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Background and Motivation. The last few years have seen a
surge in excitement about measurements of statistics of the
primordial fluctuations beyond the power spectrum. New
ideas for precision tests of Gaussianity and statistical isotropy
in the data are developing simultaneously with proposals for
a wide range of new theoretical possibilities. From both the
observations and theory, it has become clear that there is a
huge discovery potential from upcoming measurements.

The twin principles of statistical isotropy and homo-
geneity are a crucial ingredient in obtaining most important
results in modern cosmology. For example, with these
assumptions temperature and density fluctuations in dif-
ferent directions on the sky can be averaged out, leading
to accurate constraints on cosmological parameters that we
have today. Nevertheless, there is no fundamental reason why
these must be obeyed by our universe. Statistical isotropy
and homogeneity are starting to be sharply tested using
the cosmic microwave background (CMB) and large-scale
structure data. Recently, there has been particular activity in
these areas, given Wilkinson Microwave Anisotropy Probe
remarkable maps, combined with claims of large-angle
“anomalies” indicating departures from statistical isotropy as
predicted by standard inflationary models.

The statement that primordial curvature fluctuations
are nearly Gaussian on scales measured by the CMB is
remarkably precise but does not reveal much about their
source. Current constraints on the amplitude of the three-
point correlation function of fluctuations are nearly four
orders of magnitude above predictions from single field slow-
roll inflation models and at least an order of magnitude
above what is expected just from nonlinearities that develop
after the primordial spectrum is laid down. There are a wide
spectrum of interesting models that can be ruled out by

tightening this constraint; conversely, a detection of non-
Gaussianity would rule out single field slow-roll inflation.
While current observations of the CMB fluctuations provide
reasonably strong evidence for a primordial source of
fluctuations from inflation, only measurements of higher-
order statistics can truly shed light on the physics of inflation.

Departures from statistical isotropy and Gaussianity
involve a rich set of observable quantities, with diverse
signatures that can be measured in the CMB or in large-
scale structure using sophisticated statistical methods. These
signatures, which carry information about physical processes
on cosmological scales, have power to reveal detailed proper-
ties of the physics responsible for generating the primordial
fluctuations. Even qualitative observational features can
identify key properties of the fields involved (e.g., how
many fields and which couplings were most relevant) or,
alternatively, shed light on the systematic errors in the
data. However, because there are so many possibilities from
both theory and observation and because many calculations
are very technical involving methods such as higher-order
perturbation theory, the literature can be daunting.

In this special issue, we have collected articles that
summarize the theoretical predictions for departures from
Gaussianity or statistical isotropy from a variety of potential
sources, together with the observational approaches to test
these properties using the CMB or large-scale structure. We
hope this collection provides an accessible entry point to
these topics as they currently stand, indicating what direction
future developments may take place and demonstrating why
these questions are so compelling.

Dragan Huterer
Eiichiro Komatsu

Sarah Shandera



Hindawi Publishing Corporation
Advances in Astronomy
Volume 2010, Article ID 908640, 23 pages
doi:10.1155/2010/908640

Review Article

Primordial Non-Gaussianity in the Large-Scale
Structure of the Universe

Vincent Desjacques1 and Uroš Seljak1, 2
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Primordial non-Gaussianity is a potentially powerful discriminant of the physical mechanisms that generated the cosmological
fluctuations observed today. Any detection of significant non-Gaussianity would thus have profound implications for our
understanding of cosmic structure formation. The large-scale mass distribution in the Universe is a sensitive probe of the nature
of initial conditions. Recent theoretical progress together with rapid developments in observational techniques will enable us to
critically confront predictions of inflationary scenarios and set constraints as competitive as those from the Cosmic Microwave
Background. In this paper, we review past and current efforts in the search for primordial non-Gaussianity in the large-scale
structure of the Universe.

1. Introduction

In generic inflationary models based on the slow roll of a
scalar field, primordial curvature perturbations are produced
by the inflaton field as it slowly rolls down its potential
[1–4]. Most of these scenarios predict a nearly scale-
invariant spectrum of adiabatic curvature fluctuations, a
relatively small amount of gravity waves, and tiny deviations
from Gaussianity in the primeval distribution of curvature
perturbations [5–7]. Although the latest measurements of
the cosmic microwave background (CMB) anisotropies favor
a slightly red power spectrum [8], no significant detection of
a B-mode or some level of primordial non-Gaussianity (NG)
has thus far been reported from CMB observations.

While the presence of a B-mode can only be tested with
CMB measurements, primordial deviations from Gaussian-
ity can leave a detectable signature in the distribution of
CMB anisotropies and in the large-scale structure (LSS)
of the Universe. Until recently, it was widely accepted that
measurement of the CMB furnished the best probe of
primordial non-Gaussianity [9]. However, these conclusions
did not take into account the anomalous scale dependence of

the galaxy power spectrum and bispectrum arising from pri-
mordial NG of the local f loc

NL type [10, 11]. These theoretical
results, together with rapid developments in observational
techniques, will provide large amount of LSS data to critically
confront predictions of non-Gaussian models. In particular,
galaxy clustering should provide independent constraints on
the magnitude of primordial non-Gaussianity as competitive
as those from the CMB and, in the long run, may even give
the best constraints.

The purpose of this paper is to provide an overview of the
search for a primordial non-Gaussian signal in the large-scale
structure. We will begin by briefly summarizing how non-
Gaussianity arises in inflationary models (Section 2). Next,
we will discuss the impact of primordial non-Gaussianity
on the mass distribution in the low-redshift Universe
(Section 3). The main body of this paper is Section 4, where
we describe in detail a number of methods exploiting the
abundance and clustering properties of observed tracers of
the LSS to constrain the amount of initial non-Gaussianity.
We conclude with a discussion of present and forecasted
constraints achievable with LSS surveys (Section 5).
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2. Models and Observables

Because they assume (i) a single dynamical field (the infla-
tion), (ii) canonical kinetic energy terms (i.e., perturbations
propagate at the speed of light), (iii) slow roll (i.e., the
timescale over which the inflaton field changes are much
larger than the Hubble rate), and (iv) an initial vacuum
state, single-field slow-roll models lead to a small level of
primordial non-Gaussianity [6, 7, 12]. The lowest-order
statistics sensitive to non-Gaussian features in the initial
distribution of scalar perturbations Φ(x) (we will adopt
the standard CMB convention in which Φ(x) is Bardeen’s
curvature perturbation in the matter era) is the 3-point
function or bispectrum BΦ(k1, k2, k3), which is a function
of any triangle k1 + k2 + k3 = 0 (as follows from statistical
homogeneity which we assume throughout this paper). It has
been recently shown that, in the squeezed limit k3 � k1 ≈
k2, the bispectrum of any single-field slow-roll inflationary
model asymptotes to the local shape (defined in (3)) [13–15].
The corresponding nonlinear parameter predicted by these
models is

f loc
NL =

5
12

(1− ns) ≈ 0.017
(
single field

)
, (1)

where ns is the tilt or spectral index of the power spectrum
PΦ(k), which is accurately measured to be ns ≈ 0.960±0.013
[8]. Therefore, any robust measurement of f loc

NL well above
this level would thus rule out single-field slow-roll inflation.

2.1. The Shape of the Primordial Bispectrum. Large, poten-
tially detectable amount of Gaussianity can be produced
when at least one of the assumptions listed above is violated,
that is, by multiple scalar fields [16, 17], nonlinearities in
the relation between the primordial scalar perturbations and
the inflaton field [7, 12], interactions of scalar fields [18],
a modified dispersion relation, or a departure from the
adiabatic Bunch-Davies ground state [19]. Generation of a
large non-Gaussian signal is also expected at reheating [20]
and in the ekpyrotic scenario [21]. Each of these physical
mechanisms leaves a distinct signature in the primordial 3-
point function BΦ(k1, k2, k3), a measurement of which would
thus provide a wealth of information about the physics of
primordial fluctuations. Although the configuration shape
of the primordial bispectrum can be extremely complex
in some models, there are broadly three classes of shape
characterizing the local, equilateral, and folded type of
primordial non-Gaussianity [22, 23]. The magnitude of each
template “X” is controlled by a dimensionless nonlinear
parameter f X

NL which we seek to constrain using CMB or LSS
observations (instead of attempting a model-independent
measurement of BΦ).

Any non-Gaussianity generated outside the horizon
induces a 3-point function that is peaked on squeezed or
collapsed triangles for realistic values of the scalar spectral
index. The resulting non-Gaussianity depends only on the
local value of Bardeen’s curvature potential and can thus be
conveniently parameterized up to third order by [7, 9, 12, 24]

Φ(x) = φ(x) + f loc
NL φ

2(x) + g loc
NLφ

3(x), (2)

where φ(x) is an isotropic Gaussian random field and
f loc
NL , g loc

NL are dimensionless, phenomenological parameters.
Since curvature perturbations are of magnitude O(10−5),
the cubic-order correction should always be negligibly small
compared to the quadratic one when O( f loc

NL ) ∼ O(g loc
NL).

However, this condition is not satisfied by some multifield
inflationary models such as the curvaton scenario, in which
a large g loc

NL and a small f loc
NL can be simultaneously produced

[17]. The quadratic term generates the 3-point function at
leading order

Bloc
Φ (k1, k2, k3) = 2 f loc

NL

[
Pφ(k1)Pφ(k2) +

(
cyc.

)]
, (3)

where (cyc.) denotes all cyclic permutations of the indices
and Pφ(k) is the power spectrum of the Gaussian part φ(x)
of the Bardeen potential. The cubic-order terms generate a
trispectrum TΦ(k1, k2, k3, k4) at leading order.

Equilateral type of non-Gaussianity, which arises in
inflationary models with higher-derivative operators such as
the DBI model, is well described by the factorizable form [25]

B
eq
Φ (k1, k2, k3) = 6 f

eq
NL

[
−
(
Pφ(k1)Pφ(k2) +

(
cyc.

))
− 2

(
Pφ(k1)Pφ(k2)Pφ(k3)

)2/3

+
(
P1/3
φ (k1)P2/3

φ (k2)Pφ(k3) +
(
perm.

))]
.

(4)

It can be easily checked that the signal is largest in the
equilateral configurations k1 ≈ k2 ≈ k3 and suppressed in the
squeezed limit k3 � k1 ≈ k2. Note that, in single-field slow-
roll inflation, the 3-point function is a linear combination of
the local and equilateral shapes [13].

As a third template, we consider the folded or flattened
shape which is maximized for k2 ≈ k3 ≈ k1/2 [26]:

Bfol
Φ (k1, k2, k3) = 6 f fol

NL

[(
Pφ(k1)Pφ(k2) +

(
cyc.

))
+ 3
(
Pφ(k1)Pφ(k2)Pφ(k3)

)2/3

−
(
P1/3
φ (k1)P2/3

φ (k2)Pφ(k3) +
(
perm.

))]
,

(5)

and approximate the non-Gaussianity due to modification
of the initial Bunch-Davies vacuum in canonical single-
field action (the actual 3-point function is not factorizable).
As in the previous example, Bfol

Φ is suppressed in the
squeezed configurations. Unlike B

eq
Φ , however, the folded

shape induces a scale-dependent bias at large scales (see
Section 4.3).

2.2. Statistics of the Linear Mass Density Field. Bardeen’s
curvature potential Φ(x) is related to the linear density
perturbation δ0(k, z) at redshift z through

δ0(k, z) =M(k, z)Φ(k), (6)

where

M(k, z) = 2
3
k2T(k)D(z)

ΩmH
2
0

. (7)
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Here, T(k) is the matter transfer function normalized to
unity as k → 0, Ωm is the present-day matter density, and
D(z) is the linear growth rate normalized to 1 + z. n-point
correlators of the linear mass density field can thus be written
as

〈δ0(k) · · · δ0(kn)〉 =
⎛⎝ n∏
i=1

M(ki)

⎞⎠〈Φ(k1) · · ·Φ(kn)〉. (8)

Smoothing inevitably arises when comparing observations of
the large-scale structure with theoretical predictions from,
for example, perturbation theory (PT), which are valid only
in the weakly nonlinear regime [27], or from the spherical
collapse model which ignores the strongly nonlinear internal
dynamics of the collapsing regions [28, 29]. For this reason,
we introduce the smoothed linear density field

δR(k, z) =M(k, z)WR(k)Φ(k) ≡MR(k, z)Φ(k), (9)

where WR(k) is a (spherically symmetric) window function
of characteristic radius R or mass scale M that smoothes
out the small-scale nonlinear fluctuations. We will assume
a top-hat filter throughout. Furthermore, since M and R are
equivalent variables, we shall indistinctly use the notations
δR and δM in what follows.

2.3. Topological Defects Models. In addition to inflationary
scenarios, there is a whole class of models, known as topo-
logical defect models, in which cosmological fluctuations
are sourced by an inhomogeneously distributed component
which contributes a small fraction of the total energy
momentum tensor [30, 31]. The density field is obtained
as the convolution of a discrete set of points with a specific
density profile. Defects are deeply rooted in particle physics
as they are expected to form at a phase transition. Since
the early Universe may have plausibly undergone several
phase transitions, it is rather unlikely that no defects at all
were formed. Furthermore, high-redshift tracers of the LSS
may be superior to CMB at finding non-Gaussianity sourced
by topological defects [32]. However, CMB observations
already provide stringent limits on the energy density of a
defect component [8], so we shall only minimally discuss
the imprint of these scenarios in the large-scale structure.
Phenomenological defect models are, for instance,

δ(x) = φ(x) + αNL
(
φ2(x)− 〈φ2〉), (10)

in which the initial matter density δ(x) (rather than the
curvature perturbation Φ(x)) contains a term proportional
to the square of a Gaussian scalar field φ(x) [9], or the χ2

model (also known as isocurvature CDM model) in which
δ(x) ∝ φ2(x) [33].

3. Evolution of the Matter Density Field with
Primordial NG

In this section, we summarize a number of results relative to
the effect of primordial NG on the mass density field. These
will be useful to understand the complexity that arises when
considering biased tracers of the density field (see Section 4).

3.1. Setting Up Non-Gaussian Initial Conditions. Investigat-
ing the impact of non-Gaussian initial conditions (ICs)
on the large-scale structure traced by galaxies and so
forth requires simulations large enough so that many long-
wavelength modes are sampled. At the same time, the simula-
tions should resolve dark-matter halos hosting luminous red
galaxies (LRGs) or quasars (QSOs), so that one can construct
halo samples whose statistical properties mimic as closely as
possible those of the real data. This favors the utilization of
pure N-body simulations for which a large dynamical range
can be achieved.

The evolution of the matter density field with primordial
non-Gaussianity has been studied in series of large cosmo-
logical N-body simulations seeded with Gaussian and non-
Gaussian initial conditions; see, for example, [11, 34–43].
For generic non-Gaussian (scalar) random fields, we face
the problem of setting up numerical simulations with a pre-
scribed correlation structure [44]. While an implementation
of the equilateral and folded bispectrum shape requires the
calculation of several computationally demanding convolu-
tions, the operation is straightforward for primordial NG
described by a local mapping such as the χ2 or the f loc

NL model.
In the latter case, the local transformation Φ = φ + f loc

NL φ
2

is performed before multiplication by the matter transfer
function T(k) (computed with publicly available Boltzmann
codes [45, 46]). The (dimensionless) power spectrum of the
Gaussian part φ(x) of the Bardeen potential is the usual
power-law Δ2

φ(k) ≡ k3Pφ(k)/(2π2) = Aφ(k/k0)ns−1. Unless
otherwise stated, we shall assume a normalization Aφ =
7.96 × 10−10 at the pivot point k0 = 0.02 Mpc−1. To date,
essentially all numerical studies of structure formation with
inflationary non-Gaussianity have implemented the local
shape solely, so we will focus on this model in what follows.

Non-Gaussian corrections to the primordial curvature
perturbations can renormalize the input (unrenormalized)
power spectrum of fluctuations used to seed the simula-
tions [47]. For the local f loc

NL model with | f loc
NL | � 100,

renormalization effects are unlikely to be noticeable due
to the limited dynamical range of current cosmological
simulations. However, they can be significant, for example,
in simulations of a local cubic coupling g loc

NLφ
3 with a large

primordial trispectrum [48]. The cubic-order term g loc
NLφ

3

renormalizes the amplitude Aφ of the power spectrum of
initial curvature perturbations to Aφ → Aφ + 6g loc

NL〈φ2〉,
where

〈
φ2〉 = ∫ d3k

(2π)3 Pφ(k). (11)

For scale-invariant initial conditions, 〈φ2〉 has a logarithmic
divergence at large and small scales. In practice, however, the
finite box size and the resolution of the simulations naturally
furnish a low- and high-k cutoff. The effective correction to
the amplitude of density fluctuations δσ8 in the g loc

NLφ
3 model

thus is

δσ8 = 3g loc
NL

(
Lk0

2π

)1−ns[
1−Nns−1] Aφ

1− ns , (12)
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where N is the number of mesh points along one dimension
and L is the simulation box length. For g loc

NL = 106, L =
1.5 h−1Gpc, and N = 1024, for instance, we obtain δσ8 ≈
0.015.

To generate the initial particle distribution, the Zel-
dovich approximation is commonly used instead of the
exact gravitational dynamics. This effectively corresponds
to starting from non-Gaussian initial conditions [49]. Since
the transition to the true gravitational dynamics proceeds
rather gradually [50], one should ensure that the initial
expansion factor is much smaller than that of the outputs
analyzed. Alternatively, it is possible to generate more
accurate ICs based on second-order Lagrangian perturbation
theory (2LPT) [51]. At fixed initial expansion factor, they
reduce transients such that the true dynamics is recovered
more rapidly [52].

3.2. Mass Density Probability Distribution. In the absence of
primordial NG, the probability distribution function (PDF)
of the initial smoothed density field (the probability that a
randomly placed cell of volume V has some specific density)
is Gaussian. Namely, all normalized or reduced smoothed
cumulants SJ of order J ≥ 3 are zero. An obvious signature
of primordial NG would thus be an initially nonvanishing

skewness S3 = 〈δ3
R〉c/〈δ2

R〉2
or kurtosis S4 = 〈δ4

R〉c/〈δ2
R〉3 −

3/〈δ2
R〉 [36, 53, 54]. Here, the subscript c denotes the

connected piece of the n-point moment that cannot be
simplified into a sum over products of lower-order moments.
At third order, for instance, the cumulant of the smoothed
density field is an integral of the 3-point function:〈

δ3
R

〉
c
=
∫
d3k1

(2π)3

∫
d3k2

(2π)3

∫
d3k3

(2π)3 BR(k1, k2, k3, z), (13)

where

BR(k1, k2, k3, z) =MR(k1, z)MR(k2, z)MR(k3, z)

× BΦ(k1, k2, k3)
(14)

is the bispectrum of the smoothed linear density fluctuations
at redshift z. Note that, owing to S3(R, z) ∝ D(z)−1, the
product σS3(R) does not depend on redshift. Over the range
of scale accessible to LSS observations, σS3(R) is a monotonic
decreasing function of R that is of magnitude ∼10−4 for
the local, equilateral, and folded templates discussed above
(Figure 1). Strictly speaking, all reduced moments should
be specified to fully characterize the density PDF, but a
reasonable description of the density distribution can be
achieved with moments up to the fourth order.

Numerical and analytic studies generally find that a
density PDF initially skewed towards positive values pro-
duces more overdense regions while a negatively skewed
distribution produces larger voids. Gravitational instabilities
also generate a positive skewness in the density field,
reflecting the fact that the evolved density distribution
exhibits an extended tail towards large overdensities [49, 55–
59]. This gravitationally induced signal eventually dominates
the primordial contribution such that, at fixed normalization
amplitude, non-Gaussian models deviate more strongly

10−5

10−4

10−3

10−2

σ
S(1

)
3

(R
)

5 10 50 100

R (h−1Mpc)

Local
Equilateral
Folded

Galaxy power spectrum and bispectrum

Voids abundances

Clusters

Lyα forest

Figure 1: Skewness σS(1)
3 (R) of the smoothed density field in unit

of f X
NL for the local, equilateral, and folded bispectrum shapes. The

skewness for the equilateral and folded templates is a factor of
∼3 smaller than in the local model. In any case, this implies that
|σRS3(R)| � 1 on the scales probed by the large-scale structure
for realistic values of the nonlinear coupling parameter, | f X

NL| �
100. The shaded regions approximately indicate the range of scales
probed by various LSS tracers. For the galaxy power spectrum and
bispectrum, the upper limit sensitively depends upon the surveyed
volume.

from the Gaussian paradigm at high redshift. The time
evolution of the normalized cumulants SJ can be worked
out for generic Gaussian and non-Gaussian ICs using, for
example, PT or the spherical collapse approximation. For
Gaussian ICs, PT predicts the normalized cumulants to be
time independent to the lowest nonvanishing order, with a
skewness S3 ≈ 34/7, whereas, for non-Gaussian ICs, the
linear contribution to the cumulants decays as SJ(R, z) =
SJ(R,∞)/DJ−2(z) [60, 61].

The persistence of the primordial hierarchical amplitude
SJ(R,∞) sensitively depends upon the magnitude of SN ,
N ≥ J , relative to unity. For example, an initially large
nonvanishing kurtosis could source skewness with a time-
dependence and amplitude similar to those induced by
nonlinear gravitational evolution [60]. Although there is an
infinite class of non-Gaussian models, we can broadly divide
them into weakly and strongly non-Gaussian. In weak NG
models, the primeval signal in the normalized cumulants
is rapidly obliterated by gravity-induced non-Gaussianity.
This is the case of hierarchical scaling models where n-
point correlation functions satisfy ξn ∝ ξn−1

2 with ξ2 � 1
at large-scales. By contrast, strongly NG initial conditions
dominate the evolution of the normalized cumulants. This
occurs when the hierarchy of correlation functions obeys the
dimensional scaling ξn ∝ ξn/22 , which arises in the particular
case of χ2 initial conditions [62] or in defect models such as
texture [37, 63, 64]. These scaling laws have been successfully
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confronted with numerical investigations of the evolution
of cumulants [37, 38]. We note that the scaling of the
contribution induced by gravity is, however, different for the
kurtosis [65], suggesting that the latter is a better probe of the
nature of initial conditions.

Although gravitational clustering tends to erase the
memory of initial conditions, numerical simulations of non-
Gaussian initial conditions show that the occurrence of
highly underdense and overdense regions is very sensitive
to the presence of primordial NG. In fact, the imprint
of primordial NG is best preserved in the negative tail
of the PDF P(ρR) of the evolved (and smoothed) density
field ρR [40]. A satisfactory description of this effect can
be obtained from an Edgeworth expansion of the initial
smoothed overdensity field [66]. At high densities ρR � 1,
the non-Gaussian modification approximately scales as ρ3/5

R

whereas, at low densities ρR  0, the deviation is steeper, ρ6/5
R .

Taking into account the weak-scale dependence of σS3(R)
further enhances this asymmetry.

3.3. Power Spectrum and Bispectrum. Primordial-non-
Gaussianity also imprints a signature in Fourier-space
statistics of the matter density field. Positive values of f loc

NL
tend to increase the small-scale matter power spectrum
Pδ(k) [10, 40, 67] and the large-scale matter bispectrum
Bδ(k1, k2, k3) [10, 68]. In the weakly nonlinear regime where
1-loop PT applies, the Fourier mode of the density field for
growing-mode initial conditions reads [56, 69]

δ(k, z) = δ0(k, z) +
1

(2π)3

∫
d3q1d

3q2 δD
(

k− q1 − q2
)

× F2
(

q1, q2
)
δ0
(

q1, z
)
δ0
(

q2, z
)
.

(15)

The kernel F2(k1, k2) = 5/7 + μ(k1/k2 + k2/k1) /2 + 2μ2/7,
where μ is the cosine of the angle between k1 and k2,
describes the nonlinear 2nd-order evolution of the density
field. It is nearly independent of Ωm and ΩΛ and vanishes
in the (squeezed) limit k1 = −k2 as a consequence of
the causality of gravitational instability. At 1-loop PT, (15)
generates the mass power spectrum

Pδ(k, z) = PG
δ (k, z) + ΔPNG

δ (k, z) = P0(k, z)

+
[
P(22)(k, z) + P(13)(k, z)

]
+ ΔPNG

δ (k, z).
(16)

Here, P0(k, z) is the linear matter power spectrum at redshift
z, P(22) and P(13) are the standard one-loop contributions in
the case of Gaussian ICs [69, 70], and

ΔPNG
δ (k, z) = 2

∫
d3q

(2π)3 F2
(

q, k− q
)
B0
(−k, q, k− q, z

)
(17)

is the correction due to primordial NG [67]. This terms
scales as ∝ D3(z), so the effect of non-Gaussianity is largest
at low redshift. Moreover, because F2(k1, k2) vanishes in
the squeezed limit, (17) is strongly suppressed at small
wavenumbers, even in the local f loc

NL model for which
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Figure 2: Non-Gaussian fractional correction βδ(k, z) =
ΔPNG

δ (k, z)/PG
δ (k, z) to the matter power spectrum that originates

from primordial non-Gaussianity of the local type. Results are
shown at redshift z = 0, 0.5, 1, and 2 for f loc

NL = +100 (filled
symbols) and f loc

NL = −100 (empty symbols). The solid curves
indicate the prediction from a 1-loop perturbative expansion.

B0(−k, q, k−q, z) is maximized in the same limit (i.e., |k| →
0). For f loc

NL ∼ O(102), the magnitude of this correction is at a
percent level in the weakly nonlinear regime k � 0.1 hMpc−1

[41, 42, 71], in good agreement with the measurements
(see Figure 2). Extensions of the renormalization group
description of dark-matter clustering [72] to non-Gaussian
initial density, and velocity perturbations can improve the
agreement up to wavenumbers k � 0.25 hMpc−1 [73, 74].

It is also instructive to compare measurements of the
matter bispectrum Bδ(k1, k2, k3) with perturbative predic-
tions. To second order in PT, the matter bispectrum is the
sum of a primordial contribution and two terms induced by
gravitational instability [56, 75] (we will henceforth omit the
explicit z-dependence for brevity):

Bδ(k1, k2, k3) = B0(k1, k2, k3)

+
[
2F2(k1, k2)P0(k1)P0(k2) +

(
cyc.

)]
+
∫

d3q

(2π)3

[
F2
(

q, k3 − q
)

×T0
(

q, k3 − q, k1, k2
)

+
(
cyc.

)]
,

(18)

where T0(k1, k2, k3, k4) is the primordial trispectrum of the
density field. A similar expression can also be derived for
the matter trispectrum, which turns out to be less sensitive
to gravitationally induced nonlinearities [76]. The reduced
bispectrum Q3 is conveniently defined as

Q3(k1, k2, k3) = Bδ(k1, k2, k3)[
Pδ(k1)Pδ(k2) + cyclic

] . (19)
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Gaussian Q3 for f loc

NL = +100 (top) and −100 (bottom). Dashed
lines correspond to tree-level PT while continuous line indicates the
1-loop PT prediction.

For Gaussian initial conditions, Q3 is independent of time
and, at tree-level PT, is constant and equal to Q3(k, k, k) =
4/7 for equilateral configurations [56]. For general triangles,
moreover, it approximately retains this simple behavior,
with a dependence on triangle shape through F2(k1, k2)
[10]. Figure 3 illustrates the effect of primordial NG of
the local f loc

NL type on the shape dependence of Q3 for a
particular set of triangle configurations. As can be seen,
the inclusion of 1-loop corrections greatly improves the
agreement with the numerical data [77]. An important
feature that is not apparent in Figure 3 is the fact that the
primordial part to the reduced-matter bispectrum scales as
Q3 ∝ 1/MR(k) for approximately equilateral triangles (and
under the assumption that f loc

NL is scale independent) [10].
This anomalous scaling considerably raises the ability of the
matter bispectrum to constrain primordial NG of the local
f loc
NL type. Unfortunately, neither the matter bispectrum nor

the power spectrum is directly observable with the large-
scale structure of the Universe. Temperature anisotropies in
the redshifted 21 cm background from the prereionization
epoch could in principle furnish a direct measurement of
these quantities [78–80], but foreground contamination may
severely hamper any detection. Weak lensing is another direct
probe of the dark matter, although we can only observe it in
projection along the line of sight [81].

As we will see shortly, however, this large-scale anoma-
lous scaling is also present in the bispectrum and power spec-
trum of observable tracers of the large-scale structure such as
galaxies. It is this unique signature that will make future all-
sky LSS surveys competitive with CMB experiments.

3.4. Velocities. Primordial non-Gaussianity also leaves a
signature in the large-scale coherent bulk motions which, in
the linear regime, are directly related to the linear density
field [55]. The various non-Gaussian models considered by
[82] tend to have lower-velocity dispersion and bulk flow
than fiducial Gaussian model, regardless of the sign of the
skewness. However, while the probability distribution of
velocity components is sensitive to primordial NG of the
local type, in defect models it can be very close to Gaussian,
even when the density field is strongly non-Gaussian, as a
consequence of the central limit theorem [83, 84]. In this
regard, correlation of velocity differences could provide a
better test of non-Gaussian initial conditions [85].

To measure peculiar velocities, one must subtract the
Hubble flow from the observed redshift. This requires
an estimate of the distance which is only available for
nearby galaxies and clusters (although, e.g., the kinetic
Sunyaev-Zel’dovich (kSZ) effect could be used to measure
the bulk motions of distant galaxy clusters [86]). So far,
measurements of the local galaxy density and velocity fields
[87] as well as reconstruction of the initial density PDF from
galaxy density and velocity data [88] are consistent with
Gaussian initial conditions.

4. LSS Probe of Primordial Non-Gaussianity

Discrete and continuous tracers of the large-scale structure,
such as galaxies, the Lyα forest, the 21 cm hydrogen line,
and so forth, provide a distorted image of the matter
density field. In CDM cosmologies, galaxies form inside
overdense regions [89] and this introduces a bias between
the mass and the galaxy distribution [90]. As a result,
distinct samples of galaxies trace the matter distribution
differently, the most luminous galaxies preferentially residing
in the most massive DM halos. This biasing effect, which
concerns most tracers of the large-scale structure, remains
to be fully understood. Models of galaxy clustering assume,
for instance, that the galaxy biasing relation only depends
on the local mass density, but the actual mapping could
be more complex [91, 92]. Because of biasing, tracers of
the large-scale structure will be affected by primordial non-
Gaussianity in a different way than the mass density field.
In this section, we describe a number of methods exploiting
the abundance and clustering properties of biased tracers to
constrain the level of primordial NG. We focus on galaxy
clustering as it provides the tightest limits on primordial NG
(see Section 5).

4.1. Halo Finding Algorithm. Locating groups of bound
particles, or DM halos, in simulations is central to the
methods described below. In practice, we aim at extracting
halo catalogs with statistical properties similar to those of
observed galaxies or quasars. This, however, proves to be
quite difficult because the relation between observed galaxies
and DM halos is somewhat uncertain. Furthermore, there is
freedom at defining a halo mass.

An important ingredient is the choice of the halo
identification algorithm. Halo finders can be broadly divided
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into two categories: friends-of-friends (FOF) finders [93]
and spherical overdensity (SO) finders [94]. While the mass
of an SO halo is defined by the radius at which the inner
overdensity exceeds Δvir(z) (typically ∼ a few hundred times
the background density ρ(z)), the mass of an FOF halo is
given by the number of particles within a linking length b
from each other (b ∼ 0.15− 0.2 in unit of mean interparticle
distance). These definitions are somewhat arbitrary and may
suit specific purposes only. In what follows, we shall present
mainly results for SO halos as their mass estimate is more
closely connected to the predictions of the spherical collapse
model, on which most of the analytic formulae presented
in this section are based. The question of how the spherical
overdensity masses can be mapped onto friends-of-friends
masses remains a matter of debate (e.g., [95]). Clearly,
however, since the peak height ν(M, z) depends on the halo
mass M through the variance σM (see below), any systematic
difference will be reflected in the value of ν associated to a
specific halo sample. As we will see shortly, this affects the size
of the fractional deviation from the Gaussian mass function.

Catalogs of mock galaxies with luminosities comparable
to those of the targeted survey provide an additional layer
of complication that can be used, among others, to assess
the impact of observational errors on the non-Gaussian
signal. However, most numerical studies of cosmic structure
formation with primordial NG have not yet addressed this
level of sophistication, so we will discuss results based on
statistics of dark matter halos only.

4.2. Abundances of Voids and Bound Objects. It has long been
recognized that departure from Gaussianity can significantly
affect the abundance of highly biased tracers of the mass
density field, as their frequency sensitively depends upon the
tails of the initial density PDF [96–98]. The (extended) Press-
Schechter approach has been extensively applied to ascertain
the effect of primordial NG on the high mass tail of the mass
function.

4.2.1. Press-Schechter Approach. The Press-Schechter theory
[99] and its extentions based on excursion sets [100–102]
predict that the number density n(M, z) of halos of massM at
redshift z is entirely specified by a multiplicity function f (ν),

n(M, z) = ρ

M2
ν f (ν)

d ln ν

d ln M
, (20)

where the peak height or significance ν(M, z) = δc(z)/σM
is the typical amplitude of fluctuations that produce those
halos. Here and henceforth, σM denotes the variance of
the initial density field δM smoothed on mass scale M ∝
R3 and linearly extrapolated to present epoch, whereas
δc(z) ≈ 1.68D(0)/D(z) is the critical linear overdensity
for (spherical) collapse at redshift z. In the standard Press-
Schechter approach, n(M, z) is related to the level excursion
probability P(> δc,M) that the linear density contrast of a
region of mass M exceeds δc(z),

ν f (ν) = −2
ρ

M

dP

dM
=
√

2
π

νe−ν2/2, (21)

where the last equality assumes Gaussian initial conditions.
The factor of 2 is introduced to account for the contribution
of low density regions embedded in overdensities at scale
> M. In the extended Press-Schechter theory, δM evolves with
M and ν f (ν) is the probability that a trajectory is absorbed by
the constant barrier δ = δc (as is appropriate in the spherical
collapse approximation) on mass scale M. In general, the
exact form of f (ν) depends on the barrier shape [103] and
the filter shape [104]. Note also that

∫
dν f (ν) = 1, which

ensures that all the mass is contained in halos.
Despite the fact that the Press-Schechter mass function

overpredicts (underpredicts) the abundance of low (high)
mass objects, it can be used to estimate the fractional
deviation from Gaussianity. In this formalism, the non-
Gaussian fractional correction to the multiplicity func-
tion is R(ν, f X

NL) ≡ f (ν, f X
NL)/ f (ν, 0) = (dP/dM)(>

δc,M, f X
NL)/(dP/dM)(> δc,M, 0), which is readily computed

once the non-Gaussian density PDF P(δM) is known. In
the simple extensions proposed by [105, 106], P(δM) is
expressed as the inverse transform of a cumulant-generating
function. In [106], the saddle-point technique is applied
directly to P(δM). The resulting Edgeworth expansion is then
used to obtain P(> δc,M). Neglecting cumulants beyond the
skewness, one obtain (we momentarily drop the subscript M
for convenience)

RLV

(
ν, f X

NL

)
≈ 1 +

1
6
σS3

(
ν3 − 3ν

)− 1
6
d(σS3)
d ln ν

(
ν− 1

ν

)
,

(22)

after integration over regions above δc(z). In [105], it is
the level excursion probability P(> δc,M) that is calculated
within the saddle-point approximation. This approximation
better asymptotes to the exact large mass tail, which expo-
nentially deviates from the Gaussian tail. To enforce the
normalization of the resulting mass function, one may define
ν� = δ�/σ with δ� = δc

√
1− S3δc/3, and use [105, 107]

ν� f (ν�) =M2 nNG(M, z)
ρ

d ln M

d ln ν�
. (23)

The fractional deviation from the Gaussian mass function
then becomes

RMVJ

(
ν, f X

NL

)
≈ exp

(
ν3

6
σS3

)[
− σν2

6ν�

dS3

d ln ν
+

ν�
ν

]
. (24)

Both formulae have been shown to give reasonable agree-
ment with numerical simulations of non-Gaussian cosmolo-
gies [41, 108, 109] (but note that [11, 110] have reached
somewhat different conclusions). Expanding δ� at the first
order in f X

NL shows that these two theoretical expectations
differ in the coefficient of the νσS3 term. Therefore, it is
interesting to consider also the approximation

R
(

ν, f X
NL

)
≈ exp

(
ν3

6
σS3

)[
1− ν

2
σS3 − ν

6
d(σS3)
d ln ν

]
, (25)

which is designed to match better the Edgeworth expansion
of [106] when the peak height is ν ∼ 1 [48]. When the
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Figure 4: Fractional deviation from the Gaussian mass function
as a function of the peak height ν = δc/σ . Different symbols
refer to different redshifts as indicated. The various curves are
theoretical prediction at z = 0 (see text). Halos were identified
using a spherical overdensity (SO) finder with a redshift-dependent
overdensity threshold Δvir(z) (with Δvir(z) increasing from ∼200
at high redshift to attain ∼350 at z = 0). Error bars denote
Poisson errors. For illustration, M = 1015 M�/h corresponds to a
significance ν = 3.2, 5.2, 7.7 at redshift z = 0, 1 and 2, respectively.
Similarly, M = 1014 M�/h and 1013 M�/h correspond to ν = 1.9, 3,
4.5 and 1.2, 1.9, 2.9, respectively.

primordial trispectrum is large (i.e., when g loc
NL ∼ 106), terms

involving the kurtosis must be included [48, 105, 106, 111].
In this case, it is also important to take into account a possible
renormalization of the fluctuation amplitude, σ8 → σ8 + δσ8

(12), to which the high mass tail of the mass function is
exponentially sensitive [48].

Figure 4 shows the effect of primordial NG of the local
f loc
NL type on the mass function of SO halos identified with a

redshift-dependent overdensity threshold Δvir(z) (motivated
by spherical collapse in a ΛCDM cosmology [112]). Overall,
the approximation (25) agrees better with the measurements
than (24), which somewhat overestimates the data for f loc

NL =
100, and than (22), which is not always positive definite
for f loc

NL = −100. However, as can be seen in Figure 5,
while the agreement with the data is reasonable for the
SO halos, the theory strongly overestimates the effect in
the mass function of FOF halos. Reference [109], who use
a FOF algorithm with b = 0.2, makes the replacement
δc → δc

√
q with q  0.75 to match the Gaussian and

non-Gaussian mass functions. A physical motivation of this
replacement is provided by [113, 114], who demonstrate
that the diffusive nature of the collapse barrier introduces
a similar factor q = (1 +DB)−1, regardless of the initial
conditions. However, the value of the diffusion constant
DB was actually measured from simulations that use a SO
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Figure 5: Fractional deviation from the Gaussian mass function
as a function of the peak height ν = δc/σ . Different symbols refer
to different redshifts as in Figure 4. The curves are the theoretical
prediction (25) at z = 0 with q = 1 (solid) and q = 0.75 (dotted).
In the top panel, halos were identified using a spherical overdensity
(SO) finder with a redshift-dependent overdensity threshold Δvir(z)
whereas, in the bottom panel, a Friends-of-Friends (FOF) finding
algorithm with linking length b = 0.2 was used.

finder with constant Δvir = 200 [115]. In the excursion set
approach of [116], the value of q is obtained by normalizing
the Gaussian mass function to simulation (i.e., it has nothing
to do with the collapse dynamics) and, therefore, depends
on the halo finder. Figure 5 demonstrates that this is also
the case for the non-Gaussian correction R(ν, f loc

NL ): choosing
q  0.75 as advocated in [109] gives good agreement for FOF
halos, but strongly underestimates the effect for SO halos, for
which the best-fit q is close to unity. As we will see below, the
strength of the non-Gaussian bias may also be sensitive to the
choice of halo finder.

More sophisticated formulations based on extended
Press-Schechter (EPS) theory and/or modifications of the
collapse criterion look promising since they can reason-
ably reproduce both the Gaussian halo counts and the
dependence on f X

NL [114, 117, 118]. The probability of
first upcrossing can, in principle, be derived for any non-
Gaussian density field and any choice of smoothing filter
[119, 120]. For a general filter, the non-Markovian dynamics
generates additional terms in the non-Gaussian correction
to the mass function that arise from 3-point correlators
of the smoothed density δM at different mass scales [114].
However, large error bars still make difficult to test for
the presence of such subleading terms. For generic moving
barriers B(σ) such as those appearing in models of triaxial
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collapse [121, 122], the leading contribution to the non-
Gaussian correction approximately is [117]

R
(

ν, f X
NL

)
≈ 1 +

1
6
σS3H3

(
B(σ)
σ

)

≈ 1 +
1
6
σS3

√
q
(
qν3 − 3ν

)
,

(26)

where H3(ν) ≡ ν3 − 3ν and the last equality assumes ν �
1. For SO halos, (26) with q ∼ 0.7 does not fit to the
measured correction R(ν, f loc

NL ) better than (25). However, the
ellipsoidal collapse barrier with q ∼ 0.7 matches better the
Gaussian mass function for moderate peak height ν � 2
[118].

Parameterizations of the fractional correction based on
N-body simulations have also been considered. While [43]
considers a fourth-order polynomial fit to account for
values of f loc

NL as large as 750, [11] exploits the fact that,
for sufficiently small f loc

NL , there is a one-to-one mapping
between halos in Gaussian and non-Gaussian cosmologies.
In both cases, the fitting functions are consistent with the
simulations at the few percent level.

4.2.2. Clusters Abundance. Rich clusters of galaxies trace the
rare, high-density peaks in the initial conditions and thus
offer the best probe of the high-mass tail of the multiplicity
function. To infer the cluster mass function, the X-ray and
millimeter windows are better suited than the optical-wave
range because selection effects can be understood better (see,
however, [123]).

Following early theoretical [96, 97, 124–126] and numer-
ical [35, 127–129] work on the effect of non-Gaussian initial
conditions on the multiplicity function of cosmic structures,
the abundance of clusters and X-ray counts in non-Gaussian
cosmologies has received much attention in the literature.
At fixed normalization of the observed abundance of local
clusters, the protoclusters associated with high redshift (2 <
z < 4) Lyα emitters are much more likely to develop
in strongly non-Gaussian models than in the Gaussian
paradigm [39, 110, 130]. Considering the redshift evolution
of cluster abundances thus can break the degeneracy between
the initial density PDF and the background cosmology.
Simple extensions of the Press-Schechter formalism similar
to those considered above have been shown to capture
reasonably well the cluster mass function over a wide range
of redshift for various non-Gaussian scenarios [131]. Scaling
relations between the cluster mass, X-ray temperature and
Compton y-parameter calibrated using theory, observations
and detailed simulations of cluster formation [132, 133], can
be exploited to predict the observed distribution functions
of X-ray and SZ signals and assess the capability of cluster
surveys to test the nature of the initial conditions [134–140].

An important limitation of this method is that the
impact of realistic models of primordial non-Gaussianity
on cluster abundances is small compared to systematics in
current and upcoming surveys [141–143]. Given the current
uncertainties in the redshift evolution of clusters (one
commonly assumes that clusters are observed at the epoch
they collapse [142]), the selection effects in the calibration

of X-ray and SZ fluxes with halo mass, the freedom in
the definition of the halo mass, the degeneracy with the
normalization amplitude σ8 (for positive f X

NL, the mass
function is more enhanced at the high mass end, and this
is similar to an increase in the amplitude of fluctuations σ8

[144]) and the low number statistics, the prospects of using
the cluster mass function only to place competitive limits on
f X
NL with the current data are small. A two-fold improvement

in cluster mass calibration is required to provide constraints
comparable to CMB measurements [143].

4.2.3. Voids Abundance. The frequency of cosmic voids offers
a probe of the low density tail of the initial PDF [145]. The
Press-Schechter formalism can also be applied to ascertain
the sensitivity of the voids abundance to non-Gaussian initial
conditions. Voids are defined as regions of mass M whose
density is less than some critical value δv ≤ 0 or, alternatively,
whose three eigenvalues of the tidal tensor [146] lie below
some critical value λv ≤ 0 [66, 118, 145, 147]. An important
aspect in the calculation of the mass function of voids is
the overcounting of voids located inside collapsing regions.
This voids-in-clouds problem, as identified by [148]), can
be solved within the excursion set theory by studying a two
barriers problem: δc for halos and δv for voids. Including
this effect reduces the frequency of the smallest voids
[118]. Neglecting this complication notwithstanding, the
differential number density of voids of radius R is [145, 147]

dn

dR
≈ 9

2π2

√
π

2
|νv|
R4

e−ν2
v/2

d ln|νv|
d ln M

[
1− 1

6
σS3 H3(|νv|)

]
,

(27)

where νv = δv/σM . While a positive f X
NL produces more

massive halos, it generates fewer large voids [118, 145].
Hence, the effect is qualitatively different from a simple
rescaling of the normalization amplitude σ8. A joint analysis
of both abundances of clusters and cosmic voids might
thus provide interesting constraints on the shape of the
primordial 3-point function. There are, however, several
caveats to this method, including the fact that there is no
unique way to define voids [145]. Clearly, voids identification
algorithms will have to be tested on numerical simulations
[149] before a robust method can be applied to real data.

4.3. Galaxy 2-Point Correlation. Before [90] showed that, in
Gaussian cosmologies, correlations of galaxies and clusters
can be amplified relative to the mass distribution, it was
argued that primeval fluctuations have a non-Gaussian spec-
trum [150, 151] to explain the observed strong correlation of
Abell clusters [152, 153]. Along these lines, [154] pointed out
that primordial non-Gaussianity could significantly increase
the amplitude of the two-point correlation of galaxies and
clusters on large-scales. However, except from [155] who
showed that correlations of high density peaks in non-
Gaussian models are significantly stronger than in the Gaus-
sian model with identical mass power spectrum, subsequent
work focused mostly on abundances (Section 4.2) or higher
order statistics such as the bispectrum (Section 4.4). It is
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only recently that [11] have demonstrated the strong scale-
dependent bias arising in non-Gaussian models of the local
f loc
NL type.

4.3.1. The Non-Gaussian Bias. In the original derivation of
[11], the Laplacian is applied to the local mapping Φ = φ +
f loc
NL φ

2 in order to show that, upon substitution of the Poisson
equation, the overdensity in the neighborhood of density
peaks is spatially modulated by a factor proportional to the
local value of φ. Taking into account the coherent motions
induced by gravitational instabilities, the scale-dependent
bias correction reads

Δbκ
(
k, f loc

NL

)
= 3 f loc

NL [b1(M)− 1]δc(0)
ΩmH

2
0

k2T(k)D(z)
, (28)

where b1(M) is the linear, Eulerian bias of halos of mass
M. The original result missed out a multiplicative factor of
T(k)−1 which was introduced subsequently by [157] upon
a derivation of (28) in the limit of high density peaks. The
peak-background split approach [103, 158, 159] promoted
by [156] shows that the scale-dependent bias applies to
any tracer of the matter density field whose (Gaussian)
multiplicity function depends on the local mass density only.
In this approach, the Gaussian piece of the potential is
decomposed into short- and long-wavelength modes, φ =
φl+φs. The short-wavelength piece of the density field is then
given by the convolution

δs =M�Φs =M� φs
(

1 + 2 f loc
NL φl

)
+ f loc

NL M� φ2
s , (29)

where M is the transfer function (7). Ignoring the white-
noise term, this provides an intuitive explanation of the effect
in terms of a local rescaling of the small-scale amplitude of
matter fluctuations or, equivalently, a local rescaling of the
critical density threshold,

σs −→ σs
(

1 + 2 f loc
NL φl(x)

)
. (30)

Assuming that the mass function depends only on the peak
height ν = δc/σs, the long-wavelength part of the halo
overdensity becomes [156] (see also [11, 71, 160])

δh
l (x) = 1

n(ν)
n

⎛⎝ δc − δl(x)

σs
(

1 + 2 f loc
NL φl(x)

)
⎞⎠− 1

≈ − 1
σs

(
δl(x) + 2 f loc

NL φl(x)
)d ln n

dν
.

(31)

Upon a Fourier transformation and using the fact that, in
the Gaussian case, δh

l (k) = bLδl(k) with the Lagrangian
bias bL = −σ−1

s d lnn/dν, we recover the non-Gaussian bias
correction (28) provided that the tracers move coherently
with the dark matter, that is, bL = b1(M) − 1 [161]. As
emphasized in [11], the scale-dependence arises from the
fact that the non-Gaussian curvature perturbation Φ(x) is
related to the density through the Poisson equation (6) (so
that δl(k) =M(k)φl(k)). There is no such effect in the (local)
χ2 model, (10), nor in texture-seeded cosmologies [162] for
instance.

The derivation of [157], based on the clustering of
regions of the smoothed density field δM above threshold
δc(z), is formally valid for high density peaks only. However,
it is general enough to apply to any shape of primordial
bispectrum. The 2-point correlation function of that level
excursion set, which was first derived by [124], can be
expressed in the high threshold limit (ν � 1) as

ξ>ν(r) = −1 + exp

⎧⎨⎩
∞∑
n=2

n−1∑
j=1

νnσ−n

j!
(
n− j

)
!

×ξ(n)
R

(
x1, . . . , x1, x2, . . . , x2

j times
(
n− j

)
times

)
, z = 0

⎫⎬⎭,

(32)

where r = x1 − x2. For most non-Gaussian models in which
the primordial 3-point function is the dominant correction,
this expansion can be truncated at the third order and
Fourier transformed to yield the non-Gaussian correction
ΔP>ν(k) to the power spectrum. Assuming a small level of
primordial NG, we can also write ΔP>ν(k) ≈ 2bLΔbκPR(k)
where bL ≈ ν2/δc, and eventually obtain

Δbκ
(
k, f X

NL

)
≡ bφ(k)F

(
k, f X

NL

)
=
(

2bLδc(z)
MR(k, 0)

)
F
(
k, f X

NL

)
.

(33)

The dependence on the shape of the 3-point function is
encoded in the function F (k, f X

NL) [157, 163]

F
(
k, f X

NL

)
= 1

16π2σ2

∫∞
0
dk1k

2
1MR(k1, 0)

×
∫ +1

−1
dμMR

(√
α, 0

)BΦ(k1,
√
α, k)

PΦ(k)
,

(34)

where α2 = k2 + k2
1 + 2μkk1. Note that, for f loc

NL < 0, this first
order approximation always breaks down at sufficiently small
k because ΔP>ν(k) < 0.

Figure 6 shows the non-Gaussian halo bias (33) induced
by the local, equilateral and folded bispectrum [163]. In the
local and folded non-Gaussianity, the deviation is negligible
at k = 0.1 hMpc−1, but increases rapidly with decreasing
wavenumber. Still, the large-scale correction is much smaller
for the folded template, and nearly absent for the equilateral
type, which make them much more difficult to detect with
galaxy surveys [163]. To get insights into the behavior of
Δbκ(k, f X

NL) at large-scales, let us identify the dominant
contribution to F (k, f X

NL) in the limit k � 1. Setting
MR(

√
α, 0) ≈ MR(k1, 0) and expanding Pφ(

√
α) at second

order in k/k1, we find after some algebra

F
(
k, f loc

NL

)
≈ f loc

NL ,

F
(
k, f

eq
NL

)
≈ f

eq
NL

[
3ΣR

(
2(ns − 4)

3

)
k2(4−ns)/3

+
1
2

(ns − 4)ΣR(−2)k2
]
σ−2
R ,

F
(
k, f fol

NL

)
≈ 3

2
f fol
NL ΣR

(
ns − 4

3

)
k(4−ns)/3 σ−2

R ,

(35)
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Figure 6: Non-Gaussian bias correction (33) for the local,
equilateral and folded primordial bispectrum as a function of
wavenumber. Results are shown at z = 0 for a smoothing radius
R = 5 h−1Mpc and a nonlinear parameter f X

NL = 1. The dotted line
represent an analytic approximation, (35), which is valid at large-
scales k � 1. Note that while the magnitude of Δbκ(k, f loc

NL ) does
not change with R, Δbκ(k, f

eq
NL) and Δbκ(k, f fol

NL ) strongly depends on
the smoothing radius (see text).

assuming no running scalar index, that is, dns/d ln k = 0. The
auxiliary function ΣR(n) is defined as

ΣR(n) = 1
2π2

∫∞
0
dk k(2+n) MR(k, 0)2Pφ(k). (36)

Hence, we have ΣR(0) ≡ σ2
R. As can be seen in Figure 6,

these approximations capture relatively well the large scale
non-Gaussian bias correction induced by the equilateral and
folded type of non-Gaussianity. For a nearly scale-invariant
spectrum ns ≈ 1, the effect scales as Δbκ ∝ k and
Δbκ ∝ const., respectively. Another important feature of the
equilateral and folded non-Gaussian bias is the dependence
on the mass scale M through the multiplicative factor σ−2

R .
Indeed, choosing R = 1 h−1Mpc instead of R = 5 h−1Mpc
as done in Figure 6 would suppress the effect by a factor of
∼3. In the high peak limit, σ−2

R ≈ bL/δc(z) which cancels out
the dependence on redshift but enhances the sensitivity to
the halo bias, that is, Δbκ ∝ b2

L for the equilateral and folded
shapes whereas Δbκ ∝ bL in the local model.

At this point, it is appropriate to mention a few caveats
to these calculations. Firstly, (28) assumes that the tracers
form after a spherical collapse, which may be a good approx-
imation for the massive halos only. If one instead considers
the ellipsoidal collapse dynamics, in which the evolution of
a perturbation depends upon the three eigenvalues of the
initial tidal shear, δc(0) should be replaced by its ellipsoidal
counterparts δec(0) which is always larger than the spherical
value [121]. In this model, the scale-dependent bias Δbκ is
thus enhanced by a factor δec(0)/δc(0) [11, 160]. Secondly,

(28) assumes that the biasing of the surveyed objects is
described by the peak height ν only or, equivalently, the
hosting halo mass M. However, this may not be true for
quasars whose activity may be triggered by merger of halos
[164, 165]. Reference [156] used the EPS formalism to
estimate the bias correction Δbmerger induced by mergers

Δbmerger = δ−1
c , (37)

so the factor b1(M) − 1 should be replaced by b1(M) − 1 −
δ−1

c ≈ b1(M)−1.6. The validity of this result should be evalu-
ated with cosmological simulations of quasars formation. In
this respect, semianalytic models of galaxy formation suggest
that merger-triggered objects such as quasars do not cluster
much differently than other tracers of the same mass [166].
However, this does not mean that the same should hold for
the non-Gaussian scale-dependent bias. Still, since the recent
merger model is an extreme case it seems likely that the
actual bias correction is 0 < Δbmerger < δ−1

c . Thirdly, the
scale-dependent bias has been derived using the Newtonian
approximation to the Poisson equation, so one may wonder
whether general relativistic (GR) corrections to MR(k)−1

may suppress the effect on scales comparable to the Hubble
radius. Reference [167] showed how large-scale primordial
NG induced by GR corrections propagates onto small scales
once cosmological perturbations reenter the Hubble radius
in the matter dominated era. This effect generates a scale-
dependent bias comparable, albeit of opposite sign to that
induced by local NG [163]. More recently, [168] argues
that there are no GR corrections to the non-Gaussian bias
and that the scaling Δbκ ∝ k−2 applies down to smallish
wavenumbers.

We can also ask ourselves whether higher-order terms
in the series expansion (32) furnish corrections to the
non-Gaussian bias similar to (28). The quadratic coupling
f loc
NL φ

2 induces a second order correction to the halo power
spectrum which reads [48]

ΔPh(k) = 4
3

(
f loc
NL

)2
[b1(M)− 1]2δ2

c (z)S(1)
3 (M)

×MR(k, 0)Pφ(k).

(38)

Its magnitude relative to the term linear in f loc
NL , (28), is

approximately 0.03 at redshift z = 1.8 and for a halo
mass M = 1013 M�/h. Although its contribution becomes
increasingly important at higher redshift, it is fairly small
for realistic values of f loc

NL . In local NG model, the power
spectrum of biased tracers of the density field can also be
obtained from a local Taylor series in the evolved (Eulerian)
density contrast δ and the Gaussian part φ of the initial
(Lagrangian) curvature perturbation [47, 71]. Using this
approach, it can be shown that the halo power spectrum
arising from the first order terms of the local bias expansion
can be cast into the form [47]

Ph(k) =
[
b1(M) + f loc

NL bφ(k)
]2
PR(k). (39)

Hence, we also obtain a second order term proportional

to ( f loc
NL )

2
M−2

R PR(k) = ( f loc
NL )

2
Pφ(k) which, however, con-

tributes only at very small wavenumber k � 0.001 h−1Mpc.
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All this suggests that (28) is the dominant contribution to the
non-Gaussian bias in the wavenumber range 0.001 � k �
0.1 hMpc−1.

Finally, a non-Gaussian, scale-dependent bias correction
can also arise in the local, deterministic bias ansatz δh(x) =
b1δ(x) + b2δ(x)2/2 + · · · [169] if the initial density field is
non-Gaussian. Here, bN is the Nth-order bias parameters
(here again, the first-order bias is b1 ≡ 1 + bL). In
this approach, the correction is induced by the correlation
b1b2〈δ(x1)δ2(x2)〉 between the linear and quadratic term in
the galaxy biasing relation (which is in fact a collapsed or
squeezed 3-point function) and thus reads [67, 68]

Δbκ
(
k, f loc

NL

)
= 2 f loc

NL b2σ
2
RMR(k, 0)−1. (40)

Even though b2σ
2
R ≈ bLδc in the high-threshold limit ν � 1,

b2σ
2
R behaves very differently than bLδc for moderate peak

height because b2 is proportional to the second derivative
of the mass function n(ν). So far however, (28) appears to
describe reasonably well the numerical results for a wide
range of halo bias.

4.3.2. Comparison with Simulations. In order to fully exploit
the potential of forthcoming large-scale surveys, a number
of studies have tested the theoretical prediction against the
outcome of large numerical simulations [11, 41–43, 71, 109].

At the lowest order, there are two additional albeit
relatively smaller corrections to the Gaussian bias which
arise from the dependence of both the halo number den-
sity n(M, z) and the matter power spectrum Pδ(k, z) on
primordial NG [41]. Firstly, assuming the peak-background
split holds, the change in the mean number density of
halos induces a scale-independent offset which we denote
ΔbI( f loc

NL ). In terms of the non-Gaussian fractional correction
R(ν, f loc

NL ) to the mass function, this contribution is

ΔbI

(
f loc
NL

)
= − 1

σ

∂

∂ν
ln
[
R
(

ν, f loc
NL

)]
. (41)

It is worth noticing that ΔbI( f loc
NL ) has a sign opposite to that

of f loc
NL , because the bias decreases when the mass function

goes up. In practice, the approximation (25), which matches
well the SO data for ν � 4, can be used for moderate values
of the peak height. For FOF halos with linking length b =
0.2, one should make the replacement δc → δc

√
q with q ≈

0.75 in the calculation of the scale-independent offset. It is
sensible to evaluate ΔbI( f loc

NL ) at a mass scale 〈M〉 equal to
the average halo mass of the sample. Secondly, we also need
to account for the change in the matter power spectrum (see
Figure 2 in Section 3). Summarizing, local non-Gaussianity
adds a correction Δb(k, f loc

NL ) to the bias b(k) of dark matter
halos that reads [41]

Δb
(
k, f loc

NL

)
= Δbκ

(
k, f loc

NL

)
+ ΔbI

(
f loc
NL

)
+ b1(M)βδ

(
k, f loc

NL

)
(42)

at first order in f loc
NL . As can be seen in Figure 7, the inclusion

of these extra terms substantially improves the comparison
between the theory and the simulations. Considering only
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Figure 7: Non-Gaussian bias correction (filled symbols) for halos
of mass M > 2 × 1013 M�/h extracted at z = 0.5 from simulations
of the local f loc

NL model. The solid curve represents the theoretical
model (42). The dashed, dotted-dashed-dotted, and dotted curves
show the scale-dependent bias Δbκ, the scale-independent offset ΔbI

and the contribution from the matter power spectrum b1(M)βδ that
arise at first order in f loc

NL (see Figure 2). The error bars indicate the
scatter among 8 realizations of 10243 simulations with box size L =
1600 h−1Mpc.

the scale-dependent shift Δbκ leads to an apparent sup-
pression of the effect in simulations relative to the theory.
Including the scale-independent offset ΔbI considerably
improves the agreement at wavenumbers k � 0.05 hMpc−1.
Finally, adding the scale-dependent term b1(M)βδ further
adjusts the match at small scale k � 0.05 hMpc−1 by making
the non-Gaussian bias shift less negative. Along these lines,
[71] find that the inclusion of ΔbI to the bias also improves
the agreement with measurements of Δb(k, f loc

NL ) obtained
for FOF halos, and show that taking into account second-
and higher-order corrections could extend the validity of the
theory up to scales k ∼ 0.1− 0.3 hMpc−1.

The non-Gaussian bias correction can be measured in
the cross- and autopower spectrum of dark matter halos,
Phδ(k) and Ph(k). To compute these quantities, dark matter
particles and halo centers are interpolated onto a regular
cubical mesh. The resulting dark matter and halo fluctuation
fields, δm(k) and δh(k), are then Fourier transformed to
yield the matter-matter, halo-matter and halo-halo power
spectra Pδ(k), Phδ(k) and Ph(k), respectively. Ph(k) is then
corrected for the shot noise, which is assumed to be 1/nh if
dark matter halos are a Poisson sampling of some continuous
field. This discreteness correction is negligible for Pδ(k) due
to the large number of dark matter particles. On linear scales
(k � 0.01 hMpc−1), the halo bias b(k) = δh(k)/δm(k)
approaches the constant value b1(M) which needs to be
measured accurately as it controls the strength of the scale-
dependent bias correction Δbκ. In this respect, the ratio
Phδ(k)/Pδ(k) is a better proxy for the halo bias since it is less
sensitive to shot-noise.
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power spectra Ph(k) and Phδ(k) measured in simulations of the
Gaussian and f loc

NL = ±100 models for halos of mass M > 2 ×
1013 M�/h at redshift z = 1. The error bars represent the scatter
among 8 realizations. For f loc

NL = −100, the crosspower spectrum is
negative on scales k � 0.005 hMpc−1, in good agreement with the
theoretical prediction.

Auto- and crosspower analyses may not agree with each
other if the halos and dark matter do not trace each other
on scale k � 0.01 hMpc−1 where the non-Gaussian bias is
large, that is, if there is stochasticity. Figure 8 shows Phδ(k)
and Ph(k) averaged over 8 realizations of the models with
f loc
NL = 0,±100 [41]. The same Gaussian random seed field
φ was used in each set of runs so as to minimize the sampling
variance. Measurements of the non-Gaussian bias correction
obtained with the halo-halo or the halo-matter power
spectrum are in a good agreement with each other, indicating
that non-Gaussianity does not induce stochasticity and the
predicted scaling (28) applies equally well for the auto-
and cross-power spectrum. However, while a number of
numerical studies of the f loc

NL model have confirmed the
scaling Δbκ(k, f loc

NL ) ∝MR(k)−1 and the redshift dependence
∝ D(z)−1 [11, 41, 43, 109], the exact amplitude of the
non-Gaussian bias correction remains somewhat debatable.
Reference [41] who use SO halos and [71] who use FOF halos
find satisfactory agreement with the theory once the scale-
independent offset ΔbI is included. By contrast, see [43],
who use the same FOF halos as [71], argue that the scale-
dependent piece Δbκ requires, among others, a multiplicative
correction of the form (1 − β1 f

loc
NL ), with β1 ∼ 4 × 10−4 > 0.

Similarly, [109] who also use FOF halos find that the theory is
a good fit to the simulations only upon replacing bL by qbL in
(33), with q  0.75. Part of the discrepancy may be probably
due to the fact that the last two references do not include
ΔbI, which leads to an apparent suppression of the effect
(see Figure 7). Another possible source of discrepancy may
be choice of the halo finder which, as seen in Figure 5, has
an impact on the strength of the non-Gaussian correction to
the mass function. This possibility is investigated in Figure 9,
which shows the non-Gaussian bias correction obtained
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Figure 9: Fractional correction to the Gaussian halo bias in the
f loc
NL = ±100 and Gaussian models. In contrast to Figure 8, halos

were identified with a FOF finder of linking length b = 0.2. Only the
wavemodes to the left of the vertical line were used to fitΔbκ(k, f loc

NL ).
For this low biased sample, the scale-independent correction is
|ΔbI| � 0.003 and can thus be ignored. The best-fit value of f loc

NL

and the corresponding 1σ error is quoted for each model (Figure
taken from [170]).

with FOF halos. For this low biased sample, the scale-
independent correction is |ΔbI| � 0.003 and can thus be
neglected. The best-fit values of f loc

NL are significantly below

the input values of ±100, in agreement with the findings
of [43, 109] (note, however, that this suppression is more
consistent with δc being rescaled by

√
qδc ≈ 0.86δc and

bL being unchanged). This indicates that the choice of halo

finder may also affect the magnitude of the scale-dependent
non-Gaussian bias. Discrepancies have also been observed
between the theoretical and measured non-Gaussian bias
corrections in non-Gaussian models of the local cubic-order
coupling g loc

NLφ
3 [48]. Understanding all these results clearly

requires a better modeling of halo clustering.

4.3.3. Redshift-Space Distortions. Peculiar velocities generate
systematic differences between the spatial distribution of data
in real and redshift space. These redshift-space distortions
must be properly taken into account in order to extract
f X
NL from redshift surveys. On the linear scales of interest,

the redshift-space power spectrum of biased tracers reads as
[171, 172]

Psh
(
k,μ

) = [b2
1Pδ(k) + 2b1 f μ

2Pδθ(k) + f 2μ4Pθ(k)
]
, (43)

where Pδθ and Pθ are the density-velocity and velocity-
divergence power spectra, μ is the cosine of the angle between
the wavemode k and the line of sight and f is the logarithmic
derivative of the growth factor. For Pθ , the 1-loop correction
due to primordial NG is identical to (17) provided F2(k1, k2)
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is replaced by the kernel G2(k1, k2) = 3/7 + μ(k1/k2 +
k2/k1)/2 + 4μ2/7 describing the 2nd order evolution of the
velocity divergence [62]. For Pδθ , this correction is

ΔPNG
δθ (k) =

∫
d3q

(2π)3

[
F2
(

q, k− q
)

+G2
(

q, k− q
)]

× B0
(−k, q, k− q

)
.

(44)

Again, causality implies that G2(k1, k2) vanishes in the limit
k1 = −k2. For unbiased tracers with b1 = 1, the linear Kaiser
relation is thus recovered at large scales k � 0.01 hMpc−1

(this is consistent with the analysis of [173]). For biased
tracers, we still expect the Kaiser formula to be valid, but
the distortion parameter β should now be equal to β =
f /(b1 + Δbκ), where Δbκ(k, f X

NL) is the scale-dependent bias
induced by the primordial non-Gaussianity.

4.3.4. Mitigating Cosmic Variance and Shot-Noise. Because of
the finite number of large scale wavemodes accessible to a
survey, any large-scale measurement of the power spectrum
is limited by the cosmic (or sampling) variance caused by
the random nature of the wavemodes. For discrete tracers
such as galaxies, the shot noise is another source of error.
Restricting ourselves to weak primordial NG, the relative
error on the power spectrum P is σP/P ≈ 1/

√
N(1 + σ2

n/P),
where N is the number of independent modes measured and
σ2
n is the shot-noise [174]. Under the standard assumption

of Poisson sampling, σ2
n equals the inverse of the number

density 1/n and causes a scale-independent enhancement of
the power spectrum. The extent to which one can improve
the observational limits on the nonlinear parameters f X

NL
will strongly depend on our ability to minimize the impact
of these two sources of errors. By comparing differently
biased tracers of the same surveyed volume [175, 176] and
suitably weighting galaxies (by the mass of their host halo
for instance) [177, 178], it should be possible to circumvent
these problems and considerably improve the detection level.

Figure 9 illustrates how the impact of sampling vari-
ance on the measurement of f loc

NL can be mitigated.
Namely, the data points show the result of taking the
ratio Ph(k, f loc

NL )/Pδ(k, f loc
NL ) for each set of runs with same

Gaussian random seed field φ before averaging over the
realizations. This procedure is equivalent to the multitracers
method advocated by [175]. Here, Pδ can be thought as
mimicking the power spectrum of a nearly unbiased tracer of
the mass density field with high number density. Although,
in practical applications, using the dark matter field works
better [170], in real data Pδ should be replaced by a tracer
of the same surveyed volume different than the one used
to compute Ph. Figure 9 also shows that upon taking out
most of the cosmic variance, there is some residual noise
caused by the discrete nature of the dark matter halos. As
shown recently [178] however, weighting the halos according
to their mass can dramatically reduce the shot noise relative
to the Poisson expectation, at least when compared against
the dark matter. Applying such a weighting may thus
significantly improve the error on the nonlinear parameter
f loc
NL , but this should be explored in realistic simulations

of galaxies, especially because the halo mass M may not
be easily measurable from real data [170]. This approach
undoubtedly deserves further attention as it has the potential
to substantially improve the extraction of the primordial
non-Gaussian signal from galaxy surveys.

To conclude this section, it is worth noting that, while
the PDF of power values P(k) has little discriminatory power
(for large surveyed volume, it converges towards the Rayleigh
distribution as a consequence of the central limit theorem)
[179], the covariance of power spectrum measurements
(which is sensitive to the selection function, but also to
correlations among the phase of the Fourier modes) may
provide quantitative limits on certain type of non-Gaussian
models [174, 180].

4.4. Galaxy Bispectrum and Higher-Order Statistics. Higher
statistics of biased tracers, such as the galaxy bispectrum, are
of great interest as they are much more sensitive to the shape
of the primordial 3-point function than the power spectrum
[10, 42, 68, 181, 182]. Therefore, they could break some of
the degeneracies affecting the non-Gaussian halo bias (e. g.,
the leading order scale-dependent correction to the Gaussian
bias induced by the local quadratic and cubic coupling are
fully degenerated [48]).

4.4.1. Normalized Cumulants of the Galaxy Distribution.
The skewness of the galaxy count probability distribution
function could provide constraints on the amount of
non-Gaussianity in the initial conditions. As discussed in
Section 3, however, it is difficult to disentangle the primor-
dial and gravitational causes of skewness in low redshift
data unless the initial density field is strongly non-Gaussian.
The first analyzes of galaxy catalogs in terms of count-in-
cells densities all reached the conclusion that the skewness
(and higher-order moments) of the observed galaxy count
PDF is consistent with the value predicted by gravitational
instability of initially Gaussian fluctuations [50, 57, 60, 183–
185]. Back then however, most of the galaxy samples available
were not large enough to accurately determine the SJ at large-
scales [186]. Despite the two orders of magnitude increase
in surveyed volume, these measurements are still sensitive to
cosmic variance, that is, to the presence of massive super-
clusters or large voids. Nevertheless, the best estimates of
the first normalized cumulants SJ of the galaxy PDF strongly
suggest that high order galaxy correlation functions indeed
follow the hierarchical scaling predicted by the gravitational
clustering of Gaussian ICs [187]. There is no evidence for
strong non-Gaussianity in the initial density field as might
by seeded by cosmic strings or textures [188].

The genus statistics of constant density surfaces through
the galaxy distribution measures the relative abundance of
low and high density regions as a function of the smoothing
scale R and, therefore, could also be used as a diagnostic
tool for primordial non-Gaussianity. For a Gaussian random
field, the genus curve (i.e., the genus number as a function
of the density contrast) is symmetric about δR = 0 regardless
the value of R. Primordial NG and nonlinear gravitational
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evolution can disrupt this symmetry [189]. The effect of non-
Gaussian ICs on the topology of the galaxy distribution has
been explored in a number of papers [35, 190–193]. For large
values of R and realistic amount of primordial NG, the genus
statistics can also be expanded in a series whose coefficients
are the normalized cumulants SJ of the smoothed galaxy
density field. In other words, the genus statistics essentially
provides another measure of the (large-scale) cumulants. So
far, measurements from galaxy data are broadly consistent
with Gaussian initial conditions [194, 195].

4.4.2. Galaxy Bispectrum. Most of the scale-dependence of
the primordial n-point functions is integrated out in the
normalized cumulants, which makes them weakly sensitive
to primordial NG. However, while the effect of non-Gaussian
initial conditions, galaxy bias, gravitational instabilities and
so forth, are strongly degenerated in the SJ , they imprint
distinct signatures in the galaxy bispectrum Bg(k1, k2, k3),
an accurate measurement of which could thus constrain the
shape of the primordial 3-point function.

In the original derivation of [181], the large-scale
(unfiltered) galaxy bispectrum in the f loc

NL model is given by

Bg(k1, k2, k3) = b3
1B0(k1, k2, k3)

+ b2
1b2
[
P0(k1)P0(k2) +

(
cyc.

)]
+ 2b3

1

[
F2(k1, k2)P0(k1)P0(k2) +

(
cyc.

)]
.

(45)

Again, b1 and b2 are the first- and second-order bias parame-
ters that describe the galaxy biasing relation assumed local
and deterministic [169]. The first term in the right-hand
side is the primordial contribution which, for equilateral
configurations and in the f loc

NL model, scales as MR(k, z)−1

like in the matter bispectrum, (18). The two last terms
are the contribution from nonlinear bias and the tree-level
correction from gravitational instabilities, respectively. They
have the smallest signal in squeezed configurations.

As recognized by [68, 182], (45) misses an important
term that may significantly enhance the sensitivity of the
galaxy bispectrum to non-Gaussian initial conditions. This
contribution is sourced by the trispectrum TR(k1, k2, k3, k4)
of the smoothed mass density field

1
2
b2

1b2

∫
d3q

(2π)3 TR
(

k1, k2, q, k3 − q
)

+
(
2 perms.

)
. (46)

At large-scale, this simplifies to the sum of the linearly
evolved primordial trispectrum T0(k1, k2, k3, k4) and a cou-
pling between the primordial bispectrum B0(k1, k2, k3) (lin-
ear in f X

NL) and the second order PT corrections (through the
kernel F2(k1, k2)). In the case of local non-Gaussianity and
for equilateral configurations, the first piece proportional

to T0 scales as ( f loc
NL )

2
k−4 times the Gaussian tree-level

prediction, with the same redshift dependence. Hence, it
is similar to the second order correction ( f loc

NL )2M−2
R PR(k)

that appears in the halo power spectrum (see (39)). The
second piece linear in f X

NL generates a signal at large-scales

for essentially all triangle shapes in the local model as well
as in the case of equilateral NG. This second contribution is
maximized in the squeezed limit (where it is one order of
magnitude larger than the result obtained by [181]) which
helps disentangling it from the Gaussian terms. Note that a
strong dependence on triangle shape is also present in other
NG scenarios such as the χ2 model [62].

This newly derived contributions are claimed to lead to
more than one order of magnitude improvement in certain
limits [182], but it is not yet clear whether these gains can
be fully realized with upcoming galaxy surveys. To accurately
predict the constraints that could be achieved with future
measurements of the galaxy bispectrum, a comparison of
these predictions with the halo bispectrum extracted from
numerical simulations is highly desirable. To date, the only
numerical study [42] has measured the halo bispectrum
for some isosceles triangles (k1 = k2). While the shape
dependence is in reasonable agreement with the theory, the
observed k-dependence appears to depart from the predicted
scaling.

4.5. Intergalactic Medium and the Lyα Forest. Primordial
non-Gaussianity also affects the intergalactic medium (IGM)
as a positive f X

NL enhances the formation of high-mass
halos at early times and, therefore, accelerates reionization
[196–198]. At lower redshift, small box hydrodynamical
simulations of the Lyα forest indicate that non-Gaussian
initial conditions could leave a detectable signature in
the Lyα flux PDF, power spectrum and bispectrum [199].
However, while differences appear quite pronounced in the
high transmissivity tail of the flux PDF (i.e., in underdense
regions), the Lyα 1D flux power spectrum seems little
affected. Given the small box size of these hydrodynamical
simulations, it is worth exploring the effect in large N-body
cosmological simulations using a semianalytic modeling of
the Lyα forest [200], even though such an approach only
provides a very crude approximation to the temperature-
density diagram of the IGM in hydrodynamical simulations.
Figure 10 shows the imprint of local type NG on the Lyα
3D flux power spectrum (which is not affected by projection
effects) extracted at z = 2 from a series of large simulations.
The Lyα transmitted flux is calculated in the Gunn-Peterson
approximation [201]. A clear signature similar to the non-
Gaussian halo bias can be seen. As expected, it is of opposite
sign since the Lyα forest is anti-biased relative to the mass
density field (overdensities are mapped onto relatively low
flux transmission).

To estimate the strength of the signal (see [200] for
the details), one can assume that the (real space) optical
depth τ(x) to Lyα absorption at comoving position x is
approximately [202]

τ(x) = τ
[

1 + δg(x)
]α

, (47)

where δg is the gas density, τ ∼ 1 is the optical depth at mean
gas density and α ∼ 1− 2 is some parameter that depends on
the exact thermal history of the low density IGM. The above
relation holds for the moderate overdensities δg � 10 that
are responsible for most of the Lyα absorption features. To
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relate the gas density to the smoothed linear density field,
we could make the simple ansatz δg ≡ δR [203]. In this
linear approximation, however, the large-scale bias bF of the
Lyα flux density field is much larger than that measured in
detailed numerical simulations (e.g., b2

F  0.017 at z = 3
[204]). Therefore, one may want to consider the lognormal
mapping [205, 206]

1 + δg = exp

(
δR − σ2

R

2

)
, (48)

to better capture nonlinearities in the gas density field.
Expanding exp(δR) at second order and noticing that
in the presence of weak non-Gaussianity, the joint PDF
P(δR(x1), δR(x2)) can generically be expanded into an Edge-
worth series where the primordial 3-point function is the
dominant correction, it is straightforward to compute the
Lyα 3D flux power spectrum for nonzero f X

NL. Upon a Fourier
transformation, we arrive at

PF

(
k, f X

NL

)
PF(k, 0)

= 1− 4gFσ
2
RMR(k, z)−1F

(
k, f X

NL

)
. (49)

where gF is some auxiliary function of (τ,α, σR). This
result is valid for any model of primordial NG charac-
terized by an initial bispectrum. In the f loc

NL model, the
large-scale non-Gaussian Lyα bias scales as ΔbF(k, f X

NL) ≈
−2gFσ

2
RMR(k, z)−1 ∝ k−2T(k)−1 like the non-Gaussian halo

bias. Assuming that τ = 0.7, σR = 1.8 and α = 1.65 yields
a mean flux F ≈ 0.8 and a ratio PF(k = 0.01, f X

NL)/PF(k =
0.01, 0) ≈ 1∓0.13 for f loc

NL = ±100 comparable in magnitude
to that seen in Figure 10. A detection of this effect, although
challenging in particular because of continuum uncertain-
ties, could be feasible with future data sets. Summarizing,
the Lyα should provide interesting information on the non-
Gaussian signal over a range of scale and redshift not easily
accessible to galaxy and CMB observations [199, 200].

5. Current Limits and Prospects

As the importance of primordial non-Gaussianity relative
to the non-Gaussianity induced by gravitational clustering
and galaxy bias increases towards high redshift, the optimal
strategy to constrain the nonlinear coupling parameter(s)
with LSS is to use large-scale, high-redshift observations [32].

5.1. Existing Constraints on Primordial NG. The non-
Gaussian halo bias presently is the only LSS method that
provides a robust limit on the magnitude of a primordial
3-point function of the local shape. It is a broadband effect
that can be easily measured with photometric redshifts. The
authors of [156] have applied (28) to constrain the value of
f loc
NL using a compilation of large-scale clustering data. Their

constraint arise mostly from the QSO sample at median
redshift z = 1.8, which covers a large comoving volume and
is highly biased, b1 = 2.7. They obtain

−29 < f loc
NL < +69, (50)
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Figure 10: Ratio between the z = 2 Lyα flux power spectrum
extracted from simulations of Gaussian and non-Gaussian initial
conditions. The mean transmission is set to F = 0.8 and the power-
law exponent α = 1.65 (see text).

at 95% confidence level. These limits are competitive with
those from CMB measurements, −10 < f loc

NL < +74 [207]. It
is straightforward to translate this 2-σ limit into a constraint
on the cubic order coupling g loc

NL since the non-Gaussian
scale-dependent bias Δbκ(k, g loc

NL) has the same functional
form as Δbκ(k, f loc

NL ) [48]. Assuming f loc
NL = 0, one obtains

−3.5× 105 < g loc
NL < +8.2× 105. (51)

These limits are comparable with those inferred from the
analysis of CMB data.

Measurements of the galaxy bispectrum in several red-
shift catalogs have shown evidence for a configuration
shape dependence in agreement with that predicted from
gravitational instability, ruling out χ2 initial conditions at
the 95% C.L. [208, 209]. Recent analyses of the SDSS LRGs
catalogue indicate that the shape dependence of the reduced
3-point correlation Q3 ∼ ξ3/(ξ2)2 is also consistent with
Gaussian ICs [210], although a primordial (hierarchical)
non-Gaussian contribution in the range Q3 ∼ 0.5− 3 cannot
be ruled out [211]. Other LSS probes of primordial non-
Gaussianity, such as the abundance of massive clusters, are
still too affected by systematics to furnish tight constraints on
the shape and magnitude of a primordial 3-point function.
Still, the observation of a handful of unexpectedly massive
high-redshift clusters has been interpreted as evidence of a
substantial degree of primordial NG [212–214].

5.2. Future Prospects. Improving the current limits will
further constrain the physical mechanisms for the generation
of cosmological perturbations.
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The non-Gaussian halo bias also leaves a signature in
cross-correlation statistics of weak cosmic shear (galaxy-
galaxy and galaxy-CMB) [215, 216] and in the integrated
Sachs-Wolfe (ISW) effect [156, 160, 217]. Measurements
of the lensing bispectrum could also constrain a number
of non-Gaussian models [218]. However, galaxy clustering
will undoubtedly offer the most promising LSS diagnostic
of primordial non-Gaussianity. The detectability of a local
primordial bispectrum has been assessed in a series of
papers. It is expected that future all-sky galaxy surveys will
achieve constraints of the order of Δ f loc

NL ∼ 1 assuming
that all systematics are reasonably under control [47, 106,
156, 160, 217, 219–221]. Realistic models of cubic type non-
Gaussianity [48], modifications of the initial vacuum state
or horizon-scale GR corrections [163] should also be tested
with future measurement of the galaxy power spectrum.

Upcoming observations of high redshift clusters will
provide increased leverage on measurement of primordial
non-Gaussianity with abundances and possibly put limits
on any nonlinear parameter f X

NL at the level of a few tens
[139]. Combining the information provided by the evolution
of the mass function and power spectrum of galaxy clusters
should yield constraints with a precision Δ f loc

NL ∼ 10 for a
wide field survey covering half of the sky [214]. Alternatively,
using the full covariance of cluster counts (which is sensitive
to the non-Gaussian halo bias) can furnish constraints of
Δ f loc

NL ∼ 1 − 5 for a Dark Energy Survey-type experiment
[222, 223].

As emphasized in “Section 4” however, the exact magni-
tude of the non-Gaussian bias is still uncertain partly due
to the freedom at the definition of the halo mass and the
uncertainty in the correspondence between simulated quan-
tities and observables. Understanding this type of systematics
will be crucial to set reliable constraints on a primordial
non-Gaussian component. To fully exploit the potential of
future galaxy surveys, it will also be essential to extend
the theoretical and numerical analyses to other bispectrum
shapes than the local template used so far. Ultimately, the
gain that can be achieved will critically depend on our ability
to minimize the impact of sampling variance and shot-
noise. In this regards, multi-tracers methods combined with
optimal weighting schemes should deserve further attention
as they hold the promise to become the most accurate
method to extract the primordial non-Gaussian signal from
galaxy surveys [175–178].
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With the advent of galaxy surveys which provide large samples of galaxies or galaxy clusters over a volume comparable to the
horizon size (SDSS-III, HETDEX, Euclid, JDEM, LSST, Pan-STARRS, CIP, etc.) or mass-selected large cluster samples over a large
fraction of the extra-galactic sky (Planck, SPT, ACT, CMBPol, B-Pol), it is timely to investigate what constraints these surveys
can impose on primordial non-Gaussianity. I illustrate here three different approaches: higher-order correlations of the three
dimensional galaxy distribution, abundance of rare objects (extrema of the density distribution), and the large-scale clustering of
halos (peaks of the density distribution). Each of these avenues has its own advantages, but, more importantly, these approaches
are highly complementary under many respects.

1. Introduction

The recent advances in the understanding of the origin
and evolution of the Universe have been driven by the
advent of high-quality data, in unprecedented amount (just
think of WMAP and SDSS, e.g.). Despite this, most of the
information about cosmological parameters come from the
analysis of a massive compression of the data: the power
spectrum of their statistical fluctuations over the mean. The
power spectrum is a complete statistical description of a
random field only if it is Gaussian.

Even the simplest inflationary models predict deviations
from Gaussian initial conditions. These deviations are
expected to be small, although “small” in some models may
be “detectable.” For a thorough review of inflationary non-
Gaussianity see [1]; for our purpose it will be sufficient
to say that to describe inflation-motivated departures from
Gaussian initial conditions many write [2–5]

Φ = φ + fNL
(
φ2 − 〈φ2〉). (1)

Here φ denotes a gaussian field and Φ denotes Bardeen’s
gauge-invariant potential, which, on sub-Hubble scales
reduces to the usual Newtonian peculiar gravitational poten-
tial, up to a minus sign. In the literature, there are two
conventions for (1): the large-scale structure (LSS) and the

Cosmic Microwave Background (CMB) one. In the LSS
convention Φ is linearly extrapolated at z = 0; in the CMB
convention Φ is instead primordial: thus f LSS

NL = g(z =
∞)/g(0) f CMB

NL ∼ 1.3 f CMB
NL , where g(z) denotes the linear

growth suppression factor relative to an Einstein-de-Sitter
Universes. In the past few years it has become customary to
always report f CMB

NL values even if, for simplicity as it will be
clear below, one carries out the calculations with f LSS

NL .
While for simplicity one may just assume fNL in (1) to be

a constant (yielding the so-called local model or local-type)
in reality the expression is more complicated and fNL is scale
and configuration dependent. Even if the bispectrum does
not completely specify non-Gaussianity, in most practical
applications, the non-Gaussianity is set by writing down the
bispectrum of Φ. For example, one can see that for the local
model the bispectrum is

BΦ(k1, k2, k3) = 2 fNLPφ(k1)Pφ(k2) + 2 cyc, (2)

where P denotes the power spectrum and it is often assumed
that Pφ = PΦ; “cyc.” denotes two cyclic terms over k1, k2, k3.

It has been shown [6] that for non-Gaussianity of the
local type the bispectrum is dominated by the so-called
squeezed configurations, triangles where one wave-vector
length is much smaller than the other two. Models such
as the curvaton for example, have a non-Gaussianity of
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the local type. Standard, single-field slow roll inflation also
yields a local non-Gaussianity but with an unmeasurably
small fNL (see [1] and references therein). On the other
hand, many inflationary models have an equilateral-type
non-Gaussianity, that is, the bispectrum is dominated by
equilateral triangles [6]. References [7, 8] have proposed a
functional form which closely approximates the behavior of
the inflationary bispectrum and which is useful for efficient
data-analysis:

B(k1, k2, k3) = 6 fNL

{
− P(k1)P(k2) + 2cyc.

− 2[P(k1)P(k2)P(k3)]2/3

+P1/3(k1)P2/3(k2)P(k3) + 5cyc.
}
.

(3)

Note that the same numerical value for fNL gives rise to a
larger skewness in the local case than in the equilateral case
(e.g., see [9]), explaining why the CMB constraints on fNL

are weaker for the equilateral case [7, 8, 10].
Specific deviations from a single field, slow roll, canonical

kinetic energy, Bunch-Davies vacuum, leave their specific
signature on the bispectrum “shape” (i.e., the dependence of

B on the shape of the triangle made by the three �k vectors),
see discussion in [11] and references therein.

Non-Gaussianity therefore offers a probe of aspects of
inflation (namely, the interactions of the inflaton) that are
difficult to probe by other means (i.e., measuring the shape
of the primordial power spectrum and properties of the
stochastic background of gravity waves). So, how could
primordial non-Gaussianity be tested?

One could look at the early Universe: by looking at
CMB anisotropies we can probe cosmic fluctuations at a
time when their statistical distribution should have been
close to their original form but the signal is small. On the
other hand, one could analyze the statistics of the large-scale
structures, close to the present-day, when the overdensities
are larger, but this is a more complicated approach, since
gravitational instability (for the dark matter distribution)
and bias (for galaxies or clusters of galaxies) introduce non-
Gaussian features in an initially Gaussian field and they
mask the signal one is after. Finally, the abundance of rare
events (such as galaxy clusters and high-redshift galaxies)
probes the tails of the PDF of the density field, which are
extremely sensitive to deviations from Gaussianity. Here,
I will concentrate on the signature of non-Gaussianity on
large-scale structure (i.e., at redshift z � 1) as they can be
traced by galaxy surveys (i.e., I will not consider wide field
weak gravitational lensing surveys); other contributions to
this review will focus on non-Gaussian signatures on the
CMB, thus here it will be sufficient to give only a very brief
and succinct introduction to the subject.

At recombination fluctuations are small (recall that δΦ ∼
10−5), and the CMB temperature fluctuations are directly
related to Φ making this a very clean probe. However,
effectively only one redshift can be tested giving us only a
2-dimensional information.

The most widespread technique for testing Gaussianity
in the CMB is to use the CMB bispectrum:〈

am1
�1
am2
�2
a
m3
�3

〉
= B�1�2�3

(
�1 �2 �3
m1 m2 m3

)
, (4)

where the am� are the coefficients of the spherical harmonic
expansion of the CMB temperature fluctuation: ΔT/T =∑

�m a
m
� Y

m
� and the presence of the 3-J symbol ensures that

the bispectrum is defined if l1 + l2 + l3 = even, �j + �k ≥
li ≥ |l j − �k| (triangle rule), and that m1 + m2 + m3 = 0.
It should be however clear that secondary CMB anisotropies
and foregrounds also induce a CMB bispectrum which can
mask or partially mimic the signal see, for example [5, 12–
17] and references therein.

In the last few years, this area of research has received
an impulse, motivated by the recent full sky CMB data from
WMAP. In particular it has been shown that the constraints
can be greatly improved by effectively “reconstructing” the
potential Φ from CMB temperature and polarization data
rather than simply using the temperature bispectrum alone
[18, 19]. This technique would yield constraints on non-
Gaussianity of the local type of Δ fNL ∼ 1 for an ideal
experiment and Δ fNL ∼ 3 for the Planck satellite. This
is particularly promising as fNL of order unity or larger is
produced by broad classes of inflationary models (see e.g.,
[1] and references therein).

Currently, the most stringent constraints for the local
type are 27 < fNL < 147 at the 95% confidence (central value
87) from WMAP 3 years data [20]; and from the WMAP
5 years data, −9 < fNL < 111 at the 95% confidence level
(central value 55) [10] and −4 < fNL < 80 [21]. Despite
the heated debate on whether fNL = 0 is ruled out or
not, the two measurements are not necessarily in conflict:
the two central values differ by only about 1σ ; different,
although not independent, data sets were used with different
galactic cuts, and the maximum multipole considered in
the analyses is also different. What makes the subject very
interesting, is that, if the central value for fNL is truly around
60, forthcoming data will yield a highly-significant detection.

2. Higher-Order Correlations

Theoretical considerations (see discussion in e.g., [11]
and references therein) lead us to define primordial non-
Gaussianity by its bispectrum. While in principle there may
be types of non-Gaussianity which would be more directly
related to higher-order correlations (e.g., [22] and references
therein), and while a full description of a non-Gaussian
distribution would require the specification of all the higher-
order correlations, it is clear that quantities such as the
bispectrum enclose information about the phase correlation
between k-modes. In the Gaussian case, different Fourier
modes are uncorrelated (by definition of Gaussian random
phases) and a statistic like the power spectrum does not carry
information about phases. The bispectrum is the lowest-
order correlation with zero expectation value in a Gaussian
random field. But, even if the initial conditions were
Gaussian, nonlinear evolution due to gravitational instability
generates a nonzero bispectrum. In particular, gravitational
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instability has its own “signature” bispectrum, at least in the
next-to-leading order in cosmological perturbation theory
[23]:

B
(
�k1,�k2,�k3

)
= 2P(k1)P(k2)J

(
�k1,�k2

)
+ 2cyc, (5)

where J(�k1,�k2) is the gravitational instability “kernel” which
depends very weakly on cosmology and for an Einstein-de-
Sitter Universe is

J
(
�k1,�k2

)
= 5

7
+
�k1 ·�k2

2k1k2

(
k1

k2
+
k2

k1

)
+

2
7

⎛⎝�k1 ·�k2

k1k2

⎞⎠2

. (6)

In the highly nonlinear regime the detailed form of the
kernel changes, but it is something that could be computed
and calibrated by extending perturbation theory beyond the
next-to-leading order and by comparing with numerical N-
body simulations (see other contributions in this issue). It
was recognized a decade ago [4] that this signal is quite large
compared to any expected primordial non-Gaussianity and
that the primordial signal “redshifts away” compared to the
gravitational signal. In fact, a primordial signal given by a
local type of non-Gaussianity parameterized by a given fNL,
would affect the late-time dark matter density bispectrum
with a contribution of the form

B fNL local
(
�k1,�k2,�k3, z

)

= 2 fNLP(k1)P(k2)
F
(
�k1,�k2

)
D(z)/D(z = 0)

+ 2cyc,

(7)

where D(z) is the linear growth function which in an
Einstein-de-Sitter universe goes like (1 + z)−1 and

F = M(k3)
M(k1)M(k2)

; M(k) = 2
3
k2T(k)
H2

0Ωm,0
, (8)

T(k) denoting the transfer function, H0 the Hubble parame-
ter, and Ωm,0 the matter density parameter. Clearly the two
contributions have different scale and redshift dependence
and the two kernel shapes in configuration space are
different, thus, making the two components, at least in
principle and for high signal-to-noise, separable.

Unfortunately, with galaxy surveys, one does not observe
the dark matter distribution directly. Dark matter halos are
believed to be hosts for galaxy formation, and different
galaxies at different redshifts populate halos following differ-
ent prescriptions. In large-scale structure studies, often the
assumption of linear scale independent bias is made. A linear
bias will not introduce a nonzero bispectrum in a Gaussian
field and its effect on a field with a nonzero bispectrum is
only to rescale its bispectrum amplitude. This is, however,
an approximation, possibly roughly valid at large scales for
dark matter halos, and when looking at the power spectrum,
but unlikely to be true in detail. To go beyond the linear bias
assumption, often the assumption of quadratic bias is made,
where the relation between dark matter overdensity field
and galaxy field is specified by two parameters: b1 and b2,
δg(x) = b1δDM(x) + b2(δ2

DM −〈δ2
DM〉); b1 and b2 are assumed

to be scale-independent (although this assumption must
break down at some point) but they can vary with redshift.
Clearly, a quadratic bias will introduce non-Gaussianity even
on an initially Gaussian field. In summary, for local non-
Gaussianity and scale-independent quadratic bias we have
[4, 24]

B
(
�k1,�k2,�k3, z

)
= 2P(k1)P(k2)b1(z)3

×
⎡⎢⎣ fNL

F
(
�k1,�k2

)
D(z)

+ J
(
�k1,�k2

)
+
b2(z)

2b1(z)

⎤⎥⎦ + cyc.

(9)

Before the above expression can be compared to observa-
tions it needs to be further complicated by redshift space
distortions (and shot noise). Realistic surveys use the redshift
as a proxy for distance, but gravitationally induced peculiar
velocities distort the redshift-space galaxy distribution. We
will not go into these details here as including redshift space
distortions (and shot noise) will not change the gist of the
message.

From a practical point of view, it is important to note
that photometric surveys, although in general can cover
larger volumes that spectroscopic ones, are not suited for this
analysis: the projection effects due to the photo-z smearing
along the line-of-sight is expected to suppress significantly
the sensitivity of the measured bispectrum to the shape of
the primordial one (see e.g., [25, 26]).

Reference [4] concluded that “CMB is likely to provide
a better probe of such (local) non-Gaussianity.” Much more
recently, reference [27] revisited the issue and found that,
assuming a given known redshift dependence of the (b1, b2)
bias parameters and an all sky survey from z = 0 to
z = 5 with a galaxy number density of at least 5 ×
10−4 h3/Mpc3, the galaxy bispectrum can provide constraints
on the fNL parameter competitive with CMB. However, for
all planned surveys, the forecasted errors are much larger
than Planck forecasted errors. This holds qualitatively also
for the equilateral case.

While the gravitationally induced non-Gaussian signal
in the bispectrum has been detected to high statistical
significance (see [28] and references therein, see also other
contributions to this issue), the nonlinear bias signature is
not uncontroversial, and there have been so far no detection
of any extra (primordial) bispectrum contributions.

Of course one could also consider higher-order corre-
lations. One of the advantages of considering, for example,
the trispectrum is that, contrary to the bispectrum, it has
very weak nonlinear growth [29], but has the disadvantage
that the signal is delocalized: the number of possible
configurations grows fast with the dimensionality n of the
n-point function!

In summary, higher-order correlations as observed in the
CMB or in the evolved Universe, can be used to determine
the bispectrum shape. The two approaches should be seen as
complementary as they are affected by different systematic
effects and probe different scales. The next two probes we
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consider have a less-rich sensitivity to the bispectrum shape,
but their own peculiar advantages.

3. The Mass Function

The abundance of collapsed objects (dark matter halos as
traced, e.g., by galaxies and galaxy clusters) contains impor-
tant information about the properties of initial conditions
on galaxy and clusters scales. The Gaussian assumption plays
a central role in analytical predictions for the abundance
and statistical properties of the first objects to collapse
in the Universe. In this context, the formalism proposed
by Press and Schechter [30], with its later extensions and
improvements, has become the standard lore for predicting
the number of collapsed dark matter halos as a function of
redshift. However, even a small deviation from Gaussianity
can have a deep impact on those statistics which probe
the tails of the distribution. This is indeed the case for
the abundance of high-redshift objects like galaxies and
clusters at z � 1 which correspond to high peaks, that
is, rare events, in the underlying dark matter density field.
Therefore, even small deviations from Gaussianity might be
potentially detectable by looking at the statistics of high-
redshift systems. Before proceeding let us introduce some
definitions.

We are interested in predictions for rare objects, that
is the collapsed objects that form in extreme peaks of the
density field δ(x) = δρ/ρ. The statistics of collapsed objects
can be described by the statistics of the density perturbation
smoothed on some length scale R (or equivalently a mass
scale M = 4/3πR3ρ), δR.

To incorporate non-Gaussian initial conditions into
predictions for the smoothed density field, we need an
expression for the probability distribution function (PDF)
for δR. For a particular real-space expansion like (1), one may
make a formal change of variable in the Gaussian PDF to
generate a normalized distribution [31]. However, this may
not be possible in general and the change of variables does
not work for the smoothed cumulants of the density field. In
general, the PDF for a generic non-Gaussian distribution can
be written exactly as a function of the cumulant’s generating
function WR for the smoothed density field:

P (δR)dδR =
∫
dλ

2π
exp[−iλδR + WR(λ)]dδR (10)

with

WR(λ) =
∞∑
n=2

(iλ)n

n!
μn,R, (11)

where μn,R denote the cumulants and, for example, μ2,R =
σ2
R = 〈δ2

R〉 and the skewness μ3,R is related to the normalized
skewness of the smoothed density field S3,R = μ3,R/μ

2
2,R.

It is useful to define a “skewness per fNL unit” S
fNL=1
3,R so

that S3,R = fNLS
fNL=1
3,R . The skewness μ3,R is related to the

underlying bispectrum by

μ3,R =
∫
d3k1d3k2d3k3

(2π)6 Bδ,R

(
�k1,�k2,�k3

)
δD�k1+�k2+�k3

, (12)

where δD denotes the Dirac delta function and Bδ,R denotes
the bispectrum of the δ overdensity field smoothed on scale
R. It is related to the potential one trivially by remembering

the Poisson equation: δR(�k) = M(k)WR(k)Φ(�k). Here,
WR(k) denotes the smoothing kernel, usually taken to be the
Fourier transform of the top hat window. In any practical
application the dimensionality of the integration can be

reduced by collapsing the expressing �k3 as a function of �k1

and �k2.
It is important at this point to make a small digression to

specify definitions of key quantities. Even in linear theory, the
normalized skewness of the density field depends on redshift;
however in the Press and Schechter framework one should
always use linearly extrapolated quantities at z = 0. In this

context therefore, when writing S3,R = fNLS
fNL=1
3,R , if S

fNL=1
3,R is

that if the density field extrapolated linearly at z = 0 then fNL

must be the LSS one and not the CMB one.
To compute the abundance of collapsed objects from the

PDF one will then follow the Press and Schechter swindle:
first compute

P (> δc | z,R) =
∫∞
δc(z)

dδRP (δR), (13)

where δc denotes the critical threshold for collapse; then the
number of collapsed objects is

n(M, z)dM = 2
3H2

0Ωm

8πGM

∣∣∣∣dP (> δc | z,R)
dM

∣∣∣∣M. (14)

Note that the redshift dependence is usually enclosed only in
δc: σM is computed on the field linearly extrapolated at z = 0,
and δc(z) = Δc(z)D(z = 0)/D(z) and Δc(z) depends very
weakly on redshift and Δc(z = 0) ∼ 1.68.

Equation (14) however cannot be computed analytically
and exactly starting from (10): some approximations need
to be done in order to obtain an analytically manageable
expression. Two approaches have been taken so far in the
literature which we will briefly review below.

3.1. MVJ Approach. The authors of [31] proceed by first
performing the integration over δR to obtain an exact
expression for P (> δc | z,M). At this point they expand
the generating functional to the desired order, for example,
keeping only terms up to the skewness, then perform a
Wick rotation to change variables and finally a saddle-
point approximation to evaluate the remaining integral. The
saddle point approximation is very good for large thresholds
δc/σM � 1, thus for rare and massive peaks. For the final
expression for the mass function they obtain

n̂(M, z) = 2
3H2

0Ωm,0

8πGM2

1√
2πσM

exp

[
− δ2∗

2σ2
M

]

×
∣∣∣∣∣∣1

6
δ2
c√

1− S3,Mδc/3

dS3,M

d lnM
+
δ∗
σM

dσM
d lnM

∣∣∣∣∣∣,

(15)

where σM denotes the rms value of the density field, the
subscriptM denotes that the density field has been smoothed
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Figure 1: Skewness S3,R of the density field at z = 0 as a function of
the smoothing scale R for different types of non-Gaussianity. Figure
reproduced from [32].

on a scale R(M) corresponding to R(M) = [M3/(4ρ)]1/3, and

δ∗ = δc
√

1− δcS3,M/3.
This derivation shows that the mass function in principle

depends on all cumulants, but that if non-Gaussianity is
described by a bispectrum (and all higher order connected
correlations are assumed to be zero or at least negligible),
it depends only on the skewness. The mass function does
not carry explicit information about the shape of non-
Gaussianity. Nevertheless for a given numerical value of
fNL the skewness can have different amplitude and scale
dependence for different models of non-Gaussianity, as
illustrated in Figure 1.

3.2. LMSV Approach. The authors of [9] (LMSV) instead
proceed by using the saddle point approximation in the
expression for P (δR) and then using the Edgeworth expan-
sion truncated at the desired order. The resulting simplified
expression for the PDF can then be integrated to obtain
P (> δc | z,R) and derived to obtain the mass function. The
final mass function in this approximation is given by

n̂(M, z) = 2
3H2

0Ωm,0

8πGM
1√

2πxs
exp

[
− δ2

c

2σ2
M

]

×
∣∣∣∣∣d ln σM

dM

(
δc
σM

+
S3,MσM

6

(
δ4
c

σ4
M

− 2
δ2
c

σ2
M

− 1

))

+
1
6
dS3,M

dM
σM

(
δ2
c

σ2
M

− 1

)∣∣∣∣∣.
(16)

Without knowledge of all higher cumulants one is forced
to use approximate expressions for the mass function. By
truncating the Edgeworth expansion at the linear order
in the skewness, the resulting PDF is no longer positive-
definite. The number of terms that should be kept in the
expansion depends on δc(z)/σM . The truncation used is a
good approximation of the true PDF if δc(z)/σM is small

(and non-Gaussianity is small) but for rare events (the tails
of the distribution) δc(z)/σM is large. One thus expect this
approximation to break down for large masses, high redshift,
and high fNL.

Reference [9] quantified the range of validity of their
approximation by assuming that when terms proportional
to S2

3 become important is no longer valid to neglect terms
proportional to higher-order cumulants. Then they define
the validity regime of their mass function to be where
corrections from the S2

3 are unimportant. They find, as
expected, that for very massive objects the approximation
breaks down and that the upper mass limit for applicability
of the mass function decreases with redshift and fNL. But for
low masses, redshifts and fNL their formula is better than the
MVJ. On the other hand the MVJ range of validity extends to
higher masses, redshifts and fNL values, as expected, as MVJ
applied the saddle point approximation to P (> δc | M, z)
which is an increasingly good approximation for rare objects.

Of course, the natural observable to apply this method to
are not only galaxy surveys (and the clusters found there),
but, especially suited, are the mass-selected large clusters
surveys offered by on-going Sunyaev-Zeldovich experiments
(e.g., Planck, ACT, SPT).

A detailed comparison with N-body simulations is the
next logical step to pursue.

3.3. Comparison with N-Body Simulations. Before we pro-
ceed we should consider that the Press and Schechter
formulation of the mass function even in the Gaussian
initial conditions case, can be significantly improved see
for example, [34–36]. Much improved expressions have
been extensively calibrated on Gaussian initial conditions
N-body simulations. The major limitations in both the
MVJ and LMSV derivations (since they follow the classic
Press and Schechter formulation) are the assumption of
spherical collapse and the sharp k-space filtering. In addition,
the excursion set improvement on the original Press and
Schechter swindle relies on the random-phase hypothesis,
which is not satisfied for non-Gaussian initial conditions.
Since these improvements of the mass function have not yet
been generalized to generic non-Gaussian initial conditions
(but work is on-going, see other contributions in this
issue) the analytical results above should be used to model
fractional corrections to the Gaussian case.

Thus the non-Gaussian mass function, nNG(M, z) can be
written as a function of a Gaussian one, nG(M, z) (accurately
calibrated on N-body simulations) with a non-Gaussian
correction factor R (see e.g., [9, 37]):

nNG(M, z) = nG(M, z)R(S3,M, z), (17)

where

R(S3,M, z) = n̂
(
M, z, fNL

)
n̂
(
M, z, fNL = 0

) (18)

and n̂ is given by the MVJ or LMSV approximation. The
correction R can then be calibrated on N-body simulations.

Reference [33] argues that the same correction that is
in the Gaussian case modifies the collapse threshold, δc, to
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Figure 2: Correction to the Gaussian mass function as measured in different non-Gaussian simulations. There is now agreement between
different simulations. The y axis should be interpreted as Log10R(M, z, fNL). For negative values of fNL the absolute value of the non-
Gaussian correction is considered. Reproduced from [33, Figures 4 and 5].

improve over the original Press and Schechter formulation,
may apply to the non-Gaussian correction. The detailed
physical interpretation of this is still matter of debate in the
literature [38–40]. In summary, reference [33] proposes to
write the non-Gaussian correction factor for the MVJ [31]
case as

RNG

(
M, z, fNL

)
= exp

[
δ3
ec

S3,M

6σ2
M

]

×

∣∣∣∣∣∣∣∣∣∣
1
6

δec√
1− δecS3,M

3

dS3,M

d ln σM
+

√
1− δecS3,M

3

∣∣∣∣∣∣∣∣∣∣
,

(19)

and for the LMSV [9] case:

RNG

(
M, z, fNL

)
= 1 +

1
6
σ2
M

δec

×
[
S3,M

(
δ4
ec

σ4
M

− 2
δ2
ec

σ2
M

− 1

)
+

dS3,M

d ln σM

(
δ2
ec

σ2
M

− 1

)]
,

(20)

where δec denotes the modified critical density for collapse,
which for high peaks is δec ∼ δc

√
q. Reference [33] calibrated

these expressions on N-body simulations to find q = 0.75.
We anticipate here that the validity of this extrapolation (i.e.,

in terms of a correction to the critical collapse threshold) can
be tested independently on the large-scale non-Gaussian halo
bias as described in Section 4. Note that, in both cases, in the
limit of small non-Gaussianty the correction factors reduce
to

R = 1 + S3,M
δ3
ec

6σ2
M

. (21)

Non-Gaussian mass functions have been computed from
simulations and compared with different theoretical pre-
dictions in several works [41–45]. In the past, conflicting
results were reported, but the issue seems to have been
settled, there is agreement among mass function measured
from different non-Gaussian simulations performed by three
different groups as shown for example in Figure 2. As
expected both MVJ and LMSV prescriptions for the non-
Gaussian correction to the mass function agree with the
simulation results, provided one makes the substitution δc →
δec, with some tentative indication that MVJ may be better
for very massive objects while LMSV performs better for
less rare events. This is shown in Figure 3 where the points
represent measurements from N-body simulations presented
in [33].

3.4. Voids. While galaxy clusters form at the highest over-
densities of the primordial density field and probe the high-
density tail of the PDF, voids form in the low-density regions
and thus probe the low-density tail of the PDF. Most of the
volume of the evolved universe is underdense, so it seems
interesting to pay attention to the distribution of underdense
regions. A void distribution function can be derived in an
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analogous way to the Press Schechter mass function by
realizing that negative density fluctuations grow into voids
[32], a critical underdensity δυ is necessary for producing a
void and this plays the role of the critical overdensity δc for
producing bound objects (halos). The more underdense a
void is the more negative δυ becomes. The precise value of
δυ(z) depends on the precise definition of a void (and may
depend on the the observables used to find voids); realistic
values of δυ(z = 0) are expected to be � −1. In the absence
of a better prescription, here, following [32], δυ is treated
as a phenomenological parameter and results are shown
for a range of δυ values. To derive the non-Gaussian void
probability function one proceeds as above with the only
subtlety that δυ is negative and that P (< δ) = 1 − P (> δ)
thus |dP (< δ)/dM| = |dP (> δ)/dM|. Thus the void PDF
as a function of |δυ| can be obtained from the PDF of MVJ
[31] or LMSV [9], provided one keeps track of the sign of
each term. For example in the LMSV approximation the void
distribution function becomes [32]

n̂
(
R, z, fNL

) = 9
2π2

√
π

2
1
R4
e−δ

2
υ /2σ

2
M

×
{∣∣∣∣d ln σM

d lnM

∣∣∣∣
×
[
−|δυ|
σM

S3,MσM
6

(
δ4
υ

σ4
M

− 2
δ2
υ

σ2
M

− 1

)]

+
1
6
dS3

dM
σM

(
δ2
υ

σ2
M

− 1

)}
,

(22)

where the expression is reported as a function of the smooth-
ing radius rather than the mass, since a void Lagrangian
radius is probably easier to determine than its mass.

Note that while a positive skewness ( fNL > 0) boosts the
number of halos at the high-mass end (and slightly suppress
the number of low-mass halos), it is a negative skewness that
will increase the voids size distribution at the largest voids
end (and slightly decrease it for small void sizes). Reference
[32] concluded that the abundance of voids is sensitive to
non-Gaussianity, |δυ| is expected to be smaller than δc by
a factor 2 to 3. If voids probe the same scales as halos then
they should provide constraints on fNL2 to 3 times worse.
However voids may probe slightly larger scales than halos, in

many non-Gaussian models, S
fNL=1
3 increases with scales (see

e.g., Figure 1), compensating for the threshold.
The approach reviewed here provides a rough estimate of

the fractional change in abundance due to primordial non-
Gaussianity but will not provide reliably the abundance itself.
It is important to stress here that rigorously quantitative
results will need to be calibrated on cosmological simulations
and mock survey catalogs.

4. Effects on the Halo Power Spectrum

Recently, reference [43, 46] showed that primordial non-
Gaussianity affects the clustering of dark matter halos (i.e.,
density extrema) inducing a scale-dependent bias for halos
on large scales. This can be seen for example by considering
halos as regions where the (smoothed) linear density field
exceeds a suitable threshold. All correlations and peaks
considered in the section are those of the initial density
field (linearly extrapolated to the present time). Thus for
example in the Gaussian case [47–49] for high peaks we
would have the following relation between the correlation
function of halos of mass M, ξh,M(r) and that of the dark
matter distribution smoothed on scale R, corresponding to
mass M, ξR(r):

ξh,M(r) 
(
bGh,L

)2
ξR(r), (23)

where bGL  δc/σ
2
R denotes the Lagrangian halo bias (in the

Gaussian case), although more refined expressions can be
found in for example, [50, 51].

The Lagrangian bias appears here because correlations
and peaks are those of the initial density field (lineary
extrapolated). Making the standard assumptions that halos
move coherently with the underlying dark matter, one can
obtain the final Eulerian bias as bE = 1 + bL, using the
techniques outlined in [50–53]. Below we will omit the
subscript E for Eulerian bias.

The two-point correlation function of regions above
a high threshold has been obtained, for the general non-
Gaussian case, in [54–56]:

ξh,M(|x1 − x2|) = −1 + exp[X], (24)

where

X =
∞∑
N=2

N−1∑
j=1

νNσ−NR
j!
(
N − j

)
!
ξ(N)

[
x1,...,x1, x2,...,x2

j times (N− j) times

]
, (25)
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where ν = δcσR. For large separations the exponential can
be expanded to first order. This is what we will do in what
follows but we will comment on this choice below.

For small non-Gaussianities (Effectively that is for values
of fNL consistent with observations.), we can keep terms up
to the three-point correlation function ξ(3), obtaining that
the correction to the halo correlation function, Δξh due to a
non-zero three-point function is given by:

Δξh = ν3
R

2σ3
R

[
ξ

(3)
R (x1, x2, x2) + ξ

(3)
R (x1, x1, x2)

]

= ν3
R

σ3
R

ξ
(3)
R (x1, x1, x2).

(26)

For a general bispectrum B(k1, k2, k3) this yields a correction
to the power spectrum (see [46] for steps in the derivation):

ΔP

P
= δc(z)

MR(k)
1

4π2σ2
R

∫
dk1k

2
1MR(k1)

×
∫ 1

−1
dμMR

(√
α
)βφ(k1,

√
α, k)

Pφ(k)
,

(27)

where we have made the substitution α = k2
1+k2+2k1kμ. Here

MR = WRM and WR and M were introduced in Section 3.
The effect on the halo bias is ΔbLh/b

L
h = (1/2)(ΔP/P) and thus

b
fNL

h = 1 +
Δc(z)
σ2
RD

2(z)

[
1 + δc(z)βR(k)

]
, (28)

where the expression for β can be obtained by comparing to
(27). The term Δc(z)/[σ2

RD
2(z)]  bG − 1 can be recognized

as the Gaussian Lagrangian halo bias.
So far the derivation is generic for all types of non-

Gaussianity specified by a given bispectrum. We can then

consider specific cases. In particular for local non-Gaussian-
ity we obtain

βR(k) = 2 fNL

8π2σ2
RMR(k)

∫
dk1k

2
1MR(k1)Pφ(k1)

×
∫ 1

−1
dμMR

(√
α
)[Pφ(

√
α)

Pφ(k)
+ 2

]
.

(29)

Thus Δbh/bh is 2 fNL times a redshift-dependent factor
Δc(z)/D(z) = δc(z), times a k- and mass-dependent factor.
The function βR(k) is shown as the dashed line in Figure 4.
This result for the local non-Gaussianity has been derived
in at least three other ways. Reference [43] generalizes the
Kaiser [47] argument of high peak bias for the local non-
Gaussianity. Starting from ∇2Φ = ∇2φ + 2 fNL[φ∇2φ +
|∇φ|2] where near peaks |∇φ|2 is negligible they obtain
δ = δ fNL=0[1 + 2 fNLφ]. The Poisson equation to convert φ in
δ then gives the scale-dependence. More details are presented
elsewhere in this issue.

Reference [58] works in the peak-background split. This
approach is especially useful to understand that it is the
coupling between very large and small scales introduced
by local (squeezed-configurations) non-Gaussianity to boost
(or suppress) the peaks clustering. In this approach, the
density field can be written as ρ(�x) = ρ(1 + δl + δs) where
δl denotes long wavelength fluctuations and δs short wave-
length fluctuations. δl is the one responsible for modulating
halo formation (i.e., to boost peaks above the threshold for
collapse), so the halo number density is n = n(1 +bh,Lδl) and
bh,L = n−1∂n/∂δl.

In the local non-Gaussian case they decompose the
Gaussian field φ as a combination of long and short
wavelength fluctuations φ = φl + φs thus Φ = φl + fNLφ

2
l +

(1+2 fNLφl)φs+ fNLφ2
s +const. Also in this non-Gaussian case

one can split the density field δ in δl and δs and relate this to
fNL (it is easier to work in Fourier space): δl(k) = α(k)φl(k)
and δs = α(k)[(1 + 2 fNLφl)φs + fNLφ2] ≡ α(k)[X1φs + X2φ2

s ],
the last equality giving the definition of X1 and X2. Note
that δs cannot be ignored here because φl enters in X1, in
other words, local non-Gaussianity couples long and short
wavelength modes. The local halo number density is now
function of δl, X1, and X2 yielding the following result for
the Lagrangian halo bias:

bh,L = n−1
[
∂n

∂δl
+ 2 fNL

dφl
dδl

∂n

∂X1

]

= bGh,L + 2 fNL
dφl
dδl

∂ lnn
∂ ln σ8

≡ bGh,L

(
1 + 2 fNLα(k)−1δc

)
,

(30)

where α(k) encloses the scale-dependence of the effect.
Reference [59] rederives the ellipsoidal collapse for small
deviations from Gaussianity of the local type. They find
that a non-zero fNL modifies the threshold for collapse,
the modification is proportional to fNL. This should sound
familiar from Section 3. They then use the definition bh,L =
n−1∂n/∂δc keeping track of the fact that δ is “modulated” by
fNL.
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Figure 5: Effect of the non-Gaussian halo bias on the power
spectrum. In the left-top of (a) panel we show the halo-matter
cross-power spectrum for masses above 1013 M� at z = 1.02.
The left-bottom panel of (a) shows the ratio of the non-Gaussian
to Gaussian bias. Figure reproduced from [33]. The fNL values
reported in the figure legend should be interpreted as f LSS

NL . On the
right panel we show the expected effect and error-bars for the large-
scale power spectrum for a survey like LSST. Figure reproduced
from [26].

The effect of the non-Gaussian halo bias on the power
spectrum is shown in Figure 5 where the points are mea-
surements from an N-body simulations of [33] (see figure
caption for more details).

The above result

Δb = fNLδc
(
bG
h − 1

)
β
fNL=1
R (k), (31)

where βR(k) = fNLβ
fNL=1
R (k), can be improved in several

ways.
First of all, we have not made any distinction between the

redshift at which the object is being observed (zo) and that
at which is being formed (z f ). Except for the rarest events
this should be accounted for. The Gaussian Lagrangian bias
expression used so far is an approximation, a more accurate
expression is [50, 52, 53]

bGh,L

(
zo,M, z f

)
= 1
D(zo)

⎡⎣δc
(
z f
)

σ2
M

− 1

δc
(
z f
)
⎤⎦. (32)

Then, the halo bias expressions are derived within the
“classical” Press and Schechter theory, as we have seen in
Section 3, subsequent improvements on the mass function
can be seen as a correction to the collapse threshold. In the
expression for the Gaussian halo bias bGL = n−1∂nG/∂δc one
can consider mass functions that are better fit to simulations
than the standard Press and Schecter one obtaining:

bGh,L

(
zo,M, z f

)
= 1
D(zo)

⎡⎣qδc
(
z f
)

σ2
M

− 1

δc
(
z f
)
⎤⎦

+
2p

δc
(
z f
)
D(z0)

⎡⎢⎣1 +

⎛⎝qδ2
c

(
z f
)

σ2
M

⎞⎠p
⎤⎥⎦
−1

.

(33)

The parameters q and p account for nonspherical collapse
and fit to numerical simulations yield q ∼ 0.75, p = 0.3 for
example, [34]. In this expression the term in the second line
is usually subdominant. The term “−1/δc” in the first line is
known as “antibias”, and it becomes negligible for old halos
z f � zo. Note that by including the antibias correction in bg
of (31) one recovers the “recent mergers” approximation of
[58].

The same correction should also apply to the non-
Gaussian correction to the halo bias:

Δb = fNLq
′δc
(
bGh − 1

)
β
fNL=1
R (k), (34)

where q′ should coincide with q above; it can be calibrated
to N-body simulations and is found indeed to be q′ = 0.75
[33]. The non-Gaussian halo bias prediction and results from
N-body simulations with local non-Gaussianity are shown in
Figure 6.

Finally one may note that for fNL large and negative, (27)

and (28) would formally yield b
fNL

h and Ph(k) negative on
large enough scales. This is a manifestation of the breakdown
of the approximations made: (a) all correlations of higher
order than the bispectrum were neglected, for large NG
this truncation may not hold; (b) The exponential in (24)
was expanded to linear order. This however could be easily
corrected for, remembering that the P(k) obtained from (27)
is in reality the Fourier transform of X , the argument of the
exponential. One would then compute the halo correlation
function using (24) and Fourier transforming back to obtain
the halo power-spectrum.
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Figure 6: The quantity Δb/b as function of k, for simulation snapshots at z = 0.44, 1.02, and 1.54. Simulation outputs and theory lines are
shown for fNL = ±100 and fNL = ±200. Figure reproduced from [33]. The fNL values reported in this figure legend should be interpreted as
f LSS
NL .

So far we have concentrated on local non-Gaussianity,
but the expression of (27) and (28) is more general. Using
this formulation, reference [57] computed the quantity

β
fNL=1
R (k) for several types of non-Gaussianity (equilateral,

local, and enfolded); this is shown in Figure 4. It is clear
that the non-Gaussian halo-bias effect has some sensitivity
to the bispectrum shape, for example the effect for the
equilateral type of non-Gaussianity is suppressed by orders

of magnitude compared to the local-type and the flattened
case is somewhere in the middle. Figure 4 also shows a
type of non-Gaussianity arising from General-relativistic
(GR) corrections on scales comparable to the Hubble radius.
Note that perturbations on super-Hubble scales are initially
needed in order to “feed” the GR correction terms. In this
respect the significance of this contribution is analogous
to the well-known large-scale anticorrelation between CMB
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temperature and E-mode polarization, it is a consequence
of the properties of the inflationary mechanism to lay
down the primordial perturbations. This effect has the same
magnitude as a local non-Gaussianity with fNL � 1.

The next logical step is then to ask how well present or
forthcoming data could constrain non-Gaussianity using the
halo-bias effect. It is interesting to note that surveys that
aim at measuring Baryon Acoustic Oscillations (BAO) in the
galaxy distribution to constrain dark energy are well suited
to also probe non-Gaussianity; they cover large volumes and
their galaxy number density is well suited so that on the
scale of interest (both for BAO and non-Gaussianity) shot
noise does not dominate the signal. Photometric surveys are
also well suited: as the non-Gaussian signal is localized at
very large scales and is a smooth function of k, the photo-
z smearing effects are unimportant.

The theory developed so far describes the clustering of
halos while we observe galaxies. Different galaxy populations
occupy dark matter halos following different prescriptions.
If we think in the halo-model framework (e.g., [60] and
references therein) at very large scales only the “two-halo”
contribution matters and the details of the halo occupation
distribution (the “one-halo” term) become unimportant.

What is important to keep in mind is that the effect of
the non-Gaussianity parameter one wants to measure, fNL,
is fully degenerate with the value of the Gaussian (small
scales) halo bias. Figure 7 shows the dependence of the non-
Gaussian correction on the Gaussian bias.

Thus highly biased tracers will show a larger non-
Gaussian effect for the same fNL value. Of course for
a given cosmological model the Gaussian bias can be
measured accurately by comparing the predicted dark matter
power spectrum with the observed one. Alternatively, two

Table 1: Current recent 2− σ constraints on local fNL.

Data/method fNL Reference

Photometric LRG-bias 63+101
−331 [58]

Spectroscopic LRG-bias 70+139
−191 [58]

QSO-bias 8+47
−77 [58]

Combined 28+42
−57 [58]

NVSS-ISW 105+755
−1157 [58]

NVSS-ISW 236± 127(1− σ) [59]

WMAP3-Bispectrum 30± 84 [10]

WMAP3-Bispectrum 32± 68 [8]

WMAP3-Bispectrum 87± 60 [20]

WMAP-Bispectrum 38± 42 [11, 17, 21]

WMAP5-Bispectrum 51± 60 [10]

WMAP5-Minkowski −57± 121 [10]

Table 2: Forecasts 1− σ constraints on local fNL.

Data/method Δ fNL (1− σ) Reference

BOSS-bias 18 [63]

ADEPT/Euclid-bias 1.5 [63]

PANNStarrs-bias 3.5 [63]

LSST-bias 0.7 [63]

LSST-ISW 7 [59]

BOSS-bispectrum 35 [27]

ADEPT/Euclid-bispectrum 3.6 [27]

Planck-Bispectrum 3 [19]

BPOL-Bispectrum 2 [19]

differently biased tracers can be used in tandem to disentan-
gle the two effects [61, 62].

Since clustering amplitude may depend on the entire halo
history, it becomes then interesting to model in details the
dependence of the effect on the halo merger tree (Reid et al.,
in preparation).

4.1. Outlook for the Future. How well can this method do
to constrain primordial non-Gaussianity compared with the
other techniques presented here? The Integrated Sachs Wolfe
(ISW) effect offers a window to probe clustering on the
largest scales (where the signal is large); on the other hand, a
measurement of clustering of tracers of dark matter halos is a
very direct window into this effect. A Fisher matrix approach
[58, 59, 63] shows that the ISW signal is weighted at relatively
low redshift (where dark energy starts dominating) while the
non-Gaussian signal grows with redshift, thus making the
shape of the halo power spectrum a more promising tool.
An overview of current constraints from different approaches
can be found in Table 1 and future forecasts in Table 2,
for non-Gaussianity of the local type. Large, mass-selected
cluster samples as produced by SZ-based experiments will
provide a optimally suited data-set for this technique (see
e.g., [64]).

While for a given fNL model such as the local one,
methods that exploit the non-Gaussian bias seem to yield
the smallest error-bars for large-scale structure, it should be
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kept in mind that the bispectrum can be used to investigate
the full configuration dependence of fNL and thus is a very
powerful tool to discriminate between different type of non-
Gaussianity. In addition CMB-bispectrum and halo bias test
non-Gaussianity on very large scales while the large scale
structure bispectrum mostly probes mildly nonlinear scales.
As primordial non-Gaussianity may be scale-dependent, all
these techniques are highly complementary.

The above estimates assume that the underlying cosmo-
logical model is known. The large-scale shape of the power
spectrum can be affected by cosmology. Carbone et al. (in
prep.) explore possible degeneracies between fNL and cos-
mological parameters. They find that the parameters that are
most strongly correlated with fNL are parameters describing
dark energy clustering, neutrino mass and running of the
primordial power spectrum spectral slope. For surveys that
cover a broad redshift range the error on fNL degrade little
when marginalizing over these extra parameters; the peculiar
redshift dependence of the non-Gaussian signal lifts the
degeneracy.

5. Conclusions

A natural question to ask at this point may be “what observ-
able will have better chances to constrain primordial non-
Gaussianity?”

In principle the abundance of rare events is a very
powerful probe of non-Gaussianity; however, in practice, it is
limited by the practical difficulty of determining the mass of
the observed objects and its corresponding large uncertainty
in the determination. This point is stressed for example,
in [9]. With the advent of high-precision measurements of
gravitational lensing by massive clusters, the mass uncer-
tainty, at least for small to moderate size clusters samples
can be greatly reduced. Forthcoming Sunyaev-Zeldovich
experiments will provide large samples of mass-selected
clusters which could then be followed up by lensing mass
measurements (see e.g., [65, 66]). So far there is only one
very high redshift (z = 1.4) very massive M  8 × 1014M�
with high-precision mass determination via gravitational
lensing [67]. Reference [68] pointed out that this object is
extremely rare, for Gaussian initial conditions there should
be 0.002 such objects or less in the surveyed area, which is
uncomfortably low probability. But the cluster mass is very
well determined; a non-Gaussianity still compatible with
CMB constraints could bring the probability of observing
of the object to more comfortable values. This result should
be interpreted as a “proof of principle” showing that this a
potentially powerful avenue to pursue.

The measurement of the three-point correlation function
allows one to map directly the shape-dependence of the
bispectrum. For large-scale structures the limiting factors
are the large non-Gaussian contribution induced by grav-
itational evolution and the uncertainly of the nonlinear
behavior of galaxy bias.

The halo-bias approach can yield highly competitive
constraints, but it is less sensitive to the bispectrum shape.
Still, the big difference in the magnitude and shape of

Table 3: Forecasted non-Gaussianity constraints: (A) [20] (B) [63]
(C) [69, 70] (E) [57]) (F) e.g., [15].

CMB Bispectrum Halo bias

type NG Planck BPol Euclid LSST

1− σ errors

Local 3(A) 2(A) 1.5(B) 0.7(B)

Equilateral 25(C) 14(C) — —

Enfolded O10 O10 39(E) 18(E)

#σ detection

GR N/A N/A 1(E) 2(E)

secondaries 3(F) 5(F) N/A N/A

the scale-dependent biasing factor between different non-
Gaussian models implies that the halo bias can become
a useful tool to study shapes when combined with for
example, measurements of the CMB bispectrum. Table 3
highlights this complementarity. For example, one could
envision different scenarios.

If non-Gaussianity is local with negative fNL and CMB
obtains a detection, then the halo bias approach should
also give a high-significance detection (GR correction and
primordial contributions add up), while if it is local but
with positive fNL, the halo-bias approach could give a lower
statistical significance for small fNL as the GR correction
contribution has the opposite sign.

If CMB detects fNL at the level of ∼ 10 and of a form
that is close to local, but halo bias does not detect it, then the
CMB bispectrum is given by secondary effects.

If CMB detects non-Gaussianity but is not of the
local type, then halo bias can help discriminate between
equilateral and enfolded shapes; if halo bias sees a signal it
indicates enfolded type; if halo bias does not see a signal it
indicates equilateral type. Thus even a nondetection of the
halo-bias effect, in combination with CMB constraints can
have an important discriminatory power.

In any case, if the simplest inflationary scenario holds,
for surveys like Euclid and LSST, the halo-bias approach is
expected to detect a non-Gaussian signal very similar to the
local type signal with an amplitude of fNL ∼ −1.5 which is
due to large-scales GR corrections to the Poisson equation.
This effect should leave no imprint in the CMB; once again
the combination of the two observable can help enormously
to discriminate among models for the origin of cosmological
structures.

In addition we should bear in mind that non-Gaussianity
may be scale-dependent. In fact for models like DBI inflation
it is expected to be scale-dependent. A proposed parameter-
ization of the scale-dependence of non-Gaussianity is given
by

Bφ
(
�k1,�k2,�k3

)
= fNL

(
K

kp

)nng
F
(
�k1,�k2,�k3

)
, (35)

where K = (k1k2k3)1/3 [70], kp denotes the pivot and nng
the slope or running of non-Gaussianity, although other
authors prefer to use K = (k1 + k2 + k3)/3 [9, 59] as for
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Figure 8: Scale-dependent fNL and scales probed by different
approaches mentioned here. The solid line has ng = 0, the dotted
line has ng = 0.2, and the dashed one has ng = 0.6. Hashed areas for
CMB and halo-bias show allowed regions.

squeezed configurations K /= 0. It is still an open issue which
parameterization is better in practice.

In any case different observables probe different scales
(see Figure 8) and their complementary means that “the
combination is more than the sum of the parts.”

What is clear, however, is that the thorny systematic
effects that enter in all these approaches will require that
a variety of complementary avenues be taken to establish a
robust detection of primordial non-Gaussianity.
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In the last few decades, advances in observational cosmology have given us a standard model of cosmology. We know the content
of the universe to within a few percent. With more ambitious experiments on the way, we hope to move beyond the knowledge
of what the universe is made of, to why the universe is the way it is. In this paper we focus on primordial non-Gaussianity as a
probe of the physics of the dynamics of the universe at the very earliest moments. We discuss (1) theoretical predictions from
inflationary models and their observational consequences in the cosmic microwave background (CMB) anisotropies; (2) CMB-
based estimators for constraining primordial non-Gaussianity with an emphasis on bispectrum templates (3) current constraints
on non-Gaussianity and what we can hope to achieve in the near future and (4) nonprimordial sources of non-Gaussianities in the
CMB such as bispectrum due to second order effects, three way crosscorrelation between primary-lensing-secondary CMB, and
possible instrumental effects.

1. Motivation

In the last few decades the advances in observational cosmol-
ogy have led the field to its “golden age.” Cosmologists are
beginning to nail down the basic cosmological parameters.
We now know that we live in a Universe which is 13.7 ±
0.1 Gyr old and is spatially flat to about 1% and is made of
4.6± 0.1% baryons, 22.8± 1.3% dark matter, and remaining
72.6 ± 1.5% in the form of dark energy. Although we know
the constituents to high accuracy, we still do not completely
understand the physics of the beginning, the nature of dark
energy and dark matter. Many upcoming CMB experiments
complimented with observational campaign to map 3D
structure of the Universe and new particle physics constraints
from the Large Hadron Collider will enable us to move
beyond the knowledge of what the universe is made of, to
why the universe is the way it is. In this paper we focus
on learning about the physics responsible for the initial
conditions for the universe.

Inflation [1–4] is perhaps one of the most promising
paradigms for the early universe, which, apart from solving

some of the problems of the Big Bang model like the flatness
and horizon problem, also gives a mechanism for producing
the seed perturbations for structure formation [5–9] and
other testable predictions.

Most observational probes based on 2-point statistics
like CMB power spectrum still allow vast number of
inflationary models. Moreover, the alternatives to inflation
such as cyclic models are also compatible with the data.
Characterizing the non-Gaussianity in the primordial per-
turbations has emerged as powerful probe of the early
universe. The amplitude of non-Gaussianity is described in
terms of dimensionless nonlinearity parameter fNL (defined
in Section 3). Different models of inflation predict different
amounts of fNL, starting from O(1) to fNL ∼ 100, above
which values have been excluded by the WMAP data already.
Non-Gaussianity from the simplest inflation models that are
based on a slowly rolling scalar field is very small [10–15];
however, a very large class of more general models with, for
example, multiple scalar fields, features in inflaton potential,
nonadiabatic fluctuations, noncanonical kinetic terms, devi-
ations from Bunch-Davies vacuum, among others [16], for
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a review and references therein generates substantially higher
amounts of non-Gaussianity.

The measurement of the bispectrum of the CMB aniso-
tropies is one of the most promising and “clean” way of
constraining fNL. Many efficient methods for evaluating
bispectrum of CMB temperature anisotropies exist [17–21].
So far, the bispectrum tests of non-Gaussianity have not
detected any significant fNL in temperature fluctuations
mapped by COBE [22] and WMAP [18, 23–28]. On the
other hand, some authors have claimed non-Gaussian
signatures in the WMAP temperature data [29–33]. These
signatures cannot be characterized by fNL and are consistent
with nondetection of fNL.

Currently the constraints on the fNL come from temper-
ature anisotropy data alone. By also having the polarization
information in the cosmic microwave background, one
can improve sensitivity to primordial fluctuations [34, 35].
Although the experiments have already started characteriz-
ing polarization anisotropies [36–39], the errors are large
in comparison to temperature anisotropy. The upcoming
experiments such as Planck will characterize polarization
anisotropy to high accuracy.

The organization of the paper is as follow. In Section 2
we review the inflationary cosmology focusing on how
the microscopic quantum fluctuations during inflation get
converted into macroscopic sees perturbations for structure
formation, and as CMB anisotropies. In Section 3 we
discuss theoretical predictions for non-Gaussianity from
the inflationary cosmology. In Section 4 we show how
the primordial non-Gaussianity is connected to the CMB
bispectrum, and describe/review CMB bispectrum-based
estimators to constrain primordial non-Gaussianity ( fNL). In
Section 5 we discuss the current constraints on fNL by CMB
bispectrum and what we can hope to achieve in near future.
We also discuss non-primordial sources of non-Gaussianity
which contaminate primordial bispectrum signal. In Sec-
tion 6 we discuss other methods for constraining fNL besides
CMB bispectrum. Finally in Section 7 we summarize with
concluding remarks.

2. Introduction: The Early Universe

One of the most promising paradigms of the early universe
is inflation [1, 2, 4], which, apart from solving the flatness,
homogeneity, and isotropy problem, also gives a mechanism
for producing the seed perturbations for structure formation
and other testable predictions1 (for a recent review of
inflationary cosmology see [40]). During inflation, the uni-
verse goes through an exponentially expanding phase. From
the Friedman equation, the condition for the accelerated
expansion is

ρ + 3p < 0. (1)

For both matter and radiation this condition is not satisfied.
But it turns out that for a scalar field, the above condition

V(φ)

φCMB φend

Δφ

Reheating
φ

δφ

φ̇

Figure 1: A toy scenario for the dynamics of the scalar field
during inflation. During the flat part of potential, universe expand
exponentially. When field reaches near the minima of the potential,
the field oscillates and the radiation is generated.

can be achieved. For a spatially homogeneous scalar field, φ,
moving in a potential, V(φ), the energy density is given by

ρφ = 1
2

(
dφ

dt

)2

+V
(
φ
)
, (2)

and the pressure is given by

pφ = 1
2

(
dφ

dt

)2

−V(φ). (3)

Hence the condition for accelerated expansion of the uni-
verse dominated with scalar field φ is(

dφ

dt

)2

< V
(
φ
)
. (4)

Physically this condition corresponds to situations where
kinetic energy of the field is much smaller than its potential
energy. This condition is referred to slowly-rolling of the
scalar field. During such slow-roll, the Hubble parameter,
H(t) = d ln a/dt, is nearly constant in time, and the
expansion scale factor a(t) is given by

a(t) = a(t0) exp

(∫ t
t0
H(t′)dt′

)
≈ a(t0) exp[H(t)(t − t0)].

(5)

This exponential expansion drives the observable universe
spatially flat, homogeneous, and isotropic.

A toy model is shown in Figure 1. In the slow-roll phase,
φ rolls down onV(φ) slowly, satisfying (4) and hence driving
the universe to expand exponentially. Near the minima of
the potential, φ oscillates rapidly and inflation ends. After
inflation ends, interactions of φ with other particles lead φ
to decay with a decay rate of Γφ, producing particles and
radiation. This is called a reheating phase of the universe,
as φ converts its energy density into heat by the particle
production.
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Not only does inflation solve, the flatness, homogeneity
and isotropy problem, but it also gives a mechanism for
generating seed perturbations. During inflation the quantum
fluctuation in the field φ exponentially stretched due to
the rapid expansion phase. The proper wavelength of the
fluctuations stretched out of the Hubble-horizon scale to
that time, H−1. Once outside the horizon, the characteristic
rms amplitude of these fluctuations is |φ|rms ∼ H/(2π).
These fluctuations do not change in time while outside the
horizon. After inflation, and reheating, the standard hot-big
scenario starts. As the universe decelerates, at some point the
fluctuations reenter the Hubble horizon, seeding matter and
radiation fluctuations in the universe. Figure 2 summarizes
the evolution of characteristic length scales.

2.1. Primordial Perturbations. We use linearly perturbed
conformal Friedmann Lematre Robertson Walker (FLRW)
metric of the form

ds2 = a2(τ)
{
− (1 + 2AQ)dτ2 − 2BQidτdxi

+
[

(1 + 2HLQ)δi j + 2HTQij

]
dxidx j

}
,

(6)

where all the metric perturbations,A, B,HL, andHT, are�1,
and functions of conformal time τ. The spatial coordinate
dependence of the perturbations is described by the scalar
harmonic eigenfunctions,Q,Qi, andQij , that satisfy δi jQi j =
−k2Q, Qi = −k−1Qi, and Qij = k−2Qij + (1/3)δi jQ. Note that
Qij is traceless: δi jQi j = 0.

Let us consider two new perturbation variables [8, 41];

u ≡ δφ − φ̇

aH
R,

ζ ≡ −aH
φ̇
u =R − aH

φ̇
δφ,

(7)

which are Gauge invariant. Here R ≡ HL + (1/3)HT is
perturbations in the intrinsic spatial curvature. While u
reduces to δφ in the spatially flat Gauge (R ≡ 0), or to
−(φ̇/aH)R in the comoving gauge (δφ ≡ 0), its value is
invariant under any gauge transformation. Similarly ζ , which
reduces to R in the comoving gauge, and to −(aH/φ̇)δφ
in the spatially flat gauge, is also gauge invariant. The
perturbation variable ζ helps the perturbation analysis not
only because of being gauge invariant, but also because it
is conserved on super-horizon scales throughout the cosmic
evolution.

The quantum fluctuations generate the gauge-invariant
perturbation, u, that reduces to either δφ or (φ̇/aH)R
depending on which gauge we use, either the spatially flat
gauge or the comoving gauge. Hence, δφflat and (φ̇/aH)Rcom

are equivalent to each other at linear order. The benefit
of using u is that it relates these two variables unambigu-
ously, simplifying the transformation between δφflat and
Rcom.

The solution for ζ is valid throughout the cosmic history
regardless of whether a scalar field, radiation, or matter
dominates the universe; thus, once created and leaving the

Comoving scales

Sub-horizon Super-horizon

Horizon re-entry

Horizon exit

Reheating
Hot big bangInflation

(aH)−1

CMB
recombination Today

Transfer
function

Time

ζ̂k

k−1

Zero-point
fluctuations

〈ζkζk′ 〉 ΔT C�
Projection

ζ̇ ≈ 0

Figure 2: Evolution of comoving horizon and generation of
perturbations in the inflationary universe. figure is from [40].

Hubble horizon during inflation, ζ remains constant in time
throughout the subsequent cosmic evolution until reentering
the horizon. The amplitude of ζ is fixed by the quantum-
fluctuation amplitude in u

Δ2
ζ (k) =

(
aH

φ̇

)2

Δ2
φ(k) ≈

(
aH2

2πφ̇

)2

=

⎡⎢⎢⎢⎢⎣ H2

2π

(
dφ

dt

)
⎤⎥⎥⎥⎥⎦

2

. (8)

This is the spectrum of ζ on super-horizon scales.

2.2. From Primordial Perturbations to CMB Anisotropies. The
metric perturbations perturb CMB, producing the CMB
anisotropy on the sky. Among the metric perturbation
variables, the curvature perturbations play a central role in
producing the CMB anisotropy.

As we have shown in the previous subsection, the gauge-
invariant perturbation, ζ , does not change in time on super-
horizon scales throughout the cosmic evolution regardless
of whether a scalar field, radiation, or matter dominates the
universe. The intrinsic spatial curvature perturbation, R,
however, does change when equation of state of the universe,
w ≡ p/ρ, changes. Since ζ remains constant, it is useful
to write the evolution of R in terms of ζ and w; however,
R is not gauge invariant itself, but ζ is gauge invariant, so
that the relation between R and ζ may look misleading. In
1980, Bardeen et al. [42] introduced another gauge-invariant
variable, Φ (or ΦH in the original notation), which reduces to
R in the zero-shear gauge, or the Newtonian gauge, in which
B ≡ 0 ≡ HT. Φ is given by

Φ =R − aH

k

(
−B − ḢT

k

)
. (9)

Here, the terms in the parenthesis represent the shear, or the
anisotropic expansion rate, of the τ = constant hypersur-
faces. While Φ represents the curvature perturbations in the
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zero-shear gauge, it also represents the shear in the spatially
flat gauge in which R ≡ 0. Using Φ, we may write ζ as

ζ =R − aH

φ̇
δφ = Φ− aH

k

(
vφ − ḢT

k

)
, (10)

where the terms in the parenthesis represent the gauge-
invariant fluid velocity.

We use Φ in rest of the paper because it gives the closest
analogy to the Newtonian potential, which we have some
intuition of. Φ reduces to R in the zero-shear gauge (or the
Newtonian gauge) in which the metric (6) becomes just like
the Newtonian limit of the general relativity.

The gauge-invariant velocity term, v − k−1ḢT, differen-
tiates ζ from Φ. Since this velocity term depends on the
equation of state of the universe, w = p/ρ, the velocity and
Φ change as w changes, while ζ is independent of w. The
evolution ofΦ on super-horizon scales in cosmological linear
perturbation theory gives the following [43]:

Φ = 3 + 3w
5 + 3w

ζ , (11)

for adiabatic fluctuations, and hence Φ = (2/3)ζ in the
radiation era (w = 1/3), and Φ = (3/5)ζ in the matter era
(w = 0). Φ then perturbs CMB through the so-called (static)
Sachs-Wolfe effect [44]

ΔT

T
= − 1 +w

5 + 3w
ζ. (12)

At the decoupling epoch, the universe has already been in
the matter era in which w = 0, so that we observe adiabatic
temperature fluctuations of ΔT/T = −(1/3)Φ = −(1/5)ζ ,
and the CMB fluctuation spectrum of the Sachs-Wolfe effect,
Δ2

SW(k), is

Δ2
SW(k) = 1

9
Δ2
Φ(k) = 1

25
Δ2
ζ (k). (13)

By projecting the 3-dimensional CMB fluctuation spectrum,
Δ2

SW(k), on the sky, we obtain the angular power spectrum2,
Cl [45],

CSW
l = 4π

∫∞
0

dk

k
Δ2
SW (k) j2l [k(τ0 − τdec)]

= CSW2
Γ[(9− ns)/2]Γ[l + (ns − 1)/2]
Γ[(ns + 3)/2]Γ[l + (5− ns)/2]

,

(14)

where τ0 and τdec denote the conformal time at the present
epoch and at the decoupling epoch, respectively, and ns ≡ 1+
[d lnΔ2(k)/d ln k] is a spectral index which is conventionally
used in the literature.

On small angular scales (� > 10), the Sachs-Wolfe
approximation breaks down, and the acoustic physics in
the photon-baryon fluid system modifies the primordial
radiation spectrum [46]. To calculate the anisotropies at
all the scales, one has to solve the Boltzmann photon

transfer equation together with the Einstein equations. These
equations can be solved numerically with the Boltzmann
code such as CMBFAST [47]. The CMB power spectrum
then can be written as

C� = 4π
∫∞

0

dk

k
Δ2
Φ(k)g2

T�(k). (15)

Here gT�(k) is called the radiation transfer function, and
it contains all the physics which modifies the primordial
power spectrum ΔΦ to generate CMB power spectrum C� .
For the adiabatic initial conditions, in the Sachs-Wolfe limit,
gTl(k) = −(1/3) jl[k(τ0 − τdec)]. Often in the literature power
spectrum, PΦ(k), is used instead of Δ2

Φ(k). The two are
related as Δ2

Φ(k) = (2π2)−1k3PΦ(k). Δ2
Φ(k) is called the

dimensionless power spectrum.
If Φ were exactly Gaussian, all the statistical properties

of Φ would be encoded in the two-point function or in C� in
the spherical harmonic space. Since Φ is directly related to ζ
through (11), all the information of ζ is also in-coded in C� .
Although ζ which is related to a Gaussian variable, u, through
ζ = −(aH/φ̇)u, in the linear order ζ also obeys Gaussian
statistics; however the nonlinear relation between ζ and u
makes ζ (and hence Φ and CMB anisotropies) slightly non-
Gaussian. The non-linear relation between ζ and Φ is not the
only source of non-Gaussianity in the CMB anisotropies. For
example, at the second order, the relationship between Φ and
ΔT/T is also non-linear.

2.3. Probes of the Cosmological Initial Conditions. The main
predictions of a canonical inflation model are the following:

(i) spatial flatness of the observable universe,

(ii) homogeneity and isotropy on large angular scales of
the observable universe,

(iii) seed scalar and tensor perturbation with primordial
density perturbations being

(a) nearly scale invariant,

(b) nearly adiabatic,

(c) very close to Gaussian.

At the time of writing, these predictions are consistent with
all current observations. This represents a major success
for the inflationary paradigm. On the other hand, the
inflationary paradigm can be realized by a large “zoo”3

of models. In addition, somewhat surprisingly, there exist
scenarios where the Universe first contracts and then expands
(such as the ekpyrotic/cyclic model), which (up to theoretical
uncertainties regarding the precise mechanics of the bounce)
also reproduce Universes with the properties described
above. What we would like to do is to find observables that
allows us to distinguish between members of the inflationary
zoo. The exciting fact is that upcoming experiments will
have the sensitivity to achieve this goal. Tilt and Running:
Inflationary models very generically predict a slight deviation
from completely flat spectrum. If we write the primordial
power spectrum as ΔΦ(k) = A(k0)(k/k0)ns−1, then ns = 1
correspond to flat spectrum and the quantity |ns−1| is called
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a tilt, which characterizes the deviation from scale invariant
spectrum. Although the deviations from the scale invariance
are predicted to be small, the exact amount of deviation
depends on the details of the inflationary model. For example
in most slow roll models |n − 1| is of order 1/Ne, where
Ne ∼ 60 is a number of e-folds to the end of inflation.
Ghost inflation, however, predicts negligible tilt. Hence
characterizing the tilt of the scalar spectral index is a useful
probe of the early universe. Currently the most stringent
constraints on tilt come from the WMAP 5-year data,
ns = 0.960+0.014

−0.013 [48], which already disfavors inflationary
models with “blue spectral index” (ns > 1). The 1σ error on
ns will reduce to Δns = 0.0036 for upcoming Planck satellite
and to Δns = 0.0016 for futuristic CMBPol-like satellite
[49].

Apart from the tilt in the primordial power spectrum,
inflationary models also predict ns to be slightly scale
dependent. This scale dependence is referred to as “running”
of the spectral index ns and is defined as dns/d ln k. The
constraints on the running from the WMAP 5-year data are
−0.090 < dns/d ln k < 0.0019 [48]. The 1σ error will reduce
to Δ(dns/d ln k) = 0.0052 for upcoming Planck satellite and
to Δ(dns/d ln k) = 0.0036 for a fourth-generation satellite
such as CMBPol [49].

Primordial Gravitational Waves. Inflation also generates
tensor perturbations (gravitational waves), which although
small compared to scalar component, are still detectable,
in principle. So far primordial gravitational waves have
not been detected. There are upper limits on their ampli-
tude; see [50] for a current observational bounds on the
level for primordial gravitational waves. Detection of these
tensor perturbations or primordial gravitational waves is
considered a “smoking gun” for the inflationary scenario.
In contrast to inflation, ekpyrotic (cyclic) models predict
an amount of gravitational waves that is much smaller
than polarized foreground emission would allow us to
see even for an ideal CMB experiment. Primordial scalar
perturbations create only E-modes of the CMB4, while
primordial tensor perturbations generate both parity even
E-modes and parity odd B-modes polarization [51–53]. The
detection of primordial tensor B-modes in the CMB would
confirm the existence of tensor perturbations in the early
universe. This primordial B-mode signal is directly related
to the Hubble parameter H during inflation, and thus a
detection would establish the energy scale at which inflation
happened. Various observational efforts are underway to
detect such B-mode signal of the CMB [54]. Search for
primordial B-modes is challenging. Apart from foreground
subtraction challenges, and the challenge of reaching the
instrumental sensitivity to detect primordial B-modes, there
are several nonprimordial sources such as weak lensing
of CMB by the large-scale structure [55, 56], rotation of
the CMB polarization [57], and instrumental systematics
that generate B-modes which contaminate the inflationary
signal [58, 59]. The amplitude of gravitational waves is
parametrized as the ratio of the amplitude of tensor and
scalar perturbations, r. The limit from WMAP 5-year data
is r < 0.22 (2σ) [48].

Isocurvature Modes. Inflationary models with a single scalar
field predict primordial perturbations to be adiabatic. Hence
detection of isocurvature density perturbations is a “smoking
gun” for multifield models of inflation. A large number
of inflationary models with multiple scalar fields predict
some amount of isocurvature modes [60–72]. For example,
curvaton models predict the primordial perturbations to
be a mixture of adiabatic and isocurvature perturbations.
Isocurvature initial conditions specify perturbations in the
energy densities of two (or more) species that add up to zero.
It does not perturb the spatial curvature of comoving slice
(i.e., R is zero, hence the name isocurvature). In general,
there can be four types of isocurvature modes, namely:
baryon isocurvature modes, CDM isocurvature modes,
neutrino density isocurvature modes, and neutrino velocity
isocurvature modes. These perturbations imprint distinct
signatures in the CMB temperature and E-polarization
anisotropies [73]. The contribution of isocurvature modes
is model dependent, and different models predict different
amounts of it. There exists an upper limit on the allowed
isocurvature modes using CMB temperature anisotropies
[74, 75] a characterization (or detection of any) of isocur-
vature modes has a potential of discriminating between early
Universe models.

Primordial Non-Gaussianity. Canonical inflationary mod-
els predict primordials perturbations to be very close to
Gaussian [5–9], and any non-Gaussianity predicted by the
canonical inflation models is very small [14, 15]. However
models with nonlinearity [10, 13, 76], interacting scalar
fields [12, 77], and deviation from ground state [78, 79] can
generate large non-Gaussian perturbations. The amplitude
of the non-Gaussian contribution to the perturbation is
often referred to as fNL even if the nature of the non-
Gaussianities can be quite different. Different models of
inflation predict different amounts of fNL, starting from
very close to zero for almost Gaussian perturbations, to
fNL ≈ 100 for large non-Gaussian perturbations. For
example, the canonical inflation models with slow roll
inflation, where only a couple of derivatives of potential,
are responsible for inflationary dynamics, predict fNL ∼
0.05 [15]. In models where higher-order derivatives of the
potential are important, the value of fNL varies from fNL ∼
0.1 where higher order derivatives are suppressed by a low
UV cutoff [80] to fNL ∼ 100 based on Dirac-Born-Infeld
effective action. Ghost inflation, where during inflation, the
background has a constant rate of change as opposed to
the constant background in conventional inflation, is also
capable of giving fNL ∼ 100 [81]. The additional field
models generating inhomogeneities in nonthermal species
[82] can generate fNL ∼ 5 [83]; while curvaton models,
where isocurvature perturbations in second field during the
inflation generate adiabatic perturbations after the inflation,
can have fNL ∼ 10 [84].

In the following we will see that non-Gaussianity, far
from being merely a test of standard inflation, may reveal
detailed information about the state and physics of the very
early Universe, if it is present at the level suggested by the
theoretical arguments above.



6 Advances in Astronomy

3. Primordial Non-Gaussianity

Large primordial non-Gaussianity can be generated if any of
the following condition is violated [85].

(i) Single Field. Only one scalar field is responsible for
driving the inflation and the quantum fluctuations in
the same field is responsible for generating the seed
classical perturbations.

(ii) Canonical Kinetic Energy. The kinetic energy of the
field is such that the perturbations travel at the speed
of light.

(iii) Slow Roll. During inflation phase the field evolves
much slowly than the Hubble time during inflation.

(iv) Initial Vacuum State. The quantum field was in
the Bunch-Davies vacuum state before the quantum
fluctuation were generated.

To characterize the non-Gaussianity one has to consider the
higher order moments beyond two-point function, which
contains all the information for Gaussian perturbations. The
3-point function which is zero for Gaussian perturbations
contains the information about non-Gaussianity. The 3-
point correlation function of Bardeen’s curvature pertur-
bations, Φ(k), can be simplified using the translational
symmetry to give

〈Φ(k1)Φ(k2)Φ(k3)〉=(2π)3δ3(k1 +k2 +k3) fNL · F(k1, k2, k3),
(16)

where F(k1, k2, k3) tells the shape of the bispectrum in
momentum space while the amplitude of non-Gaussianity
is captured dimensionless non-linearity parameter fNL.
The shape function F(k1, k2, k3) correlates fluctuations with
three wave-vectors and form a triangle in Fourier space.
Depending on the physical mechanism responsible for the
bispectrum, the shape of the 3-point function, F(k1, k2, k3),
can be broadly classified into three classes [86]. The local,
“squeezed,” non-Gaussianity, where F(k1, k2, k3) is large for
the configurations in which k1 � k2 ≈ k3. Most of
the studied inflationary and Ekpyrotic models produce
non-Gaussianity of local shape (e.g., [82, 84, 87–104]).
Second, the nonlocal, “equilateral,” non-Gaussianity where
F(k1, k2, k3) is large for the configuration when k1 ≈ k2 ≈ k3.
Finally the folded [105, 106] shape, where F(k1, k2, k3) is large
for the configurations in which k1 ≈ 2k2 ≈ 2k3. Figure 3
shows these three shapes.

Non-Gaussianity of Local Type. The local form of non-
Gaussianity may be parametrized in real space as5 [13, 107,
108]:

ζ(r) = ζL(r) +
3
5
fNL
(
ζ2
L(r)− 〈ζ2

L(r)
〉)

, (17)
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Figure 3: Shapes of non-Gaussianity. The shape function
F(k1, k2, k3) forms a triangle in Fourier space. The triangles are
parametrized by rescaled Fourier modes, x2 = k2/k1 and x3 = k3/k1.
Figure is from [40].

where ζL(r) is the linear Gaussian part of the perturbations,
and fNL characterizes the amplitude of primordial non-
Gaussianity. Different inflationary models predict different
amounts of fNL, starting from O(1) to fNL ∼ 100, beyond
which values have been excluded by the Cosmic Microwave
Background (CMB) bispectrum of WMAP temperature data.
The bispectrum in this model can be written as

Flocal(k1, k2, k3)

= 2Δ2
Φ fNL

[
1

k
3−(ns−1)
1 k

3−(ns−1)
2

+
1

k
3−(ns−1)
1 k

3−(ns−1)
3

+
1

k
3−(ns−1)
2 k

3−(ns−1)
3

]
,

(18)

where ΔΦ is the amplitude of the primordial power spec-
trum.

The local form arises from a non-linear relation between
inflaton and curvature perturbations [10, 11, 13], curvaton
models [84], or the New Ekpyrotic models [109, 110].
Models with fluctuations in the reheating efficiency [9, 10]
and multifield inflationary models [17] also generate non-
Gaussianity of local type.

Being local in real space, non-Gaussianity of local type
describes correlations among Fourier modes of very different
k. In the limit in which one of the modes becomes of very
long wavelength [111], k3 → 0, (i.e., the other two k’s
become equal and opposite), ζ�k3

freezes out much before k1

and k2 and behaves as a background for their evolution. In
this limit Flocal is proportional to the power spectrum of the
short and long wavelength modes

Flocal ∝ 1
k3

3

1
k3

1
. (19)
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As an example, for canonical single field slow-roll
inflationary models, the three-point function is given by [15]

Fslow-roll

(
�k1,�k2, �k3

)

= 1
8

(
3
5

)
Δ2
Φ

1
Πk3

i

⎡⎢⎣(3ε − 2η
)∑
�ki

k3
i + ε

∑
i /= j

kik
2
j

+ 8ε

∑
i> j k

2
i k

2
j

k1 + k2 + k3

⎤⎦,

(20)

where ε and η are the usual slow-roll parameters and
are assumed to be much smaller than unity. Taking the
limit k3 → 0 gives the local form as in (19). To show
this point, Figure 4 compares the non-Gaussianity shape
for local type and for slow-roll model. Although in this
limit, slow-roll models do predict non-Gaussianity of local
type but as evident from (20), the bispectrum of inflaton
perturbations yields a non-trivial-scale dependence of fNL

[12, 15]. However in the slow roll limit η, ε � 1 and hence
the amplitude is too small to detect.

Non-Gaussianity of Equilateral Type. While vast numbers
of inflationary models predict non-Gaussianity of local
type, this model, for instance, fails completely when non-
Gaussianity is localized in a specific range in k space, the case
that is predicted from inflation models with higher derivative
terms [81, 106, 112–115]. In these models the correlation is
among modes with comparable wavelengths which go out of
the horizon nearly at the same time. The shape function for
the equilateral shape can be written as [25]

Fequil.(k1, k2, k3)

= f
equil.

NL · 6Δ2
Φ ·

[
− 1

k
3−(ns−1)
1 k

3−(ns−1)
2

+
(
2 perm.

)− 2

(k1k2k3)2−2(ns−1)/3

+
1

k
1−(ns−1)/3
1 k

2−2(ns−1)/3
2 k

3−(ns−1)
3

+
(
5 perm.

)]
.

(21)

The models of this kind have large F(k1, k2, k3) for the
configurations, where k1 ≈ k2 ≈ k3. The equilateral form
arises from non-canonical kinetic terms such as the Dirac-
Born-Infeld (DBI) action [112], the ghost condensation [81],
or any other single-field models in which the scalar field
acquires a low speed of sound [106, 115].

As an example, models with higher derivative operators
in the usual inflation scenario and a model of inflation based

on the Dirac-Born-Infeld (DBI) action produce a bispectrum
of the form

Fhd

(
�k1,�k2,�k3

)

= 3
40

Δ2
Φ

φ̇2

Λ4

1
Πk3

i

⎡⎣ 1
k1 + k2 + k3

×
⎛⎝∑

i

k5
i +

∑
i /= j

(
2k4

i k j − 3k3
i k

2
j

)

+
∑

i /= j /= �

(
k3
i k jk� − 4k2

i k
2
j k�
)⎞⎠⎤⎦.

(22)

The previous model uses (1/8Λ4)(∇φ)2(∇φ)2 as a leading
order operator. DBI inflation, which can produce large non-
Gaussianity, fNL ∼ 100, also has F(k1, k2, k3) of a similar
form.

Ghost inflation, where an inflationary de Sitter phase is
obtained with a ghost condensate, produces a bispectrum of
the following form [81]:

Fghost(k1, k2, k3)

= −
(

3
5

)3

· 2
√

2π3/2

Γ(1/4)3

H5β

M2

(
M

αH

)4

× 1∏
i
k3
i

∫ 0

−∞
dη η−1F∗

(
η
)
F∗
(
k2

k1
η

)
F′∗

(
k3

k1
η

)

× k3

(
�k1 ·�k2

)
+ symm.,

(23)

where α and β are free parameters of order unity, and

F(x) =
√
π

8
(−x)3/2H

(1)
3/4

(
x2

2

)
. (24)

Ghost inflation also produces large non-Gaussianity, fNL ∼
100. Figure 3 shows the shape of non-Gaussianity of
equilateral type by showing F(k1, k2, k3) for ghost inflation
and for a model with a higher derivative term.

Folded Shape. So far the 3-point functions were calculated
assuming the regular Bunch-Davis vacuum state, giving rise
to either local or equilateral type non-Gaussianity. However
if the bispectrum is calculated by dropping the assumption
of Bunch-Davis initial state gives rise to bispectrum shape
which peaks for the folded shape, k1 ≈ 2k2 ≈ 2k3, with shape
function given as [105, 106, 116]

Fnon-BD(k1, k2, k3) =
(

3
5

)3

· 1
M2

p

4∏(
2k3

i

) H6

φ̇2

∑
j

3k2
1k

2
2k

2
3

k2
j k̃ j

×Re
(
βkj

)(
cos
(
k̃ jη0

)
− 1

)
,

(25)
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Figure 4: Plot of the function F(1, x2, x3)x2
2x

2
3 for the Slow-Roll inflation as given by (20) (a) and the local distribution as given by (18) (b).

The figures are normalized to have value 1 for equilateral configurations x2 = x3 = 1 and set to zero outside the region 1 − x2 ≤ x3 ≤ x2.
Here x3 ≡ k3/k1, x2 ≡ k2/k1, and ε = η = 1/30. The figures are taken from Babich et al. 2004 [86].
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Figure 5: Plot of the function F(1, x2, x3)x2
2x

2
3 for the inflation with higher derivatives as given by (22) (a) and the ghost inflation as given

by (23) (b). The figures are normalized to have value 1 for equilateral configurations x2 = x3 = 1 and set to zero outside the region
1− x2 ≤ x3 ≤ x2. Here x3 ≡ k3/k1 and x2 ≡ k2/k1. The figures are taken from Babich et al. 2003 [86].

where βkj are the Bogoliubov coefficients which encode
information about the initial conditions, η0 is the initial

conformal time and k̃ j =
∑

i ki − 2kj .

4. The Cosmic Microwave
Background Bispectrum

Since the discovery of CMB by Penzias and Wilson in
1965 [117] and the first detection of CMB temperature
anisotropies on large scales by the COBE DMR [118],
the space satellite WMAP and over a dozens of balloon
and ground-based experiments have characterized the CMB

temperature anisotropies to a high accuracy and over a wide
range of angular scales. The space satellite Planck which
launched in 2009 will soon characterize the temperature
anisotropies to even higher accuracy up to angular scales
of �max ≈ 2500. The CMB power spectrum is obtained by
reducing all the information of Npix (∼ 106 for WMAP and
∼ 107 for Planck). Such reduction is justified to obtain a
fiducial model, given that the non-Gaussianities are expected
to be small. With high quality data on the way, the field
of non-Gaussianity is taking off. CMB bispectrum contains
information which is not present in the power-spectrum and
as we say in the previous section, is a unique probe of the
early universe.
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The harmonic coefficients of the CMB anisotropy alm =
T−1

∫
d2n̂ΔT(n̂)Y∗�m can be related to the primordial fluctua-

tion Φ as

a
p
�m = b�4π(−i)�

∫
d3k

(2π)3 Φ(k) g
p
� (k)Y∗�m

(
k̂
)

+ n�m, (26)

where Φ(k) is the primordial curvature perturbations, for
a comoving wavevector k, g

p
� (r) is the radiation transfer

function, where the index p refers to either temperature
(T) or E-polarization (E) of the CMB. A beam function b�
and the harmonic coefficient of noise n�m are instrumental
effects. Equation (26) is written for a flat background, but
can easily be generalized.

Any non-Gaussianity present in the primordial pertur-
bations Φ(k) gets transferred to the observed CMB via (26).
The most common way to look for non-Gaussianity in the
CMB is to study the bispectrum, the three-point function
of temperature and polarization anisotropies in harmonic
space. The CMB angular bispectrum is defined as

B
pqr
�1�2�3,m1m2m3

≡
〈
a
p
�1m1

a
q
�2m2

ar�3m3

〉
, (27)

and the angular-averaged bispectrum is

B
pqr
�1�2�3

=
∑

m1m2m3

(
�1 �2 �3

m1 m2 m3

)
B

pqr
�1�2�3,m1m2m3

, (28)

where the matrix is the Wigner 3J symbol imposing selection
rules which makes bispectrum zero unless

(i) �1 + �2 + �3 = integer,

(ii) m1 +m2 +m3 = 0,

(iii) |�i − �j| ≤ �k ≤ �i + �j for i, j, k = 1, 2, 3.

Using (26) the bispectrum can be written as

B
pqr
�1�2�3

= (4π)3(−i)�1+�2+�3
∑

m1m2m3

(
�1 �2 �3

m1 m2 m3

)

×
∫
d3k1

(2π)3
d3k2

(2π)3
d3k3

(2π)3 Y∗�1m1

(
k̂1

)
Y∗�2m2

(
k̂2

)
× Y∗�3m3

(
k̂3

)
g
p
�1

(k1)g
q
�2

(k2)gr�3
(k3)

× 〈Φ(k1)Φ(k2)Φ(k3)〉,
(29)

where 〈Φ(k1)Φ(k2)Φ(k3)〉 is the primordial curvature three-
point function as defined in (16).

To forecast constraints on non-Gaussianity using CMB
data, we will perform a Fisher matrix analysis. The Fisher
matrix for the parameters pa can be written as [20, 34, 108]

Fab =
∑

{i jk,pqr}

∑
�1≤�2≤�3

1
Δ�1�2�3

∂B
pqr
�1�2�3

∂pa

(
Cov−1

)
i jk,pqr

∂B
i jk
�1�2�3

∂pb
.

(30)

The indices a and b run over all the parameters bis-
pectrum depends on that we will assume all the cos-
mological parameters except fNL to be known. Indices
i jk and pqr run over all the eight possible ordered
combinations of temperature and polarization given by
TTT ,TTE,TET ,ETT ,TEE,ETE,EET and EEE, the com-
binatorial factor Δ�1�2�3 equals 1 when all �’s are different, 6
when �1 = �2 = �3, and 2 otherwise. The covariance matrix
Cov is obtained in terms of CTT� , CEE� , and CTE� (see [21, 34])
by applying Wick’s theorem.

For non-Gaussianity of the local type, for which the
functional form F(k1, k2, k3), is given by (18), we have

∂B
i jk
�1�2�3

∂ fNL
=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)

× 2
∫∞

0
r2dr

[
−αi�1

β
j
�2
βk�3

+ 2 perm.
]

,

(31)

where the functions α and β are given by

αi�(r) ≡
2
π

∫
dk k2 gi�(k) j�(kr),

βi�(r) ≡
2
π

∫
dk k−1 gi�(k) j�(kr)ΔΦ kns−1.

(32)

In the previous expression we use the dimensionless power
spectrum amplitude ΔΦ, which is defined by PΦ(k) =
ΔΦk−3+(ns−1), where ns is the tilt of the primordial power
spectrum. One can compute the transfer functions gT� (k) and
gE� (k) using publicly available codes such as CMBfast [47]
and CAMB [119]

In a similar way, from (21), one can derive the following
expressions for the bispectrum derivatives in the equilateral
case:

∂B
i jk
�1�2�3

∂ fNL
=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)

× 6
∫
r2dr

[
−αi�1

β
j
�2
βk�3

+ 2 perm. + βi�1
γ
j
�2
δk�3

+ 5 perm.− 2δi�1
δ
j
�2
δk�3

]
,

(33)

where the functions δ and γ are given by

γi�(r) ≡
2
π

∫
dk k gi�(k) j�(kr)Δ

1/3
Φ k(ns−1)/3,

δi�(r) ≡
2
π

∫
dk gT� (k) j�(kr)Δ

2/3
Φ k2(ns−1)/3.

(34)
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Recently, a new bispectrum template shape, an orthogonal
shape, has been introduced [120] which characterizes the size
of the signal ( f ortho

NL ) which peaks both for equilateral and
flat-triangle configurations. The shape of non-Gaussianities
associated with f ortho

NL is orthogonal to the one associated to

f
equil

NL . The bispectrum for orthogonal shape can be written
as [120]

∂B
i jk
�1�2�3

∂ f ortho
NL

=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)

× 18
∫
r2dr

[
−αi�1

β
j
�2
βk�3

+ 2 perm. + βi�1
γ
j
�2
δk�3

+ 5 perm.− 2
3
δi�1
δ
j
�2
δk�3

]
.

(35)

4.1. Estimator. An unbiased bispectrum-based minimum
variance estimator for the nonlinearity parameter in the
limit of full sky and homogeneous noise can be written as
[17, 20, 25]

f̂NL = 1
N

∑
�imi

(
�1 �2 �3

m1 m2 m3

)
B�1�2�3

C�1C�2C�3

a�1m1a�2m2a�3m3 ,

(36)

where B�1�2�3 is angle averaged theoretical CMB bispectrum
for the model in consideration. The normalization N can be
calculated to require the estimator to be unbiased, 〈 f̂NL〉 =
fNL. If the bispectrum B�1�2�3 is calculated for fNL = 1 then
the normalization takes the following form:

N =
∑
�i

(
B�1�2�3

)2

C�1C�2C�3

. (37)

The estimator for non-Gaussianity, (36), can be simplified
using (26) to yield

f̂NL = 1
N
·
∑
limi

∫
d2n̂ Yl1m1 (n̂)Yl2m2 (n̂)Yl3m3 (n̂)

×
∫∞

0
r2dr jl1 (k1r) jl2 (k2r) jl3 (k3r) C−1

l1
C−1
l2
C−1
l3

×
∫

2k2
1dk1

π

2k2
2dk2

π

2k2
3dk3

π
F(k1, k2, k3)ΔTl1 (k1)

× ΔTl2 (k2)ΔTl3 (k3) al1m1al2m2al3m3 ,
(38)

where F(k1, k2, k3) is a shape of 3-point function as defined
in (16). Given the shape F(k1, k2, k3), one is interested
in, it is conceptually straightforwardto constrain the non-

linearity parameter from the CMB data. Unfortunately the
computation time for the estimate scales as N5/2

pix , which is
computationally challenging as even for the WMAP data
the number of pixels, is of order Npix ∼ 106. The scaling
can be understood by noting that each spherical harmonic
transform scales as N3/2

pix and the estimator requires �2(∝
Npix) number of spherical harmonic transforms.

The computational cost decreases if the shape can be
factorized as

F(k1, k2, k3) = f1(k1) f2(k2) f3(k3), (39)

with which the estimator simplifies to

f̂NL = 1
N
·
∫∞

0
d2n̂

∫∞
0
r2dr

3∏
i=1

∑
limi

×
∫

2k2dk

π
jli(kr) fi(k)ΔTli (k)C−1

li
alimiYlimi(n̂),

(40)

and computational cost now scales as N3/2
pix . For Planck

(Npix ∼ 5 × 107) this translates into a speed-up by factors
of millions, reducing the required computing time from
thousands of years to just hours and thus making fNL esti-
mation feasible for future surveys. The speed of the estimator
now allows sufficient number of Monte Carlo simulations,
to characterize its statistical properties in the presence of
real world issues such as instrumental effects, partial sky
coverage, and foreground contamination. Using the Monte
Carlo simulations it has been shown that estimator is
indeed optimal, where optimality is defined by saturation
of the Cramer Rao bound, if noise is homogeneous. Note
that even for the nonfactorizable shapes, by using the flat
sky approximation and interpolating between the modes,
one can estimating fNL in a computationally efficient way
[121].

The extension of the estimator of fNL from the tem-
perature data [17] to include both the temperature and
polarization data of the CMB is discussed in Babich and
Zaldarriaga [34] and Yadav et al. [20, 21, 35]. Summarizing
briefly, we construct a cubic statistic as a combination of
(appropriately filtered) temperature and polarization maps
which is specifically sensitive to the primordial perturba-
tions. This is done by reconstructing a map of primordial
perturbations and using that to define a fast estimator. We
also show that this fast estimator is equivalent to the optimal
estimator by demonstrating that the inverse of the covariance
matrix for the optimal estimator [34] is the same as the
product of inverses we get in the fast estimator. The estimator
still takes only N3/2

pix operations in comparison to the full

bispectrum calculation which takes N5/2
pix operations.

For a given shape, the estimator for non-linearity param-

eter can be written as f̂NL = Ŝshape/Nshape, where for the
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equilateral, local and orthogonal shapes, the Sshape can be
written as

Ŝequilateral = 3
fsky

∫
r2dr

∫
d2n̂

×
[
B(n̂, r)B(n̂, r)A(n̂, r) +

2
3
D(n̂, r)3

− 2B(n̂, r)C(n̂, r)D(n̂, r)
]

,

Ŝlocal = 1
fsky

∫
r2dr

∫
d2n̂B(n̂, r)B(n̂, r)A(n̂, r),

(41)

Ŝorthogonal = 9
fsky

∫
r2dr

∫
d2n̂

×
[
B(n̂, r)B(n̂, r)A(n̂, r) +

8
9
D(n̂, r)3

− 2B(n̂, r)C(n̂, r)D(n̂, r)
]

,

(42)

with

B(n̂, r) ≡
∑
ip
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(
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ip
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(
C−1)ipai�mβp� (r)Y�m(n̂),

A(n̂, r) ≡
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ip

∑
lm

(
C−1)ipai�mαp� (r)Y�m(n̂),

D(n̂, r) ≡
∑
ip
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(
C−1)ipai�mβp� (r)Y�m(n̂),

(43)

and fsky is a fraction of sky. Index i and p can either be T or
E :

N =
∑

i jkpqr

∑
2≤�1≤�2≤�3

1
Δ�1�2�3

× Bpqr,prim
�1�2�3

(
C−1)ip

�1

(
C−1) jq

�2

(
C−1)kr

�3
B
ijk,prim
�1�2�3
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(44)

Indices i, j, k, p, q and r can either be T or E. Here, Δ�1�2�3

is 1 when �1 /= �2 /= �3, 6 when �1 = �2 = �3, and 2 otherwise:
B
pqr,prim
�1�2�3

is the theoretical bispectrum for fNL = 1 [21].
It has been shown that the previous estimators defined

in (42) are minimum variance amongst bispectrum-based
estimators for full sky coverage and homogeneous noise
[21]. To be able to deal with the realistic data, the estimator
has to be able to deal with the inhomogeneous noise and
foreground masks. The estimator can be generalized to deal
with partial sky coverage as well as inhomogeneous noise
by adding a linear term to Ŝprim: Ŝprim → Ŝprim + Ŝ linear

prim .

For the temperature only case, this has been done in [25].
Following the same argument, we find that the linear term for

the combined analysis of CMB temperature and polarization
data is given by

Ŝlinear
prim = −1

fsky

∫
r2dr

∫
d2n̂

{
2B(n̂, r)

〈
Asim(n̂, r)Bsim(n̂, r)

〉
MC

+ A(n̂, r)
〈
B2

sim(n̂, r)
〉

MC

}
,

(45)

where Asim(n̂, r) and Bsim(n̂, r) are the A and B maps
generated from Monte Carlo simulations that contain signal
and noise, and 〈· · · 〉 denotes the average over the Monte
Carlo simulations.

The generalized estimator is given by

f̂NL =
Ŝprim + Ŝlinear

prim

N
. (46)

Note that 〈Ŝlinear
prim 〉MC = −〈Ŝprim〉MC, and this relation also

holds for the equilateral shape. Therefore, it is straightfor-
ward to find the generalized estimator for the equilateral
shape: first, find the cubic estimator of the equilateral
shape, Ŝequil., and take the Monte Carlo average, 〈Ŝequil.〉MC.

Let us suppose that Ŝequil. contains terms in the form of
ABC, where A, B, and C are some filtered maps. Use
the Wick’s theorem to rewrite the average of a cubic
product as 〈ABC〉MC = 〈A〉MC〈BC〉MC + 〈B〉MC〈AC〉MC +
〈C〉MC〈AB〉MC. Finally, remove the MC average from single
maps and replace maps in the product with the simulated
maps 〈A〉MC〈BC〉MC + 〈B〉MC〈AC〉MC + 〈C〉MC〈AB〉MC →
A〈BsimCsim〉MC +B〈AsimCsim〉MC +C〈AsimBsim〉MC. This oper-
ation gives the correct expression for the linear term, both for
the local form and the equilateral form.

The main contribution to the linear term comes from the
inhomogeneous noise and sky cut. For the temperature only
case, most of the contribution to the linear term comes from
the inhomogeneous noise, and the partial sky coverage does
not contribute much to the linear term. This is because the
sky-cut induces a monopole contribution outside the mask.
In the analysis, one subtracts the monopole from outside
the mask before measuring Ŝprim, which makes the linear
contribution from the mask small [25]. For a combined
analysis of the temperature and polarization maps, however,
the linear term does get a significant contribution from a
partial sky coverage. Subtraction of the monopole outside of
the mask is of no help for polarization, as the monopole does
not exist in the polarization maps by definition. (The lowest
relevant multipole for polarization is l = 2.)

The estimator is still computationally efficient, taking
only N3/2

pix (times the r sampling, which is of order 100)
operations in comparison to the full bispectrum calculation
which takes N5/2

pix operations. Here Npix refers to the total
number of pixels. For Planck, Npix ∼ 5× 107, and so the full
bispectrum analysis is not feasible while our analysis is.

5. Constraints from the CMB Bispectrum

5.1. Current Status. Currently the the Wilkinson Microwave
Anisotropy Probe (WMAP) satellite provides the “best”
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(largest number of signal dominated modes) CMB data for
non-Gaussianity analysis. Over the course of WMAP opera-
tion the field of non-Gaussianity has made vast progress both
in terms of theoretical predictions of non-Gaussianities from
inflation and improvement in the bispectrum- based estima-
tors. At the time of WMAP’s first data release in 2003 the
estimator was suboptimal in the presence of partial sky cov-
erage and/or inhomogeneous noise. With the sub-optimal
estimator, one could not use the entirety of WMAP data and
only the data up to lmax350 were used to obtain the constraint
f local
NL = 38± 96(2σ) [23]. These limits were around 30 times

better than the previous constraints of | fNL| < 1.5×103 from
the Cosmic Background Explorer (COBE) satellite [22].

By the time of second WMAP release in 2007, the
estimator was generalized by adding a linear to the KSW
estimator which allows to deal with partial sky coverage
and inhomogeneous noise. The idea of adding a linear term
to reduce excess variance due to noise inhomogeneity was
introduced in [25]. Applied to a combination of the Q, V,
and W channels of the WMAP 3-year data up to lmax ∼ 400,
this estimator had yielded the tightest constraint at the time
on fNL as −36 < fNL < 100(2σ) [26]. This estimator was
further generalized to utilize both the temperature and E-
polarization information in [20], where it was pointed out
that the linear term had been incorrectly implemented in 30
of [25]. Using MonteCarlo simulations it has been shown
that this corrected estimator is nearly optimal and enables
analysis of the entire WMAP data without suffering from a
blow-up in the variance at high multipoles6. The first analysis
using this estimator shows an evidence of non-Gaussianity
of local type at around 2.8σ in the WMAP 3-year data.
Independent analysis shows the evidence of non-Gaussianity
at lower significance, around 2.5σ (see Table 1).

By the time of the third WMAP data release (with 5-year
obsevational data) in 2008 the fNL estimation technique was
improved further by implementing the covariance matrix
including inhomogeneoous noise to make the estimator
completely optimal [122]. Using the optimal estimator and
using the entirety of WMAP 3-year data, there is an evidence
for non-Gaussianity of local type at around 2.5σ level fNL ≈
58 ± 23(1σ) [122]. However with WMAP 5-year data the
significance goes down from ∼ 2.5σ to ∼ 1.8σ [122]. Table 2
compares the constraints obtained by different groups using
WMAP 3-year and WMAP 5-year data. Figure 6 shows this
comparison in more detail, showing the constraints also as
a function of maximum multipole lmax used in the analysis.
Few comments are in place: (1) constraints on fNL from
WMAP 3-year data as a function of lmax show a trend where
the mean value rises at around lmax = 450, below which
data is consistent with Gaussianity and above which there is
deviation from Gaussianity at above 2σ . The result becomes
roughly independent of �max > 550 with evidence for non-
Gaussianity at around 2.5σ level (2) independent analysis
and using different estimators (optimal and near-optimal
with linear term) see this deviation from non-Gaussianity at
around 2.5σ in WMAP 3-year data, (3) significance of non-
Gaussianity goes down to around 2σ with WMAP 5-year
data. The drop in the mean value between WMAP 3-year and
5-year data can be attributed to statistical shift.

The best constraints on the equilateral and orthogonal
shape of non-Gaussianity using the WMAP 5-year data are

f
equil

NL = 155 ± 140(1σ) and f
orthog.

NL = 149 ± 110(1σ)
respectively [120].

As we were completing this paper, the WMAP 7-year data

was released, with constraints f local
NL = 32 ± 21(1σ), f

equil.
NL =

26± 140(1σ), and f
orthog

NL = −202± 104(1σ) [123].

5.2. Future Prospects. Now we discuss the future prospects of
using the bispectrum estimators for constraining the non-
linearity parameter fNL for local and equilateral shapes. We
compute the Fisher bounds for three experimental setups, (1)
cosmic variance limited experiment with perfect beam (ideal
experiment hereafter), (2) Planck satellite with and noise
sensitivity Δp = 56μK-arcmin and beam FWHM σ = 7′,
and (3) a futuristic CMBPol-like satellite experiment with
noise sensitivity Δp = 1.4μK-arcmin and beam FWHM
σ = 4′ (CMBPol hereafter). Beside fNL we fix all the
other cosmological parameters to a standard fiducial model
with a flat ΛCDM cosmology, with parameters described
by the best fit to WMAP 5-year results [48], given by
Ωb = 0.045,Ωc = 0.23,H0 = 70.5,ns = 0.96,nt = 0.0,
and τ = 0.08. We calculate the theoretical CMB transfer
functions and power spectrum from publicly available code
CMBFAST [47]. We also neglect any non-Gaussianity which
can be generated during recombination or there after. We
discuss the importance and effect of these nonprimordial
non-Gaussianities in the next section.

The scaling of signal-to-noise as a maximum multipole
lmax for the local [124, 125] and equilateral model [126] are(

S

N

)
local

∝ ln �max,
(
S

N

)
equil

∝
√
�max. (47)

In principle one could go to arbitrary high lmax but in
reality secondary signals will certainly overwhelm primary
signal beyond lmax > 3000 : we restrict to the analysis
to lmax = 3000. In Figure 7, we show the 1σ Fisher
bound as function of maximum multipole �max, for local
and equilateral type of non-Gaussianity. For both local and
equilateral cases, we show the Fisher bound for the analysis
using only the CMB temperature information (TTT), only
the CMB polarization information (EEE), and the combined
temperature and polarization analysis. Note that by having
both the temperature and E-polarization information one
can improve the sensitivity by combining the information.
Apart from combining the T and E signal, one can also
do cross-checks and diagnostics by independently analysing
the data. Temperature and polarization will have different
foregrounds and instrumental systematics.

A CMBPol-like experiment will be able to achieve the
sensitivity of Δ f local

NL  2(1σ) for non-Gaussianity of local

type and Δ f
equil.

NL  13(1σ) for non-Gaussianity of equilateral
type. For the local type of non-Gaussianity, this amounts
to an improvement of about a factor of 2 over the Planck
satellite and about a factor of 12 over current best constraints.
These estimates assume that foreground cleaning can be
done perfectly that is, the effect of residual foregrounds has
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Table 1: Hint of local non-Gaussianity at 2σ level.

Data (mask, estimator) f local
NL ± 1σ error Deviation from Gaussianity

WMAP 3-year (Kp0, near-optimal) 87± 31 2.8σ Yadav and Wandelt [28]

WMAP 3-year (KQ75, optimal) 58± 23 2.5σ Smith et al. [122]

WMAP 3-year (Kp0, near-optimal) 69± 30 2.3σ Smith et al. [122]

WMAP 5-year (KQ75, near-optimal) 51± 30 1.7σ Komatsu et al. [48]

WMAP 5-year (KQ75, optimal) 38± 21 1.8σ Smith et al. [122]

The difference between the results by [28, 122] for WMAP 3-year data using the Kp0 mask can be a result of different choices of weighting in the near-optimal
estimator. The optimal estimator has a unique weighting scheme.
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Figure 6: (a) Constraints on local fNL using WMAP 3-year data as a function of maximum multipole �max used in the analysis. The red
circles are the results obtained using near optimal estimator by Yadav and Wandelt [28]. The green triangles are using the the near-optimal
estimator by Smith et al. [122]. The blue square results are obtained using either the optimal estimator by Smith et al. [122]. For all the three
analysis Kp0 mask was used. (b) Comparison between the 5-year results (optimal estimator, raw maps) reported in Komatsu et al. [48] and
results obtained using the optimal or suboptimal estimator by Smith et al. [122].

been neglected. Also the contribution from unresolved point
sources and secondary anisotropies such as ISW-lensing and
SZ-lensing has been ignored.

Running Non-Gaussianity. The primordial non-Gaussian
parameter fNL has been shown to be scaledependent in sev-
eral models of inflation with a variable speed of sound, such
as Dirac-Born-Infeld (DBI) models. Starting from a simple
ansatz for a scale-dependent amplitude of the primordial
curvature bispectrum for primordial non-Gaussianity,

fNL −→ fNL

(
K

kp

)nNG

, (48)

whereK ≡ (k1k2k3)1/3 and kp is a pivot point. The primordial
bispectrum is therefore determined in terms of two
parameters: the amplitude fNL and the new parameter nNG

quantifying its running. One can generalize the Fisher matrix
analysis of the bispectra of the temperature and polarization
of the CMB radiation and derive the expected constraints on
the parameter nNG that quantifies the running of fNL(k) for
current and future CMB missions such as WMAP, Planck,
and CMBPol. We will consider some nonzero fNL as our
fiducial value for the Fisher matrix evaluation. Clearly, in
order to be able to constrain a scaledependence of fNL, its
amplitude must be large enough to produce a detection.
If fNL is too small to be detected ( fNL < 2 is a lowest
theoretical limit even for the ideal experiment), we will
obviously not be able to measure any of its features, either.
The following we will then always consider a fiducial value
of fNL large enough to enable a detection. Figure 8 shows
the 1 − σ joint constraints on fNL and nNG. In the event
of a significant detection of the non-Gaussian component,
corresponding to fNL = 50 for the local model and
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Figure 7: Fisher predictions for minimum detectable fNL (at 1 σ) as a function of maximum multipole �max. Upper panels are for the local
model while ((d),(e), and (f)) are for the equilateral model. ((a) and (d)) show an ideal experiment, ((b) and(e)) are for CMBPol like
experiment with noise sensitivity Δp = 1.4μK-arcmin and beam FWHM σ = 4′ and ((c) and (f)) are for Planck- like satellite with and noise
sensitivity Δp = 40μK-arcmin and beam FWHM σ = 5′. In all the panels, the solid lines represent temperature and polarization combined
analysis; dashed lines represent temperature only analysis; dot-dashed lines represent polarization only analysis.

fNL = 100 for the equilateral model of non-Gaussianity, is
able to determine nNG with a 1−σ uncertainty of ΔnNG  0.1
and ΔnNG  0.3, respectively, for the Planck mission and a
factor of two better for CMBPol. In addition to CMB, one
can include the information of the galaxy power spectrum,
galaxy bispectrum, and cluster number counts as a probe of
nonGaussianity on small scales to further constrain the two
parameters [127].

5.3. Contaminations. A detection of non-Gaussianity has
profound implications on our understanding of the early
Universe. Hence it is important to know and quantify
all the possible sources of non-Gaussianities in the CMB.
Here we highlight some sources of non-Gaussianities due
to second-order anisotropies after last scattering surface
and during recombination. The fact that Gaussian initial
conditions imply Gaussianity of the CMB is only true at
linear order. We will also discuss the effects of instrumental
effects and uncertainties in the cosmological parameters on
the bispectrum estimate.

5.3.1. Secondary Non-Gaussianities. Current analysis of the
CMB data ignore the contributions from the secondary

non-Gaussianities. For WMAP resolutions it may not be
a bad approximation. Studies of the dominant secondary
anisotropies conclude that they are negligible for the analysis
of the WMAP data for lmax < 800 [108, 128]. However
on smaller angular scales several effects start to kick in, for
example, (1) the bispectrum contribution due to unresolved
point source like thermal Sunyaev-Zeldovich clusters or
standard radio sources, (2) three-way correlations between
primary CMB, lensed CMB, and secondary anisotropies. We
will refer to the bispectrum generated due to these three-
way correlations as Bsecondary-κ, where some secondaries are,
the integrated Sachs-Wolfe (ISW) BISW-κ, Sunyaev-Zeldovich
signal and Rees-Sciama [23, 108, 128–131].

For Future experiments such as Planck and CMBPOl the
joint estimation of primordial and secondary bispectrum will
be required. The observed bispectrum in general would take
the following form:

B̂obs
�1�2�3

= fNLB
prim
�1�2�3

+ bpsB
ps
�1�2�3

+ ASZB
SZ-κ
�1�2�3

+ AISWB
ISW-κ
�1�2�3

+ · · · .
(49)

The amplitude of bispectrum due to primary-lensing-
secondary cross-correlation is proportional to the product



Advances in Astronomy 15

−0.4

−0.2

0

0.2

0.4

n
N

G

30 40 50 60 70

fNL

Planck
Imax = 2500

(a)

−0.2

−0.1

0

0.1

0.2

n
N

G

45 50 55

fNL

CMBPol
Imax = 3000

(b)

−0.5

0

0.5

n
N

G

0 50 100 150 200

fNL

Planck
Imax = 2500

(c)

−0.5

0

0.5

n
N

G

50 100 150

fNL

CMBPol
Imax = 3000

(d)

Figure 8: 1-σ constraints on fNL and nNG for local (a) and (b) and equilateral model (c) and (d) assuming kp = 0.04 Mpc−1 and fiducial
values fNL = 50, nNG = 0 for the local case and fNL = 100,nNG = 0 for the equilateral case. Dashed lines correspond to the limits from the
temperature information alone, dotted lines to polarization (EEE), while the continuous lines correspond to all bispectrum combinations.
We consider Planck (a) and (c) and CMBPOl-like (b) and (d) CMB experiment.

of primary CMB power-spectrum and power spectrum of
cross-correlation between secondary and lensing signals.

The reduced bispectrum from the residual point sources
(assuming Poisson distributed) is constant, that is, b

ps
�1�2�3

=
constant. The value of the constant will depend on the flux
limit at which the point source can be detected and on
assumed flux and frequency distribution of the sources.

Depending on the shape of primordial bispectrum in
consideration, some secondary bispectra are more dangerous

than others. For example, ISW-lensing BISW-κ peaks at the
“local” configurations hence,it is more dangerous for local
primordial shape than the equilateral primordial shape. For
example for the Planck satellite if the secondary bispec-
trum is not incorporated in the analysis, the ISW-lensing
contribution will bias the estimate for the local fNL by
around Δ f local

NL ≈ 10 [19]. The bispectrum contribution from
primary-lensing-Rees-Sciama signal also peaks at squeezed
limit and contribute to effective local f local

NL ≈ 10 [132].
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For Planck sensitivity the point source will contamination
the local non-Gaussianity by around Δ f local

NL ∼ 1 [133]. A
recent analysis of the full second-order Boltzmann equation
for photons [134] claims that second order effects add a
contamination Δ fNL ∼ 5.

The generalization of the Fisher matrix given by (30) to
include multiple bispectrum contribution is

F (XY)
ab =

∑
{i jk,pqr}

∑
�1≤�2≤�3

1
Δ�1�2�3

∂B
pqr,(X)
�1�2�3

∂pa

×
(

Cov−1
)
i jk,pqr

∂B
i jk,(Y)
�1�2�3

∂pb
,

(50)

where the additional X and Y indices denote a component
such as primordial, point-sources, and ISW-lensing,and so
forth. For fixed cosmological parameters, the signal to noise
(S/N)i for the component i is(

S

N

)
i
= 1√

F (ii)
. (51)

5.3.2. Non-Gaussianities from Recombination. Non-
Gaussianities can be generated during recombination. One
requires to solve second-order Boltzmann and Einstein equa-
tions to evaluate the effect. The second-order effect on CMB
is an active field of study [135–153] see [154] for a recent
review. The non-Gaussianities produced during recombina-
tion comprise of various effects, for example, see [135].

The dominant bispectrum due to perturbative recom-
bination comes from perturbations in the electron density.
The amplitude of perturbations of the free electron density
δe is around a factor of 5 larger than the baryon density
perturbations [155]. The bispectrum generated due to δe
peaks around the “local” configuration with corresponding
effective non-linearity amplitude fNL ∼ few [156, 157].

The bispectrum contribution due to second-order terms
which are the products of the first-order perturbations is
calculated in [158]. The bispectrum contribution from these
terms which also peak for the squeezed triangles is small
and can be neglected in the analysis. For example, the signal
to noise is about 0.4 at lmax = 2000 for a full-sky, cosmic
variance limited experiment.

Another contribution to bispectrum which peaks for the
equilateral configurations comes from the nonlinear evo-
lution of the second order gravitational potential. Because
of this effect, the minimum detectable non-Gaussianity

parameter f
equil.

NL changes by Δ f
equil.

NL = O(10) for Planck-like
experiment [126]. The bispectrum peaks for the equilateral
shape because the growth of potential happens on scales
smaller than the horizon size.

On large scales, in the absence of primordial non-
Gaussianities and assuming matter domination (so that the
early and late ISW can be neglected), it has been shown in
[151] that for the squeezed limit the effective fNL generated
by second-order gravitational effects on the CMB fNL =
−1/6− cos(2θ) (also see [141, 152, 153]). Here θ is the angle
between the short and the long modes. The angle dependent
contribution comes from lensing.

5.3.3. Effect of Cosmological Parameter Uncertainties. Impact
of uncertainties on the cosmological parameters effect, the
error bar on fNL. The effect of cosmological parameters
have been discussed in [25, 26, 28, 159]. The cosmological
parameters are determined using the 2-point statistics of
the CMB, and therefor we expect the largest effect of fNL

would come from those parameters which leave the CMB
power spectrum unchanged while change the bispectrum.
The expectation value of the estimator

〈 f̂NL〉 = 1
N

∑
�1,�2,�3

B�1�2�3 B̂�1�2�3

C�1C�2C�3

, (52)

changes with the change in cosmological parameters. Here
B̂�1�2�3 is the true CMB bispectrum. When changing the
parameters the normalization N should be changed to make
the estimator unbiased. In general for a set of cosmological
paramerets {pi}, the error in fNL is given by [159]

δ f̂NL =
√√√√√∑

i j

∂ fNL

∂pi

∣∣∣∣∣
pi=pi

∂ fNL

∂pj

∣∣∣∣∣
pj=p j

Cov
(
pi, pj

)
. (53)

Here the average parameter values pi and their covariance
matrix Cov(pi, pj) can be determined using CMB-likelihood
analysis tools.

If the parameters are allowed to vary in the analysis
then for WMAP this increases the 1σ uncertainty in fNL by

δ f local
NL / fNL ≈ 16% for the local shape and δ f

equil
NL / fNL ≈

14% for the equilateral shape. For Planck experiment, the
increases in 1σ uncertainity are δ f local

NL / fNL ≈ 5% for local

shape and δ f
equil.

NL / fNL ≈ 4% for the equilateral shape. Most
of the contribution to the error comes from three cosmologi-
cal parameters, the amplitude of scalar perturbations ΔΦ, the
tilt of the power spectrum of the saclar perturbations nS , and
re-ionization optical depth τ.

For modes inside the horizon during reionization, the
reionization optical depth τ appears as a multiplicative
factor e−τ in front of transfer function gi� . For local model
one of the mode is outside so the effect on bispectrum

b̃local
�1�2�3

= exp(−2τ)blocal
�1�2�3

and for equilateral model all the

modes are inside the horizon so b̃
equil.
�1�2�3

= exp(−3τ)b
equil.
�1�2�3

.
This reduces to δ f local

NL  −2 fNLτ for local model and

δ f
equil.

NL  −3 fNLτ for equilateral model.
The effect of amplitude of perturbations can be seen by

noting that the level of non-Gaussianity is given by fNL ·Δ1/2
Φ .

Hence the decreases (increase) in the amplitude of perturba-
tions relax (tighten) the constraints on fNL. The effect of red
tilt (ns < 1) can be thought of as a reduction in power on
at scales shorter than first peak and enhancement of power
on larger scales. The effect of blue tilt is just opposite of red
tilt. For local shape, the limit on fNL becomes tighter pro-
portional to Δ1/2

long [26]. Note that [159] shows that the effect
of cosmological parameters is negligible if the parameters are
allowed to vary in the analysis and then marginalize over.
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5.3.4. Instrumental Effects and Distortions along the Line
of Sight. Here we point out that any cosmological or
instrumental effect that can be modelled as a line- of sight
CMB distortions of the primary CMB doesnot generate
new bispectrum contribution. Although they can modify
the primordial bispectrum. A general model of line-of-sight
distortions of the primary CMB are described in [58, 59,
160], where the changes in the Stokes parameter of the CMB
due to distortions along the line-of-sight can be written as

δ[Q ± iU](n̂)

= [a± i2w](n̂)
[
Q̃ ± iŨ

]
(n̂) +

[
f1 ± i f2

]
(n̂)
[
Q̃ ∓ iŨ

]
(n̂)

+
[
γ1 ± iγ2

]
(n̂)T̃(n̂) + σ p(n̂) · ∇

[
Q̃ ± iŨ

]
(n̂; σ)

+ σ[d1 ± id2](n̂)[∂1 ± i∂2]T̃(n̂; σ)

+ σ2q(n̂)[∂1 ± i∂2]2T̃(n̂; σ) + · · · .
(54)

The first line captures the distortions in a single perfectly
known direction n̂. The distortions in second line capture
mixing of the polarization fields in a local region of length
scale σ around n̂. We Taylor expand the CMB fields Q,U ,
and T around the point n̂ and consider the leading-order
terms. Here Q̃, Ũ , and T̃ stand for primordial (undistorted)
CMB fields. Since (Q ± iU)(n̂) is spin ±2 field, a(n̂) is a
scalar field that describes modulation in the amplitude of the
fields in a given direction n̂; ω(n̂) is also a scalar field that
describes the rotation of the plane of polarization, ( f1 ± i f2)
are spin ±4 fields that describe the coupling between two
spin states (spin-flip), and (γ1 ± iγ2)(n̂) are spin ±2 fields
that describe leakage from the temperature to polarization
(monopole leakage hereon). Distortions in the second line of
(54), (p1 ± p2), (d1 ± d2), and q are measured in the units of
the length scale σ . The field (p1±ip2)(n̂) is a spin±1 field and
describes the change in the photon direction; we will refer to
it as a deflection field. Finally (d1 ± d2)(n̂) and q(n̂) describe
leakage from temperature to polarization, (d1±d2)(n̂) is spin
±1 field, and we will refer to it as dipole leakage; q(n̂) is a
scalar field that we will call quadrupole leakage.

These distortions can be produced by various cosmo-
logical processes such as weak gravitational lensing of the
CMB, screening effects from patchy reionization, rotation
of the plane of polarization due to magnetic fields or par-
ity violating physics, and various instrumental systematics
such as gain fluctuations, pixel rotation, differential gain,
pointing, differential ellipticity are also captured via line-of-
sight distortions. All these distortions modify the primordial
bispectrum as

B̃(�1,�2,�3)

= B(�1,�2,�3) +
∫

d2�′

(2π)2C
DD
l′

×
[
B(�1,�2−�′,�3+�′)W

D(�1−�′)WD(�2−�′′)+perm.
]

,

(55)

where W is a window which depends on the type of
distortion in consideration and tells how the primordial
CMB bispectrum modes are coupled to the distortion field
power spectrum CDD

� . The effect of the distortions on the
bispectrum is to smooth out the acoustic features. These
effects for the case of lensing have been shown to be small
and can be neglected [161, 162].

In [163], the impact of the 1/ f noise and asymmetric
beam on local f local

NL has been found insignificant in the
context of a Planck-like experiment.

6. Other Probes of Non-Gaussianity in the CMB

Although using the full bispectrum is the most sensitive
cubic statistic other statistical methods may be sensitive to
different aspects of non-Gaussianity and, more importantly,
different methods have different systematic effects. Therefore
it is important to study various probes. In this section we will
discuss some of the methods which have been recently used
or developed to test for primordial non-Gaussianities in the
CMB.

Trispectrum. The four-point function in harmonic space is
called trispectrum, which can be written as

〈
al1m1al2m2al3m3al4m4

〉
=
∑
LM

(−1)M
(
�1 �2 L
m1 m2 m3

)(
�3 �4 L
m1 m2 m3

)
Tl1l2
l3l4

(L),

(56)

where Tl1l2
l3l4

(L) is the angular averaged trispectrum, L is the
length of a diagonal that forms triangles with l1 and l2 and
with l3 and l4, and the matrix is the Wigner 3- j symbol. The
trispectrum contains unconnected part, TG,

TG
l1l2
l3l4

(L) = (−1)l1+l3
√

(2l1 + 1)(2l3 + 1)Cl1Cl3δl1l2δl3l4δL0

+ (2L + 1)Cl1Cl2
[

(−1)l1+l2+Lδl1l3δl2l4 + δl1l4δl2l3

]
.

(57)

which comes from the Gaussian part of the perturbations,
and the connected part Tc which contains non-Gaussian
signatures. Using permutation symmetry, one may write the
connected part of the trispectrum as

Tc
l1l2
l3l4

(L) = Pl1l2l3l4
(L) + (2L + 1)

∑
L′

×
[

(−1)l2+l3

{
�1 �2 L
�4 �3 L′

}
P
l1l3
l2l4

(L′)

+ (−1)L+L′
{
�1 �2 L
�3 �4 L′

}
Pl1l4l3l2

(L′)

]
.

(58)
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where

Pl1l2l3l4
(L) = tl1l2l3l4

(L) + (−1)2L+l1+l2+l3+l4 tl2l1l4l3
(L)

+ (−1)L+l3+l4 tl1l2l4l3
(L) + (−1)L+l1+l2 tl2l1l3l4

(L).
(59)

Here, the matrix is the Wigner 6- j symbol, and tl1l2l3l4
(L)

is called the reduced trispectrum, which contains all the
physical information about non-Gaussianities. For non-
Gaussianity of local-type for which

Φ(x) = ΦL(x) + fNL
[
Φ2
L −

〈
Φ2
L

〉]
+ gNLΦ

3
L, (60)

both fNL and gNL contribute to the trispectrum, but only fNL

contributes to the bispectrum. Tripectrum-based estimators
for measuring fNL and gNL have been developed [164–
168]. For local template, the bispectrum nearly contains
all the information on fNL [166] however if the non-
Gaussianity is seen in bispectrum, trispectrum can serve as
a important cross-check. Generically for single field slow-
roll models the trispectrum is small and unobservable [169]
however for more general single field models whenever the
equilateral bispectrum is large, the trispectrum is large as
well [170–172]. For example for equilateral non-Gaussianity
[173] study how to tune the model parameters to get large
trispectrum and small bispectrum. For multifield inflation
one can construct models that predicts small fNL but large
gNL, for example, [174] discussed the local form from a
multi-field inflation and briefly mentioned the condition in
their class of models to get the large trispectrum and small
bispectrum. Joint constraints on both fNL and gNL have the
potential to add to the specificity of the search for primordial
non-Gaussianity. For a given model, these two numbers will
often be predicted in terms of a single model parameter, such
as a coupling constant see, for example, [175] for the case of
ekyprotic models. Using WMAP 5-year data, the constraints
on gNL using the trispectrum are −7.4 < gNL/105 < 8.2 at 2σ
[176].

Minkowski Functionals. Minkowski Functionals (MFs)
describe morphological properties (such as area,
circumference, and Euler characteristic) of fluctuating
fields [177–180]. For a d-dimensional fluctuating field, f ,
the kth Minkowski Functionals of weakly non-Gaussian

fields in, V (d)
k (ν) for a given threshold ν = f /σ0 can be

written as [181, 182]

V
(d)
k (ν)

= 1

(2π)(k+1)/2
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σ2

0

)}
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(61)

where σ0 ≡ 〈 f 2〉1/2 is the variance of the fluctuating field,
Hn(ν) are the Hermite polynomials, ωk ≡ πk/2/Γ(k/2 + 1),
and finally S(i) are the “skewness parameters” defined as

S(0) ≡
〈
f 3
〉

σ4
0

,

S(1) ≡ −3
4
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f 2
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0σ
2
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,
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) · (∇ f

)(∇2 f
)〉

σ4
1

,

(62)

which characterize the skewness of fluctuating fields and
their derivatives. Here σi characterizes the variance of the
fluctuating field and is given by

σ2
i =

1
4π

∑
l

(2� + 1)[�(� + 1)]iC2
� . (63)

For CMB, for which d = 2 and f = ΔT/T , the skewness
parameters are [183]
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(64)

where Bl1l2l3 is the CMB bispectrum, Wl represents a
smoothing kernel which depends on the experiment beam
and Gm1m2m3

l1,l2,l3 is the usual Gaunt function.
Since MFs can be determined as weighted sum of

the bispectrum, they contain less information than the
bispectrum. MFs can still be useful because they perhaps
suffer from different systematics, though they are less
specific to primordial non-Gaussianity since they measure a
smaller number of independent bispectrum modes. Also, the
bispectrum is defined in Fourier (or harmonic) space while
the MFs are defined in real space. Limits on non-Gaussianity
of local-type from the MFs of the WMAP 5-year temperature
data are−70 < fNL < 91(2σ) [188]. The MFs from the Planck
temperature data should be sensitive to fNL ∼ 20 at 1σ level
[193] in contrast to bispectrum which is sensitive to fNL ∼ 5
at 1σ level. Note that polarization data further improves the
sensitivity.

Wavelets. Several studies have used wavelet representations
of the WMAP maps to search for a non-Gaussian signal
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Table 2: Summary of constraints on local non-Gaussianity.

Year Data Method f local
NL ± 2σ error

2002 COBE Bispectrum sub-optimal | fNL| < 1500 Komatsu et al. [184]

2003 MAXIMA Bispectrum sub-optimal | fNL| < 1900 Santos et al. [185]

2003 WMAP 1-year Bispectrum sub-optimal 39.5± 97.5 Komatsu et al. [23]

2004 VSA Bispectrum sub-optimal fNL < 5400 Smith et al. [186]

2005 WMAP 1-year Bispectrum sub-optimal-v1 47± 74 Creminelli et al. [25]

2006 WMAP 3-year Bispectrum sub-optimal 30± 84 Spergel et al. [24]

2006 WMAP 3-year Bispectrum sub-optimal-v1 32± 68 Creminelli et al. [26]

2007 WMAP 3-year Bispectrum near-optimal 87± 62 Yadav and Wandelt [28]

2007 Boomerang Minkowski Functionals 110± 910 de Troia et al. [187]

2008 WMAP 3-year Minkowski Functionals 10.5± 80.5 Hikage et al. [188]

2008 WMAP 5-year Bispectrum near-optimal 51± 60 Komatsu et al. [48]

2008 ARCHEOPS Minkowski Functionals 701075
−950 Curto et al. 2008 [189]

2009 WMAP 3-year Bispectrum optimal 58± 46 Smith et al. [122]

2009 WMAP 5-year Bispectrum optimal 38± 42 Smith et al. [122]

2009 WMAP 5-year Spherical Mexican hat wavelet 31± 49 Curto, et al. [190]

2009 BOOMERanG Minkowski Functionals −315± 705 P. Natoli et al. [191]

2009 WMAP 5-year Skewness power spectrum 11± 47.4 Smidt, et al. [192]

2010 WMAP 7-year Bispectrum optimal 32± 42 Komatsu et al. [123]

[194–200]. In most of these studies, wavelets were used
as a tool for blind searches of non-Gaussian anomalies
in a basis with resolution in both scale and location.
However, in some more recent studies, wavelets were tuned
to look for non-Gaussianity of a particular type. In the
context of searches for primordial non-Gaussianity of local
type, wavelet-based estimators for fNL have been built by
extracting a signature of local non-Gaussianity that is cubic
in the wavelet coefficients from simulations of non-Gaussian
skies and searching for this signature in data. This ability
to calibrate on a set of simulations makes the wavelet
approach very flexible. While not optimal in a least-squared
sense, using a wavelet representation can be thought of as a
generalized cubic statistic with a different weighting scheme
to the optimal bispectrum estimator. Using such estimators
therefore provides a useful exploration of nearly optimal
cubic estimators similar to the full bispectrum estimator. Any
believable detection of non-Gaussianity should be robust to
such changes in the analysis. Similarly, contaminating non-
Gaussianity from astrophysical and instrumental systematics
will propagate through the analysis in a different way to the
bispectrum-based analysis.

There are several constraints on local fNL using wavelet-
based estimators. For example, using the COBE data the
constraints are | fNL| < 2200(1σ) [201]. Using an estimator
based on the skewness of the wavelet coefficients, Mukherjee
and Wang constrain the fNL value for WMAP 1-yr data
obtaining fNL = 50 ± 160(2σ) [29]. Using an extension
of the previous estimator by combining wavelet coefficients
at different contiguous scales, Curto et al. obtain −8 <
fNL < 111(2σ) [202]. Recently, using a generalized third-
order estimator based on the wavelet coefficients, Curto et
al. obtain −18 < fNL < 80(2σ) [190].

Needlet Bispectrum. Needlets are a family of spherical
wavelets which are localized and asymptotically uncorrelated
[203, 204]. The needlet-based statistics has been considered
for testing Gaussianity and isotropy (see, e.g., [205–211]).
Using the bispectrum of needlet coefficient, the constraints
on non-Gaussianity of local-type using WMAP 5-year data
yield fNL = 73 ± 62(2σ) [212, 213]. As is clear, the needlet-
based bispectrum is not as sensitive as the CMB bispectrum
discussed in Section 4; however again in the event of
detection the needlet based methods can be calibrated on
simulations and represent a different weighting scheme
for handling the sky mask and anisotropic noise. Finally,
needlets and wavelets allow for the possibility to analyze
spatially localized regions in the sky.

Probing Non-Gaussianity Using Bayesian Statistics. A some-
what different approach to searching for non-Gaussianity is
provided by the Bayesian approach. Here, the starting point
is an explicit physical or statistical model for the data and the
goal is to evaluate the posterior density of the parameters of
the model and/or the relative probability of the Gaussianity
and non-Gaussianity.

