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Damage detection and identification as well as continuous
condition monitoring are one of the most important issues
related to proper operation of machines and structural parts
in order to ensure their structural integrity, safety, and
desirable operational properties. In recent years, an expo-
nential development of vibration-based methods for damage
detection and identification as well as condition monitoring
used for machines and structures has been observed. #is
development was possible for two main reasons: the advance
of apparatus and measurement techniques in vibration
engineering and the development of advanced mathematical
tools for signal conditioning and postprocessing. Both of
these reasons influence modern trends related to vibration-
based damage identification and condition monitoring in
mechanical structures and components. #is special issue is
focused on recent attempts in development of vibration-
based damage identification in mechanical structures and
also homogeneous and inhomogeneous structures, espe-
cially stressing the latter such as advanced composites, and
related issues connected with modal analysis and structural
dynamic analysis. Moreover, the special issue covers damage
identification and monitoring topics related to theoretical
studies and numerical simulations as well as practical so-
lutions, in particular in rotary machinery and vibration-
generating devices, structural elements of heavy machinery
and vehicles, etc. #us, this special issue collects interdis-
ciplinary approaches on vibration-based damage identifi-
cation and condition monitoring, and it can be good
motivation to consider and develop some innovative di-
rections of research.

All the trends and innovations in vibration-based
damage identification and condition monitoring have
attracted the attention to this special issue from the in-
ternational researchers and scientists. #is special issue has
attracted 40 submissions from authors from all around the
world; only 19 papers have been selected and included in this
special issue on shock and vibration and vibration-based
damage identification and condition monitoring in me-
chanical structures and components. #e selection of the
high-level papers was conducted as a rigorous peer-review
process by the international, well-recognized experts in the
appropriate fields presented in each paper. #us, each
manuscript has been evaluated as single, original work with
the comparison with current state of art. #e editors of the
special issue would like to thank all authors of all submitted
articles. More of the submitted papers were interesting and
present original research. #e first selection consisted in
assessing compliance with the topic of special issue. #e
second stage of evaluation was based on originality and
quality of the paper. #e last editorial stage selected best
papers to present wide range of research on vibration-based
damage identification and condition monitoring in me-
chanical structures and components.#us, even good papers
could be rejected to ensure presentation of different areas.

#e papers collected in this special issue focus on such
topics as incident Love wave propagation, which interacts
with the cavity-generating forward-scattered and back-
scattered surface wave, vibration-based damage identifica-
tion and condition monitoring of metro trains, detection
of delamination in laminate wind turbine blades using
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one-dimensional wavelet analysis of modal responses, study
on coupling faults characteristics of fixed-axis gear crack and
planetary gear wear, planetary gearbox fault diagnosis via
torsional vibration signal, diagnosis of localized faults in
multistage gearboxes, weak fault feature extraction method,
fatigue accumulative damage of a cross shield tunnel structure
under vibration load, novel faults diagnosismethod for rolling
element, integrated cumulative transformation and feature
fusion approach for bearing degradation prognostics, early
warning method for dual-rotor equipment under time-
varying operating conditions, acoustic emission monitoring
and failure precursors of sandstone samples, optimal sensor
placement for spatial structure based on importance co-
efficient and randomness, alpha-stable distributed processes
and its application to diagnostics of local damage, and non-
penetrating damage identification using hybrid lamb wave
modes from the Hilbert–Huang spectrum in thin-walled
structures. Selected papers present application of vibration
(and acoustics)-based diagnostic andmonitoring methods for
different mechanical structures and materials. Other criteria
of selection were to present novel approach and possibilities
in signal processing and original research on application of
new mathematical methods for the purpose of damage
identification or structural health monitoring. #erefore, this
special issue presents different approaches in vibration-based
diagnostics, and it can indicate new areas or new application
for further research.
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The work concerns the monitoring of the technical condition of metro trains. For this purpose, a vibration monitoring system
installed in buildings in the vicinity of the underground is used. Based on measured vibrations buildings, the identification of
technical condition in metro trains is conducted. The results of measurements from the system are also used to assess the impact
of vibrations on people staying in buildings through theWODL ratio. Exceeding the assumed levels of the WODL ratio is the basis
for repairing trains by turning wheels. Statistical analysis of the data was implemented and trends for particular time periods of
measurements were shown.With the enteredmonitoring system and the introducedWODL index thresholds, it is possible to better
plan the costs associated with the repair and replacement of wheels of rolling stock, where there are large values of radial runout.
According to the introduced monitoring procedure, the number of complaints from residents decreased and the comfort of their
lives improved.

1. Introduction

The vibration monitoring system in civil engineering mainly
concerns two aspects: structural health monitoring [1–4] and
ambient or seismic vibration monitoring [5–7]. There are
relatively few articles that address the issue of monitoring
vibrations in buildings from existing road, rail, or metro
infrastructure. Investigators are concerned about short-term
monitoring [8] or vibrations, which are measured on the
ground [9] or in the tunnel [10] and eventually the building
model is excited by recorded signals [11]. It is worth noting
that the building structure exposed to vibrations is investi-
gated by researches, while human perception of vibrations is a
decisive parameter of evaluation. People are more sensitive to
vibrations than building structures are, especially when these
vibrations occur often, although they are not very strong.
These kinds of situations occur in buildings located close
to the road, railway, tramway, or subway. Often, during the

designing or the building of these urban infrastructures,
human perception of vibrations throughout these buildings
located is not taken into account [12, 13]. Furthermore, the
exploitation of this parameter of evaluation is not monitored.
Meanwhile, this existing infrastructure has become older,
sometimes infrastructures conditions change (due to traffic
increases or changing of train or tram types), and some
of its elements become slightly damaged, all of which can
influence human perception of vibrations. It is impossible
to change the location of an existing urban infrastructure.
The vibration monitoring system can provide solutions to
the necessary infrastructure design (i.e., by introducing
additional vibroinsulation [14, 15]). Some small repairs in
the existing infrastructure system are sufficient to ensure
vibrational comfort in buildings located nearby.

A few years after the opening of its first metro line, War-
sawMetro owners observed a growing number of complaints
from the residents of neighbouring buildings.This prompted
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Figure 1: Exemplary record of vertical component of the floor apartment vibrations and its FFT analysis.

scientists and engineers from the Cracow University of
Technology to design and build the vibration monitoring
system. The basis for building the monitoring system was to
understand the phenomenon related to the propagation of
vibration for shallow subways.The vibrations generatedwhen
the wheel comes into contact with the rail are propagated
through the subway tunnel and ground, which are then
transmitted to buildings located near the metro line. Some
numerical and analytical solutions of the contact problem
between the rail and wheel can be found in literature, for
example, [16–19]. In these paper authors focused on exper-
imental solution of the problem. A point of focus for the
Warsaw Metro is the human perception of vibrations, but it
is worth noting that for these shallow subways, vibrations are
perceived to be larger on lower floors.This was the most crit-
ical observation which has contributed towards building the
system. Human sensitivity to the vertical vibrations of floors,
in some buildings located near metro line, was particularly
evident in the preconstructionmeasurements.The sensitivity
of individual floors depends on their dynamic characteristics,
which is contingent on their floor structure, stiffness, and
dimensions. These three factors made it necessary to select
representativemeasurements points within buildings that are
not always located close to the metro tunnel. Monitoring the
human perception of vibrations of each metro train helps
Warsaw Metro owners to determine which trains should
continue operating and those that should not. This paper
describes the observations and analysis of this monitoring
system between 2003 and 2011.

After proper verification of the system developed by the
authors, other proposals of systems appeared [20]. Another
way for evaluation of the vibration impacts in the transport
infrastructure environment was presented in [21].

2. System Description

The monitoring system was developed at the Institute of
Structural Mechanics at Cracow University of Technology.
This system allows for constant monitoring of vibrations.
Based on the measured vibrations in three selected buildings,
the identification of the technical condition of metro trains
is performed. The vibrations generated when the wheel
comes into contact with the rail are transferred through the
tunnel structure and the ground, around the building, and
close to the metro line. Previous experience shows that the
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Figure 2: Relations between horizontal and vertical components of
vibrations recorded at the ceiling of the building M22A.

wheel’s profile has a significant influence on the level of
vibrations. Therefore, these vibrations are a source of dis-
comfort for the people in buildings close to the metro lines.
The perception of vibrations by humans in the buildings
is a complex problem, and it depends on, for example, the
ceiling structure, its stiffness, and dimensions. Therefore, it
is important to select the accurate, representative position of
sensors in the buildings.

In the presented system, developed for theWarsawmetro
line, the results of analysis, in relation to the comfort limits
required for the people, constitute the criterion for evaluating
the admissibility of the train for further operation [22].
Continuousmonitoring of the vibration caused by each of the
passing trains allows the individual trains to be eliminated
before the vibration limit is reached. Moreover, these trains
can be removed from operation before any complaint from
the residents of the buildings near the subway line occurs.
The accelerometer is mounted on the floor of the room in the
building and is used to measure the vertical vibrations of the
ceiling. Exemplary record of vertical component of the floor
apartment vibrations and corresponding FFT are presented
in Figure 1. Horizontal components were also measured
but the level of maximum values of vibrations is smaller
compared with the vertical component (see Figure 2). The
results of analyses concerning these components are therefore
not presented at work. It can be found in the [22], where data
not presented in the paper was showed.

Signal vibration is triggered by the signal transmitted
(wireless) from the measuring point located in the tunnel,
triggering the registration with a photocell when passing a
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Figure 3: General plan of the system.

subway train. The system also records the speed of train.
The vibrationmonitoring system consists of two independent
measuring sys, each of which consists of two measuring
stations. One station is located in a residential building and
the other in the underground tunnel under the building.
Every single passage of metro train was registered and
considered in the analysis. Metro passages were identified
by photocell monitoring in metro tunnels. Figure 3 shows
the block diagram of complete monitoring system with all
the sensors. In this paper we consider only human vibration
comfort inside buildings. The sensor which is responsible
for this parameter is only A3Zs mounted in the middle of
the ceiling of the cellar. As in the system and during our
measurement activities, we use the same reference system:𝑋
direction is always horizontal and perpendicular to the source
of vibrations, 𝑌 is horizontal and parallel to the source of
vibrations, and 𝑍 direction is vertical. From the beginning
the assumption in the monitoring system was to get data
from 𝑋 direction with respect to the building vibration
influence (A2X sensor) corresponding to the data from the
tunnel (A5X). Another assumption was to get data of vertical
vibrations from the building (A1Z) and tunnel (A4Z). These
calculations are not presented in this paper.

In the system high sensitivity seismic accelerometers type
PCB 393B12 are used, with the sensitivity on the level of 10V/g
(±0,5 g range) and frequency range from 0,15Hz till 1 kHz
(±5%). Sampling rate is set on 400Hz which is adequate for
studied problem and it fulfils the Nyquist’s condition. Noise

level is much lower than signal from metro train (compare
Figures 1(a) and 2)

Registered data is transferred to the central unit.Then, the
following analyses are performed:

(i) calculation of RMS (root means square) values in
one-third bands and comparing them with assumed
thresholds,

(ii) determining peaks in one-third bands octave and
comparing them with assumed thresholds,

(iii) determining themaximum value from the entire time
sequence,

(iv) generating a report.
The results are presented as WODL ratios. The WODL
ratio (in English, the human vibration perceptivity ratio),
proposed in [23] and in Polish code [24], is the measure of
vibration perception by people. It is the maximum ratio of
the acceleration RMS value, obtained from the analysis of the
acceleration RMS value, equivalent to the threshold for the
perception of vibration by humans (in the same 1/3 octave
band), chosen from each 1/3 octave band, comp. equation (1).

The advantage of such a coefficient is that the result of the
analysis from the frequency band is not independent, since
the WODL indicates directly how many times the threshold
for human vibration has been exceeded.

WODL = max(𝑎RMS
𝑎𝑧 ) , (1)
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(a) (b)

Figure 4: General view of the buildings: (a) N118 and (b) M22.

where 𝑎RMS is acceleration RMS value obtained from analy-
sis; 𝑎𝑧 is acceleration RMS value equivalent to the threshold
for the perception of vibration in a 𝑧 direction in the same 1/3
octave band as in 𝑎RMS.

Frequency values corresponding to 1/3 octave bands used
in analysis are equal to 1.25, 1.6, 2, 3.16, . . . , 63, 80, 100 and
listed also in Table 3 of ISO standard [25].

WODL ratios are coefficients calculated according to (1)
using RMS basic procedure described in Polish standards [24,
26] and in ISO standard [27]. Recorded signals are filtered
using Butterworth low-pass filter with cut-off frequency of
120Hz according to requirements described in Polish stan-
dard [24].

RMS method averages acceleration values in duration:

𝑎𝑊 = [ 1𝑇 ∫
𝑇

0

𝑎2𝑊 (𝑇) 𝑑𝑡]
1/2

, (2)

where 𝑎𝑊(𝑇) is weighted acceleration as a function of time
[m/s2]; 𝑇 is the duration of measurement [s].

RMS is basic method of evaluation according to ISO
standard [25]. For signals with high crest factor (greater
than 9), occasional shocks and transient vibration additional
evaluation method like VDV analysis or MTVV analysis are
required. Vibrations recorded in metro monitoring system
are signals without shocks andwith crest factor below 9 that is
why RMS method was chosen for analysis and WODL ratio
illustrated in most friendly way the percentage of exceedance
of perception threshold of vibration.

Measurements in metro system last 24 hours and about
350 dynamical events are registered per day (concerning the
tracks closer to the building).Metromanagements care about
good relations with residents of the buildings located in zone
of metro dynamic influences. Because of many complaints of
residents, researchers decided to use duration time of single
event according to Polish standard [24] in which duration of
vibration is defined as time in which amplitudes are greater
than 0.2 of maximum value of vibrations. Adoption of such
procedure is more rigorous than using of the whole record of
vibrations for analysis and results of analyses are more
independent from arbitral decision where to start and stop
analyses.

3. Influence of Wheels Reprofiling on Human
Vibrations in the Buildings

In the case of determining the vibration comfort of people
in buildings, the decision parameter is the maximum RMS
values obtained in each one-third octave band from the anal-
ysis of the perceived human horizontal and vertical vibrations
of the floors. The influence on the vertical vibration of the
ceilings has been assumed, since the vibration measurements
generated by the metro inWarsaw have indicated that people
are more sensitive to vertical vibrations of the ceilings [22].
The distribution of these values in time can be important for
drawing practical conclusions.

Exemplary results of the analysis are given in this section.
The data presented below relates to the selectedmeasurement
point installed in building N118, as well as building M22 (see
Figure 4).TheN118 building is amasonry residential building
built in the 1950s. The building has 7 storeys above ground
level and a basement. The bearing walls are arranged in the
longitudinal direction. In the horizontal plan the building is
L-shaped. The dimensions of the building in plan are 25.4m
by 72.8m. The distance to the metro tunnel wall is 14.0m.

The M22 building was built in 1936 and survived World
War II. It is a masonry residential building. The building has
four storeys above ground level and a basement. The bearing
walls are arranged in longitudinal direction.The ceiling above
the basement is dense-ribbed, while those in the upper levels
are Klein type. The dimensions of the building in plan are
18.9m by 12.6m. The distance to the metro tunnel wall is
19.5m.

Currently, both buildings are being operated. Due to the
function they perform they are subject to regular reviews.
Their technical condition is maintained in proper condi-
tion. The sensor installed in the building is also regularly
monitored and calibrated. The results of our experimental
investigations show that despite many years of influence
of dynamic loads originating from metro line, there is no
significant degradation of the buildings stiffness and their
natural frequencies. Referring to the results of previous
experiments [14, 19, 22, 23] the condition of the wheels is
responsible for increasing vibrations in the buildings in the
neighbourhood of metro line.
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Figure 5: Distribution of WODL values for train number 18 in
building N118.

We established that technical condition of the building,
ground properties, and the metro tunnel itself are unchange-
able in contrary to wheels' condition.

WODL indicator shows the real influence of vibrations
on people inside buildings without calculating floors param-
eters; the results come from real measurements. The main
idea of this parameter is to measure vibration comfort inside
buildings. It is not necessary to calculate floors parameters;
it is just diagnostics indicator. When measuring hundreds of
floors, it is impossible to calculate all of their constructions,
but using WODL indicator we can in a relative short time
qualify if the human vibration comfort is exceeded or it is
normative according to the standard.

Each of the recorded vertical vibrations of the ceiling is
automatically analyzed, according to the Polish code [24],
based on the experienced vibration by people. In this section,
a more detailed analysis is presented on the daily distribution
for the sensor located on the ceiling. Each passing of the train
is represented by a single point. Within one day, the same
trainmay pass by a sensormany times.There are also days (or
weeks) when a train is not in use; therefore, there is no sensor
registration for this train.The individual coloured lines in the
graphs indicate the threshold values defined in the system:

(i) green, 50% limit value of the defined threshold,
(ii) yellow, 75% limit value of the defined threshold,
(iii) red, 90% limit value of the defined threshold.

The selected train (number 18) was analyzed from 2003 to
2011. Figures 5 and 6 present exemplary results from the
continuous Warsaw Metro vibration monitoring system for
the chosen Metropolis trains. The results presented in Fig-
ure 5 were recorded for 8 months (from September 2003 to
April 2004).

More recent results from 2008 (excluding 2009, no data
for continuous monitoring of vibration) until February 2011
are presented in Figure 6.The longer the train is in operation,
the greater the difference is in WODL value for each day (see
Figure 5). This indicates an increase in radial defects of the
wheels. If the train’s wheels reprofile, the daily values of the
WODL coefficient are more consolidated in the chart.

Train no. 18 - building no. M22
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Figure 6: Distribution of WODL values for train number 18 in
building M22A.

Table 1: Equations of trend function for the examined train
compositions.

Train number Trend equation

18

y = 0.0074x − 281.09
y = 0.0143x − 540.70
y = 0.0102x − 387.20
𝑦 = 0.0014𝑥 − 55.053
𝑦 = 0.0007𝑥 − 26.928

This was observed for all analyzed trains. It can be
assumed that when the values of WODL are scattered and
high, usually followed by a sudden decrease in value, it
indicates a reprofiling of the wheels. Another characteristic
of this reprofiling is manifested when the train presents high
WODLvalues, with an increased quantity over a short period.
As shown in Figure 5, the WODL value can change by more
than one. Figure 6 shows the results for the M22A building
for the previously presented subway train number 18, between
March 2008 and April 2011. Based on the available data,
the trend function values for the periods between wheel
reprofiling were calculated. This data is presented in Table 1.
In the table, the underlined equations indicate the trends
from the 2003 to 2004 service life, while the remaining
equations display the trends from 2008 to 2011. This data was
analyzed by calculating the mean value, standard deviation
of mean value, and maximum and minimum values for the
obtained trend equation coefficients (see Table 2). Linear
functions were used to describe trends in specific time
periods because of good fit, in most cases 𝑅2 values are
higher than 0.9, and in other cases they are close to this
value. This system is dedicated to use for engineers in their
everyday tasks not only for scientific purposes. Liner trend
was used in case tomaximumsimplify diagnostic conclusions
and characterised good fit with values of the adjustment
coefficients 𝑅2 (in most cases higher than 0.9).

Based on the data collected from 2003 to 2004, the
average value of 𝐴 was almost three times larger than in
the period spanning from 2008 to 2011 (comp. Table 2). This
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Table 2: Statistical analysis of functions of all trends for particular time periods.

Observation period 2003-2004 2008–2011
Equation coefficients 𝐴 𝐵 𝐴 𝐵
Average value 0.0088 341.58 0.0031 122.29
Standard deviation 0.0038 155.71 0.0039 155.11
Maximum value 0.0151 664.81 0.0159 626.52
Minimum value 0.0003 10.71 0.0002 9.41

shows that vibrations increased about three times faster in the
first period, with a similar standard deviation in both periods
and a similar range of values (from 0.0003 to 0.0151 in the first
period and from 0.0002 to 0.0159 in the second). The lower
value of 𝐵, for the period 2008–2011, reflects the average level
of vibrationmeasured on the ceiling, comp. Table 2.The aver-
age level of vibration for the analyzed period was lower than
in the 2003-2004 period. The continuous monitoring system
of the Warsaw metro has been operating since 2003. The
data from 2009 illustrates a significant change in the use of
monitoring systems. From the information obtained from the
operators of the system, it has also changed the procedure of
reprofiling the wheels in trains. At present, if the train is
retracted for reprofiling, all the wheels are corrected in shape,
not only those on the axle where the greatest deviations
are found in the radial run measurements (e.g., in the first
years of use of monitoring system). Such a procedure has
contributed to a significant improvement in the protection
against human perceived vibration in buildings. This is
presented in the drawings from 2008 to 2011. The data from
2008 shows significant levels of WODL. The nature of the
presented data in the following years differs from this trend
and has been converted into visuals, for clarity and ease
of use. This change was the result of closer monitoring of
changes in trends in operating warehouses. This computer
visualization was analyzed positively by the operators in the
Warsaw Metropolis. Currently, the visual trend analysis is
implemented in the latest version of the monitoring system
(GUI version) and allows the system operator to create
such charts for proper operation. Trend monitoring is very
important in terms of operating costs, as it allows the user
to schedule the necessary repairs in advance, while saving
unnecessary overhaul costs.

In the next part of this chapter, the WODL coefficients
were calculated as a function of time over the following
eight months (for selected trains). The selection of trains
for analysis was dictated by the long-time period between
reprofiling. When this period was relatively short, the train
was not suitable for long-term analysis (since the trend was
difficult to estimate). The Metropolis trains are numbered 17,
18, 19, 20, 24, 25, and 28 for detailed analysis. For each of the
trains, the chart presents the analyzed time period, followed
by a trend analysis for maximum and average WODL. To
get a ratio to the design due to the estimation of dynamic
influences, it was necessary to specify the envelope values
of the WODL. This is the maximum achievable (experi-
mental, not computationally) value that determines the real
dynamic impact limit on the roof of the building to be

Train no. 18 - building N118
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Figure 7: Time period for analysis of trends occurring during the
crossings of selected subway train compositions.

measured. It can be used in the future as an indicator that has
been determined based on measurements and can be used to
determine themaximumpossible dynamic impacts on build-
ing ceilings, which corresponds to human perceptions in
buildings. Identifying the indicator is important, as there is
a design trend that aims to estimate future adverse dynamic
influences from individual sources of vibration, in the case
of the design of buildings in the dynamic impact zone. This
data is the result of experiential measurements, not from
approximate calculations. In Figure 7, there are the time
periods for the individual trains, fromwhich data are selected
for further analysis.These are the periods between the wheel’s
reprofiling, when theWODL ratio increases. In the next step,
the maximum value of the WODL and the average value are
calculated for each day; the single point represents the max
WODL for the day or the average WODL for the day. The
results for train number 18 are presented in Figure 8, while
the aggregate results for selected metro trains and the value
of determination factor 𝑅2 are presented in Table 3.

The increase in WODL over the week ranges from about
0.9% to 1.8% and 𝑅2 determines a range between 69.5% and
93.7%. The conclusion is that adjusting the trend lines is not
very advantageous especially for trains numbers 18, 25, 17, and
19. To determine diagnostic indicators that could be used in
building calculations in neighbourhoods of themetro line, an
attempt should bemade to narrow the dataset so as not to lose
the most relevant value.

Due to the large spread of data and the desire to set a
limit value for the most unfavorable, calculating the envelope
of the maximum value of WODL seems intentional and
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Table 3: Aggregate results for envelope max WODL, for selected trains metro and value of determination factor 𝑅2.
Number Train number Trend equation 𝑅2 Increase WODL/week [%]
1 17 𝑦 = 0.0128𝑥 0.8310 1.3
2 18 𝑦 = 0.0173𝑥 0.6953 1.7
3 19 𝑦 = 0.012𝑥 0.8308 1.2
4 20 𝑦 = 0.0154𝑥 0.8834 1.5
5 24 𝑦 = 0.0154𝑥 0.9181 1.5
6 25 𝑦 = 0.0095𝑥 0.7989 0.9
7 28 𝑦 = 0.0177𝑥 0.9367 1.8
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Figure 8: Trend line charts for envelope value maxWODL together
with function value.

appropriate.This analysis may be used in the future to predict
the maximum possible dynamic impacts on people living in
buildings close to themetro line. Figure 9 presents theWODL
ratio envelope but in the uptrend.

Therefore, even in the following days, the WODL values
were lower; they were omitted from the trend chart and only
the next value if it was higher than the previous one. In
conclusion, the WODL ratios do not exceed 3 (maximum for
train number 18, ratio 2.6). Figure 10 presents the trend for the
envelopes of increasing MAXWODL values from Figure 9.

The coefficient shows how much of the variation of
the explanatory variable approximates the modeled phe-
nomenon. It is a measure of the degree to which a model
explains the development of an explanatory variable. It can
also be said that the deterministic factor describes the part
of the explanatory variable that results from its dependence
on the explanatory variables included in the model. The
coefficient of determination takes values from the range [0; 1]
if the model is free, and the least squares method is used
to estimate the parameters. Its values are expressed in per-
centages. Model matching is the better, and the 𝑅2 value is
closer to unity. It is expressed as

𝑅2 = ∑
𝑛

𝑡=1 (𝑦𝑡 − 𝑦𝑡)2
∑𝑛𝑡=1 (𝑦𝑡 − 𝑦𝑡)2

, (3)

where 𝑦𝑡 is the actual value of variable 𝑦 at time 𝑡, 𝑦𝑡 is
theoretical value of the explanatory variable 𝑦 (based on the
model); 𝑦𝑡 is the arithmetic mean of the empirical values of
the explanatory variable.

Weekly WODL increments range from 1% to 2% and the
𝑅2 determinate range is from 92.3% to 98.1% (see Table 3). In
summary, it is possible to assume for the most unfavorable
situation which may occur in the future during the operation
of subway trains inWarsaw, the increase of WODL is 2% (see
Figure 10, for train number 18, and Table 4) and the WODL
value 2.6 (see Figure 9, train number 18). Figure 3 shows the
trend line for theWODLmax envelope valuewith the value of
the function, as well as the value of the determinant 𝑅2.
Percentages show the WODL of the calculated trend line per
week (delta WAT/week). The data presented are summarized
in Table 5 for all tested trains with a comparison for the
WODL max envelope and WODL max in the table.

As can be seen the values of WODL increments are
quite similar, while the value of the determinant (𝑅2) varies
considerably (see Table 5). This is caused by a large spread
of data. By analyzing the envelope value of the maximum
WODL value, it can be concluded that the fit of the model
is much closer to value 1.0 (100%).

4. Rush Hours Effect

First step in this kind of analysis was to define time of day in
which rush hours in Warsaw Metro occur. Number of tickets
that were bought on two metro stations, Raclawicka and Pola
Mokotowskie, was used to estimate rush hours for first line of
Warsaw metro. Analysis was made during working days and
on Saturdays on data covering years 2003 and 2004. Based
on these data rush hours on the test measuring profile are as
follows:

(i) from Monday to Friday, morning rush hours from
7.00 till 8.00 a.m. and afternoon rush hours from 2.00
till 6.00 p.m.,

(ii) on Saturday, morning rush hours from 11.00 a.m. till
3.00 p.m. and afternoon rush hours from 5.00 p.m. till
6.00 p.m.

Because of differences between working days and weekends
and because of smaller number of passengers during week-
ends, working days rush hours were chosen for monitor-
ing as decisive. Exemplary results of daily distribution of
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Figure 9: Envelope of maximum values of WODL in the upward trend.
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Figure 10: Envelope of the maximum values of WODL in the upward trend with the trend line.
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Table 4: Results for envelope max WODL, for selected trains metro.

Number Train number Trend equation 𝑅2 Increase WODL/week [%]
1 17 𝑦 = 0.0150𝑥 0.9309 1.5
2 18 𝑦 = 0.0198𝑥 0.9485 2.0
3 19 𝑦 = 0.0142𝑥 0.9719 1.4
4 20 𝑦 = 0.0149𝑥 0.9228 1.5
5 24 𝑦 = 0.0170𝑥 0.9600 1.7
6 25 𝑦 = 0.0097𝑥 0.9267 1.0
7 28 𝑦 = 0.0190𝑥 0.9811 1.9

Table 5: Results for envelope max WODL, for selected subway train compositions.

Number Train number MaximumWODL MaximumWODL envelope
Trend equation 𝑅2 Increase WODL/week [%] Trend equation 𝑅2 Increase WODL/week [%]

1 17 𝑦 = 0.0128𝑥 0.8310 1.3 𝑦 = 0.0150𝑥 0.9309 1.5
2 18 𝑦 = 0.0173𝑥 0.6953 1.7 𝑦 = 0.0198𝑥 0.9485 2.0
3 19 𝑦 = 0.012𝑥 0.8308 1.2 𝑦 = 0.0142𝑥 0.9719 1.4
4 20 𝑦 = 0.0154𝑥 0.8834 1.5 𝑦 = 0.0149𝑥 0.9228 1.5
5 24 𝑦 = 0.0154𝑥 0.9181 1.5 𝑦 = 0.0170𝑥 0.9600 1.7
6 25 𝑦 = 0.0095𝑥 0.7989 0.9 𝑦 = 0.0097𝑥 0.9267 1.0
7 28 𝑦 = 0.0177𝑥 0.9367 1.8 𝑦 = 0.0190𝑥 0.9811 1.9

maximum value of WODL coefficient for train number 18
recorded in January 2004 on building N118 are shown in
Figure 11.

Average values of WODL coefficient for train number
18 for different time of day: morning, rush hours and
evening are listed in Table 6. In this table date of measure-
ment and number of trains passing during the day is also
listed.

In thirteen days from working days during January 2004
average value of WODL is higher during rush hours than
in the morning, and in twelve days average WODL values
were higher during rush hours than in the evening. The total
average value calculated for whole month also shows that
WODL coefficient is higher for rush hour than beyond them.
What is interesting this difference between average value of
WODL is higher comprising rush hours to the evening than
to the morning, but the highest value ofWODL occurs in the
evening not in the rush hours.

Between 6 and 10 of February wheels of train number 18
were rolled which of course effect on WODL results. Daily
distribution after this renovation is shown in Figure 12 and
average values of WODL are listed in Table 7.

The main observation is that renovation of wheels has
much higher influence on WODL values than rush hours
effect.Which is proper for diagnosis of wheel train condition,
and which was assumption of monitoring system in Warsaw
Metro.

Total average value calculated for whole February is
higher for rush hours but differences between rush hours and
the other time of day are not as significant as it was before
wheels were rolled. Comparing days in which during rush
hours average value of WODL was higher than in other time
of the day it can be seen that

(i) only during 5 daysWODL is higher during rush hours
than in the morning, during two days this value is the
same, and during 5 days WODL is lower during rush
hours than in the morning,

(ii) during 7 daysWODL is higher during rush hours than
in the evening and during two days this value is the
same,

(iii) difference between the total average value of WODL
during rush hours and in the evening is again higher
than difference between rush hours and morning.

Before and after renovation of train wheels average values of
WODL are higher (but not very significant) during the rush
hours than for other time of day. These differences are in
both cases higher when rush hours are compared with the
evening. Standard deviation for rush hours is higher than
for the other daytime. This all suggest that train filled with
passengers can give higher human perception of vibration
residing in buildings located close to metro line.

Rush hours in Warsaw Metro are not estimated precisely
which could be a reason of relatively small differences
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Table 6: Average values of WODL for different time of day, train number 18.

Number Date Number of drives Average WODL
Morning Rush hour Evening

1 2004-01-06 12 1.83 1.65 1.34
2 2004-01-07 19 1.36 1.19 1.52
3 2004-01-08 19 1.48 1.76 1.33
4 2004-01-09 19 1.70 1.76 1.50
5 2004-01-11 18 1.52 1.08 1.20
6 2004-01-12 34 1.70 1.15 1.57
7 2004-01-13 13 1.73 1.68 1.74
8 2004-01-14 18 1.49 1.90 2.08
9 2004-01-16 18 1.26 1.38 1.65
10 2004-01-17 14 1.63 1.23 1.11
11 2004-01-19 19 1.49 1.54 1.29
12 2004-01-20 19 1.60 1.68 1.65
13 2004-01-21 18 1.47 1.73 1.66
14 2004-01-22 18 1.69 1.78 1.42
15 2004-01-23 19 1.56 1.75 1.51
16 2004-01-26 15 1.43 1.68 1.84
17 2004-01-29 19 1.79 1.96 1.55
18 2004-01-30 18 1.72 1.93 1.78
19 2004-01-31 14 1.96 1.97 1.88

Average value 1.60 1.62 1.56
Standard deviation 0.1739 0.2820 0.2463
Maximum value 1.96 1.97 2.08
Minimum value 1.26 1.08 1.11

0.95

1.26

1.66 1.59

1.97

1.18

1.5

1.91

1.29

1.98 2.04

1.05

1.99

1.57
1.68

1.02
1.14

1.55

1.04

Daily distribution of WODL for train no. 18 - January 2004

5:
51

6:
43

8:
01

8:
49

9:
56

4:
29

21
:0

7

12
:5

1
13

:5
6

15
:1

5
16

:0
9

16
:5

8
18

:0
9

19
:1

4
19

:5
9

22
:0

5
23

:1
5

12
:0

1
11

:0
1

Time (hh:mm) 8th January (�ursday)

0

0.5

1

1.5

2

2.5

W
O

D
L 

[-
] 1.73

1.28

2.2

1.85
1.74

1.48
1.6

1.73
1.57

1.66

1.88
1.79 1.71

2.09

1.7 1.62

0.99

1.64

0.94

Daily distribution of WODL for train no. 18 - January 2004

5:
45

7:
01

7:
59

8:
49

9:
56

4:
41

11
:4

3
12

:5
7

14
:0

1

20
:0

9

15
:5

5
17

:0
9

19
:0

0

23
:1

5

10
:4

5

21
:0

6

14
:5

9

18
:0

4

22
:0

4

Time (hh:mm) 9th January (Friday)

0

0.5

1

1.5

2

2.5

W
O

D
L 

[-
]

1.19 1.25

1.58

1.83

0.87

1.46

1.77

1.16 1.17

1.96

1.04

0.36

1.38 1.33

2

1.32

1.86

1.08

1.51

Daily distribution of WODL for train no. 18 - January 2004

6:
44

7:
45

9:
47

9:
05

5:
31

4:
48

11
:5

8
13

:0
0

14
:0

5
14

:5
3

16
:0

4
17

:0
3

17
:5

5
19

:1
0

20
:0

1
21

:0
7

22
:0

5
23

:3
1

10
:5

0

Time (hh:mm) 7th January (Wednesday)

0

0.5

1

1.5

2

2.5

W
O

D
L 

[-
]

1.9

1.68

1.9 1.96 1.89 1.84

0.9

1.27

2.25

1.27

1.06

0.85

Daily distribution of WODL for train no. 18 - January 2004

12
:3

0

13
:4

5

15
:0

0

15
:5

0

17
:0

0

22
:0

0

19
:0

0

20
:0

0

20
:5

5

23
:0

2

11
:3

1

17
:5

0

Time (hh:mm) 6th January (Tuesday)

0

0.5

1

1.5

2

2.5

W
O

D
L 

[-
]

Figure 11: Daily distribution of maximumWODL value for train number 18.
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Figure 12: Continued.
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Figure 12: Daily distribution of maximumWODL value for train number 18 after wheel renovation.

Table 7: Average values of WODL for different time of day after wheels renovation, train number 18.

Number Date Number of drives Average WODL
Morning Rush hour Evening

5 2004-02-11 19 0.65 0.57 0.68
6 2004-02-12 18 0.70 0.64 0.64
7 2004-02-13 11 0.71 0.71 0.64
8 2004-02-15 18 0.73 0.68 0.74
9 2004-02-16 18 0.81 0.65 0.77
10 2004-02-17 18 0.75 0.73 0.73
11 2004-02-18 18 0.77 0.85 0.76
12 2004-02-19 18 0.81 0.89 0.81
13 2004-02-20 13 0.78 0.81 0.79
14 2004-02-24 15 0.78 0.78 0.58
15 2004-02-26 18 0.78 0.86 0.78
16 2004-01-27 8 0.73 0.89 0.78

Average value 0.75 0.76 0.73
Standard deviation 0.0479 0.1074 0.0729
Maximum value 0.81 0.89 0.81
Minimum value 0.65 0.67 0.58

between morning and rush hours. This indicates that morn-
ing rush hours should be specified during more precise
measurements.

5. Conclusions

In the paper the monitoring system in Warsaw metro was
presented. Since 2003, when the system was installed, many
changes have been made in the operation and management
of the metro.

Many advantages can be distinguished after the system
was introduced. First of all, the number of complaints
related to the negative impact of vibrations on people in
nearby buildings has decreased. The main reason for these
complaints was problems with wheel profiling. The level of
these impacts and the rate of change were observed only
after the system was installed. This significantly contributed

to improving the comfort of use of buildings near the metro
line.

The method of repairing wheels on trains has also been
fundamentally changed. During the first period of system
operation, only the wheels with the largest damage were
repaired, which did not give good results. The system intro-
duced the principle of repairing all wheels on the train, which
improved comfort and contributed to the extension of the
period between subsequent repairs.

The system also allowed better planning of repairs.
Thanks to the introduced alarm levels in the system, it is
possible to plan repairs for individual trains. It also allows
for better planning of costs and organization of costs. The
measurement system together with the software allows you
to make decisions that affect the image of the metro manager
in an easy and quick way and enables the rationalization of
costs.
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The vibration monitoring system introduced on the first
metro line in Warsaw has fulfilled its role so well that it
is currently being expanded on subsequent sections of the
second metro line in Warsaw.
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64–69, 2016.

[16] A. Chudzikiewicz and J. Korzeb, “Simulation study of wheels
wear in low-floor tram with independently rotating wheels,”
Archive of Applied Mechanics, vol. 88, no. 1-2, pp. 175–192, 2018.

[17] F. P. Bowden and D. Tabor, “The Area of Contact between Sta-
tionary and betweenMoving Surfaces,” Proceedings of the Royal
Society A Mathematical, Physical and Engineering Sciences, vol.
169, no. 938, pp. 391–413, 1939.

[18] R. Enblom and M. Berg, “Simulation of railway wheel profile
development due to wear influence of disc braking and contact
environment,”Wear, vol. 258, no. 7-8, pp. 1055–1063, 2005.

[19] R. Ciesielski and K. Stypuła, “Influence of shape change of
carriage wheels in consequence of exploitation wear on the
level of building vibration caused by shallow underground train
passages – case history,” in Proceedings of Conference Structural
Dynamics EURODYN 2002, Grundmann and Schuëller, Eds.,
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To identify the fault frequency characteristics of the gear transmission system under coupling fault of fixed-axis gear crack and
planetary gear wear, dimensionless dynamical equations of gear transmission system were established. Bifurcations in normal
condition and coupling fault condition were contrasted. The affected excitation frequency range was found. Fault frequency
characteristics in sensitive interval caused by the coupling fault of fixed-axis gear crack and planetary gear wear were analyzed.
Simulation analysis shows that the crack fault in fixed-axis gear brings up peaks in doubling of 1∼10 for fault frequency, the wear
fault in planetary gear increases the amplitude of meshing frequency and its double and triple, and the coupling of both shows two
kinds of fault features around the planetary gear meshing frequency.

1. Introduction

The wind turbine gearbox is the core component of the
wind turbine; its transmission system is a multistage gear
transmission system with a two-stage fixed-axis gear and a
one-stage planetary gear.Thewind turbine gearbox has a high
failure rate by the disorder, variable load, and strong impact
wind load. The vibration mechanism and fault mechanism
of multistage gear transmission system are not clear, so the
online monitoring and fault diagnosis of the wind turbine
gearbox are not perfect. A lot of fault were not discovered
early, resulting in a chain reaction. It makes the whole
transmission system downtime, resulting in huge economic
loss and bad social impact. Only by studying the vibration
mechanism and fault mechanism of the multistage gear
transmission system and finding out the complex signal
correlation characteristics caused by the fault, can the early
fault of the gear be identified by the signal processingmethod.

There is a large difference between the local fault vibration
signal of the planetary gearbox and the fixed-axis gearbox.
The dynamic model of the single pair cannot describe the
modulation effect of the dynamic signal in the coupling
state, and the fault side band of the coupling state cannot be
properly extracted. Therefore, it is necessary to delve into the

spectral characteristics of the vibration signal of the planetary
gearbox (especially in the case of coupling faults), so as
to achieve the purpose of fault diagnosis of the planetary
gearbox through the fault feature frequency component.

For the study of coupling faults, Li et al. [1, 2] used the
combined intelligent signal analysismethod based onwavelet
packet, empirical mode decomposition, Wigner distribution,
and ARmodel to identify five single faults and three coupling
faults. Then he proposed a new method [3], using the inde-
pendent component analysis (ICA - R) as the fault frequency
tracking tool to simplify the coupling fault to a single fault.
Luo et al. [4] proposed a sparse representation method based
on wavelet based compound fault feature extraction, which
can separate and extract different transient characteristics of
bearings and gears. Xiao-yu et al. [5] differentiated single
fault and coupling faults through the correlation dimension
and the largest Lyapunov exponent.The research on coupling
failure is based on the experimental signal analysis, and its
accuracy depends on the large data accuracy. Data of different
test rig may contain its unique characteristic and do not have
generality for fault diagnosis of other devices. Experimental
method cannot distinguish which feature is common feature
which is a unique feature and the mechanism of various
features. So with research on the nonlinear characteristics
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Figure 1: Torsional dynamic model of gear transmission system.

and fault mechanism of coupling faults from the angle of
bifurcation and chaos characteristics, we can distinguish the
changes caused by the coupling effect and find the general
characteristics of coupling.

In the article [6], the coupling fault of fixed-axis crack and
planetary gear chippingwas studied from the nonlinear angle,
and the fault frequency characteristics of the coupling fault
were analyzed. However, wear fault occurs more frequently
and is more difficult to identify than chipping fault. When
the system has wear fault, it will affect the clearance between
the gears. The clearance is the main cause of the collision
movement within the system, which will change the motion
state of the system. Therefore, it is of great significance
to study the influence of wear fault on the bifurcation
characteristics of the system compared with chipping fault.
On the basis of article [6], this paper studies the coupling fault
of fixed-axis crack and planetary gear wear. The nonlinear
dynamicmodel with the coupling fault of the fixed-axis crack
fault and the planetary wear fault is established, and the
bifurcation characteristics and coupling fault characteristics
of the fixed-axis gear in the system are analyzed by the
simulation method in normal state, fixed-axis crack fault
state, planetary wear fault state, and coupling fault state.
Characteristics and frequency bands of the fault frequency
are discussed for different excitation frequencies. According
to the numerical simulation results, the fault frequency of the
measured signal is identified.

2. Torsional Dynamic Model of Gear
Transmission System

The system studied in this paper is a test rig of gear
transmission system which contains a two-stage fixed-axis
gear and a one-stage planetary gear, where spur gears 1 and
2 compose the 1st-stage fixed-axis gear for the input, spur
gears 3 and 4 compose the 2nd-stage fixed-axis gear, and the
planet carrier is for the output. The torsional dynamic model
is established by using the lumped mass method (Figure 1).

When gear system, the drive shaft, bearing, and box
bearing stiffness are relatively large, then regardless of their
flexibility the gear system turns into pure torsional vibration
model. If the gear system input and output shaft stiffness
is relatively small, the gear system can be isolated from the
prime mover and the load, and a separate vibration model of
the gear system can be established. Due to the nonconsider-
ation of the specific vibration form of the transmission shaft,
the support stiffness and damping of the transmission shaft,
bearing, and box can be expressed as the combined equivalent
values. The model does not consider the transverse vibration
displacement of gears. Gear parameters are simulated with a
spring and a damper.

See Figure 1, where, 𝜃𝑠, 𝜃𝑐, 𝜃𝑝𝑛, 𝜃1, 𝜃2, 𝜃3, and 𝜃4 represent
the angular displacement of sun gear, planet carrier, planetary
gear 𝑛 (𝑛 = 1, 2, 3, 4), and spur gears 1, 2, 3, and 4, respectively.
Throughout this paper, the subscripts 𝑠, 𝑐, 𝑝𝑛, 𝑟, 1, 2, 3, and 4
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denote sun gear, planet carrier, planetary, ring gear, and spur
gears 1, 2, 3, and 4. Quantities 𝑟𝑠, 𝑟𝑐, 𝑟𝑝𝑛, 𝑟1, 𝑟2, 𝑟3, and 𝑟4
are the base circle radius of gears. Quantities𝐾𝑠𝑝𝑛(𝑡),𝐾𝑟𝑝𝑛(𝑡),𝐾1(𝑡), and𝐾2(𝑡) denote themeshing stiffness of sun gear with
planetary gear 𝑛, ring gear with planetary gear 𝑛, 1st-stage
fixed gear, and 2nd-stage fixed gear. Quantities𝐶𝑠𝑝𝑛,𝐶𝑟𝑝𝑛,𝐶1,
and𝐶2 denote the damping of sun gear with planetary gear 𝑛,
ring gear with planetary gear 𝑛, 1st-stage fixed gear, and 2nd-
stage fixed gear. 𝑇in is the input and 𝑇out is the output.
2.1. Motion Differential Equations of the System. Based on the
Lagrangian equation, the motion differential equations of the
system are established on the basis of the clearance, the time-
varying meshing stiffness, and the comprehensive meshing
error [7, 8]:

𝐽1 ̈𝜃1 + 𝑟1𝐹1 = 𝑇in
𝐽23 ̈𝜃2 − 𝑟2𝐹1 + 𝑟3𝐹2 = 0

𝐽4𝑠 ̈𝜃4𝑠 + 4∑
𝑛=1

𝑟𝑠𝐹𝑠𝑝𝑛 − 𝑟4𝐹2 = 0
𝐽𝑝𝑛 ̈𝜃𝑝𝑛 − 𝑟𝑝𝑛𝐹𝑠𝑝𝑛 + 𝑟𝑝𝑛𝐹𝑟𝑝𝑛 = 0
𝐽𝑐 ̈𝜃𝑐 − 4∑

𝑛=1

𝑟𝑐𝐹𝑠𝑝𝑛 − 4∑
𝑛=1

𝑟𝑐𝐹𝑟𝑝𝑛 = −𝑇out,

(1)

where 𝐽23 = 𝐽2+𝐽3, 𝐽4𝑠 = 𝐽4+𝐽𝑠: 𝐽1, 𝐽2, 𝐽3, 𝐽4, 𝐽𝑠, 𝐽𝑝𝑛, and 𝐽𝑐 are
the moment of inertia of each gear on the shaft; 𝐹1, 𝐹2, 𝐹𝑠𝑝𝑛,
and 𝐹𝑟𝑝𝑛 are the meshing force of each stage on the meshing
line,𝐹𝑖 = 𝐶𝑖�̇�𝑖+𝐾𝑖(𝑡)𝑓(𝑥𝑖) (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛); 𝑥𝑖 is the relative
displacement of each stage meshing line (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛):

𝑥1 = 𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒1 (𝑡) ,𝑥2 = 𝑟3𝜃3 − 𝑟4𝜃4 − 𝑒2 (𝑡) ,𝑥𝑠𝑝𝑛 = 𝑟𝑠𝜃𝑠 − 𝑟𝑝𝑛𝜃𝑝𝑛 − 𝑟𝑐𝜃𝑐 − 𝑒𝑠𝑝𝑛 (𝑡) ,
𝑥𝑟𝑝𝑛 = 𝑟𝑝𝑛𝜃𝑝𝑛 − 𝑟𝑐𝜃𝑐 − 𝑒𝑟𝑝𝑛 (𝑡) ;

(2)

𝑓(𝑥𝑖) is the clearance nonlinear function (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛),
written as

𝑓 (𝑥𝑖) =
{{{{{{{{{
𝑥𝑖 − 𝑏𝑖, 𝑥𝑖 > 𝑏𝑖0, 𝑥𝑖 ≤ 𝑏𝑖𝑥𝑟𝑝𝑖 + 𝑏𝑖, 𝑥𝑖 < −𝑏𝑖,

(3)

where 𝑏𝑖 is half of the clearance (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).
The time-varying meshing stiffness of the gear pair 𝐾𝑖(𝑡)

will be specified in Section 2.2.
The damping coefficient forms

𝐶1 = 2𝜉1√ 𝐾𝑚1(1/𝑚1 + 1/𝑚2)
𝐶2 = 2𝜉2√ 𝐾𝑚2(1/𝑚3 + 1/𝑚4)

𝐶𝑠𝑝𝑛 = 2𝜉𝑠𝑝𝑛√ 𝐾𝑚𝑠𝑝𝑛(1/𝑚𝑠 + 1/𝑚𝑝𝑛)
𝐶𝑟𝑝𝑛 = 2𝜉𝑟𝑝𝑛√ 𝐾𝑚𝑟𝑝𝑛(1/𝑚𝑟 + 1/𝑚𝑝𝑛) ,

(4)

where 𝜉1, 𝜉2, 𝜉𝑠𝑝𝑛, and 𝜉𝑟𝑝𝑛 are damping ratios and𝑚1,𝑚2,𝑚3,𝑚4,𝑚𝑠,𝑚𝑝𝑛, and𝑚𝑟 are the mass of each gear.
The comprehensive meshing error of gear pair using the

1st harmonic form of meshing function is

𝑒𝑖 (𝑡) = 𝑒𝑎𝑖 sin (𝑤𝑚𝑖𝑡 + 𝜑𝑖) , (5)

where 𝑒𝑎𝑖 is the comprehensive meshing error amplitude of
each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).𝜑𝑖 is the comprehensivemeshing
error initial phase of each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛); 𝑤𝑚𝑖 is the
meshing frequency of each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).

Define time nominal scale𝑤ℎ, order 𝜏 = 𝑤ℎ𝑡, where𝑤ℎ =√𝐾𝑚1 × 𝑚𝑒1; 𝑥𝑖 is dimensionless displacement, 𝑥𝑖 = 𝑥𝑖/𝑏1,𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛; Ω𝑖 is dimensionless excitation frequency,Ω𝑖 = 𝑤𝑚𝑖/𝑤ℎ, 𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛; 𝑒𝑎𝑖 is dimensionless
comprehensivemeshing error amplitude, 𝑒𝑎𝑖 = 𝑒𝑎𝑖/𝑏1, 𝑖 = 1, 2,𝑠𝑝𝑛, 𝑟𝑝𝑛. Dimensionless nonlinear function is

𝑓 (𝑥𝑖) =
{{{{{{{{{{{{{{{

𝑥𝑖 − 𝑏𝑖𝑏1 , 𝑥𝑖 > 𝑏𝑖𝑏10, 𝑥𝑖 ≤ 𝑏𝑖𝑏1𝑥𝑟𝑝𝑖 + 𝑏𝑖𝑏1 , 𝑥𝑖 < − 𝑏𝑖𝑏1 .
(6)

The equations are normalized, and the systemdimension-
less motion differential equations can be got:

�̈�1 + 𝐶1𝑚𝑒1𝑤ℎ �̇�1 + 𝐾1 (𝜏)𝑚𝑒1𝑤2ℎ𝑓 (𝑥1) −
𝐶2𝑚𝑒2𝑤ℎ �̇�2

− 𝐾2 (𝜏)𝑚𝑒2𝑤2ℎ𝑓 (𝑥2) =
𝑇in𝑟1𝐽1𝑤2ℎ𝑏1 +

𝑒𝑎1𝑏1 Ω21sin (Ω1𝜏 + 𝜑1)
�̈�2 − 𝐶1𝑚𝑒1𝑤ℎ �̇�1 − 𝐾1 (𝜏)𝑚𝑒2𝑤2ℎ𝑓 (𝑥1) +

𝐶2𝑚𝑒3𝑤ℎ �̇�2
+ 𝐾2 (𝜏)𝑚𝑒3𝑤2ℎ𝑓 (𝑥2) −

4∑
𝑛=1

𝐶𝑠𝑝𝑛𝑚4𝑠𝑤ℎ �̇�𝑠𝑝𝑛
− 4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏)𝑚4𝑠𝑤2ℎ 𝑓 (𝑥𝑠𝑝𝑛) =
𝑒𝑎2𝑏1 Ω22sin (Ω2𝜏 + 𝜑2)

�̈�𝑠𝑝𝑛 + 1𝑚4𝑠𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚𝑐𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛
+ 1𝑚𝑝𝑛𝑤ℎ𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚4𝑠𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛)
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+ 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛) − 1𝑚𝑝𝑛𝑤ℎ𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛
+ 1𝑚𝑐𝑤ℎ

4∑
𝑛=1

𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛 − 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛) − 𝑟4𝐶2𝑚4𝑠𝑟𝑠𝑤ℎ �̇�2
− 𝑟4𝐾2 (𝜏)𝑚4𝑠𝑟𝑠𝑤2ℎ𝑓 (𝑥2) =

𝑟𝑐𝑇out𝐽𝑐𝑒𝑤2ℎ𝑏1
+ 𝑒𝑎𝑠𝑝𝑛𝑏1 Ω2𝑠𝑝𝑛sin (Ω𝑠𝑝𝑛𝜏 + 𝜑𝑠𝑝𝑛)

�̈�𝑟𝑝𝑛 − 1𝑚𝑝𝑛𝑤ℎ𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚𝑐𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛
− 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑠𝑝𝑛 (𝜏) (𝑥𝑠𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛) + 1𝑚𝑝𝑛𝑤ℎ𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛
− 1𝑚𝑐𝑤ℎ

4∑
𝑛=1

𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛 + 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛)
− 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛) = 𝑟𝑐𝑇out𝐽𝑐𝑒𝑤2ℎ𝑏1
+ 𝑒𝑎𝑟𝑝𝑛𝑏1 Ω2𝑟𝑝𝑛sin (Ω𝑟𝑝𝑛𝜏 + 𝜑𝑟𝑝𝑛) ,

(7)

where𝑚𝑒1, 𝑚𝑒2, 𝑚𝑒3, 𝑚4𝑠 are the equivalent masses of gear; 𝐽𝑐𝑒
is the equivalent moment of inertia of gear:

𝑚𝑒1 = 𝐽1𝐽23𝐽23𝑟21 + 𝐽1𝑟22 ,
𝑚𝑒2 = 𝐽23𝑟2𝑟3 ,
𝑚𝑒3 = 𝐽4𝐽23𝐽23𝑟24 + 𝐽4𝑟23 ,
𝑚4𝑠 = 𝐽4𝑠𝑟2𝑠 ;𝐽𝑐𝑒 = 𝐽𝑐 + 𝑁𝑚𝑝𝑛𝑟2𝑐 .

(8)

2.2.Mesh Stiffness. Thepotential energymethod [9] is used to
evaluate themesh stiffness with the consideration of Hertzian
energy 𝑘ℎ, bending energy 𝑘𝑏, shear energy 𝑘𝑠, and axial
compressive energy 𝑘𝑎. The beam model of a gear tooth is
shown in Figure 2(a). The stiffness expressions are

1𝑘𝑏
= [1 − (𝑁 − 2.5) cos𝛼1 cos𝛼3/𝑁cos𝛼0]3 − (1 − cos𝛼1 cos𝛼2)32𝐸𝐿 cos𝛼1sin3𝛼2
+ ∫𝛼2
−𝛼1

3 {1 + cos𝛼1 [(𝛼2 − 𝛼) sin𝛼 − cos𝛼]}2 (𝛼2 − 𝛼) cos𝛼2𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼]3 𝑑𝛼
1𝑘𝑠
= 1.2 (1 + ]) cos2 𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)𝐸𝐿 sin𝛼2
+ ∫𝛼2
−𝛼1

1.2 (1 + ]) (𝛼2 − 𝛼) cos𝛼 cos2𝛼1𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼] 𝑑𝛼
1𝑘𝑎
= sin2𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)2𝐸𝐿 sin𝛼2
+ ∫𝛼2
−𝛼1

(𝛼2 − 𝛼) cos𝛼 sin2 𝛼12𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼]𝑑𝛼
𝑘ℎ = 𝜋𝐸𝐿4 (1 − ]2) ,

(9)

where 𝐸 represents the elastic modulus; 𝐿 is tooth width; 𝑁
is tooth number; 𝛼0 is the pressure angle; ] is Poisson’s ratio.
2.2.1. Overall Mesh Stiffness. Gear tooth profile follows an
involute curve up to the base circle as shown in Figure 2(a).
The tooth profile between the base circle and the root circle is
not an involute curve and hard to describe analytically [10].
Therefore, straight lines 𝑁𝑁 and 𝐷𝐷 are used to simplify
the curve. For the single-tooth-pair meshing duration, the
total effective mesh stiffness can be calculated as [11]

𝐾𝑡
= 11/𝑘ℎ + 1/𝑘𝑏1 + 1/𝑘𝑠1 + 1/𝑘𝑎1 + 1/𝑘𝑏2 + 1/𝑘𝑠2 + 1/𝑘𝑎2 ,

(10)

where subscripts 1 and 2 represent the driving gear and the
driven gear, respectively.

For the double-tooth-pair meshing duration, there are
two pairs of gears meshing at the same time. Total effective
mesh stiffness can be obtained as [11]

𝐾𝑡 = 𝐾𝑡1 + 𝐾𝑡2 = 2∑
𝑗=1

11/𝑘ℎ,𝑗 + 1/𝑘𝑏1,𝑗 + 1/𝑘𝑠1,𝑗 + 1/𝑘𝑎1,𝑗 + 1/𝑘𝑏2,𝑗 + 1/𝑘𝑠2,𝑗 + 1/𝑘𝑎2,𝑗 , (11)

where 𝑗 = 1 for the 1st pair and 𝑗 = 2 for the 2nd pair of
meshing teeth.

2.2.2. Crack Modeling. The crack is modeled as a straight
line from the gear tooth danger area (Figure 2(b)). The crack
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Figure 2: Beam model of an external gear tooth: (a) beam model and (b) cracked tooth model [9].

propagates along the straight line until reaching the tooth
central line at point 𝐵. Then, it changes the propagation
direction towards point𝐷where the tooth breaks. According
to the state of the crack in the test rig, only the state when
the crack does not reach the centerline is studied, where 𝑞1 is
the crack length and the angle between the crack line and the
tooth center line is defined as 𝜐.

The Hertzian stiffness and axial compressive stiffness
will not be affected by the crack propagation [10]. Only the
bending stiffness and the shear stiffness will be affected due
to the change in the tooth length and the tooth height caused
by the crack.The bending stiffness and the shear stiffness with
the crack fault are

1𝑘𝑏 = ∫
𝛼𝑟

𝛼3

12 sin𝛼 [𝑁 cos𝛼0/ (𝑁 − 2.5) − (cos𝛼 + cos𝛼3 − cos𝛼𝑟 − (𝑞1/𝑅𝑟) cos 𝜐) cos𝛼1]2𝐸𝐿 (sin𝛼3 + sin𝛼 − (𝑞1/𝑅𝑟) sin 𝜐)3 𝑑𝛼
+ 4 [1 − (𝑁 − 2.5) cos𝛼1 cos𝛼3/𝑁 cos𝛼0]3 − 4 (1 − cos𝛼1cos𝛼2)3𝐸𝐿 cos𝛼1 (2 sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐)3
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Table 1: Gear parameters.

Gear Number of teeth 𝑅𝑟𝑖/mm 𝑅𝑏𝑖/mm Mass𝑚𝑖/g 𝐽𝑖/(g⋅m2) Face width/mm Module/mm Wheel axle distance/mm
1 29 19.2 20.4 125 0.05 30 1.5 91.318
2 100 68.9 70.5 1224.5 6 30 1.5
3 36 23.9 25.3 224 0.14 30 1.5 90.8304
4 90 61.5 63.4 1111 4 20 1.5𝑠 28 12.3 13 41 0.007 20 1.0𝑝𝑛 36 16 17 34.6 0.01 20 1.0𝑐 30 848.7 0.76 20 1.0𝑟 100 45.6 47 20 1.0

+ ∫𝛼2
−𝛼1

12 {1 + cos𝛼1 [(𝛼2 − 𝛼) sin𝛼 − cos𝛼]}2 (𝛼2 − 𝛼) cos𝛼𝐸𝐿 [sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐 + sin𝛼 + (𝛼2 − 𝛼) cos𝛼]3 𝑑𝛼
(12)

1𝑘𝑠 = ∫
𝛼𝑟

𝛼3

2.4 (1 + ]) cos2𝛼1 sin𝛼𝐸𝐿 (sin𝛼3 − (𝑞1/𝑅𝑟) sin 𝜐 + sin𝛼)3 𝑑𝛼 +
2.4 (1 + ]) cos2𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)𝐸𝐿 (2 sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐)

+ ∫𝛼2
−𝛼1

2.4 (1 + ]) (𝛼2 − 𝛼) cos𝛼 cos2𝛼1𝐸𝐿 [sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐 + sin𝛼 + (𝛼2 − 𝛼) cos𝛼]𝑑𝛼.
(13)

Calculate the bending and shear stiffness of the cracked
tooth, and then calculate the overall mesh stiffness of the
cracked tooth by (11). In this study, we assume that the 1st-
stage fixed-axis small gear (spur gear 1) has a crack fault. The
crack gear in test rig is shown in Figure 3 (crack length 𝑞1 =1mm, crack angle 𝜐 = 70∘). The time-varying meshing stiff-
ness is calculated when the speed is 1Hz (Figure 4). The gear
parameters of gear transmission system are shown in Table 1.

2.2.3.WearModel. The gap between the teeth is altered when
the wear occurs. When the gears are evenly worn, the gap
between the teeth of the faulted gears will be increased.
Therefore all tooth wear fault can be expressed in terms of
constants. The function is

𝑓 (𝑥𝑖) =
{{{{{{{{{
𝑥𝑖 − (1 + 𝑎) , 𝑥𝑖 > (1 + 𝑎)0, 𝑥𝑖 ≤ 1𝑥𝑖 + (1 + 𝑎) , 𝑥𝑖 < − (1 + 𝑎) ,

(14)

where parameter 𝑎 is the size of all tooth wear. Assuming that
there is all tooth wear fault in the planetary gear 1, the gear
shown in Figure 5 is a planetary gear with all tooth wear fault
in the test rig of this paper, and its fault feature is set to 𝑎 = 0.1.
3. Analysis of Nonlinear Dynamic Behavior of
Coupling Fault

3.1. System Bifurcation Diagrams. The bifurcation diagrams
with the excitation frequency changed are calculated, respec-
tively, when the system is in normal state, planetary gear wear
fault state, and the fixed-axis crack fault state, and two faults

coexist. The structure parameters of the system are shown in
Tables 1 and 2, pressure angle 𝛼0 = 20∘,𝑇in = 6.5N⋅m, and𝑇out
= 8.5N⋅m.The values in Table 2 are equal on themeshing line
of gear, so the subscript 𝑖 is omitted.

Due to the fact that there are a lot of side frequencies at
the meshing point of the 1st-stage fixed-axis gear, so as to
study the bifurcation of this point, the nonlinear differential
equations (7) are numerically solved using the variable step
Runge-Kutta method to obtain the bifurcation diagram of
the relative displacement of the 1st-stage fixed-axis gear in
four states with the dimensionless excitation frequency Ω1
changed (Figure 6).

In (7), it can be seen that all stages of gears are affected not
only by their own vibration characteristics, but also by the
influence of adjacent teeth on the vibration characteristics.
Therefore, when using variable step Runge-Kutta method for
iterative calculation of coupling faults, the fault features of
the planetary gear wear fault are transmitted to the 2nd-
stage fixed-axis gear through the velocity and displacement
of the planetary gear and the sun gear meshing point and
then transmitted to the 1st-stage fixed-axis gearwhich has two
kinds of faults (the planetary gear wear fault and the 1st-stage
fixed-axis crack). The two faults can interact and then show
the coupling effect.

When the excitation frequency is small in normal state,
the motion state of the 1st-stage fixed-axis gear is periodic
(Figure 6(a)).When the excitation frequency increases to 0.5,
the system becomes with quasiperiodic motion by periodic
motion.When the excitation frequency increases to 1 (critical
rotational speed), the system resonates and the motion
becomes chaotic. Then the system is divided into three times
periodic motion and finally into the quasiperiodic motion.
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Table 2: Parameters of calculation.

Parameters of calculation Value
Gear clearance b (𝜇m) 5
Comprehensive meshing error amplitude ea (𝜇m) 5
Meshing pair damping ratio 𝜉 0.07
Gear contact ratio 1.68

Figure 3: Fixed-axis gear with crack.

Figure 6 shows that when the system only has a fixed-
axis crack fault, it has an effect on the period, the quasi-
period, and the 3 times periodic motion when the excitation
frequency is less than 3. That is, fault periodic motion is
increased in the original periodic motion, indicating that
the fixed-axis crack fault is sensitive to low speed. In actual
operation, themotor speed is usually a low speed.This creates
the fixed-axis fault which is easy to identify, and the planetary
gear fault is difficult to identify.

When the system only has the planetary gear wear fault,
the quasiperiodic motion with excitation frequency greater
than 3 (3 times critical speed) becomes the intermittent
periodic motion, indicating that the planetary gear wear fault
is sensitive to the high speed.

When the system has the coupling fault, the fault char-
acteristics are similar to single fixed-axis crack fault when
the excitation frequency is less than 3, and the fault charac-
teristics are similar to single planetary gear wear fault when
the excitation frequency is greater than 3. Planetary fault
and fixed-axis fault affect different speed, so the vibration
coupling phenomenon of the two on the bifurcation diagram
is not obvious. Since the mutual influence of the coupling
fault cannot be found from the bifurcation diagram, it is
necessary to further study the fault frequency characteristics
caused by the coupling fault.

3.2. Coupling Fault Frequency Characteristics. The fault char-
acteristics of the fixed-axis crack fault in low excitation
frequency have been described in the literature [6]. This
paper will study the planetary wear fault at high excitation
frequency. The vibration is obvious in the interval of Ω1 =[3.5, 5]. So this part will be studied. The time domain,
frequency domain, phase diagram, and Poincaré section of
the 1st-stage fixed-axis gear are shown in Figure 7 in the
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Figure 4: The meshing stiffness of the fixed-axis gear with crack.

Figure 5: Planetary gear with wear fault.

normal state, the fixed-axis crack state, and the coupling fault
state of fixed-axis crack + planetary wear, when the excitation
frequency is 3.5. Dimensionless characteristic frequencies of
gear transmission system at all stages are shown in Table 3.

There is an increase in the impact of fault in the time
domain (Figures 7(a), 8(a), and 9(a)) as the number of
faults increases. The phase diagram behaves as quasiperiodic
motion bands in the normal state (Figure 7(b)), and the
band becomes wider in crack fault state (Figure 8(b)). When
a coupling fault occurs, the fault cycle makes the band
full (Figure 9(b)). The point group of the Poincaré section
(Figures 7(c), 8(c), and 9(c)) also increases with the increase
of fault. The amplitude of the coupling fault in frequency
domain (Figures 7(d), 8(d), and 9(d)) increases significantly.

Figures 7(e), 8(e), and 9(e) are the spectral refinement
of Figures 7(d), 8(d), and 9(d), at low frequencies. It can
be seen from Figure 7(e) that the main peak of the system
is the meshing frequency of 1st-stage fixed-axis gear 𝑓1, the
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Figure 6: Displacement bifurcation diagram of the first fixed gear: (a) normal state, (b) fixed-axis crack, (c) planetary wear, and (d) two-fault
coupling.

Table 3: Dimensionless characteristic frequencies of gear transmission system (Hz).

Characteristic frequency Dimensionless frequency
Meshing frequency of 1st-stage fixed-axis gear f 1 1
Meshing frequency of 2nd-stage fixed-axis gear f 2 0.3599
Meshing frequency of planetary f 3 0.0877
Fault frequency of 1st-stage fixed-axis gear f 𝑑 0.0345
Planetary fault frequency f 𝑟 0.0024

meshing frequency of 2nd-stage fixed-axis gear 𝑓2, the mesh-
ing frequency of the planetary gear 𝑓3, and its double and
triple (2𝑓3, 3𝑓3) in normal state. There are a large number of
regular side frequencies around themeshing frequency of the
planetary gear and its double and triple. The side frequency
is the rotation frequency of the 2nd-stage rotating shaft 𝑓𝑑.
It can be seen from Figure 8(e) that the fault frequency of
the fixed-axis crack 𝑓𝑑 occurs at a peak value of 1∼10 times,
and the amplitude gradually decreases. Figure 9(e) shows that
the increase of planetary gear wear fault makes the amplitude
of the planetary gear meshing frequency and its double and

triple increased. So two kinds of fault characteristics occur at
the same time in coupling faults state, all around the planet
gear meshing frequency.

4. Experimental Failure Analysis

The test rig of gear transmission systemwhich contains a two-
stage fixed-axis gear and a one-stage planetary is shown in
Figure 10. The parameters are shown in Tables 1 and 3. Test
and analyze the signal of the test rig in normal state and
coupling faults state, in which the crack failure occurs on
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Figure 7: Vibration characteristics when the excitation frequency is 3.5 in normal state: (a) time domain, (b) phase diagram, (c) Poincaré
section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 8: Vibration characteristics when the excitation frequency is 3.5 in fixed-axis crack state: (a) time domain, (b) phase diagram, (c)
Poincaré section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 9: Vibration characteristics when the excitation frequency is 3.5 in coupling faults state: (a) time domain, (b) phase diagram, (c)
Poincaré section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 10: The test rig of gear transmission system: 1: motor; 2: torque sensor and encoder; 3: two-stage fixed-axis gearbox; 4: radial load of
bearing; 5: one-stage planetary gearbox; 6: brake.
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Figure 11: Spectrum of the fixed-axis gearbox: (a) normal state and (b) coupling faults of fixed-axis gear crack and planetary wear.
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Figure 12: Spectrum of the planetary gearbox with the coupling faults of fixed-axis gear crack and planetary gear wear: (a) frequency domain
and (b) frequency refinement spectrum.

the 1st-stage pinion (spur gear 1 in Figure 1) with the crack
length 𝑞1 = 1mm and the crack angle 𝜐 = 70∘, as shown
in Figure 3. Planetary wear fault occurs in the first planetary
gear 𝑝1 in Figure 1, and the planetary gear wear parameter
is 𝑎 = 0.1 (Figure 5). Sampling frequency is 3000Hz, the
number of sampling points is 2048, and the axial measure-
ment points of the fixed-axis gearbox drive side are selected
for testing. In order to facilitate the comparison, the spec-
trums are normalized to get the dimensionless spectrum in
normal state and coupling faults state (Figure 11).

The amplitude of the 2nd-stage fixed-axis meshing fre-
quency 𝑓2 and its doubling 2𝑓2 increased in the coupling

faults state (Figures 11(a) and 11(b)). Around the fixed-axis
gear meshing frequency 𝑓1 appears a large amount of fixed-
axis fault characteristic frequency 𝑓𝑑. But the amplitude of
the planetary gear meshing frequency 𝑓3 is relatively weak,
and the surrounding frequency is not easy to identify. So
the dimensionless radial spectrum of the planetary gearbox
under the coupling faults state is investigated, as shown in
Figure 12.

The amplitude of planetary gear meshing frequency 𝑓3
and its frequency-doubling (2𝑓3, 3𝑓3, and 4𝑓3) in vibration
signals of the planetary gearbox greatly increased (Figures 12
and 11). As can be seen in the frequency refinement diagram
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near the frequency of the planetary gear, the fault frequency of
the fixed axis 𝑓𝑑 is found around 𝑓3, which is consistent with
the numerical simulation results. By observing the vibration
signal of the fixed-axis gearbox and the planetary gearbox, the
fixed-axis crack fault and the planetary gear wear fault were
identified.

5. Conclusion

In this study, dimensionless dynamical equations of gear
transmission system which contains a two-stage fixed-axis
gear with crack fault and a one-stage planetary gear with
wear fault were established. With contrasted bifurcation
and frequency spectrum characteristics of system in normal
condition and coupling faults condition, it found that when
the system has the coupling fault, the fault characteristics are
similar to single fixed-axis crack fault when the excitation
frequency is less than 3, and the fault characteristics are
similar to single planetary gear wear fault when the excitation
frequency is greater than 3. This paper studied the planetary
wear fault at high excitation frequency. Fault frequency
characteristics caused by the coupling faults of the fixed-axis
crack fault and the planetary gear wear fault were analyzed.
Simulation analysis shows that the crack fault in fixed-axis
gear brings up peaks in doubling of 1∼10 for fault frequency,
the wear fault in planetary gear increases the amplitude of
meshing frequency and its double and triple, and the coupling
of both shows two kinds of fault features around the planetary
gear meshing frequency. For the test rig, by observing the
vibration signal of the fixed-axis gearbox and the planetary
gearbox, it is found that the experimental characteristics are
consistent with the numerical simulation results. Through
numerical simulation results the fixed-axis crack fault and
the planetary gear wear fault are accurately identified. This
study explored the complex fault features in multistage gear
transmission system and cognized fault dynamic behaviors
of multistage gear transmission system comprehensively to
diagnose the complex fault of multistage gear accurately.
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This paper presents a modified boundary element method (BEM) to solve the scattering problem of Love surface wave from a
two-dimensional cavity defect. Because of the truncation of BEMmodels at a far distance from the cavity, spurious reflected waves
are generated. In order to eliminate the unwanted reflections, the guided Love-wave displacement patterns are assumed on the far-
field infinite boundaries previously omitted by model truncation, and they are incorporated into the BEM equation set as modified
items. The numerical results are verified by theoretical solutions of far-field Green’s functions. Additional parametric studies are
performed to find out the influence of truncation distance and defects’ geometric characters on the accuracy of scattered wave
solutions.

