov system X̃(6)(𝑡) is determined by
transitions among the sixteen states. Taking into account the
states of center and several peripheral components, the state
transitions of the system within the time Δ𝑡 can be discussed.
They are shown in Figure 2.

Sorting the states in 𝑆 as state 0, state 1, state 2, state 3, state
4, state 5, state 6, state 7, state 8, state 9, state 10, state 11, state
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Figure 1: 16 states of the system.

12, state 13, state 14, and state 15, we can get the transition rate
matrix of X̃(6)(𝑡), 𝑄, from Figure 2. Partition 𝑄 is as

𝑄 = [𝐴 𝐵
𝐶 𝐷] , (1)

where

𝐴

=

[[[[[[[[[[[[[[[[[
[

−5𝜆0 − 𝜆4 5𝜆0 𝜆4 0 0 0 0 0
𝜇 −𝜇 − 𝜆4 − 2𝜆0 0 𝜆4 2𝜆1 2𝜆0 0 0
𝜇 0 −𝜇 − 5𝜆1 5𝜆1 0 0 0 0
0 𝜇 𝜇 −2𝜇 − 2𝜆2 − 2𝜆1 0 0 2𝜆2 2𝜆1
0 2𝜇 0 0 −2𝜇 − 𝜆4 − 2𝜆1 − 𝜆0 0 𝜆4 0
0 2𝜇 0 0 0 −2𝜇 − 𝜆4 − 2𝜆1 − 𝜆2 0 𝜆4
0 0 0 2𝜇 𝜇 0 −3𝜇 − 2𝜆2 − 𝜆1 0
0 0 0 2𝜇 0 𝜇 0 −3𝜇 − 𝜆3 − 2𝜆2

]]]]]]]]]]]]]]]]]
]

,
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𝐵 =

[[[[[[[[[[[[[[[[[
[

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2𝜆1 𝜆0 0 0 0 0 0 0
𝜆2 2𝜆1 0 0 0 0 0 0
0 0 2𝜆2 𝜆1 0 0 0 0
0 0 𝜆3 2𝜆2 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,

𝐶 =

[[[[[[[[[[[[[[[[[
[

0 0 0 0 2𝜇 𝜇 0 0
0 0 0 0 𝜇 2𝜇 0 0
0 0 0 0 0 0 2𝜇 𝜇
0 0 0 0 0 0 𝜇 2𝜇
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,

𝐷 =

[[[[[[[[[[[[[[[[[
[

−3𝜇 − 𝜆5 − 2𝜆1 0 𝜆5 0 2𝜆1 0 0 0
0 −3𝜇 − 𝜆5 − 2𝜆2 0 𝜆5 2𝜆2 0 0 0
𝜇 0 −4𝜇 0 0 0 0 0
0 𝜇 0 −4𝜇 0 0 0 0
2𝜇 2𝜇 0 0 −4𝜇 − 𝜆5 − 𝜆2 𝜆5 𝜆2 0
0 0 2𝜇 2𝜇 𝜇 −5𝜇 0 0
0 0 0 0 5𝜇 0 −5𝜇 − 𝜆5 𝜆5
0 0 0 0 0 5𝜇 𝜇 −6𝜇

]]]]]]]]]]]]]]]]]
]

.

(2)

4. Availability of the System

Assume that P(𝑡) = (𝑃0(𝑡), 𝑃1(𝑡), . . . , 𝑃15(𝑡)) denotes the state
probabilities of the X̃(6)(𝑡). P(𝑡) can be found from the
Kolmogorov equations

𝑑P (𝑡)𝑑𝑡 = P (𝑡) 𝑄, (3)

given the initial conditions P(0) = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0).
System (3) can be solved analytically by using Laplace

transforms. Using the transform and taking into account the
initial conditions, the equations can be represented in the
form of linear algebraic equations (Widder [23])

P∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 , (4)

where P∗(𝑠) is the Laplace transform of P(𝑡).
Assume that the system output in the cases that the

center component fails and the number of failed peripheral
components is not less than three cannot satisfy the demand
of customers. So the unacceptable state set of the system is𝐹 ={state 10, state 11, state 13, state 15}. The system entrance into
the state in unacceptable set𝐹 constitutes a failure (Lisnianski
and Levitin [24]). Let 𝐴(𝑡) is the probability that the system

is functioning at time 𝑡, that is, the instantaneous availability
of the system;, then its Laplace transform can be obtained by

𝐴∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇, (5)

where 𝜇 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 1, 0, 1, 0)𝑇. Using the
inverse Laplace transforms, one can get 𝐴(𝑡).

Using 𝜋 to represent the stationary distribution of the
system, it can be found by solving equations

𝜋𝑄 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0) ,
𝜋e = 1,

(6)

where e is a 16-dimensional row vector and the elements are
1. The asymptotic availability 𝐴 = 𝜋𝜇.
5. A Numerical Example

5.1. Instantaneous Availability. Consider the 6-component
star Markov repairable systems with spatial dependence
introduced in Section 2.1.The systemhas the following failure
rates 𝜆0 = 1/4, 𝜆1 = 2/3, 𝜆2 = 3/4, 𝜆3 = 1, 𝜆4 =1/8, 𝜆5 = 1/5, and repair rate 𝜇 = 1/2. Substituting them
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Figure 2: State space diagram of the system.

into expressions in Sections 3 and 4 and taking Laplace and
inverse Laplace transforms using Matlab, 𝐴(𝑡) can be given.
Solving (6), we can get the asymptotic availability𝐴 = 0.8591.

In order to make contrast, we consider the classical 6-
component parallel (spatial independent) Markov repairable
systems. Assume that components of the system are identical
and independent.Their life and repair times are, respectively,
exponentially distributed with 𝜆0 = 1/4 and 𝜇 = 1/2.
Define the state of the system as the number of failed
components. It is easy to get the instantaneous availability𝐴(𝑡). The asymptotic availability 𝐴 = 0.9986. 𝐴(𝑡) and 𝐴(𝑡)
are presented in Figure 3.

Figure 3 shows that, under the conditions that compo-
nents have the same lifetime and repair time, the steady-state
availability of the system with spatial dependence is less than
that of independent system. Furthermore, the dependent
system tends to use longer time to get stability.

5.2. Probability of Visit to Four State Sets. According to the
number of peripheral failed components and the state of the
center component, we also divide the 16 states of the system
with spatial dependence into the four categories, security
state set 𝑆, deteriorated state set 𝐷, and warning (alert) state
set𝑊, where 𝑆 = {state 0, state 1, state 2, state 3, state 4, state5}, 𝐷 = {state 8, state 9, state 12}, and 𝑊 = {state 6, state 7,
state 14}.

From (4), one can obtain the Laplace transforms of the
instantaneous probabilities of the system in the security,
degraded, warning, and failure state sets

𝑆∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇1,
𝐷∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇2,
𝑊∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇3,
𝐹∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇4,

(7)

where 𝜇1 = (1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)𝑇, 𝜇2 = (0, 0,0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0, 0)𝑇, 𝜇3 = (0, 0, 0, 0, 0, 0, 1, 1, 0,0, 0, 0, 0, 0, 1, 0)𝑇, and 𝜇4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1,0, 1)𝑇. On inversion, one can get the instantaneous probabil-
ities of visiting the four state sets. The curves are shown in
Figure 4.The asymptotic probabilities 𝑆 = 𝜋𝜇1 = 0.3759,𝐷 =𝜋𝜇2 = 0.3673,𝑊 = 𝜋𝜇3 = 0.1159, and 𝐹 = 𝜋𝜇4 = 0.1409.
6. Conclusion

Motivated by the operating processes of large intelligent
air conditioning systems, warehouse storage systems, and
network transmission systems, a stochastic system with
interacting components is proposed in this paper.The results
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Figure 4: Instantaneous visiting probabilities to four state sets.

obtained in this paper may be useful in the reliability eval-
uation of them. The performance of the system is described
by Markov stochastic process. It extends the classical Markov
repairable system to one whose 𝑛 components are arranged
in a star. 𝑛−1 components are identical and are arranged in a
polygon. One component is in the center of the polygon.The
failure rates of all components vary with the number of failed
components in their “neighbors.” Availability, probabilities of
visiting security, degraded, warning (alert), and failure state
sets of the system have also been considered.

We started with a relatively simple model and more com-
plex and realistic models will be built in the future. Lattice
systems with spatial dependence, semi-Markov systems with
spatial dependence, and systems with other spatial patterns,

such as a rosette and three-dimensional pattern, are worth
being considered.
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In this paper, the low frequency random load of a tractor is presented. Controlled by a theoretical three-parameter shift schedule,
the random load would frequently trigger the random shift. Simultaneously, the driving force of the tractor should be consistent
prior to and following this shift. Additionally, the higher traction efficiency and improved load utilization rate should be ensured
by a choice of a transmission ratio of the tractor power shift transmission. The shift schedule was utilized for the aforementioned
problems solution. An innovative method is presented for theoretical shift schedule modification by the fuzzy algorithm, based
on the random load standard deviation and the alteration rate of both steady state values of the load and of the throttle position.
The simulation results demonstrated that the modified shift schedule could discover the running state of the tractor. By shielding
the random shift judgment caused by the random load, the stability of the tractor was ensured. When the shift was required, the
schedule could rapidly respond, whereas the tractor driving force did not sustain a sudden alteration. The schedule could also
automatically select and maintain the transmission ratio with higher traction efficiency.

1. Introduction

The advantages of the tractor power shift transmission are
proven to be that the power of the tractor is not interrupted
during shifting. During shifting of the tractor, the latter
can run without lifting farm implement. Consequently, the
corresponding efficiency is improved. The key technical
indicator of shifting is the corresponding stability, without
shifting impact and without power interruption. The shift
schedule is proven to be prerequisite for these technical
indicators to be achieved. Currently, research on automobile
shift schedule is proven to be significantly mature, whereas
three kinds of research exist, which can be classified as the
expert experience [1], theoretical solution [2, 3], and intel-
ligent correction [4–7] research. The intelligent correction
method is proven to contribute to performance improvement
of various types of vehicles under specific conditions, such
as dynamics and economics of a vehicle [8], by gear shift
frequency reduction [9] and an improved demonstration of
the driver’s intention [10], as themostwidely utilized. In order
to eliminate frequent shifting phenomenon of automobiles,

variousmethods [11–14] have been presented for shift strategy
modification. The grounds of these methods were that the
power could be interrupted and that frequent gear shifting
is caused by the dynamic characteristics of an engine.

Theworking load application characteristics of the tractor
demonstrated special requirements on shift timing and trans-
mission ratio selection. The reason that causes the tractor
frequent shift is also different, and the shift law method of
modification of automobiles cannot be utilized. The random
load constitutes the main factor that affects the stability of
a tractor. The prerequisite for power shifting resides in the
driving force of the tractor being equal prior to and following
gear shifting. In this way, the gear shift impact caused by
the theoretical transmission ratio alteration can be avoided.
Besides, if the control system complied entirely with the
theoretical shift schedule, when the system is adjacent to the
theoretical shift surface, the random dynamic loads of the
tractor would cause the system parameters to pass through
the shifting surface a high amount of times in a short period of
time, subsequently leading to frequent random gear shifting.
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Gao et al. [15] modified the theoretical shifting sched-
ule of a tractor and claimed that the tractor performance
had been improved, whereas no tractor running condition
analysis existed prior to and following gear shifting. The
cost of these amendments results in being the grounds of a
smooth gear shift destruction, leading to tractor driving force
inequality prior to and following gear shifting. Inappropriate
shift corrections lead to tractor state alteration; the clutch
slipping aggravation is proven to be significantly detrimental
to gear shifting. Based on random gear shifting and shift
impact mechanism analysis, random load fluctuation coef-
ficient, random load steady state value, and throttle rate
alteration were proposed for shift schedule amendment.
Through fuzzy algorithm utilization for acquisition of correct
parameters, the system can demonstrate the tractor operation
state avoidance of frequent random gear shifting and normal
shift timing preservation.

