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In biomechanics, reliable modeling and quantification of
material parameters and the study of constitutive models and
computational tools concerning experimental observations
of living tissue are a rapidly expanding field of research.
�e primary reason for this interest is the ever-growing
number of real-world applications such as cardiovascular,
osteoarticular, reproductive, osteoarticular, and regenerative
biomechanics. In summary, the capability of biomathematical
models to realistically predict the various behavioral pat-
terns observed in so	 tissue is a longstanding challenging
problem. To advance towards this quest, this special issue
presents recent developments in the topics including so	
tissue biomechanical models, applied, computational, or the-
oretical tissuemechanics continuumfield theory, hyperelastic
and viscoelastic quasi-incompressible transversely isotropic
constitutive model formulation and identification, inverse
problems, or biomechanical parameter identification prob-
lems.

�e special issue contains eleven thoroughly reviewed
research papers of high scientific merit. A summary of the
key ideas of the included articles is as follows.

J. Qiu and F.-F. Li proposed a methodology to deter-
mine the viscoelastic parameters for a single cell combining
flow chamber experiment and fluid-structure coupled finite
element model. For the optimal parameters, they used the
experimental observation to compare with the deformation
response of the cell with different parameters in the finite
element model. �e developed framework was applied to
osteocytes. J. Melchor et al. assessed the mechanical proper-
ties of two groups of porcine carotid blood vessels, namely,

native arteries and decellularized arteries. �e biomechanical
properties of both groups were determined by conducting
uniaxial and circumferential tensile tests by using an ad
hoc and lab-made device. T. Cui et al. developed a robot-
assisted craniomaxillofacial surgery system and evaluated the
feasibility and reliability of this robot system in phantom
experiments. J. Torres et al. explored aspects of the remodel-
ing of the cervix, which play a fundamental role in preventing
preterm birth. �e authors developed a framework where
the variation of the histological properties is linked with the
individual biomechanical evolution of the constituents, con-
sequently providing the feasibility of a multiscale approach.
Y. Mei and P. Yu focused on characterizing heterogeneous
elastic property distribution of so	 tissues which has direct
implication in disease detection. �ey proposed an inverse
approach to map the heterogeneous material property distri-
bution of so	 solids using harmonic motion data. Inspired by
the challenges associated with characterizing the so	 tissue
mechanical functionality by current elastography techniques,
G. Rus et al. proposed amechanism to evaluate the robustness
of the mechanical characterization of the cervix through the
torsional wave elastography probe, specifically against some
relevant contact conditions. R. Muñoz and J. Melchor pre-
sented a new classical nonlinear model proposing a constitu-
tive equation that separates volumetric and deviatoric effects
and compared the formulation to constitutive equations with
Landau constants for weak elasticity and both types of related
nonlinear constants. H. Jin et al. proposed a lateral balancing
structure based on precession effect of double gyroscopes
and its associated control strategy of the steering for an
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underactuated unicycle robot. �ey provided numerical
results to demonstrate the rationality of the lateral balance
structure and the feasibility of the steering control method. R.
Palma and A. M Callejas presented a semianalytical solution
based on Laplace transform to study the behavior of poroe-
lasticmaterials in the context of the extended nonequilibrium
thermodynamics. Utilizing the finite element simulation of
the deformation that the liver undergoes during the breathing
process, S. Mart́ınez-Sanchis et al. developed a method to
estimate, in vivo, the relative stiffness between a hepatic lesion
and the liver parenchyma. M. S. Commisso et al. explored
how the change in stress distributions affects the remodeling
response of the mandible bone and showed the crucial effect
of the temporomandibular joint on the stress distribution
during the masticatory cycle.
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Although mechanical properties of a single cell as well as its mechanical response to stimulation are significant for mechanotrans-
duction, it is difficult to quantitatively identify the viscoelasticity of a cell. This study proposes a methodology to determine the
viscoelastic parameters for a single cell combining flow chamber experiment and fluid-structure coupled finite element model.The
observation from the experiment is used to compare with the deformation response of the cell with different parameters in the finite
element model with standard linear solid constitute model, which are adjusted until the two displacement response curves from
the experiment and the simulation accord with each other, and then the corresponding combination of the viscoelastic parameters
is determined to represent the viscoelasticity of the cell. The proposed methodology is applied on osteocytes in this study but can
be generalized to other cells. The results indicate that both 𝑘1 and 𝑘2 of an osteocyte are in the order of several hundred Pa and 𝜂 is
in the order of kPa⋅s.

1. Introduction

Establishing and improving mechanical models of a cell is
an active research field in biomechanics [1]. Various cellular
mechanicsmodels have been proposed,mainly including two
categories: themodels based onmicro/nanostructure and the
continuum cell models [1–3].

The models based on micro/nanostructure consider the
cytoskeleton as the main structural component [2–9]. The
mechanics of cytoskeleton of adherent cells were studied
[3]. For suspended cells, such as red blood cells, a model
of microhaemoglobin network [10, 11] was established to
study the role of cell membrane and haemoglobin network
in erythrocyte macromorphism.

On the other hand, the continuum methods regard a
cell as continuums with determinate material properties.
The parameters based on constitutive models of certain
materials can be measured by experiments. Although these

models do not provide an in-depth study of the mechanics
between biomolecules and bioions, the continuum meth-
ods are effective in understanding the overall mechanical
properties of cells at the cellular level. Once the continuum
mechanical model of a cell is established, the details of stress
and strain distribution on the cell can be provided, which
helps to understand the distribution and transmission of
force between cytoskeleton and subcellular components. The
cell mechanics models based on the continuum assumption
[12] include solid model, mainly used for adherent cell
research [13]; cortical coating droplet model, mainly used for
suspension cell research [14]; structural damping model with
power-law,mainly used for the study of dynamic properties of
adherent cells [15]; biphasic model, mainly used for the study
of muscle and skeletal cells [16]. Other cell mechanics models
are refined based on these basic models.

In experiments, the cell size is between ten microns and
dozens of microns, and the thickness of cell membrane is
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between several nanometers and dozens of nanometers [13].
Conventional macromechanical loading methods and exper-
imental techniques cannot be directly used in the study of
cell mechanics.With the advancement of micromanipulation
technology, manymechanical loading experimental methods
for cultured cells in vitro have been proposed, and different
types and functions of experimental devices have been
developed to achieve quantitative study of the mechanical
properties of cells, including micropipette aspiration [14,
17], unconfined cell compression [18], cyto-indentation [19],
atomic force microscopy (AFM) [20, 21], magnetic bead
rheometry [22], and optical traps [23]. In particular, many
researchers have studied the adhesion and deformation of
adherent cells under shear flow [24], for example, the shear
effect of blood on endothelial cells in vivo [7] and the
adhesion and debonding of cultured cells under shear stress
[24]. The stress and deformation of a cell have direct impacts
on the function and structure of the cell. Because of the
extremely complex cytoskeleton network system inside the
cell, the cell has the ability to deform actively and resist
passive deformation. The mechanical properties of a cell are
closely related to its structure and function. Viscoelasticity is
an important part of in the research of cellular mechanical
properties.

Osteocytes, mature bone cells embedded in mineralized
bone matrix, are under dynamic shear fluid in vivo and
exhibit significant viscoelastic behavior [25]. Abundant evi-
dence has shown that osteocytes are the key mechanosensor
cells that directly regulate bone-forming osteoblast and bone-
removing osteoclast activities [26, 27]. Thus, osteocytes are
critical to etiology and new treatments for osteoporosis [28].

In this study, the viscoelastic parameters of osteocytes are
determined by a comparison between finite element model
and experimental observation. A flow chamber experiment
is carried out to record the behavior of osteocytes under
shear flow, which is simulated by a fluid-structure interactive
finite element model. Standard linear solid (SLS) model
is used to describe the viscoelastic behavior of cells, the
three parameters in which are determined by comparing the
deformation of the cell under shear flow stress. Applying the
methodology on three osteocytes, the three parameters of
viscoelasticity are identified. The results show that both 𝑘1
and 𝑘2 are in the order of several hundred Pa and 𝜂 is in the
order of kPa⋅s.
2. Methodology

2.1. Flow Chamber Experiment. In cell flow chamber exper-
iment, osteocytes adhere to the basal glass plate, which is
placed in a square flow chamber, and a unidirectional flow of
cell culture medium flows through the chamber. Osteocytes
are deformed by fluid shear force, as shown in Figure 1(a).

The length of the flow chamber is 5 cm, which is three
orders of magnitude larger than the cell scale. The height of
the flow chamber is 550 𝜇m and the width is 700 𝜇m.The size
of osteocytes is around 10 𝜇m.

It is generally believed that the shear stress of adherent
cells in microvessels is 10dyn/cm2. Based on the theoretical
analytical relationship between wall shear stress and flow

rate, the flow rate in a square cavity can be estimated. In
the experiment in this study, the flow rate of 1.318 ml/min is
strictly controlled by using a microinjection pump, so as to
control the shear force of flow field on cells.

In the cell shear flow experiment, the bottom and side
deformations of the cells are obtained by a self-built quasi-
three-dimensionalmicroscopic imaging system, as illustrated
in [29]. The microscopic images of the cell are recorded at 12
Hz frequency, and the displacement information of any point
on the cell can be obtained by digital image correlation algo-
rithm [29]. Figures 1(b) and 1(c) show the side images of the
osteocyte before and after the deformation under shear stress.

2.2. 2D Fluid-Structure Coupled Finite Element Model.
Software ADINA developed by the research group led by
K. J. Bathe in 1975 is a dynamic nonlinear finite element
analysis software. ADINA has remarkable ability to solve
fluid-structure interaction problems. In the process of fluid-
solid coupling calculation, the fluid force is applied to the
structure through the interface of fluid and solid, and the
deformation of the structure affects the boundary conditions
of the fluid in turn. When doing fluid-structure coupling
calculation, the structure model and fluid model need to
be built in ADINA structure module (ADINA Structures)
and fluid module (ADINA CFD), respectively, and then the
derived finite element input files from the two models are
put into the ADINAfluid-structure coupling solver (ADINA-
FSI) for calculation. Complex multifield coupled physical
problems can be simulated andpredicted byADINAcoupling
solution, which is adopted in this study.

In order to verify the computational accuracy of the fluid-
solid coupling calculation program and to provide an optimal
grid size reference for 3Dmodeling, we studied the 2Dmodel
before establishing the 3D model.

2.2.1. Basic Assumptions of Finite Element Model. A Osteo-
cytes are regarded as homogeneous, isotropic, and nearly
incompressible viscoelastic continuum.

B Active force produced by osteocytes under fluid shear
is ignored; i.e., only the passive deformation of osteocytes is
analyzed.

C The hydrodynamic properties of water at room tem-
perature are equivalent to those of the cell culture medium.
Since the cell shear flow experiment is carried out in the
laboratory and the experiment is executed within a few
minutes, the influence of environmental temperature on the
experiment is not considered.

2.2.2. 2D Finite Element Model of Cell Shear Flow Interaction.
Theproblem of flow in a square cross-section tube is the basis
of the interaction of cell shear flow.The numerical simulation
of the flow in a square cross-section tube needs to be realized
firstly to study the interaction of cell shear flow. Within the
laminar flow range, the fluid is assumed to be incompressible.
The cross-section height of the square tube is H and the width
is W. For steady laminar flow of incompressible fluid, the
Navier-Stokes equation under unidirectional flow in a square
cross-section tube is shown in [24]
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(a) (b) (c)

Figure 1: Cell flow chamber experiment. (a) Schematic diagram of flow chamber experiment; the side images of the osteocyte (b) before and
(c) after the shear flow.

0 = −𝑑𝑃𝑑𝑥 + 𝜇(𝜕2𝑢𝑥𝜕𝑦2 + 𝜕2𝑢𝑥𝜕𝑧2 ) (1)

where 𝜇 is the fluid viscous coefficient, 𝑃 is the fluid pressure,𝑢 is the flow velocity, 𝑥 is the dimension of the flow field
direction, 𝑦 is the direction of the height of the flow chamber,
and 𝑧 is the direction of the width of the flow chamber. The
boundary conditions for this problem are shown in

𝑢𝑥 = 0
𝑦 = ±𝐻2
𝑢𝑥 = 0
𝑧 = ±𝑤2

(2)

where𝐻 is the height of the flow chamber and𝑤 is the width
of the flow chamber.

When the pressure gradient at the flow direction, the
geometrical size of the square tube, and the viscous coefficient
of the fluid in the tube are known, the distribution function
of the velocity profile under the laminar flow state can be
obtained as in

𝑢𝑥 = 1
2𝜇 (−𝑑𝑃𝑑𝑥)

× {(𝐻24
− 𝑧2) − 8𝐻2

𝜋3 × ∞∑
𝑛=0

(−1)𝑛 cos [(2𝑛 + 1) 𝜋𝑧/𝐻] cosh [(2𝑛 + 1) 𝜋𝑦/𝐻]
(2𝑛 + 1)3 cosh [(2𝑛 + 1) 𝜋𝑤/2𝐻] }

(3)

The wall shear stress 𝑡𝑤 is as in
𝜏𝑤 = −𝜇𝑑𝑢𝑥𝑑𝑧

𝑧=−𝐻/2
= −𝐻2 (−𝑑𝑃𝑑𝑥)

× {1 − 8
𝜋2
∞∑
𝑛=0

cosh [(2𝑛 + 1) 𝜋𝑦/𝐻]
(2𝑛 + 1)2 cosh [(2𝑛 + 1) 𝜋𝑤/2𝐻]}

(4)

The flow rate 𝑄 in the square section is as in

𝑄 = 𝑤𝐻3
4𝜇 (−𝑑𝑃𝑑𝑥)

× {13 −
64𝐻
𝜋5𝑤
∞∑
𝑛=0

tanh [(2𝑛 + 1) 𝜋𝑤/2𝐻]
(2𝑛 + 1)5 }

(5)

In the 2D finite element model of tube flow, the tube
thickness is 550 𝜇m and the length is 1400 𝜇m. The wall
nonslip boundary conditions are applied along the flow
direction. The entrance boundary conditions are pressure
P=1 𝑃𝑎, and the exit boundary conditions are free. Three
mesh sizes are designed, including coarse meshes of 18.4 𝜇m,
general meshes of 9.2 𝜇m, and fine meshes of 4.6 𝜇m.

Table 1 shows the convergence analysis results of 2D fluid
meshes density. It can be seen that the solution of the 2D
finite element model of tube flow converges to the theoretical
solution by refining the mesh density. Even when the mesh
density is small, the flow rate and velocity have high accuracy.
Since the shear force is related to the first derivative of the flow
rate, it is difficult to achieve high accuracy. Only refining the
meshes can derive a more accurate shear force.

Comparing the analytical solutions and numerical solu-
tions, it comes to a conclusion that the results of finite element
analysis for such tube flow problems using ADINA software
are reliable.

2.2.3. Convergence Analysis of 2D Fluid-Structure Coupled
Finite Element Model. The fluid-structure coupling finite
element model of 2D cell shear flow interaction is shown in
Figure 2. In the flow chamber, the fluid in contact with cells
is discretized by a fine mesh to keep the mesh size of the flow
field in accordance with the cell mesh size. In this model, a
cell is represented by a semicircle, and the bottom of the cell
is completely fixed on the base of the flow chamber; i.e., cell
debonding is out of consideration.

The cell and its adjacent fluids adopt three different mesh
sizes: 0.4𝜇m, 0.8𝜇m, and 1.6 𝜇m. The responses of different
mechanical variables with different mesh sizes are extracted,
including the displacement of the cell's highest point along
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Table 1: Convergence analysis of 2D fluid meshes density.

Analytical
solution

Coarse meshes General meshes Fine meshes
Numerical
solution Error Numerical

solution Error Numerical
solution Error

Max shear stress (Pa) 1.9643E-01 1.8990E-01 -3.32% 1.9320E-01 -1.64% 1.9480E-01 -0.83%
Max flow rate
(mm/s) 2.0776E-02 2.0780E-02 0.02% 2.0780E-02 0.02% 2.0780E-

02 0.02%

volume metric
(mm3/s) 7.6179E-06 7.6094E-06 -0.11% 7.6158E-06 -0.03% 7.6174E-06 -0.01%

Flow Chamber

Z

Y

Cell

Figure 2: 2D fluid-structure coupled finite element model under share flow.

the flow field direction (y direction), the displacement of the
cell's highest point along the flow field vertical direction (z
direction), the positive pressure distribution along the cell
surface, and the fluid shear stress distribution along the cell
surface.

2.3. 3D Fluid-Structure Coupled Finite Element Model

2.3.1. Fluid Model. In the finite element simulation, the
establishment of such full-scale model of the flow chamber
requires enormous computational resources without neces-
sity. The length of the flow chamber in the finite element
model needs to be determined by theoretical deduction to
ensure that, under certain boundary conditions, the fluid can
achieve fully developed laminar flow in the chamber.

The Reynolds number Re is as in

Re = 𝜌V𝐿
𝜇 (6)

In the cell flow chamber experiment, the flow velocity V in
the tube can be estimated by the cross-section area and flow
rate of the square tube, and the width of the square tube can
be taken as the characteristic size 𝐿, while the density of water𝜌 is constant. It can be estimated that the Reynolds number of

this flow problem is 30. Generally, laminar flow is recognized
when the Reynolds number is less than 2100. For laminar
flow, there is a prediction formula to estimate the entrance
length 𝐿𝜀 required for the full development of the flow field,
as shown in

𝐿𝜀𝑑 = 0.59 + 0.055Re (7)

In this study, d is 550 𝜇m, and thus the length of the
entrance needed for the full development of the flow field is
1400 𝜇m.

According to hydrodynamic experience, if the profile
shape of velocity boundary condition applied at the entrance
approximates the fully developed velocity profile, the velocity
profile at the entrance can evolve to a fully developed velocity
profile after a very short distance. It is of great significance
to reduce the fluid field in the finite element model and thus
to save computational resources and improve computational
efficiency. The shape and size of the fully developed section
can be obtained from the results of the finite element model
of the tube flow with a length of 1400 𝜇m. Applying such
fully developed velocity profile as a boundary condition to a
shorter (200 𝜇m) flow chamber model, a reliable fully devel-
oped flow field near the cell with a smaller computational
model can be obtained.
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The wall condition is applied around the square flow
chamber; the pressure boundary condition (1400 𝜇m flow
chamber model) and the parabolic velocity boundary con-
dition (200 𝜇m flow chamber model) are applied at the
entrance; and the free boundary is set at the exit.

When determining the fluid domain, the space occupied
by cells needs to be removed. A fluid-structure coupling
boundary condition is applied to the interface between fluid
and cell.

2.3.2. Structure Model. Before establishing the final fluid-
structure coupling finite element model based on 3D recon-
structed cell configuration, a model based on hemispherical
cell configuration is established to verify the validity of the
model with simple geometric configuration.

Based on the fluid-structure coupling model of hemi-
spherical cell configuration, the fluid domain is shown in
Figure 3(a). The length of the square cross-section tube is
1400 𝜇m. Wall shear conditions are applied around the tube,
uniform velocity boundary conditions are applied at the
entrance (57.06 mm/s), and free boundary conditions are
applied at the exit. It is generally believed that the shear stress
suffered by adherent cells in microvessels is 10 dyn/cm2, and
then the flow rate in the tube can be estimated according
to the theoretical analytical relationship between the wall
shear force and the flow rate. The cell is fixed in the middle
of the lower reaches of the whole tube. Transition mesh
density technique is used to divide the spatial mesh of fluid
domain. The mesh density near the cell is high, while the
mesh density far from the cell is low.The viscosity of water at
room temperature is regarded as the viscosity of the culture
medium. The cell mesh and the fluid mesh near the cell are
densified, as shown in Figure 3(b). The cell mesh size is 0.4𝜇m.

On the basis of the model above, the initial configuration
of the cell is modified. The experimental data on the real
osteocyte is applied to reconstruct 3D cell configuration, as
illustrated in [30]. To improve computational efficiency and
ensure computational accuracy, the length of the flow cham-
ber is reduced to 200 𝜇m. At the same time, the boundary
condition of the velocity at flow chamber entrance is set as
a paraboloid, the parameters of which are determined by the
calculation results of the extracellular flow field velocity. In
the fluid field, the area near the cell needs to be meshed more
intensively. The area far from the cell can be divided into
larger meshes. The meshes in the fluid domain near the cell
can be divided into transitional meshes.

2.4. Viscoelastic Constitutive Model. Previous studies have
shown that adherent cells present certain viscoelastic proper-
ties [22, 31–33]. The standard linear solid (SLS) can be used
to describe the viscoelastic behavior of cells [34, 35], as shown
in Figure 3(c).

There are three parameters in a SLS. Establishing the
stress-strain relationship in time domain and applying the
boundary conditions under stress relaxation conditions, the
stress-strain relationship of viscoelastic materials in Laplace

space can be obtained by Laplace transformation, the simple
expression of which is shown in

𝜎 (𝑡)
𝜀0 = 𝐸𝑟𝑒𝑙 (𝑡) = 𝑘1 + 𝑘2𝑒(−𝑡/𝜏), 𝜏 = 𝜂

𝑘2 (8)

where 𝐸𝑟𝑒𝑙 is the relaxation modulus of the viscoelastic
materials, 𝜎(𝑡) is creep stress, and 𝜀0 is initial strain. It can
be seen from the expression of relaxation modulus that,
at the initial moment t=0, the elastic modulus is 𝑘1 + 𝑘2,
which is called the instantaneous modulus, while when the
time lasts for a long time, the second term of (8) becomes
0; i.e., the elastic modulus becomes 𝑘1, which is called
the equilibrium modulus. The viscous coefficient and 𝑘2
determine the relaxation response characteristic time of the
viscoelastic materials together, which describes the evolution
speed of viscoelastic materials from initial deformation to
final equilibrium.

The viscoelastic material model in ADINA software is
expressed by general viscoelastic constitutive relationship, as
shown in

𝑠𝑖𝑗 (𝑡) = 2𝐺 (0) 𝑒𝑖𝑗 (𝑡) + 2∫
𝑡

0
𝑒𝑖𝑗 (𝑡 − 𝜏) 𝑑𝐺 (𝜏)

𝑑𝜏 𝑑𝜏 (9)

𝜎𝑘𝑘 (𝑡) = 3𝐾 (0) 𝜀𝑘𝑘 (𝑡) + 3∫
𝑡

0
𝜀𝑘𝑘 (𝑡 − 𝜏) 𝑑𝐾 (𝜏)

𝑑𝜏 𝑑𝜏 (10)

Equation (9) and (10) show the relationship between
shear stress and shear modulus, and the relationship between
normal stress and bulk modulus, respectively. The shear
modulus and bulk modulus are expressed in Prony series,
respectively, as shown in

𝐺 (𝑡) = 𝐺∞ + 𝜂𝐺∑
𝑖=1

𝐺𝑖𝑒−𝛽𝑖𝑡 (11)

𝐾 (𝑡) = 𝐾∞ + 𝜂𝐾∑
𝑖=1

𝐾𝑖𝑒−𝛾𝑖𝑡 (12)

The parameters in Prony series characterize the mechan-
ical properties of viscoelastic materials. Assuming that cells
are nearly incompressible materials, their bulk modulus can
be regarded to be very large. Thus only the shear modulus
of cells needs to be determined in the model, which can be
magnified by several orders of magnitude to represent the
bulk modulus of cells.

Retaining the constant term and the first exponential
term of the shear stress in the form of Prony series, the first
two forms of Prony series are the same as the viscoelastic
material deduced before. Through the simple equivalence
between parameters, the relationship between parameters in
Prony series and those in SLS model can be easily found, as
shown in

𝐺∞ = 1
3𝑘1

𝐺1 = 1
3𝑘2

𝛽1 = 1
𝜏 = 𝑘2𝜂

(13)
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Figure 3: 3D fluid-structure coupled finite element model under share flow. (a) Fluid field of the fluid-structure coupled finite element model
based on hemispherical cell; (b) meshing scheme of the fluid field near the cell; (c) standard linear solid (SLS) model.

To verify (13), the relaxation problem of viscoelastic
materials under uniaxial tension is studied by theoretical and
numerical methods, respectively. The theoretical solution is
shown in

𝜎 (𝑡) = 𝜀0 (𝑘𝑒 + 𝑘1𝑒(−𝑡/𝜏)) , 𝜏 = 𝜂
𝑘1 (14)

According to (13), a set of SLS parameters are transformed
into parameters in Prony series and input intoADINAmodel.
And for the same relaxation problem, the theoretical and
numerical solutions are obtained, respectively, which are in
good agreement as shown in Figure 4. Thus the relationship
in (13) is valid.

2.5. Identification of Viscoelastic Parameters of a Cell. A fluid-
structure coupled finite element model based on 3D cell
configuration is established. Applying the same boundary
conditions to the model as in the experiment and assigning
certain values to the parameters of the cell viscoelastic model(𝑘1, 𝑘2, 𝜂), the mechanical response of an osteocyte under
the selected material parameters can be calculated. If the
mechanical response is the same as that of the cells measured
in the experiment, the selected parameters can be considered
to be able to characterize the mechanical properties of the
osteocyte.

The overall framework of the method determining the
viscoelastic parameters is shown in Figure 5. After estab-
lishing the fluid-structure coupling model for cell shear flow
interaction, a set of estimated values of the three parameters
osteocyte is given directly and then input into the finite
element model for calculation. These parameters determine
the 3D configuration of the cell under shear stress in the
fluid-structure coupled finite element model. Meanwhile, the
deformation process of cells under the fluid is observed
by a self-built quasi-3D cell microscopic system, as illus-
trated in [29]. Quantitative data of cell deformation can be
obtained by directly processing the cell images obtained in
the experiment. Comparing the cell deformation configura-
tions obtained from the finite element model based on the
estimated values of three parameters with the experimental
data, if they agree with each other well, the estimated values
are taken as the viscoelastic parameters of the osteocyte, while
if there is still a large gap between them, the viscoelastic
coefficients will be reestimated until the proper values of the
three parameters are determine.

Through literature research, we have known the general
range of mechanical parameters of osteocytes, which is below
1kPa for suspended or partially adhered osteocytes [36, 37].
That is to say, we choose the initial value by prior knowledge.

After applying the methodology on three osteocytes,
three viscoelastic parameters of each cell were obtained.

2.6. Calibration of Fluid-Structure Coupled Finite Element
Model

2.6.1. Calibration of 2D Model. Table 2 shows the calculated
values of the fluid-structure interaction model under three
groups of meshing. It can be seen that shear stress and pres-
sure dependmore on themeshes than cell displacement. Such
phenomenon is easy to understand in numerical calculation.
Since stress is related to the first derivative of the flow velocity,
the stress loses the first-order accuracy in the process of
deriving the velocity. Therefore, it is necessary to study the
influence of finermeshes on the shear stress and normal stress
for the model.

As can be seen from Figure 6(a), the pressure distribution
on the cell surface remains basically constant as themesh size
decreases to less than 0.4𝜇m; i.e., the pressure response on the
cell surface has reached a convergent solution.

As shown in Figure 6(b), the shear stress in the central
part of the cell increases slightly and that in the bilateral
part of the cell decreases slightly as the mesh size decreases
from 1.6 𝜇m to 0.1 𝜇m. When the cell size is less than 0.4𝜇m, the distribution of shear stress does not change except
for the small area at the top of the cell, which means that
the shear stress on the cell surface basically converges. The
distribution of shear stress at the top of cells has always been
dependent on the scale of the mesh, which may be related
to the inflection point of the wall boundary conditions. It is
believed that it is no longer meaningful to reduce the mesh
to capture the convergent solution of the shear stress. The
stress and the corresponding deformation of the whole cell
are concerned primarily, so it can be regarded that the shear
stress distribution on the cell surface converges when the cell
size is less than 0.4 𝜇m.

In Table 3, the stability of the fluid-structure interaction
model in calculating the pressure and shear stress distribution
along the cell surfacewith differentmesh sizes (0.1𝜇m, 0.2𝜇m,
0.4𝜇m, 0.8𝜇m, and 1.6𝜇m) is summarized. The calculation
shows that the shear stress is relatively dependent more on
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the mesh, and its convergence rate is relatively slow with
the decrease of the mesh size. In view of the whole cell
deformation, rather than the local stress on cell surface, it can
be concluded that when the mesh size is 0.4 𝜇m, the pressure
and shear stress on cell surface converge.

2.6.2. Calibration of 3D Model. Inputting a set of three
viscoelastic parameters of cell viscoelasticity into the fluid-
structure coupling finite element model of cell shear
flow interaction, the cell deformation information can be
obtained, as shown in Figures 7(b)–7(g), in which colors
represents the displacement information of cells along the
direction of flow. The redder the color is, the larger the
displacement is. It can be seen that the displacement at the
top of the cell along the flow direction is the most significant,
which is consistent with the experimental results.

The top area of the cell is chosen to represent the
deformation of the whole cell configuration since it is the
most obvious area of deformation and the displacement
information here fully reflects the characteristics of the whole
cell deformation. Figures 7(a) and 7(b) show the microscopic
image of this area obtained in the experiment and the
calculation results from the finite element model. Besides,
the displacement of the cells along the flow direction is
significant under the shear stress, while the displacement
along the vertical direction of the flow field is small, so only
the displacement of the cells along the flow direction is taken
into account.

The relationship between the relaxation modulus of
viscoelastic materials along the time is shown in (8).

In the following study of the three viscoelastic parameters
of the cell, the range of the parameters found in previous
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Table 2: Convergence analysis of fluid-structure interaction model of cell shear flow with three meshing methods.

0.4𝜇m 0.8𝜇m 1.6𝜇m
Calculated Value Calculated Value Error∗ Calculated Value Error∗

Horizontal Displacement (𝜇m) 0.0772 0.0753 -2.46% 0.0711 -5.58%
Vertical Displacement (𝜇m) -0.0121 -0.012 -0.83% -0.0119 -0.83%
Shear Stress (Pa) 2.2 2.03 -7.73% 1.77 -12.81%
Maximal Stress (Pa) 3.59 3.7 3.06% 3.86 4.32%
Note: ∗ refers to the relative error between the calculated value under the mesh density and that under the adjacent fine meshes; and all the physical quantities
are from the highest point of the cell.

Table 3: Convergence analysis of fluid-structure interaction model of cell shear flow with 5 different mesh sizes.

0.1𝜇m 0.2𝜇m 0.4𝜇m 0.8𝜇m 1.6𝜇m
Calculated

Value
Calculated

Value Error∗ Calculated
Value Error∗ Calculated

Value Error∗ Calculated
Value Error∗

Shear Stress (Pa) 2.38 2.3 -3.36% 2.2 -4.35% 2.03 -7.73% 1.77 -12.81%
Maximal
Pressure (Pa) 3.56 3.58 0.56% 3.59 0.28% 3.7 3.06% 3.86 4.32%

Note: ∗ refers to the relative error between the calculated value under the mesh density and that under the adjacent fine meshes; and all the physical quantities
are from the highest point of the cell.

studies are taken as [29, 38].When adjusting 𝑘1, the other two
parameters are kept constant, 𝑘2 = 600 Pa and 𝜂=1000Pa⋅s.
Thedisplacement at the top of the cell along the flowdirection
is shown in Figure 8(a). In the second half of the observed
response curve, it can be found that 𝑘1 significantly affects
the response of the cell after equilibrium state, and 𝑘1 slightly
affects the initial deformation response at the starting point
of the curve. Thus the equilibrium response of the cell can be
reduces by increasing 𝑘1.

Adjusting the value of 𝑘2 and keeping the other two
parameters constant, 𝑘1=120Pa and 𝜂=1000Pa⋅s, the displace-
ment at the top of the cell along the flowdirection is extracted,
as shown in Figure 8(b). At the starting point of the response
curve, it can be found that 𝑘2 significantly affects the initial
deformation response of the cell. From the second half of the
response curve, it can be seen that 𝑘2 basically does not affect
the response of the cell after equilibrium state.Thus the initial
deformation response can be reduced by increasing 𝑘2.

Adjusting the value of the viscosity coefficient 𝜂 and
keeping the other two parameters constant, 𝑘1=120 Pa and𝑘2=600 Pa, the displacement at the top of the cell along the
flow direction is extracted, as shown in Figure 8(c). At the
starting point of the response curve, it can be found that𝜂 does not affect the initial deformation response of the
cell. Then it can be observed that, with the increase of the
viscosity coefficient 𝜂, the velocity of the cell which tends to
equilibrium state slows down and the time needed to reach
equilibrium is prolonged.

Through the study above, the effects of each parameter
of the three viscoelastic parameters on the cell mechanical
response under shear flow are understood, which helps to
estimate the increment of each parameter according to the
mechanical response of the cell and then to determine the
optimal combination of the three viscoelastic parameters
efficiently.

3. Results and Discussion

A specific osteocyte is selected to extract the displacement
at the top area of the cell along the flow direction from the
experimental results, as shown in Figure 9(a). The displace-
ment response is typical as viscoelastic materials, which is
also similar to the deformation response curve observed by
other researchers [38].

According to previous reports on cell viscoelasticity, the
first group of viscoelastic parameters called M1 is estimated
firstly. The mechanical response of the cell represented by
M1 in the fluid-structure coupled finite element model is
shown in Figure 9(b). It can be seen that there is a certain
gap between the mechanical response of the cell based onM1
and that of the cell in the experiment.

When estimating the viscoelastic parameters of the cell
for the second and the third time, the values of 𝑘1 and 𝑘2 are
reduced to a greater extent, and the value of 𝜂 is increased
slightly. Finally, the mechanical response of the cells repre-
sented by the selected viscoelastic parameter combinationM3
is in good agreement with that of the cells in the experiment,
as shown in Figure 9(c). Therefore, it is considered that the
parameters of M3 represent the viscoelastic properties of
the cell well, which are the viscoelastic parameters for the
osteocyte numbered #01.

The process above shows the determination method for
viscoelastic parameters of a particular cell.The actual process
has undergone more iterations, and only three representative
steps are presented here.

Even for the same kind of osteocyte, each osteocyte
has different mechanical properties and responds differently
to the same external mechanical stimuli. But interestingly,
the adherent osteocytes show viscoelastic characteristics of
delayed response to load. Figure 9(d) shows the response of
three different osteocytes to the same fluid shear stress in
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the experiment, where the vertical coordinates of the curve
indicate the displacement at the top area of the cell along the
flow direction.

Three osteocytes are analyzed, and the final simulative
and experimental results are shown in Figure 9(d). The
identification results of the three parameters of viscoelasticity
corresponding to these three osteocytes are shown in Table 4.
Among the three parameters of osteocyte viscoelasticity, both𝑘1 and 𝑘2 are in the order of several hundred Pa and 𝜂 is in
the order of kPa⋅s.

Our results are consistent with previous understanding of
osteocytes elastic parameters. Many scholars believe that the
stiffness of suspended or partially adhered osteocytes is below
1kPa, while that of fully adhered osteocytes is above 1kPa
[36, 37]. The difference between our study and traditional
studies on the mechanical properties of osteocytes is that we
not only measured the elastic parameters, but also obtained
the viscosity parameters of the cells. We believe that the
viscosity parameters of cells might be an important indicator
of cell mechanics and mechanotransduction.
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Figure 8:The influence of viscoelastic parameters on the cell mechanical response under fluid shear stress: (a) 𝑘1 is changed; (b) 𝑘2 is changed;
(c) 𝜂 is changed.

Table 4: Identification results of three viscoelastic parameters for osteocytes.

Cell#01 Cell#02 Cell#03 Average
(n=3)

𝑘1 (kPa) 0.11 0.17 0.18 0.15±0.02
𝑘2 (kPa) 0.70 0.35 0.80 0.62±0.14
𝜂 (kPa⋅s) 0.85 1.3 2.0 1.38±0.33
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Figure 9: Comparison between the displace response of the cell in the fluid-structure coupled finite element model and those from the
experimental results. (a) The displacement at the top area of the cell along the flow direction from the experimental results for #01 osteocyte;
(b) using first group of viscoelastic parametersM1 for #01 osteocyte; (c) the process of three optimization iterations; M1, M2, andM3 are three
groups of decision variables for #01 osteocyte; (d) comparison results for three different osteocytes (#01, #02, and #03).

Some scholars may wonder why a simpler linear vis-
coelastic constitutivemodel is chosen to study the viscoelastic
behavior of cells here. When we carried out the research,
we also tried different viscoelastic constitutive models to
describe the cell mechanics properties. After going through
lots of literatures, we decided to adopt a linear viscoelastic
model with only three mechanical parameters, because the
form of linear viscoelastic model is simple, the mechanical
significance of each parameter is clear, and the three param-
eters can be measured through well design experiments
one by one. Although more complex nonlinear viscoelastic

models may describe viscoelastic behavior more realistically,
the corresponding meaning of each parameter is not easy
to recognize, nor is it easy to determine the parameters
through experiments. Therefore, we finally choose the linear
viscoelastic constitutive model in this study.

Instead of using the current popular optimization algo-
rithms, such as genetic algorithm, ant colony algorithm, and
other global optimal algorithms, we adopted the basic idea of
optimization to find the viscoelastic mechanical parameters
of cells. The reasons come from three aspects. First, we have
mastered the mechanical significance of the three parameters
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in the linear viscoelastic model and can predict the changes
in the mechanical behavior of cells caused by the changes
in parameters. Secondly, through literature research, we
have known the general range of mechanical parameters of
osteocytes. We only need to search within this range, and
the optimal solution found could be considered as the global
optimal solution. Thirdly, the 3D fluid-solid coupling model
requires a large amount of calculation, and optimization
methods such as genetic algorithm and ant colony algorithm
need tens of thousands of iterations to get better optimization
results, so the calculation cost is too high. Based on the above
three reasons, we choose the optimization algorithm based
on manual judgment of optimization direction and step size
in this paper.

4. Conclusion

A methodology to identify the viscoelasticity of a cell is
proposed in this study. A flow chamber experiment is firstly
carried out, and the deformation of the cell under shear flow
is observed by a quasi-3D microscopy system. Meanwhile,
a fluid-structure coupled finite element model is established
using SLS assumption. The deformation of the cell simulated
by the FE model is compared with the observation in the
experiment. The three viscoelastic parameters are adjusted
based on the comparison between the displace response of
the cell in the fluid-structure coupled finite element model
and that from the experimental results until the simulative
and experimental results accord with each other, when the
parameters in the FE model can be regarded to be able to
represent the viscoelasticity of the cell. The methodology
is applied on osteocytes, which have been hypothesized as
mechanosensors in bone. The results indicate that both 𝑘1
and 𝑘2 of an osteocyte are in the order of several hundred
Pa and 𝜂 is in the order of kPa⋅s. The methodology proposed
in this study can be generalized to identify the viscoelasticity
of any other cells. The methodology for measuring the
mechanical properties of cells developed in this paper should
be developed towards the aspect of rapid and real-time
measurement, which may contribute to the disease detection
methods with cell mechanical parameters as indicators in the
future.
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Decellularized vascular scaffolds are promising materials for vessel replacements. However, despite the natural origin of
decellularized vessels, issues such as biomechanical incompatibility, immunogenicity risks, and the hazards of thrombus formation
still need to be addressed. In this study, we assess the mechanical properties of two groups of porcine carotid blood vessels: (i)
native arteries and (ii) decellularized arteries. The biomechanical properties of both groups (n = 10, sample size of each group) are
determined by conducting uniaxial and circumferential tensile tests by using an ad hoc and lab-made device comprising a peristaltic
pump that controls the load applied to the sample.This load is regularly incremented (8 grams per cycle with a pause of 20 seconds
after each step) while keeping the vessels continuously hydrated. The strain is measured by an image cross-correlation technique
applied on a high-resolution video.Themechanical testing analyses of the arteries revealed significant differences in burst pressure
between the native (1345.08±96.58 mbar) and decellularized (1067.79±112.13 mbar) groups. Moreover, decellularized samples show
a significantly lower maximum load at failure (15.78±0.79 N) in comparison with native vessels (19.42±0.80 N). Finally, the average
ultimate circumferential tensile also changes between native (3.71±0.37 MPa) and decellularized (2.93±0.18 MPa) groups. This
technique is able to measure the strain in the regime of large displacements and enables high-resolution image of the local strains,
thus providing a valuable tool for characterizing several biomechanical parameters of the vessels also applicable to other soft tissue
presenting hyperelastic behaviours.

1. Introduction

Arterial graft remains the primary therapy for patients
with advanced cardiovascular disease. The ongoing need for
arterial conduits is due to the poor clinical efficacy of existing
synthetic grafts in small diameter artery applications around
(∼ 5 mm) [1, 2]. Besides, many patients with pathological
arterial walls need an efficient replacement based on tissue

engineering procedures [3–5]. In particular, tissue engineer-
ing has been successfully applied to fabrication of printed-
based matrices for developing useful implants [6, 7].

The arterial graft typically involves a decellularization
procedure depending on the geometrical shape and the
biomechanical properties of the required tissue [8]. More-
over, the process of acquiring native arteries and their
decellularization requires a difficult methodology, not always
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put into practice in an optimum manner. In this study, we
explore the possibility of obtaining porcine decellularizated
arteries by applying an enzymatic digestion and detergent
extraction procedure [1, 9, 10]. This process is able to provide
implants to patients similarly to those made of synthetic
materials, once the demanded biomechanical resistance is
known. Some authors have also studied the fabrication of a
hybrid tissue vascular graft by applying polymerized coatings
on the outside of different aortic or carotid decellularized
vessels, which significantly enhances their biomechanical
behaviour [2, 11].

Theoutstanding role of assessing the biomechanical prop-
erties of biological specimens (in this case, different arteries)
justifies the application of the mechanics of continuous
media formalism. Particularly, it has been used to describe
the results from several mechanical tensile tests aiming at
retrieving the stiffness and elasticity of the samples. Typically,
the mechanical characterization of the blood vessels has
been obtained without taking into account the resolution
of the displacements in axial or circumferential tests [12–
14]. The error introduced by an inaccurate distance mea-
surement is translated into significant misleading variations
of the mechanical parameters. In this regard, we propose
an image cross-correlation algorithm to improve the strain
tracking experienced by the sample during the stress tests,
thereby providing a high-resolution characterization of their
mechanical parameters. The researchers that may introduce
these mechanical concepts in the field of tissue engineering
or clinical practice need this accurate characterization of the
mechanical properties [15–17].

Soft tissues (such as blood vessels), understood as hyper-
elastic materials when subjected to uniaxial loads, are char-
acterized by relevant shape changes as well as a strongly
nonlinear response. Hyperelastic materials experience a great
strain when a load is applied. Nevertheless, once the load is
removed they return to a position very close to the initial one.
On the other hand, when cyclical loads are applied to these
materials, a considerable dissipation in the energy is exhibited
as a response to the stress. The realization of this work
has been based on the functions of the deformation energy
suitable for soft tissues study developed by Holzapfel, Ogden,
and Vito [18–21]. In this way, a semianalytical description of
constitutive equations for soft tissues is explored and then it
has been applied to develop a new technique for measuring
the strain in mechanical tensile tests.

The remainder of the paper is organized as follows. Sec-
tion 2 briefly describes themechanical behaviour of the artery
along with the derivation of its stress tensor. Next, Section 3
is devoted to the strain tensor. Then, Section 4 includes
the experimental setup, the preparation of the biological
samples, and the details of the statistical analysis performed
in the experiment. Later, Section 5 describes the image cross-
correlation algorithm proposed in this work for a better
characterization of the sample mechanical properties. The
following section includes the results from the mechanical
tests along with the histological comparisons between native
and decellularized vessels. Finally, Section 7 summarizes the
main conclusions of the study and paves the way for future
work.