1. Introduction

The ultrasonic nondestructive testing (NDT) techniques
have wide applications for quantitative characterizations of
mechanical properties and detection and characterization of
cracks and defects. Traditional ultrasonic testing techniques
using bulk waves are very time-consuming, since these
techniques need an overall inspection of the structure. How-
ever, ultrasonic guided waves are attractive for inspection of
long-range or wide area structures because they can travel
considerable distances and therefore scan large regions for
defects in shorter testing time [1, 2].

The current NDT applications of guided waves include
pitch-catch [3] or pulse-echo [4], flaw detection method,
phased array configuration [5], and diffraction tomography
[6]. Generally, these methods make use of time-of-flight
(TOF) of the reflectedwaves from inner defects to locate their
approximate positions.

However, further information (e.g., defect shapes or
depths) cannot be further utilized because of the complexity
of guided waves. Hence, the quantitative nondestructive
testing requires a thorough understanding of surface wave
scattering in forward and inverse aspects. For the forward
problem, we need to solve the near- and far-fields accurately

and obtain the scattering coefficients for following inverse
reconstruction [7–9].

The Love-wave is a special kind of guided waves that
travels along the surface of elastic layer covered on top of
an elastic half-plane. The scattered Love-waves are relied
on to investigate underground information in geotechnique
engineering, earthquake engineering [10], or detecting flaws
and cracks at the bounding interface in nondestructive
testing applications [11]. An effective utilization of the Love-
wave requires a thorough understanding of its scattering
phenomenon.

For the calculation of scattered wave field over a finite
domain, various technologies can be implied, like finite ele-
ment method (FEM) [12], BEM [13], mode-exciting method
[14], matrix theory [15], and so on. However, for the forward
analysis of a half-plane, the BEM is especially effective, since
only the interfaces and flaw boundaries need to be meshed.
There are BEM approaches using two kinds of Green’s
functions: half-space and full-space. Using the former one,
only the flawed portion needs to bemeshed; however, Green’s
function cannot be written in a closed form. Conversely,
using the latter one, the whole interface should be meshed;
however, Green’s function is much simpler. Thus, for the
forward analysis of Love-wave, we adopt the latter one.
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Figure 1: Linear superposition principle: (a) the total field; (b) the incident field; (c) the scattered field.

However, in traditional BEM approaches, due to the
inevitable artificial truncation of BEM model, spurious
reflected waves are introduced in the final results of scattered
wave field, which causes considerable error. Another big
challenge to solve the scattering problem is the existence
of multiple dispersive modes of Love-waves at a certain
frequency along with the modal conversion, due to the
interaction at the damage location.

Here, a modified BEM for calculating scattered Love-
waves is introduced. In this paper, the guided Love-wave
displacement patterns are assumed on the far-field infinite
boundaries previously omitted, and they are incorporated
into BEM equation sets as the modified items. With this
improvement, the spurious reflected waves are eliminated.
The numerical results are verified by theoretical far-field
Green’s functions [16, 17]. Furthermore, various parametric
studies of the influence of defect locations and geometrical
shapes and size on the calculations of Love-wave scattered
fields are carried out in the later sections, which have
potential values for investigating forward problem or inverse
problem of flaw reconstruction based on surface waves.

2. Statement of the Problem

The Love surface wave propagates along the surface of elastic
layer of thickness 𝐻 covered on top of a homogeneous,
elastic half-plane, containing a cavity of arbitrary shape on the
bonding interface of the 𝑥1-𝑥2 plane (see Figure 1(a)). Here,
we consider an incident Love-wave propagating in the 𝑥1-
direction, which interacts with the cavity generating forward-
scattered and back-scattered surface wave.

By virtue of linear superposition principle, the total
field in the flawed structure defined by Figure 1(a) can be

considered as the superposition of the incident and the
scattered waves. The incident wave can be treated in the
intact (or reference) structure without cavity, as shown by
Figure 1(b), and the scattered field is analyzed in the flawed
configuration in Figure 1(c). The scattered field is equivalent
to the field generated by the contribution of the tractions
exerted on the actual surface of the cavity. Furthermore, these
tractions are equal in magnitude but opposite in sign to
the corresponding tractions produced by the incident Love-
wave field on the surface of the fictitious cavity as shown
by Figure 1(b). Thus, these tractions can be obtained by
calculating the stress components and the outward normal
vectors along the fictitious cavity surface using the Cauchy’s
formula from the incident field. The dynamic reciprocal
theorem is then applied to calculate the scattered wave field
equivalent to the radiated field generated by these tractions.

3. Equations

3.1. The Elastodynamic Reciprocal Theorem. The dynamic
reciprocal theorem relates two elastodynamic states 1 and 2 of
the same bounded or unbounded body, which can be stated
as

∫
𝑉
[𝑓1𝑘 (x, 𝜔) 𝑢2𝑘 (x, 𝜔) − 𝑓2𝑘 (x, 𝜔) 𝑢1𝑘 (x, 𝜔)] 𝑑𝑉 (x)
= ∫
𝐴
[𝜏2𝑘𝑙 (x, 𝜔) 𝑛𝑘𝑢1𝑙 (x, 𝜔)

− 𝜏1𝑘𝑙 (x, 𝜔) 𝑛𝑘𝑢2𝑙 (x, 𝜔)] 𝑑𝐴 (x) ,
(1)

where 𝑓1,2
𝑘

, 𝑢1,2
𝑘
, and 𝜏1,2

𝑘𝑙
represent body forces, displace-

ments, and stresses, respectively, and 𝑛𝑘 is the kth component
of unit vector outward surface normal to 𝐴.



Shock and Vibration 3

Let us consider two-dimensional elastodynamic prob-
lems in an isotropic half-plane with a different homogeneous
and isotropic layer covered with boundary 𝐿. The boundary
integral equation of antiplane motion for a source point 𝜉
taken on 𝐿, in the absence of body forces, is developed from
(1) and derived as

12𝑢 (𝜉, 𝜔)
= ∫
𝐿
[𝑢∗ (𝜉, x, 𝜔) 𝑡 (x, 𝜔) − 𝑡∗ (𝜉, x, 𝜔) 𝑢 (x, 𝜔)] 𝑑𝐿 (x) ,

(2)

where the factor 1/2 is valid only if the boundary 𝐿 is smooth
at point 𝜉 and 𝑢∗ and 𝑡∗ are the full-space frequency domain
elastodynamic antiplane fundamental solution displacement
and traction tensors, respectively, which are derived [18]
as

𝑢∗ (𝜉, x, 𝜔) = i4𝜇𝐼𝐻
(1)
0 (𝑘𝐵𝑇𝑟) (0 ≤ 𝜉2 ≤ 𝐻)

or i4𝜇𝐼𝐼𝐻
(1)
0 (𝑘𝐴𝑇𝑟) (𝜉2 ≤ 0)

𝑡∗ (𝜉, x, 𝜔) = − i𝑘𝐵𝑇4 𝐻(1)1 (𝑘𝐵𝑇𝑟) 𝜕𝑟𝜕𝑛 (0 ≤ 𝜉2 ≤ 𝐻)

or − i𝑘𝐴𝑇4 𝐻(1)1 (𝑘𝐴𝑇𝑟) 𝜕𝑟𝜕𝑛 (𝜉2 ≤ 0) ,

(3)

where 𝐻(1)𝑛 ( ) is the Hankel function of the 𝑛th order of
the first kind; 𝜇𝐴, 𝜇𝐵, 𝑘𝐴𝑇 , and 𝑘𝐵𝑇 stand for the elastic
constants and the wave-numbers of the shear wave at current
frequency, for the upper and lower materials, respectively,
where 𝑘𝐽𝑇 = 𝜔/√𝜇𝐽/𝜌𝐽 (𝐽 = 𝐴, 𝐵), in which 𝜌𝐴 and 𝜌𝐵 are
material densities; 𝑟 represents the distance between 𝜉 and
x; 𝑢∗ and 𝑡∗ are the displacement and boundary traction,
respectively, at the point x, respectively, due to a unit line
force exerted at 𝜉. For current antiplane problem, both the
line force and Green’s function -- 𝑢∗ and 𝑡∗ only have the 𝑥3
component.

Let us assume that, except the flaw region 𝐿1 and 𝐿5,
both the free-traction surface and the interface are flat. Let 𝐿0
and 𝐿3 be the free upper surface and the interface between
upper-layer and half-plane, respectively, and 𝐿𝑎∞ and 𝐿𝑏∞
represent the remaining infinite part of upper and lower
boundary, respectively, which will be omitted by truncation
in traditional BEM (see Figure 1).

By substituting all boundaries divided in Figure 2 into
(2), the BIE of the layered media and half-plane are derived
as

12𝑢 (𝜉, 𝜔) + ∫𝐿0∩𝐿3∩𝐿1 𝑡
𝐵 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x)

+ (∫
𝐿𝑎
∞
∪𝐿𝑏
∞

𝑡𝐵 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x)

− ∫
𝐿𝑎
∞

𝑢𝐵 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x))

= ∫
𝐿3∩𝐿1

𝑢𝐵 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x) ,
(4)

12𝑢 (𝜉, 𝜔) + ∫𝐿3∩𝐿5 𝑡
𝐴 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x)

+ ∫
𝐿𝑎
∞

(𝑡𝐴 (𝜉, x, 𝜔) 𝑢 (x, 𝜔)
− 𝑢𝐴 (𝜉, x, 𝜔) 𝑡 (x, 𝜔)) 𝑑𝐿 (x)
= ∫
𝐿3∩𝐿5

𝑢𝐴 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x) ,

(5)

respectively, where the superscripts 𝐴 and 𝐵 indicate
the Green functions of half-plane and the layer, respec-
tively.

3.2. Far-Field Assumption. Since body waves geometrically
attenuate in the propagating direction, the far-field dis-
placement solution can be approximated by a series of
Love surface waves, neglecting the contribution of body
waves.

Therefore, we assume that if the truncated points are
located far enough from the source regions, the displacement
solutions of the infinite boundary at each side can be
expressed as

𝑢 (x, 𝜔) ≈ 𝑅−1 (𝜔) 𝑢1− (x, 𝜔) + 𝑅−2 (𝜔) 𝑢2− (x, 𝜔) + ⋅ ⋅ ⋅
+ 𝑅−𝑛 (𝜔) 𝑢𝑛− (x, 𝜔)

For x ∈ 𝐿𝑎−∞ ∪ 𝐿𝑏−∞,
𝑢 (x, 𝜔) ≈ 𝑅+1 (𝜔) 𝑢1+ (x, 𝜔) + 𝑅+2 (𝜔) 𝑢2+ (x, 𝜔) + ⋅ ⋅ ⋅

+ 𝑅+𝑛 (𝜔) 𝑢𝑛+ (x, 𝜔)
For x ∈ 𝐿𝑎+∞ ∪ 𝐿𝑏+∞,

(6)

where the coordinate vector x is in the form of (𝑥1 𝑥2),𝑅±𝑖 (𝜔) are defined as the unknown complex amplitudes of
the far-field solutions of the 𝑖th order mode Love-wave.
Here, 𝑛 is the number of modes, and 𝑢𝑖±(x, 𝜔) represent
the 𝑖th order mode displacement of unit amplitude Love-
wave propagating in the positive and negative direction
of axis 𝑥1. (Note that Love surface waves are disper-
sive.)

By virtue of assumptions in (6), (4) and (5) can be
rewritten as
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12𝑢 (𝜉, 𝜔) + ∫𝐿0∩𝐿3∩𝐿1 𝑡
𝐵 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x) − ∫

𝐿3∩𝐿1

𝑢𝐵 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x)

= ∑
𝑖

𝑅−𝑖 [∫𝐿𝑎
−∞
∪𝐿𝑏
−∞

𝑡𝐵 (𝜉, x, 𝜔) 𝑢𝑖− (x, 𝜔) 𝑑𝐿 (x) − ∫
𝐿𝑎
−∞

𝑢𝐵 (𝜉, x, 𝜔) 𝑡𝑖− (x, 𝜔) 𝑑𝐿 (x)]
+𝑅+𝑖 [∫𝐿𝑎

+∞
∪𝐿𝑏
+∞

𝑡𝐵 (𝜉, x, 𝜔) 𝑢𝑖+ (x, 𝜔) 𝑑𝐿 (x) − ∫
𝐿𝑎
+∞

𝑢𝐵 (𝜉, x, 𝜔) 𝑡𝑖+ (x, 𝜔) 𝑑𝐿 (x)] (𝑖 = 1, 2, . . . , 𝑛) ,
12𝑢 (𝜉, 𝜔) + ∫𝐿3∩𝐿1 𝑡

𝐴 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x) − ∫
𝐿3∩𝐿1

𝑢𝐴 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x)

= −∑
𝑖

𝑅−𝑖 [∫𝐿𝑎
−∞

𝑡𝐴 (𝜉, x, 𝜔) 𝑢𝑖− (x, 𝜔) 𝑑𝐿 (x) − ∫
𝐿𝑎
−∞

𝑢𝐴 (𝜉, x, 𝜔) 𝑡𝑖− (x, 𝜔) 𝑑𝐿 (x)]
+𝑅+𝑖 [∫𝐿𝑎

+∞

𝑡𝐴 (𝜉, x, 𝜔) 𝑢𝑖+ (x, 𝜔) 𝑑𝐿 (x) − ∫
𝐿𝑎
+∞

𝑢𝐴 (𝜉, x, 𝜔) 𝑡𝑖+ (x, 𝜔) 𝑑𝐿 (x)] (𝑖 = 1, 2, . . . , 𝑛) ,

(7)

respectively. From (7), we define

𝐴𝐵±𝑖 (𝜉) = ∫
𝐿𝑎
±∞
∪𝐿𝑏
±∞

𝑡𝐵 (𝜉, x, 𝜔) 𝑢𝑖± (x, 𝜔) 𝑑𝐿 (x)
− ∫
𝐿𝑎
±∞

𝑢𝐵 (𝜉, x, 𝜔) 𝑡𝑖± (x, 𝜔) 𝑑𝐿 (x) ,
𝐴𝐴±𝑖 (𝜉) = ∫

𝐿𝑎
±∞

𝑡𝐴 (𝜉, x, 𝜔) 𝑢𝑖± (x, 𝜔) 𝑑𝐿 (x)
− ∫
𝐿𝑎
±∞

𝑢𝐴 (𝜉, x, 𝜔) 𝑡𝑖± (x, 𝜔) 𝑑𝐿 (x)

(8)

which represent the corrected items accounting for the
contribution of the omitted boundary.Thus, (7) are simplified
as

12𝑢 (𝜉, 𝜔) + ∫𝐿0∩𝐿3∩𝐿1 𝑡
𝐵 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x)

− ∫
𝐿3∩𝐿1

𝑢𝐵 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x)
= ∑
𝑖

(𝑅−𝑖 𝐴𝐵−𝑖 + 𝑅+𝑖 𝐴𝐵+𝑖 ) (𝑖 = 1, 2, . . . , 𝑛) .
12𝑢 (𝜉, 𝜔) + ∫𝐿3∩𝐿1 𝑡

𝐴 (𝜉, x, 𝜔) 𝑢 (x, 𝜔) 𝑑𝐿 (x)
− ∫
𝐿3∩𝐿1

𝑢𝐴 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x)
+ ∑
𝑖

(𝑅−𝑖 𝐴𝐴−𝑖 + 𝑅+𝑖 𝐴𝐴+𝑖 )
= ∫
𝐿3

𝑢𝐴 (𝜉, x, 𝜔) 𝑡 (x, 𝜔) 𝑑𝐿 (x) (𝑖 = 1, 2 . . . , 𝑛)

(9)

Note that 2𝑛 unknown parameters 𝑅±𝑖 (𝜔) are introduced
into the BIEs, which will add degrees of freedom to the final
BEM system of the BIEs.

3.3. Correction over the Omitted Part of the Infinite Boundary.
In traditional BEM approaches, the contribution of integral

terms on the infinite boundary, that is, the fourth term on the
right-hand side of (4) and the third term on the right-hand
side of (5), is omitted, which introduces considerable error. In
order to separately determine the integral terms over infinite
boundaries such as 𝐿𝑎±∞ and 𝐿𝑏±∞, a multidomain approach
is applied, which involves the division of the whole interfaces
andboundaries into four regions by introducing twofictitious
boundaries 𝐿2 and 𝐿4, as shown in Figure 2. Here, an
incident Love-wave mode with unit amplitude is introduced
propagating along the upper free surface in the positive or
negative direction of 𝑥1, respectively (see Figure 3).

Let us choose the Love surface wave of unit amplitude as
elastodynamic state 1 and the full-space fundamental solution
as elastodynamic state 2. For instance, by virtue of reciprocal
theorem seen from (2), the BIE for region 1 is given as

12𝑢𝑖± (𝜉, 𝜔) = ∫
𝐿

[𝑢∗ (𝜉, x, 𝜔) 𝑡𝑖± (x, 𝜔)
− 𝑡∗ (𝜉, x, 𝜔) 𝑢𝑖± (x, 𝜔)] 𝑑𝐿 (x) .

(10)

By simplifying (10), we arrive at

𝐴𝐵+𝑖 (𝜉) = −12𝑢𝑖+ (𝜉, 𝜔)
− ∫
𝐿+
0
∪𝐿+
1
∪𝐿+
3
∪𝐿2

𝑡𝐵 (𝜉, x, 𝜔) 𝑢𝑖+ (x, 𝜔) 𝑑𝐿 (x)
+ ∫
𝐿+
1
∪𝐿+
3
∪𝐿2

𝑢𝐵 (𝜉, x, 𝜔) 𝑡𝑖+ (x, 𝜔) 𝑑𝐿 (x) .
(11)

By implying an analogous approach for other regions, we
can get 𝐴𝐵−𝑖 (𝜉), 𝐴𝐴−𝑖 (𝜉) and 𝐴𝐴+𝑖 (𝜉), which are expressed as

𝐴𝐵−𝑖 (𝜉) = −12𝑢𝑖− (𝜉, 𝜔)
− ∫
𝐿−
0
∪𝐿−
1
∪𝐿−
3
∪𝐿2

𝑡𝐵 (𝜉, x, 𝜔) 𝑢𝑖− (x, 𝜔) 𝑑𝐿 (x)
+ ∫
𝐿−
1
∪𝐿−
3
∪𝐿2

𝑢𝐵 (𝜉, x, 𝜔) 𝑡𝑖− (x, 𝜔) 𝑑𝐿 (x)
(12)
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Figure 3: Schematic diagram of the multidomain approach: (a) calculate 𝐴𝐵−𝑖 ; (b) calculate 𝐴𝐵+𝑖 ; (c) calculate 𝐴𝐴−𝑖 ; (d) calculate 𝐴𝐴+𝑖 .

𝐴𝐴−𝑖 (𝜉) = −12𝑢𝑖− (𝜉, 𝜔)
− ∫
𝐿−
3
∪L−
5
∪𝐿4

𝑡𝐴 (𝜉, x, 𝜔) 𝑢𝑖− (x, 𝜔) 𝑑𝐿 (x)
+ ∫
𝐿−
3
∪𝐿−
5
∪𝐿4

𝑢𝐴 (𝜉, x, 𝜔) 𝑡𝑖− (x, 𝜔) 𝑑𝐿 (x)
(13)

𝐴𝐴+𝑖 (𝜉) = −12𝑢𝑖+ (𝜉, 𝜔)
− ∫
𝐿+
3
∪𝐿+
5
∪𝐿4

𝑡𝐴 (𝜉, x, 𝜔) 𝑢𝑖+ (x, 𝜔) 𝑑𝐿 (x)
+ ∫
𝐿+
3
∪𝐿+
5
∪𝐿4

𝑢𝐴 (𝜉, x, 𝜔) 𝑡𝑖+ (x, 𝜔) 𝑑𝐿 (x) .
(14)

Note that for the calculation of 𝐴𝐵−𝑖 (𝜉) and 𝐴𝐴−𝑖 (𝜉), the
incident Love-wave is assumed to propagate in the positive
direction, while for𝐴𝐴+𝑖 (𝜉) and𝐴𝐵+𝑖 (𝜉) the propagating direc-
tion is opposite. The fictitious boundary 𝐿4 is, in principle,
infinite. However, since the integrand over 𝐿4 attenuates
rapidly in exponential form away from the interface of half-
plane, without loss of accuracy, we consider the boundary 𝐿4
as a distance of about two Love wavelengths.

4. Numerical Computation

Numerical solutions of (9) require the discretization of
the boundary 𝐿 𝑖 into elements. After the discretization of
the boundary and interpolation of the displacements and
tractions, the discretized BIEs for the layer and half-plane can
be written for each of nodes 𝜉𝑗 and 𝜐𝑗, respectively, as

12𝑢 (𝜉𝑗, 𝜔)

+ ∑
𝑒∈𝐿0∪𝐿1∪𝐿3

𝑁𝑒∑
𝑘=1

{∫
𝐿𝑒

𝑡𝐵 (𝜉𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂)}

⋅ 𝑢 (𝜉𝑘, 𝜔) +
𝑛∑
𝑖=1

𝐴𝐵−𝑖 (𝜉𝑗) 𝑅−𝑖 (𝜔) +
𝑛∑
𝑖=1

𝐴𝐵+𝑖 (𝜉𝑗)
⋅ 𝑅+𝑖 (𝜔)
= ∑
𝑒∈𝐿1∪𝐿3

𝑁𝑒∑
𝑘=1

{∫
𝐿𝑒

𝑢𝐵 (𝜉𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂)}

⋅ 𝑡 (𝜉𝑗, 𝜔) 𝑗 = 1, 2, . . . , 𝑁1,
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12𝑢 (𝜐𝑗, 𝜔) + ∑
𝑒∈𝐿3

𝑁𝑒∑
𝑘=1

{∫
Γ𝑒

𝑡𝐴 (𝜐𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂)}

⋅ 𝑢 (𝜐𝑘, 𝜔) +
𝑛∑
𝑖=1

𝐴𝐴−𝑖 (𝜉𝑗) 𝑅−𝑖 (𝜔)

+ 𝑛∑
𝑖=1

𝐴𝐴+𝑖 (𝜉𝑗) 𝑅+𝑖 (𝜔)

= ∑
𝑒∈𝐿3

𝑁𝑒∑
𝑘=1

{∫
𝐿𝑒

𝑢𝐴 (𝜐𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂)} 𝑡 (𝜉𝑘, 𝜔)

𝑗 = 1, 2, . . . , 𝑁2,
(15)

where 𝑁1, 𝑁2 are the total number of nodes for the layer
and half-plane, respectively, 𝑁𝑒 is the number of nodes per
element, 𝜙𝑘 is the same shape function for each element,
and 𝜂 ∈ [−1, 1] represents the intrinsic coordinate of the
parent element. It is noted that the calculation of corrected
coefficients 𝐴𝐵±𝑖 (𝜉) and 𝐴𝐴±𝑖 (𝜉) is performed in the previous
section.

Equations (15) can be expressed in amore concisemanner
by defining

𝑇𝐵𝑗𝑘 =
{{{{{{{

∫
𝐿𝑒

𝑡𝐵 (𝜉𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) 𝑗 ̸= 𝑘
∫
𝐿𝑒

𝑡𝐵 (𝜉𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) + 12 𝑗 = 𝑘

𝐺𝐵𝑗𝑘 = ∫
𝐿𝑒

𝑢𝐵 (𝜉𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) ,
(16)

𝑇𝐴𝑗𝑘 =
{{{{{{{

∫
𝐿𝑒

𝑡𝐴 (𝜐𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) 𝑗 ̸= 𝑘
∫
𝐿𝑒

𝑡𝐴 (𝜐𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) + 12 𝑗 = 𝑘

𝐺𝐴𝑗𝑘 = ∫
𝐿𝑒

𝑢𝐴 (𝜐𝑗, 𝜂, 𝜔) 𝜙𝑘 (𝜂) 𝑑𝐿 (𝜂) ,
(17)

where the subscripts represent the collocation points 𝜉𝑗 and
𝜐𝑗 with the node 𝑘 of element 𝑒. Then the above equations are
rewritten as

∑
𝑒∈𝐿0∪𝐿1∪𝐿3

𝑁𝑒∑
𝑘=1

𝑇𝐵𝑗𝑘𝑢 (𝜉𝑗, 𝜔) +
𝑛∑
𝑖=1

𝐴𝐵−𝑖 (𝜉𝑗) 𝑅−𝑖 (𝜔)

+ 𝑛∑
𝑖=1

𝐴𝐵+𝑖 (𝜉𝑗) 𝑅+𝑖 (𝜔) = ∑
𝑒∈𝐿1∪𝐿3

𝑁𝑒∑
𝑘=1

𝐺𝐵𝑗𝑘𝑡 (𝜉𝑗, 𝜔)

𝑗 = 1, 2, . . . , 𝑁1,

(18)

∑
𝑒∈𝐿3

𝑁𝑒∑
𝑘=1

𝑇𝐴𝑗𝑘𝑢 (𝜐𝑘, 𝜔) +
𝑛∑
𝑖=1

𝐴𝐴−𝑖 (𝜐𝑗) 𝑅−𝑖 (𝜔)

+ 𝑛∑
𝑖=1

𝐴𝐴+𝑖 (𝜐𝑗) 𝑅+𝑖 (𝜔) = ∑
𝑒∈𝐿3

𝑁𝑒∑
𝑘=1

𝐺𝐴𝑗𝑘𝑡 (𝜐𝑘, 𝜔)
𝑗 = 1, 2, . . . , 𝑁2.

(19)

Then, let us assemble the local elements 𝑇𝐵𝑗𝑘, 𝐺𝐵𝑗𝑘 into
global matrices H𝐵, G𝐵, the node displacement 𝑢(𝜉𝑗, 𝜔) and
node traction 𝑡(𝜉𝑗, 𝜔) into global matrices U𝐵, T𝐵, and the
correction 𝐴𝐵±𝑖 (𝜉𝑗) and the unknown amplitudes 𝑅±𝑖 (𝜔) into
the correction matrices A𝐵± and the amplitude matrices R±.
Equation (18) can be written as

H𝐵U𝐵 + A𝐵±R± = G𝐵T𝐵, (20)

where

U𝐵 = [𝑢 (𝜉1, 𝜔) 𝑢 (𝜉2, 𝜔) ⋅ ⋅ ⋅ 𝑢 (𝜉𝑁1 , 𝜔)]𝑇

T𝐵 = [𝑡 (𝜉1, 𝜔) 𝑡 (𝜉2, 𝜔) ⋅ ⋅ ⋅ 𝑡 (𝜉𝑁1 , 𝜔)]𝑇

A𝐵± =
[[[[[[[
[

𝐴𝐵±1 (𝜉1) 𝐴𝐵±2 (𝜉1) ⋅ ⋅ ⋅ 𝐴𝐵±𝑛 (𝜉1)
𝐴𝐵±1 (𝜉2) 𝐴𝐵±2 (𝜉2) ⋅ ⋅ ⋅ 𝐴𝐵±𝑛 (𝜉2)... ... ... ...
𝐴𝐵±1 (𝜉𝑁1) 𝐴𝐵±2 (𝜉𝑁1) ⋅ ⋅ ⋅ 𝐴𝐵±𝑛 (𝜉𝑁1)

]]]]]]]
]

R± = [𝑅±1 (𝜔) 𝑅±2 (𝜔) ⋅ ⋅ ⋅ 𝑅±𝑛 (𝜔)]𝑇 .

(21)

Conveniently, the corrected BEM system can be rewritten as

[[[[[[
[

T𝐵11 T𝐵12 T𝐵13 T𝐵14
T𝐵21 T𝐵22 T𝐵23 T𝐵24
T𝐵31 T𝐵32 T𝐵33 T𝐵34
T𝐵41 T𝐵42 T𝐵43 T𝐵44

]]]]]]
]

[[[[[
[

U0
U−3
U1
U+3

]]]]]
]
+ A𝐵±R±

=
[[[[[[
[

G𝐵11 G𝐵12 G𝐵13 G𝐵14
G𝐵21 G𝐵22 G𝐵23 G𝐵24
G𝐵31 G𝐵32 G𝐵33 G𝐵34
G𝐵41 G𝐵42 G𝐵43 G𝐵44

]]]]]]
]

[[[[[
[

T0
T−3
T1
T+3

]]]]]
]
,

(22)

where T𝐵𝑖𝑗, G
𝐵
𝑖𝑗 are block matrices of T𝐵, G𝐵 and U±𝛼 , T

±
𝛼

are the node displacement vectors and node traction vectors
corresponding to 𝐿±𝛼, respectively.

Analogously, (19) can be expressed in matrix form:

H𝐴U𝐴 + A𝐴±R± = G𝐴T𝐴, (23)
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where

U𝐴 = [𝑢 (𝜐1, 𝜔) 𝑢 (𝜐2, 𝜔) ⋅ ⋅ ⋅ 𝑢 (𝜐𝑁2 , 𝜔)]𝑇

T𝐴 = [𝑡 (𝜐1, 𝜔) 𝑡 (𝜐2, 𝜔) ⋅ ⋅ ⋅ 𝑡 (𝜐𝑁2 , 𝜔)]𝑇
(24)

A𝐴± =
[[[[[[[
[

𝐴𝐴±1 (𝜐1) 𝐴𝐴±2 (𝜐1) ⋅ ⋅ ⋅ 𝐴𝐴±𝑛 (𝜐1)
𝐴𝐴±1 (𝜐2) 𝐴𝐴±2 (𝜐2) ⋅ ⋅ ⋅ 𝐴𝐴±𝑛 (𝜐2)... ... ... ...
𝐴𝐴±1 (𝜐𝑁1) 𝐴𝐴±2 (𝜐𝑁1) ⋅ ⋅ ⋅ 𝐴𝐴±𝑛 (𝜐𝑁1)

]]]]]]]
]
, (25)

[[[
[

T𝐴11 T𝐴12 T𝐴13
T𝐴21 T𝐴22 T𝐴23
T𝐴31 T𝐴32 T𝐴33

]]]
]
[[[
[

U−3
U5
U+3

]]]
]
+ A𝐴±R±

= [[[
[

G𝐴11 G𝐴12 G𝐴13
G𝐴21 G𝐴22 G𝐴23
G𝐴31 G𝐴32 G𝐴33

]]]
]
[[[
[

T−3
T5
T+3

]]]
]
,

(26)

where T𝐵𝑖𝑗, G
𝐵
𝑖𝑗 are block matrices of T𝐵, G𝐵 and U±𝛼 , T

±
𝛼

are the node displacement vectors and node traction vectors
corresponding to 𝐿±𝛼, respectively.

It should be pointed out that the unknown coefficient
matrices R± which are assembled into the modified BEM
system ((20) and (23)), will add 2𝑛 degrees of freedom into
the final BEM system of equations. Here, we propose a
modified method for Love-wave multimode by introducing
finite sequence truncated points on far-field regions. Based
on the far-field assumption (see (6)), far-field displacements
of 2𝑛 sequence points 𝜉𝑚+𝑖 (𝑖 = 1, 2, . . . , 𝑛) and 𝜉𝑁+𝑖−1 (𝑖 =1, 2, . . . , 𝑛) (see Figure 1) are written as

𝑢 (𝜉𝑚+𝑖, 𝜔) =
𝑛∑
𝑗=1

𝑢𝑗− (𝜉𝑚+𝑖, 𝜔) 𝑅−𝑗 (𝜔)

𝑢 (𝜉𝑁+𝑖−1, 𝜔) =
𝑛∑
𝑗=1

𝑢𝑗+ (𝜉𝑁+𝑖−1, 𝜔) 𝑅+𝑗 (𝜔)
(𝑖 = 1, 2, . . . , 𝑛) ,

(27)

which can also be expressed as the form of matrix

I−𝑅U
−
3 = U−𝑅R

−, (28)

where

I−𝑅 = [−I𝑛 0
0 0

] (29)

U−𝑅

=
[[[[[[[
[

𝑢1− (𝜉𝑚+1, 𝜔) 𝑢2− (𝜉𝑚+1, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛− (𝜉𝑚+1, 𝜔)
𝑢1− (𝜉𝑚+2, 𝜔) 𝑢2− (𝜉𝑚+2, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛− (𝜉𝑚+2, 𝜔)... ... ... ...
𝑢1− (𝜉𝑚+𝑛, 𝜔) 𝑢2− (𝜉𝑚+𝑛, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛− (𝜉𝑚+𝑛, 𝜔)

]]]]]]]
]

(30)

I+𝑅U
+
3 = U+𝑅R

+, (31)

where

I+𝑅 = [0 0
0 −I𝑛]

U+𝑅

=
[[[[[[[
[

𝑢1+ (𝜉𝑁−𝑛+1, 𝜔) 𝑢2+ (𝜉𝑁−𝑛+1, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛+ (𝜉𝑁−𝑛+1, 𝜔)
𝑢1+ (𝜉𝑁−𝑛+2, 𝜔) 𝑢2+ (𝜉𝑁−𝑛+2, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛+ (𝜉𝑁−𝑛+2, 𝜔)... ... ... ...
𝑢1+ (𝜉𝑁, 𝜔) 𝑢2+ (𝜉𝑁, 𝜔) ⋅ ⋅ ⋅ 𝑢𝑛+ (𝜉𝑁, 𝜔)

]]]]]]]
]
.

(32)

Then, by virtue of boundary conditions of two kinds, con-
tinuity of displacements and stresses, among the boundary𝐿3, (22) and (26) and (28) and (31) are finally assembled into
global BEM system, to obtain the scattering coefficients and
displacements directly; thus

[[[[[[[[[[[[[[[[[[[[[
[

T𝐵11 T𝐵12 T𝐵13 T𝐵14 −G𝐵12 0 −G𝐵14 A𝐵−0 A𝐵+0
T𝐵21 T𝐵22 T𝐵23 T𝐵24 −G𝐵22 0 −G𝐵24 A𝐵−3− A𝐵+3−
T𝐵31 T𝐵32 T𝐵33 T𝐵34 −G𝐵32 0 −G𝐵34 A𝐵−1 A𝐵+1
T𝐵41 T𝐵42 T𝐵43 T𝐵44 −G𝐵42 0 −G𝐵44 A𝐵−3+ A𝐵+3+
0 T𝐴11 0 T𝐴13 G𝐴11 T𝐴12 G𝐴13 A𝐴−3− A𝐴+3−
0 T𝐴21 0 T𝐴23 G𝐴21 T𝐴22 G𝐴23 A𝐴−5 A𝐴+5
0 T𝐴31 0 T𝐴33 G𝐴31 T𝐴32 G𝐴33 A𝐴−3+ A𝐴+3+
0 I−𝑅 0 0 0 0 0 U−𝑅 0
0 0 0 I+𝑅 0 0 0 0 U+𝑅

]]]]]]]]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[[[
[

U0
U3−
U1
U3+
T3−
U5
T3+
R−

R+

]]]]]]]]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[[[
[

G𝐵11 G𝐵12 G𝐵13 G𝐵14 0 0 0 0 0

G𝐵21 G𝐵22 G𝐵23 G𝐵24 0 0 0 0 0

G𝐵31 G𝐵32 G𝐵33 G𝐵34 0 0 0 0 0

G𝐵41 G𝐵42 G𝐵43 G𝐵44 0 0 0 0 0

0 0 0 T𝐴13 0 G𝐴12 0 0 0

0 0 0 T𝐴23 0 G𝐴22 0 0 0

0 0 0 T𝐴33 0 G𝐴32 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[[[
[

T0
0
T1
0
0
T5
0
0
0

]]]]]]]]]]]]]]]]]]]
]

,

(33)
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Table 1: Comparisons with truncated locations at 𝑥 = ±60𝜆𝐿/𝐻 (𝜆𝐿 being the Love wavelength for the lowest mode) for the unit line source
problem.

Frequency 𝜔 Modal BEM results (far-field amplitudes) Theoretical far-field Green’s functions
1.2 Modal 1 0.13562i 0.13557i

6.5 Modal 1 0.01634i 0.01635i
Modal 2 0.01335i 0.01335i

10.8
Modal 1 0.00709i 0.00705i
Modal 2 0.00983i 0.00983i
Modal 3 −0.0358i −0.0358i

H

d

Unit line sourcex2

x1

uＣＨ＝uＣＨ＝

Figure 4: Schematic diagram for the unit line source problem.

where

A𝐵± =
[[[[[[
[

A𝐵±0
A𝐵±3−
A𝐵±1
A𝐵±3+

]]]]]]
]

A𝐴± = [[[
[

A𝐴±3−
A𝐴±5
A𝐴±3+

]]]
]
.

(34)

5. Numerical Results

In this section, some numerical examples are illustrated to
show the validity and effectiveness of this modified BEM for
2D Love-wave model. In the following numerical examples,
the material parameters of the layer and half-plane are
dimensionless, which have a shear modulus ratio of 𝜇𝐵/𝜇𝐴 =1.8 and a longitudinal wave velocity ratio of 𝑐𝐵𝑇/𝑐𝐴𝑇 = 0.78,
and the dimensionless frequency is taken as 𝜔 = 2𝜔𝐻/(𝑐𝐴𝑇𝜋).
The element size is selected to have at least 32 elements per
Love wavelength 𝜆𝐿, which provides accurate results for 2D
elastodynamic problem.

Firstly, the numerical results obtained by the modified
BEM will be compared with theoretical far-field Green’s
functions. As shown in Figure 4, this numerical model is a
2D semifinite space with unit harmonic line source acting
in 𝑥3 direction, with the distance 𝑑 between source and
lower interface of the upper-layer. The far-field amplitudes
are presented in Table 1 for various frequencies 𝜔 = 1.2,
6.5, 10.8, while a fixed height 𝑑 = 0.5𝐻. The far-field
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Figure 5: Proper truncation distance with various 𝑑 for the unit line
source problem.

H h
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(b)
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R1

R2

x2

x1

Figure 6: Schematic diagram for Love-wave scattering problem: (a)
a cavity defect of arc surface on the bonding interface, with radius𝑅1 and height h; (b) a circle defect in half-plane with radius 𝑅2 and
depth d.

coefficients of Love-waves are obtained bymodified BEMand
compared with theoretical results [1, 2]. The results are in
excellent agreement (see Table 1), which show the validity of
this modified BEM for a certain range of frequencies. From
additional parametric study, it is found from Figure 5 that,
as the source moved closer to the top surface, for example,𝑑 = 0.1 − 0.9𝐻, longer surface lengths should remain in
the BEM model to ensure the accuracy, which should be
kept in mind as a criterion for accurate calculations of these
numerical results.

Next, the lowest incident Love-wave mode for a fixed
frequency is selected to impinge onto a cavity defect of arc
surface on the bonding interface, with radius 𝑅1 = 𝐻
and height ℎ (see Figure 6). The transmission and reflection
coefficients for each modal at various frequencies: 𝜔 = 0.8, 5,
9.5, are shown in Table 2. And the normalized displacements
for the same frequency range which are here defined as𝑈±scat/∑𝑛𝑖=1 𝑅±𝑖 𝑈𝑖± are plotted. It is observed from Figures
7(a)–7(c) that the scattered displacements are approximated
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Table 2: The transmission and reflection coefficients with truncated locations at 𝑥 = ±60𝜆𝐿/𝐻, ℎ = 0.2 (𝜆𝐿 being the Love wavelength for
the lowest mode), for a circle arc defect at the bonding interface.

Frequency 𝜔 Modal Reflection coefficients Transmission coefficients
0.8 Modal 1 0.00039 − 0.07060i −0.00582 + 0.03457i

5 Modal 1 −0.04383 + 0.10690i 0.01638 + 0.02342i
Modal 2 −0.11344 + 0.06911i 0.07724 + 0.11906i

9.5
Modal 1 −0.03315 + 0.08802i 0.00531 + 0.00383i
Modal 2 −0.19330 + 0.36373i 0.04204 + 0.03600i
Modal 3 −0.22045 − 0.05598i 0.07071 + 0.09606i
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Figure 7: Normalized amplitudes of upper boundary due to a defect at the bonding interface: (a) 𝜔 = 0.8; (b) 𝜔 = 5; (c) 𝜔 = 9.5.

by Love surface waves at far ends, which satisfy the assump-
tions of (6).

For basic check purposes, propagations in the opposite
directions for the same frequency range are considered,
and numerical solutions show very good agreement in all
cases owing to the symmetry of the defect. Furthermore, a
parametric study has been carried out to analyze the influence
of defect height ℎ = 0.2, 0.4, 0.6, 0.8, on the reflected and
transmitted amplitudes which are defined as 𝐴ref = 𝑢−scat/𝑢−
and 𝐴trans = (𝑢+scat + 𝑢inc)/𝑢+. It is found from Figure 8
that as the defect becomes larger, the absolute value of the
transmitted amplitude gradually decreases and the absolute
value of the reflected amplitude is diverse.

Finally, we consider the lowest incident Love-wave mode
for a fixed frequency impinging onto the circle defect in half-
plane with radius 𝑅2 = 0.2𝐻 and depth 𝑑 = 0.5𝐻, in the
positive direction of 𝑥1 (see Figure 6(b)). The transmission
and reflection coefficients of various frequencies: 𝜔 = 0.8,
5, 9.5, are performed in Table 3. As the relative normalized
displacements are plotted in Figure 9(a)–9(c), we could
get the same conclusion that the scattered displacements
are approximated by Love surface waves at far ends. Also,
numerical results for propagation in opposite direction
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Transmitted amplitude
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Figure 8: Reflected and transmitted amplitudes due to a defect at
the bonding interface.

show very good agreement due to the symmetry of the
defect.

6. Conclusion

In this paper, we proposed a modified BEM for scattering
problem of Love surface wave by a defect. The guided
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Table 3: The transmission and reflection coefficients with truncated locations at 𝑥 = ±60𝜆𝐿/𝐻, 𝑅2 = 0.2, and 𝑑 = 0.5 (𝜆𝐿 being the Love
wavelength for the lowest mode) for a circle defect in half-plane.

Frequency 𝜔 Modal Reflection coefficients Transmission coefficients
0.8 Modal 1 −0.00026 + 0.00746i −0.00026 + 0.00758i

5 Modal 1 −0.00004 + 0.00052i −0.00028 + 0.00202i
Modal 2 0.00046 + 0.00494i −0.00190 + 0.01682i

9.5
Modal 1 0.00001 − 0.00001i −0.00002 + 0.00010i
Modal 2 0.00003 − 0.00005i −0.00017 + 0.00090i
Modal 3 0.00018 − 0.00027i −0.00060 + 0.00375i
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Figure 9: Normalized amplitudes of upper boundary due to a circle defect in half-plane: (a) 𝜔 = 0.8; (b) 𝜔 = 5; (c) 𝜔 = 9.5.

Love-wave displacement patterns are assumed on the far-
field infinite boundaries previously omitted, and they are
incorporated into the BEM system as the modified items.
With this improvement, the spurious reflected waves were
eliminated. The validity and effectiveness of this modi-
fied BEM were numerically checked by theoretical far-
field Green’s functions. Various parametric results show
that this method can be applied on the Love-wave model
with a defect of arbitrary shape and location, and as the
geometrical size of the defect becomes larger, the trans-
mitted wave gradually decreases and the reflected wave is
diverse.

In the future, the scattering data from forward analysis
by this modified BEM will be used for the inverse analysis
of reconstructing both the location and specific geometric
information of the debonding cavities.
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This study presents an improved constitutive model for concrete under uniaxial cyclic loading which considers the fatigue stiffness
degradation, fatigue strength degradation, and fatigue residual strain increment of concrete fatigue damage. According to the
constitutive model, the dynamic response and cumulative damage of the tunnel cross structure under various train operation years
were analyzed. The results show that the vibration in the middle of the main tunnel is most violent. With the increase of train
operation period, the acceleration in the middle of the transverse passage floor, both sides of the wall corner and the vault increase
significantly, and themaximumprincipal stress increases significantly only in both sides of thewall corner.The compressive damage
is mainly distributed at both sides of the wall corner, while tensile damage is distributed in both sides of the inner wall corner. The
accumulative damage of the cross structure exhibits a two-stage profile. The size and range of accumulative tensile damage of the
connecting transverse passage are greater than those of accumulative compressive damage.

1. Introduction

For long and large tunnels, a certain number of connecting
transverse passages are normally set up to meet the needs
of the operating ventilation, accident evacuation, fire rescue,
and other functions.The use of these passages forms the cross
tunnel structures. This kind of structure is complex, which
lead to uneven distributed forces for the whole structure.The
stress concentration most often appears at the intersection
due to the train vibration loads [1–4]. In addition, during
the service life of the tunnel, the cross tunnel structure is
subjected to the vibration loads caused by the train for a
long time. The concrete material deteriorates continuously,
and the structure is damaged and cracked all the time,
which ultimately results in structural damage and poses
serious threat to the operational safety of the structure [5–10].
Therefore, it is very important to study the dynamic response
and fatigue cumulative damage law of the special structure of
the cross tunnel under long-term trainwhich caused loads for
the safety of long and large tunnels.

For the properties of the tunnel lining structure material,
the tunnel lining structure is mainly made of reinforced con-
crete in China [11–15]. The fatigue of concrete structures
under cyclic loading causes the damage and cracking of con-
crete lining. At present, the fatigue performance of concrete
structure is mainly studied using indoor fatigue tests. Aas-
Jakobsen [16] proposed a general formula for logarithmic
lifetime and cyclic stress; Tepfer and Kutti [17] identified
the general formula of the basic parameters by the fatigue
test; Holmen [18] studied compressive fatigue performance
of concrete cylindrical specimens under fatigue load; Huang
et al. [19] studied the propagation law of the main crack
of reinforced concrete beams strengthened with prestressed
CFRP sheet under the fatigue load; Cao et al. [20] studied the
fractal characterization in the evolving damage of concrete
structures based on physical model experiments and found
the surface-crack distribution of the damaged concrete struc-
tures.

The fatigue test can accurately describe the fatigue perfor-
mance of the material, but the test is very time-consuming,
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and it is difficult to conduct full-scale tests. Researchers
started to use numerical methods to study the fatigue damage
of the complex structure. Teng and Wang [21] proposed a
two-dimensional damage constitutive model of a reinforced
concrete structure; Petryna and Krätzig [22] proposed a cal-
culation method for long-term performance evaluation of
reinforced concrete structures considering the accumulated
damage; Zhang and Shi [23] used the finite element method
to study the interface peel stress and its influencing factors
on reinforcement and concrete under the fatigue load; J.-
S. Zhu and X.-C. Zhu [24] proposed a simplified method
for numerical simulation of the fatigue failure process of
reinforced concrete bridge structures under operating loads;
Wang [25] established a stochastic damage constitutivemodel
based on modified elastomeric Helmholtz free energy under
tension and compressive conditions; Wang [26] proposed an
equivalent static analysis method for the fatigue cumulative
damage process of concrete components.

For the vibration effects caused by train, studies have been
conducted on the dynamic response characteristics of tunnels
under the train vibration. Gharehdash andBarzegar [27] used
a complex elastoplastic 3D dynamic finite difference model
by fully considering the joints to study the dynamic response
of the shield tunnel buried in soft soil under the vibration
loads; Gupta et al. [28] presented the experimental validation
of a numerical model for the prediction of subway induced
vibrations; Gupta et al. [29] used a coupled periodic finite
element-boundary element model to study the vibration
response from a Thalys high-speed train in the Groene Hart
tunnel; Lin [30] studied the dynamic response of the tunnel
under different conditions, such as the preconstruction of the
train vibration load.

However, most of the current methods are complex in
theory and cannot simulate the fatigue damage behavior
of concrete structures under high cyclic loads. Most of the
studies only focus on the fatigue analysis of concrete beams,
aiming at the dynamic response of the tunnel under the
train causing vibration loads. There is a lack of research on
dynamic responses of the tunnel structure under the high
cyclic loads and lack of the fatigue damage analysis of the
cross tunnel structure, formed by the main tunnel and the
transverse passage.

The improved uniaxial cyclic loading constitutive model
for concrete is proposed based on the latest concrete uniaxial
monotone load constitutivemodel given by “Code for Design
of Concrete Structures” (GB50010-2010) [31], together with
the concrete fatigue constitutive relation proposed by J. S. Zhu
and X. C. Zhu [24]. This model is able to more accurately
simulate the mechanical behavior of the commonly used
concrete. The formulas for calculating the concrete fatigue
stiffness variables, fatigue residual strength variables, and
fatigue residual strain variables are included in the cyclic
loading constitutive model. Based on the actual situation
of the Shiziyang tunnel project of Guangzhou-Shenzhen-
Hongkong Railway Passenger Dedicated Line, numerical
analysis models were established, and the dynamic response
and cumulative damage characteristics of the tunnel cross
structures under train vibration load were analyzed.

2. Constitutive Model of Concrete Uniaxial
Monotone Loading

The stress-strain curves of concrete under monotonic com-
pression were obtained according to the test data fitting in the
“Code for Design of Concrete Structures” (GB50010-2010)
and are as follows [31]:

𝜎𝑐 = 𝑘𝑐𝐸𝑐𝜀, (1)

where

𝑘𝑐 =
{{{{{{{

𝜌𝑐𝑛𝑛 − 1 + 𝑥𝑛 , 𝑥 ≤ 1
𝜌𝑐𝛼𝑐 (𝑥 − 1)2 + 𝑥 , 𝑥 > 1,

𝑥 = 𝜀𝜀𝑐𝑟 ,
𝜌𝑐 = 𝑓𝑐𝐸𝑐𝜀𝑐𝑟 ,
𝑛 = 𝐸𝑐𝜀𝑐𝑟𝐸𝑐𝜀𝑐𝑟 − 𝑓𝑐 ,
𝛼𝑐 = 0.157𝑓0.785𝑐 − 0.905,

(2)

where 𝜀 is concrete strain; 𝐸𝑐 is nondestructive elastic modu-
lus of concrete; 𝜎𝑐 is compressive stress of concrete; 𝑓𝑐
is peak compressive stress; 𝜀𝑐𝑟 is peak compressive strain
corresponding to the peak compressive stress and can be
taken as 𝜀𝑐𝑟 = (700 + 172√𝑓𝑐) × 10−6.

When the concrete is monotonically tensile, the stress-
strain curve is as follows [32]:

𝜎𝑡 = 𝑘𝑡𝐸𝑐𝜀, (3)

where

𝑘𝑡 = {{{{{
𝜌𝑡 (1.2 − 0.2𝑥5) , 𝑥 ≤ 1𝜌𝑡𝛼𝑡 (𝑥 − 1)1.7 + 𝑥, 𝑥 > 1,

𝑥 = 𝜀𝜀𝑡𝑟 ,
𝜌𝑡 = 𝑓𝑡𝐸𝑐𝜀𝑡𝑟 ,
𝛼𝑡 = 0.312𝑓2𝑡 ,

(4)

where 𝜎𝑡 is concrete tensile stress; 𝑓𝑡 is peak tensile stress; 𝜀𝑡𝑟
is the peak tensile strain corresponding to the peak tensile
stress and can be taken as 𝜀𝑡𝑟 = 65𝑓0.54𝑡 × 10−6.
3. Constitutive Model of Concrete under
Uniaxial Cyclic Loading

The related research [33] shows that the fatigue damage of
concrete structures under cyclic loading is mainly demon-
strated in three aspects: stiffness decrease, strength degra-
dation, and residual strain increase. Therefore, according to
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concrete uniaxial constitutive model of the above specifica-
tion and the concrete fatigue constitutive relation proposed
by J. S. Zhu and X. C. Zhu [24], the fatigue constitutive model
of concrete under uniaxial compression can be proposed: that
is, the stress-strain curve is as follows:

𝜎𝑐 = 𝑘𝑐𝐸𝑐 (𝑁) (𝜀 − Δ𝜀𝑟 (𝑁 − 1)) , (5)

where the residual strain of concrete Δ𝜀𝑟(𝑁 − 1) after 𝑁 − 1
times fatigue loads, the peak compressive strain 𝜀𝑐𝑟(𝑁), and
the modulus of elasticity 𝐸𝑐(𝑁) after 𝑁 times fatigue loads
are considered, and the relevant revised parameters for the
constitutive model are as follows:

𝑘𝑐 =
{{{{{{{{{

𝜌𝑐𝑛𝑛 − 1 + 𝑥𝑛 , 𝑥 ≤ 1
𝜌𝑐𝛼𝑐 (𝑥 − 1)2 + 𝑥, 𝑥 > 1,

𝑥 = 𝜀 − Δ𝜀𝑟 (𝑁 − 1)𝜀𝑐𝑟 (𝑁) ,
𝜌𝑐 = 𝜎𝑟𝑐 (𝑁)𝐸𝑐 (𝑁) 𝜀𝑐𝑟 (𝑁) ,
𝑛 = 𝐸𝑐 (𝑁) 𝜀𝑐𝑟 (𝑁)𝐸𝑐 (𝑁) 𝜀𝑐𝑟 (𝑁) − 𝜎𝑟𝑐 (𝑁) ,
𝛼𝑐 = 0.157𝜎0.785𝑟𝑐 (𝑁) − 0.905.

(6)

Considering the effect of peak compressive stress 𝜎𝑟𝑐(𝑁)
after 𝑁 times fatigue loads, the peak compressive strain can
be obtained after𝑁 times fatigue loads:

𝜀𝑐𝑟 (𝑁) = (700 + 172√𝜎𝑟𝑐 (𝑁)) × 10−6. (7)

Similarly, when concrete is subjected to tensile loads, the
formula can be proposed as follows:

𝜎𝑡 = 𝑘𝑡𝐸𝑐 (𝑁) (𝜀 − Δ𝜀𝑟 (𝑁 − 1)) , (8)

where the residual strain of concrete Δ𝜀𝑟(𝑁 − 1), peak tensile
strain 𝜀𝑡𝑟(𝑁), and elastic modulus 𝐸𝑐(𝑁) are considered, and
the parameters are revised as follows:

𝑘𝑡 =
{{{{{{{

𝜌𝑡 (1.2 − 0.2𝑥5) , 𝑥 ≤ 1
𝜌𝑡𝛼𝑡 (𝑥 − 1)1.7 + 𝑥 , 𝑥 > 1,

𝑥 = 𝜀 − Δ𝜀𝑟 (𝑁 − 1)𝜀𝑡𝑟 (𝑁) ,
𝜀𝑡𝑟 (𝑁) = 65𝜎0.54𝑟𝑡 (𝑁) × 10−6,

𝜌𝑡 = 𝜎𝑟𝑡 (𝑁)𝐸𝑐 (𝑁) 𝜀𝑡𝑟 (𝑁) ,
𝛼𝑡 = 0.312𝜎2𝑟𝑡 (𝑁) ,

(9)

where 𝜎𝑟𝑡(𝑁) is the structural concrete peak tensile stress
after loading the𝑁 times fatigue load and 𝜀𝑡𝑟(𝑁) is the peak
tensile strain after loading𝑁 times fatigue load.

3.1. Concrete Fatigue Stiffness Related Variable 𝐸𝑐(𝑁). Ac-
cording to the relevant fatigue test, Holmen [18] proposed the
degradation formula for the concrete elastic modulus:

𝐸𝑐 (𝑁) = (1 − 0.33𝑁𝑁𝑓 )𝐸𝑐, (10)

where𝑁𝑓 is the concrete fatigue life.
3.2. Concrete Fatigue Residual Strength Variables 𝜎𝑟𝑐(𝑁) and𝜎𝑟𝑡(𝑁). The residual fatigue strength of concrete is related
to the number of fatigue load cycles and the maximum and
minimum stresses of the load [21].

The study [32] shows that themaximum total strain when
concrete is broken under tensile and compressive fatigue
loads is equivalent to the strain corresponding to the max-
imum stress of fatigue load in monotonic loading softening
section, as shown in Figure 1, the point B in the stress-strain
curve of concrete under uniaxial static load and fatigue pro-
cess. It is assumed that the concrete fatigue residual strength
envelope [34] is represented by the shape of softening section
of monotonic loading stress-strain curve of the concrete.
Therefore, the concrete residual strength envelope can be
obtained by the softening section shape ofmonotonic loading
stress-strain curve of the concrete.

According to the softening section shape of the mono-
tonic stress-strain relationship curves of the concrete, the
envelope equation of the residual fatigue strength of the
concrete can be obtained as follows: [24]

𝜎𝑟𝑐 (𝑁) = 𝑥 (𝑁)𝑓𝑐𝛼𝑐 (𝑥 (𝑁) − 1)2 + 𝑥 (𝑁) , (11)

where 𝑥(𝑁) is the function of fatigue load times 𝑁: that is
[24],

𝑥 (𝑁) = lg𝑁
lg𝑁𝑓 [𝑥 (𝑁𝑓) − 1] + 1. (12)

The tensile residual strength envelope of concrete is shown by
the following equation [24]:

𝜎𝑟𝑡 (𝑁) = 𝑥 (𝑁)𝑓𝑡𝛼𝑡 (𝑥 (𝑁) − 1)1.7 + 𝑥 (𝑁) . (13)

Considering the initial conditions of concrete residual
strength and failure criterion, the boundary conditions were
taken into account in the concrete compressive and tensile
fatigue residual envelope equation.The concrete compressive
and tensile dependent variables A and B were available. Sub-
stituting those variables to formulas (11) and (13), the fatigue
residual strength of concrete can be obtained.

3.3. Residual Strain of Concrete Fatigue Δ𝜀𝑟(𝑁). Holmen
obtained the formula of the fatigue residual strain of concrete
by the curve fitting the experimental data, without consider-
ing the stress ratio. The formula is as follows: [19]:

Δ𝜀𝑟 (𝑁) = Δ𝜀𝑟 (1) + 𝑘1𝜀𝑘2max (1 − 𝜀min/𝜀max)𝑘3𝜀𝑘5
𝑘

𝑁𝑘4 , (14)
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Figure 1: The concrete uniaxial static load and fatigue stress-strain curves.

where Δ𝜀𝑟(1) is the residual strain of the structure after 1 time
fatigue load; 𝜀max, 𝜀min are themaximum stress andminimum
stress of the structure when the fatigue load reaches the upper
or lower limit of stress, respectively. 𝜀𝑘 is the longitudinal total
strain when the residual strain of concrete enters the final
stage. The experimental result shows that it is close to the
peak strain in the uniaxial stress-strain curve of concrete [33].
Wang et al. [35] obtained fatigue residual strain formula with
the material constants through the fatigue test data fitting
analysis and is as follows:

Δ𝜀𝑟 (𝑁) = Δ𝜀𝑟 (1)
+ 0.00105𝜀1.98max (1 − 𝜀min/𝜀max)5.27𝜀1.41

𝑘

𝑁0.395. (15)

4. Life Analysis Method of Concrete Structure

Life estimation was based on FE-SAFE fatigue analysis
software. Firstly, the ABAQUS calculation was used to obtain
the dynamic response of the cross structure in the process
of the train operation in the tunnel. Secondly, the concrete
stress-life curve (i.e., S-N curve) of concrete was determined
by formulas (16) and (17). Based on FE-SAFE’s nominal stress
prediction method, the dynamic response and N-S curve of
the cross structure were analyzed, so that the fatigue life of
the structure can be obtained.

The fitting formula for the tensile fatigue life and fatigue
load curves of concrete [17] was obtained by the uniaxial
compression test of concrete, proposed by Tepfers and Kutti:

lg𝑁𝑐,𝑓 = 1𝛽 [ 1 − 𝑓𝑐,max/𝑓𝑐𝑢1 − 𝑓𝑐,min/𝑓𝑐,max
] , (16)

where 𝛽 is the material constant of concrete, the value range
is 0.064∼0.080, Teng and Wang [21] suggested an average of
0.072;𝑓𝑐,max,𝑓𝑐,min are themaximumcompressive stress value
and the minimum compressive stress value of cyclic load,
respectively. 𝑓𝑐𝑢 is the compressive strength of concrete.

The tensile fatigue life and fatigue load curves of concrete
were obtained by the fitting formula based on concrete fatigue
splitting test [17]:

lg𝑁𝑡,𝑓 = 1𝛽 [1 − 1 − ((𝑓𝑡,max − 𝑓𝑡,min) /𝑓𝑡)1 − 𝑓𝑡,min/𝑓𝑡 ] , (17)

where 𝑓𝑡,max and 𝑓𝑡,min are the maximum tensile stress and
the minimum tensile stress of the cyclic load, respectively; 𝑓𝑡
is the tensile strength of concrete.

5. Damage Analysis Theory

Plastic flow, microcracks, and microvoids are the fundamen-
tal reasons of nonlinearity of concrete. From themacroscopic
performance, it shows the obvious difference of concrete
tensile strength and compressive strength and the residual
deformation of concrete [36]. The plastic damage constitu-
tive model of concrete (CDP model) based on continuous
medium was adopted to better simulate the nonlinear prop-
erties of concrete subjected to external load [37].

According to the energy equivalent principle proposed by
Sidoroff [38], the structural damage factor is as follows:

𝐷 = 1 − √ 𝐸𝐸𝑐 , (18)

where 𝐸 is the elastic modulus when the concrete is dam-
aged.

According to the plastic damage theory of concrete, when
the concrete is tensile, the cracking strain is [37]

𝜀𝑐𝑘𝑡 = 𝜀 − 𝜎𝑡𝐸𝑐 , (19)

where 𝜎𝑡 is the tensile stress of concrete.
When the concrete is compressive, the inelastic strain is

[37]

𝜀𝑖𝑛𝑐 = 𝜀 − 𝜎𝑐𝐸𝑐 , (20)

where 𝜎𝑐 is the tensile stress of concrete.
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Figure 2: Flowchart of structural damage analysis.

6. Dynamic Fatigue Damage Analysis Progress
and Model of Tunnel Structure

The complex cross structures of the tunnel with the designed
service life up to 100 years are subjected to high cycle
fatigue problems under the train caused vibration loads. It is
uneconomical to calculate the dynamic impact of train on the
tunnel every time. Petryna and Krätzig proposed the idea of
high cycle structural fatigue [32, 39]. The dynamic response
of the train operation in the cross tunnel structure under the
vibration load for the first time can be simulated.Then, based
on the response law of the structure under the vibration load
of train for the first time, the fatigue life of the cross structure
can be calculated to obtain the concrete uniaxial cyclic
loading constitutive model of the cross tunnel after𝑁th train
vibration load. Finally, based on the concrete constitutive
model after𝑁 times of train operation, the dynamic response
and fatigue cumulative damage of tunnel cross structure after
the specific operation years can be simulated. Specific analysis
process is shown in Figure 2.

7. Project Overview

Guangzhou-Shenzhen-Hong Kong Railway Passenger Dedi-
cated Line is a fast railway channel connecting Guangzhou,

Haixinsha

Dashawei

Xidatan
Dongyong

Station

Shazi
Island

Shiziyang
River

Nansha economic
development zone

Xiaohu
Island

Shiziyang
Tunnnel

Figure 3: The planar graph of the Shiziyang subsea tunnel.

Shenzhen, and Hong Kong, which is an important part of the
intercity railway network in the Pearl River Delta. The full
length of the Shiziyang subsea tunnel is 10.8 km, and it is the
longest and highest standard subsea railway tunnel in China.
Guangzhou-Shenzhen-HongKong PassengerDedicated Line
Shiziyang Tunnel is located at Dongyong Station, Humen
Station interval. The ground layers where the tunnel run
through are mainly soil, mucky soil, silty clay and fine sand,
coarse sand, weathered and weak weathered argillaceous
siltstone, siltstone, and fine sandstone. The planar graph and
the vertical sectional profile of the Shiziyang subsea tunnel
are shown in Figures 3 and 4.

According to the actual situation of the project, the
connecting transverse passage cross structure of Shiziyang
railway shield tunnel was selected and studied here. The
dynamic response of cross structure was simulated when the
marshalling train is running in the A tunnel. It is assumed
that the train is running in the main tunnel A. The clear
distance between two tunnels is 5.0m and the design speed
is 300 km/h. The buried depth of the selected section of
the tunnel is 19.0m, located in the weak weathered muddy
siltstone, topsoil layer covered with lighter silty clay layer,
and fine sand layer. The outer and inner diameters of the
shield tunnel are 10.8m and 9.8m. The lining is assembled
in a 7 + 1 block way with a universal wedge ring reinforced
concrete single segment. In order to consider the impact of
the segment on the structure, the stiffness reduction ring is
set at themain tunnel spacing, and the reduction factor is 0.8.
The width and height of connecting transverse passage are
4.0m and 5.0m, respectively. The length, width, and height
of the stratigraphic structure model are 800.0m, 80.0m, and
50.0m, respectively. All the boundaries except for the upper
boundary are simulated using a continuously distributed
parallel spring-damper system.This boundary treatment can
effectively solve the near field fluctuation problem at soil-
structure dynamic interaction.

Marshalling train does not consider the connection
between the carriages. The train contains 8 carriages with
single carriage length of 25.0m. Each carriage at the front and
rear part has two pairs of axles, a total of 32 pairs of axles.The
physical and mechanical parameters of surrounding rock,
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Figure 5: The model of the structure.

lining concrete, and track are shown in Table 1.The numerical
analysis models of cross tunnel are shown in Figure 5.

The profile irregularity of a railway line is one of the
essential vibration sources for vehicles and track [40]. Assum-
ing that the high-speed trains run 40 times per day in the
tunnel, the vibration load of the train was selected by the
measured load curve of train vibration at 300 km/h, as shown
in Figure 6.

In order to simulate the variation of the spatial position
and the vibration load time in the upper tunnel where the
high-speed train is running, the travel speed of 300 km/h was
applied to themarshalling train, to simulate the space driving
effect of the train, as shown in Figure 7.

Track and trainwere simulated using linear elasticmateri-
als, the surrounding rock was simulated by the elastic-plastic
model with damping, and the vibration system damping
used Rayleigh damping. According to the above analysis
process and the dynamic response analysis model of the cross
tunnel structure under the train vibration, the train vibration
response and fatigue cumulative damage analysis of the shield
tunnel cross structure were carried out.

8. Result Analysis

Firstly, the fatigue life of the tunnel cross structure under
the vibration load of the train was analyzed. The stress
time-history of the tunnel cross structure obtained by the
calculation during the train operation in the tunnel for the
first time was introduced into the FE-SAFE software. The
logarithmic life distribution nephogram of the cross tunnel
structure was calculated as shown in Figure 8.

From Figure 8, the shorter part of the cross structural life
is mainly concentrated in the main tunnel A near the middle
of the vault and connecting transverse passage on both sides
of the wall corner.The minimum logarithmic life of the cross
structure is 6.491. The minimum life of the structure is about
3.10 × 106 times.

8.1. Dynamic Response and Cumulative Damage of
Main Tunnel

8.1.1. Structural Acceleration. Based on the response law and
fatigue life of the structure under the train vibration load for
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Table 1: Physical and mechanical parameters table.

Material Density Elastic modulus Poisson’s ratio Friction angle Cohesion
(kg/m3) (GPa) (∘) (MPa)

Track 7850 200 0.2 - -
Lining 2400 34.5 0.2 43.0 1.10
Surrounding rock 2000 3.65 0.325 33.0 0.45
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Figure 6: Measured train vibration load curve (300 km/h).

A tunnel
B tunnel

Driving 
direction

Figure 7: Schematic diagram of train vibration load.

the first time, the fatigue constitutive model of the structure
can be obtained.Then, the dynamic response and cumulative
damage effect of the cross tunnel structure after operating a
certain period of time can be calculated.

Four positions of the tunnel arch bottom were selected as
the analysis points, and the analysis points layouts are shown
in Figure 9.The analysis points are located at the arch bottom
of the tunnels.The longitudinal spacing between the points is
20m.

The acceleration amplitude of the main tunnel analysis
points A1, A2, A3, and B were extracted, after high-speed
trains ran in the tunnel 1, 1 × 103, 1 × 104, 1 × 105, 2 × 105,
5× 105, 1 × 106, 1.5× 106 times, as shown in Table 2.

From Table 2, the vibration acceleration amplitudes of
tunnel analysis points have a certain degree of increase
with the increasing train operation time. The acceleration
amplitude of the main tunnel A with the train operation is
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Figure 8: Distribution nephogram of fatigue life of cross tunnel
structure.

Driving
direction

A3 A2 A1

B 

Cross
section

B tunnel
entrance

A tunnel
entrance

Figure 9: Diagram of tunnel analysis points.

obviously larger than that of the adjacent tunnel B.Themaxi-
mum growth amplitude of the tunnel A is 0.21m/s2.

8.1.2. 	e Maximum Principal Stress of Structure. The maxi-
mum principal stress time-history curve of point A2 of the
main tunnel A is shown in Figure 10, when the train is
running in a cross shield tunnel for the first time.

Figure 10 shows thatwhen the train is running in themain
tunnel for the first time, the closer the train is to the point of
analysis, the more intense it vibrates. At 3.7 s, the vibration
at the arch bottom A2 is the most violent, and the maximum
principal stress reaches 0.94MPa.

The maximum principal stress curves of the analysis
points are shown in Figure 11.

From Figure 11, the maximum principal stress peaks
of the tunnel analysis points increase with the increasing
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Table 2: Acceleration amplitude of tunnel analysis points.

Number of runs Running time A1 A2 A3 B
(Times) (Years) (m/s2) (m/s2) (m/s2) (m/s2)
1 0 0.89 2.28 0.73 0.35
1.0 × 103 0.07 0.91 2.29 0.76 0.35
1.0 × 104 0.69 0.93 2.30 0.77 0.35
1.0 × 105 6.85 0.94 2.30 0.81 0.35
2.0 × 105 13.70 0.94 2.33 0.87 0.36
5.0 × 105 34.25 0.94 2.36 0.89 0.37
1.0 × 106 68.49 0.95 2.43 0.90 0.39
1.5 × 106 102.74 0.99 2.51 0.99 0.41
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Figure 10: Time-history curve of maximum principal stress (A2).

train operation time. During the tunnel design period, the
maximum principal stress at the analysis points presents a
two-stage change characteristic: in the first stage, from 0 to
13.70 years, the maximum principal stress amplitude of the
analysis points A1, A2, andA3 increases rapidly. In the second
stage, from 13.70 to 102.74 years, the growth rates of analysis
point of the main tunnel arch bottom are relatively slow
and close to the linear development.Themaximum principal
stress of the analysis point B in the tunnel operation period
is basically linear trend, which is only 17.4% of the point A2.
It is concluded that the adjacent tunnel B belongs to passive
vibration; therefore, the vibration load of the train has little
effect on the adjacent main tunnel B.

Figure 12 shows the development trend of the maximum
principal stress of the main tunnel segment. It can be seen
from Figure 10 that themaximumprincipal stress of themain
tunnel arch bottom is the largest, and the right analysis point
near the transverse passage is the second, and the left analysis
point away from the transverse passage is the smallest.

8.1.3. Structural Cumulative Damage. The distribution neph-
ogram of the cumulative tensile damage of the cross structure
after tunnel operation 102.74 years is shown in Figure 13.
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Figure 11: The variation curves of the maximum principal stress of
tunnel analysis points.

Figure 13 shows that the cumulative tensile damage is
mainly concentrated near the invert of themain tunnel A.The
size and range of the cumulative tensile damage value in the
middle invert of the main tunnel A are obviously higher than
those of other positions. In addition, the cumulative tensile
damage develops fromnear the arch bottom to the sidewall of
the connecting transverse passage in the middle of the main
tunnel A, due to the presence of the connecting transverse
passage.

The development trend of the tensile damage of the anal-
ysis points C1, C2, and C3 is shown in Figure 14 to further
analyze the cumulative damage development of the main
tunnel structure.

Figure 14 shows that the cumulative tensile damage of
the main tunnel segment increases with the increase of the
train operation time. The cumulative tensile damage of the
point C3 in the arch bottom is the largest. The cumulative
tensile damage of the right analysis point C2 is obviously
larger than the left analysis point C1 when the high-speed
train operation is 102.27 years, because the right analysis point
C2 is connected with the transverse passage, leading to the
structural stress concentration.
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Figure 13: Distribution nephogram of cumulative tensile damage of
cross structure (102.74 a).

8.2. Dynamic Response and Cumulative Damage of
Connecting Transverse Passage Structure

8.2.1. Structural Acceleration. As can be seen from the above,
the connection location is a weak part of the structure due
to the stiffness singularity of main tunnel and connected
transverse passage. Therefore, the interface of the connected
transverse passage and the main tunnel was taken as the
analysis section, and the maximum envelope of the accelera-
tion in the time-history range was obtained by extracting the
acceleration of the interface of the typical time point (the train
first operation, operating for 0.07, 70.68, 49, and 102.44 years),
as shown in Figure 15.

