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The implementation of and the solution to large computational models is becoming quite
a common effort in both engineering and applied sciences. The accurate and cost-effective
numerical solution to the sequence of linearized algebraic systems of equations arising
from these models often represents the main memory-demanding and time-consuming task.
Direct methods for sparse linear systems often represent the de facto solver in several
commercial codes on the basis of their robustness and reliability. However, these methods
scale poorly with the matrix size, especially on three-dimensional problems. For such large
systems, iterative methods based on Krylov subspaces can be a much more attractive
option. A significant number of general-purpose Krylov subspace, or conjugate gradient-
like, solvers have been developed during the 70s through the 90s. Interest in these solvers
is growing in many areas of engineering and scientific computing. Nonetheless, to become
really competitive with direct solvers, iterative methods typically need an appropriate
preconditioning to achieve convergence in a reasonable number of iterations and time.

The term “preconditioning” refers to “the art of transforming a problem that appears
intractable into another whose solution can be approximated rapidly” [L.N. Trefethen and D.
Bau, Numerical Linear Algebra, SIAM, Philadelphia, 1997], while the “preconditioner” is
the operator that is responsible for such a transformation. It is widely recognized that
preconditioning is the key factor to increasing the robustness and the computational
efficiency of iterative methods. Generally speaking, there are three basic requirements for a
good preconditioner: (i) the preconditioned matrix should have a clustered eigenspectrum
away from 0; (ii) the preconditioner should be as cheap to compute as possible;
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(iii) its application to a vector should be cost-effective. It goes without saying that these are
conflicting requirements, and an appropriate trade-off must be found for any specific problem
at hand. Unfortunately, theoretical results are few, and frequently somewhat “empirical”
algorithms may work surprisingly well despite the lack of a rigorous foundation. This is
why finding a good preconditioner for solving a sparse linear system can be viewed rather
as “a combination of art and science” [Y. Saad, Iterative Methods for Sparse Linear Systems, SIAM,
Philadelphia, 2003] than a rigorous mathematical exercise.

Research on the construction of effective preconditioners has significantly grown
over the last two decades. Currently, preconditioning appears to be a much more active
and promising research field than either direct or iterative solution methods, particularly
within the context of the fast evolution of the hardware technology. On one hand, this
is due to the understanding that there are virtually no limits to the available options for
obtaining a good preconditioner. On the other hand, it is also generally recognized that an
optimal general-purpose preconditioner is unlikely to exist. There are undoubtedly fertile
grounds for research in improving the solution efficiency of a specific problem within a
specific computing environment. From this viewpoint, the knowledge of the governing
physical processes, the structure of the resulting discrete system, and the prevailing computer
technology are essential aspects that cannot be ignored when addressing the development of
an appropriate preconditioning technique.

The present special issue of Journal of Applied Mathematics is intended to provide
some insight on efficient preconditioning techniques in computational engineering and
sciences. This special issue should not be viewed as a comprehensive survey or an exhaustive
compilation of all the current trends in preconditioning research. However, the papers
included in this volume cover different algorithms and applications, thus offering an
overview of the recent advances achieved in this field and suggesting potential future
research directions.

The special issue contains 11 articles addressing the numerical solution to sparse linear
systems and eigenproblems arising from different applications, including the Helmholtz
equation in electromagnetics and seismology, steady and unsteady Navier-Stokes equations
for incompressible flow, soil consolidation with nonassociated plasticity, optimal control
problems governed by coupled elliptic-type equations, graph approaches for electric power
networks, industrial processes and traffic models, and the equilibrium of multibody discrete
systems. The different linear systems and eigenproblems arising from these applications are
addressed using (a) algebraic preconditioners, that is, general-purpose algorithms requiring
the knowledge of the coefficient matrix only, and (b) problem-specific preconditioners,
that is, specialized methods based on the peculiar structure of the mathematical problem
at hand. In group (a), novel formulations of the algebraic multigrid (AMG) method are
proposed and tested, using aggregation and parallel wavelet techniques as smoothers in
a parallel environment, modified symmetric successive overrelaxation (MSSOR) iterations
are introduced in both electromagnetics and soil consolidation, and factorized sparse
approximate inverse- (FSAI-) based algorithms are developed for large symmetric positive
definite parallel eigenanalyses. In group (b), an important role is played by saddle-
point matrices, which can be encountered in several different applications. Such problems
are typically addressed by specific algorithms, which can also make use of algebraic
preconditioners as a kernel. Three papers are devoted to the development and testing of
methods for saddle-point matrices, using the Hermitian/Skew-Hermitian (HSS) approach,
the semi-implicit method for pressure linked equations (SIMPLE), and a relaxed splitting
preconditioner. Finally, problem-specific approaches based on the mathematical structure of
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the native application are considered for the solution to optimal control problems discretized
with spectral elements, the equilibrium of multibody discrete systems, and the observability
of physical processes through a graph approach.
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A sparse linear system constitutes a valid model for a broad range of physical systems, such
as electric power networks, industrial processes, control systems or traffic models. The physical
magnitudes in those systems may be directly measured by means of sensor networks that, in
conjunction with data obtained from contextual and boundary constraints, allow the estimation
of the state of the systems. The term observability refers to the capability of estimating the
state variables of a system based on the available information. In the case of linear systems,
diffierent graphical approaches were developed to address this issue. In this paper a new unified
graph based technique is proposed in order to determine the observability of a sparse linear
physical system or, at least, a system that can be linearized after a first order derivative, using a
given sensor set. A network associated to a linear equation system is introduced, which allows
addressing and solving three related problems: the characterization of those cases for which
algebraic and topological observability analysis return contradictory results; the characterization
of a necessary and sufficient condition for topological observability; the determination of the
maximum observable subsystem in case of unobservability. Two examples illustrate the developed
techniques.

1. Introduction

The state variables that characterize a physical system are estimated by means of the data
available at any given time. This data can be generated from a sensor network spread out
over an area or from contextual and boundary constraints. In general, the known system
variables are said to be sensed or measured variables whether they are sensed with a real
device or their magnitudes are obtained in a sort of virtual sensors. The remaining variables
are considered nonsensed or unmeasured variables. In such a context, the observability issue
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arises when we would like to know if the sensing system is enough to be able to determine
the state of the system, that is, the system state variables.

This paper deals with a scenario where a well-known model describes the behavior
of a physical system in terms of relationships between system variables and parameters.
The system must be linear or linearized after a first-order derivative. In this context, a given
sensing network is considered, and the system observability analysis is addressed.

The term observability was introduced in the realm of linear dynamical control
systems [1]. It stems from the capability of estimating the state of a system based on the infor-
mation available. Although observability is essentially a numerical and algebraic problem,
some techniques based on topology and graph theory have been developed to provide
solutions in this area.

Due to the fact that observability and the problems related to it were studied in differ-
ent engineering disciplines, the technical terminology is not totally uniform. As a result, some
terms are more widely used in some areas and not in others and, in a few cases, different terms
describe the same thing in different fields.

Five examples are described below pursuing the following aims: on one hand, illus-
trating how observability and other related problems constitute research topics in different
physical, engineering, and industrial areas, where a sensor network is designed in order to
analyze a given system; on the other, showing the multiple points of view from which these
issues can be addressed and, in particular, how topological and graph-based approaches were
developed in some cases.

The term sensor network comprises a broad spectrum of engineering and physical
systems and, in particular, the topic of wireless sensor networks has led to issues that, in
one way or another, are related to observability. This is the case of coverage, optimal node
placement, and the minimum number of nodes required to achieve connectivity. In [2], it is
shown that a graph model can be used to describe those systems, and some graph approaches
have been developed in order to provide an answer to the challenges posed.

Whithin the sphere of linear control systems, the controllability problem was addressed
from a graph-theoretic approach. A graph associated to a system was defined in [3] and
conclusions related to several system properties are derived from the analysis of such a graph.
A survey of the techniques proposed in the literature for structured linear systems can be
found in [4]. More recently, a graph approach to observability analysis is proposed in [5, 6].

High-voltage electric power networks constitute another field, where observability has
been an important issue in system analysis for decades [7, 8]. It is worth mentioning that the
approach to the problem in [9] where the authors characterize what they call topological
observability through the existence of certain graphs that, defined in the electrical network,
obey constraints derived from the sensing network. However, these graph techniques do not
allow the inclusion of measurements that are currently being considered, such as current and
phasor measures.

Observability has also been a motivation for research in traffic models in topics related
to the origin/destination trip matrix estimation challenge. This is the case of [10], where
the authors adapt topological techniques developed for electric power networks to this new
context. Although this issue is more complex than the description made by the authors in
their paper, it has been taken as an example to illustrate the techniques proposed in the
present work as will be shown in a later section.

Material and energy balances that must take place in industrial processes are analyzed
in [11]. There, its authors distinguish up to four categories of balancing equations, depending
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on whether they consider or not materials, chemical reactions, energy, and entropy. They
study the solvability of the resulting equations, for which a set of sensed variables is taken
into account. The observability and redundancy of measurements as well as the errors in the
measured values are included in the dissertation. Statistical techniques are used to estimate
the state of the system by reconciliation. In the case of linear systems, a parallelism is
established between system and sensing observability conditions and the existence of certain
graphs defined from the process balancing flowsheet.

The common topic of the aforementioned scenarios, with regards to graph theory, is
that certain graph techniques were developed in all the cases because of the existence of
graphs or networks that characterized the systems with a given sensor set. Furthermore,
the equations that describe the networks are linear or linearized. In this paper, a new graph
technique is presented in order to characterize the observability of any linear physical system.
The implementation of such a technique imposes constraints on the problem, summarized
by the fact that the systems must be sparse and of large dimension. For any sparse and large
dimensional physical system, an associated network will be defined based, exclusively, on
structural considerations, that is, the topology of the equation system in its matrix form that
relates the sensed variables with the state variables. It will be demonstrated that the system
can be said to be topologically observable if there exists a certain graph within the associated
network.

Krumpholz et al. developed in [9] a topological approach for the observability issue in
the scope of electric power systems. Nevertheless, the problem related to the characterization
of those cases for which algebraic and structural techniques return contradictory results is not
studied. In this paper, the latter problem is solved, which has allowed carrying out a more
general demonstration of the necessary and sufficient condition for topological observability
than the one proposed by Krumpholz. Numerous techniques have been developed and
widely and successfully tested for decades [12–15] in the scope of topological observability
analysis in electric power systems. In this paper, a new graph approach is presented, which
allows addressing the observability of any linear physical system or, at least, a system lin-
earized after a first-order derivative, and not exclusively electric power systems. Boukhobza
et al. had already developed a graph-theoretic technique in order to determine the state
and input observability in structured linear systems [5]. Unlike that proposal, the approach
presented in this paper makes it possible to exploit techniques like those mentioned above
[12–15] to characterize concepts like parametric unobservability and to easily determine the
maximum observable subsystem.

The rest of the paper is organized as follows. Starting from a mathematical model,
some terms will be introduced concerning observability and sparse physical systems in
the next section. Section 3 is devoted to the bases of graph theory and the concepts used
throughout the paper. Once the theoretical assumptions have been described, an analogy
between linear equation systems and graph theory is established by means of a network
associated to the physical system and a given sensor set. Section 5 introduces the concept of
topological observability, which is characterized through the existence of a constrained graph
in the associated network. The following section is devoted to the cases where the system is
not observable and how the search for the maximum observable subsystem is addressed by
means of the same graph techniques. Section 7 includes two examples in order to illustrate the
techniques proposed in this paper, and how they can be implemented in absolutely different
real engineering scenarios. Finally, some conclusions are presented in Section 8.
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2. Mathematical Model

In order to determine the state of a system, S, consider a set of m variables ω that are sensed.
These variables can be expressed in terms of the n system state variables, ϕ:

ω = h
(
ϕ
)
+ ε, (2.1)

where ε represents a vector of errors due to the measurement acquisition process. In what
follows, this error vector will be ignored because of its irrelevance regarding observability
issues. Two different cases might be considered at this point, depending on the linearity of
the above equations. On one hand, assume those equations are linear. Then, S is a linear
system, and a matrix formulation can be proposed instead of (2.1):

ω = Hϕ, (2.2)

where H is a m × n characterization matrix of the system. On the other hand, consider that S
is a nonlinear system that can be linearized around a certain state ϕ0 and let J(ϕ0) be the m×n
jacobian matrix, thus:

Δω = J
(
ϕ0
)
Δϕ, (2.3)

where Δω = ω − h(ϕ0) and Δϕ = ϕ − ϕ0. Summarizing, both cases resemble an equation
system of the form:

z
m×1

= M
m×n
· x
n×1
, (2.4)

where z is a constant term vector that results from the m magnitudes sensed throughout the
system, x is the unknown vector that is directly related to the n state variables, and M is a
coefficient matrix. In what follows, and in order to simplify the explanation, we will refer
to z and x as the measurement and state variable column vectors, respectively. Also, zk will
denote a generic measured variable, and xi will be a generic state variable. The observability
issue arises when we would like to know if the m variables considered in the sensor set are
enough to determine the state of the system. It depends not only on how large the number of
measurements is but also on their nature, and how they are spread out over the system. From
an algebraic point of view, a system S is said to be observable if the system given by (2.4) is
solvable, that is, the equation system is consistent, and there exist at least n linear independent
equations. As Krumpholz et al. define in [9], the system is said to be algebraically observable
if and only if the rank of M is equal to n. A well-known problem comes up when the system
is ill-conditioned [16] and (2.4) must be solved or matrix M is manipulated. For such cases,
different numerical algorithms are proposed in the literature [17, 18]. In order to avoid this
problem, other authors [19] take advantage of symbolic methods for sparse matrices [20].
What this paper is related to are the cases, where the observability of a system such as the
one defined above can be addressed in terms of structural considerations, what is called
topological observability [9]. In order to introduce this topic, let us define some concepts
and hypotheses.
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Let S be an n-dimensional physical system that is going to be the object of our study,
and let a sensed variables set z be defined, where m magnitudes are measured over S.
Furthermore, let M be the m × n matrix associated to S, as defined in (2.4). We will say that
S is a sparse system if the behavior of S at any point can be justified exclusively by means of
the knowledge of the variables in an area based on a certain neighborhood relationship. This
is the case of a traffic model system where flow fluctuations in a certain region are strongly
dependent on what happens in that area, whereas the events that take place in other parts
show a weak dependence or absolute independence from them. One of the features that
characterize a sparse system is that matrix M is a sparse matrix. Then, some conclusions
can be established in terms of structural considerations of M, when the matrix dimensions
and the degree of sparsity are large enough. For this purpose, Bunch and Rose [21] define a
graph associated to a matrix M, where a nonzero element mij /= 0 of M represents an edge that
joins vertices i and j. Based on this, some properties can be studied in terms of graph theory
because of the duality between sparse linear systems and graphs.

The obvious solution of calculating the rank of matrix M may present problems and
may not be even possible in the case of ill-conditioned systems, as mentioned above. In
these cases, a topological-based approach becomes a good choice that presents a series of
additional advantages derived from the capability of graphs to answer questions related to
observability analysis, including the identification of the maximum observable subsystem
and optimal additional sensor placement. In short, in this paper we will introduce new
topological analysis techniques by means of certain graphs associated with sparse systems
in order to determine the topological observability of such systems.

3. Graph Theory

A graph is defined as a collection of nodes or vertices that are joined through the so-called
edges or branches. For the sake of homogeneity here we will use the term branches both for
general graphs and for the case of trees, which are basically graphs without loops. In the
scope of this work we are interested in defining graphs within a given network, which is
also a collection of nodes and branches. In other words, a network must be interpreted as the
context where any given graph is declared, in such a way that nodes and branches belonging
to a graph are also present in the network for which the graph is defined. Nevertheless, not
all the nodes and branches of the network are always present in a graph.

Definition 3.1. Let X = {X0, X1} be a network, where X0 and X1 are the sets of nodes and
branches, respectively; a graph G of X is defined as a set of nodes, G0 ⊆ X0, and a set of
branches, G1 ⊆ X1.

Thus, as in the case of networks, a graph can be denoted by a couple, as follows:

G =
{
G0 ⊆ X0, G1 ⊆ X1

}
. (3.1)

In what follows, it is assumed that X is a connected network, that is, a network where there
exists a path in X1 between every pair of nodes of X0. In the same way, a connected or
unconnected graph G of X can be defined. If a graph G of X is not connected, each connected
subgraph that makes it up is known as a connected component. When a connected graph
contains no loops, it is called a tree of X.
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Definition 3.2. A graph T of X is said to be a spanning tree if T contains no loops, and T0 = X0.

A directed graph results from the assignment of a direction to each branch in such a
way that a node is known as the source, while another node is the target of a directed link.

The matrix representation of any graph G is the node-to-branch incidence matrix,
A(G) = (akj). This is a matrix with as many rows as nodes are in the graph, and where the
number of columns is equal to the number of branches in the graph. The elements of A(G),
in the case of directed graphs, are defined as follows:

akj =

⎧
⎪⎪⎨

⎪⎪⎩

1 If node k is the source of the directed branch j,

−1 If node k is the target of the directed branch j,

0 If node k is not incident to branch j.

(3.2)

The rank of a graph G of X is defined as:

rank{G} = size
{
G0
}
− c, (3.3)

where size {G0} denotes the number of nodes inG, while c indicates the number of connected
components of G.

Definition 3.3. Let X be a connected network, a graph G of X is said to be of full rank if its
rank equals the maximum possible value, rank{G} = size{X0} − 1.

The rank of a graphG ofX is, by definition, equal to the rank of its associated incidence
matrix A(G). If G is of full rank, the rank of A(G) equals the number of rows minus one. In
other words, one row of A(G) is linearly dependent on the others. That is the reason why a
reduced node-to-branch incidence matrix Ar(G) is defined, resulting from the elimination of
a row from A(G). The following expression summarizes all of the above:

rank{G} = rank{Ar(G)}. (3.4)

The selection of one node among others for which the associated row is erased is arbitrary. In
what follows, this node is going to be known as the reference node.

Definition 3.4. The closure [22] of a connected graph G in X is defined as a graph G, where

G
0
= G0 and G

1
is composed by all the branches in X1 that join pairs of nodes in G0.

4. Network Flow Analogy

Consider a set of linear independent variables, {x1, . . . , xn}, that determine the state of
a system S. Let z be a system variable whose magnitude may be expressed as a linear
relationship between the state variables, as follows (notation: in what follows, subscripts i
and j, 1 ≤ i, j ≤ n are used to refer to generic state variables and network nodes; subscript
s, 1 ≤ s ≤ n refers to a node that is known as source node; subscript k, 1 ≤ k ≤ m denotes
measurements and equations; subscript a, 1 ≤ a ≤ r refers to generic network branches;
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Figure 1: Elementary network.

subscript b under arrays or vectors denotes that those structures contain exclusively branch
parameters or variables):

z = α1x1 + · · · + αnxn =
n∑

i=1

αixi, (4.1)

where there is at least one value of i for which αi /= 0. Consider that αs, where 1 ≤ s ≤ n, is the
first nonzero coefficient in the above expression. In other words, αi = 0 for all 1 ≤ i < s. Then,
the expression can be rewritten as:

z = xs
n∑

i=s

αi −
n∑

i=s+1

(xs − xi)αi, (4.2)

which is consistent with the analogy to a flow network as shown in Figure 1. In it, a current
z is injected into the network through node s and flows to the remaining nodes, s + 1 to
n, according to the admittance values and potential differences of the branches connecting
them. Therefore, the following equality must hold:

z =
n∑

i=s

φsi = xsλss +
n∑

i=s+1

(xs − xi)λsi, (4.3)

where, for a generic node i, xi represents the potential level of the node with respect to a
zero potential reference node, GND in the figure; λsi = −αi represents the admittance that
characterizes a branch connecting node s to node i, so that φsi = (xs −xi)λsi is the current that
flows from node s to node i due to the potential difference (xs − xi) observed from node s to
node i; similarly, λss =

∑n
i=s αi is the admittance between node s and GND; hence, a current

φss = xsλss flows from node s to the reference node. The network in Figure 1 is defined as
the elementary network associated to the linear (4.3), which is known as the network nodal
equation at node s. The elementary network is a tree, and s is defined as the source node of
that tree, while the remaining nodes are considered target nodes.

Note that, on one hand, the elementary network in Figure 1 is characterized by the
nodal (4.3), where the flow φs =

∑n
i=s φsi injected in node s equals the z magnitude; on



8 Journal of Applied Mathematics

4

2

GND

1
n

3

6

5
E1

E2

Em

Figure 2: Associated network X resulting from the superposition of m elementary networks.

the other hand, a solution {xs, . . . , xn} to the elementary network in Figure 1 is consistent
with (4.1).

Let S be a system, where {z1, . . . , zm} is a set of m variables whose magnitudes may be
expressed as linear relationships of the form:

zk = αk1x1 + · · · + αknxn =
n∑

i=1

αkixi ∀1 ≤ k ≤ m. (4.4)

A network associated to a linear equation system such as the one shown above is defined
as the result of the superposition of the elementary networks associated to each zk for
all 1 ≤ k ≤ m. Then, the solvability of the linear equation system (4.4) is equivalent
to that of its associated network, since a particular solution {x1, . . . , xn} to the equation
system is consistent with the associated network. Figure 2 shows an example of an associated
network X as a result of considering all the elementary networks in their entirety, denoted by
E1, E2, . . . , Em. Let us take a look at a generic node in the figure, such as node number 4. It is
easy to see how the incident branches to node 4 are due to elementary networks associated to
variables for which 4 is the source node, such asEm, and those elementary networks including
4 as a flow target node, such as E1 and E2.

Let Ek be the elementary network associated to a generic variable zk defined in S as
shown in (4.4), where s is the source node. A branch admittance matrix of Ek is defined as a
diagonal matrix as follows:

Yb(Ek) =

⎛

⎜⎜⎜⎜⎜⎜
⎝

n∑

i=s

αki 0

−αk,s+1
. . .

0 −αkn

⎞

⎟⎟⎟⎟⎟⎟
⎠

. (4.5)

In what follows, it is assumed that all coefficients αki considered in the construction of a
matrix Yb(Ek), such as the one defined above, are nonzero. In other words, null coefficients,
αki, are removed from (4.4). Note that this constraint does not guarantee that all diagonal
elements in Yb(Ek) are nonzero because there might exist a case in which, for a certain k,
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the sum
∑n

i=1 αki equals zero. Those cases are related to the concept of parametric unobserv-
ability, and it will be introduced later.

Taking into account the contribution of all the variables {z1, . . . , zm} in S to the whole
associated network X, a branch admittance matrix of X is defined as a block diagonal matrix:

Yb(X) =

⎛

⎜
⎝

Yb(E1) 0
. . .

0 Yb(Em)

⎞

⎟
⎠. (4.6)

Then, the following equality is satisfied:

Φb(X) = YA(X) · x,
YA(X) = Yb(X) ·A�r (X),

(4.7)

where Ar(X) is the reduced node to branch incidence matrix of X; x = (xi) is the n × 1 nodal
potential vector, that is, the system state variable column vector; if r is the number of branches
in X, and they are numbered from 1 to r, Φb(X) = (φa) is the r × 1 branch flow vector, that is,
a column vector of magnitudes that flow through branches in X; YA(X) is a r × n matrix that
relates potentials xi at nodes in X with branch flows φa.

Equations (4.4) can be expressed in matrix form as follows:

z = M · x, (4.8)

where M = (αki) is defined as a m × n coefficient matrix, and where z = (zk) and x = (xi) are
column vectors. Note that each row k of M, that is, each variable zk considered in the system,
will result in an elementary network of X that is a tree because of the lack of loops. Therefore,
as any branch in X arises from the existence of a nonzero element in M, a m × r equation to
branch incidence matrix, B(X) = (bka), associated to X can also be defined as follows:

bka =

{
1 If branch a of X arises from row k of M,

0 otherwise.
(4.9)

The following equality holds:

M = B(X) · YA(X) = B(X) · Yb(X) ·A�r (X). (4.10)

Equation (4.7) characterizes network X as well as (4.8) characterizes system S from a
set of variables {z1, . . . , zm} and, therefore, from equalities (4.7) and (4.10) it can be concluded
that the study of the determinism of S is equivalent to the observability ofX under constraints
related to the variables zk taken into account.

5. Topological Observability

Krumpholz et al. introduced in [9] the term parametric unobservability as a vague notion
needed to justify the concept of topological observability in electric power networks under
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certain assumptions. In this section, we present a formal description that allows defining and
characterizing parametric unobservability and demonstrates how topological observability
can be addressed by means of the existence of certain graphs under constraints.

Let S be a large n-dimensional sparse physical system, where a sensing system z
is defined by means of m measured variables, m ≥ n. Let M be the coefficient matrix,
as defined in (4.8), associated to S and the sensing system, and let X be the associated
network. It is important to note that M characterizes only those parts of the system related
to measurements, but not the whole physical system. In particular, it shows the relationship
between the sensor set considered and the state variables. Therefore, M might be a diagonal
or block diagonal matrix, without implying either the existence or nonexistence of decoupled
subsystems in S. Obviously, the observability analysis of decoupled subsystems, if they exist,
can be carried out independently.

The necessary and sufficient condition for algebraic observability of a system S and a
sensing configuration z, as proposed above, is

rank{M} = n. (5.1)

Let us consider an algebraically observable system S with respect to a sensor set z.
As M is an m × n matrix and m ≥ n, from (5.1), it follows that a collection of n linearly
independent rows of M can be found. Let zn be the subset of z corresponding to those linearly
independent rows of M. Therefore, an equation subsystem might be defined in Swith respect
to zn, that should be characterized using an n × n coefficient matrix Mn and its associated
network Xn in such a way that:

zn = Mn · x, (5.2)

where zn ⊆ z, Xn ⊆ X, and the determinant |Mn|/= 0. zn is known as a critical sensing
configuration in the sense that the loss of any measurement in zn should derive in the loss
of the observability condition with respect to zn. For the same reason, system S is said to
be critically observable with respect to zn. The determinant |Mn| is calculated as a sum of
products, each coming from n elements in Mn, and no two coming from the same row or
column. Since Mn is a nonsingular matrix, at least one of these products must be nonzero.
Thus, without loss of generality, in what follows let a permutation of rows be considered
such that all the factors of the aforementioned nonnull product lie on the principal diagonal
of Mn. Note that any row permutation in Mn does not alter the associated network Xn.

It is clear that the first entry in Mn in the first row is nonnull and, therefore, there
exists in Xn a branch joining node 1 and the reference node. In the second row, there are two
possible cases: on one hand, if the diagonal element is the first nonzero element in that row,
there exists a branch in Xn joining node 2 and the reference node and, indirectly, the first
node too; on the other hand, if the diagonal element is not the first nonzero one, there is a
link in Xn between nodes 2 and 1. This argument can be repeated for the next row and up
to the last one. Eventually, a spanning tree of full-rank T of Xn is completed because of the
lack of loops and the inclusion of the totality of the nodes in the network. Furthermore, the
previous analysis leads exclusively to one branch in T from each row in Mn. In other words,
the n branches in T are derived from n different measurements in z. Since Xn results from the
superposition of n elementary networks, one for each sensed value, each branch in T belongs
to a different elementary network.
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In order to demonstrate that the existence of such a spanning tree is sufficient, under
certain conditions, for the observability of a system with respect to a sensing configuration,
a reverse path is considered in which branches are added recursively to a starting spanning
tree until the entire network is encompassed.

Consider a spanning tree T of Xn, where each one of the n branches of T belongs to a
different elementary network out of the n that form Xn. That is, each elementary network in
Xn has a branch and only one that belongs to T . From (4.10), it follows that a matrix M(T)
can be defined as:

M(T) = B(T) · YA(T), (5.3)

where B(T) is a selection of columns from B(Xn), while YA(T) is a selection of rows from
YA(Xn) corresponding to the n branches of T . Thus, B(T) is the n × n identity matrix because
the n branches of T belong to n different elementary networks and it follows that:

M(T) = YA(T). (5.4)

Note that as YA(T) has the same sparse pattern as A�r (T), and T is a spanning tree of Xn of
full rank, rank{YA(T)} = n. In other words, |M(T)|/= 0 because M(T) is nonsingular. Let k be
a generic row of M(T). The first nonzero entry in row k is in the same column, generically
represented by s, as the first nonzero element in row k of Mn. At this point, two cases might
take place: one in which column s is the only nonzero entry in row k, and another for which
there exists a second nonzero element in column l of row k in M(T). Since the determinant
of a square matrix can be calculated, according to Laplace’s formula, as a weighed sum of
cofactors or adjuncts along a row or a column, it follows that:

|M(T)| = mks · Cks +mkl · Ckl /= 0, (5.5)

where mks and mkl are the elements of M(T) in row k and columns s and l, respectively, and
Cks and Ckl are their cofactors. Taking into account the same notation as used in (4.4), if mks

is the only nonzero entry in row k, mks =
∑n

i=s αki; otherwise, mks = −mkl = αkl. In both cases,
the determinant must be different from zero.

Let T+1 be a graph of Xn that results from the union of T and one-branch a of Xn not in
T . Consider that the additional branch belongs to an elementary network Ek that corresponds
to row k of M(T) and whose source node is denoted by s. If matrix M(T+1) = (m+1

ki ) is defined
from T+1 in the same way as matrix M(T) was from T , then, two different cases may follow

(1) the additional branch a joins node s and the reference one. Therefore, as the admit-
tance of this branch is equal to λa =

∑n
i=s αki, the only entry that makes matrices

M(T) and M(T+1) different is:

m+1
ks = mks +

n∑

i=s

αki, (5.6)
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and, from (5.5), the determinant:

∣
∣∣M
(
T+1
)∣∣∣ = |M(T)| +

n∑

i=s

αki · Cks, (5.7)

that is equal to zero when:

λa =
n∑

i=s

αki =
|M(T)|
−Cks

; (5.8)

(2) the additional branch a joins node s and a node j, where s < j ≤ n. In this case, the
branch admittance equals λa = −αkj and both matrices M(T), and M(T+1) are equal
but for two entries in row k:

m+1
ks

= mks − αkj ,
m+1
kj = αkj ,

(5.9)

and, again, the determinant:

∣∣∣M
(
T+1
)∣∣∣ = |M(T)| + αkj ·

(
Ckj − Cks

)
, (5.10)

that vanishes when:

λa = −αkj = |M(T)|
Ckj − Cks

. (5.11)

Consider T+r to be a graph of Xn that results from the addition to T of a number r of
branches of Xn not in T , and let the matrix M(T+r) be defined such that |M(T+r)|/= 0. Let T+r+1

be a graph of Xn formed after the inclusion in T+r of a branch a of Xn not in T+r , and consider
that the additional branch belongs to an elementary network Ek that corresponds to row k of
M(T+r) for which the source node is denoted by s. One of the next two cases will follow:

(1) the additional branch a joins nodes s and the reference one. The admittance of
branch a is equal to λa =

∑n
i=s αki and the determinant of M(T+r+1) is estimated

by:

∣∣∣M
(
T+r+1

)∣∣∣ = |M(T+r)| +
n∑

i=s

αki · C+r
ks, (5.12)

where C+r
ks is the cofactor of m+r

ks. The above determinant becomes null when:

λa =
n∑

i=s

αki =
|M(T+r)|
−C+r

ks

; (5.13)
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(2) the additional branch a joins node s and a node j, where s < j ≤ n. Then, the branch
admittance is equal to λa = −αkj , and the determinant of M(T+r+1) is given by:

∣
∣
∣M
(
T+r+1

)∣∣
∣ = |M(T+r)| + αkj ·

(
C+r
kj − C+r

ks

)
, (5.14)

where C+r
kj

and C+r
ks

are the cofactors of m+r
kj

and m+r
ks

, respectively. The determinant
will be null if:

λa = −αkj = |M(T+r)|
C+r
kj − C+r

ks

. (5.15)

Note that (5.13) and (5.15) allow identifying a set of values of coefficients αki for which
the determinant |M(T+r+1)|might be canceled.

New branches can be added to the given graph, one by one, until the entire network
Xn is completed, after the inclusion of all the branches in Xn. Therefore, it is concluded by
induction that the determinant of matrix M(Xn) is nonzero if its entries αki, 1 ≤ k, i ≤ n, do
not meet any equality such as (5.8) and (5.13) for branches that join the reference node and
(5.11) and (5.15) otherwise.

Consider an example in which a collection of four sensed magnitudes z = (z1, . . . , z4)
�

are acquired from a four-dimensional physical system. As a result, an equal number of linear
equations that relate z and the state variables x = (x1, . . . , x4)

� are established, and a matrix
of coefficients M is given by:

⎛

⎜⎜
⎝

1 0 0 1
0 1 1 0
1 0 1 1
0 0 0 1

⎞

⎟⎟
⎠

︸ ︷︷ ︸
M

4×4

=

⎛

⎜⎜
⎝

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 1

⎞

⎟⎟
⎠

︸ ︷︷ ︸
B(X)
4×8

·

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2 0 0 0
−1 0 0 1
0 2 0 0
0 −1 1 0
3 0 0 0
−1 0 1 0
−1 0 0 1
0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
YA(X)

8×4

. (5.16)

Figure 3(a) shows the resulting associated network, where the branch admittance
values are indicated as well as the sensed variables to which each branch is associated.
Figure 3(b) shows a spanning tree T of full rank, in which it can be noted that the four
branches that conform the tree are associated to four different measured variables. Then, it
follows that:

⎛

⎜⎜
⎝

2 0 0 0
0 −1 1 0
−1 0 1 0
0 0 0 1

⎞

⎟⎟
⎠

︸ ︷︷ ︸
M(T)

=

⎛

⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟⎟
⎠

︸ ︷︷ ︸
B(T)

⎛

⎜⎜
⎝

2 0 0 0
0 −1 1 0
−1 0 1 0
0 0 0 1

⎞

⎟⎟
⎠

︸ ︷︷ ︸
YA(T)

, (5.17)
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Figure 3: Four-node network example.

where |M(T)|/= 0. The graphs in Figure 4 show how the entire networkX can be reached from
T by the addition of each branch of X not belonging to T , and how, at each step r + 1, a new
M(T+r+1) is defined from the previous one M(T+r) after modifying one or two matrix entries,
depending on the case. It can be seen that it always follows that |M(T+r+1)|/= 0 except for the
exception cases defined in (5.8), (5.11), (5.13), and (5.15).

Note that this result was reached from the consideration of, on one hand, the network
topology and the number, nature, and location of sensors in the network and, on the other,
the network parameters. To deal with these two approaches, the concept of parametric
unobservability is introduced.

Definition 5.1. A large dimensional and sparse physical system S, for which a sensing system
z is defined, is said to be parametrically unobservable with respect to z if, in spite of the fact
that the ranks of matrices B(X) and YA(X) are equal to n, the rank of M is less than n due to
the value of one or more coefficients αki of M.

The relevance of this concept lies in the fact that, in large dimensional sparse physical
systems where the parameters are roughly estimated from empirical data or are subject to
environmental distortion, it is unlikely for parametric unobservability to occur [9]. In other
fields, such as structured linear systems, it is often necessary to work under the assumption
of a lack of knowledge of system parameters [4]. In these scenarios, the parametrically
unobservability should be associated with a particular set of parameter values. Thus, the
observability of a system is said to be true when it is so for almost all parameter values, that
is, for all of them except for a set of particular cases in the parameter space. Even though not
all physical systems may meet this requirements, there exist evidences that are true for real
cases. For example, electric power network analysis involves hundreds or even thousands of
state variables that are usually related to the voltage at network nodes. The system state [7]
can be estimated by means of the measurement of the power that flows into and through the
electric network and which is influenced only by neighboring node states. Thus, the resulting
system is clearly sparse, and circuit parameters are affected by environmental conditions
such as temperature and humidity as well as by the unreliability of parameter estimation.
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Figure 4: Four-node network example.

Another example is the case of traffic model analysis [10]. As explained later in the example
in this paper, vehicles usually move along a geographical area according to a set of established
origin/destination pairs. Traffic flows are sensed at routes in the network in order to estimate
the state of the system, that is, origin/destination pair traffic flows. As the network grows,
the sparsity becomes more plausible. Additionally, system coefficients are estimated, among
other factors, from probabilistic considerations related to the ability of people to opt for one
route or another. In brief, parametric unobservability is, in these two cases, highly improbable
despite being mathematically possible.
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On the basis of the large dimension, sparsity and parameterization uncertainty of such
systems, in order to address the observability issue a new strategy is proposed involving
exclusively structural and not numerical considerations. For this, a new observability defini-
tion should be provided.

Definition 5.2. Let S be a large dimensional sparse physical system, where a sensor network
z is considered; S with z is said to be topologically observable if S is algebraically observable
or parametrically unobservable with respect to z.

Summarizing, it has been demonstrated that the existence of a spanning tree of full-
rank T of X where the n branches of T belong to n different elementary networks of X
constitutes a necessary and sufficient condition for topological observability. In what follows,
any graph G of X with a number rG of branches that belong to rG different elementary
networks, that is, are associated to rG different measurements zk of z, is known as a measured
graph.