2. Biomechanical Stress Tensor on
Arteries Samples

The methodology applied for the mechanical characteriza-
tion is based on the stress-strain curve analysis of the sample
tested until failure. As later explained in Section 4.1, this
curve is obtained by applying a loading stress to the sample
and recording a process by a camera, therefore obtaining a
2D image for each load value applied to the specimen. For
this purpose, Cauchy stress has been considered the most
appropriate since it corresponds to the force or load divided
by the area of the section of the sample as follows:

𝜎 = N
A
, (1)

where 𝜎 is known as Cauchy stress, N is the applied force
(in our experiments it corresponds to the load applied to the
blood vessel in each measurement), and A is the area of the
sample section. Consequently, 𝜎 is calculated by taken into
consideration the geometry of the sample.

In particular, the porcine vessels exhibit the strain-stress
curve displayed in Figure 1. In this representation, two differ-
ent behaviour phases can occur depending on the amount of
strain experimented by the sample, as explained in [22, 23].
Firstly, for low values of the strain a linear region exists in
which the elastin composition prevails in the mechanical
response of behaviour of the artery which is the collagen
composition. By linear fitting of each region it is possible to
obtain the value of Young’s modulus that characterizes the
elastin and collagen phases, respectively. Collagen Young’s
modulus is much larger than its elastin counterpart, thus
implying a lower stiffness of the sample in this phase.
Therefore, the collagen phase is chosen because in the elastin
phase there are not enough significant points to approximate
with reliably. Besides, this elastin phase is considered when
the sample has less rigidity and the hyperelastic model is
better fit with collagen region.

Moreover, it is also important to obtain the strength of
the material (Fm) as the maximum load to failure, so that if
the loading stress continues then the material breaks. Other
relevant parameters are the ultimate tensile strength (UTS)
defined as Sr = Fm and the elongation under maximum load,
as explained later. Furthermore, the true (or logarithmic)
deformation d𝜀 is defined as the ratio between the increase
in length (△l) and the length of the sample (l) at any instant,

d𝜀 = △l
l
, (2)

The values of engineering (d𝜀) and logarithmic (s) deforma-
tions are related according to the following expression:

s = ln(1 + △l
𝑙0 ) , (3)

From the values (F, △l) obtained in the mechanical test, one
is able to plot the uniaxial component of tensors of Cauchy
(𝜎) and the finite strain tensors (s) as displayed in Figure 1,
thus obtaining its characteristic points (basically, the point
in which the material suffers the mechanical failure and the
point of the transition between elastin and collagen regions).
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Figure 1: Theoretical stress-strain relationship for an elastic swine
vessel reported by Garcia Herrera [22, 23]. Different Young’s
modulus values, E1 and E2, characterize the regions in which
the mechanical behaviour is dominated by elastin and collagen
composition of the vessel, respectively. These regions are separated
by a critical point of the curve of stress-strain (𝜀

1,𝜎1) and the collagen
phase ends abruptly when the failure of the material occurs (𝜀r,𝜎r).

3. Biomechanical Strain Tensor Calculation on
Arteries Samples

From the previous section we have derived an expression for
the Cauchy stress that depends on the strain tensor. Let us
now define two Cartesian directions, a and b (in our case the
plane defined by ab corresponds to the XY plane, since the
2D image is recorded in the plane parallel to the force applied
to the specimen). The plane ab is discretized by defining a
2D mesh within a region of interest (ROI, denoted as x)
distributed along the aforementioned directions. Then, both
the deformation gradient (F) and the Green-Lagrange axial
deformation (S) are obtained to estimate the deformation of
the specimen.

First, the deformation gradient of the region of interest in
the direction a regarding the address b is a tensor given by

𝐹𝑎𝑏 = 𝜕𝑥𝑎
𝜕𝑥0
𝑏

, (4)

where in the previous expression the superscript 0 refers to
the position at the initial instant of the experiment. Fab is
a Jacobian matrix or deformation gradient that acts as an
operator transforming certain initial vectors (belonging to
the environment of a point) from a reference configuration
into the corresponding vectors in a final configuration. In this
case, the initial state is when any deformation is applied to
the sample whereas the ending state is measured after several
successive deformations even leading to the failure of the
material.

For the computational calculation, (4)must be discretized
but this procedure is nontrivial. Since we move in a 2D plane,

one can define the four components in which Lagrangian
notation is applied as

𝐹𝑘
11
(i, j) ≈ 𝑥𝑘

1
(i, j) − 𝑥𝑘

1
(i, j + 1)

𝑥0
1
(i, j) − 𝑥0

1
(i, j + 1) , (5)

𝐹𝑘
12
(i, j) ≈ 𝑥𝑘

1
(i, j) − 𝑥𝑘

1
(i, j + 1)

𝑥0
2
(i + 1, j) − 𝑥0

2
(i + 1, j) , (6)

𝐹𝑘
21
(i, j) ≈ 𝑥𝑘

2
(i, j) − 𝑥𝑘

2
(i, j + 1)

𝑥0
1
(i, j) − 𝑥0

1
(i, j + 1) , (7)

𝐹𝑘
22
(i, j) ≈ 𝑥𝑘

2
(i, j) − 𝑥𝑘

2
(i + 1, j)

𝑥0
2
(i, j) − 𝑥0

2
(i + 1, j) , (8)

with i and j being the original coordinates representing the
recorded ROI of the specimen (therefore, it is an immobile
reference) and the superscript k denotes the video frame of
the sequence of the experiment (k = 0 is the initial frame)
since the stress 𝜎 is evaluated for each load increment in the
tensile test. On the other hand, subscripts 1 and 2 denote,
respectively, the X and Y Cartesian directions to which the
deformation of the analyzed ROI points. Note that in this
formulation the initial position of the specimen (superscript
0) has been defined as reference. These expressions justify
the need for the application of an interpolation between
frames k to facilitate the convergence. Note also that if the
denominator reaches an extremely low value, then the value
of F would be too large. To avoid this, the amount of load
applied between consecutive video frames must be appropri-
ate for linearly fitting the strain (and the deformation tensor
components). Once the deformation gradient is computed,
then Green-Lagrange strain can be derived as

𝜀 = 1
2 (𝐹𝐹

𝑇 − 𝐼) (9)

in which I denotes the identity matrix and T superscript
is the transposed matrix. Physically, the strain 𝜀 represents
the quadratic difference between the lengths of deformed
and nondeformed state; that is to say, this tensor measures
the difference between the squares of differential surface
elements in both cases.

By considering that our interest lies in the deformation in
the direction in which the load is applied to the sample, then
(9) is simplified to

e = △l
𝑙0 = l − 𝑙0

𝑙0 , (10)

where e is the elongation atmaximum load. For the particular
case of a vessel sample let us assume that it has a thin wall;
namely, its thickness is lower than one tenth of its length
(see [24]).This approximation allows for the treatment of the
wall as a surface and is subsequently using the Laplace-Young
equation to estimate the circumferential stress created by an
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internal pressure (burst pressure) in a thin-walled cylindrical
pressure vessel as shown below

Tc = 𝑃𝑟
𝑡 →

𝑃 = 2tTc
r

,
(11)

where Tc = 𝑁/𝐴 is the circumferential stress, P is the
pressure, r is the radius, and t is the sample thickness. Note
that double the thickness has been considered in (11) due
to the form of adjusting the sample (ring) to the clamps, as
further explained in Section 6.2.

4. Materials and Methods

4.1. Mechanical Testing. The theory of large strains has been
applied for studying carotid vessels of swines as hyperelastic
materials, in order to test their tensile strength and elongation
at fracture. The samples have been grouped into two groups,
native and decellularized arteries, further referred to as
NA and DA, respectively. The main objective of this study
is evaluating the impact of the arteries decellularization
procedure on their mechanical properties. In particular, this
analysis requires the following:

(1) Stress rupture testing of each type of artery by cal-
culating the maximum tensile load required for the
fracture.

(2) Computing the modulus of elasticity NA and DA
vessels.

(3) Extracting the hydrostatic pressure from arteries
under circumferential tension.

(4) Analyzing the relationship between the mechanical
properties and histological analyses of vessels.

To carry out these goals, the strain-stress curve of each
sample needs to be measured. With this purpose, the tensile-
compression press included in Figure 2 has been arranged for
the mechanical test of the samples. In particular, it includes
the bars that support the entire setup, a water container to
apply a load to the vessel and another bucket filled with
water acting as a counterweight. The press, as indicated in
Figures 2 and 3(a), consists of two clamps fabricated in epoxy
resin for favoring the fastening of the arteries. The vessel
sample remains fixed by means of PLA-printed holders (see
Figure 3(b)) that prevent the artery from torsion and other
undesired movement.

A peristaltic pump (controlled by an Arduino microcon-
troller) is used to increase the load gradually at 8 grams
increments, while keeping the vessels continuously hydrated.
After each load step, a pause of 20 seconds has been set in
order to stabilize the system and avoid undesired rheological
phenomena or oscillations that may hinder the tracking. It
is worth pointing out that such a small load increment has
been chosen because when the motion between consecutive
frames is excessively large, a nonlinear regime of movement
may occur.

Then, the deformation has been measured by recording a
high-resolution video and obtaining the displacements from
the recorded images as previously reported [2, 25, 26]. In
particular, we apply a cross-correlation image algorithm that
is described thoroughly in Section 5 for strain measurement.
This video is triggered at the beginning of pumping and
custom image capture software is used to record at a rate
of 1 frame per load increment until the sample breakdown.
A conventional camera (IPEVO Ziggi-HD High Definition
USB CDVU-04IP model, 5 Mpix, 1280×720 resolution) has
been used to acquire the image sequence in the parallel plane
with respect to the surface in which the deformation tensor is
measured. Finally, it is worth underlining that the preparation
of the experiment is essential and includes some basic steps:

(i) By engraving the vessel with a speckle or random
dot pattern the monitorization of the strain of dif-
ferent regions of the sample is facilitated. Taking into
account the fact that the strain is measured by using
a cross-correlation technique (as explained in Sec-
tion 5), if more details are added to the vessel then this
algorithm works better as more characteristic points
can be followed with the tracking procedure. The
analysis of an image sequence based on correlation
works better if some details of the sample changes
during the experiment, as this operation highlights
the morphological differences that have occurred. As
the surface of the sample is flat and without any
striking feature, the staining is mandatory if a reliable
strain assessment is needed. In this case, acrylic black
paint has been used to apply the pattern over the
sample and then the sample is dried out a fewminutes.

(ii) A uniform background and illumination throughout
the entire experiment help to maintain an optimum
contrast in the recorded image

(iii) The arteries must be kept continuously hydrated to
maintain their mechanical properties, for instance,
by spraying them with PBS during the mechanical
test.Thanks to the waterproof capability of the acrylic
paint, once the artery is stained the pattern is not
removed with the PBS, thus providing an enduring
marking of the sample.

(iv) All the blood vessels are cut with the same mold (see
Figure 3(c)) for tailoring them and maintain similar
dimensions, thus controlling the area of theminimum
section where each one break.

4.2. Tissue Harvest and Preparation. Porcine carotid arter-
ies are obtained from a slaughterhouse and transported
to the laboratory stored in cold PBS with 1% peni-
cillin/streptomycin. Immediately after arrival, carotid arteries
are cleaned to remove the excess of connective and adventitial
tissues. Next, the carotid arteries are rinsed in sterile PBS
and cut into segments of 3-5 cm in length and 3-4 mm in
diameter. Finally, they were immediately frozen in PBS at
-80∘C for later use; it has been previously shown that the
freeze-and-defrost process does not significantly affect artery
mechanics [26–28]. At the time of testing, specimens were
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Figure 2: (a) Press setup comprising clips and fasteners for holding the sample attached to several weights and counterweights for controlling
the applied load. The data are sent to a computer and processed with MATLAB. (b) Schematic representation of the whole measurement
system.The artery suffers an increasing load and the process is registered by a camera. (c) Placement of the sample into the clamps to undertake
the uniaxial tensile experiment.

thawed in a 37∘C water bath and tested within 1 h of thawing
[29].

4.3. Decellularization Process. The decellularization process
of carotid tissue samples is performed as previously described
[2] using enzymatic digestion and detergent extraction.
Carotid arteries were immersed in deionized water for 24
h at 4∘C followed by treatment with 0.05% Trypsin with
0.02% EDTA (Sigma Aldrich, St. Louis, MO, USA) for 1 h
at 37∘C. After a short rinse in PBS to remove trypsin excess,

the samples are treated with a solution of 2% Triton X-100
and 0.8% ammonium hydroxide (Sigma) in deionized water
for 72 h at 4∘C. This solution has been changed every 24 h.
After the decellularization, samples werewashed in deionized
water three times, for 24 h each, to remove chemical residues.
All these steps of the preparation are carried out under
continuous shaking except trypsin incubation.

4.4. Histological and Immunofluorescence Analyses. Samples
were fixed in 4% paraformaldehyde, embedded in paraffin in
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(a)

(b)

(c)

Figure 3: (a) Close-up view of the camera attached to the press setup for performing the tracking of themotion. (b)Vessel sample placed in the
press during a test. Note that a random speckle pattern has been impressed over it to ease the strain tracking with the image cross-correlation
algorithm. (c) Mold printed in 3D with polylactic acid (PLA) to maintain the dimensions of the samples.

an automatic tissue processor (TP1020, Leica, Germany), cut
into 5 mm sections, and stained with Hematoxylin and Eosin
(H&E) and Masson’s Trichrome as previously reported [30].
Images are acquired with an inverted microscope (Nikon
H550s, USA).

4.5. Scanning Electron Microscopy (SEM). Arteries are
washed twice with 0.1 M cacodylate buffer (Sigma) and
fixed with 2.5% (w/v) glutaraldehyde in 0.1 M cacodylate
buffer (pH 7.4; Poly-sciences, Warrington, PA) for 4 h at 4∘C.
Thereafter, samples are rinsed several times with sodium
cacodylate buffer. After fixation, samples are postfixed with
1% w/v osmium tetroxide for 1 h RT, dehydrated stepwise
with ethanol (50%, 70%, 90% and 100%, 15 min each), critical
point dried in CO2, and gold coated by sputtering. Finally,
the images are examined by using a FEI Quanta 400 scanning
electron microscope (Oregon, USA).

4.6. Statistical Analysis. Each experiment has been con-
ducted with 10 samples. Results are presented as mean ±
standard deviation (SD). A Student’s t-test is used to test
the significance level between specific cases. The results are
considered significantly different at p-values p < 0.05(∗) and
p < 0.01(∗∗).

5. Image Cross-Correlation Algorithm for
Strain Tracking

Traditionally, obtaining precise strain measurements during
uniaxial tensile testing can be performed by clamping a
strain gauge to the sample. Nevertheless, here we aim at
obtaining a contactless strain measurement, whereby we
need laser extensometers or a recording of digital images
series and then applying a digital image correlation software;
see [31, 32]. The most conventional correlation algorithms
monitor the positions of two parallel markers during the
experiment (for instance, comparing an intensity profile
along the tensile direction), and hence the strain of the
sample can be calculated. According to previous works [32],
one of the main difficulties for strain assessment based on
correlation occurs when the deformed area of the sample is
large to hinder the matching of consecutive images. In this
regard, our protocol of measurement is robust thanks to the
speckle engraving of the sample.

As previously explained in Section 4.1 and sketched in
Figure 2(b), a press system has been designed for conducting
different mechanical test over the vessel samples. Note that it
is important to choose an appropriate distance for recording
so that the failure of the sample occurs far from the edges of
the image and at the same time make the most of the camera
field of view. Moreover, for obtaining a good calibration for
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Figure 4: Flowchart summarizing the algorithm of cross-correlation for finding the strain from an image sequence.

the measurement of the strains, the pixel size of the camera
and its resolutionmust be taken into account or, alternatively,
an object of known dimensions can be included in the
recorded field of view. In this way, it is possible to correlate
the measurement in pixels registered by the camera and the
real distances. After the acquisition of this image sequence,
a tracking algorithm based on image cross-correlation is
applied sequentially between each consecutive pair of frames
of the sequence. This algorithm, also summarized in the
flowchart from the Figure 4, follows these steps:

(1) We start with a sequence of N input images that
contains a recording of all the experiment. If they are

inRGBcolor (as in our case), they are firstly converted
to grayscale.

(2) A ROI or mask is defined in the first frame of the
sequence so that all the images outside this mask are
ignored. Typically, this ROI is the middle area of the
vessel in order to circumvent unwanted border effects.
For this ROI the movement is approximated by a
piecewise linear function.

(3) A discretization is applied to transform the ROI into
an array of discrete blocks, so that the number of char-
acteristic points is reduced. The tracking algorithm is
applied to each of these blocks instead of applying it
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pixel by pixel, for alleviating its computational cost.
Note that the number of blocks should be optimized
by taking into account both the camera resolution and
the amount of strain experienced by the sample. For
instance, if the block-size is extremely small then the
ROI will contain too many blocks, thus producing an
increase in computation time. Moreover, these tiny
blocks are more prone to noise problems. Conversely,
the discretization with a small number of large blocks
is expected to hinder the most subtle movements.
Furthermore, the largest the strain is experienced by
the sample, themore the blocks are needed tomonitor
the process while minimizing in the measured dis-
tances. Consequently, there is a trade-off between the
computational cost and the precision of the tracking
algorithm. In this case, a rectangular discretization
mesh has been chosen with blocks of 8 pixels in width
by 16 pixels in height.

(4) Between each pair of consecutive frames, hereinafter
referred to as A (the first image) and B (the second
one), the motion of each block of the discretized ROI
is measured by finding the peak of cross-correlation
betweenAandB.We compute themaximumof image
cross-correlation (xcorr) to obtain themotion (strain)
that have occurred within every discretization block
of the block between A and B. One can obtain the 2D
strain as follows:

𝜀 (xk1, xk2) = max [xcorr (imagek, imagek+1)] (12)

In this way, the bestmatching between the two images
is found. It is important to highlight that, as the
images are bidimensional (2D), the correlation is also
evaluated in the 2D plane. It is worth remarking that
the speckle pattern impressed in the artery helps out
with tracking as it enhances the number of features
to be trailed unless an undesired torsion movement
occurs. Nevertheless, the two clamps that hold the
sample edges prevent this torsion from happening.

(5) Taking into consideration the fact that throughout
our experiments only uniaxial tests (e.g., along x1
axis) have been performed, then the strain in that
direction prevails over the torsion movement (along
x2 axis). Consequently, by averaging the 2Dmotion of
all the blocks one obtains the mean strain suffered by
the sample under test for the k-image of the sequence,
denoted as

𝜀k = mean [𝜀 (xk1, xk2)] . (13)

(6) Now we proceed with the following pair of images of
the sequence. The initial ROI is updated for taking
into account themeanmovement (𝜀k) experienced by
the sample in the previous pair of frames. The steps
((3)-(5)) are repeated until reaching the end of the
recorded sequence.

ROI

Holder

Tensile direction

Vessel

Figure 5: Example of vessel attached to two holders that secure
it during the uniaxial tensile experiment, thus avoiding undesired
torsion movement. The region of interest (ROI) has been delimited
by a dashed yellow line.

(7) We compute the global strain along all the experiment
by adding all the strain between consecutive images:

𝜀 =
𝑁−1

∑
𝐾=1

𝜀k (14)

Thanks to this image correlation algorithm differentmechan-
ical tests have been conducted and monitored, namely,
uniaxial test (explained in Section 6.1) and circumferential
tensile stress test (Section 6.2).

6. Results and Discussion

6.1. Uniaxial Testing. For uniaxial testing, the sample is
placed as shown in Figure 5 and stretched with the exper-
imental setup from Figure 2. From this framework it is
possible to obtain a 2D strain, but the movement along the
direction in which the load is applied has a prevailing effect
(as demonstrated in the experiment sequences displayed in
Figures 6 and 7). Consequently, only this direction is consid-
ered for the analysis. In this way, the strain-stress curve of the
samples is obtained (see an example for two arteries, one of
each group, in Figure 8(a)). Next, Young’s modulus has been
extracted as the slope of its linear region (see Figure 8(b)).We
recall that this linear region is associated with the collagen
content of the sample. In particular, from Figure 8(a) the
expected value for Young’s modulus is 4.31±0.25 MPa for
the decellularized sample and 3.11±0.15 MPa for the native
one. After computing this stress-strain curve for n = 10
samples in each category, we obtain the results included
in Figure 8(b): 4.98±0.67 MPa for the decellularized versus
3.53±0.56 MPa for the native specimens. These values are in
good agreement with the usual blood vessels range of Young’s
modulus [10, 13, 26]. The value of Young’ modulus slightly
changes when a conventional correlation algorithm based on
the tracking of two parallel markers is used. These markers
are placed in both edges of the vessel along the direction in
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(a) Load = 44.748 g (b) Load = 180.510 g

(c) Load = 260.370 g (d) Load = 340.235 g

Figure 6: Four different frames from a recording of a uniaxial tensile test in a decellularized vessel with an increasing load. The sample is
stretched in the direction marked with red arrows, and the strain tracking is enhanced thanks to the speckle pattern applied to the sample.

(a)

(b)

Figure 7: Two different frames showing the typical output of the tracking algorithm for uniaxial tensile test over an artery. Green dots
represent the center of each block in the discretized ROI and the green line represents the movement in regard to the first frame of the
recorded sequence.The reader is further referred to the video Visualization 1 in Supplementary Materials to see the whole tracking sequence.
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Figure 8: (a) Experimental stress-strain relationship for elastic swine vessels, along with the linear fitting of the curve along the collagen
region. (b) Young modulus for each group of vessels (represented as mean+-SD, (∗∗) p < 0.01).

which the load is applied. With this procedure one reaches a
value of 4.47±0.82 MPa for decellularized and 3.46 ±0.75 for
native vessels, respectively. The underestimation of Young’s
modulus is probably due to the deformation experienced by
the sample, hence obstructing the tracking of the strain. The
artery warped not only along the longitudinal direction, as
expected in a uniaxial test, but also in the traverse direction.
Moreover, by averaging several 2D blocks of the sample
instead of only using 1D intensity profile correlation-based
matching we obtain a more accurate measurement, as the
small undesired and unavoidable torsion of the sample along
the traverse direction has also been taken into account.
The deformation maps have been also analyzed for native
and decellularized arteries at several elongation ratios (see
Figure 9). An initial cross-section of 20 mm × 5 mm has been
considered for all the vessels.

Indeed, there exist relevant changes (p-values of p < 0.01
in Student’s T- test) between both groups. Therefore, it could
be interpreted as the procedure of decellularization has a
remarkable impact on elasticity.

6.2. Ring Testing. Ultimate tensile strength, maximum load
and burst pressure has been determined for ring sections
of arteries (n = 10 samples in each group), in order to test
the circumferential stress. The ring sections are prepared
as explained in Section 4.2 and mounted on custom-made
holders. Each sample is tested by applying an increasing
load until failure. The diameter, width, thickness, and length
of each sample used for the calculations aforementioned in
Section 2 are measured with a high-precision slide caliper.
The sample displacement is determined by the image cor-
relation algorithm and, in this case, the speckle pattern is

engraved in the transversewall of the ring.Wemust underline
that the mean radius of the ring samples has been used for
calculations because it represents the distance to the neutral
axis or centroid.

The burst pressure of the samples is calculated from
their maximum load to failure. We recall that twice the
sample thickness has been considered as defined in (11).
The ring is arranged wrapping the two clamps and is
stretched along a certain direction in which there is a double
layer of vessel; thus the effective thickness is twice that
of the ring. The radial stress is calculated and converted
to millibars by considering the load, the mean radius and
the circumferential UTS [9, 24, 33]. In comparison with
the uniaxial test, the circumferential mechanical proper-
ties are significantly different due to different disposal of
vessel fibers along longitudinal and circumferential direc-
tions.

The mechanical testing revealed significant differences
between NA and DA rings. As summarized in Figure 10,
there exist relevant dissimilarities between the mean burst
pressure of the native arteries (1345.08±96.58 mbar) and
the decellularized group (1067.79±112.13 mbar). Furthermore,
there also exist differences regarding the maximum load that
each type of artery can stand: the native stands 19.42±0.80
N whereas the decellularized is able to withstand a lower
value (15.78±0.79 N). Finally, the circumferential UTS is
also different, with an expected value of 3.71±0.37 [MPa]
within the native group while in the decellularized this value
decreases (2.93±0.18 [MPa]).

6.3. Histological Characterization of Native and Decellularized
Arteries. As explained in Section 4.2, the samples are first
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Figure 9: Deformation maps for a native (a) and decellularized (b) vessel, evaluated at different elongation ratios. An initial rectangular
cross-section of 20 mm × 5 mm has been considered in all cases. The rectangular grid accounts for the discretization mesh applied for the
tracking algorithm.
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(a) (b) (c)

(d) (e) (f)

20 m

(g)

50 m

(h)

Figure 11: Characterization of porcine carotid arterial tissue before and after decellularization. (a,b) Macroscopic images of decellularized
left common porcine carotid artery (artery length ∼ 50 mm; inner diameter ∼ 4 mm). Histology of porcine arteries: (c, e) native arteries and
(d, f) decellularized arteries. (c) H&E staining of native arteries. (d) H&E staining of decellularized arteries showing complete removal of
vascular cells. (e) Masson’s Trichrome staining of native arteries. (f) Masson’s Trichrome staining of decellularized artery showing collagens
fibers and no cells (20x magnification). SEM micrographs of the luminal surface: (g) native arteries and (h) decellularized arteries; scale bar
indicates 20 𝜇m and 50 𝜇m, respectively.

prepared and cut (see Figures 11(a) and 11(b)). Then, his-
tological analyses and scanning electron microscopy (SEM)
are performed on artery samples to demonstrate the efficacy
of the decellularization process in native carotid arteries.
Complete removal of vascular cells is confirmed by H&E and
Masson’s Trichrome staining after the decellularization pro-
cedure (Figures 11(d) and 11(f)) when compared with native
arteries (Figures 11(c) and 11(e)). Native arteries showed

high density of cells embedded in collagen fibers (stained
turquoise) (Figure 11(e)), while no cells were detected in the
decellularized arteries (Figures 11(d) and 11(f)). In addition,
the characteristic concentric layers of elastin (stained pink)
and collagen fibers of native arteries remained intact at decel-
lularized arteries showing the same circumferential orienta-
tion and a well preserved ECM (Figures 11(d) and 11(f)). SEM
analyses were used to further confirm the removal of the cells
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at the luminal surface and demonstrated that decellularized
arteries retain the basic extracellular microstructure (Figures
11(g) and 11(h)).

7. Conclusions

In order to provide quality criteria for natural and bio-
engineered arteries, different traction mechanical tests have
been carried out for two types of blood vessels, native and
decellularized.Themechanical properties have been analyzed
which are the UTS, Young’s modulus, maximum load at
failure, and burst pressure. To assess these parameters, several
intermediate physical measurements of the vessel samples
have been measured such as radial stress, radius, thickness,
width, and length.The stress-strain curves are also computed
based on an image cross-correlation algorithm developed in-
house, combined with a laboratory-prototyped tensile testing
machine designed for this purpose.

Strain at failure is seen to increase after decellularization
due to cell removal and increased collagen fiber mobility
along with the uncrimping of collagen fibers. After decellu-
larization the collagenmatrix remains, but other cellular pro-
teins are removed.Therefore, the amount of collagen tends to
increase as a percentage of dry weight after decellularization.
Then, the increase in stiffness in terms of elastic modulus
in the decellularized arteries may be due to the decrease in
the cell layer, leaving only a hardening collagen layer (shown
in Figure 11). Note that the results are interesting for future
experiments or biomedical applications in which different
coatings are tested to reinforce the strength of the arteries.

Several studies have shown structural alterations that
could be related to changes inmechanical properties.Though
the intention of most decellularization procedures is to
effectively remove all the cells and nuclear components while
minimize disruption to the ECM, the removal of cells can
lead to changes to native ECM structure [29]. Moreover,
depending on the decellularization method some studies
have demonstrated alterations of the ECM structure and
thus in the mechanical properties, being SDS and Triton X-
100 based protocols more suitable for maintaining the major
structure of the elastin and collagen network in the ECM[34].

In summary, this technique is able to measure the strain
in the regime of large displacements and enables high-
resolution image of the local strains. Thus, it provides a valu-
able tool for characterizing several biomechanical parameters
of the vessels (Young’s modulus, stress-strain curve, etc.) and
also other hyperelastic materials through uniaxial (or biaxial)
tension test. Finally, it is worth pointing out that with image
cross-correlation algorithm it is possible to obtain a two-
dimensional strain map, from which the heterogeneity and
several components of the strain tensor can be reconstructed
from a single measurement. In this way, it provides a 2D
tracking of the mechanical properties variations; hence a
deeper insight of the stress test is obtained.
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Visualization 1: tracking algorithm for uniaxial tensile test
until failure applied in an artery. Green dots represent
the center of each block in the discretized ROI and the
green line represents the movement apropos of the first
frame of the recorded sequence. A pause of 20 seconds has
been set between the acquisitions of consecutive frames.
(Supplementary Materials)
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[25] V.Alastrué, E. Peña,M.Mart́ınez, andM.Doblaré, “Experimen-
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Since the intricate anatomical structure of the craniomaxillofacial region and the limitation of surgical field and instrument,
the current surgery is extremely of high risk and difficult to implement. The puncturing operations for biopsy, ablation, and
brachytherapyhave become vital method for disease diagnosis and treatment.Therefore, a craniomaxillofacial surgery robot system
was developed to achieve accurate positioning of the puncture needle and automatic surgical operation. Master-salve control and
“kinematic + optics” hybrid automaticmotion control based on navigation system,which is proposed in order to improve the needle
positioning accuracy, were implemented for different processes of the operation. In addition, the kinematic simulation, kinematic
parameters identification, positioning accuracy experiment (0.56 ± 0.21mm), and phantom experiments (1.42 ± 0.33mm, 1.62 ±
0.26mm, and 1.41 ± 0.30mm for biopsy, radiofrequency, and brachytherapy of phantom experiments) were conducted to verify the
feasibility of the hybrid automatic control method and evaluate the function of the surgical robot system.

1. Introduction

With the development of modern medical technology and
the application of new technology in clinical practice,
robot-assisted surgery is widely used as supportive tool
for diagnosis, operation planning, and treatment in surgi-
cal intervention. Robot assisted puncture surgery is being
increasingly accepted as an alternative treatment for cancer
patients for surgery, especially in biopsy, thermal coagulation,
and brachytherapy [1–3]. This way benefits patients with
advantages of functional saving, symptomatic palliation, and
local disease control. The puncture surgeries for craniomax-
illofacial region usually are performed by doctors, relying
on plentiful clinical experience or various image navigation
devices. The intricacy anatomic structure, the extremely
irregular shape, and evident personalized feature in maxillo-
facial surgery bring great challenge to surgical operation [4].
In craniomaxillofacial lesions, especially recurrent maxillofa-
cial cancer, although some experienced surgeon performing
the procedure could reduce the potential risks and have
some functional results by using commercialized surgery

navigation system [5], such as BrainLab, intraoperative accu-
rate puncture is still difficult for many doctors because of the
complex tissue structure and requirements of high accuracy
puncture.

Minimally invasive surgical procedures in craniomax-
illofacial regions involve tumor biopsy, radioactive seeds
brachytherapy, and radiofrequency thermal coagulation.
Maxillofacial tumor, especially in skull base region, is one of
the most common diseases and early diagnosis is important
for treatment. With advance of minimally invasive surgery,
needle biopsy has become a widely used method for early
diagnosis. Radioactive seeds brachytherapy is well suited for
skull base tumor because, unlike traditional radiotherapy, it
does not use very high dose rates and is less likely to harm
critical organs. At present the procedures of brachytherapy
are associated with exposure to radiation. Radiofrequency
thermal coagulation faces many challenges including deep
oval foramen, long puncture path, complex anatomy, and
high precision requirements. Surgeon manually locates the
skin entry site of needle, adjusts the angulation of the needle,
and negotiates the obstruction during the puncture. These
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Figure 1: The presentation of robot assisted craniomaxillofacial surgery system.

can be great technical challenges for doctors.Needle puncture
accuracy affects surgical treatment effect and may cause
harm to the patient. Although technical assistance methods
have been provided for needle puncture surgery, including
conventional CT guide [6], individual template assistance,
and image navigation [7], accurate needle placement still
depends largely to a great extent on the surgeon’s experience
and hand-eye-mind coordination.

Surgical robots assisted craniomaxillofacial surgeries
have developed rapidly nowadays, and advanced control
technology and computer advantages greatly improve the
maxillofacial surgery, especially the complex anatomical
structure.The integration of imaging and robotic technology
as “the third hand and eye” of the surgeon can be greatly token
advantage of robotic operation, improve needle displacement
accuracy, and automatically perform the needle operation.
The robot technology iswidely known as an important instru-
ment in the maxillofacial surgery because of its increasing
advantages, such as high accuracy, stability, and flexibility
of control. In 1994 Kavanagh [8] used the image-guided
Robodoc robotic system for the first time in preclinical
trials in the field of oral and maxillofacial surgery on the
sacrum. In 1998 an interactive surgical robot system OTTO
for craniomaxillofacial, which was installed on a surgical
ceiling, was introduced by Lueth and Hein for drilling or
cutting [9]. Genden et al. used Da Vinci robot to complete
9 cases of postoperative repair and reconstruction of tumors
[10]. In 2010 Selber conducted a series of studies on the
reconstruction of oropharyngeal defect by using Da Vinci
surgical robot, including 1 case of free forearm flap, 2 cases
of free anterolateral thigh flap, and 1 case of facial artery
myomucosal flaps [11]. Theodossy et al. [12] and Omar et
al. [13] used robotic arms (FARO arms) to simulate orthog-
nathic surgery in model surgery. Chen Liming et al. [14]
combined the YaskawaMOTOMANSV3X robot with optical
navigation in Japan to simulate the craniofacial deformity on
the human skull. Boesecke et al. [15] simulated 48 robotic-
assisted implant placements that can accurately locate the

position, direction, and depth of preoperatively designed
implants and assist doctors in the preparation of implant
nests. Sun et al. [16] used a 6-degree-of-freedom Mitsubishi
robot to perform automated dental implantation. The results
showed that the registration accuracy was (1.42 ± 0.7)mm,
indicating the feasibility of robot-assisted implant surgery.
The RobaCKa robot system was developed by University of
Karlsruhe (TH) and University of Heidelberg for craniofacial
surgical osteotomy [17]. Kawana et al. [18] developed a remote
controlled haptic drilling robot for oral andmaxillofacial sys-
tem. In addition, craniomaxillofacial surgery assisted robots
have conducted extensive research in tumor treatment and
other surgeries [19–22].

In radioactive tumor brachytherapy surgery, radioactive
seeds implantation can adversely affect the operator’s health
and the potential ill effects of radiation cannot be ignored
[23–28]. The robot assisted puncture system could provide
great convenience for doctor once it can automatically per-
form needle puncture, radioactive seeds delivery and keep
the doctor at a safe distance from the radioactive seeds. At
the same time, the doctor can visualize the procedure of
needle puncture in real time and display it in the medical
image system [29]. By comparing preoperative planning and
postoperative images, the robot assisted surgery system could
verify the operation effectiveness. So we have developed a
robot assisted craniomaxillofacial surgery system and eval-
uated the feasibility and reliability of this robot system in
phantom experiments.

2. System Overview

According to the function of the surgical robot system, the
robot assisted craniomaxillofacial surgery system as shown
in Figure 1 could be divided into three subsystems, including
robot subsystem, navigation subsystem, and medical image
processing subsystem.

Robot subsystem comprises a positioning mechanism
for needle displacement and three end effectors for tumor
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Figure 2: (a) Robot end effector for brachytherapy surgery; (b) end effector for biopsy surgery with clinical biopsy gun; (c) end effector for
radiofrequency surgery with fast locking mechanism; (d) general interface explosion diagram.

biopsy, radioactive tumor brachytherapy, and radiofrequency
thermal coagulation (Figure 1). In brief, the technical spec-
ifications of the robot system are as follows: (1) this weight
is 15 kg, portable and remotely controlled, easy to be fixed
to the operating table; (2) 5 degrees of freedom (DOFs)
robot is used, with 3 DOFs for rotational motion, 1DOF for
translational motion, and 1 DOF for surgical end effector
operation. Rotating joint DOF consists of maxon motor and
harmonic reducer; prismatic joint includes motor and preci-
sion linear slider. (3) Three operations correspond to three
different surgical end effectors, and the universal interface
at the robot fifth joint mounts quickly the end effectors to
the robot with high accuracy. (4) Bus control system based
on CANopen protocol completes robot joint control. (5) A
6-dimension force sensor (3813A SRI, Sunrise Instruments,
Nanning, China) is fixed between the fifth joint and the end
effector.

According to operation requirements, three end effectors
(Figure 2) are designed, quickly installed, and disassembled
to the robot end joint through the universal interface. In addi-
tion, the end effector for brachytherapy containing a cartridge
with radioactive seeds was connected by a clamping slot
connection, which facilitated easy removal and sterilization.

Navigation subsystem (Figure 3) realizes the registrations
of various workspaces, obtained the transformational rela-
tionships between any robot workspaces, and provides real-
time intraoperative navigation for surgery. An optical track-
ing system (Polaris, Northern Digital Inc.,Waterloo, Canada)
with 0.35mm positioning accuracy and 20Hz update rate

Optical tracker

Workstation

ProbeRigid body

Figure 3:The presentation of navigation subsystem.

is focused that consisted of an optical tracker, one passive
four-maker probe, and two passive four-marker rigid bodies.
Two passive rigid bodies are fixed on the robot end effector
and patient’s head. In the surgical robot space navigation
and positioning system, two import functions are surgical
registration and intraoperative real-time tracking navigation.
The optical tracker as measurement tool tracks the positions
and orientations of probes and rigid bodies in real time.

Medical image processing subsystem includes the follow-
ing features: 3D volume rendering ofmedical images, surgical
scene control, 2D and 3D image segmentation, puncture



4 Mathematical Problems in Engineering

Position 
sensor

Operation 
master

Force sensor

Position 
sensor

Slave robot

Force sensor

Operator

Master 
controller

Slave 
controller

Master 
controller

Slave
controller

Environment
mOF eF

sF−

m−F

s

s−X

mX 

Figure 4: The control strategy of double-end force/position feedback.

path information processing, puncture path recommenda-
tion, postoperative verification, and evaluation. In addition,
combining optical navigation system, real-time display of
puncture needles in the image processing subsystem is
displayed.

3. Control Strategy

In order to be convenient to the doctor’s operation and reduce
the learning time in which doctors operate surgical robot,
the control system of surgical robot is designed from the
perspective of human-computer interaction and operation
procedure and is divided into two parts, automatic control
for fine adjustment and master-slave control for passive
positioning. Master-slave control mainly moves puncture
needle from the starting point to the vicinity of entry
point and remotely implants radioactive seeds. In master-
salve mode, the robot’s movement follows the doctor’s hand,
avoids collision with the patient’s body, and positions the
operation needle in the vicinity of the entry point [30, 31].
In automatic control mode, the robot achieves the precise
positioning of the target point and completes the puncture
process. The robot control hardware design mainly includes
drive module (maxon motor and ACK-055-06 control driver
of Copley, USA), CAN communication card (CAN-PCI-
02 Copley), six-dimensional force sensor (3813A SRI, Sun-
rise Instruments, Nanning, China), and hardware circuit
modules.

3.1. Master-Slave Control. The goal of the master-slave con-
trol is to obtain high transparency and provide good maneu-
verability. In the master-slave mode, the puncture needle
could be controlled from current position to the vicinity of
the entry point. The method is a more convenient operation,
especially in the radioactive tumor brachytherapy surgery;
this reduces the radiation received during the procedure.
The doctor could complete radioactive tumor brachytherapy
surgery by using remote operation. The master device (6
DOFs, omega.6 haptic device, ForceDimension, Switzerland)
provides decoupling of translational and rotational motions,
enabling gravity compensation, etc., and the slave device is
the surgical robot. The doctor views the target and current
pose of the puncture needle in real time, observes the
movement of the robot, and prevents the puncture needle
from interfering with the obstacle such as skull, fixed bracket,

or surgical instruments in the surrounding environment. The
control strategy of double-end force/position feedback is used
and has a good dynamic response, as shown in Figure 4.

The dynamic equation of the master could be expressed
as follows:

𝐹𝑜 − 𝜏𝑚 = 𝑀𝑚𝑠2𝑋𝑚 + 𝐵𝑚𝑠𝑋𝑚 + 𝐾𝑚𝑋𝑚
𝜏𝑚 = 𝐾𝑓 (𝐹𝑚 − 𝐹𝑠)

(1)

where 𝑀𝑚, 𝐵𝑚, and 𝐾𝑚 are the inertia, damping coefficient,
and stiffness matrix of master device. 𝐹𝑚 and 𝐹𝑠 are the force
values monitored from the master and slave force sensor. 𝜏𝑚
is the driving force of themaster device.𝐹𝑜 is the force applied
by the operator to the master device. 𝑋𝑚 is the displacement
vector. 𝐾𝑓 is the force gain matrix. The dynamic equation of
the slave could be displayed.

𝜏𝑠 − 𝐹𝑒 = 𝑀𝑠𝑠2𝑋𝑠 + 𝐵𝑠𝑠𝑋𝑠 + 𝐾𝑠𝑋𝑠
𝜏𝑠 = 𝐾𝑎 (𝑋𝑚 − 𝑋𝑠) + 𝐾V (𝑋𝑚 − 𝑋𝑠)

+ 𝐾𝑝 (𝑋𝑚 − 𝑋𝑠)
(2)

where𝐾𝑎,𝐾V, and𝐾𝑝 are the acceleration, speed, and position
gain matrix of the slave. The dynamic equation and control
strategy of the environmental could be expressed.

𝐹𝑒 = − (𝑀𝑒𝑠2𝑋𝑒 + 𝐵𝑒𝑠𝑋𝑒 + 𝐾𝑒𝑋𝑒)
𝑋𝑒 = −𝑋𝑠

(3)

𝑀𝑒, 𝐵𝑒, and 𝐾𝑒, respectively, represent the inertia, damping
coefficient, and stiffness matrix of the tissue environment. 𝑋𝑒
is the position vector of the contact tissue environment. A
constant transmission delay in the communication channel is
considered. In the master-slave control strategy, the integral
separation PID control algorithm is adapted and improves
the speed response in stages. The method is that when the
deviation is more than a given deviation, PID control is used
to avoid overshooting and ensure the system’s response speed.
When the deviation is less than a given threshold, PID control
is used to ensure the control accuracy. The method is to
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Figure 5: Robot navigation control system block diagram based on optical navigation.

multiply the integral term by a coefficient, and the value of
the coefficient is 0 or 1 depending on the deviation.

𝑢 (𝑘) = 𝐾𝑝𝑒 (𝑘) + 𝛽 𝑇
𝑇𝐼
𝑘

∑
𝑗=0

𝑒 (𝑗) + 𝑇𝐷
𝑇 [𝑒 (𝑘) − 𝑒 (𝑘 − 1)] (4)

𝛽 = {
{
{

1 |𝑒 (𝑘)| ≤ 𝜀
0 |𝑒 (𝑘)| > 𝜀

(5)

Through analyzing the control method of the PID method
and combining the master-slave control algorithm, accurate
and rapid control of the master-slave operation could be
realized.

