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�e objective of this special issue is to address recent research
trends and developments in the optimal control, safety
technology, and electromagnetic compatibility in the driving
system of electric vehicle. A substantial number of papers
were submitted, and a�er a thorough peer review process,
eleven papers were selected to be included in this special
issue.�ese papers cover PID control for electric vehicles, sta-
bility evaluation of fault diagnosis, Event-Triggered Bipartite
Consensus, robust control for vehicle, an equivalent circuit
model for lithium battery of electric vehicle, cooperative
anomaly detection method, electrical insulator defects detec-
tion, Target Track, low frequency radiated emission in electric
vehicle, estimating remaining useful life, and backstepping
control for motor. We believe that the original papers col-
lected in this special issue highlight the contemporary topics
in research related to optimal control and safety technology
and will introduce readers to the latest advances in the field.

�e paper by A. F. O. de A. Dantas et al. proposes
a PID control for electric vehicles subject to input arma-
ture voltage and angular velocity signal constraints. �e
demonstrate controller constraints can improve the electric
vehicle DC motor dynamic and consequently protect the
motor from overvoltage, and it should be considered in the
tuning process. Its author is with the Universidade Potiguar,
Brazil.

�e paper by Y. Hu et al. is aiming at the stability evalua-
tion of the fault diagnosis model based on the characteristic
clustering, where an image edge detection method based

on the Elliptic Fourier Descriptor (EFDSE) is proposed to
evaluate the stability of the fault diagnosis model, which
applies similarity measurement of image to effective evalu-
ation of faulty diagnosis algorithm. �e effectiveness of the
stability evaluation is verified by the fault data of the motor
bearings. Its author is with Beijing University of Posts and
Telecommunications, China.

�e paper by C.-Q. Ma et al. presents event-triggered
bipartite consensus of single-integrator multiagent systems
being investigated in the presence of measurement noise. A
time-varying gain function is proposed in the event-triggered
bipartite consensus protocol to reduce the negative effects of
the noise corrupted information processed by the agents. Its
authors are with Qufu Normal University, China

�e paper by P. Oke et al. examines the problem of
designing a robust H1 output feedback yaw controller with
both input and output constraints for four independently in-
wheel driven Electric Vehicles (EVs) with differential steer-
ing. Specifically, the controller aims are to ensure the stability
and improve the performance of the EV despite variations
in the road adhesion coefficient, longitudinal velocity, and
external disturbance. Finally, the capability of the developed
controller is simulated on a vehicle model with uncertain
road conditions and longitudinal velocities. Its author is with
the University of Auckland, New Zealand.

�e paper by L. Wu et al. proposes a self-healing char-
acteristic based equivalent circuit model of lithium battery.
�e mathematical description of the lithium battery in the
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self-healing process is obtained through the analysis of the
equivalent circuit model. Based on experimental platform,
an experiment considering self-healing characteristics was
performed. Result shows that the self-healing characteristic
based lithium battery equivalent circuit model can describe
the voltage of the lithium battery accurately during the self-
healing process. Its author is with Capital Normal University,
China.

�e paper by D. Huang et al. proposes a cooperative
detection method based on Pulse Coupling Neural Network
(PCNN) andwavelet transform theory to detect the abnormal
points of the stacker running rail in industrial environment
by analyzing the variation signals. �e experimental sim-
ulation and example simulation show that the cooperative
detection method based on PCNN and wavelet transform
theory can effectively detect and locate the anomaly points of
the stacker running tracks. �e expansibility in engineering
applications is promising.�epaperwas reviewed three times
by the editor Daniel Morinigo-Sotelo, because the paper
is related to the guest editor Darong Huang, who is with
Chongqing Jiaotong University, China.

�e paper by Y. Liao et al. proposes an insulator defect
detection method inspired by human receptive field model,
which meets the requirements for detecting defect insulator
in a simple background. In this method, the defect detection
combine human receptive fieldmodel of human visual system
is constructed and applied on the different insulators, so as
to achieve accurate detection of the insulator defected parts.
Experimental results show that the method can accurately
and robustly detect the defect (such as cracks and damages)
of electrical insulator in case of noise affect. Its author is with
Hubei University for Nationalities, China

�e paper by Bo. Hou et al. presents four Jerk models
commonly used in the maneuvering target track. �e perfor-
mance of different Jerk models for target track with the state
variables and the characters are compared. �e Jerk model
is widely used for the track of the maneuvering targets. �e
mathematical simulations show that Jerk model with self-
adaptive noise variance has the best robustness while other
models may diverge when the initial error is much larger. If
the process noise level is much lower, the track accuracy for
four Jerk models is similar and stationary in the steady track
situation, but it will be descended greatly in the much highly
maneuvering situation. Its author is with National University
of Defense Technology, China

�e paper by F. Gao et al. proposes a methodology for
improving of vehicle-level radiated electromagnetic inter-
ference (EMI) in electric vehicle (EV). �is methodology
predicts vehicle-level radiated EMI by using the multiport
network theory, based on analyzing the contribution from
each electronic component to find out the main EMI source.
To validate its effectiveness, the proposed methodology is
applied in an actual EV for low-frequency radiate demissions.
Simulation in a commercially available electromagnetics so�-
ware andmeasurement in the EV are combined to predict the
vehicle-level emissions, and then the electronic component
with the greatest EMI that causes failure to meet the EMC
standard is identified. A�er improving this component, the
vehicle-level radiated emission is reduced to comply with the

EMC standard, proving that the presented numerical method
is effective. �e proposed methodology can also be used in
other EMC issues, regardless of the amount of interference
sources and sensitive equipment. �e paper was reviewed
three times by the editor Daniela Proto, because the paper is
related to the guest editor Xu Li’s group; the author is with
Chongqing University, China.

�e paper by C.-H. Hu et al. proposes a new degradation
model for remaining useful life (RUL) estimation based
on the volatility of degradation data. Degradation model
base RUL prediction method has been one of the most
important parts in prognostics and health management; at
last, two practical cases show that the proposed model can
deal with the degradation data with many fluctuations better
and get the more reasonable result which is convenient for
maintenance decision. Its author is with High-tech institute
of Xi’an, China

�e paper by Y.-H. Lan et al. presents a disturbance
observer-based (DOB) backstepping speed tracking control
method, for the speed tracking control problem of Perma-
nent Magnet Synchronous Motor (PMSM). �e obtained
controller can achieve high precision speed tracking and dis-
turbance rejection. Finally, some results of evaluative exper-
iments verified the effectiveness of the proposed method for
high-performance control and disturbance rejection for the
PMSM drive. Its author is with Xiangtan University, China

Conclusion

�e eleven papers are from eleven universities or institutes
and from three countries. �e topic is an interesting topic,
andmany researchers required delaying the call for paper, but
there are also some regrets, as EV researcher, EV company,
and EV administer could not present their studies.
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The performance evaluation of fault diagnosis algorithm is an indispensable link in the development and acceptance of the fault
diagnosis system.Aiming at the stability evaluation of the fault diagnosismodel based on the characteristic clustering, an image edge
detectionmethod based on the Elliptic FourierDescriptor (EFDSE) is proposed to evaluate the stability of the fault diagnosis model,
which applies similarity measurement of image to effective evaluation of faulty diagnosis algorithm. The quantitative evaluation
index of the diagnostic capability of characterization based cluster fault diagnosis model is used to provide reference for the
acceptance and reliability of the diagnosis results. Finally, the effectiveness of the stability evaluation is verified by the fault data of
the motor bearings.

1. Introduction

With the development of modern industrial technology and
information technology, manufacturing systems in various
fields such as new energy, communication, computer, and
industry are becoming more and more complex. Due to
the complexity of the structure and the influence of var-
ious potential factors, the system inevitably exists as the
hidden trouble. Once the hidden danger is induced, the
personnel and economic loss of different degree will be
caused. Therefore, the method of system fault diagnosis has
become the focus of researchers. There are three common
fault diagnosis methods: fault diagnosis based on control
model [1], diagnosis based on statistical method [2], and
fault diagnosis based on Artificial Intelligence [3]. At present,
a large number of studies have focused on optimizing the
stability of the fault diagnosis model, usually measured by
the degree of diagnosis, and the higher the stability of the
model in practical application is, the more cost will be paid.
Therefore, it is necessary to analyse the effect of model
stability on the effectiveness of fault diagnosis.However, there
is still a lack of unified system for measuring the accuracy of
models.Themainmethods are relative deviation and residual
squared sum method [4] which are error analysis method,

grey correlation theory [5] and ED train based on statistical
data, Confidence interval [6], etc.The grey correlation theory
can realize the diagnosis of multi data input, but it can only
be applied within the range of the same characteristic param-
eters and cannot be used to compare with fault diagnosis
with parameters of different feature ranges. Residual squared
sum method is an evaluation method for regression model.
It is not conducive to relative comparison between different
fault diagnosis models, which is influenced by the absolute
value of the dependent variable and the independent variable.
The confidence interval index is based on the hypothesis that
the result of the training data group’s diagnosis conforms
to the normal distribution. It will produce a large number
of errors in the case of small data, and the upper limit of
confidence interval does not converge to 1 with the increase
of the accuracy. Therefore, it is not suitable for models with
high accuracy in fault diagnosis.

On the basis of the above research, considering the
true distribution of the fault diagnosis output, the stability
evaluation method of fault diagnosis model based on Ellip-
tic Fourier Descriptor is proposed, which apply similarity
measurement to evaluation of faulty diagnosis algorithm and
can provide objective evaluation without understanding the
parameters of the fault diagnosis model, when using the fault
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Figure 1: An experimental platform for fault simulation of motor bearing.

Table 1: Partial drive end and fan end of bearing fault data.

i DE FE i DE FE i DE FE
1 -0.0028 -0.2472 13 -0.2110 0.0119 26 0.2659 0.2786
2 -0.0963 0.1428 14 -0.0468 0.1824 27 0.0218 -0.0351
3 0.1137 0.0033 15 0.2021 -0.0754 28 -0.1639 0.1545
4 0.2573 -0.1068 16 -0.0145 -0.0536 29 0.1420 0.1999
5 -0.0583 0.1360 17 -0.1628 0.0805 30 0.2311 -0.0980
6 -0.1260 -0.0051 18 0.1092 -0.1389 31 -0.1075 0.0105
7 0.2074 -0.0625 19 0.1871 -0.0555 32 -0.1402 0.0988
8 0.1727 0.2735 20 -0.1593 0.1650 33 0.1915 -0.0555
9 -0.2199 0.1473 21 -0.1377 -0.1582 . . . . . . . . . . . . . . .
10 -0.1561 -0.0925 22 0.2505 0.0370 . . .. . . . . . . . . . . . .
11 0.2240 0.1709 23 0.1075 0.3096 . . . . . . . . . . . . . . .
12 0.1137 0.0427 24 -0.2469 -0.0857 n . . . . . . . . . . . .
diagnosis model based on the feature clustering to diagnosis
faulty. The application example of motor bearing diagnosis
is compared and verified, which proves that the method
proposed in this paper is effective.

2. System Description and Model

In order to train and verify the new technology and new the-
ory of motor bearing fault, a motor bearing state evaluation
system developed by Rockwell has obtained a series of motor
performance database [7] which can be used to verify or
improve the performance evaluation of motor. Some projects
that have been or are making use of these databases include
Winsnode state assessment technology, model-based diag-
nosis technology, and motor speed determination algorithm.
The experimental platform is shown in Figure 1.

As shown in Figure 1, the train stand consists of a 2
hp motor (left), a torque transducer/encoder (center), a
dynamometer (right), and control electronics (not shown).
The train bearings support the motor shaft. Single point faults
were introduced to the train bearings using electrodischarge
machining with fault diameters of 7 mils, 14 mils, 21 mils,
28 mils, and 40 mils (1 mil=0.001 inches). See FAULT
SPECIFICATIONS for fault depths. SKF bearings were used
for the 7, 14, and 21 mils diameter faults, and NTN equivalent
bearings were used for the 28 mil and 40 mil faults. Drive
end and fan end bearing specifications, including bearing
geometry and defect frequencies, are listed in the BEARING
SPECIFICATIONS.

Vibration data was collected using accelerometers,
which were attached to the housing with magnetic bases.

Accelerometers were placed at the 12 o’clock position at
both the drive end and the fan end of the motor housing.
During some experiments, an accelerometer was attached
to the motor supporting base plate as well. Vibration signals
were collected using a 16 channel DAT recorder and were
post processed in a Matlab environment. All data files are
in Matlab (∗.mat) format. Digital data was collected at
12,000 samples per second, and data was also collected at
48,000 samples per second for drive end bearing faults.
Speed and horsepower data were collected using the torque
transducer/encoder and were recorded by hand.

Outer raceway faults are stationary faults; therefore place-
ment of the fault relative to the load zone of the bearing has a
direct impact on the vibration response of the motor/bearing
system. In order to quantify this effect, experiments were
conducted for both fan and drive end bearings with outer
raceway faults located at 3 o’clock (directly in the load zone),
at 6 o’clock (orthogonal to the load zone), and at 12 o’clock.

Data files are inMatlab format. Each file contains fan and
drive end vibration data as well asmotor rotational speed. For
all files, the following item in the variable name indicates

DE: drive end accelerometer data
FE: fan end accelerometer data
BA: base accelerometer data
time: time series data
RPM: rpm during training

Part of the data is shown in Table 1 part of the drive end
bearing failure data.
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3. Fault Diagnosis Model Based on
Feature Clustering

Clustering analysis is a kind of unsupervised learning. It does
not need to define the classes in advance or give a training
sample to indicate what the data should have. Data sets can be
divided into a number of different classes, and the intraclass
data have very high similarity. This is very applicable where
no standard information signs can be identified, such as fault
diagnosis. Because some system parameters, environmental
interference and noise are difficult to be confirmed accurately
in the real environment, it is difficult to establish an accurate
model of fault diagnosis model. Based on the data driven
method, it avoids the mathematical modeling of the process
and can be learned through historical data when the infor-
mation of the diagnosis of the object mechanism is not clear.
It can learn and model through historical data to complete
the fault diagnosis. Commonly used clustering algorithms
are Kmeans [8], BRICH [9], EM, DBSCN [10], CLARANS
[11], etc. This paper mainly studies the stability evaluation
method of fault diagnosis model (EFDSE). Therefore, Clara,
Kmeans, and Dbscan are directly used for fault diagnosis of
motor driven end bearing (DE) based on feature clustering.
These clustering algorithms are distance-based clustering and
density-based clustering, respectively. The data DE is a time
series, as shown in Figure 2

In the process of fault diagnosis of motor bearings, the
effect of fault feature extraction determines the final diagnosis
rate. The peak to average ratio (PAR), kurtosis (KURTOSIS),
and bias (SKEWNESS) of the vibration data cover the
distribution features, statistical characteristics, and linear

characteristics of the vibration, which can effectively reflect
the main characteristics of the vibration events. Therefore,
this paper regards these three characteristics as the basis
of fault diagnosis, specific calculation method, and specific
calculation method (1)(2)(3):

𝑃𝐴𝑅 = 𝐸{max
(𝑦∧2)𝐸 (𝑦∧2)} (1)

y: peak power

𝐾 = ∫+∞
−∞

[𝑥 (𝑡) − 𝑥]4 𝑝 (𝑥) 𝑑𝑥𝜎4 (2)

𝑆 = 𝐸 (𝑋 − 𝑥)3𝜎3 (3)

𝑥(𝑡): instantaneous amplitude; 𝑥: mean amplitude; 𝑝(𝑥):
probability density; 𝜎: standard deviation

Because of some eigenvectors of vibration may have
certain correlation, the stability of clustering fault diagnosis
models will be affected. Therefore, removing relevant eigen-
vectors is the first step to accomplish fault diagnosis. In this
paper, principal component analysis (PCA) is used to extract
unrelated feature vectors. The calculation results are shown
in Figure 3. It can be seen that PAR and KURTOSIS can
represent the feature vectors of DE, as shown in Table 2.

In order to effectively verify the reliability of the pro-
posed evaluation method, this paper adopts DB (Davies-
Bouldin) [12], Dunn Validity Index (DVI) [13], and Silhouette
coefficient (SC) [14]. More than ten indexes of clustering
evaluation are used to pre-evaluate the optimal number of
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Table 2: DE eigenvector table.

i PAR KURT i PAR KURT i PAR KURT
1 3.2648 -0.3647 10 3.1979 -0.1333 19 3.4168 1.0757
2 3.0934 -0.3537 11 3.1780 -0.2197 20 3.7441 1.3899
3 3.0752 -0.4350 12 3.2202 -0.2486 21 3.7571 1.5904
4 3.0823 -0.4159 13 3.8729 1.5753 22 3.7994 1.5775
5 3.2896 0.0833 14 3.7868 1.7356 23 3.7263 1.3241
6 3.3391 0.2690 15 3.6880 1.5991 24 3.5290 0.6109
7 3.3191 0.1479 16 3.6230 1.4547 . . . . . . . . . . . . . . .
8 3.2075 0.2307 17 4.1758 1.8610 . . . . . . . . . . . . . . .
9 3.5993 -0.1001 18 3.5839 1.7459 n . . . . . . . . . . . .
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Figure 4: (a) Results of Clara clustering of T sets. (b) Results of Kmeans clustering of T sets. (c) Results of Dbscan clustering of T sets. (d)
Results of Clara clustering of F sets. (e) Results of Kmeans clustering of F sets. (f) Results of Dbscan clustering of F sets.

DE eigenvectors, and motor bearing faults are classified into
two categories. That is to say, Clara, Kmeans, and Dbscan
will be used to divide the faults into two categories by means
of Euclidean distance, respectively. In order to verify the
effectiveness of the proposed method, the training sets T is
randomly extracted from the feature sets F according to the
proportion of 3:1, and then the training set T and the feature
set F are divided into two categories, respectively. The results
of the classification are as in Figure 4.

Thefirst class data corresponding to the training set T and
the feature set F are extracted respectively. See Figure 5.

In order to evaluate the stability of the fault diagnosis
model based on feature clustering, the 2D points need
to be mapped to a graphic based on a certain rule. This
paper will use Dirichlet tessellation to accomplish points
mapped. The Dirichlet (Delaunay) mosaic, also known as
Voronoi Diagram or Thiessen Polygon, is a structure of
computational geometry, which can be used for qualitative
analysis, statistical analysis, and adjacent analysis [15]. In this
paper, the Euclidean distance between any two points in the
first category is computed. Any point is seen as the vertex of a
triangle will be connected to two nearest points of Euclidean
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Figure 5: (a) The class I of Clara clustering of T sets. (b) The class I of Kmeans clustering of T sets. (c) The class I of Dbscan clustering of T
sets. (d) The class I of Clara clustering of F sets. (e) The class I of Kmeans clustering of F sets. (f) The class I of Dbscan clustering of F sets.

distance, and Delaunay triangulation can be obtained by N
iterations. All triangle of the common point is recorded,
the circle center of the triangle is found, and the clockwise
connection of the center of the center is the corresponding
Thiessen Polygon. The time complexity of the triangle is the
complexity of the polygon. The algorithm flow is as follows.

Hypothesis: (𝑋, 𝑌) = {(𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3), . . . , (𝑥𝑛,𝑦𝑛)}. It represents the point set P consisting ofNnonrepeating
points on the plane, and the specific steps of constructing the
Delaunay triangulation of point set 𝑃 is as follows.

The𝑁 points are mainly based on 𝑋 coordinates and are
sorted by 𝑌 coordinates.

Step 1. The 𝑁 points are sorted by mainly based on 𝑋
coordinates.

Step 2. Structural process is as follows:
(i) If𝑁 = 2, return
(ii) If 𝑁 = 3, three points are connected to construct a

triangulation net and return
(iii) The𝑁 points are divided into subsets 𝑃𝑙 and 𝑃𝑟 on the

basis of evenly principle or nearest neighbor principle
(iv) Construct triangular net 𝐷𝑇(𝑃𝑙) of 𝑃𝑙
(v) Construct triangular net 𝐷𝑇(𝑃𝑟) of 𝑃𝑟
(vi) 𝐷𝑇(𝑃𝑙)merge with 𝐷𝑇(𝑃𝑟) and put back

Step 3. Merge process
(i) For given𝐷𝑇(𝑃𝑙) and𝐷𝑇(𝑃𝑟), calculate convex hull of𝑃𝑙 and 𝑃𝑟
(ii) Obtain the top tangent 𝑈𝐶𝑇 and the bottom tangent𝐵𝐶𝑇

(iii) Start from 𝐵𝐶𝑇, according to left endpoint, right end-
point, and their adjacent points to complete 𝐷𝑇(𝑃𝑙)
andmergewith𝐷𝑇(𝑃𝑟) until the𝑈𝐶𝑇 is encountered.

The Voronoi diagram of the class I of T sets and F sets is
shown in Figure 6.

4. EFDSE Algorithm

4.1. Edge Detection. Canny edge detection operator has
obvious advantages compared with Roberts Cross operator,
Prewitt operator, Sobel operator, and Kirsch operator. So in
this article, edge detection is performed by Canny operator
to identify its contour boundaries.

First, in order to smooth the image to reduce the obvious
noise influence on the edge detector, the image adopted is the
Gauss filter to check the image by Gauss filter whose size is2 × 2, as follows:

𝐻𝑖𝑗 = 12𝜋exp((𝑖 − (𝑘 + 1))2 + (𝑗 − (𝑘 + 1))22𝜎2 ) (4)

If a window A whose size is 3 × 3 in the image is, pixel 𝑒 will
be filtered. Then, after Gauss filtering, the brightness value of
the pixel 𝑒 is

𝑒 = 𝐻 ∗ 𝐴 = [[[
ℎ11 ℎ12 ℎ13ℎ21 ℎ22 ℎ23ℎ31 ℎ32 ℎ33

]]] ∗ [[[
𝑎 𝑏 𝑐𝑑 𝑒 𝑓𝑔 ℎ 𝑖

]]]
= 𝑠𝑢𝑚([[[

𝑎 × ℎ11 𝑏 × ℎ12 𝑐 × ℎ13𝑑 × ℎ21 𝑒 × ℎ22 𝑓 × ℎ23𝑔 × ℎ31 ℎ × ℎ32 𝑖 × ℎ33
]]])

(5)
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Voronoi diagram of T set Clara clustering

(a)

Voronoi diagram of T set Kmeans clustering

(b)

Voronoi diagram of T set Dbscan clustering

(c)

Voronoi diagram of F set Clara clustering

(d)

Voronoi diagram of F set Kmeans clustering

(e)

Voronoi diagram of F set Dbscan clustering

(f)

Figure 6: (a) Voronoi diagram of T set clara clustering. (b) Voronoi diagram of T set kmeans clustering. (c) Voronoi diagram of T set dbscan
clustering. (d) Voronoi diagram of F set clara clustering; (e) Voronoi diagram of F set kmeans clustering. (f) Voronoi diagram of F set Dbscan
clustering.

where∗ is a convolution symbol; 𝑠𝑢𝑚: the sumof all elements
in the representation matrix. The Canny algorithm uses four
operators to detect the horizontal, vertical, and diagonal
edges of the image.The operator of the edge detection returns
the first-order value 𝜃 of the horizontal and vertical directions𝐺𝑦; thus the gradient intensity 𝐺 and 𝜃 which is direction
gradient of the pixels can be determined.

𝐺 = √𝐺2𝑥 + 𝐺2𝑦
𝜃 = arctan (𝐺𝑦𝐺𝑥)

(6)

The gradient strength of the current pixel is compared with
the two pixels along the positive and negative gradient direc-
tion. If the gradient intensity of the current pixel is maximum
compared to the other two pixels, the pixel is retained as
the edge point; otherwise the pixel is suppressed, which
is called the maximum value suppression. After exerting

maximum suppression, there are still some edge pixels caused
by the change of noise and color. In order to solve these
stray responses, the selection of high and low threshold is
established. If edge pixels are higher than the high threshold,
the edge pixels are marked as strong edge pixels; if the
gradient value of the edge pixels is less than the high threshold
is larger than the low threshold, the edge pixels are recorded
as the weak edge pixels, but if the 8 neighborhood pixels of
the weak edge pixels have one strong edge pixel, they can
be retained as edge points; if the edge pixels are pixels, the
edge pixels can be retained as edge pixels. The gradient is
less than the low threshold, and it is suppressed. Figure 6 is
detection by Canny operator. Their Edge contour IS detected
(see Figure 7).

4.2. Fourier Descriptor. Shape is one of the most important
visual features of a target. The existing shape representation
methods can be divided into two categories: shape represen-
tation based on region feature and shape representation based
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Figure 7: (a) Contour of T sets Clara clustering. (b) Contour of T setsKmeans clustering. (c) Contour of T sets Dbscan clustering. (d) Contour
of F sets Clara clustering. (e) Contour of F sets Kmeans clustering. (f) Contour of F sets Dbscan clustering.

on contour feature. The contour based method mainly uses
the pixel information of the target coverage area boundary to
describe the shape [16, 17].

Fourier Descriptor is a classical contour based shape rep-
resentation method. Cosgriff (1960) proposed it for the first
time. The main idea is to describe the features of the contour
by using a set of data that represents the overall frequency
of the shape. It is invariable to the operation of rotation and
translation and is the most widely used descriptor of the
shape. In the aspect of algorithm research, researchers have
done a lot of work in improving the shape representation
based on Fourier Descriptor, in order to improve the descrip-
tion ability of shape. As for D Zhang and G Lu an enhanced
general Fourier descriptor is proposed to extract the key part
of the image content description. This method solves the
shortcomings of the large number shape description which
are not suitable for the generic shape description [18]. SS
Li, YD Huang, and JW Yang propose a region based affine
invariant ring Fourier Descriptor for affine invariant feature
extraction, which can be used to extract the contour features
of objects with multiple components [19]. R Kasaudhan and
SH Son propose an enhanced version of grid distance Fourier
Descriptor to calculate image similarity and improves image
matching rate. B Belkhaoui, A Toumi, and A Khalfallah
combine Fourier Descriptor with watershed (WS) algorithm
to propose a process and method of automatic target recog-
nition using inverse synthetic aperture radar image to solve
the target recognition problem of radar image [20].

Figure 8: A continuous curve.

First, we define a continuous curve 𝑐(𝑡) in order to explain
a Fourier Expansion ( see Figure 8 ). 𝑐(𝑡) can be expressed by

𝑐 (𝑡) = 𝑎02 + ∞∑
𝑘=1

(𝑎𝑘cos (𝑘𝑤𝑡) + 𝑏𝑘sin (𝑘𝑤𝑡)) (7)

According to Euler’s formula,𝑐 (𝑡)
= 𝑎02

+ ∞∑
𝑘=1

[𝑎𝑘2 (𝑒𝑗𝑘𝑤𝑡 + 𝑒−𝑗𝑘𝑤𝑡) − 𝑗𝑏𝑘2 (𝑒𝑗𝑘𝑤𝑡 − 𝑒−𝑗𝑘𝑤𝑡)]
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= 𝑎02 + ∞∑
𝑘=1

[𝑎𝑘 − 𝑗𝑏𝑘2 𝑒𝑗𝑘𝑤𝑡 + 𝑗𝑎𝑘 + 𝑗𝑏𝑘2 𝑒−𝑗𝑘𝑤𝑡]
= 𝑐0 + ∞∑

𝑘=1

[𝑐𝑘𝑒𝑗𝑘𝑤𝑡 + 𝑐−𝑘𝑒−𝑗𝑘𝑤𝑡] = ∞∑
𝑘=1

[𝑐𝑘𝑒𝑗𝑘𝑤𝑡]
(8)

If we define 𝑐𝑘 = 𝑐𝑘1 − 𝑗𝑐𝑘2, 𝑐−𝑘 = 𝑐𝑘1 + 𝑗𝑐𝑘2
Then, (8) can be derived by

𝑐 (𝑡) = 𝑐0 + 2∞∑
𝑘=1

[𝑐𝑘1(𝑒𝑗𝑘𝑤𝑡 + 𝑒−𝑗𝑘𝑤𝑡2 )
− 𝑗𝑐𝑘2 (−𝑒𝑗𝑘𝑤𝑡 + 𝑒−𝑗𝑘𝑤𝑡2 )] = 𝑐0
+ 2∞∑
𝑘=1

[𝑐𝑘1cos (𝑘𝑤𝑡) + 𝑐𝑘2sin (𝑘𝑤𝑡)] = 𝑐0
+ ∞∑
𝑘=1

[𝑎𝑘cos (𝑘𝑤𝑡) + 𝑏𝑘sin (𝑘𝑤𝑡)]

(9)

where 𝑎𝑘 and 𝑏𝑘 are said to Fourier Descriptor
Then, 𝑐𝑘 and 𝑐−𝑘 can be derived by (8) and (9)

𝑐𝑘 = 𝑎𝑘 − 𝑗𝑏𝑘2 ,
𝑐−𝑘 = 𝑎𝑘 + 𝑗𝑏𝑘2

(10)

The coefficients in (9) can be obtained by considering the
orthogonal property.Thus, one way to compute values for the
descriptors is

𝑎𝑘 = 2𝑇 ∫𝑇
0
𝑐 (𝑡) cos (𝑘𝑤𝑡) 𝑑𝑡,

𝑏𝑘 = 2𝑇 ∫𝑇
0
𝑐 (𝑡) sin (𝑘𝑤𝑡) 𝑑𝑡 (11)

4.3. Fourier Description of the Edge Features of Fault Classi-
fication. Determining a starting point (𝑥0, 𝑦0) of the target
boundary and moving along the counter clockwise direction
at a certain speed, the boundary of the boundary point
coordinates can be used to describe the boundary.The cluster
boundary curve of the first class data set is defined as

𝑠 (𝑡) = 𝑥 (𝑡) + 𝑗𝑦 (𝑡) , 𝑡 = 0, 1, . . . , 𝑁 − 1 (12)

𝑡 is the unit arc length along with boundary circle. In order to
describe the outline of the image, the selected starting point
needs to circle along the boundary curve. So, 𝑠(𝑡) is a periodic
function of a period inwhich periodic is 2𝜋. In order to obtain
the Elliptic Fourier Descriptor of the boundary curve, Fourier
series expansion is first carried out, and it can be expanded by
1D Fourier series.

𝑠𝑘 = 1𝑇 ∫𝑇
0
𝑠 (𝑡) 𝑒−𝑗𝑤𝑡 (13)

Then an expression of ellipse coefficient can be computed by
(12) 𝑠𝑘 = 𝑠𝑥𝑘 + 𝑗𝑠𝑦𝑘 (14)

Then

𝑠𝑥𝑘 = 1𝑇 ∫𝑇
0
𝑥 (𝑡) 𝑒−𝑗𝑘𝑤𝑡,

𝑠𝑦𝑘 = 1𝑇 ∫𝑇
0
𝑦 (𝑡) 𝑒−𝑗𝑘𝑤𝑡 (15)

According to the relationship between trigonometric func-
tion and exponential function, there are

𝑠𝑥𝑘 = 𝑎𝑥𝑘 − 𝑗𝑏𝑥𝑘2 ,
𝑠𝑦𝑘 = 𝑎𝑦𝑘 − 𝑗𝑏𝑦𝑘2
𝑠𝑥−𝑘 = 𝑎𝑥𝑘 + 𝑗𝑏𝑥𝑘2 ,
𝑠𝑦−𝑘 = 𝑎𝑦𝑘 + 𝑗𝑏𝑦𝑘2

(16)

Then

𝑎𝑥𝑘 = 2𝑚 𝑚∑𝑖 𝑥𝑖𝑐𝑜𝑛 (𝑘𝑤𝑖𝑡) ,
𝑏𝑥𝑘 = 2𝑚 𝑚∑𝑖 𝑥𝑖 sin (𝑘𝑤𝑖𝑡)
𝑎𝑦𝑘 = 2𝑚 𝑚∑𝑖 𝑦𝑖𝑐𝑜𝑛 (𝑘𝑤𝑖𝑡) ,
𝑏𝑦𝑘 = 2𝑚 𝑚∑𝑖 𝑦𝑖sin (𝑘𝑤𝑖𝑡)

(17)

𝑚 is the number of sampling points in the contour curve,
it is usually the half of the number of pixels in the contour
curve, and 𝑥𝑖 and 𝑦𝑖 is the value at the sample point 𝑥(𝑡) and𝑦(𝑡) when they lie in 𝑖. According to (16) and (17), 𝑠𝑘 can be
regarded as the sum of complex numbers. That is,𝑠𝑘 = 𝐴𝑘 − 𝑗𝐵𝑘,𝑠−𝑘 = 𝐴𝑘 + 𝐵𝑘 (18)

Here

𝐴𝑘 = 𝑎𝑥𝑘 + 𝑗𝑎𝑦𝑘2 ,
𝐵𝑘 = 𝑏𝑥𝑘 + 𝑗𝑏𝑦𝑘2

(19)

Equation (13) can be expressed:𝑐 (𝑡) = 𝑐0
+ ∞∑
1

(𝐴𝑘 − 𝑗𝐵𝑘) 𝑒𝑗𝑘𝑤𝑡 + −1∑
−∞

(𝐴𝑘 + 𝑗𝐵𝑘) 𝑒𝑗𝑘𝑤𝑡 (20)
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Table 3: Elliptical Fourier Description on the edge of fault classification.

Training set T 0.0039 0.0079 0.0157 0.0196 0.0235 0.0275 0.0314 0.0353 . . . . . .
Feature set F 0.0034 0.068 0.0101 0.0135 0.0169 0.0203 0.0237 0.0271 . . . . . .

Table 4: The index of stability Clara Kmeans Dbscan.

Index Clara kmeans Dbscan
within.cluster.ss 26.26355 25.70769 49.13795
avg.silwidth 0.719723 0.734621 0.706651
EFDSE 0.8162398 0.993007 0.6741096

Then, (21) is called Elliptical Fourier Description

𝐸𝐹𝐷 = 𝐴𝑘𝐴1 +
𝐵𝑘𝐵1 (21)

According to (21), the Ellipse Fourier Descriptor of the
fault classification contour curve is to be obtained and is
normalized, shown in Table 3.

4.4. Stability Evaluation of Fault Diagnosis Model Based on
Elliptical Fourier Descriptor. Assume that the class I contour
edge descriptor of the training set T and the feature set F is𝐸𝐹𝐷1 and 𝐸𝐹𝐷2, respectively. This paper shows that if the
stability of the fault diagnosis model based on the feature
clustering is good, and the cohesiveness of the class center is
stronger. That is to say, when adding or removing the same
characteristic of data to a certain class, changed degree of
boundary shape of the cluster is very small and vice versa.
Therefore, we define the similarity of the contour shapes
of the two fault classification results defined as the stability
evaluation criteria of the fault diagnosis model, as shown in

𝑠𝑖𝑚 = |cov (𝐸𝐹𝐷1, 𝐸𝐹𝐷2)|𝜎𝐸𝐹𝐷1 ∗ 𝜎𝐸𝐹𝐷2 ∈ [0, 1] (22)

cov() represents the covariance of the two descriptors; 𝜎
represents the standard deviation of the descriptor vectors.
The range of 𝑠𝑖𝑚 is [0, 1]. Value of 𝑠𝑖𝑚 is close to 1; then
stability of fault diagnostic is better.

5. Experimental Results and Discussion

The clustering results are usually verified by two kinds
of techniques: one is the intracluster distance such as the
within.cluster.ss calculation that is the square of each internal
distance. The more similar the characteristics of the data
in cluster, the better the clustering effect. The other is
the distance between clusters such as the average contour
coefficient calculated by avg.silwidth.The larger the value, the
larger the difference of the data feature of different classes and
the better the data area diversity of the clustering algorithm.
Thewithin.cluster.ss index and avg.silwidth index of the three
clustering results are compared with the EFDSE index in
this paper (show in Table 4). As seen from the table, EFDSE
indicates that diagnosis effect of Kmeans is the best, Clara is
the second, and the Dbscan is the worst. It is consistent with

the conclusion of avg.silwidth and within.cluster.ss, which
proves that proposed EFDSEmethod in this paper is effective
for the stability evaluation of the fault diagnosis model based
on the feature clustering.

6. Conclusion

EFDSE that map the fault classification results in 2D graphic,
using graphic edge detection technology. By extracting the
feature vectors of the contour curves of fault classification
results, the contour shape similarity is calculated to evaluate
the effect of fault diagnosis. It is a new method of stability
evaluation based on feature clustering fault diagnosis model.
It applies similarity measurement of image to valuation of
faulty diagnosis algorithm. In the case of unknown data
samples and data methods, the stability of the model fault
diagnosis effect is evaluated only by the visual contour feature
vectors of the fault classification results. From the experi-
mental method and principle, the evaluation is applicable
to the stability evaluation of fault diagnosis models based
on feature clustering. But used clustering algorithm should
be distance-based clustering and density-based clustering.
Making EFDSE is fit for more and more faulty diagnosis
method is our work direction in future.
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Considering the complexity and the criticality of the stacker equipment, in order to solve the problem that the stop accuracy of
the stacker reduces or even fails to work due to abrasion of the running rail, this paper proposes a cooperative detection method
based on Pulse Coupling Neural Network (PCNN) and wavelet transform theory to detect the abnormal points of the stacker
running rail in industrial environment by analyzing the variation signals. First of all, considering the fact that the data is mixed
up with noises because of the environment at the site and the possibility of the data acquisition equipment breaking down, a noise
reductionmethod for the vibration signal data of stacker is constructed based onPCNN.Then, the basic theory ofwavelet transform
is introduced and then the rules of judging anomaly points on stackers’ running tracks are discussed based on wavelet transform.
In addition, a cooperative detection method based on PCNN and wavelet transform theory is carried out based on the space-
time distribution feature of the vibration of the stacker orbits in the industrial environment. Then the rationality of the proposed
algorithm is verified by simulation through data provided by State Grid Measuring Center of China.This paper constructs a model
of the abnormal point detection of the stackers in an industrial environment.The experimental simulation and example simulation
show that the cooperative detection method based on PCNN and wavelet transform theory can effectively detect and locate the
anomaly points of the stacker running tracks. The expansibility in engineering applications is promising. Lastly, some conclusions
are discussed.

1. Introduction

As is known to all, the stacker is a key equipment of
automated storage and retrieval system (ASRS) in industrial
environment. In practice scene of ASRS, the main function
of the stacker is to grab, move, and stack goods from one
shelf to another. Thus, the stability of stacker running track
will influence the accuracy of grabbing and moving goods in
practical engineering. As one of the key components of the
stacker equipment, the track of the stacker is divided into
upper and lower track. In fact, the stacking machine would
wear, crack, sag, and bulge by long time running. And these
defects will reduce the accuracy of the stacking machine. If
the field engineer cannot detect and repair the defect as soon
as possible, they may even cause the whole equipment to be

worn and shut down. So, how to detect the anomaly point of
stacker running rail is very important for safety performance
of the whole system.

In anomaly detection, domestic and foreign researchers
have made a lot of progress in all aspects. Since the 1980s,
the anomaly detection problemhas beenwidely researched in
the field of statistics. For examples, [1] presented an anomaly
detection algorithm based on statistical theory. Unfortu-
nately, practice has proved that the computing results of the
statisticalmethod are not ideal, because the distribution char-
acteristics of the data must be known in advance. Obviously,
the shortage limits the application scope of the method. To
solve the defect, some improved detection algorithms were
put forward combining with distance in [2, 3]. The obvious
characteristic of the improved algorithm is required to have
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a lot of domain knowledge of real systems or equipment.
However, it is known to us all that the running performance
of real systems or equipment is affected by various factors.
Therefore, it is difficult to determine the input parameters
of the algorithm. In other words, it has some disadvantages
such as instability and high algorithm complexity. Thus, once
the testing data is incomplete, it is difficult to determine
the degree of abnormal [4]. In particular, when the data
has features such as high-dimensional and sparseness, the
performance of the algorithm is very poor. In order to solve
the problem caused by sparse data, Rastogi and Ramaswamy
proposed an improved algorithm based on density in [5].
The method can avoid the limitation of the dependence of
distance to a certain context. To better handle testing data
to find the abnormal data point, some detecting ideas based
on depth continue to appear. For instance, some researchers
presented the anomaly detection algorithm based on depth
to mark each record as a point in the 𝑘 dimension space. In
fact, the typical DEEPLOC algorithm was proposed by Struyf
and Rousseeuw in [6]. One big advantage of the algorithm
is that the depth value of each point may be given according
to the definition of depth. The detection rule is that a record
with a smaller depth is more likely to be an anomaly point
than a larger one. Thus, once the data set is organized by the
depth value, the algorithm only needs to carry out the outlier
detection on the lower layer of the depth value. Meanwhile,
the outlier detection is not required in the record on a layer
with a large depth value.

Furthermore, Zhou S and Xu W have constructed the
local anomaly detection algorithm based on the deviation in
[7]. The algorithm and rule may solve the problem that the
existing local anomaly detection algorithms do not perform
data object partition. But in real running process of the sys-
tems, the high dimensional test data would lead to increased
computational complexity [8]. So, the trick to find out the
abnormal point from high-dimension data set is to reduce
its dimensionality. Aiming at the high dimensionality of the
data set, some researchers introduced the concept of local
projection scoring (LPS) and proposed an efficient abnormal
point detection method of high-dimensional data in [9]. Of
course, some new algorithms (for instance, neural network
[10] and clustering algorithm [11]) continue to be introduced
and presented to detect and monitor the abnormal points of
test data. The simulation results show that these models and
methods are effective in real engineering and application.

In addition, some scholars had discussed the anomaly
detection in the frequency domain. For instance, to overcome
the disadvantages that the window size does not change with
frequency, the wavelet transform theory is usually introduced
to compensate for the localization defects of the short-time
Fourier transform [12].The characteristics of multiresolution
(also called multiscale) can be used to observe signal grad-
ually from coarse to fine. The detection and observational
modes are favorable for detecting singularities of the signal
step by step. So, the wavelet theorem is also an ideal signal
time-frequency analysis and processing tools. Among them,
the most representative algorithm is the time series anomaly
detection method based on wavelet transform proposed in
[12].

Although the engineers and scholars have made a lot of
achievements in the field of the detection of anomaly spot,
the identifying and detection of abnormal data is still in its
infancy of research for the stacker of ASRS. The practice
application results show that there are still some problems in
themethods of safety supervisory of the stacker of ASRS.As is
known to all, the running performance of stacker is affected
by various factors such as running environment, structural
characteristics, and the optimal goal of the whole system.
Hence, how to implement the detection of the abnormal
points is the kernel problem of safety maintenance of stacker
in ASRS. At present, there are some research achievements
about the detection of a stacker’s running performance. But
the research is mainly focused on the structure analysis or
the design of the system, and few people have done their
researches from the perspective of abnormal point’s detection
[13]. In recent years, many new algorithms are presented and
proposed based on Internet, OPC, and the fault tree to analyze
the data set acquired and measured from the running state of
the stacker in [14]. In engineering application, the detecting
ability of the remote fault of stacker may meet the desired
purpose using the proposed algorithm presented in [15, 16].
Meanwhile, Kai Zhang and his coauthors have discussed and
analyzed the monitoring method based on the multimode
and multivariate statistics to monitor the running state of
stacker crane in [17, 18]. Experimental results show that the
anomaly detection method is effective.