On large scales, in the Sachs-Wolfe regime, one can sim-
plify the Bayesian approach by modeling directly the temper-
ature anisotropy. Rocha et al. (2001) [214] discuss a Bayesian
exploration of a model, where each spherical harmonic
coefficient is drawn from a non-Gaussian distribution. In
this regime, the simple form of the non-Gaussian potential
for the local model (17) also translates into a simple model
for the temperature anisotropy. Reference [215] develop
several results for it, including an analytical expression of the
evidence ratio of the Gaussian and non-Gaussian models. At
the level of current data, this approximation is too restrictive,
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since most of the information about fNL is contained near
the resolution limit of the experiment, where most of the
measured perturbation modes are concentrated.

A full implementation of a physical non-Gaussian model
must include the effect of Boltzmann transport. In the
context of local non-Gaussianity, the model equation (17)
suggests that a full Bayesian treatment may be feasible. At
the time of writing, no fully Bayesian analysis for local fNL

has been published. The effort has focused on developing
approximations to the full Bayesian problem.

Using a perturbative analysis, [216] relates the frequentist
bispectrum estimator to moments of the Bayesian posterior
distribution. Reference [217] described approximations to
the full Bayesian treatment that simplify the analysis for high
signal-to-noise maps and compared these to the full Bayesian
treatment for a simple 1D toy model of non-Gaussian sky
where this analysis is feasible.

7. Summary

The physics of the early universe responsible for generating
the seed perturbations in the CMB is not understood.
Inflation which is perhaps the the most promising paradigm
for generating seed perturbations allows for vast number of
inflationary models that are compatible with data based on
2-point statistics like CMB power spectrum. Moreover, the
alternatives to inflation such as cyclic models are also com-
patible with the data. Characterizing the non-Gaussianity
in the primordial perturbations has emerged as probe
for discriminating between different models of the early
universe. Models based on slowly rolling single field pro-
duce undetectable amount of non-Gaussianity. Single field
models without the slow roll can generate large (detectable
with future experiments) non-Gaussianities but (1) cannot
produce large non-Gaussianity of local type unless inflation
started with excited vacuum state, (2) if non-Gaussianity is
produced it would naturally be as bispectrum while higher
order as trispectrum can be generated, it requires fine tuning.

The bispectrum of the CMB is one of the most
promising tool for connecting the non-Gaussianities in the
cosmic microwave background and the models of inflation.
Bispectrum-based estimator which saturates Cramer-Rao
bound has been developed and well characterised using
non-Gaussian MonteCarlos. Other statistics although not
as sensitive to non-Gaussianity as an optimally weighted
bispectrum estimator do provide independent checks and
have different systematics. While Bayesian analysis has been
applied in the context of nonGaussianity analysis, this still
appears to be an open area for fruitful investigation.

Given the importance of detecting primordial non-
Gaussianity, it is crucial to characterise any nonprimordial
sources of non-Gaussianities. We describe several sources of
non-Gaussianities such as from second-order anisotropies
after last scattering surface and during recombination.

With Planck launched and taking data, we look forward
to the next few years as an exciting time in the exploration
of primordial non-Gaussianity in the cosmic microwave
background.
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Endnotes

1. Although inflation is the most popular theory for
the early universe, other mechanisms, for example,
ekpyrotic models [218] and cyclic models [219, 220]
have been proposed for generating nearly scale invariant
Gaussian perturbations, while retaining homogeneity
and flatness. In the cyclic universe, there is no beginning
of time, and our expansion of the universe is one
out of the infinite number of such cycles. Each cycle
consists of the following phases. (1) A hot big bang
phase, during which a structure formation takes place.
(2) An accelerated expansion phase which dilutes the
matter and radiation energy density. Since observations
suggest that our universe is going through an accelerated
expansion phase, in the cyclic model interpretation,
we are presently going through this phase. (3) A
decelerating phase, which makes the universe flat, and
generates nearly Gaussian and scale invariant density
perturbations. (4) A big crunch/bang transition phase
during which matter and radiation is created. Although
the mechanism is different, the outcome of phase (3)
of the cyclic model is in some sense analogous to
a slow-roll expansion phase of inflation; and phase
(4) will correspond with the reheating phase in the
inflationary scenario. As we will discuss in the next
section these two scenarios can be distinguished by
their different predictions about the gravitational waves,
and non-Gaussianity. Cyclic models predict negligible
contribution of gravitational waves while inflationary
models can produce large gravitational wave contribu-
tion, which can be detected by next generation exper-
iments. Second, cyclic models produce much larger
non-Gaussianity (of local type) in comparison to the
standard slow-roll inflationary scenario.

2. For the scale invariant (n = 1) case, CSW
l =

[l(l + 1)]−16CSW
2 .

3. Example of some inflationary models are: eternal
inflation, hybrid inflation, chaotic, Ghost inflation,
Tilted Ghost inflation, DBI inflation, brane inflation, N-
flation, bubble inflation, extended inflation, false vac-
uum inflation, power law inflation, k-inflation, hyperex-
tended inflation, supersymmetric inflation, Quintessen-
tial inflation, Natural inflation, Super inflation, Super-
natural inflation, D-term inflation, B -inflation, Ther-
mal inflation, discrete inflation, Assisted inflation, Polar
cap inflation, Open inflation, Topological inflation,
Double inflation, Multiple inflation, Induced-gravity
inflation, Warm inflation, stochastic inflation, General-
ized assisted inflation, self-sustained inflation, Gradu-
ated inflation, Local inflation, Singular inflation, Slinky
inflation, locked inflation, Elastic inflation, Mixed
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inflation, Phantom inflation, Boundary inflation, Non-
commutative inflation, Tachyonic inflation, Tsunami
inflation, Lambda inflation, Steep inflation, Oscillating
inflation, Mutated Hybrid inflation, intermediate infla-
tion, and Inhomogeneous inflation.

4. To first order in perturbations, primordial scalar per-
turbations do not generate B-modes of CMB. However
at second (and higher) order in perturbations, scalar
perturbations do produce B-modes [135, 221]. The
B-modes generated from higher order perturbations
are expected to be smaller than the tensor B-mode
levels that the upcoming and future experiments (like
CMBPol) are sensitive too.

5. Or equivalently Φ(r) = ΦL(r) + fNL(Φ2
L(r)− 〈Φ2

L(r)〉).
6. We will refer to the estimator in [25] as a near-optimal-

v1, while the corrected estimator of [28] as near-
optimal.
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The most direct probe of non-Gaussian initial conditions has come from bispectrum measurements of temperature fluctuations
in the Cosmic Microwave Background and of the matter and galaxy distribution at large scales. Such bispectrum estimators are
expected to continue to provide the best constraints on the non-Gaussian parameters in future observations. We review and
compare the theoretical and observational problems, current results, and future prospects for the detection of a nonvanishing
primordial component in the bispectrum of the Cosmic Microwave Background and large-scale structure, and the relation to
specific predictions from different inflationary models.

1. Introduction

The standard inflationary paradigm predicts a flat Universe
perturbed by nearly-Gaussian and scale-invariant primordial
perturbations. These predictions have been verified to a
high degree of accuracy by Cosmic Microwave Background
(CMB) and Large-Scale Structure (LSS) measurements, such
as those provided by the Wilkinson Microwave Anisotropy
Probe (WMAP) [1], the 2dF Galaxy Redshift Survey
(2dFGRS) [2], and the Sloan Digital Sky Survey (SDSS) [3].
Despite this success, it has proved to be difficult to discrimi-
nate between the vast array of inflationary scenarios that have
been proposed by high-energy theoretical investigations or
even to rule-out alternatives to inflation. Since most of the
present constraints on the Lagrangian of the inflaton field
have been obtained from measurements of the two-point
function, or power spectrum, of the primordial fluctuations,
a natural step to extend the available information is to look
at non-Gaussian signatures in higher-order correlators.

The lowest-order additional correlator to take into
account is the three-point function or its counterpart in
Fourier space, the bispectrum. Most models of inflation are
characterized by specific predictions for the bispectrum of

the primordial perturbations in the gravitational potential
Φ(k). The bispectrum BΦ(k1, k2, k3) of these perturbations
is defined as

〈Φ(k1)Φ(k2)Φ(k3)〉 ≡ (2π)3δD(k123)BΦ(k1, k2, k3), (1)

where we have introduced the notation ki j ≡ k1 + k2 so that
the Dirac delta function here is δD(k123) ≡ δD(k1 + k2 +
k3). Together with the assumption of statistical homogeneity
and isotropy for the primordial perturbations, this implies
that the bispectrum is a function of the triplet defined by
the magnitude of the wavenumbers k1, k2, and k3 forming
a closed triangular configuration. The current constraints
that we are able to derive on the bispectrum BΦ(k1, k2, k3)
provide additional information about the early Universe; the
possible detection of a non-vanishing primordial bispectrum
in future observations would represent a major discovery,
especially as it is predicted to be negligible by standard
inflation.

The cosmological observable most directly related to the
initial curvature bispectrum is given by the bispectrum of the
CMB temperature fluctuations, which provide a map of the
density perturbations at the time of decoupling, the earliest
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Figure 1: Triangle types contributing to the bispectrum corresponding to “squeezed” or local configurations with k3 � k1, k2 (a),
equilateral configurations with k3 ≈ k1 ≈ k2 (b), and flattened configurations with k3 ≈ k1 + k2 (c).

information we have about the Universe. Current measure-
ments of individual triangular configurations of the CMB
bispectrum are, however, consistent with zero. Studies of the
primordial bispectrum, therefore, are usually characterized
by constraints on a single-amplitude parameter, denoted
by fNL, once a specific model for BΦ is assumed. Since
most models predict a curvature bispectrum obeying the
hierarchical scaling BΦ(k, k, k) ∼ P2

Φ(k), with PΦ(k) being
the curvature power spectrum, the non-Gaussian parameter
roughly quantifies the ratio fNL ∼ BΦ(k, k, k)/P2

Φ(k), defin-
ing the “strength” of the primordial non-Gaussian signal. In
addition, we can write

BΦ(k1, k2, k3) ≡ fNLF(k1, k2, k3), (2)

where F(k1, k2, k3) encodes the functional dependence of the
primordial bispectrum on the specific triangle configura-
tions. For brevity, the characteristic shape-dependence of a
given bispectrum is often referred to simply as the bispectrum
shape (a precise definition of the bispectrum shape function
will be given in Section 2.1). Inflationary predictions for
both the amplitude fNL and the shape of BΦ are strongly
model dependent. Notice that the subscript “NL” stands for
“nonlinear”, since a common phenomenological model for
the non-Gaussianity of the initial conditions can be written
as a simple nonlinear transformation of a Gaussian field.
Generically, of course, non-Gaussianity is associated with
nonlinearities, such as nontrivial dynamics during inflation,
resonant behaviour at the end of inflation (“preheating”),
or nonlinear postinflationary evolution. At the very least,
future CMB and LSS observations are expected to be able
to eventually detect the last of the three effects mentioned
above.

Perturbations in the CMB provide a particularly con-
venient test of the primordial density field because CMB
temperature and polarization anisotropies are small enough
to be studied in the linear regime of cosmological perturba-
tions. Once the effects of foregrounds are properly taken into
account, a non-vanishing CMB bispectrum at large scales
would be a direct consequence of a non-vanishing primordial
bispectrum. As we will see, while other CMB probes of
primordial non-Gaussianity are available, such as tests of
the topological properties of the temperature map based
on Minkowski Functionals or measurements of the CMB
trispectrum, the estimator for the non-Gaussian parameter
fNL has been shown to be optimal. We will focus mostly

on this bispectrum estimator in the section of this paper
dedicated to the CMB.

In the standard cosmological model, the large-scale
structure of the Universe, that is, the distribution of matter
and galaxies on large scales, is the result of the nonlinear
evolution due to gravitational instability of the same initial
density perturbations responsible for the CMB anisotropies.
This is, perhaps, the most important prediction of the
inflationary framework which provides a common origin for
the CMB and large-scale structure perturbations as the result
of tiny quantum fluctuations stretched over cosmological
scales during a phase of accelerated expansion. The large-
scale structure we observe at low redshift, however, is
characterized by large voids and small regions with very
large-matter density, and it is therefore a much less direct
probe of the initial conditions. The distribution of matter
becomes a highly non-Gaussian field precisely as a result of
the nonlinear growth of structures, even for Gaussian initial
conditions. This non-Gaussianity is expressed, in particular,
by a non-vanishing matter bispectrum at any measurable
scale, including the largest scales probed by current or future
redshift surveys. In this context, the effect of primordial non-
Gaussianity, that is, of an initial component in the curva-
ture bispectrum, will constitute a correction to the galaxy
bispectrum. It follows that the possibility of constraining
or detecting this initial component is strictly related to our
ability to distinguish it from other primary sources of non-
Gaussianity, that is, the nonlinear gravitational evolution,
and, in the case of galaxy surveys, nonlinear bias.

The study of non-Gaussian initial conditions for large-
scale structure has a relatively long history, with important
contributions going back to the mid eighties. The standard
picture that has been developed over the years assumed
that, at large scales, the effect of primordial non-Gaussianity
on the galaxy distribution is simply given in terms of an
additional component to the galaxy bispectrum. This is
obtained, in perturbation theory, as the linearly evolved
and linearly biased initial matter bispectrum, related to the
curvature bispectrum BΦ(k1, k2, k3) by the Poisson equation.
Such component becomes subdominant as the gravity-
induced non-Gaussian contribution grows in time. In this
framework, as one can expect, high-redshift and large-
volume galaxy surveys would constitute the best probes of the
initial conditions. It has been shown, in fact, that proposed
and planned redshift surveys, such as those of Euclid [4],
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should be able to provide constraints on the primordial non-
Gaussian parameters comparable to, if not better than, those
expected from CMB missions such as those of Planck. What
is more important, in the event of a detection by Planck, is
that confirmation by large-scale structure observations will
be required.

Recent results from N-body simulations with non-
Gaussian initial conditions, however, have revealed a more
complex picture. The effect of primordial non-Gaussianity
at large scales is not limited to an additional contribution to
the galaxy bispectrum, but it quite dramatically affects the
galaxy bias relation itself, that is, the relation between the
matter and galaxy distributions. A surprising consequence
is that it induces a large correction even for the galaxy
power spectrum. Such an effect has attracted considerable
recent attention and, remarkably, has placed constraints
on the non-Gaussian parameter from current LSS datasets
which already appear to marginally improve on CMB
limits. However, from a theoretical point of view, a proper
understanding of the phenomenon is not fully developed yet.
For example, reliable predictions for the galaxy bispectrum
are not yet available. Most importantly, as for general
cosmological parameter estimation, a complete likelihood
analysis aimed at constraining, or detecting, primordial
non-Gaussianity in large-volume redshift surveys should
involve joint measurements of the galaxy power spectrum
and bispectrum, as well as possibly higher-order correlation
functions. While we are still far from a proper assessment of
what such analysis would be able to achieve, current results
in this direction are very encouraging.

This review is divided into four parts. In Section 2 we
will first discuss initial conditions as defined in terms of the
primordial curvature bispectrum and its phenomenology.
We will then review the observational consequences of pri-
mordial non-Gaussianity on the CMB bispectrum, Section 3,
and on the large-scale structure bispectrum as measured
in redshift surveys, Section 4. In both cases we will discuss
theoretical models for the observed bispectra and technical
problems related to the estimation of the non-Gaussian
parameters, with the differences that naturally characterize
such distinct observables. We also give an example of joint
analysis using both CMB and large-scale structure when
we consider the possibility of constraining a strongly scale-
dependent non-Gaussian parameter fNL(k), emerging in
some recently proposed inflationary models.

2. Initial Conditions and
the Primordial Bispectrum

In this section we will briefly overview the main predictions
of inflationary models regarding the non-Gaussianity (NG)
of the primordial curvature perturbation field. The link
between NG of primordial density fluctuations and NG
of CMB and LSS will be shown in following sections.
In order to provide a full description of an NG random
field, all correlators beyond the 2-point function are in
principle necessary. However in this review we will focus
on the primordial bispectrum (i.e., three-point function

in Fourier space). This is not only justified by the fact
that the bispectrum is the first and simplest higher-order
correlator to look at, but also by the fact that most
models of inflation predict vanishingly small correlators
beyond the bispectrum. In Section 2.1 we will introduce
the relevant quantities, their mathematical definitions, and
we will provide a general overview and classification of the
bispectra predicted in different inflationary scenarios (only
from a purely mathematical point of view, without linking
them to the Physics originating them at this stage). Finally, a
useful eigenmode expansion technique for bispectra will be
introduced in Section 2.2 and applied to the calculation of
correlations between different bispectra in Section 3.4. In the
same section we will also show which kinds of bispectra are
predicted by different models of inflation.

2.1. The Primordial Bispectrum and Shape Function. The
starting point for this discussion is the primordial gravi-
tational potential perturbation Φ(x, t) which was seeded
by quantum fluctuations during inflation or by some other
mechanism in the very early Universe (t � tdec). When
characterizing the fluctuations Φ, we usually work in Fourier
space with the (flat space) transform defined through

Φ(x, t) =
∫

d3k

(2π)3 e−ik·xΦ(k, t). (3)

The primordial power spectrum PΦ(k) of these potential
fluctuations is found using an ensemble average:〈

Φ(k)Φ∗(k′)
〉 = (2π)3δD(k− k′)PΦ(k), (4)

where we have assumed that physical processes creating
the fluctuations are statistically isotropic so that only the
dependence on the wavenumber remains k = |k|. Recall
that, for nearly scale-invariant perturbations, the fluctuation
variance on the horizon scale k ≈ H is almost constant
Δ2
k∼H ≈ k3PΦ(k)/2π2 ≈ const., implying that PΦ(k) ∼ k−3.

The primordial bispectrum BΦ(k, k2, k3) is found from
the Fourier transform of the three-point correlator as

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δD(k123)BΦ(k1, k2, k3). (5)

Here, the delta function enforces the triangle condition, that
is, the constraint that the wavevectors in Fourier space must
close to form a triangle: k1 + k2 + k3 = 0. Examples of
such triangles are shown in Figure 1, illustrating the basic
squeezed, equilateral, and flattened triangles to which we will
refer later. Note that a specific triangle can be completely
described by the three lengths of its sides and so, in the
isotropic case, we are able to describe the bispectrum using
only the wavenumbers k1, k2, k3. The triangle condition
restricts the allowed wavenumber configurations (k1, k2, k3)
to the interior of the tetrahedron illustrated in Figure 2.

The most studied primordial bispectrum is the local
model in which contributions from “squeezed” triangles are
dominant, that is, with, for example, k3 � k1, k2 (as
illustrated in Figure 1(a)). This is well motivated physically
as it encompasses “superhorizon” effects during inflation
when a large-scale mode k3 (say) which has exited the
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Hubble radius exerts a nonlinear influence on the subsequent
evolution of smaller-scale modes k1, k2. Although this effect
is small in single-field slow-roll inflation, it can be much
larger for multifield models. In a weakly coupled regime,
the potential can be split into two components: the linear
term ΦL, representing a Gaussian field, giving the usual
perturbation results, plus a small local non-Gaussian term
ΦNL [5]:

Φ(x) = ΦL(x) + ΦNL(x)

= ΦL(x) + fNL
[
Φ2
L(x)− 〈Φ2

L(x)
〉]

,
(6)

where fNL is called the nonlinearity parameter. In Fourier
space, the nonlinear term is then given by the convolution

ΦNL(k) = fNL

[∫
d3k

(2π)3 ΦL(k+k′)ΦL(k′)−(2π)3δD(k)
〈
Φ2
L

〉]
.

(7)

From this we can infer, using (4), that the only non-vanishing
contributions to the bispectrum (5) take the form

〈Φ(k1)Φ(k2)Φ(k3)〉

= 2(2π)3δD(k123) [PΦ(k1)PΦ(k2) + PΦ(k2)PΦ(k3)

+PΦ(k3)PΦ(k1)].

(8)

In the scale-invariant case the power spectrum of the
primordial potential takes the form PΦ(k) = ΔΦk−3, where
ΔΦ defines the amplitude of primordial fluctuations at the
end of inflation. Accounting for permutations, the local
bispectrum then becomes

BΦ(k1, k2, k3)

= 2 fNL[PΦ(k1)PΦ(k2) + PΦ(k2)PΦ(k3) + PΦ(k3)PΦ(k1)]

 2 fNL
Δ2
Φ

(k1k2k3)2

(
k2

1

k2k3
+

k2
2

k1k3
+

k2
3

k1k2

)
.

(9)

Although this is a rather pathological function which
diverges along the edges of the tetrahedron (i.e., when any
ki → 0), we can infer from it some basic properties of the
bispectrum for any model which is nearly scale invariant. For
example, we can observe that the bispectrum at equal ki has
the characteristic scaling

BΦ(k, k, k) = 2 fNLΔ
2
Φ

k6
. (10)

If we remove this overall k−6 scaling by multiplying (9) by
the factor (k1k2k3)2, then we note that on transverse slices
through the tetrahedron defined by k̃ ≡ (k1 + k2 + k3)/2 =
const. (see Figure 2 ) the bispectrum only depends on the
ratios of the wavenumbers, say, k2/k1 and k3/k1. Indeed, it
can prove convenient to characterize the bispectrum in terms
of the following transverse parameters [6, 7]:

k̃ = 1
2

(k1 + k2 + k3), α̃ = (k2 − k3)

k̃
, β̃ =

(
k̃ − k1

)
k̃

,

(11)

k3

K

0

(0,K ,K)

(K , 0,K)

k2

(K ,K , 0)

K k1

Figure 2: Tetrahedral domain for allowed wavenumber con-
figurations k1, k2, k3 contributing to the primordial bispectrum
B(k1, k2, k3). A regular tetrahedron is shown satisfying k1 +k2 +k3 ≤
2kmax ≡ 2K .

with the domains k̃ ≤ kmax, 0 ≤ β̃ ≤ 1, and −(1 − β̃) ≤
α̃ ≤ 1 − β̃. The volume element on the regular tetrahe-
dron of allowed wavenumbers then becomes dk1dk2dk3 =
k2dk̃ dα̃ dβ̃.

These considerations lead naturally to the definition of
the primordial shape function [8]

S(k1, k2, k3) ≡ 1
N

(k1k2k3)2BΦ(k1, k2, k3), (12)

where N is a normalization factor which is often chosen such
that S is unity for the equal ki case; that is, S(k, k, k) = 1 (we
will discuss alternatives to this rather arbitrary convention
later). For example, the canonical “local” model (9) has the
shape

Slocal(k1, k2, k3) = 1
3

(
k2

1

k2k3
+

k2
2

k1k3
+

k2
3

k1k2

)
. (13)

Thus it is usual to describe the primordial bispectrum in
terms of an overall amplitude fNL and a transverse two-

dimensional shape S(k1, k2, k3) = S(α̃, β̃), which incorpo-
rates any distinctive momentum dependence. Of course,
if there is a nontrivial scale dependence, then the full
three-dimensional dependence of S(k1, k2, k3) on ki must be
retained.

There are other physically well-motivated shapes in the
literature which have also been extensively studied. The
simplest shape is the constant model

Sconst(k1, k2, k3) = 1, (14)

which, like the local model, has a large-angle analytic
solution for the CMB bispectrum [9]. The local model tends
to be the benchmark against which all other models are
compared and normalized, but for practical purposes the
constant model is much more useful, given its regularity at
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both late and early times. The equilateral shape is another
important case with [8]

Sequil(k1, k2, k3) = (k1 + k2 − k3)(k2 + k3 − k1)(k3 + k1 − k2)
k1k2k3

.

(15)

While being not derived directly from a physical model, it
has been chosen phenomenologically as a separable ansatz
for higher-derivative models [10] and DBI inflation [11].
The equilateral shape is contrasted with the local model in
Figure 3.

Another important early result was the primordial
bispectrum shape for single-field slow-roll inflation derived
by Acquaviva et al. [12] and Maldacena [13]:

SMald(k1, k2, k3)

∝ (
3ε − 2η

)[ k2
1

k2k3
+

k2
2

k1k3
+

k2
3

k1k2

]

+ ε
[(
k1k

2
2 + 5 perm.

)
+ 4

k2
1k

2
2 + k2

2k
2
3 + k2

3k
2
1

k1k2k3

]

 (6ε − 2η
)
Slocal(k1, k2, k3) +

5
3
ε Sequil(k1, k2, k3),

(16)

where ε, η are the usual slow-roll parameters. In the second
line, we have noted that this shape can be accurately
represented as the superposition of local and equilateral
shapes. The coefficients in (16), which include the scalar
spectral index n − 1 = −6ε + 2η ∼ −0.05, confirm that
fNL � 1, and so standard single slow-roll inflation cannot
produce an observationally significant signal. Nevertheless, it
is interesting to determine which shape is dominant in (16)
and to what extent other primordial shapes are independent
from one another.

Whether two different primordial shapes can be dis-
tinguished observationally can be determined from the
correlation between the corresponding two CMB bispectra
weighted for the anticipated signal-to-noise-ratio, as in the
estimator (see next section) and the Fisher matrix analysis
(see Section 3.8). However, direct calculations of the CMB
bispectrum can be very computationally demanding. A
much simpler approach is to determine the independence of
the two shape functions S and S′ from the correlation integral
(see [9], and also the study by Babich et al. in [8])

Fε(S, S′) =
∫

Vk

S(k1, k2, k3)S′(k1, k2, k3)ωε(k1, k2, k3)dVk,

(17)

where we choose the weight function to be

ωε(k1, k2, k3) = 1
k1 + k2 + k3

, (18)

reflecting the primary scaling of the CMB correlator. The
shape correlator is then defined by

C(S, S′) = F(S, S′)√
F(S, S)F(S′, S′)

. (19)

Here, the integral is over the tetrahedral region shown in
Figure 2 taken out to a maximum wavenumber k � kmax

corresponding to the experimental range l ≤ �max for
which forecasts are sought (with �max ≈ τ0kmax, with τ0

being the present-day conformal time). The weight func-
tion ωε(k1, k2, k3) appropriate for mimicking the large-scale
structure bispectrum estimator (see Section 4.3.2) would
be different with varying scaling laws introduced by the
transfer functions for wavenumbers k above and below keq,
the inverse comoving horizon at equal matter-radiation.
Nevertheless, the 1/k weight given in (18) provides a
compromise between these scalings, and so shape correlation
results should offer a useful first approximation.

Below we will survey primordial models in the literature,
showing how close the shape correlator comes to a full Fisher
matrix analysis. However, here we note that the local shape
(13) and the equilateral shape (53) have only a modest 46%
correlation. For the natural values of the slow-roll parameters
ε ≈ η we find the somewhat surprising result that SMald is
99.7% correlated with Slocal (and it cannot be easily tuned
otherwise because 3ε ≈ η is not consistent with deviations
from scale invariance favored observationally n−1 < 0). Such
strong correspondences are important in defining families
of related primordial shapes, thus reducing the number of
different cases for which separate observational constraints
must be sought.

2.2. General Primordial Bispectra and Separable Mode Expan-
sions. The three shape functions (13), (14), and (53) quoted
above share the important property of separability; that is,
they can be written in the form

S(k1, k2, k3) = X(k1)Y(k2)Z(k3) + 5 perms, (20)

or as the sum of just a few such terms. As we will see,
if a shape S is separable, then the computational cost of
evaluating the corresponding CMB bispectrum B�1�2�3 is
dramatically reduced. In fact, without this property, the
task of estimating whether a nonseparable bispectrum is
consistent with observation appears to be intractable (for
large �max). Of course, the number of models which can be
expressed directly in the form of (20) is very limited, despite
the usefulness of approximate ansätze such as the equilateral
shape (53). Indeed, approximating nonseparable shapes by
educated guesses for the separable functions X , Y , Z is
neither systematic nor computationally efficient (because
arbitrary nonscaling functions create numerical difficulties,
as we will explain later).

Instead, we will present a separable mode expansion
approach for efficient calculations with any nonseparable
bispectrum, as described in detail by Fergusson et al. in [14]
(and originally proposed in [6]). Our aim will be to express
any shape function as an expansion in mode functions

S(k1, k2, k3) =
∑
p

∑
r

∑
s

αprs q{p(k1)qr(k2)qs}(k3)

≡
∑
n

αQ
n Qn(k1, k2, k3),

(21)
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Figure 3: Shape functions for the scale-invariant equilateral (a) and local (b) models: S(k1, k2, k3) = S(α̃, β̃) on transverse slices with

2k̃ = k1 + k2 + k3 = const. See main text for the definition of the coordinate reparametrization in terms of α̃ (y-axis) and β̃ (x-axis).
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Figure 4: The one-dimensional tetrahedral polynomials qn(k) on
the domain (23), rescaled to the unit interval for n = 0 − 5. Also
plotted are the shifted Legendre polynomials Pn(2x − 1) (dashed
lines) which share qualitative features such as n nodal points.

where, here, for convenience, we have represented the
symmetrized products of the separable basis functions qp(k)
as

Qn(k1, k2, k3) = 1
6

[
qp(x)qr

(
y
)
qs(z) + 5 perms

]
≡ q{pqrqs},

(22)

with a one-to-one mapping ordering the products as n ↔
{prs}. The important point is that qp(k) must be an indepen-
dent set of well-behaved basis functions which can be used
to construct complete and orthogonal three-dimensional
eigenfunctions on the tetrahedral region VT defined by (see
Figure 2)

k1, k2, k3 ≤ kmax, k1 ≤ k2 + k3 for k1 ≥ k2, k3, +2 perms.
(23)

The introduction of the cutoff at kmax is motivated by both
separability and the correspondence with the observational
domain l ≤ �max. In the shape correlator (19), we have
already seen what is essentially an inner product between two
shapes on this tetrahedral region, which we can define for
two functions f , g as〈

f , g
〉 = ∫

VT

f (k1, k2, k3)g(k1, k2, k3)ω(k1, k2, k3)dVT ,

(24)

with weight function w.

Satisfactory convergence for known bispectra can be
found by using simple polynomials qp(k) in the expansion
(21), that is, using analogues of the Legendre polynomials
on the domain (23). With unit weight, the polynomials
satisfying 〈qp(k1), qr(k1)〉 = δpr can be found by generating
functions with the first three given by [14]

q0(x) = √2, q1(x) = 5.79
(
− 7

12
+ x

)
,

q2(x) = 23.3
(

54
215

− 48
43
x + x2

)
, . . . .

(25)

The first few polynomials qp(k) are plotted in Figure 4, where
they are contrasted with the Legendre polynomials.

The three-dimensional separable basis functions Qn in
(22) reflect the six symmetries of the bispectrum through
the permuted sum of the product terms. They could have
been constructed directly from simpler polynomials, such as
1, k1 +k2 +k3, k2

1 +k2
2 +k2

3, . . . ; however, the qp polynomials
have two distinct advantages. First, the qp’s confer partial
orthogonality on the Qn and, secondly, these remain well
behaved when convolved with transfer functions.

In order to rapidly decompose an arbitrary shape
function S into the coefficients αQ

n ↔ αQ
prs, it is more

convenient to work in a nonseparable orthonormal basis
Rn (〈Rn, Rm〉) = δnm. These can be derived directly
from Qn through Gram-Schmidt orthogonalization, so that
Rn =

∑n
p=0 λmpQp with λmp being a lower triangular matrix

(see [14]). Thus we can find the unique shape function
decomposition

S(k1, k2, k3) =
N∑
n

αR
n Rn(k1, k2, k3)

=
N∑
n

αQ
n Qn(k1, k2, k3),

with αR
n = 〈S, Rn〉, αQ

n =
N∑
p

(λ�)npα
R
p .

(26)

In the orthonormal Rn frame, Parseval’s theorem ensures
that the autocorrelator is simply 〈S, S〉 = ∑

n α
R
n

2
. Hence,
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Table 1: Shape correlations (19) and CMB correlations (61)
between the equilateral family of primordial models.

DBI Ghost Single

C(S, S′) C(B,B′) C(S, S′) C(B,B′) C(S, S′) C(B,B′)

Equilateral 0.99 0.99 0.98 0.98 0.95 0.96

DBI 0.94 0.95 0.98 0.99

Ghost 0.86 0.89

with a simple and efficient prescription we can construct
separable and complete basis functions on the tetrahedral
domain (23) providing rapidly convergent expansions for
any well-behaved shape function S. These eigenmode expan-
sions will prove to be of great utility in subsequent sections.
Examples of this bispectral decomposition and its rapid
convergence for the equilateral and DBI models are shown
in Figure 5.

2.3. Families of Primordial Models and Their Correlations. We
will now briefly survey the main categories of primordial
models in the literature and their relative independence,
closely following the discussion by Fergusson and Shellard
in [9].

2.3.1. The Constant Model. The constant model (14) is
the simplest possible primordial shape with triangles of
every configuration contributing equally to the bispectrum
B(k1, k2, k3); it is the equipartition model. The constant
model was motivated initially by its simplicity [9] leading to
an analytic solution for the large-angle CMB bispectrum, as
well as due to its close correlation with equilateral models.
However, the shape does have a more explicit physical
motivation in at least one context [15], during multifield
inflation for a slowly turning trajectory (denoted as quasi-
single-field inflation). For multifield inflation, it is well
known that the conversion of isocurvature fluctuations into
curvature fluctuations during “corner-turning” can source
significant non-Gaussianity (see, e.g., [7, 16]). In the quasi-
single-field case with mass m ∼ H isocurvature modes,
a detailed investigation of the ongoing conversion into the
curvature mode demonstrated that novel shapes could be
generated [15], amongst them are the shapes which were very
nearly constant. Generically, these model-dependent shapes
belonged to a one-parameter family which interpolated
nontrivially between equilateral (53) and local (13) shapes
(see also [17, 18]). This is an important caveat for the present
discussion, because non-Gaussian searches could uncover
shapes intermediate between the categories we will discuss
below.

2.3.2. Equilateral Triangles—Centre-Weighted Models. Bis-
pectra dominated by contributions from nearly equilateral
triangle configurations, k1 ≈ k2 ≈ k3, can be fairly easily
characterized analytically and are the most amenable to CMB
searches. However, equilateral non-Gaussianity requires that
the amplification of nonlinear effects around the time

modes exit the horizon, which is not possible in a slow-
roll single-field inflation. Instead, the kinetic terms in the
effective action must be modified as in the Dirac-Born-Infeld
(DBI) model [11] or by explicitly adding higher-derivative
terms, such as in K-inflation (see, e.g., [19]). The resulting
corrections modify the sound speed cs, and inflation is able
to take place in steep potentials. For DBI inflation, this leads
to non-Gaussianity being produced with a shape function of
the form [10, 11]

S(k1, k2, k3) = 1

k1k2k3(k1 + k2 + k3)2

×
⎡⎣∑

i

k5
i +

∑
i /= j

(
2k4

i k j − 3k3
i k

2
j

)

+
∑

i /= j /= l

(
k3
i k jkl − 4k2

i k
2
j kl
)⎤⎦.

(27)

Another example of a model with nonstandard kinetic terms
is ghost inflation [20] with a derivatively coupled field
driving inflation and a trilinear term in the Lagrangian
creating a nonzero equilateral-type shape Sghost tending
towards constant.

General non-Gaussian shapes arising from modifications
to single-field inflation have been extensively reviewed in
[19]. Using a Lagrangian that was an arbitrary function of
the field and its first derivative, they were able to identify
six distinct shapes describing the possible non-Gaussian
contributions. Half of these had negligible amplitude being
of the order of slow-roll parameters (with two already
given in (16)). Of the remaining three shapes (see [19],
and also [21]), one was believed to be subdominant and
the second recovered the DBI shape (27), leaving a third
distinct single-field shape which is the inverse of the local

shape (13): Ssingle ∝ Slocal−1
. Finally, we recall the original

equilateral shape (53), noting that it was introduced not
because of a fundamental physical motivation, but as a
separable approximation to the DBI shape (27) [8].

Despite the apparent visual differences between these
shapes (see [9]), particularly near the edges of the tetrahedral
domain, the shape correlator (19) reveals at least a 95% or
greater correlation of the DBI, ghost, and single shapes to
the equilateral shape (53) (consistent with results in [8, 22]).
Comparative results between the shape correlator are given
in Table 1 (together with the corresponding CMB correlation
results brought forward and showing the efficacy of these
estimates). These particular centre-weighted shapes must
be regarded as a single class which would be extremely
differentiate observationally, without a bispectrum detection
of very high significance.

Finally, we comment on the “orthogonal” shape Sorthog

proposed by Smith et al. in [18], together with Sequil,
for characterizing single-field inflation models with an
approximate shift symmetry (see also [19]). This shape is
approximately Sorthog ∝ Sequil − 2/3, which means that it is
very similar to an earlier study of flattened shapes [23] which
proposed an “enfolded” shape with Senfold ∝ Sequil − 1. From
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Figure 5: Orthonormal eigenmode decomposition coefficients (26) for the equilateral and DBI models (a) and shape correlations (19) of
the original bispectrum against the partial sum up to a given mode n (b). The correlation plot includes both primordial and late-time CMB
bispectra for the equilateral and DBI models, as well as the late-time CMB bispectrum from cosmic strings (refer to Section 3). In all cases,
we find that we need at most 15 three-dimensional modes to obtain a correlation greater than 98% (primordial convergence without the
acoustic peaks requires only 6 modes).

Table 2: Shape correlations (19) and CMB correlations (61) for 5 distinct families of primordial non-Gaussian models.

Local Warm Flat Feature

C(S, S′) C(B,B′) C(S, S′) C(B,B′) C(S, S′) C(B,B′) C(S, S′) C(B,B′)

Equilateral 0.46 0.51 0.44 0.42 0.30 0.39 −0.36 −0.43

Local 0.30 0.52 0.62 0.79 −0.41 −0.39

Warm 0.01 0.21 −0.05 −0.27

Flat −0.44 −0.32

the eigenmode decomposition (26) of the equilateral model
shown in Figure 5, it is clear how the degree of correlation
can be altered by subtracting out the important constant
term. With the specific choice of constant term used in
the analysis by Smith et al. [18], one gets a correlation of
about 30% between both local and equilateral shapes and the
orthogonal ansatz.

2.3.3. Squeezed Triangles—Corner-Weighted Models. The
local shape covers a wide range of models where the non-
Gaussianity is produced by local interactions. These models
have their peak signal in “squeezed” states where one ki is
much smaller than the other two due to non-Gaussianity
typically being produced on superhorizon scales. We have
already observed that single-field slow-roll inflation (16)
is dominated by the local shape [24], though f loc

NL is tiny
[12, 13, 24]. The production of non-Gaussianity during
multiple-field inflation [7, 16, 21, 25–30] shows much greater
promise through conversion of isocurvature into adiabatic
perturbations (see, e.g., recent works in [15, 17, 31, 32] and
references therein). The magnitude of the non-Gaussianity
generated is normally around f loc

NL ≈ O(1), which is at the
limit for Planck detection, but models can be tuned to create
larger signals. Significant f loc

NL can be produced in curvaton
models with f loc

NL ≈ O(100) [33–35]. Large f loc
NL can also be

generated at the end of inflation from massless preheating or
other reheating mechanisms [36–38].

We note that local non-Gaussianity can also be created in
more exotic scenarios. Models based on nonlocal field theory,
such as p-adic inflation, can have inflation in very steep
potentials. Like single-field slow-roll inflation, the predicted
“nonlocal” shape function is a combination of a dominant
local shape (13) and an equilateral shape (53) (see, e.g., [39–
42]). The ekpyrotic model can also generate significant f loc

NL
[43–47]. Here the density perturbations are generated by
a scalar field rolling in a negative exponential potential, so
nonlinear interactions are important with f loc

NL ≈ O(100).
In using the shape correlator for the local model, we

must introduce a small-wavenumber cutoff, taken to be
kmin = 2/τ0; otherwise the shape correlator C(Slocal, Slocal)
becomes infinite. This logarithmic divergence does not afflict
the CMB bispectrum bl1l2l3 because we do not consider
contributions below the quadrupole l = 2 (a threshold
which is approximated by the primordial cutoff). The local
shape is modestly correlated at the 40%–55% level with
the equilateral shapes, mainly through the constant term
in the expansion (26). As can be seen in Table 2, this
somewhat underestimates the CMB correlator. Nevertheless,
a NG signal of only modest significance should be able to
distinguish between these independent models.

Finally, warm inflation scenarios, that is, models in which
dissipative effects play a dynamical role, are also predicted to
produce significant non-Gaussianity [48, 49]. Contributions
are again dominated by squeezed configurations but with a
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different more complex shape possessing a sign flip as the
corner is approached (see Figure 6). This makes the warm
Swarm and local Slocal shapes essentially orthogonal with only
a 33% correlation. Again, in using the shape correlator,
we need to introduce the same phenomenological cutoff
kmin as for the local model, but we also note the more
serious concern which is the apparent breakdown of the
approximations used to calculate the warm inflation shape
near the corners and edges.

2.3.4. Flattened Triangles—Edge-Weighted Models. It is pos-
sible to consider inflationary vacuum states which are
more general than the Bunch-Davies vacuum, such as an
excited Gaussian (and Hadamard) state (see [50], and also
discussions in [19, 23]). Observations of non-Gaussianity in
this case might provide insight into trans-Planckian physics.
The proposed shape for the bispectrum is

Sflat(k1, k2, k3)

∝ 6

(
k2

1 + k2
2 − k2

3

k2k3
+ 2 perms

)

+
2
(
k2

1 + k2
2 + k2

3

)
s

(k1 + k2 − k3)2(k2 + k3 − k1)2(k3 + k1 − k2)2 .

(28)

The bispectrum contribution from early times is dominated
by flattened triangles, with, for example, k3 ≈ k1 + k2, and
for a small sound speed cs � 1 can be large. Unfortunately,
as the divergent analytic approximation breaks down at
the boundary of the allowed tetrahedron, some form of
cutoff must be imposed, as shown for the smoothed shape
in Figure 6 where an edge truncation has been imposed
together with a Gaussian filter. The lack of compelling physi-
cal motivation and ill-defined asymptotics make predictions
for this model uncertain.

2.3.5. Features—Scale-Dependent Models. There are also
models in which the inflation potential has a feature,
providing a break from scale invariance. This can take the
form of either a step [51] or a small oscillation superimposed
onto the potential [52]. Analytic forms for both by these
three-point functions have been presented by Chen et al. in
[53] with one approximation taking the form

Sfeat(k1, k2, k3) ∝ sin
(
k1 + k2 + k3

k∗
+ P

)
, (29)

where k∗ is the associated scale of the feature in question
and P is a phase factor. Results for the shape correlator for a
particular feature model (with k∗ ≈ �∗/τ0 and �∗ = 50) are
given in Table 2, showing that it is essentially independent
of all of the other shapes. Clearly, scale-dependent feature
models form a distinct fifth category beyond equilateral,
local, warm, and flat shapes.

3. Cosmic Microwave Background

Non-Gaussian initial conditions at the end of inflation
(or produced by alternative models for the generation of

primordial perturbations) can produce observable signatures
in both the CMB and LSS. It is clear that an eventual
detection of such signatures would be of great scientific
interest. Cosmological measurements of primordial NG
would indeed allow to constrain and discriminate between
the different candidate scenarios of primordial inflation that
have been briefly reviewed in the previous section in terms
of their bispectrum prediction. This section is devoted to
study the CMB bispectrum produced by a non-Gaussian
primordial curvature perturbation field. We will start in
Section 3.1 by determining how the primordial curvature
bispectrum propagates to the observed bispectra of CMB
temperature and polarization anisotropies. At the end of
this section, we will obtain a formula expressing the CMB
bispectrum as a convolution of the primordial one with
suitable radiation transfer functions. The latter encode all of
the radiative and gravitational effects producing the observed
pattern of CMB anisotropies starting from a given primordial
potential. This result will not come as a surprise to the reader
familiar with CMB theory, since it is completely analogous
to the formula relating the power spectrum of primordial
curvature perturbations to the CMB angular power spec-
trum. We will be simply recasting the same formalism in
terms of higher-order correlator. Armed with this useful
relation, we will revisit the various models described in the
previous section and calculate their corresponding CMB
bispectra. This will be done in Sections 3.2 and 3.3 where
we will employ the useful distinction between separable
and nonseparable bispectra already introduced before and
discuss its various implications. We will then compare
the bispectra predicted in different scenarios in order to
find out whether different models produce observationally
distinguishable shapes (and thus whether primordial NG
is a viable tool to discriminate between different theories
of the Early Universe). This will be done in Section 3.4 by
means of a suitably defined shape correlator that will tell us
“how similar” two CMB bispectrum shapes are. After this
preliminary work of definition and classification of various
bispectra, in Section 3.5 we will finally deal with the problem
of extracting the CMB bispectrum from the data in order
to produce statistical estimates of the level of primordial
non-Gaussianity and compare the NG measurements to
theoretical predictions.

3.1. The CMB Bispectrum. In this section we will study
the connection between the primordial bispectrum at the
end of inflation and the observed bispectrum of CMB
anisotropies B�1�2�3 . Our work will be primarily concerned
with the analysis of the three-point function induced by
a NG primordial gravitational potential Φ(k) in the CMB
temperature fluctuation field. Temperature anisotropies are
represented using the a�m coefficients of a spherical harmonic
decomposition of the cosmic microwave sky:

ΔT

T
(n̂) =

∑
�m

aT�mY�m(n̂). (30)

Analogous expansions are performed for the E-mode polar-
ization field in order to produce polarization multipoles aE�m.
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Figure 6: Shape functions for the nearly scale-invariant “warm” and “flat” NG models: S(k1, k2, k3) = S(α̃, β̃) on transverse slices with

2k̃ = k1 + k2 + k3 = const. These distinct and independent shapes prove to be largely uncorrelated with each other and the local and
equilateral models illustrated in figure; from the study by Fergusson and Shellard in [9]. See main text for the definition of the coordinate

reparametrization in terms of α̃ (y-axis) and β̃ (x-axis).

For simplicity and clarity, throughout most of this review we
will focus on the temperature multipoles aT�m and omit the
superscript T for convenience of notation. However we stress
here that all of the considerations we make in the following
can be readily applied to polarization multipoles and related
bispectra. More discussion about this subject can be found in
Section 3.8.2.

The primordial potential Φ is imprinted on the CMB
multipoles alm by a convolution with transfer functions Δl(k)
representing the linear perturbation evolution, through the
integral

a�m = 4π(−i)l
∫

d3k

(2π)3 Δ�(k)Φ(k)Y�m
(

k̂
)
. (31)

The radiation transfer functions Δ�(k) encode all of the
typical effects observed in the CMB power spectrum at
linear order, that is, the Sachs-Wolfe effect, Integrated Sachs-
Wolfe effect, acoustic peaks, and silk damping (see, e.g.,
[54, 55]). An equation identical to (31) produces the E-mode
polarization CMB multipoles starting from the primordial
temperature fluctuation field, provided that polarization
transfer functions replace temperature transfer functions in
the convolution above. It is sometimes useful to rewrite (31)
in position, rather than Fourier, space. In this case it is
straightforward to show that (31) becomes

a�m =
∫
drr2α�(r)Φ�m(r), (32)

where, starting from the primordial potential Φ(x), we
transform from Cartesian into polar coordinates x = (r, x̂)
and defined

Φ�m(r) =
∫
dΩx̂Φ(x)Y�m(x̂),

α�(r) = 2
π

∫
dkk2Δ�(k) j�(kr).

(33)

In this expression j� is the spherical Bessel function of order
�. The CMB bispectrum is the three-point correlator of a�m,
so by substituting, we obtain

B�1�2�3
m1m2m3

= 〈a�1m1a�2m2a�3m3

〉
(34)

= (4π)3(−i)l1+l2+l3
∫
d3k1

(2π)3
d3k2

(2π)3
d3k3

(2π)3

× Δl1 (k1)Δl2 (k2)Δl3 (k3)

(35)

〈Φ(k1)Φ(k2)Φ(k3)〉Y�1m1

(
k̂1

)
Y�2m2

(
k̂2

)
Y�3m3

(
k̂3

)
(36)

=
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3(k1k2k3)2BΦ(k1, k2, k3)

× Δ�1 (k1)Δ�2 (k2)Δ�3 (k3)
(37)

× j�1 (k1x) j�2 (k2x) j�3 (k3x)
∫
dΩx̂ Y�1m1 (x̂)

× Y�2m2 (x̂)Y�3m3 (x̂),

(38)

where in the last line we have integrated over the angular
parts of the three ki, having inserted the exponential integral
form for the delta function in the bispectrum definition (5).
The last integral over the angular part of x is known as the
Gaunt integral, which can be expressed in terms of Wigner-
3 j symbols as (for more details on these functions and their
properties, see, e.g., [56] and references therein)

Gm1m2m3
�1�2�3

≡
∫
dΩxY�1m1 (x̂)Y�2m2 (x̂)Y�3m3 (x̂)

=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)

×
(
�1 �2 �3

m1 m2 m3

)
.

(39)
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Given that most theories we will consider are assumed to
be isotropic, the m-dependence can be factorized out of the
physically relevant part of the bispectrum [57]. It is then
usual to work with the angle-averaged bispectrum,

B�1�2�3 =
∑
mi

(
�1 �2 �3

m1 m2 m3

)〈
a�1m1a�2m2a�3m3

〉
. (40)

Or the even more convenient reduced bispectrum which
removes the geometric factors associated with the Gaunt
integral

B�1�2�3
m1m2m3

= G�1�2�3
m1m2m3

b�1�2�3 . (41)

From the previous two formulae we also derive the following
useful relations between the full, averaged, and reduced
bispectra:

B�1�2�3

=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)
b�1�2�3B

m1m2m3
�1�2�3

=
(
�1 �2 �3

m1 m2 m3

)
B�1�2�3 .

(42)

The reduced bispectrum from (34) then takes the much
simpler form

b�1�2�3 =
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3(k1k2k3)2 BΦ(k1, k2, k3)

× Δ�1 (k1)Δ�2 (k2)Δ�3 (k3) j�1 (k1x) j�2 (k2x) j�3 (k3x).
(43)

This is the key equation in this section, since it explicitly
relates the primordial bispectrum, predicted by inflationary
theories, to the reduced bispectrum observed in the cosmic
microwave sky. This formula is entirely analogous to the
well-known relation linking the primordial curvature power
spectrum PΦ(k) and the CMB angular power spectrum C� ;
that is,

C� = 2
π

∫
dkk2PΦ(k)Δ2

�(k). (44)

Finally, it is important to note that the Gaunt integral
in (41) encodes several constraints on the angle-averaged
bispectrum B�1�2�3 which are no longer transparent in the
reduced bispectrum b�1�2�3 . These are as follows.

(1) The sum of the three multipoles �i must be even (to
ensure parity invariance).

(2) The �i’s satisfy the triangle condition |�i − �j| < �k <
�i + �j (to enforce rotational invariance).

Analogous to the wavenumber constraint (23), the second
condition tells us that the only multipole configurations
giving nonzero contributions to the bispectrum are those
that form a closed triangle in harmonic (�-)space. For

wavenumbers, the triangle condition is enforced through the
x-integral over the three spherical Bessel functions j�(kix)
which evaluates to zero if the ki’s cannot form a triangle,
whereas in multipole space it is enforced by the angular
integration dΩx over the spherical harmonics Y�imi in (39).

3.2. Separable Primordial Shapes and CMB Bispectrum Solu-
tions. In terms of the shape function (12), the reduced
bispectrum (43) can be rewritten as

b�1�2�3 =
1
N

(
2
π

)3 ∫
x2dx

∫
dk1dk2dk3S(k1, k2, k3)Δ�1 (k1)

× Δ�2 (k2)Δ�3 (k3) j�1 (k1x) j�2 (k2x) j�3 (k3x).
(45)

The expression above can be simplified, and simple analytic
solutions can sometimes be obtained for the very important
class of separable shapes obeying the ansatz S = XYZ, as in
(20). Substituting (20) into (45), we find that

b�1�2�3 =
∫
drr2X�1 (r)Y�2 (r)Z�3 (r) + 5 perms, (46)

where we have defined the quantities

X�(r) ≡
∫
dkk2X(k) j�(kr)Δ� ,

Y�(r) ≡
∫
dkk2Y(k) j�(kr)Δ� ,

Z�(r) ≡
∫
dkk2Z(k) j�(kr)Δ�.

(47)

Instead of the three-dimensional integral of (45), we now
have to deal with a much more tractable product of three
one-dimensional integrals. Moreover, if we work at large
angular scales in the Sachs-Wolfe approximation, the transfer
functions become Δl(k) = (1/3) jl[(τo − τdec)k], where τ0

and τdec represents respectively, the present-day conformal
time and the conformal time at decoupling. The presence of
a product of spherical Bessel functions in the integrals above
can lead in some cases to simple analytic solutions.

Let us demonstrate this for the separable primordial
shapes considered in Section 2. The simplest possible shape,
the constant model (14) with S(k1, k2, k3) = 1, has a large-
angle analytic solution for the reduced bispectrum [9]:

bconst
�1�2�3

= Δ2
Φ

27N
1

(2�1 + 1)(2�2 + 1)(2�3 + 1)

×
[

1
�1 + �2 + �3 + 3

+
1

�1 + �2 + �3

]
(l� 200).

(48)

The large-angle solution (48) is an important benchmark
with which to compare the shape of late-time CMB bispectra
from other models b�1�2�3 (note the l−4 scaling). The more
general constant solution does not have an analytic solution
because the transfer functions cannot be expressed in
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a simple form, but it can be evaluated numerically from the
expression

bconst
�1�2�3

= Δ2
Φ

N

∫
x2dxI�1 (x)I�2 (x)I�3 (x),

where I�(x) = 2
π

∫
dkΔ�(k) j�(kx).

(49)

The numerical solution is shown in Figure 7, exhibiting
a regular pattern of acoustic peaks introduced by the
oscillating transfer functions.

For the local shape (13), the Sachs-Wolfe approximation
also yields a large-angle analytic solution

blocal
�1�2�3

= 2Δ2
Φ

27π2

(
1

�1(�1 + 1)�2(�2 + 1)
+

1
�2(�2 + 1)�3(�3 + 1)

+
1

�3(�3 + 1)�1(�1 + 1)

)
,

(50)

where the divergences for the squeezed triangles (k1 �
k2, k3, . . .) in the primordial shape (13) are also reflected in
blocal
�1�2�3

. It is straightforward, in principle, to calculate the full
bispectrum from the separable expressions arising from (13):

blocal
�1�2�3

=
∫
x2dx

[
α�1 (x)β�2

(x)β�3
(x) + 2 perm.

]
, (51)

where the separated integrals analogous to (49) become

α�(x) = 2
π

∫
dkk2Δ�(k) j�(kx),

β�(x) = 2
π

∫
dkk2PΦ(k)Δ�(k) j�(kx).

(52)

However, we note that these highly oscillatory integrals must
be evaluated numerically with considerable care.

For the equilateral shape (53) we first make its separabil-
ity explicit by expanding the expression in the form:

S(k1, k2, k3) = −2−
(
k2

1

k2k3
+ 2 perm.

)
+
(
k1

k2
+ 5 perm.

)
.

(53)

While there is no simple large-angle analytic solution known
for the equilateral model, it can be evaluated from the
simplified expression

b
equil
�1�2�3

=
∫
x2dx

[
2δ�1δ�2δ�3 +

(
α�1β�2

β�3
+ 2 perm.

)
+
(
β�1

γ�2
δ�3 + 5 perm.

)]
,

(54)

where αl, βl are given in (52) and γl, δl, in the scale-
invariant case, are defined by (compare with the local case)

γl(x) = 2
π

∫
dkk2PΦ(k)1/3Δl(k) jl(kx),

δl(x) = 2
π

∫
dkk2PΦ(k)2/3Δl(k) jl(kx).

(55)

Before concluding this section we would like to note how
all of the solutions presented here present a characteristic
1/�4 scaling. This is just a direct consequence of the 1/k6

scaling of the primordial bispectrum in the scale-invariant
case, and it is a model-independent result. It is analogous
to the typical 1/�2 scaling displayed by the angular power
spectrum in correspondence to a scale-invariant primordial
power spectrum P(k).

3.3. Nonseparable Bispectra Revisited. Recall the mode
expansion (21) of a general nonseparable primordial shape.
If we substitute this into the expression for the reduced
bispectrum (45), then the separability of the expansion
leads to the same efficient calculation route discussed in the
previous section through [14]:

b�1�2�3

=
(

2
π

)3

Δ2
Φ fNL

∫
x2dxdk1dk2dk3

× 6
∑
n

αQ
n Qn(k1, k2, k3)Δ�1 (k1)Δ�2 (k2)Δ�3 (k3)

× j�1 (k1x) j�2 (k2x) j�3 (k3x)

= Δ2
Φ fNL

∑
n↔prs

αprs

∫
x2dx

×
{[

2
π

∫
dk1qp(k1)Δ�1 (k1) j�1 (k1x)

]

×
[

2
π

∫
dk2qr(k2)Δ�2 (k2) j�2 (k2x)

]

×
[

2
π

∫
dk3qs(k3)Δ�3 (k3) j�3 (k3x)

]
+ 5 perm.

}

= Δ2
Φ fNL

∑
prs

αprs

∫
x2dxq �1

{p q
�2
r q

�3
s} ,

(56)

where q�p simply result from convolving the basis functions
qp(k) with the transfer functions

q �
p (x) = 2

π

∫
dkqp(k)Δ�(k) j�(kx). (57)

The computationally costly 3D integrals have again reduced
to a sum over products of 1D integrals; we note that this
economy arises because the triangle condition is enforced
in (56) through the product of Bessel functions, resulting
in a manifestly separable form in which we can interchange
orders of integration. With this mode expansion, all non-
separable theoretical CMB bispectra b�1�2�3 become efficiently
calculable provided that there is a convergent expansion for
the shape function.

In the same way that we decomposed an arbitrary
primordial shape S(k1, k2, k3) in Section 2.2, it is possible
to construct analogous late-time separable basis functions
Qnand orthonormal modes Rn with which to describe
the CMB bispectrum β�1�2�3 [6, 9]. The tetrahedral domain
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Figure 7: The reduced CMB bispectrum for the constant model bconst
�1�2�3

normalized relative to the large-angle constant solution (48). On (a),
the bispectrum is plotted over the allowed tetrahedral region (see Figure 2) using several density contours (light blue positive and magenta
negative) out to �i ≤ 2000 and, on (b), transverse triangular slices are shown at �1 + �2 + �3 = 2000. Note the coherent pattern of acoustic
peaks induced by the transfer functions, from the study by Fergusson et al. in [14].

VT defined by the triangle condition for multipole con-
figurations {�1, �2, �3} is essentially identical to that for
wavenumbers (23), except that only even cases contribute∑
�1 + �2 + �3 = 2n, n ∈ N. However, the appropriate weight

function now incorporates Wigner-3 j symbols arising from
bispectrum products:

w�1�2�3 =
1

4π
(2�1 + 1)(2�2 + 1)(2�3 + 1)

⎛⎝l1 l2 l3

0 0 0

⎞⎠2

,

ws
�1�2�3

= w�1�2�3

v2
�1
v2
�2
v2
�3

,

(58)

where in the second expression we have exploited the
freedom to divide by a separable function v� = (2�+1)1/6 and
use a weight which makes the bispectrum functions more
scale invariant (eliminating an �−1/2 factor—see below). The
inner product between two functions f�1�2�3 and g�1�2�3 is
altered from the primordial wavenumber integral (59) into
a sum over multipoles on the tetrahedral domain; that is,

〈 f , g〉 ≡
∑

�1,�2,�3∈VT

ws
�1�2�3

f�1�2�3g�1�2�3 . (59)

But for the change in the weight (which only affects
configurations near the edges of the tetrahedron), the 1D
polynomials qp(�) and the 3D separable product basis

functions Qn(�1, �2, �3) = q{pqrqs} (n ↔ {prs}), as well as

the resulting orthonormal modes Rn, are nearly identical
to their primordial counterparts qp(k), Qn(k1, k2, k3), and
Rn(k1, k2, k3) defined in Section 2.2.

We can now expand an arbitrary CMB bispectrum b�1�2�3

in both the separable and orthonormal mode expansions,
which is achieved in the following form:

v�1v�2v�3√
C�1C�2C�3

b�1�2�3 =
∑
n

αQ
n Qn(�1, �2, �3)=

∑
n

αR
n Rn(�1, �2, �3),

(60)

where the variance term
√
C�C�C� reflects the signal-

to-noise weighting expected in the CMB estimator (see
Section 3.5). Again, the coefficients in the expansions are
determined, first, from the orthonormal inner products
αR
n = 〈Rn, · 〉, and, secondly, the separable αQn are found

with the transformation matrix analogous to (26). Examples
of the convergence of these mode expansions for equilateral,
DBI, and cosmic string CMB bispectra are given in Figure 5.

3.4. CMB Bispectrum Calculations and Correlations. Prior
to the systematic mode expansion approach (56) being
implemented, robust hierarchical schemes were developed
to calculate any nonseparable CMB bispectrum (45) directly

[6, 9]. These use the transverse coordinate system (k̃, α̃, β̃)
given in (11) and employ adaptive methods on a tri-
angular grid to accurately determine the oscillatory 2D
αβ-integrations, with important efficiencies also coming
from the flat sky approximation, binning, and interpolation
schemes. Precision to greater than 1% across the full Planck
domain � ≤ 2000 was established by direct comparison
with analytic solutions such as (48) and (50). Examples of
nonseparable (and separable) CMB bispectra found using
these hierarchical coarse-graining methods are shown in
Figures 7 and 8. While the CMB bispectra b�1�2�3 retain
the qualitative features of the primordial shape functions
S(k1, k2, k3), they are overlaid with the oscillatory transfer
functions which give rise to a coherent pattern of acoustic
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peaks. These direct bispectrum calculations revealed that
typical primordial models could be described by eigenmode
or other expansions using only a limited number of terms.

Motivated by the form of the CMB estimator, we can
define the following correlator to determine whether or not
two competing theoretical bispectra can be distinguished by
an ideal experiment:

C(B,B′) = 1
N

∑
li

B�1�2�3B
′
�1�2�3

C�1C�2C�3

= 1
N

∑
li

w�1�2�3

b�1�2�3b
′
�1�2�3

C�1C�2C�3

,

(61)

where the normalization N is defined as

N =
√√√√√∑

li

B2
�1�2�3

C�1C�2C�3

√√√√√∑
�i

B′2�1�2�3

C�1C�2C�3

. (62)

The emergence of the inner product (59) in the expression
(61) means that substitution of the mode expansions (60) for
the theoretical bispectra reduces the correlator to

C(B,B′) =
∑
n

αR
n α

R′
n . (63)

While the late-time correlator (61) is the best measure of
whether two CMB bispectra are truly independent, it can
be demonstrated that for the majority of models the shape
correlator (19) introduced earlier is sufficient to determine
independence.

On the basis of the direct calculation of the bispectrum
results and the CMB correlator, we can now quantitatively
check the forecasting accuracy of the primordial shape
correlator proposed previously (again closely following the
discussion in [9]).

3.4.1. Nearly Scale-Invariant Models. For nearly scale-
invariant models, the centre values for the bispectrum blll all
have roughly the same profile but with different normalisa-
tions. As we see from Figure 8, the oscillatory properties of
the transfer functions for the CMB power spectrum create
a series of acoustic peaks for any combinations involving
the following multipole values: l = 200, 500, 800, . . .. Of
course, to observe the key differences between the scale-
invariant models we must study the bispectrum in the plane
orthogonal to the (l, l, l)-direction, that is, the directions
reflecting changes in the primordial shape functions. To
plot the bispectrum (see Figures 7 and 8), we consistently
divide blll by the large-angle CMB bispectrum solution for
the constant model (14). This is analogous to multiplying
the power spectrum Cl’s by l(l + 1), because it serves to
remove the overall �−4 scaling of the bispectrum, flattening
while preserving the transverse momentum-dependence
primordial shape, and the effects of the oscillating transfer
functions.

The starting point is the constant model (14) which,
despite its apparent simplicity, has a CMB bispectrum bconst

�1�2�3

revealing a nontrivial and coherent pattern of acoustic peaks
that we have already noted (see Figure 7). Given that the con-
stant model has no momentum dependence, we stress that

the resulting bispectrum is the three-dimensional analogue
of the angular power spectrum �(�+1)C� for a scale-invariant
model. The largest (primary) peak, for example, is located
where all three �i = 220 (corresponding to the large blue
region near the origin). We can interpret Figure 7, therefore,
as the pure window function or beam effect of convolving
any model with the radiation transfer functions Δ�(k) while
transforming from Fourier to harmonic space.

The CMB bispectrum for the equilateral model is plotted
in Figure 8, showing how the centre weighting from the
primordial shape is well preserved despite the convolution
with the oscillating transfer functions. For the full CMB
correlator (61), the DBI, ghost, and single shapes are
generally even more closely correlated with the equilateral
model, presumably because distinctive features are “washed
out” by the transformation from Fourier to harmonic space.
Comparative results between the shape correlator and the
Fisher matrix analysis are given in Table 1, establishing that
these models are highly correlated and difficult to set apart
observationally.

The CMB bispectrum for the local model is also shown
in Figure 8, demonstrating a marked contrast with the
equilateral model which reflects their different primordial
shapes shown in Figure 3. The dominance of the signal in
the squeezed limit creates strong parallel ridges of acoustic
peaks which connect up and emanate along the corner edges
of the tetrahedron (see [58] for further details). The 51%
CMB correlation between the local and equilateral models is
underestimated by the shape correlator at 41%, presumably
because of effective smoothing due to the harmonic analysis.
Reflecting their distinctive primordial properties, the CMB
bispectra for the flat and warm models are poorly correlated
with most of the other models, though the flat shape could
be susceptible to confusion with the local CMB bispectrum
with which it has a larger correlation (see Table 2). It is
clear that the local, equilateral, warm, and flat shapes form
four distinguishable categories among the scale-invariant
models.

3.4.2. Scale-Dependent Models, Cosmic Strings, and Other
Late-Time Phenomena. Models which have a nontrivial scal-
ing, such as the feature models, can have starkly contrasting
bispectra as illustrated in Figure 8. For example, instead of
having the same pattern of acoustic peaks which characterise
the scale-invariant models, the feature model can become
entirely anticorrelated so that the primary peak has the
opposite sign. Later, for this particular choice of k∗ in
(29), for increasing l the phase of the oscillations becomes
positively correlated by the second and third peaks. This can
lead to small correlation with the other primordial shapes, all
below 45% as shown in Table 2 for this k∗ and �max. Clearly,
these nonseparable feature models form a distinct fifth
category beyond the four scale-invariant shapes noted above
and, of course, there are many possible model dependencies
which can lead to further subdivision.

By way of further illustration of the breadth of other
possible nonseparable CMB bispectra, we present the late-
time CMB bispectrum predicted analytically for cosmic
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strings [59] as

b
string
�1�2�3

= A

(ζ�1�2�3)2

⎡⎣(�2
3 − �2

1 − �2
2

)( L

2�3
+

�3

50L

)

×
√

�∗
500

erf(0.3ζ�3)+2 perm.

⎤⎦ (� ≤ 2000),

(64)

where �min = min(�1, �2, �3), �∗ = min(500, �min), ζ =
min(1/500, 1/�min), and

L = ζ

√
1
2

(
�2

1�
2
2 + �2

2�
2
3 + �2

3�
2
1

)− 1
4

(
�4

1 + �4
2 + �4

3

)
. (65)

Here, A ∼ (8πGμ)3 is a model-dependent amplitude with
Gμ = μ/m2

Pl measuring the string tension μ relative to
the Planck scale. The cutoffs around � ≈ 500 in (50) are
associated with the string correlation length at decoupling
(perturbations with � � 500 can only be causally seeded
after last scattering). Here, the nonseparable nature and very
different scaling of the string CMB bispectrum are clear
from a comparison with (50). Moreover, given the late-
time origin of this signal from string metric perturbations,
the modulating effect of acoustic peaks from the transfer
functions is absent, as is clear from Figure 8. This is just
one example of late-time phenomena such as gravitational
lensing, secondary anisotropies, and contaminants which are
accessible to analysis using the more general CMB mode
expansions (60).

3.5. The Estimation of fNL from CMB Bispectra. In light of
the previous discussion, it is evident how measurements of
the bispectrum from CMB experimental datasets are able
to provide information about the primordial three-point
function of the cosmological curvature perturbation field at
the end of inflation. This in turn allows us to put significant
constraints on inflationary models or on alternative models
for the generation of cosmological perturbations. We will
now start dealing with the problem of bispectrum estimation
in the CMB as a test of primordial non-Gaussianity.

Let us assume that we have measured the three-point
function of a given CMB dataset. There are now two general
ways to exploit this information.

(1) Tests of the Gaussian Hypothesis. By comparing
the measured three-point function to its expected
distribution obtained from Gaussian simulation we
can detect whether some configurations present a
significant deviation from Gaussian expectations.
The issue with this approach is that it is sensitive
not only to primordial non-Gaussianity, but also to
any other possible source of NG, including those of
noncosmological origin. Original bispectrum tests of
this kind on COBE maps [60] revealed significant
deviations from Gaussianity in the data. This NG

signature in the three-point function seemed to
be localized in harmonic space around multipoles
� = 16 and was object of much scrutiny (see, e.g.,
[61–65]). It was then finally ascertained that the
detected signal was not cosmological in origin, but
due to a systematic artifact [66]. Moreover, the overall
statistical significance of the result disappeared in a
later analysis involving the measurement of all of
the bispectrum modes available in the map [67]
(only a subset of all the configurations had been
studied before). General tests of Gaussianity are very
useful to identify unexpected effects in the data,
and to monitor systematics. However, as long as
we are interested in a primordial NG signal, it is
better to follow the approach of making an ansatz
for the bispectrum we expect from the theory under
study and obtain a quantitative constraint on a given
model. This approach is outlined in the point that
follows.

(2) fNL Estimation. In this case we choose the pri-
mordial model that we want to test, characterizing
it through its bispectrum shape. We then estimate
the corresponding amplitude f model

NL from the data.
If the final estimate is consistent wih f model

NL = 0,
then we conclude that no significant detection of
the given shape is produced by the data, but we
still determine important constraints on the allowed
range of f model

NL . Note that ideally we would like to
do more than just constrain the overall amplitude,
and reconstruct the entire shape from the data by
measuring single configurations of the bispectrum.
However, the expected primordial signal is too small
to allow the signal from a single-bispectrum triangle
to emerge over the noise. For this reason we study the
cumulative signal from all of the configurations that
are sensitive to f model

NL .

Since in this review we are concerned with the study
of the primordial bispectrum, we will take the latter
approach and deal with the problem of fNL estimation
from measurements of the bispectrum in CMB maps. We
will first present a cubic estimator that optimally extracts
the fNL information from the data contained in the bis-
pectrum (Section 3.5.1). We will then address the issue of
understanding whether this optimal cubic statistic extracts
all of the possible information available on fNL in the
data or whether there is enough additional information
beyond the three-point function to allow more precise fNL

measurements using non-bispectrum-based estimators of
fNL (Section 3.5.2). We will then discuss concrete numerical
implementations of bispectrum estimators (Section 3.6) and
review the experimental constraints on fNL obtained from
bispectrum analysis of WMAP data (Section 3.7). Using a
standard Fisher matrix analysis, forecasts on the fNL error
bars are achievable for future CMB surveys (Section 3.8).
Following, we will study the NG signals in the map that
could contaminate the primordial NG measurement and
how they are dealt with when analyzing the data. Finally
we will describe algorithms for the simulation of primordial
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Figure 8: The reduced CMB bispectra for several non-Gaussian models, including ((a), (b) and (c)) equilateral, local, and flattened models
and ((d), (e), and (f)) warm, feature, cosmic string models (see main text). All five primordial models are normalised relative to the constant
solution (48) and are taken from the study by Fergusson and Shellard in [9]. The analytic cosmic string bispectrum (64) is multiplied by
(�1�2�3)4/3 and is taken from the study by Regan and Shellard in [59].

NG CMB maps that are useful for testing and validation of
estimators before applying them to real data.

In the following, we assume that the reader is familiar
with essential concepts in statistical estimation theory, such
as the definition of a statistical estimator, the role played by
maximum-likelihood estimators in statistics, the definitions
of unbiasedness and optimality, and the definition and main
applications of the Fisher information matrix. The reader
unfamiliar with these concepts can consult the appendix of
this review and references therein.

3.5.1. Bispectrum Estimator of fNL. In this section we are
concerned with the statistical inference of fNL from mea-
surements of the bispectrum of the CMB anisotropies. We
recall that we defined fNL earlier as the amplitude of the
bispectrum of the primordial potential. In principle, we
can include both temperature and polarization multipoles
aT ,E
�m in the analysis, in order to maximize the available

data. However, for clarity we will consider only temperature
multipoles in the following and omit the superscript T in
a�m, for simplicity of notation. The extension to polarization
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is conceptually straightforward and will be discussed in a
following paragraph. We will start by considering a simple
cubic (The estimator is dubbed cubic due to the fact that
it contains the third power of the random variable a�m.)
statistic written in the form

f̂NL = 1
N

∑
{�i ,mi}

W
m1m2m3
�1�2�3

a�1m1a�2m2a�3m3 . (66)

In the previous equation f̂NL represents the statistical
estimate of fNL from the data, a�m are the multipoles of the
observed CMB temperature fluctuations, Wm1m2m3

�1�2�3
are some

weight functions, and N is a normalization factor that has to
be chosen to make the estimator unbiased, that is, to ensure
that 〈

f̂NL

〉
= fNL. (67)

We now want to find the weights Wm1m2m3
�1�2�3

that provide
the best estimator (i.e., the minimum error bar estimator)
within the class of cubic statistics written in the form of
(66). It is a well-known result (see Appendix) that the best
unbiased estimator of a parameter from a given dataset is
the maximum-likelihood estimator. In order to answer our
question we then have to write the bispectrum likelihood as
a function of the parameter fNL and maximize with respect
to fNL.

In the assumption that the bispectrum configurations are
characterized by a Gaussian distribution (This is not strictly
true, but it is a good approximation. The same approach
applies to most cosmological observables.), maximizing the
likelihood is equivalent to minimizing the following χ2:

χ2 =
∑
�1�2�3

(
fNLB

fNL=1
�1�2�3

− Bobs
�1�2�3

)2

σ2
, (68)

where Bobs
�1�2�3

is the observed angular averaged bispectrum,
that is, by definition

Bobs
�1�2�3

=
∑

m1m2m3

(
�1 �2 �3

m1 m2 m3

)
aobs
�1m1

aobs
�2m2

aobs
�3m3

, (69)

and σ2 is the bispectrum variance, that is, the a�m six-point
function

σ2 = 〈a�1m1a�2m2a�3m3a�4m4a�5m5a�6m6

〉
. (70)

We will now make the assumption that we are working
in the weak non-Gaussian limit; that is, fNL is small and
the distribution of a�m can be approximated as Gaussian
in the calculation of the variance. The implications of this
approximation will be discussed in greater detail in the
following sections; for the moment it will suffice to point
out that the weak non-Gaussian approximation is generally
a good one since most inflationary models predict fNL to be
small, and because the level of primordial non-Gaussianity
is already constrained to be small by WMAP measurements
[1, 68]. After restricting indices so that �1 ≤ �2 ≤ �3 and

�4 ≤ �5 ≤ �6, the six-point function above can be calculated
using Wick’s theorem, yielding [57]〈

a�1m1a�2m2a�3m3a�4m4a�5m5a�6m6

〉
= Δ C�1C�2C�3δ

�4
�1
δ
�5
�2
δ
�6
�3
δm4
m1
δm5
m2
δm6
m3
.

(71)

In the last formula Δ is a permutation factor that takes the
value of 1 when all �’s are different, 2 when two �’s are equal,
and 6 when all �’s are equal. We can now substitute (71) into
(68) and differentiate with respect to fNL to get an explicit
expression for the optimal cubic statistic we were looking for:

f̂NL = 1
N

∑
{�i ,mi}

Gm1m2m3
�1�2�3

b
fNL=1
�1�2�3

C�1C�2C�3

a�1m1a�2m2a�3m3 , (72)

N =
∑
{�i ,mi}

(
Gm1m2m3
�1�2�3

b
fNL=1
�1�2�3

)2

C�1C�2C�3

, (73)

where b�1�2�3 is the reduced bispectrum and Gm1m2m3
�1�2�3

is
the Gaunt integral defined by equation (39); N is the
normalization factor mentioned at the beginning of the
paragraph that guarantees the unbiasedness of the estimator.

Note that the noise and window function of the exper-
iment are included in the Cl and b�1�2�3 that appear in the
formula above, with the following replacements:

C� −→ C�W
2
� +N� , b�1�2�3 −→ b�1�2�3W�1W�2W�3 , (74)

where W is the window function (not to be confused with the
weights W) and N� is the noise power spectrum (constant
for uncorrelated white noise). The noise is assumed to
be Gaussian, thus characterized by a vanishing three-point
function. Comparing our result (72) to the initial ansatz (66),
we then see that the optimal weights are

W
m1m2m3
�1�2�3

= Gm1m2m3
�1�2�3

b�1�2�3

C�1C�2C�3

. (75)

In other words we are weighting the observed bispectrum by
its expected signal-to-noise ratio.

We have now constructed a statistic that optimally
extracts the information about fNL from the bispectrum
of the map. The question now is the following: is there
additional information about fNL in the map that is not
contained in the bispectrum? This issue will be investigated
in the following sections. For the impatient reader we
anticipate that the answer is no: the bispectrum statistic built
here is actually the minimum error bar estimator of fNL from
CMB data.

3.5.2. Optimality of the Cubic Estimator. In this section
we address the issue of whether the cubic statistic (72)
optimally extracts all of the fNL information contained in
a�m or whether other statistical estimators (e.g., four-point
function, or pixel space statistics such as the Minkowski
functionals, or again wavelet estimators, just to mention a
few among many possible examples) are able to produce
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smaller error bars and are thus more efficient than the
bispectrum.

In a non-Gaussian primordial CMB map, the a�m likeli-
hood depends on the NG parameter fNL. We will indicate it
with p(a | fNL), where a indicates a vector including all of the
a�m’s (we will assume that all other cosmological parameters
are fixed and concentrate on fNL). It is a well-known result in
parameter estimation theory that there is a lower limit on the
error bars that can be assigned to a given parameter (in our
case fNL). Such lower limit, also known as the Rao-Cramer
bound, is defined in terms of the Fisher matrix F as (We again
refer the reader unfamiliar with these concepts to the brief
summary provided in appendix.)

Δ fNL ≥ 1√
F fNL fNL

. (76)

We remind the reader that the Fisher matrix is defined as

F fNL fNL (a) =
〈
∂2 ln p

(
a | fNL

)
∂2 fNL

〉
. (77)

If we can show that the bispectrum estimator of the previous
section saturates the Rao-Cramer bound for the a�m Fisher
matrix above, then we conclude that it provides the best (i.e.,
minimum variance) estimate of fNL from the data, rather
than just the best fNL estimate from the bispectrum of the
data. In other words, no more information about fNL could
be extracted from a�m than the information contained in the
bispectrum. The aim of this section is to show that this is
actually the case.

The issue of the optimality of bispectrum estimators of
fNL was addressed in great detail by Babich in [69]. In this
section we will basically review the main results of that study,
referring the reader to the original paper for their complete
derivation.

As we mention in appendix, there is a sufficient and
necessary condition for an estimator E to saturate the Rao-
Cramer bound, expressed by formula (A.5). This condition,
applied to our case, reads

∂ ln p
(

a | fNL
)

∂ fNL
= F fNL fNL

(
E(a)− fNL

)
. (78)

Our aim is to show that the bispectrum statistic (72) satisfies
this condition. We then need to start from a computation
of the full likelihood p(a | fNL) for a general primordial
non-Gaussian model. Following Babich [69], we will start by
limiting ourselves to the particular case of the local model.

We recall from a previous section that local NG is the
only case for which an explicit expression for the primordial
potential is provided. In real space,

Φ(x) = ΦL(x) + f loc
NL

[
Φ2
L(x)− 〈Φ2

L(x)
〉]
. (79)

Starting from this formula, it is possible to obtain a
likelihood function for Φ, dependent on the parameter f loc

NL .
This is done by means of an expansion in terms of the
order parameter f loc

NL 〈Φ2
L(x)〉. The full expression for the

Probability Density Function (PDF) P(Φ | f loc
NL ) (see [69])

can be expanded around its Gaussian expectation for f loc
NL =

0 and schematically written as

lnP
(
Φ | f loc

NL

)
= lnPG(Φ | C) + f loc

NL lnPNG(Φ | C)

+ O
(
f 2
NL

〈
Φ2
L(x)

〉2
)

,
(80)

where C is the covariance matrix of the Gaussian part of the
potential Φ that is,

C ≡ 〈ΦL(x1)ΦL(x2)〉. (81)

Formula (80) is then telling us that the logarithm of the full
likelihood can be decomposed into the sum of a Gaussian
likelihood PG, plus a NG term that depends linearly on f loc

NL ,
and that this decomposition is accurate up to terms of order

O( f 2
NL〈Φ2

L(x)〉2
); that is, we are assuming that NG is weak, as

we did in the previous section.
After computing P(Φ | f loc

NL ), one has to account for
2D projection and radiative transfer in order to obtain the
required likelihood P(a | f loc

NL ). As shown by Babich in [69],
this can be achieved by expanding the PDF (80) in spherical
harmonics and performing the functional integration:

P
(

a | f loc
NL

)
=
∫
dNΦδ

(M)
D

[
a�m −

∫
drr2α�(r)Φ�m(r)

]
P
(
Φ | f loc

NL

)
,

(82)

where δ
(M)
D is the Dirac delta function of dimension M

and M < N due to the 2D projection (As noted by
Babich in [69], the additional degrees of freedom do not
affect the CMB anisotropies and can therefore be integrated
out.) The previous formula can be derived by recalling (32)
together with the well-known formula in probability theory
as follows:

P
(

y
) = ∫ dxP(x)δD

(
y − F(x)

)
, (83)

where δD is again the Dirac delta function, x and y are
random variables linked by the functional relation y = F(x),
and P(x), P(y) are the PDFs of x and y, respectively. Solving
the functional integral (82) yields [69]

lnP
(

a | f loc
NL

)

= −1
2

∑
�m

a∗�ma�m
C�

+ f loc
NL

∑
{�i ,mi}

Gm1m2m3
�1�2�3

b
f loc
NL=1
�1�2�3

C�1C�2C�3

× a�1m1a�2m2a�3m3 + I2
(

a, fNL
)

+ O
(
f 3
NL

〈
Φ3
L(x)

〉)
.

(84)

In the previous formula we can recognize the standard a�m
PDF, valid in the standard Gaussian case, in the first term on
the r.h.s. Added to this, we find a first-order fNL-correction
proportional to the CMB angular bispectrum. Higher-order
correlators are not present at order O( fNL〈ΦL(x)〉). For
reasons that will become clear shortly, although we have not
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computed it, we have explicitly denoted the O( f 2
NL〈Φ2

L(x)〉)
term in the expansion with I2(a, fNL). Note that, besides
assuming weak NG in this formula, we are also assuming
rotational invariance (this is evident from the fact that the a�m
covariance matrix appearing in the Gaussian piece of (84) is
diagonal and equal to C�). Rotational invariance is a general
property of the CMB sky, but it is broken when we deal with
real CMB measurement characterized by inhomogeneous
noise patterns and sky cuts. We will investigate these effects
in the following section. For the moment we consider the
purely ideal case described by (84). Armed with the PDF
expression for local NG and recalling the necessary and
sufficient condition (78), we can finally determine whether
the estimator (72) is optimal or not. First of all we see that

∂ ln p
(

a | f loc
NL

)
∂ f loc

NL

=
∑
{�i ,mi}

Gm1m2m3
�1�2�3

b
f loc
NL=1
�1�2�3

C�1C�2C�3

a�1m1a�2m2a�3m3

+
∂I2
(

a, fNL
)

∂ fNL
+ O

(
f 2
NL

〈
Φ2
L(x)

〉)
.

(85)

We then see from combining (85) and (72) that

∂ ln p
(

a | f loc
NL

)
∂ f loc

NL

∝
[
f̂NL(a)+

∂I2
(

a, fNL
)

∂ fNL
+O

(
f 2
NL

〈
Φ2
L(x)

〉)]
.

(86)

We now see that, in order for the necessary and sufficient
condition for optimality (78) to be verified, we need the
(∂I2/∂ fNL) term to be exactly equal to − fNL. The second-
order quantity I2 should then be calculated explicitly in
the expansion (84) in order to complete the calculation
and verify whether, or under which conditions, this is true.
However this turns out not to be necessary if we consider
the following “regularity condition for a PDF”. (Condition
(87) can be easily derived remembering that, for a given
random variable x with probability density p(x), we have by
definition 〈F(x)〉 ≡ ∫

dxF(x)p(x), and substituting F(x) →
∂ ln p(x | λ)/∂λ in the previous expression, one then finds
that the regularity condition (87) holds, provided the order
of integration and differentiation can be exchanged (hence
the “regularity condition” qualification). ) For a general PDF
of a random variable x depending on a parameter λ, we have〈

∂ ln p(x | λ)
∂λ

〉
= 0. (87)

Since this regularity condition must be valid for each value
of the parameter λ (λ → f loc

NL in our case), it is clear that
it must hold term-by-term, that is, at each order, in the
expansion (84). By taking the average value of equation (86),
keeping in mind that the estimator is unbiased and imposing
(87), we then find that the average value of ∂I2(a, fNL)/∂ fNL

must be exactly equal to − fNL. If we could then replace
∂I2(a, fNL)/∂ fNL in (86) with its average value, then we would
exactly obtain the condition for optimality and conclude that
the cubic estimator (72) saturates the Rao-Cramer bound.
For present CMB experiments, the terms in the expansion
(84) are evaluated summing over a large number of �-modes

(�max ∼ 500 for WMAP, �max  2000 for Planck in the
signal-dominated regime), or, equivalently in pixel space,
averaging over a large number of pixels (∼106 and 107 for
WMAP and Planck, resp.). For this reason we expect that
the error made by replacing the fNL-order term in (86) with
its average value will be very small. In [69], an estimate of
this error has been done in the approximation of neglecting
radiative transfer and projection effects (i.e., working in 3D
with the primordial potential, rather than with a CMB map).
The conclusion was that for a number of observations N >
30 the approximation above works very well. Moreover the
variance of the fNL-order term scales like 1/N . In the full
radiative transfer case we expect the scaling to be unchanged,
although the coefficients in front of it that led to the N >
30 estimate might change. However, as noted above, the
number of pixels in present-day experiments is many orders
of magnitude larger than 30. That leads us to conclude that
the approximation of replacing the average of the first-order-
term in equation (86) is a very good one. We then reach the
following important conclusion.

For a rotational invariant CMB sky, in the limit of weak
NG, the cubic estimator defined by formula (72) is the best
unbiased CMB estimator of f loc

NL
Let us now move to problem of generalizing the last

conclusion to shapes different from local. In this case a full
expression of the primordial potential Φ(x) is not available.
The steps that lead to the conclusion that the local fNL

estimator is optimal can thus not be reproduced. However
it was pointed out by Babich in [69] that, in the limit of weak
NG, the full CMB NG likelihood can still be expressed in
terms of its power spectrum and bispectrum by means of an
Edgeworth expansion, regardless of its full expression. The
Edgeworth expansion is basically a way to express a NG PDF
as a series expansion around its Gaussian part [70–72]. For
CMB anisotropies one finds, at the end of the calculation,
that

P
(

a | fNL
)

=
∏
�m

e−a�ma
∗
�m/2C�√

2πC�

⎡⎣1 +
∑
{�i ,mi}

b�1�2�3G
m1m2m3
�1�2�3

a�1m1a�2m2a�3m3

C�1C�2C�3

⎤⎦.
(88)

It is easy to see that lnP(a | fNL) takes the same form as in
(84). For this reason all the previous derivation applies also
to the present case and the following conclusion holds.

In the weak non-Gaussian limit and assuming rotational
invariance of the CMB sky, the cubic estimator (72) is the best
unbiased CMB estimator of fNL for any non-Gaussian shape.

Before concluding this section, we would like to stress
that, despite the technical complications arising in the
detailed probe of the bispectrum estimator’s optimality, the
physical reason behind this result is quite clear. We can always
expand the a�m PDF in series of its momenta. The order
parameter of this expansion is ( fNL〈Φ〉). This parameter is
the natural measure of the amplitude of primordial NG,
and it is actually predicted by inflation to be very small.
For this reason higher-order momenta in the primordial
non-Gaussian a�m PDF are suppressed with respect to the
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bispectrum. Basically, the information on fNL in a CMB map
is entirely contained in the three-point function.

3.5.3. Breaking Rotational Invariance. So far, the assumption
of rotational invariance of the CMB sky has been made
when probing the optimality of the cubic estimator (72).
In an ideal situation, the CMB sky is clearly rotationally
invariant. However, two elements break rotational invariance
in a CMB map derived from a real experiment: an anisotropic
distribution of noise in pixel space and a galactic mask.
Anisotropic noise comes from the fact that the CMB sky
is generally scanned in a nonuniform way: regions that are
less contaminated by astrophysical foreground emission are
generally observed more times and are thus characterized
by a lower noise level (see Figure 9, e.g.). A sky cut has
also to be introduced in order to remove the regions on the
galactic plane that are most contaminated by foregrounds.
When rotational invariance is broken, the considerations
of the previous two sections do not strictly apply anymore
and the estimator (72) becomes suboptimal. However, the
same Edgeworth expansion approach that was adopted in the
previous section can still be applied, but this time keeping
rotation-invariance breaking terms in the calculation, in
order to find the new more general form of the optimal
estimator. The general estimator turns out to be the sum of
two terms: the first term is cubic in a�m and is analogous to
the one appearing in the rotationally invariant case, while
the second term is linear in a�m and accounts for breaking of
rotational invariance. The explicit expression of this general
optimal fNL estimator is [73]

E(a) = 1
N

∑
{�i ,mi}

(
Gm1m2m3
�1�2�3

b�1�2�3

(
C−1
�1m1,�4m4

a�1m1

)

×
(
C−1
�2m2,�5m5

a�2m2

)(
C−1
�3m3,�6m6

a�3m3

)
− 3

〈
a�1m1a�2m2a�3m3

〉
×C−1

�1m1,�2m2
C−1
�3m3,�4m4

a�4m4

)
,

(89)

N =
∑
{�i ,mi}

〈
a�1m1a�2m2a�3m3

〉
C−1
�1m1,�4m4

C−1
�2m2,�5m5

C−1
�3m3,�6m6

× 〈a�4m4a�5m5a�6m6

〉
.

(90)

In the rotationally invariant case the a�m covariance
matrix C�1m1,�2m2 is diagonal and equal to C� , while the linear
term is proportional to a monopole. We then recover the
form of the cubic estimator (72) as expected. Note that in
the signal-dominated regime of the experiment under study
(e.g., � � 300 for WMAP and � � 1000 for Planck), and if
the mask is not too large, then the simple cubic estimator
(72) is still basically optimal, since we are in a nearly
rotationally invariant case. For small masks it has been shown
by Komatsu and Spergel in [74] that the bispectrum and
power spectrum of the map are, to a good approximation,

just rescaled by a factor fsky, representing the fraction of the
sky left free by the mask; that is,

bmask
�1�2�3

= fskyb
fullsky
�1�2�3

, Cmask
� = fskyC

fullsky
� . (91)

In this case one can then assume the covariance matrix
to be diagonal and account for the effects of the mask by
correctly rescaling the normalization term in order to keep
the estimator unbiased. This nearly rotationally invariant
estimator then takes the form

f̂NL = 1
N

∑
{�i,mi}

Gm1m2m3
�1�2�3

b
fNL=1
�1�2�3

a�1m1a�2m2a�3m3 ,

N = fsky

∑
{�i ,mi}

(
Gm1m2m3
�1�2�3

b
fNL=1

�1�2�3

)2

C�1C�2C�3

.

(92)

3.5.4. Large fNL Regime. The approximation of weak non-
Gaussianity is the basis for all of the results derived so far.
One can then ask at which point (i.e., for which values of
fNL) this approximation breaks down. As we observed earlier,
the Edgeworth expansion (88) shows that the likelihood of a
generic primordial NG distribution can be expanded in series
of its momenta, with order parameter O( fNL〈Φ2

L(x)〉). We
know that ΦL ∼ 10−5, while WMAP observations already
constrain fNL � 100. That means that the order parameter
of the PDF expansion is ∼10−3 and thus the weak NG
approximation seems to be a very good one in the entire
range of allowed and predicted fNL. However a subtle effect
has been pointed out by Creminelli et al. [75], which changes
the previous conclusions in certain cases. Let us quickly
summarize their main results. We already saw that, for the
angular averaged bispectrum of a Gaussian temperature field,〈

B2
�1�2�3

〉
∝ C�1C�2C�3 . (93)

We then included this expression for the variance in the
weights of the optimal estimator (72) and in the normaliza-
tion factor N . It is easy to see that in this approximation the
variance of the estimator can be predicted as

〈
(ΔE)2

〉
=

∑
{�i ,mi}

(
Gm1m2m3
�1�2�3

b�1�2�3

)2

C�1C�2C�3

. (94)

However the approximation of taking fNL = 0 in the
calculation of the estimator variance is not always a good one
if Δ fNL is dominated by squeezed configurations (We recall
that by squeezed configurations we mean triangles in which
one of the sides is much smaller than the other two; that is,
�1 � �2, �3.) or more in general by configurations in which
one of the �’s is small. It turns out that, in these cases, the fNL-
dependent corrections to the Gaussian expectation of the
bispectrum variance become important when fNL gets large
enough. This effect increases the variance of the estimator
with respect to the expectation for fNL = 0. There is a clear
physical interpretation for this. One can see, for example,
by calculating (94) in the simple Sachs-Wolfe case (see also
Section 3.8) that the variance of the estimator scales roughly
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like 1/�max, or equivalently like 1/Npix in pixel space, withNpix

being the number of pixel in the observed map. This increase
of the signal-to-noise ratio with the number of pixels is due
to the fact that more and more bispectrum configurations are
included into the sum over modes to estimate fNL. However,
if the signal is completely dominated by low-� modes, as
in the local case, then there is an intrinsic large cosmic
variance, due to the small number of low-� configurations.
Clearly, cosmic variance cannot be beaten by increasing the
resolution of the map. Creminelli et al. [75] then found that,
for Npix getting large, the S/N of the estimator for local NG
grows asymptotically as (lnNpix), that is, much slower than
the expected Npix, which one would obtain by neglecting
fNL-dependent corrections in the calculation of the estimator
variance. They carried out a calculation of the estimator
variance in the flat-sky approximation, and neglected the
transfer functions, to find the following expression:

〈
(ΔE)2

〉
= 1

4ANpix lnNpix

(
1 +

8 f 2
NL fNLANpix

π lnNpix

)
, (95)

where A is the bispectrum amplitude. We clearly see from
this formula what we were stating above; that is, when fNL

gets large, the variance starts scaling like (1/ lnNpix)2. The
same formula also shows the technical point behind this
behaviour: in the correction term, the order parameter is
actually not fNLA1/2 anymore but rather fNLA1/2Npix. This
enhancement by a factor Npix can make the first-order
corrections nonnegligible anymore. The natural question is
now how large an fNL we need to make the correction term
important in (95). Following Creminelli et al. [75], let us
call σ0 the standard deviation of the estimator computed
for f loc

NL = 0. Let us say that for an experiment at a given
angular resolution (defined by �max in harmonic space or
by Npix in pixel space) a value of f loc

NL is measured, equal
to nσ0. Substituting this value into formula (95) behavior
and calling σ2

fNL
the real estimator variance, one finds the

following relative correction to σ0:

σ2
fNL

σ2
0
− 1 = 2n2

πln2Npix
. (96)

For an experiment like WMAP, the r.h.s. term becomes
∼1 when fNL is about 6σ0 away from the origin. For an
experiment like that of Planck, fNL has to be about 3.5σ0.
The definition of a high- fNL regime is thus dependent on the
experiment under study, as a consequence of the fact that the
enhancement of first-order terms in the variance expression
〈(ΔE)〉 depends on Npix. In other words we can conclude the
following.

If f loc
NL will be detected at several σ (in terms of the Gaussian

expectation for the standard deviation), then fNL-dependent
correction terms in the estimator variance will have to be
taken into account, and the simple expansion (84) of the CMB
likelihood does not constitute a valid approximation anymore.

One caveat in all of this discussion is that formula (95)
was obtained in flat sky, neglecting the transfer functions,
and it should be checked how dependent the final results
are on these approximations. Since the scaling argument is

based on a very general physical reason, that is, the weight of
squeezed configurations in the local fNL estimator discussed
earlier in this section, one expects that the general scaling
with Npix obtained in (95) does not depend on the details
of radiative transfer and 2D projection. Liguori et al. [76]
actually checked the results of this section numerically, by
applying an implementation of the optimal cubic estimator
(72) to full-sky simulations of CMB local NG maps with
different Npix and f loc

NL , including the full radiative transfer
(For details about the numerical implementation of the
optimal cubic estimator, and about the generation of NG
CMB maps, see Sections 3.6 and 3.7. ). Although, as
expected, the coefficients in formula (95) change with respect
to the simple flat sky no radiative transfer approximation,
the scaling of the error bars with Npix follows very well
the expectations, going from ∼1/Npix lnNpix at low fNL to
1/ lnNpix when fNL is detected at high significance. Since in
the large fNL regime the variance starts to scale very slowly,
like 1/ln2Npix, one is led to wonder whether the estimator
discussed in the previous sections becomes suboptimal at this
point and whether a better one can be found. The answer
to this question is not immediate. In order to check for the
optimality of an estimator, as we have seen, one has to see
whether it saturates the Rao-Cramer bound. However, also
the local fNL likelihood and Rao-Cramer bound estimated
in the previous sections have to be recomputed, since they
were obtained neglecting higher-order terms in fNLA1/2.
In order to account for the fNLA1/2Npix-enhanced terms,
it is necessary to produce an exact expression of the full
likelihood. This can be extremely challenging in the full
radiative transfer case, but it is feasible in the flat sky no
radiative transfer approach that we are considering (and
that we showed earlier to be a good approximation as long
as scaling arguments are involved). Creminelli et al. [75]
proceed to calculate the full likelihood in this approximation
and conclude that the optimal cubic estimator of weak local
NG indeed does not saturate the Rao-Cramer bound in
the high- fNL regime. The estimator (72) is thus no longer
optimal in this case. They then proceed (always in the flat sky
no transfer function case) to derive a cubic estimator that
saturates the Rao-Cramer bound also for large f loc

NL . We will
not enter into the details of this derivation here, referring the
reader to the study by Creminelli et al. in [75] for a complete
discussion. The main aim of this section was to show under
which conditions the optimality of the cubic estimator that
we discussed in previous sections is valid. Since current
bispectrum analysis of WMAP data [1, 68] finds that f loc

NL ∼
2σ0, the weak NG approximation applies, and the cubic
estimator we derived earlier is indeed an optimal estimator
in this case. However, if future Planck measurement will
produce a detection of f loc

NL at high significance, then the
estimator will have to be modified in order to account
for the enhanced variance in the high- fNL regime. This is
not necessarily a remote possibility if one considers that
the present central value of fNL from WMAP estimates
would produce a ∼e899 8σ0 detection with Planck. Before
concluding this section we would like to remark once again
that the variance enhancement discussed here applies only
to non-Gaussianity of the local type, whose bispectrum is
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dominated by squeezed configurations, affected by a large
cosmic variance. For the other shapes the cubic estimator
(72) is optimal in both the small- and high- fNL regimes.

3.6. Numerical Implementation of the Bispectrum Estimator.
In this section we turn to the problem of finding an efficient
numerical implementation of the optimal bispectrum esti-
mator (89). Let us repeat its expression here for convenience:

E(a) = 1
N

∑
{�i ,mi}

[
Gm1m2m3
�1�2�3

b�1�2�3

(
C−1
�1m1,�4m4

a�1m1

)

×
(
C−1
�2m2,�5m5

a�2m2

)(
C−1
�3m3,�6m6

a�3m3

)
− 3

〈
a�1m1a�2m2a�3m3

〉
×C−1

�1m1,�2m2
C−1
�3m3,�4m4

a�4m4

]
,

(97)

N =
∑
{�i ,mi}

〈
a�1m1a�2m2a�3m3

〉
C−1
�1m1,�4m4

C−1
�2m2,�5m5

C−1
�3m3,�6m6

× 〈a�4m4a�5m5a�6m6

〉
.

(98)

We remind the reader that this is the full expression,
valid for the general nonrotationally invariant case. For a
rotationally invariant CMB sky the linear term in the formula
above vanishes, and the covariance matrix is diagonal and
reduces to C� , giving the simplified expression (72) that we
reproduce again here for convenience:

E(a) = 1
N

∑
{�i ,mi}

Gm1m2m3
�1�2�3

b
fNL=1
�1�2�3

C�1C�2C�3

a�1m1a�2m2a�3m3 , (99)

N =
∑
{�i ,mi}

(
Gm1m2m3
�1�2�3

b
fNL=1
�1�2�3

)2

C�1C�2C�3

. (100)

In a schematic way, the full estimator can be written as

E(a) = E cubic(a) + E linear(a)
N

, (101)

where the “cubic” term is the one containing the product
a�1m1a�2m2a�3m3 , while the linear term is the one dependent
on a single a�m and vanishing in the rotationally invariant
case, where it is proportional to a monopole. It was shown
before in a formal way that a pure cubic estimator becomes
suboptimal when rotational invariance is broken, and adding
the linear term is necessary to restore optimality. It is useful
to try to understand the reason of this effect qualitatively
and in a more intuitive way. Let us assume that we have
a map characterized by nonstationary noise, and we are
observing a region of the sky that was sampled many times
so that the noise level in this area is low. That implies that
the level of small-scale power in this large region is lower
than average. Now, for a specific realization of the CMB
sky, this modulation of small-scale power on a large region
can look like a non-Gaussian signal sourcing a squeezed
configuration of the bispectrum. On average, this effect must

cancel if the underlying noise model is Gaussian. However,
this “confusion” between signal and noise increases the
variance of any estimator of a primordial NG signal that
is peaked on squeezed configurations. We know that this
happens for the local model. This heuristic argument thus
shows that, even though in principle a linear term must
always be included when rotational invariance is broken, for
a realistic noise model only local non-Gaussian estimates will
be affected.

3.6.1. Primary Cubic Term for fNL. Let us focus for the
moment on the rotationally invariant case, where the
linear term vanishes, and the covariance matrix is simply
C = C�δ�1�2δm1m2 . We immediately see that a brute force
implementation of equation (99), consisting in computing
and summing over all of the bispectrum configurations,
would take O(�5

max) operations, where �max, the maximum
multipole in the calculation, depends on the resolution
of the experiment. As mentioned earlier, �max ∼ 500 for
WMAP and �max ∼ 2000 for Planck in the signal-dominated
regime. At these resolutions, a brute force approach would
be absolutely unfeasible for a general shape. If however we
assume that the primordial shape under study is separable,
then the dimensionality of the problem can be reduced and
the overall number of operations scaled down significantly,
making the computational cost affordable. Let us illustrate
this point more in detail. Substituting (46) into the estimator
expression (72) and remembering the identity (39),

Gm1m2m3
�1�2�3

=
∫
dΩn̂Y�1m1 (n̂)Y�2m2 (n̂)Y�3m3 (n̂), (102)

it is possible to rewrite (99) as follows (or more in general as
a linear combination of terms of the following kind):

E(a) = 1
N

∫
drr2

∫
dΩn̂

∑
�1m1

a�1m1X�1 (r)Y�1m1 (n̂)
C�1

×
∑
�2m2

a�2m2X�2 (r)Y�2m2 (n̂)
C�2

×
∑
�3m3

a�3m3X�3 (r)Y�3m3 (n̂)
C�3

+ perm.

(103)

From an inspection of previous formula we see how, as a
direct consequence of separability, the initial sum over the
indices �1�2�3,m1m2m3 has been factorized in the product of
three sums, each running over two indices �,m. This greatly
reduces the computational cost from O(�5

max) to O(�3
max)

operations. If we define the new quantities

MX(r, n̂) ≡
∑
�m

a�mX�(r)
C�

Y�m(n̂),

MY (r, n̂) ≡
∑
�m

a�mY�(r)
C�

Y�m(n̂),

MZ(r, n̂) ≡
∑
�m

a�mZ�(r)
C�

Y�m(n̂),

(104)
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then we can recast the estimator expression above in the
following form:

E(a)

= 1
N

∫
drr2

∫
dΩn̂MX(r, n̂)MY (r, n̂)MZ(r, n̂) + perms,

(105)

where it is evident that we are now calculating our statistic
in position space rather than in pixel space. Note how the fil-
tered maps MX , MY , MZ can be efficiently calculated using
a fast harmonic transform algorithms such as those included
in the HEALPix package. This fast position space algorithm
was initially introduced by Komatsu et al. in [77] in the
context of local fNL estimation and applied to the estimation
of WMAP 1-year data by the WMAP team by Komatsu et
al. in [78]. It was then applied to equilateral fNL estimation
for the first time in study of Creminelli et al. in [73]. An
alternative numerical implementation with respect to the
one used by the aforementioned authors was introduced
by Smith and Zaldarriaga in [22]. Although different under
many technical aspects, this second algorithm is still based on
the calculation of the position space statistic (105); we refer
the reader to the original work for additional details. This
second implementation has been used to produce alternative
estimates of f loc

NL , and f
eq.

NL from WMAP data, and to estimate
the amplitude of the orthogonal shape, recently introduced
by Smith et al. in [18].

Let us now discuss the possible limitations of this
numerical approach. As noted in Section 2, the separability
condition is in principle quite restrictive: the only separable
shape arising directly from primordial models of inflation
is the local one. On the other hand, it is still possible to
study nonseparable models by finding separable shapes that
are highly correlated to the primordial one. As observed in
studies by Creminelli et al. in [73], Fergusson and Shellard
in [9], and Smith and Zaldarriaga in [22], the fNL limits
obtained from a highly correlated separable shape in this way
will be very close to those that would have been obtained
using the original nonseparable model (see again Sections 2,
3.2, and 2.2 for a detailed discussion of this issue). We know
from earlier sections that the other two shapes mentioned so
far in this section besides local, namely, the equilateral and
orthogonal shapes, have actually been derived as separable
approximations of theoretical inflationary shapes. These
approximations were obtained in an heuristic way; that
is, an educated guess of a good separable approximation
of the shape under study was made, and the correlation
was checked a posteriori. There is obviously no a priori
guarantee that this approach would be easily repeatable
for all of the shapes of interest. The eigenmode expansion
method introduced in [14] and summarized by equation
(26), however, provides a general and rigorous method to
find separable approximations of any shape, thus enabling
the estimation of any possible primordial model. In this
case, recall that we expand our (nonseparable) primordial
shape function in terms of the separable basis functions Qn

(see (26)), constructed from symmetric polynomial products
qp(k), as

S(k1, k2, k3) =
∑
prs

αprsqp(k1)qr(k2)qs(k3),−→ bl1l2l3

= Δ2
Φ fNL

∑
prs

αprs

∫
x2dxq �1

{p q
�2
r q

�3
s} ,

(106)

where the second expression for the reduced bispectrum
b�1�2�3 (56) expands in convolved basis functions (57) in
harmonic space with

q l
p(x) = 2

π

∫
dkqp(k)Δl(k) jl(kx). (107)

In the mode expansion approach, then, the fNL estimator for
a specific model generalises to the following:

E(a) = 1
N

∑
prs

αprs

∫
drr2

∫
dΩn̂ M{p(r, n̂)Mr(r, n̂)Ms}(r, n̂),

(108)

where the filtered maps or shells Mp(r, n̂) are defined by

Mp(r, n̂) =
∑
lm

q l
p

almYlm
Cl

. (109)

Defining the integral βprs ≡
∫
drr2

∫
dΩn̂M{pMrMs}, the

estimator collapses into the compact form

E(a) = 1
N

∑
prs

αprsβprs, (110)

where it is possible to show a precise relationship between
the theoretical bispectrum expansion coefficients αprs and
expectations for the observed coefficients βprs.

It was also pointed out by Fergusson et al. in [14]
(see also [6]) and summarized in formula (60) that the
separation can be performed directly in harmonic space on
the reduced bispectrum b�1�2�3 , rather than on the primordial
shape S(k1, k2, k3). This provides an alternative, but equiv-
alent, late-time fNL-estimation pipeline with respect to the
primordial shape separation approach given above as (110).
In fact, since orthonormality is more direct on the harmonic
domain without the intervention of transfer functions, the
approach is considerably more straightforward conceptually.
In this case, expectations for the observational expansion
coefficients in the orthonormal frame Rn (with n ↔ {prs},
see (60)) become simply 〈βR

n 〉 = αR
n , that is, for an ensemble

of maps possessing the theoretical bispectrum described
by the coefficients. This means that for a NG bispectrum
signal of sufficient significance we can consider directly
and efficiently reconstruction of the bispectrum from the

observed coefficients β
R

n using (60). We also note that
the harmonic space separation scheme also allows for the
estimation of noninflationary late-time bispectra, such as
the bispectrum of cosmic strings, as well as other secondary
anisotropies.
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We can then conclude, in light of these developments,
that the fast cubic statistic (105) can be applied in complete
generality to any model of primordial NG, as well as to
any other potential source of CMB NG. We also point
out that alternative approaches have been considered for
harmonic space fNL analysis using wavelets and binning. For
example, Bucher et al. [58] recently proposed using a suitable
binning scheme in which the full expression for b�1�2�3 is
calculated in a subset of all of the triples �1, �2, �3, small
enough to make the calculation feasible while maintaining
calculation accuracy. Approaches based on a harmonic space
separation scheme, of course, require the full calculation of
the reduced bispectrum b�1�2�3 in order to determine the
correlation between the theoretical prediction and the final
expanded or binned bispectrum. The calculation of b�1�2�3

implies the necessity of numerically solving the radiative
transfer integral (31) for all of the configurations �1, �2, �3

which appears to be intractable in the nonseparable case,
since the dimensionality of the problem cannot be reduced.
However, this can be achieved efficiently in the general case
using either the separable mode expansion integral (56) or
else the hierarchical adaptive approach of Fergusson and
Shellard [6] discussed in Section 3.4.

3.6.2. Linear Correction Term for fNL. Let us now consider
the realistic situation in which inhomogeneous noise and a
sky-cut break rotational invariance (see Figure 9). In this case
two complications arise as

(1) A linear term in a�m has to be added as follows.

(2) The a�m covariance matrix is now no longer diagonal.
The inverse covariance weighting C−1a that appears
in expression (97) is hard to compute numerically
for high angular resolution experiment, since its size
makes a brute force numerical inversion impossible.

A first approach, introduced by Creminelli et al. in [73],
is to simplify the problem by assuming that the covariance
matrix is diagonal in the cubic term of the estimator, and
then finding the linear term that minimizes the variance
under this assumption. In other words, we keep the cubic
term in the form of (99) and compute the variance of this
term, relaxing the assumption of isotropy at this point (This
means that, when we apply Wick’s theorem to the a�m six-
point function in the calculation of the cubic term variance,
we take 〈a�1m1a�2m2〉 = C�1m1,�2m2 instead of 〈a�1m1a�2m2〉 =
C�1m1δ�1�2δm1m2 . ).

It turns out that the variance is minimized (while leaving
the estimator unbiased) for the following choice of the linear
term:

Elin = − 3
N

∑
{�i ,mi}

Qm1m2m3
�1�2�3

b
fNL=1
�1�2�3

C�1C�2C�3

C�1m1,�2m2a�3m3 , (111)

where N = fsky
∑

�1�2�3
(B2

�1�2�3
/C�1C�2C�3 ) is the normal-

ization term. Despite being suboptimal with respect to a
full implementation of (97), this choice of linear term has
been shown to significantly improve the error bars with
respect to the simple cubic statistic (99) in presence of

anisotropic noise. At the same time, the simplicity of this
implementation in comparison to the full optimal statistic
(97) is manifest, since no C−1 terms appear in (111). Let us
consider again a separable primordial bispectrum shape that
can be written as S(k1, k2, k3) = X(k1)Y(k2)Z(k3) + perm.
Applying the same procedure as we did for the cubic term,
the linear term can be recast in the form

Elin = − 3
N

∫
drr2

∫
dΩn̂

×
⎛⎝∑
�1m1

X�1 (r)
C�1

Y�1m1 (n̂)
∑
�2m2

Y�2 (r)
C�2

Y�2m2 (n̂)

×
∑
�3m3

Z�3 (r)
C�3

Y�3m3 (n̂)
〈
a�1m1a�2m2

〉
a�3m3 + perm.

⎞⎠,

(112)

where we explicitly wrote C�1m1,�2m2 as 〈a�1m1a�2m2〉. This last
formula can be rewritten as

Elin = − 6
N

∫
drr2

∫
dΩn̂

∑
�m

[
X�(r)
C�

〈MY (r, n)MZ(r, n)〉

+
Y�(r)
C�

〈MX(r, n)MZ(r, n)〉

+
Z�(r)
C�

〈MX(r, n)MY (r, n)〉
]
.

(113)

Like for the cubic part of the estimator, we have rewritten the
linear term as a fast position space integral. The ensemble
averages appearing in the last formula can be computed
as Monte Carlo averages over a large number of Gaussian
realizations of the CMB sky, characterized by the same beam,
mask, and noise properties as in the experiment under
study. This pseudooptimal, but relatively straightforward,
implementation of the linear term has been adopted by a
number of groups in order to estimate f loc

NL from WMAP
data [1, 73, 75, 79]. The full optimal estimator (89) was
implemented only quite recently by Smith et al. in [68],
where the authors developed an efficient conjugate gradient
inversion (see e.g., [80]) algorithm based on earlier results
from the study of Smith et al. in [81], in order to compute
the C−1a prefiltering in reasonable CPU time. Note that after
the inverse covariance matrix prefiltering is calculated, the
numerical implementation of the estimator is very similar
to the one outlined above for the pseudooptimal case. The
new position space statistic is obtained from formulae (105),
(113), by making the following replacements, wherever the
corresponding quantities appear:

a�m −→ afiltered
�m ≡ (C−1a

)
�m,

MX(r, n̂) −→ M̃X(r, n̂) ≡
∑
�m

a�mX�(r)Y�m(n̂),

X�(r)
C�

−→ X�(r),

(114)
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Figure 9: (a) The KQ75 galactic and point-source mask used for non-Gaussian analysis of WMAP data. (b) Anisotropic distribution of the
noise for a coadded map of the WMAP V and W frequency channels. These two features break rotational invariance of the observed CMB
sky and spoil the optimality of the standard cubic statistic (72), unless an additional “linear term” is included, as explained in the main text.
Data are obtained from the LAMBDA website, http://lambda.gsfc.nasa.gov/index.cfm.

with analogous substitutions to be made for the Y , Y,Z, Z
terms appearing in the same equations. The improvement in
error bars from the pure cubic suboptimal estimator to the
pseudooptimal and optimal statistics is shown in Figure 10.

3.7. Experimental Constraints on fNL. In order to obtain
an estimate of fNL from a given dataset, one has first to
generate sets of Gaussian CMB maps and obtain the MC
averages that appear in the linear term expression (113),
after an inverse covariance prefiltering of the full-optimal
estimator is implemented. The normalization term N can
be precomputed using formula (46) to evaluate numerically
the theoretical bispectrum shape for the model we want to
estimate. The statistic (97) can then be computed for the
experimental data aobs to get our result:

f̂NL(aobs) ≡ E cubic(aobs) + E linear(aobs)
N

. (115)

The error bars are then obtained by running the estimator
on simulated Gaussian maps (The error bars can be obtained
from Gaussian simulations as long as the weak NG approx-
imation applies. As we saw earlier, this works at any fNL

for any shape, except for the local shape when a large f loc
NL

makes the error bars fNL dependent. In this case the error
bars would need to be calculated from NG simulations of
f loc
NL . So far, no high-significance detection of f loc

NL has been
reported, so working with G maps is at this stage sufficient to
get accurate error bars. ):

σ f̂NL
=
√〈(

f̂NL(asim)
)2
@

MC
, (116)

where 〈·〉MC indicates the MC average and asim a vector
of simulated multipoles (obviously including mask, beam,
and noise features of the experiment). For an accurate
step-by-step description of an fNL analysis of WMAP data,
including details about channel coadding, noise model,
beams, and pixel weighting schemes, we refer the reader to
the explanations contained in the study of Komatsu et al. in
[1]. The most stringent limits so far have been obtained by

applying the bispectrum estimator to the WMAP datasets.
Constraints have been put on the local, equilateral, and
orthogonal shapes. The best constraints come from the full
implementation of the optimal estimator done in the study
of Smith et al. in [68] and in that of Senatore et al. [18], and
applied to the WMAP 7-year data release as in the study of
Komatsu et al. in [83]. They are, at 95% C.L.,

− 10 < f loc
NL < 74, (117)

− 214 < f
equil.

NL < 266, (118)

− 410 < f ortho.
NL < 6. (119)

Since the first release of WMAP data, different groups have
used the cubic statistic described in the previous paragraph,
either in its pure cubic form (105) or in the improved version
including the pseudooptimal linear term implementation
(113). The results of different analyses of the WMAP 1-
year, 3-year, 5-year, and 7-year datasets are summarized and
commented in Table 3, where just the local and equilateral
shapes have been included since the only two constraints on
the orthogonal shape have been produced to date. The most
recent orthogonal constraint has been already mentioned in
(117). The other was obtained by Smith et al. [18] on WMAP
5-year data and it is −369 < f ortho.

NL < 71.

3.8. Fisher Matrix Forecasts. The fisher matrix, defined as
the curvature of the likelihood function calculated in its
peak reassessment (see equation (A.3) in the appendix),
plays a very important and well-known role in parameter
estimation theory, not only because it defines the optimality
of estimators through the Rao-Cramer bound, but also
because it allows us to estimate a priori what the smallest
error bars attainable will be for a given parameter (see again
appendix). In other words, using the Fisher matrix we can
forecast how well a parameter will be measured by a given
experiment. This is very useful in order to optimize the
experimental design to the detection of the parameters of
interest. In our specific case, a Fisher matrix analysis will help
us to understand what the smallest fNL detectable in principle
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Figure 10: Error bars (obtained from Gaussian simulations) for the pure cubic (triangles) and pseudooptimal (stars) implementations of
the bispectrum estimator, to be compared to the solid red line, representing the Fisher matrix (Rao-Cramer) bound, saturated by the full-
optimal statistic described in the text. (a) Error bars as a function of the maximum multipole included in the analysis. (b) Error bars as a
function of the fraction of the sky considered in the analysis. This analysis included both temperature and polarization data, from the study
by Yadav et al. in [82].

using different CMB datasets is, and which experimental
features can be improved in order to increase the sensitivity
to fNL.

3.8.1. A General Derivation. Formula (A.12) from appendix,
when applied to our case, yields

F fNL fNL =
1
6

�max∑
�1�2�3=2

(
B
fNL=1
�1�2�3

)2

C�1C�2C�3

, (120)

where B�1�2�3 is the angular averaged bispectrum (i.e., the
measured quantity). This can be rewritten in terms of the
reduced bispectrum as

F fNL fNL =
1
6

�max∑
�1�2�3=2

I2
�1�2�3

(
b
fNL=1
�1�2�3

)2

C�1C�2C�3

, (121)

where we have defined (see also wl1l2l3 in (58))

I�1�2�3 =
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)
. (122)

Note how the features of the experiment enter the Fisher
matrix through the parameter �max, defining the angular
resolution, and in the angular power spectrum expression
in the denominator, which contains the angular beam and
experimental noise:

C̃� = C�W
2
� +N� , (123)

where C� is the theoretical power spectrum for a given set of
cosmological parameters, W� is the beam of the experiment,
and N� is the experimental noise. N� is a constant for
uncorrelated noise. Likewise, the theoretical bispectrum will
be convolved by the experimental beam

B�1�2�3 = B�1�2�3W�1W�2W�3 . (124)

Note that, since the noise is generally Gaussian, its three-
point function vanishes. The experimental noise thus only
enters in the denominator of the Fisher matrix expression.
The effects of partial sky coverage can be easily accounted for.
From (91) it follows that if only a fraction fsky of the full sky
is covered then the Fisher matrix takes an fsky factor in front,

which produces a degradation of the error bars of
√
fsky.

We saw previously that for separable shapes the reduced
bispectrum can be calculated either analytically, under some
simplifying assumptions on the transfer functions (e.g.,
the Sachs-Wolfe approximation), or numerically through
formula (43). It is then possible to evaluate numerically the
Fisher matrix and the corresponding error Δ fNL ≡

√
1/F.

In the context of fNL estimation, the first calculation of this
kind was done for f loc

NL by Komatsu and Spergel in [74],
where it was found that WMAP could reach a sensitivity
Δ fNL = 20 (note how this bound is actually saturated by
the optimal estimator results presented in Table 3), while
Planck [85] could go down to Δ fNL = 5. (Note that all of
the errors quoted in this section are at 1 − σ . ) What allows
Planck to improve on WMAP is that it has a much better
angular resolution and that it is cosmic variance dominated
in a very large range of scales; that is, the power spectrum
signal C�W2

� is larger than the noise N� up to �max =
2000. Angular resolution and sensitivity are the two factors
that increase the ability of a CMB experiment to constrain
fNL. This information is provided by the Fisher matrix
expression (121). Looking at such expression, we notice how
the signal-to-noise ratio is obtained by adding over all of
the bispectrum configurations up to �max, weighted by their
variance. Thus, the higher �max is, the more configurations
are included in the sum and the larger is the final sensitivity
to fNL. On the other hand, we see that, if the power spectrum
of the instrumental noise appearing in the variance term in
the denominator dominates from a certain �S=N , then the
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Table 3: Constraints on f localNL , f
equil.
NL , obtained by different groups on the one-year (W1), three-year (W3), five-year (W5), and seven-year

(W7) WMAP data releases. Different rows correspond to the different implementations of the fNL estimator described in the text: the “pure
cubic” implementation (99) in which no linear term is included, the “pseudooptimal” implementation (113) in which a linear term is added
but the covariance matrix is assumed to be diagonal in the cubic term, and the fully “optimal” implementation (97). As we noted in the
text, the linear term is important mostly for estimates of local NG, since anisotropic noise “mimics” squeezed configuration. For this reason
“pure cubic” estimates of equilateral NG in the table are nearly optimal, while local ones are significantly suboptimal, especially because
they have to be confined to the pure signal-dominated region l � 300, where the assumption of rotational invariance is correct. There is a
certain degree of friction between some of the results shown. In particular the 27 < f locNL < 147 WMAP 3-year estimate obtained by Yadav
and Wandelt in [79], corresponding to a “nearly 3-σ” detection of local NG, seems not to agree well with the 9 < f locNL < 129, ∼ 2.3σ result
obtained on the same dataset by Smith et al. in [68]. The origin of the discrepancy is unclear, although it is argued by Smith et al. in [68]
that it might be due to differences in the coadding scheme of different data channels, or analogous differences in the choice of some weights.
As pointed out in Smith et al. [68], one additional advantage of the fully optimal implementation of the estimator is actually that all of the
ambiguity related to the use of different coadding schemes disappears, since the optimal coadding strategy is automatically selected in the
inverse covariance filtering process. Another discrepancy is that between the two equilateral constraints on WMAP 5-year data. It seems that
the pseudooptimal estimator produces better constraints than the optimal one. This is clearly not possible. Smith et al. [68] claim that their
numerical pipeline calculates the theoretical ansatz for the bispectrum shape more accurately than it was done before. That is due to a subtlety
that went unnoticed in previous works, consisting in the necessity to extend above the horizon the upper integration limit in the calculation
of the equilateral shape-related quantities β�(r), γ�(r), and δ�(r) (see (54)). This is required in order to obtain stable numerical solutions,
and it calls for a reassessment of the expected and measured error bars, which actually increase with respect to previous calculations.

Local Equilateral

Pure cubic
−58 < fNL < 134 [78], W1 −366 < fNL < 238 [73], W1

−54 < fNL < 114 [84], W3 −256 < fNL < 332 [73], W3

Pseudooptimal

−27 < fNL < 121 [73], W1 −151 < fNL < 253 [1], W5

−36 < fNL < 100 [73], W3

27 < fNL < 147 [79], W3

9 < fNL < 129 [68], W3

−9 < fNL < 111 [1], W5

Optimal
12 < fNL < 104 [68], W3 −125 < fNL < 435 [68], W5

−4 < fNL < 80 [68], W5 −214 < fNL < 266 [83], W7

10 < fNL < 74 [83] W7

signal contribution is suppressed above that threshold by the
noise power spectra appearing in the denominator of (121).
So what determines the sensitivity of a CMB experiment to
fNL is the range of � over which the instrumental noise is low,
so the experiment is cosmic variance dominated. This range
is � � 2000 for Planck and � � 500 for WMAP, hence Planck
can obtain tighter constraints than WMAP. This is shown
in Figure 11, where the Fisher matrix forecasts of fNL are
plotted for different CMB experiments: the predicted error
bars decrease with � up to the angular scale at which the
measurements start to be noise dominated, after which the
fNL signal-to-noise ratio saturates. A simple calculation done
by Babich and Zaldarriaga in [86] taking the Sachs-Wolfe
approximation, and working in flat sky, showed that, before
noise dominates, the signal-to-noise ratio for the local shape
grows as

S

N
∝ �max ln

(
�max

�min

)
, (125)

where the (ln) is dictated by the coupling between large and
small scales introduced by squeezed configurations, from
which most of the local signal comes.

Note also how, in absence of experimental noise, the
beams in the numerator and in the denominator of (121)
cancel each other out. An ideal noiseless CMB experiment

would then have a signal-to-noise ratio indefinitely growing.
However, this would not imply infinite sensitivity to fNL,
because, above a certain �max, secondary anisotropies would
start to dominate. The Fisher matrix analysis of the equi-
lateral shape (see [22, 87], e.g.) showed that the minimum
achievable error bars in this case are Δ fNL ∼ 100 and Δ fNL ∼
60, for WMAP and Planck, respectively. (Note how the larger
error bars in this case with respect to the local constraints
do not reflect a higher sensitivity of CMB measurement to
f loc
NL , but only the conventional choice of the normalization

of the bispectrum amplitude in the definition of fNL. The
normalizations are in fact chosen in such a way that the
bispectra have the same value for equilateral configurations
�1 = �2 = �3, where the local bispectrum is suppressed and
the equilateral bispectrum is peaked.) Additional shapes are
studied by Smith and Zaldarriaga in [22].

3.8.2. Polarization. Babich and Zaldarriaga [86] showed with
a Fisher matrix analysis that the CMB E-mode polarization
measurements can be used to improve the sensitivity to
fNL. Although we have dealt so far only with temperature
bispectra and related estimators, including polarization is
fairly straightforward. As usual, the calculation starts from
formula (31) linking the multipoles of CMB anisotropies
to the primordial potential Φ, but this time including the
polarization radiative transfer ΔE� (k) in the convolution
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integral:

aE�m = 4π(−i)l
∫

d3k

(2π)3 ΔE� (k)Φ(k)Y�m
(

k̂
)
. (126)

The bispectrum is then defined in the usual way, but this time
more configurations can be built by correlating temperature
and polarization multipoles:

BTTT�1�2�3
≡
〈
aT�1m1

aT�2m2
aT�3m3

〉
,

BTTE�1�2�3
≡
〈
aT�1m1

aT�2m2
aE�3m3

〉
,

BTET�1�2�3
≡
〈
aT�1m1

aE�2m2
aT�3m3

〉
,

...

BEET�1�2�3
≡
〈
aE�1m1

aE�2m2
aT�3m3

〉
,

...

BEEE�1�2�3
≡
〈
aE�1m1

aE�2m2
aE�3m3

〉
.

(127)

The point to emphasize is that the polarization signal
is generated on scales where the temperature signal is
suppressed by Silk damping. The reason behind this can
be briefly illustrated as follows: both the temperature and
the polarization patterns that we observe in the CMB are
produced by Thomson scattering of photons by electrons
in the primordial plasma. Due to the Physics of Thomson
scattering, in order for polarization to be generated it is
necessary for the incident radiation field to be anisotropic
(see, e.g., [88]). More precisely, the angular distribution of
the intensity of the incoming radiation must present a non-
vanishing quadrupole. However the Thomson scattering
itself tends to isotropize the incoming radiation field. For
this reason, on scales where the Thomson scattering is
efficient (i.e., in the tight coupling regime of the photon-
baryon fluid), polarization is not produced. In order to
seed a significant quadrupole in the incoming photon
distribution it is necessary to go below the free streaming
scale of the photons in the primordial plasma, where the
weak coupling between photons and electrons makes the
isotropization process inefficient. However at these scales
the free diffusion of photons with different temperatures
damps the temperature fluctuations (a phenomenon known
as Silk damping). For this reason we conclude that, on scales
where temperature anisotropies are generated, polarization
anisotropies are basically absent (because in the tight cou-
pling regime the radiation intensity distribution does not
present a quadrupole), and vice versa on scales where polar-
ization is produced, temperature anisotropies are damped by
diffusion processes. (This is strictly true only if we consider
anisotropies generated at recombination. If we include a
period of Early Reionization, then this picture is slightly
changed, since after reionization polarization is generated on
very large scales, where temperature anisotropies are present
as well. For more details see, for example, [54] and references
therein.)

The polarization bispectra thus open a window over a
new k-range in the 3D → 2D projection k → � and
increase the overall information available. In other words,
since the new configurations TTE, TEE, and so forth,
including polarization, are partially independent of the pure
temperature (TTT) bispectrum, adding those additional
configurations to the Fisher matrix (and to the actual fNL

estimation from data) increases the total signal available. The
Fisher matrix expression now becomes

F =
∑
pqr

∑
i jk

∑
�1�2�3

B
pqr
�1�2�3

[
cov−1]�1�2�3

pqr|i jkB
i jk
�1�2�3

, (128)

where i, j, k, p, q, and r run over the T and E superscripts. We
still work in the assumption that all of the quantities involved
are Gaussian, but now the different bispectra of temperature
and polarization are correlated for a given configuration
�1, �2, �3, thus defining a multivariate Gaussian distribution.
The full covariance matrix between bispectra (indicated by
cov in the formula above) has then to be evaluated. A
numerical evaluation of (128) shows [86] that, for an ideal
(i.e., noiseless) experiment, adding the polarization signal
produces an improvement of a factor ∼ 2 on fNL constraints.
For WMAP, adding polarization bispectra produces very
little improvement, since polarization data are mostly noise
dominated. For Planck, however, including polarization does
generate a significant improvement, bringing the forecasted
error bars from Δ fNL  5 to Δ fNL  3.5. Some error bar
forecasts from temperature and polarization bispectra as a
function of �max for different experimental designs including
WMAP and Planck are shown in Figure 11. Motivated by this
analysis, Yadav et al. [82, 89] have implemented a bispectrum
estimator of fNL including both temperature and polar-
ization bispectra. All of the general considerations about
optimality and the numerical implementation techniques
described in previous sections apply in an analogous way to
the temperature + polarization case, although the presence
of additional bispectra with a nontrivial covariance matrix
introduces a few additional technical complications. We refer
the reader to the study by Yadav et al. in [82, 89] for further
discussion.

3.9. Non-Gaussian Contaminants. So far, we have considered
only primordial non-Gaussianity as a source of the three-
point function of the CMB. However many other astro-
physical and cosmological effects can produce an observable
angular bispectrum. Among these, diffuse astrophysical fore-
ground emission (see, e.g., [91, 92] and references therein)
unresolved point sources (see, e.g., [78]) and secondary
anisotropies are probably the most important NG sources.
Since the main focus in this review is on the primordial
bispectrum, we will not describe these NG sources in great
detail. We will however outline in this section their main
effects in order to understand whether, and how, they could
contaminate an estimate of primordial NG. Let us consider
a number Ns of sources of a CMB bispectrum signal and
call Bi�1�2�3

the bispectrum produced by the ith source. Let

us also indicate with B
fNL=1
�1�2�3

the primordial component of
the bispectrum calculated for fNL = 1. For our purposes,
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Figure 11: The Fisher matrix forecasts on Δ fNL, featured for different experiments: WMAP (green, dotted lines), Planck (red, dashed lines),
and the proposed CMBpol [90] survey (blue, solid lines). (a) shows results for the local shape, while (b) refers to the equilateral shape. Thin
lines are obtained from temperature data only, and thick lines show the improvement in the error bars coming from adding polarization
datasets to the analysis for the various experiments.

B
fNL=1
�1�2�3

is the signal that we want to measure, while the
other bispectra are contaminants that we would like to
eliminate. The total bispectrum of the map in presence of
these contaminants is then

B�1�2�3 = fNLB
fNL=1
�1�2�3

+
Ns∑
i=1

AiB
i
�1�2�3

, (129)

where Ai is the amplitude of the ith bispectrum. If we
have a precise prediction of the bispectra generated by
the contaminants, we can then think of extending our
fNL estimator to a joint estimator of all of the amplitude
parameters. The optimal cubic fNL estimator defined in (72)
would then be generalized to the multiparameter case by
minimizing the following χ2:

χ2( fNL,Ai
) = ∑

�1�2�3

(
fNLB

fNL=1
�1�2�3

+
∑Ns

i=1 AiB
i
�1�2�3

− Bobs
�1�2�3

)
C�1C�2C�3

.

(130)

The new errors on fNL in this case can be forecasted as
usual by means of a Fisher matrix analysis. The Fisher matrix
described in the previous paragraph can be generalized
straightforwardly to the multiparameter case. In this case, F
becomes an array whose entries are defined as

Fi j =
∑
�1�2�3

Bi�1�2�3
B
j
�1�2�3

C�1C�2C�3

. (131)

The optimal errors on a given amplitude Ai (including fNL)
then become, according to the multidimensional generaliza-
tion of the Rao-Cramer bound,

ΔAi =
√

(F−1)ii, (132)

where the crucial point to notice is that we now first invert
the Fisher matrix and then we take the square root of
the diagonal elements to find the errors. This is the error
that is obtained when the full joint-parameter likelihood
is calculated and then the 1-dimensional likelihood for a
given parameter is obtained by integrating out all of the
other degrees of freedom: a process defined in statistics as
marginalization. One can see that the inverse of the Fisher
matrix defines the covariance matrix of the parameters under
study. If the various parameters are completely uncorrelated,
then the Fisher matrix is diagonal and we would have
F−1
ii = (F−1)ii, showing that the parameters can obviously

be estimated independently and the marginalization process
does not change the error bars on a given parameter of
interest (in our case fNL). If the different parameters are
correlated, however, then off-diagonal terms appear in the
Fisher matrix, and the error bars after marginalization
(i.e., the “real” error bars to quote in the results) are
larger than those that would have been obtained by naively
neglecting contaminants. An obvious but useful observation
is that two bispectral amplitudes will be strongly correlated
when the respective shapes are similar. To make a practical
example, the bispectrum generated by correlating weak
lensing of CMB anisotropies with the Integrated Sachs-
Wolfe (ISW) effect can be shown to be peaked on squeezed
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configurations. For this reason the presence of this effect
can be a significant contaminant for estimates of local
non-Gaussianity.

So far, in this section we have described the degradation
effects on the error bars if a hypothetical joint estimator
of all of the CMB bispectrum amplitudes was built, and
the amplitudes of contaminants were marginalized over to
estimate fNL. However a joint estimation might be difficult,
due to factors like the presence of theoretical uncertainties
on the shapes of contaminant bispectra or possible practical
difficulties in finding an efficient implementation of this
full bispectrum-likelihood estimator (e.g., if the additional
secondary bispectra are nonseparable). As a result, the
practical approach so far has been to estimate only fNL

using the techniques described in previous sections and
neglect possible nonprimordial contaminants. In this case
the possible effect of contaminants would not show up as
a degradation of the error bars but in an even worse way,
by introducing a bias in the fNL measurements. Let us see
this by assuming that the CMB three-point function takes
contributions both from a primordial NG component and
from a contaminant bispectrum with amplitude Ai. Let us
also assume that we can produce a set of NG Monte Carlo
simulations of CMB maps including both bispectra. We
assign a given fNL in input to the primordial component
of our simulated maps. Finally we estimate the average fNL

obtained from the simulations by applying the usual optimal
cubic statistic described so far. The result of our MC average
will be

〈
f̂NL

〉
= 1

N

∑
�1�2�3

B
fNL=1
�1�2�3

Bobserved
�1�2�3

C�1C�2C�3

= fNL +
1
N

∑
�1�2�3

B
fNL=1
�1�2�3

Bcont.
�1�2�3

C�1C�2C�3

,

(133)

where Bobserved is the averaged bispectrum extracted from
the map. The fNL term on the r.h.s. of the second line
comes from the fact that the normalization N is chosen
in such a way as to obtain an unbiased estimator of the
primordial component. However a second term is present,
which accounts for the fact that a contaminant bispectrum,
Bcont.
�1�2�3

, is in the map; this term clearly biases the estimator.
(Let us remember with that by definition an estimator of

a parameter λ (in our case fNL) is unbiased if 〈λ̂〉 = λ, λ̂
being the estimate from data and λ being the true parameter
of the underlying model.) The magnitude of the bias will
depend again on how similar the shape of the contaminant
bispectrum is to the primordial one. If, for example, the
contaminant bispectrum is strongly peaked on equilateral
configurations and suppressed on squeezed ones, a local
estimator of NG will then not be significantly biased by it,
since the second term in equation (133) will cancel out.

However, an estimate of f
equil.

NL will in this case be significantly
biased.

In general we can define the correlation coefficients
between two bispectra, labeled i and j, as

ri j

=
∑

�1�2�3

((
B

(i)
�1�2�3

B
( j)
�1�2�3

)
/
(
C�1 C�2C�3

))√(∑
�1�2�3

B
(i)2
�1�2�3

)
/C�1C�2C�3

√(∑
�1�2�3

B
( j)2
�1�2�3

)
/C�1C�2C�3

.
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The definition of “correlation coefficient” becomes com-
pletely transparent if we rewrite the previous formula in
terms of the Fisher matrix and keep in mind that F−1 defines
the covariance matrix of the bispectrum amplitudes:

ri j =
(
F−1

)
i j√

(F−1)ii(F−1) j j
. (135)

The correlation coefficient varies by definition from 0, for
totally uncorrelated shapes, to 1, for identical shapes, or
−1 for totally anticorrelated shapes. The more a given
contaminant bispectrum is correlated to the primordial
bispectrum that we want to measure, the larger will be the
induced bias. At this point we distinguish between three
possibilities. The first is that the contaminant bispectrum
shape and amplitude are perfectly known. In that case we
can compute the expected bias from formula (173) and
subtract from our estimate. The second possibility is that
the shape of the contaminant bispectrum is known, but
its amplitude is defined with a given uncertainty. In this
case we can propagate this uncertainty by quoting it in
addition to the statistical error bars on fNL obtained in
the usual way. The third and worst possibility is that we
are unaware of the presence of some contaminant effect,
or we know nothing about its bispectrum. In this case we
might obtain a biased estimate of fNL without knowing
it and thus eventually misinterpret a spurious NG effect
as primordial NG. Contaminants are then very dangerous,
because, if not properly taken into account, they can lead
to spurious claim of detection of primordial NG. For this
reason, if a positive detection of fNL were to be made at some
point for a certain model, all possible tests for the presence
of contaminant effects should be performed. Moreover,
since we cannot be absolutely sure that we are considering
all possible sources of NG contamination, cross-validation
of the result using other non-bispectrum-based estimators
will be very important. These other estimators (Minkowski
Functionals, wavelets, needlets, higher-order correlators are
just some examples among those considered in the literature)
are by construction suboptimal estimators of the primordial
component. However, in principle they are expected to
produce a totally different response to NG contaminants
than the primordial bispectrum. A cross-detection of fNL

with many different statistics would then be much less likely
due to some unknown spurious effect. Another way to test
the primordial origin of an observed NG signal, recently
proposed by Munshi and Heavens in [93], is to modify the
optimal bispectrum estimator in order to evaluate a function
of � rather than a single amplitude fNL. The point is that, if a
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clear detection of fNL is achieved at several σ , then the signal
is large enough to allow a less radical data compression.
Munshi and Heavens [93] have then recently proposed to
estimate the “bispectrum-related power spectrum” Cskew

�

defined as

Cskew
�3

= 1
2(�3 + 1)

∑
�1�2

B
fNL=1
�1�2�3

Bobs
�1�2�3

C�1C�2C�3

. (136)

Like in the usual fNL estimator, the optimal S/N weighting
is included, and the observed bispectrum from the map is
correlated to the theoretical shape. However in this case
we do not measure the overall amplitude, but rather the
amplitude for each �-bin. Note that

f̂NL ≡ 1
N

∑
�

Cskew
� . (137)

By construction of Cskew
� , the usual fNL estimator is then

retrieved by summing the bispectrum-related power spec-
trum over all �. The general idea is now that the functional
dependence of this skew power spectrum on � will show sig-
nificant variation between different sources of NG, allowing
a clearer test of the hypothesis that the origin of the observed
signal is primordial. A number of investigations of WMAP
data have already been performed using this statistic in order
to look for primordial and secondary signals [94, 95], and
related pseudo-Cl statistics have been developed by Munshi
et al. in [96].

In any case, as long as bispectrum estimators are
considered, independently of the specific statistic or imple-
mentation, the best way to deal with NG contaminants is to
make sure to list all of them and study their bispectra, or at
least find ways to assess their potential impact on the final
results. In the following paragraphs we will then turn our
attention to a classification of the most important potential
sources of spurious NG and see how they are treated in
the primordial bispectrum analysis. Finally, we will consider
some effects that interact with the fNL measurement not
necessarily by directly producing a secondary bispectrum,
but rather by changing the normalization of the estimator
or by increasing the error bars without producing any bias.

3.9.1. Diffuse Foreground Emission. There are three main
astrophysical effects producing a galactic microwave emis-
sion from our galaxy in the typical frequency range of a CMB
experiment [54, 91]: free-free emission from electron-ion
scattering, synchrotron emission from acceleration of cosmic
ray electrons in magnetic fields, and thermal dust emission.

Since these sources produce signals with a peculiar spec-
tral and spatial distribution, multifrequency observations
allow the separation of them from the primordial compo-
nent of the CMB signal by suitable component separation
algorithms. In the resulting “cleaned” map the foreground
contribution to a�m is minimized, although obviously it can
never be completely eliminated. The remaining foreground
contamination after cleaning is called the foreground residual.
Note that the emission from the galactic plane of the CMB
map is so strong that a clean separation of the primordial

CMB component from the foregrounds is impossible. The
galactic regions that are too contaminated to produce a clean
component separation have to be masked out in the analysis.
The size of the galactic mask will depend on the choice of the
foreground flux level above which the pixel is considered too
contaminated to be included in the analysis. The choice of the
cutoff will depend on the specific analysis that one wants to
perform on the data. Since the primordial NG signal is much
smaller than the Gaussian component, more conservative
masks (i.e., larger) need generally to be used for fNL estimates
than those applied to C� estimation. Direct information
about the spatial distribution of foreground emission in the
sky (i.e., free-free, synchrotron, or dust) is provided in the
form of templates, obtained either from the most foreground
contaminated channels of the CMB experiment itself, or
from external astrophysical surveys (e.g., observations of
radioemission, maps of Hα emission). Templates are affected
by several sources of uncertainties and errors (see, e.g., [91]),
and using them in assessing the possible impact on fNL of
foreground emission or residuals has both advantages and
disadvantages. The safest approach is probably to combine
internal consistency tests on the data with analysis involving
the use of templates.

The first extensive tests of possible foreground contami-
nation in fNL measurements were performed by Yadav and
Wandelt in [79], where a detection of a primordial local
signal at above 99.5% level on WMAP 3-year data was
claimed. As explained earlier (see caption of Table 3), further
analysis on more recent datasets and/or using more optimal
estimators have led to an updated f loc

NL estimate that is about
2-σ away from the origin, that is, just a “hint” of a possible
local signal, rather than a detection. However, as long as a
detection was claimed by Yadav and Wandelt in [79], tests to
exclude a possible contamination from diffuse foregrounds
had to be carried out. In this case the authors relied mostly
on the “internal consistency test” approach. Their analysis
included the following.

(1) Expanding the original galactic mask in order to
see whether the estimated value of fNL is stable for
different choice of the mask. A significantly lower
value of fNL for a larger mask might mean that
some unmasked noise contribution is affecting the
measurement with the original mask.

(2) Comparing fNL estimates from foreground-reduced
maps to estimates from “raw” maps that include
a galactic mask, but have not gone through a
component separation process. If foregrounds have
a significant impact on fNL, then one expects the
measurements from raw and reduced maps to differ
significantly.

(3) Comparing different frequency channels. If fore-
grounds significantly contaminate measurements at
given frequencies, then different channels should
produce different results.

Analyses involving some kind of prior information about
foreground emission were carried on by both Yadav and
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Wandelt [79] and Smith et al. [68]. The two approaches
adopted in this case were the following.

(1) Producing simulations including both a Gaussian
primordial CMB signal and the foreground emission.
The latter has in this case to be generated according
to a model that allows for a good reconstruction of
the observed templates. The fNL estimator can then
be applied to these simulations in order to check
whether the measured fNL is consistent with 0 (as it
should be, in absence of significant foreground con-
tamination, since the primordial input is Gaussian).

(2) For an optimal estimator including full C−1 pre-
filtering [68], adding the foreground templates to
the noise covariance, by assigning infinite variance
to each template Ti

templ(n̂). In this way the estimate
is “blind” to the template amplitudes. This produces
a loss of information that in turn determines an
increase of the variance. The larger the contami-
nation from foreground is, the more the variance
increases. For negligible contamination, the variance
stays the same. In any case, the effect of foregrounds
is entirely included in the error bars, provided that
the assumed templates are accurate enough. This
method of analysis, called template marginalization,
is adopted by Smith et al. in [68]. A complete
mathematical derivation of this method is provided
by Rybicki and Press in [97].

In addition to the methods outlined above, there is also
the possibility of using the foreground templates for a
joint estimation of fNL and of the templates amplitudes
(see equation (130)). This approach has been recently used
by Cabella et al. in [98] for a needlet estimator. It could
be obviously reapplied in the same form to a bispectrum
estimator.

In conclusion, all of the tests above have been applied
to WMAP 3-year and 5-year data releases. No evidence for
the presence of a significant contamination of the local fNL

measurement from diffuse foreground was produced. Other
shapes of fNL were not considered since the only type of
non-Gaussianity that has produced a marginal detection
is so far the local one. Although diffuse foregrounds and
foreground residuals do not seem to contaminate primordial
NG measurements in WMAP, this is not guaranteed to hold
true for Planck, due to its much higher sensitivity.

3.9.2. Unresolved Point Sources. Extragalactic point sources
are the most important foreground at small angular scales
(see [99]). Sources are identified by searching the maps for
bright spots that fit the beam profile and then masked out.
However not all of the sources can be resolved and eliminated
in this way. Unresolved point sources contaminate the
map and are a source of a NG signal that can potentially
interfere with primordial NG measurements. Unclustered
extragalactic point sources have a Poisson distribution and
their bispectrum is then simply a constant:

b
ps
�1�2�3

= bps, (138)

with an amplitude that has to be estimated from the data
and depends on the level of contamination from unresolved
sources. We can now use (135) to estimate the correlation
between primordial shapes and the point source bispectrum.
For a given choice of the amplitude we can also estimate
the expected bias on the fNL estimator. Simulations of NG
maps including the bispectrum from point sources can also
be produced and the primordial fNL estimator for different
shapes applied to them in order to estimate the bias. Finally,
since b

ps
�1�2�3

is manifestly separable, an estimator of bps can
be built. All of these analyses were performed by Komatsu et
al. in [1, 78] on local and equilateral shapes to conclude that
point sources do not contaminate significantly the estimate

of f loc
NL . On the other hand, they have a larger impact on f

equil
NL :

their induced bias from MC simulations is Δ f
equil

NL = 22 ± 4,

to be compared to the statistical error bar Δ f
equil

NL ∼ 100.
Additional tests were performed by Smith et al. in [68] to
account for the possible presence of clustered unresolved
point sources. No significant contamination on f loc

NL was
found in this case. As for the diffuse foreground case, the
enhanced fNL sensitivity that Planck can achieve with respect
to WMAP might increase the impact of these effects.

3.9.3. Secondary Anisotropies. One big advantage of using
CMB anisotropies to test primordial NG is that they are
small and can then be treated in the linear regime. The
CMB temperature fluctuation field is thus linked to the
primordial potential through a linear convolution with
radiation transfer functions, as we saw earlier. At this level,
the Gaussianity of the primordial potential is conserved
in the CMB temperature fluctuation field. If, however, we
work at second-order in perturbation theory, the initial
conditions are propagated nonlinearly into the observed
CMB anisotropies, and the resulting CMB fluctuations
are mildly non-Gaussian even starting from a Gaussian
primordial curvature field. Second order effects are clearly
very small. However they may well be of the same order of
magnitude as primordial NG, since the NG component of
the primordial potential is O( fNL〈Φ2

L(x)〉). In conclusion,
secondary anisotropies are a potential source of CMB NG,
at a level that could in principle contaminate estimates of
primordial non-Gaussianity. To fully account for these effects,
it is necessary to obtain a relation analogous to equation
(31), but to second-order in perturbation theory. Radiation
transfer functions are obtained at first order by solving
the linearized system of Boltzmann-Einstein equations (see,
e.g., [54, 55]). The same equations will then have to be
expanded and numerically integrated at second order in this
case. Having obtained second order transfer functions, the
full angular bispectrum of secondary anisotropies can be
calculated and correlated to the primordial one in order
to check for the presence of contaminant effects. The
full system of second order Einstein-Boltzmann equations
has been derived in [100–103] and partially integrated
numerically in [104] including only the source terms that
can be written as product of first-order perturbations. These
terms have been shown to produce a totally negligible
NG contamination. Very recently, the study in [105] has
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integrated numerically the full Einstein-Boltzmann system of
equations at second order, including “genuine” second-order
terms, but neglecting late-time effects, that is, contribution to
the temperature anisotropies coming from the evolution of
the gravitational potentials due to the late-time acceleration
of the Universe or to reionization effects. According to this
calculation, second-order early-time effects (i.e., Sachs-Wolfe
and acoustic oscillations at second order) are able to bias
the estimator at level of f bias

NL ∼ 5 at the angular resolution
achieved by the Planck satellite (�max ∼ 2000), while a
negligible contamination is expected for WMAP. Although
a formal solution of the full system of equations has not
been obtained yet for the “late-time” source, many late-time
secondary effects are known and have been modeled for
some time. Among these there are, for example, weak lens-
ing, Sunyaev-Zeldovich (SZ) effect, Rees-Sciama (RS) effect,
and so on. Therefore, a natural approach that was adopted
in the literature consisted in studying the bispectra arising
from these well-known effects and from their correlations
taken one-by-one (e.g., ISW-lensing correlation, SZ-lensing
correlation, and so on). It goes beyond the purpose of this
review to discuss in detail these results and their implications.
Let us just mention them briefly. A fisher matrix analysis
in the study of Serra and Cooray in [106] showed that
the combination of bispectra arising from ISW-lensing, SZ-
lensing, and unresolved point sources produced a negligible
contamination at the angular resolution and sensitivity of
WMAP, but a significant one for an experiment with the
characteristics of Planck. It was in particular shown that
estimates of local NG would be biased, especially by ISW-
lensing correlation, with f bias

NL ∼ 10 for local NG. A similar
result on ISW-lensing was obtained in another Fisher matrix
analysis by Smith and Zaldarriaga [22], and a similar level
of contamination was found by Mangilli and Verde in [107]
by adding to the ISW-lensing signal also the analogous RS-
lensing bispectrum. A bispectrum estimator of local and
equilateral NG was applied to simulated lensed primordial
NG CMB maps by Hanson et al. [108], and three main
effects were studied: a possible bias induced by neglecting
the lensing of primordial bispectrum in the normalization
and weights of the estimator, an increase of the variance
due to lensing-produced higher-order correlators, and ISW-
lensing bias. The only significant effect turned out to be the
ISW-lensing bias on f loc

NL , at a level confirming the Fisher
matrix predictions. Note that this bias, being well known
and expected, can be simply calculated and subtracted from
future Planck estimates, as well as the early-time bias dis-
cussed above. The reason why the coupling between lensing
and ISW tends to bias the local estimate can be understood
physically: large-scale potential fluctuations source the ISW
effect and produce a lensing signal on small scales, generating
a NG signal on squeezed triangles. Although both the
primordial local bispectrum and the ISW-lensing bispectrum
are peaked on squeezed triangles, the presence of acoustic
oscillations in the primordial configurations reduces the
overall correlation between the two shapes, thus making the
final bias significant, but not too large. Another recently
studied effect is that of inhomogeneous recombination
caused by perturbation in the electron number density as in

the studies of Khatri and Wandelt in [109], and in Senatore et
al. [110]. Also in this case the contaminant shape is close to
local. Although smaller than the ISW-lensing induced bias,
also this effect seems to be able to affect the primordial
estimate at a level marginally detectable by Planck. In
order to conclude our brief survey of studies of secondary
bispectra, let us finally mention the work done by Babich and
Pierpaoli in [111], where point source density modulation
bispectra induced by lensing magnification and selection
effects, as well as SZ modulation from lensing magnification,
were studied. The conclusion was once again that these
effects are negligible for WMAP but close to the sensitivity
level of Planck for local NG. Despite the great attention
received so far in the literature, more has yet to be done
in the area of assessing NG contamination from secondary
sources. Note in particular that all of the predictions in this
section concern temperature anisotropies, and estimates on
secondary polarization bispectra are yet unavailable. It is
clear that a complete and accurate description of secondary
bispectra will be crucial for analysis of the future Planck
dataset. A summary of the contribution of the various effects
described in this paragraph, as well as of the other sources
of contamination considered in this section, is presented in
Table 4 and relative caption.

3.9.4. Non-Gaussian Noise. Systematics are another potential
cause of contamination beyond astrophysical and cosmo-
logical sources. The noise in the experiment is generally
well described as Gaussian. However possible non-Gaussian
properties have to be tested in our context. This was done
by Yadav and Wandelt in [79] by taking differences of
yearly WMAP data in order to create jackknife realizations
of WMAP noise maps for different detectors, including
instrument systematics. The estimator can then be applied
to these realizations in order to check that a negligible fNL is
measured. This was the result obtained on the WMAP 3-year
dataset.

3.9.5. Other Effects. In this section we quickly summarize
other effects that could interfere with estimates of primordial
non-Gaussianity, but did not fit the classification above
in the sense that they do not correspond to NG effects
contaminating the CMB sky or the instrument noise.

One of these effects is 1/ f noise, expected to affect
especially the low-frequency channels of Planck. The 1/ f
noise component is generally removed from the map using
“destriping” algorithms (see, e.g., [114, 115]). The unsub-
tracted “destriping residuals” form a Gaussian-correlated
random field in pixel space. Their nontrivial covariance
matrix should in principle be included in the inverse covari-
ance prefiltering of the optimal estimator. If not included
in the prefiltering, this effect could in principle enhance
the estimator error bars (although it cannot generate any
bias, since it is Gaussian). Unfortunately, a full numerical
evaluation of this covariance matrix is quite challenging.
Donzelli et al. [113] applied the estimator in its pseudoop-
timal implementation to maps of Gaussian CMB signal +
noise, accounting only for anisotropic noise in the linear
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Table 4: Expected contamination on fNL measurements from secondary bispectra (see Section 3.9.3) and from the effects described in
Section 3.9.5. The expected bias of the primordial fNL estimate is given for local and equilateral shapes (if not reported, that means that
the corresponding shape has not been studied). All of the estimates above are for an experiment with the angular resolution of the Planck
satellite (i.e., �max ∼ 2000). All of the effects above have been proved to be negligible, when compared to primordial fNL-error bars, in the
WMAP case. The expected biases have to be compared to the primordial error bars estimated from Fisher matrix forecasts for a Planck-like

experiment. These are, as reported in the table, Δlocal
fNL

 5 and Δ
equil
fNL

 60. Some effects, namely, ISW-lensing bispectra and the three-point
function from inhomogenous recombination, have been studied by different authors. In these cases all of the results obtained in different
works are reported. While a good agreement is found for ISW-lensing estimates, some discrepancy between different studies is present for
inhomogenous recombination calculations. Note how asymmetric beams and residuals of destriping change the correlation properties of the
CMB temperature field, but leave it Gaussian. For this reason they can in principle affect the final error bars, but they cannot produce any
bias. In addition to the effects summarized in this table, another potential source of contamination comes from foreground residuals (see
Section 3.9.1). This has been shown to be negligible for WMAP, while its impact for Planck has not been discussed yet in the literature and
will be assessed in the forthcoming Planck data release. The effect of point sources on WMAP fNL estimates has been studied in [1], where
it was found that bias from unresolved point sources generates an additional contribution to the error bars of order 5 and 22 for local and

equilateral shapes, respectively (to be compared to WMAP primordial fNL-error bars Δlocal
fNL

 20 and Δ
equilateral
fNL

 100). Note finally how the
contribution from the propagation of cosmological parameter errors on the fNL estimate is dependent on the measured value of fNL (like for
point sources, the effect of cosmological parameters error propagation is to bias the estimator; however the sign and exact magnitude of this
bias cannot be computed; that produces an additional uncertainty and correspondingly an additional contribution to the error bars.).

Local (Δ fNL  5) Equil. (Δ fNL  60)

ISW-lensing Serra and Cooray [106] fbias  10
fbias  −3Hanson et al. [108] fbias  10

ISW+RS-Lensing Mangilli and Verde [107] fbias  10

Unres. Point Sources (PS) Serra and Cooray [106] fbias  1

SZ number density modulation Babich and Pierpaoli [111] fbias  −1.0 fbias  0

PS density modulation Babich and Pierpaoli [111] fbias  −0.4 fbias  0

PS lensing magnification Babich and Pierpaoli [111] fbias  0.3 fbias  0

SZ lensing magnification Babich and Pierpaoli [111] fbias  0.02 fbias  0

Inhomogenous recombination Khatri and Wandelt [109] fbias  −0.1 fbias  0

Senatore et al. [110] fbias  −3.5 fbias  0

Boltmann-Einstein (BE) “1st × 1st” Nitta et al. [104] fbias  0.5

BE “Early times” Pitrou et al. [105] fbias 5 fbias  5

Cosm. parameters uncert. Liguori and Riotto [112] | fbias|  0.05 f local
NL | fbias|  0.05 f

equil
NL

Asymmetric beams Donzelli et al. [113] Δ fNL  0 Δ fNL  0

Residuals of Destriping Donzelli et al. [113] Δ fNL  0 Δ fNL  0

term, but including destriping residuals in the noise model
adopted for the simulations. The final result shows that the
error bars do not increase when 1/ f noise effects are included
in the simulations, even though they are neglected in the
covariance matrix appearing in the estimator.

Another effect to take into account for Planck is that of an
asymmetric beam. The beam in the estimator normalization
term is approximated as a circular beam. However Planck
optical simulations (see, e.g., [116]) show that in reality we
have to deal with elliptic beams, characterized by a nontrivial
azimuthal dependence. If the circular beam approximation
in the normalization of the estimate is not accurate enough,
a bias could be introduced. Moreover the anisotropy of the
beam could cause an increase of the variance if neglected
in the inverse covariance prefiltering. Again, these effects
were found to be negligible in tests on realistic simulations
performed by Donzelli et al. [113].

Finally, the estimate of fNL is done assuming a given
cosmological model, that is, by fixing all of the other cos-
mological parameters to their best-fit value obtained from a
likelihood analysis of the angular power spectrum. Since they

are themselves the product of a statistical estimation process,
these values obviously present uncertainties that should be
propagated into the final fNL-error bars. (In particular, since
we are not doing a joint-likelihood estimation of all of
the parameters and marginalizing to get fNL (that would
be the optimal but time consuming approach), the effect
of uncertainties in the parameters propagate onto the fNL

measure as a bias. This bias has to be evaluated and quoted
in addition to the usual statistical fNL-error bar.). This
calculation was done by Liguori and Riotto in [112], where it
was found that the propagated error is fNL dependent and it
can become important only if a large fNL will be detected in
the data at some point.

3.10. Generation of Simulated Non-Gaussian CMB Maps. In
this section we will describe algorithms for the generation
of non-Gaussian CMB maps with a given bispectrum. There
are three main reasons why primordial NG simulations of
the CMB are useful in the context of bispectrum estimation
of fNL as follows.
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Figure 12: (a), (b) A Gaussian realization of the CMB sky (a) and a non-Gaussian local CMB map (b), obtained by adding to the Gaussian
one a NG component with f loc

NL = 3000, from the study by Liguori et al. in [117]. (b) and (d) A Gaussian CMB map (c) and a non-
Gaussian DBI map (d) with f DBI

NL = 4000, from [9]. The maps in the upper panel have been obtained using the local algorithm described in
Section 3.10.1. The maps in (b) have been produced with the bispectrum algorithm of Section 3.10.2, after having separated the primordial
DBI shape using the eigenmode expansion defined in (26).

(1) To test the unbiasedness of the fNL bispectrum
estimator (by checking that the Monte Carlo average
of the recovered fNL reproduces the fNL set in input).

(2) To study how the expected primordial NG signal
imprinted in the CMB is modified by the presence
of other effects, like those considered in Section 3.1.
For example, weak lensing of primordial NG might in
principle change the observed bispectrum and affect
the estimates. This can be studied again by testing the
estimator on NG-lensed simulations, as it was done
by Hanson et al. in [108].

(3) For local NG, to obtain the error bars of the fNL

estimator if a large fNL is detected at several σ (see
Section 3.5.4). We have previously seen that for a
several-sigma detection of local NG the bispectrum
variance is fNL dependent. The Monte Carlo average
(116) thus has to be evaluated on NG simulations
with the measured fNL in input.

Unless we are in the situation described at point (3) of the list
above, all we need to produce is then maps with given power
spectrum and bispectrum, since higher-order correlators
can be neglected. In the large local fNL case higher-order
correlators are instead important and have to be included.
Fortunately the local case is the only one for which we have
a full expression of the primordial potential Φ(x) that allows
us to produce exact simulations.

We will divide this section into two parts. In the first we
will describe exact simulation algorithms of local NG, while
in the second we will describe methods to generate maps
with given power spectrum and bispectrum, starting from
an arbitrary primordial shape.

3.10.1. Algorithms for Local Non-Gaussianity. First of all, let
us recall that the CMB multipoles a�m are related to the
primordial gravitational potential Φ through the well-known
formula

a�m =
∫

d3k

(2π)3 Φ(k)Y�m
(
k̂
)
Δ�(k), (139)

where Δ�(k) are the radiation transfer functions and the
potential is written in Fourier space. We already met
this formula when we calculated the relation between the
primordial and CMB bispectrums in Section 3.1. We also
recall that the local non-Gaussian primordial potential takes
a very simple expression in real space, where

Φ(x) = ΦL(x) + fNL
[
Φ2
L(x)− 〈Φ2

L(x)
〉]
. (140)

In the previous expression ΦL is a Gaussian random field,
characterized by a primordial power spectrum PΦ(k) =
Akn−4; in the following we will refer to ΦL(x) as the
Gaussian part of the primordial potential. The remaining
non-Gaussian part of the potential is simply the square of
the Gaussian part point-by-point (modulo a constant term,
necessary to enforce the condition 〈Φ(x)〉 = 0; however it
is clear that this term only affects the CMB monopole). It
is then convenient to work directly in real space and recast
formula (139) in the following form:

a�m =
∫
d3rΦ(r)Y�m(r̂)α�(r), (141)

where α�(r) ≡
∫
dkk2 j�(kr)Δ�(k), also used in (32), is the

real-space counterpart of the radiation transfer functions
Δ�(k), j�(kr) is a spherical Bessel function, and r is a look-
back conformal distance. This formula suggests to structure
an algorithm for the generation of local CMB NG maps in
the following steps.

(1) Generate the Gaussian part ΦL of the potential in a
box whose side is the present cosmic horizon.

(2) Square the Gaussian part point-by-point to get the
non-Gaussian part.

(3) Expand in spherical harmonics the Gaussian and
non-Gaussian parts of the potential for different
values of the radial coordinate r in the simulation
box.

(4) Convolve the spherical harmonic expansions of ΦL

and ΦNL with the radiation transfer function Δ�(r) in
order to obtain the Gaussian and non-Gaussian parts
of the multipoles of the final NG CMB simulation.
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For a given choice of the non-Gaussian parameter
fNL, a CMB map is then obtained simply through
the linear combination a�m = aL�m + fNLa

NL
�m (the

superscripts L and NL are always indicating Gaussian
and non-Gaussian, resp.).

The most difficult and time-consuming part in this
process is actually the generation of the Gaussian part of
the potential Φ. One possibility is to generate the Gaussian
part of the potential in a cubic box in Fourier space, where
different modes are uncorrelated and have variance given
by the primordial power spectrum PΦ(k), then apply a Fast
Fourier Transform (FFT) algorithm to go to real space.
Cartesian coordinates are then transformed into spherical
coordinates by means of an interpolation algorithm in order
to transform ΦL(x) into ΦL(r, n̂). Finally, the Gaussian
potential in spherical coordinates is squared point-by-point
to get the NG part, and the spherical harmonic expansion
and radiation transfer function convolution at point 4 of the
list above are performed in order to obtain the multipoles
of the final CMB map. The aforementioned algorithm was
implemented by Komatsu et al. in [78] to generate NG local
CMB maps at the resolution of the Planck satellite.

The difficulty with this approach arises from the fact that
we are working in a box of the size of the present cosmic
horizon (about 15 Gpc in conformal time), but at the same
time a cell in this box must have a side no bigger than 20 Mpc
in order to resolve the last scattering surface, where most of
the CMB signal is generated. A more convenient and accurate
way to produce the local NG a�m was found in [117, 118]:
the idea is to work directly in spherical coordinates, use
a nonuniform discretization of the simulation box (since
no sample points are needed in a large region of the box
where photons are just free streaming, while many sample
points are needed at last scattering, as we just pointed out
above), and generate the multipoles of the expansion of
ΦL(x) through the following two-step approach.

(1) Generate uncorrelated radial multipoles n�m(r),
Gaussianly distributed and characterized by the fol-
lowing spectrum:

〈
n�1m1 (r1)n∗�2m2

(r2)
〉
= δD(r1 − r2)

r2
δ�2
�1
δm2
m1

, (142)

where δD is the Dirac delta function.

(2) Filter the multipoles n�m with suitable functions
in order to produce a Gaussian random field with
the properties of the multipole expansion of the
primordial Gaussian potential ΦL. It can be shown
that the expression of the filter functions is

W�(r, r1) = 2
π

∫
dkk2

√
PΦ(k) j�(kr) j�(kr1), (143)

where PΦ is the primordial curvature power spec-
trum, and the filtering operation takes the form

ΦL
�m(r) =

∫
dr1r

2
1n�m(r1)W�(r, r1). (144)
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Figure 13: Probability density function of temperature pixel from
local primordial non-Gaussian CMB maps, obtained with the
“exact” simulation algorithm described in Section 3.10.1. Different
panels show the result for different values of f loc

NL , in order to give an
idea of the order of magnitude of the signal that one wants to detect.
For fNL < 1000 the non-Gaussianity is too small to be seen in these
plots. Note that WMAP constrains f loc

NL to be � 100.

In the last expression ΦL
�m(r) are the desired quan-

tities, that is, the multipoles of the expansion of the
Gaussian part of the primordial potential for a given
r.

This algorithm, recently improved by Elsner and Wandelt
in [119], was used to produce NG local maps at the resolu-
tion of WMAP and Planck in temperature and polarization.
An example of its results is shown in Figure 12(a). Figure 13
shows 1-point PDFs of temperature anisotropies for different
values of f loc

NL , extracted from these simulations.

3.10.2. Algorithms for Arbitrary Bispectra. In the limit of weak
non-Gaussianity, an algorithm to produce non-Gaussian
CMB simulations with a given power spectrum and bispec-
trum for separable primordial shapes was described by Smith
and Zaldarriaga in [22]. In this algorithm the non-Gaussian
components of the CMB multipoles are obtained using the
following formula:

aNG
�m = 1

6

∑
�imi

B�1�2�3

(
� �2 �3

m m2 m3

)
aG∗�2m2

C�2

aG∗�3m3

C�3

, (145)

where aG�m is the Gaussian part of the CMB multipoles,
generated using the angular power spectrum C� , while B�1�2�3

is the given bispectrum of the theoretical model for which
simulations are required. Note that alternative algorithms
to generate CMB maps with given bispectrum have been
proposed in the literature [120, 121], but they are less
general than the one introduced by (145). Although (145)
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is completely general, as before its numerical evaluation is
only computationally affordable for bispectra that can be
written in separable form. We have emphasized already that
separability results in a reduction of the computational cost
of the estimator (99) from O(�5

max) to O(�3
max) operations;

the same argument applies here and allows to rewrite (145)
into an equivalent form in pixel space. Starting from formula
(46), and substituting it in (145), we find that

aNG
�m =

∫
drr2

∫
dΩn̂(2X�(r)MY (r, n̂)MZ(r, n̂)

+ 2Y�(r)MX(r, n̂)MZ(r, n̂)

+2Z�(r)MX(r, n̂)MY (r, n̂)).

(146)

As already discussed in the fNL-estimator section, the
limitation dictated by separability is clearly overcome by
using the eigenfunction representations for the bispectrums
(26) and (60) introduced by Fergusson et al. in [14]. As
usual, the basic idea is to start by expanding an arbitrary
bispectrum shape S (either primordial or in the CMB) using
a separable polynomial decomposition until a good level of
convergence is achieved and then to substitute the mode
decomposition into (145) to get a linear combination of
numerically tractable terms written in the form of (146).
Using the separable mode coefficients αprs for the reduced
bispectrum (56) and the filtered map expressions Mp(r, n̂)
(109) as the starting point, we find that the expression (146)
generalises to

aNG
lm

= 1
18

∑
prs

αprs

∫
dxx2qlp(x)

∫
dΩn̂Y

m∗
l (n̂)MG

r (r, n̂)MG
s (r, n̂),

(147)

where the MG
p (r, n̂) are found by summing using a set of

Gaussian aG�m’s convolved with the qlp’s (refer to (107)):

MG
p (n̂, x) =

∑
lm

q l
p

aGlmYlm
Cl

. (148)

Here, the accuracy of convergence with αprs is parametrized
in terms of the correlation C(S, SN ) between the original
nonseparable shape and the eigenmode expansion, as defined
previously (19). Note that this convergence can also be
checked more accurately using the full Fisher matrix corre-
lation on the CMB bispectra C(b�1�2�3 , bN�1�2�3

), described in
Sections 3.8 and 3.9.

In addition to the bispectrum separability requirement,
there is an important further caveat which can prevent the
straightforward implementation of the algorithm (145). By
construction, terms O( f 2

NL) and higher are not explicitly

controlled. Following the discussion in [108], we can write
the connected N-point functions as〈

a∗�1m1
a�2m2

〉
=
[
C�1 + f 2

NLC
NG
�1

]
, (149)

〈
a�1m1a�2m2a�3m3

〉 = [ fNLB�1�2�3 + O
(
f 3
NL

)]
, (150)

〈
a�1m1a�2m2a�3m3 . . . a�NmN

〉 = O
(
f 3
NL

)
. (151)

Thus the condition that the map has the power spectrum
Cl specified in input will only be satisfied if the power
spectrum of the non-Gaussian component in (149) remains
small. Since this method does not control O( f 2

NL) terms, one
has to ascertain that spuriously large CNG

l contributions do
not affect the overall power spectrum significantly. It turns
out that this effect plagues current map simulations if the
standard separable expressions for the local and equilateral
bispectra are directly substituted into (145). However a slight
modification of (145), described by Hanson et al. in [108]
and Fergusson et al. in [14], allows us to overcome this prob-
lem at no computational cost. Moreover, it was shown by
Fergusson et al. [14] that maps obtained from the eigenmode
expansions (26) and (60) are stable independently of the
shape under study, thus making this map-making generating
algorithm robust and fully general. Examples of DBI NG
maps produced by combining the eigenmode expansion
method with the map-making algorithm described in this
section are shown in Figure 12(b).

4. Large-Scale Structure

In the standard scenario, early perturbations produced
during inflation are responsible for the common origin
of the CMB temperature fluctuations and the large-scale
matter and galaxy distributions in the Universe, that is, the
large-scale structure. The Cosmic Microwave Background
provides a remarkable example of a Gaussian random field
in nature. Information on cosmological parameters is in fact
derived from measurements of its power spectrum, the Cl’s,
while bispectrum measurements from WMAP data remain
consistent with zero. The distribution of matter, as we can
infer today from shear or galaxy observations, unlike the
CMB, can be described as a highly non-Gaussian random
field, even for Gaussian initial conditions.

The matter overdensity δ(x) is defined in terms of the
matter density ρ(x) and its mean value ρ by

δ(x) ≡ ρ(x)− ρ
ρ

, (152)

with zero mean by construction. Such quantity assumes, at
late times, the limiting value δ = −1 in voids, accounting
for a large fraction of the volume of the Universe, while it
achieves values δ � 1 in collapsed objects such as dark-
matter halos. Its probability distribution function is therefore
expected, at low redshift, to depart strongly from a Gaussian
distribution centred at δ = 0, even though it could be
well approximated by it at decoupling, when perturbations
around δ = 0 were of the order of δ ∼ 10−5. Such
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non-Gaussianity is the result of the nonlinear evolution of
structures subject to gravitational instability.

In addition, nonlinearities in the bias relation between
the galaxy and matter distributions constitute a second source
of non-Gaussianity in the large-scale structure mapped out
by redshift surveys. Non-Gaussian initial conditions would
therefore provide a third component in the non-Gaussianity
of the galaxy distribution. The question regarding the
detection of effects due to primordial non-Gaussianity, is
therefore strictly related to our ability to distinguish between
these different contributions and, ultimately, it will depend
on the robustness of our theoretical predictions in the
linear and mildly nonlinear regimes. From this respect,
cosmological Perturbation Theory (PT), and its more recent
developments, is very important for providing the tools
to study the evolution of non-Gaussianities and how to
differentiate their origin.

Considering only the matter distribution, the leading-
order prediction in standard PT for the matter bispectrum at
large scales is given by the sum of a primordial component
and a component due to gravitational instability, which
is present also for Gaussian initial conditions. Until fairly
recently it was assumed that this picture could be easily
extended to the galaxy distribution, with the galaxy bispec-
trum receiving an additional contribution due to nonlinear
bias. Following the historical development of the subject,
in Section 4.1 we will discuss early work on higher-order
moments of the matter and galaxy distribution, starting with
the skewness. We will then consider in Section 4.2 the matter
bispectrum and its description in the Eulerian perturbation
theory, with specific attention given to effects at large scales
due to a primordial component, as well as at small-scale,
nonlinear corrections in presence of non-Gaussian initial
conditions. Here, most of the theoretical results on higher-
order correlation functions are developed. In Section 4.3, we
will deal with the galaxy bispectrum. We will first introduce
the simple model based on local bias and discuss problems
related to bispectrum measurements in redshift surveys with
specific attention given to the detection of primordial non-
Gaussianity. We will see how early results indicated that the
galaxy bispectrum could be used as a tool to constrain non-
Gaussian initial conditions which is, in principle, competitive
with the CMB, illustrating this with actual results from
current datasets. We will then consider the outcome of recent
N-body simulations with non-Gaussian initial conditions
showing that the simple prediction for the galaxy bispectrum
assumed in most of the previous literature on the subject
fails to describe not only the measured halo bispectrum, but
even the halo power spectrum, even at large scales! We now
know that correlators of biased populations such as galaxies
and dark-matter halos receive large corrections, at large
scales, from local primordial non-Gaussianity. These results
opened up new and promising opportunities for detection
in future large-scale structure observations. Although, in our
view, a proper understanding of these effects remains to
be adequately developed at the time of writing, particularly
with respect to higher-order galaxy correlation functions,
we will describe the different descriptions proposed so
far in the literature and the prospects for detection of

primordial non-Gaussianity in measurements of the galaxy
bispectrum.

From a historical perspective, non-Gaussian initial con-
ditions have been studied for quite a long time. For instance,
early works on the clustering of density peaks and rare
objects can be found in the study of Grinstein and Wise in
[122], Lucchin and Matarrese in [123], Matarrese et al. in
[124], while early N-body simulations with non-Gaussian
initial conditions go back to the early eighties [125–129]. In
the early days, a large variety of non-Gaussian models, often
defined in terms of a nonlinear transformation of a Gaussian
field, were considered. In some cases, large non-Gaussian
components were studied because, on one hand, they could
be used to falsify some models and, on the other, as a way to
reconcile contradictory observational results with theoretical
frameworks. In this review, however, we will consider only
models predicting small departures from Gaussian initial
conditions which are consistent with CMB observations.

While we focus in this review on direct bispectrum
measurements, it should be stressed that the effects of
primordial non-Gaussianity on large-scale structure are
not limited to corrections to its higher-order correlation
functions. Aside from the recent results on the galaxy power
spectrum mentioned above, significant departures from
Gaussian initial conditions are expected to have important
effects on the halo mass function and therefore on the
observed cluster number density. See Section 2.1 in the
study of Sefusatti et al. in [130] for a brief overview of
previous work and the studies of Afshordi and Tolley in
[131], Dalal et al. in [132], Desjacques et al. in [133],
Fedeli et al. in [134], Grossi et al. in [135], Lam and Sheth
in [136], Lo Verde et al. in [137], Maggiore and Riotto
in [138], Oguri in [139], Pillepich et al. in [140], and
Valageas in [141], for recent theoretical and N-body results.
In addition, the corresponding effect on the abundance of
voids has been studied by Kamionkowski et al. [142], while
the possibility of constraining primordial non-Gaussianity
from measurements of Minkowski Functionals in large-scale
structure has been explored by Hikage et al. [143, 144].
Further effects on the intergalactic medium and reionization
[145, 146] or on future 21 cm observations [147, 148] have
also been investigated. We refer the reader to other papers in
this issue for a more complete discussion of these alternative
approaches.

Finally, we should warn the reader that this section will
not discuss analytical tools for the estimation of the non-
Gaussian parameters corresponding or comparable to those
described in the previous section for the CMB bispectrum,
with the simple reason been that such tools have not being
developed yet! In the first place, the physics of the CMB is
simpler in the sense that the bispectrum of the temperature
fluctuations at large scales is expected to provide the direct
measurement of the initial bispectrum of the curvature
perturbations, while the large-scale galaxy distribution is
characterized, as mentioned above, by additional sources
of non-Gaussianity for which we do not even have, at the
moment, a proper model. In the second place, the optimal
estimator for the fNL parameter presented in Section 3.5 has
been developed over several years to tackle the data provided
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by the WMAP satellite, which represented, so far, the best test
of the Gaussianity of the initial conditions. The analysis of
the galaxy bispectrum, on the other hand, did not have such
timely and compelling motivations as it was understood,
up until a couple of years ago, that large-scale structure
observations will be able to provide results comparable to the
CMB only in future, large-volume redshift surveys. We hope,
nevertheless, that this review might provide a starting point
for the development of a proper fNL estimator from large-
scale structure bispectrum measurements, possibly taking
advantage of the techniques already introduced in the context
of CMB observations.

4.1. The Skewness. This section serves as a brief historical
overview. Since the first large-scale observations did not
allow an accurate determination of individual bispectrum or
trispectrum configurations, most of the attention in the early
literature focused on the moments of the galaxy distribution,
and, in the first place, on the third- and fourth-order
moments, that is, the skewness and kurtosis, respectively. The
“normalized” moment of order p can be defined in terms of
the smoothed density field δR(x) as

sp,R ≡
〈
δ
p
R(x)

〉
c〈

δ2
R(x)

〉p/2 , (153)

where the subscript “c” indicates the connected correlations.
For Gaussian initial conditions, a perturbative treatment of
the equations of gravitational instability predicts at leading
order [149]

s3,R = 34
7
σR, (154)

with σ2
R = 〈δ2

R〉, computed in linear theory. Notice that we
are neglecting here, for simplicity, additional and relevant
contributions due to the smoothing of the density field
(see [150, 151]). When non-Gaussian initial conditions are
present, one expects an extra contribution to the skewness,
typically with a different relation with σR, whose value
depends on the non-Gaussian model. Comparisons between
the second- and third-order moments, S3,R and σR, (as well
as higher-order moments such as the kurtosis) measured
in redshift surveys have been early recognized as a tool to
test the Gaussianity of primordial perturbations [125, 152–
158]. These works recognized as well the importance of
reliable predictions in the nonlinear regime and of a proper
modeling of the effects of galaxy bias. In this respect, Fry and
Scherrer [154] proposed a more quantitative prediction for
the contribution to the galaxy skewness due to galaxy bias-
based perturbation theory and on the local bias expansion of
Fry and Gaztañaga [159]. They derived, for the skewness of
the galaxy distribution, an expression of the form

s3,R = s
(0)
3,R +

34
7
σR +

6b2

b1
σR, (155)

where we assumed non-Gaussian initial conditions described
by a non-vanishing initial skewness s

(0)
3,R (but vanishing

higher-order moments) and where b1 and b2 represent
constant bias parameters typical of the galaxy population
(which we will discuss explicitly in Section 4.3). This rela-
tively simple expression describes the skewness measured in
galaxy surveys, as the sum of three components corresponding
to three sources of non-Gaussianity for the galaxy distribution:
one primordial, one due to gravitational instability, and the
last due to nonlinear bias. Further studies in perturbation
theory can be found in [160, 161] while an alternative
derivation of the smoothed moments of the density field
based on the spherical collapse model has been studied
in [162]. The skewness predicted by texture models has
been studied in simulations as a function of the smoothing
scale R by Gaztanaga and Mähönen [163] and compared to
measurements of the same quantities in the APM Galaxy
Survey as in the study by Gaztañaga [164]; see Figure 14.
The differences between the s3,R in the non-Gaussian texture
model with respect to the Gaussian case provide a qualitative
example of the typical effects that we expect for non-
Gaussian initial conditions as a function of the smoothing
scale R and redshift. On the other hand, it should be kept
in mind that early works focused on models of primordial
non-Gaussianity characterized by a scaling of higher-order
correlation functions quite different from the one induced
by the fNL parametrization.

The measured skewness, as higher-order moments, cor-
responds to a single number. Despite the possibility to study
its peculiar dependence on the smoothing scale R, it is
nevertheless difficult to separate the different components,
particularly with respect to bias effects. However, this
possibility is offered in principle by direct measurements
of the galaxy bispectrum, relying on its dependence on the
shape of triangular configurations. In the next sections we
will discuss in details first the bispectrum of the matter
distribution then the bispectrum of the galaxy distribution,
a direct observable in redshift surveys.

4.2. The Matter Bispectrum. In this review we will focus on
the predictions for correlation functions in the Fourier space
from the Eulerian Perturbation Theory (PT). This approach
solves perturbatively the equations for the matter density and
velocity field evolution governed by gravitational instability.
These are the continuity equation, the Euler equation, and
the Poisson equation relating the matter density and the
gravitational potential. In the PT framework, the relation
between the results and the initial conditions, given in terms
of the initial correlators of the density field, is particu-
larly transparent. Moreover, recent works have significantly
extended, as we will discuss later, the predicting power of this
specific tool. Different approaches are also available: see, for
instance, the study by Scoccimarro in [165] for a comparison
between bispectrum measurements in N-body simulations
and predictions in the Lagrangian Perturbation Theory. We
refer the reader to the study by Bernardeau et al. in [70] for
a comprehensive review of cosmological perturbation theory
of the large-scale structure.
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Figure 14: (a) Measurements of the skewness of the matter distribution in N-body simulations as a function of the smoothing scale R for
the non-Gaussian texture model (filled symbols) and for Gaussian initial conditions (open circles). The time evolution is parametrized by the
value of σ8, with the non-Gaussian results shown at σ8 = 0.4 (triangles) and σ8 = 1 (squares). Lines show different theoretical predictions.
(b) Measurements of the third-, fourth- and fifth-order moments of the galaxy distribution in the APM Galaxy Survey, compared with the
simulation results with non-Gaussian initial conditions with different bias assumptions, from the study by Gaztanaga and Mähönen in [163]
(see the reference for further details).

4.2.1. Leading-Order Results in Perturbation Theory. As men-
tioned before, we consider specifically models where non-
Gaussian initial conditions are completely given in terms
of the correlators of the curvature perturbations at early
times, and the mechanism responsible for the extra non-
Gaussian properties of the density field is not active during
the subsequent evolution of matter perturbations, governed
only by gravitational instability. In PT, the solution for the
evolved matter density contrast is expressed as a series of
corrections to the linear solution δ(1) [166]:

δk = δ
(1)
k + δ

(2)
k + δ

(3)
k + · · · , (156)

where each term can be written formally as (From now
on, we will adopt a different convention for the Fourier
transform with respect to the one used for the formulae in
previous section. The present convention is more common in
the large-scale structure literature and conforms with the one
adopted in the classical paper by Bernardeau et al. in [70]. )

δ
(n)
k ≡

∫
d3q1 · · ·d3qnFn

(
q1, . . . , qn

)
δ(1)

q1
· · · δ(1)

qn , (157)

with Fn(q1, . . . , qn) representing the symmetrized n-order
kernel in PT. The initial conditions in the Gaussian case are
completely specified by the linear power spectrum P0(k),

with 〈δ(1)
k1
δ

(1)
k2
〉 = δD(k12)P0(k1), where we adopt the notation

ki j ≡ ki + k j . Non-Gaussian initial conditions are described,
in the first place, by a nonzero expression for the three-point

function of the linear solution, that is, 〈δ(1)
k1
δ

(1)
k2
δ

(1)
k3
〉. In turn,

the initial matter correlators, that is, the correlators of the
linear solution δ(1), are given in terms of the correlators of
the curvature perturbations as〈
δk1 · · · δkn

〉 =M(k1, z) · · ·M(kn, z)〈Φk1 · · ·Φkn〉, (158)

where we introduce the function

M(k, z) = 2
3
k2T(k)D(z)

ΩmH
2
0

, (159)

with T(k) being the matter transfer function and D(z) the
growth factor, expressing Poisson’s equation in the Fourier
space as

δk(z) =M(k, z)Φk. (160)

Notice that we denote with Φ the primordial curvature per-
turbations, that is, evaluated during the matter-dominated
era, not their value linearly extrapolated at present time.
(This choice, not unique in the literature, is particularly
convenient since curvature perturbations are constant dur-
ing matter domination. Also, it conforms to the definition
of fNL in terms of Φ assumed in the CMB literature on
observational constraints and specifically in the study by
Komatsu and Spergel in [74]. ) The linear, that is, initial,
power spectrum is given by

P0(k) =M2(k, z)PΦ(k), (161)
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while the initial bispectrum and trispectrum are

B0(k1, k2, k3) =M(k1)M(k2)M(k3)BΦ(k1, k2, k3),

T0(k1, k2, k3, k4)=M(k1)M(k2)M(k3)M(k4)TΦ(k1, k2, k3, k4).
(162)

Notice that, given these simple relations between curvature
and primordial matter correlators, issues such as the prop-
erty of separability discussed in Section 2.2 for the CMB
bispectrum are not present in the case of three-dimensional,
large-scale structure observables.

The nonlinear power spectrum is obtained perturbatively
from the expansion

〈
δk1δk2

〉 = 〈δ(1)
k1
δ

(1)
k2

〉
+
(〈
δ

(1)
k1
δ

(2)
k2

〉
+ perm.

)
+
〈
δ

(2)
k1
δ

(2)
k2

〉
+
(〈
δ

(1)
k1
δ

(3)
k2

〉
+ perm.

)
+ · · · ,

(163)

where the term 〈δ(1)
k1
δ

(1)
k2
〉 corresponds to the linear solution,

P0(k), while the other terms represent, in analogy with
perturbation theory in quantum field theory, one- and
higher-loop corrections as they involve integrations over

internal momenta. In particular, the term 〈δ(1)
k1
δ

(2)
k2
〉 vanishes

for Gaussian initial conditions as it depends on the initial
bispectrum B0 (see [167] for an analysis of nonlinear
corrections to the matter power spectrum due to primordial
non-Gaussianity).

In a similar fashion, nonlinear corrections in (156)
provide a perturbative expansion for the matter bispectrum:〈
δk1δk2δk3

〉
=
〈
δ

(1)
k1
δ

(1)
k2
δ

(1)
k3

〉
+
(〈
δ

(1)
k1
δ

(1)
k2
δ

(2)
k3

〉
+ perm.

)
+
(〈
δ

(1)
k1
δ

(2)
k2
δ

(2)
k3

〉
+ perm.

)
+
(
〈δ(1)

k1
δ

(1)
k2
δ

(3)
k3
〉 + perm.

)
+· · ·.
(164)

In this case, the leading-order contributions are given by the

tree-level terms 〈δ(1)
k1
δ

(1)
k2
δ

(1)
k3
〉 and 〈δ(1)

k1
δ

(1)
k2
δ

(2)
k3
〉, with the first

being the initial component and the second corresponding to
a contribution to the matter bispectrum due to gravity alone,
of the form

Btree
G (k1, k2, k3) = 2F2(k1, k2)P0(k1)P0(k2) + 2 perm. (165)

Notice that this contribution is present even for Gaussian
initial conditions as it depends only on the initial power
spectrum P0 and describes the emergence of non-Gaussianity
due to gravitational instability. The leading-order, tree-level
expression of the matter bispectrum with non-Gaussian
initial conditions is therefore given in terms of the sum

Btree(k1, k2, k3) = B0(k1, k2, k3; z) + Btree
G (k1, k2, k3; z). (166)

This expression corresponds to the first two terms on the
r.h.s. of (155) for the skewness, which can be obtained from
(166) by integration. For instance, the contribution to the

skewness induced by gravity, in the unsmoothed case, is
obtained from Btree

G as

〈
δ3〉 = ∫ d3k1d

3k2B
tree
G (k1, k2, k3)

= 6
∫
d3k1d

3k2P(k1)P(k2)F2(k1, k2),

(167)

and, integrating over the angles,

〈
δ3〉 = 34

7

[
4π
∫
dkk2P(k)

]2

= 34
7

〈
δ2〉2

, (168)

corresponding to the result of (154).
The possibility of distinguishing the primordial compo-

nent B0 from the gravity-induced one BG relies on their
specific and distinct dependence on scale, on the triangular
configuration, shape and on redshift. For a primordial non-
Gaussianity described by a curvature bispectrum obeying the
hierarchical scaling BΦ ∼ P2

Φ, typical of weakly non-Gaussian
models such as the local and equilateral ones, the different
redshift and scale dependence of the two contributions are
evident in their ratio for equilateral triangles (k1 = k2 =
k3 = k), given by (The first equality is in fact identical for
local, equilateral, and orthogonal non-Gaussianity, simply by
definition of the equilateral bispectrum, (53), introduced in
[8] and of the orthogonal bispectrum introduced in [18],

where f
eq.

NL and f
orthog.

NL are precisely the amplitudes that
provide the same value for the curvature bispectrum as the
local model for equilateral configurations. )

B0(k, k, k; z)
Btree
G (k, k, k; z)

= 7
4

fNL

M(k; z)
k→ 0∼ fNL

k2D(z)
. (169)

We therefore expect, for a wide range of non-Gaussian
models, the initial contribution B0 to be larger at large
scales and at high redshift. Figure 15(a) shows the two
contributions and their sum for equilateral configurations
B(k, k, k) as a function of k. Moreover Figure 15(b), 15(c),
and 15(d) show the effect of the primordial component for
different non-Gaussian models, for values of the respective
parameters fNL corresponding to the current 95% C.L. limits
[18, 68] and with the shaded area indicating the allowed
region.

In addition, Btree
G presents a specific dependence on

triangle shapes, determined by gravitational instability and
described by (165) at tree level. The shape dependence of
B0, determined by the specific non-Gaussian model under
consideration, is generically different. Such differences can be
explicitly shown in plots of the reduced bispectrum, defined
as

Q(k1, k2, k3) = B(k1, k2, k3)
P(k1)P(k2) + 2 perm.

, (170)

which removes the redshift and scale dependencies of the
gravity contribution. Figure 16 shows the reduced bispec-
trum Q(k1, k2, k3) at tree-level in perturbation theory, at
z = 1 for k1 = 0.01 hMpc−1, k2 = 1.5k1 as a function of
the angle θ between k1 and k2. In all panels, the continuous
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Figure 15: Effect of the primordial component for different non-Gaussian models on the equilateral configurations of matter bispectrum,
B(k, k, k), at redshift z = 1, as a function of scale, at tree level in PT. In (a) the continuous line shows the initial component B0 (dotted line),
the gravity-induced component, Btree

G (dashed line) and their sum (continuous line). For equilateral configurations the initial component
coincides for the local, equilateral, and orthogonal models while it vanishes in the folded model. In (b), (c), and (d), continuous lines
show the gravity component alone while dashed lines show the tree-level bispectrum including the primordial component for the local (b),
equilateral (c), and orthogonal (d) models assuming the values of fNL corresponding to the 95% C.L. limits as determined by Smith et al.
[68] and Senatore et al. [18] from WMAP observations. The shaded area indicates the currently allowed region.

line represents the gravity-induced term which assumes
larger values for nearly collapsed triangles, that is, for
θ  0 or π. This indicates that the probability of finding
larger values for the matter density in triplets of points
forming a squeezed or folded triangle is larger than that for
nearly equilateral triangles. This prediction is confirmed by
the typical filamentary nature of the large-scale structure,
evident from snapshots of N-body simulations or images
of redshift surveys, since along these filaments it is easier
to form collapsed triangles than equilateral ones. It should
be stressed that the bispectrum is, in fact, the lowest-order

statistic sensitive to the three dimensionality of structures
and that these features are not captured by the information
contained in the power spectrum alone. The effects of the
primordial component on the matter bispectrum are shown
by the dashed lines which correspond, as in Figure 15, to the
2-σ limits from CMB observations, in the case of the local
(a), equilateral (b) and orthogonal (c) models while they
correspond to the values fNL = ±300 in the folded case, for
which no experimental bounds are available. Although the
large scales k1 = 0.01 hMpc−1 and k2 = 0.015 hMpc−1 and
the relatively high redshift z = 1 have been chosen to enhance
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Figure 16: Effect of the primordial component for different non-Gaussian models on the matter reduced bispectrum, as a function of the
triangle shape. The continuous line shows the reduced bispectrum Q(k1, k2, k3) at tree level in PT for Gaussian initial conditions at redshift
z = 1 assuming k1 = 0.01 h Mpc−1, k2 = 1.5 k1 as a function of the angle θ between k1 and k2. Dashed lines show the reduced bispectrum
including the primordial component for the local (a), equilateral (b), orthogonal (c), and folded (d) models. For the local, equilateral, and
orthogonal models we assume the values of fNL corresponding to the 95% C.L. limits as determined by Smith et al. [68] and Senatore et al.
[18] from WMAP observations. The shaded area indicates the currently allowed region. For the folded model, for which no observational
constraints are available, the values fNL = ±300 are considered.

the effect of the non-Gaussian component, these triangles are
not completely out of reach for future, large-volume surveys.
Primordial non-Gaussianity modifies, in very specific ways,
the shape dependence of the matter bispectrum produced by
gravitational instability.

While the dependence of the matter bispectrum on scale
and redshift is responsible for the specific behavior of the
skewness of the matter density field on the smoothing scale R
and redshift, the sensitivity to the triangle shape is completely

lost in analysis of the density higher-order moments. Instead,
accurate measurements of the bispectrum, when achievable,
offer in principle the possibility to disentangle the different
contributions when triangles of different size and shape are
included in the analysis.

The matter bispectrum is not, unfortunately, a direct
observable. While we will discuss later how the statistical
properties of the matter distribution can be inferred from
galaxy redshift surveys, we should mention that the shear
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field in weak lensing surveys is another observable directly
related to the matter distribution. The observational con-
sequences on theweak lensing bispectrum, of a primordial
non-Gaussian component (of the local type) such as the one
in (166), have been explored by Takada and Jain in [168].
The authors find that the primordial component alone (i.e.,
without contamination from the gravitational one) could
be detected if f loc

NL > 150 f 1/2
sky , assuming lmax  500 and

a tomography over four redshift bins for a galaxy number
density of ng = 100 arcmin−2. The large cosmic variance
for low �’s makes difficult the detection of the primordial
component, prominent instead at larger scales. As we will
see in the next section, primordial non-Gaussianity has some
effect on small scales as well, due to the nonlinear evolution
of structures.

4.2.2. Second-Order Corrections. The simple prediction of
(166) for the matter bispectrum is expected to be valid
at the largest observable scales and at high redshift, where
nonlinear evolution is subdominant. Despite the fact that
such conditions correspond as well to the regime where a
detection of the initial component B0 is favored, the effects
of non-Gaussian initial conditions can be significant even
at smaller scales and at low redshift. Since these effects
are the result of nonlinear gravitational evolution and non-
Gaussian initial conditions, it is no longer possible to identify
distinct contributions resulting from distinct sources of non-
Gaussianity, as it is the case for the tree-level expression of
(166). Nevertheless, it is possible to distinguish individual
corrections in PT to the matter bispectrum depending exclu-
sively on the initial power spectrum P0, and therefore present
as well for Gaussian initial conditions, and corrections
depending instead on higher-order initial correlators, such
as the initial bispectrum B0 and trispectrum T0, which can
be interpreted as small-scale effects due to non-Gaussian
initial conditions. One-loop corrections in PT for Gaussian
initial conditions have been studied by Scoccimarro in [169]
and Scoccimarro et al. in [170], while the extension of
these results to non-Gaussian initial conditions is studied by
Sefusatti in [171].

A comparison of these results with measurements of the
matter bispectrum in N-body simulations [133] with non-
Gaussian initial conditions of the local kind can be found
in the study by Sefusatti et al. in [172]. Figure 17 shows
the equilateral configurations of the matter bispectrum
measured in N-body simulations together with predictions
from perturbation theory at tree level (dashed line) and one
loop (continuous line). In particular, Figure 17(a) considers
B(k, k, k) for Gaussian initial conditions while Figure 17(b)
shows the same quantity divided by the tree-level prediction
in PT to highlight the small-scales nonlinear behavior.
Figures 17(c) and 17(d) show, respectively, the ratio and
the difference between the matter bispectrum with an initial
local component corresponding to fNL = 100 and the
Gaussian case. The agreement between one-loop predictions
and the simulations results is quite remarkable, while we
notice that the tree-level prediction fails to accurately
describe the effect of primordial non-Gaussianity already at
relatively large scales.

The significance of these relatively small corrections to
individual configurations is to be considered in relation
to the much larger number of configurations that can be
measured as we include smaller and smaller scales, and
they could lead to a measurable effect when considered in
terms of the cumulative signal-to-noise ratio. On the other
hand, these effects loose in part the shape dependence of the
original initial bispectrum and require an accurate model
(perhaps beyond standard perturbation theory) and strong
priors on the underlying cosmological parameters to be
distinguished from the nonlinear, “Gaussian” component. A
step in the direction of improved predictions is offered by the
promising results of the Renormalized Perturbation Theory
[173–175] and of the Renormalization Group approach [176,
177]. The extension of the latter to the case of non-Gaussian
initial conditions has been recently considered by Bartolo et
al. in [178], which studies specific predictions for the matter
power spectrum and bispectrum.

4.3. The Galaxy Bispectrum. From the discussion above,
we could expect that future, large-volume and high-redshift
galaxy surveys will be able to directly detect a possible,
large primordial component to the matter bispectrum by
measurements of the galaxy bispectrum, or at least provide
constraints on the non-Gaussian parameters comparable to
the constraints from measurements of the CMB bispectrum.
Such an expectation is motivated by the simple observation
that the number of Fourier modes available in a three-
dimensional, ideal, all-sky galaxy survey is in principle
much larger than the number of modes available in two-
dimensional CMB maps.

The galaxy distribution is, however, a less direct probe of
the early Universe than the CMB temperature fluctuations.
On top of the nonlinear evolution of structures and its
contribution to higher-order correlation functions, one has
to take into account the nonlinear nature of galaxy bias, being
itself responsible for additional non-Gaussianity. An analysis
of the galaxy bispectrum should therefore be able to detect
a small primordial component by separating it from these
primary contributions.

In this respect, an even more complex picture, due to
additional and somehow unexpected effects of primordial
non-Gaussianity on galaxy bias, has been emerging in the
last couple of years, following the results of Dalal et al. [132].
N-body simulations have shown, in fact, that nonlinear bias
and an initial bispectrum are not two distinct sources of
non-Gaussianity for the galaxy bispectrum, not even at large
scales! Instead a local initial component can significantly
affect the bias relation precisely at large scales, adding extra
corrections. In the spirit of a review and since we do not
have, at the time of writing, a satisfactory model of the galaxy
bispectrum in presence of non-Gaussian initial conditions,
in this section we will summarize earlier results, while
in Section 4.3.5 we will present the recent developments
that radically changed our understanding of the effects
of local non-Gaussianity on the large-scale structure and
finally comment, in Section 4.3.6, on some consequences for
galaxy bispectrum measurements as far as current research
provides.
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Figure 17: (a), (b) Equilateral configurations of the matter bispectrum measured in N-body simulations with Gaussian initial conditions
(data points) and tree-level (dashed lines) and one-loop (continuous lines) predictions in perturbation theory. (b) shows the ratio to the
tree-level prediction with acoustic oscillations removed. (c), (d) Ratio (c) and difference (d) between the matter bispectrum measured in
realizations with local non-Gaussian initial conditions ( fNL = 100) and the Gaussian case, compared with PT predictions, from [172].

4.3.1. The Galaxy Bispectrum and Local Bias. Until recently,
it was commonly assumed, even for non-Gaussian initial
conditions, that the galaxy overdensity δg(x), defined in terms
of the galaxy density ng(x) and its mean ng as

δg(x) ≡ ng(x)− ng
ng

, (171)

can be expressed, at large-scales, as a local function of the
matter density contrast, δ(x), (Properly speaking we should

consider here the smoothed matter density contrast, that is,
δR(x) = ∫

d3x′WR(x − x′)δ(x′) with WR being a top-hat
filter function. For simplicity, we implicitly assume a smooth
density field, so that, for large enough filtering scale, for
example, R ∼ 10 h−1Mpc, matter perturbations are small,
δ � 1.) that is,

δg(x) = f [δ(x)]. (172)

Such a reasonable expectation is based on the fact that the
physics of galaxy formation operates on much smaller scales,
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below the typical halo size than those we are interested in.
At large scales, where fluctuations are small, δR � 1, we can
consider the Taylor expansion [159]

δg(x) = b1δ(x) +
1
2
b2δ

2(x) +
1
3!
b3δ

3(x) + · · · , (173)

describing the bias relation between galaxy and matter in
terms of a series of constant bias parameters, bi. This expan-
sion allows for a consistent extension of the perturbative
expressions for the matter correlators to the galaxy ones.
In fact, from (173) we can derive the galaxy three-point
function in position space

〈
δg(x1)δg(x2)δg(x3)

〉
= b3

1 〈δ(x1)δ(x2)δ(x3)〉
+ b2

1b2
〈
δ(x1)δ(x2)δ2(x3)

〉
+ perm. + · · · ,

(174)

and the tree-level expression for the galaxy bispectrum given
by

Bg(k1, k2, k3)

= b3
1B

tree(k1, k2, k3) + b2
1b2
[
P0(k1)P0(k2) + 2 perm.

]
,

(175)

where the second term on the r.h.s., proportional to the
quadratic bias parameter b2, is of the same order of the
gravity-induced contribution to the matter bispectrum Btree

G ,
(165). Relying on this simple result, measurements of the
galaxy bispectrum have been considered in the first place, in
the context of Gaussian initial conditions, as a way to deter-
mine the bias parameters and break the degeneracy between
linear bias (b1) and the amplitude of matter fluctuations
(e.g., σ8), otherwise affecting power spectrum measurements
[165, 179–185]. In this respect, the corresponding reduced
galaxy bispectrum is

Qg(k1, k2, k3) ≡ Bg(k1, k2, k3)

Pg(k1)Pg(k2) + 2 perm.

= 1
b1
Q(k1, k2, k3) +

b2

b2
1

,

(176)

where Q is the reduced matter bispectrum (including a
possible initial contribution) and the effect of nonlinear bias
is simply given by an additive constant term. As already
mentioned, measurements of triangular configurations dif-
ferent in shape and size allow to disentangle the different
sources of non-Gaussianity and determine independently b1

and b2, provided that accurate predictions for the matter
bispectrum, from PT or N-body simulations, are available
[186, 187] and the effects of redshift distortions and the
survey geometry are properly taken into account [165, 188].

In particular, if we allow the possibility of non-Gaussian
initial conditions, then the matter bispectrum includes an
initial contribution, so that we can rewrite (176) at tree level

explicitly as

Qtree
g = 1

b1

[
QI

(
fNL
)

+Qtree
G

]
+
b2

b2
1

, (177)

and we can extend the analysis to obtain simultaneous
constraints on the bias parameters and on the parameter
determining the amplitude of the primordial bispectrum,
that is, fNL. A first conservative estimate of the possibilities
offered by this method in measurements of the galaxy
bispectrum in the 2dF Galaxy Redshift Survey [189] and in
the Sloan Digital Sky Survey (SDSS), [190] is given by Verde
et al. in [191] as a simple extension of previous results for
the bias alone [181] suggesting that a primordial component
could be detected for values of a local fNL of the order of
103-104. As we will see in the next sections, a complete
analysis of the galaxy bispectrum, including all measurable
configurations, can improve this estimate by more than an
order of magnitude: Scoccimarro et al. [192] forecast in fact
for the SDSS limits of the order of fNL  100.

Among the various observational issues in analyses of
galaxy correlators, for example, finite volume effects or
completeness of the galaxy samples, we stress that partic-
ularly relevance has the problem of redshift distortions.
Redshift distortions have in fact a significant impact on the
shape dependence of the galaxy bispectrum, particularly at
small scales [165, 183, 193]. A recent treatment of redshift
distortions in bispectrum predictions (with Gaussian initial
conditions) can be found in the study by Smith et al. in [188].

4.3.2. A Bispectrum Estimator. In this section, we define
a simple estimator for the measurement of the galaxy
bispectrum in N-body simulations as well as actual data.
This allows us to derive an expression for the bispectrum
variance and define a Fisher matrix for an analysis of
the galaxy bispectrum in terms of the non-Gaussian (and
bias) parameters. In the next section we will consider a
proper likelihood analysis and the effects of the bispectrum
covariance. Since what follows can be applied in general
to bispectrum measurements, we will consider, to simplify
the notation, the case of the matter density field in Fourier
space, described by the density contrast δk. We will point
out relevant differences in the application to the galaxy
distribution.

For a cubic box of volume V , a bispectrum estimator can
be defined as [170]

B̂(k1, k2, k3)

≡ Vf

VB(k1, k2, k3)

∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3δD
(

q123
)
δq1δq2δq3 ,

(178)

where Vf ≡ k3
f = (2π)3/V is the volume of the fundamental

cell and where each integration is defined over the bin
qi ∈ [ki − Δk/2, ki + Δk/2] centered at ki and of size Δk
equal to a multiple of the fundamental frequency k f . The
Dirac delta function δD(q123) ensures that the wavenumbers
q1, q2, and q3 indeed form a closed triangle, as imposed
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by translational invariance, while the normalization factor
VB(k1, k2, k3), given by

VB(k1, k2, k3)

≡
∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3 δD
(

q123
)  8π2k1k2k3Δk

3,

(179)

represents the number of fundamental triangular configura-
tions (given by the triplet q1, q2, and q3) that belong to the
triangular configuration bin defined by the triangle sizes k1,
k2, and k3 with uncertainty Δk.

The leading contribution to the bispectrum variance
following from this estimator, in analogy with the power
spectrum case [194], is given by Scoccimarro et al. in [170]
as (This expression (see [192]) corrects a typo in equation
(A.16) of Scoccimarro et al. in [170]. )

ΔB2(k1, k2, k3) = Vf
s123

VB(k1, k2, k3)
Ptot(k1)Ptot(k2)Ptot(k3),

(180)

with the factor s123 = 6, 2, 1, respectively, for equilateral,
isosceles, and general triangles and where

Ptot(k) ≡ P(k) +
1

(2π)3
1
n

, (181)

with the particle (or galaxy) number density n accounting for
the shot noise contribution. In the case of a galaxy distribu-
tion, the matter power spectrum P(k) on the r.h.s. should be
replaced with the galaxy power spectrum, expressed, at large
scales, by Pg(k) = b2

1P(k), under the local bias assumption of
(173). Equation (180) constitutes the Gaussian limit to the
bispectrum variance, as it neglects higher-order corrections
dependent on the three-, four-, and six-point, connected,
correlation functions.

We will not discuss here the theory of the Fourier-space
correlation functions estimation in redshift surveys as this
would take us quite far away from our topic. For the power
spectrum estimation we refer the reader to [195, 196] for a
pedagogical and historical introduction to a rather extensive
literature. It should be noted that only a limited fraction
of these results relative to the power spectrum has been
extended to the bispectrum [165, 181]. No optimal estimator
for fNL, given a specific model, has been studied so far.

4.3.3. The Fisher Matrix Forecasts. In this section we consider
simple forecasts for the constraints on the non-Gaussian
parameters from measurements of the galaxy bispectrum
in future redshift surveys. Specifically, we will consider a
Fisher matrix for reduced galaxy bispectrum Qg in terms
of the non-Gaussian parameter fNL and the linear and
quadratic bias parameters b1 and b2. These three parameters
characterize the relative weight of the different non-Gaussian
contributions to the galaxy bispectrum. Since the possibility
to detect a primordial component relies on our ability to
separate the three contributions, a robust result should,
at least, involve a marginalization over bias. On the other

hand, we will assume all cosmological parameters as known.
This is in part justified by the weak dependence of the
matter-reduced bispectrum on cosmology discussed in the
previous section. In this respect, it can be shown that the
reduced bispectrum has the same signal-to-noise ratio as the
bispectrum. For given triangular configurations, in fact,(

S

N

)
(k1,k2,k3)

≡ Qg(k1, k2, k3)

ΔQg(k1, k2, k3)
 Bg(k1, k2, k3)

ΔBg(k1, k2, k3)
, (182)

since the variance ofQ is dominated by the variance of B (see,
for instance, [192]).

The Fisher matrix can be written as

Fαβ ≡
∑

triangles

∂Qg

∂pα

∂Qg

∂pβ

1
ΔQ2

g

, (183)

where the indices α and β run over the parameters of interest
fNL, b1, and b2, while the reduced bispectrum variance, as
mentioned above, can be expressed in first approximation as

ΔQ2
g(k1, k2, k3)  ΔB2

g (k1, k2, k3)[
Pg(k1)Pg(k2) + 2 perm.

]2 , (184)

with ΔB2
g given by (180). Notice that ΔQ2

g depends on
the linear bias parameter b1. The sum over the triangles
configurations can be explicitly defined in terms of three
sums over the wavenumbers k1, k2, and k3 in steps of Δk:

∑
triangles

≡
kmax∑

k1=kmin

k1∑
k2=kmin

k2∑
k3=k∗min

, (185)

with k∗min = max(kmin, |k1−k2|) to ensure that a close triangle
can be formed and with kmax representing the minimal
physical scale included in the analysis. Clearly, larger values
of kmax correspond to a much larger number of available
configurations. For this reason, in fact, the cumulative signal-
to-noise ratio for the bispectrum, that is, the sum of the
signal-to-noise ratio over all measurable configurations,
grows more rapidly with kmax than it does for the power
spectrum. On the other hand, we expect the primordial
component to decrease significantly at small scales (high-k).
In practice, however, kmax can be defined as the smallest scale
at which we can trust our model for the galaxy bispectrum,
in our case, the tree-level expression in (177).

In Figure 18, the forecasted errors on bias parameters
and non-Gaussian parameters as a function of kmax for an
ideal geometry galaxy survey of volume V = 10 h−3 Gpc3

and a galaxy number density of ng = 5 × 10−3 h3 Mpc−3 at
redshift z = 1 (dashed, red lines) and z = 3 (continuous,
blue lines) are shown. The negligible difference between
the results for the non-Gaussian parameters at different
redshift is a consequence of the fact that the signal-to-noise
ratio of the primordial component to the matter and galaxy
bispectrum for a single triangular configuration, B0/ΔB,
is, in our approximation, constant, both as a function of
redshift and scale. This is not the case for the contributions
due to gravitational instability and bias. It is clear that
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Figure 18: (a), (b) Predicted errors on galaxy bias parameters b1 (a) and b2 (b) as a function of the maximum wavenumber kmax considered
for the sum defining the Fisher matrix, (185). The analysis corresponds to an ideal geometry survey of volume V = 10 h−3 Gpc3 and a galaxy
number density of ng = 5× 10−3 h3 Mpc−3. Dashed (red) lines assume a mean redshift of z = 1, while continuous (blue) lines assume z = 3.
Both assume that Gaussian initial conditions; that is, fNL = 0. The vertical lines correspond to the value of kmax determined as the inverse of
the distance scale R defined by the condition σ(R, z) = 0.5. (c), (d) Predicted errors on the non-Gaussian parameters f loc

NL (c) and f
eq.