3.2. “Kinematics + Optics” Hybrid Automatic Motion Control.
Once the robot needle reaches the vicinity of the entry point
during the execution of the surgery, the automatic motion
control is chosen by doctor from the master-slave control.
By the surgical planning software, the target pose of the
puncture entry point is transmitted to the robot system
and navigation system. The positioning accuracy of robot
could be affected by the kinematics calculation, mechan-
ical transmission, servo control, etc. In order to improve
the positioning accuracy of the robot, the “kinematics +
optics” hybrid motion control method is proposed.The robot
inversely solves each joint movement angle through the
inverse kinematic, and the target pose is converted into the
navigation system through spatial registration relationships.
The robot, which moves to the target point according to
the operation plan, realizes accurate motion through the
closed loop control of the joint encoder. Meanwhile, the
pose quaternions from navigation system are used for pose
correction. The pose needle and patient could be tracked
and compensated in real time to ensure the accuracy of the
puncture.

The robot automatic control system block diagram is
shown in Figure 5. Firstly, the target point in the medical
image system is converted into the real patient coordinate
system. The navigation system is used to locate the position

of the patient in real time by the passive rigid body fixed
to the patient, so as to compensate the deviation caused by
the movement of patient. After the target pose is transmitted
to surgical robot coordinate system, the robot moves to the
target point by comparing with the real-time pose of the
puncture needle tip as so to achieve accurate positioning of
the target point.

The robot automatic control system includes two closed-
loop controls; one is the servo control of the robot body
system, that is single-joint servo control, and the other is
global closed-loop control based on optical navigation. In
robot automatic control, the global closed-loop control is
achieved by real time acquisitions of optical navigation.𝑃Image

Target
is the target pose in the medical image coordinate system. By
the conversion relationship between the patient coordinate
system and the image coordinate system, the target pose in
the patient coordinate system can be obtained.

𝑃𝑃𝑎𝑡𝑖𝑒𝑛𝑡Target = 𝑇𝑃𝑎𝑡𝑖𝑒𝑛𝑡Image 𝑃Image
Target (6)

The target point is converted from patient coordinate sys-
tem to the optical navigation coordinate system, and the
conversion relationship between the two coordinate systems
has been determined in the spatial registration. Due to
movements of the patient or optical navigation tracker during
surgical operation, the transfer relationship is compensated
through real-time navigation tracking. The target point
in the navigation coordinate system 𝑃𝑂Target is represent-
ed.

𝑃𝑂Target = (𝑇𝑂Image + Δ𝑇𝑂Image) 𝑃Image
Target (7)

Before the robot moves to target point, the target position
and orientation of robot will be transformed from navigation
coordinate system to robot coordinate system. Also due to
the movement of the robot or optical navigation the transfer
relationship between them is compensated through real-time
navigation tracking. Since the passive navigation rigid is
installed at the end effector of the robot and the robot transfer
relationship is based on the robot base coordinate system,



6 Mathematical Problems in Engineering

JOINT_5.Element_Torque.Mag
JOINT_4.Element_Torque.Mag
JOINT_3.Element_Torque.Mag

0.0 10.05.0 15.0
Time (Sec)

0.0

50.0

100.0

150.0

200.0

250.0

300.0
N

ew
to

n 
(m

m
)

(a)

JOINT_4.Angular_Velocity.Mag
JOINT_3.Angular_Velocity.Mag
JOINT_2.Angular_Velocity.Mag

0.0 1.0 15.0
Time (Sec)

JOINT_1.Translational_Velocity.Mag
JOINT_5.Translational_Velocity.Mag

Ve
lo

ci
ty

 (m
m

/S
ec

) 

2.0 3.0 4.0

5.0

10.0

15.0

20.0

0.00.0

0.15

0.3

0.45

0.6

0.75

A
ng

ul
ar

 V
elo

ci
ty

 (d
eg

r/
se

c)
 

(b)

Figure 6: When the motion trajectory was given, the variation curve of force, velocity of the robotic joint could be obtained. The curves of
three rotary joint driving forces (a) help to the drive unit selection; the variation curves of joint speed ensure the robotic flexible movement.

the robot joint angle values are determined by the inverse
kinematics so that the deviation between the robot coordinate
system and navigation coordinate system could be calculated.
Δ𝑇𝑅𝑂 is the compensation parameter matrix, and the target
point in robot base coordinate system could be listed.

𝑃𝑅Target = (𝑇𝑅𝑂 + Δ𝑇𝑅𝑂) 𝑃𝑂Target (8)

Through inverse kinematics calculation, the target point can
be converted into the joint vectors of robot to control the
robot motion. The position information of current puncture
point in navigation coordinate system can be obtained by
the real-time tracking of passive rigid body. The pose of
current puncture point is converted to the robot coordinate
system, and the closed-loop control can be achieved by com-
paring with the target pose in robot base coordinate system.
Δ𝑃𝑅Target is deviation between the current pose information of
puncture point and the target pose in robot base coordinate
system. The deviation can be adjusted by PID controller:

Δ𝑃𝑅Target = 𝐾𝑝 [Δ𝑃𝑅Target (𝑘) − Δ𝑃𝑅Target (𝑘 − 1)]

+ 𝐾𝐼Δ𝑃𝑅Target (𝑘) + 𝐾𝐷 [Δ𝑃𝑅Target (𝑘)

− 2Δ𝑃𝑅Target (𝑘 − 1) + Δ𝑃𝑅Target (𝑘 − 2)]

(9)

𝑃𝑅𝐵Target(𝑘) = 𝑃𝐵
𝑅

Target(𝑘−1)
+ Δ𝑃𝑅𝐵Target(𝑘) (10)

where𝐾𝑝 is the proportional gain, 𝐾𝐼 is the integral gain,𝐾𝐷
is the derivative gain, k is the sampling sequence, and k = 0, 1,
2. . .n. Δ𝑃𝑅Target is the increment of deviation at the k sampling

time. 𝑃𝑅𝐵Target(𝑘) is the output of the PID controller at the k
sampling time.The optimal deviation is obtained by adjusting
the gain parameters of PID controller. Thus, the joint angles
can be calculated by inverse kinematics to control the robot
to reach the target position.

4. Simulation and Experiments

4.1. Kinematic Simulation. Thesimulation aims to express the
process of robot running and then ensures the velocity and
acceleration of motion joints in the process of continuous
motion. The method of simulation is analyzing mechanical
property to single component with application of Newtonian
mechanics, establishing the relationship of force and velocity
under certain restraint condition. Once setting the robot and
the motion trajectory, the postprocessor module of Adams
could be used to analyze robot joint force and velocity as
shown in Figure 6. It is significant to optimize the structure
and hardware selection of robot.

4.2. D H Parameter Identification. According to the cor-
rection of the D-H parameter model of the robot, there
are certain errors in the parameters of the robot due to
the factors such as processing, assembly, and environments.
The geometric method and fitting method are adopted
for the D-H parameter identification. The zero position of
robot is determined by geometric method and the initial
kinematics D-H parameter of the robot is given. Then,
the D-H parameters are corrected by using the fitting
method. The parameter identification for measuring tool
uses FARO measuring arm (FARO Edge, FRAO Technology,
Inc.).

The FRAOmeasuring arm is fixed near the surgical robot
to ensure that the measuring points could cover the operating
space of the surgical robot. The origin positions of each joint
coordinate system of the robot kinematic model are obtained
by fitting spatial point sets. The method is to control each
joint of robot to move to different positions and to obtain the
coordinates of themarker points on the end effector using the
probe of the FARO measurement arm at each position. The
corresponding joint axis directions are calculated by fitting
these measurement points. Then the initial D-H parameters
could be got by the corresponding joint coordinate origins
positions.
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Table 1: The D-H parameter identification results.

Joint 𝛼𝑖 (o) 𝑑𝑖/(mm) 𝑎𝑖/(mm) 𝜃𝑖/(∘) Range
1 90.75 𝑑1 -0.08 0.052 -200∼200mm
2 0.02 0.04 0.13 𝜃 2 -80∘∼50∘
3 -0.06 0.021 403.26 𝜃3 -60∘∼60∘
4 -89.53 -0.10 0.074 𝜃4 -70∘∼70∘
5 0.09 𝑑4 -0.06 0.04 0∼200mm

alpha
d

a
theta

Joint1 Joint2 Joint3 Joint4 Joint5

0
0.05

0.1
0.15

0.2
0.25

0.3

−0.2
−0.15

−0.1
−0.05D

ev
ia

tio
n 

er
ro

r (
m

m
) 

Figure 7: The identification errors of each joint’s D-H parameters.
20 points were selected as a group to solve D-H identification
parameters and 5 trials were performed to obtain the mean and
standard deviation.

The deviation of the transformation matrix of the
robot link is the difference between the actual transforma-
tion matrix 𝑗𝑇𝑅𝑖 and the nominal transformation matrix
𝑗𝑇𝑁𝑖 .

𝑑 (𝑗𝑇𝑁𝑖 ) = 𝑗𝑇𝑁𝑖 − 𝑗𝑇
𝑅

𝑖

= 𝜕𝑗𝑇𝑁𝑖
𝜕𝜃𝑖

𝛿𝜃𝑖 +
𝜕𝑗𝑇𝑁𝑖
𝜕𝑑𝑖

𝛿𝑑𝑖 +
𝜕𝑗𝑇𝑁𝑖
𝜕𝑎𝑖

𝛿𝑎𝑖

+ 𝜕𝑗𝑇𝑁𝑖
𝜕𝛼𝑖

𝛿𝛼𝑖

(11)

A certain threshold of the deviation between the theoretical
pose value and the actual pose value in the measurement
coordinate system is set. Once the threshold satisfies the
conditions, the parameter deviation vector could be obtained.
20 point coordinates in the measurement coordinate system
and the corresponding joint angles are recorded.The iterative
least squares method is used to obtain the deviation of
the joint coordinate system parameters. 5 trials for each of
20 points were performed and averaged in Figure 7. The
correction value of the D-H parameters is calculated in
Table 1.

4.3. Positioning Accuracy Experiments. Robot positioning
accuracy experiments are the verification of the controlled

Three-axis
precision slide

Robot end 
effector

Figure 8: The positioning error experiments based on open-loop
control and hybrid automatic control.

positioning of the surgical robot system. These have been
implemented in open-loop robot control mode and “kine-
matics + optics” hybrid control mode based on navi-
gation system. The feasibility of “kinematics + optics”
hybrid automatic motion control could be verified. In order
to calculate the influence of errors such as 3D medical
image reconstruction and registration algorithm, the tar-
get point coordinates are obtained directly by using the
passive probe of the optical navigation in the experiment.
The three-axis precision slide (K301-30LMS-4 Suruga Seiki
Co., Ltd., Accuracy 0.1mm) is used as the measurement
tool as shown in Figure 8. The predetermined target posi-
tions coordinates are recorded by the optical measuring
probe from the end point of the three-axis precision
slide.

In the positioning accuracy experiment of open-loop
robot control mode, the angle differences of each joint are
calculated by analyzing the pose deviation between the target
position and the current position. Then the robot reaches the
target point through themotor servo control. The positioning
error of open-loop control mode could be calculated by
comparing Euclidean distance between the position of the
needle tip and the target point.

In the positioning accuracy experiment of hybrid control
mode, the passive rigid body is fixed at the end-effector
of robot. The optical tracker is placed in a representative
location to achieve the best positioning effect. The “kine-
matics + optics” hybrid motion control method is applied
to the motion control of robot. The needle tip of robot is
controlled to move to predetermined target positions, and
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Figure 10: Comparing the positioning error between open-loop
mode and hybrid motion control mode; each bar shows the mean
and standard deviation of 10 trails for each of 20 preset location
points.

its coordinates are recorded by the three-axis precision slide
simultaneously. Then the positioning error of robot based on
“kinematics + optics” hybrid motion control method can be
obtained. In order to ensure the accuracy of the operation
in actual operation, the maximum speed is operated at a
distance of 3 cm from the target point. Within 3 cm from the
target point, the needle point speed is controlled to be less
than 0.02m/s.

In order to ensure the effectiveness of the robot operation
in the workspace, we randomly grabbed 200 points in the
workspace in Figure 9 and divided them into 10 groups, 20
points in each group. Control the puncture needle from the
same starting position to the target position in open-loop and
“kinematic + optics” hybrid motion control mode in each
group.

Figure 10 shows the positioning error for each of 20
preset points, when performing the experiments in open-
loop control mode and hybrid motion control mode. The
10 trials were implemented to verify two control modes.
The positioning error of open-close control mode is 1.73 ±

Figure 11: The setup of phantom experiments of biopsy, radiofre-
quency, and brachytherapy, including navigation system, control
station, surgical robot, and phantom.

0.46mm, while the hybrid mode control is 0.56 ± 0.21mm.
The reason is mainly the repetitive error of robot installation,
robot D-H parameter error, registration error, etc.The hybrid
motion control could reduce the impact of above error on the
experimental results.

4.4. Phantom Experiments of Biopsy, Radiofrequency, and
Brachytherapy. In order to verify the error of the robot-
assisted puncture surgery system, the phantom experiments
of biopsy, radiofrequency, and brachytherapywere conducted
as shown in Figure 11. The skin was simulated by plas-
ticine and the puncture target made with meat balls was
buried inside the phantom. For different operations, the
corresponding end effector was chosen. In the brachyther-
apy phantom experiment, the stainless steel wires of 1mm
diameter and 5mm length were used instead of radioactive
seeds to avoid radiation to the operators. All experiments
were performed in the department of oral and maxillofacial
surgery (Peking University School and Hospital of Stomatol-
ogy). The study was approved by the local ethics commit-
tee.

The preoperative planning coordinates and postoperative
seeds position were aligned by matrix transformation after
image fusion, using the ICP algorithm. The total error was
defined as the Euclidean distance calculated by the offsets
of the coordinates. 30 trails of biopsy phantom experiments
were performed and the mean placement error was 1.42 ±
0.33mm. In the radiofrequency thermal coagulation phan-
tom experiment, the mean placement error correspond-
ing to 20 groups was 1.62 ± 0.26mm. In the radioactive
tumor brachytherapy phantom experiment, a total of 100
seeds were deposited by the robot system. The mean place-
ment error was 1.41 ± 0.30mm in phantom experiments
(p< 0.005). The results of experiments were shown in
Figure 12.

The cause of the errors includes the following: the layer
spacing of the CT device, the 3D reconstruction image algo-
rithm, the registration algorithm, robot control positioning
error, and needle deformation. From the experiments data,
the reason that the error of radiofrequency experiment is
more than biopsy and brachytherapy is the longer puncture
depths. The effect of brachytherapy experiment is analysis by
the treatment planning system and shows that the radioactive
dosemap deviation is less than 1%,which is a reasonable seeds
implantation as shown in Figure 13.
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Figure 12: The accuracy of phantom experiments of biopsy,
radiofrequency, and brachytherapy.

5. Conclusions and Discussion

This paper presents a robot assisted craniomaxillofacial
surgery system through the analysis of surgical require-
ments. Motion performance analysis was conducted to val-
idate the flexibility and feasibility of robot system. The
hybrid automatic control for active fine adjustment and
master-slave control for passive positioning were designed
to build robot control system. In addition, the kinematic
simulation and D-H parameter identification experiments
were conducted to verify robotic precise manipulation.
Positioning accuracy and phantom experiments of biopsy,
radiofrequency, and brachytherapy demonstrate that the
robot assisted surgery system could have accurate puncture
effect.

From the perspective of human development and clinical
application, laparoscopic robots, orthopedic robots, vascular
interventional robots, and targeted puncturing robots are
several important directions. The positioning of the punc-
ture needle is achieved relying on the high precision and
stability of the robot [32, 33]. Its application scope includes
neurosurgery, craniomaxillofacial puncture, lung, liver, and
other organs’ percutaneous puncture. Robot-assisted punc-
ture surgery systems are generally composed of surgical
robots, medical image planning and processing, and surgical
navigation systems, which are, respectively, “hand”, “brain,”
and “eye” of the entire system. In order to provide doctors
with a wider vision field and simplify surgical procedures, the
surgical robots that are visualized, of lightweight, and easy to
integrate with CT/MR devices have begun extensive research.
Some puncture robot systems have been commercialized and
completed a series of clinical operations in specific areas. At
present, commercialized puncture robot systems such as the
MAXIO robot system (Perfint Healthcare Pvt. Ltd) are placed
near to the CT bed and are controlled to move to the target

point through the surgical planning. In addition, there are
ROSA fromMedtech in France [34], Renaissance fromMazor
Robotics in the United States, Pathfinder from Pathfinder
Technologies [35], NeuroMate robotics from Renishaw in
UK [36], B-Rob from ISYS Medizintechnik GmbH [37], etc.
These systems have already demonstrated certain clinical
effects.

In our positioning accuracy experiments, the navigation
probe was used to specify the target point. The robot
positioning error is analyzed by comparing the specified
target point and the actual position of the needle tip. The
coordinates of the two measuring points must be in the same
coordinate system. It is difficult to measure the coordinates
of the puncture tip using an optical navigation probe. So the
three-axis precision slide (K301-30LMS-4 Suruga Seiki Co.,
Ltd., Accuracy 0.1mm) is chosen to measure coordinates. In
order to facilitate the measurement of the coordinates of the
needle tip of the puncture needle, a cylindrical rod with a
cross section pit is connected to the end of the three-axis
precision slide. 20 points, whose positions could bemeasured
by precision slides, are selected for positioning accuracy
experiments as much as possible into the robot’s entire
workspace. The 10 trials were implemented to verify two
control modes. The positioning error of open-close control
mode is 1.73± 0.46mm,while the hybridmode control is 0.56
± 0.21mm.The reason is that the repeated positioning errors
in robotic installation beds are variable, and the registration
error between robot and navigation system is also present.
The “kinematic + optical” hybrid motion control method
utilizes the characteristics of optical navigation real time
closed-loop control and kinematics to achieve closed-loop
robot control.

In phantom experiments, different materials have been
used to simulate soft tissue, with most studies using gels
and polyvinyl chloride, which cannot really simulate the
complexity of the tissues of the maxillofacial region. During
the surgical procedure, the surgical end effectors are replaced
as required. If the universal interface generates increased
error when replacing the surgical actuator, the surgical robot
puncture needle needs to be recalibrated. Therefore, the
error experiment about replacing the robot end effector
was conducted. The average value of replacing error of the
biopsy end effector is 0.307mm, and the standard deviation
is 0.157mm. The radiofrequency end effector is 0.348mm
and the standard deviation is 0.238mm. The brachytherapy
is 0.164mm and the standard deviation is 0.091mm. The
phantom experiment study had some drawbacks, as neither
plasticine nor meat balls used as targets exhibit significant
anisotropism or simulate the complex behavior of soft tissues.
The skin was simulated by plasticine and the puncture target
was made with meat balls. Compared with the puncture
accuracy experiments, the puncture errors caused by the
phantom experiments mainly include the following: the
layer spacing of imaging equipment, the 3D reconstruction
image algorithm, the registration algorithm, the robot control
positioning error, and puncture needle deformation caused
by plasticine [38]. In addition to the phantom experiment, we
also carried out cadaveric experiment on this prototype. The
surgical robot finished the needle placement and automatic
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Figure 13: The analysis of the radioactive does map deviation.

puncture. In the cadaveric experiment, the average error
of biopsy puncture is 2.58mm, the standard deviation is
0.61mm, and the tissue can be taken in the biopsy gun for
each puncture. The average error of radiofrequency thermal
coagulation surgery is 3.17 ± 0.94mm; one of the 20 experi-
ments failed to pass through the foramen ovale. The average
error of the brachytherapy is 2.83 ± 0.50mm; the TPS system
analysis shows that the radioactive dose topographic map
deviation was less than 5%.

The needle deformation is an important challenge for
robot assisted puncture. The most commonly used oblique
tip puncture needles in clinical practice are nickel-titanium
alloy materials, which have high elasticity. In the process of
soft tissue puncture, there is a needle deflection due to the
asymmetry of the needle tip. A reasonable explanation is
that needle deflection was primarily responsible for needle
displacement with simulated tissue or real tissue, as has
been reported in previous studies [39, 40]. Although the
hybrid motion control guarantees robot motion accuracy to
0.8mm, the performance of needles, which are vulnerable
to be bendable, can bring external errors. At present, the
deformation of the puncture needle caused by the soft tissue
and the physiological movement of the human body becomes
a bottleneck for the robot to achieve high precision puncture
positioning. As the puncture needle advances in soft tissue, it
receives various resistances from the soft tissue. For oblique
flexible needle, the relationship between puncture force and
needle deformation is studied to obtain the interaction
mechanism, which can make the puncture process accurate,
controllable, and safe.

For the difficulty of needle deflection, we carried out the
theory and experimental study of needle deflection based
on force perception as shown in Figure 14. The 18G and
20G flexible oblique-tip needles were used to puncture the
phantom at different speeds. The camera took the puncture
process and the puncture depth was 120mm to analyze the
difficulty of needle deflection. The flexible oblique-tip needle

is used so that the needle deflection can be presented more
easily. The soft tissue phantom should be able to simulate
good viscoelastic soft tissue characteristics. The phantom
used in this puncture experiment was prepared by mixing
gelatin powder with water in a certain proportion and
refrigerating in a refrigerator at 4∘C for 12 hours. Since the
gel is prone to water loss and hardening, the experiment
must be completed within 1 hour after being taken out from
refrigerator.

Analysis of experimental results shows that the finer the
puncture needle is, the larger the needle deflection is. By
recording the puncture force, the theoretical model is used
to analyze the offset of the flexible oblique-tip needle. The
offset of the needle in the acquired image is compared with
the theoretical analysis; the measured error is less than 1mm.
This work is still under study; experiments on multilayer soft
tissue phantoms are continuing to be performed.

Although many efforts have been made to model needle
insertion forces, it has so far not been possible to correctly
predict needle tissue interactions because of the variability of
the soft tissue properties. Interventions with rotating needles
are a considerable alternative to provide highly beneficial
accuracy in relative studies [41, 42] and we will take this into
consideration when studying the next work. In the future,
some functions need to be optimized in order to improve the
systemperformance.More phantomand clinical experiments
should be done to improve and evaluate the robot system.
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Figure 14: The experiment of needle deflection.
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Pregnancy involves a gradual change in tissue consistency, where, as gestational age increases a drop in stiffness is noticeable. The
extracellularmatrix (ECM) of the cervixwhose behavior is controlled by the collagen structure is reconfigured, due to hormonal and
protein related factors that degraded it.There is an increase in cellular andwater content.The collagenmaintains a stable percentage,
although the synthesis-solubility interaction causes a transformation in the network increasing its diameter and waviness, which
destabilizes the mechanical integrity. Further understanding of the remodeling of the cervix becomes a key element in the progress
against preterm birth. However, since the woman is in a very delicate state, the available information is scattered. The aim is to
provide a framework where the variation of the histological properties is linked with the individual biomechanical evolution of the
constituents; therefore a multiscale approach to the problem can be made. The results of different authors were reviewed to obtain
values of each component depending on the gestational age, and then they were combined with the mechanical development of
each variable obtained from the outputs of numerical simulations of another author. An additive function is proposed, in which
the mechanical contribution of each constituent is added to a reference value established for a nonpregnant state. Results show how
biochemistry models the mechanical behavior of the tissue through the histology and morphology of the ECM.

1. Introduction

The anatomical function of the cervix is to serve as a
gatekeeper during pregnancy, separating the fetus from the
outside. Gestation is a delicate process where there is often
lack of information. The possibility of obtaining samples of
cervical tissue at any time is solely limited to scientific and
at risk cases, which is preventing an adequate breakthrough
in the characterization of the etiology of the cervix. This is
now anurgent problem in the case of premature birth, the first
cause of infant mortality in children under five years of age [1,
2]. It remains a major clinical challenge for obstetricians due
to the difficulty in its prevention; likewise, some techniques
used (such as cerclage and progesterone), while encouraging,
present some limitations [3, 4].

It is well known that from the moment a woman gets
pregnant biological transformations occur, coming from
the combination of the growing pressures exerted by the
fetus and biochemical processes, all of which involve the

remodeling of the cervical tissue. This implies changes in the
morphology of the tissue to the point of altering mechanical
properties [5].The cervical stroma,which is the part that has a
connective role, has a composition that consists of a collection
macromolecules necessary for pregnancy and to produce
muscle functions [6]. Additionally, there is a set of molecules
embedded in an extracellular matrix (ECM), which provides
structural support to the cells. Collagen fibers are its main
constituent, which form a cross-linked network intertwined
with the protein elastin, with both being surrounded by a
viscous substance of glycosaminoglycans (GAGs) and water
[7]. Collagen provides tensile strength and firmness through
its hierarchical composition, made of small fibers comprising
a bundle [8]. Furthermore, its waviness confers anisotropy
and heterogeneity to the tissue. With these components, a
viscoelastic behavior is exhibited, with great deformations
and relaxations. In low stress elastin acts as a spring returning
quickly to its state [9]. GAGs, due to their viscous character,
under compression serve as dampers [10].Thewater modifies
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Table 1: Stroma evolution during gestation. Percentages refer to dry tissue, except for water and dry tissue, which are in relation to the total.

Content (%)
Constituents Nonpregnant Early Late Postpartum Reference
Water 78 75 83 76 [35]
Dry tissue 22 25 17 24 -
Collagen content 71 - 78 - [11]
Collagen solubility 17 75 76 88 [34]
Elastin 1.33 - 0.73 - [51]
GAGs 1.6 - 2.6 1.2 [24]
Cells 8 - 15 - [6]

the mechanical relations in the cervix entering a state of
unbalance, disorganizing the components [11]. Therefore, the
ECM ensures the integrity of the tissue during gestation.

The remodeling process is a progressive transformation of
the appearance of the tissue that is translated into four phases
which are superimposed as they occur until birth, namely,
softening, ripening, dilation, and postpartum [12].There exist
a series of factors, mainly hormonal and protein related, that
promote an inflammatory state [13] that degrades the ECM
and enhance tissue distensibility. The mechanical response
during gestation is a decrease in stiffness, which is governed
by the structure of collagen. There is a reduction of cross-
linking between fibers; besides, the distinctive arrangement
of the fibers changes, from being aligned to curling [14].

As can be inferred from the above, the morphology of
the cervix during pregnancy is a complicated subject to
study, where the greater information collected comes from
the moments before and after delivery. Experimental data
of the morphological and biochemical characteristics at the
microscopic level is essential to monitor trends and to be able
to program specific actions since themechanical properties at
the macroscopic level of the tissue are related to them [5, 15].
Notwithstanding, the complex structure of the cervix hinders
the analysis of individual changes in each component, whose
behavior is interrelated.

Hence, the main objective of this work is to provide a first
approach in a temporal prediction of the stiffness evolution of
the cervix, where the contribution of each constituent will be
highlighted. To get here, an histobiomechanical framework
that materializes in a curve of stiffness versus gestational
age is built. Besides, the relationships established between
biochemistry and histology will be shown.

2. Materials and Methods

Histological transformations in the tissue are responsible
for variations in consistency. As a starting point, the basis
of this study is on the multiscale approach proposed by
Peralta [16], which indicates the interconnections between
components, which allows filling gaps in knowledge. In order
to study the mechanisms that govern internal processes
of the remodeling, a three-step procedure is proposed: (1)
to fit curves for the chosen values of the content of the
fundamental constituents of the cervical stroma derived from
the literature, (2) to adapt the results of Peralta et al. [15] where
they computed a numerical relationship between histological

andmorphological changes and the tissue elasticity, and (3) to
combine the previous results. It is suggested that the process
is inverted, beginning from the mechanical contribution of
each independent element to end with a real evolution of the
whole set.

2.1. Content of the Components and Fitting. Since each per-
son is different, whether by obstetrical or medical history,
the values chosen to represent each component should be
representative of the important variations recorded. Selection
criteria are proposed based on existing information: (i) It
must follow the behavior recorded by most studies. Some
measures deviate much from the general trend and remain
isolated as cases without validation by other sources. (ii) The
biochemical analysis that has been used for measuring is
crucial. First of all, the result should be in dry weight, because
large variations are registered when working with wet weight
[17]. Secondly, the assay should be standardized to contrast
it with other sources. (iii) Sufficient data should be available.
Many studies have evaluated the content of some components
only at one point in pregnancy, usually at the beginning, so
that evolution of these cannot be envisaged.

Selected data are summarized in Table 1.The gestation age
corresponds to 0 weeks in nonpregnant, 12 weeks in early, 38
weeks in late, and 42 weeks in postpartum phase.

The chosen values are fitted to time evolution curves with
the intent to relate the gestational age to absolute values (%) of
each ECM component. Many different mathematical models
for growth can be useful [18], which can vary in flexibility and
number of parameters needed. For example, the development
ofmany organisms is represented by logistic curves [19] while
cell growth is represented with exponential models [20]. In
these situations, nonlinear modeling stands as a tool able to
estimate characteristic parameters, which could establish a
more reliable link between gestational age and component
content. By convention, a balance between variance and bias
is always sought. However, due to the scarcity of data that has
beenmentioned, a good fit is desired, prioritizing the bias and
discarding the variance. The curves can be fitted to the data
using nonlinear least squares. This procedure is conducted by
a Levenberg-Marquardt algorithm [21].

The following content describes the temporal evolution of
each ECM component and its characteristics.

2.1.1. Collagen. In terms of dry weight, the collagen content
remains practically constant. This has not been measured
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by many researchers, as it is a rigorous process. It is fitted
to a logistic curve (see (1)) that simulates how the increase
of collagen at first is important to then stagnate due to the
interaction solubility-synthesis that will be discussed later.

𝑑𝐶
𝑑𝑡 = 𝐶 (𝑘 − 𝛿) (1)

where C is the collagen content in function of the time,
k is the growth rate, and 𝛿 is the steepness of the inflection
zone, related to the rate of synthesis of new collagen.

It is expected that as collagen turnover increases, a
synthesis-degradation process will be appreciated, affect-
ing the morphology [22] and reducing the mechanical
strength. The cervical fibroblasts secrete tropocollagen that
self-assembles into fibrils, and then they aggregate to form
a collagen fiber [23]. It is believed that as solubility increases
(on account of proteases, collagenases, lysyl oxidase, etc.), the
synthesis process is repeated more frequently, which means
that by not having enough time to be properly disposed
of, the collagen is created in new directions and increases
disorganization [24]. These newly synthesized fibrils are
combined with each other, losing their combined strength
due to weaker cross-links, thus favoring degradation [25]. In
short, the faster this synthesis is, the greater solubility will be
observed, becoming a feedback process.

A crystallization-like system is proposed for synthesis
representation. The formation of a new crystal starts with
a nucleation process [26], a thermodynamical phase that
is dependent on the solute concentration. Heterogeneous
primary nucleation occurswhen there is an increase in crystal
synthesis due to interaction with other particles, which
catalyzes this process by providing sustenance.

𝑑𝑆
𝑑𝑡 = 𝐿 + 𝑘 ⋅ 𝑡

𝑛 (2)

Equation (2) is expressed in terms of tissue remodeling,
with S being the synthesis rate, L the value at time 0, k the
growth rate, and n an empirical exponent from crystallization
trials.

As discussed above, the interaction solubility-synthesis
is key to understand the loss of tensile strength, since the
concentration of collagen does not seem to vary significantly
and therefore could not be the cause of the changes. This is
perceived as a nutritional intake, where the created collagen
is destroyed, but when synthesis exceeds degradation, a satu-
ration environment is reached. To represent this, a Morgan-
Mercer-Flodin sigmoidal model is suggested (see (3)).

𝑆𝑜 = 𝛾 − 𝛾 − 𝛼
1 + (𝑘𝑡)𝛿 (3)

where So is the solubility rate, 𝛾 is the saturation value, 𝛼
is the initial nonpregnant value, k is the growth rate, and 𝛿 is
the point where degradation exceeds collagen creation.

Following the synthetic model created by Peralta et al.
[15] (outlined in the following section), the morphology of
the collagen fibers can be described using three parameters:
diameter, interfibrillar space, and waviness. The range of

variation in diameter and interfibrillar space increases with
gestation [27, 28], and thus it is expected to evolve in a linear
fashion (see (4)):

𝑑𝐷
𝑑𝑡 = 𝑘 (4)

with D being the value over time and k the slope of the
function (the evolution ratio).

Pinheiro et al. [29] examined the evolution of collagen
waviness in the pubic joint of pregnantmice, which resembles
the behavior of connective tissues in humans. They measure
the crimp angle and length directly on the electron micro-
graph confirming a decrease in angle and consequently an
increase in length. The fibers were arrays of parallel fibrils
relatively straight at the beginning. As gestation progressed,
the fibers were thicker due to the deposition that packed
them together, following a wavy course. When the tensile
forces become palpable near delivery, this poorly bonded
set of fibers tends to easily stretch and separate, leaving
fibrils alone, paving the way to complete remodeling. It is
hypothesized that, given that it is a fast process, the fibrils do
not have time to bond properly which is causing increasing
disorganization. By means of the model of Cacho et al. [30]
a beta distribution of the crimp is assumed. They generate a
data set randomly distributed within a range in the X axis, so
that each associated point on the Y and Z axes was distributed
with a zero mean normal. With this conditioning, the data
are considered as Gaussian white noise, so that its probability
density function (PDF) is only characterized by the variance
𝜎2.

Three distributions are conceived, ranging according to
the phases of early, mid, and late pregnancy. Equation (5)
presents the distribution and its parameters:

𝛽 (𝑎, 𝑏) = 𝑥𝑎−1 (𝑥 − 1)𝑏−1
𝐵 (𝑎, 𝑏)

𝐵 (𝑎, 𝑏) = Γ (𝑎) Γ (𝑏)
Γ (𝑎 + 𝑏)

𝑎 = (1 − 𝜇𝜎2 − 1
𝜇)𝜇
2

𝑏 = 𝑎(1𝜇 − 1)

(5)

whereB() is the beta function, a normalization constant to
ensure that the total probability integrates to 1, and Γ() is the
gamma function. The shape parameters of the distribution
(a, b) configure its scale and position. This output will give
references about the fitting parameters and the behavior of
the waviness.

Taking into account the interaction solubility-synthesis
and the values of the probability distribution, a similar evo-
lution is anticipated. This is reflected in a logistical function
(see (6)).

𝑑𝑊
𝑑𝑡 = 𝑊 (𝑘 − 𝛿) (6)
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whereW(t) is the collagen waviness in function of the time,
k is the growth rate, and 𝛿 is the steepness of the inflection
zone, where solubility overcomes synthesis.

2.1.2. Water. The interstitial fluid controls the stiffness
response of the tissue. It presents a similar development to
hyaluronic acid (HA) that affects collagen organization [31].
When the content increases before delivery, about 5%, it
enters a state of nonequilibrium, which reduces the elasticity.
As can be observed in Table 1, hydration follows a cyclic
behavior represented in

𝑑2𝐻(𝑡)
𝑑𝑡2 + 𝐻 (𝑡) = 0 (7)

whereH(t) is the hydration content in function of time.

2.1.3. Cells. In general terms, there is an increase in vascular-
ization. In the nonpregnant state, there are approximately 8 to
10 % of fibroblast, epithelial, and smooth muscle cells. Near
delivery there is an enormous increment of cells due to the
proinflammatory state [10]; as a result, an exponential growth
rate characterizes the phenomena (see (8)), although at some
point in the postpartum this will be limited by the return of
the nonpregnant state.

𝐴(𝑑𝐶𝑑𝑡 − 𝑘𝐶) = 0 (8)

where C(t) is the content of the cell in function of time, A the
initial value, and k the growth rate.

2.1.4. GAGs. As a whole, they show a very rapid and abrupt
evolution when it comes to labor, which can be divided into
two phases and then fitted to an exponential model; see

𝐺 (𝑡) = 𝑎𝑒𝑏𝑡 + 𝑐𝑒𝑑𝑡 (9)

where G(t) is the GAGs content in function of time, a and c
are the initial values, and b and d are the growth rates.

2.2. Contribution to the Stiffness of the Constituents. This
section summarizes the results of the work of Peralta et
al. [15]. The greatest difficulty in this study came from the
individual description of each component. To tackle this, a
numerical model that relates the architectural changes in the
microscale to the propagation of shear waves was proposed.
This made it possible to obtain quantitative information, in
elastic terms of the shear modulus.

The effect of each constituent was studied independently,
i.e., not affecting the behavior of the whole; when a content
varied, reference values were set. The reference configuration
for the model (see Table 2) was established at typical values of
the nonpregnant state; for that reason any change in content
over time impacted on the computed mechanical properties.

They proposed different models of analysis, and here
the one that has the fibers arranged longitudinally and
perpendicular to the propagation is adapted. The election is
based on a recent study by [32], where pregnant samples were
analyzed to find that the cervix section is mostly composed

Table 2: Reference input values of the model. Source: [15].

Fiber diameter 5 𝜇m
Interfibrillar space 1 𝜇m
Fiber waviness (sd) 15𝜇m
Fiber fraction 20%
Hydration 80%
GAGs 1.5%
Cells 8%

of circumferential collagen, which is the direction that will
determine the behavior before dilation. The rest is exhibited
in a radial form. Nevertheless, this implies that if only
the effect of one profile is taken into account, erroneous
conclusions can be reached, because waviness configures the
network in a random way. So it is proposed to implement
a probability density based on directionality within a circle,
similar to a normal distribution. Thismethod will be adopted
for obtaining the reference value of the stiffness of the cervical
tissue and for the final contribution of the waviness. It is
estimated that the greatest contribution of waviness comes
from the perpendicular profile; however, the parallel profile
helps in setting up the network due to the crimping of the
fibers.The contribution of this profile is calculated with a Von
Mises distribution (10); its density function for the angle x is

𝑓 (𝑥) = 𝐺𝑛 𝑥𝜋/2 + 𝐺𝑝
𝜋/2 − 2
𝜋/2

𝑒𝑘⋅cos(𝑥−𝜇)
2𝜋𝐼0 (𝑘) (10)

with 𝐺𝑛 and 𝐺𝑝 being the elastic contribution of the perpen-
dicular and parallel profile, respectively, 𝜇 where the distri-
bution is clustered, k a dispersion measure that concentrates
the points in 𝜇, and 𝐼0 the modified Bessel function of order
0. Following this, the cumulative density function (11) is
computed in the interval 0- 𝜋/2.

𝐹 (𝑥) = ∫𝜋/2
0

𝑓 (𝑥) 𝑑𝑥 (11)

Regarding the behavior of the components, several dif-
ferences between this work and Table 1 can be found. The
concentration of collagen is progressively reduced in the
numerical model, which became effective by decreasing its
mechanical contribution; however, there is a slight increase.
This decision does not affect this work, as the stress and
the constant synthesis of immature fibers underwent by the
collagen network are causing the loss of tensile strength.
On the other hand, GAGs content has been informed to
increase until labor and then quickly drop. Nonetheless,
the synthetic model considered that GAGs decrease for the
beginning, which means that fewer particles were formed
between collagen and less disorganization can be appreciated.
For this reason, it is considered that there is no effective
change in the consistency by this component.

The final results are fitted with polynomial functions
in order to get an interpolation that collects all the values
from the range. The most relevant properties of the model
considered are fiber diameter, fiber waviness, hydration,
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and cells. Since interfibrillar space and diameter are linked
characteristics, they have a joint contribution represented
as a single variable. Although GAGs have been found to
have no appreciable effect on stiffness, they are known to
alter the mechanical structure of the tissue [10, 33]. This is
probably due to the fact that GAGs affect other components,
mainly collagen, so that its action is indirect, and therefore its
independent variation in concentration could not quantify a
physical interaction with other elements.

2.3. Gestational Age against Cervical Stiffness. The last step
is to combine these two previous results to create a curve
that relates gestational age to cervix stiffness. Growth curves
(gestational age dependent variables) are entered into the
outcome of numerical simulations (mechanical development
of each variable). Once implemented, each component will
contribute to the consistency, either by adding to or subtract-
ing from the reference value set for the nonpregnant state;
therefore it works in relative terms. The influence on the
reference value can be represented as an analogy of a Taylor
series, as in (12).

𝐺 (𝐷,𝑊,𝐻,𝐶) = 𝐺 (𝑟𝑒𝑓) + �𝐺 (𝐷𝑖𝑎) + �𝐺 (𝑊𝑎V)
+ �𝐺 (𝑊𝑎𝑡) + �𝐺 (𝐶𝑒𝑙) (12)

G(D,W,H,C) represents the final contribution of the ele-
ments considered, G(ref) is the reference value, andΔG(Dia),
ΔG(Wav), ΔG(Wat), and ΔG(Cel) are the relative inputs of
the diameter and waviness of the collagen, water, and cells,
respectively.

3. Results and Discussion

First of all, the chosen data will be examined for each
component; readers are referred to Table 1. Next, the solution
of the differential equations and the parameters obtained
in the nonlinear fittings and curves will be shown. Second,
the stiffness curves of the synthetic model of each variable
are adopted through polynomial fittings and the reference
stiffness value is obtained. Finally, the relative contribution of
each component is taken and a completemodel of the cervical
mechanical evolution is provided.

The latest data recorded for the collagen content was
made by Myers et al. [11], where there is a small increase in
collagen content, reflected in (13). Results are displayed in
Figure 1.

𝐶 (𝑡) = 𝛼 + 𝛾 − 𝛼
1 + 𝑒(𝑘−𝑡)/𝛿 (13)

In the first few weeks the rate of solubility shows a very
large increase, and then it stabilizes and stagnates near the
end (see Figure 2). This behavior can be modeled with the
data registered by Uldbjerg et al. [34].

The interaction solubility-synthesis configures the ratio of
synthesis. There must be a balance to preserve the structural
integrity, and so, synthesis is opposed to solubility action with
similar values (see Figure 3).

The data for the diameter and interfibrillar space were
taken from the model of Peralta et al. [15]. As the other com-
ponents of the ECM develop, they will affect the morphology
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Figure 1: Collagen content evolution during pregnancy, with 𝛼
being the initial value and 𝛾 the maximum content. Parameters: k
=25.15, 𝛿=4.035, 𝛼=71, and 𝛾=77.
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Figure 2: Collagen solubility evolution during pregnancy. Parame-
ters: k =0.161, 𝛿=3.42, 𝛼=20, and 𝛾=80.
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Figure 3: Collagen synthesis evolution during pregnancy. Parame-
ters: L=20, k =0.003281, n=2.618.

of the collagen; in this case, it is assumed in a linear fashion
(see Figure 4).The range for the diameter is established in (5,
10) 𝜇m and for the interspace in (1, 4) 𝜇m. The models for
diameter and space are illustrated in (14), respectively.

𝐹𝑑 = 0.119𝑡 + 5
𝐼𝑑 = 0.0714𝑡 + 1

(14)

In the case of waviness, the fibers increase its crimping
in agreement with the synthesis of collagen. The range of the
variance 𝜎2 for the beta distribution has been restricted to 5-
45 𝜇m. It has been quantified from the fiber fraction with
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Figure 4: Collagen diameter evolution during pregnancy.
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Figure 5: Waviness probability density function. Parameters: for
early (a=15.8; b=63.2), for mid (a=31.2; b=72.8), and for late phase
(a=47.6; b=71.4).

respect to the total ECM and the morphology observed in
microscope images [16]. Since the 𝛽 distribution is restricted
to (0-1), it is possible to shift and scale the output through (15).