Theorem 5.3. Let S be a linear and large n-dimensional sparse physical system, where a sensing
system z is defined by means of a number ofmmeasured variables,m ≥ n; S is said to be topologically
observable with respect to z if and only if there exists a measured spanning tree T of X.

The analysis of the observability of a large dimensional sparse physical system S

with respect to a sensing system z from a topological point of view involves searching for
a measured spanning tree T of full rank among all possible graphs G of X constructed in
such a way that each elementary network that forms X contributes with and only with one
branch to G. If the number of sensed values m considered is larger than the dimension n of
system S, T will be included, if it exists, as part of a measured spanning graph G of X. In
what follows, it is assumed that any graph G of X is a measured graph.

There could be different ways to construct a spanning tree, and any one of them would
be valid [12–15]. However what is important here is the fact that the existence of a measured
spanning tree is a sufficient condition for the topological observability of a linear system.

Summarizing, taking as a basis the experience in observability analysis in electric
power systems, a generalization of the topological approach was developed to address this
issue in the scope of other linear, or linearized after a first order derivative, real engineering
physical systems. A necessary and sufficient condition for topological observability was
established by means of a graph theoretic approach. Finally, thanks to this approach, the
characterization of the cases where algebraic strategies do not lead to the same results as
those derived from structural analysis was carried out.

6. Maximum Observable Subsystem and Observability Islands

If the observability system test fails for a sensing configuration, it is said that the system is not
observable or unobservable. In such cases, the knowledge that might be acquired about one
or more parts of the system by all the measures considered should not be underestimated. If
a system is not observable, it may be possible to identify a subsystem for which the state can
be estimated, it is said that the subsystem is observable. A nondivisible observable subsystem
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is known as an observability island. The number of observability islands may vary and
depends on the associated network topology, the sensors considered and their location in
the network.

Consider an n-dimensional sparse physical system S and a sensing configuration z for
which an associated network X is defined. Let O be an observable island of S and z, and let
XO ⊆ X be its associated subnetwork; XO is known as an observable subnetwork.

A node belonging to XO is said to be an observable node, and a branch belonging to
XO is an observable branch. A measured spanning graph G of XO is known as an observable
graph. Nodes and branches that do not belong to any observable subnetwork are said to be
unobservable.

Let Y be a measured graph of X; a measure zk associated to a branch of Y is said to
be wholly contained [22] in Y if the elementary network associated to zk is contained in the
closure of Y in X. By extension, a measure is said to be wholly contained in a subnetwork XO

if its associated elementary network is included in the closure of XO in X.

Any measurement zk considered in O is wholly contained in XO. Hence, the state of
an observability island may be estimated by means of a wholly contained sensor set.

The union of all the observability islands in a system S derives in a maximum
observable subsystem while the union of all their associated observable subnetworks in
X results in the maximum observable subnetwork. This subnetwork is maximum because
it comprises the largest possible number of observable nodes and, if it exists, it is unique
[22].

Consider a system S that is not observable for a sensor set z. Then, no measured
spanning tree will be found, as derived from Theorem 5.3. Instead, consider a measured
graph G of X as one of the largest connected graphs that can be formed according to the
sensing system and the constraints described earlier. Then, G is known as a maximum
measured graph of X but not spanning. The next theorem was extracted from [22], where
relevant properties concerning maximum measured graphs and observable subsystems are
described.

Theorem 6.1. Let S be a system and X the associated network from a given sensor set. If G is any
maximum measured graph of X, the maximum observable subnetwork is contained in the closure of G
in X.

Therefore, based on one of the maximum measured graphs, an iterative process can
take place by which the not wholly contained measurements, and their elementary networks
are removed from the system until the maximum observable subnetwork is obtained.
Additionally, other strategies concerning the search for the maximum observable subsystem
can be found in [13, 14] in the scope of electric power networks.

7. Examples

Two examples are presented in this section in order to illustrate the techniques developed
in this paper, focusing the attention on the fact that these techniques are valid for different
real engineering problems, where a collection of linear equations or equations linearized after
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Figure 5: Nguyen-Dupuis traffic network example.

a first order derivative describe the behavior of the system from a measurement acquisition
system viewpoint.

7.1. Traffic Model Example

One of the fundamental problems in traffic models concerns the estimation of the
origin/destination (OD) trip matrix. Traffic flows are measured by means of sensors spread
out at different locations in a study area. These data, in conjunction with other available
information, are used to estimate the target matrix, that is, the traffic derived from any OD
movement. For each OD pair there exist, in general, more than one alternative to complete the
trip that are usually expressed in terms of percentages or probabilities based on contextual
factors. In addition, the flow magnitudes at a link in a traffic network can be broken down
into percentages of vehicles moving along different OD trips. Thus, linear relationships can
be established between OD-pair and link flows. Let t = (tod) and v = (vb) be OD-pair and
link flow vectors, respectively; their linear relationships can be described by a matrix F as
follows:

v = F · t. (7.1)

Figure 5 shows a benchmark case, known as the Nguyen-Dupuis network [23] in
the literature, consisting of 13 plausible origin/destination places that are interconnected
by 19 bidirectional links. In that scenario, vehicles can move from one place to another
through suitable routes. Figure 5 shows indices assigned to links along with their directions.
Therefore, for an OD-pair, any possible path is defined as a series of oriented link indices; for
example, the sequence {2, 36, 20} denotes an alternative for a displacement from 1 (origin) to
2 (destination).
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In what follows, it is assumed that matrix F and the OD-pairs are known. Below are all
the OD pairs considered in this example and their potential paths as well as matrix F. They
are the same as those tested in [10]:

OD-pair 1-2 : {2, 36, 20}
OD-pair 1-3 : {1, 11, 14, 19, 31}, {1, 11, 15, 29, 31}

{1, 12, 25, 29, 31}, {1, 12, 26, 37}
{2, 35, 14, 19, 31}, {2, 35, 15, 29, 31}

OD-pair 2-1 : {3, 21, 17, 13, 9}, {3, 21, 17, 16, 34}
{3, 22, 34}, {4, 32, 17, 13, 9}
{4, 32, 17, 16, 34}, {4, 33, 27, 13, 9}
{4, 33, 27, 16, 34}, {4, 33, 28, 24, 9}

OD-pair 2-4 : {3, 21, 17, 13, 10}, {4, 32, 17, 13, 10}
{4, 33, 27, 13, 10}, {4, 33, 28, 23}
{4, 33, 28, 24, 10}

OD-pair 3-1 : {5, 32, 17, 13, 9}, {5, 32, 17, 16, 34}
{5, 33, 27, 13, 9}, {5, 33, 27, 16, 34}
{5, 33, 28, 24, 9}, {6, 38, 24, 9}

OD-pair 3-4 : {5, 32, 17, 13, 10}, {5, 33, 27, 13, 10}
{5, 33, 28, 23}, {5, 33, 28, 24, 10}
{6, 38, 23}, {6, 38, 24, 10}

OD-pair 4-2 : {7, 11, 14, 18, 20}, {7, 11, 14, 19, 30}
{7, 11, 15, 29, 30}, {7, 12, 25, 29, 30}
{8, 25, 29, 30}

OD-pair 4-3 : {7, 11, 14, 19, 31}, {7, 11, 15, 29, 31}
{7, 12, 25, 29, 31}, {7, 12, 26, 37}
{8, 25, 29, 31}, {8, 26, 37}

F =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

· 4 · · · · · ·
1 2 · · · · · ·
· · 3 1 · · · ·
· · 5 4 · · · ·
· · · · 5 4 · ·
· · · · 1 2 · ·
· · · · · · 4 4
· · · · · · 1 2
· · −4 · −4 · · ·
· · · −4 · −4 · ·
· 2 · · · · 3 2
· 2 · · · · 1 2
· · −3 −3 −2 −2 · ·
· 2 · · · · 2 1
· 2 · · · · 1 1
· · 3 · 2 · · ·
· · −4 −2 −2 −1 · ·
· · · · · · 1 ·
· 2 · · · · 1 1
−1 · · · · · −1 ·
· · −2 −1 · · · ·
· · 1 · · · · ·
· · · −1 · −2 · ·
· · −1 −1 −2 −2 · ·
· 1 · · · · 2 2
· 1 · · · · · 2
· · −2 −1 −2 −1 · ·
· · −1 −2 −1 −2 · ·
· 3 · · · · 3 3
· · · · · · −4 ·
· −5 · · · · · −4
· · −2 −1 −2 −1 · ·
· · −3 −3 −3 −3 · ·
· · −4 · −2 · · ·
· −2 · · · · · ·
−1 · · · · · · ·
· −1 · · · · · −2
· · · · −1 −2 · ·

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

(7.2)
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Note that F characterizes the physics of the whole traffic network because it relates the
defined OD-pair flows with all the 38 possible oriented traffic link flows:

(v1, . . . , v38)
� = F · (t1-2, t1-3, t2-1, t2-4, t3-1, t3-4, t4-2, t4-3)

�. (7.3)

A question arises when we want to know if a given sensor network allows to estimate
the state of the traffic system or where sensors should be placed in order to complete an
observable sensed system. Two cases are going to be taken into account concerning these
issues.

7.1.1. Case 1: Observable Configuration

Consider a sensor network consisting of 8 traffic flow meters that result in a measured
variable vector z whose magnitudes might be estimated by means of a submatrix of F and
the system state variables x, that is, OD-pair traffic flows, as follows:

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

v2

v4

v5

v7

v12

v15

v27

v38

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
z

8×1

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 2 · · · · · ·
· · 5 4 · · · ·
· · · · 5 4 · ·
· · · · · · 4 4
· 2 · · · · 1 2
· 2 · · · · 1 1
· · −2 −1 −2 −1 · ·
· · · · −1 −2 · ·

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
M

8×8

·

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

t1-2

t1-3

t2-1

t2-4

t3-1

t3-4

t4-2

t4-3

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
x

8×1

. (7.4)

The question arises as to whether OD-pair traffic flows x can be estimated from this
sensor set z among the aforementioned oriented link flows.

In Figure 6, the elementary networks derived from the coefficient matrix M of (7.4)
are shown. Note how OD-pairs play the role of network nodes, while OD-pair traffic flows
are the network node potential levels. In the figures, branch admittance values are indicated;
indices were assigned to the branches and are shown in the figures by smaller numbers next
to the arrows.

Figure 7 shows the entire associated network and how a measured spanning tree,
highlighted using thick line, was found among other possibilities. Note that each elementary
network is related to one and only one branch in the resulting measured spanning tree. This
tree is not unique but the existence of, at least one, guarantees the topological observability
of the system for the sensor set defined in (7.4).

7.1.2. Case 2: Not Observable Configuration

In a second case, a total of 6 traffic flow meters are considered. The question arises as to
whether system observability can be achieved by incorporating additional sensors. And if it
is not possible, which is the maximum observable subsystem?
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Figure 6: Nguyen-Dupuis elementary networks.
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Let {v2, v4, v5, v7, v12, v38} be the initial sensor set. This is a subset of the observable
configuration discussed earlier. Therefore, the linear equations that characterize this case are
given by:

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

v2

v4

v5

v7

v12

v38

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

︸ ︷︷ ︸
z

6×1

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 2 · · · · · ·
· · 5 4 · · · ·
· · · · 5 4 · ·
· · · · · · 4 4
· 2 · · · · 1 2
· · · · −1 −2 · ·

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

︸ ︷︷ ︸
M

6×8

·

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

t1-2

t1-3

t2-1

t2-4

t3-1

t3-4

t4-2

t4-3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

︸ ︷︷ ︸
x

8×1

. (7.5)

Figure 8 shows the resulting associated network, X, and one of the possible maximum
measured graphs, G (thick lines). Note that OD-pairs 2-4 and 4-3 are clearly not observable,
that is, their traffic flows cannot be estimated by means of the available measurements. A
more detailed analysis leads to the conclusion that measurements v4, v7, and v12 are not
wholly contained in G and, therefore, their associated elementary networks E2, E4, and
E5, respectively, should be removed from the network in order to search for the maximum
observable subnetwork. This argument should be repeated until the resulting subnetwork is
made up exclusively of elementary networks associated to wholly contained measurements.
That is the case after removing E1, the elementary network associated to measure v2. From
there, the maximum observable traffic subsystem is immediate and is given by OD-pairs 3-1
and 3-4 and oriented traffic link flow sensed values {v5, v38}.

To achieve a totally observable system, it is necessary to add two new traffic flow
meters that allow to join the maximum measured graph in Figure 8 and the isolated nodes
given by OD-pairs 2-4 and 4-3. Each row in matrix F of (7.2) corresponds to an oriented
traffic link flow and, in particular, those rows with nonzero coefficients in columns related
to isolated OD-pairs are plausible candidates to improve the system observability. Thus, the
inclusion of one of the sensed values from:

{v3, v10, v13, v17, v21, v23, v24, v27, v28, v32, v33}, (7.6)

that allow joining the OD-pair 2-4 node, in conjunction with one of the following:

{v8, v11, v14, v15, v19, v25, v26, v29, v31, v37}, (7.7)

that allow joining OD-pair 4-3 node, would permit observing the whole traffic system.

7.2. Electric Power System Example

As it was mentioned in the introduction, observability analysis in electric power systems has
been an important research topic for decades. In particular, this issue can be addressed by
means of topological methods, when the set of measured variables are made up exclusively
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Figure 9: Electric power system example.

of bus voltages and active and reactive powers that are injected into or flow through the
system [9]. In those cases the system can be considered as a decoupled system [7], that is, a
pair of two independent subsystems: one of which can be analyzed by means of active power
measurements, and is known as P -δ subsystem; the other one, the Q-U subsystem, can be
studied exclusively from bus voltages and reactive powers measured in the system. Only the
Q-U subsystem is going to be analyzed in this example. Such a subsystem is observable [7]
when a sufficient number of well-placed reactive powers are measured, and, at least, one
node voltage is known at any node.

An electric power system is commonly represented as a mesh where the edges denotes
the lines in charge of transporting the electric energy, and where the nodes are the places
where the lines are incident, that is, the places where electricity is generated, consumed, or
transformed. Figure 9(a) shows the topology of an example of an electric power system with 8
nodes. The places where reactive powers are acquired in the system are shown in Figure 9(b),
where two kinds of measurements may be distinguished:
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(i) node measurements, numbered as 1, 2, and 3 in Figure 9(b), corresponding to
reactive powers injected into the system through a node. These derive in equations
of the form:

z1 = Q1 − c1 = α11U1 + α12U2 + α18U8,

z2 = Q3 − c2 = α22U2 + α23U3 + α24U4 + α25U5 + α27U7,

z3 = Q5 − c3 = α33U3 + α34U4 + α35U5 + α36U6,

(7.8)

where Qi denotes the i-th node reactive power, Ui represents the voltage at node i,
αki is a coefficient related to measurement k and node i, and ck denotes a constant
term related to measurement k;

(ii) branch measurements, numbered as 4, 5, 6, and 7 in Figure 9(b), corresponding to
reactive powers that flow through the lines. These derive in equations of the form:

z4 = Q12 − c4 = α41U1 + α42U2,

z5 = Q23 − c5 = α52U2 + α53U3,

z6 = Q37 − c6 = α63U3 + α67U7,

z7 = Q45 − c7 = α74U4 + α75U5,

(7.9)

where Qij denotes a branch reactive power that is acquired in a line that joins nodes
i and j.

Finally, a voltage measure at node 1 is also considered, resulting in an equation as
follows:

z8 = U1. (7.10)

Summarizing, the linear equations that characterize the Q-U subsystem and the given
measurement configuration are as follows:

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

Q1 − c1

Q3 − c2

Q5 − c3

Q12 − c4

Q23 − c5

Q37 − c6

Q45 − c7

U1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
z

8×1

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

α11 α12 · · · · · α18

· α22 α23 α24 α25 · α27 ·
· · α33 α34 α35 α36 · ·
α41 α42 · · · · · ·
· α52 α53 · · · · ·
· · α63 · · · α67 ·
· · · α74 α75 · · ·
1 · · · · · · ·

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
M

8×8

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

U1

U2

U3

U4

U5

U6

U7

U8

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

︸ ︷︷ ︸
x

8×1

. (7.11)

Figure 9(c) shows the associated network derived from (7.11), where branch admittances
were suppressed in order to clarify the drawing. The numbers close to the oriented edges of
the graph denote the order of the measurement from which the edge is derived, that is, the
order of the elementary network in which it is defined. Note that the only branch associated



Journal of Applied Mathematics 25

to measurement z8 and, in general, to any node voltage measure, is the one that joins the
node where the voltage is acquired and the reference node. As a result, the reference node
is implicitly connected to the rest of the nodes due to the inclusion of just one node voltage
measurement, and a simplified associated network may be taken into account as shown in
Figure 9(d), where thicker lines represent the edges that are present in the entire individuals
of the search space of measured graphs. Note that those edges are the ones due to the node
voltage and branch reactive power measurements.

Finally, one of the possible measured spanning trees is shown in Figure 9(e), after
the assignment of each of the eight measurements considered to one of the edges in the
associated network. The existence of such a tree permits concluding that the electric power
Q-U subsystem is topologically observable for the given sensing system.

8. Conclusions

In this paper, a new topological approach to the determination of the observability of a
physical system where a sensor network is defined has been presented. The techniques
developed in this paper were inspired by the contributions of researchers in the scope
of electric power systems and generalized to other physical sparse linear systems. The
terms parametric unobservability and topological observability have been introduced and
justified in a formal way, which allows characterizing those parameter dependent cases
where an algebraic approach to the observability issue led to different results than the
topological one. A sensing system has been considered for any linear physical system or, at
least, linearized after a first order derivative. From there, an associated network has been
defined, and it has been demonstrated that the existence of certain constrained graphs,
known as measured graphs, in the scope of the associated network permits characterizing the
topological observability of the system. From this graph approach, the determination of the
maximum observable subsystem can be carried out in case of unobservability. The technique
has been illustrated with the help of two examples in the scope of traffic sensing structures
and electric power systems.
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A relaxed splitting preconditioner based on matrix splitting is introduced in this paper for linear
systems of saddle point problem arising from numerical solution of the incompressible Navier-
Stokes equations. Spectral analysis of the preconditioned matrix is presented, and numerical
experiments are carried out to illustrate the convergence behavior of the preconditioner for solving
both steady and unsteady incompressible flow problems.

1. Introduction

We consider systems of linear equations arising from the finite-element discretization of the
incompressible Navier-Stokes equations governing the flow of viscous Newtonian fluids. The
primitive variables formulation of the Navier-Stokes equations is

∂u
∂t
− υΔu + (u · ∇)u +∇p = f on Ω × (0, T], (1.1)

divu = 0 onΩ × [0, T], (1.2)

u = g on ∂Ω × [0, T], (1.3)

u(x, 0) = u0(x) onΩ, (1.4)

where Ω ⊂ R
2 is an open bounded domain with sufficiently smooth boundary ∂Ω, [0, T] is

an time interval of interest, u(x, t) and p(x, t) are unknown velocity and pressure fields, υ is
the kinematic viscosity, Δ is the vector Laplacian,∇ is the gradient, div is the divergence, and
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f, g, and u0 are given functions. The Stokes problem is obtained by dropping the nonlinearity
(u · ∇)u from the momentum equation (1.1). Refer to [1] for an introduction to the numerical
solution of the Navier-Stokes equations. Implicit time discretization and linearization of
the Navier-Stokes equations by Picard or Newton fixed iteration result in a sequence of
(generalized) Oseen problems. The Oseen problems by spatial discretization with LBB-stable
finite elements (see [1, 2]) are reduced to a series of large sparse systems of linear equations
with a saddle point matrix structure as follows:

Ãx = b, (1.5)

with

Ã =
[
A BT

−B 0

]
, x =

(
u
p

)
, b =

(
f
−g
)
, (1.6)

where u and p represent the discrete velocity and pressure, respectively. In two-dimensional
cases, A = diag(A1, A2) denotes the discretization of the reaction diffusion, and each diagonal
submatrix Ai is a scalar discrete convection-diffusion operator represented as

Ai = σV + υL +Ni (i = 1, 2), (1.7)

where V denotes the velocity mass matrix, L the discrete (negative) Laplacian, and Ni the
convective terms. The matrix A is positive definite in the sense that AT + A is symmetric
positive definite. Matrix BT = (BT1 , B

T
2 ) denotes the discrete gradient with BT1 , BT2 being dis-

cretizations of the partial derivatives ∂/∂x, ∂/∂y, respectively. f = (f1, f2)
T and g contain the

forcing and boundary terms.
In the past few years, a considerable amount of work has been spent in developing

efficient solvers for systems of linear equations in the form of (1.5); see [3] for a compre-
hensive survey. Here we consider preconditioned Krylov subspace methods, in particular
preconditioned GMRES [4] in this paper. The convergence performance of this method
is mainly determined by the underlying preconditioner employed. An important class of
preconditioners is based on the block LU factorization of the coefficient matrix, including
a variety of block diagonal and triangular preconditioners. A crucial ingredient in all these
preconditioners is an approximation to the Schur complement S = BA−1BT . This class of
preconditioners includes the pressure convection diffusion (PCD) preconditioner, the least-
squares commutator (LSC) preconditioner, and their variants [5–7]. Somewhat related to this
class of preconditioners are those based on the augmented Lagrangian (AL) reformulation
of the saddle point problem; see [8–11]. Other types of preconditioners for the saddle point
problems include those based on the Hermitian and skew-Hermitian splitting (HSS) [12–
15] and the dimensional splitting (DS) [16] of the coefficient matrix Ã. In [17], a relaxed
dimensional factorization preconditioner is introduced.

The remainder of the paper is organized as follows. In Section 2, we present a relaxed
splitting preconditioner based on matrix splitting and prove that the preconditioned matrix
has eigenvalue 1 of algebraic multiplicity at least n (recall that n is the number of velocity
degrees of freedom). In Section 3, we show the results of a series of numerical experiments
indicating the convergence behavior of the relaxed splitting preconditioner. In the final
section, we draw our conclusions.
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2. A Relaxed Splitting Preconditioner

2.1. A Splitting of the Matrix

In this paper, we limit to 2D case. The system matrix Ã admits the following splitting:

Ã =

⎡

⎢
⎣

A1 0 BT1

0 A2 BT2
−B1 −B2 0

⎤

⎥
⎦ =

⎡

⎣
A1 0 0
0 0 0
−B1 0 0

⎤

⎦ +

⎡

⎢
⎣

0 0 BT1

0 A2 BT2
0 −B2 0

⎤

⎥
⎦ = H + S, (2.1)

where A1 ∈ R
n1×n1 , A2 ∈ R

n2×n2 , B1 ∈ R
m×n1 , and B2 ∈ R

m×n2 . Thus, Ã ∈ R
(n+m)×(n+m) is of

dimension n = n1 + n2. Let α > 0 be a parameter and denote by I the identity matrix of order
n1 + n2 +m. Then,H+αI and S+αI are both nonsingular, nonsymmetric, and positive definite.
Consider the two splittings of Ã:

Ã = (H + αI) − (αI − S), Ã = (S + αI) − (αI −H). (2.2)

Associated to these splittings is the alternating iteration, k = 0, 1, . . .,

(H + αI)xk+1/2 = (αI − S)xk + b,

(S + αI)xk+1 = (αI −H)xk+1/2 + b.
(2.3)

Eliminating xk+1/2 from these, we can rewrite (2.3) as the stationary scheme:

xk+1 = Tαxk + c, k = 0, 1, . . . , (2.4)

where

Tα = (S + αI)−1(αI −H)(H + αI)−1(αI − S) (2.5)

is the iteration matrix and c = 2α(S+αI)−1(H +αI)−1. The iteration matrix Tα can be rewritten
as follows:

Tα = (S + αI)−1(H + αI)−1(αI −H)(αI − S)

= (S + αI)−1(H + αI)−1
[
(αI +H)(αI + S) − 2αÃ

]

= I −
[

1
2α

(H + αI)(S + αI)
]−1

Ã

= I − P−1
α Ã,

(2.6)

where Pα = (1/2α)(H + αI)(S + αI).
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Obviously, Pα is nonsingular and c = P−1
α b. As in [18], one can show there is a unique

splitting Ã = Pα −Qα such that the iteration Tα is the matrix induced by that splitting, that is,
Tα = P−1

α Qα = I − P−1
α Ã. Matrix Qα is given by Qα = (1/2α)(αI −H)(αI − S).

2.2. A Relaxed Splitting Preconditioner

The relaxed splitting preconditioner is defined as follows:

M =

⎡

⎢
⎢
⎢
⎢
⎣

A1 0
1
α
A1B

T
1

0 A2 BT2

−B1 −B2 αI − 1
α
B1B

T
1

⎤

⎥
⎥
⎥
⎥
⎦
. (2.7)

It is important to note that the preconditioner M can be written in a factorized form as

M =
1
α

⎡

⎣
A1 0 0
0 αI 0
−B1 0 αI

⎤

⎦

⎡

⎢⎢
⎣

αI 0 BT1

0 A2 BT2
0 −B2 αI

⎤

⎥⎥
⎦ =

⎡

⎣
A1 0 0
0 I 0
−B1 0 I

⎤

⎦

⎡

⎢⎢
⎣

I 0
1
α
BT1

0 A2 BT2
0 −B2 αI

⎤

⎥⎥
⎦

=

⎡

⎣
A1 0 0
0 I 0
−B1 0 I

⎤

⎦

⎡

⎢⎢⎢⎢⎢
⎣

I 0
1
α2
BT1

0 I
1
α
BT2

0 0 I

⎤

⎥⎥⎥⎥⎥
⎦

⎡

⎢⎢⎢
⎣

I
1
α2
BT1B2 0

0 Â2 0

0 0 αI

⎤

⎥⎥⎥
⎦

⎡

⎢⎢
⎣

I 0 0
0 I 0

0 − 1
α
B2 I

⎤

⎥⎥
⎦,

(2.8)

where Â2 = A2 + (1/α)BT2B2. Note that both factors on the right-hand side are invertible
provided that A1 have Â2 have positive definite symmetric parts. Hence, the new
preconditioner is nonsingular. This condition is satisfied for both Stokes and Oseen problems.
We can see from (2.1) and (2.7) that the difference between M and Ã is given by

R = M − Ã =

⎡

⎢⎢⎢⎢
⎣

0 0
1
α
A1B

T
1 − BT1

0 0 0

0 0 αI − 1
α
B1B

T
1

⎤

⎥⎥⎥⎥
⎦
. (2.9)

This observation suggests that M could be a good preconditioner, since the appropriate
values for the parameters involved in the new preconditioners are estimated. Furthermore,
the structure of (2.9) somewhat facilitates the analysis of the eigenvalue distribution of
the preconditioned matrix. In the following, we analyze the spectral properties of the
preconditioned matrix T = ÃM−1.

Theorem 2.1. The preconditioned matrix T = ÃM−1 has an eigenvalue 1 with multiplicity at least
n, and the remaining eigenvalues are λi, where λi are the eigenvalues of an m ×m matrix Zα := (1/
α)(S1 + S2) − (1/α2)S2S1 with S1 = B1A

−1
1 BT1 and S2 = B2Â

−1
2 BT2 .
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Proof. First of all, from T̂ := M−1(ÃM−1)M = M−1Ã we see that the right-preconditioned
matrix T is similar to the left-preconditioned one T̂, then T and T̂ have the same eigenvalues.
Furthermore, we have

T̂ = I −M−1R

= I −

⎡

⎢
⎢
⎢
⎣

I 0 0

0 I 0

0
1
α
B2 I

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎣

I − 1
α2
BT1B2Â

−1
2 0

0 Â−1
2 0

0 0
1
α
I

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

I 0 − 1
α2
BT1

0 I − 1
α
BT2

0 0 I

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

×

⎡

⎢
⎢
⎣

A−1
1 0 0

0 I 0

B1A
−1
1 0 I

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0
1
α
A1B

T
1 − BT1

0 0 0

0 0 αI − 1
α
B1B

T
1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢⎢⎢
⎣

I 0 ∗
0 I ∗

0 0
1
α
(S1 + S2) − 1

α2
S2S1

⎤

⎥⎥⎥
⎦
.

(2.10)

Therefore, from (2.10) we can see that the eigenvalues of T are given by 1 (with multiplicity
at least n = n1 + n2) and by the λi’s.

Lemma 2.2. Let Aα = (A1−(1/α)BT1 B1 −(1/α)BT1 B2

0 A2
) ∈ R

n×n, α > σmax(BT1B1)/σmin(A1), and A1, and
A2 be positive definite. Then Aα is positive definite.

Lemma 2.3. Let Aα ∈ R
n×n and B ∈ R

m×n (m ≤ n). Let α ∈ R, and assume that matrices Aα, Aα+
(1/α)BTB, BA−1

α B
Tand B(Aα + (1/α)BTB)−1BT are all invertible. Then

[

B

(
Aα +

1
α
BTB

)−1

BT
]−1

=
(
BA−1

α B
T
)−1

+
1
α
I. (2.11)

Theorem 2.4. Let α > σmax(BT1B1)/σmin(A1). The remaining eigenvalues λi of Zα are of the form:

λi =
μi

α + μi
, (2.12)

where the μi’s satisfy the eigenvalue problem: BA−1
α B

Tφi = μiφi.

Proof. We note

Zα =
1
α
(S1 + S2) − 1

α2
S2S1 =

1
α
(B1B2)

⎛

⎝
A−1

1 0

− 1
α
Â−1

2 BT2B1A
−1
1 Â−1

2

⎞

⎠

⎛

⎝
BT1

BT2

⎞

⎠

=
1
α
(B1B2)

⎛

⎝
A1 0

1
α
BT2B1 Â2

⎞

⎠

−1⎛

⎝
BT1

BT2

⎞

⎠
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=
1
α
(B1B2)

⎛

⎜
⎜
⎝

⎛

⎜
⎝
A1 − 1

α
BT1B1 − 1

α
BT1B2

0 A2

⎞

⎟
⎠ +

⎛

⎜
⎜
⎝

1
α
BT1B1

1
α
BT1B2

1
α
BT2B1

1
α
BT2B2

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠

−1⎛

⎝
BT1

BT2

⎞

⎠

=
1
α
B

(
Aα +

1
α
BTB

)−1

BT .

(2.13)

Thus, the remaining eigenvalues are the solutions of the eigenproblem:

1
α
B

(
Aα +

1
α
BTB

)−1

BTφi = λiφi. (2.14)

By Lemma 2.3, we obtain

1
α
φi = λi

(

B

(
Aα +

1
α
BTB

)−1

BT
)−1

φi = λi
(
BA−1

α B
T
)−1

φi +
λi
α
φi. (2.15)

Hence, λi = μi/(α + μi), where μi’s satisfy the eigenvalue problem BA−1
α B

Tφi = μiφi.

In addition, we obtain easily that the remaining eigenvalues λi → 0 as α → ∞.
Figures 1 and 2 show this behavior, that is, the nonunity eigenvalues of the preconditioned
matrix are increasingly clustered at the origin as the parameters become larger.

2.3. Practical Implementation of the Relaxed Splitting Preconditioner

In this subsection, we outline the practical implementation of the relaxed splitting precondi-
tioner in a subspace iterative method. The main step is applying the preconditioner, that is,
solving linear systems with the coefficient matrix M. From (2.8), we can see that the relaxed
splitting preconditioner can be factorized as follows:

M =

⎡

⎣
A1 0 0
0 I 0
−B1 0 I

⎤

⎦

⎡

⎢⎢⎢⎢
⎣

I 0
1
α2
BT1

0 I
1
α
BT2

0 0 I

⎤

⎥⎥⎥⎥
⎦

⎡

⎢⎢
⎣

I
1
α2
BT1B2 0

0 Â2 0
0 0 αI

⎤

⎥⎥
⎦

⎡

⎢⎢
⎣

I 0 0
0 I 0

0 − 1
α
B2 I

⎤

⎥⎥
⎦, (2.16)

showing that the preconditioner requires solving two linear systems at each step, with
coefficient matrices A1 and Â2 = A2 + (1/α)BT2B2. Several different approaches are available
for solving linear systems involving A1 and Â2. We defer the discussion of these to Section 3.

We conclude this section with a discussion of diagonal scaling. We found that
scaling can be beneficial for the relaxed splitting preconditioner. Unless otherwise specified,
we perform a preliminary symmetric scaling of the linear systems Ãx = b in the form
D−1/2ÃD−1/2y = D−1/2b with y = D1/2x, and D = diag(D1, D2, I), where diag(D1,D2) is the
main diagonal of the velocity submatrix A. Incidentally, it is noted that diagonal scaling is
very beneficial for the HSS preconditioner (see [13]) and the DS preconditioner (see [16, 17]).
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Figure 1: Spectrum of preconditioned steady Oseen matrix, 32 × 32 grid with υ = 0.1.

3. Numerical Experiments

In this section, numerical experiments are carried out for solving the linear system coming
from the finite-element discretization of the two-dimensional linearized Stokes and Oseen
models of incompressible flow in order to verify the performance of our preconditioner. The
test problem is the leaky lid-driven cavity problem generated by the IFISS software package
[19]. We used a zero initial guess and stopped the iteration when ||rk||2/||b||2 ≤ 10−6, where
rk is the residual vector. The relaxed splitting preconditioner is combined with restarted
GMRES(m). We set m = 30.

We consider the 2D leaky lid-driven cavity problem discretized by the finite-element
method on uniform grids [1]. The subproblems arising from the application of the relaxed
splitting preconditioner are solved by direct methods. We use AMD reordering technique
[20, 21] for the degrees of freedom that makes the application of the Cholesky (for Stokes) or
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Figure 2: Spectrum of preconditioned generalized steady Oseen matrix, 32 × 32 grid with υ = 0.001.

Table 1: Iterations of preconditioned GMRES(30) for steady Stokes problem.

Grid Q2-Q1 Q2-P1

16 × 16 25 15
32 × 32 26 12
64 × 64 23 10
128 × 128 19 11
256 × 256 16 10
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Table 2: Iterations of preconditioned GMRES(30) for steady Oseen problems (Picard).

Grid υ = 1 υ = 0.1 υ = 0.02
Q2-Q1 Q2-P1 Q2-Q1 Q2-P1 Q2-Q1 Q2-P1

16 × 16 27 14 29 16 48 27
32 × 32 27 12 29 14 54 26
64 × 64 23 10 26 12 49 24
128 × 128 19 11 21 10 37 20
256 × 256 16 10 10 8 17 14

Table 3: Iterations of preconditioned GMRES(30) for steady Oseen problems (Newton).

Grid υ = 1 υ = 0.1 υ = 0.02
Q2-Q1 Q2-P1 Q2-Q1 Q2-P1 Q2-Q1 Q2-P1

16 × 16 27 15 29 16 46 26
32 × 32 27 12 29 14 53 24
64 × 64 23 10 26 12 46 23
128 × 128 19 11 21 10 34 18
256 × 256 16 10 10 8 15 13

LU (for Oseen) factorization of A1 and Â2 relatively fast. For simplicity, we use α = 100 for
all numerical experiments.

In Table 1, we show iteration counts (referred to as “its”) for the relaxed splitting
preconditioned GMRES(30) when solving the steady Stokes problem on a sequence of
uniform grids. We see that the iteration count is independent of mesh size involved in the Q2-
Q1 and the Q2-P1 finite-element scheme. The Q2-P1 finite-element scheme has much better
profile than the Q2-Q1 finite-element scheme.

In Tables 2 and 3, we show iteration counts for the steady Oseen problem on a sequence
of uniform grids and for different values of υ, using Picard and Newton linearization of
generalized Oseen problems, respectively. We found that the relaxed splitting preconditioner
has difficulties dealing with low-viscosity, that is, the number of iterations increases with
the decrease in the kinematic viscosity. In this case, it appears that the Q2-P1 finite-element
scheme gives faster convergence results than the Q2-Q1 finite-element scheme.

Next, we report on analogous experiments involving the generalized Stokes problem
and the generalized Oseen problem. As we can see from Table 4, for the generalized Stokes
problem, the results are virtually the same as those obtained in the steady case. Indeed,
we can see from the results in Table 1 that the rate of convergence for the relaxed splitting
preconditioned GMRES (30) is essentially independent of mesh size involved in the Q2-Q1
and the Q2-P1 finite-element schemes.

In Tables 5 and 6, for generalized Oseen problems, we compare our preconditioner
with the RDF preconditioner in [17]. The RDF preconditioner can be factorized as follows:

P =

⎡

⎢⎢⎢⎢
⎣

I 0
BT1
α

0 I 0

0 0 I

⎤

⎥⎥⎥⎥
⎦

⎡

⎢
⎣
Â1 0 0
0 I 0
−B1 0 I

⎤

⎥
⎦

⎡

⎢⎢
⎣

I 0 0

0 Â2 BT2

0 0 αI

⎤

⎥⎥
⎦

⎡

⎢⎢⎢
⎣

I 0 0

0 I 0

0
−B2

α
I

⎤

⎥⎥⎥
⎦
, (3.1)
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Table 4: Iterations of preconditioned GMRES(30) for generalized Stokes problems.