NL (d),
marginalized over the bias parameters, as a function of kmax. The effect of shot noise is evident only at very high values of kmax, while for
realistic surveys one can expect a more significant effect at lower k. The relatively high value ng = 5 × 10−3 h3 Mpc−3 has been chosen here
just for illustrative purposes, from the study by Sefusatti and Komatsu in [197].

the choice of kmax significantly affects the final result. For
instance, Sefusatti and Komatsu [197] define kmax, for a given
survey, as the inverse of the scale R given by the condition
σ(R, z) = 0.5 to ensure that the tree-level predictions is

applied within the mildly nonlinear range. Notice that the
choice of kmax depends on redshift, since at larger redshift
we can expect a larger range of validity of perturbation
theory predictions, both for matter and galaxy bispectrums.
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The dependence on the survey volume is simply given by
∼ 1/

√
V .

Scoccimarro et al. [192], from a Fisher matrix analysis
as the one described above, have shown that the 2dF and
SDSS surveys should be able to probe values of f loc

NL � 100,
assuming that kmax = 0.3 h Mpc−1. They suggested as well
that an all-sky survey with a galaxy number density of ng ∼
3 × 10−3 h3 Mpc−3 up to redshift z ∼ 1 can probe values of
f loc
NL of order unity.

Sefusatti and Komatsu [197] provided more specific
predictions for a choice of planned and proposed high-
redshift galaxy surveys, based on a similar Fisher approach,
for the errors on non-Gaussian parameters both for the
local and equilateral models. It is found that, for equilateral
non-Gaussianity, the degeneracy between the non-Gaussian
parameter f

eq.
NL and the bias parameters is severe. This is

due to the fact that the specific shape dependence of the
initial contribution, being somehow complementary to the
shape dependence of the bispectrum induced by gravity
which is low for nearly equilateral triangles, reduces to a
certain extent the overall shape dependence of the total
matter bispectrum. In this case, it is then more difficult to
distinguish the total matter bispectrum from the component
due to nonlinear bias, which at tree-level approximation
is a simple constant in the expression for the reduced
bispectrum Q, (177). On the other hand, such degeneracy
extends to unphysical regions of the b1-b2 plane and it
can be significantly reduced by introducing a correlation
between linear and quadratic biases as the one predicted
by the halo model. The marginalization over bias can be
then replaced by a marginalization over the parameters
of the Halo Occupation Distribution describing the galaxy
population. Sefusatti and Komatsu [197] find that future
large-volume surveys (V ∼ 100 h−3 Gpc3 at z ∼ 1, 2),
designed to accurately measure acoustic oscillations in the
galaxy correlation function and thus map the late-time
expansion of the Universe, should be able to probe f loc

NL ∼ 4
and f

eq.
NL ∼ 20, that is, values comparable to those expected

from future CMB missions. At that time they constituted
the best forecasts for constraints on fNL from large-scale
structure measurements. These results implied, in particular,
that, if Planck will indeed detect primordial non-Gaussianity,
a confirmation by large-scale structure observations will be
required to firmly establish such an important discovery.

4.3.4. Effects of Covariance and Current Results. The simple
Fisher matrix analysis described in the previous section
makes several approximations, starting with the assumption
of an ideal geometry for the survey under consideration, and
the Gaussian variance for the galaxy bispectrum configura-
tions. In fact we can expect a proper treatment of the survey
selection function and of the bispectrum covariance to have
a significant impact on the estimation of the non-Gaussian
(and bias) parameters. Triangular bispectrum configurations
at the largest scales probed by a realistic redshift survey
(where the initial component should provide the largest
corrections) are indeed highly correlated, because of the
limited number of measurable Fourier modes.

The issue of bispectrum covariance has been studied in
[165, 184, 185, 192]. For instance, Scoccimarro et al. [192]
compare the Fisher matrix results for an ideal survey with
a volume and galaxy number density similar to those of
the main sample of the SDSS, with the predictions resulting
from a likelihood analysis of the same survey, including the
effects of survey geometry and covariance. Such analysis
involves all measurable triangular configurations defined
by wavenumbers k1, k2, k3 ≤ 0.3 h Mpc−1, with Δk =
0.015 h Mpc−1, resulting in a total number of triangle bins,
NT = 1015. The estimation of the corresponding, 1015 ×
1015, bispectrum covariance matrix clearly represents a chal-
lenging computational problem as it cannot be determined
from a relatively small number of N-body simulations.
This work uses instead a code [165] implementing particle
displacements as predicted by second-order Lagrangian per-
turbation theory (2LPT, see, for instance, [70] and references
therein) to produce 6, 000 realizations of the density field.
Such a large number of realizations are in fact necessary
for an accurate determination of the covariance matrix. In
addition, the 2LPT results, including particle velocities, allow
for an exact redshift mapping. Each mock catalog, in redshift
space, is then weighted according to the Feldman-Kaiser-
Peacock (FKP) procedure [165, 181, 194] to take into account
the SDSS selection function. The same covariance matrix is
compared to analytic expressions in the study by Sefusatti et
al. in [184].

Given a proper estimate of the covariance matrix, a
likelihood function for the reduced bispectrum Qn can be
defined in terms of the normalized bispectrum eigenmodes
q̂n that diagonalize it [165]. These can be expressed as

q̂n =
NT∑
m=1

γmn
Qm −Qm

ΔQm
, (186)

where Qm ≡ 〈Qm〉, ΔQ2
m ≡ 〈(Qm − Qm)2〉 and their signal-

to-noise ratio is given by

(
S

N

)
n
= 1
λn

∣∣∣∣∣∣
NT∑
m=1

γmn
Qm

ΔQm

∣∣∣∣∣∣, (187)

where λn represents the eigenvalue for q̂n, with 〈q̂n q̂m〉 =
λ2
n δnm. The eigenmodes presenting the largest signal-to-

noise ratio can be easily interpreted by considering how
they weight different bispectrum configurations. In fact, the
largest signal-to-noise ratio corresponds to an eigenmode
defined by a nearly equal weighting of all triangles, and
it therefore represents the overall bispectrum amplitude.
The next eigenmode weights instead with opposite sign
triangles close to the equilateral shape and nearly collinear
triangle. Each eigenmode represents in fact a fraction of
the information contained in the bispectrum configurations,
and a crucial role in this respect is played by the shape and
scale dependence. To illustrate this point, Figure 19 (from
[192]) shows the 95% C.L. limits on f loc

NL from the likelihood
analysis of the IRAS PSCz catalog [198] as a function of the
number of eigenmodes included.

Although the diagonalization of the covariance matrix
does not ensure the exact independence of the eigenmodes,
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Figure 19: 95% confidence limits on fNL from the PSCz galaxy bis-
pectrum after marginalization over bias parameters, as a function of
the number of eigenmodes included in the likelihood analysis, from
the study by Scoccimarro et al. in [192].

which can still present non-vanishing higher-order cor-
relations, it has been shown that this is nevertheless a
reasonable assumption in practice [165]. This allows us
to write a likelihood function for the non-Gaussian and
bias parameters, denoted generically as pα, in terms of the
product of the probability distribution functions Pn(x) for
each individual eigenmode; that is,

L
({
pα
})∝ NT∏

n=1

Pn
[
q̂n
({
pα
})]

. (188)

The probability distributions Pn(x), which can be deter-
mined from the mock catalogs, are not expected in general
to be Gaussian, although this can be in fact a good first-order
approximation in the case of the SDSS main sample [192].

A direct implementation of this kind of analysis, taking
into account all measurable bispectrum configurations and
their covariance, has been performed by Scoccimarro et al.
[199] for different IRAS catalogs [114, 200, 201] and by
Feldman et al. [202] for the IRAS PSCz catalog Saunders et al.
[198] considering that the case of the χ2 model of primordial
non-Gaussianity [192, 203] derives the limit | f loc

NL | < 1800 at
95% C.L. for the bispectrum measured in the PSCz catalog.

Along these lines, Scoccimarro et al. [192] also studied
the constraints on f loc

NL for local non-Gaussianity that could
be obtained from measurements of the galaxy bispectrum in
the SDSS main sample, including the effects of the survey
geometry and bispectrum covariance, forecasting the 1-σ
error Δ f loc

NL  150, after marginalization over the bias
parameters. This work compared this more realistic estimate
of the predicted errors on f loc

NL from the likelihood analysis
of the SDSS bispectrum to the Fisher matrix forecast for
an ideal geometry of nearly the same volume and galaxy

density finding a worsening of a factor of 4-5. They point
out, however, that the realistic errors, which are an estimate
from the north part of SDSS alone, should be taken as a
an upper bound to the results actually achievable because
of the FKP weighting scheme, not optimal at the largest
scales where the primordial component is the largest and
because of the fact that extra signal can be found as well in
open configurations, not considered there, due to the broken
translation invariance. We might add, based on the results
of Section 4.2.2, that nonlinear corrections present for non-
Gaussian initial conditions might increase the overall signal
due to a nonzero fNL, particularly on small scales where a
large number of triangular configurations can be measured.

At this point we should remind the reader that all of
the results discussed so far on the galaxy bispectrum and
its significance for constraining primordial non-Gaussianity
assume the expression (177) to be a reliable prediction.
As we will see in the remainder of this section, this is
not the case, as additional effects of non-Gaussian initial
conditions have to be taken into account. Nevertheless, the
primordial component, whose direct detection has been the
main target of the earlier works discussed above, is still
expected to provide a contribution to the galaxy bispectrum,
and there are good reasons to believe that these results
can be still interpreted as a “conservative estimate” of the
possibilities offered by bispectrum measurements in the
large-scale structure to test the Gaussianity of the initial
conditions.

4.3.5. Primordial Non-Gaussianity and Nonlocal Galaxy Bias.
The constraints and forecasts discussed so far in this
section are based on the tree-level expression for the galaxy
bispectrum, (177), derived under the assumption of local
bias, (173). As anticipated, our understanding of galaxy bias
in presence of primordial non-Gaussianity radically changed
in the last two years, after Dalal et al. [132] presented
measurements of the halo power spectrum in simulations
with non-Gaussian initial conditions of the local kind
showing the presence of large corrections at large scales, not
captured by the local bias prescription! Figure 20 shows the
matter-halo cross-power spectrum for different values of fNL

from these simulations, where the unexpected effect of non-
Gaussianity at large scales is evident.

Local bias, (173), in fact, implies a leading contribution
to the galaxy (or halo) power spectrum of the simple form

Pg(k) = b2
1P0(k), (189)

with no dependence on fNL, while the simulations results of
Dalal et al. [132], later confirmed by Desjacques et al. [133],
Grossi et al. [135], and Pillepich et al. [140], are consistent
with a scale-dependent correction to the linear bias of the
form

Pg(k) = [b1 + Δb1(k)]2P0(k), (190)

with

Δb1(k) = 3 fNL(b1 − 1)δc
ΩmH

2
0

k2T(k)D(z)
, (191)
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Figure 20: Matter-halo cross-power spectrum measured in simula-
tions with local non-Gaussian initial conditions for different values
of fNL, from the study by Dalal et al. in [132].

where δc  1.68 is the linear critical density for spherical
collapse, extrapolated at z = 0. Such correction therefore
increases with the scale, with redshift via the growth factor
D(z) and with the non-Gaussian parameter fNL, and vanishes
for unbiased populations (b1 = 1).

A theoretical interpretation, based on the peak-
background split [204], has been assumed by Afshordi and
Tolley [131], Dalal et al. [132], Giannantonio and Porciani
[205], Slosar et al. [206], and, with a somehow different
derivation, by McDonald [207]. According to these works,
the local relation between the galaxy density and the matter
density in (173) is modified, in presence of local primordial
non-Gaussianity, to include an explicit dependence on the
primordial curvature perturbation, Φ; that is,

δg(x)

= b1δ(x)+c1
(
fNL
)
Φ(x)+

1
2
b2δ

2(x)+c2
(
fNL
)
δ(x)Φ(x)+· · · ,

(192)

where the factors c1 and c2 are proportional to fNL and
depend, in turn, on the linear and quadratic bias parameters
b1 and b2. See the study by Giannantonio and Porciani
in [205] for a detailed derivation of this expression in
the context of the peak-background split. The galaxy two-
point function will be given by the following perturbative
expansion:〈
δg(x1)δg(x2)

〉
= b2

1〈δ(x1)δ(x2)〉 + b1c1
(
fNL
)〈δ(x1)Φ(x2)〉 + perm. · · · ,

(193)

where the second term can be rewritten as the scale
dependence of the linear bias parameter of (191), with

the 1/k2 behavior resulting from the relation between δk

and Φk given by M(k) ∼ k2. Giannantonio and Porciani
[205] describe, in fact, the galaxy distribution as multivariate
distribution, although the matter density δ and the curvature
Φ are not two independent random fields, but they are
related by the Poisson, (160). It should be noted that no
derivation of a similar effect (in the context of the peak-
background split) due to a different kind of primordial non-
Gaussianity (if feasible) has been, so far, proposed. The
derivations presented in the works cited above, in fact, all rely
on the relatively simple expression defining the local model
(6) while their generalization to a model defined by a generic
initial bispectrum is a quite challenging problem.

Following the results of Dalal et al. [132], moreover, an
apparently different explanation, resulting in fact in a very
similar but distinct effect on the galaxy power spectrum,
has been proposed by Matarrese and Verde [208] and
Taruya et al. [167]. Taruya et al. [167], starting from the
local bias prescription of (173), point out that the next-to-
leading-order correction to the galaxy two-point function
in presence of local primordial non-Gaussianity represents,
in fact, a large correction, identical up to a constant factor,
in the large-scale limit, to the bias correction of (191). The
perturbative expression for the galaxy power spectrum is
given by

Pg(k)  b2
1P(k) + b1b2

∫
d3qB

(
k, q,

∣∣k− q
∣∣), (194)

where the second term, proportional to the quadratic bias
parameter b2 and dependent on the matter bispectrum
B, corresponds to the lowest order, one-loop correction.
Remarkably, for local non-Gaussianity, in the limit k → 0,
such correction presents the same scale and redshift depen-
dence, and, for massive halos or highly biased populations
(b1 � 1), even the same amplitude, as the one resulting
from (191). The expression, however, can be applied to any
model of primordial non-Gaussianity, given the appropriate
initial matter bispectrum (see, for instance, [209]). In the
case of equilateral non-Gaussianity, the correction is almost
negligible, while local non-Gaussianity appears to be a
limiting case leading to a particularly significant effect. The
same correction has been considered already by Scoccimarro
[203] in the context of χ2 initial conditions, where it leads
to a redefinition of the bias parameters, with no additional
scale-dependence.

Matarrese and Verde [208] presents a different derivation
of an expression similar to the one of (194), based on earlier
works on the density peak correlation function [122, 124]. In
this case, a specific prediction for the bias parameters, valid
however only in the high density threshold limit, is included.
It is interesting to notice that the possibility of large-scale
effects on the correlations of biased distributions has been
explicitly pointed-out by Grinstein and Wise [122], although
without further study.

The two distinct corrections to the galaxy power spec-
trum, one corresponding to the modified bias relation of
(192), the other to the perturbative correction due to non-
linear bias of (194), have been studied in a comprehensive
framework recently by Giannantonio and Porciani [205],
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where the authors suggest that the effect measured in N-body
simulations is mainly due to the multivariate nature of the
galaxy distribution with local primordial non-Gaussianity,
rather than the effect of nonlinear bias (194). In addition,
Desjacques et al. [133] pointed-out that even the galaxy bias
parameters bi, related in the framework of the halo model to
the halo bias parameters bh,i(M) for halo populations of mass
M, present a dependence of fNL due to the effects of non-
Gaussianity on the halo mass function. The picture that has
been emerging in the last years is therefore quite complex and
it should be stressed that a wide consensus in the community
on a well defined model, even for the galaxy power spectrum,
is still lacking. For instance, a discrepancy of the order of
a 10% between predictions and simulations results, did not
find yet a unique interpretation (see discussions in [133, 135,
138, 140, 205]).

This rather surprising effect of local non-Gaussianity
on the bias relation leads, remarkably, to the possibility
of placing limits on f loc

NL from current large-scale structure
observations, already comparable to limits from the CMB!
[131, 206]. Specifically, Slosar et al. [206] derived from
measurements of the cross-correlation of several large-scale
structure datasets and the CMB [210] the 2-σ constraints

−29 < f loc
NL < 70, (195)

leading to a marginal improvement of the WMAP results.
Encouraging predictions for the constraints that can be
derived in future spectroscopic as well as photometric
redshift surveys can be found in the study of Carbone et al. in
[211]. A fair comparison between these forecasts and those
derived for the galaxy bispectrum in the study of Sefusatti
and Komatsu in [197] is clearly not possible as the latter do
not include the effect on the bias relation discussed above.
Two observations, however, are in order. In the first place,
these effects on the galaxy power spectrum are specific of the
local model of non-Gaussianity, while the galaxy bispectrum
is in principle sensitive to any initial component B0. In the
second place, robust results can be obtained from galaxy
power spectrum measurements at large scales in photometric
surveys. The degradation of the information that can be
extracted from bispectrum measurements in photometric
surveys with respect to spectroscopic ones is still to be
properly studied. The impact of photometric errors on the
accurate determination of the bispectrum dependence on the
triangle shape can in fact be significant.

4.3.6. The Galaxy Bispectrum after the Paper of Dalal et
al. in [132]. First steps in the direction of an extension
of the results discussed above to the galaxy bispectrum
have been taken by Jeong and Komatsu [212] and Sefusatti
[171]. Specifically, Jeong and Komatsu [212] considered an
expression for the high-peak three-point function derived by
Matarrese et al. in [124], analogous to the one for the two-
point function studied by Matarrese and Verde in [208], and
applied it to the case of local non-Gaussianity. Sefusatti [171]
considered instead the perturbative approach of Taruya et al.
[167] based on the local bias expansion of (173), and applied
it to local and equilateral non-Gaussianity.

These works show that the galaxy bispectrum is expected
to be sensitive to both the initial matter bispectrum B0 as
well as to the initial matter trispectrum T0, by means of a
contribution analogous to (194) and given by

Bg  b3
1B(k1, k2, k3) +

b2
1b2

2

∫
d3qT

(
k1, k2, q,

∣∣k3 − q
∣∣),
(196)

which represents a large correction at large scales, with
an asymptotic behavior characterized by an extra 1/k2

factor with respect to the primordial matter bispectrum
component, B0, and a dependence on f 2

NL. In addition,
Sefusatti [171] points out that, unlike the power spectrum,
large-scale corrections due to nonlinear bias are present as
well for equilateral non-Gaussianity (and virtually for any
nonpathological form of the primordial bispectrum and
trispectrum). Figure 21 shows the one-loop corrections to
the galaxy bispectrum due to nonlinear bias and primor-
dial non-Gaussianity under the assumption of local bias
[171]. Figure 21(a) assumes local non-Gaussianity includ-
ing a nonzero initial bispectrum and trispectrum, while
Figure 21(b) assumes a nonzero initial bispectrum of the
equilateral type. Thin lines correspond to Gaussian initial
conditions. The black continuous line represents the matter
bispectrum and therefore the first term on the r.h.s. of
(196), while the blue dashed lines correspond to the second
term. Notice that, at next-to-leading order in PT, the matter
bispectrum B depends on the initial trispectrum T0 as well
as the initial bispectrum B0, so that an effect is present also
for equilateral non-Gaussianity where the figure assumes that
T0 = 0.

It should be noted, however, that these results ignore,
at least for local non-Gaussianity, the modified bias relation
of (192) (see, in this respect, some comments in [205])
and do not provide reliable predictions for the constant bias
parameters. Furthermore, they have not been properly tested
against measurements of the halo bispectrum in numerical
simulations. The only work, at the time of writing, in this
direction is that of Nishimichi et al. [213] which shows,
however, that the dependence of the halo bispectrum on fNL

is roughly consistent with the functional form resulting from
the prediction of (196). The authors attempt as well, using
a simple fit to their measurements, a preliminary forecast
analysis for a future large-volume (100 h−3 Gpc3), high-
redshift survey, finding a detectable value of fNL  20, using
a very limited number of configurations. Figure 22 from the
paper by Nishimichi et al. [213] shows measurements of a
set of triangular configurations of the halo bispectrum in
simulations with local non-Gaussian initial conditions, as
a function of the non-Gaussian parameter fNL, where the
dependence of the halo bispectrum on f 2

NL is evident.
A simple but reasonable expectation would be that the

inclusion of the effects of primordial non-Gaussianity on
galaxy bias will improve the results of Sefusatti and Komatsu
[197], which are based on the detectability of the primordial
component alone. Our understanding of these phenomena
is, however, evolving rapidly in these days, and these notes on
recent developments are likely to become outdated relatively
soon.
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Figure 21: Large-scale contributions to the galaxy bispectrum due to primordial non-Gaussianity of the local (a) and equilateral (b)
type described as one-loop corrections assuming a local bias prescription. Thin lines correspond to the contributions for Gaussian initial
conditions, from the study by Sefusatti in [171]; see the reference for further details.

4.4. Running Non-Gaussianity

4.4.1. The Case of a Scale-Dependent fNL. DBI models of
inflation predict, as we have seen, a primordial curvature
bispectrum very close to the equilateral model in its shape
dependence. An additional but quite generic feature of
these models is given by a significant departure from the
hierarchical scaling BΦ(k, k, k) ∼ P2

Φ(k) [15, 17, 19, 214–
216]. More recently, this possibility has been explored as well
in models of local non-Gaussianity [31, 217–220].

Under a phenomenological point of view, this extra scale
dependence can be described by a running fNL(k), or, more
properly, in terms of an amplitude parameter fNL and a
running parameter nNG, defined by

fNL(K) ≡ fNL

(
K

kp

)nNG

, (197)

where kp is a properly chosen pivot scale, while
K(k1, k2, k3) = (k1 + k2 + k3)/3 defines an overall scale
characteristic of the triangular configuration on which
BΦ(k1, k2, k3) depends. In other terms, the fNL(K) defined
above replaces the constant fNL in the definitions of the local
and equilateral bispectra effectively introducing an extra
dependence on scale.

Observational consequences of a running fNL(K) have
been explored by Lo Verde et al. in [137] and Sefusatti et al.
[87], while in the study by Taruya et al. in [167] this effect
is included in the prediction for one-loop corrections to the
matter and galaxy power spectrum.

Lo Verde et al. [137] provided an analysis of the
possibility of constraining the running parameter nNG by
combining current limits from the CMB on the amplitude
parameter fNL at the pivot scale kp = 0.04 Mpc−1 with
future measurements of cluster abundance. The effect of an
nNG, significantly different from 1, can result in a much

larger (or smaller) amount of non-Gaussianity on the smaller
scales relevant for the cluster mass function. Figure 23(a),
from [137] illustrates the difference in the range of scales
probed by different observables. Focusing in particular on
the equilateral model for the curvature bispectrum, this work
assumes the amplitude of fNL(k) to be constrained by the
CMB bispectrum at the pivot point scale kp and derives
the expected constraints on its running by considering the
effective amplitude of fNL(k) at the smaller scales (k ∼
0.3 − 0.6 h Mpc−1) probed by cluster surveys. For an all-sky
cluster survey up to redshift zmax = 1.3, they find the 1-σ
constraints, marginalized over Ωm, σ8, and h, assuming the
fiducial values to be fNL = 38 and nNG = 0, ΔnNG  2 with
a Planck prior Δ fNL(k = kp) = 40. Their analysis, however,
does not include the simultaneous limits that measurement
of the CMB bispectrum alone is expected to provide on both
the amplitude fNL and running nNG.

4.4.2. Running Non-Gaussianity and Bispectrum Measure-
ments. Sefusatti et al. [87] perform a Fisher matrix analysis
of the CMB bispectrum to obtain the sensitivity of this
observable to the running of fNL(k). The results in the
case of local non-Gaussianity, assuming the same pivot
kp = 0.04 and marginalizing over the amplitude f loc

NL ,
are the 1-σ uncertainties of ΔnNG  0.68(50/ f loc

NL ) f −1/2
sky

for WMAP and ΔnNG  0.1(50/ f loc
NL ) f −1/2

sky for Planck,

where f loc
NL stands for the fiducial value of the amplitude

parameter. In the case of equilateral non-Gaussianity, we
have ΔnNG  1.1(100/ f

eq.
NL ) f −1/2

sky for WMAP and ΔnNG 
0.3(100/ f

eq.
NL ) f −1/2

sky for Planck. Since it is always possible,
given the observable of interest (e.g., the CMB bispectrum
for a specific experiment) and the non-Gaussian model, to
choose the pivot point in such a way to remove any degen-
eracy between the amplitude and the running parameters,
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conditions, as a function of the non-Gaussian parameter fNL. Large values of the parameter α correspond to more squeezed configurations.
In the upper panels, the dependence of the halo bispectrum on f 2

NL is evident, from the study by Nishimichi et al. in [213].

a measurement of the running parameter comes at no cost
with respect to the determination of the fNL(k = kp).
Notice, however, that, for reasons related to the numerical
implementation of the CMB estimator, Sefusatti et al. [87]
assume, for the overall scale representative of a given
triangular configuration, the geometric mean of the three
wavenumbers; that is, K ≡ (k1k2k3)1/3. While the difference

with the more physically motivated definition in terms of
the arithmetic mean K = (k1 + k2 + k3)/3 is very small for
equilateral non-Gaussianity, in the local model this is not the
case.

Sefusatti et al. [171] consider as well the Fisher matrix
from large-scale structure information, and specifically the
galaxy power spectrum (including the effect on halo bias)
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NL = −50, from the study by Sefusatti et al. in [87]; see the reference for

further details.

for the local model and the galaxy bispectrum, but in
terms of the simple description of (177), therefore excluding
halo bias effects. This different choice of observables with
respect to the model of primordial non-Gaussianity assumes
a negligible effect of equilateral non-Gaussianity on the
galaxy power spectrum (still to be confirmed by N-body
simulations). It is shown, in particular, that future galaxy
redshift surveys can significantly improve CMB results.
Figure 23(b) shows the contours plots for the 1-σ uncertain-
ties resulting for a joint Fisher matrix analysis of CMB and
large-scale structure information. The expected limits are
plotted against the predictions for the relation between the
amplitude f loc

NL and the running nNG from DBI inflationary
models. It is interesting to notice how these models predict
a stronger running for smaller values of the amplitude
parameter. In this respect, constraining the value of nNG

can place additional limits on the parameters of the inflaton
Lagrangian.

5. Conclusions

Weakly non-Gaussian initial conditions are defined, in most
of the relevant inflationary models, by a non-vanishing
bispectrum for the primordial curvature perturbations. The
most direct observables of this primordial density correlator
are, naturally, the bispectrum of the temperature fluctuations

in the CMB and the bispectrum of the mass distribution
at large scales as probed by galaxy surveys. In this review
we presented an overview of the problems, results, and
expectations connected with the detection of (or constraints
on) primordial non-Gaussianity specifically in bispectrum
measurements of the CMB and LSS.

The CMB is an ideal observable for tests of primordial
NG because temperature and polarization anisotropies can
be described in the linear regime of cosmological perturba-
tions. The statistical properties of the primordial curvature
field are thus directly reflected in the pattern of CMB
fluctuations. As we have seen, tests of primordial NG are
formulated in terms of the estimation of the bispectrum
amplitude fNL for each of the shapes predicted by different
inflationary models. It was originally shown in the literature
that a maximum-likelihood estimator of the bispectrum
optimally extracts all of the fNL information from a CMB
map. Extracting the primordial nonlinear parameter from
the bispectrum has subsequently become the standard way to
test primordial NG in the CMB. The best fNL measurements
to date come from analysis of the WMAP datasets and
roughly constrain the primordial bispectrum amplitude to
be � 100 for the local, equilateral, and orthogonal shapes.
Despite already being very stringent (the NG part of the
CMB temperature anisotropies is constrained at the level
of 10−3 of the total fluctuation), these bounds are still far
from the typical order of magnitude of primordial NG
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predicted by most inflationary models. As we have seen,
the Fisher matrix forecasts show that future results from
the Planck satellite (whose release date is predicted to
be in 2012) will improve previous WMAP constraints by
roughly one order of magnitude, thus impacting the range of
some theoretical predictions. This significant improvement
is due to the better sensitivity of Planck to many more
bispectrum configurations in the analysis, and the possibilty
of exploiting both temperature and polarization datasets.
Another important limitation on current constraints is that
inflationary predictions encompass more shapes than those
that have been constrained so far. The reason why many
shapes remain to be constrained is that they cannot be
written as a separable product of one-dimensional functions
of a single wavenumber. Separability, as we have seen,
is a crucial property since it makes the actual analysis
computationally affordable in terms of CPU time. We
have reviewed recent work showing that this limitation
can also be overcome in future analysis by means of a
fully general, and mathematically well-defined, eigenmode
expansion of the bispectrum shape. Thanks to this, and in
light of the significant improvement in sensitivity provided
by Planck, better and more general CMB constraints on
primordial NG models will be available in the near future.
One caveat is that the high precision of the forthcoming
CMB datasets makes them much more sensitive to other
spurious (i.e., nonprimordial) sources of NG, which could
bias the fNL estimate. Achieving an accurate control on these
contaminants is clearly a crucial goal for future analysis.
As we have seen, much work is being done in order to
predict, detect, and isolate nonprimordial NG effects, but
some issues still have to be addressed. In particular a
complete prediction of the total bispectrum generated by
second-order cosmological perturbations is not yet available,
although a number of effects have been studied in detail.
Accurate characterization of NG from diffuse foreground
residuals is another important issue that will require further
investigation.

For large-scale structure, many aspects of the general
CMB scenario outlined above change, as should be evident
from a comparison of the discussions in Sections 3 and 4. In
the first place, we cannot rely on a direct relation between the
observed galaxy bispectrum and the primordial curvature
bispectrum predicted by inflationary models. As we have
seen, a small departure from Gaussian initial conditions
should result in a correction to the galaxy bispectrum
induced by gravitational instability and nonlinear bias,
constituting the dominant contributions. The nature of this
correction is a complex problem in its own right, since it is
due to the linearly evolved initial matter bispectrum as well
as to the effects of primordial non-Gaussianity on the galaxy
bias relation. Such effects are still under investigations and
we do not have, to date, an accurate theoretical model. On
the other hand, early results from galaxy power spectrum
measurements are very encouraging, albeit restricted at
present to the local non-Gaussian model. Current datasets
already appear to be able to confirm and improve CMB
results. In this respect, it is evident that the ultimate goal
is the implementation of a complete large-scale structure

analysis in terms of all measurable correlators, including
power spectrum, bispectrum, and beyond, that is, an analysis
that fully reflects the non-Gaussian nature of the mass and
galaxy distributions even on large scales.

There are several issues which remain to be resolved,
for which we can identify three main categories. First, we
need to develop a robust model for the galaxy correlators
accurately accounting for small-scale nonlinearities for both
the matter and galaxy density fields, as well as in the presence
of non-Gaussian initial conditions; this also must account
to describe nonlocalities in the bias relation. In this review
we have briefly summarized the state of the art, noting
that our understanding of these phenomena is evolving
rapidly. Secondly, once a reliable model is available, it will
be necessary to develop the machinery that will allow us,
in the event of a future detection, to properly identify the
effects of different models and their bispectrum shapes.
In this respect, the CMB results, presented in Section 3,
provide an important benchmark. Finally, observational
problems connected with redshift surveys, such as the effects
of redshift distortions and/or photometric errors, survey
selection function, completeness, and so forth, will have to
be addressed. We have not discussed these issues here as
they are generic to all large-scale structure experiments, but
they clearly represent a major challenge for the exploitation
of future datasets. Both the first and the last points are
crucial for virtually all of the science goals of future ground-
based or satellite surveys, particularly dark energy studies.
Although only partial results have been obtained so far, there
is every indication that characterising non-Gaussianity in
future galaxy surveys will result in a significant test of the
initial conditions of the Universe.

To summarize, sufficient experimental sensitivity has
been reached recently in CMB experiments (namely,
WMAP) to allow for meaningful constraints on the non-
linear parameter fNL for several different families of mod-
els. These results are already arguably the most stringent
quantitative test of the predictions of standard inflation.
However, much tighter constraints on a broader range of
models are expected from the future Planck data release.
Thus a dramatic confrontation is set to continue between
the de facto standard model of inflation and observational
datasets from both the CMB and large-scale structure. Tests
of primordial non-Gaussianity are rapidly becoming one of
the most effective and promising approaches for gleaning
important information about the physical processes that
generated the primordial cosmological perturbations.

Appendix

Basics of Estimation Theory

If a random variable x is characterized by a Probability
Density Function (PDF) p(x | λ) dependent on a parameter
λ, then an estimator for λ is a function E(x) used to infer
the value of the parameter. If a given dataset {xobs} is drawn

from the distribution p(x, λ), then λ̂ = E(xobs) is the estimate
of the parameter λ from the given observations. Since E is
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a function of a random variable, it is itself a random variable.
In the literature a random variable obtained as a function
of another set of random variables is often referred to as a
statistic.

A general property usually required when building an
estimator is its unbiasedness. An estimator for a parameter
λ is unbiased if its average value is equal to the true value of
the parameter: 〈

λ̂
〉
= λ. (A.1)

The standard deviation is generally used to determine the
error bars on λ; that is,

σλ =
√〈(

λ̂− 〈λ̂〉
)2
@

, (A.2)

where 〈·〉 denotes statistical average and σ2 is the variance
of the inferred parameter. When we measure a parameter λ
from a set of observations drawn from the PDF p(x | λ), we
clearly would like our estimate not only to be unbiased, but
also to have as small error bars as possible. In other words,
among all of the possible unbiased estimators of λ that can
be built, we look for the one that minimizes σλ defined in
(A.2). If such an estimator exists, then it is called an optimal
estimator.

In this context a crucial role is played by the Fisher
information matrix, defined as (Note that for simplicity we
work here using a single parameter. The generalization to the
multiparameter case is however straightforward. )

Fλλ =
〈(

∂2
(
ln p(x | λ)

)
∂2λ

)〉
. (A.3)

The Fisher matrix appears in an important theorem, known
as the Cramer-Rao inequality, stating that, for any unbiased
estimator of λ,

σλ ≥ 1√
Fλλ

. (A.4)

This theorem is then placing a lower bound on the error
bars that can be attained when estimating a given parameter
from a given set of observations. No matter which estimator
is used, the smallest attainable error bars will be given by
the square root of the inverse of the Fisher matrix. For a
demonstration of this crucial result see, for example, the
paper by Kendall and Stuart in [221] or, in relation to the
CMB bispectrum, that of Babich in [69]. It is then clear that
the best estimator of a parameter is an unbiased estimator
saturating the Rao-Cramer bound. If such an estimator is
found, then it is impossible to obtain a better estimate using
any other statistic. The question then becomes whether, for a
given PDF p(x | λ), an estimator saturating the Rao-Cramer
bound exists.

It can be shown that a necessary and sufficient condition
for an estimator E(x) of a parameter λ to be optimal is the
following:

∂ ln p(x | λ)
∂λ

= Fλλ(E(x)− λ), (A.5)

where F is the Fisher information matrix just introduced
above.

Another crucial quantity in estimation theory is the
so-called maximum-likelihood estimator. In a maximum-
likelihood (ML) approach we take the observed dataset xobs

as fixed and we estimate λ as the parameter that maximizes
the probability (likelihood) to observe the given data. In

formulae, the ML estimate of λ is the value λ̂ that satisfies

∂ ln p(x | λ)
∂λ

∣∣∣∣∣
λ=λ̂

= 0. (A.6)

In this context the PDF p(x | λ) is often denoted as the
likelihood function and indicated as L(x, λ). Two powerful
theorems involving the likelihood have been proven as
follows.

(1) If there is an optimal unbiased estimator (i.e.,
an unbiased estimator saturating the Rao-Cramer
bound), then it is the maximum-likelihood estimator
or a function of it.

(2) The maximum-likelihood estimator is asymptotically
optimal; that is, it saturates the Rao-Cramer bound
when N → ∞, with N being the number of repeated
observations in our dataset xobs

(1) , . . . , xobs
(N).

These two theorems answer our initial question about the
best estimator choice. The first theorem basically states that,
if a best method exists, then the ML estimator is that method.
Note that this result follows naturally from the optimality
condition (A.5) introduced above. The second theorem says
that for very large datasets the ML-estimator is the best
method, that is, the one saturating the Rao-Cramer bound.
In other words, when dealing with the practical problem of
estimating a parameter from a given dataset, we should in
theory always choose an ML approach. However in practice
this is not always possible: for example, the PDF p(x | λ)
might be too difficult to calculate or sample numerically, or
the ML condition (A.6) (generally a complicated nonlinear
equation) too difficult to solve. In this case other approaches
and different estimators have to be chosen.

An important role is played by the likelihood of Gaussian
random variables. If a given observed variable Oα is charac-
terized by Gaussianly distributed errors, then it is easy to see
that its likelihood is

L = e−χ
2/2, (A.7)

where the χ2 statistic is defined as

χ2 =
∑
α

[
Oα(λ)−Oobs

α (λ)
]2

(ΔOα)2 , (A.8)

where Oobs
α are the measured values of our observable.

In the previous equation we made Oα dependent on a
vector of parameters λ that we want to fit. Our observable
could be, for example, the CMB angular power spectrum
C� , the primordial power spectrum P(k), or, like in our
case, the angular bispectrum B�1,�2�$ , and we might be
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interested in knowing the sensitivity of our observation to
any cosmological parameter. Our statistical estimate of λ will
be obtained by minimizing χ2. That is clearly equivalent to
maximize the likelihood. Let us now for simplicity work in
the one-dimensional case (i.e., our observable depends on a
single parameter) and expand χ2 about its minimum, that is
about the best fit value of the parameter λ:

χ2(λ) = χ2
(
λ
)

+
1
2
∂2χ2

∂λ2

∣∣∣∣∣
λ=λ

(
λ− λ

)2
. (A.9)

The linear term vanishes here since we are in the minimum.
The quadratic term represents the curvature and defines the
error on λ. If χ2 moves very quickly away from its minimum,
then our determination of λ will be more precise, while the
error on λ will be much larger otherwise. If we define

F ≡ 1
2
∂2χ2

∂λ2

∣∣∣∣∣
λ=λ

, (A.10)

then we can estimate the minimum possible error on λ as
1/
√
F. It is easy to see that the curvature of the likelihood

in the Gaussian case matches exactly the definition of the
Fisher matrix given above. The 1/

√
F lower limit on the

error bar then coincides, as it should, with the Rao-Cramer
bound. This at the same time validates the choice of 1/

√
F

as the error on the parameter and also shows a simple
way to interpret the Rao-Cramer bound. Since the Fisher
matrix represents the curvature of the ln of the likelihood
around its maximum, it also provides an intrinsic minimum
error on the measurement of the parameter. A likelihood
strongly peaked around its maximum for a given parameter
will provide stronger constraints on that parameter and vice
versa. We have however to keep in mind that the curvature
F constructed above is the curvature of the likelihood only
if the distribution of our observable Oα is Gaussian. This,
strictly speaking, is in general not true, but it is a reasonably
good approximation in most cases. (A clarifying example is
provided by the CMB angular power spectrum. We know
that C� is distributed like a χ2 with 2�+ 1 degrees of freedom,
which rapidly gets close to a Gaussian as � grows.) The
Fisher matrix for any observable is then defined as the second
derivative of the χ2 statistic (A.8). If we compute it explicitly,
then we get

Fλλ =
∑
α

1

(ΔOα)2

[(
∂Oα

∂λ

)2

+
(
Oα −Oobs

α

)∂2Oα

∂λ2

]
. (A.11)

The second term in the sum above is generally neglected.
The idea, as explained by Dodelson in [54] or by Press et al.
in [222] is that the observed Oα will oscillate around their
real value, making the difference (Oα−Oobs

α ) oscillate around
zero, resulting in cancellations. We are then left with the
expression generally used in the literature:

Fλλ =
∑
α

1

(ΔOα)2

[(
∂Oα

∂λ

)2
]
. (A.12)

In this paper, we have applied the basic concepts
described in this Appendix to the estimation of the non-
Gaussian parameter f model

NL from the bispectrum of CMB and

LSS datasets. We would like to stress again that we have just
very quickly sketched some essential concepts in estimation
theory here. For excellent and much more comprehensive
reviews of ideas and applications of estimation theory to
cosmology, we refer the reader to the papers by Dodelson
in [54], Martinez et al. in [223], and Tegmark et al. in
[224]. The brief review provided here was actually largely
inspired by those works. A detailed and complete book about
statistical methods and estimation theory is, for example,
that by Kendall and Stuart in [221].
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We review the recently found large-scale anomalies in the maps of temperature anisotropies in the cosmic microwave background.
These include alignments of the largest modes of CMB anisotropy with each other and with geometry and direction of motion
of the solar ssystem, and the unusually low power at these largest scales. We discuss these findings in relation to expectation from
standard inflationary cosmology, their statistical significance, the tools to study them, and the various attempts to explain them.

1. Introduction: Why Large Scales
are Interesting?

The Copernican principle states that the Earth does not
occupy a special place in the universe and that observations
made from Earth can be taken to be broadly characteristic of
what would be seen from any other point in the universe at
the same epoch. The microwave sky is isotropic, apart from a
Doppler dipole and a microwave foreground from the Milky
Way. Together with the Copernican principle and some
technical assumptions, an oft-inferred consequence is the so-
called cosmological principle. It states that the distributions
of matter and light in the Universe are homogeneous and
isotropic at any epoch and thus also defines what we mean
by cosmic time.

This set of assumptions is a crucial, implicit ingredient
in obtaining most important results in quantitative cosmol-
ogy, for example, it allows us to treat cosmic microwave
background (CMB) temperature fluctuations in different
directions in the sky as multiple probes of a single statistical
ensemble, leading to the precision determinations of cosmo-
logical parameters that we have today.

Although we have some observational evidence that
homogeneity and isotropy are reasonably good approx-
imations to reality, neither of these are actual logical
consequences of the Copernican principle, for example, the

geometry of space could be homogeneous but anisotropic—
like the surface of a sharp mountain ridge, with a gentle path
ahead but the ground dropping steeply away to the sides.
Indeed, three-dimensional space admits not just the three
well known homogeneous isotropic geometries (Euclidean,
spherical and hyperbolic—E3, S3, and H3) but five others
which are homogeneous but anisotropic. The two simplest
are S2 × E1 and H2 × E1. These spaces support the
cosmological principle but have preferred directions.

Similarly, although the Earth might not occupy a priv-
ileged place in the universe, it is not necessarily true that
all points of observation are equivalent, for example, the
topology of space may not be simply connected—we could
live in a three dimensional generalization of a torus so that if
you travel far enough in certain directions you come back
to where you started. While such three-spaces generically
admit locally homogeneous and isotropic geometries, certain
directions or points might be singled out when nonlocal
measurements are considered, for example the length of the
shortest closed nontrivial geodesic through a point depends
on the location of that point within the fundamental domain.
Similarly, the inhomogeneity and anisotropy of eigenmodes
of differential operators on such spaces are likely to translate
into statistically inhomogeneous and anisotropic large scale
structure, in the manner of Chladni figures on vibrating
plates.
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The existence of nontrivial cosmic topology and of
anisotropic geometry are questions that can only be
answered observationally. In this regard, it is worth noting
that our record at predicting the gross properties of the
universe on large scales from first principles has been
rather poor. According to the standard concordance model
of cosmology, over 95% of the energy content of the
universe is extraordinary—dark matter or dark energy whose
existence has been inferred from the failure of the Standard
Model of particle physics plus General Relativity to describe
the behavior of astrophysical systems larger than a stellar
cluster—while the very homogeneity and isotropy (and
inhomogeneity) of the universe owe to the influence of an
inflaton field whose particle-physics-identity is completely
mysterious even after three decades of theorizing.

The stakes are set even higher with the recent discovery
of dark energy that makes the universe undergo accelerated
expansion. It is known that dark energy can affect the largest
scales of the universe, for example, the clustering scale of
dark energy may be about the horizon size today. Similarly,
inflationary models can induce observable effects on the
largest scales via either explicit or spontaneous violations
of statistical isotropy. It is reasonable to suggest that sta-
tistical isotropy and homogeneity should be substantiated
observationally, not just assumed. More generally, testing the
cosmological principle should be one of the key goals of
modern observational cosmology.

With the advent of high signal-to-noise maps of the
cosmic microwave background anisotropies and with the
conduct of nearly-full-sky deep galaxy surveys, statistical
isotropy has begun to be precisely tested. Extraordinary
full-sky temperature maps produced by the Wilkinson
Microwave Anisotropy Probe (WMAP), in particular, are
revolutionizing our ability to probe the universe on its largest
scales [1–6]. In the near future, these will be joined by higher
resolution temperature maps and high-resolution polariza-
tion maps and, eventually, by deep all-sky surveys, and
perhaps by tomographic 21-cm line observations that will
extend our detailed knowledge of the universe’s background
geometry and fluctuations into the interior of the sphere of
last scattering.

In this brief paper, we describe the large-scale anomalies
in the CMB data, some of which were first reported on
by the Cosmic Background Explorer (COBE) Differential
Microwave Radiometer (DMR) collaboration in the mid
1990s. In particular, we report on alignments of the largest
modes of CMB anisotropy with each other, and with
geometry and direction of motion of the Solar System, as
well as on unusually low angular correlations at the largest
angular scales. We discuss these findings and, as this is not
meant to be a comprehensive review and we emphasize
results based on our own work in the area, we refer the reader
to literature for all developments in the field. This paper
extends an earlier review on the subject by Huterer [7], and
complements another review on statistical isotropy in this
special issue [8].

The paper is organized as follows. In Section 2 we
describe the statistical quantities that describe the CMB and
the expectations for their values in the currently favored
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Figure 1: The comoving length within the context of the concor-
dance model of an arc seen at a fixed angle and the comoving
Hubble length as functions of redshift. Linear perturbation theory is
expected to work well outside the shaded region, in which the large
scale structure (LSS) forms.

ΛCDM cosmological model. In Section 3, we describe the
alignments at the largest scales, as well as multipole vectors,
which is a tool to study them. In Section 4, we describe
findings of low power at largest scales in the CMB. Section 5
categorizes and covers the variety of possible explanations for
these anomalies. We conclude in Section 6.

2. Expectations from Cosmological Inflation

A fixed angular scale on the sky probes the physics of the
universe at a range of physical distances corresponding to the
range of observable redshifts. This is illustrated in Figure 1,
where the comoving lengths of arcs at fixed angle are shown
as a function of redshift, together with the comoving Hubble
scale. Angles of 1 degree and less probe events that were
in causal contact at all epochs between the redshift of
decoupling and today; this redshift range includes physical
processes such as the secondary CMB anisotropies. The
situation is different for angles >60 degrees, which subtend
arcs that enter our Hubble patch only at z � 1. Therefore,
the primordial CMB signal on such large angular scales could
only be modified by the physics of local foregrounds and
cosmology in the relatively recent past (z � 1). Because
they correspond to such large physical scales, the largest
observable angular scales provide the most direct probe of
the primordial fluctuations—whether generated during the
epoch of cosmological inflation or preceding it.

2.1. Statistical Isotropy. What do we expect for the large
angular scales of the CMB? A crucial ingredient of cosmol-
ogy’s concordance model is cosmological inflation—a period
of accelerating cosmic expansion in the early universe. If we
assume that inflationary expansion persisted for sufficiently
many e-folds, then we expect to live in a homogeneous
and isotropic universe within a domain larger than our
Hubble volume. This homogeneity and isotropy will not
be exact but should characterize both the background and
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the statistical distributions of matter and metric fluctuations
around that background. These fluctuations are made visible
as anisotropies of the CMB temperature and polarization,
which are expected to inherit the underlying statistical
isotropy. The temperature T seen in direction ê is predicted
to be described by a Gaussian random field on the sky (i.e.,
the 2-sphere S2), which implies that we can expand it in terms
of spherical harmonics Y�m(ê) multiplied by independent
Gaussian random coefficients a�m of zero mean.

Statistical isotropy implies that the expectation values
of all n-point correlation functions (of the temperature or
polarization) are invariant under arbitrary rotations of the
sky. As a consequence the expectation of the temperature
coefficients is zero, 〈a�m〉 = 0, for all � > 0 and m = −�,−� +
1, . . . , + �. The two-point correlation becomes a function of
cos θ ≡ ê1 · ê2 only and can be expanded in terms of Legendre
polynomials:

〈
T(ê1)T(ê2)

〉 ≡ C(θ) = 1
4π

∑
�

(2� + 1)C�P�(cos θ). (1)

Statistical independence implies that expectations of a�m
with different � and m vanish. In particular, the two-point
correlation function is diagonal in � and m:〈

a∗�ma�′m′
〉∝ δ��′ δmm′ . (2)

Statistical isotropy adds that the constant of proportionality
depends only on �, not m:〈

a∗�ma�′m′
〉 = δ��′δmm′C�. (3)

The variance C� is called the angular power of the multipole
�. The higher n-point correlation functions are constrained
in similar ways but, as we will see below, are not expected
to provide independent information if a simple inflationary
scenario was realized by nature.

2.2. Gaussianity. If inflation is driven by a single dynamically
relevant degree of freedom with appropriate properties
(minimal coupling, Minkowski vacuum in UV limit, etc.),
then we can reduce the quantization of matter and space-
time fluctuations during inflation to the problem of quan-
tizing free scalar fields. For free fields the only nontrivial
object is the two-point correlation (the propagator), and all
higher correlation functions either vanish or are just some
trivial combination of the two-point function. This property
is mapped onto the temperature field of the CMB. A classical
random field with these properties is a Gaussian with mean
T0 and variance C(θ). Thus the brightness of the primordial
CMB sky is completely characterized by T0 and C(θ) (or C�).
Note that evolution of perturbations leads to deviations from
Gaussianity that would mostly be evident at very small scales
(� � 100). Moreover, many inflationary models predict
small deviations from Gaussianity; these are described in
other contributions to this volume [9, 10].

2.3. Scale Invariance. Another generic feature of inflation
is the almost scale invariance of the power spectrum of

fluctuations. This can be understood easily, as the Hubble
scale is approximately constant during inflation as the
wavelengths of observable modes are redshifted beyond the
horizon. Given that fluctuations of modes on horizon exit are
related to the Hubble parameter, δφ = H/2π, these modes
have similar amplitudes. However, scale invariance is not
exact. In canonical slow-roll inflation models, the deviation
from exact scale invariance is due to the evolution of the
Hubble parameter during inflation, which is measured by the
so-called first slow-roll function ε1 ≡ ḋH where dH ≡ H−1 is
the Hubble distance. From the weak energy condition ε1 > 0,
while ε1 � 1 during slow-roll inflation.

At the level of the angular power spectrum, exact scale
invariance implies the Sachs-Wolfe “plateau” (i.e., constancy
of l(l + 1)C� at low �) [11]

C� = 2πA
�(� + 1)

. (4)

Here, again in the slow-roll parameterization, A ∼
(Hinfl/MP)2T2

0 /ε1. This neglects secondary anisotropies like
the late time, integrated Sachs-Wolfe effect (particularly
important at very low �) and the contribution from
gravitational waves. Furthermore, inflation predicts a small
departure from scale invariance, which has recently been
detected (e.g., [6]), and which also contributes to a tilt in the
aforementioned plateau.

2.4. Cosmic Variance. As we can measure only one sky, it is
important to find the best estimators of C� and C(θ). Let
us for the moment assume that we are able to measure the
primordial CMB of the full-sky, without any instrumental
noise. We also restrict ourselves to � ≥ 2, as the variance of
the monopole cannot be defined and the measured dipole is
dominated by our motion through the universe rather than
by primordial physics. (Separation of the Doppler dipole
from the intrinsic dipole is possible in principle [12, 13],
but not with existing data.) Statistical isotropy suggests to
estimate the angular power by

Ĉ� = 1
2� + 1

+�∑
m=−�

|a�m|2, (5)

which satisfies 〈Ĉ�〉 = C� and is thus unbiased. The variance
of this estimator can be calculated assuming Gaussianity:

Var
(
Ĉ�
)
= 2

2� + 1
Ĉ2
� . (6)

It can be shown that, assuming statistical isotropy and
Gaussianity, Ĉ� is the best estimator in the sense that it has
minimal variance and is unbiased. However, we emphasize
that these qualities depend intrinsically on the correctness of
the underlying assumptions.
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With these same assumptions, the variance of the two-
point correlation function is easily shown to be

Var
[
Ĉ(θ)

]
= 1

8π2

∑
�

(2� + 1)C2
� P

2
� (cos θ), (7)

where Ĉ(θ) is calculated from Ĉ� following (1).
Putting the results of this section together allows us to

come up with a generic prediction of inflationary cosmology
for C(θ) on the largest angular scales; see Figure 2.

3. Alignments

In brief, the upshot of the previous section is that the twin
assumptions of statistical isotropy and Gaussianity are the
starting point of any CMB analysis. The measurements of
the CMB monopole, dipole, and (ΔT)rms tell us that isotropy
is observationally established at the percent level without
any cosmological assumption, and at a level 10−4 if we
attribute the dominant contribution to the dipole to our
peculiar motion. For the purpose of cosmological parameter
estimation, the task is to test the statistical isotropy of the
CMB brightness fluctuations. At the largest angular scales,
this can only be done by means of full-sky maps.

Let us assume that the various methods that have been
developed to get rid of the Galactic foreground in single
frequency band maps of the microwave sky are reliable
(though we argue below that this might not be the case).
Our review of alignments will be based on the internal linear
combination (ILC) map produced by the WMAP team,
which is based on a minimal variance combination of the
WMAP frequency bands. The weights for the five frequency
band maps are adjusted in 12 regions of the sky, one region
lying outside the Milky Way and 11 regions along the Galactic
plane.

3.1. Multipole Vectors. To study the orientation and align-
ment of CMB multipoles, Copi et al. [15] introduced
to cosmology the use of multipole vectors; an alternative
representation of data on the sphere. The multipole vectors
contain information about the “directions” associated with
each multipole. In this new basis the temperature fluctuation
multipole, �, may be expanded as

T� ≡
�∑

m=−�
a�mY�m ≡ A(�)

⎡⎣ �∏
i=1

(
v̂(�,i) · ê

)
− T�

⎤⎦, (8)

where v̂(�,i) is the ith vector for the �th multipole, ê is the
usual radial unit vector, T� is the trace of the preceding
product of multipole vector terms, and A(�) is the “power” in
the multipole. By construction, we immediately see that T� is
a symmetric traceless, rank � tensor. Subtracting T� ensures
that T� is traceless and the dot products explicitly show this
is a rotationally invariant quantity (a scalar under rotations).
This form makes the symmetry properties obvious. As an
example the quadrupole is written as

T2 = A(2)
[(
v̂(2,1) · ê

)(
v̂(2,2) · ê

)
− 1

3
v̂(2,1) · v̂(2,2)

]
. (9)

Angular 2-point correlation

150100500

θ (deg)

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Figure 2: Mean and (cosmic) variance of the angular two-
point correlation function as expected from cosmological inflation
(arbitrary normalization). Only statistical isotropy, Gaussianity and
scale invariance are assumed. Tensors, spectral tilt, reionization and
the integrated Sachs-Wolfe effect are neglected for the purpose of
this plot. Comparison to the prediction from the best-fit ΛCDM
model (Figure 5) reveals that these corrections are subdominant.
Note that cosmic variance errors at different values of θ are very
highly correlated.

These two forms for representing T� , harmonic, and
multipole-vector, both contain the same information. At the
same time, they are fundamentally different from each other.
Each unit vector v̂(�,i) has two degrees of freedom while the
scalar, A(�) has one; thus the multipole vector representation
contains the full 2� + 1 degrees of freedom. Note that we
call each v̂(�,i) a multipole vector but it is only defined up to
a sign. We can always reflect the vector through the origin
by absorbing a negative sign into the scalar A(�); thus these
vectors actually are headless. Regardless, we will continue to
refer to them as multipole vectors and not use the overall
sign of the vector in our analysis. This issue is equivalent to
choosing a phase convention, such as the Condon-Shortley
phase for the spherical harmonics. For the work reviewed
here the overall phase is not relevant and thus will not be
specified.

An efficient algorithm to compute the multipole vectors
for low-� has been presented in [15] and is publicly available
[16]; other algorithms have been proposed as well in [17–
19]. Interestingly, after the publication of the CHS paper
[15], Weeks [18] pointed out that multipole vectors were
actually first used by Maxwell [20] more than 100 years ago
in his study of multipole moments in electrodynamics. They
remain in use in geometrology, nuclear physics, and other
fields.

The relation between multipole vectors and the usual
harmonic basis is very much the same as that between
Cartesian and spherical coordinates of standard geometry:
both are complete bases, but specific problems are much
more easily addressed in one basis than the other. In par-
ticular, we and others have found that multipole vectors are
particularly well suited for tests of planarity and alignment
of the CMB anisotropy pattern. Moreover, a number of



Advances in Astronomy 5

L = 2 L = 3 L = 4 L = 5

L = 6 L = 7 L = 8

Figure 3: Multipole vectors of our sky, based on WMAP five-year
full-sky ILC map and with galactic plane coinciding with the plane
of the page. The temperature pattern at each multipole � (2 ≤ � ≤ 8)
can either be described by an angular temperature pattern (colored
lobes in this figure), or alternatively by precisely � multipole vectors
(black “sticks”). While the multipole vectors contain all information
about the directionality of the CMB temperature pattern, they are
not simply related to the hot and cold spots and, for example, do
not correspond to the temperature minima/maxima [14]. Notice
that � = 2 and 3 temperature patterns are rather planar with the
same plane and that their vectors lie approximately in this plane.
Adopted from [15].

interesting theoretical results have been found; for example,
Dennis and Phys [21] analytically computed the two-point
correlation function of multipole vectors for a Gaussian
random, isotropic underlying field. Numerous quantities
have been proposed for assigning directions to multipoles
and statistics on these quantities have been studied. In the
work of Copi et al. [14] we have summarized these attempts
and have shown their connections to the multipole vectors.

3.2. Planarity and Alignments. Tegmark et al. [22] and de
Oliveira-Costa et al. [23] first argued that the octopole is
planar and that the quadrupole and octopole planes are
aligned. In the work of Schwarz et al. [24], followed up
by Copi et al. [14, 25], we investigated the quadrupole-
octopole shape and orientation using the multipole vectors.
The quadrupole is fully described by two multipole vectors,
which define a plane. This plane can be described by the
“oriented area” vector

−→w (�;i, j) ≡ v̂(�,i) × v̂(�, j). (10)

(Note that the oriented area vector does not fully characterize
the quadrupole, as pairs of quadrupole multipole vectors
related by a rotation about the oriented area vector lead to the
same oriented area vector.) The octopole is defined by three
multipole vectors which determine (but again are not fully
determined by) three area vectors. Hence there are a total of
four planes determined by the quadrupole and octopole.

In the work of Copi et al. [25] we found that (see
Figure 4)

(i) the four area vectors of the quadrupole and octopole
are mutually close (i.e., the quadrupole and octopole
planes are aligned) at the 99.6% C.L.;

(ii) the quadrupole and octopole planes are orthogonal
to the ecliptic at the 95.9% C.L.; this alignment was at

NEP

Dipole

Dipole Ecliptic plane

SEP

−60 60
T (μK)

Figure 4: Quadrupole and octopole (� = 2 and 3) temperature
anisotropy of the WMAP sky map in galactic coordinates, shown
with the ecliptic plane and the cosmological dipole. Included are
the multipole vectors (solid diamonds): two for the quadrupole
(red diamonds) and three for the octopole (green diamonds). We
also show the four normals (solid squares) to the planes defined
by vectors that describe the quadrupole and octopole temperature
anisotropy; one normal is defined by the quadrupole (red square)
and three by the octopole (green squares). Note that three out of
four normals lie very close to the dipole direction. The probability
of this alignment being accidental is about one part in a thousand.
Moreover, the ecliptic plane traces out a locus of zero of the
combined quadrupole and octopole over a broad swath of the sky—
neatly separating a hot spot in the northern sky from a cold spot
in the south. These apparent correlations with the solar system
geometry are puzzling and currently unexplained.

98.5% C.L. in our analysis of the WMAP 1 year maps.
The reduction of alignment was due to WMAP’s
adaption of a new radiometer gain model for the 3
year data analysis, that took seasonal variations of the
receiver box temperature into account—a systematic
that is indeed correlated with the ecliptic plane. We
regard that as clear evidence that multipole vectors
are a sensitive probe of alignments;

(iii) the normals to these four planes are aligned with
the direction of the cosmological dipole (and with
the equinoxes) at a level inconsistent with Gaussian
random, statistically isotropic skies at 99.7% C.L.;

(iv) the ecliptic threads between a hot and a cold spot
of the combined quadrupole and octopole map,
following a node line across about 1/3 of the sky and
separating the three strong extrema from the three
weak extrema of the map; this is unlikely at about the
95% C.L.

These numbers refer to the WMAP ILC map from three years
of data; other maps give similar results. Moreover, correction
for the kinematic quadrupole—slight modification of the
quadrupole due to our motion through the CMB rest
frame—must be made and increases significance of the
alignments. See [25, Table 3] for the illustration of both of
these points.

While not all of these alignments are statistically inde-
pendent, their combined statistical significance is certainly
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greater than their individual significances; for example, given
their mutual alignments, the conditional probability of the
four normals lying so close to the ecliptic is less than 2%;
the combined probability of the four normals being both so
aligned with each other and so close to the ecliptic is less than
0.4%× 2% = 0.008%. These are therefore clearly surprising,
highly statistically significant anomalies—unexpected in the
standard inflationary theory and the accepted cosmological
model.

Particularly puzzling are the alignments with solar system
features. CMB anisotropy should clearly not be correlated
with our local habitat. While the observed correlations seem
to hint that there is contamination by a foreground or
perhaps by the scanning strategy of the telescope, closer
inspection reveals that there is no obvious way to explain the
observed correlations. Moreover, if their explanation is that
they are a foreground, then that will likely exacerbate other
anomalies that we will discuss in Section 4.2.

Our studies (see [14]) indicate that the observed align-
ments are with the ecliptic plane, with the equinox, or
with the CMB dipole, and not with the Galactic plane: the
alignments of the quadrupole and octopole planes with the
equinox/ecliptic/dipole directions are much more significant
than those for the Galactic plane. Moreover, it is remarkably
curious that it is precisely the ecliptic alignment that has been
found on somewhat smaller scales using the power spectrum
analyses of statistical isotropy [26–29].

Finally, it is important to make sure that the results
are unbiased by unfairly chosen statistics. We have studied
this issue extensively in [14], and here we briefly describe
the principal statistics used to quantify the probability of
alignments quoted just above.

To define statistics we first compute the three dot-
products between the quadrupole area vector and the three
octopole area vectors:

Ak ≡
∣∣∣−→w (2;1,2) · −→w (3;i, j)

∣∣∣ . (11)

The absolute value is included since the multipole vectors are
headless; thus each Ak lies in the interval [0, 1]. Two natural
choices of statistics that are independent of the ordering of
Ak are

S ≡ 1
3

(A1 + A2 + A3),

T ≡ 1− 1
3

[
(1− A1)2 + (1− A2)2 + (1− A3)2

]
.

(12)

Both S and T statistics can be viewed as the suitably defined
“distance” to the vertex (A1,A2,A3) = (0, 0, 0). A third
obvious choice, (A2

1 + A2
2 + A2

3)/3, is just 2S − T . To test
alignment of the quadrupole and octopole planes with one
another we quoted the S statistic numbers; T gives similar
results.

Alternatively, generalizing the definition in [22], one can
find, for each �, the choice, n� , of z axis that maximizes the
angular momentum dispersion

L̂2
� ≡

∑�
m=−� m2|a�m|2

�2
∑�

m=−� |a�m|2
. (13)

One can then compare the maximized value with that from
simulated isotropic skies [14]. Because � = 2, 3 are both
planar (the quadrupole trivially so, the octopole because the
three planes of the octopole are nearly parallel), the direction
that maximizes the angular momentum dispersion of each is
nearly the same as the (average) direction of that multipole’s
planes. Thus, the alignment of the octopole and quadrupole
can be seen either from the S statistic, or by looking at the
alignment of n2 with n3.

To test alignments of multipole planes with physical
directions, we find the plane whose normal, n̂, has the
largest dot product with the sum of the four quadrupole and
octopole area vectors [14]. Again, since −→wi · n̂ is defined only
up to a sign, we take the absolute value of each dot product.
Therefore, we find the direction n̂ that maximizes

S ≡ 1
N�

N�∑
i=1

∣∣−→wi · n̂
∣∣. (14)

3.3. Summary. The study of alignments in the low � CMB
has found a number of peculiarities. We have shown that
the alignment of the quadrupole and octopole planes is
inconsistent with Gaussian, statistically isotropic skies at
least at the 99% confidence level. Further a, number of
(possibly related) alignments occur at 95% confidence levels
or greater. Putting together these provides a strong indication
that the full-sky CMB WMAP maps are inconsistent with the
standard cosmological model at the large-angles. Even more
peculiar is the alignment of the quadrupole and octopole
with solar system features (the ecliptic plane and the dipole).

This is strongly suggestive of an unknown systematic in
the data reduction; however, careful scrutiny has revealed no
such systematic (except the mentioned modification of the
radiometer gain model, that leads to a reduction of ecliptic
alignment); see Sections 5.3 and 5.4 for further discussion
of the data analysis and instrumental explanations. We
again stress that these results hold for full-sky maps; maps
that are produced through combination of the individual
frequency maps in such a way as to remove foregrounds. An
alternative approach that removes the need for full-sky maps
is presented in the next section.

4. Two-point Angular Correlation Function

The usual CMB analysis solely involves the spherical har-
monic decomposition and the two-point angular power
spectrum. There are many reasons for this. Firstly, when
working with a statistically isotropic universe the angular
power spectrum contains all of the physical information.
Secondly, the standard theory predicts the a�m and their
statistical properties, through the C� , thus the spherical
harmonic basis is a natural one to employ. Finally, as
measured today the angular size of the horizon at the time of
last scattering is approximately 1 degree. Since θ(deg)200/�,
the causal physics at the surface of last scattering leaves its
imprint on the CMB on small scales, θ � 1◦ or � � 100. The
two-point angular power spectrum focuses on these small
scales, making it a good means of exploring the physics of
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the last scattering surface. The tremendous success of the
standard model of cosmology has been the agreement of the
theory and observations on these small scales, allowing for
the precise determination of the fundamental cosmological
parameters [30].

The two-point angular correlation function provides
another means of analyzing CMB observations and should
not be ignored even if, in principle, it contains the same
information as the angular power spectrum. Thus, even in
the case of full-sky observations and/or statistical isotropy
there are benefits in looking at the data in different ways.
The situation is similar to a function in one dimension
where it is widely appreciated that features easily found in
the real space analysis can be very difficult to find in the
Fourier transform, and vice versa. Furthermore, the two-
point angular correlation function highlights behavior at
large-angles (small �); the opposite of the two-point angular
power spectrum. Thus the angular correlation function
allows for easier study of the temperature fluctuation modes
that are super-horizon sized at the time of last scattering.
Finally, the angular correlation function in its simplest form
is a direct pixel-based measure (see below). Thus it does not
rely on the reconstruction of contaminated regions of the sky
to employ. This makes it a simple, robust measure even for
partial sky coverage.

4.1. Definition. Care should be taken when discussing statis-
tical quantities of the CMB and their estimators. It rarely is in
the literature. Here we follow the notation of Copi et al. [25],
also see [31]. The two-point angular correlation function,

C̃(ê1, ê2) ≡ 〈T(ê1)T(ê2)
〉

, (15)

is the ensemble average (represented by the angle brackets,
〈·〉) of the product of the temperatures in the directions ê1

and ê2. Unfortunately we only have one universe to observe
so this ensemble average cannot be calculated. Instead we
average over the sky so that what we mean by the two-point
angular correlation function is a sky average,

C(θ) ≡ T(ê1)T(ê2), (16)

where the average is over all pairs of pixels with ê1 · ê2 =
cos θ. This is a pixel-based quantity and can be calculated for
any region of the sky (of course not all separations θ may
be represented on a given patch of the sky, depending on its
geometry).

4.2. Missing Angular Power at Large Scales. Spergel et al.
[2] found that the two-point correlation function nearly
vanishes on scales greater than about 60 degrees, contrary to
what the standard ΛCDM theory predicts, and in agreement
with the same finding obtained from COBE data about a
decade earlier [32].

We have revisited the angular two-point function in
the 3-yr WMAP data in [25] and the 5-yr WMAP data in
[31]; see Figure 5. From this figure we qualitatively see the
following.
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Figure 5: Two-point angular correlation function, C(θ), computed
in pixel space, for three different bands masked with the KQ75
mask (from WMAP 5 year data). Also shown are the correlation
function for the ILC map with and without the mask, and the
value expected for a statistically isotropic sky with best-fit ΛCDM
cosmology together with 68% cosmic variance error bars. Even by
eye, it is apparent that masked maps have C(θ) that is consistent
with zero at θ � 60 deg. We also show the C(θ) computed from
the “official” published maximum likelihood estimator-based C� .
Clearly, the MLE-based C� , as well as C(θ) computed from the
full-sky ILC maps, is in significant disagreement with the angular
correlation function computed from cut-sky maps. Adopted from
[31].

(i) All of the cut-sky map curves are very similar to each
other, and they are also very similar to the Legendre
transform of the pseudo-C� estimate of the angular
power spectrum, which is not surprising given that
the two are formally equivalent [33]. Meanwhile the
full-sky ILC C(θ) and the Legendre transform of the
maximum likelihood estimator (MLE) of theC� agree
well with each other, but not with any of the others.

(ii) The most striking feature of the cut-sky (and pseudo-
C�) C(θ), is that all of them are very nearly zero above
about 60◦, except for some anticorrelation near 180◦.
This is also true for the full-sky curves, but less so.

In order to be more quantitative about these observations
we adopt the S1/2 statistic introduced by the WMAP team [2]
which quantifies the deviation of the two-point correlation
function from zero:

S1/2 ≡
∫ 1/2

−1
[C(θ)]2d(cos θ). (17)

Spergel et al. [2] found that only 0.15% of the parameter sets
in their Markov chain of ΛCDM model CMB skies had lower
values of S1/2 than the observed one-year WMAP sky.

Applying this statistic we have found that the two-point
function computed from the various cut-sky maps shows
an even stronger lack of power, for WMAP 5 year maps
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significant at the 0.037%–0.025% level depending on the
map used; see Figure (5). However, we also found that, while
C(θ) computed in pixel space over the masked sky agrees
with the harmonic space calculation that uses the pseudo-C�
estimator, it disagrees with the C� obtained using the MLE
(advocated in the 3rd year WMAP release [4]). The MLE-
based C� leads to C(θ) that is low (according to the S1/2

statistic) only at the 4.6% level.
There are actually two interesting questions one can ask.

(i) Is the correlation function measured on the cut-
sky compatible with cut-sky expectation from the
Gaussian random, isotropic underlying model?

(ii) Is the reconstruction of the full-sky correlation
function from partial information compatible with
the expectation from the Gaussian random, isotropic
underlying model?

Our results refer to the first question above. The second
question, while also extremely interesting, is more difficult to
be robustly resolved because the reconstruction uses assump-
tions about statistical isotropy (see the next subsection).

The little large-angle correlation that does appear in
the full-sky maps (e.g., the solid, black line in Figure 5)
is associated with points inside the masked region. Shown
in Figure 6 are the normalized contributions to C(θ) from
different parts of the map. In particular, we see that almost
all of the contribution to the full-sky two-point angular
correlation function comes from correlations with at least
one point inside the masked region. Conversely, there is
essentially no large-angle correlation for points outside
the masked region and even very little among the points
completely inside the mask. We also see that all the curves
cross zero at nearly the same angle, θ ∼ 90◦. We have
no explanation for these results though they may point to
systematics in the data.

4.3. Alternative Statistics. The two-point angular correlation
function, C(θ), as defined above in (15) is a simple pixel-
based measure of correlations. It makes no assumptions
about the underlying theory, which can be taken as a feature
or as a flaw. On the positive side, (15) does not assume
that the standard model is correct and trys to “force” it
on the data. On the negative side we are not utilizing the
full information available when comparing to the standard
model.

Various approaches have been taken to incorporate the
standard model in the analysis, for example; Hajian [34]
defined a statistic that explicitly takes into account the
covariance in the quantity C(θ):

A(x) ≡
∫ x
−1

∫ x
−1
C(θ)F−1(θ, θ′)C(θ′)d(cos θ)d(cos θ′),

(18)

where F is the aforementioned covariance

F(θ, θ′) ≡ 〈[C(θ)− 〈C(θ)〉][C(θ′)− 〈C(θ′)
〉]〉

, (19)
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Figure 6: The two-point angular correlation function from the
WMAP 5-year results. Plotted are C(θ) for the ILC calculated
separately on the part of the sky outside the KQ75 cut (dashed line),
inside the KQ75 cut (dotted line), and on the part of the sky with at
least on point inside the KQ75 cut (dotted-dashed line). For better
comparison to the full-sky C(θ) (solid line), the partial sky C(θ) has
been scaled by the fraction of the sky over which they are calculated.
Adopted from [31].

and as usual the angle brackets denote an ensemble average.
Note that in the limit thatC(θ) is uncorrelated thenA(1/2) =
S1/2. Clearly this statistic relies on a model to calculate
F(θ, θ′). With this statistic and assuming the concordance
model; it is found that less than 1% of realizations of the
standard model have au A(0.53) less than those found for the
masked skies. For the full-sky ILC map approximately 8% of
realizations have a smaller value. Though less constraining
than making no assumptions about the theory through the
use of the S1/2 statistic, these results are consistent with those
we previously found.

Another approach advocated by Efstathiou et al. [35] is
to reconstruct the full-sky C(θ) from the partial sky and
compare the reconstructed full-sky C(θ) (using, say S1/2)
to the predictions of the model. This approach employs
the usual map making algorithm on the low-� spherical
harmonic coefficients, a�m. In this approach it is assumed
that the statistical properties of the a�m above some �max are
known. In particular it assumes there are no correlations
between the a�m with � < �max and those with � > �max. The
method is very similar to a maximum likelihood analysis (see
e.g., [36]). As we have seen above (e.g., in Figure 5) it is not
surprising that this approach will be consistent with the full-
sky ILC results, as these authors have verified. As mentioned
in the previous subsection, however, this procedure poses
a different question of the data than the one that has been
addressed by the S1/2 statistic applied to a masked sky. With
the map-making technique a full-sky map is constructed that
is consistent with the sky outside the mask but relies on
assumptions to fill in the masked region. As is clear from
Figure 6 it is precisely the region inside the mask that is
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introducing correlations with the region outside the mask.
Thus, the assumptions required to allow filling in the masked
region also produce two-point angular correlations.

Whether or not reconstructing the full-sky is a “more
optimal” approach than direct calculation of the cut-sky
C(θ) is moot, but likely depends on the actual (rather
than the assumed) statistical properties of the underlying
fluctuations as well as on the particular realization of those
distributions. What is important is to make an “apples to
apples” comparison between the observed sky and simulated
realizations of the ensemble of possible skies. As we have
shown, the pixel-based two-point correlation function on
the region of the sky outside a conservative galactic mask
is inconsistent with the predictions of the standard ΛCDM
model for the identical pixel-based two-point correlation
function on the identically masked sky. The fact that the
full-sky analysis shows less statistical significance is not
in contradiction with the cut-sky result, although it may
eventually help in pointing to a cause of this anomaly.

4.4. Summary. The striking feature of the two-point angular
correlation function as seen in Figure 5 is not that it disagrees
with ΛCDM (though it does at > 90% C.L.) but that
at large-angles it is nearly zero. This lack of large-angle
correlations is unexpected in inflationary models. The S1/2

statistic quantifies the deviation from zero and shows that a
discrepancy exists at more than 99.9% C.L. Equally striking
is the fact that the little correlation that does exist in the
full-sky ILC map, or equally in the MLE estimated a�m,
comes from correlations between the masked foreground
region and the expectedly cleaner CMB regions of the sky.
Thus this residual correlation, which still is discrepant with
generic inflationary predictions at about 95% C.L., comes
from the reconstruction procedure. This surprising lack of
large-angle correlation outside the masked region remains an
open problem.

We also note that the vanishing of power is much more
apparent in real space (as in C(θ)) than in multipole space
(as in C�). The harmonic-space quadrupole and octopole
are only moderately low (e.g., [37]), and it is really a range
of low multipoles that conspires to make up the vanishing
C(θ). Specifically, as discussed in [31], there is a cancellation
between the combined contributions of C2, . . . ,C5 and the
contributions of C� with � ≥ 6. It is this conspiracy that is
most disturbing, since it violates the independence of the C�
of different � that defines statistical isotropy.

In [31] we therefore explored the possibility that the
vanishing of C(θ) could be explained simply by changing
the values of the theoretical low-�C� , as might be the
result, say, of a modified inflaton potential. In particular,
we replaced C2 through C20 in the best-fit ΛCDM model
with the values extracted from the cut-sky ILC five-year map.
From these C� ’s, 200000 random maps were created, masked,
and S1/2 computed. Under the assumptions of Gaussianity
and statistical isotropy of these C� ’s only 3 percent of the
generated maps had S1/2 less than the cut-sky ILC5 value.
Thus, even if the C� are set to the specific values that produce
such a low S1/2, a Gaussian random, statistically isotropic

realization is unlikely to produce the observed lack of large-
angle correlations at the 97% C.L. Moreover, in work in
progress we show that almost all of those 3% are skies with
several anomalously low C�—not at all the sky we see. Only
a tiny fraction of the 3% represent skies in which most of the
individual C� ’s were close to the ΛCDM prediction but they
conspire to cancel one another in the large-angle C(θ). This
shows that either (i) the low-�C� ’s are correlated, contrary
to the assumption of statistical isotropy or (ii) our Universe
is an extremely unlikely realization of whatever statistically
isotropic model one devises (Though this appears to be
an unlikely explanation since correlations between the C�
generically increase the variance of the S1/2 statistic [33]).

It is for this reason that theoretical efforts to explain “low
power on large scales” must focus on explaining the low C(θ)
at θ � 60 deg, rather than the low quadrupole.

Finally, one might ask if the observed lack of correlation
and the alignment of quadrupole and octopole are corre-
lated. This issue was studied by Rakić & Schwarz [38] for
the full-sky and by Sarkar et al. [39] for the cut-sky case. In
both cases, it was shown that low power and alignments are
uncorrelated, that is, that having one does not imply a larger
or smaller probability of having the other. This was shown by
applying a Monte-Carlo analysis to sky realizations with the
underlying standard Gaussian random, statistically isotropic
cosmological model, without any further constraints. Thus
one might view the 99.6% C.L. of quadrupole-octopole
alignment presented in the previous section and the 95%
C.L. for lack of correlation in full-sky maps reported in this
section as statistically independent.

5. Quest for an Explanation

Understanding the origin of CMB anomalies is clearly
important. Both the observed alignments of the low-� full-
sky multipoles, and the absence of large-angle correlations
(especially on the galaxy cut-sky) are severely inconsistent
with predictions of standard cosmological theory. There are
four classes of possible explanations:

(1) astrophysical foregrounds,

(2) artifacts of faulty data analysis,

(3) instrumental systematics,

(4) theoretical/cosmological.

In this section, we review these four classes of explana-
tions, giving examples from each. First, however, we discuss
two generic ways to break statistical isotropy and affect
the intrinsic (true) CMB signal—additive and multiplicative
modulations—and illustrate in general terms why it has been
so difficult to explain the anomalies.

5.1. Additive versus Multiplicative Effects. Why is it difficult
to explaining the observed CMB anomalies? There are three
basic reasons:

(i) Most explanations work by adding power to the large-
angle CMB, while the observed anisotropies actually
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have less large-scale power and particularly less large-
angle correlation, than the ΛCDM cosmological
model predicts.

(ii) Unaccounting for sources of CMB fluctuations in the
foreground, even if possessing/causing aligned low-
� multipoles of their own, cannot bring unaligned
statistically isotropic cosmological perturbations into
alignment. Therefore, aligned foregrounds as an
explanation for alignment work only if the cosmo-
logical signal is subdominant, thus exacerbating the
lack of large-angle correlations.

(iii) The alignments of the quadrupole and octopole
are with respect to the ecliptic plane and near the
dipole direction. It is generally difficult to have these
directions naturally be picked out by any class of
explanations (though there are exceptions to this—
see the instrumental example below).

Gordon et al. [40], Rakić and Schwarz [38] and Bunn and
Bourdon [41] explored generic “additive models” where the
temperature modification that causes the alignment is added
to

Tobserved(ê) = Tintrinsic(ê) + Tadd(ê). (20)

Here Tadd(ê) is the additive term—perhaps contamination
by a foreground and perhaps an additive instrumental or
cosmological effect. They showed that additive modulations
of the CMB sky that ameliorate the alignment problems tend
to worsen the overall likelihood at large scales (though they
may pick up offsetting positive likelihood contribution from
higher multipoles). The intuitive reason for this is that there
are two penalties incurred by the additive modulation. First,
since the power spectrum at low � is lower than expected,
one typically needs to arrange for an accidental cancellation
between Tintrinsic and Tadd; the cancellation moreover must
leave aligned quadrupole and octopole even though the
quadrupole and octopole of Tintrinsic are not aligned. (Very
similar reasoning argues against additive explanations of the
suppression of large-angle correlations.) Second, the simplest
models for the additive contribution that are based on an
azimuthally symmetric modulation of a gradient field can
only affect m = 0 multipoles around the preferred axis,
while as we mentioned earlier the observed quadrupole
and octopole as seen in the preferred (dipole) frame are
dominated by the m = � components.

In contrast to the additive models, the multiplicative
mechanisms, where the intrinsic temperature is multiplied
by a spatially varying modulation, are phenomenologically
more promising. As a proof of principle, a toy-model
modulation [40]

Tobserved(ê) = f [1 +w2Y20(ê)] Tintrinsic(ê) (21)

(where the modulation is a pure Y20 along the dipole axis)
can increase the likelihood of the WMAP data by a factor
of exp(16/2) and, at the same time, increase the probability
of obtaining a sky with more alignment (e.g., higher angular
momentum statistic) 200 times, to 45%; see Figure 7.

Indeed, Groeneboom et al. [42], building on the work of
Groeneboom and Eriksen [43] and Hanson and Lewis [44]
and motivated by a model due to Ackerman et al. [45],
have identified a 9σ quadrupolar power asymmetry, recently
confirmed by the WMAP team [46]; this anomaly can,
however, be fully explained by accounting for asymmetric
beams [47]. Recently, Hoftuft et al. [48] found a greater than
3-σ evidence for nonzero dipolar modulation of the power.

5.2. Astrophysical Explanations. One fairly obvious possibil-
ity is that there is a pernicious foreground that contaminates
the primordial CMB and leads to the observed anomalies.
Such foregrounds are, of course, additive mechanisms, in
the sense of the preceding section, and so suffer from
the shortcomings described therein. Moreover, most such
foregrounds are Galactic, while the observed alignments
are with respect to the ecliptic plane. One would expect
that Galactic foregrounds should lead to Galactic and not
ecliptic foregrounds. This simple expectation was confirmed
in [14], where we showed that, by artificially adding a
large admixture of Galactic foregrounds to WMAP CMB
maps, the quadrupole vectors move near the z-axis and
the normal into the Galactic plan, while for the octopole
all three normals become close to the Galactic disk at 90◦

from the Galactic center. Therefore, as expected Galactic
foregrounds lead to Galactic, and not ecliptic, correlations
of the quadrupole and octopole (see also studies by [49, 50]).

Moreover, in [14], we have shown that the known Galac-
tic foregrounds possess a multipole vector structure very
different from that of the observed quadrupole and octopole.
The quadrupole is nearly pure Y22 in the frame where the
z-axis is parallel to the dipole (or ŵ(2,1,2) or any nearly
equivalent direction), while the octopole is dominantly Y33

in the same frame. Mechanisms which produce an alteration
of the microwave signal from a relatively small patch of sky—
and all of the recent proposals fall into this class—are most
likely to produce aligned Y20 and Y30. This is essentially
because the low-� multipole vectors will all be parallel to each
other, leading to a Y�0 in this frame.

A number of authors have attempted to explain the
observed quadrupole-octopole correlations in terms of a
new foreground—for example the Rees-Sciama effect [38,
51], interstellar dust [52], local voids [53], or the Sunyaev-
Zeldovich effect [54]. Most if not all of these proposals have
a difficult time explaining the anomalies without severe fine-
tuning. For example, Vale [55] cleverly suggested that the
moving lens effect, with the Great Attractor as a source,
might be responsible for the extra anisotropy; however,
Cooray and Seto [56] have argued that the lensing effect is
far too small and requires too large a mass of the Attractor.

It is also interesting to ask if any known or unknown
Solar system physics could lead to the observed alignments.
Dikarev et al. [57, 58] studied the question of whether solar
system dust could give rise to sizable levels of microwave
emission or absorption. Surprisingly, very little is known
about dust grains of mm to cm size in the Solar system,
and their absorption/emission properties strongly depend
on their chemical composition. While iron and ice particles
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Figure 7: A realization of the multiplicative model where the quadrupole (left column) and octopole (right column) exhibit an alignment
similar to WMAP. (a): intrinsic (unmodulated) sky from a Gaussian random isotropic realization. (b) (single column): the quadrupolar
modulation with f = −1 and w2 = −7 (see (21)) in the dipole direction. (c): the modulated sky of the observed CMB. (d): WMAP full-sky
quadrupole and octopole. Adopted from [40].

can definitely be excluded to contribute at significant levels,
carbonaceous and silicate dust grains might contribute up
to a few μK close to the ecliptic plane, for example, due to
the trans-Neptunian object belt. Such an extra contribution
along the ecliptic could give rise to CMB structures aligned
with the ecliptic, but those would look very different from
the observed ones. On top of that, Solar system dust would
be a new additive foreground and could not explain the
lack of large-angle correlations. Thus it seems unlikely

that Solar system dust grains cause the reported large-
angle anomalies, nevertheless they are sources of microwave
absorption and emission and may become important to
precision measurements in the future.

Finally, it has often been suggested to some of us in
private communications that the anomalies may not reflect
an unknown foreground that has been neglected, but rather
the “missubtraction” of a known foreground. However, it
has never quite been clear to us how this leads to the
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observed alignments or lack of large-angle correlations, and
we are unaware of any literature that realizes this suggestion
successfully.

5.3. Data Analysis Explanations. Most of the results discussed
so far have been obtained using reconstructed full-sky maps
of the WMAP observations [1, 22, 59]. In the presence
of the sky cut of even just a few degrees, the errors in
the reconstructed anisotropy pattern, and the directions of
multipole vectors, are too large to allow drawing quantitative
conclusions about the observed alignments [15]. These
large errors are expected: while the power in the CMB
(represented, say, by the angular power spectrum C�) can be
accurately recovered since there are 2�+1 modes available for
each �, there are only 2 modes available for each multipole
vector; hence the cut-sky reconstruction is noisier. However
the cut-sky alignment probabilities, while very uncertain, are
consistent with the full-sky values [14, 50]; more generally,
the alignments appear to be rather robust to Galactic cuts
and foreground contamination [60].

A different kind of explanation of missing large-scale
power, or missing large-angle correlations, has been taken by
Efstathiou et al. [35] who argued that maximum likelihood
estimators can be applied to the cut-sky maps to reliably
and optimally reconstruct the CMB anisotropy of the whole
sky; for a recent work that extends these ideas, see [33].
This approach yields more two-point correlations on large
scales (S1/2 ∼ 8000 (μK)4, which is ∼ 5% likely) than the
direct cut-sky pixel-based calculation which gives S1/2 ∼
1000 (μK)4 result and is ∼ 0.03% likely. These authors then
argue that the extremely low S1/2 obtained by the pixel-based
approach applied to the cut-sky is essentially a fluke, and the
more reliable result comes from their maximum-likelihood
reconstruction of the full-sky. It may indeed be true that
the pixel-based calculation is a suboptimal estimate of the
full-sky C(θ)for a statistically isotropic cosmology. However,
quantities calculated on the cut-sky are clearly insensitive to
assumptions about what lies behind the cut. We can only
observe reliably the ∼ 75% of the sky that was not masked,
and that is where the large-angle two-point-correlation is
near-vanishing. Any attempt to reconstruct the full-sky must
make assumptions about the statistical properties of the
CMB sky, and would clearly be affected by the coupling of
small-scale and large-scale modes—exactly what is necessary
to have a sky in which S1/2 is anomalously low, while the C� ’s
are individually approximately consistent with the standard
cosmology.

5.4. Instrumental Explanations. Are instrumental artifacts
the cause of the observed alignments (and/or the low large-
scale power)? One possible scenario would go as follows.
WMAP avoids making observations near the Sun, therefore
covering regions away from the ecliptic more than those near
the ecliptic. While the corresponding variations in the noise
per pixel are well known (e.g., as the number of observations
per pixel, Nobs; see [1, Figure 3]), and its effects on the large-
scale anomalies are ostensibly small, they could, in principle,
be amplified and create the observed ecliptic anomalies.

However a successful proposal for such an amplification has
not yet been put forward.

Another possibility is that an imperfect instrument cou-
ples with dominant signals from the sky to create anomalies.
Let us review an example given in [40]: suppose that the
instrumental response Tinstr(ê) to the true sky signal T(ê) is
nonlinear

Tinstr(ê) = f
∑
i

αi

[
T(ê)
f

]i
. (22)

Here f is an arbitrary normalization scale for the nonlinear-
ity of the response, and αi are arbitrary coefficients with α1 =
1. If αi>1 /= 0 then Tinstr /=T and the observed temperature
is a nonlinear modulation of the true temperature. The
dominant temperature signal for a differencing experiment
such as WMAP is the dipole arising from our peculiar
motion, T(ê) = Tdip cos θ, with Tdip = 3.35 mK and θ the
polar angle in the dipole frame. Taking f = Tdip,

Tinstr(ê)
Tdip

= α1P1(cos θ) + α2

[
2

3P2(cos θ)
+ 1
]

+ α3

[
2

5P3(cos θ)
+

3
5P1(cos θ)

]
+ · · · ,

(23)

where P� are the Legendre polynomials. Note that with α2 ∼
α3 ∼ O(10−2), the 10−3 dipole anisotropy is modulated
into a 10−5 quadrupole and octopole anisotropy which are
aligned in the dipole frame with the m = 0 multipole
structure. Unfortunately (or fortunately!), WMAP detectors
are known to be linear to much better than 1%, so this
particular realization of the instrumental explanation does
not work. As an aside, note that this type of explanation
needs to assume that the higher multipoles are not aligned
with the dipole/ecliptic and, moreover, requires essentially
no intrinsic power at large scales (that is, even less than what
is observed).

To summarize, even though the ecliptic alignments (and
the north-south power asymmetry) hint at a systematic effect
due to some kind of coupling of an observational strategy
and the instrument, to date no plausible proposal of this sort
has been put forth.

5.5. Cosmological Explanations. The most exciting possibility
is that the observed anomalies have primordial origin, and
potentially inform us about the conditions in the early
universe. One expects that in this case the alignments with
the dipole, or with the solar system, would be statistical
flukes.

The breaking of statistical isotropy implies that the usual
relation 〈a∗�ma�m〉 = C�δ��′δmm′ does not hold any more;
instead 〈

a∗�ma�m
〉 = C��′mm′ , (24)

where the detailed form of the quantity on the right-hand
side is model dependent (see the more detailed discussions
in [61–63]).
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There are many possibilities for how the absence of
statistical isotropy might arise; for example, in a nontrivial
spatial topology, the fundamental domain would not be
rotationally invariant, and so the spherical harmonics (times
an appropriate radial function) would not be a basis of
independent eigenmodes of the fluctuations. This would
certainly lead to a correlation among a�m of different m and
also �, although not necessarily to aligned multipoles. The
hope would be that the shape of the fundamental domain
would lead to these alignments, while a lower density of states
at long wavelength (compared to the covering space) would
lead to the absence of large-angle correlations. No specific
model has been suggested to accomplish all of those, and the
matter is complicated by known bounds on cosmic topology
[64–68] which force the fundamental domain to be relatively
large.

Alternately, in the early universe, asymmetry in the
stress-energy tensor of dark energy [69] or a long-wavelength
dark energy density mode with a gradient in the desired
direction [40], could both imprint the observed alignments
via the integrated Sachs-Wolfe mechanism; but it is hard
to see how they would explain the lack of large-angle
correlations. The authors of [70] have put forward a model
where the Sachs-Wolfe contribution to low-� multipoles is
partly cancelled by the Integrated Sachs-Wolfe contribution,
but which still fails to explain the lowness of S1/2 or the
alignments of low-� multipoles. Models where the anomalies
are caused by breaking of the statistical isotropy [71, 72] are
especially well studied; see [73] for the equally interesting
possibility that the translational invariance is broken.

A commonly used mechanism to explain such anoma-
lies is inflationary models that contain implicit breaking
of isotropy [40, 74–80]. Pontzen [81] helpfully shows
temperature and polarization patterns caused by various
classes of Bianchi models that explicitly break the statistical
isotropy. However, outside of explaining the anomalies, the
motivation for these anisotropic models is not compelling
and they seem somewhat contrived. Moreover, the authors
have not investigated whether the low S1/2 is also observed.
Nevertheless, given the large-scale CMB observations, as
well as the lack of fundamental theory that would explain
inflation, investigating such models is well worthwhile.

A very reasonable approach is to describe breaking of
the isotropy with a phenomenological model, measure the
parameters of the model, and then try to draw inferences
about the underlying physical mechanism. For example, a
convenient approach is to describe the breaking of isotropy
via the direction-dependent power spectrum of dark matter
perturbations [82]

P
(−→
k
)
= A(k)

⎡⎣1 +
∑
�m

g�m(k)Y�m
(
k̂
)⎤⎦, (25)

where k = |−→k |, g�m(k) quantifies the departure from
statistical isotropy as a function of wavenumber k, and A(k)
refers to the statistically isotropic part of the power spectrum.
In this model, the power spectrum, normally considered
to depend only on scale k, now depends on direction in a

parametric way. Statistically significant finding that g�m /= 0
for any (�,m) would signal a violation of statistical isotropy.

As with the other attempts to explain the anomalies, we
conclude that, while there have been some interesting and
even promising suggestions, no cosmological explanation to
date has been compelling.

5.6. Alignment Explanations: What Next. While future
WMAP data is not expected to change any of the observed
results, our understanding and analysis techniques are likely
to improve. The most interesting test will come from the
Planck satellite, whose temperature maps, obtained with a
completely different instrument and observational technique
than WMAP, could shed significant new light on the
alignments. Moreover, polarization information could be
extremely useful in distinguishing between different models
and classes of explanations in general; for example, Dvorkin
et al. [83] explicitly show how polarization information
expected from Planck can help identify the cause of the
alignments. Finally, one could use the large-scale structure
(i.e., galaxy distribution) data on the largest observable
scales from surveys such as Dark Energy Survey (DES) and
Large Synoptic Survey Telescope (LSST) to test cosmological
explanations (see, e.g, [84, 85]).

6. Explanations from the WMAP Team

In their seven year data release the WMAP team explicitly
discusses several CMB anomalies [46] including the two
main ones described in this paper. For the first major
issue—the alignment of low multipoles with each other—
the WMAP team agrees that the alignment is observed and
arguse, based on work by Francis and Peacock [86], that
the integrated Sachs-Wolfe (ISW) contribution of structures
at small redshifts (z � 1) could be held responsible.
There are serious problems with this argument. Firstly, the
ordinary Sachs-Wolfe (SW) effect typically dominates at
these � over the ISW. Thus, only if the ordinary SW effect
on the last scattering surface is anomalously low will the
ISW contribution dominate. Secondly, though the ISW may
lead to alignment of the quadrupole and octopole it is not
an explanation for the observed Solar system alignments.
This alignment would need to be an additional statistical
fluke. Finally, this explanation does nothing whatsoever to
mitigate the lack of large scale angular correlation because
the ISW effect acts as an additive component and should
be statistically uncorrelated from the primordial CMB.
Therefore, even if the ISW reconstruction is taken as reliable,
this argument would imply

(1) an accidental downward fluctuation of the SW suffi-
cient for the ISW of local structure to dominate and
cause an alignment,

(2) an accidental cancellation in angular correlation
between the SW and ISW temperature patterns.

Neither the WMAP team nor Francis and Peacock estimate
the likelihood of these two newly created puzzles.
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Regarding the second major issue—the lack of angular
correlation—the WMAP team refers to a recent work by
Efstathiou et al. [35] who argue that quadratic estimators are
better estimates of the full-sky from cut-sky data and are in
better agreement with the concordance model. While these
estimators have been shown to be optimal under the assump-
tion of statistical isotropy, it is unclear why they should
be employed when this assumption is to be tested. (For a
contrary view, see [33].) The pixel-based estimator applied
to the cut-sky in our analysis does not rely on statistical
isotropy and it is more conservative as it does not try to
reconstruct temperature anisotropies inside the cut. Finally,
our claims that the pixel-based cut-sky two-point correlation
function is highly anomalous rely on comparisons to the
identical correlation function calculated on simulated cut
skies. Whether or not it is a good estimate of the full-
sky correlation function is answering a different question,
(see Section 5.2). Conversely, the estimator suggested in [35]
assumes that whatever is within the cut can be reconstructed
reliably by truncating the number of multipole moments
considered. The latter logic is equivalent to the assumption
of the statistical independence of low and high multipoles,
which is exactly a consequence of statistical isotropy.

These arguments from the WMAP team offer neither
new nor convincing explanations of the observed anomalies
discussed in this paper. At best they replace one set of
anomalies by another.

7. Conclusions

The CMB is widely regarded as offering strong substantiating
evidence for the concordance model of cosmology. Indeed
the agreement between theory and data is remarkable—the
patterns in the two-point correlation functions (TT, TE, and
EE) of Doppler peaks and troughs are reproduced in detail
by fitting with only six (or so) cosmological parameters. This
agreement should not be taken lightly; it shows our precise
understanding of the causal physics on the last scattering
surface. Even so, the cosmological model we arrive at is
baroque, requiring the introduction at different scales and
epochs of three sources of energy density that are only
detected gravitationally—dark matter, dark energy and the
inflaton. This alone should encourage us to continuously
challenge the model and probe the observations particularly
on scales larger than the horizon at the time of last scattering.

At the very least, probes of the large-angle (low-�)
properties of the CMB reveal that we do not live in a
typical realization of the concordance model of inflationary
ΛCDM. We have reviewed a number of the ways in which
that is true: the peculiar geometry of the � = 2 and 3
multipoles—their planarity, their mutual alignment, their
alignment perpendicular to the ecliptic and to the dipole; the
north-south asymmetry; and the near absence of two-point
correlations for points separated by more than 60◦.

If indeed the observed � = 2 and 3 CMB fluctuations
are not cosmological, one must reconsider all CMB results
that rely on the low �, for example, the measurement of the
optical depth from CMB polarization at low � or the spectral

index of scalar perturbations and its running. Moreover,
the CMB galaxy cross-correlation, which has been used to
provide evidence for the Integrated Sachs-Wolfe effect and
hence the existence of dark energy, also gets contributions
from the lowest multipoles (though the main contribution
comes from slightly smaller scales, � ∼ 10). Indeed, it is
quite possible that the underlying physical mechanism does
not cut off abruptly at the octopole, but rather affects the
higher multipoles. Indeed, several pieces of evidence have
been presented for anomalies at l > 3 (e.g., [87, 88]).
One of these is the parity of the microwave sky. While
the observational fact that the octopole is larger than the
quadrupole (C3 > C2) is not remarkable on its own,
including higher multipoles (up to � ∼ 20) the microwave
sky appears to be parity odd at a statistically significant
level (since WMAP 5yr) [89–91]. It is hard to imagine a
cosmological explanation for a parity odd universe, but the
same holds true for unidentified systematics or unaccounted
astrophysical foregrounds, especially as this recently noticed
puzzle shows up in the very well studied angular power
spectrum.

While the further WMAP data is not expected to change
any of the observed results, our understanding and analysis
techniques are likely to improve. Much work remains to
study the large-scale correlations using improved foreground
treatment, accounting even for the subtle systematics and in
particular studying the time-ordered data from the space-
craft. The Planck experiment will be of great importance, as
it will provide maps of the largest scales obtained using a very
different experimental approach than WMAP—measuring
the absolute temperature rather than temperature differ-
ences. Polarization maps, when available at high enough
signal-to-noise at large scales (which may not be soon), will
be a fantastic independent test of the alignments, as each
explanation for the alignments, in principle, also predicts the
statistics of the polarization pattern on the sky.
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B. Lilje, “Multipole vector anomalies in the first-year WMAP
data: a cut-sky analysis,” Astrophysical Journal, vol. 635, no. 2,
pp. 750–760, 2005.
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We review the basic hypotheses which motivate the statistical framework used to analyze the cosmic microwave background,
and how that framework can be enlarged as we relax those hypotheses. In particular, we try to separate as much as possible the
questions of gaussianity, homogeneity, and isotropy from each other. We focus both on isotropic estimators of nongaussianity as
well as statistically anisotropic estimators of gaussianity, giving particular emphasis on their signatures and the enhanced “cosmic
variances” that become increasingly important as our putative Universe becomes less symmetric. After reviewing the formalism
behind some simple model-independent tests, we discuss how these tests can be applied to CMB data when searching for large-scale
“anomalies”.

1. Introduction

According to our current understanding of the Universe, the
morphology of the cosmic microwave background (CMB)
temperature field, as well as all cosmological structures that
are now visible, like galaxies, clusters of galaxies, and the
whole web of large-scale structure, are probably the descen-
dants of quantum process that took place some 10−35 seconds
after the Big Bang. In the standard lore, the machinery
responsible for these processes is termed cosmic inflation
and, in general terms, what it means is that microscopic
quantum fluctuations pervading the primordial Universe are
stretched to what correspond, today, to cosmological scales
(see [1–3] for comprehensive introductions to inflation.)
These primordial perturbations serve as initial conditions
for the process of structure formation, which enhance
these initial perturbations through gravitational instability.
The subsequent (classical) evolution of these instabilities
preserves the main statistical features of these fluctuations
that were inherited from their inflationary origin–provided,
of course, that we restrain ourselves to linear perturbation
theory.

However, given that matter has a natural tendency to
cluster, and this inevitably leads to nonlinearities (not to
mention the sorts of complications that come with baryonic
physics), the structures which are visible today are far from
ideal probes of those statistical properties. CMB photons,
on the other hand, to an excellent approximation experience
free streaming since the time of decoupling (z ≈ 1100) and
are therefore exempt from these non-linearities (except, of
course, for secondary anisotropies such as the Rees-Sciama
effect or the Sunyaev-Zel’dovich effect), which implies that
they constitute an ideal window to the physics of the
early Universe—see, for example, [4–6]. In fact, we can
determine the primary CMB anisotropies as well as most
of the secondary anisotropies on large scales, such as the
Integrated Sachs-Wolfe effect, completely in terms of the
initial conditions by means of a linear kernel as follows:

Θ(n̂)≡ ΔT
(
n̂;η0

)
T
(
η0
) =

∫
d3x′

∫ η0

0
dη′

∑
i

Ki
(−→x ′,η′; n̂)Si(−→x ′,η′),

(1)
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where η′ is conformal time, and Si denote the initial
conditions of all matter and metric fields (as well as their
time derivatives, if the initial conditions are nonadiabatic).
Here Ki is a linear kernel, or a retarded Green’s function,
that propagates the radiation field to the time and place of
its detection, here on Earth. Since that kernel is insensitive
to the statistical nature of the initial conditions (which
can be thought of as constants which multiply the source
terms), those properties are precisely transferred to the CMB
temperature field Θ.

The statistical properties of the primordial fluctuations
are, to lowest order in perturbation theory, quite simple;
because the quantum fluctuations that get stretched and
enhanced by inflation are basically harmonic oscillators in
their ground state, the distribution of those fluctuations is
Gaussian, with each mode an independent random variable.
The Fourier modes of these fluctuations are characterized
by random phases (corresponding to the random initial
values of the oscillators), with zero mean, and variances
which are given simply by the field mass and the mode’s
wavenumber k = 2π/λ. The presence of higher-order
interactions (which exist even for free fields, because of
gravity) changes this simple picture, introducing higher-
order correlations which destroy gaussianity—even in the
simplest scenario of inflation [7–9]. However, since these
interactions are typically suppressed by powers of the
factor GH2  10−12, where G is Newton’s constant
and H the Hubble parameter during inflation, the cor-
rections are small—but, at least in principle, detectable
[10–12].

Since these statistical properties are a generic prediction
of (essentially) all inflationary models, they can also be
inferred from two ingredients that are usually assumed as
a first approximation to our Universe. First, since inflation
was designed to stretch our Universe until it became spatially
homogeneous and isotropic, it is reasonable to expect that
all statistical momenta of the CMB should be spatially
homogeneous and rotationally invariant, regardless of their
general form. Second, in linear perturbation theory [13]
where we have a large number of cosmological fluctuations
evolving independently, we can expect, based on the central
limit theorem, that the Universe will obey a Gaussian
distribution.

The power of this program lies, therefore, in its simplic-
ity: if the Universe is indeed Gaussian, homogeneous, and
statistically isotropic (SI), then essentially all the information
about inflation and the linear (low redshift) evolution of
the Universe is encoded in the variance, or two-point
correlation function, of large-scale cosmological structures
and/or the CMB. As it turns out, the five-year dataset
from the Wilkinson Microwave anisotropy probe (WMAP)
strongly supports these predictions [11, 14]. Moreover, the
measurements of the CMB temperature power spectrum by
the WMAP team, alongside measurements of the matter
power spectrum from existing survey of galaxies [15, 16]
and data from type Ia supernovae [17–19], have shown
remarkable consistency with a concordance model (ΛCDM),
in which the cosmos figures as a Gaussian, spatially flat,
approximately homogeneous, and statistically isotropic web

of structures composed mainly of baryons, dark matter, and
dark energy.

However, while the detection of a nearly scale-invariant
and Gaussian spectrum is a powerful boost to the idea
of inflation, just knowing the variance of the primordial
fluctuations is not sufficient to single out which particular
inflationary model was realized in our Universe. For that,
we will need not only the 2-point function, but the higher
momenta of the distribution as well. Therefore, in order
to break this model degeneracy, we must go beyond the
framework of the ΛCDM, Gaussian, spatially homogeneous,
and statistically isotropic Universe.

Reconstructing our cosmic history, however, is not the
only reason to explore further the statistical properties
of the CMB. The full-sky temperature maps by WMAP
[11, 20] have revealed the existence of a series of large-
angle anomalies—which, incidentally, were (on hindsight)
already visible in the lower-resolution COBE data [21].
These anomalies suggest that at least one of our cherished
hypotheses underlying the standard cosmological model
might be wrong—even as a first-order approximation.
Perhaps the most intriguing anomalies (described in more
detail in other review papers in this volume) are the low
value of the quadrupole and its alignment of the quadrupole
(� = 2) with the octupole (� = 3) [22–27], the sphericity
[26] (or lack of planarity [28]), of the multipole � = 5,
and the north-south asymmetry [29–33]. In the framework
of the standard cosmological model, these are very unlikely
statistical events, and yet the evidence that they exist in the
real data (and are not artifacts of poorly subtracted extended
foregrounds—e.g., [34]) is strong.

Concerning theoretical explanations, even though we
have by now an arsenal of ad hoc models designed to account
for the existence of these anomalies, none has yet quite
succeeded in explaining their origin. Nevertheless, they all
share the point of view that the detected anomalies might
be related to a deviation of gaussianity and/or statistical
isotropy.

In this paper, we will describe, first, how to character-
ize, from the point of view of the underlying spacetime
symmetries, both non-gaussianity and statistical anisotropy.
We will adopt two guiding principles. The first is that
gaussianity and SI, being completely different properties of
a random variable, should be treated separately, whenever
possible or practical. Second, since there is only one type
of gaussianity and SI but virtually infinite ways away from
them, it is important to try to measure these deviations
without a particular model or anomaly in mind–although we
may eventually appeal to particular models as illustrations
or as a means of comparison. This approach is not new
and, although not usually mentioned explicitly, it has been
adopted in a number of recent papers [35, 36].

One of the main motivations for this model-independent
approach is the difficult issue of aprioristic statistics; one can
only test the random nature of a process if it can be repeated
a very large (formally, infinite) number of times. Since the
CMB only changes on a timescale of tens of millions of years,
waiting for our surface of last scattering to probe a different
region of the Universe is not a practical proposition. Instead,
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we are stuck with one dataset (a sequence of apparently
random numbers), which we can subject to any number of
tests. Clearly, by sheer chance, about 30% of the tests will
give a positive detection with 70% confidence level (CL),
10% will give a positive detection with 90% CL, and so on.
With enough time, anyone can come up with detections
of arbitrarily high significance—and ingenuity will surely
accelerate this process. Hence, it would be useful to have a
few guiding principles to inform and motivate our statistical
tests, so that we do not end up shooting blindly at a finite
number of fish in a small wheelbarrow.

This paper is divided into two parts. We start Part
I by reviewing the basic statistical framework behind
linear perturbation theory (Section 2). This serves as a
motivation for Section 3, where we discuss the formal
aspects of non-Gaussian and statistically isotropic models
(Section 2.1), as well as Gaussian models of statistical
anisotropy (Section 2.2). Part II is devoted to a discussion
on model-independent cosmological tests of non-gaussianity
and statistical anisotropy and their application to CMB data.
We focus on two particular tests, namely, the multipole
vectors statistics (Section 3) and functional modifications
of the two-point correlation function (Section 4). After
discussing how such tests are usually carried out when
searching for anomalies in CMB data (Section 6.1), we
present a new formalism which generalizes the standard
procedure by including the ergodicity of cosmological data
as a possible source of errors (Section 6.2). This formalism
is illustrated in Section 7, where we carry a search of planar-
type deviations of isotropy in CMB data. We then conclude
in Section 8.

Part I: The Linearized Universe

2. General Structure

We start by defining the temperature fluctuation field. Since
the background radiation is known to have an average
temperature of 2.725 K, we are interested only in deviations
from this value at a given direction n̂ in the CMB sky. So let
us consider the dimensionless function on S2 as follows:

Θ(n̂) ≡ T(n̂)− T0

T0
, (2)

where T0 = 2.725 K is the blackbody temperature of the
mean photon energy distribution—which, if homogeneity
holds, is also equal to the ensemble average of the temper-
ature.

In full generality, the fluctuation field is not only a
function of the position vector −→n , but also of the time in
which our measurements are taken. In practice, the time
and displacement of measurements vary so slowly that we
can ignore these dependences altogether. Therefore, we can
equally well consider this function as one defined only on the
unit radius sphere S2, for which the following decomposition
holds:

Θ(n̂) =
∑
�,m

a�mY�m(n̂). (3)

Since the spherical harmonics Y�m(n̂) obey the symmetry
Y∗�m(n̂) = (−1)mY�,−m(n̂), the fact that the temperature field
is a real function implies the identity a∗�m = (−1)ma�,−m.
This means that each temperature multipole � is completely
characterized by 2� + 1 real degrees of freedom.

2.1. From Inhomogeneities to Anisotropies: Linear Theory.
The ultimate source of anisotropies in the Universe is
the inhomogeneities in the baryon-photon fluid, as well
as their associated spacetime metric fluctuations. If the
photons were in perfect equilibrium with the baryons up
to a sharply defined moment in time (the so-called instant
recombination approximation), their distribution would
have only one parameter (the equilibrium temperature at
each point), so that photons flying off in any direction
would have exactly the same energies. In that case, the
photons we see today coming from a line-of-sight n̂ would
reflect simply the density and gravitational potentials (the
“sources”) at the position R n̂, where R is the radius to that
(instantaneous) last scattering surface. Evidently, multiple
scatterings at the epoch of recombination, combined with
the fact that anisotropies themselves act as sources for more
anisotropies, complicate this picture, and in general the
relationship of the sources with the anisotropies must be
calculated from either a set of Einstein-Boltzmann equations
or, equivalently, from the line-of-sight integral equations
coupled with the Einstein, continuity, and Euler equations
[6].

Assuming for simplicity that recombination was instan-
taneous, at a time ηR, the linear kernels of (1) reduce to
Ki(
−→x ′,η′; n̂) → βiδ(η′ − ηR)δ(−→x ′ − n̂R), where R = η0 − ηR

and βi are constant coefficients. The photon distribution that
we measure on Earth would therefore be given by

Θ(n̂) ≈
∑
i

βiS
i
(−→x ′ = n̂R,η′ = ηR

)
. (4)

We can also express this result in terms of the Fourier
spectrum of the sources as follows:

Θ(n̂) ≈
∑
i

βi

∫
d3k

(2π)3 e
i
−→
k ·n̂RSi

(−→
k ,ηR

)
. (5)

Now we can use what is usually referred to as “Rayleigh’s
expansion” (though Watson, in his classic book on Bessel
functions, attributes this to Bauer, J. f. Math. LVI, 1859) as
follows:

ei
−→
k ·−→x = 4π

∑
�m

i� j�(kx)Y∗�m
(
k̂
)
Y�m(x̂), (6)

where j�(z) are the spherical Bessel functions. Substituting
(6) into (5) we obtain that

a�m =
∫
d2n̂ Y∗�m(n̂)Θ(n̂)

≈
∫

d3k

(2π)3 Θ
(−→
k
)
× 4πi� j�(kR)Y∗�m

(
k̂
)

,

(7)

where we have loosely collected the sources into the term

Θ(
−→
k ) ≡ ∑

i βiS
i(
−→
k ,ηR). This expression conveys well the
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simple relation between the Fourier modes and the spherical
harmonic modes. Therefore, up to coefficients which are
known given some background cosmology, the statistical
properties of the harmonic coefficients a�m are inherited

from those of the Fourier modes Θ(
−→
k ) of the underlying

matter and metric fields. Notice that the properties of the
a�ms under rotations, on the other hand, have nothing to do
with the statistical properties of the fluctuations; they come
directly from the spherical harmonic functions Y�m.

2.2. Statistics in Fourier Space. The characterization of the
statistics of random variables is most commonly expressed in
terms of the correlation functions. The two-point correlation
function is the ensemble expectation value,

C

(−→
k ,
−→
k′
)
≡
〈
Θ
(−→
k
)
Θ

(−→
k′
)@

. (8)

In the absence of any symmetries, this would be a generic

function of the arguments
−→
k and

−→
k′ , with only two

constraints: first, because Θ(−→x ) is a real function, Θ∗(
−→
k ) =

Θ(−−→k ), hence, in our definition C∗(
−→
k ,
−→
k′) = C(−−→k ,−−→k′);

second, due to the associative nature of the expectation value,

C(
−→
k ,
−→
k′) = C(

−→
k′ ,
−→
k ). It is obvious how to generalize this

definition to 3, 4, or an arbitrary number of fields at different−→
k s (or “points”).

Let us first discuss the issue of gaussianity. If we say

that the variables Θ(
−→
k ) are Gaussian random numbers,

then all the information that characterizes their distribution
is contained in their two-point function C(

−→
k ,
−→
k′). The

probability distribution function (pdf) is then formally given
by

P

[
Θ
(−→
k
)

,Θ
(−→
k′
)]
∼ exp

⎡⎢⎣−Θ
(−→
k
)
Θ
(−→
k′
)

2 C
(−→
k ,
−→
k′
)
⎤⎥⎦. (9)

In this case, all higher-order correlation functions are either
zero (for odd numbers of points) or they are simply
connected to the two-point function by means of Wick’s
Theorem as follows:〈

Θ
(−→
k 1

)
Θ
(−→
k 2

)
· · ·Θ

(−→
k 2N

)〉
G

=
∑
i, j

N∏
α=1

Bαi, j

〈
Θ
(−→
k i

)
Θ
(−→
k j

)〉
,

(10)

where the sum runs over all permutations of the pairs of wave
vectors and Bi, j are weights.

Second, let us consider the issue of homogeneity. A field
is homogeneous if its expectation values (or averages) do not
dependent on the spatial points where they are evaluated. In
terms of the N-point functions in real space, we should have
the following〈

Θ
(−→x 1

)
Θ
(−→x 2

) · · ·Θ(−→x N

)〉
Homog.−−−−→ CN

(−→x 1 −−→x 2, . . . ,−→x N−1 −−→x N

)
.

(11)

Writing this expression in terms of the Fourier modes, we get
the following

〈
Θ
(−→x 1

)
Θ
(−→x 2

) · · ·Θ(−→x N

)〉
=
∫
d3k1d3k1 · · ·d3kN

(2π)3N e−i
−→
k 1·−→x 1e−i

−→
k 2·−→x 2 · · · e−i

−→
k N ·−→x N

×
〈
Θ
(−→
k 1

)
Θ
(−→
k 2

)
· · ·Θ

(−→
k N

)〉
.

(12)

Homogeneity demands that the expression in (12) is a
function of the distances between spatial points only, not
of the points themselves. Hence, the expectation value in
Fourier space on the right-hand side of this expression must

be proportional to δ(
−→
k 1+

−→
k 2+· · ·+−→k N ). In other words, the

hypothesis of homogeneity constrains the N-point function
in Fourier space to be of the following form:

〈
Θ
(−→
k 1

)
Θ
(−→
k 2

)
· · ·Θ

(−→
k N

)〉
H

= (2π)3Ñ
(−→
k 1,

−→
k 2, . . . ,

−→
k N

)
× δ

(−→
k 1 +

−→
k 2 + · · · +

−→
k N

)
.

(13)

Notice that the “(N − 1)-spectrum” in Fourier space, Ñ ,
can still be a function of the directions of the wavenumbers−→
k i (it will be, in fact, a function of N − 1 such vectors,
due to the global momentum conservation expressed by the
δ-function.) Models which realize the general idea of (13)
correspond to homogeneous but anisotropic universes [37–
40].

There is a useful diagrammatic illustration for the N-
point functions in Fourier space that enforce homogeneity.
Notice that we could use the δ-function in (13) to integrate

out any one of the momenta
−→
k i in (12). Let us instead

rewrite the δ-functions in terms of triangles, so for the 4-
point function we have

δ
(−→
k 1 +

−→
k 2 +

−→
k 3 +

−→
k 4

)
=
∫
d3qδ

(−→
k 1 +

−→
k 2 −−→q

)
δ
(−→
k 3 +

−→
k 4 +−→q

)
,

(14)

whereas for the 5-point function we have

δ
(−→
k 1 +

−→
k 2 +

−→
k 3 +

−→
k 4 +

−→
k 5

)
=
∫
d3qd3q′δ

(−→
k 1 +

−→
k 2 −−→q

)
δ
(−→q +

−→
k 3 −−→q ′

)
× δ

(−→q ′ +
−→
k 4 +

−→
k 5

)
,

(15)

and so on, so that theN-point δ-function is reduced toN−2
triangles with N − 3 “internal momenta” (the idea is nicely
illustrated in Figure 1.) Substituting the expression for theN-
point δ-function into (12) and integrating out all external
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momenta but the first (
−→
k 1) and last (

−→
k N ), the result is as

follows〈
Θ
(−→x 1

)
Θ
(−→x 2

) · · ·Θ(−→x N

)〉
= 1

(2π)3N

∫
d3k1d

3q1 · · ·d3qN−3 d
3kN

× ei
−→
k 1·(−→x 1−−→x 2)ei

−→q 1·(−→x 2−−→x 3) · · · ei−→q N−3·(−→x N−2−−→x N−1)

× ei
−→
k N ·(−→x N−1−−→x N )

〈
Θ
(−→
k 1

)
Θ
(−→q 1 −

−→
k 1

)
· · ·Θ

(−→
k N

)〉
.

(16)

This expression shows explicitly that the real-space N-point
function above does not depend on any particular spatial
point, only on the intervals between points.

Finally, what are the constraints imposed on the N-
point functions that come from isotropy alone? Clearly, no
dependence on the directions defined by the points,−→x i−−→x j ,
can arise in the final expression for the N-point functions
in real space, so from (12) we see that the N-point function
in Fourier space should depend only on the moduli of
the wavenumbers—up to some momentum-conservation δ-
functions, which naturally carry vector degrees of freedom.

In this paper, we will mostly be concerned with tests of
isotropy given homogeneity (but not necessarily Gaussian-
ity), so in our case we will usually assume that the N-point
function in Fourier space assumes the form given in (13).

2.3. Statistics in Harmonic Space. In the previous Section,
we characterized the statistics of our field in Fourier space,
which in most cases is most easily related to fundamental
models such as inflation. Now we will change to harmonic
representation, because that is what is most directly related to
the observations of the CMB, Θ(n̂), which are taken over the
unit sphere S2. We will discuss mostly the two-point function
here, and we defer a fuller discussion of N-point functions in
harmonic space to Section 3.

From (7), we can start by taking the two-point function
in harmonic space, and computing it in terms of the two-
point function in Fourier space as follows

〈
a�ma

∗
�′m′

〉 = ∫ d3kd3k′

(2π)6 (4π)2i�(−i)�′ j�(kR) j�′(k′R)Y�m
(
k̂
)

× Y∗�′m′
(
k̂′
)〈

Θ
(−→
k
)
Θ∗
(−→
k
′)@

.

(17)

Under the hypothesis of homogeneity, this expression sim-
plifies considerably, leading to〈
a�ma

∗
�′m′

〉
H

=
∫
d3k

2
π
i�(−i)�′ j�(kR) j�′(kR)Y�m

(
k̂
)
Y∗�′m′

(
k̂
)
× Ñ2

(−→
k
)
.

(18)

If, in addition to homogeneity, we also assume isotropy,
then Ñ2 → P(k), and the integration over angles factors

out, leading to the orthogonality condition for spherical
harmonics as follows∫

d2k̂ Y�m
(
k̂
)
Y∗�′m′

(
k̂
)
= δ��′δmm′ , (19)

and as a result the covariance of the a�ms becomes diagonal
as follows

〈
a�ma

∗
�′m′

〉
H,I = δ��′δmm′

∫
dk

k
j2� (kR)

2
π
k3P(k)

= 4π δ��′δmm′

∫
d log k j2� (kR)Δ2

T(k)

≡ C�δ��′δmm′ ,

(20)

where we have defined the usual temperature power spectrum
ΔT(k) = k3P(k)/2π2 in the middle line, and the angular
power spectrum C� in the last line of (20). As a pedagogical
note, let us recall that the power spectrum basically expresses
how much power the two-point correlation function has per
unit log k as follows:

〈
Θ
(−→x )Θ(−→x ′)〉

H,I
=
∫
d log k

sin
(
k
∣∣∣−→x −−→x ′∣∣∣)

k
∣∣∣−→x −−→x ′∣∣∣ Δ2

T(k).

(21)

In an analogous manner to what was done above, we can
also construct the angular two-point correlation function in
harmonic space as follows:〈

Θ(n̂)Θ(n̂′)
〉 =∑

�m

∑
�′m′

〈
a�ma

∗
�′m′

〉
Y�m(n̂)Y∗�m(n̂′). (22)

The hypothesis of homogeneity by itself does not lead
to significant simplifications, but isotropy leads to a very
intuitive expression for the angular two-point function as
follows:〈

Θ(n̂)Θ(n̂′)
〉

H,I =
∑
�m

∑
�′m′

C�δ��′δmm′Y�m(n̂)Y∗�m(n̂′)

=
∑
�

C�
2� + 1

4π
P�(n̂ · n̂′).

(23)

Clearly, not only is this expression the analogous in S2 of
(21), but in fact the Fourier power spectrum Δ2

T(k) and the
angular power spectrumC� are defined in terms of each other
as indicated in (23) as follows:

C� = 4π
∫
d log k j2� (kR)Δ2

T(k). (24)

Now, using the facts that the spherical Bessel function of
order � peaks when its argument is approximately given by
�, and that

∫
d log z j2� (z) = 1/(2�(� + 1)), we obtain the

following (this is one type of what has become known in the
literature as Limber’s approximations)

C� ≈ 2π
�(� + 1)

Δ2
T

(
k = �

R

)
. (25)
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Figure 1: Diagrammatic representation of the 2, 3, 4, and 5-point correlation functions in Fourier space. The dashed lines represent internal
momenta.

Incidentally, from this expression it is clear why it is
customary to define

C� ≡ �(� + 1)
2π

C� ≈ Δ2
T

(
k = �

R

)
. (26)

Using (12), we can easily generalize the results of this
subsection toN-point functions in S2 and in harmonic space,
however, the assumption of isotropy alone does very little
to simplify our life. The hypothesis of homogeneity, on the
other hand, greatly simplifies the angular N-point functions,
and most of the work in statistical anisotropy of the CMB
that goes beyond the two-point function assumes that
homogeneity holds. Notice that the issue of gaussianity is, as
always, confined to the question of whether or not the two-
point function holds all information about the distribution
of the relevant variables and is therefore completely separated
from questions about homogeneity and/or isotropy.

Also notice that the separable nature of the definition
(22) implies here as well, like in Fourier space, a reciprocity
relation for the correlation function

C(n̂1, n̂2) = C(n̂2, n̂1). (27)

This symmetry must hold regardless of underlying models
and is important in order to analyze the symmetries of the
correlation function, as we will see later.

Before we move on, it is perhaps important to mention
that the decomposition (22) is not unique. In fact, instead of
the angular momenta of the parts, (�1,m1; �2,m2), we could
equally well have used the basis of total angular momentum
(L,M; �1, �2) and decomposed that expression as

C(n̂1, n̂2) =
∑
L,M

∑
�1,�2

ALM
�1�2

YLM
�1�2

(n̂1, n̂2), (28)

where YLM
�1�2

are known as the bipolar spherical harmonics,
defined by [41]

YLM
�1�2

(n̂1, n̂2) = [Y�1 (n̂1)⊗ Y�2 (n̂2)
]
LM , (29)

where L andM = m1 +m2 are the eigenvalues of the total and
azimuthal angular momentum operators, respectively. This
decomposition is completely equivalent to (22), and we can
exchange from one decomposition to another by using the
relation

ALM
�1�2
=
∑
m1m2

〈
a�1m1a�2m2

〉
(−1)M+�1−�2

√
2L + 1

(
�1 �2 L
m1 m2 −M

)
,

(30)

where the 3 × 2 matrices above are the well-known 3-j
coefficients. At this point, it is only a matter of mathematical
convenience whether we choose to decompose the correla-
tion function as in (22) or as in (28). Although the bipolar
harmonics behave similarly to the usual spherical harmonics
in many aspects, the modulations of the correlation function
as described in this basis have a peculiar interpretation. We
will not go further into detail about this decomposition here,
as it is discussed at length in another review article in this
volume.

2.4. Estimators and Cosmic Variance. Returning to the
covariance matrix (20), we see that, if we assume gaussianity
of the a�ms, then the angular power spectrum suffices to
describe statistically how much the temperature fluctuates
in any given angular scale; all we have to do is to calculate
the average (20). This can be a problem, though, since we
have only one Universe to measure, and therefore only one
set of a�ms. In other words, the average in (20) is poorly
determined.

At this point, the hypothesis that our Universe is spatially
homogeneous and isotropic at cosmological scales comes
not only as simplifying assumption about the spacetime
symmetries, but also as a remedy to this unavoidable
smallness of the working cosmologist’s sample space. If
isotropy holds, different cosmological scales are statistically
independent, which means that we can take advantage of
the ergodic hypothesis and trade averaging over an ensemble
for averaging over space. In other words, for a given �
we can consider each of the 2� + 1 real numbers in a�m
as statistically independent Gaussian random variables, and
define a statistical estimator for their variances as the average

Ĉ� ≡ 1
2� + 1

�∑
m=−�

|a�m|2. (31)

The smaller the angular scales (� bigger), the larger the
number of independent patches that the CMB sky can be
divided into. Therefore, in this limit we should have

lim
�→∞

Ĉ� = C�. (32)

On the other hand, for large angular scales (small �’s), the
number of independent patches of our Universe becomes
smaller, and (31) becomes a weak estimation of the C�s. This
means that any statistical analysis of the Universe on large
scales will be plagued by this intrinsic cosmic sample variance.
Notice that this is an unavoidable limit as long as we have
only one observable Universe.
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Finally, it is important to keep in mind the clear
distinction between the angular power spectrum C� and its
estimator (31). The former is a theoretical variable which
can be calculated from first principles, as we have shown in
Section 2.1. The latter, being a function of the data, is itself
a random variable. In fact, if the a�ms are Gaussian, then we
can rewrite expression (31) as

(2� + 1)
C�

Ĉ� = X� , X� =
�∑

m=−�

|a�m|2
C�

, (33)

where X� is a chi-square random variable with 2� + 1 degrees
of freedom. According to the central limit theorem, when
� → ∞, X� approaches a standard normal variable (A
standard normal variable is a Gaussian variable X with zero
mean and unit variance. Any other Gaussian variable Y with
mean μ and variance σ can be obtained from X through
Y = σX + μ.) which implies that Ĉ� will itself follow a
Gaussian distribution. Its mean can be easily calculated using
(20) and (31) and is of course given by〈

Ĉ�
〉
= C� , (34)

which shows that the Ĉ�s are unbiased estimators of the C�s.
It is also straightforward to calculate its variance (valid for
any �) 〈(

Ĉ� − C�
)(
Ĉ�′ − C�′

)〉
= 2

2� + 1
C2
� δ��′ . (35)

Because this estimator does not couple different cosmologi-
cal scales, it has the minimum cosmic variance we can expect
from an estimator due to the finiteness of our sample—so
it is optimal in that sense. Ĉ� is therefore the best estimator
we can build to measure the statistical properties of the
multipolar coefficients a�m when both statistical isotropy and
gaussianity hold.

In later Sections, we will explore angular or harmonic
N-point functions for which the assumption of isotropy
does not hold. However, it is important to remember at all
times that we have only one map, which means one set of
a�ms. The estimator for the angular power spectrum, Ĉ� ,
takes into account all the a�ms by dividing them into the
different �s and summing over all m ∈ (−�, �). Clearly, it
will inherit a sample variance for small �s, when the a�ms can
only be divided into a few “independent parts”. As we try to
estimate higher-order objects such as the N-point functions,
we will have to subdivide the a�m’s into smaller and smaller
subsamples, which are not necessarily independent (in the
statistical sense) of each other. So, the price to pay for aiming
at higher-order statistics is a worsening of the cosmic sample
variance.

2.5. Correlation and Statistical Independence. The covariance
given in (20) has two distinct, important properties. First,
note that its diagonal entries, the C� ’s, are m-independent
coefficients; this is crucial for having statistical isotropy, as we
will show latter. Second, statistical isotropy at the Gaussian
level implies that different cosmological “scales” (understood

here as meaning the modes with total angular momentum
� and azimuthal momentum m) should be statistically
independent of each other—and this is represented by the
Kronecker deltas in (20).

In fact, statistical independence of cosmological scales is
a particular property of Gaussian and statistically isotropic
random fields and is not guaranteed to hold when gaus-
sianity is relaxed. We will see in the next Section that the
rotationally invariant 3-point correlation function (and in
general any N > 2 correlation function) couples to the three
scales involved. In particular, if it happens that the Gaussian
contribution of the temperature field is given by (20), but
at least one of its non-Gaussian moments are nonzero, then
the fact that a particular correlation is zero, like for example
〈a2m1a

∗
3m2
〉, does not imply that the scales � = 2 and � =

3 are (statistically) independent. This is just a restatement
of the fact that, while statistical independence implies null
correlation, the opposite is not necessarily true. This can
be illustrated by the following example: consider a random
variable α distributed as

P(α) =
⎧⎨⎩1, α ∈ [0, 1],

0, otherwise.
(36)

Let us now define two other variables x = cos(2πα) and
y = sin(2πα). From these definitions, it follows that x and y
are statistically dependent variables, since knowledge of the
mean/variance of x automatically gives the mean/variance of
y. However, these variables are clearly uncorrelated

〈xy〉 = 1
2π

∫ 2π

0
cosη sinη dη = 0. (37)

Although correlations are among cosmologist’s most popular
tools when analyzing CMB properties, statistical indepen-
dence may turn out to be an important property as well,
specially at large angular scales, where cosmic variance is
more of a critical issue.

3. Beyond the Standard Statistical Model

Until now we have been analyzing the properties of Gaussian
and statistically isotropic random temperature fluctuations.
This gives us a fairly good statistical description of the
Universe in its linear regime, as confirmed by the astonishing
success of the ΛCDM model. This picture is incomplete
though, and we have good reasons to search for deviations
of either gaussianity and/or statistical isotropy. For example,
the observed clustering of matter in galactic environments
certainly goes beyond the linear regime where the central
limit theorem can be applied, therefore leading to large
deviations of gaussianity in the matter power spectrum
statistics. Besides, deviations of the cosmological principle
may leave an imprint in the statistical moments of cosmolog-
ical observables, which can be tested by searching for spatial
inhomogeneities [42] or directionalities [43].

But how do we plan to go beyond the standard model,
given that there is only one Gaussian and statistically
isotropic description of the Universe, but infinite possibilities
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otherwise? This is in fact an ambitious endeavor, which may
strongly depend on observational and theoretical hints on
the type of signatures we are looking for. In the absence
of extra input, it is important to classify these signatures
in a general scheme, differentiating those which are non-
Gaussian from those which are anisotropic. Furthermore,
given that the signatures of non-gaussianity may in principle
be quite different from that of statistical anisotropy, such
a classification is crucial for data analysis, which requires
sophisticated tools capable of separating these two issues.
(Although gaussianity and homogeneity/isotropy are mathe-
matically distinct properties, it is possible for a Gaussian but
inhomogeneous/anisotropic model to look like an isotropic
and homogeneous non-gaussian model. See, e.g., [44].)

We therefore start Section 3.1 by analyzing deviations of
gaussianity when statistical isotropy holds. In Section 3.2,
we keep the hypothesis of gaussianity and analyze the
consequences of breaking statistical rotational invariance.

3.1. Non-Gaussian and SI Models

3.1.1. Rotational Invariance of N-Point Correlation Functions.
We turn now to the question of non-Gaussian but statistically
isotropic probabilities distributions. We will keep working
with the N-point correlation function defined in harmonic
space, 〈

a�1m1a�2m2 . . . a�NmN

〉
, (38)

since knowledge of these functions enables one to fully
reconstruct the CMB temperature probability distribution.
Specifically, we would like to know the form of any N-
point correlation function which is invariant under arbi-
trary 3-dimensional spatial rotations. When rotated to a
new (primed) coordinate system, the N-point correlation
function transforms as〈

a�1m
′
1
a�2m

′
2
. . . a�Nm′

N

〉
=
∑

all m

〈
a�1m1a�2m2 . . . a�NmN

〉
D�1

m′
1m1
D�2

m′
2m2
· · ·D�n

m′
NmN

,

(39)

where the D�
mim

′
i
(α,β, γ)s are the coefficients of the Wigner

rotation-matrix, which depend on the three Euler-angles
α, β, and γ characterizing the rotation. Notice that in this
notation the primed (rotated) system is indicated by the
primed ms. For the 2-point correlation function, we have
already seen that the well-known expression〈

a�1m1a�2m2

〉 = (−1)m2C�1δ�1�2δm1,−m2 (40)

does the job

〈
a�1m

′
1
a�2m

′
2

〉
= C�1

⎛⎝∑
m1

(−1)m1D�1

m′
1m1
D�1

m′
2−m1

⎞⎠δ�1�2

= (−1)m
′
2C�1δ�1�2δm′

1,−m′
2
.

(41)

Note the importance of the angular spectrum, C� , being an
m-independent function.

What about the 3-point function? In this case, the
invariant combination is found to be

〈
a�1m1a�2m2a�3m3

〉 = B�1�2�3

(
�1 �2 �3

m1 m2 m3

)
(42)

which can be verified by straightforward calculations. Again,
the nontrivial physical content of this statistical moment
is contained in an arbitrary but otherwise m-independent
function: the bispectrum B�1�2�3 [45–47]. As we anticipated in
Section 2, rotational invariance of the 3-point correlation is
not enough to guarantee statistical independence of the three
cosmological scales involved in the bispectrum, although in
principle a particular model could be formulated to ensure
that B�1�2�3 ∝ δ�1�2δ�2�3 , at least for some subset of a general
geometric configuration of the 3-point correlation function.

These general properties hold for all the N-point cor-
relation function. For the 4-point correlation function, for
example, Hu [48] has found the following rotationally
invariant combination〈

a�1m1 . . . a�4m4

〉
=
∑
LM

Q�1�2
�3�4

(L)(−1)M
(
�1 �2 L
m1 m2 −M

)(
�3 �4 L
m3 m4 M

)
,

(43)

where the Q�1�2
�3�4

(L) function is known as the trispectrum, and
L is an internal angular momentum needed to ensure parity
invariance. In a likewise manner, it can be verified that the
following expression

〈
a�1m1 · · · a�5m5

〉
=
∑
LM

∑
L′M′

P�1�2
�3�4�5

(L,L′)(−1)M+M′
(
�1 �2 L
m1 m2 −M

)

×
(
�3 �4 L′

m3 m4 −M′

)(
�5 L L′

m5 M M′

) (44)

gives the rotationally invariant quadrispectrum P�1�2
�3�4�5

(L,L′).
The examples above should be enough to show how the

general structure of these functions emerges under SI; apart
from an m-independent function, every pair of momenta �i
in these functions are connected by a triangle, which in turn
connects itself to other triangles through internal momenta
when more than 3 scales are present. In Figure 2, we show
some diagrams representing the functions above.

Although we have always shown N-point functions
which are rotationally invariant, the procedure used for
obtaining them was rather intuitive, and therefore does not
offer a recipe for constructing general invariant correlation
functions. Furthermore, it does not guarantee that this
procedure can be extended for arbitrary Ns. Here we will
present a recipe for doing that, which also guarantees the
uniqueness of the solution.

The general recipe for obtaining the rotationally invari-
ant N-point function is as follows: from the expression
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Figure 2: Diagrammatic representation of the 2, 3, 4, and 5-point correlation functions in harmonic space. Here
−→
� actually represents the

pair (�,m).

(39) above, we start by contracting every pairs of Wigner
functions, where by “contracting” we mean using the identity

D�1

m′
1m1

(ω)D�2

m′
2m2

(ω)=
∑

L,M,M′

(
�1 �2 L
m′

1 m′
2 −M

)(
�1 �2 L
m1 m2 −M′

)

× (2L + 1)(−1)M+M′
DL
M′M(ω),

(45)

and where ω = {α,β, γ} is a shortcut notation for the three
Euler angles. Once this contraction is done, there will remain
N/2D-functions, which can again be contracted in pairs. This
procedure should be repeated until there is only one Wigner
function left, in which case we will have an expression of the
following form:〈
a�1m1 · · · a�NmN

〉 = ∑
all m′

〈
a�1m

′
1
· · · a�Nm′

N

〉

×
∑

geometrical factors×DL
MM′(ω).

(46)

Now, we see that the only way for this combination to be
rotationally invariant is when the remaining DL

MM′ function
above does not depend on ω, that is,DL

MM′(ω) = δL0δM0δM′0.
Once this identity is applied to the geometrical factors, we
are done, and the remaining terms inside the primed m-
summation will give the rotationally invariant (N − 1)-
spectrum.

As an illustration of this algorithm, let us construct the
rotationally invariant spectrum and bispectrum. For the 2-
point function, there is only one contraction to be done, and
after we simplify the last Wigner function, we arrive at

〈
a�1m1a�2m2

〉 =
⎡⎢⎢⎣∑
m′

1

〈∣∣∣a�1m
′
1

∣∣∣2
@

2�1 + 1

⎤⎥⎥⎦(−1)m2δ�1�2δm1,−m2 , (47)

where, of course

C� ≡ 1
2� + 1

∑
m

〈
|a�m|2

〉
(48)

is the well-known definition of the temperature angular spec-
trum. For the 3-point function, there are two contractions,
and the simplification of the last Wigner function gives〈
a�1m1a�2m2a�3m3

〉
=
⎡⎣ ∑
m′

1,m′
2,m′

3

〈
a�1m

′
1
a�2m

′
2
a�3m

′
3

〉( �1 �2 �3

m′
1 m′

2 m′
3

)⎤⎦( �1 �2 �3

m1 m2 m3

)
.

(49)

From this expression and the ortoghonality of the 3-js
symbols (see the Appendix), we can immediately identify the
definition of the bispectrum as follows:

B�1�2�3 ≡
∑

m1,m2,m3

〈
a�1m1a�2m2a�3m3

〉( �1 �2 �3

m1 m2 m3

)
. (50)

It should be mentioned that this recipe not only enables
us to establish the rotational invariance of any N-point
correlation function, but it also furnishes a straightforward
definition of unbiased estimators for the N-point functions.
All we have to do is to drop the ensemble average of
the primed a�m’s. So, for example, for the 2- and 3-
point functions above, the unbiased estimators are given,
respectively, by

Ĉ� = 1
2� + 1

∑
m

a�ma
∗
�m,

B̂�1�2�3 =
∑

m1,m2,m3

a�1m1a�2m2a�3m3

⎛⎝ �1 �2 �3

m1 m2 m3

⎞⎠.
(51)

Notice that isotropy plays the same role, in S2, that
homogeneity plays in R3. What enforces homogeneity in R3

is the Fourier-space δ-functions, as in the discussion around
Figure 1. However, in S2, the equivalents of the Fourier
modes are the harmonic modes, for which there is only a
discrete notion of orthogonality—and no Dirac δ-function.
What we found above is that the Wigner 3-j symbols play
the same role as the Fourier space δ-functions; they are
the enforcers of isotropy (rotational invariance) for the N-
point angular correlation function. Hence, the diagrammatic
representations of the constituents of the N-point functions
in Fourier (Figure 1) and in harmonic space (Figure 2) really
do convey the same physical idea—one inR3, the other in S2.

3.2. Gaussian and Statistically Anisotropic Models. In the last
Section, we have developed an algorithm which enables
one to establish the rotational invariance of any N-point
correlation function. As we have shown, this is also an
algorithm for building unbiased estimators of non-Gaussian
correlations. In this Section, we will change the perspective
and analyze the case of Gaussian but statistically anisotropic
models of the Universe.

There are many ways in which statistical anisotropy may
be manifested in CMB. From a fundamental perspective, a
short phase of inflation which produces just enough e-folds
to solve the standard Big Bang problems may leave imprints
on the largest scales of the Universe, provided that the
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spacetime is sufficiently anisotropic at the onset of inflation
[39]. Another source of anisotropy may result from our
inability to efficiently clean foreground contaminations from
temperature maps. Usually, the cleaning procedure involves
the application of a mask function in order to eliminate
contaminations of the galactic plane from raw data. As a
consequence, this procedure may either induce, as well as
hide some anomalies in CMB maps [28].

It is important to mention that these two examples
can be perfectly treated as Gaussian: in the first case,
the anisotropy of the spacetime can be established in the
linear regime of perturbation theory and therefore will not
destroy gaussianity of the quantum modes, provided that
they are initially Gaussian. In the second case, the mask acts
linearly over the temperature maps, therefore preserving its
probability distribution [49].

3.2.1. Primordial Anisotropy. Recently, there have been many
attempts to test the isotropy of the primordial Universe
through the signatures of an anisotropic inflationary phase
[38–40, 50, 51]. A generic prediction of such models is
the linear coupling of the scalar, vector, and tensor modes
through the spatial shear, which is in turn induced by
anisotropy of the spacetime [38]. Whenever that happens,
the matter power spectrum, defined in a similar way as
in (13), will acquire a directionality dependence due to
this type of see-saw mechanism. This dependence can be
accommodated in a harmonic expansion of the form

P
(−→
k
)
=
∑
�,m

r�m(k)Y�m
(
k̂
)

, (52)

where the reality of P(
−→
k ) requires that r�m(k) =

(−1)mr∗�,−m(k). Given that temperature perturbations Θ(−→x )
are real, their Fourier components must satisfy the relation

Θ(
−→
k ) = Θ∗(−−→k ). This property taken together with the

definition (13) implies that

P
(−→
k
)
= P

(
−−→k

)
, (53)

which in turn restricts the �s in (52) to even values. Also, note
that by relaxing the assumption of spatial isotropy, we are
only breaking a continuous spacetime symmetry, but discrete
symmetries such as parity should still be present in this class
of models. Indeed, by imposing invariance of the spectrum
under the transformation z → −z, we find that (−1)�−m =
1. Similarly, invariance under the transformations x → −x
and y → −y implies the conditions r�m = (−1)mr�,−m and
r�m = r�,−m, respectively. Gathering all these constraints with
the parity of �, we conclude that

r�m ∈ R, �,m ∈ 2N. (54)

That is, from the initial 2�+1 degrees of freedom, only �/2+1
of them contribute to the anisotropic spectrum [39].

3.2.2. Signatures of Statistical Anisotropies. The selection
rules (54) are the most generic predictions we can expect

from models with global break of anisotropy. We will now
work out the consequences of these rules to the temperature
power spectrum and check whether they can say something
about the CMB large-scale anomalies.

From the expressions (17) and (52), we can immediately
calculate the most general anisotropic covariance matrix [37]
as follows 〈

a�1m1a
∗
�2m2

〉
=
∑
�3,m3

G�1�2�3
m1m2m3

H
�3m3
�1�2

, (55)

where

G�1�2�3
m1m2m3

= (−1)m1

√
(2�1 + 1)(2�2 + 1)(2�3 + 1)

4π

×
(
�1 �2 �3

0 0 0

)(
�1 �2 �3

−m1 m2 m3

) (56)

are the Gaunt coefficients resulting from the integral of three
spherical harmonics (see the Appendix). These coefficients
are zero unless the following conditions are met:

�1 + �2 + �3 ∈ 2N,

m1 +m2 +m3 = 0,∣∣∣�i − �j∣∣∣ ≤ �k ≤ �i + �j , ∀i, j, k ∈ {1, 2, 3}.
(57)

The remaining coefficients in (55) are given by

H
�3m3
�1�2

= 4πi�1−�2

∫∞
0
d log kr�3m3 (k) j�1 (kR) j�2 (kR) (58)

and correspond to the anisotropic generalization of temper-
ature power spectrum (20).

The selection rules (57), taken together with (54), lead
to important signatures in the CMB. In particular, since �3 is
even, the quantity �1±�2 must also be even, that is, multipoles
with different parity do not couple to each other in this class
of models 〈

a�1m1a
∗
�2m2

〉
= 0, �1 + �2 = odd. (59)

This result is in fact expected on theoretical grounds, because
by breaking a continuous symmetry (isotropy) we cannot
expect to generate a discrete signature (parity) in CMB.
However, notice that the absence of correlations between,
say, the quadrupole and the octupole, does not imply that
there will be no alignment between them. One example of
this would be a covariance matrix of the form C�mδ��′δmm′ . If
the C�,0 happens to be zero, for example, then all multipoles
will present a preferred direction (in this case, the z-axis).

3.2.3. Isotropic Signature of Statistical Anisotropy. We have
just shown that a generic consequence of an early anisotropic
phase of the Universe is the generation of even-parity
signatures in CMB maps. Interestingly, these signatures may
be present even in the isotropic angular spectrum, since the
C�s acquire some additional modulations in the presence of
statistical anisotropies. In principle, these modulations could
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be constrained by measuring an effective angular spectrum of
the form 〈

a�ma
∗
�m

〉 = C� + ε
∑
�′>0

G���′
m,−m,0 H

�′0
�� , (60)

where we have introduced a small ε parameter to quantify
the amount of primordial anisotropy.

In order to constrain these modulations, we have to build
a statistical estimator for 〈a�ma∗�m〉. Since we are looking for
the diagonal entries of the matrix (55), a first guess would be

Ĉeff
� = 1

2� + 1

�∑
m=−�

a�ma
∗
�m. (61)

To check whether this is an unbiased estimator of the effective
angular spectrum, we apply it to (55) and take its average〈

Ceff
�

〉
= C� + ε

∑
�′>0,m

G���′
m,−m,0H

�′0
�� . (62)

Using the definition (56) of the Gaunt coefficients, the m-
summation in the expression above becomes [41]

∑
m

(−1)�−m
(
� � �′

m −m 0

)
=
√

2� + 1δ�′ ,0 = 0, (63)

where the last equality follows because �′ > 0. Consequently,
we conclude that 〈

Ĉeff
�

〉
= C� /=

〈
a�ma

∗
�m

〉
. (64)

At first sight, this result may seem innocuous, showing only
that this is not an appropriate estimator for (60). Note,
however, that (61) is in fact the estimator of the angular
spectrum usually applied to CMB data under the assumption
of statistical isotropy. In other words, by means of the usual
procedure we may be neglecting important information
about statistical anisotropy. Moreover, the cosmic variance
induced by the application of this estimator on anisotropic
CMB maps is small, because, as it can easily be checked,〈(

Ĉeff
� − C�

)(
Ĉeff
�′ − C�′

)〉
= 2

2� + 1
C2
� δ��′ + O

(
ε2). (65)

This result shows that the construction of statistical
estimators strongly depends on our prejudices about what
non-gaussianity and statistical anisotropy should look like.
Consequently, an estimator built to measure one particular
property of the CMB may equally well hide other important
signatures. One possible solution to this problem is to let
the construction of our estimators be based on what the
observations seem to tell us, as we will do in the next section.

Part II: Cosmological Tests

So much for mathematical formalism. We will now turn
to the question of how the hypotheses of gaussianity and
statistical isotropy of the Universe can be tested. Though
we are primarily interested in applying these tests to CMB
temperature maps, most of the tools we will be dealing with

can be applied to polarization (E- and B-mode maps) and to
catalogs of large-scale structures as well.

Testing the gaussianity and SI of our Universe is a difficult
task. Specially because, as we have seen, there is only one
Gaussian and SI Universe, but infinitely many universes
which are neither Gaussian nor isotropic. So what type of
non-gaussianity and statistical anisotropy should we test
for? In order to attack this problem, we can follow two
different routes. In the bottom-up approach, models for
the cosmic evolution are formulated in such a way as to
account for some specific deviations from gaussianity and
SI. These physical principles range from nontrivial cosmic
topologies [52–54], primordial magnetic fields [55–59], and
local [43, 60–62] and global [38–40, 50] manifestation of
anisotropy, to nonminimal inflationary models [51, 63–67].
The main advantage of the bottom-up approach is that we
know exactly what feature of the CMB is being measured.
One of its drawbacks is the plethora of different models and
mechanisms that can be tested.

The second possibility is the top-down, or model-
independent approach. Here, we are not concerned with
the mechanisms responsible for deviations of gaussianity
or SI, but rather with the qualitative features of any such
deviation. Once these features are understood, we can use
them as a guide for model building. Examples here include
constructs of a posteriori statistics [29, 35, 36] and functional
modifications of the two-point correlation function [28, 37,
68–71].

In the next Section, we will explore two different model-
independent tests: one based on functional modifications of
the two-point correlation function, and another one based
on the so-called Maxwell’s multipole vectors.

4. Multipole Vectors

Multipole vectors were first introduced in cosmology by Copi
et al. [23] as a new mathematical representation for the
primordial temperature field, where each of its multipoles �
are represented by � unit real vectors. Later, it was realized
that this idea is in fact much older [72], being proposed
originally by J. C. Maxwell in his Treatise on Electricity and
Magnetism.

The power of this approach is that the multipole vectors
can be entirely calculated in terms of a temperature map,
without any reference to external reference frames. This
makes them ideal tools to test the morphology of CMB maps,
like the quadrupole-octupole alignment.

The purpose of the following presentation is only
comprehensiveness. A mathematically rigorous introduction
to the subject can be found in references [72–74], as well as
other papers in this review volume.

4.1. Maxwell’s Representation of Harmonic Functions. We
start our presentation of the multipole vectors by recalling
some terminology. A harmonic function in three dimensions
is any (twice differentiable) function h that satisfies Laplace’s
equation

∇2h = 0, (66)
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where ∇2 is the Laplace operator. In spherical coordinates,
the formal solution to Laplace’s equation which is regular at
the origin (r = 0) is

h =
∞∑
�=0

h�
(
r, θ,ϕ

)
, h� =

�∑
m=−�

a�mr
�Y�m

(
θ,ϕ

)
. (67)

The functions r�Y�m are known as the solid spherical
harmonics [74]. Since they agree with the usual spherical
harmonics on the unit sphere, it is sometimes stated in the
literature that the latter form a set of harmonic functions.
This is an abuse of nomenclature though, and the reader
should be careful.

Given the scalar nature of Laplace’s operator, it is
possible to find solutions to (66) in terms of Cartesian
coordinates. Such solutions can be constructed by combining
homogeneous polynomials (i.e., sums of monomials of the
same order) of order �:

h =
∞∑
�=0

h�
(
x, y, z

)
, h� =

�∑
abc

λabcx
aybzc, (a + b + c = �).

(68)

In three dimensions, the most general homogeneous
polynomial of order � contains (� + 2)!/(2!�!) independent
coefficients. However, since each polynomial must inde-
pendently satisfy (66), precisely �!/(2!(� − 2)!) of these
coefficients will depend on each other. This constraint
leaves us with (� + 1)(� + 2)/2 − �(� − 1)/2 = 2� + 1
independent degrees of freedom in each multipole �—which
is, of course, the same number of independent degrees of
freedom appearing in (67).

Based on this analysis, Maxwell introduced his own
representation of harmonic functions. He noticed that by
successively applying directional derivatives of the form −→v ·
∇ ≡ ∇−→v over the monopole potential 1/r, where r =√
x2 + y2 + z2 and −→v is a unit vector, he could construct

solutions of the form (68). That is,

f�
(
x, y, z

) = λ� ∇−→v � · · ·∇−→v 2
∇−→v 1

1
r

∣∣∣∣
r=1

, (69)

where λ� are real constants. We are now going to show
that this construction does indeed lead to solutions of the
form (68). First, note that there is a pattern which emerges
from successive application of directional derivatives over the
monopole function

f0 = 1
r

,

f1 = ∇−→v 1
f0 = −−→v 1 · −→r

r3
,

f2 = ∇−→v 2
f1 = 3

(−→v 2 · −→r
)(−→v 1 · −→r

)− r2
(−→v 1 · −→v 2

)
r3

,

(70)

and so on. By induction, one can show that the general
expression will be given by

f� = (−1)�(2� − 1)!!
∏�

i=1
−→v i · −→r + r2Q�−2

r2�+1
, (71)

where Q�−2 is a homogeneous polynomial of order � − 2
which only involves combinations of the vectors −→v i and −→r .

The numerator of the function f� given by (71) is clearly a
homogeneous polynomial of order � (as one can easily check
for some �s and also prove by mathematical induction). A
not so obvious result is that this polynomial is also harmonic.
To prove that, let us define

g� = (−1)�(2� − 1)!!
�∏
i=1

−→v i · −→r + r2Q�−2 (72)

and consider the application of the operator ∇2 over the
combination rαg� . For the x-component we get

∂2
x

(
rαg�

)=rα∂2
xg�+2αrα−2x∂xg�+

[
αrα−2 +α(α−2)x2rα−4]g�.

(73)

Repeating this process for the y- and z-components and then
adding the results, we find

∇2(rαg�) = rα∇2g� + 2αrα−2
(
x∂xg� + y∂yg� + z∂zg�

)
+ α(α + 1)rα−2g�

= rα∇2g� + α(α + 2� + 1)
(
rα−2g�

)
,

(74)

where in the last step we have used Euler’s theorem on
homogeneous functions, that is, −→r · ∇g� = �g� . If we now
choose α = −(2� + 1), we find immediately that

∇2
(

g�
r2�+1

)
= ∇2g�
r2�+1

. (75)

By construction, the left-hand side of the above expres-
sion is equal to ∇2 f� . But according to the definition (69),
this quantity is also zero, since Laplace’s operator commutes
with directional derivatives and ∇2(1/r) = 0 for r > 0.
Therefore, ∇2g� = 0 and g� is harmonic, which completes
our proof.

In conclusion, Maxwell’s construction of harmonic func-
tions, (69), is completely equivalent to the standard represen-
tation in terms of spherical harmonics. More importantly,
this gives a one-to-one relationship between temperature
maps (given by the a�m’s) and � unit vectors −→v i. This means
that the multipole vectors can be directly calculated from a
CMB map, without any reference to external reference frames
or additional geometrical constructs. The reader interested
in algorithms to construct the vectors from CMB maps may
check references [23, 72], as well as the other papers in this
volume that review this approach.

4.2. Multipole Vectors Statistics. It should be clear from the
discussion above that the multipole vectors give an intuitive
way to discover, interpret, and visualize phase correlations
between different multipoles in the CMB maps. But they
also can reveal intramultipole features, such as planarity
(when a given multipole presents a preferred plane). Some
of the most conspicuous hints of statistical anisotropy in the
CMB, like the quadrupole-octupole alignment, have indeed
been first found with less mathematically elegant methods
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[22, 27], but are best described in terms of the multipole
vector formalism [23, 24, 26, 72]. However, this case should
also sound an alarm, because some feature of a (presumably)
random realization was found, then further scrutinized with
a certain test which was, to some extent (intentionally or
not), tailored to single out that very feature.

The pitfalls of aprioristic approaches are sometimes
unavoidable, and all we can do is to take a second look at
our sample with a more generic set of tools, to try to assess
how significant our result really is in the context of a larger
set of statistical tests. Multipole vectors are, in fact, ideally
suited to this, since they can be found for all multipoles,
and it is relatively easy to construct scalar combinations of
these vectors with the usual methods of linear algebra. Also
convenient is the fact that simulating these vectors from
maps, or even directly, is also relatively easy, so the standard
model of a Gaussian random field can be easily translated
into the pdfs for the tests constructed with the multipole
vectors. An important drawback of the multipole vectors is
that, because they are computed in terms of equations which
are nonlinear in the temperature fields, the distribution
functions of statistical tests involving these vectors are highly
non-Gaussian [75]. This means that these statistics usually
have to be estimated by means of simulations (usually
assuming that the underlying temperature field is itself
Gaussian). Another delicate issue is how stable the multipole
vectors are to instrumental noise and sky cut—and here,
again, we must rely on numerical simulations to compare the
observations with theoretical models.

In order to see how one should go about constructing a
general set of tests, it should be noted first that the multipole
vectors define directions, but they have no sense (they are
“headless vectors”). This follows from the fact that the sign
of the constants λ� is degenerated with the sign of the vectors−→v �,p (p = 1, . . . , �). Hence, the first requirement is that our
tests should be independent of this sign ambiguity. Notice
that this ambiguity extends to ancillary constructs such as
the normal vectors, defined as the vector product:

−→w�,pp′ ≡ −→v �,p ⊗−→v �,p′ . (76)

Mathematically, the sign ambiguity implies that the multi-
pole vectors belong to the quotient space S2/Z2 (also known
as RP2) while the normal vectors belong to R3/Z2.

In principle, any positive-definite scalar constructed
through the multipole or the normal vectors is “fair game”,
but there are some guidelines; for example, one should avoid
double-counting the same degrees of freedom. Below we
review some of these tests, based on the work of [35].

4.2.1. The R Statistic. The first example of a test involving
the multipole vectors would be a scalar product, such as−→v · −→v ′. The most natural test would involve asking whether
the � multipole vectors of the given multipole � are especially
aligned or not. This means computing

R�� = 2
�(� − 1)

�∑
p,p′>p

∣∣∣−→v �,p · −→v �,p′
∣∣∣, (77)

where the normalization was introduced to make 0 ≤ R�� ≤
1.

This idea could be generalized to test alignments between
multipole vectors at different multipoles:

R��′ = 1
��′

∑
p,p′

∣∣∣−→v �,p · −→v �′,p′
∣∣∣. (78)

In fact, the quadrupole-octupole alignment can already be
seen with this simple test: for essentially all CMB maps the
significance of the alignment as measured by R23 is of the
order of 90%–95% CL [35].

4.2.2. The S Statistic. The second most natural test does not
involve directly the multipole vectors themselves, but the
normal vectors that can be produced by taking the vector
product between the multipole vectors. So, we take

−→w�,pp′ = −→v �,p ⊗−→v �′,p′ . (79)

Notice that the number of normal vectors for a given
multipole � is l = �(� − 1)/2—so the number of normal
vectors grows rapidly for larger multipoles, making it harder
to use and meaning that the same degrees of freedom may be
overcounted, at least for � > 3.

Again, the best strategy is simplicity: we can ask whether
the normal vectors are aligned, within and between multi-
poles. This means computing

S�� = 2
l(l − 1)

l∑
p, p′>p

∣∣∣−→w�, p · −→w�, p′
∣∣∣, (80)

where the normalization was introduced again to make 0 ≤
S�� ≤ 1.

And yet again this idea is easily generalized to test
alignments between normal vectors at different multipoles:

S��′ = 1
ll′
∑
p,p′

∣∣∣−→w�,p · −→w�′,p′
∣∣∣. (81)

With this test, the quadrupole-octupole alignment is much
more significant: for essentially all CMB maps the test S23

deviates from the expected range with 98% CL [35].

4.2.3. Other Tests with Multipole Vectors. One can go on and
expand the types of tests using both multipole and normal
vectors. One idea would be, for example, to disregard the
moduli of the normal vectors:

D��′ = 1
ll′
∑
p, p′

∣∣∣ŵ�, p · ŵ�′,p′
∣∣∣. (82)

This test is therefore insensitive to the relative angle between
the multipole vectors that produce any given normal vectors.
This idea is similar to the planar modulations that will be
discussed in the next section. With this test, the quadrupole-
octupole alignment is significant to about 95%–98% CL This
test can also be generalized to a self-alignment test (� = �′),
with just an adjustment to the normalization.
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Another possibility would be to measure the alignment
between multipole vectors and normal vectors:

B��′ = 1
�l′
∑
p,p′

∣∣∣−→v �,p · −→w�′ ,p′
∣∣∣. (83)

Of course, this test cannot be easily generalized to a self-
alignment. With the B23 test, the quadrupole-octupole
alignment is significant to about 95%–98% CL

We could go on here, but it should be clear that all the
information (the 2� + 1 real degrees of freedom for each
multipole �) has already been exhausted in the tests above.

5. Temperature Correlation Function

Despite their strong cosmological appeal, the multipole
vectors have some limitations. Not only their directions in
the CMB sky are sometimes difficult to interpret physically
[26], but they also have the additional drawback of mixing,
in a nontrivial manner, information on both gaussianity and
SI of the map being analyzed [26, 75].

Another way of quantifying deviations in the standard
statistical framework of cosmology is through functional
modifications of the two-point correlation function [37,
68]. Although this approach does not offer an optimal
separation between gaussianity and SI (which is, by the way,
an open problem in this field), working with the two-point
correlation function makes it easier to test Gaussian models
of statistical anisotropy [28, 71].

The most general 2-point correlation function (2pcf) of
two independent unit vectors is a function C of the form

C : S2 × S2 −→ R. (84)

We have seen in Section 2.3 that if we choose spherical
coordinates (θi,ϕi) to describe each vector n̂i, the function
above can be decomposed either in terms of two spherical
harmonics Y�imi or in terms of the bipolar spherical har-
monic YLM

�1�2
. In any case, the 2pcf will have the following

functional dependence:

C = C
(
θ1,ϕ1, θ2,ϕ2

)
. (85)

This function is absolutely general. If the Universe has
any cosmological deviation of isotropy, whatever it is, it can
be described by the function above (see also Figure 5).

Unfortunately, this function will be of limited theoretical
interest unless we have some hints on how to select its
relevant degrees of freedom. This difficulty is in fact a general
characteristic of model-independent tools, which at some
stages forces us to rely on our theoretical prejudices about
the statistical nature of the Universe in order to construct
estimators of non-Gaussianity and/or statistical anisotropy.
Nonetheless, it is still possible to construct statistical estima-
tors of anisotropy based on (85). For example, Hajian and
Souradeep [68] have constructed an unbiased estimator κ�
for this function based solely on the requirement that this
estimator should be rotationally invariant. Although it is true
that any statistically significant κ� > 0 will point towards

n̂1

n̂2

(θ1,ϕ1)

(θ2,ϕ2)

Figure 3: Geometrical representation of the 2pcf in terms of two
unit vectors.

anisotropy, it is not clear what type of anisotropy is being
detected by this estimator.

We can still use (85) to search for deviations of SI if we
restrict its domain to a smaller and nontrivial subdomain.
For example, we can take the vectors n̂1 and n̂2 to be the same
and expand a function of the form

C = C
(
θ1,ϕ1

)
, (86)

which is equivalent to C : S2 → R. This form of the
2pcf makes it ideal for searching for power multipole
moments in CMB, once a suitable estimator is defined
[37]. Unfortunately, when we take n̂1 = n̂2, we are in
fact considering a one-point correlation function, which
by construction does not allow us to measure correlations
between different points in the sky.

It seems in principle that the functions (86) and (85)
are the only possibilities besides the isotropic 2pcf (24).
If not, what other combinations of the vectors n̂1 and n̂2

can we consider? As a matter of fact, these two vectors are
geometrical quantities intuitively bound to our notion of
two-point correlation functions on the sphere. From this
perspective they are not fundamental quantities. In fact, we
can equally well represent the 2pcf by a disc living inside the
unit sphere, as shown in Figure 4.

In this representation, θ is the angle between the vectors
n̂1 and n̂2, as usual. The normal to the plane, n̂, is
represented by two spherical angles (Θ,Φ). Finally, there is
an overall orientation ϕ of the disc around its unit vector
which completes the four degrees of freedom contained in
(85). We have found therefore another valid geometrical
representation of the most general 2pcf:

C = C
(
Θ,Φ, θ,ϕ

)
. (87)

The main advantage of the above representation when
compared to (85) is its straightforward geometrical inter-
pretation. First, note that the angular separation θ of the
isotropic 2pcf is trivially included in this definition and
does not need to be obtained as a consequence of rotational
invariance (see the discussion in Section 3.2.1.) Second,
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n̂2

n̂1

n̂

θ

(Θ,Φ)

ϕ

Figure 4: Geometrical representation of the 2pcf in terms of a unit
disc (or plane).

by characterizing the correlation function in terms of the
geometrical components of a disc, we know exactly what
are the degrees of freedom involved. This makes it easier
to construct estimators of statistical anisotropy, alleviating
the drawbacks of model-independent approaches mentioned
above.

5.1. Anisotropy through Planarity. An immediate application
of the representation (87) is its use in the search for
planar deviations of isotropy in CMB [28, 71]. Planar
modulations of astrophysical origin may play an important
role to the CMB morphology. One example is the role
played by the galactic and ecliptic plane in the quadrupole-
octupole/north-south anomalies [26]. Also, it is well known
that our galactic plane is sensible source of foreground
contamination in the construction of cleaned CMB maps.
These hints indicate that CMB modulations induced by the
disc in Figure 4 are not only a mathematical possibility but
perhaps also a symmetry of cosmological relevance.

Since we are primarily interested in measuring planar
modulations of CMB, but including the usual angular
modulation as the isotropic limit of the 2pcf, we can consider
only the azimuthal average of (87):

C −→ 1
2π

∫ 2π

0
C
(
Θ,Φ, θ,ϕ

)
dϕ. (88)

The resulting function can be easily expand in terms of
simple special functions as

C(Θ,Φ, θ) =
∑
�

∑
l,m

2� + 1√
4π

C lm
� P�(cos θ)Ylm(Θ,Φ), l ∈ 2N,

(89)

where the restriction on the l-mode results from the
symmetry n̂1 ↔ n̂2. (See [71] for more details. Incidentally,
the functional dependence of (89) differs from that originaly
shown in [71], which does not correctly take the planar
dependence into account. We thank Yuri Shtanov for point-
ing this out.) The multipolar coefficients C lm

� correspond to

a generalization of the usual angular power spectrum C� ’s.
In fact, they can be seen as the coefficients of a spherical
harmonic decomposition of the function C�(n̂), provided
that this function suffers modulations as we sweep planes on
the sphere.

5.1.1. Angular-Planar Power Spectrum. Since we are restrict-
ing our analysis to the Gaussian framework, the set of
coefficients C lm

� is all we need to characterize the two-point
correlation function. However, the final product of CMB
observations is temperature maps, and not correlation maps.
What we need then is an algebraic relation between the mul-
tipolar coefficients C lm

� and the temperature coefficients a�m
defined in (3). At first sight, this relation could be obtained
by equating expression (89) to its standard definition in (22)
and then using the orthogonality of the special functions to
isolate the C lm

� ’s in terms of the a�m’s. But for that to work
we need the relation between the set of angles (Θ,Φ, θ) and
(θ1,ϕ1, θ2,ϕ2) which, depending on the reference frame we
choose, is extremely complicated. Fortunately, all we need is
the following relation:

n̂1 · n̂2 = cos θ = cos θ1 cos θ2 + sin θ1 sin θ2 cos
(
ϕ1 − ϕ2

)
,

(90)

together with a suitable choice of our coordinate system. For
example, we can use the invariance of the scalar product n̂1 ·
n̂2 and choose our coordinate system such that the discs of
Figure 4 lies in the xy plane. With this choice we will have

(Θ,Φ) = (0, 0), cos θ = cos
(
ϕ1 − ϕ2

)
, (91)

and the integration over θ becomes simple. Once this is done,
we make a passive rotation of the coordinate system and
then we integrate over the remaining angles Θ and Φ, which
will then be given precisely by the Euler angles used in the
rotation. The details are rather technical and can be found in
the Appendix. The final expression is

(−1)mC lm
�√

2l + 1
= 2π

∑
�1,m1

∑
�2,m2

〈
a�1m2a�2m2

〉( l �1 �2

−m m1 m2

)
Il,��1�2

,

(92)

where

Il,��1�2

≡
∑
m

(−1)mλ�1mλ�2m

(
l �1 �2

0 m −m
)∫ π

0
d(− cos θ)P�(cos θ)eimθ ,

(93)

and where the λ�im’s form a set of coefficients resulting from
the θ integration, which are zero unless �i+m = even (see the
Appendix for more details).

Expression (92) is what we were looking for. With this
relation, the angular-planar power spectrum C lm

� can be
calculated from first principles for any model predicting
a specific covariance matrix. Moreover, since the angular-
planar function (89) is, after all, a correlation function,
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it should be possible to relate the angular-planar power
spectrum C lm

� to the bipolar power spectrum ALM
�1�2

of Hajian
and Souradeep. In fact, by inverting expression (30) and
plugging the result in (92), we find a linear relation between
these two set of coefficients:

C lm
� = 2π

∑
�1, �2

Alm�1�2
(−1)�1−�2 (2l + 1)Il,��1�2

. (94)

Here, the set of geometrical coefficients I l,�
�1�2

plays a similar
role to the 3-j symbols in expression (30). Note also that
the angular-planar power spectrum has only three free
indices while the bipolar power spectrum has four. This is a
consequence of the azimuthal average we took in (88), which
further constrains the degrees of freedom of the correlation
function.

5.1.2. Statistical Estimators and χ2 Analysis. We have shown
that the angular-planar power spectrum (92) is given in
terms of an ensemble average of temperature maps. Evi-
dently, we cannot calculate it directly from data, for we have
only one CMB map (the one taken from our own Universe.)
The best we can do is to estimate the statistical properties
of (92), like its mean and variance, and see whether these
quantities agree, in the statistical sense, with what we would
expect to obtain from a particular model of the Universe.

The reader should note that this procedure is not new—
its limitation is due to the same cosmic variance which lead
us to construct an estimator for the angular power spectrum
C� (see the discussion of Section 2.4). For the same reason,
we will need to construct an estimator for the angular-planar
power spectrum. An obvious choice is

Ĉ lm
� ≡ 2π

√
2l + 1

∑
�1,m1

∑
�2,m2

a�1m1a�2m2

(
l �1 �2

m m1 m2

)
Il,��1�2

,

(95)

for in this case we have an unbiased estimator:〈
Ĉ lm
�

〉
= C lm

� , (96)

regardless of the underlying model.
If we now have a model predicting the angular-planar

power spectrum, we can ask how good this model fits the
observational data once it is calculated using (95). All we
need is a simple chi-square (χ2) goodness-of-fit test, which
in our case can be written in the following generalized form:

(
χ2

ν

)l
�
≡ 1

2l + 1

l∑
m=−l

∣∣∣Ĉ lm
� −C lm

�

∣∣∣2

(
σlm�

)2 , (97)

in which � and l are the angular and planar degrees of
freedom, respectively, and where σlm� is just the standard
deviation of the estimator Ĉ lm

� . The (2l+1)−1 factor accounts
for the 2l + 1 planar degrees of freedom and was introduced
for latter convenience.

In Section 7 we will apply this test to the 5-year WMAP
temperature maps in order to check the robustness of the
ΛCDM model against the hypothesis of SI. Before that,
we will stop and digress a little about how observational
uncertainties should be included in our analysis.

6. Theory v. Observations: Cosmic and
Statistical Variances

Until now we have been concerned with the formal aspects
of non-Gaussian and statistically anisotropic universes, and
how model-independent tests might be designed to detect
deviations of either gaussianity or statistical isotropy. We will
now discuss how such tests can be carried out and interpreted
once we possess cosmological data.

In a great variety of tests, statistical tools are designed
to detect particular deviations of gaussianity or SI from
cosmological data like, for example, the CMB. The final
outcome of these tests is usually a probability (a pure
number), which should be interpreted as the chance that a
Universe like ours might result from an ensemble of “equally
prepared” Gaussian and SI universes. An anomaly in CMB is
usually understood as a measure of how unlikely a particular
feature of our Universe is according to this specific test. The
multipole vector statistics, for example, when applied to a
large number of simulated (Gaussian and SI) CMB maps,
show that only ∼0.01% of these maps have a quadrupole-
octupole alignment as strong as WMAP maps [23, 26].

There are two points to keep in mind when carrying this
type of analysis. The first is that a particular “detection” may
always turn out to be a statistical fluctuation revealed by one
specific tool. The robustness of an anomaly then depends
on the number of independent tests pointing to the same
result. The second is that the implementation of statistical
tools is sensitive to the way we extract information from
data, requiring an accurate separation between cosmological
signal and astrophysical/instrumental noise.

In this Section we present a critical review of the standard
procedure used to implement cosmological tests. We show
that it does not account for the intrinsic uncertainties
of cosmological observations, which may possibly lead to
an under/overestimation of anomalies. We then present a
generalization of this process which naturally accounts for
these uncertainties.

6.1. Standard Calculations. Suppose x is a random variable
predicted by a particular model and that cosmological obser-
vations of this quantity returned the value x0. ( Rigorously,
x is only one realization of a random variable X , which is a
real-valued function defined on a sample space. By the same
reason we should not call the a�m’s in (3) random variables,
though we will stick to this nomenclature throughout this
text.) We would like to calculate the probability, according to
this model, that in a random Universe we would have x ≤ x0.
Assuming that Pth is the (normalized) probability density
function (pdf) of x, this probability is commonly defined to
be

P≤ ≡
∫ x0

−∞
Pth(x)dx. (98)

The probability of having x > x0 is then simply given by P> =
1− P≤. See Figure 5.

If P≤ is found to be too small or, equivalently, too high,
we might be tempted to interpret x0 as “anomalous” accord-
ing to this model. However, this definition of probability
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x0

Figure 5: Probability density function for the theoretical variable x.
The shaded area is the probability (98).

assumes that x0 was measured with infinite precision, and so
it says nothing about an important question we must deal
with: typically, the measurement of x0 has an uncertainty
which needs to be folded into the final probabilities that the
observations match the theoretical expectations.

Moreover, since no two equally prepared experiments
will ever return the same value x0, our measurements
should also be regarded as random events. In a more
rigorous approach, we would have to consider x0 itself as
one realization of a random variable, conditioned to the
distribution of the signal. In the case of CMB, however,
this would be only part of the whole picture, since the
randomness of the measurements of x0 should also be related
to the way this data is reduced to its final form. This
happens because different map cleaning procedures will lead
to slightly different values for x0. This difference induces a
variance in the data which reflects the remaining foreground
contamination of the temperature map. We will elaborate
more on this point through a concrete example, after we
show how (98) may be changed in order to include the
indeterminacy of cosmological measurements.

6.2. Convolving Probabilities. The question we want to
answer is how to calculate the probability of x being smaller
than our measurements when the latter are also random
events. Let us suppose that our measurement is described by
the random variable y and that x0 is its most probable value.
The probability of having x ≤ y is simply the probability of
having

z ≡ x − y ≤ 0 (99)

for some particular realization of the variable y. It should be
clear by now that if we know the pdf of z, the probability we
are looking for is simply the area under this distribution for
−∞ ≤ z ≤ 0. The probability P≤ of z being smaller or equal
to zero can be calculated as

P≤ ≡ P
{(
x, y

) | x − y ≤ 0
} = ∫∫

x−y ≤0
P
(
x, y

)
dx dy.

(100)

Now, under the hypothesis of independence of x and y we
have P (x, y) = Pth(x)Pobs(y), where Pobs is the (normal-
ized) probability distribution function of the variable y. We
can therefore rewrite the last expression as

P≤ =
∫∞
−∞

[∫ y

−∞
Pth(x)dx

]
Pobs

(
y
)
dy. (101)

If we now hold y fixed and do the change of variables x =
u + y, we get

P≤ =
∫ 0

−∞

[∫∞
−∞

Pth
(
u + y

)
Pobs

(
y
)
dy

]
du, (102)

where we have changed the position of the integrals. The
reader will now notice that term inside brackets is precisely
the pdf we were looking for. Since there is nothing special
about the variable y, we can equally well hold x fixed and
repeat the calculus, obtaining the symmetric version of this
result. In fact, the final pdf for z is nothing else than the
convolution of the pdfs of each variable [76]:

P (z) ≡ (Pobs ∗Pth)(z) =
∫∞
−∞

Pobs
(
y
)
Pth

(
z ± y

)
dy

=
∫∞
−∞

Pobs(x ∓ z)Pth(x)dx,

(103)

where the plus (minus) sign refers to the difference (sum) of
x and y. Integrating this pdf from (−∞, 0] we get our answer

P≤ ≡
∫ 0

−∞
P (z)dz. (104)

As a consistency check, notice that in the limit where obser-
vations are made with infinite precision, Pobs(y) becomes a
delta function and we have

P≤ =
∫ 0

−∞

∫ +∞

−∞
δ
(
y − x0

)
Pth

(
z ± y

)
dydz =

∫ ±x0

−∞
Pth(x)dx

(105)

which agrees with our previous definition. The reader must
be careful, though, not to think of (98) as some lower
bound to (104). Since none of the pdfs appearing in (103)
are necessarily symmetric, a large distance from x0 to the
most probable (not the mean!) value x would not, by itself,
constitute sufficient grounds to claim that the measured
value of this observable is “unusual” in any sense, simply
because a large overlap between the two pdfs can render the
result usual according to (104).

To illustrate this point, let us calculate P≤ using (98) and
(104) for the pdf ’s which appear in Figure 6. For pedagogical
reasons, we have chosen Pth and Pobs as positively (Maxwell
distribution) and negatively (Gumbel distribution) skewed
pdf ’s, respectively. The convolved distribution appears as the
solid (black) line. For these pdf ’s, (98) gives 99.2%, while
(104) gives 93.6% of chance of x being smaller than the
observed x0; all pdf ’s were normalized to one.
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Figure 6: Probability density functions for x (blue, dashed line), y
(red, dot-dashed line), and z (solid line). The shaded area gives the
probability of x being smaller than x0 (dashed vertical line). See the
text for more details.

7. A χ2 Test of Statistical Isotropy

Although the last example was constructed to emphasize an
important feature of the formalism developed in Section 6,
cosmological observables designed to measure deviations
of either gaussianity or statistical isotropy will often follow
asymmetric distributions. The intrinsic uncertainties of cos-
mological measurements, specially the ones originating from
map cleaning procedures, may be crucial when searching
for any map’s anomalies. We will now make a concrete
application of this formalism using the angular-planar chi-
square test developed in Section 5.1.

7.1. ΛCDM Model. In the simplest realization of the ΛCDM
model, the covariance matrix of temperature maps is deter-
mined by 〈a�1m1a�2m2〉 = (−1)m2C�1δ�1�2δm1,−m2 . Using this
expression in (92), we find that

C lm
�

(SI)= C�δl0δm0. (106)

On the other hand, if the only nonzero C lm
� ’s are given by

l = m = 0, then C00
� = C� . Therefore, statistical isotropy is

achieved if and only if the angular-planar power spectrum is
of the form (106). Since we are only interested in nontrivial
planar modulations, we will restrict our analysis to the cases
where l /= 0, that is,

C lm
� = 0, (l ≥ 2), (107)

where, we remind the reader, the parity of � comes from the
symmetry (27).

For this particular model, we can also calculate the
covariance matrix of the estimator (95) explicitly. Using the
null hypothesis above, we find after some algebra that〈(

Ĉ lm
�

)∗
Ĉ l′m′
�

@
= 8π2

∑
�1,�2

C�1C�2

(
Il,��1�2

)2
δll′δmm′ . (108)

This matrix has some interesting properties. First, note that
the planar degrees of freedom are independent in this case
(which justifies the (2l + 1)−1) factor introduced in (97)).

Second, its diagonal elements are given by the variance
(σlm� )2 = 〈(Ĉ lm

� )∗Ĉ lm
� 〉, which now becomes m-independent:(

σlm�

)2 −→
(
σl�

)2 = 8π2
∑
�1,�2

C�1C�2

(
Il,��1�2

)2
. (109)

Therefore, for the particular case of the ΛCDM model,
the chi-square test (97) gets even simpler. Using (107) and
(109), we find

(
χ2

ν

)l
�
= 1

2l + 1

l∑
m=−l

∣∣∣Ĉ lm
�

∣∣∣2

(
σl�

)2 . (110)

It is now clear that if the data under analysis are really
described by this model, then it must be true that

〈(
χ2

ν

)l
�

@
= 1

2l + 1

l∑
m=−l

〈(
Ĉ lm
�

)∗
Ĉ lm
�

@
(
σl�

)2 = 1, (111)

where we have used (109). This shows that any large
deviation of this test from unity will be an indication of
planar modulation in temperature maps, up, of course, to
error bars. For convenience, let us define a new quantity as

χ l
� ≡

(
χ2

ν

)l
�
− 1 (112)

which will quantify anisotropies whenever χ l
� is significantly

positive or negative.
This generalized chi-square test furnishes a complete

prescription when searching for planar modulations of
temperature in CMB maps. We emphasize, though, that for
a given CMB map, the chi-square analysis must be done
entirely in terms of that map’s data. Since we are performing
a model-independent test, we are not allowed to introduce
fiducial biases in the analysis (e.g., by calculating σl� using
Cmodel
� ), which would only include our a priori prejudices

about what the map’s anisotropies should look like. Since the
C� ’s are, by construction, a measure of statistical isotropy,
consequently, an “anomalous” detection of C� ’s is by no
means a measure of statistical anisotropy, and it is this
particular value that should be used in (112) if we want to
find deviations of isotropy, regardless of how high/low it is.

7.2. Searching for Planar Signatures in WMAP. In order to
apply the test (112) to the 5-year WMAP data [11, 14], we
will define two new variables:

x ≡
(
χ2
)l
�(th)

, y ≡
(
χ2
)l
�(obs)

, (113)

which will be jointly analyzed using the formalism of
Section 6. Still, there remains the question of how to obtain
their pdfs. These functions can be obtained numerically pro-
vided that the number of realizations of each variable is large
enough, since in this case their histograms can be considered
as piecewise constant functions which approximate the real
pdfs. For the case of the (theoretical) variable x defined above
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Table 1: Full-sky foreground-cleaned CMB maps from WMAP data
used in our analysis to estimate the variable y (see the text for more
details). Note that the reference [78] includes the analysis of maps
from the three- and five-year WMAP releases.

Full sky maps References

Hinshaw et al. [14, 79]

de Oliveira-Costa et al. [80]

Kim et al. [78]

Park et al. [81]

Delabrouille et al. [82]

we have run 2 × 104 Monte Carlo simulations of Gaussian
and statistically isotropic CMB maps using the ΛCDM best-
fit C� ’s provided by the WMAP team [77]. With these maps
we have then constructed 2× 104 realizations of the variable
x.

The simulation of the (observational) variable y is more
difficult and depends on the way we estimate contamination
from residual foregrounds in CMB maps. As is well known,
not only instrumental noise, but also systematic errors (e.g.,
in the map-making process), the inhomogeneous scanning
of the sky (i.e., the exposure function of the probe), or
unremoved foreground emissions (even after applying a cut-
sky mask) could corrupt—at distinct levels—the CMB data.

Foreground contamination, on the other hand, may have
several different sources, many of which are far beyond our
present scopes. However, since different teams apply distinct
procedures on the raw data in order to produce a final map,
we will make the hypothesis that maps cleaned by different
teams represent—to a good extent—“independent” CMB
maps. Therefore, we can estimate the residual foreground
contaminations by comparing these different foreground-
cleaned maps.

In fact, the WMAP science team has made substantial
efforts to improve the data products by minimizing the
contaminating effects caused by diffuse galactic foregrounds,
astrophysical point sources, artifacts from the instruments
and measurement process, and systematic errors [83, 84]. As
a result, multifrequency foreground-cleaned full-sky CMB
maps were produced, named Internal Linear Combination
maps, corresponding to three- and five-year WMAP data [14,
79]. To account for the mentioned randomness, systematic,
and contaminating effects of the CMB data, we will use in
our analyses several full-sky foreground-cleaned CMB maps,
listed in Table 1, which were produced using both the three-
and five-year WMAP data.

The prescription we adopt to determine the distribution
of the observational variable y is as follows: we simulate
Gaussian random a�m’s in such a way that their central
values are given by the five-year ILC5 data [14, 79], and
with a variance which is estimated from the sample standard
deviation of all the maps listed in Table 1. So, for example,
suppose we have n different full-sky temperature maps at
hand and we want to estimate the randomness inherent in
the determination of, let’s say, a32; therefore, we take

N
(
aILC5

32 , σ32

)
−→ a32, (114)

with

σ32 =
√√√√ 1
n− 1

n∑
i=1

(
ai32 − a32

)2
, a32 = 1

n

n∑
i=1

ai32, (115)

where N (μ, σ) represents a Gaussian distribution with mean
μ and standard deviation σ . Note that if the residual contam-
ination is indeed weak, then the sample variance above will
be small, and our procedure will reduce to the standard way
of calculating probabilities. As for the use of a Gaussian in
(114), this choice was dictated not only by simplicity, but
rather by the fact that the propagation of uncertainties in
physical experiments is usually assumed to follow a normal
distribution. However; note that there are some instrumental
uncertainties, such as beam or gain uncertainties, which will
not in general follow normal distributions. In fact, some
of them may even fail to be additive, meaning that our
convolution formula will be inapplicable in these cases. In
our analysis, we have focused only on foreground residuals,
where the normality hypothesis is reasonable. (We thank
the referee for pointing out this important aspect of the
formalism.)

7.3. Full-Sky Maps. Following this procedure, we have
used the full-sky maps shown in Table 1 to construct 104

Gaussian random a�m’s, which were then used to calculate
104 realizations of y = (χ2)l�(obs). With those variables we
constructed histograms which, together with the histograms
for the (full-sky) variable x, were used to calculate the final
probability (104). We have restricted our analysis to the range
of values (�, l) ∈ [2, 10], since the low multipolar sector (i.e.,
large angular scales) is where most of the anomalies were
reported. The resulting histograms and pdf ’s are shown in
Figure 7, and the final probabilities we obtained are shown
in Table 2.

Overall, our results show no significant planar deviations
of anisotropy in WMAP data. The most unlikely individual
values in Table 2 are in the sectors (l, �) given by (2, 5), (10, 5),
(4, 7), and (6, 8) and are all above a relative chance of 5%
of either being too negative [(2, 5), (10, 5)] or too positive
[(4, 7), (6, 8)]. However, it is perhaps worth mentioning that
not only the individual values of (χ2)l� are relevant, but also
their coherence over a range of angular or planar momenta
carries interesting information. So, for example, a set of
(χ2)l� ’s which are all individually within the cosmic variance
bounds, but which are all positive (or negative), can be an
indication of an excess (or lack) of planar modulation. This
type of coherent behavior appears in the following cases:
(χ2)l2, (χ2)l3 and, to a lesser extent, (χ2)4

� (see Table 2). The
angular quadrupole � = 2, as well as the angular octupole
� = 3, have all positive planar spectra (for all values of l
which we were able to compute), indicated by probabilities
larger than 50%. The planar hexadecupole l = 4 also has 8
out of 9 angular spectra assuming positive values (only � = 5
is negative).

The data analyzed in this Section relates to the full-sky
maps, which are certainly still affected by residual galactic
foregrounds. The reader interested in the complete analysis,
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Table 2: Final probabilities of obtaining, in a random ΛCDM Universe, a chi-square value smaller or equal to (χ2)l�(obs), as given by full-sky
temperature maps.

l \ � 2 3 4 5 6 7 8 9 10

2 81.1% 73.7% 54.1% 6.1% 80.7% 46.4% 36.9% 47.5% 81.8%

4 74.0% 72.6% 55.0% 39.6% 74.2% 93.2% 51.6% 55.4% 56.3%

6 78.1% 80.7% 69.3% 52.3% 33.6% 80.0% 95.0% 50.3% 82.2%

8 63.5% 87.7% 18.8% 51.5% 21.4% 66.4% 31.6% 27.5% 82.3%

10 67.9% 50.0% 61.0% 8.7% 37.7% 59.5% 36.6% 29.2% 35.7%

−2 −1 0 1 2 3

(x2)2
2

0

0.2
0.4
0.6
0.8

1
1.2
1.4

(a)

−1 0 1 2 3

(x2)2
5

0

0.5

1

1.5

2

2.5

(b)

−2 −1 0 1 2 3

(x2)2
10

0

0.5

1

1.5

(c)

−2 −1 0 1 2 3

(x2)6
2

0

0.5

1

1.5

2

(d)

−1 0 1 2 3

(x2)6
5

0

0.5

1

1.5

2

(e)

−2 −1 0 1 2 3

(x2)6
10

0

0.5

1

1.5

(f)

−1 0 1 2 3

(x2)10
2

0

0.5

1

1.5

2

(g)

−1 0 1 2 3

(x2)10
5

0

0.5

1

1.5

2

(h)

−1 0 1 2 3

(x2)10
10

0

0.5

1

1.5

2

(i)

Figure 7: Histograms for (χ2)l�(th) (blue), (χ2)l�(obs) (purple) and for the difference (χ2)l�(th) − (χ2)l�(obs) (solid, red line). We show only a few
representative figures. The final probabilities are shown in Table 2 and correspond to the area under the solid curve from −∞ to 0. All pdfs
are normalized to 1.

including data from masked CMB maps, can check reference
[28].

8. Conclusions

We know our Universe is not perfectly Gaussian, homo-
geneous, or isotropic. The deviations from an idealized
picture (or the lack thereof), whether predictably small
or surprisingly large, can tell us a great deal about the
Universe we live in. Since the types of physical mechanisms

behind deviations from perfect gaussianity, homogeneity, or
isotropy are typically very different, we should try to measure
these individual features separately—whenever possible or
practical.

Recently, it has been suggested that some of the most
discussed anomalies in the CMB can be explained away [85],
or that the evidence for them is statistically weak [86]. But
even if it turns out that our Universe is a plain vanilla kind
of place, where everything goes according to the inflationary
theorist’s dreams, we would still need to analyze it with tools
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that allow us to check the standard picture against the data.
In addition, local physics (related to the solar system, or our
galaxy), as well as instrumental quirks, tend to leave imprints
on the CMB which are clearly anisotropic, but have a certain
coherence which can be detected, and possibly corrected for,
with the help of these checks.

However, in an era where at least the large-scale maps
of the CMB are likely to remain basically unchanged, we
should be careful not to over analize the data with the
benefit of an ever greater hindsight (put another way, a
posteriori conundrums only get worse with time.) This can
only be achieved if we find natural and generally agreed-
upon classifications of the types of deviations that may
occur, without too much guidance from what the data
is telling us. We believe that focusing on the possible
underlying symmetries, with perhaps some guidance from
group-theoretic arguments, is one way to settle these issues.
We have presented a few methods along these lines, one using
multipole vectors, the other using a natural generalization of
the two-point correlation function (also other methods have
been presented in this paper.

Perhaps the best indication that we are on the right track
is the fact that most of these methods are applicable in other
areas of physics and astronomy, and that in some cases we
have adapted tests of anisotropy from other areas, such as
scattering theory and the theory of angular momentum in
quantum mechanics. So, even if these anomalies eventually
perish, they will be survived by the powerful methods that
have been devised to test them.

Appendix

A. Geometrical Identities and Derivations

A.1. Wigner D-Functions. From the unitarity of the rotation
operators D(R), we have∑

m

D�
m′m(ω1)D�

m′′m(ω2) = D�
m′m′′(ω1ω2). (A.1)

If ω2 = ω−1
1 , then using the identity D�

m′′m(ω−1) = D∗�m′′m(ω),
we find ∑

m

D�
m′m(ω1)D∗�m′′m(ω1) = δm′m′′ . (A.2)

A.2. Gaunt Integral. The definition of the Gaunt integral
used in this paper is

G�1�2�3
m1m2m3

= (−1)m1

∫
d2n̂ Y�1,−m1 (n̂)Y�2m2 (n̂)Y�2m2 (n̂).

(A.3)

A.3. 3-j Symbols. We present here some useful identities
related to the 3-j symbols

(i) Isotropic limit

(
l1 l2 0
m1 m2 0

)
= (−1)l2−m1√

2l1 + 1
δl1l2δm1,−m2 . (A.4)

(ii) Parity and permutations

(
l1 l2 l
m1 m2 m

)
=
(
l l1 l2
m m1 m2

)
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(
l2 l1 l
m2 m1 m
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l1 l2 l
−m1 −m2 −m

)
.

(A.5)

(iii) Orthogonality

l1∑
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m1 m2 m3
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3
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m1 m2 m3

)(
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m1 m′
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3
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= δm2m
′
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δm3m
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3
,
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m=−l

(−1)l−m
(
l l �
m −m 0

)

=
√

2l + 1δ�,0.

(A.6)

The last expression is particularly useful in the derivation
of (106).

A.4. Derivation of (92). We start by equating expressions
(89) and(22)

∑
�

∑
l,m

2� + 1√
4π

C lm
� P�(cos ϑ)Ylm(n̂)

=
∑
�1,m1

∑
�2,m2

〈
a�1m1a

∗
�2m2

〉
Y�1m1 (n̂1)Y�2m2 (n̂2).

(A.7)

As mentioned in the main text, the inversion of C lm
� as a

function of the a�m’s is not a trivial task, since the angles
(Θ,Φ, θ) depend nonlinearly on the angles (θ1,ϕ1, θ2,ϕ2).
The easiest way to achieve this goal is to pick up a coordinate
system where only the θ dependence is present. After
integrating it out, we rotate our coordinate system using
three Euler angles to recover back the (Θ,Φ) dependence,
which can then be integrated with the help of some Wigner
matrices identities. We start by positioning the vectors n̂1

and n̂2 in the xy plane, that is; we chose n̂1 = (π/2,φ1),
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n̂2 = (π/2,φ2). By (90), we then have cos ϑ = cos(φ1 − φ2).
Using the relation [41]

Y�m

(
π

2
,φ
)
= λ�me

imφ,

λ�m

=

⎧⎪⎪⎨⎪⎪⎩
(−1)(�+m)/2

√
2� + 1

4π
A!!

(� +m)!!
B!!

(� −m)!!
, if �+m ∈ 2N,

0, otherwise
(A.8)

where A denotes (� +m− 1) and B denotes (� −m− 1), we
can integrate the θ dependence on both sides of (A.7). This
gives us

1√
π

∑
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C lm
� Ylm(0, 0) =

∑
�1,m1

∑
�2,m2
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∗
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, (A.9)

where we have introduced the following definition:

I��1m1�2m2

≡ −λ�1m1λ�2m2

×
∫ π
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(
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(A.10)

We need now to integrate out the Θ and Φ dependence
in the right-hand side of (A.9) which was hidden due to
our choice of a particular coordinate system. In order to
do that, we keep the vectors n̂1 and n̂2 fixed and make a
rotation of our coordinate system using three Euler angles
ω = {α,β, γ}. This rotation changes the coefficients C lm

� ’s and
a�m’s according to

a�m =
∑
m′
D�
mm′(ω)ã�m′ , C lm

� =
∑
m′
Dl
mm′(ω)C̃ lm′

� , (A.11)

where C̃ lm
� and ãlm are the multipolar coefficients in the new

coordinate system, and where Dl
mm′(ω) are the elements of

the Wigner rotation matrix. The advantage of positioning the
vectors n̂1 and n̂2 in the plane xy are that now the angles
Θ and Φ are given precisely by the Euler angles β and γ,
regardless of the value of α

∑
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)
,

(A.12)

where in the last step we have used Ylm(0, 0) =√
(2l + 1)/4π δm0. Therefore, in our new coordinate system

we have (dropping the “˜”in our notation)
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We may now isolate C lm
� using the identities [41]∫
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where dω = sinβdβdαdγ, to obtain
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If we now redefine −m2 → m2, and note that the first 3-j
symbol above is identically zero unless m′

1 = m′
2, we finally

obtain (92).

A.5. Some Properties of the Integral (93). The geometrical
coefficients Il,��1�2

defined in (93) have many interesting
properties which can be explored in order to speed up
numerical computation of (92). First, we note that it is
symmetric under permutation of �1 and �2

Il,��1�2
=
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(A.16)

Some of the other properties are a consequence of the
integral I��1m�2m defined in (A.10). We may note for example
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that, due to the symmetry of the λ�m coefficient defined in
(A.8), we will have

Il,��1�2
= 0, for any {(�1, �2) ∈ N | �1 + �2 = odd}. (A.17)

Furthermore, the λ�m coefficients restrict the m summation
above to their values which obey m + �1 + �2 = even. If we
further notice that (A.10) is proportional to the integral of
an integral of the form

∫ 1
−1 P�(cos θ) cosmθ dθ, and that this

integral is zero unless � +m = even, we conclude that

Il,��1�2
= 0, for any {(�1, �2, �) ∈ N | �1 + �2 + � = odd}.

(A.18)

Besides, using the fact that the integral
∫ 1
−1 P�(cos θ) ·

cosmθ dθ is zero for any m < l, we find

Il,��1�2
= 0, for any {(�1, �2, �) ∈ N | �1 < l, �2 < l}. (A.19)

We finally comment on the special case where l = 0, for
which we have

I0,�
�1�2

= (−1)�1√
2�1 + 1
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I��1m�1m
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δ�1�2 . (A.20)

However,
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where D denotes (�′ + m − 1), and G denotes (�′ −m − 1),
and in the derivation above we have made use of the Fourier
series expansion of the Legendre polynomial. So we conclude
that

I0,�
�1�2

= (−1)�1

2π
√

2�1 + 1
δ��1δ�1�2 , (A.22)

which is needed in the derivation of (106).
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and P. B. Lilje, “Hemispherical power asymmetry in the
third-year Wilkinson Microwave Anisotropy Probe sky maps,”
Astrophysical Journal, vol. 660, no. 2, pp. 81–84, 2007.

[33] D. Pietrobon, P. Cabella, A. Balbi, R. Crittenden, G. de
Gasperis, and N. Vittorio, “Needlet bispectrum asymmetries
in the WMAP 5-year data,” Monthly Notices of the Royal
Astronomical Society: Letters, vol. 402, no. 1, pp. L34–L38,
2010.
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Motivated by the fact that cosmological perturbations of inflationary quantum origin were born Gaussian, the search for non-
Gaussianities in the cosmic microwave background (CMB) anisotropies is considered as the privileged probe of nonlinear physics
in the early universe. Cosmic strings are active sources of gravitational perturbations and incessantly produce non-Gaussian
distortions in the CMB. Even if, on the currently observed angular scales, they can only contribute a small fraction of the
CMB angular power spectrum, cosmic strings could actually be the main source of its non-Gaussianities. In this paper, after
having reviewed the basic cosmological properties of a string network, we present the signatures Nambu-Goto cosmic strings
would induce in various observables ranging from the one-point function of the temperature anisotropies to the bispectrum and
trispectrum. It is shown that string imprints are significantly different than those expected from the primordial type of non-
Gaussianity and could therefore be easily distinguished.

1. Motivations

The origin of cosmic strings dates back to the discovery that
cosmological phase transitions triggered by the spontaneous
breakdown of the fundamental interaction symmetries may
form topological defects [1–3]. Cosmic strings belong to the
class of line-like topological defects, as opposed to point-
like monopoles and the membrane shaped domain walls. As
shown by Kibble, the appearance of defects in any field theory
is related to the topology of the vacuum manifold [3]. If
the ground state of a field theory experiences a spontaneous
breakdown from a symmetry group G to a subgroup H ,
Kibble showed that cosmic strings will be formed if the first
homotopy group π1(G/H) /= I is nontrivial. In other words,
if noncontractile loops can be found in the manifold M =
G/H of equivalent vacua. Similarly, the other homotopy
groups π0 and π2 determine the formation of domain walls
and monopoles, respectively. Once formed and cooled, these
defects cannot be unfolded, precisely due to their nontrivial
topological configuration over the vacuum manifold of the
theory. This simple statement suggests that cosmic strings,
and topological defects in general, are a natural outcome of

the unification of the fundamental interactions in the context
of Cosmology. As remnants of unified forces, their discovery
would be an incredible opportunity to probe extremely high-
energy physics with “a telescope”.

In the last thirty years, many works have been devoted
to the cosmological consequences, signatures, and searches
for topological defects [4–7]. They have pushed cosmic
strings to the privileged place to be generically compatible
with observations. Indeed, domain walls and monopoles are
prone to suffer from the cosmological catastrophe problem;
their formation is sufficiently efficient (or their annihilation
sufficiently inefficient) to either overclose the universe or
spoil the Big-Bang Nucleosynthesis (BBN) predictions [8, 9].
For domain walls, this implies that either they should be
extremely light, that is, formed at an energy scale less than
a few MeV, or no discrete symmetry should have been
broken during the cooling of the universe. There is not so
much choice for the monopoles; if interactions were unified,
monopoles would have been formed. The homotopy group
of π2(G/H) with H containing the U(1) of electroweak
interactions is indeed nontrivial.(As often with topological
defects, sensitivity to the underlying model is such that one
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can often find a counter-example of any result. Both of
these statements, on walls and monopoles, can be evaded
in some particular models or with some amount of fine-
tuning, as for instance if cosmic strings can be attached to
them and catalyse annihilations [10, 11].) Cosmic inflation
was originally designed to solve the monopole problem. If a
phase of accelerated expansion of the universe occurs, then
any defects will be diluted enough to no longer have any
(dramatic) consequences on cosmology [12–15]. Meanwhile,
Inflationary Cosmology solves the flatness and homogeneity
problem of the standard Big-Bang model, explains the origin
and spectrum of the cosmic microwave background (CMB)
anisotropies, as the formation of the large-scale structures
[16–19]. Inflation provides a priori an easy solution to
the topological defects problem by diluting them to at
most one per Hubble radius. However, one has to keep in
mind that this mechanism works only if the defects were
formed before inflation, and even in that case some may
survive [20]. This has to be the case for monopoles and
heavy walls, but not for local strings. On the contrary,
exhaustive analysis of particle physics motivated inflationary
models, embedding the Standard Model SU(3) × SU(2) ×
U(1), has shown that strings are generically produced at
the end of inflation [21]. In this picture, our universe
should contain cosmic strings whose properties are closely
related to those of the inflation [22–24]. String Theory
provides an alternative framework to Field Theories: brane
inflationary models propose that the accelerated expansion
of the universe is induced by the motion of branes in warped
and compact extradimensions [25–28]. Inflation ends when
two branes collide and such a mechanism again triggers
the formation of one-dimensional cosmological extended
objects, dubbed cosmic superstrings [29–32]. These objects
may be cosmologically stretched fundamental strings or one-
dimensional D-brane [33, 34]. Although cosmic superstrings
are of a different nature than their topological analogue,
they produce the same gravitational effects and share similar
cosmological signatures [35, 36].

Among the expected signatures, cosmic strings induce
temperature anisotropies in the CMB with an amplitude
typically given by GU , where U is the string energy per
unit length and G the Newton constant [37].(To avoid any
confusion with Greek tensor indices, we will use the Carter’s
notations U and T for the string energy density and tension
[38].) For the Grand Unified Theory (GUT) energy scale,
one has GU  10−5, which precisely corresponds to the
observed amplitude of the CMB temperature fluctuations
[39]. However, the power spectra do not match; topological
defects are active sources of gravitational perturbations, that
is, they produce perturbations all along the universe history,
and cannot produce the characteristic coherent patterns of
the acoustic peaks [40–44]. Current CMB data analyses
including a string contribution suggest that they can only
contribute to at most 10% of the overall anisotropies on
the observed angular scales [45, 46]. For Abelian cosmic
strings (see Section 2), numerical simulations in Friedmann-
Lemaı̂tre-Robertson-Walker (FLRW) spacetimes show that
this corresponds to an upper two-sigma bound GU < 7 ×
10−7 [47]. Direct detection searches provide less stringent

limits but are applicable to all cosmic string models: GU <
4 × 10−6 [48–50]. Detecting cosmic strings in the CMB
certainly requires one to go further than the power spectrum
[51, 52] (see, however, Section 4.5). In fact, strings induce
line-like discontinuities in the CMB temperature through the
so-called Gott-Kaiser-Stebbins effect, which are intrinsically
of non-Gaussian nature [53, 54]. In the inflationary picture,
cosmological perturbations find their origin in the quantum
fluctuations of the field-metric system, and therefore were
born generically Gaussian. Non-Gaussianities can never-
theless appear from non-linear effects during inflation or
from couplings to other fields (see the other articles in
this issue). These non-Gaussianities are of the primordial
type, that is, they exist before the cosmological perturbations
reenter the Hubble radius. On the other hand, cosmic strings
are a source of non-Gaussianity at all times and, as we
will see, produce different signals from the CMB point of
view.(Notice that second-order perturbations, being non-
linear, actively generate non-Gaussianities but at a relatively
small amplitude [55–58].)

In this paper, we review the non-Gaussian features a
cosmological network of cosmic strings produce in the
CMB anisotropies. In a first section, we briefly scan various
cosmic string models and emphasize their similarities and
differences for cosmology. Making observable predictions
for cosmic strings faces the problem of understanding their
cosmological evolution. Not only one has to solve the
local dynamics in curved space, but as extended objects,
cosmic strings follow a globally nonlocal evolution: the
fate of one string depends on its interactions with the
others. The cosmological evolution of a network of cosmic
strings is a nontrivial problem which can be overcome by
means of numerical simulations. These simulations permit
an estimation of the various statistical properties affecting
the observational signatures, such as the number of strings
per Hubble radius, their shapes, velocities, or the loop density
distribution. Latest results in this area, for the Nambu-Goto
(NG) type of cosmic strings, are presented in Section 3. Once
the statistical properties of a cosmological cosmic strings
network are known, it is possible to extract meaningful
observables depending only on the unique model parameter
U . (If no currents are flowing along the string, Lorentz
invariance implies that the string tension T equals the
energy density U .) In Section 4, we recap the expected
CMB temperature anisotropies induced by cosmic strings,
derived from various methods. Particular attention is paid to
small angle CMB maps which preserve all of the projected
statistical information. We then derive the cosmic string
signals expected in various non-Gaussian estimators ranging
from the one-point function of the CMB temperature
fluctuations to the bispectrum and trispectrum. We conclude
in Section 5 and discuss various non-Gaussian aspects which
still have to be explored.

2. Cosmic Strings of Various Origins

Cosmic strings of cosmological interest can be of various
kinds depending on the microscopic model they stem from.
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Figure 1: The Abelian Higgs potential in the complex plane
[R(Φ), I(Φ)]. The nontrivial phase mapping from the internal
space to the physical space (right) leads to the formation of a cosmic
string. The old vacuum |Φ| = 0 becomes trapped inside the new
one |Φ| = ηv.

As mentioned in the introduction, they can either be
nontrivial stable, or metastable, field configurations or more
fundamental objects in String Theory. From a gravitational
point of view, they all are, however, line-like energy density
and pressure distributions. In the following, we briefly review
the different kinds of string having a cosmological interest
and we emphasize their similarities and differences.

2.1. Abelian Vortices. The simplest example of cosmic string
illustrating the Kibble mechanism is the Abelian Higgs
model. The theory is invariant under a local gauge group
U(1) and the Higgs potential assumes its standard Mexican
hat renormalisable form

V(Φ) = λ

8

(
|Φ|2 − η2

v

)2
, (1)

where λ is the self-coupling constant and ηv the vacuum
expectation value of the Higgs field Φ. In Minkowski space,
the Lagrangian reads

Lh = 1
2

(
DμΦ

)†
(DμΦ)− 1

4
HμνH

μν −V(Φ), (2)

where Hμν is the field strength tensor associated with the
vector gauge boson Bμ and

Dμ = ∂μ + igBμ. (3)

At high enough temperature, loop corrections from the
thermal bath restore the U(1) symmetry and the effective
potential has an overall minimum at |Φ| = 0 [1, 59].
Starting from high enough temperature, one therefore
expects the U(1) symmetry to be spontaneously broken
during the expansion and cooling of the universe. During
the phase transition, the Higgs field reaches its new vacuum
expectation value Φ = ηveiθ . At each spacetime location,
the phase θ(xμ) will have a given value, all of them being
uncorrelated on distances larger than the typical correlation
length of the phase transition. As pointed by Kibble, this
is at most the horizon size dh ∝ t although one expects

it to be much smaller [3, 60–63]. As a result, there exists
closed paths in space along which θ varies from 0 to 2π
(or a multiple of 2π). Such phase configurations necessarily
encompass a point at which |Φ| = 0 (see Figure 1); the old
vacuum has been trapped into a nontrivial configuration of
the new vacuum, and this prevents its decay. Such a structure
is invariant by translations along the third spatial dimension
and is string shaped.

Solitonic solutions of the field equations describing a
static straight Abelian string can easily be computed under
the Nielsen-Olesen ansatz. The transverse profile of the Higgs
and gauge field are assumed to be [64]

Φ = ηvH
(

ρ
)

einθ , Bμ =
Q
(

ρ
)
− n

g
δμθ , (4)

where (r, θ) stands for a polar coordinate system aligned
along the string. The dimensionless radial coordinate has
been defined by ρ = mhr where, mh =

√
ληv is the mass of

the Higgs boson. The integer n is the “winding number” and
gives the number of times the Higgs winds the potential for
one rotation around the string. From (2), the dimensionless
equations of motion read

d2H

dρ2
+

1
ρ

dH
dρ

= HQ2

ρ2
+

1
2
H
(
H2 − 1

)
,

d2Q

ρ2
− 1

ρ

dQ
dρ

= m2
b

m2
h

H2Q,

(5)

where mb = gηv is the mass of the vector gauge boson. In
Figure 2, we have represented the string solution to these
equations in Minkowski spacetime [65, 66]. The boundary
conditions are such that the Higgs field vanishes at the center
of the string to reach its vacuum expectation value (vev)
asymptotically. This typically happens after a length scale
given by its Compton wavelength 1/mh. Similarly, the gauge
field boundary conditions are such that it has vanishing
derivative in the core and remains finite far from the string.
As shown in Figure 2, it actually condenses inside the string
with a spatial extension roughly equal to 1/mb.

The energy content of such a string is given by the stress
tensor stemming from the Lagrangian of (2). Along the
string worldsheet,

Ttt = −Tzz

= λη4
v

2

⎡⎢⎣(∂ρH
)2

+
Q2H2

ρ2
+

(
H2 − 1

)2

4
+
λ

g2

(
∂ρQ

)2

ρ2

⎤⎥⎦,

(6)

which are the only two components which do not vanish after
an integration over the transverse coordinates. Integrating
the temporal part gives the string energy per unit length U ,
whereas the longitudinal component gives −T . One finally
gets

U = T = C

(
λ

g2

)
η2
v , (7)
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Figure 2: String forming field profiles in the Abelian Higgs model
with unity winding number. The Higgs field H vanishes in the
vortex core and reaches its vacuum expectation value within
distances given by the Higgs Compton wavelength 1/mh. The gauge
field Q condenses inside the vortex over distances given by 1/mb.

where C(λ/g2) is an order unity function at fixed winding
number. Increasing the winding number centrifuges the
energy density around the core such that U is changed in a
more complex way [5]. This immediately shows that cosmic
strings generically carry an energy density and tension of the
order of the symmetry breaking energy scale U  η2

v. Notice
that along the string direction the pressure Pz = −T =
−U is negative, and we are in presence of a “cosmological
constant wire”, as one may expect from a Lorentz invariant
vacuum object. Consequently, the trace of the stress tensor
ημνTμν vanishes and cosmic strings do not induce any
Newtonian gravitational potential. Together with the so-
called cosmological scaling behaviour (see below), this is
the mere reason why they remain cosmologically acceptable.
They do however induce dynamical gravitational effects, the
metric far from the string core being Minkowski with a
missing angle [67] (see Section 4).