5 + (45 − 5) ⋅ 𝛽 (𝑝𝑑𝑓) (15)

The shape parameters of the distribution are computed
according to the phase of pregnancy, where it is assumed that
the mean (𝜇) of the early phase is 15 𝜇m, for the mid phase
25 𝜇m, and for the late phase 35 𝜇m, with a variance (𝜎2) for
all of 0.002 𝜇m2. These values once calculated are presented
in Figure 5, along with their probability density. The results
allow estimating key evolutionary points in the waviness.
There is a minimum around 8 𝜇m and a maximum around 55
𝜇m. In early phase the most probable value is approximately
20 𝜇m, in mid phase is 30 𝜇m, and in late phase is 40 𝜇m.

Due to their reliance on collagen synthesis, a similar
evolution is expected for waviness, starting with cautious
crimping and then undertaking a remarkable increase, reach-
ing a value that could not be higher. Equation (16) is the
logistic function solution. Figure 6 represents the estimated
curve with its parameters.

𝑊(𝑡) = 𝛼 + 𝛾 − 𝛼
1 + 𝑒(𝑘−𝑡)/𝛿 (16)

Some authors have measured the water content in the
cervix, to conclude that there is an increase of 5%. However,
only a few were able to complete the data in all the stages
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Figure 6: Fiber waviness evolution during pregnancy. 𝛼 is the lower
crimping value and 𝛾 the maximum waviness reached. Parameters:
k =22.26, 𝛿=12.42, 𝛼=8.5, and 𝛾=54.8.
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Figure 7: Water content evolution during pregnancy. Parameters:
a1=712.3; a2=636.7; b1=0.05475; b2=0.0587; c1=0.705; c2=3.788.

of pregnancy. Anderson et al. [35] obtained a sinusoidal
relationship, that is translated into (17), where ai is the
amplitude of the change, bi the frequency according to the
stage of pregnancy, and ci the phase that indicates the initial
percentage. In Figure 7 the transformation is visualized.

𝐻(𝑡) = 𝑎1 sin (𝑏1𝑡 + 𝑐1) + 𝑎2 sin (𝑏2𝑡 + 𝑐2) (17)

The cell proliferation is based on the protection and
preparation for the last phase of pregnancy, where there are a
number of chain reactions that affect the hormones responsi-
ble for pregnancy. Due to this, an exponential evolution (see
(18)) is presented, via the data of Oxlund et al. [6]. Figure 8
shows the output.

𝐶 (𝑡) = 𝐴𝑒𝑘𝑡 (18)

The last constituent studied is GAGs. They have a strong
relationship with collagen morphology and water content.
Therefore, they begin with gradual growth, to reach birth and
fall exponentially (see Figure 9). The data of Shimizu et al.
[24] is faithful to this description.

In the next point, the reference mechanical value of the
cervix has been calculated. It comes from the conjunction
of the profiles of the numerical model and the distribution
of Von Mises. The module G for the perpendicular profile
is 14 kPa and for the parallel is 166 kPa. The distribution is
clustered in 𝜇=𝜋/2 and k=2. The computed value after using
the cumulative distribution function is 31 kPa.
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Figure 8: Cells content evolution during pregnancy. Parameters:
A=8; k=0.015.
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Figure 9: GAGs content evolution during pregnancy. Parameters:
a=-3.3⋅10-16; b=0.8326; c=0.7507; d=0.007117.

The response of the diameter and waviness of collagen,
water, and cells, which are the elements considered for the
final model, are adapted with polynomial fittings. Figure 10
displays the adaptation.

The combination of both results, introducing the tempo-
ral evolution in the mechanical contribution and subtracting
the initial value given to each constituent, is presented in
Figure 11. It is emphasized that the collagen morphology is
mainly responsible for decay in stiffness. Hydration has no
appreciable effect due to its scale a priori, while cells increase
their production and counteract the loss of distensibility
caused by collagen.

The final model is displayed in Figure 12. The central
value is 31 kPa, and then terms of the relative contribution of
each component are added to simulate a complete function.
At first, the drop in stiffness is noticeable. By week 25, the
synthesis-solubility interaction of collagen stabilizes and this
is when cell recruitment becomes palpable, balancing the
mechanical integrity of cervical tissue.

Several authors have conducted feasibility studies regard-
ing the use of shear wave elastography on pregnant women.
They are based on the SSI technique [36] that is able to
quantify the shear wave speed (SWS). Once this speed (Cs)
is computed and under the assumption of a purely elastic
and incompressible medium the shear modulus (𝜇) can be
described as 𝜇 = 𝜌Cs

2, with 𝜌 being the density of the tissue.
Bearing this in mind, the range of values stemming from

this final model are consistent with the study of Peralta et
al. [37]. On the other hand, in the works of Muller et al. and
Hernandez-Andrade et al. [38, 39], although they obtained
a narrower and smaller value range, they observed a similar
trend; from the first weeks there is a notable decrease in the
stiffness that inmid pregnancy softens. For its part, in a recent
study of Carlson et al. [40] using a prototype of shear waves,
they noted that stiffness is reduced by half from the first to
the third trimester, with values close to those of this work.

Furthermore, this elastic transformation of the cervix can
be assimilated with the remodeling that is experienced in the
different phases of pregnancy.

Cervical softening is the first and longest phase that
commonly starts in the first month. At this moment it begins
a slowly increasing turnover of ECM components, which
shows a decline in resistance, associated with unordered
collagen fibers, elastic tension, increased water content, and
proteoglycans [41]. In the nonpregnant cervix the epithelial
cells are scant; however, during pregnancy the hormone
relaxin is implicated in their proliferation when the synthesis
of some prostaglandins (PGs) begins to be noticed and
the cytokine interleukin-8 (IL-8) appears [42]. From this
moment the cells are configured as the main support to the
structural integrity. They secrete mucus plug [43], a physical
barrier against infections, as well as a proliferation of fibrob-
lasts. Yet, due to regulation in the ECM, the collagen fibers
begin to lose strength in their state of creation and assembly,
where the matricellular proteins thrombospondin 2 (THBS2)
and tenascin C (TnC) modify the collagen architecture [28].
This is reflected in the first 25 weeks of the graph.

Cervical ripening begins a few weeks before delivery
and is characterized by rapid changes in the cervix, where
integrity is being lost in order to prepare for the delivery.
There is a marked increase in the synthesis of proteogly-
cans, collagen, and hyaluronic acid (HA), a hydrophilic
glycosaminoglycan, which interacts with epithelium cells and
proteoglycans as versican. HA is in a large molecular weight
form that has been said to favor tissue hydration, resulting
in a viscoelastic material, which unbalances the structure of
the collagen network, dispersing and reducing its mechanical
resistance due to increasing collagen solubility [44, 45].
The cervical epithelium continues to provide a mucosal
barrier against infectionwhile regulating steroid hormones to
provide a rich estrogen environment. In order to initiate this
phase, it is necessary that the activity of progesterone decays,
since it has been proven that introducing its inhibitors during
softening cause it to reach maturation sooner [46], proving
that progesterone is a factor that maintains pregnancy. The
loss of this hormone helps the estrogen to reach its receptors,
facilitating the activation of ripening.

At term there must be a dilation of the cervix, which is
preceded by biochemical changes caused by a new hormonal
regulation, contractions of the myometrium, and the tension
of the fetal protrusion, triggering the maximal loss of tensile
strength. This process involves the infiltration of leukocytes,
PGs, proteases, and collagenases into the ECM [13]. The
protective mucus plug is expelled; in addition, it comes to
a phase of effacement where the cervix narrows its walls
and shortens, to reach 10 cm in diameter. The activity of
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Figure 10: Content of each component versus elasticity. Polynomials of degree three were used for diameter and hydration, degree two for
waviness, and degree one for cells.
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Figure 11: Content of each component versus elasticity.The polyno-
mial degree for diameter and hydration is three, for waviness is two,
and for cell is one.

the enzyme hyaluronidase is increased, breaking down HA
bonds and promoting a shorter duration of labor by cause
of loss of cervical mechanical strength [47]. It has been
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Figure 12: Evolutive biomechanical model of the cervix.

proven that PGs have a crucial function in the late term. The
application of exogenous PGs increased collagen solubility
and altered ECM components, imitating cervical ripening
and dilation effects. Notwithstanding, the prostaglandins
PGE2 and PGF2 do not increase its content which has left
a gap as to its operation, even introducing a progesterone
inhibitor induced ripening, but no rise in PGs was registered
[48, 49]. To complete pregnancy it is necessary that the female
reproductive system is transformed from a static formation
to an active one with the coordination of its components.
This coordination will lead to the final contractions that
are transmitted through gap junctions. The fetus intervenes
through the placenta, which creates different hormones.
This is reflected in changes in progesterone-estrogen ratio,
upregulation of oxytocin, PGs, and the decrease of nitric
oxide (NO). The previous phases (ripening and dilation)
can be grouped from week 25 to week 38. The stiffness
drop is no longer so marked. On the one hand, collagen
continues to lose its structure, but on the other hand, cells
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togetherwith hormonal activitymean the infiltration ofmany
components.

The postpartum phase, the uterine involution, is meant
to recover the tensile strength of the tissue, to avoid environ-
mental contamination and to prepare for ensuing pregnan-
cies. An increase in leukocyte cells allows the renewal of tissue
functionality, breaking down components causing weakness
and disorganization of the ECM through the secretion of the
enzyme protease. On the other side, there is an upregulation
of synthesis of ECM constituents to return to a nonpregnant
state [50] and loss of tissue hydration. The last stretch of the
plot is remarkable for being the only one in which stiffness
begins to rise.

This flow explains and validates decisions on both the
content of components and their evolution.

This work has certain limitations. The resulting curve
was achieved through values from a simulation, which does
not necessarily have to be correct. With real values, the
curve would be more reliable and optimized. The fit models
have been chosen for convenience to simulate the behavior
explained, so that some parameters are not clearly defined.
The advantage of studying the components individually
becomes a constraint as soft tissue remodeling is usually
approached from the perspective of mixing theory. There is
a mass balance where the constituents make a continuous
exchange of percentages of properties. In the work of Myers
et al. [52] it is proposed to adopt the tissue composition as
state variables that mathematically describe the state of a
dynamic system. In the future, thismodel can be used to build
a continuum biomechanical framework.

4. Conclusions

A framework of histobiomechanical properties of the cervical
stroma is proposed. A literature review was carried out
to explore the contributions of several authors, and then
nonordinary developments have been identified. In the case
of hydration there is a cyclical tendency, probably related to
the feeding of the fetus and eventually when water breaks.
GAGs decrease exponentially when delivery arrives. It may
be thought that it is due to the increase in mucus plug that
somewhat dissolves the polysaccharides of GAGs, allowing
a hyperstretching of cervical tissue by removing most of its
viscosity. The rest of the constituents follow an increasing
trend, either logistically for collagen or exponentially for cells.
This was combined with the outputs of a numerical model to
build a function that relates gestational age to stiffness. The
spatial medium generated is based on increasing the diameter
and waviness of collagen fibers along with hydration and
cellular content.

Hormones have been identified as the most active ele-
ments of pregnancy. The role of oxytocin, PGs, and pro-
gesterone as triggers of the whole process should always be
kept in mind. More detailed monitoring of these variables
can lead to improvements. The combination of cells and the
proteolysis of enzyme plays a key role near childbirth. They
degrade collagen while trying to maintain the integrity of an
increasingly unstable structure. Thus biochemistry is able to
control histology.

The viscous part of the model is irrelevant, being more
sensitive to modifications in the microstructure than to the
ECM content. This has shown that there is a drop in elasticity
during pregnancy represented by a function with histological
parameters. It can be seen that everything leads to collagen,
which is why it has become the most studied component in
this study. In a more general view, it is proposed to study
the behavior of collagen in specimens in the absence of other
constituents.
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Characterizing heterogeneous elastic property distribution of soft tissues is of great importance in disease detection. In this paper,
we investigate an inverse approach to map the heterogeneous material property distribution of soft solids using harmonic motion
data. To examine the feasibility of this approach, a number of numerical examples are presented.We observe that the shearmodulus
distribution is recovered well using harmonic motion measurements. Compared to the static inverse approach, the proposed
dynamic inversemethod improves the quality of the recovered shearmodulus distribution significantly.We also study the influence
of the uncertainty in the driving frequency on the reconstruction results and observe that the influence is not very significant in
recovering the shape of the inclusion. The proposed inverse algorithm has potential to be a promising tool to diagnose diseases in
clinical medicine.

1. Introduction

Mechanical signal or response has a long history of being used
for health assessment and disease detection. For instance,
more than 2000 years ago, Chinese developed a pulse
diagnosis where physicians assessed patients’ health con-
ditions based on their wrist-pulse [1, 2] since alteration
of the frequency, amplitude, etc. of the wrist-pulse was
highly correlated to the pathologic changes. With the fast
development of mechanical techniques, a large number of
mechanical basedmedical devices including ultrasonography
have been invented andwidely used in healthcare institutions.
In particular, the development of imaging modalities [3, 4]
provides us with the availability to measure the deformation
and motion of tissues and organs inside our body. With
the full-field measured data of the region of interest, we are
capable of mapping the heterogeneous mechanical property
distribution of soft tissues. Since many diseases such as
cancerous diseases [5, 6] and cardiovascular diseases [7, 8]
induce the alteration of mechanical properties of associated

tissues, mapping heterogeneous mechanical behavior might
be useful for the disease detection.

With the accurate imaging data, identifying nonhomo-
geneous material property distribution requires solving an
inverse problem. Due to its ill-posed nature, it is very difficult
to solve the inverse problem. There are many methods to
solve the inverse problem such as direct approaches [9–12]
and statistical approaches [13]. A prevalent approach is to
regularize the problem and pose the inverse problem to be
a constrained minimization problem [11, 14–16]. To improve
the computational efficiency of solving the inverse problem
using an iterative inverse algorithm, the adjoint method has
been proposed.This approach has beenwidely applied tomap
both linear [17, 18] and nonlinear [19, 20] elastic property
distributions of soft tissues utilizing measured displacement
fields in the quasi-static case.

In this paper, we will generalize the regularized inverse
approach into dynamic cases.We assume the tissue or biolog-
ical organ is subjected to harmonic motion, solve the inverse
problem in the frequency domain, and map the linear elastic
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property distribution using harmonic motion data. This
paper is organized as follows: In Methods, we will discuss
the mathematical details of the proposed approach and a
number of numerical examples will be presented in Results.
We will discuss the proposed method and associated results
in Discussion and paper closure will be in Conclusions.

2. Methods

The wave equation for harmonic motion in the frequency
domain is written as

∇𝜎 + 𝜌𝜔2u = 0 on Ω
u = u∘ on Γ𝑢
𝜎 ⋅ n = t∘ on Γ𝑡,

(1)

where u and 𝜎 denote the displacement vector and stress
tensor, respectively. 𝜌 and 𝜔 represent the mass density and
angular frequency, respectively. In addition, the vectors u∘
and t∘ are the boundary conditions at Γ𝑢∪Γ𝑡. In this paper, the
solid is assumed to be an incompressible, linear elastic and in
the state of plane stress; thus the stress-strain relation is

𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 + 2𝜇𝜀𝑘𝑘𝛿𝑖𝑗, (2)

where 𝜇 is shear modulus and 𝜀𝑖𝑗 is the strain. For a known
shear modulus distribution, the displacement field can be
acquired by solving a forward problem using the finite
element method (FEM), leading to the following discretized
equations:

K (𝜇) u +Mu = f , (3)

where K and M are the stiffness matrix and mass matrix,
respectively. Meanwhile, u and f are the displacement and
force vectors, respectively. Since FEM has been widely used
for solving equations of motion, for brevity, we do not intend
to discuss here.

The inverse problem is solved by an optimization
approach where an objective function 𝜋 is minimized in the
L2 norm:

𝜋 = 12 W (u (𝜇) − u𝑚𝑒𝑎𝑠)20 + 12𝛼Reg (𝜇) , (4)

where u𝑚𝑒𝑎𝑠 and u(𝜇) are the nodal measured and computed
displacements, respectively.The computed displacement field
is obtained by solving the forward problem at the current
estimated shear modulus distribution.The shape functionW
represents the approximation from the continuous displace-
ment field to the associated discretized field.The second term
in (4) is the regularization term. In this paper, we employ
the total variation diminishing (TVD) regularization term
(Reg(𝜇) = ∫

Ω
√(∇𝜇)2 + c2dΩ, where c is a small constant

and is set to 10−2 in order to avoid the singularity when
computing the derivative of the regularization term with
respect to shear moduli). 𝛼 is the regularization factor to
control the contribution of the regularization term to the

objective function. A smaller 𝛼 leads to strong distortion
of reconstruction, while a larger value will oversmooth the
final results. In this paper, the optimal regularization factor
is visually determined. To be specific, we start with a very
large regularization, keep solving the inverse problem with
a decreasing regularization factor, and then observe the
shear modulus reconstructions. This optimal regularization
factor will be determined when the reconstruction of the
background starts oscillation.The same strategy has also been
utilized in [17–21].

The inverse problem is solved by a quasi-Newton
approach, the L-BFGS (limited-Broyden–Fletcher–Gold-
farb–Shanno) method, which requires the objective function
value and its spatial gradient with respect to shear moduli.
The gradient of the objective function can be calculated as
follows:

𝜕𝜋
𝜕𝜇𝑗 = ⟨W (u − u𝑚𝑒𝑎𝑠) ,W 𝜕u

𝜕𝜇𝑗⟩ +
1
2𝛼
𝜕Reg (𝜇𝑗)
𝜕𝜇𝑗 , (5)

where j represents the global node number. ⟨, ⟩ denotes the
inner product. Differentiating (3) with respect to the nodal
shear modulus 𝜇𝑗 yields

𝜕u
𝜕𝜇𝑗 = − (K +M)

−1 𝜕K𝜕𝜇𝑗 u. (6)

Substituting (6) into (5) leads to

𝜕𝜋
𝜕𝜇𝑗 = ⟨W (u − u𝑚𝑒𝑎𝑠) , −W (K +M)−1 𝜕K𝜕𝜇𝑗 u⟩

+ 12𝛼
𝜕Reg (𝜇𝑗)
𝜕𝜇𝑗 .

(7)

This straightforward approach to evaluate the gradient
is computationally intensive; thus the adjoint method is
adopted to calculate the gradient in a highly efficient way
[21]. More specifically, if we rewrite (7) by taking advantage
of the definition of a transpose, the following equation can be
obtained:

𝜕𝜋
𝜕𝜇𝑗 = ⟨− (K +M)

−𝑇W𝑇W (u − u𝑚𝑒𝑎𝑠) , 𝜕K𝜕𝜇𝑗 u⟩

+ 12𝛼
𝜕Reg (𝜇𝑗)
𝜕𝜇𝑗 .

(8)

Accordingly, the adjoint equation can be acquired:

− (K +M)𝑇D =W𝑇W (u − u𝑚𝑒𝑎𝑠) . (9)

If we solve the adjoint equation for the vectorD, the gradient
can be expressed as

𝜕𝜋
𝜕𝜇𝑗 = ⟨D, 𝜕K𝜕𝜇𝑗 u⟩ +

1
2𝛼
𝜕Reg (𝜇𝑗)
𝜕𝜇𝑗 . (10)
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Figure 1: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions in the presence of 3%, 5%, and
10% noise, respectively. In this case, the driving frequency is 0Hz (the static case).

Thus, we merely need to solve two forward problems at
every minimization iteration using the adjoint method. The
inverse solver will terminate when one of the two following
stop criteria is satisfied: (1) the difference between the
objective function values at the current and lastminimization
iterations is smaller than themachine precision; (2) the norm
of the gradient of the objective function with respect to shear
moduli is smaller than the machine precision.

The in-house inverse algorithm is implemented by For-
tran and parallelized by openMP. For the L-BFGS algorithm,
we adopt an open source L-BFGS subroutine developed by
[22, 23]. In this work, we will primarily test the inverse
algorithms; thus measured data obtained by simulation will
be employed in numerical examples, assuming the material
property distribution is known. We then use the simulated
data to solve the inverse problem and compare the recon-
structed shearmodulus distributionwith the target values. To
mimic real data, we add up to 10% white Gaussian noise into
the simulated data, and the noise level is defined as

𝑛𝑜𝑖𝑠𝑒 = √∑
𝑛
𝑖=1 (𝑢𝑚𝑒𝑎𝑠𝑖 − 𝑢𝑒𝑥𝑎𝑐𝑡𝑖 )2
√∑𝑛𝑖=1 (𝑢𝑒𝑥𝑎𝑐𝑡𝑖 )2 × 100%, (11)

where 𝑛 is the total number of displacement data. 𝑢𝑚𝑒𝑎𝑠𝑖
and 𝑢𝑒𝑥𝑎𝑐𝑡𝑖 are the measured displacement and noise-free
displacement, respectively.

3. Results

In this section, we will present numerical examples where the
geometric model is shown in Figure 1(a). More specifically,
a circular inclusion with a shear modulus value of 500Pa is
embedded in the 1×1cm2 square background with a shear
modulus value of 100Pa. The radius of the inclusion is 0.1cm.
The square model is discretized by 3600 bilinear elements.
In respect of the boundary conditions, we fully fix the
bottom edge and apply 1% shear deformation on the top
edge. When solving the inverse problem, the initial guess
of shear modulus distribution is homogeneous throughout
the problem domain and the initial shear modulus value is
10Pa. In addition, we restrict the search domain of the shear
modulus of every node to interval [10,3000]Pa.

As seen in Figure 1, when the noise level is low (3%),
the shear modulus distribution is recovered with very good
quality, since both the value and shape of the shear modulus
of the inclusion are close to the target. With the increase of
noise level, the reconstruction becomes worse (see Figures
1(b)–1(d)). In particular, when the noise level reaches 10%, the
mapped inclusion is distorted and a strong artifact is observed
on the background in Figure 1(d). We also investigate the
sensitivity of the regularization factors to the reconstructed
shear modulus distribution (see Figure 2). We observe that,
for a very small regularization factor (𝛼 = 10−10 in Figure
2(b)), the reconstructed shearmodulus distribution oscillates
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Figure 2: (a)The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions in the presence of 5% noise with
regularization factors of 10−10, 10−9, and 5 × 10−9, respectively. In this case, the driving frequency is 0Hz (the static case).

significantly. For a very large regularization factor (𝛼 =5 × 10−9 in Figure 2(d)), the shear modulus distribution of
the background is very smooth. Meanwhile, the inclusion
can be recovered successfully but becomes much larger than
the target. Thus, the optimal regularization factor should be
selected between them as shown in Figure 2(c).

For a relative low driving frequency (Figure 3), we find
that the inclusion is also recovered well in the case of low
noise level (3% noise). However, compared to the static case
(see Figure 1(b)), both the shape and value of the inclusion are
slightly worsemapped. Besides, though increasing noise level
will deteriorate the mapped shear modulus distribution, the
quality of reconstructed results in this dynamic case is slightly
better than the static case (compare Figures 1(c) and 1(d)
and Figures 3(c) and 3(d)). For higher driving frequencies
of 20Hz and 40Hz (Figures 4 and 5), we observe that the
inclusion is well recovered for noise levels up to 5%. Even
with 10% noise level, the inclusion is recovered well without
too many artifacts. Comparing the reconstructed results for
varying driving frequencies, we also observe that the driving
frequency of 40Hz yields the best reconstruction results.

We also study the effect of the uncertainty in the driving
frequency on the reconstructed results. In Figures 6 and 7,
we also add noise to the driving frequency in solving the
inverse problem. We discover that the decrease of driving
frequency reduces the value of the mapped inclusion (see
Figure 6) but also reduces the artifact of the background

simultaneously. The shape of the mapped inclusion seems to
remain the same level for different driving frequencies.When
we raise the driving frequency (Figure 7), it is clear that the
value of the shear modulus of the mapped inclusion rises but
the background experiences a stronger oscillation than that
using the exact driving frequency.

4. Discussion

This paper presents the regularized inverse approach to
map the heterogeneous elastic property distribution of the
soft solids using harmonic motion data. It took 5000-10000
iterations for convergence to solve the inverse problem in
this paper. We compared the reconstructed results when
the driving frequencies are 0Hz (static case), 2Hz, 20Hz,
and 40Hz, respectively. We also varied the initial guess
of the shear modulus from 10Pa to 1000Pa and acquired
very similar reconstructed shear modulus distribution. We
notice that using static data is capable of mapping the
elastic property distribution well with a low noise level.
However, for higher noise level, the dynamic data yields better
reconstruction results. Thereby, this is one of the advantages
of utilizing dynamic measurement. Another merit of using
harmonicmotion data is that we can quantitatively determine
the shear modulus distribution merely using displacement
measurements. This is impossible for the static case owing
to the homogeneity of the equilibrium equations. Thereby,
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Figure 3: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions in the presence of 3%, 5%, and
10% noise, respectively. In this case, the driving frequency is 2Hz.
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Figure 4: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions in the presence of 3%, 5%, and
10% noise, respectively. In this case, the driving frequency is 20Hz.
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Figure 5: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions when the driving frequency
increases by 3%, 5%, and 10%, respectively. In this case, the exact driving frequency is 40Hz.
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Figure 6: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions when the driving frequency
decreases by 3%, 5%, and 10% in the inverse problem, respectively. In this case, the exact driving frequency is 20Hz and noise level is 3%.
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Figure 7: (a) The target shear modulus distribution; ((b)–(d)) the reconstructed shear modulus distributions when the driving frequency
increases by 3%, 5%, and 10% in the inverse problem, respectively. In this case, the exact driving frequency is 20Hz and noise level is 3%.

we must know nonzero force or traction information, or
shear modulus values in a certain subregion for the static
case. Otherwise, the shear modulus distribution can only be
determined relatively up to a multiplicative factor. This has
been well studied in [18]. We also learn that the uncertainty
in the driving frequency might not necessarily reduce the
quality of reconstructed results. However, the reason behind
this remains an open question. Though we merely test the
plane stress case in this paper, the proposed approach can
be easily generalized to 2D plane strain and 3D cases.
Besides, the experimental data should be utilized to test the
feasibility of the proposed method. In this paper, we reveal
that using harmonic data is capable of yielding higher quality
of reconstruction even with very high noise level. Further, the
error in driving frequency does not decrease the reconstruc-
tion quality significantly. Therefore, this analysis is of great
significance in applying the approach to the practical cases.

5. Conclusions

In this paper, we study the feasibility of characterizing the
nonhomogeneous elastic modulus distribution utilizing full-
field harmonic motion data. We test several numerical cases
and observe that this approach is capable ofmapping the elas-
tic property distribution well even with high noise levels. We
also investigate how the uncertainty in the driving frequency
affects the reconstruction of the shear modulus distribution.

We realize that the uncertainty in the driving frequencymight
not reduce the quality of reconstruction results.
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There is a challenge in characterizing the soft tissue mechanical functionality in cylindrical geometries by current elastography
techniques applied to small organs. Torsional waves are a type of shear elastic waves that propagate through soft tissue radially and
in depth in a curled geometry, ideally suited to explore structures such as the cervix. Here, a sensor based on a novel arrangement
of concentric sandwiches of piezo- and electromechanical elements is prototyped and tested to quantitatively assess stiffness in
human cervix. The purpose is to determine the robustness of a torsional wave elastography (TWE) sensor prototype to quantify
cervical stiffness, as a first step to validate a reliable measurement protocol using TWE. An array of tests designed to validate a set
of hypothesis about the contact conditions were performed on up to 3 different nonpregnant voluntary women. The mechanical
properties were reconstructed from the recorded TWE signals, and the outcomes were statistically analyzed to validate the contact
condition hypothesis.The results suggest that, although future tests need to be performed to fully assess the repeatability and quality
of the measurements, some characteristics of the measurement protocol become clear; in particular: (1) the use of speculum is
recommended since it not only stabilizes the measurements, but also corrects and stabilizes the orientation of the cervical neck,
and allows to visually verify the positioning and alignment of the probe, while not significantly increasing discomfort to women
during this test; (2) the use of lubricant gel has no significant effect on the measurement quality; (3) 1cm off-centering from external
cervical os is not acceptable; (4) a range of applied force between 500-2000Ndoes not significantly varymeasurement signal quality,
but the reconstructed value of the shear modulus does vary, probably due to its constitutive nonlinearity; (5) breathing movements
affects measurements, but short duration of TWE pulse (0.3 s) allows to take measurements in apnea.

1. Introduction

The structural microarchitecture of soft tissue is recently
catching attention among the biomechanics community, and
it is gaining interest for clinical diagnosis in a broad spectrum
of medical specialties, since quantitative measurement of
cervical elasticity by shear waves in vivo constitutes a new
diagnostic principle that only recently is being proposed [1–
5].This concept is first being applied to early diagnosing birth
and labor disorders, such as premature ripening of the cervix,
delivery induction failures, etc.

In the last years, elastography has been proposed bymany
authors to evaluate cervical stiffness/softness [1–3, 6, 7], as
there is no clinical tool for the quantitative and objective
assessment of the cervical biomechanical state during preg-
nancy [4].TheWorld Health Organization (WHO) estimates

that in 2017 approximately 15 million babies will be born
preterm (< 37 weeks of gestation), this is, a rate above 1
in 10 newborns [8]. Worldwide, complications of preterm
birth have supplanted pneumonia as the primary cause of
child mortality for children under five years of age [8, 9].
The problem is not isolated to the developing countries, as
pretermbirth rates are rising inmost countries in Europe [10].
While some progress is being made in identifying cultural
and/or socioeconomic risk factors of preterm birth, there
is a considerable proportion of unpredictable spontaneous
preterm delivery, and the biology of cervical ripening that
leads to birth remains poorly understood.

To objectively quantify cervical stiffness, a TWE sensor
prototype was designed, prototyped and was the object of
the present test for measurement robustness. Unlike com-
mercial elastography, torsional wave is shear elastic waves
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that propagate through soft tissue radially and in depth in
a curled geometry, perfectly suited to the small size and
specific cylindrical shape of the cervix, which challenge
ARFI-based elastography [11]. The TWE sensor is based on
a novel arrangement of concentric sandwiches of piezo- and
electromechanical elements, which enables the precise inter-
rogation of soft tissue mechanical functionality in cylindrical
geometries.

The purpose of this work is to evaluate the robustness
of the mechanical characterization of the cervix through
the TWE probe, specifically against some relevant contact
conditions. By robustness we define the maintenance of
measurement signals quality and consistency against varia-
tions in a set of examination procedures and errors during
the application of the clinical probe operation. The specific
objectives are

(O1) To verify the positioning, orientation and alignment
of the probe respect to the cervix.

(O2) To determine the need of speculum.
(O3) To determine the need of lubricant gel.
(O4) To validate the robustness against probe cervical os

off-centering.
(O5) To analyze the effect of probe applied force on the

cervix within a soft force range.

To this end, an array of tests designed to validate a set
of hypothesis about the contact conditions were performed
on up to 3 different nonpregnant voluntary women. The
mechanical properties were reconstructed from the recorded
TWE signals, and the outcomes were statistically analyzed to
validate the contact condition hypothesis.

2. Methods

The endovaginal examination with the TWE probe was
simultaneously guided by an abdominal sagittal ecography to
assess cervical alignment to endocervical canal (to analyze
objective O1),and to confirm the probe position on the
cervix using or not speculum (to analyze objective O2).
The probe was positioned in contact with the cervical lips,
centered at the os. The torsional waves propagate in depth
and radially interrogating the compound dermal, internal
stromatic connective tissue, therefore not excluding mucus,
epithelium, and crypts, which are a priori expected to be
a potential explanation for measurement complications to
be tested. An examination series was performed with and
without lubricant gel on the probe (to analyze objective O3).
Measurements in external cervical os against other regions of
the cervix (anterior, posterior and lateral lips) were obtained
(to analyze objectiveO4).Theoperators applied first a normal
force and second a soft force on the cervix, in a range of 500-
2000 N (equivalent to 50-200 g). A training for the operator
was required to apply a uniform force, within an error of
subjective perception around ± 20% which was estimated
through testing probe force in a balance (to analyze objective
O5). The variation between measurements taken at the start
and the end of the examination protocol in each woman was
calculated. The protocol sequence was repeated twice by each

Figure 1: In-lab designed andprototype torsional wave elastography
probe.

operator. Breathing and postural movements of the subjects
were recorded during measurement.

2.1. Torsional Wave Elastography. Elastography was per-
formed using an in-lab designed and prototyped probe capa-
ble of generating, receiving and analysing torsional waves
free of spurious compression waves, as well as sensing them
at safe radiation energies. The proof of concept device (Fig-
ure 1) is composed of three parts; sensor, generation/receiver
electronic system, and the interface software. The proposed
sensor concept is based on (1) a transmitting disc with a
sandwich design combining piezoceramic or electromechan-
ical elements to control impedance and inertia, resonant
frequency and energy transmission to reduce dilatational
waves, and a Faraday shield to control electronic cross-talk.
The receiving part consists of a (2) crown ring sandwich
with a converse design to the transmitter, encapsulated
in (3) a casing with geometrical and material selection
to control the mechanical cross-talk. This configuration
eliminates the masking p-waves that systematically arise at
the boundaries of the regular contact or comb transducers.
Further technical details are processing for reconstruction
of mechanical parameters are covered by patents [12–14]
and previous publications by the authors [15, 16]. From the
reconstructed shear wave velocity 𝑐

𝑠
, it is possible to compute

a shear elasticity under the assumption of a purely elastic and
incompressible medium, for which the shear modulus 𝜇 can
be written as

𝜇 = 𝜌𝑐2
𝑠

(1)
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Figure 2: Illustrative example of three transmitted and received
1kHz signals.

where 𝜌 is the density of the medium. In order to describe
soft tissue elasticity, the usual parameter is Young’s modulus,
𝐸 = 𝜇(3𝜆 + 2𝜇)/(𝜆 + 𝜇). In macroscopic and homogeneous
media 𝜆 is 104 ∼ 106 times larger than 𝜇, thus a good and an
usual approximation of 𝐸 is: 𝐸 = 3𝜇. Thus, Young’s modulus
can then deduced from the shear wave velocity as

𝐸 = 3𝜌𝑐2
𝑠

(2)

The propagated torsional wave is a burst configured as a
1-cycle sinusoid of frequency 𝑓 between 0.5 and 1.5 kHz with
10× averaging. An example of the transmitted and received
signal is shown in Figure 2.

2.2. Settings and Ethical Issues. The study was conducted
in the Fetal Medicine Unit at the Universitary Hospital
Complex of Granada, Spain, in March 2017. The prototype
of the probe and the analysis of the data were performed
at the Non-Destructive Laboratory (University of Granada).
The study was designed according to the Declaration of
Helsinki, with the approval of the ‘Comité de Ética de la
Investigación Biomédica de Granada, the Comité de Ética de
la Universidad de Granada,’ and the ‘Comisión de Ética e
Investigación Sanitaria del Hospital Universitario San Cecilio
de Granada.’

2.3. Population. Eligible participants were non-pregnant,
>18 years old women. Exclusion criteria were cervical
surgery (e.g., conization), premalignant ormalignant cervical
changes, and menopause. All the elegible women agreed to
participate and gave written informed consent. Datasets were
anonymized.

2.4. Outcome Measures. The outcomes to compare the set
of measurements in the protocol were cervical stiffness (G),
estimated through the velocity of signal, and signal quality
(Q).

2.5. Statistical Analysis. To compare the effects of using a
speculum, a lubricant gel, a range of pressure, and the probe

off-centering from cervical os on the measurements, the
ANOVA testwas used. Stiffnesswas normalized to a reference
subject (A) within women. The p-values for all hypothesis
were 2-sided and a statistical significance was considered
at p <0.05. Data were analysed using the MATLAB [17],
particularly packages ttest2 and anova1 [18].

3. Results

A total of 3 women aged 27-39 years were recruited for
examination through TWE technique. They were one prim-
iparous, one multiparous, and one nulliparous woman.
Obstetrical formulae of term-birth/preterm-birth (< 37
weeks)/Abortus/Living children (TPAL) were T1P0A2L1,
T2P0A1L2, and T0P0A0L0, respectively.

The measurements protocol through TWE probe could
not be totally applied in some of the participants. A time
interval of 30 minutes was considered to test variation
between outcomes of measurements from the start to the end
of the protocol application in one woman.

ANOVA analysis results for the tested hypothesis are
shown in Table 1 and illustrated in Figure 3, including the
specification of the hypothesis to be tested, the number 𝑁
of patients, and the number of operators. p-value and t-stat
are provided, as well as the summary of the reconstructed
stiffness modulus 𝐺 and the quality estimate 𝑄.

The limitation of the small population (3 women) the-
oretically increases the risk of type-II error, but due to the
multiplicity of measurements taken intraoperator and, as the
p-values indicate, most of the hypotheses are tested with
statistical significance, overcoming the limitation for the
goals of this study. In the next studies, a larger population will
be required for inter-operator repeatability and other tests.

4. Conclusions

The statistical analysis of the tested hypothesis about the
contact conditions allow us to draw a number of conclusions,
detailed below, which provide initial hints of the measure-
ment protocol to be applied by the clinician to operate the
present TWE probe. However, further hypothesis needs to
be tested, which are the goal of a future work, to assess the
feasibility of objectively quantifying cervical stiffness through
a TWE sensor prototype with repeatability and reliability,
upon a measurement protocol to be designed.

(i) The use of speculum is recommended during TWE
examination since it corrects and stabilizes the ori-
entation of the cervical neck, and allows to visually
verify the positioning and alignment of the probe, as
supported with simultaneous abdominal echography.
Although the use of speculum becomes a training
requirement for the operator, the speculum does not
significantly increase discomfort to women during
this test.

(ii) The use of lubricant gel has no significant effect on the
measurement quality, and it is therefore proposed to
be optional.
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Figure 3: ANOVA box plots for testing each hypothesis indicated on the left vertical axis.

(iii) A threshold of 1cm off-centering from external cervi-
cal os divides measurements into stable or unstable
and therefore repeatable or non-repeatable. There-
fore, such a misalignment is not acceptable.

(iv) A range of applied force between 500-2000 N does
not significantly vary measurement signal quality.

However, the reconstructed value of the shear mod-
ulus does vary, probably due to the constitutive
nonlinearity of the tissue.

(v) Breathing movements affects measurements, but
short duration of TWE pulse (0.3 s) allows us to take
measurements in apnea.



6 Mathematical Problems in Engineering

(vi) Larger sample-size studies using a validated measure-
ment protocol with a concordance test to assess inter-
operator and intraoperator repeatability are needed in
further research.
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Materials with fluid and matrix phases present different acoustic responses in each phase. While longitudinal waves propagate in
both phases, shear waves do it only through the solid matrix. Longitudinal waves are mainly described by volumetric propagation
and shear waves by deviatoric processes. In the case of nonlinear propagation cross effects occur between both components. This
paper presents a new classical nonlinear model proposing a constitutive equation that separates volumetric and deviatoric effects.
Four nonlinear constants of third order are defined.The formulation is compared to constitutive equations with Landau constants
for weakly elasticity and both types of nonlinear constants related. Some reinterpretation of the Landau’s constants arises in terms
of parallel or cross nonlinear effects between volumetric and deviatoric components.

1. Introduction

The study of the coefficients of acoustic nonlinearity has
recently been recovered again [1–6]. The classical nonlinear
behavior of a material can be characterized using different
parameters: first-second nonlinear parameters, Landau and
Murnaghan constants, and stiffness matrices of second and
third order [7–9]. An example of this interest could be
the advances in early damage detection [10–13] of materials
with complex structures in Nondestricutive Evaluation field,
allowing new paradigms that explore the connection between
the micromechanical scales.

On the mathematical description of nonlinear effects,
it is important to separate the geometrical nonlinearity
from the material-dependent constitutive nonlinearity. The
nonlinear analysis is based on Taylor series expansions of
the strain energy, where the Landau [14] and Murnaghan
[15] coefficients surge and only account for the material-
dependent constitutive nonlinearity. The dynamic problem
and its wave equation deduction bring several calculations
that introduce geometrical nonlinearities. The first one arises
when the stress tensor is calculated from the strain energy

expansion, where several operations involving the deforma-
tion gradient tensor generate new nonlinear terms (see (13),
terms that are independent of Landau constants). The second,
the kinematic relations add the well-known cross derivative
term of the displacements, which is independent on the
material nonlinear behavior.

The understanding of the nonlinear constants meaning
(Landau, Murnaghan, 𝛽, 𝛿, or stiffness coefficients) turns
tough, and their interpretation does not appear as straight
forward as it could seem. Probably, the most intuitive inter-
pretation comes from the first nonlinear parameter 𝛽 and the
Finite Amplitude technique [16], where the parameter is a
measurement of the growth on the second harmonic ampli-
tude with distance. However, this parameter must be further
carefully interpreted, since different definitions of them can
be found in literature while nomenclature is maintained the
same [10, 17]. As some examples in this vain, first and second
nonlinear parameters (𝛽 and 𝛿), defined directly as wave
equation coefficients [18], usually accounts for both geomet-
rical and constitutive nonlinearity. There are simplifications
on some developments that define only constitutive versions
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of the coefficients 𝛽 and 𝛿, directly applying a Taylor series
expansion on the stress as a function of strain that are
used for unidimensional plane wave propagation cases and
neglecting geometrical nonlinearity [19, 20]. Anyway, all
these theoretical proposals have definitely contributed to
understand the main nonlinear experimental phenomena.
But new approaches can better interpret different situations
and open new visions.

This paper proposes deepening on the study of classical
nonlinear acoustics, proposing a newmathematical formula-
tion with the aim of presenting a different classical nonlinear
equation. It splits the general first-order nonlinearity (usually
measured by 𝛽 or by Landau’s constants) into four specific
nonlinear phenomena (measured with four new nonlinear
constants), due to the interaction of the deviatoric and vol-
umetric components of the deformation and stress tensors.
This paradigm turns specially useful to explain shear wave
nonlinear propagation inmaterials constituted by twophases,
as solid fibers embedded in a quasi-fluid matrix. This is the
case of soft tissues, where the propagation of shear waves in
the liquid phase can be neglected against that occurring in the
solid structure.

Nonlinear first- and second-order constants are usually
referred to the nonlinear order of the terms in the wave
equation, or in other cases at the constitutive equation, while
other nonlinear constants are referred to the order of the
Taylor series expansion of the Energy, like Landau constants
as third order. As the new four nonlinear constants are
compared to Landau constants in this paper, they will be
referred as third-order nonlinear constants.

The concept would be scalable to the third and higher
harmonics [21–23]. Non-classical nonlinear effects are not
considered at the moment, in order to ease the analysis, and
viscosity, just partially, but they could be considered in future
works, since they could be noteworthy in some cases. The
connection of these new four nonlinear constants with the
Landau third-order elasticity constants is also explored.

2. Methods

Thegeneral method of this paper is the deduction of the non-
linear wave equation, where the new proposed constitutive
equation is the starting point.

𝜎𝑖𝑗 = 𝜎𝑖𝑗 (V, 𝐷𝑖𝑗) (1)

where V and𝐷𝑖𝑗 are the volumetric and deviatoric parts of the
deformation tensor 𝜀𝑖𝑗. This equation defines the new four 𝛽
nonlinear constants.The constitutive equation is transformed
into 𝜎𝑖𝑗 = 𝜎𝑖𝑗(𝜀𝑖𝑗) and compared with the similar expression
given by Landau formulation for weakly elasticity to relate the
four 𝛽 constants to Landau nonlinear constants.