Grid Q2-Q1 Q2-P1

16 × 16 25 13
32 × 32 26 12
64 × 64 23 10
128 × 128 19 11
256 × 256 16 10

Table 5: Iterations of preconditioned GMRES(30) for generalized Oseen problem (Picard, Q2-Q1, 128 × 128
uniform grids).

Viscosity RDF New preconditioner
its CPU its CPU

0.1 12 22.75374 13 15.90265
0.01 7 20.93871 9 14.30008
0.001 5 20.31654 6 13.36891

Table 6: Iterations of preconditioned GMRES(30) for generalized Oseen problem (Newton, Q2-Q1, 128 ×
128 uniform grids).

Viscosity RDF New preconditioner
its CPU its CPU

0.1 12 22.86654 13 16.12583
0.01 7 21.02928 8 14.34972
0.001 12 22.81674 16 17.49554

where Â1 = A1 + (1/α)BT1B1 and Â2 = A2 + (1/α)BT2B2. It shows that RDF preconditioner
requires solving two linear systems at each step. The new preconditioner requires solving
linear systems with A1 and Â2 at each step. We can see that the linear system with A1 is
easier to solve than that with Â1. From Tables 5 and 6, we can see for 128 × 128 grid with
different viscosities that the RDF preconditioner leads to slightly less iteration counts than
the new preconditioner, but the new preconditioner is slightly faster in terms of elapsed CPU
time.

From Figures 3 and 4, we found that for the relaxed splitting preconditioner the inter-
vals containing values of parameter α are very wide. Those imply that the relaxed splitting
preconditioner is not sensitive to the value of parameter. Noting that the optimal parameters
of the relaxed splitting preconditioner are always larger than 50, we can always take α = 100
to obtain essentially optimal results.

4. Conclusions

In this paper, we have described a relaxed splitting preconditioner for the linear systems
arising from discretizations of the Navier-Stokes equations and analyzed the spectral
properties of the preconditioned matrix. The numerical experiments show good performance
on a wide range of cases. We use direct methods for the solution of inner linear systems,
but it is not a good idea to solve larger 2D or 3D problems at the constraint of memory and
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Figure 3: Iteration number versus parameter, steady Oseen problem, with υ = 0.1. (a) 16 × 16 grid, (b) 32 ×
32 grid.
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Figure 4: Iteration number versus parameter, generalized Oseen problem, with υ = 0.001. (a) 16 × 16 grid,
(b) 32 × 32 grid.

time requirement. In this case, exact solve can be replaced with inexact solve, which requires
further research in the future.
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This work introduces a new parallel wavelet-based algorithm for algebraic multigrid method
(PWAMG) using a variation of the standard parallel implementation of discrete wavelet
transforms. This new approach eliminates the grid coarsening process in traditional algebraic
multigrid setup phase simplifying its implementation on distributed memory machines. The
PWAMG method is used as a parallel black-box solver and as a preconditioner in some linear
equations systems resulting from circuit simulations and 3D finite elements electromagnetic
problems. The numerical results evaluate the efficiency of the new approach as a standalone solver
and as preconditioner for the biconjugate gradient stabilized iterative method.

1. Introduction

The algebraic multigrid (AMG) method is one of the most efficient algorithms for solving
large sparse linear systems. Especially in the context of large-scale problems and massively
parallel computing, the most desirable property of AMG is its potential for algorithmic
scalability: in the ideal case, for a matrix problem with n unknowns, the number of iterative
V-cycles required for convergence is independent of the problem size n and the work in the
setup phase and in each V-cycle is linearly proportional to the problem size n [1, 2]. For
all this, the need to solve linear systems arising from problems posed on extremely large,
unstructured grids has been generating great interest in parallelizing AMG.

However, there are two major problems: first, the core of the AMG setup phase
includes the grid coarsening process, which is inherently sequential in nature [1–3]. This
coarsening scheme, for traditional AMG, can lead to computational complexity growth as
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the problem size increases, resulting in an elevated memory use and execution time and
in a reduced scalability [4, 5]. Second, most parallel AMG algorithms are based on domain
decomposition ideas, which have been proved to be very efficient but require a hierarchy of
meshes that eliminates the algebraic characteristic of AMG and precludes its use as a black-
box method.

Due to those difficulties and the importance of the development of efficient parallel
preconditioners for large, sparse systems of linear equations, the investigation of new parallel
approaches has been the main subject of many researchers [6–12]. In this context, a great
amount of work has been aimed to extract some parallelism from serial preconditioners
such as factorization-based methods, which provide effective preconditioning on sequential
architectures [8–10]. However, scalable parallel implementation of incomplete factorization
preconditioners presents many limitations and challenges, and although some interesting
approaches have presented good performance for certain classes of problems, quite scalable
parallel algorithms for this kind of preconditioners seem to have not been available [8].

Also has received much attention in the last years the development of preconditioning
approaches that have inherently parallel characteristics. In particular, approximate inverse
preconditioners have proven extremely promising and effective for the solution of general
sparse linear systems of equations [6, 7, 10–12]. Unfortunately, this kind of preconditioner
also has some drawbacks: in general, as the discretization is refined the amount of work per
grid point grows with problem size, and it is inherently difficult to approximate the inverse
of very ill-conditioned linear systems with a sparse matrix [13].

In this work we introduce a new parallel algorithm for wavelet-based AMG (PWAMG)
using a variation of the parallel implementation of discrete wavelet transforms. This new
approach eliminates the grid coarsening process present at standard AMG setup phase,
simplifying significantly the implementation on distributed memory machines and allowing
the use of PWAMG as a parallel black-box solver and preconditioner. The parallel algorithm
uses the message passing interface (MPI) that provides a standard for message passing for
parallel computers and workstation clusters.

A sequential version of WAMG was introduced recently [14], and it has revealed to
be a very efficient and promising method for several problems related to the computation of
electromagnetic fields [15, 16]. Here, the method is used as a parallel black-box solver and
as a preconditioner in some linear equations systems resulting from circuit simulations and
3D finite elements electromagnetic problems. The numerical results evaluate the efficiency of
the new approach as a standalone solver and as preconditioner for the biconjugate gradient
stabilized iterative method.

2. The Discrete Wavelet Transform

The discrete wavelet transform (DWT) corresponds to the application of low-pass and
high-pass filters, followed by the elimination of one out of two samples (decimation or
subsampling). The discrete signal, which in one dimension is represented by a vector of
values, is filtered by a set of digital filters that are associated to the wavelet adopted in the
analysis.

Starting from a vector y(N) at level 0, two sets of coefficients are generated in each
level l of the process: a set dl of wavelets coefficients (detail coefficients) and a set cl of
approximation coefficients. This procedure can be applied again, now using cl as an input
vector to create new coefficients cl+1 and dl+1, successively.
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Very important classes of filters are those of finite impulse response (FIR). The main
characteristic of these filters is the convenient time-localization properties. These filters are
originated from compact support wavelets, and they are calculated analytically. An example
of FIR filters is the length-2 scaling filter with Haar or Daubechies-2 coefficients, which are
given by (2.1):

hD2 = [h0, h1] =
[

1√
2
,

1√
2

]
. (2.1)

For more details about compact FIR filters see [17].
For a given vector y = (y1, y2, . . . , yN), the Haar wavelet transform creates an

approximation vector c and a detail vector d according to (2.2) and (2.3), respectively:

c = (c1, c2, . . . , cN/2), with ci =

(
y2i−1 + y2i

)

√
2

, (2.2)

d = (d1, d2, . . . , dN/2), with di =

(
y2i−1 − y2i

)

√
2

. (2.3)

It is not difficult to see that this procedure will work only if N is even.
In the 2D case, in which the discrete signal is represented by a matrix, the DWT

is obtained through the application of successive steps of 1D transform into the rows and
columns of the matrix. This process generates a matrix formed by four types of coefficients:
the approximation coefficients and the detail coefficients (horizontal, vertical, and diagonal),
as illustrated in Figure 1. Blocks H and G represent, respectively, the low-pass and high-pass
filters.

In both cases, the approximation coefficients keep the most important information of
the discrete signal, whereas the detail coefficients possess very small values, next to zero.
These approximation coefficients will contain low-pass information, which is essentially a
low-resolution version of the signal and represent a coarse version of the original data.

3. A Wavelet-Based Algebraic Multigrid

The approximation property of wavelet is explored by wavelet-based algebraic multigrid
for creating the hierarchy of matrices. The method considers the use of a modified discrete
wavelet transform in the construction of the transfer operators and the hierarchy of matrices
in the multigrid approach.

A two-dimensional modified DWT is applied to produce an approximation of the
matrix in each level of the wavelets multiresolution decomposition process. An operator
formed only by low-pass filters is created, which is applied to the rows and columns of
the matrix. This same operator is used for the intergrid transfer in the AMG. If a length-2
(first order) scaling filter is used, for example, which means the application of the operation



4 Journal of Applied Mathematics

G H

G H G H

G H

G H G H

G H

G GH H

D2
0 D1

0 D3
1 D2

1 D1
1 D3

2 D2
2

D1
2 A3D3

0

Matrix
C

ol
um

n
R

ow
C

ol
um

n
R

ow
C

ol
um

n
R

ow

First
stage

Second
stage

Third
stage

Figure 1: The two-dimensional DWT: one-dimensional transform in the rows and columns of the matrix.

defined in (2.2) in the rows and columns of the matrix, the operation is matricially defined as
(3.1):

Pk+1
k =

⎛

⎜⎜⎜⎜⎜⎜
⎝

h1 h0 0 0 0 · · · · · · · · · 0

0 0 h1 h0 0 0 0 · · · 0

...
...

...

0 0 0 · · · · · · · · · 0 h1 h0

⎞

⎟⎟⎟⎟⎟⎟
⎠

(N/2)×N

. (3.1)

The prolongation operator is defined in the usual form,

Pkk+1 =
(
Pk+1
k

)T
, (3.2)

and the matrix in the corresponding level k with the Galerkin condition:

Ak+1 = Pk+1
k AkPkk+1, (3.3)

reminding that A0 = A is the matrix of the original system.
Once the intergrid transfer operators and the hierarchy of matrices are created, the

multigrid method (V-cycle) can be defined as usual, using a recursive call of the following
two-level algorithm.
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Algorithm 3.1 (Two-level multigrid). The following holds.

Input: the right hand side vector b, the original matrix A

and the coarse grid matrix PAPT

Output: approximation x̃

(1) Choose an initial guess x and apply ν1 smoothing steps in Ax = b
(2) Compute r = b −Ax
(3) e = (PAPT )−1Pr

(4) x̃ = x + PTe

(5) Apply ν2 smoothing steps in Ax̃ = b
(6) Return x̃.

In this paper, a V-cycle multigrid with ν1 = ν2 = 1 is applied iteratively as a solver and
also as a preconditioner inside the biconjugate gradient stabilized (BiCGStab) iterations.

3.1. The Choice of the Wavelet Filters

A common problem on the choice of the filters is to decide between the fill-in control and the
wavelet properties. As the WAMG often deals with sparse matrices, the control of the nonzero
number is a very important task. In this case, if the matrix Ak is sparse, then the number of
nonzero elements in the next level matrix Ak+1 = Pk+1

k
AkPk

k+1 will depend on the order of the
filter used in the restriction and prolongation operators. In fact, the longer the filter used the
larger the number of nonzero entries in the next computed matrix. Consequently, most of the
wavelet-based multigrid methods use shorter filters such as Haar or Daubechies-2 coefficients
in its approaches [18–23]. This is also the case in this paper.

4. A Parallel Wavelet-Based Algebraic Multigrid

One advantage of the proposed approach is the elimination of the coarsening scheme
from the setup phase. The application of the operations defined in (2.3) in the rows and
columns of a matrix allows creating an approximation without any information about meshes
or the adjacency graph of the matrix. Thus the implementation on distributed memory
machines becomes simpler allowing the use of the method as a parallel black-box solver
and preconditioner. Our approach, based on the parallel implementation of discrete wavelet
transform presented in [24], avoids any communication among processors in the setup phase
if first-order filters are used.

The parallelization strategy starts dividing equally the numberN of rows of the matrix
between the processors, in such a way that the 1-D transform defined in (2.3) could be applied
entirely locally in the rows. As each matrix column is equally divided, the transformation in
this direction is accomplished partially in each processing unit, considering the size of the
column in its local memory. For np processors, for example, each processor will apply the
wavelet transform in the �N/np� elements of the column in its memory, where �x� means
the largest integer even less than x. If the largest integer less than N/np is odd, then the
last element of the column in the local memory is unchanged, as illustrated in Figure 2 for
N = 10 and np = 2. In the figure, cli,j means the ith local element of the level l vector c in the
processor j.
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Thus the resulting coarse level matrix is calculated entirely locally.
In the solver phase the interprocessors communication is necessary only for operations

involving matrices. More specifically, it is necessary to update the vector always after the
smoothing step and after the matrix-vector product in the residual calculation (lines 1, 2,
and 5 of the algorithm). In a matrix-vector product A ∗ b = c, for example, the matrix A
is distributed in rows, the vector b is shared by all processors, and vector c is calculated in
parallel as illustrated in Figure 3, for 4 processors. Then the resulting vector c is updated by
the processors through the message passing interface library (MPI). This task is accomplished
by using the MPI collective communication function MPI Allgather [25]. The MPI Allgather
function effect is shown in Figure 4. It is important to highlight that only the resulting vector
should be updated. It means each processor communicates to the other only a few elements
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Table 1: Electromagnetic matrices properties.

Matrix properties 2cubes sphere Offshore dielFilterV2real Circuit5M dc
Number of rows 101,492 259,789 1,157,456 3,523,317
Number of columns 101,492 259,789 1,157,456 3,523,317
Nonzeros 1,647,264 4,242,673 48,538,952 14,865,409
Explicit zero entries 0 0 0 4,328,784
Type Real Real Real Real
Structure Symmetric Symmetric Symmetric Unsymmetric
Positive definite? Yes Yes No No

Table 2: Results for sequential tests (not enough memory).

Matrix
ILU + BiCGStab WAMG WAMG + BiCGStab

Setup Solver n Setup Solver n Setup Solver n

Circuit5M dc 6.96 29.98 3 47.4 14.37 3 61.30 45.49 2
2cubes sphere 1.98 2.15 3 5.29 2.02 3 5.30 1.55 4
Offshore 5.36 21.55 10 16.67 18.42 6 16.69 21.17 10
dielFilter-V2real — — — — — — — — —

that it stores. However, in order for the process to continue, the whole vector must be updated
on each processor and some kind of collective communication should take place.

The PWAMG method in this work uses a hybrid Jacobi-Gauss method as smoother
and the V-cycle for the resolution scheme. The Gauss-Seidel smoothing is applied inside each
processor and the Jacobi method applied interprocessors.

5. The Numerical Test Problems

The parallel algorithm uses the version one of the MPI that provides a standard for message
passing for parallel computers and workstation clusters. The method has been implemented
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Table 3: Parallel results for 2cubes sphere matrix.

np Nrows Nonzeros
PWAMG solver PWAMG BiCGStab

Setup time
CPU (Wtime)

Solver time
CPU (Wtime) n Setup time

CPU (Wtime)
Solver time

CPU (Wtime) n

2c
ub

es
sp
he
re

1 101492 1647264 5.29 2.02 3 5.30 1.55 4

2
50746 828332 2.43 (2.43) 1.84 (2.99) 3 2.40 (2.40) 6.81 (9.83) 7
50746 818932 2.20 (2.20) 2.22 (2.99) 2.17 (2.17) 5.74 (9.83)
33830 552260 1.61 (1.62) 1.41 (3.46) 1.62 (1.62) 5.50 (12.09)

3 33830 550206 1.50 (1.50) 1.15 (3.47) 3 1.49 (1.49) 3.63 (12.09) 7
33832 544798 1.42 (1.42) 1.74 (3.47) 1.41 (1.41) 4.36 (12.08)
25373 415150 1.19 (1.20) 1.12 (3.26) 1.19 (1.19) 4.18 (11.48)

4
25373 412416 1.12 (1.12) 0.96 (3.22) 3 1.12 (1.12) 3.83 (11.48) 7
25373 406516 1.07 (1.07) 1.01 (3.23) 1.06 (1.06) 3.27 (11.46)
25373 413182 1.06 (1.06) 1.18 (3.26) 1.06 (1.06) 3.22 (11.46)
20298 333205 0.95 (0.95) 1.00 (3.29) 0.96 (0.94) 4.27 (11.87)
20300 330383 0.88 (0.88) 0.77 (3.29) 0.88 (0.88) 3.35 (11.85)

5 20298 330868 0.88 (0.88) 0.78 (3.30) 3 0.87 (0.87) 2.70 (11.85) 7
20298 328976 0.84 (0.83) 0.75 (3.31) 0.85 (0.84) 2.68 (11.87)
20298 323832 0.85 (0.85) 1.08 (3.32) 0.84 (0.84) 2.59 (11.85)
16915 277472 0.81 (0.82) 0.87 (3.27) 0.81 (0.81) 4.28 (11.95)
16915 276059 0.74 (0.74) 0.69 (3.24) 0.74 (0.74) 3.15 (11.94)

6
16915 274147 0.73 (0.74) 0.71 (3.24) 3 0.74 (0.74) 2.40 (11.93) 7
16915 269896 0.73 (0.73) 0.72 (3.24) 0.74 (0.74) 2.32 (11.94)
16915 274788 0.69 (0.68) 0.68 (3.24) 0.72 (0.72) 2.32 (11.94)
16917 274902 0.72 (0.72) 1.03 (3.26) 0.68 (0.68) 2.32 (11.93)

using C++ and tested in a homogeneous Beowulf cluster with 6 machine nodes (Core 2 Duo,
1 GB RAM) connected to a switched fast Ethernet network, as illustrated in Figure 5.

The multigrid V-cycle approach was applied as a resolution scheme to solve some
linear equations systems resulting from circuit simulations and finite elements electromag-
netic problems. The parallel method was also applied as a preconditioner for the iterative
biconjugate gradient stabilized (BiCGStab) method, which has been implemented using the
same vector updating approach.

The three first matrices are related to 3D finite element electromagnetic analysis. The
matrices 2cubes sphere and offshore are from a study of edge-based finite-element time domain
solvers for 3D electromagnetic diffusion equations. The dielFilterV2real is a real symmetric
matrix, which comes from a high-order vector finite element analysis of a 4th-pole dielectric
resonator [26]. The last real unsymmetric matrix is from circuit simulation problems from
Tim Davis sparse matrix collection [27]. The matrices properties are presented in Table 1.

6. Results

The problems were solved firstly using the sequential version of the proposed method. For
comparison, the BiCGStab method preconditioned by the incomplete LU was used.
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Table 4: Parallel results for offshore matrix.

np Nrows Nonzeros
PWAMG solver PWAMG BiCGStab

Setup time
CPU (Wtime)

Solver time
CPU (Wtime) n Setup time

CPU (Wtime)
Solver time

CPU (Wtime) n

O
ffs
ho
re

1 259789 4242673 16.67 18.42 6 16.69 21.17 10

2
129894 2120163 8.13 (8.12) 4.65 (7.71)

3
8.08 (8.08) 31.94 (46.27)

12129895 2122510 7.38 (7.38) 5.80 (7.71) 7.37 (7.37) 26.93 (46.28)
86596 1424747 5.13 (5.15) 3.46 (9.45) 5.07 (5.07) 31.0 (64.24)

3 86596 1410644 4.93 (4.93) 3.25 (9.50) 3 4.97 (4.97) 22.6 (64.19) 14
86597 1407282 5.01 (5.00) 4.97 (9.50) 4.90 (4.90) 20.6 (64.24)
64947 1065971 3.60 (3.61) 2.96 (8.74) 4.13 (4.12) 19.47 (60.21)

4
64947 1060994 4.15 (4.14) 2.67 (8.64)

3
3.74 (3.73) 19.31 (60.18)

1464947 1059169 3.42 (3.42) 2.73 (8.68) 3.54 (3.55) 16.98 (60.09)
64948 1056539 3.80 (3.80) 3.19 (8.74) 3.39 (3.38) 16.53 (60.13)
51957 858175 2.77 (2.76) 2.50 (8.76) 3.28 (3.28) 21.64 (60.97)
51957 847435 3.31 (3.30) 2.31 (8.74) 2.94 (2.94) 16.83 (60.94)

5 51957 846747 2.96 (2.95) 2.23 (8.77) 3 2.88 (2.87) 14.76 (60.90) 14
51957 845466 2.87 (2.87) 1.99 (8.80) 2.86 (2.85) 14.28 (60.94)
51961 844850 2.93 (2.93) 3.13 (8.81) 2.75 (2.75) 13.83 (60.97)
43298 715228 2.22 (2.21) 2.21 (8.87) 2.61 (2.61) 22.69 (61.66)
43298 709519 2.62 (2.61) 2.07 (8.90) 2.60 (2.60) 14.01 (61.60)

6
43298 707023 2.62 (2.61) 2.09 (8.90)

3
2.52 (2.52) 13.63 (61.65)

1343298 705998 2.20 (2.20) 1.87 (8.89) 2.51 (2.51) 13.59 (61.63)
43298 703621 2.54 (2.53) 1.98 (8.90) 2.20 (2.20) 12.52 (61.66)
43299 701284 2.29 (2.29) 3.09 (8.87) 2.18 (2.19) 12.29 (61.63)

The results are presented in Table 2. In all cases, the convergence is defined by
‖rn‖/‖b‖ < 10−6, where rn is the residual vector at the nth iteration and the right hand side
vector b is chosen so that the solution is a unitary vector. The setup and solver times are in
seconds, and n is the number of iterations.

The parallel results for the circuit simulation and electromagnetics problems are
presented in Tables 3, 4, 5, and 6 for the PWAMG solver and preconditioner. The setup
and solver times are in seconds and have been presented in the form t1 (t2), where t1 is
the processing time returned by the C clock() function and t2 is the total time spent in the
corresponding phase, which includes the MPI communication time and is measured using
the MPI function MPI Wtime().

In some cases the CPU and wall-clock times are nearly equal, which means that the
processes that are waiting for synchronization are still consuming full CPU time. Moreover,
the CPU time and the wall-clock time are practically the same in setup phase indicating
that there are no interprocessor communications during the setup. It is a great advantage
of the proposed approach since this phase is the most time-consuming task in multilevel
approaches, as can be seen in Table 2. For single processor algorithms the times t1 and t2 are
the same.
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Table 5: Parallel results for circuit5M dc matrix.

np Nrows Nonzeros
PWAMG solver PWAMG BiCGStab

Setup time
CPU (Wtime)

Solver time
CPU (Wtime) n Setup time

CPU (Wtime)
Solver time

CPU (Wtime) n

ci
rc
ui
t5
M

dc

1 3523317 14865409 47.4 14.37 3 61.30 45.49 2

2
1761659 8279908 27.73 (27.89) 5.86 (21.51)

3
27.76 (27.90) 14.37 (37.37)

21761658 6585501 11.94 (11.94) 10.56 (21.24) 11.96 (11.94) 6.63 (40.58)
1174439 5531627 19.83 (19.84) 4.88 (27.07) 19.83 (19.82) 5.24 (27.43)

3 1174439 4956074 10.95 (10.95) 3.79 (27.05) 3 10.96 (10.95) 4.8 (26.59) 2
1174439 4377708 8.03 ( 8.03) 4.07 (26.25) 8.03 (8.02) 4.1 (27.39)
880829 4249964 15.27 (15.27) 4.38 (26.34) 15.24 (15.31) 6.31 (28.30)

4
880829 4029944 11.09 (11.09) 3.61 (26.90)

3
10.99 (10.99) 4.66 (27.14)

2880829 3302046 6.09 (6.09) 3.20 (26.90) 6.23 (6.22) 3.99 (27.70)
880830 3283455 6.27 (6.27) 6.08 (26.29) 6.09 (6.09) 3.67 (28.30)
704663 3136583 12.24 (12.25) 4.04 (26.60) 12.24 (12.24) 10.08 (27.01)
704663 2907582 9.88 (9.88) 3.48 (26.59) 9.87 (9.87) 4.40 (26.95)

5 704663 2607145 6.22 (6.21) 3.15 (26.22) 2 6.14 (6.14) 3.83 (26.89) 2
704663 3577997 4.97 (4.96) 3.05 (26.69) 4.94 (4.94) 3.51 (26.54)
704665 2636102 4.92 (9.92) 9.67 (26.69) 4.94 (4.94) 3.31 (27.02)
587219 3002895 10.11 (10.12) 3.81 (27.08) 10.07 (10.08) 9.23 (30.16)
587219 2748283 8.40 (8.39) 3.26 (27.04) 8.39 (8.39) 4.20 (30.26)

6
587219 2528726 6.81 ( 6.80) 3.18 (27.44)

2
6.77 (6.77) 3.79 (30.19)

2587219 2207789 4.23 (4.24) 2.95 (27.83) 4.26 (4.25) 3.35 (30.19)
587219 2182690 4.14 (4.15) 2.89 (28.23) 4.26 (4.25) 3.50 (28.99)
587222 2195026 4.26 (4.26) 5.57 (28.23) 4.14 (4.14) 3.27 (29.39)

Three important aspects related to the parallel results should be highlighted.

(1) The proposed method uses a hybrid Jacobi Gauss-Seidel method as a smoother
and a coarse system solver. This method applies the Gauss-Seidel method inside
each processor and the Jacobi method between processors. So, as the number of
processors increases, both smoother and coarse solvers become different. Also in
the sequential version of the method this approach has not been reproduced. This
can help us to explain the difference in the number of iterations in the parallel and
sequential versions.

(2) The way in which the matrices are split between the processors (the same number
of rows) may cause load unbalance in some cases that can affect the overall
performance of the method. For the matrix circuit5M dc, for example, the number
of nonzero elements in the processor one is 25% larger than in the processor two,
when 2 processors are used. A new way to divide the matrix among the processors
should be investigated.

(3) Despite the use of a homogeneous Beowulf cluster, the type of network connection
based on a switched fast Ethernet network shows to be an important bottleneck.
So, the effects of the fast Ethernet connection on the results should be evaluated
separately. In order to do so, the time(p) required by the solver phase execution
on p processors, in which there is interprocessors communication, was evaluated
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considering a relative time in relation to the MPI π calculation example [25]. It
means the time(p) is defined as (6.1)

time
(
p
)

=
wtime

(
p
)

π-time
(
p
) , (6.1)

in which wtime(p) is the total time spent in the setup phase, which includes the MPI
communication time and is measured using the MPI function MPI Wtime(), and π-time(p)
is the time spent by the MPI π example, both with p processors. As an example, Table 7
presents the values of π-time(p), wtime(p), time(p) and speedup(p), p = 1, . . . , 6, for the
matrix 2cubes sphere, which were used to create the illustration in Figure 6(a). The values of
π-time(p) were obtained as the mean of 5 runs. All the other results in Figure 6 were derived
in a similar way.

As usual, the absolute speedup Sp is used for analyzing the parallel performance, and
it is defined as (6.2)

Sp = speedup
(
p
)
=
time(1)
time

(
p
) , (6.2)

in which time(1) is the time spent by the best sequential algorithm and time(p) as defined in
(6.1).

As the MPI π example uses only point-to-point communication functions, the relative
time approach can help to clarify if the apparent poor scalability is due to a high collective
communication cost or mainly due to the type of network connection used.

The solver and preconditioner speedups are illustrated in Figure 6 for the matrices
circuit5M dc, 2cubes sphere, and offshore.

7. Conclusions

The PWAMG method, proposed in this work, has been applied as a black-box solver and
preconditioner in some circuit simulations and finite element electromagnetic problems with
good results.

An important characteristic of the proposed approach is its small demand for
interprocessors communication. Actually, no communication is required in the setup phase
if first-order filters are used. This characteristic is confirmed by the results for setup time
presented in Tables 3–6, observing that the times measured by MPI Wtime() and C clock()
functions are practically the same. It is a great advantage of the proposed approach since this
phase is the most time-consuming one.

In the solver phase, in which there is interprocessors communication, the numerical
results seem to show a poor performance with more than 2 processors, even when the number
of iterations does not increase by using more processors. These results can be caused in part
due to the use of a collective communication function to update the vector after the matrix
operations, which is motivated by the manner the matrix is divided between the processors.

In order to update the vector each processor should send and receive the part of the
vector to all of the other processors. Of course, when the number of processors increases, this
work also becomes larger.
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Table 6: Parallel results for dielFilterV2real matrix (not enough memory).

np Nrows Nonzeros
PWAMG solver

Setup time CPU (Wtime) Solver time CPU (Wtime) n

di
el
Fi
lt
er
V
2r
ea
l

1 1157456 48538952 — — —

2
578728 26710406 60.00 (182.0) 176.21 (1763.4)

4578728 21828546 34.46 (39.34) 86.20 (1759.74)
385818 19476388 36.92 (78.71) 98.12 (192.62)

3 385818 14529204 22.49 (22.54) 43.69 (192.13) 4
385820 14533360 22.18 (22.19) 54.49 (192.14)
289364 15807646 28.18 (28.39) 75.34 (108.75)

4
289364 10902962 16.61 (16.59) 32.17 (108.35)

4289364 10902760 16.79 (16.79) 33.26 (108.55)
289364 10925584 16.56 (16.58) 34.80 (108.75)
231491 13644000 24.42 (24.47) 64.90 (101.42)
231491 8751322 13.28 (13.28) 27.28 (101.41)

5 231491 8727696 13.30 (13.29) 28.07 (101.57) 4
231491 8710580 13.35 (13.34) 26.93 (101.72)
231492 8705354 13.25 (13.25) 35.10 (101.72)
192909 11858182 22.81 (38.14) 107.36 (176.56)
192909 7618206 11.76 (11.76) 47.08 (176.63)

6
192909 7295218 10.99 (10.99) 42.92 (176.76)

7192909 7255410 11.18 (11.18) 42.60 (176.76)
192909 7233986 11.07 (11.07) 42.53 (176.50)
192911 7277950 11.01 (11.01) 58.37 (176.50)

Table 7: Solver phase speedup using a relative time(p): example for matrix 2cubes sphere.

p = 1 p = 2 p = 3 p = 4 p = 5 p = 6
(A) wtime(p) 2.02 2.99 3.47 3.26 3.32 3.27
(B) π-time(p) 0.0000885 0.0002926 0.0003222 0.000997 0.001011 0.0009938
(C) time(p) = A/B 22824.86 10218.73 10769.71 3269.81 3283.88 3290.40
(D) speedup(p) 1.00 2.23 2.12 6.98 6.95 6.94

An alternative to overcome this problem may be to apply some graph partitioning
method and develop an approach in which each processor should communicate only with its
neighbors. Such approach is under development, and it is out of the scope of this paper.

However, the type of network connection based on a switched fast Ethernet network
shows to be an important bottleneck, and its effects should be evaluated separately. As the
MPIπ example uses only point-to-point communication functions, the relative time approach
can help to clarify if the apparent poor scalability is due to a high collective communication
cost or mainly due to the type of network connection used. The speedup results based on the
relative times show that the proposed approach is promising and that the kind of network
connection that has been used is maybe the most important drawback.

Moreover, in spite of the speedup being less than the linear in some cases, it is
important to mention an important aspect of this application: in the context of large sparse
linear system of equations, where this paper is inserted, the problems have large memory



Journal of Applied Mathematics 13

8
7
6
5
4
3
2
1

1 2 3 4 5 6 7

Sp
ee

d
up

Number of nodes

0

Setup
Solver
Linear

(a)

1 2 3 4 5 6

Sp
ee

d
up

Number of nodes

7

6

5

4

3

2

1

0

Setup
Solver
Linear

(b)

1 2 3 4 5 6 7

Number of nodes

Setup
Solver
Linear

30

25

20

15

10

5

0

Sp
ee

d
up

(c)

1 2 3 4 5 6

Number of nodes

Sp
ee

d
up

7
6
5
4
3
2
1
0

Setup
Solver
Linear

(d)

1 2 3 4 5 6 7

Number of nodes

8
7
6
5
4
3
2
1

Sp
ee

d
up

0

Setup
Solver
Linear

(e)

1 2 3 4 5 6

Number of nodes

Setup
Solver
Linear

25

20

15

10

5

0

Sp
ee

d
up

(f)

Figure 6: Speedup for 2cubes sphere solver (a) and preconditioner (b), offshore solver (c) and preconditioner
(d), and circuit5M dc solver (e) and preconditioner (f).

requirements. In these cases, as presented in [28], the speedup necessary to be cost effective
can be much less than linear. The parallel program does not need p times memory of the unit
processor, since parallelizing a job rarely multiplies its memory requirements by p.
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Finally, the number of iteration of the proposed method seems to be independent of the
number of processors. However, it is necessary to carry out more tests with a larger number of
processors in order to draw more definitive conclusions. Nowadays, the authors are looking
for new resources and/or partnerships to enable the continuation of this work.
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The present paper describes a parallel preconditioned algorithm for the solution of partial eigen-
value problems for large sparse symmetric matrices, on parallel computers. Namely, we consider
the Deflation-Accelerated Conjugate Gradient (DACG) algorithm accelerated by factorized-
sparse-approximate-inverse- (FSAI-) type preconditioners. We present an enhanced parallel im-
plementation of the FSAI preconditioner and make use of the recently developed Block FSAI-IC
preconditioner, which combines the FSAI and the Block Jacobi-IC preconditioners. Results onto
matrices of large size arising from finite element discretization of geomechanical models reveal
that DACG accelerated by these type of preconditioners is competitive with respect to the available
public parallel hypre package, especially in the computation of a few of the leftmost eigenpairs. The
parallel DACG code accelerated by FSAI is written in MPI-Fortran 90 language and exhibits good
scalability up to one thousand processors.

1. Introduction

The computation by iterative methods of the s partial eigenspectrum of the generalized eigen-
problem:

Au = λBu, (1.1)

where A,B ∈ R
n×n are large sparse symmetric positive definite (SPD) matrices, is an

important and difficult task in many applications. It has become increasingly widespread
owing to the development in the last twenty years of robust and computationally efficient
schemes and corresponding software packages. Among the most well-known approaches for
the important class of symmetric positive definite (SPD) matrices are the implicitly restarted
Arnoldi method (equivalent to the Lanczos technique for this type of matrices) [1, 2],
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the Jacobi-Davidson (JD) algorithm [3], and schemes based on preconditioned conjugate
gradient minimization of the Rayleigh quotient [4, 5].

The basic idea of the latter is to minimize the Rayleigh Quotient

q(x) =
xTAx
xTBx

. (1.2)

in a subspace which is orthogonal to the previously computed eigenvectors via a
preconditioned CG-like procedure. Among the different variants of this technique we
chose to use the Deflation-Accelerated Conjugate Gradient (DACG) scheme [4, 6] which
has been shown to be competitive with the Jacobi Davidson method and with the
PARPACK package [7]. As in any other approach, for our DACG method, the choice of
the preconditioning technique is a key factor to accelerate and, in some cases even to allow
for, convergence. To accelerate DACG in a parallel environment we selected the Factorized
Sparse Approximate inverse (FSAI) preconditioner introduced in [8]. We have developed
a parallel implementation of this algorithm which has displayed excellent performances on
both the setup phase and the application phase within a Krylov subspace solver [9–11]. The
effectiveness of the FSAI preconditioner in the acceleration of DACG is compared to that of
the Block FSAI-IC preconditioner, recently developed in [12], which combines the FSAI and
the Block Jacobi-IC preconditioners obtaining good results on a small number of processors
for the solution of SPD linear systems and for the solution of large eigenproblems [13]. We
used the resulting parallel codes to compute a few of the leftmost eigenpairs of a set of test
matrices of large size arising from Finite Element discretization of geomechanical models.
The reported results show that DACG preconditioned with either FSAI or BFSAI is a scalable
and robust algorithm for the partial solution of SPD eigenproblems. The parallel performance
of DACG is also compared to that of the publicly available parallel package hypre [14] which
implements a number of preconditioners which can be used in combination with the Locally
Optimal Block PCG (LOBPCG) iterative eigensolver [15]. The results presented in this paper
show that the parallel DACG code accelerated by FSAI exhibits good scalability up to one
thousand processors and displays comparable performance with respect to hypre, specially
when a low number of eigenpairs is sought.

The outline of the paper is as follows: in Section 2 we describe the DACG Algorithm;
in Sections 3 and 4 we recall the definition and properties of the FSAI and BFSAI
preconditioners, respectively. Section 5 contains the numerical results obtained with the
proposed algorithm in the eigensolution of very large SPD matrices of size up to almost 7
million unknowns and 3×108 nonzeros. A comparison with the hypre eigensolver code is also
included. Section 6 ends the paper with some conclusions.

