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Editorial
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Traffic accidents are among the top 10 causes of death
worldwide. They resulted in over 1.3 million fatalities in
2012 alone and cause billions of dollars of loss each year
in productivity, property damage, and time and fuel due to
congestion. Traffic safety is becoming increasingly important,
particularly in developing countries that are facing rapid
urbanization and motorization. In addition to traffic safety,
there are many recent examples of transportation systems
being disrupted by extreme weather events. Transportation
activities, on the other hand, also contributed substantially
to these extreme weather events either directly or indirectly.
Clearly, it is important to build a resilient and sustainable
transportation system that is less vulnerable to disasters and
has the minimum possible environmental footprint.

In this special issue, several studies investigated highway
transportation from the operations, resiliency, and logistics
perspectives. X. Zhang et al. developed a cooperative Q-
learning algorithm for finding near-optimal path sets for
multiple Origin-Destination (OD) pairs simultaneously. The
new algorithm was compared with the k-shortest path algo-
rithm and the Dijkstra’s algorithm. The comparison result
shows that the new algorithm can generate more reliable
shortest path solutions that take into consideration failures
of road segments and intersections due to congestion or
traffic accidents. L. Yang et al. modified the desiredminimum
gap and structure of the Intelligent-Driver Model (IDM) to
better account for the real-timemaximum deceleration.They
applied the new IDM to Adaptive Cruise Control (ACC) and
simulated it under two road conditions. They found that the
new model can improve the safety and stability of ACC. It
can also increase roadway capacity. Accurate queue length
estimation can be very useful in developing effective traffic

control strategies to improvemobility and reduce traffic emis-
sions. S Zhao et al. modified the Cell Transmission Model
(CTM) for signalized intersection queue length estimation.
The new CTM was tested based on the queue length data
simulated by a calibrated VISSIM model. It was found to
performwell under both undersaturated and saturated traffic
conditions and can accurately model both queue forming
and dissipating processes. Accurate traffic flow predictions
are also important to traffic signal control. A. O. Adewumi et
al. proposed a traffic flow prediction model based on Chaos
Theory by computing the largest Lyapunov Exponent. To
model how intersection and road segment failures propagate
in a traffic network, Y. Zhang et al. proposed a Coupled Map
Lattice (CML) method, based on which simulations were
conducted to evaluate the impacts of various factors on net-
work failures. As an essential component of autonomous/self-
driving vehicles, Traffic Sign Detection and Recognition
(TSDR) systems are very important for traffic safety. S. B.
Wali et al. developed a fast automatic TSDR system based
on RGB color segmentation, shape matching, and a support
vector machine classifier. The developed system generated
promising detection and false positive rates under various
lighting and viewing angle conditions. J. A. Marmolejo et
al. studied the design of capacity-constrained distribution
networks to minimize fixed and transportation costs. They
formulated the problem as a mixed-integer program and
proposed a Benders decomposition algorithm to solve it.
The Benders decomposition algorithm was compared with
CPLEX. The results suggest that it can closely approximate
the optimal solutions generated by CPLEX with significantly
less computation time and is suitable for solving large-scale
distribution network design problems. C.Wu et al. developed
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a Transportation Supply-Demand Ratio (TSDR) model to
quantitatively assess whether an urban area’s transportation
supply canmeet its demand for sustainable development.This
TSDR model is based on the system dynamic principle and
was evaluated using VENSIM simulation.

Given the rapid development of high-speed rail in China,
the aging rail infrastructure in developed countries, and
many high-profile rail accidents, railroad safety has been
receiving increasing attention globally. P. Xu et al. developed a
railroad track condition prediction model and demonstrated
its accuracy and robustness using track geometry data.
L. Song et al. focused on analyzing the safety and reliability
of high-speed Electric Multiple-Unit (EMU) trains. They
integrated Fault Tree Analysis (FTA) and Petri nets and
demonstrated their effectiveness in analyzing the failure
modes of pantograph of high-speed EMU trains. J. Ye et al.
proposed an improved Optimal Velocity (OV) car-following
model for moving-block train control. Compared to the
conventional OV car-following model, the improved OV
model takes into consideration uncertainties in distance
headway measurements and generates safer and more stable
train control performance.

Extreme weather events have caused many airline flight
disruptions. B. Zhu et al. developed a two-stage stochastic
model to optimize the recovery process of airline flight
disruptions. The first stage adjusts flight schedules to min-
imize delay and flight cancellation cost. The second stage
focuses on minimizing aircraft rerouting cost. The authors
also developed a simulated annealing algorithm to solve the
two-stage model. G. Duan et al. focused on aircraft crash
modeling.They improved the Functional ResonanceAnalysis
Method (FRAM) by integrating it with model checking,
which allows researchers to use the FRAM for identifying
and simulating all possible ways that a hazard factor may
lead to accidents. They demonstrated the enhanced FRAM’s
effectiveness by applying it to analyze a two-aircraft crash in
Italy.

Public transit plays a major role in battling traffic emis-
sions and global warming. To make public transit more
attractive, it is important to have well-developed transit
assignmentmodels for optimal transit network design. S. Luo
et al. investigated the independence between the travel times
of adjacent transit links, which has been implicitly assumed
to be independent in most transit assignment methods.
They developed a method to determine the validity of the
travel time independence assumption. They also proposed
a capacity-restraint assignment method to handle the case
where the travel time independence assumption is invalid.

This special issue includes a broad range of topics related
to safe, resilient, and sustainable transportation systems. We
received 47 manuscripts and 14 of them were accepted for
publication, covering highway, rail, air, and transit modes.
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In recent times, urban road networks are faced with severe congestion problems as a result of the accelerating demand for mobility.
One of the ways to mitigate the congestion problems on urban traffic road network is by predicting the traffic flow pattern.
Accurate prediction of the dynamics of a highly complex system such as traffic flow requires a robustmethodology. An approach for
predictingMotorised Traffic Flow onUrbanRoadNetworks based onChaosTheory is presented in this paper. Nonlinear time series
modeling techniques were used for the analysis of the traffic flow prediction with emphasis on the technique of computation of the
Largest Lyapunov Exponent to aid in the prediction of traffic flow. The study concludes that algorithms based on the computation
of the Lyapunov time seem promising as regards facilitating the control of congestion because of the technique’s effectiveness in
predicting the dynamics of complex systems especially traffic flow.

1. Introduction

In recent times, urban traffic road networks are faced with
severe congestion problems as a result of the accelerating
demand for mobility. The excessive congestion in the form of
immense traffic jams on urban roads has hindered mobility
along these roads. This is one of the major challenges
encountered in most mega cities around the world with
urban road networks and in turn has a serious effect on road
users which includes economic, health, and environmental
problem such as vehicle emission and air pollution, arising
out of increased fuel consumption during the long periods
of congestion. U.S. Bureau of Transport Statistics in 2007
recorded that, due to traffic congestion, Americans residing
in urban areas were coerced to travel more 4.2 billion hours
and spent about $87.2 billion in purchasing extra 2.8 billion
gallons of fuel [1, 2].

Urban planning and complex traffic network studies have
been explored explicitly to potentially mitigate congestion
and its associated problems on urban roads. Several efforts
and studies have been made in time past by researchers on
two major areas that affect urban traffic, namely, traffic flow

modeling and prediction and information communications
technology which is meant to give guidance to drivers
through updated information about their desired routes [3].
However, without fundamental knowledge of the dynamics
of vehicles on road networks, these studies weremainly based
on costly and obsolete classical travel surveys on traffic flow
and travel times and to some extent failed to provide the
necessary information needed by road users in order to cope
with the increasing urban demand for mobility [4].

One of the major concerns of traffic managers in traffic
management system is traffic volume estimation, a major
component of Intelligent Transport System (ITS), as it helps
in the decision making and efficient traffic management
planning when monitoring the current traffic flows in the
road networks. Thus, to reduce the effect of congestion on
urban road networks, accurate prediction of the Motorised
Traffic Flow as well as traffic estimation is of paramount
importance as it provides information on road accidents and
level of congestion along the roads [3, 5]. Real time traffic
flow data are useful for traffic volume estimation and help
in forecasting traffic trends by determining the traffic flow
patterns. Traffic data collection, predicting traffic patterns,
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and forecasting traffic trends are usually performed for
pavement design, fuel-tax revenue projection, and highway
planning. However, the monitoring activities necessary for
accurate Annual Average Daily Traffic (AADT) estimates
are expensive in terms of costs and personnel. Thus, aside
providing information for road accidents frequency and
congestion, traffic estimation is also an issue for tactical
purposes of transportation [6].

Based on the reports on experimental data found in
literature, trafficflowpatterns are highly predictable and often
exhibit irregular and complex behaviours which changes
abruptly when entering or leaving a congestion zone [3, 7].
Shang et al. in [8] reported on the irregularity and complexity
of traffic flow as one approaches congestion zones in a
traffic stream. They stated that the current nature and future
dynamics of traffic flows highly depend on continuously
interacting properties such as human behaviour and traffic
characteristics. [9] noted that some of the main characteris-
tics responsible for the complex behaviour in a traffic flow
stream are variations in headways and spacing.

Several methods have been used in time past for short-
term traffic flow prediction flows, including ARIMA-type
models, Artificial Neural Networks, SARIMA models, Gen-
eralised Linear models, Nonparametric Statistical methods,
Dynamic Neural Networks, Support Vector Regression mod-
els, and STARIMA models just to mention but a few. A brief
review of some related work on Traffic Flow Prediction is
presented below.

Catriona and Casper in [10] presented a Linear Multi-
regression Dynamic Model (LMDM) which uses concept of
graph for the traffic flow forecasting where the time series
of flows at different sites are represented by the nodes and
the structure between the flows at different sites as well as
the independence is represented by the edges connecting the
nodes. The idea of using graphical dynamic model approach
in their work for traffic flow forecasting follows from that of
[11, 12], respectively, with focus on forecasting traffic flows
in two separate motorway networks using UK as a case
study. Based on the distinctive features of their the LMDM,
their model can be used for testing real-time instances. They
illustrated how the LMDM can be used for forecasting and
validated their model on some networks.The performance of
the proposed approach was compared with other models in
literature.

Dauwels et al. in [13] proposed a unified model by
developing different forecasting models that is matrix and
tensor based by applying partial least squares (PLS), higher
order partial least squares (HO-PLS), and 𝑁-way partial
least squares (𝑁-PLS) for the time series prediction. Their
focus was on collective prediction for multiple road segments
and prediction-horizons against the known prediction for
individual road segments and prediction horizons. One
interesting feature of the developed models was the ability
to carry out feature selection efficiently and simultaneously
carry out traffic condition forecasting for multiple road
segments and prediction-horizon. The computational per-
formance of the proposed models which was validated on
generic road networks consisting of expressway and arterial
roads, in particular, an urban subnetwork in Singapore by

performing a multihorizon speed prediction, showed that
the proposed models performed better than the Support
Vector Regression (SVR) traditional based model for longer
prediction horizons. For the short prediction horizons, lower
prediction errors were seen in SVR compared to the PLS
based methods with𝑁-PLS achieving higher accuracy when
compared with PLS and HO-PLS. In fact their proposed uni-
fied models achieved same prediction accuracy as compared
to the individual models but can be faster than the traditional
based model for moderately sized networks.

ARIMA is one of the most precise methods for traffic
flow prediction when compared to other known methods. In
particular, Seasonal ARIMA (SARIMA) models have been
shown to perform better than the other traditional based
models but often times it is faced with some restriction in
applicability as a result of using huge historical database
for model development. Kumar and Vanajakshi, having
this background knowledge in their work in [14], tried to
overcome such drawbacks by proposing a prediction scheme
approach using the SARIMA model for short-term traffic
flow prediction which needs on limited input data for model
development. They validated their proposed approach with
using both historic and real-time data considering cases
where peak period occurred both in morning and evening.
The data used for the analysis and model development was
from a 3-lane arterial roadway inChennai, India, with limited
flow data from 3 consecutive days.The results of the values of
the predicted flowswere comparedwith that of the actual flow
values. Thus, the proposed approach will work in most cases
where database is a major challenge when using ARIMA for
traffic flow prediction model development.

Previous studies have shown that ANN has stable and
consistent performance even if there is an increase in the
travel time interval for the traffic flow prediction.This was so
evident in [15] by Kumara et al. where ANN based model for
a neural network was used for short-term prediction of traffic
flow with heterogeneous condition for nonurban highway.
Their model incorporates speed, density, traffic volume, and
time as input variable but considers the speed separately in
contrast to most work in literature where average speed of
combined traffic flow was considered. For other works in
literature that applied Artificial Neural Network or ARIMA-
type models for traffic flow prediction, see [16–19]. Moreover,
previous and recent research findings have shown that policy
makers using existing traffic flow models to predict traffic
flows have not been able to mitigate the congestion problem
to fairly acceptable levels as expected and hence the need to
come upwith robustmethodology for predicting traffic flows.

ChaosTheory is a novel science paradigmwith numerous
applications that have not been deeply explored and seems
very promising with respect to the analysis and prediction of
complex systems like traffic flows, although at the moment
little empirical evidence exists to confirm this notion. It
can be used to analyze the traffic flow patterns in urban
road network by utilizing the intrinsic deterministic nature
of the traffic flow in order to reduce congestion on urban
road networks. In this paper, we report a systematic review
of Chaos Theory and propose an approach to predicting
Motorised Traffic Flow on Urban Road Networks based on
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ChaosTheory with emphasis on the Largest Lyapunov Expo-
nent method for prediction, the most common, effective,
and direct technique of analyzing the presence of Chaos
in a given dynamical system. This work contributes to this
research field in the sense that the proposed approach is
different from other conventional models found in literature
and serves as an alternative method for predicting Motorised
Traffic Flow onUrbanNetworks. Also, the effectiveness of the
Largest Lyapunov Exponent prediction method seems very
promising in terms of prediction accuracy as well as reducing
the congestion problems on urban network, although this is
yet to be fully validated using computer based algorithm on
empirical traffic flow data.

The layout of this paper is as follows. The congestion
problem on urban road networks is introduced in Section 1
with brief review of related works on Motorised Traffic Flow
Prediction Models. Section 2 gave an insight on Motorised
Traffic Flow and Traffic FlowVariability by highlighting some
of the main characteristics for the complex behaviour of
traffic flow stream. A systematic review of Chaos Theory is
presented in Section 3 with emphasis on its application to the
analysis and prediction of Motorised Traffic Flow in Urban
Road Networks based on the Largest Lyapunov Exponent
Prediction Method. The conclusion and directions for future
work are drawn in Section 4.

2. Motorised Traffic Flow

2.1. Headway and Spacing. One of the applications of ITS as
earlier mentioned is predicting road traffic volumes in order
to make efficient traffic management and planning over a
network as well as implementing road safety measures. [20]
in reporting Shang et al.’s study in their paper noted that the
differences in the distribution of various vehicle types, human
driving habits (high driver perception-reaction times), space,
and time headway, are among the principle causes of chaotic
behaviour in traffic flows with the time and space headway
been the main factors causing variations in observed traffic
distributions and its transformation [9]. A proper knowledge
of the above mentioned will be helpful in understanding
traffic flow and to some extent provide theoretical foundation
for short-term traffic flow forecasting. For the purpose of this
study, our focus is on the linking space and time headways
and variation of traffic flows on a given road network.

Based on the study carried in [9], supposewe have a traffic
stream composed of two consecutive vehicles in a single lane
road such that we have a follower-vehicle, 𝑖 a leader-vehicle,
and 𝑖 + 1 as shown in Figure 1.

It can be observed that vehicle, 𝑖, is some distance, ℎ
𝑠𝑖
,

from its pacesetter, 𝑖 + 1, termed as the space headway
(usually expressed inmetres,𝑚). ℎ

𝑠𝑖
comprises of the distance

to the leader-vehicle, 𝑔
𝑠𝑖
(the space gap), and the self-length

of the follower-vehicle, 𝑙
𝑖
. Hence, ℎ

𝑠𝑖
is given by

ℎ
𝑠𝑖
= 𝑔
𝑠𝑖
+ 𝑙
𝑖
. (1)

𝑔
𝑠𝑖
is measured from the follower-vehicle’s anterior bumper

to the leader-vehicle’s hind bumper. The hind bumper of

xi li gs𝑖

(i) (i + 1)

hs𝑖

xi+1

Figure 1: Two consecutive vehicles (a follower-vehicle, 𝑖 at position,
𝑥
𝑖
and a leader-vehicle, and 𝑖 + 1 at position, 𝑥

𝑖+1
) in a single lane

road (after [9]).
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Figure 2: Trajectories of a two-car traffic stream (after [9]).

the vehicle represents the vehicle’s position. Thus, the space
headway, ℎ

𝑠𝑖
, can be expressed as

ℎ
𝑠𝑖
= 𝑥
𝑖+1

− 𝑥
𝑖
. (2)

From (1), each of the two vehicles has also a time headway
associated with it. Thus, ℎ

𝑡𝑖
(measured in seconds, 𝑠) com-

prises a time difference, 𝑔
𝑡𝑖
, and a time of occupancy, 𝜌

𝑖
, given

by

ℎ
𝑡𝑖
= 𝑔
𝑡𝑖
+ 𝜌
𝑖
. (3)

Both space and timeheadway can be envisaged in a space time
diagram as shown in Figure 2.Thus, the positions 𝑥

𝑖
and 𝑥

𝑖+1

of the two vehicles, 𝑖 and 𝑖 + 1, can be plotted with respect to
time, tracing out two vehicle trajectories, as the vehicles are
in motion.

Figure 2 is called a time-space diagram. The respective
speeds of the two vehicles can be derived from the diagram
by drawing the tangent line. For simplicity, we assume that
both vehicles travel at a constant speed resulting into parallel
trajectories.

In single-lane traffic (microscopic traffic model), vehicles
always keep their relative order. However, formultilane traffic
(macroscopic traffic model), this principle can no longer
be obeyed due to overtaking manoeuvres, resulting into
irregular vehicle trajectories. If the same time-space diagram
were to be drawn for several lanes (in multilane traffic), then
some vehicles’ trajectories would suddenly appear or fade
away at the point where there exists a change of lane.
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K
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Figure 3: A time-space diagram showing nonlinear trajectories of
several vehicles where movements are bounded by three regions of
measurement, that is, 𝑅

𝑡
, 𝑅
𝑠
, and 𝑅

𝑡,𝑠
(after [9]).

Figure 3 shows the relative trajectories of vehicular traffic
stream in a multilane facility.

In Figure 3, the three regions of measurement are always
bounded in both time and space (that is to say, a period of
measurement, 𝑇mp, and a length of road section, 𝐾). Black
dots were used to represent single measurements made in
the diagram.The following describes what the three bounded
regions represent:

(i) 𝑅
𝑡
representsmeasurements taken at certain locations

that are fixed in space, (𝑑𝑥), done in 𝑇mp time period.
An example of such a measurement is one obtained
by an underground automatic inductive loop.

(ii) 𝑅
𝑠
represents measurements taken at particular

instances in time, (𝑑𝑡), along length, 𝐾, of a road
section. An example is results taken from aerial
photographs.

(iii) 𝑅
𝑡,𝑠
represents a region where general measurements

are made. This region normally takes other forms
of shape other than a rectangular one (as illustrated
in Figure 3). An example of such a measurement is
results of video cameras.

It becomes more complicated to represent the vehicle trajec-
tories on the space diagram as a result of the disorderliness
in the dynamics of the vehicle movements along the traffic
stream. This causes variability in the traffic flow.

2.2. Traffic Flow Variability. Traffic flows are subject to vari-
ations over numerous time scales, namely, yearly, monthly,
weekly, and daily. It also varies directionally as well as from
place to place. Aside the fact that roads carry different
volumes of traffic, the characteristics of the vehicles using
these roads also change depending on the road facility [21].
For example, one road with about 10,000 vehicles per day
may have very little truck traffic, while another road with
the same volume of vehicles may have 2,000 trucks per day
mixed with 8,000 ordinary cars. Similarly, one road section
may be traversed by 1,000 heavily loaded trucks per day
while a nearby road is used by 1,000 partially loaded trucks
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Figure 4: Vehicle volume distributions by classification of vehicles
in California in 1996 (source: [22]).

(Traffic Monitoring Guide, 2013). We illustrate with the aid
of graph the two major types of traffic volume variations,
namely, Time-of-Day and Day-of-Week Variation based on
the findings of the Federal Highway Authorities [3].

2.2.1. Time-of-Day Variation. The Federal Highway Admin-
istration (FHA) in 1996 reported that most truck travel falls
into one of two basic time-of-day patterns, namely, a pattern
that is centered on travel during the business hours of a day
(working hours) and a pattern that shows almost constant
travel all day through (twenty-four-hour day). Figure 4
summarizes the research findings of FHA in 1996.

As can be seen in Figure 4, cars tend to follow either
the traditional two-humped urban commute pattern or the
single-hump pattern commonly seen in rural areas, where
traffic volumes continue to grow throughout the day until
they begin to taper off in the evening. However, the truck
pattern differs from the rural car pattern; in that it peaks
in the early morning (many trucks make deliveries early
in the morning to help prepare businesses for the coming
workday) and tapers off gradually, until early afternoon,when
it declines quickly. The other truck pattern (travel constantly
occurring throughout the day) is common with long haul
trucking movements. In addition, at any specific location,
time-of-day patterns may differ significantly as a result of
local trip generation patterns that differ from the norm. For
example, Las Vegas, Nevada, generates an abnormal amount
of traffic during the night because that city is very active late at
night. In heavily congested urban areas, the commute period
traffic volume peaks flatten out and can last three or more
hours.

A close observation at Figure 4 reveals that cars tend to
follow either the traditional two-humped urban commute
pattern (double peaked pattern) or the single-hump pattern
commonly seen in rural areas, where traffic volumes continue
to grow throughout the day until they begin to taper off in
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Figure 5: Day of the week traffic variations in California in 1996
(source: [22]).

the evening. However, the truck pattern differs from the rural
car pattern; in that it peaks early in themorning due to the fact
that many trucksmake deliveries early in themorning to help
prepare businesses for the coming workday and tapers off
gradually, until early afternoon, when it declines quickly. The
other truck pattern maintains a constant pattern throughout
the day which is mostly common with long haul trucking
movements.

Moreover, time-of-day patterns usually differ signifi-
cantly with respect to places at any specific location as a result
of local trip generation patterns that differ from the norm.
For example, a city with night clubs or recreational facilities
will generate an abnormal amount of traffic during the night
hours or other hours of operation because that city is very
active late at night. Also, in heavily congested urban areas,
the commute period traffic volume peaks flatten out and can
last three or more hours.

2.2.2. Day-of-Week Variation. The same study also revealed
that there exists a large difference in daily patterns of the
ordinary vehicle categories and typical trucks since truck
travels are mainly business motivated as opposed to ordinary
vehicles whose drivers have several travel objectives. Figure 5
illustrates the day-of-the-week variations.

It is evident from the graph that the day-of-week traffic
variations are highly responsible for the traffic congestion that
comes in form of jams on urban roads. A good example is the
stampede observed along Kwame Nkrumah circle in Accra,
Ghana, whose immense traffic jams are estimated to have
caused annual losses of about $125 million to travelers along
this road in 2014 (monetary value of lost time during traffic
jam), as pointed out by traffic experts of the Ghana Institute
of Engineers [23].

To mitigate this problem of congestion on urban roads, it
is very necessary to carry out a substantial traffic estimation
which requires a method of high precision to forecast a

complex entity such as traffic flow.This is the main reason for
proposing an alternative way of addressing complex systems
like traffic flows, using effective techniques based on Chaos
Theory (which studies dynamic systems) to analyse and
predict traffic flow patterns.

3. Chaos Theory Review

3.1. Introduction. Several systems exist in everyday life that
evolve with time. Such systems are difficult to predict
accurately on long-term scale even with robust statistical
predictionmodels. Examples of such system include weather,
turbulent fluids (flowing across planes), population infected
by epidemic, and stock market indices and they are generally
referred to as dynamical systems [24].

These systems are said to exhibit “Chaos.” Chaos in a
simple term refers to any state of confusion or disorder that is
showing the absence of some kind of particular order. Many
work exists in literature that addresses dynamical systems
as well as the chaotic behaviour. Kiel and Elliott in [25]
described howmany disorganised systems can spontaneously
acquire organisation. For example, a shapeless liquid mass
upon cooling can be transformed into an exquisite shape.
Zhang and Jarrett in [26] studied the dynamic behaviour
of road traffic flows in an origin-destination network. Their
proposed dynamic model is a modification of the static
conventional model by Dendrinos which also describes the
traffic flow variability of theO-Dnetwork flows.They showed
that the O-D flow patterns varies depending on whether the
dimension is lower or higher. The characterization of the
chaotic attractors by positive Lyapunov Exponents and fractal
dimensions agrees with the fact that Largest Lyapunov Expo-
nents provide the best measure of Chaos in any dynamical
system. See [27] for details on the search for chaos in traffic-
flow dynamics.

AChaotic system can be described as one that is complex,
aperiodic (it never exactly repeats), and sensitive to its initial
conditions. Chaos Theory is novel Science paradigm in the
field of nonlinear analysiswhich is used to describe the realms
of nonrepeating and highly complex dynamic systems. This
discipline is accredited to a meteorologist from the Mas-
sachusetts Institute of Technology (MIT), Muhmoudabadi
[6], who described Chaotic systems to sensitively depend on
initial conditions. He termed this behaviour as “The Butterfly
Effect” (where the flap of butterfly’s wings in Brazil sets off a
tornado in Mexico). For clarity purposes, Chaotic processes
should not be confused with random processes because
Chaos does not imply randomness in any sense. Chaotic
processes do not have any kind of distribution like random
processes such as Brownian motion that exhibit a Gaussian
distribution [28]. Furthermore, Chaotic processes are per-
fectly deterministic while random process are attached to
some prior probabilities. Some properties of chaotic systems
outlined below will help in understanding the behaviour of
Chaotic systems.

3.2. Properties of Chaotic Systems. Chaotic systems have
a number of distinctive characteristics which are used to
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describe the dynamic evolution of such systems. These
characteristics include the following.

Sensitivity to Initial Conditions. As already introduced in
Section 3.1, Chaotic systems are highly dependent on initial
conditions, a property sometimes regarded as “The Butterfly
Effect.” Two trajectories emerging from two different close-
by initial conditions diverge exponentially from one another
as the system evolves in phase space (a phase space is a
representation of all possible states (configurations) of a
dynamic system, and each possible state mapped by unique
points [29]) [30]. In order to make accurate prediction of
long-term behavior of Chaotic systems, the initial conditions
must be known in their entirety and to high levels of
precision.

Determinism. Chaotic systems are strictly deterministic. A
deterministic system is one where for a given time interval
there is only one future state that follows from the current
state [31]. These systems can be described by Ordinary
Differential Equations (ODE’s). At least three variables are
needed for Chaos in continuous-time systems as opposed to
Chaos in discrete systems that requires only a single variable
[29]. The reason is that the space time trajectories have to be
aperiodic and finitely bounded in some region. However, it is
unlikely to have a single trajectory intersecting itself due to
the fact that every point has a unique mapping in space [29].

Nonlinearity. Intuitively, a nonlinear system is a systemwhose
outputs and inputs are not proportional to each other. In
other words, a nonlinear system is a system which cannot
be decomposed into parts and reassembled into the same
thing. This is a situation where the relationship between
variables describing a system is not simply static or directly
proportional to the output, but instead it is dynamic and
varies [32]. Nonlinear dynamic systems exhibit nonlinear
time series (discussed later in Section 3.4). In the case of
nonlinearity, there is no periodicity (nonrepetitive system) as
compared to linearity where the system repeats itself over a
time period.

Instability. Chaotic systems have a sustainable irregular man-
ner caused by sensitive dependence on initial conditions and
thus predictions for a given system can only be made on
short-term scales to high precision [29].

Attractors. These are 𝑑-dimensional sets of states, X ∈

R𝑑 (points in phase space) invariant under the system’s
dynamics where all states in close proximity asymptotically
approach each other [33]. Many dynamic systems in nature
have attractors and it has been discovered by researchers that
all Chaotic systems’ dynamics of evolution emerge into a
certain type of attractors called strange attractors which are
sensitively dependent on their initial conditions [24]. The
four known types of attractors are briefly described as follows:

(i) Point attractor: a system is said to have a point attrac-
tor if the system evolves to a fixed point, for example,
a single singing pendulum bob (see Figure 6(a)).

y-axis

x-axis

(a)

(b)

(d)

(c)

CycleStrange
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Torus attractor

Strange attractor Point attractor
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Cycle

Figure 6: Different types of attractors constructed in 2-dimensional
phase space; (a) point attractor, (b) limit cycle, (c) limit torus, and
(d) strange attractor (after [29]).

(ii) Limit cycle: if the system is cyclic and its position in
the cycle can be predicted, then the system is said to
have a limit cycle, for example, planetarymotions (see
Figure 6(b)).

(iii) Limit torus: a system that has a limit torus is similar to
that of a limit except that the system’s trajectories are
bounded within a region of a ring torus; for example,
the “halo” ring of planet Jupiter is a torus composed
of mainly dust particles in motion (see Figure 6(c)).

(iv) Strange attractor: if a system takes an aperiodic
irregular shape and never repeats itself in time, the
system is said to have a strange attractor. Such an
attractor can also be described as a limit region
(object with fractional (fractal) dimension) within
phase space which is ultimately occupied by all
trajectories of a dynamical system. Examples of such
strange attractors include the famous Lorenz attractor
illustrated in Figure 6(d) [30], Hénon attractor, and
logistic map attractor.

Fractal Dimensionality. It is an already established fact that
that the geometrical dimension of a line, plane, and box is 1,
2, and 3, respectively. However, many examples seen in our
everyday life as well as many objects are not geometrically
smooth like the ones mentioned above. Complex, noninteger
dimensions are called fractal dimensions [35]. This is usually
used to measure the complex nature of a given Chaotic
system. When a Chaotic system’s evolution is represented in
phase space, the topological dimension,𝑑, of the space state of
the system’s trajectories is a noninteger. A famous example of
a plot with fractal dimension isMandelbrot’s plot (𝑧 = 𝑧

2

+𝑐),
which lies in the category of fractals, which are shapes that
infinitely repeat themselves in smallermagnifications (scales)
[34]. Figure 7 is an illustration of Mandelbrot’s plot in a 2-
dimensional complex plane.
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Figure 7: Mandelbrot’s plot that is self-replicating according to
some predetermined rule such that the boundary of the set has
fractal dimensions (drawn in a 2-dimensional complex plane) (after
[34]).

Other examples of shapes in nature with fractal dimen-
sions include coastlines and slow flakes [34].

To summarize the properties of Chaotic systems, we
note that there are two important characteristics that make
chaotic systems very complex and our focus is on these
characteristics:

(i) The strange attractor, which contains a large number
of unstable system trajectories.

(ii) The ergodicity (ergodicity is a system behaviour that
is averaged over time and space for all the system’s
states) in the dynamics of the system trajectories.
In other words, as the system evolves temporarily, a
small neighbourhood of every point in one of the
unstable orbits within the attractor is visited [29, 36].

We note that in Chaos Theory, there is no need for prior
knowledge of probabilities unlike in statistical physics. Under
appropriate circumstances, it has been reported that algo-
rithms based on Chaos Theory have shown the capability
of attaining high level of performance, far better than those
obtained using classical stochastic methods or techniques
based on signal processing, and these can be applied in the
following areas among others [37].

In meteorology, Chaos Theory is used to predict slight
changes in weather, air, and aerosol movements in the
atmosphere and so forth as studied by Lorenz in the late
1960s [30]; it is used in most biological processes such
as heart beat detection, circadian rhythms, in particular,
and electrocardiographic recording of a pregnant woman
[29]. In economics and finance, Chaos Theory is used in
foreign exchange rates and stock market indices for market
crash forecasting. This is based on the Mandelbrot fractal
hypothesis which predicts a market crash every two decades
starting from 1987 up to date [34]. Moreover, ChaosTheory is
also applied in traffic flow predictions, which is still an open
and new area for research opportunities. This is the main
motivation for this review [38].

3.3. Limitations and Control of Chaotic Systems. Although
Chaotic systems have good characteristics that are suitable for
analysis of complex behaviours, there are significant factors
that hinders one from accurately predicting the behaviour
of complex system. They include sensitive dependence on
initial conditions which are in most cases unknown as most
assumptions made often lead to error, the current stage of
this “new” discipline of science (just half a century old) as
one is not yet very sure of how much data is required to
precisely reconstruct phase space and determine the fractal
dimension of a given system (discussed in Section 3.4.1), the
nature of the calculations involved inChaosTheorywhich are
repetitive, high extensive, and tediouswhich can only be done
with the help of computers with high accuracy and precision
[29, 30, 39].

Chaos systems can be controlled in order to reduce
computational errors due to the adverse effects of the above
limitations. Shewalo et al. in [29] stated that Chaos in systems
can be controlled in exactly three ways which we have sum-
marised below without full details (see [29] for full details).
First, the systems parameters can be changed heuristically so
that the range of fluctuations is limited. Secondly, one can
apply perturbation to the Chaotic system which causes the
system to organise itself using Ott-Grebogi-Yorke method,
and finally the relationship between the system and the
environment is changed using Pyragas method.

Having established the fact that Chaotic systems exhibit
nonlinearity property with time evolution in previous sec-
tions, we now briefly describe the Chaotic Time Series and
how it can be applied in the prediction of dynamical systems
such as traffic flow based on the nonlinearity concept.

3.4. Chaotic Time Series Prediction. Phase space dynamics
can be used to analyse and make predictions of dynamical
systems. Nonlinear processes resulting in higher dimensional
objects (called attractors when drawn in phase space) are
characterised by nonlinear time series that intrinsically
describe the behaviour of the system under study [40].

One can make prediction for a given time series using
phase space techniques which is often referred to as the
determinism test of a system. Such techniques are based
on the fundamental fact that trajectories in close proximity
asymptotically approach each other within the phase space
[7]. A dynamical system can be represented in an 𝑚-
dimensional finite dimensional vector space, R𝑚, by the
following equation:

{𝑋
𝑛+1

} = 𝐹 (𝑋
𝑛
)
{𝑛=0,1,2,...}

, (4)

where 𝑛 is the dimension of the vector space, {𝑋
𝑛
} repre-

sents 𝑛-phase space time evolution points, and 𝐹(𝑋
𝑛
) is an

arbitrary function representing the system’s behaviour (but is
usually unknown). This is as a result of the fact that, in most
cases, elements of𝑋

𝑛
are very difficult to observe empirically;

that is, one may only be able to measure a single variable for a
given time series and still have no explicit knowledge on the
system’s nonlinear dynamics [20].

Taking a look at traffic systems in particular, they highly
depend on human and physical factors in a given road facility
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and this even becomes more complicated due to the presence
of immeasurable quantities such as traffic laws and social
codes. Nevertheless traffic flow patterns are deterministic and
their time series have been found to be nonlinear [4, 20].

Since Chaotic systems exhibit a nonlinearity property,
developing a Chaos prediction model for a given dynamical
system is based on nonlinear time series analyses which
mainly involves two steps, that is,

(i) reconstruction of the phase space from a given data
set,

(ii) developing of a methodology for predicting the phase
space dynamics.

These steps can be explored following Takens’ Fundamental
Embedding Theorem (from 1981) [33]. We note that the
reconstruction of the original time series data is done using
this theorem known as the foundation of all Chaos based
predictions [36].

Theorem 1 (Takens’Theorem). LetX ∈ R𝑑 be a bounded set.
In the Cartesian product space of 𝐶1 mappings on X and the
𝐶
1 functionX → R, there exists an open and dense subset,𝑈

such that if (𝑇, 𝑓) ∈ 𝑈, then the reconstruction map, 𝑅(𝑚)
𝑚𝑎𝑝

, is
embedding whenever𝑚 > 2 dim(X). Moreover the embedding
is continuously differentiable and also has a differentiable
inverse (𝐶1 diffeomorphism). We have a deterministic system,
𝑇 : X → X, and we also have a read-out function, 𝑓 : X →

R. If 𝑚 > 2 dim(X), there exists a precise deterministic rule,
𝑔, for predicting the next state of a time series.

Interpretation of Takens’ Theorem. The proof of Takens’
Theorem is omitted in this work but the following definitions
and interpretation of the theorem will give an understanding
of the theorem.

Definition 2 (a diffeomorphism). A diffeomorphism is a map
between manifolds (smooth space system states), which is
differentiable and has a differentiable inverse.

X is called the attractor set corresponding to the follow-
ing time series:

{𝑥
𝑡
} = {𝑥

0
, 𝑥
1
, 𝑥
2
, . . .} = {𝑓 (𝑥

0
) , 𝑓 (𝑥

1
) , 𝑓 (𝑥

2
) , . . .} , (5)

andwe can rebuild the system’s dynamics by the rule,𝑔, which
states that

dim (X) ≤ 𝑚 ≤ 2 dim (X) + 1, (6)

where all the 𝑑-dimensional manifolds (space-states) of the
system’s attractor, X, can be embedded in an 𝑚 = (2𝑑 +

1)-dimensional reconstructed space while preserving the
geometrical invariants, and 𝑑 = dim(X).

This simply means that all the information about the sys-
tem’s complex 𝑑-dimensional attractor can still be captured
in the discretized reconstructed𝑚-dimensional phase space.
Based on the knowledge of the outcomes of Theorem 1, we
can now determine the topological parameters of the system’s
attractor.

3.4.1. Reconstruction of Phase Space. During reconstruction,
new space states are created that are (in the sense of
diffeomorphisms) equivalent to the original space states so
that the relevant geometrical properties of the system are
always preserved. The set of reconstructed trajectories, 𝑋,
corresponds to amatrix inwhich each row is a vector in phase
space; that is,

𝑋 = [�⃗�
1
, �⃗�
2
, . . . , �⃗�

𝑖
, . . . , �⃗�

𝑀
]
𝑇

, (7)

where �⃗�
𝑖
is the system state at discrete time, 𝑖, and for a real

time serieswith𝑁-points, {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑁
}, each �⃗�

𝑖
is denoted

by

�⃗�
𝑖
= [𝑥
𝑖
, 𝑥
𝑖+𝜏

, 𝑥
𝑖+2𝜏

, . . . , 𝑥
𝑖+(𝑚−1)𝜏

] , (8)

where 𝜏 is the reconstruction delay time (lag) and 𝑚 is the
embedding dimension.

Therefore the matrix𝑋 is𝑀×𝑚matrix given by

𝑋 =

(
(
(
(
(
(

(

𝑥
1

𝑥
2

⋅ ⋅ ⋅ 𝑥
𝑀

𝑥
1+𝜏

𝑥
2+𝜏

⋅ ⋅ ⋅ 𝑥
𝑀+𝜏

𝑥
1+2𝜏

𝑥
2+2𝜏

⋅ ⋅ ⋅ 𝑥
𝑀+2𝜏

...
...

...
...

𝑥
1+(𝑚−2)𝜏

𝑥
2+(𝑚−2)𝜏

⋅ ⋅ ⋅ 𝑥
𝑀+(𝑚−2)𝜏

𝑥
1+(𝑚−1)𝜏

𝑥
2+(𝑚−1)𝜏

⋅ ⋅ ⋅ 𝑥
𝑀+(𝑚−1)𝜏

)
)
)
)
)
)

)

𝑇

, (9)

where the constants 𝑀,𝑁,𝑚, and 𝜏 are related by the
equation 𝑀 = 𝑁 − (𝑚 − 1)𝜏 and by Theorem 1, 𝑚 > 2𝑑

where 𝑑 is the dimension of the system’s attractor.
Now, suppose we have a scalar observed nonlinear times

series, say from empirical traffic data,

{𝑥
𝑡
}
{𝑡=1,2,3,...,𝑁}

. (10)

The vector for each reconstructed single point time series is
given by

𝑋
𝑡
= {𝑥
𝑡
, 𝑥
𝑡+𝜏

, 𝑥
𝑡+2𝜏

, . . . , 𝑥
𝑡+(𝑚−1)𝜏

} , (11)

and it follows that

𝑋
𝑡+1

= {𝑥
𝑡+1

, 𝑥
𝑡+1+𝜏

, 𝑥
𝑡+1+2𝜏

, . . . , 𝑥
𝑡+1+(𝑚−1)𝜏

} , (12)

where 𝜏 is the time delay and𝑚 is the embedding dimension
(as before), and that

[𝑡 + 1 + (𝑚 − 1) 𝜏] ≤ 𝑁. (13)

Consider Figure 8 illustrating the time series, {𝑋
𝑡
} and

{𝑋
𝑡+1

} in a time-space diagram, and a phase space diagram,
respectively.

Figure 8(b) gives a probable representation of the strange
attractor of the data set, whose result is set of points of the
above two time series plotted in 2-dimensional phase space.
However the trajectories of the attractor (as in the diagram)
may appear to intersect each other but they actually never
cross even in higher dimensions.
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Delay time 𝜏
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Figure 8: Illustration time series, {𝑋
𝑡
} and {𝑋

𝑡+1
}, plotted in a space time (a) and a 2-dimensional phase space plot (b) (after [39]).

Parameters (topological parameters) such as the dimen-
sion of 𝑑, the attractor, 𝜏, the delay time, and 𝑚, the
embedding dimension, are necessary for reconstruction of
the systems’ dynamics in phase space before any predictions
can be made. These parameters can be determined by the
procedures in the order described below. First, we compute
the delay time, 𝜏, as follows.

(i) Determination of Delay Time, 𝜏. There are several
approaches for determining the delay time.Thefirst approach
as pointed out in [33] is by computing the Auto Correlation
Function (ACF) of the data given by the following equation:

C (𝑟) =
1

𝑁

𝑁−1

∑

𝑖=0

(𝑥
𝑖
− ⟨𝑥⟩) (𝑥

𝑖+1
− ⟨𝑥⟩) , (14)

where ⟨𝑥⟩ is the arithmetic mean of the observations, given
by

⟨𝑥⟩ =
1

𝑁

𝑁−1

∑

𝑖=0

𝑥
𝑖
. (15)

The choice of 𝜏 is determined by the duration after which 𝑥
𝑖

(or 𝑥
𝑡
) and 𝑥

𝑖+1
(or 𝑥
𝑡+𝜏

) become uncorrelated, although [20]
claims that it is difficult to obtain this.

Another method of determining 𝜏 is to calculate the
nonlinear Auto Correlation Function called the Average
Mutual Information (AMI), 𝐼(𝜏). AMI is a standard tech-
nique that tells us howmuch informationwe can obtain about
a measurement taken from one time series, say {𝑥

𝑡
}, that is

affected by another measurement taken from another time
series, {𝑥

𝑡+𝜏
}, sampled after a time interval, 𝜏 [41]. In other

words 𝐼(𝜏) is a measure of the mutual dependence between
two time series, and it is given by

𝐼 (𝜏) = ∑

𝑖𝑗

𝑝
𝑖𝑗
ln𝑝
𝑖𝑗
(𝜏) − 2∑

𝑖

𝑝
𝑖
ln𝑝
𝑖
(𝜏) , (16)

where 𝑝
𝑖
is the probability that 𝑥

𝑡
takes the 𝑖th bin of a

histogram, 𝑝
𝑖𝑗
is the probability that 𝑥

𝑡
is in the 𝑖th bin, and

𝑥
𝑡+𝜏

is in the 𝑖th bin.
The concept of bin in a histogram will help in under-

standing how the information is obtained. We define a bin of

Number of cars per hour

Fr
eq

ue
nc

y

Bin

i

j

Figure 9: An example of a histogram plot illustrating arbitrary bins,
𝑖 and 𝑗 (after [42]).

a histogram intuitively with the following example. The bar
graph of a histogram simply shows how many data points fit
within a certain range.That range is called the bin (sometimes
called the bin width). See Figure 9.

For instance, suppose we want to plot a histogram graph
after counting the number of cars passing through a certain
area per hour. Using histogram chart in Figure 9, we might
decide to plot it using the intervals 1–10, 11–20, 21–30, and
so on. In this case, our bin would be 10 and every bar on
your histogram represents a range of ten cars. The same data
could be plotted on a range of 5 as 1–5, 6–10, 11–15, and so on.
Here, our bin would be five. Obviously, the smaller the bin is,
the more information we obtain about our data set, and vice
versa. The narrower the bin is, the more you miss out on the
point of a histogram.

Thus, we can compute the above probabilities (𝑝
𝑖
and 𝑝

𝑖𝑗
)

and hence 𝐼(𝜏), by the Fraser and Swinney (1986) algorithm
that is fully described by [42]. This algorithm can be directly
applied to a given time series.

𝐼(𝜏) is plotted against increasing values of 𝜏 and this plot
is known as the AMI graph.This takes a shape such as the one
illustrated in Figure 10.

To obtain the most appropriate value of 𝜏, the first
minimum in theAMI graph is chosen.This is because the first
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Figure 10: AMI against 𝜏 plot (after [41]).

minimum preserves both the independence and correlation
of the values of the two time series of 𝑥

𝑡
and 𝑥

𝑡+𝜏
and with

this we can have a good approximation of the coordinates for
the reconstructed vectors [7].

Claim. In [43], the criterion suggests that 𝐼(𝜏)/𝐼(0) ≈ 1/5 if 𝜏
time series works well for down sampled data. 𝜏 ≤ 5𝑇

𝑠
, where

𝑇
𝑠
is the sampling time of the data set.
Next, we compute the embedding dimension, 𝑚, as

follows.

(ii) Determination of Embedding Dimension, 𝑚. This is done
by computing the False Nearest Neighbours (FNN) Method
[43].This method is based on the assumption that two points
that are in close proximity in the appropriate embedding
dimension, 𝑚, must remain close as we move to higher
dimensions [44].However, if the embedding dimension is too
small, then the points that are truly farther apart could seem
to be neighbours, and such points are known as FNN.

Now, suppose 2 points,𝑥(𝑎) and𝑥(𝑏), are in close proximity
in phase space. We compute the Euclidean distance of the
2 points given by |𝑥

(𝑎)

− 𝑥
(𝑏)

| in 2 consecutive embedding
dimensions, 𝑚

0
and 𝑚

0
+ 1 for (𝑚

0
≥ 2). Then, we

determine whether a certain ratio (which is a function of the
Euclidean distances in dimensions,𝑚

0
and𝑚

0
+ 1) is greater

than some predetermined value. One detects FNN within a
given vector when the points close in dimension, 𝑚, move a
significant distance apart in the following state while doing
the computation. In dimension,𝑚

0
, the Euclidean distance is

obtained as follows:

𝑅
2

𝑚0

=

𝑚0−1

∑
𝑚=1

{𝑥
(𝑎)

(𝑡 + 𝑚𝜏) − 𝑥
(𝑏)

(𝑡 + 𝑚𝜏)}
2

. (17)

Moving fromdimension,𝑚
0
, to dimension,𝑚

0
+1,means that

position of points in phase space changes by an amount equal
to 𝑥(𝑡+𝑑𝜏) and this has a contribution to each delay vector. It
follows that the Euclidean distance in the dimension,𝑚

0
+ 1,

is given by

𝑅
2

𝑚0+1
= 𝑅
2

𝑚0

+

𝑥
(𝑎)

(𝑡 + 𝑑𝜏) − 𝑥
(𝑏)

(𝑡 + 𝑑𝜏)


2

. (18)

x(b)

x(a)
x(c)

Xt

Xt+1

Figure 11: A 2-dimensional plot of the Hénon attractor showing 𝑥(𝑏)

called the FNN of 𝑥(𝑎) and 𝑥
(𝑐) called the TN of 𝑥(𝑎) (after [41]).

The relative distance between the 2 dimensions gives the
following relationship (a ratio):

√𝑅2
𝑚0+1

− 𝑅2
𝑚0

𝑅
𝑚0

=


𝑥
(𝑎)

(𝑡 + 𝑑𝜏) − 𝑥
(𝑏)

(𝑡 + 𝑑𝜏)


𝑅
𝑚0

. (19)

Based on this criterion, [43] states that if the ratio in (19)
above is found to be greater than some predetermined value,
𝑅tol, called the tolerance threshold, then the points 𝑥(𝑎) and
𝑥
(𝑏) are characterised as “False Nearest Neighbour” (FNN).
In the same way, 𝑅

𝑚0+1
> 𝜎/𝑅tol, where 𝜎 is the statistical

standard deviation of the attractor’s time series data set
around the mean, ⟨𝑥⟩.

Claim. Reference [43] showed that, for several dynamical
systems, 𝑅tol ≈ 15.

The authors of [20] stated that the claim presented in [43]
was later empirically confirmed by a study on the eruption
of Vatnajökull volcano of Iceland that 9 ≤ 𝑅tol ≤ 17,
and a value of 𝑅tol = 10 has proved to give good results.
Thus, FNN is calculated for a given observed time series to
determine the sufficient delay time necessary for phase space
reconstruction.

Consider Figure 11 showing theHénon attractor to help us
intuitively understand the difference between FNNand “True
Neighbours” (TN).

The above procedure is repeated for all possible pairs of
points in dimensions of ascending order until the fraction of
FNN drops to zero (or gets close to zero), a process usually
termed as “unfolding” of the attractor. The percentage of
FNN should drop to zero when the appropriate embedding
dimension,𝑚, is achieved.

For a given dynamical system such as traffic flow, a
suitable value of 𝑅tol has to be chosen although 10 is usually
the best value as stated above. Based on this criterion, we
note that a graph of the percentage of FNN against increasing
values of embedding dimension, 𝑚, is plotted, which takes a
shape similar to the one illustrated in Figure 12.

Normally, the value of 𝑚 corresponding to the first
minimum value of FFN% (for curve (a) in Figure 12) above
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Figure 12: Plot of the percentage of FNN against embedding
dimension,𝑚 (after [41]).

zero is taken as the most appropriate embedding dimension
of the reconstructed time series. This is because by then
the percentage of FNN has substantially reduced and the
attractor is unfolded.

Noise Reduction. In the case of clean Chaotic data (having
no random noise), it is expected that the percentage of FNN
is reduced to zero when the proper embedding dimension
is found. If the time series data is too noisy, however, it is
likely that the method fails due to futile attempt of trying
to unfold the noise in the data. Apart from determining the
optimal embedding dimension, 𝑚, the FNN method is a
good indicator of a noisy data set. From Figure 12, if FNN%
converge in the range of increasing values of𝑚 (i.e., lim

𝑚→∞

FNN% → 0) as shown in curve (b) of Figure 12, then there is
high possibility of random noise, which may be responsible
for spreading the data, and therefore, it needs to be filtered
[45]. As a stochastic process, noisy data must not unfold at
any given dimension in phase space (in this case, we have
no clear-cut minimum). Moving average and low-pass filter
are commonly used methods for noise reduction in data sets
although it is not discussed in this work [6].

We now discuss the different methodologies for pre-
diction of Chaotic system’s behaviour having discussed the
topological parameters of the attractor.

3.4.2. Methodology for Prediction. Literature suggests that it
is very necessary to check for Chaos in a given data set before
predictions are made. The reason for the check is that there
might be presence of random data, which are often assumed
to be chaotic, in the data set.

There are several methods used to test for Chaos in a time
series data set of a dynamical system.The following methods
covered in this work were briefly discussed. They include
computation of the (i) Correlation Dimension, 𝑑

𝑐
; (ii) Hurst

Exponent, H; (iii) Kolmogorov Entropy, 𝐾; and (iv) Largest
Lyapunov Exponent (LLE), 𝜆max.

(i) Correlation Dimension, 𝑑
𝑐
. This method has been widely

used by physicists to test for Chaos in dynamical systems [33].

It provides a measure of which points in a given data set of an
attractor affect each other.This parameter provides one of the
best measures used in differentiating between stochastic and
Chaotic systems.

The Correlation Function,C(𝑟), is given by

C (𝑟) = lim
𝑁→0

2

𝑁 (𝑁 − 1)

𝑁

∑

𝑖,𝑗=1

𝐻(𝑢) , (20)

where𝐻(𝑢) is the Heaviside step function given by

𝐻(𝑢) =
{

{

{

1; 𝑢 > 0

0; 𝑢 ≤ 0,
𝑢 = 𝑟 −


𝑋
𝑖
− 𝑋
𝑗


, (21)

where 𝑟 is the radius of the sphere whose center is at𝑋
𝑖
or𝑋
𝑗

and𝑁 is the number of points in the reconstructed attractor’s
data set.

If the time series is characterized by an attractor, then

C (𝑟) ∝ 𝜇𝑟
𝑑𝑐 , (22)

where 𝜇 is a constant of proportionality and 𝑑
𝑐
is the

CorrelationDimension or the gradient of the logC(𝑟) against
log 𝑟 plot denoted by

𝑑
𝑐
= lim
𝑟→0

logC
log 𝑟

, (23)

where 𝑑
𝑐
can also be estimated by themethod of least squares

or a smooth line over a certain range of 𝑚 values referred
to as the scaling region. This region can be estimated by
determining the local slope given by

𝑑
𝑐
=
𝑑 [logC]

𝑑 [log 𝑟]
. (24)

Reference [33] states that 𝑑
𝑐
provides the lower bound of the

dimension, 𝑑, of the attractor and satisfies the inequality

𝑑
𝑐
≤ 𝑑. (25)

To observe the existence of Chaos in the data, a plot of
the Correlation Dimension against increasing embedding
dimension values is obtained. The plot takes such a shape as
illustrated in Figure 13.

If 𝑑
𝑐
∈ R \ {Z} < ∞, then Chaos exists in the data set.

The closest integer above the scaling region of the curve gives
the least value of phase space variables used in the modeling
of the actual dimension, 𝑑, of the attractor.

Note. If 𝑑
𝑐
is unbounded and is observed to increase with

increasing embedding dimension, 𝑚, that is, lim
𝑚→∞

𝑑
𝑐
→

∞, then the system is considered to be stochastic.
Now we define an upper bound for the 𝑑-dimension of

the attractor called the Limit capacity, 𝑑
𝑙
, which satisfies the

following inequality:

𝑑
𝑐
≤ 𝑑 ≤ 𝑑

𝑙
. (26)
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Figure 13: Plot of theCorrelationDimension,𝑑
𝑐
, against embedding

dimension,𝑚 (after [20]).

To determine 𝑑
𝑙
, we let 𝑁(𝜖) be the number of spheres of

radius, 𝑟, for 0 < 𝑟 < 1, such that all the points of the attractor
are covered by the spheres. Then it follows that

𝑑
𝑙
= lim
𝜖→0

ln𝑁(𝜖)

ln (1/𝜖)
. (27)

In practice, we do not know the prior dimension, 𝑑, of the
attractor and the most appropriate value of 𝑚 of the newly
reconstructed dynamics.Therefore, the dimensional estimate
of 𝑑 is found by increasing values of 𝑚 (starting with 𝑚 =

2) until a stable value of 𝑑 is achieved (as described in
Section 3.4.1(ii)).

(ii) Hurst Exponent,H. Similar to the Lyapunov Exponents, a
well-established parameter that is commonly used for testing
for the Chaos in systems is the Hurst Exponent [38].

The Hurst Exponent, H, is a measure of the degree to
which a given time series can be statistically expressed as a
random walk (i.e., Brownian motion).

If a time series vector, 𝑥
𝑡
, on average moves away from its

original position by an amount that is directly proportional
to√Δ𝑡 (where Δ𝑡 represents a time interval), it is said that its
Hurst Exponent is 1/2 as stressed by [39] in reporting Kantz
and Schreiber’s work of 1997.

Therefore, one can determinewhether the time series data
is randomly distributed or not. This is obtained through the
square root relation between increments after a certain time
interval as follows:

Δ𝑥
2

∝ Δ𝑡
2H

, (28)

whereH is the Hurst Exponent and 0 ≤ H ≤ 1 and Δ𝑡 is the
time interval.

Reference [45] claimed that the relationship between the
Hurst Exponent,H, and Correlation Dimension, 𝑑

𝑐
is

𝑑
𝑐
= 2 −H. (29)

In a data set where H = 1/2, we conclude that the data is
randomly distributed and is not correlated, while for H >

1/2, we say that the data set has a positive correlation, and
finally when H < 1/2, the time data set has negative
correlation.

(iii) Kolmogorov Entropy, 𝐾. A change in volume gives
information about the sum of the corresponding Lyapunov
Exponents which is equal to the Kolmogorov Entropy, 𝐾,
given by

𝐾 = ∑

𝜆𝑖>0

𝜆
𝑖
, (30)

where 𝜆
𝑖
is the spectrum of Lyapunov Exponents (seen later

in Section 3.4.2(iv)) [46].
For 𝑁(𝜖)-number of spheres (as defined before in part

(ii)) and embedding dimension, 𝑚, if a time series is com-
pletely deterministic (Chaotic), then

lim
𝑁(𝜖)→∞

lim
𝑚→∞

𝐾 → 0. (31)

On the other hand, for a completely random time series,
the value 𝐾 will not converge to single value, that is,
(lim
𝑁(𝜖)→∞

lim
𝑚→∞

𝐾 → ∞). Therefore, lower values of 𝐾
imply higher predictability of the system and vice versa.

(iv) Largest Lyapunov Exponent, 𝜆max. As far as we know,
computation of Lyapunov exponents provides the best mea-
sure of Chaos in any dynamical system [46]. For this reason,
we are going to explicitly explain and focus on this method
since it is the most direct and most effective technique used
for analysing the Chaotic behavior in a given dynamical
system which is helpful in making predictions. Lyapunov
exponents can clearly explain all the information contained
in a time series. Thus, can be used to determine the length
of the predicting period for any dynamical system, as argued
out by [20].

Having established that the exponential divergence of
nearby trajectories is the hallmark of Chaotic behaviour as
explained by [30], the Lyapunov spectrum of exponents is
given by

𝜆
𝑖{𝑖=1,2,...,𝑛}

, (32)

where 𝑛 is the number of points in the reconstructed data set.
If the exponents are arranged in descending order such

that

𝜆
1
≥ 𝜆
2
≥ ⋅ ⋅ ⋅ ≥ 𝜆

𝑛
, (33)

then the following relationships are true:

(i) The length of the principle axis of spectrum is propor-
tional to 𝑒𝜆1𝑡.

(ii) The area determined by 2 principle axes is propor-
tional to 𝑒(𝜆1+𝜆2)𝑡.

(iii) The volume of the first 𝑘-principle axes is propor-
tional to 𝑒(𝜆1+𝜆2+⋅⋅⋅+𝜆𝑘)𝑡,

where 𝑡 is time interval for the system to evolve fromone state
to another in phase space.

To understand the above relationships, we compute the he
Euclidean distance between 2 points in phase space. Suppose
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Figure 14: A plot of the Stretching Factor, S, against number of
points,𝑁, in the data set (after [20]).

that originally we have 2 points in phase space that is 𝑥(𝑛0) and
𝑥
(𝑛1) whose Euclidean distance is given by


𝑥
(𝑛0) − 𝑥

(𝑛1)

= 𝛿
0
. (34)

After a time interval, 𝑡, the system evolves and the new
distance is given by 𝛿 = 𝛿

0
𝑒
𝜆1𝑡, where 𝜆

1
> 0, called

the Lyapunov exponent. Thus, computing the Euclidean
distances between points in consecutive higher dimensions
will give the area and the volume, respectively.