Figure 15 shows that the train is running for the first time
in the tunnel, the acceleration of the connecting transverse
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Figure 14: The development trend of tensile damage of the main
tunnel segment.

passage mainly focuses on the middle of the transverse pas-
sage floor, and the acceleration maximum value is 4.26m/s2.
The minimum value of acceleration is about 0.76m/s2 in
the vault of connected transverse passage. With the increase
of the operation time, the acceleration of the middle of the
connecting transverse passage floor, both sides of the wall
corner and vault increase significantly.

8.2.2. Maximum Principal Stress of the Structure. The maxi-
mum principal stress values of the analysis point of the left
side wall corner of the transverse passage were extracted,
when the train is running for the first time, as shown in
Figure 14.

Figure 16 shows that the vibration of the left side wall
corner of the transverse passage is more intense when the
distance of the train from the connecting transverse passage
becomes closer. When the train runs to the analysis point
A2, at 3.7 s, the vibration of the analysis point is the most
intense, and the maximum principal stress reaches 1.06MPa.
It is concluded that the vibration response of the left side
wall corner of the transverse passage is more intense than
that of arch bottom of the main tunnel, due to the singu-
larity of the main tunnel and connecting transverse passage
stiffness.

The maximum envelope of maximum principal stress in
time-history range when the train is running for the first time
was obtained by extracting the maximum principal stress at
the typical time point interface, as shown in Figure 17.

Figure 17 shows that the principal stress of the connecting
transverse passage is mainly concentrated near the side wall
corner. The maximum principal stress at the right side wall
corner reaches 1.06MPa. As the operation time increases,
the maximum of maximum principal stress moves upward
from the skewback along the side wall to upside and its range
gradually increases.
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Figure 16: The maximum principal stress time-history curve of the
left side wall for the first running.

8.2.3. Cumulative Damage of Structure. Cumulative com-
pressive and tensile damage of connecting transverse passage
was extracted to further analyze damage situation of connect-
ing transverse passage, as shown in Figures 18 and 19.

Figures 18 and 19 show that the cumulative damage of the
connecting transverse passage is mainly distributed in both
sides of side wall corner. As the operation time increases,
the damage develops towards the side wall and the floor;
especially after the tunnel operation for 102.74 years, the
damage is particularly evident. In addition, the damage size
and range of the side wall corner are greater than those of the
right side wall corner. The cumulative compressive damage
of connecting transverse passage is mainly distributed in the
outerwall corner position, while cumulative tensile damage is
mainly distributed in the innerwall corner.The size and range
of tensile damage of structure are larger than those of the
compressive damage.The results show that the tensile damage
of transverse passage is the main factor of structure damage.

Considering that the connecting transverse passage is
mainly affected by the tensile damage, the cumulative maxi-
mum damage values of the transverse passage at the different
operation times were extracted and the maximum develop-
ment curve was shown in Figure 20.

Figure 20 shows that, in the first stage of the train oper-
ation of 0∼6.85 years, the damage of connecting transverse
passage develops rapidly with the duration of 6.8 years.
In the second stage of 6.85∼68.49 years, the cumulative
damage development is relatively gentle and close to the
linear development, which can be used to predict structure
damage development. In the third stage of 68.49∼102.74
years, cumulative damage development is intense. It shows
nonlinear development trend, with the duration of 68.5 years.
It is concluded that the initial microcracks in the interior of
the material caused by the defects of the concrete itself are
developed due to the reciprocating vibration load of the train.
The longitudinal development is faster in the first stage of the
train operation. In the second stage, because the concrete is
constrained by other aggregates, the number of microcracks
does not increase significantly. But the existing cracks con-
tinue to expand, thematerial strength decreases continuously,
and the damage is close to linear accumulation. In the third
stage, the microcracks of concrete are interconnected and
expanded with each other, and they continue to damage the
bond between the aggregate and the mortar, and cracks are
rapidly expanding.

9. Conclusions

Considering the driving effects of high-speed train, the
vibration fatigue life of tunnel cross structure was calculated
using fatigue analysis software. The dynamic response and
cumulative damage characteristics of cross tunnel structure
of Shiziyang railway shield tunnel at various operation years
were analyzed, which meet the requirements of the designed
life of 100 years according to the Chinese standard. The
following main conclusions are obtained:

(1) According to the latest concrete design code, the
uniaxial cyclic loading constitutive model of concrete is
proposed by taking into account the factors such as the
stiffness degradation of concrete, the strength decrease of
concrete, and the increase of fatigue residual strain. The
proposed model is suitable for high cycle vibration fatigue
analysis of train and can reflect the current commonly used
concrete mechanical properties.

(2)The high-speed train ran in the cross tunnel structure
and the middle area of the main tunnel in which the train
runs were the most violent. The dynamic response of the
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Figure 17: Maximum envelope of maximum principal stress at different operation times (MPa).

(Avg: 75%)
Damage 

+0.000e + 00
+8.589e − 07
+1.718e − 06
+2.577e − 06
+3.436e − 06
+4.295e − 06
+5.153e − 06
+6.012e − 06
+6.871e − 06
+7.730e − 06
+8.589e − 06
+9.448e − 06
+1.031e − 05
+1.117e − 05
+1.202e − 05
+1.288e − 05
+1.374e − 05
+1.460e − 05
+1.546e − 05
+1.632e − 05
+1.718e − 05
+1.804e − 05
+1.890e − 05
+1.976e − 05
+2.061e − 05

(a) 0.07 a

(Avg: 75%)
Damage 

+0.000e + 00
+8.589e − 07
+1.718e − 06
+2.577e − 06
+3.436e − 06
+4.295e − 06
+5.153e − 06
+6.012e − 06
+6.871e − 06
+7.730e − 06
+8.589e − 06
+9.448e − 06
+1.031e − 05
+1.117e − 05
+1.202e − 05
+1.288e − 05
+1.374e − 05
+1.460e − 05
+1.546e − 05
+1.632e − 05
+1.718e − 05
+1.804e − 05
+1.890e − 05
+1.976e − 05
+2.061e − 05

(b) 13.7 a

(Avg: 75%)
Damage 

+0.000e + 00
+8.589e − 07
+1.718e − 06
+2.577e − 06
+3.436e − 06
+4.295e − 06
+5.153e − 06
+6.012e − 06
+6.871e − 06
+7.730e − 06
+8.589e − 06
+9.448e − 06
+1.031e − 05
+1.117e − 05
+1.202e − 05
+1.288e − 05
+1.374e − 05
+1.460e − 05
+1.546e − 05
+1.632e − 05
+1.718e − 05
+1.804e − 05
+1.890e − 05
+1.976e − 05
+2.061e − 05

(c) 48.49 a

(Avg: 75%)
Damage 

+0.000e + 00
+8.589e − 07
+1.718e − 06
+2.577e − 06
+3.436e − 06
+4.295e − 06
+5.153e − 06
+6.012e − 06
+6.871e − 06
+7.730e − 06
+8.589e − 06
+9.448e − 06
+1.031e − 05
+1.117e − 05
+1.202e − 05
+1.288e − 05
+1.374e − 05
+1.460e − 05
+1.546e − 05
+1.632e − 05
+1.718e − 05
+1.804e − 05
+1.890e − 05
+1.976e − 05
+2.061e − 05

(d) 102.74 a

Figure 18: Compressive damage nephogram of the connecting transverse passage at different operation times.

arch bottom in the middle of the main tunnel opposite the
transverse passage was the largest. The vibration response of
the hance of the main tunnel near the transverse passage was
larger than that of the opposite of the main tunnel hance.

(3)The stiffness singularity between the connecting trans-
verse passage and themain tunnel caused large stress concen-
tration phenomenon at the interface, and the stress and accel-
eration were relatively large at the interface. The maximum

principal stress of the transverse passage mainly appeared
near the side wall corner, while the maximum acceleration
mainly appeared near the middle of the transverse passage
floor.

(4)Themaximum principal stress and acceleration of the
connecting transverse passage increased with the increasing
train operation years.The acceleration increased significantly
in themiddle of the transverse passage floor, both sides of side



12 Shock and Vibration

(Avg: 75%)
Damage 

+0.000e + 00
+1.099e − 02
+2.199e − 02
+3.298e − 02
+4.398e − 02
+5.497e − 02
+6.597e − 02
+7.696e − 02
+8.796e − 02
+9.895e − 02
+1.099e − 01
+1.209e − 01
+1.319e − 01
+1.429e − 01
+1.539e − 01
+1.649e − 01
+1.759e − 01
+1.869e − 01
+1.979e − 01
+2.089e − 01
+2.199e − 01
+2.309e − 01
+2.419e − 01
+2.529e − 01
+2.639e − 01

(a) 0.07 a

(Avg: 75%)
Damage 

+0.000e + 00
+1.099e − 02
+2.199e − 02
+3.298e − 02
+4.398e − 02
+5.497e − 02
+6.597e − 02
+7.696e − 02
+8.796e − 02
+9.895e − 02
+1.099e − 01
+1.209e − 01
+1.319e − 01
+1.429e − 01
+1.539e − 01
+1.649e − 01
+1.759e − 01
+1.869e − 01
+1.979e − 01
+2.089e − 01
+2.199e − 01
+2.309e − 01
+2.419e − 01
+2.529e − 01
+2.639e − 01

(b) 13.7 a

(Avg: 75%)
Damage 

+0.000e + 00
+1.099e − 02
+2.199e − 02
+3.298e − 02
+4.398e − 02
+5.497e − 02
+6.597e − 02
+7.696e − 02
+8.796e − 02
+9.895e − 02
+1.099e − 01
+1.209e − 01
+1.319e − 01
+1.429e − 01
+1.539e − 01
+1.649e − 01
+1.759e − 01
+1.869e − 01
+1.979e − 01
+2.089e − 01
+2.199e − 01
+2.309e − 01
+2.419e − 01
+2.529e − 01
+2.639e − 01

(c) 48.49 a

(Avg: 75%)
Damage 

+0.000e + 00
+1.099e − 02
+2.199e − 02
+3.298e − 02
+4.398e − 02
+5.497e − 02
+6.597e − 02
+7.696e − 02
+8.796e − 02
+9.895e − 02
+1.099e − 01
+1.209e − 01
+1.319e − 01
+1.429e − 01
+1.539e − 01
+1.649e − 01
+1.759e − 01
+1.869e − 01
+1.979e − 01
+2.089e − 01
+2.199e − 01
+2.309e − 01
+2.419e − 01
+2.529e − 01
+2.639e − 01

(d) 102.74 a

Figure 19: Tensile damage nephogram of the connecting transverse passage at different operation times.
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Figure 20: Maximum development curve of tensile damage of the transverse passage.
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wall corner and vault, while the maximum principal stress
developed obviously only in both sides of side wall corner.

(5)The cumulative damage of connecting transverse pas-
sage was mainly distributed in both sides of side wall corner.
With the increasing operation years, the accumulative dam-
age developed towards the side wall and floor of connecting
transverse passage. The damage value and range of the left
side wall corner were larger than the corresponding position
of the right side wall.

(6) The cumulative compressive damage of connecting
transverse passage was mainly distributed in the outer wall
corner position, while cumulative tensile damage was mainly
distributed in the inner wall corner, which was close to the
linear development. The size and range of tensile damage of
structure were larger than those of the compressive damage.
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This paper demonstrates the effectiveness of a nondestructive diagnostic technique used to determine the location and size of
delamination in laminated coatings of wind turbine blades. This is realized based on results of numerical and experimental
investigations obtained by the use of the finite element method (FEM) and laser scanning vibrometry (LSV). The proposed
method is based on the one-dimensional continuous wavelet transform of vibration parameters of a wind turbine blade. The
investigations were conducted for a 1 : 10 scaled-down blade of a 36m rotor wind turbine. Glass fibres and epoxy resin were used
as laminate components. For numerical studies, a simple delamination model was proposed. The results obtained by the authors
were used to determine the optimal set of parameters of the continuous wavelet transform.The application of high-quality LSV for
experimentalmeasurements allowed determining the optimal conditions ofmeasuring procedures. At the same time the capabilities
and limitations, resulting from the nature of the measurement method, were identified. In order to maximize the effectiveness of
the detection method, preliminary signal processing was performed. Beside base wavelets also different waveform families were
tested. The results obtained by the authors showed that it is possible to identify and localize even relatively small damage.

1. Introduction

For every technical device, there aremany various factors that
can start irreversible processes changing its condition and
gradually deteriorate its operating characteristics. This also
applies to wind turbines, where rotor blades are particularly
sensitive to different kinds of defects. Rotor blades are the
most important subassembly of wind turbines, which are
responsible for converting the wind kinetic energy into
mechanical energy. Thanks to aerodynamic forces acting
on rotor blades, it is possible to generate torque, which is
necessary to drive electric generators. The efficiency of wind
turbines is directly related to the effective swept area of
rotor blades. The simplest way to increase the power of wind
turbines is to increase the diameter of their rotors [1]. The
construction of large wind turbines, as well as the optimiza-
tion of aerodynamic parameters of rotor blades, requires new
constructional materials of predefinedmechanical properties
which provide high mechanical strength at relatively low
weight, when compared to metallic materials. Such materials

are laminated composite materials. The main components
of laminates are the matrix and the reinforcement. The
matrix holds laminate components together, whereas the
reinforcement provides transfer of loads. The reinforcement
usually takes form of very stiff and durable fibres. Nowadays,
wind turbine blades are made of glass or carbon fibre lam-
inates, which consist of several composite layers. Individual
layers can possess the same or different mechanical prop-
erties. By changing the configuration of reinforcing fibres,
or laminated components materials, the optimal material
features can be obtained. This makes it possible to decrease
the overall mass of wind turbine blades, while maintaining
or enhancing the value of permitted loads. Honeycomb
composites and additional noncomposite stiffeners can be
used in some designs of wind turbine blades. Their designs
should also include elements of lightning protection systems
[2]. As a result, very complex products are obtained. Despite
many advantages of laminated composite materials, they
turn out to be vulnerable to very specific damage types
that are characteristic only for these types of materials. In
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most cases their damage is related to degradation of their
internal structure, which is also the most dangerous type
of damage and very difficult to detect. A typical example
can be the loss of cohesion between individual fibres (so-
called fibre splitting/debonding) or between laminate layers
(delamination) [3]. There are no external symptoms visible
on the surface of wind turbine blades, which would indicate
damage presence. Thin-walled components are particularly
vulnerable to delamination. This applies to wind turbine
blades, where the cause of damage is not only due to wind
or centrifugal forces, but also due to dynamic loads resulting
from long-term vibrations of rotor blades around resonance
frequencies. The expected lifetime of wind turbine rotor
blades varies from 10 to 30 years and the number of vibrations
cycles during that time span is considerable. Therefore the
influence of operating fatigue on the strength reduction of
wind turbine rotor blades is high. Damage can also be caused
by impact (e.g., bird collisions) or by lightning. These factors
are particularly important for the durability and reliability of
wind turbine blades. Downtime of wind turbines caused by
failure recovery is associated with significant financial costs.
Disassembling and replacing damaged parts at heights of
several dozen meters is always a very difficult operation.This
process gets even more complicated in the case of offshore
wind turbine installations. Because of that intensive work is
carried out to create delamination detection, identification,
and localization methods in laminated coatings of wind
turbine blades. Thanks to real time condition monitoring of
wind turbine blades it is possible to detect damage at its early
stage of development. This also makes it possible to create
favourable conditions for failure-free work in assumed time
or even to prolong wind turbine blades life. Appropriately
quick response can significantly minimize the influence of
damage to other elements of wind turbine structures. In
modern designs of wind turbines, diagnostic systems are
often integral parts of rotor blade structures. Examples of
such systems can be found in [4–7]. Solutions proposed there
could be autonomous systems of sensors used for collecting
and processing data directly fromworking rotor blades. Most
of diagnostic techniques currently used for in-service wind
turbine rotor blades requires rotor stopping for the time of
assessment. A field assessment of their technical condition
is usually carried out during periodical inspections and is
mainly based on a subjective visual assessment of rotor blade
shells. This is because diagnostic methods leading to more
accurate results require complex measuring instrumentation
and stable measurement conditions. An example can be
ultrasonic techniques [8] or computed tomography [9] used
to generate surface maps of visible material defects. The
main disadvantage of these techniques is that they are time
consuming. For this reason ultrasonic methods can be used
at the stage of production quality control and admission
of rotor blades to use. Another method of considerably
greater fields of applications is the image analysis employing
infrared thermal cameras to observe surface temperature of
wind turbine rotor blades during fatigue tests. This method
effectively indicates coating cracks as well as areas at risk of
failure [10, 11]. A large number of methods used to assess
the technical condition of wind turbine blades are based

on classical assumptions of vibroacoustics. The popularity of
these methods is due to a large amount of information trans-
mitted by mechanical waves and their proven effectiveness
in other areas of technology. One of such methods is the
analysis of acoustic emission signals, which examines corre-
lation between characteristic features of sound propagating
within tested objects and their mechanical properties [12–
14]. Fundamental drawbacks of these methods are due to
the necessity to separate useful diagnostic information from
noise. In addition, as shown in [15], relatively high static loads
are required to indicate damage. Basic modal parameters
such as natural frequencies, mode shapes, and transmittance
functions are also used. The location and size of damage
can be determined by examination of differences between
dynamic characteristics of undamaged and damaged states.
Any detectable changes in inertia or stiffness properties
of the objects under investigation and caused by damage
are reflected in measured frequencies or vibration patterns
that will differ from the initial undamaged state [16–20].
New methods for measuring known physical quantities (e.g.,
velocities or deformations), such as laser vibrometry [21]
or optic fibres [22], allow for new approaches to classical
vibration diagnostics, as collection of measurement data is
much simpler. In addition to this improved measurement
accuracy makes results more useful. The development of
measurement techniques also requires the development of
signal processing methods. This allows for faster, more
accurate, and comprehensive data analysis. Signal process-
ing methods include nowadays wavelet transform [23–26],
fractal analysis [27], genetic algorithms [28, 29], and neural
networks [30, 31].

The detection method proposed by the authors in this
paper assumes measurements and analysis of vibration
parameters of a scaled-down composite wind turbine rotor
blade, which allows for early damage detection. A universal
nature of thismethod also allows for its application to existing
installations, regardless of their locations, the size, or type
of rotor blades, as well as without the necessity for rotor
stopping.

2. Methodology

The main objective of the investigation presented in this
paper is the development of a nondestructive diagnostic
method in order to determine the location and size of
damage in a laminated coating of a wind turbine rotor blade.
A general research methodology is schematically depicted
in Figure 1. As first, modal responses of the blade are
determined in terms of its natural frequencies and modes of
vibrations, which next are used as the basis of the proposed
diagnostic method. Also results of computer simulations and
experimental measurements are presented and discussed.

Selection of useful modal parameters resulted from the
requirements for the detection and localization of delam-
ination in a relatively small area. The literature indicates
that vibration frequency analysis is effective in the case
of damage lengths greater than 15% of the total length of
specimens [32, 33]. In addition, it should be mentioned that
natural frequencies are global parameters and thus contain
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Figure 1: A scheme of a general research methodology.

no direct information about the location and size of damage.
Therefore, it is necessary to analyse spatial domain signals
searching for any discontinuities that could indicate any local
stiffness changes. Modes of natural vibrations are these signal
features. A continuous wavelet transform can be employed as
a subsequent method of data analysis.

Figure 2 shows a more detailed concept of the presented
diagnostic method. It can be seen that it assumes the
application of a continuous wavelet transform (CWT) to
analyse the first 10 bendingmodes of natural vibrations of the
wind turbine blade under investigation. In order tomaximize
the effectiveness of the detection and localization method,
preliminary signal processing was performed. Beside base
wavelets also different waveform families were tested by the
authors. Three different damage scenarios were taken into
account, as presented in Figure 3.

2.1. Research Object. Investigations were carried out for a
1 : 10 scaled-down blade of a real wind turbine rotor, 36m
in diameter. The blade under investigation, 1.74m in length,
was based on a ClarkY aerodynamic profile. The blade was
strengthened by one longitudinal spar, as shown in Figure 3.
Glass fibres and epoxy resin were used as laminate compo-
nents. The reinforcing fibres were symmetrically arranged
as [±45∘]𝑁. The blade was divided into three sections, and
each sections was characterized by a different number 𝑁 of
laminate layers.

In order to avoid any sudden changes in the blade
stiffness, a linear change in the coating thickness between the
sections was ensured, which have a great effect of the results
of wavelet analysis.

In general, the motion of wind turbine blades can be
characterized by three types of vibrations: bending in the

plane perpendicular to the rotor plane in the direction of
the axis of rotation, bending in the rotor plane, and torsion,
as shown in Figure 4. The optimal choice for spatial signal
analysis presents vibrations of rotor blades perpendicular to
the rotor plane.

2.2. Numerical Model. The rotor blade was modeled by the
FEM. The shell finite elements used by the authors had eight
nodes and six degrees of freedom at each node. The total
number of finite elements of the blade numerical model was
5,409. It was also assumed that the blade was fixed at one
of its end. Numerical calculations included computations
of the first 10 bending natural frequencies and modes of
vibrations of the blade, with and without damage. It should
be mentioned here that the current study was focused on
delamination detection and localization, which is one of the
most common type of damage in laminates. As a result of
the forces acting on the blade during its motion, particular
layers of the blade coating can be separated, leading to
delamination. Figure 5 shows this damage scheme.

Characteristic features of delamination include no mate-
rial loss, two possible states of damage (open and closed),
and the occurrence at different depths within the laminate.
This makes it difficult to develop numerical models of
delamination with realistic influence on dynamic behaviour.
In general, numerical models of delamination can be divided
according to the research purpose. Models based on specific
criteria, such as Hashin’s failure criteria [34] or critical energy
release rates [35], can be used to determine where and when
delamination occurs, as well as how it propagates [36, 37].
The second group of numerical models focuses on the impact
of delamination on the dynamic behaviour of the objects
under investigation. The simplest method of delamination
modelling is the reduction of stiffness at the delamination
position based on certain local changes in the thickness of
laminates or based on the reduction of their Young modulus
[38]. This approach gives no satisfactory results and is much
better suited for crack modelling. In contrast to delamination
cracks presents changes in the cross-sectional area of lami-
nates. Other, more advanced analytical delamination models
can be found in the literature [39–41]. Most of them can
be assigned to one of two groups. The first group is region
approaches, where laminates are divided into three distinct
segments: delamination itself and two adjacent undamaged
segments on both sides. The second group is layer-wise
models, wheremultilayer theories are used directly.Themain
problems with both these types of delamination modelling
methods result from their complexity.Therefore, in this study,
a simpler delamination model was proposed. The idea used
by the authors is the reduction of the shear modulus in the
lamination plane (𝐺𝑋𝑌), which is related to zero tangential
stresses within the delamination zone. The value of the shear
modulus in the case of a damaged laminate was determined
by examination of natural vibrations of a simple cantilever
beam. The beam natural frequencies were consistent with a
reference model, when the shear modulus was lowered to
14% of its initial value [32, 42]. This method of delamination
modelling is a compromise between the exact representation
of damage and the ease of implementation.
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2.3. Experimental Investigation. Themain purpose of experi-
mental measurements was validation of the numerical model
of a wind turbine rotor blade proposed by the authors. Glass
fibres and epoxy resinwere used as laminate components.The
reinforcing fibres were symmetrically arranged as [±45∘]𝑁.
The total mass of the blade was 2 kg. A measurement stand
used by the authors is schematically presented in Figure 5.
The stand consisted the following elements: the object of
investigation (1), an electromechanical shaker (7) with the
maximum excitation sinusoidal force of 31N, and a laser
vibrometer (3)–(6). The experiment was carried out using a
PSV-400 Laser Scanning Vibrometer by Polytec Ltd., which
enabled the authors for fast, accurate, and noncontact vibra-
tion measurements. The main and most important element
of the vibrometer is a precise optical sensor (3), which is
used to determine the velocities of vibrating objects. The
device employs the principle of the Doppler effect to measure
changes in the frequency of light reflected from vibrating
objects. The vibrometer set includes a vibrometer controller,
a junction box, and a control unit. The unit automatically
moves a laser beam from point to point on the surface of
vibrating objects over a grid of user predefined points.

The experiment conducted a series of measurements in
order to determine natural frequencies and modes of vibra-
tions of the wind turbine rotor blade under consideration at
a certain initial reference state as well as three locations of
simulated damage. Measurement data were collected from
200 points. A steel element fixed to the blade surface was used



Shock and Vibration 5

(2) (7)

(8)

(3) (4)–(6)

(1)

Figure 6: A scheme of a laboratory stand: (1) rotor blade; (2) blade fixing; (3) head of laser scanning vibrometer; (4) signal amplifier; (5)
signal generator; (6) computer; (7) shaker; (8) model of damage.

to simulate damage in the form of a stiffness change in the
composite coating, as shown in Figure 6.

Correct interpretation of the results of experimental data
is dependent on the level of measurement noise. High noise
values can mask information about the damage presence
and consequently can prevent its detection.Therefore, during
laboratory tests, appropriate measurement conditions were
ensured, in order to maximize the signal level received by
the vibrometer (the blade surface was coated by a special
retroreflective foil) as well as isolate the blade from any
external vibrations. The results of measurements are fre-
quency response functions (FRFs), used to determine the
values of natural frequencies and corresponding modes of
induced vibrations. The induced vibrations of the blade
were excited by a sinusoidal force of a constant amplitude
and a linearly varying instantaneous frequency, as presented
in Figure 7. Figure 8 shows a typical frequency response
function obtained from all measurements points and next
averaged, with peaks corresponding to resonance frequen-
cies. Experimental measurements were conducted in the
frequency range from 0Hz to 550Hz, with a resolution of
6400 FTT lines. It should be pointed out here that the modes
of induced vibrations obtained by thismethod do not provide
sufficiently low noise levels.

For this reason, in order to minimize the noise level,
a FastScan mode of measurements was used, in which
each mode of vibration was determined separately based
on a sinusoidal excitation at a constant frequency equal to
the frequency of the measured resonant vibrations. Such
measurements were carried out for a narrow frequency
bandwidth of 0.02Hz. Figure 9 compares the results of FFT
and FastScan modes for the first mode shape measured. The
accuracy of data obtained is directly related to the extended
measurement time. For example, the most accurate measure-
ments of the first form of vibrations, for 200 measurement
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Figure 7: A typical form of an excitation signal used during
experimental measurements.
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Figure 8: A typical frequency response function measured experi-
mentally.

points, took about 3 hours. It is worth mentioning that it
is impossible to provide stable excitation parameters and
operating conditions in the case of a real wind turbine blade
for such a long time.

Based on measured frequency response functions, pre-
sented in Figure 8, natural frequencies of the intact blade
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Figure 9: The first mode of blade natural vibrations measured
experimentally: FFT (black) and FastScan (red).

were determined and compared to the values obtained from
numerical simulations by the FEM. These results are shown
in Table 1, where 𝑓Exp are the frequencies obtained experi-
mentally and 𝑓FEM are the frequencies obtained numerically,
while appropriate differences of these frequencies are denoted
as Δ𝑓 = |𝑓Exp − 𝑓FEM|.

Calculated differences for individual vibration modes
up to 22.5% were primarily due to the lack of precise
information about the arrangement of additional masses and
local stiffeners within the blade coating. Possibly, they are
all related to the bonding technology used to join the high
and low pressure surfaces of the blade. However, in the
case of the diagnostic method proposed in this work the
source of information about the presence of damage is carried
primarily by the modes of natural vibrations rather than the
values of natural frequencies. Assessment of individual mode
shapes, which are shown in Figure 10, allow the authors to
state that the numerical model applied for FEM simulations
is sufficiently precise.

2.4. Data Analysis Method. A wavelet transform was used
by the authors in order to analyse the data obtained exper-
imentally. A wavelet transform represents a process of signal
decomposition into, and subsequent representation by, a
linear combination of base functions called wavelets. This
transformation can be seen in the context of five types
of wavelets: orthogonal (Haar, Daubechies, and Symlets),
biorthogonal (BiorSplines, ReversBiors), with scaling func-
tion (Meyer), without scaling function (Morlet, Mexican hat,
and Gaussian), and complex (Shannon, Complex Gaussian,
and Complex Morlet). Members of each family are shown
in Figure 11. A full set of wave functions used in signal
transformation consists of a chosen basic waveform as well
as certain functions that are scaled and shifted in time by
output copies. This process leads to a scalable, hierarchical
representation of the signal under consideration [43, 44].

Wavelets are mathematical functions characterized by
zero-mean, a finite signal strength, as well as a limited range
and rapid decay.These characteristics determine thatwavelets
are well-localized both in time (or space) and frequency
domains. For this reason they are particularly useful in
representing signals with singular points or discontinuities.

Table 1: Comparison of the first 10 natural frequency values
obtained experimentally and numerically.

Lp. 𝑓Exp [Hz] 𝑓FEM [Hz] Δ𝑓 [Hz] Δ𝑓 [%]
(1) 7,03 6,69 0,34 5,10
(2) 20,78 22,48 1,70 7,56
(3) 44,84 51,07 6,23 12,19
(4) 75,94 91,55 15,61 17,05
(5) 114,69 142,37 27,68 19,44
(6) 159,84 206,18 46,34 22,47
(7) 214,22 273,06 58,84 21,55
(8) 285,16 350,80 65,64 18,71
(9) 360,63 430,97 70,35 16,32
(10) 445,78 513,01 67,23 13,10

The wavelet analysis can be continuous (CWT) or discrete
(DWT). In the case of DWT signal decomposition is iterative
and in each iteration the original signal is decomposed into
components of lower resolution. Each iteration decreases
signal resolution by half. For this reason the DWT has a
limited number of decomposition levels and is ineffective
for low sample rates. Contrary to that the CWT makes it
possible to decompose signals for any scale and allows for
smooth shifting. Due to these features the CWT was used
by the authors in this study. Its application leads to certain
coefficients determining the similarity between a selected
wavelet and the signal under investigation.These coefficients
are defined by the following formula:

CWT𝑓 (𝑎, 𝑏) = ∫
+∞

−∞
𝑓 (𝑡) 𝜓 (𝑡) 𝑑𝑡, (1)

where 𝑎 is a scale factor, 𝑏 is a shift factor, and 𝑓(𝑡) represents
an analysed signal, while 𝜓(𝑡) denotes the fundamental wave
expressed as

𝜓𝑎𝑏 (𝑡) = 1√𝑎𝜓(
𝑡 − 𝑏
𝑎 )𝑑𝑡; 𝑎 ∈ 𝑅

+, 𝑏 ∈ 𝑅. (2)

The scale and shift coefficients 𝑎 and 𝑏 in (2) deter-
mine the wavelength/frequency, and they change the wavelet
position on the appropriate space/time axis. An important
advantage of the CWT is its ability to change the trans-
formation time resolution (frequency dependent). At low
frequencies global signal information is obtained, which fea-
ture is useful for isolation of important signal characteristic.
On the other hand, at high frequencies better resolution
is achieved, which allows for identification of short-term
characteristics obtained at the level of signal details. The
results of the application of the CWT are presented in the
form of scalograms in Figure 12, which graphically represent
changes in wavelet coefficients at all assumed decomposition
levels. High coefficient values indicate continuity of source
signals.

The efficiency of the wavelet analysis is determined by
the correct selection of signal preprocessing parameters and
wavelet transform attributes. In the case of signals located in
the spatial domain, such as are modes of natural vibrations,



Shock and Vibration 7

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
−1

−0.5

0

0.5

1
A

m
pl

itu
de

x/L
(a)

−1

−0.5

0

0.5

1

A
m

pl
itu

de

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
x/L

(b)

−1

−0.5

0

0.5

1

A
m

pl
itu

de

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
x/L

(c)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
−1

−0.5

0

0.5

1

A
m

pl
itu

de

x/L
(d)

Figure 10: Selected modes of natural vibrations: (a) I mode, (b) III mode, (c) V mode, and (d) VII mode (experimental data: dashed line,
computational data: continuous line).

Morlet wavelet

−1

−0.5

0

0.5

1

0 5 10−5−10

Shannon wavelet

−0.5

0

0.5

1

1.5

0 10 20−10−20

Daubechies wavelet

−2

−1

0

1

2

1 2 3 4 50

Meyer wavelet

−1

−0.5

0

0.5

1

1.5

0 5 10−5−10

Biorthogonal wavelet

−2

−1

0

1

2

1 2 3 4 50

Figure 11: Selected examples of basic wavelet functions: Daubechies, Bior, Meyer, Morlet, and Shannon.

an even distribution of measurement points has overriding
importance. It should be stated here that in the case of signals
of uneven distributions of measurement points the results
of wavelet analysis can be falsified. If measurements cannot
be carried out for even distribution of measurement points,

interpolated signals should be produced first. Interpolation is
also very useful in the case of signals with small numbers of
samples.

Another problem is the effect of high wavelet coefficients
at the beginning and end of signals. This prevents detecting
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Figure 12: Typical scalograms obtained using different wavelet functions: (a) Morlet; (b) Haar; (c) Gauss.

and localizing damage properly. The solution to this problem
is to extrapolate signals under examination at their ends,
so that the zones of increased coefficient values, resulting
from boundary effects, stay outside the range of interest. The
type of applied interpolation and extrapolation algorithms,
such as linear, polynomial, or different, depends on the form
of source signals and should be chosen carefully not to
introduce any additional discontinuities.

Another important aspect presents the appropriate selec-
tion of correct base wavelets. It turns out that the wavelets
of orders lower than 4 generate nonzero wavelet coefficients
in the entire signal lengths [45]. This feature prevents proper
interpretation of calculated results. On the other hand the
wavelets of large numbers of vanishing moments require
high computational power and their repeated usage is time
consuming. For the reasons described above in the present
study basewavelets representing different families were tested
in order to choose the most appropriate ones for diagnostic
purposes. Figure 12 shows exemplary results of wavelet
analysis obtained in the case of the blade under investigation
with simulated damage located at 30% of its length, for three
types of wavelets. It can be seen from Figure 12 that the most
suitable base functions for the analysis of the wind turbine
rotor blade is a Gauss wavelet function with four vanishing
moments.

3. Results

Numerical results obtained by the use of the FEMmodel were
employed to determine preprocessing parameters of signals
and wavelet transform parameters such as the type of wavelet
and scale. Proper interpretation of computed scalograms, in

terms of damage detection, localization, and estimation its
size, was obtained for

(i) linear extrapolation in order to extend the represen-
tation of selected modes of natural vibrations from
initial 200 samples to 230 samples by adding 15 extra
points on both signal ends,

(ii) cubic spline interpolation in order to supplement
selected modes of natural vibrations with additional
samples by adding 10 extra points between each two
subsequent signal samples,

(iii) fourth-order Gauss base wavelet.
Scalograms for the second mode of natural vibration in

the case of the intact, as well as three damage scenarios, are
shown in Figures 13(a)–13(d). The simulated damage to the
blade coating was successively spanning over 3, 6, and 10
measurement points.

For a majority of natural vibration modes the location of
damage was identified correctly. However, for small defects
of blade coating it is impossible to indicate accurately defect
edges. For the 10th mode of natural vibrations detection was
practically impossible, as shown in Figure 14(a).

The right side of the scalogram indicates nonzero wavelet
coefficients as dark and blurry trails, that is, as the location
of possible damage, whereas this part of the blade remains
intact. This effect, which is noticed mainly for higher modes
of natural vibrations, may obfuscate the scalogram and
consequently can prevent proper damage localization. A
solution to this problem is to adjust wavelets individuallywith
higher order numbers, as seen in Figure 14(b).

Through the analysis of scalograms, in the case of one
mode of natural vibrations, for all three damage locations, it
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Figure 13: Numerical results of wavelet analysis of the 2nd mode on natural vibrations in the case of the intact and three damage scenarios.
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Figure 14: Numerical results of wavelet analysis of the 10th mode of natural vibrations in the case of Gauss4 (a) and Gauss6 (b) wavelet
functions.

can be seen from Figure 15 that the visibility of damage of the
same size varies according to the damage location. As shown
in Figure 15(a) the effect of damage is relatively small there,
where the cross-section of the blade has high stiffness values,
as it is at the blade fixing. Changing the location of damage
towards the tip of the blade results in an increase in the visible
width of the damage zone, as presented in Figures 15(b) and
15(c). This is due to the fact that in this direction the stiffness
of the blade decreases, due to a decrease in the cross-section
of the blade as well as a decrease in the thickness of the blade
coating.

In the first stage of the analysis of experimental signals,
data processing and the analysis of CWT parameters were
based on the results of numerical simulations. Figure 16
shows comparison of scalograms for the first 10 bending
modes of natural vibrations obtained in the case of the blade

measurements with additional stiffeners. Vertical dashed
lines indicate the location of damage defining the limits of the
damage zone. Based on experimental data two conclusions
can be drawn as starting points in order to improve the
effectiveness of the proposed damage detection method.
Through the comparison of modes of natural vibrations with
corresponding scalograms it is possible to correlate the loca-
tion of damage with characteristic points of source signals.
An increase in wavelet coefficients indicating discontinuities
was observed only, if damage coincided with local signal
extremes.

The second conclusion concerns the noise level observed,
which is directly related to the quality of measurement
signals. High noise levels make it difficult to interpret results,
as local stiffness changes can result in an increase in wavelet
coefficients in the same range as noise. Therefore it was
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Figure 15: Numerical results of wavelet analysis in the case of three damage location scenarios.

necessary to modify the approach proposed by the authors
to extract sharper information about the location and size of
defects. It should be noticed that limitedmethods available to
increase the accuracy of measurements make it necessary to
modify signal analysis parameters.

4. Discussion

The main element of signal preprocessing that influences
the performance of wavelet analysis is interpolation. It sep-
arates one sample of the original signal from the other by
increasing signal resolution, which can be described by a
one-dimensional vector. The consequence is sharpening the
boundaries of any discontinuities on scalograms, which may
include measurement distortions. The level of details can be
reduced by reducing the number of interpolation points, thus
exposing the sought after changes in a wider range, as shown
in Figure 17. The effect of this is the reduction of noise visible
in scalograms as well as the appearance of a clear triangular
formation that indicates the damage zone.

Thanks to the approach proposed scalograms were
obtained also in the case of the remaining damage location
scenarios. Figure 18 shows scalogram obtained for the 8th
mode of natural vibrations in the case of damage in two
extreme locations and spanning over 6 interpolation points.

It can be seen that the reduction in the number of
interpolation points enabled the authors to detect damage
very accurately. However, this process can cause loss of
precise information about the width of the damage zone.
Figure 19 shows scalograms for three different sizes of the
damage zone close to the central location. Damage spanning

over 12, 10, and 8 measurement points, corresponding to 6%,
5%, and 4% of the total measurement line, were considered.

The analysis of the experimental results shows that the key
element for correct interpretation of scalograms is a low noise
level as well as precise knowledge about the structure of the
object under investigation. For this reason, reference signals
are indispensable. Figure 20 shows the results of the CWT
based on the difference between modes of natural vibrations
obtained for damaged and undamaged states. In this manner
the signal-to-noise ratiowas improved and positive results for
more cases were achieved.

Based on the results obtained for all considered cases, it
can be concluded that measured signals should be analysed
and assessed in a multistage manner with respect to a
reference state by

(i) starting from a small number of interpolation points,
(ii) registering global changes (damage identification),
(iii) gradual increasing of the number of interpolation

points, narrowing thewindowof determination of the
damage nature and its exact boundaries.

5. Summary and Conclusions

The paper presents certain results of numerical simulations
and calculations aswell as experimentalmeasurements aimed
at developing amethod for delamination detection and local-
ization in composite wind turbine blades. Numerically and
experimentally determined modes of natural vibrations of a
wind turbine blade were assessed for local changes that may
indicate the presence of damage. For numerical simulation
a simple delamination model was proposed that allowed the
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Figure 16: Scalograms obtained from measured data in the case of all modes of natural vibrations.

authors to calculate eight simulated damage levels in three
different locations. Next the results obtained were used to
determine an optimal set of parameters of the continuous
wavelet transform (CWT). The second stage of the analysis
included experimental research in order to verify both finite
element method (FEM) based model predictions as well as

the damage detection method developed. The use of high-
quality Scanning Laser Vibrometry allowed the authors to
determine the optimal conditions andmeasuring procedures,
which led to the required accuracy of measurement. At the
same time the capabilities and limitations resulting from the
nature of the measurement method were identified.
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Figure 17: Scalograms of the 7th mode of natural vibrations in the case of different numbers of interpolation points: (a) 2; (b) 4; (c) 6; (d) 8.
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Figure 18: Scalograms of the 8th mode of natural vibrations obtained in the case of six interpolation points.

The main challenge in the practical implementation of
a diagnostic system based on the proposed method comes
from low levels of signal distortions that are sought after.
The damage detection method presented can be used on
an operating wind turbine based on data obtained from
a system of piezoelectric or fibre optic sensors. Vibration
measurements can also be performed by means of laser
vibrometry supplemented by additional devices, such as is
a derotator equipped with a special optical system, whose
rotational motion is fully synchronized with the rotation
of the object under investigation, such as are wind turbine
blades.

The results of the research presented in this paper confirm
the effectiveness of wavelet methods in detection of signal
discontinuities. Based on them the following conclusions can
be made:

(i) For best results, wavelet transform analysis should be
proceeded by some signal preprocessing in the form
of extrapolation and interpolation. Extrapolation

reduces effects of increased values of wavelet coef-
ficients at signal ends, while interpolation increases
signal resolution.

(ii) Analysis of modes of natural vibrations and corre-
sponding scalograms makes it possible to correlate
the damage location and size with characteristic
points of source signals. Only in the case when
damage zones coincide with local signal extremes, it
is possible to detect damage.

(iii) In the case of experimental data that are subjected
to measurement noise, too many interpolation points
block proper interpretation of scalograms. For this
reason signals obtained experimentally should be
analysed in amultistagemanner, starting from a small
number of interpolation points in order to observe
more general changes. A gradual increase in the
number of interpolation points allows determining
the type of damage and its precise location.
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Figure 19: Scalograms of the 7th mode of natural vibrations obtained in the case of three different damage sizes.
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Figure 20: Scalograms of differential signals (damaged to reference) obtained for the 9th mode of natural vibrations for three damage
locations.

(iv) Signal windowing increases the sharpness of the dam-
age zone.This solutionmay be particularly important
in the case of damage that has a small effect on the
object dynamics.

Both experimental and numerical data indicate that the
key to the correct interpretation of CWT analysis results, in
the case of complex structures, is the knowledge about initial,
undamaged state of the object under investigation. In the case
of experiments carried out the availability of reference signals
made it possible to reduce the influence of noise on the results
of subsequent CWT computations.
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Aimed at degradation prognostics of a rolling bearing, this paper proposed a novel cumulative transformation algorithm for data
processing and a feature fusion technique for bearing degradation assessment. First, a cumulative transformation is presented to
map the original features extracted from a vibration signal to their respective cumulative forms. The technique not only makes
the extracted features show a monotonic trend but also reduces the fluctuation; such properties are more propitious to reflect the
bearing degradation trend.Then, a new degradation index system is constructed, which fusesmultidimensional cumulative features
by kernel principal component analysis (KPCA). Finally, an extreme learning machine model based on phase space reconstruction
is proposed to predict the degradation trend. The model performance is experimentally validated with a whole-life experiment of
a rolling bearing. The results prove that the proposed method reflects the bearing degradation process clearly and achieves a good
balance between model accuracy and complexity.

1. Introduction

In order to improve production efficiency, quality, and flexi-
bility, modernmanufacturing highly depends on the trouble-
free operation of components in manufacturing machines
[1, 2]. Therefore, the timely monitoring and estimation of the
running status of important machine components are nec-
essary [3]. Prognostics, as an important process of monitor-
ing the condition of components or a system [4], is regarded
as a predictive maintenance strategy that can anticipate the
occurrence of component defects to ensure the availability,
reliability, and security of critical components (such as bear-
ings, gears, or cutting tools) [5, 6]. A bearing is at the heart of
rotating machinery and is viewed as a frequent contributor
to the breakdown of such machinery [7, 8]; hence, accurate
prognostics of bearing degradation trends is of substantial
practical relevance.

In general, prognostics can be roughly classified into
model-based, data-driven, and hybrid approaches [9].
Among these, data-driven approaches are easier to deploy
and have been widely used [10]. They usually follow a road
map of data acquisition, feature extraction, and prognostic

modeling. Of the three steps above, the key step is feature
extraction, because it has a direct influence on predictor per-
formance. Features that can properly reflect the degradation
progression could yield accurate and simple prognostics
[11–13].

Various features extracted from time domain, frequency
domain, and time-frequency domain have been investigated
for bearing degradation prognostics. Time domain methods
extract statistical features, such as root mean square (RMS),
kurtosis, crest factor, and peak-to-peak value. The energy
of bearing defect frequency is extracted as features by
frequency domain methods, such as ball-pass frequency of
outer ring 𝑓BPFO, ball-pass frequency of inner ring 𝑓BPFI, and
ball-spin frequency 𝑓BSF. Time-frequency domain methods
extract features, such as short time Fourier transform (STFT)
[14], wavelet transform (WT) [15, 16], and empirical mode
decomposition (EMD) [17].

These features are extracted to serve as degradation prog-
nostics; however, the original features often show nonideal
evolution, fail to reflect the degradation trend, and even cause
problems for the prognostics tasks.
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In the current research, these questions are studied from
different aspects. Some methods are proposed from the
smoothing aspect to reduce the influence of fluctuation and
obtain a smoothed trend feature. For example, Sutrisno et al.
[18] used a moving average filter to reduce the fluctuation
of original features and the smoothed features were put
into the least squares support vector regression (LS-SVR)
for bearing remaining life estimation. Following a similar
idea, Loutas et al. [19] employed a moving average filter
to suppress the high noise and volatility of condition-based
maintenance features. Ben Ali et al. [20] proposed a feature
extraction method based on a combination of a sliding aver-
age and Weibull distribution to avoid feature fluctuation for
accurate bearing remaining useful life prediction. Although
smoothing methods are easy to implement, they could lose
some useful information. More generally, new indexes have
been constructed using some further processing methods on
the original features. For instance, Qiu et al. [21] developed
a robust degradation indicator based on a self-organizing
map neural network to evaluate the bearing degradation
performance. Sassi et al. [22] developed two new scalar
indicators by combining six conventional features to evaluate
the severity of bearing degradation. Zhang et al. [23] used
a continuous hidden Markov model combined with various
features to construct an effective degradation indicator of
rolling bearings for residual life prediction. Xi et al. [24]
established a virtual health index based on a transformation
formula to quantify the health degradation of an engineering
system and further performed a health state prediction
process. Liao [25] discovered prognostic features to represent
the fault progression by using genetic programming, inwhich
monotonicity is used as fitness function. Sun et al. [26] pro-
posed a nonprobabilistic metric to assess the operational reli-
ability of aeroengines by utilizing the cosine function to map
kernel principal angles extracted from condition informa-
tion into a similarity index.

The above feature extraction methods process only a sin-
gle signal fragment and ignore the relationship of the whole
signal. The extracted features are easily affected by other fac-
tors such as noise and show some local fluctuations, so they
do not clearly describe the state of the machinery degrada-
tion. Bearing degradation is a cumulative process, and thus
we can consider the entire degradation process from a cumu-
lative perspective. By continuously accumulating data, each
extracted feature is able to take advantage of all the previous
data, thereby achieving the purpose of mining the overall
data, to reduce the influence of fluctuations and extract trend
feature with more reliable trend characteristics.

Considering these problems, this study proposes a novel
prognostics method based on a cumulative transformation
technique and feature fusion approach for bearing degrada-
tion trend prognostics. To consider the overall relationship
of the data and obtain features with a good monotonic trend
characteristic, a novel cumulative transformation algorithm
is proposed. However, each cumulative feature only contains
partial information of bearing status. To more compre-
hensively reflect the degradation process, an effective and
popular feature fusion method KPCA is used to fuse multi-
dimensional cumulative features and develop a degradation

index. Furthermore, the degradation index is reconstructed
by phase space reconstruction (PSR) to better grasp its nature
and input into an extreme learning machine (ELM) for
bearing degradation trendprognostic.The effectiveness of the
proposedmethod is validatedwith a whole-life experiment of
a rolling bearing.

The main merits of this study are as follows: (1) a novel
cumulative transformation algorithm is proposed to extract
features with better trend characteristics; (2) an integrated
cumulative transformation and feature fusion method is
investigated for bearing degradation prognostics; (3) a pre-
diction model based on PSR and ELM is built to perform the
prognostic task. The remainder of this article is organized as
follows: The theoretical background of cumulative transfor-
mation is introduced in Section 2. The proposed method is
then described in Section 3. In Section 4, the bearing exper-
imental test demonstrated the effectiveness of the method.
Finally, the conclusions of this study are drawn in Section 5.

2. Theoretical Framework

2.1. The Theory of Cumulative Damage. Generally, degrada-
tion of many units or systems, such as parts or machinery,
is a damage accumulation process under different running
environments, which grows as time passes. To explore the
relationship between the degradation process and cumulative
damage and find an effective way to reflect the degradation
process, some methods have been investigated from the
perspective of accumulation. These methods can be roughly
divided into two categories: model-based and data-driven.

Model-based methods suppose that the degradation pro-
cess can be expressed by a series of mathematical equations
regarding cumulative system damage and time, and a model
is set up by investigating the failure mechanism and the
degradation paths. For instance, in [27, 28], different cumu-
lative damage models are constructed to describe the system
degradation process by considering different degradation
paths and distributions, and a preventive maintenance policy
is obtained to minimize the maintenance cost. In [29], a
nonparametric model called cumulative incidence functions
and logical analysis are integrated to solve the problem of
multi-failure-mode in prognosis. The curves of cumulative
incidence functions are calculated to reflect the running time
on the degradation status of the monitored bearing by using
the lifetime data of different failure modes. Model-based
cumulative damage methods can describe the degradation
process well using an accurate model, although an accurate
model is hard to build in most cases, and the applicability of
the model is limited for different systems.

Compared with model-based cumulative methods, data-
driven methods are easier to achieve by transforming
condition monitoring data into an appropriate cumulative
form to infer the system status and estimate the useful
remaining life. In [30], cumulative energy functions and
mathematical morphology gradient in both the time and
frequency domains from partial discharge waveforms are
calculated as feature parameters to detect defects and assess
the insulation conditions of high-voltage equipment. In [31],
a smoothed accumulation method for bearing remaining
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Figure 1: Diagram of cumulative transformation.

useful life estimation is proposed, in which the acceleration
values instead of directly measured vibration values were
used to estimate the bearing degradation. In [4], a cumulative
method is applied to describe the degradation process from a
data-driven perspective, in which the condition monitoring
lifetime data are used to obtain cumulative descriptors to
reflect the bearing degradation process.

In summary, a system degradation process is usually
regarded as a continuous damage accumulation process over
time. Therefore, we can reveal the essence of the degradation
process from the perspective of accumulation by building a
cumulative damagemodel or extracting a cumulative feature.

2.2. Cumulative Transformation Algorithm. For most mech-
anical components, such as bearings, gears, and rotors, the
degradation is a constant damage accumulation process
without self-recovery when these parts exceed the service life,
so the appropriate degradation features should exhibit good
trend characteristics, such as monotonicity, trendability, and
robustness. Monotonicity characterizes the potential mono-
tonic increasing or decreasing trend of the feature, and it is an
essential characteristic of a degradation feature. Trendability
is related to the characteristic form and its correlation with
time, which reflects how the characteristic sequence changes
with time and has some universality. Robustness is used to
measure the fluctuation of the feature sequence. However,
the features extracted from the raw vibration data often do
not show good trend characteristics.Thus, a new concise and
effective strategy is proposed to get monotonic and trendable
features.

A new cumulative transformation algorithm is intro-
duced by transforming an extracted feature into its corre-
sponding cumulative form. The sketch map of cumulative
transformation is shown in Figure 1. Mainly, the cumulative
function is defined as the accumulation of a given time series,
to which a pointwise running sum of squares of difference
and scaling operations are simultaneously applied to achieve
the transformation task as follows:

cf𝑛 = √ 𝑛∑
𝑖=1

(𝑓 (𝑖) − 𝑓nor)2, (1)

where 𝑓nor represents the normal value, which is defined
as the corresponding average of a segment stationary trend
of feature 𝑓(𝑖) in normal conditions, and cf𝑛 represents the

cumulative total of feature up to 𝑛 observations. It should
be noted that the cumulative sum of a feature is sensitive to
noise. To get a cumulative feature with better monotonicity
and trendability, the smoothing should be applied a priori,
before accumulation.

To quantitatively evaluate the suitability of the extracted
features, the trend characteristics, such as monotonicity,
trendability, and robustness, are further investigated. Mono-
tonicity is given by the absolute difference between the
number of positive and negative derivatives of each feature. It
can be seen that the value ofmonotonicity is in the range from
0 to 1. The higher the monotonicity is, the greater the fitness
of the feature is presented. The range of trendability is from
0 to 1, and the larger the trend index is, the higher the linear
correlation degree of the feature sequence with time is. The
range of robustness is also from 0 to 1; the more the feature
fluctuates, the smaller the robustness is, and the greater the
uncertainty is when the trend prognostics is carried out.

The criteria of monotonicity, trendability, and robustness
are, respectively, defined as follows: [32]:

Mon

= number of 𝑑/𝑑𝑓 > 0𝑛 − 1 − number of 𝑑/𝑑𝑓 < 0𝑛 − 1
 ,

Tre (𝐹, 𝑇)
= 𝑛∑𝑖 𝑓𝑖𝑡𝑖 − ∑𝑖 𝑓𝑖∑𝑖 𝑡𝑖√[𝑛∑𝑖 𝑓2𝑖 − (∑𝑖 𝑓𝑖)2] [𝑛∑𝑖 𝑡2𝑖 − (∑𝑖 𝑡𝑖)2] ,

Rob (𝐹) = 1𝑛∑
𝑖

exp(−𝑓𝑖 − 𝑓𝑖𝑓𝑖 ) ,

(2)

where 𝑓 is the original feature curve, 𝑛 is the feature number
of observations, 𝑑/𝑑𝑓 is the differentiation operator which is
the differential of the original feature, 𝑡 is time index, and 𝑓
is the feature curve after smooth processing of 𝑓.

A single evaluation metric can only measure the suitabil-
ity of the degradation feature froma certain aspect. In order to
evaluate the feature more comprehensively, a linear weighted
comprehensive indicator is proposed to realize the effective
fusion of evaluation metrics. The specific form of weighted
fusion is as follows:

𝑊
𝐹∈Ω

= 𝜔1Tre (𝐹, 𝑇) + 𝜔2Mon (𝐹) + 𝜔3Rob (𝐹)
s.t. 𝜔𝑖 > 0

∑
𝑖

𝜔𝑖 = 1,
(3)

where𝑊 is a comprehensive evaluation index,𝐹 is the feature
sequence, and 𝜔 is the weight. 𝜔 is usually determined by
empirical knowledge. It can be seen from the derivation
that 𝑊 is positively related to the three evaluation indexes,
so the greater 𝑊 is, the more effective the description of
the degradation process is, and the more favorable to the
prediction the degradation trend is.
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3. Proposed Method

3.1. Framework of Proposed Method. The goal of the present
study is to develop a degradation index with a better trend
and achieve simpler and more accurate prognostics. The
complete procedure of bearing degradation trend prognostics
is depicted in Figure 2. First, some typical features in the
time and time-frequency domains are extracted based on
raw vibration data. Second, cumulative transformation is
proposed to gain the cumulative features with better trend
characteristics from the original features. Following that,
the feature fusion KPCA [33] is used to get a degradation
trend index to reflect degradation process. Next, the mutual
information method is adopted to choose the time delay
and the process of CAO is employed to determine the
embedded dimension. Meanwhile, the degradation index
is reconstructed by PSR [34]. Finally, the reconstructed
degradation index is input into ELM for bearing degradation
trend prognostic.

To quantitatively assess the proposed method, three
criteria are investigated, including mean absolute percent
error (MAPE) and root mean square error (RMSE). The
mathematical expressions are as follows:

𝑒MAPE = 1𝑛
𝑛∑
𝑖=1

𝑦𝑖 − 𝑦𝑖𝑦𝑖
 ,

𝑒RMSE = √ 1𝑛
𝑛∑
𝑖=1

(𝑦𝑖 − 𝑦𝑖)2,
(4)

where 𝑛 is the number of data and 𝑦𝑖 and 𝑦𝑖 represent the true
and predicted values, respectively.

3.2. Cumulative Feature Extraction and Fusion. The failure
of machinery represents the procedure of an abnormal
phenomenon from the incipient failure to deterioration.
Many types of signals are used to reflect the abnormal
phenomena. Vibration signals acquired via sensors are the
most widely used for condition monitoring, although they
usually contains redundant dimensions, and the vibration
signal generated by a certain bearing is often overwhelmed
by noise or other components’ vibrations; hence, it is seldom
used directly.

In order to solve this problem, the useful features are
extracted from the time domain, frequency domain, and
time-frequency domain for fault diagnosis and prognostics.
In this study, 12 time domain features and four frequency
domain features are extracted, as shown in Table 1. In Table 1,𝑥𝑖 is the original time domain signal set (seeing Section 4.1), 𝑛
is the sample points of 𝑥𝑖, 𝜇 and 𝜎 represent themean value of𝑥𝑖 and standard deviation, respectively, 𝑠(𝑘) is the frequency
spectrum of 𝑥𝑖, 𝐾 is the number of spectral lines of 𝑠(𝑘), and𝑋fm represents the mean value of 𝑠(𝑘).

However, time domain and frequency domain analyses
cannot simultaneously deal with the signals in the time and
frequency domains; furthermore, some useful information
could be discarded. To solve this problem, more information
is obtained by time-frequency domain analysis. The most

Table 1: Features and corresponding formulas.

Feature Formula

Mean absolute value (MAV) 𝑋am = 1𝑛∑𝑛 𝑥𝑖
Maximum 𝑋max = max (𝑥)
Variance 𝑋var = 1𝑛 − 1∑𝑛 (𝑥𝑖 − 𝜇)2
Skewness 𝑋skew = 𝐸[(𝑥𝑖 − 𝜇𝜎 )3]
Shape factor 𝑋sf = 𝑋rms𝑋abs

Clearance factor 𝑋clf = 𝑋max𝑋smr

Average frequency 𝑋fm = ∑𝐾𝑘=1 𝑠 (𝑘)𝐾
Frequency skew 𝑋fs = ∑𝐾𝑘=1(𝑠(𝑘) − 𝑋fm)3𝐾𝑋3fa
RMS 𝑋rms = √ 1𝑛∑𝑛 𝑥𝑖2
Peak-to-peak 𝑋𝑝-𝑝 = max(𝑥) −min(𝑥)
Square mean root (SMR) 𝑋smr = (1𝑛∑𝑛 √𝑥𝑖)

2

Kurtosis 𝑋kurt = 1𝑛∑𝑛 (𝑥𝑖 − 𝜇𝜎 )4
Crest factor 𝑋cf = 𝑋max𝑋rms

Impulse factor 𝑋if = 𝑋max𝑋abs

Standard deviation frequency (SDF) 𝑋fa = √∑𝐾𝑘=1 (𝑠 (𝑘) − 𝑋fm)2𝐾 − 1
Frequency kurtosis 𝑋fk = ∑𝐾𝑘=1(𝑠(𝑘) − 𝑋fm)4𝐾𝑋4fa
commonly used time-frequency analysis methods are STFT,
WT, and EMD. Among them, the difficulty of STFT is how to
select the proper window function, and the main weakness
of EMD is its high sensitivity to noise and mode mixing.
In addition, WT is reported to have better applicability in
dealing with vibration data from rotating machinery such
as bearings [35]. In this study, a specific wavelet “db4” from
Daubechies familywavelets in three levels is applied to extract
the eight features of wavelet packet energy 𝑃𝑑,𝑛.

Assuming that 𝐸𝑑,𝑛 is the energy of the 𝑛th frequency
band in the 𝑑th layer, which is defined as [36]

𝐸𝑑,𝑛 = 𝑀∑
𝑘=1

𝑊𝑘𝑑,𝑛2 , (5)

where𝑊𝑘𝑑,𝑛 is the wavelet coefficient of the 𝑘th discrete point
of the decomposition signal 𝑥𝑑,𝑛(𝑖) and 𝑀 is the number
of 𝑥𝑑,𝑛(𝑖), the contribution of the 𝑛th band in the 𝑑th layer
wavelet coefficient to the energy of the signal is defined as

𝑝𝑑,𝑛 = 𝐸𝑑,𝑛∑2𝑑𝑛=1 𝐸𝑑,𝑛 . (6)
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Figure 2: Flowchart for bearing degradation trend prognostic.

After the original features are extracted, each feature
is mapped to its respective cumulative form by cumulative
transformation algorithm, and a total of 24 cumulative fea-
tures are obtained. Each cumulative feature contains partial
information of bearing status and reflects the bearing degra-
dation process from different aspects. To comprehensively
describe the degradation process, KPCA is used to fuse all
cumulative features and obtain a degradation index.

3.3. PSR and ELM. In the data-driven prognostic methods,
a number of methods are used to build prediction models,
for example, ARIMA, artificial neural network (ANN), and
support vectormachine (SVM). Among thesemethods, ELM
is a new, simple, and effective single hidden layer feedfor-
ward neural network (SLFN) learning algorithm, which was
first proposed by Huang et al. for both classification and
regression purposes [37]. The structure parameter of ELM is
randomly chosen, and iteration is not required. Compared
with other gradient-based machine learning algorithms,
ELM has the advantages of high computational efficiency,
easy implementation, and good generalization performance.
Owing to these advantages, ELM is employed to build a
model to perform the prediction tasks in this study.

In addition, the time sequences prognostic supposes that
the future values are determined by certain past values.
The bearing degradation index is a one-dimensional time
sequence, and the challenge is how to train the ELM model.
PSR is able to extend a one-dimensional time sequence to a
high-dimensional phase space that has an equivalent space
with the original dynamic system in topology, and it can effec-
tively grasp the nature of time series.Therefore, it is employed
to deal with the model’s import problem. The time lag and
embedded dimension of the one-dimensional degradation
index are determined by mutual information method and
CAO’s method, respectively. The degradation index recon-
structed by PSR is then used as an import to the ELMmodel.

4. Experiment and Results

4.1. Experimental Setup. To assess the effectiveness of the pro-
posed method, the vibration signals originating from Center
for Intelligent Maintenance Systems (IMS), University of
Cincinnati [38], are used. The designed experiment platform
is shown in Figure 3 and the experiments are carried out
under constant load and speed conditions. Four Rexnord
ZA-2115 double-row bearings are erected on the axis of the
test rig. The rotation speed is maintained at 2000 rpm. The
axis and bearings bear a radial load of 6000 lbs through a
springmechanism, and all bearings are forced lubricated.The
acceleration sensors are installed on the bearing housing.The
new bearings are tested under this condition for full life cycle
test. All failures occurred after exceeding designed lifetime
of the bearing which is more than 100 million revolutions. It
is found that the data in 10000 minutes before bearing failure
canwell reflect the whole failure process of the bearing, so the
data in this period are analyzed. Each data set (𝑥𝑖) of bearing
1 used in this study is 1-second vibration signal snapshots
recorded at 10-minute intervals and consists of 20480 points
with the sampling rate of 20 kHz.

4.2. Data Processing. The 12 time domain features, four
frequency domain features, and eight time-frequency domain
features are extracted from the vibration signal as described
in Section 3.2.The original features are shown in Figures 4–7.
From Figures 4–7, we can see some of the extracted original
features (e.g., square mean root, RMS, skewness, standard
deviation frequency, and WPE2), which can reflect the bear-
ing degradation process to some extent. By contrast, some
other features cannot reflect the bearing degradation trend
appropriately. For example, frequency kurtosis andWPE1 are
almost constant; the crest factor, clearance factor, and so on
contain a lot of noise information and show no trendability.
Moreover, the evolution of the original feature curves always
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Figure 3: Illustration of the bearing experiment platform.
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Figure 5: Six dimensionless time domain features.

shows some fluctuation and low trend characteristics owing
to the backgroundnoise or some significantly stronger signals
(e.g., gears and bars), which fail to track degradation trend
effectively and even cause problems for the prognostic task.

In order to quantitatively describe the trend character-
istics of the original features, a comprehensive evaluation
indicator is proposed for feature evaluation. Table 2 shows the
evaluation results of the eight optimal features, which indicate
that the evaluation results and waveforms can show good
agreement. It is found that even the comprehensive index of
the eight optimal primitive features is relatively small.

To obtain the features that have better trend characteris-
tics and can better reflect the bearing degradation process,
the original features are transformed to build respective
cumulative features. The eight optimal features and their
corresponding cumulative features are shown in Figures 8
and 9. Comparedwith the original features, all the cumulative
features show a smooth, monotonically increasing trend and
can more clearly reflect the bearing degradation process.

The evaluation results of cumulative features are shown
in the Table 3. Compared with Table 2, it can be seen
that the monotonicity, trendability, and robustness of the
eight features are obviously improved by the cumulative
transformation.Themonotonicity of each cumulative feature
is increased to 1. Although there are some differences in the
trendability, they have been greatly improved. The difference
in robustness is small, and it remains at a high level.

In order to verify that the cumulative transformation has
strong versatility, 24 original features of a rolling bearing are
transformed to obtain the corresponding cumulative features,
and the original and cumulative features are normalized and
displayed by waterfalls. The feature waveforms are shown in
Figures 10 and 11.

It can be seen that the trend between original features
is different, and the characteristics of each feature also show
more violent fluctuations, whereas cumulative features show
a similar monotonically increasing trend, and the waveforms
of cumulative features are very smooth.
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Figure 6: Four frequency domain features.

Table 2: Evaluation results of the first eight best bearing features.

Feature Monotonicity Trendability Robustness Comprehensive indicator
WPE2 0.0081 0.7834 0.9813 0.4353
WPE5 0.0163 0.7262 0.9837 0.4228
WPE8 0.0203 0.6945 0.9811 0.4147
SDF 0.0163 0.6211 0.9739 0.3893
SMR 0.0224 0.5842 0.9826 0.3830
MAV 0.0183 0.5807 0.9820 0.3798
RMS 0.0163 0.5527 0.9790 0.3698
Skewness 0.0142 0.4845 0.9564 0.3437

Different cumulative features can reflect the bearing
degradation process from different aspects; the entire bearing
degradation process cannot be described comprehensively
by only one cumulative feature. Therefore, these cumulative
features are fused to construct the fusion degradation index
by the KPCA method, and the first principal component
is selected as the degradation index. It can be seen from
Figure 12 that the degradation index ismonotonically increas-
ing, and the different life states clearly characterize the
entire life of the bearing. Accordingly, the index constructed
by KPCA can reflect the degradation more effectively and
comprehensively.

As can be seen from Figure 12, the bearing is in normal
operation before the first 7000 minutes, after which the
condition of the bearing suddenly changed and the curve
increased sharply, which shows there are certain faults occur-
ring in the bearing.

In the degradation trend prognostics, an improper input
may lead to a bad prognostics result, and thus the key
problem is how to validly import the one-dimensional
degradation index into the model. PSR can effectively extend
the one-dimensional time signal to its corresponding high-
dimensional equivalent, which can be used to deal with the
model’s import problem. In the present study, the time delay 𝜏
is set as 2 through the mutual information method.Then, the
embedded dimension 𝑑 is set to 8 through the CAO method
(as shown in Figure 13.). Based on the selected optimal delay
time and embedded dimension, the ELM model is used to
predict the bearing degradation trend.

4.3. Results and Discussion. A nonlinear function, that is,
a sigmoid function, is selected as the activation function
in ELM for bearing degradation trend prediction, and the
number of hidden nodes is set as 10. As mentioned above, the
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Figure 7: Eight wavelet packet energy features.
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Figure 8: First four preferred features and corresponding cumulative features.

Table 3: Evaluation results of cumulative features of the first eight best original features.

Feature Monotonicity Trendability Robustness Comprehensive indicator
C-WPE2 1.0000 0.9302 0.9895 0.9770
C-WPE5 1.0000 0.9195 0.9929 0.9744
C-WPE8 1.0000 0.9295 0.9900 0.9769
C-SDF 1.0000 0.6228 0.9961 0.8861
C-SMR 1.0000 0.7268 0.9891 0.9159
C-MAV 1.0000 0.7495 0.9882 0.9225
C-RMS 1.0000 0.7797 0.9864 0.9312
C-Skewness 1.0000 0.9559 0.9868 0.9841

bearing is in a normal state before the 7000 minutes, so the
points from 701 to 900 are used to train the ELM model and
the following 30 points are used for testing.

The actual value and the predicted result of the original
and cumulative fused index are shown in Figure 14. It can be
seen that the predicted result of the cumulative fused index is
consistent with the actual degradation curve.

The present method is compared with other methods
to verify the advantages in the bearing degradation trend
prognostics. Kurtosis, RMS, and WPE2 of the original and
cumulative form are, respectively, used as the degradation

index to feed input to the ELM model, determining the
import parameters of the ELMmodel with the mutual infor-
mation method and CAO method. For illustration, Figures
15–17 show different prediction results.

From Figures 15–17, it can be seen that, owing to the fluc-
tuation and bad trend, the degradation progression cannot
be reflected clearly by the original features; furthermore, the
prediction difficultly has also been increased, which leads
to bad performance of the prognostic model. Compared
with the original features, the cumulative features achieve
better prediction result than the corresponding original
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Figure 9: Fifth to eighth preferred features and corresponding cumulative features.
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Figure 10: Waterfall of original features.

features. On the whole, the predicted results have the same
trend as the actual cumulative features, and there are only
minor differences between the predicted results and actual
cumulative features.
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Figure 11: Waterfall of cumulative features.

To quantitatively evaluate the performance of different
methods, the MAPE and RMSE values of different degrada-
tion indexes are summarized in Table 4. We note that the
cumulative features can achieve higher accuracy than the
original features.
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Figure 14: Prediction results of original fused index and cumulative fused index.

Table 4: Prediction error comparison of different degradation indexes.

Degradation index MAPE RMSE Degradation index MAPE RMSE
Kurtosis 0.1643 1.0213 C-Kurtosis 0.0059 0.0625
RMS 0.1425 0.8548 C-RMS 0.0131 0.0051
WPE2 0.0815 0.0056 C-WPE2 0.0052 0.0032
Fused index 0.0799 0.0455 C-Fused Index 0.0226 0.0149
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Figure 15: Prediction results of kurtosis and C-kurtosis.
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Figure 16: Prediction results of RMS and C-RMS.
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The reason for this is that the cumulative features are
calculated based on the whole bearing life data, unlike the
traditional features, which are based on a piece of data;
thus, the cumulative transformation can partly ignore data
fluctuation and extract significant monotonic trend infor-
mation. Moreover, the KPCA can effectively fuse different
features that describe the signal characteristics from different
aspects and get more useful information. Therefore, the
proposed degradation index can effectively reflect the bearing
degradation trend and benefit the prognostic tasks.

5. Conclusion

In this study, a novel rolling bearing degradation prognostics
method based on cumulative transformation and KPCA is
proposed. More specifically, cumulative transformation and
KPCA are integrated to obtain a degradation index to reflect
the bearing degradation process. A prediction model based
on ELM and PSR is built to perform the prognostics task.The
following conclusions can be drawn:

(1) The features of the time domain, frequency domain,
and time-frequency domain are extracted, and cumulative
transformation is proposed to achieve features with high
monotonicity and trendability from the original features,
which can benefit the prognostic tasks.

(2) Anewdegradation index system is constructed, which
fuses multidimensional cumulative features by KPCA and
reflects the bearing degradation process properly.

(3) A prediction model based on PSR and ELM is
proposed to achieve bearing degradation trend prediction.
The whole-life experiment of the bearing shows that the
proposed method reflects the bearing degradation process
clearly and achieves a good balance between model accuracy
and complexity.
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The current methods of optimal sensor placement are majorly presented based on modal analysis theory, lacking the consideration
of damage process of the structure. The effect of different minor damage cases acting on the total spatial structure is studied based
on vulnerability theory in structural analysis. The concept of generalized equivalent stiffness is introduced and the importance
coefficient of component is defined. For numerical simulation, the random characteristics for both structural parameters and
loads are considered, and the random samples are established. The damage path of each sample is calculated and all the important
members on the damage failure path are listed; therefore the sensor placement scheme is determined according to the statistical
data.Thismethod is extended to dynamic analysis. For every dynamic time-history analysis, time-varying responses of the structure
are calculated by selecting appropriate calculating interval and considering the randomness of structural parameters and load.The
time-varying response is analyzed and the importance coefficient of members is sorted; finally the dynamic sensor placement
scheme is determined. The effectiveness of the method in this paper is certified by example.