2. The DACG Iterative Eigensolver and Implementation

The DACG algorithm sequentially computes the eigenpairs, starting from the leftmost one
(λ1,u1). To evaluate the jth eigenpair, j > 1, DACG minimizes the Rayleigh Quotient (RQ) in
a subspace orthogonal to the j − 1 eigenvectors previously computed. More precisely, DACG
minimizes the Rayleigh Quotient:

q(z) =
zTAz
zTz

, (2.1)
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Choose tolerance ε, set U = 0.
DO j = 1, s

(1) Choose x0 such that UTx0 = 0; set k = 0, β0 = 0;
(2) xA0 = Ax0, γ = xT0 x

A
0 , η = xT0 x0, q0 ≡ q(x0) = γ/η, r0 = xA0 − q0x0;

(3) REPEAT
(3.1) gk ≡ ∇q(xk) = (2/η)rk ;
(3.2) gM

k
=Mgk ;

(3.3) IF k > 0 THEN βk = gT
k
(gM

k
− gM

k−1)/g
T
k−1g

M
k−1;

(3.4) p̃k = gM
k

+ βkpk−1;
(3.5) pk = p̃k −U(UT p̃k)
(3.6) pA

k
= Apk ,

(3.7) αk = argmint{q(xk + tpk)} = (ηd − γb +
√
Δ)/2(bc − ad), with

a = pT
k
xA
k
, b = pT

k
pA
k
, c = pT

k
xk, d = pT

k
pk ,

Δ = (ηd − γb)2 − 4(bc − ad)(γa − ηc);
(3.8) xk+1 = xk + αkpk, xAk+1 = xA

k
+ αkpAk ;

(3.9) γ = γ + 2aαk + bα2
k
, η = η + 2cαk + dα2

k
;

(3.10) qk+1 ≡ q(xk+1) = γ/η;
(3.11) k = k + 1;
(3.12) rk = xA

k
− qkxk

UNTIL (qk+1 − qk)/qk+1 < tol;
(4) λj = qk, uj = xk/

√
η, U = [U,uj].

END DO

Algorithm 1: DACG Algorithm.

where

z = x −Uj

(
UT
j x

)
, Uj =

[
u1, . . . ,uj−1

]
, x ∈ Rn. (2.2)

The first eigenpair (λ1,u1) is obtained by minimization of (2.1) with z = x(U1 = ∅). Indicating
with M the preconditioning matrix, that is, M ≈ A−1, the s leftmost eigenpairs are computed
by the conjugate gradient procedure [6] described in Algorithm 1.

The schemes relying on the Rayleigh quotient optimization are quite attractive for
parallel computations; however preconditioning is an essential feature to ensure practical
convergence. When seeking for an eigenpair (λj ,uj) it can be proved that the number of
iterations is proportional to the square root of the condition number ξj = κ(Hj) of the Hessian
of the Rayleigh quotient in the stationary point uj [4]. It turns out that Hj is similar to (A −
λjI)M which is not SPD. However, Hj operates on the orthogonal space spanned by the
previous eigenvectors, so that the only important eigenvalues are the positive ones. In the
non-preconditioned case (i.e., M = I) we would have

κ
(
Hj

) ≈ λN
λj+1 − λj . (2.3)

where in the ideal case M ≡ A−1, we have

κ
(
Hj

) ≈ λj

λj+1 − λj = ξj � λN
λj+1 − λj . (2.4)
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Therefore, even though A−1 is not the optimal preconditioner for A − λjI, however, if M is a
good preconditioner of A then the condition number κ(Hj) will approach ξj .

3. The FSAI Preconditioner

The FSAI preconditioner, initially proposed in [8, 16], has been later developed and
implemented in parallel by Bergamaschi and Martı́nez in [9]. Here, we only shortly recall
the main features of this preconditioner. Given an SPD matrix A the FSAI preconditioner
approximately factorizes its inverse as a product of two sparse triangular matrices as

A−1 ≈WTW. (3.1)

The choice of nonzeros inW is based on a sparsity pattern which in our work may be the same
as Ãd where Ã is the result of prefiltration [10] of A, that is, dropping of all elements below of
a threshold parameter δ. The entries of W are computed by minimizing the Frobenius norm
of I −WL, where L is the exact Cholesky factor of A, without forming explicitly the matrix L.
The computed W is then sparsified by dropping all the elements which are below a second
tolerance parameter (ε). The final FSAI preconditioner is therefore related to the following
three parameters: δ, prefiltration threshold; d, power of A generating the sparsity pattern
(we allow d ∈ {1, 2, 4} in our experiments); ε, postfiltration threshold.

3.1. Parallel Implementation of FSAI-DACG

We have developed a parallel code written in FORTRAN 90 and which exploits the MPI
library for exchanging data among the processors. We used a block row distribution of all
matrices (A,W , and WT), that is, with complete rows assigned to different processors. All
these matrices are stored in static data structures in CSR format.

Regarding the preconditioner computation, we stress that any row i of matrix W of
FSAI preconditioner is computed independently of each other, by solving a small SPD dense
linear system of size ni equal to the number of nonzeros allowed in row i of W . Some of
the rows which contribute to form this linear system may be nonlocal to processor i and
should be received from other processors. To this aim we implemented a routine called
get extra rows which carries out all the row exchanges among the processors, before starting
the computation of W , which proceed afterwards entirely in parallel. Since the number of
nonlocal rows needed by each processor is relatively small we chose to temporarily replicate
these rows on auxiliary data structures. Once W is obtained a parallel transposition routine
provides every processor with its part of WT .

The DACG iterative solver is essentially based on scalar and matrix-vector products.
We made use of an optimized parallel matrix-vector product which has been developed in
[17] showing its effectiveness up to 1024 processors.

4. Block FSAI-IC Preconditioning

The Block FSAI-IC preconditioner, BFSAI-IC in the following, is a recent development for the
parallel solution to Symmetric Positive Definite (SPD) linear systems. Assume that D is an
arbitrary nonsingular block diagonal matrix consisting of nb equal size blocks.
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Let SL and SBD be a sparse lower triangular and a dense block diagonal nonzero
pattern, respectively, for an n × n matrix. Even though not strictly necessary, for the sake
of simplicity assume that SBD consists of nb diagonal blocks with equal size m = n/nb and let
D ∈ R

n×n be an arbitrary full-rank matrix with nonzero pattern SBD.
Consider the set of lower block triangular matrices F with a prescribed nonzero pattern

SBL and minimize over F the Frobenius norm:

‖D − FL‖F, (4.1)

where L is the exact lower Cholesky factor of an SPD matrix A. A matrix F satisfying the
minimality condition (4.1) for a given D is the lower block triangular factor of BFSAI-IC.
Recalling the definition of the classical FSAI preconditioner, it can be noticed that BFSAI-IC
is a block generalization of the FSAI concept.

The differentiation of (4.1) with respect to the unknown entries [F]ij , (i, j) ∈ SBL, yields
the solution to n independent dense subsystems which, in the standard FSAI case, do not
require the explicit knowledge of L. The effect of applying F to A is to concentrate the largest
entries of the preconditioned matrix FAFT into nb diagonal blocks. However, asD is arbitrary,
it is still not ensured that FAFT is better than A in an iterative method, so it is necessary to
precondition FAFT again. As FAFT resembles a block diagonal matrix, an efficient technique
relies on using a block diagonal matrix which collects an approximation of the inverse of each
diagonal block Bib of FAFT .

It is easy to show that F is guaranteed to exist with SPD matrices and Bib is SPD, too
[12]. Using an IC decomposition with partial fill-in for each block Bib and collecting in J the
lower IC factors, the resulting preconditioned matrix reads

J−1FAFTJ−T =WAWT (4.2)

with the final preconditioner

M =WTW = FTJ−TJ−1F. (4.3)

M in (4.3) is the BFSAI-IC preconditioner of A.
For its computation BFSAI-IC needs the selection of nb and SL. The basic requirement

for the number of blocks nb is to be larger than or equal to the number of computing cores p.
From a practical viewpoint, however, the most efficient choice in terms of both wall clock time
and iteration count is to keep the blocks as large as possible, thus implying nb = p. Hence, nb
is by default set equal to p. By distinction, the choice of SL is theoretically more challenging
and still not completely clear. A widely accepted option for other approximate inverses, such
as FSAI or SPAI, is to select the nonzero pattern of Ad for small values of d on the basis of the
Neumann series expansion of A−1. Using a similar approach, in the BFSAI construction we
select SL as the lower block triangular pattern of Ad. As the nonzeros located in the diagonal
blocks are not used for the computation of F a larger value of d, say 3 or 4, can still be
used.
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Though theoretically not necessary, three additional user-specified parameters are
worth introducing in order to better control the memory occupation and the BFSAI-IC
density:

(1) ε is a postfiltration parameter that allows for dropping the smallest entries of F. In
particular, [F]ij is neglected if [F]ij < ε‖fi‖2, where fi is the ith row of F;

(2) ρB is a parameter that controls the fill-in of Bib and determines the maximum
allowable number of nonzeros for each row of Bib in addition to the corresponding
entries of A. Quite obviously, the largest ρB entries only are retained;

(3) ρL is a parameter that controls the fill-in of each IC factor L̃ib denoting the maximum
allowable number of nonzeros for each row of L̃ib in addition to the corresponding
entries of Bib .

An OpenMP implementation of the algorithms above is available in [18].

5. Numerical Results

In this section we examine the performance of the parallel DACG preconditioned by both
FSAI and BFSAI in the partial solution of four large-size sparse eigenproblems. The test
cases, which we briefly describe below, are taken from different real engineering mechanical
applications. In detail, they are as follows.

(i) FAULT-639 is obtained from a structural problem discretizing a faulted gas
reservoir with tetrahedral finite elements and triangular interface elements [19].
The interface elements are used with a penalty formulation to simulate the faults
behavior. The problem arises from a 3D discretization with three displacement
unknowns associated to each node of the grid.

(ii) PO-878 arises in the simulation of the consolidation of a real gas reservoir of the Po
Valley, Italy, used for underground gas storage purposes (for details, see [20]).

(iii) GEO-1438 is obtained from a geomechanical problem discretizing a region of the
earth crust subject to underground deformation. The computational domain is a
box with an areal extent of 50 × 50 km and 10 km deep consisting of regularly
shaped tetrahedral finite elements. The problem arises from a 3D discretization with
three displacement unknowns associated to each node of the grid [21].

(iv) CUBE-6091 arises from the equilibrium of a concrete cube discretized by a regular
unstructured tetrahedral grid.

Matrices FAULT-639 and GEO-1438 are publicly available in the University of Florida
Sparse Matrix Collection at http://www.cise.ufl.edu/research/sparse/matrices/.

In Table 1 we report sizes and nonzeros of the four matrices together with three of the
most significant eigenvalues for each problem.

The computational performance of FSAI is compared to the one obtained by using
BFSAI as implemented in [12]. The comparison is done evaluating the number of iterations
niter to converge at the same tolerance, the wall clock time in seconds Tprec and Titer for the
preconditioner computation, and the eigensolver to converge, respectively, with the total
time Ttot = Tprec + Titer. All tests are performed on the IBM SP6/5376 cluster at the CINECA
Centre for High Performance Computing, equipped with IBM Power6 processors at 4.7 GHz
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Table 1: Size, number of nonzeros, and three representative eigenvalues of the test matrices.

Size Nonzeros λ1 λ10 λN

FAULT-639 638,802 28,614,564 6.99 · 106 1.73 · 107 2.52 · 1016

PO-878 878,355 38,847,915 1.46 · 106 4.45 · 106 5.42 · 1015

GEO-1438 1,437,960 63,156,690 7.81 · 105 1.32 · 106 1.11 · 1013

CUBE-6091 6,091,008 270,800,586 1.82 · 101 3.84 · 102 1.05 · 1007

with 168 nodes, 5376 computing cores, and 21 Tbyte of internal network RAM. The FSAI-
DACG code is written in Fortran 90 and compiled with -O4 -q64 -qarch=pwr6 -qtune=pwr6
-qnoipa -qstrict -bmaxdata:0x70000000 options. For the BFSAI-IC code only an OpenMP
implementation is presently available.

To study parallel performance we will use a strong scaling measure to see how the
CPU times vary with the number of processors for a fixed total problem size. Denote with
Tp the total CPU elapsed times expressed in seconds on p processors. We introduce a relative

measure of the parallel efficiency achieved by the code, S(p)
p , which is the pseudo speedup

computed with respect to the smallest number of processors (p) used to solve a given
problem. Accordingly, we will denote by E(p)

p the corresponding efficiency:

S
(p)
p =

Tpp

Tp
, E

(p)
p =

S
(p)
p

p
=
Tpp

Tpp
. (5.1)

5.1. FSAI-DACG Results

In this section we report the results of our FSAI-DACG implementation in the computation
of the 10 leftmost eigenpairs of the 4 test problems. We used the exit test described in
the DACG algorithm (see Algorithm 1) with tol = 10−10. The results are summarized in
Table 2. As the FSAI parameters, we choose δ = 0.1, d = 4, and ε = 0.1 for all the test
matrices. This combination of parameters produces, on the average, the best (or close to
the best) performance of the iterative procedure. Note that the number of iterations does
not change with the number of processors, for a fixed problem. The scalability of the code
is very satisfactory in both the setup stage (preconditioner computation) and the iterative
phase.

5.2. BFSAI-IC-DACG Results

We present in this section the results of DACG accelerated by the BFSAI-IC preconditioner
for the approximation of the s = 10 leftmost eigenpairs of the matrices described above.

Table 3 provides iteration count and total CPU time for BFSAI-DACG with different
combinations of the parameters needed to construct the BFSAI-IC preconditioner for matrix
PO-878 and using from 2 to 8 processors. It can be seen from Table 3 that the assessment of
the optimal parameters, ε, ρB, and ρL, is not an easy task, since the number of iterations may
highly vary depending on the number of processors. We chose in this case the combination
of parameters producing the second smallest total time with p = 2, 4, 8 processors. After
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Table 2: Number of iterations, timings, and scalability indices for FSAI-DACG in the computation of the
10 leftmost eigenpairs of the four test problems.

p iter Tprec Titer Ttot S
(4)
p E

(4)
p

FAULT-639

4 4448 25.9 261.4 287.3
8 4448 13.2 139.0 152.2 7.6 0.94
16 4448 6.6 69.4 76.0 15.1 0.95
32 4448 4.0 28.2 32.2 35.7 1.11
64 4448 1.9 15.5 17.4 66.1 1.03
128 4448 1.1 9.4 10.5 109.0 0.85

PO-878

4 5876 48.1 722.5 770.6
8 5876 25.2 399.8 425.0 7.3 0.91
16 5876 11.4 130.2 141.6 21.8 1.36
32 5876 6.8 65.8 72.5 42.5 1.33
64 5876 4.1 30.1 34.1 90.3 1.41
128 5876 1.9 19.1 21.0 146.8 1.15

GEO-1437

4 6216 90.3 901.5 991.7
8 6216 47.5 478.9 526.4 7.5 0.94
16 6216 24.7 239.4 264.1 15.0 0.94
32 6216 13.6 121.0 134.6 29.5 0.92
64 6216 8.2 60.9 69.1 57.4 0.90
128 6216 4.2 29.5 33.8 117.5 0.92
256 6216 2.3 19.1 21.4 185.4 0.72

p iter Tprec Titer Ttot S
(16)
p E

(16)
p

CUBE-6091

16 15796 121.5 2624.8 2746.2
32 15796 62.2 1343.8 1406.0 31.3 0.98
64 15796 32.5 737.0 769.5 57.1 0.89
128 15796 17.3 388.4 405.7 108.3 0.85
256 15796 9.1 183.9 192.9 227.8 0.89
512 15796 5.7 106.0 111.7 393.5 0.77
1024 15796 3.8 76.6 80.4 546.6 0.53

intensive testing for all the test problems, we selected similarly the “optimal” values which
are used in the numerical experiments reported in Table 4:

(i) FAULT-639: d = 3, ε = 0.05, ρB = 10, ρL = 60,

(ii) PO-878 d = 3, ε = 0.05, ρB = 10, ρL = 10,

(iii) GEO-1438: d = 3, ε = 0.05, ρB = 10, ρL = 50,

(iv) CUBE-6091: d = 2, ε = 0.01, ρB = 0, ρL = 10.

The user-specified parameters for BFSAI-IC given above provide evidence that it is
important to build a dense preconditioner based on the lower nonzero pattern of A3 (except
for CUBE-6091, which is built on a regular discretization) with the aim at decreasing the num-
ber of DACG iterations. Anyway, the cost for computing such a dense preconditioner appears
to be almost negligible with respect to the wall clock time needed to iterate to convergence.

We recall that, presently, the code BFSAI-IC is implemented in OpenMP, and the results
in terms of CPU time are significant only for p ≤ 8. For this reason the number of iterations
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Table 3: Performance of BFSAI-DACG for matrix PO-878 with 2 to 8 processors and different parameter
values.

d ρB ε ρL
p = 2 p = 4 p = 8

iter Ttot iter Ttot iter Ttot

2 10 0.01 10 2333 385.76 2877 286.24 3753 273.77
2 10 0.05 10 2345 415.81 2803 245.42 3815 142.93
2 10 0.05 20 2186 370.86 2921 276.41 3445 257.18
2 10 0.00 10 2328 445.16 2880 241.23 3392 269.41
2 20 0.05 10 2340 418.20 2918 224.32 3720 253.98
3 10 0.05 10 2122 375.17 2638 228.39 3366 149.59
3 10 0.05 20 1946 433.04 2560 304.43 3254 263.51
3 10 0.05 30 1822 411.00 2481 321.30 3176 179.67
3 10 0.05 40 1729 439.47 2528 346.82 3019 188.13
4 10 0.05 10 2035 499.45 2469 350.03 3057 280.31

Table 4: Number of iterations for BFSAI-DACG in the computations of the 10 leftmost eigenpairs.

Matrix
nb

2 4 8 16 32 64 128 256 512 1024

FAULT-639 1357 1434 1594 2002 3053 3336 3553
PO-878 2122 2638 3366 4157 4828 5154 5373
GEO-1438 1458 1797 2113 2778 3947 4647 4850 4996
CUBE-6091 5857 6557 7746 8608 9443 9996 10189 9965

reported in Table 4 is obtained with increasing number of blocks nb and with p = 8 processors.
This iteration number accounts for a potential implementation of BFSAI-DACG under the
MPI (or hybrid OpenMP-MPI) environment as the number of iterations depends only on the
number of blocks, irrespective of the number of processors.

The only meaningful comparison between FSAI-DACG and BFSAI-DACG can be
carried out in terms of iteration numbers which are smaller for BFSAI-DACG for a small
number of processors. The gap between FSAI and BFSAI iterations reduces when the number
of processors increases.

5.3. Comparison with the LOBPCG Eigensolver Provided by hypre

In order to validate the effectiveness of our preconditioning in the proposed DACG algo-
rithm with respect to already available public parallel eigensolvers, the results given
in Tables 2 and 4 are compared with those obtained by the schemes implemented in
the hypre software package [14]. The Locally Optimal Block Preconditioned Conjugate
Gradient method (LOBPCG) [15] is experimented with, using the different preconditioners
developed in the hypre project, that is, algebraic multigrid (AMG), diagonal scaling (DS),
approximate inverse (ParaSails), additive Schwarz (Schwarz), and incomplete LU (Euclid).
The hypre preconditioned CG is used for the inner iterations within LOBPCG. For details
on the implementation of the LOBPCG algorithm, see, for instance, [22]. The selected
preconditioner, ParaSails, is on its turn based on the FSAI preconditioner, so that the different
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Table 5: Iterations and CPU time for the iterative solver of LOBPCG-hypre preconditioned by Parasails
with different values of bl and p = 16 processors.

Matrix
bl = 10 bl = 11 bl = 12 bl = 15

iter Titer iter Titer iter Titer iter Titer

FAULT-639 156 79.5 157 85.3 157 96.1 160 128.1
PO-878 45 117.0 41 131.6 38 151.3 35 192.6
GEO-1438 23 123.7 72 173.7 30 152.5 121 291.1
CUBE-6091 101 1670.5 143 2414.0 38 1536.7 35 1680.9

FSAI-DACG and ParaSails-LOBPCG performances should be ascribed mainly to the different
eigensolvers rather than to the preconditioners.

We first carried out a preliminary set of runs with the aim of assessing the optimal
value of the block size bl parameter, that is, the size of the subspace where to seek for the
eigenvectors. Obviously it must be bl ≥ s = 10. We fixed to 16 the number of processors
and obtained the results summarized in Table 5 with different values of bl ∈ [10, 15]. We
found that, only in problem CUBE-6091, a value of bl larger than 10, namely, bl = 12, yields
an improvement in the CPU time. Note that we also made this comparison with different
number of processors, and we obtained analogous results.

Table 6 presents the number of iterations and timings using the LOBPCG algorithm in
the hypre package. The LOBPCG wall clock time is obtained with the preconditioner allowing
for the best performance in the specific problem at hand, that is, ParaSails for all the problems.
Using AMG as the preconditioner did not allow for convergence in three cases out of four,
with the only exception of the FAULT-639 problem, in which the CPU timings were however
very much larger than using ParaSails.

All matrices have to be preliminarily scaled by their maximum coefficient in order to
allow for convergence. To make the comparison meaningful, the outer iterations of the differ-
ent methods are stopped when the average relative error measure of the computed leftmost
eigenpairs gets smaller than 10−10, in order to obtain a comparable accuracy as in the other
codes. We also report in Table 6 the number of inner preconditioned CG iterations (pcgitr).

To better compare our FSAI DACG with the LOBPCG method, we depict in Figure 1
the total CPU time versus the number of processor for the two codes. FSAI-DACG and
LOBPCG provide very similar scalability, being the latter code a little bit more performing
on the average. On the FAULT-639 problem, DACG reveals faster than LOBPCG, irrespective
of the number of processors employed.

Finally, we have carried out a comparison of the two eigensolvers in the computation
of only the leftmost eigenpair. Differently from LOBPCG, which performs a simultaneous
approximation of all the selected eigenpairs, DACG proceeds in the computation of the
selected eigenpairs in a sequential way. For this reason, DACG should be the better choice,
at least in principle, when just one eigenpair is sought. We investigate this feature, and the
results are summarized in Table 7. We include the total CPU time and iteration count needed
by LOBPCG and FSAI-DACG to compute the leftmost eigenpair with 16 processors. For the
LOBPCG code we report only the number of outer iterations.

The parameters used to construct the FSAI preconditioner for these experiments are as
follows:

(1) FAULT-639. δ = 0.1, d = 2, ε = 0.05,

(2) PO-878. δ = 0.2, d = 4, ε = 0.1,
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Figure 1: Comparison between FSAI-DACG and LOBPCG-hypre in terms of total CPU time for different
number of processors.

(3) GEO-1438. δ = 0.1, d = 2, ε = 0.1,

(4) CUBE-6091. δ = 0.0, d = 1, ε = 0.05.

These parameters differ from those employed to compute the FSAI preconditioner in the
assessment of the 10 leftmost eigenpairs and have been selected in order to produce a
preconditioner relatively cheap to compute. This is so because otherwise the setup time
would prevail over the iteration time. Similarly, to compute just one eigenpair with LOBPCG
we need to setup a different value for pcgitr, the number of inner iterations. As it can be seen
from Table 7, in the majority of the test cases, LOBPCG takes less time to compute 2 eigenpairs
than just only 1. FSAI-DACG reveals more efficient than the best LOBPCG on problems
PO-878 and GEO-1438. On the remaining two problems the slow convergence exhibited by
DACG is probably due to the small relative separation ξ1 between λ1 and λ2.
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Table 6: Number of iterations, timings, and scalability of LOBPCG-hypre preconditioned by Parasails.

p iter Tprec Titer Ttot S
(4)
p E

(4)
p

FAULT-639
pcgitr = 5

4 155 2.5 331.2 333.7
8 156 1.3 167.6 168.9 7.9 0.99
16 156 0.8 79.5 80.3 16.6 1.04
32 150 0.5 38.8 39.3 34.0 1.06
64 145 0.3 22.2 22.5 59.4 0.93
128 157 0.1 14.8 14.9 89.7 0.70

PO-878
pcgitr = 30

4 45 3.3 438.4 441.7
8 50 1.3 232.3 234.0 7.6 0.94
16 45 1.0 117.0 118.0 15.0 0.94
32 45 0.7 63.2 63.9 27.6 0.86
64 47 0.4 34.4 34.8 50.8 0.79
128 41 0.3 19.44 19.74 89.5 0.70

GEO-1438
pcgitr = 30

4 26 7.7 478.0 485.7
8 22 4.0 256.8 260.8 7.5 0.93
16 23 2.1 123.7 125.8 15.4 0.96
32 28 1.2 73.1 74.3 26.2 0.82
64 23 0.8 35.5 36.3 53.5 0.84
128 25 0.5 20.3 20.8 93.2 0.73
256 26 0.3 12.9 13.2 147.2 0.57

p iter Tprec Titer Ttot S
(16)
p E

(16)
p

CUBE-6091

16 38 9.2 1536.7 1545.9
32 36 4.7 807.5 812.2 30.5 0.95
64 38 3.2 408.2 411.4 60.1 0.94
128 41 1.6 251.4 253.0 97.8 0.76
256 35 0.9 105.9 106.8 231.6 0.90
512 39 0.6 65.3 65.9 375.3 0.73
1024 37 0.3 37.7 38.0 650.9 0.64

Table 7: Performance of LOBPCG-hypre with Parasails and 16 processors in the computation of the smallest
eigenvalue using bl = 1 and bl = 2 and FSAI-DACG.

LOBPCG, bl = 1 LOBPCG, bl = 2 FSAI-DACG

iter Ttot iter Ttot iter Ttot

FAULT-639 144 10.1 132 17.5 1030 15.4
PO-878 99 43.2 34 29.1 993 20.4
GEO-1493 55 40.2 26 37.3 754 27.0
CUBE-6091 144 5218.8 58 522.4 3257 561.1

6. Conclusions

We have presented the parallel DACG algorithm for the partial eigensolution of large and
sparse SPD matrices. The scalability of DACG, accelerated with FSAI-type preconditioners,
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has been studied on a set of test matrices of very large size arising from real engineering
mechanical applications. Our FSAI-DACG code has shown comparable performances with
the LOBPCG eigensolver within the well-known public domain package, hypre. Numerical
results reveal that not only the scalability achieved by our code is roughly identical to that
of hypre but also, in some instances, FSAI-DACG proves more efficient in terms of absolute
CPU time. In particular, for the computation of the leftmost eigenpair, FSAI-DACG is more
convenient in 2 problems out of 4.
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An algebraic multigrid (AMG) with aggregation technique to coarsen is applied to construct a
better preconditioner for solving Helmholtz equations in this paper. The solution process consists
of constructing the preconditioner by AMG and solving the preconditioned Helmholtz problems
by Krylov subspace methods. In the setup process of AMG, we employ the double pairwise
aggregation (DPA) scheme firstly proposed by Y. Notay (2006) as the coarsening method. We
compare it with the smoothed aggregation algebraic multigrid and meanwhile show shifted
Laplacian preconditioners. According to numerical results, we find that DPA algorithm is a good
choice in AMG for Helmholtz equations in reducing time and memory. Spectral estimation of
system preconditioned by the three methods and the influence of second-order and fourth-order
accurate discretizations on the three techniques are also considered.

1. Introduction

In this paper, the time-harmonic wave equation in 2D homogeneous media is solved nu-
merically. The essential equation is Helmholtz equation, which governs wave scattering and
propagation phenomena arising in acoustic problems in many areas, such as geophysics,
aeronautics, and optical problems. In particular, we are in search of solutions of the Helmholtz
equation discretized by the finite difference method. The discrete problem becomes extremely
large for very high wavenumber, because the number of gridpoints per wavelength should
be sufficiently large in order to result in accepted solutions. In this case, direct methods
are difficult to solve, and iterative methods are the interesting alternative. However, Krylov
subspace iterative methods are not competitive without a good preconditioner. In this paper,
we consider an algebraic multigrid with aggregation scheme as preconditioning to improve
the convergence of Krylov subspace iterative methods.
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In [1], Bayliss et al. proposed a preconditioner based on the Laplace operator for
solving the discrete Helmholtz equation efficiently with CGNR. In [2], Laird and Giles
proposed a preconditioner where an extra term is added to the Laplace operator for solving
the discrete Helmholtz equation. Subsequently, in [3], Erlangga et al. generalized the above
two kinds of preconditioners and obtained a new class of preconditioners, the so-called
“shifted Laplacican” preconditioner of the form −Δφ − αk2φ with α = −(β1 − β2i) ∈ C,
where i =

√−1 is the imaginary unit. In 2006, Erlangga et al. [4] compared multigrid
with incomplete LU used to approximate the shifted Laplacian preconditioner to construct
the final preconditioner for the inhomogeneous Helmholtz equation, and concluded that
multigrid applied to approximate the shifted Laplacian preconditioner with Bi-CGSTAB
resulted in a fast and robust method. In 2006, Erlangga et al. [5] proposed a multigrid
V (1, 1)-cycle with de Zeeuw’s prolongation operator, FW (full weighted) restriction, and
Jacobi smoothing with the relaxation parameter ω = 0.5. The smallest size of the parameter
β2 in front of the imaginary Helmholtz term in the preconditioner, for which the multigrid
method could be successfully employed, has been determined to β2 = 0.5 and meanwhile
β1 = 1. In 2007, Van Gijzen et al. [6] analyzed the spectral of the discrete Helmholtz
operator preconditioned with a shifted Laplacian, and proposed an optimal value for the
shift by combining the results of the spectral analysis with an upper bound on the GMRES
residual norm. In 2009, Umetani et al. [7] proposed a multigrid V (0, 1)-cycle with AMG’s
prolongation operator, FW restriction, and incomplete LU postsmoothing for a fourth-
order Helmholtz discretization based on [5]. The fourth-order accurate shifted Laplacian
preconditioner could be easily approximated by one V (0, 1)-cycle of multigrid and enables us
to choose a somewhat smaller imaginary shift parameter (β2 = 0.4) in the shifted Laplacian
preconditioner, which improves the solvers convergence (especially for high wavenumbers
on fine meshes). In 2007, Airaksinen et al. [8] proposed a preconditioner based on an
algebraic multigrid approximate of the inverse of a shifted Laplacian for the Helmholtz
equation. This is a generalization of the preconditioner proposed by Erlangga et al. in [5]. In
2010, Olson and Schroder [9] proposed a smoothed aggregation algebraic multigrid method
for 1D and 2D scalar Helmholtz problems with exterior radiation boundary conditions
discretized by 1D finite difference and 2D discontinues Galerkin. In the same year, Notay
[10] proposed an aggregation-based algebraic multigrid (AGMG) method, in which double
pairwise aggregation scheme firstly proposed by Notay in [11] is used.

We will consider using the double pairwise aggregation algorithm to coarsen in the
setup process of the general algebraic multigrid method in this paper in order to improve the
solution effects of Helmholtz problems.

This paper is organized as follows. In Section 2, we discuss the Helmholtz equation,
and the discrete finite difference formulations of second order and fourth order. The
iterative solution methods with the three different kinds of preconditionings are presented in
Section 3. Numerical results are reported in Section 4, and conclusions are given in Section 5.

2. The Helmholtz Equation and Discretizations

2.1. Mathematical Problem Definition

We solve wave propagations in a two dimensional medium in a unit domain governed by the
Helmholtz equation

−Δφ − k2(x, y
)
φ = g, Ω = [0, 1]2, (2.1)
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Table 1: Discretization steps related to wavenumbers.

k 10 20 30 40 50 60 70 80 90
h 1/16 1/32 1/48 1/64 1/80 1/96 1/112 1/128 1/144

where Δ ≡ ∂2/∂x2+∂2/∂y2 is the Laplace operator, φ(x, y) represents the pressure field in the
frequency domain, the source term is denoted by g, and k(x, y) is the wavenumber, which
is a constant in the homogeneous domain. Otherwise, the wavenumber k = ω/c(x, y) is
space dependent because of a spatially dependent speed of sound c(x, y) in a heterogeneous
medium. With angular frequency ω = 2πf (f is the frequency in Hertz), wavelength � is
defined by � = c/f . So the wavenumber k = 2π/�. The number of wavelengths in a domain
of size L equals L/�. nω, the number of points per wavelength, is typically chosen to be 10–12
points. A dimensionless discretization step reads h = �/(nωL), and therefore kh = 2π/(nωL).
With domain size L = 1, an accuracy requirement for second-order discretizations is that
kh ≤ π/5 (≈ 0.63) for nω = 10 points per wavelength, and kh ≤ 0.53 with nω = 12 points
per wavelength. We select combinations of wavenumber k and the discretization step h with
kh = 0.625, which is displayed in Table 1, in the latter numerical experiments.

The boundary condition can be the Dirichlet boundary condition or the first-order
radiation boundary condition, and they are, respectively, as follows:

φ = 0, on Γ = ∂Ω,
(
Dirichlet boundary condition

)
(2.2)

∂φ

∂n
− ikφ = 0, on Γ = ∂Ω, (Sommerfeld condition), (2.3)

where n is an outward direction normal to the boundary.

2.2. Finite Difference Discretizations

The Helmholtz equations are discretized either by a second-order or by a fourth-order finite
difference scheme, resulting in the linear system

Ahφh = bh, (2.4)

where φh and bh represent the discrete frequency-domain pressure field and the source,
respectively.

The well-known 5-point stencil related to a second-order (o(h2)) accurate discretiza-
tion for Helmholtz equation (2.1) reads

Ah � 1
h2

⎡

⎣
−1

−1 4 − (kh)2 −1
−1

⎤

⎦. (2.5)
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The fourth-order (o(h4)) accurate discretization named by HO discretization [12] for
Helmholtz equation (2.1) is given with stencil

AHO
h � 1

h2

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

−1
6

−2
3
− (kh)2

12
−1

6

−2
3
− (kh)2

12
−10

3
− 2(kh)2

3
−2

3
− (kh)2

12

−1
6

−2
3
− (kh)2

12
−1

6

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

, (2.6)

Compared with a second-order discretization method, a fourth-order discretization
method could make the number of grid points per wavelength be smaller and discrete
the equations to smaller matrices for the same level of accuracy. It is possible to lead to
an algorithm that is more efficient in terms of the accuracy of the solution versus the
computational cost. As in [7], the multigrid-based shifted Laplacian preconditioner with the
fourth-order discretization is preferable.

The boundary discretization is also considered, and we could employ the first-order
forward or backward scheme to approximate the first-order derivative in (2.3).

Next, we can obtain a linear system through substituting

Ahx = bh, Ah ∈ C
N×N, (2.7)

where Ah is a large, spare symmetric matrix and N is the number of grid points. The
matrix Ah remains positive definite as long as k2 is smaller than the minimum eigenvalue
of the discrete Laplacian, is indefinite with both positive and negative eigenvalues for large
values of k, and is complex-valued because of absorbing boundary conditions. However, it
is non-Hermitian. Apparently, the size of the linear system (2.7) gets very large for the high
frequency.

3. Iterative Solution Methods

3.1. Preconditioned Krylov Subspace Iterative Methods

Iterative methods for linear system (2.7) within the class of Krylov subspace method are
based on the construction of iterants in the subspace

Kj(A, r0) = span
{
r0, Ar0, A

2r0, . . . , A
j−1r0

}
, (3.1)

where Kj(A, r0) is the jth Krylov subspace associated with A and r0, r0 = b−Ax0, is the initial
residual.

The Bi-CGSTAB algorithm [13] is one of the better known Krylov subspace algorithms
for non-Hermitian problems, which has been used for Helmholtz problems, for example, in
[5, 8]. One of the advantages of Bi-CGSTAB, compared to full GMRES, is its limited memory
requirements. Bi-CGSTAB is based on the idea of computing two mutually biorthogonal bases
for the Krylov subspaces based on matrix Ah and its conjugate transpose AH

h and is easy to
implement.
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Without a preconditioner, Krylov subspace methods converge very slowly, or not at
all, for the problem of interest in [4]. So a preconditioner should be incorporated to improve
the convergence of Krylov subspace methods. By left preconditioning, one solves a linear
system premultiplied by a preconditioning matrix M−1

h ,

M−1
h Ah =M−1

h bh. (3.2)

The challenge is to find a form of matrix Mh, whose inverse matrix M−1
h

can be
efficiently approximated, such that M−1

h Ah has a spectrum that is favorable for Krylov
subspace iterative solution methods.

In this paper, we choose Bi-CGSTAB and GMRES with preconditionings to solve
discrete Helmholtz equations. In [3], GMRES is used to solve the Helmholtz equation with the
shifted Laplacian preconditioner and is compared with Bi-CGSTAB. As a result, Bi-CGSTAB
is preferable since the convergence for heterogeneous high wavenumber Helmholtz problems
is typically faster than that of GMRES.

3.2. Shifted Laplacian (SL) Preconditioners

In [5], a shifted Laplacian operator was proposed as a preconditioner for the Helmholtz
equation, with Mh defined as a discretization of

MSL = −∂xx − ∂yy + αk2(x, y
)
, α ∈ C, α = −(β1 − β2i

)
, (3.3)

and boundary conditions were set identically to those for the original Helmholtz equation.
The readers could refer to the related contents in [4, 7, 8, 14].