2. Theory of Three Parameters
Shifting Schedule for Tractor
Automatic Transmission

The driving force of the tractor should be consistent prior
to and following the shift. When the transmission ratio was
determined, the vehicle driving force became a function with
independent variables of throttle opening (𝛼), tractor speed
(V𝑡), and driving wheel slip rate (𝛿). With 𝛼 and 𝛿 as definite
variables, the shift schedule acquisition could be interpreted
as tractor speed acquisition satisfying the shift condition. An
equation was determined according to shifting conditions,
with the 𝛼 and 𝛿 corresponding speed equation solution,
consequently leading to the optimal three-parameter shift
schedule being obtained, composed of 𝛼, V𝑡, and 𝛿.

The tractor driving force (𝐹𝑞) was expressed as

𝐹𝑞 = 𝑀𝑒 ⋅ 𝑖𝑔 ⋅ 𝑖𝑞 ⋅ 𝜂𝑛𝑟𝑞 , (1)

where𝑀𝑒 is the engine output torque, 𝑖𝑔 is the transmission
ratio of the automobile, 𝑖𝑞 is the transmission ratio of
the other gears in the transmission, 𝜂𝑛 is the mechanical
transmission efficiency of the transmission system, and 𝑟𝑞 is
the tractor driving wheel rolling radius.

The relationship between the engine speed (𝑛𝑒) and V𝑡 was
expressed by

𝑛𝑒 = 𝑖𝑔 ⋅ 𝑖𝑞 ⋅ V𝑡
0.377 ⋅ 𝑟𝑞 (1 − 𝛿) . (2)

Also,𝑀𝑒 was expressed as

𝑀𝑒 = 𝑖=4,𝑗=4∑
𝑖=0,𝑗=0

𝑎𝑖,𝑗 ⋅ 𝛼𝑖 ⋅ 𝑛𝑒𝑗, (3)

where 𝑎𝑖,𝑗 are the fitting coefficients, 𝛼 and 𝛿 were set in
advance, according to (1), (2), and (3), and the relationship
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Figure 1: Tractor theoretical shift surfaces.

among 𝐹𝑞, 𝑖𝑔, and V𝑡 was determined. This relationship
formula was expressed as

𝐹𝑞 (𝑖𝑔, V𝑡) =
𝑖=4∑
𝑖=𝑜

𝑗=4∑
𝑗=𝑜

𝑎𝑖,𝑗 ⋅ 𝛼𝑖 ⋅ [ 𝑖𝑔 ⋅ 𝑖𝑞 ⋅ V𝑡
0.377 ⋅ 𝑟𝑞 ⋅ (1 − 𝛿)]

𝑗

⋅ 𝑖𝑔
⋅ 𝑖𝑞 ⋅ 𝜂𝑛 ⋅ 𝑟𝑞−1.

(4)

The transmission ratios of two sequential speeds are
expressed as 𝑖𝑔(𝑛) and 𝑖𝑔(𝑛+1).Thedriving force of the tractor
was required to be consistent prior to and following shifting,
expressed as

𝐹𝑞 (𝑖𝑔 (𝑛) , V𝑡) = 𝐹𝑞 (𝑖𝑔 (𝑛 + 1) , V𝑡) . (5)

Regarding the solution of (5), V𝑡 meeting shifting condi-
tions was solved, as 𝛼, 𝛿, 𝑖𝑔(𝑛), and 𝑖𝑔(𝑛 + 1) variables were
known.

In this paper, V𝑡 matching the shifting conditions was
labeled as V𝑠. In Figure 1, the shift schedule point cloud and the
corresponding fitting surface of a dongfanghong-2004 tractor
is presented.

In Figures 1 and 3, shift surfaces existed and were
utilized for conversion determination of 4 transmission ratios(𝑖𝑔(1), 𝑖𝑔(2), 𝑖𝑔(3), 𝑖𝑔(4)). The shift schedule fitting surfaces
could be expressed as

V𝑠 (𝑖𝑔 (𝑛) , 𝑖𝑔 (𝑛 + 1)) = 𝑓 (𝛿, 𝛼) 𝑛 = 1, 2, 3, (6)

where V𝑠(𝑖𝑔(𝑛), 𝑖𝑔(𝑛+1)) is the threshold of various theoretical
shift speed and could be considered as the vertical projection
of V𝑡 in the three shifting surfaces and 𝑓 is a fitting function.

The comparison of both V𝑡 and V𝑠 values could determine
whether shifting would be required, as the 𝛼, 𝛿, and 𝑖𝑔
variables were known.

In Figure 2, an example demonstrating the advantages of
(5) shifting definition is presented.

With the assumption of the tillage depth and tractor soil
specific resistance being constant and the tractor load not
being affected by random disturbance, the throttle opening
(𝛼) increased. The red dotted lines in Figure 2 indicated the
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tractor state parameters following the shifting schedule. In
contrast, the blue solid lines indicated the tractor parameters
which did not obey the shifting schedule. It can be observed
from Figure 2 that when the transmission ratio (𝑖𝑔) was
altered, the red dotted lines for Figures 2(b)–2(f) are smooth,

which was interpreted that the driving force (𝐹𝑞), tractor
speed (V𝑡), slip rate (𝛿), and tractor acceleration (𝑎) are
relatively stable following shifting. Also the blue solid lines
all demonstrated a significant step alteration during shifting.
This would cause shifting impact, thereby affecting driving
comfort along with the tractor efficiency.

3. Shifting Rules Fuzzy Adaptive
Correction Strategy

3.1. Factors Affecting Tractor Power Shifting Quality

3.1.1. Frequent Gear Shifting Caused by Load Fluctuation. In
reality, the load of the tractor is not smooth load but the
low frequency random load [16, 17]. The load fluctuation
coefficient is related to both tractor speed and soil quality.
The throttle opening andworking resistance of the tractor are
presented in Figure 3.

In the case of high load fluctuations, the tractor state
parameters would fluctuate. With the theoretical shift sched-
ule consideration, the fluctuations of the state parameters
can trigger random frequent shifting. In Figure 4, frequent
shifting caused by random loads is presented.

In Figure 4, the red line represents the theoretical shift
speed threshold (V𝑠). It can be observed that when slip rate
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fluctuations occurred, V𝑠 also corresponded to the samedirec-
tion of fluctuations. This demonstrated that the theoretical
shift schedule had certain adaptation ability to fluctuations
in the system.

Besides, when the system was in a critical shifting state,
both the load and throttle were not apparently altered,
whereas the dynamic load fluctuation exceeded the corre-
sponding resistance to fluctuation ability, leading the system
to surpass the speed shift line several times, resulting in
random shifting.

The traditional way for this kind of random shifting
is a delayed downshifting (presented in Figure 5). The
upshift rule still obeys the theoretical shifting schedule. The
downshift rule is to set the actual downshift speed lower
than V𝑠. The correction speed (ΔV) value is generally set to
0.3 km/h∼0.5 km/h. As presented in Figure 5, the green line
represents the downshift speed curve.

The disadvantages of this method were as follows: the
speed drop valuewas determined in advance, as not adaptable
to various working conditions and environment. If the setting
value was low, the random shift could not be completely
eliminated, whereas if the setting value was too high, shifting
would delay, resulting in a sudden driving force alteration and
shift quality reduction.

In Figure 6, the tractor status controlled by delaying
downshifting strategy is presented. Compared to the theo-
retical shift schedule, the delayed downshifting strategy of
frequent random shifting could be reduced, whereas random
shifting could not be completely eliminated. The tractor slip
rate as a driving force indicator displayed a sudden alteration
during downshifting.
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Figure 6: Tractor status controlled by delayed downshifting strategy.

3.1.2. Effects of Shifting Timing onTractor State duringWorking
Conditions. When the throttle or the external load was
rapidly increasing, the tractor state parameter alteration
would accelerate. At this time, if an improper shifting occurs,
such as advanced and delayed shifting, the tractor driving
force, slip rate, and speed would be led to a sudden instan-
taneous shift alteration, therefore exacerbating the clutch
sliding friction and shifting impact. As presented in Figure 6,
the phenomenon of abrupt alteration in the slip rate caused
by artificially delayed shift is presented.

3.1.3. Effects of Transmission Ratio on Tractor’s Traction
Efficiency. According to the traditional theory of delayed
downshifting, when the system was in the critical shifting
point, it was significantly inclined to select the higher speed
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between the two sequential speeds. This method was utilized
for the car shifting rule to be dealt with and does not apply
to tractors. During field work, the tractor resistance was
significantly high, whereas the engine was in a state of heavy
load.

Currently, a traction high efficiency of traction can be
achieved by the high throttle and high transmission ratio
control strategy adaptation. In Figure 7, the traction charac-
teristic curve of the tractor under various transmission ratios
of the tractor power shift transmission is presented.

In Figure 7, blue lines and red dashed lines indicate
when the transmission ratios were of 6.24 and 3.16, being the
corresponding efficiency parameters of the tractor. It can be
observed that the tractor slip rate increased as the traction
force increased. During the light load stage, the lower the
transmission ratio, the higher the efficiency of the tractor.
During the heavy load stage, the slip ratio exceeded 0.18; the
higher the transmission ratio, the higher the efficiency of the
tractor.

3.2. Modification Principle

(1) Regarding frequent shifting caused by the random
load, the corrected value of the shift schedule could be
altered by load fluctuation; consequently, a complete
random shift elimination ability could be presented.

(2) Regarding the shifting caused by the throttle and trac-
tion resistance alteration, the shift schedule should
not be attempted to interfere with the pure theory law,
for smooth shifting to be ensured.

(3) Regarding the light load conditions, the schedule
should have delayed downshifting, whereas, for high
load conditions, upshifting should have been delayed.

From these three principles, principles (1) and (2) seem
to be contradictory. In fact, as long as the control system
could accurately distinguish random and proper shifting,
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Figure 8: Fuzzy adaptive shift schedule correction.

the two principles could be aligned when the random
shift mechanism was as low throttle alteration and traction
resistance in the shifting critical area, and the effects of
system alteration were less than the random load effects,
this kind of shift should be avoided. Proper shift referred to
the external environment alteration constituting the three-
parameter system state quick shift schedule surpassing and
therefore shifting triggering. At this time, the effects of system
alteration went beyond the impact of random loads.

According to the aforementioned analysis, an adaptive
delayed shifting method was proposed, which could reflect
the system alteration by environmental parameters introduc-
tion. The correction principle is presented in Figure 8.

Three environmental correction parameters, the random
load fluctuation coefficient (𝑘𝑐V), rate of change of the random
load steady state value (Δ𝐹𝐻), and throttle position change
rate (Δ𝛼), could be utilized for system observation. The
sampling frequency of the control system sensor signal was
50HZ and the shift controller determination frequency was
1HZ. 𝑘𝑐V was defined as the random load standard deviation
ratio to the load steady state in a shifting calculation period.Δ𝐹𝐻 was defined as the difference between the steady state
loads of two sequential shift determinations. The steady state
load (𝐹𝐻) could be obtained by the mean filter. Δ𝛼 was the
difference of the throttle opening between two sequential
shift determinations.

The shifting schedule correction principle was that the
higher the random load fluctuation, the higher the shift
schedule alteration, whereas the throttle speed and traction
force alteration could offset the load fluctuation correction.

Tractor more often works in a heavy load state, so
the control system requires an upshifting modification. The
control system required an upshifting modification. When
determining if the tractor transmission needs upshifting
or not, the control system, according to theoretical shift
schedule, can get V𝑠, which plus the speed correction ΔV will
make the threshold value of actual shift speed (V𝑠𝑑).ΔV is a function of V𝑠, Δ𝐹𝐻, and Δ𝛼 as independent
variables, expressed as

ΔV = 1.2 ⋅ 𝑘𝑐V ⋅ V𝑠 ⋅ [1 − 𝑓𝑥𝑧 (Δ𝐹𝐻, Δ𝑎)] . (7)
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Table 1: Fuzzy inference rule.