The Abelian string model is intensively used in the
literature to explore the string forming phase transition and
string interactions [68, 69]. From the Kibble’s argument,
one expects the phase of the Higgs field to be random and
the resulting string path should be a self-avoiding random
walk with a given correlation length [70]. Performing lattice
simulations allows to probe in more details the string
forming mechanism and gives a more accurate picture of
a cosmic string network just after its formation [71–74].
Abelian Higgs simulations are also used to compute the
cosmological evolution of such a network [75–77] (see
Section 3).

2.2. Other Flux Tubes

Global String. The Abelian string provides an explicit exam-
ple of the formation of line-like topological defects by the

spontaneous breakdown of a gauged symmetry. Breaking a
U(1) global symmetry can also produce topological defects,
the so-called global strings. However, in the absence of
gauge fields, one can show that global cosmic strings
exhibit long-range interactions and Goldstone radiation
[78]. Their dynamics can however mimic local strings and
being cosmologically acceptable in some regime [79–81].

Non-Abelian String. If the broken symmetry group G is
non-Abelian, the cosmic strings formed during the phase
transition exhibit new properties compared to the U(1) kind
[5]. In particular, the mapping of the Higgs field to the real
space can be made along different broken generators Φa =
ηv exp(iTaθ). This implies that different type of non-Abelian
strings may be formed and will interact with each others
according to their respective windings. The classic example
being the appearance of a [Ta,Tb]-string from the crossing
between a Ta-string and Tb-string [82]. In the cosmological
framework, new strings can potentially be formed at each
interaction leading to a frustrated intricate configuration
[83–86]. Such an outcome depends on the underlying non-
Abelian gauge group and Abelian string-like evolution can
also be recovered, as for instance in the U(N) models [87–
91].

Semilocal String. String-shaped energy density distribution
can also appear even if the vacuum manifold is simply
connected. The nontrivial topology argument is indeed only
a sufficient condition of defect appearance. The electroweak
symmetry breaking scheme enters this class, although the
first homotopy group is trivial, semilocal strings can be
formed [92, 93]. A simple description of these strings can
be obtained by replacing the Higgs field in the Abelian
model by a doublet in a SU(2) global representation [94].
These flux tube configurations are stabilised because they
can be energetically favoured for some values of the model
parameters, typically for mb > mh [95]. Let us notice that the
currently measured electroweak model parameters do not
support stable vortices [94]. Similar vortices could also be
formed during a chiral symmetry breaking phase transition
[96–103].

K- and DBI-String. These are another extensions of the
Abelian Higgs string for which the scalar and gauge field
kinetic terms are noncanonical, or of the Dirac-Born-Infeld
form [104–107]. These strings essentially differ from their
Abelian counterparts when the gradient terms are non-
vanishing, that is, in the core.

Current Carrying String. In minimal extensions of the
Abelian Higgs model, one may couple extra-scalar fields to
the string forming Higgs field. As shown by Witten, this can
lead to the condensation of the extrascalar over the string
core [108]. The resulting string is carrying a current that
breaks the longitudinal Lorentz invariance; U and T are
no longer degenerated and the string dynamics is affected
[38, 65, 109]. One of the most important consequence of
these currents is the potential appearance of centrifugally
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supported loops. If stable, these so-called vortons could
efficiently populate the universe and avoiding the overclosure
gives strong constraints on the cosmic string energy scale
[110, 111]. A similar mechanism works for the fermionic
fields which are Yukawa coupled to the string forming Higgs
field. They generically produce currents along the string
with a discrete mass spectrum, in a way similar to the
photon propagation in waveguides [112]. Unless the massive
propagation modes are not excited, the resulting loops are
however expected to be unstable [113, 114].

2.3. Cosmic Superstrings. Cosmic superstrings are funda-
mental line-shaped objects that can be formed at the end
of brane-inflation (see [34–36, 115, 116] for reviews). The
idea that fundamental quantum strings can be stretched to
cosmological distances has been mentioned by Witten [117].
If stable, one would expect fundamental strings to be at
an energy scale close to the String Theory scale, that is,
close to the Planck mass, and this is trivially ruled out by
observations. In addition, current CMB constraints tell us
that the energy scale of inflation is at most the GUT scale
[118], implying that strings formed at a higher energy would
have been diluted anyway. The situation changed with the
discovery that inflation within String Theory could be a
geometrical phenomena induced by the motion of a brane
moving in a warped throat, somewhere in the compact
manifold of the extra-dimensions [26]. In the KKLMMT
model [28, 119], the inflaton is a scalar degree of freedom
associated with the position r of a D3 brane in a warped
throat. Within a ten-dimensional super-gravity ansatz for the
metric, in the type IIB String Theory,

ds2 = 1√
h(r)

gμνdxμdxν +
√
h(r)

(
dr2 + r2d5s

2), (8)

and the throat is described by the warping function h(r)
(explicitly, it can be the Klebanov-Strassler conifold [120]).
In this system, accelerated expansion of our universe comes
from the interaction of this brane with an anti-D3 brane
sitting at the bottom of the throat r0. Current CMB data
suggest that inflation preferentially ends by violation of the
slow-roll conditions, whereas the system continues to evolve
till the two branes collide [121]. The brane interactions
at that stage require String Theory calculations and are
expected to trigger a reheating era accompanied by a
copious production of various D1-branes and fundamental
F-strings [29–32]. Since the brane annihilation takes place
at the bottom of the throat, due to the warped metric, the
cosmic superstring tensions measured by an exterior four-
dimensional observer are redshifted by a factor h1/2(r0).
The resulting effect is to significantly lower the string
tension down to acceptable values. In fact, the stability
of the produced F-strings and D-strings require additional
constraints on the model parameters and the spectrum of
superstring tensions depending on the underlying scenario
[32]. For instance, in the KKLMMT model, one expects
10−10 < GU < 10−7 [122].

Cosmic superstrings differ from the Abelian strings
in various aspects. In addition to the coexistence of two

different types, they can form bound states of p F-strings
and q D-strings. The tension of these (p, q)-strings depends
on p, q, the binding energy but also on their configuration
in the throat [123, 124]. In fact, many of (p, q)-string
properties mimic the non-Abelian type of topological vortex,
as the existence of bound states and Y-junctions [125–
128]. Such similarities have actually been used to probe
the properties of the cosmic superstrings through the more
tractable framework of field theory [129–132].

2.4. Infinitely Thin Strings. These are the one-dimensional
version of the relativistic point particles. Following Carter
macroscopic covariant approach [38, 109, 133, 134], string
events can be localised in the four-dimensional spacetime
by the so-called embedding functions xμ = Xμ(ξa), where
ξ0 and ξ1 are a timelike and spacelike internal coordinate of
the string worldsheet. Denoting by g the four-dimensional
metric tensor, one can define the two-dimensional induced
metric

γab = gμν
∂Xμ

∂ξa
∂Xν

∂ξb
, (9)

such that the infinitesimal interval between two events
reduces to ds2 = γabdξadξb. From its inverse, on can define
the first fundamental tensor

qμν = γab
∂Xμ

∂ξa
∂Xν

∂ξb
, (10)

which is nothing but a projector over the string worldsheet.
Similarly, ⊥μ

ν ≡ g
μ
ν − q

μ
ν is an orthogonal projector and they

verify

q
μ
ρq

ρ
ν = q

μ
ν , ⊥μ

ρ⊥ρ
ν = ⊥μ

ν , q
μ
ρ⊥ρ

ν = 0. (11)

Variations of the first fundamental form are encoded in the
second fundamental tensor

K
ρ
μν ≡ qαν∇μq

ρ
α, (12)

where a bar quantity stands for the projection of its four-
dimensional analogue over the worldsheet, that is, ∇μ ≡
qαμ∇α. Integrability imposes K

ρ
[μν] = 0 and, by construction,

the second fundamental form is, respectively, tangent and
orthogonal to the worldsheet on its first and last indices. As
a result, contracting the first two tangential indices gives a
purely orthogonal vector which measures the string extrinsic
curvature [134]

Kρ ≡ K
μρ
μ = ∇μq

μρ. (13)

The energy content of a spacetime two-dimensional
surface can be characterised by its internal stress energy
tensor. Similarly to the cosmological perfect fluid, one may
consider a string whose stress-energy tensor is diagonal in a
preferred basis. Positivity of the energy conditions ensures
that the timelike eigenvalue U > 0, while the spacelike
eigenvalue T should verify |T| ≤ U [135]. In this frame, U
represents the energy per unit length of the string and T the
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string tension. Denoting by uμ and vν the respective timelike
and spacelike orthonormal eigenvectors, one has

T
μν = Uuμuν − Tvμvν = (U − T)uμuν − Tqμν, (14)

where

uαuα = −1, vαvα = 1, uαvα = 0,

qμν = −uμuν + vμvν.
(15)

In the absence of external forces, reparametrisation invari-
ance of the string worldsheet ensures the stress-energy
pseudo-conservation from Noether’s theorem [136]

∇ρT
ρσ = 0. (16)

As for a cosmological fluid, these equations are not sufficient
to close the equations of motion for the string. One has to
supplement them by an equation of state of the fluid under
scrutiny. The simplest case is the so-called barotropic model
for which the equation of state is the relation U(T). One can
then introduce the two Legendre conjugated parameters

ln ν =
∫

dU
U − T , lnμ =

∫
dT

T −U , (17)

such that U − T = μν. Clearly, ν plays the role of a
number density and its Legendre conjugated parameter μwill
therefore be a chemical potential, that is, an effective mass
carried per unit number density. Defining their respective
worldsheet current density by

μρ ≡ μuρ, νρ ≡ νuρ, (18)

one can rewrite (16) as

∇ρT
ρ
σ = μσ∇ρν

ρ + νρ∇ρμσ − νρ∇σμρ − TKσ = 0. (19)

Contracting (19) with νσ ensures the current conservation
along the string

∇ρν
ρ = 0, (20)

while its projection onto the worldsheet gives the momen-
tum transport law

qσαu
ρ∇[ρμσ] = 0. (21)

Finally, the orthogonal projection of (19) reduces to

Kρ = ⊥ρ
σ

να∇αμ
σ

T
= ⊥ρ

σ

(
U

T
− 1

)
u̇σ , (22)

where the string acceleration u̇σ stands for

u̇σ ≡ uα∇αu
σ . (23)

As should be clear from (14), the barotropic equation of
state breaks Lorentz invariance along the string for U /=T .
In fact, it describes a wide class of elastic string models
[137–139], and as suggested by (20), the scalar current
carrying cosmic strings [140]. Conversely, imposing Lorentz

invariance along the worldsheet reduces the equation of state
to the trivial formU = T (see (14)), which is also the relation
found for the Abelian Higgs string. This infinitely thin string
is the Nambu-Goto (NG) string and does not possess any
internal structure [141]. The associated equations of motion
are purely geometrical and do not depend on U . From (22),
they reduce to the vanishing of the extrinsic curvature vector,
that is,

Kρ = 0, (24)

which can be rewritten in a coordinate-dependant way by
using(13)

Kμ = 1√−γ ∂a
(√−γγab∂bXμ

)
+ Γ

μ
νργab∂aX

ν∂bX
ρ. (25)

The connections Γ
μ
νρ are for the background spacetime of

metric gμν while γ is the determinant of the induced metric.
These equations can also be recovered from the usual NG
action with an explicit coordinate system [5]

S = −U
∫

d2ξ
√−γ . (26)

3. Cosmological Evolution of
Nambu-Goto Strings

The previous section shows that the equations of motion
of an isolated string depend on the underlying microscopic
model. The type of string is more determinant when
two strings interact; cosmic superstrings may form bound
states, while non-Abelian vortices may weave new vortices
from each of their interaction points. Understanding the
cosmological evolution of a string network requires one
to solve both the local equations of motion for each
string and the outcome of their interactions when they
meet. Moreover, the evolution of a system of strings starts
from an initial configuration which should describe the
network configuration just after its formation. Numerical
simulations have been used to overcome some of the above-
mentioned difficulties and, up to now, Friedmann-Lemaı̂tre-
Robertson-Walker (FLRW) network simulations have only
been performed with Nambu-Goto strings, Abelian Higgs
strings and semi-local strings [75–77, 142–149], up to some
variations [80, 81, 131, 150]. As a result, extrapolating the
following results to other types of string should be made with
caution. On the bright side, (22) suggests that as long as the
string acceleration remains small compared to T/(U − T),
one expects the equations of motion of the string to be close
to the NG case (up to the eventual vortons appearance).
In the following, we describe the results obtained for NG
strings. Some differences exist with the results obtained in
the Abelian Higgs string simulations.

Before entering into details, let us summarize two
fundamental properties these simulations have revealed. The
first is that a cosmic string network avoids cosmologi-
cal domination by evacuating most of its excess energy
through some complex mechanisms, which typically result
in transferring energy between the horizon-sized distances
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and the smaller length scales. For NG simulations, this is the
formation of cosmic string loops whereas in Abelian Higgs
simulation boson radiation is involved. The second property
is that the influence of the initial conditions is expected to
disappear on the length scales of astrophysical interests. A
network of cosmic strings relaxes towards a cosmological
attractor which depends only on the expansion rate; this is
the so-called scaling regime.

3.1. Dynamics. The equations of motion for NG strings are
the vanishing of the extrinsic curvature vector Kμ = 0. In a
flat FLRW background,

ds2 = a2(η)(−dη2 + δi jdxidx j
)

, (27)

Equation (25) can be simplified with the transverse gauge
fixing conditions

gμν
∂Xμ

∂τ

∂Xν

∂σ
= 0, (28)

with the notation τ = ξ0 and σ = ξ1 for the timelike and
spacelike string coordinates. Such a choice of coordinates
reflects the property that an NG string is Lorentz invariant
along the worldsheet; there is no physical longitudinal
component of the string velocity. In this gauge, the equations
of motion read

Ẍμ +
(
ε̇

ε
+

2
a

da
dX0

Ẋ0
)
Ẋμ − 1

ε

⎛⎝ ′
Xμ

ε

⎞⎠′

− 2
a

da
dX0

′
X0

ε

′
Xμ

ε
+ δ

μ
0

2
a

da
dX0

Ẋ2 = 0,

(29)

where a “dot” and a “prime” stand, respectively, for differ-
entiation with respect to τ and σ . We have also defined the
quantity

ε ≡

√√√√√− ′
X2

Ẋ
2 . (30)

The conditions in (28) do not completely fix the coordinate
degrees of freedom and one can supplement them with the
so-called temporal gauge fixing which identifies the timelike
coordinate with the background time at the string event: τ =
X0 = η. In the transverse temporal gauge, (28) reads

−̇→
X ·

′−→
X=

0, while (29) simplifies to

−̈→
X + 2H

(
1− −̇→X

2
)
− 1
ε

⎛⎜⎜⎝
′−→
X

ε

⎞⎟⎟⎠
′

= 0, ε̇ + 2Hε
−̇→
X

2

= 0,

(31)

with

ε =

√√√√√√
′−→
X

2

1− −̇→X
2 , (32)

and H is the conformal Hubble parameter. The vec-
tor symbols being understood as three-dimensional spa-
tial vectors. Numerically, it is much more convenient to
solve an equivalent set of equations found by Bennett
and Bouchet [144]. Defining the new vectors −→p and −→q
as

−→
p (τ,u) ≡

′−→
X

ε
− −̇→X , −→q (τ, v) ≡

′−→
X

ε
+
−̇→
X ,

(33)

evaluated at the new coordinates u = ∫
εdσ − τ and v =∫

εdσ + τ, the equations of motion (31) can be recast into

∂
−→
p

∂τ
= −H

[−→q −−→p (−→p · −→q )],

∂−→q
∂τ

= −H
[−→
p −−→q

(−→
p · −→q

)]
,

(34)

ε̇

ε
= −H

(
1−−→p · −→q

)
. (35)

As an illustrative example, these equations have an exact
solution in Minkowski space. Taking H = 0, one immedi-
ately gets ε = 1 (up to a normalisation constant), −→p (u) and−→q (v) are constant over the characteristics u = σ − τ and
v = σ + τ. Inverting (33) gives

′−→
X (τ, σ) = 1

2

[−→
p (σ + τ) +−→q (σ − τ)

]
, (36)

which describes the propagation of left and right moving
string deformations at the speed of light. In the FLRW
background, these modes are no longer free moving, but
interact through the Hubble term (see (34)). Solving these
equations gives the Xμ(τ, σ) for each strings but does not
predict what happens when two strings collide.

3.2. Collisions. In the infinitely thin approach, the outcome
of an NG string intersection event cannot be predicted.
Stress tensor conservation equations require either that the
two strings pass through each others, or they intercommute
as sketched in Figure 3. The outcome of a string collision
process can only be addressed within the framework of a
microscopic model. Numerical simulations of interactions
have been performed for a variety of models, and in
particular for the Abelian Higgs string as represented in
Figure 4. In this case, unless the relative string velocity is
close to unity [151, 152], or the strings are almost parallel,
string intercommutation generically occurs [153, 154]. Let us
notice that for type I Abelian strings (i.e., having mb > mh),
bound states of the two strings can also be formed at low
velocity [155–157].

The situation is not necessarily the same for the other
types of string. As already mentioned, non-Abelian strings
can weave new strings from their intersection points while
current carrying cosmic strings intercommute for bosonic
carriers [158]. In the case of cosmic superstrings, it has
been shown that they intercommute with a probability
depending on the fundamental string coupling, a quantity
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(a) (b)

Figure 3: Intercommuting strings exchanging their partners (a). On (b), the same mechanism produces a loop from a self-intercommuta-
tion. The arrows represent velocity vectors.

(a) (b)

(c) (d)

Figure 4: Numerical simulations of the intersection between two Abelian Higgs strings [154]. The Higgs and gauge field profiles are
represented as the inner orange and outer pink tubes. Generically, Abelian Higgs strings with mh > mb intercommute.

which can be significantly smaller than unity [159]. In the
case of (p, q)-string collisions, Y-junctions can be formed
under some kinematic constraints [126, 157, 160–163].
Concerning NG simulations, string collisions are actually
implemented through a phenomenological probability Pe of
intercommutation at each intersection event.

3.3. Initial Conditions. Solving the cosmological evolution
of a NG string network amounts to solving (34) and
(35) along each string, finding all of their intersection
points and implementing an intercommutation, or not,
with the probability Pe. The network evolution is now
uniquely determined once the initial conditions are specified.
The simplest way to set initial conditions is through the
Vachaspati-Vilenkin (VV) algorithm [164]. Motivated by the
Kibble mechanism, one assumes a U(1) Higgs field to be
uncorrelated above a given correlation length �c. A cosmic
string will cross a given plane if one can find a closed loop
along which its phase runs from 0 to a multiple of 2π.
On a discrete three-dimensional lattice, of �c-spacing, it is
sufficient to approximate U(1) by Z3 and randomly choose

the phase at each corner from three values 0, 2π/3 and
4π/3 to decide if a string crosses the associated face. Other
symmetry breaking schemes and lattice can be approximated
in a similar way [165–169]. In Figure 5, we have shown the
initial string network configuration obtained from the VV
algorithm. The string paths have been smoothed by replacing
the right angles by circles of radius �c. The initial network
configuration obviously depends on the physical parameter
�c, the network correlation length. In FLRW spacetime, there
is, however, another physical parameter which has to be
specified; the distance to the horizon dh. From those, the
initial string energy density is now uniquely determined. A
random transverse velocity field can also be added along each
string since one does not expect the strings to be initially at
rest in any realistic setup. At this point, let us mention that
the numerical implementation of the VV initial conditions
introduce two additional purely numerical parameters: the
size of the periodic box which contains the simulation,
usually normalised to unity in comoving coordinates, and
the discretisation step required to represent a string, usu-
ally given by Nppcl, the number of points per correlation
length.
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Figure 5: Initial string network configuration from the Vachaspati-
Vilenkin algorithm. The box is a small lattice of 25�c for illustration
purpose only.

Figure 6: String network configuration in the matter era when the
horizon fills the whole simulation box. String loops with a length
smaller than the distance to the horizon appear in blue.

3.4. Cosmological Scaling

3.4.1. Long Strings. By switching on the evolution from the
initial network, string motion and intersections drastically
change the shape of the strings as well as the network aspect
(see Figure 6). Naively, without any collisional process, one
would expect the string network to dominate the energy
density of the universe. In a volume V , denoting by �∞ the
typical correlation length of the network at a given time
(initially �∞ = �c), the number of strings should be roughly
given by V/�3∞. The resulting energy density should therefore
be

ρ∞  V

�3∞
× (U�∞)× 1

V
= U

�2∞
. (37)

Due to cosmological expansion one has �∞ ∝ a and ρ∞ ∝
1/a2. As noted by Kibble, this domination does not occur due
to intercommutation processes which allow the formation of
loops. In the so-called “one scale model”, Kibble [3] assumes
that loops of typical size �∞ are formed at a rate equals to �−4∞
(for relativistic speeds, one expects one intercommutation
per string during the time �∞). As a result, during a time
interval δt, the energy density transferred to loops is

δρ∞→◦  �−4
∞ δt U�∞. (38)
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Figure 7: Energy density of super-horizon sized strings as a
function of the conformal time (in unit of �c) in the radiation
and matter era. After some relaxation time, ρ∞ ∝ 1/d2

h, the
proportionality factor is universal.

From (37), the energy density of strings which are not loops
verifies

dρ∞
dt

 −2Hρ∞ − ρ∞
�∞

, (39)

where �∞ is a function of the cosmic time. Defining C(t) =
�∞(t)/t, this equation can be recast into

1
C

dC
dt
 − 1

2t

(
2 + 6w
3 + 3w

− 1
C

)
, (40)

where the background cosmological fluid sourcing the
universe expansion has an equation of state P = wρ. The
constant solution C(t) = (3 + 3w)/(2 + 6w) is an attractor for
which

ρ∞ ∝ U

t2
∝ U

a3(1+w)
. (41)

The energy density associated with strings which are not
loops “scales” as matter in the matter era and radiation in the
radiation era. Therefore, it is prevented to dominate over the
usual cosmological fluids and cannot overclose the universe.
Notice however that the total energy density could still
dominate the cosmological dynamics if the energy density
under the form of loops is not evacuated by some extramech-
anism. For NG cosmic strings, loops are transformed into
radiation due to the emission of gravitational waves [170–
173]. Other types of loops may lose energy by different
radiative processes, such as particle emission, or even energy
leakage into the extra-dimensions in the case of cosmic
superstrings [174, 175]. In Figure 6, we have represented
an evolved string network at the end of a matter era run.



10 Advances in Astronomy

For FLRW simulations within a fixed comoving box with
periodic boundary conditions, one cannot evolve the system
indefinitely; at some point, periodic boundaries become
causally connected. Usually, one stops the run when the
distance to the horizon fills the simulation volume, or more
rigorously half of it. In this figure, one sees that only a few
super-horizon strings remain (black long strings) whereas
the box is also filled with a lot of small loops (blue) and
a few larger loops having a size typical of distance between
two long strings. The latter are freshly formed Kibble loops
whereas the existence of the small ones cannot be explained
in the framework of the one scale model [144]. Concerning
the energy density associated with the super-horizon strings
(also called infinite strings), their evolution in the matter and
radiation era have been plotted in Figure 7; they “scale” as
expected. From [146], one has

ρ∞
d2
h

U

∣∣∣∣∣
mat

= 28.4± 0.9, ρ∞
d2
h

U

∣∣∣∣∣
rad

= 37.8± 1.7.

(42)

As the behaviour of the energy density associated with long
strings suggests, the time evolution drives the string network
towards a stable cosmological configuration which does not
seem to depend on its initial configuration, at least for the
long strings. Figure 6, therefore, displays what a cosmological
string network should look like inside a horizon volume, at
any time during the matter era. As is clear from Figure 7,
the relaxation time required for the energy density of long
strings to reach the attractor is small. Concerning the cosmic
string loops, their existence and behaviour have been the
subject of various claims and analytical works [146, 148, 176–
181]. In the following, we present recent results [146, 182]
showing that the energy density of loops also reaches a
scaling evolution similar to (42).

3.4.2. Loops. As previously mentioned, the small loops
observed in NG simulation cannot be explained in the
framework of the one scale model. These loops find their
origin from the self-intercommutation of strings on length
scales typical of their small size. The building of a small
scale structure on strings is the outcome of the successive
intersection events during which new kinks are produced and
propagate along the intercommuted segments. Correlations
between the kinks induce, from (33), auto- and cross-

correlations between
−̇→
X (σ1) and

′−→
X (σ2) from which small

loops can be produced [176, 179]. In Figure 8, we have
plotted the energy density distribution under the form of
loops with respect to the conformal time during the radiation
and matter era. The simulation performed is one of the
largest up to date; the box contains 100�c whereas the redshift
simulation range reaches almost two orders of magnitude.
The loop energy density distribution dρ◦/dα is defined such
that dρ◦(α) is the energy density carried by all loops having
a physical length � in the range αdh to (α + dα)dh. In other
words, we measure loop size in unit of the horizon length.
(This is the relevant physical length scale of the problem.) A
logarithmic binning in α of resolution Δα/α  10−1 has been

used in the range [10−5, 102] to compute these quantities.
From this plot, it is clear that after an overproduction
regime characterized by the bump of Figure 8, the energy
density distribution of loops of given size α relaxes towards
a stationary regime in which it scales as 1/d2

h. Such an
observation implies that, once relaxed, the loop number
density distribution is of the form

dn
dα

= S(α)
α d3

h

, (43)

where the “scaling function” S(α) is found to be well fitted
by the power laws [146] S(α) = C◦α−p with

p = 1.41 +0.08
−0.07

C◦ = 0.09 −0.03
+0.03

∣∣∣∣∣
mat

,
p = 1.60 +0.21

−0.15

C◦ = 0.21 −0.12
+0.13

∣∣∣∣∣
rad

(44)

for the matter and radiation era, respectively. The loop
number density distribution, for the matter era run, has
been plotted in Figure 9. As Figure 8 already shows, the
loop distribution takes more time to reach the scaling regime
for the small loops. The relaxation bump is all the more so
high and long than α is small. In the loop number density
distribution, this effect appears as a minimal time decreasing
value αmin(η) such that the loop distribution is in scaling
at α > αmin. The redshift range probes by a FLRW string
simulation is typically Δz  102, while for strings formed
at the GUT energy scales, one expects a Δz  1018 at
nucleosynthesis. It is clear that, in the cosmological context,
the string network has quite a time to relax; on all of the
relevant observable length scales the loop distribution should
be in scaling, that is, αmin � 1. Since a power law distribution
is scale-free, one concludes that a cosmologically stable string
network does not exhibit loops of a particular size; this is not
surprising since the only length scale involved is the distance
to the horizon. These numerical results can be analytically
recovered in the framework of the Polchinski-Rocha model
[179]. The expected loop number density distribution have
been explicitly derived by Rocha in [182] with a predicted
power p = 1.5 for the matter era and p = 1.8 in the
radiation era. If not due to statistical errors, these small
differences may be explained by the existence of additional
fractal microstructure along the strings not considered in
the analytical approach (see also Section 4). Of course,
the previous statements hold provided the other physical
effects which are not included in the simulation do not
enter the game, as gravitational radiation and gravitational
backreaction. The typical length scales at which they should
play a role is typically a multiple of GU , or some positive
power of it [183, 184]. As shown in [182], gravitational
radiation indeed cures the energy density divergence that
one can extrapolate from Figure 9 when α → 0. Let us
finally notice that although the long strings are defined by
α > 1, there is also a small population of Kibble loops. Their
typical size being the horizon-sized correlation length of the
long string network, they can be defined to be those having
α∞ < α < 1, where

α∞ = 1
dh

(
U

ρ∞

)1/2

. (45)
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Figure 8: Evolution of the energy density distribution of αdh-sized loops as a function of the conformal time in the radiation and matter
era. After an overproduction regime, the energy density distribution scales as 1/d2

h, as the long strings.
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Figure 9: Loop number density distribution at the end of a (100�c)
3

matter era numerical simulation. Apart for a few Kibble loops (α∞ <
α < 1), all loops of size � = αdh with α > αmin follow a scaling regime
in which their number density is a power law. Smaller loops are still
in the relaxation regime and will enter their scaling regime later (see
Figure 10). The red dashed line if the best power law fit of the scaling
function S(α) is given by (44).

3.5. Relaxation Towards Scaling: Memory of The Initial Condi-
tions. Although of less-cosmological interest, the relaxation
of the loop energy density distribution towards its scaling
regime shows interesting properties which could explain
some of the differences observed between Abelian Higgs field
simulation and NG simulations. In the left panel of Figure 10,
we have plotted the loop energy density distribution for loops
smaller than the ones in scaling. At the end of the numerical
simulation, these length scales are those having α < αmin.
This plot shows that the formation of the smallest loops is a
delayed mechanism which suggests that a cascading process
takes place from the initial string network configuration. For
α  10−5, only the increasing part of the relaxation bump
appears at the end of the simulation whereas the decaying
towards scaling is still visible for the larger α. On the right
panel, we have plotted the loop number density distribution

at the end of the simulation, that is, at the time η/�c =
50 in the left panel. The loop number density distribution
deviates from the asymptotic scaling distribution on two
typical length scales.

Firstly, an overdensity compared to scaling is situated at
αc = �c/dh ∝ 1/t. In other words, there is an overproduction
of loops with a typical size equal to the initial correlation
length of the string network. Although one expects the
system to retain some memory of the initial conditions
during the relaxation, it may appear surprising that, in spite
of the expansion of the universe, the physical length scale
of these loops remains the same. A physical interpretation
is that �c � dh which suggests that, at those small length
scales, the system decouples from the Hubble flow. More
quantitatively, this effect can be explained in the context of
the three scale models [176]. Under some assumptions, the
string small-scale correlations can indeed sustain a constant
physical length.

Then, there is the overall peak of the loop number density
distribution at αr = �r/dh ∝ 1/t. Most of the loops which are
not in scaling have this size at the end of the simulation. In
fact, one can check that these loops start appearing soon after
the beginning of the string evolution. This length scale is,
again, at a constant physical length �r and is associated with
a purely numerical effect [146]. As discussed, a numerical
string is discretised with Nppcl points. The Bennett-Bouchet
code at the basis of the simulations presented here uses
an adaptive griding algorithm meaning that loops of any
physical size can be formed [144]. The only restriction is
that, at a given time, a loop is an object of at least three
points. Consequently, when the initial string network starts
its evolution, loops smaller than �r = �c × 3/Nppcl cannot
be formed. The existence of a finite numerical resolution
therefore adds some unwanted initial correlations of length
�r . Notice that this is not a cutoff but indeed an extra-
correlation.

As a basic consequence, one should not trust an NG
simulation at those length scales. However, the fact that the
initial string network violently relaxes towards scaling by
emitting loops at the smallest available correlation lengths
has still some physical significance [185]. What happens if we
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Figure 10: Loop energy density distribution with respect of the conformal time for the smallest loops. By the end of the numerical
simulation, these loops have not yet reached their scaling behaviour (a). (b) is the corresponding loop number density distribution at
the end of the simulation (η/�c = 50). Compared to the asymptotic scaling power law (red dashed), the loops in the relaxation regime are
preferentially produced at fixed physical lengths given by the initial correlations present in the VV network.

increase Nppcl → ∞? As discussed in [146], the larger length
scales are not affected and only the overall peak is shifted
around the new �r → 0. At these length scales, it is clear
that using an NG string to describe a network of topological
defects would break down and a reasonable assumption is
to assume that the network will now relax by losing energy
through the relevant physical mechanism available at those
�r → 0 distances. In Abelian Higgs simulation, most of the
network energy is emitted through field radiation, up to the
point that almost no loop are observed in the simulations
[75, 77]. Abelian simulation suffers from low resolution
compared to NG ones and this has been a subject of debate
to decide whether or not this could explain the absence of
loops [76, 77]. The above NG results clearly support that
particle and/or gravitational waves; emission is an important
mechanism which certainly dominate the relaxation regime.
However, when the scaling regime progressively takes place,
from large to small length scales, the loop formation
mechanism should become dominant. One may speculate
that it is not clearly observed in Abelian simulations due
to its delayed appearance, as it is actually the case in NG
simulations when we compare it to the formation of �r-sized
loops. (A hint for this is the compatibility of the Abelian
Higgs string correlators with the Polchinski-Rocha model
[77]; this one explaining the NG loop distribution [182].)

4. Cosmic Microwave Background Anisotropies
and Non-Gaussianities

At this point, numerical simulations of cosmic string evolu-
tion give us the means to derive observable predictions. As
should be clear from the previous section, some structures

in the numerical simulations are not supposed to be present
after a realistic expansion factor of 1018; these are the
structures still in the relaxation regime and such that α <
αmin, at any simulation time. In the following, we will
denote by “systematic errors”, the uncertainties inherent to
the presence of such nonscaling structures when deriving
observable predictions from NG numerical simulations.

4.1. Unequal Time Correlators. The first method used to
derive CMB anisotropies has been introduced in [186] and
applied in [79, 186–191] for global topological defects and
recently in [192, 193] for the Abelian strings.

Cosmic strings are active sources of gravitational pertur-
bations [41, 195] which means that the equations of motion
of their induced linear perturbation is of the form

DP = S, (46)

where D is a time differential operator, P the perturbation
in the energy density, or velocity, and so forth, which is
directly related to the CMB temperature anisotropies. Here
S denotes the source terms, that is, the string stress tensor.
From the Green’s function G of this equation, one gets, today
(at η0) and in Fourier space

P
(
k,η0

)∝ ∫
Gk

(
η
)
S
(
η, k

)
dη. (47)

The two-point correlator reads〈
P †(η0, k

)
P
(
η0, k

)〉
∝
∫ ∫ η0

G†k
(
η′
)
Gk

(
η
)〈

S†
(
η′, k

)
S
(
η, k

)〉
dηdη′,

(48)
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Figure 11: CMB temperature power spectrum induced by a
network of Abelian cosmic strings and derived from the unequal
time correlators method. Figure extracted from [194].

and its determination requires a full-time knowledge of the
source term S(η, k) for each mode. Since it is impossible to
carry out a simulation over the whole cosmological history,
the scaling properties of the cosmic string network can be
used to analytically extrapolate the source terms over the
required ranges. As shown in [189], as long as the cosmic
string network is in a scaling regime, the source terms are the
stress tensor components and assume the form

〈
Tμν

(
k,η

)
T∗ρσ

(
k,η′

)〉∝ 1√
ηη′

fμνρσ

(
k
√
ηη′,

η

η′

)
. (49)

Numerical simulations are actually used to determine the
scaling functions fμνρσ . In Figure 11, we have represented
the temperature anisotropies derived in [194] using such a
method from Abelian Higgs string simulations. The current
CMB constraint on GU comes from this power spectrum: at
two-sigma, GU < 7× 10−7 [196].

4.2. Simulated Small Angle Maps. The previous constraint
typically corresponds to a string contribution which cannot
exceed 10% at the multipole moment � = 10. On current
observable angular scales, cosmic strings may only be a
subdominant fraction of the overall CMB anisotropies.
However, string-induced perturbations being non-Gaussian,
as opposed to inflationary perturbations of quantum origin,
one can go further than deriving the two-point function.
Notice that, in principle, the unequal time correlator
approach could be used to extrapolate the three- and higher
n-point function by using the scaling properties of the string
network. Another approach is to produce simulated maps
of string-induced CMB anisotropies. Again, we face the
problem of the small redshift range probed by the numerical
simulations. By putting an observer inside the numerical
simulation, such maps can only include stringy effects up to
a finite redshift, typically z  102. The CMB anisotropies
computed in this way are therefore only accurate on large

z ∼ 0 z ∼ 30 z ∼ 1000

∼ 7 deg

L ∼ 15 Gpc

L = 1.5 Gpc
1/H

LSS

Figure 12: Stacking of two numerical simulations to compute the
small angles CMB anisotropies induced by NG strings [197]. The
dashed rectangles represent the redshift and angular extension of
two numerical simulations used to evaluate (52). The first starts at
last scattering and stops at z  30 while the second starts at z 
30 and ends now, up to a small overlapping to ensure relaxation
towards scaling.

angular scales but can produce full sky maps [198–201]. This
limitation can be avoided by stacking maps from different
redshifts, an approach outlined in [37] and applied in [197,
202].

Simulations with the observer outside of the numerical
box are not well suited for a full-sky map reconstruction, but
are perfectly designed for the small angular scales. The reason
being that cosmic strings are incessantly sourcing the CMB
fluctuations since the last scattering surface, and contrary to
the perturbations of inflationary origin, this part cannot be
affected by Silk damping. Therefore, at small angular scales,
one expects the strings’ signature in the CMB temperature
fluctuations to be dominated by their integrated Sachs-Wolfe
(ISW) effect from the last scattering surface [202]. In the
temporal gauge (τ = X0 = η), the NG stress tensor derived
from (26) reads

Tμν = U√−g
∫

dσ
(
ε ẊμẊν − 1

ε

′
Xμ

′
Xν
)
δ3
(−→x −−→X). (50)

In the flat sky approximation, well suited for angles typically
smaller than the Hubble angular size at the epoch of
interest, Hindmarsh has shown that the ISW temperature
anisotropies induced by NG strings can be simplified to
[203, 204]

Θ̂k  8πi GU
k2

∫
−→
X ∩ −→x γ

(u · k)e−i k·X ε dσ , (51)

where Θ(x) ≡ δT(x)/TCMB. The wave vector k denotes

the transverse component of the three-dimensional vector
−→
k

with respect to the line of sight n̂, whereas, in the temporal
gauge, −→u encodes the string stress tensor distortions of the
photon temperature and reads

−→u = −̇→X −

⎛⎝n̂· ′−→
X

⎞⎠· ′−→
X

1 + n̂ · −̇→X
.

(52)
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As can be seen in (51), only the strings that intercept the
photon path −→x γ can imprint their signature in the CMB
temperature fluctuations. The previous expression is nothing
but the Gott-Kaiser-Stebbins effect in the temporal gauge
[54, 203, 205]. As a result, the knowledge of u, and therefore
of the string trajectories X, is only required on our past
light cone. In the context of string numerical simulations,
the trajectories of all strings are computed during all of the
numerical simulation time. Therefore, to compute u, one
only needs to determine which parts of the string network
intercept our past light cone and at what time.

In order to be able to generate a significant amount of
maps using such a method, it is more convenient to stack two
medium sized (50�c)

3 simulations along the lines sketched in
Figure 12. The first one starts at the last scattering surface
and ends at a redshift fixed by the maximum expansion
factor achievable in the numerical box. For the simulations
we performed, initially dh  0.185 (in unit of the fixed
comoving simulation volume), which corresponds to 1.7 Gpc
and a field of view of θfov  7.2◦ (for the current fiducial
cosmological parameters [44]). Such a run ends after a
30-fold increase in expansion factor, corresponding to a
redshift z  36. We then propagate the photons perturbed
by the first run into a second numerical simulation of
the same size but starting at zi  36. For another 30-
fold increase in expansion factor, this run ends at z 
0.3. As can be seen in Figure 12, the second simulation
represents a much larger real volume than the first one
and therefore subtends a greater angle in the sky. As a
result, only the subpart of the second run that matches
the angle subtended by the first simulation is actually used.
As we will see later on, the CMB temperature maps are
weakly sensitive to the string network at low redshifts, simply
because there are almost no strings intercepting our past light
cone in a recent past, which makes this technique perfectly
acceptable. In practice, each of these numerical simulations
is started before the redshifts mentioned, in order to give the
cosmic string network enough time to relax toward its stable
cosmological configuration. As discussed in the previous
section, one has to make sure that the structures (strings
and loops) we are interested in have indeed reached their
scaling behavior during the numerical runs. We switch on
the photon propagation inside the runs only after making
sure all the large structures (infinite strings and loops) are
in their scaling regime. This can be checked by monitoring
the evolution of the energy density distributions, and we
have chosen to start the photons’ propagation when all loops
larger than a third of the horizon size are in scaling. This
cutoff is then dynamically pushed to smaller values to include
all the loops entering the scaling regime at later times. The
cutoff time dependence is simply the function αmin(η) and
can be deduced from the loop distribution relaxation times
derived in Section 3.4.2. The resulting CMB temperature
map is displayed in the left panel of Figure 13 whereas the
right panel shows the string paths projected onto our past
light cone. Again, these maps are only representative at small
angular scales. On larger angles, they represent only the ISW
contribution to the overall string anisotropies; for instance,
Doppler contributions coming from photon decoupling at

last scattering are dominant around � = 300 − 400 (see
Figure 11).

The discussion on systematic effects coming from the
presence of loops not yet in scaling can be found in [46].
In fact, they have only a small effect. The physical reason
being that, due to scaling, the long strings are still the
main source of CMB anisotropies even at (reasonably) small
angles. Indeed, there are always roughly ten strings per
Hubble volume at each time, which means that a patch of
0.8◦ is at least crossed by the ten long strings being there at
last scattering, plus a few others from lower redshifts.

4.3. Skewness and Kurtosis. The most basic statistical test that
can be performed from a set of small angle CMB maps is to
plot the one-point function of the temperature anisotropies.
As can be seen in Figure 14, the temperature anisotropies
induced by cosmic strings are clearly non-Gaussian. From
a set of 300 independent CMB maps, one finds the mean
sample skewness to be negative

g1 ≡
〈(

Θ−Θ
)3

σ3

〉
 −0.22± 0.12, (53)

where the brackets stand for the mean over different
realisations while the bar denotes averaging on each map.
The variance itself averages to

σ2 ≡
〈(

Θ−Θ
)2
〉
 (150.7± 18)(GU)2. (54)

The quoted errors are statistical and refer to the square root
of the variance between the different realisations. Similarly,
the mean kurtosis averages to

g2 ≡
〈(

Θ−Θ
)4

σ4

〉
− 3  0.69± 0.29. (55)

An analytical approach extending these results to cosmic
superstrings can be found in [206]. A simple way to look for
strings is to search for large (but rare) temperature fluctua-
tions. Deviations from Gaussianity start to be significant, let
us say by a factor of two, only in the tails when the probability
distribution becomes typically lower than 10−6.

4.4. Real Space Methods. Strings induce step-like disconti-
nuities in the CMB anisotropies and various methods have
been designed to probe the non-Gaussianities associated
with them.

Multifractal analysis [207] has the advantage of being
directly applicable to the time-ordered data retrieved when
a CMB telescope scans the sky. As opposed to the fractal
dimension of a set which measures how sparse it is, the
multifractal spectrum of a measure defined over a set gives
how many and which fractal dimensions there are. In the
context of cosmic strings, this method has been applied in
[208] on one dimensional scan of maps similar to the one in
Figure 13, the measure being defined by

μ(i) = [Θ(i)−Θ(i + 1)]2, (56)
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Figure 13: String-induced CMB temperature fluctuations on a 7.2◦ field of view [46]. Because of their cosmological scaling, most of the
long strings intercept our past light cone close to the last scattering surface. As can be seen in the right image, the edges in the temperature
patterns can be identified to strings intercepting our past light cone. Note that active regions corresponding to string intersection and loop
formation events lead to the bright spots in these maps.
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Figure 14: The probability distribution function of CMB tempera-
ture fluctuations induced by NG cosmic strings. The orange curves
quantify systematic errors coming from the string simulations by
including nonscaling loops, or by removing all loops. Deviations
from Gaussianity are clearly apparent in the tails of the distribution,
as well as from the negative skewness.

where the integer i labels a point along the scan. The
multifractal properties of this measure have been shown
to be distinctive enough to detect strings, compared to a
Gaussian signal, but only when the detector resolution is
sufficiently good. One may wonder, under multifractality,
how a non-Gaussian string pattern could be distinguished
from other non-Gaussian sources. In fact, (56) consists in
taking the gradient of the induced CMB fluctuations along
the scan. Step-like discontinuities, passed over a gradient
filter, become one-dimensional delta functions, and this is a
definite string feature that can only be altered by the beam
experiment. Denoting by α and β the horizontal and vertical
angular coordinates, the gradient magnitude |∇Θ| of the
temperature anisotropies is defined by

|∇Θ| ≡
√√√√(dΘ

dα

)2

+

(
dΘ
dβ

)2

. (57)

This definition makes it clear that for a finite temperature
step, let us say Θ(α,β) = Θ0 H(α − α0), H being the
Heaviside function, the resulting gradient magnitude is a
Dirac distribution at the string location. In Figure 15, we
have plotted the gradient magnitude of the temperature
maps of Figure 13 as well as its convolved version with a
Gaussian beam typical of the Planck satellite at 217 GHz.
With a finite resolution beam, the discontinuities are now
smoothed. Real space methods applied to string are therefore
strongly sensitive to the angular resolution. Let us mention
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Figure 15: Normalized gradient magnitude of the string-induced temperature anisotropies shown in Figure 13(a). A logarithmic scale has
been used to enhance the contrast by preventing the bright spots from saturating the color scale. The right panel is the gradient magnitude
obtained after convolution by a Planck-like Gaussian beam of resolution 5′. Notice that the color scale is back to linear, most of the bright
spots being now smoothed by the beam.

that wavelet analysis methods have been also explored in this
context [209, 210] or to produce cleaner maps [211].

Directional gradients, obtained by variations with respect
to either α or β, have been discussed in [205] in the context
of Minkowski functionals. They are again found to provide
a more distinctive non-Gaussian behaviour than the original
temperature map for the contour length and genus.

4.5. Temperature Power Spectrum. Moving to Fourier space,
the small angle CMB maps also permit a determination of
the power spectrum at large multipoles. In Figure 16, we
have plotted its mean value over the different maps as well as
the one-sigma statistical error around the mean. The overall
power at � = 1000 is [46]

�(� + 1)C�
2π

∣∣∣∣
�=1000

 14 (GU)2, (58)

which is close to the value obtained in Abelian Higgs field
simulation (see Figure 11). This is not so surprising since
the long strings in both NG and Abelian Higgs simulation
have a similar scaling evolution, and as explained above, long
strings are the main sources of CMB anisotropies even at the
small angles. The power law tail in Figure 16 is the direct
consequence of the presence of strings at all times since the
last scattering surface: one finds for �� 1 [46]

�(� + 1)C� ∝ �−p, with p = 0.889+0.001
−0.090 , (59)

where only the systematic errors have been reported. Such
a power law shows that cosmic strings have to become the
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Figure 16: Mean angular power spectrum of the string-induced
CMB anisotropies at small angular scales and its one sigma
statistical errors (averaged over 300 maps). At “small” multipoles
� < 500, Doppler contributions from the last scattering surface
are expected to be significant and this plot gives only the ISW
component [46].

dominant primary source of CMB anisotropies at the small
angular scales, the fluctuations of inflationary origin being
killed by Silk damping at those multipoles. In Figure 17,
we have plotted the respective contributions of strings and
adiabatic anisotropies of inflationary origin. The cosmolog-
ical parameters have been set to their fiducial values in the
Lambda-Cold-Dark-Matter (LCDM) model and the string
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Figure 17: CMB temperature anisotropies from various sources,
compared to the expected string contribution. Due to the Silk
damping of primordial perturbations, string-induced anisotropies
always become dominant for the large multipoles. However, an
unresolved SZ effect may compromise such a clean signature [46].

energy density U is compatible with the current bounds. For
the current upper limit onGU = 7×10−7, CMB anisotropies
should become dominated by cosmic strings at � � 3000.
An unresolved Sunyaev-Zel’dovich (SZ) component may,
however, compromise such a signal. Nevertheless, string
induced anisotropies do not depend on the signal frequency
whereas the SZ does, and one may hope to disentangle both
[46].

4.6. Hindmarsh Approximation. As shown by Hindmarsh in
[203], the power law behaviour of the NG string power
spectrum at small angles can be analytically recovered. In
Fourier space, the power spectrum of the string-induced
CMB anisotropies Θ is defined by〈

Θ̂k1Θ̂k2

〉
= P(k1)(2π)2δ(k1 + k2), (60)

the expression of Θ̂k being given by (51). Remembering that
the string positions and velocity vectors have to be evaluated
on the past light cone, it is more convenient to use the so-
called light cone gauge. Instead of identifying the timelike
worldsheet coordinate τ with the background time at the
string event, one chooses instead to identify τ = X+ ≡
X0 + X3. In this gauge, (51) simplifies to

−k2Θ̂k = iεkA
∫

dσẊA(σ)eik·X(σ), (61)

where we have defined

ε = 8πGU , (62)

and where the capital indices are two-dimensional. The
time parameter τ then labels the intersections of a set of

null hyperplanes with the worldsheet. For our problem, all
quantities have to be evaluated at τ = x+ = η + z. In a field
of view of formal area A = (2π)2δ(0), one can express the
power spectrum as

P(k) = ε2 kAkB
Ak4

∫
dσdσ ′

〈
ẊA(σ)ẊB(σ ′)eik·[X(σ)−X(σ ′)]

〉
.

(63)

Adding the assumptions that both ẊA and
′
XB obey Gaussian

statistics, all of the correlation functions of Θ̂k can now be
written in terms of two-point functions only. Using the same
notation as in [203], the nonvanishing two-point functions
are 〈

ẊA(σ)ẊB(σ ′)
〉
= 1

2
δABV(σ − σ ′), (64)

〈
ẊA(σ)

′
XB (σ ′)

〉
= 1

2
δABM(σ − σ ′), (65)

〈 ′
XA (σ)

′
XB (σ ′)

〉
= 1

2
δABT(σ − σ ′), (66)

as well as the quantities

Γ(σ − σ ′) ≡
〈

[X(σ)−X(σ ′)]2
〉

=
∫ σ
σ ′

dσ1

∫ σ
σ ′

dσ2T(σ1 − σ2),
(67)

Π(σ − σ ′) ≡ 〈[X(σ)−X(σ ′)] · Ẋ(σ ′)
〉

=
∫ σ
σ ′

dσ1M(σ1 − σ ′).
(68)

The leading terms are given by [203, 212]

V(σ) −→
⎧⎨⎩v

2, σ −→ 0

0, σ −→ ∞
, Γ(σ) −→

⎧⎪⎨⎪⎩
t

2
σ2, σ −→ 0,

ξ̂σ , σ −→ ∞,

(69)

Π(σ) −→
⎧⎪⎨⎪⎩

1
2
c0

ξ̂
σ2, σ −→ 0,

0, σ −→ ∞,
(70)

where we have defined

ξ̂ = Γ′(∞), v2 = 〈Ẋ2〉, t
2 =

〈
′
X

2
〉

, c0 = ξ̂

〈 ′′
X ·Ẋ

@
.

(71)

The correlation length ξ̂ is the projected correlation length
on the past light cone, t2 is the mean square projected tangent
vector, v2 is the mean square projected velocity and c0 the
correlation between projected velocity and curvature. From
these assumptions, (63) reduces to

P(k)

= ε2

2Ak2

∫
dσdσ ′

[
V(σ − σ ′) +

1
2
k2Π2(σ − σ ′)

]
e−k

2Γ(σ−σ ′)/4.

(72)
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When kξ̂ gets large, the terms involving the mixed correlator
M can be shown to be subdominant and only the first term
remains

P(k) = ε2

4Ak2

∫
dσ+dσ−V(σ−)e−k

2Γ(σ−)/4, (73)

where σ± = σ ± σ ′. Denoting by L the total transverse light-
cone gauge length of string in the box of area A, one gets

k2P(k)  ε2√π Lξ̂
A

v2

t

1(
kξ̂
) . (74)

At small angles, the wave number k2  �(� + 1) and (74)
predicts that �(�+1)C� ∝ �−1. The small difference with (59)
is suggestive of a cloud of zero-dimensional objects along the
string worldsheet which may be the signature of small loop
production in the NG numerical simulations. Let us stress
that (74) is not “primordial” but directly approximate the
observed angular power spectrum of the CMB temperature
anisotropies.

4.7. Bispectrum

4.7.1. Analytical Approach. The success of Hindmarsh
approximation to describe the small angular CMB
anisotropies power spectrum suggests it can be applied
to higher n-point functions. In [212], this method was
used to derive the bispectrum defined from the three points
function by〈

Θ̂k1Θ̂k2Θ̂k3

〉
= B(k1, k2, k3)(2π)2δ(k1 + k2 + k3). (75)

Plugging (61) into the previous expression gives

B(k1, k2, k3)

= iε3 1
A

k1Ak2B k3C

k2
1k

2
2k

2
3

∫
dσ1dσ2dσ3

〈
ẊA

1 Ẋ
B
2 Ẋ

C
3 e

iδabka·Xb

〉
,

(76)

with ẊA
a = ẊA(σa), a, b ∈ {1, 2, 3}, and k1 +k2 +k3 = 0. With

the Gaussian assumption, the ensemble average of the string
observables is lengthy but straightforward and the final result
reads [212]

B(k1, k2, k3)

= −ε3πc0
v2

t
4
Lξ̂

A
1

ξ̂2

1
k2

1k
2
2k

2
3

[
k4

1κ23 + k4
2κ31 + k4

3κ12

(κ23κ31 + κ12κ31 + κ12κ23)3/2

]
.

(77)

The quantities κab are shorthand for the scalar products
κab ≡ −ka · kb. In the same way as for the power spectrum,
this expression directly gives the bispectrum of the CMB
temperature anisotropies. Its overall dependence varies as
1/k6. Its sign depends on the sign of c0 defined in (71),
and contrary to what one could naively expect c0 /= 0: the
projected string velocity and curvature vectors are correlated.
This can be shown by starting again from the equations of

motion (29), but this time, in the light cone gauge. The
equation of motion for X+ gives

ε̇

ε
+ 2H

(
Ẋ0 + Ẋ2) = 0, (78)

whereas the equation for the transverse components is

Ẍ + 2H
1
ε2

( ′
X2

)
Ẋ− 1

ε

∂

∂σ

(
1
ε

∂X
∂σ

)
− 2H

1
ε2

(
Ẋ· ′

X
) ′

X= 0.

(79)

In a FLRW background, assuming that 〈Ẋ2〉 is constant, and

neglecting higher-order correlations between H , Ẋ, and
′

X,
we find〈

∂2X
∂s2

· Ẋ

〉
= 2H

〈(
∂X
∂s

)2

Ẋ2

〉
− 2H

〈(
Ẋ · ∂X

∂s

)2
〉

,

(80)

where we have defined ds = εdσ , and where H is the
averaged conformal Hubble parameter. Still assuming that

the ensemble is approximately Gaussian in Ẋ and
′

X /ε, the
right hand side reduces to〈

∂2X
∂s2

· Ẋ

〉
=H

(〈
Ẋ2〉〈 ′

X2

〉
−
〈

Ẋ· ′
X
@2
)
. (81)

The last term vanishes and the cross correlator Hv2t
2 is

positive; from (71), we deduce that c0 > 0. It is interesting
to notice that c0 would vanish in Minkowski spacetime,
which can be viewed as a consequence of time reversal
invariance. The existence of a cosmic string bispectrum is the
consequence of the breaking of the time reversal invariance in
a FLRW background.

An illustrative example is to apply (77) to the isosceles
triangle configurations in Fourier space such that

|k1| = |k2| = k, |k3| = 2k sin
θ

2
, (82)

where θ denotes the angle between the wavevectors k1 and
k2. The isosceles bispectrum reads

B��θ(k, θ) = −ε3πc0
v2

t
4
Lξ̂

A

1

ξ̂2k6

1 + 4 cos θsin2(θ/2)

sin3θ
. (83)

Notice that for θ = π/3, we obtain the peculiar case
of an equilateral triangle. In Figure 18, we have plotted
the angle dependency of the isosceles bispectrum. These
configurations are amplified as 1/θ3 in the two flat triangle
limits for which either θ → 0 or θ → π. Both of these
configurations are therefore better suited than the equilateral
one to characterize the strings. As suggested by the real space
searches, the strings can produce a strong bispectrum signal
only if the detector resolution is sufficiently good. Assuming
a beam resolution of 5′ means that the 7.2◦ field of view
would contain at maximum roughly 802 Fourier modes.
Consequently, the smallest values of θ achievable would be
around θ > 0.03 radians, with only a few modes saturating
this bound.
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4.7.2. Numerical Results. The previous analytical results can
be compared to the CMB temperature bispectrum derived
from the simulated maps of Section 4.2. Numerically, one can
use the scale convolution method introduced in [213, 214]
and applied to the string bispectrum in [212]. This method
relies on the choice of unity window functions in Fourier
space Wu(l) peaked around a particular wavenumber u.
Defining

Θu(x) ≡
∫

dl

(2π)2 Θ̂lWu(l)e−il·x, (84)

one can construct an estimator of the three point function in
Fourier space by remarking that∫

Θk1 (x)Θk2 (x)Θk3 (x)dx

=
∫

dpdqdk

(2π)6 Θ̂pΘ̂qΘ̂kWk1

(
p
)
Wk2

(
q
)
Wk3 (k)(2π)2

× δ(p + q + k
)
.

(85)

For thin enough window functions, Θ̂k remains constant
over the window function width and we construct our
reduced bispectrum estimator as

bk1k2k3 =
1

S
(w)
k1k2k3

〈∫
Θk1 (x)Θk2 (x)Θk3 (x)dx

@
. (86)

The function S(w) is the flat sky equivalent of the inverse
Wigner-3 j symbols and reads

S
(w)
k1k2k3

=
∫

dpdq

(2π)4Wk1

(
p
)
Wk2

(
q
)
Wk3

(∣∣p + q
∣∣). (87)

For the window functions such that Wu(k) = 1 for u−w/2 <
k < u +w/2, one can approximate

Wu(k)  wδ(k − u), (88)

for small enough values of w compared to the wavenumber
k. In this case, (87) can be worked out into

S(w) 
(
w

2π

)3 4k1k2k3√[
(k1 + k2)2 − k2

3

][
k2

3 − (k1 − k2)2
] . (89)

In the left panel of Figure 19, we have plotted the mean
string bispectrum and its standard deviation obtained by
this method over the 300 string CMB maps. For illustration
purpose, this plot is for the isosceles configuration having
θ = 0.2 radians. The right frame of Figure 19 shows the
same mean bispectrum but multiplied by θ3, for various
small values of θ. As expected from the analytical results,
we recover the 1/θ3 behaviour. The wavenumber dependency
also matches with the analytical calculations, up to similar
slight power differences as we found for the power spectrum.
A power law fit against the mean numerical estimator gives

[�(� + 1)]3/2b��θ ∝ �−q, with q  2.8 , (90)

while the overall amplitude can be evaluated around the
minimum variance multipole. At � = 5000, one gets

[
�(� + 1)

2π

]3/2

b��θ

∣∣∣∣∣
�=5000

 (−2.7± 1.4)× 10−3
(
GU

θ

)3

,

(91)

which also matches with (83) under some crude estima-
tion of the string parameters [212]. Finally, as suggested
by Figure 18, the string bispectrum is mostly negative.
Integrated over all possible configurations, one recovers the
mean negative sample skewness of (53), thereby explaining
its origin as a direct consequence of the breaking of the time
reversal symmetry in FLRW spacetimes.

4.8. Trispectrum. The trispectrum of the string induced
CMB temperature anisotropies can be derived in a similar
way. Starting from the definition of the four-point functions〈

Θ̂k1Θ̂k2Θ̂k3Θ̂k4

〉
= T(k1, k2, k3, k4)(2π)2δ(k1 + k2 + k3 + k4),

(92)

we define the trispectrum as

T(k1, k2, k3, k4)

= ε4

A

k1Ak2B k3Ck4D

k2
1k

2
2k

2
3k

2
4

∫
dσ1dσ2dσ3dσ4

〈
ẊA

1 Ẋ
B
2 Ẋ

C
3 Ẋ

D
4 e

iδabka·Xb

〉
,

(93)

with ẊA
a = ẊA(σa), (a, b) ∈ {1, 2, 3, 4} and k1 + k2 +

k3 + k4 = 0.(Notice that our denomination “trispectrum”
here contains the unconnected part. This one is however
non-vanishing only for parallelogram configurations of the
wavevectors.) As shown in [215], the trispectrum and the
higher n-point functions exhibit unfactorable “flat direc-
tions” in the n-dimensional space of the integration variables
{σa}. Physically, it means that the leading order part of the
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(connected) trispectrum is sensitive to the higher orders
of the correlators in (64) to (66). For the trispectrum, the
correlator T(σ) has to be expanded at next-to-leading order,
and following the Polchinski-Rocha model [179], we assume
a nonanalytical behaviour for T(σ) at small scales

T(σ)  t
2 − c1

(
σ

ξ̂

)2χ

. (94)

In the light-cone gauge, we leave c1 and χ as undetermined
parameters since they cannot be straightforwardly inferred
from the numerics performed in the temporal gauge.
Nevertheless, because the correlation should be smaller as
σ becomes larger, one should have c1 > 0. In the temporal
gauge, χ is directly related to the power law exponent of the
scaling loop distribution functions through χ = 1 − p/2.
As we are bound to show, the mode dependence of the
trispectrum will also be uniquely given by this parameter.
Once the tangent vector correlator expressed as in (94), the
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integrations in (93) can be performed explicitly, except for
parallelogram configurations which have to be dealt with as a
special case. After some tedious calculations, an interpolating
expression for the trispectrum is [215]

T(k1, k2, k3, k4)  ε4 v
4

t
2
Lξ̂

A

(
c1ξ̂

2
)−1/(2χ+2)

f
(
χ
)

× γn

(
1

2χ + 2
, c2Y

2Λ2χ+2

)
g(k1, k2, k3, k4).

(95)

In this equation, f (χ) is a number depending only on the
parameter χ

f
(
χ
)
= π

χ + 1
Γ

(
1

2χ + 2

)[
4
(

2χ + 1
)(
χ + 1

)]1/(2χ+2)
,

(96)

while g({ka}) is the trispectrum geometrical factor defined
by

g(k1, k2, k3, k4) = κ12κ34 + κ13κ24 + κ14κ23

k2
1k

2
2k

2
3k

2
4

[
Y 2]−1/(2χ+2)

,

(97)

where

Y 2(k1, k2, k3, k4) ≡ −κ12
(
k2

3k
2
4 − κ2

34

)χ+1
+ �, (98)

and � stands for cyclic permutations over the indices. The
function γn(a, x) stands for the normalised incomplete lower
gamma function defined by

γn(a, x) ≡ γ(a, x)
Γ(a)

= 1
Γ(a)

∫ x
0
ta−1e−tdt, (99)

and, finally, Λ has been defined by

Λ(k1, k2, k3, k4) ≡ 2L(
k2

1k
2
2 − κ2

12

)1/2
+ �

× k1k2k3k4

κ12κ34 + κ13κ24 + κ14κ23
.

(100)

As an application, the trispectrum over parallelogram
configurations is obtained when Y 2 = 0 and the leading term
of (95) simplifies to

T0(k1, k2, k3, k4)  πε4v4

t
2

L2

Ak3
1k

3
2|sin θ| , (101)

where θ now refers to the parallelogram angle. Under
the scaling transformation ka → λka, the parallelogram
trispectrum scales as

T0(λk1, λk2, λk3, λk4) = λ−6T0(k1, k2, k3, k4). (102)

For parallelograms, as already mentioned, the trispectrum
also gets a contribution from the unconnected part of the
four-point function, which is Gaussian and reads

Tuc
0 (k1, k2, k3, k4) =AP(k1)P(k2)+ � . (103)

Using (63), ones sees that the unconnected part also
behaves as λ−6. Therefore, the non-Gaussian contributions
for parallelogram configurations remain of the same order
of magnitude as the Gaussian ones, with however, and again,
an exception in the squeezed limit θ → 0.

The most interesting situations come when Y 2 /= 0. For
these quadrilaterals, the Gaussian contribution vanishes and
solely a non-Gaussian statistics can source the trispectrum.
At large wavenumber (small angles), one has Y 2 � 1 such
that the normalised lower incomplete gamma function in
(95) is close to unity:

T∞(k1, k2, k3, k4)

 ε4 v
4

t
2
Lξ̂

A

(
c1ξ̂

2
)−1/(2χ+2)

f
(
χ
)
g(k1, k2, k3, k4).

(104)

Under the scaling transformation ka → λka, the geometric
factor, and thus (104), scales as

g(λk1, λk2, λk3, λk4) = λ−ρg(k1, k2, k3, k4), (105)

with

ρ = 6 +
1

χ + 1
. (106)

As claimed, for NG strings, ρ is directly given by the power
law of the loop distribution [146]. Since this exponent is
different from the one associated with parallelogram config-
urations it may actually be used to distinguish a trispectrum
sourced by cosmic strings with the one generated by other
non-Gaussian effects.

In Figure 20, we have plotted the geometrical factor
g(k1, k2, k2, k4) for the kite quadrilaterals (represented in the
same figure), as a function of their opening angles θ and α.

As for the bispectrum, the trispectrum is enhanced on
the squeezed configuration obtained when θ becomes small.
In this limit (97) can be expanded as

g ∼ 8cos2(α)
kρθρ−3 (1− 2 cos 2α)

×
[

2
(

1 + χ
)

tan2(α)− 1 + 4χ
(
1− tan2α

)]−1/(2χ+2)
,

(107)

and one recovers the mode dependency in k−ρ while the
amplitude is amplified as θρ−3. As discussed in the previous
section, the singular limit θ → 0 is never reached with a finite
resolution beam.

4.9. Comparison with Data. The cosmic string bispectrum
and trispectrum associated with the flat polygonal con-
figurations are the best suited to look for string signa-
tures. However, it is not easy to compare with existing
constraints as much of the literature focuses on particular
models of primordial non-Gaussianity. For instance, in the
local type of primordial non-Gaussianities, the parameter
fNL characterises the primordial bispectrum and maximal
amplitude occurs for squeezed triangle configurations, as
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it is the case for the cosmic strings [216]. However, as a
result of the CMB transfer functions, a given value of fNL

corresponds to oscillating damped patterns of the CMB
temperature bispectrum, which are completely different of
the power laws we have found for the string bispectrum
at small scales. The current bounds on fNL being precisely
obtained from template matching procedures, they cannot
be applied to the strings [44, 217, 218]. For this reason, the
parameters used to quantify primordial non-Gaussianities
are not well suited here, precisely because we expect the
string non-Gaussianities to be nonprimordial. An efficient
approach would be to use a template matching procedure
with the formulae derived in the previous sections. Another
approach might be to estimate what values the primordial
parameters, such as fNL and τNL, would assume if the
non-Gaussianities were actually due to strings. Notice that
asking such a question would be close to find the best
amplitude of a sine function to fit a power law. However,
since primordial non-Gaussianities are and will be tested
in CMB data anyway, one could answer this question by
performing a Fisher matrix analysis along the lines of
[55, 57].

5. Conclusion and Perspectives

The results presented in this paper were essentially concerned
with Nambu-Goto type of cosmic strings, which is the
simplest realisation of a one-dimensional spatially extended
object. As a result, they should not be blindly extrapolated
to other types of string, although, as argued in Section 2,
some of them are expected to be generic. In particular, due
to the scaling of the long strings, cosmic string loops do not
influence significantly the CMB observables. Changing the
intercommuting probability is expected to rescale some of
the presented results [219, 220], but in a way which remains
to be quantified.

In Section 3, we have briefly reviewed the current
understanding of the cosmological evolution of a string
network by means of FLRW numerical simulations, which
is a nontrivial problem even for NG strings. Observable
predictions crucially depend on this step. Numerical sim-
ulations can be avoided by making some assumptions on
the string distribution but at the expense of introducing
unnecessary extra parameters. When approximate analytical
models are then used to derive observable predictions, one
should keep in mind that the results are as uncertain as the
values assumed for the additional parameters. Provided one
is interested in length scales not affected by gravitational
back-reaction effects, all of the statistical properties of an
NG string network in scaling depends only on one unknown
physical parameter: the string energy density per unit length
U , not more.(The expansion rate is supposed to be known.)

In this context, Section 4 discusses the non-Gaussian
effects induced by a cosmological string network in the
CMB temperature anisotropies. We have shown that string
induced CMB fluctuations have a negative skewness and a
non-vanishing kurtosis. On a CMB temperature anisotropies
map, these non-Gaussianities imprint characteristic signa-
tures in a multifractal analysis as well as in the gradient

magnitude, both being more significant at small angles.
This property is recovered in Fourier space: the CMB
angular power spectrum decays at most as 1/�, for the large
multipoles �, and strings become the dominant sources of
primary fluctuations. The skewness appears to be the direct
consequence of the breaking of the time reversal symmetry
in an expanding universe, and implies the existence of a
non-vanishing bispectrum. Using analytical approximations,
tested and confirmed by numerical simulations, we then
derived the expected bispectrum and trispectrum of string
induced CMB temperature anisotropies for the large multi-
poles. Although the bispectrum decays not faster than �−6,
the trispectrum multipole dependency is in �−ρ, where ρ =
6 + 1/(χ + 1) and χ is a small number related to the tangent
vector correlator and the NG loop distribution. Due to the
line-like CMB patterns induced by the strings, both the
bispectrum and trispectrum are enhanced on all elongated
triangle and quadrilateral configurations of the wavevectors.
These ones may constitute the best configurations to look
for a non-Gaussian string signal while being experimentally
limited by finite beam resolution. Let us note that our
expressions have been derived in the flat sky approximation.
String non-Gaussianities at small multipoles is still an open
problem which could be dealt with full sky string maps [201,
221, 222]. However, if, as the current constraints suggest,
cosmic strings marginally contribute to the large-scale CMB
anisotropies, then they should show up at large multipoles
in all of the above mentioned observables. This is precisely
where the experimental efforts are directed. At very small
angular scales, the difficulties will certainly be to separate the
string signals from the astrophysical sources. Interestingly,
the very soon accessible intermediate angles probed by the
Planck satellite, and the other ground-based telescopes, may
not suffer from this problem and could be an open window
on cosmic strings.
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[92] T. Vachaspati and A. Achúcarro, “Semilocal cosmic strings,”
Physical Review D, vol. 44, no. 10, pp. 3067–3071, 1991.
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The report of a significant deviation of the CMB temperature anisotropies distribution from Gaussianity (soon after the public
release of the WMAP data in 2003) has become one of the most solid WMAP anomalies. This detection grounds on an excess
of the kurtosis of the Spherical Mexican HatWavelet coefficients at scales of around 10 degrees. At these scales, a prominent
feature—located in the southern Galactic hemisphere—was highlighted from the rest of the SMHW coefficients: the Cold Spot.
This paper presents a comprehensive overview related to the study of the Cold Spot, paying attention to the non-Gaussianity
detection methods, the morphological characteristics of the Cold Spot, and the possible sources studied in the literature to explain
its nature. Special emphasis is made on the Cold Spot compatibility with a cosmic texture, commenting on future tests that would
help to give support or discard this hypothesis.

1. Introduction

Besides the great success of the NASA WMAP satellite on
providing a detailed knowledge of the cosmological parame-
ters that define the physical properties of the Universe (e.g.,
[1, 2]), some unexpected results have attracted the attention
of the cosmological community soon after the first release
of the WMAP data: the so-called WMAP anomalies. Some
of these anomalies are related to hemispherical asymmetries
(e.g., [3–11]), an anomalous alignment of the quadrupole
and octopole components (e.g., [12–21]), significantly low
variance of the CMB temperature fluctuations (e.g., [22–
25]), or anomalous alignment of the CMB features toward
the Ecliptic poles (e.g., [26, 27]). Some of these aspects are
addressed in this special issue. In addition to the previous
findings, the prominent cold spot (hereinafter, the Cold
Spot) detected in the southern hemisphere by [28] became
one of the most studied anomalies of the WMAP data. The
Cold Spot was identified after testing that the Spherical Mex-
ican Hat Wavelet (SMHW) coefficients of the WMAP data
presented an excess of kurtosis (at scales of around 10◦ in the
sky), as compared to the distribution derived from isotropic
and Gaussian CMB simulations. This paper presents a
complete review on the detection and characterization of
this nonstandard signature, and a description of the different
attempts made so far in understanding what could be the

cause behind such departure from the standard inflationary
paradigm. It is organized as follows: in Section 2, the author
justifies the use of wavelets as a natural tool for probing
the Gaussianity of the CMB temperature fluctuations. the
author also presents the different statistics applied in the
wavelet space that had led to point out the WMAP data
incompatibility with the standard model. In Section 3, the
author briefly describes the morphological characteristics
of the Cold Spot. The important question of the actual
significance of the detection of the Cold Spot and the aspects
associated with a posteriori interpretations are addressed in
Section 4. Some of the different sources that have been
considered in the literature to explain the Cold Spot feature
are discussed in Section 5. In Section 6, the author explains
in detail a plausible hypothesis to accommodate the existence
of the Cold Spot together with the standard cosmological
model: a cosmic texture. In addition, the author also describe
possible followup tests that could help to confirm or discard
such hypothesis. Finally, the author’s conclusions are given in
Section 7.

2. The Non-Gaussianity Detection

The Cold Spot was firstly identified through a blind Gaus-
sianity test of the WMAP first-year data [28]. This test
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was designed to probe the isotropic and Gaussian nature of
the CMB, as predicted by the standard inflationary model
(see, e.g., [29]), and it was based in a multiresolution
analysis performed with the Spherical Mexican Hat Wavelet
(SMHW). In this section, the author summarizes the non-
Gaussianity detection that led to the identification of the
Cold Spot. The author starts by justifying why an analysis
based on wavelets was proposed and presenting the main
characteristics of the wavelet used in the analysis: the SMHW.
Afterwards, the author explains which statistics (all of them
based on the SMHW coefficients) reported the original
deviations from Gaussianity of the WMAP data.

2.1. Why a Wavelet? Nowadays, the CMB scientific commu-
nity is already very familiar with the application of wavelets
(and other members of the -lets zoo, like curvelets, ridglets or
needlets) to data analysis. However, it is worth recalling that
this is a relatively new custom. Although wavelet applications
in cosmology shyly started already in mid-80s, it was not
until 1997 that the first application to CMB was presented
[30], precisely in an exercise devoted to probe the Gaussianity
of the CMB, and it was just a year afterwards that the
first CMB data analyses with wavelets came to light [31,
32], in particular, with two applications to COBE [33]
data. During the last decade, the application of wavelets
to extract cosmological information from CMB data has
growth considerably, in many different branches: compact
source detection (e.g., [34–39]), Gaussianity (e.g., [28, 40–
51]), cross-correlation with large scale structure (e.g., [52–
55]), decomposition of the coupled E/B signals [56], probing
isotropy (e.g., [9, 26, 27]), cosmic string detection [57],
microwave sky recovery (e.g., [58–61]), CMB denoising (e.g.,
[34, 62]), CMB power-spectrum determination [63], and
primordial power-spectrum recovery (e.g., [64]) are some of
the application fields. The author refers the reader to [65, 66]
for some reviews on the wavelets applications to CMB data,
with a particular emphasis on data analysis on the sphere.

The wavelet transform (e.g., [67, 68]) has become very
popular for a major reason: they offer a unique opportunity
to probe scale-dependent phenomena, but keeping, at the
same time, information about spatial localization. This
is a clear advantage—for many purposes—over classical
Fourier or harmonic transforms: physical processes typically
exhibit a clear scale-dependent behaviour, and, often, such
behaviour differs enough from one phenomenon to another
(e.g., in a microwave image, the localized emission due to
cluster of galaxies has very different properties as compared
to the large-scale signal produced by the Galactic compo-
nents).

The capability of emphasising or amplifying some fea-
tures (at a particular scale) makes wavelets unique to probe
the Gaussianity of the CMB: there are many different physical
processes that might introduce non-Gaussian signatures
into a CMB signal, at a very particular scale range (e.g.,
primordial non-Gaussianity due to nonstandard inflationary
scenarios, cosmic defects like strings or textures, secondary
anisotropies, foreground emissions, etc.).

In this sense, when a Gaussianity analysis of the CMB
is performed in wavelet space, we are in a very adequate
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Figure 1: Figure shows the profile on the SMHW as a function of
the angular distance θ for different wavelet scales R, ranging from 1◦

to 45◦. Notice that the amplitude of the SMHW at θ ≡ 0 has been
fixed to 1, to allow for an easier comparison.

framework to probe, almost separately, any potential non-
Gaussian signatures present in the data. The ability of
wavelets to amplify a given signature is explained because
they can be seen as compensated filters (i.e.,

∫
Rn Ψ = 0,

where Rn is the space where the wavelet Ψ is defined). This
property is not satisfied by other standard filters, as the top-
hat or the Gaussian functions. As mentioned above, wavelets
do not only provide us with the capability of selecting a given
scale range, but they also allow one to keep the information
about spatial localization: we do not just study, for instance,
the compatibility with Gaussianity, but we are also able to
identify where in the data a deviation might be spatially
localized. This intrinsic property of the wavelet transform
(spatial localization) is also unique to explore not only
Gaussianity, but also isotropy, since the statistical properties
can be studied (almost independently) from one region in
the data to another, in a self-consistent way. Hereinafter,
the author will focus on the use of the two-dimensional
(2D) continuous wavelet transform (CWT, see, e.g., Chapter
2 in [68]) and, in particular, on the 2D CWT defined on
the sphere. There are different ways to define wavelets on
the sphere (e.g., [69–72]); most of the works related to the
Cold Spot have been performed using the definition of the
isotropic Spherical Mexican Hat Wavelet (SMHW) proposed
by [45] which is a stereographic projection of the Mexican
Hat Wavelet, as proposed by [69]

Ψ(θ;R) = 1√
2πRNR

[
1 +

(
y

2

)2
]2[

2−
(
y

R

)2
]
e−y

2/2R2
, (1)

where y ≡ 2 tan(θ/2) is the stereographic projection variable,
θ ∈ [0,π) is the colatitude, and the constant NR ≡√

1 + (R2/2) + (R4/4) is chosen such as the square of the
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wavelet function Ψ(θ;R) is normalized to unity. In Figure 1,
the radial profile of the SMHW, for different wavelet scales
R, is shown. For a signal T(θ,φ) defined on the sphere, its
spherical harmonic coefficients t�m are defined as

t�m =
∫

dΩY∗�m
(
θ,φ

)
T
(
θ,φ

)
, (2)

where dΩ = dθ sin θdφ, the spherical coordinates are, as
mentioned above, the colatitude θ (related to the latitude b as
b = π/2− θ), and φ ∈ [0, 2π) is the longitude. The function
Y�m(θ,φ) is the spherical harmonic of order � and m, and ∗
denotes complex conjugation. For an isotropic 2D CWT on
the sphere, the wavelet coefficients w(θ,φ;R) are obtained as

w
(
θ,φ;R

) = �max∑
�=0

�∑
m=−�

t�mΨ�(R)Y�m
(
θ,φ

)
T
(
θ,φ

)
, (3)

where Ψ�(R) is the window function associated with the
wavelet function (e.g., Ψ(θ;R) in (1)), and �max represents
the maximum multipole associated with a given resolution
of the signal T(θ,φ), typically limited by the size of the pixel
adopted to represent such signal on the sphere.

2.2. The Statistics. The Cold Spot was firstly detected via a
positive deviation of the kurtosis of the SMHW coefficients
at scales of around R ≈ 300◦. The inspection of the map of
the SMHW coefficients at these scales revealed the presence
of a very large and cold spot in the southern hemisphere. The
comparison of the amplitude and the area of this cold spot
as compared with Gaussian simulations showed that it was
particularly anomalous. Finally, a higher criticism test of the
SMHW coefficients also indicated a deviation, at around the
same wavelet scales, also showing that the major source for
such deviation was located in the position of the Cold Spot.
In the following subsections, the author describes briefly
these statistics: the kurtosis, the amplitude, the area and the
higher criticism.

2.2.1. The Kurtosis. The two most obvious indicators for
a possible deviation from Gaussianity of a given data set
z = {z1, z2, . . . , zN} are the third (μ3) and fourth (μ4) central
moments. The n-central moment of a random set of N
numbers is defined as

μn = 1
N

N∑
i=1

(zi − z)n, (4)

where z = (1/N)
∑N

i=1 zi is the mean value of the data set.
For a Gaussian random data set of zero mean (i.e., μ1 = z ≡
0) and dispersion σ (i.e., μ2 ≡ σ2), it is trivial to prove that
higher order central moments are either zero (in the case of
μ2n+1, for n ≥ 1) or a given function of the dispersion (in the
case of μ2n, for n ≥ 1). Usually, it is much more convenient
to work with normalized central moments νn, such as

νn = μn
σn
. (5)

The normalized central moments are more convenient than
central moments, since they are referred to the intrinsic

fluctuations of the random data set (represented by the dis-
persion). This helps to absorb into νn possible uncertainties
on the knowledge on the amplitude of the fluctuations of
the random sample. The normalized central moment ν3 is
normally referred to as the skewness (S) whereas K ≡ ν4 − 3
is called kurtosis. The reason for the subtraction of the
number 3 in the previous expression comes from the fact that
for a Gaussian random variable, μ4 = 3σ4 and, therefore,
ν4 = 3. The previous definition assures that as it happens
for the skewness (S), the kurtosis (K) of a Gaussian field
is zero. Applying these concepts to the SMHW coefficients
w(θ,φ;R), the skewness SR and the kurtosis KR of the wavelet
coefficients, as a function of the wavelet scale R, can be
defined as follows:

SR = 1
σ3
R

1
Npix(R)

Npix(R)∑
i=1

w
(
θi,φi;R

)3,

KR = 1
σ4
R

1
Npix(R)

Npix(R)∑
i=1

w
(
θi,φi;R

)4 − 3,

(6)

where at each scale, it is assumed that the coefficients
w(θ,φ;R) have zero mean. σR is the dispersion of the wavelet
coefficients at the scale R

σR =
⎡⎣ 1
Npix(R)

Npix(R)∑
i=1

w
(
θi,φi;R

)2

⎤⎦1/2

. (7)

In the previous expressions, Npix(R) represents the number
of wavelet coefficients at a given scale R. Notice that very
often, CMB data is not available in the full celestial sphere
(e.g., because strong contamination from astrophysical fore-
grounds has to be masked). In most of the works in the
CMB field, the HEALPix tessellation [73] is adopted. In
this scheme, the resolution of a given image represented on
the sphere is given by the NSIDE parameter, which indicates
how many divisions of the 12 basic pixels are required to
achieve such resolution. The NSIDE parameter is related with
the number of the pixels (Npix) required to fill the sphere
at that resolution as: Npix = 12N2

SIDE. In Figure 2, the
major result of the seminal work [28] on the Cold Spot is
shown. It represents the kurtosis of the wavelet coefficients,
as a function of the scale, for the first release of the
WMAP data (blue stars). The solid yellow line represents the
mean value obtained from 10,000 CMB Gaussian random
simulations, taking into account the instrumental properties
of the analyzed data, and generated from an angular power
spectrum derived from the best-fit cosmological model. The
coloured regions (red, green, and magenta) represent the
acceptance intervals at 32%, 5%, and 1%, respectively. Notice
that at R scales of 250 and 300 arcmin, the kurtosis of the
WMAP data was above the 1% acceptance interval. In detail,
the excess of kurtosis is given by a p-value of ≈4 ×10−3 for
the two scales. No significant deviations were found related
to the skewness of the wavelet coefficients. The analysis was
repeated in the two Galactic hemispheres separately. This
was motivated by previous findings of asymmetries related
to the genus [74] and the N-point correlation function [3].
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Figure 2: Figure showing the positive deviation of the kurtosis of
the wavelet coefficients at scales R of 250 and 300 arcmin found
by [28]. Red, green and magenta regions represent the acceptance
intervals at 32%, 5%, and 1%, respectively.

It was found that whereas there was not deviation on the
northern hemisphere, the excess of kurtosis was even more
remarkable in the southern region. In particular, at the scale
of 250 arcmin, the kurtosis of the SMHW coefficients was
associated with a p-value of ≈2 × 10−3. Again, no deviation
on the skewness was noticed. Hence, these analyses indicated
that the source for the deviation on the kurtosis of the
wavelet coefficient was related to feature/s with a typical
length of around 10◦ in the sky and located in the southern
hemisphere. Thanks to the frequency/spatial properties of
the SMHW decomposition, it was possible to study in detail
such features. In the left panel of Figure 3, the cleaned CMB
map obtained from the fourth release of the WMAP data is
given. In particular, the author plot the optimal combination
for cosmological analysis (hereinafter, the QVW map),
obtained as a noise-weighted linear combination of the
Q-, V-, and W-bands, previously cleaned via a template
fitting (e.g., [75]). Regions highly contaminated by Galactic
foregrounds, nearby clusters, and extragalactic point sources
have been masked. In the right panel, the SMHW coefficients
of the previous map are represented, at the scale R =
250 arcmin. It is evident the presence of the Cold Spot in the
southwest side of the image. In particular, the centre of the
Cold Spot is estimated to be θ = 147◦ and φ = 209◦. The
study of the Cold Spot, through the application of follow-up
tests, provided further evidences for its anomalous nature.
The author reviews these tests in the following subsections.

2.2.2. The Amplitude. One of the most trivial statistics to
study extreme values (as the Cold Spot) in a random sample
is the largest/smallest observation. In [28], it was established
that the temperature of the Cold Spot was −4.57 times the
dispersion of the SMHW coefficients at R = 250 arcmin. This
cold value represented a p-value of .01 (relative to Monte
Carlo simulations). A more robust statistic related to the

extreme values is the MAX statistic, understood as the largest
observation (in absolute value). For the particular case of the
SMHW coefficients, MAX is defined, at scale R, as

MAXR = max
{∣∣w(θi,φi;R)∣∣}. (8)

The MAX statistic is more robust than selecting the coldest
of the extrema, since the selection of the lowest values
could be seen as an a posteriori selection. This statistic was
studied in [76], showing that the Cold Spot was always the
maximum absolute observation of the WMAP data at scales
around 300 arcmin, representing an upper tail probability
of 0.38% (relative to Monte Carlo simulations). This value
was less significant than the one mentioned in the previous
subsection. The reason for this change is, as commented, that
the MAX statistic is more robust than simply selecting the
smallest values of the observations.

2.2.3. The Area. The area above or below a given threshold
is one of the most common statistics used to characterize
the properties of a random field. In particular, the area
is the most commonly Minkowski functional used in the
literature (see, e.g., [77–79]). (For 2D images, there are
three Minkowski functionals, namely, the contour or length,
the area, and the genus. These three quantities are defined
above/below a given threshold.) Generalizing this concept to
the case of the wavelet coefficients, we can define cold (A−ν

R )
and hot (A+ν

R ) areas, at a given threshold ν and a given scale
R, as

A−ν
R = #

{
w
(
θi,φi;R

)
< −ν

}
,

A+ν
R = #

{
w
(
θi,φi;R

) ≥ +ν
}

,
(9)

where the number operator #{conditioni} indicates how
many times conditioni is satisfied, for i ranging from 1
to Npix(R). The cold and hot areas of the WMAP data were
analyzed by [46]. It was reported that whereas the hot area
was consistent with the expected behaviour for the standard
Gaussian model (at all the scales R and thresholds ν), the
cold area was not compatible. In particular, deviations from
Gaussianity were found, again, at SMHW scales of R ≈ 300◦.
The deviation took place for thresholds equal or smaller than
−3σR (see Figure 4). The analysis per different regions of
the sky confirmed that the anomaly on the cold area was
localized in the southern-west Galactic quadrant of the sky,
and that the Cold Spot was responsible for this anomaly.
In particular, the cold area of the WMAP data (at the
mentioned scales, and below a threshold of −3σR) was found
anomalous with a probability of ≈ 99.7% whereas it became
fully compatible with Gaussian simulations, once the Cold
Spot was not considered in the analysis. As for the case of
the MAX statistic, a more conservative estimator (i.e., less
dependent from the fact that the Cold Spot is negative) can
be considered, just by selecting the maximum value of the
previous cold and hot areas

Aν
R = max

{
A−ν
R ,A+ν

R

}
. (10)

This new statistic was used by [76], finding, again, that the
WMAP data was anomalous about thresholds larger than
|3σR|, for scales of the SMHW of around 300 arcmin.
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Figure 3: (a) CMB cleaned map derived from the 4th release of the WMAP data, obtained via the template fitting technique described in
[75]. (b) wavelet coefficients of the previous map, obtained after the SMHW convolution at a scale of R = 250 arcmin. The location of the
Cold Spot is indicated in both panels by the circle. The centre of the Cold Spot is θ = 147◦ and φ = 210◦.
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Figure 4: (a) cold area of the SMHW coefficients (at R = 300 arcmin), as a function of the threshold (ν). (b) cold area (A−ν
R ) of the SMHW

coefficients (at ν = 3σR), as a function of the scale (R). As in Figure 2, the red, green, and magenta regions represent the 32%, 5%, and 1%
acceptance intervals, respectively. These plots correspond to the analysis done by [46].

2.2.4. The Higher Criticism. Higher criticism (HC) is a
relatively new statistic introduced in 2004 by [80], and firstly
applied to the context of probing the Gaussianity of the CMB
only a year after by [81]. Although there is not a unique
definition for the HC, all the forms proposed in the literature
satisfy the same key concept: HC is a measurement of the
distance between a given sample of n elements to a Gaussian
probability density distribution, established by means of the
difference between the p-value pi of a given observation Xi—
assuming it comes from aN(0, 1)—, and its cardinal position
on the sorted list (in increasing order) of p-values pi (i.e.,
pi−1 < pi < pi+1, forall i = 1, . . . ,n). The HC associated
with the sample is just defined as the largest value of such
differences.

This concept can be applied to the SMHW coefficients
of a given signal (e.g., the QVW map) at a given scale
R. This was the analysis proposed by [81]. Let us adopt

the following definition for the HC associated with Npix(R)
wavelet coefficients w(θi,φi;R), at scale R:

HCNpix (R) = max
{

HCi
Npix

(R)
}

, (11)

where the maximization is made over the quantity HCi
Npix

(R),
that provides the difference between the experimental proba-
bility of the wavelet coefficients w(θi,φi;R) at scale R and the
corresponding theoretical pvalue. Such quantity reads as

HCi
Npix

(R) =
√
Npix

∣∣∣(i/Npix(R)
)
− pi(R)

∣∣∣√
pi(R)

(
1− pi(R)

) , (12)

where the p-value is given by pi(R) = P{|N(0, 1)| >
|ŵ(θi,φi;R)|}. The ̂ operator indicates that the Npix(R)
SMHW coefficients at the scale R have been transformed into
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values obtained from the analysis of the QVW
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CMB map in the real space (i.e., R ≡ 0) whereas the dot-dash blue
line corresponds to the analysis of the SMHW coefficients at scale
R = 300 arcmin. HCi
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curves are normalized by their respective

minimum values.

a zero mean and unit variance sample. The author remarks
that the p-values have been sorted in increasing order.

As explained in [81], the HC represents, under certain
conditions, some advantages with respect to more traditional
statistics designed to study the Gaussianity of a given sample.
In particular, HC seems to be a better estimator than the
MAX statistic: whereas the latter is designed to capture
Gaussian deviations caused by very large values of the
distribution, the HC is also sensitive to anomalies produced
by moderate values. In addition, the HC can identify which
values (in a given sample) are the ones that differ from the
theoretical Gaussian distribution.

In [81], it was reported that the HCNpix (R) was above
the 1% acceptance interval, again, at the SMHW scale
R = 300 arcmin. They found that, actually, all the SMHW
coefficients associated with HCi

Npix
(R) values above the 1%

acceptance interval set by CMB Gaussian simulations, where
localized in the position of the Cold Spot. This extra test
was an additional support to the anomalous nature of the
WMAP data, and of the Cold Spot in particular. Results were
confirmed by [76] for the analysis of the second WMAP data
release, reporting an upper tail probability even lower than
for the 1-year data.

As an illustration of the HC statistic, in Figure 5, the
author represents (in solid red) the HCi

Npix
values obtained

from the QVW map in the real space, and (in dot-dash
blue) the corresponding curve for R = 300 arcmin. These
quantities are normalized to their minimum values, for a
better comparison. They are represented in an increasing
order. It is remarkable that, for the case of the analyses

performed on the SMHW coefficients, there is a tail of very
large values of HCi

Npix
, that are not present for the real space

case. This is due to the ability of the SMHW transform to
enhance features of a given scale and shape. In Figure 6,
these values are represented on the celestial sphere (left panel
for the real space case, and right panel for the SMHW
coefficients). The figure indicates that there are not particular
signatures in the real space whereas the SMHW coefficients
at R = 300 arcmin allow us for a clear identification of the
features causing the anomalous values of the HCNpix (R). In
particular, the key role played by the Cold Spot is highlighted.

3. The Characteristics of the Cold Spot

In this section, the author summarizes briefly some of the
most important properties of the Cold Spot. The author will
focus in two major aspects: its morphology and its frequency
dependence.

The morphological properties of the Cold Spot are
different depending whether we do the analysis in the real
or wavelet space. As it was pointed out in [46], the region
associated with the Cold Spot, in the real space, appears as
formed by several small cold spots. The amplitude of the
most prominent of these spots is �−350 μK with a size
of ≈1◦. None of these structures is particularly anomalous.
The image of the Cold Spot in the real space is shown in
the left panel of Figure 7. It is, however, in the wavelet
space where the Cold Spot appears more interesting. In the
right panel of Figure 7, the author presents a close view of
the Cold Spot after convolution with the SMHW at a scale
R = 250 arcmin. Besides all the anomalous characteristics
previously discussed (i.e., area, HC, and MAX), the Cold
Spot appears as a very symmetric feature. However, this
effect could be biased since, after all, the SMHW is an
isotropic filter and, therefore, the symmetric features of the
Cold Spot could be amplified, erasing any possible intrinsic
anisotropy. This issue was studied in detail by [82]. Instead
of applying an isotropic wavelet, the anisotropic Elliptical
Spherical Mexican Hat Wavelet (ESMHW) was adopted. The
cleaned CMB map derived from the WMAP was transformed
into ESMHW coefficients (at the scales for which the WMAP
data appeared as anomalous), for different ratios ζ between
the smallest and the largest axes of the ESMHW, and for
different orientations. This work proved that the maximum
matching between the Cold Spot and the ESMHW took place
when ζ ∈ [0.875, 1] and, hence, indicated that the Cold
Spot structure was quite close to be isotropic (assuming that
the ratio of the ESMHW axes mimics, somehow, the ratio
between the Cold Spot axes).

The frequency dependence of the Cold Spot has been
a matter of study soon after its discovery. Already in [28],
the SMHW coefficients of the cleaned WMAP frequency
channels (namely, Q, V , and W bands) were computed,
and the mean value of the coefficients associated with the
Cold Spot at the scale R = 250 arcmin was estimated. No
obvious frequency dependence of this mean value of the
wavelet coefficients was found, hence, being fully consistent
with the expected behaviour for the CMB emission and,
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Figure 6: Maps of HCi
Npix

obtained from the analysis of the QVW map derived from the WMAP data. Left panel corresponds to the study
of the real space case, while right panel shows the outcome of the analysis of the SMHW coefficients at R = 300 arcmin. Whereas for the
former there are not particular signatures in the map, the wavelet analysis shows some prominent features, being the Cold Spot the most
pronounced one.
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Figure 7: Image of the Cold Spot (θ = −147◦,φ = 209◦) in the real (a) and wavelet (b) spaces. The homogenously filled circles correspond
to positions where known extragalactic point sources have been masked.

therefore, quite different to the typical frequency dependence
of the Galactic foregrounds. (The analyzed WMAP frequency
channels were in thermodynamical temperature and, there-
fore, the CMB appears as a frequency independent emitter.
Notice that, since the SMHW transform is a linear operation,
the same behaviour is expected for the wavelet coefficients.)

4. The Significance of the Detection:
The A Posteriori Issue

One of the most questioned aspects of the WMAP anomalies
in general, and of the Cold Spot in particular, is the issue
of the actual significance of the detection. This is a very
important point that is intimately linked to the blind nature
of all the Gaussianity/isotropy tests that led to the report of
such anomalies.

The author reviews where this problem comes from:
if many tests are performed in a given data set, it is not
strange that some of them report some deviation from
the null hypothesis. It is quite usual to face the following

situation: a set of blind tests (i.e., tests that just challenge
the compatibility of the data with a given null hypothesis,
H0, and not confronting such hypothesis with an alternative
one, H1) claim a given incompatibility of the WMAP data.
A subsequent test is performed, taking into account the
previous finding and, usually, in such a way that the initial
reported deviation is now found at higher significance. In
this procedure, there are two weak points: the first one,
already mentioned, is to assess the probability of finding a
deviation as the one claimed during the first step, taking
into account all the possible tests that were performed. The
second one is the credibility of the probability for the follow-
up test, where a particularity was studied in greater detail.

As mentioned above, this is a common situation for the
WMAP anomalies works and, therefore, the Cold Spot is not
an exception. Several tests were made in the first work by
[28], namely, the estimation of the skewness and the kurtosis
at several scales of the SMHW. A particular deviation was
highlighted: the excess of kurtosis at several scales around
R = 250 arcmin. After that, the Cold Spot was identified as
a prominent feature, and further tests (the MAX, the cold
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area, the HC) were applied. The author believes that there is
not a unique and clear way to solve these ambiguities and,
to the author’s view, this point is not usually addressed in
the literature. However, whereas for the latter aspect (i.e.,
the significance for the follow-up tests) the solution is hard,
for the former there could be some possible getaway, at least
depending on the complexity of the preliminary analysis.
Actually, the Cold Spot is one of the few WMAP anomalies
where this particular aspect has been considered with deeper
interest. In fact, it was the matter of several papers [47, 82]
and, in particular, of [76].

In this last work, the significance of the first detection
was addressed, focusing in the a posteriori selection of the
statistic (the kurtosis) and the scale range (≈250 arcmin).
A conservative procedure to establish the p-value of the
non-Gaussian detection, based on the characteristics of the
analysis, was proposed. More specifically, since 30 statistics
were applied to the QVW map (i.e., the skewness and
the kurtosis of the SMHW coefficients at 15 scales), and
only 3 out of these 30 statistics were found as anomalous
(i.e., the kurtosis of the SMHW at scales R = 200, 250,
and 300 arcmin were outside the 1% acceptance interval—
see [76] for details), then, it was decided to estimate the
significance of the non-Gaussianity detection by exploring
in how many out of 10,000 CMB Gaussian simulations
it was observed that the skewness or the kurtosis of the
SMHW coefficients were outside the 1% acceptance interval,
at least, at three scales. The p-value obtained in this manner
was 0.0185. This p-value can serve, as explained in [76],
as a conservative probability related to the non-Gaussianity
associated with the SMHW analysis.

In this spirit, the following up tests (e.g., the amplitude,
the area, or the HC) can be just seen as additional probes
to explore/understand the previous deviation, rather than as
independent sources for establishing a proper significance
level for the detection.

Recently, [83] has questioned the non-Gaussianity found
by [28], since the excess of the kurtosis was clearly found
with the SMHW, but it was not the case with other analyzing
kernels (proposed in [83]), as the top-hat and the Gaussian
filters. The authors argued that these tools are more natural
than a wavelet like the SMHW and that, therefore, the
selection of the SMHW is somehow a posteriori. Contrary
to this reasoning, the author found that the results obtained
by [83] imply a different conclusion: the lack of detection
when analyzing with the top-hat and the Gaussian filter is
a proof of the issue discussed in Section 2.1, namely, that
any filtering kernel is not necessary suitable for the detection
of any non-Gaussian feature. It is clear that some features
(like point sources, cosmic strings, or textures) are much
better detected after applying optimal or targeted filters,
rather than general ones (like the top-hat or the Gaussian
functions).

The reason why a compensate filter as the SMHW gets
a much larger amplification as compared to uncompensated
kernels as the previous ones is that it is much more efficient
to remove the background fluctuations above and below a
given scale interval. Even more, it can be shown (e.g., [84])
that the SMHW is close to the optimal or Matched filter
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Figure 8: Frequency dependence of the excess of the kurtosis of the
SMHW coefficients. The plot shows the variation of the kurtosis as
a function of the scale KR for cleaned CMB maps obtained from
the WMAP data at three cosmological frequencies (Q-, V-, and W-
bands), and for the optimal CMB cleaned map provided by WMAP,
as noise-weighted combinations of the previous maps (the QVW
map). The coloured regions represent, as for other figures, the 32%,
5% and 1% acceptance intervals provided by simulations.

to detect objects with a Gaussian-like profile embedded in
CMB-dominated background (as it is the case in the region
of the Cold Spot). The form of a matched filter designed for
a given situation is defined, not only by the shape of the
feature to be detected, but also by the statistical properties
of the background. In particular, the matched filter (defined
in the Harmonic space) is proportional to the shape of
the feature and inversely proportional to the angular power
spectrum of the background. Therefore, bearing in mind that
(at degree scales) the CMB is well described by an angular
power spectrum close to C� ∝ �−2, it is trivial to show that
the SMHW is near to be an optimal tool for detecting a
feature described by a Gaussian-like profile and embedded
in such background.

The author remarks that as it was said in Section 2.1,
the selection of wavelets as a suitable tool for non-Gaussian
analysis, as it was shown by several authors in the past (e.g.,
[40, 45, 85]), cannot be considered as an a posteriori choice,
but, rather, as a natural option for studying scale-dependent
phomena. In particular, the compensation property satisfied
by wavelets makes them extremely good analyzing kernels
to amplify certain features, precisely because it assures a
strong suppression of the large-scale fluctuations of the
background.

Finally, it is worth recalling that the Cold Spot has been
identified as an anomalous feature by other tools different
from the SMHW: by directional wavelets [47], scalar indices
[86, 87], steerable wavelets [27], needlets [48], and the
Kolmogorov stochastic parameter [88].
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5. Some Possible Sources to
Explain the Cold Spot

To find an explanation for the non-Gaussianity deviation
associated with the Cold Spot is the next step, once its
anomalous nature (i.e., noncompatible with the standard
inflationary scenario) is accepted. With this aim, many
efforts have been done in the last years, considering different
sources for the observed anomaly. The possible causes
addressed so far account for systematics effects, mostly due to
instrumental aspects that are not well understood/modelled,
such as spurious emissions due to foregrounds or contam-
inants of the cosmological signal, nonaccounted secondary
anisotropies induced on the CMB photons, as the interaction
with the ionized medium (e.g., the Sunyaev-Zeldovich effect)
or the nonlinear evolution of the gravitational potential
(e.g., the Rees-Sciama effect), and, of course, alternative
(or complementary) models to the standard inflationary
scenario (as cosmic defects). In the following subsection, and
also in Section 6, the author addresses these possibilities,
starting from those hypotheses that are less dramatic from
the point of view of strong implications for the standard
cosmological model.

5.1. Systematics. To test the influence of unknown/unmodel-
ed systematics on the non-Gaussianity deviation is, as one
could imagine, a very hard task. The analyses that can be
carried out to probe such sources are, basically of two types.

One of these analyses are consistency tests. As in most
of the CMB experiments, WMAP satellite can provided
us with cleaned CMB maps (e.g., following the template
fitting approach described by [75]) for several detectors.
Therefore, focusing in the non-Gaussian deviation associated
with the Cold Spot, an obvious procedure would be to
check whether the application of the different statistical
tools reveals that such a feature is associated with only one
detector, or a smaller set of detectors. If this were the case
that would be a clear indication for a lack of consistency and,
therefore, that the non-Gaussianity detection is associated
with a given instrumental feature. This was done by [28, 46]
for the kurtosis (KR) and the area (Aν

R) of the SMHW
wavelet coefficients. No inconsistency was found: the excess
of kurtosis and of area was found to be the same for every
difference assembly. As an illustration, in 8, the kurtosis of
the SMHW coefficients (as a function of the scale KR) for 4
different CMB maps is presented. In particular, results for the
Q-, V-, and W-band cleaned CMB maps are shown, together
with the curve obtained from the analysis of the optimal
QVW-map. These curves are quite similar, which indicates
that the non-Gaussian signal is presented in all the WMAP
detectors, at a similar level.

The second type of analyses are null tests. The cosmo-
logical frequencies of the WMAP satellite (i.e., Q-band at
41 GHz, V-band at 61 GHz, and W-band at 94 GHz) are
made from more than one difference assembly. Hence, just
subtracting difference assemblies at the corresponding band
can produce noise maps per frequency. Neglecting small
differences from the optical beams and the band-pass widths,

the CMB and foreground emissions have been cancelled out
in this new map. Therefore, the application of the statistical
tools to these difference maps helps to check whether the
non-Gaussian signal is a noisy artifact (if such signal is still
present) or not (if consistency with Monte Carlo simulations
is found). These was done by [28, 46], again, for the kurtosis
and the area of the SMHW coefficients, respectively. As for
the previous type of systematics probe, there was a clear
indication that the non-Gaussian signal was not related to
any instrumental signature. As an example, in Figure 9, the
result obtained by [28] for KR is presented. On the left panel,
the author represents the variation of the SMHW wavelet
coefficients for the difference map constructed at 41 GHz as
Q1−Q2. Similarly, the results for theV1−V2 map at 61 GHz
are provided in the middle panel. Finally, in the right panel,
the author gives the output for the difference map obtained
at the 94 GHz band as the combination W1 −W2 + W3 −
W4. Results for the WMAP data is given as blue asterisks
whereas, as for previous figures, the red, green, and magenta
regions provide the 32%, 5%, and 1% acceptance intervals,
respectively.

Summarizing, consitency and null tests do not reveal
the presence of systematics behind the non-Gaussianity
associated with the Cold Spot. Besides these test, it is
important to remark that the angular size associated with
this feature is ≈10◦ in the sky. It is not trivial to think in a
systematic effect affecting at this scale, and providing such
localized feature in the sky as the Cold Spot.

Finally, the subsequent releases of the WMAP data
(where the modelling of the instrumental properties have
been improving with time) have shown that there are
not changes in the non-Gaussianity deviation, except for
a slight increasing on its significance, which reflects the
higher signal-to-noise ratio that WMAP data is getting as
observational time increases.

5.2. Foregrounds. Astrophysical contaminants or foregrounds
are the next possible origin for the non-Gaussianity associ-
ated with the Cold Spot. It is well known that foregrounds
are highly non-Gaussian signals. It is worth commenting
that although the Cold Spot is negative, it is still possible to
think in an additive source (as foregrounds are) as a feasible
explanation. To understand this point, it is important to
recall that the QVW map (that, as the author said before,
is commonly adopted in the literature for cosmological
analyses) is obtained as a noise-weighted linear combination
of cleaned CMB maps at different frequencies. These maps
(at 41, 61, and 94 GHz) are produced, as mentioned
previously, via a template fitting (see, e.g., [75]). Therefore,
any oversubtraction of foregrounds templates could cause
a foreground residual in the form of a cold emission. (In
some works, a VW map is adopted, that is, a map built as
a noise-weighted linear combination of the cleaned V- and
W-bands.)

Since, as mentioned before, the size of the Cold Spot
is of several degrees, it is really hard to believe that this
feature could be associated with residuals from point sources
(i.e., from radio and infrared galaxies). Therefore, only
galactic emissions (as synchrotron, free-free, and thermal
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Figure 9: Null tests performed on difference maps, free of any foreground and cosmological signal. (a) represents the kurtosis of the SMHW
coefficients, as a function of the scale R, for theQ1−Q2 map, that is, for a map built as the difference of the difference assemblies observations
at 41 GHz. (b) is as the previous one, but for the V1−V2 difference map, that is, at 61 GHz. Finally, (c) provides the variation of the SMHW
coefficients as a function of the wavelet scale, but for the difference map obtained with the 4 difference assemblies of WMAP at 90 GHz, that
is,W1−W2+W3−W4. The blue asterisks represent values for the data whereas red, green and magenta regions represented the acceptance
intervals at 32%, 5%, and 1%, respectively, determined by simulations.

and spinning dust) could be responsible for a large feature
as the Cold Spot. However, notice that the Cold Spot is
located at 57◦ from the Galactic plane, and at a longitude
of 209◦. In other words, the Cold Spot is placed in a region
of low Galactic contamination. According to the previous
reasoning, it is already hard to make compatible the presence
of the Cold Spot with a given Galactic emission. Even though,
of course, the issue has been a matter of discussion. The
author reviews here some of these analyses.

The most obvious test is, of course, to check whether
there is or not any frequency dependence of the statisti-
cal estimators that indicated the Gaussian deviation. For
instance, in [28, 82], the kurtosis of the SMHW coefficients
(KR) was studied for the different CMB-cleaned maps
obtained at the Q-, V-, and W-bands.

The results obtained for this study are given in Figure 8.
The kurtosis KR is presented for the 41, 61, and 94 GHz
channels, and for the noise-weighted lineal combination (the
QVW map). It is remarkable the high similarity of the curves.
The pattern of the kurtosis, as a function of the SMHW
scale, is the same for all the maps. The same is observed
for its normalization. An equivalent test can be done for
the area of the SMHW coefficients (Aν

R), as proposed by
[46, 82]. Results, at R = 300 arcmin, are presented in
Figure 10. Notice that the agreement of the area of the
SMHW coefficients (above threshold ν = 3, 3.5, 4σR) among
different frequency bands (Q, V, and W) and the combined
QVW map (represented by the solid lines in the figure) is very
high. This kind of tests shows that there is not any evident
frequency dependence of the statistics associated with the
non-Gaussian deviation and, therefore, that such anomaly
is fully consistent with the expected behaviour for a CMB
feature.

Additional tests supporting this idea have been proposed
in the literature. First [28], the kurtosis of the SMHW
coefficients was analyzed for a CMB-free map, constructed as
the combination of the 4 difference assemblies at the W-band
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Figure 10: Frequency dependence of area of the SMHW coeffi-
cients. The plot shows the area of the wavelet coefficients at R =
300 arcmin for different thresholds (from top to bottom: 3, 3.5,
and 4σR), as a function of the frequency. The circles represent the
values obtained for cleaned CMB maps obtained from the WMAP
data at three cosmological frequencies (Q-, V-, and W-bands). The
solid lines represent the areas, at different thresholds, for the noise-
weighted QVW map.

minus the sum of the 4 ones at Q- and V-band (i.e., W1 +
W2+W3+W4−Q1−Q2−V1−V2). This kind of map could
have a contribution of the Galactic contaminants (outside
a given observing mask), since foreground emissions are
not frequency independent. This analysis did not show
any significant deviation from the expected behaviour from
Gaussian simulations, and, therefore, discarding the presence
of significant foreground residuals.

Second, as suggested by [82], different CMB recoveries
from the WMAP data (where independent and alternative
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component separation approaches were followed) could be
analyzed. In particular, the cleaned CMB maps obtained by
[89] were probed. The kurtosis, the area, and the MAX of
the SMHW coefficients do not change significantly from the
different CMB maps.

Reference [82] explored a more complicate scenario: a
situation in which combinations of different foreground
emissions could mimic, in the region of the Cold Spot, the
behaviour associated with the CMB, that is, a frequency inde-
pendent global emission. To check this possibility, several
templates were used as tracers of the Galactic foregrounds,
namely, the Rodhes/HartRa0 2326 MHz [90] radio survey
for synchrotron, the Hα by [91] for the free-free, and the
thermal dust model by [92]. Authors studied the expected
contribution of foregrounds in the region of the Cold Spot,
and they found that taking into account the uncertainties
in the extrapolation of these templates from their original
observations to the WMAP frequency range, it was possible
to find a global Galactic emission that was nearly frequency-
independent from 41 to 94 GHz (i.e., from Q- to W-
bands). However, it was found that the emission was at
a level of one order of magnitude below the Cold Spot
temperature. It was checked that even accounting twice for
that hypothetical foreground emission, it was not possible to
reconcile observations with the Gaussian model.

All these tests on the impact of the foregrounds indicated
that the non-Gaussian signal associated with the Cold Spot
was fully consistent with a CMB like frequency dependence,
and that the role played by astrophysical contaminants was
negligible.

5.3. The Sunyaev-Zeldovich Effect. After checking that the
possible impact of systematics and foregrounds on the non-
Gaussian detection is very low, the next step is to study
whether secondary anisotropies of the CMB could explain
the anomalous nature of the Cold Spot.

The Sunyaev-Zeldovich effect (SZ) could be a potential
candidate to explain the anomaly (it is produced by the
inverse Compton interaction of the CMB photons, as they
cross the hot electron gas that is found in clusters of galaxies).
Two major reasons support this possibility: first, the size
of the Cold Spot is nearly compatible with the fluctuations
caused by the nearest clusters of galaxies, and second, this
fluctuations (in the frequency range covered by WMAP)
produce cold spots [93].

There is no evidence for the existence of any large cluster
in the direction of the Cold Spot. However, [94] reported
the presence of a large concentration of galaxies in that
direction—referred to as the Eridanus super-group—that
could account for a total mass of ≈1014M� (see [95] for
details).

This scenario implies, therefore, that the SZ could explain
the nature of the Cold Spot, at least, partially. In other words,
it could be possible that a combination of a SZ contribution
plus a large (but not anomalous) CMB fluctuation could
account for the Cold Spot emission. This was studied by
[82], and the results are summarized in Figure 11. In this
figure, the values of the SMHW coefficients w(θ,φ;R), at
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Figure 11: Best-fit of the WMAP data—across the 8 difference
assemblies for the Q-, V-, and W-bands—to a CMB (solid line) and
a SZ spectra (dashed line). The fit is performed to the minimum
amplitude of the Cold Spot in wavelet space, at a scale of R =
300 arcmin. Error bars are obtained from Gaussian simulations.

the position of the Cold Spot and at R = 300 arcmin,
are given for the eight CMB cleaned maps at the Q-, V-,
and W-bands. The corresponding error bars were computed
from CMB plus noise simulations, corresponding to the
instrumental properties of these detectors, and convolved
with the appropriate SMHW kernel.

Three different fits to the data were explored. First, a
pure CMB spectrum was used, giving a very good fit with a
reduced χ2 = 1.00. Such a fit is represented by the solid line in
Figure 11. Second, a pure SZ spectrum was tested, obtaining
a very poor fit (dashed line) with a reduced χ2 = 9.12. Finally,
a joint fit to a CMB plus SZ spectra was explored, obtaining
an amplitude for the SZ spectrum consistent with zero and
a reduced χ2 quite similar to the first case. These results
confirm that the frequency dependence of the Cold Spot is
consistent with a CMB-like spectrum. They also rule out the
possibility that the SZ is playing any significant role.

5.4. The Late Evolution of the Large-Scale Structure. Another
secondary anisotropy that could explain the anomalous
nature of the Cold Spot is the one due to the nonlinear
evolution of the gravitational field: the so-called Rees-Sciama
effect (RS). In particular, it is known [96, 97] that voids in
the large-scale structure could induce a negative nonlinear
anisotropy in the CMB photons. The size of such secondary
anisotropies depends on the proper size of the void and its
redshift. Therefore, as for the SZ, the RS is another potential
candidate to explain the anomalous nature of the Cold Spot.

Extra support for this hypothesis came from two different
paths. On the one hand, theoretical works as [98, 99]
proposed that a very large void (of ≈300h−1 Mpc) and
located at low redshift (z � 1) could produce large negative
CMB fluctuations such as the Cold Spot, even with modest
density contrast values (i.e., in a quasilinear regime). On the
other hand, it was suggested [100] that the NVSS catalogue
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Figure 12: Radial profile (solid blue/red lines) of a cosmic texture,
as given in (14). The parameters defining this profile are ε = 10−4

and ϑc = 5◦. The dashed lines represent the truncated values of the
profiles given by (13) (blue) and the Gaussian function (red). See
text for details.

[101] seems to show, at the position of the Cold Spot, a lack
in the number count of radio galaxies.

Against these ideas, some criticisms can be made. First,
this kind of voids are not observed and, even more, according
to current N-body simulations [102] they are extremely
rare events (≈13σ , i.e., much more rare than the Cold
Spot deviation itself, that was a 98.15% event!) in the
standard cosmological framework. Second, the claim made
on the NVSS data has been recently questioned by [103],
suggesting that such finding was an artefact caused by
possible systematics related with the NVSS data processing,
the statistical procedure and the a posteriori selection of the
Cold Spot position.

In addition, observational campaigns on the region of
the Cold Spot were made by [104] with the MegaCam on
the Canada-France-Hawaii Telescope and by [105] with the
VIMOS spectrograph on the very large telescope. Both works
have reported that the large-scale structure in that direction,
and up to z ≈ 1, is fully consistent with the standard
model and that there is no evidence of such large voids as
those required by the nonlinear evolution of the gravitational
potential hypothesis.

6. A Plausible Explanation: Cosmic Textures

In the previous section, the author has presented an overview
of the several works carried out to establish whether the
non-Gaussianity detection associated with the Cold Spot
could be explained in terms of systematics, foregrounds,
and secondary anisotropies as the Sunyaev-Zeldovich and

the Rees-Sciama effects. None of these possibilities seem
to provide a satisfactory explanation, and, therefore, other
sources should be investigated.

In this section, the author pays attention to the sugges-
tion made by [106]: the Cold Spot could be caused by a
cosmic texture. Cosmic textures [107] are a type of cosmic
defects. They are supposed to be generated at some stage
of the early Universe, associated with the symmetry-braking
phase transitions that are predicted by certain theoretical
models of high energy physics (see, e.g., [108] and references
therein for a much more detailed explanation). In short,
defects can be understood as space regions of a given phase
state, surrounded by a space already in a new phase. In
some cases, as for textures, these regions could collapse and,
therefore, left an imprint on the CMB photons.

Among the different types of cosmic defects, textures
are the most plausible candidate to explain the anomalous
nature of the Cold Spot, since the interaction of the
CMB photons with the time variation of the gravitational
potential, associated with an eventual collapse of the texture,
produces spots in the CMB fluctuations [109]. Even more,
cosmic textures are expected to be a possible source of
kurtosis deviation whereas the expected level of skewness
is almost negligible (at least for values of the symmetry-
breaking energy scale compatible with current observations).
This is caused by the even probability of textures producing
cold and hot spots and, therefore, providing a nearly
symmetric distribution of temperature fluctuations. In fact,
the equilateral fNL expected from textures goes as fNL ≈
1.5 × 10−100ψ6

0 [110], where ψ0 is the symmetry-breaking
energy scale, measured in Gev. For typical limits in ψ0

imposed by the CMB angular power spectrum analysis (e.g.,
[111, 112]), the expected equilateral fNL is ≈10−9, that is, a
tiny value well below the current constraints [113].

The isotropic shape of the temperature fluctuations
related to these spots can be approximated, at least at small
angular distances ϑ, as [114]

ΔT

T
(ϑ) = ±ε 1√

1 + 4(ϑ/ϑc)
2

, (13)

where ϑ represents the angular distance from the centre of the
spot, and ϑc is a characteristic scale parameter of the spot—
that is related to the redshift of the spot and the dynamics
of the Universe [106]. The amplitude ε is proportional to
the symmetry-breaking energy scale ψ0: ε = 8π2Gψ2

0 . It is
worth remarking that, according to cosmic texture models,
the amplitude ε is the same for every single spot generated by
the collapsing defects.

As mentioned above, the profile proposed in (13) is only
valid up to small relative distances (e.g., ϑ ≈ ϑc) (the author
knowledge, there is not any analytical or numerical solution
for the full profile of a given cosmic texture yet). In order
to have a profile valid at larger angular distances, [106]
proposed to extend the profile given by (13) from its half-
maximum, following a Gaussian function. The extension is
done by imposing continuity, both, of the profile itself and of
its first derivative.
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Taking into account these conditions, the assumed profile
for the CMB temperature fluctuation caused by a collapsing
cosmic texture would be given by

ΔT

T
= ±

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ε√
1 + 4(ϑ/ϑc)

2
, if ϑ ≤ ϑ∗

ε

2
e−(1/2ϑ2

c )(ϑ2+ϑ2∗), if ϑ > ϑ∗,

(14)

where ϑ∗ =
√

3/2ϑc.
In Figure 12, the author shows the radial section of the

above profile (solid line). The red and blue parts of the solid
line correspond to the Gaussian function and to the profile of
(13), respectively. The dashed lines represent the truncated
regions for both curves. The cosmic texture parameters used
in this profile are ϑ = 5◦ (i.e., similar to the SMHW
scale at which the Cold Spot appears as anomalous) and
ε = 10−4. This value corresponds to a symmetry-breaking
energy scale of ψ0 = 1.13 × 1016 GeV that corresponds to
a conservative upper limit imposed by CMB measurements
(e.g., [111, 115]).

The author remarks that the results obtained with a
profile as the one given in (14), and that are reviewed in
the next section, do not depend very much with the specific
function adopted for the extrapolation. Similar results are
obtained, for instance, when an exponential function or a
SMHW-like kernel are used.

6.1. The Bayesian Framework. Attending to the issues dis-
cussed in the previous subsection, a cosmic texture could be a
strong candidate to explain the Cold Spot: textures produce
spots on the CMB temperature fluctuations, they are non-
Gaussian signals, and, depending on their amplitude (or the
symmetry-breaking scale), they could be compatible with
current constraints on the role played by cosmic defects on
the structure formation and evolution of the Universe.

Reference [106] proposed to make use of the texture
profile of (14) to perform a hypothesis test to decide whether
the WMAP data (in the position of the Cold Spot) is more
likely to be described by a large (but not anomalous) CMB
spot (i.e., the null H0 hypothesis) or by a cosmic texture of
amplitude ε and size ϑ added to a random Gaussian and
isotropic CMB field (i.e., the alternative H1 hypothesis).

The optimal way of performing such hypotheses test
is within the Bayesian framework. Bayes’ theorem states
that, given a data set D and some unknown parameters Θ
(defining a given model in the context of a given hypothesis
Hi), the posterior probability of the parameters/model given
the data P(Θ | D,Hi), is related to the likelihood P(D | Θ,Hi)
(i.e., the probability of the data given the parameters/model)
as

P(Θ | D,Hi) = P(D | Θ,Hi)P(Θ | Hi)
P(D | Hi)

, (15)

where P(Θ | Hi) is a measurement of our a priori knowledge
about the parameters/model (i.e., the prior), and P(D | Hi) is
a constant (i.e., it does not depend on the parameters/model)
called Bayesian evidence (BE). The BE is nothing but the
average likelihood with respect to the prior

P(D | Hi) =
∫
P(D | Θ,Hi)P(Θ | Hi)dΘ, (16)

and it is a largely used mechanism to perform hypotheses
test. In particular, its role on different cosmology fields
has been quite remarkable during the last years (e.g., [116]
for dark energy studies, [117] for anisotropic models of
the Universe expansion, [118] for studying different re-
ionization models, [119] for point source detection, and
[120] for exploring nonstandard inflationary models).

The importance of BE for hypotheses test is clear. First,
it is obvious that the quantity that we would like to obtain is
a measurement of the probability of a given hypothesis H0,
given the data, that is, P(H0 | D). This probability can be
written, attending to the probability multiplication rule, as

P(H0 | D) = P(D | H0)
P(H0)
P(D)

, (17)

that is, it is proportional to the BE and to the probability of
the hypothesis and inversely proportional to the probability
of the data. Under certain circumstances, the probability
of the hypothesis could be known, but, however, it is not
the case for the probability of the data. In other words, we
only can learn about the probability of the hypothesis H0

up to a factor. Therefore, what we can extract is a relative
measurement of the probability of two hypotheses (H0 and
H1), given the same data set D. This relative measurement is
called the posterior probability ratio, ρ, and reads

ρ ≡ P(H1 | D)
P(H0 | D)

= E1

E0

P(H1)
P(H0)

, (18)

where, for simplicity, the author rewrite the BE, P(D | Hi), as
Ei. Hence, if ρ > 1, we can conclude that the hypothesis H1 is
favoured by the data with respect to H0. In some cases, there
is not a clear choice for the probability of the hypotheses. In
this case, empirical rules for the ratio of evidences—as the
Jeffreys’ scale [121]—are usually adopted.

Therefore, the procedure required to explore whether the
Cold Spot is more likely to be explained in terms of a cosmic
texture (H1) rather than by a Gaussian CMB fluctuation (H0)
is clear: first, the likelihood is computed for both hypotheses;
second, the BE is estimated, taking into account the adequate
priors (16); finally, the posterior probability ratio (18) is
evaluated, making use of suitable a priori probabilities for
H0 and H1.

This was the procedure followed in [106]. It is straight-
forward to show that since the noise term is caused by stan-
dard CMB Gaussian fluctuations and instrumental Gaussian
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noise, the likelihood function reads as

P(D | Θ,Hi) ∝ exp

(
−χ

2

2

)
, (19)

where χ2 = (D − T(Θ))C−1(D − T(Θ))T. The correlation
matrix C accounts for the full Gaussian CMB and noise
correlations—that is, C = S+N , where si j ∝

∑
C�P�(cos θi j)

and ni j = σ2
i δi j , being P� the Legendre polynomials, θi j

the angular distance between the pixels i and j, σ2
i the

instrumental noise contribution to pixel i, and δi j represents
the Kronecker delta. D represents the data (i.e., the QVW
map), and the function T(Θ) represents the model behind
the hypotheses—that is, (14) for H1, and ≡ 0 for H0. Finally,
T denotes standard matrix transpose.

The priors adopted by [106] for the parameters Θ ≡
(ε, ϑc) were chosen attending to observational constraints
and cosmic texture simulations. In particular, the prior on
the amplitude was |ε| ≤ 10−4 whereas the prior of the
size 1◦ ≤ ϑc ≤ 15◦ was assumed. The amplitude prior
was uniformly distributed, and, as mentioned above, it is
a conservative constraint imposed from the contribution of
cosmic defects to the CMB angular power spectrum. The size
ϑc follows a scale-invariant law, and the limits come from
texture simulations. Textures below 1◦ should be smeared out
by photon diffusion, and, in addition, they would be related
to collapsing events above redshift ≈ 1000, which would not
affect the CMB image. The upper limit is due to the unlikely
probability of generating such large textures in the finite
celestial sphere. Even so, [106] tested that results were not
specially sensitivity to the prior selection, since the likelihood
was clearly peaked, within a region of the parameter space
clearly allowed by observations and texture models.

The marginalization of the posterior probability in (15),
led to the determination of the texture parameters, obtaining
ε = 7.3+2.5

−3.6 × 10−5 and ϑc = 4.9◦+2.8◦
−2.4◦ at 95% confidence.

The BE ratio was 150, which, in terms of the empirical rules
[121], is a strong indication that the texture hypothesis for the
Cold Spot is favoured over the isotropic and Gaussian CMB
fluctuation option. Adopting a ratio for the probability of the
hypotheses given by the fraction of the sky that is covered by
a cosmic texture as large as the one required for the Cold Spot
(≈0.017), the posterior probability ratio was ρ = 2.5, which
also favours the texture hypothesis.

It is worth mentioning that the estimated value for
the texture amplitude could be affected by selection bias.
In [106], it is established that such bias could provide an
overestimate of the texture amplitude by a factor of 2. This
bias is caused because the texture amplitude is estimated in a
low signal-to-noise regime, where the features placed in large
background fluctuations are more easily detected. Even so,
the estimated value for the texture amplitude, ε = 7.3×10−5,
would imply a symmetry-breaking energy scale of ψ0 =
8.7 × 1015 GeV, which, on the one hand, is fully compatible
with more recent constraints imposed from the analysis of
the CMB temperature and polarization power spectra (e.g.,
[112]), and, on the other hand, is in agreement with the
predictions of most of the models for particle physics. In
addition, by relating the angular size of the CMB texture

profile to the cosmological parameters defining the geometry
and evolution of the Universe, it was possible to establish that
the texture collapse (that generated the CMB profile in (14))
occurred at redshift z ≈ 6.

Figure 13 shows the effect of correcting the QVW map
from the texture emission. In the left panel, the region of
the sky where the Cold Spot was identified is shown. The
middle panel presents the best fit of the texture profile,
according to the parameters previously mentioned. On the
right panel, the author presents the resulting map after the
subtraction of the estimated cosmic texture contribution.
The Cold Spot is noticeably reduced. More quantitative
measurements were made by [106]. It was proved that if
cosmic textures (adequate to the parameters fixed by the
Cold Spot analysis) were added to isotropic and Gaussian
simulations of CMB signals, as seen in the QVW WMAP
map, then the kurtosis of the SMHW became compatible.
Even more, [122] showed that the WMAP map (corrected
from the cosmic texture contribution in the location of the
Cold Spot) was not compatible with anisotropic patterns for
nonstandard expansions of the Universe (in particular, for
Bianchi VIIh models), as it was previously the case for the
uncorrected data (e.g., [117, 123]).

Finally, the author remarks that [95] proposed a sim-
ilar approach as the one described in this section to
study (attending to spatial templates) whether SZ and RS
could provided more suitable hypotheses than the standard
isotropic and Gaussian model. This Bayesian analysis indi-
cated that neither of these hypotheses is favoured.

6.2. Followup Tests. The studies described in Section 5 and in
the previous subsection, clearly indicates that among all the
realistic sources that could explain the anomalous nature of
the Cold Spot, only the cosmic texture hypothesis remains
as a feasible option. The results obtained by [106], and
reviewed in the previous subsection, have to be understood
as a (clear) indication that the cosmic texture is plausible.
However, before accepting it as the final explanation, it should
be confirmed by additional tests. In particular, if the cosmic
texture hypothesis would be the right one, then there are
some clear predictions that could be tested (at least in the
near feature, once ongoing/upcoming experiments as SPT,
ACT, QUIJOTE, and ALMA are fully operative).

In this subsection, the author comments on the three
most obvious followup tests that could help to discard, or
accept, the cosmic texture. These follow-up tests are: the
searching of more textures, the local polarization of the
CMB, and the local CMB lensing. These foreseen effects were
firstly pointed out by [106].

6.2.1. Looking for More Textures. If a texture were found in
the location of the Cold Spot, then, attending to cosmic
texture models, there should be more cold and hot spots
randomly distributed across the sky. In fact, the distribution
of CMB spots caused by cosmic textures follows a scale-
invariant law

Nsp(> ϑc) = 4πνκ3

3ϑ2
c

, (20)
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(a) (b) (c)

Figure 13: (a) CMB temperature fluctuations obtained from WMAP data, centred in the position of the Cold Spot. (b) best fit of a texture
profile to the data, according to (14). (c) CMB map, at the position of the Cold Spot, after the subtraction of the best-fit texture model.

that is, the number of cold/hot spots with a scale equal
or larger than ϑc, is inversely proportional to ϑ2

c (see [124]
for the grounds and [106] for a derivation). The ν and κ
parameters are associated with the physics of the cosmic
texture models, and their specific meaning is out of the
scope of this paper. The author remarks here that according
to state-of-the-art simulations, these parameters are well
consistent with ν ≈ 2 and κ ≈ 0.1 values, when ϑc is
expressed in radians. Before continuing the discussion, the
author stresses that the number of expected cold/hot spots
with a scale ϑc equal or larger than 5◦ (i.e., as the Cold Spot
scale) is ≈1. In other words, the fact that we only found a
Cold Spot of a scale similar or larger than the Cold Spot size is
fully consistent with the cosmic texture scenario. This fact, of
course, is an extra support for the texture hypothesis causing
the Cold Spot emission.

Let us come back to (20). A straightforward calculation
tells as that if the cosmic texture hypothesis is correct,
then the CMB temperature fluctuations should contain
≈28 spots with a scale ϑc ≥ 1◦, and ≈7 spots with a
scale ϑc ≥ 2◦. Poisson errors can be safely assumed for
these numbers. Therefore, the number of cold/hot spots
expected in the WMAP data are 1 � Nsp(>2◦) � 13 at
the 95% confidence level. Current work is in progress to
check this prediction, by using a fast cluster nesting sampling
algorithm—MULTINEST [125]—to explore the posterior
probability ratio. There are well-founded hopes to find new
textures. In particular, some non-Gaussian analyses as [27,
48, 88] reported some hot/cold spots (in addition to the Cold
Spot) as potentially anomalous.

6.2.2. The Polarization of the CMB. The effect of a collapsing
texture on the passing by CMB photons is nothing but
a secondary anisotropy of the CMB fluctuations, whose
origin is merely gravitational. Hence, the effect of such
gravitational phenomenon on the E-mode polarization is
almost negligible (only vector modes would be affected,
which are well below the scalar mode contribution).

Strictly speaking, this lack of polarization is not a unique
signature produced by cosmic textures. As the author said,

any secondary anisotropy of gravitational origin would cause
it. However, these other effects (as huge voids) are quite
implausible explanations (see Section 5.4). For that reason,
this effect is a valid follow-up test to probe the texture
hypothesis.

The procedure is simple: to compare the E-mode polar-
ization in the position of a temperature spot (as large and
extreme as the Cold Spot is), under two different hypotheses,
the null or H0 one (i.e., the temperature spot is caused by a
Gaussian fluctuation) and the alternative or H1 option (i.e.,
the temperature spot is a secondary anisotropy caused by
the collapse of an evolving texture). In fact, as proposed
by [126], the best discriminating measurement is the T-
E correlation, rather than simply the E signal. This cross-
correlation is expected to be close to zero for the H1

hypothesis. The approach suggested in this work was to
estimate the correlation of the T and E profiles around the
position of the spot temperature signal. This statistic was
computed for many simulations according to the H0 and
H1 hypotheses, and a hypothesis test was performed, via the
definition of an optimal Fisher discriminant statistic (e.g.,
[127]).

The method was applied to probe the capabilities of
current and upcoming CMB experiments for discriminating
between the two hypotheses. In particular, the cases of
WMAP, Planck [128], and QUIJOTE [129] were considered.

As the major conclusion, it can be established that the
discrimination power of the T-E correlation is not very high.
In fact, for an ideal noise-free experiment, at a power of
the test of 0.5, the significance level is (up most) 0.8%. The
reason for this limitation is that the characteristic size of the
Cold Spot is≈10◦, which, roughly, corresponds to multipoles
of � ≈ 40. It happens that at this multipole scales, the T-E
angular cross-power spectrum is very close to zero, already
for H0 and, therefore, it is hard to discriminate it from H1.

The results are graphically summarized in Figure 14.
The author represent the significance level or p-value (for a
power of the test of 0.5) as a function of the instrumental
noise sensitivity for the E-mode polarization. The three
experiments previously mentioned are indicated as vertical
lines. Notice that the WMAP instrumental characteristics
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Figure 14: The curve indicates the probability (the p-value) for
rejecting the texture hypothesis, attending to the T-E correlation,
as a function of the instrumental noise sensitivity in polarization.
From left to right, the vertical lines indicate the noise level
associated with QUIJOTE, Planck, and WMAP experiments.

do not allow for any significant discrimination between
hypotheses. With Planck, it would be possible to reach
a modest 7% significance level. Finally, the upcoming
QUIJOTE experiment would allow for a 1.4% detection.
However, if the significance of the Cold Spot obtained via
the first non-Gaussianity wavelet analysis (i.e., 1.85%, as
mentioned in Section 4) is also considered, [126] claims that
a joint T and T-E significance detections of 0.025% and
0.12% could be imposed on the texture hypothesis, for the
QUIJOTE and Planck experiments, respectively.

6.2.3. Gravitational Lensing. Besides the lack of polarization
discussed in the previous subsection, the lensing of the CMB
photons would be another foreseen effect caused by the
gravitational field generated by the collapsing texture. This
point was recently addressed by [130]. This work studied
the capabilities of small-scale CMB experiments as ACT to
detect a possible lensing effect occurring at the position of
the Cold Spot, caused by the gravitational field of a texture
placed at z = 6, and with a typical scale of 5◦, associated with
a symmetry-breaking energy scale of ψ0 = 4.5 × 1015 GeV
(i.e., comparable to the parameters determined by [106]).

As for the polarization test, the power of the lensing
analysis to probe the existence of the texture is relatively
modest. For instance, detection is made at the 3σ level after
1000 minutes of integration time. In other words, this test
would require of a dedicated observational campaign.

7. Conclusions

In this paper the author has presented a comprehensive
overview of the Cold Spot. Since its detection in 2003 by

[28], this feature proved to be one of the most intriguing
anomalies found in the WMAP data.

The Cold Spot was detected after performing a non-
Gaussianity test on a cleaned CMB (obtained via a template
fitting of the WMAP difference assemblies at Q-, V-, and
W-bands). The non-Gaussian analysis was performed by
comparing the values obtained for the skewness and the
kurtosis of the SMHW coefficients (at several scales) for
such cleaned CMB map to the distribution expected from
isotropic and Gaussian CMB realizations. This analysis
indicated an excess of the kurtosis at SMHW scales R
of around 300 arcmin. Subsequent analysis of the SMHW
coefficients, based on the area above/below a given threshold,
the Higher Criticism, and the maximum value, agreed in
detecting the non-Gaussian deviation occurring at the same
scales, and confirmed the peculiar role played by the Cold
Spot. Avoiding any possible a posteriori choice of statistics, a
conservative significance detection level of 1.85% was placed
by [76].

The Cold Spot was found to be highly isotropic [82], and
the impact of possible systematics and residual foreground
contamination was discarded [28, 46, 76, 82]. Equivalently,
some secondary anisotropies (potentially responsible for the
Cold Spot emission) as the Sunyaev-Zeldovich and the Rees-
Sciama effects, that, in principle, could be accepted as valid
solutions, were show to be unlikely explanations [82, 95].

A plausible explanation in terms of a cosmic defect
was addressed by [106]. It would imply the presence of a
collapsing cosmic texture at redshift z ≈ 6, with a typical
scale of ≈5◦, corresponding to a symmetry-breaking energy
scale of ψ0 ≈ 9 × 1015. In addition, some follow-up tests
were proposed to confirm or discard the cosmic texture
hypothesis. In particular, one should expect to have more
spots generated by evolving textures in CMB observations
(e.g., ≈7 with scales ϑ � 2◦), a lack of E-mode polarization
is predicted, as compared to the values associated with spots
derived from a Gaussian CMB field; and, finally, a lensing of
the CMB photons is potentially detectable with future small
scale CMB experiments as ACT or SPT.

Summarizing, the study of the Cold Spot has provided a
wealth of information, and the upcoming high-quality CMB
data, as the one expected from Planck, guarantee that still
more knowledge will come from the analysis of this very
interesting feature.
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[87] G. Rossmanith, C. Räth, A. J. Banday, and G. Morfill, “Non-
gaussian signatures in the five-year WMAP data as identified
with isotropic scaling indices,” Monthly Notices of the Royal
Astronomical Society, vol. 399, no. 4, pp. 1921–1933, 2009.

[88] V. G. Gurzadyan, A. E. Allahverdyan, T. Ghahramanyan
et al., “Kolmogorov cosmic microwave background sky,”
Astronomy & Astrophysics, vol. 497, no. 2, pp. 343–346, 2009.

[89] M. Tegmark, A. de Oliveira-Costa, and A. J.S. Hamil-
ton, “High resolution foreground cleaned CMB map from
WMAP,” Physical Review D, vol. 68, no. 12, Article ID 123523,
2003.

[90] J. L. Jonas, E. E. Baart, and G. D. Nicolson, “The
Rhodes/HartRAO 2326-MHz radio continuum survey,”
Monthly Notices of the Royal Astronomical Society, vol. 297,
no. 4, pp. 977–989, 1998.

[91] D. P. Finkbeiner, “A full-sky Hα template for microwave
foreground prediction,” Astrophysical Journal, Supplement
Series, vol. 146, no. 2, pp. 407–415, 2003.

[92] D. P. Finkbeiner, M. Davis, and D. J. Schlegel, “Extrapolation
of galactic dust emission at 100 microns to cosmic microwave
background radiation frequencies using FIRAS,” The Astro-
physical Journal, vol. 524, no. 2, pp. 867–886, 1999.

[93] R. A. Sunyaev and Ya. B. Zeldovich, “Small-scale fluctuations
of relic radiation,” Astrophysics and Space Science, vol. 7, no.
1, pp. 3–19, 1970.

[94] S. Brough, D. A. Forbes, V. A. Kilborn, W. Couch, and M.
Colless, “Eridanus—a supergroup in the local Universe?”
Monthly Notices of the Royal Astronomical Society, vol. 369,
no. 3, pp. 1351–1374, 2006.



20 Advances in Astronomy

[95] M. Cruz, E. Martı́nez-González, P. Vielva, J. M. Diego, M.
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Hobson, “A cosmic microwave background feature consistent
with a cosmic texture,” Science, vol. 318, no. 5856, pp. 1612–
1614, 2007.

[107] N. Turok, “Global texture as the origin of cosmic structure,”
Physical Review Letters, vol. 63, no. 24, pp. 2625–2628, 1989.

[108] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other
Topological Defects, Cambridge University Press, Cambridge,
UK, 2000.

[109] N. Turok and D. Spergel, “Global texture and the microwave
background,” Physical Review Letters, vol. 64, no. 23, pp.
2736–2739, 1990.

[110] A. Silvestri and M. Trodden, “Non-Gaussian signatures from
the postinflationary early Universe,” Physical Review Letters,
vol. 103, no. 25, Article ID 251301, 2009.

[111] N. Bevis, M. Hindmarsh, and M. Kunz, “WMAP constraints
on inflationary models with global defects,” Physical Review
D, vol. 70, no. 4, Article ID 043508, 9 pages, 2004.

[112] J. Urrestilla, N. Bevis, M. Hindmarsh, M. Kunz, and A. R.
Liddle, “Cosmic microwave anisotropies from BPS semilocal
strings,” Journal of Cosmology and Astroparticle Physics, vol.
2008, no. 7, article 010, 2008.

[113] E. Komatsu, K. M. Smith, J. Dunkley et al., “Seven-year
Wilkinson microwave anisotropy probe (WMAP) obser-
vations: cosmological interpretation,” http://arxiv.org/abs/
1001.4538.

[114] U.-L. Pen, D. N. Spergel, and N. Turok, “Cosmic structure
formation and microwave anisotropies from global field
ordering,” Physical Review D, vol. 49, no. 2, pp. 692–729,
1994.

[115] R. Durrer, M. Kunz, and A. Melchiorri, “Cosmic microwave
background anisotropies from scaling seeds: global defect
models,” Physical Review D, vol. 59, no. 12, Article ID 123005,
26 pages, 1999.

[116] P. Mukherjee, D. Parkinson, and A. R. Liddle, “A nested
sampling algorithm for cosmological model selection,” The
Astrophysical Journal, vol. 638, no. 2, pp. L51–L54, 2006.

[117] M. Bridges, J. D. McEwen, A. N. Lasenby, and M. P.
Hobson, “Markov chain Monte Carlo analysis of Bianchi
VIIh models,” Monthly Notices of the Royal Astronomical
Society, vol. 377, no. 4, pp. 1473–1480, 2007.

[118] P. Mukherjee and A. R. Liddle, “Planck and re-ionization
history: a model selection view,” Monthly Notices of the Royal
Astronomical Society, vol. 389, no. 1, pp. 231–236, 2008.

[119] P. Carvalho, G. Rocha, and M. P. Hobson, “A fast Bayesian
approach to discrete object detection in astronomical data
sets—PowellSnakes I,” Monthly Notices of the Royal Astro-
nomical Society, vol. 393, no. 3, pp. 681–702, 2009.

[120] P. Vielva and J. L. Sanz, “Analysis of non-Gaussian cosmic
microwave background maps based on the N-pdf. Appli-
cation to Wilkinson microwave anisotropy probe data,”
Monthly Notices of the Royal Astronomical Society, vol. 397,
no. 2, pp. 837–848, 2009.

[121] H. Jeffreys, Theory of Probability, Oxford University Press,
Oxford, UK, 3rd edition, 1961.

[122] M. Bridges, J. D. McEwen, M. Cruz et al., “Bianchi VIIh
models and the cold spot texture,” Monthly Notices of the
Royal Astronomical Society, vol. 390, no. 4, pp. 1372–1376,
2008.

[123] T. R. Jaffe, A. J. Banday, H. K. Eriksen, K. M. Górski,
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This is a pedagogical review on primordial non-Gaussianities from inflation models. We introduce formalisms and techniques
that are used to compute such quantities. We review different mechanisms which can generate observable large non-Gaussianities
during inflation, and distinctive signatures they leave on the non-Gaussian profiles. They are potentially powerful probes to the
dynamics of inflation. We also provide a nontechnical and qualitative summary of the main results and underlying physics.

1. Introduction

An ambitious goal of modern cosmology is to understand
the origin of our Universe all the way to its very beginning.
To what extent this can be achieved largely depends on what
type of observational data we are able to get. Thanks to many
modern experiments, we are really making progress in this
direction.

One of the representative experiments is the Wilkinson
Microwave Anisotropy Probe (WMAP) satellite [1–6]. It
measures the light coming from the last scattering surface
about 13.7 billions years ago. This cosmic microwave back-
ground (CMB) is emitted at about 379,000 years after the Big
Bang, when electrons and protons combine to form neutral
hydrogen atoms and photons start to travel freely through the
space. Our Universe was very young at that moment and the
large scale fluctuations were still developing at linear level. So
the CMB actually carries valuable information much earlier
than itself, which can potentially tell us about the origin of
the Big Bang.

There are two amazing facts about the CMB temperature
map. On the one hand, it is extremely isotropic, despite the
fact that the causally connected region at the time when CMB
formed spans an angle of only about 0.8 degree on the sky
today. On the other hand, we do observe small fluctuations,
with ΔT/T ∼ 10−5.

The inflationary scenario [7–9] naturally solves the
above two puzzles. It was proposed nearly thirty years ago

to address some of the basic problems of the Big Bang
cosmology, namely, why the universe is so homogeneous and
isotropic. In this scenario, our universe was once dominated
by dark energy and had gone through an accelerated expan-
sion phase, during which a Hubble size patch was stretched
by more than 60 e-folds or so. Inhomogeneities and large
curvature were stretched away by this inflationary epoch,
making our current observable universe very homogenous
and flat. In the mean while, the fields that were responsible
for and participated in this inflationary phase did have
quantum fluctuations. These fluctuations also got stretched
and imprinted at superhorizon scales. Later they reentered
the horizon and seeded the large scale structures today
[10–14].

The inflationary scenario has several generic predictions
on the properties of the density perturbations that seed the
large scale structures.

(i) They are primordial. Namely, they were laid down
at superhorizon scales and entering the horizon after
the Big Bang.

(ii) They are approximately scale-invariant. This is
because, during the 60 e-folds, each mode experi-
ences the similar expansion when they are stretched
across the horizon.

(iii) They are approximately Gaussian. In simplest slow-
roll inflation models, the inflaton is freely propa-
gating in the inflationary background at the leading



2 Advances in Astronomy

order. This is also found to be true in most of the
other models and for different inflationary mech-
anisms. So the tiny primordial fluctuations can be
treated as nearly Gaussian.

The CMB temperature anisotropy is the ideal data that
we can use to test these predictions. The obvious first step
is to analyze their two-point correlation functions, that is,
the power spectrum. All the above predictions are verified
to some extent [1]. The presence of the baryon acoustic
oscillations proves that the density perturbations are indeed
present at the superhorizon scales and reentering the horizon
as the horizon expands after the Big Bang. The spectral index,
ns = 0.963± 0.012, is very close to one, therefore, the density
perturbations are nearly scale invariant. Several generic types
of non-Gaussianities are constrained to be less than one
thousandth of the leading Gaussian component.

But is this enough?
Experimentally, the amplitude and the scale-dependence

of the power spectrum consist of about 1000 numbers for
WMAP. For the Planck satellite, this will be increased up
to about 3000. However, we have about one million pixels
in the WMAP temperature map alone, and 60 millions for
Planck. So the information that we got so far is highly
compressed comparing to what the data could offer in
principle. This high compression is only justified if the
density perturbations are Gaussian within the ultimate
sensitivities of our experiments, so all the properties of the
map is determined by the two-point function. Otherwise, we
are expecting a lot more information in the non-Gaussian
components.

Theoretically, inflation still remains as a paradigm. We
do not know what kind of fields are responsible for the
inflation. We do not know their Lagrangian. We also would
like to distinguish inflation from other alternatives. Being
our very first data on quantum gravity, we would like to
extract the maximum number of information from the CMB
map to understand aspects of the quantum gravity. All these
motivate us to go beyond the power spectrum.

To give an analogy, in particle physics, two-point correla-
tion functions of fields describe freely propagating particles
in Minkowski spacetime. More interesting objects are their
higher-order correlations. Measuring these are the goals
of particle colliders. Similarly, the power spectrum here
describes the freely propagating particles in the inflationary
background. To find out more about their interaction details
and break the degeneracies among models, we need higher-
order correlation functions, namely, non-Gaussianities. So
the role non-Gaussianities play for the very early universe is
similar to the role colliders play for particle physics.

With these motivations in mind, in this paper, we explore
various mechanisms that can generate potentially observable
primordial non-Gaussianities, and are consistent with the
current results of power spectrum. We will not take the
approach of reviewing models one by one. Rather, we divide
them into different categories, such that models in each
category share the same physical aspect which leaves a unique
fingerprint on primordial non-Gaussianities. On the one
hand, if any such non-Gaussianity is observed, we know what

we have learned concretely in terms of fundamental physics.
On the other hand, explicit forms of non-Gaussianities
resulted from this exploration provide important clues
on how they should be searched in data. Even if the
primordial density perturbations were perfectly Gaussian,
to test it, we would still go through these analyses until
various well-motivated non-Gaussian forms are properly
constrained.

1.1. Road Map. The following is the outline of the paper.
For readers who would like to get a quick and qualitative
understanding of the main results instead of technical details,
we also provide a shortcut after the outline.

In Section 2, we review the essential features of the
inflation model and density perturbations.

In Section 3, we review the first-principle in-in formal-
ism and related techniques that will be used to calculate the
correlation functions in time-dependent background.

In Section 4, we compute the scalar three-point function
in the simplest slow-roll model. We list the essential assump-
tions that lead to the conclusion that the non-Gaussianities
in this model is too small to be observed.

In Section 5, we review aspects of inflation model build-
ing, emphasizing various generic problems which suggest
that the realistic model may not be the algebraically simplest.
We also introduce some terminologies used to describe
properties of non-Gaussianities.

Sections 6, 7, and 8 contain the main results of this paper.
We study various mechanisms that can lead to large non-
Gaussianities, and their distinctive predictions in terms of the
non-Gaussian profile.

In Section 9, we give a qualitative summary of the main
results in this paper. Before conclusion, we discuss several
useful relations among different non-Gaussianities.

Here is a road map for readers who wish to have a non-
technical explanation and understanding of our main results.
After reading the short review on the inflation model and
density perturbations in Section 2, one may read the first and
the last paragraph of Section 4 to get an idea of the no-go
statement, and then directly proceed to read Section 5. After
that, one may jump to Section 9 where the main results are
summarized in non-technical terms.

The subject of the primordial non-Gaussianities is a fast-
growing one. There exists many nice reviews and books
in this and closely related subjects. The introductions
to inflation and density perturbations can be found in
many textbooks [15–20] and reviews [21–25]. Inflationary
model buildings in particle physics, supergravity, and string
theory are reviewed in [26–32]. Comprehensive reviews on
the developments of theories and observations of primor-
dial non-Gaussianities up to mid 2004 can be found in
[33, 34]. Recent comprehensive reviews on theoretical and
observational developments on the bispectrum detection in
CMB and large-scale structure has appeared in [35, 36]. A
recent comprehensive review on non-Gaussianities from the
second-order postinflationary evolution of CMB, which acts
as contaminations of the primordial non-Gaussianities, has
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appeared in [37]. A recent review on how primordial non-
Gaussianities can be generated in alternatives to inflation can
be found in [38].

2. Inflation and Density Perturbations

In this section, we give a quick review on basic elements of
inflation and density perturbations. We consider the simplest
slow-roll inflation. The action is

S = MP

2

∫
d4x

√−gR
+
∫
d4x

√−g[−1
2
gμν∂μφ∂νφ −V

(
φ
)]
.

(1)

The first term is the Einstein-Hilbert action. The second
term describes a canonical scalar field coupled to gravity
through the metric gμν. This is the inflaton, which stays on
the potential V(φ) and creates the vacuum energy that drives
the inflation. We first study the zero-mode background
evolution of the spacetime and the inflaton. The background
metric is

ds2 = gμνdx
μdxν = −dt2 + a2(t)dx2, (2)

where a(t) is the scale factor and x is the comoving spatial
coordinates. The equations of motion are

H2 = 1
3M2

P

(
1
2
φ̇2

0 +V

)
, (3)

Ḣ = − φ̇2
0

2M2
P

, (4)

φ̈0 + 3Hφ̇0 +V ′ = 0. (5)

The first equation determines the Hubble parameter H ,
which is the expansion rate of the universe. The second
equation is the continuity condition. The third equation
describes the evolution of the inflaton. Only two of them are
independent.

The requirement of having at least O(60) e-fold of
inflation imposes some important conditions. By definition,
to have this amount of inflation, the Hubble parameter
cannot change much within a Hubble time H−1. This gives
the first condition

ε ≡ − Ḣ

H2
� O(1). (6)

We also require that the parameter ε does not change much
within a Hubble time,

η ≡ ε̇
εH

� O(1). (7)

In principle, η can be close to O(1) but ε kept small. In such
a case, ε grows exponentially with e-folds and the inflation
period tends to be shorter. More importantly, such a case
will not generate a scale-invariant spectrum, as we will see
shortly, thus cannot be responsible for the CMB. The two

conditions (6) and (7) are called the slow-roll conditions.
Using the background equations of motion, we can see that
the slow-roll conditions impose restrictions on the rolling
velocity of the inflaton. The first condition (6) implies that

φ̇2
0

2H2M2
P
= ε� O(1). (8)

So the energy driving the inflation on the right-hand side
of (3) is dominated by the potential. Adding the second
condition (7) further implies that

φ̈0

φ̇0H
= −ε +

η

2
� O(1). (9)

So the first term φ̈0 in (5) is negligible and the evolution
of the zero-mode inflaton is determined by the attractor
solution

3Hφ̇0 +V ′ = 0. (10)

Using (10), the slow-roll conditions can also be written in a
form that restricts the shape of the potential,

εV ≡ M2
P

2

(
V ′

V

)2

� O(1), ηV ≡M2
P
V ′′

V
� O(1).

(11)

They are related to ε and η by

ε = εV , η = −2ηV + 4εV . (12)

So the shape of the potential has to be rather flat relative to its
height. We emphasize that, although in this example several
definitions of the slow-roll conditions are all equivalent, the
definitions (6) and (7) are more general. In other cases that
we will encounter later in this paper, these two conditions are
still necessary to ensure a prolonged inflation and generate a
scale-invariant spectrum, but the others no longer have to be
satisfied. For example, the shape of potential can be steeper,
or the inflationary energy can be dominated by the kinetic
energy.

Now let us study the perturbations. To keep things simple
but main points illustrated, in this section, we will ignore
the perturbations in the gravity sector and only perturb the
inflaton,

φ(x, t) = φ0(t) + δφ(x, t). (13)

We also ignore terms suppressed by the slow-roll parameters,
which we often denote collectively as O(ε). For example, the
mass of the inflaton is V ′′ ∼ O(ε)H2, and will be ignored.
The quadratic Lagrangian for the perturbation theory is
simply

L =
∫
d3x

[
a3

2
δ̇φ2 − a

2

(
∂iδφ

)2

]
, (14)

and the equation of motion follows:

δ̈φ(k, t) + 3Hδ̇φ(k, t) +
k2

a2
δφ(k, t) = 0, (15)



4 Advances in Astronomy

where we have written it in the comoving momentum space,

δφ(k, t) =
∫
d3xδφ(x, t)eik·x. (16)

The solution to the differential equation (15), u(k, t), is called
the mode function. It is not difficult to check that

a3u(k, t)u̇∗(k, t)− c.c. = t-independent const. (17)

To quantize the perturbations according to the canoni-
cal commutation relations between δφ and its conjugate
momentum δπ ≡ ∂L/∂δφ̇,[

δφ(x, t), δπ
(

y, t
)] = iδ

(
x − y

)
,[

δφ(x, t), δφ
(

y, t
)] = 0,

[
δπ(x, t), δπ

(
y, t
)] = 0,

(18)

we decompose

δφ = u(k, t)ak + u∗(−k, t)a†−k, (19)

δπ = a3u̇(k, t)ak + a3u̇∗(−k, t)a†−k, (20)

with the commutation relations[
ap, a†−q

]
= (2π)3δ3(p + q

)
,[

ap, a−q

]
= 0,

[
a†p , a†−q

]
= 0.

(21)

One can check that the commutation relations (18) and (21)
are equivalent because of (17), given that the constant on
the right-hand side of (17) is specified to be i. This gives the
normalization condition for the mode function.

We now write down the mode function explicitly by
solving (15):

u(k, τ) = C+
H√
2k3

(1 + ikτ)e−ikτ + C−
H√
2k3

(1− ikτ)eikτ ,

(22)

where we have used the conformal time τ defined as dt ≡
adτ. The infinite past corresponds to τ → −∞ and the
infinite future τ → 0. We also used the relation τ = −1/Ha+
O(ε). This mode function is a superposition of two linearly
independent solutions with the normalization condition

|C+|2 − |C−|2 = 1 (23)

followed from (17). Consider the limit in which the mode
is well within the horizon, that is, its wavelength a/k much
shorter than the Hubble length 1/H , and consider a time
period much shorter than a Hubble time. In these limits, the
mode effectively feels the Minkowski spacetime, and the first
component in (22) with the positive frequency asymptotes
to the vacuum mode of the Minkowski spacetime as we can
see from (23). We choose this component as our vacuum
choice, and it is usually called the Bunch-Davies state.
The annihilation operator ap annihilates the corresponding
Bunch-Davies vacuum, ap|0〉 = 0.

The mode function

u(k, τ) = H√
2k3

(1 + ikτ)e−ikτ (24)

has the following important properties. It is oscillatory
within the horizon k|τ| � 1. As it gets stretched out of
the horizon k|τ| � 1, the amplitude becomes a constant
and frozen. Physically this means that, if we look at different
comoving patches of the universe that have the superhorizon
size, and ignore the shorter wavelength fluctuations, they
all evolve classically but with different δφ. This difference
makes them arrive at φf , the location of the end of inflation,
at different times. This space-dependent time difference
δt ≈ δφ/φ̇0 leads to the space-dependent inflationary e-fold
difference

ζ ≈ Hδt ≈ H
δφ

φ̇0
. (25)

Again we ignore terms that are suppressed by the slow-roll
parameters. This e-fold difference is the conserved quantity
after the mode exits the horizon, and remains so until the
mode reenters the horizon sometime after the Big Bang. It
is the physical quantity that we can measure, for example,
by measuring the temperature anisotropy in the CMB,
ζ ≈ −5ΔT/T [39]. The information about the primordial
inflation is then encoded in the statistical properties of
this variable. So we would like to calculate the correlation
functions of this quantity. Using (25), (19), (24), and (8), we
get the following two-point function:〈

ζ2〉 ≡ 〈0
∣∣ζ(k1, 0)ζ(k2, 0)

∣∣0
〉 = Pζ

2k3
1

(2π)5δ(k1 + k2),

(26)

where Pζ is defined as the power spectrum and in this case it
is

Pζ = H2

8π2M2
Pε
. (27)

The spectrum index is defined to be

ns − 1 ≡ d lnPζ
d ln k

= −2ε − η, (28)

where the relation d ln k = Hdt is used. If ns = 1, the
spectrum is scale invariant. The current data from CMB tells
us that ns = 0.963 ± 0.012 [1]. So as we have mentioned,
this requires a small η, which is also a value that tends to give
more e-folds of inflation.

If this were the end of story, all the primordial den-
sity perturbations would be determined by this two-point
function and they are Gaussian. The rest of the paper will
be devoted to making the above procedure rigorous and to
the calculations of higher-order non-Gaussian correlation
functions in this and various other models.

3. In-In Formalism and Correlation Functions

In this section, we review the in-in formalism and the related
techniques that are used to calculate the correlation functions
in time-dependent background. The main procedure is
summarized in the last subsection.
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3.1. In-In Formalism. We start with the in-in formalism
[40–45], following Weinberg’s presentation [45].

We are interested in the correlation functions of super-
horizon primordial perturbations generated during infla-
tion. So our goal is to calculate the expectation value of an
operatorQ, which is a product in terms of field perturbations
δφa and δπa, at the end of inflation. The subscript a labels
different fields. In inflation models, these fields are, for
example, the fluctuations of the scalars and metric and their
conjugate momenta. In the Heisenberg picture,

〈Q〉 ≡ 〈Ω|Q(t)|Ω〉, (29)

where t is the end of inflation and |Ω〉 is the vacuum state for
this interacting theory at the far past t0.

We start by looking at how the time-dependence in Q(t)
is generated.

The Hamiltonian of the system

H
[
φ(t),π(t)

] ≡ ∫ d3xH
[
φa(x, t),πa(x, t)

]
(30)

is a functional of the fields φa(x, t) and their conjugate
momenta πa(x, t) at a fixed time t. On the left-hand side of
(30), we have suppressed the variable x and index awhich are
integrated or summed over. The φa(x, t) and πa(x, t) satisfy
the canonical commutation relations[

φa(x, t),πb
(

y, t
)] = iδabδ

3(x − y
)
,[

φa(x, t),φb
(

y, t
)] = [πa(x, t),πb

(
y, t
)] = 0,

(31)

and their evolution is generated byH following the equations
of motion:

φ̇a(x, t) = i
[
H
[
φ(t),π(t)

]
,φa(x, t)

]
,

π̇a(x, t) = i
[
H
[
φ(t),π(t)

]
,πa(x, t)

]
.

(32)

We consider a time-dependent background, φa(x, t) and
πa(x, t) which are c-numbers and commute with everything,
and the perturbations, δφa(x, t) and δπa(x, t),

φa(x, t) ≡ φa(x, t) + δφa(x, t),

πa(x, t) ≡ πa(x, t) + δπa(x, t).
(33)

The background evolution is determined by the classical
equations of motion,

φ̇a(x, t) = ∂H

∂πa
, π̇a(x, t) = −∂H

∂φa
. (34)

The commutation relations (31) become those for the
perturbations,

[
δφa(x, t), δπb

(
y, t
)] = iδabδ

3(x − y
)
,[

δφa(x, t), δφb
(

y, t
)] = [δπa(x, t), δπb

(
y, t
)] = 0.

(35)

We expand the Hamiltonian as

H
[
φ(t),π(t)

] = H
[
φ(t),π(t)

]
+
∑
a

∫
d3x

∂H

∂φa(x, t)
δφa(x, t)

+
∑
a

∫
d3x

∂H

∂πa(x, t)
δπa(x, t)

+ H̃
[
δφ(t), δπ(t); t

]
,

(36)

where we use H̃ to denote terms of quadratic and higher-
orders in perturbations.

Using (34), (35), and (36), the equations of motion (32)
become

δφ̇a(x, t) = i
[
H̃
[
δφ(t), δπ(t); t

]
, δφa(x, t)

]
,

δπ̇a(x, t) = i
[
H̃
[
δφ(t), δπ(t); t

]
, δπa(x, t)

]
.

(37)

So the evolution of the perturbations, δφa and δπa, is
generated by H̃ . It is straightforward to verify that the
solutions for (37) are

δφa(x, t) = U−1(t, t0)δφa(x, t0)U(t, t0),

δπa(x, t) = U−1(t, t0)δπa(x, t0)U(t, t0),
(38)

where U satisfies

d

dt
U(t, t0) = −iH̃[δφ(t0), δπ(t0); t

]
U(t, t0) (39)

with the condition at an initial time t0 being

U(t0, t0) = 1. (40)

To have a systematic scheme to do the perturbation
theory, we split H̃ into two parts,

H̃
[
δφ(t), δπ(t); t

]=H0
[
δφ(t), δπ(t); t

]
+HI

[
δφ(t), δπ(t); t

]
.

(41)

The H0 is the quadratic kinematic part, which in the
perturbation theory will describe the leading evolution of
fields. Fields whose evolution are generated by H0 are called
the interaction picture fields. We add a superscript “I” to label
such fields. They satisfy

δφ̇Ia(x, t) = i
[
H0

[
δφI(t), δπI(t); t

]
, δφIa(x, t)

]
,

δπ̇Ia(x, t) = i
[
H0

[
δφI(t), δπI(t); t

]
, δπIa(x, t)

]
.

(42)

The solutions are

δφIa(x, t) = U−1
0 (t, t0)δφa(x, t0)U0(t, t0),

δπIa(x, t) = U−1
0 (t, t0)δπa(x, t0)U0(t, t0),

(43)

where U0 satisfies

d

dt
U0(t, t0) = −iH0

[
δφ(t0), δπ(t0); t

]
U0(t, t0) (44)
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with

U0(t0, t0) = 1. (45)

So the idea is to encode the leading kinematic evolution
in terms of the interaction picture fields, and calculate the
effects of the interaction through the series expansion in
terms of powers of HI . To do this, we rewrite (29) as〈

Ω
∣∣Q[δφa(x, t), δπa(x, t)

]∣∣Ω〉
= 〈Ω∣∣U−1(t, t0)Q

[
δφa(x, t0), δπa(x, t0)

]
U(t, t0)

∣∣Ω〉
= 〈Ω∣∣F−1(t, t0)U−1

0 (t, t0)Q
[
δφa(x, t0), δπa(x, t0)

]
×U0(t, t0)F(t, t0)|Ω〉

= 〈Ω|F−1(t, t0)Q
[
δφIa(x, t), δπIa(x, t)

]
F(t, t0)|Ω〉,

(46)

where

F(t, t0) ≡ U−1
0 (t, t0)U(t, t0). (47)

Using (39), (44), and (41), we get

d

dt
F(t, t0) = −iU−1

0 (t, t0)HI

[
δφ(t0), δπ(t0); t

]
U0(t, t0)F(t, t0)

= −iHI

[
δφI(t), δπI(t); t

]
F(t, t0)

≡ −iHI(t)F(t, t0),
(48)

with

F(t0, t0) = 1. (49)

The solution to (48) and (49) can be written in the following
way,

F(t, t0) = T exp

(
−i
∫ t
t0
HI(t)dt

)
, (50)

where the operator T means that, in each term in the Taylor
series expansion of the exponential, the time variables have
to be time-ordered. The operator T will be used to mean the
reversed time-ordering.

In summary, the expectation value (29) is

〈Q〉 =
〈
Ω
∣∣∣F−1(t, t0)QI(t)F(t, t0)

∣∣∣Ω〉,

= 〈Ω|
[
T exp

(
i

∫ t
t0
HI(t)dt

)]
QI(t)

×
[
T exp

(
−i
∫ t
t0
HI(t)dt

)]
|Ω〉.

(51)

Notice that in

HI(t) ≡ HI

[
δφI(t), δπI(t); t

]
,

QI(t) ≡ Q
[
δφIa(x, t), δπIa(x, t)

]
,

(52)

all the field perturbations are in the interaction picture.

The perturbation theory is also often done in terms of the
Lagrangian formalism. In the following, we show that they
are equivalent. In the above, we perform perturbations on
the Hamiltonian, and define δπa by perturbing πa ≡ ∂L/∂φ̇a,
(here we use ∂ to denote the functional derivative)

δπa = ∂L

∂φ̇a

(
φa, φ̇a

)
− ∂L

∂φ̇a

(
φa, φ̇a

)
. (53)

The Hamiltonian H̃ is defined by (36). So using the
definition

H ≡
∫
d3x

∂L

∂φ̇a
φ̇a − L, (54)

together with the classical equations of motions (34) and
π̇a = ∂L/∂φa, the definition (36) for H̃ becomes

H̃ =
∫
d3x

∂L

∂φ̇a

(
φa, φ̇a

)
δφ̇a

+
∫
d3x

∂L

∂φa

(
φa, φ̇a

)
δφa − L

(
φa, φ̇a

)
+ L

(
φa, φ̇a

)
.

(55)

If we perturb the Lagrangian directly, we keep the part of the
Lagrangian that is quadratic and higher in perturbations δφa
and δφ̇a,

L̃
(
δφa, δφ̇a, t

)
≡ L

(
φa, φ̇a

)
− L

(
φa, φ̇a

)
−
∫
d3x

∂L

∂φa

(
φa, φ̇a

)
δφa

−
∫
d3x

∂L

∂φ̇a

(
φa, φ̇a

)
δφ̇a.

(56)

The δπa is defined directly as

δπa ≡ ∂L̃

∂
(
δφ̇a

) = ∂L

∂φ̇a

(
φa, φ̇a

)
− ∂L

∂φ̇a

(
φa, φ̇a

)
, (57)

where in the second step (56) has been used. So these two
definitions of δπa are equivalent. The Hamiltonian H̃ is
defined through L̃,

H̃ ≡
∫
d3x

∂L̃

∂δφ̇a
δφ̇a − L̃. (58)

Again, using (56), we can see that the two definitions of H̃
are equivalent.

3.2. Mode Functions and Vacuum. The Hamiltonian H0 in
the above formalism is typically chosen to be the quadratic
kinematic terms for field perturbations δφa without mixing,

H0 =
∫
d3x

∑
a

[
1

2A
δπ2

a +
B

2

(
∂iδφa

)2 +
C

2
δφ2

a

]
. (59)
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So they describe free fields propagating in the time-
dependent background. The A, B, and C are some time-
dependent background fields, and they are all positive. The
solutions to the equations of motion (42) in momentum
space, ua(k, t), are called the mode functions, where k denotes
the comoving momentum. They satisfy the Wronskian
condition

Aua(k, t)u̇∗a (k, t)− c.c. = i, (no sum over a). (60)

Note that we have specified the time-independent constant
on the right-hand side of (60) to be i for the same reason
that we see in Section 2. Namely, we decompose δφIa as

δφIa(k, t) = ua(k, t)aa(k) + u∗a (−k, t)a†a(−k), (61)

where the annihilation and creation operators satisfy the
following relations,[

aa(k), a†b
(−p

)] = (2π)3δabδ
3(k + p

)
,

[
aa(k), ab

(−p
)] = 0,

[
a†a(k), a†b

(−p
)] = 0.

(62)

These commutation relations are equivalent to (35) because
of (60), but the constant needs to be i. This gives the
normalization condition for the mode functions.

Being the solutions of the second-order differential equa-
tion, generally the mode function is a linear superposition
of two independent solutions. So we need to specify the
initial condition. For inflation models, as long as the field
theory applies, one can always find an early time at which
the physical momentum of the mode is much larger than
the Hubble parameter and study a time interval much less
than a Hubble time. Under these conditions, the equations of
motion approach to those in the Minkowski limit, in which
the mode function is a linear superposition of two indepen-
dent plane waves, one with positive frequency and another
negative. The ground state in the Minkowski spacetime is
the positive one. The mode function which approaches this
positive frequency state in the Minkowski limit is called
the Bunch-Davies state. In physical coordinates, this limit
is proportional to e−ikpht , (for kph � m), where kph is
the physical momentum. In terms of the conformal time
τ ≡ ∫

dt/a(t) and the comoving momentum coordinate
k ≡ kph/a(t) which we often use, this limit is proportional
to e−ikτ . We have seen an example in Section 2 and will see
more similar examples later with different A, B and C. The
corresponding vacuum |0〉 is the Bunch-Davies vacuum and
annihilated by aa(k) defined in (61), aa(k)|0〉 = 0.

We also would like to write the vacuum of the interacting
theory (51) in terms of the vacuum of the free theory |0〉
defined above. Unlike the scattering theory where the vac-
uum of the free theory is generally different from the vacuum
of the interaction theory, the process that we are studying
here do not generate any nontrivial vacuum fluctuations
through interactions. This is a direct consequence of the
identity

F−1F = 1. (63)

Figure 1: An example of Feynman diagram.

So we can replace |Ω〉 in (51) with the Bunch-Davies vacuum
|0〉 that we have specified above.

The integrand HI(t) in (50) is highly oscillatory in the
infinite past due to the behavior of the mode function
∝ e−ikτ . Their contribution to the integral is averaged
out. For the Bunch-Davies vacuum, this regulation can
be achieved by introducing a small tilt to the integration
contour τ0 → −∞(1 + iε) or performing a Wick rotation
τ → iτ. The imaginary component turns the oscillatory
behavior into exponentially decay, making the integral well
defined.

3.3. Contractions. When evaluating (51), one encounters
(anti)time-ordered integrals, of which the integrands are
products of fields, such as δφIa and δπIa, or δφIa and δφ̇Ia,
sandwiched between the vacua. In contrast to the Minkowski
space, in the inflationary background, we do not have a
simple analogous Feynman propagator which takes care
of the time ordering. Therefore, we will just evaluate the
integrands, but leave the complication of the time ordering
to the final integration.

To evaluate the integrand, one can shift around the
orders of fields in that product, following the rules of the
commutation relations. A contraction is defined to be a
nonzero commutator between the following components of
two fields, [δφ+

a , δφ−b ], where δφ+
a and δφ−b denote the first

and second term on the right-hand side of (61), respec-
tively. After normal ordering, namely moving annihilation
operators to the right-most and creation operators to the
left-most so that they give zeros hitting the vacuum, it is
not difficult to convince oneself that the only terms left
are those with all fields contracted. Feynman diagrams can
be used to keep track of what kind of contractions are
necessary.

In the following, we demonstrate this using a simple
example. We consider a field δφI and quantize it as usual,

δφI(k, t) ≡ δφ+ + δφ−

= u(k, t)ak + u∗(−k, t)a†−k.
(64)

So a contraction between the two terms, δφ(k, t′) on the left
and δφ(p, t′′) on the right, is defined to be
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[
δφ+(k, t′), δφ−

(
p, t′′

)]=u(k, t′)u∗
(−p, t′′

)
(2π)3δ3(k + p

)
.

(65)

For example, we want to compute a contribution to the four-
point function 〈δφ4〉 from a tree-diagram containing two
three-point interactions of the following form:

HI ∝
∫ 3∏

i=1

dpiδφ̇I
(

p1, t
)
δφ̇I

(
p2, t

)
δφ̇I

(
p3, t

)
. (66)

These two HIs come from expanding F−1 or F in (51). The
corresponding Feynman diagram is Figure 1.

In Figure 1, the two cubic vertices each represent the
three-point interaction (66). Each line represents a contrac-
tion. The four outgoing legs connect to the four δφ(pi, t) (i =
1, 2, 3, 4) in 〈δφ4〉. The following is a term from the
perturbative series expansion of (51). We demonstrate in the
following one set of contractions represented by the diagram
in Figure 1,

δφ̇I
(

p1, t′
)
δφ̇I

(
p2, t′

)
δφ̇I

(
p3, t′

)
δφI (k1, t) δφI (k2, t) δφI (k3, t) δφI (k4, t) δφ̇I

(
q1, t′′

)
δφ̇I

(
q2, t′′

)
δφ̇I

(
q3, t′′

)
=
[
δφ̇+ (p1, t′

)
, δφ− (k1, t)

] [
δφ̇+ (p2, t′

)
, δφ− (k2, t)

] [
δφ+ (k3, t) , δφ̇−

(
q1, t′′

)] [
δφ+ (k4, t) , δφ̇−

(
q2, t′′

)]
×
[
δφ̇+ (p3, t′

)
, δφ̇−

(
q3, t′′

)]
.

(67)

Note that all terms are contracted. The result can be
further evaluated using (65). After integration over momenta
indicated in (66), the final momentum conservation will
always manifest itself as (2π)3∑

i(ki). There are other sets of
contractions represented by the same diagram for the same
term. Namely, there are three ways of picking two of the
three pis (qis), so we have a symmetry factor 9; also, there
are 24 permutations of the four kis. We need to sum over
all these possibilities. We also need to sum over all possible
terms containing two HIs in the perturbative series, which
are not listed here, with their corresponding time ordered
integral structure.

3.4. Three Forms. Now we deal with the time ordered
integrals in the series expansion. There are two ways to
expand (51).

In the first form, we simply expand the exponential in
(50). For example, for an even n, the nth order term is

in(−1)n/2
∫ t
t0
dt1

∫ t1
t0
dt2 · · ·

∫ tn/2−1

t0
dtn/2

×
∫ t
t0
dt1

∫ t1
t0
dt2 · · ·

∫ tn/2−1

t0
dtn/2

× 〈HI

(
tn/2

) · · ·HI

(
t1
)
QI(t)HI(t1) · · ·HI(tn/2)〉

+ 2 Re
n/2∑
m=1

in(−1)m+n/2
∫ t
t0
dt1

∫ t1
t0
dt2 · · ·

∫ tn/2−1−m

t0
dtn/2−m

×
∫ t
t0
dt1

∫ t1
t0
dt2 · · ·

∫ tn/2−1+m

t0
dtn/2+m

× 〈HI

(
tn/2−m

) · · ·HI

(
t1
)
QI(t)HI(t1) · · ·HI(tn/2+m)〉.

(68)

Each term in the above summation contains two factors
of multiple integrals, one from F−1 and another from F.
Each multiple integral is time ordered or antitime-ordered,
but there is no time ordering between the two. We call this
representation the factorized form.

In the second form, we rearrange the factorized form
so that all the time variables are time-ordered, and all the
integrands are under a unique integral. The nth order term
in this form is [45]

in
∫ t
t0
dt1

∫ t1
t0
dt2 · · ·

∫ tn−1

t0
dtn

× 〈[HI(tn), [HI(tn−1), . . . , [HI(t1),QI(t)] · · · ]]〉.
(69)

We call this representation the commutator form.
Each representation has its computational advantages

and disadvantages.
The factorized form is most convenient to achieve the

UV (ti → t0) convergence. As mentioned, after we tilt or
rotate the integration contour into the positive imaginary
plane for the left integral, and negative imaginary plane
for the right integral, all the oscillatory behavior in the
UV becomes well-behaved exponential decay. However, this
form is not always convenient to deal with the IR (ti →
t) behavior. For cases where the correlation functions have
some nontrivial evolution after modes exit the horizon, as
typically happens for inflation models with multiple fields,
the convergence in the IR is slow. Cancellation of spurious
leading contributions from different terms in the sum (68)
can be very implicit in this representation, and could easily
lead to wrong leading order results in analytical estimation
or numerical evaluation.

The commutator form is most convenient to get the
correct leading order behavior in the IR. The mutual can-
cellation between different terms are made explicit in terms
of the nested commutators, before the multiple integral is
performed. However, such a regrouping of integrands makes
the UV convergence very implicit. Recall that the contour
deformation is made to damp the oscillatory behavior in the
infinite past. In the commutator form, for any individual
term in the integrand, we can still generically choose a unique
convergence direction in terms of contour deformation.
Although the directions are different for different terms, they
can be separately chosen for each of them. But now the prob-
lem is, if these different terms have to be grouped as in the
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nested commutator so that the IR cancellation is explicit, the
two directions get mixed. Hence, the explicit IR cancellation
is incompatible with the explicit UV convergence in this case.

To take advantage of both forms, we introduce a cutoff tc
and write the IR part of the in-in formalism in terms of the
commutator form and the UV part in terms of the factorized
form [46],

n∑
i=1

∫ t
tc
dt1 · · ·

∫ ti−1

tc
dti {commutator form}

×
∫ tc
−∞

dti+1 · · ·
∫ tn−1

−∞
dtn {factorized form}.

(70)

This representation is called the mixed form. This form
is particularly efficient in numerical computations when
combined with the Wick-rotations in the UV.

We will not always encounter all these subtleties in every
model, but there does exist such interesting examples, as we
will see in Section 7.1.

3.5. Summary. To end this section, we summarize the
procedure that we need to go through to calculate the
correlation functions in the in-in formalism.

Starting with the Lagrangian L[φ(t), φ̇(t)], we perturb it

around the homogenous solutions φa and φ̇a of the classical
equations of motion,

φa(x, t) = φa(t) + δφa(x, t),

φ̇a(x, t) = φ̇a(t) + δφ̇a(x, t).
(71)

Keep the part of the Lagrangian that is quadratic and
higher in perturbations and denote it as L̃. Define the
conjugate momentum densities as δπa = ∂L̃/∂(δφ̇a). We can
also equivalently expand the Hamiltonian H[φ(t),π(t)] by
perturbing φa(x, t) and πa(x, t).

Work out the Hamiltonian in terms of δφa and δπa, and
separate them into the quadratic kinematic part H0, which
describes the free fields in the time-dependent background,
and the interaction part HI . Relabel δφas and δπas in the
Hamiltonian density as the interaction picture fields, δφIas
and δπIas. These latter variables satisfy the equations of
motion followed from the H0. We quantize δφIa and δπIa
in terms of the annihilation and creation operators as in
(61) and (62). The mode functions ua(k, t) are solutions of
the equations of motion from H0, normalized according to
the Wronskian conditions (60) and specified by an initial
condition such as the Bunch-Davies vacuum. The correlation
function for Q(t) is given by

〈Q(t)〉 ≡ 〈0|
[
T exp

(
i

∫ t
t0
HI(t)dt

)]
QI(t)

×
[
T exp

(
−i
∫ t
t0
HI(t)dt

)]
|0〉,

(72)

where Q(t) is a product in terms of δφIa(x, t) and δπI(x, t). If
we want to work with δφIa and δφ̇Ia instead of δφIa and δπIa, we
replace δπIa with δφ̇Ia using the relation δφ̇Ia = ∂H0/∂(δπIa).

Choose appropriate forms in Section 3.4 and series-
expand the integrand in powers of HI to the desired orders.
Perform contractions defined in Section 3.3 for each term
in this expansion. Each term gives a nonzero contribution
only when all fields are contracted. Draw Feynman diagrams
that represent the correlation functions, and use them as a
guidance to do contractions. Finally sum over all possible
contractions and perform the time-ordered integrations.

4. A No-Go Theorem

Simplest inflation models generate negligible amount of
non-Gaussianities that are well below our current experi-
mental abilities [47, 48]. By simplest, we mean

(i) single scalar field inflation

(ii) with canonical kinetic term

(iii) always slow-rolls

(iv) in Bunch-Davies vacuum

(v) in Einstein gravity.

This list is extracted based on Maldacena’s computation of
three-point functions in an explicit slow-roll model [47]. We
now review this proof. The notations here follow [49, 50] and
will be consistently used later in this paper.

The Lagrangian for the single scalar field inflation with
canonical kinetic term is the following:

S =
∫
d4x

√−g[MP

2
R + X −V(φ)], (73)

where φ is the inflaton field, X = −(1/2)gμν∂μφ∂νφ is the
canonical kinetic term and V is the slow-roll potential. The
first term is the Einstein gravity and MP = (8πG)−1/2 is
the reduced Planck mass. For convenience we will set the
reduced Planck mass MP = 1. The signature of the metric
is (−1, 1, 1, 1).

The inflaton starts near the top of the potential and
slowly rolls down. As we have reviewed in Section 2, to ensure
that the inflation lasts for at least O(60) e-folds, the potential
is required to be flat so that the slow-roll parameters (11)
are both much less than one most of the time. The energy
of the universe is dominated by the potential energy, and the
inflaton follows the slow-roll attractor solution (10). Also as
discussed in Section 2, we will use the following more general
slow-roll parameters:

ε = − Ḣ

H2
, η = ε̇

εH
. (74)

To study the perturbation theory, it is convenient to use
the ADM formalism, in which the metric takes the form

ds2 = −N2dt2 + hi j
(
dxi +Nidt

)(
dx j +N jdt

)
. (75)

The action becomes

S = 1
2

∫
dt dx3

√
hN
(
R(3) + 2X − 2V

)
+

1
2

∫
dt dx3

√
hN−1

(
Ei jE

i j − E2
)

,

(76)
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where the index of Ni can be lowered by the 3D metric hi j
and R(3) is the 3D Ricci scalar constructed from hi j . The
definitions of Ei j and E are

Ei j = 1
2

(
ḣi j −∇iNj −∇ jNi

)
,

E = Ei jh
i j .

(77)

In the ADM formalism, the variables N and Ni are
Lagrangian multipliers whose equations of motion are easy
to solve. In single field inflation, we have only one physical
scalar perturbation [51]. We choose the uniform inflaton
gauge (also called the comoving gauge) in which the scalar
perturbation ζ appears in the three dimensional metric hi j in
the following form:

hi j = a2e2ζδi j , (78)

and the inflaton fluctuation δφ vanishes. The a(t) is the
homogeneous scale factor of the universe, so ζ is a space-
dependent rescaling factor. In this paper we do not consider
the tensor perturbations.

We plug (75) and (78) into the action (76) and solve the
constraint equations for the Lagrangian multipliers N and
Ni. We then plug them back to the action and expand up
to the cubic order in ζ in order to calculate the three-point
functions. To do this, in the ADM formalism, it is enough
to solve N and Ni to the first-order in ζ . This is because
their third-order perturbations will multiply the zeroth
order constraint equation which vanishes, and their second-
order perturbations will multiply the first-order constraint
equation which again vanishes. After some lengthy algebra,
we obtain the following expansions:

S2 =
∫
dt d3x

[
a3εζ̇2 − aε(∂ζ)2

]
, (79)

S3 =
∫
dt d3x

[
a3ε2ζζ̇2 + aε2ζ(∂ζ)2 − 2aεζ̇(∂ζ)

(
∂χ
)

+
a3ε
2
η̇ζ2ζ̇ +

ε
2a

(∂ζ)
(
∂χ
)
∂2χ

+
ε
4a

(
∂2ζ

)(
∂χ
)2

+ f (ζ)
δL

δζ

∣∣∣∣∣
1

]
,

(80)

where

χ = a2ε∂−2ζ̇ , (81)

δL

δζ

∣∣∣∣∣
1

= 2a

(
d∂2χ

dt
+H∂2χ − ε∂2ζ

)
, (82)

f (ζ) = η

4
ζ2 + terms with derivatives on ζ. (83)

Here ∂−2 is the inverse Laplacian and δL/δζ|1 is the variation
of the quadratic action with respect to the perturbation ζ .
We now can follow Section 3 and proceed to calculate the
correlation functions. For simplicity, we will always neglect
the superscript “I” on various interaction picture fields.

We restrict to the case where the slow-roll parameters are
always small and featureless. We first look at the quadratic
action. In this case, we can analytically solve the equation
of motion followed from (79) in terms of the Fourier mode
of ζ ,

uk =
∫
d3xζ(t, x)e−ik·x, (84)

and get the mode function

uk = u(k, τ) = iH√
4εk3

(1 + ikτ)e−ikτ , (85)

where τ ≡ ∫ dt/a ≈ −(aH)−1 is the conformal time. The nor-
malization is determined by the Wronskian condition (60).
We have chosen the Bunch-Davies vacuum by imposing the
condition that the mode function approaches the vacuum
state of the Minkowski spacetime in the short wavelength
limit k/a� 1/H ,

uk −→ − Hτ√
4εk

e−ikτ . (86)

The dynamical behavior of ζ that has been explained around
(24) and (25) is made precise here. In particular, ζ is exactly
massless without dropping any O(ε) suppressed terms. In
addition, from (78), we can see that, for superhorizon modes,
the only effect of ζ is to provide a homogeneous spatial
rescaling. And ζ is the only scalar perturbation. So the fact
that ζ is frozen after horizon exit will not be changed by
higher-order terms.

If we choose the spatially flat gauge, we make ζ disappear
and the scalar in this perturbation theory becomes the
perturbation of φ. The relation between ζ and δφ in (25)
(with O(ε) corrections) is thus a gauge transformation
through a space-dependent time shift.

We quantize the field as

ζ(k, τ) = ukak + u∗k a
†
−k, (87)

with the canonical commutation relation [ak, a†k′] =
(2π)3δ3(k − k′). We can easily compute the two-point
function at the tree level,

〈
ζ(k1)ζ(k2)

〉 = Pζ

2k3
1

(2π)5δ3(k1 + k2), (88)

where

Pζ = H2

8π2ε
. (89)

Since ζ remains constant after it exits the horizon, the H and
ε are both evaluated near the horizon exit.

We next look at the cubic action. For single field models,
HI ,3 = −L3. Keeping in mind that χ is proportional to ε, one
can see that the first line of (80) is proportional to ε2. For the
featureless potential, η̇ = O(ε2), where ε collectively denotes
either ε or η. So the second line of (80) is proportional
to ε3, and negligible. The third line can be absorbed by a
field redefinition ζ → ζn + f (ζn). The only term in f (ζn)
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that will contribute to the correlation function is written out
explicitly in (83). All the others involve derivatives of ζ so
vanish outside the horizon. Thus this redefinition eventually
introduces an extra term,〈
ζ(k1)ζ(k2)ζ(k3)

〉
= 〈ζn(k1)ζn(k2)ζn(k3)

〉
+
η

4

(〈
ζ2
n(k1)ζn(k2)ζn(k3)

〉
+ 2 perm.

)
+ O

(
η2
(
P
ζ
k

)3
)
.

(90)

According to (72), we expand the exponential to the first-
order in HI ,3 to get the leading result

〈
ζ3
n

〉 = −i〈0|∣∣∣∣∣
∫ t
t0
dt
[
ζn(k1)ζn(k2)ζn(k3),HI ,3

]∣∣∣∣∣|0〉. (91)

To estimate the order of magnitude of the bispectrum,
we only need to keep track of the factors of H and ε. For
example, from the first term in (80), we have

∫
dtH3(t) ⊃

− ∫ dx3dτa2ε2ζζ ′2, where we used the conformal time τ and
the prime denotes the derivative to τ. Using a ∝ H−1, ζ ∝
ζ ′ ∝ H/

√
ε, we see that this three-point vertex contributes

∝ H
√
ε. Together with the three external legs ζ3 and the

definition Pζ ∝ H2/ε, we get

〈
ζ3〉 = −i∫ dt〈[ζ3,HI ,3(t)

]〉∝ H4

ε
∝ O(ε)P2

ζ . (92)

Similar results can be obtained for the other two terms
in the first line of (80). As we will define more carefully
later, the size of the three-point function is conventionally
characterized by the number fNL, which is defined as 〈ζ3〉 ∼
fNLP

2
ζ . So the contribution from the first line of (80) is

fNL = O(ε). The extra term due to the redefinition (90)
contributes fNL = O(η). This completes the order-of-
magnitude estimate. To get the full non-Gaussian profile, we
need to compute the integrals explicitly and get〈

ζ(k1)ζ(k2)ζ(k3)
〉 = (2π)7δ3(k1 + k2 + k3)P2

ζ

1∏
ik

2
i

S,

(93)

where

S = ε
8

[
−
(
k2

1

k2k3
+ 2 perm.

)
+
(
k1

k2
+ 5 perm.

)

+
8
K

(
k1k2

k3
+ 2 perm.

)]
+
η

8

(
k2

1

k2k3
+ 2 perm.

)
,

(94)

where K = k1 + k2 + k3 and the permutations stand for those
among k1, k2, and k3.

The slow-roll parameters are of order O(0.01), so fNL ∼
O(0.01) for these models. Even if we start with Gaussian
primordial perturbations, nonlinear effects in CMB evolu-
tion will generate fNL ∼ O(1) [37], and a similar number
for large scale structures due to the nonlinear gravitational
evolution or the galaxy bias [35]. It seems unlikely that we
can disentangle all these contaminations and detect such
small primordial non-Gaussianities in the near future.

5. Beyond the No-Go

5.1. Inflation Model Building. The following are two exam-
ples of slow-roll potentials in the simplest inflation models
that we studied in Section 4:

Vsmall = V0 − 1
2
m2φ2, (95)

Vlarge = 1
2
m2φ2. (96)

The first type (95) belongs to the small field inflation models.
The slow-roll conditions (11) require the potential to be flat
enough relative to its height, that is, the mass of the inflaton
should satisfy m � H . The second type (96) belongs to the
large field inflation models. The potential also needs to be flat
relative to its height, but here one achieves this by making
the field range φ very large, typically φ � MP. The other
conditions that we listed in Section 4 should also be satisfied
by these models. These are the classic examples, which
exhibit algebraic simplicities and illustrate many essential
features of inflation.

However, when it comes to the more realistic model
building in a UV complete setup, such as in supergravity
and string theory, situations get much more complicated.
For example, it is natural that we encounter multiple light
and heavy fields, and the potentials for them form a complex
landscape. These multiple fields live in an internal space,
whose structure can be very sophisticated. In string theory,
some of them manifest themselves as extra dimensions
and can have intricate geometry and warping. All these
elements have to coexist with the inflationary background
that introduces profound back-reactions.

Even with varieties of model building ingredients, it
has been proven to be very subtle to construct an explicit
and self-consistent inflation model. Indeed various problems
have been noticed over the years in the course of the inflation
model building. For example, consider the following prob-
lems.

(i) The η-Problem for Slow-Roll Inflation [52]. As we have
seen, in order to have slow-roll inflation [8, 9], the mass of
the inflaton field has to be light enough,m� H , to maintain
a flat potential. However, in the inflationary background, the
natural mass of a light particle is of order H . This can be
seen in many ways, and in some ideal situations they are
equivalent to each other. For example, one way to see this
is to consider the coupling between the Ricci scalar and the
inflaton, ∼ Rφ2. In the inflationary background R ∼ H2.
Unless we have good reasons to set the coefficient of this
term to be much less than one, it will give inflaton a mass
of order H , spoiling the inflation. Another way to see this is
to note that the effective potential in supergravity takes the
form V = V0 exp(K/M2

P)×other terms. Here schematically
K ∼ φ2 + · · · is the Kahler potential and its dependence on
φ is normalized as such to give the canonical kinetic term
for φ. So the first term in the expansion of V is of order
V0φ2/M2

P ∼ H2φ2 and model independent. Therefore, either
symmetry needs to be imposed or other tuning contributions
introduced to solve this η-problem.
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(ii) The h-Problem for DBI Inflation [53]. DBI inflation [54]
is invented to generate inflation by a different mechanism.
It makes use of the warped space in the internal field space
[55, 56]. These warped space impose speed limits for the
scalar field, so even if the potential is steep, the inflaton is not
allowed to roll down the potential very quickly. A canonical
example of warped space is

ds2 = h(r)2
(
−dt2 + a(t)2dx2

)
+ h(r)−2dr2, (97)

where r is the extra dimension (or internal space), h(r) = r/R
is the warp factor, and R is the length scale of the warped
space. The position of a 3 + 1 dimensional brane in the r-
coordinate is the inflaton. So the inflaton velocity is limited
by the speed limit in the r-direction, h2. In order to provide
a speed limit that is small enough for inflation, the warp
factor has to be small enough, h� HR. However one of the
Einstein equations with the metric (97) takes the following
form (

dh

dr

)2

−H2h−2 = 1
R2

+ other source terms, (98)

where the second term on the left-hand side is due to the
back-reaction of the inflationary spacetime. It is easy to see
that the naive h = r/R should be modified for h < HR,
precisely where the inflation is supposed to happen. Without
contributions from other source terms, such a deformed
geometry closes up too quickly and leads to an unacceptable
probe-brane back-reaction if we demand the inflaton still
follow the speed limit. Therefore, either symmetry, or tuning
using other source terms from the right-hand side of (98),
is necessary to solve this h-problem. The η-problem and h-
problem are closely related in an AdS/CFT setup.

(iii) The Field Range Bound [57, 58]. Large field inflation
models require the field range to be much larger than
MP. In supergravity and string theory, starting from a ten-
dimensional theory with 10-dim Planck massM10, the 4-dim
Planck mass MP is obtained by integrating out the six extra
dimensions,

M8
(10)

∫
d6yd4x

√
−G(10)R(10) ⊃M8

(10)V(6)

×
∫
d4x

√−g(4)R(4) ≡M2
P

∫
d4x

√−g(4)R(4),

(99)

where we use L and V(6) ∼ L6 to denote the size and
volume of the extra dimensions, respectively. The field range
Δφ often appears as the distance in the extra dimensions,
Δφ ∼ ΔL·M2

(10), with the factorM2
(10) being the proportional

coefficient. Clearly, ΔL � L. If the field range manifests itself
within a warped throat with a length scale R, we still require
R < L, and so ΔL � L. Together with MP =M4

(10)L
3, we get

Δφ � MP(
M(10)L

)2 . (100)

We further note that the microscopic length scale L has to be
much larger than the 10-dim Planck lengthM−1

(10) for the field

theory to make sense. So M(10)L� 1, and the field range Δφ
in these models is generically sub-Planckian. For example,
for a warped throat with charge N , (M(10)L)2 � (M(10)R)2 ∼
N1/2, we have

Δφ � MP√
N
. (101)

We have ignored a detailed numerical coefficient appearing
on the right-hand side of (101), which is model dependent.
For example, considering the volume V(6) to be the sum of
the throat and a generic bulk volume, it is O(0.01) [57];
considering an extreme case where the throat does not attach
to a bulk, it is O(1) [58]. Notice that, due to the dependence
of MP on the volume V(6), increasing the volume only makes
the bound tighter.

(iv) The Variation of Potential [59]. Even in cases where there
is no fundamental restriction on the excursion of fields, one
encounters problems constructing the large field inflationary
potential. Large field potentials that arise from a fundamental
theory take the following general from:

V
(
φ
) = ∞∑

n=0

λnm
4−n
fundφ

n, (102)

where mfund represents typical scales in the theory. For field
theory descriptions to hold, such scales are much less than
MP. For example, mfund can be the higher dimensional
Planck mass, string mass, or their warped scales. The λns
are dimensionless couplings of order O(1). Unless some
symmetries are present to forbid an infinite number of terms
in (102), or a high degree of fine-tuning is assumed, the
shape of potential (102) varies over a scale of order mfund �
MP. This variation is too dramatic for the potential to be a
successful large field slow-roll potential.

None of the arguments in the above list is meant to show
that the specific type of inflation is impossible. In fact, these
have been the driving forces for the ingenuity and creativity
in the field of inflation model building. This list is used to
demonstrate some typical examples of complexities in reality.
Often times, solving one problem will be companied by other
structures that make the model step beyond the simplest one.
So we may want to keep an open mind that the algebraic
simplicity may not mean the simplicity in Nature.

Following is a partial list of possibilities that allow us to
go beyond the no-go theorem in Section 4.

(i) Instead of single field inflation, we can consider qua-
sisingle field or multifield inflation models (Sections
7 and 8).

(ii) Instead of canonical kinetic terms, there are models
where the higher derivative kinetic terms dominate
the dynamics (Section 6.1).

(iii) Instead of following the attractor solution such as
the slow-roll precisely, features can be present in the
potentials or internal space, that temporarily break
the attractor solution, or cause small but persistent
perturbations on the background evolution (Sections
6.2 and 6.3).
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(iv) Instead of staying in the Bunch-Davies vacuum, other
excitations can exist due to, for example, boundary
conditions or low scales of new physics (Section 6.4).

(v) Although strong constraints, from experimental
results and theoretical consistencies, exist on non-
Einstein gravities, early universe may provide an
opportunity for their appearance. We use this cat-
egory to include a variety of possibilities, such as
modified gravities, noncommutativity, nonlocality
and models beyond field theories.

There are also strong motivations from data analyses
for us to search and study different large non-Gaussianities.
The signal-to-noise ratio in the CMB data is not large
enough for us to detect primordial non-Gaussianities model-
independently. A well-established method is to start with
a theoretical non-Gaussian ansatz, and construct optimal
estimators that compare theory and data by taking into
accounts all momenta configurations. This then gives con-
straints on the parameters characterizing the theoretical
ansatz. Therefore, the following two important possibilities
exist. First, the primordial non-Gaussianities exist in data
could be missed if we did not start with a right theoretical
ansatz. Second, even if a non-Gaussian signal was detected
with one ansatz, it does not mean that we have found
the right one. So different well-motivated non-Gaussian
templates are needed for clues on how corresponding data
analyses should be formed. From a different perspective, even
if the primordial density perturbations were Gaussian, we
would still do the similar amount of work and reach the
conclusion after various well-motivated non-Gaussian forms
are properly constrained.

5.2. Shape and Running of Bispectra. In this paper, we will
be mainly interested in the three-point correlation functions
of the scalar primordial perturbation ζ . They are also called
the bispectra. In this subsection, we introduce some simple
terminologies that we often encounter in studies of bispectra.

The three-point function is a function of three momenta,
k1, k2, and k3, which form a triangle due to the translational
invariance. Assuming also the rotational invariance, we are
left with three variables, which are their amplitudes, k1, k2,
and k3, satisfying the triangle inequalities. The information
is encoded in a function S(k1, k2, k3) that we define as

〈ζ3〉 ≡ S(k1, k2, k3)
1

(k1k2k3)2 P̃
2
ζ (2π)7δ3

⎛⎝ 3∑
i=1

ki

⎞⎠, (103)

where P̃ζ is the fiducial power spectrum, and we fix it to be
a constant P̃ζ ≡ Pζ(kwmap) = 6.1 × 10−9, where kwmap =
0.027 Mpc−1. We have chosen the above definition so that it
can be uniformly applied to different types of bispectra that
we will encounter in this paper. In the literature, different
notations have been used. The differences are simple and
harmless. For example, different functions such as A =
k1k2k3S or F = S/(k1k2k3)2 are sometimes defined. We
choose S since it is dimensionless and, for scale-invariant
bispectra, it is invariant under a rescaling of all momenta.

This quantity is the combination that is used to plot the
profiles of bispectra in the literature any way, despite of
different conventions. Also, the precise power spectrum Pζ
instead of P̃ζ is often used in the definition (103). Here,
we absorb the momentum dependence of Pζ in S. This is
because the three-point function is an independent statistic
relative to the two-point. In cases where both the power
spectrum and bispectrum have strong scale dependence, it
is not convenient if they are defined in an entangled way.

Under different circumstances, different properties of S
are emphasized. The conventions involved may not always
be precisely consistent with each other, since they are chosen
to best describe the case at hand. Following are some typical
examples.

The dependence of S on k1, k2, and k3 is usually split into
two kinds.

One is called the shape of the bispectrum. This refers to
the dependence of S on the momenta ratio k2/k1 and k3/k1,
while fixing the overall momentum scale K = k1 + k2 +
k3. Several special momentum configurations are shown in
Figure 2.

Another is called the running of the bispectrum. This
refers to the dependence of S on the overall momentum scale
K = k1 + k2 + k3, while fixing the ratio k2/k1 and k3/k1.

For bispectra that are approximately scale invariant,
the shape is a more important property [50, 60]. We will
encounter such cases in Sections 6.1, 7.1, and 8.1. The
amplitude, also called the size, of the bispectra is often
denoted as fNL by matching

S(k1, k2, k3)
k1=k2=k3−−−−−→

limit

9
10

fNL. (104)

In this case, fNL is approximately a constant but can also have
a mild running, that is, a weak dependence on the overall
momentum K [61, 62]. An index nNG − 1 ≡ d ln fNL/d ln k
is introduced to describe this scale dependence. The power
spectrum also has a mild running, Pζ = (k/k0)ns−1P̃ζ .
In this paper, when we give explicit forms of S in the
approximately scale-invariant cases, for simplicity, we mostly
ignore these mild scale dependence and concentrate on
shapes. Shapes of bispectra have been given names according
to the overall dependence of S on momenta. For example, for
the equilateral bispectrum, S peaks at the equilateral triangle
limit and vanishes as ∼k3/k1 in the squeezed triangle limit
(k3 � k1 = k2). The local bispectrum peaks at the squeezed
triangle limit in the form ∼ (k3/k1)−1, such as the two shape
components in (94). To visualize the shapes, we often draw
3D plots S(1, x2, x3), where x2 and x3 vary from 0 to 1 and
satisfy the triangle inequality x2 + x3 ≥ 1.

There are also cases where the running becomes the
most important property, while the shape is relatively less
important [63, 64]. In such cases, the bispectra are mostly
functions of K . So fNL defined in (104) has strong scale
dependence. Instead, one can choose a constant fNL to
describe the overall running amplitude. We will encounter
such cases in Sections 6.2 and 6.3. In these cases, the shape
plot S(1, x2, x3) may look nontrivial but this is because it does
not fix K .
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(a) (b) (c)

Figure 2: Momentum configurations: (a) equilateral, (b) squeezed, and (c) folded.

The above dissection will become less clean for cases
where both properties become important.

One thing is clear. The fNL, that is always used to quantify
the level of non-Gaussianities, is only sensible with an extra
label that specifies, at least qualitatively, the profile of the
momentum dependence, such as shapes and runnings.

It is useful to quantify the correlations between different
non-Gaussian profiles, because as we mentioned in data
analyses an ansatz can pick up signals that are not completely
orthogonal to it. In real data analyses this is performed in the
CMB l-space. To have a simple but qualitative analogue in
the k-space, we define the inner product of the two shapes as

S · S′ ≡
∫
Vk
S(k1, k2, k3)S′(k1, k2, k3)w(k1, k2, k3)dk1dk2dk3,

(105)

and normalize it to get the shape correlator [60, 65]

C(S, S′) ≡ S · S′
(S · S)1/2(S′ · S′)1/2 . (106)

Following [65], we choose the weight function to be

w(k1, k2, k3) = 1
k1 + k2 + k3

, (107)

so that the k-scaling is close to the l-scaling in the data
analyses estimator. Later in this review, when we use this
correlator to estimate the correlations between shapes, we
take the ratio between the smallest and largest k to be 2/800,
close to that in WMAP. A more precise correlator should be
computed in the l-space in the same way that the estimator is
constructed. We refer to [35] for more details.

In typical data analyses [66–70], the estimator involves
a triple integral of the bispectrum over the three momenta
ki. To have practical computational costs, it is necessary that
this integral can be factorized into a multiplication of three
integrals, each involves only an individual ki. This requires
the bispectrum to be of the form f1(k1) f2(k2) f3(k3), or a sum
of such forms. Such a form is called the factorizable form
or separable form. The factor K−n may be tolerable since it
can be written as (1/Γ(n))

∫∞
0 tn−1e−Kt. If the analytical result

is too complicated, to make contact with experiments we
will try to construct simple factorizable ansatz or template to
capture the main features of the original one. New methods

that are applicable to nonfactorizable bispectrum forms and
are more model-independent are under active development
[71].

6. Single Field Inflation

In this section, we relax several restrictions of the no-go
theorem on single field inflation models and study how
large non-Gaussianities can arise. We present the formalisms
and compute the three-point functions. We emphasize how
different physical processes during inflation are imprinted
as distinctive signatures in non-Gaussianities. Obviously,
any mechanism that works for single field inflation can be
generalized to multifield inflation models.

6.1. Equilateral Shape: Higher Derivative Kinetic Terms. In
this subsection, we study large non-Gaussianities generated
by noncanonical kinetic terms in general single field inflation
models, following [50].

Consider the following action for the general single field
inflation [72]:

S =
∫
d4x

√−g[MP

2
R + P

(
X ,φ

)]
. (108)

Comparing to (73), we have replaced the canonical form X−
V with an arbitrary function of X ≡ −(1/2)gμν∂μφ∂νφ and
φ. This is the most general Lorentz-invariant Lagrangian as
a function of φ and its first derivative. It is useful to define
several quantities that characterize the differential properties
of P with respect to X [49, 72]:

c2
s =

P,X

P,X + 2XP,XX
,

Σ = XP,X + 2X2P,XX = H2ε
c2
s

,

λ = X2P,XX +
2
3
X3P,XXX ,

(109)

where cs is called the sound speed and the subscript “X”
denotes the derivative with respect to X . The third derivative
is enough since we will only study the three-point function
here.

It is a nontrivial question which forms of P will give rise
to inflation. The model-independent approach we take here
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is to list the conditions that an inflation model has to satisfy,
no matter which mechanism is responsible for it. Namely, we
generalize the slow-roll parameters in (74) to the following
slow-variation parameters:

ε = − Ḣ

H2
, η = ε̇

εH
, s = ċs

csH
, (110)

and require them to be small most of the time during the
inflation. The smallness of these parameters guarantees the
Hubble constant H , the parameter ε, and the sound speed
cs to vary slowly in terms of the Hubble time. Similar to
the arguments given in the case of slow-roll inflation in
Section 2, these are necessary to ensure a prolonged inflation
as well as an approximately scale-invariant power spectrum
that we observed in the CMB.

Following the same procedure that is outlined in
Section 4, we get the quadratic and cubic action for the scalar
perturbation ζ [47, 49, 50]. The quadratic part is

S2 =
∫
dt d3x

[
a3 ε
c2
s

ζ̇2 − aε(∂ζ)2

]
. (111)

If the slow-variation parameters are always small and
featureless, we can analytically solve the equation of motion
followed from (111) and get the following mode function:

uk(τ) = iH√
4εcsk3

(1 + ikcsτ)e−ikcsτ . (112)

Notice the appearance of cs comparing to (85). The two-
point function is

〈
ζ(k1)ζ(k2)

〉 = Pζ

2k3
1

(2π)5δ3(k1 + k2), (113)

with the power spectrum

Pζ = H2

8π2εcs
, (114)

where the variables are evaluated at the horizon crossing of
the corresponding k-mode.

To calculate the bispectrum, we look at the cubic action.
In the following, we list three terms that are most interesting
for this subsection,

S3 =
∫
dt d3x

{
− a3ε
Hc2

s

[(
1− 1

c2
s

)
+

2λ
Σ

]
ζ̇3

+
3a3ε
c2
s

(
1− 1

c2
s

)
ζζ̇2

−aε
(

1− 1
c2
s

)
ζ(∂ζ)2 + · · ·

}
.

(115)

The full terms can be found in in [50, equations (4.26)–
(4.28)].

The order of magnitude contribution from these three
terms can be estimated similarly as we did in (92), but now
we not only keep factors of H and ε, but also factors of cs.

Take the first term as an example, we write it in terms of the
conformal time,∫

dτH3(τ) ⊃
∫
dτd3x

aε
Hc2

s

[(
1− 1

c2
s

)
+

2λ
Σ

]
ζ
′3. (116)

Comparing (112) with (85), we see that there is an extra
factor of cs companying τ. So we estimate dτ ∝ c−1

s and
a ≈ −(Hτ)−1 ∝ csH−1. Also, ζ ∝ H/

√
εcs, but ζ ′ ∝ csζ .

Overall, the vertex (116) contributes

∝ H√
εcs

[(
1− 1

c2
s

)
+

2λ
Σ

]
. (117)

Multiplying the three external legs ζ3, and using the defini-
tion 〈

ζ3〉 ∼ fNLP
2
ζ (118)

and Pζ ∝ (H/
√
εcs)2, we get

fNL ∼ O

(
1
c2
s

)
+ O

(
λ

Σ

)
. (119)

The other two terms are similar. A detailed calculation reveals
that〈

ζ(k1)ζ(k2)ζ(k3)
〉 = (2π)7δ3(k1 + k2 + k3)

(
Pζ
)2 1∏

ik
2
i

×
(
Sλ + Sc + So + Sε + Sη + Ss

)
,

(120)

where we have decomposed the shape of the three-point
function into six parts. The first two come from the leading
order terms that we listed in (115),

Sλ =
(

1
c2
s

− 1− 2λ
Σ

)
3k1k2k3

2K3
, (121)

Sc =
(

1
c2
s

− 1

)⎛⎝− 1
K

∑
i> j

k2
i k

2
j +

1
2K2

∑
i /= j

k2
i k

3
j +

1
8

∑
i

k3
i

⎞⎠
× 1
k1k2k3

.

(122)

In terms of fNL their sizes are

f λNL =
5

81

(
1
c2
s

− 1− 2λ
Σ

)
, (123)

f cNL = −
35

108

(
1
c2
s

− 1

)
. (124)

The next four terms come from the subleading terms that
we did not list explicitly in (115) as well as the subleading
contributions from the first two terms. Their orders of
magnitude are

f oNL = O

(
ε
c2
s

,
ελ
Σ

)
,

f
ε,η,s

NL = O
(
ε,η, s

)
.

(125)

The detailed profiles can be found in [50].
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The full results we obtained can be used in different
regimes.

(i) If we look at the limit, cs � 1 or λ/Σ � 1, the
leading order results give two shape components,
Sλ and Sc. This result can also be obtained using a
simple method of considering only the fluctuations
in scalar field while neglecting those in gravity [73,
74]. Intuitively, this is because the higher derivative
terms are responsible for the generation of large
non-Gaussianities, and the gravity contribution is
expected to be small as we saw in Section 4. There-
fore, one expands P(X ,φ) using φ(x, t) = φ0(t) +
δφ(x, t). The derivatives of P with respect to φ are
ignored because the inflation and scale invariance
imposes an approximate shift symmetry on P in
terms of inflaton φ. We then get two terms in the
cubic Lagrangian density,

L3 = a3
(

1
2
P,XXφ̇0 +

1
6
P,XXXφ̇

3
0

)
δ̇φ3

− a

2
P,XXφ̇0δ̇φ

(∇δφ)2
.

(126)

This gives two leading bispectra the same as (121)
and (122). The approach that we present here gives
a rigorous justification to such an method. The
subleading order component So may be observable as
well. At this limit where the higher derivative terms
of the inflaton field are dominant, the Lagrangian
of the above effective field theory are generalized
[75] to include, for example, the ghost inflation [76]
whose Lagrangian cannot be written in a form of
P(X ,φ). Another two slightly different equilateral
shapes arise. However, it is worth to mention that,
generally in single field models and Einstein gravity,
going beyond P(X ,φ) requires adding either terms
that explicitly break the Lorentz symmetry, or terms
with higher time derivatives on φ which cannot be
eliminated by partial integration, such as (�φ)2.
Different treatment of such terms and discussions on
their effects can be found in [77–79].