There are different choices of the parameter pair (β1, β2) such as (β1, β2) = (0, 0)
(Laplace preconditioner in [1]), (β1, β2) = (−1, 0) (Laird and Giles preconditioner in [2]),
(β1, β2) = (0, 1) (Erlangga et al. preconditioner in [3]), (β1, β2) = (1, 1) (basic parameter pair
choice). In [5], Erlangga et al. evaluated the influence of parameters β1 and β2 to the multigrid
method which was applied to approximate the shifted Laplacian operator to construct
the final preconditioner, and the proposed optimal parameter pair for the solver was that
(β1, β2) = (1, 0.5). Based on [5], Umetani et al. [7] considered using the fourth-order accurate
finite difference discretization with the result that the parameter pair (β1, β2) = (1, 0.4) is the
best choice. In this paper, we merely consider the shifted Laplacian preconditioners, without
the multigrid or incomplete LU method to approximate, which is not the same as that in
[5, 7]. So we will also choose that (β1, β2) = (1, 0.5) and (β1, β2) = (1, 0.3) for comparison with
the previously mentioned parameter pair (β1, β2) in the numerical experiments.

3.3. Smoothed Aggregation (SA) Preconditioning

In this section, we will present an overview of the smoothed aggregation setup algorithm.
The function of the SA setup phase is to construct coarse operators Ak through interpolation
operators

Pk : �nk+1 −→ �nk , (3.4)
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(1) t� = S
ν1
�

(ones(n, 1), 0)
(2) While � ≤ L
(3) [neighbour, hoods] = aggregate (n�,A�);
(4) [P ,t�+1] = qr(n�, t� ,hoods);
(5) S� = smoother (n�,A�,ω,neighbour);
(6) I�

�+1 = S�P ;
(7) A�+1 = (I�

�+1)
T
A�I

�
�+1;

(8) � = � + 1;
(9) Endwhile

Algorithm 1: SA setup (n�,A�, �).

where nk and nk+1 are sizes of two successively coarser grids. The initial matrix A0 associated
with the finest level equalsA. The inputs need the matrixA and one near null-space candidate
t that is intended to form the interpolation basis. t is an algebraically smooth mode that is slow
to relax on the fine mesh. The details are described in Algorithm 1.

When the current coarse level � ≤ L(L is the coarsest level), we gain two sets
respectively named by “neighbour” and “hoods.” The “neighbor [i]” includes the nodes
which are strongly connective to the node i, and the “hoods [i]” contains the nodes which
are in the ith aggregation set. Next, we reset t� according to “hoods,” and QR factorization
is applied to it in order to get the initial interpolation operator P and the next t�+1. Third,
we obtain the smooth operator S� according to the relative algorithm in [15]. Fourth, we
get the final interpolation operator I��+1, through the smooth operator S� is acted on the initial
interpolation operator P . Finally, we can easily obtain the coarse operatorA�+1. The interested
readers could consult the related contents in [9]. We will employ the SA setup algorithm in
AMG to approximate the original system in order to obtain the preconditioner and we name
this process by SA preconditioning.

3.4. Double Pairwise Aggregation (DPA) Preconditioning

An algebraic coarsening algorithm sets up an interpolation operator P only making use of the
information available in the fine grid matrixA. The interpolation operator P is a n×nc matrix,
where nc (nc ≤ n) is the number of coarse variables. With acted on by the interpolation
operator, a vector defined on the coarse variable set [1, nc] could be transferred on the fine
grid. The coarsen grid matrix Ac depends not only on the interpolation matrix P , but also on
the restriction matrix R and the fine grid matrix A. It is usual to take the restriction operator
R equals to the transpose of the interpolation operator P . Therefore, the coarsen grid matrix
Ac is computed from the Galerkin formula

Ac = RAP = PTAP. (3.5)

Coarsening by aggregation needs to define aggregates Gi, which are disjoint subsets of
the variable set. The number of these aggregations is the number of coarse variables nc, and
the interpolation operator P is given by

Pi,j =

{
1, if i ∈ Gj,

0, otherwise

(
1 ≤ i ≤ n, 1 ≤ j ≤ nc

)
. (3.6)
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Note that there is no need to explicitly form interpolation operator P , and the coarse
grid matrix is practically computed by

(Ac)i,j =
∑

k∈Gi

∑

�∈Gj

ak�
(
1 ≤ i, j ≤ nc

)
. (3.7)

The double pairwise aggregation algorithm was first proposed by Notay in [11], which
employed two passes of the pairwise aggregation algorithm, with the result of decreasing
the number of variables by a factor slightly less than four in most cases. Subsequently, we
will take the double pairwise aggregation scheme in the setup process of AMG, in order to
construct a better preconditioner with Bi-CGSTAB for discrete Helmholtz equations. We also
name this process by DPA preconditioning. The details of aggregation algorithms could be
consulted in [10, 11].

4. Experiments

We will consider the following problem and use a uniform mesh with constant mesh size h
in all directions. In the experiments, we will compare the three preconditionings combined
with Bi-CGSTAB or GMRES for solving discrete Helmholtz equations. The shifted Laplacian
preconditioner (SLP), the smoothed aggregation preconditioning (SAP), and the double
pairwise aggregation preconditioning (DPAP) are, respectively, introduced in Section 3. We
let that the iterative method is terminated at the kth step if ‖b −Axk‖2/‖b‖2 ≤ 10−6. All the
numerical results are from running relative Matlab programs in the computer with the CPU
of AMD Pentium Dual Core 4000+.

4.1. The Close-off Problem and Numerical Results

We consider a problem in a rectangular homogeneous medium governed by

−Δφ − k2φ = sin(πx) sin
(
πy
)

sin
(√

2πx
)

sin
(√

3πy
)
, x = [0, 1], y = [0, 1], (4.1)

φ = 0, at the boundaries.
Different grid resolutions are used to solve this problem with various wavenumbers

in Table 1.
Firstly, we will observe the distribution of eigenvalues of the systems preconditioned

by the three different preconditionings in order to estimate which preconditioning is best
combined with Krylov subspace iterative methods. Since the spectral analysis of shifted
Laplacian preconditioners (MSL)h with different parameter pairs (β1, β2) was considered
in many papers [5–7, 14] and (β1, β2) = (1, 0.5) is an almost better choice, we will only
present the distribution of eigenvalues of the system preconditioned by the shifted Laplacian
preconditioner (MSL)h with (β1, β2) = (1, 0.5) with second-order and fourth-order accurate
discretizations. We employ two-gird process to approximate V -cycle of AMG, and so
M−1

AMGA = I − S(I − PA−1
C P

TA)S, where I is unit matrix and S is smoothing matrix.
Second-order and fourth-order accurate discretizations are taken into account. Next, we note
preconditioners produced by the smoothed aggregation preconditioning and by the double
pairwise aggregation preconditioning separately as (MSA)h and (MDPA)h. In Figures 1(a),
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Figure 1: Spectral pictures.
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Table 2: Computational performance of GMRES with SLPs.

k
(β1, β2) = (0, 0) (β1, β2) = (−1, 0) (β1, β2) = (0, 1) (β1, β2) = (1, 0.5) (β1, β2) = (1, 0.3)

Iter T solve (s) Iter T solve (s) Iter T solve (s) Iter T solve (s) Iter T solve (s)
10 15 0.593 19 0.282 18 0.625 13 0.39 11 3.422
20 50 1.218 64 1.406 56 98.032 38 2.046 29 6.328
30 99 4.547 125 5.203 113 185.468 69 170.484 — —

Table 3: Computational performance of Bi-CGSTAB with SAP.

k
SAP (T O) SAP (F O)

Iter T setup (s) T solve (s) Iter T setup (s) T solve (s)
10 5 4.484 0.328 5 4.391 0.265
20 7 72.718 0.500 5 72.516 0.391
30 4 417.172 0.672 4 419.953 0.703
40 6 3114.88 14.578 6 1586.28 6.375

Note: presmooth = 0, postsmooth = 1, smoother = ILU, setup Alg = sagg, V cycle.

1(b), and 1(c) are, respectively, spectral pictures of (MSL)
−1
h Ah, (MSA)

−1
h Ah and (MDPA)

−1
h Ah

with second-order accurate discretization, and Figures 1(d), 1(e), and 1(f) are respectively
spectral pictures of (MSL)

−1
h Ah, (MSA)

−1
h Ah, and (MDPA)

−1
h Ah with fourth-order accurate

discretization. Meanwhile, we compute the condition number of the preconditioned systems,
and cond2((MSL)

−1
h Ah) = 211.1400, cond2((MSA)

−1
h Ah) = 1.3062, and cond2((MDPA)

−1
h Ah) =

1.3078 separately correspond to Figures 1(a), 1(b), and 1(c).
Next, we will present numerical results in Tables 2, 3, and 4 and explain the meaning

of signs in them. Tables 2, 3, and 4, respectively, show the computational performance of
GMRES with SLPs, Bi-CGSTAB with SAP, and Bi-CGSTAB with DPAP for solving the closed-
off problem with finite difference discretizations, in terms of the number of iterations and
computational time, to reach the specified convergence. We also test Bi-CGSTAB with SLPs,
but it leads to more iterations and solve time. So we do not present the corresponding
results. Meanwhile, we find that Bi-CGSTAB with SLPs when β1 = 1 and β2 in the interval
(0, 1) is better than GMRES, and the fourth-order accurate discretization could make the
iterative solution rate more quick. Nevertheless, we make the focus only on the second-order
accurate discretization for shifted Laplacian preconditioners, so the second-order accurate
discretization is used in Table 2. “Iter” denotes the number of iterations, and “—” means
that the corresponding experimental result is not given. “T setup (s),” and “T solve (s)”
respectively, denote the setup time of preconditioner and the time of iterative solution by the
second, and “T O” and “F O,” respectively, mean the second-order and fourth-order finite
difference discretizations shown in Section 2. The values of “presmooth” and “postsmooth”
respectively, denote the number of pre- and postsmoothing iterations in the solve process
of AMG, “smoother” denotes the chosen smoothing method, and “setup Alg” denotes the
coarsening algorithm used in the setup process of AMG.

4.2. Analysis of Numerical Results

We will analyze the numerical results from the following aspects.
Firstly, from Figure 1, by comparing pictures (a), (b), (c), we find that the eigenvalues

of (b) and (c) are more farther from zero point and more close with one, but the eigenvalues of
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Table 4: Computational performance of Bi-CGSTAB with DPAP.

k
DPAP(T O) DPAP(F O)

Iter T setup(s) T solve(s) Iter T setup(s) T solve(s)
10 3 0.968 0.547 3 0.922 0.453
20 3 2.938 0.531 2 3.313 0.421
30 2 9.031 0.578 3 10.844 0.812
40 3 22.828 1.265 4 29.969 1.703
50 4 57.391 2.859 3 70.594 2.125
60 3 113.17 3.344 11 144.844 12.032
70 4 202.578 7.000 6 273.75 14.375
80 3 339.531 7.547 5 453.469 12.281
90 4 561.031 13.766 8 723.343 40.765

Note: presmooth = 1, postsmooth = 1, smoother = ILU, setup Alg = dpagg, V cycle.

(b) contain zero point. So we could boldly deduce that DPAP and SAP are more beneficial for
Krylov subspace iterative method. Perhaps DPAP is better than SAP since the eigenvalues of
(b) contain zero point. Next, we contrast (a), (b), (c), respectively, with (d), (e), (f). We notice
that the higher accurate discretization is possible to improve the solution efficiency of SLP,
since the fourth-order discretization makes eigenvalues more close to one in (d), is probably
good for SAP for avoiding the zero point eigenvalue, and is likely bad for DPAP because
of appearing the zero point eigenvalue. As we all know, the larger the condition number of
matrix is, the worse the numerical stability of solution of the corresponding matrix equation
is. So the system preconditioned by the shifted Laplacian operator has worse numerical
stability, which means that the small change of the right hand will bring large change of
solution, since cond2((MSL)

−1
h Ah) = 211.1400 is much larger. It is perhaps the reason for using

multigrid or LU to approximate the shifted Laplacian operator to obtain final preconditioner,
such as [4, 5, 7, 8].

Secondly, from Table 2, we could easily see that the number and time of iterative
solution are both going up largely with the increasing wavenumber. The shifted Laplacian
preconditioner degenerates into the Laplace preconditioner when (β1, β2) = (0, 0). Next, we
find out that the number of iterations is smallest when (β1, β2) = (1, 0.3), but it is not best in
terms of the time of iterative solution. In general, the best choice is that (β1, β2) = (1, 0.5) by
considering both aspects of the number and time of iterative solution.

Thirdly, from Table 3, we find that the fourth-order accurate discretization only affects
the iterative solution a little, and it is little better than the second-order accurate discretization
when the wavenumber k = 10, 20, 40. However, only the low wavenumbers k are computed in
Table 3 because of the too long time of iterative solution or the inadequate memory for higher
wavenumbers. From Table 4, we discover that the fourth-order accurate discretization does
not evidently improve the efficiency of iterative solution and that the second-order accurate
discretization looks more stable in the aspect of the number of iterations. The fourth-order
accurate discretization improves the efficiency of iterative solution both on the sides of setup-
time and solve time when the wavenumber k = 10, 20 but costs more time and iterations for
the higher wavenumber k = 30, . . . , 90. So we could conclude that the second-order accurate
discretization combined with DPAP is preferable.

Finally, to compare results of Tables 2, 3, and 4, according to the number of iterations,
we can easily find that Bi-CGSTAB with DPAP and second-order accurate discretization is
preferable. However, presmooth = 0 is chosen in Table 3, and, when we take presmooth
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= 1 for Bi-CGSTAB with SAP, the iterative steps will be smaller but still not better than Bi-
CGSTAB with DPAP, with leading to the longer solve time for the added smoothing process.
Following, we contrast solve time and setup time with second-order accurate discretization
in Tables 2, 3, and 4. Then, we see that GMRES with SLP with (β1, β2) = (−1, 0) need the
least solve-time for wavenumber k = 10, Bi-CGSTAB with SAP has the least time of iterative
solution for wavenumber k = 20, and Bi-CGSTAB with DPAP has the quickest iterative
rate for wavenumber k = 30, 40. SAP has much more setup time than DPAP for the same
wavenumber, and setup time of SAP increases more rapidly than that of DPAP. Though setup
time will lead to the whole solution time longer, if there are some matrix equations with
the same left matrix and the different right hands, DPAP will excel for higher wavenumber
because of needing the setup process once. The results of preconditioning for wavenumber
k = 50, . . . , 90 are only shown in Table 4, and the reason is that the larger the wavenumber k
is, the longer the solution time is for higher wavenumber. So we do not present the results for
the higher wavenumber in Tables 2 and 3 due to the limited experiment condition. Next, we
observe that, with the increasing wavenumber k, the number of iterative solution changes
between linearly and squarely in Table 2, but it fluctuates between 4 and 7 in Table 3 and
between 2 and 4 in Table 4. In other words, the number of iterative solution is not related to
the wavenumber k when Bi-CGSTAB with DPAP and SAP is employed. In contrast with Bi-
CGSTAB with SAP in Table 3, Bi-CGSTAB with DPAP in Table 4 makes the time of iterative
solution change more slowly while the wavenumber k is increasing.

5. Conclusions

As is known to all, Helmholtz equations are difficult to solve, especially with high wavenum-
bers. The reason is that the high wavenumber is able to make the corresponding matrices of
Helmholtz equations highly indefinite. The original Krylov subspace iterative method is not
efficient to solve these problems. Preconditioning is needed to apply into Krylov subspace
iterative methods in order to improve the efficiency of solution. We consider using the
algebraic multigrid method to construct the preconditioner and look for a concrete AMG
method which is fit for Helmholtz problems. According to numerical results and analysis
in Section 4, the double pairwise aggregation is applied in the setup process of AMG and
finally better results are gained. Meanwhile, the number of iterative solution is independent
on the wavenumber, with the result that Helmholtz equations with high wavenumbers can be
solved more efficiently in terms of time and memory. The methods that are Bi-CGSTAB with
DPAP and with SAP get fewer number of iterative solution however, SAP prolongs the setup
time in contrast with DPAP. The two kinds of preconditionings are obviously more efficient
than the shifted Laplacian preconditioners. In view of the above, we can draw the conclusion
that the double pair aggregation algorithm in the setup process of AMG is a good choice to
solve Helmholtz equations especially with high wavenumbers. Though only the 2 D close-off
problem with Dirichlet boundary condition is experimented in Section 4, this conclusion is
also possible to generalize to Helmholtz equations with other boundary conditions.
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We study the preconditioned iterative method for the unsteady Navier-Stokes equations. The
rotation form of the Oseen system is considered. We apply an efficient preconditioner which
is derived from the Hermitian/Skew-Hermitian preconditioner to the Krylov subspace-iterative
method. Numerical experiments show the robustness of the preconditioned iterative methods
with respect to the mesh size, Reynolds numbers, time step, and algorithm parameters. The
preconditioner is efficient and easy to apply for the unsteady Oseen problems in rotation form.

1. Introduction

We study the numerical solution methods of the incompressible viscous fluid problems with
the following form:

∂u
∂t
− νΔu + (u · ∇)u +∇p = f in Ω × (0,Γ], (1.1)

∇ · u = 0 in Ω × [0,Γ], (1.2)

Bu = g on ∂Ω × [0,Γ], (1.3)

u(x, 0) = u0 in Ω. (1.4)

Equations (1.1) to (1.4) are also known as the Navier-Stokes equations. Here Ω is an
open set of R

d, where d = 2, or d = 3, with boundary ∂Ω; the variable u = u(x, t) ∈ R
d

is a vector-valued function representing the velocity of the fluid, and the scalar function
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p = p(x, t) ∈ R represents the pressure. The pressure field, p, is determined up to an additive
constant. To uniquely determine p, we may impose some additional condition, such as

∫

Ω
p dx = 0. (1.5)

The source function f is given on Ω. Here ν > 0 is a given constant called the kinematic
viscosity, which is ν = O(Re−1). Re is the Reynolds number: Re = VL/ν, where V denotes the
mean velocity, and L is the diameter of Ω, see [1]. Also, Δ is the (vector) Laplacian operator in
d dimensions,∇ is the gradient operator, and∇· is the divergence operator. In (1.3) B is some
boundary operator; for example, the Dirichlet boundary condition u = g; Neumann boundary
condition ∂u/∂n = g, where n denotes the outward-pointing normal to the boundary, or a
mixture of the two.

We use fully implicit time discretization and picard linearization to obtain a sequence
of Oseen problems, that is, linear problems of the form

αu − νΔu + (v · ∇)u +∇p = f in Ω, (1.6)

∇ · u = 0 in Ω, (1.7)

Bu = g on ∂Ω. (1.8)

Here v is a known divergence-free vector obtained from the previous linearized step
(e.g., v = uk). We call the vector v the wind function. In addition, α = O(1/δt) where δt is the
time step. Equations (1.6)–(1.8) are referred to as the Oseen problem.

We can use either finite element or finite different methods to discretize (1.6)–(1.8).
The resulting discrete systemAu = b has the form

[
A BT

B −C

][
u

p

]

=

[
f

g

]

. (1.9)

In this paper, we are interested in an alternative linearization of the steady-state
Navier-Stokes equation. Based on the identity

(u · ∇)u =
1
2
∇(u · u) + (∇ × u) × u. (1.10)

In order to linearize it, we replace u in one place with a known divergence-free vector v which
can be the solution obtained from the previous Picard iteration. In this case we have

(v · ∇)u ≈ 1
2
∇(u · u) + (∇ × v) × u. (1.11)
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After substituting the right-hand side into (1.6), we find that the corresponding
linearized equations have the following form:

∂u
∂t
− νΔu +w × u +∇P = f in Ω × (0, T], (1.12)

∇ · u = 0 in Ω × [0, T], (1.13)

Bu = g on ∂Ω × [0, T], (1.14)

u(x, 0) = u0 in Ω, (1.15)

where P = p + (1/2)‖u‖2
2 is the so-called Bernoulli pressure. For the two-dimensional case

w× =

(
0 w

−w 0

)

, (1.16)

where w = ∇ × v = −∂v1/∂x2 + ∂v2/∂x1 is a scalar function.
In the three-dimensional case, we have

w× =

⎛

⎜⎜
⎝

0 −w3 w2

w3 0 −w1

−w2 w1 0

⎞

⎟⎟
⎠, (1.17)

here (w1, w2, w3) = w = ∇ × v, where wi denotes the ith component of ∇ × v. Assume
v = (v1, v2, v3), then we have the formal expression of w

∇ × v =

∣∣∣∣∣∣∣∣∣

i j k

∂

∂x

∂

∂y

∂

∂x
v1 v2 v3

∣∣∣∣∣∣∣
∣∣

. (1.18)

Here the divergence-free vector field v again denotes the approximate velocity from
the previous Picard iteration. Note that when the “wind” function v is irrotational (∇×v = 0),
(1.12)–(1.14) reduce to the Stokes problem. It is not difficult to see that the linearizations (1.6)–
(1.8) and (1.12)–(1.14), although both conservative, are not mathematically equivalent. The
momentum equation (1.12) is called the rotation form. We can see that no first-order terms
in the velocities appear in (1.12); on the other hand, the velocities in the d scalar equations
comprising (1.12) are now coupled due to the presence of the term w×u. The disappearance of
the convective terms suggests that the rotation form (1.12) of the momentum equations may
be advantageous over the standard form (1.6) from the linear solution point of view. This
observation was first made by Olshanskii and his coworkers in [2–5]. In their papers, they
showed the advantages of the rotation form over the standard convection form in several
aspects.
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Figure 1: Sparsity patterns for different types of the Oseen problem in rotation form.

After we discretize the Oseen problem in rotation form (1.12)–(1.14), we obtain the
sparse linear systemAx = b, where

A =

[
A BT

B 0

]

. (1.19)

Here A = L + K, where L is the discretization of the operator α − νΔ, and matrix K is
the discretization of the term w×, where w = ∇ × v. In the 2D case,

K =

[
0 D

−D 0

]

. (1.20)

The rectangular matrix B is the discretization of the negative divergence, and BT is the
discretization of the gradient.

If we use a finite difference method, like Mac and Cell (MAC), see [6], then D is a
diagonal matrix where its diagonal elements are the values of w evaluated at the grid edges.
Matrix D is a weighted mass matrix if a finite element method is used. In the 3D case, we
have

K =

⎡

⎢⎢
⎣

0 −D3 D2

D3 0 −D1

−D2 D1 0

⎤

⎥⎥
⎦. (1.21)

Again matrices D1,D2, and D3 are all diagonal matrices or weighted mass matrices.
Typical sparsity patterns forA in the 2D and 3D case are displayed in Figures 1(a) and 1(b).

For some discretization methods, a stabilization matrix needs to be added to the (2,2)
block of A, namely, a matrix −C, where C is a symmetric positive semidefinite diagonal or
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Figure 2: Sparsity patterns for different types of the 2D Oseen problem in convection form.

scaled mass matrix, or scaled Laplacian with small norm. Figures 2(a) and 2(b) show the
sparsity pattern for the coefficient matrixA with or without stabilization term in the 2D case.
Such a stabilization is not necessary for the MAC discretization.

To solve the system Ax = b, we can consider the Krylov subspace methods
with the preconditioning. Many powerful preconditioning techniques have been explored
for the generalized Oseen problems, for example, Uzawa-type preconditioner, block and
approximate schur complement preconditioner, pressure preconditioner, and so forth, see
[7–11] for more details. However, there is no “best” preconditioner for the saddle point
system. To find the “best” preconditioner, we would like to find a preconditioner P , such that
the rate of convergence of the preconditioned Krylov subspace matrix is low and bounded
independent of the mesh size, viscosity ν and time step α. In addition, the cost of the
preconditioning steps must be low. In this paper, we describe such a new preconditioner
that satisfies the above requirements in most of cases and demonstrate its utility.

A summary of the paper is as follows. Section 2 demonstrates the Alternative
Hermitian and Skew-Hermitian (AHSS) preconditioner; studies some of its convergence
properties and the application of the HSS preconditioner for Krylov subspace methods;
Section 3 shows the results of a series of numerical experiments. Finally, section 4 summarizes
the approach and future work.

2. The Alternative HSS Preconditioner

The alternative HSS preconditioner is based on the nonsymmetric formulation

[
A BT

−B 0

][
u

p

]

=

[
f

−g

]

. (2.1)

We have analyzed the advantages of the nonsymmetric formulation in [12]. We gain positive
(semi)-definiteness in this case. By changing the sign in front of the (2, 1) and (2, 2) blocks,
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we obtain an equivalent linear system with a matrix whose spectrum is entirely contained in
the half-plane�(z) > 0. (Here we use�(z) to denote the real part of z ∈ C).The spectra of the
nonsymmetric formulation is more friendly to the convergence of Krylov subspace iterations.
For an example, GMRES methods, see [13, 14].

We have investigated the preconditioner based on the Hermitian and Skew-Hermitian
splitting methods for the Navier-Stokes problem, see [12, 15, 16]. However, the HSS precon-
ditioner still has some problems. When the time step is not small enough or the viscosity is
relative larger, the iteration number increases a lot. Therefore, we are trying to find another
preconditioner which works better than the HSS preconditioner. We find out that if we use
a different splitting of the coefficient matrix, we can get a very good results. The following
splitting is the new preconditioner we will introduce in the paper. Letting H ≡ (1/2)(A+AT )
and K ≡ (1/2)(A −AT ), we have the following splitting ofA into two parts:

A =

[
A BT

−B 0

]

=

[
H BT

−B 0

]

+

[
K 0

0 0

]

. (2.2)

We denote

H =

[
H BT

−B 0

]

, K =

[
K 0

0 0

]

. (2.3)

Therefore, we defined the preconditioner as the following:

Pρ =
1

2ρ
(H + In+m)(K + In+m). (2.4)

Here In+m denotes the identity matrix of order n +m, and ρ > 0 is a parameter.
Similar in spirit to the classical ADI (alternating-direction implicit) method, we con-

sider the following two splittings of Â:

A =
(H + ρI) − (ρI −K), A =

(K + ρI) − (ρI −H). (2.5)

Here I denotes the identity matrix of order n +m. Note that

H + ρI =

[
H + ρIn BT

B ρIm

]

(2.6)

is the shifted discretized Stokes problem, where In denotes the identity matrix of order n, and
Im denotes the identity matrix of order m. We obtian that

K + ρI =

[
K + ρIn 0

0 ρIm

]

(2.7)

is nonsingular and has positive definite symmetric part.
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Alternating between these two splittings leads to the the following iteration:

(H + ρI)uk+1/2 =
(
ρI −K)uk + b̂,

(K + ρI)uk+1 =
(
ρI −H)uk+1/2 + b̂,

(2.8)

(k = 0, 1, . . .). Here b̂ denotes the right-hand side of (1.9); the initial guess u0 is chosen
arbitrarily. Elimination of uk+1/2 from (2.8) leads to a stationary (fixed-point) iteration of the
form

uk+1 = Tρuk + c, k = 0, 1, . . . , (2.9)

where Tρ = (K + ρI)−1(ρI − H)(H + ρI)−1(ρI − K) is the iteration matrix and c := (S +
ρI)−1(ρI−H)(H+ρI)−1(ρI−S). The iteration converges for arbitrary initial guesses u0 and
right-hand sides b to the solution u∗ = Â−1 if and only if �(Tρ) < 1, where �(Tρ) denotes the
spectral radius of Tρ.

Theorem 2.1. Consider the problem (2.1), that is,

[
A BT

−B 0

][
u

p

]

=

[
f

−g

]

. (2.10)

We assume thatA is positive real, and B has full rank. Then the iteration (2.9) from the splitting (2.3)
is unconditionally convergent; that is, �(Tρ) < 1 for all ρ > 0 and α ≥ 0.

Proof. Consider the splitting (2.3). The iteration matrix Tρ is similar to

T̂ρ :=
(
ρI −H)(H + ρI)−1(

ρI −K)(K + ρI)−1
,

= RU,
(2.11)

where R := (ρI −H)(H + ρI)−1 is symmetric and U := (ρI −K)(K + ρI)−1.
By Kellogg’s lemma, ‖R‖ = ‖(ρI−H)(H+ρI)−1‖ ≤ 1 sinceH is positive semidefinite.

U is the unitary matrix so ‖U‖ = ‖(ρI −K)(K + ρI)−1‖ = 1. Therefore,

�
(Tρ
) ≤ 1. (2.12)

We claim that �(Tρ)/= 1.
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Assume that λ is one eigenvalue of the preconditioned linear system P−1Ax = P−1b.
We have

Ax = λ
1

2ρ
(H + ρI)(K + ρI)x

=
λ

2ρ

(
HK + ρA + ρ2I

)
x

=
λ

2ρ
HKx +

λ

2
Ax +

ρλ

2
x.

(2.13)

Therefore,

(
1 − λ

2

)
Ax =

ρλ

2

(
I +

1
ρ2
HK

)
x. (2.14)

We claim that 1 − λ/2/= 0, otherwise, (I + (1/ρ2)HK)x = 0. It turns out that

⎡

⎣
1
ρ2

HS + I 0

−BS I

⎤

⎦x = 0. (2.15)

However, ρ((1/ρ2)HS + I) = 1 + ρ((1/ρ2)HS), and HS is orthogonal similar with the
matrix H−1/2SH1/2 which is a skew symmetric matrix with only pure imaginary eigenvalues.
Thus, if B is full rank, we claim that λ/= 2.

We define that θ = λρ/(2 − λ). Since λ/= 2, θ is welldefined. Thus, with λ = 2θ/(θ + 2),
we consider the following equation:

Ax = θ
(
I +

1
ρ2
HK

)
x. (2.16)

If |λ| < 1, then, |2θ/(θ+ 2)| < 1. Since |1− (2θ/(θ+ 2))| = |(ρ−θ)/(θ+ρ)| ≤ 1, we need to show
|ρ − θ|/|ρ + θ|/= 1, which means that θ is not a pure imaginary number.

Next we will prove that θ is not a pure imaginary number.
Consider the system

[
A BT

−B 0

][
u

−p

]

=

⎡

⎢⎢
⎣

1
ρ2

HS + I 0

− 1
ρ2

BS I

⎤

⎥⎥
⎦

[
u

−p

]

. (2.17)
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We can obtain the following system of the equations:

Au + BTp = θu +
θ

ρ2
HSu,

−Bu = − θ
ρ2

BSu + θp.

(2.18)

We solve p from the second equation p = (1/θ)B((θ/ρ2)S − I)u. Plug in p into the first
equation, we have

Au +
1
ρ2

BTBSu − θu − θ

ρ2
HSu =

1
θ
BTBu. (2.19)

Applying θuH to the both sides, we can obtain the following equation:

θuHAu +
θ

ρ2
uHBTBSu − θ2uHu − θ

2

ρ2
uHHSu = uHBTBu = ‖Bu‖2 ≥ 0. (2.20)

Therefore, θA+(θ/ρ2)BTBS−θ2I− (θ2/ρ2)HS is a Hermitian matrix. Suppose that Re(θ) = 0,
that is, θ = ti, where t /= 0. We denote that G = θA + (θ/ρ2)BTBS − θ2I − (θ2/ρ2)HS = tiA +
(ti/ρ2)BTBS+ t2I+(t2/ρ2)HS. While GH = −tiAH +(ti/ρ2)BTBS+ t2I+(t2/ρ2)HS = G, which
leads to A = AH . A contradiction. Because A is the discretization of the Oseen problem which
is not Hermitian.

Thus, θ is not a pure imaginary number.

3. Application of the Preconditioner

To solve the preconditioner Pαzk = rk, we first solve the system

Hwk = rk, (3.1)

for wk, followed by

Kzk = wk. (3.2)

The first system requires solving systems with coefficient matrixH, which is a system
from discretized Stokes problem. We have many efficient solvers to solve this type of the
system, see [17–19].

The second system requires solving the sparse tridiagonal matrix K + ρIn. This can be
done by sparse LU factorization, preconditioned GMRES method. Notice that since K + ρI is
a tridiagnoal matrix, it is very easy to solve this system. In practice, we can solve (3.1) and
(3.2) with inexact solvers. Our experience is that the rate of convergence of the outer Krylov
subspace iteration is scarcely affected by the use of inexact inner solves. We can only use 1
step of pcg method for (3.1) and 1 step of gmres method for (3.2).
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4. Numerical Experiments

In this section we report on several numerical experiments meant to illustrate the behavior
of the HSS preconditioner on a wide range of model problems. We consider both Stokes and
Oseen-type problems, steady and unsteady, in 2D. The use of inexact solves is also discussed.
Our results include iteration counts, as well as some timings and eigenvalue plots.

All results were computed in Matlab 7.6.0 on one processor of an Intel core i7 with
8 GB of memory.

In all experiments, a symmetric diagonal scaling was applied before forming the pre-
conditioner, so as to have all the nonzeros diagonal entries of the saddle point matrix equal
to 1. We found that this scaling is beneficial to convergence, and it makes finding (nearly)
optimal values of the shift ρ easier. Of course, the right-hand side and the solution vector
were scaled accordingly. We found, however, that without further preconditioning Krylov
subspace solvers converge extremely slowly on all the problems considered here. Right pre-
conditioning was used in all cases.

Here we consider linear systems arising from the discretization of the linearized
Navier-Stokes equations in rotation form. The computational domain is the unit square
Ω = [0, 1]×[0, 1]. Homogeneous Dirichlet boundary conditions are imposed on the velocities;
experiments with different boundary conditions were also performed, with results similar to
those reported below. We experimented with different forms of the divergence-free field v
appearing (via w = ∇ × v) in the rotation form of the unsteady Oseen problem. Here we
present results for the choice w = 16x(x − 1) + 16y(y − 1) (2D case) and w = (−4z(1 −
2x), 4z(2y−1), 2y(1−y)) (3D case). The 2D case corresponds to the choice of v. The equations
were discretized with a Marker-and-Cell (MAC) scheme with a uniform mesh size h. The
outer iteration (full GMRES) was stopped when

‖rk‖2

‖r0‖2
< 10−6, (4.1)

where rk denotes the residual vector at step k. For the results presented in this section, we
use the exact solver to solve the two systems.

In Tables 1, 2, and 3, we present results for unsteady problems with α = 10 to α = 100
for different values of ν. We can see from the table that AHSS preconditioning results in fast
convergence in all cases, and that the rate of convergence is virtually h-independent. Here as
in all other unsteady (or quasi-steady) problems that we have tested, the rate of convergence
is not overly sensitive to the choice of ρ, especially for small ν. A good choice is ρ ≈ 0.01 for
the two most grids.

5. Conclusions

In this paper, we have considered preconditioned iterative methods applied to discretizations
of the Navier-Stokes equations in rotation form. We focus on the unsteady case of the
linearized Navier-Stokes problem. We have compared the performance of the alternative HSS
(AHSS) preconditioners with regard to the mesh size, the Reynolds number, the time step,
and other problem parameters. We find that the AHSS preconditioner has a robust behavior
especially for unsteady Oseen problems. Although our computational experience has been
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Table 1: Results for 2D unsteady Oseen problem different values of α (exact solves) and ν = 0.1.

Grid α = 10 α = 20 α = 50 α = 100

8 × 8 7 5 4 3

16 × 16 8 6 4 4

32 × 32 8 6 5 4

64 × 64 8 6 5 4

128 × 128 8 6 5 4

Table 2: Results for 2D unsteady Oseen problem different values of α (exact solves) and ν = 0.05.

Grid α = 10 α = 20 α = 50 α = 100

8 × 8 4 4 3 3

16 × 16 6 5 3 3

32 × 32 8 6 4 3

64 × 64 9 7 5 5

128 × 128 10 7 5 5

Table 3: Results for 2D unsteady Oseen problem different values of α (exact solves) and ν = 0.01.

Grid α = 10 α = 20 α = 50 α = 100

8 × 8 3 3 2 2

16 × 16 4 3 3 2

32 × 32 5 4 3 3

64 × 64 8 5 3 3

128 × 128 9 6 4 3

limited to uniform MAC discretizations and simple geometries, the preconditioner should be
applicable to more complicated problems and discretizations, including unstructured grids.

Compared with HSS (Hermitian and Skew-Hermitian preconditioner), the AHSS pre-
conditioner works better for relative large viscosity. For an example, ν > 0.05. For the smaller
viscosity, ν < 0.01, HSS preconditioner will be recommended.

In the future study, we will investigate the performance the AHSS preconditioner
based using the inexact solvers for the inner iteration. Also the picard’s iteration will be
tested.
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We consider the SIMPLE preconditioning for block two-by-two generalized saddle point problems;
this is the general nonsymmetric, nonsingular case where the (1,2) block needs not to equal the
transposed (2,1) block, and the (2,2) block may not be zero. The eigenvalue analysis of the SIMPLE
preconditioned matrix is presented. The relationship between the two different formulations
spectrum of the SIMPLE preconditioned matrix is established by using the theory of matrix
eigenvalue, and some corresponding results in recent article by Li and Vuik (2004) are extended.