Δ𝑧 Δ𝛼
PB PS Z NS NB

Δ𝐹𝐻
PB S M M S S
PS M S S S S
Z M S Z S M
NS B B S S M
NB B B M M S

ΔV is a value higher than or equal to 0; ΔV and 𝑘𝑐V are
linearly related. It was interpreted that the higher the load
fluctuation, the higher the increase and stop delays.

The relationship among ΔV with Δ𝐹𝐻 and Δ𝛼 represents
the typical nonlinear characteristics. This relationship is
related to the combination of both positive and negative
values of Δ𝐹𝐻 and Δ𝛼 as along with the combination of these
two factors. 𝑓𝑥𝑧 indicates the system state alteration.

3.3. Fuzzy Controller Design. Thenonlinearmapping relationΔ𝑧 = 𝑓𝑥𝑧(Δ𝐹𝐻, Δ𝑎) was difficult to be characterized by a
specific function expression. The fuzzy algorithm was quite
suitable for the solution of this problem.Δ𝐹𝐻 and Δ𝛼 are the input variables. The linguistic value
was set for “negative big” (NB), “negative small” (NS), “zero”
(Z), “positive small” (PS), and the “positive big” (PB). The
linguistic value of the output variable was “zero” (z) and small
(s), “medium” (m) and “big” (b). The fuzzy domain of the
output variable was in the range of [0, 1].

Through the tractor dynamic analysis, the following
determination could easily be obtained. Δ𝐹𝐻 increased
and the speed decreased. When Δ𝛼 increased, the speed
increased. When Δ𝐹𝐻 and Δ𝛼 sustained alternation, the
system state sustained a fastest alteration; when bothΔ𝐹𝐻 andΔ𝛼 changed in the same direction, the system state alteration
was relatively low; when Δ𝐹𝐻 and Δ𝛼 were constant, the
system was stable.

Due to the upshifting strategy modification requirement,
the factors that led to upshifting could be compensated
according to system alterations. Regarding the factors that led
to downshifting, a low compensation was necessary, whereas
the unified output variable linguistic value was set to “small.”

According to the aforementioned conclusions, the fuzzy
rules are presented in Table 1.

The domain of the fuzzy controller is presented in
Figure 9. The system calculated Δ𝐹𝐻 and Δ𝛼 values and sent
them to the fuzzy controller; then the fuzzy controller outputΔ𝑧 = 𝑓𝑥𝑧(Δ𝐹𝐻, Δ𝑎). The control system according to (7)
calculated the amount of correction ΔV.

Following the upshifting schedule correction, the original
shifting schedule was divided into two parts, the theoretical
shift schedule being the rule of downshifting, whereas the
amendment strategy was applied to the upshifting schedule.

4. Results and Discussion
According to the working conditions of Figure 3, the shifting
schedule correctionwas applied and the simulation results are
presented in Figures 10–12.
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Figure 9: The domain of the fuzzy controller.
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Figure 10: Fuzzy adaptive delay upshifting.

In Figure 10, the blue line is the tractor speed, the red line
is the upshifting speed, and the green line is the downshifting
speed. Combined with the specific conditions of Figure 3, it
can be observed that when the system required rapid shifting,
both the upshifting speed and theoretical shifting lines almost
coincided. When the system state was adjacent to the shift
curve, whereas the state of the system was not altered; the
distance between the upshifting speed and theoretical shifting
lines was increased; therefore, a random frequent shiftingwas
avoided.

In Figure 11, the blue line represents the tractor state with
fuzzy adaptive correction; the red dashed line indicates the
tractor status controlled by a delaying downshift strategy. As
it can be observed from Figure 11, the tractor presented no
random shifting, when controlled by fuzzy adaptive strategy.
The slip rate did not change abruptly. Compared to delayed
downshifting, the tractor engine of was running at the rated
speed and the load degree was improved.

As it can be observed from Figure 12, ΔV was not
set in advance, whereas combined with the real-time load
fluctuations (𝑘𝑐V) and fuzzy controller output (Δ𝑧), it could



Mathematical Problems in Engineering 7

0.2

0.3

𝛿

5 10 15 20 25 300
Time (s)

2

4

6

i g

5 10 15 20 25 300
Time (s)

ne
 (n

/m
in

)

5 10 15 20 25 300
Time (s)

1400
1600
1800
2000
2200

Figure 11: Delayed downshifting and fuzzy adaptive correction
comparison.

0

0.05

0.1

5 10 15 20 25 300
Time (s)

5 10 15 20 25 300
Time (s)

0

Δ
z 0.5

1

0

0.1

0.2

Δ
�

(m
/s

)

5 10 15 20 25 300
Time (s)

k
c�

Figure 12: Shift schedule real-time adaptive correction for 𝑖𝑔1-𝑖𝑔2.

be a good response to the external environment abrupt
alterations.

5. Conclusions

The tractor load of tractor is a random dynamic load. If
the control system of the tractor power shift transmission
follows the theoretical shift schedule, it would be incorrect
for the shifting timing to be determined due to random
load interference, resulting in frequent shifting. In this paper,
the traction characteristic curve of a tractor was analyzed,
whereas the principle of transmission ratio selection under
various conditions was determined. On the basis of frequent
shifting factors analysis and effects, in this paper, a method

for velocity correction parameters calculation by the fuzzy
algorithm was presented, based on random load standard
deviation; the alteration rate of the load steady state value
and throttle position was analyzed. The simulation results
displayed that the modified shift schedule could demonstrate
the tractor running state. When the tractor required shifting,
the control system could rapidly respond, whereas the tractor
driving force could remain stable prior to and following
shifting. Simultaneously, the system could also execute an
adaptive identification of random shifting conditions and
shield the random shift judgment caused by random load and
automatically select andmaintain the transmission ratio with
higher traction efficiency.
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This paper concerns the recursive utility maximization problem for terminal wealth under partial information. We first transform
our problem under partial information into the one under full information. When the generator of the recursive utility is concave,
we adopt the variational formulation of the recursive utility which leads to a stochastic game problem and characterization of
the saddle point of the game is obtained. Then, we study the 𝐾-ignorance case and explicit saddle points of several examples are
obtained. At last, when the generator of the recursive utility is smooth, we employ the terminal perturbationmethod to characterize
the optimal terminal wealth.

1. Introduction

In this paper, we study the problem of an agent who invests in
a financialmarket so as tomaximize the recursive utility of his
terminal wealth𝑋(𝑇) on finite time interval [0, 𝑇], while the
recursive utility is characterized by the initial value𝑌(0) of the
following Backward stochastic differential equation (BSDE
for short)

𝑌 (𝑡) = 𝑢 (𝑋 (𝑇)) + ∫𝑇

𝑡
𝑓 (𝑠, 𝑌 (𝑠) , 𝑍 (𝑠)) 𝑑𝑠

− ∫𝑇

𝑡
𝑍 (𝑠) 𝑑�̂� (𝑠) . (1)

The market consists of a riskless asset and 𝑑 risky assets,
the latter being driven by a 𝑑-dimensional Brownian motion.
And the investor has access only to the history of interest rates
and prices of risky assets, while the appreciation rate and the
driving Brownian motion are not directly observed. That is,
the filtration generated by the Brownian motion could not be
used when the investor chooses his portfolios. This is quite
practical in a real financial market. So we are interested in
this so-called recursive utility maximization problem under
partial information.

In the full information case, the problem of maximizing
the expected utility of terminal wealth is well understood
in a complete or constrained financial market [1, 2]. In an
incomplete multiple-priors model, Quenez [3] studied the
problem of maximization of utility of terminal wealth in
which the asset prices are semimartingales. Schied [4] studied
the robust utilitymaximization problem in a completemarket
under the existence of a “least favorable measure.” As for
the recursive utility optimization, El Karoui et al. [5] studied
the optimization of recursive utilities when the generator of
BSDE is smooth. Epstein and Ji [6, 7] formulated a model of
recursive utility that captures the decision-maker’s concern
with ambiguity about both the drift and ambiguity and stud-
ied the recursive utility optimization under𝐺-framework.Hu
et al. [8] introduced a BSDE driven by 𝐺-Brownian motion
from which a kind of more general recursive utility can be
defined. Then Hu and Ji [9, 10] studied the corresponding
control problem by two methods: maximum principle and
dynamic programming principle. But all the above works do
not accommodate partial information.

In the partial information case, Lakner [11] generalized
the martingale method to expected utility maximization
problem; see also Pham [12]. Cvitanić et al. [13] maximized
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the recursive utility under partial information. But the gen-
erator 𝑓 in Cvitanić et al. [13] does not depend on 𝑧. Miao
[14] studied a special case of recursive multiple-priors utility
maximization problem under partial information in which
the appreciation rate is assumed to be an F0-measurable,
unobserved random variable with known distribution. Actu-
ally, they studied the problem under Bayesian framework and
did not give the explicit solutions.

In this paper, we first transform our portfolio selection
problem under partial information into one under full infor-
mation in which the unknown appreciation rate is replaced
by its filter estimate and the Brownian motion is replaced
by the innovation process. Then a backward formulation of
the problem under full information is built in which instead
of the portfolio process, the terminal wealth is regarded as
the control variable. This backward formulation is based on
the existence and uniqueness theorem of BSDE and was
introduced in [5, 15].

When the generator 𝑓 of (1) is concave, we adopt the
variational formulation of the recursive utility which leads to
a stochastic game problem. Inspired by the convexity duality
method developed in Cvitanić and Karatzas [16], we turn the
primal “sup-inf” problem to a dual minimization problem
over a set of discounting factors and equivalent probability
measures. A characterization of the saddle point of this game
is obtained in this paper. Furthermore, the explicit saddle
points for several classical examples are worked out.

When the generator 𝑓 of the BSDE is smooth, we apply
the terminal perturbation method developed in Ji and Zhou
[17] and Ji and Peng [18] to characterize the optimal terminal
wealth of the investor. Once the optimal terminal wealth is
obtained, the determination of the optimal portfolio process
is a martingale representation problem which we do not
involve in this paper.

The rest of this paper is organized as follows. In Section 2,
we formulate the recursive utility maximization problem
under partial information, reduce the original problem to
a problem under full information, and give the backward
formulation. The case of nonsmooth generator is tackled
in Section 3. In Section 4, we specialize in 𝐾-ignorance
model and give explicit saddle points of several examples.
In Section 5, we characterize the optimal wealth when the
generator 𝑓 is smooth.

2. The Problem of Recursive Utility
Maximization under Partial Observation

2.1. Classical Formulation of the Problem. We consider a
financial market consisting of a riskless asset whose price
process is assumed for simplicity to be equal to one and𝑑 risky securities (the stocks) whose prices are stochastic
processes 𝑆𝑖(𝑡), 𝑖 = 0, 1, . . . , 𝑑 governed by the following
SDEs:

𝑑𝑆𝑖 (𝑡) = 𝑆𝑖 (𝑡)(𝜇𝑖 (𝑡) 𝑑𝑡 + 𝑑∑
𝑗=1
𝜎𝑖𝑗 (𝑡) 𝑑𝑊𝑗 (𝑡)) ,

𝑖 = 1, . . . , 𝑑,
(2)

where𝑊(⋅) = (𝑊1(⋅), . . . ,𝑊𝑑(⋅)) is a standard 𝑑-dimensional
Brownian motion defined on a filtered complete probability
space (Ω,F, {F𝑡}𝑡≥0, 𝑃). 𝜇 = {𝜇(𝑡) = (𝜇1(𝑡), . . . , 𝜇𝑑(𝑡)), 𝑡 ∈[0, 𝑇]} is the appreciation rate of the stocks which is F𝑡-
adapted, bounded, and the 𝑑×𝑑matrix 𝜎(𝑡) = (𝜎𝑖𝑗(𝑡))1≤𝑖,𝑗≤𝑑 is
the disperse rate of the stocks. Here and throughout the paper
 denotes the transpose operator.

