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The invention of antenna arrays opened up the door for
microwave sensing and communications. Most applications
of antenna arrays are in the defense and wireless communi-
cations areas. The introduction of multiple-input-multiple-
output (MIMO) concept in recent years has opened up
further opportunities in that the system performance can be
maintained with a smaller number of antennas.The existence
of mutual coupling effect, that is, the electromagnetic inter-
action between antenna elements, appears as an undesirable
effect in most of these cases. The transmitted and received
signals can be significantly distorted such that the signals
no longer depend solely on the antenna elements, but also
on the array structure and the surrounding environment.
Such distortions result in the reduction of channel capacities
in communications applications, as well as poor accuracies
in ranging and direction finding. In most applications, the
mutual coupling effect is unknown. A major challenge is
then to characterize this undesirable effect and to accurately
estimate the unknown parameters (range, direction) without
a priori knowledge of the signal environment.

This special issue, which is the third one in its series, pro-
vides an international forum for researchers to disseminate
their results and ideas to tackle some of these challenging
research problems. Five dedicated papers have contributed
to this special issue. These papers concern the mutual cou-
pling and its impacts on MIMO communications, direction
finding, and MIMO radar. To help interested readers with a
quick reference to themain themes of these papers, we briefly
introduce them as follows.

The first paper entitled “Self-interference cancellation-
based mutual-coupling model for full-duplex single-channel
MIMO systems,” concerns the mutual coupling problem in
MIMO communications. The paper addresses the self-inte-
rference and mutual-interference of a full-duplex single-
channel MIMO communications system.

In the presence of mutual coupling, the array manifold
is perturbed, which results in poor accuracies in direc-
tion finding. The paper “Accurate DOA estimations using
microstrip adaptive arrays in the presence of mutual coupling
effect” proposes a method to calibrate the undesirable mutual
coupling effect for arrays with non-omni-directional radi-
ating elements. The third paper, entitled “2-D direction of
arrival estimation for cross array in the presence of mutual
coupling,” introduces a noniterative algorithm based on the
Propagation Method for accurate two-dimensional direction
finding problems using a cross array in the presence ofmutual
coupling. The paper “AR model-based direction-of-arrival
estimation of coherent signals in the presence of unknown
mutual coupling” provides a novel signal processing solution
based on a spatial autoregression (AR) model for coherent
direction finding of uniform linear arrays.

The fifth paper of this special issue, entitled “Root-
MUSIC based angle estimation forMIMOradarwith unknown
mutual coupling,” explores the direction finding solutions in
MIMO radar. A Root-MUSIC based solution is proposed to
estimate the incoming signal directionwith unknownmutual
coupling.

All papers appearing in this special issue have been
subject to a strict peer-reviewing process. They are of high

Hindawi Publishing Corporation
International Journal of Antennas and Propagation
Volume 2014, Article ID 295832, 2 pages
http://dx.doi.org/10.1155/2014/295832

http://dx.doi.org/10.1155/2014/295832


2 International Journal of Antennas and Propagation

quality and address the mutual coupling problem from
different perspectives. Through this special issue, we have
provided a medium of dissemination for valuable ideas and
conclusions on mutual coupling research. At the same time,
we hope thatmore research innovations can be stimulated for
future advances on this subject.

Hoi-Shun Lui
Yantao Yu

Hon Tat Hui
Jian Yang
Hao Ling



Research Article
2D Direction of Arrival Estimation for Cross Array
in the Presence of Mutual Coupling

Weiwei Hu, Aijun Zhang, and Changming Wang

The School of Mechanical Engineering, Nanjing University of Science and Technology, Jiangsu 210094, China

Correspondence should be addressed to Changming Wang; hww1986116@163.com

Received 6 August 2013; Accepted 12 November 2013; Published 4 March 2014

Academic Editor: Yantao Yu

Copyright © 2014 Weiwei Hu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper proposes a new method for cross array to estimate two-dimensional direction of arrival (2-D DOA) in the presence
of mutual coupling. In this method, the array elements which are affected by the same mutual coupling are chosen on 𝑥-axis and
𝑧-axis, respectively. Then a new matrix is constructed with the proper entries of cross covariance matrix of the chosen elements
outputs on 𝑥-axis and 𝑧-axis. Propagation method (PM) and rotational invariance techniques for uniform linear array (ULA) are
utilized in the constructed matrix to obtain two parameters correlated with elevations and azimuths. While calculating and pairing
the two parameters, only once eigendecomposing and several division operations are required with the relationship among the
matrix, its eigenvalues, and corresponding eigenvectors. Simulations are presented to validate the performance of the proposed
method.

1. Introduction

Mutual coupling between elements has a serious effect on
precision and resolution of the direction of arrival estima-
tion algorithms [1, 2]. Therefore, there are lots of works
addressing this issue of how to restrain the effects of mutual
coupling. Many calibration algorithms have been proposed
in the past decades. Friedlander and Weiss presented an
iterative procedure to compensate the mutual coupling and
perturbation of gain and phase [3]. In [4], Sellone and
Serra constructed an objective function based on covariance
matrix matching, dealt with mutual coupling matrix and
its conjugate transpose as unrelated ones, and searched
the optimal solution with iterative procedure. However, the
multidimensional search needed for the associated nonlinear
optimal search is computationally complicated in [3, 4].
Wang et al. made use of banded complex symmetric Toeplitz
characteristic of the mutual coupling matrix of ULA and
rank reduction (RARE) algorithm to obtain azimuths and
mutual coupling coefficients [5], while Lin and Yang utilized
banded complex symmetric circular Toeplitz characteristic of
the mutual coupling matrix of uniform circle array (UCA)

[6]. These two methods are only suitable for ULA and UCA,
respectively. The idea from [5] was applied to cross array, but
the transformed matrix related to the ideal steering vector
has no universal form for reasons of the array configuration
and the variable mutual coupling degree of freedom [7]. The
literature [8] presented a decoupling algorithm for ULA. It
chooses the proper elements whose ideal steering vector can
be separated from the mutual coupling coefficients and then
employs the outputs of the chosen elements to construct
MUSIC spatial spectral estimator. Nevertheless this method
can only estimate one-dimensional direction and needs the
spectral peak search. In [9, 10], this method [8] was applied to
uniform rectangular array (URA) and uniformhexagon array
(UHA), respectively, to estimate two-dimensional directions,
but the configurations of planar arrays are complicated and
lots of auxiliary elements are needed.

In order to estimate 2-D DOA in the presence of mutual
coupling, a method for cross array which has a simpler
configuration than those for planar arrays is presented in this
paper. The method is based on PM algorithm utilizing signal
subspace eigenvectors algorithm for the array consisting of
the chosen elements which are affected by the same mutual
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Figure 1: The cross array configuration.

coupling. It is not an iterative algorithm, and the spectral peak
search is not required. It can estimate the 2-DDOAaccurately
without estimating the mutual coupling coefficients.

2. Problem Formulation

Consider a cross array consisting of two ULAs located on
𝑥-axis and 𝑧-axis, respectively. The ULAs share the middle
element as reference at origin of coordinates. Each ULA has
2𝑀 + 1 sensors with element spacing of 𝑑, which means
that there exist 4𝑀 + 1 ones in the whole array because of
the sharing element. Assume that 𝐾 narrowband, far-field,
noncoherent signals with the same wave length 𝜆 (𝜆 = 2𝑑)
impinge on this array, and the 𝑘th source’s elevation and
azimuth are 𝛼𝑘 and 𝛽𝑘, respectively. The array configuration
is shown in Figure 1.

Let C and 𝑡 denote the mutual coupling matrix (MCM)
and the time index, respectively. The output of the array can
be expressed as

Y (𝑡) = CAS (𝑡) + N (𝑡) , (1)

where Y, A, S, and N represent the received signal vector,
the ideal steering matrix, the source signal vector, and the
stochastic noise (additive white Gauss noise whose mean is
zero and variance is 𝜎2) vector, respectively. They can be
described as (the time index 𝑡 is omitted for brevity)

Y = [𝑥1, . . . , 𝑥𝑀, . . . , 𝑥2𝑀+1, 𝑧1, . . . , 𝑧𝑀, . . . , 𝑧2𝑀+1]
𝑇
,

A = [a (𝛼1, 𝛽1) , . . . , a (𝛼𝑘, 𝛽𝑘) , . . . , a (𝛼𝐾, 𝛽𝐾)] ,

a (𝛼𝑘, 𝛽𝑘) = [𝑒
𝑗2𝜋𝑑𝑀 cos𝛼𝑘 cos𝛽𝑘/𝜆

, . . . , 1, . . . ,

𝑒
−𝑗2𝜋𝑑𝑀 cos𝛼𝑘 cos𝛽𝑘/𝜆

,

𝑒
𝑗2𝜋𝑑𝑀 sin𝛼𝑘/𝜆

, . . . , 1, . . . , 𝑒
−𝑗2𝜋𝑑𝑀 sin𝛼𝑘/𝜆

]

𝑇

,

S = [𝑠1, . . . , 𝑠𝑘, . . . , 𝑠𝐾]
𝑇
,

N = [𝑛𝑥1
, . . . , 𝑛𝑥𝑀

, . . . , 𝑛𝑥2𝑀+1
, 𝑛𝑧1

, . . . , 𝑛𝑧𝑀
, . . . , 𝑛𝑧2𝑀+1

]

𝑇

,

(2)

where superscript 𝑇 denotes transpose.

As shown in [3], the MCM of ULA can be expressed as a
banded complex symmetric Toeplitz matrix B

B = Toeplitz {1, 𝑏1, . . . , 𝑏𝑝} , (3)

where integer 𝑝 denotes the mutual coupling degree of
freedom, which means the coefficient of mutual coupling is
assumed to be zero if the distance between the two sensors
exceeds 𝑝𝑑.

Based on the MCM model of ULA by (3), the MCM of
cross array has the following form:

C = [B D
D B] , (4)

where B is theMCM of ULA on 𝑥- or 𝑧-axis, andD describes
the mutual coupling between the two ULAs. The matrix D
can be presented by

D =
[

[

JD1J h1
𝑇 JD1

h1 1 h1J
D1J (h1J)

𝑇 D1

]

]

, (5)

where

h1 = [0(𝑀−𝑝)×1 𝑏𝑝 ⋅ ⋅ ⋅ 𝑏1] ,

J =
[

[

[

[

[

[

0 0 ⋅ ⋅ ⋅ 1

0 0 c
...

... 1 d 0

1 ⋅ ⋅ ⋅ 0 0

]

]

]

]

]

]𝑀×𝑀

.

(6)

D1 = (𝑑𝑖𝑗)𝑀×𝑀, 𝑑𝑖𝑗 denotes the coefficient of mutual cou-

pling between the two elements spacing √𝑖2 + 𝑗2𝑑, and 𝑑𝑖𝑗
satisfies

𝑑𝑖𝑗 = 𝑑𝑗𝑖 ,

𝑑𝑖𝑗 =

{

{

{

̸= 0 √𝑖
2
+ 𝑗
2
< 𝑝

= 0 √𝑖
2
+ 𝑗
2
> 𝑝.

(7)

3. Proposed Method

The ideal steering vector of ULA elements affected by the
same mutual coupling can be separated from the mutual
coupling coefficients, which means they can be decoupled
easily. Let ̃Y and ̃Y be the outputs of elements affected by
the same mutual coupling on 𝑥-axis and 𝑧-axis, respectively.
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Ỹ can be written as

̃Y = HY

=

𝐾

∑

𝑘=1

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑏𝑝𝑢𝑘

𝑀
+ ⋅ ⋅ ⋅ + 𝑢𝑘

𝑀−𝑝
+ ⋅ ⋅ ⋅ 𝑏𝑝𝑢𝑘

𝑀−2𝑝

...
𝑏𝑝𝑢𝑘

2𝑝
+ ⋅ ⋅ ⋅ + 𝑢𝑘

𝑝
+ ⋅ ⋅ ⋅ 𝑏𝑝

𝑏𝑝 + ⋅ ⋅ ⋅ + 𝑢𝑘

−𝑝
+ ⋅ ⋅ ⋅ 𝑏𝑝𝑢𝑘

−2𝑝

...
𝑏𝑝𝑢𝑘

2𝑝−𝑀
+ ⋅ ⋅ ⋅ + 𝑢𝑘

𝑝−𝑀
+ ⋅ ⋅ ⋅ 𝑏𝑝𝑢𝑘

−𝑀

]

]

]

]

]

]

]

]

]

]

]

]

]

𝑠𝑘 +
̃N1

=

𝐾

∑

𝑘=1

𝑓𝑘𝑠𝑘ã𝑘 + Ñ1 = Ã1T1S + Ñ1,

(8)

where 𝑓𝑘 = 𝑏𝑝𝑢𝑘
𝑀
+ ⋅ ⋅ ⋅ + 𝑢𝑘

𝑀−𝑝
+ ⋅ ⋅ ⋅ 𝑏𝑝𝑢𝑘

𝑀−2𝑝,

H = [
H1 0⏟⏟⏟⏟⏟⏟⏟
2(𝑀−2𝑝+1)×(2𝑀+1)

] ,

H1 =
[

[

[

0⏟⏟⏟⏟⏟⏟⏟
(𝑀−2𝑝+1)×𝑝

I 0⏟⏟⏟⏟⏟⏟⏟
(𝑀−2𝑝+1)×(2𝑝−1)

0 0⏟⏟⏟⏟⏟⏟⏟
(𝑀−2𝑝+1)×𝑝

0 0 0 I 0

]

]

]

,

ã𝑘 = [1, . . . , 𝑢𝑘
−(𝑀−2𝑝)

, 𝑢𝑘

−𝑀
, . . . , 𝑢𝑘

−2𝑀+2𝑝
]

𝑇

,

𝑢𝑘 = exp(
𝑗2𝜋𝑑 cos𝛼𝑘 cos𝛽𝑘

𝜆

) ,

Ã1 = [ã1, . . . , ã𝑘, . . . , ã𝐾] ,

T1 = diag {𝑓1, . . . , 𝑓𝑘, . . . , 𝑓𝐾} .

(9)

There are no entries ofD in (8) as the chosen elements on
𝑥-axis are not affected by the sensors on 𝑧-axis, because the
distances between them are out of 𝑝𝑑.

Similarly, Ỹ can be expressed as

̃Y = ̃A2T2S + ̃N2, (10)

where Ã2 = [̃b1, . . . , ̃b𝑘, . . . , ̃b𝐾],

T2 = diag {𝑔1, . . . , 𝑔𝑘, . . . , 𝑔𝐾} , (11)

̃b𝑘 = [1, . . . , V𝑘
−(𝑀−2𝑝)

, V𝑘
−𝑀
, . . . , V𝑘

−2𝑀+2𝑝
]

𝑇

, (12)

𝑔𝑘 = 𝑏𝑝V𝑘
𝑀
+ ⋅ ⋅ ⋅ + V𝑘

𝑀−𝑝
+ ⋅ ⋅ ⋅ 𝑏𝑝V𝑘

𝑀−2𝑝
, (13)

V𝑘 = exp(
𝑗2𝜋𝑑 sin𝛼𝑘

𝜆

) . (14)

In order to introduce rotational invariance techniques for
ULA to this array, ̃Y is partitioned into two parts, so is ̃Y.
They are denoted by ̃Y11, ̃Y12, ̃Y21, and ̃Y22, respectively:

̃Y11 = [
̃Y
(1:𝑀−2𝑝)

̃Y
(𝑀−2𝑝+2:2𝑀−4𝑝+1)

] ,

Ỹ12 = [
̃Y
(2:𝑀−2𝑝+1)

Ỹ
(𝑀−2𝑝+3:2𝑀−4𝑝+2)

] ,

̃Y21 = [
Ỹ
(1:𝑀−2𝑝)

̃Y
(𝑀−2𝑝+2:2𝑀−4𝑝+1)

] ,

̃Y22 = [
̃Y
(2:𝑀−2𝑝+1)

̃Y
(𝑀−2𝑝+3:2𝑀−4𝑝+2)

] .