Our focus is mainly on the Largest Lyapunov Exponent
(LLE), 𝜆max = 𝜆

1
, which gives evidence for determinism

of a given system. In reporting Rosemstein et al.’s study,
Shang et al. in [20] suggest that, after determining the most
suitable topological parameters 𝜏 and 𝑚 of the attractor, a
point 𝑥(𝑛0) is chosen and all the neighbouring points 𝑥(𝑛𝑖) =
[𝑥
(𝑛1), 𝑥
(𝑛2), . . . , 𝑥

(𝑛𝑗)], called True Neighbours (TN), closer
than the distance, 𝑟 (for chosen arbitrarily between 0 and 1),
are found.

A number of 𝑁-trajectories are utilized in finding the
closest points on the predicted trajectory, 𝑥(𝑡

1
+𝑚𝜏), which is

used as the starting vector during the computation of the LLE.
This procedure is repeated for𝑁-number of points along the
orbits and an average quantity, S, known as the Stretching
Factor given by (35) is calculated. One has

S =
1

𝑁

𝑁

∑
𝑛𝑖=1

(ln 1

𝑢
𝑥
(𝑛0)

∑

𝑥
(𝑛0) − 𝑥

(𝑛𝑖)

) , (35)

where 𝑢
𝑥
(𝑛0) is the number of neighbours around 𝑥

(𝑛0).

Claim. Xue and Shi in [36] stated that if 20 ≤ |𝑢
𝑥
(𝑛0) | ≤ 30,

then a good approximation of the LLE can be obtained. A plot
of S against the number of points 𝑁 (or 𝑡 = 𝑁Δ𝑡) yields a
curve that has a linear inverse in one region which is followed
by a plateau in another region. This plot takes the shape as
illustrated in Figure 14.

The least squares approach gives a smooth line (fit) on
Figure 14 and its slope gives an estimation of LLE, 𝜆max.

Prediction. If 𝜆max ∈ ]0, 1[, then the system under analysis is
not a Chaotic system but rather a stochastic one, and so we
cannot make any predictions based on Chaos Theory.

If 0 < 𝜆max < 1, then it implies that there is Chaos in the
system. For practical purposes, we compute the approximate
period limit, Δ𝑡max (often called Lyapunov time) for accurate
prediction since it is a function of the LLE, 𝜆max.

The Lyapunov time, Δ𝑡max, is given by

Δ𝑡max =
1

𝜆max
. (36)

If 𝜆max → 0 implies Δ𝑡max → ∞, then long-term accurate
predictions are possible. Initially, one starts with a vector,
𝑋(𝑡
1
), followed by selecting 𝑘-closest trajectories (not points)

on the system’s attractor which is then followed by choice of
𝑘-closest points to 𝑋(𝑡

1
) (one on each trajectory). It follows

that we precisely know the dynamic evolution of the system
after time, Δ𝑡max.

In the same way, if 𝜆max → ∞ implies Δ𝑡max → 0, long-
term accurate predictions are not possible, but rather short-
term ones can be made. With the Lyapunov time, Δ𝑡max, we
can precisely predict any observed quantity (say traffic flow)
for this time [20].

Practically in traffic flow analysis, the one-dimensional
traffic flow time series data is replaced with 𝑚-dimensional
reconstructed data. The reconstructed time series data is
then plotted, and this is followed by analysis of the previous
observationswhich are neighbours to the preceding ones, and
short-term predictions are finally made.

4. Conclusions

This study have shown how Chaos Theory can be used in
the analysis of dynamical systems via a systematic review of
the characteristic features of Chaotic system. In particular, it
showed how ChaosTheory can be used for Motorised Traffic
Flow Time Series Prediction in Urban Transport Network
based on the the method of computation of the Largest
Lyapunov Exponent, 𝜆max, which is the best method so far for
analysis and prediction of chaotic behaviours of a given com-
plex system like traffic flow as reported bymost researchers in
literature. Using the Largest Lyapunov Exponent prediction
method, it was shown how the Lyapunov time, Δ𝑡max, can
be obtained which is the time interval for making accurate
predictions of traffic flows.

In order to make a complete and robust prediction
model for traffic flow, there is need to develop a computer
based algorithm that will compute the time delay, embedding
dimension, and Lyapunov time of a real time series from
empirical traffic flow data. Thus, the validation aspect of
the proposed approach and comparison with other known
conventional models for traffic flow prediction especially in
the area of prediction accuracy is still in progress and left for
our future work so as to enable us have access to available
traffic flow data sets. Moreover, there is need to come up
with a concrete relationship (most preferably a mathematical
equation) that links the Lyapunov time with traffic flow so
as to aid in proper traffic predictions. The effect of noise
on traffic flow data as well as determining the type of noise
and magnitude is also an important area to look into in our
future work. Thus, by effectively incorporating all these into
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the present work, it is believed that the proposed approach
will be useful in reducing the congestion problem on urban
traffic networks.
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Functional Resonance Analysis Method (FRAM), which defines a systemic framework to model complex systems from the
perspective of function and views accidents as emergent phenomenon of function’s variability, is playing an increasingly significant
role in the development of systemic accident theory. However, as FRAM is typically taken as a theoretic method, there is a lack
of specific approaches or supportive tools to bridge the theory and practice. To fill the gap and contribute to the development of
FRAM, (1) function’s variability was described further, with the rules of interaction among variability of different functions being
determined and (2) the technology of model checking (MC) was used for the analysis of function’s variability to automatically
search the potential paths that could lead to hazards. By means of MC, system’s behaviors (normal or abnormal) are simulated and
the counter example(s) that violates the safety constraints and requirements can be provided, if there is any, to improve the system
design. The extended FRAM approach was applied to a typical air accident analysis, with more details drawn than the conclusions
in the accident report issued officially by Agenzia Nazionale per la Sicurezza del Volo (ANSV).

1. Introduction

With the increasing complexity in sociotechnical systems,
accident models are playing significant roles in explaining
why an accident occurs, and the ways that hazards go to an
accident can be identified based on the understanding of acci-
dent causes. At present, there are three categories of accident
models widely acknowledged: the causal sequence models
represented by domino model [1], the epidemiological mod-
els like Swiss cheese model [2], and the systematic models
such as FRAM (Functional Resonance Analysis Method)
[3], and STAMP (Systems-Theoretic Accident Model and
Processes) [4]. Different from the former two categories in
which accident was considered as a sequence of a series of
unexpected incidents or as a result of combinations among
factors involving human, working environment and media,
the systematic models take accident as emergence due to
nonlinear interactions among technical, human, and organi-
zational factors within sociotechnical systems and explain the
accident by determining the latent deviations of the system
operations from what they should be.

As a typical systemic accident model, FRAM is capable of
comprehensively analyzing complex sociotechnical systems
from the perspective of function and describing interactions
and couplings among the functions. Based on FRAM, an
accident would be taken as “resonance” of multiple functions’
variability, which is an innovative perspective to look at
accident and effectively assist safety analysis and accident
investigation. Nevertheless, FRAM is on the way of contin-
uous development for the reasons below.

On one hand, the descriptions of function’s variability
and the spreading rules among functions need to be further
elaborated to ensure the rigor and comprehensiveness of
variability analysis. In terms of the classic FRAM, six aspects
of a function are described and the variability going between
aspects of upstream and downstream functions is explained
with a rough categorization of “timing” and “precision,” and
it lacks details such as the rules about how the variability
spreads from a function to another. Hence, we believe that the
bias in analysts’ mind can hopefully be minimized when they
conduct variability analysis, if a set of rigorous and practical
instructions are available.
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On the other hand, FRAM is more like a conceptual
method so far than a mature model [5], and it is significant to
call on some corresponding approaches or supporting tools
based on FRAM so as to contribute to the development of
FRAM as such. Since the variability in a single function
and between functions is basically hand-picked, there tends
to be low efficiency and poor thoroughness in the analysis.
Hence, the efficient supporting tools or approaches, based
on the function variability and spreading rules defined by
FRAM, are necessary to ensure that all the potential states
and behaviors of the given system be checked, with the aim of
determiningwhether the paths that variability spreads among
functions may lead to an accident. Both the completeness
and efficiency can be guaranteed with the aid of appropriate
computer tools such as model checking [6], by which all the
potential function states and sequences can be automatically
searched.

Therefore, in this paper, FRAM was enhanced to explore
the paths of hazard evolution by integrating with model
checking. The rest of this paper is structured as follows:
the background research and related work are reviewed in
Section 2, and the method is described in Section 3. An air
accident is taken into case study to illustrate the proposed
approach in Section 4. Finally, Section 5 sets out conclusions
and future work.

2. Literature Review

As a systemic accident model, FRAM was presented first by
Hollnagel [5, 7]. It was pointed out that accidents were the
resonance and amplification among functions’ variability. In
FRAM, structural models were used to describe functions
and further to analyze aggregations of function variability.
FRAM can be used to identify functional or logic deficiencies
in system design, in addition to failures in hardware or
software. Some comparisons were made between FRAM and
other methods to discuss the pros and cons of both. In 2008,
Hollnagel [8] elaborated the shortages of traditional safety
analysis technologies and the advantages of FRAM, and con-
cluded that FRAMcould bemore beneficial to facilitate safety
analysis of key information system. Based on the research,
Herrera andWoltjer [9] compared Sequentially Timed Events
Plotting (STEP) with FRAM from aspects of rationale and
application, respectively. The results show that FRAM can
identify the accident causes that were not found with STEP
and justify the advantage of FRAM to analyze the nonlinear
and dynamic systems, such as sociotechnical systems. In
addition, facing the challenge of current accidents, Hovden et
al. [10] suggested that new theories, models, or methods such
as FRAM be developed aiming at the “foresight” for accident
prevention.

Moreover, FRAM has been used in different fields and
demonstrates its significance and contribution to industrial
practice, specifically for accident investigation and accident
analysis. Based on FRAM, Woltjer [11] discussed the cate-
gories of all the contributing factors in aviation accidents
and then explained how the resonance happened among
human, technical, and organizational causes. Sybert et al. [12]

pointed out that FRAM lacked system assessment on inter-
actions between functions and variability in performance
during hazard identification in Air Traffic Control (ATC),
by analyzing the elastic characteristics of ATC system and
confirming the variability existing in the system behaviors
[13]. Besides, FRAM was applied to analyzing air accidents,
and its effectiveness was verified by Hollnagel et al. [14] and
Sawaragi et al. [15]. FRAM has also been adopted in train
control, nuclear power, and electric systems; for example,
Belmonte et al. [16] analyzed the safety of Automatic Train
Monitoring System (ATS) through FRAM, and Macchi et al.
[17] applied FRAM on the maintenance in nuclear power
plant to explain the principle of the local maintenance
activities and the possible influences on system safety.

The applications above indicate that FRAM can facilitate
safety analysis and accident investigation and contribute to
identification of more details of hazards than the traditional
methods. However, in order to further develop FRAM, one
of the key points is how to determine function variability and
the rules of variability spreading from a function to another,
as well as how to conduct efficient and complete search (based
on the spreading rules) through all the combinations of the
function variability. Tomake the rules derived and the search
realizable, model checking can be adopted. Model checking
is a widely used technology with which system’s behaviors
are described as transition among system states, and system
properties are represented with temporal logic formulae, and
thus all the possible behaviors can be automatically searched
for any unexpected state sequences [6].

At present, there is significant development in model
checking. Many logic expressions and rules have been
extended to get adapted better to different systems [18–
20]. Furthermore, great efforts were made to solve the key
problems from which model checking often suffered such as
the “explosion” of state space and the time synchronization
[21, 22].Model checking has a verywide range of applications,
covering software, network, chemical industry, and other
fields [23–25], in which it is taken as a comparatively mature
means for justifying whether the system meets a given
specification by modeling and simulating a complex system.
Particularly, model checking has been used to develop safety
analysis and random probability analysis from the perspec-
tive of function in hybrid systems [26]. With enlightenment
from the application above, it is assumed that model check-
ing can be used to simulate potential function states and
sequences based on FRAM. Gao et al. [27] extended continu-
ous stochastic logic to conditional continuous stochastic logic
(CCSL) by introducing a conditional probabilistic operator
to describe a richer class of properties for continuous-time
Markov chains. In Rushby’s research [28], model checking
was used to analyze the autopilot accident, and it was
concluded that the accident was caused by the fact that
the cognitive process of human communication had not yet
been covered completely. Zhang et al. [29] applied model
checking to building information system to evaluate the risks
and develop preventive measures, and Lahtinen et al. [30]
discussed the sense that model checking has made in the
nuclear industry and proposed a systemic method to justify
the model when using it for safety-critical systems.



Mathematical Problems in Engineering 3

Function variability
analysis

Model the system

Preliminary risk
analysis (PHA) or Hazard

and Operability
Analysis (HAZOP)

Establish safety constraint

Model checking

Counter example analysis

Variability analysis Variability analysis
of single function between functions

System modeling

Figure 1: The framework of hazard identification based on the extended FRAM.

Overall, the existing research provides the evidence that
it is feasible to analyze accidents bymeans ofmodel checking,
but model checking has not yet been adopted for safety
analysis from the perspective of system functions and their
variability, although it was recognized to be able tomodel and
simulate system functions. Accidents would be explained in
more details by simulating variability of system’s behaviors, if
combining model checking and FRAM, to demonstrate the
scenarios describing why and how accidents occur.

3. Method

Hazards are defined as the states thatmay lead to any accident
or unexpected event [31]. Based on the rationale of FRAM, the
hazard evolution can be viewed as a process that variability is
propagated among functions with increasing (or decreasing)
magnitude that may violate the safety constraints and lead
to accidents. The framework of identification of hazards and
their evolution is illustrated in Figure 1. Firstly, FRAM was
extended by redefining and clarifying some critical terms
and deriving the criterion for function variability, both which
were taken as supplementary to the original FRAM. Based on
the extended FRAM, an approach of system modeling with
detailed steps was provided to show howmodel checking was
used to search all the system states for the potential paths
which may lead the system to an accident. The two parts
are marked with red blocks in Figure 1 and elaborated in the
following subsections, respectively.

3.1. Function Variability Analysis. According to the original
FRAM, the characteristics of function are described as the
hexagon shown in Figure 2, and the six angles are labeled
with the aspects of function: Input, Output, Precondition,
Resource, Time, and Control, respectively.

Input is used to start or begin a function; Output rep-
resents the product or outcome generated from a function;
Precondition is the conditions that need to be ready before

Activity/function

TTime C Control

I O

P R

OutputInput

Precondition Resource

Figure 2: A hexagon representing a function [5].

running a function; Resource refers to the materials that are
consumed to run a function or execution condition that is
essential for a function; Time is the schedule or the time
window that a function needs to follow; and Control is used
to supervise and constrain a function, and it can be a set of
specific plans, procedures, or guidelines [5]. For convenience,
the phrase Five Aspects mentioned in the following text
refers specifically to Input, Precondition, Resource, Time, and
Control.

The phenomenon that a function does not perform as
fully as designed or expected is called function variability
[5]. On one hand, due to the instability and variation of
the external environment around the systems, the aspects
of a function are likely to be affected by the environment,
which hence makes the function deviate from its behavior
desired by designers. On the other hand, a function may
be connected with other function(s) in the same system;
for example, the Output of the upstream function can be
the Input of the downstream function(s). The variability
may possibly spread from the upstream to the downstream
function(s) in some forms, once it does exist in the upstream
function; therefore, a function’s variability may come from
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the variability of its upstream function through interactions
between the functions. Tomake it clearer, a pair of definitions
is presented as follows.

Definition 1. Variability in a single function that refers to how
theOutput of a function is influenced by the variability in one
or more of the Five Aspects of the same function.

Definition 2. Variability between functions refers to how the
aspect(s) of a function (Function A) is influenced by the
variability in the Output of its upstream function (Function
B), when theOutput of Function B is related to one of the Five
Aspects of Function A.

Hollnagel defined the term “aggregation” as “functional
upstream-downstream coupling” [5], which means that how
the upstream Output can have effect on the Five Aspects of
the downstream function. It is pointed out that the variability
in the upstreamOutputwould correspond to the downstream
function, which indicates that the variability would not vary
when being passed between the upstream and downstream
functions. However, we tend to assume that variability exists
not only in a single function but also in the spreading process
between functions. For example, in the task “a file is sent
from Computer A to Computer B;” the upstream function is
“ComputerAprovides the file,” and the downstream function
is “Computer B receives the file.” The following incident
may occur: the file provided by Computer A is normal and
correct whereas Computer B receives the file with virus
attached due to some unknown attacks during the delivery
through the information network. Herein, the Output of
upstream function is corresponding to what it is expected
to be, but when it becomes to the Input of downstream
function, deviation ariseswhich in some sense can be taken as
variability. It is shown that the Output variability of upstream
function is likely not to correspond to the downstream
function, thus in this paper the “aggregation” is classified
into two types: variability in a single function and variability
between functions, to make safety analysis as complete as
possible.

For each function, any of the Five Aspects may deviate
from its expected situation, and in most of cases the Output
may deviate from its expected states accordingly. However,
since the Five Aspects play different roles in a certain
function, the variability of them can contribute to the Output
variability in different ways. The potential Output variability
caused by the Five Aspects of the same function is explained
in Table 1. For a specific function, the variability analyzed is
likely to be some (not all) of the items shown in Table 1, which
actually covers potential variability as complete as possible.
With the aid of Table 1, analysts can determine the variability
in accordance with the features of each function. It is noted
that an aspect (e.g., Input) may have presence which can
be accepted by the function and even taken as normal for
some reasons even if it is provided improperly, despite the
fact that actually it is abnormal from the view of a whole
system. In this way, the variability of Output can be relatively
predictable once the variability of the other aspects is deter-
mined.

Table 1: The Output variability from a single aspect.

Aspect Variability of the
aspect Output variability

Input

Earlier Earlier, normal, later, or omitted
Later Later or omitted
Erroneous Erroneous or omitted
Imprecise Imprecise or omitted
Omitted No output

Precondition

Earlier Normal
Later Later or omitted
Imprecise Normal, erroneous, or omitted
Omitted Normal, omitted, or erroneous
Erroneous Omitted or erroneous

Resource

Imprecise Imprecise, erroneous, or normal
Later later, imprecise, or erroneous
Omitted Omitted
Erroneous Erroneous

Time

Shorter duration Insufficient or erroneous
Longer duration Exceeding or overflow

Omitted Omitted, erroneous, insufficient
exceeding, or overflow

Imprecise Imprecise or erroneous

Control

Imprecise Imprecise, normal, or erroneous
Earlier Imprecise or normal
Later Imprecise, erroneous, or normal
Omitted Erroneous, imprecise, or normal
Erroneous Erroneous

In a function, variability may exist more often in two
or more aspects simultaneously rather than in a single
aspect, since a function may be connected with two or more
other functions. For example, the Input and Precondition of
Function A are connected, respectively, with the Outputs of
Functions B and C. Furthermore, the Five Aspects may have
different influences on different types of function; hence, the
aspect weighting higher should be paid more attention to if
variability exists in more than one aspect. Essentially func-
tions vary with the characteristics of their Outputs. In this
paper, functions are classified into four categories: material
handling, energy transfer, information/data processing, and
state change, according to which the Output variability can
be summarized in Table 2.

In case that the variability of two aspects of the same
function works simultaneously, more attention should be
paid to the variability of the aspect contributing more to
the Output. The parameter 𝑞

𝑖
(𝑖 = 1, 2, . . .) is used to

present the relative importance of aspects’ variability, and it
is determined according to the ratio of impact of the aspect’s
variability to that of Input’s variability.The parameter value is
always an integermostly depending on features of the specific
function, but 𝑞

𝑖
(𝑖 = 1, 2, . . .) is set as 1 in most cases. It is

exemplified with the function “calculate aircraft’s weight and
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Table 2: The Output variability for different types of functions.

Types of function Potential variability of Output
Material handling Earlier, later, imprecise (quantitatively), erroneous (with an incorrect target), and no output

Energy transfer Earlier, later, imprecise (insufficient quantitatively, or unstable), erroneous (quantitatively, or with
an incorrect type of energy), and no output

Information/data processing Earlier, later, imprecise (quantitatively), erroneous, no output

State change Earlier, later, imprecise (incomplete change from a state into another), erroneous (with an
incorrect target), and no output

gravity balance,” which is an instance in the type “informa-
tion/data processing”: given the Resource “passenger’s weight
or calculation formula,” the Output would deviate more or
less when something wrong happens to the Resource, for
example, an incorrect formula provided. Considering that the
aspects affect function in different ways, we assume that the
parameters can be used to describe variability. Given that
the variability of Precondition is represented with Δ𝑓

1
, the

variability of Input with Δ𝑓
2
and the contributing weights of

the Precondition and the Input are represented with 𝑞
1
and

𝑞
2
, respectively, the variability of the Output is described as

in the following equation:

Δ𝐹 = 𝑞
1
∗ Δ𝑓
1
+ 𝑞
2
∗ Δ𝑓
2
. (1)

Output of the upstream function can be Input, Time,
Control, Resource, or Precondition of the downstream func-
tion. When analyzing the variability between each pair of
functions related to each other, the spreading from upstream
to downstream can also be taken as a certain function. Based
on the possible variability of upstream Output (for which
the possible variability can be determined as Table 2) as
well as interactions between the upstream and downstream
functions, the possible variability of the downstream aspect
can be analyzed accordingly, which is shown in Table 3.

3.2. System Modeling with Model Checking. Given that the
rules of variability and its spreading from upstream to down-
stream function have been established, the issue “whether the
system meets the safety requirements and does not violate
the safety constraints” could be interpreted into a model
describing “whether the state transitions within the system
satisfy the temporal logic formulae derived from the rules
of variability propagation.” Based on the model, the system
behaviors can be simulated with model checking [18] by
following the three steps below.

Step 1 (describe state transitions within system). First, the
definition about state transitions within system is given
below.

Definition 3. In terms of FRAM, function variability roughly
indicates two states of function: standard and deviate. The
state of a function is taken equivalent to that of its Output, as
the function variability is basically reflected with its Output.

To depict the changes in system behaviors, State Transi-
tionDiagram (STD) is used, where states are representedwith
circles, and conditions for state transition are represented

Table 3: The variability of the downstream aspect in terms of
upstream Output.

Aspect of
downstream function

Variability of
upstream Output

Variability of
downstream aspect

Input

Earlier Earlier, later, or normal
Later Later or omitted
Omitted Omitted

Imprecise Imprecise, normal, or
omitted

Erroneous Erroneous

Precondition

Earlier Earlier, later, normal, or
omitted

Later Later or omitted
Omitted Omitted
Imprecise Erroneous or omitted
Erroneous Erroneous or omitted

Insufficient Insufficient, erroneous,
or omitted

Resource

Earlier Normal
Later Omitted or insufficient
Omitted Omitted
Insufficient Omitted or insufficient
Erroneous Erroneous

Time

Earlier Earlier
Later Later
Higher value Lasting longer
Lower value Lasting shorter
Erroneous Erroneous

Omitted No requirement about
time

Control

Earlier Earlier or normal
Later Later or omission
Imprecise Erroneous or imprecise
Erroneous Erroneous
Omitted Omitted

with links. By means of model checking, the STDs are
beneficial for describing the process that the state change in
a function influences that in the other functions related to it,
so as to model the functional behaviors of the whole system.
Themodel structure of functional state transition is shown in
Figure 3.
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Figure 3: The model structure of a functional state transition.

There is assumed to be six functional states: standard, no
output, erroneous, earlier, later, and imprecise, all of which
are represented with circles and labeled, respectively. Taking
Function 7 “ATC confirmed business jet position” as an
example (note: please see Section 4 for all the nine functions
identified in the case), “output == 0” means Function 7 is in
a standard state, whereas “output == 1” means it is in any
of deviate states, that is, any of the latter five states above.
Then based on the function variability, the conditions for the
transition from deterministic state of a function’s Input to
the different potentialOutput are analyzed, andPrecondition,
Resource, Control, and Time are represented with specific
arrays or parameters, as well as the transition from upstream
to downstream functionwith logic formulae or IF statements.
To continue the example of Function 7, variability arises in
the Output when there is variability in the Resource, where
the conditions for state transition can be expressed with
“output[𝑗] = res[𝑗]” and the 𝑗 right means Function 7.

Based on the functional states as well as spreading
between functions that have been clarified, the system behav-
iors can be modeled and simulated by means of model

checking. The variability of Input and Output is defined as
parameters, respectively, through which variability can be
thus characterized. For example, the variability of Output is
described with (2) if there is any variability in the sense of
timing or precision:

V =

{{{{{{

{{{{{{

{

𝑖, (
Time earlier
Value larger

) ,

0, (No variation) ,

−𝑗, (
Time later

Value smaller
) .

(2)

The numerical level of 𝑖 and 𝑗 indicates the degree of
variability. The larger the value, the more considerable the
variability, so the performance of functions and thus the
system states can be described by these parameters. As a
preliminary principle of variability comparison proposed in
this paper, it is assumed that 𝑖 = 1when a function varies and
𝑖 = 0 when it does not.

According to the rules of variability spreading between
the aspects in a function as well as between functions that are
determined in FRAM analysis, the conditions for functional
state transition can be defined and then the system model
established. For example, assuming that the variability of
Input is described as 𝑖 and the variability of Precondition is
described as 𝑗, and the weight of Input and of Precondition is
represented as 𝑞

1
and 𝑞
2
, respectively, the Output is explained

as follows:

output = 𝑖 ∗ 𝑞
1
+ 𝑗 ∗ 𝑞

2
. (3)

The conditions for state transitions are expressed as follows:

{output = 𝑖 ∗ 𝑞
1
+ 𝑗 ∗ 𝑞

2
} ,

if (input == 𝑖&&precondition == 𝑗&& input weight == 𝑞
1
&&precondition weight == 𝑞

2
) .

(4)

Step 2 (determine safety constraints). Safety constraints are
typically developed in terms of the unexpected states or
events and mostly converted into safety requirements during
the system design. Safety constraints can be taken as the
criteria in position, during model checking simulation, for
justifying whether the system is safe or not if going along the
given path of functional state transition and for further iden-
tifying the path(s) leading to accidents after checking all the
potential paths.Herein, safety constraints are categorized into
two types: (1) critical functional constraints, which means
that some deviation of a certain function causes an accident
directly and (2) combining functional constraints, which
means an accident is caused by the mixture of deviations
of more than one function. The second type is more typical
in most cases of sociotechnical systems, since in terms of
the rationale of resilience engineering, sociotechnical systems
are likely to be self-adjustable and keep working normally

even though some of their functions deviate from the desired
performance, because the deviations can be dampened or
mitigated through the interactions among functions.

In order to develop safety constraints, the potential
hazards need to be identified beforehand, which is even
treated as the indispensable stepwithin systemmodeling.The
hazards, defined here as those that may cause deaths, injuries,
damage to equipment, or environmental pollution, can be
identified by means of Preliminary Hazard Analysis (PHA)
[32] orHazard andOperability Analysis (HAZOP) [33]. After
being determined, safety constraints are interpreted to the
descriptions in the text of Linear Temporal Logic (LTL)which
is a widely used text form in model checking. The structure
Kripke such as 𝑀 | / = ¬𝑓 is applied to the first type
of constraints, wherein 𝑀 describes the system state, 𝑓 is a
formula consisting of logic connectors like &&, ‖, !, and so
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forth, and ¬ means a negative logic. For the second type of
constraints, the form 𝑝 = 𝑓

1
∧ 𝑓
2
is adopted, wherein 𝑓

1

describes the first potential deviation, and 𝑓
2
describes the

second one, and so on. For example, equation “output[4] +
ouput[9]==0” to be involved in case study indicates that both
outputs of Functions 4 and 9 are zero, which means accident
may occur if either Function 4 or 9 is deviate. Furthermore,
safety constraints can be described inmathematical ways and
algorithms inmodel checking, provided their values assigned
in terms of corresponding parameters.

Step 3 (simulate and analyze results). Simulation is con-
ducted based on the established model, and the simulation
result can be explained in accordance with the following
principles.

(a) It is firstly checked whether the model is established
correctly, if the simulation result does provide counter
example(s) which means the safety constraints are
violated under certain conditions. Provided that it
is a correct model, the counter example(s) evidently
indicates that the combinations of functional states do
not satisfy the system safety requirements. After the
model has been justified to be established correctly
and rationally, the practical significance underlying
the counter examples needs to be analyzed.

(b) Considering the practical significance of the counter
examples given in the result of simulation, measures
should be developed to eliminate hazards or to
dampen their evolution in the system.Theparameters
in the model can be reset according to the measures
being developed, and even themodel structure can be
updated, to check the benefit and effectiveness of the
measures.

4. Case Study

Taking an air accident as a case, the approach proposed in this
paper is used to analyze why and how the accidentmay occur,
and the comparison is made between the conclusions drawn
with this approach and those from the official investigation
report, to illustrate the merit of this approach.

(1) The Accident Process. On 8 October 2001, an aircraft
crashed at the Linate Airport in Milan, Italy. Scandinavian
Airlines Flight 686 carrying 110 people collided with a Cessna
Citation CJ2 business jet carrying four people. All 114 people
on both aircrafts were killed, as well as four people on the
ground. The disaster is the deadliest air disaster in Italian
aviation history [34]. On the day of the accident, the visibility
at the airport is only 50–100 meters due to heavy fog. Flight
686 was allowed to taxi to the runway R6 on 07:54, while the
business jet was allowed to taxi to the runway R5 on 8:05.
When having parked on taxiway S4, the crew on the business
jet reported to the air traffic controllers. It was unnoticed
that business jet accidentally broke into runway R6 along the
indicator lights and groundmarkings. Flight 686 was allowed

Table 4: Descriptions for Activity 7 based on FRAM.

Aspect Details
Input Order to taxi to the main runway
Output Enter R6 runway

Precondition
Available runway(s)

Fulfill the ATC’s taxi instructions
Complete taxi checklists

Resource Flight crew who is familiar with the airport
Signal lights and ground markings on the airport

Control Alarm system for preventing airplanes from
breaking into the wrong runway

Time The whole process

to take offon 8:09, but it crashedwith the business jet stopping
on the same runway when it took off.

(2) FunctionModules.The plane had to take offwith the aid of
the instructions given by the Air TrafficControl (ATC) due to
the poor visibility at the airport. The processes can be broken
down specifically into the following 11 activities/events: (1)
the air traffic controller guided flight 686 to R6 runway; (2)
Flight 686 taxied to R6 runway; (3) ATC guided business jet
to R5 runway; (4) business jet reported to ATC in the S4
taxiway position; (5) ATC confirmed business jet position;
(6) ATC guided business jet continue to slide to the main
runway; (7) Business jet turned left into the R6 runway
along signal lights and ground markings; (8) ATC guided
the 686 flight takeoff; (9) Flight 686 took off; (10) alarm
system prevented the aircraft break into the runway; (11) the
ground radar monitored the positions of the aircrafts and
vehicles on the airport.The latter two are involved with safety
control and monitoring system. Based on FRAM, the eleven
activities/events can be treated as function modules of the
accident, with specific descriptions for each of them. The
details for the instance of Activity 7 are shown in Table 4,
and the standard conduction of the activities/events and
interactions among the flight 686, the business jet, the ATC,
and the monitoring system are shown in Figure 4.

(3) Potential Variability. According to the rules given in
Table 1, the potential conduction variability of each activ-
ity/event is analyzed based on the features of the activ-
ity/event, and the potential variability of Activity 7 is shown
in Table 5 as an example.

(4) Modeling and Simulation with Model Checking

(a) Modeling of System Behaviors. The tool Process Analysis
Toolkit (PAT), which is a self-contained framework to sup-
port composing, simulating, and analyzing dynamic systems
[35], was used here to model and verify the double-plane
system (including the planes, the crew aboard, the ATC,
and the airport situations) involved in this air accident.
For simplicity, it is assumed that the upstream Outputs are
consistent with the relevant downstream aspects like Inputs
or Preconditions, and the effects of only the Input and
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Figure 4: The instantiation of the functional interactions.

Table 5: Potential variability of Activity 7.

Aspects Variability Influence on Output

Input
The order by ATC is imprecise The plane takes the wrong runway
The order is earlier The plane takes the wrong runway earlier
The order is later The plane takes the wrong runway later

Precondition The runway is not available The plane shares the runway with other aircrafts
The airplane does not fulfill ATC’s taxi instructions The plane takes the wrong runway

Resource The crew members are not familiar with the airport situations The plane takes the wrong runway
The signal lights and the ground markings on airport are misleading The plane takes the wrong runway

Control Alarm system does not work properly The plane is not prevented from breaking into the
wrong runway

Time Too short The plane takes the wrong runway earlier
Too long The plane takes the wrong runway later

Resource on the Output are considered for each function. For
the purpose of coding with model checking, the system is
described with functions of the two planes, respectively (as
shown in Table 6), taking into account the descriptions for
the activities identified earlier.

The value for the six aspects of each function is defined
as 0 when they are normal and as 1 when there is variability
existing. For example, input[1] = 0 indicates that Function
1 has normal Input, and input[1] = 1 means a variant Input
to Function 1 from its upstream functions. The similar case
applies to res[1] = 0 or output[1] = 0. For the four functions
of the flight 686, the upstream Output is equivalent to the
downstream Input or some other aspects, which is expressed
as follows:

input [𝑖 + 1] = output [𝑖] . (5)

For the functions performed by ATC, for example,
Functions 1, 3, 5, 7, and 9, it is the Resources that have a
great influence on the Output. The Output is normal if the
Resource and Input are both normal, but there is variability
in the Output with the variability in the Resource. The logic
correlation is expressed as follows:

output [𝑖] = 1 ∗ res [𝑖] + 0 ∗ input [𝑖] , if 𝑖%2 == 1. (6)

For Functions 2 and 4, it is the Inputs that have a greater
influence on the Output. The Output is incorrect if the Input
is wrong; otherwise, the Output is correct if the Input is
correct. The logic is expressed as follows:

output [𝑖] = 0 ∗ res [𝑖] + 1 ∗ input [𝑖] , if 𝑖%2 == 0. (7)
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Table 6: The functions of the flight 686 and the business jet.

Airplane Number Function

Flight 686

Function 1 The air traffic controller guided flight
686 to R6 runway

Function 2 Flight 686 taxied to R6 runway
Function 3 ATC guided the 686 flight take off
Function 4 Flight 686 took off

Business jet

Function 5 ATC guided business jet to R5 runway

Function 6 Business jet reported to ATC in the S4
taxiway position

Function 7 ATC confirmed business jet position

Function 8 ATC guided business jet continue to
slide to the main runway

Function 9 Business jet turned left into the R6
runway

Similarly, for the six functions of the business jet, the
upstream Output is taken equivalent to the downstream
Input, which is expressed as follows:

input [𝑗 + 1] = output [𝑗] . (8)

Finally, considering the functions conducted in parallel
by the two airplanes, the system state is expressed as follows:

System = flight () ‹ jet ( ) . (9)

(b) Safety Constraints Description. In this case, the accident
happened due to the fact that a runway is occupied by the two
planes simultaneously, so the safety constraint is described as
that nomore than one airplane is permitted to be on a runway
at a time. According to the parameters’ meaning given earlier,
output[4] = 0 means the flight 686 is on R6 runway and
output[9] = 0 means the business jet is on R5 runway,
when there is no function variability, while output[9] = 1
means the business shares R6 runway with the flight 686.
Apparently R6 runway cannot be used by two planes at the
same time according to air traffic rules; that is, the constraint
is interpreted as both the statements output[4] = 0 and
output[9] = 0 are true, which is expressed as (10) to indicate
that the flight and the business jet take different runways

output [4] + output [9] = 0. (10)

(c) Simulation and Result Analysis. Given the initial values
of parameters preset randomly, how the parameters change
is observed for all the potential states by means of model
checking. The simulation result shows that there are two
scenarios in which the runway may be occupied by the two
planes at the same time. The first scenario is exactly the
accident process that has truly occurred (and been reported
byANSV)while the second one is a potential accident process
which may occur, despite the fact that it has never occurred
so far.

Scenario 1. Due to ATC’s unclear instructions as well as
the misleading ground markings and flight indicator, the
business jet entered the wrong taxi way. Moreover, when it

even arrived at S4 position, ATC did not correct the direction
of the flight because of the map without being updated. Due
to the failures of ground radar and alarm device, the business
jet was not prevented from breaking into R6 runway. Besides,
in spite of the failure to scan the planes’ positions with
the ground radar, ATC guided flight 686 to take off, which
eventually led to the accident. This scenario was explained in
ANSV report [34]: the accident was caused basically by the
combination of inaccurate order of ATC, the wrong guide
lights and ground markings, unfamiliarity with the airport,
themapwithout updated, and the failure of ground radar and
alarm system.

Scenario 2. Even if the ATC gives right instructions in some
time, the business jet might enter the wrong taxiway due to
the error of the markings and flight indicators. When the
business jet arrives at S4 position, ATC may not correct the
flight direction because of the map without being updated.
Furthermore, since the alarm device and ground radar fail to
work, the two planes might possibly enter the same runway.
This is a potential scenario which could also lead to the
accident, and the slight difference from Scenario 1 is whether
Function 5 “ATC guided business jet to R5 runway” has
normal Output or not. In Scenario 2, all the functions of the
planes and ATC are normal before the business jet taxies,
but the business jet parks at the wrong location because
the crew is unfamiliar with the airport, in addition to the
misleading guide lights and ground markings at the airport.
When the crew reports to ATC their exact location, ATC
does not perceive the deviation of its position due to the
fact that neither the report map has been updated nor the
ground radar works, so ATC guides the plane to continue
taxiing to the main runway R6 instead of the R5 runway that
ATC wants. It indicates that the ATC function’s Output may
deviate from what is desired due to the erroneous Resource,
even if the conduction was in accordance with the relevant
provisions. Scenario 2 is depicted as in Figure 5 with the
abnormal paths beingmarked as red, to demonstrate how the
deviations spread among functions.

5. Conclusions and Future Work

This paper extends FRAMby integrating it withmodel check-
ing to effectively explore hazard evolution. The extended
FRAM refines the understanding of interactions among
functions of sociotechnical systems by redefining and cate-
gorizing the couplings. It also proposes a process, by means
of auto searchwith a computer tool, for identifying functional
deviations as well as their propagation among upstream and
downstream functions. The approach is a progress in efforts
for the exhaustiveness of heuristic analysis, which in the past
depended excessively on the knowledge and experience of
analysts, and was hard to traverse all the possible conditions
due to limitations of human’s recognition. While the exhaus-
tive search across all the scenarios for the one(s) thatmay lead
to accident is conditionally conducted, that is, the search is
based on the functions and their variability pre-determined
heuristically, more potential couplings among functions can
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Figure 5: Scenario 2 for the accident.

be identified by relatively rigorous derivation rather than by
subjective analysis.

Taking a typical air accident as the case, the plausibility
of the approach is illustrated. Additionally, in point of the
accident scenarios as such, apparently it is highlighted that an
accident was not caused by a simple combination of multiple
contributing factors, but by performance variability and its
nonlinear propagation among functions. Hence, in order to
prevent accidents, it is far more significant to coordinate
the functions in the system than put the emphasis on a
certain single aspect. For example, to continue the case of the
air accident, it is definitely true that the mentoring system
should be open, that the map should be updated, and that the
indicating lights and groundmarkings should work regularly.
But more efforts need to be concentrated on how to make all
of these aspects cooperate and function well simultaneously
and continuously, without any aggravation even though an
unexpected disturbance happens somewhere and sometime.

It is noted that in this paper we focus more on whether,
rather than how, functions vary (in the part of quantitative
analysis), as actually the terms of variability in different ways
have essential influence on the rationality of a functional
model, for the reason that different variability terms of an
upstream function may impact its downstream function in
different ways. Accordingly, the spreading rules of variability
need to be elaborated further based on the specific term of
functional variability. In the future work, the approach of
functional behavior modeling will be improved and speci-
fied based on FRAM, with more deliberation of variability
of functions, as well as further development of the rules
that describes interactions among functions in the sense of
abstraction. Besides, there are some assumptions made to
simplify the analysis in the case study; for example, the Time

aspect and details of the airplanes’ behaviors have not been
considered. For the lack of practical illustration of some
aspects (e.g., Time and Control), there are not sufficient
analysis and discussion with regard to them in functional
modeling. Thus, efforts will also be put into case study; that
is, the case will be analyzed in detail, withmore consideration
supplemented involving the aspect of Time, airplanes’ states
like position and direction, and so on.
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Themain objective of this study is to develop an efficient TSDR systemwhich contains an enriched dataset ofMalaysian traffic signs.
The developed technique is invariant in variable lighting, rotation, translation, and viewing angle and has a low computational
time with low false positive rate. The development of the system has three working stages: image preprocessing, detection, and
recognition.The system demonstration using a RGB colour segmentation and shape matching followed by support vector machine
(SVM) classifier led to promising results with respect to the accuracy of 95.71%, false positive rate (0.9%), and processing time
(0.43 s). The area under the receiver operating characteristic (ROC) curves was introduced to statistically evaluate the recognition
performance. The accuracy of the developed system is relatively high and the computational time is relatively low which will be
helpful for classifying traffic signs especially on high ways around Malaysia. The low false positive rate will increase the system
stability and reliability on real-time application.

1. Introduction

In order to solve the concerns over road and transporta-
tion safety, automatic traffic sign detection and recognition
(TSDR) system has been introduced. An automatic TSDR
system can detect and recognise traffic signs from and within
images captured by cameras or imaging sensors [1]. In adverse
traffic conditions, the driver may not notice traffic signs,
which may cause accidents. In such scenarios, the TSDR
system comes into action. The main objective of the research
on TSDR is to improve the robustness and efficiency of the
TSDR system. To develop an automatic TSDR system is a
tedious job given the continuous changes in the environment
and lighting conditions. Among the other issues that also
need to be addressed are partial obscuring, multiple traffic
signs appearing at a single time, and blurring and fading
of traffic signs, which can also create problem for the
detection purpose. For applying the TSDR system in real-
time environment, a fast algorithm is needed. As well as
dealing with these issues, a recognition system should also
avoid erroneous recognition of nonsigns.

The aim of this research is to develop an efficient TSDR
systemwhich can detect and classify traffic signs into different
classes in real-time environment. For detecting the red traffic
signs, a combination of colour and shape based algorithm
is presented which will up the procedure of the detection
stage and for recognition SVMs with bagged kernels are
introduced.

This paper is organized as follows: Section 2 presents
the related works in the field of development of the TSDR
system. In Section 3, the overall methodology is discussed.
The experimental results and discussions are summarized in
Section 4. In Section 5, the conclusion and some suggestions
are made for future improvement on the field of automatic
traffic sign detection and recognition.

2. Related Work

According to [2], the first work on automated traffic sign
detection was reported in Japan in 1984.This attempt was fol-
lowed by several methods introduced by different researchers
to develop an efficient TSDR system and minimize all the
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Figure 1: Model for sample collections (a) used car with a camera placed on the left side of the dashboard, (b) camera setup including a
laptop, and (c) on road camera range and sign detection.

issues stated above. An efficient TSDR system can be divided
into several stages: preprocessing, detection, tracking, and
recognition. In the preprocessing stage the visual appearance
of images has been enhanced. Different colour and shape
based approaches are used to minimize the effect of envi-
ronment on the test images [3–6]. The goal of traffic sign
detection is to identify the region of interest (ROI) in which
a traffic sign is supposed to be found and verify the sign
after a large-scale search for candidates within an image
[7]. Different colour and shape based approaches are used
by the researchers to detect the ROI. The popular colour
based detection methods are HSI/HSV Transformation [8,
9], Region Growing [10], Colour Indexing [11], and YCbCr
colour space transform [12]. As the colour information can
be unreliable due to illumination and weather change, shape
based algorithm is introduced. The popular shape based
approaches are Hough Transformation [13–15], Similarity
Detection [16], Distance TransformMatching [17], and Edges
with Haar-like features [18, 19].

The tracking stage is necessary to ensure real-time recog-
nition. In addition, the information provided by the images
of the traffic signs will help verify the correct identification
and thus detect and follow the object [20].Themost common
tracker adapted is the Kalman filter [18, 21, 22].

Several methods have been used by the researchers for
recognizing traffic sign. Ohara et al. [23] and Torresen et al.
[24] used the Template Matching technique, which is a fast
and straightforward method. Genetic Algorithm is used by
Aoyagi andAsakura [25] and de la Eccalera et al. [26] which is
said to be unaffected by the illumination problem. The main
advantage of the AdaBosst is its simplicity, feature selection
for large dataset, and generalization [27]. Li et al. [28] used
Adaboost learning containing five classical Haar wavelets
and four HoG (Histogram of Oriented Gradient) features.
Greenhalgh and Mirmehdi [29, 30] showed a comparison
between SVM, MLP, HOG-based classifiers, and Decision
Trees and found that a Decision Tree has the highest accuracy
rate and the lowest computational time. Its accuracy is
approximately 94.2%, whereas the accuracy of the SVM
is 87.8% and that of MLP is 89.2%. Neural Network is
flexible, adaptive, and robust [31]. Hechri and Mtibaa [12]
used a 3-layer MLP network whereas Sheng et al. [32] used

a Probabilistic Neural Network for the recognition process.
Support Vector Machine (SVM) is another popular method
used by the researchers which is robust against illumination
and rotation with a very high accuracy. Yang et al. [33] and
Garćıa-Garrido et al. [34] used SVM with Gaussian Kernels
for the recognition whereas Park and Kim [35] used an
advanced SVM technique that improved the computational
time and the accuracy rate for gray scale images.

For improving the recognition rate of the damaged or
partially occluded sign, Soheilian et al. in [36] used template
matching followed by a 3D reconstruction algorithm. The
distortion-invariant fringe-adjusted joint transform correla-
tion (FJTC) was used by Khan et al. in [37] and Principal
Component Analysis (PCA) is used by Sebanja andMegherbi
in [38] which have a very high accuracy rate. In [39], Prieto
and Allen used a self-organizing map (SOM) for recognition
whose main idea was to apply SOM at every level of RSs with
a hit rate of 99%.

In our approach, for reducing the processing time RGB
segmentation and shape matching based detection and SVM
with bagged kernel are used for recognizing the red traffic
signs. Grey-scale images are used to make our detection and
recognition algorithm more robust to changes in illumina-
tion.

3. Methodology

3.1. Image Acquisition. The samples are collected from an
inexpensive on board camera (Canon SX170 IS) which is
connected to a laptop placed inside of a vehicle (Figure 1).
The images were taken in different roads and highways in
Malaysia under various weather conditions (Table 1) from
8:00A.M. to 8:00 P.M. after every two seconds.The camera is
placed in the left side of the dashboard so that it can capture
the traffic sign of left side. The aim of this section is to create
a database of traffic sign images under different variations.

3.2. Image Preprocessing. Image preprocessing is an impor-
tant part of the TSDR system whose main idea is to remove
low-frequency background noise, normalising the intensity
of the individual particles images, removing reflections,
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Figure 2: The overall block diagram of the detection system.

Table 1: Environmental condition for image acquisition.

Environment Real time
Weather Rainy, sunny, cloudy
Capturing time 8 am–8 pm
Camera specs 24 fps
Image size 3264 × 2448
Image background Complex; not fixed
Total number of images taken 350
Total number of signs 123
Traffic sign sizes Different
Traffic sign condition Faded, blurred, damaged, occluded
Traffic sign type Stop, do not enter, do not park

and masking portions of images. Below is a description of
selected image preprocessing techniques. The input image is
divided into channels R, G, and B separately. In the proposed
approach, filters are applied on each channel threshold to
select those regions of the image where the values of the
pixels fall in the range of our target object. For example, for
traffic signs with a red background (such as stop signs), the
threshold for channel R is pixels with values in the range
of 90–255 and for channels G and B the range is 0–70. The
region of interest (ROI) is the logical sum of the three filtered
channels of R, G, and B.

3.3. Shape Matching Based Detection. The idea is to use
colour characteristic of the preferred object to accelerate

the procedure without employing model-based classifiers
which is a time consuming process [40–42]. After filtering
and analysing the features of the detected object, the candi-
dates of the traffic sign are selected based on shape matching.
The flow chart of the system is shown in Figure 2.

3.3.1. Objects Features Analysing. One of the important steps
is to eliminate noise from the image therefore to better deal
with the ROI. Appropriate filters have an enormous effect
on accuracy and speed of the procedure without deleting
any useful information. In the proposed system, for image
smoothing and filling up the smaller region to extract the
region of interest, a median filter was used.

3.3.2. Shape Matching and Candidate Selection. As almost all
traffic signs containing red colour are round or octagonal,
the proposed method drew on these common shapes to
detect hypothetical shapes which are close to traffic signs.
Those regions with 𝑘 in the range of 0.7–1.3 are accepted as
candidates for traffic signs:

𝑘 =
𝑎

𝜋 × 𝑤2
, (1)

where 𝑎 is the area of the region and 𝑤 is the longest width.

3.3.3. Traffic Sign Detection. The area range for road signs
determines the distance in which the system can detect the
traffic sign. Outside of this range, objects with the same
range of pixels value cannot be traffic signs. In this level,
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crucial information such as centre, area, and longest width
of each region is calculated. This information is used to
decide whether or not each region is a traffic sign. The
detected traffic sign blob images are then passed to SVM for
recognition.

3.4. Support Vector Machine (SVM) Based Recognition. After
the detection of traffic sign, the region of interest (ROI) is
passed to the SVM for recognition. The SVM is one of the
most successful kernel methods with a given labeled training
dataset {(𝑥

𝑖
, 𝑦
𝑖
)}
𝑛

𝑖=1
, where 𝑥

𝑖
∈ 𝑅
𝑑
and 𝑦

𝑖
∈ {−1, +1}. In

the semisupervised SVM, the total image is clustered for
building the bagged kernel. Then, the modification of the
base kernel is done. A number of SVMs are trained separately
using a bootstrap algorithm and are then aggregated via
a suitable combination technique. A bagged kernel is a
kernel function encoding the similarity between unlabeled
samples [43]. For training sample 𝑘 and given dataset PQ,
the bootstrapping is built 𝑘 replicate training datasets {𝑃𝑄𝑏

𝑘
|

𝑘 = 1, 2, . . . , 𝑘} by random resampling but replacing the
values of given dataset PQ repeatedly. For a dataset 𝑆, kernel
methods calculate the comparison between training samples
𝑆 = {𝑥

𝑖
}
𝑛

𝑖=1
, using pair-wise inner products between mapped

samples. Thus the final kernel matrix is 𝐾
𝑖𝑗
= 𝐾(𝑥

𝑖
, 𝑦) =

(𝜑(𝑥
𝑖
), 𝜙(𝑥
𝑗
)). For the dataset formation, a set of 400 traffic

sign images are generated from 100 traffic sign samples and
for nonsign images a set of 1000 images are generated from
250 nonsign samples; those are collected randomly by a
camera attached with a car in different times of the day and
varying weather condition. It also includes partially occulted,
slightly damaged, faded, and blurred signs for making the
system more successful in real-time environment. All the
candidates are scaled down to 25 × 25 pixels and in each step
in 1.2 factors to smooth the progress of the features extraction
process.

The proposed algorithm is discussed in the following
steps.

(1) The computation of the base SVM kernel 𝐾SVM is
done.

(2) The 𝑘-means algorithm with various initializations is
performed at 𝑡 times but with the similar number
of clusters 𝑘. The result is 𝑝 = 1, 2, . . . , 𝑡 cluster
assessments 𝑐

𝑝
(𝑥
𝑡
) for each sample 𝑥

𝑡
.

(3) A bagged kernel 𝐾bag is built based on the time
fraction between 𝑥

𝑖
and 𝑥

𝑗
and assigned to the same

cluster

𝐾bag (𝑥𝑖, 𝑥𝑗) =
1

𝑡

𝑡

∑
𝑝=1

[𝑐
𝑝
(𝑥
𝑖
) = 𝑐
𝑝
(𝑥
𝑗
)] , (2)

where [𝑐
𝑝
(𝑥
𝑖
) = 𝑐
𝑝
(𝑥
𝑗
)] returns “1” if samples x

𝑖
and

x
𝑗
belong to the same cluster according to the 𝑝th

realization of the clustering 𝑐𝑝(⋅) and “–1” otherwise.

(4) Consider the sum or the product between the original
and bagged kernels,

𝐾(x
𝑖
, x
𝑗
) ← 𝐾bag (x𝑖, x𝑗) + 𝐾SVM (x𝑖, x𝑗) ,

𝐾 (x
𝑖
, x
𝑗
) ← 𝐾bag (x𝑖, x𝑗) ⋅ 𝐾SVM (x𝑖, x𝑗) .

(3)

(5) With the resultant modified kernel𝐾(x
𝑖
, x
𝑗
), an SVM

is trained. The flow chart of the overall SVM with
bagged kernel is showed in Figure 3.

Different outcomes are obtained from step (2) because the 𝑘-
means give various solutions in each process. In the semisu-
pervised setting, a reduced dataset is used to compute the
cluster centres. The test pixels can be assigned to the nearest
cluster in each of the bagged runs to compute 𝐾bag(x∗, x𝑖).
This way, the assignment can be done sequentially or can
be parallelized, and only the cluster centres have to be
maintained. Intensity correction and histogram equalization
are applied to the standard traffic sign images for reducing the
effect of variable lighting and illumination and then used to
train the SVM.

4. Result and Discussion

4.1. Performance of Image Preprocessing. For saving the stor-
age capacity and reducing the computational complexity, the
original images are scaled down into 250 × 250 pixels. In
the proposed approach, after the image acquisition process
described in Section 2, the image preprocessing is per-
formed by the RGB segmentation approach. In the proposed
approach, a filter is applied on each channel threshold field
to select just those regions of the image where values of the
pixels are in the range of the target object. The region of
interest (ROI) is actually the logical sum of the three filtered
channels of R, G, and B, as shown in Figure 4. The median
filter is applied for image smoothing and filling the smaller
regions of the image, which is shown in Figure 4(f).

4.2. Performance of Traffic Sign Detection. The final selected
candidates such as range of pixel values, area, and shape are
drawn on the image by using extracted data (centre and area)
of each of them. In the proposedmethod, only consider those
traffic signs containing red colours. After applying shape-
matching technique for the images containing the nontraffic
signs, the output is given that “no road sign is detected.” The
result has been classified into four sections. False positive
(FP) is where the sign is not detected correctly. For the
false negative (FN), the sign is detected as a nonsign region.
True positive (TP) is defined as the sign is correctly detected
and in the true negative (TN), a nonsign region is correctly
recognised as a nonsign region. The contingency matrix of
the detection performance is given in Table 2.

From Table 4, the sensitivity and specificity values are
calculated. Sensitivity is defined as the ability of identifying a
condition correctly whereas specificity is defined as the ability
of excluding a condition correctly:

(i) Sensitivity or recall = TP/(TP + FN) = 83.4%.
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Figure 3: Flow chart of parallel SVM with bagged kernel.

(ii) Specificity = TN/(TN + FP) = %100.
(iii) Accuracy = (TP+TN)/(TP+TN+FP+FN) = 94.85%.

In the tests, it has been concluded that several problems
affected the detection performance. Variant lighting condi-
tions, occultation, and illumination of traffic signs are the
main reasons of the false detection. The outcome of the
proposed detection method shows that the red colour of the
traffic sign is segmented and unswervingly illuminated by

the sun. This happens because of the property of the colour
segmentation using RGB model involved in comparing the
RGB values. In the developed system, the computational time
is around 0.25 s and the accuracy rate is 94.85%. Figure 4
shows the detection steps of the traffic sign detection system.
The result of our detected traffic sign is given in Figures
5 and 6. In Figure 5, first and second columns show the
true positives and true negatives, respectively. Third column
shows the false negatives.
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(a) (b) (c)

(d) (e) (f)

Figure 4: Colour processing for traffic sign detection: (a) original image, (b) R channel after threshold, (c) G channel after threshold, (d) B
channel after threshold, (e) logical sum of three channels, and (f) ROI after filtering and smoothing.

Table 2: Contingency matrix of the RGB segmentation and shape
matching sign detection method.

Total

Test outcome
Test outcome positive TP = 105 FP = 0 105
Test outcome negative FN = 18 TN = 227 245

123 227 350

4.3. Performance of Recognition. In the proposed system,
after the colour segmentation and shape matching, semisu-
pervised SVM is applied and the total image is clustered
for building the bagged kernel. After that, the modification
of the base kernel is done. A number of SVMs are trained
separately using a bootstrap algorithm and then they are
aggregated via a suitable combination technique. Intensity
correction and histogram equalization are applied to the
standard traffic sign images for reducing the effect of variable
lighting and illumination and then used to train the SVM.
A total number of 350 images consist of two different shapes
which are circular and octagonal, respectively. Table 3 shows
the database used to train the NN.

Table 4 shows the final recognition results after the colour
segmentation and shape matching technique are applied.
Among the 123 traffic signs, 79 signs are octagonal considered
as G1 and 44 of them are circular traffic signs considered as
G2. Among the 44 traffic signs, there are also two different
classes such as “no parking” and “do not enter” signs.

According to this data, evaluation parameters are sen-
sitivity or recall, specificity, precision or PPV, FPR, and
accuracy rate (AR) based on the number of FP, FN, TP, and
TN values as follows:

(i) Sensitivity or recall = TP/(TP + FN) = 89.43%.

(ii) Specificity = TN/(TN + FP) = 99.12%.

(iii) Precision or PPV = TP/(TP + FP) = 98.21%.
(iv) False positive rate (FPR) = FP/(FP + TN) = 0.009.
(v) Accuracy = (TP+TN)/(TP+TN+FP+FN) = 95.71%.

The overall accuracy of the traffic sign recognition is 95.71%
whereas the accuracy of the detection phase is 94.85%.
According to the data analysis, the TPR is 89.43% whereas
the FPR is 0.009%. Octagonal or “BERHENTI” sign has the
highest recognition rate of 94.94% and “no parking” sign
has the lowest rate of 84.09%. The processing time of the
recognition system is 0.18 s.The overall processing time of the
TSDR system is 0.43 s. To evaluate the system performance
the ROC curve and the area under the curve are shown in
Figure 7.

4.4. Performance Comparison of SVM Based Recognition
System. A comparison of previous studies in detecting the
traffic sign is given in Table 4. From Table 5, it can be
observed that SVM used in [44] has the highest recall rate
with an overall good accuracy of over 90%. 327 signs out of
340 signs are correctly classified.MSER andHOGbased SVM
used in [30] had the highest overall accuracy of 97.6% with
a false positive rate of 0.85 and 92 signs out of 104 signs are
classified correctly. In the proposed system, the lowest false
positive rate was 0.009 and accuracy 95.71%. The precision is
98.21% and recall is 89.43%. 112 signs among the 123 detected
signs are classified correctly. The proposed method has the
highest precision rate (98.21%) and lowest FPR (0.009). The
accuracy of the proposed method is 95.71%, which is good
compared to other systems.