The asset prices are assumed to be continuously observed
by the investors in this market; in other words, the informa-
tion available to the investors is represented by G = {G𝑡}𝑡≥0,
which is the 𝑃-augmentation of the filtration generated by
the price processes 𝜎(𝑆(𝑢); 0 ≤ 𝑢 ≤ 𝑡). The matrix disperse
coefficient 𝜎(𝑡) is assumed invertible, bounded uniformly,
and ∃𝜀 > 0, 𝜌𝜎(𝑡)𝜎(𝑡)𝜌 ≥ 𝜀‖𝜌‖2, ∀𝜌 ∈ R𝑑, 𝑡 ∈ [0, 𝑇], a.s. In
fact, 𝜎(𝑡) can be obtained from the quadratic variation of the
price process. So we assume w.l.o.g. that 𝜎(𝑡) is G𝑡-adapted.
However, the appreciation rate 𝜇(𝑡) fl (𝜇1(𝑡), . . . , 𝜇𝑑(𝑡)) is
not observable for the investors.

A small investor whose actions cannot affect the market
prices can decide at time 𝑡 ∈ [0, 𝑇] what amount 𝜋𝑖(𝑡) of
his wealth to invest in the 𝑖th stock, 𝑖 = 1, . . . , 𝑑. Of course,
his decision can only be based on the available information{G𝑡}𝑇𝑡=0; that is, the processes 𝜋(⋅) = (𝜋1(⋅), . . . , 𝜋𝑑(⋅)) :[0, 𝑇] × Ω → R𝑑 are {G𝑡}𝑇𝑡=0 progressively measurable and
satisfy 𝐸∫𝑇

0 ‖𝜋(𝑡)‖2𝑑𝑡 < ∞.
Then the wealth process𝑋(⋅) ≡ 𝑋𝑥,𝜋(⋅) of a self-financing

investor who is endowed with initial wealth 𝑥 > 0 satisfies the
following stochastic differential equation:

𝑑𝑋 (𝑡) = 𝑑∑
𝑖=1
𝜋𝑖 (𝑡) 𝑑𝑆𝑖 (𝑡)𝑆𝑖 (𝑡)

= 𝜋 (𝑡) 𝜇 (𝑡) 𝑑𝑡 + 𝜋 (𝑡) 𝜎 (𝑡) 𝑑𝑊 (𝑡) .
(3)

Because the only information available to the investor is
G, we could not use the Brownian motion 𝑊 to define the
recursive utility. As we will show in the following, there exists
a Brownian motion �̂� under 𝑃 in the filtered measurable
space (Ω,G) which is often referred to as an innovation
process. The recursive utility process 𝑌(𝑡) ≡ 𝑌𝑥,𝜋(𝑡) of
the investor is defined by the following backward stochastic
differential equation:

𝑌 (𝑡) = 𝑢 (𝑋 (𝑇)) + ∫𝑇

𝑡
𝑓 (𝑠, 𝑌 (𝑠) , 𝑍 (𝑠)) 𝑑𝑠

− ∫𝑇

𝑡
𝑍 (𝑠) 𝑑�̂� (𝑠) ,

(4)

where 𝑓 and 𝑢 are functions satisfying the following assump-
tions.

Assumption 1. (A1) 𝑓 : Ω × [0, 𝑇] × R × R𝑑 → R is G-
progressively measurable for any (𝑦, 𝑧) ∈ R ×R𝑑.

(A2) There exists a constant 𝐶 ≥ 0 such that𝑓 (𝑡, 𝑦1, 𝑧1) − 𝑓 (𝑡, 𝑦2, 𝑧2) ≤ 𝐶 (𝑦1 − 𝑦2
 + 𝑧1 − 𝑧2) ,

∀ (𝑡, 𝜔, 𝑦1, 𝑦2, 𝑧1, 𝑧2) ∈ Ω × [0, 𝑇] ×R ×R ×R
𝑑 ×R

𝑑. (5)
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(A3) 𝑓(𝑡, ⋅, ⋅) is continuous about 𝑡 and 𝐸∫𝑇
0 𝑓2(𝑡, 0, 0)𝑑𝑡 <+∞.

Assumption 2. 𝑢 : R+ → R is continuously differentiable and
satisfies linear growth condition.

Remark 3. Equation (4) is not a standard BSDE because in
general G is strictly larger than the augmented filtration of
the (𝑃,G)-Brownian motion �̂�.

We introduce the following spaces:

𝐿2 (Ω,G𝑇, 𝑃;R) fl {𝜉 : Ω → R | 𝜉 is G𝑇-measurable,
𝐸 𝜉2 < ∞} ,

𝑀2
G (0, 𝑇;R𝑑) fl {𝜙 : [0, 𝑇] × Ω → R

𝑑 | (𝜙𝑡)0≤𝑡≤𝑇
is G-progressively measurable process, 𝜙2
= 𝐸∫𝑇

0

𝜙 (𝑡)2 𝑑𝑡 < ∞} ,
𝑆2G (0, 𝑇;R) fl {𝜙 : [0, 𝑇] × Ω → R | (𝜙𝑡)0≤𝑡≤𝑇

is G-progressively measurable process, 𝜙2𝑆
= 𝐸[ sup

0≤𝑡≤𝑇

𝜙 (𝑡)2] < ∞} .

(6)

For notational simplicity, we will oftenwrite 𝐿2
G𝑇
,𝑀2

G and𝑆2G instead of 𝐿2(Ω,G𝑇, 𝑃;R),𝑀2
G(0, 𝑇;R𝑑), and 𝑆2G(0, 𝑇;R),

respectively.
We will show in the next subsection that under Assump-

tion 1, for any 𝜉 ∈ 𝐿2
G𝑇
, the BSDE (4) has a unique solution(𝑌(⋅), 𝑍(⋅)) ∈ 𝑆2G × 𝑀2

G. Then for each 𝜋 ∈ 𝑀2
G, 𝑋(𝑇) ∈ 𝐿2

GT
,

and Assumption 2 ensures that the variable 𝑢(𝑋(𝑇)) ∈ 𝐿2
G𝑇
.

Thus, under Assumptions 1 and 2, the recursive utility process
associated with this terminal value is well defined.

Given an utility function satisfying Assumption 2 and
initial endowment 𝑥, the recursive utility maximization
problem with bankruptcy prohibition is formulated as the
investor chooses a portfolio strategy so as to

Maximize 𝑌𝑥,𝜋 (0) ,
s.t. 𝑋 (𝑡) ≥ 0, 𝑡 ∈ [0, 𝑇] , a.s.,

𝜋 (⋅) ∈ 𝑀2
G,(𝑋 (⋅) , 𝜋 (⋅)) satisfies Eq. (3) ,

(𝑌 (⋅) , 𝑍 (⋅)) satisfies Eq. (4) ,
(7)

where𝑋(𝑡) ≥ 0means that no-bankruptcy is required.

Definition 4. A portfolio 𝜋(⋅) is said to be admissible if 𝜋(⋅) ∈𝑀2
G and the corresponding wealth processes 𝑋(𝑡) ≥ 0, 𝑡 ∈[0, 𝑇], a.s.

Given initial wealth 𝑥 > 0, denote by A(𝑥) the set of
investor’s feasible portfolio strategies; that is

A (𝑥) = {𝜋 : 𝜋 ∈ 𝑀2
G, 𝑋𝑥,𝜋 (𝑡) ≥ 0, 𝑑𝑃 ⊗ 𝑑𝑡 a.s.} . (8)

2.2. Reduction to a Problem under Full Information. Define
the risk premium process 𝜂(𝑡) = 𝜎(𝑡)−1𝜇(𝑡). Because we have
assumed the processes 𝜇(⋅) and 𝜎(⋅) are uniformly bounded,
the process

𝐿 (𝑡) fl exp(−∫𝑡

0
𝜂 (𝑠) 𝑑𝑊 (𝑠) − 12 ∫

𝑡

0

𝜂 (𝑠)2 𝑑𝑠) (9)

is a (𝑃, F) martingale. So a probability measure �̃� can be
defined by

�̃� (𝐴) = 𝐸 [𝐿 (𝑇) 𝐼𝐴] ,
∀𝐴 ∈ F𝑇, where 𝑑�̃�𝑑𝑃 = 𝐿 (𝑇) . (10)

�̃� is usually called risk neutral probability in the financial
market. The process

�̃� (𝑡) fl 𝑊(𝑡) + ∫𝑡

0
𝜂 (𝑠) 𝑑𝑠, 0 ≤ 𝑡 ≤ 𝑇 (11)

is a Brownian motion under �̃� by Girsanov’s theorem.
Then we can rewrite the stock price processes (2) as

𝑑𝑆𝑖 (𝑡) = 𝑆𝑖 (𝑡)( 𝑑∑
𝑗=1
𝜎𝑖𝑗 (𝑡) 𝑑�̃�𝑗 (𝑡)) , 𝑖 = 1, . . . , 𝑑. (12)

Note that 𝜎(𝑡) is assumed to be bounded, invertible, and
G𝑡-adapted. So the filtrationG coincides with the augmented
natural filtration of �̃� byTheorem V.3.7 in [19].

Let �̂�(𝑡) fl 𝐸[𝜂(𝑡) | G𝑡] be a measurable version of the
conditional expectation of 𝜂 with respect to the filtration G.
Set �̂�: �̂�(𝑡) = 𝐸[𝜇(𝑡) | G𝑡]. Then �̂�(𝑡) = 𝜎(𝑡)�̂�(𝑡), since 𝜎 is
G-adapted.

We introduce the process

�̂� (𝑡) fl �̃� (𝑡) − ∫𝑡

0
�̂� (𝑠) 𝑑𝑠

= 𝑊 (𝑡) + ∫𝑡

0
(𝜂 (𝑠) − �̂� (𝑠)) 𝑑𝑠, 𝑡 ≥ 0. (13)

By Theorem 8.1.3 and Remark 8.1.1 in Kallianpur [20],{�̂�(𝑡), 𝑡 ≥ 0} is a (G, 𝑃)-Brownian motion which is the
so-called innovations process. Then, we could describe the
dynamics of stock price processes and the wealth process
within a full observation model:

𝑑𝑆𝑖 (𝑡) = 𝑆𝑖 (𝑡)(�̂�𝑖 (𝑡) 𝑑𝑡 + 𝑑∑
𝑗=1
𝜎𝑖𝑗 (𝑡) 𝑑�̂�𝑗 (𝑡)) ,

𝑖 = 1, . . . , 𝑑,
𝑑𝑋 (𝑡) = 𝜋 (𝑡) �̂� (𝑡) 𝑑𝑡 + 𝜋 (𝑡) 𝜎 (𝑡) 𝑑�̂� (𝑡) .

(14)
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Now all the coefficients in our model are observable. So
we are in a full observation model and our problem (7) can
be reformulated as follows:

Maximize 𝑌𝑥0 ,𝜋 (0) ,
s.t. 𝑋 (𝑡) ≥ 0 ∀𝑡 ∈ [0, 𝑇] a.s.,

𝜋 (⋅) ∈ 𝑀2
G,(𝑋 (⋅) , 𝜋 (⋅)) satisfies Eq. (3) ,

(𝑌 (⋅) , 𝑍 (⋅)) satisfies Eq. (4) .
(15)

2.3. Backward Formulation of the Problem. In this subsection,
we first show BSDE (4) has a unique solution under some
mild conditions and then give an equivalent backward for-
mulation of problem (15).