However, because the running state of stacker is influ-
enced by the state of the stacker’s component, the scene
environment, the data acquisition equipment, and so on,
the data set acquired from the system will contain a lot of
noise. Obviously, the noise of data will reduce the accuracy of
abnormal point’s judgment. Therefore, deleting and cleaning
the noise from testing data is necessary to implement and
accomplish the monitoring of running state of whole stacker
system. To restrain the interferences of strong background
noise, Huang D.R. and his coauthors have constructed a
cooperated denoising algorithm for rolling bearing of stacker
in [19]. The simulation results have verified the effectiveness
of health monitoring of ASRS. Notice that, in the previous
scenario, the actual monitoring data obtained from the real
stacker is the aliasing vibration signal. So, how to accomplish
the separation of multivibration signal is a difficult problem
in vibration process. If themethod is reasonable, the detecting
accuracy of stacker’s running abnormal points will be greatly
improved.

Based on the analysis and the thesis above, to ensure the
effectiveness of the incomplete data processing of real system,
it is necessary to construct and design a cooperative anomaly
detection algorithm so that the abnormal spot can be detected
and located as quickly as possible in on-site industrial envi-
ronment. Notice that the timing of the real time data process
is vital in the industrial environment, and then the data signal
needs to be treated from coarse to fine as soon as possible.
On the basis, the Pulse Coupling Neural Network (PCNN)
presented in [20, 21] is introduced to denoise, because it
has the advantage that the industrial data process does not
depend onprecisemathematicsmodel.Meanwhile, due to the
fact that the wavelet transform may complete the itemization



Journal of Control Science and Engineering 3

of the data collection, it is introduced to construct and
establish the abnormal point detecting algorithm to locate the
stacker’s defect through the pure data processed by PCNN.

Hence, the rest of this paper will discuss the details of
the algorithm and thesis. The layout of the rest of the paper
is organized as follows: Section 2 will introduce the basic
concepts of PCNN and the modified PCNN is introduced
to construct the data denoising model. In Section 3, in
order to locate the anomaly points, the wavelet transform is
introduced as the anomaly detection and location algorithm.
Also, the cooperative anomaly judgment algorithm and rule
for anomaly detection will be discussed in detail combined
with modified PCNN and wavelet transform. In addition,
the algorithm flow chart is also drawn. Later, the contrast
experiments and numerical simulation to detect the abnor-
mal point of stacker running track are carried out to verify the
effect of the algorithm and rule using data provided by State
Grid Measuring Center of China. Finally, some conclusions
and the directions for future engineering application are
discussed according to the real stacker running track of ASRS
in industrial environment.

2. Improved PCNN Denoising Model
and Algorithm for Vibration Signals
of Stacker Running Track

In a real working condition, the actual vibration signals
measured from this system will be unavoidably affected by
many complicated environmental factors. Obviously, the data
package usually includes strong noises. So, to guarantee the
effectiveness of anomaly detection for stacker running track,
a reasonable data preprocessing procedure is very crucial
to eliminate the noises that are contained in the dataset. In
this context, constructing an effective denoising model and
algorithm to process the original signal is of great theoretical
and practical significance for the condition monitoring of the
stacker running track.

However, most industrial monitoring and control appli-
cations require high performance, timeliness, and reliability.
Then, most administrators and engineers hope to effectively
operate the system without knowing the accurate model.
Based on this thesis, the PCNN will be introduced later.
On this basis, an improved PCNN denoising model and
algorithm are analyzed and designed according to the actual
situation to ensure the timeliness and stability of the perfor-
mance of the stacker running track.

2.1. Basic �eory of PCNN. As we all know, PCNN is pre-
sented by Eckhorn based on the observed synchronous pulse
transmission after the experiments of the cerebral cortex of
the animals [22]. In fact, due to its scale invariance, rotation
invariance, intensity invariance, distortion invariant, and
other characteristics, PCNN is widely used in image smooth-
ing, image segmentation, image edge detection, image fusion,
optimal solution, and so on. Moreover, in theory, the PCNN
model has similar group neurons synchronization release
pulse characteristic and the accurate model is not needed to
parse the structure of dataset. Thus, the engineers not only

reveal the inherent ability of PCNN, but also explore the
application of PCNN in the signal denoising. So, the basic
concept of PCNN will be introduced in the next context.

According to [22], the PCNNmodel can be expressed by
the following equation:

𝐹𝑖𝑗 [𝑛] = 𝑒−𝜏𝐹𝑖𝑗𝐹𝑖𝑗 [𝑛 − 1] + 𝑉𝐹∑
𝑘,𝑙

𝑀𝑖𝑗𝑘𝑙𝑌𝑘𝑙 [𝑛 − 1] + 𝑆𝑖𝑗 (1)

𝐿 𝑖𝑗 [𝑛] = 𝑒−𝜏𝐿𝑖𝑗𝐿 𝑖𝑗 [𝑛 − 1] + 𝑉𝐿∑
𝑘,𝑙

𝑊𝑖𝑗𝑘𝑙𝑌𝑘𝑙 [𝑛 − 1] (2)

𝑈𝑖𝑗 [𝑛] = 𝐹𝑖𝑗 [𝑛] (1 + 𝛽𝐿 𝑖𝑗 [𝑛]) (3)

𝜃𝑖𝑗 [𝑛] = 𝑒−𝜏𝜃𝑖𝑗𝜃𝑖𝑗 [𝑛 − 1] + 𝑉𝜃𝑌𝑖𝑗 [𝑛 − 1] (4)

𝑌𝑖𝑗 [𝑛] = {{{
1 𝑈𝑖𝑗 [𝑛] > 𝜃𝑖𝑗 [𝑛]0 𝑈𝑖𝑗 [𝑛] ≤ 𝜃𝑖𝑗 [𝑛] (5)

where 𝐹𝑖𝑗[𝑛] denotes the 𝑛th feedback input for the (𝑖, 𝑗)
neuron; 𝑆𝑖𝑗, 𝑈𝑖𝑗, and 𝑌𝑖𝑗 represent the external stimulation,
internal behavior, and output of neuron 𝑁𝑖𝑗, respectively;𝐿 𝑖𝑗, 𝐹𝑖𝑗 are the two input channels for the link domain and
the feedback domain of the neuron 𝑁𝑖𝑗; 𝑀 and 𝑊 are the
connection weight coefficient matrix of feedback domain
and link domain; 𝜃𝑖𝑗 and 𝑉𝜃 are the output and threshold
amplification factor and the variable threshold function; 𝛽
denotes synaptic link coefficient; 𝜏𝐿, 𝜏𝐹, 𝜏𝜃 are the time
attenuation constants of link domain, feedback domain, and
variable threshold function, respectively.

From the perspective of simulation, the PCNN neu-
ron consists of three parts: receiving domain, modulation
domain, and pulse generation domain. In real application,
PCNN has the advantage that the data processing does not
depend on precise mathematics model. That is to say, in
the pretreatment of denoising, once the network interface of
PCNN receives the input signal, the receiving field transmits
it through two channels, 𝐹 and 𝐿. The impulse response
function of 𝐹 channel changes slowly with time compared to𝐿 channel.Themodulation part combines the signal 𝐿 𝑖𝑗 from
channel 𝐿 with an offset and multiplies the signal 𝐹𝑖𝑗 from
channel 𝐹 to generate the internal signal 𝑈𝑖𝑗. Then, 𝜃𝑖𝑗 and𝑈𝑖𝑗 will be compared to control the firing of signal neurons.
If 𝜃𝑖𝑗 > 𝑈𝑖𝑗, the neurons will be activated. Otherwise, the
neurons may be deleted from the structure of PCNN.

According to the link coefficient of 𝐿 channel and 𝐹
channel, PCNN can be divided into two cases: coupled
and uncoupled. When 𝛽 = 0, each neuron was separately
operated and unaffected by the pulse output of other neurons
around it. In addition, considering the friendly interface for
end users, the basic structure of PCNN is shown as Figure 1.

Obviously, the original dataset may be used to identify the
character of noises by training the PCNNnetwork. Of course,
the noise-polluted data may be cleaned through analyzing the
PCNN firing matrix and then the noises may also be filtered
from the original dataset. In general, the engineers may test
the abnormal point in a long data sequence to better locate
the defect of stacker running track.
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Figure 1: Basic structure of PCNNmodel diagram.

Unfortunately, although the basic structure of PCNN
can clean the real dataset mixed with noise, the complexity
of this topological structure can cause various issues that
negatively impacts the engineer’s operation play experience.
In real scenario of ASRS, the difficulty in condition moni-
toring is to ensure the timeliness of locating the abnormal
position of stacker running track. In particular, because the
running process of stacker is complex and changeable, the
original dataset signified the running state of the stacker
including lots of noise. From an operational perspective,
the traditional denoising method based on nominal model
may hardly achieve the expected denoising performance. So,
it is necessary to simplify network structure to meet the
actual demand and it is a nontrivial problem to construct an
improved denoising algorithm based on the existing PCNN
model to meet the actual needs.

2.2. Modified PCNN Denoising Model for Vibration Signals
of Stacker Running Track. In the industrial scenario, due
to very poor measurement environment, the quality of the
measurement signals may be affected by all kinds of factors.
Meanwhile, the influential factors are connected with each
other in vibration signals of stacker running track and they
also have indirect effects. How to solve the coupling relations
within the limits of real time control is very important to
denoise the original dataset. In fact, considering that the basic
topological structure of PCNN has the excessive parameters
and the implementation is more complicated, it is not widely
used in practice compared to the modified PCNN model.
For a handy operation or statistics, the modified uncoupled
model proposed in [21] is adopted to simplify the denoising
process.

According to [21], the simplified PCNN model can be
expressed by the following equation:

𝐹𝑖𝑗 [𝑛] = 𝑆𝑖𝑗 [𝑛] (6)

𝑌𝑖𝑗 [𝑛] = {{{
1 𝐹𝑖𝑗 [𝑛] > 𝜃𝑖𝑗 [𝑛]0 𝐹𝑖𝑗 [𝑛] ≤ 𝜃𝑖𝑗 [𝑛] (7)

𝜃𝑖𝑗 [𝑛] = {{{
𝑉𝜃 𝑌𝑖𝑗 [𝑛] = 1𝑒−𝜏𝜃𝜃𝑖𝑗 [𝑛 − 1] 𝑌𝑖𝑗 [𝑛] = 0 (8)

𝐵𝑖𝑗 [𝑛] = {{{
1 𝑌𝑖𝑗 [𝑛] = 10 𝑌𝑖𝑗 [𝑛] = 0 (9)

𝑇𝑖𝑗 [𝑛] = {{{
𝑛 𝑌𝑖𝑗 [𝑛] = 1𝑇𝑖𝑗 [𝑛 − 1] 𝑌𝑖𝑗 [𝑛] = 0 (10)

where 𝐹𝑖𝑗[𝑛] denotes the nth feedback input for the (𝑖, 𝑗)
neuron; 𝑆𝑖𝑗 denotes the external stimulation of neurons 𝑁𝑖𝑗;𝜏𝜃 denotes time attenuation constants of variable threshold
function.

In this model, the signal from the channel 𝐿 is not
accepted by 𝐹𝑖𝑗. As a result, 𝐹𝑖𝑗 is only affected by external
input. The 𝐵 matrix records whether the neuron fires at the
nth input. And when the neuron fires, it will be assigned a
larger threshold, so that it will not be fired again in a short
time. Conversely, the threshold of the neuron that is not fired
will decay over time.Therefore, the 𝑇matrix is used to record
the time when each neuron is firstly fired. The noise point in
the data can be filtered out by the value of 𝑇matrix.
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Figure 2: Modified PCNNmodel diagram.

Themodified topological structure of simplified PCNN is
shown as Figure 2.

Obviously, the modified model has advantages of less
parameters and simple implementation. In other words,
the simplified denoising system has operational simplicity
and high efficiency for the denoising processing of the raw
incoming data. For the sake of applying in industry, the
simplified denoising process is more applicable. Thus, we can
make use of the modified denoising model to denoise the
vibration signals of stacker running track and finally realize
the recognition of anomaly points.

3. Design and Analysis of Cooperative
Anomaly Detection Method and Algorithm
for Stacker Running Track of ASRS

In the above section, one valid dimensional data cleaning
model and framework was discussed and analyzed. Once the
original dataset measured from the track running system
was processed by the modified PCNN, the errors, noises,
or missing data that are contained in the dataset should be
eliminated and removed. That is to say, the output dataset
may be used to accurately locate the anomalous point for
the stacker running track of ASRS. Obviously, the key stage
of locating the abnormal defect of stacker running track is
to find a reasonable model. The engineering practice shows
that the energy of induction signal induced by the abnormal
point of the stacker running track concentrates on the high
frequency band. Of course, the fact has also provided a basis
for determining anomaly point of stacker running stacker.
Based on this, it is imperative to find a reasonable way to
decompose the output dataset of modified PCNN into two
parts: low frequency part and high frequency part.

Simultaneously, because the wavelet transform devel-
oping since 80’s of last century has specific property of
time-frequency localization, the method is especially fit for
analyzing and detecting local signal mutation for the stacker
running track of ASRS. Next step, the cooperative anomaly
detection model of stacker running track will be constructed
and analyzed based on wavelet transform.

3.1. Cooperative Anomaly Detection Method Based Wavelet
Transform. In our experiments, the main feature of signal
mutation is that the signal has local changes in time and
space. To guarantee the accuracy of locating and identifying
the defects of stacker running track, we have tried to design
and construct a cooperative detectionmethod combinedwith
wavelet theory. The principle of using wavelet transform to
detect the anomalous points is to decompose the signals

in different resolutions. When the signal is abrupt, the
coefficient gotten by the wavelet transform has a modulus
maximum value.Therefore, the location of the outliers can be
filtered out through the detection of the maximum modulus
point.

Without loss of generality, the basic principle of wavelet
transform is clearly defined: Suppose 𝜙(𝑡) ∈ 𝐿2(𝑅) is a
square integral function, if its Fourier transform satisfies the
following condition.

∫
R
|Ψ (𝜔)|2 |𝜔|−1 𝑑𝜔 < +∞ (11)

where 𝜓(𝜔) is wavelet transform of 𝜙(𝑡) and 𝜙(𝑡) is a
wavelet function or base wavelet.

In fact, when the output dataset of modified PCNN was
decomposed into high frequency and low frequency, the
key factor is to carry the expansion or contraction, and the
translation based on the base wavelet. If the expansion or
contraction factor is supposed as 𝑎 and the translation factor
is supposed as b, then the wavelet function can be rewritten
as follows.

𝜙𝑎,𝑏 (𝑡) = 𝑎−1/2𝜙(𝑡 − 𝑏𝑎 ) 𝑎 > 0, 𝑏 ∈ 𝑅 (12)

where 𝑎 denotes the scaling factor (or scale factor) and 𝑏 is
translation factor. And 𝜙𝑎,𝑏(𝑡) is wavelet base function which
is concerned with 𝑎 and 𝑏. It can be obtained by scaling or
moving the parent function 𝜙(𝑡).

So, for an arbitrary signal 𝑥(𝑡) ∈ 𝐿2(𝑅), the wavelet
transform can be expressed by the inner product of the signal
and wavelet base function𝑊𝑥 (𝑎, 𝑏) = ⟨𝑥, 𝜙𝑎,𝑏 (𝑡)⟩

= 𝑎−1/2 ∫
𝑅
𝑥 (𝑡) 𝜙𝑎,𝑏 (𝑡 − 𝑏𝑎 ) 𝑑𝑡 (13)

Notice that the actual measured signals indicating the
changes of the running state of the stacker running track are
discrete in the stacker running track in ASRS, and the wavelet
transform should be rewritten in a discrete form to treat the
output dataset provided by modified PCNN. In general, the
scaling factor 𝑎 and the translation factor 𝑏 are put as follows.

𝑎 = 2−𝑗,
𝑏 = 2−𝑗𝑘 (14)

Thus,𝑊𝑥(𝑎, 𝑏) became a discrete binary wavelet function as
follows. 𝜙𝑗,𝑘 = 2𝑗/2𝜙𝑗,𝑘 (2𝑗𝑡 − 𝑘) (15)

𝑊𝑥 (𝑗, 𝑘) = 2𝑗/2 ∫
𝑅
𝑥 (𝑡) 𝜙 (2−𝑗𝑡 − 𝑘) 𝑑𝑡 (16)

where 𝑗, 𝑘 ∈ 𝑍.
Then, the output dataset denoising by modified PCNN

may be decomposed into high frequency and low frequency
by the following formula.

𝑊𝑥 (𝑗, 𝑘) = ∞∑
𝑗,𝑘=−∞

𝑥 (𝑡) 𝜙𝑗,𝑘 (𝑡) (17)
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Figure 3: The wavelet decomposing process of output dataset.

Obviously, the wavelet series information may be used to
show the changes of the running state of the stacker track.
Moreover, to ensure that the energy of induction signal
induced by the abnormal point of the stacker running track
concentrates on the high frequency band, we have selected
the orthogonal wavelet transform to decompose the output
dataset into high frequency and low frequency. The basic
decomposing mode is defined as follows.

𝐶𝑗+1 = 𝐻 ∗ 𝐶𝑗
𝐷𝑗+1 = 𝐷 ∗ 𝐶𝑗 (18)

whereC is the high frequency part and𝐷 is the low frequency
part.

In our experiments, if the raw output signal 𝑥(𝑡) is
described as 𝐶0, the wavelet decomposing process may be
shown as Figure 3.

Obviously, according to the decomposing process in
Figure 3, the high frequency band of the dataset, which
indicates the energy of induction signal induced by the
abnormal point of the stacker running track, can be gotten.
To add extra flexibility, the high frequency band is described
as 𝐶𝑗 (𝑗 = 0, 1, ⋅ ⋅ ⋅ ).

In practical project, the low-frequency coefficients reflect
the contour of the original signal and the high-frequency
coefficients describe the details of the signal. In particular, the
singularity in the signals is often caused by a sudden change
in frequency domain. For the engineers in health monitoring
of stacker running state, it means that the high-frequency
coefficients of wavelet transform canhighlight singularity and
can be used for detection and localization of the defect of
the stacker running track. From the angle of engineering
application, the damage of stacker running track will cause
perturbations of measured signal at damage sites. Moreover,
the measurement dataset is an aggregate of the running
information, and the singularity of high frequencymay depict
the character of damage position on stacker running track.
In other words, the damage concussion will cause the signal
saltation. So, in practical engineering applications, it is very
important to design a reasonable judgment rule of anomaly
points.

To better locate the defects of stacker running track, the
Lipschitz index is used to describe and design the judgment
rule of singularity of the dataset. For the simplicity of analysis,
the corresponding concept of Lipschitz index was defined as
follows.

Definition 1. If there exists a constant 𝑐 > 0 and h, such that𝑓(𝑡) satisfies the following condition𝑓 (𝑡0 + ℎ) − 𝑓 (𝑡0) ≤ 𝑐 |ℎ|𝛼 (19)

thus, 𝛼 is the Lipschitz index of 𝑓(𝑡) at 𝑡 = 𝑡0. And then if𝛼 < 1, 𝑓(𝑡) is singular at 𝑡 = 𝑡0.
In general, the size of Lipschitz index is related to the

value of the singularity in actual project; i.e., the more
severe the degree of mutation, the steeper the peak of the
catastrophic point, and the smaller the singularity index,
and vice versa. Based on this thesis, we can define the local
singularity of high frequency signals decomposed by wavelet
transform as follows.

Definition 2. ∀𝑥 ∈ 𝛿𝑥0, if there exists a constant 𝐾 > 0 and
s, the wavelet function 𝜙(𝑥) is continuous and differentiable
and the wavelet transform has 𝑁 vanishing moment (𝑁 is a
positive integer); i.e., 𝑊𝑓 (𝑠, 𝑥) ≤ 𝐾𝑠𝛼 (20)

Thus, 𝛼 is the local singularity at 𝑥0.
Notice that wavelet transform is applied to vibration

signal analysis of stacker running track to detect the meshing
abnormality of track with local defects, and the amplitudes of
the vibration single will decrease or increase to some extent.
So, by Definition 1, once there exists 𝛼 < 1 at one point, the
engineers may judge that the position of the stacker running
track may be damaged. Thus, the judgment rule of anomaly
point is designed as follows.

Rule 1. ∀𝑥 ∈ 𝛿𝑥0, if the wavelet transform coefficient satisfies𝑊𝑓 (𝑠, 𝑥) ≤ 𝑊𝑓 (𝑥, 𝑥0) (21)

thus, 𝑥0 may be judged as the abnormal point of the stacker
running stack.

Notice that the mutation information of flaws may be
accumulated in running process of stacker’s track, and the
ability of a single high-frequency detail signal to reflect an
abnormal point has limitations to locate the defect to stacker
running track. To solve and overcome the problem, the
product of the high-frequency coefficient, which can amplify
the detail signal, is selected as the basis for the final judgment
of the abnormal point in our experiments. To satisfy the need
of engineering design, the accumulated information of track’s
flaws can be described by using the following formula.𝐶 = 𝐶𝑗 × 𝐶𝑗𝑛−1 × 𝐶𝑗𝑛−2 (22)

where 𝐶 is the product of high-frequency signal. 𝐶𝑗, 𝐶𝑗𝑛−1 ,𝐶𝑗𝑛−2 are the 𝑛-order, 𝑛 − 1-order, and 𝑛 − 2-order high-
frequency detail signals at the decomposition scale n, respec-
tively.

Then, the basic rule is shown as follows.

Rule 2. If a mutation appears in the product of the high-
frequency coefficient, it is an abnormal point.

Through the analysis and rules above, once the output
dataset processed by modified PCNN has been decomposed
into the low frequency and high frequency components of the
signals, the high frequency components can be used to detect
and locate the anomaly points of stacker running track.
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3.2. Design and Analysis of Cooperative Anomaly Detection
Algorithm Based on Modified PCNN and Wavelet Transform.
Based on the above analysis and discussion, combining with
the modified PCNN and wavelet transform, the cooperative
anomaly detection algorithm of the stacker running track
may be designed in detail as below.

Step 1. Normalize the data. Calculate the initial mean square
error and initialize the network parameters by (1)-(9).

Step 2. Use the normalized data as input data. End the loop
if matrix 𝐵 = 0. Get matrix T when the loop ends.

Step 3. The noise points are determined according to the
elements in the matrix, and then filter each data point.

Step 4. Calculate mean square error (MSE), and compare
it with the mean square error before, if the mean square
error is smaller than the mean square error before, back to
Step 2. Input data into that model to continue to reduce noise.
Otherwise, output the signal last time as the result.

Step 5. Select wavelet base function and determine the
number of layers of wavelet decomposition.

Step 6. The wavelet transform coefficients of each layer are
obtained by wavelet decomposition.

Step 7. Multiply the detail signal to amplify the mutation
signal.

Step 8. Obtain the location of the outliers according to the
location of the signal mutation.

The algorithm flow chart is shown as Figure 4.

4. Examples and Analysis

4.1. Simulation Examples

4.1.1. Simulation Results of Noise Reduction Effect of PCNN.
To verify the noise reduction effect of modified PCNN, the
simulation examples were first used to test the denoising abil-
ity of PCNN. In our simulation experiments, the sinusoidal
signal was selected and adopted as the input data to train and
test PCNN rule and the Gaussian white noise with a mean of
zero and a variance of 1 is added to the sinusoidal signal as the
experimental signal. The testing signal 𝑥(𝑡) was described as
follows.

𝑥 (𝑡) = sin (𝑡) + V (23)

where V is the Gaussian white noise, and V ∼ 𝑁(0, 1).
In actual imitative preparation, V, n, and 𝑡 were set up as

below, respectively.

V (𝑡) = 𝑛𝑜𝑟𝑚𝑟𝑛𝑑 (0, 0.1, 𝑛)
𝑡 = 0 : 0.1 : 100
𝑛 = 𝑙𝑒𝑛𝑔𝑡ℎ (sin (𝑡))

(24)

Input data

Normalize noise signal data, calculate

initialize network parameters.

Filter the data and calculate 

Output i -1th signal value

Y

N

Signal after denoise

Wavelet transform

Product of high 
frequency coefficients

Anomaly analysis

Output

Calculate T, B, set
initial value B=0

initial mean square error M0, and

mean square error Mi

Mi<Mi-1

Figure 4: Flow chart of the algorithm.

By training the neural network of PCNN, the denoising
results are shown as Figure 5.

Simultaneously, to explain the validity of PCNN denois-
ing algorithm, the wavelet threshold denoising algorithm was
used to compare with the presented algorithm in our sim-
ulation examples. The effect of wavelet threshold denoising
algorithm is shown as Figure 6.

Obviously, although the comparison results between Fig-
ures 5 and 6 indicate the differences of the different denoising
algorithm, the details of the differences are not obvious
and significant. So, we must have a valid index selected
to show the differences. To go through this process, the
signal-to-noise ratio (SNR) andminimummean square error
(MSE) were used to compare the advantages of proposed
denoising algorithm. The basic formulas were shown as
follows.

(1) Signal-to-Noise Ratio

𝑆𝑁𝑅 = 𝑆𝑡
V

(25)
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Figure 6: Wavelet threshold denoising results.

Table 1: Comparison of wavelet threshold denoising and PCNN
noise reduction.

Wavelet denoising PCNN denoising
SNR 15.15 16.47
MSE 0.37 0.36

(2) Mean Square Error

𝑀𝑆𝐸 = 1𝑛√
𝑛∑
𝑡=1

(𝑆𝑡 − 𝑆𝑡)2 (26)

where 𝑆𝑡 is denosing signal, 𝑆𝑡 is the original signal, and V
is the noise signal.

By (25) and (26), the corresponding comparison results
are shown in Table 1.

It can be seen in Table 1 that PCNN can retain the
characteristics of the original signal while getting good noise

reduction with higher SNR and lower MSE. So, it means that
the denoising effect of modified PCNN is better than wavelet
threshold denoising method.

4.1.2. Simulation Results of Anomaly Detection. In order to
further verify the validity of cooperative anomaly detection
method for singular point in signal dataset, a set of vibration
signal with abnormal points is selected to test the effect of
presented cooperative anomaly detection algorithm; i.e.,

𝑥 (𝑡) = {{{
sin (0.02𝜋𝑡) 0 ≤ 𝑡 ≤ 400
sin (0.2𝜋𝑡) 401 ≤ 𝑡 ≤ 600 (27)

In our simulation experiments, the simulation results are
shown as Figure 7.

In fact, it can be seen from the simulation results that
the sudden change of the signal appears at t=400 which can
be observed from detail coefficients clearly. That indicates
that the anomalies appear at t=400. It can be concluded that
the presented cooperative anomaly detection can mark the
location of the abnormal point of the vibration signal clearly.
On the other hand, after testing the function, the presented
cooperative algorithm may be applied to actual project.

4.2. Real Experiment Examples. Moreover, to further verify
the validity of the proposed algorithm, the actual stacking
machine vibration signal of ASRS, which has been developed
and applied in State Grid Measuring Center of China,
was selected to simulate the performance of the anomaly
detection algorithm. The prototype systems of the stackers of
State Grid Measuring Center of China is shown in Figure 8.

As can be seen in Figure 8, the main function is to grab,
move, and stack goods from one goods shift to another. In
actual project, the degree of unevenness of flaws (such as
rusts, crack, the concavo-convex fluctuation, or any welding
defects) will directly influence the safety and effectiveness
of whole ASRS. In real engineering, the test rig of stacker
running track is shown as Figure 9.

Figures 8 and 9 demonstrate that the crucial equipment
of ASRS is the stacker running track. And then the operation
track systems of the stacker contain the suspension trans-
porting system (i.e., upper track) and road tracks (i.e., lower
tracks). Thus, if outliers are presented and detected within
the dataset, the defects of the stacker running track may
be located and identified according to the precise geospatial
data.

In real application, the sampling time is from March to
April of 2018. The size of the sampling data source measured
from stacker running track is 7370. The data may contain
noise because of the interference of the site environment
and collecting data equipment and other reasons. To the
Management Department of State Grid Measuring Center
of China, the engineers especially want to find the anomaly
points and locate the defects of stacker running track from
the experimental data. If the engineers can do this, the whole
security of ASRS may be better ensured. So, the simulation
results between the original signal and compounded signal
with noise caused by the defects of stacker’s running track
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Figure 7: Simulation result of cooperative anomaly extraction.

Figure 8: Stackers in State Grid Measuring Center of China.

were simulated in ASRS. In order to verify the effectiveness
of the proposed model, wavelet transform and box-plot are
chosen to compare with the result of PCNN-wavelet model.
The results were shown as Figure 10.

Figure 9: Basic structure of stacker running track.

As seen from Figure 10(a), due to the interference
of noise points, it is impossible to accurately judge the
abnormal points of the stacker by using only the wavelet
transform. As can be seen from Figure 10(b), the abnormal
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Figure 10: Comparison of abnormal point detection of three methods.

point determination interval is 1m-3.6m, 5.4m-6.4m, 11.8m-
13.2m, 14.8m-16.1m, and 22.3m-23.2m. Correspondingly, the
anomaly extensions may be at 1.5m-2.0m, 6.7m-7.6m, 10m,
17.8m, 20m, and 22.4mby the judgement rules in Figure 10(c).
The results can be shown as Table 2.

Obviously, after the noise reduction of the input signal,
the location of the abrupt change in the vibration signal
may be depicted and described accurately by PCNN-wavelet.
To ensure the operability in real engineering practice, some
actual damage scenes of stacker running track were used to
verify the effect of the presented algorithm. For instance, the
actual testing and detecting sample photos at 1.5m, 7.2m, and
18m are shown in Figure 11, respectively.

In addition, there are rail welds at 10m, 20m, and 22m,
respectively.

From the experimental simulation results and the actual
situation verification, although the box diagram can roughly
locate the abnormal point interval, the PCNN-wavelet is
more accurate and closer to the actual situation. In Fig-
ure 10(c), the simulative curve appears to be changed
suddenly in these places. In other words, the cooperative

Table 2: Comparison of abnormal point detection results.

Wavelet Box-plot PCNN-wavelet\ 1m-3.6m 1.5m-2.0m\ 5.4m-6.4m 6.7m-7.6m\ 11.8m-13.2m 10m\ 14.8m-16.1m 17.8m\ \ 20m\ 22.3m-23.2m 22.4m

anomaly detection method presented in this paper is effec-
tive.

In fact, the emergence of data mutation points may be
caused by the depressions, cracks, and deformation at the
interface in the tracks. On the other hand, the response infor-
mation of the damage position may be developed to make
different damage positions in different information range.
And the administrators of the industrial system may locate
damage positions according to numerical characteristics in
the damage unit. Furtherly, the relevant departments may
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(a) Depression of lower track at 1.5m (b) Cracks appearing on upper track at 7.2m

(c) Interface deformation on upper track at 18m

Figure 11: Testing and detecting sample photos from scene.

design the good maintenance strategies according to the
monitoring curves.That means our algorithm may be applied
to the real project.

5. Conclusion

In this paper, a cooperative anomaly detection method for
the stacker running track in the industrial environment is
presented, which is based on PCNN and wavelet transform.
Firstly, the data denoising model is built based on PCNN.
Then, the data is detected by wavelet transform. Finally, the
rationality and validity of the proposedmethod are verified by
example analysis and simulation. Themain conclusions are as
follows:(1) In ASRS, under the influence of complex industrial
environment, the data collected by the sensors will inevitably
be interfered by noise, which will bring difficulties in data
analysis. Simulation and real experiment examples prove that
PCNN performs well in noise reduction. Moreover, it can
eliminate noise interference as well as retain the original
signal characteristics.(2) After getting clean data, the wavelet transform can
effectively locate the location of the abnormal point and has
good applicability.

(3)After using PCNN to eliminate noise, the interference
of noise-to-signal data is reduced, which is more conducive
to the detection of signal data anomaly spot by wavelet trans-
form. Through the comparison of the field and experimental
data, it is shown that using PCNN and wavelet transform can
realize the detection of the orbital anomaly spot of stacking
machine.
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In this paper, a methodology for improving vehicle-level radiated electromagnetic interference (EMI) in electric vehicle
(EV) is proposed. This methodology predicts vehicle-level radiated EMI by using the multiport network theory, based on
analyzing the contribution from each electronic component to find out the main EMI source. To validate its effectiveness, the
proposed methodology is applied in an actual EV for low-frequency radiated emissions. Simulation in a commercially available
electromagnetics software andmeasurement in the EV are combined to predict the vehicle-level emissions, and then the electronic
component with the greatest EMI that causes failure to meet the EMC standard is identified. After improving this component,
the vehicle-level radiated emission is reduced to comply with the EMC standard, proving that the presented numerical method is
effective. The proposed methodology can also be used in other EMC issues, regardless of the amount of interference sources and
sensitive equipment.

1. Introduction

In recent years, the problems of environmental pollution
and energy crisis have aroused global concern. Compared to
internal combustion engine vehicles, electric vehicles (EVs)
have been rapidly developed because of such advantages
as no pollution, no direct emission, and using renewable
energy sources. However, high-voltage and current levels in
EVs bring much more serious vehicle-level electromagnetic
emission problems especially at low frequencies [1]. The elec-
tric traction system in EV is the source of high-voltage and
high-current electromagnetic interference (EMI). It mainly
consists of a high-voltage battery, a power distribution unit
(PDU), a drive inverter, a direct-current/direct-current con-
verter (DC/DC), an electric motor, and cables connecting the
aforementioned components. The usage of power electronic
devices in the drive inverter and the DC/DC causes large
amounts of EMI because of high frequency switching [2].
Moreover, the cables connecting the components in the
electric traction system carry the EMI and serve as the

transmitting antenna to radiate the EMI to the environment
[3].

To avoid disturbing other equipment, the EMI generated
by EV is restricted to a certain level. EVs are obliged to
pass such standards as CISPR 12 and J551-5 before they are
put on the market. The former is for the high frequency
band and the latter is for the low-frequency band [4]. The
compliance of EV to these standards only can be verified at
a very late stage in the vehicle development process, because
the electromagnetic compatibility (EMC) is greatly affected
by the design changes in electronic/electrical components,
electrical systems, and metal structures. The EMC problem
discovered lately requires more time and cost to resolve.
Moreover, when an EMC problem is found, it is difficult and
time consuming to identify the actual source of EMI because(1) there aremany sources causing radiated EMI in EV; (2) the
parasitic parameters among structures cause many hidden
transmission paths or antennas radiating/transmitting EMI.
Compared to the experimental tests, the prediction technique
using numerical simulation is an effective way to analyze and

Hindawi
Journal of Control Science and Engineering
Volume 2018, Article ID 5956973, 8 pages
https://doi.org/10.1155/2018/5956973

http://orcid.org/0000-0002-3136-1410
http://orcid.org/0000-0002-5164-9753
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/5956973


2 Journal of Control Science and Engineering

improve the EMC of EV. Benefitting from the development
of computer technologies and numerical solution algorithms
for three-dimensional electromagnetic fieldwith the coupling
of cables, some commercial software packages for analysis of
EMC have been presented, such as FEKO, CST Studio, and
EMC Studio.

To improve low-frequency radiated emission in EV, auto-
motive manufacturers usually troubleshoot the component
with the greatest EMI and then improve the component-level
EMC. Therefore, the present efforts in the literature on the
improvement of radiated emission focus on component-level
EMC. Di Piazza et al. developed a novel common-mode EMI
active filter for automotive motor drives to mitigate the leak-
age high frequency common-mode currents, so as to reduce
the radiated EMI [5].Marczok et al. reworked the interference
mechanisms of spark plugs and then improved its EMI
properties so as to improve vehicle-level EMC [6]. Chun et
al. proposed several solutions of switching noise reduction
of DC/DC converter in HEV and EV for improvement of
vehicle-level EMC [7]. These aforementioned works improve
radiated emission through reduction of component-level
emissions without consideration of the relationship between
vehicle-level EMC and component-level EMC, so the degree
of improvement is difficult to control. Numerical methods
are efficient tools to analyze vehicle-level EMC issues. For
analysis of vehicle-level radiated EMC issues using numerical
methods, one widely used method is to establish the transfer
function between EMI and the conducted interference cur-
rent, which ismeasured in component test platforms or actual
vehicles. Ala et al. predicted the radiated EMI generated by
a 42V/14V DC/DC step-down converter [8]. The transfer
function from the time-domain interference current to the
near electromagnetic field strength was calculated by finite-
difference time-domain method. Chen et al. also anticipated
the vehicle-level radiated EMI by characterizing the transfer
function between the interference current carried in wire
harnesses and the voltage at receiving antenna terminal [9].
Zeng et al. established the vehicle-level simulation model by
using a three-dimensional electromagnetic analysis software
package to calculate the conversion factor from the conductor
current at the outputs of inverter to the voltage of antenna
terminal [10]. Dong et al. obtained the coefficient between
the electric field strength and the conducted current by
analyzing the generation mechanism of radiated emissions
[11]. Summing up the aforementioned studies, the transfer
function should be obtained under the condition which is the
same as the actual one, because the transfer function is greatly
influenced by the impedance of source and victim.This poses
great restrictions on its application in practice.

To improve the low-frequency radiated emission in an EV
with less number of experiments and cost, a new numerical
analysis method is presented to find out the main source,
which has the following advantages: (a) the vehicle-level
model of EMI is described by algebraic equations in fre-
quency domain, by which the cost of computation is reduced;
(b) the interactions of impedance among sources, paths, and
victims are decoupled to integrate more approaches to set
up the vehicle-level model of EMI; (c) it can be applied at
the whole vehicle development stage by integrating different

modeling approaches, test data, etc. This paper is organized
as follows. Section 2 describes the studied EMC problem.
Section 3 introduces the proposed numerical method used
to model and analyze the problem. The application effect of
this methodology on an EV is shown in Section 4. Finally,
Section 5 concludes the paper.

2. Problem Description

SAE J551-5 limits the level of magnetic and electric emissions
level from EVs over the frequency range from 150 kHz to 30
MHz. Figure 1 shows the test results of a four-seat sedan EV
according to SAE J551-5. From Figure 1(b), it is found that the
margin is sufficient at the low-frequency range, whereas it is
narrow at the relative high frequency range and the magnetic
field exceeds the limit about 10 dB𝜇A/m at 13.8 MHz.

Vehicle-level EMC is affected by many factors, among
which the performance of components is very important.
Furthermore, at this stage, compared with redesigning the
electrical systems or arranging the components, it costs less
to improve the component-level EMC. Automotive manu-
facturers usually attempt to find out the component with
the greatest EMI by experimental tests. The widely used
way of troubleshooting is to do standard tests after turning
off different suspected electronic/electrical components, until
the vehicle-level EMC gets better. Troubleshooting with this
method costs more than the standard EMC test due to the
high cost of long-hours EMC test facility and the need for
hours of testing. Additionally, this troubleshooting method
cannot quantify the contribution of the components which
cannot be turned off during the experimental test, such as the
motor and motor controller of an EV.

To improve the vehicle-level radiated emission more
efficiently, a numerical method will be introduced to model
and find out the main emission sources in the EV. This
methodology combines numerical simulation using electro-
magnetic software and experimental modeling approaches to
predict vehicle-level radiated EMI and analyze the contri-
bution from each electronic/electrical component. In other
words, the greatest source of radiated EMI can be found by
this numerical method without multiple experimental tests.

3. Radiated EMI Modeling

The low-frequency radiated emission is mainly caused by
high-voltage cables which carry common-mode conducted
interference current. To improve the vehicle-level radiated
EMI by numerical method, amathematical model to describe
the EMC problem should be obtained first. Considering the
fact that the electrically small component can be equivalent
to a circuit, which is more effective to be solved numerically,
a new strategy to model the EMC problem is presented
as shown in Figure 2. The electronic/electrical components,
transmission paths, and the measuring instruments consti-
tute a multiport network system, in which each electrically
small component ormeasuring instrument acts as a terminal.
The electrically large parts including high-voltage cables,
vehicle body, and other large structures are considered as
a network which serves as a black box to describe the
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Figure 1: Experimental test of J551-5: (a) test setup; (b) test results.

transmission paths. The characteristics of the network can
be calculated by existing commercial software or measured
by network analyzer. Each terminal is characterized by
Thevenin's equivalent circuit, whose circuit parameters can
be measured in the EV.

The vehicle-level radiated emission is evaluated by the
electromagnetic field strength measured by an antenna. Port
1 in Figure 2 denotes the measuring antenna while others
(Indexed by 𝑖 = 2, ⋅ ⋅ ⋅ ) denote the on-board electronic com-
ponents.TheirThevenin's equivalent circuits are described by
the equivalent voltage source 𝑉𝑆,𝑖 and Thevenin impedance𝑍𝑆,𝑖. The port voltage and current are denoted by 𝑈𝑖 and 𝐼𝑖,
respectively. Note that the equivalent voltage sources of the
devices without electromagnetic interference, including the
measuring antenna, are equal to zero.

The open-circuit impedance parameter called Z-
parameter is used to characterize the electromagnetic
coupling relationship among the ports:

[[[[[[
[

𝑈1𝑈2...
𝑈𝑛

]]]]]]
]
=
[[[[[[
[

𝑍11 𝑍12 ⋅ ⋅ ⋅ 𝑍1𝑛𝑍21 𝑍22 ⋅ ⋅ ⋅ 𝑍2𝑛... ... d
...

𝑍𝑛1 𝑍𝑛2 ⋅ ⋅ ⋅ 𝑍𝑛𝑛

]]]]]]
]

[[[[[[
[

𝐼1𝐼2...
𝐼𝑛

]]]]]]
]

(1)

The vehicle-level emission is measured by the terminal
voltage of the measuring antenna, and to distinguish the
port of antenna from other on-board electronic/electrical
components, (1) is rewritten using subscripts ant and ele:

[𝑈𝑎𝑛𝑡
U𝑒𝑙𝑒
] = [𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 Z𝑎𝑛𝑡−𝑒𝑙𝑒

Z𝑒𝑙𝑒−𝑎𝑛𝑡 Z𝑒𝑙𝑒−𝑒𝑙𝑒
][𝐼𝑎𝑛𝑡

I𝑒𝑙𝑒
] (2)

Combining all Thevenin's equivalent circuits of the terminals
together yields

[𝑈𝑎𝑛𝑡
U𝑒𝑙𝑒
] = [𝑉𝑆,𝑎𝑛𝑡

V𝑆,𝑒𝑙𝑒
] − [𝑍𝑆,𝑎𝑛𝑡

Z𝑆,𝑒𝑙𝑒
][𝐼𝑎𝑛𝑡

I𝑒𝑙𝑒
] (3)
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Figure 2: Model for pre-vehicle-level radiated EMI.

where 𝑉𝑆,𝑎𝑛𝑡 = 0 and 𝑍𝑆,𝑎𝑛𝑡 = 𝑍𝑆,1 are the equivalent voltage
source and output impedances of measuring antenna. And
V𝑆,𝑒𝑙𝑒 = [𝑉𝑆,2, ⋅ ⋅ ⋅ , 𝑉𝑆,𝑛]T and Z𝑆,𝑒𝑙𝑒 = diag(𝑍𝑆,2, ⋅ ⋅ ⋅ , 𝑍𝑆,𝑛)
denote the equivalent voltage sources and output impedances
of the on-board electronic components connected to the
ports. Equations (2) and (3), respectively, describe the elec-
tromagnetic coupling relationship between themultiple ports
and the equivalent characteristics of on-board electronic
components.