(15)

̃Y11 and ̃Y21 are the submatrixes of ̃Y and ̃Y, respec-
tively, so the cross covariance matrix of Ỹ11 and Ỹ21 can be
built with the proper entries of cross covariance matrix of Ỹ
and ̃Y:

R̃1 = Ã11R̃𝑠𝑠Ã21
𝐻

= [

̃R11 ̃R12
̃R13 ̃R14

] , (16)

where ̃A11 and ̃A21 are the ideal steering matrixes of arrays
corresponding to Ỹ11 and Ỹ21, respectively,

̃R = 𝐸 {̃Y ̃Y𝐻} , (17)

̃R11 = ̃R(1:𝑀−2𝑝,1:𝑀−2𝑝), (18)

R̃12 = R̃(1:𝑀−2𝑝,𝑀−2𝑝+2:2𝑀−4𝑝+1), (19)

̃R13 = ̃R(𝑀−2𝑝+2:2𝑀−4𝑝+1,1:𝑀−2𝑝), (20)

̃R14 = ̃R (𝑀−2𝑝+2:2𝑀−4𝑝+1,𝑀−2𝑝+2:2𝑀−4𝑝+1) , (21)

̃R𝑠𝑠 = T1𝐸 {SS
𝐻
}T2
𝐻
. (22)

Similarly, let ̃R2, ̃R3, and ̃R4, which can be constructed
with the proper entries chosen from ̃R as ̃R1 in (16), be the
cross covariance matrixes of ̃Y12 and ̃Y21, ̃Y11, and ̃Y22, and
Ỹ12 and Ỹ22, respectively,

R̃2 = Ã12R̃𝑠𝑠Ã21
𝐻
= ̃A11Φ1̃R𝑠𝑠̃A21

𝐻

, (23)

̃R3 = ̃A11̃R𝑠𝑠̃A22
𝐻

= ̃A11̃R𝑠𝑠(̃A21Φ2)
𝐻

= ̃A11Φ2𝐻̃R𝑠𝑠 ̃A21
𝐻

,

(24)

̃R4 = ̃A12̃R𝑠𝑠̃A22
𝐻

=
̃A11Φ1Φ2𝐻̃R𝑠𝑠̃A21

𝐻

, (25)

where ̃A12 and ̃A22 are the ideal steering matrixes of arrays
corresponding to Ỹ12 and Ỹ22, respectively,

Φ1 = diag {𝑢1
−1
, . . . , 𝑢𝑘

−1
, . . . , 𝑢𝐾

−1
} ,

Φ2 = diag {V1
−1
, . . . , V𝑘

−1
, . . . , V𝐾

−1
} .

(26)
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The newmatrix R̃ consisting of the four cross covariance
matrixes includes the rotational invariance factors,

̃R =
[

[

[

[

R̃1
R̃2
̃R3
̃R4

]

]

]

]

=

[

[

[

[

Ã11
Ã11Φ1
̃A11Φ2𝐻
̃A11Φ1Φ2𝐻

]

]

]

]

̃R𝑠𝑠̃A21
𝐻

. (27)

Similar to the conventional propagatormethod, R̃ can be
partitioned as

̃R = [G𝑇 Q𝑇]
𝑇

, (28)

whereG andQ are the first𝐾 and the last 8(𝑀−2𝑝)−𝐾 rows,
respectively.

A matrix P (the propagator parameter) is defined to
satisfy

P = min
P
‖Q − PG‖2. (29)

The solution of (29) can be obtained as follows:

P = QG+ = QG𝐻(GG𝐻)
−1

. (30)

With the relationship between the propagator parameter
and ideal steering matrix, we obtain an equation as

P = [IP] =
[

[

[

[

P1
P2
P3
P4

]

]

]

]

=

[

[

[

[

̃A11
̃A11Φ1
̃A11Φ2𝐻

Ã11Φ1Φ2𝐻

]

]

]

]

T3, (31)

where P𝑖 (𝑖 = 1, 2, 3, 4) is the (2𝑀− 4𝑝) ×𝐾matrix and T3 is
the𝐾 × 𝐾matrix with rank𝐾.

Similar to ESPRIT, from (31) we can have the equations
correlated with azimuths and elevations as

P1
+P2 = T3

−1
Φ1T3,

P3
+P4 = T3

−1
Φ1T3,

P1
+P3 = T3

−1
Φ2
𝐻T3,

P2
+P4 = T3

−1
Φ2
𝐻T3.

(32)

To solve the above equation sets and pair the azimuths
and elevations, four times eigen-decomposing and 3[𝐾(𝐾 +
1)/2 − 1] times calculating inner product of vectors are
necessary in a general way. Now a method, which needs only
once eigen-decomposing and some division operations to
obtain and pair the azimuths and the elevations, is introduced
with the relationship among the matrix, its eigenvalues, and
corresponding eigenvectors.

First eigendecompose P1+P2, and the eigenvalues and the
eigenvectors are denoted by 𝜆1𝑘 and 𝜌𝑘 (𝑘 = 1, 2, . . . , 𝐾),
respectively Then substitute 𝜌

𝑘
into other equations, as the

first one of the right equation sets in (32); the corresponding
eigenvalue 𝜆3𝑘 can be obtained from

P1
+P3𝜌𝑘 = 𝜆3𝑘𝜌𝑘. (33)

Let P1+P3𝜌𝑘 = 𝜔𝑘, and 𝜆3𝑘 can be expressed by

𝜆3𝑘 =

1

𝐾

𝐾

∑

𝑖=1

𝜔𝑘𝑖

𝜌
𝑘𝑖

, (34)

where 𝜔𝑘𝑖 and 𝜌𝑘𝑖 are the 𝑖th element of 𝜔𝑘 and 𝜌𝑘, respec-
tively.

Assume that 𝜆2𝑘 and 𝜆4𝑘 denote the corresponding
eigenvalues of P3+P4, and P2+P4 respectively, and they can
be calculated by (34).

Using the relationship among 𝜆𝑖𝑘 (𝑖 = 1, 2, 3, 4), 𝑢𝑘, V𝑘, 𝛼𝑘,
and 𝛽𝑘, the elevation 𝛼𝑘 and the azimuth 𝛽𝑘 of the 𝑘th source
can be represented as

𝛼𝑘 =

{arcsin {arg (𝜆3𝑘) /𝜋} + arcsin {arg (𝜆4𝑘) /𝜋}}
2

,

𝛽𝑘

=

{arccos{− arg(𝜆1𝑘)/𝜋cos𝛼𝑘}+arccos{−arg(𝜆2𝑘)/𝜋cos𝛼𝑘}}
2

.

(35)

Now give the computation load on the proposed method
and PM algorithm with known mutual coupling. The com-
putation load on PM algorithm with knownmutual coupling
is focused on the inverse of MCM, cross matrix of output of
elements on 𝑥-axis and 𝑧-axis, eigen-decomposing a matrix
with rank𝐾, and pairing the parameters, so the computation
load is 𝑂((4𝑀 + 2)

3
) + 𝑁(2𝑀 + 1)

2
+ 𝑂(4𝐾

3
) + 3𝐾

2
[𝐾(𝐾 +

1)/2−1] (𝑁 is the snapshots number); the computation load
on the proposed method is focused on cross matrix of output
of elements on 𝑥-axis and 𝑧-axis, once eigen-decomposing
a matrix with rank 𝐾, and pairing the parameters, so the
computation load is𝑁(2𝑀−4𝑝+2)

2
+𝑂(𝐾

3
)+3𝐾(𝐾

2
+𝐾).

Finally, the necessary conditions for the proposedmethod
are given as follows:

(1) for unique estimation, 2(𝑀 − 2𝑝) > 𝐾 is required;
(2) the sources can not be located at the blind angles

which make the determinant of T1 or T2 zero.

4. Simulation Experiments

In this section, we carry out some representative simulation
experiments to demonstrate the validity of the proposed
calibration method. In all the experiments, we assume there
are two uncorrelated equivalent-power sources at (20∘, 10∘)
and (80∘, 60∘) that impinge on the cross array which consists
of 53 elements (𝑀 = 13). The mutual coupling degree of
freedom 𝑝 is two and the coefficients of mutual coupling are
denoted by 𝑏1 = 0.3065 + 0.3951𝑗, 𝑏2 = 0.1018 − 0.1721𝑗, and
𝑑11 = 0.2154 − 0.2738𝑗.

In the first experiment, the 2-D spatial spectrums of
the PM algorithm with unknown mutual coupling, the PM
algorithm with known mutual coupling, and the proposed
method (estimate the 2-D DOAs to get the coefficients of
mutual couplingwith themethod in [7]) are shown in Figures
2 to 4 in the condition that the signal-to-noise ration (SNR)
is 5 dB and the number of the snapshots is 300.
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Figure 2: 2-D spatial spectrum of the PM algorithm in the presence
of unknown mutual coupling.
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Figure 3: 2-D spatial spectrum of the PM algorithm in the presence
of known mutual coupling.

From Figure 2 we can see that the PM algorithm without
calibration has very poor resolution in the presence ofmutual
coupling. Though the peaks appear at the signal directions,
there exist lots of pseudopeaks especially at (80∘, 10∘) whose
spatial spectrum is greater than the sources’, whichmay result
in the inaccurate estimation.

Comparing with Figure 4 and Figure 3, the spatial spec-
trum of proposed method has two sharp peaks at the signal
directions, which is also shown in Figure 3. In other words,
the proposed method can restrain the effects of mutual
coupling and has a high resolution. Though the performance
of proposedmethod is worse than that in Figure 3 for reasons
of the array elements consumption, it eliminates pseudo
peaks caused by mutual coupling, which can distinguish the
two sources visibly.

In the second experiment, the effect of SNR on the
performance of proposed method is explored. The number
of snapshots is 300 and the SNR varies from −10 to 10 dB with
the interval 1 dB. The root mean square error (RMSE) which
is defined as (36) is shown in Figure 5 with 100 independent
experiments:

RMSE = 1
2

2

∑

𝑘=1

𝐸{√(�̂�𝑘 − 𝛼𝑘)
2
+ (

̂
𝛽𝑘 − 𝛽𝑘)

2

} . (36)
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Figure 4: 2-D spatial spectrum of the proposed method.
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Figure 5: RMSE versus SNR.

The simulation results show the proposed method has an
obvious performance improvement over the PM algorithm
with unknown coupling, though it is a little inferior to the
PM algorithm with known coupling as we think. As the SNR
increases, the difference of the RMSE between the proposed
method and the PM algorithm with known coupling gets
closer; however, the accuracy of DOA estimates of the PM
algorithm with unknown coupling stays at a low level as the
main error is caused by the manifold error between the ideal
and the actual one.

In the last experiment, the influence of the number of
the snapshots on the performance of proposed method is
investigated. SNR is 0 dB and the number of the snapshots
varies from 100 to 800 with the interval 100. 100 independent
experiments are carried out, and the RMSE curves are shown
in Figure 6.

From Figure 6 we can see that the result is similar to that
of the second experiment: the capability of proposed method
is close to the one of the PM algorithmwith known coupling,
and the performance of the PM algorithm with unknown
coupling is still poor when the number of the snapshots
increases.
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From the above three experiments, it is seen that the
proposed method has compensated the effect caused by
mutual coupling. It provides a significant improvement of
DOA estimation accuracy and can achieve almost the same
performance as that of PM algorithm with known mutual
coupling.

5. Conclusion

A method compensating the effect of the mutual coupling
is proposed for cross array to estimate the 2-D DOA. This
method is based on PM algorithm and rotational invariance
techniques for ULA. It can compensate the effect of the
mutual coupling without any calibration sources, and it
does not require any iterative procedure or spectral peak
search. Simulations have shown that the proposed method
can improve the DOA estimation accuracy well.
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The challenge of a full-duplex single-channel system is the method to transmit and receive signals simultaneously at the same time
and on the same frequency. Consequently, a critical issue involved in such an operation is the resulting self-interference. Moreover,
for MIMO system, the full-duplex single-channel system is subjected to the very strong self-interference signals due to multiple
transmitting and receiving antennas. So far in the pieces of literature, there have not been any suitable techniques presented to
reduce the self-interference for full-duplex single-channel MIMO systems. This paper initially proposes the method to cancel the
self-interference by utilizing the mutual-coupling model for self-interference cancellation. The interference can be eliminated by
using a preknown interference, that is, the mutual-coupling signals. The results indicate that the channel capacity performance of
the proposed technique can significantly be improved due to the reduction of the self-interference power.Themeasurement results
indicate that the proposed MIMO system can suppress the self-interference and mutual-interference signals with the reduction of
31 dB received power.

1. Introduction

Nowadays, multiple-input multiple-output (MIMO) system
is the promising technology for the next generation of wire-
less communication systems as MIMO system can provide
a wide coverage area, a high spectral efficiency, and an
increased system capacity. The MIMO system employs the
multiple antennas to transmit signals on the same frequency
which cause the strong interference signals at the receiving
antennas on the same side. These interferences are more
pronounced when operating the full-duplex single-channel
MIMO system.

The full-duplex single-channel system is one of the most
interesting technologies for future wireless communications
because it can offer double throughput from any conventional
system without paying any expenses of spectrum. This is
because the system is able to receive and transmit simultane-
ously within a single channel. In the literature, the problem
of full-duplex interference has been addressed on the specific
configuration of MIMO relay nodes. The self-interference
cancellation is introduced to be used at only relaying node

[1–3]. So far there have not been any techniques proposed
for source or destination. In this light, the authors propose
the new technique to suppress the self-interference for full-
duplex single-channelMIMO systems. From the literature on
RF interference cancellation, thework in [4–9] presents a full-
duplex wireless system that can transmit and receive signals
at the same time and on the same frequency band since it
requires at least two antennas having one for transmitter (Tx)
and one for receiver (Rx).The key challenge in realizing such
a system lies in addressing the self-interference generated
by the Tx antenna at the Rx antenna. For example, one
can implement the above self-interference cancellation idea
completely in analog domain using noise cancellation circuits
reported by Radunovic et al. [5]. But the practical noise
cancellation circuits can only handle a dynamic range of
at most ∼30 dB. Another technique in [6] employs the
antenna cancellation by using three antennas to create a beam
forming null.This method cancels the self-interference at the
receiver antenna by using antenna placement as an additional
cancellation technique or antenna cancellation. The antenna
cancellation requires two asymmetrically placed transmitting
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antennas and one receiving antenna. This three-antenna
system can remove ∼60 dB reduction of self-interference
power for a802.15.4 system. Although it looks promising, the
antenna cancellation-based designs have two major limita-
tions. The first is that they require three antennas having
two transmitting antennas and one receiving antenna, which
are very sensitive to the relative location of antennas and
any material around them. It is a fact that the full-duplex
system can have double throughput, but with three antennas
aMIMO system can have triple throughput. Hence, the use of
multiple antennas for only full-duplex purpose is not worth.
The second limitation is a bandwidth constraint, a theoretical
limit which prevents supporting wideband signal such as
WiFi.

TheMIMO techniques for wireless communications have
been studied extensively over the past decade as a means of
achieving significant capacity gains needed for supporting
high-rate wireless broadband applications [10]. A critical
factor in the design and analysis of MIMO systems is the the-
oretical models which are used for representing the MIMO
transceiver as well as the wireless fading channel. So far in
the literature, the factor on realistic channel configuration has
gained a lot of attention such as spatial correlation (see, e.g.,
[11, 12] and many others). One issue which has received less
attention in comparison is that ofmutual coupling [10, 13–15],
which occurs due to electromagnetic interactions between
the antennas in both transmitter and receiver. This effect,
as well as spatial correlation, is particularly significant for
applications with compact antennas, such as cellular mobile,
in which the available space for placing the antennas is highly
restrictive.

In this paper, we will investigate the effect of antenna
mutual coupling (MC) on the full-duplex single-channel
MIMO system with the aim of self-interference eliminations.
Based on the mutual-coupling model, the signals with self-
interference can be preknown. As a result, it is possible to
eliminate all self-interference signals by subtracting from
preknown signals. The concept of transmitting and receiving
mutual impedances is employed to incorporate the antenna
MC effect into the correlated channel model [16]. This model
is applied towork out the suppression technique to reduce the
self-interference performed by subtracting the interference
signals from the transmitting signals that are suitably tuned
according to the interaction between multiple antennas. This
is because the self-interference signals do not depend on
the environments. Then, the proposed technique can be
done on the manufacturing process. The paper presents the
comparison between the MC full-duplex single-channel sys-
tems with and without the proposed technique. The channel
capacity performance is the key performance used to indicate
the merit of proposed technique. The results show that the
proposed technique is not only to suppress the interference
but also to improve the system performance capacity.

2. Problem Formulation

This paper focuses on the full-duplex wireless communica-
tions operating on the same frequency and at the same time.

The simultaneous transmitting and receiving signals can be
achieved via the cancellation of the self-interference signal.
However, the problem is that the self-interference is billions of
times stronger (60–90 dB) than a received signal; for example,
for WiFi the self-interference would be nearly up to 80 dB
stronger. Hence, the main key success is to eliminate the self-
interference as much as possible. In this section, the overview
of full-duplex system is presented in order to be the basic
knowledge before getting to the main problem of this work.
Next, the survey of RF interference cancellation techniques is
detailed.

2.1. Full-Duplex Wireless Communication. Currently, full-
duplex wireless systems achieve the isolation required
between the two directions of communication using inde-
pendence in either time or frequency. Accordingly, these
duplexings are called time division duplexing (TDD) and
frequency division duplexing (FDD). The TDD system is
the system that divides the access of each node in time.
TDD is also commonly known as half-duplexing. Other full-
duplex wireless systems separate the Tx and Rx functions
in the frequency domain, the so-called FDD, and may
operate using two different carrier frequencies for carrying
transmissions. In this case, nodes 1 and 2 can send data to
each other at the same time, although using two different
frequencies. The use of different frequencies prevents the
two signals from interfering with each other, even though
the two transmissions occur at the same time. Time division
duplexing exacerbates the inconsistency in the channel views
across nodes. Since only one node among a pair of com-
municating nodes can transmit at a given time, the wireless
channel around the transmitting node may look occupied,
while the wireless channel around the receiving node may
look unoccupied. Such inconsistencies are the root cause of
many of the problems with time division duplexing wireless
networks, such as packet losses due to hidden terminal effects.
On the other hand, frequency division duplexing requires
a wireless node to use twice the frequency bandwidth for
sending and receiving signals of a given bandwidth. In some
cases, this is expensive and infeasible. The key challenge in
implementing a full-duplex wireless system, where a device
can simultaneously transmit and receive signals over-the-air
at the same time and in the same frequency band, is the large
power differential between the self-interference from a node’s
own transmission and the signal of interest coming from a
distant source.