Lemma 5. Under Assumption 1, for ∀𝜉 ∈ 𝐿2
G, there exists a

unique solution (𝑌, 𝑍) ∈ 𝑆2G ×𝑀2
G to the BSDE (4).

Since G is strictly larger than the augmented filtration of
the (𝑃,G)-Brownianmotion �̂� in general, equation (4) is not
a standard BSDE. Fortunately, byTheorem 8.3.1 in [20], every
square integrableG𝑡-martingale𝑀(𝑡) can be represented as

𝑀(𝑡) = 𝑀 (0) + ∫𝑡

0
𝑍 (𝑠) 𝑑�̂� (𝑠) , (16)

where𝑍(⋅) ∈ 𝑀2
G. Thus, applying similar analysis as in [21], it

is easy to prove this lemma.
Let 𝑞(⋅) fl 𝜎(⋅)𝜋(⋅). Since 𝜎(⋅) is invertible, 𝑞(⋅) can

be regarded as the control variable instead of 𝜋(⋅). By the
existence and uniqueness result of BSDE (4), selecting 𝑞(⋅) is
equivalent to selecting the terminal wealth 𝑋(𝑇). If we take
the terminal wealth as control variable, the wealth equation
and recursive utility process can be written as

−𝑑𝑋 (𝑡) = −𝑞−1 (𝑡) �̂� (𝑡) 𝑑𝑡 − 𝑞 (𝑡) 𝑑�̂� (𝑡) ,
𝑋 (𝑇) = 𝜉,

−𝑑𝑌 (𝑡) = 𝑓 (𝑡, 𝑌 (𝑡) , 𝑍 (𝑡)) 𝑑𝑡 − 𝑍 (𝑡) 𝑑�̂� (𝑡) ,
𝑌 (𝑇) = 𝑢 (𝜉) ,

(17)

where the “control” is the terminal wealth 𝜉 to be chosen from
the following set:

𝑈 fl {𝜉 | 𝜉 ∈ 𝐿2
G𝑇
, 𝜉 ≥ 0} . (18)

From now on, we denote the solution of (17) by(𝑋𝜉(⋅), 𝑞𝜉(⋅), 𝑌𝜉(⋅), 𝑍𝜉(⋅)). We also denote 𝑋𝜉(0) and 𝑌𝜉(0) by𝑋𝜉
0 and 𝑌𝜉

0 , respectively.
As implied by the comparison theorem for BSDE (4), the

nonnegative terminal wealth (𝜉 = 𝑋(𝑇) ≥ 0) keeps the
wealth process nonnegative all the time.This gives rise to the
following optimization problem:

Maximize 𝐽 (𝜉) fl 𝑌𝜉
0 ,

s.t. 𝜉 ∈ 𝑈,
𝑋𝜉

0 = 𝑥,
(𝑋𝜉 (⋅) , 𝑞𝜉 (⋅)) , (𝑌𝜉 (⋅) , 𝑍𝜉 (⋅)) satisfies Eq. (17) .

(19)

Definition 6. A random variable 𝜉 ∈ 𝑈 is called feasible for
the initial wealth 𝑥 if and only if 𝑋𝜉(0) = 𝑥. We will denote
the set of all feasible 𝜉 for the initial wealth 𝑥 byA(𝑥).

It is clear that original problems (7) and (15) are equivalent
to the auxiliary one (19). Hence, hereafter we focus ourselves
on solving (19). Note that 𝜉 becomes the control variable.The
advantage of this approach is that the state constraint in (7)
becomes a control constraint in (19), whereas it is well known
in control theory that a control constraint is much easier to
deal with than a state constraint. The cost of this approach is
the original initial condition 𝑋𝜉(0) = 𝑥 that now becomes a
constraint.

Feasible 𝜉∗ ∈ A(𝑥) is called optimal if it attains the
maximum of 𝐽(𝜉) over A(𝑥). Once 𝜉∗ is determined, the
optimal portfolio can be obtained by solving the first equation
in (17) with𝑋𝜉∗(𝑇) = 𝜉∗.

3. Dual Method for Recursive
Utility Maximization

In this section, we impose the following concavity condition.

Assumption 7. The function (𝑦, 𝑧) → 𝑓(𝜔, 𝑡, 𝑦, 𝑧) is concave
for all (𝜔, 𝑡) ∈ Ω × [0, 𝑇].

We also need the following assumption on 𝑢.
Assumption 8. 𝑢 : (0,∞) → R is strictly increasing, strictly
concave, and continuously differentiable, and satisfies

𝑢 (0+) fl lim
𝑥↓0

𝑢 (𝑥) = ∞,
𝑢 (∞) fl lim

𝑥→∞
𝑢 (𝑥) = 0. (20)

Under Assumption 8, Assumption 2 seems too restrictive
and it precludes some interesting examples. So in the following
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two sections, for any given utility function 𝑢 satisfying
Assumption 8, we set

𝑈 = {𝜉 | 𝜉 ∈ 𝐿2
G𝑇
, 𝑢 (𝜉) ∈ 𝐿2

G𝑇
, 𝜉 ≥ 0} . (21)

In this section, we assume 𝜎 ≡ 𝐼𝑑, the 𝑑-dimensional
identity matrix. Let 𝐹(𝑡, 𝛽, 𝛾) be the Fenchel-Legendre trans-
form of 𝑓:
𝐹 (𝜔, 𝑡, 𝛽, 𝛾) fl sup

(𝑦,𝑧)∈R×R𝑑
[𝑓 (𝜔, 𝑡, 𝑦, 𝑧) − 𝑦𝛽 − 𝑧𝛾] ,

(𝛽, 𝛾) ∈ R ×R
𝑑. (22)

Let the effective domain of 𝐹 be D𝐹 fl {(𝜔, 𝑡, 𝛽, 𝛾) ∈ Ω ×[0, 𝑇] × R × R𝑑|𝐹(𝜔, 𝑡, 𝛽, 𝛾) < +∞}. As was shown in [22],
the (𝜔, 𝑡)-section ofD𝐹, denoted byD(𝜔,𝑡)

𝐹 is included in the
bounded domain 𝐵 = [−𝐶, 𝐶]𝑑+1 ⊂ R × R𝑑, where 𝐶 is the
Lipschitz constant of 𝑓.

We have the duality relation by the concavity of 𝑓,
𝑓 (𝜔, 𝑡, 𝑦, 𝑧) = inf

(𝛽,𝛾)∈D(𝜔,𝑡)𝐹
[𝐹 (𝜔, 𝑡, 𝛽, 𝛾) + 𝑦𝛽 + 𝑧𝛾] . (23)

For every (𝜔, 𝑡, 𝑦, 𝑧) the infimum is achieved in this relation
by a pair (𝛽, 𝛾) which depends on (𝜔, 𝑡).

Set

B = {(𝛽, 𝛾) | (𝛽, 𝛾) is G-progressively measurable,
𝐵-valued, 𝐸 ∫𝑇

0
𝐹 (𝑡, 𝛽𝑡, 𝛾𝑡)2 𝑑𝑡 < +∞} .

(24)

ThenB is a convex set. For any (𝛽, 𝛾) ∈ B, let

𝑓𝛽,𝛾 (𝑡, 𝑦, 𝑧) = 𝐹 (𝑡, 𝛽𝑡, 𝛾𝑡) + 𝑦𝛽𝑡 + 𝑧𝛾𝑡, (25)

and denote by (𝑌𝛽,𝛾, 𝑍𝛽,𝛾) the unique solution to the linear
BSDE (4) with 𝑓𝛽,𝛾.

By similar analysis as Proposition 3.4 in [22], we have the
following variational formulation of𝑋𝜉(𝑡) and 𝑌𝜉(𝑡).
Lemma 9. Under Assumptions 1 and 7, for any 𝜉 ∈ 𝑈, the
solutions (𝑋𝜉(⋅), 𝑞𝜉(⋅)), (𝑌𝜉(⋅), 𝑍𝜉(⋅)) of (17) can be represented
as

𝑋𝜉 (𝑡) = �̂�−1 (𝑡) 𝐸 [�̂� (𝑇) 𝜉 | G𝑡] ,
𝑌𝜉 (𝑡) = ess inf

(𝛽,𝛾)∈B
𝑌𝛽,𝛾
𝑡 , 𝑡 ∈ [0, 𝑇] , 𝑎.𝑠., (26)

where

�̂� (𝑡) fl 𝑒−∫
𝑡

0
�̂�(𝑠)𝑑�̂�(𝑠)−(1/2) ∫

𝑡

0
|�̂�(𝑠)|2𝑑𝑠,

𝑌𝛽,𝛾
𝑡 = 𝐸[∫𝑇

𝑡
Γ𝛽,𝛾𝑡,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾𝑡,𝑇 𝑢 (𝜉) | G𝑡] ,

Γ𝛽,𝛾𝑡,𝑠 = 𝑒∫𝑠𝑡 (𝛽𝑟−(1/2)|𝛾𝑟|2)𝑑𝑟+∫𝑠𝑡 𝛾𝑟𝑑�̂�(𝑟).
(27)

In particular, we have 𝑌𝜉(0) = inf (𝛽,𝛾)∈B 𝐸[∫𝑇
0 Γ𝛽,𝛾0,𝑠 𝐹(𝑠, 𝛽𝑠,𝛾𝑠)𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢(𝜉)].

Remark 10. By Theorem 3.1 in [11], we have �̂�(𝑡) =𝐸[𝐿(𝑡)|G𝑡], 𝑡 ∈ [0, 𝑇], a.s.
By Lemma 9,A(𝑥) = {𝜉 ∈ 𝑈 | 𝐸[�̂�(𝑇)𝜉] = 𝑥}. Thus, our

problem is equivalent to the following problem:

Maximize 𝐽 (𝜉)
= inf

(𝛽,𝛾)∈B
𝐸[∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (𝜉)]

s.t. 𝜉 ∈ A (𝑥) .
(28)

The maximum recursive utility that the investor can
achieve is

𝑉 (𝑥) fl sup
𝜉∈A(𝑥)

inf
(𝛽,𝛾)∈B

𝐸[∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇𝑢 (𝜉)] .
(29)

It is dominated by its “min-max” counterpart

𝑉 (𝑥) fl inf
(𝛽,𝛾)∈B

sup
𝜉∈A(𝑥)

𝐸[∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇𝑢 (𝜉)] .
(30)

If we can find (�̂�, �̂�, �̂�) ∈ B ×A(𝑥) such that

𝑉 (𝑥) = 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

= 𝑉 (𝑥) , (31)

then the optimal solution of problem (28) is �̂�.
Let us introduce the monotone decreasing function 𝐼(⋅)

as the inverse of the marginal utility function 𝑢(⋅) and the
convex dual

�̃� (𝜁) fl max
𝑥>0

[𝑢 (𝑥) − 𝜁𝑥] = 𝑢 (𝐼 (𝜁)) − 𝜁𝐼 (𝜁) , 𝜁 > 0. (32)

Then, ∀𝜉 ∈ A(𝑥), ∀(𝛽, 𝛾) ∈ B, ∀𝜁 > 0,
𝐸[∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (𝜉)]

≤ 𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)

+ 𝜁𝜉�̂� (𝑇)]] = 𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]] + 𝜁𝑥.

(33)
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Furthermore, we have equality in the above formula for
some �̂� ∈ A(𝑥), (�̂�, �̂�) ∈ B, �̂� > 0 if and only if the conditions

𝐸 [�̂��̂� (𝑇)] = 𝑥,
�̂� = 𝐼(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

) , a.s. (34)

are satisfied simultaneously. And in this case, we have

𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

= 𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]]
+ �̂�𝑥.

(35)

Lemma 11. Under Assumptions 1, 7, anfd 8, suppose that there
exists a quadruple (�̂�, �̂�, �̂�, �̂�) ∈ (A(𝑥) × B × (0,∞)) which
satisfies (34) and

𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)] ,

∀ (𝛽, 𝛾) ∈ B.
(36)

Then we have ∀𝜉 ∈ A(𝑥), ∀(𝛽, 𝛾) ∈ B, and

𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (𝜉)]

≤ 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)] .