Based on (2) and (3), the voltages at each port can be
derived by

[𝑈𝑎𝑛𝑡
U𝑒𝑙𝑒
]

= [𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 Z𝑎𝑛𝑡−𝑒𝑙𝑒
Z𝑒𝑙𝑒−𝑎𝑛𝑡 Z𝑒𝑙𝑒−𝑒𝑙𝑒

]

∙ [𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 + 𝑍𝑆,𝑎𝑛𝑡 Z𝑎𝑛𝑡−𝑒𝑙𝑒
Z𝑒𝑙𝑒−𝑎𝑛𝑡 Z𝑒𝑙𝑒−𝑒𝑙𝑒 + Z𝑆,𝑒𝑙𝑒]

−1

[𝑉𝑆,𝑎𝑛𝑡
V𝑆,𝑒𝑙𝑒
]

(4)
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Figure 3: Multiport network of the EV.

Substituting the condition that 𝑉𝑆,𝑎𝑛𝑡 = 0 to (4), the terminal
voltage of measuring antenna is

𝑈𝑎𝑛𝑡 = 𝑍𝑆,𝑎𝑛𝑡Z𝑎𝑛𝑡−𝑒𝑙𝑒𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 + 𝑍𝑆,𝑎𝑛𝑡 (Z𝑆,𝑒𝑙𝑒 + Z𝑒𝑙𝑒−𝑒𝑙𝑒

− Z𝑒𝑙𝑒−𝑎𝑛𝑡Z𝑎𝑛𝑡−𝑒𝑙𝑒𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 + 𝑍𝑆,𝑎𝑛𝑡)
−1 ∙ V𝑆,𝑒𝑙𝑒

(5)

The conversion characteristics of measuring antenna are
known in advance. The electromagnetic field strength at the
specified position can be calculated by

|𝐸| = 𝑈𝑎𝑛𝑡 ∙ 𝐴𝐹𝐸
or |𝐻| = 𝑈𝑎𝑛𝑡 ∙ 𝐴𝐹𝐻 (6)

where |𝐻| and |𝐸| denote the electric and magnetic field
strength, respectively. 𝐴𝐹𝐸 and 𝐴𝐹𝐻 are the electric antenna
factor and magnetic antenna factor, respectively. From (5)
and (6), the electromagnetic field strength, which measures
the vehicle-level radiated EMI, can be figured out by three
parts: Z-parameter of the entire network, the characteristics
of electronic components, andmeasuring antenna.The above
three parts can be obtained independently.

4. Prediction Model Validation

In this section, the predictive model is validated by applying
it to predict the vehicle-level radiated EMI of the studied
sedan EV. Figure 3 shows its equivalent multiport network
for EMI prediction, which is a 10-port network. The main
components relating to EMI emission are determined from
the previous standard and troubleshooting test results. Note
that it is concluded from the previous results that the low-
frequency radiated EMI originates from the power electronic
devices in the drive inverter and the DC/DC, so, in Figure 3,
P2, P4, and P7 act as interference source.

4.1. Modeling of Port Coupling. As described in Section 3, Z-
parameter is used to characterize the port coupling of the
10-port network. However, at the high frequency range, S-
parameter representation is more precise and easily obtained.

In this paper, the S-parameter of the network is calculated
by using FEKO, which is a commercial software package
for numerical solving of three-dimensional electromagnetic
field.

CAE preprocessing is necessary for EM simulation. It is
widely accepted that the larger the EM energy is, the more
detailed the EM model needs to be. Because the EMI source
comes from drive inverter and the DC/DC and they are
located at engine cabin, the EM energy mostly concentrates
on engine cabin. In addition, the minor EM energy comes
into the vehicle body because of the shielding effect of
segregation board. So the EM model of engine cabin is
detailed whereas the vehicle body can be highly simplified.
The result of CAE preprocessing is shown in Figure 4(a).
Figure 4(b) shows the calculation model in FEKO, which
includes the main parts of EV and the measuring antenna
arranged in the position required by SAE J551-5.

After calculating the S-parameter of the network, the
required Z-parameter can be calculated by [9].

[𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 Z𝑎𝑛𝑡−𝑒𝑙𝑒
Z𝑒𝑙𝑒−𝑎𝑛𝑡 Z𝑒𝑙𝑒−𝑒𝑙𝑒

]

= 𝑍0 ([1 E𝑒𝑙𝑒
] − [𝑆𝑎𝑛𝑡−𝑎𝑛𝑡 S𝑎𝑛𝑡−𝑒𝑙𝑒

S𝑒𝑙𝑒−𝑎𝑛𝑡 S𝑒𝑙𝑒−𝑒𝑙𝑒
])
−1

⋅ ([1
E𝑒𝑙𝑒
] + [𝑆𝑎𝑛𝑡−𝑎𝑛𝑡 S𝑎𝑛𝑡−𝑒𝑙𝑒

S𝑒𝑙𝑒−𝑎𝑛𝑡 S𝑒𝑙𝑒−𝑒𝑙𝑒
])

(7)

where𝑍0 denotes port reference impedance when calculating
the S-parameter, which is usually set to 50Ω. AndE𝑒𝑙𝑒 denotes
the 9 × 9 identity matrix. Furthermore each part of 𝑍-
parameter can be obtained:

𝑍𝑎𝑛𝑡−𝑎𝑛𝑡 = 𝑍0 1 + 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡 + 2𝑍0
∙ S𝑎𝑛𝑡−𝑒𝑙𝑒 [(1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡) (E𝑒𝑙𝑒 − S𝑒𝑙𝑒−𝑒𝑙𝑒)
− S𝑒𝑙𝑒−𝑎𝑛𝑡S𝑎𝑛𝑡−𝑒𝑙𝑒]−1 ∙ S𝑒𝑙𝑒−𝑎𝑛𝑡

Z𝑎𝑛𝑡−𝑒𝑙𝑒 = 2𝑍0 ∙ S𝑎𝑛𝑡−𝑒𝑙𝑒 [(1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡) (E𝑒𝑙𝑒 − S𝑒𝑙𝑒−𝑒𝑙𝑒)
− S𝑒𝑙𝑒−𝑎𝑛𝑡S𝑎𝑛𝑡−𝑒𝑙𝑒]−1
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Figure 4: Simulation model: (a) CAE preprocessing result; (b) EM model in FEKO.
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Figure 5: Network parameters: (a) S-parameter; (b) Z-parameter.

Z𝑒𝑙𝑒−𝑎𝑛𝑡 = 2𝑍0 [(1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡) (E𝑒𝑙𝑒 − S𝑒𝑙𝑒−𝑒𝑙𝑒)
− S𝑒𝑙𝑒−𝑎𝑛𝑡S𝑎𝑛𝑡−𝑒𝑙𝑒]−1 ∙ S𝑒𝑙𝑒−𝑎𝑛𝑡

Z𝑒𝑙𝑒−𝑒𝑙𝑒 = 𝑍0 [(1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡) (E𝑒𝑙𝑒 − S𝑒𝑙𝑒−𝑒𝑙𝑒)
− S𝑒𝑙𝑒−𝑎𝑛𝑡S𝑎𝑛𝑡−𝑒𝑙𝑒]−1 ∙ [(1 − 𝑆𝑎𝑛𝑡−𝑎𝑛𝑡) (E𝑒𝑙𝑒 + S𝑒𝑙𝑒−𝑒𝑙𝑒)
+ S𝑒𝑙𝑒−𝑎𝑛𝑡S𝑎𝑛𝑡−𝑒𝑙𝑒]

(8)
Equation (8) is essentially the conversion formula from

S-parameter to Z-parameter for vehicle-level radiated EMI
prediction. Figure 5 shows the S-parameter and Z-parameter
curves which describe the relationship between the measur-
ing antenna (Port 1) and some of the component ports (Port
2 to 5) as an example.

4.2. Equivalent Model of Components. The parameters of
Thevenin's equivalent circuits for electronic/electrical com-
ponents are measured in the actual EV, which is explained
in Figure 6. Note that it is concluded from previous results

IC,i

ZS,i

VS,i

ZL,i

Thevenin's equivalent circuit

Load

Figure 6: Measuring of electronic components.

that the radiated EMI is mainly caused by common-mode
interferences. And so the positive and negative lines are
equivalent to one.
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Figure 7: Thevenin's equivalent circuit parameters: (a) Thevenin impedance; (b) equivalent interference voltage.
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Figure 8: Predicted and measured EMI: (a) magnetic field; (b) electric field.

According to Figure 6, the parameters of Thevenin's
equivalent circuit and the external load are formulated by

𝑉𝑆,𝑖 = 𝐼𝐶,𝑖 ∙ (𝑍𝑆,𝑖 + 𝑍𝐿,𝑖) (9)

where 𝐼𝐶,𝑖 is the common-mode interference current,𝑉𝑆,𝑖 and𝑍𝑆,𝑖 are the parameters of Thevenin's equivalent circuit, and𝑍𝐿,𝑖 is the load impedance relative to ground.The interference
current and impedance can be measured by a current clamp
and a network analyzer, respectively. For the demonstration
purpose, Figure 7 shows the output impedances and equiva-
lent interference voltages of ports 2 to 5.

4.3. Prediction Results and Analysis. With the derived param-
eters of the coupling characteristic between ports and
Thevenin's equivalent circuit for components, the voltage at
the measuring antenna terminal is calculated by (5). Fur-
thermore, after calibrating the antenna property in FEKO, the

radiated EMI is obtained using (6), which is compared with
the measurement results as shown in Figure 8. The trend of
the predicted and measured results agrees with each other.
Moreover, the peak point of magnetic field at around 18.83
MHz, which exceeds the limit, is predicted precisely. In the
frequency range 0.3 kHz-8 MHz of the magnetic field, the
predicted EMI is much smaller than the measured value on
the whole. Comparing the measured value with the noise
floor of EMC laboratory, we find that in the inaccurate
frequency range the antenna only measures the noise floor,
which implies that the emission generated by EV is much
smaller.

5. Main EMI Analysis and Improvement

For the EV failing the requirements of SAE J551-5, a
numerical model has been set up to predict its radiated
low-frequency EMI and validated by comparison with the
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Figure 10: Test result after improvement: (a) magnetic field; (b) electric field.

measurement results. Instead of identifying the main source
of EMI by expensive experimental testing, this predictive
model is used to analyze the contribution to vehicle-level
radiated EMI from each electronic component. Equation
(5) shows that the vehicle-level radiated EMI is a sum
of the induced interferences from every source. Then the
generated interference magnetic field of each component
can be derived, which is shown in Figure 9. Note that
only the three maximum EMI sources are plotted to show
clearly.

It is found that at the lower frequency range the greatest
EMI is the drive inverter, whereas the EMI generated by the
DC/DC is much higher than others especially at around the
frequency where the EMI exceeds the limit. Therefore, this
predictivemodel indicates that theDC/DC is themain source
leading to excess vehicle-level magnetic field emission.

Although the radiated emission are also influenced by
the coupling paths, from the standpoint of automotive
enterprises, the easiest way is to improve EMC of the
DC/DC converter because the vehicle may be required to
be rearranged to reduce the coupling between components.
This is because S-parameter and Z-parameter are affected by
many factors like the structure of vehicle body, the layout of

cables, and so on, and it is difficult to control the variation
of them. Note that improvement of EMC is at the last stage
of vehicle development process, so we should consider the
easiestmethod first. If it failed, redesigning the electric system
or vehicle body is the last resort.

After redesigning the DC/DC, the new test results of
vehicle-level low-frequency emission according to SAE J551-5
are shown in Figure 10, which show that the EV can pass SAE
J551-5. This implies that the troubleshooting result obtained
by the presented numerical method is correct and effective.
Compared with the original experimental method, the cost
of both time and money is greatly reduced.

6. Conclusion

This paper proposes a methodology for improving vehicle-
level radiated emission by numerical analysis.Thismethodol-
ogy combines both simulation in electromagnetic numerical
solving software and measurement in actual vehicle to pre-
dict the vehicle-level radiated emission. Then this model is
applied to find out the main EMI source. The experimental
application results show that the radiated emission of the EV
is improved successfully with reduced cost.
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This methodology can be used not only in the improve-
ment of vehicle-level radiated EMI, but also in other kinds of
EMC issues, which can be equivalent to a multiport network.
However, there are some open problems that need to be
further studied:(1) The characteristics of electronic/electrical compo-
nents may vary with working conditions. Theoretically, the
parameters of the equivalent circuit should be obtained under
the condition, which is the same with the studied EMC
problem.(2) The transmission path of the presented application
is approximated to be linear. How to model and solve the
nonlinear interactions is to be studied.

Data Availability

Wecan provide the following data in the article: (1) the exper-
imental test results of the original studied vehicle according
to J551-5; (2) the data used to predict the low-frequency EMI
including tested impedance data of components, the more
common interference current of the EMI source port, the S-
parameters of the equivalent network calculated by FEKO,
and the factors of measuring antennas; (3) the experimental
test results of the improved vehicle whose DC/DC is mod-
ified. The data are available from the corresponding author
upon request. Unfortunately, we cannot provide the original
FEKO project used to calculate the S-parameters, because it
includes the vehicle model belonging to some OEM.
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This paper examines the problem of designing a robust𝐻∞ output-feedback yaw controller with both input and output constraints
for four-wheel independently driven in-wheel electric vehicles (EVs)with differential steering. Specifically, the controller aims are to
ensure the stability and improve the performance of the EV despite variations in the road adhesion coefficient, longitudinal velocity,
and external disturbance. Based on the linear matrix inequalities approach, sufficient conditions for the existence of an𝐻∞ output-
feedback controller for linear systems with polytopic uncertainties, and input and control output constraints, are derived. Then
those sufficient conditions are utilized to design an 𝐻∞ output-feedback yaw controller that guarantees the robust performance
and stability of an EV over a wider range of road conditions. Finally, the capability of the developed controller is simulated on a
vehicle model with uncertain road conditions and longitudinal velocities.

1. Introduction

Active vehicle control (AVC) is a system that continuously
observes the vehicle’s dynamic responses and implements a
corrective control action when necessary to improve drivabil-
ity and stability of the vehicle. These subtle corrective actions
can be a blend of regulating the steering angle and optimizing
the transmitted tyre forces to the road [1–4]. Examples of
AVC systems are active four-wheel steering (4WS), direct yaw
moment control (DYC), active roll-over protection, anti-lock
brake system (ABS), electronic stability control (ESC), active
front-wheel steering (AFS), and active suspension system
[2, 5]. The main aim of AVC is to improve vehicle safety,
vehicle handling, and ride comfort and reduce the driving
stress on poor road conditions.

In recent years, studies addressing active yaw moment
control for physically steerable wheels to maintain the vehicle
stability are enormous. In [4], stability control strategies of
the vehicle via DYC are studied. Braking forces and traction
controls are used to establish the stability threshold of the
vehicle. Similarly, robust controller design [6–9] and optimal

distribution of tyre forces [10–13] have been developed for
steerable wheels. However, there are currently no studies, as
far as we know, addressing the robust control of EVs without
physically steerable wheels.

Vehicles are subject to uncertainties such as the crosswind
disturbances, payload, vehicle’s longitudinal velocity, and,
most importantly, friction differences in the tyre-ground
interaction among many other factors. Several authors have
adopted robust controller design for yaw stability control in
an independently driven electric vehicle. In [14], a𝜇-synthesis
robust controller design improves the yawmotion and chassis
sideslip. In a similar study, in [15], the authors designed a
controller with the aim of achieving both a neutral steer and
a reduction in the sideslip of a four-wheel EV. These studies
do not consider the tire force saturation.

In [16, 17], the authors consider the tire force satura-
tion, parametric uncertainties, and external disturbances in
solving the lateral-plane motion and yaw stability prob-
lem of an independently driven electric vehicle. Reference
[18] investigated an active steering failure mechanism in a
differential assisted steering for an autonomous system. The
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Figure 1: Differential Speed Steer EV maneuvering a curve.

authors consider the tyre force saturation and the use of a
robust multiple-disturbances observer-based controller for a
path following control.

In [19], a dynamic output-feedback controller is designed
to realize a differential speed steering control strategy.
However, in the previous design, the controller design was
performed by linearizing the vehicle under a single operating
condition tested for robustness. As one knows, the vehicle
needs to operate over a wide range of guaranteed operating
conditions, especially at different vehicle speed and road
conditions. Based on the LMI approach, this paper designs
a robust 𝐻∞ dynamic output-feedback controller for four-
wheel independently driven electric vehicles (FWIDEV)
under bounded uncertainties and external environmental
disturbance. The bounded uncertainties under consideration
are the road coefficients of friction, vehicle’s longitudinal
speed, and the presence of lateral wind disturbances.

The main contributions of this paper are (1) the deriva-
tion of sufficient conditions for the existence of an 𝐻∞
output-feedback controller for linear systems with polytopic
uncertainties regarding input and output constraints and(2) the design of an 𝐻∞ robust yaw controller that can
achieve both robust stability and performance for EVs in the
presence of uncertainties considering both input and output
constraints.

The rest of the paper is organized as follows. Section 2
provides the mathematical model and the uncertain linear
system of a four-wheel independently driven in-wheel elec-
tric vehicle. Section 3 presents the control problem and the
robust controller design. Simulation results and discussion

are given in Section 4. Concluding remarks are given in
Section 5.

2. Modelling of a Four-Wheel Independently
Driven In-Wheel Electric Vehicle

The four-wheel independently driven in-wheel electric vehi-
cle under consideration is shown in Figure 1. Each wheel in
the EV is independently driven. Schematically, the longitudi-
nal, lateral, and yaw equations of motion are as follows:

�̇�𝑥 = 𝑈𝑦𝑟 + ( 1𝑚) (𝐹𝑥𝑓𝑙 + 𝐹𝑥𝑓𝑟 + 𝐹𝑥𝑟𝑙 + 𝐹𝑥𝑟𝑟) (1)

�̇�𝑦 = −𝑈𝑥𝑟 + ( 1𝑚) (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 + 𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟) (2)

𝐽 ̇𝑟 = 𝑙𝑓 (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟) − 𝑙𝑟 (𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟)
+ 𝑙𝑠 [𝐹𝑥𝑓𝑙 + 𝐹𝑥𝑟𝑙 − 𝐹𝑥𝑓𝑟 − 𝐹𝑥𝑟𝑟] +𝑀𝑑 (3)

where 𝑈𝑥, 𝑈𝑦, and 𝑟 are the vehicle’s velocities along the
longitudinal motion, lateral motion, and the yaw motion,
respectively. 𝑚 is the vehicle mass, 𝑙𝑓 is the distance between
the centre of gravity (COG) and the centre point of the front
wheel, 𝑙𝑟 is the distance between the COG and the rear wheel,𝑙𝑠 is half of the vehicle width, 𝐽 is the yaw moment of inertia,
and𝑀𝑑 is an external disturbance.

The tyre forces, 𝐹𝑥𝑖 and 𝐹𝑦𝑖 with 𝑖 = 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟, are
the result of the pneumatic deflections of the tire properties
due to the weight of the vehicle, tyre pressure distribution,
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and also the tyre-ground interaction. To determine the forces
generated by the tyres as a result of the tyre-road interaction,
the tyre nonlinear model for the combined lateral and
longitudinal forces will be used as in [20–23].

The longitudinal and lateral forces components are

𝐹𝑥𝑖 = 𝜎𝑥𝑖𝜎𝑖 𝐹T𝑖, (4)

𝐹𝑦𝑖 = 𝜎𝑦𝑖𝜎𝑖 𝐹T𝑖, (5)

where
𝐹T𝑖
= {{{

𝜇𝐹𝑧𝑖 {3𝜃𝑐𝜎𝑖 − 13 (3𝜃𝑐𝜎𝑖)2 + 127 (3𝜃𝑐𝜎𝑖)3} if 𝜎𝑖 ≤ 𝜎𝑚
or 𝜇𝐹𝑧𝑖 if 𝜎𝑖 > 𝜎𝑚,

(6)

where 𝜎𝑖 = √𝛼2𝑥𝑖 + 𝜆2𝑦𝑖 is the total slip for each tyre and 𝜎𝑚 =1/𝜃𝑐 and 𝜃𝑐 = 𝐶𝑦/3𝜇𝐹𝑧𝑖 are the limiting values of slip.
Parameters𝐶𝑦 and 𝜇 are, respectively, tyre lumped lateral

stiffness and the coefficient of tyre-road friction. The lateral
tyre slip, 𝜎𝑦𝑖, is

𝜎𝑦𝑖 = 𝑈𝑦𝑤𝑖𝑟𝑤 tan (𝜆𝑖) (7)

and the longitudinal tyre slip, 𝜎𝑥𝑖, is

𝜎𝑥𝑖 =
{{{{{{{{{

𝑤𝑖𝑟𝑤 − 𝑈𝑥𝑤𝑖𝑟𝑤 during acceleration

or
𝑤𝑖𝑟𝑤 − 𝑈𝑥𝑈𝑥 during braking. (8)

𝑟𝑤 is the effective wheel radius, 𝑤𝑖 is the angular velocity of
each wheel, and 𝜆𝑖 is the tyre side slip angle.The normal load,𝐹𝑧𝑖, is based on the vehicle’s geometry as

𝐹𝑧𝑓𝑙 = 𝐹𝑧𝑓𝑟 = 𝑚𝑔𝑙𝑟2 (𝑙𝑓 + 𝑙𝑟)
𝐹𝑧𝑓𝑙 = 𝐹𝑧𝑓𝑟 = 𝑚𝑔𝑙𝑓

2 (𝑙𝑓 + 𝑙𝑟) .
(9)

Here a linear form of the combined tyre forcemodelled by
(4) and (5) is used to describe the tyre frictional forces on each
wheel [24].We assume the vertical load of the vehicle is evenly
distributed on each wheel. So that when the tyre side slip
angle is small, by [21, 25], the tyre forces can be approximated
as

𝐹𝑥𝑖 = 𝜇𝐶𝑥𝑖𝛼𝑖, (10)

𝐹𝑦𝑖 = 𝜇𝐶𝑦𝑖𝜆𝑖, (11)

where 𝐶𝑥 is the longitudinal tyre stiffness; the tyre side slip
angles, 𝜆𝑖, are approximated as

𝜆𝑓𝑙 = −[𝑈𝑦 + 𝑟𝑙𝑓𝑈𝑥 ] ,

𝜆𝑓𝑟 = −[𝑈𝑦 + 𝑟𝑙𝑓𝑈𝑥 ] ,
𝜆𝑟𝑙 = −[𝑈𝑦 − 𝑟𝑙𝑟𝑈𝑥 ] ,
𝜆𝑟𝑟 = −[𝑈𝑦 − 𝑟𝑙𝑟𝑈𝑥 ] ,

(12)

And the longitudinal slip ratio, 𝛼𝑖, is
𝛼𝑖 = 𝑟𝑤𝑤𝑖 − 𝑈𝑥𝑈𝑥 , (13)

In this paper, we assume the longitudinal velocity, 𝑈𝑥, is
an unknown constant but bounded as

𝑈𝑥 < 𝑈𝑥 < 𝑈𝑥, (14)

where 𝑈𝑥 and 𝑈𝑥, are, respectively, the lower and upper
bounds of 𝑈𝑥. 𝑈𝑥 is a constant; hence (1) is not considered
here.

Moreover, we also assume that the coefficient of road
friction, 𝜇, is an unknown constant but bounded as

𝜇 < 𝜇 < 𝜇, (15)

where 𝜇 and 𝜇 are, respectively, the lower and upper bounds
of 𝜇.

We model the uncertainties in 𝑈𝑥 and 𝜇 as polytopic
uncertainties; hence (2) and (3) can be expressed as follows:

�̇� (𝑡) = 𝐴 (𝜃𝑢) 𝑥 (𝑡) + 𝐵1𝑤 (𝑡) + 𝐵2 (𝜃𝑢) 𝑢 (𝑡)
𝑦 (𝑡) = 𝐶2𝑥 (𝑡) + 𝐷2𝑤 (𝑡) (16)

where 𝑥(𝑡) = [𝑈𝑦, 𝑟]𝑇, 𝑢(𝑡) = 𝑤𝑟 − 𝑤𝑙, 𝑤(𝑡) = [𝑀𝑑 𝑛𝑑]𝑇, and𝑛𝑑 is the measurement noise. The uncertain matrices 𝐴(𝜃𝑢)
and 𝐵2(𝜃𝑢) belong to the polytopic uncertain domain

Ω𝑝 = {𝐴 (𝜃𝑢) , 𝐵2 (𝜃𝑢)} = 4∑
𝑖=1

𝜃𝑢𝑖 {(𝐴 𝑖 , 𝐵2𝑖} , (17)

where 𝜃𝑢𝑖 ≥ 0 ∀𝑖 and ∑𝑚𝑖=1 𝜃𝑢𝑖 = 1, and

𝐴1 =
[[[[[
[

− 𝐶𝑦𝜇0.25𝑚𝑈𝑥 −𝐶𝑦𝜇 (𝑙𝑓 − 𝑙𝑟)0.5𝑚𝑈𝑥 − 𝑈𝑥
𝐶𝑦𝜇 (𝑙𝑟 − 𝑙𝑓)0.5𝐽𝑈𝑥 −𝐶𝑦𝜇 (𝑙2𝑓 + 𝑙2𝑟)0.5𝐽𝑈𝑥

]]]]]
]
,

𝐴2 =
[[[[[
[

− 𝐶𝑦𝜇
0.25𝑚𝑈𝑥 −𝐶𝑦𝜇 (𝑙𝑓 − 𝑙𝑟)0.5𝑚𝑈𝑥 − 𝑈𝑥

𝐶𝑦𝜇 (𝑙𝑟 − 𝑙𝑓)
0.5𝐽𝑈𝑥 −𝐶𝑦𝜇 (𝑙2𝑓 + 𝑙2𝑟)0.5𝐽𝑈𝑥

]]]]]
]
,
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𝐴3 =
[[[[[
[

− 𝐶𝑦𝜇0.25𝑚𝑈𝑥 −𝐶𝑦𝜇 (𝑙𝑓 − 𝑙𝑟)0.5𝑚𝑈𝑥 − 𝑈𝑥
𝐶𝑦𝜇 (𝑙𝑟 − 𝑙𝑓)0.5𝐽𝑈𝑥 −𝐶𝑦𝜇 (𝑙2𝑓 + 𝑙2𝑟)0.5𝐽𝑈𝑥

]]]]]
]
,

𝐴4 =
[[[[[
[

− 𝐶𝑦𝜇
0.25𝑚𝑈𝑥 −𝐶𝑦𝜇 (𝑙𝑓 − 𝑙𝑟)0.5𝑚𝑈𝑥 − 𝑈𝑥

𝐶𝑦𝜇 (𝑙𝑟 − 𝑙𝑓)
0.5𝐽𝑈𝑥 −𝐶𝑦𝜇 (𝑙2𝑓 + 𝑙2𝑟)0.5𝐽𝑈𝑥

]]]]]
]
.

𝐵21 = [[[
[

0
𝑟𝑤𝑙𝑠𝐶𝑥𝜇0.5𝐽𝑈𝑥

]]]
]
,

𝐵22 = [[
[

0
𝑟𝑤𝑙𝑠𝐶𝑥𝜇
0.5𝐽𝑈𝑥

]]
]
,

𝐵23 = [[
[

0
𝑟𝑤𝑙𝑠𝐶𝑥𝜇
0.5𝐽𝑈𝑥

]]
]
,

𝐵24 = [[
[

0
𝑟𝑤𝑙𝑠𝐶𝑥𝜇0.5𝐽𝑈𝑥

]]
]
.

𝐵1 = [
[
0 0
1𝐽 0]]

,
𝐷2 = [0 1] .
𝐶2 = [0 1]

(18)

In the next section, a robust 𝐻∞ dynamic output-feedback
controller design technique will be developed for general
linear uncertain systems with polytopic uncertainties.

3. Robust Controller Design

Consider the following uncertain system:

�̇� (𝑡) = 𝐴 (𝜃𝑢) 𝑥 (𝑡) + 𝐵1𝑤 (𝑡) + 𝐵2 (𝜃𝑢) 𝑢 (𝑡)
𝑧 (𝑡) = 𝐶1𝑥 (𝑡) + 𝐷1𝑢 (𝑡)
𝑧𝑠 (𝑡) = 𝐶𝑠 (𝜃𝑢) 𝑥 (𝑡) + 𝐷1𝑠𝑤 (𝑡) + 𝐷2𝑠 (𝜃𝑢) 𝑢 (𝑡)
𝑦 (𝑡) = 𝐶2𝑥 (𝑡) + 𝐷2𝑤 (𝑡)

(19)

where 𝑥(𝑡) is the state vector, 𝑢(𝑡) is the control input, 𝑤(𝑡)
is the disturbance, 𝑧(𝑡) is the performance output, 𝑧𝑠(𝑡) is the
control output, 𝑦(𝑡) is the measured output, and 𝜃𝑢 exists in

a convex hull. The uncertain matrices 𝐴(𝜃𝑢), 𝐵2(𝜃𝑢), 𝐶𝑠(𝜃𝑢),
and 𝐷2𝑠(𝜃𝑢) belong to the polytopic uncertain domain

Ω𝑝 = {𝐴 (𝜃𝑢) , 𝐵2 (𝜃𝑢) , 𝐶𝑠 (𝜃𝑢) , 𝐷2𝑠 (𝜃𝑢)}
= 𝑚∑
𝑖=1

𝜃𝑢𝑖 {(𝐴 𝑖, 𝐵2𝑖, 𝐶𝑠𝑖, 𝐷2𝑠𝑖)} , (20)

where 𝜃𝑢𝑖 ≥ 0 ∀𝑖 and∑𝑚𝑖=1 𝜃𝑢𝑖 = 1.𝑚 is the number of vertices
in the polytopic system. The matrices 𝐴 𝑖, 𝐵2𝑖, 𝐶𝑠𝑖, and 𝐷2𝑠𝑖
build the 𝑖 − 𝑡ℎ vertex of the polytope.

Without loss of generality, we assume

∫∞
0
𝑤𝑇 (𝑡) 𝑤 (𝑡) d𝑡 ≤ 𝜌
and ‖𝑤 (𝑡)‖2 ≤ 𝑤max,

∀𝑡 > 0.
(21)

Since the sensors required to measure the lateral velocity
are costly, in this paper, we will consider the dynamic output-
feedback controller of the form

̇̂𝑥𝑐 (𝑡) = 𝐴𝑐𝑥𝑐 (𝑡) + 𝐵𝑐𝑦 (𝑡)
𝑢 (𝑡) = 𝐶𝑐𝑥𝑐 (𝑡) (22)

where 𝐴𝑐, 𝐵𝑐, and 𝐶𝑐 are the parameters of the controller.

Robust𝐻∞ Controller Formulation. Given 𝛾, find a controller
of the form (22) such that

(1) system (19) with (22) is stable and satisfying the
following inequality

(2) under zero initial conditions, the following inequality
is satisfied:

∫∞
0

𝑧𝑇 (𝑡) 𝑧 (𝑡) d𝑡 < 𝛾 ∫∞
0

𝑤𝑇 (𝑡) 𝑤 (𝑡) d𝑡 (23)

(3) the following control output and input constraints are
met:

𝑧𝑠𝑗 (𝑡) ≤ 𝑧𝑠,max,𝑗

and ‖𝑢 (𝑡)‖ ≤ 𝑢max,
∀𝑡 > 0

(24)

where 𝑗 = 1, 2, . . . , 𝑛𝑟, and 𝑛𝑟 is the number of rows in𝑧𝑠(𝑡) and 𝑧2𝑠,max,𝑗 > (𝐷21𝑠𝑗 + 𝐷1𝑠𝑗)𝑤max.

The closed-loop system of (19) with (22) is

̇̃𝑥 (𝑡) = 𝐴𝑐𝑙𝑥 (𝑡) + 𝐵𝑐𝑙𝑤 (𝑡)
𝑧 (𝑡) = 𝐶𝑐𝑙𝑥 (𝑡)
𝑧𝑠 (𝑡) = 𝐶𝑠𝑐𝑙𝑥 (𝑡) + 𝐷1𝑠𝑤 (𝑡) ,

(25)
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where

𝑥 (𝑡) = [𝑥 (𝑡)𝑥 (𝑡)] ,

𝐴𝑐𝑙 = [𝐴 (𝜃𝑢) 𝐵2 (𝜃𝑢) 𝐶𝑐𝐵𝑐𝐶2 𝐴𝑐 ] ,

𝐵𝑐𝑙 = [ 𝐵1𝐵𝑐𝐷2] ,
𝐶𝑐𝑙 = [𝐶1 𝐷1𝐶𝑐] ,
𝐶𝑠𝑐𝑙 = [𝐶𝑠 (𝜃𝑢) 𝐷2𝑠 (𝜃𝑢) 𝐶𝑐] .

(26)

Theorem 1. Given 𝛾, 𝛿1, and 𝛿2, suppose that there exist
symmetric matrices 𝑊𝑖11, 𝑊𝑖22, 𝑄1𝑖, 𝑄2𝑖, and 𝑌 and matrices𝑊𝑖12, 𝐺, 𝐴𝑓, 𝑋, 𝐾, and 𝐿 such that for 𝑖 = 1, . . . , 𝑚 and𝑗 = 1, . . . , 𝑛𝑟 the following inequalities conditions hold:

𝑊𝑖 > 0, (27)

[
[
−𝑢2𝑚𝑎𝑥𝛾𝜌 𝑊𝑖 [0 𝐿]𝑇

∗ −𝐼
]
]
< 0, (28)

[[
[
−𝜌𝑠𝑗𝛾𝜌𝑊𝑖 [𝐶𝑠𝑖𝑗𝑌 𝐷2𝑠𝑖𝑗𝐿]𝑇

∗ − (1 + 𝐷1𝑠𝑗)−1 𝐼
]]
]
< 0, (29)

[[[
[

−𝑄1𝑖 𝑌𝐴𝑇𝑖 + 𝐿𝑇𝐵𝑇2𝑖 − 𝐺𝑇 0
∗ −𝛿2𝐼 𝐴 𝑖𝑌 + 𝐵2𝑖𝐿 − 𝐺∗ ∗ −𝑄2𝑖

]]]
]
< 0, (30)

[[[[[[[[
[

𝜙11𝑖 𝜙12𝑖 𝜙13 𝜙14 𝜙15∗ 𝜙22𝑖 𝜙23 0 0
∗ ∗ −𝛾𝐼 0 0
∗ ∗ ∗ −𝐼 0
∗ ∗ ∗ ∗ −𝛿2𝐼

]]]]]]]]
]
< 0, (31)

where 𝜌𝑠𝑗 = 𝑧2𝑠,max,𝑗 − (‖𝐷1𝑠𝑗‖2 + ‖𝐷1𝑠𝑗‖)𝑤max,

𝑊𝑖 = [𝑊𝑖11 𝑊𝑖12
∗ 𝑊𝑖22] ,

𝜙11𝑖 =
[[[[[[
[

𝑌𝐴𝑇𝑖 + 𝐿𝑇𝐵𝑇2𝑖+ 𝐴 𝑖 + 𝐴𝑓𝐴 𝑖𝑌 + 𝐵2𝑖𝐿 + 𝑄1𝑖
∗ 𝐴𝑇𝑖𝑋 + 𝐶𝑇2𝐾𝑇+𝑋𝐴 + 𝐾𝐶2

]]]]]]
]

𝜙12𝑖 =
[[[[[[
[

𝛿1 (𝐴 𝑖𝑌 + 𝐵2𝑖𝐿) − 𝛿1𝐴 𝑖 − 𝐼 +𝑊𝑖12
𝑌 +𝑊𝑖11

−𝛿1𝐴𝑇𝑓 − 𝐼 + 𝑊𝑖12 𝛿1 (𝑋𝐴 𝑖 + 𝐾𝐶2)
−𝑋 +𝑊𝑖22

]]]]]]
]

𝜙13 = [ 𝐵1𝑋𝐵1 + 𝐾𝐷2]

𝜙14 = [𝑌𝐶𝑇1 + 𝐿𝑇𝐷𝑇1𝐶𝑇1 ]

𝜙15 = [ 0
𝛿2𝑋]

𝜙22𝑖 = [−2𝑌 + 𝑄2𝑖 −2𝐼
−2𝐼 −𝑋 − 𝑋𝑇]

𝜙23 = 𝛿1 [ 𝐵1𝑋𝐵1 + 𝐾𝐷2] .
(32)

Then, system (19) with (22) is stable and the 𝐻∞ performance
(23) and the input and output constraints (24) hold. Moreover,
the controller parameters are given as follows:

𝐶𝑐 = 𝐿𝑌−1,
𝐵𝑐 = (𝑌−1 − 𝑋)−1𝐾,
𝐴𝑐
= (𝑌−1 − 𝑋)−1 {𝐴𝑓 − (𝑌−1 − 𝑋)𝐵𝑐𝐶2𝑌 − 𝑋𝐺}𝑌−1.

(33)

Proof. Refer to the Appendix for the proof.

4. Simulation Results

In this section, by using the parameters given in Table 1, the
proposed control design is verified by stabilizing the EV along
a straight path. The uncertainties in the coefficient of road
friction and the longitudinal velocity are varying parameters
from 0.2 ≤ 𝜇 ≤ 1 and 20 ≤ 𝑈𝑥 ≤ 120km/hr, respectively. For
comparison, the nominal operating points of 50km/hr and𝜇 = 0.8 are selected for the 𝐻∞ design. The uncertainty in 𝜇
and 𝑈𝑥, respectively, represents −75% to +25% and −60% to+140% of the nominal points.

In this simulation, the maximum speed of each wheel is
assumed to be 219rad/s or 260km/hr in relation to vehicle’s
speed. Since the maximum operating speed of the vehicle is
120km/hr (101rad/s), the input constraint is given as

‖𝑢 (𝑡)‖ <= 𝑢𝑚𝑎𝑥 = 118rad/s. (34)

For the comfort of the driver and passengers, the output
constraint for the yaw acceleration is chosen as 0.4𝑔/𝑙𝑐; that
is,

| ̇𝑟 (𝑡)| <= 𝑍𝑠,𝑚𝑎𝑥 = (0.4𝑔)
𝑙𝑐 , (35)

where 𝑙𝑐 = 1.36m is the centroid of the vehicle.
The disturbance term𝑀𝑑 used in the simulation is shown

in Figure 2. The yaw rate measurement white noise’s power
density is 0.02 with a maximum amplitude of 0.1.
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Table 1: Vehicle parameters.

Symbol Parameters Values
m vehicle mass 1450 kg𝑙𝑓 distance from COG to front axle 1.013 m
𝑙𝑟 distance from COG to rear axle 1.3 m𝑙𝑠 half of track width 0.7180 m𝑟𝑤 tire effective radius 0.33 m𝑔 acceleration of gravity 9.81 ms−2𝑙𝑐 Midpoints of diagonals 1.36 m
J yaw moment of inertia 2300 kg.m2𝜇 coefficient of friction 0.2 - 0.9𝐶𝑥 longitudinal tire stiffness 50000 N/rad𝐶𝑦 lateral tire stiffness 25000 N/rad
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Figure 2:The disturbance.

With this disturbance and the measurement noise,‖𝑤(𝑡)‖2 ≤ 0.26 and 𝜌 = 5.
By Theorem 1, with 𝛿1 = 0.3, 𝛿2 = 200, and 𝛾 = 1.2, the

following robust control parameters are obtained by solving
the LMIs in (27), (28), (29), (30), and (31) using YALMIP
toolbox (MOSEK solver) [26].

𝐴𝑐 = [−26.5443 4878.64
1.0912 −218.41] ,

𝐵𝑐 = [−4684.78187.12 ] ,
𝐶𝑐 = [1.7951 −33.0317] .

(36)

In comparison, we design an 𝐻∞ with 𝛿1 = 0.5, 𝛿2 = 8,
and 𝛾 = 3.55; the control parameters are

𝐴𝑐 = [−0.1668 −4.09
4.2732 −124.47] ,

𝐵𝑐 = [−94.7787.24 ] ,
𝐶𝑐 = [0.2111 −2.0492] .

(37)
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Figure 3: Vehicle trajectories: 𝜇 = 0.2; vehicle speed: 120km/hr.

To test the effectiveness of the robust controller design
and control strategy, different simulations are performed
under multiple vehicle operating conditions. The nonlinear
vehicle dynamic model in Section 2 is used in the final sim-
ulations. Each simulation ran for 50 seconds and generated
505 data points per second. The total displayed distance for
the vehicle trajectory depends on the road condition (𝜇) and
the vehicle’s longitudinal velocity (𝑈𝑥).

Figure 3 shows the trajectories of the EV with its longi-
tudinal speeds at 120km/hr and coefficient of road friction at0.2.The simulation starts with all the three vehicles operating
without the crosswind disturbance, Figure 2; the trajectories
of the vehicles can be seen to be on track. At the situation
when the disturbance is injected from 10 sec to 30 sec, the
vehicle without a controller begins to swerve off the desired
path while the vehicles with a controller stay the course. The
vehicle with the𝐻∞ controller shows a slight lateral deviation
of less than 2 cm. After the vehicles exit the disturbance, the
vehicles with a controller are still able to continue on the
trajectory, but the vehicle with the robust controller shows an
improved performance by maintaining a straight path.
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Figure 5: Yaw acceleration: 𝜇 = 0.2; vehicle speed: 120 km/hr.

The controller output, Δ𝑤, and ̇𝑟 are shown in Figures
4 and 5, respectively. The robust controller shows a fast and
good damping of the disturbance while still being within the
constraints.

Figure 6 shows the vehicle’s trajectories at the operating
condition, 𝜇 = 0.8 and 𝑈𝑥 = 20km/hr. Both of the vehicles
with a controller indicated a strong performance, but an
improvement can be seen with the robust controller as shown
in the input, Figure 7, and control output, Figure 8. We can
observe that the robust controller can quickly attenuate the
disturbance upon entry and exit of the disturbance without
violating the constraints. Figure 7 shows an improved perfor-
mance of the robust controller. It is interesting to note the
fast dynamics of the robust controller and its corresponding
output constraint in Figure 8, for a straight-ahead driving,
Figure 6. Figure 8 shows the vehicle’s yaw acceleration at 𝜇 =0.8 and an entry speed of 20km/hr. The controllers are still
able to stabilize the vehicle on the straight path with minimal
lateral deviation.
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Figure 6: Vehicle trajectories: 𝜇 = 0.8 and 20km/hr.
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Figure 8: Yaw acceleration: 𝜇 = 0.8; 20km/hr.

From the simulations, we observe that the vehicle with
the robust controller is able to attenuates disturbance while
satisfying both the input and output constraints.
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5. Conclusion

This paper has designed a robust 𝐻∞ dynamic output-
feedback controller that attenuates external disturbances of
four-wheel independently driven in-wheel electric vehicles.
The electric vehicle has been modelled as an uncertain
polytopic system with bounded uncertainties and external
disturbance. We have developed sufficient conditions for
the existence of a robust controller with input and output
constraints that ensures the vehicle stays on course despite
different road conditions and different longitudinal speeds.
The performance of the robust controller has been tested on
a complete nonlinear vehicle dynamic model.The simulation
results have shown that despite significant differences in the
operating conditions, the proposed robust controller ensures
that the vehicle’s trajectory stays on the desired path and
satisfies both the input and control output constraints.