2.2. Single-Channel Full-DuplexWireless Communications. A
basic perception of wireless communication is that a radio
cannot transmit and receive on the same frequency and at the
same time. Aswireless signals attenuate quickly over distance,
the signal from a local transmitting antenna is hundreds of
thousands of times stronger than transmissions from other
nodes. Figure 1 shows an example where nodes 1 and 2 are
trying to send data to each other simultaneously using the
same frequency. Node 1 own transmission is much stronger
at its receiving antenna, compared to the signal it receives
from node 2. With such strong self-interference, the receiver
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Figure 1: Self-interference in the single-channel full-duplex wireless
communications using one transmitting antenna and one receiving
antenna.

of node 1 is unable to decode any signals that node 2 is
trying to send to node 1. This example shows that the biggest
challenge in designing single-channel full-duplex wireless
communications is to eliminate the self-interference signal
from the receiver of the wireless node. In theory, this problem
should be easy to solve. For a system with antennas each for
transmitting and receiving, since the system knows the signal
of transmitting antenna, it can subtract this from the signal of
receiving antenna and decode the remainder.

2.3. Self-Interference Cancellation. Thework in [17] proposed
the design of full-duplex system that requires only one
antenna using circulator to share the same antenna for trans-
mitting and receiving paths as shown in Figure 2. The self-
interference cancellation (SIC) uses the knowledge of trans-
mission to cancel self-interference in the RF signal before
it is digitized. In an ideal analog cancellation scenario, the
amplitudes from the two paths would be perfectly matched
at the receiver and phase of the two signals would differ
by exact 𝜋. To cancel self-interference, the best performing
prior design is obtained. The authors gain the inverse of the
transmitted signal using a phase shifter with attenuator. The
attenuator and phase shifter allow a modulator to control the
angle and amplitude of a feed signal.

3. System Model

3.1. MIMO Model. In this section, the capacity formula of
MIMO systems is briefly given. We assume an indepen-
dent and identically distributed (i.i.d.) Rayleigh flat-fading
channel in rich scattering environments, and the channel
is unknown at the transmitter and perfectly known at the
receiver. The basic MIMO structure is depicted in Figure 3.
Let the number of transmitting and receiving antennas be𝑁𝑇
and𝑀𝑅, respectively. We denote this MIMO communication
link as (𝑁𝑇,𝑀𝑅). The𝑀𝑅 × 1 received signal vector y can be
written as

y = Hx + n, (1)

Tx data

Rx data

Antenna

Leakage

f1

f1

Figure 2: Self-interference in the single-channel full-duplex single-
antenna wireless communications.

Tx Rx

Figure 3: Basic structure of MIMO system.

with this notation channel output sequence that can be
written in matrix form as

[

[

[

[

[

𝑦1

𝑦2

...
𝑦𝑀𝑅

]

]

]

]

]

=
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[
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...
𝑥𝑁𝑇

]

]

]

]

]

+

[

[

[

[

[

𝑛1

𝑛2

...
𝑛𝑀𝑅

]

]

]

]

]

,

(2)

where H is 𝑀𝑅 × 𝑁𝑇 channel matrix with the entry ℎ𝑖,𝑗

describing the channel gain between the 𝑗th transmitting
antenna and the 𝑖th receiving antenna, x is𝑁𝑇×1 transmitted
signal vector with independent symbols, and n is 𝑀𝑅 × 1

additive white Gaussian noise (AWGN) vector.
The AWGN vector n satisfies 𝐸{nn𝐻} = I𝑀𝑅 in which n𝐻

denotes the conjugate transpose of n and I𝑀𝑅 denotes𝑀𝑅 ×
𝑀𝑅 identity matrix.

As the channel is unknown at the transmitter, equal power
is allocated to each of the transmitting antennas. Then the
MIMO capacity in bits per second per Hertz (bps/Hz) is
derived as

𝐶 = log
2
det(I𝑀𝑅 +

𝜌

𝑁𝑇

HH𝐻) , (3)

where 𝜌 is the average received signal to noise ratio (SNR).H
is normalized channel matrix [18].

3.2. Mutual-Coupling Effects on MIMO. In this section, in
order to support parallel signal transmission in a MIMO
system, the antennas at transmitter and receiver have to be
properly coupled to the modes offered by the wireless com-
munication channel. Hence, in Figure 4, the array elements
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Figure 4: An 𝑀𝑅 × 𝑁𝑇 MIMO system based on mutual-coupling
model.

location (including spacing and orientation) with respect to
the scatterers is of paramount importance in the operation
of the MIMO system. The interactions between the entire
set of antennas and scatterers are initially described by
the impedance matrix Z. For dipoles, however, the mutual
impedance can easily be calculated using classical induced
electromagnetic force (EMF) method [19]. The value of the
mutual impedance between the 𝑚th and 𝑛th dipoles 𝑍𝑚𝑛 is
given by [20]

𝑍𝑚𝑛 =

{
{
{
{

{
{
{
{

{

30 [0.5772 + ln (𝛽𝑑lam) − 𝐶𝑖 (𝛽𝑑lam)]
+𝑗 [30𝑆𝑖 (𝛽𝑑lam)] 𝑚 = 𝑛,

30 [2𝐶𝑖 (𝑢0) − 𝐶𝑖 (𝑢1) − 𝐶𝑖 (𝑢2)]

−𝑗 [30 (2𝑆𝑖 (𝑢0) − 𝑆𝑖 (𝑢1) − 𝑆𝑖 (𝑢2))] 𝑚 ̸= 𝑛,

(4)

where 𝛽 = 2𝜋/𝑑lam is the wave number, 𝑑lam/2 is the dipole
length, and the constants are given by [20]

𝑢0 = 𝛽𝑑ℎ,

𝑢1 = 𝛽(
√𝑑
2

ℎ
+ (𝑑lam/2)

2
+ (𝑑lam/2)) ,

𝑢2 = 𝛽(
√𝑑
2

ℎ
+ (𝑑lam/2)

2
− (𝑑lam/2)) ,

(5)

where 𝑑ℎ is the horizontal distance between the two dipole
antennas and𝐶𝑖(𝑢) and 𝑆𝑖(𝑢) are the cosine and sine integrals,
respectively:

𝐶𝑖 (𝑢) = ∫

𝑢

∞

cos (𝑥)
𝑥

𝑑𝑥, 𝑆𝑖 (𝑢) = ∫

𝑢

0

sin (𝑥)
𝑥

𝑑𝑥. (6)

It has to be noted that, while calculating𝑍𝑚𝑛, we assume that
the 𝑛th dipole is excited with current, while all the remaining
dipoles are open circuited.

In general, mutual coupling can be characterized by
numerical modelling techniques [19]. However, for dipoles,
we can use analytical mutual coupling into theMIMO system
model.The couplingmatrix of transmitting antenna arrayC𝑇
can bewritten using fundamental electromagnetic and circuit
theory [19]. C𝑇 has the meaning of transfer function matrix
for the transmitting array and is given as

C𝑇 = (𝑍𝐴 + 𝑍𝑇) (Z + 𝑍𝑇I𝑁𝑇)
−1

, (7)
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Figure 5: Model of full-duplex single-channel 4 × 4MIMO system.

where𝑍𝐴 is the element’s impedance in isolation.The element
𝑍𝑚𝑛 of matrix Z is defined by using the EMF method
as described in (4). Also the coupling matrix of receiving
antenna array C𝑅 can be determined in a similar manner. C𝑅
has the meaning of transfer function matrix for the receiving
array and is given as

C𝑅 = (𝑍𝐴 + 𝑍𝑇) (Z + 𝑍𝑇I𝑀𝑅)
−1

. (8)

4. Proposed Self-Interference Cancellation

In this section, we consider a generic MIMO radio unit
equipped with 𝑀𝑅 RF receivers antennas and 𝑁𝑇 RF signal
generators/transmitters. Among all generators, there are𝑁𝑠 =
𝑁𝑇−𝑀𝑅 primary generators and 𝑀𝑅 auxiliary generators.
The primary generators are used to transmit up to 𝑁𝑆

independent streams of data. The auxiliary generators are
used to generate RF waveforms for SIC at the RF frontend
of the receivers on the same frequency. See Figure 5.

Furthermore, we index the receiver by 𝑘 = 1, . . . ,𝑀𝑅

and the transmitter by 𝑘 = 𝑀𝑅 + 1, . . . , 𝑁𝑇. Then, for each
transmitted data packet subject to linear modulation, a RF
signal stream transmitted from the 𝑘th generator ideally can
be expressed by 𝑥𝑘(𝑡) = Re{𝑥𝑘(𝑡) exp(𝑗2𝜋𝑓𝑐𝑡)}, where𝑓𝑐 is the
carrier frequency and

𝑥𝑘 (𝑡) =

𝐼

∑

𝑖=1

𝑔
(𝑖)

𝑘
(𝑡) ∗

𝑁−1

∑

𝑛=−𝐿

𝑠
(𝑖)

𝑛
𝑝 (𝑡 − 𝑛𝑇) , (9)

where 𝑥𝑘(𝑡) is the complex baseband form (also called 𝐼/𝑄
waveform) of 𝑥𝑘(𝑡). Here, 𝑔

(𝑖)

𝑘
(𝑡) is the complex impulse

response of the 𝑘th transmission for data stream 𝑖 (of total 𝐼
streams), 𝑠(𝑖)

𝑛
is the complex symbol sequence for data stream

𝑖, 𝑁 + 𝐿 is the number of complex symbols per stream
(including the 𝐿 prefixed symbols as used in OFDM system),
and 𝑝(𝑡) is the fundamental pulse waveform used for linear
pulse modulation, which has the double-sided bandwidth𝑊
and the effective duration 𝑇. For high spectral efficiency, it is
typical that 𝑇 is equal to or only slightly larger than 1/𝑊. The
operator ∗ denotes convolution.
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Figure 6: 4 × 4MIMO system with mutual-coupling model.

TheRF self-interference received by the by the 𝑙th receiver
is 𝑦𝑙(𝑡) = Re{𝑦𝑙(𝑡) exp(𝑗2𝜋𝑓𝑐𝑡)}, where 𝑙 = 1, . . . ,𝑀𝑅, and
𝑦𝑙(𝑡) = ∑

𝑁𝑇

𝑘=1
ℎmc𝑙,𝑘(𝑡)∗𝑥𝑘(𝑡) = ∑

𝐼

𝑖=1
([∑
𝑁𝑇

𝑘=1
ℎmc𝑙,𝑘(𝑡)∗𝑔

(𝑖)

𝑘
(𝑡)]∗

∑
𝑁−1

𝑛=0
𝑠
(𝑖)

𝑛
𝑡(𝑡 − 𝑛𝑇)) is the 𝐼/𝑄 waveform of 𝑦𝑙(𝑡). In Figure 6,

when the mutual coupling is presented, ℎ𝑙,𝑘(𝑡) is the complex
baseband channel impulse response from the 𝑘th generator to
the 𝑙th receiver on the same radio. Hence, the channel matrix
ℎ𝑙,𝑘(𝑡) obtained from the case that this effect is absent has to be
pre- and postmultiplied by coupling matrices C𝑅 and C𝑇. As
a result, the new channel matrix is given by Hmc = C𝑅HC𝑇.
To cancel the RF self-interference 𝑦𝑙(𝑡) for all 𝑙 and 𝑡, it is
necessary to find 𝑔(𝑖)

𝑘
(𝑡) for all 𝑘 and 𝑖 such that 𝑦𝑙(𝑡) = 0 for

all 𝑙 or equivalently ∑𝑁𝑇
𝑘=1

ℎmc𝑙,𝑘(𝑡) ∗ 𝑔
(𝑖)

𝑘
(𝑡) = 0 for all 𝑙 and 𝑖.

The matrix form of this condition is

[

[

[

ℎmc1,1 (𝑡) ⋅ ⋅ ⋅ ℎmc1,𝑁𝑇
(𝑡)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

ℎmc𝑀𝑅,1
(𝑡) ⋅ ⋅ ⋅ ℎmc𝑀𝑅,𝑁𝑇

(𝑡)

]

]

]

∗
[

[

[

𝑔
(𝑖)

1
(𝑡)

⋅ ⋅ ⋅

𝑔
(𝑖)

𝑁𝑇
(𝑡)

]

]

]

= 0 (10)

or equivalently in more compact form:

Hmc (𝑡) ∗ g(𝑖) (𝑡) = 0. (11)

Although given in baseband, (11) ensures SIC even at the RF
frontend. Also note that when all elements in a row ofHmc(𝑡)
are corrupted by a common scalar due to receiver phase noise,
the solution g(𝑖)(𝑡) to (11) is not affected.

To find the solution to (10), we need to apply a known
notion of vector space in the field of functions of time.
The rank 𝑟H(𝑡) of the matrix Hmc(𝑡) that are convolutely
independent. It follows that 𝑟H(𝑡) ≤ min{𝑀𝑅, 𝑁𝑇} = 𝑀𝑅.
The dimension of the solution space of (10), which is also
called the dimension of the (right) null space ofHmc(𝑡), is the
number of convolutely independent solutions to (10), which
is 𝑑null = 𝑁𝑇 − 𝑟H(𝑡) ≥ 𝑁𝑠. If 𝑑null = 𝑁𝑠, we call it a typical
case (very likely in practice), or otherwise, if 𝑑null > 𝑁𝑠, we
call it atypical case (not very likely in practice). The number
𝐼 of the data streams in (9) must be no larger than 𝑑null.

In general, for𝑀𝑅 ≥ 1 and 𝑁𝑠 ≥ 1, the 𝑖th in a set of 𝑁𝑠
convolutely independent solutions to (12) can be written as

g(𝑖) (𝑡) =

[

[

[

[

[

[

[

[

[

[

[

g(𝑖) (𝑡)

0𝑖−1,1

𝑔
(𝑖)

0
(𝑡)

0𝐼−1,1

]

]

]

]

]

]

]

]

]

]

]

, (12)

where 0𝑚,1 is the 𝑚 × 1 zero vector and g(𝑖)(𝑡) and 𝑔(𝑖)
0
(𝑡) are

a solution to A(𝑡) ∗ g(𝑖)(𝑡) + b𝑖(𝑡) ∗ 𝑔
(𝑖)

0
(𝑡) = 0, where A(𝑡) is

a square matrix equal to Hmc(𝑡) without its last 𝑁𝑠 columns
and b𝑖(𝑡) is the (𝑀𝑅 + 𝑖)th column of Hmc(𝑡). Furthermore,
we can choose the solution

g(𝑖) (𝑡) = −adj {A (𝑡)} ∗ b𝑖 (𝑡) , (13)

and 𝑔
(𝑖)

0
(𝑡) = det{A(𝑡)}. Both the adjoint adj{A(𝑡)}and the

determinant det{A(𝑡)} can be obtained analytically in the
same way as those of a matrix of numbers as shown in
[21] except that all multiplications should be substituted by
convolutions. It is important to note that expression (13) does
not involve any division but only convolutions and sums.

The solutions shown in (12) are valid for arbitraryHmc(𝑡)
as long as det{A(𝑡)} ̸= 0.This condition can bemet if ℎ𝑘,𝑘(𝑡) for
𝑘 = 1, . . . ,𝑀𝑅 have the largest norms among ℎ𝑙,𝑘(𝑡) for all 𝑙
and 𝑘. To ensure that, we can either place the 𝑀𝑅 auxiliary
transmitting antennas close enough to the 𝑀𝑅 receiving
antennas or directly couple the𝑀𝑅 auxiliary generators to the
𝑀𝑅 receivers at the RF frontend.

In this section, the proposed system is designed to
formulate the self-interference based on mutual-coupling
model. These self-interference signals are caused by multiple
antennas.Theproposed system for full-duplex single-channel
MIMO system is illustrated in Figure 7. As shown in Figure 7,
the self-interference based on mutual-coupling Hmc𝐼 can be
written as

Hmc𝐼s = HLIs +HNIC𝑅s, (14)

where s ∈ 𝐶
𝑠×1 is the transmitted signal, HLI ∈ 𝐶

𝑠×𝑠 is a
diagonal matrix that represents the self-interference signals,
and HNI ∈ 𝐶

𝑠×𝑠 is a symmetric matrix that represents the
mutual-interference signals caused by the other antennas.

Next, the proposed method to suppress the interference
signals is performed as shown in Figure 7. The transmitted
signals are coupled to matrix 𝑊 in order to perform the
negative self-interference and mutual-interference signals as
closely as possible. Inside matrix 𝑊, the attenuation and
phase shifter are employed to adjust the preknown signals
for compensating the self-interference signals and mutual-
interference signals. The compensation matrix, W, is given
by

Ws = T𝑥C𝑇s + Gs, (15)

where T𝑥 ∈ 𝐶
𝑠×𝑠 is a symmetric matrix that represents the

mutual-interference signals caused by the other antennas,
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Figure 7: Proposed self-interference cancellation for full-duplex
single-channel 4 × 4MIMO system based on mutual-coupling
model.