(37)

That is, (�̂�, �̂�, �̂�) is a saddle point satisfying (31).
Proof. Weonly prove the first relationship in (37). Let (𝛽, 𝛾) =(�̂�, �̂�) and 𝜁 = �̂� in (33). We get

𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (𝜉)]

≤ 𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]]
+ �̂�𝑥 = 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)] ,

∀𝜉 ∈ A (𝑥) ,

(38)

by (35). This completes the proof.

Let us introduce the value function

�̃� (𝜁) ≡ �̃� (𝜁; 𝑥) fl inf
(𝛽,𝛾)∈B

𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]] , 0 < 𝜁 < ∞.
(39)

By (33), we have

𝑉 (𝑥) ≤ 𝑉∗ (𝑥) , (40)

where

𝑉∗ (𝑥) fl inf
𝜁>0,(𝛽,𝛾)∈B

𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

) + 𝜁𝑥]] = inf
𝜁>0

[�̃� (𝜁) + 𝜁𝑥] .
(41)

Lemma 12. Under the assumptions of Lemma 11, the follow-
ings hold:

(i) (�̂�, �̂�) attains the infimum in (39) with 𝜁 = �̂�.
(ii) The triple (�̂�, �̂�, �̂�) attains the first infimum in (41).

(iii) The number �̂� ∈ (0,∞) attains the second infimum in
(41).

(iv) There is no “duality gap” in (40); that is,

𝑉∗ (𝑥) = 𝑉 (𝑥) = 𝑉 (𝑥)
= 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)] . (42)

Proof. (i) By (35) and (36),

𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]]
= 𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)] − �̂�𝑥

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)] − �̂�𝑥

≤ 𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (�̂� �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]] ,
∀ (𝛽, 𝛾) ∈ B,

(43)

where the last inequality is due to (33).
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(ii) By (35) and (36), we have

𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]] + �̂�𝑥
= 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)]

≤ 𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]]
+ 𝜁𝑥, ∀ (𝛽, 𝛾) ∈ B, ∀𝜁 ∈ (0,∞)

(44)

where the last inequality is an application of (33) to 𝜉 = �̂�.
(iii) By (i), (35), and (36),

�̃� (�̂�) + �̂�𝑥
= 𝐸[[∫

𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]]
+ �̂�𝑥 = 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)]

≤ 𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]]
+ 𝜁𝑥, ∀ (𝛽, 𝛾) ∈ B, ∀𝜁 ∈ (0,∞) .

(45)

So we get �̃�(�̂�) + �̂�𝑥 ≤ inf (𝛽,𝛾)∈B 𝐸[∫𝑇
0 Γ𝛽,𝛾0,𝑠 𝐹(𝑠, 𝛽𝑠, 𝛾𝑠)𝑑𝑠 +Γ𝛽,𝛾0,𝑇 �̃�(𝜁(�̂�(𝑇)/Γ𝛽,𝛾0,𝑇))] + 𝜁𝑥 = �̃�(𝜁) + 𝜁𝑥, ∀𝜁 ∈ (0,∞).

(iv) By (ii) and (35),

𝑉∗ (𝑥)
= 𝐸[[∫

𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]]
+ �̂�𝑥 = 𝐸 [∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

= 𝑉 (𝑥) = 𝑉 (𝑥) .

(46)

This completes the proof.

In the following, we prove the existence of the quadruple(�̂�, �̂�, �̂�, �̂�) which is postulated in Lemma 11.
Notice that the function 𝑥 → 𝑥�̃�(1/𝑥) is convex. By

similar analysis as inAppendix B of [23], the following lemma
holds.

Lemma 13. UnderAssumptions 1, 7, and 8, for any given 𝜁 > 0,
there exists a pair (�̂�, �̂�) = (�̂�𝜁, �̂�𝜁) ∈ B which attains the
infimum in (39).

Lemma 14. Under Assumptions 1, 7, and 8, suppose

𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]] < ∞,
∀𝜁 > 0, ∀ (𝛽, 𝛾) ∈ B.

(47)

Then for any given 𝑥 > 0, there exists a number �̂� = �̂�𝑥 ∈(0,∞) which attains 𝑉∗(𝑥) = inf𝜁>0 [�̃�(𝜁) + 𝜁𝑥].
Proof.

Step 1. By the convexity of �̃� and Lemma 13, �̃�(⋅) is convex. Fix𝜁 > 0; denote (�̂�, �̂�) = (�̂�𝜁, �̂�𝜁) as in Lemma 13. For any 𝛿 > 0,
we have

�̃� (𝜁 + 𝛿) − �̃� (𝜁)𝛿
≤ 𝐸 [Γ�̂�,�̂�0,𝑇 �̃� ((𝜁 + 𝛿) (�̂� (𝑇) /Γ�̂�,�̂�0,𝑇)) − Γ�̂�,�̂�0,𝑇 �̃� (𝜁 (�̂� (𝑇) /Γ�̂�,�̂�0,𝑇))]𝛿
≤ 𝐸 [�̂� (𝑇) �̃� ((𝜁 + 𝛿) (�̂� (𝑇) /Γ�̂�,�̂�0,𝑇))]
= −𝐸 [�̂� (𝑇) 𝐼 ((𝜁 + 𝛿) (�̂� (𝑇) /Γ�̂�,�̂�0,𝑇))] .

(48)

Then, by Levi’s lemma,

lim
𝛿→0+

�̃� (𝜁 + 𝛿) − �̃� (𝜁)𝛿 ≤ −𝐸[[�̂� (𝑇) 𝐼(𝜁
�̂� (𝑇)
Γ�̂�,�̂�0,𝑇

)]] ,

lim
𝛿→0+

�̃� (𝜁) − �̃� (𝜁 − 𝛿)𝛿 ≥ −𝐸[[�̂� (𝑇) 𝐼(𝜁
�̂� (𝑇)
Γ�̂�,�̂�0,𝑇

)]] .
(49)

Since �̃�(⋅) is convex, we obtain that �̃�(⋅) is differentiable on(0,∞) and �̃�(𝜁) = −𝐸[�̂�(𝑇)𝐼(𝜁(�̂�(𝑇)/Γ�̂�,�̂�0,𝑇))].
Step 2. Because 𝜇(⋅) is bounded, we have that, for any 𝜁 ∈(0,∞), �̂�(𝑇)/Γ�̂�,�̂�0,𝑇 < +∞, a.s. Then,

�̃� (+∞) fl lim
𝜁→+∞

�̃� (𝜁)
= − lim

𝜁→∞
𝐸[[�̂� (𝑇) 𝐼(𝜁

�̂� (𝑇)
Γ�̂�,�̂�0,𝑇

)]] = 0,
�̃� (0) fl lim

𝜁→0+
�̃� (𝜁)

= − lim
𝜁→0+

𝐸[[�̂� (𝑇) 𝐼(𝜁
�̂� (𝑇)
Γ�̂�,�̂�0,𝑇

)]] = −∞.

(50)
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Thus, there exists a number �̂� which attains 𝑉∗(𝑥) and�̃�(�̂�) = −𝑥 ∈ (−∞, 0). This completes the proof.

Lemma 15. Under Assumptions 1, 7, and 8, 𝑉∗(𝑥) =𝐸[∫𝑇
0 Γ�̂�,�̂�0,𝑠 𝐹(𝑠, �̂�𝑠, �̂�𝑠)𝑑𝑠+Γ�̂�,�̂�0,𝑇𝑢(�̂�(�̂�(𝑇)/Γ�̂�,�̂�0,𝑇))]+ �̂�𝑥with �̂� = �̂�𝑥

as in Lemma 14 and (�̂�, �̂�) = (�̂��̂�, �̂��̂�) as in Lemma 13.

Proof. We have

𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]] + �̂�𝑥
= �̃� (�̂�) + �̂�𝑥 ≤ �̃� (𝜁) + 𝜁𝑥
≤ 𝐸[[∫

𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇 �̃� (𝜁 �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)

+ 𝜁𝑥]] , ∀ (𝛽, 𝛾) ∈ B, ∀𝜁 ∈ (0,∞) , ∀𝑥 > 0.

(51)

This completes the proof.

Our main result is the following theorem.

Theorem 16. Under Assumptions 1, 7, and 8, let (�̂�, �̂�, �̂�) as in
Lemma 15 and define �̂� = 𝐼(�̂�(�̂�(𝑇)/Γ�̂�,�̂�0,𝑇)) 𝑎.𝑠. If �̂� ∈ 𝑈, then(�̂�, �̂�, �̂�, �̂�) satisfies all the conditions in Lemma 11, that is, (34)
and (36).

Proof. Notice that

�̃� (�̂�) = inf
(𝛽,𝛾)∈B

𝐸[[∫
𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠

+ Γ𝛽,𝛾0,𝑇 �̃� (�̂� �̂� (𝑇)Γ𝛽,𝛾0,𝑇

)]] = 𝐸[[∫
𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠

+ Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]] .

(52)

Applying the maximum principle in Peng [24], we obtain a
necessary condition for (�̂�, �̂�):
𝐹 (𝑡, 𝛽𝑡, 𝛾𝑡) + 𝑝𝑡𝛽𝑡 + 𝑞𝑡𝛾𝑡 ≥ 𝐹 (𝑡, �̂�𝑡, �̂�𝑡) + 𝑝𝑡�̂�𝑡 + 𝑞𝑡�̂�𝑡,

∀ (𝛽, 𝛾) ∈ B, (53)

where (𝑝𝑡, 𝑞𝑡) is the solution of the adjoint equation

−𝑑𝑝𝑡 = (𝐹 (𝑡, �̂�𝑡, �̂�𝑡) + 𝑝𝑡�̂�𝑡 + 𝑞𝑡�̂�𝑡) 𝑑𝑡 − 𝑞𝑡𝑑�̂� (𝑡) ,
𝑝𝑇 = 𝑢(𝐼(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)) . (54)

∀(𝛽, 𝛾) ∈ B; let (𝑦𝑡, 𝑧𝑡) and (�̃�𝑡, �̃�𝑡) be the unique
solutions of the following two linear BSDEs:

𝑦𝑡 = 𝑢 (�̂�) + ∫𝑇

𝑡
(𝑦𝑠�̂�𝑠 + 𝑧𝑠�̂�𝑠 + 𝐹 (𝑠, �̂�𝑠, �̂�𝑠)) 𝑑𝑠

− ∫𝑇

𝑡
𝑧𝑠𝑑�̂� (𝑠) ,

(55)

�̃�𝑡 = 𝑢 (�̂�) + ∫𝑇

𝑡
(�̃�𝑠𝛽𝑠 + �̃�𝑠𝛾𝑠 + 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠)) 𝑑𝑠

− ∫𝑇

𝑡
�̃�𝑠𝑑�̂� (𝑠) .

(56)

By (53) and the comparison theorem of BSDE, we have𝑦𝑡 ≤ �̃�𝑡, 𝑡 ∈ [0, 𝑇], a.s., especially 𝑦0 ≤ �̃�0.
Solving the above linear BSDEs gives

𝑦0 = 𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)] ,

�̃�0 = 𝐸[∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)] .

(57)

So

𝐸[∫𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇𝑢 (�̂�)]

≤ 𝐸 [∫𝑇

0
Γ𝛽,𝛾0,𝑠 𝐹 (𝑠, 𝛽𝑠, 𝛾𝑠) 𝑑𝑠 + Γ𝛽,𝛾0,𝑇𝑢 (�̂�)] ,

∀ (𝛽, 𝛾) ∈ B,
(58)

which exactly is (36).
By Lemma 14, �̃�(�̂�) = −𝑥. By Lemma 13,

�̃� (�̂�)
= 𝐸[[∫

𝑇

0
Γ�̂�,�̂�0,𝑠 𝐹 (𝑠, �̂�𝑠, �̂�𝑠) 𝑑𝑠 + Γ�̂�,�̂�0,𝑇 �̃�(�̂� �̂� (𝑇)Γ�̂�,�̂�0,𝑇

)]] .
(59)

Differentiating both sides of (59) as functions of �̂�, we get
𝐸[[𝐼(�̂�

�̂� (𝑇)
Γ�̂�,�̂�0,𝑇

)�̂� (𝑇)]] = 𝑥. (60)

This completes the proof.