(ii) If we take the opposite, slow-roll limit, cs → 1 and
λ/Σ → 0, we recover the two shape components Sε
and Sη that we got in Section 4, with unobservable
size fNL ∼ O(ε).

(iii) We can also look at the intermediate parameter space.
In slow-roll inflation models, one can also add higher
derivative terms [49, 80]. But in order not to spoil
the slow-roll mechanism, the effect of these terms
can only be subdominant. This corresponds to cs ≈
1 and λ/Σ < O(1). Using the full results, we can
see that the size of the non-Gaussianity is fNL <
O(1). Therefore, it is important to emphasize that,
for the class of models we consider here, nonslow-
roll inflationary mechanisms, such as the example
that will be given below, are necessary to generate
observable large non-Gaussianities.
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Figure 3: Shape of Sλ in (121).
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Figure 4: Shape of Sc in (122).

(iv) The other terms that we did not list in (115) (see
[50]) and their canonical limit (80) are also useful.
These terms are exact for arbitrary values of ε, η, and
s, so the usage of the action is beyond the category
of models that we focus on in this subsection. As we
will see in Sections 6.2 and 6.3, it can be applied to
the cases of sharp or periodic features where these
parameters do not always remain small.

In the rest of this subsection, we focus on the first case.
In Figures 3 and 4, we draw the shapes of Sλ and Sc.

The two shapes are similar. They both peak at the equilateral
limit, and behave as S ∼ k3/k1 in the squeezed limit k3 �
k1 = k2. We call these shapes the equilateral shapes. There
are some small differences between Sλ and Sc, for example,
around the folded triangle limit k2 + k3 = k1. A factorizable
shape ansatz for the equilateral shape that is often used in
data analyses is the following [81]:

S
eq
ansatz = −6

(
k2

1

k2k3
+ 2 perm.

)
+ 6
(
k1

k2
+ 5 perm.

)
− 12,

(127)
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Figure 5: An ansatz (127) for the equilateral shape.

and is shown in Figure 5. As we can see, it represents the most
important features of Figures 3 and 4.

The shape of So is more complicated, but we expect they
have the similar shapes as the equilateral one because their
squeezed limits behave the same [50]. The three other shapes
Sε, Sη and Ss are all close to the local shapes as their squeezed
limit scale as k1/k3 for k3 � k1 = k2.

The scale dependence in Pζ , cs and λ/Σ will introduce
mild running for the three-point function. We usually regard
only the contributions from cs and λ/Σ as the running of the
non-Gaussianity.

The underlying physics of the equilateral shape can be
readily understood in terms of their generation mechanism.
In single field inflation, the long wavelength mode that exits
the horizon are frozen and can have little interaction with
modes within the horizon. The large interaction only occurs
among modes that are crossing the horizon at about the same
time. These modes then have similar wavelengths. This is
why the shape of the non-Gaussianity peaks at the equilateral
limit in momentum space.

This physical origin also suggests the caveat that, as
long as there are large interactions involving modes with
similar wavelengths, an equilateral-like shape may arise. For
example, such cases can happen in multifield models where
there are particle creation [82, 83] (see however [84]).

(i) An Example: Dirac-Born-Infeld (DBI) Inflation. An
explicit example of the above general results is the DBI
inflation [54, 73, 85–92]. These inflation models describe a 3
+ 1 dimensional brane moving in warped extra dimensions.
The location of the brane is a scalar field in 4D effective field
theory, and it is the inflaton. The warped extra dimensions
provide a nontrivial internal field space for the inflaton. In
terms of the 4D effective field theory, the action is

−
∫
d4x

√−g
×
[
f
(
φ
)−1
√

1 + f
(
φ
)
gμν∂μφ∂νφ − f

(
φ
)−1 +V

(
φ
)]
.

(128)

The nontrivial part is the kinetic term involving the square-
root. It can be understood as a generalization of the
following two familiar situations. It is a higher dimensional
generalization of the action of a relativistic point particle∫

dt
√

1− f ẋ2, (129)

where the speed of light f −1/2 varies with x. It is also a
relativistic generalization of the usual canonical kinetic term
in the nonrelativistic limit | f (φ)gμν∂μφ∂νφ| � 1,

−
∫
d4x

√−g[1
2
gμν∂μφ∂νφ +V

(
φ
)]
. (130)

Because the speed limit of the inflaton f −1/2 can vary in the
internal space, if it can be made small enough near the top of
potential where the inflaton is about to roll down, the warped
space restricts the rolling velocity even if the potential is too
steep for slow-roll inflation to happen. So the inflaton rolls
ultra relativistically, but with very small velocity, and this
generates the DBI inflation.

The physical consequence is now easy to obtain using
the general results in this subsection. In our notation the
Lagrangian is

P = − f −1
√

1− 2 f X + f −1 −V. (131)

The sound speed is

cs =
√

1− 2 f X , (132)

which is the inverse of the Lorentz boost factor γ, so cs �
1. The component (123) vanishes identically, and we have a
large bispectrum of shape Ac with size (124).

DBI inflation is still driven by the potential energy. The
general single field inflation models also include the k-
inflation [93], where the inflation is driven by the inflaton
kinetic energy. Model construction of single field k-inflation
can be found in [93–95]. The bispectra for such models are
computed in [50, 94].

Multifield generalization have been studied in [96–102],
where this type of kinetic terms are generalized to multiple
fields. The three-point functions involving these different
fields have the same or similar shapes.

The current CMB constraint on the equilateral ansatz
(127) is −214 < f

eq
NL < 266 [1].

6.2. Sinusoidal Running: Sharp Feature. Although various
slow-variation parameters in (110) have to be small most
of the time during inflation, they can become temporarily
large. Such cases can happen if there are sharp features in
inflaton potentials or internal field space, so the behavior of
inflatons temporarily deviates from the attractor solution,
and then relaxes back within several Hubble time, or stay
longer but with small deviation amplitudes. Motivations
for such models include the following. It may be possible
explanations for features in power spectrum [103–106], and
if so the associated non-Gaussianity is a cross-check. And
there are brane inflation models that are very sensitive to
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sharp features present in the potential or in the internal space
[107].

As an example, we study a sharp feature in the slow-
roll potential. The fact that a sharp feature in potential can
enhance non-Gaussianities has long been anticipated and
qualitative estimates have been made by different methods
[108–110]. The precise method of analyzing the size, running
and shape of such non-Gaussianities [63, 64] is made
possible with the developments of the formalisms that we
reviewed in Sections 3.1, 4, and 6.1. This will be the subject
of this subsection.

We start by studying the behavior of the slow-roll
parameters. We use a small step in potential as an example
and will ignore numerical coefficients. We use c ∼ ΔV/V to
denote the relative height of the step, and d the width of the
step. In the attractor solution, the inflaton velocity is given
by φ̇ ∼ V ′/H ∼ √εV . As it falls down the step, the potential
energy cV gets converted to the kinetic energy, so we have

φ̇ �
√
V(c + ε). (133)

The amplitude of density perturbations is given by Pζ ∼
H4/φ̇2, so such a sharp feature causes glitches in the power
spectrum. It will leave a dip with relative size ΔPζ/Pζ ∼√

1 + c/ε − 1 since φ̇ increases first, followed by oscillations
caused by a nonattractor component of the mode function
before it settles down again in the attractor solution. To
fit the CMB data, φ̇ cannot change much. As we can see,
the sensitivity of the power spectrum to the step size c is
proportional to ε, and we need c/ε � 1. Reducing the width
d of sharp feature increases the amplitude of the glitches, but
this is only for a large d over which the inflaton spends more
than one e-fold to cross. Further reducing d will not change
the amplitude of the glitches since (133) is saturated, but the
sharpness will determine how deep within the horizon the
modes are affected.

So ε does not change much, Δε ∼ Δ(φ̇2)/H2 ∼ c.
But it changes within a very short period, Δt ∼ Δφ/φ̇ ∼
d/
√
V(c + ε). So η can be very large,

Δη ∼ Δε
HεΔt

∼ c
√
c + ε
dε

. (134)

It is also clear that the feature is associated with a charac-
teristic physical scale and generates a scale-dependent power
spectrum and higher-order correlation functions.

With these qualitative behavior in mind, we now study
the three-point function. An important fact of the for-
malisms in Sections 4 and 6 is that the expansion is exact
in terms of the slow-variation parameters. So it is valid
even if these parameters are not always small, as long as the
expansion in ζ ∼ O(10−5) is perturbative.

In all terms in the cubic expansion (80), ζ appears at most
with one time derivative; the field redefinition gives a term
that is proportional to η at the end of the inflation; and the
other terms are all suppressed by powers of ε, which remains
small even in the presence of a sharp feature. So the most
important term is ∫

dt d3x
1
2
a3εη̇ζ2ζ̇ , (135)
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Figure 6: Behavior of the slow-roll parameters for a step (solid line,
c = 0.0018, d = 0.022MP) and bump (dashed line, c = 0.0005,
d = 0.01MP) sharp feature on (1/2)m2φ2 potential. Note that in the
absence of the sharp feature, εη′ is of order O(10−4).

in which the coupling is proportional to η̇. The correlation
function 〈ζ(k1)ζ(k2)ζ(k3)〉 is dominated by

i

⎛⎝∏
i

ui(τend)

⎞⎠∫ τend

−∞
dτa2εη′

×
(
u∗1 (τ)u∗2 (τ)

d

dτ
u∗3 (τ) + sym

)
(2π)3δ3

⎛⎝∑
i

ki

⎞⎠ + c.c.

(136)

Precise evaluation of this expression has to be done numer-
ically. But it is not difficult to see the generic properties of
bispectra associated with a sharp feature.

For long wavelength modes that already crossed the
horizon at the time of the sharp feature, kiτ � 1, the
mode function is already frozen and the integration (136)
gives vanishing contribution. For short wavelength modes
that are still well within the horizon, the modes are not
affected if their momenta are larger than the inverse of the
time scale characterizing the sharpness of changes in slow-
roll parameters. The modes most affected are those which
are near the horizon crossing. These modes are all oscillatory,
∼ e−ikiτ . As we have studied, η′ is temporarily boosted, so it
can be roughly approximated as several hat-functions that
satisfy

∫
dτη′ = 0. Examples of such behavior are shown

in Figure 6. If we simply approximate the hat-functions by
several delta-functions, η′ ∝ δ(τ−τ∗), the integration (136)
will give something like

S ∼ f feat
NL sin

(
K

k∗
+ φ0

)
, (137)

where k∗ ≡ 1/τ∗ is the scale corresponding to the location of
feature, φ0 is a phase and

f feat
NL ∼ Δη ∼ O

(
c
√
c + ε
dε

)
. (138)

Comparing with the effect on the power spectrum, one can
keep the size of glitches in the power spectrum small while
make fNL large, for example, by fixing c/ε and decreasing d.
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Figure 7: Numerical result (dashed line) for the bispectrum
running for a sharp step (c = 0.0018,d = 0.022) along the k1 =
k2 = k3 ≡ k direction, compared with the simple ansatz (137) (solid
line).

This ansatz describes the most important running behav-
ior of this bispectrum. Notice that the oscillatory frequency
in the k-space is of order 1/k∗, which is the scale of the
feature. A rescale in k∗ can be compensated by a rescale
in all ki. Also notice that the oscillatory frequency, 3/k∗,
along the k1 = k2 = k3 ≡ k direction is 3/2 of that in
the power spectrum, 2/k∗. (For power spectrum, the sharp
feature introduces a small non-Bunch-Davies component for
the mode function. The oscillatory frequency in the power
spectrum is determined by the phase of the coefficient for this
component. This is obtained through matching conditions
across the feature, and the phase is ∼ 2k/k∗; see Section
5.3 of [107] for an example. From this result we can see
that, observationally, while sharp features located at large
scales (such as � ∼ 30) introduce glitches that need to be
distinguished from statistical fluctuations, those located at
much shorter scales (such as � ∼ 1000) introduce oscillatory
modulation that coherently shifts all points over several
acoustic peaks in the same direction, which is completely
different from statistical fluctuations of data points.)

In practice, (137) is a crude ansatz that needs to be
refined. First of all, we have only considered the modes
that have not exited the horizon. For those that did, as we
mentioned, their correlation function is as small as usual.
The ansatz needs to be cut off for the long wavelength
modes K/k∗ � 1. A more detailed analysis [64] reveals,
using the hat functions as an approximation of the slow-
roll parameter behavior, that the bispectrum falls off as K2

for these long wavelength modes. Secondly, the fact that in
(137) all short wavelength modes are equally affected is due
to the sharp-change approximation. Smoother functions will
only affect a finite range of modes within the horizon. So the
amplitude of the ansatz should decay and how fast depends
on the sharpness of feature. To take into account both effects,
empirically, we can multiply (137) with an envelope function

∝
(
K

k∗

)n
e−K/mk∗ , (139)

where n and m are parameters chosen to fit the numerical
results. For example, n = 2 and m = 5 for Figure 7. Lastly,

in the very squeezed limit, k3 � k1|K/k∗|, S can no longer
be approximated as a function of K only and starts to have a
nontrivial shape [64]. Here we concentrate on the signature
running behavior.

A numerical result with

V
(
φ
) = 1

2
m2φ2

[
1 + c tanh

(
φ − φs
d

)]
(140)

is shown in Figure 7. A subtlety encountered in the numerical
integration is how to handle the oscillatory behavior at τ →
−∞. One can do a tilt into the imaginary plane, −τ →
−∞(1 + iε), as prescribed in the analytical procedure in
Section 3.2; or more efficiently, perform integration by part
to increase the convergence of the integrand at the τ → −∞
end. One may also try the method of Wick rotation, but this
will first require solving the background equations of motion
in the Wick-rotated space, since here we do not have the
analytical expression for the mode function.

Sharp features can also appear elsewhere instead of
potentials, for example, in the internal warped space for
DBI inflation [107]. The qualitative running behavior in
bispectrum is similar, and overall large non-Gaussianities
become a superposition of the approximate scale-invariant
equilateral shape and the sinusoidal running.

Non-attractor initial conditions can be included as a case
of sharp features, except that we only observe the relaxation
part.

6.3. Resonant Running: Periodic Features. In this subsection,
we consider a different type of features. These features may
or may not be sharp, but the most important property is
their periodicity. Such features will induce an oscillatory
component to the background evolution, in particular, to the
couplings in the interaction terms. We denote this oscillatory
frequency as ω. We know that each mode oscillates when it
starts the life well within the horizon. This frequency keeps
on decreasing as the mode gets stretched by the inflation,
until it reaches H when the mode becomes frozen. So the
mode scans through all frequencies that is larger than H , up
to some very high cutoff scale such as MP. Therefore, as long
as

ω > H , (141)

the oscillatory frequency of the modes in the integral will
hit ω at some point during the inflation. This causes
a resonance between the couplings and modes, hence a
constructive contribution to the correlation function [64].
Without the resonance, as we encountered previously,
the highly oscillatory modes simply average out within
the horizon. In contrast to the previous mechanisms,
here the non-Gaussianities are generated when modes are
subhorizon.

We now study the properties of such a non-Gaussianity,
following reference [64].
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To estimate the integral, we use the unperturbed mode
function. Similar to the sharp feature case, we get〈

ζ(k1)ζ(k2)ζ(k3)
〉

≈ i
H4

64ε3
∏

ik
3
i

(2π)3δ3

⎛⎝∑
i

ki

⎞⎠
×
∫ 0

−∞
dτ

τ
εη′

(
1− i(k1 + k2)τ − k1k2τ

2)k2
3e

iKτ

+ two perm. + c.c..
(142)

In this case, we are interested in the region |Kτ| � 1 in
order to have resonance. So the last term dominates as long
as the momentum triangle is not too squeezed so one of
the kis becomes <1/τ at the resonance point. The oscillatory
coupling is dominantly contributed by η′. The integral is
proportional to ∫

dττ sin(ωt) exp(iKτ). (143)

This integral can be done analytically using the relation t ≈
−H−1 ln(−Hτ). But its most important properties can be
understood as follows in terms of the physical picture that
we described.

First, let us look at its oscillatory running inK-space. The
phase of the background repeats itself after ΔNe = 2πH/ω e-
fold, during which the wave-number K changes by −KΔNe.
So the running of the non-Gaussianity in K-space is also
oscillatory with the period given by

ΔK = KΔNe = 2πKH
ω

. (144)

Note that this period is changing withK in a specific way that
we will see more clearly in a moment.

Next, let us look at the size of the non-Gaussianity. Each
K-mode briefly resonates with the oscillatory coupling when
its frequency sweeps through the resonance frequency ω.
Once its frequency differs from ω by Δω, the integration in
the 3pt starts to cancel if is performed over Δt1 ∼ π/Δω. In
the meanwhile it takes Δt2 ∼ Δω/(ωH) to stretch the mode
and change its frequency from ω to ω−Δω. Equating Δt1 and
Δt2 gives the time period over which the resonance occurs for
this mode,

Δt ∼
√

π

ωH
. (145)

This corresponds to the number of oscillation periods

ωΔt

2π
∼
√

ω

4πH
(146)

that we need to integrate over to estimate the resonance
contribution. Note that one period in the integral (143)
for K/a = ω contributes πτ∗/K , where τ∗ is evaluated
at the resonant point. Multiplying the total number of the

resonant periods (146), using the definition (103) and P̃ζ ≈
H2/(8π2ε), we see that the amplitude of S(k1, k2, k3) is

f res
NL ∼

√
π

16
ηA′τ∗

√
ω

H
∼
√
π

8
√

2

ω1/2η̇A
H3/2

. (147)

Slow-roll parameters acquire small oscillatory components,
and here ηA denotes the amplitude of such an oscillation.
Other prefactors of ki are cancelled according the definition
of S and the S turns out to be a function of K only. In the last
step of (147), we have listed the accurate numerical number,
which differs from the estimate by a factor of

√
2.

Summarizing both the running behavior and the ampli-
tude, we get the following ansatz for the bispectrum:

Sres
ansatz = f res

NL sin
(
C ln

(
K

k∗

))
, (148)

where

C = 2πK
ΔK

= ω

H
(149)

and k∗ gives a phase. The argument C lnK in (148) appears
because of (144). This gives a scale dependent oscillatory
frequency in the K-space. In fact, this kind of dependence
makes the density perturbations in the resonance model
semiscale-invariant. We call it periodic-scale-invariant—
they are invariant under a discrete subgroup of rescaling.
Namely, the ansatz (148) is invariant if we rescale all ki
by nΔK/K = 2πnH/ω e-fold, where n is an integer.
Other rescaling causes a phase shift. This property is a
direct consequence of the symmetry of the Lagrangian. It is
periodic, so invariant under a discrete shift of the inflaton
field. This periodic-scale-invariance should also be respected
by the full-bispectrum results, as well as other correlation
functions.

As mentioned, we have derived this ansatz from the last
term in (142). Other terms will become important in the
squeezed limit. The full integration (142) has been worked
out in [111], and the leading order results are

Sres = f res
NL

⎡⎣ sin
(
C ln

(
K

k∗

))

+
1
C

∑
i /= j

ki
k j

cos
(
C ln

(
K

k∗

))
+ O

(
1
C2

)⎤⎦,

(150)

where O(1/C2) terms are neglected because we need 1/C =
H/ω � 1 for large resonance. The numerical coefficient in
(147) turns out to be

√
π/(8

√
2). As we can see, the extra

terms satisfy the symmetry we mentioned and indeed give
large corrections in the very squeezed limit, for example,
k3 < k1H/ω. These terms also ensure a consistency condition
that we will study in Section 9.2. An example is plotted in
Figure 8. The spike at the very squeezed limit is due to the
second term in (150). Overall, we see that the leading shape
of this bispectrum is quite trivial, being almost a function
of K only, until it gets to the very squeezed limit. The
most distinctive feature of this type of non-Gaussianities is
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Figure 8: The running and shape of the resonance bispectrum
(150) with C = 100.

the running behavior captured in (148). Unfortunately, this
ansatz is not factorizable if the K-range is too large.

More arbitrary scale-dependence can be introduced if
the features are applied over a finite range, or with varying
periodicity and amplitude.

As a useful comparison, the resonant running here and
sinusoidal running that we studied in the last subsection
are clearly distinguishable from each other observationally.
The resonant running oscillates with periods that are always
much smaller than the local scale, ΔK � K ; the frequency
has a specific scale-dependence, ΔK/K = const.; and the
frequency in the power spectrum (∼ sin(C ln k) in k-space)
is exactly the same as that in the bispectrum (∼ sin(C lnK)
in K-space). In contrast, the bispectrum of the sinusoidal
running oscillates with a fixed period that approximately
equals to the scale at the location of the sharp feature,
ΔK ∼ k∗; the frequency is scale-independent; and the power
spectrum (∼ sin(2k/k∗) in k-space) has twice an oscillatory
frequency of the bispectrum (∼ sin(K/k∗) in K-space).

As an illustration, we look at an example,

V
(
φ
) = 1

2
m2φ2

[
1 + c sin

(
φ

Λ

)]
. (151)

In this example, the inflaton is rolling over the small
but periodic ripple laid on the potential. This induces an
oscillatory component in the slow-roll parameters with an
amplitude η̇A ≈

√
6 cmφ/Λ2 and a frequency ω ≈ φ̇/Λ ≈

2 m/(
√

6Λ). So we have

f res
NL ∼

cM3
P

Λ5/2φ1/2
,

C ≈ 2(
φΛ
) . (152)

A numerical example is shown in Figure 9. As we can
see, the ansatz (148) gives a very accurate fit to the actual
running behavior. The mode function and power spectrum
are the superposition of the usual unperturbed solution
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Figure 9: Numerical result (solid line) of the bispectrum running
for the example (151) (m = 3 × 10−6MP, c = 5 × 10−7,Λ =
0.0007MP,φ ≈ 15MP), compared with the ansatz (148) (dashed
line).

and a small oscillatory component [64, 112, 113]. We can
choose parameters so that the size of the ripples on the
power spectrum is small, but bispectrum is made large. This
is because the non-Gaussianities rise more quickly if we
increase the frequency, while the mode function has difficulty
responding efficiently when the external source oscillates too
fast. This mechanism may be realized in terms of brane
inflation [107] where the periodic feature comes from duality
cascade in warped throat [114], or the monodromy inflation
[115, 116] where the periodic feature comes from instanton
effects [112, 113].

6.4. Folded Shape: A Nonstandard Vacuum. In this subsec-
tion, we study the effect of nonstandard vacuum on the
primordial non-Gaussianities. We consider a different wave-
function from the Bunch-Davies vacuum when modes are
well within the horizon. To start, let us first discuss several
motivations for this case.

(i) A non-Bunch-Davies vacuum can actually occur
much more simply than it might sound like. Any
deviation from the attractor solution of the inflaton
generically generates a component of non-Bunch-
Davies vacuum. This is because a general mode
function is a superposition of two components,
c1(k)u(k, t) + c2(k)u∗(k, t), and in attractor solution
we choose one of the component asymptotic to the
Bunch-Davies vacuum. A disturbance will generically
introduce a mixture with the other component. In
this sense, we have already encountered such a case
when we studied the effect of a sharp feature in
Section 6.2. Indeed, after the inflaton crosses the
sharp feature, the oscillatory behavior in the power
spectrum is precisely due to the superposition of
the second non-Bunch-Davies component for some
finite k-range. For an infinitely sharp change, such
a disturbance with a small amplitude extends to
all k that have not exited the horizon at the time
of sharp feature. An analytical illustration can be
found in Section 5.3 of [107]. The location of the
sharp feature can become superhorizon at the present
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time, but its influence has extended to much smaller
scales and becomes observable. The resonance case in
Section 6.3 is another type of example. An analytical
illustration can be found in Section 3.3 of [112].
For non-Gaussianities studied in Sections 6.2 and
6.3, we only concentrated on the effects caused by
the features in slow-roll parameters. In analytical
analyses, we approximated the mode function by the
Bunch-Davies component and ignored the distur-
bance. The study of this subsection can be regarded
as the complementary analyses on the effect of a
different mode component.

(ii) In inflationary background, modes can be quantized
in terms of time-dependent creation and annihila-
tion operators, ak(t) and a†−k(t). The Bunch-Davies
vacuum is defined as the vacuum annihilated by
ak(t) as t → −∞. If a different adiabatic vacuum is
defined which is annihilated by ak(t0) at a finite t0,
we introduce a non-Bunch-Davies component. For
example, see [117, 118]. The origin and magnitude
of such a component have been debated and studied
by many papers, often under the name of the “trans-
Planckian effect”; see [119, 120] for summary and
references.

(iii) There are inflation models where the scale of new
physics can be very low. In particular, in warped
space it is proportional to the exponentially small
warp factor. In some DBI inflation models [86, 92],
the speed limit of the inflaton and the scale of new
physics are both related to the warp factor in such a
way that the local warped new scale can drop near or
even below the Hubble energy scale in certain epoch
of inflation. Clearly the simple scalar field Bunch-
Davies vacuum is no longer sufficient. Such models
further open up the possibilities of vacuum choices.

After these discussions, let us now focus on a specific
simple problem [50]. We modify the wave function of
the Bunch-Davies vacuum by a small second component
and examine its consequence for the three-point function
calculated in Section 6.1. We consider the general single field
inflation with a small sound speed cs or a large λ/Σ [50, 121].

So the mode function is

uk(τ) = iH√
4εcsk3

[
(1 + ikcsτ)e−ikcsτ + C−(1− ikcsτ)eikcsτ

]
,

(153)

where |C−| � 1 and can be k-dependent. In the first example
above, the extra component starts at a specific time in the
past. In the second class of examples, it may start either at
a specific time or specific energy scale. To see a common
feature without addressing these model-dependent issues, we
look at the simple limit where the τ in (153) can go all the
way to −∞. The computation of the correlation function
is essentially the same as in Section 6.1. The leading order
correction to the bispectra is obtained by replacing one of
the three uk(τ) in the integrand by its C− component. So
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Figure 10: Shape of S̃λ (truncated).

it simply replaces one of the kis in the shapes with −ki. For
example, the correction to Sλ is

S̃λ =
(

1
c2
s

− 1− 2λ
Σ

)
3k1k2k3

2

×
(

Re(C−(k3))

(k1 + k2 − k3)3

+
Re(C−(k2))

(k1 − k2 + k3)3 +
Re(C−(k1))

(−k1 + k2 + k3)3

)
.

(154)

The shape of S̃λ is shown in Figure 10. The most
important feature of this shape is the enhancement at the
folded triangle limit, for example, k1 + k2 − k3 = 0. The
detailed form of enhancement is model dependent. For
example, it is different for another shape Sc. The divergence
in this folded limit occurs due to our simple limit of taking
τ to −∞. Imposing some kind of cutoff at the lower limit
of τ will eliminate this divergence, although as mentioned
the detailed modification will be highly model dependent.
For example, a simple constant cutoff τc will introduce a
factor of 1 + ((1/2)x2

c − 1) cos xc − xc sin xc for each of
the three terms in (154), where xc ≡ (k1 + k2 − k3)csτc
or its cyclic. Very close to the folded limit, K̃cs|τc| � 1

(K̃ = k1 + k2 − k3 or its cyclic), this regulates away the

divergence; away from the folded limit, K̃cs|τc| � 1, these
extra factors are unity on average but with oscillations. These
oscillation can be either physical, or regarded to be zero if
xc is within a regulation scale which exists since the non-
Bunch-Davies component is present for a finite time in the
past.

The case for slow-roll inflation is qualitatively similar,
and more examples of the bispectra shapes and the obser-
vational prospects are discussed in [122, 123]. In this case,
the proportional parameter for the bispectra amplitude is no
longer enhanced by 1/c2

s or λ/Σ, but < O(1).
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In order to facilitate the data analyses, a simple ansatz has
been proposed in [123],

Sfold
ansatz,1 = 6

(
k2

1

k2k3
+ 2 perm.

)
− 6

(
k1

k2
+ 5 perm.

)
+ 18,

(155)

which represents certain important features of this kind of
bispectra. It has a smooth rising behavior in the folded limit.
This ansatz is plotted in Figure 11(a). Since the real shape
has a model dependent cutoff, it remains open questions
how sensitive this is to data analyses and how well the ansatz
(155) represents it. We can also write down an ansatz which
is more directly motivated from the example (154) and the
comments after that equation,

Sfold
ansatz,2 = k1k2k3

k1 + k2 − k3

(kc + k1 + k2 − k3)4 + 2 perm., (156)

where the cutoff scale kc = 1/(csτc) is a parameter. For k1 +
k2−k3 � kc and cyclic, we have neglected the oscillatory part
and only taken the average. In this ansatz, we can change the
powers in the numerator and denominator to model model-
dependent variations. The relation (kc + k1 + k2 − k3)−n =
(Γ(n))−1 ∫∞

0 dt tn−1e−(kc+k1+k2−k3)t may be used to factorize the
ansatz. This ansatz is plotted in Figure 11(b).

Another type of non-Bunch-Davies vacuum, namely, an
n-particle state built on the normal Bunch-Davies vacuum,
was studied in [124, 125] and the non-Gaussianities were
found to be unobservable.

7. Quasisingle Field Inflation

Having considered single field inflation, we now relax the
condition on the number of fields. At least during inflation,
we only need to consider quantum fluctuations of light
fields, since if the mass of fields are very heavy, (here the
relevant scale is m � H), they contribute only classically
and determine the classical inflaton trajectory. Multiple light
fields can arise naturally if we consider the inflation models
as the consequence of a UV completed framework. However,
as discussed in Section 5.1, due to the back-reaction from the
inflationary background, the mass of light fields are naturally
of order H . The potential with such a shape is too steep for
slow-roll inflation.

Therefore, as a natural step beyond the single field, let
us consider slow-roll models with one inflationary direction,
and one or more other directions that have mass neither
much heavier nor much lighter than H . We will call the
quanta in the inflationary direction as the inflaton and its
mode the curvature mode, and the others isocurvaton and
isocurvature modes. We call these models the quasisingle field
inflation models [46, 126].

Note that the thematic order in this paper is not
chronological. The non-Gaussianities in this type of models
were not computed until very recently for a couple of
reasons. If the mass of particles is of order O(H) or
larger, the amplitude of these fields decay exponentially
in time after horizon-exit. So they would not seem to
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Figure 11: Two ansatz for the folded shape. (a) Equation (155) and
(b) Equation (156) with kc/k1 = 0.1.

be important for superhorizon perturbations even if they
couple to the curvature mode. As we will see, however,
their amplitudes at or near the horizon-exit are enough
to make them interesting. What really suppresses their
contribution is the fast oscillation behavior present for m�
H . Methodologically, isocurvature-to-curvature transition
for non-Gaussianities was studied restrictively in the regime
of superhorizon classical evolution in multi-field space [127–
134], which we will explain in more details in the next
section. However, for quasisingle field inflation models, a full
quantum computation in the in-in formalism is necessary
to properly include the contributions from both the horizon
exit and the superhorizon evolution.

7.1. Intermediate Shapes: Massive Isocurvatons. There are
potentially different ways massive isocurvatons can be cou-
pled to the inflaton. We currently do not have a general
approach in terms of model building. So what we will do is
to first study this problem through a simple example, and
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Veff

φ2

φ1

θ

σ

Figure 12: Quasi-single field inflation with turning trajectory. The
field θ and σ are in the polar coordinates. The θ is the inflationary
direction with a slow-roll potential. The σ is the isocurvature
direction, which typically has mass of order H .

then discuss the features of the results that can be regarded
as generic signatures of this class of models [46, 126].

We consider the case where the inflaton is turning
constantly by going around (a fraction of) a circle with
radius R in the angular θ direction. See Figure 12. All the
parameters, such as R and couplings, are assumed to be
constant during the turning. We call this assumption the
constant turn case. In the θ direction the potential is the usual
slow-roll potential Vsr(θ). The field in the radial direction
is denoted as σ and has mass of order H , and lifted by the
potential V(σ). For such a turning trajectory, it is convenient
to write the action in terms of fields in the polar coordinates,
θ and σ , instead of in the Cartesian coordinates,

Sm =
∫

d4x
√−g[−1

2
(R + σ)2gμν∂μθ∂νθ

−1
2
gμν∂μσ∂νσ −Vsr(θ)−V(σ)

]
.

(157)

The potential V(σ) balances off the centrifugal force neces-
sary for the turning and traps the field at the bottom of the
effective potential, Veff(σ) = −(1/2)θ̇2

0(R + σ)2 + V(σ). We
define the minimum of this effective potential to be σ = 0.
We expand the effective potential as

Veff = const. +
1
2

(
V ′′ − θ̇2

0

)
σ2 +

1
6
V ′′′σ3 + · · · , (158)

where θ̇0 is the turning angular velocity and the primes on V
denote derivatives with respective to σ .

To study the perturbation theory, we perturb the fields in
the spatially flat gauge,

θ(x, t) = θ0(t) + δθ(x, t), σ(x, t) = δσ(x, t), (159)

and obtain the following Hamiltonian,

H0 = a3

[
1
2
R2δθ̇2

I +
R2

2a2
(∂iδθI)

2

+
1
2
δσ̇2

I +
1

2a2
(∂iδσI)

2 +
1
2
m2δσ2

I

]
,

(160)

H I
2 = −c2a

3δσIδθ̇I , (161)

H I
3 = c3a

3δσ3
I , (162)

where

c2 = 2Rθ̇0, c3 = 1
6
V ′′′, m2 = V ′′ + 7θ̇2

0 (163)

are all constants. Terms suppressed by O(ε) have been
ignored in this gauge. The curvature perturbation ζ is most
transparent in another gauge, the uniform inflaton gauge,
where

θ(x, t) = θ0(t), σ(x, t) = σ0(t) + δσ(x, t), (164)

and the spatial metric is

hi j(x, t) = a2(t)e2ζ(x,t)δi j . (165)

In this gauge, ζ appears in the metric as the space-
dependent rescale factor and the fluctuations in the inflaton
is shifted away. The relation between ζ and δθ is the gauge
transformation. At the leading order this is

ζ ≈ −H
θ̇0
δθ. (166)

We will calculate the correlation functions in terms of δθ and
then use this relation to convert them to those of ζ . The full-
perturbation theory that one obtains in the uniform inflaton
gauge justifies the above omission of several O(ε) terms in
the spatially flat gauge [46].

There are several important points for this Hamiltonian.
First, the kinematic Hamiltonian (160) describes two free

fields in the inflationary background. One is massless and has
the familiar mode function,

uk = H

R
√

2k3
(1 + ikτ)e−ikτ . (167)

Another is massive and the mode function is

vk = −iei(ν+(1/2))(π/2)
√
π

2
H(−τ)3/2H(1)

ν (−kτ), (168)

where

ν =
√

9
4
− m2

H2
. (169)

For 0 ≤ m/H ≤ 3/2, the amplitude of the mode vk decays
as (−τ)−ν+3/2 after horizon-exit kτ → 0. The lighter the
isocurvaton is, the slower it decays. At the ν → 3/2 (i.e.,
m/H → 0) limit, the amplitude is frozen. For m/H >
3/2, ν becomes imaginary, the mode vk not only contains a
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decay factor (−τ)3/2 but also an oscillation factor τν. This
oscillation is marginal for m ∼ H , but if m � H , it causes
cancellation in the integrals of the correlation function and is
equivalent to factors of Boltzmann-like suppression∼ e−m/H .
We will consider the case 0 ≤ ν ≤ 3/2.

Second, there is a sharp contrast between the V ′′′
sr for

the slow-roll inflaton field and the V ′′′ for the massive
field σ in the noninflationary direction. The former has
to be very small, ∼ O(ε2)P1/2

ζ H , in order to maintain the
smallness of the slow-roll parameters. (Here we use ε to
denote collectively all slow-roll parameters, ε ≡ −Ḣ/H2, η ≡
ε̇/εH , and ξ ≡ η̇/ηH .) Consequently it contributes O(ε2)
to the fNL of bispectrum in slow-roll inflation, generally
smaller than the O(ε) contributions from the other terms in
the same model. However, for quasisingle field inflation, the
direction orthogonal to slow-roll does not have to satisfy the
slow-roll conditions, and V ′′′ is almost unconstrained. For
example, in the inflationary background, it can be of order
H ; and similarly, V ′′′′ can be of order one, and so forth.
This isocurvaton self-interaction (162) becomes the source
of large non-Gaussianities.

Third, the coupling between the isocurvaton and inflaton
appears as a form of a two-point vertex operator in (161).
We treat this term as part of the interaction Hamiltonian,
and it is represented by the transfer vertex in Figure 13(a).
The strength of the coupling is determined by the turning
angular velocity θ̇0 in this model. This coupling is responsible
for the transformation of the isocurvature perturbations,
in particular their large non-Gaussianities, to the curvature
perturbation.

We calculate correlation functions corresponding to the
Feynman diagrams Figure 13 in terms of the in-in formalism,
which we reviewed in Section 3.1. As an illuminating exam-
ple to illustrate the different advantages of the three forms
of the in-in formalism, we recall from Section 3.1 that the
three-point function can be written in the following forms.
The original definitions (72) and (68), which we refer to as
the factorized form, lead to

〈δθ3〉 = −12c3
2c3u

∗
p1

(0)up2 (0)up3 (0)

× Re

[∫ 0

−∞
dτ̃1a

3(τ̃1)v∗p1
(τ̃1)u′p1

(τ̃1)

×
∫ τ̃1

−∞
dτ̃2a

4(τ̃2)vp1 (τ̃2)vp2 (τ̃2)vp3 (τ̃2)

×
∫ 0

−∞
dτ1a

3(τ1)v∗p2
(τ1)u′∗p2

(τ1)

×
∫ τ1

−∞
dτ2a

3(τ2)v∗p3
(τ2)u′∗p3

(τ2)

]

× (2π)3δ3

⎛⎝∑
i

pi

⎞⎠ + 9 other similar terms

+ 5 permutations of pi.
(170)

The perturbation theory here starts from the fourth order.
The reorganized commutator form (69) leads to

〈
δθ3〉 = 12c3

2c3up1 (0)up2 (0)up3 (0)

× Re

[∫ 0

−∞
dτ1

∫ τ1

−∞
dτ2

∫ τ2

−∞
dτ3

×
∫ τ3

−∞
dτ4

4∏
i=1

(
a3(τi)

)
× a(τ2)

(
u′p1

(τ1)− c.c.
)

×
(
vp1 (τ1)v∗p1

(τ2)− c.c.
)

×
(
vp3 (τ2)v∗p3

(τ4)u′∗p3
(τ4)− c.c.

)
×vp2 (τ2)v∗p2

(τ3)u′∗p2
(τ3)

]

× (2π)3δ3

⎛⎝∑
i

pi

⎞⎠ + 2 other similar terms

+ 5 permutations of pi.
(171)

In the IR (τ → 0), each of the ten terms in the factorized
form diverge as τ3−6ν for 3/2 > ν > 1/2 (0 < m <

√
2H);

while in the commutator form, various subtractions off the
complex conjugates and the requirement that the final result
has to be real makes such divergence explicitly disappear.

In the UV (τ → −∞), each factor of the multiple integral
that integrates from −∞ to 0 has a definite convergent
direction if we choose one of the two contour tilts, τi →
−∞(1 ± iε), accordingly. Or more efficiently, by a Wick
rotation τi → ±izi. This would have been the case for
the commutator form if we can break up the integrand
into individual terms. However in order to achieve the
explicit IR convergence, as we saw above, these terms have
to be grouped; but then they have contradicting convergence
directions.

To take advantage of both forms, we introduce a cutoff
τc, and write the IR part (τc < τ ≤ 0) of the integrals in terms
of the commutator form, and the UV part (τ < τc) in terms
of the factorized form, in the following mixed form:

∑
i

∫ 0

τc
dτ1 · · ·

∫ τi−1

τc
dτi {commutator form}

×
∫ τc
−∞

dτi+1 · · ·
∫ τn−1

−∞
dτn {factorized form}.

(172)

This shows explicitly both convergence behavior of the
correlation function. Combining with Wick-rotations of the
integration contours in the UV, this form provides an effi-
cient way to evaluate the correlation functions numerically.
The shapes of bispectra are presented in Figure 14 for ν =
0, 0.3, 0.5, 1.
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Figure 13: Feynman diagrams for the transfer vertex (a), corrections to the power spectrum from isocurvature modes (b), and the leading
bispectrum (c).

To better understand the shapes analytically, we can work
out the squeezed limit (p3 � p1 = p2) of the three-point
function,

〈δθ3〉 −→ c3
2c3

HR6

1

p
(7/2)−ν
1 p2p

(3/2)+ν
3

s(ν)(2π)3δ3

⎛⎝∑
i

pi

⎞⎠,

(173)

where s(ν) is a ν-dependent numerical number.
Recall that the squeezed limit of S for the equilateral

shape goes as p3/p1, while for the local shape (p3/p1)−1. Both
the numerical results in Figure 14 and the analytical results
in (173) show that here we have a one-parameter family of
shapes, ∼ (p3/p1)1/2−ν, lie between the two. We call them the
intermediate shapes.

The physical origin of such shapes can be understood as
follows, and should be a generic signature for the quasisingle
field inflation models. As we have seen, the large equilateral
non-Gaussianity arises because the interacting modes cross
the horizon around the same time. The shape of bispectrum
peaks at the equilateral limit where the modes all have
comparable wavelengths. As we will see in Section 8, the large
local non-Gaussianity arises due to the classical nonlinear
evolution of superhorizon modes in the multifield space; so
the interactions are causally disconnected and behave local
in position space. This is nonlocal from the momentum
space point of view. So the shape of bispectrum peaks at
the squeezed limit. Now for quasisingle field inflation, the
large non-Gaussianities come from the massive isocurvaton.
Depending on the mass, these modes either decay right away
after they exit the horizon (for m >

√
2H), or survive for a

long time at the superhorizon scales (for m <
√

2H). In the
former case, the generation and transfer of non-Gaussianities
maximize for modes that are exiting the horizon around
the same time, resulting in quasiequilateral shapes; in the

latter case, the generation and transfer of non-Gaussianities
happen in a superhorizon fashion, resulting in quasilocal
shapes. In this regard, let us look more closely at the special
limit m/H → 0 (ν → 3/2).

In this massless limit, an infrared cutoff to the integrals
are necessary. Otherwise the transfer will last forever for the
constant turn case. The cutoff corresponds to the ending of
the turning. Let us discuss the following two cases. First,
we still keep V ′′′ large. Our analyses still apply in this case.
Interestingly, the shape of the bispectrum goes to that of the
local form in this limit. As we will explain in Section 8.1,
this is a generic signature of a massless isocurvaton. The
infrared e-fold cutoff will introduce some running in the f int

NL
because different modes experience different turning e-folds.
Second, we would like to make the isocurvature directions
flat so this becomes a two-field slow-roll inflation models.
Such models were intensively studied and it is known that the
isocurvature modes can be transferred to the curvature mode
by turning. However, since V ′′′ ∼ O(ε3/2)H2/MP is required
to maintain the small slow-roll parameters, the contribution
we computed here generates too small non-Gaussianity. We
expect contributions from other terms are small as well. So
it is much more difficult to generate large non-Gaussianities
in such models, essentially because imposing the slow-roll
conditions in all directions are too restrictive.

To connect with data analyses, guided by the numerical
results and analytical squeezed limit, we can use the following
ansatz to describe the full family of shapes:

Sint
ansatz =

3(9/2)−3ν

10
f int
NL

(
p2

1 + p2
2 + p2

3

)(
p1p2p3

)(1/2)−ν(
p1 + p2 + p3

)(7/2)−3ν
.

(174)

These shapes are shown in Figure 15. Comparing with
Figure 14, we can see that they match quite well except near
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Figure 14: Numerical results for the shapes of bispectra with intermediate forms. We plot S with ν = 0, 0.3, 0.5, 1. The plot is normalized
such that S = 1 for p1 = p2 = p3.

ν = 0, around which it is better represented by another ansatz
in [46]. The size of this bispectrum is

f int
NL = α(ν)P−1/2

ζ

(
θ̇0

H

)3(
−V

′′′

H

)
, (175)

where Pζ ≈ 6.1× 10−9 and θ̇0 is the turning angular velocity.
The α(ν) is a positive numerical number which, depending
on ν, can give an additional enhancement factor of order Nf

(Nf is the turning e-folds). Since (θ̇0/H)2 and V ′′′/H are the
expansion parameters in the perturbation theory, they have
to be small to trust our calculation. Nonetheless this is not
the model-building requirement.

The fluctuations of more massive (m > O(H)) fields may
become important if they play a role later in the reheating
[135, 136]. Such cases typically require some tunings for
special conditions, so that the highly suppressed fluctuation
amplitude can become important.

8. Multifield Inflation

As we have seen in Section 7.1, if we take the isocurvaton
mass to zero in quasisingle field inflation while keep
the nonlinear self-couplings of the isocurvaton V ′′′ large,
the shape of the large bispectrum in the squeezed limit
approaches the local form. The local form is in fact the
earliest and most well-studied example of non-Gaussianities
[66, 127, 137, 138], although it was first found to be small as
we have seen in Section 4. As we will explain in this section,
a large local form is a signature of massless isocurvatons
that have large nonlinear evolution in multifield space. We
have arrived this shape from the in-in formalism by taking
the massless limit. But if we stay in this limit, there is an
easier formalism, the δN formalism [139–141], in which the
underlying physics of the local shape becomes transparent.

8.1. Local Shape: Massless Isocurvatons. We recall that, in
single field inflation, if we use the uniform inflaton gauge
where there are no fluctuations in the inflaton field,
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Figure 15: Shape ansatz (174) for the intermediate forms.

the scalar perturbation ζ enters in the scale factor as a2e2ζ .
For superhorizon modes, ζ is frozen. If we look at the
different comoving superhorizon patches, they are causally
disconnected from each other. So they evolve independently
and locally in space. In such a gauge, the only difference is a
space-dependent scale factor. This is also called the separate
universe picture. The primordial curvature perturbations
manifest themselves as the different number of expansion e-
fold, δN , at different positions.

We would like to generalize this picture to the multifield
case in the following δN formalism. We will resort to a
simple version of δN formalism stated below, which is of
course a consequence of the in-in formalism, but formulated
from a simple perspective which clearly illustrates the points
in this section. Otherwise, as we will explain, in the most
general sense the δN formalism should be defined as the in-
in formalism written in terms of specified gauges.

(i) We consider a set of scalars φi during inflation.
Inflaton is one of them but can be different linear
combinations of φis as a function of time, and the
other orthogonal fields are called the isocurvatons.

All the modes that we are eventually interested
in should all have become superhorizon when the
initial slice (specified below) is chosen. We look at
different horizon-size patches and label them with
the coarse-grained comoving coordinate x. In the
in-in formalism, the superhorizon modes behave
as the c-number time-dependent background for
each comoving patch. So we evolve these patches
independently and classically.

(ii) We pick an initial spatially flat slice, on which there
is no scalar fluctuations in the metric and all the
fluctuations are in the scalar fields φ0i + δφi(x).
We assume that we know the statistics of such
fluctuations.

(iii) We pick the final uniform density slices. Relative to
the unperturbed and perturbed initial spatially flat
slices, we have, respectively, the unperturbed and
perturbed final uniform density slices. For single field
inflation, these two final surfaces are the same. For
multifield models, they are generally different. Such
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final slices have the properties that the universe has
the same energy densities and field configurations
everywhere on them. They can be chosen during
either the inflation or the reheating. After that, every
separated universe will have the same evolution. The
only difference is the scale factor. This is the analogy
of the uniform inflaton gauge in single field inflation.
We study the cases where such slices exist.

(iv) We evolve the unperturbed φ0i in the initial slice clas-
sically to the unperturbed final slice, and denote the
number of e-folds asN0(φ0i). This is the unperturbed
e-fold number. We evolve the perturbed φ0i + δφi(x)
in the initial slice classically to the perturbed final
slice, and denote the number of e-folds as N(φ0i +
δφi(x)). The difference between them

δN = N
(
φ0i + δφi(x)

)−N0
(
φ0i
)
, (176)

is the curvature perturbation ζ . Here,N0 is a constant
that can be shifted to make 〈δN〉 zero.

(v) We expand

δN = Niδφi +
1
2
Nijδφiδφj + · · · , (177)

where the subscripts on N denote the partial
derivatives with respect to φi. For example, Nij =
(∂N/∂φi)(∂N/∂φj). Repeated indices are summed
over. The correlation functions of ζ can then be
computed as the classical averages of the products,
such as〈
ζ(x1)ζ(x2)

〉 = NiNj

〈
δφi(x1)δφj(x2)

〉
,

〈
ζ(x1)ζ(x2)ζ(x3)

〉 = 1
2
NijNkNl

×
〈
δφi(x1)δφj(x1)δφk(x2)δφl(x3)

〉
+ 2 perm.

(178)

(vi) We have assumed that the statistics of the δφi(x)
are known on the initial slice. But this is not always
easy to get. So we will consider the simple cases
where this statistics can be approximated as Gaussian.
Otherwise, calculating such initial statistics requires
using the full quantum mechanical in-in formalism.

Most generally, one identifies δN with the scalar
curvature ζ in the uniform inflaton gauge; and
the relation between δN and δφ(x) in the δN
formalism is the gauge transformation between the
uniform inflaton gauge and the spatially flat gauge.
Calculating the correlation functions for ζ becomes
calculating those for δφ(x) using the in-in formalism.
An example is the one we have seen inSection 7.1.

(vii) So far we have not used the condition that the
isocurvatons are massless (m � H). If they are
massive, after horizon exit, the modes decay. So
in the superhorizon classical regime, where the δN
formalism is supposed to be useful, we are back
in the single field inflation. Sub- and near-horizon
perturbations should be computed by the full in-in
formalism. Therefore, having massless isocurvatons
opens up classical multifield space in which we can
have sizable δN defined in (176).

Now let us consider the Gaussian fluctuations δφi. From
Section 2, we know that for massless scalars,〈

δφi(k1)δφj(k2)
〉
= H2∗

2k3
1

(2π)3δ3(k1 + k2)δi j , (179)

where H∗ is the Hubble parameter when the corresponding
mode exits the horizon. If the scalars are not exactly massless,
H will have a running dependence on k1 caused by the decay
of the amplitude. Using

δN(k) = Niδφi(k) +
1
2
Nij

∫
d3k′

(2π)3 δφi(k− k′)δφj(k′),

(180)

we get the power spectrum〈
ζ(k1)ζ(k2)

〉 = (2π)5 Pζ

2k3
1
δ3(k1 + k2), (181)

where

Pζ =
(
H∗
2π

)2

N2
i , (182)

and the bispectrum〈
ζ(k1)ζ(k2)ζ(k3)

〉
= NijNiNj

H4∗
4

(
1

k3
1k

3
2

+ 2 perm.

)
(2π)3δ3

(∑
ki
)
.

(183)

According to the definition (103), the shape function is

Sloc = 3
10

f loc
NL

(
k2

1

k2k3
+ 2 perm.

)
, (184)

where

f loc
NL =

5
6

NijNiNj(
N2
l

)2 . (185)

As usual, we have ignored a mild running from the power
spectrum Pζ . The shape (184) is called the local shape, which
we plot in Figure 16. This form is already factorizable.

The physics of this shape can be understood from the
derivation above. As explicitly demonstrated in (176)–(178),
this non-Gaussianity is generated locally in position space
for superhorizon modes. After Fourier transform, it becomes
nonlocal in momentum space. That is the reason that the
shape peaks at the squeezed limit.

If the perturbation δφ(x, t) on the initial spatially flat
slice cannot be approximated as Gaussian, the shapes of final
bispectra can be more complicated.
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Figure 16: Shape of the local form (184).

(i) An Example: The Curvaton Model. We use the curvaton
model [142–151] as an example to illustrate the generation
of large local non-Gaussianity. We also use it to demonstrate
the δN formalism.

In this model, we assume that during inflation there is
another light field σ with the potential

V(σ) = 1
2
m2
σσ

2, (186)

and mσ � H . This field is called the curvaton field for
reasons that will become clear shortly. The energy density
of the curvaton field is negligible initially. During inflation,
it fluctuates and obtains the primordial amplitude σ∗ =
σ0 + δσ(x), where ∗ denotes its value at the horizon-exit
and after that the amplitude is approximately frozen. These
perturbations are Gaussian for the potential (186) with
the canonical kinetic term, but can be more complicated
otherwise. Here, we study the simple Gaussian case. After
inflation, these σ-modes remain frozen until the Hubble
parameter drops belowmσ . Then the σ-field starts to oscillate
around the bottom of the potential and behavior as matter.
The Universe is still radiation dominated. The fraction of
the matter energy density quickly grows, because the matter
dilutes as a−3 while radiation a−4. The σ-field decays to
radiation when it reaches its lifetime.

Another assumption of the curvaton model is that the
primordial fluctuations in the inflaton field is much smaller
than what is needed to achieve ζ ∼ O(10−5), although
their total energy density may still be the dominant one. So
the primordial curvature perturbation is contributed by the
fluctuations in the σ field, hence the name curvaton field.

At the initial spatially flat slice t0, we denote the radiation
and curvaton density as ρr0 and ρm0, respectively, and the
scale factor as a0. Both components initially redshift as
radiation. This lasts until the Hubble parameter reaches mσ

at t1. We denote the scale factor at t1 as a1. The Friedman
equation at t1 is

3M2
Pm

2
σ =

(
a0

a1

)4(
ρr0 + ρm0

) ≈ (a0

a1

)4

ρr0. (187)

After this the curvaton starts to oscillate and behave as
matter. Denote the decay rate of the curvaton as Γ. We use
the sudden decay approximation and assume that they decay
instantaneously at the epoch H = Γ, because a process that
has the time scale T falls into the Hubble expansion epoch
with H = 1/T . We denote this instant as t2. The Friedman
equation at t2 is

3M2
PΓ

2 =
(
a0

a2

)4

ρr0 +
(
a0

a1

)4(a1

a2

)3

ρm0. (188)

Because at t2 the universe has the same Hubble parameter
(hence the same energy density) everywhere, this is the final
uniform density slice. After that, both components become
radiation and the evolution everywhere is the same. So we
want to work out the expansion e-folds N from t0 to t2 as a
function of the initial field value σ . From (188), we get

e−4N + e−3Nα = const., (189)

where α ≡ (a0/a1)(ρm0/ρr0). From (187) we can solve
for a0/a1 which is independent of σ at the leading order,
and from (186) we know that ρm0 is proportional to σ2.
Therefore, α is proportional to σ2. Also note that rρ ≡
(a2/a0)α = eNα = ρm/ρr|t2 is the ratio of the energy density
between the curvaton and the rest of the radiation at t2. Using
these simple facts, we can differentiate (189) with respect to
σ once and twice, and get

f loc
NL =

5
6
Nσσ

N2
σ

= 5
3rρ

−
5
(

4 + 9rρ
)

12
(

4 + 3rρ
) . (190)

In terms of the definition r ≡ 3ρm/(4ρr + 3ρm)|t2 = 3rρ/(4 +
3rρ) often used in the literature,

f loc
NL =

5
4r
− 5

3
− 5r

6
. (191)

So Large local non-Gaussianity arises if r � 1. Note that
although (189) only depends on σ , this is a multifield model
because the curvaton takes effects during the reheating. In
some simple models in which the curvaton leads to nonadi-
abatic perturbations between dark matter and photons, r is
tightly constrained by observations [152].

The large local form has been studied most extensively
in the past. Variety of possibilities exist. They all share
the common feature that non-Gaussianities are generated
by some massless isocurvaton fields which acquire the
superhorizon evolution during the inflation. For example,
in multifield slow-roll inflation a turning trajectory [153]
can transfer non-Gaussianities from other directions to the
inflaton direction [127–134]. But it is found to be very
difficult to make non-Gaussianities large essentially because
the very restrictive slow-roll conditions in all directions. In
modulated reheating [154, 155] or preheating [156–161]
scenarios, the role of isocurvatons are played by the massless
fields which control the couplings during the reheating or
preheating. Thus they create a large local non-Gaussianity in
a similar fashion as the curvaton model.
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Local form is also found in different contexts, such as
models with special types of massive gauge fields that acquire
superhorizon evolution [162–164], some nonlocal theories
of inflation [165, 166], and certain cyclic universe scenario as
alternatives to inflation [167–171].

The current CMB constraint on the local bispectrum is
−10 < f local

NL < 74 [1]. Current constraint from large scale
structure gives −29 < f local

NL < 70 [172]. Variety of methods
have been invented to measure the local and other different
forms of non-Gaussianities [173–186].

9. Summary and Discussions

9.1. Summary. In this subsection, we summarize the main
results of Sections 6–8. Non-Gaussianities, conceptually
being the expectation values of perturbations in a time-
dependent background, are defined by the first-principle
in-in formalism. Physically, having large primordial non-
Gaussianities means that there are large nonlinear interac-
tions of some sort determined by certain dynamics during
inflation. Measuring them tells us the nature of the dynamics.

(i) Equilateral Shape and Higher Derivative Kinetic Terms.
In single field inflation, the long wavelength modes that
already exited the horizon are frozen. They cannot have large
interactions with short wavelength modes that are still within
the horizon. When modes are well within the horizon, they
oscillate and the contributions to non-Gaussianities average
out. Therefore the only chance to have large interaction
is when all modes have similar wavelengths and exit the
horizon at about the same time. Theories with higher
derivative kinetic terms provide such interaction terms. This
is why the resulting bispectrum shape peaks at the equilateral
limit in the momentum space. It drops to zero at the
squeezed limit k3 � k1 = k2 as k3/k1. It happens that, when
these higher derivative terms become important enough so
that the inflationary mechanism is no longer slow-roll, these
large non-Gaussianities become observable. The forms of the
bispectra are given in (121) and (122), and the shapes are
plotted in Figures 3 and 4. The factorizable ansatz that is
used to represent them in data analyses is given in (127) and
plotted in Figure 5.

(ii) Sinusoidal Running and Sharp Feature. A sharp feature,
in a potential or internal field space, introduces a sharp
change in the slow-roll parameters, or the generalized slow-
variation parameters. This can boost the magnitudes of
time-derivatives of some parameters by several orders of
magnitude while still keep the power spectrum viable. These
time-derivatives act as couplings in the interaction terms. So
they enhance the non-Gaussianities among the modes which
are near the horizon-exit. How deep they affect the modes
inside the horizon depends on how sharp the changes are.

The changes in these parameters can be roughly approx-
imated as delta-functions in time. Correlation functions
involve integrations of products of the slow-variation param-
eters and the mode functions. The latter contain oscillatory
behavior ∼e−iKτ , where the comoving momentum K is k1 +

k2 + k3 for bispectra and τ is the conformal time. The delta-
function specifies a scale τ∗. This is why after integration
the bispectrum contains a sinusoidal factor ∼ sin(K/k∗),
where k∗ = −1/τ∗ is the momentum of the mode that is
near the horizon-exit at the time of the feature. So the most
important property of this type of non-Gaussianity is this
characteristic running. A numerical result of the running
behavior is plotted in Figure 7. An ansatz is given in (137)
and (139).

(iii) Resonant Running and Periodic Features. The periodic
features do not have to be sharp. They introduce a small
background oscillatory component in the slow-variation
parameters. On the other hand, the mode functions are also
oscillatory before they exit the horizon. Their frequencies
are high when they lie deep inside the horizon and become
lower as their wavelengths get stretched by the inflation.
They are frozen after the wavelengths become comparable
with the horizon size H−1. This means that their frequencies
continuously scan through the range from MP (or some
other large fundamental scale) to H . Therefore as long as
the background oscillatory frequency ω satisfies H < ω <
MP, at some point during the evolution the small oscillatory
component in the slow-variation parameters will resonant
with the oscillatory behavior of the mode functions, and
cause a large constructive contribution to the integration.

The periodicity of the features leads to a periodic-
scale-invariance in density perturbations. Namely, they are
scale invariant if we rescale all momenta by a discrete e-
fold 2πnH/ω, where n is an integer. This is why the most
important feature of this non-Gaussianity is a running
behavior ∼sin(C lnK + phase), where C = ω/H . This leads
to the ansatz (148). The full expression is given in (150)
and plotted in Figure 8. A numerical result is plotted in
Figure 9.

(iv) Folded Shape and Non-Bunch-Davies Vacuum. The usual
mode function of the Bunch-Davies vacuum has the positive
energy mode ∼e−ikτ . Now we consider a non-Bunch-Davies
vacuum by adding a small component of negative energy
mode∼eikτ . The three-point function involves an integration
of the product of three mode functions with momentum k1,
k2 and k3. So the leading correction to the Bunch-Davies
results is to replace one of the kis with −ki. The usual K =
k1 + k2 + k3 in e−iKτ becomes K̃ = k1 + k2 − k3, and its
cyclic. This effect is most important if factors of K̃ appear
in the denominators after the τ-integration. Hence, the most
important feature of this type of modification is to enhance
the non-Gaussianity in the folded triangle limit. An example
of these bispectra is given in (154) and plotted in Figure 10.
Ansatz that partially capture this feature are given in (155)
and (156), and plotted in Figure 11.

(v) Intermediate Shapes and Massive Isocurvatons. All mech-
anisms discussed so for single field inflation apply to
multifield inflation. We now consider new effects caused
by introducing more fields to inflation models. These extra
fields are called isocurvatons.
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Since light fields typically acquire a mass of order H ,
the Hubble parameter, we first consider the quasisingle field
inflation models where there is one massless inflaton while
the isocurvatons have mass of order H instead of massless.

Unlike multifield slow-roll inflation, where each flat
direction only has small nonlinear terms in order to satisfy
the slow-roll conditions, massive directions are not infla-
tionary direction and are free to have large nonlinear self-
interactions. These nonlinear interactions can be transferred
to the curvature mode through couplings and source the
large non-Gaussianity.

The massive isocurvaton eventually decays after horizon
exit simply because they are diluted by the expansion. How
fast it decays depends on its mass. If the mass is heavier, m >√

2H , it decays faster. So the interactions can only happen
when all modes are all closer to the horizon exit. This is
closer to the case of the equilateral shape that we encountered
above, and results in bispectra with quasiequilateral shapes.
If the mass is lighter, m <

√
2H , it decays slower. More

non-Gaussianity is generated in the superhorizon scales. This
is closer to the case of the local shape that we will come
to below, and results in bispectra with quasilocal shapes.
Overall, at the squeezed limit k3 � k1 = k2, the bispectrum
shapes behave as (k3/k1)1/2−ν, where ν goes from 0 to 3/2
(corresponding to m from 3H/2 to 0) in the example we
studied. In particular, if we take the massless limit while
keeping the cubic self-interactions of isocurvaton large, we
get a large bispectrum that has the same squeezed limit
shape as the local one. Therefore, we have a one-parameter
family of shapes that lie between the local and equilateral
shape.

The numerical results of these shapes are presented in
Figure 14. A simple ansatz is given in (174) that represents
this family of shapes quite well, and is plotted in Figure 15.

(vi) Local Shape and Massless Isocurvatons. The fluctuation
amplitudes of massless scalars do not decay after the horizon
exit, and therefore this opens up a multifield space for the
superhorizon evolution. For superhorizon modes, we can use
the separate universe picture and study the classical behavior
of different patches of universe. These patches are separated
by horizons and evolve independently of each other. So the
evolution is local in space.

Non-Gaussianities are generated when this multifield
evolution is nonlinear, and any nonlinearity arising in the
separate universe picture should also be local in space.
A locality in position space translates to a nonlocality in
momentum space. This is why the resulted local shape
bispectrum peaks at the squeezed limit. The behavior is
(k3/k1)−1 for k3 � k1 = k2. This bispectrum is given in (184)
and the shape is plotted in Figure 16.

In all cases, the power spectra are either approximately
scale-invariant so indistinguishable from the simplest slow-
roll models, or modified with features that can be made small
enough to satisfy the current observational constraints.

Large bispectra generically implies large trispectra, that
is, the four-point correlation functions. But trispectra con-
tain more information and can be large even if bispectra are
small. Experimentally, trispectra are more difficult to detect,
but contain much more shape configurations. Each category
above should have interesting extensions to trispectra. See
[187–193] for the equilateral case and [194–199] for the local
case.

It is certain that this list will grow in future works,
providing more refined and diverse connections between
theories and experiments.

9.2. A Consistency Condition. As we have seen, in single field
inflation, the mode that has exited the horizon is frozen. This
is characterized by a constant ζ over a horizon size patch.
The physical meaning of the constant ζ is a small rescaling of
the scale factor. This is the only effect that the superhorizon
mode has on modes with much shorter wavelength. This
fact is used by Maldacena to derive a consistency condition
[47] for the three-point correlation functions in the squeezed
limit for single field inflation.

(i) Consistency Condition. In the squeezed limit k3 � k1 =
k2, k3 is the superhorizon mode that exited the horizon and
acts as a zero-mode modulation to the two remaining modes.
The correlation 〈ζk1ζk2ζk3〉 is an average of the following
quantity 〈

ζk1ζk2

〉
ζk3
ζk3 (192)

over different ζk3 . We will shift the average 〈ζk3〉 to zero by
definition. Here the two-point average 〈ζk1ζk2〉ζk3

is evaluated
with different local scalings determined by the shift ζk3 . If
the two-point function is exactly scale-invariant, 〈ζk1ζk2〉ζk3

is just a constant. So the 3 pt vanishes because 〈ζk3〉 = 0. The
nonzero contribution comes from the breaking of the scale
invariance. To see this, we expand the two-point average in
terms of a long wavelength mode ζk4 near the scale 〈ζk4〉 = 0,

〈
ζk1ζk2

〉
ζk4
= 〈ζk1ζk2

〉
0 +

d
〈
ζk1ζk2

〉
dζk4

∣∣∣∣∣
0

ζk4

+
1
2
d2
〈
ζk1ζk2

〉
dζ2

k4

∣∣∣∣∣
0

ζ2
k4

+ · · · .
(193)

Multiply this with ζk3 and average over ζk3 . The first term
contributes zero since this is the scale-invariant component.
The second term gives

d
〈
ζk1ζk2

〉
dζk4

∣∣∣∣∣
0

〈ζk3ζk4〉. (194)

To get nonzero average, k3 + k4 = 0 is needed. Using the
relation dζk4 = −d ln k, we get

〈
ζk1ζk2ζk3

〉 −→ −d
〈
ζk1ζk2

〉
d ln k

∣∣∣∣∣
0

〈
ζk3ζk3

〉
. (195)
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The higher-order terms in (193) give

1
2
d2
〈
ζk1ζk2

〉
(d ln k)2

∣∣∣∣∣
0

〈
ζk3ζ

2
k4

〉
− 1

6
d3
〈
ζk1ζk2

〉
(d ln k)3

∣∣∣∣∣
0

〈
ζk3ζ

3
k4

〉
+ · · · ,

(196)

where k3 + 2k4 = 0, k3 + 3k4 = 0, and so on have to be
satisfied, respectively, for each term to get nonzero average.
If we only consider the tree-level three-point function, these
higher-order terms can be truncated since they involve more
factors of Pζ and should be related to the loop diagram
contributions to 〈ζk1ζk2ζk3〉. The tree diagram is O(P2

ζ ).

To connect the averages we used here with the correlation
functions that we defined in previous sections, we need
to restore the phase factors. Here the two-point average
〈ζk1ζk2〉here is performed with the special point k1 = k2 in
the phase space. To connect this with the previous definition
of 〈ζk1ζk2〉, we need to include the phase space in the
neighborhood. Namely, 〈ζk1ζk2〉 = 〈ζk1ζk2〉here(2π)3δ3(k1 +
k2), so from the definition (26) we have 〈ζk1ζk2〉here =
(2π)2Pζ(k1)/2k3

1. Similarly, 〈ζ3〉 = 〈ζ3〉here(2π)3δ3(
∑

ki).
With the usual definition of the spectrum index ns − 1 ≡
d lnPζ/d ln k, from (195), we get the following consistency
condition [47]:

〈
ζk1ζk2ζk3

〉 −→ −(ns − 1)
1

4k3
1k

3
3
Pζ(k1)Pζ(k3)(2π)7δ3

⎛⎝∑
i

ki

⎞⎠.
(197)

Although originally derived for slow-roll inflation, the
only assumption is the single field. So this applies to any
single field inflation models and has important physical
implications that we discuss shortly [200]. Note that the
derivation of this relation (197) does not rely on the
smallness of the slow-variation parameters either. For the
general single field inflation models that we studied in
Section 6.1, at tree level this has been checked with explicit
results to three different orders [50, 201] including the slow-
roll limit [47]. For resonance models, this is checked to the
leading order [111].

There are three types of interesting corrections to the
condition (197).

Firstly, as mentioned, the right-hand side of (197)
should receive corrections from loop contributions. These
loop contributions are associated with higher derivatives
of the two-point function. The terms (196), together with
(195), provide the corresponding consistency conditions
at different orders of Pζ . Note that for such orders, the
correlation functions such as 〈ζk1ζk2〉 on the right-hand side
should also include loop corrections.

Secondly, when we assume that the only effect of the
frozen superhorizon mode on the much shorter scale is a
constant background rescaling, we assume that there is no
interaction when these modes are all within the horizon (I
would like to thank Yi Wang for helpful discussions on this
point). However, large subhorizon interaction is possible in
some cases, such as in Sections 6.3 and 6.4. Such interactions
disappear below a new length scale at subhorizon, only then

the above assumption becomes valid. For example in the
resonance model, for H/ω < k3/k1 � 1, the modes k1,
k2 and k3 are guaranteed to resonant with the oscillatory
background at some point when all of them are within the
horizon. Only if k3/k1 � H/ω, such resonance will not
happen. This is why the consistency condition is satisfied
only in the very squeezed limit (k3 � k1/C with C = ω/H �
1). For the squeezed region k1/C < k3 � k1, the left-hand
side of the condition is larger than the right-hand side by a
factor of Ck3/2k1. For the non-Bunch-Davies vacuum case, a
similar scale is determined by the UV cutoff τc, from which
the non-Bunch-Davies vacuum starts to take effect.

Thirdly, even after the long wavelength mode exits the
horizon, as long as k3/k1 is not infinitely small, there is
still dependence of the two-point function on the derivative
of this long wavelength mode, in addition to the overall
constant shift. This introduces a different type of finite
k3/k1 corrections. They start from the second-order in
k3/k1, because the first-order corresponds to the first spatial
derivative of the long wavelength mode and should vanish
due to isotropy [200]. These corrections will be amplified
by the associated amplitude f non-loc

NL , and give an additive
correction f non-loc

NL (k3/k1)2 to the ns−1 on the right-hand side
of the condition. For a large f non-loc

NL , therefore, the condition
needs to be satisfied in a very squeezed limit. The equilateral
bispectra (121) and (122) are this type of examples.

The consistency condition (197) can be straightforwardly
generalized to higher-order correlation functions [189, 194].
We emphasize that this condition only applies to single
field inflation models. For inflation models involving more
than one field, as we have seen, non-Gaussianities can be
transferred from the isocurvature directions which do not
respect this relation.

(ii) Physical Implication. Besides providing consistency
checks for analytical computations, the condition also has
interesting physical implications. In the following, we discuss
the scale invariant cases [200], as well as the feature cases and
loop corrections, ending with some cautionary remarks.

This consistency relation implies that the tree-level
bispectrum in the squeezed limit is determined by the power
spectrum and spectral index. We distinguish the following
two cases. For the scale-invariant case, ns−1 is of order O(ε)
and the right-hand side of (197) takes the local form. Indeed,
as we have seen, for the single field inflation models where
the non-Gaussianities are large, they take the equilateral
forms which vanish in the infinitely squeezed limit. For the
non-scale-invariant case, especially the highly oscillatory case
such as the resonance model, the power spectrum can be
highly oscillatory and ns − 1 becomes large. This can still
be consistent with observations since the large ns − 1 is also
highly oscillatory and therefore may escape a detection so
far. But such a running non-Gaussianity is orthogonal to the
scale-invariant forms.

For the loop diagrams, in the scale-invariant case, these
terms are suppressed by higher-orders of slow-variation
parameters from, for example, d2〈ζk1ζk2〉/(d ln k)2, and
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Figure 17: A mixing of the equilateral (Figure 4) and local shape (Figure 16).

higher-orders of ζ from, for example, 〈ζ3
k3
〉; in the non-

scale-invariant example, the extra terms are still highly
oscillatory.

In summary, a detection of an approximately scale-
invariant local non-Gaussianity in the infinitely squeezed
triangle limit with f loc

NL > O(ε) can rule out all single field
inflation models.

In experiments, however, the triangle cannot be perfectly
squeezed. So it is an important question how squeezed
it should be to achieve the above goal. For example, in
the third type of corrections we discussed previously in
this subsection, we need f non-loc

NL (k3/k1)2 to be smaller than
ns − 1 for the consistency condition to hold, so that
the contaminations from whatever nonlocal fNL is small.
Assuming the primordial local form is practically detectable
only if f loc

NL > O(1), we at least need f non-loc
NL (k3/k1)2 < O(1).

For the class of the general single field models we studied in
Section 6, if the other forms of non-Gaussianities, such as the
equilateral one, can be constrained below f non-loc

NL ∼ O(10),
a squeezed configuration with k3/k1 < 0.1 will be enough
for our purpose. However, a completely model-independent
statement is much trickier, because there may be bispectra

with very large amplitude but orthogonal to any known
bispectra that have been constrained experimentally. Besides
that, in the second type of corrections, large finite-k3/k1

corrections can also arise due to subhorizon interactions.
Therefore, as a cautionary remark, if we would like to rule
out all single field inflation models in a rigorous model-
independent fashion with a detection of scale-invariant local
non-Gaussianity, we have to keep in mind the caveat that
there may be single field models which only respect the
consistency condition in a very squeezed region beyond the
experimental reach.

9.3. Superpositions. Different shapes and runnings of non-
Gaussianities can be superimposed in inflation models. For
example, consider the following.

(i) Mixing Shapes. It is possible that different non-
Gaussianity generation mechanisms are from different com-
ponents in a model, or at different stages during inflation.
So two or more different shapes can get mixed, and the final
shape can be rather different. For example, in Figure 17, we
plot a mixed shape between the local and equilateral shape.
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Figure 18: A mixing of an intermediate shape [ν = 7/6 in (174)] and a resonant running (148).

Notice that this is different from the intermediate shapes,
since obviously the squeezed limit is always dominated by
the local form. Examples of such models are discussed
in [202].

(ii) Mixing Shape and Running. The shapes can also be
mixed with runnings. Same as the power spectrum, the non-
Gaussianities generically have some mild scale dependence.
But a more dramatic case is the superposition with a strong
running, such as the sinusoidal or resonant running. For
example, an inflaton passing through features frequently and
turning constantly at the same time on a potential landscape
can generate a bispectrum which is a superposition of the
resonant running and intermediate shape, as we illustrate in
Figure 18. Clearly, these two signals are orthogonal to each
other very well, and have to be picked up separately through
different methods in data analyses.

(iii) Orthogonalization. If a non-Gaussianity is the linear
superposition of several base components, one can generally
perform a change of bases to make the new bases orthog-
onalized. For example, as we have seen in Section 6.1, the
leading large bispectrum has two components, Sλ and Sc.
The two shapes are very similar, and represented by the
equilateral ansatz in data analyses. However since they do
have small difference, one can subtract their similarities

and get a new orthogonalized base component [175]. The
orthogonalization is defined by the shape correlator such as
(106). Using this definition, the new bases can be chosen as

S1 ≈ Sλ + 0.22Sc (198)

and S2 = Sc. [Note that the Sλ and Sc used here do not include
the prefactors (1/c2

s − 1 − 2λ/Σ) and (1/c2
s − 1) in (121) and

(122)]. Their shapes are shown in Figure 19. Notice that S1

is half positive and half negative. Because S1 is not of the
simplest factorizable type, the following simple ansatz has
been proposed to represent S1 in data analyses [175],

Sorth
ansatz = −18

(
k2

1

k2k3
+ 2 perm.

)
+ 18

(
k1

k2
+ 5 perm.

)
− 48.

(199)

We plot the shape of this ansatz in Figure 20. The current
CMB constraint on this orthogonal ansatz is −410 < f orth

NL <
6 [1].

For known examples of general single field inflation, such
as the DBI and k-inflation, we generically get equilateral
shapes. This is also clear from their physical origin that we
have emphasized. The orthogonal shape relies on a delicate
cancellation between the two generic shapes. In principle,
one can do this since the required parameter space is allowed
in our effective field theory of general single field inflation in
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Section 6.1, and this may provide guidance to future model
building. For example, one may fine-tune the parameters

in the k-inflation models [93, 94]. Therefore, unlike the
previous cases, the direct motivation here is more oriented
to data analyses. The advantage of this operation is that it
makes full use of data, which impose constraints on both
components. In addition, as a bonus, the ansatz for the
equilateral (127), folded (155) and orthogonal (199) shapes
are not linearly independent. As we can see, they all happen
to be the equilateral ansatz shifted by a constant shape
ansatz (S = const.) [65]. Constraining two orthogonal bases
provide efficient constraints on all three of them.

Let us do a more data-analysis-oriented exercise. We
would like to construct an ansatz that is orthogonal to both
local and equilateral ansatz, since both were well constrained
by data. (Note that Sorth

ansatz in (199) is not quite orthogonal to
the local ansatz, with a correlation ∼−0.48.) To do this we
start with a trial shape Strial, and demand the new orthogonal
shape

Sorth,2
ansatz = Strial + c1S

loc + c2S
eq
ansatz (200)

be orthogonal to both the local and equilateral ansatz,

Sorth,2
ansatz · Sloc = 0, Sorth,2

ansatz · Seq
ansatz = 0. (201)
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The simplest factorizable trial shapes can be either the
constant shape or the local-like shape k1/k2 + 5 perm., and
both give the same result. Let us use the constant shape
Strial = 1 as an example. Solving the conditions (201) gives
c1 = −0.0953 and c2 = −0.204. So the new orthogonal ansatz
is

Sorth,2
ansatz=1.19

(
k2

1

k2k3
+ 2 perm.

)
− 1.22

(
k1

k2
+ 5 perm.

)
+ 3.44.

(202)

The numerical details may change slightly depending on the
detailed definition and computation of the inner product
(105). The shape is plotted in Figure 21. It is somewhat
exotic but the ansatz is simple. By construction, this ansatz
is much more orthogonal to the local form (with correlation
∼ 0) than the Sorth

ansatz currently used in [1, 175]. It also
happens to have reasonably large correlation (∼ 0.86) with
the orthogonal shape in single field inflation (the S1 shown
in Figure 19), similar to that (∼−0.91) between S1 and Sorth

ansatz.
Obviously, other choices of trial shapes can result in more
exotic orthogonal shapes.

One can perform a similar orthogonalization for the two
shapes in (94), now they are both local to start with. More
generally, if a non-Gaussianity has more base components,
we can orthonormalize all of them one by one, in the sense
of the Gram-Schmidt process.

9.4. Conclusion. The field of primordial non-Gaussianity is
growing rapidly in recent years, with simultaneous progress
from the experimental results, data analyses methods,
nonlinear cosmology theories, physical model buildings,
computational techniques, and theoretical formalisms. The
progress that we have seen so far is no doubt just
a beginning.

In this paper, we have studied the primordial non-
Gaussianities coming from the inflation models, especially
various mechanisms that can produce observable large non-
Gaussianities with viable power spectra. We emphasized the

fingerprints that different underlying physics leave on non-
Gaussian profiles, which break the degeneracy of model
building. We described the physical pictures and presented
their effective Lagrangians to the extent that they can
be recognized when encountered in the inflation model
building in a more fundamental theory. We also derived the
resulting bispectra and represented them in terms of simple
ansatz to the extent that they can be useful to data analyses.
With the current rapid progress, we anticipate much more
future developments along these lines through refinements
and discoveries in both theories and experiments.

The standard model of cosmology—the Big Bang theory
with ΛCDM—is now established better than ever, with the
precision data coming from the cosmic microwave back-
ground and large scale structures. New data will continue
to flow from many ongoing and forthcoming experiments.
Although Nature does not seem to be obligated to provide us
any more information beyond the standard model, exciting
possibilities exist that would help us to understand the origin
of the Big Bang. These include the more detailed deviations
from the scale-invariance of the power spectrum, the primor-
dial gravitational waves that we may detect from the CMB
polarization, the isocurvature perturbations between matter
and radiation, and the primordial non-Gaussianities. With-
out these types of data, the number of theoretical models
with degenerate observational consequences proliferate with
time and it will be hard to understand the microscopic nature
of the inflation beyond our current knowledge, as well as
to distinguish inflation from other possible alternatives. As
we have reviewed, primordial non-Gaussianity—the collider
in the very early universe—is one of the few hopes. It is
becoming a target of many modern experiments. We do
not know which cards Nature is hiding from us, but we are
hoping and preparing for the best.
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We review models which generate a large non-Gaussianity of the local form. We first briefly consider three models which generate
the non-Gaussianity either at or after the end of inflation; the curvaton scenario, modulated (p)reheating, and an inhomogeneous
end of inflation. We then focus on ways of generating the non-Gaussianity during inflation. We derive general conditions which
a product or sum separable potential must satisfy in order to generate a large local bispectrum during slow-roll inflation. As an
application, we consider two-field hybrid inflation. We then derive a formalism not based on slow roll which can be applied to
models in which the slow-roll parameters become large before inflation ends. An exactly soluble two-field model is given in which
this happens. Finally, we also consider further non-Gaussian observables, a scale dependence of fNL and the trispectrum.

1. Introduction

There are many models of the universe which can predict
a large non-Gaussianity. However the predicted amplitude
and the shape of the non-Gaussianity are different among
different classes of models. One category is those which
generate the non-Gaussianity due to nontrivial classical
dynamics on superhorizon scales. These models predict the
shape of the bispectrum to be of the so-called “local type”,
which can be expressed as an expansion of the Bardeen
potential [1]

Φ(x) = ΦL(x) + fNL
(
Φ2
L(x)− 〈Φ2

L(x)
〉)

, (1)

where Φ is the curvature perturbation on a Newtonian slice
and ΦL is its linear and Gaussian part. 〈Φ2

L(x)〉 denotes the
ensemble average in a statistically homogeneous distribution.
The current limit on the local type of the nonlinearity
parameter fNL from seven years of WMAP data [2] is
−10 < fNL < 74 at the 95% confidence level. Constraints
are expected to improve rapidly and significantly, first with
Planck data and later using large scale structure data, see the
recent reviews [3–5]. The Bardeen potential is related to the

primordial curvature perturbation of ζ on large scales and in
the matter dominated era by Φ = (3/5)ζ .

The curvature perturbation at horizon exit is determined
by the classical perturbations of the scalar fields, δφi(x).
The subsequent evolution of ζ can be conveniently described
by the δN formalism [6–11]. The curvature perturbation is
given by up to quadratic terms [11]

ζ = δN =
∑
I

N,IδϕI∗ +
1
2

∑
IJ

N,IJ δϕI∗δϕJ∗ + · · · , (2)

where N(x, t) is the e-folding number evaluated in an
unperturbed Universe, from the epoch of horizon exit to
later epoch of uniform energy density hypersurface (for an
extension to include gradient terms, see [12]). The power
spectrum Pζ and the bispectrum Bζ are defined by

〈ζk1ζk2〉 ≡ (2π)3δ3(k1 + k2)
2π2

k3
1

Pζ(k1),

〈ζk1 ζk2 ζk3〉 ≡ (2π)3δ3(k1 + k2 + k3)Bζ(k1, k2, k3).

(3)
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From this, we can define the observable quantities, the spec-
tral index, the tensor-to-scalar ratio, and the nonlinearity
parameter

nζ − 1 ≡ ∂ log Pζ

∂ log k
, (4)

r = PT

Pζ
= 8P∗
M2

PPζ
, (5)

fNL = 5
6

k3
1k

3
2k

3
3

k3
1 + k3

2 + k3
3

Bζ(k1, k2, k3)

4π4P 2
ζ

, (6)

where PT = 8P∗/M2
P = 8H2∗/(4π2M2

P) is the power
spectrum of the tensor metric fluctuations. It is well known
that single-field inflation does not lead to a detectably
large non-Gaussianity, in fact fNL is suppressed by slow-
roll parameters [13]. Observably large non-Gaussianity can
be obtained by breaking the slow-roll conditions during
inflation [14], using extended kinetic terms [15–25], see also
the reviews [26, 27], or going beyond models of single-field
inflation [11, 28–34]

It is natural to consider multiple scalar field since they
are ubiquitous in many beyond the standard model of
particle physics, such as supersymmetry and string theory.
These scalar fields generate nonadiabatic perturbations
during inflation and change the evolution of the curvature
perturbation after horizon exit. The residual isocurvature
perturbation may be present in the primordial density
fluctuation and can be correlated with the curvature per-
turbation or may be responsible for an observably large
non-Gaussianity in the cosmic microwave background and
large scale structure, for observational limits on isocurvature
perturbations see [1, 35, 36]. In this paper, we will only
consider models with adiabatic primordial perturbations, in
which the isocurvature perturbation present during inflation
is converted into an adiabatic perturbation. We also neglect
the secondary non-Gaussianities generated at later times, for
example see [37, 38].

There are popular multifield models [39] which may
generate observably large non-Gaussianity. These include the
curvaton scenario, modulated (p)reheating, and an inhomo-
geneous end of inflation, see Section 2. In these scenarios,
large non-Gaussianity is generated either by the means of
ending inflation, or after inflation. It was shown recently that
it also possible to generate large non-Gaussianity during the
evolution of slow-roll multifield inflation, see Section 3.

All of these models generate the large non-Gaussianity
after horizon exit, such as after reheating, at the end of infla-
tion, at the phase transition, or during inflation after horizon
exit and involves the perturbation of the nonadiabatic mode.
Therefore, the non-Gaussianity of these models is of the
local type which is distinguishable from other shapes of non-
Gaussianity (for a list of possibilities see, e.g., [40–42]), in
which the non-Gaussianity is generated intrinsically from the
quantum fluctuations, or during horizon exit.

In Section 2, we summarise the aforementioned three
models, which are popular methods of generating a large
non-Gaussianity. In Section 3, we review the possibility of

generating a large non-Gaussianity from multifield slow-
roll inflation, and in Section 4, we consider hybrid inflation
with two inflaton fields as an application. Then in Section 5,
we discuss multifield models of inflation without assuming
the slow-roll conditions and present an exact solution.
Non-Gaussian observables beyond fNL, such as its scale
dependence and the trispectrum are introduced in Section 6.
Finally, we conclude in Section 7.

2. Summary of Popular Models Generating
a Large Local Non-Gaussianity

Multifield inflationary models [39] can lead to an observable
signature of non-Gaussianity. These include models in which
the large non-Gaussianity is generated either by the means of
ending inflation, or after inflation. We review the three most
popular of these models in this section, for a discussion on
how these models are related see [43]. In the next section,
we review the possibility of generating large non-Gaussianity
during multifield slow-roll inflation. Later in Section 5,
we discuss multifield models of inflation without assuming
the slow-roll conditions. This does not exhaust all of the
possible ways of generating a large local non-Gaussianity
from inflation, see also the reviews [44–47] and the papers
[48, 49]. Non-Guassianity of the local form can also be
generated in the ekpyrotic scenario [50, 51], although in
the simplest case fNL is large and negative [52], which is
observationally ruled out.

2.1. Curvaton Scenario. In this scenario, there is a light
weakly-interacting inhomogeneous scalar field, the curvaton
χ, in addition to the inflaton field, φ. The additional scalar
field is completely subdominant during inflation however,
it can dominate the energy density of the Universe later
since the time-averaged equation of state becomes that of the
pressureless matter (P = 0), whose energy density decreases
more slowly than that of the radiation which the inflaton field
has decayed into. After decay, the inhomogeneity of the scalar
field leads to the density perturbation of radiation [53, 54].
This is the basis of the curvaton scenario [55–59] which
liberates the inflaton field from being required to generate
the observed spectrum of perturbations (although there is
instead an upper bound on their allowed magnitude).

The significant non-Gaussianity of the local type can
be generated in the curvaton model [60]. A study of non-
Gaussianity in the curvaton scenario using second-order
cosmological perturbation theory was done by Bartolo et al.
[31] with a sudden decay approximation and also by
Malik and lyth [32] using a fully numeric approach, which
accounted for both the sudden decay and nonsudden decay
approximations. Lyth and Rodrı́guez [11] used the δN
formalism including the quadratic terms (second order terms
in (2)) to calculate the non-Gaussianity. The nonlinear
generalisation of the curvature perturbation and a numerical
study was done to give a full probability distribution function
in [61]. This simple curvaton model was extended into the
mixed curvaton-inflaton scenario in which fluctuations of
both the inflaton and a curvaton contribute to the primordial
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density perturbation studying the isocurvature perturbation
in [62]. The multiple curvaton fields which contribute to
the primordial density perturbation was studied in [63–65].
Observational constraints on curvaton models with isocur-
vature perturbation and non-Gaussianity can be found in
[66–68].

The generation of large non-Gaussianity in the curvaton
scenario can be easily understood using the result of the
nonlinear δN formalism [61, 62]. Assuming the sudden
decay of the curvaton field on the H = Γ uniform energy-
density hypersurface, that is, when the local Hubble rate
equals the decay rate for the curvaton, leads to a nonlinear
relation between the local curvaton density and the radiation
density before and after the decay

Ωre
4(ζinf−ζ) + Ωχe

3(ζχ−ζ) = 1, (7)

where Ωr + Ωχ = 1. Here, ζ is the primordial curvature
perturbation which remains constant on large scales in the
radiation-dominated era after the curvaton decays and ζχ is
the curvaton perturbation. Expanding this equation order by
order yields up to second order [61]

ζ =
(

1− rχ
)
ζinf + rχζχ +

rχ
(

1− rχ
)(

3 + rχ
)

2

(
ζχ − ζinf

)2

+ higher-order terms,
(8)

where rχ ≡ 3Ωχ/(4 − Ωχ) at the time of the curvaton decay.
The curvature perturbation of curvaton field [61]

ζχ = 2
3
δ1χ

χ0
− 1

3

(
δ1χ

χ0

)2

+
2
9

(
δ1χ

χ0

)3

, (9)

is almost constant before the curvaton decays from the
start of curvaton oscillation. Note that the intrinsic non-
Gaussianity in the curvaton field during oscillation is fNL,χ =
−5/4, which comes from the nonlinear relation between
δ1χ and ζχ . After the curvaton decays into radiation, the
curvature perturbation of radiation has the following non-
Gaussianity parameters: [11, 31, 61]

fNL = r̃2

(1 + r̃)2

[
5

4rχ
− 5

3
− 5rχ

6

]
, (10)

where rχ is evaluated when the curvaton decays based on the
sudden decay approximation but gives good agreement with
a full numerical study [32, 61], and r̃ is defined as

r̃ ≡
∣∣∣rχζχ∣∣∣2

∣∣∣(1− rχ)ζinf

∣∣∣2 . (11)

In the limit of the pure curvaton scenario, ζinf → 0, it
recovers the usual normalization for fNL, that is, r̃2/(1+r̃)2 →
1. Therefore, the large fNL is obtained for small rχ . This large
fNL, in spite of the order of unity non-Gaussianity in ζχ , has
the origin in the nonlinear relation between ζχ (or δ1χ) and ζ
in (8).

In fact (7), and thus (8), can be used “at any time”
before the curvaton decay with rχ evaluated at that time
to find the total curvature perturbation at that moment, as
well as at the epoch of curvaton decay. This enables us to
understand the evolution of the curvature perturbation ζ on
the uniform energy density hypersurface before the curvaton
decay. Initially when the primordial radiation was generated,
for example, from the inflaton decay, rχ is negligibly small so
we cannot ignore the perturbations of the inflaton field. At
this early time, ζ = ζinf and fNL = 0 since r̃ ∝ r2

χ which
makes fNL negligible in (10). As time goes on, rχ increases
while ζinf and ζχ are almost constant since there is no energy
flow between two fluids satisfying adiabatic condition except
around the decay time, thus the curvature perturbation
evolves gradually. If the curvaton survives long enough, rχ
reaches a value with which the rχζχ dominates the first term,
ζinf , and the curvaton perturbation is then responsible for the
primordial inhomogeneity of the Universe. The large non-
Gaussianity is possible only when rχ at the decay time is
small that is, the energy density of curvaton is subdominant
compared to that of radiation. This is because when rχ = 1,
the curvaton energy density dominates over the radiation
component before decay, then ζ is effectively the curvature
perturbation of a single field (curvaton), ζχ , and therefore
non-Gaussianity fNL = fNL,χ = −5/4. We will also see
this phenomena in the multifield slow-roll inflation later, in
Section 3.

2.2. Modulated (P)reheating. After inflation, the energy den-
sity in the inflaton field must be transferred into radiation. In
the simplest case of adiabatic perturbations, this process does
not affect the primordial curvature perturbation on scales
which are observable today, because these scale were much
larger than the horizon at the time of reheating. However,
in a spirit similar to the curvaton model, there may be
a subdominant light scalar field present during inflation
which modulates the efficiency of reheating. This makes
the efficiency of reheating a spatially dependent process.
The quasiscale invariant perturbations in this field, which
during inflation are an isocurvature perturbation, may be
converted into the primordial curvature perturbation during
this process. For a review of reheating after inflation, see for
example [69, 70].

As a simple illustration of this, in the “old” models of
perturbative reheating, the decay rate of the inflaton is given
by Γ ∼ λ2m, where λ is the strength of the coupling between
the inflaton and reheating fields and m is the mass of the
inflaton. Provided that Γ is much less than the Hubble rate
at the end of inflation, so that reheating takes place slowly,
the reheating temperature is given by

Treh ∼
√
ΓMP ∼ λ

√
mMP. (12)

If the coupling strength is a function of the local value of a
second scalar field χ then this will give rise to a perturbation
in the decay rate of the inflaton field, and thus in the
reheating temperature which is responsible for the density
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perturbation after reheating. Provided that the χ field is
perturbed, the curvature perturbation can be written as

ζ = α
δΓ

Γ
, (13)

where α is a parameter depending on the ratio of Γ to
the Hubble expansion at the end of inflation, whose value
increases with decreasing Γ/H and leads to 1/6 in the limit
Γ � Hinf [33, 71]. Hence, perturbations of the light scalar
field χ can be imprinted into the radiation temperature
through the reheating process [71, 72]. In a similar way, the
mass of the decaying particle may be modulated [73]. The
above equation can be extended to second order, which is
required to calculate fNL. In the simple quadratic case that
Γ = Γ0 + Γ1(χ/χ)2 = Γ0 + Γ1(1 + δχ/χ)2, where χ and δχ are
the homogeneous background part and the perturbation of
the field χ, respectively, the result is [33, 74–76]

fNL = 5
12

Γ0 + Γ1

Γ1α
. (14)

Hence, we can see that the non-Gaussianity can easily be
larger than unity in this model by two sources. One is due
to the small value of α which occurs when the decay rate of
the inflation is not much smaller than the Hubble constant at
the end of inflation. The other is when Γ1 is small in which χ
field only controls part of the decay channels of inflaton field.

It is now generally considered that a period of rapid
and highly nonlinear preheating preceded the perturbative
reheating phase [69]. In this case, one can instead con-
sider modulated preheating, see, for example, [77–79]. A
particularly rapid form of preheating, known as instant
preheating [80], has attracted more attention in this area,
as it is possible to find analytic estimates [81–85]. It is
possible to generate the primordial curvature perturbation
in these models by having either a weak [81] or a strong
[83] symmetry breaking of the two-field potential during
inflation which affects the efficiency of instant preheating, or
by having two inflaton fields which are coupled with different
strengths to the preheat field [82]. However, all of the above
models of modulated instant preheating are only allowed,
even at the linear level in perturbations, for a small corner
of parameter space and even then only for a special choice of
initial conditions [85].

2.3. Inhomogeneous End of Inflation. An inhomogeneous
phase transition can occur also at the end of inflation
between inflationary and non-inflationary expansion due
to the condition of how inflation ends [34, 86]. In the
case of multicomponent inflation, there is a family of
inflationary trajectories. If the family of trajectories is not
perpendicular to the surface on which inflation ends then
there is a possibility that inflation ends on a slice which is
not of uniform density and the generation of the curvature
perturbation at the end of inflation is expected [34] (This was
also discussed in [87–89] using the linear relation between
two fields at the end of inflation and the non-Gaussianity
is transferred from that of the light field which is generated
from its nonlinear self-coupling). In single field inflation, the

energy density is determined solely by the single field φ, and
the end of inflation is parameterised by the unique value φe.
If there is another field σ , then φe(σ) will depend on position
through the perturbation δσ(x). As a result, the change of
e-folding number from a spacetime slice of uniform energy
density just before the end of inflation to a spacetime slice
of uniform density just after the end of inflation will have a
perturbation δNe = ζe. This ζe is the curvature perturbation
generated by the end of inflation and can dominate over the
contribution from inflation [34].

Using the perturbation of φe(σ)

δφe = φ′eδσ +
1
2
φ′′e (δσ)2, (15)

the curvature perturbation generated at the end of inflation
is [34]

ζe = N ′
e δφe +

1
2
N ′′
e

(
δφe

)2

= N ′
eφ
′
eδσ +

1
2

[
2N ′′

e φ
′2
e + n′eφ

′′
e

]
(δσ)2.

(16)

When ζe dominates the perturbation generated during
the inflation, the power spectrum is given by

Pe = φ′2e
2εe

(
H∗
2π

)2

(17)

The non-Gaussianity can also be generated at the end of
inflation since the perturbation at the end of inflation is not
required to be Gaussian. Thus, we expect that the observable
large non-Gaussianity can be generated in this process. From
(16) the non-Gaussianity is [34]

fNL = −5
3

√
εe
2

φ′′e(
φ′e
)2 . (18)

This was applied to the simple example of extended hybrid
inflation using sudden end approximation [90, 91].

Recently Sasaki [92], Naruko and Sasaki [93] calcu-
lated analytically the curvature perturbation and the non-
Gaussianity in the multi-brid inflation models from horizon
exit to the end of inflation considering the general couplings
to the waterfall field. In general, we cannot just ignore the
curvature perturbation generated during inflation. Further-
more, that is also affected by the end of inflation. A deeper
understanding of non-Gaussianity both from the evolution
during multifield hybrid inflation and effects from the end
of inflation is considered by Byrnes et al. [94, 95] which is
summarised in Section 3.

3. Non-Gaussianity during Slow-Roll Inflation

It is well known that the single field slow-roll inflation
with canonical kinetic terms generates a nonlinear parameter
of the order of the spectral tilt of the spectrum and thus
too small to be observed [13]. On the other hand, in
multifield inflationary models the nonadiabatic perturbation
may change this conclusion. Furthermore, even within slow-
roll inflation an observably large non-Gaussianity can be
generated if certain conditions are satisfied.
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Rigopoulos et al. introduced a formalism [96, 97] to
deal with nonlinearity based on a system of fully nonlinear
equations for long wavelengths and applied it to a two-field
inflation model. In the case of two-field quadratic inflation
with two massive fields, an analytic calculation is possible
with slow-roll conditions, and this shows that the nonlinear
parameter is small [98, 99]. The numerical calculation
confirms the analytical prediction that it is possible to
generate a narrow spike of large non-Gaussianity while the
inflaton trajectory turns a corner, but the non-Gaussianity
decays quickly after the corner [99, 100]. This spike is due to
the temporary jump in the slow-roll parameters [101, 102].

Recently, an analysis based on the general analytic
formula was done by Byrnes et al. [94, 95], and they
showed that it is possible to generate observable large non-
Gaussianity even during slow-roll multifield inflation models
and explicitly wrote the conditions as well as concrete
examples (There is a claim [103] that the sizeable value
of fNL can arise from a loop corrections). In this section,
we summarise the general conditions for two-field slow-roll
inflation to generate a large non-Gaussianity and briefly give
a specific example. In Section 4 we consider the multifield
hybrid inflation model which has been studied in depth, and
we include the effects from the end of inflation.

3.1. General Formulas. In the case of a potential which is
either sum or product separable, it is possible to compute the
curvature perturbation using the δN-formalism and slow-
roll conditions, and an analytic formula for the nonlinearity
parameter can be obtained. The general formula for the
nonlinearity parameter fNL was calculated in the case of a
separable potential by sum [99], and this was later extended
to the non-canonical kinetic terms as well as to the separable
potential by product [104]. This has been further generalized
to the arbitrary number of fields [105] and to the trispectrum
[106].

For a product separable potential, W(ϕ, χ) = U(ϕ)V(χ),
we can find the number of e-foldings analytically in the slow-
roll limit [107],

N
(
ϕ∗, χ∗

)
= − 1

M2
P

∫ e
∗
U

Uϕ
dϕ = − 1

M2
P

∫ e
∗
V

Vχ
dχ. (19)

Then, the power spectrum and the nonlinear parameters
can be calculated straightforwardly using the derivatives
of e-folding number [99, 104, 107]. In the case of two
inflatons with canonical kinetic terms, the power spectrum
and spectral index are found to be [104]

Pζ = W∗
24π2M4

P

(
u2

ε∗ϕ
+
v2

ε∗χ

)
,

nζ − 1 = −2ε∗ − 4
u2
(

1− η∗ϕϕ/2ε∗ϕ
)

+ v2
(

1− η∗χχ/2ε∗χ
)

u2/ε∗ϕ + v2/ε∗χ
,

r = 16

(
u2

ε∗ϕ
+
v2

ε∗χ

)−1

,

(20)

where the slow-roll parameters are

εϕ = M2
P

2

(
Uϕ

U

)2

= εcos2θ, εχ = M2
P

2

(
Vχ

V

)2

= εsin2θ,

(21)

where θ is the angle between the adiabatic perturbation and
one of the fields and

ηϕϕ =M2
P

Vϕϕ

V
, ηϕχ =M2

P

UϕVχ

W
, ηχχ =M2

P

Vχχ

V
.

(22)

Note that the superscript “∗” and “e” denotes that the
values are evaluated at horizon exit and at end of inflation,
respectively. In the above, u and v are evaluated at the end of
inflation as

u ≡ εeϕ
εe
= cos2θe, v ≡ εeχ

εe
= sin2θe. (23)

The nonlinearity parameter fNL becomes [104]

fNL = 5
6

2(
u2/ε∗ϕ + v2/ε∗χ

)2

×
[
u3

ε∗ϕ

(
1− η∗ϕϕ

2ε∗ϕ

)
+
v3

ε∗χ

(
1− η∗χχ

2ε∗χ

)

−
(
u

ε∗ϕ
− v

ε∗χ

)2

AP

⎤⎦
(24)

where

AP ≡ −
εeϕεeχ
(εe)2

[
η̂e − 4

εeϕεeχ
εe

]
,

η̂ ≡ εχηϕϕ + εϕηχχ
ε

.

(25)

Similar formulas are found in the case of a sum separable
potential [99, 104].

3.2. Conditions for Generating a Large fNL. Using an analytic
formula for the nonlinear parameter fNL in the case of a
sum or product separable potential, it is possible to generate
significant non-Gaussianity even during slow-roll inflation
with Gaussian perturbations at Hubble exit and the general
conditions for it can be written explicitly [94].

For the separable potential by product large nonlinear
parameter | fNL| � 1 is possible when (there is a symmetric
region of large non-Gaussianity under the exchange of the
two fields).

sin2θ∗ � sin4θe

⎛⎝ 1√
sin2θeGp

− 1

⎞⎠,

Gp = 6
5

∣∣∣−η∗χχ + 2ηeχχ
∣∣∣−1

.

(26)
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with this condition, the large fNL is given by

fNL  5
6

sin6θe(
sin2θ∗ + sin4θe

)2

[
−η∗χχ + 2ηeχχ

]
. (27)

For large fNL, the substantial increase in sin θ is necessary
between horizon exit and the end of inflation, which
corresponds to the curve of the trajectory in the field space
during the slow-roll inflation. However, the background
trajectory must be almost entirely in the one-field direction.

One specific toy model is the quadratic times exponential
potential [94], where the potential is given by

W
(
ϕ, χ

)
= 1

2
e−λϕ

2/M2
Pm2χ2. (28)

With expansion of exponential, this potential can be under-
stood as the quadratic chaotic inflation model which has
a coupling to another light scalar field. For this potential,
considering the condition for large non-Gaussianity, (26),
large fNL is generated when the ϕ at horizon exit is small.
One example is found to give | fNL| ∼ 30 with ϕ∗ ∼ 10−3MP

for λ = 0.05 and χ∗ = 16MP .
For a sum separable potential, we can find similar

conditions for generating a large fNL [94].

4. Hybrid Inflation with Two Inflaton Fields

We consider a model of two field hybrid inflation, whose
potential is given by

W
(
ϕ, χ

)
=W0 exp

(
1
2
ηϕϕ

ϕ2

M2
P

)
exp

(
1
2
ηχχ

χ2

M2
P

)

W0

(
1 +

1
2
ηϕϕ

ϕ2

M2
P

+
1
2
ηχχ

χ2

M2
P

)
,

(29)

which is vacuum dominated, that is, which satisfies
|ηϕϕϕ2| �M2

P and |ηχχχ2| �M2
P . It is in this regime that the

two ways of writing the potential given above are equivalent
(at leading order in slow roll), so we can treat the potential
as being both sum and product separable. We assume that
inflation ends abruptly by a waterfall field which is heavy
during inflation and hence does not affect the dynamics
during inflation. First, we calculate observables during slow-
roll inflation. We will consider the full potential including the
waterfall field in Section 4.2, which incorporate the effects
from the end of inflation considered in Section 2.3. We will
see that this can lead to a change in observables on the surface
where the waterfall field is destabilised.

In the vacuum-dominated regime, the slow-roll solutions
are

ϕ(N) = ϕ∗e−ηϕϕN , χ(N) = χ∗e−ηχχN , (30)

where “∗” denotes the value at the horizon exit. Throughout
this section, whenever we write a quantity without making
it explicit at which time it should be evaluated, we mean
the equation to be valid at any time N e-foldings after
Hubble exit and while slow roll is valid. Generally, we will

be interested in quantities at the end of inflation, in which
case we take N = 60.

The slow-roll parameters are

εϕ = 1
2
η2
ϕϕ

ϕ2

M2
P

, εχ = 1
2
η2
χχ

χ2

M2
P

, ε = εϕ + εχ. (31)

We note that the dominant slow-roll parameters ηϕϕ and
ηχχ are constants during inflation in the vacuum dominated
regime and that they are much larger than the slow-roll
parameters εϕ and εχ throughout inflation.

From the previous section, large non-Gaussianity can be
realised in either of two regions

cos2θ ≡ ϕ̇2

ϕ̇2 + χ̇2
 εϕ
εϕ + εχ

� 1, or

sin2θ ≡ χ̇2

ϕ̇2 + χ̇2
 εχ
εϕ + εχ

� 1.

(32)

Since the two regions are symmetrical [94] (before specifying
the values of ηϕϕ and ηχχ), in the rest of this section, we will
focus on the second region. In this region where εϕ � εχ ,
| fNL| > 1 is fulfilled by the condition

sin2θ∗ � sin4θ

⎛⎜⎝
√√√√5
∣∣∣ηχχ∣∣∣

6sin2θ
− 1

⎞⎟⎠, (33)

in other words,∣∣∣ηχχ∣∣∣−1
e−4(ηϕϕ−ηχχ)N � sin2θ  εχ

εϕ
�
∣∣∣ηχχ∣∣∣. (34)

This implies three inequalities on θ

sin2θ∗ <
1
3

(
5
6

)2(3
4

)4∣∣∣ηχχ∣∣∣2
,

sin2θ <
5
6

∣∣∣ηχχ∣∣∣,
sin2θ

sin2θ∗
>

24
5

1∣∣∣ηχχ∣∣∣ .
(35)

Note that in this region sin θ  ηχχχ/(ηϕϕϕ) from (30), we
require N(ηϕϕ − ηχχ) > 1 so that sin2θ grows significantly
during inflation.

4.1. Simplified Formula for the Observables When fNL Is Large.
We can substantially simplify all of the above formula in the
case where fNL is large. We define the quantity

r̃ ≡
(
∂N/∂χ∗

)2

(
∂N/∂ϕ∗

)2 =
εχ
εϕ
e2(ηϕϕ−ηχχ)N . (36)

In the region, we are considering where fNL is large, this
is approximately given by the initial and final angles of the
background trajectory with different exponents

r̃  sin4θ

sin2θ∗
. (37)
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In the case of large non-Gaussianity it follows that

Pζ  W∗
24π2M4

Pε∗

(
1 +

εχ
εϕ
e2(ηϕϕ−ηχχ)N

)
= 8
r

(
H∗
2π

)2

, (38)

nζ − 1  2
ηϕϕ + r̃ηχχ

1 + r̃
, (39)

r  16ε∗

1 + r̃
, (40)

fNL  5
6

sin6θe(
sin2θ∗ + sin4θe

)2 ηχχ =
5
6

r̃

(1 + r̃)2 ηχχe
2(ηϕϕ−ηχχ)N .

(41)

The first condition in (35) implies that

χ∗ � ϕ∗. (42)

We, therefore, require a very small value of χ∗ in order
to have a large non-Gaussianity. While this may be a fine
tuning, we comment that requiring a large ratio of the initial
field values is common in models where the isocurvature
perturbation generates a significant part of the primordial
adiabatic perturbation, see the discussion in the conclusion
of [85]. If the inflaton perturbations are neglected a priori,
such as in the pure (i.e., not mixed) curvaton scenario, this
remains implicitly true. For an explicit discussion of this, in
the simple case that both the inflaton and curvaton fields
have a quadratic potential, see [108].

The sign of fNL is determined by the sign of ηχχ . The
amplitude of fNL depends exponentially on the difference
of the slow-roll parameters, ηϕϕ − ηχχ , which we require to
be positive to be in the branch of large non-Gaussianity
where sin2θ � 1, while the spectral index depends on a
weighted sum of the slow-roll parameters, so it is possible to
have a large non-Gaussianity and a scale invariant spectrum.
However, it is not possible to have a large and positive
fNL and a red spectrum of perturbations. We will see in
Section 4.2.2 that by including the effect of the waterfall field
this conclusion may change, depending on the values of the
coupling constants between the two inflaton fields and the
waterfall field.

In Table 1, we give some explicit examples of values of
ηϕϕ,ηχχ ,ϕ∗ and χ∗ which lead to a large non-Gaussianity.
Using (4), we also calculate the spectral index. The first
example in Table 1 shows that it is possible to have | fNL| 
100 and a scale invariant spectrum. We also see that it is
possible to generate a large non-Gaussianity during slow roll
with ηϕϕ and ηχχ both positive or both negative, or when one
is positive and the other negative corresponding to a saddle
point. The results for this model were verified using a novel
calculational method of momentum transport equations in
[109].

4.2. Effect of the Waterfall Field and Further Evolution after
Inflation. In this section, we include the effects of the
waterfall field ρ which is required to end hybrid inflation.
Inflation ends when the waterfall field is destabilised that is,
when its effective mass becomes negative. During inflation,

the waterfall field is heavy, and it is trapped with a vacuum
expectation value of zero, so we can neglect it during
inflation. The end of inflation occurs when the effective mass
of the waterfall field is zero, which occurs on a hypersurface
defined in general by [92, 93]

σ2 = G
(
ϕ, χ

)
≡ g2

1ϕ
2 + g2

2χ
2, (43)

which is realised by the potential W(ϕ, χ), defined by (29),
where W0 is given by

W0 = 1
2
G
(
ϕ, χ

)
ρ2 +

λ

4

(
ρ2 − σ2

λ

)2

. (44)

Here, g1 (g2) is the coupling between the ϕ (χ) field and
ρ is the waterfall field with self-coupling λ. In general, the
hypersurface defined by this end condition is not a surface of
uniform energy density.

As discussed earlier, this is an example of a model with
an inhomogeneous end of inflation, that is, where inflation
ends at slightly different times in different places. It has
also been shown for the hybrid potential we are considering
that this can be used to generate a large amount of non-
Gaussianity, for certain parameters values and fine tuning of
the parameters [90, 93]. However, these papers concern the
large non-Gaussianity generated at the end of inflation rather
than during slow-roll inflation, by having a very large ratio of
couplings g1/g2 � 1. Here, we consider the case where g1 and
g2 have the same order of magnitude with g2

1 /g
2
2 = ηϕϕ/ηχχ in

Section 4.2.1 and with g2
1 = g2

2 in Section 4.2.2.

4.2.1. g2
1 /g

2
2 = ηϕϕ/ηχχ . In this case, we have chosen the

coupling constants (which can satisfy g2
1 < 0 and/or g2

2 < 0)
such that the surface where the waterfall field is destabilised
corresponds to a surface of uniform energy density. This
is because the end condition can be rewritten as σ2 =
2g2

2 /ηχχ((1/2)ηϕϕϕ2 + (1/2)ηχχχ2) ∝ W . In this case, the
value of all observable quantities such as the power spectrum
and non-Gaussianity are the same as those we calculated
previously which were valid at the final hypersurface of
uniform energy density during inflation.

4.2.2. g2
1 = g2

2 . In this case, the end of inflation given by the
condition in (43) does not occur on a uniform energy density
hypersurface [93]. We will show how the non-Gaussianity
is modified by the condition at the end of inflation in this
example. In general, we expect there to be some modification
to non-Gaussianity from the end of inflation, except in the
special case we considered in Section 4.2.1. We have checked
in [95] that the correction from the extra expansion which
occurs from the surface on which inflation ends up to a
surface of uniform energy density is small, and therefore one
can still use the δN formalism in this case.
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Table 1: Table showing some initial conditions for the hybrid inflation model that lead to large levels of non-Gaussianity. The table shows the
parameter r̃, the bispectrum and the trispectrum nonlinearity parameters, the spectral index and tensor-to-scalar ratio. They are evaluated
when the number of e-foldings from the end of inflation is Nk = 60. The trispectrum parameters τNL and gNL are defined and calculated in
Section 6.1.

ηϕϕ ηχχ ϕ∗ χ∗ r̃ fNL τNL gNL nζ − 1 r

0.04 −0.04 1 6.8× 10−5 1 −123 4.4× 104 −33 0 0.006

0.04 −0.04 1 1.5× 10−4 5 −68 8× 103 −24 −0.05 0.002

0.08 0.01 1 0.0018 1 9.27 247 0.77 0.09 0.026

0.02 −0.04 1 0.00037 1 −11.1 357 −2.6 −0.02 0.002

−0.01 −0.09 1 3× 10−6 0.16 −132 1.8× 105 −44 −0.04 0.0007

0.06 −0.01 1 4.3× 10−4 0.1 −3 148 −0.2 0.11 0.026

0.01 −0.06 1 7.5× 10−6 0.04 −8 2.5× 103 −2 0.01 0.0008

In this case, the power spectrum and fNL in the limit of
large non-Gaussianity are [93]

Pζ  W∗
24π2M4

Pε∗

(
1 +

η2
ϕϕ

η2
χχ

εχ
εϕ
e2(ηϕϕ−ηχχ)N

)
= 8
r

(
H∗
2π

)2

,

(45)

nζ − 1  2
ηϕϕ +

(
η2
ϕϕ/η

2
χχ

)
r̃ηχχ

1 +
(
η2
ϕϕ/η

2
χχ

)
r̃

, (46)

r  16ε∗
(

1 +
η2
ϕϕ

η2
χχ

r̃

)−1

, (47)

fNL  5
6

(
η2
ϕϕ/η

2
χχ

)
r̃(

1 +
(
η2
ϕϕ/η

2
χχ

)
r̃
)2 ηϕϕe

2(ηϕϕ−ηχχ)N . (48)

We can see that the observables at the end of inflation
are changed by the additional ratio of η2

ϕϕ/η
2
χχ before r̃.

Furthermore, fNL has an additional factor of ηϕϕ/ηχχ .
In Table 2, we show the values of fNL, nζ − 1 and r with

end condition g2
1 = g2

2 for the same parameter values that
we used in Table 1, where the inflation ends on the uniform
energy density hypersurface. The first two examples show
that if ηϕϕ = −ηχχ , then the observables are unchanged for
two different end conditions except that the sign of fNL is
switched. The second example in the table shows that in this
case it is possible to have a red spectral index and a positive
value of fNL. For many values of the initial parameters when
|ηϕϕ/ηχχ| /= 1, the magnitude of fNL decreases compared to
Table 1, but the reverse can also happen, an example of this
where | fNL| grows by more than an order of magnitude is
shown in the final row of Tables 1 and 2.

4.2.3. Further Evolution after Inflation. So far, we have
assumed a quick transition to the radiation epoch at the end
of inflation, thereby neglecting the dynamics of the waterfall
field. However, if we consider the role of the waterfall field,
then after the waterfall field is destabilised, there may be a
further evolution of the primordial curvature perturbation,
which will lead to a change of the observable parameters.
This applies to any model with an inhomogeneous end
of inflation, since there are isocurvature perturbations still

present after the waterfall field is destabilised and inflation
has ended. Further evolution will depend on the details of
reheating in a model dependent way. To the best of our
knowledge, this issue has not been considered in depth in any
paper. If we assume an instantaneous transition to radiation
domination (so a completely efficient and immediate decay
of the waterfall and inflaton fields), then there will be no
further change to the observables as we have argued in the
previous section. However, this is clearly an idealised case.

In the special case where the waterfall field is also
light during inflation, Barnaby and Cline [110] have shown
there is the possibility of generating a large non-Gaussianity
during preheating for certain parameter values. This is
possible even if there is only one inflaton field and the
waterfall field present. However, in this case, inflation does
not end abruptly when the waterfall field is destabilised so
this is not the scenario we have considered in this paper. A
recent claim that even a heavy waterfall field may lead to
a scale invariant local non-Gaussianity has been withdrawn
[111].

5. Multiple-Field Inflation without Slow Roll

In this section, we demonstrate a new method that provides,
for certain classes of models, analytical expressions for fNL

valid in regimes beyond a slow-roll approximation [112].
This method is based on the first-order Hamilton-Jacobi
formalism developed by Salopek and Bond [113], which
allows us to express inflationary observables in the multifield
case, without having to focus on a slow-roll regime (see [114]
for a similar application of this formalism to the single-field
case).

The main idea on which our arguments are based is
to focus on inflationary multifield trajectories in which
the Hubble rate, and not the potential, is separable. This
approach allows us to analytically study cases where the non-
Gaussian parameter fNL becomes large, in regimes in which
the slow-roll parameters are enhanced after Hubble exit, but
before inflation ends. In particular, we provide analytical
equations that express the nonlinearity parameter fNL, in
terms of quantities that generalise the slow-roll parameters
during inflation. Using this method, we demonstrate in the
next subsection an exact solution of multifield inflation
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Table 2: Same as Table 1, but with different end condition, g2
1 = g2

2 as used in Section 4.2.2.

ηϕϕ ηχχ ϕ∗ χ∗ r̃ fNL nζ − 1 r

0.04 −0.04 1 6.8× 10−5 1 123 0 0.006

0.04 −0.04 1 1.5× 10−4 5 68 −0.05 0.002

0.08 0.01 1 0.0018 1 4.59 0.02 0.0008

0.02 −0.04 1 0.00037 1 3.5 0.02 0.026

−0.01 −0.09 1 3× 10−6 0.16 −0.2 −0.02 0.0008

0.06 −0.01 1 4.3× 10−4 0.1 38 0.01 0.006

which can give rise to a large non-Gaussianity due to a strong
break down in slow roll shortly before inflation ends.

The first-order Hamilton-Jacobi equations of motion are

H2 = 1
3
W
(
φ, χ

)
+

2
3

⎡⎣(∂H
∂φ

)2

+

(
∂H

∂χ

)2
⎤⎦,

φ̇ = −2
∂H

∂φ
, χ̇ = −2

∂H

∂χ
.

(49)

We concentrate on solutions satisfying the following
Ansatz for the Hubble parameter H(φ, χ)

H
(
φ, χ

)
= H(1)(φ) +H(2)

(
χ
)

, (50)

that is, we demand that it can be split as a sum (hence,
we follow an analysis related to [99]. In an analogous way,
one could also consider a situation in which the Hubble
parameter splits as a product of single-field pieces [104].
The formula’s in this section were extended to an arbitrary
number of fields with a sum separable Hubble parameter in
[115]) of two pieces, each one depending on a single field.
Notice that this is different with respect to the requirement of
separable potentials usually done in the literature and earlier
in this paper.

It is convenient to define the following quantities:

δφ =
⎛⎝H(1)

,φ

H

⎞⎠2

, δχ =
⎛⎝H(2)

,χ

H

⎞⎠2

,

γφ = H
(1)
,φφ

H
, γχ = H

(2)
,χχ

H
,

(51)

and δ = δφ + δχ . Although their definition resembles the
corresponding one for the usual slow-roll parameters ε and
η, they do not coincide with them when taking a slow roll
limit (it is nevertheless simple to work out the relation with
the slow roll parameters, defined by (21) and (22). In a slow-
roll regime, one finds δφ  εφ/2, γφ  (ηφφ − εφ)/2). We
assume that the quantities δ and γ are much smaller than
unity at Hubble exit t = t∗, in order that we can use the
δN formalism. During inflation, by definition, we have to
ensure that the quantity εH ≡ −Ḣ/H2 = 2δ < 1. The
quantities γ can, however, become much larger than unity
during inflation.

Using similar techniques to those applied to a separable
potential, one can calculate the spectral index and fNL, the
details were given in [112] and the results are

nζ − 1 = −4δ∗ − 4
uH
(

1−
(
γ
φ
∗/δ

φ
∗
)
uH
)

u2
H/δ

φ
∗ + v2

H/δ
χ
∗

+ (−4)
vH
(

1−
(
γ
χ
∗/δ

χ
∗
)
vH
)

u2
H/δ

φ
∗ + v2

H/δ
χ
∗

(52)

6
5
fNL = 2

(
u2
H/δ

φ
∗
)(

1−
(
γ
φ
∗/δ

φ
∗
)
uH
)

(
u2
H/δ

φ
∗ + v2

H/δ
χ
∗
)2

+ 2

(
v2/δ

χ
∗
)(

1−
(
γ
χ
∗/δ

χ
∗
)
vH
)

(
u2
H/δ

φ
∗ + v2

H/δ
χ
∗
)2

+ 2
2
(
uH/δ

φ
∗ − vH/δχ∗

)2
AH(

u2
H/δ

φ
∗ + v2

H/δ
χ
∗
)2 ,

(53)

where the new symbols are defined by

uH ≡ H
(1)
∗ + Ze
H∗

, vH ≡ H
(2)
∗ − Ze
H∗

,

Ze =
(
H

(2)
e δ

φ
e −H(1)

e δ
χ
e

)
δe

,

AH = −H
2
e

H2∗
δ
φ
e δ

χ
e

δe

(
1
2
− γsse
δe

)
,

γss =
(
δχγφ + δφγχ

)
δ

.

(54)

We reiterate that the formula for fNL is exact (apart from
neglecting a slow-roll suppressed contribution due to the
non-Gaussianity of the fields at Hubble exit) and is not based
on a slow-roll expansion. Although δ∗ and γ∗ are necessarily
small, the quantity A is not suppressed by these parameters
and can assume large values during inflation, enhancing fNL.
We note in agreement with [99] that if one of the fields
has reached a minimum so φ̇ = 0 or χ̇ = 0 at the end of
inflation then AH = 0 and the non-Gaussianity at the end of
inflation will be very small. Therefore, any model of inflation
with a separable potential or separable Hubble factor with
a large non-Gaussianity present at the end of inflation must
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have both fields still evolving, and therefore the presence of
isocurvature modes. It would, therefore, also be interesting
to study the evolution of the perturbations after inflation, to
see if this leads to an important change in the observables
[116].

5.1. Exact Solution. Very few exact solutions in multiple-field
inflation are known [117]. Here, we present an exact solution
which can give rise to a very large non-Gaussianity at the
end of inflation. A potential with a similar form may be
motivated in string theory, in the context of Kähler moduli
inflation [118–125].

The potential we consider is [112]

W
(
φ, χ

)
= U0

(
− A1e

−αφ + A2e
−2αφ − B1e

−βχ

+ B2e
−2βχ +

A1B1

2
e−αφ−βχ

)
,

(55)

where the parameters α and β satisfy

α2 = 3
2
− 6A2

A2
1

, β2 = 3
2
− 6B2

B2
1
. (56)

The Hamilton-Jacobi equations have the following exact
solution for H and the fields:

H = H0

(
1− A1

2
e−αφ − B1

2
e−βχ

)
,

φ = 1
α

ln
[
eαφ∗ − A1α

2H0t
]

,

χ = 1
β

ln
[
eβχ∗ − B1β

2H0t
]

,

(57)

where we have defined H0 =
√
U0/3, t is cosmic time, and

we have set t∗ = 0. The overall factor to the potential U0 can
be freely chosen so that the amplitude of the scalar power
spectrum matches the observed amplitude of perturbations
in the CMB. The scale factor results

a(t) = a0

(
eαφ∗ − α2A1H0t

)1/2α2(
eβχ∗ − β2 B1H0t

)1/2β2

eH0 t .

(58)

Notice that the solution becomes singular at late times, when
the scale factor vanishes and the field values diverge. This
singularity occurs well after inflation ends, and we will not
need to discuss it in our analysis. From the relations

γφ = −α
√
δφ, γχ = −β

√
δχ , (59)

we notice that in this example γφ and γχ can become much
larger than unity at the end of inflation if |α| and/or |β| are
much greater than one. This corresponds to a break down in
slow roll, although εH remains smaller than unity during the
inflationary era by definition.

As a simple, concrete example of parameter choice which
gives rise to a large non-Gaussianity, we choose a regime in
which the parameters |α| and |β| are both large, let us say
larger than some quantity R � 1. We note from (56) that

we are, therefore, required to have A2 < 0 and B2 < 0.
In this case, the potential does not have a minimum, but
inflation still ends through εH growing larger than unity, and
we can trust our results in this regime. The potential would
need modifications which apply after inflation in order for
reheating to take place and these modifications may provide
a minimum for the potential. We parameterise the values of

the quantities δ
φ
e and δ

χ
e at the end of inflation as

δ
φ
e = 1

2m
, δ

χ
e = 1

2n
such that

1
m

+
1
n
= 1, (60)

where the final equality follows from εH = 1. We assume that
the quantities m and n are not too big. Namely, they satisfy
the inequality m,n � R2. This implies that H0  H∗  He.

We choose |γφ∗| = 1/40p, |γχ∗| = 1/40q, such that we can
write

Ntot = 60  10
(
p + q

)
. (61)

This fixes the initial values for the fields φ∗ and χ∗, to the
values

eαφ∗ = 20pα2A1,

eβχ∗ = 20qβ2B1.
(62)

The conditions (60) imply

H0te = 20p −
√

m

2α2
,

H0te = 20q −
√

n

2β2
.

(63)

Since m and n are much smaller than R2, we expect p  q.
We hence have the simple relations

δ
φ
∗  1

4N2
totα2

, δ
χ
∗  1

4N2
totβ2

, γ
φ
∗  γ

χ
∗  − 1

2Ntot
.

(64)

From (52), we find

nζ − 1  − 2
Ntot

 −0.04. (65)

So, we have a red spectral index in agreement with present
day observations [126] and in [112] it was also shown that
the tensor-to-scalar ratio for this model is negligible.

When evaluated at the end of inflation, we find

6
5
fNL  −2

√
2mn

[
α2n− β2m

α2n2 + β2m2

]2 (
α√
n

+
β√
m

)
. (66)

We stress that this formula provide only the dominant
contributions to fNL. It is valid in the case |α|, |β| > R � 1,
and m,n < R2.

As an explicit case, we take α = −100,β = 20,m = 6, n =
6/5 and the initial conditions to satisfy (62) with Ntot = 60.
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Figure 1: Plot showing fNL as a function of εH towards the end of
inflation, for the values of the parameters given in the text. Inflation
ends when εH = 1; for this example fNL  59 at that time.

Then, independently of the values of A1 and B1, we find
fNL  58 from the simplified formula (66), and fNL  53
from the full formula (53). See Figures 1 and 2. Notice that
the results for fNL differ from each other by quantities of
order 1/R = 1/β as expected by the approximations we have
made. At the end of inflation, the parameters are γφ = 29,
γχ = −13 and this shows that the slow-roll approximation
has been significantly broken, (it is nevertheless simple to
work out the relation with the slow roll parameters, defined
by (21) and (22). In a slow-roll regime, one finds δφ 
εφ/2, γφ  (ηφφ − εφ)/2) . From Figure 2, one can see that
the trajectory is straight for much of inflation but it turn near
the end of inflation (during the last e-folding before inflation
ends), and it is during this time that fNL grows larger than
unity.

Notice that our requirements of final values for the

quantities δ
φ
e and δ

χ
e (both much bigger than 1/R) imposes

fine-tuning constraints on the initial conditions, since at

leading order in 1/R the values for γ
φ
∗ and γ

χ
∗ must coincide

(see (62) and recall that p  q).
We stress that the enhancement of non-Gaussianity

occurs towards the end of inflation. What happens just after
inflation is a model-dependent issue; we cannot address this
question within the approximations used in this concrete
model. For our choice of parameters, we notice that fNL is
still increasing at the end of inflation, see Figure 1, but for
other choices it may start to decrease before inflation ends,
see [115]. We stress that in the regime where |α|, |β| � 1 the
slow-roll parameters will necessarily become much greater
than unity by the end of inflation, which may correspond
to |γss| � 1: this is one reason by which fNL can become
large. Our formalism is at least in principle suitable to study
the evolution of non-Gaussianity after inflation, when the
parameter εH becomes larger than unity (although we restate
that the specific potential being considered here anyway
needs to be modified after inflation ends).

6. Higher Order Non-Gaussian Observables

Non-Gaussianity is most popularly parameterised in terms of
one nonlinearity parameter, fNL. There are several different
fNL’s used in the literature which parameterise different
shape dependences of the bispectrum [41, 42], the most
popular being the local model discussed in this paper and
the so-called equilateral model which can arise from models
of inflation with noncanonical kinetic terms (a popular
example is DBI inflation [15–25]). But can we learn more
than one number from an observation of non-Gaussianity?
And if f local

NL is detected how can we hope to distinguish
between the models which can generate this? Fortunately,
observations of non-Gaussianity have the possibility of
teaching us much more than the value of one parameter. Two
examples of further non-Gaussian observables are a scale
dependence of fNL and the trispectrum.

6.1. Trispectrum. The four point function of the primordial
curvature perturbation is defined by〈

ζk1 ζk2 ζk3ζk4

〉
e

≡ Tζ(k1, k2, k3, k4)(2π)3δ3(k1 + k2 + k3 + k4),
(67)

which using the δN formalism, and assuming that the fields
have a Gaussian distribution at Hubble exit, is given by

Tζ(k1, k2, k3, k4)

= τNL
[
Pζ(k13)Pζ(k3)Pζ(k4) +

(
11 perms

)]
+

54
25
gNL

[
Pζ(k2)Pζ(k3)Pζ(k4) +

(
3 perms

)]
,

(68)

where k13 ≡ |k1 + k3|, and the trispectrum nonlinearity
parameters can be calculated using [98, 106, 127]

τNL = NABNACNBNC

(NDND)3 ,

gNL = 25
54

NABCNANBNC

(NDND)3 .

(69)

Hence, we see that the trispectrum depends on two nonlin-
earity parameters (as opposed to one, fNL, for the bispec-
trum), and they may be observationally distinguishable since
they are prefactors of terms with different shape dependences
(68). The current observational bound on the local type of
the bispectrum from seven years of WMAP data is −10 <
fNL < 74 at the 2σ level [2]. Recently, there has been a
first constraint on both τNL and gNL, which came from using
WMAP5 data, with the bounds −7.4 < gNL/105 < 8.2 and
−0.6 < τNL/104 < 3.3 at 95% confidence [128]. There have
been two other observational constraints on the trispectrum
through gNL, setting τNL = 0. The bounds, which in both
cases are roughly |gNL| � 105–106, come from large scale
structure [129], and the CMB [130]. If there is no detection
of non-Gaussianity it is expected that with Planck data the
bounds will be reduced to about | fNL| � 10, τNL � 103

and gNL � 105 at the 2σ level and future observations
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Figure 2: (a) shows the trajectory considered for the parameters given after (66) superimposed on a contour plot of the potential. The
trajectory is shown from the time of horizon crossing at t∗ and runs until the end of inflation at N = 60. The square on the trajectory,
labelled with N = 59, indicates a point along the trajectory one e-folding before inflation ends as φ and χ roll towards zero. This shows that
the fields roll much more quickly during the final stage of inflation, and the trajectory curves near the end. (b) shows the potential for the
same parameter values. Notice that inflation ends on the plateau long before the potential becomes negative.

may become even tighter [131–135]. Note that the expected
future constraint on gNL is about two orders of magnitude
weaker than that on τNL [135]. We will see that it is also
possible for some models and parameter ranges that the first
observational signature will come through the trispectrum
rather than the bispectrum.

6.1.1. Trispectrum in Two-Field Hybrid Inflation. In the
regime where |gNL| and τNL are greater than unity, they are
given by

gNL = 10
3

r̃
(
ηϕϕ − 2ηχχ

)
− ηχχ

1 + r̃
fNL, (70)

τNL = r̃

(1 + r̃)3 η
2
χχe

4N(ηϕϕ−ηχχ) = 1 + r̃

r̃

(
6
5
fNL

)2

. (71)

We see that gNL is subdominant to fNL and hence will not
provide a competitive observational signature. It follows
from (71) that τNL > (6 fNL/5)2, so τNL may be large and
provide an extra observable parameter for this model. This
inequality between τNL and fNL is true in general [75], and
equality is reached whenever a single field direction during
inflation generates the primordial curvature perturbation.
However, it is usually assumed that τNL ∼ f 2

NL since both arise
from second derivatives in the δN formalism. In fact, for our
model it is possible to have a small fNL (and hence also a small
gNL) but a large and potentially observable τNL. For this, we
require that r̃ � 1, although in practice if we make it too

small it may no longer be possible to satisfy a constraint on
a minimum possible field velocity consistent with a classical
slow-roll trajectory, as discussed in [95] (see also [136] and
a discussion which reaches a different conclusion is given in
[137]). In the final example in Table 1, we give an explicit
example of parameter values which give rise to an fNL which
is probably too small to be detected with Planck but with
a very large trispectrum through τNL > 103 that should be
detectable at a high significance. For another example with
fNL, gNL � O(1) but τNL � 1, see [76]. In contrast, it has
been shown in several papers [127, 138–142] that in the
curvaton scenario where the curvaton has a nonquadratic
potential it is possible to realise |gNL| � 1 while τNL =
(6 fNL/5)2 is small with some tuning of parameters. This is
also possible in the exact solution which we presented in
Section 5 and we consider this next.

6.1.2. Trispectrum in the Exact Solution. In this regime, where
|α| � |β| > R and m,n > 1/R2, it is also possible to give
compact expressions for the trispectrum (4-point function)
nonlinearity parameters, in terms of f 2

NL as

τNL 
(

6
5
fNL

)2

,
54
25
gNL  −3

2
n−m
m

(
6
5
fNL

)2

. (72)

The complete result was given in [115]. Hence, both of
the trispectrum nonlinearity parameters are generally large
whenever fNL is. We note that ifm  1 then from (60) n� 1,
so the trispectrum through gNL will give the dominant signal
of non-Gaussianity through a large, negative gNL.
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6.2. Scale Dependence of fNL. In its simplest form, the
local form of fNL defined by (1) is a constant parameter,
independent of both position and scale. However, in realistic
models fNL is likely to be mildly scale-dependent. This may
happen in two ways. In general, single-field models (such as
the curvaton scenario) where the scalar field which generates
the primordial curvature perturbation has a nonquadratic
potential the non-linearities this generates will give rise to
scale dependence of fNL. Alternatively, even in models where
all of the fields have a quadratic potential; if the primordial
curvature perturbation has contributions from more than
one field, and the fields do not all have the same mass,
then fNL will again have a scale dependence. This is because
the correlation between the first and second order terms
of ζ , which the bispectrum depends on, will become scale-
dependent. This is indeed what happens in the two-field
hybrid model presented earlier. For details about a scale
dependence of local fNL, see Byrnes et al. [143].

We define a second observable parameter derived from
the bispectrum

n fNL =
d ln

∣∣ fNL
∣∣

d ln k
, (73)

which is analogous to the scale dependence of the power
spectrum. There is a subtlety here, which is that in general
fNL may depend on three independent parameters, k1, k2,
and k3. However, it was shown in [143] that provided one
takes the derivative while keeping the ratio of the three
k vectors fixed then n fNL is independent of the shape of
the triangle described by the three k vectors, which makes
this a well defined quantity. Observational prospects for
this quantity were considered in [144], who showed that
the Planck satellite is sensitive to n fNL  0.1, assuming a
fiducial value of fNL = 50. This observational sensitivity
to n fNL is about a factor of two larger than the current
preferred value of the power spectrums spectral index and
may therefore provide an interesting extra constraint on non-
Gaussian models. The scale dependence of an equilateral
form of fNL has also been considered from both a theoretical
and observational perspective, see for example [144–147].

In the example of two-field hybrid inflation, fNL has a
scale dependence both because of the exponential term in
fNL, (41), and because r̃ will vary through the change of the
initial value of sin2θ∗. We find

∂ ln r̃
∂ ln k

= ∂ ln e2N(ηϕϕ−ηχχ)

∂ ln k
= −2

(
ηϕϕ − ηχχ

)
. (74)

Using this we find from (41) that

n fNL ≡
d log fNL

d log k
= −4

ηϕϕ − ηχχ
1 + r̃

. (75)

In the case that we include the effect from the surface where
the waterfall field is destabilised and g2

1 = g2
2 , we find from

(48) that

n fNL = −4
ηϕϕ − ηχχ

1 +
(
ηϕϕ/ηχχ

)2
r̃
. (76)

For both cases, the spectral index of fNL satisfies

−4
(
ηϕϕ − ηχχ

)
< nfNL < 0, (77)

for any value of r̃ and hence fNL will be smaller on small
scales.

Because we require a relatively large value of ηϕϕ − ηχχ >
1/N for our model to generate a large non-Gaussianity
it is quite possible for our model to generate a relatively
significant scale dependence of fNL. However, the amount
also depends on r̃, and when this is large, then the χ field
is almost solely responsible for generating ζ at both first
and second order and n fNL is suppressed. We can also see
in agreement with the statement at the beginning of this
subsection that in this case, if the mass of the two fields are
equal, then the two fields have the same scale dependence and
n fNL = 0.

We note that this is in contrast to the large non-
Gaussianity from an inhomogeneous end of inflation found
in [93]. In the specific cases, they considered to generate
a large non-Gaussianity the non-Gaussianity was generated
purely at the end of inflation and fNL is scale-independent.
In detail, we see from (4.4) and (4.24) in [93] that their
formulas for fNL does not depend on N or on any quantities
evaluated at Hubble exit. This is also in contrast to the exact
solution considered in Section 5.1. Our expression for fNL

in (66) depends on the initial values through p and q, and
this dependence drops out at leading order in α. Hence,
fNL is independent of the number of e-foldings and scale-
independent.

7. Conclusions

We have reviewed various models which can generate a large
local non-Gaussianity. A feature shared by all of these models
is that they have more than one light scalar field present
during inflation. This extra degree of freedom generates
an isocurvature perturbation which is at least partially
converted into the primordial curvature perturbation after
horizon exit of the modes which are observable today. In the
curvaton and modulated reheating scenarios, this conversion
occurs after the end of inflation, while in the inhomogeneous
end of inflation scenario, this conversion occurs on the
non-uniform energy density hypersurface on which inflation
ends. For these three scenarios, the light field which generates
the primordial curvature perturbation after or at the end of
inflation can be treated as a test field which does not affect
the inflationary dynamics.

Our main focus has been on models in which a large non-
Gaussianity is generated during inflation. This can occur
even within slow-roll inflation for certain potentials and
certain trajectories. We have shown, at least in the case of
a separable potential, that the trajectory is required to be
almost entirely along the direction of one field but that the
orthogonal field must become more important towards the
end of inflation, and hence the inflationary trajectory must
curve. In absolute terms, the change to the angle of the
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background trajectory is small (compared to a trajectory
which turns by a right angle during inflation), but in relative
terms it must grow by at least an order of magnitude. This is
in contrast to the previous three scenarios.

We have reviewed two-field hybrid inflation as an explicit
model of a separable potential where the conditions required
to generate a large non-Gaussianity can be satisfied. The
conditions can be satisfied for any possible combination of
positive and negative η parameters, so the potential can be
bowl-shaped, a hill-top, or have a saddle point. The main
conditions which must be satisfied is that the difference of the
two η parameters must not be too small, ηϕϕ−ηχχ ∼ 0.1, and
the value of the χ field must be very subdominant to that of
the ϕ field initially (or vice versa). In general, but depending
on the coupling constants between the two inflaton fields and
the waterfall field, there is a change to observables at the end
of inflation, due to the fact that the surface on which the
waterfall field is destabilised and inflation ends might not be
a surface of uniform energy density. This effect is responsible
for the inhomogeneous end of inflation scenario. It is then
a model, dependent question whether there will be further
evolution to the observables during reheating in this model,
this deserves further attention.

One similarity that this hybrid inflation model has
together with the quadratic curvaton scenario is that in both
cases the initially subdominant (approximately isocurvature)
field χ has the ratio δχ/χ ∼ ζχ approximately constant and the
field fluctuations do not become more non-Gaussian with
time. However, the effect of this light field on the primordial
curvature perturbation grows, during inflation in the hybrid
scenario and before the curvaton decay in the curvaton
scenario. It is this nonlinear transfer between the field
fluctuation and ζ , described by the δN formalism, which
can generate a large non-Gaussianity. Therefore, the non-
Gaussianity in the hybrid scenario which we have studied is
generated on super horizon scales during slow-roll inflation,
in a similar way to which non-Gaussianity is generated
over time in the curvaton scenario before the decay of the
curvaton. The evolution of fNL during inflation is explicitly
calculated and plotted in [95]. This conclusion is somewhat
different from that in [47], and we plan to elaborate on
this point in a future work. For more discussion on the
distinction between non-Gaussianity generated by a non-
Gaussian field perturbation, and non-Gaussianity generated
by a nonlinear transfer between a Gaussian field perturbation
and ζ , see [109]. An example where the subdominant fields
fluctuations can become non-Gaussian due to a large self
interaction was discussed by Bernardeau [45].

In order to study models where slow-roll breaks down
before the end of inflation, it is clearly necessary to go beyond
a formalism based on the slow-roll approximation. We have
shown how this can be done in the context a separable
Hubble parameter instead of a separable potential and this
leads to an exact expression for (the local part of) fNL in these
models. As an explicit example, an exact two-field solution
with an exponential potential was given. For some parameter
choices, this leads to a strong break down of slow roll before
the end of inflation, which may give rise to a large non-
Gaussianity. Further work is also required for this model to

understand how the potential may be modified after the end
of inflation in order that reheating occurs.

Non-Gaussianity is a topical field, in which observations
have improved greatly over the last decade through both
studies of the CMB and large-scale structure. Observations
so far have heavily focused on constraining the bispectrum
nonlinearity parameter fNL. Currently, the tightest constraint
comes from the WMAP satellite, assuming the local model
of non-Gaussianity this constrains the amplitude of the
non-Gaussian part of the primordial curvature perturbation
to be less than about one thousandth the amplitude of
the Gaussian perturbation. This constraint is likely to be
tightened considerably by the Planck satellite, which is
currently taking data, or instead there might be a detection. A
detection of fNL at this level would rule out simplest models
of inflation, which are single field with a canonical kinetic
term. Clearly, this would be an extremely exciting result.

However, even if we are in the fortunate position
of having a detection of fNL as well as improved con-
straints/detection of the scalar-to-tensor ratio and the spec-
tral index, there will probably still be several viable scenarios,
as detailed in this paper, which for suitable parameter
choices and initial conditions can match the observations.
Fortunately, non-Gaussianity is about much more than one
number. The trispectrum (four-point function) depends on
two nonlinearity parameters. In general, τNL ≥ (6 fNL/5)2.
If the current observational hints (which are not statistically
significant) that fNL ∼ 40 turn out to be true, then both
the bispectrum and the trispectrum should be large enough
for Planck to detect. Even if the bispectrum turns out to
be much smaller, although for many models τNL is close to
the lower bound, we have seen that in the model of hybrid
inflation it is possible to have τNL � f 2

NL, so the trispectrum
might even be the first observational signature of non-
Gaussianity. Alternatively, the trispectrum through a large
gNL might give the first observational signature, as is possible
in self-interacting curvaton models or the exact solution with
an exponential potential. If fNL is detected, it will also be
possible to either constrain or detect a scale dependence of
this parameter. Although it is often assumed to be constant,
this is only true for certain simple models, and for example
in the two-field hybrid inflation model it generally has a
significant scale dependence. We have, therefore, seen that
non-Gaussianity is an important and powerful method of
constraining and distinguishing between the many models
of inflation.

Acknowledgments

The authors are extremely grateful to their collaborators
with whom they have worked on numerous projects related
to non-Gaussianity, which part of this paper is based on.
The authors thank Takahiro Tanaka, Teruaki Suyama, and
Shuichiro Yokoyama for discussions. K.Y. Choi was partly
supported by the Korea Research Foundation Grant funded
by the Korean Government (KRF-2008-341-C00008) and by
the second stage of Brain Korea 21 Project in 2006.



Advances in Astronomy 15

References

[1] E. Komatsu and D. N. Spergel, “Acoustic signatures in
the primary microwave background bispectrum,” Physical
Review D, vol. 63, no. 6, Article ID 063002, 2001.

[2] E. Komatsu, K. M. Smith, J. Dunkley, et al., “Seven-year
Wilkinson Microwave Anisotropy Probe (WMAP)
observations: cosmological interpretation,” http://arxiv.org/
abs/1001.4538.

[3] E. Komatsu, “Hunting for primordial non-Gaussianity in
the cosmic microwave background,” Classical and Quantum
Gravity, vol. 27, no. 12, Article ID 124010, 2010.

[4] M. Liguori, E. Sefusatti, J. R. Fergusson, and E. P. S. Shellard,
“Primordial non-Gaussianity and bispectrum measurements
in the cosmic microwave background and large-scale struc-
ture,” http://arxiv.org/abs/1001.4707.

[5] L. Verde, “Non-Gaussianity from large-scale structure
surveys,” Advances in Astronomy,Special issue “Testing
the Gaussianity and Statistical Isotropy of the Universe”,
vol. 2010, Article ID 768675, 15 pages, 2010, http://
arxiv.org/abs/1001.5217.

[6] A. A. Starobinsky, “Multicomponent de Sitter (inflationary)
stages and the generation of perturbations,” JETP Letters, vol.
42, no. 3, pp. 152–155, 1985.

[7] A. A. Starobinsky, “Mnogokomponentnye de-sitterovskie
(inflyatsionnye) stadii i generatsiya vozmushchenii,” Pisma
Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki, vol. 42, no.
3, pp. 124–127, 1985.

[8] M. Sasaki and E. D. Stewart, “A general analytic formula
for the spectral index of the density perturbations produced
during inflation,” Progress of Theoretical Physics, vol. 95, no.
1, pp. 71–78, 1996.

[9] M. Sasaki and T. Tanaka, “Super-horizon scale dynamics of
multi-scalar inflation,” Progress of Theoretical Physics, vol. 99,
no. 5, pp. 763–781, 1998.

[10] D. H. Lyth, K. A. Malik, and M. Sasaki, “A general proof of
the conservation of the curvature perturbation,” Journal of
Cosmology and Astroparticle Physics, vol. 2005, no. 5, article
004, 2005.

[11] D. H. Lyth and Y. Rodrı́guez, “Inflationary prediction for
primordial non-Gaussianity,” Physical Review Letters, vol. 95,
no. 12, Article ID 121302, 4 pages, 2005.

[12] Y.-I. Takamizu, S. Mukohyama, M. Sasaki, and Y. Tanaka,
“Non-Gaussianity of superhorizon curvature perturbations
beyond δ N formalism,” Journal of Cosmology and Astropar-
ticle Physics, vol. 2010, no. 6, article 019, 2010.

[13] J. Maldacena, “Non-Gaussian features of primordial fluctu-
ations in single field inflationary models,” Journal of High
Energy Physics, vol. 2003, no. 5, article 013, 2003.

[14] X. Chen, R. Easther, and E. A. Lim, “Large non-Gaussianities
in single-field inflation,” Journal of Cosmology and Astropar-
ticle Physics, vol. 2007, no. 6, article 023, 2007.

[15] E. Silverstein and D. Tong, “Scalar speed limits and cosmol-
ogy: acceleration from D-cceleration,” Physical Review D, vol.
70, no. 10, Article ID 103505, 18 pages, 2004.

[16] M. Alishahiha, E. Silverstein, and D. Tong, “DBI in the sky:
non-Gaussianity from inflation with a speed limit,” Physical
Review D, vol. 70, no. 12, Article ID 123505, 15 pages, 2004.

[17] X. Chen, M.-X. Huang, S. Kachru, and G. Shiu, “Observa-
tional signatures and non-Gaussianities of general single-
field inflation,” Journal of Cosmology and Astroparticle
Physics, vol. 2007, no. 1, article 002, 2007.

[18] M.-X. Huang and G. Shiu, “Inflationary trispectrum for
models with large non-Gaussianities,” Physical Review D, vol.
74, no. 12, Article ID 121301, 2006.

[19] D. Langlois, S. Renaux-Petel, D. A. Steer, and T. Tanaka,
“Primordial perturbations and non-Gaussianities in DBI and
general multi-field inflation,” Physical Review D, vol. 78,
Article ID 063523, 15 pages, 2008.

[20] F. Arroja, S. Mizuno, and K. Koyama, “Non-Gaussianity from
the bispectrum in general multiple field inflation,” Journal of
Cosmology and Astroparticle Physics, vol. 2008, no. 8, article
015, 2008.

[21] X. Gao and B. Hu, “Primordial trispectrum from entropy
perturbations in multifield DBI model,” Journal of Cosmology
and Astroparticle Physics, vol. 2009, no. 8, srticle 012, 2009.

[22] Y.-F. Cai and H.-Y. Xia, “Inflation with multiple sound
speeds: a model of multiple DBI type actions and non-
Gaussianities,” Physics Letters B, vol. 677, no. 5, pp. 226–234,
2009.

[23] X. Chen, B. Hu, M.-X. Huang, G. Shiu, and Y. Wang, “Large
primordial trispectra in general single field inflation,” Journal
of Cosmology and Astroparticle Physics, vol. 2009, no. 8, article
008, 2009.

[24] F. Arroja, S. Mizuno, K. Koyama, and T. Tanaka, “Full
trispectrum in single field DBI inflation,” Physical Review D,
vol. 80, no. 4, Article ID 043527, 2009.

[25] S. Mizuno, F. Arroja, K. Koyama, and T. Tanaka, “Lorentz
boost and non-Gaussianity in multifield DBI inflation,”
Physical Review D, vol. 80, no. 2, Article ID 023530, 2009.

[26] K. Koyama, “Non-Gaussianity of quantum fields during
inflation,” Class.Quant.Grav., vol. 27, Article ID 124001,
2010, http://arxiv.org/abs/1002.0600.

[27] X. Chen, “Primordial non-Gaussianities from inflation mod-
els,” http://arxiv.org/abs/1002.1416.

[28] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamäki, and
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In a variety of models the motion of the inflaton may trigger the production of some non-inflaton particles during inflation,
for example via parametric resonance or a phase transition. Such models have attracted interest recently for a variety of reasons,
including the possibility of slowing the motion of the inflaton on a steep potential. In this review we show that interactions
between the produced particles and the inflaton condensate can lead to a qualitatively new mechanism for generating cosmological
fluctuations from inflation. We illustrate this effect using a simple prototype model g2(φ− φ0)2χ2 for the interaction between the
inflaton, φ, and iso-inflaton, χ. Such interactions are quite natural in a variety of inflation models from supersymmetry and string
theory. Using both lattice field theory and analytical calculations, we study the production of χ particles and their subsequent
rescatterings off the condensate φ(t), which generates bremsstrahlung radiation of light inflaton fluctuations δφ. This mechanism
leads to observable features in the primordial power spectrum. We derive observational constraints on such features and discuss
their implications for popular models of inflation. Inflationary particle production also leads to a very novel kind of nongaussian
signature which may be observable in future missions.

1. Introduction

In recent years the inflationary paradigm has become a
cornerstone of modern cosmology. In the simplest scenario
the observed cosmological perturbations are seeded by the
quantum vacuum fluctuations of the inflaton field [1–5].
This mechanism predicts a nearly scale invariant spectrum
of adiabatic primordial fluctuations, consistent with recent
observational data [6]. In addition to this standard mech-
anism, there are also several alternatives for generating
cosmological perturbations from inflation; examples include
modulated fluctuations [7–10] and the curvaton mechanism
[11]. These various scenarios all lead to similar predictions
for the power spectrum. On the other hand, nongaussian
statistics (such as the bispectrum) provide a powerful tool to
observationally discriminate between different mechanisms
for generating the curvature perturbation. In this paper,
which is based on [12–15], we will present a qualitatively
new mechanism for generating cosmological perturbations
during inflation. We discuss in detail the predictions of this
new scenario for both the spectrum and nongaussianity
of the primordial curvature fluctuations, showing how this

new mechanism may be observationally distinguished from
previous approaches.

1.1. Non-Gaussianity from Inflation. The possibility to dis-
criminate between various inflationary scenarios has led
to a recent surge of interest in computing and measuring
nongaussian statistics. Although single field, slow roll models
are known to produce negligible nongaussianity [16–18],
there are now a variety of scenarios available in the literature
which may predict an observable signature. Departures from
gaussianity are often parametrized in the following form:

ζ(x) = ζg(x) +
3
5
fNL
[
ζ2
g (x)−

〈
ζ2
g (x)

〉]
, (1)

where ζ(x) is the primordial curvature perturbation, ζg(x) is
a Gaussian random field, and fNL characterizes the degree of
nongaussianity. The ansatz (1) is known as the “local” form
of nongaussianity.

Although the local ansatz (1) has received significant
attention, it is certainly not the only well-motivated model
for a nongaussian curvature perturbation. For example, the
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nongaussian part of ζ(x) need not be correlated with the
gaussian part. Consider a primordial curvature perturbation
of the form

ζ(x) = ζg(x) + FNL
[
χg(x)

]
, (2)

where FNL is some nonlinear (not necessarily quadratic)
function, and χg(x) is a gaussian field which is uncorrelated
with ζg(x). Both (1) and (2) are local in position space;
however, these two types of nongaussianity will have very
different observational implications. The uncorrelated ansatz
(2) for the primordial curvature perturbation can arise, for
example, in models with preheating into light fields [19–
21]. (See also [22, 23] for more discussion of nongaussianity
from preheating and [24, 25] for another model where
nongaussianity is generated at the end of inflation.)

A useful quantity to consider is the bispectrum,
B(k1, k2, k3), which is the 3-point correlation function of the
Fourier transform of the primordial curvature perturbation〈

ζk1ζk2ζk3

〉 = (2π)3δ(k1 + k3 + k3)B(ki), (3)

where ki ≡ |ki|. The delta function appearing in (3) reflects
translational invariance and ensures that B(ki) depends on
three momenta ki which form a triangle: k1 + k2 + k3 = 0.
Rotational invariance implies that B(ki) is symmetric in its
arguments.

If we assume the ansatz (1) for the primordial curvature
perturbation, then B(ki) has a very particular dependence
on momenta; it peaks in the squeezed limit where one
of the wavenumbers is much smaller than the remaining
two (e.g., k1 � k2, k3). Such a bispectrum is referred
to as having a squeezed shape. However, other shapes of
bispectrum are worth considering. A bispectrum is referred
to as “equilateral” if it peaks when k1 = k2 = k3 and
“flattened” if it peaks when one of the wavenumbers is half
the size of the remaining two (e.g., 2k1 = k2 = k3).

Without assuming any specific form for the primor-
dial curvature perturbation, such as (1) or (2), one may
characterize an arbitrary bispectrum (3) by specifying its
shape, running, and size [26]. As discussed above, the shape
refers to the configuration of triangle on which B(ki) is
maximal (squeeze, equilateral, or flattened). The running of
the bispectrum refers to how the magnitude of B(ki) depends
on the overall size of the triangle. For example, in the case
of scale invariant fluctuations, the bispectrum must scale
as B(λk1, λk2, λk3) = λ−6B(k1, k2, k3). Finally, the overall
size of the bispectrum is often quantified by evaluating
the magnitude of B(ki) on some fixed equilateral triangle.
However, the skewness of the probability density function
(defined later) might provide a better measure of the size of
nongaussianity.

Different types of nongaussian signatures are correlated
with properties of the underlying inflation model. Let us first
consider some examples with small running (by “small” here
we refer to any model where the running of the bispectrum
is proportional to slow-variation parameters or arises due
to loop effects. This does not necessarily mean that such
running cannot lead to interesting observational signatures,
see; [27–30]).

(1) A large bispectrum of local shape, along with iso-
curvature effects, is associated with models where
multiple fields are light (or otherwise dynamically
important) during inflation. Examples include the
curvaton mechanism [31–34] or models with turning
points along the inflationary trajectory [35–39]. The
observational bound on local type nongaussianity,
coming from the WMAP7 [6] data, is −10 < f local

NL <
74 [40] at 95% confidence level. When combined
with large scale structure (LSS) data the bound
becomes somewhat stronger: −1 < f local

NL < 65 [41].

(2) A large local bispectrum without any isocurvature
fluctuations can only be produced by nonlocal infla-
tion models [42–44]. For any single-field inflation
model described by a local low-energy effective field
theory, the results of [45] imply that the ratio of the
3-point correlation function to the square of the 2-
point function must be of order of the spectral tilt,
in the squeezed limit. Hence, it has been argued that
a large squeezed bispectrum must be associated with
the presence of multiple light degrees of freedom
and hence iso-curvature effects. However, in [42–
44] it was shown that single field nonlocal inflation
models can produce a large squeezed bispectrum in
the regime where the underlying scale of nonlocality
is much larger than the Hubble scale during inflation.
Such constructions evade the no-go theorem of [45]
precisely because they violate the usual assumption
of cluster decomposition. Moreover, models of this
type are not subsumed by the general analysis of
[46] since nonlocal field theories with infinitely many
derivatives cannot be obtained in the regime of low-
energy effective field theory. It is nevertheless sensible
to study such constructions since they may be derived
from ultra-violet (UV) complete frameworks, such as
string field theory or p-adic string theory. See [47–
49] for details concerning the underlying consistency
of nonlocal field theories, and see [50] for a succinct
review of nonlocal cosmology.

(3) A large equilateral bispectrum is typically associated
with a small sound speed for the inflaton pertur-
bations [26], such as in Dirac-Born-Infeld (DBI)
inflation models [51, 52]. However, such a signature
may also be obtained in multifield gelaton [53] or
trapped inflation [54] models. The observational
bound on equilateral type nongaussianity is −125 <

f
equil
NL < 435 at 95% confidence level [55].

(4) A large flattened bispectrum is associated with
nonvacuum initial conditions [26, 56–58]. (To our
knowledge there is no explicit computation of the
observational bound on flattened nongaussianity. In
[56], a template (the enfolded model) was proposed.
The analysis of [55] is sufficiently general to study this
shape; however, they do not explicitly place bounds
on f flat

NL but instead constrain an alternative shape
(the orthogonal model) which is a superposition of
flattened and equilateral shapes.)
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If we relax the assumption that the bispectrum is close to
scale invariant, then a much richer variety of nongaussian
signatures is possible. For example, in models with sharp
steps in the inflaton potential [59, 60] the bispectrum is
large only for triangles with a particular characteristic size.
We will refer to such a signature as a localized nongaussian
feature. Localized nongaussianities are not well constrained
by current observation but may be observable in future
missions.

Given the significant role that nongaussianity may play
in discriminating between different models of the early
universe, it is of crucial importance to explore and classify
all possible consistent signatures for the bispectrum and
other nongaussian statistics. Indeed, in this paper we will
describe a new kind of signature—uncorrelated nongaussian
features—which is predicted in a variety of simple and well-
motivated models of inflation, but which has nevertheless
been overlooked in previous literature.

1.2. Inflationary Particle Production. Recently, a new mecha-
nism for generating cosmological perturbations during infla-
tion was proposed [12]. This new mechanism, dubbed infra-
red (IR) cascading, is qualitatively different from previous
proposals (such as the curvaton or modulated fluctuations)
in that it does not rely on the quantum vacuum fluctuations
of some light scalar fields during inflation. Rather, the
scenario involves the production of massive iso-curvature
particles during inflation. These subsequently rescatter off
the slow-roll condensate to generate bremsstrahlung radia-
tion of light inflaton fluctuations (which induce curvature
perturbations and temperature anisotropies in the usual
manner). IR cascading can also be distinguished from
previous mechanisms from the observational perspective:
this new mechanism leads to novel features in both the
spectrum and bispectrum.

In principle, IR cascading may occur in any model where
non-inflaton (iso-curvature) particles are produced during
inflation. Models of this type have attracted considerable
interest recently; examples have been studied where particle
production occurs via parametric resonance [12, 13, 54,
61–66], as a result of a phase transition [19, 20, 67–74]
or otherwise [75]. Recent interest in inflationary particle
production has been stimulated by various considerations.

(1) Particle production arises naturally in a number of
microscopically realistic models of inflation, includ-
ing examples from string theory [54] and super-
symmetric (SUSY) field theory [76]. In particular,
inflationary particle production is a generic fea-
ture of open string inflation models [13], such as
brane/axion monodromy [77–79].

(2) The energetic cost of producing particles during
inflation has a dissipative effect on the dynamics
of the inflaton. Particle production may therefore
slow the motion of the inflaton, even on a steep
potential. This gives rise to a new inflationary mech-
anism, called trapped inflation [54, 80, 81], which
may circumvent some of the fine-tuning problems
associated with standard slow-roll inflation. See [54]

for an explicit string theory realization of trapped
inflation and [81] for a generalization to higher-
dimensional moduli spaces and enhanced symmetry
loci. The idea of using dissipative dynamics to slow
the motion of the inflaton is qualitatively similar to
warm inflation [82] and also to the variant of natural
inflation [83, 84] proposed recently by Anber and
Sorbo [75].

(3) Observable features in the primordial power spec-
trum, generated by particle production and IR cas-
cading, offer a novel example of the non-decoupling
of high scale physics in the Cosmic Microwave Back-
ground (CMB) [61, 85–87]. In the most interesting
examples, the produced particles are extremely mas-
sive for (almost) the entire history of the universe;
however, their effect cannot be integrated out due to
the nonadiabatic time dependence of the iso-inflaton
mode functions during particle production. In [61]
particle production during large field inflation was
proposed as a possible probe of Planck-scale physics.

In this paper we study in detail the impact of particle
production and IR cascading on the observable primordial
curvature perturbations. In order to illustrate the basic
physics we focus on a very simple and general prototype
model where the inflaton, φ, and iso-inflaton, χ, fields
interact via the coupling

Lint = −g
2

2

(
φ − φ0

)2
χ2. (4)

We expect, however, that our results will generalize in a
straightforward way to more complicated models, such as
fermion iso-inflaton fields or gauged interactions, wherein
the physics of particle production and rescattering is essen-
tially the same. Our result may also have implications for
inflationary phase transitions, because spinodal decompo-
sition can be interpreted as a kind of particle production,
and similar bilinear interactions will induce rescattering
effects.

Scalar field interactions of type (4) have also been studied
recently in connection with nonequilibrium Quantum Field
Theory (QFT) [88–90], in particular with applications to
the theory of preheating after inflation [91–95] and also
moduli trapping [80, 81] at enhanced symmetry points.
Although our focus is on particle production during inflation
(as opposed to during preheating, after inflation) some of
our results nevertheless have implications for preheating,
moduli trapping, and also non-equilibrium QFT more
generally. For example, in [12] analytical and numerical
studies of rescattering and IR cascading during inflation
made it possible to observe, for the first time, the dynamical
approach to the turbulent scaling regime that was discovered
in [96, 97].

Particle production during inflation in model (4) leads to
observable features in the primordial power spectrum, P(k).
A number of recent studies have found evidence for localized
features in P(k) that are incompatible with the simplest
power-law model P(k) ∼ kns−1 [62, 73, 98–110]. Although
these observed features may simply be statistical anomalies
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(see, e.g., [111]), there remains the tantalizing possibility
that they represent some new physics beyond the simplest
slow-roll model. Upcoming polarization data may play an
important role in distinguishing these possibilities [73]. In
the meantime, it is interesting to determine the extent to
which such features may be explained by a simple and well-
motivated model such as (4). Moreover, because (4) is a com-
plete microscopic model (as opposed to a phenomenological
modification of the power spectrum) it is possible to predict
a host of correlated observables, such as features in the scalar
bispectrum and tensor power spectrum. Hence, it should be
possible to robustly rule out (or confirm) the possibility that
some massive iso-curvature particles were produced during
inflation.

If detected, features from particle production and IR
cascading will provide a rare and powerful new window
into the microphysics driving inflation. This scenario opens
up the possibility of learning some details about how the
inflaton couples to other particles in nature, as opposed
to simply reconstructing the inflaton potential along the
slow-roll trajectory. Moreover, due to the non-decoupling
discussed above, features from particle production and IR
cascading may probe new (beyond the standard model)
physics at extraordinarily high energy scales.

The outline of this paper is as follows. In Section 2 we
provide a brief, qualitative overview of the dynamics of par-
ticle production and IR cascading in model (4). In Section 3
we study in detail this same dynamics using fully nonlinear
lattice field theory simulations. In Section 4 we provide an
analytical theory of particle production and IR cascading
in an expanding universe. A complimentary analytical anal-
ysis, using second-order cosmological perturbation theory,
is provided in Section 5. In Section 6 we consider the
observational constraints on inflationary particle production
using a variety of data sets. In Section 7 we provide several
explicit microscopic realizations of our scenario and study
the implications of our observational constraints on models
of string theory inflation, in particular brane monodromy.
In Section 8 we quantify and characterize the nongaus-
sianity generated by particle production and IR cascading.
Finally, in Section 9, we conclude and discuss possible future
directions.

2. Overview and Summary of the Mechanism

In this section we provide a brief overview of the dynamics
of particle production and IR cascading in model (4) and
also summarize the resulting observational signatures. In the
remainder of this paper we will flesh out the details of this
mechanism with analytical and numerical calculations.

We consider the following model:

S =
∫
d4x

√−g[M2
p

2
R− 1

2

(
∂φ
)2 −V(φ)

−1
2

(
∂χ
)2 − g2

2

(
φ − φ0

)2
χ2

]
,

(5)

where R is the Ricci curvature constructed from the metric
gμν, φ is the inflaton field, and χ is the iso-inflaton. As usual,
we assume a flat FRW space-time with scale factor a(t)

ds2 ≡ gμνdx
μdxν = −dt2 + a2(t)dx2 (6)

and employ the reduced Planck mass Mp
∼= 2.43× 1018GeV.

We leave the potential V(φ) driving inflation unspecified for
assuming that it is sufficiently flat in the usual sense, that is,
ε� 1, |η| � 1 where

ε ≡ M2
p

2

(
V ′

V

)2

, η ≡M2
p

V ′′

V
(7)

are the usual slow-roll parameters.
Note that one might wish to supplement (5) by its

supersymmetric completion in order to protect the flatness
of the inflaton potential from large radiative corrections
coming from loops of the χ field. We expect that our results
will carry over in a straightforward way to SUSY models and
also to more complicated scenarios such as higher spin iso-
inflaton fields and (possibly) inflationary phase transitions.

The coupling (g2/2)(φ − φ0)2χ2 in (5) is introduced to
ensure that the iso-inflaton field can become instantaneously
massless at some point φ = φ0 along the inflaton trajectory
(which we assume occurs during the observable range of
e-foldings of inflation). At this moment χ particles will be
produced by quantum effects.

Let us first consider the homogeneous dynamics of the
inflaton field, φ(t). Near the point φ = φ0 we can generically
expand

φ(t) ∼= φ0 + vt, (8)

where v ≡ φ̇(0), and we have arbitrarily set the origin of time
so that t = 0 corresponds to the moment when φ = φ0. (We
are, of course, assuming that φ̇(0) /= 0.) The interaction (4)
induces an effective (time varying) mass for the χ particles of
the form

m2
χ = g2(φ − φ0

)2 ∼= k4
�t

2, (9)

where we have defined the characteristic scale

k� =
√
g|v|. (10)

It is straightforward to verify that the simple expression (9)
will be a good approximation for (H|t|)−1 � O(ε,η) which,
in most models, will be true for the entire observable 60 e-
foldings of inflation.

Note that, without needing to specify the background
inflationary potential V(φ), we can write the ratio k�/H as

k�
H
=
√

g

2πP 1/2
ζ

, (11)

where P 1/2
ζ = 5× 10−5 is the usual amplitude of the vacuum

fluctuations from inflation. In this work we assume that
k� > H which is easily satisfied for reasonable values of
the coupling g2 > 10−7. In particular, for g2 ∼ 0.1 we have
k�/H ∼ 30.
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The scenario we have in mind is the following. Inflation
starts at some field value φ > φ0 and the inflaton rolls toward
the point φ = φ0. Initially, the iso-inflaton field is extremely
massive mχ � H and hence it stays pinned in the vacuum,
χ = 0, and does not contribute to superhorizon curvature
fluctuations. Eventually, at t = 0, the inflaton rolls through
the point φ = φ0 where mχ = 0 and χ particles are produced.
To describe this burst of particle production one must solve
for the following equation for the χparticle mode functions
in an expanding universe:

χ̈k + 3Hχ̇k +

[
k2

a2
+ k4

�t
2

]
χk = 0. (12)

Equations of this type are well-studied in the context of
preheating after inflation [92] and moduli trapping [80].
The initial conditions for (12) should be chosen to ensure
that the q-number field χ is in the adiabatic vacuum in the
asymptotic past (see Sections 3 and 4 for more details). In
the regime k� > H particle production is fast compared to
the expansion time and one can solve (12) very accurately
for the occupation number of the created χ particles

nk = e−πk
2/k2

� . (13)

Very quickly after the moment t = 0, within a time
Δt ∼ k−1

� � H−1, these produced χ particles become
nonrelativistic (mχ > H), and their number density starts to
dilute as a−3.

Following the initial burst of particle production there
are two distinct physical effects which take place. First,
the energetic cost of producing the gas of massive out-
of-equilibrium χ particles drains energy from the inflaton
condensate, forcing φ̇ to drop abruptly. This velocity dip is
the result of the backreaction of the produced χ fluctuations
on homogeneous condensate φ(t). The second physical effect
is that the produced massive χ particles rescatter off the con-
densate via the diagram in Figure 1 and emit bremsstrahlung
radiation of light inflaton fluctuations (particles).

Backreaction and rescattering leave distinct imprints
in the observable cosmological perturbations. Let us first
discuss the impact of backreaction. In Figure 2 we plot the
velocity dip resulting from the backreaction of the produced
χ particle on the homogeneous inflaton condensate φ(t).
From this figure we see that the quantity φ̈/(Hφ̇) becomes
large in the dip. This violation of slow roll is a transient effect;
at late times the produced χ particles become extremely
massive and their number density dilutes as a−3.

One can understand the temporary slowing down of the
inflaton from an analytical perspective. Backreaction is taken
into account using the mean-field equation

φ̈ + 3Hφ̇ +V,φ + g2(φ − φ0
)〈
χ2
〉
= 0, (14)

where the vacuum average is computed following [80, 92]

〈
χ2
〉 ∼= nχa−3

g
∣∣φ − φ0

∣∣ . (15)

In (14) we have implicitly assumed that the usual Coleman-
Weinberg corrections to the inflaton potential have already

χ

k′

φ

g2
χ

k

k − k′
δφ

Figure 1: Rescattering diagram.
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Figure 2: |φ̇|/(Mpm) plotted against mt for g2 = 0.1 (where m =
V,φφ is the effective inflaton mass). Time t = 0 corresponds to the
moment when φ = φ0 and χ particles are produced copiously. The
solid red line is the lattice field theory result taking into account
the full dynamics of rescattering and IR cascading while the dashed
blue line is the result of a mean-field theory treatment which ignores
rescattering [64]. The dot-dashed black line is the inflationary
trajectory in the absence of particle creation.

been absorbed into V(φ), hence the vacuum average 〈χ2〉
should include only the effects of nonadiabatic particle
production. (Here nχ =

∫
(d3k/(2π)3)nk ∼ k3

� is the total
number density of produced χ particles, and the factor
a−3 reflects the usual volume dilution of non-relativistic
matter.) In Figure 2 we have plotted the solution of (14)
along with the exact result obtained from lattice field
theory simulations, illustrating the accuracy of this simple
treatment.
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Using the mean-field approach, one finds that the
transient violation of slow roll leads to a “ringing pattern”
(damped oscillations) in the power spectrum Pφ(k) =
(k3/2π2)|δφk|2 of inflaton fluctuations [64]. This ringing
pattern is localized around wavenumbers which left the
horizon at the moment when particle production occurred.
The effect is very much analogous to Fresnel diffraction at a
sharp edge.

The second physical effect, rescattering, was considered
for the first time in the context of inflationary particle
production in [12]. Figure 1 illustrates the dominant process:
bremsstrahlung emission of long-wavelength δφ fluctuations
from rescattering of the produced χ particles off the con-
densate. The time scale for such processes is set by the
microscopic scale, k−1

� , and is thus very short compared
to the expansion time, H−1. Moreover, the production of
inflaton fluctuations δφ deep in the infrared (IR) is extremely
energetically inexpensive, since the inflaton is very nearly
massless. The combination of the short time scale for rescat-
tering and the energetic cheapness of radiating IR δφ leads to
a rapid build-up of power in long wavelength inflaton modes:
IR cascading. This effect leads to a bump-like feature in the
power spectrum of inflaton fluctuations, very different from
the ringing pattern associated with backreaction. The bump-
like feature from rescattering dominates over the ringing
pattern from backreaction for all values of parameters.

In [12] model (5) was studied using lattice field theory
simulations, without neglecting any physical processes (that
is to say that full nonlinear structure of the theory, including
backreaction and rescattering effects, was accounted for
consistently). However, this same dynamics can be under-
stood analytically by solving the equation for the inflaton
fluctuations δφ in the approximation that all interactions
are neglected, except for the diagram in Figure 1. The
appropriate equation is

δφ̈ + 3Hδφ̇ −
−→∇2

a2
δφ +V,φφδφ ∼= −g2[φ(t)− φ0

]
χ2. (16)

See [14] for a detailed analytical theory. The solution of (16)
may be split into two parts: the solution of the homogeneous
equation and the particular solution which is due to the
source term. The former simply corresponds to the usual
scale invariant quantum vacuum fluctuations from inflation.
The particular solution, on the other hand, corresponds to
inflaton fluctuations generated by rescattering. The abrupt
growth of χ inhomogeneities at t = 0 sources the particular
solution and generates inflaton fluctuations which subse-
quently cross the horizon and freeze in.

As mentioned earlier, rescattering generates a bump-
like contribution to the primordial power spectrum of the
curvature perturbations. To good approximation this may be
described by a simple semi analytic fitting function

P(k) = As

(
k

k0

)ns−1

+ AIR

(
πe

3

)3/2( k

kIR

)3

e−(π/2)(k/kIR)2

,

(17)

where the first term corresponds to the usual vacuum
fluctuations from inflation (with amplitude As and spectral

index ns) while the second term corresponds to the bump-
like feature from particle production and IR cascading. The
amplitude of this feature (AIR) depends on g2 while the
location (kIR) depends on φ0.

In [13] the simple fitting function (17) was used to place
observational constraints on inflationary particle production
using a variety of cosmological data sets. Current data
are consistent with rather large spectral distortions of the
type (17). Features as large as O(10%) of the usual scale-
invariant fluctuations from inflation are allowed, in the
case that kIR falls within the range of scales relevant for
CMB experiments. Such a feature corresponds to a realistic
coupling g2 ∼ 0.01. Even larger values of g2 are allowed if
the feature is localized on smaller scales. In Figure 3 we have
illustrated the primordial power spectrum in model (5) for
a representative choice of parameters. We also plot the CMB
angular Temperature-Temperature (TT) power spectrum for
the same parameters.

The prototype model (5) may be realized microscopically
in a variety of different particle physics frameworks. In
particular, particle production is a rather generic feature
of open string inflation models [13] where the inflaton,
φ, has a geometrical interpretation as the position of
some mobile D-brane. In this context the iso-inflaton, χ,
corresponds to a low-lying open string excitation which is
stretched between the mobile inflationary brane and any
other (spectator) branes which inhabit the compactification
volume. If the inflationary and spectator branes become
coincident during inflation, then the symmetry of the system
is enhanced [80] and some low-lying stretched string states
will become instantaneously massless, mimicking interaction
(4) (see also [54]). An explicit realization of this scenario is
provided by brane/axion monodromy models [77–79]. Our
observational constraints on inflationary particle production
may be used to place bounds on parameters of the underlying
string model [13].

The bump-like feature in P(k), illustrated in Figure 3,
must be associated with a nongaussian feature in the
bispectrum [12, 14]. Indeed, it is evident already from
inspection of (16) that the inflaton fluctuations generated
by rescattering are significantly nongaussian; the particular
solution of (16) is bi-linear in the gaussian field χ. The
nongaussian signature from IR cascading is rather novel.
The nongaussian part of ζ is uncorrelated with the gaussian
part. Moreover, the bispectrum B(ki) is very far from scale
invariant; it peaks strongly for triangles with a characteristic
size ∼ kIR, corresponding to the location of the bump in the
power spectrum (17). The shape of the bispectrum therefore
depends sensitively on the size of the triangle and is not well
described by any of the templates that have been proposed in
the literature to date.

The magnitude of this new kind of nongaussianity may
be quite large. To quantify the effect it is useful to introduce
the probability density function (PDF), P(ζ), which is the
probability that the curvature perturbation has a fluctuation
of size ζ . If we define the central moments of the PDF as

〈
ζn
〉 = ∫ ζnP(ζ)dζ , (18)
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Figure 3: (a) shows a sample bump in the power spectrum with
amplitude AIR = 2.5 × 10−10 which corresponds to a coupling
g2 ∼ 0.01. The feature is located at kIR = 0.01 Mpc−1. This example
represents a distortion of O(10%) as compared to the usual vacuum
fluctuations and is consistent with the data at 2σ . (b) shows the
CMB angular TT power spectrum for this example, illustrating that
the distortion shows up mostly in the first peak.

then a useful measure of nongaussianity is the dimensionless
skewness of the PDF, defined by

Ŝ3 ≡
〈
ζ3
〉
c〈

ζ2
〉3/2 , (19)

where the subscript c indicates that only the connected
part of the correlator should be included. The skewness Ŝ3

encodes information about the bispectrum B(ki) integrated
over all size and shape configurations and thus provides a
meaningful single number to compare the nongaussianity
of inflation models which may have very different shapes or
running [27].

If we choose g2 ∼ 0.01 (which is compatible with obser-
vation for all values of φ0), then model (5) produces the same
value of Ŝ3 as a local model (1) with | fNL| ∼ 102. This large
value suggests that nongaussianity from particle production
during inflation may be observable in future missions.

Depending on model parameters, the nongaussian fea-
tures predicted by model (5) may lead to a rich variety
of observable consequences for the CMB or Large Scale
Structure (LSS). The phenomenology of this model is quite
different from other constructions that have been proposed
to obtain large nongaussianity from inflation. However,
the underlying microscopic description (5) is extremely
simple and, indeed, rather generic from the low-energy
perspective. Explicit realizations of interaction (4) have
been obtained from string theory and SUSY. Moreover,
in order to obtain an observable signature it was not
necessary to fine-tune the inflationary trajectory or appeal
to re-summation of an infinite series of high-dimension
operators.

3. Numerical Study of Rescattering and
IR Cascading

3.1. HLattice Simulations. In this section we study numer-
ically the creation of δφ fluctuations by rescattering of the
produced χ particles off the condensate φ(t) in model (5).
To this end, we have written a new lattice field theory code,
HLattice [112], for simulating the interactions of scalar fields
in a cosmological setting. HLattice can be used to simulate
the dynamics of any number of interacting scalar fields
with arbitrary scalar potential and metric on field space
[113]. We solve the Klein-Gordon equations for the scalar
field dynamics in an expanding FRW space-time and also
solve the Friedmann equation self-consistently for the scale
factor, a(t). Since the production of long wavelength δφ
modes is so energetically inexpensive, a major requirement
for successfully capturing this effect is respecting energy
conservation to very high accuracy. HLattice conserves
energy with an accuracy of order ∼ 10−8, as compared to
10−3–10−5, which has been obtained using previous codes
such as DEFROST [114] or LATTICEASY [115]. A minimum
accuracy of order 10−4 is required for the problem at hand.

The box size of our 5123 simulations corresponds to
a comoving scale which is initially (20/2π) ∼ 3 times
the horizon size H−1, while k� ∼= 60√g H . We run our
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simulations for roughly 3 e-foldings from the initial moment
t = 0 when the χ particles are produced although a single e-
folding would have been sufficient to capture the effect. For
the sake of illustration, we have chosen the standard chaotic
inflation potential V = m2φ2/2 with m = 10−6

√
8πMp for

our numerical analysis. However, our results do not depend
sensitively on the choice of background inflation model.
(The model independence of our result arises simply because
all the dynamics of rescattering and IR cascading occurs
within a single e-folding from the moment when φ = φ0.
Over such a short time it will always be a good approximation
to expand φ(t) ∼= φ0 + vt. Hence the dependence on
the background dynamics arises only through v = φ̇(0)
which is determined by the Hubble scale and the observed
amplitude of curvature perturbations. This claim of model
independence is born out by explicit analytical calculations
in the next section.) We have considered both φ0 = 2

√
8πMp

and φ0 = 3.2
√

8πMp and also three different values of
the coupling constant: g2 = 0.01, 0.1, 1. As expected, the
coupling g2 determines the magnitude of the effect while
φ0 simply shifts the location of the power spectrum feature.
For this choice of inflationary potential, the choice φ0 =
3.2
√

8πMp corresponds to putting the feature on scale
slightly smaller than today’s horizon. On the other hand,
φ0 = 2

√
8πMp corresponds to placing the feature on scales

much smaller than those probed by the CMB (we considered
this case in order to be able to directly contrast our results
with [64]).

In order to capture the quantum production of χ particles
using classical lattice simulations, we start our numerical
evolution very shortly after particle production has occurred,
when the χk modes are nearly adiabatic, but before any
significant inflaton fluctuations have been produced. In
practice, this corresponds to initializing the simulation at a
time tinitial = O(k−1

� ). The initial conditions for the modes
χk(t) are given by the usual Bogoliubov computation [80,
92]. These are chosen to reproduce the occupation number
nk = e−πk2/k2

� , while ensuring that the source term for the δφ
fluctuations is turned on smoothly at the initial time. As long
as the initial conditions are chosen appropriately, our results
are not sensitive to the choice of tinitial.

At the initial time, the occupation numbers in the
inflaton and iso-inflaton fluctuations are small. However,
very quickly the massive χ particles are diluted away by the
expansion of the universe, and the occupation number of the
produced IR δφ fluctuations grows large compared to unity.
Thus, classical lattice field theory simulations are sufficient to
capture the late-time dynamics. (In the next section we will
provide a quantum mechanical treatment of the dynamics of
particle production and IR cascading during inflation, which
will serve as an a posteriori justification for our classical
lattice calculation.)

Our approach is very similar to the methodology that
has been employed successfully in studies of preheating
after inflation for many years [114, 115]. In that case the
initial fluctuations of the fields are chosen to reproduce the
exact behaviour of the quantum correlation functions. The
occupation numbers of the fields are small at the initial time.
However, these grow rapidly as a result of the preheating

instability, and classical simulations are sufficient to capture
the late-time dynamics.

3.2. Numerical Results. We have studied the fully nonlinear
dynamics of χ particle production and the subsequent
interactions of the produced χ with the inflaton field in
model (5), as described above. We are interested in the power
spectrum of the inflaton fluctuations

Pφ(k) = k3

2π2

∣∣δφk∣∣2
. (20)

This contains a contribution coming from the usual quan-
tum vacuum fluctuations from inflation that is close to
the usual power-law form kns−1 on large scales. Such a
contribution would be present even in the absence of particle
production and is not particularly interesting for us. In
order to isolate the effects of rescattering we have subtracted
off this component in Figures 4, 5, and 6. In all cases we
have normalized Pφ to the amplitude of the usual vacuum
fluctuations from inflation, H2/(2π)2.

Figure 4 shows time evolution of the power in the infla-
ton fluctuations generated by rescattering, for three different
time steps early in the evolution. This figure illustrates how
multiple rescatterings lead to a dynamical cascading of power
into the IR. To illustrate the magnitude of this effect, the
horizontal yellow line corresponds to the amplitude of the
usual vacuum fluctuations from inflation. For g2 � 0.06,
the fluctuations from rescattering come to dominate over the
vacuum fluctuations within a single e-folding. In Figure 5
we illustrate how the magnitude of the spectral distortion
depends on the coupling, g2. (The apparent change in the
location of the feature for different values of g2 arises because
we are plotting the power spectrum as a function of ln(k/k�)
and k� depends on g.)

At late times, the IR portion of the power spectrum
illustrated in Figure 4 will remain fixed since the modes
associated with these scales have gone outside the horizon
and become frozen. On the other hand, the UV portion
of this curve corresponds to modes that are still inside the
horizon, hence we expect δφk ∼ a−1 and the UV tail of
the power spectrum should damp as a−2, due to the Hubble
expansion. We observe precisely this behaviour in our lattice
field theory simulations, and this is illustrated in Figure 6,
which displays the dynamics of IR cascading over a much
longer time scale.

Within a few e-foldings from the time of particle produc-
tion, the entire bump-like feature from IR cascading becomes
frozen outside the horizon. At this point the fluctuations have
become classical, large-scale adiabatic density perturbations
and are observable in the present epoch (presuming that
φ = φ0 occurs during the observable range of e-foldings).
In Figure 3 we have illustrated this bump-like feature in both
the primordial power spectrum and angular TT spectrum,
for a representative choice of parameters.

3.3. Backreaction Effects. As discussed previously, the pro-
duction of χ fluctuations at t = 0 backreacts on the
homogeneous φ(t) causing a transient violation of slow roll.
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Figure 4: The power spectrum of inflaton modes induced by
rescattering (normalized to the usual vacuum fluctuations) as a
function of ln(k/k�), plotted for three representative time steps in
the evolution, showing the cascading of power into the IR. For each
time step we plot the analytical result (the solid line) and the data
points obtained using lattice field theory simulations (diamonds).
The time steps correspond to the following values of the scale factor:
a = 1.03, 1.04, 2.20 (where a = 1 at the moment when φ = φ0).
By this time the amplitude of fluctuations is saturated due to the
expansion of the universe. The vertical lines show the range of scales
from our lattice simulation.

We can study this backreaction numerically, by averaging
the inhomogeneous field φ̇(t, x) over the simulation box.
The result is plotted in Figure 2. We have also plotted the
analytical solution of the mean field (14), showing that this
agrees with the exact numerical result.

The dynamics illustrated in Figure 2 is easy to understand
physically. The production of χ particles at t = 0 drains
kinetic energy from the condensate and hence φ̇ must
decrease abruptly. However, within a few e-foldings of the
moment t = 0, the produced iso-inflaton particles become
extremely massive and are diluted by the expansion as a−3.
At late times the inflaton velocity φ̇ must tend to the slow-
roll value. Notice that the velocity φ̇ including backreaction
effects is not changed significantly, as compared to the usual
slow-roll result. This illustrates the energetic cheapness of
particle production and IR cascading in model (5).

The transient violation of slow roll illustrated in Figure 2
is expected to induce a ringing pattern in the vacuum
fluctuations from inflation [64]. This effect is accounted
for automatically in our HLattice simulations. However, we
would like to disentangle the effect of backreaction on the
cosmological fluctuations from the effect of rescattering. This
will be useful in order to compare the relative importance of
different physical processes and also to guide our analytical
efforts in the next section. To this end, we consider the
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Figure 5: The dependence of the power spectrum Pφ on the
coupling g2. The three curves correspond to Pφ for g2 = 0.01, 0.1, 1,
evaluated at a fixed value of the scale factor, a = 2.20. We see
that even for small values of g2 the inflaton modes induced by
rescattering constitute a significant fraction of the usual vacuum
fluctuations after only a single e-folding.

evolution of the curvature perturbation on comoving hyper-
surfaces, R. In linear theory the equation for the Fourier
modes Rk is well known

R′′
k + 2

z′

z
R′

k + k2Rk = 0. (21)

Here the prime denotes derivatives with respect to conformal
time τ = ∫ (dt/a) and z ≡ aφ̇/H . Equation (21) is only strictly
valid in the absence of entropy perturbations. However, in
our case the χ field is extremely massive m2

χ � H2 for
nearly the entire duration of inflation, hence one may expect
that direct iso-curvature contributions to R are small. We
have solved (21) numerically. In order to take backreaction
effects into account we compute the dynamics of z(t) =
a(t)φ̇(t)/H(t) by averaging over our HLattice simulation box.
Next, we solve (21) given this background evolution and
compute the power spectrum

PR(k) = k3

2π2
|Rk|2. (22)

The result is very close to the usual power-law form
kns−1, with small superposed oscillations resulting from the
transient violation of slow roll; see Figure 7. In order to make
the ringing pattern more visible, we have subtracted off the
usual (nearly) scale-invariant result which would be obtained
in the absence of particle production. For comparison, we
also plot the bump-like feature from rescattering and IR
cascading. This latter contribution was obtained using the
results for Pφ(k) from the previous subsection and the naive
formula R ∼ (H/φ̇)δφ (so that PR ∼ (2εM2

p)−1Pφ).



10 Advances in Astronomy

−5

−4

−3

−2

−1

0

1

−7 −6 −5 −4

ln
(
k

k∗

)−3 −2 −1 0

lo
g 10

( 4π
2
P
k

H
2

)

Figure 6: The power spectrum of inflaton modes induced by
rescattering (normalized to the usual vacuum fluctuations) as a
function of ln(k/k�), plotted for three representative time steps
in the late-time evolution. This figure illustrates the final stages
of IR cascading; we see the peak of the bump-like feature slide
to k ∼ e−3k�, at which point the associated mode functions δφk
have crossed the horizon and become frozen. At later times in
the evolution the peak of the feature and also the IR tail (∼ k3)
remain fixed. Modes associated with the UV end of the spectrum
are still inside the horizon and continue to evolve as δφk ∼ a−1,
which explains the damping of the k > e−2k� part of the spectrum.
For each time step we plot the analytical result (the solid line)
and the data points obtained using lattice field theory simulations
(diamonds).

From Figure 7 we see that IR cascading has a much more
significant impact on the observable curvature fluctuations
than does backreaction. Indeed, for g2 = 0.1 the transient
violation of slow roll yields an order 10−2 correction to the
vacuum fluctuations while the correction from IR cascading
is of order 101. This dominance is generic for all values of the
coupling. Thus, in developing an analytical theory of particle
production during inflation, it is a very good approximation
to completely ignore backreaction effects.

4. Analytical Formalism

In the last section, we have studied particle production,
rescattering, and IR cascading using nonlinear lattice field
theory simulations. In this section we will develop a detailed
analytical theory, in order to understand those results from
a physical perspective. These results were first presented in
[14]. We consider, again, model (5). The equations of motion
that we wish to solve are

− φ +V ′(φ) + g2(φ − φ0
)
χ2 = 0, (23)

− χ + g2(φ − φ0
)2
χ = 0, (24)

−12
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R

Figure 7: A comparison of curvature fluctuations from different
physical effects. The dashed blue line is the usual (nearly) scale
invariant vacuum fluctuations from inflation. The red solid line is
the bump-like feature induced by rescattering and IR cascading. The
dotted blue line is the ringing pattern resulting from the momentary
slowing-down of the inflaton (computed using the mean field
approach of [64]). The vertical lines show aH at the beginning
of particle production and after ∼ 3e-foldings. This figure clearly
illustrates the dominance of IR cascading over backreaction effects.
For illustration we have taken g2 = 0.1, but the dominance is generic
for all values of the coupling.

where = gμν∇μ∇ν is the covariant d’Alembertian. It will
be useful to work with conformal time τ, related to cosmic
time t via adτ = dt. In terms of conformal time the metric
takes the form

ds2 = −dt2 + a2(t)dx · dx

= a2(τ)
[−dτ2 + dx · dx

]
.

(25)

We denote derivatives with respect to cosmic time as ḟ ≡ ∂t f
and with respect to conformal time as f ′ ≡ ∂τ f . The Hubble
parameter H = ȧ/a has conformal time analogue H = a′/a.
For an inflationary (quasi-de Sitter) phase (H ∼= const) one
has

a = − 1
Hτ

1
1− ε , H = −1

τ

1
1− ε (26)

to leading order in the slow roll parameter ε� 1.
As discussed in Section 2, the motion of the homoge-

neous inflaton φ(t) leads to the production of a gas of χ
particles at the moment t = 0 when φ = φ0. The first step in
our analytical computation is to describe this burst of particle
production in an expanding universe. Following the initial
burst, both backreaction and rescattering effects take place.
Our formalism will focus on the latter effect, which is much
more important, and we provide only a cursory treatment of
backreaction.

4.1. Particle Production in an Expanding Universe. The first
step in our scenario is the quantum mechanical production
of χ particles due to the motion of φ. To understand this
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effect we must solve the equation for the χ fluctuations in
the rolling inflaton background. Approximating φ ∼= φ0 + vt
(24) gives

χ̈ + 3Hχ̇ −
−→∇2

a2
χ + k4

�t
2χ = 0, (27)

where k� ≡
√
g|v|. We remind the reader that k� � H for

reasonable values of the coupling; see (11).
The flat space analogue of (27) is very well understood

from studies of broad-band parametric resonance during
preheating [92] and also moduli trapping at enhanced
symmetry points [80]. One does not expect this treatment
to differ significantly in our case since both the time scale
for particle production Δt and the characteristic wavelength
of the produced fluctuations λ are small compared to the
Hubble scale: Δt ∼ λ−1 ∼ k−1

� � H−1. Hence, we expect that
the occupation number of produced χ particles will not differ
significantly from the flat-space result (13), at least on scales
k � H . Furthermore, notice that the χ field is extremely
massive for most of the inflation

m2
χ

H2
∼= k4

�t
2

H2
. (28)

Since k� � H , it follows that m2
χ � H2, except in a tiny

intervalH|Δt| ∼ (H/k�)2 which amounts to roughly 10−3 e-
foldings for g2 ∼ 0.1. Therefore, we do not expect any
significant fluctuations of χ to be produced on superhorizon
scales k � H .

Let us now consider the solutions of (27). We work with
conformal time τ and write the Fourier transform of the
quantum field χ as

χ(τ, x) =
∫

d3k

(2π)3/2

ξ
χ
k(τ)
a(τ)

eik·x. (29)

Note the explicit factor of a−1 in (29) which is introduced
to give ξ

χ
k a canonical kinetic term. The q-number valued

Fourier transform ξ
χ
k(τ) can be written as

ξ
χ
k(τ) = ak χk(τ) + a†−k χ

�
k (τ), (30)

where the annihilation/creation operators satisfy the usual
commutation relation[

ak, a†k′
]
= δ(3)(k− k′), (31)

and the c-number valued mode functions χk obey the
following oscillator-like equation:

χ′′k (τ) + ω2
k(τ)χk(τ) = 0. (32)

The time-dependent frequency is

ω2
k(τ) = k2 + a2m2

χ(τ)− a′′

a

∼= k2 +
1
τ2

[
k4
�
H2

t2(τ)− 2

]
,

(33)

where m2
χ(τ) = g2(φ− φ0)2 ∼= k4

�t
2(τ) is the time-dependent

effective mass of the χ particles, and

t(τ) = 1
H

ln
(−1
Hτ

)
(34)

is the usual cosmic time variable. We have arbitrarily set the
origin of conformal time so that τ = −1/H corresponds to
the moment when φ = φ0.

In Figure 8(a) we have plotted a representative solution
of (32) in order to illustrate the qualitative behaviour of the
modes χk . In Figure 8(b) we plot the occupation number nk
of particles with momentum k, defined as the energy of the
mode (1/2)|χ′k|2 + (1/2)ω2

k|χk|2 divided by the energy ωk of
each particle. Explicitly, we define

nk = ωk
2

⎡⎢⎣
∣∣∣χ′k∣∣∣2

ω2
k

+
∣∣∣χk∣∣∣2

⎤⎥⎦− 1
2

(35)

where the term −1/2 comes from extracting the zero-point
energy of the linear harmonic oscillator (see [92] for a
review). From Figure 8(a) we see that, near the massless point
t = 0, the fluctuations χk get a “kick”, and from Figure 8(b)
we see that the occupation number nk jumps abruptly at this
same moment.

Let us now try to understand analytically the behaviour
of the solutions of (32). At early times t � −k−1

� , the
frequency ωk varies adiabatically∣∣∣∣∣ω′kω2

k

∣∣∣∣∣� 1. (36)

In this in-going adiabatic regime the modes χk are not excited
and the solution of (32) is well described by the adiabatic
solution χk(τ) = fk(τ) where

fk(τ) ≡ 1√
2ωk(τ)

exp
[
−i
∫ τ

dτ′ωk(τ)
]
. (37)

We have normalized (37) to be pure positive frequency
so that the state of the iso-inflaton field at early times
corresponds to the adiabatic vacuum with no χ particles.
(Inserting (37) into (35) one finds nk = 0 for the adiabatic
solution, as expected.)

The adiabatic solution (37) ceases to be a good approx-
imation very close to the moment when φ = φ0, that is at
times |t| � k−1

� . In this regime the adiabaticity condition (36)
is violated for modes with wavenumber H � k � k� and χ
particles within this momentum band are produced. During
the non-adiabatic regime we can still represent the solutions
of (32) in terms of the functions fk(τ) as

χk(τ) = αk(τ) fk(τ) + βk(τ) f �k (τ). (38)

This expression affords a solution of (32) provided the time-
dependent Bogoliubov coefficients obey the following set of
coupled equations:

α′k(τ) = ω′k(τ)

2ωk(τ)
exp

[
+2i

∫ τ
dτ′ωk(τ′)

]
βk(τ),

β′k(τ) = ω′k(τ)

2ωk(τ)
exp

[
−2i

∫ τ
dτ′ωk(τ′)

]
αk(τ).

(39)
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Figure 8: (a) illustrates the time dependence of the solutions χk of (32) for a representative choice of parameters. The oscillatory behaviour
at early times represents the adiabatic initial condition. At t = 0 the effective frequency (33) varies nonadiabatically and the fluctuations
get a “kick”. (b) plots the occupation number (35) for the same mode. No particles are present in the adiabatic in-going regime. This figure
illustrates how the violations of adiabaticity at t = 0 lead to production of χ particles.

The Bogoliubov coefficients are normalized as |αk|2−|βk|2 =
1, and the assumption that no χ particles are present in the
asymptotic past (this assumption is justified since any initial
excitation of χ would have been damped out exponentially
fast by the expansion of the universe) fixes the initial
conditions αk = 1, βk = 0 for t → −∞. This is known as
the adiabatic initial condition.

From the structure of (39) it is clear that violation of
condition (36) near t = 0 leads to a rapid growth in the
|βk| coefficient. The time variation of βk can be interpreted
as a corresponding growth in the occupation number of the
χ particles

nk =
∣∣βk∣∣2

. (40)

At late times (t � k−1
� ) adiabaticity is restored and the

growth of nk = |βk|2 must saturate. By inspection of (39)
we can see that the Bogoliubov coefficients must tend to
constant values in the out-going adiabatic regime. Therefore,
within less than an e-folding from the moment of particle
production the solution χk of (32) can be represented as
a simple superposition of positive frequency fk modes and
negative frequency f �k modes. Our goal now is to derive an
analytical expression for the modes χk which is valid in this
out-going adiabatic region.

Let us first study the adiabatic solution fk(τ). If we focus
on the interesting region of phase space, H � k � k�, then
the adiabatic solution (37) is very well approximated by

fk(τ) ∼= 1
a1/2k�

√
2t(τ)

e−(i/2)k2
�t

2(τ), (41)

where t(τ) is defined by (34). It is interesting to note that (41)
is identical to the analogous flat-space result [12], except for
the factor of a−1/2. Taking into account also the explicit factor
of a−1 in our definition of the Fourier transform (29), we
recover the expected large-scale behaviour for a massive field
in de Sitter space, that is, χ ∼ a−3/2. This dependence on the
scale factor is easy to understand physically, it simply reflects
the volume dilution of nonrelativistic particles: ρχ ∼ m2

χχ
2 ∼

a−3.
Next, we seek an expression for the Bogoliubov coeffi-

cients αk, βk in the out-going adiabatic regime t � k−1
� . From

(39) it is clear that the value of the Bogoliubov coefficients at
late times can depend only on dynamics during the interval
|t| � k−1

� where adiabaticity condition (36) is violated.
This interval is tiny compared to the expansion time, and
we are justified in treating a(τ) as a constant during this
phase. Hence, it follows that the flat space computation of
the Bogoliubov coefficients [80, 92] must apply, at least for
scales k � H . To a very good approximation we therefore
have the well-known result

αk ∼=
√

1 + e−πk2/k2
� , (42)

βk ∼= −ie−πk2/(2k2
�) (43)

in the out-going adiabatic regime. Equation (43) gives
the usual expression (13) for the co-moving occupation
number of particles produced by a singe burst of broad-band
parametric resonance:

nk =
∣∣βk∣∣2 = e−πk

2/k2
� . (44)



Advances in Astronomy 13

Finally, we arrive at an expression for the out-going
adiabatic χ modes which is accurate for interesting scales
k� � k � H . Putting together results (41) and (38) along
with well-known expressions (42) and (43) we arrive at

χk(τ) ∼=
√

1 + e−πk2/k2
�

1
a1/2k�

√
2t(τ)

e−(i/2)k2
�t

2(τ)

− ie−πk2/(2k2
�) 1
a1/2k�

√
2t(τ)

e+(i/2)k2
�t

2(τ),

(45)

valid for t � k−1
� . Equation (45) is the main result of this

subsection. We will now justify that this expression is quite
sufficient for our purposes.

For modes deep in the UV, k � k�, our expression (45),
is not accurate. (Expression (41) for the adiabatic modes
fk is not valid at high momenta where ωk ∼= k.) However,
such high momentum particles are not produced, condition
(36) is always satisfied for k � k�. Note that the absence
of particle production deep in the UV is built into our
expression (45): as k → ∞ this function tends to the vacuum
solution χk → fk.

Our expression (45) is also not valid deep in the IR, for
modes k < H . To justify this neglect requires somewhat
more care. Notice that, even very far from the massless
point, t = 0, long wavelength modes k � H should
not be thought of as particle like. The large-scale mode
functions are not oscillatory but rather damp exponentially
fast as χ ∼ a−3/2. Hence, even if we started with some
super-horizon fluctuations of χ at the beginning of inflation,
these would be suppressed by an exponentially small factor
before the time when particle production occurs. Any super-
horizon fluctuation generated near t = 0 would need to
be exponentially huge to overcome this damping. However,
resonant particle production during inflation does not lead
to exponential growth of mode functions. (In this regard
our scenario is very different from preheating at the end
of inflation. In the latter case the inflaton passes many
times through the massless point mχ = 0, and there
are, correspondingly, many bursts of particle production.
After many oscillations of the inflaton field, the χ particle
occupation numbers build up to become exponentially large,
and, averaged over many oscillations of the background, the
χ mode functions grow exponentially. However, in our case
there is only a single burst of particle production at t = 0.
The resulting occupation number (13) is always less than
unity, and the solutions of (32) never display exponential
growth.)

To verify explicitly that there is no significant effect
for super-horizon fluctuations let us consider solving (27),
neglecting gradient terms. The equation we wish to solve,
then, is

∂2
t

(
a3/2χ

)
+
[
k4
�t

2 − 9
4
H2
](
a3/2χ

)
= 0. (46)

(For simplicity we take ε = 0 for this paragraph; however,
this has no effect on our results.) The solution of this

equation may be written in terms of parabolic cylinder
functions Dν(z) as

χ(t, x) ∼ 1
a3/2

(
C1D−1/2+(9H2/8k2

�)i[(1 + i)k�t]

+C2D−1/2−(9H2/8k2
�)i[(−1 + i)k�t]

)
.

(47)

For our purposes the precise values of the coefficients C1, C2

are not important. Rather, it suffices to note that for k�|t| �
1 function (47) behaves as

χ(t, x) ∼ |t|−1/2e−3Ht/2 × [oscillatory
]
. (48)

This explicit large-scale asymptotics confirms our previous
claims that the super-horizon fluctuations of χ damp to
zero exponentially fast, as a−3/2 ∼ e−3Ht/2. As discussed
previously, this damping is easy to understand in terms of
the volume dilution of non-relativistic particles. We can also
understand the power-law damping that appears in (48)
from a physical perspective. The properly normalized modes
behave as a3/2χ ∼ ω−1/2

k while on large scales we have ωk ∼
|mχ| ∼ |t|. Hence, the late-time damping factor t−1/2 which
appears in (48) reflects the fact that the χ particles become
ever more massive as φ rolls away from the point φ0.

Finally, it is straightforward to see that function (47) does
not display any exponential growth near t = 0. Hence, we
conclude that there is no significant generation of super-
horizon χ fluctuations due to particle production. (This
is strictly true only in the linearized theory. It is possible
that χ particles are generated by nonlinear effects such as
rescattering. However, even such second-order χ fluctuations
will be extremely massive compared to the Hubble scale and
must therefore suffer exponential damping a−3/2 on large
scales.)

In this subsection we have seen that the quantum
production of χ particles in an expanding universe proceeds
very much as it does in flat space. This is reasonable since
particle production occurs on a time scale short compared to
the expansion time and involves modes which are inside the
horizon at the time of production.

4.2. Inflaton Fluctuations. In Section 4.1 we studied the
quantum production of χ particles which occurs when φ rolls
past the massless point φ = φ0. Subsequently, there are two
distinct physical processes which take place: backreaction
and rescattering. As we have argued in Section 3, the former
effect has a negligible impact of the observable spectrum
of cosmological perturbations. Hence, we will not study
this effect in any detail (see [61, 63, 64] for analytical
calculations). Instead we provide a cursory treatment of
backreaction in Appendix A, in order to clear up some
common misconceptions.

In this subsection we study the rescattering of produced χ
particle off the inflaton condensate. The dominant process to
consider is the diagram illustrated in Figure 1, corresponding
to bremsstrahlung emission of δφ fluctuations (particles)
in the background of the external field. (There is also a
subdominant process of the type χχ → δφδφ which is phase-
space suppressed.) Taking into account only the rescattering
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diagram illustrated in Figure 1 is equivalent to solving the
following equation for the q-number inflaton fluctuation:⎡⎣∂2

t + 3H∂t −
−→∇2

a2
+m2

⎤⎦δφ = −g2[φ(t)− φ0
]
χ2, (49)

where we have introduced the notation m2 ≡ V,φφ for the
inflaton effective mass. (Note that we are not assuming a
background potential of the form m2φ2/2, only that V,φφ /= 0
in the vicinity of the point φ = φ0.)

Equation (49) may be derived by noting that (5) gives
an interaction of the form g2(φ − φ0)δφχ2 between the
inflaton and iso-inflaton, in the background of the external
field φ(t). Equivalently, one may construct this equation by a
straightforward iterative solution of (23).

We work in conformal time and define the q-number

Fourier transform ξ
φ
k (τ) of the inflaton fluctuation analo-

gously to (29):

δφ(τ, x) =
∫

d3k

(2π)3/2

ξ
φ
k (τ)
a(τ)

eik·x. (50)

(To avoid potential confusion we again draw the attention of
the reader to the explicit factor a−1 in our convention for the
Fourier transform.) The equation of motion (49) now takes
the form [

∂2
τ + k2 + a2m2 − a′′

a

]
ξ
φ
k (τ)

= −gk2
�a(τ)t(τ)

∫
d3k′

(2π)3/2 ξ
χ
k′ξ

χ
k−k′(τ).

(51)

The solution of (51) consists of two parts: the solution of
the homogeneous equation and the particular solution which
is due to the source. The former corresponds, physically,
to the usual vacuum fluctuations from inflation. On the
other hand, the particular solution corresponds physically
to the secondary inflaton modes which are generated by
rescattering.

4.3. Homogeneous Solution and Green Function. We consider
first the homogeneous solution of (51). Since the homoge-
neous solution is a Gaussian field, we may expand the q-
number Fourier transform in terms of annihilation/creation
operators bk, b†k and c-number mode functions φk(τ) as

ξ
φ
k (τ) = bkφk(τ) + b†−kφ

�
k (τ). (52)

Here the inflaton annihilation/creation operators bk, b†k obey[
bk, b†k′

]
= δ(3)(k− k′) (53)

and commute with the annihilation/creation operators of the
χ-field:

[ak, bk′] =
[
ak, b†k′

]
= 0. (54)

Using (26) and (7) it is straightforward to see that the
homogeneous inflaton mode functions obey the following
equation:

∂2
τφk +

[
k2 − 1

τ2

(
ν2 − 1

4

)]
φk = 0, (55)

where we have defined

ν ∼= 3
2
− η + ε. (56)

The properly normalized mode function solutions are well
known and may be written in terms of the Hankel function
of the first kind as

φk(τ) =
√
π

2

√−τH(1)
ν (−kτ). (57)

This solution corresponds to the usual quantum vacuum
fluctuations of the inflaton field during inflation.

In passing, let us compute the power spectrum of the
quantum vacuum fluctuations from inflation. Using the
solutions (57) we have

Pvac
φ (k) = k3

2π2

∣∣∣∣φka
∣∣∣∣2 ∼= H2

(2π)2

(
k

aH

)ns−1

(58)

on large scales k � aH . The explicit factor of a−2 in (58)
appears to cancel the a−1 in our definition of the Fourier
transform (50). The spectral index is

ns − 1 = 3− 2ν ∼= 2η − 2ε (59)

using (56).
Given the solution (57) of the homogeneous equation, it

is now trivial to construct the retarded Green function for
(51). This may be written in terms of the free theory mode
functions (57) as

Gk(τ − τ′) = iΘ(τ − τ′)
[
φk(τ)φ�k (τ′)− φ�k (τ)φk(τ′)

]
= iπ

4
Θ(τ − τ′)√ττ′

[
H(1)

ν (−kτ)H(1)
ν (−kτ′)�

−H(1)
ν (−kτ)�H(1)

ν (−kτ′)
]
.

(60)

4.4. Particular Solution: Rescattering Effects. We now consider
the particular solution of (51). This is readily constructed
using the Green function (60) as

ξ
φ
k (τ)

= − gk2
�

(2π)3/2

∫
dτ′d3k′Gk(τ − τ′) a(τ′)t(τ′)ξχk′ξ

χ
k−k′(τ

′).

(61)

Notice that this particular solution is statistically indepen-
dent of the homogeneous solution (52). In other words,
the particular solution can be expanded in terms of the
annihilation/creation operators ak, a†k associated with the χ
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field whereas the homogeneous solution is written in terms
of the annihilation/creation operators bk, b†k associated with
the inflaton vacuum fluctuations. These two sets of operators
commute with one another.

We will ultimately be interested in computing the n-
point correlation functions of the particular solution (62).
For example, carefully carrying out the Wick contractions,
the connected contribution to the 2-point function is〈

ξ
φ
k1
ξ
φ
k2

(τ)
〉

= 2g2k4
�

(2π)3 δ
(3)(k1 + k2)

×
∫
dτ′dτ′′a(τ′)a(τ′′)t(τ′)t(τ′′)Gk1 (τ − τ′)Gk2 (τ − τ′′)

×
∫
d3k′χk1−k′(τ

′)χ�k1−k′(τ
′′)χk′(τ′)χ�k′(τ

′′).

(62)

The power spectrum of δφ fluctuations generated by rescat-
tering is then defined in terms of the 2-point function in the
usual manner〈

ξ
φ
k (t)ξ

φ
k′(τ)

〉
≡ δ(3)(k + k′)

2π2

k3
a(τ)2Presc

φ . (63)

(The explicit factor of a2 in definition (63) appears to cancel
the factor of a−1 in our convention for Fourier transforms
(50).)

The total power spectrum is simply the sum of the
contribution from the vacuum fluctuations (58) and the
contribution from rescattering (63):

Pφ(k) = Pvac
φ (k) + Presc

φ (k). (64)

There are no cross-terms, owing to the fac that ak and bk

commute.