Appendix

Proof ofTheorem 1. For the closed-loop system (25), consider
the following parameter Lyapunov function:

𝑉 = 𝑥T (𝑡) 𝑃 (𝜃𝑢) 𝑥 (𝑡) , (A.1)

where

𝑃 (𝜃𝑢) = 𝑚∑
𝑖=1

𝜃𝑢𝑖 (𝑡) 𝑃𝑖. (A.2)

Taking the time derivative of (A.1) along with (25) leads to

�̇� = ̇̃𝑥T (𝑡) 𝑃 (𝜃𝑢) 𝑥 (𝑡) + 𝑥T (𝑡) 𝑃 (𝜃𝑢) ̇̃𝑥 (𝑡) (A.3)

Adding

2 [𝑥T (𝑡) 𝑃1 + ̇̃𝑥T (𝑡) 𝑃2] [𝐴𝑐𝑙𝑥 (𝑡) − ̇̃𝑥 (𝑡) + 𝐵𝑐𝑙𝑤 (𝑡)]
= 0 (A.4)

to (A.3) by [27], for robust stability and performance, yields

�̇� = 𝜑𝑇 (𝑡) 𝑄𝜑 (𝑡) (A.5)

where 𝜑𝑇(𝑡) = [𝑥𝑇(𝑡) ̇̃𝑥𝑇(𝑡) 𝑤𝑇(𝑡)] and

𝑄 = [[[
[

𝐴𝑇𝑐𝑙𝑃𝑇1 + 𝑃1𝐴𝑐𝑙 𝑃 (𝜃) − 𝑃1 + 𝑃2𝐴𝑐𝑙 𝑃1𝐵𝑐𝑙
∗ −𝑃2 − 𝑃𝑇2 𝑃2𝐵𝑐𝑙∗ ∗ 0

]]]
]
. (A.6)

Adding and subtracting (𝑧𝑇(𝑡)𝑧(𝑡)−𝛾𝑤𝑇(𝑡)𝑤(𝑡)) to and from
(A.5) results in

�̇� = 𝜑𝑇𝑄𝜑 − 𝑧𝑇 (𝑡) 𝑧 (𝑡) + 𝛾𝑤𝑇 (𝑡) 𝑤 (𝑡) , (A.7)

where

𝑄 =
[[[[[[
[

𝐴𝑇𝑐𝑙𝑃𝑇1 + 𝑃 (𝜃) − 𝑃1 + 𝑃2𝐴𝑐𝑙 𝑃1𝐵𝑐𝑙
𝑃1𝐴𝑐𝑙 + 𝐶𝑇𝑐𝑙𝐶𝑐𝑙

∗ −𝑃2 − 𝑃𝑇2 𝑃2𝐵𝑐𝑙∗ ∗ −𝛾𝐼

]]]]]]
]
. (A.8)

Suppose the conditions in Theorem 1 hold; then 𝜙22 < 0.
This condition implies that𝑌 and𝑋 are nonsingularmatrices.
Without the loss of generality, let partition 𝑃1 be

𝑃1 = [ 𝑋 𝑌−1 − 𝑋
𝑌−1 − 𝑋 𝑋 − 𝑌−1] . (A.9)

We assume 𝑃2 = 𝛿1𝑃1. Define
𝐽 = [𝑌 𝐼

𝑌 0] . (A.10)

Multiplying the left-hand side of (A.8) by diag{𝐽𝑇, 𝐽𝑇, 𝐼} and
its right-hand side by diag{𝐽, 𝐽, 𝐼} reads

diag {𝐽𝑇, 𝐽𝑇, 𝐼}𝑄 diag {𝐽, 𝐽, 𝐼}

= [[
[
Λ 11 Λ 12 Λ 13∗ Λ 22 Λ 23∗ ∗ −𝛾𝐼

]]
]
, (A.11)

where

Λ 11 = [[[
[

𝑌𝐴𝑇 (𝜃𝑢) + 𝑌𝐶𝑇𝑐 𝐵𝑇2 (𝜃𝑢) + Γ1 (𝜃𝑢)𝐴 (𝜃𝑢) 𝑌 + 𝐵2 (𝜃𝑢) 𝐶𝑐𝑌∗ Γ2 (𝜃𝑢)
]]]
]

+ 𝜙14𝜙𝑇14,
(A.12)

with
Γ1 (𝜃𝑢)
= 𝐴 (𝜃𝑢) + 𝑌𝐴𝑇 (𝜃𝑢)𝑋𝑇 + 𝑌𝐶𝑇2𝐵𝑇𝑐 (𝑌−1 − 𝑋𝑇)
+ 𝑌𝐶𝑇𝑐 𝐵2 (𝜃𝑢)𝑇𝑋𝑇 + 𝑌𝐴𝑇𝑐 (𝑌−1 − 𝑋𝑇) ,

Γ2 (𝜃𝑢)
= 𝐴𝑇 (𝜃𝑢)𝑋𝑇 − 𝐶𝑇2𝐵𝑇𝑐 (𝑌−1 − 𝑋𝑇) + 𝑋𝐴 (𝜃𝑢)
+ (𝑌−1 − 𝑋)𝐵𝑐𝐶2

Λ 12

=
[[[[[[
[

𝛿1 (𝐴 (𝜃𝑢) 𝑌 + 𝐵2 (𝜃𝑢) 𝐶𝑐𝑌) 𝛿1𝐴 (𝜃𝑢) − 𝐼 +𝑊12 (𝜃𝑢)−𝑌 +𝑊11 (𝜃)Γ3 (𝜃𝑢) 𝛿1 (𝑋𝐴 (𝜃𝑢)
+ (𝑌−1 − 𝑋) 𝐵𝑐𝐶2)

]]]]]]
]

(A.13)

with
Γ3 (𝜃𝑢) = 𝛿1 (𝑋𝐴 (𝜃𝑢) 𝑌 + (𝑌−1 − 𝑋)𝐵𝑐𝐶2𝑌

+ 𝑋𝐵2 (𝜃𝑢) 𝐶𝑐𝑌 + (𝑌−1 − 𝑋)𝐴𝑐𝑌) − 𝐼
+𝑊12 (𝜃𝑢) ,

[𝑊11 (𝜃𝑢) 𝑊12 (𝜃𝑢)𝑊21 (𝜃𝑢) 𝑊22 (𝜃𝑢)] = 𝐽𝑇𝑃 (𝜃𝑢) 𝐽.

Λ 13 = [ 𝐵1
𝑋𝐵1 + (𝑌−1 − 𝑋)𝐵𝑐𝐷2] ,
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Λ 23 = 𝛿1 [ 𝐵1
𝑋𝐵1 + (𝑌−1 − 𝑋)𝐵𝑐𝐷2] ,

Λ 22 = −[2𝑌 2𝐼
2𝐼 𝑋 + 𝑋𝑇] .

(A.14)

With the notations given in Theorem 1, Λ 11 can be rewritten
as

Λ 11 = Λ111 + Λ211 (A.15)

where

Λ111 = 𝑚∑
𝑖=1

𝜃𝑖𝜙11𝑖 + 𝜙14𝜙𝑇14 (A.16)

and

Λ211 = [[[
[

−𝑄1 (𝜃𝑢) 𝑌𝐴𝑇 (𝜃𝑢)𝑋𝑇 + (𝑌𝐶𝑇𝑐
𝐵𝑇2 (𝜃𝑢)𝑋𝑇) − 𝐺𝑇𝑋𝑇

∗ −𝛿2𝑋𝑋𝑇
]]]
]
. (A.17)

Also rewrite Λ 12 as

Λ 12 = 𝑚∑
𝑖=1

𝜃𝑢𝑖𝜙12𝑖 + [[
[

0 0
𝑋𝐴 (𝜃𝑢) 𝑌+𝑋𝐵2 (𝜃𝑢)𝐶𝑐𝑌 − 𝐺𝑋 0

]]
]

= Δ112 + Δ212
(A.18)

and Λ 22 as
Λ 22 = 𝑚∑

𝑖=1

𝜃𝑢𝑖𝜙22𝑖 + [−𝑄2 (𝜃𝑢) 0
0 0] = Δ122 + Δ222. (A.19)

Then

Λ = [[[
[

Λ111 Λ112 Λ 13
∗ Λ122 Λ 23∗ ∗ −𝛾𝐼

]]]
]
+ [[[
[

Λ211 Λ212 0
∗ Λ222 00 0 0

]]]
]

= Λ1 + Λ2
(A.20)

Multiplying diag{𝐼,𝑋−1, 𝐼} to the left ofΔ2 and diag{𝐼, 𝑋−𝑇, 𝐼}
to the right of Δ2, we obtain

Λ2 =
[[[[[[[[
[

−𝑄1 (𝜃𝑢) 𝑆𝑐12 0 0 0
∗ −𝛿2𝐼 𝑆𝑐22 0 0
∗ ∗ −𝑄2 (𝜃𝑢) 0 0
∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ 0

]]]]]]]]
]
, (A.21)

with

𝑆𝑐12 = 𝑌𝐴𝑇 (𝜃𝑢) + 𝐿𝑇𝐵𝑇2 (𝜃𝑢) − 𝐺𝑇.
𝑆𝑐22 = 𝐴 (𝜃𝑢) 𝑌 + 𝐵2 (𝜃𝑢) 𝐿 − 𝐺 (A.22)

The condition in (30) implies Λ2 ≤ 0. Applying Schur
complement with respect to the last two rows of (31), it can
be shown that Λ1 ≤ 0. Therefore,

�̇� < −𝑧𝑇 (𝑡) 𝑧 (𝑡) + 𝛾𝑤𝑇 (𝑡) 𝑤 (𝑡) . (A.23)

Integrating both sides and using the fact that 𝑥(0) = 𝑥(0) = 0,
we have

∫∞
0

𝑧𝑇 (𝑡) 𝑧 (𝑡) 𝑑𝑡 < 𝛾∫∞
0

𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡. (A.24)

When 𝑤(𝑡) is zero,
�̇� < −𝑧𝑇 (𝑡) 𝑧 (𝑡) < 0 (A.25)

This implies that (25) is stable.
For the control output and input constraints,

𝑉 (𝑡) − 𝑉 (0) < 𝛾∫𝑡
0
𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡 < 𝛾𝜌 (A.26)

With the zero initial condition,

𝑉 (𝑡) = 𝑥T (𝑡) 𝑃 (𝜃𝑢) 𝑥 (𝑡) < 𝛾𝜌 (A.27)

Note that 𝑢(𝑡) = 𝐶𝑐𝑥𝑐(𝑡) = 𝐶𝑐𝑥, where 𝐶𝑐 = [0 𝐶𝑐]. Hence,
‖𝑢 (𝑡)‖2 = 𝐶𝑐𝑥 (𝑡)2

≤ 𝑥T𝑃 (𝜃𝑢) 𝑥𝑃−1/2 (𝜃𝑢) 𝐶T
𝑐 𝐶𝑐𝑃−1/2 (𝜃𝑢) .

(A.28)

Using (A.27),

‖𝑢 (𝑡)‖2 ≤ 𝛾𝜌𝑃−1/2 (𝜃𝑢)𝐶T
𝑐 𝐶𝑐𝑃1/2 (𝜃𝑢) . (A.29)

From (A.29), ‖𝑢(𝑡)‖ ≤ 𝑢max if

𝛾𝜌𝑃−1/2 (𝜃𝑢) 𝐶T
𝑐 𝐶𝑐𝑃1/2 (𝜃𝑢) < 𝑢2𝑚𝑎𝑥. (A.30)

Applying the Schur complement on (A.30) gives

[
[
−𝑢2𝑚𝑎𝑥𝛾𝜌 𝑃−1/2 (𝜃𝑢) 𝐶T

𝑐

∗ −𝐼
]
]
< 0. (A.31)

Multiplying left and right of (A.31) by [ 𝑃1/2(𝜃𝑢) 0
0 𝐼

] gives
[
[
−𝑢2𝑚𝑎𝑥𝛾𝜌 𝑃 (𝜃𝑢) 𝐶T

𝑐

0 −𝐼
]
]
< 0. (A.32)

Then multiplying the left and right of (A.32) by

[𝐽𝑇 0
0 𝐼]

and [𝐽 0
0 𝐼] ,

(A.33)

respectively, gives (28).
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Note that 𝑧𝑠𝑗 = 𝐶𝑠𝑐𝑙𝑗𝑥(𝑡) + 𝐷1𝑠𝑗𝑤(𝑡), where 𝑗 = 1, . . . , 𝑛𝑟.
Therefore,

𝑧𝑠𝑗2 = 𝐶𝑠𝑐𝑙𝑗𝑥 (𝑡) + 𝐷1𝑠𝑗𝑤 (𝑡)2
≤ (1 + 𝐷1𝑠𝑗) 𝐶𝑠𝑐𝑙𝑗𝑥 (𝑡)2
+ (𝐷1𝑠𝑗2 + 𝐷1𝑠𝑗) ‖𝑤 (𝑡)‖2

≤ (1 + 𝐷1𝑠𝑗) 𝐶𝑠𝑐𝑙𝑗𝑥 (𝑡)2
+ (𝐷1𝑠𝑗2 + 𝐷1𝑠𝑗)𝑤max

(A.34)

Using (A.27),

𝑧𝑠 (𝑡) ≤ (1 + 𝐷1𝑠𝑗) 𝛾𝜌 𝐶𝑠𝑐𝑙𝑗𝑥 (𝑡) 𝑃−1/2 (𝜃𝑢)
2

+ (𝐷1𝑠𝑗2 + 𝐷1𝑠𝑗)𝑤max

(A.35)

From (A.35), ‖𝑧𝑠(𝑡)‖ ≤ 𝑧2𝑠,max,𝑗 if

(1 + 𝐷1𝑠𝑗) 𝐶𝑠𝑐𝑙𝑗𝑥 (𝑡) 𝑃−1/2 (𝜃𝑢)
2 ≤ 𝜌𝑠𝑗𝛾𝜌 (A.36)

Applying the Schur complement on (A.36) gives

[[
[
−𝜌𝑠𝑗𝛾𝜌 𝑃−1/2 (𝜃𝑢) 𝐶𝑠𝑐𝑙𝑗
∗ − (1 + 𝐷1𝑠𝑗)−1 𝐼

]]
]
< 0. (A.37)

Multiplying left and right of (A.37) by [ 𝑃1/2(𝜃𝑢) 0
0 𝐼

] gives
[[
[
−𝜌𝑠𝑗𝛾𝜌𝑃 (𝜃𝑢) 𝐶𝑠𝑐𝑙𝑗

0 − (1 + 𝐷1𝑠𝑗)−1 𝐼
]]
]
< 0. (A.38)

Then multiplying the left and right of (A.38) by

[𝐽𝑇 0
0 𝐼]

and [𝐽 0
0 𝐼] ,

(A.39)

respectively, gives (29). This completes the proof.
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Event-triggered bipartite consensus of single-integrator multi-agent systems is investigated in the presence of measurement noise.
A time-varying gain function is proposed in the event-triggered bipartite consensus protocol to reduce the negative effects of the
noise corrupted information processed by the agents. Using the state transition matrix, Itô formula, and the algebraic graph theory,
necessary and sufficient conditions are given for the proposed protocol to yield mean square bipartite consensus. We find that
the weakest communication requirement to ensure the mean square bipartite consensus under event-triggered protocol is that the
signed digraph is structurally balanced and contains a spanning tree. Numerical examples validated the theoretical findings where
the system shows no Zeno behavior.

1. Introduction

Recent years have witnessed the great achievements in
studying the consensus problem of multi-agent systems
(MASs) which has broad applications in various fields [1–
8]. We notice that in these mentioned works interactions
among agents are all assumed to be cooperative to achieve
consensus. However, it is very natural to see, in many
real examples, that in MASs some agents cooperate while
others compete, and MASs with competitive interactions
can introduce more complex behaviors. To quantitatively
model such a scenario, the concept of bipartite consensus,
i.e., agents agree on a certain quantity with the equal mod-
ulus but different signs, has been proposed [9], and many
achievements have been made [9–18]. In [9], for single-
integrator MASs, a linear feedback protocol is designed and
under the assumption that the communication topology
G is strongly connected, the MAS is proved to achieve
bipartite consensus if and only if G is structurally bal-
anced. Then, in [10], the communication condition in [9]
is relaxed to containing a spanning tree. In [11], the com-
munication topology in [9] is extended to the time-varying
case.

It is worth noting that the above literatures mainly focus
on continuous feedback protocols, where the agent state is
monitored continuously and its controller is updated all the
time. However, updating the controller in real-time easily
increases the computational burden. Therefore, reducing
the update frequency for a trade-off between the system
performance and the resource usage is usually desired. This
requirement then naturally brings event-triggered schemes
into consideration, which updates only at some predeter-
mined discrete time instants. Event-triggered techniques
have already been widely used in traditional consensus
problems of MASs [19–27]. For example, a self-triggered
protocol is proposed in [19] and a decentralized event-
triggered protocol ensuring average consensus is proposed in
[20] for single-integrator MASs, time-dependent triggering
functions are investigated in [24] for second-orderMASs, and
event-triggered consensus problems are considered in [25,
26] for general linear systems, just name a few. Despite these
achievements, event-triggered protocols have not been well
studied for bipartite consensus [28, 29], which thusmotivates
the present study.

In another parallel line, measurement noise is
unavoidable in practice, making the investigation on
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the event-triggered bipartite consensus of MASs with noise
even interesting. In fact, studies on bipartite consensus with
measurement noise can be found in [13, 16–18], which are
however all with time-triggered controllers. Event-triggered
bipartite consensus for MASs with measurement noise still
remains to tackle.

In this paper, we investigate event-triggered bipartite
consensus for single-integrator MASs with measurement
noise. A time-varying control gain is introduced into the
event-triggered protocols, leading to a time-varying closed-
loop system. With the help of the state transition matrix and
stochastic analysis theory, the closed-loop system is analyzed.
Necessary and sufficient conditions for the system to achieve
mean square bipartite consensus based on event-triggered
protocols are given. We find that the communication topol-
ogy being structurally balanced and containing a spanning
tree are necessary and sufficient for ensuring a mean square
bipartite consensus based on event-triggered protocols.

Organization. Section 2 gives the algebraic graph preliminar-
ies and the problem in question. Section 3 contains the main
results of the paper. Section 4 applies the results to examples
of MASs with six agents. Section 5 closes this paper.

Notations.𝑅𝑛×𝑚 represents the real matrix of 𝑛 × 𝑚 order. 0
denotes vector or matrix whose elements are 0. 1𝑛 represents
column vector whose elements are 1. sgn(⋅) represents the
sign function. ⊗ represents Kronecker product. For a given
matrix or vector 𝑋, 𝑋𝑇, and ‖𝑋‖ represent the transpose
and European norm of 𝑋, respectively. ‖𝑋‖𝐹, ‖𝑋‖1, and‖𝑋‖∞ represent the Frobenius norm, 1-norm, and ∞-norm,
respectively. Re(𝜆) is the real part of 𝜆.
2. Problem Statement

The communication relations among 𝑁 agents are described
by the signed digraph G = (V,E,A), whereV = {1, . . . , 𝑁}
and E ⊆ V × V represent the node set and the edge set,
respectively. A = (𝑎𝑖𝑗) ∈ 𝑅𝑁×𝑁, where 𝑎𝑖𝑗 > 0 and 𝑎𝑖𝑗 < 0
represent cooperation and competition between agents 𝑖 and𝑗, respectively. 𝑎𝑖𝑗 ̸= 0 ⇐⇒ (𝑗, 𝑖) ∈ E. We assume that 𝑎𝑖𝑖 = 0
and 𝑎𝑖𝑗𝑎𝑗𝑖 ≥ 0, ∀𝑖, 𝑗 ∈ V.L = C𝑟 −A is the Laplacian matrix
of G, where C𝑟 = diag(∑𝑁

𝑗=1 |𝑎1𝑗|, . . . , ∑𝑁
𝑗=1 |𝑎𝑁𝑗|). A signed

digraphG = (V,E,A) is said structurally balanced ifV can
be divided into two subsetsV1,V2,V1∪V2 = V,V1∩V2 =⌀, such that 𝑎𝑖𝑗 ≥ 0, ∀𝑖, 𝑗 ∈ V𝑝 (𝑝 ∈ {1, 2}), and 𝑎𝑖𝑗 ≤ 0,∀𝑖 ∈ V𝑝, 𝑗 ∈ V𝑞 (𝑝 ̸= 𝑞, 𝑝, 𝑞 ∈ {1, 2}). It is said structurally
unbalanced otherwise.

Lemma 1 (see [12]). If G is structurally balanced, Laplacian
L of G has at least one zero eigenvalue and all of the nonzero
eigenvalues have positive real parts. Furthermore, L has only
one zero eigenvalue if and only ifG has a spanning tree.

Consider a MAS described by�̇�𝑖 (𝑡) = 𝑢𝑖 (𝑡) , 𝑖 = 1, . . . , 𝑁, (1)
where 𝑥𝑖(𝑡) ∈ 𝑅𝑛 is the state of the 𝑖th agent and 𝑢𝑖(𝑡) ∈ 𝑅𝑛 is
the control input. A signed digraphG = (V,E,A) is used to
describe interactions among the 𝑁 agents.

Since communication is often disturbed by measurement
noise, we assume the 𝑖th agent receives information from
its neighbors with measurement noise 𝑥𝑗(𝑡) + 𝜑𝑗𝑖(𝑡), 𝑗 ∈
N𝑖, 𝑖 = 1, . . . , 𝑁. In order to reduce the frequency of
controller updates, we design the following event-triggered
protocol for the 𝑖th agent:

𝑢𝑖 (𝑡) = 𝑏 (𝑡) [[
𝑁∑
𝑗=1

𝑎𝑖𝑗 (sgn (𝑎𝑖𝑗) 𝑥𝑗 (𝑡𝑘) − 𝑥𝑖 (𝑡𝑘))
+ 𝑁∑
𝑗=1

𝑎𝑖𝑗𝜑𝑗𝑖 (𝑡)]] , ∀𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , (2)

where 𝑖 = 1, . . . , 𝑁, 𝑘 = 0, 1, . . . , 𝑏(𝑡) > 0 is a piecewise
continuous function. {𝜑𝑗𝑖(𝑡)} is 𝑛 dimensional independent
standard white noise.

Remark 2. As far as we know the existing results [28, 29]
for event-triggered bipartite consensus did not consider
measurement noise. Here, we take noise into consideration.
If we take 𝑏(𝑡) ≡ 1, then (2) is reduced to the protocols in
[28, 29] without measurement noise.

Let 𝑋(𝑡) = (𝑥𝑇1 (𝑡), . . . , 𝑥𝑇𝑁(𝑡))𝑇 and 𝐽 = diag(𝜍𝑇1 (𝑡), . . . ,𝜍𝑇𝑁(𝑡))𝑇 be𝑁×𝑁2 dimensional block diagonal matrix, where𝜍𝑇𝑖 (𝑡) = (𝑎𝑖1, . . . , 𝑎𝑖𝑁) is the 𝑖th row element of matrixA.Then
the closed-loop system is

d𝑋 (𝑡) = −𝑏 (𝑡) (L ⊗ 𝐼𝑛)𝑋 (𝑡𝑘) d𝑡+ 𝑏 (𝑡) (𝐽 ⊗ 𝐼𝑛) dΛ (𝑡) ,𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 = 0, 1, ⋅ ⋅ ⋅ (3)

where Λ(𝑡) = (Λ𝑇
1(𝑡), . . . , Λ𝑇

𝑁(𝑡))𝑇 and Λ 𝑖(𝑡) = (Λ𝑇
1𝑖(𝑡), . . . ,Λ𝑇

𝑁𝑖(𝑡))𝑇, 𝑖 = 1, . . . , 𝑁. For 𝑖, 𝑗 = 1, . . . , 𝑁, ∫𝑡0 𝜑𝑗𝑖(𝑠)𝑑𝑠 =Λ 𝑗𝑖(𝑡) is 𝑛 dimensional standard Brownianmotion. Let 𝑒(𝑡) =(𝑒1(𝑡), . . . , 𝑒𝑁(𝑡))𝑇 be the measurement error, where 𝑒𝑖(𝑡) =𝑥𝑖(𝑡𝑘) − 𝑥𝑖(𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 = 0, 1, ⋅ ⋅ ⋅ . Then (3) is changed
to

d𝑋 (𝑡) = −𝑏 (𝑡) (L ⊗ 𝐼𝑛) (𝑋 (𝑡) + 𝑒 (𝑡)) d𝑡+ 𝑏 (𝑡) (𝐽 ⊗ 𝐼𝑛) dΛ (𝑡) ,𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 = 0, 1, ⋅ ⋅ ⋅ (4)

We present the following definition of event-triggered bipar-
tite consensus for the stochastic system.

Definition 3. Let U = {𝑢𝑖, 𝑖 = 1, . . . , 𝑁} be an event-
triggered protocol. If for any given 𝑋(0) ∈ 𝑅𝑛𝑁, there exist𝑔 = (𝑔1, . . . , 𝑔𝑁)𝑇 ∈ 𝑅𝑁, 𝑔𝑖 ∈ {±1}, 𝑖 = 1, . . . , 𝑁 and 𝑛
dimensional random vector ]∗,

lim
𝑡→∞

𝐸 𝑋 (𝑡) − 𝑔 ⊗ ]∗2 = 0, (5)

where 𝐸‖]∗‖2 < ∞, 𝐸]∗ is dependent on communication
relations among agents and 𝑋(0), which is deterministic.
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Then, event-triggered protocol U is called a mean square
bipartite consensus protocol.

We introduce the event-triggered condition‖𝑒 (𝑡)‖ ≤ 𝑐1𝑒−𝛼𝑡, (6)

where 𝑐1 > 0, 0 < 𝛼 < min𝜆(L) ̸=0{Re(𝜆(L))}. When the
measurement error ‖𝑒(𝑡)‖ is over the threshold, the controller
is triggered and updates itself.

To analyze the closed-loop system in (4), we make the
following assumptions:(Q1) G = (V,E,A) is structurally balanced.(Q2) G = (V,E,A) contains a spanning tree.(Q3) ∫∞0 𝑏(𝑠)d𝑠 = ∞.(Q4) ∫∞0 𝑏2(𝑠)d𝑠 < ∞.

The following lemma plays an important role in the
following section.

Lemma 4 (see [16]). Given linear time-varying system𝑑𝑌𝑙𝑑𝑡 = −𝑏 (𝑡) 𝐹𝜆
𝑙 𝑌𝑙, 𝑙 ∈ N, 𝜆 ∈ C, 𝑡 ≥ 𝑡0 ≥ 0, (7)

where 𝑌𝑙 = (𝑦𝑙1, . . . , 𝑦𝑙𝑅𝑙)𝑇 ∈ 𝑅𝑅𝑙 and 𝐹𝜆
𝑙 is the 𝑅𝑙 × 𝑅𝑙 dimen-

sional Jordan block, which 𝜆 is the diagonal element. Then the
state transition matrix of (7) is Ψ𝐹𝜆

𝑙
(𝑡, 𝑡0) = 𝑒−∫𝑡𝑡0 𝑏(𝑠)𝑑𝑠𝐹𝜆𝑙 . In

addition, we can obtain lim𝑡→∞Ψ𝐹𝜆
𝑙
(𝑡, 𝑡0) = 0 if ∫∞0 𝑏(𝑠)𝑑𝑠 =∞ and Re(𝜆) > 0.

Lemma 5. If the event-triggered protocol (2) is a mean square
bipartite consensus protocol, then ∃𝑔 = (𝑔1, . . . , 𝑔𝑁)𝑇 ∈ 𝑅𝑁,𝑔𝑖 ∈ {±1}, 𝑖 = 1, . . . , 𝑁, and 𝜃 = (𝜃1, . . . , 𝜃𝑁)𝑇 ∈ 𝑅𝑁, such that
lim𝑡→∞Ψ(𝑡, 0) = 𝑔𝜃𝑇⊗𝐼𝑛, whereΨ(𝑡, 0) is the state transition
matrix of (4).

Proof. From the above condition, Definition 3 implies that
for any given initial state 𝑋(0), there exist a vector 𝑔 and a
random vector ]∗ so that lim𝑡→∞𝐸‖𝑋(𝑡) − 𝑔 ⊗ ]∗‖2 = 0.
Obviously,𝑋 (𝑡) = Ψ (𝑡, 0)𝑋 (0)

− ∫𝑡

0
𝑏 (𝑠) Ψ (𝑡, 𝑠) (L ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠

+ ∫𝑡

0
𝑏 (𝑠) Ψ (𝑡, 𝑠) (𝐽 ⊗ 𝐼𝑛) dΛ (𝑠) .

(8)

Without loss of generality, we assume ∫𝑡0 𝑏(𝑠)Ψ(𝑡, 𝑠)(L ⊗𝐼𝑛)𝑒(𝑠)d𝑠 and ∫𝑡0 𝑏(𝑠)Ψ(𝑡, 𝑠)(𝐽 ⊗ 𝐼𝑛)dΛ(𝑠) converge to 𝑌∗ and𝑍∗ in mean square sense, respectively. Then,𝑔 ⊗ 𝐸]∗ = lim
𝑡→∞

𝐸𝑋 (𝑡)
= (Ψ∞ ⊗ 𝐼𝑛)𝑋 (0) − 𝐸𝑌∗ + 𝐸𝑍∗, (9)

where lim𝑡→∞Ψ(𝑡, 0) = Ψ∞ ⊗ 𝐼𝑛. According to Definition 3
and the arbitrariness of 𝑋(0), one obtains (Ψ∞ ⊗ 𝐼𝑛)𝑋(0) =𝑔 ⊗ 𝐸𝑑∗, where 𝐸𝑑∗ ∈ 𝑅𝑁.

Let Ψ∞ = (1, . . . , 𝑁). Then, all elements of 𝑖 have
the same absolute value. The same applies for ∑𝑁

𝑗=1(𝑗 ⊗ 𝜏𝑗),
where 𝜏𝑗 ∈ 𝑅𝑛, 𝑗 = 1, . . . , 𝑁. If Ψ∞ = 0, then by making𝜃 = 0, Lemma 5 holds. IfΨ∞ has at least one nonzero column,
without loss of generality, we assume 1 ̸= 0. Then 1 =𝜃1𝑔. Without loss of generality, we assume 𝜃1 > 0. For any𝛼, 𝛽 ∈ 𝑅𝑛, 𝑎, 𝑏 ∈ 𝑅, 𝑎, 𝑏 ̸= 0, 𝑎𝛼 + 𝑏𝛽 ̸= ±(𝑎𝛼 − 𝑏𝛽). If𝑗 ̸= 0 for some 𝑗 ̸= 1, then all 𝑛 dimensional components
of 𝑗 ⊗ 𝛼 − 1 ⊗ 𝛽 have the same modulus if and only if𝑗 = 𝜃𝑗𝑔, 𝜃𝑗 > 0. If 𝑗 = 0, we have 𝑗 = 𝜃𝑗𝑔 by taking 𝜃𝑗 = 0.
Then Ψ∞ = (1, . . . , 𝑁) = (𝜃1𝑔, . . . , 𝜃𝑁𝑔) = 𝑔(𝜃1, . . . , 𝜃𝑛).
In addition, lim𝑡→∞Ψ(𝑡, 0) = Ψ∞ ⊗ 𝐼𝑁, so lim𝑡→∞Ψ(𝑡, 0) =𝑔(𝜃1, 𝜃2, . . . , 𝜃𝑁) ⊗ 𝐼𝑛 = 𝑔𝜃𝑇 ⊗ 𝐼𝑛.
Lemma 6. If (Q1) − (Q4) hold, then for any given initial state𝑋(0), there is a random vector 𝑋∗ such that 𝑋(𝑡) converges to𝑋∗ in mean square sense, i.e., lim𝑡→∞𝐸‖𝑋(𝑡) − 𝑋∗‖2 = 0.
Proof. If (Q1) and (Q2) hold, then Laplacian L has exactly
one zero eigenvalue and all nonzero eigenvalues have positive
real parts by Lemma 1. Thus, there exists an invertible matrix𝐷, such that 𝐷−1

L𝐷 = 𝐹 = diag (0, 𝐹2, . . . , 𝐹𝛾) , (10)

where𝐹𝑖 (𝑖 = 2, . . . , 𝛾) is the𝑅𝑖×𝑅𝑖 dimensional Jordan block,
which 𝜆𝑖 is the diagonal element, and 𝑅2 + ⋅ ⋅ ⋅ + 𝑅𝛾 = 𝑁 −1. Obviously, 𝜆2, . . . , 𝜆𝛾 are eigenvalues of L and Re(𝜆𝑖) >0, 𝑖 = 2, . . . , 𝛾.

Since Ψ(𝑡, 𝑡0) (𝑡0 ≥ 0) is the state transition matrix of (4),Ψ(𝑡, 𝑡0) = 𝑒−∫𝑡𝑡0 𝑏(𝑠)d𝑠L ⊗ 𝐼𝑛. From Lemma 4,Ψ (𝑡, 𝑡0) = (𝐷 ⊗ 𝐼𝑛)⋅ diag (𝐼𝑛, Ψ𝐹𝜆22
(𝑡, 𝑡0) ⊗ 𝐼𝑛, . . . , Ψ𝐹

𝜆𝛾
𝛾

(𝑡, 𝑡0) ⊗ 𝐼𝑛)
⋅ (𝐷−1 ⊗ 𝐼𝑛) .

(11)

Combining this with (Q3), one has
lim
𝑡→∞

Ψ (𝑡, 𝑡0) = [𝐷 diag (1, 0, 0, . . . , 0)𝐷−1] ⊗ 𝐼𝑛. (12)

Thus, there exists 𝑇 > 0 so that for any 𝑡 ≥ 𝑡0 > 0,
max (Ψ (𝑡, 𝑡0)1 , Ψ (𝑡, 𝑡0)∞) ≤ 𝑇 < ∞. (13)

By Itô formula, the solution of (4) is given by𝑋 (𝑡) = Ψ (𝑡, 0)𝑋 (0)
− ∫𝑡

0
𝑏 (𝑠) Ψ (𝑡, 𝑠) (L ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠

+ ∫𝑡

0
𝑏 (𝑠) Ψ (𝑡, 𝑠) (𝐽 ⊗ 𝐼𝑛) dΛ (𝑠) .

(14)
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By (Q4), one obtains that, ∀𝜀 > 0, ∃Γ0 > 0, ∫∞Γ0 𝑏2(𝑠)d𝑠 <𝜀. By (12), ∃Γ1 > Γ0, such that max(‖Ψ(𝑡2, 𝑡3) − Ψ(𝑡1, 𝑡3)‖1,‖Ψ(𝑡2, 𝑡3) − Ψ(𝑡1, 𝑡3)‖∞) < 𝜀, 𝑡2 ≥ 𝑡1 > Γ1, ∀𝑡3 ∈ [0, Γ0].
Let 𝑋2(𝑡) = ∫𝑡0 𝑏(𝑠)Ψ(𝑡, 𝑠)(L ⊗ 𝐼𝑛)𝑒(𝑠)d𝑠, then by (10) and

(11), one has

𝑋2 (𝑡) = ∫𝑡

0
𝑏 (𝑠) (𝐷 ⊗ 𝐼𝑛)

⋅ diag (𝐼𝑛, Ψ𝐹𝜆22
(𝑡, 𝑠) ⊗ 𝐼𝑛, . . . , Ψ𝐹

𝜆𝛾
𝛾

(𝑡, 𝑠) ⊗ 𝐼𝑛)
⋅ (𝐷−1

L ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠.
(15)

By (6), (10), and direct calculation, one has (𝐷−1L⊗𝐼𝑛)𝑒(𝑠) =(0,D𝑇
2 (𝑠), . . . ,D𝑇

𝑁(𝑠))𝑇, where D𝑖(𝑠) (𝑖 = 2, . . . , 𝑁) is the
linear combination of 𝑒1(𝑠), . . . , 𝑒𝑁(𝑠). By L’Hospital and
direct calculation, one obtains

lim
𝑡→∞

∫𝑡

0
𝑏 (𝑠) 𝑒−𝜆𝑖 ∫𝑡𝑠 𝑏(𝜏)d𝜏 (∫𝑡

𝑠
𝑏 (𝜏) d𝜏)𝑚 𝑒−𝛼𝑠d𝑠 = 0,

𝑚 = 0, 1, . . . , 𝑅𝑖 − 1; 𝑖 = 2, . . . , 𝛾. (16)

Noticing that Ψ𝐹𝜆𝑖𝑖
(𝑡, 𝑠) = ∑∞

𝑑=0((− ∫𝑡𝑠 𝑏(𝜏)d𝜏)𝑑(𝐹𝜆𝑖
𝑖 )𝑑/𝑑!), one

has lim𝑡→∞𝑋2(𝑡) = 0.
Let 𝑋3(𝑡) = ∫𝑡0 𝑏(𝑠)Ψ(𝑡, 𝑠)(𝐽 ⊗ 𝐼𝑛)dΛ(𝑠), then

𝑋3 (𝑡2) − 𝑋3 (𝑡1)
= ∫𝑡2

0
𝑏 (𝑠) [Ψ (𝑡2, 𝑠) − Ψ (𝑡1, 𝑠)] (𝐽 ⊗ 𝐼𝑛) dΛ (𝑠)

+ ∫𝑡2

𝑡1
𝑏 (𝑠) Ψ (𝑡1, 𝑠) (𝐽 ⊗ 𝐼𝑛) dΛ (𝑠) ≜ 𝑋31 + 𝑋32.

(17)

Therefore 𝐸‖𝑋3(𝑡2) − 𝑋3(𝑡1)‖2 ≤ 2𝐸‖𝑋31‖2 + 2𝐸‖𝑋32‖2. It is
easy to obtain

𝐸 𝑋31
2

= ∫𝑡2

0
𝑏2 (𝑠) [Ψ (𝑡2, 𝑠) − Ψ (𝑡1, 𝑠)] (𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠. (18)

Noting

∫𝑇0

0
𝑏2 (𝑠) [Ψ (𝑡2, 𝑠) − Ψ (𝑡1, 𝑠)] (𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠

≤ 𝑛𝑁 (𝐽 ⊗ 𝐼𝑛)21 ∫∞

0
𝑏2 (𝑠) d𝑠 ≜ 𝑀4𝜀2 (19)

and

∫𝑡2

Γ0
𝑏2 (𝑠) [Ψ (𝑡2, 𝑠) − Ψ (𝑡1, 𝑠)] (𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠
≤ 4𝑛𝑁𝐿2 (𝐽 ⊗ 𝐼𝑛)21 𝜀 ≜ 𝑀5𝜀, (20)

one has 𝐸‖𝑋31‖2 ≤ 𝑀4𝜀2 + 𝑀5𝜀. Similarly, one obtains

𝐸 𝑋32
2 = ∫𝑡2

𝑡1
𝑏2 (𝑠) Ψ (𝑡1, 𝑠) (𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠

≤ 𝑛𝑁𝐿2 (𝐽 ⊗ 𝐼𝑛)21 𝜀 ≜ 𝑀54 𝜀. (21)

So 𝐸‖𝑋3(𝑡2) − 𝑋3(𝑡1)‖2 ≤ 2𝑀4𝜀2 + (5/2)𝑀5𝜀. By Cauchy
criterion and the arbitrariness of 𝜀, there exists 𝑋∗

3 such that𝑋3(𝑡) converges to 𝑋∗
3 in mean square sense. So there exists𝑋∗ such that 𝑋(𝑡) converges to 𝑋∗ in mean square sense. By

(12), 𝑋∗ = [𝐷 diag(1, 0, . . . , 0)𝐷−1 ⊗ 𝐼𝑛]𝑋(0) + 𝑋∗
3 .

3. Main Results

In this section, we give necessary and sufficient conditions for
the proposed event-triggered protocols to guarantee a mean
square bipartite consensus.

Theorem 7. The event-triggered protocol in (2) is a mean
square bipartite consensus protocol for the system in (1) if and
only if (Q1)-(Q4) hold.
Proof (sufficiency).

(S.1) Construct a Bipartition for the MAS. By (Q3), V can be
decomposed into two disjoint subsetsVV1 ,VV2 ,VV1 ∪VV2 =
V, VV1 ∩ VV2 = ⌀, and 𝑎𝑠𝑡 ≤ 0 for 𝑠 ∈ V𝑓, 𝑡 ∈ V𝑔, 𝑓 ̸=𝑔, 𝑓, 𝑔 ∈ {V1, V2}, and 𝑎𝑠𝑡 ≥ 0 for 𝑠, 𝑡 ∈ V𝑝, 𝑝 ∈ {V1, V2}.
Without loss of generality, we assume VV1 = {1, . . . , 𝑚},
VV2 = {𝑚 + 1, . . . , 𝑁}. Let 𝑔𝑖 = 1 for 𝑖 ∈ VV1 and 𝑔𝑗 = −1
for 𝑗 ∈ VV2 . By definition, one has L𝑔 = 0, where 𝑔 =(𝑔1, . . . , 𝑔𝑁)𝑇.
(S.2) Prove lim𝑡→∞𝐸‖𝑋(𝑡) − 𝑔 ⊗ ]∗‖2 = 0. From Lemma 6,∃𝑋∗, lim𝑡→∞𝐸‖𝑋(𝑡) − 𝑋∗‖2 = 0. Without loss of generality,
we assume lim𝑡→∞𝐸‖𝑥1(𝑡) − ]∗‖2 = 0. Next, we will prove
lim𝑡→∞𝐸‖𝑥𝑖(𝑡) − 𝑔𝑖]∗‖2 = 0, 𝑖 = 2, . . . , 𝑁.

Let 𝜙(𝑡) = (𝜙𝑇2 (𝑡), . . . , 𝜙𝑇𝑁(𝑡))𝑇, where 𝜙𝑖(𝑡) = 𝑥𝑖(𝑡) −𝑔𝑖𝑥1(𝑡), 𝑖 = 2, . . . , 𝑁. Now we prove that lim𝑡→∞𝐸‖𝜙(𝑡)‖2 =0. For this purpose, We assume 𝜙(𝑡) ≜ (𝑄 ⊗ 𝐼𝑛)𝑋(𝑡), where
𝑄 ≜ ( 1𝑁 1𝑁 ⋅ ⋅ ⋅ 1𝑁 − 1𝑁 ⋅ ⋅ ⋅ − 1𝑁−1𝑚−1 𝐼𝑚−1 0−1𝑁−𝑚 0 −𝐼𝑁−𝑚 )

= ( 1𝑁𝑔𝑇𝑄2

) .
(22)

Then 𝜙(𝑡) = (𝜒𝑇(𝑡), 𝜙𝑇(𝑡))𝑇, where 𝜒(𝑡) ≜ (1/𝑁)(𝑔𝑇 ⊗𝐼𝑛)𝑋(𝑡). Since
𝑄L𝑄−1 = (0 𝜛𝑇0 𝐿2

) , (23)
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by (4), one has𝑑𝜙 (𝑡) = −𝑏 (𝑡) (𝐿2 ⊗ 𝐼𝑛) 𝜙 (𝑡) d𝑡− 𝑏 (𝑡) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑡) d𝑡+ 𝑏 (𝑡) (𝑄2𝐽 ⊗ 𝐼𝑛) dΛ (𝑡) . (24)

By (23), 𝑆−1𝐿2𝑆 = diag(𝐹2, . . . , 𝐹𝛾), where 𝑆 is invertible and𝐹2, . . . , 𝐹𝛾 are given in (10). The state transition matrix of the
system in (24) isΨ2 (𝑡, 𝑡0) = (𝑆 ⊗ 𝐼𝑛)⋅ [diag (Ψ𝐹𝜆22

(𝑡, 𝑡0) ⊗ 𝐼𝑛, . . . , Ψ𝐹
𝜆𝛾
𝛾

(𝑡, 𝑡0) ⊗ 𝐼𝑛)]
⋅ (𝑆−1 ⊗ 𝐼𝑛) ,

(25)

where Ψ
𝐹
𝜆𝑞
𝑞

(𝑡, 𝑡0), 𝑞 = 2, . . . , 𝛾 are defined as in Lemma 4.
Hence, lim𝑡→∞Ψ2(𝑡, 𝑡0) = 0, i.e., ∀𝜀 > 0, ∃Γ2 > Γ1, such that‖Ψ2(𝑡, 𝑡0)‖ < 𝜀, ∀𝑡 > Γ2. Furthermore, ∃𝑇𝐿2 > 0, such that,∀𝑡 > 𝑡0 ≥ 0, max(‖Ψ2(𝑡, 𝑡0)‖1, ‖Ψ2(𝑡, 𝑡0)‖∞) ≤ 𝑇𝐿2 < ∞.