G ∈ 𝐶
𝑠×𝑠 is a diagonal matrix that represents the self-interfer-

ence signals.
Then, the received signal at the destination with the pro-

posed compensation matrix for the interference suppression
can be rewritten as

y = Hmcx +Hmc𝐼s −Ws + N, (16)

where N ∼ CN(0, 𝜎2
𝑑
I𝑠) is the AWGN contribution at the

destination.

5. Results and Discussion

5.1. Channel Capacity. In order to investigate the effect of
mutual coupling on MIMO capacity, in this section the
channel capacity for our 4 × 4MIMO system can be given by
(17) [2].This capacity denotes the average of channel capacity
in bps/Hz. Also, we assume the uniform transmitting power
for each antenna (𝐸{xx𝐻} = (𝑃0/𝑁𝑠)I𝑥). Consider

𝐶 = log
2
det [I𝑠 +

𝑃0

𝑁𝑠

HmcH
𝐻

mc

×(𝜎
2

𝐼
Hmc𝐼H

𝐻

mc𝐼 + 𝜎
2

𝑑
I𝑠)
−1

].

(17)

We assume that 𝑃0 is the maximum available power at the
source and𝑁𝑠 is the power of the self-interference signals.

The performance of channel capacity is presented by
considering four cases. The first case is that there is neither
self-interference nor mutual-coupling effect (called without
interference and MC) in the system. In the second case,
there is no interference but including mutual-coupling effect
(called without interference and with MC). The third case is
the case that the system uses the self-interference cancellation
and there is a mutual-coupling effect in the systems (called
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Figure 8: Channel capacity versus SNR for 80% interference reduc-
tion.

proposed). For the last case, the system experiences both
interference and mutual-coupling effect but no any cancella-
tion technique is applied (called with interference and MC).

The simulation produced byMATLAB programming can
be described as follows. The source and the destination are
equipped with four transmitting and four receiving antennas;
that is, 𝑠 = 𝑥 = 4. We assume that the source-destination
channels experience Rayleigh fading. Hence, the new channel
matrixHmc is an independentmatrix containing independent
identically distributed (i.i.d.) entries in which the random
distribution is explained byCN(0, 1). For the self-interference
channels, they also experience Rayleigh fading. Hence, the
self-interference channel matrices HLI and HNI are indepen-
dent matrices containing independent identically distributed
(i.i.d.) entries distributed as CN(0, 1). For simplicity, we
assume that the noise variances are equal in each antenna,
𝜎
2.
Figure 8 shows the channel capacity versus SNR for 80%

interference reduction when the MIMO system is affected
by mutual coupling. It can be noticed that the proposed
technique lies between with and without the interference
suppression. The channel capacity of the proposed system is
about 0.70 bps/Hz (at SNR = 20 dB) higher than the system
with self-interference and the system with mutual coupling.
In Figure 9, the relation between capacity and the percentage
of interference reduction is presented. It can be noticed that
the channel capacity of the proposed system requires only
90% interference reduction to achieve the capacity close to
the system without any interference.

5.2. Self-Interference Reduction. The work in [6, 8, 17, 22–25]
shows that a single-channel full-duplex system can beworked
by using the method of self-interference cancellation. Two
key techniques are RF interference cancellation (RFIC) and
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digital interference cancellation (DIC) which utilize the sig-
nals fromboth the transmitting and receiving paths. Figure 10
presents the signal diagram of self-interference cancellation
consisting of both RFIC and DIC. RFIC uses the knowledge
of transmitting signals to cancel the self-interference in the
RF signal before it is digitized. For analog cancellation, the
amplitudes from two paths have to be perfectly matched at
the receiver. Then, the phase of the two signals would be
ideally differed by the exact 𝜋. To cancel self-interference,
the best performing prior design is obtained. The authors
gain the inverse of the transmitted signal using phase shifter
and attenuator, dynamically adjusting the attenuation and
phase of the inverse signal to match the self-interference
leaking from circulator. After combining both inverse and
leak signals, the received signal can be passed through the
processing unit with the minimum effect of self-interference.

In measurement, the operating frequency band is on
2.45GHz in order to match with a practical wireless channel
as IEEE 802.11. The measurement has been performed to
investigate the concept of a single-channel full-duplex wire-
less system. The results show that the system can reduce
the self-interference about −75 dB. This reduction is good
enough to investigate the concept of a single-channel full-
duplex wireless system. The results show that the system can
reduce the self-interference about −75 dB. This reduction is
good enough to transmit and receive on the same frequency
at the same time. However, we have proposed the self-
interference suppression for MIMO system in which the
self-interference signals are caused by mutual coupling. The
proposed suppression technique can also be applied to the
MIMO system by separating the multiple antennas into
individualmeasurement. In this paper, the RFIC is performed
according to the diagram shown in Figure 10. Then the
DIC is performed inside USRP (Universal Software Radio
Peripheral) processors.

TX

RX
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Adaptive 
filter
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Coupler

Phase shift

Attenuator

Combiner

Feedback

Digital interference
cancellation

RF interference 
cancellation
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Figure 10: Block diagram of the proposed system in practice.
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Circulator
Phase shifter

USRP

Figure 11: Photograph of experimental scenario.

The Universal Software Radio Peripheral (USRP) is a
platform developed by Ettus Research LLC. Inside the USRP,
there are two main components. The first component is a
mother board containing an Altera Cyclone EP1C12 Field
ProgrammableGateArray (FPGA). It has 4ADCswith 12 bits
per sample and 4 DACs with 14 bits per sample. The second
component is a daughter board that all working processes are
in a field of RF-Front End. This paper employs XCVR2450
daughter board which responses to radio frequency in dual
band, both 2.4GHz and 5.9GHz. All components are assem-
bled in one USRP box using 3A-6V power supply. USRP is
connected to the host PC via USB 2.0 (Universal Serial Bus
2.0).

The digital interference cancellation technique in our
design employs a finite impulse response (FIR) filter to
cancel the remainder of the self-interference signals after RF
interference cancellation.The transmitted digital samples are
passed through the FIR filter to create digital interference
cancellation samples which are subtracted from the received
samples to further clean interference from the received signal.

Figure 11 shows the photograph of the experimental
scenario for measuring the self-interference signal.The block
diagram of each antenna with both RFIC and DIC is shown
in Figure 10.

Figure 12 shows the measured spectrum of self-inter-
ference signal. In Figure 12(a), the spectrum of the self-
interference leakage without any cancellation is notice-
ably high. In Figure 12(b), the measured spectrum of self-
interference signal with RF interference cancellation is
reduced by 58 dB. In Figure 12(c), the measured spectrum of
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Figure 12: Measured spectrum of the self-interference signal (a)
without any cancellations, (b) with RF interference cancellation but
without digital interference cancellation, and (c) with both RF and
digital interference cancellations.

self-interference signals with both RF and digital cancella-
tions is very low and close to the noise floor level with the
reduction of 75 dB. At this stage, the self-interference signal
is low enough to provide a little impact on the desirably
received signals. It means that the full-duplex system can be
operated on the same channel at the same time because the
self-interference is treated to be a noise for both forward and
reserve links. Consequently, the throughput can be doubled
by using our proposed method.
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Figure 13: The received signal power of interference signals at Rx1.

5.3. Mutual-Interference Reduction. In the previous section,
the reduction of self-interference power is observed. How-
ever, in MIMO system, there are other interference signals
called mutual-interference signals. The proposed work also
considers the reduction of mutual interference as well. By
using the samemeasurement as previous section but increas-
ing all sets for 4×4MIMOoperation, themutual-interference
power can be observed. The operating frequency band is on
2.45GHz for all transmitting antennas. The attenuations and
phase shifters are employed to perform the suitable matrix
W which is illustrated in Figure 7. The power inputs of Tx1,
Tx2, Tx3, and Tx4 are equal. Figure 13 shows the measured
powers from Rx1 output. There are three curves presented in
Figure 13.The first curve is named as self-interference signals
because the signal is sent by only Tx1 while there is no input
power for Tx2, Tx3, and Tx4. This is the same situation as
in the previous section except that it might be the effect of
mutual coupling from the neighbour antenna. For the second
curve named as self- and mutual-interference signals, there
are equal powers for Tx1, Tx2, Tx3, and Tx4, but there is no
matrix W in the system. It can be observed that the total
power of this curve is higher than the first curve. In the
third curve named as proposed, the matrix W is performed
to suppress both self-interference and mutual-interference
signals. In this measurement, there is no signal coming from
the other side. Hence, Rx1 should not receive any power if
matrix 𝑊 works very well. In our measurement, it can be
noticed that the received power of the proposedmethod is the
least. The self-interference and mutual-interference signals
can be reduced by adjusting the suitable voltage control for
phase shifter. Actually, there are four phase shifters related to
this curve and all are needed to be properly adjusted at the
same time. To explain the mechanism of phase adjustment,
only one voltage control has been presented in Figure 13. It
can be clearly seen that the right voltage offers the maximum
reduction of interference signals. At control voltage 4-5V,
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Figure 14: BER performance for 4 × 4MIMO system.

the received power of self-interference and mutual-interfer-
ence signals is reduced by 31 dB.

5.4. Performance of ProposedMIMOSystem. After getting the
suitable matrix 𝑊, the other side of communication sends
the data signal through the wireless 4 × 4 channel. It is a
fact that the channel capacity is a theoretical quantity which
cannot be directly measured. In practice, throughput and bit
error rate (BER) are two indicators to judge the merit of
system. In this paper, BER can be obtained by using the zero
forcing technique to decode the data. All signals are sent with
QPSKmodulation. Figure 14 shows BER performance for 4×
4MIMOsystem. It is clearly seen that the proposed technique
can provide a similar BER to the system without interference
when Eb/No is less than 15 dB. Even though Eb/No is more
than 15 dB, the proposed system still significantly improves
the BER performance in comparison with the system with
interference.

Note that even the BER of proposed system is nearly
the same as that of the system without interference but the
throughput of proposed system is a double of that of normal
full-duplex system. This is because the proposed MIMO
system can transmit and receive at the same time and on the
same frequency.

6. Conclusions

In this paper, we proposed the method of self-interference
cancellation for full-duplex single-channel MIMO system
based on mutual-coupling model. The performance of pro-
posed technique can suppress the self-interference signals
by using the preknown interferences which are affected by
mutual coupling between antennas. Simulation results illus-
trate that the proposed system outperforms the system with
interference. This implies the success of using the proposed

concept for full-duplex single-channel MIMO system. In
addition, the measurement results indicate that the self-
interference and mutual-interference reductions are good
enough to successfully transmit and receive on the same
frequency at the same time in practice. As a result, the
proposed throughput can be actually twice the conventional
system.
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Direction of arrival (DOA) estimation problem for multiple-input multiple-output (MIMO) radar with unknownmutual coupling
is studied, and an algorithm for the DOA estimation based on root multiple signal classification (MUSIC) is proposed. Firstly,
according to the Toeplitz structure of the mutual coupling matrix, output data of some specified sensors are selected to eliminate
the influence of the mutual coupling. Then the reduced-dimension transformation is applied to make the computation burden
lower as well as obtain a Vandermonde structure of the direction matrix. Finally, Root-MUSIC can be adopted for the angle
estimation. The angle estimation performance of the proposed algorithm is better than that of estimation of signal parameters
via rotational invariance techniques (ESPRIT)-like algorithm and MUSIC-like algorithm. Furthermore, the proposed algorithm
has lower complexity than them. The simulation results verify the effectiveness of the algorithm, and the theoretical estimation
error of the algorithm is also derived.

1. Introduction

Multiple-input multiple-output (MIMO) radars have
attracted a lot of attention recently for their potential advan-
tages over conventional phased-array radars [1–4]. MIMO
radar systems can overcome fading effect, enhance spatial res-
olution, strengthen parameter identifiability, and improve
target detection performance for the additional degrees of
freedom [5–7]. Angle estimation is a key issue in MIMO
radar and has been studied by a lot of researchers. Estimation
of signal parameters via rotational invariance techniques
(ESPRIT) algorithms [8–10] can obtain the closed-form
estimations via rotational invariance in the subspace. Capon
algorithm [11] and multiple signal classification (MUSIC)
algorithm [12] both estimate the angles via the peak searches.
Polynomial root finding technique can transform the peak
searches into root finding problem when the arrays are
uniform linear arrays (ULA) [13]. Based on the uniqueness of
trilinear decomposition, parallel factor analysis (PARAFAC)
algorithms [14–16] can also be adopted for the angle estima-
tion. For monostatic MIMO radar, low-complexity ESPRIT
[17] and Capon [18] can achieve better angle estimation

performance with lighter computation burden based on the
reduced-dimension transformation.However, thesemethods
strongly depend on the array manifold, which is often
perturbed by the mutual coupling in practical situations.The
mutual coupling will make the above methods have perfor-
mance degradation or even fail to work, and variousmethods
for mutual coupling compensation have been studied. The
Receiving-Mutual-Impedance Methods (RMIM) [19, 20]
can obtain the decoupled voltages via the known terminated
impedance and the receiving mode antennas.The calibration
methods [21–23], which will be studied in this paper, can
utilize the special characteristics of the mutual coupling
coefficients of uniform linear arrays (ULA). Reference [24]
proposed a MUSIC-like algorithm for the angle estimation
in the presence of mutual coupling. Through reconstructing
the MUSIC function based on the Toeplitz structure of the
mutual coupling matrix, the angles can be estimated via the
peak searches. To avoid the high-computational peak search,
an ESPRIT-like algorithm was proposed in [25] by removing
the auxiliary sensors to eliminate the influence of mutual
coupling. The rotational invariance can be extracted in the
new data for the angle estimation.
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Figure 1: Array structure of monostatic MIMO radar.

Although MUSIC-like algorithm can achieve high reso-
lution angle estimation with unknown mutual coupling, the
high computational peak searches will make it ineffective.
As a faster method, ESPRIT-like can obtain the close-form
solution of the angle estimation, but it only exploits the
relationship between the subarrays, which will lead to a
performance loss.

Our goal is to develop an effective method for angle
estimation in MIMO radar with unknown mutual coupling.
So, in this paper, we propose a Root-MUSIC based method,
which is fast and can deal with the mutual coupling problem,
which often occurrs in practical situation. The nonauxiliary
sensors are also used to eliminate the influence of mutual
coupling. Then a transformation is utilized to reduce the
dimension of the data, meanwhile a direction matrix with
Vandermonde structure can be obtained. Finally, Root-
MUSIC, which is a root-finding form of the MUSIC peak
searching, can be adopted for the angle estimation. The
angle estimation performance of the proposed algorithm is
better than that of ESPRIT-like algorithm and MUSIC-like
algorithm. Furthermore, it may also have lower complexity.

Notation. (⋅)𝑇, (⋅)𝐻, (⋅)−1, and (⋅)
+ denote transpose, conju-

gate-transpose, inverse, and pseudo-inverse operations,
respectively. diag (v) stands for diagonal matrix whose
diagonal element is a vector v. I𝐾 is a 𝐾 × 𝐾 identity matrix.
⊗ is the Kronecker product. Re (⋅) is to get real part of the
complex, and angle (⋅)means taking phase operation.

2. Data Model

As shown in Figure 1, the monostatic MIMO radar system
is equipped with both uniformlinear arrays (ULA) for the
transmit and receive arrays, and the arrays are both located
in the 𝑦-axis with half-wavelength spacing between adjacent
antennas, respectively. Assume that there are𝐾 targets in the
𝑦-𝑧 plane, and the output of thematched filters at the receiver
can be expressed as [5, 23, 24]

x (𝑡) = [ã𝑟 (𝜃1) ⊗ ã𝑡 (𝜃1) , . . . , ã𝑟 (𝜃𝐾) ⊗ ã𝑡 (𝜃𝐾)] s (𝑡) + n (𝑡) ,

(1)

where 𝜃𝐾 is the direction of arrival (DOA) of the 𝑘th target
with respect to the transmit array normal or the receive

array normal, s(𝑡) = [𝑠1(𝑡), 𝑠2(𝑡), . . . , 𝑠𝐾(𝑡)]
𝑇
∈ C𝐾×1, 𝑠𝑘(𝑡) =

𝛽𝑘𝑒
𝑗2𝜋𝑓𝑘𝑡 with 𝑓𝑘 and 𝛽𝑘 being the Doppler frequency and the

reflect coefficient, respectively, n(𝑡) is an 𝑀𝑁 × 1 Gaussian
white noise vector of zero mean and covariance matrix
𝜎
2I𝑀𝑁, and ã𝑟(𝜃𝑘) and ã𝑡(𝜃𝑘) are the receive and transmit

steering vectors for the 𝑘th target under the influence of
mutual coupling, respectively. They satisfy

ã𝑟 (𝜃𝑘) = C𝑟a𝑟 (𝜃𝑘) , (2a)

ã𝑡 (𝜃𝑘) = C𝑡a𝑡 (𝜃𝑘) , (2b)

where C𝑟 ∈ C𝑁×𝑁 and C𝑡 ∈ C𝑀×𝑀 represent the matri-
ces containing the mutual coupling coefficients. With the
assumption of ULA, they are Toeplitz matrices [24]

C𝑟 = toeplitz (𝑐𝑟
0
, . . . , 𝑐

𝑟

𝑛
, 0, . . . , 0) , (3a)

C𝑡 = toeplitz (𝑐𝑡
0
, . . . , 𝑐

𝑡

𝑚
, 0, . . . , 0) , (3b)

where 𝑐
𝑟

𝑝
(𝑝 = 0 . . . 𝑛) and 𝑐

𝑡

𝑞
(𝑞 = 0 . . . 𝑚) stand for

the mutual coupling coefficients. If the first sensors are the
reference points, then 𝑐

𝑟

0
= 𝑐
𝑡

0
= 1. a𝑟(𝜃𝑘) and a𝑡(𝜃𝑘) in (2a)

and (2b) are expressed as Vandermonde structures

a𝑟 (𝜃𝑘) = [1, 𝑧𝑘, . . . , 𝑧
𝑁−1

𝑘
]

𝑇

, (4a)

a𝑡 (𝜃𝑘) = [1, 𝑧𝑘, . . . , 𝑧
𝑀−1

𝑘
]

𝑇

, (4b)

where 𝑧𝑘 = 𝑒
−𝑗𝜋 sin 𝜃𝑘 .