The main limitation of the developed system is that
it is only applicable for red traffic signs. The “warning
sign” and the “prohibitory sign” contain red which is the
most important sign as they are more responsible for traffic
accidents. The proposed method has a low detection rate
as colour tends to be unreliable due to various factors like
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(a) Normal daylight (b) High illumination (c) Shade

(d) Evening (e) Daylight (f) Shade

(g) Daylight (h) Daylight (i) Shade

Figure 5: Examples of TP in variant lighting conditions (a), (b), and (c); example of TN in variant lighting conditions (d), (e), and (f); and
examples of false detection (g), (h), and (i).

(a) (b) (c) (d)

Figure 6: Final detection: (a) sample traffic sign, (b) closed curve obtained by colour thresholding, (c) after filtering and smoothing the
candidate, and (d) detected ROI after shape matching and candidate selection.
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Table 4: Example of traffic signs used to train NN.

Total

Test outcome
Test outcome positive TP = 110 FP = 2 112
Test outcome negative FN = 13 TN = 225 238

123 227 350

Table 5: Comparison between proposed method and several existing methods.

Reference Total sign Correctly
classified sign Precision (%) Recall (%) False positive rate Overall

accuracy (%)
Processing
time (s)

[44] 340 327 96.51 92.97 0.13 90.27 0.35
[30] 104 92 88.75 81.35 0.85 97.6 —
[8] 104 38 41.03 34.15 0.26 93.6 —
[45] 650 — — — 1.2 86.7 —
Proposed method 123 112 98.21 89.43 0.009 95.71 0.43
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Figure 7: ROC curve; FPR versus TPR.

illumination, variable lighting, blurring, and fading. That is
why the recognition process is also affected in terms of overall
accuracy rate. Another limitation is the lack of images in the
Malaysian traffic sign database.The overall processing time is
0.43 s, which is still in the higher side compared to [44]. To
recognize all types of signs inMalaysia, reduce the processing
time, and improve the Malaysian traffic sign database can be
proposed as a future work.

5. Conclusion

The goal of this research is to develop an efficient TSDR
system based on Malaysian traffic sign dataset. In the image
acquisition stage, the images were captured by an on board
camera under different weather conditions and the image
preprocessing was done by using RGB colour segmentation.
The recognition process is done by SVM with bagged kernel
which is used for the first time for traffic sign classification.
The developed system has shown promising results with
respect to the accuracy of 95.71%, false positive rate (0.009),
and processing time (0.43 s). The recognition performance
is evaluated by using ROC curve analysis. The simulation

results are compared with the existing methods showing the
correctness of the implementation.
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The statistical independence of time of every two adjacent bus links plays a crucial role in deciding the feasibility of using many
mathematical models to analyze urban transit networks. Traditional research generally ignores the time independence that acts
as the ground of their models. Assumption is usually made that time independence of every two adjacent links is sound. This
is, however, actually groundless and probably causes problematic conclusions reached by corresponding models. Many transit
assignment models such as multinomial probit-based models lose their effects when the time independence is not valid. In this
paper, a simple method to predetermine the time independence is proposed. Based on the predetermination method, a modified
capacity-restraint transit assignment method aimed at engineering practice is put forward and tested through a small contrived
network and a case study in Nanjing city, China, respectively. It is found that the slope of regression equation between the mean
and standard deviation of normal distribution acts as the indicator of time independence at the same time. Besides, our modified
assignment method performs better than the traditional one with more reasonable results while keeping the property of simplicity
well.

1. Introduction

Urban transit network is becoming a hot issue especially in
developing countries like China where transit priority has
risen to become a national policy. Developed countries in
Europe witness this trend as well. Even in the US where
car traffic dominates, as a major focus of transit network,
transit accessibility is widely researched (e.g., [1–3]). The
essential part of transit network analysis, transit assignment,
is paid attention to concerning its framework, algorithm,
equilibrium solution, and so on. For example, the solution
algorithms for the multicriteria multimodal shortest path
problem (M-SPP), which is known as NP-hard, in urban
transit network were proposed [4]. This was followed by
a label-setting algorithm for finding optimal hyperpaths in
large transit networks with realistic headway distributions

[5]. Among those models aimed at transit network, many
of them have something to do with statistical indepen-
dence, especially stochastic transit assignment models. A
conditional logit model applied to traffic assignment and
modal split was established which was able to cope with the
independence of irrelevant alternatives (IIA) phenomenon
in a very natural way [6]. Nested logit model that is widely
believed to overcome the IIA characteristic was put forward
as an extension of conditional logit model [7]. Cascetta et
al. [8] introduced a commonality factor for overcoming the
IIA problem in route choice, which was made good use of
to estimate link flow variance and the variance of the path
choice proportion in a proposed stochastic assignmentmodel
[9, 10]. Independence of route choice probability has been a
focus since discrete choice model was brought in the area of
traffic assignment.
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The issue “independence” acts as one of the prerequisites
that make a great difference to the validity of many models
targeted at analyzing transit network. Traditional works,
however, hardly paid enough attention to time independence
of every two adjacent bus links. Substantially, this indepen-
dence can never be neglected. MNP model, which is short
for multinomial probit model, was first used in stochastic
traffic assignment [11]. The model has no requirement on
independence of irrelevant route choice but requires time
independence of every two adjacent bus links. The require-
ment was applied to various logit models as well [12]. When
probit-based stochastic user equilibrium (SUE) models were
researched, most of them were implicitly based on the
assumption of the correctness of time independence. Those
researches varied from algorithms and dynamic pricing to
sensitivity analysis [13–15]. Yet none of them concerned the
validity of independence assumption, which might lead to
inaccurate, even useless mathematical models when it came
to their applications to real life.Meanwhile, plenty of research
had something to do with independence test method in the
statistics field. Entropy Theory is frequently made use of to
test independence and the entropy was used as a measure of
dependence, like serial dependence and spatial dependence,
in these studies [16–18]. In addition, many other methods
were proposed to conduct independence test. Broock et al.
[19] presented an independence test method on the basis of
an in-depth analysis on correlation dimension. Sugiyama and
Suzuki [20] introduced least squares theory to nonparametric
independence test. Those methods of test are subtle and
theoretic. It is, however, rather hard to put them into practice
for their complexity, especially to introduce them to time
independence test in large urban transit networks.

This work is targeted at engineering practice of transit
systems planning and management while two simple meth-
ods are proposed. To start with, we put forward a method
to predetermine time independence of every two adjacent
bus links. A characteristic quantity, 𝛼, the indicator of time
independence, is derived to conduct independence predeter-
mination, laying a foundation of the usage of manymodels. It
is found that time independence is invalid when 𝛼 > 0.5, and
data collected in metropolitan area of Nanjing city, China,
is used to make a preliminary test on the practicability of
our method. In the case 𝛼 > 0.5, transit network models on
the basis of MNP lose their effects, especially those probit-
based stochastic transit assignment models, so the num-
ber of alternative assignment models decreases. Meanwhile,
capacity-restraint assignment method lacks the multipath
characteristic [21] thoughwidely used in engineering practice
out of its simplicity and not bad precision. Therefore, a
modified capacity-restraint transit assignment method is
proposed following the predetermination method while tak-
ing good advantage of some predetermination results. The
method maintains its effectiveness under the circumstance
of invalidity of time independence. After introducing 95%
quantile of normal distribution to the traditional capacity-
restraint method to realize multipath transit assignment, it
turns out that the results of the modified method are more
sensible than the traditional one through a small contrived
transit network.

2. Methodology

2.1. Time Independence Predetermination

2.1.1. Basic Assumptions

(1) Most bus drivers are technical in the network.
(2) The 𝑉/𝐶 (the ratio of road traffic volume to road

capacity) can be somewhat large but no congestions
occur when there exists a transit exclusive lane.
Otherwise, 𝑉/𝐶 is medium or low.

(3) There is only a little interference to transit operations
caused by pedestrians and bicycles.

(4) Transit priority control is advanced, so intersections
have limited effect on transit operations.

These four basic assumptions are not impractical. Assump-
tions (1), (2), and (3) are valid in most cities of developed
countries, while assumption (3) may be a bit questionable
in some developing countries like China. These countries are
known for mixed traffic flow that does make a big difference
to transit operations in their big cities like Shanghai. Anyway,
bicycles and pedestrians have little effect on public transit on
the road with separation infrastructures. The effects are also
quite limited in most of their medium and small cities. The
most demanding assumption is (4) probably, which is easy
to be satisfied in many European countries. It is, however,
very difficult to guarantee an advanced transit priority control
system. Anyhow, the priority control does exist in most cities
of developed countries and many big cities of developing
countries. In aword, it is likely that assumption (1) is themost
accessible while assumption (4) is to the contrary.

As for time independence predetermination, the “time”
here is to be defined strictly.The two sides of a bus line have a
bus stop.When a bus begins to pull over at the upstream stop,
the time is 𝑡

1
. Similarly, 𝑡

2
is defined. We call |𝑡

2
− 𝑡
1
| “stop-

stop time” that is simply denoted by SST, which is composed
of the parking time at the upstream bus stop and travel time
between two adjacent stops. If all basic assumptions are
satisfied, we could infer that SST at the bus link conforms
to normal distribution according to the data in Nanjing. This
can be seen from the section of distribution test below. To
analyze the whole transit network basically satisfying all the
assumptions above, we assume that all the links in the net-
work conform to normal distribution, which is the founda-
tion of the proposed methodology. More insight concerning
the normal distribution can be seen in Discussion.

2.1.2. Mean and Standard Deviation Fitting. We fit the mean
and std, which is short for standard deviation in this paper,
of the normal distribution mentioned above. Bus links that
satisfy all the basic assumptions to the greatest degree can
be selected in a transit network. Accordingly, we could
get several normal distributions: 𝑁(𝜇

1
, 𝜎
1

2

),𝑁(𝜇
2
, 𝜎
2

2

), . . .,
𝑁(𝜇
𝑛
, 𝜎
𝑛

2

). 𝜇 and 𝜎 are estimated using the samples collected
in transit survey. Note that 𝜇 and 𝜎 have the same dimension,
so regression analysis is decided to be aimed at the std
rather than variance. Furthermore, 𝜇 > 0 and 𝜎 > 0, so
instead of doing linear regression directly, we fit the 𝜇 and
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𝜎 in the Double Logarithmic Coordinate System and get the
regression equation as follows:

ln𝜎 = 𝛼 ln 𝜇 + 𝜃. (1)

The regression model is the fundamental of time inde-
pendence predetermination and the modified capacity-
restraint model. According to the data in Nanjing, when all
chosen links meet the assumptions well, the goodness of
fitting is perfect with high 𝑅-square which can be seen in
Section 4. To analyze the whole transit network, we assume
the regression equation has high goodness of fitting. If
the regression model is not sufficiently significant, we may
appropriately select other or more bus links that satisfy all
basic assumptions well to avoid poor goodness of fitting.
More analysis about the regression model can be seen in
Section 5.

2.1.3. Indicator of Time Independence. After the regression
analysis, we could predetermine time independence of every
two adjacent bus links in a network. Time independence
predetermination is to predetermine the independence of
SST at every two adjacent links. Note that all bus links in the
network conform to normal distribution and the goodness
of fitting of regression equation is high on the basis of our
analysis above. In this part, we put forward an indicator of
independence whose value can simply predetermine time
independence with practicability.

Considering normal distribution𝑁(𝑥, 𝑦
2

) with the mean
𝑥 and std 𝑦, according to the previous section of fitting,

ln𝑦 = 𝛼 ln𝑥 + 𝜃 (𝑥, 𝑦 > 0) . (2)

𝛼 and 𝜃 are regression coefficients of the regression equa-
tion. The slope 𝛼 is supposed to be greater than zero (𝛼 >

0) because the std will increase when the mean increases.
Another form of equation derived by deforming the regres-
sion equation above is

𝑦 = 𝜇𝑥
𝛼

, where ln 𝜇 = 𝜃, 𝜇 > 0. (3)

Then the variance is given by the following expression:

VAR = 𝑦
2

= 𝜇
2

𝑥
2𝛼

= 𝜆𝑥
𝛽

where 𝜆 = 𝜇
2

> 0, 𝛽 = 2𝛼.

(4)

A transit route is given in Figure 1. Here A represents
the origin and B represents the destination. The mean of a
random variable 𝐷

𝑎𝑏
, the difference between the moment

when a bus stops at station A and that at station B, is set at
fixed value 𝑇. 𝑆

𝑘
(0 ≤ 𝑘 ≤ 𝑛) represents the intermediate bus

stop, and 𝑡
𝑟
(0 ≤ 𝑟 ≤ 𝑛 + 1) is the mean of SST at bus link.

Obviously, 𝑇 can be expressed as follows:

𝑇 =

𝑛+1

∑

𝑘=1

𝑡
𝑘
. (5)

A B

Ride

S1 S2 S3 S4 Si−1 SnSi

t1 t2 t3 t4 ti tn+1· · ·· · ·

Figure 1: A transit route with its stops and SST.

Supposing that SST at every two adjacent links are mutu-
ally independent, then𝐷

𝑎𝑏
is normally distributed with vari-

ance 𝜎
𝑛

2 according to the linear superimposition principle of
normal distribution. Considering there are 𝑛 stops between
station A and station B, we obtain

𝜎
𝑛

2

=

𝑛+1

∑

𝑘=1

VAR
𝑘
=

𝑖−1

∑

𝑘=1

𝜆𝑡
𝛽

𝑘
+ 𝜆𝑡
𝛽

𝑖
+

𝑛+1

∑

𝑘=𝑖+1

𝜆𝑡
𝛽

𝑘
. (6)

If there are 𝑛 + 1 stops between station A and station B,
now we assume naturally the stop 𝑆

𝑛+1
is set up between the

𝑆
𝑖−1

and 𝑆
𝑛
. Thus, 𝑡

𝑖
is divided into two parts as 𝑡

𝑗
and 𝑡
𝑛+2

(𝑡
𝑖
= 𝑡
𝑗
+𝑡
𝑛+2

). Similarly, the variance is given as follows under
this circumstance:

𝜎
𝑛+1

2

=

𝑛+2

∑

𝑘=1

VAR
𝑘
=

𝑖−1

∑

𝑘=1

𝜆𝑡
𝛽

𝑘
+ 𝜆𝑡
𝛽

𝑗
+ 𝜆𝑡
𝛽

𝑛+2
+

𝑛+1

∑

𝑘=𝑖+1

𝜆𝑡
𝛽

𝑘
. (7)

By subtracting 𝜎
𝑛

2 from 𝜎
𝑛+1

2, the result is

𝜎
𝑛+1

2

− 𝜎
𝑛

2

= 𝜆 (𝑡
𝛽

𝑗
+ 𝑡
𝛽

𝑛+2
− 𝑡
𝛽

𝑖
)

= 𝜆 (𝑡
𝛽

𝑗
+ 𝑡
𝛽

𝑛+2
− (𝑡
𝑗
+ 𝑡
𝑛+2

)
𝛽

) , 𝜆 > 0.

(8)

Function 𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) is constructed where 𝑡
𝑗
, 𝑡
𝑛+2

> 0. Its
partial deviation is obtained:

𝑓 (𝑡
𝑗
, 𝑡
𝑛+2
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𝛽
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) .

(9)

The analytical results could be obtained. When 𝛽 > 1

or 𝛽 < 0 and 𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) is a decreasing function, then
𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) < 𝑓(0, 0) = 0, which is equivalent to 𝜎
𝑛+1

2

< 𝜎
𝑛

2;
when 𝛽 = 1, 𝑓(𝑡

𝑗
, 𝑡
𝑛+2

) = 0, and 𝜎
𝑛+1

2

= 𝜎
𝑛

2; when 𝛽 = 0,
𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) = 1, and 𝜎
𝑛+1

2

> 𝜎
𝑛

2; and when 0 < 𝛽 < 1

and 𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) is an increasing function, then 𝑓(𝑡
𝑗
, 𝑡
𝑛+2

) >

𝑓(0, 0) = 0, which is equivalent to 𝜎
𝑛+1

2

> 𝜎
𝑛

2.
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As is analyzed before, 𝛽 = 2𝛼, and 𝐷
𝑎𝑏
conforms to nor-

mal distribution. Note that 𝛼 > 0; the results are given as fol-
lows:

(1) When 𝛼 > 0.5, the variance of𝐷
𝑎𝑏
decreases with the

increasing of the number of intermediate bus stops.
(2) When𝛼 = 0.5, the variance of𝐷

𝑎𝑏
is constant with the

changing of the number of intermediate bus stops.
(3) When 0 < 𝛼 < 0.5, the variance of𝐷

𝑎𝑏
increases with

the increasing of the number of intermediate bus
stops.

Under the premise of a fixed mean of 𝐷
𝑎𝑏
, the variance

should increase with the number of intermediate stops
increasing. This is because the increasing of the number of
bus stops results in starting and stopping more frequently,
causing the uncertainty of travel time to become greater. The
variance is a strong indicator of uncertainty. To sum up, all
the analysis leads to a conclusion of predetermining time
independence.

When 𝛼 ≥ 0.5, if the independence of SST holds, a clear
contradiction exists. The SST at every two adjacent bus links,
therefore, is not mutually independent. Time independence
is not valid in this case.

When 0 < 𝛼 < 0.5, the SST at every two adjacent links is
probably mutually independent, where a further demonstra-
tion is needed. In this case, we could not decide whether or
not time independence is valid. This is what “predetermina-
tion” derives from.

Therefore, the parameter 𝛼 is not only a regression coef-
ficient of the equation expressed as ln𝑦 = 𝛼 ln𝑥 + 𝜃, but
also an indicator of time independence. On the one hand,
the larger 𝛼 is, the higher time uncertainty is in urban transit
network. Considering uncertainty avoidance theory, we hope
𝛼 is not too large. On the other hand, the relative magnitude
of the indicator and 0.5 predetermines whether SST in transit
network is independent or not. This decides whether some
stochastic models are valid to a large extent. Taking MNP-
based assignment model as an example, it should not be
applied if 𝛼 ≥ 0.5. Anyway, we cannot determine the validity
of this model under the condition 0 < 𝛼 < 0.5.

2.2. AModified Capacity-Restraint Transit AssignmentMethod.
If time independence is predetermined to be not valid, many
transit assignment methods such as MNP-based models
should never be used. Under our basic assumptions, methods
based on logit models are untenable due to the normal distri-
bution for SST. As a result, many assignment methods prove
ineffective. Traditional capacity-restraint transit assignment
method is not affected, though it could not take time uncer-
tainty into consideration. So this part proposes a modified
capacity-restraint transit assignment method on the basis of
normal distribution for SST and regression equation between
the distribution mean and std. When the invalidity of time
independence has been predetermined, unlike many assign-
ment methods, the proposed one keeps its effectiveness. It
remains useful even though time independence is proved to
be solid.

Compared with traditional capacity-restraint method,
the modified one considers time uncertainty by using 95%
quantile of normal distribution while keeping the advantages
of traditional method like the simplicity of calculation and
so on. It is believed that traditional heuristic assignment
methods are faced with the “common lines” problem, and
manymodifications have beenmade to overcome the obstacle
[22].Thesemodifications can be used in ourmethod as well if
the “common lines” problem is supposed to be considered in
a specific case. It is not difficult to generalize the proposed
method using the modifications but requires a little future
work. So, in this paper, the “common lines” problem is not
much concerned including the contrived network we use
below. Flow chart of the modified capacity-restraint transit
assignment method is shown in Figure 2. When given a tra-
ditional transit network, we could regard the time at bus links
as mean value of SST.Then, the previous regression equation
is made use of to work out the std at all links. In this way,
the normal distribution of every bus link is determined. As
Figure 3 shows where A, B, C, D, and E represent bus stops
and 𝑁(𝜇, 𝜎

2

) stands for normal distribution, the modified
method is based on transit network with SST treated as ran-
dom variable rather than deterministic variable, which is
closer to reality.

The rationale of the modified method is similar to the
traditional one, though the coefficient of assignment 𝛾 (0 <

𝛾 < 1) is introduced to the model. We assign 100𝛾 percent of
the OD, which is short for origin-destination, to the shortest
path on the basis of the mean value of SST to obtain the
passenger volume 𝑋

𝑎
. And 100(1 − 𝛾) percent is assigned to

the shortest path after each SST values their 95% quantile on
the shortest route to obtain 𝑌

𝑎
. The 95% quantile is chosen

because it has a good sense in probability studies. With this
method, the total travel time of shortest path with mean
SST could be maximized by using 95% quantile of the SST
of each bus link composing the route, which is aimed at
achieving multishortest paths. It is suggested that 𝛾 should be
specified as 0.75 [23]. So the final passenger volume𝑍

𝑎
could

be calculated using the formula

𝑍
𝑎
= 0.75𝑋

𝑎
+ 0.25𝑌

𝑎
. (10)

Note that the generalized cost of bus travel changes after
loading one part of OD into transit network, but the std of
SST is to remain the same unless some changes about the
mean of SST take place. Then the remaining parts of the
modified method are the same as that of the traditional one.
To make this revised method more useful in engineering
practice, efficiency should be paid special attention to. As
a result, we recommend dividing the whole OD into three
shares by 50%, 30%, and 20%, respectively.

3. Data Preparation

3.1. Bus Line Selection. Data has been collected through tran-
sit survey in metropolitan area of Nanjing, China. Consider-
ing all the basic assumptions of our methods and the traffic
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Make the regression equation between the mean and standard 
deviation of the normal distribution of SST clear

Calculate the standard deviation of SST at each bus link using the 
known mean provided by the given transit network through the 

regression equation

Calibrate the impedance function of transit operations and then figure 
out impedance at each link

link when all SST value the mean of probability distribution

the links belonging to the shortest path above value the 95% quantile
and the rest value the mean

The final OD pair?

Accumulate the assigned passenger volume at every section in the 
transit network

The final part of OD table?

Output passenger flow at every section, boarding and alighting volume
at each bus stop, the share of OD for every bus line, and so on

Continue to the next 
OD pair

Continue to the next 
part of OD table

No

Yes

Yes

No

Decompose the whole OD table to n parts (n = 1, 2, . . .)

Assign one OD pair to bus lines and get passenger volume Xa at each

Assign this OD to bus lines and get passenger volume Ya when SST at

The final passenger volume Za assigned to each link:
Za = 𝛾Xa + (1 − 𝛾)Ya (0 ≤ 𝛾 ≤ 1)

Figure 2: Flow chart of the modified capacity-restraint assignment method.

environment in real world, the bus lines are selected accord-
ing to the following points:

(a) All the bus lines pass the metropolitan area of Nan-
jing, which are widely distributed in the city center.

(b) Bicycles and pedestriansmake a little difference to bus
operations, especially where the side median exists.

(c) Buses have priority on signalized intersections.

(d) Survey had better be conducted on a sunny day to
avoid small probability events.

Taking all these factors into consideration, 7 groups of
adjacent bus stops were randomly picked out, and corre-
sponding bus lines were selected in the metropolitan area of
Nanjing. Note that there may exist several choices of bus lines
when a pair of bus stops is determined. So it is rationally
assumed that there exists no difference between these lines
concerning their operations between the pair of bus stops. To
avoid waiting for a long time at bus stops, generally bus lines
with too low frequency were never selected in this survey.

3.2. The Survey. The transit survey was conducted from 4:00
p.m. to 7:00 p.m. on weekdays to collect data at peak hours.
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Figure 3: Comparison of the proposed and traditional abstraction of networks.

The investigators must record the time when their targeted
buses stop for the first time at the bus stop. Then they should
go on their buses and record the time when the buses pull
over at the next stop. In theory, investigators should repeat
the process for 16 times in single direction. In this way,
however, it is hard for the survey to get finished in 3 hours. So
investigators were permitted to repeat the process for 8 times
in dual directions if the bus frequency was rather low. The
error is typically rather limited if the bus stop on the other
side of road is very close to the stop on this side in terms of
the distance along the road.

3.3. PreliminaryDataAnalysis. From the recorded timewhen
buses pull over at stops, SST samples are figured out and
displayed in Table 1.The quality of our data is evaluated by the
seven frequency histograms in Figure 4. According to these
figures, it could be found qualitatively that the SST at bus links
might conform to normal distribution, which is consistent
with our conjecture in the former section. In addition, the
correlation coefficient between the logarithm of samplemean
and std is 0.996. This means the logarithm of the two basic
statistics is highly correlated indicating a significant linear
relationship. Therefore, the data acquired from this survey is
preliminarily considered reliable. It can be made use of in the
following analysis of the proposed methods.

4. Results

4.1. Transit Network in Metropolitan Area of Nanjing

4.1.1. Distribution Test of SST. Although it has been assumed
that SST at bus links conforms to normal distribution, dis-
tribution test could be made to give a preliminary proof. We

Table 1: Result of the SST survey in metropolitan area of Nanjing.

Number 201 100 792 405 126 160 16
1 159 32 42 61 55 35 49
2 127 37 49 52 56 36 46
3 166 32 42 59 54 37 51
4 158 28 46 56 65 43 50
5 122 31 41 67 67 41 58
6 134 33 51 60 56 35 60
7 138 35 41 62 59 35 47
8 148 33 45 53 51 36 52
9 166 29 42 58 52 39 51
10 140 31 47 70 52 37 53
11 155 35 42 71 62 35 51
12 138 35 40 67 55 40 57
13 151 30 45 58 48 36 52
14 144 33 49 64 55 37 62
15 138 36 45 57 54 35 48
16 132 33 48 57 52 38 51
Mean 144.8 32.7 44.7 60.8 55.8 37.2 52.4
std 13.4 2.5 3.4 5.7 5.1 2.4 4.6

conduct Jarque-Bera test on the basis of the data in Nanjing
usingMATLAB.According to the results displayed in Table 2,
ℎ values 0 under the level of significance of 0.05. Besides, it
is seen that the scatters are basically uniformly distributed
around the line that indicates a normal distribution from one
of the test graphs (Figure 5). In summary, this assumption of
normal distribution is tenable.
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Figure 5: Fitting curve of the SST of number 201 bus line.

The relationship between the mean and std
in the Double Logarithmic Coordinate
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Figure 6: Regression analysis between the mean and std of normal
distributions.

4.1.2. Regression Analysis between theMean and Standard Devi-
ation. Data from 6 lines is used for fitting the relationship
between the mean and std, and the rest is for examining the
fitting result simply. According to Section 2.1.2, the regression
analysis is conducted after taking logarithm with the help of
MATLAB followed by an evaluation of its results. The coef-
ficients of regression and some statistics are listed in Table 3
while the regression equation is shown in Figure 6.

Judging from the results, the coefficient of determination
is close to 1 and the probability of significance values 0.0003
that is smaller than 0.05 under the level of significance of
0.05. Furthermore, the 𝑅-square is 0.9731 indicating that the
regression relationship appears reliable. To determine the
validity of the equation, the rest of the bus lines are used
for checking through comparing the calculation from the
regression equation with the observed data. For the std of
SST of line number 16, the result by the regression equation is
4.2665 while data shows the value 4.6025. The relative error
is 7.3%, which is small enough to prove the validity of the
regression analysis. To sum up, the regression equation is
significant. In addition, it has been assumed that the equation

Table 2: Result of the distribution test of SST.

Bus lines ℎ CV Mean Variance
201 0 3.4140 144.75 180.47
100 0 3.4140 32.69 6.36
792 0 3.4140 44.69 11.56
405 0 3.4140 60.75 32.47
126 0 3.4140 55.81 26.30
160 0 3.4140 37.19 5.90
16 0 3.4140 52.38 21.18
Note: ℎ = result of the test; if ℎ = 0, 𝑋 conforms to normal distribution; if
ℎ = 1, 𝑋 does not conform to normal distribution; CV = the critical value
whether to reject the null hypothesis or not.

Table 3: Result of the regression analysis.

𝑏 1.1919 −3.2673
bint [0.9169, 1.4669] [−4.3756, −2.1590]
stats 0.9731 144.8071 0.0003 0.0139
Note: 𝑏 = the least-square estimated value of the two regression coefficients;
bint = the 95% confidence interval of the regression coefficients; stats =
the coefficient of determination, 𝐹 statistics of variance, the probability of
significance of variance, and the estimate of variance, respectively.

between the mean and std of normal distribution of SST has
high goodness of fitting.The results of the regression analysis
can well support this assumption.

4.1.3. Time Independence of Every Two Adjacent Bus Links.
On the basis of our regression equation (11), the indicator
of independence 𝛼 is 1.1919 and another parameter 𝜃 values
−3.2673 where the unit of time is the second:

ln (std) = 1.1919 ln (mean) − 3.2673. (11)

𝛼 is larger than 0, which suits our common sense. More
importantly, 𝛼 is larger than 0.5. First, it means that the
independence of SST at every two adjacent bus links is invalid
in metropolitan area of Nanjing. Consequently, models like
MNP-based assignment can hardly be used to estimate pas-
senger flow of transit system in the city center. It is worth
mentioning that most logit-based models are groundless to
be adopted in this city area because SST conforms to normal
distribution, let alone the invalidity of time independence. It
is these widely usedmodels that lose their effects. Second, the
time uncertainty of transit operations is never low because 𝛼
is significantly larger than zero. These may account for the
reasons why many models adopted by traffic engineers
appeared ineffective on the transportation network in Nan-
jing, which indicates the significance of the proposed indica-
tor to a great extent. More analysis could be made through
comparison with that of other cities.

4.2. A Contrived Transit Network. A contrived transit net-
work is established to compare our proposed assignment
method with the traditional one. Impact from other traffic
modes on transit operations is not considered in this example.
There are three transit lines in Figure 7. The mean of SST
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Table 4: Cost update of transit routes.

OD pair Transit route Our cost during loading 50%/30%/20% of OD (95%
quantile SST if necessary)

Origin 1 to destination 3
1 → 2 → 3 4.9 (5.52)/8.1 (9.216)/10.02 (11.4336)

1 → 5 → 6 → 3 28.5/32.7/34.5
1 → 9 → 10 → 6 → 3 11.7/13.1/14.66

Origin 1 to destination 6
1 → 3 → 6 12.9/17.7/20.58
1 → 5 → 6 8.7 (9.63)/10.8/ 11.7 (13.095)

1 → 9 → 10 → 6 8.9/10.3 (11.757)/11.86

Origin 1 to destination 12

1 → 2 → 3 → 4 → 12 10.9 (11.55)/17.1 (19.611)/20.82
1 → 9 → 10 → 6 → 3 → 4 → 12 27.9/34.5/39.54

1 → 5 → 6 → 7 → 12 17.7/19.8/20.7 (23.49)
1 → 9 → 10 → 6 → 7 → 12 23.7/25.8/28.14

1 2 3 4

8765

9 10 11 12

Line ①
Line ②
Line ③

Figure 7: A contrived transit network.

between two adjacent stops is 2min while it is 2.8min
between stop 3 and stop 6. Their fees are all 0.9 units.
The frequencies and vehicle capacities of these bus lines are
deterministic, and it is worked out that the rated capacity and
maximum capacity of all the three lines are 500 passengers
per hour and 800 passengers per hour, respectively [24]. OD
from stops 1 to 3, 1 to 6, and 1 to 12 is 300, 400, and 500
passengers per hour, respectively.

Generalized cost function is commonly used in trans-
portation studies [25]. Referring to the document mentioned
above, the shortest path defined in this example is on the basis
of generalized cost while passenger congestion constitutes
one part of the cost. Meanwhile, we consult the form of
generalized cost function used in [26]. Combining what

is referred altogether, the cost of a route is determined as
follows:

GC = (𝜂∑𝑇 ⋅ 𝑘 + 𝐹) ⋅ 𝑞

𝑉 ≤ MC,
(12)

where GC is generalized cost; 𝑇 is mean SST; 𝐹 indicates fees;
𝜂 is value of travel time; 𝑘 indicates discomfort coefficient; 𝑞
is transfer penalty; 𝑉 is passenger volume; MC is maximum
capacity.

As is recommended in [26], it is decided that 𝜂 is 1
unit/min and 𝑘 is defined to be𝑉/𝐶+1, where𝑉/𝐶 is the ratio
of passenger volume to the rated capacity. And if 𝑖 denotes
transfer times, 𝑞 equals 1.5𝑖, while it values 1 unless a transfer
occurs. Traditional capacity-restraint method in this case is
under the condition that OD is divided into 3 parts: 50%,
30%, and 20%, which is the same as that of our modified
method. And the coefficient of assignment 𝛾 values 75% as
recommended. If some routes have the same cost, passenger
flow will be assigned to the route with the fewest transfers
while they share the equivalent flow if their transfer times
are the same. All routes that are feasible to be assigned are
listed in Table 4 which provides the cost update during the
assignment.These exclude the routeswith toomuch cost (e.g.,
route 1 → 3 → 6 → 7 → 12 with the cost of 46.5 units)
and reverse routes (e.g., route 1 → 5 → 9 → 5 → 6).
Table 5 presents how our assignment method performs in
each OD share, and results of the assigned passenger flow are
shown in Figure 8.

5. Discussions

As for the independence predetermination, it is hoped that
the indicator of time independence 𝛼 is small when an urban
transit network has low timeuncertainty.Meanwhile, chances
are that time independence is valid when 𝛼 is small; to be
specific, 0 < 𝛼 < 0.5. Therefore, the most ideal situation
is 0 < 𝛼 < 0.5 when the transit network has low time



10 Mathematical Problems in Engineering

1 2 3 4

8765

9 10 11 12

725 725 425

425

425
75

75

75

475

160 160

160

315

Line ①
Line ②
Line ③

(a) Passenger volume obtained by the modified method
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(b) Passenger volume obtained by traditional method

Figure 8: Results of transit assignment.

Table 5: Process of passenger flow assignment.

Transit route 50% OD
share

30% OD
share

20% OD
share

1 → 2 → 3 400 240 85
1 → 5 → 6 150 30 60
1 → 9 → 10 → 6 50 90 20
1 → 2 → 3 → 4 → 12 250 150 25
1 → 5 → 6 → 7 → 12 0 0 75
Note: routes in Table 4 that are assigned zero flow during the process are not
listed in this table.

uncertainty and network models requiring time indepen-
dence, like MNP-based assignment models, can probably be
used. With regard to the modified capacity-restraint method,
it has proved to be more accurate than the traditional
one. Heuristic assignment algorithms like capacity-restraint
method are more common in engineering practice, so the
modified method with the same time complexity as that of
the traditional method is highly prospective. Comparing our
assignment methods with equilibrium ones, it is valueless to
take many SUE models into account when time indepen-
dence is not valid. But the assertion is hard to be made that
the modified heuristic model will be more accurate than SUE
models when 0 < 𝛼 < 0.5. Anyhow, the two methods we put
forward have an advantage over others on simplicity. They
can be adopted in engineering practice in any urban transit
network with basic assumptions satisfied by and large, which
is not a tough requirement.

The results of metropolitan area of Nanjing indicate the
key point before modeling urban transit network. It is the

basic assumptions that researchers should lay great emphasis
on. Instead of asserting that all model assumptions could
be satisfied with qualitative analysis, some quantitative anal-
ysis is also indispensable. The proposed indicator of time
independence along with some statistics of probabilistic tests
exactly plays the role. Some uncomplicated transit survey
mentioned in this paper could be conducted to figure out
these key indicators before selecting reasonable models.

Some basic assumptions could be strengthened with the
development of urban transportation. For assumption (2), big
cities in developing countries are promoting the construction
of transit special lane network. This strategy is aimed at
ensuring “Transit Priority” by providing successive transit
right of way. For assumption (3), separation of different
types of traffic flow is being advocated all over the world
considering efficiency and safety issue. Transit operations are
becoming increasingly steady. For assumption (4), with the
devotion to transit priority at intersections, actuated signal
control systems have a brilliant future. Anyway, the basic
assumptions are aimed at guaranteeing a normal distribution
of SST to the maximum extent. As an adequate alternative of
assumption (4), bus delays at intersectionsmust be very small.

Although it is assumed that SST conforms to normal
distribution when bus links satisfy all the four basic assump-
tions, we could conduct distribution test to confirm the
normal distribution assumption just like the case study in
Nanjing, China. Only in a few cases may such SST at bus
links not conform to normal distribution though there is
no exception in Nanjing. When the assumption of normal
distribution does not pass the test, the modified assignment
method will lose its effect, and the method to predetermine
time independence cannot be used in the whole urban transit
network. However, we can focus on the subnetworks that SST
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at all bus links are tested to conform to normal distribution,
so the predeterminationmethod is able to be adopted in these
subnetworks. In this way, the results of predetermination
could also act as part of evidence to decide the validity of
some models.

Another assumption is made in which the regression
equation between the mean and std of normal distribution
in the Double Logarithmic Coordinate is significant. Never-
theless, this cannot be guaranteed even though all bus links
satisfy those basic assumptions. To obtain high goodness of
fitting, samples could probably be optimized by selecting
locations.This measure is quite flexible, which can make suc-
cessive adjustments in the whole network, and there is a high
chance that a significant regression equation exists character-
izing a transit network that satisfies the basic assumptions.
Even if poor goodness of fitting remains unsettled, which is
not likely to happen, our proposed assignment method will
work all the same if all std of SST at bus links could be
worked out through transit survey. Then, it is evident the
transit network cannot be too large. But in this case, anyhow,
our method to predetermine time independence will become
invalid.

6. Conclusions

A simple method has been proposed to predetermine time
independence of every two adjacent bus links, which can pre-
judge the validity ofmany stochastic networkmodels for pub-
lic transit. Then a modified capacity-restraint transit assign-
ment method is put forward and aimed at engineering prac-
tice when such independence is predetermined to be invalid.

Some basic assumptions have been made to elicit two
direct assumptions to the proposedmethods: First, SST at bus
links conform to normal distribution. Second, the regression
equation between the mean and standard deviation has
high goodness of fitting. These two assumptions are tenable
according to the results inNanjing.Then the indicator of time
independence 𝛼 is proposed to show the predetermination
result. When 𝛼 ≥ 0.5, SST at every two adjacent bus links
interact with each other. When 0 < 𝛼 < 0.5, time indepen-
dence has potential validity that still needs proving. Mean-
while, 𝛼 acts as the slope of the regression equation, which
can reflect the time uncertainty in urban transit network.The
modified assignment method is put forward, which appears
effective when predetermination indicates the validity of time
independence. We introduce the coefficient of assignment 𝛾
and 95% quantile of probabilistic distribution on the basis
of the traditional capacity-restraint method. The traditional
transit networkwith fixed SST at bus links is transformed into
the network with normal distributed SST, which supports the
modified method.

We take good advantage of the data acquired in Nanjing
to conduct a case study. From the result of distribution test,
all the seven bus links conform to normal distribution with
a good significance level of 0.05. Then regression analysis is
made in the Double Logarithmic Coordinate with a large 𝑅-
square of 0.9731 reflecting its significance. The indicator of
time independence or the regression coefficient is 1.1919 that
is larger than 0.5. As a consequence, time independence is

not valid in Nanjing, so many network models could not be
used in the city. Researchers have to turn to other methods.
Finally, the proposed capacity-restraint assignment method
is preliminarily tested by a simple network. Compared with
traditional capacity-restraint method, the modified method
inherits the property of simplicity and has a better perfor-
mance with more sensible results.

Although the findings in this paper are some of engi-
neering practices, this work is limited by some issues. Firstly,
it is very difficult to completely satisfy basic assumption
(4) nowadays. Even if we turn to searching for signalized
intersections with much small bus delays, it may have some
influence on the normal distribution assumption of SST at
bus links. Besides, the sample size in this study is somewhat
limited for the huge workload of data acquisition though
the proposed methodology is of theoretical basis. There are
great numbers of two adjacent links in an urban transit
network, which is not that suitable to acquire SST data
manually.

Further research could focus on how to loosen the
proposed assumptions. Even if normal distribution is invalid,
others like Negative Binomial Distribution and others may
replace it. Different distributions can be introduced to a
network simultaneously, and accordingly the methods of
predetermination and assignment might exist as well, which
is probably complicated to be put into practice yet highly
prospective. In addition, existing approaches could be intro-
duced to have our assignment model well consider the
“common lines” problem aswith the development of previous
heuristic capacity-restraint models. Related details are worth
exploring. Moreover, the validity of the modified assignment
method could be verified using real data of transit passenger
flow before getting adopted by traffic engineers. Last but not
least, work could be continued in the case 0 < 𝛼 < 0.5, and
it is expected that further conclusions concerning the time
independence will be drawn in future.
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We propose a new traffic model which is based on the traditional OV (optimal velocity) car-following model. Here, some realistic
factors are regarded as uncertain quantity, such as the headway distance. Our aim is to analyze and discuss the stability of car-
following model under the constraint of uncertain factors. Then, according to the principle of expected value in fuzzy theory, an
improved OV traffic model is constructed. Simulation results show that our proposed model can avoid collisions effectively under
uncertain environment, and its stability can also be improved. Moreover, we discuss its stability as some parameters change, such
as the relaxation time.

1. Introduction

In the past 60 years, the theory of traffic flow has been gradu-
ally developed and improved.Now, it becomes the foundation
which is used to explain complex traffic phenomena, solve
some difficult traffic problems, and increase the efficiency of
traffic system. A number of theoretical calculations, numer-
ical simulations, and empirical observations are reported.
Even so, the theory of traffic flow still faces many great
challenges of some realistic traffic problems.

In the theory of traffic flow, car-following model is an
important microscopic simulation model which has been
widely extended and applied. Since the car-following model
uses realistic driver behavior and detailed vehicle character-
istics, it can be used to simulate various traffic phenomena
which are observed in realistic traffic [1–3], such as soliton
wave, shock wave, and kink wave. A famous car-following
model is optimal velocity model which was proposed by
Bando et al. in 1995 [4]. Afterwards, many improved and
extended car-following models were reported which were
based on Bando’s model. For example, Helbing and Tilch
found that collision would occur if accelerating rate is too
large; then they derived general force model (GF) [5]. Jiang
et al. studied start process of static motorcade by GF and
proposed full velocity difference model [6]. Li et al. studied

stabilization strategies of relaxation time of driver based on
general nonlinear car-following model [7].

Usually, in railway traffic, there are two kinds of block
modes for controlling the train movement: the fixed block
and moving block modes. With the fixed block mode, the
train movement is controlled by signal lights. However, with
the moving block mode, one train runs following its leading
train with the help of wireless communication. Moving block
modewhich is based on communication is themost advanced
signal control system in the world. At present, it is extensively
used in the urban railway traffic and high-speed railway
traffic. With the moving block mode, train runs at higher
speed and smaller time gap. Figure 1 displays the principle of
train movement with moving block mode.

The key step with moving block mode is about the safety
of train movement. In Figure 1, the safety of train movement
is determined by headway distance between leading train 2
and following train 1:

𝐿
𝐴
= 𝐿
𝐵
+ 𝐿
𝑍
,

𝐿
𝐵
= 𝜏V +

V2

(2𝑏
𝑏𝑟
)
.

(1)

Here, 𝐿
𝐴
is the safe headway distance, 𝜏 is relaxation time,

V is the velocity of train movement, and 𝑏
𝑏𝑟
is the maximum
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Figure 1: The Moving Block Principle.

deceleration. 𝐿
𝑍
is a margin which cannot be less than the

length of whole train.
In realistic traffic, vehicle’s movement is under the con-

straint of many uncertain factors, such as weather, driver’s
judgment, and passenger demand. Recently, such a problem
attracts more and more attention. Zheng et al. studied the
urban pickup and delivery problem in which the velocities of
vehicles were regarded as fuzzy and uncertain [8]. In 2010,
Chen and Zhou proposed a new model called the reliable
mean-excess traffic equilibrium model, in which it reflected
driver’s risk preferences under uncertain environment [9].
Zheng and Van Zuylen proposed a probabilistic delay dis-
tribution model with stochastic arrivals and departures [10].
In railway traffic, the passenger demand and waiting time
usually were considered as uncertain factors, which were
treated as fuzzy variables [11]. Wei et al. proposed location-
scheduling model based on genetic algorithm, where trans-
portation risk was considered as time-dependent fuzzy ran-
dom variables [12]; Yang et al. studied credibility-based
reschedulingmodel in a double-track railway network, where
low-probability incident was taken as uncertain factor [13].

In present work, the headway distance of vehicle is
regarded as fuzzy variable. Based on traditional OV car-
following model, we propose a new OV car-following model.
Since we have accounted for some uncertain factors, our
proposedmodel is more realistic than traditional model.This
paper is organized as follows. In Section 2, traditional OV
car-following model is introduced, our proposed model is
proposed in Section 3, and simulation results are shown in
Section 4. Finally, a conclusion is drawn in Section 5.

2. Optimal Velocity Car-Following Model

In principle, car-following model is a kind of response-
stimulus model, in which a follower tries to maintain a space
gap with its leader. Early car-followingmodels were proposed
by Reuschel and Pipes [14, 15]. In order to account for the
time lag, in 1958, Chandler et al. suggested an improved car-
following model [16]:

�̈�
𝑛
(𝑡 + 𝑇) = 𝜆 [�̇�

𝑛+1
(𝑡) − �̇�

𝑛
(𝑡)] , (2)

where 𝑇 is a response time lag and 𝜆 is the sensitive
coefficient. For a more realistic description, Newell presented
the optimal velocity car-following model [17]:

�̈�
𝑛
(𝑡 + 𝑇) = 𝑉

opt
(Δ𝑥
𝑛
(𝑡)) , (3)

where the function𝑉opt is𝑉opt(Δ𝑥
𝑛
(𝑡)) = V

0
(1−exp[−(Δ𝑥

𝑛
−

𝑥
𝑐
)/(V
0
𝑇
𝑓
)]), Δ𝑥

𝑛
, 𝑥
𝑐
, and V

0
are the headway distance, safe

distance, and the desired velocity, respectively, and𝑇
𝑓
is a safe

time interval characterizing the car-following behavior.
In 1995, Bando et al. proposed a famousOV car-following

model which is written as follows [4]:

�̈�
𝑛
(𝑡) =
1

𝜏
(𝑉

opt
(Δ𝑥
𝑛
(𝑡)) − V

𝑛
(𝑡)) . (4)

Here, 𝑉opt is the desired optimal velocity function. 𝜏 is
the relaxation time. The desired optimal velocity of the 𝑛th
vehicle 𝑉opt

𝑛
is derived as follows:

𝑉
opt
𝑛
=
Vmax
2
{tanh [Δ𝑥

𝑛
(𝑡) − 𝑆

𝑚
] + tanh (𝑆

𝑚
)} . (5)

Here, Vmax is the maximum velocity of vehicles, and Δ𝑥
𝑖
(𝑡) is

the distance between the 𝑖th vehicle and the (𝑖 + 1)th vehicle.
𝑆
𝑚
is called the minimum safety distance.
In fact, the OV car-following model belongs to the

response-stimulation equation. The stimulation is the differ-
ence between the velocity of vehicle and optimal velocity. In
the past decades, OV car-following model attracts more and
more concerns because not only it is simple in numerical
calculation, but also it can be analyzed by using iteration
equation. For instance, the kink-antikink waves can be
obtained.

3. Our Proposed Model

Usually, from road to railway and civil aviation, vehicles
encounter many disturbances of uncertain factors, for exam-
ple, the disturbance of weather, and the error of driver’s
judgment. To a larger extent, these uncertain factors directly
affect vehicles’ movement. In existing research reports, the
influences of these factors are always ignored, especially in
the railway traffic. This directly leads to the fact that the con-
structed simulationmodel ormathematical computations are
not consistent with some realistic observations. Furthermore,
some theoretical results using existing models or methods
have unrealistic defects.

In our proposed model, the headway distance Δ𝑥
𝑛
is

considered as a fuzzy variable. In railway traffic, the headway
distance Δ𝑥

𝑛
is actually the following gap, and it can be

obtained by calculating the distance between two successive
trains. In general, the position of train must be detected
and transmitted to control center uninterrupted. Because of
the errors caused by the detection devices, environments,
or communication system, the position of train cannot be
obtained accurately. This makes the headway distance (i.e.,
the following gap) Δ𝑥

𝑛
be an uncertain value. In this paper,

Δ𝑥
𝑛
is assumed to be a random value. It is divided into two

parts: one part is actual value Δ𝑥
𝑛𝑎
and the other is error 𝑥er.
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Figure 2: The distribution of headway distance for (a) 𝑑
𝑚
= 60 and (b) 𝑑

𝑚
= 20.

Because it is difficult to predict error value, we take 𝑥er as a
random value, and it is calculated by 𝑥er = 𝑑𝑚𝑛𝑟; here, 𝑛𝑟 is a
random number. So, Δ𝑥

𝑛
can be taken as Δ𝑥

𝑛
= Δ𝑥
𝑛𝑎
+ 𝑥er.

Here,Δ𝑥
𝑛𝑎
represents the accurate headway distance between

the 𝑛th vehicle and the (𝑛 + 1)th vehicle. 𝑥er = 𝑑𝑚𝑛𝑟, 𝑑𝑚
represents the maximum error of headway distance, and 𝑛

𝑟

is a random number in the region [−1 1].
In this paper, we apply expected value principle in fuzzy

theory to deal with the fuzzy variable Δ𝑥
𝑛
. Firstly, let 𝑥er

change randomly for 𝑁
𝑚
times from the formula of (5), so

that 𝑁
𝑚
values of 𝑉opt can be obtained. Averaging these 𝑁

𝑚

values of 𝑉opt, a mean value𝑉
𝑟𝑎
is given. Repeating the above

step for 𝑁
𝑛𝑚

times, and then averaging 𝑁
𝑛𝑚

values of 𝑉
𝑟𝑎
, a

desired optimal velocity 𝑉
𝑟𝑝
is obtained.

At time 𝑡, the executed process of the proposedmodel can
be described as follows.

Step 1. Initial parameters are𝑁
𝑟𝑚
= 0 and 𝑉

𝑟𝑚
= 0.

Step 2. Initial parameters are𝑁
𝑟
= 0 and 𝑉

𝑟
= 0.

Step 3. Let 𝑥er change randomly:𝑁
𝑟
= 𝑁
𝑟
+ 1.

Step 4. According to (5), calculating the optimal velocity
𝑉

opt, 𝑉
𝑟
= 𝑉
𝑟
+ 𝑉

opt
.

Step 5. If 𝑁
𝑟
< 𝑁
𝑚
, go to Step 3; else 𝑉

𝑟𝑎
= 𝑉
𝑟
/𝑁
𝑚
, 𝑁
𝑟𝑚
=

𝑁
𝑟𝑚
+ 1, and 𝑉

𝑟𝑚
= 𝑉
𝑟𝑚
+ 𝑉
𝑟𝑎
.

Step 6. If𝑁
𝑟𝑚
< 𝑁
𝑛𝑚
, go to Step 2; else 𝑉

𝑟𝑝
= 𝑉
𝑟𝑚
/𝑁
𝑛𝑚
.

In our method, the boundary condition is open. From
the site 𝑥 = 1 to the site 𝑥 = 𝑆

𝑚
, if there is no vehicle

with the region [0, 𝑆
𝑚
], a vehicle with the velocity V

𝑛
= 0

is created at the site 𝑥 = 1. The newborn vehicle immediately
moves according to the proposedmodel. At the site𝐿, vehicles
simplymove out of the simulated system.𝐿 is the length of the
considered simulated system.

4. Numerical Computation

We use the proposed OV car-followingmodel to simulate the
evolution of traffic flow in single-lane railway traffic. Here, all

vehicles must move and only the minimum safety distance
𝑆
𝑚
is kept among them. In railway traffic, the minimum safe

distance is calculated by 𝑆
𝑚
= 𝜏𝑉max + 𝑉max

2

/2𝑏max + Δ𝑥mag.
Here, 𝜏 is relaxation time,𝑉max is maximum speed, 𝑏max is the
maximum deceleration, and Δ𝑥mag is margin which is fixed.
According to this formula, when 𝑉max and 𝑏max are constant,
𝑆
𝑚
is constant too. The length of the simulated system is set

to be 𝐿 = 2000, and the maximum iteration time step is 𝑇 =
1000. A station is designed at the middle site of the simulated
system. At the station, all vehicles should stop for the same
time 𝑇

𝑑
and then leave. 𝑇

𝑑
is called the dwell time (red light

time). The parameters Vmax, 𝑆𝑚, 𝜏, and 𝑇𝑑 are taken as 10, 70,
2.5, and 5, respectively.

In reality traffic, the safety factor is very important in
which collisions between two vehicles must be avoided. This
means that the distance between two successive vehicles
must be larger than the minimum safety distance. In order
to investigate the evolution of traffic flow under uncertain
environment, we use the proposed OV car-following model
to simulate the vehicle’s movements. The uncertain environ-
ment is completed by Δ𝑥

𝑛
= Δ𝑥

𝑛𝑎
+ 𝑥er. After sufficient

transient, we begin to record the traffic series of the headway
distance at a given time 𝑡, {𝐷

𝑖
}, where 𝐷

𝑖
is the distance

from the 𝑖th vehicle to the (𝑖 + 1)th vehicle. Figure 2 shows
the distribution of the headway distance 𝐷

𝑖
at 𝑡 = 600. In

Figure 2, the minimum safety distance 𝑆
𝑚
is indicated by the

dotted line, and the simulation results are drawn by the dash-
dot line. Figure 2(a) displays the fact that the distribution
of headway distance is less than 𝑆

𝑚
, and most of headway

distances are within the region [20, 60]. When 𝑑
𝑚
is equal to

20, the distribution of headway distance shown in Figure 2(b)
is larger than 50. Comparing Figure 2(a) with Figure 2(b), we
can conclude that as 𝑑

𝑚
is larger, the probability of collisions

among trains is higher. In this case, the safety of train becomes
worse.

Applying excepted value principle, the train’s velocity can
be optimized. So we use such a method to deal with the
vehicle’s velocity under uncertain condition. The simulation
environment is the same as that adopted in Figure 2(a).
Figure 3 shows the distributions of optimized headway dis-
tance under 𝑑

𝑚
= 60. In Figure 3, we can see that although

most of the simulation results are still smaller than 𝑆
𝑚
, the



4 Mathematical Problems in Engineering

4 6 8 10 12 142
Train

10
20
30
40
50
60
70
80
90

H
ea

dw
ay

 d
ist

an
ce

Figure 3: The distribution of headway distance under the excepted value principle for 𝑑
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Figure 4:The distribution of headway distance of a single tracked train for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with the

excepted value principle.

values of headway distance vary slowly within the region
[50, 80]. Compared to Figure 2(a), it is obvious that our
proposed model which uses the expected value principle can
effectively improve the safety of train.

In order to further study the safety of train, the headway
distance 𝐷(𝑡) of one tracked train is measured. Here, 𝐷(𝑡) is
the distance from the tracked train to its leading train at time
𝑡. Figure 4 shows the simulation results of the tracked train
which departs at the time 𝑡 = 600. From Figure 4(a), it is
clear that most of distance𝐷(𝑡) is smaller than the minimum
safety distance. Moreover, within some time intervals, the
headway distance of tracked vehicle is zero. In this case,
collision occurs. The result demonstrates that train travelling
is very dangerous under the uncertain condition. Figure 4(b)
shows the headway distance 𝐷(𝑡) of the tracked train. Here,
although 𝐷(𝑡) is still smaller than the minimum safety
distance, they are larger than 50. Moreover, it also shows that
the values of 𝐷(𝑡) change slowly. In this case, the travelling
comfort is also improved.

In the theory of traffic flow, the stability of traffic model
is a major character. In general, the stability of traffic model
is described by the variation amplitude of the headway
distancewhich is got by calculating the difference between the
maximum value and average value of the headway distance.
Figure 5(a) shows the variation amplitude of a tracked train at
all time under the uncertain environment. Here the variation

amplitude of the headway distance iswithin the region [0, 50].
However, from Figure 5(b), the amplitude of the headway
distance varies within the region [0, 20], and most of the
values are less than 10. Numerical results indicate that not
only the collision can be avoided, but also the fluctuation of
amplitude is small compared with Figure 5(a). This means
that the stability of the tracked train simulated using our
proposed car-following model is improved.

In order to further study the stability character of train
travelling, the variation amplitude of headway distance of
all trains at a given time is measured. Figure 6 shows the
results in which the variation amplitude of headway distance
is obtained at 𝑡 = 600. The variation amplitude of the
headway distance using the excepted value principle shown
in Figure 6(b) is small and slow, and it is less than that shown
in Figure 6(a). In terms of the simulation results which are
shown in Figure 6, we can conclude that train travelling is
not stable under the uncertain factor, but the situation can
be improved using our proposed model where the expected
value principle is used.

We study the stability of one tracked train. The variation
acceleration of the tracked train which departs at 𝑡 = 600
is measured. Figure 7(a) shows that the acceleration of the
tracked train varies sharply and frequently. It demonstrates
that the tracked train cannot obtain stable travelling. From
Figure 7(b), the amplitude of the acceleration is within a small
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Figure 5: The variation amplitude of headway distance of a tracked train for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with

the excepted value principle.
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Figure 6: The variation amplitude of headway distance of all trains for 𝑑
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= 60 (a) without the excepted value principle and (b) under the
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Figure 7: How the acceleration varies with the time for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with the excepted value

principle.

region [−1, 1]. Most of the measured values are far smaller
than 0.5. This means that the driver only needs to adjust the
velocity of the tracked train simulated using our proposed
model, and the stability of train travelling can be enhanced.

Relaxation time 𝜏 is one of the major parameters of
car-following model which describes the response extent of
the driver. In general, the driver’s response greatly affects
the train travelling. In theory, as the relaxation time is
larger, the response of driver is slower. Figure 8 shows the
variation amplitude of headway distance of one tracked train

for different relaxation time. Here, the headway distance is
uncertain. Comparing Figure 8(a) with Figure 8(b), it is clear
that the values of amplitude shown in Figure 8(a) are larger
than that shown in Figure 8(b). It indicates that the stability
of train traveling at 𝜏 = 1 is better than 𝜏 = 4. The simulation
results are consistent with some observation results.

When the excepted value principle is applied to our
proposed car-following model, how the variation amplitude
changes with the relaxation time varies. Figure 9 shows the
variation amplitude of one single tracked train for different
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Figure 8: The variation amplitude of headway distance of one tracked train for 𝑑
𝑚
= 60. (a) 𝜏 = 4 and (b) 𝜏 = 1.
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Figure 9: The variation amplitude of headway distance under the excepted value principle for (a) 𝜏 = 4 and (b) 𝜏 = 1.

time 𝜏, where the excepted value principle is used. Here
we can see that there is no obvious oscillation which is
similar to that shown in Figure 8. Moreover, we observe
that the overall values of Figure 9(b) are smaller than that
shown in Figure 9(a).The results further demonstrate that the
quick response of driver contributes to the stability of train
travelling.

In Figures 8 and 9, we find that even if one train has a
greater acceleration, the stability of system consisting ofmany
trains is good. The reason is that, in our paper, the stability
of train movement is described by the difference among the
headway distances of tracked trains. So the stability is used to
investigate the systematic character of many trains.

5. Conclusion

In summary, we use an extended OV car-following model
to simulate the evolution of traffic flow under uncertain
condition. Here, the headway distance of train is regarded as
fuzzy variable. The simulation results demonstrate that not
only the disturbance of uncertain factors can be overcome
effectively, but also the stability character of our proposed
model can be improved.