4.5. Renormalization. We now wish to evaluate the 2-point
correlator (62). In principle, this is straightforward: first
substitute result (45) for the χk modes and result (60) for
the Green function into (62), next evaluate the integrals.
However, there is a subtlety. The resulting power spectrum is
formally infinite. Moreover, the 2-point correlation function
(62) receives contributions from two distinct effects. There
is a contribution from particle production, which we are
interested in. However, there is also a contribution coming
from quantum vacuum fluctuations of the χ field interacting
nonlinearly with the inflaton. The latter contribution would
be present even in the absence of particle production, when
αk = 1, βk = 0.

In order to isolate the effects of particle production on
the inflaton fluctuations, we would like to subtract off the
contribution to the 2-point correlation function (62) which
is coming from the quantum vacuum fluctuations of χ.
This subtraction also has the effect of rendering the power
spectrum (63) finite, since it extracts the usual UV divergent
contribution associated with the Minkowski-space vacuum
fluctuations.

As a step towards renormalizing the 2-point correlation
function of inflaton fluctuations from rescattering (62),
let us first consider the simpler problem of renormalizing
the 2-point function of the gaussian field χ. We defined
the renormalized 2-point function in momentum space as
follows: 〈

ξ
χ
k1

(t1)ξ
χ
k2

(t2)
〉

ren
=
〈
ξ
χ
k1

(t1)ξ
χ
k2

(t2)
〉

−
〈
ξ
χ
k1

(t1)ξ
χ
k2

(t2)
〉

in
.

(65)

In (65) the quantity 〈ξχk1
(t1)ξ

χ
k2

(t2)〉in is the contribution
which would be present even in the absence of particle
production, computed by simply taking solution (38) with
αk = 1, βk = 0. Explicitly, we have〈

ξ
χ
k1

(t1)ξ
χ
k2

(t2)
〉

in
= δ(3)(k1 + k2) fk1 (t1) f �k2

(t2), (66)

where fk are the adiabatic solutions (37).
To see the impact of this subtraction, let us consider

the renormalized variance for the iso-inflaton field, 〈χ2〉.
Employing prescription (65) we have

〈
χ2(τ, x)

〉
ren
=
∫

d3k

(2π)3a2(τ)

[∣∣∣χk(τ)
∣∣∣2 − 1

2ωk(τ)

]

=
〈
χ2(τ, x)

〉
− δM ,

(67)

where δM is the contribution from the Coleman-Weinberg
potential. This proves that our prescription reproduces the
scheme advocated in [80]. The renormalized variance (67)
is finite and may be computed explicitly using our solutions
(45). We find

〈
χ2(t, x)

〉
ren
∼= nχa−3

g
∣∣φ − φ0

∣∣ , (68)

where

nχ ≡
∫

d3k

(2π)3 nk ∼ k3
� (69)

is the total co-moving number density of produced χ
particles. Result (68) was employed in [64] to quantify the
effect of backreaction on the inflaton condensate in the mean
field treatment (14). Hence, the renormalization scheme (65)
was implicit in that calculation also.

At the level of the 2-point function, our renormalization
scheme is tantamount to assuming that Coleman-Weinberg
corrections are already absorbed into the definition of
the inflaton potential, V(φ). In general, such corrections
might steepen V(φ) and spoil slow-roll inflation. Here,
we assume that this problem has already been dealt with,
either by fine-tuning the bare inflaton potential or else by
including extended SUSY (which can minimize dangerous
corrections). See also [80] for a related discussion.

Having established a scheme for renormalizing the 2-
point function of the gaussian field χ, it is now straight-
forward to consider higher-order correlation functions. We
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simply rewrite the 4-point function as a product of 2-point
functions using Wick’s theorem. Next, each Wick contraction
is renormalized as (65). Applying this prescription to (62)
amounts to〈

ξ
φ
k1

(τ)ξ
φ
k2

(τ)
〉

ren

= 2g2k4
�

(2π)3 δ
(3)(k1 + k2)

×
∫
dτ′dτ′′t(τ′)t(τ′′)a(τ′)a(τ′′)Gk1 (τ − τ′)Gk2 (τ − τ′′)

×
∫
d3k′

[
χk1−k′(τ

′)χ�k1−k′(τ
′′)− fk1−k′(τ

′) f �k1−k′(τ
′′)
]

×
[
χk′(τ′)χ�k′(τ

′′)− fk′(t′) f �k′ (τ′′)
]

,

(70)

where fk(t) are the adiabatic solutions defined in (37).

4.6. Power Spectrum. We are now in a position to compute
the renormalized power spectrum of inflation fluctuations
generated by rescattering, Presc

φ (k). We renormalize the 2-
point correlator of the inflaton fluctuations generated by
rescatter according to (70) and extract the power spectrum
by comparison to (63). We have relegated the technical
details to Appendix B and here we simply state the final
result:

Presc
φ (k)

= g2k3k�
16π5

[
e−πk2/(2k2

�)

2
√

2

(
I2(k, τ)2 + |I1(k, τ)|2

)

+
[
e−πk

2/(4k2
�) +

1
2
√

2
e−3πk2/(8k2

�)
]

×
(
I2(k, τ)2 − Re[I1(k, τ)]

)
+

[
8
√

2
3
√

3
e−πk

2/(3k2
�) +

4
√

2
5
√

5
e−3πk2/(5k2

�)

]

× Im[I1(k, τ)I2(k, τ)]

]
,

(71)

where the functions I1, I2 are the curved space generalization
of the characteristic integrals defined in [12]. Explicitly we
have

I1(k, τ) = 1
a(τ)

∫
dτ′Gk(τ − τ′)eik2

�t
2(τ′),

I2(k, τ) = 1
a(τ)

∫
dτ′Gk(τ − τ′).

(72)

The characteristic integral I2 can be evaluated analytically;
however, the resulting expression is not particularly enlight-
ening. Evaluation of the integral I1 requires numerical
methods. More details are in Appendix B. Equation (71) is
the main result of this section.

4.7. Comparison to Lattice Field Theory Simulations. In
Section 3 the results of our analytical formalism were plotted
alongside the output of fully nonlinear HLattice simulations.
It is evident from Figures 4, 5, and 6 that the agreement
between these approaches is extremely good, even very late
into the evolution and in the regime g2 ∼ 1. The consistency
of perturbative quantum field theory analytics and nonlinear
classical lattice simulations provides a highly nontrivial check
on our calculation.

4.8. The Bispectrum. So far, we have shown how to compute
analytically the power spectrum generated by particle pro-
duction, rescattering, and IR cascading during inflation in
model (5). We found that IR cascading leads to a bump-
like contribution to the primordial power spectrum of the
inflaton fluctuations. However, this same dynamics must
also have a nontrivial impact on nongaussian statistics, such
as the bispectrum. Indeed, it is already evident from our
previous analysis that the inflaton fluctuations generated
by rescattering may be significantly nongaussian. From
expression (62) we see that the particular solution (due to
rescattering) which is bi-linear is the gaussian field χ.

We define the bispectrum of the inflaton field fluctua-
tions in terms of the three-point correlation function as〈

ξ
φ
k1
ξ
φ
k2
ξ
φ
k3

(τ)
〉
= (2π)3a3(τ)δ(k1 + k2 + k3)Bφ(ki). (73)

The factor a3 appears in (73) to cancel the explicit factors of
a−1 in our convention (50) for the Fourier transform. It is
well known that the nongaussianity associated with the usual
quantum vacuum fluctuations of the inflaton is negligible
[16–18]; therefore, when evaluating the bispectrum (73) we
consider only the particular solution (62) which is due to
rescattering. Carefully carrying out the Wick contractions,
we find the following result for the renormalized 3-point
function:〈

ξ
φ
k1
ξ
φ
k2
ξ
φ
k3

(τ)
〉

ren

= 4g3k6
�

(2π)9/2 δ(k1 + k2 + k3)
3∏
i=1

∫
dτit(τi)a(τi)Gki(τ − τi)

×
∫
d3p

[
χk1−p(τ1)χ�k1−p(τ2)− fk1−p(τ1) f �k1−p(τ2)

]
×
[
χk3+p(τ2)χ�k3+p(τ3)− fk3+p(τ2) f �k3+p(τ3)

]
×
[
χp(τ1)χ�p (τ3)− fp(τ1) f �p (τ3)

]
+ (k2 ←→ k3),

(74)

where the modes χk are defined by (38) and fk are the
adiabatic solutions (37). On the last line of (74) we have
labeled schematically terms which are identical to the
preceding three lines, only with k2 and k3 interchanged.
One may verify that this expression is symmetric under
interchange of the momenta ki by changing dummy variables
of integration.

It is now straightforward (but tedious) to plug expres-
sions (41) and (45) into (74) and evaluate the integrals.
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This computation is tractable analytically because the time
and phase-space integrals decouple. The bispectrum is then
extracted by comparison to (73). This computation is carried
out in detail in [14] where we have shown that Bφ(ki) peaks
only over triangles with a characteristic size, corresponding
to the location of the bump in the power spectrum. This
result is easy to understand on physical grounds, all the
dynamics of rescattering and IR cascading take place over a
very short time near the moment t = 0. Hence, the effect of
this dynamics on the primordial fluctuations must be limited
to scales leaving the horizon near the time when particle
production occurs.

We will provide a cursory discussion of the bispectrum
Bφ(ki) in Section 8 when we discuss nongaussianity from
particle production during inflation.

4.9. Inclusion of a Bare Iso-Inflaton Mass. In passing, it may
be interesting to consider how the analysis of this section
is modified in the case that our prototype action (5) is
supplemented by a bare mass term for the iso-inflaton field
of the form δL = −(1/2)μ2χ2. Thus, in place of (5) suppose
that we consider the model

L = −1
2

(
∂φ
)2 −V(φ)

− 1
2

(
∂χ
)2 − 1

2
μ2χ2 − g2

2

(
φ − φ0

)2
χ2.

(75)

Now the χ particles do not become massless at the point φ =
φ0, but rather the effective mass-squared

m2
χ = μ2 + g2(φ − φ0

)2 (76)

reaches a minimum value μ2 (which we assume to be
positive). Such a correction may arise due to a variety of
effects and will reduce the impact of particle production and
IR cascading on the observable cosmological fluctuations.

Let us briefly consider how the additional bare mass term
in (75) alters the dynamics of particle production. The iso-
inflaton fluctuations now obey the equation

χ̈ + 3Hχ̇ −
−→∇2

a2
χ +

[
μ2 + k4

�t
2]χ = 0 (77)

rather than (27). This equation was solved in [80] in the
regime where particle production is fast compared to the
expansion time. (In the opposite regime, which corresponds
to a fine-tuned coupling g2 � 10−7, the iso-inflaton
will be light for a significant fraction of inflation. In that
case the theory (5) must be considered as a multifield
inflation model and one can no longer consistently assume
〈χ〉 = 0. In other words, relaxing the assumption of fast
particle production significantly changes the scenario under
consideration, and we do not pursue this possibility any
further.) The occupation number of produced χ particles is

nk = re−πk
2/k2

� (78)

which differs from our previous result (13) by the suppres-
sion factor

r ≡ e−πμ
2/k2

� ≤ 1. (79)

Therefore, the effect of the inclusion of a bare mass for the
iso-inflaton is to suppress the number density of produced
χ particles by an amount r. This suppression reflects the
reduced phase space of produced particles: the adiabaticity
condition |ω′k/ω2

k| � 1 is violated only for modes with

k <
√
k2
� − μ2.

The reduction of nk translates into a suppression for
the n-point correlation functions of the iso-inflaton. For
example, the renormalized variance 〈χ2〉ren ∝ ∫

d3knk is
suppressed by a factor of r. The power spectrum of inflaton
fluctuations generated by rescattering, Presc

φ , is proportional
to the 4-point correlator of χ and hence picks up a
suppression factor of order r2. Similarly, the bispectrum Bφ
is proportional to the 6-point correlator of χ and must be
reduced by a factor of order r3. The condition

μ2 � k2
� (80)

is equivalent to r ∼= 1 and ensures that the addition of a
bare iso-inflaton mass will have a negligible impact on any
observable.

For models obtained from string theory or supergravity
(SUGRA), it is natural to expect μ of the order of the Hubble
scale during inflation [116–118]. In the context of SUGRA,
the finite energy density driving inflation breaks SUSY and
induces soft scalar potentials with curvature of order V ′′

soft ∼
μ2 ∼ H2 [117]. In the case of string theory, many scalars are
conformally coupled to gravity [118] through an interaction
of the form δL = −(1/12)Rχ2 where the Ricci scalar is
R ∼ H2 during inflation. More generally, any nonminimal
coupling δL = −(ξ/2)Rχ2 between gravity and the iso-
inflaton will induce a contribution of order H to the effective
mass of χ, as long as ξ = O(1). In all models where
μ2 ∼ H2 condition (80) is satisfied for reasonable values
of the coupling g2 > 10−7, see; (11). Thus, we expect that
corrections of the form δL = −(1/2)μ2χ2 will not alter our
results in a wide variety of well-motivated models.

5. Cosmological Perturbation Theory

In Section 4 we developed an analytical theory of particle
production and IR cascading during inflation which is in
very good agreement with nonlinear lattice field theory
simulations. However, this formalism suffers from a neglect
of metric perturbations, and, consequently, we were unable
to rigorously discuss the gauge invariant curvature perturba-
tion ζ . (This variable is related to the quantity R, defined in
Section 3.3 as ζ ∼= −R on large scales.) Hence, the reader
may be concerned about gauge ambiguities in our results. In
this section we address such concerns, showing that metric
perturbations may be incorporated in a straightforward
manner and that their consistent inclusion does not change
our results in any significant way. We will do so by showing
explicitly that, with appropriate choice of gauge, (49) and
(27) for the fluctuations of the inflaton and iso-inflaton still
hold, to first approximation. We will also go beyond our
previous analysis by explicitly showing that in this same
gauge the spectrum of the curvature fluctuations, Pζ , is
trivially related to the spectrum of inflaton fluctuations, Pφ.
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To render the analysis tractable we would like to take full
advantage of the results derived in the last section. To do so,
we employ the Seery et al. formalism for working directly
with the field equations [119] and make considerable use
of results derived by Malik in [120, 121]. (Note that our
notations differ somewhat from those employed by Malik.
The reader is therefore urged to take care in comparing our
formulae.)

We expand the inflaton and iso-inflaton fields up to
second order in perturbation theory as

φ(τ, x) = φ(τ) + δ1φ(τ, x) +
1
2
δ2φ(τ, x),

χ(τ, x) = δ1χ(τ, x) +
1
2
δ2χ(τ, x).

(81)

The perturbations are defined to average to zero 〈δnφ〉 =
〈δnχ〉 = 0 so that 〈φ(t, x)〉 = φ(t) and 〈χ(t, x)〉 = 0. (The
condition 〈χ〉 = 0 is ensured by the fact that mχ � H for
nearly the entire duration of inflation.)

We employ the flat slicing and threading throughout this
section. With this gauge choice the perturbed metric takes
the form

g00 = −a2(1 + 2ψ1 + ψ2
)
,

g0i = a2∂i

[
B1 +

1
2
B2

]
,

gi j = a2δi j ,

(82)

so that spatial hypersurfaces are flat. Note also that in this
gauge the field perturbations δnφ, δnχ coincide with the
Sasaki-Mukhanov variables [122] at both first and second
order.

This perturbative approach, of course, neglects the
momentary slowdown of the inflaton background due to
backreaction. However, we have already shown in Section 3.3
that backreaction has a tiny impact on the observable
cosmological perturbations (see also [12]).

5.1. Gaussian Perturbations. In [120] Malik has derived
closed-form evolution equations for the field perturbations
δnφ, δnχ at both first order (n = 1) and, second (n = 2)
order in perturbation theory. Let us first study the Gaussian
perturbations. The closed-form Klein-Gordon equation for
δ1φ derived in [120] can be written as

δ1φ
′′ + 2Hδ1φ

′ − −→∇2
δ1φ +

⎡⎣a2m2 − 3

(
φ′

Mp

)2
⎤⎦δ1φ = 0.

(83)

Following our previous analysis we expand the first-order
perturbation in terms of annihilation/creation operators as

δ1φ(t, x) =
∫

d3k

(2π)3/2

[
bk
δ1φk(τ)
a(τ)

eik·x + h.c.

]
, (84)

where h.c. denotes the Hermitian conjugate of the preceding
term, and we draw the attention of the reader to the

the explicit factor of a−1 in our definition of the Fourier
transform. Working to leading order in slow-roll parameters
we have

δ1φ
′′
k +

[
k2 +

1
τ2

(−2 + 3η − 9ε
)]
δ1φk = 0. (85)

This equation coincides exactly with (55), and the properly
normalized solutions again take the form of (57). The only
difference is that the order of the Hankel function, ν, is now
given by

ν ∼= 3
2
− η + 3ε (86)

rather than by (56). The power spectrum of the Gaussian
fluctuations is, again, given by (58). The correction to the
order of the Hankel function ν translates into a correction to
the spectral index: instead of (59) we now have

ns − 1 = 2η − 6ε (87)

which is precisely the standard result [123].
Thus, as far as the quantum vacuum fluctuations of

the inflaton are concerned, the only impact of consistently
including metric perturbations is an O(ε) correction to the
spectral index ns.

Let us now turn our attention to the first-order fluc-
tuations of the iso-inflaton. The closed-form Klein-Gordon
equation for δ1χ derived in [120] can be written as

δ1χ
′′ + 2Hδ1χ

′ − −→∇2
δ1χ + a2k4

�t
2(τ)δ1φ = 0. (88)

This coincides exactly with (27), which we have already
solved. The fact that linear perturbations of χ do not couple
to the metric fluctuations follows from the condition 〈χ〉 =
0.

5.2. Non-Gaussian Perturbations. Now let us consider the
second-order perturbation equations. The closed-form
Klein-Gordon equation for δ2φ derived in [120] can be
written as

δ2φ
′′ + 2Hδ2φ

′ − −→∇2
δ2φ +

⎡⎣a2m2 − 3

(
φ′

Mp

)2
⎤⎦δ2φ

= J(τ, x).

(89)

As usual, the left-hand side is identical to the first-order
equation (83) while the source term J is constructed from a
bi-linear combination of the first order quantities δ1φ and
δ1χ. In order to solve (89) we require explicit expressions
for the Green function Gk and the source term J . The Green
function is trivial for the case at hand; it is still given by our
previous result (56), provided that one takes into account the
fact that the order of the Hankel functions ν is now given by
(86) rather than (56). In other words, the Green function
for the non-Gaussian perturbations (89) differs from the
result obtained neglecting metric perturbations only by O(ε)
corrections.
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Next, we would like to consider the source term, J ,
appearing in (89). Schematically, we can split the source into
contributions bi-linear in the Gaussian inflaton fluctuation
δ1φ and contributions bi-linear in the iso-inflaton δ1χ:

J = Jφ + Jχ. (90)

The contribution Jφ would be present even in the absence of
the iso-inflaton. These correspond, physically, to the usual
nongaussian corrections to the inflaton vacuum fluctuations
coming from self-interactions. This contribution to the
source is well studied in the literature and is known to
contribute negligibly to the bispectrum [119]. Thus, in what
follows, we will ignore Jφ.

On the other hand, the contribution Jχ appearing in
(90) depends only on the iso-inflaton fluctuations δ1χ. This
contribution can be understood, physically, as generating
nongaussian inflaton fluctuations δ2φ by rescattering of
the produced χ particles off the condensate. Hence, the
contribution Jχ may source large nongaussianity and is
most interesting for us. It is straightforward to compute Jχ
explicitly for our model using the general results of [120].
We find

Jχ = −2a2g2(φ − φ0
)(
δ1χ
)2

±
√

2ε
Mp

[
−a2g2(φ − φ0

)2
(
δ1χ
)2 − 1

2

(−→∇δ1χ
)2

+∇−2
(
∂i
(
δ1χ
)−→∇2

∂i
(
δ1χ
)

+
−→∇2(

δ1χ
)−→∇2(

δ1χ
)

+δ1χ
′−→∇2

δ1χ +
(−→∇δ1χ

′
)2
)]

,

(91)

where the upper sign is for φ′ > 0 and the lower sign is
for φ′ < 0. Notice that the contributions to Jχ on the third
and fourth line of (91) contain the inverse spatial Laplacian
∇−2 and are thus nonlocal. These terms all contain at least
as many gradients as inverse gradients, and hence the large-
scale limit is well defined. In [124] it is was argued that these
terms nearly always contribute negligibly to the curvature
perturbation on large scales.

Let us now examine the structure of the iso-inflaton
source Jχ , (91). The first line of (91) goes like a2g2(φ −
φ0)(δ1χ)2. This coincides exactly with the source term in
(49) which was already studied in Section 4. On the other
hand, the terms on the second, third and fourth lines of (91)
are new. These represent corrections to IR cascading which
arise due to the consistent inclusion of metric perturbations.
We will now argue that these “extra” terms are negligible as
compared to the first line. If we denote the energy density in
gaussian iso-inflaton fluctuations as ρχ ∼ m2

χ(δ1χ)2 then, by
inspection, we see that the first line of (91) is parametrically
of order ρχ/|φ − φ0| while the remaining terms are of order√
ερχ/Mp. Hence, we expect the first term to dominate for

the field values φ ∼= φ0 which are relevant for IR cascading.
This suggests that the dominant contribution to Jχ is the term
which we have already taken into account in Section 4.

Let us now make this argument more quantitative.
Inspection reveals that the only “new” contribution to (91)
which has any chance of competing with the “old” term
a2g2(φ − φ0)(δ1χ)2 is the one proportional to

√
εa2g2(φ −

φ0)2(δ1χ)2/Mp (the first term on the second line). This new
correction has the possibility of becoming significant because
it grows after particle production, as φ rolls away from φ0.
This growth, which reflects the fact that the energy density
in the χ particles increases as they become more massive,
cannot persist indefinitely. Within a few e-foldings of particle
production the iso-inflaton source term must behave as Jχ ∼
a−3, corresponding to the volume dilution of non-relativistic
particles. Hence, in order to justify the analysis of Section 4
we must check that the term

Jnew ∼
√
ε

Mp
a2g2(φ − φ0

)2
(
δ1χ
)2

(92)

does not dominate over the term which we have already
considered

Jold ∼ a2g2(φ − φ0
)(
δ1χ
)2

(93)

during the relevant time HΔt = O(1) after particle
production. It is straightforward to show that

Jold

Jnew
∼ Mp√

ε
1

φ − φ0
∼ MpH

φ̇
√
ε

1
N
∼ 1
ε

1
N

, (94)

where N = Ht is the number of e-foldings elapsed from
particle production to the time when IR cascading has
completed. Hence, N = O(1), and we conclude that the
second, third, and fourth lines of (91) are (at least) slow-roll
suppressed as compared to the first line.

In summary, we have shown that consistent inclusion
of metric perturbations yields corrections to the inflaton
fluctuations δφ which fall into two classes.

(1) Slow-roll suppressed corrections to the inflaton vac-
uum fluctuations δ1φ (these amount to changing the
definition of ν in solution (57)). These corrections
have two physical effects. First, they yield an O(ε)
correction to the spectral index. Second, they modify
the propagator Gk by an O(ε) correction.

(2) Corrections to the source J for the nongaussian
inflaton perturbation δ2φ. These corrections are the
second, third, and fourth lines of (91)) which, as we
have seen, are slow-roll suppressed.

It should be clear that neither of these corrections alters
our previous analysis in any significant way.

5.3. Correlators. So far, we have shown that a consistent
inclusion of metric perturbations does not significantly alter
our previous results for the field perturbations. Specifically,
δ1χ is identical to our previous solution of (27) for the iso-
inflaton while δ1φ coincides with the homogeneous solution
of (49), up to slow-roll corrections. At second order in
perturbation theory, we have seen that

δ2φ =
∫
d4x′G(x − x′)Jχ(x′) + O

[(
δ1φ

)2
]
. (95)
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To a leading order in slow roll, Jχ ∼= −2a2g2(φ − φ0)(δ1χ)2,
and the first term coincides with our previous result for the
particular solution of (49). The terms of order (δ1φ)2 rep-
resent nongaussian corrections to the vacuum fluctuations
from inflation (coming from self-interactions of δφ and the
nonlinearity of gravity). These would be present even in
the absence of particle production and are known to have a
negligible impact on the spectrum and bispectrum [119].

We are ultimately interested in the connected n-point
correlation functions of δφ. For example, the 2-point
function 〈(δφ)2〉 gets a contribution of the form 〈(δ1φ)2〉
which gives the usual nearly scale-invariant large-scale power
spectrum from inflation. The cross-term 〈δ1φδ2φ〉 is of
order 〈(δ1φ)4〉 and represents a negligible “loop” correction
to the scale-invariant spectrum from inflation. (The cross-
term does not involve the iso-inflaton since δ1φ and δ1χ
are statistically independent.) Finally, there is a contribution
〈(δ2φ)2〉 which involves terms of order 〈χ4〉 coming from
rescattering and terms of order 〈(δ1φ)4〉 which represent
(more) loop corrections to the scale-invariant spectrum from
inflation. Thus, we can schematically write

Pφ(k) = Pvac
φ (k)

[
1 +

(
loops

)]
+ Presc

φ (k). (96)

Here Pvac
φ ∼ kns−1 is the usual nearly scale-invariant spectrum

from inflation and Presc
φ is the bump-like contribution from

rescattering and IR cascading which we have studied in the
previous section. The “loop” corrections to Pvac

k (k) have been
studied in detail in the literature (see, e.g., [125, 126]) and are
known to be negligible in most models.

We can also make a similar schematic decomposition of
the bispectrum by considering the structure of the 3-point
correlator 〈(δφ)3〉. Following our previous line of reasoning,
it is clear that the dominant contribution comes from rescat-
tering and is of order 〈χ6〉. The terms involving 〈(δ1φ)3〉, on
the other hand, represent the usual nongaussianity generated
during single field slow-roll inflation and are known to be
small [119].

5.4. The Curvature Perturbation. Ultimately one wishes to
compute not the field perturbations, δnφ, δnχ, but rather the
gauge invariant curvature fluctuation, ζ . We expand this in
perturbation theory in the usual manner:

ζ = ζ1 +
1
2
ζ2. (97)

In [121] Malik has derived expressions for the large scale
curvature perturbation in terms of the Sasaki-Mukhanov
variables at both first order and second order in perturbation
theory. We remind the reader that in the flat slicing (which we
employ) the Sasaki-Mukhanov variable for each field simply
coincides with the field perturbation (i.e., Qφ = δφ and
Qχ = δχ).

At first order in perturbation theory the iso-inflaton does
not contribute to the curvature perturbation (since 〈χ〉 = 0),
and we have

ζ1 = −H

φ′
δ1φ. (98)

At second order in perturbation theory the expression
for the curvature perturbation is more involved. Using the
results of [121] and working to leading order in slow-roll
parameters we find

ζ2
∼= −H

φ′

[
δ2φ − δ2φ′

3H

]

+
1

3
(
φ′
)2

[(
δ1χ

′
)2

+ a2g2v2t2(τ)
(
δ1χ
)2
]

+
1

3
(
φ′
)2

[(
δ1φ

′)2 + a2m2(δ1φ
)2
]

+ 2

(
Hδ1φ

φ′

)2

.

(99)

Let us discuss the various contributions to this equation. The
third line contributes to the nongaussianity of the vacuum
fluctuations during inflation. (The term 2ζ2

1 on the last line
(which would seem to contribute O(1) to the nonlinearity
parameter fNL) stems from using the Malik and Wands [127]
definition of ζ2. It can be related to the definition of Lyth
and Rodrı́guez [128] (which also agrees with Maldacena) as
ζ2 = ζLR

2 + 2ζ2
1 . Thus, in the absence of particle production

(99) would predict fNL ∼ O(ε,η), in agreement with [16–
18]. See also [19, 20] for a related discussion.) These terms
are known to be negligible [16–18, 119].

Next, we consider the second line of (99). This represents
the direct contribution of the gaussian fluctuations δ1χ to the
curvature perturbation. This contribution is tiny since the χ
particles are extremely massive for nearly the entire duration
of inflation, and hence δ1χ ∼ a−3/2 (see also [54] for a related
discussion). The smallness of this contribution to ζ can be
understood physically by noting that the super-horizon iso-
curvature fluctuations in our model are negligible.

Finally, let us consider the contribution on the first line
of (99). This contribution is the most interesting. To make
contact with observations we must compute the curvature
perturbation at late times and on large scales. In Section 4 we
have already shown that δnφ is constant on large scales and
at late times for both n = 1 and n = 2. This is the expected
result: the curvature fluctuations are frozen far outside the
horizon and in the absence of entropy perturbations [129].
(Note that, in some cases, the curvature fluctuations may
evolve significantly after horizon exit [130, 131]. This is a
concern in models where there are significant violations of
slow roll. In Section 3.3 we have already shown that the
transient violation of slow roll has a negligible effect on
the curvature fluctuations in our model. Hence, the result
ζn ∼ δnφ ∼ const far outside the horizon is consistent with
previous studies.) Hence δ2φ′ is completely negligible and
the first term on the first line of (99) must dominate over
the second term. We conclude that, at late times and on large
scales, the second order curvature perturbation is very well
approximated by

ζ2
∼= −H

φ′
δ2φ + · · · . (100)



Advances in Astronomy 21

In summary, we have shown that the power spectrum of
curvature fluctuations from inflation in model (5) is trivially
related to the power spectrum of inflaton fluctuations

Pζ(k) ∼= H2

φ̇2
Pφ(k) = 1

2εM2
p
Pφ(k) (101)

at both first order and second order in cosmological
perturbation theory. This relation is valid at late times and
for scales far outside the horizon. Curvature spectrum (101)
may be written as

Pζ(k) = Pvac
ζ (k)

[
1 +

(
loops

)]
+ Presc

ζ (k). (102)

The power spectrum of the inflaton vacuum fluctuations
agrees with the usual result obtained in linear theory [123]

Pvac
ζ (k) ∼= H2

8π2εM2
p

(
k

aH

)2η−6ε

. (103)

In (102) we have schematically labeled the corrections arising
from the second line of (99) and the source Jφ as “loop”.
These are nongaussian corrections to the inflaton vacuum
fluctuations arising from self-interactions of the inflaton
and also the nonlinearity of gravity. Such corrections are
negligible. The most interesting contribution to the power
spectrum (102) is due to rescattering, Presc

ζ (k). This quantity
is proportional to our previous result (71).

In passing, notice that the bispectrum Bφ (defined by
(73)) of inflaton fluctuations will differ from the bispectrum
B of the curvature fluctuations (defined by (3)) only by a
simple rescaling:

B(ki) ∼= −
(
H

φ̇

)3

Bφ(ki) = − 1

(2ε)3/2M3
p

Bφ(ki). (104)

The dominant contribution to Bφ comes from rescattering
effects 〈δ2φ3〉 ∼ 〈δ1χ6〉.

The analysis of this section justifies our neglect of metric
fluctuations in Section 4.

6. Observational Constraints on Particle
Production during Inflation

In the previous sections of this paper, we have demonstrated
that particle production and IR cascading in model (4) leads
to a bump-like feature in the primordial power spectrum. We
now aim to determine the extent to which such a spectral
distortion is compatible with current cosmological data. The
results of this section have first appeared in [13].

One motivation for this study is to determine whether
features generated by particle production during inflation
can explain some of the anomalies in the observed primor-
dial power spectrum, P(k). A number of different studies
have hinted at the possible presence of some localized fea-
tures in the power spectrum [62, 73, 98–110], which are not
compatible with the simplest power-law P(k) ∼ kns−1 model.
Although such glitches may simply be statistical anomalies
[111], there is also the tantalizing possibility that they rep-
resent a signature of primordial physics beyond the simplest

slow-roll inflation scenario. Forthcoming polarization data
may play a crucial role in distinguishing between these
possibilities [73]. However, in the meantime, it is interesting
to determine the extent to which such features may be
explained by microscopically realistic inflation models, such
as (5).

To answer this question we provide a simple semianalytic
fitting function that accurately captures the shape of the
feature generated by particle production and IR cascading
during inflation. Next, we confront this modified power
spectrum with a variety of observational data sets. We find no
evidence for a detection; however, we note that observations
are consistent with relatively large spectral distortions of the
type predicted by model (4). If the feature is located on
scales relevant for Cosmic Microwave Background (CMB)
experiments, then its amplitude may be as large as O(10%) of
the usual scale-invariant fluctuations, corresponding to g2 ∼
0.01. Our results translate into a φ0-dependent bound on the
coupling g2 which is crucial in order to determine whether
the nongaussian signal associated with particle production
and IR cascading is detectable in future missions.

We also consider the more complicated features which
result from multiple bursts of particle production and IR
cascading. Such features are a prediction of a number
of string theory inflation models, including brane/axion
monodromy [77–79]. For appropriate choice of the spacing
between the features, we find that the constraint on g2 in this
scenario is even weaker than the single-bump case.

6.1. A Simple Parametrization of the Power Spectrum. In
[12] it was shown that particle production and IR cas-
cading during inflation in model (4) generates a bump-
like contribution to the primordial power spectrum. As
shown in Figure 9, this feature can be fit with a very
simple function Pbump ∼ k3e−πk2/(2k2

�). The bump-like
contribution from IR cascading is complimentary to the
usual (nearly) scale-invariant contribution to the primordial
power spectrum Pvac ∼ kns−1 coming from the quantum
vacuum fluctuations of the inflaton. The total, observable,
power spectrum in model (4) is simply the superposition
of these two contributions: P(k) ∼ kns−1 + k3e−πk2/(2k2

�) (see
(64)). This simple formula can be motivated from analytical
considerations [12] and provides a good fit to lattice field
theory simulations near the peak of the feature and also
in the IR tail. (This fitting formula does not capture the
small oscillatory structure in the UV tail of the feature (see
Figure 9) which does not concern us since that region is not
phenomenologically interesting.)

It is straightforward to generalize this discussion to allow
for multiple bursts of particle production during inflation.
Suppose there are multiple points φ = φi (i = 1, . . . ,n) along
the inflationary trajectory where new degrees of freedom χi
become massless:

Lint = −
n∑
i=0

g2
i

2

(
φ − φi

)
χ2
i . (105)

For each instant ti when φ = φi there will be an associated
burst of particle production and subsequent rescattering of
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the produced massive χi off the condensate φ(t). Each of
these events proceeds as described above and leads to a
new bump-like contribution to the power spectrum. These
features simply superpose owing to that fact that each
field χi is statistically independent (so that the cross-terms
involving χiχj with i /= j in the computation of the two-
point function must vanish). Thus, we arrive at the following
parametrization of the primordial power spectrum in models
with particle production during inflation:

P(k) = As

(
k

k0

)ns−1

+
n∑
i=1

Ai

(
πe

3

)3/2( k
ki

)3

e−(π/2)(k/ki)
2

,

(106)

where As is the amplitude of the usual nearly scale-invariant
vacuum fluctuations from inflation, and k0 is the pivot,
which we choose to be k0 = 0.002 Mpc−1 following [132].
The constants Ai depend on the couplings g2

i and measure
of the size of the features from particle production. We have
normalized these amplitudes so that the power in the ith
bump, measured at the peak of the feature, is given by Ai.
The location of each feature, ki, is related to the number of
e-foldings N from the end of inflation to the time when the
ith burst of particle production occurs: roughly ln(ki/H) ∼
Ni where N = Ni at the moment when φ = φi. From
a purely phenomenological perspective the locations ki are
completely arbitrary.

We compare (106) to lattice field theory simulations in
order to determine the amplitude Ai in terms of model
parameters. We find

Ai ∼= 10−6g15/4
i . (107)

The power-law form of this relation was determined by
inspection of numerical results; however, it can also be
motivated by analytical considerations. Assuming standard
chaotic inflation V = m2φ2/2, we have tested this formula
for g2 = 1, 0.1, 0.01, taking both φ0 = 2

√
8πMp and φ0 =

3.2
√

8πMp. We found agreement up to factors order unity in
all cases.

Theoretical consistency of our calculation of the shape
of the feature bounds the coupling as 10−7 � g2

i � 1 [12].
Hence, power spectrum (106) can be obtained from sensible
microphysics only when 10−20 � Ai � 10−6. This constraint
still allows for a huge range of observational possibilities:
near the upper bound the feature is considerably larger than
the vacuum fluctuations while near the lower bound the
feature is completely undetectable.

Note that for each bump in (106) the IR tail Pbump →
k3 as k → 0 is similar to the feature considered by Hoi et
al. in [108], consistent with causality arguments about the
generation of curvature perturbations by local physics.

6.2. Data Sets and Analysis. The primordial power spectrum
for our model is parametrized as (106). Our aim is to derive
observational constraints on the various model parameters
As, ns, ki, and Ai using CMB, galaxy power spectrum,
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Figure 9: The bump-like features generated by IR cascading. We
plot the feature power spectrum Pbump(k) obtained from fully
nonlinear lattice field theory simulations (the red points) and also
the result of an analytical calculation (the dashed blue curve) using
the formalism described in [14]. We also superpose the fitting
function ∼ k3e−πk2/(2k2

�) (the solid black curve) to illustrate the
accuracy of this simple formula.

and weak lensing data. To this end we use the cosmoMC
package [133] to run Markov Chain Monte Carlo (MCMC)
calculations to determine the likelihood of the cosmological
parameters, including our new parameters Ai and ki. We
employ the following data sets.

Cosmic Microwave Background (CMB). Our complete CMB
data sets include WMAP-5yr [132, 134], BOOMERANG
[135–137], ACBAR [138–141], CBI [142–145], VSA [146],
DASI [147, 148], and MAXIMA [149]. We have included the
Sunyaev-Zeldovic (SZ) secondary anisotropy [150, 151] for
WMAP-5yr, ACBAR, and CBI data sets. The SZ template
is obtained from hydrodynamical simulation [152]. Also
included for theoretical calculation of CMB power spectra
is the CMB lensing contribution.

Type Ia Supernova (SN). We employ the Union Supernova
Ia data (307 SN Ia samples) from The Supernova Cosmology
Project [153].

Large Scale Structure (LSS). The 2dF Galaxy Redshift Survey
(2dFGRS) data [154] and Sloan Digital Sky Survey (SDSS)
Luminous Red Galaxy (LRG) data release 4 [155] are utilized.

Note that we have used the likelihood code based on the
non-linear modeling by Tegmark et al. [155] (marginalizing
the bias b and the Q parameter). However with a large bump
in the linear power spectrum, this naive treatment may be
not sufficient to characterize the non-linear response to the
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Table 1: Weak lensing data sets.

Data sets
Aeff neff

(deg2) (arcmin−2)

COSMOS [156, 157] 1.6 40

CFHTLS-wide [158, 159] 22 12

GaBODS [160, 161] 13 12.5

RCS [160, 161] 53 8

VIRMOS-DESCART [159, 162] 8.5 15

feature on small scales. Ideally, this should be obtained from
N-body simulations; however, such a study is beyond the
scope of the current work.

There are several other caveats on our results in the high-
k regime. First, we assume linear bias for the galaxies, which
may not be entirely safe at sufficiently small scales. Moreover,
sharp features in the matter power spectrum can cause sharp
features in the bias as a function of k.

Keeping in mind these caveats our constraints on small
scales k � 0.1 Mpc−1 should be taken with a grain of salt and
considered as accurate only up to factors order unity.

Weak Lensing (WL). Five WL data sets are used in this paper.
The effective survey area Aeff and galaxy number density neff

of each survey are listed in Table 1.
For COSMOS data we use the CosmoMC plug-in

written by Lesgourgues [157], modified to do numerical
marginalization on three nuisance parameters in the original
code.

For the other four weak lensing data sets we use the
likelihood given in [163]. To calculate the likelihood we
have written a CosmoMC plug-in code, with simplified
marginalization on the parameters of galaxy number density
function n(z). More details about this plug-in can be found
in [164].

As for the LSS data, for small scales k � 0.1 Mpc−1

there is the caveat that the nonlinear evolution of the power
spectrum in the presence of bump-like distortions may not
be treated accurately.

6.3. Observational Constraints: A Single Burst of Particle
Production. We now present our results for the observational
constraints on particle production during inflation, assum-
ing two different scenarios.

The minimal scenario to consider is a single burst of
particle production during inflation, which corresponds to
taking n = 1 in (105). The power spectrum is given by
(106) with n = 1, and, with some abuse of notation, we
denote k1 ≡ kIR and A1 ≡ AIR. The prior we have used
for AIR is 0 ≤ AIR ≤ 25 × 10−10 and for kIR is −9.5 ≤
ln[k/Mpc−1] ≤ 1. The former condition ensures that the
bump-like feature from IR cascading does not dominate over
the observed scale-invariant fluctuations while the latter is
necessary in order to have the feature in the observable range
of scales. In Figure 10 we plot the marginalized posterior
likelihood for the new parameters AIR and kIR describing the
magnitude and location of the bump while in Table 2 we give

CMB WL + LSS0.5

0

1

−5

Nonlinear scales

ln(kIR /Mpc−1)

0

A
IR
/(

2.
5
×
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−9

)

Figure 10: Marginalized posterior likelihood contours for the
parameters AIR and kIR (the magnitude and position of the feature,
resp.) in the single-bump model. Black and grey regions correspond
to parameter values allowed at 95.4% and 99.7% confidence levels,
respectively. At small scales, to the right of the dashed vertical line,
our results should be taken with a grain of salt since the nonlinear
evolution of the power spectrum may not be modeled correctly in
the presence of bump-like distortions.

Table 2: Constraints on the standard “vanilla” cosmological param-
eters for the single-bump model. All errors are 95.4% confidence
level.

Ωbh2 0.0227+0.0010
−0.0010

Ωch2 0.1122+0.0050
−0.0044

θ 1.0424+0.0042
−0.0043

τ 0.08+0.03
−0.03

ns 0.956+0.024
−0.024

ln[1010As] 3.206+0.074
−0.068

ASZ 1.62+0.76
−0.74

Ωm 0.264+0.026
−0.022

σ8 0.807+0.034
−0.030

zre 10.5+2.5
−2.7

H0 71.6+2.3
−2.4

the best fit values for the remaining (vanilla) cosmological
parameters.

For very large scales � Gpc−1, the data do not contain
much information (due to cosmic variance), and hence the
constraint on any modification of the power spectrum is
weak. In this region the spectral distortion may be larger than
100% of the usual scale-invariant fluctuations and couplings
g2 of order unity are allowed. For smaller scales k � Gpc−1

the constraints are stronger, and we have, very roughly,
AIR/As � 0.1 corresponding to g2 � 0.01. For very small
scales, k � 0.1 Mpc−1, our constraints should be taken with
a grain of salt since the nonlinear evolution of the power
spectrum may not be modeled correctly in the presence of
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bump-like distortions. At small scales nonlinear effects tend
to wipe out features of this type (see, e.g., [165]), and hence
observational constraints for k � 0.1 Mpc−1 may be weaker
than what is presented in Figure 10. Note that in most of this
nonlinear regime we find essentially no constraint on AIR,
which is consistent with what would be expected in a more
comprehensive treatment.

The IR cascading bump in the primordial power spec-
trum will be accompanied by a corresponding nongaussian
feature in the bispectrum, that will be discussed in more
detail in the next section. From the perspective of potentially
observing this signal it is most interesting if this feature is
located on scales probed by CMB experiments. (There is
also the fascinating possibility that the nongaussianity from
IR cascading could show up in the large-scale structure as
in [27, 166–168]. We leave a detailed discussion to future
studies.) To get some intuition into what kinds of features
in the CMB scales are still allowed by the data we focus on
an example with AIR = 2.5 × 10−10 which, using (107),
corresponds to a reasonable coupling value g2 ∼ 0.01. We
take the bump to be located at kIR = 0.01 Mpc−1 and fix the
remaining model parameters to As = 2.44 × 10−9, ns = 0.97
(which are compatible with the usual values). This sample
bump in the power spectrum is illustrated in Figure 3(a)
and is consistent with the data at 2σ . In Figure 3(b) we
plot the associated angular CMB TT spectrum. This example
represents a surprisingly large spectral distortion: the total
power in the feature as compared to the scale invariant
vacuum fluctuations is Pbump/Pvac ∼ 0.1, evaluated at the
peak of the bump. We discuss the nongaussianity associated
with this feature.

6.4. Observational Constraints: Multiple Bursts of Particle
Production. Next, we consider a slightly more complicated
scenario: multiple bursts of particle production leading many
localized features in the power spectrum. For simplicity we
assume that all bumps have the same magnitude Ai ≡
AIR, and we further suppose a fixed number of e-foldings
δN between each burst of particle production. This implies
that the location of the ith bump will be given by ki =
e(i−1)Δk1 where Δ is a model parameter controlling the
density of features. We take the number of bursts, n, to
be sufficiently large that the series of features extends over
the whole observable range. In the next section we will
see that these assumptions are not restrictive and that
many well-motivated models are consistent with this simple
setup.

Our multibump model, then, has three parameters: AIR,
k1, and Δ. We take the prior on the amplitude to be AIR ≤
25 × 10−10 as in Section 6.3. If the features are very widely
spaced, Δ � 1, then the constraint on each bump will
obviously be identical to the results for the single-bump
case presented in Section 6.3. Hence the most interesting
case to consider is Δ � 1 so that the bumps are partially
overlapping. Our prior for the density of features is therefore
0 ≤ Δ ≤ 1. Finally, the location of the first bump
will be a historical accident in realistic models, hence we
marginalize over all possible values of k1 and present our
constraints and 2d likelihood plots in the space of AIR and Δ.
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Figure 11: Marginalized posterior likelihood contours for the
parameters AIR and Δ (the feature amplitude and spacing, resp.)
of the multiple-bump model. Black and grey regions correspond to
values allowed at 95.4% and 99.7% confidence levels, respectively.

Table 3: Constraints on the standard “vanilla” cosmological
parameters for the multiple-bump model. All error bars are 95.4%
confidence level.

Ωbh2 0.0227+0.0009
−0.0009

Ωch2 0.1126+0.0049
−0.0044

θ 1.0424+0.0039
−0.0043

τ 0.078+0.031
−0.026

ns 0.93+0.04
−0.17

ln[1010As] 2.8+0.4
−0.9

ASZ 1.60+0.77
−0.76

Ωm 0.265+0.026
−0.021

σ8 0.807+0.034
−0.030

zre 10.3+2.6
−2.5

H0 71.4+2.2
−2.4

This marginalized likelihood plot is presented in Figure 11.
In Table 3 we present the best-fit values for the vanilla
cosmological parameters.

From the likelihood plot, Figure 11, there is evidently a
preferred value of the feature spacing, roughly Δ ∼ 0.75,
for which the constraints are the weakest. This can be
understood as follows. For very high density Δ → 0 the
localized features from IR cascading smear together, and the
total power spectrum (106) is P(k) ∼ As(k/k0)ns−1 +C where
the size of the constant deformation scales linearly with the
density of features: C ∝ Δ−1. Therefore, the upper bound
on the amplitude AIR should scale linearly with Δ. Indeed,
this linear trend is very evident from Figure 11 in the small-
Δ regime. This linear behaviour must break down at some
point since as the features become infinitely widely spaced
the constraint onAIR must go to zero. This explains the bump
in the likelihood plot, Figure 11, near Δ ∼ 0.75.
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In passing, notice that the behaviour P(k) ∼ As(k/
k0)ns−1 + C for Δ � 1 also explains why the best-fit As in
Table 3 is somewhat lower than the standard value and why
the spectral tilt ns − 1 is somewhat more red.

To get some intuition for the kinds of multibump
distortions that are allowed by the data, we consider an
example with AIR = 1 × 10−9, Δ = 0.75 and fix the vanilla
parameters to As = 1.04 × 10−9, ns = 0.93. This choice of
parameters is consistent with the data at 2σ and corresponds
to a reasonable coupling g2 ∼ 0.02. In Figure 12 we plot
the primordial power spectrum P(k) and also the CMB TT
angular power spectrum for this example.

7. Particle Physics Models

In previous sections of this paper we have studied in some
detail the observational signatures of inflationary particle
production in model (4), and we have also derived observa-
tional constraints on the model parameters g2 and φ0. We
now aim to provide some explicit microscopic derivations of
model (5) from popular theories of particle physics including
string theory and SUSY. Our examples are meant to be
illustrative rather than exhaustive. From the low energy
perspective interactions of type (4) are completely generic,
and hence we expect that many microscopic derivations may
be possible.

7.1. Open String Inflation Models. String theory inflation
models may be divided into two classes depending on the
origin of the inflaton: closed string models and open string
models. In the former case the inflaton is typically a geomet-
rical modulus associated with the compactification manifold
(examples include racetrack inflation [169], Kähler modulus
inflation [170], Roulette inflation [171], and fibre inflation
[172]). In the latter case the inflaton is typically the position
modulus of some mobile D-brane (One notable exception
is inflation driven by the open string tachyon, for example
nonlocal string field theory models [42–44, 47–50].) living
in the compactification manifold (examples include brane
inflation [173, 174] such as the warped KKLMMT model
[175], D3/D7 inflation [176], and DBI inflation [51, 52]).
In open string inflation models there may be, in addition to
the mobile inflationary brane, some additional “spectator”
branes. If the mobile brane collides with any spectator brane
during inflation, then some of the stretched string states
between these branes will become massless at the moment
when the branes are coincident [54, 80], precisely mimicking
interaction (4). Thus, we expect particle production, IR
cascading, and the bump-like features described above to be
a reasonably generic prediction of open string inflation.

7.2. String Monodromy Models. A concrete example of the
heuristic scenario discussed in the last subsection is provided
by the brane monodromy and axion monodromy string
theory inflation models proposed in [77–79]. In the original
brane monodromy model [77] one considers type IIA string
theory compactified on a nil manifold that is the product of
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Figure 12: (a) shows a sample multiple-bump distortion with
amplitude AIR = 1 × 10−9 which corresponds to g2 ∼ 0.02. The
feature spacing is Δ = 0.75. We take the vanilla parameters to be
As = 1.04 × 10−9, ns = 0.93 so that the scale of inflation is slightly
lower than in the standard scenario and the spectral tilt is slightly
redder. (b) shows the CMB angular TT power spectrum for this
example.
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two twisted tori. The metric on each of these twisted tori has
the form

ds2

α′
= L2

u1
du2

1 + L2
u2
du2

2 + L2
x(dx′ +Mu1du2)2, (108)

where x′ = x− (M/2)u1u2, and M is an integer flux number.
The dimensionless constants Lu1 , Lu2 , and Lx determine the
size of the compactification.

Inflation is realized by the motion of a D4-brane along
the direction u1 of the internal manifold. The D4 spans our
large 3 dimensions and wraps 1 cycle along the direction u2

of the internal space. The size of this 1 cycle, in string units,
is given by

L =
√
L2
u2

+ L2
xM

2u2
1. (109)

Hence, the brane prefers to minimize its world-volume by
moving to the location u1 = 0 where this 1 cycle has
minimal size. This preference gives a potential to the D4-
brane position which goes like V ∼ u1 in the large u1 regime
that is relevant for large field inflation.

In [54] it was shown that this scenario allows for the
inclusion of a number of spectator branes stabilized at
positions u1 = i/M (with i integer) along the inflationary
trajectory. As the mobile inflationary D4 rolls through these
points, particles (strings) will be produced, and the resulting
distribution of features will look nearly identical to the
simple multi-bump scenario studied in Section 6.4. To see
this, let us now determine the distribution of features that is
predicted from brane monodromy inflation. The canonical
inflaton φ can be related to the position of the mobile D4 as

φ = Bu
1/p
1 , (110)

where B is a constant with dimensions of mass that depends
on model parameters. Hence, the effective potential during
inflation has the power-law form

V
(
φ
) = μ4−pφp. (111)

For the simplest scenario described above one has p = 2/3.
However, formulas (110) and (111) still hold for the variant
considered in [77] with p = 2/5 as long as one replaces u1

by a more complicated linear combination of coordinates.
These relations also hold for axion monodromy models [78]
with p = 1 and u1 replaced by the axion, c, arising from a
2-form RR potential C(2) integrated over a 2-cycle Σ2. For all
models of the form of (111) the number of e-foldingsN from
φ = φ(N) to the end of inflation (which occurs at φ = p/

√
2

when the slow-roll parameter ε(φ) = 1) is given by

N = 1
2p

φ2(N)

M2
p
− p

4

= 1
2p

B2

M2
p
u

2/p
1 − p

4
.

(112)

Since the spectator branes are located at u1 = i/M, the bursts
of particle production must occur at times N = Ni where

Ni = 1
2p

B2

M2
p

(
i

M

)2/p

− p

4
. (113)

The location k = ki of the ith feature is defined, roughly, by
the scale leaving the horizon at the moment N = Ni. Hence,
the distribution of features for brane/axion monodromy
models is given by

ln
[
ki
H

]
∼= B̃2i2/p − p

4
(114)

with p = 2/3 or p = 2/5 for brane monodromy and p = 1
for axion monodromy. In (114) the dimensionless number B̃
depends on model parameters.

Although the distribution of features (114) is not exactly
the same as the evenly space distribution considered in
Section 6.4, the two are essentially indistinguishable over
the range of scales which are probed observationally (corre-
sponding to roughly 10 e-foldings of inflation). The reason
for this is simple: the inflaton is nearly constant during the
first 10 e-foldings of inflation and hence δN ∼ δφ ∼ δu1

within the observable region. It follows that ki ∼= e(i−1)Δk1

to very good approximation for a huge class of models. To
see this more concretely in the case at hand, let us compute
dN/du1 from (112). It is straightforward to show that

dN

du1
= 1
pp

1[
2ε(φ)

]1−p/2

(
B

Mp

)p

, (115)

where

ε
(
φ
) ≡ M2

p

2

(
V ′

V

)2

= p2

2

(
Mp

φ

)2

(116)

is the usual slow-roll parameter. Observational constraints
on the running of the spectral index imply that ε(φ) cannot
change much over the observable 10 e-foldings of inflation.
Since dN/du1

∼= const to very high accuracy it follows
trivially that N = N(u1) is very close to linear and ki ∼=
e(i−1)Δk1 as desired.

In the context of axion monodromy inflation models
[78] the multiple bump features discussed here will be
complimentary to the oscillatory features described in [79]
which result from the sinusoidal modulation of the inflaton
potential by instanton effects. If the bursts of particle
production are sufficiently densely spaced, then signal from
IR cascading may appear oscillatory; however, it differs from
the effect discussed in [79] in both physical origin and also
functional form.

Let us now estimate the effective value of the couplings
g2
i appearing in the prototype interaction (105) that are

predicted from the simplest brane monodromy model. A
complete calculation would involve dimensionally reducing
the DBI action describing the brane motion and requires
knowledge of the full 10-dimensional geometry with the
various embedded branes. For our purposes, however, a
simple heuristic estimate for the collision of two D4-branes
will suffice. When N D-branes become coincident the
symmetry is enhanced from U(1)N to a U(N) Yang Mills
gauge theory. The gauge coupling for this Yang Mills theory
is given by

g2
YM =

gs(2π)2

L
, (117)
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where L is the volume of the 1 cycle that the D4 branes wrap
and is given by (5). If the inflationary brane is at position
u1 and the ith spectator brane is at u1,i, then the distance
between the two branes is given by

d2 = α′L2
u1

(
u1 − u1,i

)2
. (118)

The mass of the gauge bosons corresponding to the enhanced
symmetry is

M2
i = g2

YM
d2

(2π)2(α′)2 =
gsL2

u1

(
u1 − u1,i

)2

α′
√
L2
u2

+ L2
xM

2u2
1

. (119)

To put this in the prototype form M2
i = g2

i (φ − φi)2 we must
first convert to the canonical variable φ using formula (110)
with p = 2/3 and

B = M1/2

6π2

Lu1L
1/2
x√

gsα′
. (120)

Next, we must Taylor expand the resulting equation about
the minimum φ = φi. We find

M2
i
∼= g2

i

(
φ − φi

)2 + · · · , (121)

g2
i =

16g2
s π

4

MLxu1,i

1√
L2
u2

+ L2
xM

2u2
1,i

= 16g2
s π

4

Lxi

1√
L2
u2

+ L2
xi

2
,

(122)

where on the second line of (122) we have used the fact that
u1,i = i/M (with i integer) in the simplest models. We see that
the effective couplings g2

i become larger as the D4 unwinds
during inflation. (The apparent divergence for u1,i = 0 in
formula (122) is an artifact of the fact that relation (110) is
not valid at small values of u1. This will not concern us here
since inflation has already terminated at the point that our
formulas break down.)

To compute the amplitude of the bump-like feature
produced by brane monodromy inflation we should take
into account also combinatorial factors. When two branes
become coincident the symmetry is enhanced from U(1)2

to U(2) so there are 22 − 2 = 2 additional massless spin-1
fields appearing at the brane collision. Thus, using (107), the
amplitude of the feature that will be imprinted in the CMB is

Ai,eff = 2× (22 − 2
)× [10−6 · g15/4

i

]
, (123)

where the extra factor of 2 counts the polarizations of the
massless spin-1 fields. This combinatorial enhancement can
be much larger if the inflationary brane collides with a stack
of spectators.

The above discussion is predicated on the assumption
that the original brane monodromy setup 1 is supplemented
by additional spectator branes. This may seem like an unnec-
essary contrivance; however, in order for this model to reheat
successfully it may be necessary to include spectator branes.
For example, with the reheating mechanism proposed in

[177], semirealistic particle phenomenology can be obtained
by confining the standard model (SM) to a D6 brane which
wraps the compact space. In order to reheat into SM degrees
of freedom, we orient this brane so that its world-volume
is parallel to the mobile (inflationary) D4. In this case the
end of inflation involves multiple oscillations of the D4
about the minimum of its potential. At each oscillation the
D4 collides with the D6 and SM particles are produced by
parametric resonance preheating [92]. However, due to the
periodic structure of the compactification, D4/D6 collisions
will necessarily occur also during inflation, leading to IR
cascading features in the CMB.

The timing of these D4/D6 collisions was computed in
[177] for the minimal p = 2/3 brane monodromy model,
assuming the same choices of parameters used in [77]. For
this particular case there is only one collision (and hence one
feature) during the first 10 e-foldings of inflation, and the
phenomenology is essentially the same as that considered in
Section 6.3. What is the amplitude of this feature? Assuming,
again, the parameters employed in [77] and noting that the
first collision takes place at i = 13 [177], (122) gives g2

1
∼=

0.001. From (123) we find the effective amplitude of the
feature to be A1,eff/As ∼= 0.01. This value is well within the
observational bounds derived in Section 6.3.

We stress that the conclusions in the previous paragraph
apply only for the particular choice of model parameters
employed in [77]. There exist other consistent parameter
choices for which the simplest brane monodromy model
predicts a much higher density of features with much larger
amplitude.

Note that both brane and axion monodromy models
may be used to realize trapped inflation [54]. Here we
are restricting ourselves to the large-field regime where the
potential V = μ4−pφp is flat enough to drive inflation
without the need for trapping effects. For a given choice
of parameters one should verify that this classical potential
dominates over the quantum corrections from particle
production.

7.3. A Supersymmetric Model. Another microscopic real-
ization of multiple bursts of particle production and IR
cascading during inflation which does not rely on string
theory can be obtained from the so-called “distributed mass”
model derived in [76] with warm inflation [82] in mind;
however, the theory works equally well for our scenario.
This model is based on N = 1 global SUSY and allows
for the inclusion of multiple points along the inflationary
trajectory where both scalar degrees of freedom and also their
associated fermion super-partners become massless. The
distribution of features in this set-up is essentially arbitrary.

8. Nongaussianity from Particle
Production and IR Cascading

We have seen that the dynamics of particle production,
rescattering, and IR cascading during inflation in model
(5) leads to a bump-like contribution to the primordial
power spectrum of the observable cosmological fluctuations.
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However, this dynamics must also have a nontrivial impact
on nongaussian statistics, such as the bispectrum. Indeed,
it is evident from the analytical formalism presented in
Sections 4 and 5 that the inflaton fluctuations δφ generated
via the rescattering diagram in Figure 1 may be significantly
nongaussian. (This is evident since the particular solution of
(49) is bi-linear in the Gaussian field χ.) In this section we
characterize this nongaussianity. The results of this section
appeared for the first time in [12, 14, 15].

8.1. Probability Density Function and Cummulants. As dis-
cussed in the introduction, nongaussianity is often character-
ized by the size, shape, and running of the bispectrum B(ki).
A popular measure of the size of the nongaussianity is the
magnitude of B(ki) on equilateral triangles. This approach
has the advantage of being straightforward; however, it
may give misleading results when one wishes to compare
bispectra with different shapes [178] or scaling behaviour.
This is particularly true in models, such as (5), where the
bispectrum is large only for triangles with a characteristic
size and where the nongaussian part of ζ is uncorrelated
with the gaussian part. A more meaningful single number
to compare between models is the skewness (defined below),
which contains information about the bispectrum integrated
over all scales (up to some UV smoothing scale) and all shape
configurations. (See also [179] for a related discussion and
alternative methodology.)

In what follows it will be useful to define a normalized
curvature perturbation

ξ ≡ ζ

σζ
, (124)

where ζ is the usual gauge invariant curvature perturbation,
and σζ is the variance

σ2
ζ =

〈
ζ2〉 = ∫ d3k1

(2π)3/2

d3k2

(2π)3/2

〈
ζk1ζk2

〉
. (125)

If ζ is generated by the quantum vacuum fluctuations of the
inflaton field, then we have σζ ∼= 10−9/2.

Let us define the probability density function (PDF),
P(ξ), as the probability that the (normalized) curvature
perturbation has fluctuations of size ξ. The nth central
moment of the PDF is simply

〈
ξn
〉 = ∫ +∞

−∞
ξnP(ξ)dξ. (126)

In order to quantify the nongaussianity of the PDF it is useful
to define the cummulants

Ŝn ≡
〈
ξn
〉

c =
〈
ζn
〉

c

σnζ
, (127)

where the subscript c is a reminder that only the connected
part of the correlation function should be included. For a
gaussian PDF we have Ŝn = 0 for n = 3, 4, . . . , hence the
cummulants provide a measure of nongaussianity. (Notice
that, since ξ is constructed to have unit variance, we do not

need to distinguish between the reduced and dimensionless
cummulants.)

In the case that ζ (and hence ξ) is a free field then the
central limit theorem implies that the PDF is gaussian:

P(ξ)dξ = dξ√
2π

e−ξ
2/2. (128)

This expression admits a simple generalization to the case
where P(ξ) is close to (but not exactly) gaussian. This
generalization is the Edgeworth expansion

P(ξ)dξ ∼= dξ√
2π

e−ξ
2/2

×
[

1 +
Ŝ3

6
H3(ξ) +

(
Ŝ4

24
H4(ξ) +

Ŝ2
3

72
H3(ξ)

)
+ · · ·

]
(129)

(See [27] for a review and [180] for an alternative deriva-
tion.) Where Hn(ξ) denotes the Hermite polynomials of
order n and Ŝn are the dimensionless cummulants, defined by
(127). Note that result (129) is an expansion in cummulants.
This expression provides an accurate approximation of the
true PDF provided the cummulants are well ordered in the
sense that

1 �
∣∣∣Ŝ3

∣∣∣� ∣∣∣Ŝ4

∣∣∣� ·· · . (130)

See [181, 182] for more discussion on the structure of
the correlation functions and the validity of cosmological
perturbation theory.

Finally, it remains to relate the cummulants Ŝn (n ≥ 3)
to the correlation functions (such as the bispectrum) of
the primordial curvature perturbation. We can write the
dimensionless skewness, Ŝ3, as an integral over the 3-point
correlation function [27, 180]:

Ŝ3 = 1
σ3
ζ

∫
d3k1

(2π)3/2

d3k2

(2π)3/2

d3k3

(2π)3/2

〈
ζk1ζk2ζk3

〉
c. (131)

A similar expression may be derived for the dimensionless
kurtosis, Ŝ4. From (131) it is clear that the skewness provides
a measure of the magnitude of the bispectrum integrated
over all triangles. Hence, this provides a reasonable single
number to compare the size of nongaussianity between
different models. Moreover, the skewnesses (and higher
cummulants) are of observational interest since these deter-
mine the probability of rare fluctuations [27, 166–168, 183–
185]. Observables such as the abundance of collapsed objects
may therefore be used to constrain Ŝ3, Ŝ4, and so forth.

We have reviewed the derivation of the Edgeworth
expansion (129) only to illustrate that the dimensionless
skewness (131) encodes information about the bispectrum
integrated over all momenta. However, our actual calculation
of the PDF in the next subsection will be fully nonpertur-
bative and hence does not rely on the validity of (129) or
(130).
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Figure 13: Probability density function of ζ for g2 = 0.1 at a series
of different values of the scale factor, a. The dashed curve shows
a Gaussian fit at late time a = 6.2, and we have normalized the
scale factor so that a = 1 at the moment when particle production
occurs. For illustration, we have chosen standard chaotic inflation
V(φ) = (m2/2)φ2; however, our qualitative results are independent
of the background inflation model.

8.2. Magnitude of the Nongaussianity from IR Cascading.
We have argued in the last subsection that the moments
of the PDF provide a useful tool for quantifying the
size of nongaussianity and drawing comparisons between
microscopic models whose bispectra may have very different
shapes and scaling properties. Our goal now is to compute
the skewness and kurtosis generated by particle production,
rescattering and, IR cascading in model (5). We will then
compare this to the skewness that would be generated by
more familiar constructions, such as the local model ζ =
ζg + (3/5) fNLζ2

g .
It is straightforward to extract the PDF numerically

from our HLattice simulations by computing the fraction
of the simulation box which contains the field δφ ∝ ζ
at a particular value. We again stress that this numerical
evaluation of the PDF is non-perturbative; our results do not
rely on any prior assumptions about the size or ordering of
the cummulants.

We present our results for the numerical evaluation of
the PDF from IR cascading in Figure 13. For illustration we
have assumed a chaotic potential V(φ) = m2φ2/2; however,
our results are largely insensitive to the choice of background
inflation model.

We can understand physically the behaviour of the PDF
plotted in Figure 13. Shorty after the initial burst of particle
production, the curvature perturbation is extremely non-
gaussian, due to the sudden appearance of the source term
J ∝ χ2 in the equation of motion for the inflaton fluctuations
δφ. Quickly, in less than an e-folding, nonlinear interactions
begin to drive the system towards gaussianity. A similar

Table 4: Dimensionless cummulants for IR cascading.

g2 Skewness Kurtosis Equivalent

(Ŝ3) (Ŝ4) f local
NL

1 −0.51 0.16 −2800

0.1 −0.49 −0.08 −2700

0.01 −0.033 O(10−3) −183

behaviour has been observed in lattice simulations of out-of-
equilibrium interacting scalar fields during preheating [186,
187]. In the case of rescattering during preheating, the system
will eventually become gaussian when the fields thermalize.
However, in our case the universe is still inflating during
the process of rescattering and IR cascading. As a result,
nongaussian inflaton fluctuations generated by rescattering
are stretched out by the quasi-de Sitter expansion and must
freeze once their wavelength crosses the Hubble scale. Hence,
at late times the PDF does not become completely gaussian
but rather freezes-in with some non-trivial skewness. Within
a few e-foldings from the moment of particle production the
time evolution of the PDF has become completely negligible.

Given our numerical results for the PDF, it is straight-
forward to compute dimensionless cummulants such as the
skewness (Ŝ3) and kurtosis (Ŝ4) for various values of the
coupling g2. We have summarized our results in Table 4. At
small coupling, g2 < 1, we always have |Ŝ3| > |Ŝ4| which
suggests that the cummulants are well ordered. In particular,
note that for g2 = 0.01, the kurtosis Ŝ4 is too small to be
measured accurately from our HLattice simulations.

In order to give a sense of the magnitude of the non-
gaussianity from particle production we have also computed
an “equivalent f local

NL ” defined by 5Ŝ3/(18σζ). For a given g2

this effective f local
NL is the magnitude of fNL which would be

necessary to reproduce the skewness Ŝ3 of the IR cascading
PDF using a local ansatz ζ = ζg + (3/5) fNLζ2

g . (Our sign
conventions for fNL are consistent with WMAP [6]. See [27]
for a discussion of various conventions employed in the
literature.)

From Table 4 we see that IR cascading during inflation
may generate significant nongaussianity. Even taking g2 =
0.01 (which is compatible with cosmological data for any
choice of φ0), we still obtain a skewness Ŝ3 = −0.033, which
is the same value that would be produced by a local model
with fNL = −183. This “equivalent” local nongaussianity
is larger than current observational bounds, which suggests
that nongaussian features from particle production during
inflation might be observable for reasonable values of the
coupling g2. Note, however, that observational bounds on
f local
NL cannot be directly applied to our model since the

bispectrum in our case is uncorrelated with the vacuum
fluctuations and is far from scale invariant.

Depending on the value of φ0 (and hence the location
of the feature in the power spectrum) the nongaussianity
from IR cascading may lead to a variety of observational
signatures. If the feature is localized on scales relevant
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for CMB experiments, then the key observable is the
primordial bispectrum, B(ki). Efficient computation of the
observational constraints on nongaussianity from inflation-
ary particle production will require a separable template for
the bispectrum, an issue which we briefly comment on in
the next subsection and which will be considered in more
detail in [15]. On the other hand, the feature might show
up on smaller scales and leave an imprint on large scale
structures. In this case there are at least two observables
which could be used to constrain our model: higher order
correlations of LSS probes (such as the galaxy bispectrum)
and the abundance of collapsed objects. In the first case, we
require the evolved bispectrum while in the latter case we
require the PDF of the evolved density field δρ/ρ. Our model
robustly predicts negative skewness for both the curvature
perturbation ζ and the density field. Hence we should expect
less rare objects (as compared to the gaussian case) on some
characteristic scale. (The recent weak lensing measurement
of the dark matter mass of the high-redshift galaxy cluster
XMMUJ2235.3-2557 [188] has been construed as a possible
hint of nongaussian initial conditions [184]. Unfortunately,
our model does not produce the correct sign of skewness to
explain such observations.)

When computing the statistics of density fluctuations
on some given length scale R one should smooth the
perturbation field over wave-numbers larger than kmax ∼
R−1. This may be implemented in PDF (129) by the
formal substitution ζk → W(k)ζk in expressions (125) and
(131) for the variance and skewness. Here W(k) is some
window function which tends to zero for k � R−1 (e.g.,
a standard choice of window is a top-hat in real space).
This substitution makes any predictions for the statistics
of the density fluctuations implicitly dependent on the
smoothing scale, R. (It also renders the momentum integrals
UV finite.) In our analysis we have computed the PDF
numerically by measuring the fraction of the simulation
box in which the inflaton field takes a given value. Thus,
our cummulants are automatically smoothed on the UV
cutoff scale kmax ∼ Δx−1 defined by the lattice spacing
Δx.

One may wonder how sensitively our results for the
dimensionless cummulants depend on this particular choice
of smoothing. Recall that the bispectrum from IR cascading
(73) is strongly peaked on triangles with a particular size,
corresponding to the location of the bump-like distortion
in the power spectrum. If we denote this characteristic scale
by kbump, then it should be clear that the cummulants in
our model are insensitive the smoothing scale, as long as
R � k−1

bump.

8.3. Shape of the Bispectrum. In Section 4 we presented a
schematic discussion of how to compute analytically the
primordial bispectrum from IR cascading, (73). In [14],
this expression is evaluated analytically. We find that the
bispectrum (73) from particle production has a unique shape
that has not been considered in the previous literature. In
order to describe this novel shape we would like to first factor
out that strong overall dependence of Bφ(ki) on the size of

the triangle. To this end we define a “shape function” S(ki) in
terms of the bispectrum as follows:

S(ki) = N−1(k1k2k3)2B(ki), (132)

where B(ki) is related to Bφ(ki) by (104), and N is a
normalization factor to be discussed shortly. The function
S(ki) has the advantage that the strong k6 running of
the bispectrum is extracted. Hence, any residual scaling
behaviour displayed by S(ki) must be a result of nonlinear
interactions.

Since we expect the 3-point correlation function to be
of order P2

ζ (k), a natural choice of normalization is N =
(2π)4P 2

ζ where P 1/2
ζ = 5 × 10−5 is the usual amplitude

of the scale invariant fluctuations from inflation. With this
choice of normalization our function S(ki) coincides with
the quantity G(ki)/(k1k2k3) which was used to study localized
nongaussian features from models with steps in the inflaton
potential in [59, 60].

Symmetry of the bispectrum under permutations of
momenta implies that we can focus only on the region k1 ≥
k2 ≥ k3, to avoid counting the same configuration twice.
Moreover, the triangle inequality implies that 1 − k2/k1 ≤
k3/k1. Therefore we can completely specify the shape of
the bispectrum for a given size of triangle k by plotting
S(k, kx2, kx3) in the region x3 ≤ x2 ≤ 1 and 1 − x2 ≤ x3.
Because our bispectrum is very far from being scale invariant,
it follows that this shape function is sensitive to the choice of
k. Therefore, in Figure 14 we choose several representative
choices: ln(k/kbump) = −1, 0, 1, 2.

We see that a rich array of shapes is possible: for
k � kbump, the bispectrum is qualitatively similar to the
equilateral model; however, at slightly larger k there is also
considerable support on flattened triangles. Note that for
k � 7.4 kbump the shape of the bispectrum is extremely
unusual and is not easily comparable to any shape that has
been proposed in the previous literature.

We find that the bispectrum from IR cascading is,
to a first approximation, factorisable in the sense that
B(k1, k2, k3) ∼= ∏3

i=1F(ki) where F(k) ∼ C1k3e−C2k2
for some

constants C1 and C2. This separable form is important since
it permits fast algorithms for forecasting, data analysis, and
simulations [189].

In this section we have attempted to characterize the
nongaussian signature associated with inflationary particle
production. This signature is rather unique in the lit-
erature. Our model predicts uncorrelated localized non-
gaussian features with a unique shape of bispectrum. We
have quantified the size of this effect by studying the
dimensionless cummulants (such as the skewness) and
have argued that this nongaussianity can be significant,
depending on g2. We leave a detailed study of the observa-
tional constraints on such nongaussianities to future studies
[15].

8.4. Multiple Bursts of Particle Production. Note that our
discussion of nongaussianity generalizes easily to the case
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Figure 14: The shape function S(k, kx2, kx3), defined by (132), as a function of the dimensionless quantities x2, x3 which parametrize the
shape of the triangle. (a) corresponds to k = e−1kbump, (b) is k = kbump, (c) is k = e+1kbump, and (d) is k = e+2kbump. In the IR (k ≤ kbump) the
shape of the bispectrum is similar to the equilateral shape; however, there is also some support on flattened triangles near k ∼ e+1kbump. At
larger values of k the shape is unlike any other template proposed in the literature.
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where there are multiple points φi (i = 0, . . . ,n) along the
inflaton trajectory where new degrees of freedom χi become
massless, such as model (105). Such a construction may
be quite natural in the context of brane/axion monodromy
inflation [54, 77–79]. In this case the nongaussian features in
B(ki) from each burst of particle production may superpose
to generate a broad-band signal. Such a construction may
(but need not) be associated with trapped inflation [54].
Depending on the spacing of the points φi and the couplings
g2
i , a rich variety of nongaussianities may be possible. In

this case that the points φi are sufficiently densely spaced,
we expect a nongaussian signal which is close to equilateral
but also has some support on flattened triangles, consistent
with the analysis of [54, 81]. We leave a detailed discussion to
future studies.

9. Conclusions

In this paper we have considered the possibility that some
non-inflation (iso-curvature) particles were produced
during the observable range of e-foldings of inflation.
Inflationary particle production might occur as a result of a
phase transition, parametric resonance, or other non-adia-
batic processes. In order to illustrate the basic physics of
inflationary particle production we restricted our analysis to
a simple prototype model with coupling (g2/2)(φ − φ0)2χ2

between the inflaton φ and iso-inflaton χ. However, we
expect that our qualitative results will apply also to SUSY
models, gauged interactions, higher spin iso-inflaton fields,
and phase transitions.

Models of the type we study have attracted considerable
interest recently in connections with trapped inflation, trans-
Planckian effects, and observable features/nongaussianity in
the primordial curvature fluctuations from inflation. More-
over, such models are quite natural from the microscopic
perspective and may be obtained in popular models of open
string inflation, such as brane/axion monodromy.

We have shown that inflationary particle production in
the model (g2/2)(φ − φ0)2χ2 leads to a new mechanism
for generating cosmological fluctuations. This mechanism is
qualitatively different from previous proposals in that this
approach does not rely on the quantum vacuum fluctuations
of light fields during inflation. Rather, the scenario involves
the production of massive χ particles during inflation, which
subsequently rescatter off the slow-roll condensate φ(t) to
emit bremsstrahlung radiation of light inflaton fluctuations
δφ. We have studied this dynamics using classical lattice
field theory simulations, analytical QFT computations, and
also second-order cosmological perturbation theory. All of
these approaches yield consistent results. We have found that
rescattering proceeds with a time scale short compared to the
expansion time. Moreover, the emission of long-wavelength
inflaton fluctuations is very energetically inexpensive. The
combination of these two effects leads to a rapid build-up of
power in IR inflation fluctuations shortly after the moment
of particle production. This dynamical process is called IR
cascading.

Our numerical and analytical studies of rescattering
and IR cascading during inflation may have relevance for
trapped inflation, preheating, moduli trapping, and also
non-equilibrium QFT more generally. For instance, we have
seen that, even with a small number of out-of-equilibrium
χ particles, multiple rescatterings can nevertheless generate
long-wavelength δφ fluctuations with huge occupation num-
bers. We have also observed, for the first time, the dynamical
approach to the scaling regime discovered in [96, 97].

IR cascading during inflation leads to observable features
in the primordial cosmological fluctuations. In particular,
this process generates a bump-like contribution to the
primordial scalar power spectrum. This signature is very
different from what would be obtained in a model with
transient violation of slow roll during inflation (such as a
step-like feature in V(φ)), contrary to some claims in the
literature.

We have studied the observational constraints on bump-
like features from inflationary particle production during
inflation. We found that relatively large distortions, of order
10% of the usual scale invariant vacuum fluctuations, are
compatible with current data. We have derived observational
bounds on the coupling g2 for a given φ0, which play a
crucial role in determining the detectability of nongaus-
sianity from particle production. Our observational bounds
on particle production during inflation have implications
for brane/axion monodromy inflation models and other
microscopic constructions.

IR cascading also has a nontrivial impact on nongaussian
statistics, such as the bispectrum. The model (g2/2)(φ −
φ0)2χ2 leads to a very novel nongaussian signature: uncorre-
lated, localized nongaussian features with a unique shape of
bispectrum. For reasonable values of the coupling, g2 � 0.01,
this new kind of nongaussianity may be detectable in future
missions.

The nongaussian signature predicted by inflationary
particle production is rather unusual, as compared to other
models of inflation which are frequently studied in the
literature. However, the underlying field theory description
is extremely simple and rather generic from the low-
energy perspective. In order to obtain observable nong-
aussianity it was not necessary to fine-tune the inflaton
trajectory or appeal to re-summation of an infinite series
of high-dimension operators. Indeed, the only “tuning”
which is required for our signal to be observable is the
requirement that φ = φ0 during the observable range of
e-foldings.

There are a variety of directions for future studies.
From the theoretical perspective, it would be interesting
to explicitly generalize our results to more complicated
models with particle production during inflation (such as
SUSY models, fermion χ fields, and phase transitions).
There are also a wide range of interesting phenomenological
possibilities. Varying the location of the feature we can
have a variety of possible signatures for the CMB and LSS.
We expect that IR cascading will also have implications
for the spectrum of gravity waves from inflation and also
primordial black holes. We can also imagine superposing
multiple bursts of particle production to obtain an even



Advances in Astronomy 33

richer variety of signatures. We leave these possibilities for
future investigation.

Appendices

A. Backreaction Effects

Once φ rolls past the massless point φ = φ0, a gas of
χ particles is produced with occupation number given by
(13). This gas costs energy, which must be drained from the
condensate φ(t). Hence, in order for the system to conserve
energy, the inflaton must slow down slightly. As discussed in
[12, 61, 64, 80, 92], this slowing down can be studied using
the mean field equation (14). Using solution (45) to compute
the vacuum average 〈χ2〉, we find

φ̈ + 3Hφ̇ +V,φ + g
k3
�

(2π)3
Θ(t)
a3(t)

(
φ − φ0

)∣∣φ − φ0
∣∣ = 0. (A.1)

The step function Θ(t) reflects the fact that the impact of
particle production is felt only after φ passes through φ0

and a−3 comes from the volume dilution of non-relativistic
particles. The final term in (A.1) may be interpreted as a
quantum correction to the effective force due to particle
production. (Note that we have implicitly subtracted the
Coleman-Weinberg potential, which may be justified by the
assumption of softly broken SUSY.)

The solutions of (A.1) display the expected slowing down
behaviour and have been studied analytically in [61, 64, 80].
In [12] this slowing down was studied using inhomogeneous
lattice field theory simulations, and the results were found to
be compatible with the mean field treatment (see Figure 2).
Here, we consider simple energetic arguments in order to
clear up some common misconceptions. The effective infla-
ton potential, including the effects of particle production, is

Veff = V
(
φ
)

+ gΘ(t)
k3
�

(2π)3

∣∣φ − φ0
∣∣

a3
. (A.2)

For t � k−1
� , the χ particles are non-relativistic, and

their energy density is dominated by potential (rather than
kinetic) energy. Hence, we have

ρχ ∼= g
k3
�

(2π)3

∣∣φ − φ0
∣∣

a3
∼= k5

�
(2π)3H

Ne−3N (A.3)

with N = Ht is the number of e-foldings measured from
the moment when φ = φ0. Shortly after particle production
this energy density grows, corresponding to the fact that as
φ moves away from φ0 the χ particles become even more
massive. However, this growth in the energy density cannot
continue forever. AtN = 1/3 the energy density ρχ peaks, and
at later times it decays exponentially as e−3N , corresponding
to the volume dilution of the massive χ. Thus, the energy
density in the produced χ is always bounded as

ρχ <
1

24π3e

k5
�
H
. (A.4)

On the short time scales relevant for particle production,
|ΔN| � 1, it is still sensible to talk about energy conser-
vation. The energy in produced χ particles must therefore
be balanced by a dip in the kinetic energy of the inflaton.
(Intuitively this is to be expected since the “extra” term in
(A.1) represents a force which tends to pull the inflaton back
towards the point φ = φ0.) To get a sense of the magnitude
of this effect, let us compare ρχ to the initial kinetic energy of
the inflaton

Kin = φ̇2
in

2
= k4

�
2g2

. (A.5)

Using (11) it is easy to see that

ρχ

Kin
< 0.35 g5/2 � 1. (A.6)

Hence, the total energy density that goes into χ particles is
small compared to the inflaton kinetic energy, and hence the
velocity dip must also be a small effect, roughly Δφ̇/φ̇ <
0.18 g5/2. This simple estimate is consistent with a more
quantitative treatment [12].

Note that since inflation is driven by potential energy, we
have V � Kin � ρχ . Hence, even during particle production
the expansion rate H will still be dominated by the classical

inflaton potential: H ∼=
√
V/(3M2

p). Therefore, a single burst
of particle production will not terminate inflation. Nor will
this burst decohere the condensate since the occupation
number of produced particles (13) is always less than unity.
(We again remind the reader that, unlike the case of broad-
band resonant preheating after inflation, we have only a
single burst of particle production.)

Note that throughout this appendix we are assuming
standard slow roll inflation. In particular, our argument
does not apply for trapped inflation [54] where the effect of
backreaction on H and φ(t) is much more significant.

B. Detailed Computation of P(k)

In this appendix we discuss some of the technical details
associated with the computation of the renormalized power
spectrum (71). First, notice that using (41) and (45) we
can write the quantity appearing in each renormalized Wick
contraction as

χk(τ)χ�k (τ′)− fk(τ) f �k (τ′)

∼= 1
k2
�

1√
a(τ)a(τ′)

1√
t(τ)t(τ′)

×
[
nk cos

(
k2
�t

2(τ)
2

− k2
�t

2(τ′)
2

)

+
√
nk
√

1 + nk sin

(
k2
�t

2(τ)
2

− k2
�t

2(τ′)
2

)]
,

(B.1)

where the occupation number nk is defined by (13). Plugging
(B.1) into (71) we find
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Pφ(k) = g2k3

8π5

[∫
d3k′nk−k′nk′ ×

∫
dτ′dτ′′

Gk(τ − τ′)
a(τ)

Gk(τ − τ′′)
a(τ)

cos2

[
k2
�t

2(τ′)
2

− k2
�t

2(τ′′)
2

]

+
∫
d3k′

√
nk−k′nk′

√
1 + nk−k′

√
1 + nk′

×
∫
dτ′dτ′′

Gk(τ − τ′)
a(τ)

Gk(τ − τ′′)
a(τ)

sin2

[
k2
�t

2(τ′)
2

+
k2
�t

2(τ′′)
2

]

+
∫
d3k′

(
nk−k′

√
nk′
√

1 + nk′ + nk′
√
nk−k′

√
1 + nk−k′

)

×
∫
dτ′dτ′′

Gk(τ − τ′)
a(τ)

Gk(τ − τ′′)
a(τ)

cos

[
k2
�t

2(τ′)
2

− k2
�t

2(τ′′)
2

]
sin

[
k2
�t

2(τ′)
2

+
k2
�t

2(τ′′)
2

]]
.

(B.2)

Notice that the time and phase space integrations in (B.2)
decouple. This is the key simplification which makes an
analytical evaluation of this expression tractable. Let us
consider these integrations separately.

B.1. Time Integrals. All of the integrals over conformal time
that appear in (B.2) can be expressed in terms of two
characteristic integrals which we call I1 and I2. Explicitly,
these are defined as

I1(k, τ) = 1
a(τ)

∫
dτ′Gk(τ − τ′)eik2

�t
2(τ′) ,

I2(k, τ) = 1
a(τ)

∫
dτ′Gk(τ − τ′).

(B.3)

The second characteristic integral, I2, can be evaluated ana-
lytically. However, the resulting expression is not particularly
enlightening. Evaluation of I1, on the other hand, requires
numerical methods.

Let us now show how the various integrals appearing in
(B.2) may be rewritten in terms of I1, I2. First, consider the
first line of (B.2) where the following integral appears:∫

dτ′dτ′′
Gk(τ − τ′)

a(τ)
Gk(τ − τ′′)

a(τ)

× cos2

[
k2
�t

2(τ′)
2

− k2
�t

2(τ′′)
2

]

= |I1(k, τ)|2
2

+
I2(k, τ)2

2
.

(B.4)

Next, consider the second line of (B.2) where the following
integral appears:∫

dτ′dτ′′
Gk(τ − τ′)

a(τ)
Gk(τ − τ′′)

a(τ)

× sin2

[
k2
�t

2(τ′)
2

+
k2
�t

2(τ′′)
2

]

= −
Re
[
I1(k, τ)2

]
2

+
I2(k, τ)2

2
.

(B.5)

Finally, consider the fourth line of (B.2) where the following
integral appears:∫

dτ′dτ′′
Gk(τ − τ′)

a(τ)
Gk(τ − τ′′)

a(τ)

× cos

[
k2
�t

2(τ′)
2

− k2
�t

2(τ′′)
2

]
sin

[
k2
�t

2(τ′)
2

+
k2
�t

2(τ′′)
2

]

= Im[I1(k, τ)I2(k, τ)].
(B.6)

In expressions (B.5) and (B.6) the notations Re and Im
denote the real and imaginary parts, respectively.

B.2. Phase Space Integrals. As a warm-up to the subsequent
calculation consider the following integral:∫

d3k′nak−k′n
b
k′

=
∫
d3k′ exp

[
−aπ∣∣k− k′

∣∣2
/k2
�

]
exp

[
−bπ∣∣k′

∣∣2
/k2
�

]

= k3
�

(a + b)3/2 exp

[
− ab

a + b

πk2

k2
�

]
.

(B.7)

This formula is valid when a, b are positive real numbers.
Notice that this expression is symmetric under interchange
of a and b.

The phase space integral in the first line of (B.2) is
computed by a trivial application of identity (B.7):∫

d3k′nk−k′nk′ = k3
�

2
√

2
e−πk

2/(2k2
�). (B.8)

However, the remaining phase space integrals appearing in
(B.2) cannot be obtained exactly in closed form because they
contain terms like

√
1 + nk′ where the gaussian factors appear

under the square root. In order to deal with such expressions,
we note because nk � 1 over most of the domain of
integration, it is reasonable to replace

√
1 + nk′ ∼= 1 + nk′ /2.
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Let us now proceed in this manner. The phase space integral
on the second line of (B.2) is∫

d3k′
√
nk−k′nk′

√
1 + nk−k′

√
1 + nk′

∼=
∫
d3k′
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n1/2
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1/2
k′ +

1
2
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k−k′n

1/2
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1
2
n1/2
k−k′n

3/2
k′

]

= k3
�

[
exp

(
−πk

2

4k2
�

)
+

1
2
√

2
exp

(
−3πk2

8k2
�

)]
.

(B.9)

Finally, consider the phase space integral on the third line of
(B.2):∫

d3k′
[
nk−k′

√
nk′
√

1 + nk′ + nk′
√
nk−k′

√
1 + nk−k′

]
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1
2
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1
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4
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2
3
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3
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(
−πk

2

3k2
�

)
+

2
√

2
5
√

5
exp

(
−3πk2

5k2
�

)]
.

(B.10)

We have verified formulae (B.9) and (B.10) numerically.
In both cases that the numerical results agree with these
semianalytical expressions up to the percent level.

We can now, finally, insert results (B.4), (B.5), (B.6) and
(B.8), (B.9), (B.10) into expression (B.2). Doing so, we arrive
at our main analytical result, which is (71).
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Ekpyrotic models and their cyclic extensions solve the standard cosmological flatness, horizon, and homogeneity puzzles by
postulating a slowly contracting phase of the universe prior to the big bang. This ekpyrotic phase also manages to produce a
nearly scale-invariant spectrum of scalar density fluctuations but, crucially, with significant nongaussian corrections. In fact, some
versions of ekpyrosis are on the borderline of being ruled out by observations, while, interestingly, the best-motivated models
predict levels of nongaussianity that will be measurable by near-future experiments. Here, we review these predictions in detail,
and comment on their implications.

1. Motivation and Introduction

The standard big bang cosmology is hugely successful in
describing the evolution of our universe from the time of
nucleosynthesis onwards. However, a central assumption is
that the universe started out in a hot big bang and in a
special state: extrapolating back from current knowledge, we
know that early on the universe must have been very flat,
homogeneous, and isotropic, with in addition small density
perturbations with a nearly scale-invariant spectrum and a
nearly gaussian distribution. Hence, the “initial” state of the
universe was far from random, and its specialness prompts
us to try and explain it via a dynamical mechanism.

The most studied such mechanism is the model of
inflation, which assumes that there was a phase of rapid,
accelerated expansion preceding the hot big bang; for a
comprehensive review see [1]. Such a phase can be modeled
by having a scalar field (the “inflaton”) with a positive and
suitably flat potential. Inflation has the property of flattening
the universe, so that, if it lasts long enough, the flatness
of the “initial” state can be explained. Moreover, inflation
possesses the remarkable byproduct that it generates nearly
scale-invariant spectra of scalar and tensor perturbations
by amplifying quantum fluctuations. The predicted scalar
perturbations are in excellent agreement with current
observations, but the tensor perturbations have yet to be
observed—their discovery would be a strong indication for

the correctness of the inflationary picture. However, inflation
also presents a number of conceptual problems: for example,
even though the inflationary phase is supposed to erase all
memory of initial conditions, this is not really the case. In
order for inflation to start in a given patch of space, that
patch must be reasonably smooth over several Planck lengths
and the inflaton field must have a small initial velocity
(the “patch” and “overshoot” problems, respectively; see e.g.,
[1, 2]). Also, it has been realized not long ago that inflation is
geodesically incomplete towards the past, which means that
the predictions of the theory depend on the specification
of data on a space-like initial hypersurface [3]. In other
words, inflation requires its own initial conditions. Hence,
if inflation is correct, it will only form a part of the story.
More worrying is the problem of unpredictability, which is
associated with the quantum nature and the effectiveness
of inflation. Inflation ends when the inflaton field oscillates
around a minimum of its potential and “reheats” the universe
by decaying into standard model particles. However, for
generic initial conditions there will always be regions in
which rare but large quantum fluctuations kick the inflaton
field back up its potential and keep a fraction of the universe
in the inflationary phase. In most of the concrete realizations
of inflation, the region that keeps inflating expands so
fast that it quickly dominates the overall volume of the
universe. Hence, inflation never ends, and the global picture
of this process of “eternal inflation” is that of an empty de
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Sitter universe punctured by an infinite number of small
pockets where inflation has ended (at a random time)
[4]. Because inflation ends at a random moment in these
pocket universes, the pockets might have become sufficiently
flattened or not, they might have acquired scale-invariant
perturbations or not. Without a measure which would
determine the relative likelihood of the various pockets,
it becomes difficult to know exactly what eternal inflation
predicts. These problems do not mean that the idea of
inflation is wrong, but, if inflation continues to be supported
by observations, they will have to be addressed. In the
meantime, the seriousness of these open problems means
that it is worthwhile considering alternative models for the
early universe in parallel.

The present paper deals with one such model in par-
ticular, namely, the ekpyrotic model and its extension, the
cyclic universe; for a comprehensive overview see [5]. In this
model, the inflationary phase is replaced by the ekpyrotic
phase, which is a slowly contracting phase preceding the big
bang. The ekpyrotic phase can be modeled by having a scalar
field with a negative and steep potential. As described in
detail below, it also manages to flatten a given region of the
universe and generates nearly scale-invariant scalar pertur-
bations but no observable tensor fluctuations. At the linear
level, the scalar fluctuations are virtually indistinguishable
from the perturbations produced by inflation, but at higher
orders the predictions differ. Since primordial gravitational
waves might turn out to be rather elusive to measure
over the coming years, the most promising way of distin-
guishing between alternative models of the early universe
is therefore by studying these higher-order, nongaussian
signatures.

There is a simply, intuitive argument for why the
predictions regarding higher-order corrections to the linear
perturbations should differ for models of inflation and
ekpyrosis. For a scalar field fluctuation δϕ, the semiclassical
probability density is roughly given by e−SE(δϕ), where SE(δϕ)
is the euclidean action [6]. Since inflation requires a very
flat potential, the inflaton is an almost free field. For a free
field, the action is quadratic in the field, and hence the
probability distribution is simply a gaussian distribution. For
an exact gaussian distribution the 3-point function 〈δϕ3〉
vanishes, and hence for inflation, where the field is almost
free, we would expect the 3-point function to be nonzero,
but small. For ekpyrosis, on the other hand, the potential
is steep, and hence the scalar field is necessarily significantly
self-coupled. This has the consequence that ekpyrotic models
generally predict significant levels of nongaussianity. In fact,
some versions of ekpyrosis are already on the borderline of
being ruled out by observations, while the best-motivated
models predict values that are measurable by near-future
experiments. Thus, the nongaussian predictions are crucial
in assessing the viability of various cosmological models, and
promise to significantly enhance our understanding of the
physics of the early universe.

The plan of this paper is to start with a brief summary
of the main ideas behind ekpyrotic and cyclic models of the
universe. We will then discuss in some detail the generation
of linear cosmological perturbations (a good understanding

of the linear perturbations greatly facilitates an understand-
ing of the higher-order ones), before turning to the main
subject of the paper, namely, the nongaussian corrections
to these linear perturbations. We will conclude with a
discussion of the nongaussian predictions and in particular
their observability and relation to current observational
limits, as well as the consequences of a potential detection.

2. Ekpyrotic and Cyclic Cosmology

The ekpyrotic phase is the cornerstone of ekpyrotic and cyclic
models of the universe: it is a conjectured, slowly contracting
phase preceding the big bang, and it resolves the standard
cosmological puzzles [7, 8]. The main feature of ekpyrosis is
that during this phase the equation of state

w ≡ p

ρ
� 1 (1)

is very large (here p and ρ denote the average pressure
and energy density of the universe). Let us briefly explore
the most direct consequences of such an ultrastiff equation
of state. Consider a Friedmann-Robertson-Walker (FRW)
metric. (I will mostly use natural units � = c = 1 and
8πG =M−2

Pl = 1.)

ds2 = −dt2 + a(t)2

(
dr2

1− κr2
+ r2dΩ2

2

)
, (2)

where a(t) denotes the scale factor of the universe and κ =
−1, 0, 1 for an open, flat, or closed universe, respectively.
If the universe is filled with a number of fluids interacting
only via gravity and with energy densities ρi and constant
equations of state wi, then the equations of continuity

ρ̇i + 3
ȧ

a

(
ρi + pi

) = 0, (3)

(where dots denote derivatives with respect to time t) imply
that they will evolve according to

ρi ∝ a−3(1+wi). (4)

The Einstein equations for this system contain a constraint
equation, better known as the Friedmann equation, which
involves the Hubble parameter H ≡ ȧ/a:

H2 = 1
3

(−3κ
a2

+
ρm,0

a3
+
ρr,0
a4

+
ρa,0

a6
+ · · · +

ρφ,0

a3(1+wφ)

)
. (5)

The ρi,0’s are constants giving the energy densities at scale
factor a = 1 of the various constituents of the universe:
we consider the universe to be composed of nonrelativistic
matter (subscript m), radiation (r), and the energy density
associated with anisotropies in the curvature of the universe
(a). In addition, we consider there to be ekpyrotic (scalar)
matter, denoted by the subscript φ, and, as usual, there is a
contribution due to the average curvature of space.

As the universe contracts, components whose energy
density scales with a higher negative power of the scale
factor a will successively come to dominate, first matter, then
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Figure 1: The potential during ekpyrosis is negative and steeply
falling; it can be modeled by the exponential formV(φ) = −V0e−cφ.

radiation, then anisotropies, and eventually, since wφ �
1 by assumption, the ekpyrotic matter. This means that
the relative energy densities in curvature and anisotropies,
for example, become smaller and smaller, the longer the
ekpyrotic contracting phase lasts. In other words, if ekpyrosis
lasts long enough, the flatness problem is solved. We will
make this statement quantitative below. Strictly speaking, for
the flatness problem to be solved, all we need is a matter
component with w > 1. In the next section, we will see
that for realistic ekpyrotic models, typically wφ � 1. In
passing, we should also point out that there is no horizon
problem in ekpyrotic and cyclic models, as there is plenty of
time before the big bang for different parts of our currently
observable universe to have been in causal contact with each
other.

But what form of matter can have the large equation of
state that we require? A simple way to model the ekpyrotic
matter is to have a scalar field φ with a steep and negative
potential V(φ). A concrete example is provided by the
negative exponential

V
(
φ
) = −V0e

−cφ, (6)

where V0 and c are constants—see Figure 1. In the context
of string theory, such scalar fields appear very naturally, and
the ekpyrotic potential can then correspond to an attractive
force between branes—this picture will be briefly described
below.

Given an explicit form of the potential, such as (6),
we can solve for the evolution of the universe. In fact it
is straightforward to generalize the treatment to having
many scalars φi with potentials Vi(φi). Then, in a flat FRW
background and neglecting other matter components, the
equations of motion become

φ̈i + 3Hφ̇i +Vi,φi = 0,

H2 = 1
3

⎡⎣1
2

∑
i

φ̇2
i +

∑
i

Vi

(
φi
)⎤⎦,

(7)

where Vi,φi = ∂Vi/∂φi with no summation implied.
If all the fields have negative exponential potentials
Vi(φi) = −Vi e−ciφi and if ci � 1 for all i, then the Einstein-
scalar equations admit the scaling solution

a = (−t)1/ε, φi = 2
ci

ln

⎛⎝−
√
c2
i Vi

2t

⎞⎠,
1
ε
=
∑
i

2
c2
i

.

(8)
Thus, we have a very slowly contracting universe with
(constant) equation of state

w ≡
∑

i(1/2)φ̇2
i −Vi

(
φi
)∑

i(1/2)φ̇2
j +Vj

(
φj
) = 2ε

3
− 1 � 1. (9)

We are using a coordinate system in which the big crunch
occurs at t = 0; in other words, the time coordinate is
negative during the ekpyrotic phase. Here, the parameter
ε corresponds to the fast-roll parameter and is typically of
O(100); its definition is identical with that in inflation, where
its value is typically of O(1/100) and where, correspondingly,
it is called the slow-roll parameter.

Using this explicit solution, we can get an idea for how
long the ekpyrotic phase has to last in order for the flatness
problem to be solved. Quantitatively, the problem can be
formulated as follows: dividing the Friedmann equation (5)
by H2 we can see that the fractional energy density stored in
the average curvature of the universe is given by

κ

(aH)2 . (10)

At the present time, observations imply that this quantity is
smaller than 10−2 in magnitude [9]. If we assume a radiation-
dominated universe, which is a good approximation for this
calculation, then aH ∝ t−1/2, and hence, if we extrapolate
back to the Planck time, the fractional energy density in
curvature must have been smaller than

tPl
t0

10−2 ≈ 10−62, (11)

an incredibly small number. However, from (8), we can see
that during the ekpyrotic phase the scale factor a remains
almost constant, while the Hubble parameter H ∝ t−1.
Hence aH grows by a factor of 1030 as long as∣∣∣tek−beg

∣∣∣ ≥ e60|tek−end|, (12)

where the subscripts ek − beg and ek − end refer to the
beginning and the end of the ekpyrotic phase, respectively.
As will be discussed in the next section, we need tek−end ≈
−103M−1

Pl in order to obtain the observed amplitude of
cosmological perturbations, so that we need∣∣∣tek−beg

∣∣∣ ≥ 1033M−1
Pl = 10−10s. (13)

This is the minimum time the ekpyrotic phase has to last in
order to solve the flatness problem. Cosmologically speaking,
this is a very short time, attesting to the effectiveness of the
ekpyrotic phase.
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Before discussing the cosmological perturbations pro-
duced during the ekpyrotic phase, it is useful to provide a
quick overview of how the ekpyrotic phase might fit into a
more complete cosmological model. The crucial ingredient
in any such model is the proposed mechanism for how the
ekpyrotic contracting phase (withH < 0) and the subsequent
radiation-dominated expanding phases (with H > 0) should
link up. The Einstein equations provide the relation

Ḣ = −1
2

(
ρ + p

)
. (14)

All forms of matter that are currently known to exist obey the
null energy condition

ρ + p ≥ 0(NEC), (15)

which implies Ḣ ≤ 0 and which thus precludes a smooth
transition between a contracting and an expanding universe.
This leaves two possibilities for achieving such a transition:
either the NEC is violated during the transition, or the
transition is classically singular.

In new ekpyrotic models [10–12], a smooth reversal from
contraction to expansion is achieved by adding a further
matter component to the universe which can violate the
NEC. The particular example that these models consider is
the so-called ghost condensate, which corresponds to the
gravitational equivalent of a Higgs phase [13]. It is not clear
yet whether or not the ghost condensate can be obtained
from a fundamental theory such as string theory [14] (in the
more restricted framework of quantum field theory it seems
impossible to construct a stable ghost condensate model
[15]); however, it is interesting that string theory contains
many objects (orientifolds, negative-tension branes) which
do violate the NEC. Of course, simply adding such a
component is not enough: it must become relevant as the
universe contracts, and vanish again as the universe expands.
The simplest way to achieve this is by assuming that the
ghost condensate itself also plays the role of the ekpyrotic
matter, and that after the transition to expansion, it decays
into ordinary matter fields. This scenario requires the ghost
condensate to possess both a particular form for its kinetic
term and a particular potential; for details regarding possible
realizations see [10, 12].

The cyclic model of the universe [16, 17] is based on
the braneworld picture of the universe, in which space time
is effectively 5-dimensional, but with one dimension not
extending indefinitely but being a line segment; see Figure 2.
The endpoints of this line segment (orbifold) are two (3+1)-
dimensional boundary branes. In the full string theory setup,
there is in addition a 6-dimensional internal manifold at
each point in the 5-dimensional space time, for a total of 11
dimensions [18]. This description of the universe stems from
string theory and in particular the duality, known as Hořava-
Witten theory [19], between 11-dimensional supergravity
and the E8×E8 heterotic string theory. All matter and forces,
except for gravity, are localized on the branes, while gravity
can propagate in the whole space time. Our universe, as we
see it, is identified with one of the boundary branes and, as
long as the branes are far apart, can interact with the other

End-of-
the-world
3-brane

End-of-
the-world
3-brane

Bulk
spacetime

Orbifold dimension

Figure 2: The braneworld picture of our universe. Think of a
sandwich: the 5-dimensinonal bulk space time is bounded by
two 4-dimensional boundary branes. There is no space “outside”
of the sandwich, but the branes can be infinite in all directions
perpendicular to the line segment (orbifold). In the M-theory
embedding, there are 6 additional internal dimensions at each point
of the sandwich.

brane only via gravity. The cyclic model assumes that there
is an attractive force between the two branes, which causes
the branes to approach each other. This force is modeled
by a potential of the form shown in Figure 3. Note that the
potential incorporates an ekpyrotic part. From the higher-
dimensional point of view, the ekpyrotic phase has the rather
nonintuitive property that it flattens the branes to a very
high degree. Eventually the two branes collide and bounce off
each other. It is this collision that, from the point of view of
someone living on one of the branes, looks like the big bang.
Classically, the collision is singular, as the orbifold dimension
shrinks to zero size. The collision is slightly inelastic and
produces matter and radiation on the branes, where the
standard cosmological evolution now takes place. However,
due to quantum fluctuations, the branes are slightly rippled
and do not collide everywhere at exactly the same time. In
some places, the branes collide slightly earlier, which means
that the universe has a little bit more time to expand and
cool. In other places, the collision takes place slightly later,
and those regions remain a little hotter. This provides a
heuristic picture of the way temperature fluctuations are
naturally produced within the model. Shortly after the branes
have separated, the distance between the boundary branes
gets almost stabilized, but the branes start attracting each
other again very slightly. This very slight attraction acts as
quintessence and is identified with the dark energy observed
in the universe. After a long time, and as the branes become
closer again, they start attracting each other more strongly so
that we get another ekpyrotic phase and eventually another
brane collision with the creation of new matter. In this way,
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Figure 3: The potential for the cyclic universe integrates the ekpyrotic part and a quintessence epoch but is irrelevant at the brane collision.
A possible form for the potential is V(φ) = V0(ebφ − e−cφ)F(φ), with b � 1, c � 1, and F(φ) tends to unity for φ > φend and to zero for
φ < φend. Reproduced with permission from [8].

a cyclic model of the universe emerges. Before continuing,
we should mention the main open issues related to the
cyclic model: the first one concerns the potential, which
at this point is simply conjectured. It will be important
to see if a potential of the required shape can be derived
from microphysics. And the second is the brane collision,
which so far has been extensively studied at the classical and
semiclassical level [20], but a full quantum treatment has
remained elusive.

In the discussion above, we have mostly focussed on
models involving one effective scalar field. However, there
are two good reasons to extend the analysis to two or more
scalars: first, in embedding the ekpyrotic and cyclic models in
M-theory, there are two universal scalars, namely, the radion
mode (which determines the distance between the branes)
and the volume modulus of the internal 6-dimensional
manifold [21]. There can be many more scalar fields (such as
the shape moduli of the internal space), but we always must
consider these two universal scalars. And secondly, as we will
see in the next section, it is much more natural to generate
a nearly scale-invariant spectrum of curvature perturbations
(in agreement with observations) in models with two scalars
than in models with only one. However, multifield ekpyrotic
models present some qualitatively new features, which we
discuss briefly here.

The 4-dimensional effective action

S =
∫ √−g[R− 1

2

(
∂φ1

)2 − 1
2

(
∂φ2

)2 −V(φ1,φ2
)]

(16)

can be obtained as the low-energy limit of Hor̆ava-Witten
theory, where φ1 and φ2 are related by a field redefinition
to the radion and the internal volume modulus [22]. We are

assuming that during the ekpyrotic phase, both fields feel an
ekpyrotic-type potential, for example,

V
(
φ1,φ2

) = −V1e
−c1φ1 −V2e

−c2φ2 . (17)

Then it is much more natural to discuss the dynamics in
terms of the new variables σ and s pointing transverse and
perpendicular to the field velocity, respectively [23, 24]; they
are defined, up to unimportant additive constants which we
will fix below, via

σ ≡ φ̇1φ1 + φ̇2φ2

σ̇
, s ≡ φ̇1φ2 − φ̇2φ1

σ̇
, (18)

with σ̇ ≡ (φ̇2
1 + φ̇2

2)
1/2
. It is also useful to define the angle θ of

the trajectory in field space via [25]

cos θ = φ̇1

σ̇
, sin θ = φ̇2

σ̇
. (19)

In terms of these new variables, the potential can be re-
expressed as

Vek = −V0e
√

2εσ
[

1 + εs2 +
κ3

3!
ε3/2s3 +

κ4

4!
ε2s4 + · · ·

]
, (20)

where for exact exponentials of the form (17), one has κ3 =
2
√

2(c2
1 − c2

2)/|c1c2| and κ4 = 4(c6
1 + c6

2)/(c2
1c

2
2(c2

1 + c2
2)).

However, in the absence of a microphysical derivation of the
potential, we will simply take κ3, κ4 ∼ O(1) and express all
results in terms of κ3, κ4. See also Figure 4 for an illustration
of the potential. The ekpyrotic scaling solution becomes

a(t) = (−t)1/ε, σ = −
√

2
ε

ln
(
−
√
εV0t

)
, s = 0,

(21)
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Adiabatic direction σ

Entropic
direction s

Figure 4: After a rotation in field space, the two-field ekpyrotic
potential can be viewed as composed of an ekpyrotic direction
(σ) and a transverse tachyonic direction (s). The ekpyrotic
scaling solution corresponds to motion along the ridge of the
potential. Perturbations along the direction of the trajectory are
adiabatic/curvature perturbations while perturbations transverse to
the trajectory are entropy/isocurvature perturbations.

with the angle θ being constant. The solution corresponds
to motion along a ridge in the potential, as is evident from
the figure. Hence, in contrast to the single field case, the
multifield ekpyrotic background evolution is unstable to
small perturbations [26, 27]. This implies that the trajectory
must be localized near the ridge with extreme precision at
the beginning of the ekpyrotic phase, the condition being
that the field should stray no more than a value of e−60

(at best) in Planck units from the ridge at the beginning
of ekpyrosis [11]. Thus, at first sight, it looks as if the
multifield ekpyrotic phase has not managed to solve the
problem of initial conditions. However, there currently exist
two approaches addressing this issue: the authors of [11]
considered the existence of a “pre-ekpyrotic” phase during
which the potential is curved upwards and during which
the trajectory is localized. Meanwhile, in the context of the
cyclic universe, there is a natural resolution of the issue of
initial conditions, not involving any new ingredients of the
model: indeed, the multifield cyclic universe selects those
regions that happen to correspond to trajectories sufficiently
close to the ridge, in the sense that these regions are vastly
amplified over the course of one cycle due to the phases of
radiation, matter, and dark energy domination (note that
the ekpyrotic phase shrinks the universe by a negligible
amount). At the same time, the regions corresponding to
trajectories not sufficiently close to the ridge (this would
include the vast majority of trajectories) do not undergo a
full ekpyrotic phase, and after these regions undergo chaotic
mixmaster behavior close to the big crunch, they simply
collapse (presumably they will end up forming black holes)
and stop both growing and cycling. In this way the global
structure of the universe becomes of the phoenix type, in
which vast habitable regions are interspersed with small
collapsed ones. The important point is that the habitable
regions, which are the only regions of interest to us here,
automatically correspond to the regions that had the right
“initial conditions” at the beginning of their preceding
ekpyrotic phase. This is discussed in detail in [28]; see also
the essay [29].

3. Linear Perturbations

3.1. Single Scalar Field. In the last section, we have dealt with
the classical evolution during the ekpyrotic phase. We will
now add quantum fluctuations, and we will see that, just
as in inflation, the quantum fluctuations get amplified into
classical density perturbations. Hence, on top of resolving
the standard cosmological puzzles, the ekpyrotic phase can
also be the source of the primordial temperature fluctuations
whose imprint is seen in maps of the cosmic microwave
background, provided that the amplitude and spectrum of
the fluctuations match observations.

From the study of inflationary models, we have devel-
oped the intuition that quantum fluctuations that get
stretched to superhorizon scales turn into classical per-
turbations, roughly speaking because the fluctuations go
out of causal contact with themselves, do not remember
locally that they are in fact fluctuations, and end up as
local, classical perturbations to the background evolution.
In inflation, this effect occurs because the horizon is
approximately constant in size while the wavelengths of
the quantum modes get stretched exponentially with time
(the scale factor of the universe grows exponentially). For
ekpyrosis, the scaling solution (8) shows that the scale
factor is almost constant, so that the mode wavelengths
remain almost constant too. However, the horizon, which
is proportional to 1/H ∼ t, shrinks rapidly as t → 0,
and hence the modes automatically become of superhorizon
size. (Since tensor modes/gravitational waves depend on the
evolution of the scale factor alone and since the scale factor
shrinks imperceptively slowly during ekpyrosis, there are
no substantial gravity waves produced during the ekpyrotic
phase (the background space time is almost Minkowski)
[30]. In fact, the dominant gravitational waves that are
produced from ekpyrosis are those that arise from the
backreaction of the scalar fluctuations onto the metric, at
second order in perturbation theory [31].) We will now
discuss in some detail what amplitude and spectrum these
modes obtain. We will first concentrate on the single field
case, before discussing two fields.

Since the scale factor evolves very little during the
ekpyrotic phase, one is tempted to simply turn gravity off as
a first approximation and to consider the theory consisting
only of a scalar field with a steep and negative potential [32]:

S =
∫
d4x

[
−1

2

(
∂φ1

)2 +V1e
−c1φ1

]
. (22)

Then, if we define scalar fluctuations δφ via φ1 ≡ φ1(t) +

δφ(t, x), where φ1 = (2/c1) ln(−
√
c2

1V1/2t) denotes the
background evolution, the equation of motion for the
fluctuations is given by

δ̈φ −∇2δφ +V,φ1φ1δφ = 0, (23)

where V,φ1φ1 = −2/t2. We then expand the fluctuation field
δφ into Fourier modes

δφ =
∫

d3k

(2π)3 akχke
ik·x + h.c. (24)
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where the χks are the positive frequency mode functions (due
to the assumed cosmological symmetries, they depend only
on the magnitude k = |k|). We proceed to quantize the field
by imposing the canonical commutation relations

[ak, ak′] =
[
a†k , a†k′

]
= 0,

[
ak , a†k′

]
= (2π)3δ(k − k′).

(25)

In the process, the ak’s have been promoted to (annihilation)
operators, and the vacuum state |0〉 is defined by ak|0〉 = 0.
The mode functions obey the equation of motion

χ̈k + k2χk − 2
t2
χk = 0, (26)

which admits the two solutions χk ∝ e−ikt(1−(i/kt)), eikt(1+
(i/kt)). However, as t → −∞ the modes should asymptote to
the Minkowski space-free particle state χk → e−ikt/

√
2k (note

that in that limit (26) reduces to the equation of a simple
harmonic oscillator), and this fixes the solution to be

χk = 1√
2k
e−ikt

(
1− i

kt

)
. (27)

Towards the end of the ekpyrotic phase, we have |kt| � 1,
and then the solution can be well approximated by

χk ≈ −i√
2k3/2t

. (28)

The quantum fluctuations have a mean, that is, zero,
〈0|δφ|0〉 = 0. However, the variance Δ2

φ(k), which is

defined by 〈0|δφ2|0〉 ≡ ∫
(dk/k)Δ2

φ(k), does not vanish. It
is conventional to write the variance as

Δ2
φ(k) = Δ2

φ(k0)
(
k

k0

)ns−1

, (29)

where k0 denotes a reference scale and ns is the spectral index.
A related concept in momentum space is the power

spectrum P(k), defined by

P(k) ≡
∣∣∣χk∣∣∣2 = 2π2

k3
Δ2
φ(k). (30)

It is the Fourier transform of the 2-point correlation
function, and we can equivalently define it as〈

ζkζk′
〉 ≡ (2π)3P(k)δ3(k + k′), (31)

where isotropy dictates that P only depends on k = |k|. We
will find this definition useful later on.

In our case, we have that at late times

〈
0
∣∣δφ2

∣∣0
〉 = ∫ d3k

(2π)3 χ
∗
k χk =

∫
4πk2dk

(2π)3
1

2k3t2
, (32)

so that the variance is given by

Δ2
φ(k) = 1

4π2t2
−→ ns = 1. (33)

The variance is independent of k, and hence we obtain a
scale-invariant spectrum for δφ. This looks very promising.
However, we really must include gravity in our analysis and
calculate the spectrum for the curvature perturbation ζ ,
which is the quantity, that is, measured to have a nearly scale-
invariant spectrum of perturbations.

Once we add gravity, it is easiest to perform the
calculation in so-called ζ-gauge, where the perturbations in
the scalar field are gauged away and all perturbations are
expressed via dilatations of the 3-metric

δφ = 0,

ds2 = −dt2 + a2(t)e2ζ(t,x)dxjdx
j ,

(34)

where j = 1, 2, 3. Then, using the background scaling
solution (8), the action reduces to an action for ζ which is
given by [33]

S = −
∫
εgμν∂μζ∂νζ. (35)

During ekpyrosis, ε is typically nearly constant. In fact, in
the scaling solution used above, we have already made the
approximation that ε is constant, and with this approxima-
tion, the equation of motion for ζ resulting from the action
above is particularly simple: in Fourier space it is given by

ζ̈k + 3Hζ̇k +
k2

a2
ζk = 0. (36)

If we use conformal time τ, defined via dt ≡ adτ and the
notation ′ ≡ (d/dτ), the above equation becomes

ζ ′′k + 2
a′

a
ζ ′k + k2ζk = 0. (37)

After a further change of variables to y ≡ aζ/
√−kτ and x ≡

−kτ, the equation turns into a Bessel equation x2(d2y/dx2)+
x(dy/dx) + (x2 − α2)y = 0, with α = √

τ2a′′/a + 1/4 ≈
1/2 since a ≈ constant. Hence the solutions are given by

the Hankel functions y ∝ H
(1)
1/2(−kτ),H(2)

1/2(−kτ), and with
the boundary condition that we want ζ → e−ikτ /

√
2k as

τ → −∞, we obtain the solution (up to a phase). (Useful
asymptotic expressions areH(1)

α (x) → √
(2/πx)ei(x−απ/(2−π/4))

when x � α and H(1)
α (x) → −(i/π)Γ(α)(2/x)α when x � α

and for α > 0.)

ζ =
√−τ
a

H
(1)
1/2(−kτ). (38)

At late times, the variance becomes

〈
0
∣∣ζ2

∣∣0
〉 = ∫ d3k

(2π)3
(−τ)
a2

∣∣∣H(1)
1/2(−kτ)

∣∣∣2 ∼
∫
dk

k
k2, (39)

and hence we get a spectral index ns = 3. This spectrum
is blue as there is more power on smaller scales, and it
is in disagreement with observations [32–34]. Hence, the
scale-invariant spectrum of the scalar perturbation in the
no-gravity theory did not get transferred to the curvature



8 Advances in Astronomy

perturbation ζ. A closer analysis reveals that these two
perturbations correspond to two physically distinct modes,
the former is a time-delay mode to the big crunch, and
the latter a local dilatation in space. In a contracting
universe, these two modes are distinct, and they do not
mix. It is conceivable that they might mix at the big
crunch/big bang transition [35, 36], in which case the
scale-invariant contribution would be the dominant one
on the large scales of interest, but this possibility is still
insufficiently understood to make definite predictions. As
we will show next, this is also unnecessary, as there is
a very natural entropic mechanism which generates scale-
invariant curvature perturbations before the big bang, as
long as there is more than one scalar field present. (Recently,
Khoury and Steinhardt have also pointed out that right at
the onset of the single-field ekpyrotic phase, a range of scale-
invariant modes can be produced [37]. However, contrary
to the cases that we have discussed so far, this adiabatic
mechanism requires the universe to already be contracting
when the equation of state is still near w ≈ −1. If viable,
this mechanism would produce an interesting nongaussian
signal; but as it is currently not known how to incorporate
this mechanism into a more complete cosmological model,
we will not discuss this mechanism here. See also [38]
for the challenges that this scenario must address.) But
before continuing, it might be useful to add a few remarks
concerning the validity of our approach: indeed, the reader
might be worried about the validity of perturbation theory,
since the background quantities, such as the Hubble rate,
as well as the perturbations themselves blow up as t → 0.
However, as shown in [33], after switching to synchronous
gauge, it is straightforward to see that the universe evolves
to become closer and closer to the unperturbed background
solution, and hence perturbation theory is valid. Also, even
though the background quantities blow up as seen from the
4-dimensional viewpoint, in fact in the higher-dimensional
colliding branes picture the ekpyrotic phase has the effect of
flattening the branes and hence of rendering the curvatures
small as the big crunch is approached [20].

3.2. Two Fields: The Entropic Mechanism. As discussed at the
end of the last section, it is rather unnatural to consider
only a single scalar field in the effective theory, since
there are two universal scalars that are always present in a
higher-dimensional context: the radion field, determining
the distance between the two end-of-the-world branes, and
the volume modulus of the internal manifold. But as soon
as there is more than one scalar field present, one can have
entropy, or isocurvature, perturbations, which are growing
mode perturbations in a collapsing universe [39]. Entropy
perturbations can source the curvature perturbation, and
hence (provided the entropy perturbations acquire a nearly
scale-invariant spectrum), nearly scale-invariant curvature
perturbations can be generated just before the bounce [26,
40]. These then turn into growing mode perturbations in the
ensuing expanding phase.

For the two scalar fields, we will again assume the
potential (20), but with the slight generalization that we
allow the fast-roll parameter ε to be slowly varying. There are

two gauge-invariant scalar perturbation modes: the entropy
perturbation δs = cos θδφ2 − sin θδφ1 corresponds to
perturbations transverse to the background trajectory, see
Figure 4, while the adiabatic, or curvature, perturbation
ζ is the gauge-invariant quantity expressing perturbations
along the background trajectory; see [25, 41] for a detailed
exposition. For a straight trajectory (θ̇ = 0), the linearized
equation of motion for δs is

δ̈s + 3Hδ̇s +

(
k2

a2
+Vss

)
δs = 0, (40)

where Vss denotes the second derivative of the potential with
respect to s. In conformal time, and for the rescaled variable
δS = a(τ)δs, we obtain

δS′′ +
(
k2 − a′′

a
+ a2Vss

)
δS = 0. (41)

To proceed, we must relate a′′/a and Vss to the fast-roll
parameter ε and its derivative with respect to the number
of e-folds of expansion N , where dN ≡ d ln a. By requiring
ε to vary slowly, what is meant is that we will keep terms in
dε/dN but not higher-order terms such as d2ε/dN2. Then,
by differentiating ε = σ̇2/(2H2) twice, and using σ̈ + 3Hσ̇ +
Vσ = 0 as well as Vss = Vσσ , one can derive the following
expressions, valid to subleading order in ε:

a′′

a
= H2a2(2− ε),

Vss = H2
(
−2ε2 + 6ε +

5
2
ε,N

)
.

(42)

Using in addition that aH = (1 + (1/ε) + (ε,N/ε2))/ετ, (41)
finally reads

δS′′ +

(
k2 − 2

(
1− (3/2ε) + (3/4)

(
ε,N/ε2

))
τ2

)
δS = 0.

(43)

In analogy with our discussion of the single-field case, this
equation can be solved in terms of the Hankel functions,
supplemented by the boundary condition of approaching the
Minkowski vacuum state in the far past, to yield (up to a
phase)

δS =
√−kτ

2
H(1)

ν (−kτ), ν = 3
2

(
1− 2

3ε
+
ε,N

3ε2

)
. (44)

At late times (−kτ) → 0, and we obtain

δS ≈ 1√
2(−τ)kν

, (45)

implying that at the end of the ekpyrotic phase, the entropy
perturbation is given by

δs(tek−end) ≈ |εVek−end|1/2√
2kν

. (46)
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Following the same steps as in the single field case above, it is
straightforward to see that the spectral index of the entropy
perturbation is now given by [26]

ns − 1 = 2
ε
− ε,N

ε2
. (47)

The first term on the right-hand side is a gravitational con-
tribution, which, being positive, tends to make the spectrum
blue. The second term is a nongravitational contribution,
which tends to make the spectrum red. A simple way to
estimate the natural range of ns is to rewrite the above
expression in terms of N , the number of e-folds before the
end of the ekpyrotic phase (where dN = d ln(aH)):

ns − 1 = 2
ε
− d ln ε

dN
. (48)

In this expression, ε(N ) measures the equation of state
during the ekpyrotic phase, which decreases from a value
much greater than unity to a value of order unity in the last
N e-folds. If we estimate ε ≈ N α [42], then the spectral tilt
is

ns − 1 ≈ 2
N α

− α

N
. (49)

Here we see that the sign of the tilt is sensitive to α. For
nearly exponential potentials (α ≈ 1), the spectral tilt is
ns ≈ 1 + 1/N ≈ 1.02, slightly blue, because the first term
dominates. However, in the cyclic model the steepness of the
potential must decrease in order for the ekpyrotic phase to
come to an end, and α parameterizes these cases. If α > 1.14,
the spectral tilt is red. For example, ns = 0.97 for α ≈ 2.
These examples represent the range that can be achieved by
the entropic mechanism, roughly

0.97 < ns < 1.02. (50)

These are in good agreement with the present observational
bounds obtained by the WMAP satellite, which are ns =
0.96± 0.03 at the 2σ level [9].

Now that we have shown how an approximately scale-
invariant spectrum of entropy perturbations may be gener-
ated by scalar fields in a contracting universe, we will discuss
how these perturbations may be converted to curvature
perturbations. Since the entropy perturbations of interest are
all of superhorizon scales, we can now restrict our study to
large scales only, where spatial gradients can be neglected.
On these scales, the evolution equation for the curvature
perturbation is given by [25]

ζ̇ = −2H
σ̇
θ̇δs =

√
2
ε
θ̇δs. (51)

Hence, as soon as the background trajectory bends (θ̇ /= 0),
the entropy perturbations become a source for the curvature
perturbations.

There are at least two ways in which such a bending
can occur: the first makes use of the instability of the two-
field ekpyrotic potential; compare again Figure 4. If the

background trajectory strays sufficiently far from the ridge
of the potential, the trajectory will turn and fall off one of
the steep sides of the potential [10, 23, 24]. The turning
of the trajectory then immediately results in the conversion
of entropy into curvature perturbations. Since this conver-
sion occurs during the ekpyrotic phase, we will term this
process ekpyrotic conversion. It is straightforward to estimate
the amplitude of the resulting curvature perturbation (its
spectrum will be identical to the spectrum of the entropy
perturbations, as (51) is k-independent): if we approximate
the entropy perturbation as remaining constant during the
conversion process and assume a total bending angle of order
unity,

∫
θ̇ ∼ O(1), then the resulting curvature perturbation

after conversion will be given by

ζconv−end ≈
√

2
εek

δsek−end. (52)

We should mention straight away that the approximations
just made will not be good enough in calculating the
nongaussian corrections to the linear calculation, but for the
present purposes, they will do. Since the fast-roll parameter
εek ∼ O(102), we find that

ζconv−end ∼ 1
10
δsek−end. (53)

The second way in which a bending of the trajectory can
occur is suggested by the embedding of the cyclic model
in M-theory [26] and applies when the background field
trajectory remains straight throughout the ekpyrotic phase.
At the end of the ekpyrotic phase, the potential turns off,
and the evolution becomes dominated by the kinetic energy
of the two scalar fields. This kinetic phase corresponds to
the final approach of the branes in the higher-dimensional
picture. During this approach, there is a generic effect that
occurs, but that cannot be seen in the 4-dimensional effective
theory. The branes that are bound to collide with each
other are of opposite tension. Now, it turns out that just
before the collision, it always happens that at the location
of the negative tension brane, the internal 6-dimensional
manifold tries to shrink to zero size [21]. However, just about
any type of matter present on the negative tension brane
will smoothly cause the internal manifold to grow again
[43]. This effect is due to the special properties of gravity
on a negative tension object. When this effect is translated
back into the effective theory that we have been using all
along, the location in field space where the internal manifold
reaches zero size is given by the φ2 = 0 line. This line
thus constitutes a boundary to field space. And the presence
of matter on the negative tension brane gives rise to an
effective repulsive potential in the vicinity of the φ2 = 0 line.
Hence, during the kinetic phase, the background trajectory
automatically bends, just before the trajectory shoots off to
−∞where the brane collision/big bang occurs. What we have
just discussed is a concrete example originating from string
theory of how a bend in the trajectory can occur during the
kinetic phase. However, more generally our results will apply
whatever the microphysical cause of the bending and of the
effective repulsive potential; see Figure 5 for an illustration
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Figure 5: After the ekpyrotic phase, the trajectory in scalar field
space enters the kinetic phase and bends - this bending is described
by the existence of an effective repulsive potential (the potentials
are indicated by their contour lines). A trajectory adjacent to
the background evolution can be characterized by the entropy
perturbation δs(tek−end) at the end of the ekpyrotic phase, leading
to a corresponding off-set δs(tbend), or equivalently δV(tbend), at the
time of bending.

of the general case that we have in mind. Again, it is quite
straightforward to estimate the amplitude of the curvature
perturbation resulting from this process of kinetic conversion.
On large scales, the linearized equation of motion for the
entropy perturbation is given by

δ̈s + 3Hδ̇s +
(
Vss + 3θ̇2

)
δs = 0, (54)

where, incidentally, we have the useful relation θ̇ = −Vs/σ̇ .
Then, during the kinetic phase and away from the repulsive
potential, the Einstein equations immediately yield

H = 1
3t

, σ̇ = −√2√
3t

(
kineticphase

)
. (55)

Thus, (54) simplifies to δ̈s + δ̇s/t = 0 which implies that
the entropy perturbation grows logarithmically during the
potential-free kinetic phase. We can ignore this insignificant
growth. However, the evolution of the entropy perturbation
during the process of conversion turns out to be important.
We can estimate it by assuming that the trajectory bends with
a constant θ̇ ∼ 1/Δt, where Δt denotes the duration of the
conversion process. We can further assume that the repulsive
potential depends only on φ2. Then θ̇,Vs, and Vss can all be
related to V,φ2 ,V,φ2φ2 , evaluated during the conversion, and it
is not difficult to show that this leads to Vss ≈ φ̇1θ̇/(tbendφ̇2),
where tbend corresponds to the time halfway through the
bending of the trajectory [44]. For the particular example
where the cyclic model is embedded in M-theory, we have
that φ̇1 = −

√
3φ̇2, and specializing to this example, we have

Vss ≈ (2− 3)θ̇2. Hence, (54) becomes (where we can neglect
the term in δ̇s)

δ̈s + 6θ̇2δs ≈ 0, (56)

and thus, during the conversion, the entropy perturbation
evolves sinusoidally

δs ≈ cos
[
ω
(
t − tconv−beg

)]
δs(tek−end), (57)

where tconv−beg denotes the time at which the trajectory starts
to bend, and ω ≈ 2.5/Δt. Now we can immediately evaluate
the resulting linear curvature perturbation by integrating
(51) to get

ζL =
∫

bend
−2H

σ̇
θ̇δs

≈
√

2
3
θ̇

ω
sin(ωΔt)δs(tek−end)

≈ 1
5
δs(tek−end).

(58)

Thus, the amplitude is very similar in magnitude to the value
estimated above for the process of ekpyrotic conversion.

We are now in a position to calculate the variance of the
generated curvature perturbation, which, on account of (46),
is given by

〈
ζ2〉 ≈ ∫ d3k

(2π)3
εekVek−end

50k2ν
=
∫
dk

k

εekVek−end

100π2
kns−1. (59)

Hence, the amplitude is in agreement with the current
WMAP bounds of Δ2

ζ (0.002Mpc−1) = (2.4 ± 0.2) × 10−9

[9], as long as |Vek−end| ≈ (10−2 MPl)
4, that is, the minimum

of the potential has to be roughly at the grand unified scale
for models using kinetic conversion [26]. This scale is also
the natural scale of Hořava-Witten theory, and thus it is the
scale where one would expect the potential to turn around.
Note that for models using ekpyrotic conversion, this result
implies that the bending must occur at a specific time,
namely, when the potential reaches the grand unified scale.
In the latter models, this may or may not also correspond to
the bottom of the potential.

Finally, we should state an important assumption that
we have been making implicitly up to now, namely, we
assumed that the curvature perturbation passes through
the big crunch/big bang transition essentially unchanged.
The reason for doing so is that the perturbations we are
considering are vastly larger than the horizon size around
the time of the crunch, and hence, due to causality, it
seems reasonable to assume that long-wavelength modes
suffer no change—this viewpoint is discussed in much
more detail in [33]. In new ekpyrotic models, in which
the bounce is smooth and describable entirely within a
4-dimensional effective theory, this assumption certainly
holds true. In the case of a classically singular bounce, this
remains an assumption subject to possible revision in the
future. (In this context, we can also mention the possibility
that no conversion of entropy to curvature perturbations
might occur before the big crunch, but that this conversion
could happen during the phase shortly following the bang
through modulated reheating [45]: if massive matter fields
are produced copiously at the brane collision and dominate
the energy density immediately after the bang and if,
furthermore, these fields couple to ordinary matter via a
function of δs, then their decay into ordinary matter will
occur at slightly different times depending on the value of
δs. In this way, the ordinary matter perturbations would also
inherit the entropic perturbation spectrum.)
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4. Higher-Order Perturbations and
Predictions for Nongaussianity

4.1. Definitions and Local Nongaussianity. Now that we have
seen in detail how the ekpyrotic phase generates linear,
nearly scale-invariant density perturbations via the entropic
mechanism, we can inquire as to whether the higher-order
corrections might lead to an observable signal. We will
only calculate nongaussian corrections for perturbations
generated via the entropic mechanism, because, as discussed
in the previous section, this is the only robust and well-
understood mechanism to date that generates ekpyrotic
perturbations in agreement with observations. As we saw
earlier, the linear perturbations are related to observations
of the 2-point correlation function. Similarly, quadratic
and cubic corrections to these perturbations are related to
observations of the 3- and 4-point functions, respectively.
For an exactly gaussian probability distribution, all n-point
functions for which n is odd vanish while for n even, the n-
point functions are related to the 2-point function. Thus, the
simplest way in which we could detect a departure from exact
gaussianity would be due to the presence of a nonvanishing
3-point function.

In momentum space, the 3-point function corresponds
to a configuration of 3 momenta, which form a closed
triangle due to momentum conservation. Hence, the 3-point
function is specified not only by its magnitude on different
scales but also by its magnitude for different shapes of the
triangle. Or, turning this reasoning around, when we make
predictions for nongaussianity, we must predict both the
amplitude and the shape of the momentum space triangle
that we would like to observe. Let us make all of this more
precise now. Earlier, we defined the power spectrum as the
Fourier transform of the 2-point function〈

ζk1ζk2

〉 = (2π)3δ3(k1 + k2)P(k1). (60)

Similarly, the bispectrum, which is the Fourier transform of
the 3-point function, is given by〈

ζk1ζk2ζk3

〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3), (61)

the trispectrum, the Fourier transform of the 4-point func-
tion, via〈
ζk1ζk2ζk3ζk4

〉
c = (2π)3δ3(k1 + k2 + k3 + k4)T(k1, k2, k3, k4),

(62)

and so on. The δ-functions result from momentum conser-
vation, while B and T are shape functions (for a triangle and
a quadrangle, resp.). In the last expression, the subscript c
indicates that we only need to consider the connected part of
the 4-point function, that is, the part that is not captured by
products of 2-point functions.

For nongaussianity of the so-called local form, it is useful
to define (in real space) the following expansion of the
curvature perturbation on uniform energy density surfaces,

ζ = ζL +
3
5
fNLζ

2
L +

9
25
gNLζ

3
L , (63)

with ζL being the linear, gaussian part of ζ. The factors of
3/5 are a historical accident; they arose because this type
of expansion was first defined for a different variable. In
momentum space, B is then given by

B = 6
5
fNL
[
P(k1)P(k2) + 2 permutations

]
, (64)

as can be verified straightforwardly by combining (60), (61),
and (63). Similarly, the momentum space 4-point function
corresponding to nongaussianity of the local form can be
expressed as

T = τNL
[
P(k13)P(k3)P(k4) + 11 perms.

]
+

54
25
gNL

[
P(k2)P(k3)P(k4) + 3 perms.

]
,

(65)

where τNL and gNL parameterize the two relevant shape
functions; see, for example, [46] for more details. For
cosmological models in which the perturbations originate
from the fluctuations of a single field (in our case the entropy
field), τNL is directly related to the square of fNL, explicitly

τNL = 36
25

f 2
NL. (66)

Concentrating now on the bispectrum, we can see that, since
for a scale-invariant spectrum P(k) ∼ k−3, we have

B ∼ fNL

(
1

k3
1k

3
2

+
1

k3
2k

3
3

+
1

k3
3k

3
1

)

= fNL

∑
k3
i∏
k3
i

.

(67)

This is the typical momentum dependence for local non-
gaussianity [47], which is also the relevant one for ekpyrotic
models, as we will show shortly. The signal is the largest
when one of the momenta is very small—this automatically
requires the other two momenta to be almost equal, and
hence the local form of nongaussianity corresponds to
having the largest signal generated for squeezed triangles in
momentum space.

It is instructive to calculate explicitly the tree-level
3-point function for the entropy perturbation generated
during the ekpyrotic phase, that is, before the conversion to
curvature perturbations. (Note that quantum corrections
from loop diagrams will be suppressed by factors of �.)
Maldacena described in [48] how the expectation value for
the 3-point function is given by

〈
(δs)3

〉
= −i

∫
dt′
〈[

(δs)3(t),Hint(t′)
]〉

, (68)
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where Hint(t′) = Vsss(δs)
3/3! = −√εκ3/(3!t

′2) is the
cubic interaction Hamiltonian. In Fourier space, this can be
rewritten as [12, 49]〈

(δs)3
〉
= (2π)3δ(Σiki)

× 2Re

{
− iδsk1 (t)δsk2 (t)δsk3 (t)

∫ t
−∞

(−√εκ3)
t′2

δsk1 (t′)δsk2 (t′)δsk3 (t′)

}
.

(69)

For ε large, the mode functions are given approximately by
(cf. (27))

δsk(t) = 1√
2k
e−ikt

(
1− i

kt

)
, (70)

so that we get〈
(δs)3

〉
= (2π)3δ(Σiki)

√
εκ3

6t4
Σk3

i

Πk3
i

, (71)

where we have used the result that

i(1 + ik1t)(1 + ik2t)(1 + ik3t)e−iKtt

×
∫

(1− ik1t
′)(1− ik2t

′)(1− ik3t
′)eiKt

′
(t′)−5 + c.c.

= 1
2
Σik

3
i + · · · ,

(72)

with K = k1 + k2 + k3 and where the dots indicate terms
suppressed by powers of kit. The calculation shows two
things: first, the momentum dependence in (71) is of the
local form, and, comparing with (64) and using Pδs(k) =
1/(2t2k3) from (30) and (33), it corresponds to having an
entropy perturbation of the form

δs = δsL +
√
εκ3

8
δs2L, (73)

where δsL is the linear, gaussian part of the entropy
perturbation δs. Secondly, the endresult is dominated by the
terms for which |kit| � 1—in other words, the dominant
contribution to nongaussianity is generated by the (classical)
evolution on superhorizon scales, and the same holds true
for the 4-point function also. Hence, in determining the
predictions for the nongaussian curvature perturbation, we
can simply perform the calculation using the higher-order
classical equations of motion on large scales, up to the
required order in perturbation theory.

The strategy for calculating the nonlinearity parameters
defined in (63) is straightforward: first we solve the equation
of motion for the entropy perturbation up to third order in
perturbation theory. This allows us to integrate the equation
of motion for ζ , at the first three orders in perturbation
theory, and then we obtain the nonlinearity parameters by
evaluating

fNL = 5
3

∫ tconv−end

tek−beg
ζ (2)′(∫ tconv−end

tek−beg
ζ (1)′

)2 , gNL = 25
9

∫ tconv−end

tek−beg
ζ (3)′(∫ tconv−end

tek−beg
ζ (1)′

)3 , (74)

where the integrals are evaluated from the time that the
ekpyrotic phase begins until the conversion phase has ended
and ζ has evolved to a constant value. A note on notation is
that we expand the entropy perturbation (and similarly the
curvature perturbation) as

δs = δs(1) + δs(2) + δs(3) (75)

without factorial factors and where we use δs(1) and δsL
interchangeably (in Section 3, where we dealt exclusively
with linear perturbations, we sometimes wrote δs instead of
δs(1), but hopefully this will not confuse the reader).

The relevant equations of third-order cosmological per-
turbation theory with multiple scalar fields were developed
in [50], and we will use the results of that paper. The
derivations of the equations are lengthy and do not provide
any further insight into the topic of this paper. Hence, we will
simply use the equations as we need them. Interestingly, it
turns out that all results regarding the conversion process can
be well approximated by various simple techniques that we
will present further below, both for ekpyrotic and for kinetic
conversion.

4.2. Generation of Entropy Perturbations. During the ekpy-
rotic phase, the equation of motion for the entropy pertur-
bation, up to third order in perturbation theory, is given by
[50]

δ̈s + 3Hδ̇s +V,ssδs +
1
2
V,sss(δs)

2

+
V,σ

σ̇3

(
δ̇s
)3

+

(
V,σσ

σ̇2
+ 3

V 2
,σ

σ̇4
+ 3H

V,σ

σ̇3
− 2

V,ss

σ̇2

)(
δ̇s
)2
δs

+
(
− 3

2σ̇
V,ssσ − 5

V,σV,ss

σ̇3
− 3H

V,ss

σ̇2

)
δ̇s(δs)2

+

(
1
6
V,ssss + 2

V 2
,ss

σ̇2

)
(δs)3 = 0.

(76)

Using the following expressions, valid during the ekpyrotic
phase:

σ̇ = −
√

2√
εt

, V = − 1
εt2

,

V,σ = −
√

2√
εt2

, V,σσ =−2
t2

, V,sσ = 0, V,ssσ =−2
√

2ε
t2

,

V,s = 0, V,ss =− 2
t2

, V,sss =−κ3
√
ε

t2
, V,ssss =−κ4ε

t2
,

(77)

it is not difficult to find by iteration that the entropy
perturbation, to leading order in 1/ε, is given by

δs = δsL +
κ3
√
ε

8
δs2L + ε

(
κ4

60
+
κ2

3

80
− 2

5

)
δs3L, (78)

where, just as before, δsL ∝ 1/t. Note that the quadratic
term agrees exactly with (73). At each order in perturbation
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theory, the nonlinear corrections depend on the parameters
of the potential at that order; compare the parametrization of
the potential in (20). The above equation specifies the initial
conditions for the start of the conversion phase.

Both during the ekpyrotic phase and during the con-
version process, when the background trajectory bends, the
entropy perturbation sources the curvature perturbation on
large scales according to [50]

ζ̇ ≈ 2H
σ̇2

[
V,sδs− 1

2σ̇
V,σδsδ̇s +

(
1
2
V,ss +

2
σ̇2
V 2

,s

)
(δs)2

]

+
2H
σ̇2

[(
− θ̇

6σ̇2
V,σ − 1

2σ̇
V,sσ − 2

σ̇3
V,sV,σ

)
(δs)2δ̇s

+
(

1
6
V,sss +

2
σ̇2
V,sV,ss +

4
σ̇4
V 3

,s

)
(δs)3

]
.

(79)

The inelegant but sure-fire thing to do now is to simply
integrate this equation numerically during the two phases of
generation and conversion and to deduce the nonlinearity
parameters using (74), as was done in [50]. However, this
approach does not give much insight into the final result.
This is why we will present more physically transparent
techniques first, which allow us to estimate the nonlinearity
parameters fNL and gNL pretty well, and subsequently we
will compare these estimates with the results of numerical
integration and discuss the predictions.

4.3. Ekpyrotic Conversion. We start by analyzing the case
where the conversion of entropy into curvature modes occurs
during the ekpyrotic phase. For this scenario, it was shown by
Koyama et al. [49] that the so-called δN formalism [51, 52]
is well suited. For ekpyrotic conversion, the calculation is
most easily performed, and the result most easily expressed,
in terms of the potential (17), which is why we are adopting
this restricted form here. In working with a parameterized
potential like (20), the bending of the trajectory can be more
complicated, in the sense that there can be multiple turns,
and one has to decide when to stop the evolution. In this
case, the results are strongly cutoff dependent, and without a
precisely defined model specifying the subsequent evolution,
it is impossible to make any generic predictions.

The δN formalism is particularly well suited to the case
of ekpyrotic conversion, because the background evolution is
simple. In fact, it turns out that by making the approximation
that the bending is instantaneous, it is very easy to find
an approximate formula for the nonlinearity parameters
at any chosen order in perturbation theory. The following
calculation was first presented in [49] for the bispectrum and
trivially extended to the trispectrum in [50].

In order to implement the δN formalism, we have to
calculate the integrated expansion N = ∫

Hdt along the
background trajectory. Initially, the trajectory is close to
the scaling solution (21). Then, we assume that at a fixed
field value δsB away from the ridge, the trajectory instantly

bends and rolls off along the φ2 direction. At this point, the
trajectory follows the single-field evolution

a(t)=(−t)2/c2
2 , φ2= 2

c2
ln(−t) + constant, φ1=constant.

(80)

Approximating the bending as instantaneous, it is easy to
evaluate the integrated expansion, with the result that

N = − 2
c2

1
ln|HB| + constant, (81)

where HB denotes the Hubble parameter at the instant
that the bending occurs. Note that all c2-dependence has
canceled out of the formula above. At the end of the
conversion process, we are interested in evaluating the
curvature perturbation on a surface of constant energy
density. But, on a surface of constant energy density, the
curvature perturbation is equal to a perturbation in the
integrated expansion [53]. If we assume that the integrated
expansion depends on a single variable α, we can write

ζ = δN = N,αδα +
1
2
N,αα(δα)2 +

1
6
N,ααα(δα)3. (82)

In our example, we indeed expect a change in N to depend
solely on a change in the initial value of the entropy
perturbation δs. Now, from (78), we know that δsL ∝ 1/t ∝
H , and hence we can parameterize different initial values of
the entropy perturbation by writing

δsL = αH. (83)

Note that since δsL is gaussian, so is α. With this identifica-
tion, we have

δs = αH +
κ3
√
ε

8
(αH)2 + ε

(
κ4

60
+
κ2

3

80
− 2

5

)
(αH)3, (84)

so that at the fixed value δs = δsB, we have

α∝ 1
HB

. (85)

Now we can immediately evaluate

N,α = N,HB

dHB

dα
= 2
c2

1α
(86)

and similarly

N,αα = − 2
c2

1α2
N,ααα = 4

c2
1α3

. (87)

In this way, with very little work, we can estimate the
nonlinearity parameters

fNL = 5N,αα

6N2
,α
= − 5

12
c2

1,

τNL = 36
25

f 2
NL =

1
4
c4

1,

gNL = 25N,ααα

54N3
,α
= 25

108
c4

1.

(88)
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We are now in a position to compare these estimates to the
numerical results obtained in [50] by solving and integrating
the equations of motion (76) and (79). (Approximate
analytic solutions to the equations of motion were first
presented in [54]). There, the initial conditions were chosen
such that they are given by the scaling solution (21), except
for a 0.1 percent increase in the initial field velocity |φ̇2|. This
causes the trajectory to eventually roll off in the φ2 direction
and to quickly approach the single-field solution (80). The
results for several values of c1 and c2 are shown in Table 1,
alongside the values estimated by the δN formulae.

It is immediately apparent that the general trend is
accurately captured by the δN formulae. However, one may
notice that the agreement is slightly less good at third order
than at second, and also, that the δN formulae tend to slightly
overestimate τNL and slightly underestimate gNL. But given
the quickness of the δN calculation and the complexity of
the third-order equations of motion, the agreement is pretty
impressive. Of course, the δN formula was derived subject
to the instantaneous bending approximation. Without this
approximation, we would expect a numerical scheme that
uses the δN formalism to yield results in close agreement
with the numerical results.

4.4. Kinetic Conversion. As discussed in more detail at the
end of Section 3, in models motivated by M-theory a bend in
the trajectory happens naturally just before the big crunch,
during the final approach of the two end-of-the-world
branes. This bend takes place after the ekpyrotic phase has
come to an end and while the evolution of the universe
is dominated by the kinetic energies of the scalar fields—
see also Figure 5. Again, there exists a simple approach to
estimate the nongaussianity parameters of the curvature
perturbation generated by this process of kinetic conversion,
and we will review it here. This simplified approach was first
presented in [55], based on previous work in [44, 50, 54, 56].

This estimating procedure is based on the fact that
the physics of the kinetic phase is really quite simple, and
moreover, except for the fact that its initial conditions
involve the entropy perturbation δs, the kinetic phase has no
memory of the details of the ekpyrotic phase. In particular,
only the total δs in (78) matters, and the way we choose
to decompose it into linear, second-, and third-order parts
is irrelevant at this point. What is more, since δsL �
1, the second- and third-order terms in (78) are highly
subdominant, and we can approximate the evolution of δs
by that of the linear term δsL throughout the kinetic phase.
This realization is the first ingredient of the calculation.

The second is a compact and very useful expression for
the evolution of the curvature perturbation ζ on large scales
and on surfaces of constant energy density [53, 54]:

ζ̇ = 2HδV
σ2 − 2δV

, (89)

where δV ≡ V(t, xi)−V(t) and a bar denotes a background
quantity. This equation is exact in the limit where spatial
gradients can be neglected and can thus be expanded up

to the desired order in perturbation theory if required. If
expanded, it corresponds precisely to (79) [55].

The third and last ingredient of the calculation is the
simple relationship between δV and δs during the conversion
process. As we saw earlier, during the ekpyrotic phase, the
curvature perturbation picks up a blue spectrum and is hence
completely negligible on large scales. To be precise, since
δV /= 0 during ekpyrosis, there is already some conversion of
entropy into curvature perturbations occurring at this stage.
However, this contribution is entirely negligible compared to
the subsequent conversion (note that since V,s = 0 during
ekpyrosis, δV starts out at subleading order), and hence
we can take ζ(tek−end) ≈ 0. Moreover, as we saw when we
were discussing the linear perturbations, at the end of the
conversion process ζ is still significantly smaller than δs,
being given by

ζL ≈ 1
5
δsL. (90)

Hence, during the conversion process, we can take the
potential to depend only on δs. And since the repulsive
potential is monotonic and we are interested in small
departures δs � 1 from the background trajectory, it
is intuitively clear that δV is directly proportional to δs
during the bending. A numerical calculation readily confirms
this simple relationship. (For completeness, we mention
that the curvature perturbation can also be sourced by
perturbations in the comoving energy density [41]. However,
the ekpyrotic phase massively suppresses comoving energy
density perturbations on large scales; since the kinetic phase
is relatively short, they do not have time to grow and become
significant, so that we can neglect them in our calculation—
see also [56].)

During the conversion, the effect of the repulsive
potential is to cause the entropy perturbation to behave
approximately sinusoidally, as shown in (57). As we will
confirm below, during the conversion process δV � σ̇2, so
that (89) simplifies further to

ζ̇ ≈ 2H

σ̇
2 δV , (91)

which, when integrated and upon use of (55) immediately
reproduces (90). But, as argued above, δs as a whole must
behave approximately in this way during the conversion
phase, and subsequently analogous relationships must hold
at higher orders too:

ζ (2) ≈ 1
5
κ3
√
ε

8
δs2L, ζ (3) ≈ 1

5

(
κ4

60
+
κ2

3

80
− 2

5

)
εδs3L. (92)

These expressions immediately allow us to calculate the
nonlinearity parameters

fNL ≡ 5
3
ζ (2)

ζ2
L

≈ 3κ3
√
ε,

gNL ≡ 25
9
ζ (3)

ζ3
L

≈ 70

(
κ4

60
+
κ2

3

80
− 2

5

)
ε.

(93)
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Table 1: Ekpyrotic conversion: the values of the nonlinearity parameters estimated by the δN formalism (using the instantaneous bending
approximation) compared to the numerical results obtained by directly integrating the equations of motion, for potentials of the form
V = −V1e−c1φ1 −V2e−c2φ2 .

c1 c2 fNL,δN τNL,δN gNL,δN fNL τNL gNL

10 10 −41.67 2500 2315 −39.95 2298 2591

10 15 −41.67 2500 2315 −40.45 2356 2813

10 20 −41.67 2500 2315 −40.62 2377 3030

15 10 −93.75 12660 11720 −91.01 11930 13100

15 15 −93.75 12660 11720 −92.11 12220 13830

15 20 −93.75 12660 11720 −92.49 12320 14440

20 10 −166.7 40000 37040 −162.5 38020 41320

20 15 −166.7 40000 37040 −164.4 38930 43170

20 20 −166.7 40000 37040 −165.1 39240 44490

Thus, without much work at all, we find these simple
estimates for the nonlinearity parameters.

Before discussing this result, let us briefly pause to
verify the approximation made in obtaining (91): during the
kinetic phase, we can rewrite (89) as

ζ̇ = t δV

1− 3t2δV
. (94)

The approximation made above consists in writing ζ̇ ≈ tδV ,
and this leads to ζ ≈ (1/2)t2bendδV(tbend). But we know that
by the end of the conversion process ζ ≈ (1/5)δs, and hence
we find that

3t2bendδV ≈ δs� 1, (95)

which shows that the approximation is self-consistent and
confirms the validity of (91).

The results above indicate that the nonlinearity that
was present in the entropy perturbation gets transferred
straightforwardly (i.e., only with an overall numerical coef-
ficient) to the nonlinearity in the curvature perturbation,
essentially due to the simplicity of the kinetic phase. This cal-
culation therefore leads us to expect no significant additional
constant terms in fNL or constants and κ3-dependent terms
in gNL; we will see shortly that this expectation is indeed
borne out.

We can now compare these estimates to the results
of brute-force numerical integration [50]. As discussed
in Section 3, the repulsive potential can in principle be
calculated, given a specific matter configuration on the
negative-tension brane [43]. Here, we consider four different
examples for the repulsive potential

Vrep ∝ φ−2
2 ,φ−2

2 + φ−6
2 ,
(
sinhφ2

)−2,(
sinhφ2

)−2 +
(
sinhφ2

)−4,
(96)

with the overall magnitude adjusted in order to obtain
various values for the duration of the conversion (see below).
These potential forms should give an indication of the range
of values that one can expect the nonlinearity parameters
to take. Note that, without loss of generality, we take the

k3 = 5

k3 = 0

k3 = −5

10.60.2

Duration of conversion

−100
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f N
L

Figure 6: fNL as a function of the duration of conversion and
for the values κ3 = −5, 0, 5 and ε = 36. In each case, we have
plotted the results for four different reflection potentials, with the
simplest potentials (φ−2

2 , (sinhφ2)−2) indicated by solid lines, while
the dashed ((sinhφ2)−2 + (sinhφ2)−4) and dotted (φ−2

2 + φ−6
2 ) lines

give an indication of the range of values that can be expected. As
the conversions become smoother, the predicted range of values
narrows, and smooth conversions lead to a natural range of about
−50 � fNL � +60 or so.

boundary to be located at φ2 = 0, and we only consider
conversions during which θ̇ > 0—other cases can be related
to these by an appropriate change of coordinates.

An important parameter turns out to be the duration
of the conversion [50, 56], measured by the number of
Hubble times during which most, say 90 percent, of the
conversion takes place, that is, the duration is measured
by the number of e-folds by which the scale factor shrinks
during conversion. Conversions lasting less than about 0.2
Hubble times correspond to what we call sharp conversions
while those that last on the order of 1 Hubble time
correspond to smooth conversions. It turns out that the
estimating procedure presented above works best for the
case of smooth conversions. For fNL, the range of predicted
values is considerably narrower as the conversion becomes
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Figure 7: (a) gNL is shown as a function of the duration of conversion, with κ3 = κ4 = 0 and for four different reflection potentials, and
with the same line style assignments as in Figure 6. As the conversions become smoother, the predicted range of values narrows considerably,
allowing rather definite predictions. (b) gNL can be seen to be proportional to ε, that is, proportional to the equation of state wek.
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Figure 8: (a) indicates that gNL depends linearly on κ4, the parameter we are using to specify the fourth derivative of the ekpyrotic potential
with respect to the entropic direction. Similarly, (b) gNL can be seen to depend approximately quadratically on κ3, the parameter determining
the third derivative of the ekpyrotic potential with respect to the entropic direction.

smoother [44, 56], as illustrated in Figure 6. Moreover, fNL

can be well fitted by

fNL = 3
2
κ3
√
ε + 5, (97)

in good agreement with the simple estimate (93).
We will show the results for gNL slightly more explicitly;

they are illustrated in Figures 7 and 8. In each case, we
have plotted the results obtained for the four repulsive
potentials (96). The left panel of Figure 7 shows that, even
more so than for fNL, the range of predicted values for
gNL narrows drastically as the conversion process becomes
smoother. In fact, for sharp conversions, typical values
are very large in magnitude, and we expect these to be
observationally disfavored shortly, if they are not ruled out

already. Thus, phenomenologically speaking, it is much more
interesting to focus on smooth conversions. The right panel
in Figure 7 shows that gNL is proportional to ε while Figure 8
indicates that gNL depends linearly on κ4 and approximately
quadratically on κ3. In fact, all numerical results indicate
that gNL scales with ε, κ3, and κ4 exactly as the third-
order coefficient in the expression (78) for the entropy
perturbation during the ekpyrotic phase, and the data can
be fitted by the approximate formula

gNL ≈ 100

(
κ4

60
+
κ2

3

80
− 2

5

)
ε, (98)

again in good agreement with the estimate (101).
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5. Discussion of the Results

In this paper, we have focussed on the predictions for
nongaussianity generated via the entropic mechanism in
ekpyrotic models and their cyclic extensions. The reason
for concentrating on the entropic mechanism is that this
is currently the most robust, best-motivated, and best-
understood mechanism for generating nearly scale-invariant
curvature perturbations during a contracting phase of the
universe. As indicated by its name, the entropic mecha-
nism achieves this by first generating nearly scale-invariant
entropy perturbations, which are subsequently converted
into curvature perturbations. There are essentially two dis-
tinct possibilities for when this conversion can happen: either
directly during the ekpyrotic phase (ekpyrotic conversion)
or during the subsequent phase of scalar field kinetic
energy domination right before the big crunch/big bang
transition (kinetic conversion). In both cases, the curvature
perturbations pick up nongaussian corrections of the local
form, although the magnitude of the second- and third-order
nonlinearity parameters fNL and gNL differ substantially for
the two modes of conversion. For convenience, we will repeat
the predictions here. (We should caution the reader that
what we are presenting here is the predictions from the
ekpyrotic phase alone, that is, we have assumed that the
primordial density perturbations generated by the ekpyrotic
phase have not been modified by the dynamics of the big
crunch/big bang transition, nor that there are additional
effects of relevance during the first stages of the subsequent
expanding phase of the universe (it is conceivable, for
example, that models might be constructed which utilize the
ekpyrotic phase, but where there are additional fields that
are relevant during the expanding phase and which would
contribute to the curvature perturbation—in this case, the
final predictions will evidently be model dependent).)

fNL = − 5
12
c2

1 Ekpyrotic Conversion,

gNL = 25
108

c4
1,

(99)

fNL = 3
2
κ3
√
ε + 5 Kinetic Conversion,

gNL =
(

5
3
κ4 +

5
4
κ2

3 − 40
)
ε.

(100)

For ekpyrotic conversion, the results are presented in terms of
the parameters of the ekpyrotic potential as expressed in (17).
The first thing to note is that the signs are unambiguously
fixed: fNL is predicted to be always negative while gNL is
always positive. In order for the power spectrum of the
perturbations to be in agreement with observations, one
needs c1 � 10, which implies fNL � −40 and gNL � 2500.
The current observational bounds are that fNL = 38 ± 21,
where the errors are quoted at 1σ [57], while currently no
strong constraints exist yet on gNL. These values put the
predicted values for fNL for ekpyrotic conversion at 4σ or
more from the central value, and thus this type of conversion
is on the verge of being ruled out by observations. What this
means for model building is that models that have made

use of the ekpyrotic conversion mechanism, such as new
ekpyrotic models [10, 12], might have to be modified in a
way such that the conversion occurs only once the equation
of state becomes small. This is not unnatural, as the ekpyrotic
phase must come to an end anyhow before the bounce
phase begins, and if the conversion occurs after the end of
the ekpyrotic phase, the predictions will be closer to those
predicted by the kinetic conversion mechanism, which we
turn our attention to now.

For kinetic conversion, the results (100) are presented in
terms of the parameters of the ekpyrotic potential as written
in (20). The parameters κ3, κ4 are expected to be of O(1).
The fast-roll parameter ε is typically of O(102), with a lower
bound of about 50 in order for the power spectrum to be
in agreement with observations. Thus, the fitting formulae
predict the bispectrum parameter fNL to be of order a few
tens, with the sign being typically determined by the sign
of κ3. This is in good agreement with current bounds for
very natural values of the parameters, such as ε = 100 and
−1 � κ3 � 5, for example. The associated prediction for
the trispectrum gNL is rather interesting, owing to the fact
that the κ3, κ4-independent contribution is quite large. It
sets the “central” value of the prediction at −40ε and thus
tends to make gNL of order a few thousand and negative
in sign. Even with largish values of κ3 ∼ 5 and κ4 ∼ 5,
the prediction is still negative gNL ∼ −ε, and hence the
negative sign of gNL is a rather robust prediction of the kinetic
conversion mechanism. For completeness, we note that the
second trispectrum parameter τNL is always given in terms of
fNL according to (66), and thus it is predicted to be positive
and of order a few hundred. Observational limits on τNL will
thus provide a consistency check of the predictions and will
give an indication whether or not the fluctuations of a single
field (in this case the entropy field) were at the origin of the
final spectrum of curvature perturbations.

What are the implications of these predictions? Assuming
that the observational error bars quoted above will shrink in
the near future and that the ekpyrotic conversion mechanism
will be ruled out, we will focus here on the predictions of the
kinetic conversion mechanism. The most interesting feature
is that the natural ranges of the nonlinearity parameters are
at a level that will be observable by near-future experiments,
perhaps already with the PLANCK satellite. Hence, in a few
years, we will know whether or not ekpyrotic models, in
combination with the entropic mechanism, will be viable
or even preferred by the data. In this vein, it is useful to
briefly contrast the predictions discussed here with those
of inflationary models: for simple, single-field inflationary
models the predicted values for all nonlinearity parameters
are very small, of order 1 or smaller [48, 58]. (Here,
we only contrast the predictions for nongaussianity of the
local form. Noncanonical kinetic terms additionally generate
nongaussianities with different shapes in momentum space,
such as equilateral triangles in the case of the bispectrum.
This is well understood for inflation but has not been much
explored yet for ekpyrotic models—though see [59] for
a related study.) Even though these values lie within the
predicted ranges of the kinetic conversion mechanism, it is
clear that, since these values arise naturally for single-field
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inflationary models whereas obtaining the same small values
in ekpyrosis would require a very finely tuned potential,
in case of a nondetection of nongaussianity the simple
inflationary models will be strongly preferred. Conversely,
since multifield inflationary models can give rise to just
about any values of the nonlinearity parameters [60], in
case of a detection of nongaussianity compatible with the
values predicted by the kinetic conversion mechanism, those
latter models will be preferred by the data. At that point it
will be necessary to include also the observational evidence
for or against primordial scale-invariant gravitational waves.
Such gravity waves would strongly favor inflationary models
whereas their absence is compatible with ekpyrotic mod-
els. The absence of primordial scale-invariant gravitational
waves, combined with local nongaussianity parameters in
the ranges predicted by (100), would be nothing short of
spectacular, as they would point towards the existence of a
contracting phase prior to the big bang and open up the
possibility of a multiverse in time, with correspondingly vast
timescales unlike anything we are used to in cosmology right
now.
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The current status of the recent developments of the second-order gauge-invariant cosmological perturbation theory is reviewed.
To show the essence of this perturbation theory, we concentrate only on the universe filled with a single scalar field. Through this
paper, we point out the problems which should be clarified for the further theoretical sophistication of this perturbation theory.
We also expect that this theoretical sophistication will be also useful to discuss the theoretical predictions of non-Gaussianity in
CMB and comparison with observations.

1. Introduction

The general relativistic cosmological linear perturbation
theory has been developed to a high degree of sophistication
during the last 30 years [1–3]. One of the motivations of
this development was to clarify the relation between the
scenarios of the early universe and cosmological data, such
as the cosmic microwave background (CMB) anisotropies.
Recently, the first-order approximation of our universe
from a homogeneous isotropic one was revealed through
the observation of the CMB by the Wilkinson Microwave
Anisotropy Probe (WMAP) [4, 5], the cosmological param-
eters are accurately measured, we have obtained the standard
cosmological model, and the so-called “precision cosmol-
ogy” has begun. These developments in observations were
also supported by the theoretical sophistication of the linear-
order cosmological perturbation theory.

The observational results of CMB also suggest that the
fluctuations of our universe are adiabatic and Gaussian at
least in the first-order approximation. We are now on the
stage to discuss the deviation from this first-order approxi-
mation from the observational [5] and theoretical sides [6–
21] through the non-Gaussianity, the nonadiabaticity, and so
on. These will be goals of future satellite missions. With the
increase of precision of the CMB data, the study of relativistic
cosmological perturbations beyond linear order is a topical

subject. The second-order cosmological perturbation theory
is one of such perturbation theories beyond linear order.

Although the second-order perturbation theory in gen-
eral relativity is an old topic, a general framework of
the gauge-invariant formulation of the general relativistic
second-order perturbation has been proposed [22, 23].
This general formulation is an extension of the works of
Bruni et al. [24] and has also been applied to cosmological
perturbations: the derivation of the second-order Einstein
equation in a gauge-invariant manner without any gauge
fixing [25, 26]; applicability in more generic situations [27];
confirmation of the consistency between all components
of the second-order Einstein equations and equations of
motions [28]. We also note that the radiation case has
recently been discussed by treating the Boltzmann equation
up to second order [29, 30] along the gauge-invariant
manner of the above series of papers by the present author.

In this paper, we summarize the current status of this
development of the second-order gauge-invariant cosmo-
logical perturbation theory through the simple system of a
scalar field. Through this paper, we point out the problems
which should be clarified and directions of the further
development of the theoretical sophistication of the general
relativistic higher-order perturbation theory, especially in
cosmological perturbations. We expect that this sophistica-
tion will be also useful to discuss the theoretical predictions
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of non-Gaussianity in CMB and comparison with observa-
tions.

The organization of this paper is as follows. In Section 2,
we review the general framework of the second-order gauge-
invariant perturbation theory developed in [22, 23, 25,
26, 31]. This review also includes additional explanation
not given in those papers. In Section 3, we present also
the derivations of the second-order perturbation of the
Einstein equation and the energy-momentum tensor from
general point of view. For simplicity, in this paper, we
only consider a single scalar field as a matter content.
The ingredients of Sections 2 and 3 will be applicable to
perturbation theory in any theory with general covariance, if
the decomposition formula (23) for the linear-order metric
perturbation is correct. In Section 4, we summarize the
Einstein equations in the case of a background homogeneous
isotropic universe, which are used in the derivation of the
first- and second-order Einstein equations. In Section 5, the
first-order perturbation of the Einstein equations and the
Klein-Gordon equations are summarized. The derivation of
the second-order perturbations of the Einstein equations
and the Klein-Gordon equations, and their consistency are
reviewed in Section 6. The final section, Section 7, is devoted
to a summary and discussions.

2. General Framework of the General
Relativistic Gauge-Invariant
Perturbation Theory

In this section, we review the general framework of the
gauge-invariant perturbation theory developed in [22–26,
31–39]. To develop the general relativistic gauge-invariant
perturbation theory, we first explain the general arguments
of the Taylor expansion on a manifold without introducing
an explicit coordinate system in Section 2.1. Further, we also
have to clarify the notion of “gauge” in general relativity
to develop the gauge-invariant perturbation theory from
general point of view, which is explained in Section 2.2.
After clarifying the notion of “gauge” in general relativistic
perturbations, in Section 2.3, we explain the formulation of
the general relativistic gauge-invariant perturbation theory
from general point of view. Although our understanding
of “gauge” in general relativistic perturbations essentially
is different from “degree of freedom of coordinates” as in
many literature, “a coordinate transformation” is induced by
our understanding of “gauge.” This situation is explained in
Section 2.4. To exclude “gauge degree of freedom” which is
unphysical degree of freedom in perturbations, we construct
“gauge-invariant variables” of perturbations as reviewed in
Section 2.5. These “gauge-invariant variables” are regarded
as physical quantities.

2.1. Taylor Expansion of Tensors on a Manifold. First, we
briefly review the issues on the general form of the Taylor
expansion of tensors on a manifold M. The gauge issue
of general relativistic perturbation theories which we will
discuss is related to the coordinate transformation. There-
fore, we have to discuss the general form of the Taylor

expansion without the explicit introduction of coordinate
systems. Although we only consider the Taylor expansion of
a scalar function f : M �→ R, here, the resulting formula
is extended to that for any tensor field on a manifold as in
Appendix A. We have to emphasize that the general formula
of the Taylor expansion shown here is the starting point of
our gauge-invariant formulation of the second-order general
relativistic perturbation theory.

The Taylor expansion of a function f is an approximated
form of f (q) at q ∈ M in terms of the variables at p ∈
M, where q is in the neighborhood of p. To derive the
formula for the Taylor expansion of f , we have to compare
the values of f at the different points on the manifold. To
accomplish this, we introduce a one-parameter family of
diffeomorphisms Φλ : M �→ M, where Φλ(p) = q and
Φλ=0(p) = p. One example of a diffeomorphisms Φλ is an
exponential map with a generator. However, we consider a
more general class of diffeomorphisms.

The diffeomorphism Φλ induces the pull-back Φ∗
λ of

the function f and this pull-back enables us to compare
the values of the function f at different points. Further, the
Taylor expansion of the function f (q) is given by

f
(
q
) = f

(
Φλ

(
p
)) =:

(
Φ∗
λ f
)(
p
)

= f
(
p
)

+
∂

∂λ
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λ f )
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p
λ +

1
2
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p

λ2 +O
(
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(1)

Since this expression hold for an arbitrary smooth function
f , the function f in (1) can be regarded as a dummy.
Therefore, we may regard the Taylor expansion (1) to be the
expansion of the pull-back Φ∗

λ of the diffeomorphism Φλ,
rather than the expansion of the function f .

According to this point of view, Sonego and Bruni [36]
showed that there exist vector fields ξa1 and ξa2 such that the
expansion (1) is given by

f
(
q
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λ f
)(
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= f
(
p
)

+
(
£ξ1 f

)∣∣
pλ +

1
2

(
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f
∣∣∣
p
λ2 +O

(
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(2)

without loss of generality (see Appendix A). Equation (2)
is not only the representation of the Taylor expansion of
the function f , but also the definitions of the generators
ξa1 and ξa2 . These generators of the one-parameter family
of diffeomorphisms Φλ represent the direction along which
the Taylor expansion is carried out. The generator ξa1 is the
first-order approximation of the flow of the diffeomorphism
Φλ, and the generator ξa2 is the second-order correction
to this flow. We should regard the generators ξa1 and ξa2
to be independent. Further, as shown in Appendix A, the
representation of the Taylor expansion of an arbitrary scalar
function f is extended to that for an arbitrary tensor field Q
just through the replacement f → Q.
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We must note that, in general, the representation (2) of
the Taylor expansion is different from an usual exponential
map which is generated by a vector field. In general,

Φσ ◦Φλ /=Φσ+λ, Φ−1
λ /=Φ−λ. (3)

As noted in [24], if the second-order generator ξ2 in (2)
is proportional to the first-order generator ξ1 in (2), the
diffeomorphism Φλ is reduced to an exponential map.
Therefore, one may reasonably doubt that Φλ forms a group
except under very special conditions. However, we have to
note that the properties (3) do not directly mean thatΦλ does
not form a group. There will be possibilities that Φλ form a
group in a different sense from exponential maps, in which
the properties (3) will be maintained.

Now, we give an intuitive explanation of the representa-
tion (2) of the Taylor expansion through the case where the
scalar function f in (2) is a coordinate function. When two
points p, q ∈M in (2) are in the neighborhood of each other,
we can apply a coordinate system M �→ Rn (n = dim M),
which is denoted by {xμ}, to an open set which includes these
two points. Then, we can measure the relative position of
these two points p and q in M in terms of this coordinate
system in Rn through the Taylor expansion (2). In this case,
we may regard that the scalar function f in (2) is a coordinate
function xμ and (2) yields

xμ
(
q
) = (Φ∗

λ x
μ
)(
p
)

= xμ
(
p
)

+ λξ1
(
p
)

+
1
2
λ2
(
ξ2 + ξν

1∂νξ
μ
1

)∣∣∣
p

+O
(
λ3).

(4)

The second term λξ1(p) in the right-hand side of (4) is
familiar. This is regarded as the vector which point from
the point xμ(p) to the points xμ(q) in the sense of the first-
order correction as shown in Figure 1(a). However, in the
sense of the second order, this vector λξ1(p) may fail to point
to xμ(q). Therefore, it is necessary to add the second-order
correction as shown in Figure 1(b). As a correction of the
second order, we may add the term (1/2)λ2ξν

1 (p)∂νξ
μ
1 (p).

This second-order correction corresponds to that comeing
from the exponential map which is generated by the vector
field ξ

μ
1 . However, this correction completely determined by

the vector field ξ
μ
1 . Even if we add this correction that comes

from the exponential map, there is no guarantee that the
corrected vector λξ1(p) + (1/2)λ2ξν

1 (p)∂νξ
μ
1 (p) does point to

xμ(q) in the sense of the second order. Thus, we have to
add the new correction (1/2)λ2ξν

2 (p) of the second order, in
general.

Of course, without this correction (1/2)λ2ξν
2 (p), the vec-

tor which comes only from the exponential map generated
by the vector field ξ1 might point to the point xμ(q). Actually,
this is possible if we carefully choose the vector field ξ

μ
1 taking

into account the deviations at the second order. However,
this means that we have to take care of the second-order
correction when we determine the first-order correction.
This contradicts to the philosophy of the Taylor expansion
as a perturbative expansion, in which we can determine
everything order-by-order. Therefore, we should regard that
the correction (1/2)λ2ξν

2 (p) is necessary in general situations.

λξ
μ
1 (p)

xμ(p)

xμ(q)

(a)

λξ
μ
1 (p)

xμ(p)

xμ(q)

1
2
λ2ξ

μ
2 (p)

1
2
λ2ξν

2∂νξ
μ
1 (p)

λξ
μ
1 (p)

xμ(q)

(b)

Figure 1: (a) The second term λξ1(p) in (4) is the vector which
points from the point xμ(p) to the point xμ(q) in the sense of the
first-order correction. (b) If we look at the neighborhood of the
point xμ(q) in detail, the vector λξ1(p) may fail to point to xμ(q)
in the sense of the second order. Therefore, it is necessary to add the
second-order correction (1/2)λ2(ξ

μ
2 + ξν

1 (p)∂νξ
μ
1 (p)).

2.2. Gauge Degree of Freedom in General Relativity. Since we
want to explain the gauge-invariant perturbation theory in
general relativity, first of all, we have to explain the notion
of “gauge” in general relativity [31]. General relativity is
a theory with general covariance, which intuitively states
that there is no preferred coordinate system in nature. This
general covariance also introduces the notion of “gauge”
in the theory. In the theory with general covariance, these
“gauges” give rise to the unphysical degree of freedom and
we have to fix the “gauges” or to extract some invariant
quantities to obtain physical result. Therefore, treatments of
“gauges” are crucial in general relativity and this situation
becomes more delicate in general relativistic perturbation
theory as explained below.

In 1964, Sachs [32] pointed out that there are two
kinds of “gauges” in general relativity. Sachs called these
two “gauges” as the first- and the second-kind of gauges,
respectively. Here, we review these concepts of “gauge.”

2.2.1. First-Kind Gauge. The first-kind gauge is a coordinate
system on a single manifold M. Although this first-kind
gauge is not important in this paper, we explain this to
emphasize the “gauge” discuss in this paper is different from
this first-kind gauge.

In the standard text book of manifolds (e.g., see [40]),
the following property of a manifold is written: on a
manifold, we can always introduce a coordinate system as a
diffeomorphism ψα from an open set Oα ⊂ M to an open
set ψα(Oα) ⊂ Rn (n = dim M). This diffeomorphism ψα,
that is, coordinate system of the open set Oα, is called gauge
choice (of the first-kind). If we consider another open set
in Oβ ⊂ M, we have another gauge choice ψβ : Oβ �→
ψβ(Oβ) ⊂ Rn for Oβ. If these two open sets Oα and Oβ

have the intersection Oα ∩ Oβ /=∅, we can consider the
diffeomorphism ψβ ◦ ψ−1

α . This diffeomorphism ψβ ◦ ψ−1
α

is just a coordinate transformation: ψα(Oα ∩ Oβ) ⊂ Rn �→
ψβ(Oα ∩Oβ) ⊂ Rn, which is called gauge transformation (of
the first-kind) in general relativity.

According to the theory of a manifold, coordinate system
are not on a manifold itself but we can always introduce a
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coordinate system through a map from an open set in the
manifold M to an open set of Rn. For this reason, general
covariance in general relativity is automatically included
in the premise that our spacetime is regarded as a single
manifold. The first-kind gauge does arise due to this general
covariance. The gauge issue of the first-kind is represented
by the question, which coordinate system is convenient? The
answer to this question depends on the problem which we
are addressing, that is, what we want to clarify. In some case,
this gauge issue of the first-kind is an important. However, in
many case, it becomes harmless if we apply a covariant theory
on the manifold.

2.2.2. Second-Kind Gauge. The second-kind gauge appears in
perturbation theories in a theory with general covariance.
This notion of the second-kind “gauge” is the main issue of
this paper. To explain this, we have to remind our selves what
we are doing in perturbation theories.

First, in any perturbation theories, we always treat two
spacetime manifolds. One is the physical spacetime M. This
physical spacetime M is our nature itself and we want to
describe the properties of this physical spacetime M through
perturbations. The other is the background spacetime M0.
This background spacetime have nothing to do with our
nature and this is a fictitious manifold which is prepared
by us. This background spacetime is just a reference to
carry out perturbative analyses. We emphasize that these two
spacetime manifolds M and M0 are distinct. Let us denote
the physical spacetime by (M, gab) and the background
spacetime by (M0, gab), where gab is the metric on the
physical spacetime manifold, M, and gab is the metric on the
background spacetime manifold, M0. Further, we formally
denote the spacetime metric and the other physical tensor
fields on M by Q and its background value on M0 by Q0.

Second, in any perturbation theories, we always write
equations for the perturbation of the physical variable Q in
the form

Q
(
“p”

) = Q0
(
p
)

+ δQ
(
p
)
. (5)

Usually, this equation is simply regarded as a relation
between the physical variable Q and its background value
Q0, or as the definition of the deviation δQ of the physical
variable Q from its background value Q0. However, (5) has
deeper implications. Keeping in our mind that we always
treat two different spacetimes, M and M0, in perturbation
theory, (5) is a rather curious equation in the following sense:
the variable on the left-hand side of (5) is a variable on M,
while the variables on the right-hand side of (5) are variables
on M0. Hence, (5) gives a relation between variables on two
different manifolds.

Further, through (5), we have implicitly identified points
in these two different manifolds. More specifically, Q(“p”)
on the left-hand side of (5) is a field on M, and “p” ∈ M.
Similarly, we should regard the background value Q0(p) of
Q(“p”) and its deviation δQ(p) ofQ(“p”) fromQ0(p), which
are on the right-hand side of (5), as fields on M0, and
p ∈ M0. Because (5) is regarded as an equation for field
variables, it implicitly states that the points “p” ∈ M and

p ∈M0 are same. This represents the implicit assumption of
the existence of a map M0 → M : p ∈ M0 �→ “p” ∈ M,
which is usually called a gauge choice (of the second-kind) in
perturbation theory [33–35].

It is important to note that the second-kind gauge
choice between points on M0 and M, which is established
by such a relation as (5), is not unique to the theory
with general covariance. Rather, (5) involves the degree
of freedom corresponding to the choice of the map X :
M0 �→ M. This is called the gauge degree of freedom (of
the second-kind). Such a degree of freedom always exists in
perturbations of a theory with general covariance. General
covariance intuitively means that there is no preferred
coordinate system in the theory as mentioned above. If
general covariance is not imposed on the theory, there is a
preferred coordinate system in the theory, and we naturally
introduce this preferred coordinate system onto both M0 and
M. Then, we can choose the identification map X using
this preferred coordinate system. However, there is no such
coordinate system in general relativity due to the general
covariance, and we have no guiding principle to choose the
identification map X. Indeed, we may identify “p” ∈ M
with q ∈ M0 (q /= p) instead of p ∈ M0. In the above
understanding of the concept of “gauge” (of the second-
kind) in general relativistic perturbation theory, a gauge
transformation is simply a change of the map X.

These are the basic ideas of gauge degree of freedom
(of the second-kind) in the general relativistic perturbation
theory which are pointed out by Sacks [32] and mathemati-
cally clarified by Stewart and Walker [33–35]. Based on these
ideas, higher-order perturbation theory has been developed
in [22–28, 31, 38, 39, 41].

2.3. Formulation of Perturbation Theory. To formulate the
above understanding in more detail, we introduce an
infinitesimal parameter λ for the perturbation. Further, we
consider the 4 + 1-dimensional manifold N = M × R,
where 4 = dim M and λ ∈ R. The background spacetime
M0 = N |λ=0 and the physical spacetime M = Mλ = N |R=λ
are also submanifolds embedded in the extended manifold
N . Each point on N is identified by a pair (p, λ), where
p ∈Mλ, and each point in M0 ⊂ N is identified by λ = 0.

Through this construction, the manifold N is foliated by
four-dimensional submanifolds Mλ of each λ, and these are
diffeomorphic to M and M0. The manifold N has a natural
differentiable structure consisting of the direct product of M
andR. Further, the perturbed spacetimes Mλ for each λmust
have the same differential structure with this construction.
In other words, we require that perturbations be continuous
in the sense that M and M0 are connected by a continuous
curve within the extended manifold N . Hence, the changes
of the differential structure resulting from the perturbation,
for example, the formation of singularities and singular
perturbations in the sense of fluid mechanics, are excluded
from consideration.

Let us consider the set of field equations

E[Qλ] = 0 (6)
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on the physical spacetime Mλ for the physical variablesQλ on
Mλ. The field equation (6) formally represents the Einstein
equation for the metric on Mλ and the equations for matter
fields on Mλ. If a tensor field Qλ is given on each Mλ, Qλ is
automatically extended to a tensor field on N by Q(p, λ) :=
Qλ(p), where p ∈ Mλ. In this extension, the field equation
(6) is regarded as an equation on the extended manifold N .
Thus, we have extended an arbitrary tensor field and the field
equations (6) on each Mλ to those on the extended manifold
N .

Tensor fields on N obtained through the above construc-
tion are necessarily “tangent” to each Mλ. To consider the
basis of the tangent space of N , we introduce the normal
form and its dual, which are normal to each Mλ in N .
These are denoted by (dλ)a and (∂/∂λ)a, respectively, and
they satisfy (dλ)a(∂/∂λ)a = 1. The form (dλ)a and its dual,
(∂/∂λ)a, are normal to any tensor field extended from the
tangent space on each Mλ through the above construction.
The set consisting of (dλ)a, (∂/∂λ)a, and the basis of the
tangent space on each Mλ is regarded as the basis of the
tangent space of N .

Now, we define the perturbation of an arbitrary tensor
field Q. We compare Q on Mλ with Q0 on M0, and it is
necessary to identify the points of Mλ with those of M0 as
mentioned above. This point identification map is the gauge
choice of the second-kind as mentioned above. The gauge
choice is made by assigning a diffeomorphism Xλ : N → N
such that Xλ : M0 → Mλ. Following the paper of Bruni et
al. [24], we introduce a gauge choice Xλ as an one-parameter
groups of diffeomorphisms, that is, an exponential map, for
simplicity. We denote the generator of this exponential map
by Xη

a. This generator Xη
a is decomposed by the basis

on N which are constructed above. Although the generator
Xηa should satisfy some appropriate properties [22], the
arbitrariness of the gauge choice Xλ is represented by the
tangential component of the generator Xηa to Mλ.

The pull-back X∗
λ Q, which is induced by the exponential

map Xλ, maps a tensor field Q on the physical manifold Mλ

to a tensor field X∗
λ Q on the background spacetime. In terms

of this generator Xηa, the pull-back X∗
λ Q is represented by

the Taylor expansion

Q(r) = Q
(
Xλ

(
p
)) =X∗

λ Q
(
p
)

= Q
(
p
)

+ λ£XηQ
∣∣∣
p

+
1
2
λ2 £2

XηQ
∣∣∣
p

+O
(
λ3), (7)

where r = Xλ(p) ∈ Mλ. Because p ∈ M0, we may regard
the equation

X∗
λ Q
(
p
) = Q0

(
p
)

+ λ£XηQ
∣∣∣

M0

(
p
)

+
1
2
λ2 £2

XηQ
∣∣∣

M0

(
p
)

+O
(
λ3) (8)

as an equation on the background spacetime M0, whereQ0 =
Q|M0

is the background value of the physical variable of Q.
Once the definition of the pull-back of the gauge choice Xλ

is given, the first- and the second-order perturbations (1)
X Q

N

“p”

Q

Mλ

λ

δQQ0xλ

p q

yλ M0

Φλ = x−1
λ ◦ yλ

Figure 2: The second-kind gauge is a point-identification between
the physical spacetime Mλ and the background spacetime M0

on the extended manifold N . Through (5), we implicitly assume
the existence of a point-identification map between Mλ and M0.
However, this point-identification is not unique by virtue of the
general covariance in the theory. We may chose the gauge of the
second-kind so that p ∈ M0 and “p” ∈ Mλ is same (Xλ). We
may also choose the gauge so that q ∈ M0 and “p” ∈ Mλ is same
(Yλ). These are different gauge choices. The gauge transformation
Xλ → Yλ is given by the diffeomorphism Φ =X−1

λ ◦Yλ.

and (2)
X Q of a tensor field Q under the gauge choice Xλ are

simply given by the expansion

X∗
λ Qλ

∣∣∣
M0
= Q0 + λ

(1)
X Q +

1
2
λ2(2)

X Q +O
(
λ3) (9)

with respect to the infinitesimal parameter λ. Comparing
(8) and (9), we define the first- and the second-order
perturbations of a physical variable Qλ under the gauge
choice Xλ by

(1)
X Q := £XηQ

∣∣∣
M0

, (2)
X Q := £2

XηQ
∣∣∣

M0
. (10)

We note that all variables in (9) are defined on M0.
Now, we consider two different gauge choices based on

the above understanding of the second-kind gauge choice.
Suppose that Xλ and Yλ are two exponential maps with
the generators Xηa and Yηa on N , respectively. In other
words, Xλ and Yλ are two gauge choices (see Figure 2).
Then, the integral curves of each Xηa and Yηa in N are
the orbits of the actions of the gauge choices Xλ and Yλ,
respectively. Since we choose the generators Xηa and Yηa so
that these are transverse to each Mλ everywhere on N , the
integral curves of these vector fields intersect with each Mλ.
Therefore, points lying on the same integral curve of either
of the two are to be regarded as the same point within the
respective gauges. When these curves are not identical, that
is, the tangential components to each Mλ of Xηa and Yηa

are different, these point identification maps Xλ and Yλ are
regarded as two different gauge choices.

We next introduce the concept of gauge invariance. In
particular, in this paper, we consider the concept of order-
by-order gauge invariance [27]. Suppose that Xλ and Yλ are
two different gauge choices which are generated by the vector
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fields Xηa and Yηa, respectively. These gauge choices also pull
back a generic tensor field Q on N to two other tensor fields,
X∗

λ Q and Y∗
λ Q, for any given value of λ. In particular, on

M0, we now have three tensor fields associated with a tensor
field Q; one is the background value Q0 of Q, and the other
two are the pulled-back variables of Q from Mλ to M0 by the
two different gauge choices

XQλ := X∗
λ Q
∣∣∣

M0

= Q0 + λ
(1)
X Q +

1
2
λ2(2)

X Q +O
(
λ3), (11)

YQλ := Y∗
λ Q
∣∣∣

M0

= Q0 + λ
(1)
Y Q +

1
2
λ2(2)

Y Q +O
(
λ3). (12)

Here, we have used (9). Because Xλ and Yλ are gauge choices
which map from M0 to Mλ, XQλ and YQλ are the different
representations on M0 in the two different gauges of the same

perturbed tensor field Q on Mλ. The quantities (k)
X Q and

(k)
Y Q in (11) and (12) are the perturbations of O(k) in the
gauges Xλ and Yλ, respectively. We say that the kth-order

perturbation (k)
X Q of Q is order-by-order gauge-invariant if

and only if for any two gauges Xλ and Yλ the following holds:

(k)
X Q=(k)

Y Q. (13)

Now, we consider the gauge transformation rules between
different gauge choices. In general, the representation XQλ

on M0 of the perturbed variable Q on Mλ depends on the
gauge choice Xλ. If we employ a different gauge choice,
the representation of Qλ on M0 may change. Suppose that
Xλ and Yλ are different gauge choices, which are the point
identification maps from M0 to Mλ, and the generators of
these gauge choices are given by Xηa and Yηa, respectively.
Then, the change of the gauge choice from Xλ to Yλ is
represented by the diffeomorphism

Φλ := (Xλ)
−1 ◦Yλ. (14)

This diffeomorphism Φλ is the map Φλ : M0 → M0 for
each value of λ ∈ R. The diffeomorphism Φλ does change
the point identification, as expected from the understanding
of the gauge choice discussed above. Therefore, the diffeo-
morphism Φλ is regarded as the gauge transformation Φλ :
Xλ → Yλ.

The gauge transformation Φλ induces a pull-back from
the representation XQλ of the perturbed tensor field Q in
the gauge choice Xλ to the representation YQλ in the gauge
choice Yλ. Actually, the tensor fields XQλ and YQλ, which are
defined on M0, are connected by the linear map Φ∗

λ as

YQλ = Y∗
λ Q
∣∣∣

M0
=
(
Y∗
λ

(
XλX

−1
λ

)∗
Q

)∣∣∣∣
M0

=
(
X−1

λ Yλ

)∗(
X∗

λ Q
)∣∣∣∣

M0

= Φ∗
λ XQλ.

(15)

According to generic arguments concerning the Taylor
expansion of the pull-back of a tensor field on the same
manifold, given in Section 2.1, it should be possible to
express the gauge transformation Φ∗

λ XQλ in the form

Φ∗
λ XQ=XQ + λ£ξ1 XQ +

λ2

2

{
£ξ2 + £2

ξ1

}
XQ+O

(
λ3), (16)

where the vector fields ξa1 and ξa2 are the generators of the
gauge transformation Φλ (see (2)).

Comparing the representation (16) of the Taylor expan-
sion in terms of the generators ξa1 and ξa2 of the pull-back
Φ∗
λ XQ and that in terms of the generators Xηa and Yηa of

the pull-back Y∗
λ ◦ (X−1

λ )
∗

XQ (= Φ∗
λ XQ), we readily obtain

explicit expressions for the generators ξa1 and ξa2 of the gauge
transformation Φ =X−1

λ ◦Yλ in terms of the generators Xηa

and Yηa of each gauge choices as follows:

ξa1=Yη
a−Xη

a, ξa2 =
[

Yη,Xη
]a
. (17)

Further, because the gauge transformation Φλ is a map
within the background spacetime M0, the generator should
consist of vector fields on M0. This can be satisfied by
imposing some appropriate conditions on the generators Yηa

and Xηa.
We can now derive the relation between the perturba-

tions in the two different gauges. Up to second order, these
relations are derived by substituting (11) and (12) into (16):

(1)
Y Q−(1)

X Q = £ξ1Q0, (18)

(2)
Y Q−(2)

X Q = 2£ξ1

(1)
X Q +

{
£ξ2 + £2

ξ1

}
Q0. (19)

Here, we should comment on the gauge choice in the
above explanation. We have introduced an exponential map
Xλ (or Yλ) as the gauge choice, for simplicity. However,
this simplified introduction of Xλ as an exponential map
is not essential to the gauge transformation rules (18) and
(19). Actually, we can generalize the diffeomorphism Xλ

from an exponential map. For example, the diffeomorphism
whose pull-back is represented by the Taylor expansion
(2) is a candidate of the generalization. If we generalize
the diffeomorphism Xλ, the representation (8) of the
pulled-back variable X∗

λ Q(p), the representations of the
perturbations (10), and the relations (17) between generators
of Φλ, Xλ, and Yλ will be changed. However, the gauge
transformation rules (18) and (19) are direct consequences
of the generic Taylor expansion (16) of Φλ. Generality
of the representation of the Taylor expansion (16) of Φλ

implies that the gauge transformation rules (18) and (19)
will not be changed, even if we generalize the each gauge
choice Xλ. Further, the relations (17) between generators
also imply that, even if we employ simple exponential maps
as gauge choices, both of the generators ξa1 and ξa2 are
naturally induced by the generators of the original gauge
choices. Hence, we conclude that the gauge transformation
rules (18) and (19) are quite general and irreducible. In
this paper, we review the development of a second-order
gauge-invariant cosmological perturbation theory based on
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the above understanding of the gauge degree of freedom
only through the gauge transformation rules (18) and (19).
Hence, the developments of the cosmological perturbation
theory presented below will not be changed even if we
generalize the gauge choice Xλ from a simple exponential
map.

We also have to emphasize the physical implication of the
gauge transformation rules (18) and (19). According to the
above construction of the perturbation theory, gauge degree
of freedom, which induces the transformation rules (18) and
(19), is unphysical degree of freedom. As emphasized above,
the physical spacetime Mλ is our nature itself, while there is
no background spacetime M0 in our nature. The background
spacetime M0 is a fictitious spacetime and it has nothing to
do with our nature. Since the gauge choice Xλ just gives
a relation between Mλ and M0, the gauge choice Xλ also
has nothing to do with our nature. On the other hand, any
observations and experiments are carried out only on the
physical spacetime Mλ through the physical processes on the
physical spacetime Mλ. Therefore, any direct observables in
any observations and experiments should be independent
of the gauge choice Xλ, that is, should be gauge-invariant.
Keeping this fact in our mind, the gauge transformation rules

(18) and (19) imply that the perturbations (1)
X Q and (2)

X Q
include unphysical degree of freedom, that is, gauge degree
of freedom, if these perturbations are transformed as (18)
or (19) under the gauge transformation Xλ → Yλ. If the

perturbations (1)
X Q and (2)

X Q are independent of the gauge
choice, these variables are order-by-order gauge-invariant.
Therefore, order-by-order gauge-invariant variables does not
include unphysical degree of freedom and should be related
to the physics on the physical spacetime Mλ.

2.4. Coordinate Transformations Induced by the Second Kind
Gauge Transformation. In many literature, gauge degree
of freedom is regarded as the degree of freedom of the
coordinate transformation. In the linear-order perturbation
theory, these two degree of freedom are equivalent with
each other. However, in the higher-order perturbations, we
should regard that these two degree of freedom are different.
Although the essential understanding of the gauge degree
of freedom (of the second-kind) is as that explained above,
the gauge transformation (of the second-kind) also induces
the infinitesimal coordinate transformation on the physical
spacetime Mλ as a result. In many cases, the understanding of
“gauges” in perturbations based on coordinate transforma-
tions leads mistakes. Therefore, we did not use any ingredient
of this subsection in our series of papers [22, 23, 25–28]
concerning about higher-order general relativistic gauge-
invariant perturbation theory. However, we comment on
the relations between the coordinate transformation, briefly.
Details can be seen in [22, 37, 38].

To see that the gauge transformation of the second-kind
induces the coordinate transformation, we introduce the
coordinate system {Oα,ψα} on the “background spacetime”
M0, where Oα are open sets on the background spacetime
and ψα are diffeomorphisms from Oα to R4 (4 = dim M0).
The coordinate system {Oα,ψα} is the set of the collection of

the pair of open sets Oα and diffeomorphism Oα �→ R4. If
we employ a gauge choice Xλ, we have the correspondence
of Mλ and M0. Together with the coordinate system ψα on
M0, this correspondence between Mλ and M0 induces the
coordinate system on Mλ. Actually, Xλ(Oα) for each α is an
open set of Mλ. Then, ψα ◦X−1

λ becomes a diffeomorphism
from an open set Xλ(Oα) ⊂ Mλ to R4. This diffeomorphism
ψα ◦X−1

λ induces a coordinate system of an open set on Mλ.
When we have two different gauge choices Xλ and Yλ,

ψα ◦X−1
λ and ψα ◦Y−1

λ become different coordinate systems
on Mλ. We can also consider the coordinate transformation
from the coordinate system ψα ◦X−1

λ to another coordinate
system ψα ◦ Y−1

λ . Since the gauge transformation Xλ → Yλ

is induced by the diffeomorphism Φλ defined by (14), the
induced coordinate transformation is given by

yμ
(
q
)

:= xμ
(
p
) = ((Φ−1)∗xμ)(q) (20)

in the passive point of view [22, 37, 38]. If we represent this
coordinate transformation in terms of the Taylor expansion
in Section 2.1, up to third order, we have the coordinate
transformation

yμ
(
q
)=xμ(q)−λξμ1 (q)+

λ2

2

{
−ξμ2

(
q
)

+ξν
1

(
q
)
∂νξ

μ
1

(
q
)}

+O
(
λ3).
(21)

2.5. Gauge-Invariant Variables. Here, inspecting the gauge
transformation rules (18) and (19), we define the gauge-
invariant variables for a metric perturbation and for arbi-
trary matter fields (tensor fields). Employing the idea of
order-by-order gauge invariance for perturbations [27], we
proposed a procedure to construct gauge-invariant variables
of higher-order perturbations [22]. This proposal is as
follows. First, we decompose a linear-order metric pertur-
bation into its gauge-invariant and variant parts. The pro-
cedure for decomposing linear-order metric perturbations
is extended to second-order metric perturbations, and we
can decompose the second-order metric perturbation into
gauge-invariant and variant parts. Then, we can define the
gauge-invariant variables for the first- and second-order per-
turbations of an arbitrary field other than the metric by using
the gauge variant parts of the first- and second-order metric
perturbations. Although the procedure for finding gauge-
invariant variables for linear-order metric perturbations is
highly nontrivial, once we know this procedure, we can
easily define the gauge-invariant variables of a higher-order
perturbation through a simple extension of the procedure for
the linear-order perturbations.

Now, we review the above strategy to construct gauge-
invariant variables. To consider a metric perturbation, we
expand the metric on the physical spacetime Mλ, which is
pulled back to the background spacetime M0 using a gauge
choice in the form given in (9):

X∗
λ gab = gab + λXhab +

λ2

2 Xlab +O3(λ), (22)

where gab is the metric on M0. Of course, the expansion
(22) of the metric depends entirely on the gauge choice Xλ.
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Nevertheless, henceforth, we do not explicitly express the
index of the gauge choice Xλ in an expression if there is no
possibility of confusion.

Our starting point to construct gauge-invariant variables
is the assumption that we already know the procedure
for finding gauge-invariant variables for the linear metric
perturbations. Then, a linear metric perturbation hab is
decomposed as

hab =: Hab + £Xgab, (23)

where Hab and Xa are the gauge-invariant and variant parts
of the linear-order metric perturbations, that is, under the
gauge transformation (18), these are transformed as

YHab−XHab = 0, YX
a−XX

a = ξa1 . (24)

The first-order metric perturbation (23) together with the
gauge transformation rules (24) does satisfy the gauge trans-
formation rule (18) for the first-order metric perturbation,
that is,

(1)
Y hab−(1)

X hab = £ξ1gab. (25)

As emphasized in our series of papers [22, 23, 25–28],
the above assumption is quite non-trivial and it is not
simple to carry out the systematic decomposition (23) on
an arbitrary background spacetime, since this procedure
depends completely on the background spacetime (M0, gab).
However, as we will show below, this procedure exists at least
in the case of cosmological perturbations of a homogeneous
and isotropic universe in Section 5.1.

Once we accept this assumption for linear-order metric
perturbations, we can always find gauge-invariant variables
for higher-order perturbations [22]. According to the gauge
transformation rule (19), the second-order metric perturba-
tion lab is transformed as

(2)
Ylab−(2)

Xlab = 2£ξ1 Xhab +
{

£ξ2 + £2
ξ1

}
gab (26)

under the gauge transformation Φλ = (Xλ)
−1 ◦ Yλ :

Xλ → Yλ. Although this gauge transformation rule is
slightly complicated, inspecting this gauge transformation
rule, we first introduce the variable L̂ab defined by

L̂ab := lab − 2£Xhab + £2
Xgab. (27)

Under the gauge transformation Φλ = (Xλ)
−1 ◦ Yλ : Xλ →

Yλ, the variable L̂ab is transformed as

YL̂ab−XL̂ab = £σgab, (28)

σa := ξa2 + [ξ1,X]a. (29)

The gauge transformation rule (28) is identical to that for
a linear metric perturbation. Therefore, we may apply the
above procedure to decompose hab into Hab and Xa when
we decompose of the components of the variable L̂ab. Then,
L̂ab can be decomposed as

L̂ab = Lab + £Ygab, (30)

where Lab is the gauge-invariant part of the variable L̂ab,
or equivalently, of the second-order metric perturbation lab,
and Ya is the gauge variant part of L̂ab, that is, the gauge
variant part of lab. Under the gauge transformation Φλ =
(Xλ)

−1 ◦Yλ, the variables Lab and Ya are transformed as

YLab− XLab = 0, YYa− YYa = σa, (31)

respectively. Thus, once we accept the assumption (23), the
second-order metric perturbations are decomposed as

lab =: Lab + 2£Xhab +
(
£Y − £2

X

)
gab, (32)

where Lab and Ya are the gauge-invariant and variant parts
of the second order metric perturbations, that is,

YLab−XLab = 0, YY
a−XY

a = ξa2 + [ξ1,X]a. (33)

Furthermore, as shown in [22], using the first- and
second-order gauge variant parts, Xa and Ya, of the metric
perturbations, the gauge-invariant variables for an arbitrary
field Q other than the metric are given by

(1)Q:=(1)Q − £XQ0, (34)

(2)Q:=(2)Q − 2£X (1)Q − {£Y − £2
X

}
Q0. (35)

It is straightforward to confirm that the variables (p)Q
defined by (34) and (35) are gauge-invariant under the gauge
transformation rules (18) and (19), respectively.

Equations (34) and (35) have very important implica-
tions. To see this, we represent these equations as

(1)Q = (1)Q +£XQ0, (36)

(2)Q = (2)Q +2£X (1)Q +
{

£Y − £2
X

}
Q0. (37)

These equations imply that any perturbation of first and
second order can always be decomposed into gauge-invariant
and gauge-variant parts as (36) and (37), respectively.
These decomposition formulae (36) and (37) are important
ingredients in the general framework of the second-order
general relativistic gauge-invariant perturbation theory.

3. Perturbations of the Field Equations

In terms of the gauge-invariant variables defined last section,
we derive the field equations, that is, Einstein equations and
the equation for a matter field. To derive the perturbation
of the Einstein equations and the equation for a matter field
(Klein-Gordon equation), first of all, we have to derive the
perturbative expressions of the Einstein tensor [23]. This
is reviewed in Section 3.1. We also derive the first and the
second order perturbations of the energy momentum tensor
for a scalar field and the Klein-Gordon equation [27] in
Section 3.2. Finally, we consider the first- and the second-
order the Einstein equations in Section 3.3.
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3.1. Perturbations of the Einstein Curvature. The relation
between the curvatures associated with the metrics on the
physical spacetime Mλ and the background spacetime M0

is given by the relation between the pulled-back operator
X∗

λ∇a(X−1
λ )

∗
of the covariant derivative ∇a associated

with the metric gab on Mλ and the covariant derivative
∇a associated with the metric gab on M0. The pulled-
back covariant derivative X∗

λ∇a(X−1
λ )

∗
depends on the

gauge choice Xλ. The property of the derivative operator
X∗

λ∇a(X−1
λ )

∗
as the covariant derivative on Mλ is given by

X∗
λ∇a

((
X−1

λ

)∗
X∗

λ gab

)
= 0, (38)

where X∗
λ gab is the pull-back of the metric on Mλ, which

is expanded as (22). In spite of the gauge dependence of the
operator X∗

λ∇a(X−1
λ )

∗
, we simply denote this operator by

∇a, because our calculations are carried out only on M0 in
the same gauge choice Xλ. Further, we denote the pulled-
back metric X∗

λ gab on Mλ by gab, as mentioned above.
Since the derivative operator ∇a (= X∗∇a(X−1)∗) may

be regarded as a derivative operator on M0 that satisfies the
property (38), there exists a tensor field Ccab on M0 such that

∇aωb = ∇aωb − Ccabωc, (39)

where ωa is an arbitrary one-form on M0. From the property
(38) of the covariant derivative operator ∇a on Mλ, the
tensor field Ccab on M0 is given by

Ccab = 1
2
gcd
(
∇agdb +∇bgda −∇dgab

)
, (40)

where gab is the inverse of gab (see Appendix B). We note that
the gauge dependence of the covariant derivative∇a appears

only through Ccab. The Riemann curvature Rabc
d

on Mλ,
which is also pulled back to M0, is given by [42]

Rabc
d = Rabc

d − 2∇[aC
d
b]c + 2Cec[aC

d
b]e, (41)

where Rabc
d is the Riemann curvature on M0. The pertur-

bative expression for the curvatures are obtained from the
expansion of (41) through the expansion of Ccab.

The first- and the-second order perturbations of the
Riemann, the Ricci, the scalar, the Weyl curvatures, and the
Einstein tensors on the general background spacetime are
summarized in [23]. We also derived the perturbative form
of the divergence of an arbitrary tensor field of second rank
to check the perturbative Bianchi identities in [23]. In this
paper, we only present the perturbative expression for the
Einstein tensor, and its derivations in Appendix B.

We expand the Einstein tensor Ga
b

:= R
b
a − (1/2)δ b

a R on
Mλ as

Ga
b = Ga

b + λ(1)Ga
b

+
1
2
λ2(2)

Ga
b +O

(
λ3). (42)

As shown in Appendix B, each order perturbation of the
Einstein tensor is given by

(1)Ga
b=(1)Ga

b[H] + £XGa
b, (43)

(2)Ga
b=(1)G b

a [L]+(2)G b
a [H , H]

+ 2£X (1)Ga
b

+
{

£Y − £2
X

}
Ga

b,
(44)

where

(1)Ga
b[A] := (1)Σa

b
[A]− 1

2
δa

b(1)
Σc

c[A],

(1)Σa
b
[A] := −2∇ [aHd]

bd[A]− AcbRac,
(45)

(2)Ga
b[A,B] := (2)Σa

b
[A,B]− 1

2
δa

b(2)
Σc

c[A,B], (46)

(2)Σa
b[A,B] := 2RadB

(b
c Ad)c + 2H[a

de[A]Hd]
b
e[B]

+2H[a
de[B]Hd]

b
e[A] +2Ae

d∇ [aHd]
be[B]

+2Be
d∇ [aHd]

be[A] + 2Ac
b∇ [aHd]

cd[B]

+2Bc
b∇ [aHd]

cd[A],

(47)

H c
ab [A] := ∇(aAb)

c − 1
2
∇cAab, (48)

Habc[A] := gcdHab
d[A], Ha

bc[A] := gbdHad
c[A],

Ha
b
c[A] := gcdHa

bd[A].
(49)

We note that (1)Ga
b[∗] and (2)Ga

b[∗,∗] in (43) and (44)
are the gauge-invariant parts of the perturbative Einstein
tensors, and (43) and (44) have the same forms as (34) and
(37), respectively. The expression of (2)Ga

b[A,B] in (46) with
(47) is derived by the consideration of the general relativistic
gauge-invariant perturbation theory with two infinitesimal
parameters in [22, 23].

We also note that (1)Ga
b[∗] and (2)Ga

b[∗,∗] defined by
(45)–(47) satisfy the identities

∇a
(1)Ga

b[A] = −Hca
a[A]Gb

c +Hba
c[A]G a

c , (50)

∇a
(2)Gb

a[A,B] = −Hca
a[A](1)Gb

c[B]−Hca
a[B](1)Gb

c[A]

+Hba
e[A](1)Ge

a[B] +Hba
e[B](1)Ge

a[A]

−
(
Hbad[B]Adc +Hbad[A]Bdc

)
Gc

a

+
(
Hcad[B]Aad +Hcad[A]Bad

)
Gb

c,

(51)

for arbitrary tensor fields Aab and Bab, respectively. We can
directly confirm these identities without specifying arbitrary
tensors Aab and Bab of the second rank, respectively. This
implies that our general framework of the second-order
gauge-invariant perturbation theory discussed here gives a
self-consistent formulation of the second-order perturbation
theory. These identities (50) and (51) guarantee the first- and
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second-order perturbations of the Bianchi identity ∇bG
b

a =
0 and are also useful when we check whether the derived
components of (45) and (46) are correct.

3.2. Perturbations of the Energy Momentum Tensor and Klein-
Gordon Equation. Here, we consider the perturbations of the
energy momentum tensor of the equation of motion. As a
model of the matter field, we only consider the scalar field,
for simplicity. Then, equation of motion for a scalar field is
the Klein-Gordon equation.

The energy momentum tensor for a scalar field ϕ is given
by

Ta
b = ∇aϕ∇b

ϕ− 1
2
δa

b
(
∇cϕ∇c

ϕ + 2V
(
ϕ
))

, (52)

where V(ϕ) is the potential of the scalar field ϕ. We expand
the scalar field ϕ as

ϕ = ϕ + λϕ̂1 +
1
2
λ2ϕ̂2 +O

(
λ3), (53)

where ϕ is the background value of the scalar field ϕ. Further,
following to the decomposition formulae (34) and (35), each
order perturbation of the scalar field ϕ is decomposed as

ϕ̂1 =: ϕ1 + £Xϕ,

ϕ̂2 =: ϕ2 + 2£Xϕ̂1 +
(
£Y − £2

X

)
ϕ,

(54)

where ϕ1 and ϕ2 are the first- and the second-order gauge-
invariant perturbations of the scalar field, respectively.

Through the perturbative expansions (53) and (B.2)
of the scalar field ϕ and the inverse metric, the energy
momentum tensor (52) is also expanded as

Ta
b = Ta

b + λ(1)
(
Ta

b
)

+
1
2
λ2(2)

(
Ta

b
)

+O
(
λ3). (55)

The background energy momentum tensor Ta
b is given by

the replacement ϕ → ϕ in (52). Further, through the
decompositions (23), (32), (54), the perturbations of the
energy momentum tensor (1)(Ta

b) and (2)(Ta
b) are also

decomposed as

(1)
(
Ta

b
)
= :(1)Ta

b + £XTa
b, (56)

(2)
(
Ta

b
)
= :(2)Ta

b + 2£X (1)
(
Ta

b
)

+
(
£Y − £2

X

)
Ta

b, (57)

where the gauge-invariant parts (1)Ta
b and (2)Ta

b of the first
and the second order are given by

(1)Ta
b := ∇aϕ∇bϕ1 −∇aϕHbc∇cϕ +∇aϕ1∇bϕ

− δ b
a

(
∇cϕ∇cϕ1 − 1

2
∇cϕHdc∇dϕ + ϕ1

∂V

∂ϕ

)
,

(58)

(2)Ta
b := ∇aϕ∇bϕ2 +∇aϕ2∇bϕ−∇aϕg

bdLdc∇cϕ

− 2∇aϕHbc∇cϕ1 + 2∇aϕHbdHdc∇cϕ

+ 2∇aϕ1∇bϕ1 − 2∇aϕ1H
bc∇cϕ

− δ b
a

(
∇cϕ∇cϕ2 − 1

2
∇cϕLdc∇dϕ

+∇cϕHdeHec∇dϕ− 2∇cϕHdc∇dϕ1

+∇cϕ1∇cϕ1 + ϕ2
∂V

∂ϕ
+ ϕ2

1
∂2V

∂ϕ2

)
.

(59)

We note that (56) and (57) have the same form as (36) and
(37), respectively.