1. Introduction

Spatial structures, such as latticed shell and space truss, are
three-dimensional representations of equilibrium equations
and symbols of structural design, simulation, and construc-
tion in civil engineering. Spatial structures arewidely used for
many advantages such as large stiffness, light mass, and low
cost, and structural styles are also novel and diversified.

Spatial structure has these mechanical characteristics as
follows. It has three-dimensional mechanical characteristics
and presents a space working state under loads [1]. It belongs
to high-order statically indeterminate structure, but it is gen-
erally flexible and can be easily damaged and even destroyed
under special loads and sudden disasters. Most of the spa-
tial structures are symmetrical, the natural frequencies are
usually close, and the dynamic characteristics are complex.
The major loads have strong randomness, and the overall
structure has a high sensitivity to defects. The initial defect
and the damage of local elements can significantly influence
the bearing capacity and the mechanical characteristics.

The operating environment of the spatial structure is
complex, and the potential risk of damage and destruction is

larger. In addition, spatial structures are inevitable to subject
to environmental corrosion, long-term fatigue effects, or
natural disasters, and then the damage accumulates during
long service period [2, 3]. Furthermore, many large spatial
structures are constructed as important building such as
gymnasium, exhibition hall, and station hall. Therefore, it
is necessary to detect the potential damage accurately and
promptly in order to ensure structural capacity and safety.
Under this background, intelligent health monitoring, sen-
sors selection, and optimal placement and damage detection
in construction and operation have an important theoretical
value and practical significance [4, 5].

Over the past twenty years, various problems in health
monitoring of spatial structure have been studied and many
research achievements have been obtained, and some theo-
retical results and techniques have been applied to practical
engineering. However, there are still some problems in
the health monitoring of spatial structure, which need to
be further studied and then get improved in the aspects
such as optimal sensor placement, model updating, damage
detection, and safety assessment.
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According to the structural style and mechanical char-
acteristics of spatial structures, placing the main sensors
on the key joints of the spatial structure so as to detect
the damage is reasonable and effective. However, there are
a large number of joints, elements, and more degrees of
freedom for large spatial structures; it is inconceivable and
irrational to place the sensors on all the joints since the
economy and the feasibility cannot be fulfilled. Hence, the
locations and the number of the joints which will be placed
on sensors should be optimized to achieve effective data
acquisition and improve the accuracy of damage detection
andmaintenance efficiency, according to the specific type and
performance of sensors. The methods on the optimal sensor
placement have been developed from various aspects and
manymethodologies [6–8].Themost important methods are
introduced and discussed in the following content from the
dynamic mechanism and the applicability.

The most widely used method is modal assurance crite-
rion (MAC) method or MinMAC method, which is carried
out based on minimizing the value of the nondiagonal
elements on the modal assurance criterion matrix when new
sensors are added on the structure [9–11]. Minimizing the
maximal off-diagonal term indicates less correlation exists in
the correspondingmode shape vectors and renders the mode
shapes discriminable from each other. This method, which
belongs to the category of modal analysis, is to maximize
the angles formed by unit mode shape vectors, which is
equivalent to minimizing the dot product between them.

Although the modal information is sufficient and accu-
rate for modal identification by MinMAC method, the
damage detection cannot be achieved only by modal results.
The energy is generally assumed as another parameter related
to damage. For the energy concept, the most important
sensor placement method is the modal kinetic energy (MKE)
method [12]. It is established on the traditional heuristic
visual inspection, which is to visually inspect the structural
response, to examine the interested mode shapes, and to
select locations with high amplitudes of responses. The MKE
method gives a measure of the dynamic contribution of each
degree of freedom for each of the target mode shapes and
provides a rough idea where the maximum responses could
bemeasured. AlthoughMKE is suitable for simple structures,
it encounters difficulty in large complicated structures; thus,
the bottleneck problem occurs. The MKE method starts first
from the selection of target modes by the modal kinetic
energy as follows.

As another famous method, the effective independence
(EI) method aims to select measurement positions that
make the mode shapes of interest as linearly independent
as possible while containing sufficient information about the
target modal responses in the measurements [13, 14]. This
method roots in the estimation theory by sensitivity analysis
of the parameters to be estimated, and then it arrives at
the maximization of the Fisher information matrix. There
are many variants of the EI method. The so-called energy
optimization technique is derived from EI by optimizing
the kinetic energy matrix measured by candidate sensor
locations.

The QR decomposition method proposed by Schedlinski
and Link aims to locate the effective subset of the modal
matrix [15]. The original modal matrix is decomposed into
one unitary matrix and one trigonometric matrix by QR
decomposition. The fundamental idea is to find the most
linear independent rows of themodal matrix tominimize the
off-diagonal terms of the MAC matrix.

The Guyan reduction method selects the master degrees
as the locations of sensors during the process of Guyan
reduction [16]. It is based on the assumption that low ratios
of leading diagonal stiffness to mass terms indicate good
degree of freedom to be retained in terms of describing the
kinetic energy and that the inertia forces at slave coordinates
are negligible compared with the elastic forces. A major
disadvantage of the reduction methods is that they strongly
depend on the meshing size of the FEM and are interested
only in the lower modes, which are not always the case. It is
useful to note that other sophisticated reduction techniques
can also be employed. A relative promising method is static
flexibility approach [17]. This method optimizes the static
transformation matrix with the assumption that the best
master degrees of freedom are those for which the FEMmode
shapes can be represented as a linear combination of static
flexibility shapes.

In conclusion, the deficiency in the current study on
the optimal sensors placement method can be summarized
as follows. Different optimal placement schemes can be
obtained according to different placement criteria, and the
guideline of comprehensive evaluation for various placement
criteria and selecting the appropriate placement scheme
according to the structural form and the engineering require-
ments needs intensive study. The current optimal sensor
placement methods aremainly established based on dynamic
analysis and modal analysis, which are only suitable for the
dynamic sensors such as the accelerometer and the dynamic
displacementmeter.However, the optimal placement strategy
on the static parameters such as stress, strain, crack, and
long-termdeformation is not comprehensive enough, and the
placement scheme is usually determined by experience or the
simple simulation. On the other hand, the existing optimal
placement scheme is usually determined by combining the
algorithm and the finite element model, but it is not enough
to pay attention to the difference of the loading pattern, the
randomness of materials and structures, and the model error
and updating, which affects the feasibility of the theoretical
optimization placement scheme. In addition, the minor
damage and the damage evolution process are not adequately
considered, which leads to the flexibility and the adaptability
of the placement scheme being unsatisfactory.

In recent years, the concept, philosophy, and applica-
tion of structural vulnerability continue to be valued [18–
23]. Structural vulnerability, also viewed as the antonym
of robustness, is usually defined as the characteristics and
circumstances of a structural system that makes it susceptible
to the damaging effects of a hazard. For example, the seismic
vulnerability is the degree of damage to the built environment
for a given intensity of earthquake motion [24]. Structural
vulnerability can be expressed on a scale of 0 to 1, where 0 is no
damage and 1 defines complete destruction. It is apparent that
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the structural health monitoring and the sensor placement
method can be studied within the system framework of
structural vulnerability, and new methods and ideas maybe
occur, which will be beneficial to the development of health
monitoring.

According to the deficiency of the traditional method
of optimal sensor placement, a new static-dynamic sensor
placement method based on structural vulnerability and
importance coefficient is presented in this paper, and the
random characteristics are also involved, which can provide
new ideas and methods for optimal sensor placement and
application for complex spatial structures.

2. Structural Analysis considering
Random Characteristics

The practical engineering structures inevitably have all kinds
of initial random defects due to the material characteristics
and the construction error; thus, the parameters such as
structural stiffness, mass, and geometric size are not equal to
the design value but fluctuate within a certain range and the
design value is probably the mean value, so these parameters
are stochastic. In addition, the actual value of the load on
the structure is also random [25].This randomness generates
the difference of geometrical properties, bearing capacity, and
damage evolution mechanism between the actual structure
and the ideal design model.

Hence, the modal characteristics, damage performance,
and the optimal sensor placement scheme based on the
ideal model cannot be fully consistent with the actual
condition, and there is a considerable deviation in many
cases. Based on previous discussion, it is apparent that the
structural performance will be recognized more intensively
if the load pattern and the randomness of structure materials
and dimensions are involved in structural analysis, and the
statistical parameters and characterization of the structural
static-dynamic performance can be calculated by probability
statistical method [26–28]. On this basis, the optimal sensor
placement will be more realistic and comprehensive, which
can improve the accuracy of damage identification and health
monitoring.

The Monte Carlo method is mostly used in the random
analysis; the load pattern and the randomness of struc-
tural parameters can be considered. First, the probability
distribution function (PDF) of load and parameters should
be determined, and then a certain number of samples are
selected randomly from the total sample library which are
in conformity with the corresponding PDFs, in order to
generate the operating cases with different load patterns.
After that, themechanical properties and the optimal scheme
of each operating case are studied and the statistical results are
achieved; then the final analysis result or the optimal scheme
is determined based on the occurrence probability.

The advantages of the structure random analysis based
on Monte Carlo method include the high accuracy and the
precision which can be controlled, but the disadvantage is the
low computational efficiency and being time consuming.

On the other hand, a function or a surface which is easy
to be established substitutes for the implicit or complex real

function or limit state surface in response surfacemethod; the
accuracy and the convenience are achieved simultaneously.
For complex structures, the basic structural features can
be represented by response surface function. On this basis,
Monte Carlo sampling is carried out. Because only the value
of special response surface function is calculated for each
sample rather than restarting structural analysis, this method
will obviously improve the computational efficiency than
Monte Carlo method.

It is worth noting that the probabilistic design system
(PDS) can be provided by some finite element software, such
as ANSYS, and both Monte Carlo method and response
surface method can be used by users to realize the structural
random parameters analysis or reliability analysis. However,
there are still many problems in this module, such as the
limitation on the number of random input variables and
the total amount of input and output, which lead to the
bottleneck problem of the random analysis for large and
complex structures.

Thus, the mathematical software such as MATLAB is
suggested to be used for the preprocessing of parameters
and the random variables generation especially for complex
structures and then importing the data into the finite element
command and carry out structural analysis in finite element
software. Finally, the result data are saved and converted into
the recognizable format; then the probability statistics and
numerical analysis are performed in MATLAB.

3. Vulnerability Evaluation Based on
the Importance Coefficient

Spatial structures will inevitably damage due to various natu-
ral hazards and environmental effect. The damage includes
the change of the materials property and the geometrical
feature of the total structure or local members, besides the
deterioration on the stiffness, the strength, the boundary, and
the connection conditions.

The incident natural disasters such as earthquake and
hurricane will cause serious structural damage in a very short
period of time, and these damage types belong to the sudden
damage. In addition, a certain degree of damage will occur
in the structure due to the factors like environmental change,
component degradation, fatigue, corrosion, and others, and
these cases belong to the cumulative damage. Both the
sudden damage and cumulative damage can be understood
and analyzed through the concept of structural vulnerability.

The general definition of structural vulnerability indicates
the conditional probability of the actual damage exceeds the
designated damage degree when structure is subjected to a
given load [22, 23]; this concept represents the relationship
between the initial disturbance caused by an unexpected
event or overload and the final consequence, and it also
stands for the structural fragility and the bearing capacity for
accidental damage.

As a derived concept, the importance coefficient of
component based on vulnerability represents the influence
on the performance of whole structure when the individual
members damage or become invalid if the structure is
subjected to unexpected events under normal loads, which



4 Shock and Vibration

Component 1 Component 2

F

(a) Parallel connection system

Component 1

Component 2

F

(b) Series connec-
tion system

Figure 1: Illustration of importance coefficient in different structures.

also indicates the constraint capacity of the component in a
certain extent [29].

The current research on engineering vulnerability analy-
sis mainly focuses on the seismic vulnerability of buildings
and bridges, and the application of structural vulnerability
in the field of structural health monitoring is not popular. In
this paper, it is assumed that structural vulnerability can fully
represent the characteristics of the structural damage and be
used to evaluate the safety grade. In the theoretical frame-
work of the structural vulnerability analysis, the importance
coefficient and damage demand of structural component are
analyzed in order to search for the structural vulnerable path
and then install sensors according to important path. Hence,
the needs of the cumulative damage and the sudden damage
are both considered and the large scale of damage caused by
local damage can be prevented. Furthermore, the robustness
and the reliability of the structure are effectively ensured.
Thus, the optimal sensor placement based on vulnerability
analysis and important coefficient is studied in this paper.

In the traditional structural vulnerability analysis, it is
usually necessary to simultaneously calculate the importance
coefficient of the components and the energy which can
destroy the components so as to find the circumstance that
the components are most important or prone to damage;
then the vulnerable path is determined according to the
possible damage sequence. However, the components are
fully removed in the process of damage analysis when the
traditional method is used; that is, the components are
completely destroyed. However, the actual possibility of a
certain critical component completely destroyed is very small
in normal state. On the contrary, the damage is often cumu-
lative. Therefore, the traditional method should be improved
for the application of optimal sensor placement.

In this study, the minor damage states, that is, the
percent decrease of stiffness is less than 20%, which often
occurs in the early stage of cumulative damage, are mainly
discussed, and the target of the optimal sensor placement is
to detect the minor damage rapidly and accurately. Since the
required destruction energy of each component is small, all
the components are assumed to be prone to damage, so there
are no special damage demands for designated components

in vulnerability analysis. Moreover, it should be pointed out
that the initial random imperfections are not equivalent to
the minor damage. The initial random imperfections are
the inevitable errors in the process of material production
and construction, and the minor damage is the damage that
occurs in the operation process of structural members. In
view of damage degree, the minor damage is obviously larger
than the value of random imperfections.

From the above analysis, it is obvious that the definition
and calculation of importance coefficient are the critical part
to realize the vulnerability analysis and to search vulnerable
path. There are two types of methods for evaluating the
importance coefficient of structural component.Thefirst type
of methods mainly focuses on the intrinsic properties of the
structural system, which is independent of the load patterns.
The other type of methods belongs to the evaluation method
related to load, which pays attention to both the properties
of the structural system and the effects of the load on the
structure.

In fact, the effective vulnerable path of the structure is
not merely related to the structure geometry and the stiffness
distribution but also intrinsically related to the load pattern.
The stiffness involved in the evaluation method independent
of load is not the effective stiffness of the structure resisting
the external loads. For example, the practical importance
of a redundant component with larger stiffness is very
small because it has no contribution to load transfer, but
the corresponding important coefficient calculated by above
method may be larger than the value of the component with
the great contribution to the load transfer but the stiffness is
less.

In order to deeply illustrate the significance of importance
coefficient and previous discussion, two simple systems are
shown in Figure 1. In the parallel connection system, if
the stiffness of component 1 is larger, the corresponding
importance coefficient is larger because the sharing force of
this component is large and the consequence is more serious
if it is removed. In contrast, if either component is removed
in the series connection system, the structure will be invalid;
thus, the importance coefficients of these two components
are the same though the stiffness is different. Hence, both
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the structural characteristics and the load pattern should be
considered in the importance evaluation for structural health
monitoring, especially for the optimal sensor placement.

The applications of vulnerability and importance coeffi-
cient in health monitoring and sensor placement are nec-
essary. The damage capacity of current damage detection
methods is preferable for the structure withmedium damage,
but the results ofminor damage detection are not satisfactory.
For spatial structure, the minor damage of the components
not only generates the potential safety hazard and reduces the
structural service life, but also is directly harmful to thewhole
structure and weakens the normal operational performance.
With the development of the damage, it will finally bring
about serious damage on the structure and causes heavy
casualties and property losses. Therefore, it is very necessary
to study the consequence and the transfer path of minor
damage by combining the random properties of the structure
and the load pattern based on the structural vulnerability
analysis. The study on searching possible damage path and
installing various sensors on the important components
becomes the first task to be solved.

4. Calculation of Component
Importance Coefficient

To carry out vulnerability analysis and importance coefficient
calculation, the quantifiable indexmust be presented. In view
of the previous conclusion about the importance coefficient,
the concept of the generalized equivalent stiffness is intro-
duced into the calculation method of the importance coeffi-
cient of component.The relationship of the joint deformation
Δ in a specified direction and the force 𝐹 which is applied on
the joint in the corresponding direction is given by

𝐹 = 𝑘Δ, (1)

where 𝑘 is the equivalent stiffness of the component in the
specified direction. If the structure is merely subjected to
the load 𝐹, the components that participate in transferring
the force, that is, contribute to the equivalent stiffness 𝑘,
have importance, whereas the component, which has no
contribution to the equivalent stiffness 𝑘, does not influence
the state of the structural bearing capacity even if it is
removed, so it is not important.

The above conclusion can be generalized to the larger
and complex structure which is usually subjected to mul-
tiple loads. When the load distribution on the structure is
determined, the joint deformation distribution can be also
determined.

Assuming the resultant force acting on the joint 𝑖 is 𝐹𝑖,
the component force of 𝐹𝑖 in the direction 𝑙 is 𝐹𝑙𝑖, and the
deformation of the joint 𝑖 in the direction 𝑙 is 𝑑𝑙𝑖. Then the
structural equivalent stiffness of the joint 𝑖 in the direction 𝑙
is defined as

𝐾𝑙𝑖 =
𝐹𝑙𝑖
𝑑𝑙𝑖
. (2)

On this basis, the generalized equivalent stiffness of the
structure corresponding to the load pattern in the direction 𝑙
is given by

𝐾𝑙𝑔 =
𝑛

∑
𝑖=1

𝐾𝑙𝑖 =
𝑛

∑
𝑖=1

𝐹𝑙𝑖
𝑑𝑙𝑖
, (3)

where 𝑛 is the number of joints.
The resultant forces acting on each joint can be generally

decomposed into three principal axis directions including
𝑥, 𝑦, and 𝑧, and the generalized equivalent stiffness of
the structure with respect to a given load pattern in three
principal axis is 𝐾𝑧𝑔, 𝐾𝑦𝑔, and 𝐾𝑥𝑔, respectively. The actual
structure generalized equivalent stiffness is the vector sum
of the generalized equivalent stiffness in all directions and is
expressed as follows:

𝐾𝑔 = √𝐾2𝑥𝑔 + 𝐾2𝑦𝑔 + 𝐾2𝑧𝑔. (4)

The generalized equivalent stiffness of the structure with
respect to a specified load pattern is a whole physical quantity
which indicates the deformation capacity of the overall
structure resisting a given load, which is related to the load
distribution pattern on the structure and the structural stiff-
ness. Under the action of a given load, the contribution of one
component to the actual structural equivalent generalized
stiffness evidently represents the significance in the force
system; it also represents the importance of the components
of the whole structure.

Therefore, the loss rate of the actual structural equivalent
generalized stiffness caused by the component damage is used
as an importance evaluation index of the structure system.
The index is defined as the importance coefficient 𝐼, and the
expression is

𝐼 =
(𝐾𝑔𝑝 − 𝐾𝑔𝑑)
𝐾𝑔𝑝

, (5)

where 𝐾𝑔𝑝 is the initial generalized equivalent stiffness of
the intact structure; 𝐾𝑔𝑑 is the generalized equivalent stiff-
ness of the damaged structure. The component importance
coefficient 𝐼 is a constant range between 0 and 1. When 𝐼 is
0, it indicates that the designated component has no effect
on the actual generalized equivalent stiffness of the structure
and does not contribute to the transmission path in the
structural system; that is, this component is not important in
the structure. If 𝐼 is 1, it is evident that the component is very
important, and once the failure occurs, the structure will not
be able to sustain the given load.

In order to further explain the method and calculation
process of the component importance coefficient based on
the above formulae, a simple truss with 7members is selected
for analysis. The structural composition, the number of the
joints, and the members are shown in Figure 2. All the
members in the structure are the same, and the length is
3.0m, the outer diameter of the member is 102mm, and the
wall thickness is 4mm. Both the Compressive stiffness and
the tensile stiffness are 460 kN/m.



6 Shock and Vibration

Table 1: Importance coefficients of each member for different load patterns.

Importance coefficients Member number
1 2 3 4 5 6 7

𝐼𝐴2 0.018 0.018 0.079 0.000 0.000 0.079 0.023
𝐼𝐴5 0.079 0.079 0.251 0.000 0.000 0.251 0.095
𝐼𝐵2 0.023 0.023 0.072 0.011 0.011 0.072 0.044
𝐼𝐵5 0.069 0.069 0.222 0.014 0.014 0.222 0.1417

1 2

3456

7

A B C

D E

3.00 m

3.00 m 3.00 m

2.60m

Figure 2: Illustration of importance coefficient in different struc-
tures.

The importance coefficient of each member under dif-
ferent static loading modes is calculated. In this study, two
load patterns are considered; that is, load pattern 𝐴 and
load pattern 𝐵. For load pattern 𝐴, 10 KN vertical force is
applied on joints 𝐷 and 𝐸, respectively. For load pattern
𝐵, 20 KN vertical force is applied on joint 𝐵. It is assumed
that each member has two types of degree of damage, so
that the importance coefficient of each member is calculated
according to (2), (3), and (5), and the calculation results are
shown in Table 1.

Specifically, 𝐼𝐴2 is the importance coefficient of the
designated element when the load pattern 𝐴 is applied and
the damage degree of the corresponding element is 20% and
other elements are intact. 𝐼𝐴5 is the importance coefficient of
the designated elementwhen the load pattern𝐴 is applied and
the damage degree of the corresponding element is 50% and
other elements are intact. 𝐼𝐵2 is the importance coefficient of
the designated elementwhen the load pattern𝐵 is applied and
the damage degree of the corresponding element is 20% and
other elements are intact. 𝐼𝐵5 is the importance coefficient of
the designated elementwhen the load pattern𝐵 is applied and
the damage degree of the corresponding element is 50% and
other elements are intact.

It can be seen from the above results that the importance
coefficient of certainmember is different for different loading
modes; a variety of possible loadmodes should be considered
in order to calculate the importance of the members in a
comprehensive way. In addition, for any damage degree and
loadingmode, the sequence of the importance of themember
is given as members 3 and 6, member 7, members 1 and 2,
andmembers 4 and 5, although the values are varied. Priority
should be given to the strengthening and monitoring of the
most important components.

5. Sensor Placement considering Importance
Coefficient and Randomness

For spatial structures subjected to static loads, once the most
important component damages, the stress distribution and
the transfer path of the whole structure will change due to the
change of the stiffness distribution.Therefore, the importance
coefficient of each component will vary, and the maximum
importance coefficient of all the remaining components can
be obtained by recalculating the importance coefficient of
each component. Following this set pattern, the multiple
components with maximum importance coefficient can be
gradually identified.

If the structure damages in the sequence of the permuta-
tion of the multiple components with maximum importance
coefficient, the hazard of the whole structure is most severe.
The damage of the multiple most important components
will lead to much more loss of the generalized equivalent
stiffness under given load condition. Thus, it causes a large
deformation on the structure and deterioration of the normal
performance.

From the perspective of the transfer path, the emergency
capacity of the structure also greatly decreases, which will
lead to structure destruction at top speed with the damage
evolution and even causes the collapse. Hence, if the top
important components are obtained by vulnerability analysis
and the sensors are installed on corresponding joints to
collect static response signals, the weak parts of the structure
can be effectively monitored and the structural safety and
reliability can be ensured.

For the minor damage detection and normal health
monitoring, it is adequate to calculate the top three important
members of the structure in the vulnerability analysis.

In addition, when the structure is subjected to ground
motion or wind load, the applied forces on the structure
involve the inertia force, gravity, and other dynamic actions at
any moment in the dynamic process.Thus, the multiple most
important members at any time step can be obtained accord-
ing to the above method. Once the important components
damage, the distribution of dynamic action will rearrange
and the dynamic response will change obviously. Therefore,
in order to evaluate the structural capacity to resist dynamic
action, an appropriate time interval for vulnerability calcu-
lation should be determined and the time-varying responses
of the structure in a dynamic process are extracted so as to
calculate the importance coefficients of component. At last,
the important members of the structure in a dynamic hazard
are obtained and the static-dynamic parameters of these
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Statistical characteristics
of parameters

Statistical characteristics
of the load

Random sampling

Calculate the importance
coefficient I of each component

Reduce 20% stiffness of important components of first and
second level and then calculate I of each component

Calculate the top three important components of multiple
sample structures; the sensors are installed on the
components with the highest frequency

Reduce 20% stiffness of important components of
first level and then calculate I of each component

important members

important members

important members

Determine and the first-levelIＧ；Ｒ ,

Determine and the second-levelIＧ；Ｒ ,

Determine and the third-levelIＧ；Ｒ ,

Figure 3: Flow chart of sensor placement considering static load.

members are monitored by statistical time-history analysis
results.

The important coefficient calculation method for the
deterministic structure and the specified load pattern is
described above. For random cases, it is necessary to study
a large number of sample conditions by considering the
random characteristics of load and structure parameters.The
most important components of each sample are obtained,
respectively, and then the important members of all samples
are counted. The components with the highest frequency are
determined as the important components; then the sensors
are installed on the components or the adjacent joint and the
static-dynamic parameters are monitored.

In summary, the calculation flow diagram of the optimal
sensor placement considering the importance coefficient
and the randomness of structural parameters and static or
dynamic load is shown in Figures 3 and 4, respectively.

6. Example Analysis

To verify the proposed method of optimal sensor placement
considering importance coefficient and randomness, a single-
layer spherical rib-circle latticed dome structure is selected
as an analysis example, and the structural constitution is
shown in Figures 5 and 6. The span of the structure is 40m,
the rise-span ratio is 1/4, and the material is normal carbon
constructional steel with yield strength 2.35 × 108N/m2. For
all the steel components, the external diameter is 200mmand
the internal diameter is 20mm.The solid sphere with 160mm
diameter is used as the joint of the structure and welded with
corresponding components. The assigned dead load to each
joint on the surface is calculated as 15 kN/m2.

The importance coefficient of the components when
the structure is subjected to the static load is calculated.
The normal uniform load and the snow load are involved,
and the possible load patterns include the following four
types: uniform load (load pattern I), combination of the

uniform load and half edge uniform load (load pattern II),
combination of the whole uniform load and 1/4 area uniform
load (load pattern III), and the combination of the whole
uniform load and the apex load (load pattern IV). According
to the study [30], when randomness is considered, the
statistical characteristics of the structure and load parameters
are shown in Table 2, where 𝐿 is the span.

The size of the random sample is determined according to
the statistical characteristics and the amount of calculation.
100 random samples are simulated for each load pattern,
and these loads are applied to 100 structures with random
geometric parameters, respectively.Thus, 100 randommodels
considering both the load and structural parameters are
established. The first three important components of each
model are calculated by finite element software ANSYS and
numerical calculation software MATLAB. In the calculation
of the importance coefficient of each component, the stiffness
decreased by 20% to achieve the minor damage.

The initial displacements of joint 12 subjected to each type
of load patterns in different random structures are shown in
Figure 7; it is evident that the value has obvious randomness
and discreteness. The importance coefficients 𝐼 of the first
level of element 51 near joint 12 in random structures are
shown in Figure 8, and the results show the importance
coefficient also has obvious randomness.

The importance coefficients of the structure under static
load are calculated, and the vulnerability is evaluated based
on different load patterns and statistical characteristics.

When the structure is subjected to a uniform load, as
shown in Figure 9, the importance coefficients of different
levels are calculated and analyzed.The frequency numbers of
importance coefficients in the first three levels are shown in
Figures 10(a)–10(c), respectively.The total frequency number
of importance coefficients is shown in Figure 10(d). The
numberings of the components whose frequency number is
small are not listed. It is found that the probability that the rib
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Statistical characteristics
of parameters

Dynamic instantaneous
response

Statistical characteristics
of the load

Random sampling

Calculate the importance
coefficient I of each component

Reduce stiffness of important components of first level to
a certain extent and then calculate I of each component

Reduce stiffness of important components of first and second
level to a certain extent and then calculate I of each component

Calculate the top n important
components of sample
structures

Calculate the top n important
components of all sample structures

Count the structure; the sensors are
installed on the components with the
highest frequency

important members
Determine and the second-levelIＧ；Ｒ ,

important members
Determine and the nth-levelIＧ；Ｒ ,

important members
Determine and the first-level IＧ；Ｒ ,

Figure 4: Flow chart of sensor placement considering dynamic load.

X

YZ

Strain sensors
Acceleration sensors

Figure 5: Reticulated dome structure and the sensors layout.
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Figure 8: The first important factor of component 51.

elements in the base circle become important components is
largest when the structure is subjected to uniform load.

Similar analysis is carried out according to the above
method, the cumulated frequency where the main compo-
nents become important components under various loads is
shown in Figure 11, and the numberings of the components
whose frequency number is less than 2 are not listed.

When the structure is subjected to the uniform load or
the combination of the whole uniform load and the top load,
the probability that the rib elements in the base circle become
the important components is largest. When the structure is
subjected to the combination of the uniform load and half
or 1/4 uniform load, the rib elements in the base circle and
the adjacent vertical elements especially at the junction of two
kinds of uniform loads are the most important components.

Hence, the most important components range in element
51 to element 60 in most cases, that is, the rib elements at the
base circle. Therefore, static strain sensors should be placed
on these elements or corresponding joints. The definitive
optimal placement scheme of static sensors is shown in
Figure 3.

In what follows, the importance coefficients of the struc-
ture under dynamic action are analyzed and discussed. In
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Figure 9: Uniform load pattern.

earthquake, the apparent deformation will occur in the shell
structure subjected to the inertia force, and the importance
coefficient of the components may vary in a short time.Thus,
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Table 2: Statistical parameter for sample structure.

Parameter Probability distribution Mean Standard deviation
Elastic modulus Gaussian distribution 2.10 × 1011 N/m2 6.18 × 109N/m2
Pipe diameter Gaussian distribution 0.2m 0.0002m
Concentrated force on top Gaussian distribution 50KN 0.5 KN
Uniform load on joint Gaussian distribution 10KN 0.1 KN
Initial imperfections of position Gaussian distribution (L/1000 + L/300)/2 = 0.087m 0.047m
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Figure 10: Frequency number under uniform load pattern.

the dynamic time-history analysis and adequate research are
needed.

According to the site type, El Centro waves, Taft waves,
Tianjin waves, and Kobe waves are used in dynamic analysis.
Each earthquake wave comprises two horizontal seismic
waves and one vertical seismic wave, the time interval is
0.02 s, the selected duration is 4.8 s, and the waveforms
contain the maximum amplitudes.

In order to simplify the calculation, the dynamic displace-
ment and the generalized equivalent stiffness of the structure
are calculated by the time interval 0.2 s, which is equivalent

to select 25 instantaneous states of the structure and calculate
the statistical results from each earthquake wave.

The random parameters and their statistical distributions
are in Table 1. For each group of earthquakewaves, 30 random
structure models are established. Therefore, the importance
coefficients of 750 elements are calculated. According to the
process in Figure 4, the probability values of the important
coefficient of all elements are obtained by statistical calcula-
tion. Taking component 55 as an example, the importance
coefficient results in different dynamic actions which are
shown in Figure 12.
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Figure 11: Accumulated frequency of members under various loads.
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Figure 12: Importance coefficient of member 51 in various dynamic
cases.

As the earthquake has great uncertainty, the elements
of the similar location can be treated equally for the spatial
structure with symmetry in evaluating the importance coef-
ficient of each member.

In this case, according to the locations, the elements on
the first circle (elements 1–10) are classified as type 1, the
elements on the second circle (elements 11–20) are classified
as type 2, and the elements on the third circle (elements
21–30) are recorded as type 3.

The rib elements of the first circle (elements 31–40) are
classified as type 4, the rib elements of the second circle
(elements 41–50) are classified as type 5, and the rib elements
of the third circle (elements 51–60) are classified as type 6.
The accumulated frequency and the mean value of these six
types of elements becoming the important members in three
different earthquakes are shown in Figure 13.

From the above results, it can be seen that although
the earthquake effect is random and the distribution of the
importance coefficient of the components is slightly different
in various earthquakes, the most important elements mainly
belong to type 6 and type 5, that is, the rib elements of the
second and third circle.

The final placement scheme of acceleration sensors is
shown in Figure 4 according to the statistical calculation
results and the experience of sensors placement.

It is worth noting that the optimal sensor locations
according to modal assurance criteria method or energy
method are generally at the top of the joints, which are
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Figure 13: Frequency of importance coefficient of 6 types of components.

different from the results based on vulnerability method.
Hence, the final placement scheme can be determined by
sufficiently considering the results by various methods.

7. Conclusion

In the premise of considering randomness of the actual
structure parameters and load patterns, the optimal sensor
placement scheme based on the vulnerability is the effective
application of the vulnerability theory in the field of health
monitoring. The evaluation of the importance coefficient
according to the change of the global generalized equivalent
stiffness of the structure is a reasonable improvement and
development for the vulnerability theory.

In addition, in order to meet the practical needs of health
monitoring, the effect of components failure is replaced by the
minor damage in the components in structural vulnerability
analysis, and the most vulnerable path and important com-
ponents involving the random characteristics of the structure
and load pattern are intensely studied.

In general, the weak parts of the spatial structure in the
actual operational environment can be effectively monitored
by the sensors placement method proposed in this paper, and
the identification capacity for initial damage stage is espe-
cially excellent. The corresponding method has significant
application value in the field of health monitoring.

Different from the traditional method of optimal sensor
placement based on modal theory or information theory, the
optimal sensor placement based on vulnerability and impor-
tance coefficient is emphasized in searching the weak part
firstly and to deduce the damage path, and it also can fully
consider the random characteristics, which is different from
the traditional methods. Although the results from different
methods can vary slightly, they can absorb advantages from
each other and ultimately achieve the goal of multiobjective
optimization.

In the future, intensive studies can be carried out on
reducing the number of simulated random samples effec-
tively, exploring the mechanism of damage evolution, and
fully combining with other sensors placement methods.
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The acoustic emission (AE) and ultrasonic (UT) simultaneous monitoring program is designed using concrete samples under
step loading. The time-varying response characteristics of AE-UT are studied and the cross-correlation analysis between AE-UT
parameters is obtained.Moreover, the joint response of UT-AE spatial distribution field is analyzed, and anAE-UT jointmonitoring
method to detect early-warning signals of a rockburst disaster in a coal seam is proposed.The results show the following. (1)During
the loading process, the AE pulses/energy and UT attenuation coefficient first slowly decrease and then increase steadily and finally
rapidly increase, while the UT velocity shows a trend of first gradually increasing and then slowly decreasing and finally a sharp
decline. (2) AE pulses and energy are significantly or highly correlated with the UT velocity and attenuation coefficient. The AE
energy and UT attenuation coefficient can better characterize the damage evolution of concrete under step loading. (3)The UT
field evolves ahead of the rupture on the surface, and the long/narrow strip distribution region of UT parameters is consistent with
the future failure zone; meanwhile, the AE events can visually reflect the evolution path of internal damage as well as the dynamic
migration mechanism of UT field.

1. Introduction

Concrete as a raw material is widely used in construction
engineering such as buildings, roadways, bridges, and tun-
nels. It is very important for public safety to carry out damage
analysis, stability monitoring, and remaining life estimation
of those constructions using appropriatemethods [1]. Various
techniques such as surface topography, scanning electron
microscopy (SEM), infrared thermal imaging, computerized
tomography (CT), and electromagnetic radiation (EMR)
have been used to observe the damage process in laboratory
tests [2, 3]. In recent years, passive (acoustic emission, AE)
and active (ultrasonic, UT) testing techniques have been
gradually applied to the structural instability and safety
monitoring [4, 5].

UT monitoring technique is a kind of active nonde-
structive testing method. Analyzing the response laws of the

receivedUTwave, we can retrieve thematerial’s damage state,
predict the material’s intensity, and provide an early warn-
ing of structural instability disasters [6–9]. Many scholars
have carried out a number of researches on the correlation
between UT parameters and stress in the crack evolution
process. Nur [10] studied the influence of microcracks on
the wave velocity, and the quadratic function relationship
between wave velocity and stress was concluded in the
crack closure stage. Liu et al. [11] established polynomial
regression between the UT parameters (velocity, amplitude,
and frequency) and stress levels of coal under step loading
and discussed the relationship between UT velocity, crack
width, and damage variable. Molina andWack [12] described
the fracture field characteristics combining the surface crack
images and UT attenuation, and they explained that UT
attenuation had a high sensitivity to crack propagation. Sun
and Zhu [13] reported the relationship between wave velocity

Hindawi
Shock and Vibration
Volume 2018, Article ID 6210594, 11 pages
https://doi.org/10.1155/2018/6210594

http://orcid.org/0000-0003-1733-4712
http://orcid.org/0000-0003-0239-3015
https://doi.org/10.1155/2018/6210594


2 Shock and Vibration

4

1 2

3

8

5 6

7

9

9
y

z

x(2) (3)

(6)(4)

(7)

(8)

(9)

(11)

(5)

(12)

(10)(1)

(5)
(13)
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and stress/strain under the failure process of brittle rocks
and found the critical point of wave velocity to predict
the geological hazards based on Weibull’s distribution and
renormalization group theory. All of these researches show
that the UT parameters have a close relationship with the
applied stress, and the closure, initiation, propagation, and
coalescence processes of internal cracks are the basic reasons
for the change of UT parameters.

AE is an elastic wave generated from the deformation and
generation of microcracks, which is a powerful tool to inves-
tigate the evolution of internal damage in three-dimensional
space [14–16]. As a passivemonitoringmethod, AE technique
has been widely used in many aspects of scientific research
and field applications. Xiao et al. [17] studied the AE time-
varying and frequency-spectrum response characteristics in
different dynamic destruction scenarios based on the stress
release rate. Wang et al. [18] established the intrinsic relation-
ship between the AE and damage/stress/strain parameters,
which could be used to dynamically evaluate damage and
stress state of a specimen by AE parameters. Using the three-
dimensional AE locating technique, Liu et al. [19] and Wang
et al. [20] obtained the evolution path of microcracks initi-
ation, propagation, coalescence, and nucleation visually and
better understood the microscopic evolution mechanism for
rock rupture. Liu et al. [21] established amicroseismic system
to monitor the concealed fault activation process in mining
activities and obtained critical information of microseismic
signals for early warning against rockburst disasters.

Through AE continuous monitoring, microcracks devel-
opment can be analyzed quantitatively to characterize the
damage state, which is the root cause for the UT parameters
change in the loading process. Some scholars have carried out
some beneficial explorations on the AE andUT simultaneous
monitoring under loading conditions [22, 23], but there are
still the following problems: (1) AE and UT have realized
integrative monitoring, but the analysis is only from one
aspect of the them and lacks joint response characteristics;
AE and UT are both closely related to the damage state,

but it is not clear whether the AE and UT parameters are
correlated. (2) UT monitoring can evaluate the damage state
quantitatively, but it only can get the damage state at a
certain stress rather than the dynamic migration path and
its mechanism in real time. The AE locating technology can
be used as a good tool to observe the real-time evolution
of internal cracks. But the joint analysis of AE and UT
spatial distribution characteristics is still a blank, while it is
the key for better understanding the microscopic evolution
mechanism and early warning against instability disasters.

Based on this, the AE and UT synchronous monitoring
system of concrete under step loading is designed and
the response characteristics of AE pulses/energy and UT
velocity/attenuation coefficient are analyzed firstly. Then, the
correlation between AE and UT parameters is studied using
the correlation analysis. Besides, the joint response charac-
teristics of UT and AE spatial distribution field are analyzed,
combined with the surface rupture image. Finally, the AE-
UT joint monitoring method is proposed for rockburst early
warning in a coal seam. The research results can provide
an important experimental basis for damage estimation,
instability disasters earlywarning, and a better understanding
of the damage evolution mechanism comprehensively.

2. Experimental System and Program

2.1. Scheme of Experiment System. The experimental system
mainly consists of the loading system, AEmonitoring system,
and UT monitoring system (Figure 1). The experiments are
conducted in a shielded room which can isolate most of the
environmental noises and provide a relatively stable/quiet
condition. The loading system is an electrohydraulic servo
pressure testing machine controlled by a microcomputer
(YAW4306), which can perform uniaxial, step, and cyclic
loading compression tests.

The AE monitoring system is the Rock-Test for Express-
8 with 24 channels. In order to achieve the 3D locating
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Table 1: The positions of AE probes and UT test points (based on coordinate system in Figure 1).

Number
UT test points AE sensors

𝑥/mm 𝑦/mm 𝑧/mm 𝑥/mm 𝑦/mm 𝑧/mm
Generating receiving

(1) 100 0 10 90 10 10 100
(2) 100 0 10 10 90 10 100
(3) 100 0 90 10 90 90 100
(4) 100 0 90 90 10 90 100
(5) 100 0 30 70 10 10 0
(6) 100 0 30 30 90 10 0
(7) 100 0 70 30 90 90 0
(8) 100 0 70 70 10 90 0
(9) 100 0 50 50 - - -
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Figure 2: The generated UT wave and received UT first wave.

function, 8 AE sensors (NONA-30) are arranged at different
coordinate positions (Figure 1 and Table 1). The AE locating
algorithm is based on the time-difference locating method.
TheP-wave threshold crossing technique is used to determine
the AE arrival time, and velocity is the average value of 9
points per stress level in Section 3.3. The AE sensors are
attached and fixed to the sample’s surface with a special
coupling agent. Lead break amplitude should be above 90 dB
to make sure that the coupling quality between AE sensors
and the sample is good. The preamplifier value and AE
threshold are both 40 dB, and the AE sampling rate is
1MSPS.

TheUTmonitoring systemmainly includes the generated
and received systemofUT signals (ARB-1410 card), generated
and received UT probes (NANO-30), and a preamplifier.The
ARB-1410 card can generate various UT signals with different
frequencies and amplitudes, and the detailed information
of the generated UT signals is shown in Figure 2(a) and
Table 2. To obtain the UT field, we employ 9 UT test points
as shown in Figure 1 and Table 1. UT velocity and attenuation
coefficient are the most basic UT parameters which correlate

strongly with applied stress. The calculations of UT velocity
and attenuation coefficient are shown below [11, 24]:

V = 𝐿𝑡1 − 𝑡0
(1)

𝛼 = 8.686 ln𝐴0 − ln𝐴1𝐿 , (2)

where V is the UT velocity (m/s); 𝐿 is the distance traveled
in samples (m); 𝑡0 and 𝑡1 are the modified arrival times of the
generated and received UT first wave, respectively (s); 𝛼 is the
attenuation coefficient (dB/m); 𝐴0 and 𝐴1 are the amplitude
of the generated and receivedUTfirst wave, respectively (dB).

The UT signals will be recorded in the voltage form by
software. So, before formula (2) can be calculated, the voltage
signals must be converted into wave signals by the following
formula:

𝐴 = 20 (6 + lg𝐵) − pre, (3)
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Table 2: The detailed information of the generated UT signals.

Waveform Dominant
frequency

Firing
interval

Threshold
value

Sampling
frequency Amplitude Preamplifier

value
Sine wave 300 kHz 2 s 40 dB 10MHz 8.5V 40 dB
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Figure 3: The step-loading path of concrete and experimental test program.

whereA is the amplitude of the UTwave (dB); B is the voltage
of the recorded UT wave (V); pre is the preamplifier value in
Table 2.

The arrival time of the UT signal is determined using
the first wave threshold crossing technique by the software
automatically. But the arrival time determination is not
accurate sometimes, so it is necessary to modify the arrival
time of UT signals manually (as shown in Figure 2(b)) [11].

2.2. Sample Preparation. The concrete samples used in this
paper are cube (100mm × 100mm × 100mm) with a total
number of 4. The materials of concrete samples mainly
contain cement, sand, coarse aggregates, and water with a
mass ratio of 1 : 1.6 : 0.5 : 0.58. Mix and stir these materials
evenly and then pour the mixture into the mold and strongly
vibrate it to reduce bubbles inside the samples. Then, we
should put these concrete samples in a cool and ventilated
place for 28 days before the experiments.

2.3. Experimental Test Program. We assume step loading in
the experiments with 30 kN in each loading step (Figure 3).
The applied loading rate is 300N/s. In order to realize
the AE and UT synchronous monitoring, we carry out AE
monitoring in the stress increase (SI) stage, former 100 s of
stress stable (FSS) stage, and latter 100 s of stress stable (LSS)
stage. In the middle 400 s of the stress stable (MSS) stage, we
test the UT signals. After finishing the above preparation, we
should start the loading machine and AEmonitoring system.
When the applied load reaches the stress stable stage, we
should suspend the AE monitoring system and meanwhile
start the UT test system to collect UT signals. After finishing

theUT test of the 9 points, we should close theUTmonitoring
system and restart the AE monitoring system. This cycle
is repeated until the samples reach complete failure. The
cracks evolution process on the surface of concrete samples is
recorded by a digital camera under thewhole loading process.

2.4. Data Processing Method. In this paper, cross-correlation
analysis (CCA) is used to analyze the correlation of these
two signals. The discrete series of AE parameters (AE pulses
and energy) is X, and the discrete series of UT parameters
(velocity and attenuation coefficient) is Y. So, the degree of
correlation between AE and UT signals can be represented
by a correlation coefficient 𝑟𝑥𝑦.

𝑟𝑥𝑦 =
∑𝑛𝑖=1 (𝑥𝑖 − 𝑥) (𝑦𝑖 − 𝑦)

√∑𝑛𝑖=1 (𝑥𝑖 − 𝑥)
2√∑𝑛𝑖=1 (𝑦𝑖 − 𝑦)

2

𝑥 = 1𝑛
𝑛

∑
𝑖=1

𝑥𝑖,

𝑦 = 1𝑛
𝑛

∑
𝑖=1

𝑦𝑖,

(4)

where 𝑖 represents the 𝑖th step loading; 𝑛 is the total number
of load steps; xi is the AE parameters in the 𝑖th step loading,
which is the AE pulses and energy accumulative sum of the
SI stage, the FSS stage in the 𝑖th step, and the FSS stage in the
(𝑖−1)th step; 𝑦𝑖 is the UT velocity and attenuation coefficient
variation in the 𝑖th step loading;𝑥 and𝑦 are the average values
of xi and yi, respectively; rxy is the correlation coefficient of
AE and UT signals, and its value range is [−1, 1]; when |𝑟𝑥𝑦|
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is closer to 1, the correlation is higher, and when |𝑟𝑥𝑦| is closer
to 0, the correlation of the two signals is low.

The correlation degree of the two signals can be divided
into 4 grades according to the correlation coefficient: A 0 <
|𝑟𝑥𝑦| ≤ 0.3, weak or no correlation; B 0.3 < |𝑟𝑥𝑦| ≤ 0.5,
low correlation; C 0.5 < |𝑟𝑥𝑦| ≤ 0.8, significant correlation;
D 0.8 < |𝑟𝑥𝑦| ≤ 1.0, high correlation.

3. AE-UT Temporal Response Characteristics
of Concrete under Step Loading

3.1. Mechanics and Cracks Growth Characteristics of Con-
crete under Loading. According to the literature [13] and
previous test results of concrete mechanical properties, the
loading process of concrete can be divided into the following
stages (as shown in Figure 4): (1) microcrack closure stage
I (oa stage): the original microcracks inside concrete are
compacted, and the stress-strain curve presents a concave
type; (2) elastic stage II (ab stage): the stress-strain curve
is approximately linear, in which a small amount of micro-
cracks will begin to grow accompanied by the occurrence
of cracks closure, and the cracks are randomly distributed;
(3) microcrack initiation and stable growth stage III (bc
stage): the microcracks expand steadily, the stress-strain
curve exhibits nonlinear characteristics, and the specimen
begins to exhibit damage; (4) accelerated microcrack growth
stage IV (cd stage): the development ofmicrocracks exhibits a
qualitative change and the internal cracks propagation speed
is accelerated. At this stage, a large number of internal cracks
inside concrete samples gradually converge and nucleate to
form the main rupture.

3.2. AE Time-Varying Response Characteristics. In the inter-
nalmicrocracks development process, there will be accompa-
nying AE signals. The AE time-varying response characteris-
tics of SI, FSS, and LSS stage under different loading steps are

shown in Figure 5. The AE pulses mainly reflect the frequen-
cies of microruptures while AE energy represents the energy
released during the fracture process of loading concrete.

At the initial stage of loading, the AE pulses and energy
of the SI stage are large because of the internal microcracks
compaction. With the applied load increasing, the original
internal microcracks become fewer because the applied load
does not reach the crack initiation stress to generate new
cracks. Therefore, the AE signals gradually reduce. However,
at FSS and LSS stage, the stress is small and the cumulative
damage effect is relatively weak, so initial microcracks cannot
close, and the AE pulses and energy both show low values but
an increasing tendency. Compared with the LSS stage, the AE
signals of the FSS stage are more active relatively. When the
applied stress enters the linear-elastic and microcrack stable
growth stage (12–27MPa), the microcracks begin to generate
inside the sample.These generated cracks are random and the
number is relatively stable. So, in the SI, FSS, and LSS stages,
AE pulses and energy show a steady increasing trend with a
small amplitude. When the specimen enters the microcrack
accelerated growth stage (27–36MPa), irreversible deforma-
tion will occur, and the small cracks expand and coalesce to
form larger cracks.TheAE signals at SI, FSS, andLSS stages all
show a rapid increasing trend. It is worth noting that the AE
signals of the LSS stage begin to exceed the FSS stage, because
the cracks will also develop with time although the stress is
maintained.The specimen exhibits fatigue damage and shows
a strong creep rheological property. When the specimen is
approaching the failure stage (36–42MPa), a large number of
cracks are connected to form the macroscopic main failure.
The AE signals of SI, FSS, and LSS stages reach the maximum
value, and the total AE signals in the LSS stage exceed the SI
stage when the specimen reaches complete failure in 9500 s.

3.3. UT Time-Series Response Characteristics. According to
formulas (1)–(3), the UT velocity and attenuation coefficient
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Figure 5: AE time-varying characteristics of concrete under step loading.
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Figure 6: The evolution of UT parameters under different applied stresses.

under different stresses are calculated, respectively, and
shown in Figure 6. Due to the irregular shape, size, and
distribution of the cracks inside the concrete specimen,
the stress field is inhomogeneous and the UT response
characteristics are different in different test points albeit
with a similar character of change generally. Therefore, this
paper uses the average, maximum, minimum, and standard
deviation value of the 9 UT test points to analyze the UT
response characteristics at each stress level.

From Figure 6, we can see that the UT response goes
through three stages on the whole. At the initial loading stage
(0–9MPa), the internal microcracks are compacted, and the

concrete sample presents an obvious loading strengthening
characteristic. The UT velocity increases but the attenuation
coefficient decreases gradually. With the applied stress
increasing, the UT average velocity decreases slowly from
4836m/s at 9MPa to 3961m/s at 30MPa, while the atten-
uation coefficient increases from 2.36 dB/m to 17.72 dB/m
and increases by 15.36 dB/m. In this stage, the applied stress
exceeds the crack initiation stress, and the cracks begin to
develop stably. After that, the specimen enters the accelerated
microcrack growth stage, in which the specimen produces
a large number of irreversible deformations and the small
cracks grow to form large cracks. The UT velocity and
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Table 3: Correlation coefficient between AE and UT parameters.

AE

UT
UT velocity UT attenuation coefficient𝑟𝑥𝑦


Test result Average Test result Average

AE pulses 0.7383 0.7524 0.7689 0.7532 0.8501 0.8106 0.8371 0.8326
AE energy 0.7744 0.8265 0.7693 0.7901 0.8706 0.8902 0.8446 0.8685

attenuation coefficient both reach the critical turning point
corresponding to about 70% of the peak stress. Then, the UT
velocity begins to decrease sharply and the average velocity
reduces by nearly 40% at the peak stress which is only
2659m/s. But the average attenuation coefficient shows a
sharp increasing trend and reaches 59.58 dB/m at peak stress,
which increases by over 7.5 times compared with the value
under no applied loading. In the whole loading process,
the maximum and minimum values of UT parameters
(velocity, attenuation coefficient) at the 9 test points show
the same trend as the average value. But the full range
(difference between the maximum and minimum values)
and the standard deviation of the 9 UT test points both
decrease first and then increase. This phenomenon reveals
that the concrete failure process is the combination of the
identity and diversity change processes, in which the physical
properties of concrete change from intrinsic heterogeneity to
homogeneity and then to heterogeneity.

4. Discussion

4.1. Correlation Analysis between AE andUT Parameters. The
rupture inoculation process of concrete samples is a con-
tinuous development process, including initial microcracks
closure, initiation, propagation, and coalescence. These are
the root causes of the UT parameters’ changes. Therefore,
there must be a certain correlation between UT and AE
parameters. According to formula (4), the correlation coef-
ficients between the AE and UT parameters are calculated,
and the results are shown in Table 3.

From Table 3, the ranges of |𝑟𝑥𝑦| between AE and UT
parameters are 0.7383–0.7689, 0.8106–0.8501, 0.7693–0.8265,
and 0.8446–0.8902, with average values of 0.7532, 0.8326,
0.7901, and 0.8685, respectively. In contrast, the correlations
between AE energy and UT parameters are better than that
of AE pulses, which indicates that the AE energy can better
characterize the damage state of concrete samples.The values
of |𝑟𝑥𝑦| between UT attenuation coefficient and AE pulses
and energy are both more than 0.8, showing a high degree of
correlation, while the UT velocity is significantly correlated
with AE parameters, which has a lower correlation compared
with the attenuation coefficient. The essence of the fracture
evolution process is the energy accumulation, transference,
redistribution, and release. AE energy and UT attenuation
coefficient both are the parameters coming from the energy
point of view.They show obvious advantages on representing
the damage state of the specimen and there is a high degree
of correlation between them.

4.2. Joint Response Characteristics of AE and UT Spatial Dis-
tribution Field. The physical properties of concrete samples
are inhomogeneous in space distribution. So, it is of great
importance from the aspect of spatial field distribution to
fully understand the damage process and its mechanical
mechanism [25, 26]. The spatial distribution of damage and
stress can be obtained at a certain time (stress) using UT
monitoring, but it cannot get the dynamicmigration path and
its mechanism in real time. The development and evolution
path of internal cracks can be observed visually in real
time by AE locating technology, which can provide a tool
for revealing the evolution process of the UT spatial field
distribution.

In the initial loading stage (6MPa, Figure 7(a)), the
internal cracks close and the sample becomes homogeneous
gradually.The ranges of theUT velocity and attenuation coef-
ficient of 9 test points are 4621m/s∼5033m/s and 4.09 dB/m∼
4.52 dB/m, respectively. And the top right area is the low
velocity zone which is consistent with the large energy AE
event concentration area. There is no obvious crack growth
in the surface rupture image.

When the sample is in the linear-elastic stage (15MPa,
Figure 7(b)), a faintly visible fine crack appears on the right
side of the sample surface, and its position is consistent
with the large energy AE events concentration region. The
distribution of UT velocity decreases while UT attenuation
coefficient increases from the center to the boundary. The
greater the density of AE events, the smaller the UT velocity
and the greater the UT attenuation coefficient. Large energy
AE events begin to appear and the damage begins to develop
on the left area based on the AE locating results. All of those
indicate that the right area of the sample is still in high stress,
but the stress in the left side significantly increases and high
stress begins to migrate to the left from the right area.

In the microcrack stable growth stage (21MPa, Fig-
ure 7(c)), the ranges ofUTvelocity and attenuation coefficient
are 3856m/s∼4682m/s and 14.44 dB/m∼17.04 dB/m, respec-
tively. The dispersions of UT parameters increase obviously.
The high energy AE events further increase in the left area,
which indicates that the high stress zone continues tomigrate
to the left. Some visible fine cracks begin to appear on the left
side corresponding to the low UT velocity, and the cracks on
the right side further extend to the bottom of the specimen
corresponding to the dense area of AE events.

While the sample enters the microcrack accelerated
growth stage (30MPa, Figure 7(d)), the cracks on the right
side connect with each other to form a macroscopic crack.
And there also forms an obvious fine crack on the left side
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of the sample. The UT velocity severely attenuates due to the
existence of the macroscopic crack on the right side. The left
side is a high stress concentration area corresponding to the
low velocity (high attenuation coefficient) zone. The UT field
presents a long and narrow strip distribution characteristic.
The large energy AE events are also distributed in a long strip
shape, which are concentrated in the left and right sides of
the specimen. This long and narrow strip distribution region
is the future macro failure zone.

When the specimen is near failure (39MPa, Figure 7(e)),
the cracks on both the left and the right sides continue to
grow and merge to form a macroscopic main failure. The
failure mode is similar to the “X” conjugate wedge splitting
type. Due to the existence of macroscopic cracks, the UT
parameters severely attenuate (the velocity decreases and
attenuation coefficient increases) sharply. So, both the left and
the right sides are low velocity (high attenuation coefficient)
zones. According to theAE event field and the surface rupture
image, there are little cracks in the middle upper part of
the sample, so it corresponds to the high velocity region
(low attenuation coefficient). In the middle lower area of
the sample, there are a large number of high energy AE
events and serious cracks development corresponding to the
low velocity region. The velocity and attenuation coefficient
distribution ranges of the 9 test points are 2589m/s∼3682m/s
and 36.36 dB/m∼50.27 dB/m, respectively.The dispersions of
UT parameters reach their maximum values.

5. Field Application Prospects and the
Significance of AE-UT Joint Monitoring

Rockburst disaster is a serious geological dynamic disaster in
coal mines which can cause a large number of casualties. Par-
ticularly, with the increase of themining depth, underground
engineering faces special severe geographical environments
such as high crustal stress, high geotemperature, high seep-
age pressure, and strong disturbance. In such geographical
regions, the occurrence frequencies and intensity of rockburst
disaster are gradually increasing. During the mining process,
in front of the longwall face, a high stress concentration zone
will occur. Besides, the mining activities will generate strong
disturbance stress. Under the comprehensive effect of high
static stress and strong disturbance stress, the zones in front of
the working face aremore likely to exhibit rockburst disasters
where we should pay much attention.

According to the experiments and analysis in Sections
3 and 4, the AE-UT joint monitoring has the potential
to be an effective tool of the rockburst early warning. So,
we propose using the AE-UT joint monitoring method to
forecast the rockburst disasters in the longwall working face.
The detailed AE-UT joint monitoring prospect in the coal
seam is shown in Figure 8. The AE-UT monitoring area is
within 200m in front of the working face. There are five
measuring groups on both the upper roadway and the lower
roadway. Each group has four UT test points and two AE
monitoring sensors as shown in Figure 8(b), and the distance
between the UT and AE sensors in each group is 5m. The
first group is located at 20m ahead of the working face,

and the distance between each group is 40m. The real-time
monitoring data of each AE-UT sensor are sent and stored
in the substations underground. Then, the monitoring data
will be transferred to the ground host computer through
the communication port. Then, we can analyze the AE-
UT time-space response characteristics to provide an early
warning against rockburst disasters. The AE-UT monitoring
method in the longwall working face has a guiding signifi-
cance for rockburst monitoring mainly in the following two
aspects.
(1) It can help determine the critical precursor character-

istics of rockburst disasters more comprehensively and eval-
uate the danger degree more accurately. The AE parameters
begin to rise sharply and UT parameters reach the critical
turning point. The UT field distribution begins to present
long and narrow strip distribution characteristics, and the
large energy AE events fields are gathered together. When
the above cases appear, we can indicate that the coal seam
has entered the damage accelerated development stage. And
the computer will issue the early-warning alert about when
and where the rockburst disasters will occur. Then, mining
workers will take some measures to prevent the occurrence
or reduce the consequences of disasters.
(2) It is beneficial to further understand the damage

evolution process and the mechanism of rockburst disasters.
During the development of the rockburst disaster, small
fractures converge to form large fractures and the large
fractures coalesce to form the main failure. The evolution of
UT field can reflect the migration of stress field, while the
location of AE events can well represent the development of
microcracks and explain the dynamic migration path of the
UT field distribution.

6. Conclusion

(1) In the compaction stage, AE pulses/energy showed a
decreasing trend, and the UT velocity showed an increasing
trend, while the attenuation coefficient decreases gradually.
During the crack stable growth stage, the AE pulses/energy
showed a trend of steady increase with a small amplitude, the
UT velocity slowly declined, and the attenuation coefficient
slowly increased. In the microcrack accelerated growth stage,
AE pulses/energy and UT attenuation coefficient present a
rapid growing trend and reach themaximum value, while the
velocity greatly reduces to the lowest value.
(2)AE pulses and energy are significantly correlated with

UT velocity, while UT attenuation coefficient variation is
highly correlatedwithAE pulses and energy. From the energy
point of view, AE energy and UT attenuation coefficient can
carry more abundant information of the damage state, which
shows obvious advantages on representing the continuous
damage evolution process.
(3)The failure process of concrete is the combination of

the identity and diversity changes, inwhich the physical prop-
erties of loaded concrete change from intrinsic heterogeneity
to homogeneity and then to heterogeneity. The dispersions
of the UT parameters decrease firstly and then increase. In
this process, the small cracks converge to form large cracks
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and the large cracks coalesce to form the main failure; the
evolution of the UT field can reflect the migration of the
stress field, while the location of AE events can well represent
the development of microcracks and explain the dynamic
migration path of the UT field distribution. The UT and AE
field distributions evolve ahead of the surface failure. The
long/narrow strip distribution region of UT parameters and
the large energy AE event concentrated area are consistent
with the future failure zone.
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A rolling bearing fault diagnosis method based on ensemble local characteristic-scale decomposition (ELCD) and extreme learning
machine (ELM) is proposed. Vibration signals were decomposed using ELCD, and numerous intrinsic scale components (ISCs)
were obtained. Next, time-domain index, energy, and relative entropy of intrinsic scale components were calculated. According to
the distance-based evaluation approach, sensitivity features can be extracted. Finally, sensitivity features were input to extreme
learning machine to identify rolling bearing fault types. Experimental results show that the proposed method achieved better
performance than support vector machine (SVM) and backpropagation (BP) neural network methods.

1. Introduction

Rolling bearing is among the most important components
of any mechanical equipment and is often found in various
industrial applications. Due to its widespread industrial
applications, roller bearing fault diagnosis is critical to pre-
vent catastrophic failure of machines, thereby preventing
economic losses [1, 2]. Status of rolling element bearings is
typicallymonitored by processing vibration signals [3].When
a fault occurs, collected vibration signals are nonstationary.
Hence, reliable fault detection systems need to adopt appro-
priate methods to process vibration signals.

Traditional signal processing methods such as Wavelet
and Fourier transforms are widely used to process vibration
signals. Rafiee et al. applied Wavelets to fault diagnosis of
rolling bearing and obtained good results [4]. Short-time
Fourier transforms have been proved to be superior in
mechanical fault diagnosis [5]. Wavelet and Fourier trans-
form methods cannot accurately analyze vibration signals
because of poor adaptation. The empirical mode decompo-
sition (EMD) represents a classical time-frequency analysis
method, and EMD has been widely adopted in mechanical
fault diagnosis, earthquake monitoring, and bridge and

constructions state monitoring [6–8]. However, EMD suf-
fers from over-envelope, under-envelope, end-effect, and
other shortcomings [9]. Local mean decomposition (LMD)
methods have been widely used in different fields such
as electroencephalogram (EEG) processing and mechanical
fault diagnosis.This is because of its strong ability to deal with
nonstationary signals and superior time-frequency analysis
performance. However, LMD itself also has a large amount
of iterative computation and problems associated with end
effects [10, 11]. Recently, Cheng et al. proposed a new self-
adaptive signal processing method, local characteristic-scale
decomposition (LCD), which can decompose a nonstation-
ary signal into several intrinsic scale components (ISCs)
[12–14]. By analyzing each ISC, characteristic information
of the original signal can be extracted effectively with
higher accuracy. Due to superior time-frequency analysis
performance, LCD method has been widely used to ana-
lyze nonstationary signals in mechanical fault diagnosis. As
with the EMD method, LCD method also causes mode-
mixing effect [13]. Therefore, an improved LCD method,
ensemble local characteristic-scale decomposition (ELCD)
method, has been proposed to decompose vibration signals.
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This effectively eliminates mode-mixing and allows accurate
intrinsic scale components to be obtained.

There are two major challenges in the development
of real-time fault diagnostic systems. The first one is that
there is a large amount of data collected from the real-time
monitoring system, which are multivariate and nonlinear.
The second challenge is related to the demand for quick
fault identification within a short time. It is well known
that only a few seconds are needed for a fault to propagate
and cause catastrophic failure. This would cause significant
financial loss and could result in injury or death of personnel.
Therefore, if any fault exists, a diagnostic system should
be able to detect the fault immediately and send an alarm
signal to inform the control center so that the necessary
correction action can be taken immediately. Conventional
pattern recognitionmethods, like backpropagation (BP) neu-
ral network and support vector machine (SVM), are widely
applied for fault diagnosis [15, 16]. Yang et al. distinguished
signals at different corrosion stages using BP neural networks
in the acoustic emission testing of a tank bottom [17, 18].
Nevertheless, BP neural network has disadvantages related
to abundant parameter settings and slow convergence and
is easily caught in a local minimum. All these issues restrict
accuracy and wide application of the diagnosis [19, 20].
Compared to BP neural network, SVM generalization per-
formance has been improved greatly, but requires artificial
assignment of kernel function and kernel function parame-
ters. This significantly restricts application of SVM [21, 22].
Extreme learning machine (ELM) is a new classifier based on
neural networks [23, 24]. In theory, this algorithm tends to
provide the best generalization performance at an extremely
fast learning speed. As a result, it is widely used in gear
fault diagnosis, energy fields, and sales forecasting.Moreover,
ELM has been proven to require less human intervention and
less running time than support vector machine (SVM) [25].
Due to these advantages of ELM, ELM has been proposed to
realize real-time state classification of rolling bearings under
variable conditions.

In this work, a new method based on ELCD and ELM
is proposed to identify different rolling bearing working
conditions. First, ELCD is used to decompose vibration
signals into multiple intrinsic scale components. Applied to
ISC feature values, a distance-based evaluation method is
adopted to calculate bearing sensitive features for different
working conditions.These features are input into the ELM to
identify roller bearing fault patterns.

2. Brief Introduction of LCD and ELCD

2.1. Ensemble Local Mean Decomposition. LCD is a new self-
adaptive signal decomposition method. Any two decom-
posed ISCs are mutually independent, with instantaneous
frequency of physical significance. ISC needs to meet the
following two conditions [12, 13].

(1) A signal 𝑋(𝑡) should have both positive and negative
valued maxima and minima, respectively, and any adjacent
maxima and minima should witness a monotonic relation-
ship.

(2) For the data, let all the maximal points be denoted as
(𝜏𝑘, 𝑋𝑘).The line formed by any two adjacent extreme points,
𝑙𝑘, at 𝜏𝑘+1 as 𝐴𝑘+1, is specified as follows:

𝑙𝑘 = 𝑋𝑘+2 − 𝑋𝑘
𝜏𝑘+2 − 𝜏𝑘 (𝑡 − 𝜏𝑘) + 𝑋𝑘. (1)

Then, the relation

𝐴𝑘+1 + 𝑋𝑘+1 = 0 (2)

should be true, where

𝐴𝑘+1 = 𝑋𝑘 + 𝜏𝐾+1 − 𝜏𝑘
𝜏𝐾+2 − 𝜏𝑘 (𝑋𝐾+2 − 𝑋𝑘) ,

𝑘 = 1, 2, . . . ,𝑀.
(3)

Any complex signal𝑋(𝑡)may have its LCD results written
as follows:

𝑋 (𝑡) =
𝑛

∑
𝑝=1

ISC𝑝 (𝑡) + 𝑟𝑛 (𝑡) , (4)

where 𝑟𝑛(𝑡) denotes the residual component.
Intrinsic scale components with different characteristic

scales are obtained via the LCD method. Mode-mixing
phenomenon of the decomposition process generates some
IS components that have unclear physical meaning. There-
fore, the ensemble local characteristic-scale decomposition
(ELCD) method is used in this study for signal processing.
This method solves the mode-mixing problem by using
statistical features of white noise; that is, they have evenly
distributed frequencies. White noise of finite amplitude is
repeatedly added to the signal to form a composite signal.
Then, this composite signal is decomposed using LCD,
and the average multi-decomposed component is calculated.
Mode-mixing effect of LCDmethod is eliminated.The ELCD
algorithm is shown in Figure 1.

2.2. Algorithm Simulation. In order to verify the algorithm,
an impact component, a high-frequency sinusoidal wave,
and a low-frequency sinusoidal wave are used to form a
simulation signal.The results are shown in Figures 2(a)–2(d).

The simulated signals are decomposed by the LCD
method and ELCDmethod. In this study, noise added for the
ELCD has a signal amplitude of 0.01 times the signal standard
deviation and has a total mean of 120 times. The results are
shown in Figures 3 and 4.

In Figure 3, decomposition results using the LCDmethod
are shown. It can be seen that the decomposed components of
simulated signals have mode-mixing effect. High-frequency
components and distortions components are present in the
ISC1 component and the ISC2 component. As seen in
Figure 4, impact components along with the high-frequency
and low-frequency sine waves are accurately decomposed by
ELCD.Moreover, mode-mixing phenomenon does not occur
in the ELCD method.



Shock and Vibration 3

Signal X(t)

Add di�erent
white noise N(t)

Intrinsic scale
components

Local characteristic-scale
decomposition

Obtain ISCs

Calculate ensemble
mean of ISCs

Repeat n
times 

Figure 1: Ensemble local characteristic-scale decomposition algorithm.
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Figure 2: Simulation signal and its constituents: (a) low-frequency sinusoidal wave, (b) impact component, (c) high-frequency sinusoidal
wave, and (d) simulation signal.
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Figure 3: Simulation signal LCD results.
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Figure 4: Simulation signal ELCD results.

3. Feature Extractions

3.1. Feature Calculation. Single time-domain or frequency-
domain features cannot effectively represent mechanical
faults, suffering from low diagnostic accuracy and low uni-
versality. In this work, frequency-domain is used; time-
domain and other parameters are used to represent differ-
ent rolling bearing working conditions. As dimensionless
indices, skewness, kurtosis, peak indicators, waveform index,
pulse index, and margin index can be used to represent
rolling bearing fault features. These quantities are widely
used in mechanical fault diagnosis [2]. Kullback–Leibler (K-
L) divergence is called relative entropy. It can be used to
measure similarity of the two signals. Decomposed different
vibration signals are different from the original signal in
terms of similarity and K-L divergence. Energy can reflect
signal strength. Bearings in different working conditions have
different energy in different frequency bands. Against any
signal 𝑆 = (𝑠1, 𝑠2, . . . , 𝑠𝑡), the above parameter indicators are
defined as follows:

𝑆 = ∑𝑇𝑡=1 (𝑠𝑡 − 𝑠)3
(𝑇 − 1) 𝜎3 ,

𝐾 = ∑𝑇𝑡=1 (𝑠𝑡 − 𝑠)4
(𝑇 − 1) 𝜎4 ,

CF = max 𝑠𝑡
√(1/𝑇)∑𝑇𝑡=1 (𝑠𝑡)2

,

SF = √𝑇∑𝑇𝑡=1 (𝑠𝑡)2
∑𝑇𝑡=1 𝑠𝑡

,

IF = max 𝑠𝑡
(1/𝑇)∑𝑇𝑡=1 𝑠𝑡

,

CLF = max 𝑠𝑡
((1/𝑇)∑𝑇𝑡=1√𝑠𝑡)

2
,

𝐸 = ∫
+∞

−∞

𝑠𝑡2 𝑑𝑡.

(5)

The following symbols have been used: 𝑆: skewness, 𝐾:
kurtosis, 𝑠 and 𝜎: signal’s mean and standard difference, CF:
peak indicator, SF: waveform index, IF: pulse index, CLF:
margin index, and 𝐸: energy. The K-L divergence method is
follows.

Nonparametric estimation method is used to calculate
probability distribution of signals, and then the K-L distance
is given as

𝛿 (𝑝, 𝑞) = ∑
𝑥𝜀𝑁

𝑝 (𝑥) log 𝑝 (𝑥)
𝑞 (𝑥) , (6)

where 𝑝(𝑥), 𝑞(𝑥) are the probability distribution of signals.
Calculate K-L divergence𝐷(𝑝, 𝑞):

𝐷(𝑝, 𝑞) = 𝛿 (𝑝, 𝑞) + 𝛿 (𝑞, 𝑝) . (7)

3.2. Distance-Based Feature Selection. The ELCD process
obtains multiple ISCs of the signal from different vibration
signals, parameter indexes of 8 ISCs are calculated, and a
series of features indicators are obtained. Some of these
parameters are associated with fault information. Other
parameters are not irrelevant and therefore it is necessary
to further process them to extract sensitive features. In this
work, Yang et al. [17] proposed the distance-based evaluation
approach. Principal feature is chosen from the entire feature
using distance-based evaluation approach. Distance-based
evaluation approach is one of the most popular feature
selection methods; therefore, it is used widely in parallel with
the Pearson correlation coefficient and information gain [2].
The basic idea of a distance-based evaluation method is that
smaller distances between samples within the same category
are better when features characterize the samples and greater
distances between different classes are more favorable. The
steps involved in this method are as follows.