By collecting 𝐽 samples, and representing the received
data as X = [x(1), x(2), . . . , x(𝐽)], the received data can be
expressed as

X = ̃AS + N, (5)

where ̃A = [ã𝑟(𝜃1) ⊗ ã𝑡(𝜃1), . . . , ã𝑟(𝜃𝐾) ⊗ ã𝑡(𝜃𝐾)] ∈ C𝑀𝑁×𝐾

is the direction matrix, S = [s(1), s(2), . . . , s(𝐽)] ∈ C𝐾×𝐽, and
N ∈ C𝑀𝑁×𝐽 stands for the noise matrix.

3. Root-MUSIC Based Angle
Estimation for MIMO Radar with
Unknown Mutual Coupling

3.1. Mutual Coupling Elimination. According to [25], define
the selecting matrices as

J1 = [0(𝑁−2𝑛)×𝑛, I(𝑁−2𝑛)×(𝑁−2𝑛), 0(𝑁−2𝑛)×𝑛−1] , (6a)

J2 = [0(𝑀−2𝑚)×𝑚, I(𝑀−2𝑚)×(𝑀−2𝑚), 0(𝑀−2𝑚)×𝑚] . (6b)

Then,

J1ã𝑟 (𝜃𝑘) = J1C𝑟a𝑟 (𝜃𝑘) = 𝛼𝑟𝑘a𝑟1 (𝜃𝑘) , (7a)

J2ã𝑡 (𝜃𝑘) = J2C𝑡a𝑡 (𝜃𝑘) = 𝛼𝑡𝑘a𝑡1 (𝜃𝑘) , (7b)

where 𝛼𝑟𝑘 = ∑
𝑛

𝑝=−𝑛
𝑐
𝑟

|𝑝|
𝑧
𝑝+𝑛

𝑘
, 𝛼𝑡𝑘 = ∑

𝑚

𝑞=−𝑚
𝑐
𝑡

|𝑞|
𝑧
𝑞+𝑚

𝑘
, and a𝑟1(𝜃𝑘)

and a𝑡1(𝜃𝑘) are the first (𝑁 − 2𝑛) and (𝑀 − 2𝑚) elements of
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a𝑟(𝜃𝑘) and a𝑡(𝜃𝑘), respectively. Define𝑀 = 𝑀− 2𝑚 and𝑁 =

𝑁 − 2𝑛, then

a𝑟1 (𝜃𝑘) = [1, 𝑧𝑘, . . . , 𝑧
𝑁−1

𝑘
]

𝑇

, (8a)

a𝑡1 (𝜃𝑘) = [1, 𝑧𝑘, . . . , 𝑧
𝑀−1

𝑘
]

𝑇

. (8b)

The new steering vector of the output can be now character-
ized as

a𝑐 (𝜃𝑘) = (J1 ⊗ J2) (ã𝑟 (𝜃𝑘) ⊗ ã𝑡 (𝜃𝑘))

= 𝛼𝑟𝑘𝛼𝑡𝑘a𝑟1 (𝜃𝑘) ⊗ a𝑡1 (𝜃𝑘) .
(9)

According to (9), the steering vector can be expressed as
a kronecker product of two Vandermonde vectors without
considering the scalar coefficients 𝛼𝑟𝑘 and 𝛼𝑡𝑘. Thus, the
mutual coupling can be considered to be eliminated through
this procedure.

3.2. Reduced-Dimension Transformation. The length of the
new steering vector a𝑐(𝜃𝑘) is 𝑀𝑁, which is too long and
will add high computation burden. Furthermore, it will make
the later root finding hard to implement for the high-order
polynomials. So the reduced-dimension transformation is
necessary. According to [17], steering vectors with Vander-
monde structures will satisfy

a𝑟1 (𝜃𝑘) ⊗ a𝑡1 (𝜃𝑘) = Gb (𝜃𝑘) , (10)
where

G =

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

1 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 1 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

...
... d

...
... d 0

0 0 ⋅ ⋅ ⋅ 1 0 ⋅ ⋅ ⋅ 0

}
}
}
}
}

}
}
}
}
}

}

𝑀

0 1 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0

0 0 1 0 0 ⋅ ⋅ ⋅ 0

...
...

... d
... d 0

0 0 ⋅ ⋅ ⋅ 0 1 0 0

}
}
}
}
}

}
}
}
}
}

}

𝑀

...
...
...
...
...
...
...

0 ⋅ ⋅ ⋅ 0 1 0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0 0 1 ⋅ ⋅ ⋅ 0

... d
...

...
... d

...
0 ⋅ ⋅ ⋅ 0 0 0 ⋅ ⋅ ⋅ 1

}
}
}
}
}

}
}
}
}
}

}

𝑀

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

∈ R
𝑀𝑁×(𝑀+𝑁−1)

(11)

b(𝜃𝑘) = [1, 𝑧𝑘, . . . , 𝑧
𝑀+𝑁−2

𝑘
]
𝑇
∈ C(𝑀+𝑁−1)×1. Then defineW ≜

G𝐻G,

W

= diag(1, 2, . . . ,min (𝑀,𝑁) , . . . ,min (𝑀,𝑁)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

|𝑀−𝑁|+1

, . . . , 2, 1) .

(12)

Using the reduced-dimension transformation W−1/2G𝐻 for
the receive signal after the mutual coupling elimination, and
combining (9) and (10), then

y (𝑡) = W−1/2G𝐻 (J1 ⊗ J2) x (𝑡)

= W−1/2G𝐻 [a𝑐 (𝜃1) , a𝑐 (𝜃2) , . . . , a𝑐 (𝜃𝐾)] s (𝑡)

+W−1/2G𝐻 (J1 ⊗ J2)n (𝑡)

= W−1/2W [b (𝜃1) , b (𝜃2) , . . . , b (𝜃𝐾)]Φs (𝑡) + n𝑦 (𝑡)

= W1/2BΦs (𝑡) + n𝑦 (𝑡) ,
(13)

where B = [b(𝜃1), b(𝜃2), . . . , b(𝜃𝐾)], Φ = diag(𝛼𝑟1𝛼𝑡1, . . . ,
𝛼𝑟𝐾𝛼𝑡𝐾) and n𝑦(𝑡) = W−1/2G𝐻(J1 ⊗ J2)n(𝑡). The covariance
matrix of y(𝑡) is

R = 𝐸 [y (𝑡) y𝐻 (𝑡)]

= W1/2BΦ (𝐸 [s (𝑡) s𝐻 (𝑡)])Φ𝐻B𝐻W1/2

+ 𝐸 [n𝑦 (𝑡)n
𝐻

𝑦
(𝑡)]

= W1/2BR𝑠B
𝐻W1/2 + 𝜎

2I𝐿,

(14)

where R𝑠 = Φ(𝐸[s(𝑡)s𝐻(𝑡)])Φ𝐻 and 𝐿 = 𝑀 + 𝑁 − 1. W1/2B
can be regarded as the new direction matrix.

3.3. Root-MUSIC Based Angle Estimation. The covariance
matrix in (14) can be decomposed as

R = E𝑠D𝑠E
𝐻

𝑠
+ E𝑛D𝑛E

𝐻

𝑛
, (15)

whereD𝑠 denotes a𝐾×𝐾diagonalmatrix formed by𝐾 largest
eigenvalues 𝜆1, . . . , 𝜆𝐾 and D𝑛 denotes a diagonal matrix
formed by the rest 𝐿−𝐾 smaller eigen-values (𝜆𝐾+1 = 𝜆𝐾+2 =

⋅ ⋅ ⋅ = 𝜆𝐿 = 𝜎
2). E𝑠 and E𝑛 represent the signal subspace

and noise subspace, respectively, of which E𝑠 stands for the
eigenvectors corresponding to the𝐾 largest eigen-values, and
E𝑛 consists of the rest eigenvectors.

According to the MUSIC peak search function [12], the
space spanned by the direction matrix is orthogonal to the
noise subspace, and the angle can be estimated by searching
the following function:

𝐹 (𝜃) =

1

b𝐻 (𝜃)W1/2E𝑛E𝐻𝑛W1/2b (𝜃)

, (16)

where b(𝜃) = [1, 𝑒
−𝑗𝜋 sin 𝜃

, . . . , 𝑒
−𝑗(𝐿−1)𝜋 sin 𝜃

]

𝑇

. To avoid the
peak searching, let 𝑧 = 𝑒

−𝑗𝜋 sin 𝜃; then b(𝜃) can be expressed
as b(𝑧) = [1, 𝑧, . . . , 𝑧

𝐿−1
]

𝑇. Equation (16) can be transformed
into the root finding problem

b𝑇 (1

𝑧

)U𝑛b (𝑧) = 0, (17)

where U𝑛 = W1/2E𝑛E𝐻𝑛W
1/2. According to [26], the polyno-

mial in (17) can be expressed as

[𝑧
−𝐿+1

, . . . , 𝑧
−1
, 1, 𝑧, . . . , 𝑧

𝐿−1
] c = 0, (18)
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where c ∈ C2𝐿−1 is a column vector which contains the
coefficients of the polynomial and the 𝑙th coefficient (c(𝑙), 𝑙 =
1, . . . , 2𝐿 − 1) is given by the sum of the (𝑙 − 𝐿)th diagonal
elements of U𝑛.

The𝐾 roots which are most close to the unit circle will be
the solutions, and they are denoted as �̂�1, . . . , �̂�𝐾.The angle 𝜃𝑘
can be estimated via

𝜃𝑘 = −

angle (�̂�𝑘)
𝜋

, 𝑘 = 1, . . . , 𝐾. (19)

With respect to (14), the covariance matrix can be estimated
via

R̂ =

1

𝐽

𝐽

∑

𝑡=1

y (𝑡) y𝐻 (𝑡) . (20)

The major steps of the proposed algorithm for DOA
estimation in MIMO-radar are shown as follows.

(1) Construct the new output via (13) to eliminate the
mutual coupling and reduce the data dimension.

(2) Estimate the covariance matrix of the data through
̂R = (1/𝐽)∑

𝐽

𝑡=1
y(𝑡)y𝐻(𝑡).

(3) Perform eigen-value decomposition of ̂R to get the
noise subspace ̂E𝑛.

(4) Construct the MUSIC function and use root finding
technique to obtain the angle estimation ̂

𝜃𝑘 via (18)-
(19).

3.4. Complexity Analysis. The proposed algorithm has lower
complexity than ESPRIT-like algorithm and MUSIC-like
algorithm for it requires no peak searches and has lower
dimension. Figure 2 shows the run time of the three algo-
rithms in computer versus the number of antennas, and here
we choose 𝑀 = 𝑁 for simplify. From Figure 2, we find that
our algorithm has lower complexity, and the change trend
versus the number of antennas of the proposed algorithm is
smaller than those of the other two algorithms.

4. Theoretical Analysis and
Cramer-Rao Bound (CRB)

4.1. Theoretical Analysis of the Proposed Algorithm. The
decomposition of ̂R in (20) can be expressed as

̂R =
̂E𝑠̂D𝑠̂E

𝐻

𝑠
+
̂E𝑛̂D𝑛̂E

𝐻

𝑛
, (21)

where ̂E𝑠 and ̂E𝑛 denote the estimated signal and noise sub-
spaces, respectively.

According to [27], Root-MUSIC andMUSIC peak search
method have the same angle estimation error as they both
seek for the extreme points of 𝑓(𝜃) = b𝐻(𝜃)̂U𝑛b(𝜃), where
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Figure 2: Complexity comparison against the number of antennas
(𝐽 = 100, 𝐾 = 3).

̂U𝑛 = W1/2̂E𝑛̂E𝐻𝑛W
1/2. The first-order derivative of 𝑓(𝜃) on

̂
𝜃𝑘 will be equal to zero; that is,

𝑓

(
̂
𝜃𝑘) = d𝐻 (̂𝜃𝑘) ̂U𝑛b (

̂
𝜃𝑘) + b𝐻 (̂𝜃𝑘) ̂U𝑛d (

̂
𝜃𝑘)

= 2Re [b𝐻 (̂𝜃𝑘) ̂U𝑛d (
̂
𝜃𝑘)]

= 0,

(22)

where d(̂𝜃𝑘) = 𝜕b(̂𝜃𝑘)/𝜕̂𝜃𝐾. Taking the first-order Taylor
series expansion, then

𝑓

(
̂
𝜃𝑘) ≅ 𝑓


(𝜃𝑘) + 𝑓


(𝜃𝑘) (

̂
𝜃𝑘 − 𝜃𝑘)

= 2Re [b𝐻 (𝜃𝑘) Û𝑛d (𝜃𝑘)]

+ 2Re [d𝐻 (𝜃𝑘) ̂U𝑛d (𝜃𝑘)

+b𝐻 (𝜃𝑘) Û𝑛d

(𝜃𝑘)] (

̂
𝜃𝑘 − 𝜃𝑘)

≅ 2Re [b𝐻 (𝜃𝑘) ̂U𝑛d (𝜃𝑘)]

+ 2 [d𝐻 (𝜃𝑘)U𝑛d (𝜃𝑘)] (
̂
𝜃𝑘 − 𝜃𝑘)

= 0,

(23)

where some small items are neglected.Themean square error
of the angle estimation can be shown as

𝐸 [(
̂
𝜃𝑘 − 𝜃𝑘)

2

] =

(Re [b𝐻 (𝜃𝑘) ̂U𝑛d (𝜃𝑘)])

2

(d𝐻 (𝜃𝑘)U𝑛d (𝜃𝑘))
2

. (24)
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According to [28],

(Re [b𝐻 (𝜃𝑘) Û𝑛d (𝜃𝑘)])

2

=

1

2𝐽

d𝐻 (𝜃𝑘)U𝑛d (𝜃𝑘) ⋅ b
𝐻
(𝜃𝑘)W

1/2UW1/2b (𝜃𝑘) ,

(25)

where U = E𝑠W𝑠E𝐻𝑠 with W𝑠 = diag {𝜆1𝜎
2
/(𝜆1 − 𝜎

2
)

2

, . . . ,

𝜆𝐾𝜎
2
/(𝜆𝐾 − 𝜎

2
)

2

}. Thus the theoretical mean error of the
angle estimation of the proposed algorithm can be derived
as

𝐸 [(
̂
𝜃𝑘 − 𝜃𝑘)

2

] =

1

2𝐽

b𝐻 (𝜃𝑘)W1/2UW1/2b (𝜃𝑘)

d𝐻 (𝜃𝑘)U𝑛d (𝜃𝑘)

. (26)

The theoretical result and the simulation result of the pro-
posed algorithm will be compared in Section 5, where it can
be shown that they are almost the same, which demonstrate
the correctness of the derivation above.

4.2. Advantages of the Proposed Algorithm. The advantages of
the proposed algorithm can be summarized as follows.

(1) It works well with unknown mutual coupling. Accor-
ding to (9), (13), and (14), it can be shown the mutual
coupling can be eliminated regardless of the specific
distribution of the mutual coupling (the number
of the antennas that are influenced by the mutual
coupling should be known, i.e.,𝑚 and 𝑛 [21, 22]).

(2) It requires no peak search and has lower complexity,
which has been shown in Figure 2.

(3) It has better angle estimation performance than
MUSIC-like algorithm and ESPRIT-like algorithm.
Part of the reason of this advantage can be refered to
“Remark 1”, and another reason may be the reduced-
dimension transformation.According to (13)-(14), the
signal to noise ratios (SNRs) of the data before the
reduced-dimension transformation and the data after
the reduced-dimension transformation are

SNR𝑥𝑐 =
tr (A1R𝑠A𝐻1 )

tr (J1 ⊗ J2𝐸 [n (𝑡)n𝐻 (𝑡)] J𝐻
1
⊗ J𝐻
2
)

=

tr (A1R𝑠A𝐻1 )
𝑀𝑁𝜎

2
,

SNR𝑦 =
tr (W1/2BR𝑠B𝐻W1/2)

tr (𝜎2I𝐿)
=

tr (G𝐻A1R𝑠B𝐻)
𝐿𝜎
2

=

tr (A1R𝑠A𝐻1 )

(𝑀 +𝑁 − 1) 𝜎
2
,

(27)

where A1 = [a𝑟1(𝜃1) ⊗ a𝑡1(𝜃1), . . . , a𝑟1(𝜃𝐾) ⊗ a𝑡1(𝜃𝐾)]. It can
be shown that (SNR𝑦/SNR𝑥𝑐) = 𝑀𝑁/(𝑀 + 𝑁 − 1), so the
reduced-dimension transformation can obtain SNR gain.
Advantage 3 can also be verified in Section 5, where the three
algorithms are compared.
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Figure 3: Angle estimation result of the proposed algorithm (SNR =

5 dB).