We also discuss that the relaxation time affects the stabil-
ity based on the proposed model. The stability is improved

with the shortening of the relaxation time. Because optimiz-
ing of the excepted value principle weakens the influence of
error headway distance, the improvement of stability under
the excepted principle is not very obvious.

Here, we only take a simple uncertain factor into account;
however, some complex factors, such as the resistance force
of vehicle movement and the disturbance of wind and sand,
are not considered. Even so, we provide a good way to handle
the uncertain factor in the theory of traffic flow. We will do
them in our future works. Moreover, our results are useful for
optimizing the design and plan of urban traffic system.

At present, there are some better extensions of the OV
model, such as the FVD [18] model and MMVD model [19].
Although they are mainly applied for the road traffic, they
may be good for solving some railway traffic problems.
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Queue length is an important index of the efficiency of urban transport system. The traditional approaches seem insufficient for
the estimation of the queue length when the traffic state fluctuates greatly. In this paper, the problem is solved by introducing the
Cell Transmission Model, a macroscopic traffic flow, to describe the vehicles aggregation and discharging process at a signalized
intersection. To apply themodel to urban traffic appropriately, some of its rules were improved accordingly. Besides, we can estimate
the density of each cell of the road in a short time interval. We, first, identify the cell, where the tail of the queue is located. Then,
we calculate the exact location of the rear of the queue. The models are evaluated by comparing the estimated maximum queue
length and average queue length with the results of simulation calibrated by field data and testing of queue tail trajectories. The
results show that the proposed model can estimate the maximum and average queue length, as well as the real-time queue length
with satisfactory accuracy.

1. Introduction

It has been generally recognized that the vehicular queue
length is a crucial quantitativemeasure used in the evaluation
of the performance of signalized intersections [1–3] and
signal optimization [4–9]. Due to the importance of this
traffic parameter, many scholars studied this topic, and their
proposed models can be classified into three types: input-
output accumulation curvemethods, statistical methods, and
the shockwave theory.

The first type models are based on the construction of
accumulation curves by means of analysis of vehicles input-
output to a signal link, where vehicles between two curves
are accounted for as being in a queue. The method was
first demonstrated by Webster [4] and later improved by
many scholars [5, 10–12]. Although such models are widely
used to calculate the queue length, it is hard to obtain the
real-time queue length. In addition, the accumulation input-
output curve is difficult to structure under complex traffic
conditions. Therefore, such methods are limited in their
ability to describe complex queuing processes.

According to statistics methods, the vehicle arrival and
release processes are regarded as some certain probability

distributions, where the queue length is the mathematical
expectation of the difference between the numbers of arriving
and released vehicles [13]. Usually, such methods are used
for steady-state traffic flows, because the distribution should
change in different traffic states. Commonly, it is assumed
that the arrival distribution follows the Poisson distribution
[14] under free flow and negative binomial distribution under
saturated flow [15]. In other words, the robustness of such
models is not strong enough, as they cannot adapt to the
situation when traffic state changes irregularly, such as in the
real world.

The shockwave theory is another powerful tool used in
queue length estimation, which was proposed by Lighthill
and Whitham [16, 17] and Richards [18] to describe the
queuing process of uninterrupted traffic flows on freeways.
Later, Stephanopoulos et al. [19] expanded the theory for con-
tinuum traffic flows at signalized intersections. The validity
of this method was proved by many scholars [20, 21]. These
elegant theoretical models only perform well in the situation
when the traffic flow can be regarded as a steady flow macro-
scopically. For example, such models assume that vehicle
flows transform from one state to another instantaneously.
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Given these observations, the common deficiencies of
current methods can be described as their inability to obtain
the real-time spatial distribution of queue lengths when
traffic flows constantly change. To solve this problem and
describe traffic flows at signalized intersections, a discrete
macroscopic traffic flowmodel, the Cell TransmissionModel
(CTM), is introduced in this paper. The model was proposed
by Daganzo [22]. This method can be used to describe traffic
changes over time and space, including transient phenomena
such as building, propagation, and dissipation of queues.The
CTM can overcome computational difficulties caused by the
substitution of difference equations for partial differential
equations. The method automatically generates appropriate
changes in the density at locations where the hydrodynamic
theory produces shockwaves and sudden changes in the
density, those typically seen at the end of a queue. Therefore,
complex calculations required by classical methods are elim-
inated.

The CTM of motorway traffic is a discrete version of the
simple continuum model of traffic flow that is convenient
for computer implementations.The first order hydrodynamic
model of traffic flow can be programmed using cell trans-
mission scheme sending and receiving functions. Muñoz
et al. [23] proposed a semiautomated method to calibrate
the parameters of the model. According to the authors, a
least-square fitting approach is applied to the loop detector
data to determine free-flow and congestion speeds, as well as
jam densities for specific subsections of a freeway segment.
Bottleneck capacities are estimated by measuring mainline
and onramp flows. Sun et al. [24] applied themixture Kalman
filtering to the CTM.Their method is able to estimate vehicle
densities and congestion statuses at locations, which are not
directly observed. The program runs efficiently, making it
possible to carry out estimations in real time. Tampère and
Immers [25] proposed another traffic estimation and predic-
tion model based on the CTM. In their model, they provided
parameters for automatic estimation of traffic conditions.
Hadiuzzaman and Qiu [26] utilized the CTM in variable
speed limit on freeways. They developed an analytical model
based on the CTM capable of describing active bottlenecks,
where the capacity drops once the incoming flow exceeds the
capacity, and variable free-flow speeds in cells operated using
VSL control.

Kim and Keller [27] and Pohlmann and Friedrich [28]
introduced theCTM to the problemof traffic control in urban
networks. They use the CTM to model the effects of different
signal settings. The model is capable of adapting every 15
minutes to the currently estimated traffic and optimizing
signal plans and coordination according to the demand in
the network. Xie et al. [29] formalized the description of
the urban CTM and evaluated its capability to model traffic
volumes and jams using a microscopic traffic simulator.
The CTM was further extended by Chiou and Huang [30]
to describe hybrid traffic flows on urban roads. In their
work, the mixed traffic CTM is proposed to replicate traffic
behavior on Asian urban streets, where mixed traffic of cars
and motorcycles is prevailing. The mixed CTM uses the
ratio of cars to motorcycles in the last upstream cell to

determine the amount of roadway resources allocated to cars
and motorcycles.

Therefore, the advantages of the CTMcan be summarized
as follows:

(1) Satisfactory performance for description of traffic
phenomena such as the queuing process and traffic
wave propagation.

(2) Relative simplicity for modeling, compared to tra-
ditional traffic flow models, which is convenient for
applications using computer programs.

(3) Flexibility for applications, since the traffic param-
eters can be estimated for both online and offline,
which ensures that the queue length can be estimated
in time.

The objective of this paper is to provide a strong approach
to real-time queue length estimation. We focus on obtaining
the maximum and average queue length within a signal cycle
and tracking the queue tails trajectories. The performance of
the proposed methodology partly relies on the traffic flow
theory used for describing queuing processes at signalized
intersections. Therefore, the CTM was tested to check its
adaptation to traffic flows at signalized intersections. Accord-
ingly, some rules were modified to adapt the original model
to urban roads. Besides, the density plays an important role
in queue length estimation within a discrete time interval.
The density in each cell is analyzed to identify the queue tail
cell and eventually calculate the exact position in this cell.
It is worth mentioning that the fixed detectors of traditional
signal control systems (such as SCOOT) can provide the data
required by the proposed model.

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the Cell Transmission Model, test it
using numerical simulations, and modify it accordingly. In
Section 3, we present an estimation mode of queue length
and the general formula for queue length calculation. We
also discuss three special cases. In Section 4, we show the
testing results, including the comparison of the average and
maximum queue lengths obtained in estimations and their
corresponding real values, and the results on the trajectories
of queue tails. Section 5 discusses some limitations of our
approach and presents future work.

2. Proposed Model for Traffic
Flow Description

The traditional Cell Transmission Model partitions a one-
way road into several, say 𝐼, homogenous cells. The length
of each cell is equal to the distance traveled by free-flowing
traffic in a time interval 𝑇. So, in the case of free flow, all the
vehicles travelling at the maximum speed canmove from one
cell to the next one in the unit time interval. In each cell 𝑖
during time period 𝑘, the density is approximated by 𝜌

𝑖
(𝑘),

and the exit flow 𝑞
𝑖
(𝑘) is expressed as the minimum between

the upstream demand and the downstream supply.
To describe the traffic flow at a signalized intersection,

two modifications in the model are proposed. The first
modification concerns the rules for the end downstream cell
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Figure 1: Transmission mechanism.

during the red and green phases separately. The second one
modifies the rules for the discharging process of the queue
based on numerical simulation analysis.

2.1. Density Dynamics. To apply the CTM in the case of traffic
flows at signalized intersections, we assume that the road,
from the loop detector upstream to the stop line downstream,
is divided into homogeneous cells, and the length of each cell
is defined as 𝐻

𝑖
. Figure 1 illustrates the vehicle transmission

mechanism.
In period 𝑘 + 1, the number of vehicles in cell 𝑖, 𝑛

𝑖
(𝑘 + 1),

decreases by the number of exiting vehicles and increases by
the number of entering vehicles, which can be written as

𝑛
𝑖
(𝑘 + 1) = 𝑛

𝑖
(𝑘) + 𝑦

𝑖
(𝑘) − 𝑦

𝑖+1
(𝑘) , (1)

where 𝑦
𝑖
(𝑘) represents the number of vehicles travelling into

cell 𝑖 from 𝑘 to 𝑘 + 1. The number of vehicles in cell 𝑖 and
travelling between two cells can be represented using basic
traffic parameters, the density and traffic flow, respectively:

𝑛
𝑖
(𝑘) = 𝜆 ⋅ 𝜌

𝑖
(𝑘) ⋅ 𝐻

𝑖
, (2)

𝑦
𝑖
(𝑘) = 𝑞

𝑖
(𝑘) ⋅ 𝑇, (3)

where 𝜌
𝑖
(𝑘) represents the traffic density in cell 𝑖 for each lane,

from 𝑘 − 1 to 𝑘; and 𝑞
𝑖
(𝑘) represents the traffic volume from

cell 𝑖 − 1 to cell 𝑖 in the last time interval for each lane. Here, 𝜆
means the number of lanes;𝐻

𝑖
refers to the length of the cell

V
𝑓
⋅ 𝑇.
Using (1), (2), and (3), we can derive the relationship

between 𝜌
𝑖
(𝑘) and 𝑞

𝑖
(𝑘), with the density dynamics expressed

by

𝜌
𝑖
(𝑘 + 1) = 𝜌

𝑖
(𝑘) +

𝑇

𝜆 ⋅ 𝐿
𝑖

(𝑞
𝑖
(𝑘) − 𝑞

𝑖+1
(𝑘)) . (4)

The traffic flow between two adjacent cells depends on the
space in the downstream cell and demand of the upstream
cell, as well as the capacity of each cell𝑄max. In the traditional
CTM, traffic running in each cell is characterized by the FD
shown in Figure 2. In the linear fundamental diagram, from
the origin to point 𝐴, the traffic flow is free, and vehicles
travel at maximum velocity. Between points 𝐴 and 𝐴, traffic
becomes congested, and the traffic volume stays at the level of
capacity, instead of increasing alongwith the growing density.
From point 𝐴, the traffic flow switches to a jam, and the
shockwave starts to propagate to the upstream.

The interpretation of the demand and supply functions
can be illustrated as follows. If the cell density 𝜌

𝑖
(𝑘) is
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Figure 2: Fundamental diagram of the Cell Transmission Model.

lower than the density of 𝜌
𝑎
, cell 𝑖 demands space from its

downstream cell (𝑖+1) for a flow of V
𝑓
⋅ 𝜌
𝑖
(𝑘), where V

𝑓
means

the velocity of the free flow. Otherwise, not all vehicles can
travel to the downstream cell even at the saturation flow rate,
because of the limitation of capacity. The demand for space
from the upstream cell (𝑖 + 1) for a flow of 𝜙

𝑖
(𝑘) is expressed

as

𝜙
𝑖
(𝑘) =

{

{

{

𝜆 ⋅ V
𝑓
⋅ 𝜌
𝑖
(𝑘) , if 𝜌

𝑖
(𝑘) < 𝜌

𝑎
,

𝑄max, if 𝜌
𝑖
(𝑘) ≥ 𝜌

𝑎
.

(5)

If the spare space in cell 𝑖 is enough for the coming
vehicles from cell 𝑖 − 1, it provides space to the upstream for
saturated traffic flow. Alternatively, if the shockwave occurs,
the supplied space will be less than the traffic capacity. The
supply for the upstream cell for a flow of 𝜑

𝑖
(𝑘) can be written

as follows:

𝜑
𝑖
(𝑘) = min

{

{

{

𝑄max,

𝜆 ⋅ 𝑤
𝑐
⋅ (𝜌
𝐽
− 𝜌
𝑖
(𝑘)) .

(6)

Having the supply and demand function, we can calculate
the traffic volume in those cells using the following function:

𝑞
𝑖
(𝑘) = min {𝜙

𝑖−1
(𝑘) , 𝜑

𝑖
(𝑘)}

= min {V
𝑓
⋅ 𝜌
𝑖−1
(𝑘) , 𝑄max, 𝑤𝑐 ⋅ (𝜌𝐽 − 𝜌𝑖 (𝑘))} .

(7)

Now, knowing the density and flux values in the given
time interval, using (7), the density evolution in all cells can
be estimated using (4). The proposed traffic flow model can
be implemented for any number of cells in the same manner
as explained above.

2.2. Output for Boundary Cells at Signalized Intersection. For
finite roads, boundary conditions can be specified by means
of input and output cells.The input flow can be obtained from
the loop detector directly, which is discussed further in the
following section on implementation. Either the data from a
fixed detector or signal timing at the intersection can model
the output flow. Because the data is assumed to be collected
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by the SCOOT system in this paper, there is no detector at
the stop line. Therefore, another estimation method for the
output cell, using signal timing parameters, is proposed.

Since in the traditional CTM signal control is not con-
sidered, we provide further analysis for the output cell during
the red and green phases.When the signal light is red, none of
the vehicles can pass the stop line. Therefore, the traffic flow
is zero, although there can be significant supply in each cell
𝑖 + 1 due to its upstream cell 𝑖. The supply and demand space
can be written as follows:

𝜙
𝑟

𝐼
(𝑘)

=
{

{

{

𝜆 ⋅ V
𝑓
⋅ 𝜌
𝐼
(𝑘) , if 𝜌

𝐼
(𝑘) < 𝜌

𝑎
, 𝑘 ∈ redphase,

𝑄max, if 𝜌
𝐼
(𝑘) ≥ 𝜌

𝑎
, 𝑘 ∈ redphase,

𝜑
𝑟

𝐼+1
(𝑘) = 0, if 𝑘 ∈ redphase,

(8)

where 𝜙𝑟
𝐼
(𝑘) means the demand space from cell 𝐼 + 1 and

𝜑
𝑟

𝐼+1
(𝑘) represents the supply space for cell 𝐼when 𝑡 represents

the red phase.
When the signal switches to green, at the beginning, the

vehicles enter the intersection at the saturation flow rate.
During the end of the green phase, the output flow depends
on the density of the output cell. If the density is larger than
its critical density, the output flow is still at the saturation rate.
Otherwise, the vehicles leave the cell at the rate of V

𝑓
⋅ 𝜌
𝐼
(𝑘).

Regarding the supply space in cell 𝐼, as there is no block
downstream, it can be regarded as plus infinity, as shown in
Figure 3. This can be expressed as follows:

𝜙
𝑔

𝐼
(𝑘)

=
{

{

{

𝜆 ⋅ V
𝑓
⋅ 𝜌
𝐼
(𝑘) , if 𝜌

𝐼
(𝑘) < 𝜌

𝑎
, 𝑘 ∈ greenphase,

𝑄max, if 𝜌
𝐼
(𝑘) ≥ 𝜌

𝑎
, 𝑘 ∈ greenphase,

𝜑
𝑔

𝐼+1
(𝑘) = +∞, if 𝑘 ∈ greenphase,

(9)

where 𝜙𝑔
𝐼
(𝑘) means the demand space from cell 𝐼 + 1 and

𝜑
𝑔

𝐼+1
(𝑘) represents the supply space in cell 𝐼 when 𝑘 is in the

green phase.

Thus, the traffic flow functions for the output cell can be
written as follows:

𝑞
𝐼+1
(𝑘)

=
{

{

{

min {𝜙𝑟
𝐼
(𝑘) , 𝜑

𝑟

𝐼+1
(𝑘)} if 𝑘 ∈ redphase

min {𝜙𝑔
𝐼
(𝑘) , 𝜑

𝑔

𝐼+1
(𝑘)} if 𝑘 ∈ greenphase

=
{

{

{

0 if 𝑘 ∈ redphase

min {𝜆 ⋅ V
𝑓
⋅ 𝜌
𝐼
(𝑘) , 𝑄max} if 𝑘 ∈ greenphase.

(10)

2.3. Modification of the CTM. Since the original model was
developed for freeways, a numerical simulation to check its
correctness in describing of vehicle aggregation at signalized
intersections is necessary. To be closer to real situations, the
following parameters are assumed in the simulation: a one-
way road with three lanes, the maximum traffic density on
road being 0.4332 veh/m, the critical traffic density being
0.1 veh/m, the length of each cell being 60m, and the number
of these cells being 8. At each time interval of 4 seconds,
the density values of all cells were estimated using a Matlab
program implementing the discussion above.

As shown in Table 1, the increase in density values means
the aggregation of vehicles, and the decrease in density values
refers to the release of vehicles. Therefore, to a certain extent,
the basic CTM can describe the queue process qualitatively.
However, it is noticeable that the density evolutions in cells
are different from each other during the process of queue
discharging. It becomes clear in Table 1, which shows the
density values in each cell from 419 s to 520 s. In cell 8, the
density values changed to the critical density within 40 s and
in cells 7, 6, and 5 within 60 s, 76 s, and 84 s, respectively.
However, according to the assumption of the CTM, the cells
of the road are homogenous, so that the density evolutions
should be similar, and the time discussed above has to be
approximately equal for each cell. So, the basic model should
be modified to describe the queue discharging process.

The analysis of the real queue release process shows that
the vehicles in the output cell leave first, and the vehicles in
the immediate upstream cell cannot flow into the output cell
until the density gets close to the critical density. This rule is
applied to every cell up to the queue tail cell. During the queue
discharging process, the traffic density in the downstream
is larger than both the upstream and critical densities. The
function of flow can be written as follows:

𝑞
𝑖
(𝑘) =

{{{{{

{{{{{

{

0, if 𝜌
𝑖−1
(𝑘) > 𝜌

𝑖
(𝑘) , 𝐻

𝑖
⋅ 𝜌
𝑖
(𝑘) − 𝑄max ⋅ 𝑇 > 𝜌𝑏,

(𝜆 ⋅ (2 ⋅ 𝜌
𝑏
− 𝜌
𝑖
(𝑘)) ⋅ 𝐻

𝑖
)

𝑇
, if 𝜌

𝑖−1
(𝑘) > 𝜌

𝑖
(𝑘) , 𝐻

𝑖
⋅ 𝜌
𝑖
(𝑘) − 𝑄max ⋅ 𝑇 < 𝜌𝑏,

min {𝜆 ⋅ 𝜌
𝑖
(𝑘) V
𝑖
(𝑘) , 𝑄max, 𝜆 ⋅ (𝜌𝑗 − 𝜌𝑖 (𝑘)) ⋅ 𝐻𝑖} , else.

(11)

The density values were generated once again according
to the modified model, by using a Matlab program. The
results are shown in Figure 4.

As can be clearly seen in Figure 4, the slopes of contour
line are similar during the queue discharging process, which
means the evolutions of density in the cells are similar to each
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Figure 3: FD for cell 𝐼 + 1 during the green phase.

Table 1: Density values evolution based on the basic model.

𝑡 (s) Cell
2 3 4 5 6 7 8

412 0.1884 0.4332 0.4332 0.4332 0.4332 0.4332 0.4332
416 0.1884 0.4332 0.4332 0.4332 0.4332 0.4332 0.3332
420 0.1884 0.4332 0.4332 0.4332 0.4332 0.4032 0.2632
424 0.1884 0.4332 0.4332 0.4332 0.4242 0.3612 0.2143
428 0.1884 0.4332 0.4332 0.4305 0.4053 0.3171 0.18
432 0.1884 0.4332 0.4324 0.4229 0.3789 0.276 0.156
436 0.1884 0.433 0.4296 0.4097 0.348 0.24 0.1392
440 0.1883 0.4319 0.4236 0.3912 0.3156 0.2098 0.1274
444 0.1879 0.4294 0.4139 0.3685 0.2838 0.1851 0.1192
448 0.1868 0.4248 0.4003 0.3431 0.2542 0.1653 0.1134
452 0.1842 0.4174 0.3831 0.3164 0.2275 0.1497 0.1094
456 0.1795 0.4071 0.3631 0.2898 0.2042 0.1376 0.1066
460 0.1717 0.3939 0.3411 0.2641 0.1842 0.1283 0.1046
464 0.1599 0.3781 0.318 0.2401 0.1675 0.1212 0.1032
468 0.1434 0.3601 0.2946 0.2183 0.1536 0.1158 0.1023
472 0.1214 0.3404 0.2717 0.1989 0.1423 0.1118 0.1016
476 0.0936 0.3198 0.2499 0.1819 0.1331 0.1087 0.1011
480 0.0596 0.2989 0.2295 0.1673 0.1258 0.1064 0.1008
484 0.0193 0.278 0.2108 0.1548 0.12 0.1047 0.1005
488 0 0.2306 0.194 0.1444 0.1154 0.1035 0.1004
492 0 0.1589 0.1791 0.1357 0.1118 0.1025 0.1003
496 0 0.0827 0.1661 0.1285 0.109 0.1019 0.1002
500 0 0.0025 0.1548 0.1227 0.1069 0.1014 0.1001
504 0 0 0.0642 0.1179 0.1052 0.101 0.1001
508 0 0 0 0.0837 0.104 0.1007 0.1001
512 0 0 0 0 0.0879 0.1005 0.1
516 0 0 0 0 0 0.0885 0.1
520 0 0 0 0 0 0 0.0886

other. This result is similar to some traditional traffic flow
theories, which indicates that themodifiedmodel can be used
to depict the discontinuous flow at intersections with signal
control.
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Figure 4: Density evolution based on the modified model.
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Figure 5: Density values evolution in a signal cycle.

3. Queue Estimation Model

This research proposes a real-time queue estimation model
that aims to identify the point where the tail of the queue
is located at every moment. Further, the maximum and
average queue length can be calculated based on the real-
time queue lengths. There are two steps according to the
proposed method. The first step is to identify the cell where
the tail of the queue is located, based on the density values
in every cell. In the second step, the exact queue tail point is
identified based on the density distribution in the cell selected
in the first step. To overcome traffic density abrupt changes,
it is assumed that in the queue tail cell the traffic density
transforms into another state linearly. The formulation and
analysis of this linear change are presented in Section 3.2.

3.1. Queue Tail Cell Identification. To understand the queue
discharging process, a typical cycle of the evolution of cell
density is shown in Figure 5. Similar processes are repeated
in all cycles.

Thequeue starts to discharge at the beginning of the green
phase, and the densities of cells between the stop line and
queue tail are equal to the jam density. While discharging,
some densities in those downstream cells become critical,
while other upstream cells are still under the jam condition.
Sometime after the green light started, the maximum queue
length is achieved, and at this moment, all the densities of
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Figure 6: Vehicles spatial distribution in queue tail cell.

the downstream of the queue tail cell are equal to the critical
density. Therefore, it can be concluded that if the cell 𝑖 and
all its downstream cell densities are larger than the critical
density and if the upstream cell densities are lower than the
critical density, the queue tail locates in cell 𝑖 or cell 𝑖 − 1.

Further, to analyze whether the queue tail still stays in cell
𝑖 or moves to cell 𝑖−1, the demanded space from cell 𝑖−1 and
the supplied space from cell 𝑖 should be compared. If all the
last time interval vehicles of cell 𝑖 − 1, 𝑛

𝑖−1
(𝑘 − 1), flow into

cell 𝑖 in this time interval, it suggests that the traffic flow is
free and the queue tail is still in cell 𝑖. Otherwise, the tail of
the queue is located in cell 𝑖 − 1. Thus, it can be summarized
that the queue tail is located in cell.

3.2. Method of Queue Length Calculation. To get the exact
point where the tail of the queue is located, it is necessary
to analyze the distribution of the density in the queue tail
cell identified in Section 3.1. The queue tail cell is divided
into a number of homogenous sections. In this paper, the
queue tail is defined as to where the shockwave propagates.
So, the queue length can be estimated as long as the exact
space is identified, whose density is 𝜌

𝑏
. The point 𝐴 in

Figure 2 represents the initial formation of the queue with the
increasing density.

The vehicles in the queue tail cell can be divided into three
categories, according to the difference in densities. The rules
for classification are as follows:

(1) The first category refers to the vehicles that did not
move to the downstream cell in the last time interval,
since the supply space was not enough. They are
shown in Figure 6 as red ones. The density of this
section approximately equals its immediate down-
stream cell 𝜌

𝑖+1
.

(2) The vehicles of the second category are those that
came in the last time interval from the upstream

cell; they meet the first category vehicles tail. Due to
different braking time of the vehicles in this category,
the density 𝜌trans is not uniform, and it gradually
changes from the density of the first category to the
one of the third category vehicles. The vehicles are
indicated as yellow ones in Figure 6.

(3) All other vehicles arrive to the queue tail cell in the
last time interval and do not reach the tail of the first
category vehicles, so that these vehicles do not have
to brake, and their density 𝜌in is approximately that of
the upstream cell in the last interval. The green ones
in Figure 6 represent these vehicles.

According to the analysis above, the density of cell 𝑖 + 1
is greater than the critical density 𝜌

𝑏
and the density of the

third category vehicles is less than 𝜌
𝑏
. Therefore, there must

be a section in the transform area (the second category) with
the density equal to 𝜌

𝑏
, and the location of the queue tail

is shown in Figure 6 as the red line. To calculate the queue
tail location, the numbers of vehicles in the three categories
should be obtained.

The spatial length𝐻
𝑅
, which corresponds to the vehicles

that remained after the last time interval, equals the number
of such vehicles divided by the density of cell 𝑖 + 1, which can
be written as

𝐻
𝑅
=
𝜌
𝑖
(𝑘 − 1) ⋅ 𝐻

𝑖
− 𝑞
𝑖+1
(𝑘 − 1) ⋅ 𝑇

𝜆 ⋅ 𝜌
𝑖+1
(𝑘)

. (12)

The supplied space 𝐻
𝐴
for the vehicles arriving in the

current interval is the rest of the length of the queue tail cell.
As all the vehicles in cell 𝑖 − 1 move into the queue tail cell,
the density of the third category vehicles can be written as

𝜌in,𝑖 (𝑘) =
𝑛
𝑖−1
(𝑘)

𝐻
𝑖−1

. (13)

Although the densities of sections in the transform area
are not uniform, they can be regarded as the average value of
𝜌in,𝑖(𝑘) and 𝜌𝑖+1(𝑘). First, the supplied space𝐻

𝐴
is filled with

vehicles of categories 1 and 2. Second, the vehicles that have
arrived to the queue tail cell in the last time interval consist
of two parts:

𝐻
𝑆
=
𝜒
1
𝜆 (𝜌in + 𝜌𝑖+1 (𝑘)) + 2𝜒2

𝜆2 (𝜌2in + 𝜌in𝜌𝑖+1 (𝑘))
. (14)

The numbers of vehicles in the two parts can be calcu-
lated. The functions can be written as follows:

𝜒
1
= 𝜆
𝜌in,𝑖 (𝑘)

2

𝐻
𝐴
+ 𝜆𝜌in,𝑖 (𝑘) 𝜌𝑖+1 (𝑘)𝐻𝐴 − 2𝜌in,𝑖 (𝑘) 𝜌𝑖 (𝑘) ⋅ 𝑇

𝜌
𝑖+1
(𝑘) − 𝜌in,𝑖 (𝑘)

,

𝜒
2
=
𝑞
𝑖
(𝑘 − 1) ⋅ 𝑇 ⋅ 𝜌

𝑖+1
(𝑘) − 𝜆 ⋅ 𝜌in,𝑖 (𝑘) ⋅ (𝜌in,𝑖 (𝑘) ⋅ 𝐻𝐴 + 𝜌𝑖+1 (𝑘) ⋅ 𝐻𝐴 − 𝜌𝑖 (𝑘) ⋅ 𝑇)

𝜌
𝑖+1
(𝑘) − 𝜌in,𝑖 (𝑘)

.

(15)
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Figure 7: General density distribution in the queue tail cell.

We assume that the densities change from 𝜌
𝑖+1
(𝑘) to

𝜌in,𝑖(𝑘) linearly in the transform area. For further calculations,
the coordinate system is used for the density values and their
positions, as shown in Figure 7.

Point 𝐸 indicates the queue tail position, and its ordinate
value is known as 𝜌

𝑏
. The ordinate value of the line segment

𝐹𝐺 means the density of the first category vehicles, and
point 𝐹 represents the tail of these vehicles with coordinates
(𝜒
1
/𝜆𝜌in,𝑖(𝑘) + 2 ⋅ 𝜒2/(𝜆𝜌𝑖+1(𝑘) + 𝜆𝜌in,𝑖(𝑘)), 𝜌𝑖+1(𝑘)). The line

segment 𝐶𝐷 represents the third category vehicles, and the
coordinates of its starting point 𝐷 are (𝜒

1
/𝜆𝜌in,𝑖(𝑘), 𝜌in,𝑖(𝑘)).

To obtain the coordinates of point 𝐸, its relationship with the
known points 𝐹 and 𝐺 should be established.

As illustrated in Figure 7, Points 𝐷, 𝐸, and 𝐹 are located
on the same line, with the slope that can be written as

𝜒
1
/𝜆𝜌in,𝑖 (𝑘) + 2 ⋅ 𝜒2/ (𝜆𝜌𝑖+1 (𝑘) + 𝜆𝜌in,𝑖 (𝑘)) − 𝜒1/𝜆𝜌in,𝑖 (𝑘)

𝜌
𝑖+1
(𝑘) − 𝜌in,𝑖 (𝑘)

=
𝐻
𝐸
− 𝜒
1
/𝜆𝜌in,𝑖 (𝑘)

𝜌
𝑏
− 𝜌in,𝑖 (𝑘)

.

(16)

The abscissa of point 𝐸 can be obtained using (15) and
(16), as shown below:

𝐻
𝐸

=
(𝜌
𝑏
− 𝜌in,𝑖 (𝑘)) 2 ⋅ 𝜒2

𝜆2𝜌in,𝑖 (𝑘) (𝜌𝑖+1 (𝑘) − 𝜌in,𝑖 (𝑘)) (𝜌𝑖+1 (𝑘) + 𝜌in,𝑖 (𝑘))

+
𝜒
1

𝜆𝜌in,𝑖 (𝑘)
.

(17)

To avoid zero denominators, three cases should be ana-
lyzed according to their physical meanings.

As shown in Figure 8(a), if the density in cell 𝑖 + 1 is
zero, 𝜌

𝑖+1
(𝑘) = 0, then the signal just switched to red and

vehicles begin to accumulate. There are no vehicles in the
downstream cell of the output cell. The traffic density of

output cell 𝐼 becomes jam 𝜌
𝐽
during the red phase, so it can be

assumed that 𝜌
𝐼+1
(𝑘) equals 𝜌

𝐽
until the green phase begins.

In addition, because no vehicles flow into cell 𝐼+ 1, the traffic
flow from cell 𝐼 is zero. So, the function to calculate 𝐻

𝐸
can

be written as follows:

𝐻
𝐸
=

(𝜌
𝑏
− 𝜌in,𝑖 (𝑘)) 2 ⋅ 𝜒2

𝜆2𝜌in,𝑖 (𝑘) (𝜌𝐽 − 𝜌in,𝑖 (𝑘)) (𝜌𝐽 + 𝜌in,𝑖 (𝑘))

+
𝜒
1

𝜆𝜌in,𝑖 (𝑘)
.

(18)

When the input density is zero, 𝜌in,𝑖(𝑘) = 0, it means that
there were no vehicles flowing into cell 𝑖 from cell 𝑖 − 1 in the
last time interval, 𝑞

𝑖
(𝑘 − 1) = 0. According to Figure 8(b), it

can be seen that point 𝐸 does not exist, and the queue tail is
represented by point 𝐹. Therefore, the queue tail is located at
the end of the remaining vehicles from last time interval:

𝐻
𝐸
= 𝐻
𝑅
−
𝑛
𝑖
(𝑘 − 1) − 𝑞

𝑖+1
(𝑘) ⋅ 𝑇

𝜆 ⋅ 𝜌
𝑖+1
(𝑘)

. (19)

Because the density value cannot be negative, 𝜌
𝑖+1
(𝑘) is

equivalent to 𝜌in,𝑖(𝑘). In addition, as analyzed in Section 3.1,
the density of the third category vehicles is equal to or less
than the critical density, and the vehicle density in cell 𝑖 + 1 is
equal to or is greater than 𝜌

𝑏
. Therefore, if 𝜌

𝑖+1
(𝑘) = 𝜌in,𝑖(𝑘),

then both are equal to the critical density. This indicates that
the tail of the queue is located at the boundary of cell 𝑖 and
cell 𝑖 − 1, as shown in Figure 8(c).

The queue length𝐻
𝑞
(𝑘) in a certain short time interval 𝑇

can be calculated based on the queue tail location and can be
written as

𝐻
𝑞
(𝑘) =

𝐼

∑

𝑗=𝐼−𝑖−1

(𝐻
𝑖
− 𝐻
𝐸
+ 𝐻
𝑗
) . (20)

In signal cycle 𝑚, the average queue length 𝐻𝑐𝑎
𝑚

is the
arithmetic mean of every queue length in this cycle:

𝐻
𝑐𝑎

𝑚
=

𝐶/𝑇

∑
𝑝=0

𝐻
𝑞
(𝑘) (𝑚 ⋅ 𝐶 + 𝑝) . (21)

The maximum queue length in signal cycle is the longest
queue in every short time interval.

4. Implementation

4.1. Implementation Procedure. Figure 9 emphasizes the idea
that the procedure of queue length estimation consists of
two major steps. First, traffic flow parameters in all cells are
calculated based on the modified CTM. If the density in
cell 𝐼 is larger than the critical density and all the upstream
densities are larger than the critical density down to cell 𝑖 − 1,
it can be judged that the queue tail is located in cell 𝑖 or
cell 𝑖 − 1. The exact queue tail cell is identified by verifying
whether all the vehicles from cell 𝑖 − 1 moved to cell 𝑖
in the last time interval. Second, the queue tail is located
within the cell by transforming the problem into searching of
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Figure 8: Density distributions in queue tail cell for three special cases.

the point whose ordinate value is the critical density 𝜌
𝑏
.Then,

the general formula for the queue length in the queue tail
cell is deduced. Three special cases mentioned in this paper
should be considered in addition to the general estimation
of the queue tail. Finally, the queue length in the current time
interval can be easily calculated by adding the queue length in
the queue tail cell and the lengths of all the cells downstream.

4.2. Simulation Evaluation Based on Field Data. The intersec-
tion of Yatai Street and Ziyou Road in Changchun, China, is
selected as the investigation site, because they are two arterial
roadswithoutmuch interruption due to secondary roads, and
traffic flows include both free and saturated conditions. The
actual data of the test road was used for calibrating the related
parameters of the simulated traffic environment such as the
free-flow speed 54 km/h, critical density 33.3 veh/km/lane,
jam density 144.4 veh/km/lane, the distribution of the traffic
flow in the test road, and the capacity. Simulation model was
verified by comparing the output parameters with the field
data collected from the video detector temporally located on
the street.The input trafficparameters for simulation software
are investigated, including the signal cycle 200 s, green ratio
0.36, and traffic volume measured every 5 minutes during 35
signal cycles. Figure 10 shows the site of test. The length of

the road between the fixed detector and stop line is 480m.
The time interval was chosen to be two seconds. Accordingly,
the selected street is divided into 16 sections. VISSIM output
includes the second-by-second data collected by the fixed
detector, maximum queue length, and average queue length
in one signal cycle.

The queue length is calculated by a Matlab program,
and the proposed model based on the modified CTM is
tested. We also selected two other traditional approaches
for comparison. One method is based on the shockwave
theory. According to Liu et al. [21], the queue back is the
maximum queue length in a signal cycle. We compared the
maximum queue length estimated by the proposed model
with the shockwave theory. The key of shockwave based
method is to identify points where queuing shockwave meets
discharging shockwave. The location of the identified point
represents the rear of the maximum queue. Therefore, the
maximum queue length is obtained. The performance of the
two methods is shown in Figure 11. For the evaluation of the
average queue length, we selected a statistical model based on
the vacation queuing theory [31, 32]. According to the model,
the queuing and discharging processes are regarded as the
fixed vacation time following the M/G/1 distribution. The
input process follows the passion distribution, service time
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Figure 12: Average queue length estimation comparison.

follows the general distribution, and vacation time is the red
phase time in a signal cycle. Then, the average queue length
is the expected value of the queue length.The performance of
our method and the average queue length method is shown
in Figure 12. Tables 2 and 3 show the Mean Absolute Errors
(MAE) andMean Relative Errors (MRE) calculated using the
following formulas:

MAE = 1
𝑛
∑
𝑛

output − estimation ,

MRE = 1
𝑛
∑
𝑛



output − estimation
output


× 100%,

(22)

where 𝑛 is the sample size.
As presented in Table 2, the proposedmodel based on the

modified CTM can estimate the maximum queue length in
one signal cycle with the MRE of 4.79%, where the absolute
error is about 12.79 meters. As shown in Figure 11, almost
all the relative errors are less than 10%. The traditional
shockwave based model can estimate the maximum queue
with the MRE of 11.59% and absolute error of about 31
meters. Figure 11 also presented that almost all the relative

Table 2: Errors of maximum queue length estimation.

Shockwave based model M-CTM based model
MAE 30.66m 12.79m
MRE 11.59% 4.79%

Table 3: Errors for average queue length estimation.

Statistic based model M-CTM based model
MAE 26.25m 7.67m
MRE 20.79% 6.11%

errors are less than 16%. The comparison results indicate
that the proposed model can exactly describe the traffic flow
at a signal intersection of an urban road and estimate the
maximum queue length with satisfactory accuracy.

Because the average queue length is calculated using
the mean queue values of every time interval during one
signal cycle, corresponding results can partly represent real-
time estimation performance. As indicated in Figure 12, the
proposed model also performs well in estimating the average
queue length in every signal cycle, with relatively low errors
compared to the maximum queue length estimations. The
MRE of the proposed estimation model based on the M-
CTM is about 6% lower than the traditional statistical model
having the MRE of 20.79%. The proposed model performed
especially well compared to the traditional method when the
traffic flow fluctuations were high.

As shown in Figure 13, the proposedmodel performs well
in describing the queue formation and discharging process
for both long and short queues. Here, a short queue is the one
when all vehicles can pass the stop line in one signal cycle,
and a long queue is the one where some vehicles in the queue
need to wait for the next cycle. Overall, the proposed model
can successfully estimate the maximum and average queue
lengths and succeeds in tracking real-time queue trajectories
with satisfactory accuracy.

5. Discussion and Future Research

In this paper, we propose the M-CTM based model to esti-
mate the real-time queue length at a signalized intersection,
instead of just calculating the maximum or average queue
length as traditional methods often do. The queue length in
one time interval is estimated in two steps. At the first step,
we estimate the densities in all cells based on the M-CTM.
The CTM model was modified to describe the traffic flow at
a signalized intersection of an urban road. Figure 4 shows
the accuracy of the modified CTM in describing the queue
forming and discharging processes. At the second step, the
density estimated in the first step is analyzed to determine
the queue tail position. First, the cell where the queue tail is
located is identified. Then, through the construction of the
spatial distribution density in the queue tail cell, the exact
position of the queue tail is located. There are three special
cases, presented in Figure 8, which cannot be calculated using
a general formula. Every queue length in a short time interval
is calculated; and the queue trajectory is estimated as well.
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Figure 13: Queue trajectory.

The proposed model was tested on VISSIM simulation
platform, which was calibrated using field data. The results
show the following:

(1) As indicated in Table 1, the traditional CTM can
describe the queue forming process for signalized
intersections on urban roads; however, the descrip-
tion of the releasing process is not quite accurate.
As a basis of the queue length estimation, the exact
estimation of the density is necessary. In comparison,
Figure 4 shows that the evaluation of the queue dis-
charging process obtained by the proposed modified
model is close to the real conditions.

(2) The test results of Section 4.2 suggest that the method
proposed in this paper can estimate the maximum
and average queue lengths in every signal cycle
regardless of whether there is congestion or not. It
should be mentioned that, as shown in Figures 11 and
12, theM-CTMbasedmodel performs better than the
traditional CTM, especially during a saturated period.
It means that the proposed approach is more robust.

(3) Because each time interval is very short, we assume
that the queue length estimated in a time interval
represents the average length in the current time
interval. Every queue length is calculated in short
time intervals, second-by-second, to obtain real-time
queue length estimations. As can be seen in Figure 13,
the proposed model performs well in tracking the
queue tail trajectory with satisfactory accuracy, under
both free-flow and saturated conditions.

Although the proposed model performs well according
to the test results, there are several limitations, which can be
addressed in future work:

(1) The proposed model needs further testing and val-
idation and evaluation using field data collected by
fixed detectors directly. We will conduct more experi-
ments to test the performance of the proposed model
under different traffic conditions. There are some
other problems, such as errors caused by detectors.

Therefore, preprocessing of the raw data collected by
fixed detectors is generally needed.

(2) In this paper, the vehicles are not allowed to change
lanes after passing detectors. However, the distance
between detectors and the stop line is long enough, so,
in real world situations, drivers have enough time and
space to change the lane. Therefore, some methods
for taking lane changing in relative publications into
account should be considered into the proposed
model.

(3) As is indicated in Figure 13(b), highlighted with
circles, during 4200–4600 s the proposedmodel over-
estimated the queue length. It means that the error
accumulation exists in the proposed model, and
the problem is especially critical during congestion
periods, because the system has no chance to clear the
vehicles and reset the density values.

(4) Although the time interval adopted in testing is
very short, the span still exists. The queue trajectory
estimated is not as smooth as the real one. A filtering
method, such as Kalman filter, should be used to
smooth the estimated results, and improve the accu-
racy of the proposed model.
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This work presents a distribution problem of products of a soda bottling company. Commodities are produced at several plants with
limited capacity and the demand of distribution centers is satisfied by shipping via cross-docking warehouses. The decomposition
strategy is proposed to determine which warehouse needs to be opened to consolidate the demand and by which warehouse each
distribution center is served exclusively.The objective is minimizing fixed costs and total transportation costs.Themodel presented
is a mixed-integer programming model with binary variables for which we propose a decomposition strategy based on Benders
algorithm. Numerical results show that the proposed strategy can provide the optimal solution of several instances. A large-scale
case study based on a realistic company situation is analyzed. Solutions obtained by the proposed method are compared with the
solution of full scale problem in order to determine the quality bound and computational time.

1. Introduction

According to international organisms, Mexico is the second
biggest consumer of bottled soda with an average consump-
tion of 160 liters per person a year after the United States,
where 94% of the population consumes these types of drinks.
The main point of sale of soda in Mexico is in small stores
where 75% of the sales are carried out, 24% is in restaurants,
and the remaining are in self-service stores [1]. For the
company, it is very important to have an effective distribution
network that provides the possibility to keep a high level
of service to the client at the smallest possible cost; that is,
the clients must have products in the opportune moment at
minimum cost.

In 2012, the bottling company offered a level of service
above 99.6% (delivery requested/customer request), but in
2013 the first supply problems were presented due to the
productive capacity of the plants; this situation originated the
specialization of the production lines of the company plants,
holding the product readiness in the market at minimum
cost; see Figure 1.

For this reason, we proposed a strategy for optimal design
of a soda bottling company distribution system based on [1].

The proposed distribution network is constituted by plants,
cross-dock warehouses, and distribution centers. Commodi-
ties are produced at several plants with limited capacity and
the demand of distribution centers is satisfied by shipping
via cross-docking warehouses. The problem is to determine
which warehouse needs to be opened to consolidate the
demand and by which warehouse each distribution center is
served exclusively.Theobjective isminimizing fixed costs and
total transportation costs; see Figure 2.

The idea is to establish a network of arcs which enables the
flow of products in order to satisfy demand of distribution
centers. A proper design can yield better operation levels
and cost reductions. In this problem, these reductions can
be significant. To the best of our knowledge, the specific
model we pose in this study is not addressed in the literature;
however, the area of fixed charge network design is closely
related.

This paper is organized as follows. In Section 2, we
present a brief review of the network design problem.
Section 3 contains the specific problem formulation and
then Section 4 describes the solution methodology. Section 5
presents computational results of the application of Benders
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Decomposition in several instances. Finally, conclusions are
in Section 6.

2. Literature Review

Nowadays, companies still pay attention to efficiency because
of tactical and operational impact at the executive level;
these aspects remain relevant when a new framework is
proposed, because all decisions will depend on it to continue
the pursuit of all the company objectives. This issue is
referred to as supply chain network design problems by most
researchers and frequently begins from real-life applications.
In this sense, a traditional paper is [2]. They present a
new method for the solution of the problem addressing the
optimal location of distribution centers between plants and
customers. A particular interest involves a study in facility
location that is reviewed in [3], where the authors explain

some important characteristics, methods, and application in
the context of supply chain management. Furthermore, they
mentioned that the discrete facility location problems could
be categorized as supply chain network design problems.
Despite depending on situations, many techniques used in
the design of a distribution network are from the research
operations area, especially those presented in [4]; some
contributions are made to the state of the art that follows
this subject for facility locations models. However, several
industries are still facing problems related to design of the
distributionnetwork because it is a decision linked to improv-
ing the level of service, and many other important metrics.
Along the same line, in [5], they use a case study related
with a model for the distribution network of a region of
consumer goods company taking into account several tactical
decisions like lead time, credit performance, power, and
distribution’s reputation. Among various types of problems
discussed in supply chain management, facility location has
been studied for a long time by some researchers [6]. In [7],
the authors follow an objective to propose a novel scheme of
distribution. In these investigations, they include a classical
facility location problem, and they presented cases of studies
solved by appropriate techniques.

Typically, these problems are presented as a mixed-
integer programming (MIP) formulation [8, 9]. In [2], the
authors develop an algorithm based on Benders Decom-
position for solving multicommodity distribution network
design problem. Another classical model is presented in [10].
They consider a model to solve a minimization function
which includes fixed cost in warehouses and distribution
centers and transportation cost for multicommodities from
plants to warehouses and finally to customers.Moreover, they
consider a tri-echelon, multicommodity system concerning
production, distribution, and transportation planning. The
authors use a Lagrangian relaxation-based heuristic to pro-
vide an effective feasible solution for the problem. Also, they
reconsider other different characteristics for solving themain
problem of integrated logistics model [8, 11, 12]. In [13], they
consider an integrated distribution network design and site
selection problem arising in the context of transportation
planning faced by the freight-forwarding industry; in this
sense, they consider a strategic level multicommodity net-
work design where each commodity is defined by a unique
pair of origin and destination points and known required
flow amount and other considerations proper to the real
problem but using Benders Decomposition for its solution.
Similarly, they illustrate the efficiency and the effectiveness
of this approach. As in [14, 15] also a Benders Decomposition
approach is used, first in combinationwith an intelligent algo-
rithm to improve the time solution for the master problem
and then in modified version to exploit the mathematical
formulation of the problem in deterministic, multicommod-
ity, single-period contexts, respectively. In [16], the authors
exposed that while these production-distribution problems
focused to pursue exact solutions efficiently by using opti-
mization software (only for small instances and small dimen-
sions), the main reason to avoid it is because they contain
a large number of constraints and variables. Besides, they
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propose heuristics for this bilevel mathematical problem
using Stackelberg’s equilibrium.

3. Mathematical Formulation

Let 𝐾 be the set of manufacturing plants. An element 𝑘 ∈ 𝐾

identifies a specific plant of the company. Let 𝐼 be the set of
the potential cross-dock warehouses. An element 𝑖 ∈ 𝐼 is
a specific cross-dock warehouse. Finally, let 𝐽 be the set of
distribution centers; a specific distribution center is any 𝑗 ∈ 𝐽.
Let Z denote the set of integers {0, 1}.

Parameters are as follows:

𝑄
𝑘
: capacity of plant 𝑘.

𝐾
𝑖
: capacity of cross-dock warehouse 𝑖.

𝐹
𝑖
: fixed costs of opening cross-dock warehouse in

location 𝑖.

𝐺
𝑘𝑖
: transportation cost per unit of the product from

the factories 𝑘 to cross-dock warehouse 𝑖.

𝐶
𝑖𝑗
: cost of shipping the product from the cross-dock

𝑖 to distribution center 𝑗.

𝑑
𝑗
: demand of the distribution center 𝑗.

Decision Variables. We have the following sets of binary
variables to make the decisions about the opening of the
cross-dock warehouse, and the distribution for the cross-
dock warehouse to the distribution center:

𝑌
𝑖
=
{

{

{

1 if location 𝑖 is used as a cross-dock warehouse,

0 otherwise,

𝑋
𝑖𝑗
=
{

{

{

1 if cross-dock 𝑖 supplies the demand of distribution center 𝑗,

0 otherwise.

(1)

𝑊
𝑘𝑖
is the amount of product sent from factory 𝑘 to cross-

dock 𝑖 and is represented by continuous variables.
We can now state the mathematical model as a (P)

problem

min
𝑊𝑘𝑖,𝑌𝑖,𝑋𝑖𝑗

𝑍 = ∑

𝑘∈𝐾

∑

𝑖∈𝐼

𝐺
𝑘𝑖
𝑊
𝑘𝑖
+∑

𝑖∈𝐼

𝐹
𝑖
𝑌
𝑖
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝐶
𝑖𝑗
𝑑
𝑗
𝑋
𝑖𝑗 (2)

subject to the following constraints:
Capacity of the plant:

∑

𝑖∈𝐼

𝑊
𝑘𝑖
≤ 𝑄
𝑘
, ∀𝑘 ∈ 𝐾. (3)

Balance of product:

∑

𝑗∈𝐽

𝑑
𝑗
𝑋
𝑖𝑗
= ∑

𝑘∈𝐾

𝑊
𝑘𝑖
, ∀𝑖 ∈ 𝐼. (4)

Single cross-dock warehouse to distribution center:

∑

𝑖∈𝐼

𝑋
𝑖𝑗
= 1, ∀𝑗 ∈ 𝐽. (5)

Cross-dock warehouse capacity:

∑

𝑗∈𝐽

𝑑
𝑗
𝑋
𝑖𝑗
≤ 𝐾
𝑖
𝑌
𝑖
, ∀𝑖 ∈ 𝐼. (6)

Demand of items:
𝑝𝑌
𝑖
≤ 𝑊
𝑘𝑖
, ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, (7)

𝑝 = min {𝑑
𝑗
} , (8)

𝑊
𝑘𝑖
≥ 0, ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾, (9)

𝑌
𝑖
∈ Z, ∀𝑖 ∈ 𝐼, (10)

𝑋
𝑖𝑗
∈ Z, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽. (11)

Objective function (2) considers in the first term the cost
of shipping the product from the plants 𝑘 to cross-dock
warehouse 𝑖. The second term contains the fixed cost to
open and operate the cross-dock warehouse 𝑖. The last term
incorporates the cost to supply the demand of the distribution
center 𝑗. Constraints (3) imply that all that is produced in
plant 𝑘 does not violate the capacity of plant 𝑘. Balance
constraints (4) ensure that the amount of products that arrive
at a distribution center 𝑗 is the same as that sent to the plants
𝑘. The demand of each distribution center 𝑗 will be satisfied
by a single cross-dock warehouse 𝑖, which is achieved by
constraints (5). Constraints (6) bound the amount of prod-
ucts that can be sent to a distribution center 𝑗 from a cross-
dock warehouse 𝑖 that has been open. Finally, constraints (7)
guarantee that any opened cross-dock warehouse 𝑖 receives
at least the minimum amount of demand for distribution
centers 𝑗. The demand is satisfied by shipping via cross-
dock warehouse with each distribution center being assigned
exclusively to a single cross-dock warehouse. The possible
locations for the cross-dock warehouses are given, but the
particular facilities to be used will be selected as a result of
the minimum total distribution cost. As a result, efficient
load consolidation arises as an important opportunity for
profitability in this work. To the best of our knowledge, the
specific model we pose in this study is not addressed in the
literature; however, the area of fixed charge network design
is closely related. Our formulation facilitates the use of a
Benders Decomposition framework for its solution.

4. Solution Methodology

Because of the economic importance of the network design
problems and their combinatorial nature, several solution
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Figure 3: One cross-dock warehouse to one distribution center.

methodologies have been developed. In this paper, we
describe a decomposition approach for solving the soda
bottling company problem.The approach is based onBenders
Decomposition, which is one of the most successful solution
approaches. Model (2)–(11) presents a structure well-suited
for a primal decomposition approach (Benders Decomposi-
tion).

This solution method is based on the situation that
we can decompose the original problem obtaining several
smaller and thus easier to solve subproblems. In this case,
Benders Decomposition is used to meet the optimal location
of intermediate warehouses between plants and distribution
centers. As in [2], this model proposes that no customer zone
is allowed to deal with more than one cross-dock warehouse,
since 𝑋

𝑖𝑗
must be 0 or 1 and not fractional. Additionally, we

can mention that the real case presented has a large number
of binary variables compared to the number of constraints.
Thus, the Benders Decomposition is the better way to solve
the optimal design of the distribution system, because it
exploits the special structure of the original problem. In
Figure 1 a graphical representation of the proposed distribu-
tion system is shown. This graphical illustration is different
from the one presented in Figure 2. The difference between
the current system and the proposed is because the demand
is satisfied by shipping via cross-dock warehouse with each
distribution center, which is assigned exclusively to a single
cross-dock warehouse; see Figure 3.

4.1. Benders Decomposition. The optimal design of a soda
bottling company distribution system is a problem that
has a large number of complicating binary variables and
thus involves a large CPU time to find an optimal integer
solution; for this reason, we applied Benders Decomposition
framework [17]. This method projects problem (2)–(11) onto
the space defined by the binary variables 𝑋

𝑖𝑗
and 𝑌

𝑖
. The

original problem P is decomposed into two different prob-
lems: a restricted master problem and Benders subproblem.

The subproblem (SP) is a dual lineal problem (LP) of P and
is obtained by fixing the variables to either 0 or 1. Benders
subproblem provides an upper bound of the original prob-
lem. Let (SP) be the dual problem of P and the dual variables
associated with constraints (3), (4), and (7), respectively. We
have the following:

Subproblem (SP):

max
𝜔𝑘,𝛼𝑖 ,𝛽𝑖𝑘

Φ = ∑

𝑘∈𝐾

𝑄
𝑘
𝜔
𝑘
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

(𝑑
𝑗
𝑋
𝑖𝑗
) 𝛼
𝑖
+ ∑

𝑘∈𝐾

∑

𝑖∈𝐼

𝑌
𝑖
𝛽
𝑖𝑘
,

𝜔
𝑘
+𝛼
𝑖
+𝛽
𝑖𝑘
≤ 𝐺
𝑘𝑖
, ∀𝑖 ∈ 𝐼, ∀𝑘 ∈ 𝐾,

𝜔
𝑘
≤ 0,

𝛼
𝑖
unrestricted,

𝛽
𝑖𝑘
≥ 0.

(12)

Relaxed Master Problem (RMP):

min
𝑌𝑖,𝑋𝑖𝑗

Ω, (13)

Ω ≥ ∑

𝑖∈𝐼

𝐹
𝑖
𝑌
𝑖
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

(𝐶
𝑖𝑗
𝑑
𝑗
𝑋
𝑖𝑗
) 𝜔
𝑘
+∑

𝑖∈𝐼

∑

𝑘∈𝐾

𝑌
𝑖
𝛽
𝑖𝑘

+∑

𝑖∈𝐼

∑

𝑗∈𝐽

(𝑑
𝑗
𝑋
𝑖𝑗
) 𝛼
𝑖
,

(14)

∑

𝑖∈𝐼

𝐹
𝑖
𝑌
𝑖
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

(𝐶
𝑖𝑗
𝑑
𝑗
𝑋
𝑖𝑗
) 𝜔
𝑘
+∑

𝑖∈𝐼

∑

𝑘∈𝐾

𝑌
𝑖
𝛽
𝑖𝑘

+∑

𝑖∈𝐼

∑

𝑗∈𝐽

(𝑑
𝑗
𝑋
𝑖𝑗
) 𝛼
𝑖
≤ 0,

(15)

∑

𝑖∈𝐼

𝑋
𝑖𝑗
= 1, ∀𝑗 ∈ 𝐽, (16)

∑

𝑖∈𝐼

𝑋
𝑖𝑗
≤ 0, ∀𝑗 ∈ 𝐽, (17)

∑

𝑗∈𝐽

𝑑
𝑗
𝑋
𝑖𝑗
≤ 𝐾
𝑖
𝑌
𝑖
, ∀𝑖 ∈ 𝐼, (18)

∑

𝑗∈𝐽

𝑑
𝑗
𝑋
𝑖𝑗
≤ 0, ∀𝑖 ∈ 𝐼, (19)

𝑌
𝑖
, 𝑋
𝑖𝑗
∈ {0, 1} . (20)

The master problem is an integer problem and its vari-
ables are considered as complicating variables. To determine
the values of these variables, the Benders master problem
must be solved. Since the number of primal cuts is too
large, Benders [17] proposed to solve a Relaxed Master
Problem (RMP), by taking only a subset or Benders cuts,
and to generate these cuts, one by one, in each iteration
of the algorithm. Relaxed Master Problem provides feasible
solutions through Benders optimality cuts (14) because they
are based on optimality conditions of the subproblem and
through valid constraints called feasibility cuts in every
iteration of the algorithm. Feasibility cuts (15), (16), (17), (18),
and (19) enforce necessary conditions for feasibility of the
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Table 1: Comparison of the instances.

Instance 𝐾 𝐼 𝐽 Continuous variables Binary variables Constraints
INST 0 2 2 2 4 6 10
INST 1 4 5 17 20 90 36
INST 2 4 10 17 40 180 51
INST 3 6 25 40 150 1025 121
INST-R CASE 44 56 254 2464 14280 466

{Initialization}
𝑌
𝑖
, 𝑋
𝑖𝑗
:= Fix integer variables to given feasible integer values

LB := −∞

UB := +∞

while UB − LB > 𝜀 do
{solve subproblem SP}
if Unbounded then

Get unbounded ray 𝜔
𝑘
, 𝛽
𝑖𝑘
, 𝛼
𝑖

Add feasibility cut to master problem (MP)
else

Get extreme point 𝜔
𝑘
, 𝛽
𝑖𝑘
, 𝛼
𝑖

Add optimality cut to master problem (MP)
UB := min{UB, SP}

endif
{solve master problem (MP)}
LB := Ω

endwhile

Procedure 1: Benders Decomposition (𝑌
𝑖
, 𝑋
𝑖𝑗
, 𝜔
𝑘
, 𝛽
𝑖𝑘
, 𝛼
𝑖
).

primal subproblem. Master problem provides a lower bound
of the original problem (P).