Finally, the nonlinear equation of motion as a function of
the new paremeters is deducted,

𝜌�̈�𝑖 = 𝜎𝑖𝑗,𝑗 (2)

2.1. Theoretical Preliminars. The dynamic elastic problem
comprises the momentum balance equation, compatibility

Table 1: List of variables.

Quantity Symbol Units
Displacement 𝑢𝑖 m
Stress 𝜎𝑖𝑗 Pa
Strain 𝜀𝑖𝑗 -
Space 𝑥𝑖 m
Time 𝑡 s
Lamé constants 𝜆, 𝜇 Pa
Density 𝜌 kg/m3

Kinematic viscosity 𝛾 = 𝜂𝜌 s−1

equations, and the kinematic relationships. For wave prop-
agation (body forces neglected), the first and third equations
would be

𝜌�̈�𝑖 + 𝛾𝜌�̇�𝑖 = 𝜎𝑖𝑗,𝑗 (3)

𝜀𝑖𝑗 = 12 (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 + 𝑢𝑘,𝑖𝑢𝑘,𝑗) (4)

where Table 1 shows the symbols of the magnitudes.
The compatibility equations can be considered separating

them into linear, viscous, and nonlinear stress components,𝜎𝐿𝑖𝑗, 𝜎𝑉𝑖𝑗 , and 𝜎𝑁𝐿𝑖𝑗 .

𝜎𝑖𝑗 = 𝜎𝐿𝑖𝑗 + 𝜎𝑉𝑖𝑗 + 𝜎𝑁𝐿𝑖𝑗 (5)

The nonlinear term can be deducted, following a similar
concept of series expansion put forth by Landau [24, 25],
where the volumetric and deviatoric decomposition of the
stress tensor was considered, and only the volumetric part
was detailed in terms of the nonlinear parameter 𝛽, in the
following expression:

−𝑝 = −3𝐾V + 9𝐾𝛽V2 − 3𝜂VV̇. (6)

where 𝑝 and V are the volumetric components of the stress
and deformation tensors, respectively, so that

𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟
volumetric

+ 𝜏𝑖𝑗⏟⏟⏟⏟⏟⏟⏟
deviatoric

, 𝑝 = −13𝜎𝑘𝑘 (7)

𝜀𝑖𝑗 = −V𝛿𝑖𝑗 + 𝐷𝑖𝑗, V = −13𝜀𝑘𝑘 (8)

with 𝜏𝑖𝑗 and 𝐷𝑖𝑗 being the deviatoric parts of the stress and
strain tensors.
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2.2. Proposal of a New Constitutive Equation. However, a
more generalized constitutive relationship can be hypothe-
sized using a combination of four of nonlinear parameters of
third-order 𝛽 that may explain a different scenario of calcu-
lations. These combinations could be expanded as exploring
the whole set of combinations by quadratic terms as follows:

𝜎𝑖𝑗 = −3𝐾V𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟
pressure

+ 2𝜇𝐷𝑖𝑗⏟⏟⏟⏟⏟⏟⏟
shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜎𝐿𝑖𝑗(𝐿𝑖𝑛𝑒𝑎𝑟)

−3𝜂V ̇V𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
pressure

+ 2𝜂�̇�𝑖𝑗⏟⏟⏟⏟⏟⏟⏟
shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜎𝑉𝑖𝑗 (𝑉𝑖𝑠𝑐𝑜𝑢𝑠)

+9𝐾𝛽V𝑝V2𝛿𝑖𝑗+9𝐾𝛽
𝑑𝑝𝐷𝑘𝑝𝐷𝑝𝑘𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

pressure
+ 4𝜇𝛽𝑑𝑠𝐷𝑖𝑘𝐷𝑘𝑗+4𝜇𝛽𝑐𝑠V𝐷𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜎𝑁𝐿𝑖𝑗 (𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟)

(9)

The constants 𝐾 and 𝜇 accompanying nonlinear parameters
have been chosen in accordance with (6), as the quadratic
power expansion. Four nonlinear parameters of third order
(third, in terms of Energy expansion) have been defined and
their terms can be interpreted, as follows:

(i) Term with 𝛽V𝑝: nonlinear volumetric stress generated
from the behavior of the volumetric component of the
deformation

(ii) Term with 𝛽𝑑𝑝: nonlinear volumetric stress generated
from the behavior of the deviatoric component of the
deformation

(iii) Term with 𝛽𝑑𝑠: nonlinear stress generated from the
behavior of the deviatoric component of the deforma-
tion

(iv) Term with 𝛽𝑐𝑠: nonlinear deviatoric stress generated
from the interaction between the volumetric and
deviatoric components of the deformation

To complete all possible combinations of quadratic terms,
there are two additional combinations which have been
removed, since the deviatoric trace 𝐷𝑘𝑘 is always null.

(i) A termwith V𝐷𝑘𝑘𝛿𝑖𝑗: it would be a nonlinear volumet-
ric stress generated from the volumetric part of the
deformation

(ii) A term with 𝐷2𝑘𝑘𝛿𝑖𝑗: with similar interpretation than
the previous one

This expression of the stress presents a similar structure to the
expression of the stress withThird-Order Elastic Constants in
the Landau form (A,B,C), shown below in (13), so it will
be considered later to obtain the differential equation in a
parallel deduction.

Notwithstanding, there is another interesting expression
fully separating the nonlinear volumetric and deviatoric com-
ponents of the stress. The stress term with 𝛽𝑑𝑠 is dependent
on the square 𝐷𝑖𝑘𝐷𝑘𝑗 of the deviatoric component of the
deformation 𝐷𝑖𝑗 and can be split into a volumetric and
deviatoric part

𝐷𝑖𝑘𝐷𝑘𝑗 = 13𝐷𝑝𝑘𝐷𝑘𝑝𝛿𝑖𝑗 + 𝑑𝑖𝑗 (10)

𝑑𝑖𝑗 = deviatoric [𝐷𝑖𝑘𝐷𝑘𝑗] (11)
Thus,

𝜎𝑖𝑗 = −3𝐾V𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟
pressure

+ 2𝜇𝐷𝑖𝑗⏟⏟⏟⏟⏟⏟⏟
shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜎𝐿𝑖𝑗(𝐿𝑖𝑛𝑒𝑎𝑟)

−3𝜂V ̇V𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
pressure

+ 2𝜂�̇�𝑖𝑗⏟⏟⏟⏟⏟⏟⏟
shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜎𝑉𝑖𝑗 (𝑉𝑖𝑠𝑐𝑜𝑢𝑠)

+9𝐾𝛽V𝑝V2𝛿𝑖𝑗+(9𝐾𝛽𝑑𝑝+4𝜇𝛽𝑑𝑠)𝐷𝑘𝑝𝐷𝑝𝑘𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
pressure

+ 4𝜇𝛽𝑑𝑠𝑑𝑖𝑗+4𝜇𝛽𝑐𝑠V𝐷𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
shear⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜎𝑁𝐿𝑖𝑗 (𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟)

(12)

2.3. Relationship to Formulations with Landau Constants. As
aforementioned, a quite similar expression of the Cauchy
stress tensor can be found as a function of the Landau
constants and the deformation tensor, for weakly elasticity:

𝜎𝑖𝑗 = 𝜆𝛿𝑖𝑗𝜀𝑘𝑘 + 2𝜇𝜀𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜎𝐿𝑖𝑗

+ 2𝜂 ̇𝜀𝑖𝑗 − 23𝜂𝛿𝑖𝑗 ̇𝜀𝑘𝑘 + 𝜂V𝛿𝑖𝑗 ̇𝜀𝑘𝑘⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜎𝑉𝑖𝑗

+(A + 4𝜇) 𝜀𝑖𝑘𝜀𝑘𝑗 +B𝜀𝑘𝑝𝜀𝑝𝑘𝛿𝑖𝑗 + 2 (B + 𝐾 − 53𝜇) 𝜀𝑘𝑘𝜀𝑖𝑗 + (C − 𝐾 + 23𝜇) 𝜀2𝑘𝑘𝛿𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜎𝑁𝐿𝑖𝑗

(13)

In order to obtain the relationship between the Landau
constants and the new four nonlinear parameters 𝛽, (13) is
separated into volumetric and deviatoric components:

𝜀𝑖𝑗 = −V𝛿𝑖𝑗 + 𝐷𝑖𝑗 (14)

𝜀𝑘𝑘 = −V𝛿𝑘𝑘 + 𝐷𝑘𝑘 = −3V (15)

𝜀𝑖𝑘 = −V𝛿𝑖𝑘 + 𝐷𝑖𝑘 (16)

𝜀𝑘𝑗 = −V𝛿𝑘𝑗 + 𝐷𝑘𝑗 (17)

𝜀𝑖𝑘𝜀𝑘𝑗 = V2𝛿𝑖𝑘𝛿𝑘𝑗 − V𝐷𝑖𝑘𝛿𝑘𝑗 − V𝐷𝑘𝑗𝛿𝑖𝑘 + 𝐷𝑖𝑘𝐷𝑘𝑗 (18)

𝜀𝑘𝑝 = −V𝛿𝑘𝑝 + 𝐷𝑘𝑝 (19)

𝜀𝑝𝑘 = −V𝛿𝑝𝑘 + 𝐷𝑝𝑘 (20)

𝜀𝑝𝑘𝜀𝑘𝑝 = V2𝛿𝑝𝑘𝛿𝑘𝑝 − V𝐷𝑝𝑘𝛿𝑘𝑝 − V𝐷𝑘𝑝𝛿𝑝𝑘 + 𝐷𝑝𝑘𝐷𝑘𝑝 (21)

𝜀2𝑘𝑘 = 9V2 (22)
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The nonlinear terms of (13) result in the following expres-
sions:

(A + 4𝜇) 𝜀𝑖𝑘𝜀𝑘𝑗
= (A + 4𝜇) (V2𝛿𝑖𝑘𝛿𝑘𝑗 − V𝐷𝑖𝑘𝛿𝑘𝑗 − V𝛿𝑖𝑘𝐷𝑘𝑗 + 𝐷𝑖𝑘𝐷𝑘𝑗) (23)

B𝜀𝑘𝑝𝜀𝑝𝑘𝛿𝑖𝑗 = B (3V2 + 𝐷𝑘𝑝𝐷𝑝𝑘) 𝛿𝑖𝑗 (24)

2 (B + 𝐾 − 53𝜇) 𝜀𝑘𝑘𝜀𝑖𝑗
= 2 (B + 𝐾 − 53𝜇) (3V2𝛿𝑖𝑗 − 3V𝐷𝑖𝑗)

(25)

(𝐶 − 𝐾 + 23) 𝜀2𝑘𝑘𝛿𝑖𝑗 = (𝐶 − 𝐾 + 23𝜇) 9V2𝛿𝑖𝑗 (26)

The above analysis is also valid by combining the nonlinear
part of the stress with V and 𝐷𝑖𝑗 in the constitutive equation,

𝜎𝑁𝐿𝑖𝑗 = (A + 9B + 9C − 3𝐾) V2𝛿𝑖𝑗 +B𝐷𝑘𝑝𝐷𝑝𝑘𝛿𝑖𝑗
+ (A + 4𝜇)𝐷𝑖𝑘𝐷𝑘𝑗
+ (−2A + 6B − 6𝐾 + 2𝜇) V𝐷𝑖𝑗

(27)

Comparing this expression with (9),

𝛽V𝑝 = A + 9B + 9C − 3𝐾9𝐾 (28)

𝛽𝑑𝑝 = B9𝐾 (29)

𝛽𝑑𝑠 = A + 4𝜇4𝜇 (30)

𝛽𝑐𝑠 = −2A − 6B − 6𝐾 + 2𝜇4𝜇 (31)

A = 4𝜇 (𝛽𝑑𝑠 − 1) (32)

B = 9𝐾𝛽𝑑𝑝 (33)

C = 𝐾𝛽V𝑝 − 49𝜇𝛽𝑑𝑠 − 9𝐾𝛽𝑑𝑝 + 13𝐾 (34)

For the viscous components, it is shown that the establish
definition in (6) matches Landau’s one:

2𝜂 ̇𝜀𝑖𝑗 = 2𝜂 (−V̇𝛿𝑖𝑗 + �̇�𝑖𝑗) (35)

−23𝜂 ̇𝜀𝑘𝑘𝛿𝑖𝑗 = 2𝜂V̇𝛿𝑖𝑗 (36)

𝜂V ̇𝜀𝑘𝑘𝛿𝑖𝑗 = −3𝜂VV̇𝛿𝑖𝑗 (37)

𝜎𝑉𝑖𝑗 = −3𝜂VV̇𝛿𝑖𝑗 + 2𝜂�̇�𝑖𝑗 (38)

2.4. Differential Wave Equation. Adopting the acoustic non-
linear constitutive equation presented in (9), in terms of

deviatoric a volumetric parts of the deformation, it is possible
to obtain the three dimensional nonlinear equation ofmotion
in terms of the new four parameters 𝛽. Previously, the
kinematic relations must be introduced in the constitutive
equation.

𝜀𝑖𝑗 = 12 ( 𝜕𝑢𝑖𝜕𝑥𝑗 +
𝜕𝑢𝑗𝜕𝑥𝑖 +

𝜕𝑢𝑘𝜕𝑢𝑖
𝜕𝑢𝑘𝜕𝑢𝑗) (39)

The wave equation is,

𝜌𝜕2𝑢𝑖𝜕𝑡2 = 𝐾( 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖 +
𝜕𝑢𝑙𝜕𝑥𝑘

𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖)

+ 𝜇(𝜕2𝑢𝑖𝜕𝑥2𝑗 +
𝜕2𝑢𝑗𝜕𝑥𝑖𝜕𝑥𝑗 +

𝜕2𝑢𝑘𝜕𝑥2𝑗
𝜕𝑢𝑘𝜕𝑥𝑖 +

𝜕2𝑢𝑘𝜕𝑥𝑖𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑗

− 23 ( 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖 +
𝜕𝑢𝑙𝜕𝑥𝑘

𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖))

+ 2𝐾𝛽V𝑝 ( 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖
𝜕𝑢𝑙𝜕𝑥𝑙)

+ 9𝐾𝛽𝑑𝑝 (12 ( 𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖
𝜕𝑢𝑙𝜕𝑥𝑘 +

𝜕2𝑢𝑘𝜕𝑥𝑙𝜕𝑥𝑖
𝜕𝑢𝑘𝜕𝑥𝑙

+ 𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖
𝜕𝑢𝑘𝜕𝑥𝑙 +

𝜕2𝑢𝑘𝜕𝑥𝑙𝜕𝑥𝑖
𝜕𝑢𝑙𝜕𝑥𝑘) − 23 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖

𝜕𝑢𝑙𝜕𝑥𝑙)

+ 4𝜇𝛽𝑑𝑠 (14 ( 𝜕2𝑢𝑖𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑗 +

𝜕2𝑢𝑘𝜕𝑥𝑖𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑗

+ 𝜕2𝑢𝑖𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑗𝜕𝑥𝑘 +

𝜕2𝑢𝑘𝜕𝑥𝑖𝜕𝑥𝑗
𝜕𝑢𝑗𝜕𝑥𝑘))

+ 4𝜇𝛽𝑑𝑠(14 ( 𝜕2𝑢𝑘𝜕𝑥𝑗𝜕𝑥𝑗
𝜕𝑢𝑖𝜕𝑥𝑘 +

𝜕2𝑢𝑗𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑖𝜕𝑥𝑘

+ 𝜕2𝑢𝑘𝜕𝑥𝑗𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑖 +

𝜕2𝑢𝑗𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑖 ))

+ 4𝜇𝛽𝑑𝑠(−13 ( 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑖𝜕𝑥𝑗 +

𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑗𝜕𝑥𝑖

+ 𝜕2𝑢𝑖𝜕𝑥2𝑗
𝜕𝑢𝑘𝜕𝑥𝑘 +

𝜕2𝑢𝑗𝜕𝑥𝑖𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑘) + 29 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖

𝜕𝑢𝑙𝜕𝑥𝑙)

+ 4𝜇𝛽𝑑𝑠 (−16 ( 𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖
𝜕𝑢𝑙𝜕𝑥𝑘 +

𝜕2𝑢𝑘𝜕𝑥𝑙𝜕𝑥𝑖
𝜕𝑢𝑘𝜕𝑥𝑙
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+ 𝜕2𝑢𝑙𝜕𝑥𝑘𝜕𝑥𝑖
𝜕𝑢𝑘𝜕𝑥𝑙 +

𝜕2𝑢𝑘𝜕𝑥𝑙𝜕𝑥𝑖
𝜕𝑢𝑙𝜕𝑥𝑘) + 29 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖

𝜕𝑢𝑙𝜕𝑥𝑙)

+ 4𝜇𝛽𝑐𝑠(−16 ( 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑖𝜕𝑥𝑗 +

𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑗
𝜕𝑢𝑗𝜕𝑥𝑖

+ 𝜕2𝑢𝑖𝜕𝑥2𝑗
𝜕𝑢𝑘𝜕𝑥𝑘 +

𝜕2𝑢𝑗𝜕𝑥𝑖𝜕𝑥𝑗
𝜕𝑢𝑘𝜕𝑥𝑘) + 29 𝜕2𝑢𝑘𝜕𝑥𝑘𝜕𝑥𝑖

𝜕𝑢𝑙𝜕𝑥𝑙)
(40)

where, as it was defined,𝐾 is the Bulk modulus, 𝜇 is the shear
modulus, 𝜌 is the density, and 𝛽V𝑝, 𝛽𝑑𝑝, 𝛽𝑑𝑠, and 𝛽𝑐𝑠 are the
four nonlinear parameters of third order already explained
in the constitutive expression.

3. Discussion

Considering the new nonlinear constitutive equation (12), it
can be applied to the case of a pure plane horizontal shear

wave. Disregarding the viscous term, the deformation tensor𝜀𝑖𝑗 will have all components null but 𝜀12, yielding 𝐷𝑖𝑗 = 𝜀𝑖𝑗,
V = −(1/3)𝜀𝑘𝑘 = 0, and 𝐷𝑘𝑝𝐷𝑝𝑘 = 2𝜀212,

𝜎𝑖𝑗 = [[
[

0 2𝜇𝜀12 0
2𝜇𝜀12 0 0
0 0 0

]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑙𝑖𝑛𝑒𝑎𝑟

+[[[
[

(9𝐾𝛽𝑑𝑝2 + 4𝜇𝛽𝑐𝑠) 𝜀212 0 0
0 (9𝐾𝛽𝑑𝑝2 + 4𝜇𝛽𝑐𝑠) 𝜀212 0
0 0 9𝐾𝛽𝑑𝑝2𝜀212

]]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟

(41)

In this case, the linear part of the stress continues with the
same shear structure while the nonlinear part is a diagonal
matrixmeaning that there exists a volumetric component in it
that would contribute to posterior volumetric deformations.
Only two constants survive reducing the mathematical com-
plexity for shear waves.

If it is a compressional wave in the 𝑥1 direction, with 𝜀𝑖𝑗 =0 ∀𝑖𝑗 ̸= 11,

𝜎𝑖𝑗 = 𝐾𝜀11𝛿𝑖𝑗 + 2𝜇
[[[[[[
[

23𝜀11 0 0
0 −13𝜀11 0
0 0 −13𝜀11

]]]]]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑙𝑖𝑛𝑒𝑎𝑟

+(𝐾𝛽V𝑝 + 6𝐾𝛽𝑑𝑝 + 4𝜇𝛽𝑐𝑠) 𝜀211𝛿𝑖𝑗 + 4𝜇 (𝛽𝑑𝑠 − 𝛽𝑐𝑠)
[[[[[[
[

29𝜀211 0 0
0 −19𝜀211 0
0 0 −19𝜀211

]]]]]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟

,

(42)

where now the four nonlinear coefficients must be consid-
ered, indicating the existence of all kind of cross and parallel
effects, although pure volumetric plus deviatoric nonlinear
stress components are the result, allowing the separation of
both nonlinear components.

Landau constants only account for the constitutive non-
linear behavior of the material, expressed in all the nonlinear
terms of (13) that includeA B and C. As mentioned above,
there are several additional nonlinear terms in this expression
without these constants, but with 𝐾 and 𝜇. They represent
the geometrical nonlinearity originated in the geometrical
transformation from the Piola tensor 𝑃𝑖𝑗 as a function of the
strain energy 𝑈 to get the Cauchy stress tensor.

𝑃𝑖𝑗 = 𝜕𝑈𝜕𝐹𝑖𝑗 = 𝐹𝑖𝑗 𝜕𝑈𝜕𝜀𝑖𝑗 (43)

𝜎𝑖𝑗 = 1
det (𝐹)𝑃𝑖𝑗𝐹𝑗𝑖 (44)

𝜎𝑖𝑗 = 1
det (𝐹)𝐹𝑖𝑗 𝜕𝑈𝜕𝜀𝑖𝑗𝐹𝑗𝑖 (45)

It must be noted that the four new 𝛽 constants would include
constitutive and geometrical effects, with the exception of𝛽𝑑𝑝
that is only of constitutive nature (see (29) and (28), (30), and
(31)).

Considering the relations among the four new 𝛽 parame-
ters and Landau constants in (32), (33), (34), (28), (29), (30),
and (31), some conclusions can be extracted.

(i) As the Landau constant B is only dependent on 𝛽𝑑𝑝
(see (33)), B is a measure of the intensity on the
cross effect from the deviatoric deformation into a
nonlinear volumetric stress.
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(ii) As the Landau constant A is only dependent on 𝛽𝑑𝑠
(see (32)), A is a measure of the intensity on the
nonlinear effect from the deviatoric deformation into
the stress, which can be split into both volumetric and
deviatoric parts (see (12)).

(iii) As the Landau constant C is only dependent on𝛽V𝑝 (see (34)), C is the only one that measures the
intensity on the nonlinear effect from the volumetric
deformation into the volumetric component of the
stress.

(iv) As expected, 𝛽𝑐𝑠 is linearly dependent on 𝛽𝑑𝑠 and 𝛽𝑑𝑝:
𝛽𝑐𝑠 = −2𝛽𝑑𝑠 − 27𝐾2𝜇 𝛽𝑑𝑝 − 12 − 3𝐾2𝜇 (46)

4. Conclusions

Anew approach is proposed in the field of nonlinear acoustics
introducing the volumetric and deviatoric separation in
deformation and stress. The relevance of this expression is
directly linked to the possibility of separating longitudinal
and shear waves and selecting the responses of interest. Addi-
tional interpretations on the Landau constants are deducted
in terms of the cross and parallel effects between volumetric
and deviatoric components.
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This paper proposes a lateral balancing structure based on precession effect of double-gyroscopes and its associated control strategy
of the steering for an underactuatedunicycle robot. Double-gyroscopes are symmetrically designed on the top of the unicycle robot
andutilized to adjust the lateral balance of system. Such design can inhibit the disturbance of the gyroscope system to the pitch angle
and is beneficial to maintain the lateral balance in the case of large roll angle fluctuations. Based on the analysis of the dynamics
model, the gyroscope precession effects will be caused by the angular velocity of the bottom wheel and the roll angular velocity, i.e.,
resulting in a torque in the direction of the yaw. Then, a rapid response control strategy is proposed to use the torque to control
the steering. Simulation results demonstrate the rationality of the lateral balance structure and the feasibility of the steering control
method.

1. Introduction

Mobile robots, consisting of sensors and automaticallymobile
vehicle, are more flexible than other robots. So they are fitted
to be used at inaccessible and harmful for people working
environment. As one kind of mobile robot, unicycle robots
are more flexible due to the single point contact of wheel
of robot and ground. Therefore, the unicycle robot has the
potential of free movement and moving at narrow spaces.

In most studies of unicycle robot, lateral balance has
been emphasized with attention. According to the lateral
balance methods, the unicycle robot can be classified into
horizontal flywheel [1–6], vertical flywheel [7–13], high-
speed gyros named Gyrover [14–19] and gyro precession with
two gyroscopes [20, 21]. However, most of researches focus
on balance control and neglect control of steering. If unicycle
robot has steering control, it could realize target tracking and
avoid obstacles. Some researchers already started to develop
steering control method of the unicycle robot. Y. Isomi and
S. Majima proposed a method to control unicycle robot’s
yaw without direct force for changing the yaw [22, 23]. They

derived the dynamics equation of unicycle robot and showed
the yaw rate depends on the angular velocity of wheel and
the roll angle. Through combining the solved equation of
equilibrium state and Kanayama’s tracking control method,
it was proposed that the unicycle robot can track a target
trajectory by this control method. In their simulation, it was
confirmed that their control method can help unicycle robot
obtain desired yaw rate. Gong Daoxiong and Li Xinghui
also present the unicycle robot’s yaw rate depending on
the roll angle and the angular velocity of the wheel [24].
Through dynamics equation they proposed the theory. Then,
they set the roll angle and angular velocity of the wheel to
show the rate of the yaw direction achieved in simulation.
Zhu Xiao Qing et al. added a horizontal flywheel between
vertical flywheel and wheel of the unicycle robot [16, 25].This
unicycle robot uses the horizontal flywheel to control yaw
angle with LQR controller.

The existing steering control methods for unicycle
robot are mainly divided into two categories. One method
appended a horizontal flywheel mechanism for yaw angle
control. However, the appended horizontal flywheel not only
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increases the weight of the unicycle robot but also makes the
mechanism of unicycle robot complex. For the dynamics and
control of the unicycle robot, appended horizontal flywheel
will increase the complexity of its dynamic model and disturb
the pitch and roll angles because of dynamics coupling.
Another method used the dynamics coupling between the
roll and yaw angles of the unicycle robot to realize steering
control. Nevertheless, roll angle of the unicycle robot is too
tiny for steady remaining and to reach a quick response in
steering control.

This paper proposes a steering control method by regulat-
ing the roll angular velocity. According to the gyro precession
effect, if a gyroscope has a spinning velocity and gets a
precession angular velocity, there will be a gyroscopic torque
by the right-hand rule. The steering control method in this
paper regards the bottom wheel as a gyro and the roll angular
velocity of the unicycle robot is regarded as the precession
of the gyro. This can produce a precession torque in the
direction of yaw. With a fixed bottom wheel speed, the yaw
angle can be regulated by controlling the roll angular velocity
of the unicycle robot.

The differences between the proposed and existing steer-
ing control methods for underactuated unicycle robot are
as follows. (1) Existing steering control method is based on
the vertical flywheel unicycle robot and the steering control
method mentioned in the paper is based on precession effect
of double-gyroscopes unicycle robot. (2) Existing underactu-
ated steering control method realized steering by controlling
the roll angle and the steering control method mentioned
in the paper, by controlling the rolling angular velocity,
more appropriate according to the dynamic analysis. Also,
both of the control methods are simulated and compared in
Section 5.

The rest of the paper is organized as follows. In Section 2,
equations proving the motion of the unicycle robot are
derived. Section 3 analyses the dynamics of pitch, roll, and
yaw, respectively. Section 4 shows the control strategies
of static and steering. In Section 5, the control strategies
are proved by simulation and compared with the existing
method. Conclusion and future work are presented on
Section 6.

2. Model

2.1. Unicycle Robot. Figure 1 shows the model of unicycle
robot. This unicycle robot’s lateral balance is based on gyro
precession. This type of unicycle robot has an excellent
controllability on its roll angle. It is helpful for controlling
angular velocity of roll.

The robot is consisting of two gyroscopes, a gyro preces-
sion, a frame, and a bottom wheel. The two gyroscopes have
the same spinning velocity but their direction is opposite.
Also we use one motor to control 2 of gyro precession to
keep 2 of gyro precession the same at angular velocity and
opposite at direction. It can inhibit the torque causing by gyro
precession at pitch angle.

Figure 2 shows the coordinate system used to describe the
posture of unicycle robot.The posture of the robot is given in
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Figure 1: 3D model of the unicycle robot.
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Figure 2: Structure map of the unicycle robot.

terms of the roll angle 𝛿, the pitch angle 𝜃, and the yaw angle𝜑. Table 1 shows the parameters of the unicycle robot.

2.2. Equations ofMotion. Thedynamic equations of thewheel
are derived by the Euler-Lagrange formulation. The Euler-
Lagrange equation is

𝑑𝑑𝑡 (𝜕𝐿𝜕 ̇𝑞) − 𝜕𝐿𝜕𝑞 = 𝑄 (1)

The L in Euler-Lagrange equation is the Lagrangian
function. It is defined as

L = K − U, (2)
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Table 1: Parameters of the unicycle robot.

Symbol Description
𝑀𝑊 Mass of the wheel
𝑀𝑏 Mass of the frame
𝑀𝑝1,𝑀𝑝2 Mass of precession frame for left and right
𝑀1,𝑀2 Mass of gyroscopes for left and right
𝑅𝑊 Radius of the wheel
𝐿𝑏 Distance of frame’s centre of gravity from centre of wheel
𝐿𝑝1, 𝐿𝑝2 Distance of precession frame’s centre of gravity from frame’s centre of gravity for left and right
𝐿1, 𝐿2 Distance of gyro’s centre of gravity from precession frame’s centre of gravity for left and right
𝐼𝑊𝑥, 𝐼𝑊𝑦, 𝐼𝑊𝑧 Moments of inertia of the wheel’s centre of gravity about the X,Y,Z axes, respectively
𝐼𝑏𝑥, 𝐼𝑏𝑦, 𝐼𝑏𝑧 Moments of inertia of frame about the X,Y,Z axes, respectively
𝐼𝑝1𝑥, 𝐼𝑝1𝑦, 𝐼𝑝1𝑧
𝐼𝑝2𝑥, 𝐼𝑝2𝑦, 𝐼𝑝2𝑧

Moments of inertia of precession frame’s centre of gravity about the X,Y,Z axes, respectively for left and right

𝐼1𝑥, 𝐼1𝑦, 𝐼1𝑧
𝐼2𝑥, 𝐼2𝑦, 𝐼2𝑧

Moments of inertia of gyroscopes’ centre of gravity about the X,Y,Z axes, respectively for left and right

𝜑 Yaw angle of the robot
𝛿 Roll angle of the robot
𝜃 Pitch angle of the body
𝜔 Rotating angle of the bottom wheel
𝛼1, 𝛼2 Precession angle of precession frame for left and right
𝛽1, 𝛽2 Spinning angle of gyroscopes for left and right
𝜏𝑊 Torque of the bottom wheel
𝜏𝛼 Torque of precession system
𝜏𝛽 Torque of gyroscope system

where K is the kinetic energy of the unicycle robot. It can be
represented as

K = 𝐾𝑤 + 𝐾𝑏 + 𝐾𝑝1 + 𝐾𝑝2 + 𝐾1 + 𝐾2, (3)

where 𝐾𝑤, 𝐾𝑏, 𝐾𝑝1, 𝐾𝑝2, 𝐾1, 𝐾2 are kinetic energy of wheel
center and frame’s centre of gravity, respectively.𝐾𝑝1,𝐾𝑝2,𝐾1,𝐾2 are kinetic energy of precession frame’s centre of gravity
for left and right. 𝐾1, 𝐾2 are kinetic energy of gyro’s centre
for left and right.

U is the potential energy of the unicycle robot. From
Figure 2, U can be represented as

𝑈 = 𝑈𝑤 + 𝑈𝑏 + 𝑈p1 + 𝑈p2 + 𝑈1 + 𝑈2. (4)

𝑈𝑤 is potential energy of wheel centre. 𝑈𝑏 is potential
energy of frame’s centre of gravity. 𝑈p1 and 𝑈p2 are potential
energy of precession frame’s centre of gravity for left and right.𝑈1 and 𝑈2 are potential energy of gyroscopes’ centre for left
and right.

Q and q are the generalized forces and generalized
coordinates, respectively. For the system, q is selected as

𝑞 = (𝜑, 𝛿, 𝜃, 𝜔, 𝛼, 𝛽)𝑇 . (5)

Q is given by

𝑄 = (0, 0, 0, 𝜏𝜔, 𝜏𝛼, 𝜏𝛽)𝑇 . (6)

In order to simplify the dynamic equations, 𝑐𝑥 and𝑠𝑥 mean cos(𝑥) and sin(𝑥), respectively. Using the Euler-
Lagrange equation, the dynamic equation of the system can
be given by

𝑀(𝑞) ̈𝑞 + 𝑁 ( ̇𝑞, 𝑞) = 𝑄, (7)

where 𝑀(𝑞) ∈ 𝑅6×6 and 𝑁( ̇𝑞, 𝑞) ∈ 𝑅6×1 are the inertia
matrix and nonlinear term, respectively.

→M(→q ) =(
(

m11 m12
m13 m14 0 m16

m21 m22 m23 0 0 m26
m31 m32 m33 m34 0 0
m41 0 m43 m44 0 0
0 0 0 0 m55 0

m61 m62 0 0 0 m66

)
)

(8)

→𝑁 = (𝑛1 𝑛2 𝑛3 𝑛4 𝑛5 𝑛6)𝑇 (9)

The dynamic equations of the unicycle robot are far too
lengthy to be shown here due to space limitations. Therefore,
the reader is referred to in the Appendix. The dynamic
equations are complex for control design and they have strong
coupling. In order to derive the control strategy of static
and steering, we need to simplify the model. According to
the steady motion characters of unicycle robot, the dynamic
equations of the system are decoupled and simplified to
three parts. They are pitch dynamics, roll dynamics, and yaw
dynamics, respectively.
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3. Analysis on the Dynamics

3.1. Dynamic Model for Pitch Axis. The robot frame and the
precession system can be seen as a single body, and the pitch
dynamic of the system can be regarded as a wheeled inverted
pendulum system. Both of roll angle and yaw angle change
are small and can be neglected. The dynamic equations for
pitch are derived from Lagrange’s equation as follows:

𝑑𝑑𝑡 ( 𝜕𝐿𝜕 ̇𝑞1) −
𝜕𝐿𝜕𝑞1 = 𝑄1, (10)

where 𝑞1 = (𝜃, 𝜔)𝑇 and 𝑄1 = (0, 𝜏𝜔)𝑇. According to (10), the
state equation for pitch is as follows:

[𝑚33 𝑚34𝑚43 𝑚44][
̈𝜃
�̈�] − [

𝑛3𝑛4] = [
0
𝜏𝜔] . (11)

The coefficients of 4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧 and 𝑐𝜃𝑠𝛼𝐼1𝑧 are
tinier than others. The coefficient of 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧 is far
less than ℓ10 and ℓ1. The coefficient of ℓ11 + 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧
is far less than ℓ2. These coefficients are ignored. So the
simplified dynamic equations about pitch angle are as follows:

ℓ10 ̈𝜃 + 𝑐𝜃ℓ2�̈� − (𝑀𝑏𝑔𝐿𝑏 + 2𝑀𝑝1𝑔𝐿 + 2𝑀1𝑔𝐿) 𝑠𝜃 = 0 (12)

𝑐𝜃ℓ2 ̈𝜃 + ℓ1�̈� − ̇𝜃2𝑠𝜃ℓ2 = 𝜏𝜔. (13)

From (12) and (13), the dynamic equations are as follows:

̈𝜃 = 𝐵 cos 𝜃𝜏𝜔 + 𝐵2 cos 𝜃 sin 𝜃 ̇𝜃2 − 𝐶𝐷 sin 𝜃𝐵2cos2𝜃 − 𝐴𝐷 (14)

�̈� = 𝐴𝜏𝜔 + 𝐴𝐵 sin 𝜃 ̇𝜃2 − 𝐵𝐶 cos 𝜃 sin 𝜃𝐵2cos2𝜃 − 𝐴𝐷 , (15)

where coefficients are

𝐴 = ℓ10
𝐵 = ℓ2
𝐶 = 𝑀𝑏𝑔𝐿𝑏 + 2𝑀𝑝1𝑔𝐿 + 2𝑀1𝑔𝐿
𝐷 = ℓ1

(16)

𝜏𝜔 represents the torque of the bottom wheel. C is the
gravity component of unicycle robot for pitch. In order to
balance of pitch, the torque of the bottom wheel 𝜏𝜔 must
relate to pitch angle and pitch angular velocity which control
the change of pitch angle stable. When the pitch angle tends
to zero, the bottom wheel can keep stable. According to the
analysis of the dynamics of pitch axis, the design of detailed
control strategy is in next section.

3.2. Dynamic Model for Roll Axis. The robot’s frame and
the bottom wheel can be seen as a single body, and the
roll dynamic of the system can be regarded as a gyroscopic
precession system. Both changes of pitch angle and yaw angle

are small and can be neglected. The dynamic equations for
roll are derived from Lagrange’s equation as follows:

𝑑𝑑𝑡 ( 𝜕𝐿𝜕 ̇𝑞2) −
𝜕𝐿𝜕𝑞2 = 𝑄2, (17)

where 𝑞2 = (𝛿, 𝛼, 𝛽)𝑇 and𝑄2 = (0, 𝜏𝛼, 𝜏𝛽)𝑇. According to (17),
the state equation for roll is as follows:

[[
[
𝑚22 0 𝑚260 𝑚55 0
𝑚26 0 𝑚66

]]
]
[[[
[

̈𝛿
�̈�
̈𝛽
]]]
]
− [[
[
𝑛2𝑛5𝑛6
]]
]
= [[[
[

0
𝜏𝛼𝜏𝛽
]]]
]
. (18)

The coefficients of 4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧 are tinier than
others. The coefficient of 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧 is far less thanℓ5 + ℓ6 + 2ℓ2. The spinning velocity of gyroscopes is constant
value, so ̈𝛽 = 0 and 𝜏𝛽 ≈ 0. These coefficients are ignored.
So the simplified dynamic equations about roll angle are as
follows:

(ℓ5 + ℓ6 + 2ℓ2) ̈𝛿 + 2 ̇𝛽�̇�𝑐𝛼𝐼1𝑧 − (𝑀𝑤𝑔𝑅𝑊 +𝑀𝑏𝑔𝐿𝑏
+𝑀𝑏𝑔𝑅𝑊 + 2𝑀𝑝1𝑔𝐿 + 2𝑀𝑝1𝑔𝑅𝑊 + 2𝑀1𝑔𝐿
+ 2𝑀1𝑔𝑅𝑊) s𝛿 = 0

(19)

(𝐼1𝑥 + 𝐼𝑝1𝑧) �̈� − 12 ̇𝛿2 (4𝑠𝛼𝑐𝛼𝐼1𝑧) − 2 ̇𝛿 ̇𝛽𝑐𝛼𝐼1𝑧 = 𝜏𝛼 (20)

2𝑠𝛼𝐼1𝑧 ̈𝛿 + 2 ̇𝛿�̇�𝑐𝛼𝐼1𝑧 = 0. (21)

𝜏𝛼 represents the torque of the precession system. ̇𝛽�̇�
represents gyroscopic precession moment. The coefficient of
s𝛿 represents gravity component of roll. According to (19),
the gyroscopic moment provides torque to resist unicycle
robot’s gravity component of roll. Besides, the unicycle robot
gets an angular acceleration of roll. But gyroscopic moment’s
coefficient includes cosine precession angle. It means torque
of gyroscopic moment is smaller as precession angle is
larger. According to the analysis on the dynamics of roll
axis, controlling angular velocity of precession is better than
torque of the precession system, and the design of detailed
control strategy is in next section.

3.3. Dynamic Model for Yaw Axis. For the yaw dynamic of
the system, assume the change of the pitch is small and can be
neglected.The roll angle is small so that sin 𝛿 and cos 𝛿 can be
approximated to zero and one, respectively.Thebottomwheel
and gyroscopes get a constant speed. The dynamic equation
for yaw is derived from Lagrange’s equation as follows:

𝑑𝑑𝑡 ( 𝜕𝐿𝜕 ̇𝑞3) −
𝜕𝐿𝜕𝑞3 = 𝑄3, (22)

where 𝑞3 = 𝜑 and 𝑄3 = 0. According to (22), the state
equation for yaw is as follows:

𝑚11�̈� − 𝑛1 = 0. (23)
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The coefficients of −4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧, 𝐼1𝑥 are tinier
than others. So the simplified dynamic equation about yaw
angle is as follows:

(ℓ8 + ℓ7) �̈� + �̇� ̇𝛿 (−ℓ1 + ℓ2) = 0. (24)

In the equation, �̇� ̇𝛿 is the gyroscopic precession moment
of bottomwheel and the unicycle robot’s roll angle. According
to the equation, influence factor for yaw angle includes the
angular velocity of bottom wheel and the angular velocity
of roll. The angular velocity of bottom wheel should hold
on a constant value for balancing of pitch angle. Therefore,
the steering control strategy is designed about the angular
velocity of roll, and the design of detailed control strategy is
in next section.

Due to the yaw angle coupling to pitch angle and
precession angle, the analysis of these 2 angles is necessary in
the steering control method. When angular velocities of yaw
and the bottom wheel keep stable, the angular velocity of roll
will stable to zero and the roll angle is small for being ignored.
The dynamic equation for pitch angle is derived as fallows:

𝑑𝑑𝑡 ( 𝜕𝐿𝜕 ̇𝑞4) −
𝜕𝐿𝜕𝑞4 = 𝑄4, (25)

where 𝑞4 = 𝜃 and 𝑄4 = 0. According to (25), the state
equation for pitch is as follows:

𝑚33 ̈𝜃 − 𝑛3 = 0. (26)

The coefficients of 4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧 and 𝑐𝜃𝑠𝛼𝐼1𝑧 are
tinier than others. The coefficient of 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧 is
far less than ℓ10. These coefficients can be ignored. So the
simplified dynamic equation is as follows:

ℓ10 ̈𝜃
− 12 �̇�2 (−2𝑐𝜃𝑠𝜃ℓ7 + 2𝑐𝜃𝑠𝜃ℓ8 + 2𝑐𝜃𝑠𝜃ℓ9 − 4𝑐𝜃𝑠𝜃𝐼1𝑥)
− 𝑠𝜃 (𝑀𝑏𝑔𝐿𝑏 + 2𝑀𝑝1𝑔𝐿 + 2𝑀1𝑔𝐿) = 0.

(27)

�̇�2 is the centripetal force for yaw angle’s circle. When the
unicycle robot has a yaw angular velocity and the change of
pitch angle is stable, the dynamic equation is as follows:

𝜃 = arcos
(𝑀𝑏𝑔𝐿𝑏 + 2𝑀𝑝1𝑔𝐿 + 2𝑀1𝑔𝐿)�̇�2 (ℓ7 − ℓ8 − ℓ9 + 2𝐼1𝑥) (28)

It means centripetal force for yaw angle’s circle also affects
pitch angle. When the unicycle robot has a constant yaw
angular velocity, the pitch angle is stable at a constant.

Similarly, when the angular velocities of yaw and the
bottom wheel keep stable, the angular velocity of roll will
stable to zero and the roll angle is small for being ignored.
Also the change of pitch is stable. The dynamic equation for
precession angle is derived as fallows:

𝑑𝑑𝑡 ( 𝜕𝐿𝜕 ̇𝑞5) −
𝜕𝐿𝜕𝑞5 = 𝑄5, (29)

where 𝑞5 = 𝛼 and 𝑄5 = 𝜏𝛼. According to (29), the state
equation for precession is as follows:

𝑚33�̈� − 𝑛5 = 𝜏𝛼. (30)

So the simplified dynamic equation is as follows:

(𝐼1𝑥 + 𝐼𝑝1𝑧) �̈� − 12 �̇�2 (−4𝑠𝛼𝑐𝛼𝑐2𝜃𝐼1𝑥 + 4𝑠𝛼𝑐𝛼𝑠2𝜃𝐼1𝑧)
− 2�̇� ̇𝛽𝑠𝜃𝑐𝛼𝐼1𝑧 = 𝜏𝛼

(31)

�̇�2 is the centripetal force for yaw angle’s circle. When
the unicycle robot has a yaw angle velocity and the change
of precession angle is stable and the torque of precession is
stable at zero, the dynamic equation is as follows:

𝛼 = arsin
�̇� ̇𝛽𝑠𝜃𝐼1𝑧�̇�2 (𝑐2𝜃𝐼1𝑥 − 𝑠2𝜃𝐼1𝑧) (32)

It means centripetal force for yaw angle’s circle also affects
precession angle. When the unicycle robot has a constant yaw
angle velocity, the precession angle is stable at a constant.