Next, we consider the perturbation of the Klein-Gordon
equation

C(K) := ∇a∇aϕ− ∂V

∂ϕ

(
ϕ
) = 0. (60)

Through the perturbative expansions (53) and (22), the
Klein-Gordon equation (60) is expanded as

C(K) =: C(K) + λ
(1)
C(K) +

1
2
λ2

(2)
C(K) +O

(
λ3). (61)

C(K) is the background Klein-Gordon equation

C(K) := ∇a∇aϕ− ∂V

∂ϕ

(
ϕ
) = 0. (62)

The first- and the second-order perturbations
(1)
C(K) and

(2)
C(K)

are also decomposed into the gauge-invariant and the gauge-
variant parts as

(1)
C(K)=:

(1)
C(K) + £XC(K),

(2)
C(K)=:

(2)
C(K) +2£X

(1)
C(K) +

(
£Y − £2

X

)
C(K),

(63)

where

(1)
C(K) := ∇a∇aϕ1−Ha

ac[H]∇cϕ−Hab∇a∇bϕ−ϕ1
∂2V

∂ϕ2

(
ϕ
)
,

(64)

(2)
C(K) := ∇a∇aϕ2 −Ha

ac[L]∇cϕ + 2Ha
ad[H]Hcd∇cϕ

− 2Ha
ac[H]∇cϕ1 + 2HabHab

c[H]∇cϕ

−Lab∇a∇bϕ + 2Ha
dH

db∇a∇bϕ− 2Hab∇a∇bϕ1

− ϕ2
∂2V

∂ϕ2

(
ϕ
)− (ϕ1

)2 ∂3V

∂ϕ3

(
ϕ
)
.

(65)

Here, we note that (63) have the same form as (36) and (37).
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By virtue of the order-by-order evaluations of the Klein-
Gordon equation, the first- and the second-order perturba-
tion of the Klein-Gordon equation are necessarily given in
gauge-invariant form as

(1)
C(K)= 0,

(2)
C(K)= 0. (66)

We should note that, in [27], we summarized the
formulae of the energy momentum tensors for an perfect
fluid, an imperfect fluid, and a scalar field. Further, we also
summarized the equations of motion of these three matter
fields, that is, the energy continuity equation and the Euler
equation for a perfect fluid; the energy continuity equation
and the Navier-Stokes equation for an imperfect fluid; the
Klein-Gordon equation for a scalar field. All these formulae
also have the same form as the decomposition formulae (36)
and (37). In this sense, we may say that the decomposition
formulae (36) and (37) are universal.

3.3. Perturbations of the Einstein Equation. Finally, we
impose the perturbed Einstein equation of each order,

(1)Ga
b = 8πG (1)Ta

b
, (2)Ga

b = 8πG (2)Ta
b
. (67)

Then, the perturbative Einstein equation is given by

(1)Ga
b[H] = 8πG(1)Ta

b (68)

at linear order and

(1)Ga
b[L]+(2)Ga

b[H , H] = 8πG (2)T a
b

(69)

at second order. These explicitly show that, order-by-order,
the Einstein equations are necessarily given in terms of
gauge-invariant variables only.

Together with (66), we have seen that the first- and the
second-order perturbations of the Einstein equations and
the Klein-Gordon equation are necessarily given in gauge-
invariant form. This implies that we do not have to consider
the gauge degree of freedom, at least in the level where we
concentrate only on the equations of the system.

We have reviewed the general outline of the second-
order gauge-invariant perturbation theory. We also note
that the ingredients of this section are independent of the
explicit form of the background metric gab, except for
the decomposition assumption (23) for the linear-order
metric perturbations and are valid not only in cosmological
perturbation case but also the other generic situations if
(23) is correct. Within this general framework, we develop
a second-order cosmological perturbation theory in terms of
the gauge-invariant variables.

4. Cosmological Background Spacetime
and Equations

The background spacetime M0 considered in cosmological
perturbation theory is a homogeneous, isotropic universe
that is foliated by the three-dimensional hypersurface Σ(η),
which is parametrized by η. Each hypersurface of Σ(η) is a

maximally symmetric three-space [43], and the spacetime
metric of this universe is given by

gab = a2(η)(−(dη)a(dη)b + γi j
(
dxi
)
a

(
dx j

)
b

)
, (70)

where a = a(η) is the scale factor, γi j is the metric on the
maximally symmetric 3-space with curvature constant K ,
and the indices i, j, k, . . . for the spatial components run from
1 to 3.

To study the Einstein equation for this background
spacetime, we introduce the energy-momentum tensor for
a scalar field, which is given by

Ta
b = ∇aϕ∇bϕ− 1

2
δ b
a

(∇cϕ∇cϕ + 2V
(
ϕ
))

= −
(

1
2a2

(
∂ηϕ

)2
+V

(
ϕ
))(

dη
)
a

(
∂

∂η

)b

+
(

1
2a2

(
∂ηϕ

)2 −V(ϕ))γ b
a ,

(71)

where we assumed that the scalar field ϕ is homogeneous

ϕ = ϕ
(
η
)

(72)

and γab are defined as

γab := γi j
(
dxi
)
a

(
dx j

)
b
, γa

b := γ
j

i

(
dxi
)
a

(
∂

∂x j

)b
.

(73)

The background Einstein equations Ga
b = 8πGTa

b for
this background spacetime filled with the single scalar field
are given by

H2 + K = 8πG
3

a2
(

1
2a2

(
∂ηϕ

)2
+V

(
ϕ
))

,

2∂ηH + H2 + K = 8πG
(
−1

2

(
∂ηϕ

)2
+ a2V

(
ϕ
))
.

(74)

We also note that (74) lead to

H2 + K − ∂ηH = 4πG
(
∂ηϕ

)2
. (75)

Equation (75) is also useful when we derive the perturbative
Einstein equations.

Next, we consider the background Klein-Gordon equa-
tion which is the equation of motion∇aT

a
b = 0 for the scalar

field

∂2
ηϕ + 2H∂ηϕ + a2 ∂V

∂ϕ
= 0. (76)

The Klein-Gordon equation (76) is also derived from the
Einstein equations (74). This is a well known fact and is
just due to the Bianchi identity of the background spacetime.
However, these types of relation are useful to check whether
the derived system of equations is consistent.
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5. Equations for the First-Order
Cosmological Perturbations

On the cosmological background spacetime in the last
section, we develop the perturbation theory in the gauge-
invariant manner. In this section, we summarize the first-
order perturbation of the Einstein equation and the Klein-
Gordon equations. In Section 5.1, we show that the assump-
tion on the decomposition (23) of the linear-order metric
perturbation is correct. In Section 5.2, we summarize the
first-order perturbation of the Einstein equation. Finally,
in Section 5.3, we show the first-order perturbation of the
Klein-Gordon equation.

5.1. Gauge-Invariant Metric Perturbations. Here, we consider
the first-order metric perturbation hab and show the assump-
tion on the decomposition (23) is correct in the background
metric (70). To accomplish the decomposition (23), first,
we assume the existence of the Green functions Δ−1 :=
(DiDi)

−1, (Δ + 2K)−1, and (Δ + 3K)−1, where Di is the
covariant derivative associated with the metric γi j and K is
the curvature constant of the maximally symmetric three
space. Next, we consider the decomposition of the linear-
order metric perturbation hab as

hab = hηη
(
dη
)
a

(
dη
)
b

+ 2
(
Dih(VL) + h(V)i

)(
dη
)

(a

(
dxi
)
b)

+ a2
{
h(L)γi j +

(
DiDj − 1

3
γi jΔ

)
h(TL)

+2D(ih(TV) j) + h(TT)i j

}(
dxi
)
a

(
dx j

)
b
,

(77)

where h(V)i, h(TV) j , and h(TT)i j satisfy the properties

Dih(V)i = 0, Dih(TV)i = 0,

h(TT)i j = h(TT) ji, h(T)
i
i := γi jh(T)i j = 0,

Dih(TT)i j = 0.

(78)

The gauge-transformation rules for the variables hηη, h(VL),
h(V)i, h(L), h(TL), h(TV) j and h(TT)i j are derived from (25).
Inspecting these gauge-transformation rules, we define the
gauge-variant part Xa in (23):

Xa :=
(
h(VL) − 1

2
a2∂ηh(TL)

)(
dη
)
a

+ a2
(
h(TV)i +

1
2
Dih(TL)

)(
dxi
)
a
.

(79)

We can easily check this vector field Xa satisfies (24).
Subtracting gauge variant-part £Xgab from hab, we have the
gauge-invariant part Hab in (23):

Hab = a2

{
−2

(1)
Φ
(
dη
)
a

(
dη
)
b + 2

(1)
ν i

(
dη
)

(a

(
dxi
)
b)

+

(
−2

(1)
Ψ γi j +

(1)
χ i j

)(
dxi
)
a

(
dx j

)
b

}
,

(80)

where the properties Di
(1)
ν i := γi jDi

(1)
ν j =

(1)

χ i
i := γi j

(1)
χi j=

Di
(1)
χ i j = 0 are satisfied as consequences of (78).

Thus, we may say that our assumption for the decompo-
sition (23) in linear-order metric perturbation is correct in
the case of cosmological perturbations. However, we have to
note that to accomplish (23), we assumed the existence of the
Green functions Δ−1, (Δ+ 2K)−1, and (Δ+ 3K)−1. As shown
in [25, 26], this assumption is necessary to guarantee the one
to one correspondence between the variables {hηη,hiη,hi j}
and {hηη,h(VL),h(V)i,h(L),h(TL),h(TV) j ,h(TT)i j}, but excludes
some perturbative modes of the metric perturbations which
belong to the kernel of the operator Δ, (Δ+2K), and (Δ+3K)
from our consideration. For example, homogeneous modes
belong to the kernel of the operator Δ and are excluded
from our consideration. If we have to treat these modes, the
separate treatments are necessary. In this paper, we ignore
these modes, for simplicity.

We also note the fact that the definition (23) of the gauge-
invariant variables is not unique. This comes from the fact
that we can always construct new gauge-invariant quantities
by the combination of the gauge-invariant variables. For

example, using the gauge-invariant variables
(1)
Φ and

(1)
νi of

the first-order metric perturbation, we can define a vector

field Za by Za := −a
(1)
Φ (dη)a + a

(1)
νi (dxi)a which is gauge

invariant. Then, we can rewrite the decomposition formula
(23) for the linear-order metric perturbation as

hab =Hab − £Zgab + £Zgab + £Xgab,

=: Kab + £X+Zgab,
(81)

where we have defined new gauge invariant variable Kab
by Kab := Hab − £Zgab. Clearly, Kab is gauge-invariant
and the vector field Xa + Za satisfies (24). In spite of this
nonuniqueness, we specify the components of the tensor Hab

as (80), which is the gauge-invariant part of the linear-order
metric perturbation associated with the longitudinal gauge.

The non-uniqueness of the definitions of gauge-invariant
variables is related to the “gauge-fixing” for the linear-
order metric perturbations. Due to this non-uniqueness,
we can consider the gauge-fixing in the first-order metric
perturbation from two different points of view. The first
point of view is that the gauge-fixing is to specify the gauge-
variant part Xa. For example, the longitudinal gauge is
realized by the gauge fixing Xa = 0. Due to this gauge fixing
Xa = 0, we can regard the fact that perturbative variables
in the longitudinal gauge are the completely gauge fixed
variables. On the other hand, we may also regard that the
gauge fixing is the specification of the gauge-invariant vector
field Za in (81). In this point of view, we do not specify
the vector field Xa. Instead, we have to specify the gauge-
invariant vector Za or equivalently to specify the gauge-
invariant metric perturbation Kab without specifying Xa so
that the first-order metric perturbation hab coincides with
the gauge-invariant variables Kab when we fix the gauge
Xa so that Xa + Za = 0. These two different point of view
of “gauge fixing” is equivalent with each other due to the
non-uniqueness of the definition (81) of the gauge-invariant
variables.
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5.2. First-Order Einstein Equations. Here, we derive the
linear-order Einstein equation (68). To derive the compo-
nents of the gauge-invariant part of the linearized Einstein
tensor (1)G b

a [H], which is defined by (45), we first derive the
components of the tensor H c

ab [H], which is defined in (48)
with Aab = Hab and its component (80). These components
are summarized in [25, 26].

From (45), the component of (1)G b
a [H] are summarized

as

(1)Gη
η[H] = − 1

a2

{(
−6H∂η + 2Δ + 6K

) (1)
Ψ −6H2

(1)
Φ

}
,

(1)Gi
η[H] = − 1

a2

(
2∂ηDi

(1)
Ψ +2HDi

(1)
Φ −1

2
(Δ + 2K)

(1)
νi

)
,

(1)Gη
i[H] = 1

a2

{
2∂ηDi

(1)
Ψ +2HDi

(1)
Φ

+
1
2

(
−Δ + 2K + 4H2 − 4∂ηH

) (1)

νi

⎫⎬⎭,

(1)Gi
j[H] = 1

a2

[
DiD

j

(
(1)
Ψ −

(1)
Φ

)

+

{(
−Δ + 2∂2

η + 4H∂η − 2K
) (1)
Ψ

+
(

2H∂η + 4∂ηH + 2H2 + Δ
) (1)
Φ

}
γ
j
i

− 1
2a2

∂η

⎧⎨⎩a2

⎛⎝Di

(1)

ν j +Dj (1)
νi

⎞⎠⎫⎬⎭
+

1
2

(
∂2
η + 2H∂η + 2K − Δ

) (1)

χ
j

i

⎤⎦.
(82)

Straightforward calculations show that these components
of the first-order gauge-invariant perturbation (1)Ga

b[H]
of the Einstein tensor satisfies the identity (50). Although
this confirmation is also possible without specification of
the tensor Hab, the confirmation of (50) through the
explicit components (82) implies that we have derived the
components of (1)Ga

b[H] consistently.
Next, we summarize the first-order perturbation of

the energy momentum tensor for a scalar field. Since, at
the background level, we assume that the scalar field ϕ
is homogeneous as (72), the components of the gauge-
invariant part of the first-order energy-momentum tensor
(1)Ta

b are given by

(1)Tη
η = − 1

a2

(
∂ηϕ1∂ηϕ−

(1)
Φ
(
∂ηϕ

)2
+ a2 dV

dϕ
ϕ1

)
,

(1)Ti
η = − 1

a2
Diϕ1∂ηϕ,

(83)

(1)Tη
i = 1

a2
∂ηϕ

⎛⎝Diϕ1 +
(
∂ηϕ

) (1)

νi

⎞⎠,

(1)Ti
j = 1

a2
γi
j

(
∂ηϕ1∂ηϕ−

(1)
Φ
(
∂ηϕ

)2 − a2 dV

dϕ
ϕ1

)
.

(84)

The second equation in (84) shows that there is no
anisotropic stress in the energy-momentum tensor of the
single scalar field. Then, we obtain that

(1)
Φ=

(1)
Ψ . (85)

From (82)–(84) and (85), the components of scalar parts of
the linearized Einstein equation (68) are given as [3]

(
Δ− 3H∂η + 4K − ∂ηH − 2H2

) (1)
Φ

= 4πG

(
∂ηϕ1∂ηϕ + a2 dV

dϕ
ϕ1

)
,

(86)

∂η
(1)
Φ +H

(1)
Φ= 4πGϕ1∂ηϕ, (87)

(
∂2
η + 3H∂η + ∂ηH + 2H2

) (1)
Φ

= 4πG

(
∂ηϕ1∂ηϕ− a2 dV

dϕ
ϕ1

)
.

(88)

In the derivation of (86)–(88), we have used (75). We also
note that only two of these equations are independent.
Further, the vector part of the component (1)Gi

η[H] =
8πG(1)Ti

η shows that

(1)
ν i = 0. (89)

The equation for the tensor mode
(1)
χi j is given by

(
∂2
η + 2H∂η + 2K − Δ

) (1)

χi
j= 0. (90)

Combining (86) and (88), we eliminate the potential
term of the scalar field and thereby obtain that

(
∂2
η + Δ + 4K

) (1)
Φ= 8πG∂ηϕ1∂ηϕ. (91)

Further, using (87) to express ∂ηϕ1 in terms of ∂η
(1)
Φ and

(1)
Φ,

we also eliminate ∂ηϕ1 in (91). Hence, we have{
∂2
η + 2

(
H − 2∂2

ηϕ

∂ηϕ

)
∂η − Δ− 4K + 2

(
∂ηH − H∂2

ηϕ

∂ηϕ

)}
(1)
Φ

= 0.
(92)

This is the master equation for the scalar mode perturbation
of the cosmological perturbation in universe filled with a
single scalar field. It is also known that (92) reduces to a
simple equation through a change of variables [3].
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5.3. First-Order Klein-Gordon Equations. Next, we consider
the first-order perturbation of the Klein-Gordon equation
(64). By the straightforward calculations using (70), (80),
(72), (76), and the componentsHa

ac summarized in [25, 26],

the gauge-invariant part
(1)

C(K) of the first-order Klein-Gordon
equation defined by (64) is given by

−a2
(1)

C(K) = ∂2
ηϕ1 + 2H∂ηϕ1 − Δϕ1 −

(
∂η

(1)
Φ +3∂η

(1)
Ψ

)
∂ηϕ

+ 2a2
(1)
Φ
∂V

∂ϕ

(
ϕ
)

+ a2ϕ1
∂2V

∂ϕ2

(
ϕ
)

= 0.
(93)

Through the background Einstein equations (74) and
the first-order perturbations (87) and (92) of the Einstein
equation, we can easily derive the first-order perturbation of
the Klein-Gordon equation (93) [28]. Hence, the first-order
perturbation of the Klein-Gordon equation is not indepen-
dent of the background and the first-order perturbation of
the Einstein equation. Therefore, from the viewpoint of the
Cauchy problem, any information obtained from the first-
order perturbation of the Klein-Gordon equation should
also be obtained from the set of the background and the first-
order the Einstein equation, in principle.

6. Equations for the Second-Order
Cosmological Perturbations

Now, we develop the second-order perturbation theory on
the cosmological background spacetime in Section 4 within
the general framework of the gauge-invariant perturbation
theory reviewed in Section 2. Since we have already con-
firmed the important step of our general framework, that
is, the assumption for the decomposition (23) of the linear-
order metric perturbation is correct. Hence, the general
framework reviewed in Section 2 is applicable. Applying
this framework, we define the second-order gauge-invariant
variables of the metric perturbation in Section 6.1. In
Section 6.2, we summarize the explicit components of the
gauge-invariant parts of the second-order perturbation of
the Einstein tensor. In Section 6.3, we summarize the explicit
components of the second-order perturbation of the energy-
momentum tensor and the Klein-Gordon equations. Then,
in Section 6.4, we derive the second-order Einstein equa-
tions in terms of gauge-invariant variables. The resulting
equations have the source terms which constitute of the
quadratic terms of the linear-order perturbations. Although
these source terms have complicated forms, we give identities
which comes from the consistency of all the second-order
perturbations of the Einstein equation and the Klein-Gordon
equation in Section 6.5.

6.1. Gauge-Invariant Metric Perturbations. First, we consider
the components of the gauge-invariant variables for the
metric perturbation of second order. The variable L̂ab

defined by (27) is transformed as (28) under the gauge
transformation and we may regard the generator σa defined
by (29) as an arbitrary vector field on M0 from the fact
that the generator ξa2 in (29) is arbitrary. We can apply
the procedure to find gauge-invariant variables for the first-
order metric perturbations (80) in Section 5.1. Then, we
can accomplish the decomposition (30). Following to the
same argument as in the linear case, we may choose the
components of the gauge-invariant variables Lab in (32) as

Lab = −2a2
(2)
Φ
(
dη
)
a

(
dη
)
b + 2a2 (2)

νi
(
dη
)

(a

(
dxi
)
b)

+ a2

(
−2

(2)
Ψ γi j+

(2)
χi j

)(
dxi
)
a

(
dx j

)
b
,

(94)

where
(2)
ν i and

(2)
χi j satisfy the equations

Di (2)
νi= 0,

(2)

χii= 0, Di (2)
χi j= 0. (95)

The gauge-invariant variables
(2)
Φ and

(2)
Ψ are the scalar mode

perturbations of second order, and
(2)
νi and

(2)
χi j are the second-

order vector and tensor modes of the metric perturbations,
respectively.

Here, we also note the fact that the decomposition (32) is
not unique. This situation is similar to the case of the linear
order, but more complicated. In the definition of the gauge-
invariant variables of the second-order metric perturbation,
we may replace

Xa = X
′a − Z ′a, (96)

where Z
′a is gauge invariant and X

′a is transformed as

YX
′a−XX

′a = ξa1 (97)

under the gauge transformation Xλ → Yλ. This Z
′a may

be different from the vector Za in (81). By the replacement
(96), the second-order metric perturbation (32) is given in
the form

lab =: Jab + 2£X′hab +
(
£Y ′ − £2

X′
)
gab, (98)

where we defined

Jab := Lab − £Wgab − 2£Z′Kab

−2£Z′£Zgab + £2
Z′gab,

(99)

Y
′a := Ya +Wa + [X ′,Z′]a. (100)

Here, the vector fieldWa in (100) constitute of some compo-
nents of gauge-invariant second-order metric perturbation
Lab like Za in (81). The tensor field Jab is manifestly gauge
invariant. The gauge transformation rule of the new gauge-
variant part Y

′a of the second-order metric perturbation is
given by

YY
′a−XY

′a = ξa(2) +
[
ξ(1),X ′

]a
. (101)
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Although (98) is similar to (32), the tensor fields Lab and
Jab are different from each other. Thus, the definition of
the gauge-invariant variables for the second-order metric
perturbation is not unique in a more complicated way than
the linear order. This nonuniqueness of gauge-invariant
variables for the metric perturbations propagates to the
definition (34) and (35) of the gauge-invariant variables for
matter fields.

In spite of the existence of infinitely many definitions of
the gauge-invariant variables, in this paper, we consider the
components of Lab given by (94). Equation (94) corresponds
to the second-order extension of the longitudinal gauge,
which is called Poisson gauge Xa = Ya = 0.

6.2. Einstein Tensor. Here, we evaluate the second-order
perturbation of the Einstein tensor (44) with the cosmolog-
ical background (70). We evaluate the term (1)Ga

b[L] and
(2)Ga

b[H , H] in the Einstein equation (69).
First, we evaluate the term (1)Ga

b[L] in the Einstein
equation (69). Because the components (94) of Lab are
obtained through the replacements

(1)
Φ−→

(2)
Φ,

(1)
νi−→

(2)
ν i,

(1)
Ψ−→

(2)
Ψ,

(1)
χi j−→(2)

χi j (102)

in the components (80) of Hab, we easily obtain the compo-
nents of (1)Ga

b[L] through the replacements (102) in (82).

From (80), we can derive the components of (2)Ga
b

=(2) Ga
b [H , H] defined by (46)–(49) in a straightforward

manner. Here, we use the results (85) and (89) of the first-
order Einstein equations, for simplicity. Then the explicit
components (2)Ga

b=(2)Ga
b[H , H] are summarized as

(2)Gη
η = 2

a2

⎡⎣−3Dk

(1)
Φ Dk

(1)
Φ −8

(1)
Φ Δ

(1)
Φ −3

(
∂η

(1)
Φ

)2

− 12
(
H2 + K

)((1)
Φ

)2

+DlDk

(1)
Φ

(1)

χlk

+
1
8
∂η

(1)

χkl
(
∂η + 8H

) (1)
χkl +

1
2
Dk

(1)
χlm D [l

(1)

χk]m

−1
8
Dk

(1)
χlm Dk

(1)

χml −1
2

(1)

χlm (Δ− K)
(1)
χlm

⎤⎦,

(2)Gη
i = 2

a2

⎡⎣8
(1)
Φ ∂ηD

i
(1)
Φ −Dj

(1)
Φ ∂η

(1)

χ ji

−
(
∂ηDj

(1)
Φ +2HDj

(1)
Φ

)
(1)

χi j

+
1
4
∂η

(1)
χjk D

i
(1)

χk j +
(1)
χkl ∂ηD

[i
(1)

χk]l

⎤⎦,

(2)Gi
η = 2

a2

[
8H

(1)
Φ Di

(1)
Φ −2Di

(1)
Φ ∂η

(1)
Φ +Dj

(1)
Φ ∂η

(1)
χi j

−∂ηDj
(1)
Φ

(1)
χi j −1

4
∂η

(1)

χk j Di
(1)
χk j +

(1)

χk j ∂ηD [ j
(1)
χi]k

⎤⎦,

(2)Gi
j = 2

a2

[{
−3Dk

(1)
Φ Dk

(1)
Φ −4

(1)
Φ (Δ + K)

(1)
Φ

− ∂η
(1)
Φ ∂η

(1)
Φ −8H

(1)
Φ ∂η

(1)
Φ

−4
(

2∂ηH + H2
)((1)

Φ

)2
⎫⎬⎭γi j

+ 2Di

(1)
Φ Dj

(1)
Φ +4

(1)
Φ DiD

j
(1)
Φ

+
(1)

χ
j
i

(
∂2
η + 2H∂η

) (1)
Φ

+Dk

(1)
Φ

⎛⎝Di

(1)

χ jk +Dj (1)
χik

⎞⎠− 2Dk
(1)
Φ Dk

(1)

χ
j
i

− 2
(1)
Φ (Δ− 2K)

(1)

χ
j
i −Δ

(1)
Φ

(1)

χ
j
i

+DkDi

(1)
Φ

(1)

χ jk +DmDj
(1)
Φ

(1)
χim −DlDk

(1)
Φ

(1)

χlk γi
j

− 1
2
∂η

(1)
χik ∂η

(1)

χk j +Dk
(1)
χil D

[k
(1)

χl] j

+
1
4
Dj (1)

χlk Di

(1)

χlk

+
1
2

(1)
χlm DiD

j
(1)

χml −1
2

(1)
χlm DlDi

(1)

χmj

− 1
2

(1)

χlm DlD
j (1)
χmi +

1
2

(1)

χlm DmDl

(1)

χ
j
i

− 1
2

(1)

χ jk
(
∂2
η + 2H∂η − Δ + 2K

) (1)
χik

+
1
2

⎧⎨⎩3
4
∂η

(1)
χlk ∂η

(1)

χkl

+
(1)
χkl
(
∂2
η + 2H∂η − Δ + K

) (1)

χlk

−1
4
Dk

(1)
χlm Dk

(1)

χml +Dk
(1)
χlm D [l

(1)

χk]m

⎫⎬⎭γi j
⎤⎦.

(103)

We have checked the identity (51) through (103), Then, we
may say that the expressions (103) are self-consistent.
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6.3. Energy-Momentum Tensor and Klein-Gordon Equation.
Here, we summarize the explicit components of the gauge-
invariant parts (59) of the second-order perturbation of
energy momentum tensor for a single scalar field in terms
of gauge-invariant variables. Through (72), (80), and (94),
the components of (59) are derived by the straightforward
calculations. In this paper, we just summarize the compo-
nents of (2)T b

a in the situation where the first-order Einstein
equations (85) and (89) are satisfied:

a2(2)
Tη

η = −∂ηϕ∂ηϕ2 +
(
∂ηϕ

)2 (2)
Φ −a2ϕ2

∂V

∂ϕ

+ 4∂ηϕ
(1)
Φ ∂ηϕ1 − 4

(
∂ηϕ

)2
(

(1)
Φ

)2

−
(
∂ηϕ1

)2

−Diϕ1D
iϕ1 − a2(ϕ1

)2 ∂2V

∂ϕ2
,

a2(2)
Ti
η = −∂ηϕDiϕ2 + 4∂ηϕDiϕ1

(1)
Φ −2Diϕ1∂ηϕ1,

a2(2)
Tη

i = ∂ηϕD
iϕ2 + 2∂ηϕ1D

iϕ1 + 4∂ηϕ
(1)
Φ Diϕ1

− 2∂ηϕ
(1)

χil Dlϕ1,

a2(2)
Ti

j = Diϕ1D
jϕ1

+
1
2
γ
j
i

{
∂ηϕ∂ηϕ2 − 4∂ηϕ

(1)
Φ ∂ηϕ1

+ 4
(
∂ηϕ

)2
(

(1)
Φ

)2

−
(
∂ηϕ

)2 (2)
Φ +

(
∂ηϕ1

)2

−Dlϕ1D
lϕ1 − a2ϕ2

∂V

∂ϕ
− a2(ϕ1

)2 ∂2V

∂ϕ2

}
.

(104)

More generic formulae for the components of (2)T b
a are given

in [27].
Next, we show the gauge-invariant second-order the

Klein-Gordon equation. We only consider the simple situa-
tion where (85) and (89) are satisfied. The formulae for more
generic situation is given in [27]. Through (80), (94), and
(72), the second-order perturbation of the Klein-Gordon
equation (65) is given by

−a2
(2)

C(K) = ∂2
ηϕ2 + 2H∂ηϕ2 − Δϕ2

−
(
∂η

(2)
Φ +3∂η

(2)
Ψ

)
∂ηϕ

+ 2a2
(2)
Φ
∂V

∂ϕ

(
ϕ
)

+ a2ϕ2
∂2V

∂ϕ2

(
ϕ
)− Ξ(K)

= 0,

(105)

where we defined

Ξ(K) := 8∂η
(1)
Φ ∂ηϕ1 + 8

(1)
Φ Δϕ1 − 4a2

(1)
Φ ϕ1

∂2V

∂ϕ2

(
ϕ
)

− a2(ϕ1
)2 ∂3V

∂ϕ3

(
ϕ
)

+ 8
(1)
Φ ∂η

(1)
Φ ∂ηϕ

− 2
(1)

χi j DjDiϕ1 + ∂ηϕ
(1)

χi j ∂η
(1)
χi j .

(106)

In (105), Ξ(K) is the source term which is the collection of
the quadratic terms of the linear-order perturbations in the
second-order perturbation of the Klein-Gordon equation. If
we ignore this source term, (105) coincides with the first-
order perturbation of the Klein-Gordon equation. From this
source term (106) of the Klein-Gordon equation, we can see
that the mode-mode coupling due to the nonlinear effects
appear in the second-order Klein-Gordon equation.

We cannot discuss solutions to (105) only through
this equation, since this includes metric perturbations. To
determine the behavior of the metric perturbations, we have
to treat the Einstein equations simultaneously. The second-
order Einstein equation is shown in Section 6.4.

6.4. Einstein Equations. Here, we show all the components of
the second-order Einstein equation (69). All components of
(69) are summarized as

(
−3H∂η + Δ + 3K

) (2)
Ψ +

(
−∂ηH − 2H2 + K

) (2)
Φ

− 4πG

(
∂ηϕ∂ηϕ2 + a2ϕ2

∂V

∂ϕ

)
= Γ0,

(107)

2∂ηDi

(2)
Ψ +2HDi

(2)
Φ −1

2
(Δ + 2K)

(2)
νi

− 8πGDiϕ2∂ηϕ = Γi,

(108)
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(2)
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Φ

)

+

{(
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η + 4H∂η − 2K
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Ψ

+
(

2H∂η + 2∂ηH + 4H2 + Δ + 2K
) (2)
Φ

}
γi j

− 1
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∂η

(
a2D(i

(2)
ν j)

)
+

1
2

(
∂2
η + 2H∂η + 2K − Δ

)(2)
χ i j

− 8πG

(
∂ηϕ∂ηϕ2 − a2ϕ2

∂V

∂ϕ

(
ϕ
))
γi j = Γi j ,

(109)

where Γ0, Γi and Γi j are the collection of the quadratic term
of the first-order perturbations as follows:
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Γ0 := 4πG

((
∂ηϕ1
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+Diϕ1D
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Γi := 16πG∂ηϕ1Diϕ1 − 4∂η
(1)
Φ Di

(1)
Φ +8H
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Φ Di
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Φ
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(111)
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(112)

Here, we used (75), (85), (87), (89), and (91).

The tensor part of (109) is given by

(
∂2
η + 2H∂η + 2K − Δ

) (2)
χi j

= 2Γi j − 2
3
γi jΓk

k − 3
(
DiDj − 1

3
γi jΔ

)
(Δ + 3K)−1

×
(
Δ−1DkDlΓk

l − 1
3
Γk

k
)

+ 4
{
D(i(Δ + 2K)−1Dj)Δ

−1DlDkΓl
k

−D(i(Δ + 2K)−1DkΓ j)k
}
.

(113)

This tensor mode is also called the second-order gravitational
waves.

Further, the vector part of (108) yields the initial value

constraint and the evolution equation of the vector mode
(2)
ν j :

(2)
νi = 2

Δ + 2K

{
DiΔ

−1DkΓk − Γi
}

,

∂η

(
a2 (2)

νi

)
= 2a2

Δ + 2K

{
DiΔ

−1DkDlΓk
l −DkΓi

k
}
.

(114)

Finally, scalar part of (108) are summarized as

2∂η
(2)
Ψ +2H

(2)
Φ −8πGϕ2∂ηϕ = Δ−1DkΓk, (115)

(2)
Ψ −

(2)
Φ= 3

2
(Δ + 3K)−1

{
Δ−1DiDjΓi

j − 1
3
Γk

k
}

, (116)
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2∂ηH + H∂η + 4H2 +
1
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Φ −8πGa2ϕ2

∂V

∂ϕ
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(117){
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Γk

k + Δ−1DiDjΓi
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∂ηϕ
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Δ−1DkΓk
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∂2
η −

(
2∂2

ηϕ

∂ηϕ
−H

)
∂η

}
(Δ + 3K)−1

×
{
Δ−1DiDjΓi

j − 1
3
Γk

k
}

,

(118)

where Γi
j := γk jΓik and Γk

k = γi jΓi j . Equation (118) is
the second-order extension of (92), which is the master
equation of scalar mode of the second-order cosmological
perturbation in a universe filled with a single scalar field.

Thus, we have a set of ten equations for the second-
order perturbations of a universe filled with a single scalar
field, (113)–(118). To solve this system of equations of the
second-order Einstein equation, first of all, we have to solve
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the linear-order system. This is accomplished by solving

(92) to obtain the potential
(1)
Φ, ϕ1 is given through (87),

and the tensor mode
(1)
χi j is given by solving (90). Next, we

evaluate the quadratic terms Γ0, Γi, and Γi j of the linear-
order perturbations, which are defined by (110)–(112).
Then, using the information of (110)–(112), we estimate
the source term in (118). If we know the two independent
solutions to the linear-order master equation (92), we can
solve (118) through the method using the Green functions.

After constructing the solution
(2)
Φ to (118), we can obtain

the second-order metric perturbation
(2)
Ψ through (116).

Thus, we have obtained the second-order gauge-invariant
perturbation ϕ2 of the scalar field through (115). Thus,

the all scalar modes
(2)
Φ,

(2)
Ψ, and ϕ2 are obtained. Equation

(117) is then used to check the consistency of the second-
order perturbation of the Klein Gordon equation (105) as in
Section 6.5.

For the vector-mode,
(1)
νi of the first-order identically

vanishes due to the momentum constraint (89) for the
linear-order metric perturbations. On the other hand, in
the second-order, we have evolution equation (114) of

the vector mode
(2)
νi with the initial value constraint. This

evolution equation of the second-order vector mode should
be consistent with the initial value constraint, which is
confirmed in Section 6.5. Equations (114) also imply that the
second-order vector-mode perturbation may be generated by
the mode couplings of the linear-order perturbations. As the
simple situations, the generation of the second-order vector
mode due to the scalar-scalar mode coupling is discussed in
[44–47].

The second-order tensor mode is also generated by the
mode-coupling of the linear-order perturbations through
the source term in (113). Note that (113) is almost same
as (90) for the linear-order tensor mode, except for the
existence of the source term in (113). If we know the
solution to the linear-order Einstein equations (90) and
(92), we can evaluate the source term in (113). Further, we
can solve (113) through the Green function method. This
leads the generation of the gravitational wave of the second
order. Actually, in the simple situation where the first-order
tensor mode neglected, the generation of the second-order
gravitational waves discussed in some literature [48–54].

6.5. Consistency of Equations for Second-Order Perturbations.
Now, we consider the consistency of the second-order
perturbations of the Einstein equations (115)–(118) for the
scalar modes, (114) for vector mode, and the Klein-Gordon
equation (105). The consistency check of these equations are
necessary to guarantee that the derived equations are correct,
since the second-order Einstein equations have complicated
forms owing to the quadratic terms of the linear-order
perturbations that arise from the nonlinear effects of the
Einstein equations.

Since the first equation in (114) is the initial value

constraint for the vector mode
(2)
νi and it should be consistent

with the evolution equation, that is, the second equation
of (114). these equations should be consistent with each
other from the general arguments of the Einstein equation.
Explicitly, these equations are consistent with each other if
the equation

∂ηΓk + 2HΓk −DlΓlk = 0 (119)

is satisfied. Actually, through the first-order perturbative
Einstein equations (87), (92), and (90), we can confirm
(119). This is a trivial result from a general viewpoint,
because the Einstein equation is the first class constrained
system. However, this trivial result implies that we have
derived the source terms Γi and Γi j of the second-order
Einstein equations consistently.

Next, we consider (117). Through the second-order
Einstein equations (115), (116), (118), and the background
Klein-Gordon equation (76), we can confirm that (117) is
consistent with the set of the background, first-order and
other second-order Einstein equation if the equation(

∂η + 2H
)
DkΓk −DjDiΓi j = 0 (120)

is satisfied under the background and first-order Einstein
equations. Actually, we have already seen that (119) is
satisfied under the background and first-order Einstein equa-
tions. Taking the divergence of (119), we can immediately
confirm (120). Then, (117) gives no information.

Thus, we have seen that the derived Einstein equations
of the second-order (114)–(118) are consistent with each
other through (119). This fact implies that the derived
source terms Γi and Γi j of the second-order perturbations
of the Einstein equations, which are defined by (111) and
(112), are correct source terms of the second-order Einstein
equations. On the other hand, for Γ0, we have to consider the
consistency between the perturbative Einstein equations and
the perturbative Klein-Gordon equation as seen below.

Now, we consider the consistency of the second-order
perturbation of the Klein-Gordon equation and the Einstein
equations. The second-order perturbation of the Klein-
Gordon equation is given by (105) with the source term

(106). Since the vector mode
(2)
νi and tensor mode

(2)
χi j of the

second-order do not appear in the expressions (105) of the
second-order perturbation of the Klein-Gordon equation,
we may concentrate on the Einstein equations for scalar
mode of the second order, that is, (115), (116), and (118)
with the definitions (110)–(112) of the source terms. As
in the linear case, the second-order perturbation of the
Klein-Gordon equation should also be derived from the set
of equations consisting of the second-order perturbations
of the Einstein equations (115), (116), (118), the first-
order perturbations of the Einstein equations (85), (87),
(92), and the background Einstein equations (74). Actually,
from these equations, we can show that the second-order
perturbation of the Klein-Gordon equation is consistent with
the background and the second-order Einstein equations if
the equation

2
(
∂η +H

)
Γ0 −DkΓk + HΓk

k + 8πG∂ηϕΞ(K) = 0 (121)
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is satisfied under the background and the first-order Einstein
equations. Further, we can also confirm (121) through the
background Einstein equations (74), the scalar part of the
first-order perturbation of the momentum constraint (87),
and the evolution equations (92) and (90) for the first-order
scalar and tensor modes in the Einstein equation.

As shown in [28], the first-order perturbation of the
Klein-Gordon equation is derived from the background and
the first-order perturbations of the Einstein equation. In the
case of the second-order perturbation, the Klein-Gordon
equation (105) can be also derived from the background,
the first-order, and the second-order Einstein equations. The
second-order perturbations of the Einstein equation and
the Klein-Gordon equation include the source terms Γ0,
Γi, Γi j , and Ξ(K) due to the mode-coupling of the linear-
order perturbations. The second-order perturbation of the
Klein-Gordon equation gives the relation (121) between the
source terms Γ0, Γi, Γi j , Ξ(K), and we have also confirmed
that (121) is satisfied due to the background, the first-
order perturbation of the Einstein equations, and the Klein-
Gordon equation. Thus, the second-order perturbation of
the Klein-Gordon equation is not independent of the set
of the background, the first-order, and the second-order
Einstein equations if we impose on the Einstein equation
at any conformal time η. This also implies that the derived
formulae of the source terms Γ0, Γi, Γi j , and Ξ(K) are
consistent with each other. In this sense, we may say that the
formulae (110)–(112) and (106) for these source terms are
correct.

7. Summary and Discussions

In this paper, we summarized the current status of the for-
mulation of the gauge-invariant second-order cosmological
perturbations. Although the presentation in this paper is
restricted to the case of the universe filled by a single scalar
field, the essence of the general framework of the gauge-
invariant perturbation theory is transparent through this
simple case. The general framework of the general relativistic
higher-order gauge-invariant perturbation theory can be
separated into three parts. First one is the general formu-
lation to derive the gauge-transformation rules (18) and
(19). Second one is the construction of the gauge-invariant
variables for the perturbations on the generic background
spacetime inspecting gauge-transformation rules (18) and
(19) and the decomposition formula (36) and (37) for
perturbations of any tensor field. Third one is the application
of the above general framework of the gauge-invariant
perturbation theory to the cosmological situations.

To derive the gauge-transformation rules (18) and
(19), we considered the general arguments on the Taylor
expansion of an arbitrary tensor field on a manifold, the
general class of the diffeomorphism which is wider than the
usual exponential map, and the general formulation of the
perturbation theory. This general class of diffeomorphism
is represented in terms of the Taylor expansion (2) of its
pull-back. As commented in Section 2.1, this general class
of diffeomorphism does not form a one-parameter group

of diffeomorphism as shown through (3). However, the
properties (3) do not directly mean that this general class
of diffeomorphism does not form a group. One of the
key points of the properties of this diffeomorphism is the
noncommutativity of generators ξa1 and ξa2 of each order.
Although the expression of the nth-order Taylor expansion of
the pull-back of this general class is discussed in [41], when
we consider the situation of the nth-order perturbation, this
noncommutativity becomes important [22]. Therefore, to
clarify the properties of this general class of diffeomorphism,
we have to take care of this noncommutativity of generators.
Thus, there is a room to clarify the properties of this general
class of diffeomorphism.

Further, in Section 2.3, we introduced a gauge choice Xλ

as an exponential map, for simplicity. On the other hand,
we have the concept of the general class of diffeomorphism
which is wider than the class of the exponential map.
Therefore, we may introduce a gauge choice as one of the
element of this general class of diffeomorphism. However,
the gauge-transformation rules (18) and (19) will not be
changed even if we generalize the definition of a each gauge
choice as emphasized in Section 2.3. Although there is a
room to sophisticate in logical arguments to derive the
gauge-transformation rules (18) and (19), these are harmless
to the development of the general framework of the gauge-
invariant perturbation theory shown in Sections 2.3, 2.5,
3, and their application to cosmological perturbations in
Section 4.

As emphasized in Section 2.5, our starting point to
construct gauge-invariant variables is the assumption that
we already know the procedure for finding gauge-invariant
variables for the linear metric perturbations as (23). This
is highly nontrivial assumption on a generic background
spacetime. The procedure to accomplish the decomposition
(23) completely depends on the details of the background
spacetime. In spite of this nontriviality, this assumption
is almost correct in some background spacetime [55–59].
Further, once we accept this assumption, we can develop
the higher-order perturbation theory in an independent
manner of the details of the background spacetime. We also
expect that this general framework of the gauge-invariant
perturbation theory is extensible to nth-order perturbation
theory, since our procedure to construct gauge-invariant
variables can be extended to the third-order perturbation
theory with two-parameter [22]. Due to this situation,
in [27], we propose the conjecture which states that the
above assumption for the decomposition of the linear-
order metric perturbation is correct for any background
spacetime. We may also say that the most nontrivial part
of our general framework of higher-order gauge-invariant
perturbation theory is in the above assumption. Further,
as emphasized in Section 5.1, we assumed the existence of
some Green functions to accomplish the decomposition
(23) and this assumption exclude some perturbative modes
of the metric perturbations from our consideration, even
in the case of cosmological perturbations. For example,
homogeneous modes of perturbations are excluded in our
current arguments of the cosmological perturbation theory.
These homogeneous modes will be necessary to discuss
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the comparison with the arguments based on the long-
wavelength approximation. Therefore, we have to say that
there is a room to clarify even in the cosmological pertur-
bation theory.

Even if the assumption is correct on any background
spacetime, the other problem is in the interpretations of
the gauge-invariant variables. We have commented on the
nonuniqueness in the definitions of the gauge-invariant
variables through (81) and (98). This nonuniqueness in
the definition of gauge-invariant variables also leads some
ambiguities in the interpretations of gauge-invariant vari-
ables. On the other hand, as emphasized in Section 2.3, any
observations and experiments are carried out only on the
physical spacetime through the physical processes on the
physical spacetime. For this reason, any direct observables
in any observations and experiments should be independent
of the gauge choice. Further, the nonuniqueness in the
definitions the gauge-invariant variables expressed by (81)
and (98) have the same form as the decomposition formulae
(36) and (37). Therefore, if the statement that any direct
observables in any observations and experiments is independent
of the gauge choice is really true, this also confirms that
the nonuniqueness of the definition of the gauge-invariant
variables also have nothing to do with the direct observables
in observations and experiments. These will be confirmed
by the clarification of the relations between gauge-invariant
variables and observables in experiments and observations.
To accomplish this, we have to specify the concrete process
of experiments and observations and clarify the problem
of what are the direct observables in the experiments and
observations and derive the relations between the gauge-
invariant variables and observables in concrete observations
and experiments. If these arguments are completed, we will
be able to show that the gauge degree of freedom is just
an unphysical degree of freedom and the nonuniqueness
of the gauge-invariant variables has nothing to do with the
direct observables in the concrete observation or experiment,
and then, we will be able to clarify the precise physical
interpretation of the gauge-invariant variables.

For example, in the case of the CMB physics, we can easily
see that the first-order perturbation of the CMB temperature
is automatically gauge invariant from (36), because the
background temperature of CMB is homogeneous. On the
other hand, the decomposition formula (37) of the second
order yields that the theoretical prediction of the second-
order perturbation of the CMB temperature may depend
on gauge choice, since we do know the existence of the
first-order fluctuations as the temperature anisotropy in
CMB. However, as emphasized above, the direct observables
in observations should be gauge invariant and the gauge-
variant term in (37) should be disappear in the direct
observables. Therefore, we have to clarify how the gauge-
invariant variables are related to the observed temperature
fluctuations and the gauge-variant term disappeares in the
observable.

Although there are some rooms to accomplish the
complete formulation of the second-order cosmological
perturbation theory, we derived all the components of the
second-order perturbation of the Einstein equation without

ignoring any types modes (scalar-, vector-, tensor-types)
of perturbations in the case of a scalar field system. In
our formulation, any gauge fixing is not necessary and
we can obtain all equations in the gauge-invariant form,
which are equivalent to the complete gauge fixing. In
other words, our formulation gives complete gauge-fixed
equations without any gauge fixing. Therefore, equations
obtained in a gauge-invariant manner cannot be reduced
without physical restrictions any more. In this sense, the
equations shown here are irreducible. This is one of the
advantages of the gauge-invariant perturbation theory.

The resulting Einstein equations of the second order
show that any type of mode-coupling appears as the
quadratic terms of the linear-order perturbations owing to
the nonlinear effect of the Einstein equations, in principle.
Perturbations in cosmological situations are classified into
three types: scalar, vector, and tensor. In the second-order
perturbations, we also have these three types of perturbations
as in the case of the first-order perturbations. Furthermore,
in the equations for the second-order perturbations, there
are many quadratic terms of linear-order perturbations
owing to the nonlinear effects of the system. Owing to these
nonlinear effects, the above three types of perturbations
couple with each other. In the scalar field system shown in
this paper, the first-order vector mode does not appear due
to the momentum constraint of the first-order perturbation
of the Einstein equation. Therefore, we have seen that three
types of mode-coupling appear in the second-order Einstein
equations, that is, scalar-scalar, scalar-tensor, and tensor-
tensor type of mode coupling. In general, all types of mode-
coupling may appear in the second-order Einstein equations.
Actually, in [28], we also derived all the components of the
Einstein equations for a perfect fluid system and we can
see all types of mode-coupling, that is, scalar-scalar, scalar-
vector, scalar-tensor, vector-vector, vector-tensor, and tensor-
tensor types mode-coupling, appear in the second-order
Einstein equation, in general. Of course, in the some realistic
situations of cosmology, we may neglect some modes. In
this case, we may neglect some mode-coupling. However,
even in this case, we should keep in mind the fact that
all types of mode-couplings may appear in principle when
we discuss the realistic situations of cosmology. We cannot
deny the possibility that the mode-couplings of any type
produces observable effects when the quite high accuracy of
observations is accomplished.

Even in the case of the single scalar field discussed in
this paper, the source terms of the second-order Einstein
equation show the mode-coupling of scalar-scalar, scalar-
tensor, and the tensor-tensor types as mentioned above.
Since the tensor mode of the linear order is also generated
due to quantum fluctuations during the inflationary phase,
the mode-couplings of the scalar-tensor and tensor-tensor
types may appear in the inflation. If these mode-couplings
occur during the inflationary phase, these effects will depend
on the scalar-tensor ratio r. If so, there is a possibility that
the accurate observations of the second-order effects in the
fluctuations of the scalar type in our universe also restrict
the scalar-tensor ratio r or give some consistency relations
between the other observations such as the measurements
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of the B-mode of the polarization of CMB. This will be a
new effect that gives some information on the scalar-tensor
ratio r.

Furthermore, we have also checked the consistency
between the second-order perturbations of the equations of
motion of matter field and the Einstein equations. In the
case of a scalar field, we checked the consistency between the
second-order perturbations of the Klein-Gordon equation
and the Einstein equations. Due to this consistency check, we
have obtained the consistency relations between the source
terms in these equations Γ0, Γi, Γi j , and Ξ(K), which are
given by (119) and (121). We note that the relation (119)
comes from the consistency in the Einstein equations of the
second order by itself, while the relation (121) comes from
the consistency between the second-order perturbation of
the Klein-Gordon equation and the Einstein equation. We
also showed that these relations between the source terms
are satisfied through the background and the first-order
perturbation of the Einstein equations in [28]. This implies
that the set of all equations are self-consistent and the derived
source terms Γ0, Γi, Γi j , andΞ(K) are correct. We also note that
these relations are independent of the details of the potential
of the scalar field.

Thus, we have derived the self-consistent set of equa-
tions of the second-order perturbation of the Einstein
equations and the evolution equations of matter fields in
terms of gauge-invariant variables. As the current status of
the second-order gauge-invariant cosmological perturbation
theory, we may say that the curvature terms in the second-
order Einstein tensor (69), that is, the second-order pertur-
bations of the Einstein tensor, are almost completely derived
although there remains the problem of homogeneous modes
as mentioned above. After complete the problem of homo-
geneous modes, we have to clarify the physical behaviors
of the second-order cosmological perturbation in the single
scalar field system in the context of the inflationary scenario.
This is the preliminary step to clarify the quantum behaviors
of second-order perturbations in the inflationary universe.
Further, we also have to carry out the comparison with the
result by long-wavelength approximations. If these issues are
completed, we may say that we have completely understood
the properties of the second-order perturbation of the
Einstein tensor. The next task is to clarify the nature of
the second-order perturbation of the energy-momentum
tensor through the extension to multi-fluid or multi-field
systems. Further, we also have to extend our arguments to the
Einstein Boltzmann system to discuss CMB physics, since we
have to treat photon and neutrinos through the Boltzmann
distribution functions. This issue is also discussed in some
literature [13–21, 29, 30]. If we accomplish these extension,
we will be able to clarify the Non-linear effects in CMB
physics.

Finally, readers might think that the ingredients of this
paper is too mathematical as Astronomy. However, we
have to emphasize that a high degree of the theoretical
sophistication leads unambiguous theoretical predictions in
many cases. As in the case of the linear-order cosmological
perturbation theory, the developments in observations are
also supported by the theoretical sophistication and the

theoretical sophistication are accomplished motivated by
observations. In this sense, now, we have an opportunity
to develop the general relativistic second-order perturbation
theory to a high degree of sophistication which is moti-
vated by observations. We also expect that this theoretical
sophistication will be also useful to discuss the theoretical
predictions of non-Gaussianity in CMB and comparison
with observations. Therefore, I think that this opportunity
is opened not only for observational cosmologists but also
for theoretical and mathematical physicists.

Appendices

A. Derivation of the Generic
Representation of the Taylor
Expansion of Tensors on a Manifold

In this section, we derive the representation of the coefficients
of the formal Taylor expansion (2) of the pull-back of a
diffeomorphism in terms of the suitable derivative operators.
The guide principle of our arguments is the following
theorem [38, 40].

Theorem A. Let D be a derivative operator acting on the
set of all the tensor fields defined on a differentiable manifold
M and satisfying the following conditions: (i) it is linear and
satisfies the Leibniz rule; (ii) it is tensor-type preserving; (iii)
it commutes with every contraction of a tensor field; and (iv)
it commutes with the exterior differentiation d. Then, D is
equivalent to the Lie derivative operator with respect to some
vector field ξ, that is, D = £ξ .

The proof of the assertion of Theorem A is given in [38]
as follows. When acting on functions, the derivative operator
D defines a vector field ξ through the relation

D f =: ξ
(
f
) = £ξ f , ∀ f ∈ F (M). (A.1)

The assertion of the theorem for an arbitrary tensor field
holds if and only if the assertions for an arbitrary scalar
function and for an arbitrary vector field V hold. To do this,
we consider the scalar function V( f ) and we obtain that

D
(
V
(
f
)) = ξ

(
V
(
f
))

(A.2)

through (A.1). Through the conditions (i)–(iv) of D ,
D(V( f )) is also given by

D
(
V
(
f
)) =D

(
df (V)

) =D
{
C
(
df ⊗V)}

= C
{
D
(
df ⊗V)}

= C
{
D
(
df
)⊗V + df ⊗DV

}
= C

{
d
(
D f

)⊗V + df ⊗DV
}

= d
(
D f

)
(V) + df (DV)

= V
(
D f

)
+ (DV)

(
f
)
.

(A.3)
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Then we obtain that

(DV)
(
f
) = ξ

(
V
(
f
))−V(ξ( f )) = [ξ,V]

(
f
)

= (£ξV)( f ) (A.4)

for an arbitrary f , that is,

DV = £ξV. (A.5)

Through (A.1) and (A.5), we can recursively show that

DQ = £ξQ (A.6)

for an arbitrary tensor field Q [40].
Now, we consider the derivation of the Taylor expansion

(1). As in the main text, we first consider the representation
of the Taylor expansion of Φ∗

λ f for an arbitrary scalar
function f ∈ F (M):

(
Φ∗
λ f
)(
p
) = f

(
p
)

+ λ

{
∂

∂λ
(Φ∗

λ f )
}
λ=0

+
1
2
λ2

{
∂2

∂λ2
(Φ∗

λ f )

}
λ=0

+O
(
λ3), (A.7)

where F (M) denotes the algebra of C∞ functions on M.
Although the operator ∂/∂λ in the bracket {∗}λ=0 of (A.7)
are simply symbolic notation, we stipulate the properties{

∂2

∂λ2
(Φ∗

λ f )

}
λ=0

=
{
∂

∂λ

(
∂

∂λ
(Φ∗

λ f )
)}

λ=0
, (A.8)

{
∂

∂λ
(Φ∗

λ f )2
}
λ=0

=
{

2Φ∗
λ f

∂

∂λ
(Φ∗

λ f )
}
λ=0

, (A.9)

for all f ∈ F (M), where n is an arbitrary finite integer.
These properties imply that the operator ∂/∂λ is in fact
not simply symbolic notation but indeed the usual partial
differential operator on R. We note that the property (A.9) is
the Leibniz rule, which plays important roles when we derive
the representation of the Taylor expansion (A.7) in terms of
suitable Lie derivatives.

Together with the property (A.9), Theorem A yields that
there exists a vector field ξ1, so that{

∂

∂λ
(Φ∗

λ f )
}
λ=0

=: £ξ1 f . (A.10)

Actually, the conditions (ii)–(iv) in Theorem A are satisfied
from the fact that Φ∗

λ is the pull-back of a diffeomorphism
Φλ and (i) is satisfied due to the property (A.9).

Next, we consider the second-order term in (A.7). Since
we easily expect that the second-order term in (A.7) may
includes L2

ξ1
, we define the derivative operator L2 by{
∂2

∂λ2
(Φ∗

λ f )

}
λ=0

=:
(
L(2) + a£2

ξ1

)
f , (A.11)

where a is determined so that L2 satisfies the conditions
of Theorem A. The conditions (ii)–(iv) in Theorem A for

L2 are satisfied from the fact that Φ∗
λ is the pull-back of a

diffeomorphism Φλ. Further, L2 is obviously linear but we
have to check L2 satisfy the Leibniz rule, that is,

L2
(
f 2) = 2 fL2 f , (A.12)

for all f ∈ F (M). To do this, we use the properties (A.8)
and (A.9), then we can easily see that the Leibniz rule (A.12)
is satisfied if and only if a = 1 and we may regard L2 as the
Lie derivative with respect to some vector field. Then, when
and only when a = 1, there exists a vector field ξ2 such that

L2 f = £ξ2 f ,{
∂2

∂λ2
(Φ∗

λ f )

}
λ=0

=:
(

£ξ2 + £2
ξ1

)
f .

(A.13)

Thus, we have seen that the Taylor expansion (A.7) for an
arbitrary scalar function f is given by (2).

Although the formula (2) of the Taylor expansion is for
an arbitrary scalar function, we can easily extend this formula
to that for an arbitrary tensor field Q as the assertion of
Theorem A. The proof of the extension of the formula (2)
to an arbitrary tensor field Q is completely parallel to the
proof of the formula (2) for an arbitrary scalar function if
we stipulate the properties{

∂2

∂λ2
(Φ∗

λ Q)

}
λ=0

=
{
∂

∂λ

(
∂

∂λ
(Φ∗

λ Q)
)}

λ=0
,

{
∂

∂λ
(Φ∗

λ Q)2
}
λ=0

=
{

2Φ∗
λ Q

∂

∂λ
(Φ∗

λ Q)
}
λ=0

(A.14)

instead of (A.8) and (A.9). As the result, we obtain the
representation of the Taylor expansion for an arbitrary tensor
field Q.

B. Derivation of the Perturbative
Einstein Tensors

Following the outline of the calculations explained in
Section 3.1, we first calculate the perturbative expansion of
the inverse metric. The perturbative expansion of the inverse
metric can be easily derived from (22) and the definition of
the inverse metric

gabgbc = δac . (B.1)

We also expand the inverse metric gab in the form

gab = gab + λ(1)gab +
1
2
λ2(2)

gab. (B.2)

Then, each term of the expansion of the inverse metric is
given by

(1)gab = −hab, (2)gab = 2hachc
b − lab. (B.3)

To derive the formulae for the perturbative expansion of
the Riemann curvature, we have to derive the formulae for
the perturbative expansion of the tensor Ccab given by (40).
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The tensor Ccab is also expanded in the same form as (11).
The first-order perturbations of Ccab have the well-known
form [42]

(1)Ccab = ∇(ahb)
c − 1

2
∇chab =: Hab

c[h], (B.4)

where Hab
c[A] is defined by (48) for an arbitrary tensor

field Aab defined on the background spacetime M0. In terms
of the tensor field Hab

c defined by (48) the second-order
perturbation (2)Ccab of the tensor field Ccab is given by

(2)Ccab = Hab
c[l]− 2hcdHabd[h]. (B.5)

The Riemann curvature (41) on the physical spacetime Mλ is
also expanded in the form (11):

Rabc
d =: Rabc

d + λ(1)Rabc
d +

1
2
λ2(2)Rabc

d +O
(
λ3). (B.6)

The first- and the second-order perturbation of the Riemann
curvature are given by

(1)Rabc
d = −2∇ [a

(1)Cdb]c,

(2)Rabc
d = −2∇ [a

(2)Cdb]c + 4(1)Cec [a
(1)Cdb]e.

(B.7)

Substituting (B.4) and (B.5) into (B.7), we obtain the
perturbative form of the Riemann curvature in terms of the
variables defined by (48) and (49):

(1)Rabc
d = −2∇ [aHb]c

d[h], (B.8)

(2)Rabc
d = −2∇ [aHb]c

d[l] + 4H[a
de[h]Hb]ce[h]

+ 4hde∇ [aHb]ce[h].
(B.9)

To write down the perturbative curvatures (B.8) and
(B.9) in terms of the gauge invariant and variant variables
defined by (23) and (32), we first derive an expression for
the tensor field Habc[h] in terms of the gauge-invariant
variables, and then, we derive a perturbative expression for
the Riemann curvature.

First, we consider the linear-order perturbation (B.8) of
the Riemann curvature. Using the decomposition (23) and
the identity R[abc]

d = 0, we can easily derive the relation

Habc[h] = Habc[H] +∇a∇bXc + Rbca
dXd, (B.10)

where the variable Habc[H] is defined by (48) and (49)
with Aab = Hab. Clearly, the variable Hab

c[H] is gauge
invariant. Taking the derivative and using the Bianchi
identity∇ [aRbc]de = 0, we obtain that

(1)Rabc
d = −2∇ [aHb]c

d[H] + £XRabc
d. (B.11)

Similar but some cumbersome calculations yield

(2)Rabc
d = −2∇ [aHb]c

d[L] + 4H[a
de[H]Hb]ce[H]

+ 4He
d∇ [aHb]c

e[H]

+ 2£X (1)Rabc
d +

(
£Y − £2

X

)
Rabc

d.

(B.12)

Equations (B.11) and (B.12) have the same for as the
decomposition formulae (36) and (37), respectively.

Contracting the indices b and d in (B.11) and (B.12) of
the perturbative Riemann curvature, we can directly derive
the formulae for the perturbative expansion of the Ricci
curvature: expanding the Ricci curvature

Rab =: Rab + λ(1)Rab + +
1
2
λ2(2)Rab +O

(
λ3), (B.13)

we obtain the first-order Ricci curvature as

(1)Rab = −2∇ [aHc]b
c[H] + £XRab. (B.14)

and we also obtain the second-order Ricci curvature as

(2)Rab = −2∇ [aHc]b
c[L] + 4H[a

cd[H]Hc]bd[H]

+ 4Hd
c∇ [aHb]c

d[H]

+ 2£X (1)Rab +
(
£Y − £2

X

)
Rab.

(B.15)

The scalar curvature on the physical spacetime M is given
by R = gabRab. To obtain the perturbative form of the scalar
curvature, we expand the R in the form (11), that is,

R =: R + λ(1)R +
1
2
λ2(2)R +O

(
λ3) (B.16)

and gabRab is expanded through the Leibniz rule. Then, the
perturbative formula for the scalar curvature at each order
is derived from perturbative form of the inverse metric (B.3)
and the Ricci curvature (B.14) and (B.15). Straightforward
calculations lead to the expansion of the scalar curvature as

(1)R = −2∇ [aHb]
ab[H]− RabHab + £XR, (B.17)

(2)R = −2∇ [aHb]
ab[L] + Rab(2HcaHb

c −Lab)

+ 4H[a
cd[H]Hc]

a
d[H] + 4Hc

b∇ [aHb]
ac[H]

+ 4Hab∇ [aHd]b
d[H]

+ 2£X (1)R +
(
£Y − £2

X

)
R.

(B.18)

We also note that the expansion formulae (B.17) and (B.18)
have the same for as the decomposition formulae (36) and
(37), respectively.
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Next, we consider the perturbative form of the Einstein
tensor Gab := Rab − (1/2)gabR and we expand Gab as in the
form (11):

Gab =: Gab + λ(1)(Gab) +
1
2
λ2(2)(Gab) +O

(
λ3). (B.19)

As in the case of the scalar curvature, straightforward
calculations lead to

(1)(Gab) = −2∇ [aHd]b
d[H] + gab∇ [cHb]

cd[H]

− 1
2
RHab +

1
2
gabRcdH

cd + £XGab,
(B.20)

(2)(Gab) = −2∇ [aHc]b
c[L] + 4H[a

cd[H]Hc]bd[H]

+ 4Hc
d∇ [aHd]b

c[H]

− 1
2
gab
(
−2∇ [cHd]

cd[L] + 2RdeHc
dH ec

− RdeLde + 4H[c
de[H]Hd]

c
e[H]

+ 4He
d∇ [cHd]

ce[H]

+4H ce∇ [cHd]e
d[H]

)
+ 2Hab∇ [cHd]

cd[H] + HabH
cdRcd − 1

2
RLab

+ 2£X (1)(Gab) +
(
£Y − £2

X

)
Gab.

(B.21)

We note again that (B.20) and (B.21) have the same form as
the decomposition formulae (36) and (37), respectively.

The perturbative formulae for the perturbation of the
Einstein tensor

Ga
b = gbcGac (B.22)

is derived by the similar manner to the case of the per-
turbations of the scalar curvature. Through these formulae
summarized previously, straightforward calculations leads
(43)–(47). We have to note that to derive the formulae
(46) with (47), we have to consider the general relativistic
gauge-invariant perturbation theory with two infinitesimal
parameters which is developed in [22, 23], as commented in
the main text.
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We review in a pedagogical way the present status of the impact of non-Gaussianity (NG) on the cosmic microwave background
(CMB) anisotropies. We first show how to set the initial conditions at second order for the CMB anisotropies when some
primordial NG is present. However, there are many sources of NG in CMB anisotropies, beyond the primordial one, which
can contaminate the primordial signal. We mainly focus on the NG generated from the post inflationary evolution of the
CMB anisotropies at second order in perturbation theory at large and small angular scales, such as the ones generated at the
recombination epoch. We show how to derive the equations to study the second-order CMB anisotropies and provide analytical
computations to evaluate their contamination to primordial NG (complemented with numerical examples). We also offer a brief
summary of other secondary effects. This paper requires basic knowledge of the theory of cosmological perturbations at the linear
level.

1. Introduction

Cosmic microwave background (CMB) anisotropies play
a special role in cosmology, as they allow an accurate
determination of cosmological parameters and may provide
a unique probe of the physics of the early universe and in
particular of the processes that gave origin to the primordial
perturbations.

Cosmological inflation [1] is nowadays considered the
dominant paradigm for the generation of the initial seeds
for structure formation. In the inflationary picture, the
primordial cosmological perturbations are created from
quantum fluctuations “redshifted” out of the horizon during
an early period of accelerated expansion of the universe,
where they remain “frozen”. They are observable through
CMB temperature anisotropies (and polarization) and the
large-scale clustering properties of the matter distribution in
the Universe.

This picture has recently received further spectacular
confirmations from the results of the wilkinson microwave
anisotropy probe (WMAP) five year set of data [2]. Since

the observed cosmological perturbations are of the order of
10−5, one might think that first-order perturbation theory
will be adequate for all comparisons with observations. This
might not be the case, though. Present [2, 3] and future
experiments [4] may be sensitive to the nonlinearities of
the cosmological perturbations at the level of second- or
higher-order perturbation theory. The detection of these
nonlinearities through the non-Gaussianity (NG) in the
CMB [5] has become one of the primary experimental
targets.

There is one fundamental reason why a positive detection
of NG is so relevant: it might help in discriminating among
the various mechanisms for the generation of the cosmo-
logical perturbations. Indeed, various models of inflation,
firmly rooted in modern particle physics theory, predict a
significant amount of primordial NG generated either during
or immediately after inflation when the comoving curvature
perturbation becomes constant on superhorizon scales [5].
While standard single-field models of slow-roll inflation
[6, 7] and—in general—two (multi)field [8, 9] models
of inflation predict a tiny level of NG, “curvaton”-type
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models, in which a significant contribution to the curvature
perturbation is generated after the end of slow-roll inflation
by the perturbation in a field which has a negligible effect on
inflation, may predict a high level of NG [10]. Alternatives
to the curvaton model are models where a curvature
perturbation mode is generated by an inhomogeneity in
the decay rate [11–13], the mass [14], or the interaction
rate [15] of the particles responsible for the reheating after
inflation. Other opportunities for generating the curvature
perturbations occur at the end of inflation [16–18], during
preheating [19–21], and at a phase-transition producing
cosmic strings [22]. Also, within single-field models of
inflation, a high level of NG can be generated breaking the
standard conditions of canonical kinetic terms and initially
vacuum states: for example, this is the case of Dirac-born-
infeld (DBI) models of inflation [23], and initially excited
states, respectively [24]. For every scenario, there exists a
well defined prediction for the strength of NG and its shape
[25, 26] as a function of the parameters.

Statistics like the bispectrum and the trispectrum of the
CMB can then be used to assess the level of primordial
NG (and possibly its shape) on various cosmological scales
and to discriminate it from the one induced by secondary
anisotropies and systematic effects [5, 27–30]. A positive
detection of a primordial NG in the CMB at some level
might therefore confirm and/or rule out a whole class of
mechanisms by which the cosmological perturbations have
been generated.

Despite the importance of evaluating the impact of pri-
mordial NG in a crucial observable like the CMB anisotropy,
the vast majority of the literature has been devoted to
the computation of the bispectrum of either the comoving
curvature perturbation or the gravitational potential on large
scales within given inflationary models. These, however,
are not the physical quantities which are observed. One
should instead provide a full prediction for the second-
order radiation transfer function. A preliminary step towards
this goal has been taken in [31] (see also [32–37]) where
the full second-order radiation transfer function for the
CMB anisotropies on large angular scales in a flat universe
filled with matter and cosmological constant was computed,
including the second-order generalization of the Sachs-Wolfe
effect, both the early and late integrated Sachs-Wolfe (ISW)
effects and the contribution of the second order tensor
modes. (A similar computation of the CMB anisotropies
up to third-order from gravitational perturbations has been
performed in [38], which is particularly relevant to provide
a complete theoretical prediction for cubic nonlinearities
characterizing the level of NG in the CMB through the
connected four-point correlation function (trispectrum) [27,
28].)

There are many sources of NG in CMB anisotropies,
beyond the primordial one. The most relevant sources are
the so-called secondary anisotropies, which arise after the
last scattering epoch. These anisotropies can be divided
into two categories: scattering secondaries, when the CMB
photons scatter with electrons along the line of sight,
and gravitational secondaries when effects are mediated by
gravity [39]. Among the scattering secondaries we may list

the thermal Sunyaev-Zeldovich effect, where hot electrons
in clusters transfer energy to the CMB photons, the kinetic
Sunyaev-Zeldovich effect produced by the bulk motion of the
electrons in clusters, the Ostriker-Vishniac effect, produced
by bulk motions modulated by linear density perturbations,
and effects due to reionization processes. The scattering
secondaries are most significant on small angular scales as
density inhomogeneities, bulk and thermal motions grow
and become sizeable on small length-scales when structure
formation proceeds.

Gravitational secondaries arise from the change in
energy of photons when the gravitational potential is time-
dependent, the ISW effect, and gravitational lensing. At
late times, when the Universe becomes dominated by the
dark energy, the gravitational potential on linear scales
starts to decay, causing the ISW effect mainly on large
angular scales. Other secondaries that result from a time-
dependent potential are the Rees-Sciama effect, produced
during the matter-dominated epoch by the time evolution
of the potential on nonlinear scales.

The fact that the potential never grows appreciably
means that most second order effects created by gravitational
secondaries are generically small compared to those created
by scattering ones. However, when a photon propagates
from the last scattering to us, its path may be deflected
because of the gravitational lensing. This effect does not
create anisotropies, but only modifies existing ones. Since
photons with large wavenumbers k are lensed over many
regions (∼ k/H , whereH is the Hubble rate) along the line of
sight, the corresponding second-order effect may be sizeable.
The three-point function arising from the correlation of
the gravitational lensing and ISW effects generated by the
matter distribution along the line of sight [40, 41] and the
Sunyaev-Zeldovich effect [42] are large and detectable by
Planck [43, 44]. A crucial issue is the level of contamination
to the extraction of the primordial NG the secondary effects
can produce. In Section 8, we briefly summarize some recent
results about the level of CMB NG generated by some of these
secondary effects.

Another relevant source of NG comes from the physics
operating at the recombination. A naive estimate would
tell that these nonlinearities are tiny being suppressed by
an extra power of the gravitational potential. However, the
dynamics at recombination is quite involved because all the
nonlinearities in the evolution of the baryon-photon fluid at
recombination and the ones coming from general relativity
should be accounted for. This complicated dynamics might
lead to unexpected suppressions or enhancements of the
NG at recombination. A step towards the evaluation of
the three-point correlation function has been taken in [45]
where some effects were taken into account in the so-called
squeezed triangle limit, corresponding to the case when one
wavenumber is much smaller than the other two and was
outside the horizon at recombination. Referances [46, 47]
(see also [48–50]) present the computation of the full system
of Boltzmann equations, describing the evolution of the
photon, baryon and cold dark matter (CDM) fluids, at
second order and neglecting polarization. These equations
allow to follow the time evolution of the CMB anisotropies
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at second order on all angular scales from the early epochs,
when the cosmological perturbations were generated, to
the present time, through the recombination era. These
calculations set the stage for the computation of the full
second-order radiation transfer function at all scales and
for a generic set of initial conditions specifying the level of
primordial non-Gaussianity. Of course, for specific effects
on small angular scales like Sunyaev-Zel’dovich, gravitational
lensing, and so forth, fully nonlinear calculations would
provide a more accurate estimate of the resulting CMB
anisotropy, however, as long as the leading contribution
to second-order statistics like the bispectrum is concerned,
second-order perturbation theory suffices.

The goal of this paper is to summarize in a pedagogical
form the present status of the evaluation of the impact
of NG on the CMB anisotropies. This implies first of all
determining how to set the initial conditions at second order
for the CMB anisotropy when some source of primordial
NG is present. The second step will be determining how
primordial NG flows on small angular scales. In this paper we
will focus on the study of the second-order effects appearing
at the recombination era when the CMB anisotropy is left
imprinted. We will show how to derive the equations to
evaluate CMB anisotropies, by computing the Boltzmann
equations describing the evolution of the baryon-photon
fluid up to second order. This permits to follow the time
evolution of CMB anisotropies (up to second order) on
all scales, from the early epoch, when the cosmological
perturbations were generated, to the present time, through
the recombination era. We will also provide the reader
with some simplified analytical computation to evaluate
the contamination of the recombination secondary effects
onto the detection of primordial NG. The formalism for
a more refined numerical analysis is also displayed and
results for some worked examples will be also reported.
The paper is mainly based on a series of papers written
by the authors along the past years on the subject (with
various updates) and, as such, follows both a logic and a
chronological order. It requires knowledge of the theory of
cosmological perturbation at the linear level (which however
we summarize in the Appendices). We have tried to write the
different sections in a self-contained way. Nevertheless, we
alert the reader that the level of complexity increases with
the number of the sections.

The paper is organized as follows. In Section 2, we
provide a simple, but illuminating example to show why
we do expect some NG present in the CMB anisotropy
regardless if there is or not some primordial NG. In Section 3,
we provide the reader with the necessary tools to study
the dynamics at second order in the gravity sector. In
Section 4, we show how to set the initial conditions for
the primordial NG, while in Section 5, we provide a gauge-
invariant way to define the CMB temperature anisotropy
at second order on large scales. In Section 6, we go to
small scales and present the full procedure to compute the
Boltzmann equations necessary to follow the evolution of the
nonlinearities from the recombination epoch down to the
present epoch. Section 7 presents some analytical solutions
of the Boltzmann equations in the tight coupling limit, along

the same lines of what is done at the linear level. The issue of
contamination is addressed in Section 8, while in Section 9
we offer the reader with an analytical estimate of such a
contamination. A more refined numerical work is presented
in Section 10. Finally, in Section 11, some conclusions are
given. This paper has also some hopefully useful appendices:
in Appendix A the reader can find the energy-momentum
tensors at second-order, Appendix B gives the solutions of
Einstein equations for the perturbed fluids up to second-
order, while Appendix C offers the analytical solutions of the
linearized Boltzmann equations in the tight coupling limit.

2. Why Do We Expect NG in
the Cosmological Perturbations?

Before tackling the problem of interest—the computation
of the cosmological perturbations at second order after the
inflationary era—we first provide a simple, but insightful
computation, derived from [36], which illustrates why we
expect that the cosmological perturbations develop some
NG even if the latter is not present at some primordial
epoch. This example will help the reader to understand
why the cosmological perturbations are inevitably affected
by nonlinearities, beyond those arising at some primordial
epoch. The reason is clear: gravity is nonlinear and it feeds
this property into the cosmological perturbations during the
postinflationary evolution of the universe. As gravity talks to
all fluids, this transmission is inevitable. To be specific, we
focus on the CMB anisotropies. We will adopt the Poisson
gauge which eliminates one scalar degree of freedom from
the g0i component of the metric and one scalar and two
vector degrees of freedom from gi j . We will use a metric of
the form (see Table 1 for the symbols used in this paper)

ds2 = −e2Φdt2 + 2a(t)ωidxidt

+ a2(t)
(
e−2Ψδi j + χi j

)
dxidx j ,

(1)

where a(t) is the scale factor as a function of the cosmic
time t, and ωi and χi j are the vector and tensor perturba-
tion modes respectively. Each metric perturbation can be
expanded into a linear (first-order) and a second-order part,
as for example, the gravitational potential Φ = Φ(1) +Φ(2)/2.
However, in the metric (1) the choice of the exponentials
greatly helps in computing the relevant expressions, and thus
we will always keep them where it is convenient. From (1),
one recovers at linear order the well-known longitudinal
gauge while at second order, one finds Φ(2) = φ(2) − 2(φ(1))2

and Ψ(2) = ψ(2) + 2(ψ(1))2 where φ(1), ψ(1) and φ(2), ψ(2)

(with φ(1) = Φ(1) and ψ(1) = Ψ(1)) are the first and second-
order gravitational potentials in the longitudinal (Poisson)
gauge adopted in [5, 51] as far as scalar perturbations are
concerned.

We now consider the long wavelength modes of the
CMB anisotropies, that is, we focus on scales larger than the
horizon at last-scattering. We can therefore neglect vector
and tensor perturbation modes in the metric. For the vector
perturbations, the reason is that they contain gradient terms
being produced as nonlinear combination of scalar-modes
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and thus they will be more important on small scales (linear
vector modes are not generated in standard mechanisms
for cosmological perturbations, as inflation). The tensor
contribution can be neglected for two reasons. First, the
tensor perturbations produced from inflation on large scales
give a negligible contribution to the higher-order statistics
of the Sachs-Wolfe effect being of the order of (powers
of) the slow-roll parameters during inflation (this holds for
linear tensor modes as well as for tensor modes generated
by the nonlinear evolution of scalar perturbations during
inflation). Second, while on large scales the tensor modes
have been proven to remain constant in time [52], when
they approach the horizon they have a wavelike contribution
which oscillates in time with decreasing amplitude [51].

Since we are interested in the cosmological perturbations
on large scales, that is in perturbations whose wavelength
is larger than the Hubble radius at last scattering, a local
observer would see them in the form of a classical—possibly
time-dependent—(nearly zero-momentum) homogeneous
and isotropic background. Therefore, it should be possible
to perform a change of coordinates in such a way as to
absorb the super-Hubble modes and work with a metric of an
homogeneous and isotropic Universe (plus, of course, cos-
mological perturbations on scale smaller than the horizon).
We split the gravitational potential Φ as

Φ = Φ� + Φs, (2)

where Φ� stands for the part of the gravitational potential
receiving contributions only from the super-Hubble modes;
Φs receives contributions only from the subhorizon modes

Φ� =
∫

d3k

(2π)3 θ(aH − k)Φ�ke
i�k·�x,

Φs =
∫

d3k

(2π)3 θ(k − aH)Φ�ke
i�k·�x,

(3)

whereH is the Hubble rate computed with respect to the cos-
mic time, H = ȧ/a, and θ(x) is the step function. Analogous
definitions hold for the other gravitational potential Ψ.

By construction, Φ� and Ψ� are a collection of Fourier
modes whose wavelengths are larger than the horizon length
and we may safely neglect their spatial gradients. Therefore,
Φ� and Ψ� are only functions of time. This amounts to saying
that we can absorb the large-scale perturbations in the metric
(1) by the following redefinitions:

dt = eΦ� dt,

a = ae−Ψ� .
(4)

The new metric describes a homogeneous and isotropic
Universe

ds2 = −dt2 + a2δi jdx
idx j , (5)

where for simplicity we have not included the subhorizon
modes. On superhorizon scales one can regard the Universe
as a collection of regions of size of the Hubble radius evolving
like unperturbed patches with metric (5) [52].

Let us now go back to the quantity we are interested in,
namely the anisotropies of the CMB as measured today by an
observer O. If she/he is interested in the CMB anisotropies at
large scales, the effect of super-Hubble modes is encoded in
the metric (5). During their travel from the last scattering
surface—to be considered as the emitter point E—to the
observer, the CMB photons suffer a redshift determined by
the ratio of the emitted frequency ωE to the observed one ωO

TO = TE
ωO

ωE
, (6)

where TO and TE are the temperatures at the observer point
and at the last scattering surface, respectively.

What is then the temperature anisotropy measured
by the observer? (6) shows that the measured large-scale
anisotropies are made of two contributions: the intrinsic
inhomogeneities in the temperature at the last scattering
surface and the inhomogeneities in the scaling factor pro-
vided by the ratio of the frequencies of the photons at the
departure and arrival points. Let us first consider the second
contribution. As the frequency of the photon is the inverse of
a time period, we get immediately the fully nonlinear relation

ωE

ωO
= ωE

ωO
e−Φ�E +Φ�O . (7)

As for the temperature anisotropies coming from the
intrinsic temperature fluctuation at the emission point, it
may be worth to recall how to obtain this quantity in
the longitudinal gauge at first order. By expanding the
photon energy density ργ ∝ T4

γ , the intrinsic temperature
anisotropies at last scattering are given by δ1TE /TE =
(1/4)δ1ργ/ργ. One relates the photon energy density fluctu-
ation to the gravitational perturbation first by implementing
the adiabaticity condition δ1ργ/ργ = (4/3)δ1ρm/ρm, where
δ1ρm/ρm is the relative fluctuation in the matter component,
and then using the energy constraint of Einstein equations
φ(1) = −(1/2)δ1ρm/ρm. The result is δ1TE /TE = −2Φ1E /3.
Summing this contribution to the anisotropies coming from
the redshift factor (7) expanded at first order provides the
standard (linear) Sachs-Wolfe effect δ1TO/TO = Φ1E /3.
Following the same steps, we may easily obtain its full
nonlinear generalization.

Let us first relate the photon energy density ργ to the
energy density of the nonrelativistic matter ρm by using the
adiabaticity condition. Again, here a bar indicates that we are
considering quantities in the locally homogeneous Universe
described by the metric (5). Using the energy continuity
equation on large scales ∂ρ/∂t = −3H(ρ + P), where H =
d ln a/dt and P is the pressure of the fluid, one can easily show
that there exists a conserved quantity in time at any order in
perturbation theory [53]

F ≡ ln a +
1
3

∫ ρ dρ′(
ρ′ + P′

) . (8)

The perturbation δF is a gauge-invariant quantity repre-
senting the nonlinear extension of the curvature perturba-
tion ζ on uniform energy density hypersurfaces on super-
horizon scales for adiabatic fluids [53]. Indeed, expanding
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it at first and second order one gets the corresponding
definition ζ1 = −ψ1 − δ1ρ/ρ̇ and the quantity ζ2 introduced
in [54]. We will come back to these definitions later. At first
order, the adiabaticity condition corresponds to set ζ1γ = ζ1m

for the curvature perturbations relative to each component.
At the nonlinear level the adiabaticity condition generalizes
to

1
3

∫
dρm
ρm

= 1
4

∫ dργ

ργ
, (9)

or

ln ρm = ln ρ3/4
γ . (10)

To make contact with the standard second-order result, we
may expand in (10) the photon energy density perturbations
as δργ/ργ = δ1ργ/ργ + (1/2)δ2ργ/ργ, and similarly for the
matter component. We immediately recover the adiabaticity
condition

δ2ργ

ργ
= 4

3
δ2ρm
ρm

+
4
9

(
δ1ρm
ρm

)2

, (11)

given in [5].
Next, we need to relate the photon energy density to the

gravitational potentials at the nonlinear level. The energy
constraint inferred from the (0 − 0) component of Einstein
equations in the matter-dominated era with the “barred”
metric (5) is

H
2 = 8πGN

3
ρm. (12)

Using (4), the Hubble parameter H reads

H = 1
a

da

dt
= e−Φ�

(
H − Ψ̇�

)
, (13)

where H = d ln a/dt is the Hubble parameter in the
“unbarred” metric. Equation (12) thus yields an expression
for the energy density of the nonrelativistic matter which is
fully nonlinear, being expressed in terms of the gravitational
potential Φ�

ρm = ρme
−2Φ� , (14)

where we have dropped Ψ̇� which is negligible on large
scales. By perturbing, (14) we are able to recover in a
straightforward way the solutions of the (0 − 0) component
of Einstein equations for a matter-dominated Universe in the
large-scale limit obtained at second order in perturbation
theory. Indeed, recalling that Φ is perturbatively related to
the quantity φ = φ(1) + φ(2)/2 used in [5] by φ(1) = φ(1) and
φ(2) = φ(2) − 2(φ(1))2, one immediately obtains

δ1ρm
ρm

= −2φ(1),

1
2
δ2ρm
ρm

= −φ(2) + 4
(
φ(1)

)2
.

(15)

The expression for the intrinsic temperature of the photons
at the last scattering surface TE ∝ ρ1/4

γ follows from (10) and
(14)

TE = TE e−2Φ� /3. (16)

Plugging (7) and (16) into (6), we are finally able to provide
the expression for the CMB temperature which is fully
nonlinear and takes into account both the gravitational
redshift of the photons due to the metric perturbations at
last scattering and the intrinsic temperature anisotropies

TO =
(
ωO

ωE

)
TE eΦ� /3. (17)

From (17), we read the nonperturbative anisotropy corre-
sponding to the Sachs-Wolfe effect

δnpTO

TO
= eΦ� /3 − 1. (18)

Equation (18) is one of the main results of this paper and
represents at any order in perturbation theory the extension
of the linear Sachs-Wolfe effect. At first order, one gets

δ1TO

TO
= 1

3
φ(1), (19)

and at second order

1
2
δ2TO

TO
= 1

6
φ(2) +

1
18

(
φ(1)

)2
. (20)

This result shows that the CMB anisotropies is nonlinear on
large scales and that a source of NG is inevitably sourced by
gravity.

3. Perturbing Gravity

In this Section, we provide the necessary tools to deal with
perturbed gravity, giving the expressions for the Einstein ten-
sor perturbed up to second-order around a flat Friedmann-
Robertson-Walker background, and the relevant Einstein
equations. In the following, we will adopt the Poisson gauge
which eliminates one scalar degree of freedom from the g0i

component of the metric and one scalar and two vector
degrees of freedom from gi j . We rewrite the metric (1) as

ds2=a2(η)[−e2Φdη2 + 2ωidxidη +
(
e−2Ψδi j + χi j

)
dxidx j

]
,

(21)

where a(η) is the scale factor as a function of the conformal
time η. As we previously mentioned, for the vector and
tensor perturbations, we will neglect linear vector modes
since they are not produced in standard mechanisms for
the generation of cosmological perturbations (as inflation),
and we also neglect tensor modes at linear order, since they
give a negligible contribution to second-order perturbations.
Therefore, we take ωi and χij to be second-order vector and
tensor perturbations of the metric.
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Let us now give our definitions for the connection
coefficients and their expressions for the metric (1). The
number of spatial dimensions is n = 3. Greek indices
(α,β, . . . ,μ, ν, . . .) run from 0 to 3, while Latin indices
(a, b, . . . , i, j, k, . . .m,n . . .) run from 1 to 3. The total space-
time metric gμν has signature (−, +, +, +). The connection
coefficients are defined as

Γαβγ =
1
2
gαρ
(
∂gργ

∂xβ
+

∂gβρ

∂xγ
− ∂gβγ

∂xρ

)
. (22)

The Riemann tensor is defined as

Rαβμν = Γαβν,μ − Γαβμ,ν + ΓαλμΓ
λ
βν − ΓαλνΓ

λ
βμ. (23)

The Ricci tensor is a contraction of the Riemann tensor

Rμν = Rαμαν, (24)

and in terms of the connection coefficient it is given by

Rμν = ∂αΓ
α
μν − ∂μΓανα + ΓασαΓ

σ
μν − ΓασνΓ

σ
μα. (25)

The Ricci scalar is given by contracting the Ricci tensor

R = R
μ
μ. (26)

The Einstein tensor is defined as

Gμν = Rμν − 1
2
gμνR. (27)

3.1. The Connection Coefficients. For the connection coeffi-
cients we find

Γ0
00 =H + Φ′,

Γ0
0i =

∂Φ

∂xi
+ Hωi,

Γi00 = ωi
′

+ Hωi + e2Ψ+2Φ ∂Φ

∂xi
,

Γ0
i j = −

1
2

(
∂ωj

∂xi
+
∂ωi
∂x j

)
+ e−2Ψ−2Φ(H −Ψ′)δi j

+
1
2
χ′i j + Hχi j ,

Γi0 j = (H −Ψ′)δi j +
1
2
χ′i j +

1
2

(
∂ωi
∂x j

− ∂ωj

∂xi

)
,

Γijk = −Hωiδjk − ∂Ψ

∂xk
δij −

∂Ψ

∂x j
δik +

∂Ψ

∂xi
δjk

+
1
2

⎛⎝ ∂χij
∂xk

+
∂χik
∂x j

+
∂χjk

∂xi

⎞⎠.

(28)

3.2. The Einstein Equations. The Einstein equations are
written as Gμν = κ2Tμν, so that κ2 = 8πGN, where GN is the
usual Newtonian gravitational constant. They read

G0
0 = −

e−2Φ

a2

[
3H2 − 6HΨ′ + 3(Ψ′)2

−e2Φ+2Ψ
(
∂iΨ∂

iΨ− 2∇2Ψ
)]
= κ2T0

0 ,

(29)

Gi
0 = 2

e2Ψ

a2

[
∂iΨ′ + (H −Ψ′)∂iΦ

]
− 1

2a2
∇2ωi +

(
4H2 − 2

a′′

a

)
ωi

a2
= κ2Ti

0,

(30)

Gi
j =

1
a2

[
e−2Φ

(
H2 − 2

a′′

a
− 2Ψ′Φ′

−3(Ψ′)2 + 2H(Φ′ + 2Ψ′) + 2Ψ′′
)

+e2Ψ
(
∂kΦ∂

kΦ +∇2Φ−∇2Ψ
)]
δij

+
e2Ψ

a2

(
−∂iΦ∂jΦ− ∂i∂jΦ + ∂i∂jΨ

−∂iΦ∂jΨ + ∂iΨ∂jΨ− ∂iΨ∂jΦ
)

− H
a2

(
∂iωj + ∂jω

i
)
− 1

2a2

(
∂iωj′ + ∂jω

i′
)

+
1
a2

(
Hχi

′
j +

1
2
χi
′′
j −

1
2
∇2χij

)
= κ2Ti

j .

(31)

Taking the traceless part of (31), we find

Ψ−Φ = Q, (32)

where Q is defined by∇2Q = −P + 3N , with P ≡ Pii,

Pij = ∂iΦ∂jΨ +
1
2

(
∂iΦ∂jΦ− ∂iΨ∂jΨ

)
+ 4πGNa

2e−2ΨTi
j ,

(33)

and∇2N = ∂i∂jP
i
j . The trace of (31) gives

e−2Φ
(
H2 − 2

a′′

a
− 2Φ′Ψ′

−3(Ψ′)2 + 2H(3Ψ′ −Q′) + 2Ψ′′
)

+
e2Ψ

3

(
2∂kΦ∂kΦ + ∂kΨ∂

kΨ− 2∂kΦ∂kΨ + 2(P − 3N)
)

= 8πGN

3
a2Tk

k .

(34)



Advances in Astronomy 7

From (30), we may deduce an equation for ωi

− 1
2
∇2ωi +

(
4H2 − 2

a′′

a

)
ωi

= −
(
δij −

∂i∂j

∇2

)

×
(

2
(
∂jΨ′ + (H −Ψ′)∂jΦ

)
− 8πGNa

2e−2ΨT
j
0

)
.

(35)

Here, T
μ
ν is the energy momentum tensor accounting for

different components, photons, baryons, and dark matter.
We will give the expressions later for each component in
terms of the distribution functions.

4. Setting the Initial Conditions from
the Primordial NG

In this paper we are concerned with the second-order
evolution of the cosmological perturbations. This requires
that we well define the initial conditions of the cosmological
perturbations at second order. These boundary conditions
may or may not contain already some level of NG. It
they do, we say that there exist some primordial NG.
The latter is usually defined in the epoch in which the
comoving curvature perturbation remains constant on large
superhorizon scales. In the standard single-field inflationary
model, the first seeds of density fluctuations are generated on
superhorizon scales from the fluctuations of a scalar field, the
inflaton [1].

In order to follow the evolution on superhorizon scales
of the density fluctuations coming from the various mecha-
nisms, we use the curvature perturbation of uniform density
hypersurfaces ζ = ζ (1) + ζ (2)/2 + · · · , where ζ (1) = −ψ(1) −
Hδρ(1)/ρ′ and the expression for ζ (2) is given by [54]

ζ (2) = −ψ(2) −H
δ(2)ρ

ρ′
+ Δζ (2), (36)

with

Δζ (2) = 2H
δ(1)ρ′

ρ′
δ(1)ρ

ρ′
+ 2

δ(1)ρ

ρ′
(
ψ(1)′ + 2Hψ(1)

)

−
(
δ(1)ρ

ρ′

)2(
H
ρ′′

ρ
−H ′ − 2H2

)
+ 2ψ(1)2.

(37)

The crucial point is that the gauge-invariant curvature
perturbation ζ remains constant on superhorizon scales
after it has been generated during a primordial epoch and
possible isocurvature perturbations are no longer present.
Therefore, we may set the initial conditions at the time when
ζ becomes constant. In particular, ζ (2) provides the necessary
information about the “primordial” level of non-Gaussianity
generated either during inflation, as in the standard scenario,
or immediately after it, as in the curvaton scenario. Different
scenarios are characterized by different values of ζ (2). For
example, in the standard single-field inflationary model

ζ (2) = 2(ζ (1))
2
+O(ε,η) [6, 7], where ε and η are the standard

slow-roll parameters [1]. In general, we may parametrize the
primordial non-Gaussianity level in terms of the conserved
curvature perturbation as in [34]

ζ (2) = 2aNL

(
ζ (1)

)2
, (38)

where the parameter aNL depends on the physics of a given
scenario. For example in the standard scenario aNL  1, while
in the curvaton case aNL = (3/4r)− r/2, where r ≈ (ρσ/ρ)D is
the relative curvaton contribution to the total energy density
at curvaton decay [5, 55]. Alternatives to the curvaton model
are those models characterized by the curvature perturbation
being generated by an inhomogeneity in the decay rate [11–
13] or the mass [14] or of the particles responsible for the
reheating after inflation. Other opportunities for generating
the curvature perturbation occur at the end of inflation
[16–18] and during preheating [19–21]. All these models
generate a level of NG which is local as the NG part of the
primordial curvature perturbation is a local function of the
Gaussian part, being generated on superhorizon scales. In
momentum space, the three point function, or bispectrum,
arising from the local NG is dominated by the so-called
“squeezed” configuration, where one of the momenta is
much smaller than the other two. Other models, such as DBI
inflation [23] and ghost inflation [56], predict a different
kind of primordial NG, called “equilateral”, because the
three-point function for this kind of NG is peaked on
equilateral configurations, in which the length of the three
wavevectors forming a triangle in Fourier space are equal
[25].

One of the best tools to detect or constrain the primordial
large-scale non-Gaussianity is through the analysis of the
CMB anisotropies, for example by studying the bispectrum
[5]. In that case, the standard procedure is to introduce
the primordial nonlinearity parameter fNL characterizing the
primordial non-Gaussianity via the curvature perturbation
[5] (the sign convention is such that it follows the WMAP
convention for fNL, see Section 5)

ζ = ζ (1) +
3
5
fNL

(
ζ (1) � ζ (1)

)
, (39)

where the coefficient 3/5 arises from the first-order relation
connecting the comoving curvature perturbation and the
gravitational potential, ζ (1) = −5φ(1)/3, and the �-product
reminds us that one has to perform a convolution product
in momentum space and that fNL is indeed momentum-
dependent (we refer the reader to the end of Section 5 for a
detailed discussion about the definition of the nonlinearity
parameter). To give the feeling of the resulting size of fNL

when |aNL| � 1, fNL  5aNL/3 (see [5, 34]). Present limits
on NG are summarized by −4 < f loc

NL < 80 [57] and −125 <

f
equil

NL < 435 [58] at 95% CL, where f loc
NL and f

equil
NL stand for

the nonlinear parameter in the case in which the squeezed
and the equilateral configurations dominate, respectively.
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5. CMB Anisotropies at Second-Order on
Large Scales

In this section, we provide the exact expression for large-scale
CMB temperature fluctuations at second order in pertur-
bation theory. What this section contains, therefore, should
be considered as a more technical elaboration of what the
reader can find in Section 2. The final expression, we will find
has various virtues. First, from it one can unambiguously
extract the exact definition of the nonlinearity parameter fNL

which is used by the experimental collaborations to pin down
the level of NG in the temperature fluctuations. Second, it
contains a “primordial” term encoding all the information
about the NG generated in primordial epochs, namely
during or immediately after inflation, and depends upon
the various fluctuation generation mechanisms. As such, the
expression neatly disentangles the primordial contribution
to the NG from that arising after inflation. Finally, the
expression applies to all scenarios for the generation of
cosmological perturbations. Third, it is gauge-invariant. For
this last point, let us underline however that the gauge-
invariant expression that we will provide is just one of
the many possible ways in which the CMB temperature
fluctuations can be casted in a gauge-invariant form.

In order to obtain our gauge-independent formula for
the temperature anisotropies, we again perturb the spatially
flat Robertson-Walker background. We expand the metric
perturbations (21) in a first and a second-order part as

g00 = −a2
(

1 + 2φ(1) + φ(2) + 2
(
φ(1)

)2
)

,

g0i = a2
(
ω

(1)
i +

1
2
ω

(2)
i

)
,

gi j = a2
[(

1−2ψ(1)−ψ(2) +2
(
ψ(1)

)2
)
δi j+

(
χ

(1)
i j +

1
2
χ

(2)
i j

)]
.

(40)

Again, the functions φ(r),ω(r)
i ,ψ(r) and χ

(r)
i j , where (r) =

(1, 2), stand for the rth-order perturbations of the metric.
We can split ω(r)

i = ∂iω(r) + ω
(r)
i , where ω(r) is the scalar part

and ω(r)
i is a transverse vector, that is, ∂iω(r)

i = 0. The metric
perturbations will transform according to an infinitesimal
change of coordinates. From now on, we limit ourselves to
a second-order time shift [51]

η −→ η − α(1) +
1
2

(
α′(1)α(1) − α(2)

)
, (41)

where a prime denotes differentiation w.r.t. conformal time.
In general, a gauge corresponds to a choice of coordinates
defining a slicing of spacetime into hypersurfaces (at fixed
time η) and a threading into lines (corresponding to fixed
spatial coordinates x), but in this section only the former
is relevant so that gauge-invariant can be taken to mean
independent of the slicing. For example, under the time shift,
the first-order spatial curvature perturbation ψ(1) transforms
as ψ(1) → ψ(1) − H α(1) (here H = a′/a), while φ(1) →
φ(1) +α′(1) +Hα(1), ω(1)

i → ω
(1)
i −∂iα(1), and the traceless part

of the spatial metric χ(1)
i j turns out to be gauge-invariant. At

second order in the perturbations, we just give some useful
examples like the transformation of the energy density and
the curvature perturbation [51]. (For these two examples, we
here report only the expression of the second-order gauge
transformations neglecting gradient terms on large-scales.
Notice that the expressions of this section relative to linear
perturbations are valid on all scales, while for the second-
order fluctuations at some point the large-scale limit is
considered.)

δ(2)ρ −→ δ(2)ρ + ρ′α(2) + α(1)

(
ρ′′α(1) + ρ′α′(1) + 2δ(1)ρ′

)
,

ψ(2) −→ ψ(2) + 2α(1)ψ
(1)′ −Hα2

(1) −Hα(1)α
′
(1)

− 1
3

(
2ωi(1) − α,i

(1)

)
α

(1)
,i −Hα(2).

(42)

We now construct in a gauge-invariant way temperature
anisotropies at second order. Temperature anisotropies
beyond the linear regime have been calculated in [32,
51], following the photons path from last scattering to
the observer in terms of perturbed geodesics. The linear
temperature anisotropies read [32, 51]

ΔT(1)

T
= φ

(1)
E − v(1)i

E ei + τ
(1)
E −

∫ λE

λO

dλA(1)′ , (43)

whereA(1) ≡ ψ(1)+φ(1)+ω(1)
i ei−(1/2)χ(1)

i j e
ie j , the subscript E

indicates that quantities are evaluated at last-scattering, ei is a
spatial unit vector specifying the direction of observation and
the integral is evaluated along the line-of-sight parametrized
by the affine parameter λ. Equation (43) includes the
intrinsic fractional temperature fluctuation at emission τE ,
the Doppler effect due to emitter’s velocity v

(1)i
E and the

gravitational redshift of photons, including the integrated
Sachs-Wolfe (ISW) effect. We omitted monopoles due to the
observer O (e.g., the gravitational potential ψ(1)

O evaluated
at the event of observation), which, being independent
of the angular coordinate, can be always recast into the
definition of temperature anisotropies. Notice, however, that
the physical meaning of each contribution in (43) is not
gauge-invariant, as the different terms are gauge-dependent.
However, it is easy to show that the whole expression (43)
is gauge-invariant. Since the temperature T is a scalar,

the intrinsic temperature fluctuation transforms as τ(1)
E →

τ
(1)
E + (T′/T)α(1) = τ

(1)
E − Hα(1), having used the fact

that the temperature scales as T ∝ a−1. Notice, instead,
that the velocity v(1)i

E does not change. Therefore, using the
transformations of metric perturbations we find

ΔT(1)

T
−→ ΔT(1)

T
+ α′(1) −

∫ ηE

ηO

dη
dα′(1)

dη

= ΔT(1)

T
+ O,

(44)

where we have used the fact that the integral is evaluated
along the line-of-sight which can be parametrized by the
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background geodesics x(0)μ = (λ, (λO − λE )ei) (with dλ/dη =
1), and the decomposition for the total derivative along the
path for a generic function f (λ, xi(λ)), f ′ = ∂ f /∂λ = df /dλ+
∂i f ei. Equation (44) shows that the expression (43) for first-
order temperature anisotropies is indeed gauge-invariant (up
to monopole terms related to the observer O). Temperature
anisotropies can be easily written in terms of particular
combinations of perturbations which are manifestly gauge-
invariant. For the gravitational potentials, we consider the

gauge-invariant definitions ψ(1)
GI = ψ(1) −Hω(1) and φ

(1)
GI =

φ(1) + Hω(1) + ω(1)′ . For the (0 − i) component of the
metric and the traceless part of the spatial metric, we define
ω

(1)GI
i = ω

(1)
i and χ

(1)GI
i j = χ

(1)
i j . For the matter variables

we use a gauge-invariant intrinsic temperature fluctuation

τ
(1)
GI = τ(1)−Hω(1), while the velocity itself is gauge-invariant

v
(1)i
GI = v(1)i under time shifts. Following the same steps

leading to (44), one gets the linear temperature anisotropies
in (43) in terms of these gauge-invariant quantities

ΔT
(1)
GI

T
= φ

(1)
GI − v(1)i

GI ei + τ
(1)
GI −

∫ λE

λO

dλ A
(1)′

GI , (45)

where A
(1)
GI = φ

(1)
GI + ψ

(1)
GI + ω

(1)GI
i ei − (1/2)χ(1)GI

i j eie j and
we omitted the subscript E . For the primordial fluctu-
ations we are interested in the large-scale modes set by
the curvature perturbation ζ (1). Defining a gauge-invariant
density perturbation δ(1)ρGI = δ(1)ρ + ρ′ω(1), we write the

curvature perturbation as ζ
(1)
GI = −ψ(1)

GI − H(δ(1)ρGI/ρ′).
Since for adiabatic perturbations in the radiation (γ) and
matter (m) eras (1/4)(δ(1)ργ/ργ) = (1/3)(δ(1)ρm/ρm), one
can write the intrinsic temperature fluctuation as τ(1) =
(1/4)(δ(1)ργ/ργ) = −H(δ(1)ρ/ρ′) and a gauge-invariant

definition is τ(1)
GI = −H(δ(1)ρGI/ρ′). In the large-scale limit,

from Einstein equations (i − i) and continuity equations, in

the matter era φ(1)
GI = ψ

(1)
GI = −(3/5)ζ (1)

GI . Thus we obtain the

large-scale limit of temperature anisotropies (45) ΔT(1)
GI /T =

2ψ(1)
GI + ζ

(1)
GI = ψ

(1)
GI /3, that is, the usual Sachs-Wolfe effect.

At second order, the procedure is similar to the one
described so long, though more lengthy and cumbersome.
We only provide the reader with the main steps to get the
final expression. The second-order temperature fluctuations
in terms of metric perturbations read [32, 59]

ΔT(2)

T
= 1

2
φ

(2)
E − 1

2

(
φ(1)

)2 − 1
2
v

(2)i
E ei +

1
2
τ

(2)
E − I2(λE )

+
(
I1(λE ) + v

(1)i
E ei

)(
−φ(1)

E − τ(1)
E + v

(1)i
E ei + I1(λE )

)
+ x

(1)0
E A

(1)′

E +
(
x

(1) j
E + x

(1)0
E e j

)(
φ

(1)
, j − v(1)

i, j e
i + τ

(1)
, j

)
E

− 1
2
v

(1)
E i v

(1)i
E + φ

(1)
E τ

(1)
E +

∂τ(1)

∂di
d(1)i − v(1)i

E eiφ
(1)
E

+ v
(1)
E i

(
−ω(1)i

E − Ii1(λE )
)
.

(46)

Here, I2 is the second-order ISW [59]

I2(λE )

=
∫ λE

λO

dλ

[
1
2
A(2)′ −

(
ω

(1)′
i − χ(1)′

i j e j
)(
k(1)i + eik(1)0

)
+ 2k(1)0A(1)′ + 2ψ(1)′A(1)

+x(1)0A(1)′ + x(1)iA
(1)′
,i

]
,

(47)

whereA(2) ≡ ψ(2)+φ(2)+ω(2)
i ei−(1/2)χ(2)

i j e
ie j , while k(1)0(λ) =

−2φ(1)−ω(1)iei+I1(λ) and k(1)i(λ) = −2ψ(1)ei−ω(1)i+χ(1)i j e j−
Ii1(λ) are the photon wave vectors, with I1(λ) given by the
integral in (43) and Ii1(λ) is obtained from the same integral
replacing the time derivative with a spatial gradient. Finally,
in (46)

x(1)0(λ) =
∫ λ
λO

dλ′
[
−2φ(1) − ω(1)

i ei + (λ− λ′)A(1)′
]

,

x(1)i(λ) =−
∫ λ
λO

dλ′
[

2ψ(1)ei+ω(1)i−χ(1)i j e j+(λ−λ′)A(1),i
]

,

(48)

are the geodesics at first order, and d(1)i = ei−(ei−k(1)i)/|ei−
k(1)i| is the direction of the photon emission evaluated on the
hypersurface of constant time of emission η = ηE . As usual
we have omitted the monopole terms due to the observer.
Using the transformation rules of [51], it is possible to check
that the expression (46) is gauge-invariant. We can express
the second-order anisotropies in terms of explicitly gauge-
invariant quantities, whose definition proceeds as for the
linear case, by choosing the shifts α(r) such that ω(r) = 0.
For example, we consider the gauge-invariant gravitational
potential [33]

φ
(2)
GI = φ(2) + ω(1)

[
2
(
ψ(1)′ + 2

a′

a
ψ(1)

)

+ω(1)′′ + 5
a′

a
ω(1)′ +

(
H ′ + 2H2)ω(1)

]

+ 2ω(1)′
(

2ψ(1) + ω(1)′
)

+
1
a

(
aα(2)

)
,

(49)

where α(2) = ω(2) + ω(1)ω(1)′ + ∇−2∂i[−4ψ(1)∂iω(1) −
2ω(1)′∂iω(1)]. Expressing the second-order temperature
anisotropies (46) in terms of our gauge-invariant quantities
and taking the large-scale limit, we find

ΔT
(2)
GI

T
=
(

1
2

)
φ

(2)
GI −

(
1
2

)(
φ

(1)
GI

)2
+
(

1
2

)
τ

(2)
GI + φ

(1)
GI τ

(1)
GI ,

(50)

(having dropped the subscript E), and the gauge-invariant
intrinsic temperature fluctuation at emission is

τ
(2)
GI =

(
1
4

)(δ(2)ρGI
γ

ργ

)
− 3

(
τ

(1)
GI

)2
. (51)
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We have dropped those terms which represent integrated
contributions and other second-order small-scale effects that
can be distinguished from the large-scale part through their
peculiar scale dependence. At this point, we make use of
Einstein’s equations. We take the expression for ζ (2) in (36)
and (37), and we use the (0−0) component and the traceless
part of the (i − j) Einstein’s equations (29) and (31) after
having appropriately expanded the exponentials. Thus, on
large scales we find that the temperature anisotropies are
given by

ΔT
(2)
GI

T
= 1

18

(
φ

(1)
GI

)2 − K

10
− 1

10

[
ζ

(2)
GI − 2

(
ζ

(1)
GI

)2
]

, (52)

where we have defined a kernel

K = 10∇−4∂i∂
j
(
∂iψ(1)∂jψ

(1)
)
−∇−2

(
10
3
∂iψ(1)∂iψ

(1)
)
.

(53)

Notice that the factor 1/18 nicely matches the corresponding
term in (20). Equation (52) is the main result of this section.
It clearly shows that there are two contributions to the final
nonlinearity in the large-scale temperature anisotropies. The

contribution, [ζ (2)
GI − 2(ζ (1)

GI )2], comes from the “primordial”
conditions set during or after inflation. They are encoded in
the curvature perturbation ζ which remains constant once
it has been generated. The remaining part of (52) describes
the postinflation processing of the primordial non-Gaussian
signal due to the nonlinear gravitational dynamics, including
also second-order corrections at last scattering to the Sachs-
Wolfe effect [32, 51, 59]. Thus, (52) allows to neatly disen-
tangle the primordial contribution to NG from that coming
from that arising after inflation, and from it we can extract
the nonlinearity parameter fNL, see the expression (39)
which is usually adopted to phenomenologically parametrize
the NG level of cosmological perturbations and has become
the standard quantity to be observationally The definition of
fNL adopted in the analyses performed in [43] goes through
the conventional Sachs-Wolfe formula ΔT/T = −Φ/3 where
Φ is Bardeen’s potential, which is conventionally expanded as
(up to a constant offset, which only affects the temperature
monopole) Φ = ΦL + fNL(ΦL) � (ΦL). Therefore, using

ζ (1) = −(5/3)ψ(1)
GI during matter domination, from (52) we

read the nonlinearity parameter in momentum space

fNL(k1, k2) = −
[

5
3

(1− aNL) +
1
6
− 3

10
K
]

, (54)

where

K = 10(k1 · k3)(k2 · k3)
k4

− 10
3

k1 · k2

k2
, (55)

with k3 + k1 + k2 = 0 and k = |k3|. To obtain (54)
we have made use of the expression (38) to set the initial
conditions. In particular, within the standard scenario where
cosmological perturbations are due to the inflaton the
primordial contribution to NG is given by aNL = 1 −
(1/4)(nζ − 1) [6, 7], where the spectral index is expressed in

terms of the usual slow-roll parameters as nζ − 1 = −6ε + 2η
[1]. The nonlinearity parameter from inflation now reads

f inf
NL = −

5
12

(
nζ − 1

)− 1
6

+
3

10
K . (56)

Therefore, the main NG contribution comes from the postin-
flation evolution of the second-order perturbations which
give rise to order-one coefficients, while the primordial
contribution is proportional to |nζ − 1| � 1. This is true
even in the “squeezed” limit first discussed by Maldacena in
[7], where one of the wavenumbers is much smaller than the
other two, for example k1 � k2,3 and K → 0.

6. CMB Anisotropies at Second-Order at
All Scales

As we already mentioned in the Introduction, despite the
importance of NG in CMB anisotropies, little effort has been
made so far to provide accurate theoretical predictions of
it. On the contrary, the vast majority of the literature has
been devoted to the computation of the bispectrum of either
the comovig curvature perturbation or the gravitational
potential on large scales within given inflationary models.
These, however, are not the physical quantities which are
observed. One should instead provide a full prediction for
the second-order radiation transfer function. A preliminary
step towards this goal has been taken in [31, 32, 36, 59]
(see also [37]) where the full second-order radiation transfer
function for the CMB anisotropies on large angular scales in
a flat universe filled with matter and cosmological constant
was computed, including the second-order generalization of
the Sachs-Wolfe effect, both the early and late integrated
Sachs-Wolfe (ISW) effects and the contribution of the
second-order tensor modes. We have partly reported about
these works in the previous sections. (For some recent
papers focusing on the generation and evolution of tensor
perturbations at second-order see, e.g., [60–62].)

In this section we wish to offer a summary of some of
the second-order effects in the CMB anisotropies on small
scales. There are many sources of NG in CMB anisotropies,
beyond the primordial one. The most relevant sources are
the so-called secondary anisotropies, which arise after the
last scattering epoch. These anisotropies can be divided
into two categories: scattering secondaries, when the CMB
photons scatter with electrons along the line of sight,
and gravitational secondaries when effects are mediated by
gravity [39]. Among the scattering secondaries, we may list
the thermal Sunyaev-Zeldovich effect, where hot electrons
in clusters transfer energy to the CMB photons, the kinetic
Sunyaev-Zeldovich effect produced by the bulk motion of the
electrons in clusters, the Ostriker-Vishniac effect, produced
by bulk motions modulated by linear density perturbations,
and effects due to reionization processes. The scattering
secondaries are most significant on small angular scales as
density inhomogeneities, bulk and thermal motions grow
and become sizeable on small length-scales when structure
formation proceeds.
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Gravitational secondaries arise from the change in
energy of photons when the gravitational potential is time-
dependent, the ISW effect, and gravitational lensing. At
late times, when the Universe becomes dominated by the
dark energy, the gravitational potential on linear scales
starts to decay, causing the ISW effect mainly on large
angular scales. Other secondaries that result from a time
dependent potential are the Rees-Sciama effect, produced
during the matter-dominated epoch by the time evolution
of the potential on nonlinear scales.

The fact that the potential never grows appreciably
means that most second-order effects created by gravitational
secondaries are generically small compared to those created
by scattering ones. However, when a photon propagates
from the last scattering to us, its path may be deflected
because of the gravitational lensing. This effect does not
create anisotropies, but only modifies existing ones. Since
photons with large wavenumbers k are lensed over many
regions (∼ k/H , whereH is the Hubble rate) along the line of
sight, the corresponding second-order effect may be sizeable.
The three-point function arising from the correlation of the
gravitational lensing and ISW effects generated by the matter
distribution along the line of sight [40, 41] and the Sunyaev-
Zeldovich effect [42] are large and detectable by Planck [43].

Another relevant source of NG comes from the physics
operating at the recombination. A naive estimate would
tell that these nonlinearities are tiny being suppressed by
an extra power of the gravitational potential. However, the
dynamics at recombination is quite involved because all the
nonlinearities in the evolution of the baryon-photon fluid at
recombination and the ones coming from general relativity
should be accounted for. This complicated dynamics might
lead to unexpected suppressions or enhancements of the NG
at recombination. A step towards the evaluation of the three-
point correlation function has been taken in [45] where
some effects were taken into account in the in so-called
squeezed triangle limit, corresponding to the case when one
wavenumber is much smaller than the other two and was
outside the horizon at recombination (see however also [37]
for a critical reassessment of some of the results contained in
[45]. In particular notice that, contrary to what stated in [45],
in the result (54), first obtained in [34], the contribution
(−1/6) is actually present and survives in the squeezed limit).

This section, which is based on [46, 47], presents the
computation of the full system of Boltzmann equations,
describing the evolution of the photon, baryon, and cold
dark matter (CDM) fluids, at second order and neglecting
polarization, These equations allow to follow the time
evolution of the CMB anisotropies at second order on all
angular scales from the early epochs, when the cosmological
perturbations were generated, to the present time, through
the recombination era. These calculations set the stage
for the computation of the full second-order radiation
transfer function at all scales and for a a generic set of
initial conditions specifying the level of primordial non-
Gaussianity. Of course, on small angular scales, fully non-
linear calculations of specific effects like Sunyaev-Zel’dovich,
gravitational lensing, and so forth would provide a more
accurate estimate of the resulting CMB anisotropy, however,

as long as the leading contribution to second-order statistics
like the bispectrum is concerned, second-order perturbation
theory suffices.

6.1. The Collisionless Boltzmann Equation for Photons. We
are interested in the anisotropies in the cosmic distribution
of photons and inhomogeneities in the matter. Photons are
affected by gravity and by Compton scattering with free
electrons. The latter are tightly coupled to protons. Both are,
of course, affected by gravity. The metric which determines
the gravitational forces is influenced by all these components
plus CDM (and neutrinos). Our plan is to write down
Boltzmann equations for the phase-space distributions of
each species in the Universe.

The phase-space distribution of particles g(xi,Pμ,η) is
a function of spatial coordinates xi, conformal time η, and
momentum of the particle Pμ = dxμ/dλwhere λ parametrizes
the particle path. Through the constraint P2 ≡ gμνPμPν =
−m2, where m is the mass of the particle one can eliminate
P0 and g(xi,P j ,η) gives the number of particles in the
differential phase-space volume dx1dx2dx3dP1dP2dP3. In
the following, we will denote the distribution function for
photons with f .

The photons’ distribution evolves according to the
Boltzmann equation

df

dη
= C

[
f
]
, (57)

where the collision term is due to the scattering of photons
off free electrons. In the following, we will derive the left-
hand side of (57) while in the next section, we will compute
the collision term.

For photons we can impose P2 ≡ gμνPμPν = 0 and using
the metric (1) in the conformal time η we find

P2 = a2

[
−e2Φ(P0)2

+
p2

a2
+ 2ωiP0Pi

]
= 0, (58)

where we define

p2 = gi jP
iP j . (59)

From the constraint (58)

P0 = e−Φ
(
p2

a2
+ 2ωiP0Pi

)1/2

. (60)

Notice that we immediately recover the usual zero and first-
order relations P0 = p/a and P0 = p(1−Φ(1))/a.

The components Pi are proportional to pni, where ni is a
unit vector with nini = δi jninj = 1. We can write Pi = Cni,
where C is determined by

gi jP
iP j = C2a2

(
e−2Ψ + χi jn

inj
)
= p2, (61)

so that

Pi = p

a
ni
(
e−2Ψ + χkmn

knm
)−1/2 = p

a
nieΨ

(
1− 1

2
χkmn

knm
)

,

(62)
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where the last equality holds up to second order in the
perturbations. Again, we recover the zero and first-order
relations Pi = pni/a and Pi = pni(1 + Ψ(1))/a respectively.
Thus, up to second order we can write

P0 = e−Φ
p

a

(
1 + ωi n

i
)
. (63)

Equation (62) and (63) allow us to replace P0 and Pi in terms
of the variables p and ni. Therefore, as it is standard in the
literature, from now on we will consider the phase-space
distribution f as a function of the momentum p = pni with
magnitude p and angular direction ni, f ≡ f (xi, p,ni,η).
Notice that our Pi are expressed via quantities, p and ni,
which are different from the ones of [63]. However, the final
Boltzmann equations that we obtain agree with the ones of
[63]. The reason is that the differences in the evolution for
p emerge only at orders greater than two in the perturbative
expansion in the fluctuations (at least if one neglects first-
order vector and tensor perturbation modes, as it is done in
these computations), while the evolution equation for ni at
linear-order (which is the one needed here, see below) is the
same.

Thus, in terms of these variables, the total time derivative
of the distribution function reads

df

dη
= ∂ f

∂η
+
∂ f

∂xi
dxi

dη
+
∂ f

∂p

dp

dη
+
∂ f

∂ni
dni

dη
. (64)

In the following, we will compute dxi/dη, dp/dη and dni/dη.
(a) dxi/dη: From

Pi = dxi

dλ
= dxi

dη

dη

dλ
= dxi

dη
P0 (65)

and from (62) and (63)

dxi

dη
= nieΦ+Ψ

(
1− ωj n

j − 1
2
χkmn

knm
)
. (66)

(b) dp/dη: For dp/dη, we make use of the time com-
ponent of the geodesic equation dP0/dλ = −Γ0

αβP
αPβ, where

d/dλ = (dη/dλ) d/dη = P0 d/dη, and

dP0

dη
= −Γ0

αβ

PαPβ

P0
, (67)

Using the metric (1), we find

2Γ0
αβP

αPβ

= g0ν

[
2
∂gνα

∂xβ
− ∂αβ

∂xν

]
PαPβ

= 2(H + Φ′)
(
P0)2

+ 4Φ,iP
0Pi + 4HωiP

0Pi

+ 2e−2Φ
[

(H −Ψ′)e−2Ψδi j − ωi, j +
1
2
χ′i j + Hχi j

]
PiP j .

(68)

On the other hand (63) of P0 in terms of p and ni gives

dP0

dη
= − p

a

dΦ

dη
e−Φ

(
1 + ωin

i
)

+ e−Φ
(

1 + ωi n
i
)d(p/a)

dη

+
p

a
e−Φ

d
(
ωi ni

)
dη

.

(69)

Thus, (67) allows us express dp/dη as

1
p

dp

dη
= −H + Ψ′ −Φ,i n

ieΦ+Ψ − ω′i ni −
1
2
χ′i jn

inj , (70)

where in (68) we have replaced P0 and Pi by (63) and
(62). Notice that in order to obtain (70), we have used the
following expressions for the total time derivatives of the
metric perturbations

dΦ

dη
= ∂Φ

∂η
+
∂Φ

∂xi
dxi

dη

= ∂Φ

∂η
+
∂Φ

∂xi
nieΦ+Ψ

(
1− ωjn

j − 1
2
χkmn

knm
)

,

(71)

d
(
ωini

)
dη

= ni
(
∂ωi
∂η

+
∂ωi
∂x j

dx j

dη

)

= ∂ωi
∂η

ni +
∂ωi
∂x j

ninj ,

(72)

where we have taken into account that ωi is already a second-
order perturbation so that we can neglect dni/dη which is at
least a first order quantity, and we can take the zero-order
expression in (66), dxi/dη = ni. In fact, there is also an
alternative expression for dp/dη which turns out to be useful
later and which can be obtained by applying once more
(71)

1
p

dp

dη
= −H − dΦ

dη
+ Φ′ + Ψ′ − ω′i ni −

1
2
χ′i jn

inj . (73)

(c) dni/dη: We can proceed in a similar way to compute
dni/dη. Notice that since in (64) it multiplies ∂ f /∂ni which
is first order, we need only the first order perturbation
of dni/dη. We use the spatial components of the geodesic
equations dPi/dλ = −ΓiαβPαPβ written as

dPi

dη
= −Γiαβ

PαPβ

P0
. (74)
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For the right-hand side, we find, up to second order,

2ΓiαβP
αPβ = giν

[
∂gαν

∂xβ
+
∂gβν

∂xα
− ∂gαβ

∂xν

]
PαPβ

= 4(H −Ψ′)PiP0 + 2
(
χi
′
k + ωi,k − ω,i

k

)
P0Pk

+
(

2
∂Φ

∂xi
e2Φ+2Ψ + 2ωi

′
+ 2Hωi

)(
P0)2

− 4
∂Ψ

∂xk
PiPk + 2

∂Ψ

∂xi
δkmP

kPm

−
⎡⎣2Hωiδjk −

⎛⎝ ∂χij
∂xk

+
∂χik
∂x j

− ∂χjk

∂xi

⎞⎠⎤⎦P jPk ,

(75)

while the expression (62) of Pi in terms of our variables p
and ni in the left-hand side of (74) brings

dPi

dη
= p

a
eΨ
[
dΨ

dη
ni +

a

p

d
(
p/a

)
dη

ni +
dni

dη

](
1− 1

2
χkmn

knm
)

− p

a
nieΨ

1
2

d
(
χkmnknm

)
dη

.

(76)

Thus, using the expression (62) for Pi and (60) for P0 in (75),
together with the previous result (70), the geodesic equation
(74) gives the following expression dni/dη (valid up to first
order)

dni

dη
= (Φ,k + Ψ,k

)
nkni −Φ,i −Ψ,i. (77)

To proceed further we now expand the distribution
function for photons around the zero-order value f (0) which
is that of a Bose-Einstein distribution

f (0)(p,η
) = 2

1
exp

{
p/
(
T
(
η
))}− 1

, (78)

where T(η) is the average (zero-order) temperature and
the factor 2 comes from the spin degrees of photons. The
perturbed distribution of photons will depend also on xi

and on the propagation direction ni so as to account for
inhomogeneities and anisotropies

f
(
xi, p,ni,η

)
= f (0)(p,η

)
+ f (1)

(
xi, p,ni,η

)
+

1
2
f (2)

(
xi, p,ni,η

)
,

(79)

where we split the perturbation of the distribution function
into a first and a second-order part. The Boltzmann equation
up to second order can be written in a straightforward way
by recalling that the total time derivative of a given ith
perturbation, as for example, df (i)/dη is at least a quantity
of the i-th order. Thus, it is easy to realize, looking at (64),

that the left-hand side of Boltzmann equation can be written
up to second order as

df

dη
= df (1)

dη
+

1
2
df (2)

dη
− p

∂ f (0)

∂p

d

dη

(
Φ(1) +

1
2
Φ(2)

)

+ p
∂ f (0)

∂p

∂

∂η

(
Φ(1) + Ψ(1) +

1
2
Φ(2) +

1
2
Ψ(2)

)

− p
∂ f (0)

∂p

∂ωi
∂η

ni − 1
2
p
∂ f (0)

∂p

∂χi j

∂η
ninj ,

(80)

where for simplicity in (80), we have already used the
background Boltzmann equation (df /dη)|(0) = 0. In (80)
there are all the terms which will give rise to the integrated
Sachs-Wolfe effects (corresponding to the terms which
explicitly depend on the gravitational perturbations), while
other effects, such as the gravitational lensing, are still hidden
in the (second-order part) of the first term. In fact in order
to obtain (80) we just need for the time being to know the
expression for dp/dη, (73).

6.2. Collision Term

6.2.1. The Collision Integral. In this section, we focus on the
collision term due to Compton scattering (notice that in this
section all the quantities and their indices are meant to be
defined in the local Minkowski frame)

e
(

q
)
γ
(

p
)←→ e

(
q′
)
γ
(

p′
)
, (81)

where we have indicated the momentum of the photons
and electrons involved in the collisions. The collision term
will be important for small scale anisotropies and spectral
distortions. The important point to compute the collision
term is that for the epoch of interest very little energy is
transferred. Therefore, one can proceed by expanding the
right hand side of (57) both in the small perturbation, (79),
and in the small energy transfer.

The collision term is given (up to second order) by

C
(

p
) = C

(
p
)
aeΦ, (82)

where a is the scale factor and

C
(

p
) = 1

E
(

p
) ∫ dq

(2π)32E
(

q
) dq′

(2π)32E
(

q′
) dp′

(2π)32E
(

p′
)

× (2π)4δ4(q + p − q′ − p′
)|M|2

× {g(q′
)
f
(

p′
)[

1 + f
(

p
)]− g(q

)
f
(

p
)[

1 + f
(

p′
)]}
(83)

where E(q) = (q2 + m2
e)

1/2, M is the amplitude of the
scattering process, δ4(q + p − q′ − p′) = δ3(q + p − q′ −
p′)δ(E(q) + p − E(q′)− p′) ensures the energy-momentum
conservation and g is the distribution function for electrons.
The Pauli suppression factors (1 − g) have been dropped
since for the epoch of interest the density of electrons ne is
low. The reason why we write the collision term as in (82)
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is that the starting point of the Boltzmann equation requires
differentiation with respect to an affine parameter λ, df /dλ =
C′. In moving to the conformal time η, one rewrites the
Boltzmann equation as df /dη = C′(P0)−1, with P0 = dη/dλ
given by (63). Taking into account that the collision term is at
least of first order, (82) then follows. The electrons are kept in
thermal equilibrium by Coulomb interactions with protons
and they are nonrelativistic, thus we can take a Maxwell-
Boltzmann distribution around some bulk velocity v

g
(

q
) = ne

(
2π
meTe

)3/2

exp

{
−
(

q−mev
)2

2meTe

}
. (84)

By using the three dimensional delta function the energy
transfer is given by E(q) − E(q + p − p′) and it turns out
to be small compared to the typical thermal energies

E
(

q
)− E(q + p− p′

)  (
p− p′

) · q
me

= O
(
Tq

me

)
. (85)

In (85), we have used E(q) = me + q2/2me and the fact that,
since the scattering is almost elastic (p  p′), (p − p′) is of
order p ∼ T , with q much bigger than (p−p′). In general, the
electron momentum has two contributions, the bulk velocity
(q = mev) and the thermal motion (q ∼ (meT)1/2) and
thus the parameter expansion q/me includes the small bulk
velocity v and the ratio (T/me)

1/2 which is small because the
electrons are nonrelativistic.

The expansion of all the quantities entering the collision
term in the energy transfer parameter and the integration
over the momenta q and q′ is described in details in [64]. It is
easy to realize that we just need the scattering amplitude up
to first order since at zero-order g(q′) = g(q + p−p′) = g(q)
and δ(E(q) + p − E(q′) − p′) = δ(p − p′) so that all the
zero-order quantities multiplying |M|2 vanish. To first order

|M|2=6πσTm2
e

[(
1+cos2θ

)−2 cos θ(1− cos θ)q ·
(
p̂+ p̂′

)
me

]
,

(86)

where cos θ = n · n′ is the scattering angle and σT the
Thompson cross-section. The resulting collision term up to
second order is given by [64]

C
(

p
) = 3neσT

4p

∫
dp′p′

dΩ′

4π

[
c(1)(p, p′

)
+ c

(2)
Δ

(
p, p′

)
+ c(2)

v

(
p, p′

)
+ c

(2)
Δv

(
p, p′

)
+c(2)

vv

(
p, p′

)
+ c

(2)
K

(
p, p′

)]
,

(87)

where we arrange the different contributions following [64].
The first order term reads

c(1)(p, p′
)

= (1 + cos2θ
)

×
[
δ
(
p − p′

)(
f (1)(p′

)− f (1)(p
))

+
(
f (0)(p′)− f (0)(p))(p− p′

) · v
∂δ
(
p − p′

)
∂p′

]
,

(88)

while the second-order terms have been separated into four
parts. There is the so-called anisotropy suppression term

c
(2)
Δ

(
p, p′

) = 1
2

(
1 + cos2θ

)
δ
(
p − p′

)(
f (2)(p′

)− f (2)(p
))

;

(89)

a term which depends on the second-order velocity pertur-
bation defined by the expansion of the bulk flow as v =
v(1) + v(2)/2

c(2)
v

(
p, p′

) = 1
2

(
1 + cos2θ

)(
f (0)(p′)− f (0)(p))(p− p′

)
· v(2) ∂δ

(
p − p′

)
∂p′

;

(90)

a set of terms coupling the photon perturbation to the
velocity

c
(2)
Δv

(
p, p′

)
=
(
f (1)(p′

)− f (1)(p
))

×
[(

1 + cos2θ
)(

p− p′
) · v

∂δ
(
p − p′

)
∂p′

−2 cos θ(1− cos θ)δ
(
p − p′

)
(n + n′) · v

]
,

(91)

and a set of source terms quadratic in the velocity

c(2)
vv

(
p, p′

) = ( f (0)(p′)− f (0)(p)) (
p− p′

) · v

×
[(

1 + cos2θ
)(p− p′

) · v
2

∂2δ
(
p − p′

)
∂p′2

−2 cos θ(1− cos θ)(n+n′) · v
∂δ
(
p−p′)
∂p′

]
.

(92)
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The last contribution are the Kompaneets terms describing
spectral distortions to the CMB

c
(2)
K

(
p, p′

)
= (1 + cos2θ

)(p− p′
)2

2me

×
[(

f (0)(p′)− f (0)(p))Te ∂2δ
(
p − p′

)
∂p′2

−
(
f (0)(p′)+ f (0)(p)+2 f (0)(p′) f (0)(p))∂δ(p − p′

)
∂p′

]

+
2
(
p − p′

)
cos θ

(
1− cos2θ

)
me

×
[
δ
(
p − p′

)
f (0)(p′)(1 + f (0)(p))( f (0)(p′)− f (0)(p))

×∂δ
(
p − p′

)
∂p′

]
.

(93)

Let us make a couple of comments about the various contri-
butions to the collision term. First, notice the term c

(2)
v (p, p′)

due to second-order perturbations in the velocity of electrons
which is absent in [64]. In standard cosmological scenarios
(like inflation), vector perturbations are not generated at
linear order, so that linear velocities are irrotational v(1)i =
∂iv(1). However, at second order vector perturbations are
generated after horizon crossing as nonlinear combinations
of primordial scalar modes. Thus, we must take into account
also a transverse (divergence-free) component, v(2)i = ∂iv(2)+

v
(2)i
T with ∂iv

(2)i
T = 0. As we will see, such vector perturbations

will break azimuthal symmetry of the collision term with
respect to a given mode k, which instead usually holds at
linear order. Secondly, notice that the number density of
electrons appearing in (87) must be expanded as ne = ne(1 +
δe) and then

δ(1)
e c(1)(p, p′

)
(94)

gives rise to second-order contributions in addition to the

list above, where we split δe = δ
(1)
e + δ

(2)
e /2 into a first- and

second-order part. In particular, the combination with the
term proportional to v in c(1)(p, p′) gives rise to the so-called
Vishniac effect, as discussed in [64].

6.2.2. Computation of Different Contributions to the Collision
Term. In the integral (87) over the momentum p′ the first-
order term gives the usual collision term

C(1)(p
)

= neσT

[
f

(1)
0

(
p
)

+
1
2
f

(1)
2 P2(v̂ · n)− f (1) − p

∂ f (0)

∂p
v · n

]
,

(95)

where one uses the decomposition in Legendre polynomials

f (1)(x, p, n
) =∑

�

(2� + 1) f (1)
�

(
p
)
P�(cos ϑ), (96)

where ϑ is the polar angle of n, cos ϑ = n · v̂.
In the following, we compute the second-order collision

term separately for the different contributions, using the
notation C(p) = C(1)(p) + C(2)(p)/2. We have not reported
the details of the calculation of the first-order term because
for its second-order analog, c

(2)
Δ (p, p′) + c

(2)
v (p, p′), the

procedure is the same. The important difference is that the
second-order velocity term includes a vector part, and this
leads to a generic angular decomposition of the distribution
function (for simplicity drop the time dependence)

f (i)(x, p, n
) =∑

�

�∑
m=−�

f
(i)
�m

(
x, p

)
(−i)�

√
4π

2� + 1
Y�m(n),

(97)

such that

f
(i)
�m = (−i)−�

√
2� + 1

4π

∫
dΩ f (i)Y∗�m(n). (98)

Such a decomposition holds also in Fourier space. The
notation at this stage is a bit confusing, so let us restate
it: superscripts denote the order of the perturbation; the
subscripts refer to the moments of the distribution. Indeed,
at first order, one can drop the dependence on m setting
m = 0 using the fact that the distribution function does not
depend on the azimuthal angle φ. In this case, the relation

with f
(1)
l is

f
(1)
�m = (−i)−�(2� + 1)δm0 f

(1)
� . (99)

(a) c(2)
Δ (p, p′):

The integral over p′ yields

C
(2)
Δ

(
p
) = 3neσT

4p

∫
dp′p′

dΩ′

4π
c

(2)
Δ

(
p, p′

)
= 3neσT

4p

∫
dp′p′δ

(
p − p′

)
,

(100)

To perform the angular integral we write the angular
dependence on the scattering angle cos θ = n · n′ in terms
of the Legendre polynomials[

1 + (n · n′)2
]
= 4

3

[
1 +

1
2
P2(n · n′)

]

=
⎡⎣1 +

1
2

2∑
m=−2

Y2m(n)Y∗2m(n′)
4π

2� + 1

⎤⎦,

(101)

where in the last step we used the addition theorem for
spherical harmonics

P� = 4π
2� + 1

2∑
m=−2

Y�m(n)Y∗�m(n′). (102)
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Using the decomposition (98) and the orthonormality of the
spherical harmonics, we find

C
(2)
Δ

(
p
) = neσT

⎡⎣ f (2)
00

(
p
)− f (2)(p

)

−1
2

2∑
m=−2

√
4π

53/2
f

(2)
2m

(
p
)
Y2m(n)

⎤⎦.
(103)

It is easy to recover the result for the corresponding first-
order contribution in (229) by using (205).

(b) c(2)
v (p, p′):

Let us fix for simplicity our coordinates such that the
polar angle of n′ is defined by μ′ = v̂(2) · n′ with φ′

the corresponding azimuthal angle. The contribution of

c
(2)
v (p, p′) to the collision term is then

C(2)
v

(
p
) = 3neσT

4p
v(2)

∫
dp′p′

[
f (0)(p′)− f (0)(p)]

× ∂δ
(
p − p′

)
∂p′

×
∫ 1

−1

dμ′

2

(
pμ− p′μ′

) ∫ 2π

0

dφ′

2π

[
1 +

(
p · p′

)2
]
.

(104)

We can use (101) which in our coordinate system reads

4
3

⎡⎣1 +
1
2

m∑
m=−2

(2−m)!
(2 +m)!

Pm2

(
n · v̂(2)

)
Pm2

(
n′ · v̂(2)

)
eim(φ′−φ)

⎤⎦,

(105)

so that

∫
dφ′

2π
P2(n · n′) = P2

(
n · v̂(2)

)
P2

(
n′ · v̂(2)

)
= P2

(
μ
)
P2
(
μ′
)
.

(106)

By using the orthonormality of the Legendre polynomials
and integrating by parts over p′, we find

C(2)
v

(
p
) = −ne σT p∂ f (0)

∂p
v(2) · n. (107)

As it is clear by the presence of the scalar product v(2) · p, the
final result is independent of the coordinates chosen.

(c) c(2)
Δv (p, p′):

let us consider the contribution from the first term

c
(2)
Δv(I)

(
p, p′

)

= (1 + cos2θ
)(
f (1)(p′

)− f (1)(p
))(

p− p′
) · v∂δ

(
p − p′

)
∂p′

,

(108)

where the velocity has to be considered at first order. In the
integral (87), it brings

1
2
C

(2)
Δv(I) =

3neσTv
4p

∫
dp′p′

∂δ
(
p − p′

)
∂p′

×
∫ 1

−1

dμ′

2

[
f (1)(p′

)− f (1)(p
)]

× (pμ− p′μ′
) ∫ 2π

0

dφ′

2π

(
1 + cos2θ

)
.

(109)

The procedure to do the integral is the same as above. We
use the same relations as in (105) and (106), where now the
angles are those taken with respect to the first-order velocity.
This eliminates the integral over φ′, and integrating by parts
over p′ yields

1
2
C

(2)
Δv(I)

(
p
) = −3neσTv

4p

∫ 1

−1

dμ′

2

[
4
3

+
2
3
P2
(
μ
)
P2
(
μ′
)]

×
[
p
(
μ− 2μ′

)(
f (1)(p,μ′

)− f (1)(p,μ
))

+p2(μ− μ′)∂ f (1)
(
p,μ′

)
∂p

]
.

(110)

We now use the decomposition (96) and the orthonormality
of the Legendre polynomials to find

∫
dμ′

2
μ′ f (1)(p,μ′

)
P2
(
μ′
)

=
∑
�

∫
dμ′

2
μ′P2

(
μ′
)
Pl
(
μ′
)
f

(1)
�

(
p
)

=
∑
�

∫
dμ′

2

[
2
5
P1
(
μ′
)

+
3
5
P3
(
μ′
)]
P�
(
μ′
)
f

(1)
�

(
p
)

= 2
5
f

(1)
1

(
p
)

+
3
5
f

(1)
3

(
p
)
,

(111)
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where we have used μ
′P2 (μ′)Pl(μ′) = (2/5)P1(μ′) +

(3/5)P3(μ′), with P1(μ′) = μ′. Thus, from (110) we get

1
2
C

(2)
Δv(I)

(
p
)

= neσT

⎧⎨⎩v · n

⎡⎣ f (1)(p
)− f

(1)
0

(
p
)− p

∂ f
(1)

0

(
p
)

∂p

−1
2
P2(v̂ · n)

⎛⎝ f (1)
2

(
p
)

+ p
∂ f

(1)
2

(
p
)

∂p

⎞⎠⎤⎦

+ v

⎡⎣2 f (1)
1

(
p
)

+ p
∂ f

(1)
1

(
p
)

∂p
+

1
5
P2(v̂ · n)

×
⎛⎝2 f (1)

1

(
p
)

+ p
∂ f

(1)
1

(
p
)

∂p

+3 f (1)
3

(
p
)

+
3
2
p
∂ f

(1)
3

(
p
)

∂p

⎞⎠⎤⎦⎫⎬⎭.
(112)

In c(2)(p, p′), there is a second term

c
(2)
Δv(II) = −2 cos θ(1− cos θ)

(
f (1)(p′

)− f (1)(p
))

× δ(p − p′
)
(n + n′) · v,

(113)

whose contribution to the collision term is

1
2
C

(2)
Δv(II)

(
p
) = −3neσTv

2p

∫
dp′p′δ

(
p − p′

)

×
∫ 1

−1

dμ′

2

(
f (1)(p′

)− f (1)(p
))(

μ + μ′
)

×
∫ 2π

0

dφ′

2π
cos θ(1− cos θ).

(114)

This integration proceeds through the same steps as for

C
(2)
Δv(I)(p). In particular, by noting that cos θ(1 − cos θ) =
−1/3 + P1(cos θ) − 2P3(cos θ)/3, Equations (105) and (106)
allows to compute∫

dφ′

2π
cos θ(1− cos θ)

= −1
3

+ P1
(
μ
)
P1
(
μ′
)− 2

3
P2
(
μ
)
P2
(
μ′
)
,

(115)

and using the decomposition (96), we arrive at

1
2
C

(2)
Δv(II)

(
p
)

= −neσT
{

v · n f
(1)

2

(
p
)
(1− P2(v̂ · n))

+v
[

1
5
P2(v̂ · n)

(
3 f (1)

1

(
p
)− 3 f (1)

3

(
p
))]}

.

(116)

We then obtain

1
2
C

(2)
Δv

(
p
)

= neσT

⎧⎨⎩v · n

⎡⎣ f (1)(p
)− f

(1)
0

(
p
)− p

∂ f
(1)

0

(
p
)

∂p
− f

(1)
2

(
p
)

+
1
2
P2(v̂ · n)

⎛⎝ f (1)
2

(
p
)− p

∂ f
(1)

2

(
p
)

∂p

⎞⎠⎤⎦

+ v

⎡⎣2 f (1)
1

(
p
)

+ p
∂ f

(1)
1

(
p
)

∂p
+

1
5
P2(v̂ · n)

− f
(1)

1

(
p
)

+ p
∂ f

(1)
1

(
p
)

∂p

+6 f (1)
3

(
p
)

+
3
2
p
∂ f

(1)
3

(
p
)

∂p

⎤⎦⎫⎬⎭.
(117)

As far as the remaining terms, these have already been
computed in [64] (see also [65]) and here we just report them

(d) c(2)
vv (p, p′):

the term proportional to the velocity squared yield a
contribution to the collision term

1
2
C(2)
vv

(
p
) = neσT

{
(v · n)2

[
p
∂ f (0)

∂p
+

11
20
p2 ∂

2 f (0)

∂p2

]

+v2

[
p
∂ f (0)

∂p
+

3
20
p2 ∂

2 f (0)

∂p2

]}
.

(118)

(e) c(2)
K (p, p′):

The terms responsible for the spectral distortions give

1
2
C

(2)
K

(
p
) = 1

mep2

∂

∂p

{
p4

[
Te
∂ f (0)

∂p
+ f (0)

(
1 + f (0)

)]}
.

(119)

Finally, we write also the part of the collision term coming
from (94)

δ(1)
e c(1)(p, p′

)
−→ δ(1)

e C(1)(p
) = neσT δ

(1)
e

×
[
f

(1)
0

(
p
)

+
1
2
f

(1)
2 P2(v̂ · n)− f (1) − p

∂ f (0)

∂p
v · n

]
.

(120)

6.2.3. Final Expression for the Collision Term. Summing all
the terms, we find the final expression for the collision term
(87) up to second order

C
(

p
) = C(1)(p

)
+

1
2
C(2)(p

)
, (121)
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with

C(1)(p
)

= neσT

[
f

(1)
0

(
p
)

+
1
2
f

(1)
2 P2(v̂ · n) f (1) − p

∂ f (0)

∂p
v · n,

]
,

(122)

1
2
C(2)(p
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⎧⎨⎩1
2
f

(2)
00

(
p
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4

2∑
m=−2

√
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53/2
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(
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− 1
2
f (2)(p

)
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e
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f
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0

(
p
)

+
1
2
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− 1
2
p
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(
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2

(
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+
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2
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(
p
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(
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1

(
p
)

+ p
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1

(
p
)

∂p
+

1
5
P2(v̂ · n)

×
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1

(
p
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+ p
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(1)
1

(
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)

∂p

+6 f (1)
3

(
p
)

+
3
2
p
∂ f

(1)
3

(
p
)

∂p

⎞⎠⎤⎦
+ (v · n)2

[
p
∂ f (0)

∂p
+

11
20
p2 ∂

2 f (0)

∂p2

]

+ v2

[
p
∂ f (0)

∂p
+

3
20
p2 ∂

2 f (0)

∂p2

]

+
1

mep2

∂

∂p

[
p4

(
Te
∂ f (0)

∂p
+ f (0)

(
1 + f (0)

))]}
.

(123)

Notice that there is an internal hierarchy, with terms which
do not depend on the baryon velocity v, terms proportional
to v · n and then to (v · n)2, v and v2 (apart from
the Kompaneets terms). In particular, notice the term
proportional to δ

(1)
e v · n is the one corresponding to the

Vishniac effect. We point out that we have kept all the terms
up to second order in the collision term. In [64, 65], many

terms coming from c
(2)
Δv have been dropped mainly because

these terms are proportional to the photon distribution
function f (1) which on very small scales (those of interest for
reionization) is suppressed by the diffusion damping. Here,
we want to be completely general and we have to keep them.

6.3. The Brightness Equation

6.3.1. First Order. The Boltzmann equation for photons is
obtained by combining (80) with (122)-(123). At first order,
the left-hand side reads

df

dη
= df (1)

dη
− p

∂ f (0)

∂p

∂Φ(1)

∂xi
dxi

dη

+ p
∂ f (0)

∂p

∂Ψ(1)

∂η
.

(124)

At first order, it is useful to characterize the perturbations
to the Bose-Einstein distribution function (78) in terms of a
perturbation to the temperature as

f
(
xi, p,ni,η

)
= 2

[
exp

{
p

T(η)(1 + Θ(1))

}
− 1

]−1

. (125)

Thus, it turns out that

f (1) = −p∂ f
(0)

∂p
Θ(1), (126)

where we have used the fact that ∂ f /∂Θ|Θ=0 = −p∂ f (0)/∂p.
In terms of this variable Θ(1) the linear collision term (122)
will now become proportional to−p∂ f (0)/∂p which contains
the only explicit dependence on p, and the same happens
for the left-hand side, (124). This is telling us that at first
order Θ(1) does not depend on p but only on xi,ni,η, Θ(1) =
Θ(1)(xi,ni, τ). This is well known and the physical reason is
that at linear order the energy transfer in Compton collisions
between photons and electrons is almost elastic, so that
no spectral distortions are generated (in the sense that the
temperature fluctuations do not depend on p). Therefore,
the Boltzmann equation for Θ(1) reads

∂Θ(1)

∂η
+ ni

∂Θ(1)

∂xi
+
∂Φ(1)

∂xi
ni − ∂Ψ(1)

∂η

= neσTa

[
Θ

(1)
0 +

1
2
Θ

(1)
2 P2(v̂ · n)−Θ(1) + v · n

]
,

(127)

where we made us of f
(1)
� = −p∂ f (0)/∂pΘ

(1)
� , according

to the decomposition of (96), and we have taken the zero-
order expressions for dxi/dη, dropping the contribution
from dni/dη in (64) since it is already first order.

Notice that since Θ(1) is independent of p, it is equivalent
to consider the quantity

Δ(1)
(
xi,ni, τ

)
=
∫
dpp3 f (1)∫
dpp3 f (0)

, (128)
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being Δ(1) = 4Θ(1) at this order. The physical meaning of
Δ(1) is that of a fractional energy perturbation (in a given
direction). From (80), another way to write an equation for
Δ(1)—the so-called brightness equation—is

d

dη

[
Δ(1) + 4Φ(1)

]
− 4

∂

∂η

(
Φ(1) + Ψ(1)

)

= neσTa

[
Δ

(1)
0 +

1
2
Δ

(1)
2 P2(v̂ · n)− Δ(1) + 4v · n

]
.

(129)

6.3.2. Second Order. The previous results show that at
linear order the photon distribution function has a Planck
spectrum with the temperature that at any point depends on
the photon direction. At second order, one could characterize
the perturbed photon distribution function in a similar way
as in (125)

f
(
xi, p,ni,η

)
= 2

[
exp

{
p

T(η)eΘ
− 1

}]−1

, (130)

where by expanding Θ = Θ(1) + Θ(2)/2 + · · · as usual one
recovers the first-order expression. For example, in terms of
Θ, the perturbation of f (1) is given by (126), while at second
order

f (2)

2
= − p

2
∂ f (0)

∂p
Θ(2) +

1
2

(
p2 ∂

2 f (0)

∂p2
+ p

∂ f (0)

∂p

)(
Θ(1)

)2
.

(131)

However, as discussed in details in [64, 65], now the
second-order perturbation Θ(2) will not be momentum
independent because the collision term in the equation
for Θ(2) does depend explicitly on p (defining the com-
bination −(p∂ f (0)/∂p)−1 f (2) does not lead to a second-
order momentum independent equation as above). Such
dependence is evident, for example, in the terms of C(2)(p),
(123), proportional to v or v2, and in the Kompaneets
terms. The physical reason is that nonlinearities in the energy
exchange between photons and electrons during Compton
collisions bring spectral distortions. For example, in the
isotropic limit, only the Kompaneets terms survive giving
rise to the Sunyaev-Zeldovich distorsions. As discussed in
[65], the Sunyaev-Zeldovich distorsions can also be obtained
with the correct coefficients by replacing the average over
the direction electron 〈v2〉 with the mean squared thermal
velocity 〈v2

th〉 = 3Te/me in (123). This is due simply to the
fact that the distinction between thermal and bulk velocity of
the electrons is just for convenience. This fact also shows that
spectral distorsions due to the bulk flow (kinetic Sunyaev-
Zeldovich) has the same form as the thermal effect. Thus
spectral distorsions can be in general described by a global
Compton y-parameter (see [65] for a full discussion of
spectral distorsions and also [66]). However, in the following
we will not be interested in the frequency dependence
but only in the anisotropies of the radiation distribution.

Therefore we can integrate over the momentum p and define
[64, 65]

Δ(2)
(
xi,ni, τ

)
=
∫
dpp3 f (2)∫
dpp3 f (0)

, (132)

as in (128).
Integration over p of (80)−(123) is straightforward using

the following relations:

∫
dpp3p

∂ f (0)

∂p
= −4N ;

∫
dpp3p2 ∂

2 f (0)

∂p2
= 20N ;

∫
dpp3 f (1) = NΔ(1);

∫
dpp3p

∂ f (1)

∂p
= −4NΔ(1).

(133)

Here, N = ∫
dpp3 f (0) is the normalization factor (it is just

proportional the background energy density of photons ργ).
At first order one recovers (129). At second, order we find

1
2
d

dη

[
Δ(2) + 4Φ(2)

]
+

d

dη

[
Δ(1) + 4Φ(1)

]

− 4Δ(1)
(
Ψ(1)′ −Φ

(1)
,i n

i
)
− 2

∂

∂η

(
Ψ(2) + Φ(2)

)

+ 4
∂ωi
∂η

ni + 2
∂χi j

∂η
ninj

= −τ
′

2

⎡⎣Δ(2)
00 − Δ(2) − 1

2

2∑
m=−2

√
4π

53/2
Δ

(2)
2m

× Y2m(n) + 2
(
δ(1)
e + Φ(1)

)
×
(
Δ

(1)
0 +

1
2
Δ

(1)
2 P2(v̂ · n)− Δ(1) + 4v · n

)
+ 4v(2) · n + 2(v · n)

×
[
Δ(1) + 3Δ(1)

0 − Δ
(1)
2

(
1− 5

2
P2(v̂ · n)

)]

−vΔ(1)
1 (4 + 2P2(v̂ · n)) + 14(v · n)2 − 2v2

⎤⎦,

(134)

where we have expanded the angular dependence of Δ as
in (97)

Δ(i)(x, n) =
∑
�

�∑
m=−�

Δ
(i)
�m(x)(−i)�

√
4π

2� + 1
Y�m(n), (135)
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with

Δ
(i)
�m = (−i)−�

√
2� + 1

4π

∫
dΩΔ(i)Y∗�m(n), (136)

where we recall that the superscript stands by the order
of the perturbation. When going to Fourier space, some

convolutions will appear and the coefficients Δ(1)
�m(k′,η) are

related to the more familiar ones Δ(1)
� (k′,η) as

Δ
(1)
�m(k′) = i�

√
4π(2� + 1)Y∗�m

(
k̂′
)
Δ

(1)
� (k′). (137)

Equation (137) is obtained for linear perturbations by
inserting into (136) the expansion

Δ(1)(k, n) =
∑
l′

(2l′ + 1)Δ(1)
l′ (k)Pl′

(
μ
)
, (138)

and expanding the Legendre polynomials as

Pl′
(
μ
) = 4π

2l′ + 1

m′=l′∑
m′=−l′

Yl′m′(n)Y∗l′m′

(
k̂
)
. (139)

Notice that the expansion (138) is valid only for linear scalar
perturbations, which is consistent with our treatment where
at linear order we neglect vector and tensor perturbation
modes.

In (134), we have introduced the differential optical
depth

τ′ = −neσTa. (140)

It is understood that on the left-hand side of (134) one has to
pick up for the total time derivatives only those terms which
contribute to second order. Thus, we have to take

1
2
d

dη

[
Δ(2) + 4Φ(2)

]
+

d

dη

[
Δ(1) + 4Φ(1)

]∣∣∣(2)

= 1
2

(
∂

∂η
+ ni

∂

∂xi

)(
Δ(2) + 4Φ(2)

)
+ ni

(
Φ(1) + Ψ(1)

)
× ∂i

(
Δ(1) + 4Φ(1)

)
+
[(
Φ

(1)
, j + Ψ

(1)
, j

)
ninj −

(
Φ,i + Ψ,i

)]
× ∂Δ(1)

∂ni
,

(141)

where we used (66) and (77).

6.3.3. Hierarchy Equations for Multipole Moments. Let us
now move to Fourier space. In the following, for a given
wave-vector k, we will choose the coordinate system such

that e3 = k̂ and the polar angle of the photon momentum

is ϑ, with μ = cos ϑ = k̂ · n. Then, (134) can be written as

Δ(2)′ + ikμΔ(2) − τ′Δ(2) = S
(

k, n,η
)
, (142)

where S(k, n,η) can be easily read off (134). We now expand

the temperature anisotropy in the multipole moments Δ(2)
�m in

order to obtain a system of coupled differential equations. By
applying the angular integral of (136) to (142), we find

Δ
(2)′
�m

(
k,η

) = k

[
κ�m

2� − 1
Δ

(2)
�−1,m −

κ�+1,m

2� + 3
Δ

(2)
�+1,m

]
+ τ′Δ(2)

�m + S�m

(143)

where the first term on the right-hand side of (143) has been
obtained by using the relation

ik · n Δ(2)(k)

=
∑
�m

Δ
(2)
�m(k)

k

2� + 1

[
κ�mG̃�−1,m − κ�+1,mG̃�+1,m

]

= k
∑
�m

[
κ�m

2� − 1
Δ

(2)
�−1,m −

κ�m
2� + 3

Δ
(2)
�+1,m

]
G̃�m,

(144)

where G̃�m = (−i)�√4π/(2� + 1)Y�m(n) is the angular mode
for the decomposition (135) and κ�m = √

l2 −m2. This
relation has been discussed in [67, 68] and corresponds
to the term ni∂Δ(2)/∂xi in (134). In (143) Slm, are the
multipole moments of the source term according to the
decomposition (136). We do not show its complete expres-
sion here, since it is very long, and we prefer to make
some general comments (for some specific examples about
the terms Slm see Section 10). As it should be already clear
from the calculations involving second-order perturbations
performed so far, (143) has the same functional form as
the Boltzmann equation at linear order (just replace the
order of the linear perturbations (1) with that of intrinsically
second-order terms (2) with the exception of the source
terms Slm which now contain both intrinsic second-order
perturbations and also products of first-order perturbations.
Therefore, as expected, at second order we recover some
intrinsic effects which are characteristic of the linear regime.
In (143), (144) represents the free streaming effect: when
the radiation undergoes free-streaming, the inhomogeneities
of the photon distribution are seen by the obsever as
angular anisotropies. At first order, it is responsible for the
hierarchy of Boltzmann equations coupling the different �
modes, and it represents a projection effect of fluctuations
on a scale k onto the angular scale � ∼ kη. The term

τ′Δ(2)
�m causes an exponential suppression of anisotropies

in the absence of the source term S�m. The source term
contains additional scattering processes and gravitational
effects. The intrinsically second-order part of the source
term just reproduces the expression of the first order case.
Of course the dynamics of the second-order metric and
baryon-velocity perturbations which appear will be different
and governed by the second-order Einstein equations and
continuity equations. The remaining terms in the source are
second-order effects generated as nonlinear combinations
of the primordial (first-order) perturbations. Notice in
particular that they involve the first-order anisotropies Δ(1)

�

and as a consequence such terms contribute to generate the
hierarchy of equations (apart from the free-streaming effect).
On large scales (above the horizon at recombination), we can
say that the main effects are due to gravity, and they include
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the Sachs-Wolfe and the (late and early) Sachs-Wolfe effect
due to the redshift photons suffer when travelling through
the second-order gravitational potentials. These, together
with the contribution due to the second-order tensor modes,
have been already studied in details in [31] (see also [37]).
Another important gravitational effect is that of lensing of
photons as they travel from the last scattering surface to us. A
contribution of this type is given by the last term of (141). On
the other hand, examples of second-order scattering effects
are the terms proportional to the square of the baryon-
velocity fluid (v2), giving rise to the quadratic Doppler effect
(like those in the last line of (134)), or those coupling the
photon fluctuations to the baryon velocity (second-line from
the bottom of (134)). The Vishniac effect corresponds to
the terms proportional to δ

(1)
e . Finally, notice that in the

Boltzmann equation (134)) the second-order baryon velocity
appears. At linear order, the baryon velocity is irrotational,
meaning that it is the gradient of a potential, and thus in

Fourier space it is parallel to k̂, and following the same
notation of [69], we write

v(1)(k) = −iv(1)
0 (k)k̂. (145)

The second-order velocity perturbation will contain a
transverse (divergence-free) part whose components are

orthogonal to k̂ = e3, and we can write

v(2)(k) = −iv(2)
0 (k)e3 +

∑
m=±1

v(2)
m

e2 ∓ ie1√
2

, (146)

where ei form an orthonormal basis with k̂. The second-
order perturbation ωi is decomposed in a similar way, with
ω±1 the corresponding components (in this case, in the
Poisson gauge, there is no scalar component). Similarly for
the tensor perturbation χi j we have indicated its amplitudes
as χ±2 in the decomposition [68]

χi j =
∑

m=±2

−
√

3
8
χm(e1 ± ie2)i(e1 ± ie2) j . (147)

In computing the source term Slm, one has to take into
account that in the gravitational part of the Boltzmann
equation and in the collision term there are some terms,
like δ

(1)
e v, which still can be decomposed in the scalar

and transverse parts in Fourier space as in (146). For a
generic quantity f (x)v, one can indicate the corresponding
scalar and vortical components with ( f v)m and their explicit
expression is easily found by projecting the Fourier modes of

f (x)v along the k̂ = e3 and (e2 ∓ ie1) directions

(
f v
)
m(k) =

∫
d3k1

(2π)3 v
(1)
0 (k1) f (k2)Y∗1m

(
k̂1

)√4π
3
. (148)

Similarly, for a term like f (x)∇g(x) one can use the notation

(
f∇g)m(k) = −

∫
d3k1

(2π)3 k1g(k1) f (k2)Y∗1m
(

k̂1

)√4π
3
.

(149)

6.3.4. Integral Solution of the Second-Order Boltzmann Equa-
tion. As in linear theory, one can derive an integral solution
of the Boltzmann equation (134) in terms of the source
term S. Following the standard procedure (see, e.g., [5]) for
linear perturbations, we write the left-hand side as Δ(2)′ +
ikμΔ(2)−τ′Δ(2) = e−ikμη+τd[Δ(2)eikμη−τ]/dη in order to derive
the integral solution

Δ(2)(k, n,η0
) = ∫ η0

0
dηS

(
k, n,η

)
eikμ(η−η0)−τ , (150)

where η0 stands by the present time. The expression of the

photon moments Δ(2)
�m can be obtained as usual from (136).

In the previous section we have already found the coefficients
for the decomposition of source term S

S
(

k, n,η
) =∑

�

�∑
m=−�

S�m
(

k,η
)
(−i)�

√
4π

2� + 1
Y�m(n). (151)

In (150), there is an additional angular dependence in the
exponential. It is easy to take it into account by recalling that

eik·x =
∑
�

(i)�(2� + 1) j�(kx)P�
(

k̂ · x̂
)
. (152)

Thus the angular integral (136) is computed by using the
decomposition of the source term (151) and (152)

Δ
(2)
�m

(
k,η0

) = (−1)−m(−i)−�(2� + 1)
∫ η0

0
dη e−τ(η)

×
∑
�2

�2∑
m2=−�2

(−i)�2S�2m2

∑
�1

i�1 j�1

(
k
(
η − η0

))

× (2�1 + 1)

(
�1 �2 �
0 0 0

)(
�1 �2 �
0 m2 −m

)
,

(153)

where the Wigner 3- j symbols appear because of the Gaunt
integrals

Gm1m2m3
�1�2�3

≡
∫
d2n̂Y�1m1 (n̂)Y�2m2 (n̂)Y�3m3 (n̂)

=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

×
(
�1 �2 �3

0 0 0

)(
�1 �2 �3

m1 m2 m3

)
,

(154)
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Since the second of the Wigner 3- j symbols in (153) is
nonzero only if m = m2, our solution can be rewritten
to recover the corresponding expression found for linear
anisotropies in [68]

Δ
(2)
�m

(
k,η0

)
2� + 1

=
∫ η0

0
dη e−τ(η)

∑
�2

S�2m j
(�2,m)
�

[
k
(
η0 − η

)]
,

(155)

where j
(�2,m)
� [k(η0 − η)] are the so called radial functions.

Of course the main information at second order is included
in the source term containing different effects due to the
nonlinearity of the perturbations. In the total angular
momentum method of [68], (155) is interpreted just as the
intergration over the radial coordinate (χ = η0 − η) of
the projected source term. Another important comment is
that, as in linear theory, the integral solution (153) is in
fact just a formal solution, since the source term S contains
itself the (intrinsically) second-order photon moments up
to l = 2 (and the products of first-order perturbations in
principle may contain l-modes up to infinity). This means
that one has anyway to resort to the hierarchy equations
for photons, (143), to solve for these moments. Once the
moments entering in the source function are computed the
higher moments are obtained from the integral solution.

6.4. The Boltzmann Equation for Baryons and Cold Dark Mat-
ter. In this section we will derive the Boltzmann equation for
massive particles, which is the case of interest for baryons and
dark matter. These equations are necessary to find the time
evolution of number densities and velocities of the baryon
fluid which appear in the brightness equation, thus allowing
to close the system of equations. Let us start from the baryon
component. Electrons are tightly coupled to protons via the
Coulomb interactions. This forces the relative energy density
contrasts and the velocities to a common value, δe = δp ≡ δb
and ve = vp ≡ v, so that we can identify electrons and
protons collectively as “baryonic” matter.

To derive the Boltzmann equation for baryons let us first
focus on the collisionless equation and compute therefore
dg/dη, where g is the distribution function for a massive
species with mass m. One of the differences with respect to
photons is just that baryons are nonrelativistic for the epochs
of interest. Thus, the first step is to generalize the formulae in
Section 4 up to (77) to the case of a massive particle. In this
case, one enforces the constraintQ2 = gμνQμQν = −m2 and it

also useful to use the particle energy E =
√
q2 +m2, where q is

defined as in (59). Moreover, in this case it is very convenient
to take the distribution function as a function of the variables
qi = qni, the position xi and time η, without using the
explicit splitting into the magnitude of the momentum q
(or the energy E) and its direction ni. Thus, the total time
derivative of the distribution functions reads

dg

dη
= ∂g

∂η
+
∂g

∂xi
dxi

dη
+
∂g

∂qi
dqi

dη
. (156)

We will not give the details of the calculation since we
just need to replicate the same computation we did for the
photons. For the four momenta of the particle, notice that
Qi has the same form as (62), while for Q0, we find

Q0 = e−Φ

a
E

(
1 + ωi

qi

E

)
. (157)

In the following, we give the expressions for dxi/dη and
dqi/dη.

(a) As in (66) dxi/dη = Qi/Q0 and it turns out to be

dxi

dη
= q

E
nieΦ+Ψ

(
1− ωini q

E

)(
1− 1

2
χkmn

knm
)
. (158)

(b) For dqi/dη we need the expression of Qi which is the
same as that of(62)

Qi = qi

a
eΨ
(

1− 1
2
χkmn

knm
)
. (159)

The spatial component of the geodesic equation, up to
second order, reads

dQi

dη
= −2(H −Ψ′)

(
1− 1

2
χkmn

knm
)
q

a
nieΨ + eΦ+2Ψ

×
(
∂Ψ

∂xk
q2

aE

(
2nink − δik

)
− ∂Φ

∂xi
E

a

)

− E

a

[
ωi

′
+ Hωi + qk

(
χi
′
k + ωi′k − ω,i

k

)]

+
[
Hωiδjk − 1

2

(
χij,k + χik, j − χ,i

jk

)]q jqk
Ea

.

(160)

Proceeding as in the massless case, we now take the total time
derivative of (159) and using (160), we find

dqi

dη
= −(H −Ψ′)qi + Ψ,k

qiqk

E
eΦ+Ψ −Φ,iEeΦ+Ψ

−Ψ,i
q2

E
eΦ+Ψ − E

(
ωi

′
+ Hωi

)
−
(
χi
′
k + ωi′k − ω,i

k

)
Eqk

+
[
Hωiδjk − 1

2

(
χij,k + χik, j − χ,i

jk

)]q jqk
E

.

(161)
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We can now write the total time derivative of the distribution
function as

dg

dη

= ∂g

∂η
+
q

E
nieΦ+Ψ

(
1− ωini − 1

2
χkmn

knm
)
∂g

∂xi

+

[
−(H −Ψ′)qi + Ψ,k

qiqk

E
eΦ+Ψ −Φ,iEeΦ+Ψ

−Ψ,i
q2

E
eΦ+Ψ − E

(
ωi

′
+ Hωi

)
−
(
χi
′
k + ωi′k − ω,i

k

)
Eqk

+
(
Hωiδjk − 1

2

(
χij,k + χik, j − χ,i

jk

))q jqk
E

]
∂g

∂qi
.

(162)

This equation is completely general since we have just solved
for the kinematics of massive particles. As far as the collision
terms are concerned, for the system of electrons and protons,
we consider the Coulomb scattering processes between the
electrons and protons and the Compton scatterings between
photons and electrons

dge
dη

(
x, q,η

) = 〈cep〉QQ′q′ + 〈ceγ〉pp′q′ , (163)

dgp

dη

(
x, Q,η

) = 〈cep〉qq′Q′ , (164)

where we have adopted the same formalism of [70] with
p and p′ the initial and final momenta of the photons, q
and q′ the corresponding quantities for the electrons and for
protons Q and Q′. The integral over different momenta is
indicated by

〈· · · 〉pp′q′ ≡
∫

d3p

(2π)3

∫
d3p′

(2π)3

∫
d3q′

(2π)3 . . . , (165)

and thus one can read ceγ as the unintegrated part of (82),
and similarly for cep (with the appropriate amplitude |M|2).
In (163) Compton scatterings between protons and photons
can be safely neglected because the amplitude of this process
has a much smaller amplitude than Compton scatterings
with electrons being weighted by the inverse squared mass
of the particles.

At this point for the photons we considered the per-
turbations around the zero-order Bose-Einstein distribution
function (which are the unknown quantities). For the
electrons (and protons) we can take the thermal distribution
described by (84). Moreover, we will take the moments
of (163)-(164) in order to find the energy-momentum
continuity equations.

6.4.1. Energy Continuity Equations. We now integrate (162)
over d3q/(2π)3. Let us recall that in terms of the distribution
function the number density ne, and the bulk velocity v are
given by

ne =
∫

d3q

(2π)3 g, (166)

vi = 1
ne

∫
d3q

(2π)3 g
qni

E
, (167)

where one can set E  me since we are considering
nonrelativistic particles. We will also make use of the
following relations when integrating over the solid angle dΩ∫

dΩni =
∫
dΩninjnk = 0,

∫
dΩ

4π
ninj = 1

3
δi j . (168)

Finally, notice that dE/dq = q/E and ∂g/∂q = (q/E)∂g/∂E.
Thus, the first two integrals just brings n′e and (nevi),i.

Notice that all the terms proportional to the second-
order vector and tensor perturbations of the metric give a
vanishing contribution at second order since in this case, we
can take the zero-order distribution functions which depends
only on η and E, integrate over the direction and use the fact
that δi jχi j = 0. The trick to solve the remaining integrals is
an integration by parts over qi. We have an integral like (the
one multiplying (Ψ′ −H))∫

d3q

(2π)3 q
i ∂g

∂qi
= −3

∫
d3q

(2π)3 g = −3ne, (169)

after an integration by parts over qi. The remaining integrals
can be solved still by integrating by parts over qi. The integral
proportional to Φ,i in (162) gives∫

d3q

(2π)3 E = −vine, (170)

where we have used the fact that dE/dqi = qi/E. For the
integral ∫

d3q

(2π)3

qiqk

E

∂g

∂qi
, (171)

the integration by parts brings two pieces, one from the
derivation of qiqk and one from the derivation of the energy
E

− 4
∫

d3q

(2π)3 g
qk

E
+
∫

d3q

(2π)3 g
q2

E

qk

E

= −4vk ne +
∫

d3q

(2π)3 g
q2

E2

qk

E
.

(172)

The last integral in (172) can indeed be neglected. To check
this one makes use of the explicit expression (84) for the
distribution function g to derive

∂g

∂vi
= g

qi
Te
− me

Te
vig, (173)

∫
d3q

(2π)3 gq
iq j = δi jnemeTe + nem

2
ev

iv j . (174)
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Thus, it is easy to compute

Ψ,k

m3
e

∫
d3q

(2π)3 gq
2qk = −Ψ,kv

2 Te
me

+ 3Ψ,kvkne
Te
me

+ Ψ,kvkv
2,

(175)

which is negligible taking into account that Te/me is of the
order of the thermal velocity squared.

With these results, we are now able to compute the
left-hand side of the Boltzmann equation (163) integrated
over d3q/(2π)3. The same operation must be done for
the collision terms on the right hand side. For example,
for the first of the equations in (163) this brings to the
integrals 〈cep〉QQ′qq′ + 〈ceγ〉pp′qq′ . However, looking at (83)
one realizes that 〈ceγ〉pp′qq′ vanishes because the integrand
is antisymmetric under the change q ↔ q′ and p ↔ p′. In
fact this is simply a consequence of the fact that the electron
number is conserved for this process. The same argument
holds for the other term 〈cep〉QQ′qq′ . Therefore, the right-

hand side of (163) integrated over d3q/(2π)3 vanishes and we
can give the evolution equation for ne. Collecting the results
of (169) to (175), we find

∂ne
∂η

+ eΦ+Ψ ∂
(
vine

)
∂xi

+ 3(H −Ψ′)ne

+ eΦ+Ψvkne
(
Φ,k − 2Ψ,k

) = 0.

(176)

Similarly, for CDM particles, we find

∂nCDM

∂η
+ eΦ+Ψ ∂

(
vinCDM

)
∂xi

+ 3(H −Ψ′)nCDM

+ eΦ+ΨvkCDMnCDM
(
Φ,k − 2Ψ,k

) = 0.

(177)

6.4.2. Momentum Continuity Equations. Let us now multiply
(162) by (qi/E)/(2π)3 and integrate over d3q. In this way,
we will find the continuity equation for the momentum of
baryons. The first term just gives (nevi)′. The second integral
is of the type

∂

∂xj

∫
d3q

(2π)3 g
qnj

E

qni

E
= ∂

∂x j

(
ne
Te
me

δi j + nev
iv j
)

, (178)

where we have used (174) and E = me. The third term
proportional to (H −Ψ′) is∫

d3q

(2π)3 q
k ∂g

∂qk

qi

E
= 4ne +

∫
d3q

(2π)3 g
q2

E2

qi

E
, (179)

where we have integrated by parts over qi. Notice that the
last term in (179) is negligible being the same integral we
discussewd above in (175). By the same arguments that
lead to neglect the term of (175) it is easy to check that
all the remaining integrals proportional to the gravitational
potentials are negligible except for

−eΦ+ΨΦ,k

∫
d3q

(2π)3

∂g

∂qk
qi = nee

Φ+ΨΦ,i. (180)

The integrals proportional to the second-order vector and
tensor perturbations vanish as vector and tensor perturba-
tions are traceless and divergence-free. The only one which
survives is the term proportional to ωi

′
+ Hωi in (162).

Therefore, for the integral over d3qqi/E of the left-hand
side of the Boltzmann equation (162) for a massive particle
with mass me(mp) and distribution function (84), we find

∫
d3q

(2π)3

qi

E

dge
dη

= ∂
(
nevi

)
∂η

+ 4(H −Ψ′)nevi + Φ,ieΦ+Ψne

+ eΦ+Ψ
(
ne
Te
me

),i

+ eΦ+Ψ ∂

∂x j

(
nev

jvi
)

+
∂ωi

∂η
ne + Hωine.

(181)

Now, in order to derive the momentum conservation
equation for baryons, we take the first moment of both
(163) and (164) multiplying them by q and Q, respectively,
and integrating over the momenta. Since previously we
integrated the left-hand side of these equations over d3qqi/E,
we just need to multiply the previous integrals by me for the
electrons and formp for the protons. Therefore, if we sum the
first moment of (163) and (164) the dominant contribution
on the left-hand side will be that of the protons∫

d3Q

(2π)3Q
i
dgp

dη
=
〈
cep
(
qi +Qi

)〉
QQ′qq′

+
〈
ceγq

i
〉
pp′qq′

.

(182)

Notice that the integral of the Coulomb collision term
cep(qi + Qi) over all momenta vanishes simply because of
momentum conservation (due to the Dirac function δ4(q +
Q−q′ −Q′)). As far as the Compton scattering is concerned,
we have that, following [70],〈

ceγq
i
〉
pp′qq′

= −
〈
ceγ p

i
〉
pp′qq′

, (183)

still because of the total momentum conservation. Therefore
what we can compute now is the integral over all momenta of
ceγ pi. Notice however that this is equivalent just to multiply
the Compton collision term C(p) of (83) by pi and integrate
over d3p/(2π3)

〈ceγ pi〉pp′qq′ = aeΦ
∫

d3p

(2π)3 p
iC
(

p
)
. (184)

where C(p) has been already computed in (122) and (123).
We will do the integral (184) in the following. First, let us

introduce the definition of the velocity of photons in terms
of the distribution function

(
ργ + pγ

)
viγ =

∫
d3p

(2π)3 f p
i, (185)

where pγ = ργ/3 is the photon pressure and ργ the energy
density. At first order, we get

4
3
v(1)i
γ =

∫
dΩ

4π
Δ(1)ni, (186)
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where Δ is the photon distribution anisotropies defined in
(132). At second order, we instead find

4
3
v

(2)i
γ

2
= 1

2

∫
dΩ

4π
Δ(2)ni − 4

3
δ(1)
γ v(1)i

γ . (187)

Therefore, the terms in (122) and (123) proportional to
f (1)(p) and f (2)(p) will give rise to terms containing the
velocity of the photons. On the other hand the terms

proportional to f
(1)

0 (p) and f
(2)

00 (p), once integrated, vanish
because of the integral over the momentum direction ni,∫
dΩni = 0. Also, the integrals involving P2(v̂ · n) = [3(v̂ ·

n)2 − 1]/2 in the first line of (122) and (123) vanish since∫
dΩP2(v̂ · n)ni = v̂kv̂ j

∫
dΩnknjn

i = 0, (188)

where we are using the relations (168). Similarly, all the
terms proportional to v, (v · n)2 and v2 do not give any
contribution to (184) and, in the second-order collision
term, one can check that

∫
dΩY2(n)ni = 0. Then there are

terms proportional to (v · n) f (0)(p), (v · n)p∂ f (0)/∂p and

(v · n)p∂ f (1)
0 /∂p for which we can use the rules (133) when

integrating over p while the integration over the momentum
direction is∫

dΩ

4π
(v · n)ni = vk

∫
dΩ

4π
nkni = 1

3
vi. (189)

Finally, from the second line of (123), we get three integrals.
One is∫

d3p

(2π)3 p
i (v · n) f (1)(p

) = ργ

∫
dΩ

4π
Δ(1)(v · n)ni, (190)

where ργ is the background energy density of the photons.
The second comes from

1
2

∫
d3p

(2π)3 p
i (v · n)P2(v̂ · n)

⎛⎝ f (1)
2

(
p
)− p

∂ f
(1)

2

(
p
)

∂p

⎞⎠
= 5

4
ργΔ

(1)
2

[
3vj v̂kv̂l

∫
dΩ

4π
ninjnknl − vj

∫
dΩ

4π
ninj

]

= 1
3
ργΔ

(1)
2 v̂i,

(191)

where we have used the rules (133), Equation (168) and∫
(dΩ/4π) ninjnknl = (δi jδkl + δikδl j + δilδ jk)/15. In fact, the

third integral

−
∫

d3p

(2π)3 p
i(v · n) f (1)

2

(
p
)
, (192)

exactly cancels the previous one. Summing the various
integrals, we find∫

dp

(2π)3C
(

p
)

p = neσTργ

[
4
3

(
v(1) − v(1)

γ

)
−
∫
dΩ

4π
Δ(2)

2
n

+
4
3

v(2)

2
+

4
3
δ(1)
e

(
v(1) − v(1)

γ

)
+
∫
dΩ

4π
Δ(1)(v · n)n + Δ

(1)
0 v

]
.

(193)

Equation (193) can be further simplified. Recalling that

δ
(1)
γ = Δ

(1)
0 , we use (187) and notice that∫
dΩ

4π
Δ(1) (v · n)ni = v

(1)
j Π

ji
γ +

1
3
viΔ

(1)
0 , (194)

where the photon quadrupole Π
i j
γ is defined as

Π
i j
γ =

∫
dΩ

4π

(
ninj − 1

3
δi j
)(

Δ(1) +
Δ(2)

2

)
. (195)

Thus, our final expression for the integrated collision
term (184) reads∫

d3p

(2π)3C
(

p
)
pi

= neσTργ

⎡⎣4
3

(
v(1)i − v(1)i

γ

)
+

4
3

⎛⎝v(2)i

2
− v

(2)i
γ

2

⎞⎠

+
4
3

(
δ(1)
e + Δ

(1)
0

)(
v(1)i − v(1)i

γ

)
+ v

(1)
j Π

ji
γ

⎤⎦.
(196)

We are now able to give the momentum continuity
equation for baryons by combining mpdgp/dη from (181)
with the collision term (184)

∂
(
ρbvi

)
∂η

+ 4(H −Ψ′)ρbvi + Φ,ieΦ+Ψρb + eΦ+Ψ

(
ρb
Tb
mp

),i

+ eΦ+Ψ ∂

∂x j

(
ρbv

jvi
)

+
∂ωi

∂η
ρb + Hωiρb

= −neσTaργ
⎡⎣4

3

(
v(1)i − v(1)i

γ

)
+

4
3

⎛⎝v(2)i

2
− v

(2)i
γ

2

⎞⎠

+
4
3

(
δ

(1)
b +Δ(1)

0 +Φ(1)
)(
v(1)i−v(1)i

γ

)
+v(1)

j Π
ji
γ

⎤⎦,

(197)

where ρb is the baryon energy density and, as we previously
explained, we took into account that to a good approxima-
tion the electrons do not contribute to the mass of baryons.
In the following, we will expand explicitly at first and second-
order (197).

6.4.3. Second-Order Momentum Continuity Equation for
Baryons. At first order, we find

∂v(1)i

∂η
+ Hv(1)i + Φ(1),i = 4

3
τ′
ργ

ρb

(
v(1)i − v(1)i

γ

)
. (198)

At second order, there are various simplifications. In partic-
ular, notice that the term on the right-hand side of (197)
which is proportional to δb vanishes when matched to
expansion of the left-hand side by virtue of the first-order
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equation (198). Thus, at the end, we find a very simple
equation

1
2

(
∂v(2)i

∂η
+ Hv(2)i + 2

∂ωi

∂η
+ 2Hωi + Φ(2),i

)
− ∂Ψ(1)

∂η
v(1)i

+ v(1) j∂ jv
(1)i +

(
Φ(1) + Ψ(1)

)
Φ(1),i +

(
Tb
mp

),i

= 4
3
τ′
ργ

ρb
×
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with τ′ = −neσTa.

6.4.4. Second-Order Momentum Continuity Equation for
CDM. Since CDM particles are collisionless, at first order,
we find

∂v
(1)i
CDM

∂η
+ Hv

(1)i
CDM + Φ(1),i = 0. (200)

At second order we find

1
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CDM

∂η
+ Hv

(2)i
CDM + 2

∂ωi

∂η
+ 2Hωi + Φ(2),i

)
− ∂Ψ(1)

∂η
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CDM
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(1) j
CDM∂jv

(1)i
CDM +

(
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)
Φ(1),i +

(
TCDM

mCDM

),i
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(201)

7. CMB Anisotropies at Second-Order at All
Scales: Analytical Approach

7.1. Towards a Second-Order CMB Radiation Transfer Func-
tion. As pointed out in Section 6 various nonprimordial
sources of non-Gaussianity for the CMB anisotropies can
arise from the nonlinear evolution of the cosmological
perturbations, including the Sunyaev-Z’eldovich, ISW (Rees-
Sciama) effects, and the gravitational lensing, with possible
correlations between these contributions. Here we will
focus on another relevant source of non-Gaussianity: the
nonlinear effects operating at the recombination epoch. The
dynamics at recombination is quite involved because all the
nonlinearities in the evolution of the baryon-photon fluid at
recombination and the ones coming from general relativity
should be accounted for.

The following section can be considered as an application
of the Boltzmann equations found previously. Despite they
depend on a high numbers of terms, because of the
appearance within second-order perturbation theory of
products of fist-oder perturbations, it is remarkable that an
analytical study of the complicated recombination dynamics
is possible. This allows to account for those effects that at the
last scattering surface produce a non-Gaussian contribution

to the CMB anisotropies that add to the primordial one. Such
a contribution is so relevant because it represents a major
part of the second-order radiation transfer function which
must be determined in order to have a complete control of
both the primordial and nonprimordial part of NG in the
CMB anisotropies and to gain from the theoretical side the
same level of precision that could be reached experimentally
in the near future [4, 5, 71].

In order to achieve this goal, we consider the Boltzmann
equations derived in Section 6 at second-order describing
the evolution of the photon, baryon and CDM fluids, and
we manipulate them further under the assumption of tight
coupling beteween photons and baryons. This leads to the
generalization at second-order of the equations for the
photon energy density and velocity perturbations which
govern the acoustic oscillations of the photon-baryon fluid
for modes that are inside the horizon at recombination. The
evolution is that of a damped harmonic oscillator, with a
source term which is given by the gravitational potentials
generated by the different species. An interesting result is
that, unlike the linear case, at second-order the quadrupole
moment of the photons is not suppressed in the tight
coupling limit and it must be taken into account.

The analytical solutions for the acoustic oscillations
of the photon-baryon fluid at second order are derived
adopting some simplifications which are also standard for
an analytical treatment of the linear CMB anisotropies,
and which nonetheless allow to catch most of the physics
at recombination. One of these simplifications is to study
separately two limiting regimes: intermediate scales which
enter the horizon in between the equality epoch (ηeq) and
the recombination epoch (ηr), with η−1

r � k � η−1
eq ,

and shortwave perturbations, with k � η−1
eq , which enter

the horizon before the equality epoch. Here, our main
concern is to provide a simple estimate of the quantitative
behaviour of the nonlinear evolution taking place at recom-
bination, offering at the same time all the tools for a more
accurate computation. We find that the second-order CMB
anisotropies generated on the last scattering surface do not
reduce only to the energy density and velocity perturbations
of the photons evaluated at recombination, but a number
of second-order corrections at last scattering arise from the
Boltzmann equations of [46] in the form of products of first-
order perturbations.

We will see that the dynamics at recombination is indeed
dominated on small scales by the nonlinear evolution of the
second-order gravitational potentials feeded by the cold dark
matter density perturbations. The gravitational potentials
determine the energy density fluctuations of the photons
at recombination and their effects show up in the CMB
anisotropies as

ΔT

T
= 1

4
Δ

(2)
00 + Φ(2), (202)

which is the usual term due to the intrinsic fractional tem-
perature fluctuation Δ

(2)
00 /4 on the last scattering surface (Δ(2)

00

is the monopole of the photon distribution function) and
the gravitational redshift due to the gravitational potential.
However, the analysis of the remaining contributions that
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come in the form of products of first-order perturbations
is equally important. The reason is that one of the central
quantities we are interested in is the contamination to
the primordial non-Gaussianity that is produced by the
secondary effects. In that respect, the reasonable question
to ask is which kind of primordial non-Gaussianity a given
secondary effect can contaminate most, whether it is of
the so called “local type” or of the “equilateral type”, for
example. Therefore, it might well be the case that, even if
some secondary effects appear to be the dominant ones,
they might give a high contamination to a given type of
primordial non-Gaussianity, but a low contamination to
a different kind of primordial non-Gaussianity, for which
“subdominant” terms, on the other hand, represent the
strongest contaminant. This section and the following two
provide a clear example: we anticipate here that while the
dominant contribution on small scales to the term in (202)
will mainly mimic an equilateral type of primordial non-
Gaussianity, second-order effects that come as products of
first-order times first-order perturbations actually mainly
contaminate local primordial non-Gaussianity.

Notice that the case k � η−1
eq has been treated in two

steps. First, we just assume a radiation dominated universe,
and then we provide a much more complete analysis by
solving the evolution of the perturbations from the equality
epoch onwards taking into account that the dark matter
perturbations around the equality epoch tend to dominate
the second-order gravitational potentials. As a byproduct,
this last step provides the Meszaros effect at second-order.
In deriving the analytical solutions, we have accurately
accounted for the initial conditions set on superhorizon
scales by the primordial non-Gaussianity. In fact, the pri-
mordial contribution is always transferred linearly, while the
real new contribution to the radiation transfer function is
given by all the additional terms provided in the source
functions of the equations. Let us stress here that the analysis
of the CMB bispectrum performed so far, as for example
in [72], adopt just the linear radiation transfer function
(unless the bispectrum originated by specific secondary
effects, such as Rees-Sciama or Sunyaev-Zel’dovich effects,
are considered, see on this Section 8). The formalism to
provide in a systematic way the second-order CMB radiation
transfer function will be reviewd in Section 10.

7.2. The Boltzmann Equations in the Tightly Coupled Limit.
We now derive the moments of the Boltzmann equations for
photons in the limit when the photons are tightly coupled
to the the baryons (the electron-proton system) due to
Compton scattering. This leads to the governing equations
for the acoustic oscillations of the photon-baryon fluid. The
well-known computation at linear order is briefly reviewed in
(C.1) under some standard simplifying assumptions. Here,
we will focus on the derivation of the equations at second-
order in the perturbations, pointing out some interesting
differences with respect to the linear case. In particular, note
that, while we already know that the L.H.S. of the equations
at second-order will have the same form as for the linear
case, the source term on the R.H.S. of the moments of the

Boltzmann equations will also consist of first-order squared
terms.

7.2.1. Energy Continuity Equation. Let us start by integrating
(134) over dΩn/4π to get the evolution equation for the

second-order photon energy density perturbations Δ(2)
00

Δ
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4
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(203)

where we have used the explicit definition for the second-
order velocity of the photons [46]

4
3
v

(2)i
γ

2
= 1

2

∫
dΩ

4π
Δ(2) ni − 4

3
δ(1)
γ v(1)i

γ . (204)

We can now make use of the tight coupling expansion to

simplify (203). In the L.H.S., we use ∂iv
(1)i
γ = ∂iv(1)i =

3Ψ(1)′ − δ
(1)′

b = 3Ψ(1)′ − 3Δ(1)′
00 /4 obtained in the tightly

coupled limit from (C.7) and (C.9). On the other hand, in
the R.H.S. of(203)

(
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(205)

by using (C.4) and the evolution equation for the photon
veleocity (C.5). Here, we introduce the baryon-photon ratio

R = 3
4
ρb
ργ
. (206)

We thus arrive at the following equation:

Δ
(2)′
00 +

4
3
∂iv

(2)i
γ − 4Ψ(2)′ = SΔ, (207)

where the source term is given by
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(208)
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Notice that the integral in the second line of (203) has
been computed by expanding the linear anisotropies as

Δ(1) = ∑
�(2� + 1)Δ(1)

� P�(v · n) and expressing explicitly the
dependence on ni as P1(v · n) = v̂ini, P2(v · n) = (3(v ·
n)2 − 1)/2 and so on. This allows to perform the derivative
∂Δ(1)/∂ni. It turns out that the term proportional to the
first-order quadrupole vanishes, and higher order terms can
be neglected because of the tight coupling approximation.
Therefore, the only term that is non negligible is the dipole

term and using Δ
(1)
1 = 4v/3 in the tight coupling limit, one

obtains that the integral is equal to (16/3)(Φ(1) + Ψ(1)),ivi.

7.2.2. Velocity Continuity Equation. We now derive the
second moment of the Boltzmann equation (134) and then
we take its tight coupling limit. The integration of (134)
over dΩnni/4π yields the continuity equation for the photon
velocity
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(209)

The difference between the second-order baryon and photon

velocities (v(2)i − v
(2)i
γ ) appearing in (209) is obtained from

the baryon continuity equation which can be written as (see
[46])
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We want now to reduce (209) in the tightly coupled limit. We
first insert the expression (210) in (209). Notice that the last
three terms in (210) will cancel out. On the other hand, in the

tight coupling limit expansion one can set v(1)i = v
(1)i
γ and

v(2)i = v
(2)i
γ in the remaining terms on the R.H.S. of (210).

Thus, (209) becomes
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(211)

where in the tightly coupled limit, we are neglecting the
first-order quadrupole and (higher-order moments) of the
photon distribution since it is suppressed by 1/τ with respect
to the other terms. Moreover, the integral in the fourth line
of (209) has been computed following the same steps used
for the analogous integral in (203). In this case, it turns
out that the contribution from the first-order dipole term
vanishes, while the one from the quadrupole is non zero,
but this and higher-order terms can be neglected because of
the tight coupling approximation, so that the integral is in

fact negligible. Next, for the term like τ′δ(1)
b (v(1)i − v

(1)i
γ ) we

employ the relation previously derived in (99) with δ
(1)
b =

3Δ(1)
00 /4 and we use the first order tight coupling equations

(C.1) and (C.5) in order to further simplify (211). We finally
obtain
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We have spent some time in giving the details of the
computation for the photon Boltzmann equations at second-
order in the perturbations. As a summary of the results
obtained so far, we refer the reader to (207) and (212)
as our master equations which we will solve in the next
sections. In particular (212) is the second-order counterpart
of (C.5) for the photon velocity in the tight coupling regime.
Notice that there are two important differences with respect
to the linear case. One is that, in (212), there will be a
contribution not only from scalar perturbations but also
from vector modes which, at second-order, are inevitably
generated as nonlinear combinations of first-order scalar
perturbations. In particular, we have included the vector
metric perturbationsωi in the source term. Second, and most
important, we have also kept in the source term the second-

order quadrupole of the photon distribution Π
(2)i j
γ . At linear

order we can neglect it together with higher order moments
of the photons since they turn out to be suppressed with
respect to the first two moments in the tight coupling limit
by increasing powers of 1/τ. However, in the next section we
will show that at second order this does not hold anymore, as
the photon quadrupole is no longer suppressed.

Finally, following the same steps leading to (C.6) at linear
order we can derive a similar equation for the second-order
photon energy density perturbation Δ

(2)
00 which now will be

characterized by the source terms SΔ and Si
V
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(214)

where we have introduced the photon-baryon fluid sound
speed cs = 1/

√
3(1 + R).

7.2.3. Second-Order Quadrupole Moment of the Photons in the
Tight Coupling Limit. Let us now consider the quadrupole
moment of the photon distribution defined in (195) and
show that at second-order it cannot be neglected in the
tightly coupled limit, unlike for the linear case. We first
integrate the R.H.S. of (134) over dΩn(ninj − δi j /3)/4π and
then we set it to be vanishing in the limit of tight coupling.

The integration involves various pieces to compute. For

clarity we will consider each of them separately. The termΔ
(2)
00

does not contribute. For the third term we can write, from
(135)
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so that the integral just brings Π
(2)i j
γ /10, since the only

contribution in (215) comes from Δ(2)/10 with all the other
terms vanishing. The following nontrivial integral is
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(216)

where the baryon velocity appearing in P2(v̂ ·n) is first order
and we make use of the relations (168) together with
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The integrals of δ(1)
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where in the last step, we take Δ
(1)
1 = 4v/3 in the tight

coupling limit. Similarly, the integral of 14(v · n)2 brings
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The integral of 2(v · n)Δ(1) can be performed by expanding

the linear anisotropies as Δ(1) = ∑�(2� + 1)Δ(1)
� P�(v̂ · n). We

thus find
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(220)

where we have used (168) and O�>2 indicates all the integrals
coming from the multipoles � > 2 in the expansion (for � = 0
and � = 2 they vanish.) In fact we have dropped the O(� > 2)
since they are proportional to first-order photon moments
� > 2 which turn out to be supressed in the tight coupling

limit. Finally, the term proportional to (v · n)Δ(1)
2 (1− P2(v̂ ·

n)/5 gives a vanishing contribution.
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Collecting all the various pieces we find that the third
moment of the R.H.S. of (134) is given by

− τ′
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(221)

Therefore, in the limit of tight coupling, when the interaction
rate is very high, the second-order quadrupole moment turns
out to be

Π
(2)i j
γ  8

3

(
viv j − 1

3
δi jv2

)
, (222)

by setting (221) to be vanishing (the term multiplying δ(1)
e

goes to zero in the tight coupling limit since it just comes
from the first-order collision term). At linear order, one
would simply get the term 9τ′Π(1)i j

γ /10 implying that, in the

limit of a high scattering rate τ′, Π(1)i j
γ goes to zero. However

at second-order the quadrupole is not suppressed in the tight
coupling limit because it turns out to be sourced by the
linear velocity squared. Indeed (222) has a very clear physical
interpretation. If one describes the photons as a perfect
fluid, at second-order in the perturbations the quadrupole
one would get (by taking the traceless part of the energy
momentum tensor) would be exactly given by (222) (see,
e.g., [33]). Of course, this does not come as a surprise here,
because the tight coupling limit exactly corresponds to a
regime where the photons behave as a perfect fluid.

7.3. Second-Order CMB Anisotropies Generated at Recom-
bination. The previous equations allow us to follow the
evolution of the monopole and dipole of CMB photons
at recombination. As at linear order, they will appear in
the expression for the CMB anisotropies today Δ(2)(k,n,η0)
together with various integrated effects. Our focus now
will be to obtain an expression for the second-order CMB
anisotropies todayΔ(2)(k,n,η0) from which we can extract all
those contributions generated specifically at recombination
due to the nonlinear dynamics of the photon-baryon fluid.

This expression will not only relate the moments Δ(2)
�m today

to the second-order monopole and dipole at recombination
as it happens at linear order, but one has to properly account
also for additional first-order squared contributions. Let us
see how to achieve this goal in some details.

As we have seen previously, it is possible to write down an
integral solution of the photon Boltzmann equation (134) in
Fourier space. We wrote
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in order to derive a solution of the form
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eikμ(η−η0)e−τ . (224)

Here, μ = cos ϑ = k̂ · n is the polar angle of the photon

momentum in a coordinate system such that e3 = k̂. At
second-order the source term has been computed in [46] and
can be read off (134) and (141) to be

S = −τ′Δ(2)
00 − 4niΦ(2)

,i + 4Ψ(2)′ − 8ω′i n
i − 4χ′i jn

inj
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)
−2ni

(
Φ(1) +Ψ(1)

)(
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)
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, j
ninj −
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),i
]
∂Δ(1)

∂ni

− τ′
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2∑
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√
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e
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1
2
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(1)
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)

+ 2(v · n)
[
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(
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2
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)]

−vΔ(1)
1 (4 + 2P2(v̂ · n)) + 14(v · n)2 − 2v2

]
.

(225)

The key point here is to isolate all those terms that multiply
the differential optical depth τ′. The reason is that in this case
in the integral (224) one recognizes the visibility function
g(η) = −e−ττ′ which is sharply peaked at the time of
recombination and whose integral over time is normalized
to unity. Thus, for these terms the integral just reduces to
the remaining integrand (apart from the visibility function)
evaluated at recombination. The standard example that
one encounters also at linear order is given by the first

term appearing in the source S, (225), that is −τ′Δ(2)
00 . The

contribution of this term to the integral (224) just reduces to

Δ(2)(k, n,η0
)

=
∫ η0

0
dηeikμ(η−η0)e−τ(−τ′)Δ(2)

00  eikμ(η∗−η0)Δ
(2)
00

(
η∗
)
,

(226)

where η∗ is the epoch of recombination and, in the multipole
decomposition (136), (226) brings the standard result

Δ
(2)
�m

(
η0
)∝ Δ

(2)
00

(
η∗
)
j�
(
k
(
η∗ − η0

))
, (227)

having used the Legendre expansion eik·x = ∑
�(i)

�(2� +

1) j�(kx)P�(k̂ · x̂). In (227), the monopole at recombination
is found by solving the Boltzmann equations (207)−(212)
derived in tight coupling limit.
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Looking at (225) we recognize immediately some terms
which multiply explicitly τ′ (the first one discussed in the
example above and the last two lines of (225)). However,
it is easy to realize from the standard procedure adopted
at the linear-order that such terms are not the only ones.
This is clear by focusing, as an example, on the term

−4niΦ(2)
,i in the source S which appears in the same form

also at linear order. In Fourier space one can replace the
angle μ with a time derivative and thus this term gives
rise to

− 4ik
∫ η0

0
dη eikμ(η−η0)e−τμΦ(2)

= −4
∫ η0

0
dη Φ(2)e−τ

d

dη

(
eikμ(η−η0)

)

= 4
∫ η0

0
dη eikμ(η−η0)e−τ

(
Φ(2)′ − τ′Φ(2)

)
,

(228)

where, in the last step, we have integrated by parts. In (228)
the time derivative of the gravitational potential contributes
to the Integrated Sachs-Wolfe effect, but also also a τ′ results
implying that we have also to evaluate Φ(2) at recombination.
Thus, in the following, we look for those terms in the source
(225) which give rise to a τ′ factor in the same way as

for −4niΦ(2)
,i . In particular, let us consider the combination

in(225)

C ≡ 8Δ(1)
(
Ψ(1)′ −niΦ(1)
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)
−2ni

(
Φ(1) +Ψ(1)

)(
Δ(1) +4Φ(1)
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(1)
,i −8ni

(
Φ(1)2

)
,i
,

(229)

where for simplicity we are setting Φ(1)  Ψ(1). We already
recognize terms of the form ni∂i(·). Moreover we can use

the Boltzmann equation (129) to replace niΔ(1)
,i in (95). This

brings

C = 8Δ(1)Ψ(1)′ − 4Ψ(1)Δ(1)′ − 8
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− 8ni
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2 P2(v̂ · n)

]
.

(230)

In fact, we will not be interested for our purposes in the first
three terms of (230), since they will not contribute to the
anisotropies generated at recombination.

Therefore, as a result of (225), (228) and (230), we can
rewrite the source term (225) as

S = S∗ + S′ (231)

where
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(232)

S′ = 4
(
Φ(2) + Ψ(2)

)′ − 8ω′ini − 4χ′i jn
inj

− 2
[(

Φ(1) + Ψ(1)
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, j
ninj −

(
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]
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∂ni

+ 8
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(233)

In (231), S∗ contains the contribution to the second-order
CMB anisotropies created on the last scattering surface at
recombination, while S′ includes all those effects which
are integrated in time from the last scattering surface up
to now, including the second-order integrated Sachs-Wolfe
effect and the second-order lensing effect. Since the main
concern of this Section is the CMB anisotropies generated
at last scattering, from now on we will focus only on the
contribution from the last scattering surface S∗. In particular,
notice that following the same steps that lead to (226), the
first two terms of (232) give rise to the CMB temperature
anisotropies as written in (202).

7.4. Tightly Coupled Solutions for the Second-Order Perturba-
tions. In this section, we will solve the tightly coupled limit of
the Boltzmann equations (207) and (209) at second-order in
perturbation theory. We will proceed as for the linear case,
focusing on the two limiting cases of perturbation modes
entering the horizon, respectively, much before and much
after the time of equality. The solution of (214) can be
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written as[
1 + R

(
η
)]1/4

(
Δ

(2)
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= A cos
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(
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]
,

(234)

where for simplicity, we use the shorthand notation
sink[η,η′] ≡ sin[k(rs(η) − rs(η′))], and rs(η) is the sound
horizon

rs
(
η
) = ∫ η

0
dη′cs

(
η′
)
. (235)

The source terms are given in (208) and (213). Notice that
we can write S′Δ + (HR/(1 + R))SΔ = (SΔ(1 + R))′/1 + R so
that we can perform an integration by parts in (234) leading
to [
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(236)

In order to give an analytical solution that catches most of the
physics underlying (234) and which remains at the same time
very simple to treat, we will make some simplifications which
are also usually adopted in linear theory, see for example,
[73]. In particular, we will treat R = R∗ as a constant
evaluated at the time of recombination. In this way, with the
presence of R in the varying cosines and sines, we can keep
track of a damping of the photon velocity amplitude with
respect to the case R = 0 which prevents the acoustic peaks
in the power-spectrum to disappear. Treating R as a constant
is justified by the fact that for modes within the horizon the
time scale of the oscillations is much shorter than the time

scale on which R varies. If R is a constant the sound speed is
just a constant

cs = 1√
3(1 + R∗)

, (237)

and the sound horizon is simply rs(η) = csη.
There is also another good reason not to forget about

R, even though R < 1, which is particularly relevant
when estimating the second-order contributions to the CMB
anisotropies in (202). As we will see in Section 9, that
combination on small scales comes actually as proportional
to R, so that neglecting R would lead to miss one of the most
significant CMB contribution at second order.

Another simplification consists in solving the evolutions
of the perturbations in two well distinguished limiting
regimes. One regime is for those perturbations which enter
the Hubble radius when matter is the dominant component,
that is at times much bigger than the equality epoch, with
k � keq ∼ η−1

eq , where keq is the wavenumber of the
Hubble radius at the equality epoch. The other regime is for
those perturbations with much smaller wavelengths which
enter the Hubble radius when the universe is still radiation
dominated, that is perturbations with wavenumbers k �
keq ∼ η−1

eq . In fact, we are interested in perturbation modes
which are within the horizon by the time of recombination
η∗. Therefore, we will further suppose that η∗ � ηeq in
order to study such modes in the first regime. Even though
η∗ � ηeq is not the real case, it allows to obtain some
analytical expressiions.

7.4.1. Setting the Initial Conditions: Primordial Non-
Gaussianity. The integration constants A and B are fixed
according to the initial conditions for the second-order
cosmological perturbations. These refer to the values of the
perturbations on superhorizon scales deep in the radiation
dominated period. We will consider the case of initial
adiabatic perturbations, for which there exist some useful
conserved quantities on large scales which as such carry
directly the information about the initial conditons.

As explained in Section 4, such a conserved quantity is
given by the curvature perturbation ζ and its conserved value
allows to set the initial conditions for the metric and matter
perturbations accounting for the primordial contributions.
At linear order during the radiation-dominated epoch and
on large scales ζ (1) = −2Ψ(1)/3. On the other hand,
after some calculations, one can easily compute Δζ (2) for a
radiation dominated epoch

Δζ (2) = 7
2

(
Ψ(1)

)2
, (238)

where in (37) one uses that on large scales δ(1)ργ/ργ = −2Ψ(1)

and the energy continuity equation δ(1)′ργ + 4Hδ(1)ργ −
4Ψ(1)′ργ = 0. Therefore, we find

ζ (2) = −Ψ(2) +
Δ

(2)
00

4
+

7
2
Ψ(1)2(0), (239)
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where we are evaluating the quantities in the large scale limit
for η → 0. Using the parametrization (38) at the initial times

the quantity Δ(2)
00 − 4Ψ(2) is given by

Δ
(2)
00 − 4Ψ(2) = 2(9aNL − 7)Ψ(1)2(0). (240)

Since for adiabatic perturbations such a quantity is conserved
on superhorizon scales, it follows that the constant B = 0 and
A = 2(9aNL − 7)Ψ(1)2(0).

Equations (234) and (236) are analytical expressions
describing the acoustic oscillations of the photon-baryon
fluid induced at second-order for perturbation modes within
the horizon at recombination. In the following, we will adopt
similar simplifications already used for the linear case in
order to provide some analytical solutions. In particular, if in
(236) we treat R as a constant we can write, using the initial
conditions determined above,(

Δ
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(241)

7.5. Perturbation Modes with k � keq. In order to study the
contribution to the second-order CMB anisotropies coming
from perturbation modes that enter the horizon during
the radiation dominated epoch, we will assume that the
second-order gravitational potentials are the ones of a pure
radiation dominated universe throughout the evolution.
Though not strictly correct, this approximation will give
us the basic picture of the acoustic oscillations for the
baryon-photon fluid occurring for these modes. Also for
the second-order case, in Section 7.7 we will provide the
appropriate corrections accounting for the transition from
radiation to matter domination which is indeed (almost)
achieved by the recombination epoch. Before moving into
the details a note of caution is in order here. At second
order in the perturbations all the relevant quantities are
expressed as convolutions of linear perturbations, bringing
to a mode-mode mixing. In some cases, in our treatment
for a given regime under analysis (k � keq or k �
keq) we use for the first-order perturbations the solutions
corresponding to that particular regime, while the mode-
mode mixing would require to consider in the convolutions
(where one is integrating over all the wavenumbers) a more
general expression for the first-order perturbations (which
analytically does not exist anyway). For the computation of
the CMB bispectrum this would be equivalent to consider
just some specific scales, that is, all the three scales involved
in the bispectrum should correspond approximately to
wavenumbers k� keq or k� keq, and not a combination of

the two regimes (a step towards the evaluation of the three-
point correlation function has been taken on [45] where it
was computed in the in so-called squeezed triangle limit,
when one mode has a wavelength much larger than the other
two and is outside the horizon).

In Appendix C, we show how to solve the Boltzmann
equations at the linear level in the various regimes. In fact,
for k � keq the acoustic oscillations can be solved in an
alternative way (see [47]) for this procedure at linear order).
One can start directly from (207), where we can neglect
the gravitational potential term Ψ(2)′ . The reason is that,
as it happens at linear order, the second-order gravitational
potentials decay at late times as η−2, while the second-order

velocity v(2)i
γ oscillates in time. Let us now see that in some

details.
The evolution equation for the gravitational potential

Ψ(2) is given by (B.13) and is characterized by the source term
Sγ, (B.15). In particular, the source term contains the second-

order quadrupole moment of the photons Π
(2)i j
γ . We saw in

Section 7.2.3 that at second-order the quadrupole moment
is not suppressed in the tight coupling limit, being fed by
the nonlinear combination of the first-order velocities, (222).
For the perturbation modes, we are considering here the
velocity at late times is oscillating being given in Appendix C
in Fourier space. Since the linear gravitational potential
decays in time and for a radiation dominated period H =
1/η, it is easy to check that the dominant contribution at late
times to the source term Sγ simply reduces to

Sγ  3
2
H2 ∂i∂

j

∇2
Π

(2)i
γ j

≡ F(k1, k2, k)
η2

C Ψ
(1)
k1

(0)Ψ(1)
k2

(0) sin
(
k1csη

)
sin
(
k2csη

)
,

(242)

where

C = − 9
c2
s k1k2

(243)

and the sound speed is cs = 1/
√

3(1 + R). Before proceeding
further let us explain the notation that we are using. The
equivalence symbol will be used to indicate that we are
evaluating the expression in Fourier space. At second-order
in perturbation theory most of the Fourier transforms
reduce to some convolutions. We will not indicate these
convolutions explicitly but just through their kernel. For
example in (242) by F(k1, k2, k), we actually indicate the
convolution operator

F ≡ 1
2π3

∫
d3k1d

3k2δ
(1)(k1 + k2 − k)F(k1, k2, k). (244)

In the specific case of (242) the kernel is given by

F(k1, k2, k) = (k · k1)(k · k2)
k2

− 1
3

k1 · k2. (245)

The choice of these conventions is due not only for simplicity
and to keep our expressions shorter, but also because at the



34 Advances in Astronomy

end we will be interested to the bispectrum of the CMB
anisotropies generated at recombination, and the relevant
expressions entering in the bispectrum are just the kernels
of the convolution integrals.

Having determined the leading contribution to the
source term at late times, we can now solve the evolution
equation (B.13). Since the source, term scales like η−2, it is
useful to introduce the rescaled variable χ = η2Ψ(2). Equation
(B.13) then reads

χ′′ +

(
k2c2

s −
2
η2

)
χ = η2Sγ. (246)

For perturbation modes which are subhorizon with kη � 1
the solution of the homogeneous equation is given by

χhom. = A cos
(
kcsη

)
+ B sin

(
cskη

)
, (247)

from which we can build the general solution
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W
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(248)

where W = −kcs is the Wronskian, and χ+ = cos(kcsη), χ− =
sin(cskη). Using (242), the integrals involve products of sines
and cosines which can be performed giving
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(249)

Thus, the gravitational potential Ψ(2) at late times is given by
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(250)

where we have set the integration constant B = 0 and
A = −3Ψ(2)(0)/(kcs)

2 in order to match the homogeneous
solution at late times. Here, Ψ(2)(0) is the intial condition
for the gravitational potential taken on large scales deep in
the radiation dominated era which will be determined in
Section 7.5.2.

Equation (250) shows the result that we anticipated: also
at second order the gravitational potential varies in time
oscillating with an amplitude that decays as η−2. Let us then
take the divergence of the (i − 0) Einstein equation (30)
expanded at second order

∂i

[
1
2
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H
2
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00 v
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γ

]
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(251)

which, using the first-order (i − 0) Einstein equation and
Φ(1)  Ψ(1), reduces to
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1
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(252)

Since Ψ(1) during a radiation dominated period is given by
(B.11) and at late times it decays oscillating, it is easy to see
that (Ψ(1)′∂iΨ(1)) will be oscillating and decaying as η−4 and
thus can be neglected with respect to Ψ(2)′ , which oscillates
with an amplitude decaying as η−2. Also, HΦ(2) turns out
to be subdominant. Recall that Φ(2) = Ψ(2) −Q(2) and Q(2) is
dominated by the second-order quadrupole of the photons in
(B.15), so that Φ(2) scales like Ψ(2) but there is the additional
damping factor of the Hubble rate H = 1/η. Thus, the
dominant terms give

∂iv
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2H2
∇2Ψ(2)′ − 2∂i

(
Δ
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00 v
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γ

)
. (253)

Equation (253) allows to proceed further in a similar way
as for the linear case by using the results found so far,
(250) and (253), in the energy continuity equation (207).
In (207) the first- and second-order gravitational potentials
can be neglected with respect to the remaining terms given

by Δ
(1)
00 and v

(1)i
γ which oscillate in time. Thus, replacing the

divergence of the second-order velocity by the expression
(253), (207) becomes
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, (254)

which, using the first-order equation (C.1), further simplifies
to

Δ
(2)′
00 = 2

3H2
∇2Ψ(2)′ , (255)

where we have kept only the dominant terms at late times.
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The gravitational potential Ψ(2) is given in (250), so the
integration of (255) gives

Δ
(2)
00 = 6Ψ(2)(0) cos

(
kcsη

)
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Needless to say, modes for k � kD, where k−1
D indicates the

usual damping length, are supposed to be multiplied by an
exponential e−(k/kD)2

(see, e.g., [70]).