Benders Algorithm. A brief summary of the algorithm is given
in Procedure 1 for completeness.

5. Computational Experience

The full scale model and the decomposition strategy pro-
posed were implemented in GAMS [18] using the solver
CPLEX [19] for MIP and LP problems (master problem and
Benders subproblem). All mathematical models were carried
out on an AMD Phenom II N970 Quad-Core with a 2.2GHz
processor and 4GB RAM. Because the major difficulty of
Benders method is the solution of master problem, and
because [2] suggests that the Benders master problem should
not be solved to optimality, we set GAMS parameter OPTCR
at 0.0015; that is, the relative termination tolerance is within
0.15% of the best possible solution. In the first iteration of
algorithm, we fixed all integer variables to 1. Additionally,
the size of all MIP models was reduced through presolver
phase of CPLEX. Benders algorithm stops when the values
of lower bound and upper bound are equal, except for a small
tolerance 𝜀 = 0.15%:

𝜀 = [
(UB − LB)

UB
] ⋅ 100%. (21)
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Figure 4: Model complexity.

To test the efficiency in terms of CPU time and quality
of our solution method, we solved instances with data having
demand distribution characteristics that reflect real applica-
tions. We generated randomly four instances with different
number of plants, cross-dock warehouses, and distribution
centers. Additionally, we solved a realistic case of a soda
bottling company. Table 1 indicates the specific size of each
instance.

The model complexity of each instance can be seen in
Figure 4. This figure shows the increase in problem size in
terms of the number of constraints, continuous variables, and
binary variables.

5.1. Results. Benders Decomposition described in the pre-
vious section was used to design the optimal distribution
system for the soda bottling company. Because the amount
of memory and the computational effort needed to solve the
instances grow significantly with the number of variables
and constraints, we propose a decomposition strategy based
on Benders Decomposition. The comparison results demon-
strate that the 𝜀-optimal solution is very close to the optimal
solution (GAMS-CPLEX Solution).

Table 2 illustrates that the comparison results demon-
strate that the CPU time of proposed decomposition strategy
is less than direct solution with GAMS-CPLEX. The GAP is
less than 0.2%:
GAP

= [
(GAMS Solution − Benders Decomposition Solution)

GAMS Solution
]

⋅ 100%.

(22)
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Table 2: Performance of Benders Decomposition and direct solution of full scale problem.

Instance Opt. value CPU time LB UB GAP CPU time
GAMS-CPLEX (sec.) (%) (sec.)

INST 0 1270 1.5 1270 1270 <0.2 0.5
INST 1 179170 2.5 179168 179168 <0.2 1.5
INST 2 485140 3.5 485142 485142 <0.2 2.5
INST 3 1.00E + 07 930 1.00E + 07 1.00E + 07 <0.2 630
INST-R CASE 8.45E + 10 4160 8.43E + 10 8.43E + 10 0.2 2160
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Figure 5: Benders versus full scale solution.
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The progression of upper bound and lower bound values
over the iterations around the optimum in all instances is
plotted in Figures 5, 6, 7, and 8. Clearly, the use of feasibility
cuts is very effective in speeding up convergence and they
affect the quality of both the upper and the lower bounds. In
our numerical studies, we observe similar high performance
in convergence with feasibility cuts in other instances. For
all the instances solved, tight lower and upper bounds were
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obtained with a small GAP in just a few iterations of the
proposed algorithm.

These measures reported show that the performance of
the Benders Decomposition seems to be indifferent to its
size when feasibility cuts are implemented. The results of
the experiments reported in Table 2 show that the proposed
Benders procedure produces very good feasible solutions
compared to the optimal/best available ones generated by
CPLEX in significantly less CPU time.
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6. Conclusions

In this paper, we present an optimal design of a soda
bottling company distribution system problem.We proposed
a decomposition strategy that shows acceptable convergence
properties. In all instances, the number of iterations required
to get convergence is less than five. The feasibility cuts allow
reaching an 𝜀-optimal solution. The total CPU time required
to solve the large-scale case study based on the realistic com-
pany situation was less than 2200 seconds. This instance has
14280 binary variables, 2464 continuous variables, and 466
constraints.The proposed decomposition strategywas shown
to be very efficient for the case study. For this class of prob-
lems, global optimality is not guaranteed in a reasonable time,
but the solution through Benders Decomposition provides
good feasible solutions and good bounds to the optimum.

Moreover, it is important to mention that the main
objective was to compare the CPU effort and the quality
bounds of the full scale solution through a commercial solver
and the proposed decomposition strategy. We can finally
conclude that we could propose a strategy for designing the
distribution system of a soda bottling company in competi-
tive CPU times. The solutions obtained are close to the opti-
mal values reported by commercial optimizers. This ensures
having a flexible and scalable solution tool when the company
decides to increase the number of its facilities.
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This paper is concerned with the effect of real-time maximum deceleration in car-following. The real-time maximum acceleration
is estimated with vehicle dynamics. It is known that an intelligent driver model (IDM) can control adaptive cruise control (ACC)
well. The disadvantages of IDM at high and constant speed are analyzed. A new car-following model which is applied to ACC is
established accordingly to modify the desired minimum gap and structure of the IDM.We simulated the new car-following model
and IDM under two different kinds of road conditions. In the first, the vehicles drive on a single road, taking dry asphalt road as
the example in this paper. In the second, vehicles drive onto a different road, and this paper analyzed the situation in which vehicles
drive from a dry asphalt road onto an icy road. From the simulation, we found that the new car-followingmodel can not only ensure
driving security and comfort but also control the steady driving of the vehicle with a smaller time headway than IDM.

1. Introduction

Driving assistance systems and vehicle-sensor designs are
becoming mature along with the development of intelligent
transportation. Adaptive cruise control (ACC), which is a
component of driving assistance systems, is gradually replac-
ing part of the driving control of the human driver. ACC
not only alleviates driving fatigue but also improves driving
safety. The operation of ACC depends on the information
on the vehicle motion and the external environment, which
is detected by vehicle sensors. Therefore, reasonable and
effective use of sensor data can improve the car-following
safety and stability of ACC and can improve the road capacity
effectively.

The tire-road friction coefficient, which determines the
real-time maximum deceleration, is a significant parameter
for ensuring the vehicle driving safely and avoiding rear-
end collisions. The estimation methods can be divided
into two types: direct detection with sensors and vehicle
dynamic model estimation. Direct detection methods, such
as detecting the coefficient with optical or acoustic sensors,
need expensive sensors which limit the use of the method
[1]. Its reliability and robustness is low, because the detection
precision varies with the environment. The estimation of

the coefficient with the vehicle dynamic model has higher
robustness, but the accuracy still needs to be improved [2].
In order to improve the estimation accuracy of the latter
method, the combination of a vehicle dynamic model with
data fusion of multiple sensors has become a hot topic
of research [3]. Recently, estimation methods with vehicle
dynamic models, which include slip-slope methods, Kalman
filter-based friction coefficient estimation, and methods
based on lateral dynamics, have concentrated on estimating
the mean coefficient value of four wheels [4]. However, the
latest researches indicate that friction coefficient estimation
of individual wheels has greater value [5].

The friction coefficient is used in vehicle collision-
avoidance systems, antilock braking systems (ABS), and
electronic stability systems (ESC). The real-time friction
coefficient has important significance for influencing the car-
following behavior and guaranteeing traffic safety. But there
are few researches which have included the real-time friction
coefficient in car-following models until now. Most of the
traditional car-following models regard the maximum decel-
eration as a constant value and lack consideration of the real-
time road conditions [6]. In the following controls of ACC
and CACC, the driver can choose different modes according
to the real-time driving environment that the driver can
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Figure 1: Longitudinal vehicle dynamics schematic.

perceive. Different modes have corresponding gaps. For the
ACC system, the available gap settings are 1.1, 1.6, and 2.2 s.
For the CACC system, the available gap settings are 0.6, 0.9,
and 1.1 s [7]. The gap controls of ACC and CACC ignore
differentiation between different vehicles on the same road.
Therefore, the gap should be optimized based on the detected
road condition.

In this paper, we propose a new car-following model
based on themaximum deceleration, which is estimated with
the vehicle dynamicmodel.This paper is organized as follows.
The study of the car-following model in real-time conditions
is presented in Section 2. In Section 3, the approach of
real-time friction coefficient estimation is introduced. In
Section 4, the maximum deceleration is calculated according
to the longitudinal vehicle model. The new car-following
model is established in Section 5 and simulated in Section 6.

2. Real-Time Conditions in
Car-Following Model

Generally, the road condition is defined as a congested road
or an uncongested road. The car-following models have dif-
ferent parameter values, which are calibrated by experimental
data, in the different road conditions [8]. Kesting et al.
summarized traffic situations as free traffic, upstream front,
congested traffic, bottleneck, and downstream front [9]. The
car-following model detected the real-time traffic situation
and used corresponding parameters, which differed under
different situations, to avoid congestion actively.

Soria et al. [10] assessed four car-following models with
field data which were collected under different traffic (con-
gested versus uncongested) and weather conditions (rain
versus clear sky). The four car-following models were Gipps,
Pitt, MITSIM, and modified Pitt. The parameters of the
four car-following models were calibrated by field data, and
the corresponding parameters were applied to evaluate the
simulation precision of four car-following models under
different traffic and weather conditions.

Tang et al. [11, 12] developed a car-following model to
study the influence of real-time road conditions on driving
behavior. The real-time road conditions, which were divided
into good, moderate, and bad, were regarded as a separate
parameter modifying the full velocity difference (FVD)
model. A good road was defined as having no influential
factors along the road (e.g., expressway and freeway). A bad
road was defined as having many influential factors along the
road (e.g., bus station, sidewalk).

The above works analyzed the effect of real-time traffic,
weather, and road conditions on car-following by adjusting

the parameters of the models. But the real-time road surface
conditions were omitted. The real-time road surface condi-
tion can be expressed as the tire-road friction coefficient or
the theoreticalmaximumdeceleration. In ACC and collision-
avoidance systems, the tire-road friction coefficient is used
to adjust the braking stance [13]. In the research on car-
following, only the collision-avoidance model takes into
account the real-time road surface condition [14, 15]. The
theoreticalmaximumdeceleration is used to calculate the safe
following distance.

3. Friction Coefficient Estimation

3.1. Longitudinal VehicleModel. A longitudinal vehiclemodel
provides theoretical support for individual wheel friction
coefficient estimation. In this paper, we assume that the
vehicle performs a linear motion on a level road and other
degrees of freedom of motion are ignored. The static force
models of the vehicle are shown in Figure 1.

The equations of the longitudinal vehicle model are given
by

𝑚V̇
𝑥
= 𝐹
𝑥
−𝑅
𝑥
−𝐶
𝑎
V2
𝑥
, (1)

𝐼
𝜔
�̇�
𝑖
= 𝑇
𝑑𝑖
−𝑇
𝑏𝑖
− 𝑟eff𝐹𝑥𝑖, (2)

𝐹
𝑧𝑓
=
𝑚𝑔𝐿
𝑟
− 𝑚V̇
𝑥
ℎ − 𝐶
𝑎
V2
𝑥
ℎ
𝑎

𝐿
, (3)

𝐹
𝑧𝑟
=
𝑚𝑔𝐿
𝑓
+ 𝑚V̇
𝑥
ℎ + 𝐶
𝑎
V2
𝑥
ℎ
𝑎

𝐿
, (4)

𝑠
𝑖
=

𝜔𝑖𝑟eff − V
𝑥



max (𝜔
𝑖
𝑟eff, V𝑥)

, (5)

𝛾 =
𝐹
𝑥𝑖

𝐹
𝑧𝑖

, (6)

where 𝑚 is the mass of the vehicle, 𝑖 = 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟 are used
to separately represent the four wheels of the vehicle, V

𝑥
is

the longitudinal speed, 𝐹
𝑥
is the total longitudinal tire force,

which is the summation of the tire forces generated at four
tires, 𝐹

𝑧𝑖
is the normal forces of each wheel, 𝐹

𝑧𝑓𝑙
= 𝐹
𝑧𝑓𝑟

=

𝐹
𝑧𝑓
/2, 𝐹
𝑧𝑟𝑙
= 𝐹
𝑧𝑟𝑟

= 𝐹
𝑧𝑟
/2,𝑅
𝑥
is the rolling resistance,𝐶

𝑎
is an

aerodynamic drag parameter, 𝐼
𝜔
is the rotational dynamics of

eachwheel,𝜔 is thewheel speed,𝑇
𝑑
and𝑇
𝑏
represent the drive

and brake torques, 𝑟eff represents the effective radius of the
tire,𝐿 = 𝐿

𝑓
+𝐿
𝑟
is thewheelbase,𝐿

𝑓
represents the horizontal

distance between the center of gravity and the front wheel,
𝐿
𝑟
represents the horizontal distance between the center of
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gravity and the rear wheel, ℎ and ℎ
𝑎
are the heights of the

center of gravity and wind loading above the ground, and 𝛾 is
the normalized traction force of the tire.

The slip ratio 𝑠
𝑖
is calculated by (5). During braking, V

𝑥
,

which is greater than 𝜔
𝑖
𝑟eff , is used as the denominator of (5).

During acceleration, 𝜔
𝑖
𝑟eff , which is greater than V

𝑥
, is used

as the denominator of (5) [5].
The longitudinal tire force varies with the slip ratio,

friction coefficient, and normal force. In some researches on
ABS, in order to improve the efficiency of control and to
shorten the braking distance, the slip ratio is adjusted by ABS
to maximize the normalized traction force of the tire [16].

3.2. Friction Coefficient Calculation. The approach which is
used in this paper to estimate the individual wheel friction
coefficient consists of the following three steps:

(1) estimating the longitudinal tire force;
(2) measuring the longitudinal slip ratio at the wheel;
(3) using a recursive least-squares parameter identifi-

cation algorithm to calculate the tire-road friction
coefficient.

The approaches of longitudinal tire force and longitudinal
slip ratio estimationmainly perform friction estimation using
GPS and torque measurements, torque measurements and
an accelerometer, and GPS and an accelerometer. The first
approach has greater estimation accuracy than the other two
approaches [1]. Therefore, the first approach is utilized to
estimate the longitudinal tire force and longitudinal slip ratio
in this paper.

In a small slip ratio interval, where the slip ratio is smaller
than 0.15 and when the slip ratio is greater than 0.005, the
normalized traction force has a linear relationship with the
slip ratio. For any given road, this linear relationship in the
range of a small slip ratio is established [1]

𝛾 =
𝐹
𝑥

𝐹
𝑧

= 𝐾𝑠. (7)

𝐾 presents the slip-slope, whose value changes with the
road surface condition and the type of tire. According to
previous experimental data, it is found that the tire-road
friction coefficient has a linear relationshipwith the slip-slope
[5]. This linear relationship is shown as

𝑢 = 𝐴𝐾+𝐶, (8)

where 𝐴 = 0.026 is the proportionality constant and 𝐶 =

0.047 is a bias constant.
According to (8), we know that the slip-slope is the key to

estimate the tire-road friction coefficient and its estimation
accuracy determines the estimation accuracy of the tire-road
friction coefficient. Consequently, a recursive least-squares
parameter identification algorithm is utilized to improve the
estimation accuracy.

4. Maximum Deceleration Estimation

ESC can make each wheel reach the peak of the normalized
traction force by achieving the best slip ratio. The tire-road

friction coefficients of the front and rear wheels correspond
to 𝑢
𝑓
and 𝑢

𝑟
. We assume that the vehicle brakes with the

maximum deceleration that the vehicle can attain during
emergency braking on a given road. Combining (1), (3), (4),
and (6), the following equation can be obtained:

𝑢
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𝑎
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𝑥
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= 𝑚𝑎max.

(9)

Simplifying (9), the maximum deceleration can be pre-
sented as

𝑎max =
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𝑓
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V2
𝑥
𝐿

𝑚 [𝐿 + ℎ (𝑢
𝑓
− 𝑢
𝑟
)]

.

(10)

The air resistance and the rolling resistance account for
only a small proportion of the longitudinal force. Ignoring
the air resistance and the rolling resistance, the maximum
deceleration can be presented as

𝑎max =
𝐿
𝑟
𝑢
𝑓
+ 𝐿
𝑓
𝑢
𝑟

𝐿 + ℎ (𝑢
𝑓
− 𝑢
𝑟
)
𝑔. (11)

5. Car-Following Model

The change of real-time maximum deceleration is not sig-
nificant when a vehicle is steering in a similar section. It is
difficult for the driver to judge a subtle change in maximum
acceleration through his or her own senses and to adjust the
following gap through a subtle change. However, a computer
can detect subtle changes of maximum acceleration and then
control the throttle valve and brake valve. Consequently,
the car-following model considered the real-time maximum
deceleration should be applied in ACC or automatic driving.
Automatic driving technology is still in its infancy. ACC
technology has gradually become mature. In the current
study of ACC, the vehicle controls its speed according to the
distance and the relative speed between itself and leading
vehicle [17].TheACC system designs different following gaps
which the driver canmanually select, but its presupposed gap
value is constant [7]. The ACC system fails to automatically
calculate amore reasonable desired gap according to the real-
time road surface conditions.

In order to guarantee computational efficiency, themodel
which is utilized in ACC should have only a few parameters
and should be simple on the basis that the model can control
the vehicle effectively and securely. The IDM is an eligible
model which meets these criteria [9].

5.1. IDM. The IDM is expressed by

V̇ (𝑡) = 𝑎0 [1−(
V (𝑡)
V0

)

4
−(

𝑠
∗

(V (𝑡) , ΔV (𝑡))
𝑠

)

2
] . (12)
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This expression can be divided into two parts. The first
two terms on the right, V̇free(𝑡) = 𝑎0(1 − (V(𝑡)/V0)

4
), mean

the acceleration when the vehicle is driving on a road without
congestion. The last part, V̇brake(𝑡) = −𝑎0(𝑠

∗

/𝑠)
2, means the

acceleration which is dominant when the following vehicle
approaches the leading vehicle and the following vehiclemust
decelerate to avoid a rear-end collision

𝑠
∗

(V (𝑡) , ΔV (𝑡)) = 𝑠0 + V (𝑡) 𝑇 +
VΔV

2√𝑎0𝑏
, (13)

where 𝑠∗(V(𝑡), ΔV(𝑡)) expresses the desired minimum dis-
tance of car-following and is rewritten as 𝑠∗ in the following
text. 𝑎0 is the desired maximum acceleration, 𝑏 is the desired
deceleration, V(𝑡) and V0 are the actual speed and desired
speed, ΔV is the speed difference between the following
vehicle and the leading vehicle, 𝑠 is the actual gap, 𝑠0 indicates
that theminimumdistance in congested traffic is 2m, and the
desired safe time headway 𝑇 is equal to 1.5 s for a car on an
uncongested road.

5.2. Dynamic Properties of IDM. IDM was established to
simulate the car-following behavior on a freeway [18]. V0 takes
the value of 120 km/h for a car. IDMwas analyzed for the four
following situations:

(1) equilibrium traffic: in equilibrium traffic of arbitrary
density, V̇(𝑡) = 0 and ΔV = 0;

(2) low density: in this situation, 𝑠 is very large, the term
(𝑠
∗

/𝑠)
2 of (12) is negligible, and the vehicle speeds up

to the desired speed;
(3) braking as a reaction to high approach rates: when

a vehicle approaches slower or standing vehicles at a
sufficiently high approach rate, the term 𝑠0 +V𝑇 of the
desired minimum distance can be neglected;

(4) braking in response to small gaps: the gap 𝑠 is
much smaller than 𝑠∗, but there are no large velocity
differences.

In order to directly analyze the IDM, (12) is transformed
into

V̇ (𝑡) = 𝑎0 [1−𝜆(
V (𝑡)
V0

)

4
−𝛽(

𝑠
∗

𝑠
)

2
] . (14)

In the first mode, with 𝜆 = 0 and 𝛽 = 1, the IDM is
equivalent to the proportional derivative (PD) control law
[19]. In the second mode, with 𝜆 = 1 and 𝛽 = 0, the IDM is
similar to the cruise control law, and the motion has nothing
to do with the desired time headway 𝑇 [7]. In the third and
fourthmodes, the IDM controls deceleration under the range
of desired deceleration. In an emergency braking situation,
the vehicle also decelerates more strongly than the desired
deceleration to avoid a rear-end collision.

In the applicability analysis of IDM, the assumptions are
strictly limited [18, 20]. Nevertheless, the limited assumptions
cannot fully represent the actual operation. When the fleet
moves at an even and high speed, this situation in which
V̇(𝑡) = 0, ΔV = 0, and V(𝑡) → V0 is an equilibrium traffic

situation. In this situation, (12) should be expressed as V̇(𝑡) =
−𝑎0(𝑠
∗

/𝑠)
2, and if and only if 𝑠 ≫ 𝑠

∗, we have V̇(𝑡) → 0.
However, when the fleet moves with the desired minimum
following distance in this situation, V̇(𝑡) = −𝑎0 < 0, which
contradicts the precondition V̇(𝑡) = 0.

In the judgment of car-following behavior, traffic flow
theory describes car-following as driving with a gap that is
less than 125m [21]. Weidemann and Reiter consider that
the vehicle continues car-following when the gap is less
than 150m [22]. We can clearly see that the IDM neglects
judgment of car-following behavior.When a vehicle is driving
in low density traffic, the vehicle is independent of the vehicle
in front and the car-following model becomes invalid. For
the ACC system, the computer changes the gap regulation
controller into a gap-closing controller when the gap is
greater than the gap threshold. Gap control and cruise control
are separated to control the vehicle steadily.

5.3. Desired Minimum Distance Modification. The ACC sys-
tem tends to design a comfortable system, and relatively large
headways are applied [23]. CACC achieves smaller headways
and more moderate natural driving due to the wireless
communication between vehicles [24]. A small headway can
improve the road capacity.Therefore, we should try to reduce
the headway on the basis of ensuring passenger comfort and
safety.

The term VΔV/2√𝑎0𝑏 of the desired minimum distance
does not take into account the effect of real-time road surface
conditions on the braking distance, and the calculated result
is greater than the minimum braking distance. The comfort
of passengers is ensured on the basis of avoiding rear-
end collisions because the greater desired following distance
leads to moderate braking. A desired following distance
that is smaller than the result of (13) might trigger extreme
deceleration during emergency braking. However, the vehicle
performs emergency braking only if the leading vehicle
performs emergency braking in the actual operation of the
vehicles. The probability of emergency braking is relatively
small. Consequently, reducing the following gap on the basis
of ensuring driving safety to improve the road capacity is a
desirable method.

Based on the above analysis, the minimum desired fol-
lowing distance is modified to

𝑠
∗


= 𝑠0 + V (𝑡) 𝑇 +

V2 (𝑡)
2𝑎max

−
V2
𝑙
(𝑡)

2𝑎
𝑙max

, (15)

where 𝑎max and 𝑎𝑙max present the maximum deceleration of
the following vehicle and the leading vehicle. The last two
terms of (15) express the minimum distance necessary to
avoid a rear-end collision. Taking into account that wireless
communication is not mature, we assume that 𝑎max is equal
to 𝑎
𝑙max; that is, 𝑎max = 𝑎𝑙max.
In a cut-in scenario, if the minimum desired following

distance is calculated by (15), excess adjustment might occur.
But the IDM has better performance. These two different
results are illustrated in Figure 5. Consequently, in order to
guarantee the comfort of passengers, the minimum desired
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following distance model of the IDM is retained by the
modified model in the cut-in scenario.

There are two different minimum desired following dis-
tance models in the cut-in scenario and the other scenario.
Before turning to the minimum desired following distance
model, the cut-in scenario should be identified. In this paper,
the cut-in scenario is defined as a vehicle changing lane and
driving into themiddle of a two-vehicle fleet which is moving
faster than 6m/s. When a vehicle cuts into a two-vehicle
fleet, the following gap difference between the subsequent
following gap and the original following gap is greater than
the possible maximum braking distance in the detection
period. Therefore, the control law turning into the cut-in
scenario should be given as

𝑠 (𝑡 − Δ𝑡) − 𝑠 (𝑡) > 𝑎max ⋅ Δ𝑡, (16)

where Δ𝑡 presents the detection period. The cut-in scenario
stops and the other scenario begins once the actual gap is
close to the desired minimum following distance.

5.4. New Car-Following Model. According to the above anal-
ysis, (12) is modified as follows:

V̇ (𝑡) =

{{{{{

{{{{{

{

𝑎0 [1 − (
V (𝑡)
V0

)

4
] , 𝑠 > 𝑠

𝑇
,

𝑎0 [1 − (
𝑠
∗



𝑠
)

2

] , 𝑠 ≤ 𝑠
𝑇
,

(17)

where 𝑠
𝑇
represents the threshold of judging the car-following

behavior and is equal to 125m. When 𝑠 is smaller than 𝑠
𝑇
,

the gap controller is triggered, and when the reverse is true,
the cruise control is triggered. Equation (17) resolves the
contradiction which occurs when a vehicle is moving at an
even and high speed. The third and fourth following modes
also can be controlled well.

Combining (11), (15), and (17), the new car-following
model is expressed as

V̇ (𝑡) = 𝑎0 [1−(
𝑠
∗



𝑠
)

2

] ,

𝑠
∗


= 𝑠0 + V (𝑡) 𝑇 + 𝑘1(

V2 (𝑡)
2𝑎max

−
V2
𝑙
(𝑡)

2𝑎
𝑙max

)

+𝑘2 VΔV
2√𝑎0𝑏

,

𝑎max = [
𝑙
𝑟
𝑢
𝑓
+ 𝑙
𝑓
𝑢
𝑟

𝐿 + ℎ (𝑢
𝑓
− 𝑢
𝑟
)
] ∗ 𝑔,

(18)

where

𝑘1 =
{

{

{

1, others,

0, cut-in,

𝑘2 =
{

{

{

0, others,

1, cut-in.

(19)

In the new car-following model, if the actual speed has
reached the desired speed, the vehicle will continue to speed
up even if 𝑠∗ is smaller than 𝑠 under the control of (18). This
result is not in accordance with reality. To avoid this problem,
we add to (18) the constraint that the vehicle maintains a
uniform speed even when the result of (18) is a positive
number.

5.5. Equilibrium Flow-Density Relation. In equilibrium traf-
fic, V̇(𝑡) = 0, V(𝑡) = V

𝑙
(𝑡), and 𝑎max = 𝑎

𝑙max. The fleet
moves stably with the minimum desired following distance;
namely, 𝑠 = 𝑠

∗


= 𝑠0 + V(𝑡)𝑇. The stable velocity can be

presented as V
𝑒
= min(V

𝑜
, (𝑠 − 𝑠0)/𝑇). From a macroscopic

point of view, the equilibrium traffic can be characterized by
the stable traffic flow 𝑄 = 𝜌V as a function of the traffic
density 𝜌. According to the relation between gap and density,
1000/𝜌 − 𝑙 = 𝑠 (𝑙 represents the length of the vehicle, which
is 5m in this paper); the relation between flow and density of
the new model is shown in Figure 2.

Figure 2(a) shows the relation between flow and density
under the premise that the desired speed is 120 km/h. We
can clearly see that the theoretical road capacity of the new
model is greater than that of the IDM at the same desired
speed and time headway. The theoretical road capacity is
equal to the maximum flow. The theoretical capacity of the
new model increases with decreasing the time headway.
Figure 2(b) shows the relation between gap and density
under the premise that the time headway is 1.5 s. We find
that the theoretical capacity of the new model increases
with increasing the desired speed, but the growth rate is
negligible.Therefore, we can conclude that reducing the time
headway contributes to improving the road capacity more
than improving the desired speed.

6. Simulation

In this section, we firstly simulate the newmodel and the IDM
in normal road surface conditions to test the applicability
of the new model. Simulations of the new model and the
IDM in changing road surface conditions are also carried out
to compare the performance of the new model and IDM in
real-time road surface conditions. All of the simulations are
conducted with MATLAB/Simulink.

6.1. Car-Following Properties in Normal Road Surface Condi-
tions. We carried out two simulations in normal road surface
conditions. The first experiment aims to test and contrast the
stabilities of the new model and IDM in normal traffic. The
second experiment aims to test and contrast the stabilities of
the new model and IDM in the cut-in scenario. In these two
simulations, the vehicles are driving on a dry asphalt road and
the difference between tires is ignored. We assume that the
maximum deceleration is 7m/s2.

(1) Normal Traffic. In normal traffic, to observe the car-
following behavior, a four-vehicle fleet is used and moves at
high speed. In the first cycle, the leading vehicle drives at
25m/s for 20 s and then accelerates at a constant acceleration
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Figure 2: Equilibrium flow-density relation.

of 0.25m/s2 to reach 30m/s. The vehicle decelerates at a
constant deceleration of 0.25m/s2 to return to 25m/s and
remains at a constant speed for 20 s. In the second cycle, it
accelerates at a constant acceleration of 0.33m/s2 to reach
30m/s and maintains a constant speed for 20 s. Then, the
vehicle decelerates at a constant deceleration of 0.5m/s2 to
return to 25m/s andmaintains a constant speed for 15 s. In the
third cycle, it accelerates at a constant acceleration of 0.5m/s2
to reach 30m/s andmaintains a constant speed for 10 s.Then,
the vehicle decelerates at a constant deceleration of 1m/s2 to
return to 25m/s and maintains a constant speed for 10 s. In
the last cycle, it accelerates at a constant acceleration of 1m/s2
to reach 30m/s and maintains a constant speed for 20 s. The
three other following vehicles runwith the newmodel control
and IDM control. For the comparison of the new model and
IDM, the samedesired speed (120 km/h) and the samedesired
safe time headway (1.5 s) are used. At the beginning of the
fleet movement, the four vehicles have the same initial speed
of 25m/s. And the three following vehicles have the same
following gap of 39.5m.

Figures 3 and 4 show the car-following with the IDM
control and new model control. It can be found from Figures
3(a) and 4(a) that the response time of the IDM is longer
than that of the new model. The longer response time means
the following vehicle must maintain a sufficient gap to avoid
a rear-end collision. This result is consistent with Figures
3(c) and 4(c). The IDM keeps the actual time headway of
the fleet around 2.1 s compared with 1.6 s in the new model.
The longer response time of the IDM controller determines
that the vehicle needs a larger car-following gap and time
headway, but its corresponding acceleration and deceleration
are milder than those of the new model controller. It can
be found from Figures 3(b) and 4(b). Table 1 shows the
parameters selected from the new model and the IDM
controller. We can find that the scope of acceleration and
deceleration of the new model controller is greater than that
of the IDM controller, but it is in the acceptable range and
the comfort of passengers is still good. Consequently, the new

Table 1: Selected parameters of the new model and the IDM
controller.

Headway (s) Gap (m) Deceleration
(m/s2)

AVG
New
model 1.60 43.67 −0.21

IDM 2.11 57.12 −0.17

MAX
New
model 1.84 56.60 −1.05

IDM 2.49 74.05 −0.70

model is suitable and more effective than the IDM from the
capacity point of view.

(2) Cut-In Scenario. When two vehicles are driving in the
same lane and other vehicles want to enter the lane between
them, sudden and unexpected cut-ins will occur in a short
period of time. The sudden decrease of the following gap
should lead to extreme deceleration for safety. Consequently,
the braking efficiency should be considered to test the
performance of the new model and the IDM in the cut-in
scenario. For the sake of clarity, a two-vehicle fleet response
in the cut-in scenario is shown in Figure 5.

The leading vehicle and the following vehicle have the
same initial speed of 25m/s and the initial gap is 40m. The
leading vehicle is driving at a constant speed (25m/s) and
the following vehicle is tracking the leader’s speed. Around
the 60th second, a cut-in vehicle merges between them, and
the following vehicle and the new leading vehicle make up
a new two-vehicle fleet. To demonstrate the necessity of cut-
in judgment, the minimum desired following distance model
of the other scenario, which is also shown in Figure 5 (𝑘1 =
1, 𝑘2 = 0), is simulated in the cut-in scenario.

It is obvious that the IDM has the best performance. The
peak of the following deceleration of the IDM is near 1.9m/s2.
In the new model (𝑘1 = 0, 𝑘2 = 1), when the following
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Figure 3: Four-vehicle car-following properties with IDM control
in normal traffic.

vehicle detects the cut-in vehicle, the following vehicle brakes
to increase the gap between itself and the new leading vehicle.
The peak deceleration of the following vehicle in the new
model is near 4.3m/s2 and is greater than that in the IDM, but
it is in the range of acceptable deceleration. The new model
has smaller following gap than IDM; therefore, the vehicle
controlled by new model brakes stronger to avoid a rear-end
collision. However, the probability of cut-in scenario is small,
because the small following gap of the new model does not
provide chance for other vehicles to cut in.

By comparing the gray solid line (𝑘1 = 0, 𝑘2 = 1)
with the yellow solid line (𝑘1 = 1, 𝑘2 = 0), we find
that the peak decelerations are equal. However, the model
whoseminimumdesired following distancemodel in the cut-
in scenario is replaced by the others has the disadvantage
of excess adjustment. So, we can conclude that applying a
different minimum desired following distance model for new
model is necessary and suitable.

6.2. Car-Following Properties in Changing Road Surface Con-
ditions. The real-timemaximum deceleration varies with the
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Figure 4: Four-vehicle car-following properties with new model
control in normal traffic.

real-time road surface condition. Consequently, the parame-
ter 𝑎max is different on diverse road surfaces. The emergency
braking distance is dependent on 𝑎max. On the good road
surface (dry asphalt road), the emergency braking distance
is relatively short because of the large 𝑎max. However, the
emergency braking distance on the bad road surface (icy
road) is longer than the good road surface because of the
smaller 𝑎max. Therefore, the driver can maintain a greater
following gap on the bad road surface.

The IDM considers the real-time road conditions by
adjusting the desired time headway. The minimum desired
following distance in the new model is a function of the
real-time maximum deceleration. To test the performance
of the IDM and the new model in real-time road surface
conditions, a simulation is carried out. In the simulation, two
vehicles move from a dry asphalt road to an icy road at 190m.
The total length of the road section is 530m. The maximum
decelerations on the dry asphalt road and the icy road are
7 and 1.764m/s2. The leading vehicle is driven by a human,
and the driver slows down before moving onto the icy road
because the human driver can see the condition of the road in
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Figure 5: Cut-in response.

front and the front vehicle of the leading vehicle brakes before
the leading vehicle drives onto the icy road.

The leading vehicle moves onto the icy road at 13.6 s. In
the IDM control, the driver manually changes the desired
time headway from 1.5 to 2.2 s after observing the change
in the road condition. The sudden change in the minimum
desired following distance of the IDM which is shown in
Figure 6(c) (IDM-𝑠∗) is attributed to the change in the
desired time headway. However, the desired time headway is
a constant value in the new model. The driver does not need
to manually change the desired time headway. The change in
the real-timemaximumdeceleration represents the change in
the real-time road condition.

In the new model control, the maximum deceleration is
updated after the change in the road condition is detected
by the sensors. Because the minimum desired following
distance of the newmodel is a function of the real-time max-
imum deceleration, it also changes suddenly with changes
in the real-time maximum deceleration. From Figure 6(c),
we can find the sudden change (new model-𝑠∗). The sudden
change of the new model is smaller than that of the IDM.
Consequently, the new model controller is more stable and
decelerates more smoothly than the IDM controller. The
result is in accordance with Figure 6(b). The maximum
deceleration of the IDM is −2.95m/s2 and the maximum
deceleration of the new model is −2.51m/s2.

Comparing the response time of the following vehicle
of the new model with that of the IDM after the vehicles
drive onto an icy road, we find that the new model controller
has greater delay than the IDM controller according to
Figure 6(a). The reason is that the desired time headway is
adjusted manually by the human driver before the vehicle
drives onto the icy road. However, the parameters of the
newmodel are adjusted automatically when the vehicle drives
onto the icy road.
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Figure 6: The car-following properties on a changing road.

7. Conclusion

In this paper, the real-timemaximumdeceleration estimation
approach is introduced. We analyzed the IDM and found a
disadvantage which could occur when the vehicle moves at
high and even speed. According to the disadvantage and the
real-time maximum deceleration, a new car-following model
is established on the basis of the IDM.Theminimum desired
following distance of the new model contains minimum
collision-avoidance distance and ensures the safety of the
following vehicles.

The equilibrium flow-density relations of the new model
and the IDM are compared and the result indicates that the
new model controller improves road capacity more than the
IDM controller and that reducing the time headway is more
efficient for improving the road capacity than increasing the
desired speed.

The newmodel can keep the vehicle moving with smaller
time headway than the IDM on the basis of ensuring safety
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and comfort according to the simulation of equilibrium traffic
on a normal road. The smaller time headway means greater
road capacity which can alleviate the traffic jam. Moreover,
the peak of actual deceleration of the new model may be
roughly greater than that of IDM in the cut-in scenario,
but it is within the acceptable range. In changing road
conditions, the newmodel can have smaller deceleration than
the IDM and the controlled vehicle decelerates smoothly.
Consequently, considering the effect of real-time maximum
deceleration on car-following not only can improve the
driving comfort and safety but also can alleviate the traffic
jam which has important significance for sustainable trans-
portation.
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The paper establishes an estimation model of urban transportation supply-demand ratio (TSDR) to quantitatively describe the
conditions of an urban transport system and to support a theoretical basis for transport policy-making. This TSDR estimation
model is supported by the system dynamic principle and the VENSIM (an application that simulates the real system). It was
accomplished by long-term observation of eight cities’ transport conditions and by analyzing the estimated results of TSDR from
fifteen sets of refined data. The estimated results indicate that an urban TSDR can be classified into four grades representing
four transport conditions: “scarce supply,” “short supply,” “supply-demand balance,” and “excess supply.” These results imply that
transport policies or measures can be quantified to facilitate the process of ordering and screening them.

1. Introduction

This paper describes a methodology for estimating the value
of urban transportation supply-demand ratio, TSDR for
short, that is the result of interaction between transport sys-
tem support capacity and inhabitants’ travel requests and can
determine whether transport conditions are balanced.

In a multitude of papers, travel demand and transporta-
tion supply are shown to act as ameans of traffic phenomenon
analysis to shed light on the theories and techniques under-
lying high-effect transportation.

There are several popular theories deriving from supply
and demand consideration. For example, kinematic wave
theories of lane-changing traffic flow [1] and merging traffic
flow [2] have been described by Jin. Microsimulation models
have emphasized both day-to-day and within-day variability
in both demand and supply dynamic condition for real-time
transport strategies in automated highway and responsive
traffic signal control systems [3]. Considering that transport
supply and demand varied incessantly under the influence of
travel time-variations [4], a theoretical framework for design-
ing a reliable transportation network [5] was developed and

formulated as a bilevel program, with the upper level spec-
ifying the objective with respect to the optimized subject
to demand growth and economic constraints and the lower
comprised of time-dependent use of equilibrium models.
After calibrating all demand and supply parameters, a dyna-
mic traffic assignment model for highly congested urban net-
works required a modified treatment of acceptance capacity
[6]. Under stochastic demand and supply, a robust traffic
assignment process of the expected residual minimization
model places emphasis on the planner’s perspective and sto-
chastic cell transmission model [7] and can capture the mean
and standard deviation (SD) of density of the traffic flow and
the propagation of SD over time and space.

A variety of transport problems originating from the con-
tradiction between travel demand and transportation supply
have been discussed in the relational literatures. To tackle taxi
service refusal [8], pricing policies and regulations should
take into consideration its impact on demand-supply equilib-
rium in both monopolistic and competitive market. Empiri-
cal examination, based on data from a survey of the “parking
marketplace” site around the UK’s 25 busiest passenger
airports, indicated that some car parking requirements in
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Table 1: Characteristic of complex system and transportation system.

Complex system [20]
characteristic Transportation system characteristic

Large numbers of elements
are manifold

Elements:
People (drivers, passengers, and pedestrian)
Vehicle (motor and nonmotor vehicle, train)
Facilities (road, tunnel, bridge, signal system, etc.)
Management (laws and regulations, management technique)
Environment (economic and culture)

Interaction among the
elements is more important
than the element itself

The crux of transportation system’s maximum efficiency is the coordination of the elements

Multiple causality among
the elements

Transportation system consists of subsystems such as economy, number of vehicles, environment,
travel demand, transport supply, and a traffic congestion subsystem. Every subsystem has
causality and there is special causality among the subsystems [21]

Dynamic and nonlinear

Transportation system’s elements are in a stochastic condition; that is, they vary with time and
space; their linear relationship, because of complex causality, cannot satisfy the requirements of
modeling to simulate real transportation, so the modeling method has undergone several
processes: statistics, differential equations, system dynamic, the models of complex network, and
modeling method based on Agent [22]

Self-organization and
self-adaptiveness

A transportation system, because of randomness and complexity, can only operate in orderly
fashion by using a self-feedback function. This is, in order for traffic flow tend to be in ordered
under certain conditions, the transportation system should self-adjust, based on real-time traffic
status, by control and management technologies [23], so that it has self-organization and
self-adaptiveness

the airport would be experiencing rapid growth with a rela-
tively small supply of overall airport parking, so airport oper-
ators and local authorities should be cognizant of the neces-
sity of alternative parking provision [9]. A model analyzed
the vicious cycle of a bus line [10], in which high demand will
induce the operator to increase supply, in turn resulting in
a higher level-of-service requirement and a subsequent inc-
rease in passenger numbers, triggering another round of ser-
vice improvements.

The theories and techniques mentioned above can be
aimed at any part of the transportation system that could
make greater contribution.The question of whether transport
supply and travel demand influence the whole transportation
system has also been discussed.

Travel demand and transportation supply modeling
methodology was presented through an Upper-Silesian Con-
urbation in Poland [11] example. To agglomerate them, the
Interval Fractional Transportation Problem has adopted the
expression of intervals with left and right limits [12]. Supply-
demand equilibrium [13] has been discussed in terms of a
hypernetwork (an abstract network on which a route was
chosen) in the disaggregate demand models on a mathemat-
ically consistent basis for congested transportation systems.
The new method of estimating the effect of travel demand
variation and link capacity degradation was applied in the
expected reliability of a roadway network: travel time relia-
bility and capacity reliability [14].

The demand of transportation can be generally defined in
terms of inhabitant trips, but the supply aspect had different
assumptions according to the object or the aim. While route
choice was regarded as a supply aspect of the urban network,
the supply curves [15] were sensitive to the temporal and

spatial distribution of demand, and its shape also differed
fromOrigin-Destinationmovements within a given network;
activity-basedmodeling and dynamic traffic assignment were
combined [16] and the benefit of responsive pricing and travel
information was quantified [17]. By improving bus andmetro
capacities contributing to the transportation supply, a frame-
work for evaluating the dynamic impacts of a congestion
pricing policy [18] can show how supply dynamics affect the
travel demand of individuals and their choice of different
transportation modes, and the method [19] of design and
implementation of efficient transit networks can be applied
to designing a high-performance bus network in Barcelona
(Spain).

The above literatures are aimed at developing solution or
a corresponding theory for a transport problem. However,
because the various parts of transportation systems are inter-
active, the solution of a transport problem is bound to bring
up new problems, so this paper proposes a macroscopic anal-
ysis method for estimating the TSDR.

2. Previous Work

2.1. Methods and Tools. A transportation system is an open
complex system, and Table 1 describes the characteristic of
complex system and transportation system. Peer experts have
applied the theories and methods of system engineering in
their approaches for modeling in the transportation area.

System dynamics is an approach to understanding the
behavior of complex systems over time, and it is able to deal
with internal feedback loops and time delays that affect the
behavior of an entire system.This approachwaswell-suited to
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Figure 1: Idealized system of urban transport system.

strategic issues and could provide a useful tool for supporting
policy analysis and decision-making in the transportation
field [24]. The areas of application include the take-up of
alternate fuel vehicles, supply chain management affecting
transport, highway maintenance, strategic policy, and a set of
emerging application areas.

This paper analyzes the transportation system using the
methods of system dynamics and will estimate the TSDR by
VENSIM, an industrial-strength simulation software package
for improving the performance of real systems; it has a rich
feature set emphasizing model quality, connections to data,
flexible distribution, and advanced algorithms.

2.2. The Idealize System. As stated in Transportation System
Analysis [25], “a transportation system is a collection of ele-
ments and the interactions between them that produce both
the demand for travel in a given area and the provision of
transportation services to satisfy this demand.” In other
words, the transportation system consists of two main com-
ponents: travel demand and transportation supply. Figure 1
depicts the idealized system studied in the paper.

(1) Transportation Supply. The transportation supply com-
ponent as described in Transportation System Analysis [25]
is made up of facilities (roads, parking spaces, railway lines,
etc.), services (transit lines and timetables), regulations (road
circulation and parking regulations), and prices (transit fares,
parking prices, road tolls, etc.) that produce travel opportu-
nities.

This is to say that the purpose of measures such as con-
structing transport facilities, improving services, strengthen-
ingmanagement, and pricing reasonably is to offer additional
travel service. It is then necessary that transportation supply
is quantized by the maximum passenger-carrying capacity of
the transport system per unit time.This leads to Definition 1.

Definition 1. Transportation supply is the maximum amount
of passenger-carrying capacity contributed by the metropoli-
tan’s transport system; it has three characteristics: resources
restriction, multiformity of transport modes, and multilevels
of service targets. Transportation supply and demand have
settled into dynamic equilibrium.

The facilities formass transit inChina include urban road,
rail transit, and ferry; rail transit mainly includes tram, light
rail, rapid rail (metro), monorail, and funicular. Ferry and
funicular play an auxiliary role in some cities with special
geography conditions such as a river passing through or
mountainous composition of the city’s landform; tram gen-
erally cannot exist in Chinese cities because of ever more
crowded transport. Almost all of the rail transit entities oper-
ate independently in underground tunnels or on viaducts so
as not to interfere with surface transport, so Hypothesis 2 can
be given.

Hypothesis 2. There are two transport facilities formetropoli-
tan inhabitant: urban road and rail transit, and both coexist
and are independent of one another.

Most often, types of motorized and nonmotorized vehi-
cles operating on urban roads include bus, car, truck, motor-
cycle, and bicycle; their purpose and travel times vary so
traffic composition varies with city limits and times. Because
trucks were forbidden in the daytime in most urban districts,
cargo traffic’s influence on the transportation supply and
travel demand balance can be overlooked in the daytime.
Buses, disaggregated by purpose, are composed of public
buses, commuter buses, and intercity buses; the latter two are
a minority on urban roads and have flexibility for choosing
congestion-free routes, so “bus” will refer specifically to
public buses to simplify the model. Motorcycles and bicycles
are suitable for traveling short distances but rarely run on
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Table 2: Information for chosen cities.

Metropolitan
area Year Population (million)

Gross Domestic
Product (billion,

RMB)
Urban area (Km2) Significant transport event

Beijing 2011 20.186 1,625.19 8579
Tianjin 2011 13.546 1,130.73 1103
Shanghai 2011 23.475 1,919.57 9589
Guangzhou 2012 8.223 1,355.12 2910
Hangzhou 2013 7.253 780.20 2060
Shenzhen 2012 1.047 1,150.55 5256 The 181 km new road and the

133 km reformed road in 2012Shenzhen 2013 1.055 1,295.00 5282
Shenyang 2012 8.228 660.68 1504 Metro line 1 and line 2 opened,

respectively, on September 27,
2011, and February 9, 2012

Shenyang 2011 7.227 591.49 1495
Shenyang 2010 7.196 501.71 1485
Nanjing 2012 8.161 720.16 1215
nThese data from China City Statistical Yearbook.

the expressway and major arterial roads because of the
great distances betweenworkplace and home inmetropolitan
areas. “Car” comes in three forms: private car, official vehicle,
and taxi; the first two have similar traits [26] and the chara-
cteristics of taxi trips [27] are, dynamically using road resour-
ces, different from the former two. So, Hypothesis 3 is given.

Hypothesis 3. Traffic composition on urban roads consists of
car, public bus, and taxi; the term “car” includes both private
cars and official vehicles.

(2) Travel Demand. Travel demand, also described in Trans-
portation System Analysis [25], derives from the need to
access urban functions and services in different places and is
determined by the distribution of households and activities
within the area.

Travel demand is trip need or expectation of a city inhab-
itant for business or entertainment and is the natural out-
growth of economic development and urban population
increase. It is always reflected in the trip structure of the met-
ropolitan area, combined into several trip modes such as car,
bus, taxi, rail transit, bicycle, and walking.The impact factors
that affect travel mode choices of urban residents derive from
the spatial and temporal nonuniformity of transport facilities’
use, the purpose of people trips, and the convenience of the
transport system, so Definition 4 applies. In the meantime,
Hypothesis 5 can be deduced from Hypotheses 2 and 3.

Definition 4. Travel demand is the movement requirement
using public transport facilities from one functional area to
another; it varies with the spatial and temporal nonunifor-
mity of transport facilities’ use, the purpose-sets of people
trips, and the convenience-sets of the transport system.
Transportation demand can bemeasured by the total number
of trips.

Hypothesis 5. The trip structure within the metropolitan area
can be characterized by four trip modes: car, public bus, taxi,

and rail transit. The “car” designation includes both private
cars and official vehicles.

2.3. Data. This study examined certain cities that exhibited
one of the two characteristics listed below. Table 2 gives spe-
cific information about these cities.

(a) The cities are densely populated and relatively well-
developed economically so they use superior trans-
portation systems and are able to provide sets of data
representing different traffic states for quantitative
analysis.

(b) Significant transport events occurred in recent years;
examples would include the Shenyang metro being in
operation and Shenzhen’s new and reformed long
urban road. The before-and-after data comparison
can reveal an event’s impact on the balance of the tra-
nsportation system.

The sources of the micro- and macrodata involved in this
paper are mainly focused on the following ways.

(a)TheOfficial Data.They includeChina City Statistical Year-
book,Yearbook of China Integrated Transport, and the existing
data from the Internet published bymunicipal transportation
commissions.

The digital information from China City Statistical Year-
book had macroeconomic messages (including population
and Gross Domestic Product), investment amounts in trans-
portation from government, divergence of residents’ earn-
ings, urban road grades and their lengths, and distribution
of the vehicles’ owners. Information from the Yearbook of
China Integrated Transport provided the total number of
resident trips, the distribution of travel modes, the vehicle
speed in road net, the lengths of urban roads classified, the
operational information about public bus and railway routes
(kilometrage, number of operating vehicles, and passengers
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Figure 2: Urban TSDR estimating framework.

carried), and so on. The municipal transportation commis-
sion published operating information about railway, public
bus, and taxi in real time.

(b) The Data from the Traffic Administrative Department of
the Public Security Organ and the Public-Transport Operation
Corporation. Traffic monitoring systems and transportation
information collection systems set up in Chinese cities pro-
vide traffic microdata such as traffic flow, headway, traffic
density, and speed, which can be used for estimating Lanes
ComprehensiveUtility Coefficient and Intersections Effective
Utility Coefficient of classified roads.

The operational data from the public-transport operation
corporation (bus, metro, or taxi operation company) includes
not only passengers carried but also Passenger Load Factor,
OD (Origin and Destination), and kilometrage of the pas-
sengers, used both in directly estimating the supply-demand
ratio and reciprocally verifying with official statistics.

(c) Surveying on the Spot.The purpose of surveying on spot in
a city was to gain the necessary data that cannot be obtained
by the above two modes; this includes vehicles average travel
distance, the respective proportion of the public buses, taxis,
and cars in the urban road, and their average number of
passengers carried.

Manual records and interview surveys were adopted.The
proportion of public buses, taxis, cars and their Average

Carried Passengers were manually recorded in forty sections
of expressway, major arterial road, minor arterial road, and
collector streets during peak hours and off-peak hours during
both working days and Sunday. In a roadside interview sur-
vey, at least 200 drivers in a city were asked, “Normally, how
many kilometers do you drive a day”; the vehicles average
travel distance was the average value of these answers.

3. Model

The transportation supply-demand ratio used to quantita-
tively describe the transport system state is the ratio between
transportation supply and travel demand, that is, between the
maximum amount of passengers carried and the total trips
according to Definitions 1 and 4. As the value of this ratio
increases, urban transport would become more and more
unobstructed.

3.1. Model for Estimating Urban TSDR. Figure 2 shows the
supply-demand ratio estimating framework. Letting𝜔denote
the TSDR and letting 𝑆 and 𝐷 separately denote transport
supply and travel demand, the estimating model can be
written as

𝜔 =
𝑆

𝐷
. (1)
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(1) Transportation Passengers-Carrying Supply. In Figure 2,
the transportation passengers-carrying supply 𝑆 is composed
of travelers carried by public bus 𝑆bus, rail transit 𝑆rail, taxi
𝑆taxi, and car 𝑆car, resulting in

𝑆 = 𝑆bus + 𝑆rail + 𝑆taxi + 𝑆car. (2)

By Hypothesis 2, the bus passengers-carrying supply
(𝑆bus), taxi passengers-carrying supply (Staxi), and car passen-
gers-carrying supply (𝑆car) are limited by net urban road
traffic capacity 𝐶roadnet. By Hypothesis 3, the traffic capacity
of urban road net 𝐶roadnet and the rail passengers-carrying
supply 𝑆rail, as shown by the circled section in Figure 2,
are independent of one another, and they will be separately
introduced in Sections 3.2 and 3.3.

Considering that the traffic capacity unit of measurement
is the PCU (Passenger Car Unit), the mathematical formu-
lation of bus passengers-carrying supply 𝑆bus after vehicle
equivalent conversion can be stated as

𝑆bus =
𝐶roadnet × 𝛼

𝜙
× 𝐷

max
bus , (3)

where 𝛼 = the proportion of the bus in the road net; 𝜙 =
conversion coefficient of the vehicle length form bus to car;
𝐷

max
bus = maximum passengers-carrying per bus, restricted by

the transport policies grounding in service-level oriented or
transportation-capacity oriented.

Similarly, taxi passengers-carrying supply 𝑆taxi can be
expressed as the product of the average expected passengers-
carrying per taxi and the number of the taxies, so

𝑆taxi = 𝐶roadnet × 𝛽 × 𝐷
𝑎

taxi, (4)

where 𝛽 = the proportion of taxis in the road net and 𝐷𝑎taxi =
average expected ridership per taxi, dependent on whether
carpooling is permitted.

The car passenger-carrying supply 𝑆car is also related to
the number of cars and average passenger-carrying per car,
so

𝑆car = 𝐶roadnet × 𝛾 × 𝐷
𝑎

car, (5)

where 𝛾= the proportion of private cars in the road net;𝐷𝑎car =
average passenger-carrying per car.

(2) Travel Demand. Trip demand 𝐷 is the sum of trip
demand for bus, rail transit, taxi, and car and similarly to the
transportation passenger-carrying supply estimating process
it can be expressed by the mathematical formula

𝐷 = 𝐷bus + 𝐷rail + 𝐷taxi + 𝐷car, (6)

where 𝐷bus, 𝐷taxi, 𝐷rail, and 𝐷car are, respectively, trip
demand for bus, taxi, rail transit, and car. They are expressed
by the ratios of their travelers to the total, so these equations
are

𝐷bus = 𝑃𝐴𝑅bus,

𝐷taxi = 𝑃𝐴𝑅taxi,

𝐷rail = 𝑃𝐴𝑅rail,

𝐷car = 𝑃𝐴𝑅car,

(7)

where 𝑃 is the total population in the city; 𝐴 is average trip;
and 𝑅bus, 𝑅taxi, 𝑅rail, and 𝑅car are the proportion of bus, taxi,
rail transit, and car travelers in the total trips.

(3) Passengers-Carrying Supply-Demand Ratio (PCSDR). To
embody the urban transport system supply-demand relation,
if the values of the four modes’ passengers-carrying supply-
demand ratio, PCSDR for short, are estimated at the same
time, then

𝜔bus =
𝑆bus
𝐷bus

,

𝜔rail =
𝑆rail
𝐷rail

,

𝜔taxi =
𝑆taxi
𝐷taxi

,

𝜔car =
𝑆car
𝐷car

.

(8)

3.2. Urban Road Net Traffic Capacity. The traffic capacity
of the urban road net is the maximum number of vehicles
running on the urban road net at a certain time; it is limited
by the characteristics of the net and the traffic conditions.
Figure 3 shows its estimation module.

All the transportation modes except rail transit are
restricted to the urban road net traffic capacity. And urban
road net traffic capacity [28] 𝐶roadnet is expressed by the ratio
of the spatial and temporal resources of road net RE

𝑑
to the

spatial and temporal consumption of traffic unit RE
𝑡
based on

the Specific Vehicle Saturation 𝜌; it takes the form

𝐶roadnet =
RE
𝑑

RE
𝑡

× 𝜌

= (

4

∑

𝑖=1

𝐿
𝑖
⋅ 𝑑
𝑖
⋅ 𝜂
1𝑖
⋅ 𝜂
2𝑖
) × 𝑇

×
1000

(𝑙
𝑝
/𝑉) ((𝑡/3.6) 𝑉 + 𝑙V + 𝑙𝑠)

× 𝜌,

(9)

where 𝑖 = 1, 2, 3, 4, respectively, replace the expressway,major
arterial road, minor arterial road, and collector street and
𝐿
𝑖
= length of the roads classified. Its value is calculated

by the investment or use existing data. 𝜂
1𝑖
= Intersections

Effective Utility Coefficient (IEUC) for roads of each grade;
𝜂
2𝑖
= Lanes Comprehensive Utility Coefficient (LCUC) for

roads of each grade;𝑇 = service time, h; 𝐿
𝑝
= vehicles average

travel distance, km; 𝑉 = vehicles average travel speed, km/h;
𝑡 = driver’s reaction time, s; 𝑙V = car length, m; 𝑙

𝑠
= minimum

safe distance between two cars when they are static, m.
In the above formulas, many parameters may change in

implementation of transport policies or measures, so the
estimated result of the model can reflect the effect of such
changes. For example, investment in transportation may
cause length of the roads classified and length of rail transit
line increase. By using and generalizing advanced technology
like Intelligent Transportation Systems, driver Information



Mathematical Problems in Engineering 7

Amount of
investment in

road Urban road net
traffic capacity

Intersections Effective
Utility Coefficient for

expressway

Lanes Comprehensive
Utility Coefficient for

expressway

The spatial
and

temporal
resources of
expressway

The spatial
and temporal
resources of

major arterial
road

The spatial
and temporal
resources of

minor
arterial road

The spatial
and temporal
resources of

collector
streetThe spatial

and temporal
resources of
the road net

The spatial
and temporal
consumption
of the traffic

unit

Vehicles average
travel distance

Vehicles average
travel speed

Car length

Minimum safe distance
between cars when they are

static

Driver’s
reaction time

Road
average

utilization
rate

The proportion of the
amount of investment in

expressway

length

Unit costAmount of
investment in

expressway

Average lanes

Increment of the
length

Service time

Express length

Expressway parameter

Major arterial
road parameter

Major arterial
road length

Minor arterial
road parameter

Minor arterial
road length

Collector street parameter

Collector street
length

⟨time⟩

Figure 3: Estimation module for traffic capacity of urban road net.