4. The Control Strategies Design

For traditional unicycle robots, their controllers are generally
separated at lateral and longitudinal and ignored the yaw
angle. However, the above dynamic analysis proved that
angular velocity of the yaw affects both of lateral balance
and longitudinal balance. Also, yaw angle can be controlled
by angular velocity of the roll. In this section, there are two
control strategies. First is designed for static balance control
from the simplified dynamics of the pitch (14), (15) and the
roll (19), (20), and (21). Another is steering control, according
to the simplified dynamics of the yaw (24).

4.1. Static Balance Control. Based on the dynamic analysis
of the previous section, the unicycle robot’s pitch angle is
balanced by the torque of the bottom wheel and roll angle is
balanced by the precession system. The torque of the bottom
wheel is to regulate the pitch angle 𝜃 and the angular velocity
of wheel �̇�. The spinning velocity of gyroscopes keeps a
constant value, and angular velocity controller of precession
is adaptive for the balance of roll angle according to the
analysis of previous section.

The input of bottom wheel is as follows:

𝜏𝜔 = 𝑘𝑝𝜃𝑒𝜃 + 𝑘𝐷𝜃 ̇𝑒𝜃 + 𝑘𝑝�̇�𝑒�̇� + 𝑘𝐼�̇�𝑒�̇�, (33)

where 𝑘𝑝𝜃, 𝑘𝐷𝜃, 𝑘𝑝�̇�, 𝑘𝐼�̇� are controller gains. 𝑒𝜃 is the
difference between the real-time pitch angle 𝜃 and the set
angle 𝜃𝑟. It is given as

𝑒𝜃 = 𝜃 − 𝜃𝑟. (34)

𝑒�̇� is the difference between the real-time angular velocity
of wheel �̇� and the set angular velocity �̇�𝑟. Its integration is 𝑒�̇�.
It is given as

𝑒�̇� = �̇� − �̇�𝑟. (35)
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Figure 3:The control diagram of static balance control.

The torque of the bottom wheel 𝜏𝜔 includes PD controller
of the pitch angle 𝜃 and PI controller of the angular velocity
of wheel �̇�. The set values 𝜃𝑟, ̇𝜃𝑟, and �̇�𝑟 are 0 to keep unicycle
static for longitudinal.

The input of angular velocity of precession is as follows:

�̇� = 𝑘𝑃𝛿𝑒𝛿 + 𝑘𝐷𝛿 ̇𝑒𝛿 + 𝑘𝑃𝛼𝑒𝛼, (36)

where 𝑘𝑃𝛿, 𝑘𝐷𝛿, 𝑘𝑃𝛼 are controller gains. 𝑒𝛿 is the difference
between the real-time roll angle 𝛿 and the set angle 𝛿𝑟. It is
given as

𝑒𝛿 = 𝛿 − 𝛿𝑟 (37)

𝑒𝛼 is the difference between the real-time precession angle𝛼 and the set angle 𝛼𝑟. It is given as

𝑒𝛼 = 𝛼 − 𝛼𝑟 (38)

The angular velocity of precession �̇� includes PD controller
of the roll angle 𝛿 and P controller of the precession angle 𝛼.
According to the dynamic analysis of roll angle, the torque
of precession system has a coefficient cos 𝛼. It means the
torque of gyro precession system is smaller as precession
angle increasing. So a P controller was designed to return the
precession angle to zero. And the set values 𝛿𝑟, ̇𝛿𝑟, and 𝛼𝑟 are
0 to keep unicycle static for lateral. The detailed control block
diagram is shown in Figure 3.

4.2. Steering Control. Based on the dynamic analysis of the
previous section, the unicycle robot’s yaw angle is related
to the angular velocities of roll and bottom wheel. In order
to enhance the reaction of steering and the stability of the
controller, fast responsive control strategy is opted to steering
control.

The input of precession angular velocity is as follows:

�̇� = 𝑘𝑃𝛿𝑒𝛿 + 𝑘𝐷𝛿 ̇𝑒𝛿 + 𝑘𝑃𝛼𝑒𝛼, (39)

where 𝑘𝑃𝛿, 𝑘𝐷𝛿, 𝑘𝑃𝛼, 𝑒𝛿, ̇𝑒𝛿, 𝑒𝛼 are defined as static balance
control. The differences are ̇𝛿𝑟 and 𝛿𝑟. It is given as

̇𝛿𝑟 = 𝑘𝐷𝜑 ̇𝑒𝜑 (40)

where 𝑘𝐷𝜑 is coefficient of fast responsive control strategy for
steering control. ̇𝑒𝜑 is the difference between the real-time
yaw angular velocity �̇� and the set yaw angular velocity �̇�𝑟.
It is given as

̇𝑒𝜑 = �̇� − �̇�𝑟 (41)

Also, according to the dynamic analysis of yaw, it is not
only related to the angular velocity of roll, but also to the
angular velocity of bottom wheel. In the process of steering
control, the bottom wheel gets an angular velocity and the
set angular velocity �̇� is constant value. The detailed control
block diagram is shown in Figure 4.

5. Simulation

In this section, the controllers will be tested by dynamics
simulation and all the data and codes of the simulations are
available online (see https://github.com/ZhangYang157/01-
Codes-and-Data-for-Steering-Control-Method-for-an-Under-
actuated-Unicycle-Robot-Based-on-Dynamic-.git) and are
included in the supplementary materials (available here).The
simulation video for the proposed steering control method is
available online (see https://github.com/ZhangYang157/02-
supplementary-material-file-for-simulation-video.git). A
three-dimensional simulation model of unicycle robot is
built in the ADAMS environment. It is shown in Figure 5.
The simulation model includes 5 parts. They are ground,
gyroscopes, precession, frame, and bottom wheel. Ground
is fixed in space. Static friction coefficient between bottom
wheel and ground is 0.8 and dynamic friction coefficient is
0.4. According to the control strategies design, the input of

https://github.com/ZhangYang157/01-Codes-and-Data-for-Steering-Control-Method-for-an-Under-actuated-Unicycle-Robot-Based-on-Dynamic-.git
https://github.com/ZhangYang157/01-Codes-and-Data-for-Steering-Control-Method-for-an-Under-actuated-Unicycle-Robot-Based-on-Dynamic-.git
https://github.com/ZhangYang157/01-Codes-and-Data-for-Steering-Control-Method-for-an-Under-actuated-Unicycle-Robot-Based-on-Dynamic-.git
https://github.com/ZhangYang157/02-supplementary-material-file-for-simulation-video.git
https://github.com/ZhangYang157/02-supplementary-material-file-for-simulation-video.git
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̇ėr

e

ė

Figure 4: The control diagram of steering control.

Table 2: Static control parameters value of the static control strategy in simulation.

Parameters 𝜔𝛽 𝑘𝑝𝜃 𝑘𝐷𝜃 𝑘𝑝�̇� 𝑘𝐼�̇� 𝑘𝑃𝛿 𝑘𝐷𝛿 𝑘𝑃𝛼
Value 3000rpm 12 0.3 0.03 0.02 15 1.2 1.5

Ground

Gyroscopes

Precession

Bottom 
wheel

Frame

Figure 5: Simulation model in ADAMS.

the bottom wheel is the torque 𝜏𝜔. The input of precession
is angular velocity of precession �̇� and the angular velocity
of gyro ̇𝛽 is constant value. The sampling time is 10 ms. In
this section, there are two experiments. Firstly, static balance
equilibrium is controlling the unicycle robot stable in place
with an interference force. Secondly, steering control method
of the unicycle robot is setting the roll angular velocity and
giving the angular velocity of bottom wheel a constant value.

5.1. Simulation of Static Equilibrium. For the initial state of
the simulation, the unicycle robot has a minimal inclination
angle for roll and pitch. In the simulation time of 5s, there is a
lateral interference force of 10 N (duration is 0.01s). Using the
controller of static balance control, Table 2 shows the control
parameters value of the static control strategy in simulation.
Simulation is generated in 8 seconds. Figure 6 shows the
graphs of roll and pitch angle in static balance simulation. The
unicycle robot gets to stability at start. In time 5s, the roll angle

and pitch angle accordingly vary with the lateral interference
force. With the static balance control strategy, the unicycle
robot was back to stable.

5.2. Simulation of Steering Control. Based on the static
balance equilibrium, the steering control adds an angular
velocity of the bottom wheel �̇�𝑟, fast responsive control
strategy for steering. Table 3 shows the control parameters
value of the steering control strategy in simulation. The set
bottom wheel angular velocity �̇�𝑟 is 50∘/𝑠 and the coefficient
of fast responsive control strategy 𝑘𝐷𝜑 is 1.1. Before steering
control, the robot is controlled to balancewith a given angular
velocity of the bottom wheel �̇�𝑟 and the set angular velocity�̇�𝑟 is zero.When the angular velocity of bottomwheel is stable
to 50∘/𝑠, the set angular velocity �̇�𝑟 is given.

The simulation experiment also compares the existing
under-actuated steering control strategies. As Y. Isomi, S.
Majima [22, 23], Gong Daoxiong and Li Xinghui [24] pro-
posed steering controlmethod for unicycle robot; the steering
is controlled by the roll angle with the constant speed of
bottomwheel. Comparative analysis of the 2 different steering
control methods by simulation experiment is next.

The set angular velocity �̇�𝑟 is ramp and the slope is 0.6∘/𝑠2
until �̇�𝑟 is 3∘/𝑠. In order to increase input stability of �̇�𝑟, there
is a low pass filter to the set angular velocity �̇�𝑟 before input.
Figure 7 shows the set yaw angular velocity of previous filter,
the set yaw angular velocity of after filter, the practical yaw
angular velocity, the practical yaw angular velocity of existing
method, the set yaw angle after filter, the practical yaw angle,
and practical yaw angle of existing method. The practical
angular velocity of yaw is accurate following the set angular
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Table 3: Parameters value of the steering control strategy in simulation.

Parameters �̇�𝑟 𝑘𝑝𝜃 𝑘𝐷𝜃 𝑘𝑝�̇� 𝑘𝐼�̇� 𝑘𝑃𝛿 𝑘𝐷𝛿 𝑘𝑃𝛼 𝑘𝐷𝜑
Value 50∘/s 14 0.5 0.05 0.02 15 1.2 1.5 1.1
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Figure 6: The roll and pitch angle in static equilibrium simulation. (a)The graph of roll angle. (b) The graph of pitch angle.
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Figure 7:The yaw angular velocity and the yaw angle in simulation of yaw angle control. (a)The graph of the set yaw angular velocity previous
filter, the set yaw angular velocity after filter, the practical yaw angular velocity, and the practical yaw angular velocity of existing method. (b)
The graph of set yaw angle after filter, yaw angle, and practical yaw angle of existing method.

velocity of yawwith a bit of delay at the acceleration.The angle
of yaw is increased steadily. Using the coupling of the unicycle
robot, the yaw angle is controlled without directly torque for
steering. By comparing with existing method, the yaw angle
control method proposed in this paper is faster response to
yaw angle control command and closer to set yaw angle and
yaw angular velocity curves.

Figure 8 shows the graphs of practical roll angle, the
practical roll angle of existing method, the practical roll
angular velocity, and the practical roll angular velocity of

existing method.The angular velocity of roll and roll angle get
a big fluctuation since the fast responsive control strategy of
steering. When the practical angular velocity of yaw steadied
at a constant value, the angular velocity of roll becomes
stable again. By comparing with existing method, the control
method proposed in this paper has relatively large amplitude,
but it is stable to the steady state for roll angle and roll angular
velocity faster.

Figure 9 shows the graphs of practical pitch angle, the
practical pitch angle of existing method, the practical pitch
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Figure 8: The roll angle and the roll angular velocity in simulation of yaw angle control. (a) The graph of practical roll angle and practical
roll angle of existing method. (b) The graph of practical roll angular velocity and practical roll angular velocity of existing method.
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Figure 9:The pitch angle and the pitch angular velocity in simulation of yaw angle control. (a)The graph of practical pitch angle and practical
pitch angle of existing method. (b)The graph of practical pitch angular velocity and practical pitch angular velocity of existing method.

angular velocity, and the practical pitch angular velocity
of existing method. The angular velocity of pitch gets a
big fluctuation due to the fast responsive control strategy
of steering. When the angular velocity of yaw is going to
stabilize, the angular velocity of pitch is stable to zero and
the pitch angle is stable to a value due to effect of centripetal
force as (28). By comparing with existing method, the control
method proposed in this paper is more quickly stable to the
steady state for pitch angle and relatively large amplitude for
pitch angular velocity.

Figure 10 shows the change of practical precession angle,
the practical precession angle of existing method, the practi-
cal precession angular velocity, and the practical precession
angular velocity of existing method. Through controlling the
precession angular velocity, the unicycle robot gets to balance
with a short while. The angular velocity of precession is the
input for balance of roll angle. When the steering control is

going to stabilize, the angular velocity of precession becomes
stable to zero and the precession angle is stable to a value
due to effect of centripetal force as (32). By comparing with
existing method, the control method proposed in this paper
is more quickly stable to the steady state for precession angle
and relatively small amplitude for precession angular velocity.

Figure 11 shows the angular velocity of bottom wheel �̇�.
At the beginning, the angular velocity of bottom wheel �̇�
becomes stable at 50∘/𝑠. �̇� has a big fluctuation during the
angular velocity of yaw �̇� causing a change.When the angular
velocity of yaw �̇� is steady, �̇� is stable at 50∘/𝑠 again. The
curve “practical d𝜔/dt of existing method” shows the angular
velocity of bottom wheel �̇� for the yaw angle control method
by roll angle. Both of the angular velocities of bottom wheel
are stable at 50∘/𝑠, but the curve of existingmethod has higher
frequency of oscillation than the control method mentioned
in the paper.
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Figure 10: The precession angle and the precession angular velocity in simulation of yaw angle control. (a) The graph of practical precession
angle and practical precession angle of existingmethod. (b)The graph of practical precession angular velocity and practical precession angular
velocity existing method.
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Figure 11:The angular velocity of bottomwheel in yaw angle control
simulation.

6. Conclusion

This paper has presented a steering control method for
the under-actuated unicycle robot which using precession
effect of double-gyroscopes for lateral balance. The proposed
method uses the coupling to control the roll angular velocity
for steering.The steering controlmethod is proposed through
analyzing the dynamic model of the unicycle robot and the
fast responsive control strategy is designed with a constant
bottom wheel speed. The simulation results demonstrated
that the control strategy is effective for steering control.
Compared with the existing steering control method, the
method mentioned in this paper responds faster to steering
commands and tracks the set yaw angle more accurately.

Futureworks focus on the construction of the experimen-
tal platform and the improvement of the performance of the
steering controlmethod.More comparative experimentswith
the existing methods will also be conducted. Meanwhile, the

proposed control method will be applied to the autonomous
navigation of multiunicycle robots.

Appendix

𝑚11 = s2𝛿ℓ1 + c2𝛿ℓ8 + 𝑠2𝛿𝑐2𝜃ℓ9 + 2𝑠𝛿𝑐𝜃s𝛿ℓ2
+ 𝑐2𝛿𝑐2𝜃ℓ7 + 𝑐2𝛿𝑠2𝜃ℓ8 + 𝑠2𝜃ℓ9 − 4𝑠𝛿𝑐𝜃𝑐𝛿ℓ4
+ 2 (𝑐𝛿𝑐2𝜃𝑐2𝛼 + 𝑠2𝛿𝑠2𝛼 + 𝑐2𝛿𝑐2𝜃) 𝐼1𝑥
+ 2𝑐2𝛿𝑠2𝜃𝑠2𝛼𝐼1𝑧 + 2𝑠2𝛿𝑐2𝛼𝐼1𝑧;

𝑚12 = 𝑚21 = 𝜃c𝛿ℓ2 − 𝑐𝛿𝑐𝜃𝑠𝜃ℓ3 + 2𝑠𝜃𝑠𝛿ℓ4
+ 2𝑐𝛿𝑠𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥 + 2𝑠𝜃𝑐𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧;

𝑚13 = 𝑚31 = −𝑠𝛿ℓ10 − 𝑐𝜃s𝛿ℓ2 + 2𝑐𝜃𝑐𝛿ℓ4
− 2𝑠𝛿𝑠2𝛼𝐼1𝑥 − 2𝑠𝛿𝑐2𝛼𝐼1𝑧;

𝑚14 = 𝑚41 = −s𝛿ℓ1 − 𝑠𝛿𝑐𝜃ℓ2 − 2𝑠2𝛼𝐼1𝑥 − 2𝑐2𝛼𝐼1𝑧;
𝑚16 = 𝑚61 = 2𝑐𝛿𝑠𝜃𝑠𝛼𝐼1𝑧;
𝑚22 = ℓ5 + 𝑐2𝜃ℓ6 + 2𝑐𝜃ℓ2 + 𝑠2𝜃ℓ7 + 2 (𝑐2𝜃𝑐2𝛼 + 𝑠2𝜃)
⋅ 𝐼1𝑥 + 2𝑐2𝜃𝑠2𝛼𝐼1𝑧;

𝑚23 = 𝑚32 = −2𝑠𝜃ℓ4 − 2𝑐𝛿s𝜃𝑐𝜃𝐼1𝑥;
𝑚26 = 𝑚62 = 2𝑐𝜃𝑠𝛼𝐼1𝑧;
𝑚33 = ℓ10 + 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧;
𝑚34 = 𝑚43 = 𝑐𝜃ℓ2 + ℓ11 + 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧;
𝑚44 = ℓ1 + 2𝑠2𝛼𝐼1𝑥 + 2𝑐2𝛼𝐼1𝑧;
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Table 4: The coefficients in dynamic equations.

Coefficients Values
ℓ1 (𝑀𝑤𝑅𝑊2 + 𝐼𝑤𝑧 +𝑀𝑏𝑅𝑊2 + 𝐼𝑏𝑧 + 2𝑅𝑊2 (𝑀𝑝1 +𝑀1) + 2𝐼𝑝1𝑥)ℓ2 𝑀𝑏𝑅𝑊𝐿𝑏 + 2𝑅𝑊𝐿𝑏 (𝑀𝑝1 +𝑀1)
ℓ3 𝐼𝑏𝑥 − 𝐼𝑏𝑦 − 2𝐼𝑝1𝑥 + 2𝐼𝑝1𝑧 −𝑀𝑏𝐿𝑏2 − 2(𝑀𝑝1 (𝐿12 )

2 +𝑀1𝐿12) − 2𝐿𝑏2 (𝑀𝑝1 +𝑀1)
ℓ4 𝐿𝑝1 (𝑀𝑝1 𝐿12 +𝑀1𝐿1)
ℓ5 𝑀𝑤𝑅𝑊2 + 𝐼𝑤𝑦 +𝑀𝑏𝑅𝑊2 + 2𝐿𝑝12 (𝑀𝑝1 +𝑀1) + 2𝑅𝑊2 (𝑀𝑝1 +𝑀1)
ℓ6 𝑀𝑏𝐿𝑏2 + 𝐼𝑏𝑦 + 2(𝑀𝑝1 (𝐿12 )

2 +𝑀1𝐿12) + 2𝐿𝑏2 (𝑀𝑝1 +𝑀1) + 2𝐼𝑝1𝑥
ℓ7 𝐼𝑏𝑥 + 2𝐼𝑝1𝑧ℓ8 (𝐼𝑤𝑥 + 2𝐿𝑝12 (𝑀𝑝1 +𝑀1))
ℓ9 (𝑀𝑏𝐿𝑏2 + 2(𝑀𝑝1 (𝐿12 )

2 +𝑀1𝐿12) + 2𝐿𝑏2 (𝑀𝑝1 +𝑀1))
ℓ10 (𝑀𝑏𝐿𝑏2 + 𝐼𝑏𝑧 + 2𝐿𝑏2 (𝑀𝑝1 +𝑀1) + 2𝐼𝑝1𝑥 + 2(𝑀𝑝1 (𝐿12 )

2 +𝑀1𝐿12))
ℓ11 𝐼𝑏𝑧 + 2𝐼𝑝1𝑥
𝑚55 = 𝐼1𝑥 + 𝐼𝑝1𝑧;
𝑚66 = 2𝐼1𝑥;
𝑛1 = �̇� ̇𝛿 (−c𝛿ℓ1 − 𝑐𝛿𝑐𝜃ℓ2 + 2𝑐𝛿𝑐𝜃ℓ2) + �̇� ̇𝜃 (𝑠𝛿𝑠𝜃ℓ2)
+ �̇��̇� (−4𝑠𝛼𝑐𝛼𝐼1𝑥 + 4𝑠𝛼𝑐𝛼𝐼1𝑧) + ̇𝛿2 (−𝑠𝜃s𝛿ℓ2
+ 𝑠𝛿𝑐𝜃𝑠𝜃ℓ3 + 2𝑠𝜃𝑐𝛿ℓ4 − 2𝑠𝛿𝑠𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥
− 2𝑠𝜃𝑐𝜃𝑠𝛿𝑠2𝛼𝐼1𝑧) + ̇𝛿 ̇𝜃 (𝑐𝜃c𝛿ℓ2 + 𝑐𝛿𝑠𝜃𝑠𝜃ℓ3
− 𝑐𝛿𝑐𝜃𝑐𝜃ℓ3 + 2𝑐𝜃𝑠𝛿ℓ4 + 2𝑐𝛿𝑐𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥
− 2𝑐𝛿𝑠𝜃𝑠𝜃𝑐2𝛼𝐼1𝑥 + 2𝑐𝜃𝑐𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧
− 2𝑠𝜃𝑠𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧 − 𝑐𝛿ℓ10 − 𝑐𝜃c𝛿ℓ2 − 2𝑐𝛿𝑠2𝛼𝐼1𝑥
− 2𝑐𝜃𝑠𝛿ℓ4 − 2𝑐𝛿𝑐2𝛼𝐼1𝑧) + ̇𝛿�̇� (−4𝑐𝛿𝑠𝜃𝑐𝜃𝑠𝛼𝑐𝛼𝐼1𝑥
+ 4𝑠𝜃𝑐𝜃𝑐𝛿𝑠𝛼𝑐𝛼𝐼1𝑧) + �̇� ̇𝛿 (2s𝛿c𝛿ℓ1 − 2s𝛿c𝛿ℓ8
+ 2s𝛿c𝛿𝑐2𝜃ℓ9 + 4𝑠𝛿𝑐𝜃c𝛿ℓ2 − 2s𝛿c𝛿𝑐2𝜃ℓ7
− 2s𝛿c𝛿𝑠2𝜃ℓ8 − 4𝑐𝛿𝑐𝜃𝑐𝛿ℓ4 + 4𝑠𝛿𝑐𝜃𝑠𝛿ℓ4
+ 2 (−𝑠𝛿𝑐2𝜃𝑐2𝛼 + 2𝑠𝛿𝑐𝛿𝑠2𝛼 − 2𝑠𝛿𝑐𝛿𝑐2𝜃) 𝐼1𝑥
− 4𝑠𝛿𝑐𝛿𝑠2𝜃𝑠2𝛼𝐼1𝑧 + 4𝑠𝛿𝑐𝛿𝑐2𝛼𝐼1𝑧)
+ �̇� ̇𝜃 (−2𝑠2𝛿s𝜃c𝜃ℓ9 − 2𝑠𝛿𝑠𝜃s𝛿ℓ2 − 2s𝜃c𝜃𝑐2𝛿ℓ7
+ 2s𝜃c𝜃𝑐2𝛿ℓ8 + 2s𝜃c𝜃ℓ9 + 4𝑠𝛿𝑠𝜃𝑐𝛿ℓ4
+ 2 (−2𝑐𝛿s𝜃c𝜃𝑐2𝛼 − 2𝑐2𝛿s𝜃c𝜃) 𝐼1𝑥
+ 4𝑐2𝛿s𝜃c𝜃𝑠2𝛼𝐼1𝑧)
+ �̇��̇� (2 (−2𝑐𝛿𝑐2𝜃𝑠𝛼𝑐𝛼 + 2𝑠2𝛿𝑠𝛼𝑐𝛼) 𝐼1𝑥

+ 4𝑐2𝛿𝑠2𝜃𝑠𝛼𝑐𝛼𝐼1𝑧 − 4𝑠2𝛿𝑠𝛼𝑐𝛼𝐼1𝑧) + ̇𝜃2 (𝑠𝜃s𝛿ℓ2
− 2𝑠𝜃𝑐𝛿ℓ4) + ̇𝜃�̇� (−4𝑠𝛿𝑠𝛼𝑐𝛼𝐼1𝑥 + 4𝑠𝛿𝑠𝛼𝑐𝛼𝐼1𝑧)
− 2 ̇𝛽 ̇𝛿𝑠𝛿𝑠𝜃𝑠𝛼𝐼1𝑧 + 2 ̇𝛽 ̇𝜃𝑐𝛿𝑐𝜃𝑠𝛼𝐼1𝑧
+ 2 ̇𝛽�̇�𝑐𝛿𝑠𝜃𝑐𝛼𝐼1𝑧;

𝑛2 = �̇��̇� (c𝛿ℓ1 + 𝑐𝛿𝑐𝜃ℓ2) + �̇� ̇𝛿 (−𝑠𝜃s𝛿ℓ2 + 𝑠𝛿𝑐𝜃𝑠𝜃ℓ3
+ 2𝑠𝜃𝑐𝛿ℓ4 − 2𝑠𝛿𝑠𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥 − 2𝑠𝜃𝑐𝜃𝑠𝛿𝑠2𝛼𝐼1𝑧
+ 𝑠𝜃s𝛿ℓ2 − 𝑠𝛿𝑐𝜃𝑠𝜃ℓ3 − 2𝑠𝜃𝑐𝛿ℓ4 + 2𝑠𝛿𝑠𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥
+ 2𝑠𝜃𝑐𝜃𝑠𝛿𝑠2𝛼𝐼1𝑧) + �̇� ̇𝜃 (𝑐𝜃c𝛿ℓ2 + 𝑐𝛿𝑠𝜃𝑠𝜃ℓ3
− 𝑐𝛿𝑐𝜃𝑐𝜃ℓ3 + 2𝑐𝜃𝑠𝛿ℓ4 + 2𝑐𝛿𝑐𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥
− 2𝑐𝛿𝑠𝜃𝑠𝜃𝑐2𝛼𝐼1𝑥 + 2𝑐𝜃𝑐𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧
− 2𝑠𝜃𝑠𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧 + 𝑐𝛿ℓ10 + 𝑐𝜃c𝛿ℓ2 + 2𝑐𝜃𝑠𝛿ℓ4
+ 2𝑐𝛿𝑠2𝛼𝐼1𝑥 + 2𝑐𝛿𝑐2𝛼𝐼1𝑧)
+ �̇��̇� (−4𝑐𝛿𝑠𝜃𝑐𝜃𝑠𝛼𝑐𝛼𝐼1𝑥 + 4𝑠𝜃𝑐𝜃𝑐𝛿𝑠𝛼𝑐𝛼𝐼1𝑧)
+ ̇𝛿 ̇𝜃 (−2𝑐𝜃𝑠𝜃ℓ6 − 2𝑠𝜃ℓ2 + 2𝑐𝜃𝑠𝜃ℓ7
+ 2 (−2𝑠𝜃𝑠𝜃𝑐2𝛼 + 2𝑐𝜃𝑠𝜃) 𝐼1𝑥 − 4𝑠𝜃𝑠𝜃𝑠2𝛼𝐼1𝑧
+ 2𝑐𝛿s𝜃𝑐𝜃𝐼1𝑥 + 2𝑠𝛿s𝜃𝑐𝜃𝐼1𝑥)
+ ̇𝛿�̇� (2 (−2𝑐2𝜃𝑠𝛼𝑐𝛼) 𝐼1𝑥 + 4𝑐2𝜃𝑠𝛼𝑐𝛼𝐼1𝑧)
+ ̇𝜃2 (−2𝑐𝜃ℓ4 − 2𝑐𝛿c𝜃𝑐𝜃𝐼1𝑥 + 2𝑐𝛿s𝜃𝑠𝜃𝐼1𝑥)
− 2 ̇𝛽 ̇𝜃𝑠𝜃𝑠𝛼𝐼1𝑧 + 2 ̇𝛽�̇�𝑐𝜃𝑐𝛼𝐼1𝑧 − 12�̇�2 (2𝑠𝛿𝑐𝛿ℓ1
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− 2𝑠𝛿𝑐𝛿ℓ8 + 2𝑠𝛿𝑐𝛿𝑐2𝜃ℓ9 + 4𝑠𝛿𝑐𝛿𝑐𝜃ℓ2
− 2𝑠𝛿𝑐𝛿𝑠2𝜃ℓ8 − 4𝑐𝛿𝑐𝜃𝑐𝛿ℓ4 + 4𝑠𝛿𝑐𝜃𝑠𝛿ℓ4
+ 2 (−𝑠𝛿𝑐2𝜃𝑐2𝛼 + 2𝑠𝛿𝑐𝛿𝑠2𝛼 − 2𝑠𝛿𝑐𝛿𝑐2𝜃) 𝐼1𝑥
− 4𝑠𝛿𝑐𝛿𝑠2𝜃𝑠2𝛼𝐼1𝑧 + 4𝑠𝛿𝑐𝛿𝑐2𝛼𝐼1𝑧)
+ 2�̇� ̇𝛽𝑠𝛿𝑠𝜃𝑠𝛼𝐼1𝑧 −𝑀𝑤𝑔𝑅𝑊s𝛿 + 𝑀𝑏𝑔 (−𝑠𝛿𝑐𝜃𝐿𝑏
− 𝑅𝑊s𝛿) + 2𝑀𝑝1𝑔 (−𝑠𝛿𝑐𝜃𝐿 − 𝑅𝑊s𝛿)
+ 2𝑀1𝑔 (−𝑠𝛿𝑐𝜃𝐿 − 𝑅𝑊s𝛿) ;

𝑛3 = �̇� ̇𝛿 (−𝑐𝛿ℓ10 − 𝑐𝜃c𝛿ℓ2 − 2𝑐𝜃𝑠𝛿ℓ4 − 2𝑐𝛿𝑠2𝛼𝐼1𝑥
− 2𝑐𝛿𝑐2𝛼𝐼1𝑧 − 𝑐𝜃c𝛿ℓ2 − 𝑐𝛿𝑠𝜃𝑠𝜃ℓ3 + 𝑐𝛿𝑐𝜃𝑐𝜃ℓ3
− 2𝑐𝜃𝑠𝛿ℓ4 − 2𝑐𝛿𝑐𝜃𝑐𝜃𝑐2𝛼𝐼1𝑥 + 2𝑐𝛿𝑠𝜃𝑠𝜃𝑐2𝛼𝐼1𝑥
− 2𝑐𝜃𝑐𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧 + 2𝑠𝜃𝑠𝜃𝑐𝛿𝑠2𝛼𝐼1𝑧)
+ �̇� ̇𝜃 (+𝑠𝜃s𝛿ℓ2 − 2𝑠𝜃𝑐𝛿ℓ4 − 𝑠𝜃s𝛿ℓ2 + 2𝑠𝜃𝑐𝛿ℓ4)
+ �̇��̇� (−4𝑠𝛿𝑠𝛼𝑐𝛼𝐼1𝑥 + 4𝑠𝛿𝑠𝛼𝑐𝛼𝐼1𝑧)
+ ̇𝜃�̇� (4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧) + �̇� ̇𝜃 (−𝑠𝜃ℓ2 + 𝑠𝜃ℓ2)
+ �̇��̇� (4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧) + ̇𝛿 ̇𝜃 (−2𝑐𝜃ℓ4
− 2𝑐𝛿c𝜃𝑐𝜃𝐼1𝑥 + 2𝑐𝛿s𝜃𝑠𝜃𝐼1𝑥 + 2𝑐𝜃ℓ4 + 2𝑐𝛿c𝜃𝑐𝜃𝐼1𝑥
− 2𝑐𝛿s𝜃𝑠𝜃𝐼1𝑥) + ̇𝛿2 (2𝑠𝛿s𝜃𝑐𝜃𝐼1𝑥 + 𝑐𝜃𝑠𝜃ℓ6 + 𝑠𝜃ℓ2
− 𝑐𝜃𝑠𝜃ℓ7 − (−2𝑐𝜃𝑠𝜃𝑐2𝛼 + 2𝑐𝜃𝑠𝜃) 𝐼1𝑥
+ 2𝑐𝜃𝑠𝜃𝑠2𝛼𝐼1𝑧) − 12 �̇�2 (−2𝑐𝜃𝑠𝜃𝑠2𝛿ℓ9 − 2𝑠𝛿𝑠𝜃s𝛿ℓ2
− 2𝑐2𝛿𝑐𝜃𝑠𝜃ℓ7 + 2𝑐2𝛿𝑐𝜃𝑠𝜃ℓ8 + 2𝑐𝜃𝑠𝜃ℓ9
+ 4𝑠𝛿𝑠𝜃𝑐𝛿ℓ4 + 2 (−2𝑐𝜃𝑠𝜃𝑐𝛿𝑐2𝛼 − 2𝑐𝜃𝑠𝜃𝑐2𝛿) 𝐼1𝑥
+ 4𝑐𝜃𝑠𝜃𝑐2𝛿𝑠2𝛼𝐼1𝑧) + 2 ̇𝛿 ̇𝛽𝑠𝜃𝑠𝛼𝐼1𝑧
− 2�̇� ̇𝛽𝑐𝛿𝑐𝜃𝑠𝛼𝐼1𝑧 +𝑀𝑏𝑔 (−𝑐𝛿𝑠𝜃𝐿𝑏)
+ 2𝑀𝑝1𝑔 (−𝑐𝛿𝑠𝜃𝐿) + 2𝑀1𝑔 (−𝑐𝛿𝑠𝜃𝐿) ;

𝑛4 = �̇��̇� (4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧) + �̇� ̇𝛿 (−c𝛿ℓ1
− 𝑐𝛿𝑐𝜃ℓ2) + �̇� ̇𝜃 (𝑠𝛿𝑠𝜃ℓ2) + �̇��̇� (−4𝑠𝛼𝑐𝛼𝐼1𝑥
+ 4𝑠𝛼𝑐𝛼𝐼1𝑧) + ̇𝜃2 (−𝑠𝜃ℓ2) + ̇𝜃�̇� (4𝑠𝛼𝑐𝛼𝐼1𝑥
− 4𝑠𝛼𝑐𝛼𝐼1𝑧) ;

(A.1)

𝑛5 = −�̇� ̇𝛿 (−4𝑐𝛿𝑠𝜃𝑐𝜃𝑠𝛼𝑐𝛼𝐼1𝑥 + 4𝑠𝜃𝑐𝜃𝑐𝛿𝑠𝛼𝑐𝛼𝐼1𝑧)
− 12 ̇𝛿2 (4𝑐2𝜃𝑠𝛼𝑐𝛼𝐼1𝑧) − 12

⋅ �̇�2 (2 (−2𝑠𝛼𝑐𝛼𝑐𝛿𝑐2𝜃 + 2𝑠𝛼𝑐𝛼𝑠2𝛿) 𝐼1𝑥
+ 4𝑠𝛼𝑐𝛼𝑐2𝛿𝑠2𝜃𝐼1𝑧 − 4𝑠𝛼𝑐𝛼𝑠2𝛿𝐼1𝑧)
− �̇� ̇𝜃 (−4𝑠𝛼𝑐𝛼𝑠𝛿𝐼1𝑥 + 4𝑠𝛼𝑐𝛼𝑠𝛿𝐼1𝑧) − 12
⋅ ̇𝜃2 (4𝑠𝛼𝑐𝛼𝐼1𝑥 − 4𝑠𝛼𝑐𝛼𝐼1𝑧) − ̇𝜃�̇� (4𝑠𝛼𝑐𝛼𝐼1𝑥
− 4𝑠𝛼𝑐𝛼𝐼1𝑧) − 2 ̇𝛿 ̇𝛽𝑐𝜃𝑐𝛼𝐼1𝑧 − 2�̇� ̇𝛽𝑐𝛿𝑠𝜃𝑐𝛼𝐼1𝑧;

𝑛6 = −2 ̇𝛿 ̇𝜃𝑠𝜃𝑠𝛼𝐼1𝑧 + 2 ̇𝛿�̇�𝑐𝜃𝑐𝛼𝐼1𝑧 − 2�̇� ̇𝛿𝑠𝛿𝑠𝜃𝑠𝛼𝐼1𝑧
+ 2�̇� ̇𝜃𝑐𝛿𝑐𝜃𝑠𝛼𝐼1𝑧 + 2�̇��̇�𝑐𝛿𝑠𝜃𝑐𝛼𝐼1𝑧;

(A.2)

The coefficients ℓ1, . . . . . . and ℓ12 in the above equations
are defined in Table 4.
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This work presents a semianalytical solution based on Laplace transform to study the behaviour of poroelastic materials in
the context of the Extended Nonequilibrium Thermodynamics. In this framework, the fluid phase incorporates a relaxation
time and, consequently, a frequency-dependence appears. This rheological behaviour could explain the frequency-dependence
experimentally observed in biological tissues, which has traditionally attributed to the solid phase of tissues. In particular, the
analytical solution is applied to two cases, heaviside and sinusoidal inputs, of a semi-infinite domain, which is filled with a material
such as the human cervix. From the results, it is observed that the frequency-dependenceof the fluid phase could be relevant to high
relaxation times while for null relaxation times the classical poroelastic theory is recovered. Finally, the present analytical solution
could be used to validate future computational codes and experimental settings.

1. Introduction

Nowadays, understanding mechanical behaviour of the
human cervix is a challenge for theoretical, computational,
and experimental communities since it could be used to
develop functional anticipation diagnostic tools, which will
be applied to reduce the main cause of infant mortality:
pretermbirth, according to [1]. Notice that the understanding
of cervical tissues is considered one of the most pressing
problems in obstetrics [2].

According to [3], the human cervix is composed of a
distribution of cells embedded in an extracellular matrix of
fibrillar collagen, which can be considered as the solid phase
and represent 20-30% of the tissue and water with dissolved
salts (fluid phase). The latter phase is the responsible for the
cervix incompressibility [4].

There exist many models to study dynamic responses
of tissues in specialised literature. However, most of them
are contradictory since they are based on phenomenological
equations, which lack robustness. In particular, measured
values in cervix tissues differ several orders of magnitude for

medium and high frequencies [5]. In this connection, there
are several viscoelastic approaches to properly characterise
the human cervix: a linear viscoelasticmodel was proposed in
[6], an in-homogenous model in [7], and several approaches
by the Rus’ group; see [8–10].

Despite the fact that the cervix is composed of solid and
fluid, all the previous works are only focused on the solid
contribution. On the contrary, the Extended Nonequilibrium
Thermodynamics (ENET) [11] incorporates a viscous-like
term to the fluid phase, which could explain the frequency-
dependence of the cervix. For instance, R. Palma et al. have
developed analytical and numerical solutions to study the
second sound in thermoelasticity (see [12, 13]), which can be
considered as a viscothermal effect. Also, ENET is applied in
[14] to study the Debye relaxation: a viscoelectric effect.

On this ground, this paper presents a poroelastic formu-
lation based on the ENET to study the frequency-dependence
of cervix tissues due to the fluid phase, and it could be
considered the main novelty of the present work. Then, the
formulation is expressed in one-dimension in order to obtain
a dynamical solution by a semianalytical approach based
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on Laplace transform. Finally, two numerical examples are
developed to highlight the importance of the fluid-relaxation
in the response of the cervix.

The present work assumes small strains and linear elastic-
ity for the solid phase. For the fluid, constant properties are
considered and the effects of temperature are neglected.

2. Three-Dimensional Governing Equations

Consider an arbitrary domain Ω and boundary Γ for which
the governing equations are composed of equilibrium and
constitutive equations and of the boundary conditions.

With regard to the equilibrium equation and since the
domain contains solid and fluid constituents, two equations
must be enforced: linear momentum and mass conservation.
Mathematically, they are expressed in local form as follows:

𝜌ü = ∇ ⋅ 𝜎⊤ + f,
𝑐𝑝𝑢 ̇𝜖 + 𝑐𝑝𝑝�̇� = −∇ ⋅ d + 𝐷, (1)

where 𝜌, ü, and f denote mass density (including solid and
fluid), acceleration, and body forces, respectively; 𝜎 = 𝜎⊤ is
the Cauchy stress tensor; d and 𝐷 denote the rate of change
in fluid mass through the boundary and the production
of fluid from an external source, respectively. Finally, 𝜖, 𝑝,𝑐𝑝𝑢, and 𝑐𝑝𝑝 denote volumetric strain, fluid pressure, and
two constants closely related to the porosity and fluid bulk
modulus, respectively.

Obviously, two constitutive equations, solid and fluid
phases, are required to model poroelasticity; these equations
read

𝜎 = C : 𝜖 − 𝑐𝑢𝑝𝑝I,
𝜏ḋ + d = −K ⋅ ∇𝑝. (2)

At this point, it is necessary to define all terms in (2):

(i) C denotes the elastic fourth order tensor, which is
composed of matrix C𝑚𝑡 and of fibre C𝑓𝑏 (both solid
phases) by the rule of mixture:

C = 𝜉C𝑚𝑡 + (1 − 𝜉)C𝑓𝑏,
with : {{{

C𝑚𝑡 = 2𝜇𝑚𝑡1 + 𝜆𝑚𝑡I ⊗ I,
C𝑓𝑏 = 2𝜇𝑓𝑏1 + 𝜆𝑓𝑏I ⊗ I,

(3)

where 𝜉 = 0.88 is the percentage of matrix, 1 denotes
the fourth-order identity tensor, and 𝜇, 𝜆 are the
Lamé parameters for matrix and fibre constituents,
respectively.

(ii) 𝜖 = (1/2)(∇ ⊗ u + u ⊗ ∇) = ∇𝑠u is the small strain
second order tensor and ∇𝑠 denotes the symmetric
part of the gradient of displacements.

(iii) K = (1/]𝑓)𝜅 denotes solid permeability and it is
closely related to the fluid viscosity ]𝑓.

(iv) 𝜏 is the relaxation times, which is introduced by
the assumption of a mixed entropy; see [15]. This
empirical parameter is responsible for viscosity in
the fluid phase and, consequently, for the frequency-
dependence. Notice that the classical poroelasticity
theory is recovered by imposing 𝜏 = 0.

Finally, the Dirichlet and Neumann boundary conditions
for the extended poroelastic problem read

u = u,
𝜎
⊤ ⋅ n = t,
𝑝 = 𝑝,

d ⋅ n = 𝑑𝑐,
(4)

whereu and 𝑝 denote prescribed displacements and pressure,
respectively, and t and 𝑑𝑐 prescribed traction and fluid flux on
the boundary with outward normal n.