By Itô formula, it can be seen that the state of the system
in (24) can be described as𝜙 (𝑡) = Ψ2 (𝑡, 0) 𝜙 (0)

− ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠

+ ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐽 ⊗ 𝐼𝑛) dΛ (𝑠) .

(26)

Therefore,𝐸 𝜙 (𝑡)2 = Ψ2 (𝑡, 0) 𝜙 (0)2 − 2𝜙𝑇 (0) Ψ𝑇
2 (𝑡, 0)

⋅ ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠

+ ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠2

+ ∫𝑡

0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠,

(27)

and hence,𝐸 𝜙 (𝑡)2≤ 2 Ψ2 (𝑡, 0) 𝜙 (0)2
+ 2 ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠2

+ ∫𝑡

0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠.

(28)

Since∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠2

≤ ∫𝑡

0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠)2 d𝑠 ∫𝑡

0

(𝑄2𝐿 ⊗ 𝐼𝑛)2 ‖𝑒 (𝑠)‖2 d𝑠 (29)

and

∫𝑡

0

(𝑄2𝐿 ⊗ 𝐼𝑛)2 ‖𝑒 (𝑠)‖2 d𝑠
≤ (𝑄2𝐿 ⊗ 𝐼𝑛)2 ∫𝑡

0
𝑐21 𝑒−2𝛼𝑠d𝑠 ≤ 𝑐212𝛼 (𝑄2𝐿 ⊗ 𝐼𝑛)2 , (30)

there exists 𝛽3 > 0 such that ∫𝑡0 ‖(𝑄2𝐿 ⊗ 𝐼𝑛)‖2‖𝑒(𝑠)‖2d𝑠 ≤ 𝛽3.
Then ∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠2

⩽ 𝛽3 ∫Γ0

0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠)2 d𝑠

+ 𝛽3 ∫𝑡

Γ0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠)2 d𝑠.

(31)

Since ∫Γ00 𝑏2(𝑠)‖Ψ2(𝑡, 𝑠)‖2d𝑠 = ‖Ψ2(𝑡, 𝜂)‖2 ∫Γ00 𝑏2(𝑠)d𝑠 ≤ ‖Ψ2(𝑡,𝜂)‖2 ∫∞0 𝑏2(𝑠)d𝑠, where 𝜂 ∈ (0, Γ0) and ∫∞Γ0 𝑏2(𝑠)d𝑠 < 𝜀, one
has ∫𝑡Γ0 𝑏2(𝑠)‖Ψ2(𝑡, 𝑠)‖2d𝑠 ≤ 𝑇2

𝐿2
𝜀 ≜ 𝑀6𝜀. Therefore, ∀𝑡 > 𝑇2∫𝑡

0
𝑏 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐿 ⊗ 𝐼𝑛) 𝑒 (𝑠) d𝑠2≤ 𝛽3 Ψ2 (𝑡, 𝜂)2 ∫∞

0
𝑏2 (𝑠) d𝑠 + 𝑀6𝛽3𝜀

≤ 𝜀2𝛽3 ∫∞

0
𝑏2 (𝑠) d𝑠 + 𝑀6𝛽3𝜀.

(32)

From ∫∞Γ0 𝑏2(𝑠)𝑑𝑠 < 𝜀, one gets
∫𝑡

Γ0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠
< 𝑛𝑁𝑇2

𝐿2
(𝑄2𝐽 ⊗ 𝐼𝑛) |21 𝜀 ≜ 𝑀7𝜀. (33)

Combining this with

∫Γ0

0
𝑏2 (𝑠) Ψ2 (𝑡, 𝑠) (𝑄2𝐽 ⊗ 𝐼𝑛)2𝐹 d𝑠

≤ 𝑛𝑁 Ψ2 (𝑡, 𝜉)21 (𝑄2𝐽 ⊗ 𝐼𝑛)21 ∫∞

0
𝑏2 (𝑠) d𝑠,

𝜉 ∈ (0, Γ0) ,
(34)

one has

𝐸 𝜙 (𝑡)2 ≤ 2 𝜙 (0)2 𝜀2 + 2𝛽3𝜀2 ∫∞

0
𝑏2 (𝑠) d𝑠

+ 𝑛𝑁𝜀2 (𝑄2𝐽 ⊗ 𝐼𝑛)21 ∫∞

0
𝑏2 (𝑠) d𝑠

+ 2𝑀6𝛽3𝜀 + 𝑀7𝜀.
(35)
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By the arbitrariness of 𝜀, one gets lim𝑡→∞𝐸‖𝜙(𝑡)‖2 = 0.
Hence, lim𝑡→∞𝐸‖𝑋(𝑡) − 𝑔 ⊗ ]∗‖2 = 0.
(S.3) Analyze the Statistical Characteristics of ]∗.ByLemma 6,𝑔 ⊗ ]∗ = 𝑋∗ = [𝐷 diag(1, 0, 0, . . . , 0)𝐷−1 ⊗ 𝐼𝑛]𝑋(0) + 𝑋∗

3 . So𝑔 ⊗ 𝐸]∗ = 𝐸𝑋∗ = [𝐷 diag(1, 0, 0, . . . , 0)𝐷−1 ⊗ 𝐼𝑛]𝑋(0).
We assume 𝑚𝑟, 𝑚𝑇

𝑙 represent the first column of 𝐷 and
the first row of 𝐷−1, respectively. Then, 𝑔 ⊗ 𝐸]∗ = (𝑚𝑟𝑚𝑇

𝑙 ⊗𝐼𝑛)𝑋(0). Since 𝐷−1L𝐷 = 𝐹,L𝐷 = 𝐷𝐹, and 𝐷−1L = 𝐹𝐷−1,
L𝑚𝑟 = 0 and 𝑚𝑇

𝑙 L = 0. By (S.1), L𝑔 = 0. Therefore, 𝑚𝑟 =𝜅𝑔 (𝜅 ∈ 𝑅 and 𝜅 ̸= 0) and 𝑔 ⊗ 𝐸]∗ = 𝑔 ⊗ [𝜅(𝑚𝑇
𝑙 ⊗ 𝐼𝑛)𝑋(0)].

Then 𝐸]∗ = 𝜅(𝑚𝑇
𝑙 ⊗ 𝐼𝑛)𝑋(0). Clearly, 𝑚𝑙 is concerned with

communication topology. Thus, 𝐸]∗ is determined by 𝑋(0)
and communication topology of MASs.

It is easy to obtain that Ψ(, ) is uniformly bounded.
Therefore, ∀𝜀 > 0, ∃Γ3 > Γ2,∫∞

Γ3
𝑏2 (𝑠) Ψ (𝑡, 𝑠) (𝐽 ⊗ 𝐼𝑛) (𝐽 ⊗ 𝐼𝑛)𝑇 Ψ𝑇 (𝑡, 𝑠) d𝑠 < 𝜀,

∫∞

Γ3
𝑏2 (𝑠) (𝑚𝑟𝑚𝑇

𝑙 ⊗ 𝐼𝑛) (𝐽 ⊗ 𝐼𝑛) (𝐽 ⊗ 𝐼𝑛)𝑇
⋅ (𝑚𝑟𝑚𝑇

𝑙 ⊗ 𝐼𝑛)𝑇 d𝑠 < 𝜀.
(36)

Let 𝑋4(𝑡) = ∫Γ30 𝑏2(𝑠)Ψ(𝑡, 𝑠)(𝐽 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛)𝑇Ψ𝑇(𝑡, 𝑠)d𝑠.
Then for any 𝑡 > Γ4, ‖𝑋4(𝑡) − ∫Γ30 𝑏2(𝑠)(𝑚𝑟𝑚𝑇

𝑙 ⊗ 𝐼𝑛)(𝐽 ⊗𝐼𝑛)(𝐽 ⊗ 𝐼𝑛)𝑇(𝑚𝑟𝑚𝑇
𝑙 ⊗ 𝐼𝑛)𝑇d𝑠‖ < 𝜀. This together with (36)

leads to lim𝑡→∞ ∫𝑡0 𝑏2(𝑠)Ψ(𝑡, 𝑠)(𝐽 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛)𝑇Ψ𝑇(𝑡, 𝑠)d𝑠 =∫∞0 𝑏2(𝑠)(𝑚𝑟𝑚𝑇
𝑙 𝐽𝐽𝑇𝑚𝑙𝑚𝑇

𝑟 ⊗ 𝐼𝑛)d𝑠 = Θ(𝑔𝑔𝑇 ⊗ 𝐼𝑛), whereΘ = 𝜅2(𝑚𝑇
𝑙 𝐽𝐽𝑇𝑚𝑙) ∫∞0 𝑏2(𝑠)d𝑠. Combining this with𝐷(𝑋∗) =

lim𝑡→∞ ∫𝑡0 𝑏2(𝑠) × Ψ(𝑡, 𝑠)(𝐽 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛)𝑇Ψ𝑇(𝑡, 𝑠)d𝑠, one gets𝐷(]∗) = Θ𝐼𝑛. Therefore, 𝐸‖]∗‖2 < ∞. By Definition 3, the
sufficiency is established.

Necessity.

(B.1) Prove (𝑄3), Namely, ∫∞0 𝑏(𝑠)𝑑𝑠 = ∞. By contradiction,
we assume that (Q3) does not hold. Then, ∃𝜖 > 0,∫∞0 𝑏(𝑠)d𝑠 = 𝜖, and lim𝑡→∞𝑒−∫𝑡0 𝑏(𝑠)d𝑠L = 𝑒−𝜖L. There-
fore, rank(lim𝑡→∞Ψ(𝑡, 0)) = rank(𝑒−𝜖L ⊗ 𝐼𝑛) = 𝑛𝑁.
However, by Lemma 5, lim𝑡→∞Ψ(𝑡, 0) = 𝑔𝜃𝑇 ⊗ 𝐼𝑛 and
rank(lim𝑡→∞Ψ(𝑡, 0)) ≤ 𝑛. This is a contradiction. So (Q3)
holds.

(B.2) Prove That Laplacian Matrix L Has Exactly One Zero
Eigenvalue. By contradiction, we assume that 0 is not an
eigenvalue ofL. Then all the eigenvalues ofL have positive
real part and −L is a Hurwitz matrix. By (Q3) and Lemma 4,
lim𝑡→∞Ψ(𝑡, 0) = 0. Combining this with Lemma 5, one
has 𝑔 ⊗ 𝐸]∗ = 𝐸𝑍∗ − 𝐸𝑌∗. Since 𝐸𝑍∗ and 𝐸𝑌∗ are
independent of 𝑋(0), 𝐸]∗ is independent of 𝑋(0). This
contradicts Definition 3. So 0 is an eigenvalue ofL.

Let 𝐹0
1 be a Jordan block with eigenvalue 0. Then it is 1

dimensional. Otherwise, we assume𝐹0
1 is𝑅1 dimensional and𝑅1 > 1. Then, by (Q3) and the definition of matrix exponent

function, one gets that lim𝑡→∞𝑒−∫𝑡0 𝑏(𝑠)d𝑠𝐹01 does not exist,
and hence, lim𝑡→∞Ψ(𝑡, 0) does not exist. This contradicts
Lemma 5. So 𝐹0

1 is 1 dimensional.
Let algebra multiplicity of eigenvalue 0 be𝑤. Then𝑤 = 1.

Otherwise, 𝑤 > 1. Take 𝑤 = 2 as an example. Since each
Jordan block corresponding to eigenvalue 0 is 1 dimensional,

Ψ∞ ⊗ 𝐼𝑛 ≜ lim
𝑡→∞

Ψ (𝑡, 0) = lim
𝑡→∞

𝑒−∫𝑡0 𝑏(𝑠)d𝑠L ⊗ 𝐼𝑛
= 𝐷 diag (1, 1, 0, . . . , 0)𝐷−1 ⊗ 𝐼𝑛. (37)

Thus, rank(Ψ∞) = 2. This contradicts rank(Ψ∞) ≤ 1 from
Lemma 6. So LaplacianL has exactly one zero eigenvalue.

(B.3) Prove (𝑄1) and (𝑄2). By (B.2) and (Q3), one has (12). By
Lemma 5, one gets

𝐷 diag (1, 0, 0, . . . , 0)𝐷−1 = 𝑔𝜃𝑇. (38)

Noticing that 𝑚𝑟 is the first column of 𝐷, one hasL𝑚𝑟 =0. By (38), one obtains 𝑚𝑟 = 𝑔𝜅∗, where 𝜅∗ = 𝜃𝑇𝑚𝑟 ∈ 𝑅.
Then, L𝑔 = 0. By the definition of L, for any 𝑗, we obtain𝑔𝑗 ∑𝑘 ̸=𝑗 |𝑎𝑗𝑘| = ∑𝑘 ̸=𝑗 𝑔𝑘𝑎𝑗𝑘, 𝑗 = 1, . . . , 𝑁. Since 𝑔𝑗 = ±1
and 𝑔2𝑗 = 1, 𝑗 = 1, 2, . . . , 𝑁, ∑𝑘 ̸=𝑗 |𝑎𝑗𝑘| = ∑𝑘 ̸=𝑗 𝑔𝑗𝑔𝑘𝑎𝑗𝑘. So𝑔𝑗𝑔𝑘𝑎𝑗𝑘 = |𝑎𝑗𝑘| ≥ 0. Let 𝑉1 = {𝑗 | 𝑔𝑗 = 1} and 𝑉2 = {𝑗 | 𝑔𝑗 =−1}, then 𝑉1 ∩ 𝑉2 = ⌀, 𝑉1 ∪ 𝑉2 = 𝑉. If 𝑗 ∈ V𝑝, 𝑝 ∈ {1, 2},
then 𝑎𝑗𝑘 ≥ 0, 𝑘 ∈ V𝑝 or 𝑎𝑗𝑘 ≤ 0, 𝑘 ∈ V𝑟, 𝑟 ̸= 𝑝, 𝑟 ∈ {1, 2}.
By definition,G is structurally balanced, that is, (Q1) holds.

By (B.2) and (Q1), Lemma 1 implies that (Q2) holds.
(B.4) Prove (𝑄4). Assume ∫∞0 𝑏2(𝑠)d𝑠 = ∞. Due to the first
row of𝐷−1 which is𝑚𝑇

𝑙 ,𝑚𝑇
𝑙 L = 0. By (4), we obtain d((𝑚𝑇

𝑙 ⊗𝐼𝑛)𝑋(𝑡)) = 𝑏(𝑡)(𝑚𝑇
𝑙 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛)dΛ(𝑡), 𝑖.𝑒.,

(𝑚𝑇
𝑙 ⊗ 𝐼𝑛)𝑋 (𝑡)
= (𝑚𝑇

𝑙 ⊗ 𝐼𝑛)𝑋 (0)
+ (𝑚𝑇

𝑙 ⊗ 𝐼𝑛) (𝐽 ⊗ 𝐼𝑛) ∫𝑡

0
𝑏 (𝑠) dΛ (𝑠) .

(39)

From Definition 3, it is known that 𝑋(𝑡) converges to 𝑔 ⊗ ]∗

in mean square sense, where 𝐸‖]∗‖2 < ∞. Thus, when𝑡 → ∞, (𝑚𝑇
𝑙 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛) ∫𝑡0 𝑏(𝑠)dΛ(𝑠) converges to a

random variable 𝑋𝑚 in mean square sense with 𝐸‖𝑋𝑚‖2 <∞. Then lim𝑡→∞𝐸‖(𝑚𝑇
𝑙 ⊗ 𝐼𝑛)(𝐽 ⊗ 𝐼𝑛) ∫𝑡0 𝑏(𝑠)dΛ(𝑠)‖2 =

lim𝑡→∞ tr(𝑚𝑇
𝑙 𝐽𝐽𝑇𝑚𝑙 ⊗ 𝐼𝑛) ∫𝑡0 𝑏2(𝑠)d𝑠 = ∞. This leads to a

contradiction. So (Q4) holds.
Remark 8. From Theorem 7 it can be seen that under (Q1)-(Q4) the event-triggered protocol in (2) ensures agents
converging to ]∗ or −]∗ under measurement noise.

Remark 9. From Theorem 7 one sees that to guarantee the
mean square bipartite consensus, (Q1)-(Q2) are requirements
for time-varying gain 𝑏(𝑡) while (Q3)-(Q4) are the weakest
connectivity assumptions.



Journal of Control Science and Engineering 7

1

6 3

2 4 5

2

1

−1 1

−1
1

2

Figure 1: Communication graphG among the 6 agents.
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Figure 2: State trajectories of six agents.

4. Numerical Simulation

To demonstrate the developed result in the preceding, we
consider an MAS of six agents, whose dynamics satisfy the
system in (1). The communication graph that connects the
six agents is illustrated in Figure 1. Clearly, V = {1, . . . , 6},
A = (𝑎𝑖𝑗), 𝑎16 = 𝑎61 = 𝑎54 = 1, 𝑎21 = 𝑎35 = −1,
and 𝑎42 = 𝑎63 = 2 in G = (V,E,A). From Figure 1,
G satisfies (Q1) and (Q2). Furthermore, all eigenvalues of
LaplacianL are 𝜆1 = 0, 𝜆2 = 0.6733+0.9192𝚥, 𝜆3 = 0.6733−0.9192𝚥, 𝜆4 = 2.0887 + 0.7157𝚥, 𝜆5 = 2.0887 − 0.7157𝚥, and𝜆6 = 3.4760 (𝚥2 = −1). Obviously, min𝜆(L) ̸=0{Re 𝜆(L)} =0.6733. The initial state of the MAS is given by 𝑋(0) =(10, −15, 20, −25, 30, −5). Choose 𝑏(𝑡) = ln(𝑡 + 1)/(𝑡 + 1).
By direct calculation we know that 𝑏(𝑡) satisfies (Q3)-(Q4).
Assume event-triggered condition (6) is satisfied by taking𝑐1 = 1.2 and 𝛼 = 0.6. Applying protocol (2) to the system
in (1), we get the six agents’ state trajectories. As shown in
Figure 2 one can see that the states of agents 1, 3, and 6
converge to 5 in mean square sense while the states of agents
2, 4, and 5 converge to -5 in mean square sense. Thus, mean
square bipartite consensus is achieved with event-triggered
protocol (2). On the other hand, from Figure 3 we know
that the inputs are constants between the event triggering
time interval. Moreover, from Figure 4, it can be seen that

u1
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u4
u5
u6
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Figure 3: Control inputs of six agents.

the absolute value of the measurement error of each agent
converges to zero. This means that the MAS does not exhibit
Zeno behavior.

5. Conclusion

Mean square bipartite consensus problem of single-
integrator MASs is investigated in the context of event-
triggered control and measurement noise. By using time-
varying gain, an event-triggered bipartite consensus
protocol is proposed under measurement noise, with
which the controller update frequency is reduced. With
given necessary and sufficient conditions on protocol
gain and communication topology, the MAS is proved
to achieve event-triggered bipartite consensus. The
simulation shows that the system will not show Zeno
behavior.
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A PID control for electric vehicles subject to input armature voltage and angular velocity signal constraints is proposed. A PID
controller for a vehicle DC motor with a separately excited field winding considering the field current constant was tuned using
controlled invariant set and multiparametric programming concepts to consider the physical motor constraints as angular velocity
and input armature voltage. Additionally, the integral of the error, derivative of the error constraints, and 𝜆 were considered in
the proposed algorithm as tuning parameters to analyze the DC motor dynamic behaviors. The results showed that the proposed
algorithm can be used to generate control actions taking into account the armature voltage and angular velocity limits. Also, results
demonstrate that a controller subject to constraints can improve the electric vehicle DC motor dynamic; and at the same time it
protects the motor from overvoltage.

1. Introduction

Some researchers state that electric vehicles can be one of the
renewable solutions to energy and environmental problems
caused by oil based vehicles due to the various advantages
associated with the use of electric energy, such as low cost [1–
5]. In this scenario, direct current (DC) motors are one of the
most used actuators in the construction of electric vehicles
[6]. This type of actuator has numerous advantages, such
as low cost, high reliability, easy maintenance, and simple
control for both speed and position variables with PID being
one of the main used controllers [7, 8].

The Proportional Integral Derivative Controller (PID)
has been widely used for most industrial process, due to
its simplicity and effectiveness in control [9, 10]. This type
of controller is commonly used in level, flow, temperature,
and vehicular systems, as well as electric motors [10–12]. In
addition, the design of the PID controller is considered easy

to implement, since it is only necessary to tune three param-
eters 𝐾𝑝, 𝐾𝑖, and 𝐾𝑑 and tuning methods can be performed
automatically [13]. Some ofmost used PID tuningmethods in
control engineering literature are Ziegler and Nichols, Cohen
and Conn, Relay method, and Relatus Apparatus. These
methods are effective and achieve excellent results when con-
trolling unconstrained monovariable systems although some
of these ones are also applicable for multivariate systems [9].

Despite all advantages of PID controllers, most of tuning
methods do not consider the process constraints.Thus, many
researches tried to consider these conditions in the control
loop using antireset windup, control signal saturation, and
integrator constraints. These techniques aim to limit the
control action to suit the controller to constrained processes
[14, 15]. However, thesemethods still do not take into account
the constraints while tuning the controller and, therefore,
suchmethods are not totally appropriate; i.e., they do not lead
to an optimal control signal for the constrained system.
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In order to solve the optimal constrained problem many
controllers are being proposed. One solution consists of
maintaining the system trajectory within 𝜆-contractive con-
trolled invariant polyhedron set defined in the state space.
This set contains all states for which there is a state feedback
control law that maintains the trajectory of the dynamic
systemwithinΩ [16, 17].The state feedback control law can be
calculated online, from the solution of a linear programming
(LP) problem, or offline, by solving a multiparametric linear
programming problem (mp-LP) [17]. This optimal solution
represents an explicit PWA (PieceWise Affine) state feedback
control law defined under a set of polyhedral regions in
state space [14]. In a complementary way to feedback control
recent research has shown that there is a state space form
that allows the tuning of PID controllers using the Linear
Quadratic Regulator (LQR) [13, 18], and this may allow us to
combine both strategies making a new tuning method that
considers constraints.

Within this context, in this paper a design of a new type of
gain-scheduling PID controller to control angular velocity of
electric vehicle DC motors subject to constraints in angular
velocity and input voltage and PID states is proposed. To this
end, the formulations in the state space of the PID controller
are used, as well as the concept of controlled invariant sets
togetherwith the solution of amultiparametric programming
problem [6, 9, 19, 20]. In this case, we use the same techniques
applied to obtain explicit controllers (which take into account
system constraints) to tune similar PID controllers (mp PID)
to constrained systems.

This work is organized as follows: At first, we will
approach the concept of the 𝜆-contractive controlled invari-
ant set. In sequence, the problem of linear multiparametric
programming will be described. After that, we will introduce
how to tune PID controllers frommultiparametric linear pro-
gramming technique. An overview of electrical vehicle DC
motors will be discussed later. Finally, a set of simulations will
be carried out with the objective of proving the functionality
of the proposed algorithm and the concept of mp PID in the
control of electrical vehicle DC motors, i.e., specified to work
with electric cars.

2. Controlled Invariant Sets

The concept of controlled invariant sets has become impor-
tant in the design of controllers for linear discrete-time
systems subject to constraints since it represents a fundamen-
tal condition to maintain system stability ensuring that the
constraints are not violated [21].

Consider the linear time-invariant discrete-time system
described by

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) , (1)

where 𝑘 ∈ N is the sample time, 𝑥 ∈ R𝑛 is the state of the
system with 𝑥 ∈ Ω = {𝑥 : 𝐺𝑥 ≤ 𝜌} (where 𝐺 ∈ R𝑔×𝑛 and𝜌 ∈ R𝑔), and 𝑢(𝑘) ∈ R𝑚 is the control input subject to the
constraints 𝑢(𝑘) ∈ U = {𝑢 : 𝑉𝑢 ≤ 𝜑}.

A nonempty closed set Ω ⊂ R𝑛 is controlled invariant
with respect to the system described in (1), if there exists
a control signal 𝑢 such that 𝑥(𝑘 + 1) remains inside it for

every 𝑥(𝑘) belonging to the closed set. Moreover, if a given
contraction rate 0 < 𝜆 < 1 is considered, a set Ω ⊂ R𝑛 is
said to be 𝜆-contractive controlled invariant set with respect
to system (1) if there exists a control signal 𝑢 such that 𝑥(𝑘 +1) belongs to the set 𝜆Ω, for every 𝑥(𝑘) belonging to the
closed set [16, 21]. In general, the set of constraintsΩ defined
in state space is not a controlled invariant set; i.e., there is
not necessarily a control law (𝑢(𝑘) ∈ U) which maintains
the trajectory of the state vector completely contained in
the set of constraints. However, it is possible to compute
a controlled invariant set Ω𝑐, to be as large as possible,
contained within the set of constraints Ω [22]. Therefore,
before starting the controller synthesis process, it is necessary
to define a controlled invariant set and then to compute a
suitable control law that is able to restrict the state vector to a
controlled invariant set ∀𝑥 ∈ Ω𝑐.

By defining the maximal contractive controlled invariant
set (Ω𝑐 = {𝐺𝑐𝑥 ≤ 𝜌𝑐}) [16, 22], a state feedback control law
(𝑢(𝑘) ∈ U), capable of maintaining the system dynamics
(1), contained in Ω𝑐, can be computed online by solving the
linear programming problem (LP) as described in [16] or
offline from the solution of the following multiparametric
programming problem (mp-LP) [23]:

min
V

𝑐𝑇V + 𝑑𝑇𝑥,
subject to: 𝐷V ≤ 𝑊 + 𝐸𝑥, (2)

where

𝑐𝑇 = [0 1] ,
𝐷 = [𝐺𝑐𝐵 −𝜌𝑐

𝑉 0 ] ,

V = [𝑢𝜀] ,

𝑊 = [0𝜑] ,

𝐸 = [𝐺𝐴0 ] ,

(3)

where 0 < 𝜀 ≤ 𝜆 is the contraction rate to be minimized
at each time step, 𝑢(𝑘) is the control action to be computed,
and 𝑥(𝑘) is set of states contained inside Ω𝑐. The expression𝐺𝑐(𝐴𝑥(𝑘) + 𝐵𝑢(𝑘)) ≤ 𝜀𝜌 represents a convex polyhedron in
the space R𝑛+𝑚, and U = {𝑢 : 𝑉𝑢 ≤ 𝜑} is a convex polytope
that represents the constraints in the control variable.

In the design of controllers under constraints, the solution
of the mp-LP (problem (2)) results in a PWA state feedback
control law over the polyhedral regions in the space of
parameters 𝑥(𝑘) as follows [24]:

(1) The set Ω𝑐 (controlled invariant polyhedral) is parti-
tioned into 𝑁𝑞 different polyhedral regions:
𝑅𝑗 = {𝑥 ∈ R

𝑛 | 𝑃𝑗𝑥 ≤ 𝑏𝑗} 𝑗 = 1, ⋅ ⋅ ⋅ , 𝑁𝑞, (4)
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Figure 1: System controlled by a PID.

(2) The optimal solution 𝑢∗(𝑥(𝑘)) : Ω𝑐 → R𝑚 is a PWA
function over 𝑅𝑗:
𝑢∗ (𝑥 (𝑘)) = 𝐹𝑗𝑥 (𝑘) + 𝑔𝑗 𝑓𝑜𝑟 𝑥 (𝑘) ∈ 𝑅𝑗. (5)

As the system is in the state space form it is possible to
find the largest 𝜆-contractive invariant set and, in sequence,
the parameters of the control law are computed which
maintain the dynamics of the states within the 𝜆-contractive
invariant set. In order to associate with the PID controller,
we will call this “the tuning step”, because we find the
controller’s parameters that guarantee positive invariance and𝜆-contractivity. That is, by using this process we will be able
to find a PID control law, PWA, that allows the controller to
synthesize control actions capable of controlling the process
under constraints.

2.1. Tuning of Gain-Scheduling PID Control Design (mp PID).
Based on formulation that allows the reorganization of a
second-order systems in state space form, described in [20],
whose states are the tracking error, integral of the error,
and derivative of the error, we propose the tuning of a type
of gain-scheduling PID controller by using the PWA state
feedback control law computed by multiparametric linear
programming, described in (2).

2.1.1. PID Controllers. Consider now the system presented in
(1) is described by

𝑌 (𝑠)𝑈 (𝑠) = 𝐾
𝑠2 + 2𝜉𝑜𝑙𝜔𝑜𝑙𝑛 𝑠 + (𝜔𝑜𝑙𝑛 )2 . (6)

Because the external setpoint does not affect the con-
troller design, we assume 𝑟(𝑡) = 0 for the system of Figure 1
[20].

The relation 𝑦(𝑡) = −𝑒(𝑡) is valid for the standard
regulation problem. Thus, it is possible to place the system in
function of the error and control signal, as presented in [20]

[𝑠2 + 2𝜉𝑜𝑙𝜔𝑜𝑙𝑛 𝑠 + (𝜔𝑜𝑙𝑛 )2] 𝐸 (𝑠) = −𝐾𝑈 (𝑠) , (7)

⇒ ̈𝑒 + 2𝜉𝑜𝑙𝜔𝑜𝑙𝑛 ̇𝑒 + (𝜔𝑜𝑙𝑛 )2 𝑒 = −𝐾𝑢. (8)

Use the following definitions:

𝑥1 = ∫𝑡
0
𝑒 (𝑡) 𝑑𝑡,

𝑥2 = 𝑒 (𝑡) ,
𝑥3 = 𝑑𝑒 (𝑡)𝑑𝑡 .

(9)

Equation (8) can be rewritten as

�̈�3 + 2𝜉𝑜𝑙𝜔𝑜𝑙𝑛 �̇�3 + (𝜔𝑜𝑙𝑛 )2 𝑥2 = −𝐾𝑢. (10)

Considering the state space, the formulation becomes
[20]

[[
[

�̇�1
�̇�2
�̇�3

]]
]

= [[[
[

0 1 0
0 0 1
0 − (𝜔𝑜𝑙𝑛 )2 −2𝜉𝑜𝑙𝜔𝑜𝑙𝑛

]]]
]
[[
[

𝑥1
𝑥2
𝑥3

]]
]
+ [[
[

0
0
−𝐾

]]
]
𝑢. (11)

In this case, we assume the reference signal equal to
zero and because the system is regulatory it is organized
in a way that the states tend to zero and tend to eliminate
the disturbance. When applied in electrical vehicle motor
control, we intend to make changes in the reference, so some
considerations must be realized:

(i) The external reference does not affect the controller
design.

(ii) It is possible to work step-type references in two
ways, by using model illustrated in Figure 1 or by
forcing changes in the operational point, so the new
system’s reference is forced to be at the origin likewise
linearizing a nonlinear system in the operational
point.

Concerning the direct change of reference, it is possible
to verify that as the system is stable in closed loop, it tends to
converge to the reference.However, in this case, only the error
and derivative of the error states will converge to zero and
the integral of the error will become a value that maintains
the necessary control action to force the output to zero, in the
same way conventional PID does.

The second way to control the system is using the
linearization idea and it can be observed in Figure 2.
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1: Convert the continuous system into a state space system, where the states are the errors and the input is the
control action, according to equation (11);

2: Compute the maximal 𝜆− contractive controlled invariant set contained in the set of constraints, which must
be reexplained in terms of the new state representation;

3: Solve the mp-LP problem described in equation (2);
4: Compute the integral of error, error, and derivative of error;
5: Identify which polyhedral region the computed state 𝑥(𝑘) belongs to.
6: Use the affine control law to control the system with 𝐹𝑗 = [𝐾𝑖𝑗 𝐾𝑝𝑗 𝐾𝑑𝑗]𝑇 and 𝑔𝑗 being the mp PID parameters,

corresponding to the j-th polyhedral region;
7: If the control routine is not interrupted, return to step 4.

Algorithm 1

ＨＯＧ(Ｍ)

＞？Ｈ(Ｍ)

Step
PIDMMPT

Step1 Gain
1/k

++ +
+

Scope1 Scope2

Transfer Fcn Scope
− −

Figure 2: System controlled by a PID.

Figure 2 considers the reference equal to zero (step)
and, to make changes in reference, we are changing the
operational point using step 1. The concept is very simple; by
changing the reference (step 1) in this system, the operational
point will change. Thus, the zero will be shifted; i.e., the
entered reference will be recognized as an instantaneous
error disturbance on the system's states. The system was
designed to force the error, integral of the error, and the
derivative of the error to the origin, so the system will work
to stabilize states in this “new zero”, which is the operational
point. In this way, the system's output will be forced toward
the reference using the same considerations as depicted in
Figure 2. In this scheme when there is a reference change the
invariant set moves along with it; i.e., if the error limit is equal
to 1, for example, and the reference is 5, the output will be
limited between the values 6 and 4. However, if the reference
is changed to 4, the output will be limited to the interval
between 3 and 5.This is particularly useful when it is desirable
to constrain the error around a variable reference. However,
it is needed to be careful not to vary the reference above
the limits of the invariant set and not to exceed the physical
limitations of the system. When the operator wants to limit
the output between 4 and 6 and use the operating points
4 and 5, because of this, the constraints on the magnitude
of the error would be within ±1 in the first example and in
the second one between 2 and 0 (𝑒𝑟𝑟𝑜𝑟 = −𝑦). This means
that, for these examples, it would be necessary to modify the
system's constraints by making a set of constraints for each
operational point.

Given the main considerations about the state space
system, it is necessary to tune and use the controller. In this
case the concept of invariant sets will be used to find an
optimum tuning for a PWA PID control law, which we call
mp PID. Thus, the 𝜆-contractive controlled invariant set is
computed by using the algorithms proposed by [22]; then,
mp-LP problem (2) is solved to compute the parameters𝐹𝑗 and 𝑔𝑗 of the affine law 𝑢(𝑥) = 𝐹𝑗𝑥 + 𝑔𝑗, where 𝐹𝑖
multiplies the state𝑋 = [𝑥1 𝑥2 𝑥3] corresponding to integral
of the error, the error, and the derivative of the error. This
means that the parameters of the proposed PID controller are
defined by 𝐹𝑗 = [𝐾𝑖𝑗 𝐾𝑝𝑗 𝐾𝑑𝑗] plus affine term 𝑔𝑗 which
is associated with a polyhedral region 𝑅𝑗, forming a gain-
scheduling PID control (mp PID). Such approach can be
obtained from the implementation of Algorithm 1.

As described in Algorithm 1, the proposed PID control
design is performed from a sequence of steps, where at first
the system must be rearranged in state space form, so that
the input is the control action and the states are the integral
of the error, error, and derivative of the error, according to
(11). Then, the new system is discretized with the desired
sampling period and, then given the new state space extended
system, the maximal 𝜆−contractive controlled invariant set is
computed as well as themultiparametric linear programming
problem (mp-LP) (2). The solution of the mp-LP problem
represents a PWA control law over polyhedral regions 𝑅𝑗
associated with a PID controller. At the end of these steps, the
control law is inserted into the control loop, where the error
tends to zero and the constraints are not violated as long as the
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Figure 3: DC motor with separated winding field with constant current (𝑖𝑓(𝑡)) [25].

initial state is inside the 𝜆−contractive controlled invariant
set.

3. DC Motors Overview

After the definition of the PID tuningmethod the application
must be studied in order to have mp PID applied to it, so
in this section we present an overview of electric vehicle DC
motors.

Recently, electric vehicles are gaining popularity among
the population resulting in more demand for these types of
car. Electric vehicles are efficient and need less maintenance
than fuel-based cars and they do not pollute the environment
[15]. However, the electric car depends heavily on battery
systems that are finite and have fewer storage capabilities.
Therefore, strategies to reduce and use more efficiently the
energy stored in the batteries are needed.

The consuming of the electric vehicles depends heavily on
the used motor type and adopted control strategy. Actually,
DC motors and induction motors are being proposed to
be used in the electric vehicle industry, with DC motor
type being a good candidate to be used in electric vehicle
applications [26, 27]. DCmotors are efficient, presenting high
reliability and easy maintenance. They are easy to control
resulting in smooth acceleration and efficient battery usage
[7, 8]. Although brushed DC motor suffers from the brush
maintenance, the aforementioned advantages turn the DC
motor to be applicable for use in electric cars.

DC motors have the advantage of being easy to control
resulting in several control techniques for velocity control
using PID type control. Techniques using metaheuristic PID
[28, 29], multivariate PID [30], genetic algorithm method
with PID [12], and Adaptive PID Dynamic, Fuzzy, and
Neurofuzzy Controller [19] were proposed to control DC
motors.

DC motors have different configurations as compound,
shunt, series, permanent magnetic DC and separated field
winding where each of them has advantages and disad-
vantages. DC motors in series configuration are the type
of motors that can be used in electric cars due to their
instantaneous torque and smooth acceleration. However,
these types ofmotors need aminimal load not to be damaged,
which is a condition that occurs in electric car applications.
Oneway to limit the damage in theDCmotor series control is

to limit themaximumvelocity in the adopted control strategy
[31]. DC motors with separated field are the most versatile
because they allow controlling torque and velocity separately
using the armature current and field current separately with
more options for control applications. In this paper, DC
motor with separated field was chosen to test the control
algorithm because it allows more restrictions options to be
tested by the proposed control algorithm.

In sequence, we present the DC motor modelling with
excited separately field and afterwards we present the numer-
ical examples controlling the motor and testing the perfor-
mance of the tuned controllers.

A DC motor controlled by current armature with inde-
pendent field is depicted in Figure 3.

The torque induced (𝑇𝑚) in the motor is given by

𝑇𝑚 (𝑡) = 𝐽𝑑𝑤 (𝑡)𝑑𝑡 + 𝐵𝑤 (𝑡) , (12)

𝑇𝑚 (𝑡) = 𝐾𝑎𝑖 (𝑡) , (13)

where 𝑖(𝑡) is the armature current, 𝐽 is the inertia moment,𝑤
is the angular velocity, 𝐵 is the friction coefficient, and 𝐾𝑎 is
the torque constant.

The armature induced voltage (𝑒𝑎(𝑡)) with constant field
current (𝑖𝑓) is given by

𝑒𝑎 (𝑡) = 𝐾𝑏𝑤 (𝑡) , (14)

where 𝐾𝑏 is the velocity constant.
As the DC motor has separated field, the voltage applied

(V(𝑡)) in the armature windings is given by

V (𝑡) = 𝐿𝑑𝑖 (𝑡)𝑑𝑡 + 𝑅𝑖 (𝑡) + 𝑒𝑎 (𝑡) , (15)

where 𝐿 is the armature inductance, and 𝑅 is the armature
resistance.

The following second-order transfer function resulted:

𝑊(𝑠)𝑉 (𝑠) = 𝐾𝑎(𝐽𝑠 + 𝐵) (𝐿𝑠 + 𝑅) + 𝐾𝑎𝐾𝑏 . (16)

4. Numerical Examples

(i) The parameters of a motor suitable for use in electric
cars are determined.
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Table 1: Motor parameters.

𝑉𝑛 48 V
R 0.1 Ω
L 0.005 H
𝐾𝑏 0.004 𝑉.𝑠/𝑟𝑎𝑑
𝐾𝑎 0.0036 𝑁.𝑚/𝐴
𝐽 0.1 𝑁.𝑚2
𝐵 0.05 𝑁.𝑚.𝑠/𝑟𝑎𝑑

(ii) The mp PID controllers are tuned.
(iii) The proposed tuning algorithm is performed using

different parameters and, then, the results are com-
pared.

(iv) The influence of each parameter on the final process
performance is analyzed.

4.1. DC Motor Parameters. At first, in order to control an
electric vehicle DC motor we specify its parameters (the
motor) in such a way that it is able to move the vehicle.
The voltage armature, resistance and inductance armatures,
moment of inertia, velocity constant, torque constant, and
friction coefficient motor parameters presented in Table 1
were used to test the proposed control algorithm perfor-
mance.

Replacing the motor parameters in (17),

𝑊(𝑠)𝑉 (𝑠) = 0.0036
(𝑠 + 0.05) (0.005𝑠 + 0.1) + 1.44𝑒−5 , (17)

then, the simplified transfer function of the used motor
becomes

𝐺 (𝑠) = 7.2
𝑠2 + 20.5𝑠 + 10.03 . (18)

In the model of (18) the output is the angular velocity
(𝑟𝑎𝑑/𝑠) in the range of ±34.56𝑟𝑎𝑑/𝑠 and the input is the
voltage that will vary in the range of ±48𝑉. Note that as this
type of motor allows two-direction movement, we will have
both positive and negative voltages and positive and negative
speeds considered in the controller constraints.

4.2. Tuning of the Controllers mp PID. This section presents
the general tuning process of the mp PID controllers. Some
important aspects to emphasize are described as follows:

(i) The output constraints can be transformed into con-
straints on the error, especially when assuming the
operating point at zero.The output constraints for the
electric vehicle DC motor case will be the maximum
speed allowed at a voltage of 48V.

(ii) The control signal constraints must be limited to±48𝑉, since we need to limit motor damage from
overcurrent as the armature current is directly depen-
dent on the applied load and armature voltage, so the
algorithm is able to optimize the system within this
set of constraints, unlike other techniques which only

insert constraint on control action without taking in
account the constraints at tuning phase resulting in
lower dynamic performance of the vehicle DCmotor.

(iii) The integral and derivative of the error values will be
appropriately chosen; i.e., theywill be used as a tuning
parameter and the influence of these constraints will
be evaluated in order to emphasize how the final
performance of the system is changed, in aspects such
as overshooting and stabilization time.

(iv) The main tuning parameter of the mp PID controller
is the value of 𝜆. It is related to the contractivity and
will also be an observed parameter.

(v) In a specific case we observe the difference between
varying the operating point and varying the reference.

4.3. Set of Tests. Based on these considerations, tests are
performed varying the constraints on the integral of the error,
derivative of the error, and the 𝜆 parameter. After that, a
comparison between changing the reference and changing
the operating point will be made.