1. Introduction

Consider the two-by-two generalized saddle point problems

A
[
x

y

]

≡
[
A BT

C −D

][
x

y

]

=

[
f

g

]

, (1.1)

where A ∈ R
n×n is nonsingular, B,C ∈ R

m×n (m ≤ n), D ∈ R
m×m.

Systems of the form (1.1) arise in a variety of scientific and engineering applications,
such as linear elasticity, fluid dynamics, electromagnetics, and constrained quadratic
programming [1–4]. We refer the reader to [5] for more applications and numerical solution
techniques of (1.1).

Since the coefficient matrix of (1.1) is often large and sparse, it may be attractive to
use iterative methods. In particular, Krylov subspace methods might be used. As known,
Krylov subspace methods are considered as one kind of the important and efficient iterative
techniques for solving the large sparse linear systems because these methods are cheap to
be implemented and are able to fully exploit the sparsity of the coefficient matrix. It is well
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known that the convergence speed of Krylov subspace methods depends on the eigenvalue
distribution of the coefficient matrix [6]. Since the coefficient matrix of (1.1) is often extremely
ill-conditioned and highly indefinite, the convergence speed of Krylov subspace methods can
be unacceptably slow. In this case, Krylov subspace methods are not competitive without a
good preconditioner. That is, preconditioning technique is a key ingredient for the success of
Krylov subspace methods in applications.

To efficiently and accurately solve (1.1), Semi-implicit method for pressure linked
equations (SIMPLE) were presented in [7] by Patankar. Subsequently, combining the
SIMPLE(R) algorithm and Krylov subspace method GCR [8], Vuik et al. [9] proposed the
GCR-SIMPLE(R) algorithm for solving (1.1). In this algorithm, the SIMPLE iteration is used
as a preconditioner in the GCR method. Numerical experiments show that the SIMPLE(R)
preconditioning is effective and competitive.

It is well known that the spectral properties of the preconditioned matrix give impor-
tant insight in the convergence behavior of the preconditioned Krylov subspace methods. In
[10], the eigenvalue analysis was given for the SIMPLE preconditioned matrix with B = C
and D = 0, and two different formulations spectrum of the preconditioned matrix were
derived. The relationship between the two different formulations has been built by using the
theory of matrix singular value decomposition. IfB /=C andD/= 0, using matrix singular value
decomposition to establish the relationship between the two different formulations is invalid.
On this occasion, we present the relationship between the two different formulations by using
the theory of matrix eigenvalue and overcome the shortcomings of [10]. Some corresponding
results in [10] are extended to two-by-two generalized saddle point problems.

2. Spectral Analysis

For simplicity, σ(·) denotes the set of all eigenvalues of a matrix, and the diagonal entries of
A are not equal to zero. If the SIMPLE algorithm is used as preconditioning, it is equivalent
to choose the preconditioner P as

P =MB−1, (2.1)

where

B =

[
I −Q−1BT

0 I

]

, M =

[
A 0

C R

]

, Q = diag(A), R = −
(
D + CQ−1BT

)
. (2.2)

On the nonsingular ofA and P we have the following proposition.

Proposition 2.1. The matricesA and P, respectively, in (1.1) and (2.1) are nonsingular if and only
if the Schur complements −(D + CA−1BT ) and −(D + CQ−1BT ), respectively, are nonsingular.

In this paper, we assume that A and P are nonsingular and that B and C are of full
rank.

Proposition 2.2. If the right preconditioner P is defined by (2.1), then the preconditioned matrix is

Ã = AP−1 =

[
I − (I −AQ−1)BTR−1CA−1 (

I −AQ−1)BTR−1

0 I

]

. (2.3)
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Therefore, the spectrum of the SIMPLE preconditioned matrix Ã is

σ
(
Ã
)
= {1} ∪ σ

(
I −

(
I −AQ−1

)
BTR−1CA−1

)
. (2.4)

Proof. By simple computations, it is easy to verify that

M−1 =

[
A−1 0

−R−1CA−1 R−1

]

σ
(
Ã
)
=

[
A BT

C −D

][
I −Q−1BT

0 I

][
A−1 0

−R−1CA−1 R−1

]

=

[
I − (I −AQ−1)BTR−1CA−1 (

I −AQ−1)BTR−1

0 I

]

.

(2.5)

Further, it is easy to find that the form of the spectrum of σ(Ã) is described by (2.4).

By the similarity invariance of the spectrum of the matrix, we have

σ
(
I −

(
I −AQ−1

)
BTR−1CA−1

)
= σ

(
I −

(
A−1 −Q−1

)
BTR−1C

)

= σ
(
I −Q−1(Q −A)A−1BTR−1C

)

= σ
(
I − JA−1BTR−1C

)
,

(2.6)

where the matrix J = Q−1(Q − A) is the Jacobi iteration matrix of the matrix A. Further, we
have the following proposition.

Proposition 2.3. For the SIMPLE preconditioned matrix Ã,

(1) 1 is an eigenvalue with multiplicity at least ofm,

(2) the remaining eigenvalues are 1 − μi, i = 1, 2, . . . , n, where μi is the ith eigenvalue of

ZEx = μx, (2.7)

where

Z = JA−1 ∈ R
n×n, E = BTR−1C ∈ R

n×n. (2.8)
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In fact, we also have the following result.

Proposition 2.4. For the SIMPLE preconditioned matrix Ã,

(1) 1 is an eigenvalue with (algebraic and geometric) multiplicity of n,

(2) the remaining eigenvalues are defined by the generalized eigenvalue problem

Sx = λRx, (2.9)

where S = −(D + CA−1BT ) is the Schur complement of the matrixA.

Proof. Note that AP−1 is the same spectrum as P−1A. So, it is only needed to consider the
following generalized eigenvalue problem

Ax = λPx, (2.10)

where

A =

[
A BT

C −D

]

, P =

[
A AQ−1BT

C −D

]

. (2.11)

The generalized eigenvalue problem (2.10) can be written as

[
A BT

C −D

][
u

p

]

= λ

[
A AQ−1BT

C −D

][
u

p

]

, (2.12)

that is,

Au + BTp = λ
(
Au +AQ−1BTp

)
, (2.13)

Cu −Dp = λ
(
Cu −Dp). (2.14)

From (2.13) and (2.14), it is easy to see that λ = 1 is an eigenvalue of (2.12). If the matrix
Q−1 −A−1 is nonsingular with λ = 1 and rank (BT ) = m, from (2.13) we have p = 0. Therefore,
the eigenvectors corresponding to eigenvalue 1 are

νi =

[
ui

0

]

, ui ∈ R
n, i = 1, 2, . . . , n, (2.15)

where {ui}ni is a basis of R
n.

For λ/= 1, from (2.13) we obtain

u =
1

1 − λA
−1
(
λAQ−1BTp − BTp

)
. (2.16)
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Substituting it into (2.14) yields

Sp = λRp, (2.17)

where S = −(D + CA−1BT ) is the Schur complement of the matrixA.

From Propositions 2.3 and 2.4, two different generalized eigenvalue problems (2.7)
and (2.9) have been derived to describe the spectrum of Ã. Subsequently, we will investigate
the relationship between both spectral formulations for the nonsymmetric case. Here we will
make use of the theory of matrix eigenvalue to establish the relationship of the two different
formulations spectrum of the SIMPLE preconditioned matrix. To this end, the following
lemma is required.

Lemma 2.5 (See [11]). Suppose that M ∈ R
m×n and N ∈ R

n×m with m ≤ n. Then NM has the
same eigenvalues asMN, counting multiplicity, together with an additional n −m eigenvalues equal
to 0.

By (2.7), it follows that

ZE = Zn×n
(
BT

)n×m(
R−1

)m×m
Cm×n ∈ R

n×n,

(
R−1

)m×m
Cm×nZn×n

(
BT

)n×m ∈ R
m×m.

(2.18)

From Lemma 2.5, we have

σ(ZE) = {0} ∪ σ
(
R−1CZBT

)
, (2.19)

where the eigenvalue 0 is with multiplicity of n −m and

σ
(
R−1CZBT

)
= σ

(
R−1CQ−1(Q −A)A−1BT

)

= σ
(
R−1C

(
A−1 −Q−1

)
BT

)

= σ
(
R−1

(
CA−1BT − CQ−1BT

))

= σ
(
R−1

[(
CA−1BT +D

)
−
(
CQ−1BT +D

)])

= σ
(
R−1(R − S)

)

= σ
(
I − R−1S

)

= ∪{1 − λi}, i = 1, 2, . . . , m.

(2.20)
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These relations lead to the following proposition.

Proposition 2.6. For two generalized eigenvalue problems (2.7) and (2.9), suppose that μi ∈ σ(ZE),
i = 1, 2, . . . , n, and λi ∈ σ(R−1S), i = 1, 2, . . . , m, the relationship between two problems is that μ = 0
is an eigenvalue of (2.7) with multiplicity of n − m, which can be denoted as μm+1 = μm+2 = · · · =
μn = 0, and that λi = 1 − μi, i = 1, 2, . . . , m, holds for the remainingm eigenvalues.

Some remarks on Proposition 2.6 are given as follows.

(i) In [10], the relationship between two different formulations spectrum of the pre-
conditioned matrix with B = C and D = 0 was built by using the theory of matrix
singular value decomposition, but for the nonsymmetric case, the above strategy
is invalid. Whereas, using the theory of matrix eigenvalue not only establishes
the relationship between the two different formulations, but also overcomes the
shortcomings of [10]. In this way, Propositions 2.2–2.6 can be regarded as the
extension of Propositions 2–5 [10].

(ii) In [10], the diagonal entries of matrix A must be positive. But, in this paper, the
diagonal entries of Q are only not equal to zero. Clearly, this assumption is weaker
than that of [10]. If the diagonal entries of matrix A are complex and not equal to
zero, then the diagonal entries of Q take the absolute diagonal entries of A. This
idea is based on an absolute diagonal scaling technique, which is cheaply easy to
implement, reducing computation times and amount of memory.

(iii) Recently, although Li et al. in [12] discussed the SIMPLE preconditioning for
the generalized nonsymmetric saddle point problems and provided some results
above the spectrum of the SIMPLE preconditioned matrix, some conditions of the
supporting propositions may be defective. In fact, if A is nonsingular with rank
(BT ) = rank (C) = m, then R and P may be singular. For a counterexample, we
take C = [1 0], A = Q = 2I and B = [0 1], then R = CQ−1BT = 0. That is, this paper
corrects some results in [12].

(iv) In fact,Q is not necessary the diagonal entries ofA; in this case, the diagonal entries
of A can be equal to zero. In actual implements, the choice of matrix Q is that
the eigenvalue of the generalized eigenvalue problem (2.9) is close to one; Krylov
subspace methods such as GMRES will converge quickly.

3. Conclusion

In this paper, the SIMPLE preconditioner for the nonsymmetric generalized saddle point
problems is discussed. The relationship of the two different formulations spectrum of the
SIMPLE preconditioned matrix has been built by using the theory of matrix eigenvalue.
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Two solution schemes are proposed and compared for large 3D soil consolidation problems with
nonassociated plasticity. One solution scheme results in the nonsymmetric linear equations due to
the Newton iteration, while the other leads to the symmetric linear systems due to the symmetrized
stiffness strategies. To solve the resulting linear systems, the QMR and SQMR solver are employed
in conjunction with nonsymmetric and symmetric MSSOR preconditioner, respectively. A simple
footing example and a pile-group example are used to assess the performance of the two solution
schemes. Numerical results disclose that compared to the Newton iterative scheme, the symmetric
stiffness schemes combined with adequate acceleration strategy may lead to a significant reduction
in total computer runtime as well as in memory requirement, indicating that the accelerated
symmetric stiffness method has considerable potential to be exploited to solve very large
problems.

1. Introduction

The wide applications of large-scale finite element analyses for soil consolidation settlements
demand efficient iterative solutions. Among various iterative solvers the Krylov subspace
iterative methods have enjoyed great popularity so that it was ranked as one of top ten
algorithms invented in the 20th century [1]. In large-scale finite element computations, the
success of Krylov subspace iterative methods may be partially attributed to the matrix-vector
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multiplications which can be implemented sparsely in the iterative process, but it is the
preconditioning technique that makes Krylov subspace iterative methods become practically
useful.

For an indefinite linear system some preconditioning methods (such as incomplete
LU or ILU) originally proposed for general problems may encounter slow convergence or
even breakdown during the iterative process (e.g., [2]). In the past decade, many researchers
have focused on constructing preconditioners for indefinite problems either by revising a
standard preconditioner or by designing a block preconditioner according to the block matrix
structure. For example, for the indefinite linear equation stemming from Biot’s consolidation
a generalized Jacobi (GJ) preconditioner was proposed by Phoon et al. [3] to overcome the
unbalanced diagonal scaling of standard Jacobi, while to obviate unstable triangular solves
a modified symmetric successive overrelaxation (MSSOR) preconditioner [4] was designed
to enhance the pivots embedded within the standard symmetric successive overrelaxation
(SSOR) factorization. The successes of GJ and MSSOR undoubtedly are attributed to the fact
that both of them were developed based on the block matrix structure. On a separate
track, many other researchers have been working on block preconditioners. Perugia and
Simoncini [5] proposed symmetric indefinite block diagonal preconditioners for mixed
finite element formulations, and, furthermore, Simoncini [6] proposed block triangular pre-
conditioners to couple with symmetric quasiminimal residual (SQMR) [7] for symmetric
saddle-point problems. Keller et al. [8] and Bai et al. [9] developed their own block constraint
preconditioners for indefinite linear systems. For three types of block preconditioners, an in-
depth comparison and eigenvalue study has been carried out by Toh et al. [10], and it was
concluded that the block constraint preconditioner and the diagonal GJ preconditioner could
be more promising for large-scale Biot’s linear system. Recently, more attentions have been
paid to the constraint block structure. For instance, Bergamaschi et al. [11], Ferronato et al.
[12], and Haga et al. [13] defined their own block constraint preconditioners, respectively,
and validated the good performance of their block constraint preconditioners. Furthermore,
Janna et al. [14] developed a parallel block preconditioner for symmetric positive definite
(SPD) matrices by coupling the generalized factored sparse approximate inverse (FSAI)
with ILU factorization, and it was concluded that in many realistic cases the FSAI-ILU
preconditioner is more effective than both FSAI and ILU preconditioners. To resolve the
soil-structure problems in which material stiffness contrast is significant, the partitioned
block diagonal preconditioners were proposed by Chaudhary [15], and numerical results
indicate that the proposed preconditioners are not sensitive to the material stiffness contrast
ratio. Based on the above review, it seems that constructing a preconditioner based on the
block structure of the coefficient matrix has become a popular strategy for large-scale Biot’s
indefinite linear systems.

Soil consolidation accompanied with soil dilatancy may be frequently encountered
in practice, and commonly the soil dilatancy may be modeled by nonassociated plasticity.
The main contribution of the article is that for coupled consolidation problems involving
nonassociated plasticity, two solution strategies are proposed and evaluated, respectively, by
employing a strategy of combining a nonlinear iterative scheme with a corresponding linear
iterative method (e.g., [16, 17]). The paper is organized as follows. In Section 2, the nonlinear
iterative methods are formulated for elastoplastic soil consolidation problems, and the
coupled 2 × 2 nonsymmetric indefinite Biot’s finite element linear system of equation due to
nonassociated plastic flow is derived. In Section 3, the recently proposed block precondition-
ers are reviewed and commented. In Section 4, both symmetric version and nonsymmetric
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version of MSSOR are implemented within the proposed two schemes, respectively, to
solve the soil consolidation examples with nonassociated plasticity, and their performances
are investigated and compared. Finally, some useful observations and conclusions are
summarized in Section 5.

2. Coupled Linear System of Equation Arising from Elastoplastic Biot’s
Consolidation Problems

Soil consolidation is a soil settlement process coupled with dissipation of excess pore
water pressure, and this process may be physically modeled by the widely accepted Biot’s
consolidation theory [18]. Recall that for a fully saturated porous media, the volumetric fluid
content variation within the soil skeleton is solely related to the deformation of solid skeleton,
that is,

∇ · σ(x, t) − γb = 0, (x, t) ∈ Ω × (0, T], (2.1)

in which the Terzaghi’s effective stress principle σ = σ
′
+ p is applied; b = [0, 0, 1]T is the

unit body force vector; γ is the total unit weight; Ω is the solution domain; T is the total
analyzing time. For the fully saturated porous media, the pore fluid should comply with the
fluid continuity equation or the mass-conservation equation, that is,

∇ · u̇(x, t) +∇ · vf(x, t) = 0, (2.2)

where ∇ · u̇ = ε̇v with εv as the volumetric strain, the dot symbol over any symbols means
time differentiation, and u is the displacement vector; the fluid velocity vf is described by
Darcy’s law

vf = − [k]
γf

(∇p − γfb
)
. (2.3)

Here, γf is the unit weight of pore fluid; [k] = [ks] is the hydraulic conductivity tensor (it
is a diagonal matrix [ks] = diag(ks,x, ks,y, ks,z) when orthogonal hydraulic conductivity
properties are assumed) for saturated flow. The solution domain Ω has the complementary
boundary conditions may be given as ∂Ω = ∂ΩD ∪ ∂ΩN and ∂ΩD ∩ ∂ΩN = ∅ with ∂ΩD

for the Dirichlet (or prescribed displacement and pore pressure) boundary and ∂ΩN for
the Neumann (or prescribed force and flux) boundary. After discretizing (2.1) and (2.2) in
space and time domain, respectively, the incremental form of Biot’s finite element equation is
derived as (e.g., [19]):

[
K L
LT −θΔtG

]{
Δu
Δpex

}
=
{

Δf
ΔtGpexn

}
(2.4)
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in which the subblocks within the coupled matrix are defined, respectively, as

K =
∑

e

(∫

Ve

BTuDepBudV

)

,

L =
∑

e

(∫

Ve

BTu1NpdV

)

,

G =
∑

e

(∫

Ve

BTp
[k]
γf

BpdV

)

,

(2.5)

where Dep is the constitutive matrix; Bu, Bp is the gradient of shape function Nu and Np

used for interpolating the displacement u and the excess pore pressure pex, respectively; 1 =
[1 1 1 0 0 0]T ; Δt is the time increment; θ is the time integration parameter ranging from 0
to 1; θ =1/2 corresponds to the second-order accuracy Crank-Nicolson method, while θ =1
leads to the fully implicit method possessing the first-order accuracy.

Equation (2.4) is the discretized finite element equation for each time increment, and
to be convenient the following weak form of the residual equation is used to derive the
nonlinear iterative process,

R(u;pex) =
[
Ru

Rp

]
=

[
Fext
u

Fext
p

]

−
[
Fint
u

Fint
p

]

=
[
0
0

]
, (2.6)

where R is the residual or out-of-balance force vector derived from the total potential energy
Φ(u;pex); Fext is the applied external force at current time increment, and its two parts
corresponding to u and pex, respectively, have been presented in the RHS of (2.4). Noting
that the deformation of soil skeleton is solely caused by the effective stress, the internal forces
Fint
u and Fint

p may be expressed, respectively, as below,

Fint
u =

∫

V

BTuσ
′dV +

∫

V

BTup
exdV,

Fint
p =

∫

V

NT
pεdV + θΔt

∫

V

BTpvfdV.

(2.7)

Applying the first-order Taylor expansion to (2.6) leads to the following Newton-Raphson
(NR) iteration:

R
(
uk−1;pexk−1

)
+Ak−1

[
δuk
δpexk

]
= 0, (2.8)

[
uk
pex
k

]
=
[
uk−1

pex
k−1

]
+
[
δuk
δpex

k

]
, (2.9)
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where

Ak−1 =

⎡

⎢⎢
⎢
⎢
⎣

∂Ru

∂u

∣
∣
∣
∣
k−1

∂Ru

∂pex

∂Rp

∂u
∂Rp

∂pex

⎤

⎥⎥
⎥
⎥
⎦
,

∂Ru

∂pex
=

[
∂Rp

∂u

]T
= −L, ∂Rp

∂pex
= θΔtG (2.10)

in which it is apparent that L is independent of time increment and iterative process due to
small-strain finite element computation, and G is independent of time increment and iterative
process due to the saturated soil assumption. In Ak−1, the gradient of Ru about u is the
tangential solid stiffness matrix,

KT = −∂Ru

∂u
=
∂Fint

u (u)
∂u

, (2.11)

and KT is assembled by the element stiffness kep, that is,

KT =
∑

elements

∂
(∫
V e BTDepBdV ue

)

∂u
=
∑

elements

kep with kep =
∫

V e

BTDepBdV. (2.12)

Evidently, the symmetry of KT or the 2 × 2 coupled matrix Ak−1 in (2.10) is governed by Dep,
which may be expressed as

Dep = De −Dp = De − DebaTDe

aTDeb − cTh
, (2.13)

where a = ∂σF represents the yield surface normal vector, b = ∂σG denotes the plastic flow
direction vector, while c = ∂qF is the gradient of yield function (i.e., F) about the internal
variables of the soil model. In conventional elastoplastic soil models, the physically associated
plastic flow leads to symmetric Dep due to b = a, while the nonassociated plastic flow results
in nonsymmetric Dep due to b/= a. For convenience, (2.8) may be further expressed as

[
Kk−1 L
LT −θΔtG

]{
δu
δpex

}

k

= Rk−1 = Fext − Fint
k−1, (2.14)

where the superscript k signifies the nonlinear iteration count within each time increment.
To distinguish the nonlinear iterative process from the Krylov subspace iterative process, the
iteration count for the first process as described by (2.14) is called nonlinear iteration count,
while the second Krylov subspace process is a linear iterative process, and the iteration count
for this process is called linear iteration count.

In the nonlinear iterative process, the search direction dk may be computed inexactly
(i.e., dk ≈ [δu; δpex]Tk), leading to the so-called inexact Newton method whose convergence
is governed by (e.g., [16, 17]),

‖Rk−1 +Ak−1dk‖ ≤ ηk−1‖Rk−1‖, (2.15)
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where ηk−1 ∈ [0, 1) is the forcing term. With the computed search direction dk, the displace-
ment is updated by

[
uk
pexk

]
=
[
uk−1

pexk−1

]
+ χk

[
δuk
δpexk

]
(2.16)

in which χk is the step-length parameter, which may be determined by some optimization
strategies. The inexact computation of dk may arise from the approximate solve of dk or the
approximation to Ak−1.

For ease of presentation, the linear system of equation at each nonlinear iteration as
shown by (2.14) is expressed concisely as

[
K B
BT −C

]{
x
y

}
=
{
f
g

}
with A =

[
K B
BT −C

]

N×N
. (2.17)

3. Block-Structured Preconditioners

Here, the block-structured preconditioners are defined as those developed according to the
coefficient matrix block structure, and hence they include the block preconditioners and those
modified preconditioners inspired by the matrix block structure.

3.1. Block Preconditioners for Biot’s Linear System of Equation

Block preconditioners can be classified into three types as mentioned previously. According
to Toh et al. [10], it could be convenient to derive the preconditioners based on the matrix
inverse. Note that the inverse of the 2 × 2 matrix in (2.17) may be expressed as

[
K B2

BT1 −C
]−1

=
[
K−1 −K−1B2S

−1BT1K
−1 K−1B2S

−1

S−1BT1K
−1 −S−1

]
(3.1)

in which S = C + BT1K
−1B2 (with B1 = B2) is the Schur complement matrix. Given a vector [u;

v] and a block preconditioner M ≈ A with the approximation K̂ and Ŝ to K and S, respec-
tively. Hence, the preconditioning step may be written as the following.

Preconditioning StepM−1[u;v]:

solve p = K̂−1u,

solve q = Ŝ−1(BT1 p − v),
compute M−1[u, v]T = [K̂−1(u − B2q); q].

The above preconditioning step has already been introduced in [4, 10] for the block
constraint preconditioners; however, it is highlighted here as a unified computational frame-
work for all block preconditioners. It can be observed that within the above preconditioning
step, canceling the terms associated with off-diagonal subblocks B1 and B2 corresponds
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Table 1: Block preconditioners recently proposed for Biot’s linear system.

Authors
Block preconditioner

Type K̂ Ŝ

Phoon et al. [3] Diagonal Diag(K) diag[C + BT diag(K)−1B]

Direct inverse Direct inverse

Simoncini [6] Triangular K C + BTB

Incomplete Cholesky Incomplete Cholesky

Toh et al. [10] All three types diag(K) C + BTK̂−1B

Direct inverse Incomplete or sparse Cholesky

Bergamaschi et
al. [11]

Constraint LKLK
T& (ZZT )−1

C + BTK̂−1B

Incomplete Cholesky and
approximate inverse Incomplete Cholesky

Haga et al. [13] Constraint diag(K) & K
diag[C + BT diag (K)−1B] &

C + BT diag (K)−1B

AMG Direct inverse & AMG

Chaudhary
[15] Diagonal

Partitioned block
diagonal diag[C + BT diag(K)−1B]

Cholesky & direct inverse Direct inverse

to the block diagonal preconditioning, while canceling either B1 or B2 corresponds to
the block triangular types. Depending on how K̂ and Ŝ are approximated, various block
preconditioners may be developed. Regardless of the type of preconditioners adopted,
solving the linear systems associated with K̂ and Ŝ can not be obviated. Consequently, how
K̂ and Ŝ are approximated and how these linear systems are solved efficiently are the key
features distinguishing recently proposed block preconditioners. For example, Phoon et al.
[3] proposed the diagonal approximations to both K̂ and Ŝ so that the inverses of K̂ and Ŝ
can be directly attained. While in the block constraint preconditioner proposed by Toh et al.
[10], because it is observed that the size of K is significantly larger than that of S, a diagonal
approximation is employed for K, and the incomplete or sparse Cholesky factorization is
recommended for Ŝ. In another version of block constraint preconditioner proposed by
Bergamaschi et al. [11, 12], the incomplete Cholesky factorization and factorized approximate
inverse are adopted for K̂ and Ŝ, respectively. Different from the previous studies, Haga et al.
[13] recommended solving the linear systems K̂ and Ŝ using the algebraic multigrid (AMG)
method. To summarize the key differences, these block preconditioners with the proposed
K̂ and Ŝ as well as the corresponding solution schemes are tabulated in Table 1. In the
table, all block preconditioners are categorized into three types including the block diagonal
preconditioners, block triangular preconditioners, and block constraint preconditioners
which are denoted as “diagonal,” “constraint,” and “triangular,” respectively.

3.2. Modified Preconditioners Based on Matrix Block Structure

There are some advantages to developing preconditioners based on the matrix block
structure, particularly in the case of block indefinite linear systems. It is natural to hope
that modifying some standard or general preconditioning techniques may lead to improved
versions. For instance, the generalized Jacobi preconditioner [3] may be viewed as an
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improved version of standard Jacobi preconditioner by referring to the block diagonal. The
MSSOR preconditioner [4] may also be regarded as a good example that demonstrates how
to develop a preconditioner based on a standard preconditioner to suit indefinite problems.
The general nonsymmetric form of MSSOR may be expressed as below

MMSSOR =
(
LA +

D

ω

)(
D

ω

)−1(
UA +

D

ω

)
=
(
LA + D̃

)
D̃−1
(
UA + D̃

)
, (3.2)

where ω ∈ [1, 2] is the relaxation parameter; LA, UA is the strictly lower and upper part of
matrix A, respectively, that is, A = LA + UA + DA. For symmetric linear equation, LA = UT

A

leads to the symmetric MSSOR. D is the modified diagonal and it is recommended to take GJ,
that is,

D =MGJ =

[
diag(K) 0

0 α diag
(
Ŝ
)
]

(3.3)

in which α is a scaling factor which is recommended to be −4 according to the eigenvalue
study. It is clear that MSSOR preconditioner can be implemented efficiently when combined
with the Eisenstat trick [20]. In the following part, both symmetric version and nonsymmetric
version of MSSOR preconditioner will be employed for large-scale nonlinear soil consolida-
tion involving nonassociated plasticity.

4. Numerical Experiments

To simulate soil dilatancy during the soil consolidation process, an elastoplastic soil model
with nonassociated plasticity should be used [21]. The nonassociated plasticity theory is
a generalization of the classical elastoplastic theory by introducing a new plastic potential
function [22], and in the past decades the nonassociated plasticity theory is widely applied
in practical finite element analyses.

It is also well known that when the nonassociated plastic soil models are employed in
finite element analysis, the resulting linear systems of equations are nonsymmetric. Solving
the linear equations separately from the nonlinear iterative procedure may not be wise,
because an appropriate combination between the outer nonlinear iterative scheme and an
inner linear iterative solution may lead to a significant reduction in computer runtime with-
out sacrificing accuracy [17]. In this work, two solution schemes are proposed and compared
for the target problem.

Scheme 1. Applying the Newton-Krylov iterative method. As shown by (2.8), the resultant
linear system is nonsymmetric at each Newton iteration, a nonsymmetric Krylov subspace
iterative method, such as quasiminimal residual (QMR) [23], is adopted, and hence the
nonsymmetric MSSOR preconditioner is used to accelerate its convergence.

Scheme 2. Compared to the nonsymmetric linear systems, solving the symmetric linear
systems could lead to a saving in required memory and computer runtime. Therefore,
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accelerated nonlinear solution schemes with symmetrized stiffness are attempted here, that
is, at each nonlinear iteration one attempts to solve

R
(
uk−1;pexk−1

)
+ Âk−1

[
δuk
δpex

k

]
= 0, (4.1)

and the solution vector may be updated according to (2.16). The difficulty associated with
the scheme is how to construct the symmetric linear systems. In the accelerated symmetric
stiffness method proposed by Chen and Cheng [24], the idea is to construct the symmetric
constitutive matrix as

sym
(
Dep

)
= De − sym

(
Dp

)
, (4.2)

where sym(·) is a symmetrizing symbol. When sym(Dep) = De, it corresponds to the initial
stiffness (IS) method proposed by Zienkiewicz et al. [25]. When it is defined that

sym
(
Dep

)
= DG

ep = De − DebbTDe

bTDeb − cTGhG
(4.3)

which corresponds to the so-called accelerated KG approach. In (2.16), the step-length pa-
rameter χk can be determined by some optimization strategies such as the Chen’s method
[26] and Thomas’ method [27]. Chen’s method is derived by minimizing the out-of-balance
load at next iteration in the least-squares sense, while the Thomas method is proposed by
minimizing the “symmetric” displacement at the next iteration in the least-squares sense.
In this study, the solution vector consists of coupled displacement and excess pore water
pressure degrees of freedom (DOFs). The Chen method may be more straightforward to
apply in this case, which will be demonstrated by the following numerical experiments. As a
result, by using the present scheme, the symmetric MSSOR preconditioner may be adopted
to accelerate the convergence of the SQMR solver.

4.1. Convergence Criteria

In the examples to be studied, the nonlinear iteration is terminated if the relative residual
force criterion is satisfied,

‖Rk‖2

‖Fext‖2
≤ Tol NL or k ≥Maxit NL, (k = 0, 1, . . .) (4.4)

in which Tol NL and Maxit NL are the prescribed tolerance and the maximum nonlinear
iterative number, respectively, and in this study Tol NL and Maxit NL are set as 0.01 and
50. For the employed Krylov subspace iterative method, the relative residual convergence
criterion is adopted,

∥∥∥Rk−1 −Ak−1[δu; δpex]Tk,j
∥∥∥

2

‖Rk−1‖2
≤ Tol Lin, or j ≥Maxit Lin,

(
j = 0, 1, . . .

), (4.5)
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Figure 1: The 20 × 20 × 20 finite element mesh of the flexible footing.

in which zero initial guess is assumed; j is the linear iterative index; Tol Lin and Maxit Lin
are the prescribed tolerance and the maximum iterative number, respectively, and in this
study Maxit Lin is set as 50000. While to achieve a better performance for the adopted
nonlinear scheme, a combined tolerance (in which Tol Lin = 1.E − 5 is used if the residual
load is the external applied force, or Tol Lin = 1.E − 3 is used if the residual load is the
out-of-balance force) is employed, as recommended by Chen and Cheng [24]. Based on our
numerical experiences, this recommendation is reasonable because the deformation of a soil
body induced by an external load is usually large and should be solved more accurately,
while corrections of the deformation to resolve out-of-balance loads are relatively smaller in
magnitude and hence may be solved with a less strict tolerance.

In addition, it should be mentioned that the uniform substepping method with
nsubstep = 500 (i.e., the number of substeps) is adopted for stress-strain integration. For
more advanced automatic substepping algorithms, see Abbo [28]. In the present study, an
ordinary personal computer platform equipped with a 2.4 GHz Intel Core(TM)2 Duo CPU
and 3 GB physical memory is used.

4.2. Homogeneous Flexible Footing

To investigate and compare the two schemes proposed, a simple flexible footing problem with
homogeneous soil material is simulated. For the homogenous soil property, the hydraulic
conductivity is assumed to be ks,x = ks,y = ks,z = 10−9 m/s, the effective Young’s modulus E′

as 10 MPa, and the Poisson’s ratio as ν′ = 0.3. The nonassociated Mohr-Coulomb soil model is
used to simulate soil plasticity with the cohesion c′=10 kPa, the internal friction angle φ′ = 30◦

and the dilatancy angle ϕ = 5◦. TheK0 approach is used to generate the initial field stress with
K0 = 1 − sinφ′ and soil unit weight is γ = 18 kN/m3. Due to the geometric symmetry, only a
quadrant of the footing is modeled with the solution domain discretized by 8000 (20 × 20 ×
20) 20-node hexahedral consolidation elements as shown in Figure 1, and the resultant total
number of DOFs is 107180. For the boundary conditions, standard displacement fixities are
assumed, and only the ground surface is drained. The uniform pressure load is applied on a
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Table 2: Performance of different solution schemes for the flexible footing example.

Load step no. Number of
nonlinear iteration

Average iterations for
each linear system

Total solution
time (hours)

Scheme 1: Newton + QMR preconditioned by nonsymmetric MSSOR

1 1 1940 0.137
2 4 1755 0.494
3 5 1756 0.624
4 5 1732 0.625
5 6 1723 0.751
Total 21 — 2.662

Scheme 2: IS (Chen) method + SQMR preconditioned by symmetric MSSOR

1 1 1060 0.061
2 4 780 0.180
3 5 780 0.241
4 6 793 0.308
5 6 753 0.317
Total 22 — 1.129

Scheme 2: KG (Chen) method + SQMR preconditioned by symmetric MSSOR

1 1 1060 0.060
2 4 845 0.182
3 4 865 0.189
4 4 855 0.200
5 5 860 0.256
Total 18 — 0.903

1 × 1 m2 area. It is increased incrementally using a total of 5 load steps. Each load increment
is 0.1 MPa per second.

Table 2 provides the numerical performance of two solution schemes proposed above,
that is, the Newton-Krylov (i.e., Newton-QMR) solution scheme and the Chen accelerated
symmetric stiffness scheme. In the two schemes, the nonsymmetric MSSOR and symmetric
MSSOR are used in conjunction with QMR and SQMR solver, respectively. Because the
combined tolerance is used, the required linear iterative count for the first nonlinear iteration
is higher than the following nonlinear iterations. When comparing the two schemes, it is
found that the average iterative count required by MSSOR-preconditioned QMR is about
two times of that required by MSSOR preconditioned SQMR solver, explaining the final
results. In addition, the fact that two matrix-vector products are required in each iteration
of QMR contributes to the longer computer runtime. Note that the average iterative count
required by SQMR in Chen accelerated IS method is slightly smaller than that required by
SQMR in Chen accelerated KG method, indicating that the initial stiffness (i.e., the elastic
stiffness) could be better conditioned. When observing the required nonlinear iterations by
each scheme, it is interesting to note that three solution strategies (i.e., the Newton scheme,
the Chen accelerated IS method, and Chen accelerated KG method) exhibit similar nonlinear
iterative behavior, although the Chen accelerated KG method leads to slightly less nonlinear
iterations (i.e., 18) than the other two counterparts. The exhibited similarity in nonlinear
convergence indicates that the nonlinearity in the present problem is not strong. Obviously,
for the homogeneous flexible footing problem the Chen accelerated KG method coupled with
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Soil layer 2

Soil layer 3

Figure 2: The finite element mesh of heterogeneous pile-group example.

Table 3: Material properties for the pile-group foundation.

Material E′ (MPa) ν′ k (m/s) c′ (kPa) φ′ (◦) ϕ (◦)
Soil layer 1 20 0.3 10−5 5 35 5
Soil layer 2 8 0.3 10−9 50 30 8
Soil layer 3 50 0.3 10−6 10 35 7
Pile and pile cap concrete 3 × 107 0.18 10−14 — — —

MSSOR preconditioned SQMR solver may lead to a 66% reduction in total computer runtime
than the Newton-QMR scheme preconditioned by nonsymmetric MSSOR. Even for the Chen
accelerated IS method, a 57% reduction of total computer runtime can be achieved. It is
noteworthy that the Thomas’ acceleration strategy appears to be more effective in a past study
[24]. However, for the coupled consolidation problem discussed in the present study, the
Thomas accelerated IS method requires 1, 4, 7, 8, 8 nonlinear iterations, respectively, for the
five load steps, while the Thomas accelerated KG method takes 1, 5, 8, 6 nonlinear iterations,
respectively, for the first four load steps, but it fails to converge at the last load step.