3. Analytical Solution

This section presents a one-dimensional, semianalytical, and
dynamical solution for a half-space filled with a poroelastic
material. For this purpose, the three-dimension extended
poroelastic equations reported in Section 2 are rewritten
along the 𝑥-axis in order to apply the state space tech-
nique; see [16].The three-dimensional Euclidean coordinates
become

x ≡ (𝑥, 0, 0, 𝑡) ⇒ {{{
u (x, 𝑡) ≡ 𝑢 (𝑥, 𝑡) ,
𝑝 = 𝑝 (𝑥, 𝑡) , (5)

and the components of strain tensor are reduced to

{𝜖} ⇒ {{{
𝜖1 = 𝜕𝑢 (𝑥, 𝑡)𝜕𝑥 = 𝜖,
𝜖2 = 𝜖3 = 𝜖4 = 𝜖5 = 𝜖6 = 0, (6)

and, finally, the constitutive equation of (2) (upper) becomes

𝜎1 = 𝐶11𝜖1 − 𝑐𝑢𝑝𝑝 → 𝜎 = 𝐶𝜖 − 𝑐𝑢𝑝𝑝,
𝜎2 = 𝜎3 = 𝜎4 = 𝜎5 = 𝜎6 = 0. (7)

In absence of body forces f = 0 and mass sources 𝐷 = 0,
the equilibrium equations of (1) are reduced to

𝜕𝜎𝜕𝑥 = 𝜌�̈�𝑥 ⇒
𝜕2𝜎𝜕𝑥2 = 𝜌𝜕�̈�𝑥𝜕𝑥 = 𝜌 ̈𝜖,
𝐾𝜕2𝑝𝜕𝑥2 = ( 𝜕𝜕𝑡 + 𝜏 𝜕

2

𝜕𝑡2)(𝑐𝑝𝑢𝜖 + 𝑐𝑝𝑝𝑝) ,
(8)
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Now, equations (6), (7), and (8) are rewritten in the
Laplace domain by applying the transformation 𝑓(𝑠) =∫∞
0
𝑓(𝑡)𝑒−𝑠𝑡d𝑡:

𝜎 = 𝐶 𝜖 − 𝑐𝑢𝑝𝑝,
𝜕2𝜎𝜕𝑥2 = 𝑠2𝜌𝜖,
𝐾𝜕2𝑝𝜕𝑥2 = (𝑠 + 𝜏𝑠2) (𝑐𝑝𝑢𝜖 + 𝑐𝑝𝑝𝑝) .

(9)

These equations can be expressed in compact form by
introducing the coefficients 𝐿1, 𝐿2,𝑀1, and𝑀2:

𝐿1 = (𝑐𝑝𝑢𝑐𝑢𝑝 + 𝐶𝑐𝑝𝑝𝐾𝐶 )(𝑠 + 𝜏𝑠2) ,
𝐿2 = ( 𝑐𝑝𝑢𝐾𝐶) (𝑠 + 𝜏𝑠2) ,
𝑀1 = 𝑐𝑢𝑝𝜌𝑠2𝐶 ,
𝑀2 = 𝑠2𝜌𝐶 ,

(10)

to give

𝜕2𝑝𝜕𝑥2 = 𝐿1𝑝 + 𝐿2𝜎,
𝜕2𝜎𝜕𝑥2 = 𝑀1𝑝 +𝑀2𝜎,

(11)

and the closed solution of this system of two couple equations
can be expressed as follows:

{𝑝 (𝑥, 𝑠)𝜎 (𝑥, 𝑠)} = exp(√[𝐿1 𝐿2𝑀1 𝑀2]𝑥){
𝑝 (0, 𝑠) = 𝑝0𝜎 (0, 𝑠) = 𝜎0} . (12)

The solution of this system is obtained by applying the
Cayley-Hamilton theorem [16] to give

{𝑝 (𝑥, 𝑠)𝜎 (𝑥, 𝑠)} = [𝐿11 𝐿12𝐿21 𝐿22]{
𝑝0𝜎0} , (13)

where 𝑝0 and 𝜎0 are the boundary conditions and the
coefficient and are explicitly given by

𝐿11 = 𝑒−√𝜂2𝑥 (𝜂1 − 𝐿1) − 𝑒−√𝜂1𝑥 (𝜂2 − 𝐿1)𝜂1 − 𝜂2 ,
𝐿22 = 𝑒−√𝜂1𝑥 (𝜂2 −𝑀2) − 𝑒−√𝜂2𝑥 (𝜂1 −𝑀2)𝜂2 − 𝜂1 ,
𝐿12 = 𝐿2 (𝑒−√𝜂1𝑥 − 𝑒−√𝜂2𝑥)𝜂1 − 𝜂2 ,
𝐿21 = 𝑀1 (𝑒−√𝜂1𝑥 − 𝑒−√𝜂2𝑥)𝜂1 − 𝜂2 ,

(14)

where 𝜂1 and 𝜂2 are the solutions of the following character-
istic equations:

𝜂1 + 𝜂2 = 𝐿1 +𝑀2,𝜂1𝜂2 = 𝐿1𝑀2 − 𝐿2𝑀1. (15)

Finally, the semianalytical solution is attained by impos-
ing boundary conditions and by inverting the Laplace trans-
form using Riemann-sum approximations, as in [12].

4. Results

This section presents two analytical solutions, called cases, in
order to highlight the main features of the present formula-
tion. For this purpose, the material properties are obtained
from the literature (see Table 1), and they are real measured
variables of the human cervix. In particular, Lamé parameters
for fibre and matrix phases are obtained from [8, 9], bulk
modulus of fluid from [17], solid permeability from [18], and
fluid viscosity from [19]. Finally, the coefficient 𝑐𝑢𝑝 = 0.75
obeys the composition of the cervix, namely, 80-70% of fluid
phase; see [20].

4.1. Case I. For case I, the boundary conditions are assumed
to be a heaviside unit step function𝐻(𝑡):

𝑝0 = 𝑝0𝑠 ,𝜎0 = 0. (16)

Introducing (16) in (12) and taking into account (14), the
solutions for 𝑝 and 𝜎 in the Laplace domain read

𝑝 = 𝑝0 [(𝜂1 − 𝐿1) 𝑒−√𝜂2𝑥 − (𝜂2 − 𝐿1) 𝑒−√𝜂1𝑥]𝑠 (𝜂1 − 𝜂2) ,
𝜎 = 𝑝0𝑀1 (𝑒−√𝜂1𝑥 − 𝑒−√𝜂2𝑥)𝑠 (𝜂1 − 𝜂2) .

(17)

Furthermore, the mechanical displacement and the flux can
be obtained taking into account

𝑑 = −𝐾𝜕𝑝𝜕𝑥 ,
𝜕2𝜎𝜕𝑥2 = 𝑠3𝜌𝑢 ⇒
𝑢 = 1𝑠3𝜌 𝜕

2𝜎𝜕𝑥2 ,
(18)
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Table 1: Material properties of the human cervix.

Magnitude Value Units𝜌 1000 [kg/m3]𝜌𝑓 1000 [kg/m3]𝑐𝑢𝑝 0.75 [–]
]𝑓 1.2 × 10−3 [Pa⋅s]𝜇𝑓𝑏 6.45 × 107 [Pa]𝜆𝑓𝑏 1.47 × 108 [Pa]𝜇𝑚𝑡 7.47 × 103 [Pa]𝜆𝑚𝑡 1.7 × 109 [Pa]𝐵𝑓 2.2 × 109 [Pa]𝜅 7.2 × 10−14 [m2]

to give

𝑑
= 𝐾𝑝0 [(𝜂1 − 𝐿1)√𝜂2𝑒−√𝜂2𝑥 − (𝜂2 − 𝐿1)√𝜂1𝑒−√𝜂1𝑥]𝑠 (𝜂1 − 𝜂2) ,
𝑢 = 𝑝0𝑀1 (𝜂1𝑒−√𝜂1𝑥 − 𝜂2𝑒−√𝜂2𝑥)𝜌𝑠4 (𝜂1 − 𝜂2) .

(19)

Consider a one-dimensional and semi-infinite domain,
which is filled with a material as that of cervix. At 𝑡 =0, a fluid pressure of heaviside type is applied and, then,
the evolution of all variables of (17) and (18) is numerically
studied. In particular, Figure 1 shows the time evolution of 𝑝
(left column), 𝑢 (middle column), and 𝜎 (right column) for
three different relaxation times: 𝜏 =0.5, 0,1, 0 [s] (each one in
a row). In addition, each figure contains three different curves
at three time instants 𝑡 =0.3, 0.5, 1 [s].

For 𝜏 ̸= 0 [s] (extended poroelasticity) a hyperbolic
behaviour is attained in the evolution of 𝑝 and, consequently,
in 𝑢. It is observed in the wave front, which is moving at
each time instant. On the contrary, for the case 𝜏 = 0 a
parabolic behaviour is observed, absence of wave front, and
the classical poroelastic theory is recovered. In this sense,
the extended poroelasticity removes the paradox of infinite
velocity, which lacks physical meaning: in nature, there are
no infinity velocities.

Since the problem is coupled, the stresses for 𝜏 ̸= 0
[s] show a viscous-like behaviour that could explain the
frequency-dependence experimentally observed in cervical
tissues. On the contrary, for 𝜏 = 0 [s], a linear behaviour
is observed and, therefore, it is concluded that the classical
poroelasticity can not be used to model the human cervix.

4.2. Case II. For case II, a sinusoidal function 𝑝0 sin(𝜔𝑡) of
frequency 𝜔 is prescribed:

𝑝0 = 𝑝0 𝜔𝑠2 + 𝜔2 ,
𝜎0 = 0. (20)

Following a procedure similar to that of case I, the solutions
for 𝑝 and 𝜎 in the Laplace domain are

𝑝 = 𝑝0𝜔[(𝜂1 − 𝐿1) 𝑒−√𝜂2𝑥 − (𝜂2 − 𝐿1) 𝑒−√𝜂1𝑥](𝑠2 + 𝜔2) (𝜂1 − 𝜂2) ,
𝜎 = 𝑝0𝑀1𝜔 (𝑒−√𝜂1𝑥 − 𝑒−√𝜂2𝑥)(𝑠2 + 𝜔2) (𝜂1 − 𝜂2) ,

(21)

and the mechanical displacement and the flux are given by

𝑑
= 𝐾𝑝0𝜔 [(𝜂1 − 𝐿1)√𝜂2𝑒−√𝜂2𝑥 − (𝜂2 − 𝐿1)√𝜂1𝑒−√𝜂1𝑥](𝑠2 + 𝜔2) (𝜂1 − 𝜂2) ,
𝑢 = 𝑝0𝑀1𝜔 (𝜂1𝑒−√𝜂1𝑥 − 𝜂2𝑒−√𝜂2𝑥)𝜌𝑠3 (𝑠2 + 𝜔2) (𝜂1 − 𝜂2) .

(22)

Consider the same semi-infinite domain as that in case
I. Now, a fluid pressure of sinusoidal type is applied at𝑡 = 0 and all variables of (21) and (22) are shown in
Figure 2. Again, the same conclusion as those in case I
can be observed for this sinusoidal input. Nevertheless, the
curves are smoother due to the nature of the sinusoidal
signal. Therefore, these solutions are more amenable for
future computational validations since it is not necessary to
use regularisation schemes.

5. Conclusions

This work has presented a theoretical approach based on
Nonequilibrium Thermodynamics to study the behaviour
of poroelastic materials taking into account the frequency-
dependence of the fluid phase. In this connection, the main
novelty of the present work is the incorporation of relaxation
times for the fluid phase to perform a material constitution
applied to biological tissues. Then, the three-dimensional
governing equations are reduced to one dimension in order
to obtain a semianalytical and dynamical solution based
on Laplace transform. In particular, the solution is applied
to simulate a semi-infinite domain, which is filled with a
material such as the human cervix, and it is observed that the
frequency-dependence also could be due to the fluid phase.
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Figure 1: Case I. Fluid pressure (left column), mechanical displacement (middle), and mechanical stress (right) versus distance for three
relaxation times: 𝜏 = 0.5 (top row), 𝜏 = 0.1 (middle) and 𝜏 = 0 [s] (bottom). Each figure shows three different curves at three time instants:𝑡 =0.3, 0.5, 1 [s].

×10
-10

×10
-10

×10
-10

×10
-11

×10
-11

×10
-11

−4

−2

0


[P

a]

−5

0

5


[P

a]

−5

0

5


[P

a]

0.02 0.04 0.060
distance

0.02 0.04 0.060
distance

0

1

2

u 
[m

]

0

2

4

u 
[m

]

0

2

4

u 
[m

]

0

0.5

1

p 
[P

a]

0

0.5

1

p 
[P

a]

0

0.5

1

p 
[P

a]

0.02 0.04 0.060
distance

Figure 2: Case II. Fluid pressure (left column), mechanical displacement (middle), and mechanical stress (right) versus distance for three
relaxation times: 𝜏 = 0.5 (top row), 𝜏 = 0.1 (middle), and 𝜏 = 0 [s] (bottom). Each figure shows three different curves at three time instants:𝑡 =0.3, 0.5, 1 [s].



6 Mathematical Problems in Engineering

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research was supported by the Ministry of Educa-
tion DPI2017-83859- R, DPI2014-51870- R, DPI2010-17065,
and UNGR15-CE- 3664, Ministry of Health DTS15/00093,
and PI16/00339, PI-0107-2017, PIN-0030-2017, and Junta de
Andalucı́a P11-CTS- 8089 projects.

References

[1] M. House and S. Socrate, “The cervix as a biomechanical
structure,” Ultrasound in Obstetrics & Gynecology, vol. 28, no.
6, pp. 745–749, 2006.

[2] N. Uldbjerg, G. Ekman, A. Malmström, B. Sporrong, U.
Ulmsten, and L. Wingerup, “Biochemical and morphological
changes of human cervix after local application of prostaglandin
e2 in pregnancy,”The Lancet, vol. 31, pp. 267-268, 1981.

[3] M. Winkler andW. Rath, “Changes in the cervical extracellular
matrix during pregnancy and parturition,” Journal of Perinatal
Medicine, vol. 27, no. 1, pp. 45–60, 1999.

[4] S. Weiss, T. Jaermann, P. Schmid et al., “Three-dimensional
fiber architectureof the nonpregnant human uterusdetermined
ex vivo using magnetic resonance diffusion tensor imaging,”
Anatomical Record - Part A Discoveries in Molecular, Cellular,
and Evolutionary Biology, vol. 288, no. 1, pp. 84–90, 2006.

[5] E. Turgay, S. Salcudean, and R. Rohling, “Identifying the
mechanical properties of tissue by ultrasound strain imaging,”
Ultrasound in Medicine & Biology, vol. 32, no. 2, pp. 221–235,
2006.

[6] J. M. Pereira, J. M. Mansour, and B. R. Davis, “Dynamic
measurement of the viscoelastic properties of skin,” Journal of
Biomechanics, vol. 24, no. 2, pp. 157–162, 1991.

[7] E. A. Barannik, A. Girnyk, V. Tovstiak, A. I. Marusenko, S. Y.
Emelianov, and A. P. Sarvazyan, “Doppler ultrasound detection
of shear waves remotely induced in tissue phantoms and tissue
in vitro,” Ultrasonics, vol. 40, no. 1-8, pp. 849–852, 2002.

[8] L. Peralta, G. Rus, N. Bochud, and F. S. Molina, “Assessing
viscoelasticity of shear wave propagation in cervical tissue by
multiscale computational simulation,” Journal of Biomechanics,
vol. 48, no. 9, pp. 1549–1556, 2015.

[9] L. Peralta, G. Rus, N. Bochud, and F. S. Molina, “Mechanical
assessment of cervical remodelling in pregnancy: Insight from
a synthetic model,” Journal of Biomechanics, vol. 48, no. 9, pp.
1557–1565, 2015.

[10] A. Callejas, A. Gomez, J. Melchor et al., “Performance Study of
a TorsionalWave Sensor and Cervical Tissue Characterization,”
Sensors, vol. 17, no. 9, p. 2078, 2017.

[11] D. Jou, J. Casas-Vázquez, and G. Lebon, Extended Irreversible
Thermodynamics, Springer-Verlag, Berlin, Heidelberg, Ger-
many, 1996.
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46022 Valencia, Spain

Correspondence should be addressed to S. Mart́ınez-Sanchis; sanmars1@upv.es

Received 21 August 2018; Accepted 18 October 2018; Published 25 October 2018

Academic Editor: Guillermo Rus

Copyright © 2018 S. Mart́ınez-Sanchis et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

In this paper, a method to in vivo estimate the relative stiffness between a hepatic lesion and the liver parenchyma is presented.
This method is based on the finite element simulation of the deformation that the liver undergoes during the breathing process.
Boundary conditions are obtained through a registration algorithm known as Coherent Point Drift (CPD), which compares the
liver form in two phases of the breathing process. Finally, the relative stiffness of the tumour with respect to the liver parenchyma
is calculated by means of a Genetic Algorithm, which does a blind search of this parameter. The relative stiffness together with the
clinical information of the patient can be used to establish the type of hepatic lesion. The developed methodology was first applied
to a test case, i.e., to a control case where the parameters were known, in order to verify its validity. After that, the method was
applied to two real cases and low errors were obtained.

1. Introduction

There are four main types of cells in the liver: hepatocytes
(or parenchymal cells), Kupffer cells, endothelial cells, and
stellate cells, which can receive stimulations to produce
fibrous tissue [1]. A fibrous liver is less deformable and has less
tissue with good function. The blood passes with difficulty
and, therefore, is more prone to diseases. [2]. There are
different diseases that can attack the liver, such as cirrhosis
and hepatitis, and these attacks can be related to the type of
cells. For example, hepatocellular carcinoma (HCC), which
is the most common type of liver cancer, is produced by

hepatocytes, the main type of cells in the liver. Some diseases
can result in other more serious illnesses, such as cirrhosis or
hepatic tumour. These attacks are localized in a region, and a
main goal in clinical application is delimiting these regions in
situ for their treatment.

Traditionally, biopsywas themost effective test to identify
damage in the liver. However, nowadays, there are also
analytic tests, known as liver function tests (LFTs or LFs),
which are analyses of blood to extract additional information
about the state of liver. There are different types of test,
but among these, the liver transaminases tests, i.e., aspartate
transaminase (AST or SGOT) and alanine transaminase
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(ALT or SGPT), are the most important since they are used
as biomarkers of a liver injury. Other important biomarkers,
such as NAFLD (nonalcoholic fatty liver disease) fibrosis
score, FIB-4 index, and BARD score, or combination of
these, are used in the clinical setting [3]. However, these
analytic tests do not predict the degree of the disease and the
localization of the damaged tissue, which is very important
for a good diagnosis [2, 4]. The localization of the damaged
tissue can be proved through medical image. Computer
Tomography (CT) and Magnetic Resonance (MR) are the
most commonly used medical images, especially when there
is suspicion of a hepatic tumour [5].

Characterizing the liver through the study of its mechan-
ical properties can help to establish the degree of the illness.
Particularly, in HCC, the stiffness of the tumour tissue
is greater than the rigidity of the normal tissue, which
influences the progression of the illness and the probability
of normal cells transformation into malignant cells [6, 7].
Thus, the difference of stiffness between the tissue of a
tumour and the tissue of the parenchyma can be used as a
biomarker. Nowadays, ultrasound elastography (USE) is the
most used methodology to measure tissue stiffness. USE is
an ultrasound-based technique for measuring liver stiffness
according to the velocity of the elastic wave propagation
across the tissue [8].Theoretically, elastography can assess the
stiffness of tumours. Several authors have studied the utility
of elastography for the characterization of liver tumours ([9–
12] and others). For focal liver lesions, elastography is still an
open investigation, because this method cannot distinguish
between benign and malignant lesions, although there are
studies with promising results. For example, in Ma et al. [11],
the sensitivity and specificity for differentiation of malign
from benign lesions were 85% and 84%, respectively. Also,
in Guo et al. [12], the sensitivity and specificity were 83.3%
and 77.9%, respectively. However, other studies, such as those
presented by Heide et al. [9] and Frulio et al. [10], showed
that this differentiation was not so significant. Therefore, the
results are not conclusive, andmore research or an alternative
methodology is necessary.

Currently, there are different USE techniques, which
depend on the measured physical quantity [13, 14]. That
is, the displacement parallel to the normal stress is mea-
sured in strain imaging technique. However, the shear wave
speed is measured in shear wave imaging technique [15].
In general, these techniques present some limitations; for
example, tissue attenuation decreases the ultrasound signal
as a function of depth; for this reason, assessment of deeper
tissue or organs is limited. Other limitation is that fluid and
fat also attenuate the propagation of the external stimulus
applied at the skin surface as what happens with FibroScan�
(Echosens, Paris, France). For this reason, USE techniques
are not recommended for people with abdominal ascites
(accumulation of liquid, produced generally by cirrhosis) or
obesity [16, 17]. In these cases, other methods, such as image
techniques (CT or MR), are required. Concretely, clinical
applications of USE in liver are limited because, in general,
USE is susceptible to internal source of stress, i.e., cardiac
and breathing. For this reason, in the case of the liver, it
is better to measure the stiffness in the right lobe (far of
the heart) because the throbbing of the heart can result in

erroneous measurements.Therefore, the measurement of the
stiffness of tumours, which are located near the heart, is also
limited [18, 19]. The last limitation is that, previously, the
patients need to be coached in breathing (to stop breathing
at the end of end-exhale state or end-inhale state) because
the deep breathing can increase the errors in the stiffness
measurements [20].

On the other hand, recently, Magnetic Resonance Elas-
tography (MRE) has appeared as a novel noninvasive imaging
technique to describe the biomechanical behaviour of soft
tissues in vivo, reducing the limitations of the traditional
USE method. For example, MRE can be applied in patients
with ascites or obesity. These patients have problems with
using the traditional USE method, as indicated in [21]. The
largest amount of clinical studies in MRE have been based
on the evaluation of chronical illness in the parenchymal
liver [22]. Thomson et al. [23] affirm that MRE has been
used clinically in the liver for diagnoses and for establishing
the liver stage of fibrosis, and they showed that the MRE
may be able to differentiate HCC tumour grade. However,
the MRE method has some limitations. The iron-overload
state is the most important, because this overload may result
in the MRI signal being too low for shear wave detection
on a MRE sequence. Other limitation of MRE is a possible
error of diagnosis of parenchymal organ fibrosis confounding
the causes that produce an increase tissue stiffness [22]. For
example, in the liver, the causes of elevated stiffness include
acute inflammation, biliary obstruction, passive hepatic con-
gestion from cardiac failure, and hepatic venous obstruction.
AlthoughMRE proves capable of differentiating benign from
malignant tumours in a variety of organ systems, an overlap
of the causes of stiffness in the liver can be a limiting factor,
and prospective studies involving larger numbers of patients
are required for validation.

The purpose of this work is to present a novel methodol-
ogy for the patient-specific estimation of the relative stiffness
between a hepatic lesion and the liver parenchyma. The
methodology proposed uses a finite element (FE) simulation
of the liver deformation during a natural process such as
human breathing. This FE model is based on two CT images
of the patient’s abdomen, corresponding to two stages: end-
exhale and end-inhale. The patients of this study had a
hepatic tumour whose relative stiffness regarding the liver
parenchyma was estimated. Genetic Algorithms were used
to find this relative stiffness using a constitutive model to
characterize the mechanical behaviour of these tissues. An
iterative process was designed, so the simulation of the
deformation of the liver in breathing was performed varying
the elastic constants of the model. The shape of the tumour
volume in the FE simulation was compared with the shape
of the tumour volume in the experimentally deformed liver
(i.e., the volume in inhalation) until the overlap of these two
volumes was maximum, thus measuring the relative stiffness
between tumour and liver parenchyma.

The presented methodology reduces some of the limita-
tions that the elastography techniques present. For example,
in the case of USE, the attenuation of the ultrasound signal as
a function of the tissue depth allows the assessment of deeper
tissue or organs. In the case of the MRE, the iron-overload
state, which may result in the MRI signal being too low for
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Figure 1: Scheme of the generation of the model FE meshes.

(a) Segmentation of liver and tumour in the end-exhale
state

(b) FEmeshes of liver and tumour in the end-exhale state

(c) Segmentation of liver and tumour in the end-inhale
state

(d) FEmeshes of liver and tumour in the end-inhale state

Figure 2: Model and mesh of liver and tumour in the end-exhale state and in the end-inhale state.

shear wave detection on aMRE sequence, is not a problem in
this methodology.

2. Materials and Methods

CT images of the abdomen and pelvis of two anonymous
patients, who had an internal tumour in the liver, were
supplied by the Unidad de Cirugı́a Hepatobiliopancreática
y Trasplante Hepático of Hospital Universitari i Politècnic
La Fe de València (CT images used to support the findings
of this study have not been made available because they are
property of this hospital). TwoCT imageswere acquired from
each patient, corresponding to two different states of the liver
deformation related to position of diaphragm in breathing:
end-exhale and end-inhale. Each patient’s abdomen was

scanned with Philips Diamond Select Brilliance CT 64-slice.
The scan parameters were 120 kVp and 86 mA s. CT images
of the liver were acquired in DICOM format with a size of
512x512x258 voxels, with a voxel size of 0.64x0.64x1.5 mm.

The software Simpleware (version 4.2; Synopsys, Inc.,
Mountain View, California, USA) was used to process these
two series of images in order to obtain the FE meshes of
the models. First, liver and tumour were segmented and the
two 3D geometrical models were generated (one for the end-
inhale state and other for the end-exhale state). Afterwards,
a smoothing Gaussian filter was used to obtain continuous
surfaces for both models. Finally, the two FE meshes corre-
sponding to each state were generated (Figure 1).The element
type used for each tissue, liver, and tumour, was the linear
tetrahedron. Figure 2 shows the models and FE meshes in
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End-Exhale State = Reference Point Set
(data points)

End-Inhale State = Template Point Set
(Gaussian Mixture Model centroids)

Before registering end-inhale state to end-exhale state

Afer registering end-inhale state to end-exhale state

Figure 3: External nodes from the nondeformed state (in red) and from the deformed state (in blue) of a liver.

both states, end-exhale and end-inhale, for the same pa-
tient.

After constructing the FE meshes of the models, it was
necessary to define the boundary conditions of the problem
and a suitable constitutive model for liver and tumour in
order to perform the simulation of their deformation in
breathing.

2.1. Boundary Conditions. FE modelling allows simulating
themechanical response of the tissues of an organ bymeans of
the relationship between a displacement and/or a force field
applied to the organ and a constitutive model of the organ
tissues. For that, it is necessary to establish the boundary
conditions (BC) of the problem to be tackled, in this case, the
BC corresponding to the simulation of the liver deformation
in breathing. To obtain the BC of the problem, we propose
the use of point set registration, whose main goal is to find
correspondences between two sets of points and obtain the
transformation that maps one of the sets to the other. There
are two types of transformation: rigid and nonrigid. The
second type is used in medical registration and it allows
translation, rotation, scaling (included anisotropic scaling),
and skews. There are different registering algorithms, but a
lot of them have a high computational complexity and are
limited to rigid registrations. For this reason, in this study,
the Coherent Point Drift (CPD) algorithm [24] was used.
CPD considers the alignment between both sets of points
as a probability density estimation problem, where the first
point set (Gaussian Mixture Model centroids) is fitted to
the second point set (data points). CPD forces the centroids
to move coherently preserving the topological structure
through a transformation function, which is defined as the
initial position plus a displacement function, v:

𝑇 (Y, V) = Y + V (Y) (1)

where Y is the first point set (Gaussian Mixture Model
centroids). In the work of Myronenko and Song [24], the
mean squared distance between the corresponding points
after registration was used as error measure, which rises
with the deformation level. In this study, the maximum error
obtained was about 2%, and the authors concluded that CPD
shows robust and accurate performance, especially in cases
with noise, outliers, and missing points.

In this work, CPD was used to align the nodes of the
external surface of the liver mesh at exhalation considered
as the initial state to the external nodes of the liver surface
at inhalation; thus the displacements to be applied to the
nodes of the liver mesh (Dirichlet conditions) were obtained.
This point set registration algorithm allowed mapping the
end-exhale FE mesh to the end-inhale FE mesh, creating a
displacement field that defined the transition between both
states and provided the boundary conditions of the prob-
lem. The displacements obtained from the liver registration
(Figure 3) were used as the boundary conditions and applied
to the liver at the end-exhale state for the FE simulations
of the breathing process. Once the boundary conditions
were established, the final location of the tumour in the
FE-simulated deformed state (end-inhale) would allow the
estimation of the relative stiffness between the tumour and
the liver parenchyma.

2.2. Constitutive Model. Nonlinear constitutive models,
which are described by a specific strain energy function (W),
are used to define the biomechanical behaviour of the liver
tissue. There are a lot of types of constitutive laws to describe
the mechanical behaviour of the liver in the literature, for
example, polynomial hyperelastic models, exponential and
logarithmic hyperelastic models, and combined models.
In this study, a first-order Ogden model was chosen to
represent the mechanical behaviour of the liver and the
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tumour based on the results from Mart́ınez-Mart́ınez et al.
[25] and Untaroiu and Lu [26]. For this model, the strain
energy potential for the Ogden model [27],𝑊𝑂, is defined as

𝑊𝑂 =
𝜇
𝛼
(𝜆
𝛼

1
+ 𝜆
𝛼

2
+ 𝜆
𝛼

3
− 3) + 𝐾𝑂

2
(𝐽 − 1)2 (2)

where N denotes the order of the model; 𝜇𝑖 and 𝛼𝑖 stand
for the material elastic parameters; 𝜆1, 𝜆2, and 𝜆3 denote the
deviatoric stretches; 𝐾0 is the initial bulk modulus; and J is
the determinant of the elastic deformation gradient.

One limitation of this study is that the liver is prestressed
inside the body at the end-exhale state. Establishing the
nondeformed state of the liver inside the body is an unsolved
problem of great difficulty due to the fact that all the interac-
tions of the liver with the rest of the organs and fluids should
be known in order to apply an algorithm to determine this
nondeformed state.Therefore, a first approximation, the end-
exhale state, was considered as a nondeformed state in our
methodology. Anisotropy is considered another important
factor. Most of the biological soft tissues have properties
highly anisotropic, such as the cartilage or the muscular
tissue, and the liver is not an exception. However, liver
tissue is considered as isotropic in a large majority of studies
[28, 29], as a good approximation to model its behaviour.
Therefore, the mechanical behaviour of the liver parenchyma
and the tumour tissue was considered isotropic.

The elastic constants of the first-order Ogden constitutive
model of the tumour, 𝜇𝑇 and 𝛼𝑇, were related to the elastic
constants first-order Ogden constitutive model of the liver
parenchyma, 𝜇𝐿 and 𝛼𝐿, as (3) and (4) show.

𝜇𝑇 = 𝑘𝑟𝑒𝑙𝜇𝐿 (3)

𝛼𝑇 = 𝛼𝐿 (4)

The purpose of this work was to find the relative stiffness
factor between tumour and liver parenchyma using the first-
order Ogden model, 𝑘𝑟𝑒𝑙. Small strains are not considered in
this work. However, this model must verify that, for small
strains, the material elastic parameters (𝜇 and 𝛼) are related
to the modulus of rigidity (G) as (5) shows.

𝜇1𝛼1 = 2𝐺 (5)

For this study, the elastic constants of the liver
parenchyma were fixed to 𝜇𝐿

1
= 364.74 Pa and 𝛼𝐿

1
=

16.19 [25]. Therefore

𝜇𝑇 = 𝑘𝑟𝑒𝑙𝜇𝐿 = 364.74𝑘𝑟𝑒𝑙 (6)

𝛼𝑇 = 𝛼𝐿 = 16.19. (7)

The bulk modulus 𝐾0 was fixed to 104 Pa based on the
resultsmeasured byHostettler et al. [30] for the bulkmodulus
of the human liver in vivo.

2.3. Iterative Process and Cost Function. In this study, a FE
simulation of the deformation from end-exhale sate to the
target deformation, end-inhale, state was included within an

iterative optimization routine based on Genetic Algorithms,
which is aimed at finding the relative stiffness that defines the
biomechanical behaviour of the tumour with respect to the
liver parenchyma. The computation of the optimal values of
the relative stiffness is based on an iterative process that is per-
formed in two steps: the first step consists in estimating the
error committed by a selected value of the stiffness factor, and
the second one consists in recomputing this value to reduce
the above-mentioned error. This iterative process is carried
out byminimising an error function that is dependent on this
relative stiffness factor called cost function. In this work, a
metaheuristic method called Genetic Algorithms (GAs) [31]
was chosen for the global optimization of the relative stiffness
factor of the biomechanical model based on the result from a
previous research, where the performance of gradient descent
algorithms was compared with the performance of several
evolutionary algorithms Mart́ınez-Mart́ınez et al. [32]. GAs
belong to the family of evolutionary computation algorithms,
which are inspired in biological evolution [33, 34]. GAs
mimic the natural evolution of a population by allowing
solutions (parents) to reproduce new ones (children) and
competing for survival in the following generations. After
generations, the population progresses toward an optimal
solution.

2.3.1. Geometric Similarity Function. In this work, a mod-
ified version of the Geometric Similarity Function (GSF)
presented by Mart́ınez-Mart́ınez et al. [32] was chosen as a
cost function in order to find the optimal stiffness factor.This
modified version is shown in

𝐺𝑆𝐹 = ln ((1 − 𝐽𝐶)𝑀𝐻𝐷) (8)

where JC stands for the Jaccard coefficient and MHD stands
for the modified Hausdorff distance. JC [35] measures the
overlap between two volumes A and B providing values
between 0, no overlap, and 1, total overlap, through

𝐽𝐶 = |𝐴 ∩ 𝐵|
|𝐴 ∪ 𝐵|
. (9)

On the other hand, MHD [36] measures the maximum of the
minimum distances between any pair of points belonging to
the border of two different overlapping volumes through

𝑀𝐻𝐷 = max (𝑑𝐵 (𝑖) , 𝑑𝐴 (𝑖)) (10)

where 𝑑𝑋(i) is the distance between the voxel i and the closest
voxel of a volume X.

The idea underlying the choice of this function is the
comparison of the total deformed shape of two volumes
as a whole, representing the deformed shape of an organ.
A previous study about several coefficients carried out by
Lago et al. [37], which could be used to measure the error
committed in the comparison of a deformed state of a
body with a reference state of that body, proved that JC
and MHD coefficients performed better than other classic
comparisons. Furthermore, it was proved that a combina-
tion of both coefficients provided more information about
the error committed in the comparison than using them
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Figure 4: Schematic of the process in the test case.

separately. Therefore, GSF was computed as a combination
of both coefficients, so when overlap is maximum (JC = 1)
and Hausdorff distance is minimum (MHD = 0), GSF tends
to zero. The natural logarithm of the combination of both
coefficients was chosen in order to distinguish values close
to zero with more precision. It is important to notice that
these coefficients, Jaccard coefficient andmodified Hausdorff
distance, which are commonly used in medical image anal-
ysis, make comparisons of volumes. This means that the FE
meshes to be compared are voxelized before the comparison.
In this work, GSF provided the error in the comparison
between the deformed shape of the two tumour volumes, one
corresponding to the tumour in the actual deformed state
(end-inhale) and the other corresponding to the tumour in
simulation of this situation using the biomechanical model
with the proposed elastic parameters and relative stiffness
provided by the GA algorithm. The smaller the committed
error, the lower the GSF value.

2.3.2. Genetic Algorithm. In this work, GAs were used to find
the patient-specific relative stiffness factor between tumour
and liver parenchyma within certain bounds. The choice of
these bounds were based on values provided in the literature.
These bounds were normalized (between 0 and 1) to allow the
optimization to converge faster avoiding the cost function to
take skewed shapes.

Firstly, GAs randomly generated an initial population in
the first generation which contained 50 individual candidate
solutions. GAs create a new population, with 50 individuals,
from the population of the previous generation (30 indi-
viduals are created through crossover and the remaining 20
throughmutation).The two of the individual solutions in the
current generation that have the best GSF values are chosen
as elite and replicated to the next generation.The terminating
condition in this case was achieved when the cost function
value of the best solution was below a given threshold.

The entiremethodwas implemented in aMATLAB script
(version: MATLAB TAH 2018a, MathWorks, Inc.), which

Table 1: Lower and upper bounds of the search intervals for the
optimization of the relative stiffness factor of the test sample.

Case Interval
Test Case 1 ≤ 𝑘𝑟𝑒𝑙 ≤ 50

communicates with the free FE software FEBio (version
2.7).

3. Results

3.1. Test Case. To begin with, the feasibility of the proposed
methodology was proved using a test case. In this case, the
constitutive model of liver parenchyma and tumour was
obtained fixing to 10 the relative stiffness between both tissues
(𝑘𝑟𝑒𝑙 = 10) and using the elastic parameters proposed in
Section 2.2. GAs were used to find this factor choosing the
bounds shown in Table 1 for its searching. The algorithm
performed a blind search of it. The final result was obtained
choosing the best GSF value among the values obtained in the
iterative process.

Figure 4 shows a schematic of the methodology applied
for the test case.This approach is based on getting a reference
deformed state for the liver and the tumour, which is com-
pared with each deformed state simulated through GA and
evaluated by means of a cost function (GSF). The reference
deformed state was obtained from the model of the liver at
the end-exhale state using a reference relative stiffness 𝑘𝑟𝑒𝑙
and the liver and tumour properties provided in Section 2.2,
in addition to the model the displacements obtained with
CPD algorithm as boundary conditions. The shape of the
tumour in the deformed state of reference was compared
with the shape of the tumour in each simulation obtained
for each generation of parameters. This process was iterative,
andwhen theminimal value of GSFwas obtained, the relative
stiffness was selected.
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Table 2: Optimal values of the relative stiffness between tumour and liver estimated by GAs (𝑘𝑟𝑒𝑙) together with Jaccard coefficient (JC),
modified Hausdorff distance (MHD), and Geometric Similarity Function (GSF) values for test case.

Case 𝑘𝑟𝑒𝑙 JC MHD (mm) GSF
Test Case 10.003 0.99983 0.5493 -9.2906
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Deformation Deformation
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Figure 5: Schematic of the process in both real samples.

The optimal value of the relative stiffness factor obtained
by GAs for the test case is shown in Table 2. The test case
provided an overlap greater than 99%. The relative stiffness
factor obtainedwas 10.003, and theoretically this value should
be 10, so the relative error committed in the estimation of
this factor was only 0.03%. This way, the capability of the
algorithm to perform the estimation of the relative stiffness
factor was proved.

3.2. Real Cases. After that, the methodology was applied to
two real cases. Figure 5 shows a scheme of the methodology
used for the real cases. In this kind of cases, the two states
of the liver, end-inhale state and end-exhale state, were
compared through GA to find the relative stiffness factor
between tumour and liver parenchyma. In the same way as
before, the final result was obtained choosing the best GSF
value among the obtained values in the iterative process. For
these cases, the liver at the end-inhale state was the deformed
reference state and each simulation was performed from
the model of the liver at the end-exhale state to which the
boundary conditions obtained with the CPD algorithm were
applied.These BC were the displacements of the nodes of the
external surface of the liver. It is important to highlight that,
in this case, the value of 𝑘𝑟𝑒𝑙 was unknown, and, therefore, the
committed error could only be evaluated studying the values
of JC and MHD (overlap and distance between borders) in
the comparison of the two tumour shapes.

For this part, the bounds shown in Table 3 were chosen
for this search.

The relative stiffness factor provided by GAs for each of
the actual samples is shown in Table 4.

Table 3: Lower and upper bounds of the search intervals for the
optimization of the relative stiffness factor of the actual livers for the
Ogden model.

Case Interval
Liver 1 1 ≤ 𝑘𝑟𝑒𝑙 ≤ 50
Liver 2 1 ≤ 𝑘𝑟𝑒𝑙 ≤ 50

For these cases, the value of the overlap (JC coefficient)
was about 85.7% for Liver 1 and a value of about 92.2% was
obtained for Liver 2. The Hausdorff distances were 1.43 mm
for Liver 1 and 1.29 mm for Liver 2, and the relative stiffness
was 31.19 and 41.502 for Liver 1 and Liver 2, respectively.

4. Discussion

The method proposed in this document has been proved by
means of a test case, where the relative stiffness was known
and the algorithm made a blind research of it. In this case,
the error was very low, only 0.03%. Moreover, the overlap
between the tumour volume in the reference state and the
tumour in the simulated state was very high, JC coefficient
was 99.98%, and HMD was 0.55 mm. Taking into account
the fact that the voxel size was 0.64x0.64x1.5 mm, these
values showed that the methodology achieves good results
and can be used to estimate the relative stiffness between
the tumour and the liver parenchyma.This methodology had
already been applied to establish the elastic constants of a
constitutive model for the cornea [38] and for the breast [39].
However, this is the first time that thismethodology is applied
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Table 4: Optimal values of the relative stiffness between tumour and liver estimated by GAs (𝑘𝑟𝑒𝑙) together with Jaccard coefficient (JC),
modified Hausdorff distance (MHD), and Geometric Similarity Function (GSF) values for each real sample.

Case 𝑘𝑟𝑒𝑙 JC MHD (mm) GSF
Liver 1 31.186 0.85744 1.4342 -1.5874
Liver 2 41.502 0.92189 1.2886 -2.2996

to estimate the relative stiffness between tumour and liver
parenchyma.

Regarding the real cases, the overlap between the tumour
in the actual deformed state and in the simulated state is
smaller than for the test case, but still acceptable. As the values
of the relative stiffness for the real cases were unknown, the
committed error can be analysed looking at the values of JC
and MHD for the test case, which guarantees an error of
0.03%. For Liver 1, the overlap obtained in the comparison of
the shape of the tumour volume was of 85% with a maximum
distance between borders (MHD) of 1.4 mm, and for Liver
2 the overlap obtained was 92% and the distance between
borders was 1.3 mm, indicating higher errors than for the test
case, but still acceptable.The difference with the test case and
the difference between both results in the real cases could
be due to the material model used, but it could mainly be
due to the quality of the segmentation. In other words, in the
test case, the reference state of the liver was obtained from
the same state used for performing the simulation (the liver
at end-exhale). Hence, the segmentation error did not affect
the search. However, for the real cases, two different states
were used, end-inhale state as the reference state, and end-
exhale state as the initial state for performing the simulation.
Thus, two processes of segmentation were necessary. For this
reason, the error committed in the segmentation processes
could have affected the comparison between the tumour in
the actual deformed state and the tumour in the simulated
configuration.

It is important to notice that the estimated relative
stiffness is not the real relative stiffness because the end-
exhale state of the liver was considered as a nondeformed
state. As previously commented, this is an approximation
that allows us to establish a suitable parameter to measure
relative stiffness that can be used as a biomarker of a hepatic
lesion, since liver is prestressed inside the body. It is also
important to notice that the relative stiffness was obtained
because Dirichlet BC were applied to the problem. However,
the Ogden parameters 𝜇𝐿 and 𝜇𝑇 could also be obtained if
the forces that the liver undergoes in the breathing process
would be applied, as it was performed for the mechanical
characterization of the cornea in vivo [38] or for the estima-
tion of the elastic constants of the breast [39]. However, the
in vivo measurement of these forces is still a challenge due to
the difficult access to the internal organs. This makes it very
difficult to establish boundary conditions and loads for the
simulation process of liver deformation during the breathing
process. Therefore, the presented work can be considered a
small step in the in vivo estimation of the patient-specific
stiffness of liver and tumour. In these cases, the results about
the relative stiffness can be supported with other type of test,
such as analytic tests or elastography in order to determine

the state of the liver parenchyma since relative stiffness is a
relative parameter. Although, the latter has limitations, it can
be used as a test to verify the results.