(1) Evaluate the average distance, where distance is given
by

𝑑𝑐,𝑗 = 1
𝑀𝑐 × (𝑀𝑐 − 1)

𝑀
𝑐

∑
𝑙=1

𝑀
𝑐

∑
𝑚=1
𝑚 ̸=𝑙

𝑞𝑚,𝑐,𝑗 − 𝑞𝑙,𝑐,𝑗 ,

𝑗 = 1, 2, . . . , 𝐽, 𝑐 = 1, 2, . . . , 𝐶.
(8)
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Here, 𝑀𝑐 stands for the number of samples belonging to
the cth class; J is the size of a feature set; and 𝑞𝑚,𝑐,𝑗 is the
value of the jth feature of themth sample in the cth class. The
average distance 𝑑(𝑤)𝑗 of the jth feature belonging to all the 𝐶
classes is given by

𝑑(𝑤)𝑗 = 1
𝐶
𝐶

∑
𝑐=1

𝑑𝑐,𝑗. (9)

(2) Compute average value:

𝑢𝑐,𝑗 = 1
𝑀𝑐
𝑀
𝑐

∑
𝑚=1

𝑞𝑚,𝑐,𝑗 (10)

and evaluate average distance 𝑑(𝑏)𝑗 of the 𝐶 different classes:

𝑑(𝑏)𝑗 = 1
𝐶 × (𝐶 − 1)

𝑐

∑
𝑐=1

𝑐

∑
𝑒=1
𝑒 ̸=𝑐

𝑢𝑒,𝑗 − 𝑢𝑐,𝑗 , (11)

where 𝑐 and 𝑒 are two different classes.
(3) Calculate assessment factor of 𝑗th feature by

𝛼𝑗 =
𝑑(𝑏)𝑗
𝑑(𝑤)𝑗

. (12)

The assessment factor reflects sensitivity of the feature.
Larger evaluation factors denote more sensitive features.

(4) Calculate threshold value 𝜆 and take feature with its
assessment factor greater than 𝜆 as a sensitive factor:

𝜆 = max
(𝛼𝑗)
𝜀 , 𝑗 = 1, 2, 3 . . . . (13)

Repeated experiments showed that a value of 𝜀 = 2 leads
to optimal results.

4. Extreme Learning Machine

ELM, proposed by Huang et al., was originally developed for
single-hidden-layer feed forward neural networks and then
extended to “generalized” single-hidden-layer feed forward
networks (SLFNs). ELM is a new learning algorithm with
faster learning speed and better generalization performance
[24, 25]. Details about ELM algorithm can be found in [24].
The ELM output expression reads

𝑦𝑖 = 𝜔𝑇𝑔 (𝑊𝑖𝑛𝑥𝑖 + 𝑏) , 𝑖 = 1, 2, . . . , 𝑁, (14)

where 𝑊𝑖𝑛, 𝑏, and 𝜔 are input weight, concealed layer
deviation, and output weight, respectively. Input and output
vectors are denoted by 𝑥𝑖 and 𝑦𝑖. Number of samples and
the activation function are denoted by𝑁 and 𝑔, respectively.
For the latter, in practice, a sigmoid function is often used.
Assuming 𝑁 samples {(𝑥, 𝑦)}𝑁𝑖=1 and a number of concealed
layer sections𝑀 for training and testing, the ELMprocedures
are the following:

(1) Initialize and maintain weight 𝑤𝑖𝑛 and deviation 𝑏𝑖.

Roller bearing
vibration signals

Ensemble local
characteristic-scale
decomposition

Calculate fault
features of the
ISC components

Sensitive features
extractions

Input features to ELM
and identify the fault
types

Figure 5: Flow chart of fault diagnosis using ELCD and ELM.

(2) Calculate concealed layer output matrix𝐻.

(3) Calculate output weight 𝜔, 𝜔 = 𝐻 ∗ 𝑇.
(4) Output feature vector for testing.

In this section, the proposed rolling bearing fault detec-
tion method based on ELCD and ELM is presented. Fault
features can be obtained by processing the vibration signals
collected bymultiple sensors. Asmentioned previously, some
of them are associated with fault information and others are
not irrelevant. Therefore, the other parameters are used to
further extract sensitive features of the fault. ELM is used
to identify roller bearing fault patterns. A summary of the
process for the fault diagnosis using ELCD and ELM is shown
schematically in Figure 5.

5. Experimental Analysis

5.1. Experiments. This study adopted rolling bearing data of
US Case Western Reserve University for processing. Experi-
ments adopted 6205-2RS JEM SKF deep groove ball bearings,
with a rotating motor load of 735.5W. The rolling bearing
speed was set to 1797 rpm, adopting EDM technology to
process the bearing into onewith fault diameter as 0.3556mm
and fault depth as 0.2794mm. In this study, sensor sampling
frequency was 12 kHz, collecting four working state vibration
signals, respectively, referring to the normal state, rolling
element fault, inner race, and outer race faults, with each data
sample’s length 𝑁 as 2500 points. The collected four signals
are shown in Figure 6.
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Figure 6: Four vibration signals collected by the sensor: (a) normal, (b) rolling element fault, (c) outer race fault, and (d) inner race fault.
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Figure 7: Inner race fault signal ELCD results.

IS components of the decomposition by ELCD of a
vibration signal from the inner race fault are shown in
Figure 7.

As can be seen in Figure 7, eight IS components were
derived.Then, skewness, kurtosis, peak indicators, waveform
index, pulse index,margin index, energy, and relative entropy
of 8 ISCs were calculated. This was used to obtain a series of
features, some of which contained principal information and
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Figure 8: Feature assessment factor.

others contained little information. Therefore, the distance-
based evaluation approach was adopted to calculate distance
factor and threshold value, as shown in Figure 8.

Figure 8 shows that the threshold value evaluation can
obtain 15 sensitive features. In order to distinguish between
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Figure 9

advantages and disadvantages of ELCD and LCD, rolling
bearing sensitivity features in different working conditions
were calculated, taking mean of multiple experiments, with
the comparison results shown in Figure 9.

Figure 9 shows that LCD witnesses mode-mixing, calcu-
lation sensitive features and uneven mean distribution, and
unobvious differences between different working conditions.
The ELCD experiences an even distribution of sensitivity
features, overcoming decomposition mode-mixing. To accu-
rately identify faults in different working conditions, the ELM
classifier is employed.

5.2. Pattern Recognition. In accordance with results in the
previous section, sensitivity features were calculated for
different vibration signals and chosen as input data to train
and test the extreme learning machine. At the same time,
this study adopted ELCD, LCD, EMD, and LMDmethods for
processing vibration signals. Results of the test samples are
shown in Figure 10 and are comparedwith those using ELCD.
Test accuracy of two methods is listed in Table 1.

As seen in Figure 11 and Table 1, both EMD and
LCD methods suffer from mode-mixing. Therefore, results
of the test samples are poor. LMD method also has a
large amount of iterative computation and end effects. As
a result, test accuracy of LMD-ELM is not good. ELCD
method can effectively eliminate mode-mixing and obtain
accurate intrinsic scale components. Hence, experimental
results show that the ELCD-ELM method can effectively
identify different rolling bearing working conditions, at a
recognition rate higher than other methods. 60 groups of
data were chosen for training and testing, of which 40
groups were used for training and 20 groups were used

for testing. Three classifiers, SVM, BP, and ELM, were used
for data training and testing. Test results are shown in
Figure 11.

As seen in Figure 11, all three classifiers can distinguish
different conditions of rolling bearing, but compared to BP
and SVM, the ELM classifier achieves the highest mean
recognition rate and identifies roller bearing fault patterns,
because of the lower human intervention and lower running
time.

6. Conclusions

The collected vibration signals are often mixed with sub-
stantial ambient noise, which makes fault signal features
insignificant for rolling bearings fault diagnosis. In this study,
a novel fault diagnosis methodology for rolling bearings
based on ELCD and ELM is proposed. The ELCD method
was proposed to process nonstationary vibration signals and
overcome mode-mixing phenomenon of the LCD method.
A distance-based evaluation method is adopted to calculate
bearing sensitive features for different working conditions.
In order to address disadvantages of traditional BP and
SVM classifiers, such as complex parameter setting and low
convergence rate, ELM was used to identify roller bearing
fault patterns. A theoretical analysis and experimental results
show that the ELCD-ELM method has higher accuracy than
other methods.

Conflicts of Interest

The authors declare that they have no conflicts of interest.



8 Shock and Vibration

Table 1: Test accuracy.

Specification Normal condition Rolling element Inner race fault Outer race fault
EMD-ELM 75 81 79 83
LMD-ELM 78 77 82 79
LCD-ELM 80 84 83 82
ELCD-ELM 100 100 100 100
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Figure 10: Test classification: (a) LCD-ELMmethod, (b) ELCD-ELMmethod, (c) EMD-ELMmethod, and (d) LMD-ELMmethod.
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Figure 11: Test accuracy of classifiers: (a) normal, (b) rolling element fault, (c) outer race fault, and (d) inner race fault.
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Under frequently time-varying operating conditions, equipment with dual rotors like gas turbines is influenced by two rotors
with different rotating speeds. Alarm methods of fixed threshold are unable to consider the influences of time-varying operating
conditions. Hence, those methods are not suitable for monitoring dual-rotor equipment. An early warning method for dual-rotor
equipment under time-varying operating conditions is proposed in this paper. The influences of time-varying rotating speeds of
dual rotors on alarm thresholds have been considered. Firstly, the operating conditions are divided into several limited intervals
according to rotating speeds of dual rotors. Secondly, the train data within each interval is processed by SVDD and the allowable
ranges (i.e., the alarm threshold) of the vibration are determined. The alarm threshold of each interval of operating conditions is
obtained. The alarm threshold can be expressed as a sphere, whose controlling parameters are the coordinate of the center and the
radius. Then, the cluster center of the test data, whose alarm state is to be judged, can be extracted through 𝐾-means. Finally, the
alarm state can be obtained by comparing the cluster center with the corresponding sphere. Experiments are conducted to validate
the proposed method.

1. Introduction

Gas turbines, representative equipment of dual rotors, are the
key power equipment in aviation, shipping, electric power,
petroleum, and so on. Once a gas turbine undergoes a fault or
accident, the relevant production andmanagement will suffer
a lot. And even worse, those problems will probably lead to
fatal disasters [1, 2]. Therefore, it is very important to ensure
the efficient and normal operation of a gas turbine [3].

Vibration monitoring is one of the main methods for
mechanical faults monitoring. An early warning of gas tur-
bines’ state can be realized through a vibration alarm before
a serious fault occurs. To create an alarm for the vibration
conditions of certain equipment, the main steps include col-
lecting vibration signals in the main parts of the equipment,
computing the vibration overall amplitude, and setting a fixed
alarm threshold. The fixed threshold alarm is usually able to
ensure the safety and reliable operation for the equipment to
some extent. However, this alarm method is mainly suitable

for single-rotor equipment under steady operating condi-
tions. This method applies the same alarm threshold under
every operating condition and cannot deal with problems
that are caused by variable operating conditions. Because the
mentioned characteristic of a fixed threshold can easily lead
to missing alarms under low operating conditions and false
alarms under high operating conditions, this method is not
applicable in the warning for the vibration state for a gas
turbine under time-varying operating conditions.

Unlike general equipment with one rotor, dual-rotor
equipment has two rotors, whose rotational speeds are usually
different. A complete description of the operating conditions
of rotating machinery should include the speed and the load.
The object of this research, however, is dual-rotor equipment
including gas turbines and aircraft engines. As for the equip-
ment, the load is the output power or the thrust. Two speeds
and load are generatedwhen the rotor is shocked by high tem-
perature and high pressure gas.There is a positive correlation
between the speed set and the load.The load does not change
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when the speed set is constant. The load factor is included in
the speed factor in this research, so only speed set is analyzed
to study the operating conditions for dual-rotor equipment.
In engineering applications, the operating conditions of the
dual-rotor equipment are usually characterized by rotating
speeds. In conclusion, different speeds can be used for
characterizing the time-varying operating conditions due to
the special research object. Namely, vibration is affected by
two different and variable rotational speeds simultaneously,
and thus an effective warning for early faults in this type
of equipment cannot be realized through the fixed alarm
threshold. As previouslymentioned, missing and false alarms
occur when variable operating conditions are not considered,
making traditional alarm methods unable to warn against
early faults for this type of equipment effectively. It is
necessary to consider the following two aspects of alarm
thresholds for dual-rotor equipment: One is to learn alarm
threshold values and identify alarm status. And the other is
to consider variable operating conditions influenced by two
varying rotating speeds.

To solve problems concerning the computation of alarm
thresholds and the identification of alarm state, a great
number of researches have been carried out for improving
the algorithm based on Support Vector Machine (SVM) or
Artificial Neural Network (ANN). Empirical Mode Decom-
position (EMD) has been applied to obtain the feature set
[4]. Then, the ANN has been trained and tested for warning
against bearing faults. In recent years, a huge number of
scholars have utilized SVM to achieve fault alarms and
identify faults. The principle of SVM is that two types of data
are separated by finding the optimal hyperplane that has the
same distance from itself to both types of data. This means
that SVM can warn against faults better than ANN does [5].
SVM, a classifier based on statistical learning theory, was
initially proposed to deal with problems when the number
of fault samples is not enough [6]. At present, SVM has
been used to monitor equipment of various kinds and has
been increasingly improved. SVM, whose kernel function
is Gaussian, has been utilized to solve classification issues
for nonlinear datasets [7], but how to set parameters was
still unclear. Immune algorithms that imitate the artificial
immune system have been used to optimize parameters of
SVM, which plays a significant role in obtaining a classifier
with better performance [8]. Several SVMs have been utilized
simultaneously towarn against and identify various faults [9].
Then, outputs of each SVM on the basis of the inference of
the case database have been obtained. Next, all kinds of the
outputs have been compared through the same standard, and
the SVM model, suitable for identifying the corresponding
fault, has been selected. Those efforts have made great
contributions to warning against and identifying faults of
bearings. From the above descriptions, it is clear that SVM
can achieve higher accuracy and better generalization ability
in mechanical fault alarm and recognition [10].

To solve issues caused by variable operating conditions
for dual-rotor equipment, a large number of researches focus
on how to extract fault features from nonstationary signals
in time domain [11–13]. So far, those researches have brought
about great benefits. Feature extraction is not concerned

in this paper. Nevertheless, there are seldom published
researches on earlywarningmethods, which consider varying
alarm thresholds caused by operating conditions in dual-
rotor equipment. The gearbox used in wind turbines is
currently mainly studied for the early warningmethod under
time-varying operating conditions. Considering the gearbox
under time-varying operating conditions, Ren et al. have
obtained influences of speeds and loads on the vibration sig-
nal through a large number of experiments, but they have not
solved fault warning problems under time-varying operating
conditions [14]. Using order tracking and feature extraction
in the angle domain, Gu et al. have obtained the vibration
features and load index. Then, they have set up different
relevant index models under different operating conditions
to recognize gearbox faults, realizing the fault warning under
time-varying operating conditions [15]. After extracting the
features of the vibration signal at different speeds when
the equipment was under normal operating conditions, Lin
and Makis have determined the time series models under
normal operating conditions. Then, these models have been
compared with real-time data to define the status of the
equipment. Additionally, load intervals have been divided
based on the torque and speed.Then, the gearbox faults were
recognized by the Bayesian model [16]. For solving problems
of the constantly changeable vibration signal component of
the gearbox under time-varying operating conditions, Shao
et al. have used an autoregressive model and hypothetical test
method to warn against faults in the equipment [17]. Kouadri
et al. proposed a method based on the statistical test. This
method can define the status of the gearbox by comparing the
confidence intervals of the vibration signal between normal
and fault experiments. The validity of fault warning for the
gearbox under time-varying operating conditionswas proved
through experimental data [18]. The fault mechanism of
dual-rotor equipment is different from that of gearboxes, so
the above methods cannot be directly applied to dual-rotor
equipment.

This paper proposes an early warning method for dual-
rotor equipment under time-varying operating conditions
using support vector domain description (SVDD) and 𝐾-
means algorithm. To solve problems caused by variable con-
ditions, the range of operating conditions is divided into finite
intervals, with each interval considered as a steady operating
condition. Alarm thresholds of all intervals are computed one
by one. Because the two rotating speeds affect the vibration
value simultaneously when the dual-rotor equipment works,
SVDD is used to decide the allowable ranges of vibration
for the equipment under normal conditions, determining the
alarm threshold under each operating condition. Meanwhile,𝐾-means clustering algorithm is used to obtain the cluster
center of vibration data whose alarm state is uncertain.
The early warning of vibration state can be realized by
comparing the cluster center with the alarm threshold under
the corresponding operating condition.

The rest of this paper is organized as follows. Section 2
introduces the theoretical backgrounds of this work, includ-
ing the SVDD, the𝐾-means, and the parameter optimization
algorithm. Section 3 describes this proposed early warning
method.The experimental results are presented to verify this
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proposed method in Section 4. The conclusions are drawn
in Section 5. Section 6 presents some discussions about this
study.

2. Basic Theory

2.1. Support Vector Domain Description. SVM, a statistical
learning theory based on machine learning method, can
classify data according to structural risk minimization [5].
SVM is mainly utilized for data classification and regression
prediction, and this paper only studies the former. SVM is
suitable for small sample data, so it is used in this paper to
classify data.

Classification problems in engineering practice can be
divided into two categories: relatively simple linearly sepa-
rable problems and linearly inseparable nonlinear problems.
SVM initially solves problems when an optimal separating
hyperplane is computed in linear separable problems [19].
SVM projects nonlinear separable data onto a high dimen-
sion through a nonlinear kernel function to make it a linearly
separable problem. Thus, linear distinction of nonlinear data
in high dimension will be realized [20].

As a derivative of SVM, one-class SVM is different from
binary classification SVM, as it only has one class of data [21].
Currently, there are two types of one-class SVM: one-class-
SVM and support vector domain description (SVDD). All of
them can be used to distinguish abnormal data from normal
one [22]. As for SVDD, it is used to discriminate the data
by constructing a hypersphere in a high-dimensional space.
The center and radius of the hypersphere can be obtained
by using the penalty parameter [23]. In this method, spatial
features of vibration data under multivariable factors can be
shown better. Therefore, SVDD is applied to classify data in
this paper.

A training vector 𝑥𝑖 (𝑥𝑖 ∈ 𝑅𝑛, 𝑖 = 1, . . . , 𝑙) is known and
there is no class label; the optimization objective of SVDD is
to obtain an optimal hypersphere [24], whose center is 𝑎 and
radius is 𝑅. It can be expressed as

𝐹 (𝑅, 𝑎, 𝜉𝑖) = 𝑅2 + 𝐶∑
𝑖

𝜉𝑖. (1)

As it is shown in (2), the fixed proportional training data
points are included in this sphere.

(𝑥𝑖 − 𝑎)𝑇 (𝑥𝑖 − 𝑎) ≤ 𝑅2 + 𝜉𝑖, (∀𝑖, 𝜉𝑖 ≥ 0) , (2)

where 𝜉𝑖 represents the relaxation variable. To set 𝜉𝑖 is to
prevent interference of individual outliers in the hypersphere.
If there is no relaxation variable, the hypersphere will be
worse because of few outliers. 𝐶 is used to adjust the
influences of 𝜉𝑖. If 𝐶 is larger, more outliers will be included.
On the contrary, if𝐶 is smaller, it is likely that no outliers will
be here. Therefore, optimization of 𝐶 is of great significance.
This problem will be explained in Section 2.3.

The hypersphere can solve nonlinear problems. For
this purpose, data points must be projected onto high-
dimensional space for finding the optimal hyperplane, that

is, a kernel function 𝑘(𝑥, 𝑥), which can satisfy the following
equation:

𝑘 (𝑥, 𝑥) = 𝜑 (𝑥) 𝜑 (𝑥) , (3)

where 𝑥 and 𝑥 denote coordinates of the data and 𝜑(⋅)
represents the functionwhich can project the coordinate onto
high-dimensional space. Thus, the optimization problem is
shown as follows:

min 𝑅2 + 𝐶 𝑁∑
𝑖=1

𝜉𝑖, (4)

which is subjected to

[𝜑 (𝜑𝑖) − 𝑎] [𝜑 (𝜑𝑖) − 𝑎]𝑇 ≤ 𝑅2 + 𝜉𝑖,
(𝜉𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑁) . (5)

𝑁 in (4)-(5) denotes the number of training samples.Thedual
form of (5) is shown as

min
𝑁∑
𝑖,𝑗=1

𝛼𝑖𝛼𝑗𝑘 (𝑥𝑖, 𝑥𝑗) − 𝑁∑
𝑖=1

𝛼𝑖𝑘 (𝑥𝑖, 𝑥𝑖) . (6)

The constraint of (6) is

𝑁∑
𝑖=1

𝛼𝑖 = 1, (0 ≤ 𝛼𝑖 ≤ 𝐶, 𝑖 = 1, . . . , 𝑁) , (7)

where 𝛼𝑖 denotes the coefficient of Lagrange function. In
solving the above optimization problem, most 𝛼𝑖 is zero. If𝛼𝑖 is nonzero, it is a support vector, which decides the shape
and size of the hypersphere. Based on all the support vectors,𝑎, the center of the sphere, is shown as follows:

𝑎 = ∑
𝑖∈𝐼SV

𝛼𝑖𝜑 (𝑥𝑖) , (8)

where 𝐼SV represents the set of support vectors. As for support
vector with 0 ≤ 𝛼𝑖 ≤ 𝐶, 𝑥𝑖 satisfies

𝑅2 − [
[
𝑘 (𝑥𝑖, 𝑥𝑖) − 2 ∑

𝑗∈𝐼SV

𝛼𝑗𝑘 (𝑥𝑗, 𝑥𝑖) + 𝐶2]
]

= 0. (9)

The radius 𝑅 of the sphere can be obtained from the above
equation.

As mentioned earlier, the kernel function can be divided
into two types: linear and nonlinear. Nonlinear kernel
functions include polynomial, Gaussian, sigmoid, and self-
defined types.TheGaussian kernel function, one of the most
commonly used kernel functions, can be used easily and
nearly without problems of numerical solutions [25]. Thus,
the Gaussian kernel function is used as a mapping function
in high dimension in this paper, as it is shown in

𝑒−𝛾|𝑢−V|2 , (10)
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where 𝑢 denotes the sample point, V represents the center
decided by the sample points, and 𝛾 denotes the parameter
which decides the change rate of the kernel function. When𝛾 becomes larger, the corresponding parting surface will be
more complex. On the contrary, when 𝛾 is less, the relevant
parting surface will become smoother. Therefore, choosing
the value of 𝛾 is also very important. This problem will be
explained in Section 2.3.

2.2.𝐾-Means Clustering Algorithm. The clustering algorithm
is to determine the distribution of data through a statistical
method. The distribution can be regarded as a certain kind
of geometry, and the cluster center is the barycenter of the
geometry [26, 27]. Actually, it is difficult to find this center
in many data. Meanwhile, the dataset must be divided into
several different classes. 𝐾-means clustering algorithm has
been initially introduced and has been applied widely into
various research fields [28]. In this paper, the cluster center
of test data can be found in three-dimensional spaces via
the𝐾-means clustering algorithm. When compared with the
distribution of the data points, the cluster center of data
is a more stable feature and can characterize the state of
equipment better [29]. This is because misjudgment due to
individual points is avoided by the cluster center.𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑖, . . . , 𝑥𝑙} is a 𝑑-dimensional dataset
including 𝑙 samples, where 𝑥𝑖 ∈ 𝑅𝑑. 𝐾 in the 𝐾-means
algorithm represents the notion that 𝑋 is divided into 𝐾
subclasses. Each subclass is expressed as 𝑐𝑖 (𝑖 = 1, 2, . . . , 𝐾),
and every 𝑐𝑖 has its own cluster center 𝑢𝑖. Firstly, select 𝐾
elements randomly to be the initial cluster centers of 𝐾 sub-
classes. Then, compute the distance from each data point to
every subclass center.The initial classification can be realized
according to the criterion of the shortest distance. Next,
calculate the average Euclidean distance of each subclass,
update the cluster center on account of this average, and
renew the classification according to the principle of the
shortest distance. Equations (11) and (12) are, respectively, the
quadratic sumof distance from the data point in each subclass
to the corresponding class center 𝑢𝑖 and the quadratic sum of
the total distance of all classes [30].

𝐽 (𝑐𝑘) = ∑
𝑥𝑖∈𝑐𝑘

𝑥𝑖 − 𝑢𝑘2 (11)

𝐽 (𝐶) = 𝐾∑
𝑘=1

𝐽 (𝑐𝑘) = 𝐾∑
𝑘=1

∑
𝑥𝑖∈𝑐𝑘

𝑥𝑖 − 𝑢𝑘2

= 𝐾∑
𝑘=1

𝑙∑
𝑖=1

𝑑𝑘𝑖 𝑥𝑖 − 𝑢𝑘2 ,
(12)

where

𝑑𝑘𝑖 = {{{
1, 𝑥𝑖 ∈ 𝑐𝑖
0, 𝑥𝑖 ∉ 𝑐. (13)

𝐾-means clustering algorithm aims at minimizing the
quadratic sum of distance of all classes. Update the cluster
centers and classifications constantly according to the above

Determine the number of data 
classes and initial cluster center

Calculate the distance from the data point 
to the initial cluster center

Classify the data
according to the shortest distance

Calculate the mean value of the clustering center for data 
distance in each class and update the cluster center

Compute the quadratic sum of total distance J(C)

Can the cluster center 
and J(C) be converged?

Output the cluster centers

Yes

No

Figure 1: Flow chart of the 𝐾-means clustering algorithm.

steps when the quadratic sum is convergent. The flow chart
of the𝐾-means clustering algorithm is shown in Figure 1.

2.3. Parameter Optimization Algorithm. As per the descrip-
tion in Section 2.1, the penalty factor𝐶 adjusts the confidence
interval when SVDD defines the data subspace, and it is
also the balance between the misclassification ratio and the
algorithm complexity [31]. When 𝐶 is smaller, the algorithm
is less complex and the empirical risk is greater. With the
increase of𝐶, the complexity is increased and the value of the
experience risk is reduced.When𝐶 is larger, the classification
results of datasets which have large samples are unsatisfac-
tory. Therefore, the value of 𝐶 should be appropriate. Each
data should have at least one reasonable value of 𝐶 to make
the best generalization performance of SVDD.

According to Section 2.1, linearly inseparable datasets
can be converted to linearly separable datasets through a
kernel function [31]. The Gaussian kernel function selected
in this paper has a few parameters and a high classification
accuracy. Parameter 𝛾 in the kernel function affects the
nonlinear transformation function, and its change will affect
the distribution dimension of the sample data in the space.
If 𝛾 is large, the value of the kernel function will approach 0,
which will lead to overlearning. In other words, the classifier
can only correctly classify the training samples and fails to
classify the unknown testing samples. On the contrary, less
learning will occur, and all testing samples will be classified
into one class, which leads to a wrong classification.

From the above, the penalty factors 𝐶 and 𝛾 play a
significant role in the performance of SVDD. Therefore, the
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property of SVDDwill be improved to a great extent if amore
appropriate parameter set (𝐶, 𝛾) is selected.

The question of which is the best parameter optimization
method for SVDD still has no answer in academic circles.The
commonly used methods for optimizing SVDD’s parameters
are Grid Search, Genetic Algorithm, and Particle Swarm
Optimization [32–34].

Each of the three optimization algorithms has its advan-
tages. If the search interval is large enough and the search step
is small enough, the Grid Search can find the global optimal
solution. However, it will take a long time to traverse all the
parameter groups in the grid. The Genetic Algorithm and
Particle Swarm Optimization are heuristic algorithms. They
can find the global optimal solution without traversing all the
parameter groups in the interval. However, the operation of
the two algorithms is often complex, and it is easy for them
to fall into the local optimum rather than the global optimal
solution. When the number of samples contained in the
dataset is small, it is better to use Grid Search to optimize the
parameters of SVDD.On the contrary, theGenetic Algorithm
andParticle SwarmOptimization are better.The computation
time required for GA is longer than that of PSO, but the
classification accuracy of GA is higher.

Therefore, different algorithmsmay be used for obtaining
the best results in different applications or operating condi-
tions. In order to obtain the best results as much as possible,
three algorithms are selected for optimization and the most
effective one is selected under each condition. Therefore, it
is necessary to determine them through three optimization
algorithms.

2.3.1. Grid Search. The processes of optimization algorithm
of Grid Search are as follows. Firstly, set ranges of parameters𝐶 and 𝛾; these two parameters, respectively, correspond to the
horizontal and vertical axes of a planar coordinate system.
Then, set a certain step length for the two parameters and
obtain a value and draw a line on the coordinate diagram
according to the parameters. Finally, there will be a grid,
which can determine the final optimal parameters through
the obtained parameters in the grid point [35]. This method,
however, is used not only to calculate results but also to make
cross-validation.The procedures of Grid Search are shown in
Figure 2.

2.3.2. Genetic Algorithm. The genetic parameters optimiza-
tion algorithmcan be realized according toDarwin’s theory of
evolution, survival of the fittest. Similar to human gene evo-
lution, the Genetic Algorithm can achieve parameter changes
according to imitating competition between superior and
degradation genes, selection of superior genes, combination
of genes, and genovariation. Additionally, it computes the
fitness value of population parameters through the fitness
function.Higher fitness value shows that the parameter is bet-
ter [36]. Firstly, the Genetic Algorithm generates a parameter
population randomly. Then, relatively optimal parameters
can be selected via the fitness function and the corresponding
parameter population will be obtained. Parameters can be
updated using the above steps and the iteration terminating
condition can be set according to the actual requirements.

N-fold cross-validation

Obtain optimal parameters and accuracy

Is the accuracy optimal?

Yes

No

Change step

Set the range and step of C and 

Output the optimal C and 

to the number of folds
Divide the data into n parts according

Figure 2: Flow chart of Grid Search.

Once the iteration is terminated, optimal parameters that
satisfy certain conditions will be obtained [37].

The flow chart of a commonly used Genetic Algorithm is
shown in Figure 3.

2.3.3. Particle Swarm Optimization. Particle Swarm Opti-
mization (PSO) mainly simulates migration and aggregation
behaviors of birds foraging. Similar to theGenetic Algorithm,
PSO seeks the optimal particle as the last parameter in the
constant iteration [38]. Firstly, a group of random particles
are selected as the initial solution. During the iteration, the
solution can be updated when particles track two extremums.
One is the extremum of the particles themselves and can be
called the individual extremum.The other is the one that has
been found from the whole population. Advancing direction
and speed of those particles can be updated by constantly
computing optimal values of particles and the population.
Those steps make the particle swarm continuously move
towards the direction of the optimal solution. Thus, the
optimal solution of parameters can be found ultimately [39].
The flow chart of PSO is shown in Figure 4.

2.3.4. Cross-Validation Accuracy. The parameter optimiza-
tion algorithm which is selected in each operating condition
is chosen from the above three algorithms according to the
maximum cross-validation accuracy. These algorithms all
divide the dataset into 𝑛 subsets and regard the 𝑛−1 subsets as
training ones. The left one is used as a prediction set to judge
the above training state. The 𝑛 subsets all need prediction
sets for their relevant accuracies, and the accuracy of the
algorithm can be obtained by computing the average of these
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No
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Figure 3: Flow chart of the Genetic Algorithm.

Initialize the position and velocity of 
particle swarm

Calculate the objective function values 
of each particle

Obtain the optimal individual and
global solutions through statistics

Update the position and velocity of 
the particle

Is the number of iterations
 reached or the fitness satisfied? 

Yes

No

Set the size of the population

Output the optimal C and 

Figure 4: Flow chart of the PSO algorithm.

above accuracies [40]. The cross-validation accuracy 𝑒𝑛 is
shown in

𝑒𝑛 = 1𝑛
𝑛∑
𝑖=1

[num (𝑦𝑖 = 𝑦𝑖)𝑚 ] , (14)

where 𝑚 denotes the number of data in each subset; 𝑦𝑖 and𝑦𝑖 represent the actual value and predicated value of the data
element, respectively; num(⋅) denotes the number of data
elements in which the condition ⋅ is satisfied.
3. The Proposed Method for Early Warning

This paper studies an early warning method for dual-rotor
equipment under time-varying operating conditions. The
method is based on SVDD and 𝐾-means algorithm, as
represented graphically in Figure 5. The main procedures are
expressed as follows.

(1) Interval Partition of Baseline Vibration. When a piece of
equipment works normally, vibration feature values such as
peak or RMS of acceleration, RMS or peak of velocity, and
peak to peak of displacement are divided into several intervals
according to the dual-rotor speeds. Under an interval of
an operating speed, 𝑙 signal sequences can be described as𝑆𝑖 = [𝑁1𝑖, 𝑁2𝑖, 𝐴𝑠𝑖], 𝑖 = 1, 2, . . . , 𝑙, where 𝑙 is the number
of datasets within this operating condition (running speed)
interval. The three elements of 𝑆𝑖 are, respectively, rotating
speed 1, rotating speed 2, and vibration feature.

(2) Optimization of Parameters 𝐶 and 𝛾 in SVDD. 𝑙 signal
sequences 𝑆𝑖 are inputs of Grid Search, Genetic Algorithm,
and Particle SwarmOptimization within an operating condi-
tion interval. After the parameters are optimized, their results
and accuracies can be shown as [𝐶1, 𝛾1, 𝑒1], [𝐶2, 𝛾2, 𝑒2], and[𝐶3, 𝛾3, 𝑒3].Then, select𝐶 and 𝛾with the highest accuracy rate
among 𝑒1, 𝑒2, and 𝑒3. They can be regarded as the optimum
parameters. The parameters in every interval of an operating
condition should be optimized as the above steps and the
optimal solution of 𝐶 and 𝛾 under each operating condition
will be obtained.

(3) Calculation of Alarm Threshold Parameters 𝑂𝑖𝑎 and 𝑅𝑖𝑎.
Regard 𝑙 signal sequences 𝑆𝑖, under an operating condition
range, as the input of SVDD. Insert the optimal solutions 𝐶𝑜
of𝐶 and 𝛾𝑜 of 𝛾 into (8), (9), and (10).Then, the center𝑂𝑖𝑎 and
the radius 𝑅𝑖𝑎 of the optimal sphere will be known. 𝑂𝑖𝑎 and𝑅𝑖𝑎 can show the normal variation range of vibration data for
equipment under an operating condition range; this normal
range can be defined as the alarm threshold value under this
operating condition range. Apply the above calculation to
each range of the operating condition to obtain all alarm
threshold values.

(4) Determination of Cluster Center of the Test Data Whose
Alarm State Is Unknown.The test dataset whose alarm state is
unknown is taken as the input of𝐾-means algorithm. Cluster
center 𝑂𝑁 = (𝑁1𝑁, 𝑁2𝑁, 𝐴𝑆𝑁) can be obtained according
to (12). This cluster center can denote the operating state of
the equipment steadily and reduce false alarms caused by few
outliers as much as possible.

(5) Judgment of the Alarm State. When the distance 𝑟𝑁 from𝑂𝑁, cluster center of the test data, to 𝑂𝑖𝑎, the center of the
optimal sphere in the corresponding operating condition



Shock and Vibration 7

Divide the interval 
according to the speed

Grid 
Search

Genetic 
Algorithm

Particle
Swarm
Optimization

SVDD K-means

End

Alarm

Alarm threshold

No

Yes

Feature value of
vibration signal As(t) Speed signal N1(t), N2(t)

Signal in a certain speed interval 

Signal of new acquired
AsN(t), N1N(t), N2N(t)

C1, 1, e1 C2, 2, e2 C3, 3, e3

ej = max {e1, e2, e3}, Co = Cj, o = j

Oia = (N1ia,N2ia, ASia), Ria

Cluster center
ON = (N1N,N2N, ASN)

rN =
OiaON

 , Ria

Si = [N1i,N2i, Asi], i = 1, 2, . . . , l

SNi = [N1Ni,N2Ni, AsNi], i = 1, 2, . . . , m

rN > Ria

Figure 5: Schematic of the proposed method.

range, satisfies the following condition that 𝑟𝑁 ≤ 𝑅𝑖𝑎, the
equipment can be considered to work normally. Oppositely,
if 𝑟𝑁 > 𝑅𝑖𝑎, it means that the equipment is on alarm.

4. Experiments

A dual-rotor test rig has been set up to simulate the operating
environment of the real dual-rotor equipment. To carry
out the experimental study, two datasets of vibration in
bearing housing and rotating speeds of dual rotors have been
collected, respectively, when there were no faults and defects
in 1# intershaft bearing.

4.1. Experiments Setup. The dual-rotor test rig, applied in the
experiment, is shown in Figure 6.

In the experiment, intershaft bearings under normal and
fault conditions are installed. The experiment can be divided
into two groups: (1) the test rig under normal conditions and(2) faults in the outer ring of the intershaft bearing (1mm
deep and 1mmwide groove (simulation of initial fault) across
the axis on the inner surface of the outer ring).

The vibration data is collected by LMS SCADAS [41].
The vibration sensor is BK4519 accelerometer, and the key

Figure 6: Test rig for dual-rotor faults simulation.

phase sensor is a proximity switch. The accelerometer has
been mounted vertically on the 2# bearing housing. Speeds
of 1# rotor and 2# rotor can be controlled through two
motorized spindles. Vibration and rotating speed signals can
be collected when dual-rotor speeds are variable.

The selected data to be processed in the following part can
be divided into two groups: (1) data under normal conditions
(the rotating speed 𝑁1 of 1# rotor slightly fluctuates at
300 rpm, 900 rpm, and 1500 rpm; the rotating speed𝑁2 of 2#
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Figure 7: Waveforms of normal and fault vibration signals.

rotor slightly fluctuates at 600 rpm, 1200 rpm, and 1800 rpm,
resp.; the sampling rate is 25.6 kHz) and (2) fault data of the
outer ring in the intershaft bearing (the operating condition
and sampling rate are the same with the above data). The
waveforms of normal and fault vibration signals at different
speeds are shown in Figure 7.

Because RMS can steadily represent the operating state
of equipment, this paper selects RMS of acceleration as the
vibration feature value. It can be calculated by (14).

𝑋rms = √∑𝑁𝑖=1𝑋2𝑖𝑁 . (15)

4.2. Analysis through Fixed Threshold Alarm. The fixed
threshold alarmmeans that one threshold is adopted to warn
for the equipment under every operating condition without
considering influences of time-varying conditions. In this
section, a fixed alarm threshold has been set according to
vibration data of the dual-rotor test rig under normal condi-
tion. Vibration acceleration can be selected when the test rig
works at normal conditions: 1# rotor speed is 900 r/min and

Table 1: Fixed alarm threshold for the test rig.

1# rotor 2# rotor
Speed (r/min) 900 1200
Max. RMS (m/s2) 6.32
Alarm threshold (m/s2) 7.90

2# rotor speed is 1200 r/min.Then, theRMS can be computed.
The alarm threshold is 1.25 times the maximum RMS [42], as
is shown in Table 1.

Fault data of intershaft bearings are analyzed when the
rotating speed of 1# rotor is 300 r/min and that of 2# rotor
is 600 r/min. The RMS of vibration acceleration is about
3m/s2, which is the fault data at a low speed, as is shown in
Figure 7.Thefigure shows that fault data, under this operating
condition, is lower than the fixed alarm threshold, 7.9m/s2.
Thus, the above fixed threshold alarm cannot accurately warn
against initial faults in low operating conditions.

The data under the normal condition can also be analyzed
when the rotating speed of 1# rotor is 1500 r/min and that
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Figure 8: Analysis results of the fixed threshold alarm.

Table 2: Interval division of experimental data.

Operating condition 1 2 3
Speed of 1# rotor (rpm) 300 900 1500
Speed of 2# rotor (rpm) 600 1200 1800

of 2# rotor is 1800 r/min. The RMS of acceleration is about
9m/s2. It is shown as normal data at a high speed in Figure 8.
From the figure, it is obvious that the data under this
condition is higher than the fixed alarm threshold, 7.9m/s2.
Thus, a false alarm is produced through the alarm method
based on the fixed threshold under high operating conditions.

From the above analysis, influences from two rotating
speeds of the dual-rotor equipment on vibration are ignored
by the fixed threshold alarm method. Hence, this method is
commonly applied to equipment with a constant speed, but
it is inadaptable to warn against faults for dual-rotor ones.
A higher value of the fixed threshold means that it is easier
for equipment with faults to miss fault warning under low
operating conditions; namely, the missing alarm rate will be
higher. Similarly, a lower value of the fixed threshold means
that it is easier for equipment without faults to warn under
high operating conditions; namely, the false alarm rate will be
higher. Utilizing a fixed threshold to warn for the equipment
will make it difficult to keep the balance between missing
alarm rate and false alarm rate.

4.3. Analysis by the Proposed Method. The algorithm pro-
posed in this paper is used to analyze the data of the test rig.
Processes are as follows.

4.3.1. Interval Division of Baseline Vibration Features. The
data, under normal and fault conditions, are divided into
three groups according to the dual-rotor rotating speeds, as
shown in Table 2.

4.3.2. Parameter Optimization. The experimental data with-
out faults, under the above three operating conditions, have
been analyzed through Grid Search, Genetic Algorithm, and

Table 3: Parameters setting and optimization results of Grid Search.

Parameters 𝐶 𝛾
Range of values [2−8, 28] [2−8, 28]
Step 1 1
Optimization result 0.5 0.25
Fold of cross-validation 10
Cross-validation accuracy 98.3516%

Particle Swarm Optimization. This is to obtain parameters 𝐶
and 𝛾 under each operating condition for SVDD algorithm.
Take operating condition 1 as an example; the processes of
parameter optimization are shown as follows.

(1) Grid Search. In order to achieve optimum parameters 𝐶
and 𝛾, Grid Search is utilized to analyze three-dimensional
data under operating condition 1. Those data include dual-
rotor speeds and RMS of the acceleration. A contour map
and the 3D chart of SVC selection results can be obtained as
soon as the parameters are optimized, as is shown in Figure 9.
The settings of main parameters and optimization results are
shown in Table 3.

(2) Genetic Algorithm. The Genetic Algorithm is used to
analyze three-dimensional data including dual-rotor speeds
and RMS of the acceleration under operating condition 1.
A fitness curve can be obtained, as is shown in Figure 10.
Main parameters’ setting and optimization results are shown
in Table 4.

(3) Particle Swarm Optimization. Particle Swarm Optimiza-
tion is applied to analyzing three-dimensional data including
dual-rotor speeds and RMS of the acceleration under oper-
ating condition 1. Then, a fitness curve can be obtained, as
is shown in Figure 11. The settings of main parameters and
optimization results are shown in Table 5.

A cross-validation accuracy of 98.8889%, obtained
through Particle Swarm Optimization, is the highest value
among all the accuracies of all three optimization algorithms
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Figure 9: Results of the Grid Search algorithm: (a) contour chart; (b) 3D view.
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Figure 11: Fitness curve of Particle Swarm Optimization.

Table 4: Parameters setting and optimization results of the Genetic
Algorithm.

Parameters 𝐶 𝛾
Range of values [0, 256] [0, 256]
Maximum population 20
Maximum generation 500
Fold of cross-validation 10
Optimization results 0.74438 0.17261
Cross-validation accuracy 98.3425%

Table 5: Parameters setting and optimization results of PSO.

Parameters 𝐶 𝑔
Range of values [0.1, 100] [0.01, 1000]
Maximum evolution 500
Maximum population 20
Local search speed 1.5
Global search speed 1.7
Fold of cross-validation 7
Optimization results 0.52958 0.01
Cross-validation accuracy 98.8889%

that have been used to process experimental data without
faults under operating condition 1. Thus, under this
operating condition, optimization results of Particle Swarm
Optimization are regarded as the values of 𝐶 and 𝛾; namely,𝐶1 = 0.52985 and 𝛾1 = 0.01.

Under each operating condition, those three optimization
algorithms can be utilized to determine 𝐶 and 𝛾. Take
parameters obtained through an algorithm whose cross-
validation accuracy is the highest among all the accuracies as
the trained parameters of SVDD. The final results are shown
with boldface letters in Table 6.
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Table 6: Results of parameter optimization.

Operating condition 1 2 3

Grid Search
Accuracy (%) 98.3516 96.6667 98.3333𝐶 0.5 0.5 0.5𝛾 0.25 0.0039063 0.0039063

Genetic Algorithm
Accuracy (%) 98.3425 98.3471 98.3471𝐶 0.74438 1.332 2.3611𝛾 0.17261 0.087738 0.099182

Particle Swarm Optimization
Accuracy (%) 98.8889 96.6667 98.3333𝐶 0.52985 0.912166 1.0021𝛾 0.01 0.01 0.01

Table 7: Alarm threshold of the dual-rotor test rig.

Operating condition 1 2 3
Center of sphere [300, 600, 2.79648] [897, 1199, 6.30922] [1502, 1803, 9.0504]
Radius of sphere 0.2023 0.6035 0.6362

600.4 300.2600.2

Speed 1
300

Speed 2

600 299.8599.8
299.6599.6

Threshold range
Normal state
Fault state

2.6

2.8

3

Va
lu

e

Figure 12: Alarm system simulation.

4.3.3. Determination of the Alarm Threshold. Optimization
results of 𝐶 and 𝛾 in Section 4.3.2 are adopted by the SVDD
algorithm to process experimental data without faults under
three operating conditions in sequence. Hence, alarm thresh-
old values under each operating condition are obtained. The
alarm threshold can be shown as a sphere, whose controlling
parameters are the coordinate of center and the radius. Take
operating condition 1 as an example; the sphere representing
the alarm threshold is shown in Figure 12. When the data is
in the inner part or on the surface of the sphere, as the blue
point shown in the figure, the equipment works at a normal
condition.However, when data is on the outside of the sphere,
as the red point shown in the figure, the equipment is in a state
of alarm.

Alarm threshold values of the test rig under all the
operating conditions can be obtained through the SVDD
algorithm, as is shown in Table 7.

4.3.4. Judgment of the Alarm State. The cluster center of
experimental data with and without faults under the above
three operating conditions can be computed through the 𝐾-
means algorithm.Then, distances from all the cluster centers
to the corresponding centers of the sphere can be calculated,
as is shown in Table 8.

Compare the distance from the cluster center in Table 8
to the center of the sphere with the radius of the sphere
in Table 7. If the distance is longer than the radius of the
sphere, the equipment is in a state of alarm. On the contrary,
if the distance is shorter than the radius of the sphere, the
equipment works at a normal condition.

The distances, obtained on the basis of experimental data
without faults under each operating condition, are compared
with the corresponding radius of the sphere. As is shown
in Figure 13, yellow cylinders representing the distances are
lower than the red cylinders which represent alarm threshold
values; therefore, this equipment works normally under all
operating conditions. This analysis result corresponds to the
fact that there are no faults on the test rig; namely, there are
no false alarms in this experiment.

The distances, obtained on the basis of fault data in
intershaft bearing under each condition, are compared with
the corresponding radius of the sphere. As is shown in
Figure 14, yellow cylinders which represent the distance
are higher than the red cylinders representing the alarm
threshold value. Thus, under every operating condition, this
equipment is judged to be in a state of alarm. This analysis
result corresponds to the fact that there are faults in intershaft
bearing on the test rig; namely, no missing alarms occur in
this experiment.
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Table 8: Cluster center and distance under normal and fault data.

Operating condition 1 2 3

Without fault Cluster center [300, 600, 2.7864] [897, 1199, 6.3217] [1502, 1803, 9.0282]
Distance 0.0613 0.5346 0.3083

Fault Cluster center [304, 600, 3.0273] [901, 1199, 7.3804] [1499, 1800, 9.0774]
Distance 3.7661 4.4019 3.5541

Speed 1 & Speed 2
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Distance

Alarm threshold
Distance under normal data
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e
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Figure 13: Alarm results for the normal data of the dual-rotor test
rig.
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Figure 14: Alarm results for the fault data of the dual-rotor test rig.

By analyzing the above experimental data, it is obvious
that the algorithm, proposed in this paper, is applicable to
warning against faults early for dual-rotor equipment under
time-varying operating conditions.

5. Conclusions

This paper proposes an early warning method based on
SVDD and 𝐾-means for dual-rotor equipment under time-
varying operating conditions. Vibration alarm thresholds
suitable for different operating conditions can be decided
by training SVDD with vibration data under each operat-
ing condition without faults. This alarm threshold can be
expressed as several spheres whose different coordinates of
center and radiuses are their controlling parameters. The
cluster center of multigroup data, whose alarm states are to
be determined, can be obtained through𝐾-means algorithm.
An early warning of vibration can be realized according
to this relative position between the cluster center and the
sphere.The proposedmethod, which combines the above two
algorithms, has been tested through the vibration signals of
a test rig for dual-rotor faults simulation. Consequently, it
has been proved that the proposed method is valid on the
early warning for dual-rotor equipment under time-varying
conditions.

6. Discussion

There is a positive correlation between the speeds set and the
load due to the special research object, and the load does
not change when the speed set is constant. In other words,
the speed factor considered in this paper can represent load.
Therefore, only the influences of rotational speed set on the
alarm threshold are studied in this paper.

If the present method will be used in other equipment
(such as an electric motor whose speeds are the same but
loadsmay be different), a parameter representing the load can
be added to the speed set as an independent one easily. This
can realize the early warning of comprehensive speed and the
load parameters under time-varying operating conditions.
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Because of the characteristics of weak signal and strong noise, the low-speed vibration signal fault feature extraction has been a
hot spot and difficult problem in the field of equipment fault diagnosis. Moreover, the traditional minimum entropy deconvolution
(MED)method has been proved to be used to detect such fault signals.TheMEDuses objective functionmethod to design the filter
coefficient, and the appropriate threshold value should be set in the calculation process to achieve the optimal iteration effect. It
should be pointed out that the improper setting of the threshold will cause the target function to be recalculated, and the resulting
error will eventually affect the distortion of the target function in the background of strong noise. This paper presents an improved
MED based method of fault feature extraction from rolling bearing vibration signals that originate in high noise environments.
The method uses the shuffled frog leaping algorithm (SFLA), finds the set of optimal filter coefficients, and eventually avoids the
artificial error influence of selecting threshold parameter. Therefore, the fault bearing under the two rotating speeds of 60 rpm and
70 rpm is selected for verification with typical low-speed fault bearing as the research object; the results show that SFLA-MED
extracts more obvious bearings and has a higher signal-to-noise ratio than the prior MED method.

1. Introduction

Rolling bearings are one of the most widely used elements
in rotary machines. The mechanical failure of bearings may
result in financial loss, and even death. Therefore, condition
monitoring and fault diagnosis of rolling bearings are crit-
ically important for production efficiency and plant safety
in modern enterprises [1, 2]. When a rolling bearing fault
is weak at an early stage or at a low shaft speed, weak
fault features are often embedded in background noise. So
it is not an easy task to extract the representative features
from the original signal [3]. For instance, the fast Fourier
transform cannot obtain ideal transient extraction, even as
an increased signal-to-noise ratio assists weak fault feature
extraction. Many scholars have reviewed the problem of fault
diagnosis taken from weak signals and have made progress.
In [4], wavelet transformation is applied to the problem
of weak, abnormal vibration signal extraction, but reliance

upon a single wavelet transform makes the extraction of
complex vibration signals difficult [5, 6]. Many approaches
to improved wavelet transform signal extraction have been
proposed, by combination with other diagnostic tools: neu-
tral networks, hidden Markov models, or singular value
decomposition. In some cases, good results were obtained,
but these approaches require the setting of a great many
parameters, and yet when the signal is quite weak or the noise
strong, these approaches give poor results [7–10]. Huang et
al. in 1998 proposed empirical mode decomposition (EMD),
an adaptive signal processing method that yields intrinsic
mode functions (IMFs) [11]. EMD algorithms are widely
used for rolling bearing fault type identification. However,
there is a serious pattern mixing and endpoint effect in the
EMD method. Wu and Huang proposed ensemble empirical
mode decomposition (EEMD) to overcome the shortcoming
of mode mixing, but end effects remain a problem. So the
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EMD and EEMDmethods cannot be qualified for weak fault
diagnosis [12, 13]. Stochastic resonance is usually used to
enhance weak fault signals and to extract rolling bearing
characteristic frequency components [14, 15]. Given the
difficulty of choosing the parameters of a band-pass filter,
spectral kurtosis (SK) is another useful tool; it provides
a moderate way of detecting weak fault in rotation even
under the background of strong noise [16, 17]. Liu et al. put
forward a new method to extract new features using kernel
joint approximate diagonalization of eigenmatrices (KJADE)
[18]. Sparse decomposition derived from application of a
matching pursuit algorithm to fault signal data can detect
the amplitude, the frequency, and the phase of weak signals
under the background of strong noise [19]. These results are
not obvious because of the loss of signal details.

Wiggins introduced minimum entropy deconvolution
(MED) in 1978. MED has been applied to seismic signal
processing, especially for the separation of convolutional
components of reflection signals [20]. In 2007, Sawalhi et al.
first appliedMED to detection of faults in rolling bearings and
other gear. MED is usually combined with spectral kurtosis
or AR filtering to enhance rolling bearing fault detection and
diagnosis [21, 22]. MED is also a valid approach to the period
estimation problem [23]. However, given strong noise, the
failure impact component will be lost by MED, and this is
because of the following reasons [24–26].

MED is used as a linear operator and so is ill-adapted to
process a limited frequency bandwidth. For noisy data, the
limitation of the linear operator is difficult to overcome.

The filter coefficients obtained by the objective function
method (OFM) are local optima, not global optima.

To address the latter limitation, an improved MED
method based on the shuffled frog leaping algorithm (SFLA-
MED) is proposed. In the newmethod, a shuffled frog leaping
algorithm (SFLA) is applied to select an optimal set of filter
coefficients that provide maximum kurtosis. So, the filtered
signal will be acquired by taking advantage of a global optimal
inverse filter. The envelope spectrum of the filtered signal is
calculated with Hilbert transform (HHT) and fast Fourier
transform (FFT). In the envelope spectrum, the characteristic
frequency of a rolling bearing is quite obvious, and the
bearing faults can be diagnosed.

2. Overview of the Improved Algorithm

2.1. Minimum Entropy Deconvolution Algorithm. Deconvo-
lution is an inverse filter that is typically applied to seismic
data, for the purpose of recovering reflection coefficients.
The main benefit is compression of the seismic reflection
pulse and to improve estimation of the subsurface reflection
interface reflection coefficient. Deconvolution is particularly
important to the bright spot technique of oil-gas exploration
and to the analysis of seismic data associated with lithological
study on the formation of seismology. Deconvolution can
remove the interference from short cycle reverberation and
multiple waves [27, 28]. Deconvolution can be divided into
deterministic deconvolution and predictive deconvolution.
There are many commonly known deconvolutions, including

east square deconvolution, predictive deconvolution, homo-
morphic deconvolution, surface-consistent deconvolution,
maximum entropy deconvolution, minimum entropy decon-
volution, change mould deconvolution, 𝑄 deconvolution,
Noah deconvolution, and minimum information deconvolu-
tion.

The MED technique is a type of system identification
method that was originally developed to aid extraction
of reflectivity information in seismic data. The reflectivity
information can be used to identify and locate layers of
subterranean minerals [23]. The essence of the method is to
acquire a linear operator that maximizes the characteristics
of the spike pulse [29, 30]. Maximum kurtosis defines a stop
condition [30].

Rolling bearing fault vibration signal can be expressed as

𝑦 (𝑛) = ℎ (𝑛) ∗ 𝑥 (𝑛) + 𝑒 (𝑛) , (1)

where 𝑥(𝑛) is the impact sequence of the rolling bearing
vibration signal, ℎ(𝑛) is the transfer function, and 𝑒(𝑛) is the
noise component. To facilitate analysis, 𝑒(𝑛) can be ignored.
The purpose of MED is to find a deconvolution optimal
inverse transfer function𝑓(𝑛) to calculate an input signal𝑥(𝑛)
from the output signal 𝑦(𝑛) through (∗).

𝑥 (𝑛) = 𝑓 (𝑛) ∗ 𝑦 (𝑛) . (∗)

From (3) one may find the best inverse filter that maxi-
mizes the kurtosis index of original signal.

𝑜42 (𝑓 (𝑛)) =
∑𝑁𝑖=1 𝑥

4 (𝑖)

[∑𝑁𝑖=1 𝑥2 (𝑖)]
2

that is
𝜕𝑜42 (𝑓 (𝑛))
𝜕𝑓 (𝑛)

= 0. (∗∗)

Therefore, MED makes the recovery of signal by con-
struction of an “optimal” filter possible.

MED can be summarized in five steps [26]:

(1) Initialization:

𝑓(0) = 1. (∗ ∗ ∗)

(2) Iteration computing:

𝑥 (𝑛) = 𝑓 (𝑛)(𝑖−1) ∗ 𝑦 (𝑛) . (2)

(3) Calculate the cross-correlation:

𝑏(𝑖) (𝑙) = 𝑎
𝑁

∑
𝑛=1

𝑥3 (𝑛) 𝑦 (𝑛 − 𝑙) . (3)

(4) Calculate the coefficient of filtering:

𝑓(𝑖) = 𝐴−1𝑏(𝑖). (4)

(5) Terminate condition.

Assume that the given threshold is 0.01. If ‖𝑓(𝑖)−𝑓(𝑖−1)‖22 <
0.01, the iteration ends; else 𝑖 = 𝑖 + 1, and iterate.
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2.2. Shuffled Frog Leaping Algorithm. SFLA combines the
global breadth search of the entire frog populations and the
local depth search of frogs individual information, leading
the algorithm towards the global optimum direction [25, 31].
The frog representing the solution is divided into several
subgroups, and each population has its own culture. Then
the frogs evolve according to fitness in the population. After
searching in each memeplex, the frogs from all memeplexes
are shuffled and then frogs are redistributed forming new
memeplexes, which makes searching process less possible to
be trapped in local optimum [31].

Its steps include the following:

(1) Initialize population size.
(2) Initialize population generation 𝑈(𝑖); calculate the

𝑈(𝑖) performance of 𝑓(𝑖):

𝑈 (𝑖) = (𝑈1𝑖 , 𝑈
2

𝑖 , . . . , 𝑈
𝑑

𝑖 ) . (5)

(3) Rank the frogs 𝑈(𝑖), and arrange the array according
to 𝑓(𝑖):

𝑋 = {𝑈 (𝑖) , 𝑓 (𝑖) , 𝑖 = 1, 2, . . . , 𝐹} . (6)

(4) The frogs 𝑈(𝑖) are placed in different populations in
turn.

(5) Within populations, frogs begin to evolve (update the
worst frogs in the population):

𝐷𝑖 = rand ( ) ∗ (𝑃𝑏 − 𝑃𝑤) . (7)

(6) After the evolution of the population, the subgroups
are combined and arranged in descending order. By
constantly iterating, then find out the best frogs to
update.

The output signal of a linear time invariant system (LTI)
system can be expressed as follows:

𝑦 (𝑛) =
𝑁−1

∑
𝑖=0

𝑏𝑖𝑥 (𝑛 − 𝑖) −
𝑀

∑
𝑖=1

𝑎𝑖𝑦 (𝑛 − 𝑖) . (∗a)

𝑥(𝑛) is the input signal, 𝑎𝑖 and 𝑏𝑖 represent filtering coeffi-
cients, and𝑁 is the filter order. In this paper, 𝑎𝑖 = 0,

𝑦 (𝑛) =
𝑁−1

∑
𝑖=0

𝑏𝑖𝑥 (𝑛 − 𝑖) . (∗b)

The best filter coefficient (𝑓𝑖) obtained by the leapfrog algo-
rithm is substituted into the formula (∗b); then the denoising
signal 𝑥(𝑛) becomes

𝑥 (𝑛) =
𝑁−1

∑
𝑖=0

𝑓𝑖𝑥 (𝑛 − 𝑖) . (∗c)

Then the denoising signal 𝑥(𝑛) is demodulated by
HILBERT-FFT envelope. Finally, the validity of SFLA-MED
is verified by comparing the envelope spectrumwith the fault
characteristic value.

2.3. Diagnosis Method by the SFLA-MED. Figure 1 shows
the differences between MED and the SFLA-MED. The
MED filter is implemented by the objective function method
(OFM) given in reference [26]. The OFM is an optimization
process designed to maximize the kurtosis of the MED
output. It is pointed out that the filter coefficients obtained
by OFM are merely local optima, not global optima. So the
SFLA-MED uses SFLA to find these optimal coefficients.

The process of fault diagnosis is shown in Figure 2.
Vibration signals are measured in a low-speed bearing
experiment. The SFLA-MED method does not need to set
threshold parameters during the iteration and directly filters
the original signal so that a new signal formed. Envelope
demodulation is then applied to the new signal. Envelope
demodulation consists of a Hilbert transform (HHT) and a
fast Fourier transform (FFT). To further verify the reliability
and feasibility, the proposed method is compared to MED
and theoretical characteristic frequency.

3. Experimental Validation

3.1. Simulation Signal Analysis. Assume the expression of the
bearing simulation signal:

𝑥 (𝑡) = 𝑠1 × (1 + cos (2𝜋𝐹𝑟1𝑡) + cos (2𝜋𝐹𝑟2𝑡))

× cos (2𝜋𝐹𝑛𝑡) + 𝑠2 × rand𝑛 (size (𝑡)) .
(∗ ∗ a)

𝑠1 is the amplitude of the shock component; the value
was set to 1.5. The characteristic frequency 𝐹𝑟1 = 12Hz,
𝐹𝑟2 = 30Hz, and carrier frequency 𝐹𝑛 = 150Hz. The noise
component is rand𝑛(size(𝑡)), amplitude was 0.2. The time-
domain waveform is shown in Figure 3.

Hilbert-FFTwas used to demodulate the signals obtained
by the MED method and the SFLA-MED method, and then
the amplitude of the frequency domain was normalized for
a clear contrast. As can be seen from Figure 4(a), after the
signal had been reduced and processed by the MEDmethod,
the characteristic frequency was drowned in the noise signal,
which cannot accurately extract the fault characteristics of
the bearing. After the SFLA-MED method was adopted, the
signal can be accurately extracted with 12Hz and 30Hz,
and the harmonic characteristics were obvious, as shown
in Figure 4(b). In addition, as can be seen from Figure 3,
the modulation characteristics of the simulation signal were
obvious, so the envelope analysis was carried out here, as
shown in Figure 4(c). After the signal was enveloped, the
submerged feature of themixedwhite noisewaswell detected.
It should be pointed out that the noise contained in the actual
bearing fault signal was usually rather complicated. So the
paper uses the method of SFLA-MED and envelope analysis
to detect the weak fault signal of bearing.

3.2. Experimental Verification of Low-Speed Bearings

3.2.1. Experimental System. The experimental signals to be
analyzed were collected from low-speed bearing experiments
as shown in Figure 5. In order to better verify the effectiveness
of the method put forward in this paper, the outer-race fault
data and inner-race fault data of a rolling bearing were taken,
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Figure 1: The calculation process of MED and the SFLA-MED.
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Figure 2: The flowchart of fault diagnosis.
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Figure 4: Diagnostic results of simulated signals. (a) MED method detection; (b) SFLA-MED method detection; (c) Hilbert-FFT method
detection.
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CH7
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Figure 5: Low-speed bearing experimental system.
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Figure 6: Fault bearings. (a) Outer-race fault; (b) inner-race fault.

and those flaws were artificially made with the use of a wire-
cutting machine as shown in Figure 6. The sizes of the flaws
are as follows:

Outer-race flaw: 5.0mm ∗ 0.5mm (width ∗ depth)
Inner-race flaw: 5.0mm ∗ 0.5mm (width ∗ depth).

3.2.2. Bearing Data Set Description. In order to fully analyze
signal features and acquire more comprehensive information
for the research of the fault diagnosis, the sampling frequency
is set at 100 kHz, the sampling time is 10 seconds, and the
rotation speed of spindle is 60 rpm and 70 rpm. So four kinds
of vibration signal are obtained and they are outer-race fault
vibration signal at 60 rpm, inner-race fault vibration signal
at 60 rpm, outer-race fault vibration signal at 70 rpm, and
the inner-race fault vibration signal at 70 rpm, respectively.
By varying rotation speed, the time-domain wave form of
vibration signals is shown in two figures. Figure 7 indicates
the time-domain wave form of outer-race and inner-race
fault vibration signals when the rotation speed is 60 rpm
and Figure 8 shows the time-domain waveform of outer-race

and inner-race vibration signals when the rotation speed is
70 rpm.

Bearing defects will generate a series of impact vibrations
that emit at bearing characteristic frequencies every time
a running roller passes over a defect [32]. Therefore the
fault type can be determined by identifying the characteristic
frequency [33].

Computed pass-frequencies are shown in Table 1. Pure
rolling motion is a condition of the above equations. As there
may be some sliding motion in practice, the results in Table 1
are approximate values.

4. Results and Discussion

4.1. Feature Extraction of MED and SFLA-MED. Envelop
spectrum analysis based on the Hilbert transform has been
widely used in bearing fault diagnosis [34]. It separatesmodu-
lating signal from the collected signal, and this contains infor-
mation that indicates the fault type. Envelope spectrum anal-
ysis is obtained from the FFT of the envelop signal. Figure 9
shows the normalized envelop spectrum of outer-race and
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Figure 7: The time-domain waveform of vibration signals (60 rpm): (a) outer-race fault; (b) inner-race fault.
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Figure 8: The time-domain waveform of vibration signals (70 rpm): (a) outer-race fault; (b) inner-race fault.

inner-race fault vibration signals at the speed of 60 rpm fil-
tered by MEDmethod. As shown in Figure 9(a), the theoret-
ical characteristic frequency is not clearly shown by the spec-
trum peaks. Although there is a clear spectrum peak appear-
ing near the theoretical characteristic frequency as shown in
Figure 9(b), it is not the highest spectral peak and cannot be
identified for the first time. Hence, theMEDmethod extracts
the fault characteristic frequency with contingency.

Shuffled Frog Leaping Algorithm optimization improves
the MED method. Based on theoretical study, the frequency
equation of bearing fault characteristics is based on the
assumption of a pure rolling motion. These vibrations occur
at bearing characteristic frequencies, which are estimated
based on the geometry of the bearing, its rotational speed,
and the location of the defect. However, in practice, some
unexpected status may occur, which causes slight deviation
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Figure 9: The envelope spectrum of vibration signals filtered by MED (60 rpm): (a) outer-race fault; (b) inner-race fault.
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Figure 10: The envelope spectrum of vibration signals filtered by SFLA-MED (60 rpm): (a) outer-race fault; (b) inner-race fault.

of the characteristic frequency locations. Figure 10 shows the
normalized envelop spectrum of outer-race and inner-race
fault vibration signals at the speed of 60 rpmfiltered by SFLA-
MED. From Figure 10, it can be seen that there is an obvious
spectrum peak corresponding to the theoretical character-
istic frequency, so the results obtained from SFLA-MED
meet the diagnostic accuracy requirement. In summary, the
SFLA-MEDmethod can better extract the fault characteristic
frequency.

According to the experimental results in Figure 11, the
traditional MED method can recognize the bearing failure,
which shows the effectiveness of the MED method. The

SFLA-MED are used to analyze the experimental data, and
it can also identify bearing failure, as shown in Figure 12.
The two methods are good to identify fault bearing fault
characteristics under 70 rpm. Compared with the 60 rpm
experimental data, the SFLA-MED algorithm recognizes the
characteristic frequency of the bearing fault under different
speeds, which shows that it has a better universality and is
more suitable for application.

4.2. Effect Comparison ofMEDand SFLA-MED. As is known,
signal-to-noise ratio (SNR) is one of themost basic indicators
to measure an algorithm. Combining the experimental data
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Figure 11: The envelope spectrum of vibration signals filtered by MED (70 rpm): (a) outer-race fault; (b) inner-race fault.
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Figure 12: The envelope spectrum of vibration signals filtered by SFLA-MED (70 rpm): (a) outer-race fault; (b) inner-race fault.

of the four groups, it is found that the characteristic frequency
signals of the SFLA-MED method are not drowned by noise,
and they are more easily identified with the fault character-
istics (highest spectrum peaks). In addition, compared with
the experimental result of signals at the speed of 60 rpm, the
SFLA-MEDmethod has higher signal-to-noise ratio than the
original MED method as shown in Table 2. Therefore, the
SFLA-MED can extract the failure frequencymore accurately
and reduce the possibility of miscalculation.

The calculation formula of frequency domain signal-to-
noise ratio is shown in.

𝑅 = lg
∑3𝑟=1 𝐴𝐹𝑟

2

∑𝑁𝑖=1 𝐴2𝑖 − ∑
3

𝑟=1 𝐴𝐹𝑟
2
. (∗ ∗ ∗a)

𝑁 is the sampling length,𝐴𝐹
𝑟

is the corresponding amplitude
of the first three-order characteristic frequency, and 𝐴 𝑖 is the
frequency domain signal amplitude.
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Table 1: Pass-frequencies of rolling bearing.

Rotation speed 60 rpm 70 rpm
Outer-race fault 4.91 (Hz) 5.73 (Hz)
Inner-race fault 7.09 (Hz) 8.27 (Hz)

Table 2: SNR of two methods (dB).

60 rpm 60 rpm
Inner-race Outer-race

MED −0.4814 −0.8050
SFLA-MED −0.2691 1.8908

5. Conclusions

In this paper, an SFLA-MED combined with envelope
demodulation is applied to the weak fault diagnosis of rolling
bearings. Compared with the previous MED method, the
proposed method extracts more obvious fault features of
rolling bearings and is better adapted to engineering applica-
tion. It is pointed out that the improvedMEDobtains a global
optimal solution but that MED does not. SFLA makes the
selection of filtering coefficients more flexible. As can be seen
from the algorithm flow diagram, there is no error accumu-
lation in the SFLA-MED, because the process of finding filter
coefficients is not affected by the last filtered signal. There
are no extra frequency components beyond the characteristic
frequency that appears in the envelope spectrum.
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To explore the failure precursors of hard rock, a series of triaxial loading and unloading experiments were carried out on sandstone
sample using the acoustic emission systems.The extreme-point symmetricmode decompositionmethod (ESMDmethod) was used
to denoise and reconstruct the AE data.The AE quiet period in Scheme I becomes much more obvious with the confining pressure
increasing, which can be regarded as the precursor information of the sample failure under conventional triaxial compression.
Unlike Scheme I, there are no obvious precursory characteristics before failure in Schemes II and III, and the count rate reaches
the maximum at the peak point. When the stress ratio ranges from 0.8 to 1.0, the fractal values of acoustic emission can be used
to investigate the failure precursors of samples at a lower confining pressure. When the time ratio is greater than 0.8 under higher
confining pressures, the fractal values of sandstone samples under unloading paths are rapidly reduced, which can be used to predict
rock failure at higher confining pressures.

1. Introduction

The rock material properties, various stress paths, and wall
rock conditions are complex and diverse, severely restricting
the study on failure precursors of rock materials. The defor-
mation and failure behavior of rock are the process of the
inner micro cracks initiation, propagation, and coalescence
[1–5]. During this process, the strain energy is continuously
released in the form of the elastic wave, which is referred
to as the acoustic emission (AE). It is helpful to investigate
the failure mechanism of rock materials to study the AE
characteristics during the failure process and the relationship
between the AE parameters and rock fracture [6–11].

Chmel and Shcherbakov [12] carried out experimental
study on the AE characteristics of compression and dynamic
fracture in granite, which contributes to assessing the rela-
tionship between events occurring under nonequilibrium
conditions. Based on the biaxial compression tests, Baddari et
al. [13] adopted electromagnetic radiation and acoustic emis-
sion to study the failure process of large rock samples, and the

results can provide an analysis platform for forecasting the
dynamic disaster. Three triaxial compression tests on granite
samples were carried out by Thompson et al. [14], and new
observations of fracture nucleation were proposed according
to AE monitoring. The results showed that the fracture
nucleation in intact rock and the nucleation of dynamic
instabilities in stick slip tests had similarity. The strength
variation and AE features of skarn were investigated by Xu et
al. [15] through uniaxial cyclic loading and unloading tests.
The results showed that there is an apparent relative quiet
stage of AE signals before failure. Zhang et al. [16] performed
the uniaxial loading to research the AE characteristics of rock
failure process, and theAE parameters such as cumulative AE
events, AE energy release rate, and the 𝑏-value were used to
investigate the precursory information of rock failure.

Existing AE studies are mainly concentrated on the rela-
tionship between stress or strain and AE parameters under
a single stress path condition such as compression, tension,
and shear. By contrast, there are fewer studies on the theo-
retical research of AE activity under a complex stress path.
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2 Shock and Vibration

Figure 1: Standard cylindrical sandstone samples used in this study.