Remark 1. Although MUSIC-like algorithm [24] can achieve
high resolution angle estimation with unknown mutual
coupling, the peak searches with high complexity will make it
ineffective. ESPRIT-like algorithm [25] can obtain the close-
form solution of the angle estimation with lower complexity,
but it only exploits the relationship between the subarrays,
which will lead to the performance loss.

4.3. Cramer-Rao Bound (CRB). According to [29], the CRB
for DOA estimation in monostatic MIMO radar with
unknown mutual coupling can be derived as

CRB =

𝜎
2

2

{Re [D𝐻Π⊥GD]}

−1

, (28)

where D = [𝜕u/𝜕𝜃1, . . . , 𝜕u/𝜕𝜃𝐾, 𝜕u/𝜕𝑐𝑡1, . . . , 𝜕u/𝜕𝑐
𝑡

𝑚
, 𝜕u/𝜕𝑐𝑟

1
,

. . . , 𝜕u/𝜕𝑐𝑟
𝑛
] with u =

[

[

Ãs(1)
...

Ãs(𝐽)

]

]

; Π⊥G = 𝐼J ⊗ Π
⊥

Ã with Π⊥Ã =

I𝑀𝑁 −
̃A(

̃A𝐻̃A)

−1
̃A𝐻.

5. Simulation Results

Define root mean square error (RMSE) as (1/

𝐾)∑
𝐾

𝑘=1
√((1/1000)∑

1000

𝑙=1
[(
̂
𝜃𝑘,𝑙 − 𝜃𝑘)

2
]), where ̂

𝜃𝑘,𝑙 is the
estimate of DOA 𝜃𝑘 of the 𝑙th Monte Carlo trial. We
assume that there are 𝐾 = 3 targets with the angles being
(𝜃1, 𝜃2, 𝜃3) = (−20

∘
, 0
∘
, 10
∘
). The reflect coefficients are (𝛽1,

𝛽2, 𝛽3) = [1, 𝑒
𝑗𝜋/5

, 0.8𝑒
𝑗𝜋/4

] and the Doppler frequencies are
(𝑓1, 𝑓2, 𝑓3) = [1000Hz, 2550Hz, 5000Hz]/105. The mutual
coupling coefficients are [1, 0.1174 + 0.0577𝑗] and [1,

−0.0121 − 0.1029𝑗] for the transmit and receive arrays, res-
pectively.

Figure 3 depicts angle estimation result of the proposed
algorithm with 𝑀 = 10, 𝑁 = 8, 𝐽 = 100, and SNR = 5 dB. It
is shown that the DOAs can be clearly observed.

The angle estimation performance comparison between
the proposed algorithm, ESPRIT-like algorithm, and
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Figure 4: Angle estimation performance comparison (𝑀 = 10,𝑁 =

8, 𝐽 = 100).

0 5 10 15 20
SNR (dB)

RM
SE

 (d
eg

)

10
−2

10
−1

10
0

M = 6, N = 8

M = 8, N = 8

M = 10, N = 8

Figure 5: Angle estimation performance with different𝑀.

MUSIC-like algorithm is shown in Figure 4, from which
we can find that the angle estimation performance of the
proposed algorithm is better than that of ESPRIT-like and
MUSIC-like. It can also be indicated that the theoretical
estimation error and the simulation error of the proposed
algorithm are almost the same, which demonstrate the
correctness of the derivation in (26).

Figures 5 and 6 present the estimation performance of the
proposed algorithm with 𝐽 = 100 and variable values of𝑀 or
𝑁. It can be indicated that the angle estimation performance
of the proposed algorithm is improved with the increase of
receive or transmit antenna numbers because of the diversity
gain.

0 5 10 15 20
SNR (dB)

RM
SE

 (d
eg

)

M = 8, N = 6

M = 8, N = 8

M = 8, N = 10

10
−2

10
−1

10
0

Figure 6: Angle estimation performance with different𝑁.
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Figure 7: Angle estimation performance with different 𝐽.

Figure 7 presents the angle estimation performance of our
scheme with 𝑀 = 10, 𝑁 = 8, and different values of 𝐽. It
has been shown in (26) that the angle estimation error will be
reduced when 𝐽 increases.

To further demonstrate the advantages of the proposed
algorithm, another set of parameters is chosen to test the
algorithms. Assume that the angles are (𝜃1, 𝜃2, 𝜃3) = (−30

∘
,

−20
∘
, 10
∘
). The reflect coefficients are (𝛽1, 𝛽2, 𝛽3) = [1,

0.7𝑒
𝑗𝜋/6

, 𝑒
𝑗𝜋/4

] and the Doppler frequencies are (𝑓1, 𝑓2, 𝑓3) =

[2000Hz, 3550Hz, 6000Hz]/105. The mutual coupling coef-
ficients are [1, 0.2134 + 0.1537𝑗] and [1, −0.1121 − 0.1425𝑗]

for the transmit and receive arrays, respectively. The RMSE
comparison of the algorithms is shown in Figure 8, from
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Figure 8: Angle estimation performance comparison (different
configuration).

which we can still find that the angle estimation performance
of the proposed algorithm is better than the other two
algorithms. It can also be indicated that the theoretical
estimation error and the simulation error of the proposed
algorithm are still the same.

6. Conclusion

In this paper, a DOA estimation algorithm based on Root-
MUSIC has been proposed for monostatic MIMO radar with
unknown mutual coupling. The proposed algorithm has low
complexity andworks fast, requires neither peak searches nor
iterations, and can work well with practical unknownmutual
coupling. So it can support practical online processing. Fur-
thermore, the proposed algorithmhas better angle estimation
performance then the ESPRIT-like algorithm and MUSIC-
like algorithm, which have higher complexity. Many thanks
are due to the reviewer’s comments; our future work is to test
the algorithms with real world data, and try to convert the
theories into practical applications.
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A new mutual coupling calibration method is proposed for adaptive antenna arrays and is employed in the DOA estimations
to calibrate the received signals. The new method is developed via the transformation between the embedded element patterns
and the isolated element patterns. The new method is characterized by the wide adaptability of element structures such as dipole
arrays and microstrip arrays. Additionally, the new method is suitable not only for the linear polarization but also for the circular
polarization. It is shown that accurate calibration of the mutual coupling can be obtained for the incident signals in the 3 dB beam
width and the wider angle range, and, consequently, accurate [1D] and [2D] DOA estimations can be obtained. Effectiveness of the
new calibration method is verified by a linearly polarized microstrip ULA, a circularly polarized microstrip ULA, and a circularly
polarized microstrip UCA.

1. Introduction

In the last several decades, many direction-of-arrival (DOA)
estimation algorithms with superresolution have been pro-
posed, such as the multiple signal classification (MUSIC),
the estimations of signal parameters via rotational invariance
techniques (ESPRIT), the maximum likelihood (ML), and
the subspace fitting (SF) [1–4]. Employing the ideal array
manifold, these algorithms can provide excellent DOA esti-
mation performances. For the actual antenna array, however,
the array manifold cannot be regarded as that of the ideal
point source array. The magnitude and phase of the received
array signals are disturbed by the mutual coupling effect of
the actual array, which would degrade the performances of
the DOA estimation algorithms [5].

Many interests have been focused on the DOA estima-
tions in the presence of mutual coupling effect over the past
years. In order to obtain accurate DOA estimations, DOA
estimation methods employing the actual array manifold
were proposed [6–8]. Essentially, the actual manifold is
equivalent to the array pattern. However, great effort is
required to calculate and measure the actual manifold. Addi-
tionally, mass storage is needed for the manifold data in these

methods.The transformation relationship between the actual
array manifold and the array manifold of the ideal point
source was proposed to decrease the storage of the manifold
data [9, 10]. In this method, a distortionmatrix was employed
to carry out the transformation with assuming that the
distortion matrix is angular independent. The validity of this
method was verified in the 1D DOA estimations using the
antenna array composed of the collinear dipoles. However,
for the antenna array that is composed of microstrip ele-
ments, this method is valid only in a very limited angle range.
In the literature, the universal steering vector was used in
DOA estimations employing the antenna array with arbitrary
geometry [11]. In this method, the received signal can be
used directly to carry out the DOA estimations without cali-
bration. However, the universal steering vector is dependent
on the incident angles and the polarization of the incoming
signals.

In addition to the DOA estimation methods in the pres-
ence of the mutual coupling effect, the mutual coupling cal-
ibration methods are also employed in the DOA estima-
tions. In these methods, the calibration matrix was obtained
through various approaches, such as the open-circuit voltage
method, the receiving mutual impedance method, and the
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minimum-norm method [5, 12, 13]. The research in [14]
investigated the effects of ground parameters on the mutual
impedance for DOA estimations, and some suggestions were
put forward to improve the DOA estimations. In the open-
circuit voltage method, the open-circuit voltages of the array
were treated as the decoupled voltages [5]. For the antenna
array composed of wire elements, accurate DOA estimations
can be obtained by adopting the open circuit voltage method.
For the antenna array composed of planar elements such
as the microstrip antenna, however, the open-circuit voltage
method would not take the positive role in the mutual cou-
pling calibration owing to the strong open scattering effect.
By contrast, the receiving mutual impedance method and
the minimum-norm method can provide better calibration
of the mutual coupling effect owing to consideration of
the secondary scattering effect of the array. However, these
methods are more suitable for the antenna array composed
of wire elements, such as dipoles and monopoles.

In the research of the mutual coupling calibration, joint
estimationmethods of the DOAs and calibrationmatrix were
also proposed [15–18].This kind ofmethods utilized the array
processing to obtain the DOAs and the calibration matrix
simultaneously and can be employed in the arrays composed
of various element geometries. These methods were usually
used in the array with regular array structures, such as the
uniform linear arrays (ULAs) and the uniform circular arrays
(UCAs). For regular arrays, the number of mutual coupling
parameters can be decreased owing to the regular array
structure, which would benefit the joint estimations of the
DOAs and calibration matrix. Presently, the time consump-
tion to find theDOAs and calibrationmatrix is not acceptable
for many actual applications, and many efforts have been
made to decrease the complexity of the joint estimation
algorithms.

In this paper, the element pattern reconstruction method
is proposed to calibrate the mutual coupling effect. In this
method, the calibration matrix is developed through the
transformation relationship between the embedded element
patterns and the isolated element patterns. The new method
is based on the fact that when all of the embedded element
patterns are transformed to coincide with the corresponding
isolated element patterns in a certain direction, the received
signals owing to this direction would be decoupled after
being transformed with the same means. This method is
characterized by the wide adaptability of element structures.
It can be used in microstrip antenna arrays to obtain highly
accurate calibration of the mutual coupling effect. In general,
it can be done to reconstruct the element patterns of an array
to coincide with those in the isolated state in the 3 dB beam
width or a littlewider angle range.Thismeans that the calibra-
tion method can calibrate the incident signals coming from
the angle range and provide necessary conditions for accurate
DOA estimations. In order to testify the performance of the
new calibration method, two microstrip arrays including a
linearly polarized microstrip array and a circularly polarized
microstrip array are designed to carry out the DOA esti-
mations. In the numerical examples, the classical MUSIC
algorithm is employed to find the directions of the incident
signals.

2. Theory

Consider an antenna array composed of 𝑁 elements; each
element is terminated with the load 𝑍𝐿. In the development
of the new calibrationmethod, themain polarization compo-
nent of the electric field of the array element is used since the
main polarization component takes the dominant part in the
total electric field of the array. For the linearly polarized array,
the main polarization component is the 𝜃 component or the
𝜑 component. For the circularly polarized array, it is the left-
hand circular polarization (LHCP) component or the right-
hand circular polarization (RHCP) component. According
to the basis of the new method, (1) is used to realize the
transformation of the element patterns. Consider
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(𝜃, 𝜑) and 𝐸𝑛(𝜃, 𝜑) for element 𝑛 represent the

electric field of the isolated element and that of the embedded
element, respectively. It is to be noted that the embedded
element pattern for each element should be calculated with
each element terminated with a load 𝑍𝐿. The calibration
matrix C has the dimension of 𝑁 × 𝑁. In order to solve
the matrix C, some directions should be sampled from all
element patterns in (1). And then (1) is transformed into a
solvable matrix function as follows:
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Consequently, the least square solution that satisfies
min||CE−E𝑖||||C|| can be obtained; that is,

C = E𝑖E𝐻 (EE𝐻)
−1

, (3)

where E and E𝑖 represent the pattern matrix for all of the
embedded elements and isolated elements, respectively. The
operator || ⋅ || denotes the 𝐹-norm of a matrix. For the matrix
C with the dimension of𝑁 ×𝑁, the 𝐹-norm is written as

||C|| = {

𝑁

∑

𝑛=1

𝑁

∑

𝑚=1

|𝑐𝑛𝑚|
2
}

1/2

, (4)

where 𝑐𝑛𝑚 is an entry of the matrix C.
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The electric fields in the previous equations can be calcu-
lated by various methods, such as the method of moments
(MOM), the finite-element method (FEM), and the finite-
difference time domain (FDTD) method.

The matrix C calculated from (3) can be used to recon-
struct the element patterns and to calibrate the mutual
coupling effect of the array. Assume that the sample matrix
of the received signals is X and can be written by

X = AS + N0, (5)

where A represents the direction matrix, S represents the
sampled stochastic data matrix, and N0 represents the add
white Gaussian noise matrix. The calibrated sample matrix
can be calculated by the following formula:

X = CX. (6)

For the actual antenna array, the received signals influ-
enced by the mutual coupling effect can be generated via
the embedded element pattern matrix E which acts as the
actual direction matrix. Another method to obtain the actual
direction matrix is calculating the induced terminal voltage
vectors when a plane wave impinges on the array in the same
direction of the incident signal.

When the received signals are calibrated by the calibra-
tion matrix, they can be imported to the MUSIC algorithm
to find the directions of the incident signals. The covariance
matrix of the calibrated received signals X is written as

R𝑋𝑋 = 𝐸 {XX𝐻} , (7)

where 𝐸{⋅} represents the statistical expectation and the
superscript 𝐻 represents the complex conjugate transpose.
Both the signal eigenvectors and the noise eigenvectors can
be calculated by the previous covariance matrix. And then
the orthogonal property between the signal eigenvectors and
noise eigenvectors is employed to estimate the DOAs of
the incident signals by searching the peaks of the MUSIC
spectrum given by

𝑃MUSIC (𝜃, 𝜑)

=

a𝐻 (𝜃, 𝜑) a (𝜃, 𝜑)
[a𝐻 (𝜃, 𝜑)U𝑁U𝐻𝑁a

𝐻
(𝜃, 𝜑)]

,

(8)

where U𝑁 is the matrix whose columns are the noise eigen-
vectors of the covariance matrix R𝑋𝑋 and a(𝜃, 𝜑) denotes the
ideal steering vector of the antenna array.

In general, the new calibration method utilizes the rela-
tionship between the embedded element patterns and iso-
lated element patterns. As is known, the received signal owing
to the isolated element is not influenced by the mutual cou-
pling effect. Consequently, accurate mutual coupling calibra-
tion can be provided by the newmethod. In Su’s method that
is proposed in [9], the relationship between the embedded
element patterns and the patterns of ideal point source was
employed. However, Su’s method catered for the ideal point
sourcemodel in the array processing, which would introduce
extra mutual coupling effect. Of course, Su’s method can

Table 1: Parameters of the incident signals.

Incident signals 𝜑 𝜃 SNR (dB)
Signal 1 −50∘ 90∘ 20
Signal 2 −20∘ 90∘ 20
Signal 3 0∘ 90∘ 20

x

y

z

𝜃

𝜑

Figure 1: Structure of the linearly polarizedmicrostrip array and the
coordinate system.

provide good mutual coupling calibration for dipole or
monopole arrays since the H-plane pattern of the element
is isotropic. By contrast, the new method can provide more
accurate mutual coupling calibration, especially for arrays
composed of planar elements. It can be seen from the follow-
ing examples that the new method is suitable for the dipole
array and the microstrip array and is effective for the linearly
polarized array and the circularly polarized array.

3. Numerical Examples

In this section, a linearly polarized microstrip ULA, a cir-
cularly polarized microstrip ULA, and a circularly polarized
microstrip UCA are employed to carry out the DOA esti-
mations in the presence of mutual coupling effect. The two
previous ULAs are used for one-dimensional DOA esti-
mations, and the UCA is used for two-dimensional (2D)
DOA estimations. The calibrated received signals are input
to theMUSIC algorithm to find the directions of the incident
signals, and the data sample is 1000 in the DOA estimations.
Both arrays are composed of five elements, and they operate
at the frequency of 3GHz. Each element is terminated with
the same load𝑍𝐿 = 50Ω.Themicrostrip arrays are fabricated
on the substrate FR4 (𝜀𝑟 = 4.4) with the thickness of 1.6mm.
The EM simulation tool HFSS 13 is used to calculate the
element patterns.