4.3.1. Test 1: Integral of the Error Constraints Change Effect.
In this first test the objective is to observe the influence,
in system’s performance, of integral of the error constraints
change. Despite the direct relationship between error and
the output of the motor (angular velocity), the integral of
the error is an internal state of the system in state space
and influences the motor dynamic performance but not
necessarily forces physically the system outside its limits.
Therefore, by hypothesis we assume that we can freelymodify
these parameters. In this way, the test conditions presented
in Table 2 were chosen. In these test conditions, the integral
of the error limits was varied and the derivative of the error
limits and 𝜆 were maintained constant.

The system’s outputs and the control actions for test
condition 1 are depicted in Figures 5 and 6. Also, Figure 4
presents the polyhedron formed by the first test case (test 1).

As seen, Figure 4 presents the polyhedron formed by the
first test case (test 1), where the default value is 34.56 so𝑀𝑎𝑥𝐼𝑒 = 1 means 1 times 34.56 and 𝑀𝑎𝑥𝐷𝑒 = 5 means
5 times 34.56 and this concept is applicable to all the others
figures. Because this polyhedron changes its shape for each
test in all tests we present only the quantity of sets generated
within the invariant set that in this case are 10, 8, and 10.
The number of regions within the invariant set reveals the
computational cost difference (in Algorithm 1 we need to
search the region to find which PID controller parameters
will be used to compute the control signal). In this case, as
observed, the quantity is very similar; for a reference, there
may be cases in which the amount of computed regions may
be greater than 400, which in this case points out that the
control signal computation will be inexpensive.

Figure 5 shows the output, i.e., the angular velocity in the
3 performed tests. We observe that, with lower constraint
values in the integral of the error signal, the system tends
to converge faster; on the other hand, with more relaxed
restriction in the integral of the error signal, the system tends
to stabilize slower. Another important factor to be analyzed is
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Table 2: Table with the 3 tests, varying integral of error.

Simulations 𝜆 Integral of the Error Limits Derivative of the Error Limits
1 0.999 ±34.56 ±172.80
2 0.999 ±172.80 ±172.80
3 0.999 ±1728 ±172.80
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Figure 4: Polyhedron test 1 for test condition 1.
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Figure 5: System’s outputs for test condition 1.

that the lower the restriction value in the integral of the error
is, the greater the overshooting system tends to present.

Figure 6 corresponds to the behavior of the control signal.
Here, the similarity in behavior with respect to the output
signal is evident; i.e., the smaller the restriction value in the
integral of the error is, the closer to the limits the signal will
be, which in this case is ±48.
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Figure 6: Control actions for test condition 1.

4.3.2. Test 2: Derivative of the Error Constraints Parameters
Change Effect. Similarly to the first test, in this second test
our objective is to observe the influence in the performance
of the system, when the derivative of the error constraints
is changed. This also happened to the integral of the error
constraint, the derivative of the error is an internal state of the
system in state space and influences the performance but not
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Table 3: Table with the 3 tests, varying derivative of error.

Simulations 𝜆 Integral of the Error Limits Derivative of the Error Limits
1 0.999 ±172.80 ±17.28
2 0.999 ±172.80 ±172.80
3 0.999 ±172.80 ±1728.0

Table 4: Table with the 3 tests, varying 𝜆.
Simulations 𝜆 Integral of Error Limits Derivative of Error Limits
1 0.99 ±172.80 ±172.80
2 0.90 ±172.80 ±172.80
3 0.60 ±172.80 ±172.80
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Figure 7: System’s outputs for test condition 2.

necessarily physically forces the system outside its limits (we
are not considering variation effects in this case, although in
some cases they are included in problems with restrictions).
Therefore, by hypothesis we assume that we can freelymodify
these parameters. In this way, the test conditions presented in
Table 3 were chosen. In these test conditions, the derivative of
the error limits was varied and the integral of the error limits
and 𝜆 were maintained constant.

The system’s outputs and the control signals for test
condition 2 are depicted in Figures 7 and 8.

Figure 5 shows the output, i.e., the angular velocity in
the 3 performed tests. We observe that as the derivative
of the error limits increases the system begins to present
nonminimum phase and it is more difficult to stabilize it in
smaller times; this means that in the case in which the limits
are relaxed the integral of the error values can be larger and
consequently the system tends to have a better transient.

In these tests the quantity of sets generated within the
controlled invariant set is 8, 8, and 12. Similarly to the
previous test we emphasize that it will be very inexpensive
to compute the control action.
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Figure 8: Control actions for test condition 2.

The figure of this second test (Figure 6) corresponds to
the behavior of the control signal. Here, the similarity in
behavior with respect to the output action is evident; i.e., the
smaller the constraint value in the derivative of the error is,
the closer the control signal will be to its limit. A second
important factor to be highlighted here is that in the case
where the system tends to exceed the control action it is
evident that there is a saturation and because the controller
was obtained from a constrained optimization problem its
performance will be optimal.

4.3.3. Test 3: Effect of Changing 𝜆. Unlike the first 2 tests, this
one will not present the effect in constraints, but in the tuning
parameter (𝜆) of the optimization problem. What should be
highlighted here is that this parameter is associated with the
contraction rate, which makes the invariant set smaller at
each iteration and it is related to the system’s convergence
speed. In this way, the test conditions presented in Table 4
were chosen. In these test conditions, 𝜆 was varied and the
integral and derivative of the error limits were maintained
constant.
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Figure 9: System’s output for test condition 3.

: 0.99, MaxIe: 5, MaxDe: 5
: 0.9, MaxIe: 5, MaxDe: 5
: 0.6, MaxIe: 5, MaxDe: 5

2 4 6 8 10 12 14 16 18 200
Time (s)

−50

−40

−30

−20

−10

0

10

20

30

40

50

Vo
lta

ge
 (V

)

Figure 10: Control actions for test condition 3.

The system’s outputs and the control actions for the test
condition 3 are depicted in Figures 9 and 10.

This third test resulted as the quantities of sets within the
invariant sets 8, 14, and 12. Also, Figure 9 shows the output,
i.e., the angular velocity in the 3 performed tests. We observe
that the lower the 𝜆 value is the more aggressive the system's
behavior is, forcing the stabilization to happen before, but
reflecting in greater overshooting. This also means that by
increasing the value of this parameter we have less aggressive
systems, but with slower responses.

The last figure of this third test (Figure 10) corresponds to
the behavior of the control signal. Here, the similarity to the
output signal is evident; i.e., the smaller the value of 𝜆 is the
closer to its limits it is.
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Figure 11: System’s output.
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Figure 12: Control action.

4.3.4. Test 4: Reference Changes versus Setpoint Changes. The
first three tests aimed to show the results related to the
controllers tuning when the systems are subject to reference
variations (step). This means that the controlled invariant
set remained unchanged as well as the operating point of
the system. In this fourth test, the objective is to present the
changes related to the operating point. Note that there is a
possibility of differences in behaviors, because although it has
the same amount of variation, this test directly affects the
activated regions in the control process, which consequently
changes the response of the system. Thus, the test condition
is to change the setpoint by 20 units and compare it with the
changed operating point (setpoint 1) by 20.

The system’s outputs and the control actions for the test
condition 4 are depicted in Figures 11 and 12.

Figure 11 shows the output, i.e., the angular velocity in
the 3 performed tests. We observe that the system’s response,
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which had its setpoint changed,was less aggressive (observing
the overshooting). Despite the presented output, it is not
enough to emphasize that in any and every change of
operating point the response will behave accordingly, since
this difference is related to the fact that different regions of the
invariant set are activated in both cases. Another important
fact to note is that, depending on the stabilization criteria, we
observe the operating point change case stabilizing before the
response to the setpoint change case; this is mainly due to a
faster reaction of this response.

Figure 12 of the fourth test corresponds to the behavior
of the control signal. Here, the similarity in behavior with
respect to the output signal is evident. We observe that the
initial value of control action in operating point change case is
greater than that of the reference change case; this impacts on
the initial response and the possibility of faster stabilization.
Note that additionally to the performed tests other possibili-
tieswere investigated, i.e., the change of the objective function
to minimize the integral of the error and the derivative of the
error (as alternatives to changing constraints). However, the
results were not satisfactory, impacting directly on the size
of the set of constraints and affecting the performance of the
process.

5. Conclusion

This paper presented a PID controller for electric vehicle DC
motors based on proving the functionality of the proposed
algorithm from a set of simulations. The algorithm proved
that it is possible to generate control actions that consider
the 48V limits of the motor, as well as forcing the output
speed of the motors to be limited to their specified values.
In addition, it was verified that the integral and derivative
of the error constraints make tuning parameters “constrain”
the performance of the process output. In other words, we
found a direct relationship between error constraints and the
DC motor dynamics. Another important point to note is that
changes in 𝜆 also interfere with system’s performance and the
output behavior also depends on how the error is changed.
In this second case, we verify the behavior of the system to
reference and setpoint variations.

In conclusion, control of electric vehicle DC motors
under constraints and tuning controllers adjusting the behav-
ior of the system's output is possible by using the proposed
algorithm. In this sense, important improvements can be
proposed. The first one would be to use a methodology to
automatically tune parameters, since there are no tuning rules
for these constraints (in the integral of the error and in the
derivative of the error). A second improvement would be to
extend the tests by verifying that the behavior presented to the
DC motors, i.e., verified, can be extended to other processes.

6. Future Works

Although DC motor with excited separately field can be used
in an electric vehicle, new types of motors as permanent
magnet synchronous motor (PMSM) are being used recently
[11, 32, 33]. The usage of the proposed algorithm in this type
of motors will be investigated.
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Nondestructive inspection of electrical insulators subjected to the high electrical stress and environmental damage is fundamental
for reliable operation of a transmission lines. The breakage and defect of the insulator have great influence on the safe of
transmission lines, and insulator defect detection with difference types is a complex work. This paper proposed an insulator defect
detection method inspired by human receptive field model, which meets the requirements for detecting defect insulator in a simple
background. In thismethod, the defect detection combined human receptive fieldmodel of human visual system is constructed and
applied on the different insulators, so as to achieve accurate detection of the insulator defected parts. Experimental results show that
the method can accurately and robustly detect the defect (such as cracks and damage) of electrical insulator in case of noise affect.

1. Introduction

High-voltage transmission lines and transmission towers
in China are usually in a harsh environment where their
components are often eroded by rain or damaged by unpre-
dictable foreign objects. When an electrical insulator is in
operation at the high-voltage transmission line systems, those
devices are subjected to a strong electrical stress and also
damaged by the severely environmental conditions [1]. It
is well known that the presence of voids and inclusions
are introduced in the manufacturing process, or genera-
tion and propagation of defects, such as holes and cracks
inside and outside of the electrical insulators, when those
devices are in operation under high-voltage stress, a partial
discharge begins as localized dielectric breakdown. Further-
more, partial discharge can also occur along the boundary
between different insulating materials, ultimately leading to
electrical breakdown and, eventually, explosion with stop of
energy transportation [2–4].Therefore, the defect of electrical
insulator is an important reason causing electrical network
accident, so it is a crucial work to detect the defect of insulator
periodically and minimize interruption of energy accidents.
The traditional way of monitoring and troubleshooting is
to conduct manual inspection of the videos and images of

the transmission lines photographed by the helicopter. But
it is too time-consuming and labor-intensive to get efficient
defect detection, usually easy to make wrong judgements
because of the large amount of data. At present work, D. Zuo
et al. used SVM classification to detect missing insulators
[5]. Qaddoumi et al. introduced artificial neural network-
based near-field microwave to accurately test damage of
outdoor insulators [6]. Armando et al. detected the cracks
and operation defects in the insulators and breaker by a
portable low cost computed radiography systems [7]. Chen et
al. extract single insulator disk in infrared image of insulator
string [8]. Huang et al. proposed some back propagation
neural network method for equipment fault diagnosis [9, 10].
However, the above methods are operated in the special
imaging situation to achieve the insulator defect detection,
it has great limitation to the natural captured insulator
images in damage detection. With the developing of high-
speed digital imaging and processing technique, intelligent
identification technology began to be used in high-voltage
safe operation and long-distance power transmission lines
inspection [11–16]. Figure 1 is the illustration of electrical
safe operation and transmission inspection, the electrical
insulator (glass/ceramic material) image is captured by UAV
(unmanned aerial vehicle), which is suitable for several
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Figure 1: Electrical safe inspection captured by UAV Imaging [2].

kinds electrical safe inspection. In view of the above details,
this paper proposed an electrical insulator defect detection
method inspired by human brain receptive field (RF) model,
aiming to achieve accurate detection including defect, crack
even dirty of different damaged insulators, so as to improve
safety and reliability of high-voltage transmission line. Exper-
imental results show that this method can quickly and
accurately detect whether the insulator is broken or damaged.

Thepaper is organized as follows. In Section 2,we detailed
the biology basis of human brain RF and the proposed
method combined RF model. Section 3 discussed important
parameter selection and experimental performance evalua-
tion. Finally, we give a brief summary and draw a conclusion
in Section 4.

2. Defect Detection Method Combined
RF Model

2.1. Biology Basis of the RF Model. A large number of
biological experiments show that the primary visual pathway
of the human brain can obtain the main information of the
object and play a key role in the overall perception of the
object [17, 18]. In Figure 2(a), visual information reaches
the eye through the cornea and pupil, passes through the
photoelectric conversion of photoreceptor cells in the retina,
then passes into the lateral geniculate nucleus (LGN), and
projects to V1 area, finally creating visual perception of the
brain [19, 20]. LGN is an important step to V1 area of HVS,
Figure 2(b) represents two types of LGN RF model, that is,
center-on (“+”) and center-off (“-”) cells. In these cells, the
central region is excitatory (marked by red in center-on and
blue in center-off) and the surrounding is inhibitory (color
opposite to excitatory area), respectively. From Figure 2(b),
it can be seen that the center of the on-type is surrounded
by off-type and the center off-type around is surrounded
by on-type. Both of these cells are arranged and their total
number is substantially equal and detect contrast changes.
Some researchers have proved that the on-type and off-type
channels are located between the LGN and the visual cortex is
fully parallel separation [21, 22].Theprocess of LGN receptive
field is defined as a 2D Gaussian function in the following:

𝐷𝑂𝐺𝛿𝜎 (𝑥, 𝑦)
= 𝐴[exp(−𝑥2 + 𝑦2𝜎2 ) − exp(−𝑥

2 + 𝑦2𝑘𝜎2 )]
(1)

In this equation, 𝑥 and 𝑦 represent spatial variables respec-
tively, 𝛿 represents the type of cell (that is sensitivity of
excitory and inhibition area of RF), which is “+” or “-”, 𝐴
is a mapping function of 𝛿, when 𝛿 is “+”, a center-on RF
cell is defined as 𝐴(𝑥) = 𝑥, else 𝐴(𝑥) is defined as the
negative of 𝐴(𝑥), that is 𝐴(𝑥) = −𝑥, so a center-off RF cell
is 𝐷𝑂𝐺−𝜎(𝑥, 𝑦) = −𝐷𝑂𝐺+𝜎(𝑥, 𝑦). 𝜎 is the standard deviation
of the outer Gaussian function, which represents the size of
excitatory and inhibitory area of RF, usually is set by 0.5𝜎,
which is in accordance with electron-physiological findings
of LGN cells in mammals.

2.2. Construction of the Detection Method with RF Model.
For the above details, the proposed electrical insulator defect
detection method is inspired by human brain RF model,
which is followed in [21]. Figure 3 shows the relationship of
above described LGN cell and the main information of an
image (object). In Figure 3, center-on LGN RF cell is marked
by green and center-off LGN RF cell is marked by red, V1
simple cell RF is marked by blue circle. The center of RF
is positioned on an edge (marked by points) which gives
rise to model LGN cell responses rendered in the left two
columns of Figure 3. The eight small points represent the RF
centers of eight subunits, four of center-on (in green), and
four of center-off (in red) type. For the considered example,
it results in the inclusion of eight subunits in the model.
The number of subunits depends on the number of circles
we considered and the specific input pattern presented at
the time of configuration. In this insulator defect detection
method, each subunit included is represented in parametric
form by a tuple (𝛿, 𝜎, 𝜌, 𝜙), where the parameters 𝛿 represent
the polarity of subunit, 𝜎 is the scale of the involved model
LGN cells, the radius 𝜌, and the polar angle 𝜙 of the RF
center of the subunit relative to the RF center of the model
cell [21, 23], respectively.

We denote by 𝑆 = {(𝛿𝑖, 𝜎𝑖, 𝜌𝑖, 𝜙𝑖) | 𝑖 = 1 ⋅ ⋅ ⋅ 𝑛} 4-
tuples of the configured subunits of model. According to
the right three subparts in Figure 3, we explain the general
configuration process of the proposed detection method in
more detail below. A cell group computes the sum of the
weighted responses of the model LGN cells it receives input
from. These models LGN cells have the same polarity (on
or off), RF size and neighboring RFs. In this way, a subunit
detects contrast changes, similar to a model LGN cell. A
subunit can be thought of as a dendrite branch of a simple
cell which receives input from a pool of adjacent LGN cells.
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Figure 3: The process of detection and illustration of constructed model.

In Figure 3, input image passes through LGN cell and gets
their responses, several LGN cells with same polarity form
a cell group. Afterwards, a plurality of LGN cells of the same
attribute forms a cell group, a certain number of same polarity
cell groups are arranged colinearly and different attribute
cell groups are arranged in parallel, the interaction forms
a V1 simple cell with different preference directions, and
each output is simple cell response. Finally, different simple
cell responses were integrated by weighted summation to
obtain the overall responses of V1 simple cells. Figure 3 is the
construction process with a simple image from RUG dataset
[21, 23], with only specific cells preferentially oriented at 0, 90,
180, and 270 degrees.

The concentric receptive field of a single LGN cell can
be characterized as (1). For an LGN cell that located at
coordinate (𝑥, 𝑦), the response can be obtained by convolving
the intensity distribution function of the image with the cell
receptive field, that is represented by the following:

𝑙𝛿𝜎 (𝑥, 𝑦) = 𝐼 ∗ 𝐷𝑂𝐺𝛿𝜎 (2)

Considering the different𝛿may lead to 𝑙𝛿𝜎(𝑥, 𝑦)being negative
value, but the self-firing rate is positive in biology, the

nonnegative half-wave operation [22, 24] is adopted to obtain
single LGN cell response as follows:

𝐷𝛿𝜎 (𝑥, 𝑦) = max {0, 𝑙𝛿𝜎 (𝑥, 𝑦)} (3)

All the feature characteristic LGN cells can be combined to a
group, which is defined as follows similar to [25].

𝑆 = {(𝛿𝑖, 𝜎𝑖, 𝜌𝑖, 𝜙𝑖) | 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚} (4)
In (4),𝑚 represents the quality of cell group included in each
cell group. For each specified (𝛿𝑖, 𝜎𝑖, 𝜌𝑖, 𝜙𝑖), 𝜌 and 𝜙 represent
the single cell relative to the center of cell group. For the
LGN cell group located at (𝑥, 𝑦), the response is described as
follows:

𝑍𝛿𝑖 ,𝜎𝑖 ,𝜌𝑖 ,𝜙𝑖 (𝑥, 𝑦)
= ∑
𝑥

∑
𝑦

{𝐷𝛿𝑖𝜎𝑖 (𝑥 − Δ𝑥𝑖 − 𝑥, 𝑦 − Δ𝑦𝑖 − 𝑦)
⋅ 𝐺𝜎𝑖 (𝑥, 𝑦)}

(5)

The parameters satisfied the following conditions:
Δ𝑥𝑖 = −𝜌𝑖 cos𝜙𝑖
Δ𝑦𝑖 = −𝜌𝑖 sin𝜙𝑖 (6)
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(a) Original image (b) n=8 (c) n=12 (d) n=16

(e) n=8 (f) n=12 (g) n=16 (h) 0 degrees

(i) 101 degrees (j) 214 degrees (k) 270 degrees (l) 326 degrees

Figure 4: Selection of the appropriate parameter n and orientation comparison.

Figure 5: Some electrical insulator images in our dataset.
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(a1) Original insulator 1 (a2) edge detection (a3) Simulated defected insulator (a4) defect detection

(b1) Original insulator 2 (b2) edge detection (b3) Simulated defected insulator (b4) defect detection

(a4: BRISQUE value= 0.62, b4:BRISQUE value= 0.89)

Figure 6: Simulated defected detection of ceramic electrical insulator.

Define 𝑄𝑆,𝜙𝑖 as the simple cell response of the direction 𝜙𝑖,
which is determined by all cell group response in the defined
region. In Hubel-Wiesel’s work, only the response of all LGN
cell group included in given region can excite simple cell.
In order to show the biological nature, all of the cell group
responses are multiplied to get geometry average, so as to
represent the simple cell response, which is mathematical
explained in the following:

𝑄𝑆,𝜙𝑖 (𝑥, 𝑦) = [
|𝑆|∏
𝑖=1

(𝑍𝛿𝑖 ,𝜎𝑖 ,𝜌𝑖 ,𝜙𝑖 (𝑥, 𝑦))𝑤𝑖]
1/∑|𝑆|𝑖=1 𝑤𝑖

(7)

In the above equation, it is satisfied as 𝑤𝑖 = 𝑒−𝜌𝑖/2𝜎2 and𝜎 = (1/3)max𝑖∈{1,2,⋅⋅⋅ ,|𝑆|}{𝜌𝑖}, the direction function is defined
as 𝛽 = {(2𝜋/𝑛)𝑖 | 0 ≤ 𝑖 < 𝑛}, 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑛, all of these simple
cell responses are combined to get the overall response of V1
area in the following:

𝑄𝑎𝑙𝑙 (𝑥, 𝑦) = ∑
𝜙∈𝛽

𝑄𝑆,𝜙 (𝑥, 𝑦) (8)

3. Performance Evaluation of the Method

3.1. Key Parameter Selection. The appropriate selection of
parameter 𝑛 is a key step in the proposed detection method,
because the structure of the electrical insulator is relatively
simple, in order to show the detection efficiency by different
parameters on insulator defect detection. In order to verify
the parameter selection difference, we choose the image as an
example from RUG (university of Groningen) image dataset
[20]. Because the texture of the natural image (such as basket)
is more complex and more detailed than a simple insulator

image, as shown in Figure 1. Figure 4(a) is the original image,
Figures 4(b)–4(d) are the basic contour of original image in
various parameters condition, and Figures 4(e)–4(g) are the
binary detection result by different parameters, which takes
8, 12, and 16, respectively.

The configured detectionmodel cell response to a natural
image is illustrated in Figure 4. When n=4, there are a large
number of missed detections of the model and it is difficult
to recognize the basic appearance of the object from the
output information. The basic appearance of the object can
already be basically resolved when n=8, but the included
edge information is still incomplete. The output of the model
contains relatively complete edges when n=12, which can
clearly identify the appearance of the object. The last one in
Figure 4(g) is n=16, the model will get more complete local
contour information. As the above analysis, the parameter
is selected as n=16 in our experiment. When the orientation
selection is n=16, some simple cell with different orientations
are shown in Figures 4(h)–4(l). This illustration proved that
a single simple cell just sensitive to the specific orientation,
different orientation cell groups can better describe various
redundant detailed features.

3.2. Experimental Results. In this section, the evaluation
performance of the proposedmodel in the electrical insulator
defect detection task is shown. Although several types of
insulators are used inChina, this paper only showed twomain
types of insulators: one type is thewhite ceramic insulator and
the other is the dark red insulator.

For the reason of lacking public electrical insulator
dataset, all of the electrical insulators used in our experiment
are from our team’s captured dataset. The dataset includes
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(c1) Real defected insulator 3 (c2) Defect detection result (c3) Illumination reversed of (c2)
(c2:BRISQUE value= 0.62, c3:BRISQUE value= 0.67)

(d1) Real defected insulator 4

(d2) Defect detection result (BRISQUE value=0.64)

(d3) Illumination reversed of (d2) (BRISQUE value=0.58)

(a1) Real defected insulator 1 (a2) Defect detection result (a3) Illumination reversed of (a2)
(a2:BRISQUE value= 0.71, a3:BRISQUE value=0.74)

(b1) Real defected insulator 2 (b2) Defect detection result (b3) Illumination reversed of (b2)
(b2:BRISQUE value=0.64, b3:BRISQUE value= 0.67)

Figure 7: Real defected detection of ceramic electrical insulator.
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(a1-f1) Comparable detection result of original circle image and corresponding noisy version

(a2-c2) Robust detection of noisy ceramic insulator image 1 (variance is 0.01)

(a3-c3) Robust detection of noisy ceramic insulator image 1 (variance is 0.05)

Figure 8: Robust detection test of original circle and different noisy insulator.

300 images, there are 34 images are good electrical insulator
images, and others are defect electrical insulator images. Fig-
ure 5 shows some ceramic electrical insulators in our dataset.
The first row includes good ceramic electrical insulators and
some broken/damaged ones are shown in the second row.

There are three experiments are adopted in this paper,
which include simulated defect detection, real defect detec-
tion, and robust feature detection. All of these experimental
results can sufficiently show the efficiency of the proposed
detection method.

(A) Simulated Defect Detection. Figure 6 shows defect detec-
tion result of electrical insulatorwith simulated crack. Figures
6(a1) and 6(b1) are real original ceramic electrical insulators.
Figures 6(a2) and 6(b2) give the edge detection of original
ceramic electrical insulators without crack. In Figures 6(a3)
and 6(b3), there is a simulated crack located on the surface
of real ceramic electrical insulator respectively. Figures 6(a4)
and 6(b4) clearly show the crack and achieve accurate defect
detection.

(B) Real Defect Detection. In Figure 7, four real damaged
ceramic electrical insulators are used in our experiment. Fig-
ures 7(a1)–7(d1) are real original damaged insulator images
fromour dataset, we can see that there are obviously damaged
on the surface of electrical insulators. Figures 7(a2)–7(d2)

is the defect detection result of these damaged electrical
insulators. In order to further provide the efficiency of the
proposed method, the results of Figures 7(a2)–7(d2) are
reversed operation to show accurate detection result, which
is shown in Figures 7(a3)–7(d3) and marked in red rectangle.
In addition, except for the subjective experimental result,
objective evaluation result such as BRISQUE metric [26] is
also provided here. Objective experimental evaluation value
reflects that the insulator defect detection is more acceptable,
it is easy to achieve further fault judgement.

3.3. Robust Detection. Experiments in Section 3.2 are elec-
trical insulator captured in a good natural condition, the
image is clear and clean. However, the electrical insulator
has been exposed in outdoor electricity transmission line for
a long time in normal situation, so the captured insulator
image including noise. In order to verify the robust of our
method, the experiment is added in this section. Figures
8(a1)–8(c1) represent the original clean circle image, the noisy
circle image additive with standard deviation is 0.01, and the
noisy circle image additive with standard deviation is 0.05.
The damaged part of the insulator is marked by red rectangle.
The type of noise is Gaussian noise. In Figures 8(d1)–8(f1),
we can see the detection result of fore-referred circle images.
Figures 8(a2) and 8(a3) are noisy version of the same electrical
ceramic insulator (the standard deviation is 0.01 and 0.05,
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respectively). Experimental results shown in Figures 8(b2)
and 8(b3) are the detection results; the damaged part of
the noisy defect electrical insulator is accurately detected
and it is very clear. For the purpose of further show the
robust detection result, Figures 8(c2) and 8(c3) are operated
reversely in order to show more clear damaged part of the
electrical insulator.

4. Conclusion

The application of image processing and machine learning
method is a popular development trend in future electricity
power transmission line inspections. Inspired by human
brain visual pathway LGN and V1 simple cell RF charac-
teristic, this paper proposed an electrical insulator defect
detection method combined computational model in area
V1 of visual cortex, different feature orientation selectivity is
achieved by combining operation of a collection of LGN cells
with center-surround RF. Demonstration of different experi-
mental results shown that the proposed method can achieve
accurate electrical insulator defect detection, even complete
robust detection of noisy insulators. Because the background
of the insulator image acquired by aerial photography is
complicated and there ismore than one insulator type, defects
are difficult to detect, so that our further work will focus
on optimizing this method, identifying and locating the
insulator defect by segmentation, and extending it to more
wide application. The aim is greatly improving the efficiency
of electricity power transmission line and easy to find defect
or fault in the system, so as to provide completely and
timely guarantee for electricity grid dispatching and electrical
equipment maintenance.
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group, the datasets generated during and /or analysed during
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For the speed tracking control problem of Permanent Magnet Synchronous Motor (PMSM), a disturbance observer-based (DOB)
backstepping speed tracking control method is presented in this paper. First, to reconstruct the load disturbance, a slowly time-
varying disturbance observer for PMSM is constructed. Next, by stability theory, the norm of the observation error and disturbance
observer design method are obtained. On the basis of these, through the designing of the virtual control input that include the
reconstruction disturbances, and using backstepping control strategy, the DOB controller of the closed-loop system is proposed.
The obtained controller can achieve high precision speed tracking and disturbance rejection. Finally, some results of evaluative
experiments verified the effectiveness of the proposed method for high-performance control and disturbance rejection for the
PMSM drive.

1. Introduction

Permanent magnet synchronous motor (PMSM) is receiving
increasing attention in high-performance industrial servo
applications due to its advantages such as high torque to
current ratio, super power density, and fast response, as
well as low noise [1, 2]. However, PMSM is a typical high
nonlinear, multivariable coupled system. It is sensitive to load
disturbance, unmodeled dynamics, nonlinear uncertainties,
and parameter uncertainties.

Over the last decades, various design methods have
been developed for PMSM control systems, such as adaptive
control [3], robust control [4], neural network control [5],
predictive control [6], and so on. Recently, to improve the
control performances in PMSM systems, much attention has
been given to disturbance reject-based control method [7],
which are insensitive to parameter variations and external
disturbances. In [8, 9], the fractional order sliding-mode
control (SMC) scheme has been proposed. The proposed
control system not only obtained high control performance
but also was robust against to external load disturbance and
parameter variations.

To further improve the disturbance rejection perfor-
mance of SMC, extended sliding-mode disturbance observer
was proposed in [10, 11], and the estimated system distur-
bance is considered as the feed forward compensation part
to compensate sliding-mode speed controller. In [12], an
improved SMC scheme to solve time-varying parameters and
disturbances for PMSM drive system was proposed.The new
speed controller was designed by the nonsingular terminal
SMC strategy with the disturbance observer. In [13], a new
speed controller is designed by the nonsingular terminal SMC
strategy with disturbance observer. The controller can make
the motor speed reach the reference value in finite time,
accompanied with a faster convergence and a better tracking
precision. It is worth noting that one obvious disadvantage of
SMCmethod is the chattering phenomenon, which is caused
by discontinuous control law and frequent switching action
near sliding surface. Besides, as the upper bound of lumped
disturbances is not easy to be determined in advance, which
could cause a large amount of chattering of SMC strategy in
PMSM system.

Recently, disturbance observer-based (DOB) [14] control
methods have been applied to PMSM system for better
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robustness against system disturbance. In [15], a DOB state
feedback controller was designed for PMSM system. By
using the same disturbance observer, a sensorless control
method for PMSMdrive was developed in [16].The proposed
DOBCmethod involved the use of a back electromotive force
observer and a torque observer to estimate rotor position
and compensate for load torque disturbance, respectively. For
the mismatched disturbance, in [17], a DOB integral sliding-
mode control approach for linear systems with mismatched
disturbances was presented. The disturbance observer is
proposed to generate the disturbance estimate, which can be
incorporated in the controller to counteract the disturbance.

Backstepping is a well-known recursive and systematic
design methodology for the feedback control of uncertain
nonlinear system with matched uncertainties [18]. The key
point is to use the virtual control variable to make the
original high-order system simple; thus the final controller
can be derived through Lyapunov stable theorem. In [19],
an adaptive backstepping speed controller was proposed for
the speed control of PMSM. The controller is robust against
stator resistance, viscous friction uncertainties, and load
torque disturbance.However, this approach uses the feedback
linearization. By means of a nonlinear and adaptive back-
stepping design method, a speed and current control scheme
for PMSM was presented in [20], in which all the para-
meters in both PMSM and load dynamics were considered
unknown. In [21], a new nonlinear and full adaptive back-
stepping speed tracking control scheme was developed for
an uncertain PMSM. Except for the number of pole pairs, all
the other parameters in both PMSM and load dynamics were
assumed unknown. Taking into account the unobservable
of the systems states, a backstepping control method for
speed sensorless PMSM based on slide model observer was
proposed in [22], in which the slide model observer was
designed by using slide model control technique and phase
loop lock (PLL) method. In [23], a backstepping control
algorithm based on disturbance observer was proposed. The
minimum-order observer was established to observe the
disturbance value of load inertia. Furthermore, the estimated
disturbance value was used to identify the load inertia. Based
on the identification results, the backstepping controller was
designed. However, the above observer and controller are
designed separately.

Motivated by the discussions above, in this paper, we
mainly investigate backstepping speed control for PMSM
based on disturbance observer. A nonlinear disturbance
observer is first constructed to estimate the external slowly
time-varying disturbance. Then, based on the backstepping
control theory, the PMSM rotor speed and current tracking
backstepping controllers are designed. Meanwhile, global
asymptotic stability is guaranteed by Lyapunov stability
analysis.

The rest of this paper is structured as follows. In Section 2,
the mathematic model of PMSM and problem formulation
are presented. The nonlinear disturbance observer design
and stability analysis are derived in Section 3. In Section 4,
the DOB backstepping controller design method is obtained.
Section 5 presents the numerical simulation and experimen-
tal results. Finally, some conclusions are drawn in Section 6.

2. Mathematic Model of PMSM and
Problem Formulation

Assume that magnetic circuit is unsaturated and hysteresis
and eddy current loss are ignored. With above standard
assumptions, the mathematical model of a conventional sur-
facemounted PMSMwithmismatched external disturbances
can be given in the 𝑑 − 𝑞 frame as follows [20, 22]:

𝑑𝜔𝑑𝑡 = 3𝑝𝜙�푓2𝐽 𝑖�푞 − 𝐵𝐽 𝜔 − 𝑇�퐿𝐽 ,
𝑑𝑖�푞𝑑𝑡 = −𝑅𝐿 𝑖�푞 − 𝑝𝜔𝑖�푑 − 𝑝𝜙�푓𝐿 𝜔 + 1𝐿𝑢�푞 + 1𝐿𝑑1,
𝑑𝑖�푑𝑑𝑡 = −𝑅𝐿 𝑖�푑 + 𝑝𝜔𝑖�푞 + 1𝐿𝑢�푑 + 1𝐿𝑑2,

(1)

where𝜔 is the rotor speed, 𝑖�푑 and 𝑖�푞 are the 𝑑−𝑞 axis currents,𝑢�푑 and 𝑢�푞 are the 𝑑 − 𝑞 axis voltages, and 𝑑�푖 (𝑖 = 1, 2) are
external disturbances. 𝑅 and 𝐿 denote the stator resistance
and inductance per phase, respectively, 𝑝 is the number of
pole pairs, 𝜙�푓 is the permanent magnet flux, 𝐽 is the rotor
moment of inertia, 𝐵 is the viscous friction factor, and𝑇�퐿 also
represents the applied load torque disturbance.

To formulate the design problem, according to system (1),
the state space model of the PMSM can be rewritten as the
following nonlinear system:

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝑓 (𝑥 (𝑡)) + 𝐵𝑢 (𝑡) + 𝜂 + 𝐵𝑑 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) , (2)

where 𝑥(𝑡) = [𝜔 𝑖�푞 𝑖�푑]�푇 , 𝑢 = [𝑢�푞 𝑢�푑]�푇 and

𝐴 =
[[[[[[
[

−𝐵𝐽
3𝑝𝜙�푓2𝐽 0

−𝑝𝜙�푓𝐿 −𝑅𝐿 0
0 0 −𝑅𝐿

]]]]]]
]
,

𝐵 =
[[[[[
[

0 0
1𝐿 0
0 1𝐿

]]]]]
]
,

𝐶 = [1, 0, 0] ,

𝑓 (𝑥 (𝑡)) = [[
[

0
−𝑝𝜔𝑖�푑
−𝑝𝜔𝑖�푑

]]
]
,

𝜂 = [[[
[

−𝑇�퐿𝐽0
0

]]]
]
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𝑑 (𝑡) = [[
[

0
𝑑1
𝑑1
]]
]
.

(3)

For the PMSM control system (2), we give the following
assumptions.

Assumption 1. The external disturbance 𝑑(𝑡) is assumed that𝑑(𝑡) ≤ 𝛼, ̇𝑑(𝑡) = 0, where 𝛼 is a positive constant.

Assumption 2. For all 𝑥1, 𝑥2 ∈ Ω1 the nonlinear term 𝑓(𝑥(𝑡))
in system (2) satisfies

𝑓 (𝑥1) − 𝑓 (𝑥2) ≤ 𝛾 𝑥1 − 𝑥2 , (4)

where 𝛾 is Lipschitz constant.
The main control objective is to design a DOB back-

stepping controller to keep all the signals in the closed-loop
system bounded and ensures global asymptotic convergence
of the desired speed and current tracking errors to zero
eventually.

3. Nonlinear Disturbance Observer and
Stability Analysis

Motivated by the disturbance observers in [14–16], the follow-
ing disturbance observer for system (2) can be employed:

V̇ (𝑡) = Λ𝑑 (𝑡) + Λ𝐵† (𝐴𝑥 (𝑡) + 𝑓 (𝑥 (𝑡)) + 𝐵𝑢 (𝑡) + 𝜂) ,
𝑑 (𝑡) = V (𝑡) − Λ𝐵†𝑥 (𝑡) , (5)

where 𝐵† = (𝐵�푇𝐵)−1𝐵�푇, 𝑑(𝑡) is the estimation of 𝑑(𝑡), V(𝑡) is
the internal variable vector of the observer, andΛ is aHurwitz
matrix chosen by designer. For simplicity, we assume 𝑑(0) =0. Define the disturbance estimation error 𝑑(𝑡) as

𝑑 (𝑡) = 𝑑 (𝑡) − 𝑑 (𝑡) . (6)

To show that the disturbance can be observed asymptoti-
cally by observer (5), we first give the following lemma.

Lemma 3. For nonlinear system (2), suppose that the distur-
bance observer holds form (5); then the disturbance can be
observed asymptotically.

Proof. It can be obtained that

V̇ (𝑡) = Λ𝑑 (𝑡) + Λ𝐵†�̇� (𝑡) − Λ𝑑 (𝑡) , (7)

which implies that ̇̂𝑑(𝑡) = −Λ𝑑(𝑡).Therefore, we have

̇̃𝑑 (𝑡) = Λ𝑑 (𝑡) . (8)

Define a monochromatic Lyapunov function as

𝑉�표 (𝑡) = 12𝑑�푇 (𝑡) 𝑑 (𝑡) . (9)

Clearly,

�̇��표 (𝑡) ≤ 𝑑�푇 (𝑡) (Λ + Λ�푇) 𝑑 (𝑡) . (10)

Since Λ is Hurwitz, then

�̇��표 (𝑡) ≤ 2𝜆�푚�푎�푥 (Λ) 𝑑 (𝑡)2 = −𝛽 𝑑 (𝑡)2 , 𝛽 > 0, (11)

which implies the error dynamics (8) is asymptotically stable.
This completes the proof.

Remark 4. It follows from Lemma 3 that parameter Λ in the
disturbance observer (5) can change the rate of convergence
of the observer and should be selected as large enough.

4. DOB Backstepping Controller Design

In the backstepping procedure, a virtual control state is
firstly defined and then it is forced to become a stabilizing
function. By defining a corresponding error variable and
using Lyapunov stability theory, the related control input can
be obtained to stabilize the error dynamics [21]. In this paper,
the overall control design can be established by three steps in
the following order.

Step 1. In the first step of the backstepping control design,
a fictitious control input for the rotor speed 𝜔 has to be
determined. Let 𝜔∗�푟 be the desired trajectory. Furthermore,
the trajectory of 𝜔∗�푟 is sketched to be smooth and �̇�∗�푟 = 0.
Define the speed tracking error 𝑒�휔 = 𝜔∗�푟 − 𝜔. The speed
tracking error dynamics can be obtained as

̇𝑒�휔 = �̇�∗�푟 − �̇� = 1𝐽 (𝐵𝜔 + 𝑇�퐿 − 3𝑝𝜙�푓2 𝑖�푞) . (12)

The first positive definite Lyapunov function can be defined
as

𝑉1 (𝑡) = 12𝑒2�휔 + 𝑉�표 (𝑡) . (13)

Differentiating𝑉1(𝑡)with respect to time and using the results
of (11) and (12), the time derivative of 𝑉1(𝑡) is given as

�̇�1 (𝑡) = 𝑒�휔 ̇𝑒�휔 + �̇��표 (𝑡)
≤ 𝑒�휔𝐽 (𝐵𝜔 + 𝑇�퐿 − 3𝑝𝜙�푓2 𝑖�푞) − 𝛽 𝑑 (𝑡)2 .

(14)

In order to stabilize the speed tracking error dynamics, define
the stabilizing virtual control input:

𝑖�푞 = 23𝑝𝜙�푓 (𝐵𝜔 + 𝑇�퐿 + 𝑘1𝐽𝑒�휔) , (15)

where 𝑘1 > 0 is a real constant.Therefore, this definition leads
to

�̇�1 (𝑡) ≤ −𝑘1𝑒2�휔 − 𝛽 𝑑 (𝑡)2 ≤ 0, (16)

which guarantees that the tracking error for rotor speed will
converge asymptotically.
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Step 2. In order to realize the complete decoupling and speed
tracking of PMSM, the virtual input current can be chosen as

𝑖∗�푞 = 23𝑝𝜙�푓 (𝐵𝜔 + 𝑇�퐿 + 𝑘1𝐽𝑒�휔) , 𝑖∗�푑 = 0. (17)

Define the tracking error of 𝑞 axis current as 𝑒�푞 = 𝑖∗�푞 − 𝑖�푞.The
time derivative of 𝑒�푞 is

̇𝑒�푞 = 𝑖∗�푞𝑑𝑡 −
𝑑𝑖�푞𝑑𝑡 = 23𝑝𝜙�푓 (𝐵

𝑑𝜔𝑑𝑡 + 𝑘1𝐽𝑑𝑒�휔𝑑𝑡 ) − 𝑑𝑖�푞𝑑𝑡
= 2 (𝐵 − 𝑘1𝐽)3𝑃𝜙�푓𝐽 (3𝑝𝜙�푓2 𝑖�푞 − 𝐵𝜔 − 𝑇�퐿) + 𝑅𝑖�푞𝐿 + 𝑝𝜔𝑖�푑

− 𝑢�푞𝐿 + 𝑝𝜙�푓𝐿 𝜔 − 𝑑1𝐿 − 𝑑1𝐿 ,

(18)

where 𝑑1 + 𝑑1 = 𝑑1.
Choose the second Lyapunov function to stabilize 𝑞 axis

current tracking error dynamics as

𝑉2 (𝑡) = 𝑉1 (𝑡) + 12𝑒2�푞. (19)

By some mathematical manipulation, the time derivative of𝑉2(𝑡) is given by

�̇�2 (𝑡) = �̇�1 (𝑡) + 𝑒�푞 ̇𝑒�푞 ≤ −𝑘1𝑒2�휔
+ 𝑒�푞 [2 (𝐵 − 𝑘1𝐽)3𝑝𝜙�푓𝐽 (3𝑝𝜙�푓𝐽2 𝑖�푞 − 𝐵𝜔 − 𝑇�퐿) + 𝑅𝑖�푞𝐿
+ 𝑝𝜔𝑖�푑 − 𝑢�푞𝐿 + 𝑝𝜙�푓𝐿 𝜔 − 𝑑1𝐿 ] − 𝑑1𝐿 𝑒�푞 − 𝛽 𝑑 (𝑡)2 .