4.3. Heterogeneous Soil-Structure Interaction Example

A pile-group example is used to demonstrate the interaction between soil and structure.
Because of the significant contrast in material stiffness between soils and concrete, the
performance of the MSSOR preconditioner may deteriorate with the increasing contrast ratio,
as noticed and investigated by Chaudhary [15]. As shown in Figure 2, the pile-group finite
element mesh has total 4944 elements, in which 430 are concrete elements. The material
properties for soils and concrete are tabulated in Table 3. From the table, it is seen that the
concrete material is modeled by linear elastic consolidation elements with extremely small
permeability, but the soils are still simulated by the Mohr-Coulomb model.
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Table 4: Performance of different solution schemes for the pile-group example.

Load step no. Number of
nonlinear iteration

Average iterations for
each linear system

Total solution
time (hours)

Scheme 1: Newton + QMR preconditioned by nonsymmetric MSSOR

1 4 7400 0.951

2 5 7944 1.276

3 6 (1) 13967 2.601

Total 15 — 4.823

Scheme 2: IS (Chen) method + SQMR preconditioned by symmetric MSSOR

1 8 3300 0.464

2 13 3095 0.707

3 12 3020 0.636

Total 33 — 1.801

Scheme 2: KG (Chen) method + SQMR preconditioned by symmetric MSSOR

1 4 3410 0.242

2 5 3180 0.283

3 6 3284 0.349

Total 15 — 0.874

Table 4 provides numerical results of these solution schemes for the pile-group
example. To be efficient for the accelerated symmetric stiffness methods, the combined
tolerance introduced in Section 4.1 is still adopted. In the pile-group example, three uniform
load steps are simulated and the pressure increment of 50 kPa is applied on the pile cap
for a 2-day time increment. Similar to the flexible footing example, the iteration number
spent by nonsymmetric MSSOR-preconditioned QMR is about two times of that of MSSOR-
preconditioned SQMR solver. From the nonlinear iteration counts, it is seen that the Chen
accelerated KG method achieves a similar convergence rate as that of the Newton method,
but at the third load step QMR solver dose not converge at one nonlinear iteration, which
denoted by the bracketed number. Hence, at that load step the average iterative number
for each linear system is remarkably increased because of Maxit Lin = 50000. Compared
to the Newton method, the Chen accelerated symmetric stiffness methods show better
convergence behaviors, while the Chen accelerated IS method may be markedly slower than
Newton method, indicating that the soil-structure interaction involving significant contrast
in material stiffness may produce a stronger nonlinearity than the simple homogeneous
footing problem. Upon close examination of the computer runtime, it is noticed that
even though it is slower in convergence, the Chen accelerated IS method may lead to a
reduction of 63% in computer runtime compared with the Newton method. When using
KG symmetric stiffness, the resultant convergence rate is similar to the Newton method, the
saving in computer runtime is more impressive and a reduction of 82% may be attained.
Furthermore, the Thomas acceleration scheme is examined for the initial stiffness and the
KG stiffness matrix, respectively. Both nonlinear solution strategies associated with the
Thomas acceleration scheme fail, indicating that the Thomas acceleration scheme may not be
suitable for problems involving coupled pore water pressure and the displacement degrees of
freedom.



14 Journal of Applied Mathematics

5. Conclusions

Soil consolidation accompanied with soil dilatancy may be frequently encountered in prac-
tice, and usually it can be modeled by nonassociated soil models. Due to the nonassociated
soil model, the resultant finite element linear equation is nonsymmetric. To solve the nonsym-
metric coupled Biot’s linear systems of equations, two schemes in conjunction with MSSOR
preconditioner are proposed and examined. Some useful observations are summarized as
follows.

(1) Two schemes are proposed for the Biot’s consolidation problem involving nonasso-
ciated plasticity. Depending on the discretized linear equations, both nonsymmetric
and symmetric MSSOR preconditioners are adopted for such problems,

(2) In the accelerated symmetric stiffness methods for coupled consolidation problems,
the Thomas’ acceleration strategy does not exhibit better convergence behaviors
as observed in the previous studies. On the other hand, the Chen’s acceleration
strategy is more effective, and hence it is the recommended approach for such
coupled consolidation problems.

(3) Compared to the Newton solution scheme which adopts the QMR solver precondi-
tioned by nonsymmetric MSSOR preconditioner, the Chen accelerated symmetric
stiffness approaches, which use the SQMR solver preconditioned by the symmetric
MSSOR, may lead to a significant reduction in computer runtime. Based on the
above numerical experiments, it may be concluded that the Chen accelerated sym-
metric stiffness methods have considerable potential to be exploited for solution of
large-scale Biot’s consolidation problems.
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This paper presents a direct eigenanalysis procedure for multibody system in equilibrium. The
first kind Lagrange’s equation of the dynamics of multibody system is a set of differential algebraic
equations, and the equations can be used to solve the equilibrium of the system. The vibration of
the system about the equilibrium can be described by the linearization of the governing equation
with the generalized coordinates and the multipliers as the perturbed variables. But the multiplier
variables and the generalize coordinates are not in the same dimension. As a result, the system
matrices in the perturbed vibration equations are badly conditioned, and a direct application of
the mature eigensolvers does not guarantee a correct solution to the corresponding eigenvalue
problem. This paper discusses the condition number of the problem and proposes a method for
preconditioning the system matrices, then the corresponding eigenvalue problem of the multibody
system about equilibrium can be smoothly solved with standard eigensolver such as ARPACK. In
addition, a necessary frequency shift technology is also presented in the paper. The importance
of matrix conditioning and the effectiveness of the presented method for preconditioning are
demonstrated with numerical examples.

1. Introduction

Modal analysis of multibody system [1, 2] has important application in structure analysis and
modal reduction method [3–6]. The eigenanalysis methods for constrained multibody system
can be mainly divided into two categories, namely, the eigenanalysis method by transforming
the equations of motion from DAEs to ODEs by selecting independent coordinates [7–
9] and the direct eigenanalysis method [10–12]. Compared with structural systems, the
governing equation of constrained multibody system is differential algebraic equations,
instead of the ordinary differential systems. In the reduction methods, the differential
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algebraic equations of multibody system are reduced into ordinary differential equations for
independent general coordinates, through looking for a set of orthogonal basis of constraint
Jacobian matrix to eliminate the constraints from the system governing equations. The
reduction method is accurate, efficient, and stable provided that the degree of freedom
of the system and the number of constraints are small. However, the reduction method
is considered not suitable for large scale problems due to the spoilage of sparse matrices
[13].

In the direct methods, the nonlinear differential and algebraic equations are simul-
taneously linearized about a given state of the system, that is, the algebraic constraint
equations are kept during the eigenanalysis and the sparsity of system matrices is
preserved. Depending on how the problem is actually formulated, the enlarged mass
matrix may become structurally singular (eigenvalues associated to constraints become
infinite); other approaches may result in a structurally singular enlarged stiffness matrix
(eigenvalues associated to constraints become 0). Usually a frequency shift is applied,
and structurally nonsingular enlarged matrices are resulted. But in most cases, matrices’
condition number of the frequency shifted system is very large and numerical singular
due to the constraints and a corresponding precondition is needed. The root cause for
numerical singularity can be understood by the fact that the dynamic equations and the
Lagrange multipliers carry a dimension of force while the constraint equations and the
general coordinate a dimension of length or angular. The literature [14, 15] suggested
multiplying a parameter to the constraints’ corresponding rows and columns of system
matrices as a preconditioning. The time step integration takes a parameter associate with
time step and integration format to do the precondition. But the eigenanalysis about a static
equilibrium has nothing to do with time integration, and we need to find an appropriate
parameter.

For the direct eigenanalysis of constrained multibody system in static equilibrium,
this paper proposes a procedure and a necessary preconditioning method of system
matrices to guarantee correct eigensolution. This paper is organized as follows. Section 2
schematically describes the formulation of constrained multibody system based on Lagrange
equation with multipliers and the direct eigenvalue problem about equilibrium. Section 3
presented a detailed condition number analysis of the system matrices and a preconditioning
scaling technique. Section 4 introduces the selection of eigensolver and numerical exam-
ples.

2. Governing Equations of Multibody System and
the Direct Eigenvalue Problem

The dynamic equations of a general multibody system are usually established with
Lagrange’s equations with multipliers [16]. The system equations are

d

dt

(
∂L

∂ẋ

)
− ∂L
∂x

=
(
∂Φ
∂x

)T
λ + f,

Φ(x) = 0,

(2.1)

where x ∈ R
n is the vector of general coordinates, λ ∈ R

m is the vector of Lagrange multipliers,
L is the Lagrange function associated with (ẋ, x), f is the vector of general nonconservative
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forces which are functions of (ẋ, x, t), Φ is the vector of constraint functions associated with
(x), and (∂Φ/∂x)Tλ is the vector of generalized constraint forces. Denote

F(ẍ, ẋ, x, t) =
(
− d
dt

(
∂L

∂ẋ

)
+
∂L

∂x
+ f
)
(ẍ, ẋ, x, t),

G(x) =
(
∂Φ(x)
∂x

)T
.

(2.2)

Then (2.1) becomes

F(ẍ, ẋ, x, t) +G(x)λ = 0,

Φ(x) = 0.
(2.3)

The equilibrium state (x0,λ0, t0) satisfies

F(0, 0, x0, t) +G(x0)λ0 = 0,

Φ(x0) = 0.
(2.4)

Assume small vibration about the equilibrium (δẍ, δẋ, x0 + δx,λ0 + δλ, t), then

F(δẍ, δẋ, x0 + δx, t) +G(x0 + δx)(λ0 + δλ) = 0,

Φ(x0 + δx) = 0.
(2.5)

Carry out the Taylor expansion and reserve linear terms, we have

M̂(x0)δÿ + Ĉ(x0)δẏ + K̂(x0,λ0)δy = 0, (2.6)

where M̂(x0) =
[
M(x0) 0

0 0

]
, Ĉ(x0)

[
C(x0) 0
0 0

]
, K̂(x0,λ0) =

[
K(x0,λ0) G(x0)
GT (x0) 0

]
, M(x0) = (∂F/∂ẍ)(x0),

C(x0) = (∂F/∂ẋ)(x0), K(x0,λ0) = (∂(F +Gλ)/∂x)(x0,λ0), δy =
[
δx
δλ

]
.

Write the solution as δy(t) = ertV, where r is one of the eigenvalues, V is the corres-
ponding eigenvector, and the eigenvalue problem is

(
r2M̂ + rĈ + K̂

)
V = 0. (2.7)

A frequency shift is applied to (2.7) by let r = r − α, α ∈ R
+, and then

(
r2M + rC +K

)
V = 0, (2.8)

where M = M̂, K = α2M̂ + αĈ + K̂, C = 2αM̂ + Ĉ. The frequency shift makes us calculate the
eigenvalues about α and makes sure K’s reversibility (the probability of singular is zero when
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α/= 0) as the system’s energy must be in the form of kinetic energy or deformation energy. The
eigenvalue problem can be transformed into the state space form as the following:

rM̃Y = K̃Y, (2.9)

where Y =
(

y
ry

)
, M̃ =

[
−C −M
I 0

]
, K̃ =

[
K 0
0 I

]
.

3. Ill-Condition in the Matrices of the Perturbed Vibration Equations
and the Preconditioning

Consider the shifted eigenvalue problem (2.8) in the undamped case
[
r2M +K

]
V = 0. (3.1)

It is more convenient to consider the standard eigenvalue problem than the original
generalized one

[
K−1M + r−2I

]
V = 0. (3.2)

As the inverse of matrix K is used, cases in large condition number of K could make the direct
solution of K−1M result in erroneous eigensolution. As shown in Section 4, the eigenvalue
problems (2.8) obtained by the linearization of the Lagrange equations with multipliers
for practical multibody systems usually encounter serious condition number problem. The
reason mainly lies in the different dimensions of the multiplier variables and constraint
equations with that of generalized coordinates and governing equations.

Inspired by the eigenanalysis method through transforming the equations of motion
from DAEs to ODEs by selecting independent coordinates, we divide the matrix into blocks
and calculate its inverse by Gaussian elimination. Let α2M +K = cD where c = ‖α2M +K‖∞.
Without loss of generality, let the first m (the number of constraints) rows of G be linearly
independent and be denoted as G1 ∈ R

m×m. Divide the matrix as

K =

⎡

⎢⎢
⎣

cD11 cD12 G1

cD21 cD22 G2

GT
1 GT

2 0

⎤

⎥⎥
⎦, (3.3)

where D11 ∈ R
m×m, D22 ∈ R

(n−m)×(n−m), D12 ∈ R
m×(n−m), D21 ∈ R

(n−m)×m, G2 ∈ R
(n−m)×m, n is the

number of freedom of general coordinates.
Then

K−1 = c−1

⎡

⎢⎢
⎣

G−T1 GT
2P
−1G2G−1

1 −G−T1 GT
2P
−1 c

(
G−T1 +G−T1 GT

2P
−1R
)

−P−1G2G−1
1 P−1 −cP−1R

c
(
G−1

1 +QP−1G2G−1
1

) −cQP−1 c2(QP−1R −N)

⎤

⎥⎥
⎦, (3.4)

where N = G−1
1 D11G−T1 , P = D22 + G2NGT

2 − D21G−T1 GT
2 − G2G−1

1 D12, Q = G−1
1 D12 − NGT

2 ,
R = D21G−T1 −G2N. See appendix for detail of Gaussian elimination.
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Assume

‖N‖∞ ≈
∥
∥
∥P−1

∥
∥
∥
∞
≈ ‖Q‖∞ ≈ ‖R‖∞ = O(1). (3.5)

Then it shows ‖K−1‖∞ = O(c) and by taking condition number cond(·) = ‖ · ‖∞‖·−1‖∞

cond
(
K
)
≈ O
(
c2
)
. (3.6)

Equation (3.5) can be expected when the elements of eigenvector of the underlying
ODE system have about the same magnitude, that is, the elastic parameters of the physical
system are about the same magnitude in physical description, and this is often the case. The
elastic parameters mean the Young’ modulus of flexible bodies, stiffness of spring forces, and
so forth.

The condition number of the original system can be changed by scaling the multiplier
variables and constraint equations. Let λ̂ = k−1λ and multiply the constraint equations by k
in (2.1) we have

d

dt

(
∂L

∂ẋ

)
− ∂L
∂x

= k
(
∂Φ
∂x

)T
λ̂ + f,

kΦ(x) = 0.

(3.7)

The corresponding block matrices are

K =

⎡

⎢⎢
⎣

cD11 cD12 kG1

cD21 cD22 kG2

kGT
1 kGT

2 0

⎤

⎥⎥
⎦,

K−1 = c−1

⎡

⎢⎢
⎣

G−T1 GT
2P
−1G2G−1

1 −G−T1 GT
2P
−1 k−1c

(
G−T1 +G−T1 GT

2P
−1R
)

−P−1G2G−1
1 P−1 −k−1cP−1R

k−1c
(
G−1

1 +QP−1G2G−1
1

) −k−1cQP−1 k−2c2(QP−1R −N)

⎤

⎥
⎥
⎦.

(3.8)

Then the condition number analysis shows

cond
(
K
)
≈ O
(

max(k, c) ×max
(
k−1c, k−2c2

))
. (3.9)

Choosing k ≈ c, the estimation of condition number decreases from about O(c2) to about
O(1).

The elements of matrix K stand for the elastic coefficients of the system and the
elements of G and GT work similarly as the stiffness of constraints. Taking K as an enlarged
stiffness matrix, the scaling is equivalent to changing the stiffness of constraints from O(1) to
the same magnitude of physical stiffness.
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Note that the condition cannot be improved by only scaling multipliers or by only
scaling constraint equations. It is suggested that any different dimension in the procedure of
modeling could lead to bad condition of numerical calculation.

The complete process for direct eigenanalysis of constrained deformable multibody
system is thus as follows.

Step 1. Calculate the static equilibrium (x0,λ0) from (2.4).

Step 2. Calculate M̂, Ĉ, K̂ at (x0,λ0).

Step 3. Precondition K̂ with c which is the maximum absolute element of K̂.

Step 4. Frequency shift with parameter α(1 ∼ 10) with (2.8).

Step 5. Enlarge the matrix into state space as (2.9).

Step 6. Solve the eigenvalues and eigenvectors form (2.9) with eigensolver such as ARPACK.

Step 7. Add α to the eigenvalues and multiply the eigenvector components of Lagrange
multipliers with c.

4. Selection of Eigensolver and Numerical Examples

The famous iteration method Implicitly Restarted Arnoldi Method (IRAM) [17, 18] is used in
the numerical solution of eigenvalue problem (2.9) in the paper. Arnoldi method is one of the
Krylov subspace methods [19] which calculate the largest few eigenvalues of a matrix. The
presented numerical examples have verified the efficiency of IRAM in practical calculation.
The famous parallel sparse linear system solver PARDISO [20, 21] is used to provide K̃−1

of (2.9) in the paper. A cantilever and a four-bar linkage are calculated to illustrate the
effect of the condition number of the system matrix and the effectiveness of the presented
preconditioning method. It is shown that the numerical results are physically meaningless
without scaling and the precondition presented in the paper is very effective.

4.1. A Cantilever

In this example, beam element and 3-dimensional solid element are separately used to model
the cantilever in the multibody frame, as shown in Figure 1. The parameters of the cantilever
are shown in Table 1. The models are computed with the presented direct eigenanalysis
method in two cases, that is, with and without axial tension, and the results are compared
with analytical results based on the mathematical physics, see Tables 2 and 3.

The governing equation and boundary conditions for the single-mode-free vibration
of the cantilever under axial tension is as the following:

EI
d4y

dx4
− Fd

2y

dx2
− ρω2y = 0,

y
∣∣

0 = 0
dy

dx

∣∣∣∣
0
= 0

d2y

dx2

∣∣∣∣∣
l

= 0
d3y

dx3

∣∣∣∣∣
l

= a
dy

dx

∣∣∣∣
l

,

(4.1)
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Model 2: cantilever realized with solid elements

Model 1: cantilever realized with beam elements

Figure 1: Two models of cantilever.

Table 1: Parameters for the cantilever.

Item Density Young’s modulus Poisson’s ratio Beta damping Size Area Inertia moment
Value 7860 2.06e11 0 0.0 10∗10∗200 102 (10)4/12
Unit kg/m3 N/m — — m∗m∗m m2 m4

Table 2: Eigenvalues comparison for cantilever (F = 0 Newton).

Frequency
order

Unscaled
model 1

Unscaled
model 2

Euler-Bernoulli
beams Analytical

Scaled model 1 Scaled model 2

value error value error

1st-X 0.15 + 0.43i −0.01 + 0.26i 0.2067i 0.2065i −0.10% 0.2208i 6.82%
1st-Y −0.47 + 0.49i −0.49 + 0.33i 0.2067i 0.2065i −0.10% 0.2208i 6.82%
2nd-X −0.76 + 0.03i −0.38 + 0.95i 1.2957i 1.2906i −0.40% 1.3701i 5.74%
2nd-Y −0.87 + 0.01i −0.73 + 1.35i 1.2957i 1.2906i −0.40% 1.3701i 5.74%
3rd-X −1.45 + 1.17i −0.41 + 1.49i 3.6280i 3.6049i −0.64% 3.7803i 4.20%
3rd-Y −1.44 + 0.38i −2.68 + 0.11i 3. 6280i 3.6049i −0.64% 3.7803i 4.20%
Condition
number 3.9409e + 22 2.3198e + 19 9.3813e + 06 3.4183e + 07

Note: Error = (Algorithm−Analytical)/Analytical.

where x is the material coordinate, y is the lateral vibration displacement mode, E is the
Young’s modulus, I is the sectional moment of inertia, F is the axial tension, ρ is the linear
density, and ω is the circular frequency of vibration. l is the length of the cantilever and a =
F/EI. With the conventional mathematical procedure, characteristic equation for frequency
ω is

[
r2

1 cosh(r1l) + r2
2 cos(r2l)

]

{
r3

1 sinh(r1l) − r3
2 sin(r2l) + a[−r1 sinh(r1l) − r2 sin(r2l)]

}

=

[
r2

1 sinh(r1l) + r1r2 sin(r2l)
]

{
r3

1 cosh(r1l) + r1r
2
2 cos(r2l) + a[−r1 cosh(r1l) − r1 cos(r2l)]

} ,

(4.2)

where b = ρω2/EI, r1 =
√
(
√
a2 + 4b + a)/2, and r2 =

√
(
√
a2 + 4b − a)/2.
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Table 3: Eigenvalues comparison for cantilever (F = 1e10 Newton).

Frequency
order

Unscaled
model 1

Unscaled
model 2

Euler-Bernoulli
beam Analytical

Scaled model 1 Scaled model 2

value error value error

1st-X 0.12 + 0.42i −0.03 + 0.28i 0.2796i 0.2792i −0.14% 0.2906i 3.93%
1st-Y −0.87 + 0.19i −0.16 + 0.60i 0.2796i 0.2792i −0.14% 0.2906i 3.93%
2nd-X −1.14 + 0.05i 0.07 + 1.35i 1.3923i 1.3863i −0.43% 1.4611i 4.94%
2nd-Y 1.27 + 0.22i 1.45 + 0.88i 1.3923i 1.3863i −0.43% 1.4611i 4.94%
3rd-X −0.18 + 1.38i −1.06 + 1.41i 3.7127i 3.6876i −0.68% 3.8602i 3.97%
3rd-Y −1.26 + 0.71i −0.23 + 2.73i 3.7127i 3.6876i −0.68% 3.8602i 3.97%
Condition
number 4.3103e + 21 7.9065e + 18 5.1001e + 06 6.4188e + 07

Note: error = (Algorithm−Analytical)/Analytical.

Gravity

60 deg 45 deg

100

100
122.5

Balance configuration under gravity

Figure 2: Four-bar linkage discrete model.

It is shown in Tables 2 and 3 that the results without the scaling precondition are totally
erroneous in both cases. In the two models, through computation c = 1.39167e + 06 for F = 0
and c = 1.39252e + 06 for F = 1e + 10. Precondition parameter k is chosen the same as c and
the condition numbers in the two computed cases are decreased about O(c2) times after the
precondition. The results show that the presented precondition procedure could guarantee
correct results for the direct eigenanalysis, and the unscaled models give out meaningless
results by ARPACK as the condition numbers are too large for the nonphysical contribution of
constraints. Note that model 2 is used to illustrate the precondition’s effectiveness for models
including other flexible elements such as 3D solid elements, and the error of scaled model
2 to Euler beam analytical results is partly because the solid model does not agree with the
plan cross section assumption of Euler-Bernoulli beam.

4.2. Four-Bar Linkage

The four-bar linkage is shown in Figure 2, and the parameters of the bar are shown in Table 4.
The model is modeled with Cartesian coordinates, and the constraints in the model are all
revolute joints. The beam element model is used in this example, as shown in Figure 3. The
equilibrium under gravity is first calculated with dynamic relaxation method, [22] and the
eigenvalues are calculated about the deformed configuration. The equilibrium configuration
of the four-bar system is also shown in Figure 3; the computed results with and without
the preconditioning scaling are shown in Table 5 compared with results of FEA software
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Table 4: Parameters for the linkage.

Item Density Young’s modulus Poisson’s ratio Beta damping Area Moment of inertia Gravity

Value 7860 2.06e11 0 0 102 (10)4/12 10

Unit kg/m3 N/m — — m2 m4 m/s2

1st mode (in XY plane 0.0808 Hz)

X

Y

(a)

2nd mode (out of XY plane 0.4236 Hz)

X

Y

Z

(b)

3rd mode (out of XY plane 1.2134 Hz)

Z
X

Y

(c)

4th mode (in XY plane 1.6520 Hz)

X

Y

(d)

5th mode (in XY plane 2.2633 Hz)

Balance
Mode

X

Y

(e)

6th mode (in XY plane 2.5967 Hz)

X

Y

Balance
Mode

(f)

Figure 3: Modes of the four-bar linkage.
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Table 5: Eigenvalues with or without scaling.

Frequency order ABAQUS Unscaled model Scaled model
value error value error

1st 0.0805i −1.09 + 0.02i — 0.0808i 0.37%
2nd 0.4215i −1.06 + 0.34i — 0.4236i 0.50%
3rd 1.1922i −1.20 + 0.35i — 1.2134i 1.78%
4th 1.6457i −1.30 + 0.08i — 1.6520i 0.38%
5th 2.2631i −1.30 + 0.03i — 2.2633i 0.01%
6th 2.6006i −1.34 + 0.23i — 2.5967i −0.15%
Condition number 3.3416e + 19 1.1560e + 10

Note: error = (Algorithm−ABAQUS)/ABAQUS.

ABAQUS with the same model. Again the unscaled results in the case are all meaningless as
they have nonphysical real parts. In this problem c = 9.11047e+ 13 and precondition parame-
ter k is chosen, the same value as c. The condition numbers are reduced aboutO(c) times after
the preconditioning, and correct results are obtained with the direct eigenanalysis method.

5. Summary and Conclusions

In this paper, the bad condition of the eigenvalue problem formulated from the direct
linearization of the differential-algebraic equations of multibody system is reviewed and
then discussed. The root cause may be attributed to the different dimensions of constraint
multipliers and equations with physical system. Through analysis, a simple scale of the
constraint multiplier variables and equations according to the stiffness of the elastic elements
in the system can reduce the condition number of the system matrix to be inverted. After
the preconditioning scale, eigensolvers such as ARPACK can be directly applied to the
preconditioned system and yield correct result. The soundness of proposed approach and
applicability are illustrated by comparing the results of a cantilever and a four-bar linkage
with those obtained from either analysis or ABAQUS.

Appendix

A. Gaussian elimination to get (3.4) from (3.3)

⎡

⎢⎢
⎣

cD11 cD12 G1

cD21 cD22 G2

GT
1 GT

2 0

⎤

⎥⎥
⎦ ∼

⎡

⎢⎢
⎣

Im 0 0

0 In−m 0

0 0 Im

⎤

⎥⎥
⎦.

1. Unitize 1st and 3rd line by left multiplying G−1
1 to 1st line and G−T1 3rd line.

2. Exchange 1st and 3rd line.−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
⎡

⎢⎢
⎣

Im G−T1 GT
2 0

cD21 cD22 G2

cG−1
1 D11 cG−1

1 D12 Im

⎤

⎥⎥
⎦ ∼

⎡

⎢⎢
⎣

0 0 G−T1

0 In−m 0

G−1
1 0 0

⎤

⎥⎥
⎦.
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1. Left multiply −cD21 to 1st line and add to 2nd line.

2. Left multiply −cG−1
1 D11 to 1st line and add to 3rd line.

3. Left multiply −G2 to 3rd line and add to 2nd line.−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
⎡

⎢
⎢
⎣

Im G−T1 GT
2 0

0 c
(
D22 +G2G−1

1 D11G−T1 GT
2 −D21G−T1 GT

2 −G2G−1
1 D12

)
0

0 c
(
G−1

1 D12 −G−1
1 D11G−T1 GT

2

)
Im

⎤

⎥
⎥
⎦

∼

⎡

⎢
⎢
⎣

0 0 G−T1

−G2G−1
1 In−m −c

(
D21G−T1 −G2G−1

1 D11G−T1

)

G−1
1 0 −cG−1

1 D11G−T1

⎤

⎥
⎥
⎦.

Let N=G−1
1 D11G−T1 , P=D22+G2NGT

2−D21G−T1 GT
2−G2G−1

1 D12,Q=G−1
1 D12−NGT

2 , R=D21G−T1 −G2N.−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
⎡

⎢⎢
⎣

Im G−T1 GT
2 0

0 cP 0

0 cQ Im

⎤

⎥⎥
⎦ ∼

⎡

⎢⎢
⎣

0 0 G−T1

G2G−1
1 In−m −cR

G−1
1 0 −cN

⎤

⎥⎥
⎦.

1. Unitize 2nd line by left multiplying c−1P−1(reversibility of the whole matrix ensure the existence of P−1).

2. Left multiply − −G−T1 GT
2 to 2nd line and add to 1st line.

3. Left multiply −cQ to 2nd line and add to 3rd line.−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
⎡

⎢⎢
⎣

Im 0 0

0 In−m 0

0 0 Im

⎤

⎥⎥
⎦ ∼ c−1

⎡

⎢⎢
⎣

G−T1 GT
2P
−1G2G−1

1 −G−T1 GT
2P
−1 c

(
G−T1 +G−T1 GT

2P
−1R
)

−P−1G2G−1
1 P−1 −cP−1R

c
(
G−1

1 +QP−1G2G−1
1

) −cQP−1 c2(QP−1R −N)

⎤

⎥⎥
⎦.

(A.1)
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The uniform bounds on eigenvalues of B̂−1
h2 ÂN2 are shown both analytically and numerically by the

P1 finite element preconditioner B̂−1
h2 for the Legendre spectral element system ÂN2u = f which is

arisen from a coupled elliptic system occurred by an optimal control problem. The finite element
preconditioner is corresponding to a leading part of the coupled elliptic system.

1. Introduction

Optimal control problems constrained by partial differential equations can be reduced to
a system of coupled partial differential equations by Lagrange multiplier method ([1]). In
particular, the needs for accurate and efficient numerical methods for these problems have
been important subjects. Many works are reported for solving coupled partial differential
equations by finite element/difference methods; or finite element least-squares methods ([2–
5], etc.). But, there are a few literature (for examples, [6, 7]) on coupled partial differential
equations using the spectral element methods (SEM) despite of its popularity and accuracy
(see, e.g., [8]).

One of the goals in this paper is to investigate a finite element preconditioner for the
SEM discretizations. The induced nonsymmetric linear systems by the SEM discretizations
from such coupled elliptic partial differential equations have the condition numbers which
are getting larger incredibly not only as the number of elements and degrees of polynomials
increases but also as the penalty parameter δ decreases (see [5] and Section 4). Hence, an
efficient preconditioner is necessary to improve the convergence of a numerical method
whose number of iterations depends on the distributions of eigenvalues (see [9–12]).
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Particularly, the lower-order finite element/difference preconditioning methods for spectral
collocation/element methods have been reported ([9, 10, 13–17], etc.).

The target-coupled elliptic type equations are as follows:

−Δu + b · ∇u + u +
1
δ
v = 0 in Ω,

−Δv − ∇ · (vb) + v − u = −û in Ω,

u = v = 0 on ∂Ω,

(1.1)

which is the result of Lagrange multiplier rule applied to a L2 optimal control problem subject
to an elliptic equation (see [1]). Applying theP1 finite element preconditioner to our coupled
elliptic system discretized by SEM using LGL (Legendre-Gauss-Lobatto) nodes, we show
that the preconditioned linear systems have uniformly bounded eigenvalues with respect to
elements and degrees.

The field of values arguments will be used instead of analyzing eigenvalues directly
because the matrix representation of the target operator, even with zero convection term,
is not symmetric. We will show that the real parts of eigenvalues are positive, uniformly
bounded away from zero, and the absolute values of eigenvalues are uniformly bounded
whose bounds are only dependent on the penalty parameter δ in (1.1) and the constant vector
b in (1.1). Because of this result, one may apply a lower-order finite element preconditioner
to a real optimal control problem subject to Stokes equations which requires an elliptic type
solver.

This paper is organized as follows: in Section 2, we introduce some preliminaries and
notations. The norm equivalences of interpolation operators are reviewed to show the norm
equivalence of an interpolation operator using vector basis. The preconditioning results are
presented theoretically and numerically in Section 3 and Section 4, respectively. Finally, we
add the concluding remarks in Section 5.

2. Preliminaries

2.1. Coupled Elliptic System

Because we are going to deal with a coupled elliptic system, the vector Laplacian, gradient
and divergence operators for a vector function u = [u, v]T , where T denotes the transpose,
are defined by

Δu :=
[
uxx + uyy
vxx + vyy

]
, ∇u :=

[
ux vx
uy vy

]
, ∇ · u :=

[
ux + uy
vx + vy

]
. (2.1)

With the usual L2 inner product 〈·, ·〉 and its norm ‖ · ‖, for vector functions u := [u, v]T and
w := [w, z]T , define

〈
u,w

〉
:= 〈u,w〉 + 〈v, z〉, ∥∥u

∥∥2 := ‖u‖2 + ‖v‖2 (2.2)
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and, for matrix functions U and V , define

〈U,V 〉 =
4∑

k=1

〈uk, vk〉, ‖U‖2 :=
4∑

k=1

‖uk‖2, where U =
[
u1 u2

u3 u4

]
, V =

[
v1 v2

v3 v4

]
. (2.3)

We use the standard Sobolev spaces like H1(Ω) and H1
0(Ω) on a given domain Ω with

the usual Sobolev seminorm | · |1 and norm ‖ · ‖1. The main content of this paper is to provide
an efficient low-order preconditioner for the system (1.1).

Multiplying the second equation by 1/δ, the system (1.1) can be expressed as

Au := −AΔu + B
(
b · ∇u)T + (A + C)u = f in Ω, (2.4)

where

A =

⎡

⎣
1 0

0
1
δ

⎤

⎦, B =

⎡

⎣
1 0

0 − 1
δ

⎤

⎦, C =

⎡

⎢
⎣

0
1
δ

− 1
δ

0

⎤

⎥
⎦, f =

⎡

⎣
0

− 1
δ
û

⎤

⎦, (2.5)

with the zero boundary condition u = 0 on ∂Ω. Let B be another decoupled uniformly elliptic
operator such that

Bu := −AΔu + Au in Ω (2.6)

with the zero boundary condition.

2.2. LGL Nodes, Weights, and Function Spaces

Let {ηk}Nk=0 and {ωk}Nk=0 be the reference LGL nodes and its corresponding LGL weights in
I = [−1, 1], respectively, arranged by −1 =: η0 < η1 < · · · < ηN−1 < ηN := 1. We use {tj}Ej=0 as
the set of knots in the interval I such that −1 =: t0 < t1 < · · · < tE−1 < tE := 1. Here E denotes
the number of subintervals of I. Denote N by the degree of a polynomial on each subinterval
Ij := [tj−1, tj] and G := {ξj,k}E,Nj = 1,k = 0 by the set of kth-LGL nodes ξj,k in each subinterval Ij
(j = 1, . . . , E) arranged by

ξj,0 := tj−1 < ξj,1 < · · · < ξj,N−1 < tj =: ξj,N, (2.7)

where

ξj,k =
hj

2
ηk +

1
2
(
tj−1 + tj

)
, hj = tj − tj−1, (2.8)
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and the corresponding LGL weights {ρj,k}E,Nj=1,k=0 are given by

ρj,k :=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

hj

2
ωN +

hj+1

2
ω0, k =N, j = 1, . . . , E − 1,

ρj−1,N, k = 0, j = 2, . . . , E,

hj

2
ωk, otherwise.

(2.9)

Let Pk be the space of all polynomials defined on I whose degrees are less than or equal to k.