In our paper, a series of triaxial loading and unloading
experiments on sandstone samples were carried out under
different stress conditions. The extreme-point symmetric
mode decomposition method (ESMD method) was used to
denoise and reconstruct the AE data, and the AE character-
istics of sandstone samples under different stress paths were
investigated. Based on the fractal theory, the influence of
unloading paths on AE characteristics was quantified, which
could be used to explore the failure precursors of rock and
provide a theoretical basis for assessing and preventing the
stress-induced stability of hard rock.

2. Test Method and Sample Preparation

2.1. Sample Preparation. The sandstone used in our study was
collected from the Huainan coal mine in Anhui province,
China. The results of X-ray diffraction (XRD) show that
the minerals of this sandstone are 12.1% quartz, 10.9% K-
feldspar, 38.7% plagioclase, 13.4% calcite, 12.7% dolomite,
2.8% hematite, and 9.4% clay minerals. The connected
porosity and bulk density of the sandstone are 7.02% and
2613 kg/m3, respectively. All sandstone samples were cored
from the same block of material to an actual diameter of
50mm and length of 100mm, as shown in Figure 1. The
permissible error of end flatness is ±0.05mm, the diameter
error is less than 0.3mm, and the maximum deviation
between the end face and axial line is notmore than 0.25∘.The
machining precisions of all samples are in accordance with
the demand of technical specifications.

2.2. Testing Equipment and Procedure. All experiments were
conducted using an MTS 815 servo-controlled rock mechan-
ics experimental system. The integral rigidity of the experi-
ment framework is 11.0 × 109N/m, the maximum axial force
is 4600KN, themaximum lateral pressure is 140MPa, and the
sensitivity of servo valve is 290Hz. The whole experimental
process is controlled by a computer, allowing for automatic
data acquisition and processing. Acoustic emissions were
monitored with a 16-channel PCI-II system. The resonant
frequency and operating frequency range were 500 kHz
and 200∼750 kHz, respectively, and the amplification of the
preamplifier and thresholdwere set at 55 dB to improve signal
to noise ratio. The sampling frequency and the sampling
lengthwere fixed at 500 kHZ and 8192, respectively. To ensure
three-dimensional position precision, 6 sensors were fixed on
the outside of the triaxial pressure cell as a sensor matrix.

The type of the sensors was Nano30, of which the operating
frequency is 100–400 kHz. The sensors were coated with
Vaseline, a coupling agent, and fixed on the surface of the
samples by plastic tapes. To ensure the coupling effect of the
AE sensor with the sample, a pencil lead break (PLB) should
be performed before the tests began (Figure 2).

The detailed testing schemes under different stress paths
are shown as follows.

(1) Conventional Triaxial Loading Tests (Scheme I). The
conventional triaxial tests were conducted under different
confining pressures of 10, 20, 40, and 50MPa. First, the
confining pressure was loaded to the design value at a
constant rate of 0.1MPa/s, and the samples were put into
a state of uniform hydrostatic stress. Second, the confining
pressure remained unchanged, and the axial stress was loaded
to the sandstone samples at a constant axial displacement
rate of 0.001mm/s until failure, ensuring that complete stress-
strain curves would be obtained. The peak strength obtained
through conventional triaxial tests can provide a basis for
the determination of the unloading point in the unloading
confining pressure tests.

(2) Increasing Axial Pressure and Confining Pressure Unload-
ing Tests (Scheme II). First, the confining pressure was loaded
to the design value (10, 20, 40, and 50MPa). Second, the
confining pressure remained unchanged, and the axial stress
was loaded to 80% of the peak strength obtained from
conventional triaxial tests.Then, the axial stress was loaded at
a constant rate of 0.3MPa/s, and the confining pressure was
simultaneously unloaded at a constant rate of 0.5MPa/s until
failure.

(3) Constant Axial Pressure and Confining Pressure Unloading
Tests (Scheme III). First, the confining pressure was loaded
to the design value (10, 20, 40, and 50MPa). Second, the
confining pressure remained unchanged, and the axial stress
was loaded to 80% of the peak strength obtained from
conventional triaxial tests. Then, the axial stress remained
unchanged, and the confining pressure was simultaneously
unloaded at a constant rate of 0.5MPa/s until failure.

3. Extreme-Point Symmetric Mode
Decomposition Method (ESMD Method)

3.1. Method Introduction. The background noise inevitably
mixes into the AE signals during data acquisition process.
Even if the experiments are carried out in the relatively
sealed laboratory, the servo valve adjustment also generates
mechanical noise. The noise signals can interfere in the anal-
ysis of experimental data; thus the noise-suppressed process-
ing of AE signals is the precondition of accurate quantitative
analysis of rock failure process. In this study, the ESMD
method was used to denoise and reconstruct the AE data.

The EMSD method is proposed to improve the Hilbert-
Huang Transform (HHT) based on four prospects: (1)
The sifting process is performed by means of several inner
interpolating curves, which divides these methods into
ESMD I, ESMD II, ESMD III, and so on; (2) the last residual
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(a) Sandstone samples with
AE sensors

(b) AE PCI-II

Figure 2: Sandstone samples in MTS 815 servo-controlled rock mechanics experimental system and AE PCI-II system.

is defined as an optimal curve possessing a certain number
of extreme points, instead of general trend with at most
one extreme point, which allows the optimal sifting times
and decomposition; (3) the extreme-point symmetry is
applied instead of the envelop symmetry; (4) the data-based
direct interpolating approach is developed to compute the
instantaneous frequency and amplitude. One advantage of
the ESMD method is to determine an optimal global mean
curve in an adaptive way which is better than the com-
mon least-square method and running-mean approach;
another one is to determine the instantaneous frequency and
amplitude in a direct way which is better than the Hilbert-
spectrum method. These will improve the adaptive analy-
sis of the data from many fields [17].

3.2. Denoising Process of AE Signals. The data decomposition
of AE signals based on the ESMD can be carried out in
three steps: (1) the data file named Variance II.sce was
defined according to the data file regulations, and then AE
signals such as data volume and time interval were input
to this data file; (2) the file established in the first step
operated through the Scilab platform, which uses the least-
square method to optimize the residual mode, gives the
optimum screening frequency of data, and determines the
optimal global mean curve in an adaptive way; (3) the self-
developed file (ESMD II.sce) operated, which can not only
give the number of extreme points, but also acquire abundant
information of AE data, including the trend chart, energy
diagram, and spectrogram.

4. AE Characteristics of Sandstone Samples
under Different Stress Paths

4.1. AE Characteristics of Samples under Loading Conditions.
Figure 3 gives the curves of axial stress difference and ringing
count rate with time during sandstone failure process under
various confining pressures in Scheme I. At the early loading
stage, the AE activity is relatively active, which comes from
the closure of the initial fissure and holes.When entering into
the plastic stage, the ringing count rate gradually increases,
indicating that the new cracks begin to initiate in the samples.
The volume expansion of samples due to the dilatation

effect appears upon reaching the expansion stress, and the
AE signals are enhanced significantly. When the relatively
large crack occurs inside the sample, the tips of the cracks
generate the stress redistribution, which accompanies the
energy dissipation. During this process, the energy release
rate gradually slows down, and the AE parameters such as
the ringing count rate decrease, that is, the AE quiet period.
As shown in Table 1 and Figure 3, the AE quiet period
becomes much more obvious with the confining pressure
increasing, because the amount of new cracks is relatively
less due to the restriction of higher confining pressure. The
time of quiet period lasts from 20 s to 57 s with the confining
pressure increasing from 10MPa to 50MPa, and the crack
propagation process transits from generation oriented to
coalescence oriented small cracks.

The stress and AE characteristics of sandstone samples
during the deformation process under various confining
pressures are shown in the following aspects: (1) the shear
failure is the main failure mode of the samples under the
conventional triaxial compression, which have the higher
residual strengths; (2) the stress drops after the peak becomes
less distinct with the confining pressure increasing, and the
residual strengths gradually increase, which comes from the
more obvious restraining effect of high confining pressure
to the samples; (3) the AE signals almost exist during the
whole process, which as a whole are stronger; (4) with the
confining pressure increasing, the ringing count rate at the
peak rises from 59 times per second to 145 times per second,
indicating that the sandstone samples accumulated more
energy before failure and released more energy at failure due
to higher confining pressure; (5) the maximum ringing count
rate appears after peak instead of peak positions, which also
rises with the confining pressure increasing. The reason is
that the samples have larger load bearing capacity at peak
positions due to the confining pressure constraints, and the
obvious friction slip of broken blocks takes place only when
the stress falls to the residual stress.This is consistent with the
characteristics of crack propagation and coalescence during
the process of rock breaking simulated by [18].

The quiet period can be regarded as the precursor
information of the sample failure under conventional triaxial
compression. The confining pressure changes the stress state
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Table 1: Count rate of sandstone sample under various confining pressures in Scheme I.

Scheme I Confining
pressure/MPa

Axial stress
difference at the

peak/MPa
Time at the peak/s Count rate at the

peak/(times/s)
Time of quiet

period/s
Maximum count
rate/(times/s)

10 118.1 78.3 59 20 96
20 154.1 93.4 100 22 140
40 199.9 134.2 118 33 134
50 210.60 184.0 145 57 169
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Figure 3: Curves of axial stress difference and count rate with time in sandstone failure process under various confining pressures in Scheme
I.

of samples, prolongs the crack propagation process, delays the
breaking moment, and increases the AE ringing count rate,
which can provide the basis for identifying the failure point.

4.2. AE Characteristics of Samples under Unloading Condi-
tions. Figures 4 and 5 show the curves of axial stress differ-
ence and count rate with time in sandstone failure process
under various confining pressures in Scheme II and Scheme
III, respectively. In Scheme II, as shown in Figure 4(a), the
ringing rate gradually increases before unloading point. The
results show that there exists an apparent turning point at
the unloading point in the stress-strain curves and there is
a sudden increase in the count rate. The sandstone sample
is suddenly destroyed 10 s after unloading point, and the

count rate comes to the maximum value of 131 times/s at
74.9 s. As shown in Table 2, the count rate at the peak
increases from 131 times/s to 296 times/s with the confining
pressure increasing from 10MPa to 50MPa, indicating that
the samples are destroyed more fiercely with the confining
pressure increasing. As shown in Figure 4(b), the count
rate-time curve emerges with a quiet period of 30 s before
unloading.There are no new cracks to initiate in the samples,
so they cannot be regarded as the precursor information of
sample failure. When the sample begins to be unloaded, the
count rate has a sudden increase, indicating that the new
cracks occur in the samples. The count rate continues to
increase with unloading until the axial stress difference at the
peak rises to 148.03MPa.
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Figure 4: Curves of axial stress difference and count rate with time in sandstone failure process under various confining pressures in Scheme
II.
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Figure 5: Curves of axial stress difference and count rate with time in sandstone failure process under various confining pressures in Scheme
III.

The count rate of Scheme III has the same change rules as
that of Scheme II. Unlike the Scheme I, there are no obvious
precursory characteristics before failure in Schemes II and III,
and the count rate reaches the maximum at failure.

5. Acoustic Emission Failure Precursors of
Sandstone under Different Loading and
Unloading Paths

5.1. The Calculation of Fractal Dimension. To further investi-
gate the failure precursors of sandstone samples under differ-
ent stress paths, it is necessary to quantify the characteristics
of the acoustic emission during the whole failure process [19–
22]. The acoustic emission count rate has a fractal feature
in the time series analysis. The delay-coordinate method is
adopted to reconstruct the space phase and fully reveal the
information contained in the time series. Assuming that the
relationship between dimension 𝑚 of delay-coordinate and
dimension 𝑑 of the sequence is 𝑚 ≥ 2𝑑 + 1, the calculation
process based on theG- P algorithm is as follows: the strength

sequence of acoustic emission of one sample in the process of
the tests is studied, which corresponds to a sequence set with
a capacity of 𝑛.

𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑛} . (1)

Taking 𝑚 paratactic numbers in the sequence as the first
vector in𝑚-dimensional space,

𝑌1 = {𝑥1, 𝑥2, . . . , 𝑥𝑚} . (2)

Moving the 𝑚 paratactic numbers back for one position
and taking another 𝑚 paratactic number in the sequence as
the second vector in𝑚-dimensional space,

𝑌2 = {𝑥2, 𝑥3, . . . , 𝑥𝑚+1} . (3)

Then,𝑁 = 𝑛−𝑚+1 vectors are formed. According to the
Takens principle, the correlation dimension of the sequence
is calculated. The correlation dimension is the cumulative
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Table 2: Count rate of sandstone sample under various confining pressures in Schemes II and III.

Stress path Confining
pressure/MPa

Axial stress difference
at the peak/MPa Time at the peak/s Count rate at the

peak/(times/s)
Maximum count
rate/(times/s)

Scheme II

10 110.67 74.9 131 131
20 148.03 94.3 174 174
40 186.03 122.6 211 211
50 207.39 146.9 296 296

Scheme III

10 109.57 57.13 112 112
20 152.31 72.3 159 159
40 186.49 81.12 194 194
50 218.74 92.4 241 241

distribution function 𝑊(𝑟), that is, the probability that the
distance of two points is less than 𝑟 in the space.

𝑊(𝑟) = 1𝑁2 ⋅
𝑁

∑
𝑖,𝑗

𝑢 (𝑟 − 𝑌𝑖 − 𝑌𝑗
) , (4)

where 𝑢 is the Heaviside function.

𝑢 (𝑟 − 𝑌𝑖 − 𝑌𝑗
) =
{
{
{

1 (𝑢 (𝑟 − 𝑌𝑖 − 𝑌𝑗
) ≥ 0)

0 (𝑢 (𝑟 − 𝑌𝑖 − 𝑌𝑗
) < 0) .

(5)

|𝑌𝑖 − 𝑌𝑗| is the distance between 𝑌𝑖 and 𝑌𝑗, and 𝑟 is the
measurement scale. The slope can be obtained based on of
straight-line fitting of data point (lg𝑊(𝑟), lg 𝑟):

𝐷(𝑚) = lg𝑊(𝑟)
lg 𝑟 . (6)

This is the fractal feature of the strength sequence of
acoustic emission within the measurement scale. The line
slope𝐷 gradually converges to a stable value with the dimen-
sion 𝑚 increasing; otherwise, the sequence set is a rando-
m sequence. When the strength sequence of acoustic emis-
sion is constant, the smaller the fractal dimensions, the nar-
rower the distribution of strength in the sequence, and the
strength values are close.

5.2. Variation of Fractal Dimension with the Stress Ratio.
Programs are made to calculate the fractal dimensions of
acoustic emission of sandstone samples during the failure
process. Rock samples usually fail as the stress is loaded to
the peak value of compressive strength. Thus, using the peak
stress difference as a baseline, the stress ratio is defined as the
ratio of axial stress difference and peak stress difference. The
maximum of the stress ratio is 1.

Table 3 gives the fractal values of AE of sandstone samples
under different stress ratios, and Figure 6 shows the curves of
the fractal values. As shown in Figures 6(a) and 6(b), when
the stress ratio ranges from 0.2 to 0.4, the sandstone samples
are at the stage of transferring from initial compression
to elastic deformation. Under the influence of confining
pressure, the growth rate of fractal values is slow, which even
shows a decrease. When the stress ratio ranges from 0.4 to
0.8, the cracks in the samples under conventional triaxial

loading tests propagate slowly, and the fractal values first
increase and then decrease. The samples under unloading
conditions enter into the plastic deformation stage from
the elastic deformation stage; thus, the crack growth rates
increase obviously and the fractal values first decrease and
then increase.When the stress ratio ranges from 0.8 to 1.0, the
stress of the samples approaches the peak value and the cracks
in the samples expand and communicate into a shear band.
The formation of the shear band induces the brittle failure of
the samples, and the fractal values under different stress paths
decrease rapidly. The acoustic emission at this stage can be
used to investigate the failure precursors of the samples under
different stress paths. By contrast, the decreasing rate of the
fractal values of Scheme II is the highest, followed by that of
Scheme III. The decreasing rate of Scheme I is the lowest.

When the confining pressure increases, as shown in
Figures 6(c) and 6(d), the fractal values of the sandstone
samples show different changing tendencies. As the stress
ratio ranges from 0.4 to 0.8, the initiation, propagation, and
coalescence of cracks in the sandstone samples slow down
when subjected to the high confining pressure. The variation
trend of the fractal values of the samples under unloading
conditions is similar to that under conventional triaxial load-
ing conditions; that is, they first increase and then decrease.
When the stress ratio ranges from 0.8 to 1.0, the increase in
the confining pressure not only reduces the difference in the
AE characteristics between the different stress ratios, but also
changes the decreasing regularity of the fractal values of the
samples before failure. Therefore, the relationship between
AE characteristics and stress ratios is not obvious when the
confining pressure is higher (40MPa or 50MPa).

5.3. Variation of Fractal Dimension with the Time Ratio. Tak-
ing the failure time as a benchmark, the time ratio is designed
as the loading time and the failure time. The maximum of
the time ratio is 1. Table 4 gives the fractal values of AE for
sandstone samples under different time ratios, and Figure 7
shows the curves of the fractal values. According to Figures
7(a) and 7(b), it is found that when the time ratio ranges from
0.4 to 0.8, the fractal values of the sample under different
stress paths first decrease and then increase. The variation
trend of the AE characteristics is not obvious when the time
ratio is greater than 0.8. As shown in Figures 7(c) and 7(d),
the fractal values of sandstone samples in Scheme I under
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Figure 6: Fractal values of AE of sandstone samples under different stress paths (stress ratio).

different time ratios show little change. When the time ratio
is greater than 0.8, the fractal values of sandstone samples
under unloading paths are rapidly reduced, which indicates
that the fractal value changing with the time ratio can be used
to predict rock failure at higher confining pressures.

The failure of rock mass is an energy dissipation process,
and the fractal law of the laboratory sample is unitedwith that
of engineering rockmass.Theoretically, the fractal dimension
of acoustic emission is the efficacious index that evaluates the
rock mass stability, and the lowest level of the fractal dimen-
sion means that the rock engineering disaster is a strong
possibility. In engineering applications, the microseismic
(MS) monitoring system can be established to carry out the
real time monitoring to the deformation and failure of rock
mass, and the AE signals obtained from the MS monitoring

can be used to predict the instability of rockmass. In addition,
the critical value of the AE signals needs to be studied further.

6. Conclusion

In this paper, a series of triaxial loading and unloading tests
of sandstone samples were carried out under different stress
conditions. The AE characteristics of sandstone samples
under different stress paths were investigated. Based on the
fractal theory, the influence of loading and unloading paths
on AE characteristics was quantified.The results drawn from
the experiments can provide a theoretical basis for assessing
the stress-induced stability of hard rock.

(1)The AE quiet period in Scheme I becomes much more
obvious with the confining pressure increasing, because the
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Figure 7: Fractal values of AE of sandstone samples under different stress paths (time ratio).

amount of new cracks is relatively less due to the restriction
of higher confining pressure. The time of quiet period lasts
from 20 s to 57 s with the confining pressure increasing from
10MPa to 50MPa, and the crack propagation process tran-
sits from generation oriented to coalescence oriented small
cracks. The AE quiet period can be regarded as the precursor
information of the sample failure under conventional triaxial
compression. The maximum ringing count rate appears after
peak instead of peak positions, which also rises with the
confining pressure increasing. The reason is that the samples
have larger load bearing capacity at peak positions due to the
confining pressure constraints, and the obvious friction slip
of broken blocks takes place only when the stress falls to the
residual stress.

(2) The ringing count rate of Scheme III has the same
change rules as that of Scheme II. Unlike Scheme I, there
are no obvious precursory characteristics before failure in
Schemes II and III, and the ringing count rate reaches the
maximum at the peak point.

(3) When the stress ratio ranged from 0.8 to 1.0 under
lower confining pressure, the formation of a shear band
induced the brittle failure of the samples, and the fractal
values under different stress paths decreased rapidly. The
fractal values of acoustic emission at this stage can be used to
investigate the failure precursors of samples under different
stress paths. By contrast, the decreasing rate of the fractal
values of Scheme II was the highest, followed by that of
Scheme III, and the decreasing rate of Scheme I was the
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lowest. However, the relationship between AE characteristics
and stress ratios was not obvious when the confining pressure
was higher (40MPa or 50MPa).

(4)When the time ratio was greater than 0.8 under higher
confining pressures, the fractal values of sandstone samples
under the unloading paths were rapidly reduced, which indi-
cated that the fractal value changing with the time ratio can
be used to predict rock failure at higher confining pressures.
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Aiming at a Top Gas Recovery Turbine Unit (TRT) with double support rotor and the extending disk end, theoretical and
experimental analysis about influence of cylindrical bearing and four-lobe bearing on vibration of TRT rotor system are conducted
in this paper. The results indicate that vibration of the rotor supported by cylindrical bearing is more stable than that supported
by four-lobe bearing at the driving end (DE) and the nondriving end (NDE). The amplitude of rotor is supported by both of these
types of bearing increases as the speed increases at the NDE, while the amplitude of the DE remains unchanged. Comparing with
the result of theoretical analysis, the practical test results are more consistent with the theoretical response analysis conducted by
applying unbalanced mass at the extending disk end. This paper presents an analysis method of the critical characteristics of a
double support rotor system with the extending disk end and provides reference value for dealing with vibration fault of double
support rotor system with the extending disk end.

1. Introduction

The vibration problems of the rotor system within rotating
machinery are an important safety issue in engineering.
With the development of industry, more complex rotor
structure and higher operating parameters (high rotational
speed, large flow rate, high operating pressure, etc.) will
bring more challenges for the vibration problems of rotor
system. Since Jeffcott discovered the phenomenon that rotor
will automatically center after exceeding the critical state
in 1919 which laid the foundation of the theory of rotating
machinery operating in high rotational speed [1], the research
of vibration problem evolves and matures continually. The
research of dynamic characteristics of rotor system [2, 3],
dynamic balancing technology [4], and vibration control
[5] which were involved in the vibration issue also gets
continuous improvement and development in the modeling,
calculationmethods, technology, and so on. In addition to the
study of rotor structure, the bearing-based rotor dynamics
research is also the main field of the study. The effects of
different structure parameters [6], operating parameters [7],

and oil parameters [8] of the bearing on the vibration
characteristics of the rotor are obvious, and this research
provides the basis for the analysis and processing of current
vibration problem. Although the relevant theory tends to
be matured and there are specific researches [6] about the
impacts of bearing support characteristics on the dynamic
characteristics of shaft, the impact of different types of
bearing on the rotor’s vibration characteristics is still not very
clear. Related research is rare due to the restriction of some
conditions.

In this paper, the dynamic characteristics of a double
support rotor with extending disk end in a Top Gas Recovery
Turbine Unit (TRT) is analyzed and tested to study the
impacts of bearing on vibration characteristics of rotor.

2. Theoretical Basis of Rotor System
Dynamics Model

The analysis of TRT rotor system dynamic model is the same
as the classic finite element analysismethod ofmultidisc rotor
system. Through the analysis of the axial discs, shaft section,
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Table 1: The structural and operating parameters of the four-lobe bearing.

Structural parameters Value Operating parameters Value
Bearing diameter/mm 180 Fulcrum coefficient 0.5
Bearing width/mm 150 The type of oil L-TSA46
Gap ratio/‰ 1.5 Preload 0.892
Cornerite of pad/∘ 71 Load/N 20210/21530

Figure 1: TRT rotor model.

and bearing seat, the relationship between node force and
node displacement is established, combining the equation
of motion of each unit. Finally, the motion differential
equation of systemwith the node displacement as generalized
coordinates can be obtained. Thus converting the problem
into a rotor vibration problem with finite degree of freedom,
the critical speed of the rotor can be obtained by solving a set
of linear algebraic equations [9].

For a rotor system with N nodes which consists of𝑁 − 1
shaft segments, the equations of motion of the rotor system
can be obtained by integrating the equations of motion of
each disc and shaft segment. It can be written as

[𝑀
1
] {�̈�
1
} + Ω [𝐽

1
] {𝑈
2
} + [𝐾

1
] {𝑈
1
} = {𝑄
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2
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2
} + Ω [𝐽

2
] {𝑈
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} + [𝐾

2
] {𝑈
2
} = {𝑄

2
} ,

(1)

where the overall mass matrix [𝑀
1
], rotation matrix Ω[𝐽

1
],

and stiffness matrix [𝐾
1
] are all 2N × 2N order symmetric

matrixes. 𝑈
1
and 𝑈

2
are the displacement vectors of the

system. {𝑄
1
} and {𝑄

2
} are the corresponding generalized

forces.
TRT is a typical double support rotor system with

extended discs whose impeller and hub are located between
the two bearings, The free end is fitted with a gear plate for
turning the rotor at start-up. The rotor model is shown in
Figure 1. In this paper, the commercial software DyRoBes
is used to establish the TRT rotor dynamic model, and the

structural components such as gimbal, tachometer disc, and
gear plate, are substituted by the equivalent stiffness of the
shaft. As for the blade, it is replaced by additional mass
because of its uniform distribution on the spindle.

3. Theoretical Analysis of the Dynamics of
TRT Rotor-Bearing System

3.1. Four-Lobe Bearing-Rotor Dynamics. The working speed
of the TRT is 3000 r⋅min−1 and its original bearing is
four-lobe bearing. The structural parameters and operating
parameters of the bearing are shown in Table 1.

The results of eigenvalue analysis of four-lobe bearing-
rotor system are shown in Figure 2. As can be seen from
Figure 2, the response in the middle and the extending
end (free end) of the rotor is greater than other positions.
According to the rules of typical vibration mode of double
support rotor system in API617 and engineering experiences,
it is enough to do the unbalance response analysis which is
applied to the middle position for the expander. However, it
is necessary to apply unbalanced mass at the cantilever end
for response analysis. The results are shown in Figures 3(a)
and 3(b).

The bode charts of the two bearings of the rotor which
can be obtained by applying unbalance of 14.93 kg⋅mm at the
middle of the rotor are shown in Figure 3(a). It can be seen
from the figure that the horizontal and vertical critical speed
in the DE (driving end) are 3420 r⋅min−1 and 3300 r⋅min−1,
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Figure 2: Modal analysis of four-lobe bearing-rotor system.

respectively, the NDEs (nondriving end) are 3420 r⋅min−1
and 3300 r⋅min−1, respectively, and the avoidance rate is
above 11% to meet the design requirements. There is a
vibration peak in horizontal direction at 3000 r⋅min−1 which
coincides with the working speed.

The bode charts of the two bearings of the rotor which
can be obtained by applying unbalance of 14.93 kg⋅mm at the
cantilever end of the rotor are shown in Figure 3(b). It can be
seen from the figure that the horizontal and vertical critical
speed of the DE-bearing and NDE-bearing of the four-
lobe bearing-rotor system are 3000 r⋅min−1 and 4500 r⋅min−1,
respectively.

3.2. Cylindrical Bearing-Rotor Dynamics. After systemati-
cally analysis of the various structures and parameters of
tilting pad bearing, elliptical bearing, and cylindrical journal
bearing, it can be found that the response characteristics of
the rotor system supported by cylindrical bearing are the
best. The structural parameters of the cylindrical bearing
are shown in Table 2. The results which can be obtained
by applying eigenvalue analysis and unbalanced response
analysis to the rotor system supported by cylindrical bearing
are shown in Figures 4 and 5, respectively. It can be seen
from Figure 4 that the first-order modal shows the first-
order bending vibration, and the second-order mode is
taper. Similarly, the response analyses with unbalanced mass
applied in the middle and the extending end of rotor are
carried out, respectively. It can be seen from Figure 5(a) that
the horizontal and vertical critical speed in the DE-bearing
are 3420 r⋅min−1 and 3300 r⋅min−1, respectively; the NDE-
bearings are 3420 r⋅min−1 and 3300 r⋅min−1, respectively; the
avoidance rate is above 16% to meet the design requirements.
From Figure 5(b), it can be seen that the horizontal and ver-
tical critical speed of the DE-bearing are 4000 r⋅min−1 which
is the same as the NDE-bearings. For the cylindrical bearing,
the process of acceleration is stable and there is no vibration
peak existing near the working speed and the magnification
factor is smaller, which makes the characteristics of the rotor
system supported by cylindrical bearing better.

Table 2: The structural and operating parameters of the cylindrical
bearing.

Parameters Value
Bearing diameter/mm 180
Gap ratio/‰ 1.5
Bearing width/mm 135

4. Experimental Study on the Effects of
Different Bearings on Rotor Vibration

4.1. Test Rig. The test of this paper is for a real energy
recovery turbine unit, and it was carried out by conducting
a trial run in a table driven by a 3200 kW motor. Through
the variable speed fluid coupling and gearbox, the power
is transmitted to the TRT device to realize the control of
speed and force. Each device including TRT, gear case, and
motor carries out bearing pad temperature monitoring and
shaft’s vibration monitoring. At the same time, the inlet and
outlet temperature of lubricating oil are tested and these
monitoring data are fed back to the control platform by
converting into electrical signals. The specific test system is
no longer detailed. The test object of this paper is a TRT unit
and the vibration of rotor supported by four-lobe bearing
and cylindrical bearing is tested separately. The temperature
of the bearing and the temperature of the lubricating oil at
the inlet and outlet will not be presented in this paper. The
bearing temperature test rig and the installation of vibration
and speed probe are shown in Figure 6; the physical photos of
two kinds of bearings are shown in Figure 7; the parameters
of the bearing are shown in Tables 1 and 2.

4.2. Results of Vibration Test. The vibration tests of four-lobe
bearing and cylindrical bearing are carried out, respectively,
under the condition of speed-up, operation, and shutdown.
The test results are shown in Figures 8–10. Figure 8 shows
the vibrational trend of the rotor supported by four-lobe
bearings, Figure 9 shows the vibrational trend of the rotor
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Figure 3: The bode charts of unbalanced response of four-lobe bearing.

supported by cylindrical bearings, and Figure 10 shows the
comparison of these two types of bearings operating at the
same speed.

It can be seen from Figure 8 that the vibration at the
DE of the rotor supported by the four-lobe bearings is
stable. The amplitude is maintained at about 13 𝜇m, but
there is a vibration catastrophe at 2660 r⋅min−1. However the
amplitude at the NDE increases as the speed increases and
reaches the maximumwhich is nearly 30 𝜇m at 3000 r⋅min−1.
Besides, there is a vibration peak at the speed of 2240 r⋅min−1.

As for the cylindrical bearing, it can be seen from
Figure 9 that the vibrational trend of the DE-bearing is stable,
and the amplitude is maintained at about 10 𝜇m. However
the amplitude at DE increases as the speed increases and

reaches the maximumwhich is nearly 30 𝜇m at 3000 r⋅min−1.
Comparing with the four-lobe bearing, there is no vibration
catastrophe of the rotor supported by cylindrical bearing in
the process of acceleration and deceleration.

From Figure 10, it can be seen that the vibration char-
acteristics of the rotor supported by cylindrical bearing are
better than four-lobe bearing at the driving end (DE) and
nondriving end (NDE). The amplitude at NDE supported by
the circular bearing is 10.5 𝜇m lower than that supported by
the four-lobe bearing at the same speed, while the amplitude
at DE is less than 8 𝜇m.

4.3. Analysis on Test Results. The vibration characteristics
of the rotor supported by the cylindrical bearing are better
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Figure 4: Modal analysis of the cylindrical bearing-rotor system.
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(a) Test platform (b) Installation of
vibration probe

Figure 6: TRT test platform and the installation of vibration and speed probe.

(a) Four-lobe bearing (b) Cylindrical bearing

Figure 7: Two types of bearings.
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Figure 8: The vibrational trend of four-lobe bearing-rotor system.

than four-lobe bearing. The amplitude at the NDE of rotor
supported by both of these types of bearing increases as
the speed increases, while the amplitude at the DE remains
unchanged. Comparing with the theoretical analysis, it can
be found that the actual test results of the double supports
rotor system with extending disc are more in agreement with
theoretical analysis conducted by applying unbalance at the
extending end. Besides, there is a vibration catastrophe of
the four-lobe bearing-rotor system at the NDE when the
speed reaches 2240 r⋅min−1. It should be caused by the low
frequency eddies (approximately half of the critical speed
which is 4500 r⋅min−1), while the vibration catastrophe of the
test results of 2# probe at DE when the speed is 2660 r⋅min−1
is mainly caused by the influences of external environment.
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Figure 9:The vibrational trend of cylindrical bearing-rotor system.

The bearing affects the critical characteristics of the rotor.
For a double support bearing-rotor system with an extending
end, if the vibration of cantilever end is severe after applying
eigenvalue analysis, it is necessary to conduct the unbalance
response analysis of the cantilever end and dynamic balance
treatment even though the unit is expander and its rotor is
stubby.

At the working speed of 3000 r⋅min−1, the amplitude at
NDE is about 20𝜇m larger than the value at DE, which
indicates that there is residual unbalance in the gear disc at
the NDE.
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Figure 10: Comparison of the vibration of rotor supported by four-lobe bearing and cylindrical bearing.

5. Conclusion

(1) This paper studies the impacts of cylindrical bearing
and four-lobe bearing on the vibration of rotor sys-
tem combining theoretical analysis and experimental
analysis. The result shows that different bearing types
have effects on the critical characteristics of rotor
system, and the vibration of rotor supported by cylin-
drical bearing is more stable than four-lobe bearing.
The test results are in good agreementwith theoretical
analysis.

(2) For a double support bearing-rotor system with an
extending end, if the vibration of cantilever end is
severe after applying eigenvalue analysis, the unbal-
ance response analysis of the cantilever end and
dynamic balance treatment are necessary to conduct.
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Planetary gearbox torsional vibration signals are free from the extra amplitude modulation effect due to time-varying transmission
paths and have simpler frequency structure than translational ones. Gear faults result in modulation on the torsional resonance
vibration and are manifested by the modulation feature. These merits are exploited for planetary gearbox fault diagnosis in this
paper. Gear fault induced torsional vibrations in resonance region aremodelled as amplitudemodulation and frequencymodulation
(AM-FM) processes, the explicit equation of Fourier spectrum is derived, and the sideband characteristics are summarized. To avoid
complex sideband analysis, amplitude and frequency demodulation analysis methods are exploited.The equations of amplitude and
frequency demodulated spectra are derived in closed form, and their frequency structures are revealed. For fault diagnosis based
on above theoretical derivations, a resonance frequency identification approach is proposed through time-frequency analysis of
torsional vibrations during variable speed processes, according to the independence nature of resonance frequency on running
conditions.The theoretical derivations and proposed approach are illustrated by numerical simulated signal analysis and are further
validated through dynamicsmodelling and lab experimental tests. Localized faults on the sun, planet, and ring gears are successfully
diagnosed.

1. Introduction

Planetary gearboxes are widely used in various types of
machines, such as wind turbines, helicopters, and trucks.
Once fault occurs in a planetary gearbox, itmay lead to reduc-
tion in transmission efficiency and even breakdown of the
entire drive train.Hence, fault diagnosis has great significance
to maintain reliable operation of planetary gearboxes [1, 2].

To date, researchers have made many important contri-
butions to planetary gearbox fault diagnosis, but they mainly
focus on translational vibration signals. To name a few, for
example, McFadden [3, 4] and Samuel and Pines [5], respec-
tively, proposed a vibration separation method of planet and
sun gears by generalizing the time domain averagingmethod.
Liang et al. [6] developed a signal decomposition technique
to extract the vibration signal corresponding to one tooth of a
planet gear for planet gear tooth crack detection. Barszcz and
Randall [7] applied spectral kurtosis to gear fault detection,

and they diagnosed the ring gear tooth crack in a wind
turbine planetary gearbox. Lei et al. [8] proposed an adaptive
stochastic resonance method to suppress noise interference
and enhance fault signature and applied it to weak fault
feature extraction of planetary gearboxes. Yoon et al. [9]
developed spectral averaging via enveloping and Welch’s
spectral averaging for planetary gearbox fault diagnosis.
These works have enriched our understanding on planetary
gearbox fault diagnosis.

Translational vibration signals are subject to extra ampli-
tude modulation (AM) effect caused by the planet carrier
rotation, and they exhibit intricate spectral structures. Trans-
lational vibration signals are usually measured by sensors
fixed on gearbox casing or bearing housing. The distance
from sun-planet and planet-ring gear meshing locations to
the sensor varies with the planet carrier rotation. This results
in a time variant vibration transfer path and thereby an extra
AM effect on translational vibrations. McFadden and Smith
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[10], McNames [11], and Mosher [12] found that the trans-
lational vibration signal spectrum of planetary gearboxes is
typically asymmetric due to the planet carrier rotation. The
spectral complexity leads to difficulty in planetary gearbox
fault diagnosis via translational vibration signal analysis.

Torsional vibration signals are free from the extra AM
effect due to the planet carrier rotation and show simpler
spectral structures than translational ones. Torsional vibra-
tion sensors are usually connected to the input or output shaft
of a gearbox, and the distance from sun-planet and planet-
ring gear meshing locations to the sensor is isotropic cir-
cumferentially. As such, the torsional vibration transfer paths
are time invariant, even though the sun-planet and planet-
ring gear meshing locations vary during gearbox running.
Inspired by this property, Feng and Zuo [13] exploited the
merit of torsional vibrations to avoid the intricate spectral
structure existing with translational vibrations and extracted
the sun, planet, and ring gear fault feature around gear
meshing frequency or its harmonics.

Gear fault information is not only carried by gearmeshing
vibrations, but also conveyed by resonances [14, 15]. Local-
ized defects on a gear tooth surface will generate sudden
changes in torque as it meshes with mating gears. These
sudden changes will further excite torsional resonances.
Torsional resonances vanish due to damping effect, but they
arise repetitively at the gear fault frequency during gearbox
running. In this sense, the resonance region contains gear
fault information. However, to our best knowledge, research
on planetary gearbox fault diagnosis via torsional vibration
signal analysis, particularly in the resonance region, has been
very limited.

In this paper, we propose to extract gear fault torsional
vibration signature in resonance region. To implement this
idea, we firstly identify the torsional resonance frequency via
time-frequency analysis of torsional vibration signals during
variable speed processes. This resonance frequency identifi-
cation method overcomes the difficulty in exciting torsional
resonances via traditional hammer impact technique. Then,
we extract gear fault features around the resonance frequency
via sideband analysis in Fourier spectrum, and amplitude and
frequency demodulation analysis. In summary, this proposed
methodology does not only offer an alternative solution
to avoid the complexity issue existing with translational
vibrations due to extra amplitude modulation effect by the
time-varying vibration propagation paths, but also provides
a new insight into gear fault induced torsional vibration
signatures.

Hereafter, this paper is organized as follows. Section 2
derives the explicit equations of Fourier spectrum, enve-
lope spectrum, and the Fourier spectrum of instantaneous
frequency in the resonance frequency region, respectively.
Section 3 introduces the resonance frequency identification
approach and the sensitive component separation method
and summarizes the analysis procedure as well. Section 4
illustrates the torsional resonance vibration characteristics
via a numerically simulated signal analysis. Sections 5 and 6
validate the proposed method via dynamics modelling data
of a planetary gear set and lab experimental signals of a
planetary gearbox. Section 7 draws conclusions.

2. Gear Fault Characteristics in Torsional
Resonance Region

In this section, we extract gear fault features in the torsional
resonance frequency region, instead of around gear meshing
frequency and its harmonics that are usually focused in con-
ventional methods. Therefore we derive explicit equations of
Fourier spectrum, envelope spectrum, and Fourier spectrum
of instantaneous frequency, for better understanding their
spectral structure.

2.1. Torsional Vibration Signal Model in Resonance Region.
Suppose we have a localized fault on the tooth surface of
sun, planet, or ring gear. Under constant speed operation, as
the fault area strikes mating gear teeth, sudden changes in
torque will be generated. Consequently, the repeating sudden
torque changes excite the torsional resonance of gear-shaft
system periodically. Such resonance vanishes rapidly due to
damping before the next resonance comes, resulting in the
AM phenomenon. Meanwhile, in one repeating cycle, the
resonance exists in the early portion and the instantaneous
frequency equals approximately the resonance frequency,
while in the later portion, the resonance vanishes due to
damping and the instantaneous frequency becomes 0. This
means the instantaneous frequency changes periodically,
resulting in frequency modulation (FM). Therefore, the
fault exciting torsional vibration signals around resonance
frequency can be modelled as an amplitude modulation and
frequency modulation (AM-FM) process, with the carrier
frequency equal to resonance frequencies and themodulating
frequency equal to the gear fault frequency harmonics.

Without loss of generality, we focus on one resonance
frequency 𝑓𝑛 and the fundamental gear fault frequency
𝑓𝑔 only. Then, the torsional vibration signal model in the
resonance region can be simplified as

𝑥 (𝑡) = [1 + 𝐴 cos (2𝜋𝑓𝑔𝑡 + 𝜙)]
⋅ cos [2𝜋𝑓𝑛𝑡 + 𝐵 sin (2𝜋𝑓g𝑡 + 𝜑) + 𝜃] ,

(1)

where 𝐴 > 0 and 𝐵 > 0 are the AM and FM magnitude,
respectively, and 𝜙, 𝜑, and 𝜃 are the initial phases.
2.2. Fourier Spectrum. According to the property of Bessel
functions [17],

exp [𝑗𝑧 sin (𝜃)] =
∞

∑
𝑚=−∞

𝐽𝑚 (𝑧) exp (𝑗𝑚𝜃) , (2)

where 𝐽𝑚(𝑧) is the first class of Bessel function with integer
order 𝑚 and argument 𝑧 and the identities of trigonometric
functions. Then, (1) can be rewritten as

𝑥 (𝑡) = [1 + 𝐴 cos (2𝜋𝑓g𝑡 + 𝜙)] ×
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵)

⋅ cos [2𝜋 (𝑓𝑛 + 𝑚𝑓𝑔) 𝑡 + 𝑚𝜑 + 𝜃] =
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵)
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⋅ cos [2𝜋 (𝑓𝑛 + 𝑚𝑓𝑔) 𝑡 + 𝑚𝜑 + 𝜃] + 𝐴
2
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵)

⋅ cos {2𝜋 [𝑓𝑛 + (𝑚 + 1) 𝑓𝑔] 𝑡 + 𝑚𝜑 + 𝜃 + 𝜙} + 𝐴
2

⋅
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵)

⋅ cos {2𝜋 [𝑓𝑛 + (𝑚 − 1) 𝑓𝑔] 𝑡 + 𝑚𝜑 + 𝜃 − 𝜙} .
(3)

Applying Fourier transform to (3) yields the Fourier
spectrum

𝑋(𝑓) =
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵) 𝛿 [𝑓 − (𝑓𝑛 + 𝑚𝑓𝑔)]

⋅ exp [𝑗 (𝑚𝜑 + 𝜃)] + 𝐴
2
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵)

⋅ 𝛿 {𝑓 − [𝑓𝑛 + (𝑚 + 1) 𝑓𝑔]} exp [𝑗 (𝑚𝜑 + 𝜃 + 𝜙)]

+ 𝐴
2
∞

∑
𝑚=−∞

𝐽𝑚 (𝐵) 𝛿 {𝑓 − [𝑓𝑛 + (𝑚 − 1) 𝑓𝑔]}

⋅ exp [𝑗 (𝑚𝜑 + 𝜃 − 𝜙)] ,

(4)

where 𝛿(⋅) denotes the Dirac delta function.
According to (4), peaks appear in the Fourier spectrum

at frequency locations𝑓𝑛±𝑚𝑓𝑔.They form sidebands around
the resonance frequency 𝑓𝑛, with a sideband spacing equal
to the gear fault frequency 𝑓𝑔. Based on such characteristics,
we can diagnose gear fault according to the presence of
sidebands or changes in their magnitudes, and particularly
the associated sideband spacing, in the resonance frequency
region.

2.3. Envelope Spectrum. For the signalmodel (1), the AMpart

𝑒 (𝑡) = 1 + 𝐴 cos (2𝜋𝑓𝑔𝑡 + 𝜙) (5)

contains gear fault information, because its modulating fre-
quency equals the gear fault frequency 𝑓𝑔. This motivates
us to reveal gear fault signature via amplitude demodulation
analysis.

Applying Fourier transform to (5) yields the envelope
spectrum

𝐸 (𝑓) = 𝛿 (𝑓) + 𝐴𝛿 (𝑓 − 𝑓𝑔) exp (𝑗𝜙) . (6)

According to (6), in the envelope spectrum, peak appears
at the gear fault frequency 𝑓𝑔 only. If we consider higher
order harmonics of amplitudemodulating frequencies, peaks
will also appear at the gear fault frequency harmonics 𝑘𝑓𝑔.
Therefore, we can detect gear fault according to the existence
of gear fault frequency harmonics 𝑘𝑓𝑔 or increase in their
magnitudes in the envelope spectrum.

2.4. Fourier Spectrum of Instantaneous Frequency. According
to the signal model (1), the FM part also contains gear fault
information, since its modulating frequency is the gear fault
frequency. Hence, we can detect gear fault via frequency
demodulation analysis.

For the signal model, given in (1), its instantaneous phase
is

𝛼 (𝑡) = 2𝜋𝑓𝑛𝑡 + 𝐵 sin (2𝜋𝑓𝑔𝑡 + 𝜑) + 𝜃. (7)

The instantaneous frequency can be derived as a deriva-
tive of the instantaneous phase 𝛼(𝑡) with respect to time 𝑡:

𝑓 (𝑡) = 1
2𝜋

𝑑𝛼 (𝑡)
𝑑𝑡 = 𝑓𝑛 + 𝐵𝑓𝑔 cos (2𝜋𝑓𝑔𝑡 + 𝜑) . (8)

Applying Fourier transform to (8) yields the Fourier
spectrum of instantaneous frequency

𝐹 (𝑓) = 𝑓𝑛𝛿 (𝑓) + 𝐵𝑓𝑔𝛿 (𝑓 − 𝑓𝑔) exp (𝑗𝜑) . (9)

Equation (9) implies that peaks appear at the gear fault
frequency 𝑓𝑔 in addition to 0, in the Fourier spectrum of
instantaneous frequency. If we consider higher harmonics
of the frequency modulating frequency, peaks will also
exist at the gear fault frequency harmonics 𝑘𝑓𝑔. Based on
such features, we can detect gear fault according to the
frequency locations of peaks present in the Fourier spectrum
of instantaneous frequency.

3. Analysis Procedure

Figure 1 shows the flowchart of our proposed analysis
method. Firstly, we identify the torsional resonance fre-
quency via time-frequency analysis of torsional vibration
signals during variable speed processes (to be explained
in Section 3.1). Then, we extract gear fault symptoms by
sideband analysis around the resonance frequency in Fourier
spectrum. Next, we separate the resonance component via
bandpass filtering around the resonance frequency and dis-
cern gear fault signature in its envelope spectrum.We further
decompose the filtered resonance component into mono-
components via ensemble empirical mode decomposition
(EEMD), choose a sensitive monocomponent (to be intro-
duced in Section 3.2), and pinpoint gear fault information
from the Fourier spectrum of its instantaneous frequency.
Finally, we diagnose gear fault by combining the findings
from sideband analysis in Fourier spectrum, and amplitude
and frequency demodulation analyses.

3.1. Torsional Resonance Frequency Identification. To extract
gear fault signatures around torsional resonance frequency,
it is necessary to identify the resonance frequency first.
Hammer impact technique is commonly used in translational
resonance identification. However, it is difficult to apply
an impact to a gear-shaft torsional vibration system. To
overcome this difficulty, we exploit the independence nature
of resonance frequency on running conditions, particularly
the running speed, and propose a resonance frequency
identification approach via time-frequency analysis.
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Torsional resonance frequency identi�cation via time-frequency analysis under variable speeds

Torsional vibration signals under constant speeds

Torsional resonance component separation via bandpass �ltration

Fourier spectrum Amplitude envelope estimation
via Hilbert transform

Monocomponent
decomposition via EEMD

Sideband analysis around
resonance frequency

Envelope spectrum Instantaneous frequency
estimation via Hilbert transform

Sensitive IMF selection by
instantaneous frequencyPeak frequency identi�cation

Fourier spectrum of sensitive
IMF instantaneous frequency

Peak frequency identi�cation

Figure 1: Analysis flowchart.

Gear meshing and resonance vibrations are major com-
ponents of gearbox vibrations, but they exhibit distinct
behavior during variable speed conditions. Gear meshing
vibrations are manifested by meshing frequency harmonics
and associated sidebands with spacing equal to gear char-
acteristic frequencies. These frequencies are proportional to
the gearbox running speed. During variable speed processes,
they follow the time-varying speed profile and change over
time. For resonance vibrations, during gearbox running,
sudden changes in meshing stiffness, due to gear fault
and/or alternation in number of engaging gear pairs, generate
impulses in load torque and further excite torsional res-
onance vibrations. Resonance frequencies are independent
on running conditions, thus being time invariant during
variable speed processes. Therefore, resonance frequencies
show up as constant ones on time-frequency plane, which
are parallel to the time axis but vertical to the frequency
axis. On the contrary, gearmeshing frequency harmonics and
associated sidebands emerge as curves on time-frequency
plane. According to this property, resonance frequencies can
be discriminated from gear meshing frequency harmonics
and associated sidebands and can be recognized as constant
frequencies on time-frequency plane. Furthermore, gear fault
feature can be extracted in the resonance region via sideband,
amplitude, and frequency demodulation analyses.

3.2. Sensitive Component Separation. For amplitude demod-
ulation analysis, it is necessary to separate the signal compo-
nent of interest before envelope spectrum analysis. Because
gear fault induced torsional vibration rides on the resonance
frequency, we separate the resonance vibration component
of interest using a band pass filter centered around the

resonance frequency, to avoid interferences from other com-
ponents.

For frequency demodulation analysis, instantaneous fre-
quency estimation requires the signal to bemonocomponent.
To satisfy this requirement, we further decompose the filtered
resonance component into monocomponent intrinsic mode
functions (IMFs) via ensemble empirical mode decompo-
sition (EEMD) by exploiting its capability to decompose
multicomponent signal into constituent monocomponents
[18]. Among the obtained IMFs, we choose the earliest
IMF with an instantaneous frequency fluctuating around
the resonance frequency for further frequency demodulation
analysis, because (1) EEMD extracts IMFs in an order
from higher to lower frequency [18, 19], (2) impulsive gear
fault vibrations have significant features in higher frequency
band, and (3) the signal carrier frequency is the resonance
frequency.

4. Numerical Simulation

In this section, we illustrate the above theoretical derivations
via a numerical simulated signal analysis. Considering the
gear fault impulsive vibration nature in resonance region, we
generate a numerical simulated signal as a series of damped
sinusoids

𝑥 (𝑡) =
𝑀

∑
𝑚=1

𝐴𝑚 exp [−2𝜋𝜁𝑓𝑛 (𝑡 − 𝑚𝑇)]

⋅ sin [2𝜋𝑓𝑛 (𝑡 − 𝑚𝑇)] 𝑢 (𝑡 − 𝑚𝑇) + 𝑛 (𝑡) ,
(10)

where the amplitude 𝐴𝑚 = 1.5, the damping ratio 𝜁 = 0.15,
the natural (resonance) frequency 𝑓𝑛 = 6550Hz, the period
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Figure 2: Simulated signal analysis: (a) signal waveform, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs, (e) instantaneous frequencies
of IMFs, and (f) Fourier spectrum of instantaneous frequency.

of repeating impulses 𝑇 = 0.0164 s, accordingly the gear fault
frequency 𝑓𝑔 = 1/𝑇 = 61Hz, 𝑢(𝑡) is a unit step function, and
𝑛(𝑡) is a Gaussian white noise at a signal to noise ratio of 10 dB
to simulate background noise.

Figures 2(a) and 2(b) show the simulated signal wave-
form and its Fourier spectrum, respectively. In the Fourier
spectrum, peaks appear around the resonance frequency 𝑓𝑛,
and their frequency locations correspond to the resonance
frequency plus or minus the gear fault frequency harmonics

𝑓𝑛 ± 𝑘𝑓𝑔, 𝑘 = 1, 2, . . .. These peaks form sidebands with a
regular spacing equal to the gear fault frequency 𝑓𝑔. This
behavior is consistent with the theoretical expectation from
equation (4).

To avoid intricate sideband analysis, amplitude demod-
ulation analysis is conducted. Since the simulated signal is
mainly composed of resonance, bandpass filtration is omitted
here. Figure 2(c) displays the envelope spectrum. The gear
fault frequency harmonics 𝑘𝑓𝑔 (where 𝑘 = 1, 2, . . .) are
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Figure 3: Dynamic model of a planetary gear set [16].

Table 1: Planetary gear set configuration.

Parameter Sun Planet Ring Planet carrier
Number of teeth 19 31 (4) 81 —
Module (mm) 3.2 3.2 3.2 —
Pressure angle (∘) 20 20 20 —
Face width (m) 0.0381 0.0381 0.0381 —
Young’s modulus (Pa) 2.068 × 1011 2.068 × 1011 2.068 × 1011 2.068 × 1011

Poisson’s ratio 0.3 0.3 0.3 0.3
Mass (kg) 0.7000 1.8220 5.9820 4.5000
𝐽/𝑟2 (kg) 0.5292 1.2732 7.5923 3.0000
Base circle radius (m) 0.0283 0.0462 0.1208 0.0745
Stiffness (N/m2) 𝑘𝑐 = 𝑘𝑠 = 𝑘𝑝 = 𝑘𝑟 = 1 × 109, 𝑘𝑡𝑐 = 𝑘𝑡𝑠 = 𝑘𝑡𝑝 = 0, 𝑘𝑡𝑟 = 1 × 1010
Note. Number of planets in parenthesis.

dominant. They directly link to the gear fault signature, in
accordance with the theoretical derivation from (6).

To avoid intricate sideband analysis in Fourier spectrum,
frequency demodulation analysis is also carried out. The
simulated signal is decomposed into a number of IMFs
through EEMD. In EEMD, the added noise amplitude is set
to 0.02, and the ensemble number is set to 100 according to
the suggestion in [19]. Figures 2(d) and 2(e) show the first
three IMFs and their instantaneous frequencies, respectively.
According to the proposed sensitive IMF selection criterion
in Section 3.2, IMF1 is treated as the sensitive component
for further analysis, since its instantaneous frequency fluc-
tuates around the resonance frequency 6550Hz. Figure 2(e)

presents the Fourier spectrum of sensitive IMF1 instanta-
neous frequency. Prominent peaks appear at the gear fault
frequency harmonics 𝑘𝑓𝑔, 𝑘 = 1, 2, . . ., directly relating
to the gear fault. This feature complies with the theoretical
derivation from (9).

5. Dynamics Simulation

In this section, we validate the theoretical derivations of gear
fault signature in torsional resonance region using dynamics
modelling and simulation data of a planetary gear set [16].

5.1. Gear Configuration and Dynamics Simulation. Table 1
lists a single stage planetary gear set configuration, where 𝐽 is
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Table 2: Characteristic frequencies (Hz).

Meshing frequency Rotating frequency Fault frequency
Sun Planet carrier Planet Sun Ring

11.97 0.7778 0.1478 0.3861 0.7722 2.52 0.5912

Root
circle

Base
circle

Straight
line

Figure 4: Simulated crack on sun gear tooth.

the polar moment of inertia,𝐾 is the linear stiffness in lateral
directions (perpendicular to the shaft axis),𝐾𝑡 is the torsional
stiffness, and subscripts 𝑐, 𝑟, 𝑝, and 𝑠 denote planet carrier,
ring, planet, and sun gear, respectively.

Figure 3 shows the dynamic model of a planetary gear
at the initial time (time zero). Using the same method of
dynamics modelling and simulation, in accordance with the
theoretical derivation from (11), as in [16], the first torsional
resonance frequency of this planetary gear set is calculated
as 𝑓𝑛 = 3542.7Hz. To simulate gear crack fault, a crack of
length 3.9mm along the straight dotted line is introduced
to one of the sun gear teeth, as shown in Figure 4. The
sun gear rotating frequency is set to 0.7778Hz. Torsional
vibrations are generated and sampled at 10000Hz. Given the
gear configuration and running speed, the planetary gear set
characteristic frequencies can be calculated [20, 21], as listed
in Table 2.

Equations of motion for the sun gear are

𝑚𝑠�̈�𝑠 + 𝑐𝑠𝑥�̇�𝑠 + 𝑘𝑠𝑥𝑥𝑠 +∑𝐹𝑠𝑝𝑛 cos𝜓𝑠𝑛
= 𝑚𝑠𝑥𝑠Ω2 + 2𝑚𝑠 ̇𝑦𝑠Ω + 𝑚𝑠𝑦𝑠Ω̇,

𝑚𝑠 ̈𝑦𝑠 + 𝑐𝑠𝑦 ̇𝑦𝑠 + 𝑘𝑠𝑦𝑦𝑠 +∑𝐹𝑠𝑝𝑛 sin𝜓𝑠𝑛
= 𝑚𝑠𝑦𝑠Ω2 − 2𝑚𝑠�̇�𝑠Ω − 𝑚𝑠𝑥𝑠Ω̇,

𝑚𝑠 ̈𝑦𝑠 + 𝑐𝑠𝑦 ̇𝑦𝑠 + 𝑘𝑠𝑦𝑦𝑠 +∑𝐹𝑠𝑝𝑛 sin𝜓𝑠𝑛
= 𝑚𝑠𝑦𝑠Ω2 − 2𝑚𝑠�̇�𝑠Ω − 𝑚𝑠𝑥𝑠Ω̇,

(𝐽𝑠𝑟𝑠)
̈𝜃𝑠 +∑𝐹𝑠𝑝𝑛 = 𝑇𝑖

𝑟𝑠 ,

(11)

where 𝑚, 𝑐, 𝑘 denote mass of sun gear, damping coefficient,
and stiffness of sun gear bearing; 𝑥 and 𝑦 denote the 𝑥-
direction and 𝑦-direction displacement of the sun gear; 𝜓𝑛 is

circumferential angle of 𝑛th planet;Ω is rotation speed of the
carrier; 𝐽𝑠 and 𝑟𝑠 are mass moment of inertia and base circle
radius of the sun gear;𝑇𝑖 denotes input torque on the sun gear;𝐹𝑠𝑝𝑛 represents the dynamic force of the 𝑛th sun-planet gear
mesh:

𝐹𝑠𝑝𝑛 = 𝑘𝑠𝑝𝑛𝛿𝑠𝑝𝑛 + 𝑐𝑠𝑝𝑛 ̇𝛿𝑠𝑝𝑛,
𝛿𝑠𝑝𝑛 = (𝑥𝑠 − 𝑥𝑝𝑛) cos𝜓𝑠𝑛 + (𝑦𝑠 − 𝑦𝑝𝑛) sin𝜓𝑠𝑛 + 𝑟𝑠𝜃𝑠

+ 𝑟𝑝𝑛𝜃𝑝𝑛 − 𝑟𝑐𝜃𝑐 cos𝛼,
𝜓𝑠𝑛 = 𝜋

2 − 𝛼 + 𝜓𝑛,

𝜓𝑛 = 2 (𝑛 − 1) 𝜋
𝑛 ,

(12)

where 𝛼 is pressure angle of gear pairs, 𝛿 is relative displace-
ment on the lines of action, and 𝜃 is angular displacement.

5.2. Signal Analysis. Figure 5 shows the signal analysis result.
In the Fourier spectrum, Figure 5(b), we concentrate on the
resonance region around 𝑓𝑛 = 3542.7Hz to extract gear fault
signature through sideband analysis. In addition to those at
𝑓𝑛−3𝑓𝑠+4𝑓𝑐 and𝑓𝑛−5𝑓𝑠+4𝑓𝑐, most peaks appear at𝑓𝑛±𝑘𝑓𝑠,
and they form sidebands with a regular spacing equal to the
sun gear fault frequency𝑓𝑠. To separate the resonance compo-
nent for further demodulation analysis, the raw signal is band
pass filtered around the resonance frequency 𝑓𝑛 = 3542.7Hz
with a bandwidth of 300Hz. Figure 5(c) displays the envelope
spectrum. Most of dominant peaks correspond to the sun
gear fault frequency harmonics 𝑘𝑓𝑠, besides 5𝑓𝑠 − 4𝑓𝑐 and10𝑓𝑠 − 4𝑓𝑐. Several IMFs are generated through EEMD of
the separated resonance component. In EEMD, the added
noise amplitude is set to 0.02, and the ensemble number is
set to 100, following the suggestion in [19]. Among them,
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Figure 5: Dynamics modelling signal analysis: (a) torsional vibration signal, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs, (e)
instantaneous frequencies of IMFs, and (f) Fourier spectrum of instantaneous frequency.

IMF1 has an instantaneous frequency fluctuating around the
resonance frequency 𝑓𝑛 = 3542.7Hz and hence is selected
for frequency demodulation analysis. Figure 5(f) shows the
Fourier spectrumof IMF1 instantaneous frequency.Although
the sun gear fault frequency harmonics plus or minus
four times the planet carrier rotating frequency 𝑘𝑓𝑠 ± 4𝑓𝑐

dominate, the sun gear fault frequency harmonics 𝑘𝑓𝑠 also
have prominent magnitudes. In the above Fourier spectrum,
and amplitude and frequency demodulated spectra, all the
peaks relate to the sun gear fault frequency 𝑓𝑠. These findings
imply the sun gear fault, in accordance with actual settings in
dynamics modelling.
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(1) (4) (5) (6)(3)(2)

Figure 6: Planetary gearbox test rig: (1) drive motor, (2) signal conditioner, (3) torque-speed transducer, (4) planetary gearbox, (5) signal
collector, and (6)magnetic powder brake.

(a)

(b)

(c)

Figure 7: Localized fault on (a) sun, (b) planet, and (c) ring gear.
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Figure 8: Resonance frequency identification: (a) drive motor speed, (b) detrended torsional vibration signal, and (c) reassigned Morlet
scalogram.

Table 3: Gear configuration parameters.

Gear Sun Planet Ring
Number of gear teeth 13 38 (3) 92
Note. Number of planet gears in parentheses.

6. Experimental Validation

In this section, we validate the proposed idea using lab
experimental signals of a planetary gearbox under healthy
and faulty gear conditions, respectively.

6.1. Experimental Setting. Figure 6 shows the planetary gear-
box test rig. Table 3 lists the gearbox configuration param-
eters. The planetary gearbox is driven by a drive motor
through the sun gear shaft, and a load of 25 lb⋅in is applied
by a magnetic powder brake via the planet carrier shaft. A
speed-torque transducer is installed between the drive motor
and the planetary gearbox. The torque sensor we used is an
integrated sensor, and its output is torsional vibration signal
only. During experiments, the torque (torsional vibration)
and speed are collected at 20480Hz.

To simulate localized gear fault, one tooth of the sun,
one planet, and ring gear are locally chipped, respectively, as

shown in Figure 7. Four types of tests are conducted: baseline
casewhen all gears are healthy and faulty sun, planet, and ring
gear case when the sun, one planet, and the ring gear alone
are locally chipped, respectively. For each case, two running
speed conditions are set. One is a constant speed condition
to be used for fault feature extraction, when the drive motor
speed is set to 23.5Hz.The other is a variable speed condition
for resonance frequency identification, when the drive motor
speeds up linearly.

Given the gearbox configuration parameters and running
speed, gear characteristic frequency can be calculated [20, 21],
as listed in Table 4.

6.2. Signal Analysis. In this section, we firstly identify the
resonance frequency via time-frequency analysis of torsional
vibration signals during speed-up processes.Then, we extract
gear fault signature through sideband analysis in Fourier
spectrum within resonance region, and amplitude and fre-
quency demodulation analysis of sensitive resonance compo-
nent. For demodulation analysis, we separate the component
of interest using a bandpass filter with a center frequency
equal to the identified resonance frequency and a bandwidth
of 200Hz. In EEMD, the added noise amplitude is set to 0.02,
and the ensemble number is 100 according to the suggestion
in [19].
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Figure 9: Baseline signal analysis: (a) detrended torsional vibration signal, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs, (e)
instantaneous frequencies of IMFs, and (f) Fourier spectrum of instantaneous frequency.

Table 4: Gearbox characteristic frequencies (Hz).

Meshing frequency Rotating frequency Fault frequency
Sun gear Planet carrier Sun gear Planet gear Ring gear

267.676 23.5 2.91 61.77 7.044 8.73
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Figure 10: Resonance frequency identification: (a) drive motor speed, (b) detrended torsional vibration signal, and (c) reassigned Morlet
scalogram.

6.2.1. Baseline. In the baseline case, a speed-up test is
conducted for resonance frequency identification via time-
frequency analysis. The drive motor speeds up from 5Hz
to 15Hz in 10 seconds approximately. Figures 8(a), 8(b),
and 8(c) show the speed, torsional vibration signal, and
its reassigned Morlet scalogram, respectively. In Figure 8(c),
within the frequency band [6400, 6600]Hz, the dominant
frequency is constant and corresponds to 6518Hz. Other
frequencies change over time. The frequencies higher than
6518Hz increase in direct proportionality to the variable
speed, while those lower than 6518Hz decrease in inverse
proportionality to the variable speed. They form a dispersive
sideband structure symmetric about 6518Hz, as indicated by
red dash lines. According to this feature, 6518Hz is treated as a
resonance frequency for further sideband analysis in Fourier
spectrum, and amplitude and frequency demodulation anal-
ysis under constant speed conditions.

Figures 9(a) and 9(b) show the torsional vibration signal
and its Fourier spectrum under constant speed. In Fourier
spectrum, sidebands appear around the resonance frequency,
such as the resonance frequency plus or minus the planet
carrier and sun gear rotating frequency harmonics 𝑓𝑛 ± 𝑘𝑓𝑐,𝑓𝑛 ±𝑙𝑓(𝑟)𝑠 , where 𝑘, 𝑙 = 1, 2, . . ..This does not indicate any gear
fault, because gearbox manufacturing or assembling errors
will generate torque fluctuation at the sun gear and planet
carrier shaft rotating frequencies, resulting in presence of the
sidebands.

For amplitude demodulation analysis, we separate the
component of interest using a bandpass filter. Figure 9(c)
displays the envelope spectrum of separated resonance com-
ponent. Prominent peaks exist at the planet carrier rotating
frequency harmonics 𝑘𝑓𝑐, the sun gear rotating frequency
harmonics 𝑙𝑓(𝑟)𝑠 , and their combinations 𝑙𝑓(𝑟)𝑠 ± 𝑘𝑓𝑐, such as
4𝑓𝑐, 2𝑓(𝑟)𝑠 , 3𝑓(𝑟)𝑠 , 6𝑓(𝑟)𝑠 , and 4𝑓(𝑟)𝑠 +2𝑓𝑐. For frequency demod-
ulation analysis, we decompose the separated resonance
component via EEMD and calculate their instantaneous
frequencies, as shown in Figures 9(d) and 9(e). According
to the sensitive IMF selection criterion, we choose IMF1 for
further analysis, since its instantaneous frequency fluctuates
around the resonance frequency. Figure 9(f) presents the
frequency demodulated spectra. Peaks emerge at the sun gear
rotating frequency harmonics 𝑙𝑓(𝑟)𝑠 , their combinations with
the planet carrier rotating frequency harmonics 𝑙𝑓(𝑟)𝑠 ± 𝑘𝑓𝑐,
such as (1, 2, 3, 6)𝑓(𝑟)𝑠 , 2𝑓(𝑟)𝑠 − 𝑓𝑐, 2𝑓(𝑟)𝑠 + 3𝑓𝑐, 3𝑓(𝑟)𝑠 − 2𝑓𝑐, and3𝑓(𝑟)𝑠 + 2𝑓𝑐. In both amplitude and frequency demodulated
spectra, the peaks do not link to any gear fault frequency or
their harmonics. As such, they do not imply fault existence
on any gear.

6.2.2. Sun Gear Fault. Figure 10 shows the time-frequency
analysis result of torsional vibration signal during a speed-
up process under sun gear fault. In this case, the resonance
frequency is identified as 6514Hz, according to its time
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Figure 11: Sun gear fault signal analysis: (a) detrended torsional vibration signal, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs, (e)
instantaneous frequencies of IMFs, and (f) Fourier spectrum of instantaneous frequency.

invariant nature under variable speeds; see Figure 10(c). The
identified resonance frequency differs somewhat from that in
the baseline case, since the gearbox dynamic property might
change after replacing a gear.

Figure 11 displays the Fourier spectrum, and amplitude
and frequency demodulation analysis results. In the Fourier

spectrum, Figure 11(b), in addition to the sidebands cor-
responding to the sun gear rotating frequency 𝑓𝑛 ± 𝑙𝑓(𝑟)𝑠 ,
𝑙 = 1, 2, . . ., new sidebands emerge. They correspond to
the resonance frequency plus or minus the sun gear fault
frequency 𝑓𝑛 ± 𝑓𝑠, and the resonance frequency plus or
minus combination (sum or difference) of the sun gear
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Figure 12: Resonance frequency identification: (a) drive motor speed, (b) detrended torsional vibration signal, and (c) reassigned Morlet
scalogram.

fault frequency and three times the planet carrier rotat-
ing frequency 𝑓𝑛 ± 𝑓𝑠 ± 3𝑓𝑐. The expressions in these
new sidebands all have a common term equal to the sun
gear fault frequency, indicating existence of the sun gear
fault.

In the envelope spectrum of filtered resonance com-
ponent, the sun gear rotating frequency and the planet
carrier rotating frequency harmonics still exist. Moreover,
pronounced peaks also appear at 1/3 harmonics of the sun
fault frequency plus or minus the planet carrier rotating
frequency harmonics 1/3𝑛𝑓𝑠±𝑘𝑓𝑐. In the Fourier spectrum of
sensitive IMF1 instantaneous frequency, Figure 11(f), the sun
gear rotating frequency and its harmonics 𝑙𝑓(𝑟)𝑠 , 𝑙 = 1, 2, . . .,
also show up. Meanwhile, prominent peaks appear at the sun
gear fault frequency and its harmonics (such as 𝑓𝑠 and 2𝑓𝑠),
as well as 1/3 harmonics of the sun fault frequency plus or
minus the planet carrier rotating frequency harmonics (e.g.,
4/3𝑓𝑠+3𝑓𝑐, 5/3𝑓𝑠+2𝑓𝑐, 2𝑓𝑠−2𝑓𝑐, and 2𝑓𝑠+2𝑓𝑐).These peaks
are higher than those of the baseline signal, and they relate
to the sun gear fault frequency, indicating the sun gear fault.
Due to manufacturing error, planet gears are not perfectly
identical. When they mesh with the faulty sun gear tooth,
the generated fault impulses differ among planet gears. In this
case, the sun gear fault frequency can bemodified by dividing
by the number of planet gears 3. This is why 1/3 harmonics of
the sun fault frequency are present.

6.2.3. Planet Gear Fault. In this case, the resonance frequency
is recognized as 6520Hz; see the time-frequency analysis
of torsional vibration signal during a speed-up process,
Figure 12(c).

The sideband around the resonance frequency in Fourier
spectrum is exhibited in Figure 13(b). In addition to the
sidebands related to the sun gear rotating frequency𝑓𝑛±𝑙𝑓(𝑟)𝑠 ,
𝑙 = 1, 2, . . ., prominent peaks exist at the resonance frequency
plus orminus the planet gear fault frequency harmonics, such
as 𝑓𝑛 − 6𝑓𝑝, 𝑓𝑛 + 3𝑓𝑝, and 𝑓𝑛 ± 𝑛𝑓𝑝, 𝑛 = 1, 2, . . ..

In the envelope spectrum of filtered resonance compo-
nent, Figure 13(c), the planet gear fault frequency harmonics
𝑛𝑓𝑝 (e.g., 2𝑓𝑝 and 4𝑓𝑝) and their sum or difference combi-
nation with the planet carrier rotating frequency harmonics
𝑛𝑓𝑝 ± 𝑘𝑓𝑐 are present. In the Fourier spectrum of sensitive
IMF1 instantaneous frequency, Figure 13(f), although the sun
gear rotating frequency 𝑓(𝑟)𝑠 is dominant, prominent peaks
emerge at the planet fault frequency harmonics 𝑛𝑓𝑝, and
their sum or difference combinations with the planet carrier
rotating frequency harmonics 𝑛𝑓𝑝 ± 𝑘𝑓𝑐. These peaks in both
amplitude and frequency demodulation spectra relate to the
planet gear fault frequency, and they are higher than the
baseline signal, implying fault existence on one planet gear.

6.2.4. Ring Gear Fault. In this case, the resonance frequency
is discerned as 𝑓𝑛 = 6512Hz, through the time-frequency
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Figure 13: Planet gear fault signal analysis: (a) detrended torsional vibration signal, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs,
(e) instantaneous frequencies of IMFs, and (f) Fourier spectrum of instantaneous frequency.

analysis of torsional vibration signal during a speed-up
process; see Figure 14(c).