System, urban Traffic Area-wide Cooperation Control Sys-
tems, and Urban Pedestrian Systems the values of Intersec-
tions Effective Utility Coefficient and Lanes Comprehensive
Utility Coefficient will increase.

The values of IEUC and LCUC for roads classified are
displayed by Time Occupancy [29]; that is, they are the per-
centage of all the time that vehicle occupied in road; then

𝜂
1𝑖
(𝜂
2𝑖
) =

𝑛

∑

𝑖=1

𝑡
𝑖

𝑇
𝑜

, (10)

where𝑇
𝑜
= observed duration, 𝑡

𝑖
= time that number 𝑖 vehicle

moves through the observed cross-section, and 𝑛 = number
of the vehicles observed.

There are some things to be aware of while observing the
IEUC and LCUC:

(i) One should try to choose the cross-sections less
affected by intersections and the period during which
the traffic becomes saturated.

(ii) The LCUC should be dissected for every lane.
(iii) Entries to the intersection while measuring the IEUC

should be observed.
(iv) Select all types of the intersections and cross-sections,

but not all of them.

(v) IEUC and LCUC average aimed at the roads of each
grade should be calculated.

Table 3 [29] lists the suggested values of IEUC and LCUC.

3.3. Rail Transit Passengers-Carrying Supply. The rail transit
passengers-carrying supply 𝑆rail is expressed as a sum of all of
the city’s rail lines ridership capacity (𝐶

𝑖
), and it is strongly

influenced by the Departing Interval (𝐼rail) and Passengers-
carrying per train (𝑁

𝑖
). Figure 4 describes the rail transit

passengers-carrying supply estimating module.
Generally, the following formulas state the algorithmic

method:

Srail =
𝑛

∑

𝑖=1

(𝐶
𝑖
× 𝑁
𝑖
) ,

𝐶
𝑖
=
𝑇

𝐼rail
× 3600.

(11)

(1) Departing Interval (𝐼rail). In reality, the factors affecting the
Departing Interval fall into two categories:

(i) those restricted by telecommunication and signal
control technology, letting 𝐼min

rail denote the minimum
tracking interval dependent on the signaling system,
whose value is provided by themanufacture of the rail
line used,
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Table 3: Suggested values of IEUC and LCUC.

Urban road classification Expressway Major arterial road Minor arterial road Collector street
Intersections Effective
Utility Coefficient 0.75 0.55∼0.65 0.45∼0.55 0.40∼0.50

Lanes Comprehensive
Utility Coefficient 0.9 0.85∼0.95 0.80∼0.90 0.85∼0.95
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Figure 4: Estimated module for rail transit passengers-carrying supply.

(ii) those restricted by the horizontal and vertical curves
of rail facilities and the number of the trains. The
horizontal and vertical curves determine the train
running speeds and the number of the trains supports
the Departing Interval. Let 𝐼𝑑rail denote the Train
Departing Interval dependent on the facilities, and
the result is the turnaround time (𝑇

𝑡
) divided by the

number of the trains (𝑁
𝑡
).The derivation is as follows:

𝐼
𝑑

rail =
𝑇
𝑡

𝑁
𝑡

, (12)

𝑇
𝑡
=
2𝐿

𝑉
, (13)

𝑁
𝑡
=
𝑀

𝑚
, (14)

where 𝐿 = length of rail line; 𝑉 = average travel speed, km/h;
𝑚 = number of the vehicles in a train; 𝑀 = number of the
vehicles.

In the model shown in Figure 4, the rail-line length and
the vehicle number are calculated by investment; that is, their
values after a construction cycle are determined based on the
actual investment and the construction cost. The meaning of
themethod is a quantitative prediction of the implementation
effect of policies like the investment focus and reducing the
engineering cost; the construction cycle is generally 5 years

or so. Certainly, they can either use the existing data for the
existing line or define the measures.

After considering the ratio of the spare and maintaining
trains to operating trains (𝜏), converting hours into seconds,
substituting (13) and (14) into (12) produces

𝐼
𝑑

rail =
2𝐿

𝑉
×
𝑚

𝑀
× (1 + 𝜏) × 3600. (15)

For the Departing Interval choose the max value between
𝐼
min
rail and 𝐼𝑑rail, producing

𝐼rail = max {𝐼𝑑rail, 𝐼
min
rail } . (16)

(2) Passengers-Carrying per Train (𝑁
𝑖
). Since passengers-

carrying per train depends on the prescribed passengers-
carrying per vehicle (𝐷rail) and Load Factor (𝜎), then

𝑁
𝑖
= 𝑚 × 𝐷rail × 𝜎. (17)

(3) Example Verification. To verify the rail transit passengers-
carrying supply estimating framework, Table 4 lists the error
rate of the estimated value compared with the actual value
obtained in 2012 from the 15 Beijing subway lines.

In Table 4, most absolute values of the error rate are less
than 3%, and only values of Changing Line and Fangshan
Line are greater than 3%. The max value is 5.98%, which was
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Table 4: Beijing subway passengers-carrying estimated verification
in 2012.

Rail line

Passengers-
carrying
estimated

(person/hour)

Passengers-
carrying in
reality

(person/hour)

Error rate (%)

Line 1 42336 42840 −1.18
Line 2 37800 38556 −1.96
Line 4 26779 26677 0.38
Line 5 31129 31328 −0.64
Line 8 17640 17520 0.68
Line 9 11760 11680 0.68
Line 10 32072 32296 −0.69
Line 13 33075 32130 2.94
Line 15 12027 11680 2.97
Changping
Line 13569 13140 3.26

Fangshan Line 9284 8760 5.98
Yizhuang Line 11386 11680 −2.52
Batong Line 29223 29988 −2.55
Airport
Express 2680 2688 −0.30

Daxing Line 22800 22603 0.87
Average error rate (absolute value) 1.84

nThe data of passengers-carrying in reality from 2012 Yearbook of China
Integrated Transport.

caused by reserved actual passengers-carrying of Fangshan
Line that was early in the running. Thus the way of the rail
transit passengers-carrying supply estimation is effective and
feasible.

3.4. Passengers-Carrying Supply Estimation on Bus Lane. The
bus lane is one of two types depending on whether it is inde-
pendent of the urban road net:

(i) OpenUp in the Road.This type of bus lane essentially occu-
pies road resources, so the intersections and cross-sections
with bus lanes are separated into dedicated lanes, permitting
independent observations of the IEUC and LCUC.

(ii) Individually Built, That Is, Bus Rapid Transit (BRT). It is
similar to rail transit and is determined to the rail transit
passengers-carrying supply estimating framework.

4. Estimation and Results

In this section, fifteen groups’ data were chosen from eight
cities to analyze the TSDR. Table 5 separately lists the esti-
mated values of the PCSDR of bus, taxi, rail, and car and the
TSDR.

Theoretically, the value of supply-demand ratio is near
1: a value greater than 1 means that the supply exceeds the
demand, and a value less than 1means that the supply is short.

However, in view of the complexity of themetropolitan trans-
port system and the limitation of the model, the PCSDR of
bus, taxi, rail, and car is, respectively, determined, and its
underlying causes are explored to lay a foundation for descri-
bing the transport conditions represented by the value range
of the TSDR.

(1) Estimated Result of the PCSDR of Bus, Taxi, Rail, and Car
during Peak Hours. During peak hours, the values of sample
cities’ TSDR, except for Hangzhou’s, are less than 0.95, and
four of these are lower than 0.8; the supply and demand for
the bus, taxi, rail transit, and car, however, vary considerably.

It is common for the values of bus PCSDR to remain
steady during the peak hour interval [30]. In spite of a support
of the public bus priority policy, such as bus lanes and
bus traffic signal priority, bus operation efficiency is still of
concern in the worst road traffic situations. Buses, frequently
running under acceleration, deceleration, and idling condi-
tions, seldom arrive at predictable intervals and may be so
crowded that passengers who must ride the bus must either
contend with a crowded and throttling atmosphere or miss
one connection after another following an unsuccessful
struggle to aboard.

The values of taxi PCSDR are the largest, and they exceed
0.8 in the overwhelming number of major cities. Because the
expectation of taxi is the lowest from perspectives of both
supply and demand, on the supply side, taxi drivers try to
avoid operation to reduce costs, especially under crowded
traffic conditions, and on the demand side, passengers often
do not choose taxis travel because of the higher trip charge
(compared to bus) and the longer trip time (compared to rail
transit).

Most of the values of car PCSDR are less than 0.8, espe-
cially for Beijing, just 0.22 during peak hours. From the
Chinese standpoint, it may be essential to own private cars
because families with children, the elderly, and the infirm
must use cars as travel tools to avoid dealing with the conges-
tion of urban public traffic. Other reasons for owning a car, a
symbol of identity,might includewinningmore social respect
and even bringing about more economic benefits. Therefore,
when Beijing and Shanghai use lottery system to limit new
vehicle registrations, vehicle possession still had respective
increases of 225,000 and 59,000 in 2013 and reached totals of
5.2 and 2.8 million. Relative to urban road mileage, 28,608
and 17,316 kilometers, private car demand greatly exceeds
the supply of urban road net, so excessively larger vehicle
possession is the root cause of the urban road net congestion.
On the other hand, the low average passengers-carrying, only
1.17 from survey data, is another important contributor to
congestion.

The estimated values of rail PCSDR range wildly, from
0.37 to 1.01, and the more developed the rail transit system
becomes, the lower its value will be. In vast metropolitan
subwaynetworks (like those inBeijing, Shanghai, andGuang-
zhou), during peak hours a horde of people fight their way off
the train while another such horde barely waits before fight-
ing their way on, and the train can hardly get moving because
of all the people crammed in and blocking doors; subway
attendants help by shoving the last people onto the train. In
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Table 5: Estimated result on TSDR.

City Year Time period Bus PCSDR Rail PCSDR Taxi PCSDR Car PCSDR TSDR
Beijing 2011 Peak hour in working day 0.82 0.50 0.91 0.22 0.47
Guangzhou 2010 Peak hour in working day 0.92 0.37 0.95 0.56 0.68
Shanghai 2011 Peak hour in working day 0.81 0.57 0.93 0.60 0.69
Nanjing 2012 Peak hour in working day 0.86 0.84 0.90 0.66 0.76
Tianjin 2011 Peak hour in working day 0.83 0.96 0.86 0.76 0.81
Shenzhen 2012 Peak hour in working day 0.94 0.70 1.03 0.77 0.84
Shenzhen 2013 Peak hour in working day 0.97 0.71 0.98 0.90 0.92
Shenyang 2010 Peak hour in working day 0.87 — 0.75 0.73 0.82
Shenyang 2011 Peak hour in working day 0.88 0.90 0.75 0.75 0.83
Shenyang 2012 Peak hour in working day 0.99 0.83 0.81 0.81 0.89
Hangzhou 2013 Peak hour in working day 0.90 1.01 0.86 0.84 0.93
Beijing 2011 Off-peak hour in working day 1.13 0.96 0.85 0.93 0.97
Beijing 2011 Weekend daytime 1.09 0.96 1.00 0.90 1.02
Shanghai 2011 Weekend daytime 1.07 1.12 0.96 1.05 1.06
Nanjing 2012 Weekend daytime 1.10 1.18 1.17 1.13 1.13

Table 6: Value range of the TSDR under different transport conditions.

Value range Significance Transport conditions

𝜔 ≤ 0.8 Scarce supply Urban transport system cannot meet the challenge of residents travel: excessively
crowded rail transit and bus, severe congestion on the road net, and taxi shortage.

0.8 < 𝜔 ≤ 0.95 Short supply

In the general case, urban transport system may meet the challenge of residents
travel. However, when a sudden event (even a small perturbation) or bad weather is
encountered, rail transit will be crowded, many roads will become jammed, and
buses will be delayed. In other words, the system has weak ability to withstand
disturbance.

0.95 < 𝜔 ≤ 1.10 Supply-demand balance

In most situations, urban transport systems can meet the challenge of residents
travel and have self-adjustment ability. When a sudden event or bad weather is
encountered, some roads will become jammed, and the number of rail and bus
passengers will increase. These disturbances will often be quelled in short times
without the interposition of managers.

1.10 ≤ 𝜔 Excess supply Under any circumstances the urban transport system can meet the challenge of
residents travel.

spite of such conditions, more and more people are willing to
choose subway travel because this is the only way to arrive
at their destination on schedule. It is a kind of inevitable
phenomenon that the demand for rail transit in Chinese cities
will exceed the supply both now and in the future.

(2) Transport Conditions Represented by theValue Range of the
TSDR. The TSDR’s estimated values, listed in Table 5, range
from 0.47 to 1.13 and include all transportation conditions
of the Chinese cities studied. After long-time observation of
these conditions and using the analysis above, TSDRhas been
classified into four grades. Table 6 shows the relationship
of the supply-demand ratio’s value range and the transport
conditions.

(3) Political Direction. The TSDR’s four grades reflect only
conditions during a particular period. In most Chinese cities,

prevailing transport conditions are typically in a “scarce sup-
ply” or “short supply” condition, so pushing up transport sup-
ply has become the main attention focus of policymakers.

In Table 5, the Shenzhen TSDR increased 0.08 from 2012
to 2013 because the new urban road was 181 km long, the
reformed road was 133 km long, and the new bus lanes were
at least 100 km long. At the same time, the PCSDR values of
bus, rail, and car are rising; road net expansion is therefore
helpful in improving the service levels of transport system.

The value of Shenyang’s TSDR also grew from 0.82 in
2010 to 0.89 in 2013, because the Shenyang metro line 1
(operational with 27.8 km and 22 stations) and line 2 (with
27.36 km and 21 stations), respectively, opened on September
27, 2011, and January 9, 2012. The formation of the Shenyang
metro network improves the supply capacity of the transport
system, but, at the same time, it changed the structure of
transportation supply and demand. With more and more
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people choosing subway travel, the value of TSDR rose, while
the values of bus, taxi, and car PCSDR dropped.

In most Chinese cities, it is feasible to think that pushing
up transport supply can be adopted to increase the transport
system’s efficiency in the near future. However, in metropoli-
tan areas, this approach has lost its foundation because of
limited urban space, and reducing travel demand is palliative.

The worst metropolitan transport situation is described
in Table 6. It is difficult to improve because it is rooted in
various factors, such as greater and greater urban population,
growing city areas, and uneven distribution of public facil-
ities. To fundamentally optimize urban transport systems,
traffic policies such as public transport priority, limited new
vehicle registrations, vehicle bans, and rail transit network
construction are not at work, and it is necessary to do more
effective and feasible overall urban planning.

5. Conclusion

This paper has developed a method for estimating the TSDR
and completed the following tasks: (1) the TSDR estimation
model was constructed using VENSIM, after idealization
based on system dynamic principles, and (2) the estimated
TSDR results were analyzed by comparison with fifteen
data sets about the eight cities’ transport conditions refined
through long-time observation.

The model can provide a basis for transport policy-mak-
ing because it shows and quantifies the interaction between
transport system supply and demand.The TSDR values sym-
bolize the specific transport conditions and a synthetic result
of economic, policy, and traffic development. At the same
time, the contribution from traffic policies or measures to
the TSDR can be evaluated, so investment projections and
transport policies or measures can be ordered and screened.

The results of the model will be different for the various
selected regions. The TSDR values in the paper reflect the
collective transport condition of the cities, but the unequal
population density of each region in a city leads to imbalance
of their TSDR values. For example, in Guangzhou in 2012
the urban population density was 2060 persons per square
kilometer, while values for Yuexiu and Nansha were 15112
and 795, and their TSDR’s values were 0.52 and 0.91 during
working-day peak hours, so the geographical scope for the
model should be selected according to the particular regional
goals for transport policies or measures.

Taken together, this paper sheds light on the nature of
likely interaction between transportation supply and dem-
and. However, much work remains to be done because the
idealized transport system considered here has a certain dis-
tance from reality. Other aspects that clearly deserve further
research involve bicycles and motorcycles on the urban road
net and changes in the traveling intensity and modes.
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The unexpected aircraft failure is one of the main disruption factors that cause flight irregularity. The aircraft schedule recovery
is a challenging problem in both industrial and academic fields, especially when aircraft restoration time is uncertain, which is
often ignored in previous research. This paper established a two-stage stochastic recovery model to deal with the problem. The
first stage model was a resource assignment model on aircraft schedule recovery, with the objective function of minimizing delay
and cancellation cost. The second stage model used simple retiming strategy to adjust the aircraft routings obtained in the first
stage, with the objective function of minimizing the expected cost on recourse decision. Based on different scenarios of restoration
time, the second stage model can be degenerated as several linear models. A stochastic Greedy Simulated Annealing algorithm was
designed to solve the model. The computational results indicate that the proposed stochastic model and algorithm can effectively
improve the feasibility of the recovery solutions, and the analysis of value of stochastic solution shows that the stochastic model is
worthy of implementation in real life.

1. Introduction

In dynamic operation circumstances, airlines flight schedules
will face different kinds of inevitable stochastic disruptions
and will deviate from regular operations. As the development
of air transportation, the flight schedule is planned pretty
tight and the disruption often propagates in the flight net-
work. Flight irregularity is a serious and widespread problem
all over the world, which imposes significant cost to airlines,
passengers, and the society. In 2013, the average on-time ratio
was 78.4% in the U.S. according to the 16 main carriers’ data
from BTS. Each irregular flight will bring around $16,600
loss on average, including expenses for fuel, maintenance,
crew, the passenger time loss, and estimate of welfare loss.
In China, the average on-time ratio was only 72.34% in
2013. The average delay time increased to almost 60 minutes,
and around 2,100 irregular flights were handled per day.
40% of irregular flights are caused by airlines themselves,
which is the most compared to other disruption factors
in China. Aircraft breakdown, schedule temporary change,
passenger issues, and so forthwill hinder the flights operation

regularly, numerous flights will be disrupted, and thousands
of passenger itineraries will be destroyed. Aircraft are the
most treasured resources for airlines; it is significant for
dispatchers to retime the flight schedule and reassign aircraft
and crews to recover the flight schedule as soon as possible.

The research on flight recovery problem has more than
60 years history, among which the aircraft recovery prob-
lem (ARP) is one of the most concerned. Teodorović and
Guberinić studied how to recover the flight schedule to mini-
mize the total passengers delay when unexpected aircraft fail-
ure happened.They used the branch and bound algorithm to
solve some small scale examples [1]. Argüello et al. discussed
the flight schedule recovery problem with temporary short-
age of aircraft and applied GRASP algorithmic framework
to rearrange aircraft routings [2]. Rosenberger et al. studied
the aircraft schedule recovery problem under shortage of
aircraft or change in airport capacity.They designed heuristic
algorithm framework to solve the model [3]. Bratu and
Barnhart studied the flight delay and cancellation decision
considering the passenger arrival delay cost [4]. Tang et al.
revised the GRASP method and designed Greedy Simulated
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Annealing (GSA) method to solve the recovery model [5].
Eggenberg et al. developed a column generation scheme to
solve ARP [6]. Petersen et al. are known as the first scholars
that studied the full integrated recovery formulation and
approach with computational results presented [7]. Le and
Wu presented iterative tree growing with node combination
method to solve aircraft and crew recovery simultaneously
[8]. Chan et al. established a model that integrates aircraft
and passenger recovery, but no solution was offered [9].
Sinclair et al. designed a large neighborhood search heuristic
algorithm to solve the integrated recovery of aircraft and
passenger [10]. Hu et al. solved the integrated recovery
problem of aircraft and passenger based on reduced time-
band network and passenger transiting relationship [11].
Although some theoretical researches show good results
in computational tests, they can barely be implemented
well in real world because of the following reasons. Firstly,
the disruptions are simply assumed as deterministic. For
example, the restoration time of aircraft is assumed to be
known as constant before decision making, which is usually
hard to predict precisely even for the sophisticated main-
tenance staff. Secondly, as in dynamic circumstances, the
recovery solution from deterministic model may be lack of
robustness in operation.When the random variables become
realized as time passes, the previous recovery plan may be
infeasible or not satisfactory. Thus, it is necessary to study
the stochastic model and algorithm on the problem. There
are some researches on uncertain theory in air transportation
field, such as design and optimization on flight network
[12] and the flight scheduling problem [13–15]. In airline
operation area, Rosenberger et al. worked on the simulation
software that controls the uncertain delay time [16]. Mou and
Zhao built an uncertain programming model with chance
constraint and solved it based on classicHungarian algorithm
to deal with the recovery problem under stochastic flight
time [17]. Arias et al. proposed a combined methodology
using simulation and optimization techniques to cope with
the stochastic aircraft recovery problem [18].

In this paper, we developed a two-stage stochastic model
to formulate the stochastic ARP and designed a stochastic
algorithm based on GSA to solve the model. As far as we
know, this paper is the first to bring the uncertain aircraft
restoration time into the recovery problem.

2. Problem Statement and Model

When aircraft failure happens, there are several strategies to
recover the flight schedule back to the regular status. The
basic strategies to recover the flight timetable are delay and
cancellation. For aircraft rerouting problem, strategies such
as aircraft swap, type substitution, reserved aircraft, and ferry
can be used. In Figure 1, a small example of aircraft routings
is illustrated. The grey area means aircraft A2 found failure
at 07:30, and the anticipated recovery time will be 13:15.
The Airline Operation Control Center (AOCC) can choose
strategy to cancel flights 4 and 5; or they can just delay flights
4–7 in a row; or aircraft A1 and A2 can switch routings at
08:00 and so forth. The figure shows a classic deterministic

aircraft schedule recovery problem, and all the rescheduled
plans are generated on the premise that the recovery time of
A2 is known in advance.

However, the recovery time above is an expected value
which is usually given by airline maintenance staff.The value
barely equals the actual one, which may make the current
recovery plan not satisfactory or even infeasible. For example,
if at 07:30 AOCC chooses to delay flight 4 until 13:15, but
when it comes to the time 13:15, aircraft A2 is not available to
use yet, more delays or cancellations will be incurred. Anther
situation is that A2 is ready for use earlier than 13:15; then,
a more cost-saving plan might be optional. Since the new
disruption information will be updated frequently, it will be
time consuming to redo the whole optimization iteratively.
An intuitive thought is to generate a robust recovery plan and
when the random restoration time of aircraft is determined, it
is still feasible and satisfactory with simple recourse decision.

In this paper, the concept of stochastic aircraft recovery
time is introduced, and a two-stage aircraft schedule recovery
model is established. The classic two-stage stochastic fixed
recourse linear model is proposed by Dantzig [19] and Beale
[20]. The model is designed to choose one decision, which
makes the cost of current decision and the expectation of
future recourse cost minimized [21]. For flight recovery
problem, the two-stage model can evaluate the influences
of different rescheduled plans and the uncertainty of the
disruption factors, thereby making robust decisions. In our
model, the first stage model is the deterministic resource
assignment model of ARP. Based on different stochastic sce-
narios of aircraft recovery time, the recoursemodelwill adjust
the recovery plan obtained in the first stage. The strategy of
recoursemodel is retiming the flights butmaintaining aircraft
routings generated in the first stage. It ensures the feasibility
of recourse model and the simple linear formulation can
guarantee the computational speed. Cancellation and aircraft
swap can also be implemented as strategies in recoursemodel,
but they will not change the essence of the model.

2.1. Stochastic Model. In the research of deterministic aircraft
recovery problem, resource assignment model is one of the
most prevalent ones because it can describe the problem in
a complete and concise way. Our first stage model is referred
to Argüello et al.’s model [2]. Flights are implicitly generated
as routings which will be assigned to aircraft.The notions are
defined as follows:

(1) Sets are as follows:

𝐹: flight set, indexed by 𝑖.
𝐾: available aircraft set, indexed by 𝑘.
𝐴: airport set, indexed by 𝑎.
𝑃: feasible aircraft routing set, indexed by 𝑗.

(2) Parameters are as follows:

𝑎
𝑖,𝑗
: equal to 1 if flight 𝑖 is in aircraft routing 𝑗,

otherwise, equal to 0.
𝑏
𝑗,𝑎
: equal to 1 if aircraft routing 𝑗 will end at

airport 𝑎, otherwise, equal to 0.
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Figure 1: A small case of aircraft routings.

𝑐
𝑖
: the cancellation cost of flight 𝑖.

ℎ
𝑎
:, the required amount of aircraft at airport 𝑎,

at the end of recovery process.
𝑑
𝑘

𝑗
: the delay cost of assigning aircraft 𝑘 to

routing 𝑗.

(3) Decision variables are as follows:

𝑥
𝑘

𝑗
: equal to 1 if aircraft 𝑘 is assigned to routing

𝑗, otherwise, equal to 0.
𝑦
𝑖
: equal to 1 if flight 𝑖 is cancelled, otherwise,

equal to 0.

Using the above notations, the first stage resource assign-
ment model for aircraft recovery problem is

min 𝑍 = ∑

𝑘∈𝐾

∑

𝑗∈𝑃

𝑑
𝑘

𝑗
𝑥
𝑘

𝑗
+∑

𝑖∈𝐹

𝑐
𝑖
𝑦
𝑖 (1)

s.t. ∑

𝑘∈𝐾

∑

𝑗∈𝑃

𝑎
𝑖,𝑗
𝑥
𝑘

𝑗
+ 𝑦
𝑖
= 1, ∀𝑖 ∈ 𝐹 (2)

∑

𝑘∈𝐾

∑

𝑗∈𝑃

𝑏
𝑗𝑎
𝑥
𝑘

𝑗
≥ ℎ
𝑎
, ∀𝑎 ∈ 𝐴 (3)

∑

𝑗∈𝑃

𝑥
𝑘

𝑗
= 1, ∀𝑘 ∈ 𝐾 (4)

𝑥
𝑘

𝑗
= 0, 1, ∀ (𝑗, 𝑘) ∈ 𝑃 × 𝐾 (5)

𝑦
𝑖
= 0, 1, ∀𝑖 ∈ 𝐹. (6)

The objective function (1) minimizes the cost of flight
delay and cancellation. Constraints (2) are flight coverage
constraints. For any flight 𝑖, it either be cancelled or assigned
to a routing. Constraints (3) are aircraft balance constraints,
which require certain amount of aircraft in different airports
at the end of recovery process to preserve the future regular
operation. Constraints (4) confine that each aircraft can
only be assigned to one routing. Constraints (5) and (6) are
nonnegative constraints for decision variables.

The deterministic model has an underlying work: the
aircraft routings are already generated on the premise that

aircraft recovery time is fixed. However, as we mentioned
above, it is hard to determine the time in real operation. The
research on aircraft reliability and maintainability [22] also
supports this point of view.Therefore, an expected cost that is
incurred by stochasticity is added to the optimization model;
it reflects the possible changes of the rescheduled plans in
the first stage. The general stochastic model formulation is as
follows:

RP =min𝑊=min (𝑍 +Q (𝑥, 𝑦)) (7)

s.t. A [𝑥, 𝑦] = b (8)

𝑥, 𝑦 = 0, 1. (9)

Theobjective function (7) of the stochasticmodel consists
of two parts. The first one is the objective function (1); the
second oneQ(𝑥, 𝑦) is the expected cost of the future recourse
decision on the rescheduled plans obtained at the first stage.
Here, and in the following text, 𝑥 and 𝑦 are the simplified
symbols which denote 𝑥𝑘

𝑗
and 𝑦

𝑖
in the deterministic model,

respectively. Formula (8) is the general form of constraints
(2)–(4). Constraints (9) are the nonnegative constraints. It is a
standard two-stage recourse stochastic integer programming
model.

2.2. Recourse Model. Since operations of flight schedule
weave so many resources together, frequent severe changes
on recovery plan are not preferred. Thus, it is meaningful to
get a flexible, robust but also cost-saving recovery plan when
disruption happens. Particularly, as the time passes, when the
uncertain variables are determined, the selected rescheduled
plan in the first stage can be implemented smoothly with or
without minor adjustments. To obtain such rescheduled plan
quickly is more acceptable than simply the pursuit of optimal
solution in deterministic model of NP-Hard problem.

Figure 2 illustrates one rescheduled plan obtained in the
first stage model from the same example in Figure 1. It
swaps aircraft routings of aircraft A1 and A2 and delayed
the flights 1–3. Obviously, the plan is drawn on the given
aircraft recovery time, which is the end of the grey interval. In
reality, the A2 recovery time may be a random variable with
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Figure 2: Illustration on recovery time of aircraft and recovery plan.

probability density function (PDF) curve in the figure, and its
range is∇𝑇. If A2 turns out to be ready at 14:00, then flights 1–
3 will be redelayed in a row; if the new arrival time of flight 3
is beyond the curfew time of airport AAA, it will be cancelled,
which will break the aircraft balance also; or it will be delayed
until the curfew time is over, which will impose severe delay
to the flight. This situation will be reflected in terms of risk
cost in the recourse model.

The deterministic aircraft schedule recovery problem is
an NP-hard problem; so no algorithm can be proved to be
capable of obtaining optimality in polynomial time. A quick
recovery solution is preferred and sometimes required. For
two-stage stochastic model, there are a bunch of recourse
models to be solved on each feasible solution obtained in
the first stage. It requires the recourse model to be simple
to solve. Let T denote the aircraft recovery time vector. It
consists of every disrupted aircraft recovery time, which is
considered as a continuous variable, and every available time
for undisrupted aircraft which is a constant variable. Then,
the objective function of the recourse model can be modeled
as Q(𝑥, 𝑦) = ∫Q(𝑥, 𝑦,T)dT. Since the objective function is
nonlinear and the PDF of the random variable is usually hard
to obtain as well, we can discretize the aircraft recovery time
without losing precision. The combinations of discretized
points from every aircraft construct the finite scenario set Ω.
Let 𝜔 ∈ Ω denote one scenario (combination), and Pr(𝜔) is
the probability of𝜔.The recourse cost of the rescheduled plan
can be expressed in the following:

Q (𝑥, 𝑦) = ∑
𝜔

Q (𝑥, 𝑦, 𝜔)Pr (𝜔) . (10)

Besides notions in the first stage model, some other
notions used in recourse model are listed as follows:

(1) Parameters are as follows:

𝑡
𝑖
: fly time of flight 𝑖.

𝜌
𝑖
: unit delay cost of flight 𝑖 (per minute).

𝑑
s
𝑖
: original scheduled time of departure of flight

𝑖.
𝑑(𝑖): departure airport of flight 𝑖.
𝑟(𝑖): arrival airport of flight 𝑖.
𝑡
𝑎
: starting time of curfew on airport 𝑎.

𝜑
𝑖
: cost of breaking curfew regulation of flight 𝑖.

𝑔
𝑘
: minimum turnaround time of aircraft 𝑘.

𝑡
𝑘

𝜔
: recovery/ready time of aircraft 𝑘 under

scenario𝜔; so the randomvector 𝜉(𝜔) = (𝑡
𝑘

𝜔
, 𝑘 =

1, . . . , |𝐾|).
Δ
𝑖
: delay time of flight 𝑖 obtained from opti-

mization on the first stage.
𝑝(𝑖): predecessor flight of flight 𝑖 in the same
aircraft routing after optimization on the first
stage.

(2) Decision variables are as follows:

𝑑
𝑖,𝜔
: new estimated time of departure of flight 𝑖

under scenario 𝜔.
𝑟
𝑖,𝜔
: new estimated time of arrival of flight 𝑖

under scenario 𝜔.
Δ
𝑖,𝜔
: estimated delay time of flight 𝑖 under

scenario 𝜔.
V
𝑖,𝜔
: equal to 1 if flight 𝑖 violates the curfew

requirement under scenario 𝜔, otherwise, equal
to 0.

The recourse model can be established as follows:

min Q = ∑
𝜔

Q (𝑥, 𝑦, 𝜔)Pr (𝜔)

= ∑
𝜔

(∑

𝑖

𝜌
𝑖
(Δ
𝑖𝜔
− Δ
𝑖
) + 𝜑
𝑖
V
𝑖,𝜔
)Pr (𝜔)

(11)

s.t. 𝑟
𝑖,𝜔

= 𝑑
𝑖,𝜔

+ 𝑡
𝑖
, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω

𝑑
𝑖,𝜔

− 𝑑
s
𝑖
= Δ
𝑖,𝜔
, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω

(12)

𝑑
𝑖,𝜔

≥ 𝑡
𝑘

𝜔
∑

𝑗∈𝑃

𝑎
𝑖,𝑗
𝑥
𝑘

𝑗
, ∀ (𝑖, 𝑘) ∈ 𝐹 × 𝐾, ∀𝜔 ∈ Ω (13)

𝑑
𝑖,𝜔

− 𝑟
𝑝(𝑖),𝜔

≥ 𝑔
𝑘
∑

𝑗∈𝑃

𝑎
𝑖,𝑗
𝑥
𝑘

𝑗
,

∀ (𝑖, 𝑘) ∈ 𝐹 × 𝐾, ∀𝜔 ∈ Ω

(14)
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V
𝑖,𝜔:𝑑𝑖,𝜔≥𝑡𝑑(𝑖)‖𝑟𝑖,𝜔≥𝑡𝑟(𝑖)

≥ 1, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω

V
𝑖,𝜔:𝑑𝑖,𝜔<𝑡𝑑(𝑖)&𝑟𝑖,𝜔<𝑡𝑟(𝑖) ≤ 0, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω

(15)

𝑑
𝑖,𝜔
, 𝑟
𝑖,𝜔
, Δ
𝑖,𝜔

≥ 0, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω

V
𝑖,𝜔

= 0, 1, ∀𝑖 ∈ 𝐹, ∀𝜔 ∈ Ω.
(16)

The objective function of the recourse model (11) mini-
mizes the expected cost on the recourse strategy of the first
stage plan due to uncertainty of aircraft recovery time. For
each scenario 𝜔, the recourse cost contains two parts: one
is cost of flight retiming; if the aircraft can be ready before
the expected time, Δ

𝑖𝜔
− Δ
𝑖
will be negative value; the other

one is the risk cost of curfew breaking after retiming in
the recourse stage. Constraints (12) are flight consistency
constraints, which define the relationship between flight
departure, arrival, and delay time. Constraints (13) require
that aircraft cannot fly flights until it is ready. Constraints (14)
require the minimum turnaround time (MTT) of adjacent
flights in one aircraft routing. Notice that variables 𝑡𝑘

𝜔
and

𝑝(𝑖) depend on the decision variables 𝑥 and 𝑦 in the first
stage; once they are determined and passed to the recourse
model, constraints (13) and (14) are degenerated to be linear
constraints. Constraints (15) determine the value of V

𝑖,𝜔
for

each flight 𝑖 under scenario 𝜔; if new departure/arrival time
of 𝑖 violates the curfew time of its departure/arrival airport,
V
𝑖,𝜔

is forced to be 1; otherwise, it should be 0. Constraints
(16) are the nonnegative constraints of the model.

3. Algorithm

Although solving the deterministic model of ARP is already
very complicated; there are some successful results on the
research of the algorithm. Precise algorithm such as column
generation [6] and heuristic methods such as GRASP [2]
and GSA [5] can obtain satisfactory solutions in tractable
time. To extend the deterministic model to stochastic, one
will make the scale of the problem larger and increase the
computation complexity. If the recourse model is linear and
the scenarios are limited, the stochastic model can always be
transferred to equivalent deterministic model, which makes
the problem scale even larger. Different from long-term
scheduling problem, a quick solution is required for recovery
problem. To solve the two-stage stochastic model efficiently,
we design stochastic algorithm framework combining GSA
[5] and simple retiming strategy, which concerns the stochas-
tic structure of the problem.

For the first stage model, decision variables 𝑥 and 𝑦 can
be obtained through GSA algorithm. As paper [5] states, the
algorithm has 3 steps generally as follows:

(1) Construct initial feasible solution by delaying the
disrupted aircraft routings.

(2) Generate neighboring solutions through 5 operations
on disrupted pairs of aircraft routings. Disrupted pair
of aircraft routings refers to two aircraft routings
which include at least one disrupted aircraft in order
to conserve the undisrupted aircraft routings. The 5
operations on each disrupted pair of aircraft routings

are flight cycle insertion, flight string insertion to the
routing tail, flight string swap, tail string swap, and
flight cycle cancellation.

(3) Choose neighboring solutions from a Restricted Can-
didate List (RCL, which consists of cost-saving neigh-
bors) or a Back Restricted Candidate List (BRCL,
which consists of cost-increase neighbors) to substi-
tute the original routings to get new solution.

Once the decision variables in the first stage model are
passed to the second stage model, the model can be degen-
erated to several easy-solving linear optimization recourse
models. As the aircraft routing’s flights are fixed in the
recourse model, the only adjustment of the rescheduled plan
is to retime the flights as tight as possible (only consider
aircraft recovery time and MTT) to minimize the objective
function as long as it is feasible. If the retiming solution is
not feasible, which can only be curfew violation under such
condition, there are twoways to deal with this: one is to cancel
the violation flight; the other one is to delay the flight until
curfew is over.The cost of curfew breakingwill be represented
as 𝜑
𝑖
. Therefore, Q(𝑥, 𝑦, 𝜔) will be obtained for each scenario

𝜔 ∈ Ω, and Q(𝑥, 𝑦) can be computed according to (10) since
scenarios are independent of each other.

The end criterion can be set as upper bound of the
computational time since the recovery problem requires
quick response in real operation. It can also be set as enough
number of solutions or maximum iteration number, which
will give the decision maker a lot of flexibility in operation.
The detail algorithm steps are described as follows.

Step 1 (initialization). Let 𝑙 denote iteration number. 𝑍0

denotes the initial objective function value and 𝑍
𝑙 denotes

the objective function value of the first stage model in the
𝑙th iteration.Q𝑙∗(𝜔) denotes the optimal value of the recourse
model under scenario𝜔 andQ𝑙∗ denotes the optimal value of
the second stage model in 𝑙th iteration.𝑊∗ denotes the best
objective function value of the stochastic model so far. 𝑊𝑙
denotes the current objective function value in 𝑙th iteration
of the stochastic model. Let 𝑙 = 0, 𝑍0 = 𝑍

𝑙

= 0, Q𝑙∗(𝜔) =
Q𝑙∗ = 0, and𝑊∗ = 𝑊

𝑙

= ∞.

Step 2. Construct initial feasible solution in the first stage
model. Take the expectation of aircraft recovery time as
constant variable; then, delay the aircraft routings in a row
to get 𝑍0. Set 𝑙 = 1 and 𝑍𝑙= 𝑍

0.

Step 3. Construct neighboring solutions through 5 different
operations; choose the optimal neighboring solution for
every pair of aircraft routings.

Step 4. Evaluate the neighboring solution. If the neighboring
solution can decrease the objective function value of the first
stage model, then add it to RCL; otherwise, add it to BRCL.

Step 5. If RCL is not empty, randomly select some neighbor-
ing solutions. If RCL is empty, randomly select neighboring
solutions from BRCL, and determine whether to accept them
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according toMetropolis acceptance criterion from Simulated
Annealing algorithm.

Step 6. Substitute the original aircraft routings using chosen
neighboring solutions; obtain 𝑍𝑙.

Step 7. Pass the values of decision variables of the current
solution in first stage model to the recourse model, and
degenerate the recourse model.

Step 8. For each disruption scenario 𝜔, solve the recourse
model by retiming the stochastic aircraft routings, and obtain
the optimal objective function value Q𝑙∗(𝜔).

Step 9. Compute Q𝑙∗ = ∑
𝜔
Q𝑙∗(𝜔)𝑃(𝜔), and the total cost of

the two-stage model 𝑊𝑙 = 𝑍
𝑙

+ Q𝑙∗. If 𝑊𝑙 < 𝑊
∗, update

𝑊
∗

= 𝑊
𝑙 and preserve the current recovery plan.

Step 10. Set 𝑙 = 𝑙 + 1; if end criterion is met, the current plan
is the best one so far; quit the algorithm, if not, go back to
Step 3.

The flow chart of the algorithm is illustrated in Figure 3.

3.1. Algorithm Complexity. In the 𝑙th iteration, for the first
stage, an aircraft routing that consists of 𝑝 flights will need
𝑂(𝑝) time to delay the flights to obtain the initial feasible
solution. For a pair of aircraft routings that consist of 𝑝
and 𝑞 flights, respectively, the time to construct neighboring
solutions by 5 different operations is 𝑂(𝑝

2

𝑞
2

). Suppose
the total number of aircraft routings is 𝑛; 𝑚 of them are
disrupted due to aircraft breakdown; there will be 𝑚(𝑛 − 1)

combinations of routing pairs, and the time of construct
neighboring solutions in 𝑙 iterations is𝑂(𝑙𝑚(𝑛 − 1)𝑝2𝑞2). For
one disruption scenario, the recourse model has𝑚 disrupted
aircraft routings; if they contain 𝑟 flights in each routing, then
the computational time on the recourse model will be𝑂(𝑚𝑟).
Suppose every disrupted aircraft has 𝜔 discrete recovery
times; the scenarios of the whole problem will be 𝜔𝑚, and
the objective function of recourse model needs 𝑂(𝑚𝑟𝜔𝑚) to
compute. In real world operation, an aircraft cannot execute
too many flights in one day; usually 𝑝, 𝑞, 𝑟 ≤ 10. To sum
up, the algorithm time complexity will be 𝑂(𝑙𝑛𝑚

2

𝜔
𝑚

). It
is almost impossible that many aircraft have unexpected
maintenance at the same time; so the value of 𝑚 cannot be
very large; meanwhile, since there is no need to discretize the
aircraft restoration time interval to get too many points as
we mentioned before, the value of 𝜔 for each aircraft cannot
be very large. Thus, in real operations, the computational
time can be controlled and the algorithm can be regarded as
quasilinear.

4. Computational Test

A case from a Chinese airline is studied in this section.
Table 1 shows the original flight schedule snapshotted from
the daily flight schedule. Std and Sta in the first row mean
original scheduled time of departure and arrival, respectively.

Table 1: Original flight schedule.

Aircraft Flight Dep. Arr. Std. Sta.

A1

F11 ICN PVG 12:50 14:35
F12 PVG MFM 15:40 18:20
F13 MFM PVG 19:10 21:40
F14 PVG HAN 22:40 26:00

A2

F21 PVG CSX 12:10 14:00
F22 CSX PVG 14:55 16:30
F23 PVG HAK 17:30 20:25
F24 HAK PVG 21:20 23:40

A3
F31 HRB PVG 13:30 16:10
F32 PVG HAK 17:05 19:55
F33 HAK PVG 20:50 23:20

A4

F41 CGQ PVG 11:40 14:00
F42 PVG KWL 14:45 17:15
F43 KWL CAN 18:10 19:10
F44 CAN KWL 20:10 21:00
F45 KWL PVG 21:55 23:55

A5

F51 PVG CGQ 13:05 15:25
F52 CGQ PVG 16:20 18:45
F53 PVG DYG 19:15 21:30
F54 DYG PVG 22:25 24:05

A6
F61 TAO PVG 11:00 11:55
F62 PVG CTU 14:55 18:20
F63 CTU PVG 19:15 21:35

Table 2: Probability distribution of restoration time for A4.

Restoration
time (min) 200 260 300 330 360 390 450

Probability 0.14 0.15 0.2 0.15 0.13 0.12 0.11

23 flights that operated by 6 aircraft are studied in this case.
The unit delay cost 𝜌

𝑖
is set to be 20 per minute, and one

cancellation cost is regarded to be equivalent as 8 hours
delay, which is 9,600 minutes. The cost of breaking curfew
regulation 𝜑

𝑖
is 10,000 considering possible cancellation and

aircraft balance. All the domestic airports have the same
curfew time window [02:00, 06:00] every day; some foreign
airports such as HANdo not have curfew time. A4 undergoes
unexpected failure at 11:40, according to maintenance staff;
its expected restoration time is 320 minutes; that is, it will be
ready at 17:00. The probability distribution of the restoration
time is presented in Table 2, which is obtained by statistical
data from airline. The range of the restoration time varies
from 200 to 450 minutes.The tests are performed on a laptop
with 4GB installed RAM and i5-3317U CPU 1.70GHz.

Based on the definition in paper [23], the first stagemodel
uses the expected values of random variables; it has model
formulation EV = min

𝑥1
Φ(𝑥
1
, 𝐸(𝜀)), where 𝑥

1
represents the

decision variables in the first stage model and 𝜀 represents
the random variables in the recourse model. Our first stage
deterministic resource assignment model is an instance
of EV. The expected value of EV can be represented as
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Figure 3: Flow chart of algorithm.

EEV = 𝐸
𝜀
[Φ(𝑥
1
(𝜀), 𝜀)]. A perfect information solution

would choose optimal first period decisions for each real-
ization of scenario. The expected value of this solution
is known as “wait-and-see” (WS) solution, where WS =

𝐸
𝜀
[min
𝑥1
Φ(𝑥
1
, 𝜀)]. To study the ARP in a thorough way, we

solve and compare the example using models EEV, WS, and
the RP proposed in Section 2, respectively.

In solving EV, the restoration time of aircraft A4 is fixed
to be 320 minutes; that is, it will be ready for use until 17:00.
We run the model by GSM algorithm from Steps 1 to 6;
the end criterion is set as 5 minutes of computational time

or 300 incumbent solutions. Table 3 lists the final solution
of the deterministic model and the total delay cost EV =

𝑍 = 15,900. The deterministic solution will have expected
recourse cost Q = 5,928; it represents the cost of adjustment
due to stochasticity if deterministic solution is implemented.
The stochastic expected cost of the deterministic solution
will be EEV = 𝑊 = 𝑍 + Q = 21,828. Similar method is
used to run the WS model, where each value of probabilistic
aircraft restoration time is treated as deterministic in the first
stage model. After optimization and the computation on the
expected value according to the probability table, we obtain
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Table 3: Deterministic recovery solution.

Aircraft Routing Rescheduled stop over time
A1 F11/F62/F63/F14 26:00
A2 F21/F22/F12/F13 23:00
A3 F31/F32/F33 23:20
A4 F52/F23/F24 26:00
A5 F51/F41/F53/F54 24:05
A6 F61/F42/F43/F44/F45 23:55

Table 4: Stochastic recovery solution.

Aircraft Routing Rescheduled stop over time
A1 F11/F12/F13/F14 26:00
A2 F21/F22/F32/F33 23:20
A3 F31/F62/F63 23:15
A4 F52/F53/F54 24:40
A5 F51/F41/F23/F24 25:00
A6 F61/F42/F43/F44/F45 23:55

WS = 16,007. It represents the expected objective value if
the decision maker can get the perfect deterministic values
of random variables before optimization.

Two-stage stochastic model RP is solved by proposed
stochastic algorithm; the end criterion is set as 10 minutes
of computational time or 300 incumbent solutions. Table 4
shows the stochastic recovery plan result. The delay cost 𝑍 =

16,300, and the cost of second stage recourse model is Q =

4,257; so the objective function value of the stochastic model
will be RP = 𝑊 = 𝑍 +Q = 20,557.

As we can observe, recovery plan in Table 3 has shorter
delay cost (15,900) compared with stochastic plan (16,300)
in Table 4 without considering the uncertainty of aircraft
recovery time. However, in Table 3, aircraft A4 will operate
flight F24, and it will arrive at the PVG at 02:00 in the
morning; there is 50% probability that F24 is cancelled or
delayed a long time due to curfew breaking and will incur
more cost and loss of passenger willing if that happens. That
is why the stochastic recovery plan in Table 4 has lower
cost (20,557) compared with deterministic solution (21,828)
in Table 3 considering the recourse actions. In the former
solution, most aircraft will land in the airports before some
buffer time to the curfew time window. The changes brought
by uncertainty can be absorbed; so the plan is more robust
and flexible. More specifically, the expected value of perfect
information (EVPI) can be defined as EVPI = RP−WS,which
represents the effect of uncertainty in stochastic programs.
The value of the stochastic solution VSS = EEV − RP, which
is the difference between the result of using an expected
value solution and the recourse problem solution. In this
example, EVPI = RP − WS = 20,557 − 16,007 = 4,550.
The uncertainty has brought about a lot of cost to the resched-
uled solution. Compare the expected scenario analysis of
rescheduled plans obtained fromdeterministicmodel and the
objective function value of the two-stage stochasticmodel; we
haveVSS = EEV−RP = 21,828−20,557 = 1,271.The stochastic

solution can decrease 5.8% of cost of deterministic solution,
and that will be a great amount of operational cost to airlines.

5. Conclusion

Aircraft recovery problem due to shortage of aircraft is one
of the most challenging problems in the airline operations.
In this paper, the uncertainty of aircraft restoration time
is introduced. The stochastic aircraft recovery problem is
modeled as a two-stage stochastic recovery model. The first
stage model is a deterministic resource assignment model
and the second model evaluates the retiming adjustment on
the solution obtained from the first stage model. Since the
stochastic problem is an NP-hard problem and needs quick
solution in real operation, it is impossible to use regular
method to traverse the whole solution space. We designed
stochastic Greedy Simulated Annealing algorithm, which
combined conventional heuristic framework and simple
greedy recourse method, to solve the problem. It shows the
ability of obtaining satisfying solution in tractable time. A real
life example is computed to analyze the proposed model and
algorithm.The computational results of the stochastic model
indicate the significance of considering stochastic disruption
factors in the recovery problem. The study of the EVPI and
VSS shows the importance of precise information and the
cost-saving performance of the proposed stochastic model
and algorithm.

Some interesting problems are raised for future work
during the research. Besides aircraft failure, some other
stochastic disruptions such as airport capacity decrease,
airport temporary close, and en-route capacity change are
also worthy of research. In order to increase the feasibility
and accuracy of the stochastic model and algorithm in real
operations, the data collection and data mining in flight
irregularity should be paid more attention. Moreover, a full
recovery plan for airlines consists of not only aircraft routings
but also crew pairings and passenger new itineraries. Thus,
research on integrated stochastic flight recovery problem is
one of the interests in future work.
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[1] D. Teodorović and S. Guberinić, “Optimal dispatching strategy
on an airline network after a schedule perturbation,” European
Journal of Operational Research, vol. 15, no. 2, pp. 178–182, 1984.



Mathematical Problems in Engineering 9
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A fault tree is established based on structural analysis, working principle analysis, and failure mode and effects analysis (FMEA)
of the pantograph-type current collector on the Chinese Rail High-Speed Electric Multiple Unit (CRH EMU) train. To avoid the
deficiencies of fault tree analysis (FTA), Petri netsmodelling is used to address the problem of data explosion and carry out dynamic
diagnosis. Relational matrix analysis is used to solve the minimal cut set equation of the fault tree. Based on the established state
equation of the Petri nets, initial tokens and enable-transfer algorithms are used to express the fault transfer process mathematically
and improve the efficiency of fault diagnosis inferences. Finally, using a practical fault diagnosis example for the pantographs on
CRH EMU trains, the proposed method is proved to be reasonable and effective.

1. Introduction

In recent years, high-speed electric multiple unit (EMU)
trains have become an important mode of transportation in
China. The Chinese Rail High-Speed (CRH) EMU train is
a large-scale intelligent system with complex structures. The
reliability of an EMU train is directly related to the safety and
efficiency of the high-speed, heavy-load rail transportation
system [1]. The high-voltage traction drive system is one
of the most critical aspects of an EMU train system. As a
critical subsystem of the high voltage traction system, the
pantograph-type current collector plays an important role in
providing power for an EMU train by coupling directly with
the electric catenary wire [2, 3]. Efficient and accurate fault
diagnosis for the pantograph is vital for the safe and stable
operation of CRH EMU trains.

Complexity is defined as a state in which many different
parts (hardware, software, organizational, and human ele-
ments) are related to each other in an interconnectedmanner
[4]. It is defined here in two forms: structural complexity
and fault complexity.The CRH EMU train system is complex

both in its structure and in its failure modes. Though the
structure of the pantograph seems relatively simple, the
working principles and failure modes of pantographs are
surprisingly complex. For example, there are many com-
plex potential failure modes for a pantograph, which are
related to mechanical structures, electrical facilities, pneu-
matic transmission, network control, andmany other aspects.
The operation of the pantograph on a CRH EMU train is
automatically controlled bymicroprocessors.Thepantograph
system involves mechanical structures such as guide bars,
electrical equipment such as the traction converter, and
rubber products such as the base insulator.The lifting process
is controlled by air pressure. The complex failure modes of
the pantograph can involve cracks, breaks, fatigue, pitting,
wear, and discharge breakdown. The relationship between
different failures is complex and uncertain. Consequently,
the pantograph system of a CRH EMU train is treated
as a complex system. A useful approach combining fault
tree analysis and Petri nets theory is applied to deal with
the complexity of fault diagnosis in the pantograph sys-
tem.
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Fault tree analysis (FTA) is a useful analytical tool for
identifying and classifying hazards and calculating system
reliability for both simple and complex engineering systems
[5]. It is a systematic way to assess the reliability of com-
plex systems both qualitatively and quantitatively [6]. Much
research has been conducted and outcomes include extended
fuzzy FTA (FFTA)methodology in the petrochemical process
industry in fuzzy environments [7]; the use of a fuzzy-
logic-based reliability approach to evaluate basic events in
fault tree analysis for nuclear power plant probabilistic safety
assessment [8]; FFTA applied to reducing uncertainty in
expert judgment in the safety barriers analysis of an offshore
drilling system [9]; and the use of fault tree analysis and
analytic hierarchy processes to analyze the risks associated
with the use of shield tunnel boring machines (TBMs) [10].

However, the modelling power of FTA is limited to the
static evaluation of a single criterion at a time and FTA
is not capable of describing dynamic system behavior with
redundant components, degraded system states, and repair
or test activities [11]. Leveson and Stolzy proposed the safety
analysis of dynamic systems using time Petri nets [12]. Bobbio
et al. provided an algorithm to convert a parametric fault
tree (PFT) into a class of high-level Petri nets to exploit the
modelling power and flexibility of the stochastic well-formed
nets (SWN) formalism [13]. Robidoux et al. used a frame-
work named dynamic reliability block diagrams (DRBD)
for modelling the dynamic reliability behavior of computer-
based systems and presented an algorithm that automatically
converted a DRBD model into a colored Petri net [14]. With
increasing complexity in the relationship between system
structures and faults, fault trees become more difficult to
establish. Problems relating to the Nondeterministic Poly-
nomial (NP), which can lead to combinatorial explosion as
the numbers of calculations grow exponentially, appear when
solving the minimal cut sets. Makajic-Nikolic et al. proposed
an approach to cutting the number of minimal cut sets in a
fault tree using reverse Petri nets [15]. There have also been
some studies on the application of FTA and Petri nets in
transportation systems. For example, Wang et al. proposed
reliability modelling and evaluation issues of electric vehicle
motors by using FT FTA-based extended stochastic Petri
nets [16]; Nguyen et al. combined a Petri nets (PN) method
with extensions of FTA to adapt to dynamic systems and
applied the method to a satellite-based railway system [17];
and Song et al. applied T-S Fuzzy theory and FTA to diagnose
pantograph faults in a multisource heterogeneous knowledge
environment [18].

Some other mathematical/statistical methods such as
fuzzy reasoning and Bayesian Network (BN) also have been
successfully used in the railways risk and safety domain.
For example, An et al. proposed a railway risk management
system for railway risk analysis using fuzzy reasoning
approach and fuzzy analytical hierarchy decision making
process [19, 20]; Noori and Jenab developed a fuzzy Bayesian
traction control system for rail vehicles with speed sensors
in intelligent transportation systems [21]; Muttram applied
a Safety Risk Model combining fault tree analysis and
cause/consequence techniques to predict residual levels of
railway safety risk [22]; Bouillant et al. developed a decision

support tool based on Bayesian Networks to evaluate,
compare, and optimize various operating and maintenance
strategies of Paris metro underground rails [23]; Xie et
al. introduced the Bayesian inference and investigated the
application of a Bayesian ordered probit (BOP) model in
driver’s injury severity analysis and verified that BOP model
could produce more reasonable parameter estimations and
better prediction performance than the ordered probit (OP)
model [24]; Bernardi et al. generated Repairable Fault Tree
and Bayesian Network models for railway modelling by a
model-driven approach called DAM-Rail approach [25];
Mahboob and Straub compared fault tree and Bayesian
Networks for modeling safety critical components in railway
systems [26]; andWashington andOh incorporated Bayesian
methodology with expert judgment for countermeasure
effectiveness under uncertainty and applied the approach in
improving the safety of railroad crossings [27].

From the above, it appears that the conventional analysis
approaches, such as FTA, Petri nets (PN), fuzzy reasoning,
and BN, have been widely used in the railways risk and safety
analysis field. However, each approach has its own advantages
and limitations. Fault tree, Petri nets, and BN have a strong
similarity in many aspects. Fault tree can be established
more easily only when the cause-and-effect relationships
between events were clear. But it suffers severe limitations of
statics structure and uncertainty handling. Fuzzy reasoning
and BN are effective tools for quantitative analysis because
they are based on probabilistic and uncertain knowledge.
BN approach allows dealing with issues such as prediction
or diagnosis, optimization, and data analysis of feedback
experience [28]. It is more often used in prediction because
of good quantitative analysis ability, but the training process
of BN is complex. And the dependent probabilities among
events are required in BN approach which may be difficult
to obtain in some cases. Petri net (PN) is also a powerful and
widely used graphical and mathematical modelling tool for
the description of sequence dependent behaviors of dynamic
systems. When the failure status of a system evolves from
one subsystem/component to other subsystems/components,
Petri net modelling is more intuitive and more effective
to describe the process by carrying mathematical matrix
computations, which is easier to handle by computer. At
the same time, it is more suitable for large complex systems
because the modelling process is simplified by eliminating
repeat basic events and reducing the building elements.
Through the above analysis, FTA’s translation into Petri nets is
more suitable in this paper to analyze the dynamic behaviors
of failure statuses of Pantograph-Type Current Collector on
CRH EMU trains mathematically as far as the extension, fast
modelling and dynamic behavior analysis of the system are
mainly concerned.

Studies on reliability and failure mode analysis of CRH
EMU trains and their subsystems have recently begun. The
focus of the research has turned from design and manu-
facture to maintenance management. FTA and Petri nets
approaches are applicable and useful analysis tools in the risk
management of complex engineering systems, but there are
some deficiencies in their application. Considerable research
has been conducted on these problems. The main aim of
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this paper is to extend FTA and Petri nets methodology to
maintenance and fault diagnosis in CHR EMU train systems.
This section introduces some existing applications of FTAand
Petri nets in a range of industries. Structural analysis, working
principles, failure mode and effects analysis (FMEA), and
FTAmodelling of pantographs are outlined in Section 2. Petri
netsmodelling of the fault tree and the use of relationalmatrix
analysis in solvingminimal cut sets are provided in Section 3.
In Section 4, the place mark and enable-transfer algorithm of
the Petri nets and an actual case study on dynamic transition
and diagnosis of pantograph diagnostics are provided. The
last section emphasises the highlights of this research.