The Lagrange basis for PN on I is given by {φ̂i(t)}
N

i=0 satisfying

φ̂i
(
ηj

)
= δij for i, j = 0, 1, . . . ,N, (2.10)

where δij denotes the Kronecker delta function.
We define PhN as the subspace of continuous functions whose basis {φμ}N+1

μ=0 is
piecewise continuous Lagrange polynomials of degree N on Ij with respect to G and define
VhN as the space of all piecewise Lagrange linear functions {ψμ}N+1

μ=0 with respect to G. Note

that these basis functions have a proper support. See [9, 18] for detail. Let P0
N,h := H1

0(I)∩PhN
and V0

N,h
:= H1

0(I) ∩ VhN . With the notation V ×V := {[u, v]T | u, v ∈ V}, define P0
N,h and V0

N,h

as subspaces of P0
N,h
× P0

N,h
and V0

N,h
× V0

N,h
, respectively. The basis functions for P0

N,h and
V0
N,h are given respectively by

φ
p
(t) :=

{[
φp(t), 0

]T
, for p ≤ N,

[
0, φp−N(t)

]T
, for p > N,

ψ
p
(t) :=

{[
ψp(t), 0

]T
, for p ≤ N,

[
0, ψP−N(t)

]T
, for p > N,

(2.11)

where p = 1, 2, . . . , 2N. For two dimensional (2D) case, let [[P0
N,h

]] := P0
N,h
⊗ P0

N,h
and

[[V0
N,h]] := V0

N,h⊗ V0
N,h be tensor product function spaces of one-dimensional function spaces

and let [[P0
N,h]] and [[V0

N,h]] be subspaces of [[P0
N,h]] × [[P0

N,h]] and [[V0
N,h]] × [[V0

N,h]],

respectively. Now let us order the interior LGL points in Ω by horizontal lines as {Ξμ̃}N
2

μ̃=1 :=

{(ξμ, ξν)}N,N
μ=1,ν=1, where μ̃ = μ+N(ν−1) for μ, ν = 1, 2, . . . ,N. Accordingly, the basis functions for

[[P0
N,h]] and [[V0

N,h]] are also arranged as the same way. Then, with the notations φμ̃(x, y) :=
φμ(x)φν(y) and ψμ̃(x, y) := ψμ(x)ψν(y), the basis functions of [[P0

N,h]] and [[V0
N,h]] are given,

respectively, by

Φp̃

(
x, y

)
:=

⎧
⎨

⎩

[
φp̃

(
x, y

)
, 0

]T
, for p̃ ≤ N2,

[
0, φp̃−N2

(
x, y

)]T
, for p̃ > N2,

Ψp̃

(
x, y

)
:=

⎧
⎨

⎩

[
ψp̃

(
x, y

)
, 0

]T
, for p̃ ≤ N2,

[
0, ψp̃−N2

(
x, y

)]T
, for p̃ > N2,

(2.12)

where p̃ = 1, . . . , 2N2.
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2.3. Interpolation Operators

We denote C(Ω) as the set of continuous functions in Ω := I × I. Let IN2 : C(Ω) → [[PN]] :=
PN ⊗ PN be the usual reference interpolation operator such that (IN2u)(ηi, ηj) = u(ηi, ηj)
for u ∈ C(Ω) (see, e.g., [17]). The global interpolation operator Ih

N2 : C(Ω) → [[P0
N,h]]

is given by Ih
N2u(x, y) =

∑N2

μ̃=1 uμ̃φμ̃(x, y), where uμ̃ = u(ξμ, ξν). Hence, it follows that
(Ih

N2u)(ξμ, ξν) = u(ξμ, ξν) for u ∈ C(Ω). With this interpolation operator Ih
N2 , let us define

the vector interpolation operator Ih
N2 : C(Ω) × C(Ω) → [[P0

N,h]] such that, for u := [u, v]T ∈
C(Ω) × C(Ω),

(
Ih
N2u

)(
ξμ, ξν

)
:=

[
Ih
N2u

(
ξμ, ξν

)
,Ih

N2v
(
ξμ, ξν

)]T
= u

(
ξμ, ξν

)
. (2.13)

Let Φ̂ĩ(x, y) = φ̂ij(x, y) = φ̂i(x)φ̂j(y) and Ψ̂ĩ(x, y) = ψ̂ij(x, y) = ψ̂i(x)ψ̂j(y), where ĩ = i + (N +
1)j and i, j = 0, . . . ,N, be the basis of [[PN]] and [[VN]], respectively. Let us denote MN2 and
Mh2 by the mass matrices such that

MN2

(
ĩ, j̃

)
=

〈
Φ̂ĩ, Φ̂j̃

〉
, Mh2

(
ĩ, j̃

)
=

〈
Ψ̂ĩ, Ψ̂j̃

〉
(2.14)

and denote SN2 and Sh2 by the stiffness matrices such that

SN2

(
ĩ, j̃

)
=

〈
∇Φ̂ĩ,∇Φ̂j̃

〉
, Sh2

(
ĩ, j̃

)
=

〈
∇Ψ̂ĩ,∇Ψ̂j̃

〉
, (2.15)

where ĩ, j̃ = 1, . . . , (N + 1)2.
According to Theorems 5.4 and 5.5 in [17], there are two absolute positive constants c0

and c1 such that for any U = [u1, . . . , u(N+1)2]T ,

c0〈MN2U,U〉 ≤ 〈Mh2U,U〉 ≤ c1〈MN2U,U〉,
c0〈SN2U,U〉 ≤ 〈Sh2U,U〉 ≤ c1〈SN2U,U〉,

(2.16)

and for all u ∈ [[VN]],

c0‖u‖ ≤ ‖IN2u‖ ≤ c1‖u‖, c0‖u‖1 ≤ ‖IN2u‖1 ≤ c1‖u‖1 . (2.17)

The extension of (2.17) to the interpolation operator Ih
N2 leads to

c0‖u‖ ≤
∥∥∥IhN2u

∥∥∥ ≤ c1‖u‖, c0‖u‖1 ≤
∥∥∥IhN2u

∥∥∥
1
≤ c1‖u‖1 (2.18)

for all u ∈ [[V0
N,h]], where the constants c0 and c1 are positive constants independent of E

and N (see [18]).
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Theorem 2.1. For all u ∈ [[V0
N,h]], there are positive constants c0 and c1 independent of E and N

such that

c0
∥
∥u

∥
∥ ≤

∥
∥
∥IhN2u

∥
∥
∥ ≤ c1

∥
∥u

∥
∥, c0

∥
∥u

∥
∥

1 ≤
∥
∥
∥IhN2u

∥
∥
∥

1
≤ c1

∥
∥u

∥
∥

1. (2.19)

Proof. By the definitions of the interpolation operator Ih
N2 and the norms, we have

∥
∥
∥IhN2u

∥
∥
∥

2
=

∥
∥
∥IhN2u

∥
∥
∥

2
+

∥
∥
∥IhN2v

∥
∥
∥

2
,

∥
∥
∥IhN2u

∥
∥
∥

2

1
=

∥
∥
∥IhN2u

∥
∥
∥

2

1
+

∥
∥
∥IhN2v

∥
∥
∥

2

1
, (2.20)

which completes the proof because of (2.18).

3. Analysis on P1 Finite Element Preconditioner

The bilinear forms corresponding to (2.4) and (2.6) are given by

α
(
u,w

)
=

〈
A∇uT ,∇wT

〉
+

〈
B
(
b · ∇u)T

,w
〉
+

〈
(A + C)u,w

〉
=

〈
f,w

〉
, (3.1)

β
(
u,w

)
=

〈
A∇uT ,∇wT

〉
+

〈
Au,w

〉
, (3.2)

where u := [u(x, y), v(x, y)]T , w := [w(x, y), z(x, y)]T and A,B,C are the same matrices in
(2.4) and f = [0, û(x, y)]T . Note that the bilinear form β(·, ·) in (3.2) is symmetric but the
bilinear form α(·, ·) in (3.1) is not symmetric. The following norm equivalence guarantees the
existence and uniqueness of the solution in H1

0(Ω) ×H1
0(Ω) for the variational problem (3.1).

Proposition 3.1. For a real valued vector function u(x, y) = [u, v]T ∈ H1
0(Ω) ×H1

0(Ω), we have

∥∥u
∥∥

1 ≤ α
(
u,u

) ≤ 1
δ

∥∥u
∥∥2

1. (3.3)

Proof. Since b is a constant vector, [u, v]T ∈ H1
0(Ω) × H1

0(Ω), and u is a real valued vector
function, we have

α
(
u,u

)
= β

(
u,u

)
+

〈
B
(
b · ∇u)T

,u
〉
+

〈
Cu,u

〉

= β
(
u,u

)
+ 〈b · ∇u, u〉 − 1

δ
〈b · ∇v, v〉 + 1

δ
(〈v, u〉 − 〈u, v〉)

= β
(
u,u

)
= ‖u‖2

1 +
1
δ
‖v‖2

1.

(3.4)

Hence, (3.3) is proved because 0 < δ ≤ 1.
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Lemma 3.2. If u = [u, v]T is a complex valued function in H1
0(Ω) × H1

0(Ω), then we have the
following estimates:

Re
(
α
(
u,u

))
= β

(
u,u

)
,

∣
∣α

(
u,u

)∣∣ ≤
(

1 +
1
2
|b| + 1

δ

)
β
(
u,u

)
,

(3.5)

where |b| =
√
b2

1 + b
2
2.

Proof. Let us decompose u and v in u as u(x, y) = p(x, y) + iq(x, y) and v(x, y) = r(x, y) +
is(x, y), where p, q, r, and s are real functions and i2 = −1. Then we have

〈b · ∇u, u〉 = i
∫

Ω
b1

(
qxp − pxq

)
+ b2

(
pyq − qyp

)
dΩ, (3.6)

− 1
δ
〈b · ∇u, u〉 = − i

δ

∫

Ω
b1(sxr − rxs) + b2

(
rys − syr

)
dΩ, (3.7)

1
δ
(〈v, u〉 − 〈u, v〉) = i

(
2
δ

∫

Ω
sp − qr dΩ

)
. (3.8)

Hence, one may see that the real part of α(u,u) is β(u,u) and the pure imaginary part is the
sum of (3.6), (3.7), and (3.8). By Cauchy-Schwarz inequality, ε-inequality, and the range of
0 < δ ≤ 1, we have

∣∣∣∣〈b · ∇u, u〉 −
1
δ
〈b · ∇v, v〉 + 1

δ
(〈v, u〉 − 〈u, v〉)

∣∣∣∣

≤ |b|‖∇u‖‖u‖ + 1
δ
|b|‖∇v‖‖v‖ + 1

δ
(2‖v‖‖u‖)

≤ 1
2
|b|

(
‖∇u‖2 + ‖u‖2 +

1
δ

(
‖∇v‖2 + ‖v‖2

))
+

1
δ

(
‖u‖2 + ‖v‖2

)

≤
(

1
2
|b| + 1

δ

)
β
(
u,u

)
.

(3.9)

Hence (3.5) is proved.

Let σ(A) and F(A) be the spectrum (or set of eigenvalues) and field of values of the
square matrix A, respectively. Let ÂN2 and B̂h2 be the two dimensional stiffness matrices on
the spaces [[P0

N,h]] and [[V0
N,h]] induced by (3.1) and (3.2), respectively. Then, we have the

following.
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Lemma 3.3. ForU(/= 0) ∈ C
2N2

, one has

σ
(
B̂−1
h2 ÂN2

)
⊂ W, (3.10)

where

W :=

⎧
⎨

⎩

〈
ÂN2U,U

〉

〈
B̂h2U,U

〉 | U/= 0

⎫
⎬

⎭
. (3.11)

Proof. Since B̂h2 is symmetric positive definite, there exists a unique positive definite square
root B̂1/2

h2 of B̂h2 . So, we have

〈
ÂN2U,U

〉

〈
B̂h2U,U

〉 =

〈
ÂN2U,U

〉

〈
B̂1/2
h2 U, B̂

1/2
h2 U

〉 =

〈
B̂−1/2
h2 ÂN2B̂−1/2

h2 V, V
〉

〈V, V 〉 , where V = B̂1/2
h2 U, (3.12)

for U(/= 0) ∈ C
2N2

. Now let B̂−1/2
h2 be a short-hand notation for (B̂1/2

h2 )
−1

. Therefore, from the
relation of spectrum and field of values (see [19] or [11]), it follows that

σ
(
B̂−1
h2 ÂN2

)
= σ

(
B̂−1/2
h2 ÂN2 B̂−1/2

h2

)
⊂ F

(
B̂−1/2
h2 ÂN2B̂−1/2

h2

)
=W, (3.13)

which completes the proof.

The following theorem shows the uniform bounds of eigenvalues which is indepen-
dent of both N and E for our preconditioned system

B̂−1
h2 ÂN2uN = B̂−1

h2 f
N. (3.14)

Theorem 3.4. Let {λp}2N2

p=1 be the set of eigenvalues of

B̂−1
h2 ÂN2 , (3.15)
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then, there are constants c0, C0, and Λδ independent of E andN, such that

0 < c0 < Re
(
λp

)
< C0,

∣
∣λp

∣
∣ ≤ Λδ, (3.16)

where Λδ = C(1 + ‖b‖ + 1/δ).

Proof. Let u(x, y) ∈ [[V0
N,h]] be represented as u(x, y) =

∑2N2

p=1 upΨp(x, y). Then, its piecewise
polynomial interpolation can be written as

(
Ih
N2u

)(
x, y

)
=

2N2∑

p=1

upΦp

(
x, y

)
. (3.17)

Let U = [u1, . . . , u2N2]T . From the definitions of the bilinear forms, we have

〈
ÂN2U,U

〉
= α

(
Ih
N2u, IhN2u

)
,

〈
B̂h2U,U

〉
= β

(
u,u

)
. (3.18)

This implies that

wλ :=

〈
ÂN2U,U

〉

〈
B̂h2U,U

〉 =
α
(
Ih
N2u, IhN2u

)

β
(
u,u

) . (3.19)

By Theorem 2.1 and Lemma 3.2, the real part of wλ satisfies

Re(wλ) =
β
(
Ih
N2u, IhN2u

)

β
(
u,u

) ∼ 1, (3.20)

where the notation a ∼ b means the equivalence of two quantities a and b which does not
depend on E and N. Again, from Theorem 2.1 and Lemma 3.2, the absolute value of wλ

satisfies

|wλ| =

∣∣∣α
(
Ih
N2u, IhN2u

)∣∣∣

β
(
u,u

) ≤
(1 + (1/2)|b| + (1/δ)) β

(
Ih
N2u, IhN2u

)

β
(
u,u

)

≤ C
(

1 + |b| + 1
δ

)
.

(3.21)

Therefore, from Lemma 3.3, the real parts and the absolute values of eigenvalues of B̂−1
h2 ÂN2

satisfy (3.16).
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Remark 3.5. Let the one dimensional (1D) bilinear forms for u,w ∈ H1
0(−1, 1) ×H1

0(−1, 1) be

α1
(
u,w

)
=

〈
Au′,w′

〉
+

〈
B bu′,w

〉
+

〈
(A + C)u,w

〉
, (3.22)

β1
(
u,w

)
=

〈
Au′,w′

〉
+

〈
Au,w

〉
, (3.23)

and denote ÂN and B̂h by the 1D stiffness matrices on the spaces P0
N,h and V0

N,h corresponding
to the bilinear forms (3.22) and (3.23), respectively. Then one can easily get the same results
as Theorem 3.4 for 1D case. Since the proof is similar to 2D case, we omit the statements.

Now, for actual numerical computations, we need 2D stiffness and mass matrices
expressed as the tensor products of 1D matrices (see [20] for details). For this, let us denote
1D spectral element matrices as

SN =
〈
φ′μ(t), φ

′
ν(t)

〉
, RN =

〈
φ′μ(t), φν(t)

〉
, MN =

〈
φμ(t), φν(t)

〉
(3.24)

and 1D finite element matrices

Sh =
〈
ψ ′μ(t), ψ

′
ν(t)

〉
, Rh =

〈
ψ ′μ(t), ψν(t)

〉
, Mh =

〈
ψμ(t), ψν(t)

〉
, (3.25)

where {φμ}Nμ=1 and {ψν}Nν=1 are the Lagrange basis of the spaces P0
N,h

and V0
N,h

, respectively.

For actual computations for SN , RN , and MN , the inner product 〈·, ·〉 on the space P0
N,h

will be computed using LGL quadrature rule at LGL nodes. Without any confusion, such
approximate matrices can be denoted by same notations in the next section. We note that the
approximate matrices SN , RN , and MN and the exact matrices SN , RN , and MN are equivalent,
respectively, because of the equivalence of LGL quadrature on the polynomial space we used.
For example, the mass matrix MN can be computed using the LGL weights {ρj,k} only.

4. Numerical Tests of Preconditioning

4.1. Matrix Representation

In this section we discuss effects of the proposed finite element preconditioning for the
spectral element discretizations to the coupled elliptic system (1.1). For this purpose, first
we set up one dimensional matrices ÂN and B̂h corresponding to (3.22) and (3.23) using the
matrices in (3.24). One may have

ÂN =

⎡

⎢
⎣

SN + bRN + MN
1
δ

MN

− 1
δ

MN
1
δ
(SN − bRN + MN)

⎤

⎥
⎦

2N×2N

,

B̂h =

⎡

⎣
Sh + Mh 0

0
1
δ
(Sh + Mh)

⎤

⎦

2N×2N

.

(4.1)
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Let b = [b1, b2]
T be a constant vector in (1.1), then the 2D matrices ÂN2 and B̂h2 can be

expressed as

ÂN2 =

⎡

⎢
⎣

SN2 + RN2 + MN2
1
δ

MN2

− 1
δ

MN2
1
δ
(SN2 − RN2 + MN2)

⎤

⎥
⎦

2N2×2N2

,

B̂h2 =

⎡

⎣
Sh2 + Mh2 0

0
1
δ
(Sh2 + Mh2)

⎤

⎦

2N2×2N2

,

(4.2)

where

Sk2 = Mk

(
y
) ⊗ Sk(x) + Sk

(
y
) ⊗Mk(x), Mk2 = Mk

(
y
) ⊗Mk(x) (k =N or h),

RN2 = b1MN

(
y
) ⊗ RN(x) + b2RN

(
y
) ⊗MN(x).

(4.3)

4.2. Numerical Analysis on Eigenvalues

The linear system ÂN2uN = fN and the preconditioned linear system B̂−1
h2 ÂN2uN = B̂−1

h2 f
N

will be compared in the sense of the distribution of eigenvalues. As proved in Section 3, it
is shown that the behaviors of spectra of B̂−1

h2 ÂN2 are independent of the number of elements
and degrees of polynomials.

One may also see the condition numbers of these discretized systems by varying the
penalty parameter δ. The condition numbers of ÂN2 are presented in Figure 1 for fixed δ = 1
(left) and fixed E = 3 (right) as increasing the degrees N of polynomials. It shows that such
condition numbers depend on N, E, and δ. In particular, the smaller δ is, the larger condition
number it yields.

Figures 2 and 4 show the spectra of the resulting preconditioned operator B̂−1
h2 ÂN2 for

the polynomials of degrees N = 4, 6, 8, 10 and E = 4 when δ = 1 and δ = 10−4, respectively.
Also, Figures 3 and 5 show the spectra of B̂−1

h2 ÂN2 for E = 4, 6, 8, 10 and N = 4 for δ = 1 and
δ = 10−4, respectively. The same axis scales are presented for the same δ when b = [1, 1]T .
As proven in Theorem 3.4, the eigenvalues of B̂−1

h2 ÂN2 are independent of N and E, but they
depend still on the penalty parameter δ.

By choosing the convection coefficient b = [10, 10]T , in Figure 6, the distributions of
eigenvalues of ÂN2(left) and B̂−1

h2 ÂN2(right) are presented for penalty parameters δ = 1, 10−3

to examine their dependence. In this figure, we see that the distributions of eigenvalues
(both real and imaginary part) of ÂN2 are strongly dependent on δ. The real parts of
such eigenvalues are increased in proportion to 1/δ. On the other hand, as predicted by
Theorem 3.4, the real parts of the eigenvalues of B̂−1

h2 ÂN2 are positive and uniformly bounded
away from 0. Moreover, the real parts are not dependent on δ and b (see Figures 2–6), and
their moduli are uniformly bounded. The numerical results show that the imaginary parts
of the eigenvalues are bounded by some constants which are dependent on δ and b. These
phenomena support the theory proved in Theorem 3.4.
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Figure 1: The condition numbers of the matrix ÂN2 when b = [1, 1]T .
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Figure 2: The eigenvalues of B̂−1
h2 ÂN2 for N = 4, 6, 8, 10 and E = 4 when δ = 1,b = [1, 1]T .

5. Concluding Remarks

An optimal control problem subject to an elliptic partial differential equation yields coupled
elliptic differential equations (1.1). Any kind of discretizations leads to a nonsymmetric linear
system which may require Krylov subspace methods to solve the system. In this paper, the
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Figure 3: The eigenvalues of B̂−1
h2 ÂN2 for E = 4, 6, 8, 10 and N = 4 when δ = 1,b = [1, 1]T .
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Figure 4: The eigenvalues of B̂−1
h2 ÂN2 for N = 4, 6, 8, 10 and E = 4 when δ = 10−4,b = [1, 1]T .
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Figure 5: The eigenvalues of B̂−1
h2 ÂN2 for E = 4, 6, 8, 10 and N = 4 when δ = 10−4,b = [1, 1]T .
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Figure 6: The eigenvalues of ÂN2(left) and B̂−1
h2 ÂN2(right) for δ = 1 (top) and δ = 10−3 (bottom) when

b = [10, 10]T and N = 12, E = 4.
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spectral element discretization is chosen because it is very accurate and popular, but the
resulting linear systems have large condition numbers. This situation now becomes one
of disadvantages if one aims at a fast and efficient numerical simulation for an optimal
control problem subject to even a simple elliptic differential equation. To overcome such
a disadvantage, the lower-order finite element preconditioner is proposed so that the
preconditioned linear system has uniformly bounded condition numbers independent of the
degrees of polynomials and the mesh sizes. One may also take various degrees of polynomials
on subintervals with different mesh sizes. In this case, similar results can be obtained without
any difficulties. This kind of finite element preconditioner may be used for an optimal control
problem subject to Stokes flow (see, e.g., [13]).
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The finite difference method discretization of Helmholtz equations usually leads to the large spare
linear systems. Since the coefficient matrix is frequently indefinite, it is difficult to solve iteratively.
In this paper, a modified symmetric successive overrelaxation (MSSOR) preconditioning strategy
is constructed based on the coefficient matrix and employed to speed up the convergence rate of
iterative methods. The idea is to increase the values of diagonal elements of the coefficient matrix to
obtain better preconditioners for the original linear systems. Compared with SSOR preconditioner,
MSSOR preconditioner has no additional computational cost to improve the convergence rate
of iterative methods. Numerical results demonstrate that this method can reduce both the
number of iterations and the computational time significantly with low cost for construction and
implementation of preconditioners.

1. Introduction

The finite difference method is one of the most effective and popular techniques in com-
putational electromagnetics and seismology, such as time-harmonic wave propagations, scat-
tering phenomena arising in acoustic and optical problems, and electromagnetics scattering
from a large cavity. More information about applications of this method in electromagnetics
can be found in [1–5].

In this paper, we focus on the following form of the complex Helmholtz equation:

−Δu − pu + iqu = f in Ω,

u = g on ∂Ω.
(1.1)
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Here Ω is a bounded region in R
2. p and q are real continuous coefficient functions on Ω,

while f and g are given continuous functions on Ω and ∂Ω, respectively.
To conveniently find numerical solutions of (1.1), the Laplace operator is approxi-

mated by using the second-order accurate 5-point difference stencil:

Lh =̇
1
h2

⎡

⎢
⎢
⎣

1

1 −4 1

1

⎤

⎥
⎥
⎦

h

. (1.2)

Making use of the above stencil, the following linear system is obtained:

Ax =
(
A − h2D + ih2E

)
x = b, (1.3)

where D(E) is a diagonal matrix whose diagonal elements are just the values of p(q) at the
mesh points and A is the symmetric positive definite M-matrix arising from the discrete
Laplace operator and is of the block tridiagonal form

A =

⎡
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, k = 1, 2, . . . , m,

Ek = FTk =
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(
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)
, pk, qk ≥ 0,

pk + qk = nk−1 − nk if nk ≤ nk−1,

(Onk−1×sk − Ink−1 Onk−1×tk)
T , sk, tk ≥ 0,

sk + tk = nk − nk−1 if nk > nk−1,

k = 2, 3, . . . , m.

(1.5)

Obviously, from the linear systems (1.3), it is not difficult to find that the matrix
A is a complex symmetric coefficient matrix. Matrix A becomes highly indefinite and ill-
conditioned as p is a sufficiently large positive number. So, large amount of computation
times and memory are needed in order to solve the linear systems (1.3) efficiently.
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As is well known, direct methods and iterative methods can be employed to solve
the linear systems (1.3). The former is widely employed when the order of the coefficient
matrix A is not too large and is usually regarded as robust methods. The memory and
the computational requirements for solving the large sparse linear systems may seriously
challenge the most efficient direct solution method available today. Currently, the latter
employed to solve the large sparse linear systems is popular. The reason is that iterative
methods are easier to implement efficiently on high performance computers than direct
methods. In practice, a natural choice is that we make use of iterative methods instead of
direct methods to solve the large sparse linear systems.

At present, Krylov subspace methods are considered as one kind of the important
and efficient iterative techniques for solving the large sparse linear systems because these
methods are cheap to be implemented and are able to fully exploit the sparsity of the
coefficient matrix. It is well known that the convergence speed of Krylov subspace methods
depends on the distribution of the eigenvalues of the coefficient matrix [6]. When the
coefficient matrix is typically extremely ill-conditioned and highly indefinite, the convergence
of Krylov subspace methods can be unacceptably slow. In this case, Krylov subspace methods
are not competitive without a good preconditioner. That is, preconditioning technique is
a key ingredient for the success of Krylov subspace methods in applications. The idea of
preconditioning technique is based on consideration of the linear system with the same
solution as the original equation. The problem is that each preconditioning technique is suited
for a different type of problem. Until current days, no robust preconditioning technique
appears for all or at least much types of problems. Finding a good preconditioner to solve
a given large sparse linear systems is often viewed as a combination of art and science.

In recent years, a great deal of effort has been invested in solving indefinite linear
systems from the discrete Helmholtz equations. Most of the work has been aimed at de-
veloping effective preconditioning techniques. In general, there exist two classes of pre-
conditioners for Helmholtz equations: the “operator-based” preconditioning technique and
the “matrix-based” preconditioning technique.

The former is built based on an operator, such as the Laplace preconditioner [2,
3, 7–9], Analytic ILU [10], the Separation-of-variables [11]. The purpose of this class of
preconditioners is that the spectrum of the corresponding preconditioned matrix is favorably
clustered. Its advantage is that this operator does not have to be a representation of the inverse
of the Helmholtz operator.

The latter is established based on an approximation of the inverse of the coefficient
matrix. For this class, one of the natural and simplest ways of structuring a preconditioner
is to employ a diagonal or block diagonal of the coefficient matrix as a preconditioner
[12]. The above two diagonal preconditioners have no remarkable reduce with respect to
the iterative number and CPU time. Another one of the simplest preconditioners is to
perform an incomplete factorization (ILU) of the coefficient matrix [1]. The main idea of ILU
factorizations depends on the implementation of Gaussian elimination which is used, see the
survey [13] and the related references therein.

When the coefficient matrix of the linear systems (1.1) is complex symmetric and
indefinite, it is difficult to solve iteratively. Using the symmetric successive overrelaxation
(SSOR) as a preconditioner preserves the symmetry of the iterative matrix and also taking
little initialization cost, which in some cases makes it preferable over other factorization
methods such as ILU. So far, some variant SSOR preconditioning techniques have been
proposed to improve the convergence rate of the corresponding iterative method for solving
the linear systems. Mazzia and Alan [14] introduced a shift parameter to develop a shifted
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SSOR preconditioner for solving the linear systems from an electromagnetics application. Bai
in [15] used a (block) diagonal matrix instead of the diagonal matrix of the coefficient matrix
to establish a modified (block) SSOR preconditioner for the second-order selfadjoint elliptic
boundary value problems. Chen et al. [16] used a diagonal matrix with a relaxation parameter
instead of the diagonal matrix of the coefficient matrix to establish a modified block SSOR
preconditioner for the Biot’s consolidation equations. Ran and Yuan in [17] also discussed a
class of modified (block) SSOR preconditioners for linear systems from steady incompressible
viscous flow problems. We refer the reader to [18, 19] for a general discussion.

Although the SSOR preconditioner with Krylov subspace methods can improve
convergence improvement, the disadvantage of the SSOR preconditioner is that the con-
vergence rate may still remain unsatisfactorily slow in some cases, especially in indefinite
linear systems. In this paper, a modified symmetric successive overrelaxation (MSSOR) pre-
conditioning strategy is presented, which can significantly improve the convergence speed
and CPU time. Our motivation for this method arises from the solution of complex symmetric
and indefinite linear systems from the discrete Helmholtz equations. The idea is to increase
the values of diagonal elements of the coefficient matrix to obtain better preconditioners for
the original linear systems, which is different from [14–17]. This modification does not require
any significant computational cost as compared with the original SSOR preconditioner and
also requires no additional storage cost.

The remainder of this paper is organized as follows. In Section 2, the MSSOR pre-
conditioner for solving the resulting linear system is presented. In Section 3, numerical
experiments are given to illustrate the efficiency of the presented preconditioner. Finally, in
Section 4 some conclusions are drawn.

2. Modified SSOR Preconditioner

To improve the convergence rate of iterative methods, an appropriate preconditioner should
be incorporated. That is, it is often preferable to solve the preconditioned linear system as
follows:

P−1Ax = P−1b, (2.1)

where P , called the preconditioner, is a nonsingular matrix. The choice of the preconditioner
P plays an important role in actual implements. In general, the preconditioner P is chosen
such that the condition number of the preconditioned matrix P−1A is less than that of the
original matrix A. Based on the excellent survey of [13] by Benzi, a good preconditioner
should meet the following requirements:

(1) the preconditioned system should be easy to solve;

(2) the preconditioner should be cheap to construct and apply.

Certainly, the best choice for P−1 is the inverse ofA. However, it is unpractical in actual
implements because the cost of the computation of A−1 may be high. If A is a symmetric
positive definite matrix, the approximation of A−1 can be replaced by SSOR or multigrid.
However, in fact, the Helmholtz equation often results in an indefinite linear system, for
which SSOR or multi-grid may be not guaranteed to converge.

To introduce the modified SSOR preconditioner, a brief review of the classical and
well-known SSOR preconditioner is needed. The SSOR preconditioner is established by
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the SSOR iterative method, which is a symmetric version of the well-known SOR iterative
method. Based on matrix splitting, the coefficient matrixA is split as follows:

A = D +L +LT , (2.2)

where D and L are the diagonal parts and strictly lower triangular of A. According to the
foregoing matrix splitting (2.2), the standard SSOR preconditioner [6, 20] is defined by

PSSOR = (D +L)D−1
(
D +LT

)
. (2.3)

It is difficult to show theoretically the behavior of a preconditioner when the coefficient matrix
A is a large, sparse, and symmetric indefinite. The SSOR iterative method is not convergent,
but PSSOR may be still used as a preconditioner. By a simple modification on the original
indefinite linear systems (1.3), we establish the following coefficient matrix:

A = A + h2D + h2Ei = D̃ +L +LT , (2.4)

where

D̃ = diag(A) + h2D + h2Ei. (2.5)

Obviously,A is a symmetric and positive stable H-matrix. To increase the values of diagonal
elements of the coefficient matrix to obtain better preconditioners for the original linear
systems and reduce computation times and amount of memory, based on (2.4), the MSSOR
preconditioner is defined by

PMSSOR =
(
D +L

)
D−1(D +LT

)
, (2.6)

with

D = diag
(∣∣∣D̃
∣∣∣
)
,

∣∣∣D̃
∣∣∣ =
∣∣∣d̃ii
∣∣∣ (i = 1, 2, . . . , n). (2.7)

This idea is based on an absolute diagonal scaling technique, which is cheap and easy to
implement.

Since the coefficient matrix of the linear systems (1.3) is neither positive definite nor
Hermitian with p being a sufficiently large positive number, the Conjugate Gradient (CG)
method [21] may breakdown. To solve the complex symmetric linear systems, van der Vorst
and Melissen [22] proposed the conjugate orthogonal conjugate gradient (COCG) method,
which is regarded as an extension of CG method.

To solve the linear systems (1.3) efficiently, (1.3) is transformed into the following form
with the preconditioner PMSSOR, that is,

PMSSOR

(
A − h2D + ih2E

)
x = PMSSORb. (2.8)
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Then the MSSOR preconditioned COCG (PCOCG) method can be employed to solve the
preconditioned linear systems (2.8).

In the following, we give the MSSOR preconditioned COCG method for solving the
linear systems (2.8). The MSSOR preconditioned COCG (PCOCG) algorithm is described as
follows

Algorithm PCOCG [22]: given an initial guess x0

(1) v0 = b −Ax0;

(2) p−1 = 0; β−1 = 0;

(3) w0 = P−1
MSSORv0 ; ρ0 = vT0w0;

(4) for i = 0, 1, 2, . . .

(5) pi = wi + βi−1pi−1;

(6) ui = Api;
(7) μi = uTj pj ; if μi = 0 then quit (failure);

(8) α = ρi/μi;

(9) xi+1 = xi + αpi; vi+1 = vi − αui
(10) if xi+1 is accurate enough, then quit (convergence);

(11) wi+1 = P−1
MSSORvi+1;

(12) ρi+1 = vTi+1wi+1; if |ρi+1| too small, then quit (failure);

(13) βi = ρi+1/ρi;

(14) End for i.

It is not difficult to find that the main computation of algorithm PCOCG involves one
matrix-vector multiplication and two triangular linear systems. These computations are very
easy to implement. The main advantage is no extra computational cost in construction of
MSSOR preconditioner.

Note that the transpose in all dot products in this algorithm is essential [23]. Mean-
while, note that two different breakdowns of this algorithm may occur: one is that if
vTi+1P

−1
MSSORvi+1 is too small, but vi+1 exists (line 12), algorithm PCOCG breaks down and the

other is that when the search direction pi /= 0, but pTi Api = 0 (line 7), algorithm PCOCG breaks
down. The breakdown can be fixed to some extent by restarting the process [22], such as
the restarted process in GMRES [24]. However, breakdown scarcely happens in the actual
computation of the Helmholtz equation.

3. Numerical Experiments

In this section, some numerical experiments are given to demonstrate the performance of
both preconditioner PSSOR and preconditioner PMSSOR for solving the Helmholtz equation.

Example 3.1 (see [25]). Consider the following complex Helmholtz equation:

−Δu − pu + iqu = f in Ω,

u = g on ∂Ω,
(3.1)
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Table 1: Iteration numbers for the two-dimensional Helmholtz equations for h = 1/19 meshes, using
COCG with the preconditioner PSSOR and PMSSOR for solving the complex symmetric indefinite linear
systems.

(p, q)
h Preconditioner (800, 10) (800, 20) (800, 30) (800, 40) (800, 60)

1/19
PSSOR

IT 246 242 239 214 196
CPU(s) 0.8438 0.8125 0.7813 0.7344 0.7031

PMSSOR
IT 138 133 126 117 96

CPU(s) 0.25 0.2188 0.2031 0.1875 0.1719

Table 2: Iteration numbers for the two-dimensional Helmholtz equations for h = 1/34 meshes, using
COCG with the preconditioner PSSOR and PMSSOR for solving the complex symmetric indefinite linear
systems.

(p, q)
h Preconditioner (1400, 40) (1500, 40) (1600, 40) (1700, 40) (1800, 40)

1/34
PSSOR

IT 230 274 310 336 399
CPU(s) 3.2813 3.9375 4.8438 4.7188 5.6719

PMSSOR
IT 214 228 237 249 260

CPU(s) 1.4375 1.5156 1.6563 1.6250 1.7188

Table 3: Iteration numbers for the two-dimensional Helmholtz equations for h = 1/64 and p = 4100, using
COCG with the preconditioner PSSOR and PMSSOR.

q
h Preconditioner 100 120 150 160 180

1/64
PSSOR

IT 471 456 374 349 309
CPU(s) 32.9344 30.9688 27.9844 26.0156 21.0938

PMSSOR
IT 373 366 347 326 293

CPU(s) 12.4688 12.2500 11.6094 10.9063 9.4219

Table 4: Iteration numbers for the two-dimensional Helmholtz equations for h = 1/119 and q = 2000, using
COCG with the preconditioner PSSOR and PMSSOR.

p
h Preconditioner 15000 15500 16000 16500 17000

1/119
PSSOR

IT 148 153 147 165 179
CPU(s) 55.3594 57.4531 57.8594 52.4844 67.625

PMSSOR
IT 134 137 139 144 146

CPU(s) 22.625 22.9063 23.2813 23.7344 24.625

where Ω = [0, 1] × [0, 1] and p ≥ 0 and q ≥ 0 are real constants. Discretizing (3.1) with the
approach above in introduction, we obtain the complex symmetric indefinite linear systems
Ax = (A − h2D + ih2E) x = b, and f and g are adjusted such that b = Ae (e = (1, 1, . . . , 1)T ).

All tests are started from the zero vector, preformed in MATLAB with machine
precision 10−16. The COCG iteration terminates if the relative residual error satisfies
‖r(k)‖2/‖r(0)‖2 < 10−6 or the iteration number is more than 500.

In Tables 1, 2, 3, and 4, we present some iteration results to illustrate the convergence
behaviors of the COCG method preconditioned by PSSOR and PMSSOR to solve the complex
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symmetric indefinite linear systems with the different values of p and q. In Tables 1–4, (·, ·)
denotes the values of p and q. “CPU(s)” denotes the time (in seconds) required to solve a
problem. “IT” denotes the number of iteration.

From Tables 1–4, it is not difficult to find that when the COCG method preconditioned
by PSSOR and PMSSOR is used to solve the complex symmetric indefinite linear systems, the
convergence rate of the preconditioner PMSSOR is more efficient than that of the preconditioner
PSSOR by the iteration numbers and CPU time. That is, the preconditioner PMSSOR outperforms
the preconditioner PSSOR under certain conditions. Compared with the preconditioner PSSOR,
the preconditioner PMSSOR may be the “preferential” choice under certain conditions.

4. Conclusions

In this paper, MSSOR preconditioned COCG algorithm has been applied for solving the
complex symmetric indefinite systems arising from Helmholtz equations. Due to the re-
duction of the iteration numbers and CPU time, the MSSOR preconditioner presented is
feasible and effective. Without extra costs, MSSOR preconditioner is more efficient than SSOR
preconditioner.
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