Remark 17. It is worth pointing out that the adjoint process 𝑝𝑡
in the proof of the above theorem coincides with the optimal
utility process 𝑦𝑡 in (55).

4. 𝐾-Ignorance

In this section, we study a special case which is called𝐾-ignorance by Chen and Epstein [25]. In this case, the
generator 𝑓 is specified as

𝑓 (𝑡, 𝑦, 𝑧) = −𝐾 |𝑧| , 𝐾 ≥ 0. (61)
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Chen and Epstein interpreted the term 𝐾|𝑧| as modeling
ambiguity aversion rather than risk aversion. 𝑓(𝑧) = −𝐾|𝑧| is
not differentiable. But it is concave and 𝑓(𝑧) = inf |𝛾|≤𝐾 (𝛾𝑧).
Then our results in the above section are still applicable.

In this section, we assume 𝑑 = 1, 𝜎 ≡ 1. The wealth
equation and recursive utility become

−𝑑𝑋 (𝑡) = −𝑞 (𝑡) �̂� (𝑡) 𝑑𝑡 − 𝑞 (𝑡) 𝑑�̂� (𝑡) ,
𝑋 (𝑇) = 𝜉,

−𝑑𝑌 (𝑡) = −𝐾 |𝑍 (𝑡)| 𝑑𝑡 − 𝑍 (𝑡) 𝑑�̂� (𝑡) ,
𝑌 (𝑇) = 𝑢 (𝜉) .

(62)

Our problem is formulated as follows:

Maximize 𝐽 (𝜉) fl 𝑌𝜉
0 ,

s.t. 𝜉 ∈ 𝑈,
𝑋 (0) = 𝑥,
(𝑋 (⋅) , 𝑞 (⋅)) , (𝑌 (⋅) , 𝑍 (⋅)) satisfies Eq. (62) .

(63)

Now Lemma 9 can be simplified to the following lemma.

Lemma 18. For 𝜉 ∈ 𝑈, the solutions (𝑋(⋅), 𝑞(⋅)) and(𝑌(⋅), 𝑍(⋅)) of (62) can be represented as

𝑋 (𝑡) = �̂�−1 (𝑡) 𝐸 [�̂� (𝑇) 𝜉 | G𝑡] ,
𝑌 (𝑡) = ess inf

𝛾∈B
(Γ0,𝛾0,𝑡 )−1 (𝑡) 𝐸 [Γ0,𝛾0,𝑇𝑢 (𝜉) | G𝑡] , (64)

where

�̂� (𝑡) = 𝑒−∫
𝑡

0
�̂�(𝑠)𝑑�̂�(𝑠)−(1/2) ∫

𝑡

0
|�̂�(𝑠)|2𝑑𝑠,

Γ0,𝛾0,𝑡 = 𝑒∫𝑡0 𝛾𝑠𝑑�̂�(𝑠)−(1/2) ∫
𝑡

0
|𝛾𝑠|
2𝑑𝑠,

B = {𝛾 = {𝛾𝑡}𝑡≥0 | 𝛾𝑡 is
⋅ G-𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖V𝑒𝑙𝑦 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒, 𝛾𝑡 ≤ 𝐾, 𝑡
∈ [0, 𝑇] , 𝑎.𝑠.} .

(65)

For any 𝛾 ∈ B, Γ0,𝛾0,𝑡 is (G, 𝑃)-martingale. Then, a new
probability measure 𝑃𝛾 is defined onG𝑇 by

𝑑𝑃𝛾𝑑𝑃 = Γ0,𝛾0,𝑇
(66)

and �̂�𝛾(𝑡) = �̂�(𝑡) − ∫𝑡
0 𝛾𝑠𝑑𝑠 is a Brownian motion under 𝑃𝛾.

Thus, 𝑌(0) = inf𝛾∈B𝐸𝛾[𝑢(𝜉)] where 𝐸𝛾[⋅] is the expectation
operator with respect to 𝑃𝛾.

Our problem (63) is equivalent to the following problem:

Maximize 𝐽 (𝜉) = inf
𝛾∈B

𝐸𝛾𝑢 (𝜉)
s.t. 𝜉 ∈ A (𝑥) . (67)

The auxiliary dual problem in (39) becomes

�̃� (𝜁) ≡ �̃� (𝜁; 𝑥) fl inf
𝛾∈B

𝐸𝛾�̃� (𝜁𝑍𝛾 (𝑇)) , 0 < 𝜁 < ∞, (68)

where 𝑍𝛾(𝑡) fl �̂�(𝑡)/Γ0,𝛾0,𝑡 , 𝑡 ∈ [0, 𝑇] a.s. and
𝑉∗ (𝑥) fl inf

𝜁>0,𝛾∈B
[𝐸𝛾�̃� (𝜁𝑍𝛾 (𝑇)) + 𝜁𝑥]

= inf
𝜁>0

[�̃� (𝜁) + 𝜁𝑥] . (69)

Applying the procedure in the previous section, we can
find the saddle point. So we list the results without proof
except Lemma 19 in which a new proof is given.

Lemma 19. Under Assumption 8, for any given 𝜁 > 0, there
exists a unique �̂� = �̂�𝜁 ∈ B which attains the infimum in (68).

Proof. Set B = {Γ0,𝛾0,𝑇 | 𝛾 ∈ B}, M = {𝑀𝛾(𝑇) fl Γ0,𝛾0,𝑇/�̂�(𝑇) |𝛾 ∈ B}, and 𝑔(𝑥) = 𝑥�̃�(𝜁/𝑥) for 𝑥 > 0. Then problem (68)
becomes

�̃� (𝜁) = inf
𝑀𝛾(𝑇)∈M

�̃� [𝑀𝛾 (𝑇) �̃� (𝜁 1𝑀𝛾 (𝑇))]
= inf

𝑀𝛾(𝑇)∈M
�̃� [𝑔 (𝑀𝛾 (𝑇))] ,

(70)

where �̃�[⋅] is the expectation operator with respect to the risk
neutral measure �̃�. By Theorem 2.1 in [25], we know B is
norm closed in 𝐿1(Ω). SoB is closed under a.s. convergence
because 𝐵 is uniformly integrable. As a consequence, M is
closed under a.s. convergence.

Consider a minimizing sequence {𝑀𝛾𝑛(𝑇)}𝑛≥1 for (70);
that is

lim
𝑛→∞

�̃� [𝑔 (𝑀𝛾𝑛 (𝑇))] = �̃� (𝜁) . (71)

By Komlos’ theorem, there exists a sequence 𝑀𝛾𝑛(𝑇) ∈
conv(𝑀𝛾𝑛(𝑇),𝑀𝛾𝑛+1(𝑇), . . . , ); that is, 𝑀𝛾𝑛(𝑇) =∑𝑇𝑛

𝑘=𝑛 𝜆𝑘𝑀𝛾𝑘(𝑇), 𝜆𝑘 ∈ [0, 1], and ∑𝑇𝑛
𝑘=𝑛 𝜆𝑘 = 1, such that

the sequence {𝑀𝛾𝑛(𝑇)}𝑛≥1 converges a.s. to a random variable𝑀. By a.s. closedness ofM, we have𝑀 ∈ M; that is, ∃�̂� ∈ B,
s.t. 𝑀 = 𝑀�̂�(𝑇). Note that 𝑔 is a strictly convex continuous
function; we have

�̃� [𝑔 (𝑀)] = �̃� [ lim
𝑛→∞

𝑔 (𝑀𝛾𝑛 (𝑇))]
≤ lim inf

𝑛→∞
�̃� [𝑔 (𝑀𝛾𝑛 (𝑇))]

≤ lim inf
𝑛→∞

𝜆𝑘

𝑇𝑛∑
𝑘=𝑛
�̃� [𝑔 (𝑀𝛾𝑘 (𝑇))]

= lim inf
𝑛→∞

�̃� [𝑔 (𝑀𝛾𝑛 (𝑇))] = �̃� (𝜁) .

(72)

The uniqueness follows from the strict convexity of 𝑔. This
completes the proof.
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Lemma 20. Under Assumption 8, if �̃�[𝐼(𝜁𝑍𝛾(𝑇))] < ∞,∀𝜁 > 0, ∀𝛾 ∈ B, then for any given 𝑥 > 0, there exists
a number �̂� = �̂�𝑥 ∈ (0,∞) which attains the infimum of𝑉∗(𝑥) = inf𝜁>0 [�̃�(𝜁) + 𝜁𝑥].
Lemma 21. Under Assumption 8, 𝑉∗(𝑥) = 𝐸�̂��̃�(�̂�𝑍�̂�(𝑇)) + �̂�𝑥
with �̂� = �̂�𝑥 as in Lemma 20 and �̂� = �̂��̂� as in Lemma 19.

Theorem 22. Under Assumption 8, let (�̂�, �̂�) be the same as in
Lemma 21; then the optimal terminal wealth of problem (67) is

�̂� = 𝐼 (�̂�𝑍�̂� (𝑇)) , 𝑎.𝑠. (73)

if �̂� belongs to 𝑈.
In the following, we give some examples to illustrate our

above analysis.

Example 23 (constant absolute risk aversion). Suppose that𝑢(𝑥) = 1 − 𝑒−𝛼𝑥, 𝑥 ∈ R, 𝛼 > 0, and the wealth of the investor
may be negative. This utility function 𝑢 does not satisfy
Assumption 8. But it satisfies the following assumption.

Assumption 24. 𝑢 is strictly increasing, strictly concave, and
continuously differentiable, and

𝑢 (−∞) fl lim
𝑥↓−∞

𝑢 (𝑥) = ∞,
𝑢 (∞) fl lim

𝑥→∞
𝑢 (𝑥) = 0. (74)

Note that under Assumption 24, the wealth process of the
investor is allowed to be negative; the results in this section
still hold.

For this example, 𝐼(𝜁) = −(1/𝛼) ln(𝜁/𝛼), 𝜁 > 0, and �̃�(𝜁) =1 − 𝜁/𝛼 + (𝜁/𝛼) ln(𝜁/𝛼), 𝜁 > 0. Then the value function of the
auxiliary dual problem (68) is

𝐸𝛾�̃� (𝜁𝑍𝛾 (𝑇)) = 1 − 𝜁𝛼 + 𝜁𝛼 ln 𝜁𝛼 + 𝜁𝛼�̃� [ln𝑍𝛾 (𝑇)]
= 1 − 𝜁𝛼 + 𝜁𝛼 ln 𝜁𝛼
+ 𝜁2𝛼�̃� ∫

𝑇

0
(�̂� (𝑡) + 𝛾𝑡)2 𝑑𝑡, 𝜁 > 0.