Keeping in mind that there are differences of relative
stiffness between patients, it is interesting to use the rel-
ative stiffness between tumour and liver parenchyma as a
biomarker, since these differences can arise due to different
causes: the type of tumour (metastasis or hepatocarcinoma),
the ground pathology (i.e., if liver is healthy or has cirrhosis),
the patient having received chemotherapy previously, or the
age of the patient (if the patient is older, he/she has more
fibrosis). In our case, Liver 1 had suffered metastasis, and
due to chemotherapy it was showing calcifications. However,
Liver 2 had suffered a portal embolization, and this liver
was showing cirrhosis and hepatocarcinoma. Therefore, the
different nature of the tumours and liver parenchyma is
reflected in the different relative stiffness obtained. It is
important to notice that some authors have studied the
stiffness as biomarker of tumours, but these studies have been
on breast [40], prostate [41], or ovarian cancer cells [42].
For example, Hoyt et al. [41] showed that increasing tumour
aggressiveness is associated with increased collagen in the
healthy tissue, and this statement was supported by Fenner et
al. [40]) and Xu et al. [42].This result shows that stiffnessmay
be used as biomarker to evaluate the relative metastasis in
different types of cancer, because the stiffness can distinguish
malignant cells from benign cells and the aggressivity of the
cancer cells.

Finally, it is important to highlight the methodology used
to establish the BC of the problem. Establishing Dirichlet
BC by CPD is a novel methodology that can be very useful
for other models and applications in which the access to
the organs is invasive, but displacements from two different
deformed states must be obtained from medical images.

5. Conclusion

This paper has presented a computational method to obtain
the patient-specific relative stiffness between tumour and
liver parenchyma; this relative stiffness can be used together
with the pathological information as a biomarker of the
type of tumour. The method allows the measurements of
the relative stiffness of tumours regarding liver parenchyma
by means of the use of medical images. Two CT images of
the liver in two different states of deformation are needed
to estimate this relative stiffness factor, which is computed
by an iterative algorithm based on the FE simulation of
the human breathing. To establish the boundary conditions
of the FE problem, a registration algorithm provides the
displacements to be applied to reach the end-inhale state
from the end-exhale state. This methodology tries to overlap
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the limitations that other methods present, for example, the
limitations in ultrasound elastography. The method could
also be used to model the behaviour of the tumour during
image-guided interventions (as biopsy or radiation therapy)
improving tumour targeting accuracy, reducing the margins
of the irradiated tissue, or reducing the treatment duration,
if the elastic constants of the liver parenchyma are known.
Furthermore, this methodology could be applied to other
organs, for example, lungs or prostate.

As future research, this work will expand the number of
cases to be studied. The main idea is getting a database large
enough to definitively verify the feasibility of the proposed
methodology. Moreover, the presented methodology will be
applied to other organs, such as breast and prostate.
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The temporomandibular joint (TMJ) plays a key role in the distribution of stresses in the mandible during mastication and
consequently in the distribution of bone density, due to the interconnection between both variables through bone remodelling.
Two finite element models of the mandible were compared to study the influence of the redistribution of stresses produced by the
joint: (1) a model without TMJ, but with simplified boundary conditions to replace the joint, as done in previousmodels; (2) a more
realistic model including the articular disc and some ligaments present in the TMJ. The stresses and strains in both models were
compared through the strain energy density, used in many bone remodelling models as a measure of the mechanical stimulus. An
anisotropic bone remodelling model was used to simulate the behaviour of mandible bone and to estimate its density distribution.
The results showed that the TMJ strongly affects the stress distribution, the mechanical stimulus, and eventually the bone density,
and not only locally in the condyle, but also in the whole mandible. It is concluded that it is utterly important to include a detailed
model of the TMJ to estimate more correctly the stresses in the mandible during mastication and, from them, the bone density and
anisotropy distribution.

1. Introduction

Bone density and stresses (or strains) are intimately related to
each other. That is the reason why bone remodelling models
(BRMs) have beenwidely used to predict the density distribu-
tion in bones [1–4]. Bone apparent density can bemore easily
estimated through computer tomography (CT). However,
some BRMs can additionally estimate bone anisotropy, not
accessible through CT and thus provide a closer estimation
of bone elastic properties. BRMs have been traditionally
used to study the proximal femur (see Doblaré and Garcı́a
[5], Fernandes et al. [6], among many others). In the case
of the jaw, many authors have used models of a mandible
section to study bone around dental implants [7, 8]. Only
a few have estimated bone density in the whole mandible
from the stresses produced by mastication loads [3, 4], but
the temporomandibular joint (TMJ) was not included in

those models. Instead, equivalent boundary conditions were
used to simulate, in a very simplistic way, the constraints
imposed by the joint. This has important effects on the
stress distribution of the whole mandible, as discussed in the
present work.

The main component of the TMJ is the articular disc,
which eases the relativemovement between the condyle of the
mandible and the temporal bone. The articular disc absorbs
and distributes the joint reaction force over a larger contact
area than a direct contact between bones would achieve
and reduces the friction of the bone-on-bone contact, to
prevent the damage of the articulating surfaces [9]. That
redistribution of loads has an effect on the stresses and
strains which is not only local but affects the whole mandible.
Several studies have proposed different viscoelastic models
to characterize the mechanical behaviour of the disc and to
analyse its effect on the masticatory tasks [10–14].

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 7243696, 14 pages
https://doi.org/10.1155/2018/7243696

http://orcid.org/0000-0002-7975-6454
http://orcid.org/0000-0003-2038-2336
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/7243696


2 Mathematical Problems in Engineering

In one of those works [14], a FE model of the mandible
including the TMJ was used to simulate a masticatory
cycle, applying the loads exerted by the jaw opening and
jaw closing muscles during the cycle. In that study, the
activity of the lateral pterygoid, which is hardly accessible
with electromyography and has been a subject of discussion
in other computational simulations [11, 12], was adjusted
through inverse analysis to reproduce the movement of the
jaw duringmastication.Thatwork [14] analysed the evolution
of stresses and strains in the mandible during the masticatory
cycle, which are used in the present work to study the
remodelling response in the mandible bone.

The main objective of the present work is to study how
the change in stress distributions affects the remodelling
response of the mandible bone. Particularly, the study shows
the important effect of the TMJ on the stress distribution dur-
ing the masticatory cycle.This will be done by comparing the
bone density distribution estimated with two models: with
and without TMJ. In the last case, the joint constraints were
modelled with simplified boundary conditions, restraining
certain movements of the condyle, as done in a previous
study [3]. In contrast, the new model includes the TMJ and
simulates the contact between the articular disc and the artic-
ulating surfaces, as well as some ligaments that constrain the
relative movements between the jaw and the temporal bone.

2. Materials and Methods

2.1. Finite Element Model. A finite element (FE) model of
the mandible, called M1 and built in a previous work [3],
was compared with a more recent model, named M2 and
described in detail in Commisso et al. [14]. Both were built
using Abaqus FEA�. The difference between them is thatM2
includes a detailed model of the TMJ: ligaments, articular
disc, and temporal bone. By contrast, inM1 certain displace-
ments were constrained on the condylar surface to simulate
the conditions imposed by the TMJ [3]. The inclusion of
the TMJ entailed some improvements. First, the disc-condyle
and disc-temporal bone contacts were modelled, resulting
in a better approximation of the local boundary conditions.
Second, the implementation of dynamic loads with M1 is
not easy, for example, to simulate a masticatory cycle in
which the boundary conditions vary with time. On the
contrary, M2 allows the simulation of a masticatory cycle in
a straightforward manner.

Both M1 and M2 model comprise 77,490 eight-node
linear brick elements (named C3D8 in Abaqus FEA element
library) for the mandible. In addition, M2 model comprises
965 elements for each articular disc and 1,788 elements for
the ligaments of each side, all of them of type C3D8H (eight-
node linear brick, hybrid with constant pressure). InM2, the
temporal bones were modelled as rigid surfaces, using 1,324
type M3D4 elements for each side.

2.2. Material Models. The articular disc was modelled with
a quasi-linear viscoelastic (QLV) model, where the uniaxial
stress response to a step stretch is factorized as

𝜎 (𝑡, 𝜆) = 𝐺 (𝑡) 𝑇𝑒 (𝜆) (1)

thus, separating the dependence of time and deformation
[15]. 𝐺 is the reduced relaxation function defined with a 4-
term Prony series:

𝐺 (𝑡) = 𝑔∞ + 4∑
𝑖=1

𝑔𝑖𝑒−𝑡/𝜏𝑖

normalized such that 𝑔∞ + 4∑
𝑖=1

𝑔𝑖 = 1
(2)

The elastic response function, 𝑇𝑒, is the instantaneous stress
produced by a uniaxial step stretch. The strain energy
function, Ψ, proposed by Humphrey and Yin [16] was used
to define 𝑇𝑒.

Ψ = 1𝐷 (𝐽 − 1)2 + 𝐴𝑒𝐵(𝐼1−3) (3)

where 𝐷, 𝐴, and 𝐵 are material constants and 𝐼1 is the first
invariant of the left Cauchy-Green tensor. The first term was
added to model quasi-incompressibility, so that 𝐷 must be
chosen small enough. This function was previously applied
to the articular disc [17] and provides the following elastic
response function in the incompressible case:

𝑇(𝑒) (𝜆) = 2𝐴𝐵𝑒𝐵(𝜆2+2/𝜆−3) (𝜆2 − 1𝜆) (4)

The QLV model was easily implemented in Abaqus FEA by
defining a hyperelastic behaviour given by (3) and using a
viscoelastic behaviour with a time domain definition given
by the Prony series (2). The following constants were taken
from a previous experimental work [17]: 𝑔1 = 0.28, 𝑔2 = 0.37,𝑔3 = 0.27, 𝑔4 = 0.08; 𝜏1 = 0.01 𝑠, 𝜏2 = 0.1 𝑠, 𝜏3 = 1.0 𝑠 𝜏4 =10 𝑠; 𝐴 = 0.16MPa, 𝐵 = 4.18, and 𝐷 = 0.01MPa−1. The
ligaments of the TMJ were also modelled as in [13], following
the approach ofGardiner andWeiss [18]. A friction coefficient
of 𝜇 = 0.015 was assumed for the contact between the disc
and the bony parts [19].

2.3. Bone Remodelling Models. The BRM used here to sim-
ulate the behaviour of the mandible bone (termed later as
ABRM) was proposed by Doblaré and Garcı́a [5] and is an
extension of the isotropic model developed by Beaupré et
al. [1] to include anisotropy. It relates density, anisotropy,
and mechanical properties of bone with the loads the tissue
is daily subjected to. The basic aspects of the models are
explained next: first the isotropic BRM [1] and next the
anisotropic model [5], focusing on themodifications made to
the isotropic BRM.However, consulting the original papers is
advised for further comprehension of both.

2.3.1. Isotropic Bone RemodellingModel (IBRM). In the IBRM
Beaupré et al. [1] defined a daily mechanical stimulus based
on the strain energy density (SED) accumulated in each point
of the tissue during the daily activity. This stimulus considers
the contribution of each load 𝑖 of the normal activity. At the
continuum level, it is given by

𝜓 = (∑
𝑑𝑎𝑦

𝑛𝑖𝜎𝑚𝑖 )
1/𝑚

(5)
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Figure 1: Remodelling response as a function of the daily stress
stimulus at the tissue level.

where 𝑚 is an empirical constant, adjusted to 4 by Whalen
and Carter [20], 𝑛𝑖 is the daily number of cycles of load 𝑖,
and 𝜎𝑖 is an effective stress at the continuum level, defined
as 𝜎𝑖 = √2𝐸𝑈𝑖, where 𝐸 is Young’s modulus and 𝑈𝑖 is the
SED corresponding to load 𝑖 at a given point. The stimulus
that controls the bone remodelling response is the daily stress
stimulus measured at the tissue level, 𝜓𝑡, which is related to
the stimulus at the continuum level, 𝜓, through porosity 𝑝
using the relation:

𝜓𝑡 = ( 1𝑝)
2 𝜓 = (𝜌𝜌)

2 𝜓 (6)

where 𝜌 is the bone apparent density and 𝜌 is the density of
bone matrix, which is assumed to be fully mineralized in this
model and, thus, 𝜌 = 2 𝑔/𝑐𝑚3 constant.

The remodelling response is measured in terms of the
bone resorption/apposition rate, ̇𝑟. This rate provides the
volume of bonematrix resorbed/formed per day and per unit
surface available for bone resorption/formation. It is given
by the mechanostat theory [21], as a function of 𝜓𝑡 and a
reference stimulus, 𝜓∗𝑡 , close to which no net remodelling
response is observed (see Figure 1). Bone density change rate
is

̇𝜌 = ̇𝑟𝑆V𝜌 (7)

where the specific surface, 𝑆V, is the free bone surface (where
bone resorption/formation occurs) per unit volume and was
correlated with porosity by Martin [22]. Finally, Young’s
modulus and Poisson’s ratio are related to the apparent
density by the following correlations [23]:

𝐸 (MPa) = {{{
2014𝜌2.5 if 𝜌 ≤ 1.2 𝑔/𝑐𝑚3
1763𝜌3.2 if 𝜌 > 1.2 𝑔/𝑐𝑚3 (8a)

] = {{{
0.2 if 𝜌 ≤ 1.2 𝑔/𝑐𝑚3
0.32 if 𝜌 > 1.2 𝑔/𝑐𝑚3 (8b)

2.3.2. Anisotropic Bone Remodelling Model (ABRM). This
ABRM, proposed by Doblaré and Garcı́a [5], is an extension
of the IBRM to the anisotropic case. The anisotropy is

measured with the fabric tensor Ĥ, normalized such that
det (Ĥ) = 1.Then, a tensorH is defined to consider jointly the
porosity and the orientation of the pores, which is measured
by Ĥ:

H (𝜌, Ĥ) = (𝜌𝛽(𝜌)𝐵 (𝜌)𝜌𝛽(𝜌)𝐵 (𝜌))
1/4

Ĥ1/2 (9)

where 𝐵(𝜌) and 𝛽(𝜌) represent, respectively, the constant and
exponent in the correlation (8a), which depend on 𝜌 (e.g.𝛽(𝜌) = 3.2, 𝐵(𝜌) = 1763).

TheABRMestablishes the strain tensor, 𝜀, as the mechan-
ical variable that drives bone remodelling. The tensorial
mechanical stimulus is given by

Y = 2 [2𝐺 sym [(H𝜀H) (H𝜀)] + �̂�𝑡𝑟 (H2𝜀) sym (H𝜀)] (10)

with𝐺 and �̂� the Lamé constants corresponding to bone with
density 𝜌 and obtained from (8a) and (8b). To weigh the
relative influence of the spherical and deviatoric parts of the
stimulus, a new stimulus tensor, J, is defined as

J = (1 − 𝜔)3 𝑡𝑟 (Y) 1 + 𝜔dev (Y) (11)

where the parameter 𝜔 ∈ [0, 1] must be chosen a priori. If𝜔 = 0, the model is purely isotropic and if 𝜔 = 1, J = 𝑑𝑒V(Y)
and the spherical part of the stimulus has no influence on the
bone response.

Doblaré and Garcı́a [5] defined two functions, 𝑔𝑟 and𝑔𝑓, to establish the resorption and formation criteria, respec-
tively. These functions were dependent on the stimulus
tensor, J, the reference stimulus, 𝜓∗𝑡 , and the width of the
dead zone, 2w (see Figure 1), and define the domains of
the stimulus J for which formation, resorption, or no net
remodelling response (dead zone) take place, analogously to
the domains defined in Figure 1 for 𝜓𝑡:

𝑔𝑟 (J, 𝜓∗𝑡 ,w) ≤ 0
𝑔𝑓 (J, 𝜓∗𝑡 ,w) > 0

formation

𝑔𝑟 (J, 𝜓∗𝑡 ,w) ≤ 0
𝑔𝑓 (J, 𝜓∗𝑡 ,w) ≤ 0

dead zone

𝑔𝑟 (J, 𝜓∗𝑡 ,w) > 0
𝑔𝑓 (J, 𝜓∗𝑡 ,w) ≤ 0

resorption

(12)
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Figure 2: The evolution of stimulus in three individuals are
represented in solid line. The peaks correspond to the maximums
of 𝑔𝑓 and minimums of 𝑔𝑟. Dashed lines: alternative activities with
the same peaks but different valleys.

The remodelling response ̇𝑟 is given by the active remodelling
criterion, that is, the condition in (12) which is currently
accomplished:

̇𝑟 =
{{{{{{{{{{{{{{{

𝑐𝑓 𝑔𝑓𝜌2−𝛽(𝜌)/2 in formation

0 in the dead zone

−𝑐𝑟 𝑔𝑟𝜌2−𝛽(𝜌)/2 in resorption

(13)

where 𝑐𝑟 and 𝑐𝑓 are, respectively, the slopes of the resorption
and formation ramps (Figure 1). Finally, this remodelling
response, ̇𝑟, is used to calculate Ḣ, which leads to the variation
of density and anisotropy.

Ḣ = 3𝛽𝑘 ̇𝑟𝑆V4𝑡𝑟 (H−1J−3�̂�) 𝜌𝜌 J−3�̂� in resorption

Ḣ = 3𝛽𝑘 ̇𝑟𝑆V4𝑡𝑟 (H−1J�̂�) 𝜌𝜌 J�̂� in formation
(14)

2.3.3. Modified Anisotropic Bone Remodelling Model
(MABRM). ABRM was modified by Ojeda [24] to consider
cyclic loads more appropriately. In cyclic loads like those
shown in Figure 2 the remodelling response would depend,
according to Carter et al. [25], on the typical peak of stimulus
and the number of cycles performed during the daily activity.
As far as the authors know, all the BRMs proposed in the
literature treat cyclic loads in a simplified way: by solely
considering one instant of the cycle, usually when the
applied forces are maximum. Thus, a pseudo-static elastic
problem is solved at this instant to calculate the stresses,
the mechanical stimulus, and the remodelling response in
every point of the bone. However, in a chewing cycle, the
peaks of stimulus can be out of phase; that is, each point of
the mandible can reach its peak of stimulus at a different
instant of the chewing cycle. That way, the simulation of

a single instant would overlook the peaks of stimulus in
some points of the bone. For instance, in the previous
study implementing M1 [3] it was assumed that the whole
mandible was subjected to the higher stresses (and stimulus)
at the instant of centric occlusion (CO); but that might
not be the instant of maximum stimulus for the area near
the mandibular foramen, where the depressor muscles are
attached. The stresses in this area are relatively low at CO,
but they are higher when the mandible is being pulled by the
depressor muscles to open the mouth. Cases like that must
be analysed with MABRM that considers appropriately the
variation of stimulus through the cycle.

Let us consider three individuals (I1, I2, and I3) whose
daily activities produce evolutions of the stimulus like those
shown in Figure 2. I1 (in blue) carries out an intense exercise
inducing net bone formation. I3 (in green) performs an activ-
ity of low intensity leading to net bone resorption. Finally, I2
(in red) performs an activity ofmoderate intensitywhich does
not produce a net change of bone mass (dead zone). In cyclic
loads peaks of stimulus coincide in time with maximums
of the function 𝑔𝑓, named here 𝑔𝑓𝑀, and with minimums
of 𝑔𝑟, named 𝑔𝑟𝑚. (They only coincide in time, because 𝑔𝑓𝑀
and 𝑔𝑟𝑚 have different values, in general.) Similarly, valleys of
stimulus coincide in time with minimums of the formation
function, 𝑔𝑓𝑚, and withmaximums of the resorption function,𝑔𝑟𝑀. According to Carter et al. [25] the remodelling response
depends only on the peaks of stimulus. Thus, the activities
plotted in dashed lines for I1 and I2 would lead to the same
remodelling response as those plotted in solid lines.

In MABRM the whole cycle is simulated to calculate
the evolution of 𝑔𝑓 and 𝑔𝑟. With those evolutions, 𝑔𝑓𝑀 and𝑔𝑟𝑚 are calculated in every point of the model to apply the
remodelling criterion (15) that places the peaks in one of the
three regions: formation, resorption, or dead zone.

𝑔𝑓𝑀 > 0
and 𝑔𝑟𝑚 ≤ 0

formation

𝑔𝑓𝑀 ≤ 0
and 𝑔𝑟𝑚 ≤ 0

dead zone

𝑔𝑓𝑀 ≤ 0
and 𝑔𝑟𝑚 > 0

resorption

(15)

Finally, the bone resorption/apposition rate is obtained as in
(13):

̇𝑟 =
{{{{{{{{{{{{{

𝑐𝑓 𝑔𝑓𝑀𝜌2−𝛽(𝜌)/2 in formation

0 in the dead zone

−𝑐𝑟 𝑔𝑟𝑚𝜌2−𝛽(𝜌)/2 in resorption

(16)

and Ḣ is evaluated using (14).
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Deep
masseter

Anterior
temporalis

Superficial masseter
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temporalis
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Medial
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X Y
Z

Figure 3: Insertion and schematic orientation of different portions of the closing muscles used in models M1 and M2.

Posterior mylohyoid
Geniohyoid

Digastric
Anterior mylohyoid

Figure 4: Insertion and schematic orientation of different portions
of the opening muscles used in model M2.

2.4. Loads. A complete mastication cycle with the right
molars (RM) was simulated. InM2, the viscoelastic nature of
the articular disc could cause differences between the first and
subsequent cycles in a mastication sequence. However, the
fast stress relaxation occurring in the disc allowed analysing
only the first cycle as representative of the whole sequence,
as concluded in [14]. The model is symmetric and therefore
the stresses produced bymasticationwith the leftmolars were
obtained from RM by applying a symmetry operation.

The closing and opening phases of the cycle were sim-
ulated by applying the muscle activation patterns given by
Hylander [26], except for the lateral pterygoid. The activity
of this muscle is difficult to measure and has been widely
debated in the literature, with no agreement in the activation
pattern the muscle has during the mastication cycle. In a
recent work, we have adjusted that activity with an inverse
procedure [14].This activation pattern was used here and can
be seen in Figure 5, along with the activities of the rest of
masticatory muscles. These activities were multiplied by the
maximum forces of each muscle, F𝑀0 , the peak of activity,𝑎𝑚𝑎𝑥, and the direction cosines shown in Table 1, to get the
components of the muscular forces. The muscle forces were
imposed as external loads, distributed over the insertion area
of each muscle as can be seen in Figure 3 for the closing
muscles and Figure 4 for the opening muscles. In the figures,

the areas highlighted in different colours correspond to vari-
ous groups of nodes where the different muscles are inserted.
Also, an arrow indicates the approximate orientation of each
muscle.

Those direction cosines give the orientation of muscle
fibres (in average as some muscles have a fan shape) relative
to the mandible and corresponding to the instant of centric
occlusion (CO). However, that relative orientation may vary
with mouth opening and needed to be updated throughout
the cycle, in the following way. For eachmuscle the origin and
insertionwere distinguished, the latter being its attachment to
the mandible. First, the origin of each muscle was estimated
using the position of the insertion point in the mandible, the
direction cosines at CO, and the length shown in Table 1. The
origins are located in the skull and were thus assumed fixed
during the simulation, so that the updated direction cosines
were easily calculated from the position of those fixed origins
and the position of the mandible (more details can be found
in [14]).

The instant of CO is indicated in Figure 5 with a red
vertical arrow (around 𝑡 = 0.19 𝑠). This is approximately
the instant of maximum mastication force and was the only
instant analysed with M1 in the previous work of Reina et
al. [3]. As stated above, M1 was not adequate to simulate
a mastication cycle, given that the displacement constraints
used in that model were only valid for the instant of CO.
Therefore, M1 simulated the masticatory activity as a static
load with the forces exerted by the closing muscles applied
in the highlighted areas of Figure 3 and their corresponding
magnitudes given in Figure 5 at CO. In contrast,M2 was able
to simulate a mastication cycle with the complete record of
muscular activity. Inertial forces were very small and thus
neglected, leading to a pseudostatic simulation of the cycle.

2.5. Displacement Boundary Conditions. The boundary con-
ditions applied to simulate CO in each model are depicted in
Figure 6. At CO, the mouth is closed and the condyles are at
their back position, in contact with the articular eminence of
the temporal bone. InM1 this contact was not considered as
such, but it was simplified by constraining the displacements
of the articular surface of the condyle. The pressure in this
contact is different for each side, being usually smaller in
the ipsilateral (working) side [30, 31], where food thickness
interposes between both dental arches, thus separating the
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Figure 5: Activation pattern of the jaw closing and opening muscles during unilateral mastication. The ipsilateral (I) muscles are above, in
the upper y-axis, while the contralateral (C) ones are represented in the inferior y-axis. The amplitudes are normalized to the corresponding
peak of muscle force, given in Commisso et al. [14].The closing and opening phases are named after those muscleswhich are active during the
corresponding phase (jaw opening or jaw closing muscles) and not after the direction of the movement, which is shown down in the figure.
The instant of CO is indicated with a red vertical arrow.

BC

BC

(a) 𝑀1

BC
BC

BC

(b) 𝑀2 − 𝐶𝑂

Figure 6: Boundary conditions applied at the instant of CO in a mastication with the right molars: (a) in M1 and (b) in M2. The triangle
represents a rigid fixation of temporal bone (contact pairs temporal bone-disc and disc-condyle are defined in the TMJ), while the arrows
indicate the direction in which the corresponding displacements are constrained.

articular surfaces. So, for instance, in the simulation of RM
withM1 the articular surface of the left condyle was fixed and
the right condyle was assumed to move freely (Figure 6). It
must be noted that this is a strong simplification of the real
situation in which the ipsilateral joint bears a lower reaction
force, though not null [30, 31].

The new models aimed to avoid this simplification by
modelling the contact at the joints. In M2, temporal bones

were fixed, condyles were constrained by the contact interac-
tion with the articular disc, and, in turn, articular discs were
constrained by the contact interaction with temporal bones.
This way reaction forces arose naturally from the contact
at the joints, with a lower value in the ipsilateral condyle.
Additionally, the ligaments of the joint limit the movement
of the mandible by preventing condyles from being pulled
apart from the articular eminence. Figure 7 shows the finite
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Figure 7: Finite element model of the articular disc and ligaments
in the TMJ. The direction of the collagen fibers in the ligaments is
indicated with arrows.

element model of the collateral and temporomandibular
ligaments and the posterior part of the articular capsule.
Additionally, the direction of the collagen fibers are indicated
with arrows (more details on the joint model can be found in
Commisso et al. [14]).

On the other hand, the tooth-food contact was not mod-
elled. Instead, the vertical displacements were constrained in
the occlusal face of ipsilateral molars (e.g., right molars in
RM) in order to simulate grinding forces as reaction forces
[3].

2.6. Description of the Performed Simulations. Three simula-
tions, summarized in Table 2, were performed. 𝑀1 was the
same performed in a previous study [3], using model M1
(without TMJ), in a static problem and applying the muscle
forces at the instant of CO (red vertical arrow in Figure 5).

Simulation 𝑀2 − 𝐶𝑂 uses the model M2, including the
TMJ, to perform a pseudostatic analysis of the instant of
CO. Since the articular disc has a viscoelastic behaviour, the
time variable was important, but the analysis 𝑀2 − 𝐶𝑂 was
simplified to ignore the temporal evolution of muscle forces.
Instead, these muscle forces were varied from 0 to the values
at CO in a ramp-like manner of length 𝑡 = 0.2 𝑠, small
enough to focus just on the instant of CO, but long enough
to be considered a pseudostatic analysis and not to introduce
spurious stresses due to the application of instantaneous loads
in viscoelastic models.

Simulation 𝑀2 − 𝑐𝑦𝑐𝑙𝑒 uses the model M2 as well,
but now to perform a pseudostatic analysis of the whole
masticatory cycle. Muscle forces were varied following the
pattern depicted in Figure 5.

The effect of the simplification of the loads could be
assessed through comparison of the stresses obtained in𝑀2 − 𝐶𝑂 and those obtained in 𝑀2 − 𝑐𝑦𝑐𝑙𝑒 at CO. The
differences were negligible and, thus, the simplification was
validated. Nonetheless, the interest of𝑀2 − 𝑐𝑦𝑐𝑙𝑒mostly lies
in simulating the whole masticatory cycle and specifically the

opening phase during which some points of the mandible
could reach its peak of stimulus.

As stated before, the vertical displacements of the occlusal
face of ipsilateral molars were constrained to simulate grind-
ing forces as reaction forces. This was made in simulations𝑀1 and𝑀2−𝐶𝑂, while in𝑀2−𝑐𝑦𝑐𝑙𝑒 vertical displacements
were constrained only during the closing phase and released
during the opening phase. A summary of the performed
simulations is given in Table 2.

2.7. Simulation of the Bone Remodelling Response. In the
previous work [3] (simulation 𝑀1) and in other similar
works, the simulations started from a bone with uniform
density (𝜌0 = 0.5 𝑔/𝑐𝑚3 in that particular case) and initially
isotropic. The final bone density and anisotropy distribution
were estimated by simulating the daily masticatory activ-
ity until a remodelling equilibrium was achieved, with no
further changes in bone density. (It could also be checked
that the convergence of density implied the convergence of
anisotropy.)

In simulationswithmodelM2 itwas not advisable to start
from a low uniform density (𝜌0 = 0.5 𝑔/𝑐𝑚3). In such case,
numerical problems arise from the disc-condyle contact, due
to the low stiffness of both materials. Moreover, the comput-
ing cost of simulating the large number of days needed to
achieve the remodelling equilibrium is excessive in the more
complex modelM2. For these reasons, simulations𝑀2−𝐶𝑂
and𝑀2−𝑐𝑦𝑐𝑙𝑒 started from the bone density and anisotropy
distribution obtained in simulation 𝑀1 at the remodelling
equilibrium. The simulation of the masticatory cycle with
M2 produced a redistribution of stresses, caused by the TMJ,
thus leading to a change in the density distribution until
a new remodelling equilibrium was achieved. The density
distribution obtained at the new equilibrium was compared
with that obtained in𝑀1 to analyse the effect of the TMJ.

The masticatory pattern assumed here was an alternating
unilateral molar chewing followed by 75% of the population
[32]: chewing with the right molars (RM) followed by chew-
ing with the left molars (LM), thus, defining the sequence:
RM, LM, RM, LM,. . ., until the remodelling equilibrium was
achieved. A total of 𝑛𝑖 = 500 (see (5)) daily masticatory cycles
(250 RM + 250 LM) were assumed, like in Reina et al. [3].
The convergence of the density distribution was checked by
computing the following parameter:

𝐶𝑉 (%) = ∫V 𝜌𝑗+1 − 𝜌𝑗 𝑑𝑉∫V 𝜌𝑗𝑑𝑉 ⋅ 100 (17)

where 𝜌𝑗 represents the density of a given point at day 𝑗. The
remodelling equilibrium was assumed to occur when 𝐶𝑉 <1%.

3. Results

3.1. Comparison of Simulations𝑀1 and𝑀2−𝐶𝑂. The strain
energy density (SED) distribution obtained in𝑀1 and𝑀2 −𝐶𝑂 at the remodelling equilibrium is compared in Figure 8.
A detail of this distribution in the ramus and the body of the
mandible (cross-sections 1-1’ and 2-2’) can be seen in Figures
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Figure 8: Distribution of SED at the instant of CO in𝑀1 and𝑀2 − 𝐶𝑂, for the whole mandible (a, b) and at the cross-sections 1-1’ and 2-2’
(c, d). Plane 1-1 cuts the ramus and plane 2-2 is a cross-section located approximately at the second molar.

8(c) and 8(d). SED is shown because it is closely related to
bone density distribution, given that the mechanical stimulus
is defined in terms of SED.

Starting from a uniform density distribution (𝜌0 =0.5 𝑔/𝑐𝑚3) and an initially isotropic bone, around 300 days
of mastication were needed to achieve the remodelling
equilibrium state in 𝑀1. Starting from that state, SED
changed noticeably in𝑀2−𝐶𝑂, inducing changes in density
distribution. For that reason, 10 further days of mastication
were needed to achieve a new remodelling equilibrium state
(𝐶𝑉 < 1%). The new density distribution is compared with
that of𝑀1 in Figure 9. A detail of both density distributions
at a premolar section is compared with a CT scan of the real
mandible in Figure 10.

Mastication forces at the instant of CO could be esti-
mated from reaction forces at the nodes of the occlusal
faces of the first and second right molars, where the dis-
placements were constrained. The maximum mastication
force was 501 𝑁 in 𝑀1 and a little lower, 458 𝑁, in 𝑀2−𝐶𝑂.
3.2. Comparison of Simulations 𝑀2 − 𝐶𝑂 and 𝑀2 − 𝑐𝑦𝑐𝑙𝑒.
Comparison of simulations 𝑀2 − 𝐶𝑂 and𝑀2 − 𝑐𝑦𝑐𝑙𝑒 allows
analysing the effect of MABRM and to check whether the
variation of the mechanical stimulus through themasticatory
cycle affects the remodelling response of the mandible.
The difference of bone density between both simulations
was hardly noticeable and, therefore, instead of showing
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Figure 9: Bone density distribution at the remodelling equilibrium in (a)𝑀1 and (b)𝑀2 − 𝐶𝑂.
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Figure 10: Detail of the bone density distribution obtained at
the second premolar region compared with a CT scan of the real
mandible.

its distribution for 𝑀2 − 𝑐𝑦𝑐𝑙𝑒, the following variable was
represented in Figure 11:

Δ𝜌𝑀2 = 𝜌𝑀2−𝑐𝑦𝑐𝑙𝑒 − 𝜌𝑀2−𝐶𝑂 (18)

where 𝜌𝑀2−𝑐𝑦𝑐𝑙𝑒 and 𝜌𝑀2−𝐶𝑂 represent the density of a certain
point at the remodelling equilibrium in simulations 𝑀2 −𝑐𝑦𝑐𝑙𝑒 and𝑀2 − 𝐶𝑂, respectively.
4. Discussion

The comparison of simulations 𝑀1 and 𝑀2 − 𝐶𝑂 revealed
significant differences in all aspects: SED, bone density
distribution and mastication forces.

SED ismore uniformly distributed in𝑀2−𝐶𝑂 and not so
concentrated in the ipsilateral molar region, as it was in𝑀1
(Figure 8). The cross-sections in Figures 8(c) and 8(d) also
revealed great differences. In the ramus (plane 1-1’),𝑀2−𝐶𝑂
estimates a continuous layer of high SED surrounding the

Δ－2 (g/cm3)

−2.10−5 2.10−5

Figure 11: Distribution of Δ𝜌𝑀2, difference in density estimation
between simulations𝑀2 − 𝑐𝑦𝑐𝑙𝑒 and𝑀2 − 𝐶𝑂.

central part of the section, not seen in𝑀1. In themolar region
(plane 2-2’), the inner area of low SED is larger in𝑀2 − 𝐶𝑂
and, again, there is a continuous layer of high SED enclosing
the section. This is not seen in𝑀1, due to a small portion of
the inferior medial surface which has a very low SED.

Given that SED is directly related to the mechanical
stimulus, the differences of SED can explain the different
estimated density. A significant change is seen at the condyles,
where bone density is more uniformly distributed in 𝑀2 −𝐶𝑂, due to the TMJ and the redistribution of loads it
produces. Constraining displacements, as done in𝑀1, always
produce a stress concentration in the FE solution, which leads
to a discontinuous bone density across elements (see detail of
the condyle in Figure 9(a)). In the rest of the mandible, the
TMJ induces smaller changes, but they are still worth a men-
tion, for example, in the chin.Here, the area of density close to
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1 𝑔/𝑐𝑚3 (green in Figure 9) spreads in𝑀2−𝐶𝑂, reducing the
area of maximum density (2 𝑔/𝑐𝑚3), but, more importantly,
reducing the area of minimum density (0.3 𝑔/𝑐𝑚3), in light
blue. In conclusion, the simulations that useM2 tend to close
the so-called cortical shell, a continuous layer of intermediate
to dense bone that surrounds the real mandible.

If numerical results are compared with CT scan at
the premolar region (Figure 10), bone density distribution
obtained with𝑀2−𝐶𝑂 is, again, closer to the actual one. It is
true that𝑀2−𝐶𝑂 produces less cortical bone of high density
(in red) than𝑀1, but, it corrects an important problem seen
in the old model: the cortical shell was missing at the inferior
side of the canine region, where a portion of very light bone
(∼ 0.5 𝑔/𝑐𝑚3) was obtained. This tubular structure of dense
bone surrounding an inner central area of bone of low density
is usual in the diaphysis of long bones and is also seen in the
mandible, to resist bending and torsion loads thatmastication
produces [3].

Mastication force was obtained as the resultant reaction
force in the occlusal face of molars, in both𝑀1 and𝑀2−𝐶𝑂.
Despite the appliedmuscle forces being the same,mastication
force was almost 10% higher in 𝑀1 (501 𝑁) than in 𝑀2 −𝐶𝑂 (458 𝑁). Both values were within the range measured in
experimental studies, 430 − 650 𝑁 [33, 34].

The difference found between 𝑀1 and 𝑀2 − 𝐶𝑂 shows
that the TMJ, modelled in M2, does not only redistribute
the stresses in the condyle, but also reduce the stresses in the
alveolar region around molars. The same conclusion can be
drawn by comparing the distribution of SED (Figure 8).With
TMJ (M2) SED is more uniformly distributed, and not only
in the condyles, as could be expected, but also in the ramus
and the body of the mandible. In the model without TMJ
(M1) SED was mainly concentrated around the molar region
of the ipsilateral side.

In this regard, the flexibility of the articular disc might
plays an important role to redistribute the stresses, as well as
the stress relaxation that the disc experiences, which increases
that flexibility. For that reason, in𝑀2−𝐶𝑂 it was important to
apply loads at a rate close to the real one. In this sense, a ramp
of length 𝑡 = 0.2s seemed adequate as it produced very similar
results compared to the more realistic simulation𝑀2−𝑐𝑦𝑐𝑙𝑒.𝑀2 − 𝐶𝑂 also improves the estimation of density in the
alveolar region right below teeth, which is clearly noticeable
in the premolar section (Figure 10).𝑀1 produces a bone of
intermediate density in that area, unlike 𝑀2 − 𝐶𝑂, which
predicts the actual light bone that can be seen in the CT scan.

The influence of analysing only the instant of CO or the
whole masticatory cycle was studied through the comparison
of the bone density distributions obtained in 𝑀2 − 𝐶𝑂 and𝑀2 − 𝑐𝑦𝑐𝑙𝑒. This comparison revealed very little differences
(Figure 11), which were explained by the low mechanical
stimulus the mandible was bearing during the opening phase.
This stimulus was much lower than that produced during
the closing phase for two reasons: (1) jaw opening muscles
exert forces of lower magnitude than jaw closing muscles
and (2) during the closing phase the displacements were
constrained in themolars, giving rise to themastication force.
The mechanical stimulus was particularly high at CO, when
the activity of closing muscles is maximum. Consequently,

most of the mandible reaches its peak of stimulus at CO
and bone formation is driven in simulation 𝑀2 − 𝑐𝑦𝑐𝑙𝑒 by
the stress state at that instant, which is the one captured in𝑀2 − 𝐶𝑂. There was a very small area in the lingual side of
the chin, close to the insertion of opening muscles, where the
peaks of stimulus were reached during the opening phase.
Nonetheless, these peaks were similar to those obtained at
CO and they did not lead to significative differences in the
estimated bone density. In conclusion, the simulation of the
whole mastication cycle did not yield relevant differences
with respect to previous analysis in which only the instant
of CO was studied. In other words, the simplification of the
analysis to focus just onCOwas justified from the perspective
of the remodelling response of the mandible.

This fact does not mean that the modification introduced
in MABRM to study cyclic loads is irrelevant on a general
basis. It was in the case of mastication, but not in the case
of the femur during gait, for example, where the peaks of
stimulus were reached in different phases of the cycle for
different locations in the femur [24]. In this particular case,
it was shown that MABRM led to important differences from
the bone remodelling perspective.

Some limitations of the model are discussed next. First,
the articular disc was assumed as isotropic. Actually, it is
an anisotropic material, composed of an extracellular matrix
reinforced with collagen fibres. These fibres run in antero-
posterior direction in the central portion of the disc and in
mediolateral direction, in both the anterior and posterior
regions [35]. In any case, fibres run mostly perpendicular
to the thickness. In the load cases simulated in this work
the disc was mainly subjected to compression in vertical
direction (across its thickness). With such loads, fibres would
be stretched, so contributing to the stiffness of the tissue.
For that reason, they should be taken into account in the
disc constitutive model, but they were not. Nonetheless, com-
pression along thickness was the type of load applied in the
experiments where the constitutive model was adjusted [13].
Therefore, the stiffness of the fibres was indirectly included
in the material model. In any case, the anisotropy should
be explicitly considered (by using a fibre reinforced material
model) if the type of load varied during the mastication cycle.

Another limitation of the study was the omission of
the articular cartilage that covers the surface of articulating
bones. The articular cartilage helps to reduce the stresses in
the condyle [36]. The mechanical properties of this layer has
not been established appropriately, but it is generally accepted
that it is more flexible than the articular disc [10]. For this
reason, it is thought to have an effect on the redistribution of
stresses over the condyle that needs to be addressed in future
works. Other limitations are the simplified definition of the
teeth-food contact and not considering the pennation angle
of muscles, though this was simplified by using the average
direction of muscle fibres and taking into account that
pennation angle is close to zero in all the muscles involved.

Overcoming these limitations is the aim of the short-term
future research, but another interesting topic to be addressed
is to analyse the influence of pathologic conditions of the
articular disc in the reaction forces and stress distribution of
the mandible. It is known that bruxismmay cause damage on
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the disc [37], likely altering its viscoelastic properties. Since
the influence of the TMJ has been shown to be important on
the stress distribution, this alteration of viscoelastic proper-
ties could, in turn, affect the bone density distribution within
the mandible, specially if damage is not symmetrical. As a
matter of fact, another interesting topic, not yet addressed in
the literature, is to study the effect of other types of mastica-
tion patterns, such as unilateral, on bone density distribution.

5. Conclusions

A FE model of the mandible including the TMJ was used to
simulate the mastication process. The most relevant features
of the joint were modelled. A viscohyperelastic model fitted
from experimental tests was used to simulate the behaviour of
the TMJ articular disc. In contrast to previous similar studies,
mandible bone was considered a deformable material, which,
additionally, is able to remodel and change its mechanical
properties to adapt itself to the mechanical environment. The
model presented here allows analysing the influence of the
joint on the stresses produced in bone during the masticatory
cycle and the effect of those stresses on the bone remodelling
response.

By comparing the FE models with and without TMJ
it was concluded that the joint plays an important role by
redistributing the stresses and strains and not only over the
condyles but also throughout the whole mandible.

Regarding bone remodelling, it was observed that the
joint has also an important effect on the bone density distri-
bution predicted by the model. If the joint was modelled, the
estimated density was closer to the actual one, specially below
the teeth and in the chin. Here, a cortical shell confining a
central area of trabecular bone was seen in the whole body of
the mandible, unlike the model without TMJ, which failed to
close the cortical shell in the premolar and incisive region.

Furthermore, considering the complete mastication cycle
instead of only the instant of centric occlusion had a small
effect in the estimation of density and could be disregarded.
This is an important conclusion, as it simplifies this type of
studies of bone remodelling in the mandible. In other words,
the analysis of the whole cycle does not seem necessary in
this case from the remodelling perspective, as it was in other
cyclic loads, such as gait cycle, where it had a strong influence
on femoral bone remodelling [24].
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