(20)

Setting

2 (𝐵 − 𝑘1𝐽)3𝑝𝜙�푓𝐽 (3𝑝𝜙�푓𝐽2 𝑖�푞 − 𝐵𝜔 − 𝑇�퐿) + 𝑅𝑖�푞𝐿 + 𝑝𝜔𝑖�푑

− 𝑢�푞𝐿 + 𝑝𝜙�푓𝐿 𝜔 − 𝑑1𝐿 = −𝑘2𝑒�푞,
(21)

where 𝑘2 > 0 and using the generic inequality ±𝑎𝑏 ≤ 𝜀1𝑎2 +(1/4𝜀1)𝑏2(𝜀1 > 0), it yields
�̇�2 (𝑡) ≤ −𝑘1𝑒2�휔 − 𝑘2𝑒2�푞 − 𝑑1𝐿 𝑒�푞 − 𝛽 𝑑 (𝑡)2

≤ −𝑘1𝑒2�휔 − 𝑘2𝑒2�푞 + 1𝐿 (𝜀1𝑒2�푞 + 14𝐿𝜀1
𝑑1 (𝑡)2)

− 𝛽 𝑑 (𝑡)2 = −𝑘1𝑒2�휔 − 𝐶1𝑒2�푞 − 𝐶2 𝑑 (𝑡)2 ,
(22)

where

𝐶1 = 𝑘2 − 𝜀1𝐿 ,
𝐶2 = 𝛽 − 14𝐿𝜀1 .

(23)

If parameters 𝑘2 and 𝜀1 are properly selected such that𝐶1 > 0
and𝐶2 > 0, then �̇�2(𝑡) < 0, which indicates the tracking error
for 𝑞-axis stator current will converge asymptotically to zero.

On the other hand, from (21), the stabilizing control law𝑢�푞 can be designed to stabilize 𝑞 axis current tracking error
dynamics as follows:

𝑢∗�푞 = 𝐿[(𝐵𝐽 + 𝑅𝐿) 𝑖�푞 − 2𝐵23𝑝𝜙�푓𝐽𝜔 + 𝑝𝜙�푓𝐿 𝜔 − 2𝐵𝑇�퐿3𝑝𝜙�푓𝐽
+ 𝑝𝜔𝑖�푑 − 2𝑘21𝐽3𝑝𝜙�푓 𝑒�휔 + 𝑘2𝑒�푞 − 𝑑1𝐿 ) .

(24)

Step 3. As to design of command input for 𝑢�푑, define the
tracking error

𝑒�푑 = 𝑖∗�푑 − 𝑖�푑 (25)

with �̂�∗�푑 = 0 being the desired stator current of 𝑑 axis.The time
derivative of 𝑒�푑 is

̇𝑒�푑 = 𝑑𝑖∗�푑𝑑𝑡 − 𝑑𝑖�푑𝑑𝑡 = 𝑅𝐿 𝑖�푑 − 𝑝𝜔𝑖�푑 − 1𝐿𝑢�푑 −
𝑑2𝐿 − 𝑑2𝐿 , (26)

where 𝑑2 + 𝑑2 = 𝑑2.
Choose the last Lyapunov function candidate as

𝑉3 (𝑡) = 𝑉2 (𝑡) + 12𝑒2�푑, (27)

which results in

�̇�3 (𝑡) = �̇�2 (𝑡) + 𝑒�푑 ̇𝑒�푑
≤ −𝑘1𝑒2�휔 − 𝐶1𝑒2�푞 − 𝐶2 𝑑 (𝑡)2

+ 𝑒�푑 (𝑅𝐿 𝑖�푑 − 𝑝𝜔𝑖�푑 − 1𝐿𝑢�푑 −
𝑑2𝐿 ) − 𝑑2𝐿 𝑒�푑.

(28)

If the stabilizing control law for 𝑢�푑 is defined as

𝑢∗�푑 = 𝑅𝑖�푑 − 𝑝𝐿𝜔𝑖�푞 + 𝐿𝑘3𝑒�푑 − 𝑑2𝐿 , 𝑘3 > 0, (29)

then the following result is obtained:

�̇�3 (𝑡) ≤ −𝑘1𝑒2�휔 − 𝐶1𝑒2�푞 − 𝐶2 𝑑 (𝑡)2 − 𝑘3𝑒2�푑 − 𝑑2𝐿 𝑒�푑. (30)

Again, based on the generic inequality, inequality (30) can be
rewritten as follows:

�̇�3 (𝑡) ≤ −𝑘1𝑒2�휔 − 𝐶1𝑒2�푞 − 𝐶2 𝑑 (𝑡)2 − 𝑘3𝑒2�푑 + 𝜀2𝐿 𝑒2�푑
+ 14𝐿𝜀2

𝑑2 (𝑡)2

= −𝑘1𝑒2�휔 − 𝐶1𝑒2�푞 − (𝑘3 − 𝜀2𝐿 ) 𝑒2�푑
− (𝐶2 − 14𝐿𝜀2)

𝑑 (𝑡)2 .

(31)
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Figure 1: Block diagram of the proposed DOB backstepping PMSM control system.

If parameters 𝑘1, 𝑘2, 𝑘3 and 𝜀1, 𝜀2 are properly chosen to
make the following conditions hold:

𝑘1 > 0,
(𝑘2 − 𝜀1𝐿 ) = 𝐶1 > 0,

(𝛽 − 14𝐿𝜀1) = 𝐶2 > 0,
(𝑘3 − 𝜀2𝐿 ) > 0,

(𝐶2 − 14𝐿𝜀2) > 0,

(32)

then �̇�3(𝑡) < 0. Consequently, the tracking error for 𝑑-axis
stator current will tend to zero eventually. The objective of
tracking control of PMSM is completed.

5. Numerical Simulation and
Experimental Results

In this section, the numerical example and experimental
results are presented to demonstrate the validity of the
proposed method.

(1) Numerical Simulation Results. The motor parameters
used are listed in Table 1. The MATLAB/Simulink model of
the proposed DOB backstepping PMSM control system is
shown in Figure 1. The initial rotation speed of the motor
is 1200 r/min, and the rotation speed is 1000 r/min at 0.6𝑠.
The initial load torque of the motor is 0N⋅m and the load
disturbance torque is 10N⋅m at 0.8𝑠. The parameters of the
DOB-backstopping controller are selected as Λ = −180𝐼2,𝜀1 = 𝜀2 = 0.153, 𝑘1 = 250, 𝑘2 = 500, 𝑘3 = 160.

In this simulation, to illustrate the effectiveness of the
proposed method, the phase traces by the conventional

Table 1: The parameters of PMSM.

Parameter numerical value
Pole Pairs 𝑝 3
Friction factor 𝐵 (𝑁 ⋅ 𝑚 ⋅ 𝑠/𝑟𝑎𝑑 0.001
Stator Inductance 𝐿 (𝐻) 0.0153
Rotor moment of inertia 𝐽 (𝑘𝑔 ⋅ 𝑚2) 0.0021
Permanent magnet flux 𝜙�푓 (𝑤𝑏) 0.82
Stator Resistance 𝑅 (Ω) 0.56

backstepping (BS) method [22] and the proposed DOB back-
stepping (DOB-BS) method are simulated and compared.
The numerical simulation results are shown in Figures 2–4.
Figure 2(a) indicates the actual rotation speed of the motor
with BS method and the proposed DOB-BS method in
the presence of the above disturbances load, respectively.
Figure 2(b) shows the rotation speed response between[0.008𝑠, 0.012𝑠], during which the PMSM motor just started.
Figure 2(c) shows the rotation speed response between[0.585𝑠, 0.625𝑠]. In this time period, the reference rotation
speed has a sudden change at 𝑡 = 0.6𝑠. Figure 2(d) shows
rotation speed response between [0.785𝑠, 0.825𝑠], in which
the external disturbance load is added at 𝑡 = 0.8𝑠. From
Figure 2, it can be seen that the rotation speed of the proposed
DOB-BS method can rapidly track the reference rotation
speedwith smaller stability error, faster response, and smaller
overshoot than that of the conventional BS method.

Figure 3 shows the three-phase current of the stator.
The current amplitude is proportional to the rotation torque
and changes rapidly as the load torque varies. The current
frequency is inversely proportional to the rotation speed.
Figure 4 shows the variation of electromagnetic torque as the
load torque changes. Obviously, the DOB-BS method gives
less load torque fluctuations.
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(2) Experimental Results. To evaluate the performance of the
proposed method, a three-phase PMSM control system is
set up. The experimental platform configuration is shown
in Figure 5. The main chip of the inverter adopts the
TMS320F28335 digital signal processor (DSP). The initial
rotation speed of the motor is 1600 r/min, and the rotation
speed is 600 r/min at 0.6𝑠.The initial load torque of themotor
is 0N⋅m and the load disturbance torque is 5N⋅m at 0.8𝑠.

The results of the experiment are shown in Figures 6–8.
Figure 6(a) shows the speed response of the closed-loop
system under the BS and DOB-BS schemes. It can be seen
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that the settling time of the DOB-BS method is shorter
than that of the BS method. The experimental results of
antiload disturbance of the two control schemes are shown in
Figure 6(b). After the speed output of PMSM system (without
load) is in the steady state, a step disturbance load, i.e., a rated
torque of 10N.m at 0.8𝑠, is added suddenly. Clearly, the DOB-
BS method has a less speed drop, i.e., a better disturbance
rejection capacity when the disturbance load is added.

The load torque and current responses of DOB-BS
method is shown in Figures 7 and 8, which illustrates the
quick response and low ripple.

From these results, it can be observed that the pro-
posed DOB-BS method is effective under different operating

conditions and has a better performance at most conditions
than that of BS method.

6. Conclusion

In this paper, a disturbance observer-based (DOB) backstep-
ping speed tracking control method has been presented for
the speed tracking control PMSM.Through disturbance esti-
mation, the DOB backstepping control strategy can achieve
high precision speed tracking and disturbance rejection
performance. Both simulation and experimental results have
shown the effectiveness of the proposed method.
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The Jerk model is widely used for the track of the maneuvering targets. Different Jerk model has its own state expression and
is suitable to different track situation. In this paper, four Jerk models commonly used in the maneuvering target track are
advanced. The performances of different Jerk models for target track with the state variables and the characters are compared.
The corresponding limit conditions in the practical applications are also analyzed. Besides, the filter track is designed with UKF
algorithm based on the four different models for the high-maneuvering target. The simplified dynamic model is used to gain the
standard trajectory with Runge-Kutta numerical integration method. The mathematical simulations show that Jerk model with
self-adaptive noise variance has the best robustness while other models may diverge when the initial error is much larger. If the
process noise level is much lower, the track accuracy for four Jerk models is similar and stationary in the steady track situation, but
it will be descended greatly in the much highly maneuvering situation.

1. Introduction

Target tracking refers to estimating the motion parameters,
such as the position and the velocity for a target through
the noise-containing measurement data acquired by the
measurement device in real time. Because of the uncertainty
of the maneuvering target motion, the measurement process
uncertainty, and the difficulty of estimating the nonlinear
system, the maneuvering target tracking has always been a
research focus for more than half a century and there are a
lot of proposed algorithms. To sum up, the track algorithms
study has been focused on two parts, i.e., maneuver target
modeling and nonlinear filter design [1, 2].

For the nonlinear filter design, there are threemainmeth-
ods, including Extended Kalman filter (EKF), Unscented
Kalman filter (UKF), and Particle filter (PF) [3, 4]. Many
articles have sufficiently studied the three algorithms in the
nonlinear fitness, filter accuracy, filter stability, computational
complexity, and other aspects [5, 6]. The conclusion is that

UKF has the best performance inmuch practical applications
[7].

For the maneuver target modeling, there are lots of
motion model describing the maneuver process of the target.
The accuracy of the target modeling directly affects the
tracking performance of maneuvering target, detection of the
target [8, 9], and the fault diagnosis of the target [10, 11].
According to their modeling state dimensions, they can be
divided into second-order model, three-order model and
four-order model. Two-order models contain CV (Constant
Velocity) model and CT (Constant Turn) model; three-order
models contain CA (Constant Acceleration) model, Singer
model, CS (Current Statistic) model, semi-Markov model,
and so on [12, 13]. Four-order models contain Jerk (Jerk
denotes the rate of the acceleration change) model and its
corresponding improved version. The higher the order of
maneuvering model is, the higher the order of the target is
described. Jerk model extends the target maneuvering form
via estimating the acceleration changing rate in real time.
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Theoretically, it can be applied on the highly maneuvering
target tracking much better [14, 15].

Therefore, in this paper, we mainly focused on the
maneuvering target track with Jerk model and UKF filter
algorithm.

The references related to Jerk model has shown the good
simulation results. However, due to the simple and the special
simulation background, the trajectory is different from the
true target. Therefore, the results cannot be convincing. This
paper summarizes the various Jerk models in the references.
Firstly, the advantages and disadvantages are analyzed in
theory. Then every model is applied on the near-space high-
speed maneuvering target, and the simulation results are
compared. The track trajectory is generated through the
integral of the simplified dynamic equation, which is close to
the true target. Therefore, it is convictive to some extent.

2. Description for Different Jerk Model

Jerk denotes the acceleration changing rate. Jerk model is
a model which describes the target Jerk mathematically.
The models in the references mainly contain the following
different kinds.

2.1. SJModel. Theearliest Jerkmodel is proposed byMehrota,
etc. [16]. They used Singer model for reference and modeled
the Jerk model of the target as a zero-mean and first-order
time related process. To distinguish other Jerk models, it is
marked as SJ (Singer Jerk) model. Taking a one-dimension
linear motion as an example, SJ model is expressed as

̇𝑗 (𝑡) = −𝛼𝑗 (𝑡) + 𝑤 (𝑡) (1)

where 𝑗(𝑡) = ...𝑥(𝑡) denotes the target Jerk, the 𝛼 denotes “Jerk”
frequency (the reciprocal of the “Jerk” constant),𝑤(𝑡)denotes
zero-mean Gaussian white noise, and the covariance is 𝜎2𝑤 =2𝛼𝜎2𝑗 , 𝜎2𝑗 denotes the covariance of target Jerk.
2.2. CSJ Model. Qiao [15] used the analyzing method which
is also applied on Singer model tracking accuracy in [17]
to analyze the SJ model. He proposed that SJ model shows
a steady-state deterministic error in the tracking step Jerk
signals. Therefore, the Jerk model with nonzero mean and
first-order time correlation is built using CS model for
reference. According to the same analyzing process, the new
model has eliminated the steady-state deterministic error.
The model is marked as CSJ (Current Statistic Jerk) model.
Taking the one-dimension model as an example, CSJ model
is expressed as

...𝑥 (𝑡) = 𝑗CSJ (𝑡) + 𝑗CSJ (𝑡)
̇𝑗CSJ (𝑡) = −𝛼𝑗CSJ (𝑡) + 𝑤 (𝑡) (2)

where 𝑗CSJ(𝑡) denotes the nonzero mean of Jerk. 𝑗CSJ(𝑡)
denotes the covariance of the zero-mean colored Jerk noise,
and 𝑤(𝑡) denotes zero-mean Gaussian white noise. Other
parameters are defined as SJ model.

The model should set 𝛼 and 𝜎2𝑗 previously before the
practical application. Therefore, Pan proposed a novel CSJ
algorithm to describe the probability density of Jerk accord-
ing to truncated normal distribution and construct the
connection between 𝜎2𝑗 and current Jerk estimation. It is

𝜎2𝑗 (𝑘) = [𝐽max −  .̂..𝑥 (𝑘 | 𝑘)]29 (3)

In this way, the probable extreme Jerk can be predefined as𝐽max. That is the covariance of the state noise can be self-
adapted according to the Jerk estimation during the filter
process to adapt to different maneuvering situations. The
model is marked as MCSJ (Modified CSJ) model.

2.3. 𝛼J Model. The Jerk models above cannot avoid the
problem that the Jerk frequency 𝛼 should be predefined.
However, 𝛼 cannot be directly measured and it is constantly
changing in the target practical motion process. For this
reason, Luo [7] considered 𝛼 in SJ model as an estimated
parameter and took it as the extension variable. Therefore,
it can be estimated in real time during the filter process. 𝛼
is modeled as nonzero-mean Gaussian white noise and the
derivative of it is zero mean Gaussian white noise which can
be considered as

�̇� = 𝜀 (𝑡) (4)

where 𝜀(𝑡)denotes the zero-mean input noise, whose variance
is 𝜎2𝜀 . This is called 𝛼 J (Alpha Jerk) model. 𝛼 J model can
estimate 𝛼 in real time, but 𝜎2𝑗 and 𝜎2𝜀 need to be predefined
carefully. If the values of them are not proper, the estimation
accuracy of 𝛼 will be decreased severely and even cause the
divergence of the filter.

Take the one-dimension motion as an example. (Three-
dimension situation has the same principle as the one-
dimensionmotion.)The state variable, state equation, and the
characteristic of the four models are shown in Table 1. The
specific form of the matrices in Table 1 can be found in the
related references [14, 16].

3. Performance Comparison

3.1. Trajectory State Equation. Tracking target is the near-
space and high-speed target whose true trajectory comes
from the integral of the dynamic equation. To simplify the
dynamic equation of the target, the earth is assumed as an
irrational ball and the influence on the center of mass motion
of the target of the controlling force is neglected. The target
has nonliteral movement and the simple dynamic equation in
the launching frame is expressed as

[V̇𝑥
V̇𝑦
] = 𝜌𝑉𝑆2𝑚 [

−𝐶𝑥V𝑥 − 𝐶𝑦V𝑦
𝐶𝑦V𝑥 − 𝐶𝑥V𝑦 ] +

𝑔0𝑅20𝑟3 [
𝑥 − 𝑅0𝑥
𝑦 − 𝑅0𝑦] (5)

where 𝜌 denotes the atmosphere density which is used as
American 1976 standard atmosphere model. 𝑉 denotes the
resultant velocity; 𝑆 denotes the aerodynamic reference area
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Figure 1: Target trajectory.

of the target; 𝑚 denotes the mass of the target; 𝐶𝑥 and𝐶𝑦 denote the resistance coefficient and the lift coefficient,
respectively (they are the function of the attack angle the
Mach number𝑀𝑎); 𝑔0 denotes the gravitational acceleration
on the sea level; 𝑅0 denotes the radius of the earth; 𝑅0𝑥
and 𝑅0𝑦 denote the coordinates of the earth center in the
launching frame; 𝑟 denotes the geocentric distance of the
target.

The target parameter 𝑆 and 𝑚 and the aerodynamic
parameters 𝐶𝑥 and 𝐶𝑦 use the public values in American
high-performance general air vehicle (CAV-H). The longi-
tude, the latitude, the height, and the launching angle are
0∘, 0∘, 0m, and 90∘. The initial longitude, the latitude, and
the height of the target are 0∘, 0∘, and 30 km, respectively.
The initial Mach number is 10. The local velocity angle
is -1∘, and the velocity drift angle is 0∘. The controlled
quantity is the attacking angle 𝛼 and is constant with 15∘. The
integralmethod of the trajectory is fourth-order Runge-Kutta
numerical integration. The height and the voyage are shown
in Figure 1.

3.2. Measurement Setting Condition. The measurement
device is a pulse radar and the measurement elements
are the distance R, the azimuth angle A, the pitch angle
E, and the radial velocity V. The measure error standard
deviations of the distance, the angle, and the velocity are 10m,
0.5mrad, and 1m/s, respectively. The longitude, the latitude,
and the height of the radar station are 14∘E, 1∘N, and 0m,
respectively. The sampling period is 0.05s and the tracking
period is 70∼790s. To compare the tracking performance
of the models (including the tracking accuracy, the filter
robustness, and the computation complexity), the simulation
results cannot be compared as the general references setting
a parameter. Mehrotra proposed that “Jerk” frequency 𝛼 has
a good robustness in [7] via the simulation. That is, the filter
performance can maintain stable when 𝛼 changes in a large
range.Therefore, the paper focuses on the standard deviation
of Jerk and the robustness of the filter initial value error. The
initial position and velocity in filter are equal to the true
value adding the random error. The standard deviations of

Table 2: Filter parameters.

Parameters P1 P2 P3
𝛼 0.1
𝛼0 𝛼
𝜎𝑗 1 1 0.1
𝐽max 3𝜎𝑗𝜎𝑝0 1000 100 100
𝜎V0 100 10 10
𝜎𝜀 0.1

the position and the velocity are 𝜎𝑝0 and 𝜎V0, respectively.
The acceleration and the Jerk are 0. 𝛼 J model needs to set the
initial value of 𝛼 and the standard deviation 𝜎𝜀 of the input
noise 𝜀(𝑡). MCSJ model needs to set the extreme Jerk value𝐽max. The parameter sets of the three filters are expressed as
P1, P2, and P3, respectively. The specific parameter values
are shown in Table 2. The Monte Carlo simulation number is
100.

3.3. Simulation Results. The filter root mean square error
(RMSE) of the position and the velocity under the parameter
sets is shown in Figures 2, 3, and 4, respectively. Because of
the different values of P1 andP2, the initial value robustness of
the four models can be compared. Comparing Figures 2 and
3, when the filter initial value is large, only the self-adaption
state noise of MCSJ model can maintain the convergence and
the initial value robustness is much better. But the other three
models will present filter divergence performance during the
100 Monte Carlo steps and the convergence is influenced by
the initial value which is not proper for the practical tracking
application. On the other hand, because the only difference
between P2 and P3 is 𝜎𝑗.The parameter robustness of the four
models can be compared. When comparing Figures 3 and 4,
when 𝜎𝑗 is small, the tracking accuracy of the four models
in the steady period of the target motion can be improved.
However, the filter error has a large jump when the target has
a severe maneuvering motion. The computation complexity
ratio of SJ, CSJ, MCSJ, and 𝛼J is 8:8:9:12.
4. Conclusion

The paper summarizes the proposed Jerk models which
are applied on the high-maneuvering target tracking. The
tracking accuracy, the filter robustness, and the computation
complexity of the models are compared in the theoretical
analysis and the tracking simulation.The tracking simulation
trajectory is created by the integral of the dynamic equation
which is similar to the true process and is pretty persuasive.
The simulation results demonstrate that the self-adaptive
noise variance method has the best tracking performance.
However, in the highly maneuvering period, all models have
the error jumping problem. Controlling the filter jumping
error is the key to improve the near-space and high-speed
target tracking performance in the future.
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(a) RMSE of position (b) RMSE of velocity

Figure 2: Filtering RMSE for four models in P1 parameter.

(a) RMSE of position (b) RMSE of velocity

Figure 3: Filtering RMSE for four models in P2 parameter.

(a) RMSE of position (b) RMSE of velocity

Figure 4: Filtering RMSE for four models in P3 parameter.
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Considering the self-healing phenomenon of lithium batteries during intermittent discharge, a self-healing characteristic-based
equivalent circuit model of lithium batteries is proposed. The mathematical description of the lithium battery in the self-healing
process is obtained through the analysis of the equivalent circuitmodel. Based on experimental platform, an experiment considering
self-healing characteristic was performed. Result shows that the self-healing characteristic-based lithium battery equivalent circuit
model can describe the voltage of the lithium battery accurately during the self-healing process.

1. Introduction

Energy is the foundation of the society progress and devel-
opment and it is vital to develop a new energy storage
that is efficient and environmentally friendly and more
necessarily put it to effect [1]. Electric vehicles have received
extensive attention due to their features such as cleanliness
and high efficiency [2, 3]. The lithium-ion battery is one
of the best choices for electric vehicle battery because of
its small volume, light weight, and low self-discharge rate
[4]. However, power batteries have become an important
factor that influences the performance and stability of elec-
tric vehicles [5].Therefore, the research on the safety and
reliability of lithium-ion batteries has become the focus of
attention [6–8]. Huang et al. [9] proposed a new method
to estimate the state of charge (SOC) and state of health
(SOH) of a battery by using the amount of voltage change
per unit time during the discharge process of battery. Based
on the battery cycle-life test data, it is found that the state
of health has a linear relationship with the reciprocal of the
unit time voltage drop, which is a function of the state of
charge. This method realizes the online estimation of SOC
and SOH and the model is proved to have robustness. Zou

et al. [10] proposed a combined SOC and SOH estimation
method through the lifetime of a lithium-ion battery. Two
Extended Kalman Filters of two time scales are used to
estimate SOC in real time and update SOH offline, which
provides accurate SOC and SOH estimations. Xiong et al.
[11] used adaptive extended Kalman filter (AEKF) to estimate
the state of charge of lithium batteries. The AEKF algorithm
improves the traditional KF and solves the defect of inaccu-
racy on nonlinear problems. Besides, the AEKF algorithm
can improve the prediction accuracy by adaptively updating
the process and measurement noise covariance. However,
the above researches focus on the ideal working condition
and do not take the intermittent discharge of the lithium
battery in the actual operation into account. In fact, self-
healing phenomenon could be found during the intermittent
discharge of lithium batteries [12]. In other words, the
capacity of the battery will rebound when standing. There is
no doubt that the self-healing phenomenon could be a benefit
to prolong the useful life of lithium batteries [6]. Therefore,
further research is needed under this condition.

Currently, the models of batteries can be divided into
two categories: electrochemical models and equivalent cir-
cuit models [13]. Based on the electrochemical theory,
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Figure 1: Lithium battery charge and discharge microscopic diagram.

the electrochemical model uses mathematical methods to
describe the reaction process inside the battery. By using
this model, the relationship between the cell performance
and microscopic quantities can be established. However,
this method is computationally complex and difficult to
determine the value of parameters [14, 15]. The equivalent
circuit model based on the external characteristics of the
battery can avoid analyzing the internal reactions and com-
plex parameter calculations. Comprehensively considering
the accuracy and practicality of the battery model, equiv-
alent circuit model is widely used in battery performance
estimation of battery management systems [16, 17]. He et
al. [18] proposed a model-based online estimation method
for LiFePO4 battery, which uses the Thevenin equivalent
circuit model to simulate the LiFePO4 battery and gives the
corresponding mathematical expression equation. Feng et
al. [19] proposed a new lithium battery equivalent circuit
model by adding a moving average noise to the first-order
resistor-capacitor circuit model. This new model simplifies
the computational complexity of model parameters in a
much more accurate way. Sun et al. [20] proposed a model-
based dynamic multiparameter method for peak power
estimation of lithium-ion batteries. This method refines the
ohmic resistance of the Thevenin model for the lithium-
ion battery, which improves the accuracy of the model. It
is indicated that the model-based dynamic multiparameter
method can be used to calculate the available power more
accurately, whereas the above models cannot describe the
change in self-healing phenomenon of lithium batteries.
Therefore, in order to better describe the state of lithium
battery in self-healing process, an equivalent circuit model of
lithium battery is proposed based on self-healing character-
istics.

The remainder of the paper is organized as follows.
Section 2 introduces the self-healing phenomenon, which
is very common in the actual use of electric vehicles. In
Section 3, the equivalent circuit model based on self-healing
characteristic is proposed and the analysis of the model is
given. Section 4 describes the experiment platform and the
experiment schedule based on LabView. In Section 5, the
parameters of the model are identified and the simulation
results are compared with the experiment. In addition, the

U

(a)

(b)
t

(a) Continuous Discharging;

Discharging State
Standing State

(b) Intermittent Discharging

Figure 2: Comparison of lithium battery continuous discharge and
intermittent discharge.

error between the simulation and experiment is analyzed. In
the final section, some conclusions are given.

2. Self-Healing Process

In practice, three states are often used in the lithium battery.
They are charging state, discharging state and standing state.
As is shown in Figure 1, when the battery is charged, the
positive electrode of the battery will generate lithium ions and
at the same time lithium ionswill pass through the electrolyte.
Finally the lithium ions, generated at the positive electrode
of the battery, arrive at the negative cathode of the battery
and combine with graphite. And the capacity of the battery is
related to the amount of lithium ions arriving at the cathode
of the battery. When the battery is discharged, lithium ions in
the negative electrode of the battery are separated from the
graphite and returned to the positive electrode of the battery.
The capacity of the battery is decreased.

In actual use, after each charge is completed, the lithium
battery is repeatedly switched between discharging state and
standing state, that is, intermittent discharging, as shown
in Figure 2. When standing, the battery will self-heal. This
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Figure 3: Lithium battery equivalent circuit model circuit diagram.

phenomenon is the reverse process of battery discharge,
which is similar to the charging process of the battery,
and the battery’s state of charge will increase [21]. And, in
the long term, this phenomenon will finally influence the
state of health of lithium battery [22]. Mostly the electric
vehicle is in a running and stagnant state, and the lithium
battery is in a discharging and standing state so self-healing
phenomenon is very common. The strength of self-healing
is related to the time the battery is in standing state and
it will change as the battery cycle times increase. Besides,
the self-healing phenomenon will affect the remaining useful
life of the battery. Therefore, it is essential to establish a
battery model which could be used to describe the self-
healing phenomenon of lithium-ion batteries. This paper will
introduce a lithium battery equivalent circuit model based on
self-healing characteristic.

3. Battery Model

3.1. Proposal of the Model. In order to better describe the
voltage change of the lithium battery in the standing state, a
lithium battery equivalent model based on self-healing char-
acteristics is proposed. As shown in Figure 3, the self-healing
characteristic-based model includes the open-circuit voltage𝑈𝑂𝐶, the internal resistance 𝑅𝑖 of the battery, a capacitor 𝐶𝑆,
a resistor 𝑅𝑆, and a 𝑅𝐶 network. The internal resistance 𝑅𝑖,
respectively, includes a resistor 𝑅𝑑𝑖𝑠 in discharging state and
a resistor 𝑅𝑐ℎ in charging state. And 𝐼𝑆 is the current pass
through the capacitance 𝐶𝑆, 𝐼𝐿 is the load current (positive for
discharging state and negative for charging state), and 𝑈𝐿 is
the terminal voltage. Among them, the open-circuit voltage𝑈𝑂𝐶 describes the voltage characteristics of the battery, and
the capacitance 𝐶𝑆 describes the capacity characteristics of
the battery. The model can be divided into two parts. One

part is mainly to describe the voltage of the lithium battery
in discharging state and the other part is mainly to describe
the voltage of self-healing phenomenon of the lithium battery
in standing state.

3.2. Description of the Model. When the battery reaches a
stable state, the battery voltage no longer changes. At this
time, the terminal voltage is equal to the open-circuit voltage𝑈𝑂𝐶 of the battery, which is also equal to the voltage of the
capacitor 𝐶𝑆, as shown in

𝑈𝐿 = 𝑈𝑂𝐶 = 𝑈𝐶s (1)

3.2.1. Description of the Model in Discharging State. The
Hybrid Pulse Power Characteristic test is conducted to
describe the discharging state of the lithium battery equiva-
lent circuit model.When the battery passes the pulse current,
the voltage of the battery undergoes two stages, faster voltage
conversion and slower voltage conversion. Figure 4 shows the
battery voltage changes when the HPPC test is carried out.

In the faster voltage conversion, the rapid drop in voltage
is mainly affected by the internal resistance 𝑅𝑖 of the battery.
The value of internal resistance 𝑅𝑖 is related to the change
in voltage, as show in (2). The slower voltage conversion in
voltage is assigned to the part of the RC network including
diffusion resistance 𝑅𝑃. And (3) describe the voltage change
of the slower conversion.

Δ𝑈𝐿1 = 𝑈𝑂𝐶 − 𝑈𝐿−𝐹 = 𝑈𝑂𝐶 ∗ 𝑅𝑖𝑅𝐿//𝑅𝑆 + 𝑅𝑖 (2)

Δ𝑈𝐿2 = 𝑈𝐿−𝐹 − 𝑈𝐿−𝑆
= 𝑈𝑂𝐶 ∗ ( 𝑅𝐿//𝑅𝑆𝑅𝐿//𝑅𝑆 + 𝑅𝑖 −

𝑅𝐿𝑅𝐿 + 𝑅𝑃 + 𝑅𝑖)
(3)
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3.2.2. Description of the Model in Standing State. In order
to describe the self-healing phenomenon of the battery, it is
necessary to perform the self-healing test of the battery. And
the self-healing test profile is shown in Figure 5. One self-
healing test is performed within a single charge and discharge
cycle of a lithium battery. When the charging process is
completed, the lithium battery will start to discharge. At the
point of 𝑡0 when the voltage reaches the level of 𝑈𝐿-𝑆𝑅, the
battery will be switched into the standing state. And the self-
healing process with time interval Δ𝑡 is performed.When the
battery is in the standing state, no current flows through the
RC network (resistance 𝑅𝑃 and capacitance 𝐶𝑃), so the model
can be simplified to the form in Figure 3.

At 𝑡0(-), the lithium battery is still in the state of discharg-
ing, the voltage over the capacitor 𝐶𝑆 can be expressed by
(4); at 𝑡0(+), the battery has been switched to the standing
state, and the voltage of the capacitor 𝐶𝑆 can be expressed by
(5). Because the voltage of the capacitor cannot be abruptly

changed, the voltage of capacitor 𝐶𝑆 at time 𝑡0(-) is equal to
the voltage at time 𝑡0(+), as shown in

𝑈𝐶𝑆 (𝑡0−) = 𝑈𝐿−𝑆𝑅 (𝑡0−) + 𝐼𝐿 ∗ 𝑅𝑃 = 𝑈𝑂𝐶−𝑆𝑅 − 𝑈i (𝑡0−) (4)

𝑈𝐶𝑠 (𝑡0+) = 𝑈𝐿−𝑆𝑅 (𝑡0+) − 𝑈𝑅𝑠 (𝑡0+) (5)

𝑈𝐶𝑠 (𝑡0) = 𝑈𝐶𝑠 (𝑡0−) = 𝑈𝐶𝑠 (𝑡0+) (6)

From (4), (5), and (6), how the voltage changes when the
battery is switched from the discharging state to the standing
one can be deduced.

△𝑈𝐿−𝑆𝑅 = 𝑈𝑅𝑠 (𝑡0+) + 𝐼𝐿 ∗ 𝑅𝑃 (7)

When the battery is still for an enough long period of time,
the battery is in a stable state. It can be obtained by (1) that the
voltage of the capacitor 𝐶𝑆 will be equal to the open-circuit
voltage of the battery 𝑈𝑂𝐶-𝑆𝑅, while the voltage of capacitor𝐶𝑆 at 𝑡0 is less than 𝑈𝑂𝐶-𝑆𝑅. Comparing (4) and (8), it can
be concluded that the lithium battery is charged by the ideal
voltage source 𝑈𝑂𝐶 during the interval time Δ𝑡 when the
battery is in the standing state. Where the current flowing
through capacitor 𝐶𝑆 is marked as 𝐼𝑆, the time constant is 𝜏
and the quantity of the battery is 𝑄𝐶𝑆:

𝑈𝐶s (△𝑡 → ∞) = 𝑈𝑂𝐶−𝑆𝑅 (8)

𝐼𝑆 = 𝐶𝑆 ∗ 𝑑𝑈𝐶𝑠𝑑𝑡 (9)

𝜏 = 𝐶𝑆 ∗ (𝑅i + 𝑅𝑆) (10)

𝑄𝐶s = 𝑈𝐶𝑠 ∗ 𝐶𝑆 (11)

When the lithium battery is switched from the discharging
state to the standing state, the voltage of capacitor Cs satisfies

𝑈𝐶𝑠 = 𝑈𝑂𝐶−𝑆𝑅 − [𝑈𝑂𝐶−𝑆𝑅 − (𝑈𝐿−𝑆𝑅 (𝑡0−) + 𝐼𝐿 ∗ 𝑅𝑃)]
∗ exp [− 𝑡/𝐶𝑆(𝑅𝑆 + 𝑅𝑖)]

(12)
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Meanwhile, the relationship between the terminal voltage𝑈𝐿−𝑆𝑅 and the voltage of capacitor 𝑈𝐶s accords with (5). So
from (5), (7), (9), and (12), the function of the terminal voltage𝑈𝐿−𝑆𝑅 can be derived as follows:

𝑈𝐿−𝑆𝑅 = 𝑈𝐶𝑠 + 𝑅𝑆 ∗ 𝐶𝑆𝐶𝑠 ∗ (𝑅𝑖 + 𝑅𝑆)
∗ [𝑈𝑂𝐶−𝑆𝑅 − 𝑈𝐿−𝑆𝑅 (𝑡0−) − 𝐼𝐿 ∗ 𝑅𝑃]
∗ exp (− 𝑡𝜏)

(13)

4. Experiments

4.1. Experiment Platform. In order to monitor the discharg-
ing state and the standing state of the battery, a lithiumbattery
charge/dischargemonitoring systembased onLabView2012 is
established, as shown in Figure 6. The system uses LabView
2012 as a software development platform, including upper
computer, NI data acquisition cards, power supply modules,
and relay modules. The system realizes the programming
control of the discharge process of the lithium battery,
simulates the transition from the discharging state to the
standing state during the actual use of the lithium battery,
and monitors the self-healing phenomenon of the lithium
battery. The upper computer can accomplish the real-time
monitoring of the lithium battery and is responsible for
switching the state of the circuit. Voltage acquisition card
PXIe-4300 contains 8 analog input channels; each channel
is equipped with an independent analog-to-digital converter
of 16-bit resolution and can be simultaneously sampled to
ensure the efficiency of data acquisition. The current sensor
has a measurement range of 50mA to 10A and is responsible
for transmitting the current signal to a channel of the voltage

acquisition card. The voltage, current, and other information
of the battery are transmitted to the upper computer through
the PXI bus, ensuring the accuracy and high efficiency of data
transmission. PXI-4130 is used to charge lithium batteries.
It is a programmable power module that can control output
constant voltage and constant current.

4.2. Experiment Schedule. In order to analyze the self-healing
phenomenon during the intermittent discharge process, a
set of experiments are carried out on the 18650 lithium
battery and the experiment schedule is shown in Figure 7. For
the purpose of obtaining the initial capacity of the lithium
battery, the SCT test was performed and repeated three times.
After that, the battery is discharged and the HPPC test is
performed. At the same time, the test data is recorded. The
key to the experiment schedule is to conduct self-healing
characteristic test on the lithium battery. Among them, 𝑈∗
represents the state transition voltage. When the voltage
drops to𝑈∗ for the first time, the working state of the battery
changes, switching from the discharging state to the standing
state. The value of the state transition voltage represents the
depth of discharge, which could affect the strength of the
self-healing phenomenon. So, for an evident observation of
the self-healing phenomenon, the state transition voltage is
selected to be 3V in this experiment.That is, when the battery
voltage drops to 3V for the first time, the battery enters the
standing state and performs the self-healing test. The value
of the SOC at this time can be obtained by the method of
coulomb counting by the data logger of the experimental
system. Experiments of three times scales are performed,
respectively, 15minutes, 60 minutes, and 90minutes. In other
words, the period in the standing state is 15min, 60min,
and 90min. And each self-healing test is repeated three
times.
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Figure 7: Experiment schedule.

Table 1: Parameter Identification Results at 𝑈∗ = 3V.

SOC Rdis Rch Rp Cs Rs
12.23% 82.3mΩ 81.7mΩ 16.1mΩ 400.851 F 0.506Ω

5. Results and Discussion

In order to make clear the relationship between self-healing
characteristics and self-healing time, this paper selects the
first test data with self-healing time of 60 minutes to identify
the model parameters and compares the simulated value of
the battery model with measured value during the standing
state. In the meantime, the parameters obtained from this
experiment are applied to the other experiments with the
same self-healing time and also to multiple sets of exper-
iments with different self-healing times. The results are as
follows.

5.1. Parameter Identification. Using the test data to identify
the unknown parameters of the battery model is the basis for
analysis and discussion of the results.MATLAB2018 provides
a variety of methods to achieve the fitting functions, one of
which is Cftool. Cftool has a visual interactive interface and
provides numbers of fitting functions, so this paper selects
Cftool as the fitting tool. The parameter identification results
are shown in Table 1.

5.2. Evaluation on the Battery Model. After the model param-
eters are obtained from the first experiment test datawith self-
healing time of 60 minutes, the simulated value of the model

is compared with the measurements. Figures 8(a), 8(b), and
8(c) represent the results of the comparison between the
simulations and the experimentmeasurements of three times,
of which the self-healing time is 60min. After the lithium
battery is switched from the discharging state to the standing
state, the model is able to describe the rising status of the
lithium battery voltage. And when the standing time is long
enough, the simulation value is still very close to the terminal
voltage of the lithium battery. Repeat the experiment with a
standing time of 60min and compare the test data with the
simulated values of the model. Result shows that the model
can simulate the process of the other experiments with the
same self-healing time, as shown in Figures 8(b) and 8(c).

Figure 9 shows the error characteristic curve between
model simulation values and experiment measurements
when the self-healing time is 60min. When the battery starts
to switch from the discharging state to the standing state, the
battery voltage suddenly changes. In this short period, the
model has a larger error. But, after a brief change in voltage,
themodel can better describe the status of the lithium battery.
And as the battery voltage tends to be flat, the model error
decreases and approaches the level of zero.

In order to prove that this model can describe the state of
lithiumbatterieswith different self-healing time, experiments
with self-healing time of 15 min and 90min are designed.And
the parameters obtained from the experiment with a self-
healing time of 60min are applied to experiments with self-
healing time of 15min and 90min. As is shown in Figures
10 and 11, the model can also describe the status of the bat-
tery.



Journal of Control Science and Engineering 7

0 1000 2000 3000 4000

Time(s)

3.3

3.35

3.4

3.45

3.5

Vo
lta

ge
(V

)

Model
Experiment 1

60min of Standing State

(a)

60min of Standing State

3.3

3.35

3.4

3.45

3.5

Vo
lta

ge
(V

)

1000 2000 3000 40000
Time(s)

Model
Experiment 2

(b)

60min of Standing State

Model
Experiment 3

1000 2000 3000 40000
Time(s)

3.3

3.35

3.4

3.45

3.5

Vo
lta

ge
(V

)

(c)

Figure 8: Comparison of model simulations and measurements at self-healing time of 60 minutes: (a) experiment 1, (b) experiment 2, and
(c) experiment 3.
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Figure 10: Comparison of model simulations and measurements at self-healing time of 15 minutes, (a) experiment 1, (b) experiment 2, and
(c) experiment 3.

Figures 12 and 13 are the error curves between the model
simulations and the experiment measurements when the self-
healing time is 15min and 90min, respectively. In the state
transition stage, there is a large error between the model and
the measurement but the error between the model and the
measurement gradually decreases along with time, and the
error tends to be stable, which is similar to the result at self-
healing time of 60min.

5.3. Accuracy Analysis of the Battery Model. The accuracy of
the lithium battery model will be analyzed by the maximum
error (the maximum value of the voltage error), the mean
error (the average value of the voltage error), and the RMSE
(the root-mean-square error of the voltage). Three experi-
ment test datasets for self-healing time of 15min, 60min, and
90min are analyzed. The results are shown in Table 2.