In the Fourier spectrum around the resonance frequency
𝑓𝑛 = 6512Hz, Figure 15(b), sidebands relevant to the ring
gear fault frequency 𝑓𝑟 or its 1/3 harmonics 1/3𝑓𝑟 show up
(such as 𝑓𝑛 ± 4𝑓𝑟, 𝑓𝑛 ± 19/3𝑓𝑟, and 𝑓𝑛 − 7𝑓𝑟,), in addition
to those associated with the sun gear rotating frequency.

In the envelope spectrum of filtered resonance component,
Figure 15(c), dominant peaks appear at 1/3 harmonics of ring
gear fault frequency 1/3𝑛𝑓𝑟, 𝑛 = 1, 2, . . .. In the Fourier spec-
trum of sensitive IMF1 instantaneous frequency, Figure 15(f),
except the dominant peaks at three times the planet gear
fault frequency 3𝑓𝑝 and the sun gear rotating frequency
𝑓(𝑟)𝑠 , all the prominent peaks correspond to 1/3 harmonics
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Figure 14: Resonance frequency identification: (a) drive motor speed, (b) detrended torsional vibration signal, and (c) reassigned Morlet
scalogram.

of the ring gear fault frequency 1/3𝑛𝑓𝑟. The presence of 1/3
harmonics of the ring gear fault frequency is reasonable,
because of nonidentical planet gears. In Fourier spectrum,
and amplitude and frequency demodulation spectra, all the
peaks related to the ring gear fault frequency are higher
than the baseline signal. This feature implies the ring gear
fault.

The above analyses illustrate the effectiveness of our
proposed approach in diagnosing planetary gearbox faults via
torsional vibration signal analysis in resonance region.

7. Conclusions

Torsional vibration signals are free from the additional
amplitude modulation effect due to time-varying vibration
transmission paths, and they have simpler spectral structure
than translational vibration signals, being able to reflect
gear fault more effectively. Localized gear faults generate
impulses in load torque, thus exciting torsional resonance
vibrations and leading to modulation effect on resonance
vibration. Therefore, torsional vibration in resonance region
can be modelled as an AM-FM process. Its Fourier spec-
trum, and amplitude and frequency demodulated spectra
are derived explicitly. In Fourier spectrum, the sideband
around resonance frequency has a spacing equal to gear fault
frequency. In both amplitude and frequency demodulated

spectra, peaks directly link to gear fault frequency harmonics.
For fault diagnosis based on above theoretical derivations,
a torsional resonance frequency identification method via
time-frequency analysis of torsional vibration signals dur-
ing variable speed process is proposed, by exploiting the
independence nature of resonance on running speed. The
resonance frequency can be recognized as the frequency
corresponding to a straight line parallel to the time axis on the
time-frequency plane. Given the resonance frequency, gear
fault can be diagnosed by sideband analysis, and amplitude
and frequency demodulation analysis of the sensitive com-
ponent in resonance region. The theoretical derivations and
proposed approach are illustrated by a numerical simulation
and are validated with both dynamics modelling data of a
planetary gear set and lab experimental signals of a planetary
gearbox.
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Figure 15: Ring gear fault signal analysis: (a) detrended torsional vibration signal, (b) Fourier spectrum, (c) envelop spectrum, (d) IMFs, (e)
instantaneous frequencies of IMFs, and (f) Fourier spectrum of instantaneous frequency.
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Lamb waves have shown promising advantages for damage identification in thin-walled structures. Multiple modes of Lamb wave
provide diverse sensitivities to different types of damage. To sufficiently utilize damage-related wave features, damage indices were
developed by using hybrid Lamb wave modes from Hilbert-Huang spectra. Damage indices were defined as surface integrals of
Hilbert-Huang spectra on featured regions determined by time and frequency windowing. The time windowing was performed
according to individual propagation velocity of different Lamb wave mode, while the frequency windowing was performed
according to the frequency of excitation. By summing damage indices for all transmitter-receiver pairs, pixels were calculated
to reconstruct a damage map to characterize the degree of damage at each location on structure. Both numerical and experimental
validations were conducted to identify a nonpenetrating damage.The results demonstrated that the proposed damage indices using
hybrid Lamb wave modes are more sensitive and robust than the one using single Lamb wave mode.

1. Introduction

Applying walls as thin as possible is a natural optimization
to minimize dead load and reduce construction cost. These
thin-walled structures have been widely used in aircraft
fuselages, storage vessels, sluices, and so forth.However, long-
period service deteriorates structural resistance and increases
the possibility of failure. Impact, abrasion, and corrosion
could cause nonpenetrating damage on thin-walled struc-
tures. It is imperative to identify this damage as early as
possible to prevent it from penetrating the cross-section and
causing catastrophic failure.

Recently, Lamb waves have shown promising suitability
for damage identification in thin-walled structures. Irradi-
ating through thickness and propagating over substantial
areas, Lamb waves can assess structural integrity without

probe movement. Due to high vibration frequency, typically
from kilohertz to megahertz [1], Lamb waves are sensitive
to small damage at millimeter scale, which are hard to be
identified by low-frequency methods. Furthermore, multiple
modes of Lamb wave provide diverse sensitivities to identify
different types of damage. Among all the Lamb wave modes,
fundamental symmetric S0 [2] and antisymmetric A0 [3]
modes have been widely used because of their great ampli-
tude. Based on the dependence of amplitude on frequency
of excitation and propagation velocity, we can intentionally
amplify or depress Lamb wave modes to obtain a wave
field dominated by single mode. Many researches have been
reported to separate Lamb wave mode [4–6] and use single
mode to identify damage. Using single Lamb wave mode
with nondispersive velocity and low attenuation [7], various
kinds of damage, including crack [8], delamination [9],
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Figure 1: Propagating waves in thin-walled structures.

distributed micro defect [10], fatigue [11], and corrosion
[12], have been identified. Various damage indices have been
developed to interpret Lambwave signals and alleviate noises
by transforming Lamb wave signals to different physical
domains. The ways to transform Lamb wave signals include
short-time Fourier [13], wavelet [14], and Hilbert-Huang [15]
transformations. By plotting damage indices at each location,
we can produce a damage map to characterize the degree of
damage over structure.

However, using single Lambwavemodeneglects damage-
related features of other Lamb wave modes and, accordingly,
compromises the identification of nonpenetrating damage.
This deficiency becomes serious when adopting sparse sen-
sors to identify nonpenetrating damage in noisy environ-
ment. To this end, it is desirable to use hybrid Lamb wave
modes to enhance the sensitivity and robustness of sparse
sensors to identify nonpenetrating damage. In this study,
since there is no conclusive superiority of a specific Lamb
wave mode to identify nonpenetrating damage, we used both
S0 and A0 Lamb wave modes to develop damage indices.
By transforming Lamb wave signals to a time-frequency
spectrum via Hilbert-Huang transformation, damage indices
were defined as surface integrals on featured regions deter-
mined by time and frequency windowing. The time win-
dowing was performed according to individual propagation
velocity of different Lamb wave mode, while the frequency
windowing was performed according to the frequency of
excitation. The usage of hybrid Lamb wave modes increased
the capability of sparse sensors to identify nonpenetrating
damage in noisy environment. Both numerical and experi-
mental implementation presented damagemore distinctly on
damage map, indicating good improvement of the proposed
method over the one using single mode.

2. Wave Propagation in
Thin-Walled Structures

Wave propagation in thin-walled structures, for example,
plates and shells, is guided by upper and bottom surfaces,
producing Lamb waves in 𝑢1-𝑢3 plane, and shear horizontal

Mid plane

Symmetric

Mid plane

Antisymmetric

Figure 2: Displacement of Lamb wave modes.

(SH) wave in 𝑢1-𝑢2 plane (see Figure 1). According to the dis-
placement pattern, Lambwaves can be seen as symmetric and
antisymmetric modes (see Figure 2). For the application of
Lamb waves on damage identification, we use group velocity
to characterize wave propagations. The group velocity of SH
wave is solved as the velocity of shear vertical wave 𝑐𝑇 [16],
while the group velocities of Lamb waves are solved from the
Rayleigh-Lamb equation [17]:

tan𝑝ℎ
tan 𝑞ℎ = −[ 4𝑘2𝑝𝑞

(𝑘2 − 𝑞2)2]
±1

𝑝 = √(𝜔𝑐𝐿)
2 − (𝑘)2

𝑞 = √( 𝜔𝑐𝑇)
2 − 𝑘2,

(1)

where ℎ is the half thickness of plate; 𝑘 is the wave number;𝜔 is the circular frequency; 𝑐𝐿 is the velocity of longitudinal
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Figure 4: Residual signal.

wave; 𝑐𝑇 is the velocity of shear vertical wave; and +1 and −1
represent symmetric and antisymmetric modes, respectively.

3. Physical Process of Damage Identification

Figure 3 shows two Lamb signals acquired from healthy and
damaged finite element (FE) models, respectively. Details
about the FE model are given in Section 6. Two wave
peaks around 90 and 140 𝜇s correspond to S0 and A0 Lamb
wavemodes, respectively. Amplitudes of different Lambwave
modes can be controlled by changing the tuning frequency of
excitation [18]. In this case, A0 mode gains triple amplitude
as S0 mode. Since the damaged signal contains direct waves
from the excitation and scattered waves from damage, there
is small difference between healthy and damaged signals,
as shown in Figure 3. To extract scattered waves caused by
damage, we subtract healthy signal from damaged one to
get a residual signal, as shown in Figure 4. Since boundary
reflections are the same for damaged and healthy signals,
this subtraction can eliminate the interference of boundary
reflection, and the overlap of direct waves and boundary
reflections cannot affect the residual signal. At this point, we
could see the residual signal as a wave transmitted by damage
as a second wave source. Since different waves propagate
with individual velocities, we can obtain separated Lamb
wave modes as different wave peaks in the residual signal by
deploying sensors at a distance from the damage.

In this case, mode conversion at damage generates SH
waves in the residual signal along with S0 and A0 modes.
The phases of these wave peaks indicate the location of
damage. By multiplying time interval between excitation
and these wave peaks with wave velocity, we can determine
the distance from transmitter through damage to receiver

Transmitter

Ellipse

Damage

ReceiverScattered waves

Direct waves

Incident waves

Ellipse

Receiaves

Direct waves

Scattered w

Figure 5: Ellipse determined by individual transmitter-receiver
pair.

and draw an ellipse on which possible damage locates
(see Figure 5). The superposition of multiple ellipses deter-
mined by each transmitter-receiver pair finally presents the
location of damage.

4. Hilbert-Huang Transformation

For real situation, wave peaks in residual signal are inade-
quate to characterize damage because of their vulnerability
to noise and insensitivity to weak damage scattering (e.g.,
scattered waves caused by nonpenetrating damage). In most
cases, we need to develop damage indices from multiple
physical domains to characterize damage.Therefore, Hilbert-
Huang transformation (HHT) gains its popularity to analyze
Lamb wave signals in time and frequency domains. The
HHT provides intuitive and direct basis to characterize
nonstationary Lamb wave signals based on a simple but
reasonable assumption: a signal can be decomposed into
a finite and a small number of simple oscillatory modes,
with significantly different frequencies, one superimposed on
another [19]. This assumption is suitable with real situation,
since frequency of Lamb wave signal is significantly higher
than environmental noises. These simple oscillatory modes
are defined as intrinsic mode functions (IMFs) which satisfy
two requirements: the number of extreme values and zero
pointsmust be equal or differ atmost by one; and the function
must be symmetric about the local mean. The IMFs are
obtained by a sifting process. The local maxima and minima
points of input signal are firstly identified to form an upper
and lower envelope together with the mean curve𝑚1(𝑡). The
difference between input signal 𝑥(𝑡) and mean curve𝑚1(𝑡) is
designated as a prototype IMF ℎ1(𝑡). However, the prototype
cannot meet the requirements of IMF in most cases, so the
sifting process is repeated by treating the prototype IMF as
another input signal through the above steps. This repetition
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Figure 6: Formation of damage index.

aims to eliminate the low-frequency tendency and makes the
signal more symmetric to meet the requirements of IMF.
This sifting process stops when index 𝑆𝐷𝑘 is smaller than a
predetermined value as follows:

𝑆𝐷𝑘 = ∑𝑇𝑡=0 ℎ𝑘−1 (𝑡) − ℎ𝑘 (𝑡)2∑𝑇𝑡=0 ℎ2𝑘−1 (𝑡) , (2)

where 𝑇 is the sampling period. After 𝑘 times sifts, the
prototype IMF ℎ1𝑘(𝑡) becomes the first IMF 𝑐1(𝑡), which
represents highest-frequency oscillation in input signal 𝑥(𝑡),
whereas the residual 𝑟1(𝑡) = 𝑥(𝑡) − 𝑐1(𝑡) contains lower-
frequency oscillation. Then the residual 𝑟1(𝑡) is treated as
another input signal repeatedly in sifting process to obtain
successive IMFs of lower frequency, until it becomes a
constant or monotonic function, presenting original input
signal 𝑥(𝑡) as follows:

𝑥 (𝑡) = 𝑛∑
𝑗=1
𝑐𝑗 (𝑡) + 𝑟 (𝑡) , (3)

where 𝑐𝑗(𝑡) is the 𝑗th IMF and 𝑟(𝑡) is a final constant or a
monotonic function.

The IMFs generated by this sifting process lead to a robust
Hilbert transformation without the presence of negative
frequencies. The Hilbert-Huang spectrum of the input signal𝑥(𝑡) is obtained by summing the Hilbert spectrum of each
IMF as follows:

𝐻(𝑡, 𝑓) = 𝑛∑
𝑗=1
𝑎𝑗 (𝑡) 𝑒𝑖 ∫ 𝜔𝑖(𝑡)𝑑𝑡, (4)

where 𝑎𝑗(𝑡) and 𝜔𝑗(𝑡) are the instantaneous amplitude and
frequency of the 𝑗th IMF, respectively. At this point, the input
signal 𝑥(𝑡) is represented as distinct energy distribution in
a time-frequency spectrum where a damage index can be
developed.

5. Formulation of Damage Index

Applying Hilbert-Huang transformation on the Lamb wave
signal presented in Figure 4, a time-frequency spectrum is
produced in Figure 6. The damage index is formulated by
integrating the Hilbert-Huang spectrum on featured regions
selected by time and frequency windowing.

For the frequency windowing, damage-related waves are
assumed to have the same frequency with excitation. The
width of frequency window is determined by a 60% threshold
of the amplitude in Fast-Fourier spectrum of excitation (see
Figure 6(a)). This threshold is chosen empirically to obtain
a narrow frequency window to eliminate interferences from
other frequencies and secure sufficient energy to develop
robust damage indices.

For the time windowing, scattered waves are assumed to
have the same waveform with excitation. At a given location(𝑥, 𝑦), the time-of-flight Δ𝑡 for a specific wave mode is
estimated by
Δ𝑡
= √(𝑥𝑡 − 𝑥)2 + (𝑦𝑡 − 𝑦)2 + √(𝑥𝑟 − 𝑥)2 + (𝑦𝑟 − 𝑦)2

V
, (5)

where 𝑥𝑡, 𝑦𝑡, 𝑥𝑟, and 𝑦𝑟 are the coordinates of transmitter
and receiver, respectively; and V is the propagation velocity
of a specific wave mode. By shifting envelop of excitation
according to the time-of-flight calculated in (5), the envelope
of wave peaks in residual signal can be estimated. The
estimated time of arrival of S0, SH, and A0 wave modes is
shown in Figure 6(c).The envelop𝑦(𝑡) is calculated byHilbert
transformation as follows:

𝐻[𝑥 (𝑡)] = 1𝜋𝑃∫
∞

−∞

𝑥 (𝜏)𝑡 − 𝜏𝑑𝜏
𝑦 (𝑡) = 𝑥 (𝑡) + 𝑖𝐻 [𝑥 (𝑡)] ,

(6)
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Figure 7: Procedure of damage identification.

where 𝑃 is the Cauchy principal value. The width of time
window is determined by a 60% threshold of the envelop of
excitation |𝑦(𝑡)| (see Figure 6(c)). This threshold is chosen
empirically to obtain a narrow time window to eliminate
interferences from other wave modes and secure sufficient
energy to develop robust damage indices.

After the time and frequency windowing, three rectan-
gular featured regions are shown in Figure 6(b), associated
with S0, SH, and A0 wave modes, respectively. A damage
index DI(𝑥, 𝑦) is defined as surface integral of Hilbert-Huang
spectrum on these featured regions as follows:

DI (𝑥, 𝑦) = ∬
S0
HHS (𝑡, 𝑓) 𝑑𝑡 𝑑𝑓

+∬
A0

HHS (𝑡, 𝑓) 𝑑𝑡 𝑑𝑓
+∬

SH
HHS (𝑡, 𝑓) 𝑑𝑡 𝑑𝑓.

(7)

The pixel at location (𝑥, 𝑦) on the damage map is defined
as the sum of damage index determined by individual
transmitter-receiver pair as follows:

𝑃 (𝑥, 𝑦) = 𝑛∑
𝑖=1
DI𝑖, (8)

where 𝑖 denotes the 𝑖th transmitter-receiver pair.
At this point, damage is identified on a reconstructed

map based on the proposed damage indices, by following the
procedure, as shown in Figure 7. Pixels on the damage map
indicate the degree of damage at this location.

6. Numerical Implementation

To validate the effectiveness of proposed damage indices, we
simulated the physical process of wave excitation, propaga-
tion, and scattering in Abaqus 6.11. The FE model was in

400 × 400 × 4 (length × width × depth) mm, discretized
by 1 × 1 × 1mm C3D8R elements. Damping elements were
assigned around the plate to absorb boundary reflections.
Four piezoelectric transducers (PZTs) were placed at corners
of an AL6061-T6 aluminum plate to excite or receive Lamb
waves. The excitation (200 kHz tone burst) was applied as
nodal force on a rectangular region (5 × 5mm) in x-y plane
(see Figure 8). Considering numerical stability and efficiency,
time increment Δ𝑡 and duration were chosen as 1 × 10−7 s
and 1ms, respectively. Twelve elements were deleted from the
mesh to simulate a 2 × 2 × 3 (length × width × depth) mm
nonpenetrating damage (see Figure 9). The coordinates of
transducers and damage are shown in Figure 8, according to
the Cartesian coordinate at plate center.

By exciting transducers in turns, Lamb waves were
acquired as magnitude of displacements at receivers (see
Figure 9), producing 16 signals in healthy and damaged
plate, respectively. Transmitted and scattered waves were
denoted in a snapshot, as shown in Figure 9. Scattered waves
were extracted as residual signals by subtracting healthy
signals from damaged ones (see Figure 10). However, mode
conversion led to the presence of SH waves as second wave
peak in residual signals, along with S0 and A0 Lamb wave
mode as first and third wave peaks. Based on the velocity
measurements on healthy plate, the group velocities of the
S0, A0, and SH waves were determined as 5183, 2982, and
3892m/s, respectively. Since scattered waves were affected by
incident angles and shape of damage, it is difficult to obtain
comparative amplitude for different scattered waves.

To examine noisy immunity of the proposed damage
indices, 150% Gaussian noises were blended into residual
signals. Following the procedure of damage identification in
Figure 7, normalized damage maps were produced using S0
mode, A0 mode, SH wave, and hybrid waves, respectively
(see Figure 11). Pixels on these damage maps were calculated
according to (8). Large pixel indicates strong wave scattering,
which relates to the presence of damage. The damage maps
using single wave mode are interfered by Gaussian noises,



6 Shock and Vibration

PZT #3
(−200, −200) mm

Damping boundary

Damping boundary

D
am

ping boundaryD
am

pi
ng

 b
ou

nd
ar

y

S mode

A mode

PZT #1
(200, 200) mm

PZT #4
(−200, 200) mm

PZT #2
(200, −200) mm 

Damage
(−20, −100) mm

x

y

U, magnitude

+0.000e + 00

+1.564e − 11

+3.128e − 11

+4.692e − 11

+6.255e − 11

+7.819e − 11

+9.383e − 11

+1.095e − 10

+1.251e − 10

+1.407e − 10

+1.564e − 10

+1.720e − 10

+1.877e − 10

Figure 8: Wave excitation in FE model.

Damping boundary

Damping boundary

D
am

ping boundary

D
am

pi
ng

 b
ou

nd
ar

y

Transmitted S mode

Transmitted A mode

Damage

x

y

Scattered S mode

Scattered S mode

Scattered SH mode
Scattered A mode

U, magnitude

+0.000e + 00

+8.524e − 12

+1.705e − 11

+2.557e − 11

+3.409e − 11

+4.262e − 11

+5.967e − 11

+5.114e − 11

+6.819e − 11

+7.671e − 11

+8.524e − 11

+9.376e − 11

+1.023e − 10

Figure 9: Wave scattering at damage.

presenting a blurry damage identification at the location of
(−20, −100mm), along with a lot of false damage spots (red
pixel) at other places, while the damage map using hybrid
wave modes obtains appropriate amplification of pixel at the
location of (−20, −100mm), presenting a concentrated dam-
age identification. The comparison between these damage
maps indicates that the proposed damage indices are more
sensitive and robust to identify nonpenetrating damage in
noisy environment than the ones using single wave mode.

7. Experimental Implementation

In parallel, we conducted an experiment to identify a non-
penetrating damage in an AL6061-T6 aluminum plate, whose
dimensions were 700 × 800 × 3 (length × width × depth)
mm. Four PZT disks (5mm in diameter, 0.5mm in thickness)
were surface-bonded by epoxy at corners (see Figure 12).
A nonpenetrating damage was manufactured by drilling a
groove in size of 4 × 4 × 1 (length × width × depth) mm.
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Figure 10: Residual signal of different transmitter-receiver pair (FE simulation).

A 190 kHz tone burst was generated by an Agilent 3325A
waveform generator. The voltage of tone burst was amplified
to 200Vpp by a PINTEK HA-405 voltage amplifier. A signal
that came from monitoring terminal of the voltage amplifier
was imported to an Agilent DSO7034B digital oscilloscope
as trigger to coordinate excitation and reception. Once a
transmitter excited, the oscilloscope recorded voltages of
receivers in 1.7ms with a sampling frequency of 10MHz (see
Figure 13). Since the circular groove scattered waves in all
directions evenly, mode conversion at circular groovewas not
as serious as rectangular damage shown in the numerical FE
simulation in Section 6. Only S0 and A0 Lamb wave modes
were clearly presented, with group velocities of 4822 and
2993m/s, respectively. Accordingly, damage indices in the
following damage mapping adopted the first two terms in
(7). Received signals were filtered by a Krohn-Hite 3384 filter
(band pass from 180 to 200 kHz) and then blended with 100%
Gaussian noises. By calculating pixels according to (8), dam-
age maps reconstructed by S0 mode, A0 mode, and hybrid

Lamb wave modes are shown in Figure 14. As presented in
the numerical implementation, the proposed damage indices
are more sensitive and robust to nonpenetrating damage in
noisy environment than the indices using single wave mode.
In Figure 14(c), pixels near actual location of the damage
(black dot) are amplified by hybrid Lamb wave modes, while
randomnoises are offset by each other, producing small pixels
at other places.

8. Discussion and Conclusions

In this study, damage indices using hybrid Lamb wave modes
were proposed, and they were successively implemented in
both numerical and experimental cases. Residual signals
generated by transmitter-receiver pairs were calculated by
subtracting healthy signals from damaged ones. The sub-
sequent, residual signals were subjected to Hilbert-Huang
transformation to produce time-frequency spectra. By win-
dowing Hilbert-Huang spectra from time and frequency
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Figure 11: Comparison of damage maps (FE simulation).
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Figure 13: Residual signals of different transmitter-receiver pair (experiment).

domains, featured regions were determined where the dam-
age indices were formulated. The time windowing was per-
formed according to individual propagation velocity of differ-
ent Lamb wave modes, while the frequency windowing was
performed according to the Fourier spectrum of excitation.
The damage index was defined as surface integrals of Hilbert-
Huang spectrum on these featured regions. By summing
damage indices produced by all transmitter-receiver pairs, we
reconstructed a damagemapwhose pixels indicate the degree
of damage at each location on the plate. As shown in both
numerical and experimental implementations, the usage of
hybrid Lamb wave modes increases the signal-to-noise ratio,
and it consequently improves sensitivity and robustness to
nonpenetrating damage.

With successful damage identification before penetrating
through wall cross-section, as presented in this study, we
are able to warn about potential failure at early stage and,
accordingly, improve the reliability of thin-walled structures.
Moreover, the implementation of in situ transducers, as

shown in the experiment, facilitates real-time structural
health monitoring instead of periodical inspection. However,
insufficient consideration of wave scattering at damage leads
to varying amplitude for different scattered waves, which
compromised the improvement of hybrid wave method
in some degree. It is encouraging to study the amplitude
changes andmode conversion of scattered waves in the future
research.
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Nowadays, railway tunnel construction faces huge developments and opportunities, with a tendency for high speed and long
distance. How to effectively apply the information in the construction process has been the focus of current research. According
to the Xian-nvyan tunnel in Xicheng high-speed railway, our research was based on the geological forecast, selecting appropriate
tunneling model parameters to establish the 3D calculation model. Through the numerical simulation of three tunnel excavation
and support methods, we analyzed the displacement of surrounding rock and the plastic failure to select the construction method
reasonably. Compared with the actual measured data, we judged the rationality of the selected scheme andmodel parameters, so as
to provide design parameters which conform to the surrounding rock properties for the subsequent construction, thus optimizing
the construction program and applying the concept of information-based construction in engineering actually.

1. Introduction

At present, China has become the largest and the fastest-
growing constructor of tunnels in the world. In midwest
traffic construction, tunnel engineering has a great and an
unprecedented development opportunity.The characteristics
of tunnels include the large scale, complicated technology,
wide impact, and high risk, which pose great challenges on
the construction of tunnel projects. At the same time, the
investigation, design, and construction process of tunnels
are in a separating state to a certain degree, resulting in the
construction of information that cannot be accessed, trans-
ferred, and reacted to timely, thus increasing the construction
risk and costs. The insufficient information level of the
survey, forecast information, and monitoring measurement
data lead to various construction information that cannot
be communicated, analyzed, and given feedback on timely
and efficiently. Therefore, the comprehensive and efficient
integration and the instant feedback of tunnel information
have great importance in the high efficiency, safety, and
economy of tunnel constructions, which possess different
connotations and extensions in different development times.

Since the Austrian civil engineer Rabcewice put forward
the newAustrian tunnelingmethod (NATM) in the 1940s, the

tunnel construction technology, which proposes to make the
most out of the self-bearing capacity of surrounding rock and
integrated design, construction, and monitoring, has been
a widely used theory of tunnel monitoring measurement.
Meanwhile, the method of combining numerical simulation
with measurement was also widely applied in information-
based construction.The highly intelligent TMS (TunnelMea-
surement System)was used in theUtley tunnel in Switzerland
to maximize the measuring time, and it greatly improved
the production efficiency and reduced costs [1]. Li Yongsuo’s
thesis, discussing the numerical simulation for the excava-
tion in tunnel construction, utilized FLAC3D to simulate
the mechanical laws of surrounding rock and supporting
structure of tunnels and then performed a comparison with
the field measurement to optimize the construction scheme
and supporting measures [2]. Chen et al. studied the double-
arched highway tunnel in Hunan Province, which was based
on the field measurements, analyzing the deformation of
surrounding rocks and simulating the process of construction
with the finite element method [3].

Tunnel engineering depends heavily on the control
of construction information; therefore, it is imperative to
improve the tunnel information construction. This paper
relies on Xicheng Railway Xian-nvyan tunnel, which is a
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high-speed railway tunnel, for the analysis of geological
investigation, forecast, numerical simulation, andmonitoring
measurement, discussing the position and function of the
different information in the tunnel construction, in order to
provide a reference for the development of tunnel informa-
tion construction systems.

2. Project Overview

Located in Guangyuan City, Sichuan Province, Xian-nvyan
tunnel is a sole hole double-line tunnel, with full length of
5633.4m, maximum depth of 390m, shallow depth of only
15m, single hole double-line tunnel spacing of 4.6m, and
ground elevation of 500∼970m.

The surface layer of the study section is mainly strong-
and weak-weathered sandstone, and the inside part is broken
with a gravelly structure. Within the joint fissure develop-
ment, some areas form perilous rocks, and the diameter of
collapsed large stones is several to ten meters. The geological
structure is a monocline structure, and the strata tend
towards the left line, causing a bedding lateral pressure in the
right side of the tunnel, so it is prone to landslide and drop
rockfall. Moreover, the groundwater in the tunnel is mainly
composed of bedrock fissure water.

3. Advanced Forecast Information

Based on the New Austrian Tunneling Method (NATM),
tunnel information construction cycles the processes of
geological investigation, predesign, simulated construction,
and optimization. The information obtained by geological
exploration is relatively extensive, which cannot completely
control the construction risk and guide the construction, so
advanced forecasting becomes an important way to obtain
detailed construction information [4].

3.1. Advanced Horizontal Drilling. According to the pre-
geological investigation, as the mudstone is relatively an
aquiclude, the underground part of the sandstone layer forms
confined water; thus, multiple boreholes emit groundwater.
The MD-50 type DTH (down-the-hole) impact-rotary rig
is adopted to drill in the DK425 + 981 tunnel face (which
means the tunnel face is 425 kilometers and 981 meters from
the railway entrance), with a cumulative drilling length of
23.10m.

3.2. TSP Geological Forecasting. The normal TSP (Tunnel
Seismic Prediction) method mainly consists of the three-
component geophone, recording cell, and initiation device.
The three-component geophone is used to receive seismic
wave signals; the recording cell amplifies the received seismic
wave signal and performs analog-to-digital conversion and
data recording, while also controlling the measuring process,
and the initiation device is used for triggering the electric
detonator and detonating the explosives and exciting the
seismic wave [5].

In this section, parameters such as S-wave velocity, P-
wave-to-S-wave velocity ratio, and Poisson’s ratio change
greatly, with fracture water developing, indicating that the

rock condition is worse than the previous one, especially the
representative segment, DK425 + 968∼DK425 + 980, owning
concentrated reflecting layers. Based on the above analysis, it
is inferred that the fault fracture zone existed, suggesting that
the section should be constructed by grade IV surrounding
rock, noting the partial collapse and piece dropping of the
construction, paying attention to the support treatment and
construction safety.

On the basis of the pregeological investigation, through
the rock mechanics parameters of the geological forecast,
shown in Figure 1, and groundwater and karst conditions in
front of the tunnel face, we can forecast thewidth, occurrence,
and location of the forward fault zone. In addition, we also
obtain the geological investigation and provide the parameter
guarantee for the establishment of a numerical simulation
model [6].

4. Numerical Simulation

The numerical method of tunnel engineering is an effective
method to solve the tunnel engineering problem, which
heavily depends on the research of the engineering geological
conditions and rock property, reflected in the simulation
results through the parameters. In this paper, three main
tunnel excavation methods are simulated by FLAC3D; the
optimal excavation method can be chosen, making a rea-
sonable evaluation and prediction of the stability of tunnel
surrounding rock, so as to direct the follow-up construction
[7].

4.1. Numerical Model. The numerical test parameters are
adopted from the “Highway Tunnel Design Code” (JTGD70-
2004), combined with the advanced geological forecast. Fig-
ure 2 shows a longitudinal section drawing of the simulation
section in order to prove the geological condition in front
of the tunnel face before construction, and the advanced
geological drilling and TSP forecasting data indicate that
the tunnel rock of the test section was magenta and highly
weathered sandstone, which is loose and soft, explaining the
integrity and poor self-stability [8]. As a result of the test
section tunnel’s weak water, the calculation parameters of
surrounding rock are reduced to a certain extent [9].

Based on the TSP forecasting and the geological condi-
tion, we calculate the parameters of the tunnel model shown
in Table 1, which provides accurate information for model
building. The real tested tunnel is a sole hole double-line one
with a span of 13.92m. As shown in Figure 3, the dimensions
of the calculated model are 112m width, eight times the
span, 92m height, and 52m longitudinal dimension. For the
shallow tunnel depth, in order to simulate the actual situation
of the test section, the depth of the model is 15m, and the
surface unsymmetrical pressure angle is 10 degrees.

In view of the good stability of the surrounding rock and
no obvious rheological behavior after excavation, the geo-
logical condition is relatively stable. Therefore, the numerical
model can be calculated according to the elastoplastic theory,
and the Mohr-Coulomb criterion is adopted to describe the
mechanical behavior of rock mass, which contains the shear
failure criterion and tensile failure criterion.
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Table 1: Calculation parameters of the tunnel model.

Number Material Elastic modulus
(GPa) Poisson’s ratio Cohesion

(MPa)
Internal friction

(∘)
Bulk density
(kN/m3)

(1) Surrounding rock 1.5 0.35 0.1 22 19.6
(2) Primary support 28 0.2 — — 24.5
(3) Grouting in surrounding rock 6 0.35 0.7 39 24.5
(4) Secondary lining 30 0.2 — — 24.5

1st bench

2nd bench

3rd bench

OriginR = 6.96Ｇ

Figure 4: Numerical model of the excavation.

The boundary condition for the model is fixed in all
directions on the bottom side, normal direction on the
side boundaries. The sign for the horizontal displacement is
negative (deform to the left) or positive (deform to the right).
The sign for the vertical displacement is negative (deform
downwards) or positive (deform upwards).

This experiment simulates three excavation methods in
Figure 4, that is, full section, two-bench section, and tribench
section, monitoring the clearance convergence, ground set-
tlement, and the plastic zone failure of the midpoint section
of the model. By comparing the deformation law rule of sur-
rounding rock in different construction methods, analyzing
the rock mechanical behavior, and choosing more suitable
schemes for this project in excavation and support, the role
of numerical simulation technology in tunnel information
model is illustrated as an example [10].

4.2. The Result of the Numerical Experiment

4.2.1. Analysis of Clearance Convergence. In order to compare
the developing process of clearance convergence in different
conditions, the paper has taken the mid cross section of

the 50-meter tunnel as the monitoring section. Every two
meters of the excavation footage tunneling, we extract the
deformation data of the mid cross section. The beginning of
the monitoring is when the up-bench was dug to 15m, and it
ends as the tunnel was dug through.

The results in Figure 5 depict the clearance convergence
change of the selected section in the process of tunnel
excavation. The displacement of all nodes around the hole
is magnified 18 times to make the described graph more
intuitive.

It can be seen from Figure 5 that the evolution of the
tunnel convergence deformation after excavation is closely
related to the construction method. In virtue of the unsym-
metrical pressure, leading to the skew of the tunnel section,
the tunnel convergence deformation tends towards the deeply
buried direction.

By comparing the deformation results, we found that
the convergence deformation of the full section is relatively
small and uniform, which is influenced by the excavation
of adjacent sections, and there is no large horizontal or
vertical displacement; hence, the deformation rate gradually
decreased and then stabilized.
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Figure 5: The clearance convergence by different methods.

However, in the step excavation, due to the excavation
and support disturbance of previous processes and the upper-
middle steps, the convergence displacement is not uniform
after the excavation of the steps in themonitoring section, and
each step, especially the arch, will cause a great deformation
and then tend to stabilize. Among these, the vertical defor-
mation of the tribench method is larger than the two-bench
method, so the advance support should be strengthened and
the surrounding rock ought to be closed into a ring timely in
the construction.

In addition, the paper also took the crown settlement
of the central line into consideration. From the curve,
the deformation of the full-section excavation is minimum
among the three methods, which can stabilize in a relatively
short time, which requires that the support must be in place
timely, increasing the difficulty and insecurity of the support.
At the same time, the tribench excavation has the greatest
influence on the crown settlement, followed by the two-bench
method, and the cumulative deformation is 1.7 and 1.4 times,
respectively, the full-section excavation.
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Figure 6: The ground settlement by different methods.

4.2.2. Analysis of Ground Settlement. The observation of
ground settlement is mainly to investigate the influence
of different construction methods. Same as the clearance
convergence, the paper monitored the displacement of the
mid cross section and took a record every 2 meters forward.
In the simulated calculation, seven monitoring points have
been placed in the selected cross section, with the ground
settlement value expanding 150 times to superimpose directly
on the curve that shows the surface node location.

The results are plotted as a sectional groove curve, as
Figure 6 shows.

From the ground displacement monitoring data, the
maximum sedimentation value is distributed in the vicinity
of the centerline of the tunnel section.

As shown in Figure 6, the three kinds of excavationmeth-
ods did not cause large ground settlement immediately after
the excavation of the monitoring section, and the decreasing
rate of settlement which is caused by excavation, with the
increase of the distance to the tunnel face, is essentially in
agreement.

With the excavation, the ground settlement began
to increase significantly in the 38m footage, decreasing
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Figure 7: The distribution of the plastic zone deformation.

gradually when excavated to 46m. For the bench method,
the largest settlement due to excavation is still the tribench
method.

From Figure 6(d), in the crown settlement curve, in the
range of starting excavation to 45m footage, the settlement
caused by the three methods is not quite different. Moreover,
the full-section method tends to stabilize earlier than oth-
ers, and the cumulative deformation of the two-bench and
tribench methods is about 1.6 times that of the full section;
also, the deformation amount of the tribench method is still
larger than of the two-bench method.

From the deformation results of the clearance conver-
gence and the ground settlement, we found that different
methods have different advantages. The analysis of plastic
zone failure is required in the further comparison.

4.2.3. The Tunnel Face Displacement and Plastic Zone Failure.
For theweak surrounding rock, it is very important to prevent
the landslide caused by the tunnel face construction. The
tunnel failure mechanism in adverse geological conditions
can be depicted graphically by numerical simulation, so as to
obtain the potential risks of tunnel construction in different
conditions; then, positive prevention has great significance
for information construction.

In Figure 7, the numerical simulation compares the
displacement of the tunnel face and the development of the
plastic zone after excavation in the three methods, analyzing
the effect of the small duct grouting to stabilize the tunnel
face and confirming the pros and cons of the different
conditions on the control of the tunnel face displacement,
which provides guidance for tunnel construction.
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Table 2: Frequency of convergence displacement measurement.

Displacement speed
(mm/d) Distance from the working face Frequency Remarks

>5 (1∼2) B 1∼4 times/1 day (1) B is the tunnel width.
(2) When the displacement
rate > 5mm/d, consider
dangerous, alert timely

1∼5 (2∼5) B 1 time/2 days
0.2∼1 5 B 1 time/1 week
<0.2 No monitoring

The plastic zone appeared in the rock strata of the tunnel
arch waist after excavation; besides, at the bottom of the wall,
due to the stress concentration caused by the geometry of
the excavation boundary, a plastic zone is presented with
a smaller range but a large strain. Generally speaking, the
plastic zone of surrounding rock is mainly distributed in the
tunnel arch waist, the side wall, and the bottom of the rock
stratum.

In the full-section excavation, a closed plastic zone is
formed around the tunnel, and the plastic zone’s range in
front of the tunnel face is large, so invert construction must
be timely and reliable, which increases the construction
difficulty.

As for the benchmethods, we can see that the plastic zone
is smaller than the full section; the reason is that the boundary
of the plastic zone in front of the tunnel face of the excavation
range is concaved to the face, and the plastic zone in the upper
and lower benches appears to be arc-shaped through the area.
It is inferred that the tribench excavationmethod has the best
effect on controlling the damage of the face and the smallest
range of the plastic zone.

Furthermore, forming the deformation of the plastic zone
which applied the two-bench excavation and small duct, the
range is smaller than other methods shown in Figure 7(d), so
the advanced small duct grouting to strengthen the surround-
ing rock can control the destruction of the surrounding rock
well.

4.2.4. Reasonable Choice of Construction Methods. Through
analyzing the numerical simulation results of different con-
struction programs, the full-section method to control the
deformation effect of the surrounding rock is better than
the bench excavation, which is more suitable for the stable
surrounding rock but needs higher requirements for the
supporting time, increasing the difficulty of construction.
However, the tribench method has a large disturbance on the
formation and surrounding rock, and the difficulty of closing
into a ring timely is higher than in the two-benchmethod. So,
the paper held the view that the two-benchmethod combined
with pregrouting is a better way for the actual construction.

5. Monitor Measurement Feedback

As the foundation of information construction, monitoring
and measurement are the main basis to test the designed
parameters, the rationality of the model, and the evaluation
of the construction method, whose authenticity is stronger
than of the numerical simulation [11].

5.1. Observation of Clearance Convergence. We adopt the
LEICA TS09 total station for noncontact measurement and
determine the measurement frequency by the surrounding
rock level, tunnel section size, and embedded depth. The
frequency of convergence displacement measurement was
affected by other factors. Table 2 shows the correspondence
between measuring frequency and the displacement speed
and also the distance from the working face.

After the excavating of the tunnel, the observation piles
are embedded in the horizontal wall and the arch waist of the
tunnel. The buried depth is 450mm, and the location of the
convergence points around the tunnel is shown in Figure 8.
The paper adopted line 2# as the monitored object.

DK425 + 969 section was selected to monitor the hor-
izontal convergence, as shown in Figure 9; during the 20-
day monitoring process, the total accumulated amount was
32.51mm, and themaximumdaily convergence was 6.81mm.

In the initial excavation of the upper bench, the sur-
rounding rock was greatly disturbed due to the construction
blasting, making the convergence rate of the deformation
increase obviously, and the average daily deformation rate is
about 6.61mm/d.

With the steel arch, feet-lock bolt, and other initial
supports constructed timely, the convergence rate of the sur-
rounding rock decreased gradually, the accumulated defor-
mation reached 73.8% of the total deformation on the 6th day,
and the average deformation rate dropped below 1mm/d.

After the excavation of the lower bench, the deformation
increases again, and the average rate over the seven days
was 1mm/d. At this stage, the initial support should also be
constructed timely to close into a ring, which causes the rapid
release of the surrounding rock pressure to be relieved to a
certain extent, thus reducing the deformation tendency of the
convergence.

5.2. Observation of Ground Settlement. Ground settlement
measurement refers to the observation from the setting point
on the ground, judging the influence on ground settlement by
excavating according to the displacement, and the effect on
slope due to the excavation by deformation, which can define
the stability of the tunnel support structure.

The analysis of the shallow ground settlement measure-
ment in this project combined with DK425 + 985 section and
three measuring sections with a pitch of 10m is set up in
the tunnel portal along the tunnel axis. Start measurement
when the distance between the measured section and the
working face is 30m and stop when the excavation exceeds
the measured section and the settlement stabilizes. Figure 10
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Table 3: Frequency of the shallow ground settlement measuring.

Project Excavation condition Measuring frequency

The shallow ground settlement
The distance between excavation and the measured section < 2 B 1∼2 times/d
The distance between excavation and the measured section < 5 B 1 time/2 d
The distance between excavation and the measured section > 5 B 1 time/2 weeks
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Figure 11: Accumulated settlement of the seven measuring points.

shows the location of seven symmetrical measuring points in
the entrance of the shallow buried section, and Table 3 shows
the measuring frequency.

As shown in Figure 11, we record the accumulated
settlement of the seven measuring points, to analyze the
deformation process.

Due to the disturbance to the stratum induced by con-
struction in the initial deformation, the original consolidated
soil layer became loose, resulting in the bulge or small
settlement.The deformation of all the measured points is not
obvious, and the smallest is 1 and 2 points with the average
deformation of about 7mm.

As for the bench method, the upper soil is fully exca-
vated, leading to the original balanced three-dimensional
soil stress being suddenly destroyed and the geostress being
redistributed, causing the deformation of the surrounding
soil; moreover, there is the free state of the upper surrounding
rock and releasing of a large number of internal stresses.With
the initial support that began to play a role, the deformation
speed of surrounding rock tends to be gentle. When all
the surrounding rock stress is released at the later stage
of deformation, the timely construction and backfill of the
inverted arch made the rock stable, as well as the ground
settlement of each measuring point.

After sixty days of continuous observation, themaximum
cumulative deformation of all the measuring points is the
7th point, 45.10mm, which tends to stabilize. Among all
the points, the minimum daily average settling velocity is
0.09mm/d, and the maximum is 0.75mm/d, which are in
the allowable range, indicating that the selected construction

method is rational and practical; in addition, the support
scheme can effectively control the deformation.

From the information construction point of view, the
comparison of numerical model deformation and the mon-
itoring measurement data can be a criterion of reliability
in tunnel information model. In addition, the feedback of
measurement information is beneficial to the optimization of
parameters in the model, and if the relevant parameters are
reasonable [12], the numerical model possesses practical ref-
erence meaning which can provide more accurate guidance
for the subsequent construction.

6. Conclusions

In this paper, Xian-nvyan tunnel of Xicheng Railway is
taken as the research background, combined with concrete
engineering example; an intensive study is carried out by the
combination of the geological forecast, numerical simulation,
and fieldmonitoringmeasurement.Themain conclusions are
as follows.

On the basis of the pregeological investigation, the geo-
logical forecast can improve the detailed geological informa-
tion of the monitoring section, obtain the rock mechanics
parameters, and reveal the geological situation in the tunnel
area.

By comparing the characteristics of displacement defor-
mation and plastic zone failure in the three construction
methods, the deformation mechanism is analyzed. It is
concluded that the displacement deformation of the full-
section excavation is smaller than of the bench excavation
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but needs a better geological condition. In contrast, the
displacement deformation of the two-bench excavation is in
the allowable range and more suitable for the construction of
the selected section.

The results of the numerical simulation are the basis of
the qualitative analysis, compared with the measured data
indicating that the prediction rule is consistentwith the actual
deformation to some extent, which shows the rationality of
the model parameters set by the forecast results.

Only by carrying out numerical simulation and field
measuring into design and construction can we ensure the
feasibility of mutual certification and feedback and then
change the current low level of construction technology
quality and apply the concept of information construction to
engineering practice.
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The gear fault diagnosis on multistage gearboxes by vibration analysis is a challenging task due to the complexity of the vibration
signal. The localization of the gear fault occurring in a wheel located in the intermediate shaft can be particularly complex due to
the superposition of the vibration signature of the synchronous wheels. Indeed, the gear fault detection is commonly restricted
to the identification of the stage containing the faulty gear rather than the faulty gear itself. In this context, the paper advances a
methodology which combines the Empirical Mode Decomposition and the Time Synchronous Average in order to separate the
vibration signals of the synchronous gears mounted on the same shaft. The physical meaningful modes are selected by means of
a criterion based on Pearson’s coefficients and the fault detection is performed by dedicated condition indicators. The proposed
method is validated taking into account simulated vibrations signals and real ones.

1. Introduction

Multistage gearboxes are employed in a wide range of
mechanical systems and represent crucial components for
the correct functioning of the entire machine. Since they are
often subjected to faults due tomanufacturing errors or heavy
working conditions, the gear fault identification is of prime
importance in order to reduce the maintenance costs as well
as to restrict machine downtimes. In this context, the exact
knowledge of the fault position by means of nondestructive
techniques simplifies the maintenance process avoiding bur-
densome visual inspections.

Vibration-baseddiagnosis represents an effective approach
for the gear fault diagnosis [1]. In the last decades, many
researches have been focused on the development and testing
of signal processing techniques for the identification of
localized gear faults. The success of the fault identification
strongly depends on the employed signal processing tech-
niques, the system typology under investigation, and the
working condition. In fact, the state of the art about the
identification of localized gear faults covers a wide range of

different approaches such as the following: the cyclostation-
ary theory [2–4], which takes advantage of the hidden periods
embodied in the vibration signals; the Kurtogram [5] for the
selection of the frequency band associatedwith themaximum
Spectral Kurtosis; time-frequency signal representations like
Continuous Wavelet Transform [6]; the blind deconvolution
algorithms [7, 8], which estimate the excitation source due
to the presence of the fault from the noisy observation;
condition indicators based on the Time SynchronousAverage
[9].

Unfortunately, the aforementioned approaches allow for
identifying the rotation period of the shaft synchronous with
the faulty gear rather than the faulty gear itself. Hence, the
exact identification of the faulty gear is not a trivial task if two
or more gears are installed in the same shaft (which is very
common in multistage gearboxes). As the authors are aware,
no works can be found in the specialized literature dealing
with such a tricky problem. Hence, encouraged by this lack,
the present research is focused on the investigation of this
issue having both industrial and academic interest.
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In this work, the signal separation is based on the EMD
(Empirical Mode Decomposition) which represents a fasci-
nating approach in the field of time-frequency signal process-
ing techniques. The EMD was introduced for the first time
by Huang et al. [10] and it is a self-adaptive time-frequency
analysis technique. The EMD decomposes the original signal
into a set of oscillatory modes (called also Intrinsic Mode
Functions) on the basis of the local time scales of the signal
rather than on a predetermined kernel, as in the case of the
Continuous Wavelet Transform.The EMD is effective for the
analysis of signals that exhibit nonstationary and nonlinear
behavior. Since the EMD is fully data-driven and adapted
for the analysis of nonstationary signals, it is particularly
suitable for the goal of this paper. Many efforts have been
made in order to improve the effectiveness of the EMD
algorithm, restricting its intrinsic drawbacks [11, 12]. The
EEMD (Ensemble Empirical Mode Decomposition) [13],
the CEEMD (Complementary Ensemble Empirical Mode
Decomposition) [14], and theCEEMDAN(Complete Ensem-
ble Empirical Mode Decomposition with Adaptive Noise)
[15] are among the most popular improved EMD methods
proposed in the literature.

EMD has been successfully used in a number of differ-
ent research fields (speech recognition, chemistry, biology,
medicine, etc.) but only in the last decade has EMD been
exploited also for the identification of the gear faults, as
gear cracks [16, 17], broken teeth [18], or wear [19]. In this
context, Lin and Chen [20] exploited the EEMD for the
extraction of multiple fault information from the vibration
signalsmeasured on gearboxes, a diagnosticmethod for wind
turbine planetary gearboxes based on the EEMD has been
proposed by Feng et al. [21] and the CEEMD combined with
Permutation Entropy has been used for the identification
and the severity recognition of gear faults by Zhao et al.
[22]. On the other hand, no researches can be found in
the literature about the gear fault diagnostic by means of
CEEMDAN, even if its effectiveness has been demonstrated
in other applications as the bearing fault identification [23,
24]. A complete literature review about the use of EMD for
rotating machine diagnostics can be found in [25].

On this basis, the proposed work aims at developing a
EMD-based methodology for the identification of the faulty
wheel in multistage gearboxes, in the case of synchronous
wheels mounted on intermediate shafts. Specifically, this
method allows for the precise detection of the faulty gear
rather than the faulty stage. In fact, the faulty gear detection
is a limitation of the traditional signal processing techniques
when a fault occurs in an intermediate stage. As mentioned
before, this research tries to fill the gap in the specialized
literature by facing this challenging case, being also of
particular concern in many industrial applications. In this
regard, care has been taken on the validation of the algorithm
as well as on the reduction of the user interactions. For
this purpose, selection criterion of the oscillatory modes
estimated by a EMD-based algorithm have been advanced,
in order to separate the Time Synchronous Average of the
vibration signal into two representative vibration signals of
the investigated wheels. Different EMD algorithms are taken
into account (EMD, EEMD, and CEEMDAN) in order to

verify how the signal separation is influenced. The localized
fault identification has been quantified bymeans of dedicated
statistical indicators that reflect the gear condition. The
method is validated taking into account both simulated
signals and real vibration signals.

The paper is structured as follows: Section 2 outlines the
theoretical background; Section 3 introduces the problem
statement and the description of the method; the method-
ology has been tested using simulated signals in Section 4;
Section 5 focuses on the validation by means of real vibration
signals; final remarks are drawn in Section 6.

2. Theoretical Background

In this section, the main signal processing tools necessary
for the comprehension of the proposed methodology are
concisely introduced. Only the fundamental concepts are
described avoiding unnecessary theoretical explanations.

2.1. The Time Synchronous Average. The vibration signals
acquired on gearboxes can be considered as wide-sense
cyclostationary signals [26]. The first-order cyclostationary
part is particularly significant for the gear fault identification
and the Time Synchronous Average (TSA) is a common
estimator of such a cyclostationary quantity [3, 27]. In
general, the TSA can be considered as the ensemble average
of the vibration signal synchronized with a certain rotating
component having rotation period 𝑇. Commonly, the TSA
is typically performed into the angle domain rather than
the time domain. In fact, the cyclostationarity onmechanical
systems follows the periodicity imposed by the kinematics of
the system, which is locked in the angle variable. Thus, many
mechanical systems exhibit cyclostationarity with respect to
rotation rather than to time.

Let 𝑥(𝜃) be the vibration signal synchronized with rota-
tion 𝜃 of a certain rotating mechanical component taken as
reference. Considering a periodicity ofΘ = 2𝜋 and an integer
number𝑁 of revolutions, the length of 𝑥(𝜃) is𝑁Θ. Thus, the
Time Synchronous Average, 𝑥TSA(𝜃), of 𝑥(𝜃) can be defined
as

𝑥TSA (𝜃) = 1𝑁
𝑁−1

∑
𝑛=0

𝑥 (𝜃 + 𝑛Θ) with 0 ≤ 𝜃 < 2𝜋. (1)

The change of variable from time to angle implies that the
frequency variable will change accordingly. The new fre-
quency variable is called “order” and it is defined as the ratio
between cycles and machine speed. Taking into account a
proper number of averages, the main result of the TSA is
the strong attenuation of all the nonperiodic components
with respect to the reference and the improvement of the
SNR (Signal-to-Noise Ratio). Furthermore, the angle domain
TSA can strongly reduce the effects of the speed variation
that mask the effects due to possible faults. Hence, this
signal processing technique is particularly effectivewith noisy
signals that embody a number of components having differ-
ent periods, as the multistage gearboxes.

2.2. The Empirical Mode Decomposition. The EMD is a self-
adaptive signal decomposition technique that separates the
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signal in several oscillatory components called IMF (Intrinsic
Mode Function) or just modes. Each IMF has to meet two
properties: (i) the zero-crossing points and the extrema have
to be equal or differ by one; (ii) at any point the mean
value of the envelope evaluated by the local maxima and
by the local minima has to be zero [10]. By virtue of these
properties, the last component extracted by the EMD is a
monotonic signal, called residue. As the name suggests, there
is still a lack of a general theory about EMD. This pitfall has
been investigated by some authors [28, 29] in the attempt to
formulate a theoretical foundation of themethod, but it is still
an open question.

For the sake of brevity, the essential steps of the EMD
algorithm are described in Figure 1, but a more comprehen-
sive explanation about this algorithm can be found in [10].
The envelope process and the sifting process are the key points
of the algorithm in Figure 1. The sifting process is a recursive
procedurewhich ensures that the estimatedmodes can satisfy
the characteristic properties of the IMF; the envelope process,
instead, is the evaluation of envelopes ofmaxima andminima
of the signal.

The main drawbacks of the EMD are the mode mixing
and the end effect. The mode mixing concerns the combina-
tion of signals withwidely different scales, while the end effect
is the signal distortion at the extremity of the signal itself.
These shortcomings can undermine the physical meaning of
the estimated IMFs. In order to enhance the results of the
EMD, several improved versions of the EMD algorithm have
been developed in the last 20 years [13–15].

2.3. The Ensemble Empirical Mode Decomposition. The
EEMD (Ensemble Empirical Mode Decomposition) [30]
is an improved version of the EMD and its algorithm is
summarized in Figure 2. Unlike the EMD, which could
estimate IMFs affected by severe mode mixing, the EEMD
calculates the so-called true modes or IMF∗ and represents a
more reliable decomposition of the signal.

Departing fromoriginal signal 𝑥(𝑡), a new set of𝑁 signals
(where 𝑁 represents the number of trials or realizations) is
created by adding different zero-mean white noise 𝑤(𝑡) of
finite variance 𝜎.Then, the EMD is performed for each signal
𝑥𝑛 obtaining𝑁mode sets composed of𝐾modes each. At the
end, the true IMF set composed of a number𝐾 of truemodes
IMF∗ is evaluated by ensemble averaging each 𝑘th IMF set
previously obtained.

Different from the EMD, the EEMD depends on two
arbitrary parameters: the number of trials and the variance
of the added white noise. The relationship between these
parameters is as follows:

𝜀 = 𝜎
√𝑁, (2)

where𝑁 is the number of trials, 𝜎 is the variance of the added
noise, and 𝜀 is the error standard deviation defined as the
difference between the original signal and the corresponding
IMFs. The proper selection of these parameters is needed in
order to obtain negligible errors. Commonly [10, 31], a few
hundreds of averages and 𝜎 ≈ 0.02 are usually enough in

order to obtain satisfactory results. However, the selection
of 𝜎 depends on the application since high values of 𝜎 are
suitable for data dominated by low-frequency signals and vice
versa [10].

2.4. The Complete Ensemble Empirical Mode Decomposition
with Adaptive Noise. The Complete Ensemble Empirical
Mode Decomposition with Adaptive Noise (CEEMDAN)
represents a step further with respect to EEMD and it has
been proposed for the first time by Torres et al. [15]. As shown
in Figure 2, the EEMD calculates the true modes averaging
a certain number of noisy IMF sets evaluated independently
of each other and each IMF𝑛,𝑘 is determined considering the
residue of corresponding previous mode IMF𝑛,𝑘−1.

On the contrary, the CEEMDAN algorithm (Figure 3)
does not estimate the true modes in a single step as in
the EEMD but such true modes are calculated sequentially.
Specifically, for the estimation of each true mode, the CEEM-
DAN algorithm takes into account the contribution of the
residue evaluated from the previous truemode.Therefore, the
CEEMDAN guarantees the exact correspondence between
the original signal and the set of decomposed signals, which
is not ensured by the EEMD [32]:

𝑥 (𝑡) =
𝐾

∑
𝑛=𝑘

IMF𝑘
∗ (𝑡) + 𝑟 (𝑡) . (3)

Referring to Figure 3, at each iteration, the 𝑘th true mode is
estimated from the previous residue calculated by the (𝑘 −
1)th mode perturbed by the white noise. Otherwise, in this
algorithm the added white noise for the estimation of the
𝑘th IMF actually is the 𝑘th mode obtained performing the
EMD on the white noise. A more exhaustive explanation of
the CEEMDAN algorithm can be found in [32, 33].Themain
advantages of this method are the exact reconstruction of the
signal and the possibility of changing the noise level at each
stage.

2.5. Gear Fault Identification by Condition Indicators. The
presence of gear faults leads to changes in the vibration
signaturemeasured on the gearboxes. Anumber of researches
can be found in the literature about the development of
parameters for the quantification of the vibration signature
modification [4, 9]. These parameters are generally called
condition indicators (CIs).

In this study, the following standard CIs have been con-
sidered: kurtosis, Crest Factor (CF), and FM0.The kurtosis is
the standardizedmoment of a probability distribution, theCF
is the ratio between the peak value and the RMS (Root Mean
Square) value and the FM0 is the ratio between the peak-to-
peak value and the sum of the gear mesh harmonics. These
parameters are particularly effective for the identification of
local changes in the vibration signature, as in the case of
localized gear faults.

Furthermore, two new CIs are proposed based on the
vibration signal RMS values evaluated for each tooth: Crest
Pitch Factor (CPF) and the Normalized Skewness Variance
Product (NSVP). In other words, the angle domain vibration



4 Shock and Vibration

x (t) =

i = 1

maxima ui(t) and envelope
evaluated by local minima li(t)

Estimation of mean value

mi (t) =
ui (t) + li (t)

2

is estimated

IMFk (t)

IMFk (t) = ℎi+1 (t)

is the final residue

r (t) = rk (t)

Is

ℎ1 (t) = rk (t)

i = 1

Envelope evaluated by local

Yes

Si
fti

ng
 p

ro
ce

ss

Yes

No

No

an IMF?

monotone?

Is ℎi+1(t)
ℎi+1 (t) = ℎi (t) − mi (t)

rk (t) = ℎ1 (t) −

rk(t)

rk(t)

Original signal x(t)

k → k + 1

i → i + 1
m(t)

Estimation of the kth residue rk(t)

The kth mode IMFk(t)

ℎ1 (t)

Figure 1: Flow-chart of the EMD algorithm.

signal referred to a single revolution (namely, 𝑥(𝜃)) is split
into a number of parts equal to the number of teeth; then, the
RMS value is estimated for each part. Let RMS𝑝

𝑖 be the RMS
value of the 𝑖th tooth, and RMS𝑝

𝑖 is defined as follows:

RMS𝑝
𝑖 = RMS [𝑥 (𝜃𝑝 + 𝑧2𝜋 (𝑖 − 1))]

with 0 ≤ 𝜃𝑝 < 𝑧
2𝜋 ,

(4)

where 𝜃𝑝 is the angular pitch, 𝑧 is the number of teeth, and
RMS is the Root Mean Square operator. The whole set of
RMS𝑝

𝑖 is

{RMS𝑝} =

{{{{{{{{{{{
{{{{{{{{{{{
{

RMS𝑝
1

...
RMS𝑝

𝑖

...
RMS𝑝

𝑧

}}}}}}}}}}}
}}}}}}}}}}}
}

. (5)

For a gear having localized faults, a local deviation from the
mean value of RMS𝑝 is expected. The first CI, called CPF,

is defined as the ratio of the maximum value of RMS𝑝 with
respect to the RMS𝑝 ensemble mean value:

CPF = max [RMS𝑝]
𝐸 [RMS𝑝]

, (6)

where 𝐸 is the ensemble mean operator. Now, let us consider
the difference among adjacent RMS𝑖𝑝 values:

{RMS𝑝𝑑} =

{{{{{{{{{{{
{{{{{{{{{{{
{

RMS𝑝
2 − RMS𝑝

1

...
RMS𝑝

𝑖 − RMS𝑝
𝑖−1

...
RMS𝑝

𝑧 − RMS𝑝
𝑧−1

}}}}}}}}}}}
}}}}}}}}}}}
}

. (7)

Intuitively, RMS𝑝𝑑 values should be close to zero for healthy
gears since the variation between two consecutive RMS
pitch values is slight. On the other hand, RMS𝑝𝑑 exhibits
nonzero values when local changes of the vibration signature
occur, since the vibration signature of a healthy meshing
tooth is different from a faulty one. On the basis of these
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Figure 2: Flow-chart of the EEMD algorithm with𝑁 trials and 𝐾modes per trial.

considerations, the second proposed CI, called NSVP, is
defined as the product between skewness and variance of the
RMS𝑝𝑑 normalized by the peak-to-peak value of RMS𝑝𝑑:

NSVP = var [RMS𝑝𝑑] skew [RMS𝑝𝑑]
pp [RMS𝑝𝑑]

, (8)

where var is the variance operator, skew is the skewness
operator, and pp is the peak-to-peak value.

3. Problem Statement and
the Proposed Method

In theory, the vibration signal of a gearbox operating at
steady-state condition appears as a composition of harmonics
having as fundamental frequencies the meshing frequencies.
The localized gear faults can appear in the vibration signals
as impulsive components and local modulation of amplitude
and/or phase [34]. These local components are visible on the
spectrum as side-bands centred on the meshing frequencies.
The pure impulsive component depends on the period of the

occurrence (the shaft period) and on the impulse response
function of the system, and thus it depends on parameters
that are not strictly related to gear II or gear III. The local
modulation of amplitude and phase is a function of the gear
mesh frequency of the faulty wheel. Thus, considering two
gears with different (and not multiple) number of teeth, the
analysis of the local modulation period due to the localized
defect should lead to the identification of the faulty gear.
Indeed, the modulation depends on the gear mesh frequency
that is different for the considered gears.

When the TSA is performed according to a certain shaft
period, it is possible to set apart only the tones that are
synchronous with the shaft of interest. However, the TSA
cannot separate those gear mesh harmonics belonging to
two or more gears which are rotating in the same shaft
(which is a very common case in multistage gearbox). Hence,
in order to identify the faulty gear, the basic idea of this
work is to exploit the local change of the meshing vibration
due to the amplitude and phase modulation rather than the
impulsive component. A signal separation method based on
EMD algorithm is described hereafter in order to overcome
this problem,which is fairly common in practical applications
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with a significant implication concerning the reduction of
maintenance costs and time.

Let us consider the two-stage gearbox shown in Figure 4,
composed of four spur gears (namely, I, II, III, and IV)
operating at steady-state conditions. Furthermore, let us
suppose the presence of a localized fault on wheel II.

Thus, taking advantage from the EMD-based decompo-
sition, two representative vibration signatures characterizing
the meshing vibration of gear II and gear III, respectively,
can be built taking into account the physically meaningful
IMFs. The physically meaningful IMFs are intended as those
IMFs that describe the gear mesh vibration signature of the
gear of interest. Therefore, the representing signal of the gear
will be the sum of these modes (if they are more than one).
Figure 5 describes the proposed methodology (summarized
in 4 fundamental steps) for the generic two-stage gearbox in
Figure 4.

Under the assumption that the gear fault on the inter-
mediate shaft is evident on the TSA, the first step involves
the low-pass filtering since several high frequency signal

I

II

III

VI

shaft shaft
Input Output

Figure 4: Schematic of a two-stage gearbox.

components unrelated to the gear mesh vibration signature
can persist also after the TSA. In addition, the proposed
signal processing procedure focuses on the local modulation
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of amplitude and phase; hence a low-pass filter is desirable
in order to cut off the high frequency signal components
that should belong to the impulsive events. Therefore, the
signal is conditionedwith a low-pass filter with a cut-off order
(the signal belongs to the angle domain) equal to 3 times
the gear mesh order of the greater gear. Bearing in mind
that the filtering process could reduce also some significant
components, it is anyway reasonable to assume that the gear
mesh vibration signature is properly described taking into
account the first 3 meshing gear harmonics (and their side-
bands).

The second step consists in the decomposition of the
signal and the estimation of the regular signals of gears
II and III. EMD, EEMD, and CEEMDAN have been con-
sidered, in order to investigate the effects on the use of
different EMD algorithms for the signal decomposition.
In this work, 500 trials and a fixed white noise standard
deviation of 0.2 have been adopted, as suggested in [30, 32].
Furthermore, it has to be remarked that the procedure has
been developed in MATLAB environment exploiting the
EMD algorithms available at http://perso.ens-lyon.fr/patrick
.flandrin/emd.html and http://bioingenieria.edu.ar/grupos/
ldnlys/metorres/re inter.htm. Instead, the regular signal is
defined as the sum of the gear mesh harmonics from the
TSA signal. In this application the fundamental gear mesh
order and the first two harmonics are taken into account.
The meaning of the estimation of the regular signals will be
clarified hereafter.

The third step is the core of the proposedmethodology. A
major issue on the use of the Empirical Mode Decomposition
is the physical interpretation of the IMFs. In fact, there
are no established procedures for the identification of the
meaningful modes for gear applications. Otherwise, the aim
of this work is to generate, from the calculated IMF set,
two signals representing the gear mesh vibration signals of
gear II and gear III, distinctly. Therefore, it is important not
just to identify the physically meaningful modes but also
to determine if the mode describes the gear mesh vibration
signature of gear II, gear III, or neither of these.The selection
criterion of the physically meaningful modes developed in
this work is based on the Pearson’s Correlation Coefficient
(PCC) between the regular signals and the IMFs. The PCC
is an indicator of the linear correlation between two variables
(signals) and conceptually is similar to the normalized cross-
correlation between two signals with zero lag [35]. PCC value
𝑐 evaluated for discrete dataset 𝑥 and 𝑦 of 𝑛 samples (e.g., the
discrete signals in the angle domain) is defined as follows:

𝑐 = ∑𝑛𝑖=1 (𝑥𝑖 − 𝑥) (𝑦𝑖 − 𝑦)
√∑𝑛𝑖=1 (𝑥𝑖 − 𝑥)2∑𝑛𝑖=1 (𝑦𝑖 − 𝑦)2

, (9)

where 𝑥 and𝑦 are themean value of 𝑥 and𝑦, respectively.The
PCC can take values between −1 and 1, where positive values
mean a direct correlation while negative ones mean inverse
correlation. For our purpose, PCC ≥ 0.7 means a strong
linear correlation, 0.3 ≤ PCC < 0.7means moderate correla-
tion, 0.1 ≤ PCC < 0.3 means weak correlation, and PCC =
0 means no correlation. In this work, the PCC has been
exploited as themerit index for themode selection in order to

allocate each IMF to gear II, gear III, or neither of these. Refer-
ring to Figure 5, the assignment process regards the mode
selection procedure for building the representative signals of
gear II and gear III, namely,𝑀II(𝜃) and𝑀III(𝜃), respectively.
The selection criterion that evaluates the physical significance
of the modes is based on these properties:

(1) If PCC ≥ 0.3 (which means at least moderate correla-
tion), themode is assigned to the representative signal
set.

(2) If no IMF satisfies the previous properties, the mode
having the maximum value of PCC is representative
of the gear.

Therefore, referring to Figure 5, the representative vibra-
tion signal of gear II, 𝑀II(𝜃), is composed of all the modes
(called𝑚II

𝑗 (𝜃)) satisfying one of these properties and the same
occurs for 𝑀III(𝜃). The PCCs are evaluated by the regular
signal (e.g., an ideal healthy mesh gear vibration) and the
IMFs. Since the modes are estimated from the faulty gear
vibration signal, a moderate correlation with the regular sig-
nal is expected.Thus, property 1 aims to include all themodes
showing a moderate correlation with the regular signal hav-
ing, however, a significant relationship with the gear vibra-
tion signature from the physical standpoint.The secondprop-
erty is introduced in order to include at least one IMF also
if property 1 is not met.

Lastly, in the fourth step the estimation of 𝑀II(𝜃) and
𝑀III(𝜃) of gear II and gear III, respectively, is carried out by
means of the sum of the selected modes 𝑚II

𝑗 (𝜃) and 𝑚III
𝑗 (𝜃)

evaluated in the third step. After a visual inspection of
the representative signals, the objective comparison between
𝑀II(𝜃) and 𝑀III(𝜃) is achieved by means of different CIs.
For this purpose, in order to identify localized gear faults,
several CIs can be used for the evaluation of the vibration
signal peakiness, which is correlated with the severity of
the localized fault. In this study, the following standard CIs
have been considered: kurtosis and Crest Factor (CF) [9, 36].
Furthermore, the effectiveness of the proposed CIs, that is,
CPF and NSVP, has been tested for the simulated vibration
signals and the real case studies.

4. Application to Simulated Vibration Signals

In this section, the first subsection regards the mathematical
formulation of the meshing vibration signal model with
localized fault in the angle domain; in the second subsection,
the effectiveness of the proposedmethodologywill be verified
by means of the simulated signals.

4.1. Signal Model Formulation. Several works [34, 37, 38]
regarding the time domain vibration signal modeling of gear
faults can be found in the literature. Since the proposed
methoddeparts froman averaged angle domain vibration sig-
nal (TSA), an angle domain model of the meshing vibration
signal of a spur gear with 𝑧 teeth is proposed hereafter. In
healthy gearboxes, meshing gear vibration 𝑥 with respect to
angle 𝜃 is mainly composed of harmonics with fundamental

http://perso.ens-lyon.fr/patrick.flandrin/emd.html
http://perso.ens-lyon.fr/patrick.flandrin/emd.html
http://bioingenieria.edu.ar/grupos/ldnlys/metorres/re_inter.htm
http://bioingenieria.edu.ar/grupos/ldnlys/metorres/re_inter.htm
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Figure 5: Flow-chart of the proposed methodology.

order corresponding to the number of teeth of the gear of
interest. For a complete revolution, 𝑥(𝜃) can be expressed as
follows:

𝑥 (𝜃) =
𝑁

∑
𝑛=1

𝑋𝑛 cos (𝑛𝑧𝜃 + 𝜙𝑛) , (10)

where𝑁 is the number of harmonics, 𝑋𝑛 is the amplitude of
the 𝑛th harmonics, 𝜙𝑛 is the phase of the 𝑛th harmonics, and
𝑧 is the number of teeth of the gear.

Let us consider the two-stage healthy gearbox shown
in Figure 4. In a complete revolution, the angle domain
meshing vibration 𝑥(𝜃) related to the intermediate shaft may
be expressed as follows:

𝑥 (𝜃) =
𝑁

∑
𝑛=1

𝑋II,𝑛 cos (𝑛𝑧II𝜃 + 𝜙II,𝑛)

+
𝑁

∑
𝑛=1

𝑋III,𝑛 cos (𝑛𝑧III𝜃 + 𝜙III,𝑛) ,
(11)
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where 𝑁 is the number of harmonics, 𝑋II,𝑛 is the amplitude
of the 𝑛th harmonics of gear II, 𝜙II,𝑛 is the phase of the 𝑛th
harmonics of gear II, 𝑧II is the number of teeth of gear II,𝑋III,𝑛
is the amplitude of the 𝑛th harmonics of gear III, 𝜙III,𝑛 is the
phase of the 𝑛th harmonics of gear III, and 𝑧III is the number
of teeth of gear III. Equation (11) states that the meshing
vibration signal 𝑥(𝜃) is composed of the meshing vibration
related to gear II and the gear mesh vibration related to gear
III since both gears II and III rotate synchronously.