2. Structural Analysis and Fault Tree
Modelling of Pantograph

2.1. Structural Analysis and Working Principle of Pantograph.
The pantograph of a CRH EMU train is fitted on the roof
of the train and is essential to allow the train to get power
from the main overhead wires. A CRH EMU train is an
eight-car multiple unit configured with four motorised cars
and four trailer cars. There are two power units in all and
each power unit consists of two power cars and two trailer
cars, arranged in T-M-M-T mode. DSA250 pantographs are
fitted on number 4 and number 6 cars. Their maximum
lifting height is 3000mm and the width of the head is
1990mm. In normal operation, there will be only one pan-
tograph collecting current, with another in a folded state.
However, when two CRH EMUs are attached together, two
pantographs will work simultaneously.Theworking principle
and structural components of pantograph systems for CRH
EMUs are shown in Figure 1.The structural parameters of the
pantograph are shown in Table 1.

The pantograph is raised to access high voltage power by
allowing the carbon skateboard to contact the catenary wire
and descends when its compressed air supply is exhausted.
The 25 kv single-phase power alternating current (AC) from
the catenary is transferred to the traction transformer from
the high-voltage electrical equipment by the pantograph,
which outputs 1500V single-phase AC power to the traction
converter. A pulse rectifier converts the single-phase AC into
direct current (DC) and outputs 2500–3000V DC to the
traction inverter through the DC circuit. Then the traction
inverter outputs three-phaseACpower,where the voltage and
frequency are all adjustable, to drive the traction motor.

When the pantograph rises, air is compressed into the
drive cylinder through the cushion valve and the cylinder
pistonmoves left, overcoming the pressure of the reset spring.
Then the lower arm rises and rotates clockwise under the
action of the guide bar and the spring. At the same time, the
upper arm also rises with the drive of the top guide bar.

When the pantograph descends, the compressed air is
removed from the drive cylinder through the cushion valve.
Then the piston is pushed to the right with the reset spring
releasing pressure.The guide bar alsomoves right to force the
lower arm to rotate anticlockwise, thus forcing the upper arm
to descend.

The collector head contacts the catenary wire when the
pantograph rises. Current is led to the bottom frame through

the collector head, the upper arm, and the pushrod. The
power cable installed on the bottom frame then leads the
current to the vehicle. Since current will flow through the
entire pantograph frame in the power supply state, all the
pantograph hinges are equipped with bridge connections to
prevent the current damaging the bearings.

The performance of the pantograph largely depends
on contact pressure. If there is too little pressure, contact
resistance will vary easily, resulting in poor contact and
arcing. However, toomuch pressure will increase the friction,
aggravating wear on the carbon skateboard and wires and
reducing the life of the carbon skateboard.

2.2. Failure Mode and Effects Analysis (FMEA) of Pantograph
System. Pantographs on CRH EMU trains are installed on
the roof, exposed to the environment. The working environ-
ment is complex, volatile, and sometimes very harsh. There
aremany and complex ways in which the pantograph can fail,
which are related to mechanical structures, electrical facil-
ities, pneumatic transmission, network control, and many
other factors. The normal operation of the pantograph on a
CRH EMU train is automatically controlled by microproces-
sors. The pantograph system involves mechanical structures
such as guide bars, electrical equipment such as the traction
converter, and rubber products such as the base insulator.
The lifting process is controlled by air pressure. Because pan-
tographs connect directly with the extra high voltage (EHV)
catenary wire, they can be easily damaged by partial high
voltage discharges. By classifying and analyzing fault tracking
records, the most common pantograph failure modes are
summarized as follows.

(i) Failure Mode 1. Pantograph rises to an abnormal position.

Probable cause:

When two EMUs attach together, the space
between the two pantographs is less than 190m.

(ii) Failure Mode 2. Pantograph rises normally, while the
monitor (MON) does not show it correctly.

Probable causes:

(a) The pressure sensors are not operating correctly.
(b) The pressure switches have failed.

(iii) Failure Mode 3. Pantograph cannot rise.

Probable causes:

(a) Electricity generation system (EGS) is closed.
(b) Vacuum circuit breaker (VCB) is closed.
(c) Pressure in the auxiliary air cylinder is too low.
(d) [Pantograph⋅VCB] NFB is in the OFF position.
(e) [PantographRising]NFB is in theOFF position.
(f) Pantograph pressurised air ducts leak.
(g) White air ducts connected to the pantograph

leak.
(h) Air ducts in the pantograph control valve board

leak.
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Figure 1: Working principle of traction drive systems and pantograph structure in a CRH EMU train.

Table 1: Structural parameters of the pantograph on a CRH EMU train.

Structural parameters Values Structural parameters Values
Model DSA250 Vent lifting height 3000mm (including insulator)
Structure Single arm pantograph Maximal action height 2800mm (including insulator)
Rated voltage 25 kV Minimal action height 888mm (including insulator)
Rated current 1000A Folded height 593mm (including insulator)
Weight 115 kg Contact pressure 70N ± 5N
Ambient temperature −40∘C∼+60∘C Design life 30 years

(i) Pantograph bellows are damaged.
(j) The pantograph’s carbon skateboard leaks.

(iv) Failure Mode 4. Pantograph cannot be lowered.

Probable cause:

Contacts in the pantograph’s rising relay have
adhered.

(v) Failure Mode 5. Pantograph cannot pass neutral section
automatically.

Probable cause:

Terminal RXCB board has failed.

(vi) Failure Mode 6. Supporting insulator is damaged.

Probable causes:

(a) Surface defects created during manufacture.
(b) Insulator being burned by electrical arcing.
(c) Fog flashovers discharged because of high

humidity or dust.
(d) Fatigue cracks.
(e) Insulator being struck by foreign objects.

(vii) Failure Mode 7. Pantograph descends automatically.

Probable causes:

(a) Pressure air ducts in the pantograph leak.
(b) White air ducts connected with the pantograph

leak.
(c) Air ducts in the pantograph control valve board

leak.
(d) Pantograph’s bellows are damaged.
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(e) The pantograph’s carbon skateboard leaks.
(f) Incorrect manipulation.
(g) Pantograph descending loop is instantly ener-

gized by electromagnetic interference.
(h) Pressure from the catenary is too low.
(i) There has been discharge between the panto-

graph bracket and the roof.

(viii) Failure Mode 8. The catenary voltage transformer is
damaged.

Probable causes:

(a) Struck by foreign objects.
(b) Burned by electrical arcing.
(c) Quality control issues in components.

2.3. Fault TreeModelling of the Pantograph. Fault tree analysis
(FTA) is one type of FMEA, which is integrated with
mechanics, graph theory, optimization theory, and artificial
intelligence techniques [29]. It has been widely applied in
many fields including aerospace systems, atomic reactors,
large-scale equipment, and electronic computer systems. FTA
can indicate causal relationships between complex faults and
can be useful for logical analysis and diagnosis of complex
system faults. It is a systematic way to assess the reliability of
complex systems both qualitatively and quantitatively.

FTA is a systematic risk analysis method that deals with
the occurrence of an undesired event. The fault event that
analysts do not expect to happen is usually the focus of the
FTAmethod. Analysts apply top-down logic to find all direct
and indirect fault events relating to the incident. They can
then establish logical relationships between the events, form a
fault tree, and undertake quantitative or qualitative analysis.
In the process above, the focus fault event is the top event.
Selection of the top event is crucial to fault tree modelling. If
the top event is too general, it is difficult to analyse the fault
tree. On the other hand, if the event is too specific, the fault
tree will fail to show the causal relationships of the system
fully. In general, the failure of the system analyzed will be
selected as the top event.

Combined with analysis of the structures and working
principles of pantographs on CRH-trains, a pantograph fault
tree has been established as shown in Figure 2. “𝑇” represents
the top event, “𝑀” represents the intermediate event, and “𝑋”
represents the basic event.

Meanings of events in Figure 2 are shown as follows.

𝑇: pantograph fails to work,
𝑀1: pantograph rises to an abnormal position,
𝑀2: pantograph rises normally, but the MON does
not show it correctly,
𝑀3: pantograph cannot rise,
𝑀4: pantograph cannot be lowered,
𝑀5: pantograph cannot pass neutral section automat-
ically,
𝑀6: supporting insulators are damaged,

𝑀7: pantograph descends automatically,
𝑀8: the catenary voltage transformer is damaged,
𝑀9: pressure of the auxiliary air cylinder is too low,
𝑋1: two EMUs are attached together,
𝑋2: spacing of two pantographs is less than 190m,
𝑋3: the pressure sensors do not work properly,
𝑋4: the pressure switches have failed,
𝑋5: EGS is closed,
𝑋6: VCB is closed,
𝑋7: in the cab switchboards at both ends,
[Pantograph⋅VCB] NFB is in the OFF position,
𝑋8: in the running switchboards of the number 4 and
number 6 cars (CRH-200, CRH-300)/number 4 and
number 13 cars (CRH long-distance seat car, CRH
long-distance sleeper car), [Pantograph Rising] NFB
is in the OFF position,
𝑋9: pressure air ducts of the pantograph leak,
𝑋10: air ducts in the pantograph control valve board
leak,
𝑋11: pantograph bellows are damaged,
𝑋12: pantograph’s carbon skateboard leaks,
𝑋13: white air ducts connected with the pantograph
leak,
𝑋14: contacts in the pantograph’s rising relay have
adhered,
𝑋15: terminal RXCB board has failed,
𝑋16: surface defects due to manufacturing errors,
𝑋17: burned by electrical arcing,
𝑋18: fog flashovers discharge,
𝑋19: fatigue cracks,
𝑋20: struck by foreign objects,
𝑋21: driver error,
𝑋22: pantograph descending loop is instantly ener-
gized by electromagnetic interference,
𝑋23: discharge between the pantograph bracket and
the roof,
𝑋24: pressure of the catenary is too low,
𝑋25: burned by electrical arcing,
𝑋26: air ducts of the air compressor are damaged,
𝑋27: the air compressor fails to work,
𝑋28: MR ducts are damaged,
𝑋29: main air cylinder leaks.

The fault tree in Figure 2 shows the causal relationships
between the pantograph fault events, improving the accuracy
and efficiency of fault diagnosis. However, the modelling
power of FTA is limited to the static evaluation of a single
criterion at a time and cannot describe dynamic system
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Figure 2: FTA modelling of the pantograph-type current collector.

behavior. It cannot show the transmission and evolution of
faults in the system. It also needs too much computation to
solve the minimal cut sets of the large-scale fault tree, which
may lead to combinatorial explosion because of Nondeter-
ministic Polynomial (NP) problems. For example, if (𝑖 =
1, 2, . . . , 𝑛) is set to the 𝑖th minimal cut set of the fault tree,
then the top event can be expressed as

𝑇 =

𝑛

⋃

𝑖=1

𝐶
𝑖
. (1)

The occurrence probability of the top event can be
expressed as

𝑃 (𝑇) = 𝑃(

𝑛

⋃

𝑖=1

𝐶
𝑖
) . (2)

The logical relationship between the basic events and the
minimal cut set is and. If the probabilities of the basic events
are known, the occurrence probability of the minimal cut set
can be expressed as

𝑃 (𝐶
𝑖
) = 𝑃(

𝑘

⋃

𝑗=1

𝑥
𝑖
) . (3)

Based on the occurrence probabilities of the minimal
cut sets, the occurrence probability of the top event can be
expressed as

𝑃 (𝑇) =

𝑛

∑

𝑖=1

𝑃 (𝐶
𝑖
) −

𝑛

∑

𝑖<𝑗=2

𝑃 (𝐶
𝑖
𝐶
𝑗
) + ⋅ ⋅ ⋅

+ (−1)
𝑚−1

𝑃(

𝑛

⋃

𝑖=1

𝐶
𝑖
) .

(4)

According to the equation above, the process of deter-
mining the probability of the top event consists of 2𝑛−1 parts.
There are 28 minimal cut sets for the pantograph fault tree
in Figure 2, so it needs 227 parts to calculate the probability
of the top event, which means 134,217,728 items in all. The
combinatorial explosion of the calculation will make quanti-
tative analysis difficult. In addition, the FTA method is gen-
erally for static analysis and cannot reflect dynamic changes
in multiple states in the system.

The dynamic and structural properties of Petri nets are
used to simplify and analytically calculate the pantograph
fault tree. Relational matrix analysis is used to solve the
minimal cut set equation for the fault tree. Based on the estab-
lished state equation of Petri nets, initial token and enable-
transfer algorithms are used to express the transfer pro-
cess of faults mathematically.
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Table 2: Petri net expression of the FTA logic gates.

AND logic gate OR logic gate
Fault tree expression Petri net expression Fault tree expression Petri net expression

3. Petri Nets Modelling and Relational
Matrix Analysis

3.1. Petri Nets Modelling of the Fault Tree. The Petri net was
proposed in 1962 by Petri to express an information flow
model for reticular structures [30]. It is a mathematical and
graphical analysis tool to express the static structures and
dynamic changes in a system [31–33].

In a Petri net, the system state is indicated by “I.” A
change in state is indicated by “|.” An ordered pair is indicated
by a directed arc “→ ” and a token is indicated by “e.” The
Petri net expressions of the FTA logic gates are shown in
Table 2. The transform between Petri net modelling and the
fault tree is shown in Figure 3.

One Petri net can be defined in a sextuple 𝑁 =

(𝑃, 𝑇, 𝐼, 𝑂,𝑀,𝑀
0
). The six elements should meet the follow-

ing conditions.

(1) 𝑃 = {𝑃
1
, . . . , 𝑃

𝑛
} is a finite set of places. 𝑛 > 0 is the

number of places.

(2) 𝑇 = {𝑡
1
, . . . , 𝑡

𝑚
} is a finite set of transactions.𝑚 > 0 is

the number of transactions. 𝑃 ∩ 𝑇 = ⌀.

(3) 𝐼 : 𝑃 × 𝑇 → 𝑁 is the input function, defining the set
of repetitions or the weight of the directed arcs from
set 𝑃 to set 𝑇. 𝑁 = {0, 1, . . .} is a set of nonnegative
integers.

(4) 𝑂 : 𝑇×𝑃 → 𝑁 is the output function, defining the set
of repetitions or the weight of the directed arcs from
set 𝑇 to set 𝑃. 𝑁 = {0, 1, . . .} is a set of nonnegative
integers.

(5) 𝑀 : 𝑃 → 𝑁 is the set of the identification
distribution of every place.

(6) 𝑀
0
: 𝑃 → 𝑁 is the set of the initial identification dis-

tribution of every place.

As shown in Figures 2 and 3, the top event is replaced by
the top place in the Petri net. All the probable events that
may lead to the top place are represented as middle places
or basic places. The logical gates of the fault tree are denoted
by Transaction andDirected arc. Repeating events in the fault
tree no longer exist in Petri net modelling.

Petri net modelling avoids repeating basic events and
can achieve a 20% decrease in the number of places. The
simplifying effect is more obvious in large-scale systems.

3.2. Relational Matrix Analysis in Solving the Minimal Cut
Sets. Besides simplifying the fault tree, a Petri net also
effectively overcomes the shortcomings of the traditional FTA
in solving the minimal cut sets. The process of Petri net
modelling can be undertaken more easily on a computer.

The structure of the Petri net can be translated into a
matrix representation. The value of the input function from
place𝑃 to transaction 𝑡 is a nonnegative integer𝜔, recorded as
𝐼(𝑃, 𝑡) = 𝜔, represented by a directed arc from 𝑃 to 𝑡 with the
side note.The value of the output function from transaction 𝑡
to place 𝑃 is a nonnegative integer 𝜔, recorded as𝑂(𝑃, 𝑡) = 𝜔,
represented by a directed arc from 𝑡 to 𝑃 with the side note
𝜔. The side note is omitted when 𝜔 = 1. The directed arc is
also omitted when 𝐼(𝑃, 𝑡) = 0 or 𝑂(𝑃, 𝑡) = 0. 𝐼 and 𝑂 can
both be represented as 𝑛 × 𝑚 nonnegative integer matrixes.
The difference between𝑂 and 𝐼 is called the relationalmatrix,
recorded as 𝐴 = 𝑂 − 𝐼.

The steps for solving the minimal cut sets using the
relational matrix method are as follows.

Step 1. Find out the row consisting only of “1” and “0” in the
relational matrix A. This will be assigned the top place, with
only inputs and no outputs.

Step 2. Search for “−1” by column from 1 in the top place.
Any row corresponding to “−1”will be regarded as an input to
the top place. If there are multiple “−1” values in the column,
then there will be multiple inputs for the same transaction.
The logical relationship between the inputs is AND.

Step 3. Search for “1” by row from “−1” determined in Step 2.
Rows including “1” will be regarded as occupying a middle
place.Then search repeatedly, following the second step, until
a row without “1” is located, which will become a basic place.
If there are multiple occurrences of “1” in the row, the logical
relationship between the places corresponding to “1” will be
OR.

Step 4. Continue to search following the second step and the
third step until all the bottom basic places are located.

Step 5. Expand the bottom places according to the logical
relationships AND and OR. Then obtain all the cut sets for
the system.

Step 6. Find the minimal cut sets according to the Boolean
absorption rate or the prime number method.
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Figure 3: Transform between Petri net modelling and the fault tree.

The fault tree in Figure 3 is used as an example to
illustrate solving theminimal cut sets with a relationalmatrix.
Respectively solve the input matrix 𝐼, the output matrix 𝑂,
and the relational matrix 𝐴 according to the steps above:

𝐼 =

[
[
[
[
[
[
[
[
[

[

1 0 0 0 0 1

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 0

]
]
]
]
]
]
]
]
]

]

,

𝑂 =

[
[
[
[
[
[
[
[
[

[

0 0 0 0 0 0

0 0 0 0 0 0

1 1 0 0 0 0

0 0 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

]
]
]
]
]
]
]
]
]

]

,

𝐴 = 𝑂 − 𝐼 =

[
[
[
[
[
[
[
[
[

[

−1 0 0 0 0 −1

0 −1 0 0 0 0

1 1 −1 0 0 0

0 0 0 −1 0 0

0 0 1 1 −1 0

0 0 0 0 1 1

]
]
]
]
]
]
]
]
]

]

.

(5)

3.3. Comparison between Petri Net Modelling and Fault Tree
Modelling. The complexity of quantitative analysis depends
on the number of nodes and the logical gates in a fault tree.
Comparing Figures 3 and 4 to Figure 2, we can see that there
are two repeating basic events and seven repeating events in
two traditional fault trees. The repetition rates can, respec-
tively, reach 17% and 24%.These repeating events do not exist
in the corresponding Petri net modelling. The building of
the fault tree needs 6 types of elements which involve basic
events, intermediate events, top events, AND logical gate,

OR logical gate, and a relation line, while the building of the
Petri net model needs only three types of elements involving
places, transactions, and directed arcs. Though the fault tree
in Figure 2 seems to provide better visualization than the
Petri nets in Figure 4, there are more elements and repeating
events in the fault tree. The relationships among fault events
in the fault tree are more complex. The reduction of building
elements and repeating events make the Petri net modelling
more convenient and efficient than fault tree modelling.

In addition, Petri nets are graphical and mathematical
tools for modelling systems and their dynamics, while fault
tree modelling cannot be updated in a timely manner when
the system changes. The relationship between fault events is
displayed statically in a fault tree. When the failure status of a
system evolves from one subsystem/component to other sub-
systems/components, Petri net modelling is more intuitive
and more effective than fault tree modelling because of the
use of token transferring and enable-transferring processes.
This process in Petri nets can be described by mathematical
matrix computations, which is easier to handle by computer
(as shown in Section 4).

4. Dynamic Transition and Diagnosis of
Pantograph Faults

4.1. PlaceMark and Enable-Transfer Algorithm of the Petri Net.
A Petri net consists of places “I,” transactions “|,” directed
arcs “→ ,” and tokens of places “e.” The places represent
logical descriptions of the system states, and the transactions
represent the arising of system events. Relational matrixes
and state equations are major tools for Petri net analysis:

𝑀
𝑘+1

= 𝑀
𝑘
+ 𝐴
𝑇

𝑋
𝑘
, 𝑘 = 1, 2, . . . . (6)

In (6), 𝑀
𝑘
is the initial identification set of the system

faults before ignition. 𝑀
𝑘+1

is the result identification set
of the system faults after ignition. 𝐴𝑇 is the relational
matrix and 𝑋

𝐾
is the transfer sequence for ignition. The
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Figure 4: Transfer of tokens in the Petri net of the CRH EMU pantograph.

initial identification𝑀
0
will convert to𝑀

𝑑
after the ignition

sequence𝑋
0
, . . . , 𝑋

𝑑
. The process can be expressed as

𝑀
𝑑
= 𝑀
0
+ 𝐴
𝑇

𝑑−1

∑

𝑘=0

𝑋
𝑘
. (7)

If the element representing the top place is not less than
1 in𝑀

𝑑
after a series of transfers, the fault event represented

by the top place will occur.

4.2. Dynamic Transition and Diagnosis of Pantograph Faults.
In the process of fault diagnosis based on the use of a Petri
net, the initial identification of the input place is regarded
as the initial symptom of the event occurrence. A token is
assigned to the input place if the symptom appears; otherwise
the place is assigned a null value. The future states and final
identification of the system can be circularly solved through
the state equations and transfer sequences, until the token
value of the target place is found. The fault occurs when the
number of tokens in the target place is not zero.

For the AND gate in the Petri net, the tokens cannot
transfer downward to the next level if there are empty input
places. That is to say, for an AND gate, the fault will transfer
downward only when all the events of the input places occur.
For the OR gate in a Petri net, the tokens will transfer
downward to the next level place if at least one input place
contains tokens. According to the rules of the network theory,
the next level place will get two tokens if the two input places
both contain tokens. Regardless of the number of tokens,
the occurrence of the fault that is represented by the target
place is only related to whether there are tokens in the target
place. Transfer of the token in the Petri net of the CRH EMU
pantograph is shown in Figure 4.

As shown in Figure 4, 𝑃1 represents “two EMUs attached
together,” 𝑃2 represents “spacing of two pantographs of less
than 190m,” 𝑃8 represents “pantograph bellows that are
damaged,” 𝑃26 represents “MR ducts that are damaged,”
𝑃29 represents “pressure in the auxiliary air cylinder that is
too low,” 𝑃30 represents “pantograph rise to an abnormal
position,” 𝑃32 represents “pantograph that cannot rise,”
𝑃35 represents “pantograph that descends automatically,”
and 𝑃38 represents “pantograph that fails to work.” Three
representative fault transfer paths were selected to study the
transfer expression of pantograph faults in the Petri net. The
initial identification sets of the three paths were, respectively,
recorded as𝑀1

0
,𝑀2
0
, and𝑀3

0
:

𝑀
1

0
= [1, 0, . . . , 0

2≤𝑖≤38

]

𝑇

,

𝑀
2

0
= [0, . . . , 0
1≤𝑖≤25

, 1, 0, . . . , 0
27≤𝑖≤38

]

𝑇

,

𝑀
3

0
= [0, . . . , 0
1≤𝑖≤7

, 1, 0, . . . , 0
9≤𝑖≤38

]

𝑇

.

(8)

The ignition sequences of the three paths were, respec-
tively, recorded as𝑋1

0
,𝑋2
0
, and𝑋3

0
:

𝑋
1

0
= [0, . . . , 0
1≤𝑖≤4

, 1, 0, . . . , 0
6≤𝑖≤43

]

𝑇

,

𝑋
2

0
= [0, 1, 0, . . . , 0

3≤𝑖≤43

]

𝑇

,

𝑋
3

0
= [0, . . . , 0
1≤𝑖≤11

, 1, 0, . . . , 0
12≤𝑖≤21

, 1, 0, . . . , 0
23≤𝑖≤43

]

𝑇

.

(9)
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The input matrix 𝐼, output matrix 𝑂, and the relational
matrix𝐴𝑇 of the Petri net are all 38 × 43matrixes which can
be solved using the relational-matrix method:

𝐴
𝑇

= 𝑂 − 𝐼 = (

𝑎
11

. . . 𝑎
1𝑛

... d
...

𝑎
𝑚1

⋅ ⋅ ⋅ 𝑎
𝑚𝑛

), (10)

𝑎
𝑖𝑗
= 𝑂
𝑖𝑗
− 𝐼
𝑖𝑗

1 ≤ 𝑖 ≤ 38, 1 ≤ 𝑗 ≤ 43. (11)

In (10),𝑚 = 38, 𝑛 = 43:

𝑀
1

1
= 0,

𝑀
1

2
= 0.

(12)

As (12) shows, tokens cannot transfer downward to the
next level in the first path. Thus there is no token in the top
place at the end of the procedure, meaning that the fault event
represented by 𝑃38 does not occur.

In the second path,𝑀2
1
,𝑀2
2
, and𝑀2

3
are as follows:

𝑀
2

1
=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤28

, 1, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
30≤𝑖≤38

]
]

]

,

𝑀
2

2
=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤31

, 1, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
33≤𝑖≤38

]
]

]

,

𝑀
2

3
=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤37

, 1
]
]

]

.

(13)

As (13) shows, the tokens in place𝑃26 are transferred into
place𝑃29 after the first ignition and then transferred into𝑃32
after the second ignition. Finally, the tokens are transferred
into the top place 𝑃38 after the third ignition, meaning that
the top event occurs in this situation.

In the third situation, 𝑀3
1
can be calculated through

a single transfer calculation when the default value of the
tokens in place 𝑃8 is 1:

𝑀
3

1
=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤7

, −1, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
9≤𝑖≤31

, 1, 0, 0, 1, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
36≤𝑖≤38

]
]

]

. (14)

Thus, when there are two transfer paths for one token in
the bottom basic place, there will be negative values in the
next level state matrix after ignition if the default value of the
tokens in the bottom basic place is still 1.There is no practical
significance to this phenomenon. To avoid negative values,
change the default value of the tokens in place 𝑃8 from 1 to 2
to produce𝑀3

1

:

𝑀
3

1



=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤31

, 1, 0, 0, 1, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
36≤𝑖≤38

]
]

]

. (15)

Then𝑀3
2
can be solved according to𝑀3

1

:

𝑀
3

2
=
[
[

[

0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
1≤𝑖≤37

, 2
]
]

]

. (16)

According to𝑀3
2
, there will be two tokens in the top place

𝑃28 and the top event will inevitably happen when tokens
indicate the fault transfer.Thus the fault event in the top place
will happen if there is at least one token in the top place. In the
Petri net, if an input place is a bottom basic place containing
tokens with a value of 𝑛 (𝑛 is a positive integer greater than 1),
directed arcs out, then the default value of the tokens in the
input place is 𝑛.The fault event presented indicated by the top
place would will inevitably happen when there are tokens in
the top place.

Failure Mode 1. When two EMUs are attached together and
at the same time the spacing of the two pantographs is less
than 190m, the pantograph will rise to an abnormal position.
However, if only one condition of the two is satisfied, the
pantograph will work normally.

Failure Mode 2. Damage to MR ducts causes low pressure
in the auxiliary air cylinder, which means the pantograph
cannot rise successfully.

FailureMode 3. Damage to the pantograph bellowsmay cause
the pantograph to descend automatically or possibly fail to
rise. Both of the two conditions will lead to a fault in the
pantograph.

The token transfer in the Petri net is consistent with
the logic analysis of the faults. It can clearly and effectively
describe the dynamic processes of the system faults transfer,
achieving fast and efficient fault diagnosis.

5. Conclusions

In this study, the working principles and failure modes of
pantographs on CRH EMU trains were analyzed systemati-
cally. Petri net modelling was used as a graphical modelling
tool to simplify the logical relationships and events of the
fault tree into a network with places and transactions as
nodes. The events, logical gates, and logical relation lines of
FT were transformed to places, transitions, and directed arcs,
respectively. The complexity of modelling was reduced by
20%by avoiding repeating events.Thus, the process of solving
the minimal cut sets was simplified, which effectively saved
calculation time for theminimal cut set solutions for complex
large-scale fault trees.

The changes in system states and the evolution of failures
are described well by the dynamic properties of Petri net
modelling. A mathematical model for the Petri net of the
pantograph fault tree was established. The equivalence and
correctness of the token-transfer description for fault diag-
nosis inference in a Petri net were verified. Three different
fault paths were used to explain and verify the algorithm.
The initial identification sets of the three paths were marked.
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The three corresponding ignition sequences were calculated
using matrix transformations. Finally, the system status was
assessed correctly using a mathematical method which can
be handled easily in a computerised system.

This work analyzes the evolution of failure events of
pantograph system. The process of other critical systems
needs to be further examined. Future work will collect and
analyse test data from other systems in CRH EMU trains
to extend the methodology to cover the whole maintenance
process for CRH EMU train systems.
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As railroad infrastructure becomes older and older and rail transportation is developing towards higher speed and heavier axle,
the risk to safe rail transport and the expenses for railroad maintenance are increasing. The railroad infrastructure deterioration
(prediction) model is vital to reducing the risk and the expenses. A short-range track condition prediction method was developed
in our previous research on railroad track deterioration analysis. It is intended to provide track maintenance managers with two or
three months of track condition in advance to schedule track maintenance activities more smartly. Recent comparison analyses on
track geometrical exceptions calculated from track conditionmeasuredwith track geometry cars and those predicted by themethod
showed that the method fails to provide reliable condition for some analysis sections.This paper presented the enhancement to the
method. One year of track geometry data for the Jiulong-Beijing railroad from track geometry cars was used to conduct error
analyses and comparison analyses. Analysis results imply that the enhanced model is robust to make reliable predictions. Our
in-process work on applying those predicted conditions for optimal track maintenance scheduling is discussed in brief as well.

1. Introduction

Transportation systems play a critical role in development
of society and economy. Railway system accounted for the
largest part of national freight ton-miles, for example, 38.2%
in 2005 in USA [1] and 49.70% in 2005 in China [2].
Railroad infrastructure as a base element of railway system
has great and direct influences on safety and cost efficiency
of rail transport. It is believed that as railroad infrastructure
becomes older and older, the risk to safe transport and
the expenses for preserving the infrastructure will increase.
Specifically, when the infrastructure grows up over a certain
age, the risk and the expenses will increase exponentially
[3]. The last ten years (as a small portion of the entire
infrastructure evolution process) has seen linearly increasing
expenses permile for class I railroad infrastructure ofUSA, as
illustrated by Figure 1. Furthermore, the recent development

of rail transportation towards higher speed and heavier axle
load is also believed to increase the risk and expenses.

Practices in transportation infrastructure management
try to balance the cost associated with potential damage
resulting from unfavorable infrastructures, as well as the
cost for Maintenance and Renewal (M&R) activities in
order to minimize the total cost. Management practices of
highway pavement and some other infrastructures have been
implemented into some tools [4]. But such tools for railroad
infrastructuremanagement are rare. Among issues in achiev-
ing the balance between the two categories of costs, railroad
infrastructure deterioration modeling is vital [5]. The infras-
tructure deterioration models fall into two categories: long-
range and short-range deterioration (or prediction) models.
The long-range models assist infrastructure management
departments inmaking budget plan tominimize the planning
horizon cost under constraints. The short-range models are
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Figure 1: Railroad infrastructure expenses per mile for the last ten
years.

necessary to optimally schedule R&M activities, constrained
by limited budgets and othermaintenance resources allocated
through long-range models, and acceptable infrastructure,
so as to minimize effects of the activities on rail traffic.
According to the R&M scheduling, resources are allocated to
each R&M activity within the planning horizon, and, accord-
ingly, the balance between the cost associated with potential
damage and the cost for R&M activities is achieved. The cat-
egorization of deterioration models applies to infrastructure
of all transportmodes. If infrastructure condition predictions
by deterioration models are not accurate enough, plans will
be in question, and sometimes damage might be caused by
some of the unpredicted infrastructure failures. Therefore,
both long-range and short-range prediction models should
be characterized by high accuracy and extensive suitability for
infrastructure in various conditions.

A large number of models have been developed for high-
way pavement deterioration. For instance, Markov decision
process was employed to formulate pavement deterioration
[6–10]. Kobayashi et al. modeled the pavement deterioration
process through a hidden Markov model [11]. Using a time
series method, Durango-Cohen formed a model for the
pavement deterioration process [12]. Several investigations
have been performed on mathematical modeling for railroad
infrastructure deterioration. Kawaguchi et al. applied a dou-
ble exponential smoothing method to the track geometry
evolution process and formed a track deterioration model
[13]. Based on a track degradation database, Alfelor et al.
established a one-to-one linear relationship between track
deterioration and one specified contributing factor through
least square method [14]. Based on a common denominator
regarding track deterioration, Veit and Marschnig used an
exponential model to describe track deterioration process
[15]. Meier-Hirmer et al. fitted gamma stochastic process
to the evolution rate of track surface over a 1000-meter-
long section of track [16]. He et al. considered that track
deterioration rate increases linearly with the current track
condition and exponentially with the sum of individual
effects of five contributing factors and formulated their track
deterioration model [17]. Liu et al. and Xu et al. thought
track deterioration processes between two adjacent mainte-
nance activities may be any forms of smoothly nonlinearly

nondecreasing functions and therefore employed piecewise
linear regression models to describe track deterioration [18,
19].

From the above literature review, it is seen that some
investigations consider infrastructure deterioration stochas-
tic, while others assume that relationships between deterio-
ration and impact factors are characterized by deterministic
formulations, for example, linear, polynomial, exponential,
and piecewise linear. From the perspective of approximating
a curve with straight line segments, the piecewise linear
relationship can be used to approximate any smoothly non-
linear relationships. In other words, if properly modeled, the
piecewise linear relationship can be more applicable than
linear, polynomial, and exponential ones.

In previous research on track (geometry) condition
prediction technologies, the authors proposed a method
employing the piecewise linear regression to make short-
range predictions for condition indices [18, 19].The proposed
method uses track inspection data within time periods of
equal length to estimate deterioration rates for all unit
sections of a track. Specifically, the lengths of time periods
are considered equal in both temporal and spatial dimen-
sions. The estimation of deterioration rates is triggered by
availability of new track inspection data. Detail about the
estimation will be described in Section 3. The deterioration
rate of a unit section for a time period is then used to predict
track condition of the unit section for future two or three
months. From the brief introduction, it is easily seen that the
length of time periods is an extremely key parameter for the
method. Hereafter, the time period is referred to as the time
span. In the previous research, the length of the time span
is determined mainly according to railroad field engineers’
knowledge. Recent data analyses discovered that in some
cases errors in track condition predictions are not normally
distributed around 0mm. Further rigorous analyses on these
cases revealed that the undesirable error distributions may
arise from the inappropriate length of the time span.

This paper attempts to formulate an optimization model
to estimate the time span length for each unit section. The
estimated time spans are varying along a track. The previous
model takes a constant time span length for an entire track.
This is the difference between the enhanced model and the
previous one. Then the estimated time span and a nor-
mally distributed random variable are incorporated into the
enhancement of the previously proposed prediction method.
The enhanced prediction model allows maintenance-of-way
departments to acquire accurate track condition two or three
months in advance, depending on railroad’s transportation
focuses, that is, freight and passenger, million gross tons, and
traffic speeds.

The reminder of the content is organized as follows. The
effects of impact factors on track condition deterioration are
descriptively analyzed in Section 2 in order to form a basis
for the track condition prediction model. Section 3 presents
the enhanced track condition prediction model based on
characteristics of track condition deterioration under the
impact factors. Section 4 presents error analysis results for
track condition predictions. Using the track condition pre-
dictions to optimally schedule track maintenance is briefly
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discussed in Section 5 for future research. Finally, conclusions
regarding the research in this paper are drawn in Section 6.

2. Descriptive Analysis on
the Effects of Influential Factors

Railroad track geometry deviations are usually termed track
irregularities. Generally speaking, track irregularities are the
result of cumulative comprehensive effects of seven categories
of impact factors [3, 4, 20–23]: (1) wheel loads on rails, (2)
track configuration, (3) materials and manufacture of track
components, (4) track design and construction, (5) track
maintenance, (6) environmental factors, and (7) terrain. The
cumulative wheel load is by far the principal cause for track
deterioration and is characterizedmainly by axle loads, traffic
speed, traffic density, track condition, and train condition.
The track configuration plays a critical role in resisting track
deterioration. Track deterioration usually begins with small
imperfections in the materials and errors in the manufacture
of rails and other track components. Good performances of
the materials and efficacy of the manufactured components
are crucial for preserving tracks in satisfactory condition.
Influences of errors during the design and construction of
the tracks add to the influences of the materials and the
manufacture, as the initial track irregularities with which
track deterioration begins. The maintenance is intended to
restore tracks to good (or their original) condition. But,
during a maintenance activity, survey errors, measurement
errors, and maintenance machine tolerances are unable to
achieve the desire. Moreover, different kinds of maintenance
machines usually have different effectiveness. During track
deterioration, in addition to the wheel loads, environmental
factors directly deteriorate the tracks as well, for instance,
track buckles as a result of extremely high temperature. As
the base of railroad track, terrain has obviously direct and
considerable influences on track geometry. Any variations
in terrain will be reflected immediately by sudden changes
in track geometry, for example, Taiwan high-speed rail
subsidence [24]. What is more, the vertical stiffness of terrain
along a track is varying, resulting in longitudinally varying
track deterioration processes.

Under the effects of these seven categories of impact
factors, track deterioration processes fall into three groups,
gradual deterioration, sudden deterioration (more precisely,
damage), and improvement in track condition, as shown
in Figure 2. As discussed above, the gradual deterioration
process is the result of the effects of moderate environmental
factors and the first four categories of impact factors, as
demonstrated by solid dark curves in Figure 2, and the
improvement process is caused by track maintenance, as
demonstrated by the dashed gray lines in Figure 2. Hap-
penings of the other factors including variations in terrain
and extreme environmental factors make track deteriorate
suddenly, which is not presented in the figure.

In the process of track deterioration, some categories of
the impact factors influence each other. For instance, wheel
loads deteriorate tracks in terms of track geometry, condition
of track components, and performances of materials of the
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Cumulative wheel loads

Figure 2: Two groups of track deterioration process.

track components. Simultaneously, the deteriorated tracks
increase the wheel loads and decease track resistance to
deterioration. Such interactive influences among these three
categories of the impact factors continue as trains run over the
tracks. Sadeghi and Askarinejad have quantitatively investi-
gated influences of some impact factors on track deterioration
[23]. Therefore, the track deterioration rate usually shows an
accelerated trend. It is the basis for researchers to formulate
track deterioration models.

Track deterioration proceeds under the influences of all
these seven interactive categories of impact factors. Actually,
the influential degree on track deterioration varies along
tracks. In other words, each track location has its own distinc-
tive track deterioration process.The distinctive characteristic
of track deterioration has been experienced by railroad
field engineers during the past several decades of track
management practices. Values of geometrical parameters for
track positions vary considerably along a track section, even
when the whole track section is maintained during one
maintenance activity with the same maintenance machine.
By now, only few of the impact factors can be measured,
and interactive effects among the impact factors are unable
to be measured. What is more, even data for those most
possibly accessible influential parameters, that is, million
gross tons and train travelling speeds, is often unavailable to
investigators because of confidential regulations of operation
divisions. Moreover, measurement data of these impact fac-
tors that can be measured is often contaminated with slight
noises [16, 25–27]. Because of the unavailability of data for
most impact factors and uncertainty in the measurement
data, track deterioration is usually considered stochastic and
is formulated with the independent variable of time.

3. Enhanced Track Condition
Prediction Model

Because of the distinctive characteristic of track deterio-
ration, the proposed track condition prediction model is
formulated for each analysis object. The spatial and temporal
dimensions of a practical analysis object are determined first
in light of facts of track geometry measurement data by track
geometry cars. Hereafter, the analysis object is often named
analysis section for compatibility with railroad industry. For
a specified analysis section, track condition predictionmodel
is proposed to predict its condition two or three months in
advance. Last, the optimal time span estimation model is
formulated for the model.
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3.1. Determination of the Analysis Section. Track geometry
measurement data from track geometry cars are usually used
to analyze track deterioration [5]. Track geometry cars at
the speed of train travelling measure various track geometry
parameters, positioning parameters (i.e., milepoint), and
comfort related parameters at a constant sampling distance.
Two sampling distances, 0.25m and 0.3048m (1 foot), are
used worldwide by current measurement systems of track
geometry cars. It is, thus, impossible to acquire historical
measurement data for most track points in concerned tracks.
Secondly, there are errors in milepoint measurements [27].
These errors make it impossible to acquire historical geom-
etry measurements for even those sampled track positions.
Lastly, geometry measurements are usually contaminated
with slight noises. This fact makes it difficult to mine slightly
contaminated historical geometrymeasurements for accurate
deterioration processes of track points.Therefore, the analysis
object cannot be track points but should be a track section.
Because of the distinctive track deterioration processes, the
analysis track section should not be too long. To determine
the length of the analysis track section, the above three factors
have to be taken into consideration.

Track geometry cars throughout China Railways today
have only one kind of sampling distance, that is, 0.25m.
Due to many reasons [26–28], milepoint measurements from
track geometry cars are inconsistent with actual milepoints
in field. To deal with errors in milepoint measurements, two
mathematical models have been developed by the authors,
Key Equipment Identification (KEI) [28] and Dynamic Sam-
pling Point Matching (DSPM) [26, 27]. KEI is intended to
automatically identify sampled points associated with key
locations of some of track equipment (horizontal curves and
diverging tracks of turnouts) in a specified inspection data
file and then to revise milepoints of the data file according
to actual milepoints of those identified points. After being
processed by KEI, milepoint errors are reduced considerably,
but two processed inspection data files over same track still
have small differences in milepoints of almost same sampling
points. Such kind of milepoint differences is referred to as
milepoint shift in the references. To reduce milepoint shifts,
DSPM was developed. DSPM is formulated to automatically
match sampling points on one inspection with the closest
sampling points on another inspection. After being processed
by both KEI and DSPM, milepoint shifts, in most cases, are
reduced to the level below one standard sampling distance,
that is, 0.25m. Readers for details about the above-mentioned
data processing models are referred to [26–28].

As for slight noises in geometry measurements, based
on inspection data processed by KEI and DSPM, an opti-
mization model was formulated to minimize the effects of
the slightly noisy geometry measurements. The noisy effects
are quantified through the deviation of the geometrical
parameter values predicted by the proposed model from
those measured ones. For each inspection, the deviations
associated with each analysis section length were calculated.
The optimal model uses the sum of the squared deviations as
the object function to choose the optimal analysis length that
produces the best fit (i.e., minimizing the objective function).
The minimization of the object function was accomplished

through comparing the sums linked to different lengths. Two
years of inspection data from the Jiulong-Beijing Railroad
administered by Jinan bureau of China Railways was used to
accomplish the comparison analysis. The length of 0.5m is
attained as the best analysis track section.

3.2. Formulation of the Prediction Model

3.2.1. Method for Predicting Track Condition. As noted in
Section 2, track condition is the result of the cumulative com-
prehensive influences of all impact factors. Track condition
evolution for an analysis section is mathematically expressed
as the equation 𝑐(𝑡) = 𝑐(𝑡

𝑖
) + ∫
𝑡

𝑡𝑖

𝑓(𝑥)𝑑𝑥, where 𝑐(𝑡) and 𝑐(𝑡
𝑖
)

represent track condition at the time points 𝑡 and 𝑡
𝑖
(wherein

the subscript 𝑖 denotes the 𝑖th inspection of track geometry
cars after a maintenance work covering the analysis section),
respectively, and 𝑓(𝑡) denotes the deterioration rate of track
condition at the time point 𝑡. The deterioration rate function
𝑓(𝑡) quantifies the comprehensive effects of all impact factors
at a point in time. The cumulative influences over the time
range from 𝑡

𝑖
to 𝑡 are modeled through the integral of the

deterioration rate function 𝑓(𝑡) over the time period, that is,
∫
𝑡

𝑡𝑖

𝑓(𝑥)𝑑𝑥. The equation shows that accurate estimation for
the deterioration rate function is crucial to accurately predict
track condition.

3.2.2. Track Condition Prediction Model. Occurrences of
sudden deteriorations are unpredictable in advance mainly
because of unavailability of data for those impact factors
causing such category of deteriorations. As shown in Figure 2,
after sudden deteriorations, deteriorated (or damaged) tracks
are restored to satisfactory condition, which provides safe
running surface for trains. This indicates that the restored
tracks need not to be worried about very much from the
perspective of train safety for research on track condition
prediction. But for research on long-range trackmaintenance
optimal scheduling, the restored tracks have to be taken into
account in order to maximize benefit functions or to mini-
mize cost functions over a planning horizon. Considering the
focus of the current paper, it is assumed that deterioration
rate estimation is made for a gradual deterioration process
between occurrences of two adjacent sudden deteriorations.

If the value of 𝑓(𝑡) over the time range from 𝑡
𝑖
to 𝑡 is

assumed to be equal to 𝑓(𝑡
𝑖
), the equation 𝑐(𝑡) = 𝑐(𝑡

𝑖
) +

∫
𝑡

𝑡𝑖

𝑓(𝑥)𝑑𝑥 is rewritten as 𝑐(𝑡) = 𝑐(𝑡
𝑖
)+𝑓(𝑡

𝑖
)(𝑡−𝑡
𝑖
). Actually, the

approximation is basically true when the time range is short,
like less than half a year [5, 19]. The reason for this is that
within a span of such time range there is a small probability
for track components to experience large performance degra-
dations, which will result in rapid changes in deterioration
rate. Therefore, the assumption for the currently concerned
problem (i.e., short-range prediction) is acceptable. But the
approximation of the deterioration rate function 𝑓(𝑡) by
𝑓(𝑡
𝑖
) assuredly introduces errors into the predicted track

condition 𝑐(𝑡). Considering such consequence, a normal
random variable, 𝑒, is incorporated into the approximate
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equation. Accordingly, the short-range prediction mode for
an analysis section is formulated as

𝐶 (𝑡) = 𝐶 (𝑡
𝑖
) + (𝑓 (𝑡

𝑖
) (𝑡 − 𝑡

𝑖
) + 𝑒)𝑉, (1)

where 𝐶(𝑡
𝑖
) is a condition column vector of a specified

geometrical parameter measured by a track geometry car at
the time point 𝑡

𝑖
over sampling points in the analysis section,

𝐶(𝑡) is a column vector of predicted condition values at the
time point 𝑡 for the parameter on the sampling points, 𝑓(𝑡

𝑖
)

is the average of deterioration rates of the parameter at 𝑡
𝑖
on

the sampling points and will be estimated in Section 3.3, and
𝑉 is a column vector with the identical dimension to 𝐶(𝑡

𝑖
)

and all elements equal to 1. In (1), the average deterioration
rate 𝑓(𝑡

𝑖
) rather than individual deterioration rate is used

to make predictions. Such treatment of the deterioration
rate is feasible because the analysis section is only 0.5m in
length and influence degrees of all impact factors are almost
identical along the analysis section. Furthermore, the use of
the average deterioration rate may also reduce the effects of
slight noises in track geometry measurements.

According to the above discussion, the proposed model
is built for the deterioration process of a geometrical param-
eter on a sampling point in an analysis section, and the
deterioration process within a short time range is approxi-
mated by a linear model which has a normally distributed
random component to quantify errors introduced by the
approximation. Parameters of (1), 𝐶(𝑡

𝑖
) and 𝑓(𝑡

𝑖
), have to

be updated continuously as track condition evolves. In the
current research, updating the parameters is triggered by
availability of new inspection data from track geometry cars.

3.3. Optimal Time Span Estimation. As concluded in
Section 3.1, each geometrical parameter of each analysis
section has its own distinctive deterioration process. This
indicates that the length of a time range within which
historical measurement values are used to estimate the
average deterioration rate 𝑓(𝑡

𝑖
) through least squares

method varies among seven geometrical parameters and
varies along track. As for a geometrical parameter of
sampling points on a given analysis section, differences
between measurement values and prediction values by (1) on
all the sampling points are calculated. The minimum sum
of the squared differences is used as the objective function,
formulated as (2) to determine the time range length at the
time point 𝑡

𝑖
for the geometrical parameter on the given

analysis section:

𝑡
∗

𝑖
= 𝑡
𝑖
− 𝑡
𝑖−𝑗
∗

:= argmin
1≤𝑗≤𝑖−1

( ∑

1≤𝑘≤𝑛

(𝐶 (𝑡
𝑖+𝑘
) − 𝐶 (𝑡

𝑖+𝑘
, 𝑗))
𝑇

⋅ (𝐶 (𝑡
𝑖+𝑘
) − 𝐶 (𝑡

𝑖+𝑘
, 𝑗)))

(2)
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Figure 3: The formulated prediction model at the time point 𝑡
𝑖
.

where

𝐶 (𝑡
𝑖+𝑘
, 𝑗) = 𝐶 (𝑡

𝑖
) + (𝑓 (𝑡

𝑖
, 𝑗) (𝑡
𝑖+𝑘
− 𝑡
𝑖
) + 𝑒)𝑉, (3)

𝑓 (𝑡
𝑖
, 𝑗)

=
(𝑗 + 1)∑

𝑗

𝑙=0
(𝑡
𝑖−𝑙
− 𝑡
𝑖
) 𝐶 (𝑡
𝑖−𝑙
) − (∑

𝑗

𝑙=0
(𝑡
𝑖−𝑙
− 𝑡
𝑖
)) (∑
𝑗

𝑙=0
𝐶 (𝑡
𝑖−𝑙
))

(𝑗 + 1)∑
𝑗

𝑙=0
(𝑡
𝑖−𝑙
− 𝑡
𝑖
)
2

− (∑
𝑗

𝑙=0
(𝑡
𝑖−𝑙
− 𝑡
𝑖
))
2

.

(4)

In the objective function, 𝐶(𝑡
𝑖+𝑘
, 𝑗) denotes the predic-

tion of the column vector 𝐶(𝑡
𝑖+𝑘
) when the last (𝑗 + 1)

measurement column vectors {𝐶(𝑡
𝑖−𝑘
), 0 ≤ 𝑘 ≤ 𝑗} are

used to calculate the average deterioration rate 𝑓(𝑡
𝑖
, 𝑗), and

the constant 𝑛 equals the number of track geometry cars’
inspections in the time period which the proposed model
covers. Equation (3) is the prediction model developed in
Section 3.2. In (4), 𝐶(𝑡

𝑖−𝑙
) is the mean of elements of the

measurement column vector 𝐶(𝑡
𝑖−𝑙
), and 𝑓(𝑡

𝑖
, 𝑗) is calculated

through the least squares method from the point set {(𝑡
𝑖−𝑘
−

𝑡
𝑖
, 𝐶(𝑡
𝑖−𝑘
)), 0 ≤ 𝑘 ≤ 𝑗}.

When the optimal solution to the object function, that
is, 𝑗∗, is attained, the value of 𝑓(𝑡

𝑖
, 𝑗) in (4) is the average

deterioration rate which the proposed model uses to make
predictions, as shown in Figure 3. As track inspection cars
continue to inspect track condition, the process illustrated in
Figure 3 will keep repeating itself.

4. Performance Analysis

This section analyzes the performance of the enhanced
model in terms of statistical analyses of errors in geometry
parameters values predicted by the enhanced model and
comparison analyses of errors between the enhanced and
original models. Since the middle of 2007, the authors’ team
has been collaborating with a couple of bureaus of China
Railways on optimal trackmaintenance scheduling.The Jinan
bureau is one of these collaborative bureaus. The collabo-
ration with these bureaus entitles us to access their track
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Figure 4: Superposed waves of track geometry data on February 20 and March 6.

configuration data and their various kinds of inspection data
for track, such as track geometry data from track geometry
cars and track geometry trolleys. The demonstration in this
section uses track geometry data from track geometry cars for
a 2-kilometer long track section in Jiulong-Beijing railroad,
which is administrated by the Jinan bureau.

4.1. Data Preparation. The Jiulong-Beijing railroad is one of
class I railroads connecting Beijing, the capital of China,
to south part of the country. It transported approximately
68 million passengers and 42 MGT freights in the year of
2008.The inspection frequency of track geometry cars for the
Jiulong-Beijing railroad is basically 3 times per 2months.The
track section whose track geometry data are used to perform
the performance analyses starts at the milepoint of K612+000
and ends at K614+000.

Rails in this track section were manufactured in early
2003 and were placed on March 1 of 2003. They are all stan-
dard length rails, and their weight per meter is 60 kilograms.
Because the Jiulong-Beijing railroad is a skeleton one, its
rails are all continuously welded. Ties were manufactured
in 1994 and were placed in 1995. All ties are of type II
concrete ties and the number of ties per kilometer is 1760.
The rails are fastened onto the ties with fastening systems
of type I. Under the ties, 30 cm thick granite ballast and
20 cm thick granite subballast layers were laid in 1994. The
section from K582+84512 to 650.33300, apparently spanning
the track section to be analyzed, was rehabilitated in 2003.

Track geometry data that are used to do the performance
analysis were acquired through a track geometry car of GJ-
4, the most extensively used model of track geometry car in
China Railways. Due to errors in milepoint measurements
mentioned in Section 3.1, track geometry data were processed

by both KEI and DSPM. Figure 4 as an example shows the
superposed waves of track geometry data on February 20 and
March 6, 2008, for the analyzed track section. In Figure 4, the
waves of February 20 are plotted with the black color and the
waves of March 6 with the gray color. From this figure, it is
hard to differentiate the superposed waves of track geometry
parameters. The reasons are that milepoint measurements
are almost corrected by the milepoint correction models,
namely, KEI and DSPM, and most track positions normally
deteriorate slightly within a short period of time, that is, 16
days in the demonstrated example.

4.2. Statistical Analyses of Prediction Errors. After each
inspection run of the track geometry car, track conditions
within following two months, namely, values of each geo-
metrical parameter on sampling points in the analyzed track
section, were predicted by the original and enhancedmodels,
respectively. The parameter of the length of the time period,
within which track geometry data are processed to calculate
the deterioration rate, was determined for the original model
according to experiences of field engineers and takes on the
value of four months, whereas the value for the enhanced
model varies. After the inspection on October 30, track
condition prediction is made for each of days from October
31 to December 31, 2008. Within this date range, there are
three inspections by the track geometry car on November 13,
December 12, and December 25.

Figure 5 plots predicted values versus actual values on
December 12 for each geometry parameter. The predicted
values are plotted along the vertical axis, whereas the actual
ones are along the horizontal axis. Table 1 tabulates three
statistical indices of errors in predictions by the original and
enhanced models on these three days for each of geometrical
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Figure 5: Comparison between actual values and predictions by the enhanced model on December 12.

Table 1: Statistics about errors in predictions by the original and enhanced models.

Geometrical parameters Error statistics November 13 December 12 December 25
Enhanced Original Enhanced Original Enhanced Original

Gauge
𝜇 (mm) −0.0005 0.0000 −0.0016 0.0000 −0.0021 0.0000
𝜎 (mm) 0.1191 0.1554 0.1299 0.3478 0.0991 0.4155
𝜌 0.9947 0.9909 0.9935 0.9547 0.9962 0.9371

Crosslevel
𝜇 (mm) −0.0041 0.0000 −0.0125 0.0000 −0.0163 0.0000
𝜎 (mm) 0.5673 0.6313 0.4478 0.7209 0.4559 0.9123
𝜌 0.9119 0.8920 0.9469 0.8702 0.9517 0.8125

Left surface
𝜇 (mm) 0.0008 0.0000 0.0024 0.0000 0.0031 0.0000
𝜎 (mm) 0.4752 0.4959 0.5304 0.6909 0.4135 0.6114
𝜌 0.9452 0.9410 0.9350 0.8935 0.9609 0.9192

Right surface
𝜇 (mm) −0.0008 0.0000 −0.0023 0.0000 −0.0031 0.0000
𝜎 (mm) 0.3722 0.4044 0.4450 0.5997 0.4272 0.6210
𝜌 0.9657 0.9603 0.9539 0.9200 0.9584 0.9175

Left alignment
𝜇 (mm) −0.0012 0.0000 −0.0038 0.0000 −0.0050 0.0000
𝜎 (mm) 0.3340 0.3597 0.2761 0.4291 0.2556 0.4713
𝜌 0.9511 0.9438 0.9662 0.9225 0.9711 0.9097

Right alignment
𝜇 (mm) −0.0012 0.0000 −0.0035 0.0000 −0.0046 0.0000
𝜎 (mm) 0.3267 0.3564 0.2906 0.4291 0.2682 0.4478
𝜌 0.9284 0.9159 0.9432 0.8833 0.9525 0.8786

Twist
𝜇 (mm) 0.0000 0.0000 −0.0001 0.0000 −0.0001 −0.0001
𝜎 (mm) 0.5184 0.5474 0.5696 0.7441 0.4085 0.6026
𝜌 0.9037 0.8949 0.8996 0.8347 0.9547 0.9006

parameters. The tabulated three statistical indices are mean
(𝜇), standard deviation (𝜎), and Pearson’s correlation coeffi-
cient (𝜌).

The plots in Figure 5 clearly show that the predicted
values for each geometry parameter are pretty close to the
actual ones. For the parameter of gauge, 95 percent of the
predicted values have errors less than 0.2717mm; errors of

95% predictions for crosslevel, left surface, right surface,
left alignment, right alignment, and twist are less than
1.1409mm, 1.4894mm, 1.2346mm, 0.7765mm, 0.8202mm,
and 1.6558mm, respectively.

Table 1 shows that the mean and standard deviation for
each geometry parameter are far below its corresponding
theoretical measurement accuracy of the track geometry
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Table 2: TQI management thresholds specified by MOR.

Railroad class (defined by allowable speed, Vmax) Vmax ≤ 160 160 < Vmax ≤ 200 200 < Vmax ≤ 250 300 < Vmax ≤ 350

TQI management threshold (mm) 15 10 8 5

car. The measurement accuracies for all geometry parame-
ters, gauge, crosslevel, left/right surface, left/right alignment,
and twist are ±0.8mm, ±1.0mm, ±1.0mm, ±1.5mm, and
±1.0mm, respectively. The correlation coefficients in Table 1
quantitatively confirm the closeness of the predicted values
to the actual values again. From these figures, numbers, and
already obtained facts, it is concluded that the enhanced
model can make fair accurate prediction for track condition
two months in advance.

4.3. Comparison Analysis between the Original and Enhanced
Models. From Table 1, it is clear that the mean of errors
in predictions by the enhanced model for each parameter
on each day is almost identical to the one by the original
model and approximately equals 0. When it comes to the
other statistical index (standard deviation), values for the
enhanced model are less than the ones for the original
model, whereas the correlation coefficient associated with the
enhanced model is greater than the one with the original
model. Those inferences imply that in comparison with the
original model the enhanced model makes more accurate
prediction.

Figure 6 shows the values of standard deviation in Table 1
as vertical bars for each geometry parameter. From these
figures, it is apparent that standard deviations associated with
the enhanced model are less than the ones with the original
model.More importantly, standard deviations linkedwith the
original model basically increase as the time span between
the date of the available inspection, for example, October 30,
and the date on which predictions were made, for example,
November 13, lengthens; however, the standard deviation
connected with the enhance model stays robust in the whole
time span. This inference implies that compared with the
original model the enhancedmodel possesses a characteristic
of robustness.