Three incident signals are involved in the following DOA
estimations of (A) and (B). Parameters of all the incident
signals are listed in Table 1.

(A) Linearly Polarized Microstrip ULA. The structure of the
linearly polarized microstrip array with five elements is
shown in Figure 1. The element spacing is 𝑑 = 0.4𝜆. The
length and width of the patch is 30.2mm and 22.8mm,
respectively. The feed point is set with the distance of 6.2mm
from the upper edge. The 3 dB beam width of the element is
about 90∘ in the 𝑥𝑜𝑦 plane.The incident angle of Signal 1 is in
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Figure 2: Magnitude and phase of 𝜃 component of the electric field in three cases for the linearly polarized microstrip array.

the outside of the 3 dB beamwidth, and the incident angles of
the other two signals are in the 3 dB beamwidth. Assume that
all incident signals are of the 𝑧-polarization. In the 𝑥𝑜𝑦 plane,
the main polarization component is the 𝜃 component or the
𝑧 component of the electric field. In order to calculate the
calibration matrix via (3), 101 directions of the 𝜃 component
of electric field are sampled from the angle range of [−50∘,
50∘] in the 𝑥𝑜𝑦 plane.

The calibration matrix is first used to reconstruct the
element patterns of the array. The magnitude and phase of
the central element in three states are shown in Figure 2. It
can be seen that both the magnitude and the phase of the
reconstructed element pattern of the element are coincident
with those of the isolated element pattern in the angle range
that is slightly larger than the 3 dB beam width. This means
that the incident signals in this angle range can be calibrated
with high accuracy, and, consequently, the accurate DOA
estimations can be obtained,which can be seen fromFigure 3.
The performance of the DOA estimations is seriously
degraded by the mutual coupling effect of the array, and
none of the DOAs of the incident signals can be found from
the MUSIC spectrum without calibration. Large errors of
the DOA estimations can be seen for all of the incident
signals when the open-circuit voltage method is employed.
For Su’s method, the DOA estimation bias exists when the
incident signals get far from the norm direction. However,
the performance of the DOA estimations is significantly
improved when the proposed method is used. More accurate
DOAestimations are provided by the proposedmethod in the
3 dB beam width and the vicinity. The DOA estimation bias
for the linearly polarized array can be found in Table 2.

(B) Circularly Polarized Microstrip ULA. The circularly
polarized microstrip element and array are shown in
Figures 4 and 5, respectively. The element spacing is also
𝑑 = 0.4𝜆. The 3 dB beam width of the element is about 100∘

Table 2: DOA estimation bias for the linearly polarized array.

𝜑

DOA estimation bias
Open circuit Su’s method Proposed method

−50∘ 0.5∘ 3.4∘ 0.2∘

−20∘ 3.5∘ 1.4∘ 0∘
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Angle (deg)
0 30 60 90−30−60−90

N
or

m
al

iz
ed

 m
ag

ni
tu

de
 (d

B)

0

−10

−20

−30

−40

−50

Su’s method
Proposed method

Open circuit
Without calibration

Figure 3: Spatial spectrum of DOA estimations for three incident
signals employing the linearly polarized microstrip array.

in the 𝑥𝑜𝑦 plane. It can be seen from Figure 6 that the RHCP
component of the element pattern takes the dominant part
in the total electric field. Therefore, the RHCP component
of the electric field is employed to calculate the calibration
matrix. Similar the example to previous, 101 directions of



International Journal of Antennas and Propagation 5

Table 3: DOA estimation bias for the circularly polarized array.

𝜑

DOA estimation bias
Open circuit Su’s method Proposed method

−50∘ 4.6∘ 1.8∘ 0∘

−20∘ 3∘ 1.5∘ 0.2∘

0∘ 1.5∘ 0.6∘ 0.3∘
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Figure 4: Profile of the circularly polarizedmicrostrip element with
the unit mm.

the RHCP component of the electric field are chosen from
the angle range of [−50∘, 50∘] in the 𝑥𝑜𝑦 plane to calculate the
calibration matrix.

The reconstruction results of the embedded element pat-
tern for the central element are shown in Figure 7. It can be
seen that the coincidence between the reconstructed element
pattern and the isolated element pattern is obtained in the
angle range that is larger than 120∘, which would bring about
accurate DOA estimations in a wide angle range. The DOA
estimations of three RHCP incident signals are given in
Figure 8. It is shown that limited improvement of the perfor-
mance of DOA estimations is provided by the open-circuit
voltage method, and apparent DOA estimation errors exist
for all of the three incident signals. The DOA estimation
errors are decreased when Su’s method is used. In contrast,
more accurate DOA estimations for all incident signals
could be obtained due to the element pattern reconstruction
method.TheDOA estimation bias for the circularly polarized
array can be seen in Table 3.

As seen from the pervious two numerical examples,
proper calibration matrices can be obtained to carry out the
mutual coupling calibration in the 3 dB beamwidth that is the
main operating angle range of the array. And the generally,
the coincidence between the reconstructed pattern and the
isolated pattern is valid in the range beyond the 3 dB beam
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Figure 5: Structure of the circularly polarized microstrip array and
the coordinate system.
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Figure 6: Isolated element pattern of the circularly polarized
microstrip element.

width. Therefore, the microstrip element with larger 3 dB
beam width would be more favorable to the mutual coupling
calibrations. As for the polarization of elements, the less
cross-polarization is more beneficial to the mutual coupling
calibrations. It is quite understandable that the larger the
main polarization component is, the less the difference
between the theoretical calibrationmatrix and the calibration
matrix actually required is.

(C) Circularly PolarizedMicrostrip UCA.The circularly polar-
ized microstrip UCA is composed of six elements as given
in Figure 4. The structure of the UCA with a radius of
0.5𝜆 is shown in Figure 9. It is designed for the 2D DOA
estimations. Two incident signals are considered and the
correlated parameters are listed in Table 4. In order to obtain
a valid calibration matrix for 2D DOA estimations, enough
direction samples are chosen in the main operating angular
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Figure 7: Magnitude and phase of 𝜃 component of the electric field in three cases for the circularly polarized microstrip array.
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Figure 8: Spatial spectrum of DOA estimations for three incident
signals employing the circularly polarized microstrip array.

region of the array. Here, the direction sample is represented
as (𝜃, 𝜑) = (10𝛼

∘
, 5𝛽
∘
), where 𝛼 = 1, 2, . . . , 6 and 𝛽 =

1, 2, . . . , 71; that is, the directions with the total of 360 are
employed to calculate the calibration matrix.

Performance comparisons of the three calibration meth-
ods can be made through the following contour charts of the
2D DOA estimations. As shown in Figure 10, two incident
directions can be found due to the proposed method and the
open-circuit method, and the proposed method can provide
higher DOA estimation accuracy. Additionally, it can be
seen that Su’s method fails to find the incident directions,
which is mainly caused by the extra mutual coupling effect
introduced by the transformation between the embedded

x
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𝜃

𝜑

Figure 9: Structure of the UCA and the coordinate system.

Table 4: Parameters of the incident signals for 2DDOAestimations.

Incident signals 𝜑 𝜃 SNR (dB)
Signal 1 20∘ 10∘ 20
Signal 2 80∘ 60∘ 20

Table 5: Two-dimensional DOA estimation bias for the UCA.

(𝜃, 𝜑) DOA estimation bias
Open circuit Su’s method Proposed method

(10∘, 20∘) (0∘, 2.2∘) Failure (0.4∘, 0.6∘)
(60∘, 80∘) (7.2∘, 0.8∘) Failure (0.8∘, 0∘)

element patterns and the ideal point source patterns. DOA
estimation bias corresponding to Figure 10 is listed in Table 5
which shows the advantages of the proposed method over
other two methods.
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Figure 10: Contour charts of the 2D DOA estimations for (a) the proposed method, (b) Su’s method, (c) the open-circuit voltage method,
and (d) without calibration.

4. Conclusion

In this paper, the element pattern reconstruction method is
proposed to calibrate the mutual coupling effect of adaptive
antenna arrays. This method is based on the transformation
between the embedded element patterns and the isolated
element patterns. It is shown that the new method can be
employed in microstrip arrays and can provide accurate
mutual coupling calibration. Meanwhile, the new method
can be used in the linearly polarized microstrip arrays and
the circularly polarized microstrip arrays. Owing to the
calibration effect of the new method, accurate 1D and 2D
DOA estimations can be obtained by employing the MUSIC
algorithm in the presence of mutual coupling effect.
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This paper addresses the problem of direction-of-arrival (DOA) estimation of coherent signals in the presence of unknownmutual
coupling, and an autoregression (AR) model-based method is proposed. The effects of mutual coupling can be eliminated by the
inherent mechanism of the proposed algorithm, so the DOAs can be accurately estimated without any calibration sources. After
the mixing matrix is estimated by independent component analysis (ICA), several parameter equations are established upon the
mixing matrix. Finally, all DOAs of coherent signals are estimated by solving these equations. Compared with traditional methods,
the proposed method has higher angle resolution and estimation accuracy. Simulation results demonstrate the effectiveness of the
algorithm.

1. Introduction

Direction-of-arrival (DOA) estimation is very important
in a variety of wireless communication applications, such
as mobile communication, radar, and distributed sensor
networks. In particular, many effective high-resolution DOA
estimation algorithms have been developed and deeply inves-
tigated in the last decades [1]. Since then, the attention of the
signal processing community has focused on the factors that
block the practical application of those algorithms. The first
factor is the unknown mutual coupling, which will affect the
array manifold of the array and result in poor accuracy of
DOA estimation [2]. The other factor is that there may be
highly correlated or coherent signals because of multipath
propagation [3, 4]. When the incident signals are highly
correlated or coherent in the presence of unknown mutual
coupling, the performance of conventional high-resolution
DOA estimation methods will deteriorate significantly.

In the last years, many array calibration algorithms have
been proposed with respect to the mutual coupling effect [5–
13]. Hung [5] uses an iterative least mean-square approach to
estimate the calibration matrix, but it requires a preliminary
calibration. The above algorithms may not be easily carried
out in practice, because of the additional calibration sources

or sensors. An iterative algorithm is given to compensate the
mutual coupling and perturbation of gain and phase in [6].
However, the convergence rate is slow, and computational
cost is very expensive. In [7], a novel online mutual coupling
compensation algorithm is presented to estimate coupling
parameters through an alternating minimization technique,
but the convergence is not well guaranteed. In [8], an
algorithm that applies a group of auxiliary sensors in uniform
linear arrays (ULAs) has been proposed to estimate the
DOAs, but the algorithm requires a large number of sensors,
and it is difficult to be satisfied in practice. References [9, 10]
present a unified framework and sparse Bayesian perspective
for array calibration and DOA estimation. Moreover, Dai et
al. proposed a sparse representation method to eliminate the
effect of mutual coupling by its inherent mechanism [11].
However, the computational cost is expensive. Many studies
have been made to reduce the computational complexity of
the calculations by using a certain unitary transformation
that converts complex-valued manifold matrices of uniform
linear arrays (ULAs) into real ones [12, 13].

On the other hand, many techniques have been pro-
posed to deal with the correlated or coherent situation. A
forward/backward spatial smoothing (FBSS)method that can
solve the coherent problem is presented in [3]. Malioutov
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et al. propose the method of L1-SVD to address the general
DOA estimation problem [14]. L1-SVD first decomposes the
array output and extracts the signal energy into 𝐾 (the
signal number) singular vectors and then represents them
under sparsity constraint to estimate the signal directions.
The method in [15] estimates the uncorrelated and coherent
signals separately but encounters the differencing matrix
power loss and needs extra processing to recover the rank.
Recently, independent component analysis (ICA) has been
utilized to solve the DOA estimation problem [16, 17]. These
methods can estimate the real steering vectors with unknown
mutual coupling. However, owing to the complex structure
of the MCM, all the methods taking care of the correlated or
coherent situation cannot be utilised to estimate the DOAs in
the presence of unknown mutual coupling.

However, it ismore difficult to estimateDOAs of coherent
signals in the presence of unknownmutual coupling. Dai and
Ye [18] propose an improved spatial smoothing algorithm
for DOA estimation of coherent signals in the presence of
unknown mutual coupling, but it significantly deteriorates
while angle interval is not large enough or several groups
of coherent signals coexist. Inspired by [19] and based on
the estimation of the real steering vectors by ICA, we
develop a spatial AR model-based algorithm for coherent
DOA estimation of ULA in the presence of mutual coupling.
Simulations illustrate that the DOA estimation accuracy of
our approach is higher than the improved spatial smoothing
algorithm in [18].

The paper is organized as follows. The data model of the
ULA is given in Section 2. The spatial AR model algorithm
is described in detail in Section 3. Computer simulations and
conclusions follow in Sections 4 and 5.

2. Data Model

Consider𝐾 narrowband non-Gaussian signals impinging on
a uniform linear array (ULA) with𝑀 array elements, where
the distance 𝑑 between adjacent sensors is equal to half of
the wavelength. Assume that there exist 𝑃 groups of coherent
signals because of multipath propagation, and the signals
within the same group are coherent and independent in
different groups. In the 𝑖th group, suppose the coherent signal
coming from the direction 𝜃𝑖𝑙 is corresponding to the lth
multipath propagation of the source 𝑠𝑖(𝑡), and 𝑙 = 1, . . . , 𝐾𝑖.
The total number of coherent signals can be denoted as 𝐾 =

∑
𝑃

𝑖=1
𝐾𝑖. The array output vector is expressed as

x (𝑡) = As (𝑡) + n (𝑡) =
𝑃

∑

𝑖=1

𝐾𝑖

∑

𝑙

a (𝜃𝑖𝑙) 𝛾𝑖𝑙𝜙𝑖𝑙𝑠𝑖 (𝑡) + n (𝑡) , (1)

where a(𝜃𝑖𝑙) = [1, 𝑒
−𝑗2𝜋𝑑 sin(𝜃𝑖𝑙)/𝜆

, . . . , 𝑒
−𝑗(𝑀−1)2𝜋𝑑 sin(𝜃𝑖𝑙)/𝜆

]
𝑇 is

the steering vector of the direction 𝜃𝑖𝑙, 𝜆 is the wavelength
of the signal, T is the transpose operator, 𝛾𝑖𝑙 and 𝜙𝑖𝑙 are
corresponding to the amplitude and phase fading coefficients
of the lth signal in the 𝑖th group, 𝜌

𝑖
= [𝛾𝑖1𝜙𝑖1, . . . , 𝛾𝑖𝐾𝑖

𝜙𝑖𝐾𝑖
]
𝑇,

A𝑖 = [a(𝜃𝑖1), . . . , a(𝜃𝑖𝐾𝑖)], s(𝑡) = [𝑠1(𝑡), . . . , 𝑠𝑃(𝑡)]
𝑇, and n(𝑡)

is zero mean additive white Gaussian noise vector. The real

steering vector of the 𝑖th group coherent signals is given by
𝜏𝑖 = A𝑖𝜌𝑖.

In the presence of mutual coupling, the true steering
vector should be modified as

x (𝑡) = CAs (𝑡) + n (𝑡) , (2)

where C is the mutual coupling matrix (MCM) and can be
expressed as a banded symmetric Toeplitz matrix with just a
few nonzero coefficients

C = Toeplitz {1, 𝑐1, . . . , 𝑐𝑃−1, 01×(𝑀−𝑃)} . (3)

The covariance matrix of the received signals is defined
by

R𝑥 = 𝐸 {x (𝑡) x(𝑡)
𝐻
} = CAR𝑠A

𝐻C𝐻 + 𝜎2I𝑀, (4)

where 𝐸{⋅} is the expectation operator, the superscript H
denotes transpose complex conjugate operation, R𝑠 =

𝐸{s(𝑡)s(𝑡)𝐻} is the sources covariance matrix, 𝜎2 is the
variance of the additive noise, and I𝑀 is an identity matrix.

3. Novel AR Model-Based DOA Estimation
Algorithm

We assume 𝐿 denotes the number of coherent signals in one
group. Referring to [19], the mappings 𝑒𝑗𝜔𝑘(𝑘 = 1, . . . , 𝐿) of
the signal directions on the unit circle are distinct roots of an
𝐿th order equation if no ambiguity occurs. The relationship
between 𝜔𝑘 and the direction of the kth signal 𝜃𝑘 is 𝜔𝑘 =
2𝜋𝑑 sin(𝜃𝑘)/𝜆. Assuming that the coefficients of the unified
equation are 𝜅0, . . . , 𝜅𝐿−1 and the unknown parameter is 𝛽,
the equation is then given by

𝑓 (𝛽) =

𝐿

∏

𝑘=1

(𝛽 − 𝑒
𝑗𝜔𝑘
) = 𝛽
𝐿
+ 𝜅𝐿−1𝛽

𝐿−1
+ ⋅ ⋅ ⋅ + 𝜅1𝛽 + 𝜅0 = 0.