(75)

Apparently, �̂�𝑡 (optimal 𝛾𝑡) which attains the infimum of
Problem (68) is independent of 𝜁. It is easy to see that

�̂�𝑡 = ((−𝐾) ∨ (−�̂� (𝑡))) ∧ 𝐾, 𝑡 ∈ [0, 𝑇] , a.s. (76)

The optimal value of problem (68) is

�̃� (𝜁) = 1 − 𝜁𝛼 + 𝜁𝛼 ln 𝜁𝛼 + 𝜁2𝛼�̃� ∫
𝑇

0
(�̂� (𝑡) + �̂�𝑡)2 𝑑𝑡, (77)

and the Lagrange multiplier in Lemma 20 is

�̂� ≡ �̂�𝑥 = 𝛼𝑒−(1/2)�̃� ∫
𝑇

0
(�̂�(𝑡)+�̂�𝑡)

2𝑑𝑡−𝛼𝑥

= argmin
𝜁>0

[�̃� (𝜁) + 𝜁𝑥] . (78)

Thus, the optimal terminal wealth inTheorem 22 is

�̂� = − 1𝛼 ln
�̂�𝑍�̂� (𝑇)𝛼 . (79)

Moreover, it is easy to check that (𝑌(𝑡), 𝑍(𝑡)) fl (1 −(�̂�/𝛼)𝑍�̂�(𝑡), (�̂�/𝛼)(�̂�(𝑡) + �̂�𝑡)𝑍�̂�(𝑡)) and 𝑡 ∈ [0, 𝑇] uniquely
solves the utility equation in (62) when 𝜉 = �̂�.

Note that �̂�(𝑡) and �̂�𝑡 are bounded; it is easy to verify �̂� ∈𝐿2
G𝑇

and 𝑢(�̂�) ∈ 𝐿2
G𝑇
.

Example 25 (logarithmic utility function). Suppose 𝑢(𝑥) =
ln𝑥, 𝑥 > 0. In this case,

𝐼 (𝜁) = 1𝜁 ,
�̃� (𝜁) = − ln 𝜁 − 1,

𝜁 > 0.
(80)

Then the value function of the auxiliary dual problem (68) is

𝐸𝛾�̃� (𝜁𝑍𝛾 (𝑇)) = 𝐸𝛾 [− ln (𝜁𝑍𝛾 (𝑇)) − 1]
= 𝐸𝛾 [− ln𝑍𝛾 (𝑇)] − ln 𝜁 − 1
= 12𝐸𝛾 ∫𝑇

0
(�̂� (𝑡) + 𝛾𝑡)2 𝑑𝑡 − ln 𝜁 − 1,

𝜁 > 0.
(81)

So the optimal �̂�𝑡 is independent of 𝜁. Consider the following
BSDE:

𝑦𝛾 (𝑡) = 𝐸𝛾 [∫𝑇

𝑡
(�̂� (𝑠) + 𝛾𝑠)2 𝑑𝑠 | G𝑡]

= ∫𝑇

𝑡
[(�̂� (𝑠) + 𝛾𝑠)2 + 𝛾𝑠𝑧𝛾 (𝑠)] 𝑑𝑠

− ∫𝑇

𝑡
𝑧𝛾 (𝑠) 𝑑�̂� (𝑠) .

(82)

Set

𝑓 (𝑡, 𝑧𝑡) = inf
𝛾∈B

[(�̂� (𝑡) + 𝛾𝑡)2 + 𝛾𝑡𝑧𝑡] =
{{{{{{{{{

𝐾2 − 2𝐾�̂� (𝑡) − 𝐾𝑧𝑡 + �̂� (𝑡)2 , if − 2�̂� (𝑡) + 2𝐾 < 𝑧𝑡;−14𝑧2𝑡 − �̂� (𝑡) 𝑧𝑡, if − 2�̂� (𝑡) − 2𝐾 ≤ 𝑧𝑡 ≤ −2�̂� (𝑡) + 2𝐾;
𝐾2 + 2𝐾�̂� (𝑡) + 𝐾𝑧𝑡 + �̂� (𝑡)2 , if 𝑧𝑡 < −2�̂� (𝑡) − 2𝐾, 𝑡 ∈ [0, 𝑇] , a.s.

(83)
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It is easy to show that 𝑓(𝑡, 𝑧𝑡) is uniformly Lipschitz, so the
following BSDE has a unique solution which we still denoted
by (𝑦𝑡, 𝑧𝑡).

𝑦𝑡 = ∫𝑇

𝑡
𝑓 (𝑠, 𝑧𝑠) 𝑑𝑠 − ∫𝑇

𝑡
𝑧𝑠𝑑�̂� (𝑠) . (84)

Then the infimum in problem (68) is attained at

�̂�𝑡 = arg inf
𝛾∈B

[(�̂� (𝑡) + 𝛾𝑡)2 + 𝛾𝑡𝑧𝑡]
= −𝐾𝐼{−2�̂�(𝑡)+2𝐾<𝑧𝑡}

+ (−�̂� (𝑡) − 𝑧𝑡2 ) 𝐼{−2�̂�(𝑡)−2𝐾≤𝑧𝑡≤−2�̂�(𝑡)+2𝐾}

+ 𝐾𝐼{𝑧𝑡<−2�̂�(𝑡)−2𝐾}, 𝑡 ∈ [0, 𝑇] , a.s.
(85)

The Lagrange multiplier in Lemma 20 is

�̂� ≡ �̂�𝑥 = 1𝑥 = argmin
𝜁>0

[�̃� (𝜁) + 𝜁𝑥] . (86)

The optimal terminal wealth inTheorem 22 is

�̂� = 𝑥𝑍�̂� (𝑇) . (87)

Note that �̂�(𝑡) and �̂�𝑡 are bounded; it is easy to verify �̂� ∈𝐿2
G𝑇

and 𝑢(�̂�) ∈ 𝐿2
G𝑇
.

Example 26. Suppose that the appreciation rate 𝜇(𝑡) is a
bounded deterministic function of 𝑡. In this case, G𝑡 = F𝑡,𝑡 ≥ 0, and we claim that

�̂�𝑡 = ((−𝐾) ∨ (−𝜇 (𝑡))) ∧ 𝐾, 𝑡 ∈ [0, 𝑇] . (88)

Proof. We show that �̂� defined above attains the infimum of
(68). Denote

V (𝑡, 𝑥) ≡ V (𝑡, 𝑥; 𝜁) fl �̃� [𝑔(𝑥𝑀�̂� (𝑇)𝑀�̂� (𝑡) )] . (89)

Then V(𝑡, 𝑥) is the solution of the partial differential equation𝜕V/𝜕𝑡 + (1/2)(𝜕2V/𝜕𝑥2)𝑥2(𝜇𝑡 + �̂�𝑡)2 = 0.∀𝛾 ∈ B; applying Itô’s formula to V(𝑡,𝑀𝛾(𝑡)), we have
𝑑V (𝑡,𝑀𝛾 (𝑡))
= [𝜕V𝜕𝑡 + 12 𝜕

2V𝜕𝑥2 (𝑀𝛾 (𝑡))2 (𝜇 (𝑡) + 𝛾𝑡)2]𝑑𝑡
+ 𝜕V𝜕𝑥𝑀𝛾 (𝑡) (𝜇 (𝑡) + 𝛾𝑡) 𝑑�̃� (𝑡)

= 12 𝜕
2V𝜕𝑥2 (𝑀𝛾 (𝑡))2 [(𝜇 (𝑡) + 𝛾𝑡)2 − (𝜇 (𝑡) + �̂�𝑡)2] 𝑑𝑡

+ 𝜕V𝜕𝑥𝑀𝛾 (𝑡) (𝜇 (𝑡) + 𝛾𝑡) 𝑑�̃� (𝑡) .

(90)

By the definition of �̂�𝑡 (88), we have (𝜇(𝑡) + 𝛾𝑡)2 − (𝜇(𝑡) +�̂�𝑡)2 ≥ 0, 𝑡 ∈ [0, 𝑇]. The convexity of V(𝑡, ⋅) guarantees that
V(𝑡,𝑀𝛾(𝑡)) is a submartingale. Thus, ∀𝛾 ∈ B,

𝐸𝛾 [�̃� (𝜁𝑍𝛾 (𝑇))] = �̃� [𝑔 (𝑀𝛾 (𝑇))] = �̃�V (𝑇,𝑀𝛾 (𝑇))
≥ �̃�V (0,𝑀𝛾 (0)) = �̃� [𝑔 (𝑀�̂� (𝑇))]
= 𝐸�̂� [�̃� (𝜁𝑍�̂� (𝑇))] .

(91)

This completes the proof.

Example 27. Suppose that |𝜇(⋅)| ≤ 𝐾, a.e., a.s. Then we have

�̂�𝑡 = −�̂� (𝑡) , 𝑡 ∈ [0, 𝑇] , a.s. (92)

Note that 𝜇 belongs toB when |𝜇(⋅)| ≤ 𝐾, a.e. a.s. Due to the
convexity of 𝑔, we have that ∀𝛾 ∈ B,

�̃� [𝑔 (𝑀𝛾 (𝑡))] ≥ 𝑔 (�̃� (𝑀𝛾 (𝑇))) = 𝑔 (1)
≡ 𝑔 (𝑀�̂� (𝑇)) ≡ �̃� [𝑔 (𝑀�̂� (𝑇))] . (93)

In this case, 𝑃𝛾 coincides with the risk neutral probability �̃�
onG𝑇 which leads to the optimal terminal wealth �̂� = 𝑥. This
means that the investor will not invest in the risk assets at all.

Remark 28. For recursive utility for consumption of the form

𝑌 (𝑡) = 𝑢 (𝑋 (𝑇)) + ∫𝑇

𝑡
(𝑢 (𝑐𝑠) + 𝑓 (𝑠, 𝑌 (𝑠) , 𝑍 (𝑠))) 𝑑𝑠

− ∫𝑇

𝑡
𝑍 (𝑠) 𝑑�̂� (𝑠) ,

(94)

where 𝑢 and 𝑓 satisfy Assumptions 2 and 8 and Assumptions
1 and 7, respectively, our method still works well.

5. Terminal Perturbation Method

When the generator of the recursive utility (4) is nonconcave,
the dual method is not applicable. In this case, we apply the
terminal perturbation method to obtain a characterization of
the optimal terminal wealth. We need the following smooth
assumption.

Assumption 29. 𝑓 is continuously differentiable in (𝑦, 𝑧).
Let 𝜉∗ be an optimal terminal wealth for (19); that is,

𝑌𝜉∗ (0) = sup
𝜉∈A(𝑥)

𝑌𝜉 (0) , (95)

And let (𝑋∗(⋅), 𝑞∗(⋅), 𝑌∗(⋅), 𝑍∗(⋅)) be the corresponding state
processes of (17).

Set

Ω fl {𝜔 ∈ Ω | 𝜉∗ (𝜔) = 0} . (96)

By the terminal perturbation method in [17, 18], we have the
following stochastic maximum principle.
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Theorem 30. Under Assumptions 1, 2, and 29, if 𝜉∗ is the
optimal wealth of problem (19), then there exist ℎ0 ∈ R, ℎ1 ≥ 0,
and |ℎ0|2 + ℎ21 = 1 such thatℎ0𝑚(𝑇) + ℎ1𝑢 (𝜉∗) 𝑛 (𝑇) ≥ 0, 𝑎.𝑠. on Ω;

ℎ0𝑚(𝑇) + ℎ1𝑢 (𝜉∗) 𝑛 (𝑇) = 0, 𝑎.𝑠. on Ω𝑐, (97)

where

𝑑𝑚 (𝑡) = −�̂� (𝑡) 𝜎−1 (𝑡)𝑚 (𝑡) 𝑑�̂� (𝑡) , 𝑚 (0) = 1;
𝑑𝑛 (𝑡) = 𝑓∗

𝑌 (𝑡) 𝑛 (𝑡) 𝑑𝑡 + 𝑓∗
𝑍 (𝑡) 𝑛 (𝑡) 𝑑�̂� (𝑡) ,

𝑛 (0) = 1,
(98)

and 𝑓∗
𝑌 (𝑡) fl 𝑓𝑌(𝑡, 𝑌∗(𝑡), 𝑍∗(𝑡)), 𝑓∗

𝑍(𝑡) fl 𝑓𝑍(𝑡, 𝑌∗(𝑡), 𝑍∗(𝑡)).
Remark 31. Note that we do not need the concavity property
of 𝑢 in the above theorem.
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