5. Discussion about Predictions Usage for
Optimal Track Maintenance Scheduling

After each inspection run of track geometry cars, the
inspection data is used to calculate two categories of track
condition indices: track geometrical exceptions and Track
Quality Index (TQI) [29–31]. Track geometrical exceptions
are characterized as the geometry parameter, the maximum
value, the exception class, and the length. Track geometrical
exceptions fall into four classes according to their maximum
values: I, II, III, and IV. The lower and upper limits of each
exception class for each geometry parameter with a speed
range are specified byMOR in the Railway LineMaintenance
Regulations. Figure 7 depicts an exception of class III. For
geometry exceptions of each class,MOR recommends certain
measures to be taken. TQI is calculated for a track unit

section and is the sum of standard deviations of seven
geometry parameters over the unit section [19]. MOR also
specifies the management thresholds of TQI for each class of
railroads, as listed in Table 2. It is recommended byMOR that
track unit sections with TQI greater than the corresponding
TQI threshold should be considered when scheduling track
tamping maintenance.

A program having the enhanced model has been coded
by the authors. The two categories of track condition indices
are therefore available two or three months in advance.
According to the Railway Line Maintenance Regulations,
future two or three months of maintenance works are
available in advance. Given maintenance works of two or
three months in a planning horizon, they can be optimally
scheduled so as to minimize over the planning horizon
the sum of the cost for travels between maintenance sites
and travels between maintenance sites and depots, the cost
for maintenance works themselves, and the influential cost
of completing the works on rail transportation. The object
function of the optimal scheduling problem is subject to
the constraints of available maintenance resources including
maintenance machines, required materials, crew members,
and track windows left in train timetable.

6. Conclusions and Following Research Areas

As railroad infrastructure becomes older and older and rail
transportation is developing towards higher speed and heav-
ier axle, the risk to safe rail transport and the expenses for rail-
road infrastructure maintenance are increasing. The railroad
infrastructure deterioration (prediction) model is vital to
reducing the risk and the expenses. This paper enhanced our
previous railroad track predictionmodel.Thepreviousmodel
considers that the length of the historical period (within
which track geometry data from track geometry cars are used
to estimate track deterioration rates) is constant for all analy-
sis sections in a railroad track. The value of the length for the
previous model is determined according to field engineers’
knowledge. Comparison analyses between track geometry
exceptions calculated from track condition measurement
data from track geometry cars and those from predictions
by the model imply that the method cannot provide reliable
track condition predictions for all analysis sections. The
enhanced model, according to track deterioration process
revealed by lining up historical track geometry data, employs
the minimum sum of squared differences between prediction
values and measurement values to estimate the optimal
length of the historical period for each analysis section.
One year of track geometry data for the Jiulong-Beijing
railroad was used in the section of performance analysis
to perform error analyses and comparison analysis between
the original and enhanced models. The analysis results show
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Figure 6: Comparison of standard deviations of prediction errors between the original and enhanced models.
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Figure 7: Illustrative example of a track geometrical exception of
class III.

that the enhanced model not only makes more accurate
predictions for track geometry condition but also possesses
the characteristic of robustness. What is more, because the
enhanced model uses actual deterioration processes revealed
by historical track geometry data to formulate prediction
model for each analysis section, it has extensive suitability for
analysis sections in various conditions.

This paper also gave a brief discussion about how to use
the predictions by the enhanced model to optimally schedule
track maintenance works. The research on mathematical
formulation of the optimal track maintenance scheduling is
in process and will come out in a near future.
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In recent years, there is growing literature concerning the cascading failure of network characteristics. The object of this paper
is to investigate the cascade failures on road traffic network, considering the aeolotropism of road traffic network topology and
road congestion dissipation in traffic flow. An improved coupled map lattice (CML) model is proposed. Furthermore, in order to
match the congestion dissipation, a recovery mechanism is put forward in this paper. With a real urban road traffic network in
Beijing, the cascading failures are tested using different attack strategies, coupling strengths, external perturbations, and attacked
road segment numbers. The impacts of different aspects on road traffic network are evaluated based on the simulation results. The
findings confirmed the important roles that these characteristics played in the cascading failure propagation and dissipation on
road traffic network. We hope these findings are helpful to find out the optimal road network topology and avoid cascading failure
on road network.

1. Introduction

In many large-scale networks, the failure of a node or
edge would make the other nodes fail and lead to a chain
reaction due to the coupling relationships among nodes.
This phenomenon is known as network cascading failure.
Cascading failure problems may take place on many natural
or artificial networks, such as the Internet [1, 2], power
grids [3–6], and traffic networks [7–11]. The effects from
large destruction may be caused by cascading failures on the
entire networks.Many cities have suffered from serious traffic
paralysis that brought great inconvenience to people’s normal
life (e.g., Beijing urban traffic was shut down completely due
to the rainstorm on July 21, 2012). Therefore, it is essential to
understand the cascading failure on traffic network to prevent
or reduce the influences of large-scale failure.

Many scholars have studied the impacts of network
topology [7, 12], network connectivity [13], different attack
strategies [4, 14, 15], and network robustness [16–18] on
cascading failure. To describe the cascading failure, coupled
map lattice (CML)model has been widely applied in previous

literatures. For example, using the basic CMLmethod, Xu and
Wang [12] studied the cascading failures in different network
topologies. Based on the proposed edge-based CMLmethod,
Di et al. [19] investigated the cascading failure on random
networks and scale-free networks. Though most studies paid
attention to the artificial network on cascading failure, the
research that applies CML model to investigate the natural
road traffic network on cascading failure is limited.

Because the properties of natural road traffic network are
different from artificial networks, the particular road traffic
network properties need to be concerned when we use CML
model. One of the particular properties is aeolotropism. Due
to the fact that there are one-way and two-way streets in the
city, the road traffic network is supposed to be described as
directed graphs. Another particular property is restorability,
which means that road congestions can dissipate over a cer-
tain range. The road traffic network consists of intersections
and road segments. Vehicles travel on the network and form
the distributed traffic flow. If traffic congestions occur in
one or some road segments, congestions can be gradually
dissipated after a period of time due to the redistribution
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of traffic flow. These two particular properties may lead to
unique cascading failures rules in road traffic network.

Considering the above particular properties, the original
CMLmodel will be improved for analyzing cascading failures
of road traffic network.The improvedCMLmodel is expected
to express the aeolotropism of road traffic network topology,
which will be proposed in the following section. Besides, in
order to match the pattern of road congestion dissipation, a
recovery mechanism has been put forward in the next part.
For the purpose of deliberating cascading failures roundly,
an empirical network in Beijing is tested to investigate the
impacts of different attack strategies, coupling strengths,
external perturbations, and attacked road segment numbers
on road traffic network.

The remainder of this paper is organized as follows. The
next section will introduce the improved CML model and
the recovery mechanism.Then, the simulations based on the
empirical network are conducted. Finally, the highlights of
this paper are concluded.

2. Road Traffic Network Cascading Failures
Model Based on CML

The original CML model is formulated as follows [12]:

𝑥
𝑖
(𝑡 + 1) =



(1 − 𝜀) 𝑓 (𝑥
𝑖
(𝑡)) + 𝜀

𝑁

∑

𝑗=1,𝑖 ̸=𝑗

𝑎
𝑖,𝑗
𝑓 (𝑥
𝑗
(𝑡))

𝑘 (𝑖)



, (1)

where 𝑥
𝑖
(𝑡) is the state of the 𝑖th node at the 𝑡th time step.

𝜀 ∈ (0, 1) is defined as the coupled strength.𝑁 is the sumof all
nodes. 𝑘(𝑖) represents the degree of the 𝑖th node. Adjacency
matrix 𝐴 = (𝑎

𝑖𝑗
)
𝑁×𝑁

is used to represent the topology of the
network. If there is an edge between node 𝑖 and node 𝑗, then
𝑎
𝑖𝑗
= 𝑎
𝑗𝑖
= 1; otherwise, 𝑎

𝑖𝑗
= 𝑎
𝑗𝑖
= 0. Chaotic Logistic map

𝑓(𝑥) = 𝜇𝑥(1 − 𝑥) with 𝜇 ∈ (0, 4] is used to denote dynamic
behaviors of nodes. 𝜇 is closer to 4; the value of 𝑓(𝑥) is more
evenly distributed throughout the region of 0 to 1. Therefore,
it is always set to be 𝜇 = 4.The absolute value notation is used
in (1) for ensuring nonnegative saturation state of each node.

To describe the aeolotropism of road traffic network,
an improved CML model is proposed to investigate the
cascading failures on road traffic network. In the original
CML model, 𝑥

𝑖
(𝑡)means the state of 𝑖th node at the 𝑡th time

step, while, for road traffic network, it is expressed by road
saturation:
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𝑖, 𝑗 = 1, 2, . . . , 𝑛.

(2)

In (2), 𝑥
𝑖
(𝑡) means the road saturation of the 𝑖th road

segment at the 𝑡th time step. 𝑏
𝑖𝑗
is the value of adjacency

matrix 𝐵 = (𝑏
𝑖𝑗
)
𝑁×𝑁

of the road traffic network. If there is
an edge from node 𝑖 to node 𝑗, then 𝑏

𝑖𝑗
= 1; otherwise, 𝑏

𝑖𝑗
= 0.

𝜀1 ∈ (0, 1) and 𝜀2 ∈ (0, 1) delegate the coupled strengths of
the start point and endpoints, respectively.𝑁1 is the sumof all
nodes’ out-degree, and𝑁2 is that of in-degree. 𝑘

+

(𝑖) and 𝑘−(𝑖),
respectively, represent the in-degree and out-degree of the 𝑖th
node which means the number of downstream segments and
upstream segments for the road traffic network.

Cascading failure on road traffic network may be trig-
gered by some internal and external factors (e.g., traffic
congestion or crash) that lead to the failure of one or more
roads. To describe this situation, an external perturbation
𝑅 ≥ 1 is added to the node 𝑘 at the (𝑚 + 1)th time as follows:
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+ 𝑅 𝑖, 𝑗 = 1, 2, . . . , 𝑛.

(3)

If 0 < 𝑥
𝑘
(𝑡) < 1 when 𝑡 ≤ 𝑚, the node 𝑘 is in a

normal state; if 𝑥
𝑘
(𝑚 + 1) ≥ 1, the node 𝑘 is defined to

be failed at the (𝑚 + 1)th time step. For the situation when
the node 𝑘 fails at the (𝑚 + 1)th time step, 𝑥

𝑘
(𝑡) ≡ 0 with

𝑡 > 𝑚 + 1 is defined in previous studies [12, 19]. However,
with regard to the road traffic network, the failure state could
not continue all the time due to the fact that traffic congestion
will gradually dissipate with the redistribution of traffic flow.
A recovery mechanism to fit with road traffic characteristics
is proposed in this study as follows.

If an external perturbation 𝑅 is added to the node 𝑘 at the
(𝑚 + 1)th time step, 𝑥

𝑘
(𝑚 + 1) > 1 means that road segment

𝑘 has been in a blocked state at (𝑚 + 1)th time step. If the
upstream vehicles cannot enter, coupled strength of upstream
segments and road segment 𝑘 is set to be 0 (i.e., 𝜀2 = 0). The
saturation state of the 𝑘th node from (𝑚 + 2)th step to (𝑚 +
𝑛 + 1)th step can be represented by (4). If 𝑥

𝑘
(𝑚 + 𝑛 + 1) < 1

after 𝑛 steps, the saturation state of the 𝑘th node returns to
normal, represented by (2). The recovery mechanism of the
road traffic network on cascading failure is shown in Figure 1.

Consider

𝑥
𝑖
(𝑡 + 1) =



(1− 𝜀1) 𝑓 (𝑥𝑖 (𝑡)) + 𝜀1
𝑁2

∑

𝑗=1,𝑖 ̸=𝑗

𝑏
𝑗𝑖
𝑓 (𝑥
𝑖
(𝑡))

𝑘+ (𝑖)



𝑖, 𝑗 = 1, 2, . . . , 𝑛.

(4)

The proportion of failed nodes at each time step is used
to characterize road cascading failure process as shown in (5)
and 𝐼 is applied to represent the final 𝑃(𝑡) to describe the size
of cascading failure in the end:

𝑃 (𝑡) =
𝑁


(𝑡)

𝑁
. (5)

3. Simulation Test and Analysis

To detail the computational experiment of cascading fail-
ure on road traffic network, the real road network of
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Figure 1: Recovery mechanism of road traffic network on cascading failure.

(a) (b)

Figure 2: (a) Map of Liuliqiao area in Beijing. (b) Network topology of Liuliqiao area in Beijing.

Liuliqiao area in Beijing (total road segments number 𝑁 =
1004) is selected as the empirical network in this study,
as shown in Figure 2(a). This area of more than 22 km2
contains the largest train station in Beijing and is consid-
ered a typical region showing transition between free flow
and congestions. For the road network, nodes represent
the intersections and edges represent the road segments
between two intersections as shown in Figure 2(b). Using
the proposed model, cascading failure on road traffic net-
work is tested based on different attack strategies, coupling
strengths, external perturbations, and attacked road segment
numbers.

3.1. Different Attack Strategies. Different attack strategies
would lead to different cascading failure on the network.
In this study, to obtain the influences of different cascading
failure, four kinds of attack strategies are tested: the deliberate
attack based on betweenness (BA), the deliberate attack
based on saturation (SA), the deliberate attack based on
combination of betweenness and saturation (BSA), and the
random attack (RA).

Parameter 𝜆 is used to characterize the three attack
strategies (BA, SA, and BSA) as follows:

𝑓
𝑖
(𝑡) = 𝜆𝑥

𝑖
(𝑡) + (1−𝜆) 𝑏

𝑖
(𝑡) , (6)
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Figure 3: 𝑃(𝑡) based on different attack strategies.

where 𝜆 (0 ≤ 𝜆 ≤ 1) is a weight coefficient. 𝑥
𝑖
(𝑡) is the

saturation state and 𝑏
𝑖
(𝑡) is the betweenness of the 𝑖th node

at the𝑚th time step. 𝑓
𝑖
(𝑡) is the combination of betweenness

and saturation of the 𝑖th node with a fixed value 𝜆. 𝜆 = 0
represents BA and the initial failure nodes are deleted in turn
according to betweenness. Ifmultiplemaximumbetweenness
nodes exist, we choose the node being attacked in a random
manner and 𝜆 = 1 refers to SA which means that the nodes
are attacked gradually with saturation. Similarly, the node is
randomly selected to be attacked when maximum saturation
nodes exist. For BSA, each attack selects the node with
maximum combination of degree and betweenness, while the
value of 𝜆 equals 0.5. RA means that the node to be attacked
randomly.

For BA, SA, and BSA, external perturbation 𝑅 = 1.5 is
added to a node with the largest value of 𝑓

𝑖
(corresponding

to different values of 𝜆). For RA, 𝑅 = 1.5 is added to a
randomly chosen node. Figure 3 shows the results of four
kinds of attacking strategies with 𝜀1 = 𝜀2 = 0.6.

Figure 3 shows the occurrence of failure and the process
of recovery. This phenomenon is in conformity with the
actual road traffic flow. Figure 3 also shows that BA triggers
cascading failures more easily than SA. The scale of failure
recovery time under BA is longer than SA.This phenomenon
implies that betweenness has more destructive impacts on
cascading failures than saturation. As shown in Figure 3, RA
is least likely to trigger cascading failures and the failures
recovery time is also the shortest. It is reasonable for that
the node being randomly attacked is usually not that node
which has deteriorated impact on network cascading failure.
Interestingly, comparing to other three attacks, BSA has
the most serious impacts on network, including the largest
number of failed nodes, the fastest propagation rate of
failure, and the longest recovery time.This implies that those
road segments, which have the largest value of combination
of betweenness and saturation, are the key nodes causing
large-scale cascading failures once attacked. These findings

give the guidance on daily traffic control that the potential
cascading failures could be avoided by supervising the key
road segments and their adjacent segments.

3.2. Different Coupling Strength. The deficiency of giving the
coupled strength a fixed value subjectively [19] is overcome
in this study. In the case of different values of 𝜀1 and 𝜀2,
cascading failures are triggered by adding the same external
perturbation 𝑅 = 1.5 on one node with RA. The simulation
results are shown in Figure 4. Figure 4(a) plots the proportion
of failed nodes 𝑃(𝑡) versus time step 𝑡 with fixed value of
coupling strength 𝜀2 (𝜀2 = 0.6) and varying values of 𝜀1 (𝜀1 =
0.1, 0.2, . . . , 0.9). Oppositely, Figure 4(b) presents the time
series of 𝑃(𝑡) with fixed value of coupling strength 𝜀1 (𝜀1 =
0.6) and varying values of 𝜀2 (𝜀2 = 0.1, 0.2, . . . , 0.9).

According to Figures 4(a) and 4(b), when the value of
𝜀1 or 𝜀2 is below 0.5, road traffic network cascading failures
hardly occur. As the value of the coupling strength increases,
especially larger than 0.6, the number of failed nodes and the
failure recovery time increase sharply.

Figure 5 shows coupled strength against ratio of total
failed nodes number 𝐼 for the different attack strategies. Road
traffic network cascading failures are triggered by external
perturbation 𝑅 = 1.5. We can see that the size of cascading
failures increases as the value of the coupling strength
increases. This is consistent with the findings from Figure 4.
Figure 5 also shows that there is a threshold for each attack
strategy. Only when the value of coupling strength is larger
than the threshold, the cascading failures occur. For example,
the BA curve shows that the cascading failures occur when
𝜀1 is larger than 0.4 in Figure 5(b). Comparing four attacks,
the threshold of BSA is the smallest. This illustrates that the
deliberate attack based on combination of betweenness and
saturation is likely to cause cascading failures even under the
low coupling strength.

Comparing Figure 5(a) with Figure 5(b), the curves of RA
and SA present a different trend. In Figure 5(a), if the value
of coupling strength 𝜀2 is less than 0.6, the size of cascading
failure with RA is smaller than SA. When the value of 𝜀2 is
larger than 0.7, the size of cascading failure with SA is smaller
than RA. In Figure 5(b), SA is always larger than RA. This
phenomenonmay be due to the fact that randomattackmight
select the noncritical nodes or the critical nodes, leading to
different results.

3.3.Different External Perturbation𝑅. Theimpact of different
external perturbation 𝑅 on the cascading failure on road
traffic network is analyzed by adding varying external pertur-
bation 𝑅 on a fixed node. Figure 6 shows that the proportion
of failed nodes 𝑃(𝑡) varies with the time step 𝑡 in the case of
different value of 𝑅 with 𝜀1 = 𝜀2 = 0.6. The inset of Figure 6
shows the time series of 𝑃(𝑡) for the value of 𝑅 between 1 and
2 (𝑅 = 1, 1.2, 1.4, 1.6, 1.8, 2).

According to Figure 6, with the increase of 𝑅 value, the
number of failed nodes and failure recovery time increase.
There is a threshold 𝑅

𝑐
for 𝑅. Only when the value of 𝑅 is

larger than the 𝑅
𝑐
, the large-scale cascading failures occur

seriously.The inset of Figure 6 shows that𝑅
𝑐
value is between
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Figure 4: 𝑃(𝑡) based on different coupled strength.

BA
BSA

SA
RA

𝜀1 = 0.6

I

𝜀2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.05

0.1

0.15

0.2

0.25

(a)

BA
BSA

SA
RA

𝜀2 = 0.6

I

𝜀1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.05

0.1

0.15

0.2

0.25

(b)

Figure 5: 𝐼 based on different coupled strength and attack strategies.

1 and 2.There are a few failed nodes (less than 1% of𝑁) in the
road traffic network when the value of 𝑅 is smaller than 1.2.
The finding is useful that we could prevent the occurrence of
large-scale failures by controlling the value of 𝑅 less than the
threshold.

Figure 7 shows that the ratio of total failed nodes 𝐼 is
positively correlated to the external perturbation 𝑅 and the
results are highly dependent on the attack strategies. BSA is

the most likely to trigger cascading failures even under small
value of external perturbation 𝑅.

3.4. Different Number of Road Segments Being Attacked. To
confirm the number of nodes being attacked causing large-
scale cascading failure, the simulation based on different
number of road segments is conducted. Figure 8 shows 𝑃(𝑡)
based on different value of 𝑛 (percentage of segments being
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Figure 7: 𝐼 based on different external perturbation 𝑅 and attack strategies.

attack) and different attack strategies. Figure 9 indicates 𝑛
against the proportion of total failed nodes 𝐼 with different
attack strategies.The simulation parameters are set to be 𝜀1 =
𝜀2 = 0.6 and 𝑅 = 1.5.

In Figure 8, for the same 𝑛 value, the destruction impacts
under four kinds of attack strategies are different. This
is consistent with the previous analysis. However, in this
section’s numerical simulation, the whole network might
totally become failed, which means that the size of cascades
is equal to the size𝑁 of the network (𝐼 = 1). Figure 8 clearly
shows that the network can be restored when the number of
nodes being attacked is small, while as 𝑛 increases to a certain
value, all of the nodes in the network will be ineffective and
difficult to recover. The certain value is the critical value 𝑛

𝑐
.

We should pay more attention to the critical value 𝑛
𝑐
to avoid

the devastating failure. In our simulations, for the RA strategy
(i.e., Figure 8(d)), we find that 𝑛

𝑐
= 4.5%. In Figure 8(b),

the 𝑛
𝑐
for BSA is 3%. The values of 𝑛

𝑐
under different attack

strategies are various and the descending order is as follows:
RA, SA, BA, and BSA.This implies that the large-scale failure
most likely happens under BSA.

According to Figure 9, the more the nodes being attacked
are, the larger the size of cascading failure will be. The
simulations also express that, for the same 𝑛, the scale of the
network cascading failures under BSA is the largest. 𝑛

𝑐
for

each attack strategy can be seen more obviously in Figure 9.
For the road traffic network of Liuliqiao area, all values of 𝑛

𝑐

under four attacks are smaller than 5%, which illustrates that
out-road traffic network’s invulnerability is low.Therefore, we
should take measures to ensure the reliability of the network
and control the number of nodes being attacked to be less
than the critical value 𝑛

𝑐
.

4. Conclusion

This paper investigated the cascading failures based on the
improved CML model. The improvements of CML model
depended on the study of particular road traffic network
properties, which are the aeolotropismof road traffic network
topology and road congestion dissipation in traffic flow.With
a real urban road traffic network in Beijing, the cascading
failures are tested using different attack strategies, coupling
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Figure 8: 𝑃(𝑡) based on different value of 𝑛.

strengths, external perturbations, and attacked road segment
numbers; we found the following: (1) the aeolotropism and
congestion dissipation for the road traffic network topology
should be considered; (2) BSA leads to the largest number
of failed nodes, of which the propagation rate of failure is
the fastest and the failure recovery time is also the longest;
(3) as the value of the coupling strength increases, the scale
of the network cascading failure increases, and the scale of
cascading failures is highly dependent on different attacks; (4)

only when the value of external perturbation 𝑅 is larger than
the corresponding threshold of 𝑅

𝑐
, the large-scale cascading

failures would occur, and the number of failed nodes and
failure recovery time increase with the increase of 𝑅 value;
(5) the more the nodes being attacked are, the larger the size
of cascading failure will be. If the number of nodes being
attacked is larger than threshold of 𝑛

𝑐
, the entire network

failure would happen. The road traffic network of Liuliqiao
area’s invulnerability is very low because the values of 𝑛

𝑐
for
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different attacks are very small. The above findings might be
useful in avoiding or alleviating large-scale failures of road
traffic network.
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As an important part of intelligent transportation systems, path planning algorithms have been extensively studied in the literature.
Most of existing studies are focused on the global optimization of paths to find the optimal path between Origin-Destination (OD)
pairs. However, in urban road networks, the optimal path may not be always available when some unknown emergent events occur
on the path. Thus a more practical method is to calculate several suboptimal paths instead of finding only one optimal path. In
this paper, a cooperative𝑄-learning path planning algorithm is proposed to seek a suboptimal multipath set for OD pairs in urban
road networks. The road model is abstracted to the form that 𝑄-learning can be applied firstly. Then the gray prediction algorithm
is combined into 𝑄-learning to find the suboptimal paths with reliable constraints. Simulation results are provided to show the
effectiveness of the proposed algorithm.

1. Introduction

Recent years have seen a growing interest in the study of
route-guidance system in intelligent transportation systems,
due to its advantages in reducing traffic congestion and CO

2

emissions, minimizing travel time, and conserving energy
[1]. More and more vehicle manufacturers have installed
the route-guidance system into their products to assist the
drivers’ travel.

As an essential part of the route-guidance system, path
planning is usually modeled as the shortest-path problem in
graph theory [2–8]. When a vehicle departs from the origin
and travels to its destination, the map it is involved in can
be abstracted as a graph by treating streets as edges and
intersections as nodes. The weight of an edge represents the
average travel time over the street, which may dynamically
change when traffic flows fluctuate. For the graph of a static
network, the most efficient one-to-one node shortest path
algorithm is Dijkstra’s algorithm [2]. When the dynamic
graph is considered, 𝐴∗ algorithm might be a better choice
to solve the Origin-Destination shortest path problem [3].
𝐴
∗ algorithm estimates the minimum distance between the

destination and a node to determine whether the node is on
the optimal route.

However, even if the generated route is the shortest one,
it may not be always available because of traffic emergencies
such as sudden accidents. So it may be more practical to
provide a number of candidate paths rather than just one
optimal path. Lee revealed that findingmultiple paths instead
of one is a good way to avoid the path overload phenomenon
[4]. This optimal path will even accelerate the deterioration
of the road network when the overload phenomenon occurs.

Traditionally, the alternative paths could be calculated
by two categories of algorithms in graph theory, namely,
the 𝑘-shortest path algorithm proposed by Eppstein [5]
and Jiménez and Marzal [6] and the totally disjoint path
algorithms proposed by Dinic [7] and Torrieri [8]. These
so-called alternative path planning methods typically find
the optimal path using Dijkstra’s algorithm first. Then the
candidate path set can be generated by applying link weight
increment methods. These algorithms seek for the next
suboptimal path iteratively until the generated alternative
path satisfies some given constraints.

However, the generated way of alternative paths of these
algorithms unavoidably lengthens the response time, espe-
cially when the network is huge and the traffic load is crowded
and time varying. These algorithms need to adjust the link
weight of the generated optimal path and then recalculate
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the suboptimal paths using Dijkstra’s algorithm repeatedly,
thus leading to heavy computation burden. In addition,
these algorithms generally concern path planning of just one
vehicle, while it is essential to simultaneously consider all
vehicles’ path in practical city road networks.

With the development of intelligent science, some
researchers have focused on path planning using reinforce-
ment learning in guidance systems. Reinforcement learning
is a category of machine learning algorithms, in which a
group of agents can decide how to behave according to their
interaction with environment and achieve an optimal objec-
tive [9]. Recently,multiagent reinforcement learning has been
proposed to find the best and shortest path between the origin
and the destination. Some studies treat each intersection
as one agent, which needs a large amount of information
interaction between traffic intersections to find the optimal
path [10] whilemore studies cast each intersection as the state
and take each link as the action in the model, which could
deal with the road networks on the whole [11, 12]. Thus our
proposed 𝑄-learning adopts the latter method, treating the
intersections as states in the model.

With 𝑄-learning, the computational complexity of path
planning algorithm could be reduced significantly and the
efficiency would be improved. While most existing 𝑄-
learning algorithms are designed to solve the optimal path
planning for just one OD pair in the literature, the proposed
𝑄-learning algorithm in this paper aims to seek multiple
paths for different OD pairs simultaneously. By choosing the
suboptimum 𝑄-value of every intersection, it is convenient
to provide some alternative paths rather than seeking every
alternative route incrementally. This paper makes the follow-
ing contributions in particular.

First, the multipath set is found for different OD pairs
simultaneously using 𝑄-learning. Compared with other
multipath algorithms, the proposed algorithm significantly
reduces the computational complexity.

Second, some reliability constraints are introduced to
choose suboptimal paths in 𝑄-learning. It would not be
appropriate to increase the dimension of the multipath set
without considering the overall reliability, which ensures that
at least one alternative path is available at all times [13].

Third, the FNN prediction is combined with 𝑄-learning.
In order to improve the real-time capability, short-term traffic
prediction is essential [14, 15]. This paper adopts the FNN
prediction mechanism in the 𝑄-learning scheme to predict
the traffic condition, with which the reward of the action can
be computed in advance.

Fourth, the multiagent cooperative mechanism is applied
to path planning. The cooperative mechanism introduced
in 𝑄-learning coordinates the actions and strategies among
agents with different OD pairs for long-time benefits.

In this paper, we propose a newmultiagent reinforcement
learning (MARL) algorithm using 𝑄-learning with predic-
tion for multipath planning for OD Pairs in the road nav-
igation system. Compared with traditional multipath algo-
rithms, it reduces computational complexity and improves
the efficiency of vehicles’ guidance with traffic prediction.
The scheme could improve the overall performance of urban
traffic networks and balance the traffic flow.

Figure 1: Eastern Town of Changsha.

The rest of the paper is organized as follows. Section 2
describes the model of road networks. The 𝑄-learning based
cooperativemultiagentmultipath planning algorithm forOD
pairs is proposed in Section 3. The simulation results are
shown and analyzed in Section 4.The conclusion is drawn in
Section 5.

2. Model of Road Networks

2.1. Graph Abstraction of Road Networks. For urban areas,
two important elements of traffic guidance are intersections
and roads. During the process of modeling, the intersection
can be seen as the node and the road can be seen as the
edge connecting two nodes.The weight on the line stands for
the traffic condition of the road, and the arrows mean the
allowable direction of forward motion for vehicles. By this
abstracting, a graph 𝐺 = (𝑆, 𝐸) with a nonempty finite set
of intersections (nodes) 𝑆 = {𝑠

1
, 𝑠
1
, . . . , 𝑠

𝑁
} and a set of roads

𝐸 ⊆ 𝑆×𝑆 can be used to describe the roadmap. Once we have
the model and the route algorithm, we can find the needed
optimal route.

For instance, Eastern Town of Changsha in China could
be taken as an example, whose map is shown in Figure 1.
The abstract graph model of Figure 1 is showed in Figure 2.
𝑆
𝑖
stands for each intersection that is taken as one state

in reinforcement learning. 𝑆
𝑖
has three or four directions

to neighbor intersections, including the loop direction that
returns to 𝑆

𝑖
. For example, if one vehicle at intersection 𝑆

1

drives west, it will return to 𝑆
1
. The setting is convenient to

model the complex road networks.
The weight of each direction will contain two elements:

traffic condition (𝑤) and the distance from the destination 𝑆
3

(𝑟). These two elements will be illustrated in the next section.

2.2. Model Using Reinforcement Learning. To address the
model more clearly, it is necessary to provide the background
on reinforcement learning (RL). Reinforcement learning is
a kind of multiagent intelligent algorithms, in which agents
select the best actions to maximize the cumulative reward by
interactingwith the environment.TheRL agent interacts with
its environment over a sequence of discrete time steps to pick
out the optimal actions.The agent in this paper is a processing
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Figure 2: Road model of Figure 1.

center that deals with the path planning from one origin to
one destination.

The underlying concept of RL is the finite Markov Deci-
sion Process (MDP), which is defined by the tuple ⟨𝑆, 𝐴, 𝜙, 𝜌⟩,
where 𝑆 is a finite set of environment states, 𝐴 is a finite
set of agent actions, 𝜙: 𝑆 × 𝐴 × 𝑆 → [0, 1] is the state
transition probability function, and 𝜌: 𝑆 × 𝐴 × 𝑆 → 𝑅 is
the reward function. The MDP models an agent’s action in
an environment where it learns (through prior experiences
and short-term rewards) the best control policy (a mapping
of states to actions) that maximizes the expected discounted
long-term reward.Thismapping can be stochastic𝜋: 𝑆×𝐴 →

[0, 1] or deterministic 𝜋: 𝑆 × 𝐴 → 0 ‖ 1.
For deterministic state transition models, the transition

probability function 𝜙 reduces to 𝜙: 𝑆 × 𝐴 × 𝑆 → 0 ‖ 1

and, as a result, the reward is completely determined by the
current state and the action; that is, 𝜌: 𝑆 ×𝐴 → 𝑅. The state-
action pair’s value is called the 𝑄-value and the function that
determines the 𝑄-value is called the 𝑄-function. An agent
can find the optimal control policy by approximating its 𝑄-
values using prior estimates iteratively, the short-term reward
𝑟 = 𝜌(𝑠, 𝑎) ∈ 𝑅, and discounted future reward. This model-
free successive approximation technique is called𝑄-learning.
Oneway to satisfy this criterion is adopting 𝜀 greedy approach
where a random action is performed with probability 𝜀 and
the current knowledge is exploited with probability 1 − 𝜀.

This paper denotes the link from intersection 𝑖 to inter-
section 𝑗 as a paired index of 𝑖𝑗. And, accordingly, the reward
of link 𝑖𝑗 is defined as 𝑟

𝑖𝑗
; the mean travel time of link 𝑖𝑗

is defined as 𝑡
𝑖𝑗
; the distance between the intersection 𝑖 and

the intersection 𝑗 is defined as 𝑑
𝑖𝑗
. To cast the path planning

problem of the road network as a RL problem, we identify
an individual agent 𝑖’s states (𝑆

𝑖
), available actions (𝐴

𝑆𝑖
), and

reward (𝑟
𝑖𝑗
).

First, the two weights of each direction should be illus-
trated. Traffic condition can be described by the mean travel
time 𝑡

𝑖𝑗
[13, 16–19]. The distance from the destination that

points out the close degree of destination is needed by the
idea of reinforcement learning.

Mean travel time 𝑡
𝑖𝑗
could be obtained by probe vehicles

such as taxis. Equipped with GPS sensors, probe vehicles can
collect data on position, speed, and direction, store them, and

send reports at regular intervals of time. By analyzing these
data, the mean travel time of each link could be calculated.
For instance, Hellinga and Fu advanced the method of probe
based arterial link travel time estimation [16]. Tomio et al.
used probe vehicle data to identify routes and predict travel
times [17]. The distance 𝑑

𝑖𝑗
stands for the Euclidean distance

between the intersection 𝑖 and the intersection 𝑗.

States. States of each interaction are form the basis formaking
choices. Wemodel one intersection as one state 𝑆

𝑖
, which can

easily indicate the location of vehicles.

Actions. Actions are the choices made by the agent. In one
state, the vehicle will have four actions 𝐴

𝑆𝑖
: turning left,

turning right, going straight, and turning round. For example,
𝐴
𝑆𝑖
= {up, down, right, lef t}.

Rewards. Rewards are the basis for evaluating choices. We
model the link weight of each link as the rewards, which will
contain two elements: the reward ofmean travel time (𝑟𝑡

𝑖𝑗
) and

the reward of the distance from the destination (𝑟𝑑
𝑖𝑗
).

For reinforcement learning, everything inside the agent
should be completely known and controllable by the agent;
everything outside is incompletely controllable but may be
or may not be completely known. A policy is a stochastic
rule by which the agent selects actions as a function of states.
The agent’s objective is to maximize the amount of rewards
it receives over time. The return 𝑅

𝑖𝑗
is the function of future

rewards that the agent seeks to maximize:

𝑅
𝑖𝑗
= 𝑟
𝑖
1
𝑗
1 + 𝛽𝑟

𝑖
2
𝑗
2 + 𝛽
2

𝑟
𝑖
3
𝑗
3 + ⋅ ⋅ ⋅ =

𝑁

∑

𝑘=0

𝛽
𝑘

𝑟
𝑖
𝑘+1
𝑗
𝑘+1 , (1)

where 𝛽 (0 < 𝛽 < 1) is called the discount rate. A whole path
has𝑁 links.

3. Cooperative Multipath Planning for
OD Pairs

In this section, we propose a cooperative multipath planning
method for OD pairs. In the proposed method, the agent is
a processing center that deals with the path planning from
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one origin to one destination. In practical applications, there
are typically many paths that are planned synchronously.
By introducing the concept of multiagent systems, the path
planning problem can be modeled to a form such that
reinforcement learning is applicable. Then we introduce a
multiagent reinforcement learning mechanism to optimize
the 𝑄-value of different paths.

3.1. Reward of Traffic Flow Using FNN Prediction. The travel
time of each link 𝑖𝑗 is defined as 𝑡

𝑖𝑗
. For given OD pairs

(𝑂
𝑖
, 𝐷
𝑗
), a set of binary variables are given to represent the

selection of links on a path (i.e., a path solution). Thus, for
a given path 𝑃, its travel time 𝑇 could be calculated by [20].
Consider

𝑇 = ∑

𝑖𝑗∈𝑃

𝑡
𝑖𝑗
. (2)

After getting the history data of travel time 𝑡
𝑖𝑗
of each

link 𝑖𝑗, we can use some prediction algorithms to compute
the future data for improving the real-time characteristics of
the guidance system. In this paper, T-S FNN (fuzzy neural
network) is introduced to predict the future travel time. T-S
FNN is a highly adaptive fuzzy system that can automatically
update the membership function of fuzzy subset [13, 21].This
FNN is defined by the following if-then rules. In the case of
𝑅
𝑖, fuzzy reasoning is as follows:

𝑅
𝑖: If 𝑡
1
is 𝐴𝑖
1
, 𝑡
2
is 𝐴𝑖
2
, . . . , 𝑡

𝑘
is 𝐴𝑖
𝑘
,

then �̂�𝑖 = 𝑝𝑖
0
+ 𝑝
𝑖

1
𝑡
1
+ ⋅ ⋅ ⋅ + 𝑝

𝑖

𝑘
𝑡
𝑘
,

(3)

where 𝐴𝑖
𝑗
is the fuzzy set of the fuzzy system and 𝑝𝑖

𝑗
is the

parameters of the fuzzy system, (𝑗 = 1, 2, . . . , 𝑘). �̂�𝑖 is the
predictive output based on the 𝑖th fuzzy rule. The input part
is fuzzy, while the output part is deterministic, which is the
linear combination of the input.

Suppose that the input of 𝑡
𝑖𝑗
is [𝑡
1
, 𝑡
2
, . . . , 𝑡

𝑘
], and then the

membership degree of each input variable 𝑡
𝑗
can be computed

by fuzzy rules:

𝜇
𝐴
𝑖

𝑗

= exp(−
(𝑡
𝑗
− 𝑐
𝑖

𝑗
)
2

𝑏𝑖
𝑗

)

𝑗 = 1, 2, . . . , 𝑘; 𝑖 = 1, 2, . . . , 𝑛,

(4)

where 𝑐𝑖
𝑗
and 𝑏𝑖
𝑗
are the center and width of the membership

function, respectively, 𝑘 is the number of the inputs, and 𝑛 is
the number of fuzzy subsets.

All membership degrees are computed by the fuzzy
operators:

𝑤
𝑖

= 𝜇
𝐴
𝑖

1

(𝑡
1
) ∗ 𝜇
𝐴
𝑖

2

(𝑡
2
) ∗ ⋅ ⋅ ⋅ ∗ 𝜇

𝐴
𝑖

𝑘

(𝑡
𝑘
)

𝑖 = 1, 2, . . . , 𝑛.

(5)

The output of this fuzzy model is computed by the above
results:

�̂� =
∑
𝑛

𝑖=1
𝑤
𝑖

(𝑝
𝑖

0
+ 𝑝
𝑖

1
𝑡
1
+ ⋅ ⋅ ⋅ + 𝑝

𝑖

𝑘
𝑡
𝑘
)

∑
𝑛

𝑖=1
𝑤𝑖

. (6)

FNN is divided into four layers: input layer, fuzzy layer,
fuzzy rules calculating layer, and output layer. The input
layer is connected with the input vector 𝑡

𝑘
, so the number

of nodes is equal to the dimensions of input vectors. Fuzzy
Layer obtains fuzzymembership values 𝜇 usingmembership
functions and fuzzy input values (4). Fuzzy rules’ calculating
layer gets 𝑤 by the fuzzy multiply equation (5). The output
layer uses (6) to calculate the fuzzy neural network outputs.

The parameters of FNN are updated by the following
equations. The error 𝑒 between the desired output and actual
output is defined as follows:

𝑒 =
1

2
(�̂� − 𝑡)

2

, (7)

where �̂� is the desired output, 𝑡 is the actual output, and �̂� is
the predictive mean travel time.

The parameters 𝑝𝑖
𝑗
of FNN are updated by

𝑝
𝑖

𝑗
(𝑘) = 𝑝

𝑖

𝑗
(𝑘 − 1) − 𝛼

𝜕𝑒

𝜕𝑝𝑖
𝑗

𝜕𝑒

𝜕𝑝𝑖
𝑗

=
(�̂� − 𝑡) 𝑤

𝑖

∑
𝑛

𝑖=1
𝑤𝑖 ⋅ 𝑡
𝑗

,

(8)

where𝛼 is the learning rate, 𝑡
𝑗
is the input, and𝑤𝑖 is theweight

computed by (5).
The center 𝑐𝑖

𝑗
and thewidth 𝑏𝑖

𝑗
ofmembership function are

updated by (9) and (10), respectively. Consider

𝑐
𝑖

𝑗
(𝑘) = 𝑐

𝑖

𝑗
(𝑘 − 1) − 𝛽

𝜕𝑒

𝜕𝑐𝑖
𝑗

, (9)

𝑏
𝑖

𝑗
(𝑘) = 𝑏

𝑖

𝑗
(𝑘 − 1) − 𝛽

𝜕𝑒

𝜕𝑏𝑖
𝑗

. (10)

When one finds multiple paths using 𝑄-learning, it is
important to determine how every action is assessed. A link
can be simply described as unblocked, normal, and busy. To
simplify the learning process, the precise specific flow density
is neglected because finding multipath is the final goal. Thus
some links having a very small difference can be regarded as
the same optimal choice.

This paper gives discrete weights in terms of the traffic
condition and the distance from the destination to simplify
the 𝑄-learning reward’s iterative calculations. For discretion
of themean travel time 𝑡

𝑖𝑗
, we first gather themaximum travel

time of current intersection as “−1”; thenwe get the difference
value between the current maximum travel time and the
minimum travel time. So the travel time can be graded into
“0,” “1,” “2,” and “3” as the reward 𝑟𝑡

𝑖𝑗
. The distance from the

destination (𝑟𝑑
𝑖𝑗
) can be graded into two levels: “1” and “0”;

the nearest neighbor intersections are “1,” while the others are
“0.”

So 𝑟
𝑖𝑗
is deduced in the following equation, where 𝜏 (0 ≤

𝜏 ≤ 1) is the scaling factor between 𝑟𝑑
𝑖𝑗
and 𝑟𝑡
𝑖𝑗
:

𝑟
𝑖𝑗
= 𝜏𝑟
𝑡

𝑖𝑗
+ (1 − 𝜏) 𝑟

𝑑

𝑖𝑗
. (11)



Mathematical Problems in Engineering 5

Initialize 𝑄(𝑠, 𝑎) arbitrarily
Repeat (for each episode):

Initialize 𝑠
Repeat (for each step of episode):

Choose a direction a from 𝑠 using policy derived from
𝑄 (e.g., 𝜀-greedy)

Take action 𝑎, observe 𝑟, 𝑠

𝑄
𝑖

𝑛+1
(𝑠, 𝑎) = (1 − 𝛼

𝑛
) 𝑄
𝑖

𝑛
(𝑠, 𝑎) + 𝛼

𝑖

𝑛
[𝑟 + 𝛾

𝑖max
𝑎

∈A
𝑄
𝑖

𝑛
(𝑠


, 𝑎


)]

Until that 𝑠 is the terminal state.

Algorithm 1: The policy iteration algorithm.

3.2. Cooperative Multiagent Multipath Planning Algorithm. If
each agent acts independently without cooperation, the 𝑄-
learning procedure at node 𝑖 can be written as

𝑄
𝑖

𝑛+1
(𝑠, 𝑎) = (1 − 𝛼

𝑖

𝑛
)𝑄
𝑖

𝑛
(𝑠, 𝑎)

+ 𝛼
𝑖

𝑛
[𝑟 + 𝛾

𝑖max
𝑎

∈𝐴

𝑄
𝑖

𝑛
(𝑠


, 𝑎


)] ,

(12)

where 𝛼
𝑛
∈ (0, 1] is the learning factor and 𝛾 ∈ [0, 1) is the

discount factor.
RL have been well developed for discrete-time systems to

solve the optimal problem online by using adaptive learning
techniques to determine the optimal value function.

An iterative solution technique is given by Algorithm 1.
An agent is a processing center that deals with the path

planning from one origin to one destination. The above
algorithm focuses on one single agent, while path planning
agents with different destinations will observably impact
on each other. Thus we propose a cooperative multiagent
reinforcement learning (MARL) multipath path planning
method, in which all 𝑄-values of different path plans for
every intersection are considered, and the maximum value is
chosen to ensure that all path planning is optimized under the
consideration of each other. It is worthmentioning that, in the
proposed algorithm, the decision-making process is assumed
ideal, and then the waiting time at the intersections is thus
ignored.

In this approach, the 𝑄-value estimated at each auton-
omous agent is updated based on the individual rewards
as well as on information obtained from other agents in
the neighborhood. “The neighborhood” here refers to a
group of agents that own different destinations. Every agent
exchanges the largest 𝑄-value that is associated with its
current state with every other agent in its neighborhood.The
value iteration procedure at agent 𝑖 for the state-action pair
(𝑠
𝑖
, 𝑎
𝑖
) can be summarized as

𝑄
𝑖

𝑛+1
(𝑠
𝑖

, 𝑎
𝑖

) = (1 − 𝛼
𝑖

𝑛
)𝑄
𝑖

𝑛
(𝑠
𝑖

, 𝑎
𝑖

) + 𝛼
𝑖

𝑛

[

[

𝑟
𝑖

(𝑠
𝑖

, 𝑎
𝑖

)

+ 𝛾
𝑖

∑

𝑗∈𝑁
𝑖

𝑤 (𝑖, 𝑗) ⋅ max
𝑎
𝑗
∈𝐴
𝑗

𝑄
𝑖

𝑛
(𝑠
𝑗

, 𝑎
𝑗

)]

]

,

(13)

where 𝑤(𝑖, 𝑗) is the weight to reflect the effect of agent 𝑗 to
agent 𝑖 and 𝑁

𝑖
refers to the set of neighboring agents of 𝑖.

The simplest strategy for computing the weights 𝑤(𝑖, 𝑗) is to
just consider the total number of agents in the neighborhood;
that is, 𝑤(𝑖, 𝑗) = 1/|𝑁

𝑖
|, in which case ∑

𝑗
𝑤(𝑖, 𝑗) = 1.

It is possible to adopt more complex strategies to take
into account the different effects of the different neighbors.
When the additional information obtained from agents was
incorporated into the value iteration procedure, each agent
can ensure that the agent’s strategies are decided based on all
its neighbors’ actions.

3.3. Constraint Conditions of Multipath Set. By the policy
iteration algorithm in Section 3.2, we can derive the 𝑄-value
table formultipath planning. By comparing the four𝑄-values
of one intersection, we can easily findwhich action is the best.
Then the optimal path is easily obtained.

Although the obtained optimal path is the fastest one, it
may encounter traffic emergencies such as a sudden accident,
resulting in unavailability of the optimal planning path for the
running vehicle. So it is essential to provide several candidate
paths rather than just one path, avoiding the deterioration of
the road network environment when one guided vehicle is
well popular.

In most cases, there may be several actions forming a
best action set. Then we can find the multipath by choosing
the best actions. However, when the road network is huge,
it is difficult to find multipath because there exists only one
optimal action for all intersections in most cases. So we
should find the suboptimumaction that satisfies the following
constraints.

First, we introduce 𝐵
𝑖
as the average𝑄-value of one inter-

section. Then we compute the average difference between
each 𝑄(𝑠, 𝑎) and the average 𝑄-value of one intersection.
Furthermore, we can get 𝜏 value, the average difference for
all states:

𝐵
𝑖
=
∑
𝑎𝑗∈𝐴𝑆𝑖

𝑄(𝑆
𝑖
, 𝑎
𝑗
)

4
,

𝜏 = 𝜕 ∗
∑
𝑆𝑖∈𝑆
∑
𝑎∈𝐴𝑆𝑖

𝐵𝑖 − 𝑄 (𝑆𝑖, 𝑎)


4𝑁
.

(14)

When vehicle arrives at one intersection, it has to make
the choice about whichway to go by computing the difference
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Table 1: 𝑄 value table of 4 ∗ 4 road network with destination
Intersection 11.

𝑄(𝑠, 𝑎) Value
𝑄(1, 2) −25.2838

𝑄(1, 5) −25.2838

𝑄(2, 6) −21.8556

𝑄(2, 3) −22.7127

𝑄(10, 11) 0

𝑄(6, 2) −27.2838

𝑄(6, 7) −16.4274

𝑄(6, 10) −16.4274

𝑄(7, 11) 0

𝑄(7, 3) −22.7127

between this𝑄(𝑠, 𝑎) and the average𝑄-value of this intersec-
tion:

𝑄 (𝑆𝑖, 𝑎) − 𝐵𝑖
 ≤ 𝜏. (15)

Once the𝑄-value table has been calculated, we can select
𝜕 (𝜕 ∈ (0, 1)) value and compute the corresponding 𝜏 value.
So we must solve the problem of how to ensure the 𝜕 value.
When 𝜕 is closer to 1, 𝜏 is larger. And there are more paths
that could be taken as candidates. When 𝜕 is closer to 0, 𝜏
is smaller, resulting in fewer candidate paths. While more
candidate paths sometimes are not stable, the reliability of a
path set 𝑆 should be taken into account.

The reliability of a path can be defined as the probability
of not encountering an abnormal delay during a trip along
the path, which can be estimated by the reliability of a series
of links of the path. Under dynamic conditions, some or all
candidate paths may fail together, resulting in a joint failure.
In this situation, the reliability of the path set shown in (10)
will be weakened. Thus, in the calculation of the candidate
paths, it is important to reduce the chance of joint failure of
candidate paths [18, 19]:

Φ𝑠 =

𝑀

∑

𝑖=1

[

[

𝐽1𝑖

∏

𝑗1𝑖=1

𝑟
𝑗1𝑖

𝐽2𝑖

∏

𝑗2𝑖=1

(1 − 𝑟
𝑗2𝑖
)]

]

, (16)

where Φ𝑠 stands for the reliability of the path set 𝑆,𝑀 is the
number of disjoint subpaths in the subpath set 𝑆, 𝑗

1𝑖
is the 𝑗th

link in a normal state on the 𝑖th disjoint subpath, 𝑟
𝑗1𝑖

is the
reliability of the 𝑗th link on the 𝑖th disjoint subpath, 𝐽

1𝑖
is the

number of links in a normal state on the 𝑖th disjoint subpath,
𝑗
2𝑖
is the 𝑗th failed link on the 𝑖th disjoint subpath, 𝑟

𝑗2𝑖
is the

reliability of the 𝑗th link in a failed state on the ith disjoint
subpath, and, finally, 𝐽

2𝑖
is the number of links in a failed state

on the 𝑖th disjoint subpath.
Generally, the higher the reliability of the candidate path

set, the less the chance that all candidate routes will be
unacceptable during one trip.GivenΦ𝑠 value (such as 0.9), we
can choose 𝜕 value. Then we find the stable multipath paths.
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Figure 3: Multipath planning from Intersection 1 to Intersection 11.
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Figure 4: Multipath planning from Intersection 5 to Intersection 17.

4. Simulation Results and Analysis

To test the proposedmethod in different traffic environments,
simulations have been conducted in randomly generated grid
road networks. In the simulation scenarios, there are 6 to 25
nodes with 10 to 50 edges. The general network discussed
in this paper is shown in Figure 1. In the graph, a node
is represented by a box with the node’s number shown in
it. The start and destination nodes are represented by the
rectangles with thicker outlines.Themean travel time and the
distance from the destination of all links are set by a random
matrix.

4.1. Path Planning for Single Agent. The scenario is shown in
Figure 1. The single agent only computes the path towards
one single destination. The main objective of Figure 3 and
Table 1 is to calculate the shortest path from Intersection
1 to Intersection 11. This is drawn (shortest path) by the
use of MATLAB software. Therefore four candidate paths
exist. When the car arrives at Intersection 1, it can choose
either Intersection 2 or Intersection 5. When the car arrives
at Intersection 6, it can choose either Intersection 7 or
Intersection 10. In this case, 𝜕 is equal to 0.1, and Φ𝑠 is equal
to 0.91 by computing.

Given the matrix of 𝑄-value, we can quickly get the
optimal multipath. Compared with the other multipath
algorithm, our proposed algorithm only uses the information
of the whole road networks once.
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Table 2: 𝑄 value table of 5 ∗ 5 road network with destination
Intersection 17.

𝑄(𝑠, 𝑎) Value
𝑄(5, 10) −112.7293

𝑄(5, 4) −112.9003

𝑄(4, 3) −106.3563

𝑄(4, 9) −107.0302

𝑄(3, 8) −97.5428

𝑄(3, 2) −100.6263

𝑄(8, 13) −79.9226

𝑄(10, 15) −105.3436

𝑄(15, 14) −96.4487

𝑄(15, 20) −98.3531

𝑄(14, 13) −79.9226

𝑄(13, 12) −59.5865

𝑄(13, 18) −59.1124

𝑄(12, 17) 0

Table 3: 𝑄 value table of 5 ∗ 5 road network with destination
Intersection 14.

𝑄(𝑠, 𝑎) Value
𝑄(1, 2) −87.6625

𝑄(1, 6) −93.7241

𝑄(2, 3) −75.1119

𝑄(2, 6) −84.9330

𝑄(3, 4) −62.8019

𝑄(3, 8) −67.8715

𝑄(8, 13) −57.0315

𝑄(8, 9) −46.9100

𝑄(13, 14) 0

𝑄(4, 9) −46.9100

𝑄(4, 5) −60.3841

𝑄(9, 10) −50.4666

𝑄(9, 8) −67.8715

𝑄(9, 14) 0

4.2. Cooperative Path Planning for Multiple Agents. This
simulation contains two agents. One agent generates the
path from Intersection 5 to Intersection 17. The other
gives the path from Intersection 1 to Intersection 14. The
proposed algorithm introduces the idea of multiagent to
lessen the influence that is displayed in Tables 2–5 and
Figures 6–9. From the results we can see advantages of
MARL.

There is a significant difference between Figures 6 and 7
because Intersection 3 is still busy in Figures 4 and 5 (after
cooperation). So after cooperation in Figure 7, all subsequent
paths avoid Intersection 3 and 2. Instead, all paths choose
Intersection 6 as the next intersection. There is a smaller
difference between Figures 4 and 5 as there are only two
overlapping intersections between the path from Intersection
5 to 17 and the path from Intersection 1 to 14. Intersection 13
is considered to be the essential intersection, so the algorithm
gives up Intersection 12.

Table 4: Cooperative 𝑄 value table of 5 ∗ 5 road network with
destination Intersection 17.

𝑄(𝑠, 𝑎) Value
𝑄(5, 10) −112.729

𝑄(5, 4) −112.9003

𝑄(4, 3) −106.3563

𝑄(4, 9) −107.0302

𝑄(3, 8) −97.5428

𝑄(3, 2) −100.6263

𝑄(8, 13) −79.9226

𝑄(10, 15) −105.3436

𝑄(15, 14) −96.4487

𝑄(15, 20) −98.3531

𝑄(14, 13) −79.9226

𝑄(13, 12) −82.4741

𝑄(13, 18) −69.2806

𝑄(18, 17) 0

Table 5: Cooperative 𝑄 value table of 5 ∗ 5 road network with
destination Intersection 14.

𝑄(𝑠, 𝑎) Value
𝑄(1, 2) −100.6263

𝑄(1, 6) −93.7241

𝑄(6, 7) −87.8625

𝑄(6, 11) −87.7966

𝑄(7, 8) −87.5428

𝑄(7, 12) −92.4741

𝑄(8, 13) −79.9226

𝑄(8, 9) −79.0302

𝑄(9, 14) 0

𝑄(11, 12) −82.4741

𝑄(11, 16) −94.6919

𝑄(12, 13) −79.9226

𝑄(12, 17) −86.1356

𝑄(13, 14) 0

4.3. The Comparison of Several Multipath Algorithms. This
simulation is made up of 30 nodes with 49 edges in Figure 8.
Each circle stands for one intersection 𝑆

𝑖
. Each edge has three

parameters: mean travel time (3 or 7), levels of mean travel
time (−1 or −3), and reliability of this edge (0.98 or 0.87).

Under the same simulation environment, we have the
following results in Table 6 by Dijkstra’s algorithm, 𝑘-shortest
planning, 𝑄-learning multipath path planning. From the
results, we can draw the follow conclusions: Dijkstra’s algo-
rithm can give the shortest path with the least time, while the
reliability of this path is lower because reliability of each edge
is less than 1.The last two algorithms are almost the same.The
mean cost of the four paths of 𝑘-shortest planning is less than
𝑄-learning multipath path planning, while the reliability of
𝑄-learning multipath path planning is superior to 𝑘-shortest
planning.

Next, the performance comparison is given for the last
two algorithms on the planning time elapsed and the path
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Table 6: The comparison results of different algorithms.

Algorithm Multipath Costs Reliability Time
Dijkstra’s algorithm 1-6-7-12-13-14-19-24-25 25 0.57 0.010142

𝑘-shortest path planning
1-6-7-12-13-14-19-24-25
1-6-11-16-21-22-23-24-25
1-2-7-12-13-14-19-24-15
1-6-7-12-13-14-19-20-25

25
26
27
27

0.77 0.104754

𝑄 learning multipath path planning
1-6-11-16-21-22-23-24-25
1-6-11-16-17-18-19-20-25
1-2-7-12-13-18-19-20-25
1-2-3-13-18-23-19-20-25

26
31
30
29

0.95 0.110398
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Figure 5: Cooperative multipath planning from Intersection 5 to
Intersection 17.

reliability. Figure 9 shows that 𝑘-shortest planning’s time
increases linearly over time, while 𝑄-learning multipath
planning increases logarithmically. In addition,we can ensure
that the reliability of 𝑄-learning multipath planning is more
than 0.9. But the reliability of 𝑘-shortest planning is less than
0.8.

5. Conclusion

This paper proposes a new 𝑄-learning algorithm to solve
the multipath planning problem for OD pairs in a city
urban road network. Different from traditional multipath
algorithms, this paper focuses on multipath planning via
FNN-based 𝑄-learning, an algorithm that makes it easier
to choose alternative paths by recurring to the suboptimum
𝑄-value. Furthermore, the paper uses logic to increase the
response speed and imposes constraint conditions on path
generating to ensure the reliability of the set of candidate
paths, which has rarely been taken into account in existing
works. Simulation results validate the efficiency and adapt-
ability of the proposed algorithm. In the future work, we
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Figure 6: Multipath planning from Intersection 1 to Intersection 14.
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Figure 7: Cooperative multipath planning from Intersection 1 to
Intersection 14.

will further consider the waiting time at intersections in the
algorithm.
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Figure 8: Road networks with 30 nodes.
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Figure 9: Planning time over the increase of node number of
networks with different methods.
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