In the three experiments with self-healing time of 60min-
utes, the maximum error is less than 70mV, the maximum
error rate is also less than 2%, and the root-mean-square error
is less than 8mV.When using thismodel for accuracy analysis
of test data with self-healing time of 15min and 90min,

the maximum error does not exceed 70mV. Except that the
maximum error rate of the third group of experiments with
self-healing time of 90 minutes is slightly more than 2%, the
maximumerror rate of the rest of the tests is less than 2%.And
the root-mean-square error is less than 13mV. Therefore, the
model has high accuracy and efficiency.

6. Conclusion

This paper discusses the working state of lithium battery
in actual cases, which aims at the self-healing phenomenon
in the process of intermittent discharge and proposes an
equivalent circuit model for self-healing phenomenon. The
function of the model is obtained when the lithium battery
is switched to the standing state from the discharging state.
By using a LabView-based lithium battery test system, the
self-healing characteristic-based experiment is designed, and
the parameters of the model are identified through test
data. Experiment results prove that the model can accurately
describe the voltage change of the battery in the standing
state with different self-healing time. The error between
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Figure 11: Comparison of model simulations and measurements at self-healing time of 90 minutes, (a) experiment 1, (b) experiment 2, and
(c) experiment 3.
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Table 2: Model error analysis.

Time of Standing State Number of Experiments Maximum/V Mean/V RMSE/V Max.Error Rate(%)
60min 1 0.06464 0.004535 0.006093 1.94

2 0.06556 0.006485 0.007588 1.97
3 0.06655 0.005302 0.006689 1.99

15min 1 0.06342 0.008516 0.010537 1.91
2 0.06277 0.003718 0.007682 1.88
3 0.06241 0.002196 0.006796 1.87

90min 1 0.06466 0.000354 0.004623 1.94
2 0.06555 0.010587 0.011145 1.97
3 0.06746 0.012269 0.012731 2.03
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Figure 13: Comparison of the error between the model simulations and experiments measurements at self-healing time of 90 minutes.

the simulations and measurements is maintained within
a stable range and the model is highly accurate. In spite
of the advantages of the equivalent circuit model for self-
healing characteristic, the description for the working state
of lithium batteries is complicated to some degree and the
identification of battery parameters needs more experiments.
Future works aim at the optimization of the model and
parameter identifications.
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Remaining useful life (RUL) prediction method based on degradation trajectory has been one of the most important parts in
prognostics and health management (PHM). In the conventional model, the degradation data are usually used for degradation
modeling directly. In engineering practice, the degradation of many systems presents a volatile situation, that is, fluctuation. In fact,
the volatility of degradation data shows the stability of system, so it could be used to reflect the performance of system. As such, this
paper proposes a new degradation model for RUL estimation based on the volatility of degradation data. Firstly the degradation
data are decomposed into trend items and random items, which are defined as a stochastic process. Then the standard deviation
of the stochastic process is defined as another performance variable because standard deviation reflects the system performance.
Finally the Wiener process and the normal stochastic process are used to model the trend items and random items separately, and
then the probability density function (PDF) of the RUL is obtained via a redefined failure threshold function that combines the
trend items and the standard deviation of the random items. Two practical case studies demonstrate that, compared with traditional
approaches, the proposed model can deal with the degradation data with many fluctuations better and can get a more reasonable
result which is convenient for maintenance decision.

1. Introduction

With the development of industrial system, the technology
of intelligent vehicle has becomemore and more mature, and
its safety and reliability have become the key factor which
restricts its development. An intelligent driving system of
a vehicle is a complicated system, which usually needs to
monitor the running state, position, and environment [1].
The navigation system is one of its monitoring systems. It
can provide information about the position, direction, speed,
and acceleration.With the development of intelligent driving
technology, navigation system is more and more important.
As a key part of the navigation system, the performance of the
gyroscope will directly affect the performance of the whole
system, and then influence the safety of the entire vehicle sys-
tem.Therefore, it is necessary to forecast its remaining useful
life for better maintenance or health management strategies,
using the available condition monitoring information [2, 3].

Generally, the current methods for estimating RUL can
usually be divided into two types: physics of failure based

methods and data driven methods. Physics of failure based
methods rely on the physics of the failure mechanisms.
However, with advances in design and production tech-
nologies, engineering systems become more complex and
large-scale, so it is difficult to obtain the physical failure
mechanisms in advance. In contrast, data driven methods
achieve RUL estimation via data fitting mainly including
machine learning and statistics-based approaches.Therefore,
data driven methods attempt to derive models directly from
collected CM data and life data and have gained much
attention in variety of industrial assets [4, 5]. Considering
that the life data may not be available for cost-expensive or
highly reliable products, we mainly focus on the statistical
data driven approaches for RUL estimation in this paper.

Under a recognized definition of lifetime, that is, first
hitting time (FHT) [6, 7], many RUL estimation approaches
have been reported in literature [8–10]. References [6, 11]
provide a detailed overview of the degradation modeling and
RUL predicting method. It can be founded that these models
mainly concern the system degrading with a soothing wave.
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However, some degradation processes have high dynamics
and the observed degradation data exhibit many fluctuations.
In this case, it is difficult to model those degradation data
for estimating the RUL via traditional approaches [12, 13],
while the fluctuation of degradation can reflect the stability
of the system. With the deterioration of the system, the
stability of the system may worsen gradually, which causes
the fluctuation’s degree of the degradation data to usually
increase over time. Such large fluctuating characteristics can
be described by a stochastic degradation process with time-
varying mean and variance. Hence, in order to simplify
the expression, we use “large fluctuation” to describe the
characteristics of these degradation data with time-varying
mean and variance.Therefore, the issue of how tomodel those
data with many fluctuations is of practical significance.

In this paper, it is assumed that the degradation process of
the system is a stochastic process with time-dependent expec-
tation and standard deviation at each time. Considering that
the fluctuation can be represented by a stochastic degradation
of standard deviation, which is a new key performance factor,
then the whole system RUL can be estimated by considering
the stochastic degradation data and the fluctuation. The
model parameters can be estimated by maximum likelihood
estimation method. Finally, a numbering validation method
and INS gyro study are provided to show the superiority of
our approach.

The remaining parts are organized as follows. In Section 2,
the problem of failure prognosis is formulated and defined.
In Section 3, a degradation model for prognosis is developed
based on the degradation data and the standard deviation.
Section 4 provides two case studies to illustrate the applica-
tion and usefulness of the developed model. Section 5 draws
the main conclusions.

2. Problem Formulation

In this section, based on the fluctuation and the stochastic
degradation data, a new model for RUL estimation is pro-
posed. Firstly, we introduce the variables used in this paper.

2.1. Notations. The notations that will be used in this paper
are listed as follows:

𝑡𝑖: time of the 𝑖th CMpoint (can be irregularly spaced)𝜉: failure threshold𝑋(𝑡): randomvariable representing the degradation at
time instant 𝑡𝑥𝑖: degradation observation at 𝑡𝑖
X0:𝑖: history of degradation observations for the sys-
tem up to 𝑡𝑖𝑅(𝑡): trend item𝐶(𝑡): fluctuation item𝜇𝑐: expectation of 𝐶(𝑡)𝜎𝑐: standard deviation of 𝐶(𝑡)𝜓(⋅): failure function

𝜎𝑐(𝑡): standard deviation function at the time instant𝑡𝑇: lifetime
𝜗, 𝜆𝜇, 𝜆𝜎, 𝜆𝑅, Θ: parameters column vector𝑓𝐶(⋅): PDF of 𝐶(𝑡)𝑔𝑅(𝑡𝑖,𝜆𝑅): function of 𝑡𝑖 and 𝜆𝑅𝑔𝜇(𝑡,𝜆𝜇): function of 𝑡𝑖 and 𝜆𝜇𝑔𝜎(𝑡,𝜆𝜎): function of 𝑡𝑖 and 𝜆𝜎𝑇RUL(𝑡): RUL of the system at time instant 𝑡𝐿(⋅): log-likelihood function𝑡ch: time instant of the change-point𝑛ch: number of the observation data at time instant 𝑡ch𝜙: initial degradation𝜃, 𝜎: drift and diffusion parameters𝐵(𝑡): standard Brownian motion𝐸(⋅): expectation operator𝜀(𝑡𝑖): individual difference random variable.

2.2. Problem Formulation of the New Approach for RUL
Estimation. In this paper, we model the degradation process
of the system as a stochastic process as {𝑋(𝑡), 𝑡 ≥ 0}, where𝑋(𝑡) is the degradation quantity a time 𝑡. Therefore, the
lifetime 𝑇 of the system can be defined as follows:

𝑇 = inf {𝑡 : 𝑋 (𝑡) > 𝜉; 𝑡 > 0} , (1)

where 𝜉 is the failure threshold.
From (1), it is important to establish themodel of stochas-

tic degradation process. In general, a stochastic degradation
process can be represented as

𝑋 (𝑡) = 𝑅 (𝑡) + 𝐶 (𝑡) , 𝑡 ≥ 0, (2)

where 𝑅(𝑡) is the trend term,𝐶(𝑡) is the stochastic fluctuating
term, and both of them change over time.

It is assumed that 𝐶(𝑡) is the complex stochastic process
with the expectation 𝜇𝑐 and standard deviation 𝜎𝑐. Note that𝜎𝑐 determines the fluctuation of the stochastic degradation
process. Thus, jointly modeling the standard deviation and
trend items is necessary for RUL estimation. Generally, there
are two methods to model the standard deviation: the first
method is that the standard deviation is regarded as an
independent failure factor, but the difficulty lies in how to set
the failure threshold; the secondmethod is to formulate a new
failure function 𝜓(⋅) which establishes the linkage between
the standard deviation 𝜎𝑐 and the trend𝑅(𝑡). Accordingly, the
lifetime of the system can be defined as follows:

𝑇 = inf {𝑡 : 𝜓 (𝑅 (𝑡) , 𝜎𝑐 (𝑡) , 𝜉, 𝜗) > 0; 𝑡 > 0} , (3)

where 𝜓(⋅) is the failure function, 𝜎𝑐(𝑡) is the standard
deviation, which is the function of the time instant 𝑡, and 𝜗 is
the parameters column vector.
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Based on the estimated lifetime 𝑇, the RUL at time 𝑡𝑖 is
obtained as

𝑇RUL (𝑡𝑖) = 𝑇 − 𝑡𝑖, (4)

where 𝑡𝑖 is the time at the 𝑖 CM points. In this way, the
fluctuation in the degradation process could be incorporated
into the RUL estimation.

From (3), we can observe that the fluctuation of the
degradation data is taken into account in estimating the
lifetime.Then the next section is tomodel the trend term𝑅(𝑡)
and the stochastic fluctuating term 𝐶(𝑡).
3. Degradation Modeling and RUL Estimation

In this section we describe how to model the degradation
process and estimate the parameter based on the observed
degradation data in detail and then how to obtain the RUL
of the system via the proposed approach.

3.1. Degradation Modeling. Based on the problem formula-
tion of our approach, the main algorithm formulation for
degradation modeling and RUL estimation is outlined as
follows.

First, we define the stochastic disturbance term 𝐶(𝑡) as a
function of 𝜇𝑐 and 𝜎𝑐:

𝐶 (𝑡𝑖) = 𝑓𝑐 (𝜇𝑐, 𝜎𝑐) , (5)

where both the expectation 𝜇𝑐 and the standard deviation 𝜎𝑐
are time-dependent and formulated as

𝜇𝑐 (𝑡) = 𝑔𝜇 (𝑡, 𝜆𝜇) ,
𝜎𝑐 (𝑡) = 𝑔𝜎 (𝑡,𝜆𝜎) . (6)

As a result, the PDF of 𝐶(𝑡) can be represented as

𝑓𝐶 (𝑐; 𝜇𝑐, 𝜎𝑐) = 𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡, 𝜆𝜇) , 𝑔𝜎 (𝑡,𝜆𝜎)) . (7)

Suppose the trend 𝑅(𝑡) is also a function of 𝑡 as follows:
𝑅 (𝑡) = 𝑔𝑅 (𝑡,𝜆𝑅) . (8)

Then the degradation process defined in (2) can be further
described as follows:

𝑋 (𝑡) = 𝑔𝑅 (𝑡,𝜆𝑅) + 𝑓𝑐 (𝑔𝜇 (𝑡, 𝜆𝜇) , 𝑔𝜎 (𝑡,𝜆𝜎)) . (9)

In practice, the degradation process is often discretely
monitored at time 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑘 and let 𝑥𝑘 =𝑋(𝑡𝑘) denote the degradation observation at time 𝑡𝑘. Then,
the set of the degradation observations up to 𝑡𝑘 is represented
by 𝑋1:𝑘 = {𝑥0, 𝑥1, . . . , 𝑥𝑘}. In this paper, we can utilize the
history of the degradation observations 𝑋1:𝑘 to evaluate the
parameters 𝜆𝑅 𝜆𝜇 𝜆𝜎 in (4). The details of algorithm for
parameter estimation are summarized in Appendix A.

3.2. Decomposing Trend Items and Fluctuation Items. As dis-
cussed in Section 3.1, the degradation process is decomposed
into the trend item and fluctuation item at first. Nowadays
the commonmethods of trend extraction, such as the average
slopemethod, finite differencemethod, LPF (Low-Pass Filter)
method, and least square fit method, need the form of the
trend to be defined in advance, which leads to difficulty in
applying those methods to the degradation signals with the
unknown trend. Because the EMD (Empirical Mode Decom-
position)method is an adaptive trend extractionmethod [14–
16], which has been widely used for trend extraction, then, in
our paper, the EMDmethod is adopted for trend extraction.

3.2.1. Estimation Parameters 𝜆𝜇, 𝜆𝜎 of Fluctuation Items.
Suppose R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖} are the trend items obtained by
EMDmethod; let 𝑌𝑖 = 𝑋𝑖 −𝑅𝑖, so, as discussed in Section 3.1,
Y0:𝑖 denotes the observed data of the stochastic fluctuating
process 𝐶(𝑡).

Since the stochastic disturbance 𝐶(𝑡) is defined as a
normal random process, so it could be concluded that the
mean of stochastic fluctuating process is 𝜆𝜇 = 0 based on the
good property of the normal random process. And it can be
obtained as follows:

𝐶 (𝑡) ∼ 𝑁 (0, 𝜎2𝑐 ) , (10)

where 𝜎𝑐 is defined as a function of 𝑡.
In engineering practice, many systems have two stages of

degradation. In the first stage, the trend of the degradation is
not obvious, and the fluctuation is stable. In the second stage,
the trend of the degradation has an obvious increase, and the
fluctuation becomes higher over time. So, it is reasonable to
adopt a two-stage model to describe the degrading systems
with large fluctuations.The two-stagemodel can be expressed
by [17]

𝜎𝑐 (𝑡𝑖) = {{{
𝜆𝜎 𝑡𝑖 ≤ 𝑡ch𝑔𝜎 (𝑡𝑖,𝜆𝜎) 𝑡𝑖 > 𝑡ch, (11)

where 𝑡ch is the time of the change-point. It is noted that the
change-point assumed can be easily found and herewe regard
it as known information [17]. When 𝑡𝑖 ≤ 𝑡ch, 𝜎𝑐 = 𝜆𝜎, 𝜆𝜎 is
the fixed value; when 𝑡𝑖 > 𝑡ch, 𝜎𝑐(𝑡𝑖) = 𝑔𝜎(𝑡𝑖,𝜆𝜎), which is the
function of time 𝑡𝑖.

When 𝑡𝑖 ≤ 𝑡ch, 𝜎𝑐 = 𝜆𝜎, 𝜆𝜎 is a constant. 𝜆𝜎 could be
evaluated by the maximum likelihood estimation based on
the property of normal distribution [18] as follows:

𝜆𝜎 = √ 𝑛ch∑
𝑖=1

(𝑌 (𝑡𝑖) − 𝑌ch)𝑛ch . (12)

In (12), 𝑛ch denotes the number of the observed data at
time 𝑡ch and𝑌ch is the arithmetic average of the observed data
before 𝑡ch.

When 𝑡𝑖 > 𝑡ch, 𝜎𝑐 is the function of 𝑡𝑖. In order to simplify
the modeling, it is assumed that 𝜎𝑐(𝑡𝑖) is a linear function of
time 𝑡𝑖, expressed as

𝑔𝜎 (𝑡𝑖,𝜆𝜎) = 𝜆𝜎𝑡𝑖 + 𝜆𝜎 . (13)
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Based on the maximum likelihood estimation method,
we can easily obtain the log-likelihood function 𝐿. Taking
the partial derivatives of the log-likelihood function to all
parameters, we have

𝜕𝐿𝜕𝜆 =
𝑘∑
𝑖=0

{− 𝑡𝑖𝜆𝜎𝑡𝑖 + 𝜆𝜎 + 𝑌2 (𝑡𝑖) 𝑡𝑖(𝜆𝜎𝑡𝑖 + 𝜆𝜎)3} = 0
𝜕𝐿𝜕𝜆𝜎 = 𝑘∑

𝑖=0

{− 1𝜆𝜎𝑡𝑖 + 𝜆𝜎 + 𝑌2 (𝑡𝑖)(𝜆𝜎𝑡𝑖 + 𝜆𝜎)3} = 0.
(14)

It is observed from (14) that the analytic solution of those
parameters via maximum likelihood estimation could not be
obtained. To be solvable, the numerical method is adopted to
estimate 𝜆𝜎, 𝜆𝜎 , which is summarized in Appendix C.

3.2.2. Modeling the Trend Items. Because the systems in
the same batch may have different degradation paths, we
adopt the random variable 𝜀(𝑡𝑖) to describe such individual
difference. As such, the real trend item can be represented as

R0:𝑖 = R̃0:𝑖 + 𝜀0:𝑖, (15)

where R̃0:𝑖 is the trend item from initial time 0 to time
instant 𝑡𝑖 and 𝜀0:𝑖 is the random variable reflecting individual
difference.

From the above formulation, it could be concluded that𝑅(𝑡𝑖) is also random due to individual difference. So we
could model the trend items by statistics-based data driven
methods. Considering that the trend items may not be a
monotonic process, we utilizeWiener process to describe this
random trend process [18].

In order to simplifymodeling, only the linear degradation
model or the model that could be converted into linear
form will be discussed in this paper. In general, a linear
Wiener-process-based degradationmodel can be represented
as follows [19]:

𝑅 (𝑡𝑖) = 𝜙 + 𝜃𝑡𝑖 + 𝜎𝐵 (𝑡𝑖) , (16)

where 𝜙 is the initial degradation, 𝜃 and 𝜎 are the drift
and diffusion parameters, respectively, and 𝐵(𝑡𝑖) denotes the
standard Brownian Movement (BM), which represents the
stochastic dynamics. We assume that 𝜃 is the stochastic
coefficient while 𝜎 and 𝜙 are deterministic. And we further
assume that when 𝑡0 = 0, 𝑥0 = 0; thus 𝜙 = 0.

Define 𝑍𝑖 = 𝑅𝑖 − 𝑅𝑖−1 = 𝜃(𝑡𝑖 − 𝑡𝑖−1) + 𝜎𝐵𝑖 − 𝜎𝐵𝑖−1. Then
the joint sampling distribution 𝑓(𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) can be
calculated as

𝑓 (𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) = 1
∏𝑘𝑖=1√2𝜋𝜎2 (𝑡𝑖 − 𝑡𝑖−1)

⋅ exp[[− 𝑘∑
𝑗=1

(𝑍𝑖 − 𝑍𝑖−1 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]]
= 1

∏𝑘𝑖=1√2𝜋𝜎2 (𝑡𝑖 − 𝑡𝑖−1)
⋅ exp[[− 𝑘∑

𝑗=1

(𝑍𝑖 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]] .

(17)

In Bayesian framework, it is assumed that the prior
distribution of 𝜃 follows 𝑁(𝜇0, 𝜎0). Thus, we can obtain the
following [20]:

𝑓 (𝜃 | 𝑍1, . . . , 𝑍𝑘) ∝ 𝑓 (𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) 𝑝 (𝜃)
∝ exp[[− 𝑘∑

𝑗=1

(𝑍𝑖 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]]
⋅ exp(−(𝜃 − 𝜇0)22𝜎20 ) ∝ exp[−(𝜃 − 𝜇𝜃,𝑘)22𝜎2

𝜃,𝑘

] .
(18)

Due to the property of the normal distribution, we can
obtain the posterior estimate of 𝜃 as follows:

𝑃 (𝜃 | 𝑍1, . . . , 𝑍𝑘) = 1
√2𝜋𝜎2

𝜃,𝑘

exp[−(𝜃 − 𝜇𝜃,𝑘)22𝜎2
𝜃,𝑘

] (19)

with

𝜇𝜃,𝑘 = (𝜇0𝜎2 + 𝑥𝑘𝜎20)(𝑡𝑘𝜎20 + 𝜎2)
𝜎2𝜃,𝑘 = 𝜎2𝜎20(𝑡𝑘𝜎20 + 𝜎2) .

(20)

It is obvious that when a new observation is available, the
posterior estimate of 𝜃 can be easily updated.Θ = [𝜎2, 𝜇0, 𝜎20]
is used to denote the unknown parameters. Actually, we can
also estimate those unknown parameters in Θ via EM algo-
rithm, which provides a possible framework for estimating
the parameters involving hidden variables [19, 21, 22]. For
example, let Θ𝑘 = [𝜎2𝑘 , 𝜇0,𝑘, 𝜎20,𝑘] denote the estimated Θ
based on the observed data Z0:𝑘. Then, Θ𝑘 can be obtained
as follows:

𝜎2(𝑖+1)𝑘 = 1𝑘
𝑘∑
𝑗=1

(𝑍𝑗 − 𝑍𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑍𝑗 − 𝑍𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)(𝑡𝑗 − 𝑡𝑗−1)
𝜇(𝑖+1)0,𝑘 = 𝜇𝜃,𝑘
�̂�2(𝑖+1)0,𝑘 = 𝜎2𝜃,𝑘.

(21)
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The details of the derivation are summarized in Appendix D.

3.3. Joint Model for RUL Estimation. If 𝑋 is a normal distri-
bution, then

𝑃 {𝑋 < 𝜇 + 3𝜎, 𝑋 ∼ 𝑁 (𝜇, 𝜎)} = 0.9987. (22)

It is well-known that [𝜇 − 3𝜎, 𝜇 + 3𝜎] is frequently used
to be the confidence interval of normal distributed random
variable.Therefore, we assume that if𝑅(𝑡)+3𝜎𝑐 does not reach
the failure threshold 𝜉, it is reasonable that the degradation
data 𝑋(𝑡) does not reach the failure threshold 𝜉. For those
highly critical systems, the maintenance after failure is too
expensive or the consequence of failure is disastrous. Thus,
for those systems, it is essential that the conservative method
for PHM be adopted to avoid unexpected failure. Therefore,
the failure function is defined as

𝜓 (𝑅 (𝑡) , 𝜎𝑡, 𝜗) = 𝑅 (𝑡) + 3𝜎𝑐. (23)

Then, as we discussed before, the failure function can be
further represented as follows:

𝜓 (𝑅 (𝑡) , 𝑅𝑡, 𝜗) = 𝑅 (𝑡) + 3𝜎𝑐
= 𝜙 + 𝜃𝑡𝑖 + 𝜎𝐵 (𝑡𝑖) + 3 (𝜆𝜎𝑡𝑖 + 𝜆) . (24)

If 𝑡end is used to denote the failure time, the following
result can be obtained directly:

𝜙 + 𝜃𝑡end + 𝜎𝐵 (𝑡end) + 3 (𝜆𝜎𝑡end + 𝜆) = 𝜉. (25)

If 𝑡now is used to denote the current time, we have

𝜙 + 𝜃𝑡now + 𝜎𝐵 (𝑡now) + 3 (𝜆𝜎𝑡now + 𝜆)
= 𝑅 (𝑡now) + 3𝜎𝑐 (𝑡now) . (26)

where 𝜎𝑐(𝑡now) = 𝜆𝜎𝑡now + 𝜆.
Solving the equations in (25) and (26), we can get

𝜃 (𝑡end − 𝑡now) + 𝜎 (𝐵 (𝑡end) − 𝐵 (𝑡now))
+ 3𝜆𝜎 (𝑡end − 𝑡now)

= 𝜉 − 𝑅 (𝑡now) − 3 (𝜆𝜎𝑡now + 𝜆) .
(27)

Based on the definition of RUL in (1), the RUL estimated
at time 𝑡𝑗 could be represented as

𝑇RUL (𝑡𝑗) = 𝑡end (𝑡𝑗) − 𝑡now (𝑡𝑗) . (28)

Further, utilizing the property ofWiener process, the PDF
of the RUL estimation at time 𝑡𝑗 can be obtained:

𝑓 (𝑇𝑘 | 𝜃,X1:𝑘) = 𝜉 − 𝑅 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆)
√2𝜋𝑇3

𝑘
𝜎2

⋅ exp(−(𝜉 − 𝑅 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆) − 𝜃𝑇𝑘 − 3𝜆𝜎𝑇𝑘)22𝜎2𝑇𝑘 ) .
(29)

Recall that 𝜃 follows 𝑁(𝜇𝜃,𝑘, 𝜎𝜃,𝑘); Theorem 1 in [20] can
be used to estimate the PDF of the RUL as

𝑓 (𝑇𝑘 | 𝜃,X1:𝑘) = 𝜉 − 𝑏 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆)
√2𝜋𝑇3

𝑘
(𝜎2 + 𝜎2

𝜃,𝑘
𝑡𝑘)

⋅ exp(−(𝜉 − 𝑏 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆) − 𝜇𝜃𝑇𝑘 − 3𝜆𝜎𝑇𝑘)22𝑇𝑘 (𝜎2 + 𝜎2
𝜃,𝑘

𝑇𝑘) ) .
(30)

Clearly, there are five steps of RUL estimation in our
approach, which are summarized below.

3.4. A Procedure of Proposed Approach for RUL Estimation.
As discussed in the previous subsection, the procedure of
the approach proposed in this paper for RUL estimation is
summarized as follows.

Step 1. Through EMD method, the degradation data X0:𝑖 ={𝑥0, 𝑥1, . . . , 𝑥𝑖} are divided into the trend items R0:𝑖 ={𝑟0, 𝑟1, . . . , 𝑟𝑖} and the fluctuation items Y0:𝑖 = {𝑦0, 𝑦1, . . . , 𝑦𝑖}
when the monitored observations X0:𝑖 = {𝑥0, 𝑥1, . . . , 𝑥𝑖} are
available.

Step 2. The trend items R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖} and the fluc-
tuation items Y0:𝑖 = {𝑦0, 𝑦1, . . . , 𝑦𝑖} are modeled by Wiener
process and a normal stochastic process separately; the details
of algorithm and parameter estimation are summarized in
Section 3.2.1 and Appendices B, C, and D.

Step 3. According to the failure function defined in Sec-
tion 3.2.2 and the model proposed in Step 2, the PDF of the
estimated RUL can be obtained.

Step 4. When the monitored observation𝑋𝑖+1 is available, let𝑡 = 𝑡 + 1 and go to Step 1. Otherwise, go to Step 5.

Step 5. Using the PDF of the estimated RUL, the system’s
performance can be evaluated.

4. Case Studies

In this section, two practical cases for gyros in the inertial
navigation system (INS) are provided to illustrate the applica-
tion of ourmodel and compare the performance of ourmodel
with traditional models in [12, 23].

4.1. Case Description. As discussed before, gyro plays a key
role in intelligent vehicle. With the working hours increase,
gyro may cause a kind of degradation that makes gyro
drift. Usually, this gyro can be compensated using a specific
compensating model. However, when gyro drift degrades to
a predefined threshold, the gyro’s performance can not satisfy
the vehicle INS system requirement. The gyro’s drift can not
be monitored directly, and a performance indicator is used
instead.

In the following, two practical cases are provided to
illustrate the adaptability and rationality of our approach for
RUL estimation.
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Figure 1: The sample mean of the gyro drift.

4.2. Two Practical Case Studies

4.2.1. Case 1: The Fluctuations of Degradation Data Are Stable.
In this section, we utilize the degradation data from INS
to illustrate, where its operating time is 374 hours and the
interval is 2 hours. The collected data are shown in Figure 1.

In the practice of the INS health monitoring, it is usually
required that the sample mean of the drift measurement
along the sense axis should not exceed 0.30 (∘/hour), which is
predetermined at the design stage and is strictly enforced in
practice since an INS is a critical device used in the navigated
space system. From Figure 1, it could be observed that the
degradation data is much similar to the linear case. As for this
practical case, the distribution of the RUL could be obtained
at each CM point by the proposed method. At the same time,
the approach in [12] is adopted for comparison. Obviously,
fromFigures 2 and 3 our approach can reduce the uncertainty
of the RUL estimation. At the last 6 points, it is observed that
the estimated RUL of our approach is more accurate than the
model in [12] from Figure 3. Compared with the actual RUL
relying on the definition of FHT, the estimated RUL of our
approach is more conservative, which shows the availability
of our model.

Through the above comparisons, it is shown that our
approach can deal with the degradation as well as the
traditional approach and could decrease the influence of the
fluctuations in the observed degradation signals.

4.2.2. Case 2: The Fluctuations of Degradation Data
Are Diverged

(1) Description and Collection of the Degradation Data. With
the development of technology, the stability of the gyro
becomes better and better. In this case, the sample mean
of the drift does not have obvious increase within a short
time. Figure 4 shows another monitored INS in certain space
system with test time of 420 hours; data of 210 points of
drift coefficients were collected with regular CM intervals
of 2 hours in the field condition. It is obvious that those
data do not have obvious increase trend, which leads to the
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Figure 2: Illustration of the RUL distributions at last 6 CM points
(∗means actual RUL).

the actual RUL
our model
Gebraeel model

175.5 176 176.5 177 177.5 178 178.5 179 179.5 180175
�e CM points (2∗hours)

0

2

4

6

8

10

12

14

16

18
RU

L 
(h

ou
rs

)

Figure 3:The estimated mean RUL and the actual RUL at last 6 CM
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Figure 4: The sample mean of the gyro drift.
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Figure 5: The sample standard deviation of the gyro drift.
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Figure 6: The trend items.

difficulty in analyzing the degradation data of the gyro based
on the sample mean of drift. On the other hand, the sample
standard deviation of drift has some variation trend over
time, as shown in Figure 5. Therefore our model could be
used for RUL estimation via the data of the drift sample
standard deviation which usually required that the sample
standard deviation of the drift measurement along the sense
axis should not exceed 0.15 (∘/hour).

(2) Decomposition of Degradation Data. As discussed in
Section 3, the trend items and fluctuation items are obtained
by EMD method. Figures 6 and 7 show the trend items and
the fluctuation items which illustrate the changes of these
terms over time.

(3) Parameter Estimation. It is obvious that both the trend
items and the fluctuation items can be regarded as two-stage
model. The first stage means that the gyro works normally
and the second stage means that the gyros begin degrading.
Here we only take the second stage into consideration for
estimating the RUL. Based on the definition of two-stage
model, the change-point is at the 150th CM point. As we have
discussed in Section 3, 𝜆𝜎, 𝜆𝜎 are almost the same before
the 150th CM point via (18). It could be calculated that the
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Figure 7: The fluctuation items.
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Figure 8: Simulation based on the parameter evaluations.

random items follow𝑁(0, 0.0103) in first stage, where 𝑡RUL =𝑇Rated − 𝑡now. Then the model discussed in Section 3 is used
to evaluate and update the parameters, which are used to
estimate the RUL.

(4) Verification of Parameter Estimation. In order to illustrate
the accuracy of the estimated 𝜆𝜎 and 𝜆𝜎 , a numerical
simulation is adopted. Figure 8 shows that the simulation is
produced based on the evaluations of 𝜆𝜎 and 𝜆𝜎 , which are
used to illustrate the accuracy of estimation for parameters𝜆𝜎 and 𝜆𝜎 . Comparing Figure 8 with Figure 7, it is noted
that the increases of the two fluctuation items are not the
samewhen the degradation path begins stepping into the next
stage, which is caused by the lack of the observed data. From
Appendix C, it is noted that Std𝑖 could be used to describe
the change of standard deviation. So comparing Std𝑖 of the
simulation with the real fluctuation items, it is obvious that
both of their paths are close, as shown in Figure 9. Thus, it
could be concluded that evaluation of parameters is accurate.

(5) Comparative Results. Figure 10 shows the PDF of the
estimated RUL at the last 8 CM points. From Figure 10, it
is obvious that our approach can deal with the degradation
with many fluctuations and get an explicit result, which is
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Figure 9: Comparison of the real Std and the simulation Std.
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Figure 10: Illustration of the RUL distributions at last 10 CM points.

convenient for maintenance decision. From Figure 7, it is
noted that the degradation data reach the failure threshold
at the 205th CM point, but the result of our model shows
that the gyro’s failure occurs at about 187th CM point, which
reflects that our approach is more conservative than the
traditional approach, since the fluctuation is regarded as
another performance variable for evaluating the performance
of the gyro. Even through our approach is more conservative,
it can be safer when the result of the RUL estimations
is used for PHM of safety-critical systems such as gyros,
whose maintenance cost after failure is too expensive and the
consequence of failure are disastrous. And our approach can
obtain the regular PDF of RUL which could be convenient
for maintenance decision. It is shown in Figure 11 that the
traditional approaches [8, 9] could not obtain regular PDF of
RUL.

Comparing the results of case 1 and case 2, it is obvious
that our approach can not only deal with the degradation
with many fluctuations, but also get more reasonable result.
Overall, these case studies imply that our approach is an
effective model for RUL estimation, especially when the
degradation data experience strong fluctuation.
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Figure 11: Illustration of the RUL distributions at last 8 CM points.

5. Conclusion

In this paper, we study how to estimate the RUL of dynamic
degrading systems with high fluctuating degradation data.
Specifically, we present a stochastic process-based degrada-
tion model with a time-varying standard deviation function
to describe the degradation process of the system. Con-
sidering the fact that the fluctuation reflects the stability
of the system, we define the fluctuation as an indicator
of the system’s health condition in addition to directly
using the observed degradation data and further using the
standard deviation to represent the degree of fluctuation.
Then, based on the influence of the standard deviation,
we define a failure threshold based method to estimate
the marginal RUL distributions. And then the joint RUL
distribution is formulated based on the correlation between
two performance variables. Finally, through a practical case,
the feasibility and applicability of the presented model are
validated.

In this paper, we are concerned with a situation where the
system is degrading with high fluctuation.Then the collected
degradation data are difficult to model for evaluating the
RUL of system by traditional approaches. In order to solve
the above problem, we redefine the failure function that is
depended on two aspects including the degradation trend and
the fluctuations. So we decompose the degradation data into
trend items and fluctuation items firstly, and then model the
two items separately. Finally we evaluate the PDFs of RUL
based on the failure function that has been defined above.
Through the two practical cases, it is obvious that our model
can deal with this problem well and get the reasonable result
used for PHM.

Appendix

A. Formulation of Parameter Estimation

In order to estimate the parameters in (7), the maximum
likelihood estimation method is adopted. Here two cases are
considered.
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Case 1 (the functional form of 𝑔𝑅(𝑡,𝜆𝑅) is already known).
Because the functional form of 𝑔𝑅(𝑡,𝜆𝑅) is known, the
probability density function of 𝑋𝑖 can be defined as𝑓𝑋(𝑡)(𝑥;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡). Therefore, the likelihood function for
X1:𝑖 can be written as

𝐿 (𝜆𝜇,𝜆𝜎, 𝜆𝑅) = 𝑓 (𝑥0, 𝑥1, . . . , 𝑥𝑘 | 𝜆𝜇,𝜆𝜎,𝜆𝑅)
= 𝑘∏
𝑖=1

𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡) . (A.1)

In order to estimate those parameters in (A.1), we take
the partial derivatives of the log-likelihood function of all
parameters:

𝜕𝐿𝜕𝜆𝜇 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝜇 = 0

𝜕𝐿𝜕𝜆𝜎 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑏, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝜎 = 0

𝜕𝐿𝜕𝜆𝑅 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝑅 = 0.

(A.2)

Solving the above system of equations in (A.2) numeri-
cally, we can obtain the estimations of 𝜆𝜎, 𝜆𝑅, 𝜆𝜇.
Case 2 (the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅) is unknown). In the
practical case, the degradation data used to be nonlinear and
different system may be in the different degradation path so
that it is difficult to model the data by the same simple model,
which makes the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅) unknown. For
this reason, we extract the trend items R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖}
from degradation data, which reflect the variation tendency
of degradation. Let 𝑌𝑖 = 𝑋𝑖 − 𝑅𝑖, so it could be assumed
that𝑌𝑖 denotes the value of stochastic disturbance 𝑐(𝑡) at time𝑡𝑖; then the likelihood function 𝐿(𝜆𝜇,𝜆𝜎) can be represented
as

𝐿 (𝜆𝜇,𝜆𝜎) = 𝑓 (𝑦0, 𝑦1, . . . , 𝑦𝑘 | 𝜆𝜇, 𝜆𝜎)
= 𝑘∏
𝑖=1

𝑓𝑌𝑖 (𝑦𝑖; 𝜆𝜇,𝜆𝜎, 𝑡) . (A.3)

Taking its partial derivatives of all parameters, we have

𝜕𝐿𝜕𝜆𝜇 = 𝑘∑
𝑖=0

𝜕𝑓𝐶𝑖 (𝑐𝑖; 𝜇𝑐, 𝜎𝑐)𝜕𝜆𝜇
= 𝑘∑
𝑖=0

𝑓𝐶𝜇𝑐 (𝑐; 𝑔𝜇 (𝑡𝑖,𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡𝑖, 𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))
⋅ 𝜕𝑔𝜇 (𝑡𝑖, 𝜆𝜇)𝜕𝜆𝜇 = 0

𝜕𝐿𝜕𝜆𝜎 = 𝑘∑
𝑖=0

𝜕𝑓𝐶𝑖 (𝑐𝑖; 𝜇𝑐, 𝜎𝑐)𝜕𝜆𝜎
= 𝑘∑
𝑖=0

𝑓𝐶𝜎𝑐 (𝑐; 𝑔𝜇 (𝑡𝑖,𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡𝑖, 𝜆𝜇) , 𝑔𝜎 (𝑡𝑖, 𝜆𝜎))
⋅ 𝜕𝑔𝜎 (𝑡𝑖,𝜆𝜎)𝜕𝜆𝜎 = 0.

(A.4)

𝜆𝜎, 𝜆𝑅, 𝜆𝜇 can be obtained by solving the above system
of equations in (A.4). Then the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅)
can be obtained by modeling the history of degradation
observations𝑋1:𝑘 = {𝑥1, 𝑥2, . . . , 𝑥𝑘}.
B. Change-Point Detection

We can learn that the change-point of random items mainly
relys on the change of its standard deviation. It is assumed
that X0:𝑛 = {𝑥0, 𝑥1, . . . , 𝑥𝑛} denote the random items, 𝑥 =∑𝑛𝑖=0(𝑥𝑖/𝑛), Std𝑛 = ∑𝑛𝑖=0((𝑥𝑖 − 𝑥)/(𝑛 − 1)). It is obvious that
Std𝑛 can reflect the change of standard deviation. Therefore
we propose a simple method of change-point detection. The
procedure for change-point detection can be summarized as
follows.

Step 1. Calculate Std𝑖, via the observed data X0:𝑖.

Step 2. Define 𝑆𝑖 = ∑𝑖𝑗=𝑖−𝑚(Std𝑗/𝑖), where 𝑚 denotes the
length of the moving window.

Step 3. Compare 𝑆𝑖−1 and Std𝑖; if 𝑆𝑖−2 < Std𝑖−2, Std𝑖−1, and
Std𝑖, then the (𝑖−2)th CM point is change-point; else 𝑖 = 𝑖+1,
and repeat the Steps 2 and 3.

C. Parameter Estimation in (17)

It is obvious that the analytic solution of parameters 𝜆𝜎, 𝜆𝜎
could not be calculated via the maximum likelihood esti-
mation method. Fortunately, there are only two parameters
that need to be evaluated, so the numerical method can be
adopted. Generally the commonnumericalmethod is needed
to set the initial value.Wemainly discuss how to set the initial
values. It is noted that Std𝑖 discussed inAppendix B can reflect
the trend of standard deviation 𝜎𝑐 and is less than the real
standard deviation 𝜎𝑐. There is a simulation case to illustrate
the proposed point.We simulate a stochastic processwith two
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stages: one is a normal distribution with standard deviation𝜎𝑐 = 1; another is a normal stochastic process with standard
deviation 𝜎𝑐 = 0.1𝑡 − 14, where the time of change-point is at
150. Calculate Std𝑖 of the stochastic process and compare Std𝑖
and the real standard deviation 𝜎𝑐 shown in Figure 9. From
Figure 9, it is obvious that the trend of Std𝑖 is approximate
with the real standard deviation. So Std𝑖 can be used to set
the initial value of the parameters 𝜆𝜎 and 𝜆𝜎 . And if the
requirement of real-time is high, Std𝑖 can be used as obtain
the approximate solution of 𝜆𝜎 and 𝜆𝜎 .
D. Parameter Estimation of Θ
Due to 𝑝(𝑍1:𝑘, 𝜃 | Θ𝑘) = 𝑝(𝑍1:𝑘 | 𝜃, Θ𝑘) + 𝑝(𝜃 | Θ𝑘), we can
obtain

ln𝑝 (Z1:𝑘, 𝜃 | Θ𝑘)
= ln𝑝 (Z1:𝑘 | 𝜃, Θ𝑘) + ln𝑝 (𝜃 | Θ𝑘)
= −𝑘 + 12 ln 2𝜋 − 12

𝑘∑
𝑗=1

ln (𝑡𝑗 − 𝑡𝑗−1) − 𝑘2 ln𝜎2𝑘
− 𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1 − 𝜃 (𝑡𝑗 − 𝑡𝑗−1))22𝜎2
𝑘
(𝑡𝑗 − 𝑡𝑗−1) − 12 ln𝜎20,𝑘

− (𝜃 − 𝜇0,𝑘)22𝜎2
0,𝑘

.

(D.1)

Take the expectation operator on both sides of (D.1), and
we can obtain

𝐸𝜃 [ln𝑝 (Z1:𝑘, 𝜃 | Θ𝑘)] = −𝑘 + 12 ln 2𝜋 − 12
𝑘∑
𝑗=1

ln (𝑡𝑗 − 𝑡𝑗−1) − 𝑘2 ln𝜎2𝑘
− 𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑧𝑗 − 𝑧𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)2𝜎2
𝑘
(𝑡𝑗 − 𝑡𝑗−1) − 12 ln𝜎20,𝑘

− 𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘 − 2𝜇𝜃,𝑘𝜇0,𝑘 + 𝜇20,𝑘2𝜎2
0,𝑘

.
(D.2)

Given 𝜕𝐸𝜃[ln𝑝(Z1:𝑘, 𝜃 | Θ𝑘)]/𝜕Θ𝑘 = 0, then the unknown
parameter Θ𝑘 = [𝜎2𝑘 , 𝜇0,𝑘, 𝜎20,𝑘] can be calculated as

𝜎2(𝑖+1)𝑘 = 1𝑘
𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑧𝑗 − 𝑧𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)(𝑡𝑗 − 𝑡𝑗−1)
𝜇(𝑖+1)0,𝑘 = 𝜇𝜃,𝑘
�̂�2(𝑖+1)0,𝑘 = 𝜎2𝜃,𝑘.

(D.3)
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