The presence of a localized gear fault causes a change in
the vibration signal model that involves a local amplitude
modulation, a local phase modulation, and an impulsive
component. Hence assuming localized faults in gear II, (11)
can be rewritten as

𝑥sim,II (𝜃) = 𝑥II (𝜃) + 𝑥III (𝜃) + 𝛿 (𝜃)

=
𝑁

∑
𝑛=1

𝑋II,𝑛 [1 + 𝑎II,𝑛 (𝜃)] cos [𝑛𝑧II𝜃 + 𝜙II,𝑛 + 𝑏𝑛 (𝜃)]

+
𝑁

∑
𝑛=1

𝑋III,𝑛 cos (𝑛𝑧III𝜃 + 𝜙III,𝑛) + 𝛿 (𝜃) ,

(12)

where 𝑎II,𝑛 is the local amplitude modulation function due to
localized fault in gear II, 𝑏II,𝑛 is the local phase modulation
function due to localized fault in gear II, and 𝛿 is the
impulsive component due to localized fault in gear II. The
local amplitude function 𝑎II,𝑛 and phase modulation function
𝑏II,𝑛 used in (13) are described as a Gaussian shape window
centred at angle 𝜃0 as follows:

𝑎𝑛 (𝜃) = 𝐴𝑛𝑒−(𝜃−𝜃0)/𝜎
2

𝑎 (13)

𝑏𝑛 (𝜃) = 𝐵𝑛𝑒−(𝜃−𝜃0)/𝜎
2

𝑏 , (14)

where 𝐴𝑛 and 𝐵𝑛 are the amplitude of the local modulation
and 𝜎 is the window width. In addition, 𝛿(𝜃) (see (13)) is
the damped impulse response that takes into account the
impulsive component due to the engagement of the faulted
tooth.This component is defined as a train of Dirac impulses
having unitary amplitude convoluted by an arbitrary impulse
response function (in the form of a 3rd FIR filter):

𝛿 (𝜃) = 𝑠 (𝜃) ∗ ℎ, (15)

where 𝑠 is the train of unitary impulses corresponding to
the fault occurrence and ℎ is the impulse response function.
Note that (15) is valid only in steady-state conditions. In fact,
this formulation keeps its physical meaning only when the
frequency domain is equivalent to the order domain up to a
proportional constant (the fundamental rotation frequency).
Hence, this is true only if the rotation frequency of the system
is, to a good approximation, constant.

Table 1: Simulated signal parameters.

𝑥sim,II(𝜃) 𝑥sim,III(𝜃)
𝑧 93 12
𝑁 3 3
𝑋 [6.000 3.639 2.207] [6.000 3.639 2.207]
𝐴 [1.075 3.668 −4.518] [1.075 3.668 −4.518]
𝐵 [0.862 0.319 −1.308] [0.862 0.319 −1.308]
𝜎𝑎 0.011 0.087
𝜎𝑏 0.011 0.087
𝜃0 174.179 180.000
ℎ [1.000 −0.300 0.910] [1.000 −0.300 0.910]

Analogously, the gear mesh vibration model can be
written in the case of a localized fault in gear III:

𝑥sim,III (𝜃) = 𝑥II (𝜃) + 𝑥III (𝜃) + 𝑑 (𝜃) + 𝛿 (𝜃)

=
𝑁

∑
𝑛=1

𝑋II,𝑛 cos (𝑛𝑧II𝜃 + 𝜙II,𝑛)

+
𝑁

∑
𝑛=1

𝑋III,𝑛 [1 + 𝑎III,𝑛 (𝜃)]

⋅ cos [𝑛𝑧III𝜃 + 𝜙III,𝑛 + 𝑏𝑛 (𝜃)] + 𝛿 (𝜃) .

(16)

Referring to the gearbox depicted in Figure 4, (13) and
(16) represent the gear mesh vibration models used for the
preliminary verification of the methodology.

4.2. Results and Discussion. Two different simulated signals
called 𝑥sim,II(𝜃) and 𝑥sim,III(𝜃) have been considered: the first
simulated signal is described in (12) and refers to the case
of a localized defect in gear II; the second one is described
in (16) and refers to the case of a localized defect in gear
III. The parameters used for the MATLAB implementation
of 𝑥sim,II(𝜃) and 𝑥sim,III(𝜃) are reported in detail in Table 1,
while Figure 6 shows the simulated signals. In the first case
the localized fault has been simulated on the 45th tooth of
gear II whereas in the second case the localized fault has been
simulated on the 6th tooth of gear III, which correspond to
an angle rotation of about 174 deg and 180 deg, respectively.

As mentioned in Section 4.1, the overall simulated signal
is a superposition of the vibration signature in the angle
domain of the two gears, where the healthy gear is represented
by pure tones and the faulty gear is composed of pure
tones having local amplitude and phase modulation with
the contribution of an impulsive component. De facto, such
signals represent a synthesized version of the TSA computed
with respect to the intermediate shaft and, according to the
properties of the TSA, the contribution of the background
noise has been neglected. Considering the proposed diagnos-
tic protocol, Step 1 can be skipped with this vibration signal
model since the starting signal is already the TSA of the
signal.

Themethod has been performed using EMD, EEMD, and
CEEMDAN in order to investigate the effect of different EMD
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Figure 6: Simulated signals in the angle domain: (d) 𝑥sim,II and (a–c) its components and (h) 𝑥sim,III and (e–g) its components.

algorithms on the effectiveness of the signal decomposition.
In agreement with the settings suggested in the literature,
500 averages and white noise standard deviation of 0.02 have
been used for the EEMD and CEEMDAN. The results of the
signal decomposition of 𝑥sim,II(𝜃) and 𝑥sim,III(𝜃) are reported
in Figures 7 and 8, respectively. The residue signal, which is a
monotonic function, is not displayed since it is not useful for
the goal of this work. It should be noted that EMD returns
a limited number of modes (5 excluding the residue, i.e., the
monotonic mode) whereas the total number of tones present
on the simulated signal is 6 since it is equal to the total
number of gear mesh harmonics accounted. This behavior
can be interpreted as poor quality of the signal decomposition
using EMD with respect to EEMD and CEEMDAN.

For the sake of completeness, the estimated PCC values
are collected in Figure 9 where the square symbol refers to
𝑐II𝑖 and the star symbol refers to 𝑐III𝑖 . In each diagram, the
gray horizontal line refers to the threshold corresponding
to PCC = 3. According to the proposed criterion, the
representative signals of gear II and gear III are showed in
Figures 10 and 11.

The visual inspection of the representative signals shown
in Figure 10 highlights that all the considered EMD algo-
rithms have led to satisfying results. In this case, as expected,
representative signal𝑀II related to the 93-teeth gear exhibits
a localized signal distortion at about 170 deg due to the
simulated defect (in agreement to the input data in Table 1)
whereas the waveform 𝑀III does not show irregularities.
It should be remarked that 𝑀III estimated by the EMD
(Figure 10(d)) is less regular than the others just in correspon-
dence to the angle where𝑀II has the local amplitude/phase
modulation. Table 2 collects the statistical indicators esti-
mated by 𝑀II and 𝑀III. All the indicators return a positive
deviation between the faulty gear and the healthy one, with
the only exception of the kurtosis when the EMD is per-
formed; this behavior is in agreement with the observations
previously made by the visual inspection of the signal.

Similar remarks can bementioned by observing Figure 11.
Indeed,𝑀III shows a sudden change of the signal amplitude
at about 180 deg that corresponds to the position of the
simulated fault (see Table 1). Again, the waveform of𝑀II does
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Figure 7: IMF sets of 𝑥sim,II obtained by using EMD, EEMD, and CEEMDAN.

not exhibit any abrupt change, although the EMD returns a
quiet irregular waveformwith respect to the other EMDalgo-
rithms. In fact, the indicators collected in Table 3 highlight
that negative percentage differences are present only for the
EMD, as expected.However, themethod performed using the
EEMD and the CEEMDAN has allowed clearly identifying
the faulty gear both by visual inspection and by comparing
condition indicators.

Finally, the validation of the method by simulated signals
has pointed out the following aspects:

(i) The signal decomposition bymeans of the EMD is the
worst one among the other EMD algorithms.

(ii) The faulty gear has been correctly identified in both
the simulated cases.

(iii) NSVP is the most sensitive indicator.

5. Application to Real Vibration Signals in
the Case of Localized Gear Faults

In the current section, the proposed methodology has been
performed in 2 different cases’ studies, discussing the main
results. Section 5.1 concerns the investigation of the method
using a dedicated gear test bench whereas Section 5.2 regards
amore complex transmissionmounted on a test rig.Themain
results have been discussed, focusing on the effectiveness of
the proposed methodology performed using actual vibration
signals.

5.1. Case 1. The first case study is a two-stage gearbox
mounted on a dedicated test rig shown in Figure 12(a) located
at the Engineering Department of the University of Ferrara.
Detailed information about this test rig can be found in
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Figure 8: IMF sets of 𝑥sim,III obtained by using EMD, EEMD, and CEEMDAN.

Table 2: CIs for the simulated signal with localized fault in gear II.

Kurtosis CF CPF NSVP

EMD
Gear II (faulty) 2.395 4.017 1.854 0.310

Gear III (healthy) 2.742 2.673 1.083 0.0796
Gear II versus gear III [%] −12.671 50.269 71.244 291.452

EEMD
Gear II (faulty) 2.484 4.494 1.872 0.173

Gear III (healthy) 2.165 2.014 1.036 0.022
Gear II versus gear III [%] 14.713 123.180 80.722 667.777

CEEMDAN
Gear II (faulty) 2.340 4.284 1.857 0.205

Gear III (healthy) 2.177 1.992 1.027 0.016
Gear II versus gear III [%] 7.487 115.058 80.777 1156.891
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Figure 9: PCC values (a–c) in the case of the simulated signal with localized fault in gear II and (d-e) in the case of the simulated signal with
localized fault in gear III.
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Figure 10: Representative signals for (a–c) gear II and (d–f) gear III in the case of the simulated signal with localized fault in gear II.
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Figure 11: Representative signals for (a–c) gear II and (d–f) gear III in the case of the simulated signal with localized fault in gear III.

Table 3: CIs for the simulated signal with localized fault in gear III.

Kurtosis CF CPF NSVP

EMD
Gear II (healthy) 2.167 2.989 1.625 0.288
Gear III (faulty) 3.980 4.146 1.579 0.261

Gear III versus gear II [%] 83.697 38.733 −2.756 −9.628

EEMD
Gear II (healthy) 2.062 2.569 1.329 0.007
Gear III (faulty) 2.855 3.578 1.562 0.334

Gear III versus gear II [%] 38.482 39.266 17.488 4958.513

CEEMDAN
Gear II (healthy) 2.039 2.357 1.309 0.013
Gear III (faulty) 2.647 3.428 1.469 0.351

Gear III versus gear II [%] 29.847 45.404 12.228 2528.605

[39]. The investigated gearbox is composed of two stages of
helical gears: the first one having 18 and 71 teeth whereas
the second one has 12 and 55 teeth. Hence, referring to the
gearbox scheme in Figure 4, gear II and gear III have 71 teeth
and 12 teeth, respectively. The localized fault, namely a gear
tooth spall, has been artificially seeded on the 71-teeth gear, as
shown in Figure 12(b).The test has been carried out in steady-
state condition at 3600 rpm using a nominal load of 48.8Nm.

The vibration signals in the radial direction have been
collected by means of B&K piezoelectric accelerometer type
4943 placed on the bearing support of the first stage pinion
with sampling frequency 12.4 kHz for a total time length
of 4 s while the input shaft speed has been measured by a
tachometer sensor.

Figure 13 collects the TSA of the measured vibration
signal aswell as its spectrogram.TheTSAhas been performed
in the angular domain taking into account 4260 points per
revolution. The localized fault is easy to recognize on both
the diagrams since it appears as a sudden increase of the signal
amplitude in a slight rotation range.Thus, even if the presence
of the gear tooth spall is obvious, these approaches are not
able to identify which gear owns the fault.

As done before, three different EMD algorithms have
been considered in order to verify the sensitivity of the
final results with respect to the adopted EMD method.
The signal decomposition has been performed using the
same settings reported in Section 4.2 and the results are
collected in Figure 14. According to the PCC values collected
in Figure 15, the representative signals of gear II and gear III
have been computed, as reported in Figure 16. From the visual
inspection of the representative signals in Figure 16 it is not
hard to identify the faulty gear. Indeed, the waveform related
to the 71-teeth wheel exhibits a large amplitude increase at
170 deg that is the effect of the engagement of the faulty tooth.
However, Figures 16(d) and 16(e) show a sudden change of the
signal amplitude at about 170 deg that corresponds exactly
to the angle position of the defect in gear II (clearly visible
in Figures 16(a)–16(c) and in the TSA in Figure 13(a)). The
diagram related to the CEEMDAN in Figure 16(e) actually
displays a local change of amplitude too. However it should
be noted that such a change occurs at about 250 deg, which is
not in agreement with the fault position shown on the TSA of
the signal.
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Figure 12: (a) Experimental setup of Case 1 and (b) gear with a spalled tooth.
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Figure 13: (a) Time Synchronous Average related to the intermediate shaft of Case 1 (the dashed circle highlights the impulsive signal
component due to the damaged tooth engagement) and (b) the related spectrogram (300 samples of window length and 75% overlap).

Unfortunately, the visual inspection of the signal can be
open to different interpretations; thus the fault identification
is determined by the comparison of condition indicators.
Table 4 highlights a significant difference between gear II and
gear III, with aminimumpercentage difference of 93.872.The
proposed CIs (i.e., CPF and NSVP) are the most sensitive
to the presence of an impulsive component in the vibration
signature as demonstrated by the larger percentage difference
with respect to the other traditional CIs.

Finally, in this first experimental case the proposed
method is effective in the identification of the faulty gear.
Moreover, CEEMDAN is the EMD algorithm that returns the
best result taking into account the CIs values as well as the
waveform of the representative signals.

5.2. Case 2. The second case study concerns a more complex
gearbox driven by an asynchronous motor. Figure 17 shows
the experimental setup: the time domain vibration signal

in the radial direction has been acquired by a monoaxial
piezoelectric accelerometer (PCB 353B18) with a sampling
frequency of 25.6 kHz, while the tachometer signal has been
simultaneously collected using a tachometer probewith zebra
tape. The transmission exhibits abnormal loudness due to
a localized gear fault on the two-stage gearbox just after
the input cardan shaft (see Figure 17(b)). The steady-state
operational test has been carried out at 600 rpm at the input
cardan shaft. Considering the gearbox layout in Figure 4, gear
II has 92 teeth whereas gear III has 10 teeth.

Gear II presents a bump on a tooth flank caused by
the handling during the surface hardening process. Such a
faulty tooth flank engages only in the reverse motion and it
has been verified by visual inspection. Furthermore, such a
natural defect is clearly visible in the TSA signal performed
on the intermediate shaft using 3680 samples per revolution,
as reported in Figure 18(a). The presence of the fault is clear
also on the spectrogram as well in Figure 18(b). As in Case 1,
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Figure 14: IMF sets of Case 1 obtained by using EMD, EEMD, and CEEMDAN.

Table 4: CIs for the vibration signal of Case 1, with localized fault in gear II.

Kurtosis CF CPF NSVP

EMD
Gear II (faulty) 10.220 8.785 4.437 1.395

Gear III (healthy) 3.785 8.021 2.288 0.251
Gear II versus gear III [%] 170.043 142.209 93.872 457.089

EEMD
Gear II (faulty) 9.945 7.806 4.444 1.205

Gear III (healthy) 2.962 2.931 1.942 0.309
Gear II versus gear III [%] 235.745 166.309 128.859 290.713

CEEMDAN
Gear II (faulty) 8.031 7.177 4.332 1.139

Gear III (healthy) 3.141 3.036 2.141 0.112
Gear II versus gear III [%] 155.666 136.382 102.324 917.173
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Figure 15: PCC values of Case 1 estimated taking into account (a) EMD, (b) EEMD, and (c) CEEMDAN.
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Figure 16: Representative signals of (a–c) gear II and (d–f) gear III for Case 1.

these signal processing techniques are not able to identify if
the defect is related to the gear of 92 or 10 teeth.

Again, this experimental case study has been investigated
by using the same modus operandi of Case 1. For the
sake of completeness, signal decomposition results and the
PCC values for the estimation of the representative signals
are reported in Figures 19 and 20, respectively. By going
directly to the visual inspection of the representative signals
(Figure 21), it can be noted that in this case the different EMD
algorithms have a significant impact on the final results of the

methods. From the physical standpoint, the representative
signal related to gear II (see Figures 21(a)–21(c)) correctly
reflects the presence of the fault at about 170 deg due to
the localized increase of the signal amplitude. However, this
behavior is also present on the representative signal related to
gear III computed with the EMD and the EEMD (see Figures
21(d) and 21(e)). On the other hand, the representative signals
estimated with the CEEMDAN are easy to interpret since the
signal related to gear III (Figure 21(f)) does not contain any
remarkable local change of amplitude that can be attributed
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Figure 17: Experimental setup of Case 1: (a) transmission system on the test bench, (b) schematic of the transmission, (c) accelerometer, and
(d) tacho probe with zebra tape.
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Figure 18: (a) Time Synchronous Average related to the intermediate shaft of Case 2 (the dashed circle highlights the impulsive signal
component due to the damaged tooth engagement) and (b) the related spectrogram (225 samples of window length and 75% overlap).
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Figure 19: IMF sets of Case 2 obtained by using EMD, EEMD, and CEEMDAN.

to a localized gear fault. Therefore, the only EMD algorithm
that allows a clear visual interpretation of the signals is the
CEEMDAN.

The remarks gathered by the visual inspection of the
signal can be confirmed by analyzing the CIs collected in
Table 5. In fact, the higher percentage differences between
the faulty gear and the healthy one are achieved considering
the CEEMDAN. Furthermore, it should be noted that the
results obtained with the EEMD are not satisfying since the
percentage difference is low for the CF and CPF while the
kurtosis completely fails on the identification of the faulty
gear.

Although this experimental case has been more difficult
to handle than the first one, the methodology has provided a
correct result when the CEEMDAN is performed. The use of
several CIs allows defining an objective criterion in order to

define which gear is faulty, reducing the error due to the user
interpretation.

6. Conclusions

Commonly, the gear fault detection is restricted to the identi-
fication of the stage containing the faulty gear rather than the
faulty gear itself. However, the exact knowledge of the faulty
gear is of prime importance in industrial applications. The
goal is to propose a methodology being able to overcome the
limit of traditional signal processing techniques that detect
just the stage of the faulty gear. For this purpose, a EMD-
basedmethodology has been presented for the local gear fault
diagnosis, proposing also two new condition indicators based
on the RMS values estimated on the angular pitch rather than
the entire vibration signal.
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Figure 20: PCC values of Case 2 estimated taking into account (a) EMD, (b) EEMD, and (c) CEEMDAN.
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Figure 21: Representative signals of (a–c) gear II and (d–f) gear III for Case 2.

In order to test the reliability and the robustness of the
methodology, simulated signals and two different real case
studies have been analyzed by means of three different EMD
algorithms.The first experimental case addresses a two-stage
gearbox having an artificial gear tooth fault whereas the
second one concerns a transmission system with a natural
defect. The methodology successfully identifies the faulty
gear in both the experimental tests, especially when the
CEEMDAN is performed. On the basis of these results,
the CEEMDAN is the most effective signal decomposition

technique, since it returns the clearest results from both
the qualitative and quantitative standpoints. Moreover, the
proposed CIs—especially the NSVP—are very sensitive to
the presence of a localized change of the vibration signature,
simplifying the detection of the faulty gear.

On these grounds, the presented method can be con-
sidered reliable for the identification of a faulty gear when
the fault occurs in a shaft with multiple gears. Eventually,
this diagnosis method is particularly suitable for industrial
applications since it is completely automatic.
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Table 5: CIs for the vibration signal of Case 2, with localized fault in gear II.

Kurtosis CF CPF NSVP

EMD
Gear II (faulty) 48.803 10.910 13.704 0.085

Gear III (healthy) 12.182 4.979 4.317 0.089
Gear II versus gear III [%] 300.604 119.140 217.457 −5.017

EEMD
Gear II (faulty) 6.100 5.304 3.694 0.064

Gear III (healthy) 7.526 4.072 2.805 0.010
Gear II versus gear III [%] −18.950 30.240 31.677 541.743

CEEMDAN
Gear II (faulty) 19.974 8.444 7.079 0.476

Gear III (healthy) 2.455 2.712 1.549 0.013
Gear II versus gear III [%] 713.512 210.441 357.026 3696.969
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Received 12 June 2017; Accepted 26 July 2017; Published 12 September 2017

Academic Editor: Andrzej Katunin
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The authors propose a novel procedure for enhancement of the signal to noise ratio in vibration data acquired from machines
working in mining industry environment. Proposed method allows performing data-driven reduction of the deterministic, high
energy, and low frequency components. Furthermore, it provides a way to enhance signal of interest. Procedure incorporates
application of the time-frequency decomposition, 𝛼-stable distribution based signal modeling, and stability parameter in the time
domain as a stoppage criterion for iterative part of the procedure. An advantage of the proposed algorithm is data-driven, automative
detection of the informative frequency band as well as band with high energy due to the properties of the used distribution.
Furthermore, there is no need to have knowledge regarding kinematics, speed, and so on.Theproposed algorithm is applied towards
real data acquired from the belt conveyor pulley drive’s gearbox.

1. Introduction

Local damage detection in rotating machines is one of the
most frequent topics in condition monitoring literature.
Generation of such signal is well recognized ([1–4]). Basi-
cally, the problem is related to detection of cyclic impulsive
disturbances in noisy observation. Different approaches have
been used for signal modeling (cyclostationary [5], stochastic
[6], autoregressive [7]), enhancement (SOI extraction [8–
10], denoising including adaptive noise cancellation [11] and
spatial wavelet denoising [12], averaging: time domain [13,
14], time-frequency domain), sources separation (discrete-
random [15]), damage detection criteria (kurtosis, cyclosta-
tionary indicators, and statisticalmeasures) [4, 10, 16–18], and
so on. Special attention was paid to damage detection at early
stage of development, in nonstationary speed/load condition,
and so on. In the literature one can find several interesting
reviews concerning mentioned problem to get holistic, more
detailed view [19–22].

One might conclude that almost everything was done
to be able to diagnose damage. However, in the practical
applications there are plenty of challenging cases that prove

difficult for the classical methods. In this paper we will
present an interesting case related to heavy duty gearbox
operating in harsh environment. Based on this example, we
propose novel, data-driven procedure for damage detection.
An important fact is that there are two damage types (with
different nature and localization). One of them is easy to
notice directly from raw signal. However, the second one
produces weak signature and is hardly detectable. We have
started with most popular tools as spectral kurtosis–based
filter and envelope analysis. Unfortunately, the results are not
satisfactory. So it motivates us to search for alternative solu-
tions. Asmentioned, it is expected that signal of interest (SOI)
will be impulsive.There are plenty of techniques in time series
analysis that are focused on data with such behavior. One can
easily notice increasing number of publications concerning
application of heavy-tailed distributions towards vibration
and sound signals [23–27]. Such interest is especially aimed
towards 𝛼-stable distribution which is a generalization of
Gaussian one. In [23] one can find a thorough description
on how to model and apply such distribution towards data.
Modifications and extensions of existing methods towards
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heavy-tailed distribution can be found in the literature with
promising results ([24–27]).

It motivates us to test our recently developed tools related
for 𝛼-stable distribution based filtering procedure. Again it
was slightly better (improvement noticeable at spectrogram)
but still requires advanced interpretation. We have identified
that the problem is related to signal structure and high energy
concentration in low frequency range of spectrum. Filtering
is just simply multiplication of complex spectrum of signal
with filter characteristics in frequency domain. Even small
values of filter coefficients at low frequencies might result in
still poor signal to noise ratio (SNR) in output signal. Our
strategy is instead of direct extraction of SOI, we propose
attenuating noninformative high energy signal components
and then use 𝛼-stable distribution based filter to extract SOI.
Such strategy appeared to be very effective as presented in
[28]. A key question is how to design filter to attenuate
noninformative part. We propose using 𝛼-stable distribution
approach (we already use it for SOI extraction based on 𝛼
parameter); however, in first stage we will use scale parameter
𝜎. We mention that the 𝛼 parameter gives information on
how heavy the distribution tail is and 𝜎 is responsible for the
scale of the distribution. During experiments it has appeared
that 𝜎-based filtering performed several times providesmuch
better results than just one filtration. Obviously, we immedi-
ately tested iterative 𝛼-based filtering for SOI extraction but
without spectacular success. Finally, we propose a two-stage
procedure for signal preprocessing:

(i) Iterative 𝜎-based filtering with stability parameter in
the time domain as stoppage criterion for high energy
noninformative part attenuation.

(ii) 𝛼-based filtering for further SOI signal enhancement.
In the end, this paper combines method of data-driven
filtering together with heavy-tailed distribution modeling.
Such connection provides new insight towards modeling of
subsignals from time-frequency decomposed signal.

The paper is organized as follows: Section 1 contains
introduction about the topic of paper together with short
summary of work done in the field. In Section 2 we present
methodology associated with our procedure and in Section 3
we apply our procedure towards real vibration data from the
gearbox of drive pulley of belt conveyor. In Section 4 we
summarize results and provide conclusions.

2. Methodology

In this section we present the methodology useful in the
problem of local damage detection based on the analysis of
the vibration signal. We propose the approach based on the
analysis of subsignals obtained in time-frequency represen-
tation (spectrogram) of given signal. Mentioned subsignals
are analyzed using appropriate statistics (called selectors).
Till now, the most popular statistic was kurtosis, one of the
measures that can point out these frequency bins on time-
frequency map that reveals the most impulsive nature. When
the kurtosis is applied to the appropriate subsignals, then
it is called the spectral kurtosis (SK), [10]. We recall that
the spectrogram spec(𝑡, 𝑓) for given time point 𝑡 ∈ 𝑇 and

frequency 𝑓 ∈ 𝐹 is defined through the short time Fourier
transform (STFT) in the following way [29]:

spec (𝑡, 𝑓) = STFT (𝑡, 𝑓)2 =
𝑛−1

∑
𝑘=0

𝑥𝑘𝑤 (𝑡 − 𝑘) 𝑒2𝑗𝜋𝑓𝑘/𝑛, (1)

where 𝑤(𝑡 − 𝑘) is the shifting window and 𝑥𝑘 is the input
signal (𝑘 = 0, 1, . . . , 𝑛 − 1). Parameters for the spectrogram
should be chosen with user preferences for best visibility of
the impulsive behavior in the visual representation of the
spectrogram. Parameters to be chosen are window length,
number of samples overlapping, and number of samples used
for fast Fourier transform (nfft). In case of the vibration
signals acquired from pulley drive gearbox for belt conveyor
analyzed in Section 3 we found them to be optimal at the
following levels: window length equal to 256 samples, number
of samples overlapping equal to 240 samples, and number of
samples used for the FFT equal to 512 samples.

Thus the spectral kurtosis (SK) statistic for input signal
𝑥𝑘(𝑘 = 0, 1, . . . , 𝑛 − 1) is defined in the following way [10]:

SK (𝑓) = #𝑇 ∑𝑡∈𝑇 STFT (𝑡, 𝑓)4
(∑𝑡∈𝑇 STFT (𝑡, 𝑓)2)

2
− 2, (2)

where #𝑇 denotes the number of elements of the set 𝑇, that
is, number of time points at which STFT is calculated.

However for some real signals the spectral kurtosis does
not give expected results because it can be sensitive for
impulses not related to damage (i.e., artifacts).Therefore, as it
was mentioned, there are other statistics considered that can
be applied instead of the kurtosis; see [16].

In this paper we propose not to calculate simple statistic
for set of subsignals obtained by decomposition of raw data
by spectrogram but to describe each subsignal by stochastic
model that has similar properties as appropriate time series.
One of the easiest stochastic models is based on the assump-
tion that the vector of observations contains realizations of
independent identically distributed random variables. The
most known distribution is the Gaussian one. However,
the Gaussian distribution is not appropriate to modeling
data with impulses, like for instance subsignals from time-
frequency representation (spectrogram) related to damage. It
is more convenient to take under consideration more general
distribution, that is, such that it can be appropriate to describe
subsignals corresponding to informative frequency band
(IFB) and from noninformative frequency bands. Of course
for those regions the parameters of the chosen distribution
will be different. One of the possibilities is the 𝛼-stable
distribution [30], which is a generalization of the Gaussian
one. The random variable 𝑋 has 𝛼-stable distribution if its
characteristic function is given by

𝜙𝑋 (𝑡) = 𝐸 exp (𝑖𝑡𝑋)

=
{{{{{
{{{{{
{

exp {−𝜎𝛼 |𝑡|𝛼 (1 − 𝑖𝛽 sign (𝑡) tan(𝜋𝛼2 )) + 𝑖𝜇𝑡} , 𝛼 ̸= 1,

exp {−𝜎 |𝑡| (1 + 𝑖𝛽 2𝜋 sign (𝑡) ln (|𝑡|)) + 𝑖𝜇𝑡} , 𝛼 = 1.

(3)
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Figure 1: Flowchart of the procedure.

We provide short description of distribution parameters.
Stability parameter 𝛼 ∈ (0, 2] defines how impulsive the
realizations of the distribution are.There is a relation between
𝛼 value and impulsiveness of the signal, with lower values
we observe more impulsive behavior. The parameter 𝜎 > 0
is responsible for the scale (or energy) of the distribution.
It behaves in a similar way to the variance of the Gaussian
case (i.e., for 𝛼 = 2). The parameter 𝛽 ∈ [−1, 1] is
responsible for the distribution skewness and 𝜇 ∈ R

represents distribution shift. It corresponds to the mean for
1 < 𝛼 ≤ 2 and the median for 0 < 𝛼 ≤ 1. It is worth
mentioning that, in general, the probability density function,
as well as the cumulative distribution function for 𝛼-stable
distributed random variable, is not given in explicit form.
There are only three exceptions: Gaussian, Levy, and Cauchy
distributions. Moreover, finite 𝑝th moments exist only for
𝑝 < 𝛼. The 𝛼-stable distribution and processes have found
many interesting applications, also in technical diagnostics
[24]. In our approach, instead of kurtosis calculation for each
subsignal from time-frequency representation, we propose
examining the 𝛼 and 𝜎 parameters calculated on the basis
of appropriate subsignals. We estimate those parameters by
using the regressionmethod [31], where it is widely discussed.
Whole idea is based on the regression of the characteristic
function of the sample.

Here, we use parameters 𝛼 and 𝜎 as indicators of impul-
sivity and energy, respectively.

Subsignals coming from bands with high energy should
have significantly higher scale parameter. High energy in
the spectrogram of the vibration signal from gearbox is
connected with the deterministic component of the sig-
nal. Combining such information one can construct filter
characteristic which will allow for deterministic component
attenuation. Filter construction is as follows. Let us assume
that estimated parameters 𝜎 of 𝛼-stable distribution for set of
subsignals extracted from the time-frequency decomposition
are denoted as �̂� = {�̂�(𝑓1), �̂�(𝑓2), . . . , �̂�(𝑓𝑀)}, where 𝑀 =
⌊nfft/2⌋ + 1. We define filter characteristic as follows:

𝜎filter (𝑓) = 1 − �̂� (𝑓)
max (�̂�) . (4)

We define stoppage criterion as minimum value of the
stability parameter of the signal in the time domain. This
parameter indicates impulsivity of the data. The lower the
value of this parameter, the higher the impulsivity. One of
the other approaches would be to use kurtosis as indicator.
However, it is not suggested as it can be easily affected by
single impulses that are not related to the fault.

Filtered signal is now assumed to be input signal for the
spectrogram and whole procedure restarts at calculation of



4 Shock and Vibration

Gearbox

Drive

Drive

pulley

Bearing

Bearing

Load

Coupling

Figure 2: Investigated machine.

1

2

3

4

5

6

7

8

0

Fr
eq

ue
nc

y 
(k

H
z)

Raw signal

0.4 0.6 0.8 1 1.2 1.4 1.6 1.80.2
Time (secs)

(a)

Raw signal

−100

−80

−60

−40

−20

0

20

40

60

80

100

Ac
c. 

(m
/Ｍ

2
)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Time (secs)

(b)

Raw signal envelope spectrum

10 20 30 40 50 60 70 80 90 1000
Frequency (Hz)

Harmonic cursor = 16.5 Hz
Harmonic cursor = 4.1 Hz

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Ac
c. 

(m
/Ｍ

2
)

(c)
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Figure 5: Time waveforms of 𝛼-filtered signal (a) and SK-filtered
signal (b).

the spectrogram with repeated filtrations until 𝑁 iterations.
After performing all iterations one needs to find in which
iteration the stability parameter of the signal in time domain
reaches the minimum value for the filtered signal. This
allows us to determine where deterministic component has
been attenuated best. Filtered signal from that iteration has
now highly attenuated deterministic component. In addition,
we can use 𝛼-filtration [24] to easily enhance impulsive
component of the signal. Let us assume that estimated
vector of 𝛼 parameters for subsignals from time-frequency
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representation is given by �̂� = {�̂�(𝑓1), �̂�(𝑓2), . . . , �̂�(𝑓𝑀)}.
Then 𝛼 filter characteristic would be defined as

𝛼filter (𝑓) = max (�̂� (𝑓)) − �̂� (𝑓)
max (�̂� (𝑓)) −min (�̂� (𝑓)) . (5)

Output signal has now significantly reduced determinis-
tic component, enhanced impulsive component, and can
be easily analyzed in time, frequency, and time-frequency
domains. In Figure 1 we present the flowchart of the described
procedure.
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Figure 8: Spectrogram of the signal (a), time waveform of the signal (b), and its envelope spectrum (c).

3. Real Data Analysis

To prove efficiency of the proposed methodology we will
show results of application of data-driven filtration to real
vibration data from complex mechanical system operating
in mining industry (Figure 2). Moreover, gearbox comes
from driving system used in belt conveyor, a very popular
technology, commonly used in mining industry for material
transportation. Measurements have been performed using
Bruel Kjaer Pulse system. Parameters of data acquisition
depend on the investigated object. In this case, they are as
follows: duration 2 s, sampling frequency 16384Hz, and the
expected faults frequencies are 4.1 Hz and 16.5Hz. This sec-
tion is divided into two subsections. First subsection contains
results of applying spectral kurtosis method for enhancement
of the impulsive component in the signal and applying 𝛼-
filter. Second subsection contains novel procedure, namely,
data-driven filtration described in Section 2.

In Figure 3 one can observe time waveform of the signal,
its envelope spectrum, and its time-frequency decomposi-
tion, namely, spectrogram. There are presently 3 main type
frequency bands in the spectrogram: first containing low
frequency high energy component responsible for the shape
of the signal (marked with A), second being informative
frequency bands (IFB) placed at 2.5–3.5 kHz and 4–4.5 kHz
(marked with B1 and B2, resp.), and noninformative high
frequency band (marked with C). Furthermore, it can be
easily seen that it is correct placement of IFBswhen observing
values of 𝛼-stable distribution parameter estimated for each
frequency bin (Figure 4(a)). In Figure 3(c) one can see
envelope spectrum of the signal with marked frequencies
of both faults with its harmonics. First fault with frequency
equal to 4.1 Hz (blue vertical lines) overlaps second fault
with frequency equal to 16.5Hz (red vertical lines). Due to
the operation regime of the machine it was not possible to
perform visual inspection. Parameters of the machine are
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Figure 9: 𝜎-filter characteristics for each iteration.

known including shaft andmesh characteristic frequencies. It
allows for the rough fault detection in time domain. However,
second fault is not visible in any domain.

3.1. Spectral Kurtosis and 𝛼 Filtration Comparison. This sub-
section contains results of application of spectral kurtosis
to the vibration data measured on the gearbox casing and
moreover it contains authors’ procedure of 𝛼-stable distribu-
tion based filtration. Both spectral kurtosis and 𝛼 act in the
literature as measures of impulsivity of the subsignals from
the spectrogram.

In Figure 4 one can observe filter characteristics for
filtration methods based on the 𝛼-stable distribution (a)
and spectral kurtosis (b). One can denote more precise
informative band selection in the method using 𝛼-stable
distribution.

Using obtained filter characteristics one can perform fil-
tration of the raw signal.The following figures contain filtered
signals in different domains. In Figure 5 one can observe
result of the filtration in the time domain. In comparison to
the raw signal timewaveform it can be denoted that impulsive
component has been slightly enhanced.

However, comparing envelope spectra (Figure 6) one can-
not easily determine existence of both faults in the frequency
domain due to the visible fault overlapping hidden fault. Such
situation happened due to the second fault frequency being
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Figure 10: Stability parameter for each 𝜎-filtered signal.

multiplicative of the first one, the same as in unprocessed
signal envelope spectrum.

It can be seen here in Figure 7 that 𝛼 filter heavily
enhanced impulsive component in its bands while SK results
are poor in this case.
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Figure 11: Spectrogram of the signal (a), time waveform of the signal (b), and its envelope spectrum (c).

Further iterations of 𝛼-filter do not improve SNR due to
the behavior of the model. Fitting 𝛼-stable distribution to the
signal filtered with 𝛼-filter will result in similar distribution
of the 𝛼 parameters.

3.2. Novel Method Results. In this subsection one can denote
that it contains results for the single 𝜎-filtration which will
provide reference point together with 𝛼-filtration described
in previous section, consecutive filter characteristics for each
of the iterative 𝜎-filtrations, and finally result of applying
𝛼-filter to the 𝜎-filtered signal with minimum value of the
stability parameter for the signals in the time domain.

As for the comparison to the 𝛼-filtration we performed
𝜎-filtration by fitting 𝛼-stable distribution towards subsignals
extracted from the time-frequency decomposition of the raw
vibration signal. Combining information visible in Figure 8
one can see that deterministic component of the signal
has been attenuated (Figures 8(a) and 8(c)) providing even

distribution of the energy on the spectrogram. Furthermore,
envelope spectrum allows one to see fundamental frequency
of the hidden fault along with its harmonics. However, time
waveform does not yet provide important result about the
fault.

Based on results from 𝛼-filtration (Figures 5–7) and 𝜎-
filtration (Figure 8) we can say that neither 𝛼 nor 𝜎 filtration
provide satisfactory results. Both improve slightly SNR but
results are not perfect. Given properties of both parameters
one can apply procedure from Figure 1 iteratively. Given raw
vibration signal it is necessary to decompose it via STFT.
Further, one establishes 𝜎-filter characteristics (Figure 9) and
filters signal and the procedure is repeated.

Each of the filtrations is based on the 𝛼-stable distribu-
tion and its scale parameter, namely, 𝜎. Filtering iteratively
demands fitting mentioned distribution to the subsignals
extracted from the time-frequency decomposed signal and
further filtered signals. It allows for the creation of the 𝜎-filter
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Figure 12: Spectrogram of the signal (a), time waveform of the signal (b), and its envelope spectrum (c).

characteristics which are presented in Figure 9. It can be seen
that first three iterations put emphasis on the attenuation of
the deterministic component of the signal. Further iterations
will result in attenuation of the different components of the
signal. In Figure 10 one can see stability parameter value
after each filtration. It can be observed that the lowest value
of this parameter was estimated for the third filtration.
Additionally, we tested iterative procedure for parameter 𝛼
as SOI enhancement method. However, results after iterative
procedure using this parameter were similar to the results
after single 𝛼-filtration.

In Figure 11 one can see results of the iterative filtration
using 𝜎-filter. Procedure has been applied three times result-
ing in lowest value of stability parameter for the sample. First,
one can notice equalization of amplitudes through most of
the frequency bands in the spectrogram in Figure 11(a). Fur-
thermore, it can be seen that attenuation of the deterministic
components allowedus to obtain frequency of the fault and its

harmonic on the envelope spectrum. Detected frequency of
the fault is equal to 16.5Hz. However, still one can not distinct
impulsive behavior in the time domain and as such one needs
to consider methods allowing for improving SNR. In our
case, we have used previously developed 𝛼-stable distribution
stability parameter procedure for enhancement of the IFB.

Combining results obtained using iterative application of
𝜎-filter with 𝛼-filter which enhances impulsive components
one can observe that result allows one for the detection of
the hidden fault. In Figure 12(a) it can be seen that bands
containing impulsive component connected to the fault have
been strongly emphasized. Observing Figures 12(b) and 12(c)
it can be seen that hidden fault is now easily observable in
both time and frequency domain.

4. Conclusions

In the paper a novel procedure for SOI denoising is proposed.
It is 𝛼-stable distribution based data-driven filters set that
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iteratively attenuates high energy low frequency components
by 𝜎-filtering and finally enhances impulsive components
by 𝛼-filtering. As stoppage criterion for iterative 𝜎-filtering,
stability parameter of the signal in time domain was applied
as a measure of impulsivity in the signal. Applying 𝛼-filtering
iteratively does not result in improving signal to noise ratio.
Application of the procedure was performed on the real data
from the complex mechanical system. Measured data was
acquired from the gearbox of the belt conveyor’s pulley drive.
There were two existing faults in the system, first located at
4.1 Hz frequency and second at 16.5Hz frequency. Due to the
second being close multiplicative of the first one it was not
possible to determine its existence in any domain. Applying
novel procedure it was possible to attenuate certain parts of
the signal and enhance visibility of the second fault. In other
words, we were able to detect both damage types.
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Local damage detection in rotatingmachinery is simply searching for cyclic impulsive signal in noisy observation. Such raw signal is
mixture of various components with specific properties (deterministic, random, cyclic, impulsive, etc.).The problem appears when
the investigated process is based on one of the heavy-tailed distributions. In this case the classical measure can not be considered.
Therefore, alternative measures of dependence adequate for such processes should be considered. In this paper we examine the
structure of dependence of alpha-stable based systems expressed by means of two measures, namely, codifference and covariation.
The reason for using alpha-stable distribution is simple and intuitive: signal of interest is impulsive so its distribution is heavy-tailed.
The main goal is to introduce a new technique for estimation of covariation. Due to the complex nature of such vibration signals
applying novel methods instead of classical ones is recommended. Classical algorithms usually are based on the assumption that
theoretical secondmoment is finite, which is not true in case of the data acquired on the faulty components. Main advantage of our
proposed algorithm is independence from second moment assumption.

1. Introduction

Local damage detection is crucial task in the modern condi-
tion monitoring. Most of the methods are based on detection
of cyclic impulsive signal in noisy observation. Many authors
explore new possibilities for more efficient fault detection.
Difficulty of this problem is found in the properties of the
vibration data acquired from the industrial machines. Such
signals are often affected by the non-Gaussian noise. This
noise is a result of the vibration contamination from nearby
working machines. During signal processing, it highly affects
the chance of the fault detection. Main reason behind the
interest in this task has serious economical background. In
early stages, local damage is usually masked by the high
energy of other signal components. It results in low signal-
to-noise ratio and thus such fault often remains undetected.

Main problem in local damage detection based on vibration
signal analysis is type of the background noise. In many
fields noise is non-Gaussian. In such case, methods used as
a standard ones are not sufficient enough [1–6]. Impulsive
behavior of noise enforces application of methods adequate
for this type of signal. In this paper, we provide technique
that is based on the one of the most known impulsive-type
models, 𝛼-stable distribution-based one.

The 𝛼-stable distribution and processes belong to the
so-called heavy-tailed family, which indicates the extreme
values of a corresponding random variable (or process) are
more probable than in the Gaussian case. Since Mandelbrot
introduced the 𝛼-stable distribution in modeling of finan-
cial asset returns [7, 8], numerous empirical studies have
been done in different applications. Indeed, this distribution
can be applied in finance [9–11], biology and microbiology
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[12, 13], plasma fluctuations in fusion devices [14–18], physics
[19], and electrical engineering [20]. The 𝛼-stable distribu-
tions have found also applications in technical diagnostics
[21, 22].

As was mentioned, the local damage of rotating machine
is demonstrated by cyclic behavior of vibration signal. The
cyclic nature of given data can be recognized by analyz-
ing of statistics which indicate the dependence inside the
process. Clearly, the classical measure is autocovariance (or
autocorrelation). However, as mentioned, when the signal
has impulsive nature, the classical measure should not be
considered. Indeed, the second moment does not exist; thus
covariance is infinite. In this case, the alternative measures
of dependence are examined. The most known measures
adequate for heavy-tailed processes are codifference and
covariation [23]. The codifference is considered for infinitely
divisible processes and is defined through the characteristic
function of given process. Therefore the empirical equiva-
lent of codifference is based on the empirical characteristic
function [24]. The second measure defined only for 𝛼-stable
distributed processes is based on the spectral measure; then
the problem of its estimation is much more complicated.
The main goal of this paper is to introduce a new esti-
mation method for covariation which follows directly from
its definition. This approach complements the gap in the
problem of covariation estimation, rarely discussed in the
literature.

As the application, we show how the empirical cod-
ifference and covariation can be useful in the problem
of local damage detection based on the vibration signal
analysis.

The rest of the paper is organized as follows: in Sec-
tion 2 we present main properties of 𝛼-stable distributed
random variables in one-dimensional and multidimensional
case. In Section 3 we present the alternative measures of
dependence adequate for processes with infinite variance,
namely, covariation and codifference. Next section is devoted
to the empirical counterparts of mentioned measures. The
main goal is the introduction of a new technique of estima-
tion of covariation which is based on the spectral measure
estimation. In Section 5 we present how the proposed
techniques can be useful in the problem of local damage
detection in rotating machines. Last section concludes the
paper.

2. The 𝛼-Stable Distribution
In this section we introduce the 𝛼-stable distribution and
present main properties of 𝛼-stable distributed random
variables. We consider separately one-dimensional and mul-
tidimensional cases.

2.1. One-Dimensional Case. There are few equivalent defini-
tions of 𝛼-stable distributed random variables. One of the
definition is in terms of its characteristic function.

Namely, a random variable 𝑋 is said to have 𝛼-stable
distribution if there are parameters 0 < 𝛼 ≤ 2, 𝜎 > 0,

−1 ≤ 𝛽 ≤ 1, and 𝜇 ∈ 𝑅 such that the characteristic function
of𝑋 has the following form [23]:

𝜙𝑋 (𝑡) = 𝐸 exp (𝑖𝑡𝑋)

=
{{{{{{{{{{{

exp {−𝜎𝛼 |𝑡|𝛼 (1 − 𝑖𝛽 sign (𝑡) tan(𝜋𝛼2 )) + 𝑖𝜇𝑡} 𝛼 ̸= 1,

exp {−𝜎 |𝑡| (1 + 𝑖𝛽 2𝜋 sign (𝑡) ln (|𝑡|)) + 𝑖𝜇𝑡} 𝛼 = 1.
(1)

In the above function the 𝛼 parameter is called stability
index, 𝜎 is the scale parameter, and 𝛽 is the skewness param-
eter while 𝜇 is the shift parameter. It is worthmentioning that
for𝛽 = 0 and 𝜇 = 0 the random variable𝑋with characteristic
function given in (1) is called symmetric 𝛼-stable.

Although the 𝛼-stable distribution and processes have
found many practical applications, they possess some draw-
backs. One of them is that the probability density function
(as well as cumulative distribution function) for 𝛼-stable
distribution does not have useful analytical form. However,
there are three exceptions, the Gaussian distribution (for 𝛼 =2), Lévy distribution (for 𝛼 = 1/2), and Cauchy distribution
(for 𝛼 = 1).

One of the main properties of 𝛼-stable distributed ran-
dom variables is the so-called heavy-tailed behavior. In
probability theory, heavy-tailed distributions are probability
distributions whose tails are not exponentially bounded; that
is, they have heavier tails than the exponential distribution.
For 𝛼 < 2 the 𝑝th moment exists only for 𝑝 < 𝛼 while for𝑝 ≥ 𝛼 it is infinite. Therefore, in case 𝛼 < 2 the second
moment of 𝛼-stable distributed random variable 𝑋 does not
exist which indicates that many of the techniques valid for
Gaussian case can not be applied.

2.2. Multidimensional Case. A 𝑑-dimensional 𝛼-stable ran-
dom vector X can be defined by means of its characteristic
function.Namely,X is𝑑-dimensional𝛼-stable randomvector
if there exists a finite measure Γ on (𝑑 − 1)-dimensional unit
sphere S𝑑−1 (called spectral measure) and shift vector 𝜇0 ∈
R𝑑 such that its characteristic function has the following form
[23]:

Φ (t) = 𝐸 exp (−𝑖 ⟨X, t⟩) = exp (−I (t))
= exp (−∫

S𝑑−1
𝜓𝛼 (⟨t, s⟩) Γ (𝑑s) + 𝑖 ⟨t,𝜇0⟩) ,

𝜓𝛼 (𝑢) = {{{{{
|𝑢|𝛼 (1 − 𝑖 sgn (𝑢) tan 𝜋𝛼2 ) if 𝛼 ̸= 1,
|𝑢| (1 + 𝑖 2𝜋 sgn (𝑢) ln |𝑢|) if 𝛼 = 1,

(2)

and ⟨t, s⟩ = 𝑡1𝑠1 + 𝑡2𝑠2 + ⋅ ⋅ ⋅ + 𝑡𝑑𝑠𝑑 denotes inner product of
t, s ∈ R𝑑.

Let us observe that I(t) = − lnΦ(t) and therefore I is
the exponent of the characteristic function Φ(t) of random
vector X. It is obvious that 𝛼-stable random vectors inherit
properties from one-dimensional case, for instance, the
heavy-tailed behavior of vectors’ marginal distributions. It is
also interesting that any linear combination of the marginal
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distributions of X of the form 𝑌 = ∑𝑑𝑘=1 𝑎𝑘𝑋𝑘 have 𝛼-stable
one-dimensional distribution; see theorem 2.1.2 [23]. The
contrary is only true if all linear combinations𝑌 = ∑𝑑𝑘=1 𝑎𝑘𝑋𝑘
are symmetric or have stability index greater than or equal to
one or are strictly stable.

As it was mentioned, despite many interesting properties
of 𝛼-stable distributions and interesting applications, there
aremany disadvantages. One of them is related to the fact that
for 𝛼-stable distribution the main measure of dependence,
such as correlation (or covariance), can not be used for 𝛼 <2, since in this case, as was indicated above, the theoretical
second moment is infinite. Therefore, there is a need to
consider alternative measures of dependence that can be
adequate for infinite variance processes. In the next section
we introduce two of them and indicate their interesting
properties.

3. Alternative Measures of Dependence for
Infinite Variance Processes

One of the measures that is often considered as a tool for
measuring interdependence is the codifference.This measure
is defined for general class of processes, namely, infinitely
divisible. For the stationary infinite divisible process {𝑋(𝑡)}
the codifference is defined as follows [23]:

CD (𝑋 (𝑡) , 𝑋 (0)) = log (E exp (𝑖 (𝑋 (𝑡) − 𝑋 (0))))
− log (E exp (𝑖𝑋 (𝑡)))
− log (E exp (−𝑖𝑋 (0))) .

(3)

Themain properties of the codifference one can be found, for
example, in [23]; we only mention here that this measure can
be considered as an extension of the autocovariance. In case
the {𝑋(𝑡)}process isGaussian the codifference reduces simply
to the autocovariance [25]. The codifference carries enough
information to detect ergodic properties of the process {𝑋(𝑡)}
[26]. It is also closely related to another measure, namely,
dynamical functional, discussed, for example, in [27–32], in
the context of chaotic behavior recognition.The codifference
is also used to examine the so-called long range dependence
(or long memory) in case the correlation function is not
defined [33].

Another alternative measure of dependence is the covari-
ation. This measure is defined only for symmetric 𝛼-stable
random variables with 𝛼 > 1. If 𝑇1 and 𝑇2 are jointly
symmetric 𝛼-stable with 𝛼 > 1 and Γ is the spectral measure
of a random vector (𝑇1, 𝑇2), then the covariation of 𝑇1 on 𝑇2
is the real number defined as [23]

CV (𝑇1, 𝑇2) = ∫
S2

𝑠1𝑠⟨𝛼−1⟩2 Γ (𝑑𝑠) , (4)

where S2 is the unit sphere in R2 and the signed power𝑧⟨𝑝⟩ is given by 𝑧⟨𝑝⟩ = |𝑧|𝑝 sign(𝑧). The main properties of
the covariation can be found in [23]. We only mention, in
contrast to codifference, that the covariation is not symmetric
measure when 𝛼 < 2 and when 𝛼 = 2 it is equal to half of the
covariance of 𝑇1 on 𝑇2. Moreover, for 𝛼 > 1, the covariation

induces a norm on the linear space of jointly symmetric 𝛼-
stable random variables. Namely, if𝑇1 is a symmetric 𝛼-stable
random variable with 𝛼 > 1, then

𝑇1𝛼 = (CV (𝑇1, 𝑇1))1/𝛼 . (5)

The covariation norm of given random variable is equal to
its scale parameter. If we assume 𝑇1 and 𝑇2 are symmetric 𝛼-
stable with 𝛼 > 1, then the codifference of 𝑇1 on 𝑇2 can be
expressed bymeans of the covariation norm; namely [23, 34],

CD (𝑇1, 𝑇2) = 𝑇1𝛼𝛼 + 𝑇2𝛼 − 𝑇1 − 𝑇2𝛼𝛼 . (6)

4. Empirical Measures of Dependence for
Infinite Variance Processes

In this section we introduce the methods of estimating of
the alternative measures of dependence, adequate for infinite
variance processes, considered in the previous section. We
mention that the estimator of codifference was introduced
previously in the literature; therefore we only show here the
idea of estimating method. The main result of the paper is
presented in Section 4.2, where we introduce a new tool of
covariation estimating.

4.1. Codifference. For the stationary process {𝑋(𝑡)} we define
an estimator of codifference in the following way [25]:

ĈD (𝑋 (𝑡) , 𝑋 (𝑠)) = ln (𝜙 (1, −1,𝑋 (𝑡) , 𝑋 (𝑠)))
− ln (𝜙 (1, 0, 𝑋 (𝑡) , 𝑋 (𝑠)))
− ln (𝜙 (0, −1,𝑋 (𝑡) , 𝑋 (𝑠))) ,

(7)

where 𝜙(𝑢, V, 𝑋(𝑡), 𝑋(𝑠)) is an estimator of the characteristic
function:

𝜙 (𝑢, V, 𝑋 (𝑡) , 𝑋 (𝑠)) = 𝐸 exp {𝑖 (𝑢𝑋 (𝑡) + V𝑋(𝑠))} . (8)

In [24] an efficient methodology is introduced for estimating
the codifference from a single trajectory of stationary process.
Namely, if {𝑥𝑘, 𝑘 = 1, . . . , 𝑁} is realization of a stationary
process {𝑋(𝑡)}, then the estimator of the characteristic func-
tion takes the form

𝜙 (𝑢, V, 𝑋 (𝑡) , 𝑋 (𝑠))
= 1𝑁
𝑁−|𝑡−𝑠|∑
𝑘=1

exp (𝑖 (𝑢𝑥𝑘+|𝑡−𝑠| + V𝑥𝑘)) . (9)

At the end we should mention that the estimator of codif-
ference for linear 𝛼-stable process has very good properties
[24, 35, 36] and has been successfully used, for instance, in
the problem of proper model recognition [25] as well as to
detect impulsive behavior of real data [21].

4.2. Covariation. We estimate the covariation using formula
(4); therefore a spectral measure Γ should be estimated first.
In general, the spectral measure of 𝑑-dimensional stable
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random vector is a measure over 𝑑-dimensional unit sphere.
It can be continuous, as well as discrete. In practice, we use
a fact proved by Byczkowski et al. [37] that every spectral
measure can be approximated by its discrete approximation.
From this reason formula (4) can be estimated in the
following way:

ĈV (𝑋, 𝑌) = 𝑛∑
𝑖=1

𝑠1,𝑖𝑠⟨𝛼−1⟩2,𝑖 Γ∗ ({s𝑖}) , (10)

where Γ∗ is the discrete approximation of spectral measure Γ
and s𝑖 = (𝑠1,𝑖, 𝑠2,𝑖) for 𝑖 = 1, 2, . . . , 𝑛 are locations on unit circle
of Γ∗ masses.

In the literature one can find several approaches to spec-
tral measure’s estimation, starting from methods based on
empirical characteristic functions of bivariate 𝑆𝛼𝑆 vectors [38,
39], through spherical harmonic analysis [40] and quantile
lines [41], to generalized empirical likelihood method [42].
In this work, for the illustration purposes, we use the method
of estimating of the discrete spectral measure proposed by
Nolan et al. [38], which is based on one-dimensional projec-
tions of bivariate 𝑆𝛼𝑆 vectors and the empirical characteristic
functions. The method is presented in the following part.

Let us consider an independent identically distributed
(i.i.d.) sample X1,X2, . . . ,X𝑘 from bivariate 𝑆𝛼𝑆 vector X =(𝑋, 𝑌). First we construct a set of one-dimensional projec-
tions ⟨X1, t𝑖⟩, ⟨X2, t𝑖⟩, . . . , ⟨X𝑘, t𝑖⟩ for every point t𝑖 of a grid
t1, t2, . . . , t𝑛 that is equally distributed over S1.

In the next step, for all samples ⟨X1, t𝑖⟩, ⟨X2, t𝑖⟩,. . . , ⟨X𝑘, t𝑖⟩ we estimate one-dimensional parameters of
univariate 𝛼-stable random variables 𝛼(t𝑖), 𝜎(t𝑖), 𝛽(t𝑖), 𝜇(t𝑖)
using McCulloch empirical quantile method [43]. Then we
derive the empirical estimator of characteristic function’s
exponent:

Î (t𝑗)

= {{{{{
�̂��̂�(t𝑗) (t𝑗)(1 − 𝑖𝛽 (t𝑗) tan 𝜋�̂� (t𝑗)2 ) if �̂� (t𝑗) ̸= 1,
�̂� (t𝑗) (1 − 𝑖𝜇 (t𝑗)) if �̂� (t𝑗) = 1.

(11)

Obtained vector Î = [Î(t1), . . . , Î(t𝑛)] is the projection
estimator of I. Since we estimate a discrete approximation of
spectral measures, we assume that all its mass is concentrated
in points of unit circle S1: s1, s2, . . . , s𝑛. Therefore, we have

I (⋅) = 𝑛∑
𝑖=1

𝜓𝛼 (⟨⋅ , s𝑖) Γ∗ ({s𝑖}) , (12)

where Γ∗ is the discrete approximation of the true spectral
measure Γ and function 𝜓𝛼 is defined in (2).

Nolan et al. in [38] suggest taking s𝑗 = t𝑗 for 𝑗 = 1, . . . , 𝑛
and assume that 𝑛 = 2𝑚, 𝑚 ∈ N; then empirical version
of equation (12) can be rewritten in the following matrix
equation form:

ĉ = ÂΓ∗, (13)

where ĉ = [𝑐1, 𝑐2, . . . , 𝑐𝑛] is a row vector with elements:

𝑐𝑖 = {{{
RÎ (t𝑖) 𝑖 = 1, 2, . . . , 𝑚,
IÎ (t𝑖) 𝑖 = 𝑚,𝑚 + 1, . . . , 𝑛, (14)

and Â = [𝑎𝑖,𝑗]𝑛𝑖,𝑗 is a square matrix with the following entries:

𝑎𝑖,𝑗 = {{{
R𝜓𝛼 (⟨t𝑖, t𝑗⟩) 𝑖 = 1, 2, . . . , 𝑚,
I𝜓𝛼 (⟨t𝑖, t𝑗⟩) 𝑖 = 𝑚,𝑚 + 1, . . . , 𝑛. (15)

In above formulas R and I denote real and imaginary part
of complex number, respectively.

To avoid further numerical problems with inverting
formula (13) such as obtaining the spectral measure masses
of negative sign, we can obtain Γ∗ by minimizing some
functional:

Γ̂∗ = min
Γ∗>0

ĉ − ÂΓ∗ . (16)

In our further numerical experiments of estimating the
covariance measure we implemented the above presented
algorithms inMATLAB package including fmincon routine.

We also note that another method of estimating covaria-
tion measure was suggested previously in the literature [44].
This method leads to estimation of normalized covariation
and is based on the 𝑝th moment approach. In order to
obtain the empirical covariation adequate to definition (4)
by using the method introduced in [44] there is a need to
know the theoretical stability index and the scale parameter
of appropriate random variable. From the practical point of
view, this means there is a need to estimate both of them.
However, we have compared thatmethod to the one proposed
in this paper and result suggests that methodology proposed
in this paper leads to even better estimates of the true values
for theoretical models examined in the next section. One can
find also other approaches of calculating the covariation from
financial data [45].

5. Application for Local Damage Detection in
Rotating Machines

Local damage (crack, pitting, spall, breakage, etc.) inmechan-
ical components produces events, short in time (impulsive)
and wideband in frequency, disturbance which occurred in
measured vibration. Undetected local damage could develop
into more severe one and lead to the breakdown of the whole
machine. Thus, local damage detection is one of the most
widely explored problems in modern condition monitoring.
Detection of such damage in industrial reality might be
practically difficult due to poor signal-to-noise ratio and
specific properties of informative signal. Localized damage
causes significant, local increase of interaction of surfaces
being in contact. It means that at these time moments
forces/moments are several (or more) times bigger than
during normal operation. It accelerates degradation and
might rapidly (much quicker than distributed damage) cause
catastrophic failure.
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Vibration analysis seems to be themost effective approach
for this problem. Mechanism of generation of informative
signals is well recognized [1–4, 46]. Local change of stiffness
associated with crack or loss of surface causes impulsive
disturbance in the signal. Due to rotation of elements,
these disturbances should be cyclic [5]. These two features
impulsiveness and periodicity are a basis for damage detec-
tion. However, detection of impulsive behavior or period
of such behavior is often difficult. Thus, many different
decomposition techniques of raw signal could be used. In
this paper we used one of the most known decomposition
methods, namely, time-frequency decomposition via Short-
Time Fourier Transform (spectrogram).

The time series from the spectrogram corresponding to
given frequency are called the subsignals. They are analyzed
using appropriate statistics (called selectors). Undoubtedly,
the most popular statistic was kurtosis [6], one of the
measures that can point out these frequency bins on time-
frequency map revealing the most impulsive nature. How-
ever, for many real signals the kurtosis-based approach does
not give expected results because it can be sensitive for
impulses not associated with damage (related to artifacts,
non-Gaussian noise, or even regular operation of other parts
of machines, i.e., valves).

The idea of spectral kurtosis was extended and other
selectors were proposed for local damage detection [5, 47–
49]. Generally, thementioned selectors are constructed under
the assumption that distribution of subsignal corresponding
to healthy condition should resemble Gaussian one in com-
parison to distribution of subsignal corresponding to damage
condition.The idea of modeling of the subsignals from time-
frequency representation was also extended to more general
class of distribution, namely, 𝛼-stable, [21, 50]. As it was
mentioned in the previous sections, the 𝛼-stable distributions
are especially important in the context of modeling of data
with visible jumps; therefore they can be appropriate for
describing of subsignals related to damage. In this case the
value of 𝛼 parameter is significantly smaller than 2. On the
other hand, for 𝛼 close to 2, the stable distribution is close
to Gaussian one; therefore the class of 𝛼-stable distributions
can be also used for modeling of subsignals for healthy case.
Because of that reason the 𝛼-stable distribution approach
seems to be appropriate in the problem of local damage
detection.

To get information about hidden periodicity in the signal,
so-called Spectral Correlation Density map and spectral
coherence were calculated as bifrequency maps. One of the
most popular algorithms was simple: decompose signal into
set of df frequency bins using spectrogram and next for each
bin calculate spectrum.Unfortunately, signal is nonstationary
and highly impulsive for set of frequency bins so at least
from theoretical point of view using classical techniques is
not appropriate.Then we propose using 𝛼-stable distribution
perspective and consequently measures adequate for infinite
variance processes, namely, codifference and covariation,
described in the previous sections.

Visualization of such measures for each subsignal results
in new form of lag-frequency map that presents diagnostic
information in very clear way [21]. Similar approach without

Table 1: Characteristic frequencies.

Component Frequency (Hz) Result

𝑓01 (Hz) 𝑓01 = 𝑛160 16.58Hz

𝑓02 (Hz) 𝑓02 = 𝑛260 = 𝑛160 ⋅ 𝑢1 4.1 Hz

𝑓03 (Hz) 𝑓03 = 𝑛360 = 𝑛160 ⋅ 𝑢1 ⋅ 𝑢2 1.31 Hz

𝑓𝑧12 𝑓𝑧12 = 𝑛1 ⋅ 𝑧160 381.42Hz

𝑓𝑧34 𝑓𝑧34 = 𝑛2 ⋅ 𝑧360 147.6Hz

𝑈𝑝 𝑈𝑝 = 𝑧2 ⋅ 𝑧4𝑧1 ⋅ 𝑧3 12.69

the assumption of 𝛼-stable distribution of appropriate subsig-
nals was presented in [51].

Mining machines seem to be one of the most complex
machines in industry with complex structure, high-power,
time-varying load, and so on. In this paper we will con-
centrate on the belt conveyor system, commonly used for
continuous transport of bulk material (coal, overburden,
copper ore, etc.) in both opencast and underground mines.
Depending on the design (power required by the machine to
move) belt conveyor driving station might consist of one up
to four drive units with 630 or 1000 kW power each. In our
research 630 kW two-stage gearboxwas considered. Real data
analysis was performed on the vibration signal of a two-stage
gearbox that operates in an open-pitmine and transfer torque
from an engine to a belt conveyor pulley. Measurements
were made using Bruel-Kjaer Pulse system with following
acquisition parameters: length of the signal equal to the 2.5 s
and sampling frequency 16384Hz. Sensors were mounted on
the housing of the gearbox.

Gearbox has been operating under regular conditions.
Load has not beenmeasured directly; however it was assumed
based on the visual inspection of material stream transported
on the belt that gearbox has been properly loaded. Frequency
sampling used in the data acquisition is one of the typical
values for this measurement system (power of 2). It is worth
denoting that mining machines are those of high-power
and their characteristic frequencies are relatively low. In the
further analysis it can be seen that for higher frequencies
(above couple of kHz) there is no information contained in
these bands. Scheme of the gearbox is presented in Figure 1
with frequencies of the shafts presented in Table 1. As one
can see, frequencies of the shafts (𝑓01 of shaft 𝑤1, 𝑓02 of shaft𝑤2, and 𝑓03 of shaft 𝑤3), gear mesh frequencies (𝑓𝑧12 for first
stage, 𝑓𝑧34 for second stage), and ratio (𝑈𝑝) can be easily
estimated. We have also given the calculated frequencies
for the investigated gearbox. Investigated gearbox has shaft
speed equal to 995 RPM. Speed of second and third shaft are
equal to 246 RPM and 78RPM, respectively. Ratios of first
and second stage are equal to 𝑢1 = 4.04 and 𝑢2 = 3.14,
respectively. Numbers of teeth on the gears are as follows:𝑧1 = 23, 𝑧2 = 93, 𝑧3 = 36, and 𝑧4 = 113. However,
we were not able to investigate visually condition of the
gears. On the other hand, according to the state of the start
and our own experience, we know that cyclic impulsive
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Figure 1: Scheme of the gearbox.
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Figure 2: The raw vibration signal (a) and its spectrogram (b).

behavior at fault characteristic frequency means that there is
a local damage on gear mounted on shaft rotating with that
frequency.

Knowing design factors of the machine, one can calculate
the fault frequencies for each component. In this vibration
signal two fault frequencies were detected: 4.1 Hz and 16.5Hz.
After the technical survey they were confirmed to be placed
on the first shaft (local damage at 16.5Hz) and on the second
shaft (distributed fault with strong amplitude modulation at
4.1 Hz).

In Figure 2 we present both time waveform of the
acquired signal and its time-frequency decomposition,
namely, spectrogram.We remind the reader that the spectro-
gram is a square of absolute value of the Short-Time Fourier
Transformdefined for time point 𝑡 and frequency𝑓 as follows
[5]:

STFT (𝑡, 𝑓) = 𝑛−1∑
𝑘=0

𝑥𝑘𝑤 (𝑡 − 𝑘) 𝑒2𝑗𝜋𝑓𝑘/𝑁, (17)

where 𝑤(𝑡 − 𝜏) is the shifted window and 𝑥0, . . . , 𝑥𝑛−1 is the
input signal.

It can not be easily observed that in the time domain the
analyzed signal exhibits impulsive behavior. Cyclic changes of
the amplitude are present due to the high energy in the low-
frequency band responsible for the deterministic component
of the signal.

Observing spectrogram (see Figure 2(b)) one can point
out three main types of frequency bands. First type has
high energy (red band on the spectrogram) and is placed
at low frequencies (below 1 kHz). It carries strong energy
and thus it is responsible for the amplitude modulation of
the signal, as it can be seen in Figure 2(a). One can see
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Figure 3: Codifference map of the investigated signal.

impulsive behavior repeating 4 times per second. However,
second fault (16.5Hz) is not visible due to the lower energy
in comparison to the first one. Second type of the frequency
bands is with low energy and it is connected with high-
frequency additive noise in the signal (>7 kHz). In this band
we can observe abnormal behavior at 0.2 s. It is related to
the artifact, impulsive event which is not connected with the
fault.Third type of the band containing information about the
fault is usually called an informative frequency band. In this
band we can observe mainly impulsive behavior. In our case
we can see that impulses are present at bands 2–3.5 kHz and
4-5 kHz. Energy of the impulses significantly exceeds energy
of the background noise.

As the next step of our analysis we performed estima-
tion of the codifference measure on each of the extracted
subsignals from time-frequency decomposition, each related
to certain frequency bin. Combining estimates together,
one obtains codifference measure for each of the observed
subsignals. In Figure 3 one can see results of the application
towards investigated signal.

It can be observed that lag-frequency representation
has been improved over spectrogram. Both informative
frequency bands have increased ratio of fault visibility. In
this bands one can easily observe impulsive behavior at
peaks with distance between them equal to 33 lags which
translates to 0.0606 s and corresponds to 16.5Hz. Uncertainty
of the location of impulses is related to the resolution
of the spectrogram. Increasing the resolution allows for
more precise location of the fault in the new lag-frequency
representation but results in the drawback of the increased
computational time. One can observe that low-frequency
band which contained no information in the spectrogram
now holds important information about the second fault. We
observe recurring impulses at peaks with distance between
them equal to 132 lags which translates to 0.243 s and is equal
to 4.11 Hz, close to the real fault frequency.

Summing up, new lag-frequency representation provides
superior overall information in comparison to the spectro-
gram.
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Figure 4: Covariation map of the investigated signal.

In Figure 4 we present the result of the estimated covari-
ation map. This map is constructed similarly to the previous
one; however for each subsignal from the spectrogramwe cal-
culate the empirical covariation applying the new algorithm.
It can be denoted that two frequency bands atwhich repeating
sequences are present are similar to informative frequency
bands from the spectrogram (except the low-frequency band
containing information about 4.1 Hz fault).

It can be concluded that this representation provides
more clear look at selection of the informative frequency
band. Furthermore, repeating sequences allow us to detect
the fault. Each dot at informative frequency bands is placed at
peaks which have distance between them equal to 33 lags and
translates to 0.0606 s which corresponds to 16.5Hz which is
frequency of the fault.

As it was said earlier kurtosis-based approach does not
give expected results. It is due to the kurtosis being sensitive
towards singular impulses (e.g., artifacts). In Figure 5 we
present kurtogram of the investigated signal. The artifact has
wideband frequency signature.

However, it is more visible in the low-energy high-
frequency band. Thus, kurtosis in this band is significantly
higher than for the impulsive behavior in the informative
frequency bands. Highest value of the kurtosis is reached
at dyad [8106.6667Hz; 170.6667Hz] which results in the
frequency band [7936Hz; 8277.3334Hz] which is not the
correct one.

Summing up, provided new lag-frequency representa-
tions when combined together provide substantial informa-
tion about the fault and its location in carrier frequency.
Furthermore, using both of them allows for easier, more
precise detection of the fault frequency. One can see more
transparently features on the new lag-frequency representa-
tions than on the basis of the spectrogram.

6. Conclusions

In this paper the problem of local damage detection based
on the vibration signal analysis is discussed. Real signals
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Figure 5: Kurtogram of the investigated signal.

often acquired in the noisy environment possess impulsive
behavior which is not related to the fault. Therefore the
classical methods of fault detection seem to be inappropriate
in this case. The main point of our methodology is the
assumption that the examined signals exhibit heavy-tailed
behavior and aremodeled by𝛼-stable distribution. In general,
the local damage is demonstrated by periodic behavior of
given signal. However this periodicity very often is not
visible in the raw signal but can be recognized by statistics
that measure dependence between data. By the assumption
of 𝛼-stable distribution we propose considering empirical
measures of dependence adequate for such distribution-
based models, namely, codifference and covariation. Because
in the literature one can find research articles devoted to the
problem of codifference estimation, the main attention of
this paper is paid to the covariation estimation method. We
gave complete description of the new estimation technique
and show the application to local damage detection based on
real signal ofminingmachine working in harsh environment.
The proposed techniques are compared with the classical
kurtosis-based approach.
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