(5)

Equation (5) presents the relationship of the coherent signals
directions. For one group of coherent signals without mutual
coupling, the real steering vector is a linearmixture of 𝐿 ideal
steering vectors. The special relationship is then given by

𝜏 = [𝜏0, . . . , 𝜏𝑀−1]
𝑇
= 𝜀[

𝐿

∑

𝑘=1

𝜌𝑘𝑒
𝑗0𝜔𝑘

, . . . ,

𝐿

∑

𝑘=1

𝜌𝑘𝑒
𝑗(𝑀−1)𝜔𝑘

]

𝑇

,

(6)

where 𝜌𝑘 is the corresponding fading coefficient in the kth
multipath propagation and 𝜀 is the corresponding scaling
ambiguity coefficient caused by ICA processing.

According to (6), the Jth element of 𝜏 is

𝜏𝐽 =

𝐿

∑

𝑘=1

𝜀𝜌𝑘𝑒
𝑗𝐽𝜔𝑘

, 𝐽 = 0, 1, . . . ,𝑀 − 1. (7)

Because 𝑒
𝑗𝜔𝑘
(𝑘 = 1, . . . , 𝐿) are the roots of (5), the

following 𝐿 equations hold:

𝑒
𝑗𝐿𝜔𝑘

+ 𝜅𝐿−1𝑒
𝑗(𝐿−1)𝜔𝑘

+ ⋅ ⋅ ⋅ + 𝜅1𝑒
𝑗𝜔𝑘

+ 𝜅0 = 0, 𝑘 = 1, . . . , 𝐿.

(8)
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According to the idea of [19], multiplying both sides of (8)
with 𝜀𝜌𝑘𝑒

𝑗𝐿𝜔𝑘
(𝑘 = 1, . . . , 𝐿) and then summing up the 𝐿

equations yield

𝐿

∑

𝑘=1

𝜀𝜌𝑘𝑒
𝑗(𝐿+𝜉)𝜔𝑘

+ 𝜅𝐿−1

𝐿

∑

𝑘=1

𝜀𝜌𝑘𝑒
𝑗(𝐿+𝜉−1)𝜔𝑘

+ ⋅ ⋅ ⋅

+ 𝜅1

𝐿

∑

𝑘=1

𝜀𝜌𝑘𝑒
𝑗(1+𝜉)𝜔𝑘

+ 𝜅0

𝐿

∑

𝑘=1

𝜀𝜌𝑘𝑒
𝑗𝜉𝜔𝑘

= 0;

𝜉 = 0, 1, . . . ,𝑀 − 𝐿 − 1.

(9)

Substituting (7) into (9), we obtain the relationship
between the equation coefficients and vector 𝜏

𝜏𝐿+𝜉 + 𝜅𝐿−1𝜏𝐿+𝜉−1 + ⋅ ⋅ ⋅ + 𝜅1𝜏1+𝜉 + 𝜅0𝜏𝜉 = 0,

𝜉 = 0, 1, . . . ,𝑀− 𝐿 − 1.

(10)

The real steering vectors in the presence of unknown
mutual coupling can be given by

G = CA

=

[

[

[

[

[

[

[

[

[

[

1 𝑐1 ⋅ ⋅ ⋅ 𝑐𝑁𝑐
⋅ ⋅ ⋅ 0

𝑐1 1 𝑐1 ⋅ ⋅ ⋅ d 0

... 𝑐1 1 d ⋅ ⋅ ⋅ 𝑐𝑁𝑐

𝑐𝑁𝑐
⋅ ⋅ ⋅ d d 𝑐1

...
0 d ⋅ ⋅ ⋅ 𝑐1 1 𝑐1

0 ⋅ ⋅ ⋅ 𝑐𝑁𝑐
⋅ ⋅ ⋅ 𝑐1 1

]

]

]

]

]

]

]

]

]

]
𝑀×𝑀

× [𝜏1, . . . , 𝜏𝑃]𝑀×𝑃
.

(11)

Each of g𝑖 contains all the spatial information of one group of
coherent signals.The real steering vectorsG can be estimated
by ICA [16, 17].

Then we will introduce the proposed method to solve
the problem of DOA estimation of coherent signals in the
presence of unknown mutual coupling.

3.1. The Case of 𝑁𝑐 = 1. For any given column vector g, we
get

𝑔0 = 𝜏0 + 𝑐1𝜏1

𝑔1 = 𝑐1𝜏0 + 𝜏1 + 𝑐1𝜏2

𝑔2 = 𝑐1𝜏1 + 𝜏2 + 𝑐1𝜏3

...

𝑔𝑀−2 = 𝑐1𝜏𝑀−3 + 𝜏𝑀−2 + 𝑐1𝜏𝑀−1

𝑔𝑖,𝑀−1 = 𝑐1𝑡𝑀−2 + 𝑡𝑀−1.

(12)

For the second equation to the (𝐿 + 2)th equation,
multiplying both sides of (8) with {𝜅0, . . . , 𝜅𝐿−1, 1} and then
summing up the 𝐿 equations yield

𝑔𝐿+1 + 𝜅𝐿−1𝑔𝐿 + ⋅ ⋅ ⋅ + 𝜅1𝑔2 + 𝜅0𝑔1 = 0. (13)

Using the same principle to process all the adjacent 𝐿 + 1
equations, we get

[

[

[

[

[

𝑔1 𝑔2 ⋅ ⋅ ⋅ 𝑔𝐿

𝑔2 𝑔3 ⋅ ⋅ ⋅ 𝑔𝐿+1

...
... d

...
𝑔𝑀−𝐿−2 𝑔𝑀−𝐿−1 ⋅ ⋅ ⋅ 𝑔𝑀−3

]

]

]

]

]

[

[

[

[

[

𝜅0

𝜅1

...
𝜅𝐿−1

]

]

]

]

]

= −

[

[

[

[

[

𝑔𝐿+1

𝑔𝐿+2

...
𝑔𝑀−2

]

]

]

]

]

. (14)

In addition, as the signals are of complex value, we utilize
their conjugate information to improve the precision of the
proposed method as [19]. Similarly, the following equations
hold:

𝑔
∗

𝜉
+ 𝜅𝐿−1𝑔

∗

𝜉+1
+ ⋅ ⋅ ⋅ + 𝑔1𝜏

∗

𝜉+𝐿−1
+ 𝜅0𝑔

∗

𝜉+𝐿
= 0,

𝜉 = 1, . . . ,𝑀 − 𝐿 − 2.

(15)

Combining (10) and (15), we establish the following
equation set:

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔1 𝑔2 ⋅ ⋅ ⋅ 𝑔𝐿

𝑔2 𝑔3 ⋅ ⋅ ⋅ 𝑔𝐿+1

...
... d

...
𝑔𝑀−𝐿−2 𝑔𝑀−𝐿−1 ⋅ ⋅ ⋅ 𝑔𝑀−3

𝑔
∗

𝐿+1
𝑔
∗

𝐿
⋅ ⋅ ⋅ 𝑔

∗

2

𝑔
∗

𝐿+2
𝑔
∗

𝐿+1
⋅ ⋅ ⋅ 𝑔

∗

3

...
... d

...
𝑔
∗

𝑀−2
𝑔
∗

𝑀−3
⋅ ⋅ ⋅ 𝑔
∗

𝑀−𝐿−1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

[

[

[

[

[

𝜅0

𝜅1

...
𝜅𝐿−1

]

]

]

]

]

= −

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔𝐿+1

𝑔𝐿+2

...
𝑔𝑀−2

𝑔
∗

1

𝑔
∗

2

...
𝑔
∗

𝑀−𝐿−2

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

(16)

in which the superscript ∗ denotes the conjugate operation.

3.2. The Case of 𝑁𝑐 > 1. From the case of 𝑁𝑐 = 1, we
note that the elements of real steering vectors can be utilized
adequately due to the mutual coupling. If 𝑁𝑐 > 1, the
elements {𝑔0, . . . 𝑔𝑁𝑐−1} and {𝑔𝑀−𝑁𝑐

, . . . 𝑔𝑀−1} are useless to
estimate the DOAs. The number of useful elements is

𝑁𝑔 = 𝑀 − 2 ∗ 𝑁𝑐. (17)
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According to (16), the new formulation is given by

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔𝑁𝑐
𝑔𝑁𝑐+1

⋅ ⋅ ⋅ 𝑔𝑁𝑐+𝐿−1

𝑔𝑁𝑐+1
𝑔𝑁𝑐+2

⋅ ⋅ ⋅ 𝑔𝑁𝑐+𝐿

...
... d

...
𝑔𝑀−𝐿−𝑁𝑐−1

𝑔𝑀−𝐿−𝑁𝑐
⋅ ⋅ ⋅ 𝑔𝑀−𝑁𝑐−2

𝑔
∗

𝑁𝑐+𝐿
𝑔
∗

𝑁𝑐+𝐿−1
⋅ ⋅ ⋅ 𝑔

∗

𝑁𝑐+1

𝑔
∗

𝑁𝑐+𝐿+1
𝑔
∗

𝑁𝑐+𝐿
⋅ ⋅ ⋅ 𝑔

∗

𝑁𝑐+2

...
... d

...
𝑔
∗

𝑀−𝑁𝑐−1
𝑔
∗

𝑀−𝑁𝑐−2
⋅ ⋅ ⋅ 𝑔
∗

𝑀−𝐿−𝑁𝑐

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

[

[

[

[

[

𝜅0

𝜅1

...
𝜅𝐿−1

]

]

]

]

]

= −

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔𝑁𝑐+𝐿

𝑔𝑁𝑐+𝐿+1

...
𝑔𝑀−𝑁𝑐−1

𝑔
∗

𝑁𝑐

𝑔
∗

𝑁𝑐+1

...
𝑔
∗

𝑀−𝐿−𝑁𝑐−1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

.

(18)

By comparing (16) with (18), we know that (16) is a special
case of (18). The right vectors g of (18) can be estimated by
ICA. So, the coefficient vector 𝜅 can be estimated under the
least mean-square error criterion.The least square solution is
then given by

𝜅 = −

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔𝑁𝑐
𝑔𝑁𝑐+1

⋅ ⋅ ⋅ 𝑔𝑁𝑐+𝐿−1

𝑔𝑁𝑐+1
𝑔𝑁𝑐+2

⋅ ⋅ ⋅ 𝑔𝑁𝑐+𝐿

...
... d

...
𝑔𝑀−𝐿−𝑁𝑐−1

𝑔𝑀−𝐿−𝑁𝑐
⋅ ⋅ ⋅ 𝑔𝑀−𝑁𝑐−2

𝑔
∗

𝑁𝑐+𝐿
𝑔
∗

𝑁𝑐+𝐿−1
⋅ ⋅ ⋅ 𝑔

∗

𝑁𝑐+1

𝑔
∗

𝑁𝑐+𝐿+1
𝑔
∗

𝑁𝑐+𝐿
⋅ ⋅ ⋅ 𝑔

∗

𝑁𝑐+2

...
... d

...
𝑔
∗

𝑀−𝑁𝑐−1
𝑔
∗

𝑀−𝑁𝑐−2
⋅ ⋅ ⋅ 𝑔
∗

𝑀−𝐿−𝑁𝑐

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

†

×

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑔𝑁𝑐+𝐿

𝑔𝑁𝑐+𝐿+1

...
𝑔𝑀−𝑁𝑐−1

𝑔
∗

𝑁𝑐

𝑔
∗

𝑁𝑐+1

...
𝑔
∗

𝑀−𝐿−𝑁𝑐−1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

,

(19)

where [⋅]† denotes Moore-Penrose inverse.
All roots of (8) can be estimated with the known equation

coefficients 𝜅0, . . . , 𝜅𝐿−1. The DOAs of coherent signals in one
group are given by

𝜃𝑘 = sin−1 (Arg (𝛽𝑘) 𝜆/ (2𝜋𝑑)) , 𝑘 = 1, . . . , 𝐿, (20)
where 𝛽1, . . . , 𝛽𝐿 are the roots of (8) and Arg(⋅) denotes the
phase angle of complex value. Thus, the DOAs of coherent
signals in one group are estimated according to (20).

3.3. Discussion. Due to (18), in order to make sure the
equation has a unique solution, the left matrix of (18) must
be of full rank. Therefore, the following inequality must be
satisfied:

2 (𝑀 − 𝐿 − 2𝑁𝑐) ≥ 𝐿. (21)

It is not difficult to see that the number of coherent signals
in one group 𝐿 ≤ ⌊(2/3)(𝑀 − 2𝑁𝑐)⌋. As we know, the
maximum number of independent sources resolved by ICA
is equal to the number of sensors [17]. So, the maximum
detectable number of source signals by the proposed method
is

𝐾max = ⌊
2

3

(𝑀 − 2𝑁𝑐)⌋ ⋅ 𝑀. (22)

For the improved FBSS, the detectable number of source
𝐾 and the length of subarrays𝑀0 must satisfy

𝐾 < 𝑀0,

𝐾 − 𝑃 < 𝑀 −𝑀0 − 2𝑁𝑐 + 1.

(23)

When𝑀0 = 𝐾 + 1, (23) can be rewrite as

𝐾 <

(𝑀 + 𝑃 − 2𝑁𝑐)

2

. (24)

4. Simulation Experiment

In this section, some computer simulations are reported to
illustrate the performance of our proposed method. In the
following simulations, we will compare the proposedmethod
to FBSS [3] and the improved FBSS algorithm in [18] forDOA
estimation.

In the first simulation, we consider one group of two
coherent signals impinging on an 8-element ULA from
the directions [−10∘, 20∘], and the number of the mutual
coupling coefficients is 𝑁𝑐 = 1 with 𝑐1 = 0.3844 − 0.3476𝑖

[18]. The amplitude fading factor is [1, 0.8]. Figure 1 shows
the root mean square error (RMSE) of each DOA estimate
against input SNR computed via 200 Monte Carlo runs
for each SNR and 500 snapshots of data for each run. As
shown in Figure 1, the proposed method outperforms the
improved FBSSmethod, and achieves similar performance as
the original FBSS method with known mutual coupling.

In the second simulation, we consider the more compli-
cated situation: two groups of two coherent signals impinge
on an 8-element ULA from the directions [−32∘, −8∘] and
[15
∘
, 42
∘
], and the number of themutual coupling coefficients

is 𝑁𝑐 = 2 with 𝑐1 = 0.3844 − 0.3476𝑖 and 𝑐2 = 0.24 + 0.1𝑖.
The amplitude fading factors are [1, 0.9] and [1, 0.8]. Figure 2
shows the RMSE of each DOA estimate against input SNR
computed via 200 Monte Carlo runs for each SNR and 500
snapshots of data for each run. The results illustrate that our
method can get high-resolution in the complex structure of
theMCMwhen the level of SNR is large enough.However, the
improved FBSS maintains a coarse accuracy no matter what
the levels of SNR are.
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Figure 1: RMSE of DOA estimates against SNR (𝑁𝑐 = 𝑃 = 1).
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Figure 2: RMSE of DOA estimates against SNR (𝑁𝑐 = 𝑃 = 2).

In the third simulation, we will validate the high spatial
resolution of the proposed method. Consider one group of
two coherent signals with SNR of 10 dB impinging on an
8-element ULA, where the amplitude factors are the same
as simulation 1. Assume that the directions of two coherent
signals are −10∘ and −9

∘
+ Δ𝜃, where 1 + Δ𝜃 denotes the

angle interval between the two source signals. We have 200
Monte Carlo trials with 500 snapshots to demonstrate the
performance of the proposed method. Figure 3 shows the
RMSE of DOA estimation using different algorithms versus
the angle interval Δ𝜃. It can be seen from Figure 3 that the
proposed method outperforms the other two methods when
the angle interval is not large enough.
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Figure 3: The RMSE of DOA estimation versus the angle interval.
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Figure 4: The RMSE of DOA estimation against SNR (𝑁𝑐 = 1, 𝑃 =

5, 𝐾 = 10).

To verify the maximum detectable number of source
signals by the proposed method, in the forth simulation, we
consider five groups of two coherent signals impinging on a
5-element ULA from the directions [−40∘, 10∘], [−30∘, 20∘],
[−20
∘
, 30
∘
], [−10∘, 40∘], and [0∘, 50∘], and the number of the

mutual coupling coefficients is 𝑁𝑐 = 1 with 𝑐1 = 0.3844 −

0.3476𝑖. According to (22), the number of source signals is
the maximum detectable number of our method ⌊(2/3)(𝑀 −

2𝑁𝑐)⌋ ⋅ 𝑀 = 10. However, the improved FBSS and other
sparse representation methods are incapable of processing
the 10 sources with 5-element ULA due to their conditions.
Figure 4 shows the RMSE of eachDOA estimate against input
SNR computed via 500 Monte Carlo runs for each SNR and
500 snapshots of data for each run. The result illustrates that
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the maximum detectable number of sources by the proposed
method is consistent with (24).

5. Conclusion

In this paper, an ARmodel-based DOA estimation algorithm
is proposed for coherent signals in the presence of unknown
mutual coupling. The effects of mutual coupling can be
eliminated by solving a mathematical equation. Simulation
results demonstrate that the proposed method has high
spatial resolution andDOA estimation accuracy compared to
the improved FBSS algorithm. Furthermore, the number of
signals resolved by our method is larger than that of others.
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