7.5.1. Vector Perturbations. So far, we have discussed only
scalar perturbations. However, at second-order in pertur-
bation theory an unavoidable prediction is that also vector
(and tensor) perturbation modes are produced dynamically
as nonlinear combination of first-order scalar perturbations.
In particular notice that the second-order velocity appearing
in (232), giving rise to a second-order Doppler effect at last
scattering, will contain a scalar and a vector (divergence free)
part. Equation (253) provides the scalar component of the
second-order velocity. We now derive an expression for the
velocity that includes also the vector contribution.

The (second-order) vector metric perturbation ωi when
radiation dominates can be obtained from (B.17)

−1
2
∇2ωi + 3H2ωi = −4H2

(
δij −

∂i∂j

∇2

)⎛⎝v(2) j
γ

2
+ Δ

(1)
00 v

(1) j
γ

⎞⎠,

(257)

where we have dropped the gravitational potentials Ψ(1) 
Φ(1) which are subdominant at late times. On the other hand,
from the velocity continuity equation (212), we get

v(2)i′
γ +

1
4
Δ

(2),i
00

= 1
4

(
Δ

(1)2
00

),i
+

8
3
v(1)i
γ ∂jv

(1) j
γ − 2ωi

′ − 3
4
∂kΠ

(2)ki
γ ,

(258)

neglecting the term proportional to R and the decaying
gravitational potentials. Using the tight coupling equations
at first order and integrating over time, one finds

v(2)i
γ + 2

(
v(1)i
γ Δ

(1)
00

)
= −2ωi − 1

4

∫
dη′Δ(2),i

00 − 3
4

∫
dη′∂kΠ(2)ki

γ .

(259)

We can thus plug (259) into (257) to find that at late times
(for kη� 1)

∇2ωi = −3H2

(
δij −

∂i∂j

∇2

)∫
dη′∂kΠ

(2)k j
γ . (260)

We will come later to the explicit expression for the term
on the R.H.S. of (260). Here, it is enough to notice that the

second-order quadrupole oscillate in time and thus ωi will
decay in time as H2 = 1/η2. This shows that ωi in (259) can
be in fact neglected with respect to the other terms giving

v(2)i
γ = −2

(
v(1)i
γ Δ

(1)
00

)
− 1

4

∫
dη′Δ(2),i

00 − 3
4

∫
dη′∂kΠ(2)ki

γ .

(261)

It can be useful to compute the combination on the R.H.S. of

(260) (δij − ∂i∂j/∇2)∂kΠ
(2)k j
γ . The second-order quadrupole

moment of the photons in the tightly coupled limit is given
by (222), and

∂kΠ
(2)k j
γ = 8

3

[
∂k
(
vkv j

)
− 2vk∂jvk

]
= 8

3

[
v j∂kv

k − vk∂jvk
]

,

(262)

where in the last step, we have used that the linear velocity is
the gradient of a scalar perturbation. We thus find(

δij −
∂i∂j

∇2

)
∂kΠ

(2)k j
γ

= 8
3

(
vi∂kv

k − vk∂ivk
)
− 8

3
∂i

∇2

×
[(
∂kv

k
)2

+ v j∂j∂kv
k − ∂jvk∂jvk − vk∇2vk

]
.

(263)

Notice that if we split the quadrupole moment into a scalar,
vector (divergence-free) and tensor (divergence-free and
traceless) parts as

Π
(2)k j
γ = Π

(2),k j
γ − 1

3
∇2δk jΠ(2)

γ + Π
(2)k, j
γ + Π

(2) j,k
γ + Π

(2)k j
γT ,

(264)

then it turns out that(
δij −

∂i∂j

∇2

)
∂kΠ

(2)k j
γ = ∇2Π(2)i

γ , (265)

where Π
(2)i
γ is the vector part of the quadrupole moment.

Therefore, one can rewrite (260) as

ωi = −3H2
∫
dη′Π(2)i

γ . (266)

7.5.2. Initial Conditions for the Second-Order Gravitational
Potentials. In order to complete the study of the CMB
anisotropies at second-order for modes k � keq, we have
to specify the initial conditions Ψ(2)(0) appearing in (256).
These are set on superhorizon scales deep in the standard
radiation dominated epoch (for η → 0) by exploiting
the conservation in time of the curvature perturbation ζ .
On superhorizon scales, ζ (2) is given by (239) during the
radiation dominated epoch and, using the (0 − 0) Einstein

equation in the large scale limit Δ(2)
00 = −2Φ(2) + 4Φ(1)2, we

find

ζ (2) = −3
2
Ψ(2)(0)− 1

2

(
Φ(2)(0)−Ψ(2)(0)

)
+

9
2
Ψ(1)2(0).

(267)
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The conserved value of ζ (2) is parametrized by ζ (2) =
2aNLζ (1)2, where, as explained in Section 7.4 the parame-
ter aNL specifies the level of primordial non-Gaussianity
depending on the particular scenario for the generation of
the cosmological perturbations. On the other hand, during
radiation-domination

Φ(2)(0)−Ψ(2)(0) = −Q(2)(0), (268)

where

Q(2)(0) = −2∇−2∂kΦ
(1)(0)∂kΦ(1)(0)

+ 6
∂i∂j

∇4

(
∂iΦ(1)(0)∂jΦ(1)(0)

)
+

9
2
H2 ∂i∂

j

∇4
Π

(2)i
γ j ,

(269)

where we are evaluating (B.15) in the limit kη � 1. The
contribution from the second-order quadrupole moment in
this limit reads

9
2
H2 ∂i∂

j

∇4
Π

(2)i
γ j

= 9
2η2

8
3
∂i∂j

∇4

(
viv j − 1

3
δijv

2
)

≡ −3
FC

k2η2
Ψ

(1)
k1

(0)Ψ(1)
k2

(0) sin
(
k1csη

)
sin
(
k2csη

)
−→ 27

k2
FΨ

(1)
k1

(0)Ψ(1)
k2

(0),

(270)

where F and C are defined in (244) and (243). Therefore, we
find that in Fourier space

Q(2)(0) = 33
F

k2
Ψ

(1)
k1

(0)Ψ(1)
k2

(0), (271)

and from (267) we read off the intial condition as (convolu-
tion products are understood)

Ψ(2)(0) =
[
−3(aNL − 1) + 11

F(k1, k2, k)
k2

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0).

(272)

7.6. Perturbation Modes with k � keq. Let us consider
the photon perturbations which enter the horizon between
the equality epoch and the recombination epoch, with
wavelengths η−1∗ < k < η−1

eq . In fact, in order to find
some analytical solutions, we will assume that by the time
of recombination the universe is matter dominated ηeq �
η∗. In this case, the gravitational potentials are sourced by
the dark matter component and their evolution is given
in Section B. At linear order, the gravitational potentials
remain constant in time, while at second-order they are
given by (B.6). In turn, the gravitational potentials act as an
external force on the CMB photons as in the equation (214)
describing the CMB energy density evolution in the tightly
coupled regime.

For the regime of interest it proves convenient to use
the solution of (214) found in (241). The source functions
SΔ and Si

V are given by (208) and (213), respectively. In
particular SΔ at early times—SΔ(0) appearing in (241)—
vanishes. For a matter-dominated period

SΔ(R = 0) =
(
Δ

(1)2
00

)′ − 16
3
Ψ(1)∂iv

(1)i
γ +

16
3

(
v2
γ

)′
+

32
3
∂iΨ(1)vi,

(273)

where we have used the linear evolution equations (C.1) and
(C.5) with Φ(1) = Ψ(1), and

Si
V (R = 0) = 8

3
v(1)i
γ ∂jv

(1) j
γ +

1
4
∂iΔ

(1)2
00 − 2∂iΨ(1)2

−Ψ(1)∂iΔ
(1)
00 − 2ωi

′ − 3
4
∂jΠ

(2)i j .

(274)

As at linear order, we are evaluating these expressions in the
limit R = 3ρb/4ργ → 0, while retaining a non-vanishing
and constant value for R in the expression for the photon-
baryon fluid sound speed entering in the sines and cosines.
In fact, this approximation gives the dominant contributions
to the source terms SΔ and Si

V made by first-order squared
terms. Using the linear solutions (C.15) and (C.17) for the
energy density and velocity of photons, the source functions
in Fourier space read

SΔ(R = 0)

=
[
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+
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(275)

Si
V (R = 0)

=
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(276)

In Si
V , we have used the expression (222) for the second-

order quadrupole moment Π
(2)i j
γ of the photons in the
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tight coupling limit, with the velocity v(1) = v
(1)
γ . Notice

that, for the modes crossing the horizon at η > ηeq,
we have expressed the gravitational potential during the
matter-dominated period in terms of the initial value on
superhorizon scales deep in the radiation dominated epoch
as Ψ(1) = 9Ψ(1)(0)/10.

As for the second-order gravitational potentials, we have
to compute the combination Φ(2) + Ψ(2) appearing in (241).
The gravitational potential Ψ(2) is given by (B.6), while Φ(2)

is given by

Φ(2) = Ψ(2) −Q(2), (277)

according to the relation (32), where for a matter-dominated
period

Q(2) = 5∇−4∂i∂j
(
∂iΨ(1)∂jΨ

(1)
)
− 5

3
∇−2

(
∂kΨ

(1)∂kΨ(1)
)
.

(278)

We thus find

Φ(2) + Ψ(2)

= −5∇−4∂i∂
j
(
∂iΨ(1)∂jΨ

(1)
)

+
5
3
∇−2

(
∂kΨ

(1)∂kΨ(1)
)

+ 2Ψ(2)
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− 1
7

(
∂kΨ

(1)∂kΨ(1) − 10
3
∇−2∂i∂

j
(
∂iΨ(1)∂jΨ

(1)
))

η2,

(279)

which in Fourier space reads

Φ(2) + Ψ(2)

= 2Ψ(2)
m (0) +

[
1
7
G(k1, k2, k) η2 − 5

k2
F(k1, k2, k)

]

×
(

9
10

)2

Ψ
(1)
k1

(0)Ψ(1)
k2

(0),

(280)

where the kernels of the convolutions are given by (245) and

G(k1, k2, k) = k1 · k2 − 10
3

(k · k1)(k · k2)
k2

. (281)

In (279), Ψ(2)
m (0) is the initial condition for the gravitational

potential fixed at some time ηi > ηeq. For the regime of
interest it corresponds to the value of the gravitational poten-
tial on superhorizon scales during the matter-dominated
epoch.

Notice a property that will be useful later on. By looking
at (278) and the explicit solution for Ψ(2) (B.6) which grows
as η2, it is easy to realize that on very small scales, for kη� 1,
the two gravitational potentials are equal with

Φ(2)  Ψ(2) = Ψ(2)
m (0) +

1
14
G(k1, k2, k)η2. (282)

We are now able to compute the integrals entering in
the solution (241). The one involving the second-order
gravitational potentials is straightforward to compute

− 4kcs
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(0),

(283)

where for brevity F and G stand for the convolutions
(245) and (281). Notice also the we have isolated the terms
proportional to R as it will be useful later on.

For the two remaining integrals, in the following we
will show only the terms that in the final expression for

Δ
(2)
00 and the second-order velocity v

(2)i
γ give the dominant

contributions for kη � 1, even though we have perfomed
a fully computation. The integral over the source function
SΔ yields a sum of oscillating functions (cosines) which turn
out to be subdominant, so we do not display the full result.
For the last integral we find ((1 ↔ 2) stands by an exchange
of indices)

− 4
3
iki
kcs

∫ η
0
dη

′SiV sin
[
kcs
(
η − η′)]

=
[

27
25

2k · k2 + k2

k2c2
s

+ (1 ←→ 2)

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0),

(284)

where the terms that have been dropped vary in time as
sines and cosines. We have written the contribution in
(284) because, upon integration over time, it will give a

nonnegligible contribution to the velocity v(2)i
γ .
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From the general solution (241) and the expression (B.6)
for the second-order gravitational potential Ψ(2), we thus
obtain

Δ
(2)
00 = −4(1 + R)Ψ(2)

m (0)

+
[

2(9aNL − 7)Ψ(1)
k1

(0)Ψ(1)
k2

(0) + (8 + 4R)Ψ(2)
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(
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)2

×Ψ
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(0)Ψ(1)
k2

(0).
(285)

We warn the reader that in writing (285), we have kept
all those terms that contain the primordial non-Gaussianity
parametrized by aNL, and the terms which dominate at late
times for kη� 1.

7.6.1. Initial Conditions for the Second-Order Gravitational

Potentials. The initial condition Ψ
(2)
m (0) for the modes that

cross the horizon after the equality epoch is fixed by the value
of the gravitational potential on superhorizon scales during
the matter dominated epoch. To compute this value we use
the conservation on superhorizon scales of the curvature
perturbation ζ (2) defined in (36). For a matter-dominated
period, the curvature perturbation on large-scales turns out
to be

ζ (2) = −Ψ(2)
m (0) +

1
3
δ(2)ρm
ρm

+
38
9
Ψ(1)2
m (0), (286)

where we used the energy continuity equation δ(1)ρ′m +
3Hδ(1)ρm − 3ρmΨ(1)′ = 0 and the (0 − 0) Einstein equation
δ(1)ρm/ρm = −2Ψ(1) in the superhorizon limit.

From the (0 − 0) Einstein equation on large scales
δ(2)ρm/ρm = −2Φ(2) + 4Φ(1)2 bringing

ζ (2) = −5
3
Ψ(2)
m (0)− 2

3

(
Φ(2)
m (0)−Ψ(2)

m (0)
)

+
50
9
Ψ(1)2
m (0).

(287)

The conserved value of ζ (2) is parametrized as in (38), ζ (2) =
2aNLζ (1)2 = (50aNL/9)Ψ(1)2, with ζ (1) = −5Ψ(1)/3 on large
scales after the equality epoch. At second order, the two
gravitational potentials in a matter dominated epoch differ
according to (278) and using (287), we find

Ψ(2)
m (0) = −27

10
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(1)(0)∂kΨ(1)(0)
)]

,

(288)

we have expressed the gravitational potential during the
matter dominated period Ψ(1) in terms of the initial value
on superhorizon scales after the equality epoch as Ψ(1) =
9Ψ(1)(0)/10. In Fourier space, (288) becomes

Ψ(2)
m (0) =

[
−27

10
(aNL − 1) + 2

(
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)2 F(k1, k2, k)
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×Ψ
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(289)

where F is the kernel defined in (245).
We can use the explicit expression for Ψ

(2)
m (0) in (285),

still keeping only the terms that contain the primordial
non-Gaussianity parametrized by aNL, and the terms which
dominate at late times for kη� 1 to find
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(290)

7.6.2. Second-Order Photon Velocity Perturbation. The
second-order velocity of the photons can be obtained from
(212)

v(2)i
γ 

∫ η
0
dη′

(
Si
V − ∂iΦ(2) − 1

4
∂iΔ

(2)
00

)
. (291)

Notice that for simplicity in writing (291) we have dropped
off the dependence on R. In fact, the main conclusions
of this Subsection remains unchanged. The second-order
gravitional potential in matter-dominated universe can be
obtained from (277)-(278) and (B.6) as

Φ(2) = Ψ(2)
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(292)

In Fourier space, this becomes

Φ(2) = Ψ(2)
m (0) +
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(0),

(293)
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where the kernels of the convolutions are given by (245) and
(281). The integral over Φ(2) in (291) is then easily computed

−
∫ η
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dη′ ∂iΦ(2)

≡ −iki
[
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,

(294)

where as usual the equivalence symbol means that we are
evaluating a given expression in Fourier space. For the
integral over the source function Si

V we use its expression in
Fourier space, (276), and the dominant terms for kη� 1 are∫ η

0
dη′Si
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≡
[
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(295)

Notice that, in order to compute this integral, we must know
the second-order vector metric petturbation ωi. This is easily
obtained for a matter-dominated universe from (B.7). Using
(B.4) and (B.2) one finds

ωi = −4
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×
[
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(296)

giving rise to the third term in (295).

Finally, for the integral over Δ(2)
00 some caution is needed.

Since in the final expression for v(2)i
γ the dominant terms at

late times turn out to be proportional η, one has to use an

expression for Δ(2)
00 that keep track of all those contributions

that, upon integration, scale like η. Thus, we must use the
expression written in (285), plus (284), and some terms of
(283) that have been previously neglected in (285). Then, we
find for kη� 1
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Using (294), (295), and (297) we get
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To obtain (298), we have also used the explicit expression
(289) for Ψ(2)

m (0) and we have kept the terms depending on
aNL parametrizing the primordial non-Gaussianity and the
terms that dominate at late times for kη� 1.

7.7. Perturbation Modes with k� keq: Cold Dark Matter Per-
turbations at Second Order and Improved Analytical Solutions
for CMB Anisotropies. In Section 7.5, we have computed the
perturbations of the CBM photons at last scattering for the
modes that cross the horizon at η < ηeq under the approx-
imation that the universe is radiation-dominated. However,
around the equality epoch, through recombination, the dark
matter component will start to dominate. In this section, we
will account for its contribution to the gravitational potential
and for the resulting perturbations of the photons from the
equality epoch onwards. This leads to a more realistic and
accurate analytical solutions for the acoustic oscillations of
the photon-baryon fluid for the modes of interest.

The starting point is to consider the density perturbation
in the dark matter component for subhorizon modes during
the radiation dominated epoch. Its value at the equality
epoch will fix the magnitude of the gravitational potential
at ηeq and hence the initial conditions for the subsequent
evolution of the photons fluctuations during the matter
dominated period. At linear order, the procedure is standard
(see, e.g [70]), and we will use a similar one at second-order
in the perturbations. Thus, this section serves also as a guide
through the evolution of the CDM density perturbations
at second-order accounting for those modes that enter the
horizon during the radiation dominated epoch. This allows
to determine the second-order transfer function for the
density perturbations with a generalization at second-orde
of the Meszaros effect.

7.7.1. Subhorizon Evolution of CDM Perturbations for η < ηeq.
From the energy and velocity continuity equations for CDM,
it is possible to isolate an evolution equation for the density
perturbation δd = δρd/ρd, where the subscript d stands for
cold dark matter. In [46], we have obtained the Boltzmann
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equations up to second-order for CDM. The number density
of CDM evolves according to [46]

∂nd
∂η

+ eΦ+Ψ
∂
(
vidnd

)
∂xi

+ 3(H −Ψ′)nd − 2eΦ+ΨΨ,kv
k
d nd

+ eΦ+ΨΦ,kv
k
d nd = 0.

(299)

At linear order, nd = nd + δ(1)nd and one recovers the usual
energy continuity equation

δ
(1)′

d + v
(1)i
d,i − 3Ψ(1),i = 0, (300)

with δ
(1)
d = δ(1)ρd/ρd = δ(1)nd/nd. The CDM velocity at the

same order of perturbation obeys [46]

v
(1)i′
d + Hv

(1)i
d = −Φ(1),i. (301)

Perturbing nCDM up to second-order, we find

δ
(2)′

d + v
(2)i
d,i − 3Ψ(2)′

= −2
(
Φ(1) + Ψ(1)

)
v

(1)i
d,i − 2v(1)i

d,i δ
(1)
d − 2v(1)i

d δ
(1)
d,i

+ 6Ψ(1)′δ
(1)
d +

(
4Ψ(1)

,k − 2Φ(1)
,k

)
v

(1)k
d .

(302)

The R.H.S. of this equation can be further manipulated by

using the linear equation (300) to replace v(1)i
d,i yielding

δ
(2)′

d + v
(2)i
d,i − 3Ψ(2)′

= 4δ(1)′

d Ψ(1) − 6
(
Ψ(1)2

)′
+
(
δ

(1)2
d

)′
− 2v(1)i

d δ
(1)
d,i + 2Ψ(1)

,k v
(1)k
d ,

(303)

where we use Φ(1) = Ψ(1). In [46] the evolution equation
for the second-order CDM velocity perturbation has been
already obtained

v
(2)i′
d + Hv

(2)i
d + 2ωi

′
+ 2Hωi + Φ(2),i

= 2Ψ(1)′v
(1)i
d − 2v

(1) j
d ∂jv

(1)i
d − 4Φ(1)Φ(1),i.

(304)

At linear order, we can take the divergence of (301) and,
using (300) to replace the velocity perturbation, we obtain a
differental equation for the CDM density contrast

[
a
(

3Ψ(1)′ − δ(1)′

d

)]′ = −a∇2Φ(1), (305)

which can be rewritten as

δ
(1)′′

d + Hδ
(1)′

d = S(1), (306)

where

S(1) = 3Ψ(1)′′ + 3HΨ(1)′ +∇2Φ(1). (307)

When the radiation is dominating the gravitational potential
is mainly due to the perturbations in the photons, and
a(η) ∝ η. For subhorizon scales, (306) can be solved
following the procedure introduced in [74]. Using the Green
method, the general solution to (306) (in Fourier space) is
given by

δ
(1)
d

(
k,η

) = C1 + C2 ln
(
η
)

−
∫ η

0
dη

′S(1)(
η′
)
η′
(
ln
(
kη′
)− ln

(
kη
))

,
(308)

where the first two terms correspond to the solution of the
homogeneous equation. At early times, the density contrast
is constant with

δ
(1)
d (0) = 3

4
Δ

(1)
00 (0) = −3

2
Φ

(1)
k (0), (309)

having used the adiabaticity condition, and thus we fix the
integration constant as

C1 = −3Φ(1)
k (0)
2

, (310)

and C2 = 0. The gravitational potential during the radiation-
dominated epoch starts to decay as a given mode enters the
horizon. Therefore, the source term S(1) behaves in a similar
manner and this implies that the integrals over η′ reach
asymptotically a constant value. Once the mode has crossed
the horizon we can thus write the solution as

δ
(1)
d

(
k,η

) = A(1)Φ(1)(0) ln
[
B(1)kη

]
, (311)

where the constants A(1) and B(1) are defined as

A(1)Φ(1)(0) =
∫∞

0
dη′S(1)(η′)η′, (312)

A(1)Φ(0) ln
(
B(1)

)
= −3

2
Φ(1)(0)−

∫∞
0
dη′S(1)(η′) η’ln

(
kη′
)
.

(313)

The upper limit of the integrals can be taken to infinity
because the main contribution comes form when kη ∼ 1 and
once the mode has entered the horizon the result will change
by a very small quantity. Performing the integrals in (312)
and (313), one finds that A(1) = −9.6 and B(1)  0.44.

Before moving to the second-order case, a useful quantity
to compute is the CDM velocity in a radiation-dominated
epoch. From (301), it is given by

v
(1)i
d − 1

a

∫ η
0
dη′ ∂iΦ(1)a

(
η′
)

≡ −3
(
iki
)
Φ(1)(0)

kcsη− sin
(
kcsη

)
k3c3

s η
2

,

(314)

where the last equality holds in Fourier space, and we have
used (B.11) (and the fact that a(η) ∝ η when radiation
dominates).
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Combining (303) and (304), we get the analogue of (306)
at second-order in perturbation theory

δ
(2)′′

d + Hδ
(2)′

d = S(2), (315)

where the source function is

S(2) = 3Ψ(2)′′ + 3HΨ(2)′ +∇2Φ(2) − 2∂i
(
Ψ(1)v

(1)i
d

)
+∇2v

(1)2
d + 2∇2Φ(1)2

+
1
a

[
a

(
4δ(1)′

d Ψ(1) − 6
(
Ψ(1)2

)′
+
(
δ

(1)2
d

)′
−2v(1)i

d δ
(1)
d,i + 2Ψ(1)

,k v
(1)k
d

)]′
.

(316)

In fact, we write (315) in a more convenient way as

δ
(2)′′

d − 3Ψ(2)′′ − s′1 + H
(
δ

(2)′

d − 3Ψ(2)′ − s1
)
= s2, (317)

where for simplicity, we have introduced the two functions

s1 = 4δ(1)′

d Ψ(1) − 6
(
Ψ(1)2

)′
+
(
δ

(1)2
d

)′
− 2v(1)i

d δ
(1)
d,i + 2Ψ(1)

,k v
(1)k
d ,

(318)

s2 = ∇2Φ(2) − 2∂i
(
Ψ(1)′v

(1)i
d

)
+∇2v

(1)2
d + 2∇2Φ(1)2.

(319)

In this way, we get an equation of the same form as (306) in
the variable [δ(2) − 3Ψ(2) − ∫ η0 dη′s1(η′)] with source s2 on
the R.H.S.. Its solution in Fourier space, therefore, is just as
(308)

δ
(2)
d − 3Ψ(2) −

∫ η
0
dη′s1

(
η′
)

= C1 + C2 ln
(
η
)

−
∫ η

0
dη

′s2
(
η′
)
η′
[
ln
(
kη′
)− ln

(
kη
)]
.

(320)

As we will see, (320) provides the generalization of the
Meszaros effect at second order in perturbation theory.

7.7.2. Initial Conditions. In the next two sections, we will
compute explicitly the expression (320) for the second-
order CDM density contrast on subhorizon scales during
the radiation dominate era. First, let us fix the constants C1

and C2 by appealing to the initial conditions. At η → 0
the L.H.S. of (320) is constant, as one can check by using
the results of Section 7.5.2 and the condition of adiabaticity
at second-order (see, e.g., [5, 75]) which relates the CDM
density contrast at early times on superhorizon scales to the
energy density fluctuations of photons by

δ
(2)
d (0) = 3

4
Δ

(2)
00 (0)− 1

3

(
δ

(1)
d (0)

)2

= 3
4
Δ

(2)
00 (0)− 3

4

(
Φ(1)(0)

)2
,

(321)

where in the last step we have used (309). Therefore, we can
fix C2 = 0 and

C1 = δ
(2)
d (0)− 3Ψ(2)(0). (322)

Equation (240) gives Δ
(2)
00 (0) − 4Ψ(2)(0) in terms of the

primordial non-Gaussianity parametrized by aNL, and the
expression for Ψ(2)(0) have been already computed in (272).
Thus, we find (in Fourier space)

Δ
(2)
00 =

[
2(3aNL−1)+44

F(k1, k2, k)
k2

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0), (323)

and from (321) we derive the initial density contrast for
CDM at second-order

δ
(2)
d (0)=

[
3
2

(3aNL−1)+33
F(k1, k2, k)

k2
− 3

4

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0).

(324)

Equation (324) togheter with (272) allows to compute the
constant C1 as

C1 = δ
(2)
d (0)− 3Ψ(2)(0)

=
[

27
2

(aNL − 1) +
9
4

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0).
(325)

7.7.3. Meszaros Effect at Second Order. We now compute the
integrals over the functions s1 and s2 appearing in (320). Let
us first focus on the integral

∫ η
0 dη

′ s1(η′).
Notice that using the linear (300) and (301) for the CDM

density and velocity perturbations, the function s1(η′) can be
written in a more convenient way as

s1
(
η
) = −6Ψ(1)v

(1)i
d,i +

(
δ

(1)2
d

)′ − 2v(1)i
d δ

(1)
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(
Ψ(1)v

(1)k
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)
,k

,

(326)

and then∫ η
0
dη′s1

(
η′
)

=
(
δ

(1)
d (η)

)2 −
(
δ

(1)
d (0)

)2

+
∫ η

0
dη′

[
−2v(1)i
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(1)
d,i + 2

(
Ψ(1)v

(1)k
d

)
,k
− 6Ψ(1)v

(1)i
d,i

]
.

(327)

In (327), all the quantities are known being first-order
perturbations: the linear gravitional potential Ψ(1) for a
radiation dominated era is given in (B.11), the CDM velocity
perturbation corresponds to (314) and the CDM density
contrast is given by (311). Thus, the integral in (327) reads
(in Fourier space)∫ η

0
dη′

[
−3A(1) k1 · k2

k1csη′ − sin
(
k1csη′

)
k3

1c3
s η

′2
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(
B(1)k2η
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)

+
(
9(k · k1)− 27k2

1

)k1csη′ − sin
(
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)
k3

1c3
s η

′2

× sin
(
kscsη′

)− k2csη’cos
(
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)
k3

2c3
s η

′3

]
Ψ

(1)
k1

(0)Ψ(1)
k2

(0).

(328)
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Let us recall that we are interested in the evolution of the
CDM second-order density contrast on subhorizon scales
during the radiation dominated epoch. Therefore, once we
compute the integrals we are interested in the limit of their
expression for late times (kη� 1). For the first contribution
to (328), we find that at late times it is well approximated by
the expression∫ η

0
dη′ 3A(1)(k1 · k2)

k1csη′ − sin
(
k1csη′

)
k3

1c3
s η

′2
ln
(
B(1)k2η

′
)

 3A(1) k1 · k2

k2
1c2
s

[
2.2
(
−1.2

2

[
ln(k1csη)

]2

+ ln
(
B(1)k2η

)
ln
(
k1csη

))]
.

(329)

We have computed also the remaining integral in (328), but
it turns out to be negligible compared to (329). The reason
is that the integrand oscillates with an amplitude decaying in
time as η−3, and thus it leads just to a constant (the argument
is the same we used at linear order to compute the integrals
in (308)). Thus, we can write∫ η

0
dη′s1

(
η′
)

=
(
δ

(1)
d (η)

)2 −
(
δ

(1)
d (0)

)2 − 3A(1) k1 · k2

k2
1c2
s

×
[
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(
−1.2

2

[
ln(k1csη)

]2 + ln
(
B(1)k2η

)
ln
(
k1csη

))]
×Ψ

(1)
k1

(0)Ψ(1)
k2

(0).
(330)

We now compute the integrals over the function s2(η)
given in (319). Since at late times φ(1)2 ∼ 1/η4 and

(Ψ(1)′v
(1)i
d ),i ∼ 1/η3 the main contribution to the integral will

come from the two remaining terms, Φ(2) and v
(1)2
d , whose

amplitudes scale at late times as 1/η2

s2  ∇2Φ(2) +∇2v
(1)2
d . (331)

Two are the integrals that we have to compute∫ η
0
dη

′s2
(
η′
)
η′ ln

(
kη′
)
, (332)

and the one multiplying ln(kη)∫ η
0
dη′s2

(
η′
)
η′. (333)

Let us first consider the contributions from ∇2v
(1)2
d . The

second integral is easily computed using the expression (314)
for the linear CDM velocity. We find that at late times the
dominant term is (for kη� 1)

−
∫ η

0
dη′ ∇2v

(1)2
d η′ ≡ −

[
9
c4
s

k2 k1 · k2

k2
1k

2
2

ln
(
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×Ψ
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k1

(0)Ψ(1)
k2
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(334)

The first integral can be computed by making the following
approximation: we split the integral between 0 < kη < 1 and
kη > 1 and for 0 < kη < 1, we use the asymptotic expression

v
(1)i
d ≈ −1

2
ikiη Ψ

(1)
k (0)

(
kη� 1

)
, (335)

while for kη > 1 we use the limit

v
(1)i
d ≈ −i 3

c2
s

ki

k

1
kη

Ψ
(1)
k (0)

(
kη� 1

)
. (336)

The the integral for 0 < kη < 1 just gives a constant, while the
integral for kη > 1 brings the dominant contribution at late
times being proportional to [ln(kη)]2 so that we can write
(kη� 1)

∫ η
0
dη′∇2v

(1)2
d η′ ln

(
kη′
)

= 9
2c4

s
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k2
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2
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[
ln(kη)

]2
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(0) Ψ(1)
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(337)

As far as the contribution to the integrals (332) and (333)
due to ∇2Φ(2) is concerned we have just to keep track
of the initial condition provided by the primordial non-
Gaussianity. We have verified that all the other terms give
a negligible contribution. This is easy to understand: the
integrand function on large scale is a constant while at late
times it oscillates with decreasing amplitudes as η−2, and thus
the integrals will tend asymptotically to a constant. We find
that

∫ η
0
dη′∇2Φ(2)η′  −9Φ(2)(0),

∫ η
0
dη

′∇2Φ(2)
η′ ln

(
kη′
)  (−9 + 9γ − 9

ln 3
2

)
Φ(2)(0),

(338)

where γ = 0.577 . . . is the Euler constant, and Φ(2)(0) is given
by (268).

Therefore, from (337), (334), and (338) we find that for
kη� 1

∫ η
0
dη′s2
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[
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(
kη′
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)
ln
(
kη
)
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(339)
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Let us collect the results of (325), (330), and (339) into
(320). We find that for kη� 1

δ
(2)
d

(
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=
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[
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]
+

9
2c4

s

k2 k1 · k2

k2
1k

2
2

[
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]

×Ψ
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k1

(0)Ψ(1)
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(0).
(340)

Notice that in (320) we have neglected Ψ(2), which decays on
subhorizon scales during the radiation dominated epoch (see
(250), and we have used (309) and (311). Equation (340) rep-
resents the second-order Meszaros effect: the CDM density
contrast on small scales (inside the horizon) slowly grows
starting from the initial conditions that, at second-order,
are set by the primordial non-Gaussianity parameter aNL.
As one could have guessed the primordial non-Gaussianity
is just transferred linearly. The other terms scale in time
as a logarithm squared. We stress that the computation of
these terms allows one to derive the full transfer function for
the matter perturbations at second order accounting for the
dominant second-order corrections. In the next section, we
will use (340) to fix the initial conditions for the evolution
on subhorizon scales of the photons density fluctuations Δ(2)

00

after the equality epoch.

7.7.4. Second-Order CMB Anisotropies for Modes Crossing
the Horizon During the Radiaton Epoch. In this section, we

derive the energy density perturbations Δ(2)
00 of the photons

during the matter dominated epoch, for the modes that cross
the horizon before equality. In Section 7.6, we have already
solved the problem assuming matter domination for modes
crossing the horizon after equality. Thus, it is sufficient to
take the result (285) and replace the initial conditions

Δ
(2)
00 = −4(1 + R)Ψ(2)

m (0)

+
[
A + (8 + 4R)Ψ(2)

m (0)
]

cos
(
kcsη

)
+ B sin

(
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)
− 2

7
G(k1, k2, k)η2(1 + R)

(
9

10

)2

Ψ
(1)
k1

(0)Ψ(1)
k2

(0).

(341)

where we have restored the generic integration constants
A and B, Ψ(1) is the linear gravitational potential (which

is constant for the matter era) and Ψ
(2)
m (0) represents the

initial condition for the second-order gravitational potential
fixed at some time ηi > ηeq. Equation (340) allows to fix
the proper initial conditions for the gravitational potentials

on subhorizon scales (accounting for the fact that around
the equality epoch they are mainly determined by the CDM
density perturbations). At linear order this is achieved by

solving the equation for δ(1)
d which is obtained from (305)

and the (0− 0) Einstein equation which reads (see (29))

3HΨ(1)′ + 3H2Ψ(1) −∇2Ψ(1) = −3
2
H2

(
ρd
ρ
δ

(1)
d +

ργ

ρ
Δ

(1)
00

)
.

(342)

On small scales one neglects the time derivatives of the
gravitational potential in (305) and (342) to obtain

δ
(1)′′

d + Hδ
(1)′

d = 3
2
H2δ

(1)
d , (343)

where we have also dropped the contribution to the gravita-
tional potential from the radiation component. The solution
of this equation is matched to the value that δ(1)

d has during
the radiation dominated epoch on subhorizon scales, (311),
and one finds that for η � ηeq on subhorizon scales the
gravitational potential remains constant with

Ψ
(1)
k

(
η > ηeq

)
=

ln
(

0.15kηeq

)
(

0.27kηeq

)2 Ψ
(1)
k (0). (344)

We skip the details of the derivation of (344) since it is a
standard computation that the reader can find, for example,
in [70]. Since around ηeq the dark matter begins to dominate,
an approximation to the result (344) can be simply achieved
by requiring that during matter domination the gravitational
potential remains constant to a value determined by the
density contrast (311) at the equality epoch

∇2Ψ(1)
∣∣∣
ηeq
 3

2
H2δ

(1)
d

∣∣∣
ηeq

, (345)

from (342) on small scales, leading to

Ψ
(1)
k

(
η > ηeq

)
 − 6(

kηeq

)2 δ
(1)
d

∣∣∣
ηeq

=
ln
(
B1kηeq

)
(

0.13kηeq

)2 Ψ
(1)
k (0),

(346)

where we used a(η) ∝ η2 during matter domination and
(311) with A1 = −9.6 and B1 = 0.44.

At second order, we follow a similar approximation. The
general solution for the evolution of the the second-order
gravitational potential Ψ(2) for η > ηeq is given by (B.6). We
have to determine the initial conditions for those modes that
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cross the horizon during the radiation epoch. The (0 − 0)
Einstein equation reads

− 3
2
H2

(
ρd
ρ
δ

(2)
d +

ργ

ρ
Δ

(2)
00

)

= 3HΨ(2)′ + 3H2Φ(2) −∇2Ψ(2)
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)2
+ ∂iΨ

(1)∂iΨ(1) − 4Ψ(1)∇2Ψ(1).

(347)

We fix the initial conditions with the matching at equality
(neglecting the radiation component)

∇2Ψ(2) − ∂iΨ(1)∂iΨ(1) + 4Ψ(1)∇2Ψ(1)
∣∣∣
ηeq

 3
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,
(348)

where for small scales we neglected the time derivatives in

(347). Using (340) to evaluate δ(2)
d |ηeq and (344) to evaluate
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k (ηeq), we find in Fourier space
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In (341), the initial condition Ψ
(2)
m (0) is given by (349) and

Ψ(1) is given by (344). The integration constants can be fixed
by comparing at η  ηeq the oscillating part of (341) to the

solution Δ
(2)
00 obtained for modes crossing the horizon before

equality and for η < ηeq, (256). Thus, for η � ηeq and k �
η−1

eq , we find that

Δ
(2)
00 = −4(1 + R)Ψ(2)

(
ηeq

)
+ A cos
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kcsη

)
− 2

7
(1 + R)G(k1, k2, k)η2Ψ
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(
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)
Ψ

(1)
k2

(
ηeq

)
,
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where

A = 6Ψ(2)(0)− 6 (k · k1)(k · k2)

c4
s k1k2 cos
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)Ψ(1)
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(0)Ψ(1)
k2
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2 + k4 − 2k2

1k
2
2 − 2k2

1k2 − 2k2
2k2

,
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and Ψ(2)(0) is given in (272).

8. Secondary Effects and Contamination to
Primordial NG

Given that a detection of a sizable primordial non-
Gaussianity (and its shape) would represent a real break-
through into the understanding of the dynamics of the
universe during its very first stages, it is crucial that all
sources of contamination to the primordial signal are well
understood and kept under control. In fact, any nonlin-
earities can make initially Gaussian perturbations non-
Gaussian. Such nonprimordial effects can thus complicate
the extraction of the primordial non-Gaussianity: we have
to be sure we are not ascribing a primordial origin to
a signal that is extracted from the CMB (or LSS) data
using estimators of non-Gaussianity when that signal has
a different origin. Moreover, as stressed in Section 7.1, we
must always specify of which primordial non-Gaussianity
we study the contamination from the nonprimordial sources
(e.g., primordial non-Gaussianity of “local”, “equilateral”, or
“folded” shape).

Broadly speaking, nonprimordial sources of non-
Gaussianity can be classified into four categories: instru-
mental systematic effects; residual foregrounds and unre-
solved point sources; some well-known secondary CMB
anisotropies, such as Sunyaev-Zel’dovich (SZ) effect, grav-
itational lensing, Rees-Sciama effect, and finally previously
unknown effects coming from nonlinearities in the Boltz-
mann equations, which are related to the nonlinear nature
of General Relativity and to the nonlinear dynamics of
the photon-baryon system. This paper focuses on the last
category, but in this section, we offer also a summary of some
recent results of the other types of possible contaminations.
Before doing that, however, it is important to be more precise
about how secondary effects may impact the extraction of
a primordial non-Gaussian signal. Mainly, they act in two
ways. They might “mimic” a three-point correlation function
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similar in shape to the primordial one. This would produce
a bias or a contamination to the estimator of primordial
non-Gaussianity. On the other, hand secondary effects might
increase the variance of the estimator without contributing
to the signal-to-noise ratio. In other words, in this case
they degrade the signal-to-noise ratio. Let us define in a
quantitative way how to characterize these effects.

8.1. Signal-to-Noise Ratio, Shapes, and Contamination to Pri-
mordial Non-Gaussianity. The angular bispectrum, B�1�2�3 ,
the harmonic transform of the angular three-point function,
of the CMB anisotropies is often used to measure non-
Gaussianity (see, e.g., [5]). From the usual spherical har-
monic coefficients of the temperature anisotropies

a�m =
∫
d2nY∗�m(n)

ΔT(n)
T

, (352)

the angle-averaged bispectrum is given by (for more details
see, e.g., [43])

B�1�2�3 ≡
∑

all m

(
�1 �2 �3

m1 m2 m3

)〈
a�1m1a�2m2a�3m3

〉
, (353)

where the brackets indicate ensemble average.
We shall quantify the degree to which the primordial

and the secondary bispectra are correlated, as well as their
expected signal-to-noise ratio following a method that as
now become standard [41, 43, 76]. Namely, in the limit of
weak non-Gaussianity, one can introduce the Fisher matrix
for the amplitudes of the bispectra, Fi j , given by

Fi j ≡
∑

2≤�1≤�2≤�3

B
(i)
�1�2�3

B
( j)
�1�2�3

σ2
�1�2�3

, (354)

where the variance of the bispectrum is

σ2
�1�2�3

≡ 〈B2
�1�2�3

〉 − 〈B�1�2�3〉2 ≈ C�1C�2C�3Δ�1�2�3 , (355)

and Δ�1�2�3 takes values 1, 2, and 6 when all �’s are different,
two of them are equal and all are the same, respectively. The
power spectrum, C� , is the sum of the theoretical CMB and
the detector noise.

The signal-to-noise ratio is given by(
S

N

)
i
= 1√

F−1
ii

, (356)

and we define the cross-correlation coefficient between
different shapes i and j, ri j , as

ri j ≡
F−1
i j√

F−1
ii F

−1
j j

, (357)

which does not depend on the amplitudes of the different
bispectra, but on the shapes, thus measuring how similar
are two bispectra i and j. One can also define a degradation
parameter di = FiiF

−1
ii for a degraded (S/N) due to ri j .

If a secondary bispectra has some correlation with the
primordial one, one expects that the signal-to-noise ratio
will be degraded: if one does not account for any secondary

bispectra (S/N)0 =
√
Fprim,prim while, marginalizing over a

(single) secondary bispectrum, (S/N)prim gets modified from

its zero-order value to (S/N)prim = (S/N)0(1 − r2
i j)

1/2. This
means that the minimum detectable value of the primordial
nonlinearity parameter fNL which is obtained by imposing
(S/N)prim = 1 (or the 1-σ uncertainty on fNL given by δ fNL =√

(F)−1
prim,prim| fNL=1) gets shifted by a quantity Δ fNL/( fNL)0 =

(1− r2
i j)
−1/2 − 1.

How much does a given secondary bispectra contaminate
the extraction of the primordial bispectrum? If, for example,
the predicted shape of the secondary bispectra is sufficiently
different from that of the primordial bispectrum, then one
would hope that the contamination would be minimal.
We can quantify the contamination of the primordial
bispectrum as follows: we fit the primordial bispectrum
template to the second-order bispectrum, and find the best-
fitting f con

NL (“con” stands for contamination) by minimizing
the χ2 given by

χ2 =
∑

2≤�1≤�2≤�3

(
fNLB

prim
�1�2�3

− B2nd
�1�2�3

)2

σ2
�1�2�3

, (358)

with respect to fNL. Here, B
prim
�1�2�3

is the primordial bispectrum
with amplitude fNL = 1 [43]. We obtain

f con
NL = 1

N

∑
2≤�1≤�2≤�3

B2nd
�1�2�3

B
prim
�1�2�3

σ2
�1�2�3

,

N =
∑

2≤�1≤�2≤�3

(
B

prim
�1�2�3

)2

σ2
�1�2�3

.

(359)

This is the value of fNL one would find, if one did not
know that the primordial bispectrum did not exist but there
was only the secondary bispectrum. In other words, the
effective nonlinearity parameter f con

NL gives the value that a
bispectrum estimator designed for constraining primordial
non-Gaussianity would measure due to the presence of the
secondary bispectrum B2nd

�1�2�3
. As one can see f con

NL turns out
to be proportional to the mixed entry of the Fisher matrix,
since this governs the correlation between different types of
bispectra on the basis of their shape dependence.

8.2. Some “well-known” Secondary Sources of Non-
Gaussianity. Instrumental systematic effects are one of the
principal issues in the search for primordial non-Gaussianity.
Since they depend on the specific instrument, here we do
not intend to go into any detail, but we refer the reader to
[77] as an interesting example of this kind of effects for
the currently flying mission of the satellite Planck. Residual
foregrounds and unresolved point sources represent other
important possible contaminants and particular attention
have been devoted to them in the analysis of the WMAP
data [44, 57, 72]. For an experiment like WMAP secondary
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effects such as Sunyaev-Zel’dovich effect, gravitational
lensing, Integrated-Sachs-Wolfe (or Rees-Sciama) effect
should be not so relevant for � < 500 with a bias of just
1.5 to 2 [78] for local primordial non-Gaussianity (see also
[43, 44]). (In order to understand the relative importance
of the bias from a given secondary effect let us recall that,
including the information from polarization, the minimum
detectable (local) f loc

NL for an experiment like WAMP is of
the order of 10 while for Planck it is of the order of 3; the
minimum detectable value for an equilateral primordial
non-Gaussianity is f

eq.
NL  30 for Planck, see, for example,

[4, 43, 71, 79].) However, for higher resolution and more
sensitive experiments like Planck, such effects must be taken
into account with care. Here, we report the results of some
recent analyses about the contamination to primordial
non-Gaussianity from some secondary effects. Such a brief
summary is by no means exhaustive. An interesting case is
given by the cross-correlation of the ISW and the lensing
effects, see [41]. In the detailed analysis of [80], it is shown
that the ISW-lensing bispectrum produces a bias of f cont

NL  9
to local primordial non-Gaussianity (see also [78]), while the
bias to equilateral primordial non-Gaussianity is negligible
(see also [44, 78]). The impact is mainly on the local type
of primordial non-Gaussianity because the ISW-lensing
correlation correlates the large-scale gravitational potential
fluctuations sourcing the ISW effect with the small scale
lensing effects of the CMB, thus producing a bispectrum
which peaks in the squeezed configurations as the local
shape. As far as the increase of the variance of the estimator
of primordial non-Gaussianity induced by CMB lensing
is concerned it turns out to be of the order of 20% for
an experiment like Planck (see [79, 80]). Notice that
interestingly enough, gravitational lensing can also have
another peculiar effect on the extraction of primordial
non-Gaussianity: it can modify its shape by smoothing its
acoustic features. However, according to the analysis of [80]
(and contrary to the results of [81]) such a “distorsion” of
the shape should be small, of the order of 10% for l < 2000.

A similar analysis has been performed looking also at
scales where nonlinear effects can become relevant. In this
case a bispectrum from the correlation of the Rees-Sciama
and lensing effects has been studied in [82], and it has been
found that in this case the bias to a local primordial non-
Gaussianity corresponds to f cont

NL  10, agreeing with the
results of [80] where the two analyses can be compared.

Another secondary source of contamination that has
been studied quite recently in [83] deals with bispectra
generated by correlations of number density and lensing
magnification of radio and SZ point sources with the
ISW effect. Also, in this case the large-scale modulation
of small-scale number density due to fluctuations which
source the ISW generates a bispectrum which peaks on
squeezed configurations and it has been found that it
corresponds to a contamination of local primordial non-
Gaussianity of f cont

NL  1.5, which should be not so relevant
for an experiment like Planck. The novelty of this effect
is that it is different from the usual bispectrum of point
sources when treated with a Poisson distribution (see, e.g.,
[43]).

Other secondary effects include, for example, the SZ-
SZ-SZ bispectrum [84] and non-Gaussianities from the
kinetic SZ and Ostriker-Vishniac effect [76, 85]. However,
the SZ-SZ-SZ bispectrum can be considered as an extra
Poisson contribution to the unresolved point sources for
l < 1500 [78]. Moreover, recently an analysis of the
bispectrum generated from inhomogeneous reionization has
been performed in [86], where it has been shown that it can
give rise to a very small contamination to the local primordial
non-Gaussianity of f cont

NL  −0.1.
Finally let us also recall some recent studies of a specific

effect arising at second-order in perturbation theory, when
looking at the fluctuations in the Boltzmann equations for
the photon-baryon fluid. In [63, 87–89], the perturbations to
the phase of recombination between electrons and baryons
has been considered (“inhomogeneous recombination”). It
turns out that the electron density perturbation can be of the
order of 5 times bigger than the one in the density of the
baryons. This gives rise to the prospect of a non-Gaussianity
which corresponds to | f cont

NL |  5. In fact, the detailed study
of this effect shows that the contamination is much smaller.
The bispectrum from the perturbed recombination peaks
in the squeezed configuration with a contamination to the
primordial non-Gaussianity of the local type of | f cont

NL |  0.7.
Let us conclude this section by mentioning that the

nonlinearities emerging from secondary effects can be very
interesting by themselves, since they carry a lot of informa-
tion about the evolution of the universe and the growth of
structures after recombination till very low redshift. Detailed
examples and reviews about this aspect can be found, for
example, in [90–92].

9. How to Analytically Estimate
the Signal-to-Noise Ratio from the NG at
Recombination and Its Contamination to
the Primordial NG

As we have seen in Section 7, the dynamics at recombination
is quite involved because all the nonlinearities in the
evolution of the baryon-photon fluid at recombination and
the ones coming from general relativity should be accounted
for. Such a contribution is so relevant because it represents a
major part of the second-order radiation transfer function
which must be determined in order to have a complete
control of both the primordial and nonprimordial part of
NG in the CMB anisotropies. The NG generated at the
surface of last scattering comprises various effects. In this
section, we devote our attention to one particular relevant
contribution, the one coming from the nonlinear evolution
of the second-order gravitational potential which grows in
time on small scales. The analysis of this contribution offers
the opportunity to understand how some secondary effects
can contaminate mostly a given type of primordial NG,
while leaving almost untouched other different forms of
primordial NG. In this case, this effect is a causal one,
developing on small scales, so we expect that the NG it
generates will be mainly of the equilateral type, rather
than of local type. Therefore, a reasonable question is to



Advances in Astronomy 47

which extent the NG from recombination alters the possible
detection of the primordial NG of the equilateral type.
The goal of this Section is therefore to illustrate how to
estimate in a semianalytical way the contribution to NG from
recombination.

9.1. Signal-to-Noise Ratio for the Primordial Equilateral Bis-
pectrum. In this subsection we wish to recover the estimate
for the signal-to-noise ratio (S/N) given in [44] for the
primordial bispectra of “equilateral” type [93] by adopting
a simple model. In other words, we test the goodness of the
semi-analytical model we will be using in the next Section to
estimate the bispectrum from the recombination era.

Our starting point is the primordial equilateral bispec-
trum [93]

〈Φ(k1)Φ(k2)Φ(k3)〉

= (2π)3δ(3)(k1 + k2 + k3)Bequil(k1, k2, k3),
(360)

where

Bequil(k1, k2, k3)

= f
equil

NL · 6A2 ·
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3
2
− 1
k3

1k
3
3
− 1
k3
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3
3

− 2
k2

1k
2
2k

2
3

+
1

k1k
2
2k

3
3

+
(
5 perm.

))
,

(361)

and the permutations act only on the last term in parenthe-

ses. The parameter f
equil

NL quantifies the level of NG whileA =
17.46 × 10−9 is the amplitude of the primordial gravitional
potential power spectrum computed at first order

〈Φ(1)(k1)Φ(1)(k2)〉 = (2π)3δ(3)(k1 + k2)P(k1), (362)

with P(k) = A/k3. Since the signal-to-noise ratio (S/N)
will be some function of the maximum multipole a given
experiment can reach, �max � 1, we can use the flat-sky
approximation [79, 94] and write for the bispectrum

〈a
(
��1

)
a
(
��2

)
a
(
��3

)
〉 = (2π)2δ(2)

(
��123

)
B(�1, �2, �3), (363)

where ��123 = ��1 + ��2 + ��3, with [25]

Bequil(�1, �2, �3)

=
(
η0 − ηr

)2

(2π)2

∫
dkz1dk

z
2dk

z
3δ

(1)

× (kz123

)
Bequil

(
k′1, k′2, k′3

)
Δ̃T
(
�1, kz1

)
Δ̃T
(
�2, kz2
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Δ̃T
(
�3, kz3

)
,

(364)

where k′ means k evaluated such that �k‖ = ��/(η0 − ηr) and

Δ̃T(�, kz) =
∫ η0

0

dη(
η0 − η

)2

× S
(√

(kz)2 + �2/
(
η0 − η

)2 ,η
)
eik

z(ηr−η),

(365)

is the radiation transfer function defined by the CMB
source function S(k,η). In this notation, η0 and ηr represent
the present-day and the recombination conformal time,

respectively and kz and �k‖ are the momentum components
perpendicular and parallel, respectively, to the plane orthog-
onal to the line-of-sight.

The (S/N) ratio in the flat-sky formalism is [79, 94]

(
S

N

)2

= fsky

π

1

(2π)2

∫
d2�1d

2�2d
2�3 δ

(2)

×
(
��123

) B2
equil(�1, �2, �3)

6 C(�1) C(�2) C(�3)
,

(366)

where fsky stands for the portion of the observed sky. In order
to compute the bispectrum Bequil(�1, �2, �3) and the power
spectrum C(�), we adopt the following model

a
(
��
)
=
∫
dkz

2π
eik

z(η0−ηr )Φ(k′)Δ̃T(�, kz) (367)

where we mimic the effects of the transfer function on small
scales as

Δ̃T(�, kz) = a
(
η0 − ηr

)−2
e−1/2(�/�∗)1.2

e−1/2(|kz|/k∗)1.2

, (368)

That is, a simple exponential and a normalization coefficent
a to be determined to match the amplitude of the angular
power spectrum at the characteristic scale �  �∗ =
k∗(η0 − ηr). (We could equally choose a transfer function as
Δ̃T(�, kz) = a(η0 − ηr)−2e−1/2(�/�∗)1.2

θ(k∗ − |kz|), the relevant
approximation being that the integral over kz is cut at the
scale k∗.) It is important to make clear what are the reasons
underlying the choice of such a model. When computing the
(S/N), (367) with �∗ = k∗(η0 − ηr)  750 and a  3 is able
to account for the combined effects of “radiation driving”,
which occurs at � > �eq  160 and boosts the angular power
spectrum with respect to the Sachs-Wolfe plateau, and the
effects of Silk damping which tend to suppress the CMB
anisotropies for scales � > �D  1300. The combination
of these effects produces a decrease in the angular power
spectrum from a scale �∗  750. (The choice of the exponent
1.2 derives from the study of the diffusion damping envelope
in [95]). The power spectrum in the flat-sky approximation

is given by 〈a(�l1)a(�l2)〉 = (2π)2δ(2)(�l12)C(�1) with

C(�) =
(
η0 − ηr

)2

(2π)

∫
dkz

∣∣∣Δ̃T(�, kz)
∣∣∣2

P(k). (369)
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The exponential of the transfer function for (367) allows to
cut off the integral for k  k∗ and one finds (see also [79])

C(�) = a2 A

π�2

e−(�/�∗)1.2√
1 + �2/�2∗

 a2A

π

�∗
�3

e−(�/�∗)1.2

, (370)

where the last equality holds for � � �∗. To compute the
bispectrum we proceed in a similar way. One first uses the

Dirac deltas, δ(1)(kz123) and δ(2)(��123). Then, it proves to be
useful the change of variable kz1 = x1�1/(η0 − ηr), kz2 =
x2�2/(η0 − ηr). In this way, the transfer functions become
Δ̃T(�i, kzi ) ∝ e−1/2(|xi|�i/�∗)1.2

which allows to cut the integrals
over xi (i = 1, 2) at �∗/�i. Now, as a good approximation to
see the effects of the transfer functions, we can take � � �∗
and thus the integral over xi can be easily computed by just
evaluating the integrand in xi = 0 times 4(�∗/�1)(�∗/�2).
With this approximation the integral in kzi is easily obtained
and we get for the bispectrum
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where

�2
3 = �2

1 + �2
2 + 2 ��1 · ��2. (372)

The coefficient f1  1/1.4 = 0.7 is a fudge factor that
improves the matching between our approximation for the
bispectrum and numerical results that have been consistenly
checked. Notice that according to our approximation, the
equilateral structure of (361) is preserved in � space. The
expression (371) can be also written as Bequil(�1, �2, �3)

= (2π)−248 f1 f
equil

NL a3A2�2∗e−(�1.2
1 +�1.2

2 +�1.2
3 )/2�1.2∗ (1 + cos θ)(�1 +

�2 − �3)/�2
1�

2
2�

3
3 , θ being the angle between ��1 and ��2. In

computing the signal-to-noise ratio, consistency with our
approximation (371) requires that we integrate over �1, �2

starting from a minimum �min > �∗ up to �max and paying
attention to the fact that even �3 in (372) must be larger than
�min. The scaling with �max with respect to the case of a local
type bispectrum turns out to be much milder. While for the
local type (S/N)2 ∝ �2

max [79], for the equilateral bispectrum
(360), we find (S/N)2 ∝ �max and, setting �∗ = 750 and
�min  1200,

(
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 8 fskyA
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NL
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(373)

(these scalings can be easily understood by analyzing the
expressions (S/N)2 for the local and equilateral primor-
dial NG. In the local case, (S/N)2 is proportional to∫
d2�1d2�2d2�3δ(2)(��123)(�3

1 + �3
2 + �3

3)2/(�1�2�3)3 [79]; since
the squeezed configuration, e.g., �1 � �2, �3, is dominating
the local bispecrum, the integral becomes proportional to∫
d�1d�2(�2/�

2
1) ∝ �2

max. In the equilateral case, however,
(S/N)2 receives contributions from the configuration which
is peaked at �1 ∼ �2 ∼ �3 and therefore it can be written as∫
d2�1d2�2δ(�1 − �2)/�2

1 ∝ �max). By choosing fsky = 0.8 and
�max = 2000 we find a minimum detectable

f
equil

NL  66, (374)

obtained imposing (S/N)equil = 1. Both the estimate of the

minimum value of f
equil

NL and the scaling (S/N)2 ∝ �max are in
remarkable agreement with the result obtained in [44] where

the full transfer function is used and a value of f
equil

NL = 67
is obtained. (We thank M. Liguori for discussions about the

minimum value of f
equil

NL detectable by Planck and for its
scaling with �max.) Notice that our estimate is independent
from the coefficient a and the exponential e−1/2(�/�∗)1.2

intro-
duced below (367) to mimic the full transfer function. This is
because there is an equal number of transfer functions in the
numerator and denominator of the expression (366) for the
signal-to-noise ratio and their effect tend to cancel despite
they are not simple multiplicative factors (see discussion
in [79]).

9.2. Non-Gaussianity from Recombination. Comforted by the
goodness of our model, in this section, we wish to estimate
the level of NG generated at the recombination era. One
can check that on small scales the second-order anisotropies
are dominated by the second-order gravitational potential
Φ(2) which grows as η2, as first pointed out in [48]. Let us
first briefly show how this result can be obtained using the
calculations of Section 7. Consider the tight coupling regime,
and small scales, well inside the diffusion Silk-damping scale
λD. Then, look at (232). One realizes that, apart from the
combination Δ

(2)
00 + 4Φ(2), all the other terms scale at most as

η or they are suppressed either because in the tight coupling
regime or because of the damping diffusion on small scales.
On the other hand, one finds that the main contribu-
tion to the bispectrum generated at recombination comes
from

Θ
(2)
SW = 1

4
Δ

(2)
00 + Φ(2), (375)

which is the usual term appearing in the CMB anisotropies

due to the intrinsic photon energy density fluctuations Δ(2)
00

and the gravitational redshift due to the potential. In fact,
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such a term on large scales reduces to the Sachs-Wolfe effect,
while on small scales at recombination, using (282) and
(285), we find

1
4
Δ

(2)
00 + Φ(2)  −R Φ(2)

= −Rη
2
r

14
G(k1, k2, k)T(k1)Φ(1)

× (k1)T(k2)Φ(1)(k2),

(376)

where we have evaluated the expression at the recombination
time ηr and R = 3ρb/4ργ is the baryon-to-photon energy
density ratio. In writing (376), we have dropped off the con-
tribution from primordial non-Gaussianity (which, anyway,
always propagates linearly) since here we are focusing on
the relevant secondary effects that can constitute a source
of contamination to it (see (202) and the discussion below).
Notice also that this expression has been obtained assuming
all the momenta much larger than keq.

Equation (376) has been confirmed numerically in [48].
There is also another way to obtain the analytical expression
in the first line of (376), as discussed in details in [48], which
exploits some well-known results at linear order extending
them at second-order. At second order, in the perturbations
the solution for the acoustic oscillations will have a form very
similar to the linear solution written in (C.18), except, as
usual, of some source terms Smade by products of first-order
perturbations.

Δ
(2)
00

4
=
[
Δ

(2)
00

4
(0) + (1 + R)Φ(2)

]
cos(krs)− (1 + R)Φ(2) + S.

(377)

Now on sufficiently small scales the products of first-order
terms are indeed suppressed, due either to Silk damping, or
because gravitational potentials are suppressed as (k/keq)2.
Recall that only acoustic oscillations are damped by Silk
damping diffusion, so that the cosine in (377) is multiplied
by e−(k/kD)2

k � kD, where k−1
D = λD indicates damping

length, but the baryon induced shift (1 + R)Φ(1) is left
untouched. Therefore, on small scales the combination of
the damping effects and the growth of the second-order
gravitational potential Φ(2) as η2 single out the dominant

effect in (377) to be Θ(2)
SW  −RΦ(2).

9.2.1. Bispectrum from Recombination due to the Nonlinear
Growth of the Gravitational Potential. Let us start to go into
some details of the form of the bispectrum induced by the
contribution (376). In (376), the kernel G is given by

G(k1, k2, k) = k1 · k2 − 10
3

(k · k1)(k · k2)
k2

. (378)

From the form of the kernel we see that the NG at
recombination is dominated by an equilateral configuration,
as expected from the fact that its origin is gravitational.
Here, and in the following, we are implicitly assuming that
a convolution is acting on the kernel as

1

(2π)3

∫
dk1dk2 δ

(3)(k1 + k2 + k3)

×G(k1, k2, k)T(k1)Φ(1)(k1)T(k2)Φ(1)(k2).

(379)

The reader should remember that, at first order in perturba-
tion theory, the combination Θ

(1)
SW + R Φ(1) is exponentially

suppressed by the Silk damping, but still greater than the
term RΦ(1) (which does not suffer the damping) for the
maximum multipole of interest, �max ∼ 2000. This is
mainly due to the fact that the first-order gravitational
potential rapidly decays on small scales. On the contrary,
at second-order in perturbation theory, the gravitational
potential grows like the scale factor on small scales and it
turns out that the RΦ(2) dominates on small scales (see
[48]).

The gravitational potential at linear order can be
expressed as usual in terms of the transfer function T(k)

T(k) ≈ 12

(
keq

k

)2

ln
[
k/8keq

]
, (380)

where the last step is an approximation valid on scales smaller
than the equivalence scale, k � keq. In the following, we
will account for the logarithmic growth just with a coeffcient
T0(k) = 12 ln[k/8keq] ≈ 11 for the scales of interest.

In the flat-sky approximation, one arrives at an expres-
sion similar to (364), where now one of the linear transfer
functions must replaced by a transfer function at second-
order. Specifically, one finds

Brec(�1, �2, �3)

=
(
η0 − ηr

)2

(2π)2

∫
dkz1dk

z
2dk

z
3δ

(1)(kz123

)

×
[
G
(

k′1, k′2, k′3
)
T
(
k′1
)
T
(
k′2
)
P
(
k′1
)
P
(
k′2
)

×Δ̃T(�1, kz1
)
Δ̃T
(
�2, kz2

)
Δ̃T(2)(�3, kz3

)
+ cyclic

]
.

(381)

By using our model (367) and

Δ̃T(2)(�, kz) = − R

14
τ2
r(

η0 − ηr
)2 , (382)
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for the second-order radiation transfer function, we find

Brec(�1, �2, �3)

= − R

14

(
η0 − ηr

)−4

(2π)2 k4
eq η

2
r A

2a2T2
0 e
−1/2(�1/�∗)1.2

e−1/2(�2/�∗)1.2

×
∫
dkz1dk

z
2dk

z
3δ

(1)(kz123

)
×
[
G
(

k′1, k′2, k′3
) 1

k′1
5
k′2

5 e
−1/2(|k1z|/k∗)1.2

×e−1/2(|k2z|/k∗)1.2

+ cyclic

]
.

(383)

At this point, we proceed further by employing the same
approximation described after (370). We use the Dirac delta
to replace the variable k3z, and the exponential allow us to
evaluate the integral for k1z = k2z = 0, for scales �i � �∗.
This leads to

Brec(�1, �2, �3)

= − 4 f2
(2π)2

R

14
A2a2T2

0

(
keqηr

)2
�2

eq�
2
∗e
−1/2(�1/�∗)1.2

e−1/2(�2/�∗)1.2

× 1
�5

1�
5
2

⎡⎣��1 · ��2 − 10
3

(
��3 · ��1

)(
��3 · ��2

)
�2

3

⎤⎦ + cyclic.

(384)

Again, here f2 is a coefficient to better calibrate our approx-
imations with numerical results that we have performed in
order to test the validity of our approach. Not surprisingly, it
turns out that f2  f1  1/1.4.

9.3. Contamination to Primordial Non-Gaussianity from

Recombination: Fisher Matrices

9.3.1. Contamination to Primordial Non-Gaussianity of the
Equilateral Type. Our goal now is to quantify the level of NG
coming from the recombination era and to estimate the level
of degradation it causes on the possible measurement of the
equilateral primordial bispectrum. The reader should keep
in mind that, given the form of the kernel function (378), the
NG from recombination is expected to be of the equilateral
type. Following Section 8.1, a rigorous procedure is to define
the Fisher matrix (in flat-sky approximation) as

Fi j =
∫
d2�1d

2�2d
2�3δ

(2)
(
��123

)Bi(�1, �2, �3)Bj(�1, �2, �3)
6C(�1)C(�2)C(�3)

,

(385)

where i (or j)= (rec, equil), and to define the signal-to-

noise ratio for a component i, (S/N)i = 1/
√
F−1
ii , and the

degradation parameter di = FiiF
−1
ii due to the correlation

between the different components ri j = F−1
i j /
√
F−1
ii F

−1
j j . The

first entry Fequil,equil of the Fisher matrix corresponds to the

(S/N)2 ratio computed in (373) which does not account for
any kind of cross-correlation. Due to the equilateral form
of the NG generated at recombination, we expect that the

minimum value detectable for f
equil

NL will be higher than the
one reported in (374). For the mixed entry, we find

Frec,equil =
fsky

π

1

(2π)2

∫
d2�1d

2�2d
2�3δ

(2)
(
��123

)

× Brec(�1, �2, �3)Bequil(�1, �2, �3)

6C(�1)C(�2)C(�3)

= −3 f1 f2
fsky

π3

4R
14

48
256

T2
0

a

(
keqηr

)2
�2

eq�∗A f
equil

NL

×
∫
d�1d�2

(
1 + ��1 · ��2/�1�2

)
e1/2(�3/�∗)1.2

× 1
�3

1�
3
2

(�1 + �2 − �3)

×
⎡⎣��1 · ��2 − 10

3

(
��3 · ��1

)(
��3 · ��2

)
�2

3

⎤⎦,

(386)

where �3 is given by (372). The factor 3 in front of this
expression comes from cyclic permutations. The integral can
be performed numerically and, integrating from a minimum
�min  1200 up to �max = 2000, and by taking R  0.3 when
evaluated at recombination, a  3, T0  11, (keqηr)

2  26,
�eq = 150, �∗ = 750, we find Frec,equil  9.4 × 10−4. Finally,
for the entry Frec,rec, we get

Frec,rec =
fsky

π

1

(2π)2

∫
d2�1d

2�2d
2�3 δ

(2)
(
��123

)

× B2
rec(�1, �2, �3)

6 C(�1)C(�2)C(�3)

= f 2
2

fsky

25π36

(
4R
14

)2
(
T2

0

a

)2(
keqηr

)4
�4

eq�∗A

×
⎡⎣3
∫
d�1d�2e

(�3/�∗)1.2

× �3
3

�6
1�

6
2

⎛⎝��1 · ��2 − 10
3

(
��3 · ��1

)(
��3 · ��2

)
�2

3

⎞⎠2

+ 6
∫
d�1d�2e

1/2(�3/�∗)1.2

e1/2(�2/�∗)1.2

× 1
�6

1�2�
2
3

⎛⎝��1 · ��2 − 10
3

(
��3 · ��1

)(
��3 · ��2

)
�2

3

⎞⎠

×
⎛⎝��1 · ��3 − 10

3

(
��2 · ��3

)(
��1 · ��2

)
�2

2

⎞⎠⎤⎦,

(387)
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and we find a value Frec,rec  0.014. We are now able to
compute the entries of inverse of the Fisher matrix, F−1

i j . In
the following, we report our results for the signal-to-noise
ratios and the degradation parameters(

S

N

)
equil

= 1√
F−1

equil,equil

 12.6× 10−3 f
equil

NL , (388)

(
S

N

)
rec
= 1√

F−1
rec,rec

 0.1, (389)

rrec,equil =
F−1

rec,equil√
F−1

equil,equilF
−1
rec,rec

 −0.53, (390)

drec = Frec,recF
−1
rec,rec  1.4, (391)

dequil = Fequil,equilF
−1
equil,equil  1.4. (392)

As a confirmation of our expectations, we find that the NG
of the type given by (378) has a quite high correlation with
an equilateral primordial bispectrum. This translates into a

degradation in the minimum detectable value for f
equil

NL with
respect to the value given in (374). In fact, from the signal-
to-noise ratio (388), we find a minimum detectable value of

f
equil

NL  79, (393)

imposing that (S/N)equil = 1 with an an increase of Δ f
equil

NL =
O(10). This corresponds to an increase of the 1-σ uncertainty

on f
equil

NL of 20% (see Section 8.1). (Due to a non-vanishing
correlation, ri j , (S/N) gets modified from its zero-order value

to (S/N) = (S/N)0(1−r2
i j)

1/2, so that the minimum detectable

value of f
equil

NL gets shifted by a quantity Δ f
equil

NL /( f
equil

NL )0 =
(1− r2

i j)
−1/2 − 1).

Following Section 8.1, in order to measure the contam-
ination to the primordial bispectra one can define that
effective nonlinearity parameter f con

NL which minimizes the χ2

defined as

χ2 =
∫
d2�1d

2�2d
2�3 δ

(2)
(
��123

)

×
(
f

equil
NL Beq

(
�1, �2, �3; f

equil
NL = 1

)
− Brec(�1, �2, �3)

)2

6 C(�1) C(�2) C(�3)
,

(394)

to find

f con
NL = Frec,equil

Fequil,equil

∣∣∣∣∣
f

equil
NL =1

, (395)

and an analogous expression to compute the contamination
to the local primordial bispectrum. In this case we find an
effective nonlinearity parameter

f cont
NL  5. (396)

(Notice that sometimes in the literature one can find also an
effective nonlinearity parameter f eff.

NL defined in such a way

that the equilateral (or the local) bispectrum has the same
Fisher matrix errors as the recombination bispectrum

f eff.
NL =

√
Frec,rec√
Fequil,equil

∣∣∣∣∣∣
f

equil
NL =1

. (397)

However this is not the proper quantity to define the contam-
ination level to primordial NG; here we are just comparing
signal-to-noise ratios, while the contamination f con

NL defined
in (395) contains a somewhat richer information, since we
are asking what is the value of equilateral (local) fNL which
best mimics the bispectrum from recombination).

9.3.2. Contamination to Primordial Non-Gaussianity of the
Local Type. Similarly, we can compute the Fisher matrix
accounting for the NG generated at recombination and the
primordial NG of the local type

〈Φ(k1)Φ(k2)Φ(k3)〉=(2π)3δ(3)(k1 +k2 +k3)Bloc(k1, k2, k3),
(398)

where

Bloc(k1, k2, k3) = f loc
NL · 2A2 ·

(
1

k3
1k

3
2

+
1

k3
1k

3
3

+
1

k3
2k

3
3

)
.

(399)

The bispectrum and the signal-to-noise ratio as defined
in (366) have already been computed in the flat-sky
approximation in [79]. The result is that (S/N)2

loc =
4π−2 fsky(�∗/�min)( f loc

NL )2A �2
max, corresponding to a mini-

mum detectable value of f loc
NL = O(7) for �max = 2000 (when

other possible sources of NG are ignored). We can compute
the off-diagonal entry of the Fisher matrix in a similar way to
what we have described in this section, and we get Frec,loc 
8 × 10−3 f loc

NL . Finally, the entry Frec,rec  0.014 has already
been computed above. From inverting the Fisher matrix, we
get the following signal-to-noise ratios and the degradation
parameters (

S

N

)
loc
= 1√

F−1
loc,loc

 14× 10−2 f loc
NL , (400)

(
S

N

)
rec
= 1√

F−1
rec,erec

 0.1, (401)

rrec,loc =
F−1

rec,loc√
F−1

loc,locF
−1
rec,rec

 −0.44, (402)

drec = Frec,recF
−1
rec,rec  1.2, (403)

dloc = Fequil,equilF
−1
equil,equil  1.2. (404)

In particular, from (400) we see that now the minimum
detectable value of f loc

NL remains basically unchanged in the
presence of the recombination signal. Similarly, the effective
f con
NL reads

f con
NL = Frec,loc

Floc,loc

∣∣∣∣∣
f loc
NL=1

 0.3, (405)
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which is much smaller than the effective nonlinearity
parameter (405) for the equilateral case. We have also
checked the cross-correlation between the primordial local
and equilateral bispectra finding a value of rloc,equil  0.23,
which is in agreement with the value reported in [44]. This
reflects the fact that the primordial local and equilateral
signals are not fully uncorrelated. The reason is due to the
fact that the equilateral and local bispectrum (399) and (361)
approach the same shape in the equilateral configuration.
This is also the reason why the cross-correlation between the
primordial local and recombination bispectra is not so small.

10. How to Perform a Numerical Analysis of
the CMB Bispectrum Produced by
Second-Order Perturbations

In the previous section, through a specific example, we have
learned some basic principles to determine a reasonable
and quite fast analytic estimate for the contamination to
the primordial NG. In this section, we provide all the tools
necessary to a full numerical implementation of the second-
order Boltzmann equations which allow to obtain a system-
atic numerical evaluation of the CMB angular bispectrum
produced by second-order cosmological perturbations. This
section is mainly based on the results of [96].

In particular, we will apply this formalism to numerically
evaluate the contamination to primordial NG from the
second-order fluctuations of the Boltzmann equations that
come as products of the first-order perturbations, and ignore
the intrinsically second-order terms, or the effects of the
perturbed recombination [63, 87, 89]. (At the moment
of writing this review the calculations that also include
the intrinsically second-order terms and the perturbed
recombination are in progress and will be presented in
[97]). Here, therefore, we come to the discussion of the
second example mentioned in Section 7.1. As anticipated
there we will see that, unlike the intrinsically second-order
contribution considered in the previous section, the products
of the first-order perturbations give a CMB bispectrum that
peaks in the squeezed configuration. Therefore, we will study
the contamination of the primordial NG of the local type.

10.1. CMB Bispectrum from Second-Order Perturbations

10.1.1. Definitions. Again, we expand the temperature fluc-
tuation into the linear (first-order) part and the second-order
part as

ΔT(n̂)
T

= ΔT(1)(n̂)
T

+
ΔT(2)(n̂)

T
+ · · · . (406)

The spherical harmonic coefficients of temperature
anisotropy, a�m = T−1

∫
d2n̂Y∗�m(n̂)ΔT(n̂), are therefore

expanded as

a�m = a
(1)
�m + a

(2)
�m + · · · . (407)

Recall that to expand the Boltzmann equation up to the
second order in perturbations, we had to expand the
distribution function,

f
(

x, p, n̂,η
) = 2

[
exp

{
p

T
(
η
)
eΘ(x,n̂,η)

}
− 1

]−1

, (408)

up to the second order in perturbations: Θ = Θ(1) + Θ(2)/2 +
· · · , and accordingly f = f (0) + f (1) + f (2)/2 + · · · . Notice
that here Θ does not depend on p. This means that in the
following, we will just account for those contributions that
do not come from terms related to spectral distortions. Such
terms will be accounted for in the full computation of [97].
We can then compute the fractional perturbation in photon’s
energy density at the i-th order in perturbations, Δ(i), by
multiplying f (i) by p, and integrating over p2dp,

Δ(i) ≡
∫
dpp3 f (i)∫
dpp3 f (0)

. (409)

At the linear order, we recovered the usual relation between
the linear fractional temperature fluctuation, Θ(1) =
ΔT(1)/T , and the linear fractional energy density perturba-

tion, Δ(1) = δρ
(1)
γ /ργ, that is, Δ(1) = 4Θ(1). At the second

order, we have

Δ(2) = 4Θ(2) + 16
[
Θ(1)

]2
, (410)

which is related to the second-order temperature fluctuation
as

ΔT

T

(2)

= 1
8

(
Δ(2) −

〈
Δ(2)

〉)
− 3

2

([
Θ(1)

]2 −
〈[

Θ(1)
]2
@)

= 1
2

(
Θ(2) −

〈
Θ(2)

〉
+
[
Θ(1)

]2 −
〈[

Θ(1)
]2
@)

,

(411)

where we have subtracted the average of the temperature
fluctuation so that the average of ΔT(2)/T vanishes. Notice
that the temperature we are interested in is the temperature
of the blackbody that has the same energy as the actual
distribution, see for a discussion on this [66].

We compute a(2)
�m from ΔT(2)/T using

a
(2)
�m

=
∫
d2n̂Y∗�m(n̂)

ΔT

T

(2)

= ã
(2)
�m −

3
2

∑
�′m′

∑
�′′m′′

(−1)mG−mm
′m′′

��′�′′

×
(
a

(1)
�′m′a

(1)
�′′m′′ −

〈
a

(1)
�′m′a

(1)
�′′m′′

〉)
,

(412)
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where we define

ã
(2)
�m ≡

1
8

∫
d2n̂Y∗�m(n̂)

(
Δ(2)(n̂)−

〈
Δ(2)(n̂)

〉)
, (413)

Gm1m2m3
�1�2�3

≡
∫
d2n̂Y�1m1 (n̂)Y�2m2 (n̂)Y�3m3 (n̂)

=
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

×
(
�1 �2 �3

0 0 0

)(
�1 �2 �3

m1 m2 m3

)
.

(414)

Here, the matrix is the Wigner 3 j symbol.
The CMB angular-averaged bispectrum, B�1�2�3 , is related

to the ensemble average of a�1m1a�2m2a�3m3 as

B�1�2�3 ≡
∑

all m

(
�1 �2 �3

m1 m2 m3

)〈
a�1m1a�2m2a�3m3

〉
. (415)

This definition guarantees rotational invariance for the
bispectrum, and the Wigner 3 j symbol ensures that the
bispectrum must satisfy triangle conditions: �i − �j| ≤ �k ≤
�i + �j for all permutations of indices, and selection rules:
m1 +m2 +m3 = 0.

The ensemble average is given by

〈
a�1m1a�2m2a�3m3

〉
= 〈a(1)

�1m1
a

(1)
�2m2

a
(2)
�3m3

〉 + cyclic

=
〈
a

(1)
�1m1

a
(1)
�2m2

ã
(2)
�3m3

〉
− 3

2

∑
�3′m3′

∑
�3′′m3′′

(−1)m3G
−m3m3′m3′′
�3�3′ �3′′

×
(〈
a

(1)
�1m1

a
(1)
�2m2

a
(1)
�3′m3′ a

(1)
�3′′m3′′

〉
−
〈
a

(1)
�1m1

a
(1)
�2m2

〉〈
a

(1)
�3′m3′ a

(1)
�3′′m3′′

〉)
+ cyclic,

(416)

where cyclic means that we have to sum the cyclic permuta-
tions of (416) for indices (1, 2, 3) → (3, 1, 2) → (2, 3, 1).

As we assume that a(1)
�m’s are Gaussian random variables,

the four-point function of a(1)
�m’s in (416) is given by the sum

of products of all possible pairs. Each pair gives the angular
power spectrum, C� :

〈
a

(1)
�ma

(1)
�′m′

〉
= (−1)mC�δ��′δ−mm′ . (417)

We obtain

〈a(1)
�1m1

a
(1)
�2m2

a
(1)
�3′m3′ a

(1)
�3′′m3′′ 〉 −

〈
a

(1)
�1m1

a
(1)
�2m2

〉〈
a

(1)
�3′m3′ a

(1)
�3′′m3′′

〉
= (−1)m1+m2C�1C�2

[
δ�1�3′ δ−m1m3′ δ�2�3′′ δ−m2m3′′ + (1 ←→ 2)

]
.

(418)

Substituting the right hand side of equation (418) for the
second term of equation (416), and using �1 + �2 + �3 = even,
we obtain the angular averaged bispectrum,

B�1�2�3 = B̃�1�2�3 − 3I�1�2�3

(
C�1C�2 + cyclic

)
, (419)

where we have defined the quantities,

I�1�2�3 ≡
√

(2�1 + 1)(2�2 + 1)(2�3 + 1)
4π

(
�1 �2 �3

0 0 0

)
,

B̃�1�2�3 =
∑

all m

(
�1 �2 �3

m1 m2 m3

)
〈a(1)

�1m1
a

(1)
�2m2

ã
(2)
�3m3

〉 + cyclic.

(420)

10.1.2. The Second-Order CMB Radiation Transfer Function.
In this section, we show how it is possible to define in
a rigorous way the radiation transfer function for CMB
anisotropies at second-order in the perturbations. It is a
generalization of the well-known quantity used at linear-
order and as such it allows us to develop a systematic
numerical analysis of the angular bispectrum produced by
second-order perturbations in the very same way as at linear-
order various numerical codes are nowadays available for the
computation of the CMB power spectrum, such as CMBFAST
or CAMB.

The starting point is the Boltzmann equation that
governs the evolution of Δ(1)(k,μ,η) and Δ(2)(k, n̂,η), where

μ = k̂ · n̂ and n is the direction of propagation of photons.
Note that for the linear perturbation there is azimuthal
symmetry such that Δ(1) depends only on the angle between
k and n; however, for the second-order perturbation there is
no such symmetry. We write again the Boltzmann equations
in Fourier space

Δ(1)′ + ikμΔ(1) − τ ′Δ(1) = S(1)(k,μ,η
)
,

Δ(2)′ + ikμΔ(2) − τ ′Δ(2) = S(2)(k, n̂,η
)
,

(421)

where the primes denote derivatives with respect to the
conformal time ∂/∂η, S(1) and S(2) are the source functions
at the first and the second orders, respectively, and τ′ is the
differential optical depth which is defined by using the mean
electron number density, ne, the Thomson scattering cross-
section, σT , and the scale factor, a, as

τ′ = −neσTa. (422)

We expand again the angular dependence of Δ(i) as

Δ
(i)
�m

(
k,η

) = i�

√
2� + 1

4π

∫
d2n̂Y∗�m(n̂)Δ(i)(k, n̂,η

)
, (423)

and that of the source terms as

S
(i)
�m

(
k,η

) = i�

√
2� + 1

4π

∫
d2n̂Y∗�m(n̂)S(i)(k, n̂,η

)
, (424)

where i = 1, 2.
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The source functions relate the observed a�m’s to the
primordial curvature perturbations in comoving gauge, ζ(k).
The relations contain the linear radiation transfer function,
g�(k), and the second-order radiation transfer function,
F�

′m′
�m (k), and are given by

a
(1)
�m = 4π(−i)�

∫
d3k

(2π)3 g�(k)Y∗�m
(

k̂
)
ζ(k),

ã
(2)
�m =

4π
8

(−i)l
∫

d3k

(2π)3

∫
d3k′

(2π)3

∫
d3k′′δ

(3)
(k′, k′′, k)

×
∑
�′m′

F�
′m′
�m (k′, k′′, k)Y∗�′m′

(
k̂
)
ζ(k′)ζ(k′′).

(425)

The linear transfer function is given by

g�(k) =
∫ η0

0
dηe−τ

[
S

(1)
00

(
k,η

)
+ S

(1)
10

(
k,η

) d
du

+ S
(1)
20

(
k,η

)

×
(

3
2
d2

du2
+

1
2

)]
j�(u),

(426)

where u ≡ k(η0 − η) and S
(1)
�m is the standard linear source

function

S
(1)
00

(
k,η

) = 4Ψ(1)′(k,η
)− τ′Δ(1)

0

(
k,η

)
,

S
(1)
10

(
k,η

) = 4kΦ(1)(k,η
)− 4τ′v(1)

0

(
k,η

)
,

S
(1)
20

(
k,η

) = τ′

2
Δ

(1)
2

(
k,η

)
,

(427)

where Φ(1)(k,η) and Ψ(1)(k,η) are the metric perturbations

at the linear order in the longitudinal gauge and Δ
(1)
0 (k,η),

Δ
(1)
1 (k,η), and Δ

(1)
2 (k,η) are the coefficients of the expansion

in Legendre polynomials of Δ(1)(k,μ,η). These coefficients

Δ
(1)
� (k,η) are related to Δ

(1)
�m (423) via

Δ
(1)
�m(k) = i�

√
4π

2� + 1
Y∗�m

(
k̂
)
Δ

(1)
� (k)(2� + 1). (428)

The first-order velocity perturbation, v(1)
0 (k,η), is the irro-

tational part of the baryon velocity defined by v(k) =
−iv0(k)k̂.

The new piece, the second-order radiation transfer func-
tion, is the line-of-sight integral of the second-order source
terms in the Boltzmann equation:

F�
′m′
�m (k′, k′′, k)

= i�
∑
λμ

(−1)m(−i)λ−�′G−mm′μ
��′λ

√
4π

2λ + 1

×
∫ η0

0
dηe−τS(2)

λμ

(
k′, k′′, k,η

)
j�′
[
k
(
η − η0

)]
.

(429)

Here, we have introduced a new function, S(2)
�m(k′, k′′, k,η),

which is defined by the following equation:

S
(2)
�m

(
k,η

) = ∫ dk′

(2π)3 dk′′δ(3)(k′, k′′, k)S(2)
�m

× (k′, k′′, k,η
)
ζ(k′)ζ(k′′).

(430)

Basically, S(2)
�m(k′, k′′, k,η) is the second-order source func-

tion divided by ζ(k′)ζ(k′′). The explicit expression of the
second-order source function can be be read from (134).

Using (425), we calculate the first term in (419), B̃�1�2�3 ,
as follows:

〈
a

(1)
�1m1

a
(1)
�2m2

ã
(2)
�3m3

〉
= (−i)�1+�2+�3

(2π)3

∑
�3M3

∏
i

∫
d3kiδ

(3)(k123)Y∗�1m1

(
k̂1

)

× Y∗�2m2

(
k̂2

)
Y∗�3M3

(
k̂3

)
g�1 (k1)g�2 (k2)Pζ(k1)Pζ(k2)

×
{
F
�3M3
�3m3

(k1, k2, k3) + F
�3M3
�3m3

(k2, k1, k3)
}

,

(431)

where, as in the previous section, we will sometimes use the
notation k123 = k1 + k2 + k3. Pζ(k) is the power spectrum of
ζ given by the usual definition

〈ζ(k1)〉 = 0, 〈ζ(k1)ζ(k2)〉 = (2π)3δ(3)(k1 + k2)Pζ(k1).
(432)

In order to perform the integral over angles, k̂, we expand the
three-dimensional δ-function using Rayleigh’s formula,

δ(3)(k1 + k2 + k3)

= 8
∑

all l′m′
i�
′
1+�′2+�′3G

m′
1m

′
2m

′
3

�′1�
′
2�
′
3
Y�′1m′

1

(
k̂1

)
Y�′2m′

2

(
k̂2

)

× Y�′3m′
3

(
k̂3

)∫
drr2 j�′1 (rk1) j�′2 (rk2) j�′3 (rk3),

(433)

and also expand the angular dependence of S(2)
�m(k1, k2, k3,η)

by introducing the transformed source function,
S
μ1μ2μ3

λ1λ2λ3
(k1, k2, k3,η), as

S(2)
λ3μ3

(
k1, k2, k3,η

)
=
∑
λ1,μ1

∑
λ2,μ2

(−i)λ1+λ2

√
4π

2λ1 + 1

√
4π

2λ2 + 1

× S
μ1μ2μ3

λ1λ2λ3

(
k1, k2, k3,η

)
Yλ1μ1

(
k̂1

)
Yλ2μ2

(
k̂2

)
.

(434)

This result shows that S(2)
λ3μ3

(k1, k2, k3,η)=S(2)
λ3μ3

(k1, k2, k3,η),

and thus F�
′m′
�m (k1, k2, k3) follows (see (429)).
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Now, we can perform the angular integration of (431) to
obtain

B̃�1�2�3

= 4
π2

(−i)�1+�2+�3
∑

all m

∑
all �′m′

∑
all λμ

i�
′
1+�′2+�′3−λ1−λ2−λ3

×
√
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(
�1 �2 �3

m1 m2 m3

)

× G
m′

1m
′
2m

′
3

�′1�
′
2�
′
3

G
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1−m1μ1

�′1�1λ1
G
m′

2−m2μ2

�′2�2λ2
G
m′

3−m3μ3

�′3�3λ3

×
∫
drr2

3∏
i=1

∫
k2
i dki j�i′ (rki)g�1 (k1)g�2 (k2)Pζ(k1)Pζ(k2)

× i�3+�′3

∫
dηe−τ

{
S
μ1μ2μ3

λ1λ2λ3

(
k1, k2, k3,η

)
+ 1 ←→ 2

}
× j�′3

[
k3
(
η − η0

)]
+ cyclic,

(435)

where for brevity we indicate Pλ1λ2λ3 =√
4π/[(2λ1 + 1)(2λ2 + 1)(2λ3 + 1)], and we have used

the following relation of the Wigner 9 j symbol,

(−1)�
′
1+�′2+�′3

∑
all mm′

(
�1 �2 �3

m1 m2 m3

)
G
m′

1m
′
2m

′
3

�′1�
′
2�
′
3

G
m′

1−m1μ1

�′1�1λ1

× G
m′

2−m2μ2

�′2�2λ2
G
m′

3−m3μ3

�′3�3λ3

= (−1)RI�′1�′2�′3 I�1�
′
1λ1 I�2�

′
2λ2I�3�

′
3λ3

×
⎧⎪⎨⎪⎩
�1 �2 �3

�′1 �′2 �′3
λ1 λ2 λ3

⎫⎪⎬⎪⎭
(
λ1 λ2 λ3

μ1 μ2 μ3

)
,

(436)

with R ≡ �1 + �2 + �3 + �′1 + �′2 + �′3 + λ1 + λ2 + λ3. The Wigner
9 j symbols have the permutation symmetry,

(−1)R

⎧⎪⎨⎪⎩
�1 �2 �3

�′1 �′2 �′3
λ1 λ2 λ3

⎫⎪⎬⎪⎭ =
⎧⎪⎨⎪⎩
�2 �1 �3

�′2 �′1 �′3
λ2 λ1 λ3

⎫⎪⎬⎪⎭ =
⎧⎪⎨⎪⎩
�1 �3 �2

�′1 �′3 �′2
λ1 λ3 λ2

⎫⎪⎬⎪⎭
=
⎧⎪⎨⎪⎩
�′1 �′2 �′3
�1 �2 �3

λ1 λ2 λ3

⎫⎪⎬⎪⎭ =
⎧⎪⎨⎪⎩
�1 �2 �3

λ1 λ2 λ3

�′1 �′2 �′3

⎫⎪⎬⎪⎭,

(437)

and the coefficients I�′1�′2�′3 , I�1�
′
1λ1 , I�2�

′
1λ2 , and I�3�

′
3λ3 , ensure �′1 +

�′2 +�′3 = even, �1 +�′1 +λ1 = even, �2 +�′2 +λ2 = even, and �3 +
�′3 +λ3 = even, respectively, which gives R = even. Hence, the
Wigner 9 j coefficients are invariant under the permutations.

Finally, we obtain the angular averaged bispectrum,

B̃�1�2�3

= 4
π2

∑
all �′λ

√
4π

(2λ1 + 1)(2λ2 + 1)(2λ3 + 1)
i�3−�′3+R
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′
3λ3
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�′1 �′2 �′3
λ1 λ2 λ3

⎫⎪⎪⎬⎪⎪⎭
×
∫
drr2

2∏
i=1

∫
dkik

2
i Pζ(ki)g�i(ki) j�′i (rki)

∫
dk3k

2
3 j�3′ (rk3)

×
∫
dr′e−τ(r′) j�′3 (r′k3)Sλ1λ2λ3 (k1, k2, k3, r′) + perm.,

(438)

where r′ ≡ (η0 − η) and we have used the relation of the
spherical Bessel function, j�(−x) = (−1)� j�(x). We also
define the “angular-averaged source function,”

Sλ1λ2λ3 (k1, k2, k3, r)

≡
∑
allμ

(
λ1 λ2 λ3

μ1 μ2 μ3

)
S
μ1μ2μ3

λ1λ2λ3
(k1, k2, k3, r)

= iλ1+λ2

√
2λ1 + 1

4π

√
2λ2 + 1

4π

∑
allμ

(
λ1 λ2 λ3

μ1 μ2 μ3

)

×
∫
d2k̂1d

2k̂2Y
∗
λ1μ1

(
k̂1

)
Y∗λ2μ2

(
k̂2

)
Sλ3μ3 (k1, k2, r),

(439)

where we have used the inverse relation of (434). Note that
cyclic terms in (435) have become permutations because
of invariance of the Wigner 9 j coefficients under the
permutations.

The final analytic formula (438), we have obtained is a
general formula which can be applied to any second-order
perturbations. The information about the specific second-
order terms is contained in the angular-averaged source
term, Sλ1λ2λ3 (see (439) and (434) for the definition).

For terms that are products of the first-order pertur-
bations, there is indeed a further simplification. One can
show that Sλ1λ2λ3 (k1, k2, k3,η) does not depend on k3, that is,
Sλ1λ2λ3 (k1, k2, k3,η) = Sλ1λ2λ3 (k1, k2,η). This property enables
us to integrate (438) over k3. We obtain

B̃�1�2�3 =
2
π

∑
all l′λ

√
4π

(2λ1 + 1)(2λ2 + 1)(2λ3 + 1)
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2λ2 I�3�

′
3λ3
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×
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dkik

2
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× (ki)Sλ1λ2λ3 (k1, k2, r) + perm.,

(440)
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where r ≡ (η0−η), R = �1 + �2 + �3 + �′1 + �′2 + �′3 +λ1 +λ2 +λ3,
and we have used∫

dk3k
2
3 j�′3 (rk3) j�′3 (r′k3) = π

2r2
δ(r − r′). (441)

Finally, by adding the remaining term in the full bispectrum,
(419), we obtain

B�1�2�3

= 2
π

∑
all �′λ

√
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− 3
2
I�1�2�3C�1C�2 + perm.

(442)

The remaining task is to calculate the angular-averaged
source term, Sλ1λ2λ3 (k1, k2, k3, r) according to (439). Up
to now our scope has been to offer the reader all the
general tools that allow a systematic treatment of the CMB
angular bispectrum from second-order perturbations. In the
following, we will give just some examples of how such
tools can be implemented in order to obtain numerical
results about signal-to-noise ratios and contamination to
primordial non-Gaussianity.

10.1.3. Source Term: An Example. The explicit expression for

S
(2)
�m(k,η) can be obtained from (134). Here, we do not want

to report the complete expression S
(2)
�m(k,η) of the source

function at second-order, rather, for the goal of this paper,
we think it is more instructive to show explicitly how the
calculation of Sλ1λ2λ3 proceeds focusing on just one simple
example.

Therefore, consider, for example, the term of the second-
order source term from (134) given by

2 τ′δ(1)
e × Δ(1). (443)

First, we compute the multipole coefficients of the source
term S

(2)
�m(k) from this contribution, as defined in (424). They

are given by the convolution

S
(2)
�m(k) =

∫
d3k′

(2π)3 2τ′δ(1)
e (k− k′)Δ(1)

�m(k′). (444)

Now, for Δ(1)
�m(k), we use

Δ
(1)
�m(k) = il

√
4π

2l + 1
Y∗�m

(
k̂
)
Δ

(1)
� (k)(2� + 1), (445)

so that
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(2)
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∫
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(2π)3
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× i�
√
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� (k1)Y∗�m

(
k̂1

)
.

(446)

We now compute the corresponding “angular-averaged
source function” coefficients Sλ1λ2λ3 (k1, k2, r) defined by
(439). From (446) you read the kernel defined in(430)

S(2)
�m

(
k1, k2,η

)
= i�

√
4π

2� + 1
(2� + 1)2τ′δe(k2)Δ(1)

� (k1)Y∗�m
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)
.

(447)

From here

S
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λ1λ2λ3

(k1, k2, r)
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√
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λ3
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√
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λ3

(k2)
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0 λ2 λ2

0 μ2 −μ2

)
,

(448)

where we have used Y∗�m = (−1)−mY�−m, and the orthonor-
mality of the spherical harmonics. Using the property of the
Wigner 3 j symbols

∑
μ2

(−1)μ2

(
0 λ2 λ2

0 μ2 −μ2

)
=
∑
μ2

(−1)λ2√
2λ2 + 1

= (−1)λ2

√
2λ2 + 1,

(449)

we find

S(2)
λ1λ2λ3

(k1, k2, r) = 2τ′(2λ2 + 1)(3/2) δe(k1)Δ(1)
λ3

(
k2,η

)
δλ10δλ2λ3 .

(450)

This term therefore corresponds to coefficients S0λ2λ2 (k1,
k2, r).
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In general, the perturbation variables of the source
term can be split into two parts (see, e.g., (134)). A part
containing perturbations that are intrinsically second-order
(these perturbations have superscripts (2), and ωm and χm
are also intrinsically second-order). Solving for these terms
requires solving the full second-order Boltzmann equations
coupled with the Einstein equations.

Another part contains terms that are products of two
linear variables, as the example that we have just considered.
Evaluation of these terms is much easier than that of the
intrinsically second-order terms, as the first-order variables
have already been calculated using the standard linearized
Boltzmann code such as CMBFAST.

10.2. Second-Order Bispectrum from Products of

the First-Order Terms

10.2.1. A Worked Example. We shall now focus only on the
products of the first-order perturbations and we choose to
analyze just some of these contributions to offer the reader
an example of the analysis one can perform. We warn the
reader that the full analysis is under progress and that the full
results will be presented in [97], including the intrinsically
second-order perturbations which are equally important,
and the contribution from perturbing the recombination
history [63, 87, 89].

For the products of the first-order perturbations, from
now on we will consider the following nonzero four cases
for the source terms, Sλ1λ2λ3 , which have been analyzed in
[96] (for notational simplicity we shall omit the superscripts
(1)). (The following terms are included in the source term

S
(2)
�m(k,η) as given in [96, Equation (3.2)]. However notice

that that expression does not include all the products of first-
order perturbations; the complete expression for the source
term will be given in [97]).

S000 = 4iτ′v0(k1)Δ1(k2)

+ [2 τ′(δe + Φ)(k1) + 8Ψ′(k1)]Δ0(k2),

S110 = − 20√
3
τ′v0(k1)v0(k2),

S101 = 2i
√

3
{
τ′v0(k1)(4δe + 4Φ + 2Δ0 − Δ2)(k2) + 4k1Φ(k1)

×(Δ0 −Ψ)(k2) + k1Δ0(k1)(Ψ + Φ)(k2)},

S112 = 14

√
10
3
τ′v0(k1)v0(k2).

(451)

In particular, it is recognizable the contribution to S000 from
the example just discussed. From these results we find that
Sλ1λ2λ3 does not depend on k3, that is, Sλ1λ2λ3 = Sλ1λ2λ3 (k1,
k2, r). Note also that S011(k1, k2, r) = S101(k2, k1, r).

10.2.2. Bispectrum from Products of the First-Order Terms.
For the four nonvanishing combinations of λ1, λ2, and λ3 in
(451), we rewrite the expression for the bispectrum, (442), as

B�1�2�3 =
∑

λ1λ2λ3

B
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,

(452)

where we have used B(0,1,1)
�1�2�3

= B
(1,0,1)
�1�2�3

, and defined
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≡ −3I�1�2�3C�1C�2 + cyclic,

B
(λ1,λ2,λ3)
�1�2�3

≡ 2
π

∑
all l′

√
4π

(2λ1 + 1)(2λ2 + 1)(2λ3 + 1)
i�3−�3′+R

× I�′1�′2�′3 I�1�
′
1λ1I�2�

′
2λ2 I�3�

′
3λ3

⎧⎪⎨⎪⎩
�1 �2 �3

�′1 �′2 �′3
λ1 λ2 λ3

⎫⎪⎬⎪⎭
×
∫
dre−τ

2∏
i=1

∫
dkik

2
i Pζ(ki) jli′ (rki)gli

× (ki)Sλ1λ2λ3 (k1, k2, r) + perm.

(453)

To proceed further, it turns out to be useful to simplify
the expression by introducing the following notation for the
integral over k that appears many times:

[x](n)
��′ (r) ≡

2
π

∫
dkk2+nPζ(k) j�′(rk)g�(k)x(k, r). (454)

This function corresponds to the existing functions in the
literature in the appropriate limits. For example, for x(k, r) =
π/2, this function is the same as β(n)

��′ (r) introduced in [98].
In fact, we find that an order-of-magnitude estimate of

[x](n)
��′(r) is given by [x](n)

��′ (r) ∼ 2β(n)
��′ (r)/π × x(k = �′/r, r)

for a smooth function of x(k, r). As β
(n)
��′ (r) is a sharply

peaked function at the decoupling epoch, r = r∗, we find

that [x](n)
��′ (r) is also sharply peaked at r = r∗. With these

tools in hand, one can calculate B(0,0,0)
�1�2�3

, B(1,1,0)
�1�2�3

, B(1,0,1)
�1�2�3

, and

B
(1,1,2)
�1�2�3

. We do not bother here the reader with the details of
this computation whose details can be found in [96]. Rather
here, we prefer to go straight to the results of the analysis of
these bispectra which can be particularly instructive as far
as their shape and their contamination to primordial non-
Gaussianity are concerned.

10.3. Shape and Signal-to-Noise of the Second-Order Bispec-
trum from Products of the First-Order Terms. One of the
motivations for calculating the second-order bispectrum is
to see how much the second-order effects in gravity and
the photon-baryon fluid contaminate the extraction of the
primordial bispectrum. If, for example, the predicted shape
of the second-order bispectrum is sufficiently different from
that of the primordial bispectrum, then one would hope
that the contamination would be minimal. To investigate
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Figure 1: Shape dependence of the second-order bispectrum from products of the first-order terms (top) and that of the local primordial
bispectrum (bottom). We show �1�2〈a(1)

�1m1
a

(1)
�2m2

a
(2)
�3m3

〉(Gm1m2m3
�1�2�3

)−1/(2π)2 × 1022 as a function of �1/�3 and �2/�3 where �3 = 200. Both shapes

have the largest signals in the squeezed triangles, �1 � �2 ≈ �3.

this, we shall compare the numerical results of the second-
order bispectrum with the so-called “local” model of the
primordial bispectrum.

We extract the first-order perturbations from the
CMBFAST code. We use the following cosmological param-
eters: ΩΛ = 0.72, Ωm = 0.23, Ωb = 0.046, h = 0.70, and
assume a power law spectrum, Pζ ∝ kn−4, with n = 1. We
determine the decoupling time, η∗, from the peak of the
visibility function. In this model, we have cη0 = 14.9 Gpc and
cη∗ = 288 Mpc. While the most of the signal is generated in
the region of the decoupling epoch, in the low-� regime we
must also take into account the late time contribution due to
the late integrated Sachs-Wolfe effect; thus, we integrate over
the line-of-sight, r, in the following regions: c(η0 − 5η∗) <
r < c(η0 − 0.7η∗) for � > 100, and 0 < r < c(η0 − 0.7η∗) for
l ≤ 100. The step size is Δr = 0.1η∗ around the decoupling
epoch, and we use the same time steps used by CMBFAST after
the decoupling epoch.

The local primordial bispectrum is given by [43]

B�1�2�3 = 2I�1�2�3

∫∞
0
r2drbL�1

(r)bL�2
(r)bNL

�3
(r) + cyclic, (455)

where

bL� (r) ≡ 2
π

∫∞
0
k2dkPΦ(k)gKS

T� (k) j�(kr),

bNL
� (r) ≡ 2

π

∫∞
0
k2dk fNLg

KS
T� (k) j�(kr).

(456)

Note that our linear transfer function, g�(k), is related to that
of [43], gKS

T� (k), by g�(k) = (3/5)gKS
T� (k).

Figure 1 shows the shape of the bispectrum generated
by the products of the first-order terms f selected in (451),
and compares it to the primordial local bispectrum, for
�3 = 200. Both shapes (second-order and primordial) have
the largest signals in the squeezed triangles, �1 � �2 ≈
�3. This is an expected result: both the local primordial

bispectrum and the second-order bispectrum that we have
computed here arise from the products of the first-order
terms, also products in position space. However, these two
shapes are slightly different when �1/�3 is not so small
(�1/�3 = O(0.1)): the ways in which the radiation transfer
function (which gives the acoustic oscillations) enters into
the bispectrum are different for the products of the first-
order terms and the primordial bispectrum. The primordial
bispectrum contains j�(kr∗)g�(k) whereas the second-order
bispectrum contains j�(kr∗)g�(k)x(k, r∗), where x = Δ0,
v0, and so forth, also has the oscillations. Therefore, the
second-order bispectrum has more interferences between
multiple radiation transfer functions. Moreover, the second-
order effects contain derivatives that the local primordial
effects do not have, which also makes the details of the two
shapes different.

Notice, in particular, that most of these gradients in the
source term, (134), are contracted with the direction vector,
n̂. There is only one term that has a scalar product of two
wave-vectors, k1 · k2, which vanishes in the squeezed limit.
The resulting bispectrum, (452), resembles that of a local
form, except for the extra powers of k coming from the
derivatives. These extra powers of k will affect the scale-
dependence of the bispectrum, that is, the second-order
bispectrum is no longer scale-invariant. Nevertheless, the
largest signal of the bispectrum still comes from the squeezed
configurations, as the number of extra powers of k from the
derivatives in the source term is not large enough to change
the fact that we have the largest contribution when one of
k1, k2, and k3 is very small. In other words, schematically
the bispectrum looks like B(k1, k2, k3) ∼ (km1

1 km1
2 )/(k3

1k
3
2) +

cyclic, where m1 and m2 are the extra powers of k from
the derivatives. Therefore, the largest contribution is in the
squeezed configurations as long as mi < 3. Figure 2 shows
the same for �3 = 1000. The results are similar to those
for �3 = 200, but the acoustic oscillations are more clearly
visible.
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Figure 2: Same as Figure 1 for �3 = 1000. The acoustic oscillations are clearly seen.
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Figure 3: Signal-to-noise ratios for the local primordial bispectrum
for fNL = 1 (dashed), and the second-order bispectrum from the
products of the first-order terms (solid), for an ideal full-sky and
cosmic-variance-limited (noiseless) experiment.

We can quantify the degree to which the second-
order and the primordial bispectra are correlated, as well
as the expected signal-to-noise ratio of the second-order
bispectrum, following the general definitions summarized in
Section 8. Notice that we are ignoring the noise contribution.
In other words, we shall only consider ideal cosmic-variance
limited experiments with full sky coverage, which however,
at least for the multipole maximum multipole of lmax ∼ 2000
we will consider, is a good reference for an experiment like
Planck (see, e.g., [43]).

The signal-to-noise ratio is given by (356). In Figure 3
we show the cumulative signal-to-noise ratio, summed
up to a maximum multipole of �max, of the primordial
bispectrum, assuming fNL = 1 and ignoring the second-order
bispectrum, that is, (S/N)prim = (Fprim,prim)1/2, as well as

that of the second-order bispectrum, ignoring the primordial
bispectrum, that is, (S/N)2nd = (F2nd,2nd)1/2. In both cases
S/N increases roughly as S/N ∝ �max (or ∝

√
Npix where

Npix is the number of independent pixels in the map). A
larger contribution to the second-order bispectrum at � ≤
50 comes from the terms involving the Integrated Sachs-
Wolfe effect. The signal-to-noise ratio of the second-order
bispectrum reaches ∼0.4 at �max = 2000; thus, this signal is
undetectable. While our calculation includes the temperature
anisotropy only, including polarization would increase the
signal-to-noise by a factor of two at most, which would not
be enough to push the signal-to-noise above unity.

How similar are the second-order and the primordial bis-
pectra? In Figure 4, we show the cross-correlation coefficient,
between the local bispectrum and second-order bispectrum
from the products of the first-order terms given in (451).
The cross-correlation coefficient (see (357), reaches ∼0.5 for
�max = 200, and the shapes for �3 = 200 are shown in
Figure 1. After �max = 200 the correlation weakens, and
reaches ∼0.35 at �max = 1000, and the shapes for �3 =
1000 are shown in Figure 2. These results show that the
second-order bispectrum from the products of the first-order
perturbations and the local primordial bispectrum are fairly
similar, with a sizable correlation coefficient.

How large is the contamination of the primordial
bispectrum? The level of contamination is measured by the
effective nonlinearity parameter given by (359).

In Figure 5, we show f con
NL as a function of the maximum

multipoles, �max. We find that f con
NL reaches the maximum

value, ∼0.9, when the correlation coefficient reaches the
maximum at �max ∼ 200, but then decreases to∼0.5 at �max ∼
2000. Therefore, we conclude that the contamination of the
primordial bispectrum due to the second-order bispectrum
from the terms in (451) is negligible for CMB experiments.

Finally, one can also calculate the 1-σ uncertainty of
fNL, δ fNL, with the second-order bispectrum marginalized

over. This is given by δ fNL =
√

(F)−1
prim,prim| fNL=1. Figure 6

shows that an increase in the uncertainty of fNL due to
marginalization is totally negligible.
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11. Conclusions

In this paper we have addressed a basic question in cosmol-
ogy: how a primordial NG propagates into an observable like
the CMB anisotropy. Answering this question is fundamental
as it will help us in getting some knowledge about the way
the primordial cosmological perturbation was generated at
the very early stages of the evolution of the universe. In
the first sections, we have shown how to set the initial
conditions at second-order for the (gauge-invariant) CMB
anisotropy when some source of primordial NG is present.
This was more or less straightforward because on large
angular scales it is basically gravity which dictates the
nonlinear dynamics. On small angular scales, the compu-
tation of the second-order effects in the CMB anisotropy

102
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100 1000

Δ
f N

L
(<

ℓ m
ax

)

ℓmax

Figure 6: Projected uncertainty of fNL with (dashed) and without
(solid) the second-order bispectrum marginalized over.

is far more difficult, as so many sources of nonlinearities
appear. In this paper, we have focussed on the study of
the second-order effects appearing at the recombination
era when the CMB anisotropy is left imprinted. We have
shown how to derive the equations which allow to evaluate
CMB anisotropies, by computing the Boltzmann equations
describing the evolution of the baryon-photon fluid up to
second order. This allows to follow the time evolution of
CMB anisotropies (up to second order) on all scales, from
the early epoch, when the cosmological perturbations were
generated, to the present time, through the recombination
era. Through some analytical and simplified example, we
have also shown how to estimate the contamination of
the recombination secondary effects onto the detection of
primordial NG. More refined numerical results confirm our
estimates and are also reported here. It goes without saying
that this line of research should be pursued until the level
of accuracy in the theoretical prediction is reached and is
comparable to the one provided by the current or future
satellite experiments.

Appendices

A. Energy-Momentum Tensor

A.1. Energy-Momentum Tensor for Photons. The energy-
momentum tensor for photons is defined as

T
μ
γν = 2√−g

∫
d3P

(2π)3
PμPν

P0
f , (A.1)

where g is the determinant of the metric (1) and f is the
distribution function. We thus obtain
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Table 1

Symbol Definition Equation

Φ,Ψ Gravitational potentials in Poisson gauge (1)

ωi 2nd-order vector perturbation in Poisson gauge (1)

χi j 2nd-order tensor perturbation in Poisson gauge (1)

η Conformal time (1)

f Photon distribution function (64)

g Distribution function for massive particles (84) & (156)

f (i) ith order perturbation of the photon distribution function (79)

f
(i)
�m Moments of the photon distribution function (98)

C(p) Collision term (83) & (87)

p Magnitude of photon momentum (p = pni) (59)

ni Propagation direction (62)

Δ(1)(xi,ni,η) First-order fractional energy photon fluctuations (128)

Δ(2)(xi,ni,η) Second-order fractional energy photon fluctuations (132)

ne Electron number density (166)

δe(δb) Electron (baryon) density perturbation (94)

k Wavenumber (142)

vm Baryon velocity perturbation (145) & (146)

v
(2)i
CDM Cold dark matter velocity (201)

v
(2)i
γ Second-order photon velocity (187)

S�m Temperature source term (143)

τ Optical depth (140)

ργ(ρb) Background photon (baryon) energy density (198)

B�1,�2,�3 CMB angular-averaged bispectrum (353)

Fi j Fisher matrix for the amplitudes of the bispectra (354)

f con
NL contamination to primordial non-Gaussianity (359)

T0
γ0 = −ργ

(
1 + Δ

(1)
00 +

Δ
(2)
00

2

)
,

Ti
γ0 = −

4
3
eΨ+Φργ

(
v(1)i
γ +

1
2
v(2)i
γ + Δ

(1)
00 v

(1)i
γ

)

+
1
3
ργe

Ψ−Φωi

Ti
γ j = ργ

(
Πi
γ j +

1
3
δij

(
1 + Δ

(1)
00 +

Δ
(2)
00

2

))
,

(A.2)

where ργ is the background energy density of photons and

Π
i j
γ =

∫
dΩ

4π

(
ninj − 1

3
δi j
)(

Δ(1) +
Δ(2)

2

)
, (A.3)

is the quadrupole moment of the photons.

A.2. Energy-Momentum Tensor for Massive Particles. The
energy-momentum tensor for massive particles of mass m,
number density n and degrees of freedom gd

T
μ
mν = gd√−g

∫
d3Q

(2π)3
QμQν

Q0
gm, (A.4)

where gm is the distribution function. We obtain

T0
m0 = −ρm = −ρm

(
1 + δ(1)

m +
1
2
δ(2)
m

)
,

Ti
m0 = −eΨ+Φρmv

i
m

= −eΦ+Ψρm

(
v(1)i
m +

1
2
v(2)i
m + δ(1)

m v(1)i
m

)

Ti
mj = ρm

(
δij
Tm
m

+ vimvmj

)
= ρm

(
δij
Tm
m

+ v(1)i
m v

(1)
mj

)
,

(A.5)

where ρm is the background energy density of massive
particles and we have included the equilibrium temperature
Tm.

B. Solutions of Einstein’s Equations in
Various Eras

B.1. Matter-Dominated Era. During the phase in which the
CDM is dominating the energy density of the Universe,
a ∼ η2 and we may use (34) to obtain an equation for the
gravitational potential at first order in perturbation theory
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(for which Φ(1) = Ψ(1))

Φ(1)′′ + 3HΦ(1)′ = 0, (B.1)

which has two solutions Φ(1)
+ = constant and Φ

(1)
− = H /a2.

At the same order of perturbation theory, the CDM velocity
can be read off from (30)

v(1)i = − 2
3H

∂iΦ(1). (B.2)

The matter density contrast δ(1) satisfies the first-order
continuity equation

δ(1)′ = −∂v
(1)i

∂xi
= − 2

3H
∇2Φ(1). (B.3)

Going to Fourier space, this implies that

δ
(1)
k = δ

(1)
k (0) +

k2η2

6
Φ

(1)
k , (B.4)

where δ(1)
k (0) is the initial condition in the matter-dominated

period.
At second order, using (34) and (32), and the fact that

the first-order gravitational potential is constant, we find and
equation for the gravitational potential at second-order Ψ(2)

Ψ(2)′′ + 3HΨ(2)′ = Sm,

Sm = −∂kΦ(1)∂kΦ(1) +N

= −∂kΦ(1)∂kΦ(1) +
10
3
∂i∂j

∇2

(
∂iΦ

(1)∂jΦ
(1)
)

,

(B.5)

whose solution is

Ψ(2) = Ψ(2)
m (0)

+
∫ η

0
dη′

Φ
(1)
+
(
η
)
Φ

(1)
−
(
η′
)−Φ

(1)
−
(
η
)
Φ

(1)
+
(
η′
)

W
(
η′
) Sm

(
η′
)

= Ψ(2)
m (0)

− 1
14

(
∂kΦ

(1)∂kΦ(1) − 10
3
∂i∂j

∇2

(
∂iΦ

(1)∂jΦ
(1)
))
η2,

(B.6)

with W(η) = W0/a3 (a0 = 1) the Wronskian obtained from

the corresponding homogeneous equation. In (B.6), Ψ(2)
m (0)

represents the initial condition (taken conventionally at η →
0) deep in the matter-dominated phase.

From (35), we may compute the vector perturbation in
the metric

−1
2
∇2ωi = 3H2 1

∇2
∂j
(
∂iδ(1)v(1) j − ∂jδ(1)v(1)i

)
, (B.7)

where we have made use of the fact that the vector part of the
CDM velocity satisfies the relation (δij − (∂i∂j/∇2))v(2)i =
−ωi.

B.2. Radiation-Dominated Era. We consider a universe dom-
inated by photons and massless neutrinos. The energy-
momentum tensor for massless neutrinos has the same form
as that for photons. During the phase in which radiation is
dominating the energy density of the Universe, a ∼ η and
we may combine (29) and (34) to obtain an equation for
the gravitational potential Ψ(1) at first order in perturbation
theory

Ψ(1)′′ + 4HΨ(1)′ − 1
3
∇2Ψ(1) =HQ(1)′ +

1
3
∇2Q(1),

∇2Q(1) = 9
2
H2 ∂i∂

j

∇2
Π

(1)i
T j ,

(B.8)

where the total anisotropic stress tensor is

Πi
T j =

ργ

ρT
Πi
γ j +

ρν

ρT
Πi

ν j . (B.9)

We may safely neglect the quadrupole and solve (B.8)

setting u± = Φ
(1)
± η. Then, (B.8), in Fourier space, becomes

u′′ +
2
η
u′ +

(
k2

3
− 2
η2

)
u = 0. (B.10)

This equation has as independent solutions u+ = j1(kη/
√

3),
the spherical Bessel function of order 1, and u− = n1(kη/

√
3),

the spherical Neumann function of order 1. The latter blows
up as η gets small and we discard it on the basis of initial
conditions. The final solution is therefore

Φ
(1)
k = 3Φ(1)(0)

× sin
(
kη/
√

3
)− (kη/√3

)
cos
(
kη/
√

3
)(

kη/
√

3
)3

(B.11)

where Φ(1)(0) represents the initial condition deep in the
radiation era.

At the same order in perturbation theory, the radiation
velocity can be read off from (30)

v(1)i
γ = − 1

2H2

(
a∂iΦ(1)

)
a

. (B.12)



Advances in Astronomy 63

At second order, combining (29), (34), we find

Ψ(2)′′ + 4HΨ(2)′ − 1
3
∇2Ψ(2) = Sγ, (B.13)

Sγ = 4
(
Ψ(1)′

)2
+ 2Φ(1)′Ψ(1)′ +

4
3

(
Φ(1) + Ψ(1)

)
∇2Ψ(1)

− 2
3

(
∂kΦ

(1)∂kΦ(1) + ∂kΨ
(1)∂kΨ(1) − ∂kΦ(1)∂kΨ(1)

)
+ HQ(2)′ +

1
3
∇2Q(2) +

4
3

(
Φ(1) + Ψ(1)

)
∇2Q(1),

(B.14)

1
2
∇2Q(2)

= −∂kΦ(1)∂kΨ(1) − 1
2

(
∂kΦ

(1)∂kΦ(1) − ∂kΨ(1)∂kΨ(1)
)

+3
∂i∂j

∇2

[
∂iΦ(1)∂jΨ

(1) +
1
2

(
∂iΦ(1)∂jΦ

(1)−∂iΨ(1)∂jΨ
(1)
)]

+
9
2
H2 ∂i∂

j

∇2

Π
(2)i
T j

2
− 9H2 ∂i∂

j

∇2

(
Ψ(1)Π

(1)i
T j

)
,

(B.15)

whose solution is

Ψ(2) = Ψ
(2)
hom.

+
∫ η

0
dη′

Φ
(1)
+
(
η
)
Φ

(1)
−
(
η′
)−Φ

(1)
−
(
η
)
Φ

(1)
+
(
η′
)

W
(
η′
) Sγ

(
η′
)
,

(B.16)

where W(η) = (a(0)/a)4 is the Wronskian, and Ψ
(2)
hom. is the

solution of the homogeneous equation.
The equation of motion for the vector metric perturba-

tions reads

− 1
2
∇2ωi + 4H2ωi

=
(
δij −

∂i∂j

∇2

)

×
[

2Ψ(1)′∂jΦ(1) + H2
ργ + ρν

ρT
ωj

− 2H2

(
ργ

ρT
v

(2) j
γ +

ρν

ρT
v(2)i

ν + 2
ργ

ρT
Δ

(1)γ
00 v

(1) j
γ

+ 2
ρν

ρT
Δ

(1)ν
00 v

(1) j
ν + 2

(
Φ(1) −Ψ(1)

) ργ
ρT
v

(1) j
γ

+2
(
Φ(1) −Ψ(1)

) ρν

ρT
v

(1) j
ν

)]
,

(B.17)

where ρT is the total background energy density. The Einstein
equations for a universe filled by CDM and a relativisitc
component can be foun in [47].

C. Linear Solution of the Boltzmann Equations

In this section, we will solve the Boltzmann equations at
first order in perturbation theory. The interested reader
will find the extension of these formulae to second order
in [47]. The first two moments of the photon Boltzmann
equation are obtained by integrating (129) over dΩn/4π and
dΩnni/4π, respectively, and they lead to the density and
velocity continuity equations

Δ
(1)′
00 +

4
3
∂iv

(1)i
γ − 4Ψ(1)′ = 0, (C.1)

v(1)i′
γ +

3
4
∂jΠ

(1) ji
γ +

1
4
Δ

(1),i
00 + Φ(1),i = −τ′

(
v(1)i − v(1)

γ

)
,

(C.2)

where Πi j is the photon quadrupole moment, defined in
(195).

Let us recall here that δ(1)
γ = Δ

(1)
00 =

∫
dΩΔ(1)/4π and that

the photon velocity is given by (186).
The two equations above are complemented by the

momentum continuity equation for baryons, which can be
conveniently written as

v(1)i = v(1)i
γ +

R

τ′
[
v(1)i′ + Hv(1)i + Φ(1),i

]
, (C.3)

where we have introduced the baryon-photon ratio R ≡
3ρb/(4ργ).

Equation (C.3) is in a form ready for a consistent
expansion in the small quantity τ−1 which can be performed

in the tight-coupling limit. By first taking v(1)i = v
(1)i
γ at zero

order and then using this relation in the left-hand side of
(C.3) one obtains

v(1)i − v(1)i
γ = R

τ′
[
v(1)i′
γ + Hv(1)i

γ + Φ(1),i
]
. (C.4)

Such an expression for the difference of velocities can be
used in (C.2) to give the evolution equation for the photon
velocity in the limit of tight coupling

v(1)i′
γ + H

R

1 + R
v(1)i
γ +

1
4
Δ

(1),i
00

1 + R
+ Φ(1),i = 0. (C.5)

Notice that in (C.5) we are neglecting the quadrupole of the
photon distributionΠ(1)i j (and all the higher moments) since
it is well known that at linear order such moment(s) are
suppressed in the tight-coupling limit by (successive powers
of) 1/τ with respect to the first two moments, the photon
energy density and velocity. Equations (C.1) and (C.5)
are the master equations which govern the photon-baryon
fluid acoustic oscillations before the epoch of recombination
when photons and baryons are tightly coupled by Compton
scattering.
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In fact, one can combine these two equations to get
a single second-order differential equation for the photon

energy density perturbations Δ
(1)
00 . Deriving (C.1) with

respect to conformal time and using (C.5) to replace ∂iv
(1)i
γ

yields

(
Δ

(1)′′
00 − 4Ψ(1)′′

)
+ H

R

1 + R

(
Δ

(1)′
00 − 4Ψ(1)′

)

− c2
s∇2

(
Δ

(1)
00 − 4Ψ(1)

)
= 4

3
∇2

(
Φ(1) +

Ψ(1)

1 + R

)
,

(C.6)

where cs = 1/
√

3(1 + R) is the speed of sound of the photon-
baryon fluid. Indeed, in order to solve (C.6) one needs to
know the evolution of the gravitational potentials. We will
come back later to the discussion of the solution of (C.6).

A useful relation is obtained by considering the con-
tinuity equation for the baryon density perturbation. By
perturbing at first order (176), we obtain

δ
(1)′

b + vi,i − 3Ψ(1)′ = 0. (C.7)

Subtracting (C.7) form (C.1) brings

Δ
(1)′
00 − 4

3
δ

(1)′

b +
4
3

(
v(1)i
γ − v(1)i

)
,i
= 0, (C.8)

which implies that at lowest order in the tight-coupling
approximation

Δ
(1)
00 =

4
3
δ

(1)
b , (C.9)

for adiabatic perturbations.

C.1. Linear Solutions in the Limit of Tight Coupling. In this
section, we briefly recall how to obtain at linear order
the solutions of the Boltzmann equations (C.6). These
correspond to the acoustic oscillations of the photon-baryon
fluid for modes which are within the horizon at the time of
recombination. It is well known that, in the variable (Δ(1)

00 −
4Ψ(1)), the solution can be written as [73, 74]

[
1 + R

(
η
)]1/4

(
Δ

(1)
00 − 4Ψ(1)

)
= A cos

[
krs
(
η
)]

+ B sin
[
krs
(
η
)]

− 4
k√
3

∫ η
0
dη′

[
1 + R

(
η′
)]3/4

(
Φ(1)(η′) +

Ψ(1)
(
η′
)

1 + R
(
η′
))

× sin
[
k
(
rs
(
η
)− rs(η′))],

(C.10)

where the sound horizon is given by rs(η) = ∫ η
0 dη

′cs(η′),
with R = 3ρb/(4ργ). The constants A and B in (C.10) are
fixed by the choice of initial conditions.

In order to give an analytical, we will use some sim-
plifications following [70, 99]. First, for simplicity, we are
going to neglect the ratio R wherever it appears, except
in the arguments of the varying cosines and sines, where
we will treat R = R∗ as a constant evaluated at the time
of recombination. In this way, we keep track of a damping
of the photon velocity amplitude with respect to the case
R = 0 which prevents the acoustic peaks in the power-
spectrum to disappear. Treating R as a constant is justified
by the fact that for modes within the horizon the time scale
of the oscillations is much shorter than the time scale on
which R varies. If R is a constant the sound speed is just a
constant cs = 1/

√
3(1 + R∗), and the sound horizon is simply

rs(η) = csη.
Second, we are going to solve for the evolutions of the

perturbations in two well distinguished limiting regimes.
One regime is for those perturbations which enter the
Hubble radius when matter is the dominant component,
that is at times much bigger than the equality epoch, with
k � keq ∼ η−1

eq , where keq is the wavenumber of the
Hubble radius at the equality epoch. The other regime is for
those perturbations with much smaller wavelengths which
enter the Hubble radius when the Universe is still radiation
dominated, that is perturbations with wavenumbers k �
keq ∼ η−1

eq . In fact, we are interested in perturbation modes
which are within the horizon by the time of recombination
η∗. Therefore, we will further suppose that η∗ � ηeq in
order to study such modes in the first regime. Even though
η∗ � ηeq is not the real case, it allows to obtain some
analytical expressions.

Before solving for these two regimes let us fix our initial
conditions, which are taken on large scales deep in the
radiation dominated era (for η → 0). During this epoch, for
adiabatic perturbations, the gravitational potentials remain
constant on large scales (we are neglecting anisotropic
stresses so that Φ(1)  Ψ(1)) and from the (0−0)-component
of Einstein equations

Φ(1)(0) = −1
2
Δ

(1)
00 (0). (C.11)

On the other hand, from the energy continuity equation
(C.1) on large scales

Δ
(1)
00 − 4Ψ(1) = const.; (C.12)

from (C.11) the constant on the right-hand side of (C.12) is
fixed to be−6Φ(1)(0); thus we find B = 0 andA = −6Φ(1)(0).

With our simplifications, (C.10) then reads

Δ
(1)
00 − 4Ψ(1) =− 6Φ(1)(0) cos

(
ω0η

)
− 8k√

3

∫ η
0
dη′Φ(1)(η′) sin

[
ω0
(
η − η′)],

(C.13)

where ω0 = kcs.
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C.2. Perturbation Modes with k � keq. This regime
corresponds to perturbation modes which enter the Hubble
radius when the universe is matter dominated at times
η � ηeq. During matter domination, the gravitational
potential remains constant (both on superhorizon and
subhorizon scales), as one can see for example from (B.1),
and its value is fixed to Φ(1)(k,η) = (9/10)Φ(1)(0), where
Φ(1)(0) corresponds to the gravitational potential on large
scales during the radiation dominated epoch. Since we are
interested in the photon anisotropies around the time of
recombination, when matter is dominating, we can perform
the integral appearing in (C.10) by taking the gravitational
potential equal to its value during matter domination so that
it is easily computed

2
∫ η

0
dη

′Φ(1)(
η′
)

sin
[
ω0
(
η − η′)]

= 18
10

Φ(1)(0)
ω0

(
1− cos

(
ω0η

))
.

(C.14)

Thus, (C.13) gives

Δ
(1)
00 − 4Ψ(1) = 6

5
Φ(1)(0) cos

(
ω0η

)− 36
5
Φ(1)(0). (C.15)

The baryon-photon fluid velocity can then be obtained as

∂iv
(1)i
γ = −3(Δ(1)

00 − 4Ψ(1))′/4 from (C.1). In Fourier space

iki v
(1)i
γ = 9

10
Φ(1)(0) sin

(
ω0η

)
ω0, (C.16)

where, going to Fourier space, ∂iv
(1)i
γ → iki v

(1)i
γ (k) and

v(1)i
γ = −i k

i

k

9
10

Φ(1)(0) sin
(
ω0η

)
cs, (C.17)

since the linear velocity is irrotational.
Notice that under the approximations that R = const.

and Φ(1) = Ψ(1) = const., it is easy to find a more accurate
solution to (C.6) which better accounts for the presence of
the baryons (giving rise to the so called baryon-drag effect,
as clearly explained in [73, 74, 95])

Δ
(1)
00

4
=
[
Δ

(1)
00

4
(0) + (1 + R)Φ(1)

]
cos(krs)− (1 + R)Φ(1).

(C.18)

C.3. Perturbation Modes with k � keq. This regime
corresponds to perturbation modes which enter the Hubble
radius when the universe is still radiation dominated at times
η � ηeq. In this case an approximate analytical solution
for the evolution of the perturbations can be obtained by
considering the gravitational potential for a pure radiation
dominated epoch, given by (B.11). For the integral in (C.13),
we thus find∫ η

0
Φ(1)(η′) sin

[
ω0
(
η − η′)] = − 3

2ω0
cos
(
ω0η

)
, (C.19)

where we have kept only the dominant contribution oscillat-
ing in time, while neglecting terms which decay in time. The
solution (C.13) becomes

Δ
(1)
00 − 4Ψ(1) = 6Φ(1)(0) cos

(
ω0η

)
, (C.20)

and the velocity is given by

v(1)i
γ = −i k

i

k

9
2
Φ(1)(0) sin

(
ω0η

)
cs. (C.21)

Notice that the solutions (C.20)-(C.21) are actually
correct only when radiation dominates. Indeed, between
the epoch of equality and recombination, matter starts to
dominate. Full account of such a period is given for example,
in Section 7.3 of [70], while its consequences for the CMB
anisotropy evolution can be found for example, in [100].
We refer to [47], where an alternative way to solve for the
acoustic oscillations in this regime is displayed which turns
out to be useful for the corresponding computation at second
order in Section 7.5.

Acknowledgments

A. Riotto is on leave of absence from INFN, Sezione di
Padova. This research has been partially supported by the
ASI contract I/016/07/0 “COFIS”, the ASI/INAF Agreement
I/072/09/0 for the Planck LFI Activity of Phase E2. A. Riotto
acknowledges support by the EU Marie Curie Network
UniverseNet (HPRNCT2006035863). The authors would like
to thank Michele Liguori for stimulating discussions, and
Daisuke Nitta and Eiichiro Komatsu for past and ongoing
enjoyable collaborations.

References

[1] D. H. Lyth and A. Riotto, “Particle physics models of inflation
and the cosmological density perturbation,” Physics Report,
vol. 314, no. 1-2, pp. 1–146, 1999.

[2] J. Dunkley, E. Komatsu, M. R. Nolta et al., “Five-year wilkin-
son microwave anisotropy probe observations: likelihoods and
parameters from the WMAP data,” Astrophysical Journal,
Supplement Series, vol. 180, no. 2, pp. 306–329, 2009.

[3] http://planck.esa.int/.
[4] D. Baumann, M. G. Jackson, P. Adshead et al., “Probing

inflation with CMB polarization,” in CMB Polarization Work-
shop: Theory and Foregrounds, vol. 1141 of AIP Conference
Proceedings, pp. 10–120, 2009.

[5] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, “Non-
Gaussianity from inflation: theory and observations,” Physics
Reports, vol. 402, no. 3-4, pp. 103–266, 2004.

[6] V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto,
“Gauge-invariant second-order perturbations and non-
Gaussianity from inflation,” Nuclear Physics B, vol. 667, no.
1-2, pp. 119–148, 2003.

[7] J. Maldacena, “Non-Gaussian features of primordial fluctu-
ations in single field inflationary models ,” Journal of High
Energy Physics, vol. 2003, no. 5, article 013, 2003.

[8] N. Bartolo, S. Matarrese, and A. Riotto, “Non-Gaussianity
from inflation,” Physical Review D, vol. 65, no. 10, Article ID
103505, 2002.



66 Advances in Astronomy

[9] F. Bernardeau and J.-P. Uzan, “Non-Gaussianity in multifield
inflation,” Physical Review D, vol. 66, no. 10, Article ID
103506, 2002.

[10] D. H. Lyth, C. Ungarelli, and D. Wands, “Primordial density
perturbation in the curvaton scenario,” Physical Review D,
vol. 67, no. 2, Article ID 023503, 2003.

[11] T. Hamazaki and H. Kodama, “Evolution of cosmologi-
cal perturbations during reheating,” Progress of Theoretical
Physics, vol. 96, no. 6, pp. 1123–1145, 1996.

[12] G. Dvali, A. Gruzinov, and M. Zaldarriaga, “New mechanism
for generating density perturbations from inflation,” Physical
Review D, vol. 69, no. 2, Article ID 023505, 2004.

[13] L. Kofman, “Probing string theory with modulated cosmo-
logical fluctuations,” http://arxiv.org/abs/astro-ph/0303614.

[14] G. Dvali, A. Gruzinov, and M. Zaldarriaga, “Cosmological
perturbations from inhomogeneous reheating, freeze-out,
and mass domination,” Physical Review D, vol. 69, no. 8,
Article ID 083505, 2004.

[15] C. W. Bauer, M. L. Graesser, and M. P. Salem, “Fluctuating
annihilation cross sections and the generation of density
perturbations,” Physical Review D, vol. 72, no. 2, Article ID
023512, 7 pages, 2005.

[16] D. H. Lyth, “Generating the curvature perturbation at the
end of inflation,” Journal of Cosmology and Astroparticle
Physics, vol. 2005, no. 11, article 006, pp. 111–120, 2005.

[17] M. P. Salem, “Generation of density perturbations at the end
of inflation,” Physical Review D, vol. 72, no. 12, Article ID
123516, 7 pages, 2005.

[18] D. H. Lyth and A. Riotto, “Generating the curvature per-
turbation at the end of inflation in string theory,” Physical
Review Letters, vol. 97, no. 12, Article ID 121301, 2006.

[19] M. Bastero-Gil, V. Di Clemente, and S. F. King, “Preheating
curvature perturbations with a coupled curvaton,” Physical
Review D, vol. 70, no. 2, Article ID 023501, 2004.

[20] E. W. Kolb, A. Riotto, and A. Vallinotto, “Curvature pertur-
bations from broken symmetries,” Physical Review D, vol. 71,
no. 4, Article ID 043513, 10 pages, 2005.

[21] C. T. Byrnes and D. Wands, “Scale-invariant perturbations
from chaotic inflation,” Physical Review D, vol. 73, no. 6,
Article ID 063509, 8 pages, 2006.

[22] T. Matsuda, “Topological curvatons,” Physical Review D, vol.
72, no. 12, Article ID 123508, 8 pages, 2005.

[23] M. Alishahiha, E. Silverstein, and D. Tong, “DBI in the sky:
non-Gaussianity from inflation with a speed limit,” Physical
Review D, vol. 70, no. 12, Article ID 123505, 2004.

[24] R. Holman and A. J. Tolley, “Enhanced non-Gaussianity from
excited initial states,” Journal of Cosmology and Astroparticle
Physics, vol. 2008, no. 5, article 001, 2008.

[25] D. Babich, P. Creminelli, and M. Zaldarriaga, “The shape
of non-Gaussianities,” Journal of Cosmology and Astroparticle
Physics, vol. 2004, no. 8, article 009, pp. 199–217, 2004.

[26] J. R. Fergusson and E. P. S. Shellard, “Shape of primordial
non-Gaussianity and the CMB bispectrum,” Physical Review
D, vol. 80, no. 4, Article ID 043510, 2009.

[27] W. Hu, “Angular trispectrum of the cosmic microwave
background,” Physical Review D, vol. 64, no. 8, Article ID
083005, 2001.

[28] T. Okamoto and W. Hu, “Angular trispectra of CMB
temperature and polarization,” Physical Review D, vol. 66, no.
6, Article ID 063008, 2002.

[29] G. De Troia, P. A. R. Ade, J. J. Bock et al., “The trispectrum
of the cosmic microwave background on subdegree angular
scales: an analysis of the BOOMERanG data,” Monthly
Notices of the Royal Astronomical Society, vol. 343, no. 1, pp.
284–292, 2003.

[30] J. Lesgourgues, M. Liguori, S. Matarrese, and A. Riotto,
“CMB lensing extraction and primordial non-Gaussianity,”
Physical Review D, vol. 71, no. 10, Article ID 103514, 2005.

[31] N. Bartolo, S. Matarrese, and A. Riotto, “The full second-
order radiation transfer function for large-scale CMB
anisotropies,” Journal of Cosmology and Astroparticle Physics,
vol. 2006, no. 5, article 010, 2006.

[32] T. Pyne and S. M. Carroll, “Higher-order gravitational per-
turbations of the cosmic microwave background,” Physical
Review D, vol. 53, no. 6, pp. 2920–2929, 1996.

[33] N. Bartolo, S. Matarrese, and A. Riotto, “Enhancement
of non-Gaussianity after inflation,” Journal of High Energy
Physics, vol. 2004, no. 4, article 006, 2004.

[34] N. Bartolo, S. Matarrese, and A. Riotto, “Gauge-invariant
temperature anisotropies and primordial non-Gaussianity,”
Physical Review Letters, vol. 93, no. 23, Article ID 231301,
2004.

[35] K. Tomita, “Relativistic second-order perturbations of
nonzero-Λ flat cosmological models and CMB anisotropies,”
Physical Review D, vol. 71, no. 8, Article ID 083504, 11 pages,
2005.

[36] N. Bartolo, S. Matarrese, and A. Riotto, “Non-Gaussianity
of large-scale cosmic microwave background anisotropies
beyond perturbation theory,” Journal of Cosmology and
Astroparticle Physics, vol. 2005, no. 8, pp. 177–196, 2005.

[37] L. Boubekeur, P. Creminelli, G. D’Amico, J. Norea, and F.
Vernizzi, “Sachs-Wolfe at second order: the CMB bispectrum
on large angular scales,” Journal of Cosmology and Astroparti-
cle Physics, vol. 2009, no. 8, article 029, 2009.

[38] G. D’Amico, N. Bartolo, S. Matarrese, and A. Riotto, “CMB
temperature anisotropies from third-order gravitational per-
turbations,” Journal of Cosmology and Astroparticle Physics,
vol. 2008, no. 1, article 005, 2008.

[39] W. Hu and S. Dodelson, “Cosmic microwave background
anisotropies,” Annual Review of Astronomy and Astrophysics,
vol. 40, pp. 171–216, 2002.

[40] U. Seljak and M. Zaldarriaga, “Direct signature of an
evolving gravitational potential from the cosmic microwave
background,” Physical Review D, vol. 60, no. 4, Article ID
043504, 4 pages, 1999.

[41] D. M. Goldberg and D. N. Spergel, “Microwave background
bispectrum. II. A probe of the low redshift universe,” Physical
Review D, vol. 59, no. 10, Article ID 103002, 6 pages, 1999.

[42] D. M. Goldberg and D. N. Spergel, “Microwave background
bispectrum. I. Basic formalism,” Physical Review D, vol. 59,
no. 10, Article ID 103002, 8 pages, 1999.

[43] E. Komatsu and D. N. Spergel, “Acoustic signatures in
the primary microwave background bispectrum,” Physical
Review D, vol. 63, no. 6, Article ID 063002, 2001.

[44] K. M. Smith and M. Zaldarriaga, “Algorithms for bis-
pectra: forecasting, optimal analysis, and simulation,”
http://arxiv.org/abs/astro-ph/0612571.

[45] P. Creminelli and M. Zaldarriaga, “CMB 3-point func-
tions generated by nonlinearities at recombination,” Physical
Review D, vol. 70, no. 8, Article ID 083532, 2004.

[46] N. Bartolo, S. Matarrese, and A. Riotto, “Cosmic microwave
background anisotropies at second order: I,” Journal of
Cosmology and Astroparticle Physics, vol. 2006, no. 6, article
024, 2006.



Advances in Astronomy 67

[47] N. Bartolo, S. Matarrese, and A. Riotto, “CMB anisotropies at
second-order II: analytical approach,” Journal of Cosmology
and Astroparticle Physics, vol. 2007, no. 1, article 019, 2007.

[48] C. Pitrou, J.-P. Uzan, and F. Bernardeau, “Cosmic microwave
background bispectrum on small angular scales,” Physical
Review D, vol. 78, no. 6, Article ID 063526, 2008.

[49] C. Pitrou, “The radiative transfer at second order: a full
treatment of the Boltzmann equation with polarization,”
Classical and Quantum Gravity, vol. 26, no. 6, Article ID
065006, 2009.

[50] C. Pitrou, “The radiative transfer for polarized radiation
at second order in cosmological perturbations,” General
Relativity and Gravitation, vol. 41, no. 11, pp. 2587–2595,
2009.

[51] S. Matarrese, S. Mollerach, and M. Bruni, “Relativistic
second-order perturbations of the Einstein-de Sitter uni-
verse,” Physical Review D, vol. 58, no. 4, Article ID 043504,
1998.

[52] D. S. Salopek and J. R. Bond, “Nonlinear evolution of
long-wavelength metric fluctuations in inflationary models,”
Physical Review D, vol. 42, no. 12, pp. 3936–3962, 1990.

[53] E. W. Kolb, S. Matarrese, A. Notari, and A. Riotto, “Cos-
mological influence of super-Hubble perturbations,” Modern
Physics Letters A, vol. 20, no. 35, pp. 2705–2710, 2005.

[54] K. A. Malik and D. Wands, “Evolution of second-order
cosmological perturbations,” Classical and Quantum Gravity,
vol. 21, no. 11, pp. L65–L71, 2004.

[55] N. Bartolo, S. Matarrese, and A. Riotto, “Non-Gaussianity
in the curvaton scenario,” Physical Review D, vol. 69, no. 4,
Article ID 043503, 2004.

[56] N. Arkani-Hamed, P. Creminelli, S. Mukohyama, and M.
Zaldarriaga, “Ghost inflation,” Journal of Cosmology and
Astroparticle Physics, vol. 2004, no. 4, article 001, pp. 1–18,
2004.

[57] K. M. Smith, L. Senatore, and M. Zaldarriaga, “Optimal
limits on fNL local from WMAP 5-year data,” Journal of
Cosmology and Astroparticle Physics, vol. 2009, no. 9, article
006, 2009.

[58] L. Senatore, K. M. Smith, and M. Zaldarriaga, “Non-
Gaussianities in single field inflation and their optimal limits
from the WMAP 5-year data,” Journal of Cosmology and
Astroparticle Physics, vol. 2010, no. 1, article 028, 2010.

[59] S. Mollerach and S. Matarrese, “Cosmic microwave back-
ground anisotropies from second order gravitational pertur-
bations,” Physical Review D, vol. 56, no. 8, pp. 4494–4502,
1997.

[60] K. N. Ananda, C. Clarkson, and D. Wands, “Cosmological
gravitational wave background from primordial density
perturbations,” Physical Review D, vol. 75, no. 12, Article ID
123518, 2007.

[61] D. Baumann, P. Steinhardt, K. Takahashi, and K. Ichiki,
“Gravitational wave spectrum induced by primordial scalar
perturbations,” Physical Review D, vol. 76, no. 8, Article ID
084019, 2007.

[62] A. Mangilli, N. Bartolo, S. Matarrese, and A. Riotto, “Impact
of cosmic neutrinos on the gravitational-wave background,”
Physical Review D, vol. 78, no. 8, Article ID 083517, 2008.

[63] L. Senatore, S. Tassev, and M. Zaldarriaga, “Cosmological
perturbations at second order and recombination per-
turbed,” Journal of Cosmology and Astroparticle Physics, vol.
2009, no. 8, article 031, 2009.

[64] S. Dodelson and J. M. Jubas, “Reionization and its imprint
on the cosmic microwave background,” Astrophysical Journal,
vol. 439, no. 2, pp. 503–516, 1995.

[65] W. Hu, D. Scott, and J. Silk, “Reionization and cosmic
microwave background distortions: a complete treatment of
second-order Compton scattering,” Physical Review D, vol.
49, no. 2, pp. 648–670, 1994.

[66] C. Pitrou, F. Bernardeau, and J. P. Uzan, “ The y-sky: diffuse
spectral distortions of the cosmic microwave background,”
http://arxiv.org/abs/0912.3655.

[67] W. Hu, U. Seljak, M. White, and M. Zaldarriaga, “Complete
treatment of CMB anisotropies in a FRW universe,” Physical
Review D, vol. 57, no. 6, pp. 3290–3301, 1998.

[68] W. Hu and M. White, “CMB anisotropies: total angular
momentum method,” Physical Review D, vol. 56, no. 2, pp.
596–615, 1997.

[69] W. Hu, “Reionization revisited: secondary cosmic microwave
background anisotropies and polarization,” Astrophysical
Journal, vol. 529, pp. 12–25, 2000.

[70] S. Dodelson, Modern Cosmology, Academic Press, Amster-
dam, The Netherlands, 2003.

[71] E. Sefusatti, M. Liguori, A. P. S. Yadav, M. G. Jackson, and
E. Pajer, “Constraining running non-Gaussianity,” Journal of
Cosmology and Astroparticle Physics, vol. 2009, no. 12, article
022, 2009.

[72] E. Komatsu, J. Dunkley, M. R. Nolta et al., “Five-year wilkin-
son microwave anisotropy probe observations: cosmological
interpretation,” Astrophysical Journal, Supplement Series, vol.
180, no. 2, pp. 330–376, 2009.

[73] W. T. Hu, Wandering in the background: a CMB explorer,
Ph.D. thesis, University of California at Berkeley, Berkeley,
Calif, USA, 1995.

[74] W. Hu and N. Sugiyama, “Small-scale cosmological pertur-
bations: an analytic approach,” Astrophysical Journal, vol.
471, no. 2, pp. 542–570, 1996.

[75] N. Bartolo, S. Matarrese, and A. Riotto, “Evolution of second-
order cosmological perturbations and non-gaussianity,” Jour-
nal of Cosmology and Astroparticle Physics, vol. 2004, 2004.

[76] A. Cooray and W. Hu, “Imprint of reionization on the cosmic
microwave background bispectrum,” Astrophysical Journal,
vol. 534, no. 2, pp. 533–550, 2000.

[77] S. Donzelli, F. K. Hansen, M. Liguori, and D. Maino,
“Impact of the 1/f noise and the asymmetric beam on non-
Gaussianity searches with planck,” Astrophysical Journal, vol.
706, no. 2, pp. 1226–1240, 2009.

[78] P. Serra and A. Cooray, “Impact of secondary non-
Gaussianities on the search for primordial non-Gaussianity
with CMB maps,” Physical Review D, vol. 77, no. 10, Article
ID 107305, 2008.

[79] D. Babich and M. Zaldarriaga, “Primordial bispectrum
information from CMB polarization,” Physical Review D, vol.
70, no. 8, Article ID 083005, 2004.

[80] D. Hanson, K. M. Smith, A. Challinor, and M. Liguori, “CMB
lensing and primordial non-Gaussianity,” Physical Review D,
vol. 80, no. 8, Article ID 083004, 2009.

[81] A. Cooray, D. Sarkar, and P. Serra, “Weak lensing of the
primary CMB bispectrum,” Physical Review D, vol. 77, no.
12, Article ID 123006, 2008.

[82] A. Mangilli and L. Verde, “Non-Gaussianity and the CMB
bispectrum: confusion between primordial and lensing-
Rees-Sciama contribution?” Physical Review D, vol. 80, no.
12, Article ID 123007, 2009.

[83] D. Babich and E. Pierpaoli, “Point source contamination in
CMB non-Gaussianity analyses,” Physical Review D, vol. 77,
no. 12, Article ID 123011, 2008.



68 Advances in Astronomy

[84] A. Cooray, “Large scale pressure fluctuations and the
Sunyaev-Zel’dovich effect,” Physical Review D, vol. 62, no. 10,
Article ID 103506, 15 pages, 2000.

[85] P. G. Castro, “The bispectrum and the trispectrum of the
ostriker and vishniac effect,” Physical Review D, vol. 67,
Article ID 044039, 2004.

[86] R. Khatri and B. D. Wandelt, “O-V-S-Z and friends: non-
Gaussianity from inhomogeneous reionization,” Astrophysi-
cal Journal, vol. 711, no. 2, pp. 1310–1315, 2010.

[87] R. Khatri and B. D. Wandelt, “Crinkles in the last scattering
surface: non-Gaussianity from inhomogeneous recombina-
tion,” Physical Review D, vol. 79, no. 2, Article ID 023501,
2009.

[88] R. Khatri and B. D. Wandelt, “More on crinkles in the last
scattering surface,” Physical Review D, vol. 81, no. 10, Article
ID 103518, 2010.

[89] L. Senatore, S. Tassev, and M. Zaldarriaga, “Non-
gaussianities from perturbing recombination,” Journal
of Cosmology and Astroparticle Physics, vol. 2009, no. 9,
article 038, 2009.

[90] L. Verde and D. N. Spergel, “Dark energy and cosmic
microwave background bispectrum,” Physical Review D, vol.
65, no. 4, Article ID 043007, 2002.

[91] N. Aghanim, S. Majumdar, and J. Silk, “Secondary
anisotropies of the CMB,” Reports on Progress in Physics, vol.
71, no. 6, Article ID 066902, 2008.

[92] E. Komatsu et al., “Non-Gaussianity as a probe of the physics
of the primordial universe and the astrophysics of the low
redshift universe,” http://arxiv.org/abs/0902.4759.

[93] P. Creminelli, A. Nicolis, L. Senatore, M. Tegmark, and
M. Zaldarriaga, “Limits on non-Gaussianities from WMAP
data,” Journal of Cosmology and Astroparticle Physics, vol.
2006, no. 5, article 004, 2006.

[94] W. Hu, “Weak lensing of the CMB: a harmonic approach,”
Physical Review D, vol. 62, no. 4, Article ID 043007, 17 pages,
2000.

[95] W. Hu and M. White, “The damping tail of cosmic
microwave background anisotropies,” Astrophysical Journal,
vol. 479, no. 2, pp. 568–579, 1997.

[96] D. Nitta, E. Komatsu, N. Bartolo, S. Matarrese, and A.
Riotto, “CMB anisotropies at second order III: bispectrum
from products of the first-order perturbations,” Journal of
Cosmology and Astroparticle Physics, vol. 2009, no. 5, article
014, 2009.

[97] D. Nitta, N. Bartolo, S. Matarrese, and A. Riotto, to appear.
[98] M. Liguori, F. K. Hansen, E. Komatsu, S. Matarrese, and

A. Riotto, “Testing primordial non-Gaussianity in CMB
anisotropies,” Physical Review D, vol. 73, no. 4, Article ID
043505, 12 pages, 2006.

[99] M. Zaldarriaga and D. D. Harari, “Analytic approach to the
polarization of the cosmic microwave background in flat and
open universes,” Physical Review D, vol. 52, no. 6, pp. 3276–
3287, 1995.

[100] V. Mukhanov, ““cMB-Slow” or how to determine cosmolog-
ical parameters by hand?” International Journal of Theoretical
Physics, vol. 43, no. 3, pp. 623–668, 2004.



Hindawi Publishing Corporation
Advances in Astronomy
Volume 2010, Article ID 752670, 21 pages
doi:10.1155/2010/752670

Review Article

Non-Gaussianity and Statistical Anisotropy from Vector Field
Populated Inflationary Models

Emanuela Dimastrogiovanni,1, 2 Nicola Bartolo,1, 2 Sabino Matarrese,1, 2

and Antonio Riotto2, 3
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We present a review of vector field models of inflation and, in particular, of the statistical anisotropy and non-Gaussianity
predictions of models with SU(2) vector multiplets. Non-Abelian gauge groups introduce a richer amount of predictions compared
to the Abelian ones, mostly because of the presence of vector fields self-interactions. Primordial vector fields can violate isotropy
leaving their imprint in the comoving curvature fluctuations ζ at late times. We provide the analytic expressions of the correlation
functions of ζ up to fourth order and an analysis of their amplitudes and shapes. The statistical anisotropy signatures expected in
these models are important and, potentially, the anisotropic contributions to the bispectrum and the trispectrum can overcome
the isotropic parts.

1. Introduction

In the standard cosmological model, at very early times the
Universe undergoes a quasi de Sitter exponential expansion
driven by a scalar field, the inflaton, with an almost flat
potential. The quantum fluctuations of this field are thought
to be at the origin of both the Large Scale Structures
and the Cosmic Microwave Background (CMB) fluctuations
that we are able to observe at the present epoch [1].
CMB measurements indicate that the primordial density
fluctuations are of order 10−5 have an almost scale-invariant
power spectrum and are fairly consistent with Gaussianity
and statistical isotropy [2–6]. All of these features find a
convincing explanation within the inflationary paradigm.
Nevertheless, deviations from the basic single-(scalar)field
slow-roll model of inflation are allowed by the experimental
data. On one hand, it is then important to search for
observational signatures that can help discriminate among
all the possible scenarios; on the other hand, it is important
to understand what the theoretical predictions are in this
respect for the different models.

Non-Gaussianity and statistical anisotropy are two pow-
erful signatures. A random field is defined “Gaussian” if it
is entirely described by its two-point function, higher order
connected correlators being equal to zero. Primordial non-
Gaussianity [7, 8] is theoretically predicted by inflation: it
arises from the interactions of the inflaton with gravity and
from self-interactions. However, it is observably too small in
the single-field slow-roll scenario [9–11]. Alternatives to the
latter have been proposed that predict higher levels of non-
Gaussianity such as multifield scenarios [12–18], curvaton
models [19–25], and models with noncanonical Lagrangians
[26–30]. Many efforts have been directed to the study of
higher order (three and four-point) cosmological correlators
in these models [11, 22, 29, 31–47] and towards improving
the prediction for the two-point function, through quantum
loop calculations [10, 48–55]. From WMAP, the bounds on
the bispectrum amplitude are given by −4 < f loc

NL < 80 [56]

and by −125 < f
equil
NL < 435 [57] at 95% CL, respectively

in the local and in the equilateral configurations. For the
trispectrum, WMAP provides −5.6 × 105 < gNL < 6.4 × 105

[58], gNL being the “local” trispectrum amplitude from cubic
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contributions (see also [59]), whereas from Large-Scale-
Structures data −3.5 × 105 < gNL < 8.2 × 105 [60], at 95%
CL. Planck [61] and future experiments are expected to set
further bounds on primordial non-Gaussianity.

Statistical isotropy has always been considered one of
the key features of the CMB fluctuations. The appearance
of some “anomalies” [62–65] in the observations though,
after numerous and careful data analysis, suggests a possible a
breaking of this symmetry that might have occurred at some
point of the Universe history, possibly at very early times.
This encouraged a series of attempts to model this event,
preferably by incorporating it in theories of inflation. Let
us shortly describe the above mentioned “anomalies”. First
of all, the large-scale CMB quadrupole appears to be “too
low” and the octupole “too planar”; in addition to that, there
seems to exist a preferred direction along which quadrupole
and octupole are aligned [3, 62, 66–68]. Also, a “cold spot”,
that is, a region of suppressed power, has been observed
in the southern Galactic sky [63, 69]. Finally, an indication
of asymmetry in the large-scale power spectrum and in
higher-order correlation functions between the northern and
the southern ecliptic hemispheres was found [64, 65, 70–
72]. Possible explanations for these anomalies have been
suggested such as improper foreground subtraction, WMAP
systematics, statistical flukes; the possibilities of topological
or cosmological origins for them have been proposed as
well. Moreover, considering a power spectrum anisotropy
due to the existence of a preferred spatial direction n̂ and
parametrized by a function g(k) as

P
(
�k
)
= P(k)

(
1 + g(k)

(
k̂ · n̂

)2
)

, (1)

the five-year WMAP temperature data have been analyzed
in order to find out what the magnitude and orientation of
such an anisotropy could be. The magnitude has been found
to be g = 0.29 ± 0.031 and the orientation aligned nearly
along the ecliptic poles [73]. Similar results have been found
in [74], where it is pointed out that the origin of such a signal
is compatible with beam asymmetries (uncorrected in the
maps) which should therefore be investigated before we can
find out what the actual limits on the primordial g are.

Several fairly recent works have taken the direction of
analysing the consequences, in terms of dynamics of the
Universe and of cosmological fluctuations, of an anisotropic
preinflationary or inflationary era. A cosmic no-hair conjec-
ture exists according to which the presence of a cosmological
constant at early times is expected to dilute any form of
initial anisotropy [75]. This conjecture has been proven to
be true for many (all Bianchi type cosmologies except for the
Bianchi type-IX, for which some restrictions are needed to
ensure the applicability of the theorem), but not all kinds
of metrics and counterexamples exist in the literature [76–
78]. Moreover, even in the event isotropization should occur,
there is a chance that signatures from anisotropic inflation or
from an anisotropic preinflationary era might still be visible
today [79–82]. In the same context of searching for models
of the early Universe that might produce some anisotropy
signatures at late time, new theories have been proposed
such as spinor models [83–86], higher p-forms [87–92] and

primordial vector field models (see Section 2 for a quick
review).

We are going to focus on statistical anisotropy and non-
Gaussianity predictions of primordial vector field models. As
mentioned above, there are great expectations that Planck
and new experiments will, among other things, shed more
light on the level of non-Gaussianity of the CMB fluctuations
and on the nature of the unexpected anisotropy features
we mentioned (see, e.g., [93]). Models that combine both
types of predictions could be more easily testable and, from
non-Gaussianity measurement, more stringent statistical
anisotropy predictions could be produced or viceversa.

Within vector field models, higher order correlators
had been computed in [94–98] and, more recently, in [99,
100] for U(1) vector fields. We considered SU(2) vector
field models in [101, 102]. Non-Abelian theories offer a
richer amount of predictions compared to the Abelian case.
Indeed, self-interactions provide extra contributions to the
bispectrum and trispectrum of curvature fluctuations that
are naturally absent in the Abelian case. We verified that these
extra contributions can be equally important in a large subset
of the parameter space of the theory and, in some cases, can
even become the dominant ones.

This paper is structured as follows: in Section 2 we review
some vector field models of inflation; in Section 3 we present
the SU(2) model; in Section 4 we provide the results for
the two, three and, four-point functions of the curvature
fluctuations; in Section 5 we present the non-Gaussianity
amplitudes for the bispectrum and for the trispectrum;
in Section 6 we show and discuss their shapes; finally in
Section 7 we draw our conclusions.

2. Inflation and Primordial Vector Fields

The attempt to explain some of the CMB “anomalous”
features as the indication of a break of statistical isotropy
is the main reason behind ours and many of the existing
inflationary models populated by vector fields, but not the
only one. The first one of these models [103] was formulated
with the goal of producing inflation by the action of vector
fields, without having to invoke the existence of a scalar
field. The same motivations inspired the works that followed
[104–106]. Lately, models where primordial vector fields can
leave an imprint on the CMB have been formulated as an
alternative to the basic inflationary scenario, in the search for
interesting non-Gaussianity predictions [94–102]. Finally,
vector fields models of dark energy have been proposed
[107–111]. All this appears to us as a rich bag of motivations
for investigating these scenarios.

Before we quickly sketch some of them and list the results
so far achieved in this direction, it is important to briefly
indicate and explain the main issues and difficulties that
these models have been facing. We will also shortly discuss
the mechanisms of production of the curvature fluctuations
in these models.

Building a model where primordial vector fields can drive
inflation and/or produce the observed spectrum of large scale
fluctuations requires a more complex Lagrangian than the
basic gauge invariant Lvector = −(

√−g/4)FμνFμν. In fact, for a
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conformally invariant theory as the one described by Lvector,
vector fields fluctuations are not excited on superhorizon
scales. It is then necessary to modify the Lagrangian. For
some of the existing models, these modifications have been
done to the expense of destabilizing the theory, by “switching
on” unphysical degrees of freedom. This was pointed out
in [112–114], where a large variety of vector field models
was analyzed in which longitudinal polarization modes exist
that are endowed with negative squared masses (the “wrong”
signs of the masses are imposed for the theory to satisfy the
constraints that allow a suitable background evolution). It
turns out that, in a range of interest of the theory, these fields
acquire negative total energy, that is, behave like “ghosts”, the
presence of which is known to be responsible for an unstable
vacuum. A related problem for some of these theories is
represented by the existence of instabilities affecting the
equations of motion of the ghost fields [112–114].

In the remaing part of this section, we are going to
present some of these models together with some recent
attempts to overcome their limits.

In all of the models we will consider, primordial vector
fields fluctuations end up either being entirely responsible for
or only partially contributing to the curvature fluctuations at
late times. This can happen through different mechanisms.
For example, if the vector fields affect the universe expansion
during inflation, its contribution ζA to the total ζ can be
derived from combining the definition of the number of e-
foldings (N = ∫

Hdt) with the Einstein equation (H2 =
(8πG/3)(ρφ + ρA), ρA being the energy density of the vector
field and ρφ the inflaton energy density) and using the δN
expansion of the curvature fluctuation in terms of both the
inflaton and the vector fields fluctuations (see Section 4). To
lowest order we have [96]

ζA = Ai
2m2

P

δAi, (2)

where a single vector field has been taken into account
for simplicity (mP is the reduced Planck mass, A is the
background value of the field and δA its perturbation). When
calculating the amplitude of non-Gaussianity in Section 5,
we will refer to this case as “vector inflation” for simplicity.

A different fluctuation production process is the cur-
vaton mechanism which was initially formulated for scalar
theories but it is also applicable to vectors [96, 115, 116].
Specifically, inflation is driven by a scalar field, whereas the
curvaton field(s) (now played by the vectors), has a very
small (compared to the Hubble rate) mass during inflation.
Towards the end of the inflationary epoch, the Hubble rate
value starts decreasing until it equates the vector mass; when
this eventually happens, the curvaton begins to oscillate and
it will then dissipate its energy into radiation. The curvaton
becomes responsible for a fraction of the total curvature
fluctuation that is proportional to a parameter (r) related to
the ratio between the curvaton energy density and the total
energy density of the universe at the epoch of the curvaton
decay [96]

ζA = r

3
δρA
ρA

, (3)

where r ≡ 3ρA/(3ρA + 4ρφ). Anisotropy bounds on the power
spectrum favour small values of r.

From (2) and (3) we can see that, dependending on
which one of these two mechanisms of production of the
curvature fluctuations is considered, different coefficients
will result in the δN expansion (see (22)).

In this section, we will describe both models where
inflation is intended to be vector field driven and those
models in which, instead, the role of the inflaton is played
by a scalar field, whereas the energy of the vector gives a
subdominant contribution to the total energy density of the
universe during the entire inflationary phase.

2.1. Self-Coupled Vector Field Models. A pioneer work on vec-
tor field driven inflation was formulated by Ford [103], who
considered a single self-coupled field Aμ with a Lagrangian

Lvector = −1
4
FμνF

μν +V
(
ψ
)
, (4)

where Fμν ≡ ∂μBν − ∂νBμ and the potential V is a function of
ψ ≡ BαBα. Different scenarios of expansion are analyzed by
the author for different functions V . The universe expands
anisotropically at the end of the inflationary era and this
anisotropy either survives until late times or is damped out
depending on the shape and the location of the minima of
the potential.

The study of perturbations in a similar model was
proposed by Dimopoulos in [115] where he showed that for
a Lagrangian

Lvector = −1
4
FμνF

μν +
1
2
m2BμB

μ, (5)

and for m2  −2H2, the transverse mode of the vector
field is governed by the same equation of motion as a light
scalar field in a de Sitter stage. A suitable superhorizon power
spectrum of fluctuations could therefore arise. In order to
prevent production of large scale anisotropy, in this model
the vector field plays the role of the curvaton while inflation
is driven by a scalar field.

2.2. Vector-Field Coupled to Gravity. The Lagrangian in (5)
may be also intended, at least during inflation, as including
a nonminimal coupling of the vector field to gravity; indeed
the mass term can be rewritten as

Lvector ⊃ 1
2

(
m2

0 + ξR
)
BμB

μ, (6)

where, for the whole duration of the inflationary era, the bare
mass m0 is assumed to be much smaller than the Hubble
rate and the Ricci scalar R = −6[ä/a + (ȧ/a)2] can be
approximated as R  −12H2. For the specific value ξ = 1/6,
(5) is retrieved.

For the Lagrangian just presented, Golovnev et al. [104]
proved that the problem of excessive anisotropy production
in the case where inflation is driven by vector fields can be
avoided if either a triplet of mutually orthogonal or a large
number N of randomly oriented vector fields is considered.
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The Lagrangian (6) with ξ = 1/6 was also employed in
[116], where inflation is scalar field-driven and a primordial
vector field affects large-scale curvature fluctuations and,
similarly, in [117], which includes a study of the backreaction
of the vector field on the dynamics of expansion, by
introducing a Bianchi type-I metric.

2.3. Ackerman-Carroll-Wise (ACW) Model. A model was
proposed in [118, 119] where Lagrange multipliers (λ) are
employed to determine a fixed norm primordial vector field
BμBμ = m2

Lvector ⊃ λ
(
BμBμ −m2

)
− ρΛ, (7)

where ρΛ is a vacuum energy. The expansion rate in this
scenario is anisotropic: if we orient the x-axis of the spatial
frame along the direction determined by the vector field, we
find two different Hubble rates: along the x-direction it is
equal to

H2
b =

ρΛ
m2
P

1
P
(
μ
) , (8)

and it is given by Ha = (1 + cμ2)Hb along the orthogonal
directions; μ ≡ m/mP , P is a polynomial function of μ
and c is a parameter appearing in the kinetic part of the
Lagrangian that we omitted in (7) (see [118, 119] for its
complete expression). As expected, an isotropic expansion is
recovered if the vev of the vector field is set to zero.

2.4. Models with Varying Gauge Coupling. Most of the
models mentioned so far successfully solve the problem of
attaining a slow-roll regime for the vector-fields without
imposing too many restrictions on the parameters of the
theory and of avoiding excessive production of anisotropy at
late times. None of them though escapes those instabilities
related to the negative energy of the longitudinal modes
(although a study of the instabilities for fixed-norm field
models was done in [120] where some stable cases with
non-canonical kinetic terms were found). As discussed in
[112–114], in the self-coupled model a ghost appears at
small (compared to the horizon) wavelengths; in the non-
minimally coupled and in the fixed-norm cases instead the
instability concerns the region around horizon crossing.

Models with varying gauge coupling can overcome the
problem of instabilities and have recently attracted quite
some attention. In [94], the authors consider a model
of hybrid inflation [121–124] with the introduction of a
massless vector field

L ⊃ 1
2

(
∂μφ∂

μφ + ∂μχ∂
μχ
)
− 1

4
f 2(φ)FμνFμν +V

(
φ, χ,Bμ

)
,

(9)

where φ is the inflaton and χ is the so-called “waterfall” field.
The potential V is chosen in such a way as to preserve gauge
invariance; this way the longitudinal mode disappears and
instabilities are avoided.

Similarly, Kanno et al. in [125] (see also [96, 126])
consider a vector field Lagrangian of the type

Lvector = −1
4
f 2(φ)FμνFμν, (10)

but in a basic scalar field-driven inflation model. Very
recently, in [127] the linear perturbations in these kind of
models have been investigated.

Finally, in [96, 100] varying mass vector field models have
been introduced

Lvector = −1
4
f 2(φ)FμνFμν +

1
2
m2BμB

μ, (11)

where f � aα and m � a (a is the scale factor and α is a
numerical coefficient). The special cases α = 1 and α = −2
are of special interest. In fact, introducing the fields Ãμ and

Aμ, related to one another by Ãμ ≡ f Bμ = aAμ (Ãμ and
Aμ are, resp., the comoving and the physical vectors), it is
possible to verify that the physical gauge fields are governed
by the same equations of motion as a light scalar field in a
de Sitter background. Vector fields in this theory can then
generate the observed (almost) scale-invariant primordial
power spectrum.

3. SU(2) Vector Model: Equations of Motion for
the Background and for Linear Perturbations

Let us consider some models where inflation is driven by a
scalar field in the presence of an SU(2) vector multiplet [101,
102]. A fairly general Lagrangian can be the following:

S =
∫
d4x

√−g
⎡⎣m2

PR

2
− f 2

(
φ
)

4
gμαgνβ

∑
a=1,2,3

FaμνF
a
αβ

−M
2

2
gμν

∑
a=1,2,3

BaμB
a
ν + Lφ

⎤⎦,

(12)

where Lφ is the Lagrangian of the scalar field and Faμν ≡
∂μBaν − ∂νBaμ + gcεabcBbμB

c
ν (gc is the SU(2) gauge coupling).

Both f and the effective mass M can be viewed as generic
functions of time. The fields Baμ are comoving and related to
the physical fields byAaμ = (Ba0 ,Bai /a). The free field operators
can be Fourier expanded in their creation and annihilation
operators

δAai
(
�x,η

)
=
∫

d3q

(2π)3 e
i�q·�x

×
∑

λ=L,R,long

[
eλi
(
q̂
)
aa,λ
�q δAaλ

(
q,η

)

+e∗λi
(−q̂)(aa,λ

−�q
)†
δA∗aλ

(
q,η

)]
,

(13)

where the polarization index λ runs over left (L), right (R)
and longitudinal (long) modes and[

aa,λ
�k

,
(
aa

′,λ′
�k′

)†] = (2π)3δa,a′δλ,λ′δ
(3)
(
�k −�k′

)
. (14)
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Here, η the conformal time (dη = dt/a(t)). Once the
functional forms of f and M have been specified, the
equations of motion for the vector bosons can be written.
For the most part, the calculations are quite general in this
respect. In fact, the expression of all correlation functions,
prior to explicitating the wavefunction for the gauge bosons,
apply to any SU(2) theory with an action as in (12), both
for what we will call the “Abelian” and for the “non-Abelian”
contributions. In particular, the structure of the interaction
Hamiltonian is independent of the functional dependence
of f and M and determines the general form of and the
anisotropy coefficients appearing in the final “non-Abelian”
expressions (see Section 4). When it comes to explicitate the
wavefunctions, a choice that can help keeping the result as
easy to generalize as possible is the following:

δBT = −
√
πx

2
√
k

[J3/2(x) + iJ−3/2(x)], (15)

for the transverse mode and

δB‖ = n(x)δBT , (16)

for the longitudinal mode (n is a unknown function of x ≡
−kη) [101, 102]. Let us see why. As previously stated, for
f  aα and with α = 0, 1,−2, it is possible to verify that the
(physical) transverse mode behaves exactly like a light scalar
field in a de Sitter background. Considering the solution
(15) then takes into account at least these special cases. As
to the longitudinal mode, a parametrization was adopted
as in (16) in order to keep the analysis more general and
given that, because of the instability issues, introducing this
degree of freedom into the theory requires special attention.
We are going to keep the longitudinal mode “alive” in the
calculations we present, by considering a nonzero function
n(x), and focus on the simplest case of f = 1. This case
is known to be affected by quantum instabilities in the
longitudinal mode, anyway we choose f = 1 for the sake
of simplicity in our presentation. The results can be easily
generalized to gauge invariant models (please refer to [102]
for a sample generalization of the calculations to massless
f  a(1,−2) models).

4. Correlation Functions of Curvature
Fluctuations: Analytic Expressions

We are now ready to review the computation of the power
spectrum, bispectrum, and trispectrum for the curvature
fluctuations ζ generated during inflation〈

ζ�k1
ζ�k2

〉
= (2π)3δ(3)

(
�k1 +�k2

)
Pζ
(
�k
)

, (17)〈
ζ�k1
ζ�k2
ζ�k3

〉
= (2π)3δ(3)

(
�k1 +�k2 +�k3

)
,

× Bζ
(
�k1,�k2,�k3

)
,

(18)

〈
ζ�k1
ζ�k2
ζ�k3
ζ�k4

〉
= (2π)3δ(3)

(
�k1 +�k2 +�k3 +�k4

)
,

× Tζ
(
�k1,�k2,�k3,�k4

)
.

(19)

Notice that, on the right-hand side of (17) through (19), we
indicated a dependence from the direction of the wavevec-
tors; in models of inflation where isotropy is preserved, the
power spectrum and the bispectrum only depend on the
moduli of the wave vectors. This will not be the case for the
SU(2) model.

The δN formula [31, 128–130] will be employed

ζ
(
�x, t
) = N

(
�x, t∗, t

)−N(t∗, t) ≡ δN
(
�x, t
)
, (20)

which holds if times t∗ and t are chosen, respectively, on
a flat and on a uniform density temporal slices (N is the
number of e-foldings of inflation occurring between these
two times). We employ a spatial metric gi j = a2(t)e−2Ψ(eγ)i j ,
and at linear level the curvature perturbation corresponds to
ζ ≡ −Ψ+Hδu, where δu is the fluctuation in the total energy
density and Ψ is a scalar metric fluctuation. In the presence
of a single scalar field φ, (20) is further expandable as

ζ
(
�x, t
) =∑

n

N (n)(t∗, t)
n!

(
δφ
(
�x, t∗

))n
, (21)

where N (n) is the partial derivative of the e-folding number
w.r.t. φ on the initial hypersurface t∗.

If we apply (21) to the inflaton + SU(2) vector model, we
have

ζ
(
�x, t
)

= Nφδφ +N
μ
a δAaμ +

1
2
Nφφ

(
δφ
)2 +

1
2
N
μν
ab δA

a
μδA

b
ν

+N
μ
φaδφδA

a
μ +

1
3!
Nφφφ

(
δφ
)3 +

1
3!
N
μνλ
abc δA

a
μδA

b
νδA

c
λ

+
1
2
N
μ
φφa

(
δφ
)2
δAaμ +

1
2
N
μν
φabδφδA

a
μδA

b
ν

+
1
3!
Nφφφφ

(
δφ
)4 +

1
3!
N
μνλη
abcd δA

a
μδA

b
νδA

c
λδA

d
η + · · · ,

(22)

where now

Nφ ≡
(
∂N

∂φ

)
t∗

, N
μ
a ≡

(
∂N

∂Aaμ

)
t∗

, N
μ
φa ≡

(
∂2N

∂φ∂Aaμ

)
t∗

(23)

and so on for higher order derivatives.
On a general ground, given the fact that the temporal

modes can always be expressed in terms of the longitudinal
modes, (22) can be rewritten by retaining only the spatial
part for the vector field fluctuations (see also [96]).

Our plan is to show the derivation the correlation
functions of ζ from the ones of δφ and δAai , after a
replacement of the δN expansion (22) in (17) through (19).

The correlation functions can be evaluated using the
Schwinger-Keldysh formula [48–52]

〈Ω|Θ(t)|Ω〉

=
〈

0
∣∣∣[T(ei ∫ t0 HI (t′)dt′

)]
ΘI(t)

[
T
(
e−i

∫ t
0 HI (t′)dt′

)]∣∣∣0
〉

,
(24)
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where, on the left-hand side, the operator Θ and the vacuum
Ω are in the interacting theory whereas, on the right-
hand side, all operators are in the so-called “interaction
picture”, that is, they can be treated as free fields (the Fouries
expansion in (13) thus apply), and |0〉 is the free theory
vacuum.

When calculating the spectra of ζ , the perturbative
expansions in (22) and (24) will be carried out to only
include tree-level contributions, neglecting higher order
“loop” terms, either classical, that is, from the δN series, or of
quantum origin, that is, from the Schwinger-Keldysh series.
Assuming that the SU(2) coupling gc is “small” and that we
are dealing with “small” fluctuations in the fields and given
the fact that a slow-roll regime is being assumed, it turns out
that it is indeed safe for the two expansions to be truncated
at tree-level.

The correlation functions of ζ will then result as the sum
of scalar, vector and (scalar and vector) mixed contributions.
As to the vector part, this will be made up of terms that
are merely generated by the δN expansion, that is, they only
include the zeroth order of the in-in formula (we call these
terms “Abelian”, being them retrievable in the U(1) case),
and by (“non-Abelian”) terms arising from the Schwinger-
Keldysh operator expansion beyond zeroth order, that is,
from the gauge fields self-interactions.

Let us now discuss the level of generality of the results we
will present in the next sections, w.r.t. the choice of a specific
Lagrangian.

The expression for the Abelian contributions provided
in Sections 4.1 and 4.2.1 apply to any SU(2) model of
gauge interactions with no direct coupling between scalar
and vector fields (extra terms would be otherwise needed in
(33) and (34)). The next stage in the Abelian contributions
computation would be to explicitate the derivatives of the
e-foldings number and the wavefunctions of the fields: they
both depend on the equations of motion of the system, there-
fore the fixing of a specific model is required at this point.
As to the non-Abelian contributions, the results in (42) and
(43) are completely general except for assuming, again, that
no direct vector-scalar field coupling exists. The structure of
(52) and (55) is instead due to the choice of a non-Abelian
gauge group. The expressions of the anisotropy coefficients
In and Ln in (52) and (55) depend on the specific non-
Abelian gauge group (for SU(2) one of the In is given in (54)).
Finally, the specific expressions of the isotropic functions Fn
(a sample of which is shown in (53)) and Gn were derived
considering the Lagrangian (12) with f = 1 and the eigen-
functions for the vector bosons provided in (15) and (16).

4.1. The Power Spectrum. The power spectrum of ζ can
be straightforwardly derived at tree-level, using the δN
expansion (22), from the inflaton and the vector fields power
spectra

Pζ
(
�k
)

= Piso(k)
[

1 + gab
(
k̂ · N̂a

)(
k̂ · N̂b

)
+ isabk̂ ·

(
N̂a × N̂b

)]
,

(25)

which generalizes the results of [96] for the U(1) case.

The isotropic part of the previous expression has been
factorized in

Piso(k) ≡ N2
φPφ(k) +

(
�Nc · �Nd

)
Pcd+ , (26)

where we have defined the following combinations

Pab± ≡
(

1
2

)(
PabR ± PabL

)
, (27)

from the power spectra for the right, left and longitudinal
polarization modes

PabR ≡ δabδA
a
R(k, t∗)δAb∗R (k, t∗),

PabL ≡ δabδA
a
L(k, t∗)δAb∗L (k, t∗),

Pablong ≡ δabδA
a
long(k, t∗)δAb∗long(k, t∗).

(28)

The anisotropic parts are weighted by the coefficients

gab ≡
NaNb

(
Pablong − Pab+

)
N2
φPφ +

(
�Nc · �Nd

)
Pcd+

,

sab ≡ NaNbPab−
N2
φPφ +

(
�Nc · �Nd

)
Pcd+

,

(29)

(where a sum is intended over indices c and d but not over a
and b). Equation (26) can also be written as

Piso(k) = N2
φPφ

[
1 + βcd

Pcd+

Pφ

]
, (30)

after introducing the parameter

βcd ≡
�Nc · �Nd

N2
φ

. (31)

Notice that what when we say “isotropic”, as far as the
expression for the power spectrum is concerned, we simply
mean “independent” of the direction of the wave vector.
In this case instead, the vector bosons introduce three
preferred spatial directions: the r.h.s. of (25) depends on
their orientation w.r.t. the wave vector.

As expected, the coefficients gab and sab that weight the
anisotropic part of the power spectrum are related to βcd, that
is, to the parameters that quantify how much the expansion
of the universe is affected by the vector bosons compared to
the scalar field.

Assuming no parity violation in the model, we have sab =
0; the parameters gab and βab are instead unconstrained. In
theU(1) case and for parity conserving theories, (25) reduces
to [96]

Pζ
(
�k
)
= Piso

ζ (k)
[

1 + g
(
k̂ · n̂

)]
, (32)

where n̂ indicates the preferred spatial direction; also one can
check that in this simple case, if P+ � Pφ and Plong = kP+

(k /≡ 1), the relation g = (k − 1)β/(1 + β) holds, where
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β ≡ (NA/Nφ)2 (the anisotropy coefficient g is not to be
confused with the SU(2) coupling constant gc). If it is safe to
assume |g| � 1 (see discussion following (1) and references
[73, 74]), a similar upper bound can also be placed on β.

In the case where more than one special directions
exists, as in the SU(2) model, no such analysis on the
anisotropy data has been so far carried out, the ga parameters
cannot then be constrained, unless assuming that the three
directions converge into a single one; in that case a constraint
could be placed on the sum |g| ≡ |∑a g

a|, where a = 1, 2, 3

and Pζ(�k) = Piso
ζ (k)[1 + ga(k̂ · n̂a)].

4.2. Higher-Order Correlators. We will present the results for
the tree-level contributions to the bispectrum and to the
trispectrum of ζ .

These can be classified in two categories, that we indicate
as “Abelian” and “non-Abelian”. The former are intended as
terms that merely arise from the δN expansion and are thus
retrievable in the Abelian case; the latter are derived from
the linear and quadratic expansions (in terms of the gauge
bosons interaction Hamiltonian) of the Schwinger-Keldysh
formula and are therefore peculiar to the non-Abelian case.

We are going to provide both types of contributions, in
preparation for discussing and comparing their magnitudes
later on in Section 5.

4.2.1. Abelian Contributions. By plugging the δN expansion
(22) in (18) and (19), we have

Bζ
(
�k1,�k2,�k3

)
⊃ 1

2
N2
φNφφ

[
Pφ(k1)Pφ(k2) + perms.

]
+

1
2
Ni
aN

j
bN

kl
cd

[
Πac
ik

(
�k1

)
Πbd
jl

(
�k2

)
+ perms.

]
+

1
2
NφN

i
aN

j
φb

[
Pφ(k1)Πab

i j

(
�k2

)
+ perms.

]
+NφN

2
φBφ(k1, k2, k3),

(33)

for the bispectrum (see also [96]) and

Tζ
(
�k1,�k2,�k3,�k4

)
⊃ N4

φTφ
(
�k1,�k2,�k3,�k4

)
+N3

φNφφ

[
Pφ(k1)Bφ

(∣∣∣�k1 +�k2

∣∣∣, k3, k4

)
+ perms.

]
+N2

φN
i
aN

j
φb

[
Pabi j

(
�k3

)
Bφ
(
k1, k2,

∣∣∣�k3 +�k4

∣∣∣) + perms.
]

+N2
φN

2
φφ

[
Pφ(k1)Pφ(k2)Pφ

(∣∣∣�k1 +�k3

∣∣∣) + perms.
]

+N3
φNφφφ

[
Pφ(k1)Pφ(k2)Pφ(k3) + perms.

]
+N2

φN
i
φaN

j
φb

[
Pabi j

(
�k1 +�k3

)
Pφ(k1)Pφ(k2) + perms.

]
+Ni

aN
j
bN

k
φcN

l
φd

×
[
Pacik

(
�k1

)
Pbdjl

(
�k2

)
Pφ
(∣∣∣�k1 +�k3

∣∣∣) + perms.
]

+N2
φN

i
aN

j
φφb

[
Pφ(k1)Pφ(k2)Pabi j

(
�k3

)
+ perms.

]
+NφN

i
aN

j
bN

kl
φcd

[
Pacik

(
�k1

)
Pbdjl

(
�k2

)
Pφ(k3) + perms.

]
+NφφNφN

i
φaN

j
b

×
[
Pφ(k2)Pφ

(∣∣∣�k1 +�k2

∣∣∣)Pabi j (�k4

)
+ perms.

]
+N

ij
abN

k
c N

l
φdNφ

[
Pikac

(
�k2

)
P
jl
bd

(
�k1 +�k2

)
Pφ(k4) + perms.

]
+Ni

aN
j
bN

kl
cdN

mn
e f

×
[
Pacik

(
�k1

)
Pbejm

(
�k2

)
P
df
ln

(
�k1 +�k3

)
+ perms.

]
+Ni

aN
j
bN

k
c N

lmn
de f

[
Padil

(
�k1

)
Pbejm

(
�k2

)
P
c f
kn

(
�k3

)
+ perms.

]
,

(34)

for the trispectrum (see also [97]).
Let us now provide some definition for the quantities

introduced in the previous equations

Πab
i j

(
�k
)
≡ Teven

i j

(
�k
)
Pab+ + iTodd

i j

(
�k
)
Pab− + T

long
i j

(
�k
)
Pablong,

(35)

where

Teven
i j

(
�k
)
≡ eLi

(
k̂
)
e∗Lj
(
k̂
)

+ eRi

(
k̂
)
e∗Rj

(
k̂
)

,

Todd
i j

(
�k
)
≡ i
[
eLi

(
k̂
)
e∗Lj
(
k̂
)
− eRi

(
k̂
)

e∗Rj
(
k̂
)]

,

T
long
i j

(
�k
)
≡ eli

(
k̂
)
e∗lj
(
k̂
)
.

(36)

The polarization vectors are eL(k̂) ≡ (1/
√

2)(cos θ cosφ −
i sinφ, cos θ sinφ + i cosφ,− sin θ), eR(k̂) = e∗L(k̂) and

el(k̂) = k̂ = (sin θ cosφ, sin θ sinφ, cos θ), from which we
have

Teven
i j

(
�k
)
= δi j − k̂ik̂ j ,

Todd
i j

(
�k
)
= εi jkk̂k,

T
long
i j

(
�k
)
= k̂ik̂ j .

(37)

The purely scalar terms in (33)-(34) are already known from
the literature: in single-field slow-roll inflation Pφ = H2∗/2k3,
where H∗ is the Hubble rate evaluated at horizon exit; the
bispectrum and the trispectrum of the scalar field (Bφ and
Tφ) can be found in [9–11, 38, 131] (they were also reported
in [102, (11) and (12)]). As to the mixed (scalar-vector)
terms, they can be ignored if one considers a Lagrangian
where there is no direct coupling between the inflaton
and the gauge bosons and where slow-roll assumptions are
introduced for the fields (see [102, Section 4] for a complete
discussion on this). Let us then look at the (purely) vector
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part. Its anisotropy features can be stressed by rewriting them
as follows (see also [96, 97])

Bζ
(
�k1,�k2,�k3

)
⊃ 1

2
Ni
aN

j
bN

kl
cdΠ

ac
ik

(
�k1

)
Πbd
jl

(
�k2

)
=Mc

kN
kl
cdM

d
l

(38)

Tζ
(
�k1,�k2,�k3,�k4

)
⊃ Ni

aN
j
bN

kl
cdN

mn
e f P

ac
ik

(
�k1

)
Pbejm

(
�k2

)
× Pdflη

(
�k1 +�k3

)
+Ni

aN
j
bN

k
c N

lmn
de f

× Padil
(
�k1

)
Pbejm

(
�k2

)
P
c f
kη

(
�k3

)
=Mc

i L
i j
ceMe

j +M
f
i M

e
jM

d
kN

i jk
f ed,

(39)

where

Mc
k

(
�k
)

≡ Ni
aP

ac
ik

(
�k
)

= Pac+ (k)
[
δikN

i
a + pac(k)k̂k

(
k̂ · �Na

)
+ iqac(k)

(
k̂ × �Na

)
k

]
,

L
jl
ce

(
�k
)

≡ N
ji
cdP

df
ik

(
�k
)
Nkl
f e

= P
df
+

(
�k
)[
�N j
cd · �Nl

e f + pdf (k)
(
k̂ · �N j

cd

)(
k̂ · �Nl

e f

)
+iqdf (k)k̂ · �N j

cd × �Nl
e f

]
.

(40)

In the previous equations, we defined

pac(k) ≡ Paclong − Pac+

Pac+
,

qac(k) ≡ Pac−
Pac+

,

(41)

with �Na ≡ (N1
a ,N2

a ,N3
a ) and �N j

cd ≡ (N
j1
cd ,N

j2
cd ,N

j3
cd ).

Notice that, as for the power spectrum (25), also in (38)-
(39) the anisotropic parts of the expressions are weighted
by coefficients that are proportional either to P− or to
(Plong − P+). When these two quantities are equal to zero,
the (Abelian) bispectrum and trispectrum are therefore
isotropized. P− = 0 in parity conserving theories, like the
ones we have been describing. According to the parametriza-
tion (16) of the longitudinal mode, we have Plong − P+ =
(|n(x)|2 − 1) P+.

4.2.2. Non-Abelian Contributions. We list the non-Abelian
terms for the bispectrum

Bζ
(
�k1,�k2,�k3

)
⊃ Ni

aN
j
bN

k
c B

abc
i jk

(
�k1,�k2,�k3

)
, (42)

and for the trispectrum

Tζ
(
�k1,�k2,�k3,�k4

)
⊃ Ni

aN
j
bN

k
c N

l
dT

abcd
i jkl

(
�k1,�k2,�k3,�k4

)
+Ni

aN
j
bNφN

k
φc

[
Pφ(k3)Babci jk

(
�k1,�k2,�k3 +�k4

)
+ perms.

]
+Ni

aN
j
bN

k
c N

lm
de

×
[
Padil

(
�k1

)
Bbcejkm

(
�k1 +�k2,�k3,�k4

)
+ perms.

]
.

(43)

The computation of the vector bosons spectra

〈
δAai δA

b
j δA

c
k

〉
= δ(3)

(
�k1 +�k2 +�k3

)
Babci jk ,

〈
δAai δA

b
j δA

c
kδA

d
l

〉
= δ(3)

(
�k1 +�k2 +�k3 +�k4

)
Tabcd
i jkl ,

(44)

will be reviewed in this section. This requires the expansion
of the in-in formula up to second order in the interaction
Hamiltonian

〈
Θ
(
η∗
)〉

⊃ i

〈
T

[
Θ

∫ η∗
−∞

dη′
(
H+

int

(
η′
)−H−

int

(
η′
))]〉

+
(−i)2

2

〈
T

[
Θ

∫ η∗
−∞

dη′
(
H+

int

(
η′
)−H−

int

(
η′
))

×
∫ η∗
−∞

dη′′
(
H+

int

(
η′′
)−H−

int

(
η′′
))]〉

.

(45)

The interaction Hamiltonian needs to be expanded up to
fourth order in the fields fluctuations, that is, Hint = H

(3)
int +

H
(4)
int , where

H
(3)
int = gcε

abcgikg jl
(
∂iδB

a
j

)
δBbkδB

c
l

+ g2
c ε

eabεecdgikg jlBai δB
b
j δB

c
kδB

d
l ,

H
(4)
int = g2

c ε
eabεecdgi jgklδBai δB

b
kδB

c
jδB

d
l .

(46)

To tree-level, the relevant diagrams are pictured in Figures
1 and 2. By looking at (46), we can see that there is a
bispectrum diagram that is lower in terms of power of the
SU(2) coupling (∼gc) compared to the trispectrum (∼g2

c ); as
a matter of fact, for symmetry reasons that we are going to
discuss later in this section, g2

c interaction terms are needed
to provide a nonzero contributions to the bispectrum.
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gc

(a)

g2
c

(b)

Figure 1: Diagrammatic representations of the tree-level contribu-
tions to the vector fields bispectrum.

The propagators for “plus” and “minus” fields are

̂
δBa,+

i (η′)δBb,+
j (η′′) = Π̃ab

i j

(
η′,η′′

)
Θ
(
η′ − η′′)

+ Π
ab
i j

(
η′,η′′

)
Θ
(
η′′ − η′),

̂
δBa,+

i (η′)δBb,−
j (η′′) = Π

ab
i j

(
η′,η′′

)
,

̂
δBa,−

i (η′)δBb,+
j (η′′) = Π̃ab

i j

(
η′,η′′

)
,

̂
δBa,−

i (η′)δBb,−
j (η′′) = Π

ab
i j

(
η′,η′′

)
Θ
(
η′ − η′′)

+ Π̃ab
i j

(
η′,η′′

)
Θ
(
η′′ − η′),

(47)

or

Π̃ab
i j

(
�k
)
≡ Teven

i j

(
k̂
)
P̃ab+ + iTodd

i j

(
k̂
)
P̃abi j + T

long
i j

(
k̂
)
P̃abi j ,

Π
ab
ij

(
�k
)
≡ Teven

i j

(
k̂
)
P
ab
+ + iTodd

i j

(
k̂
)
P
ab
i j + T

long
i j

(
k̂
)
P
ab
i j ,

(48)

in Fourier space. In the previous equations we set P̃ab± ≡
(1/2)(P̃abR ± P̃abL ), P̃abR = δabδB

ab
R (k,η∗)δB∗abR (k,η) and P

ab
± =

(P̃ab± )
∗

(similar definitions apply for P̃abL and P̃ablong).
We are now ready to show the computation of the

following contributions to the bispectrum and trispectrum
of ζ

〈
ζ�k1
ζ�k2
ζ�k3

〉
⊃ Ni

aN
j
bN

k
c 〈δAai

(
�k1

)
δAbj

(
�k2

)
δAck

(
�k3

)
〉,

(49)

〈
ζ�k1
ζ�k2
ζ�k3
ζ�k4

〉
⊃ Ni

aN
j
bN

k
c N

l
d

×
〈
δAai

(
�k1

)
δAbj

(
�k2

)
δAck

(
�k3

)
δAdl

(
�k4

)〉
.

(50)

Equation (49) becomes

〈
ζ�k1
ζ�k2
ζ�k3

〉
⊃ Ni

aN
j
bN

k
c

δ(3)
(
�k1 +�k2 +�k3

)
a3
(
η∗
)

×
[∫

dηa4(η)Π̃im

(
�k1

)
Π̃l
j

(
�k2

)
Π̃m
k

(
�k3

)
×
(
gcε

abck1l + g2
c ε

edaεebcBdl

)]
+ perms. + c.c.

(51)

Even before performing the time integration, one realizes
that, because of the antisymmetric properties of the Levi-
Civita tensor, the ∼gc contribution on the r.h.s. of (51) is
equal to zero once the sum over all the possible permutations
has been performed. The vector bosons bispectrum is
therefore proportional to g2

c . The final result from (51) has
the following form〈

ζ�k1
ζ�k2
ζ�k3

〉
⊃ (2π)3δ(3)

(
�k1 +�k2 +�k3

)
g2
c H

2
∗

×
∑
n

Fn
(
ki,η∗

)
In
(
k̂i · k̂ j , �Ai · �Aj , k̂i · �Aj

)
,

(52)

where the Fn’s are isotropic functions of time and of the
moduli of the wave vectors (i = 1, 2, 3) and the In’s are
anisotropic coefficients. The sum in the previous equation
is taken over all possible combinations of products of three
polarization indices, that is, n ∈ (EEE,EEl,ElE, . . . , lll),
where E stands for “even”, l for “longitudinal”. The complete
expressions for the terms appearing in the sum are quite
lengthy (see [101, Section 4.2]). As an example, we report
one of these terms

Flll = −n6(x∗)
1

24k6k2
1k

2
2k

2
3x∗2

× [AEEE + (BEEE cos x∗ + CEEE sin x∗)Eix∗],

(53)

Illl = εaa
′b′εac

′e

×
[((

k̂1 · �Na′
)(
k̂3 · �Nb′

)(
k̂2 · �Nc′

)(
k̂1 · k̂2

)
×
(
k̂3 · Âe

)
−
(
k̂3 · �Na′

)(
k̂2 · �Nb′

)
×
(
k̂1 · �Nc′

)(
k̂1 · k̂2

)(
k̂3 · Âe

))
+(1 ←→ 3) + (2 ←→ 3)

]
,

(54)

where AEEE, BEEE and CEEE are functions of x∗ and of the
momenta ki ≡ |�ki| (they are all reported in [101, Appendix
C]), Ei is the exponential-integral function and i ↔ j means

“exchange k̂i with k̂ j”. As we will discuss in more details
in Section 6, one of the more interesting features of these
models is that the bispectrum and the trispectrum turn out
to have an amplitude that is modulated by the preferred
directions that break statistical isotropy.
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(a)

g2
c

(b)

Figure 2: Diagrammatic representations of the tree-level contributions to the vector fields trispectrum: vector-exchange (a) and contact-
interaction (b) diagrams.

Let us now move to the trispectrum. Again, we count
two different kinds of contributions, the first from ∼gc and

the second from ∼g2
c interaction terms, respectively in H

(3)
int

andH(4)
int . The former produce vector-exchange diagrams, the

latter are represented by contact-interaction diagrams (see
Figure 2). Their analytic expressions are different, but they
both have a structure similar to (52)

〈
ζ�k1
ζ�k2
ζ�k3
ζ�k4

〉
⊃ (2π)3δ(3)

(
�k1 +�k2 +�k3 +�k4

)
g2
c H

2
∗

×
∑
n

Gn

(
ki, k1̂2, k1̂4,η∗

)
Ln
(
k̂i · k̂ j , �Ai · �Aj , k̂i · �Aj

)
,

(55)

where we define k1̂2 ≡ |�k1 +�k2| and k1̂4 ≡ |�k1 +�k4| (see [102,
Sections 5.2.1 and 5.2.2] for the explicit expressions of the
functions Gn and Ln).

5. Amplitude of non-Gaussianity: fNL and τNL

In this paper, we use the following definitions for the non-
Gaussianity amplitudes

6
5
fNL =

Bζ
(
�k1,�k2,�k3

)
Piso(k1)Piso(k2) + perms.

,

τNL =
2Tζ

(
�k1,�k2,�k3,�k4

)
Piso(k1)Piso(k2)Piso

(
k1̂4

)
+ 23 perms.

.

(56)

The choice of normalizing the bispectrum and the trispec-
trum by the isotropic part of the power spectrum, instead of
using its complete expression Pζ , is motivated by the fact that
the latter would only introduce a correction to the previous
equations proportional to the anisotropy parameter g, which
is a small quantity.

The parameters fNL and τNL receive contributions both
from scalar (“s”) and from vector (“v”) fields

fNL = f
(s)
NL + f

(v)
NL , (57)

τNL = τ
(s)
NL + τ

(v)
NL. (58)

The latter can again be distinguished into Abelian (A) and
non-Abelian (NA)

f
(v)
NL = f

(A)
NL + f

(NA)
NL , (59)

τ
(v)
NL = τ

(A1)
NL + τ

(A2)
NL + τ

(NA1)
NL + τ

(NA2)
NL . (60)

The contribution f
(A)
NL comes from (38), f (NA)

NL from (52),

τ
(A1)
NL and τ(A2)

NL from (39), finally τ(NA1)
NL from (55) and τ(NA2)

NL

from the last line of (43).
In order to keep the vector contributions manageable

and simple in their structure, all gauge and vector indices
will be purposely neglected at this point and so the angular
functions appearing in the anisotropy coefficients will be
left out of the final amplitude results. This is acceptable
considering that these functions will in general introduce
numerical corrections of order one. Nevertheless, it is
important to keep in mind that the amplitudes also depend
on the angular parameters of the theory.

We will now focus on the dependence of fNL and τNL
from the nonangular parameters of the theory and quickly
draw a comparison among the different contributions listed
in (57) through (60).

The expression of the number of e-foldings depends on
the specific model and, in particular, on the mechanism of
production of the fluctuations. Two possibilities have been
described in Section 2. For vector inflation we have

Ni
a =

Aai
2m2

P

, N
ij
ab =

δabδij

2m2
P

, (61)

(see [101, Appendix B] for their derivation). In the vector
curvaton model the same quantities become [96, 101]

Ni
a =

2
3
r

Aai∑
b

∣∣∣�Ab∣∣∣2 , N
ij
ab =

1
3
r

δabδi j∑
c

∣∣∣�Ac∣∣∣2 . (62)

Neglecting tensor and gauge indices, the expressions above
can be simplified as NA � A/m2

P and NAA � 1/m2
P in

vector inflation, NA � r/A and NAA � r/A2 in the vector
curvaton model. Also we have NAAA = 0 in vector inflation
and NAAA � r/A3 in vector curvaton.

We are now ready to provide the final expressions for the
amplitudes: in Table 1 we list all the contributions to fNL,
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Table 1: Order of magnitude of fNL in different scenarios.

f sNL f ANL f NANL

general case
1

(1 + β)2

Nφφ

N2
φ

β

(1 + β)2

NAA

N2
φ

β2

(1 + β)2 g
2
c

(
m

H

)2

v.inflation
εφ

(1 + ((A/mP)
√εφ)2)

2

ε2
φ

(1 + ((A/mP)
√εφ)2)

2

(
A

mP

)2 ε2
φg

2
c

(1 + ((A/mP)
√εφ)2)

2

(
A2

mPH

)2

v.curvaton
εφ

(1 + (AmP/A
2
tot)

2εφr2)
2

ε2
φr

3

(1 + (AmP/A
2
tot)

2εφr2)
2

(
Am2

P

A3
tot

)2 ε2
φr

3g2
c

(1 + (AmP/A
2
tot)

2εφr2)
2

(
A2m2

P

A3
totH

)2

Table 2: Order of magnitude of the vector contributions to τNL in different scenarios.

τNA1
NL τNA2

NL τA1
NL τA2

NL

general case 103 β2εg2
c

(1 + β)3

(
mP

H

)2

10−5 β
3/2ε3/2g2

c

(1 + β)3

(
A

H

)(
mP

H

)
m2
PNAA

βε2

(1 + β)3 m
4
PN

2
AA

β3/2ε3/2

(1 + β)3 m
3
PNAAA

v.inflation same as above 10−5 β
3/2ε3/2g2

c

(1 + β)3

(
A

H

)(
mP

H

)
βε2

(1 + β)3 0

v.curvaton same as above 10−5 rβ
3/2ε3/2g2

c

(1 + β)3

(
A

H

)(
mP

H

)(
mP

A

)2 r2βε2

(1 + β)3

(
mP

A

)4 rβ3/2ε3/2

(1 + β)3

(
mP

A

)3

Table 3: Order of magnitude of the ratios f vNL/ f
s
NL in different

scenarios.

f ANL/ f
s
NL f NANL / f

s
NL

general case β
NAA

Nφφ
β2g2

c

(
m

H

)2 N2
φ

Nφφ

v.inflation β
β2g2

c

εφ

(
mP

H

)2

v.curvaton βr

(
mP

A

)2 β2g2
c

εφr

(
A

H

)2

Table 2 includes the vector contributions to τNL, the scalar
contributions being given by

τ
(s)
NL =

εφ(
1 + β

)3 +
ε2
φ(

1 + β
)3 . (63)

In the expressions appearing in the tables, numerical coef-
ficients of order one have not been reported. Also, m is by
definition equal to mP in vector inflation and to A/

√
r in the

vector curvaton model; Nφ � (mP
√εφ)−1 and Nφφ � m−2

P ,
with εφ ≡ (φ̇2)/(2m2

PH
2).

The quantities involved in the amplitude expressions are
g, β, r, εφ, gc, mP/H , A/mP and A/H . We already know that
g and β are to be considered smaller than one (see discussion
after (32)). Similarly, as mentioned after (3), r has to remain
small at least until inflation ends so as to attain an “almost
isotropic” expansion. The slow-roll parameter εφ and the
SU(2) coupling gc are small, respectively, to allow the inflaton
to slowly roll down its potential and for perturbation theory
to be valid. The ratio mP/H is of order 105 (assuming εφ ∼
10−1). Finally, A/mP and A/H have no stringent bounds. A
reasonable choice could be to assume that the expectation
value of the gauge fields is no larger than the Planck mass,
that is, A/mP ≤ 1. As to the A/H ratio, different possibilities
are allowed, including the one where it is of order one (see
[99, Section 6 and Appendix A] for a discussion on this).

Let us now compare the different amplitude contribu-
tions. The ratios between scalar and vector contributions
are shown in Table 3 for the bispectrum and Table 4 for
the trispectrum. We can observe that the dominance of a
given contribution w.r.t. another one very much depends
on the selected region of parameter space. It turns out that
it is allowed for the vector contributions to be larger than
the scalar ones and also for the non-Abelian contributions
to be larger than the Abelian ones. This is discussed more
in details in [99, Section 6]. An interesting point is, for
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Table 4: Order of magnitude of the ratios τvNL/τ
s
NL in different scenarios.

τNA1
NL /τsNL τNA2

NL /τsNL τA1
NL/τ

s
NL τA2

NL/τ
s
NL

general case 103β2g2
c

(
mP

H

)2

10−5β3/2ε1/2g2
c

(
A

H

)(
mP

H

)
m2
PNAA βεm4

PN
2
AA β3/2ε1/2m3

PNAAA

v.inflation same as above 10−5β3/2ε1/2g2
c

(
A

H

)(
mP

H

)
βε 0

v.curvaton same as above 10−5rβ3/2ε1/2g2
c

(
A

H

)(
mP

H

)(
mP

A

)2

r2βε
(
mP

A

)4

rβ3/2ε1/2

(
mP

A

)3

Table 5: Order of magnitude of the ratios τvNL/( f
NA
NL )

2
in different scenarios.

τNA1
NL /( f NANL )

2
τNA2
NL /( f NANL )

2
τA1
NL/( f

NA
NL )

2
τA2
NL/( f

NA
NL )

2

v.i. 109 ε(1 + β)
g2
c β

2

(
H

mP

)2

10
ε3/2(1 + β)
β5/2g2

c

(
A

H

)(
H

mP

)3

106 ε
2(1 + β)
β3g4

c

(
H

mP

)4

0

v.c. 109 r
2ε(1 + β)
g2
c β

2

m2
P

A2

H2

A2
10
r5ε3/2(1 + β)

β5/2g2
c

H3

A3

mP

H

m2
P

A2
106 r

6ε2(1 + β)
β3g4

c

(
mP

A

)4(H
A

)4

106 r
3ε3/2(1 + β)
g2
c β

5/2

m3
P

A3

H4

A4

instance, the following: ignoring tensor and gauge indices,
the ratio gcA/H , that appears in many of the Tables entries,
is a quantity smaller than one; if we consider the different
configurations identified by gauge and vector indices, we
realize that this is not always true, in fact the value of this
ratio can be�1 in some configurations.

Finally, it is interesting to compare bispectrum and
trispectrum amplitudes (see Table 5). Again, it is allowed for
the ratios appearing in Table 5 to be either large or small,
depending on the specific location within the parameter
space of the theory. For instance, the combination of a
small bispectrum with a large trispectrum is permitted. The
latter is an interesting possibility: if the bispectrum was
observably small, we could still hope the information about
non-Gaussianity to be accessible thanks to the trispectrum.

Another interesting feature of this model is that the
bispectrum and the trispectrum depend on the same set of
quantities. If these correlation functions were independently
known, that information could then be used to test the
theory and place some bounds on its parameters.

6. Shape of Non-Gaussianity and Statistical
Anisotropy Features

Studying the shape of non-Gaussianity means understanding
the features of momentum dependence of the bispectrum
and higher order correlators. If they also depend on variables
other than momenta, it is important to determine how these
other variables affect the profiles for any given momentum
set-up. This is the case as far as the bispectrum and the
trispectrum of the gauge fields are concerned, given the fact

that they are functions, besides of momenta, also of a large
set of angular variables (see (52) and (55)).

6.1. Momentum Dependence of the Bispectrum and Trispec-
trum Profiles. We show the study of the momentum depen-
dence of the Fn and Gn functions in (52) and (55) first and
then analyze the angular variables dependence of the spectra,
once the momenta have been fixed in a given configuration.
A natural choice would be to consider the configuration
where the correlators are maximized.

The maxima can be easily determined for the bispectrum
by plotting the isotropic functions Fn and Gn in terms of
two of their momenta. These plots are provided in Figure 3,
where the variables are x2 ≡ k2/k1 and x3 ≡ k3/k1. Each
one of the plots corresponds to a single isotropic functions
of the sum in (52). It is apparent that the maxima are mostly
located in the so-called local region, that is, for k1 ∼ k2 � k3;
three out of the eight graphs do not have their peaks in this
configuration but, at the same time, they show negligible
amplitudes compared to the “local” peaked graphs.

The situation is much more complex for the trispectrum,
being the number of momentum variables larger than three
(k1, k2, k3, k4, k1̂2 and k1̂4). The momentum dependence of
the isotropic functions can be studied by selecting different
configurations for the tetrahedron made up by the four
momentum vectors, in such a way as to narrow the number
of independent momentum variables down to two. A list of
possible configurations was presented in [43]. We consider
two of them, the “equilateral” and the “specialized planar”.

In the equilateral configuration the four sides of the
tetrahedron have the same length (k1 = k2 = k3 = k4),
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Figure 3: Plot of rn ≡ Θ(x2 − x3)Θ(x3 − 1 + x2)x2
2x

2
3Rn(x2, x3), where we define Rn = k6

1Fn. The Heaviside step functions Θ help restricting

the plot domain to the region (x2, x3) that is allowed for the triangle �k1 +�k2 +�k3 = 0 (in particular, we set x3 < x2). We also set x∗ = 1.

therefore x ≡ k1̂2/k1 and y ≡ k1̂4/k1 can be chosen as
variables for the plots. The plots of the isotropic functions
of contact interaction and vector exchange contributions are
provided in Figure 4. The former (c.i.) shows a constant
behaviour in this configuration, being independent of k1̂2
and k1̂4. The latter (v.e.(I), v.e.(II) and v.e.(III)) diverge as
k−3

1̂i
(i = 1, 2, and 3, resp., for the three plots) in the limit of

a flat tetrahedron, that is, (k1̂i/k1) → 0.
In the specialized planar configuration, the tetrahedron is

flattened and, in addition to that, three of the six momentum
variables are set equal to one another (k1 = k3 = k1̂4); this

leaves two independent variables, which can be x ≡ k2/k1 and
y ≡ k3/k1. There is a double degeneracy in this configuration,
due to the fact that the quadrangle can have internal angles
larger than or smaller/equal to π, as we can see from the plus
and minus signs in the expressions for k1̂2 and k1̂3 [43]

k1̂2

k1
=
√

1 +
x2y2

2
± xy

2

√
(4− x2)

(
4− y2

)
,

k1̂3

k1
=
√
x2 + y2 − x2y2

2
∓ xy

2

√
(4− x2)

(
4− y2

)
.

(64)
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Figure 4: Plots of the isotropic functions appearing in the vector fields trispectrum (from (55)): c.i. is the contribution from contact-
interaction diagrams, v.e.(I), v.e.(II), and v.e.(III) are the contributions from the vector-exchange diagrams. The equilateral configuration
has been considered in this figure.

The two cases are plotted in Figures 5 and 6. Notice that
divergences generally occur as x, y → 0, as x → y and
(x, y) → (2, 2).

6.2. Features and Level of Anisotropy. Statistical homogeneity
and isotropy are considered characterizing features of the
CMB fluctuations distribution, if one ignores the issues
raised by the “anomalous” detections we presented in the
introduction.

Homogeneity of the correlation functions equates trans-
lational invariance and hence total momentum conservation,
as enforced by the delta functions appearing on the left-hand
sides of (17) through (19). This invariance property can then
be pictured as the three momentum vectors forming a closed
triangle for the bispectrum and the four momenta arranged
in a tetrahedron for the trispectrum (see Figure 7).

Statistical isotropy corresponds to invariance w.r.t. rota-
tions in space of the momentum (for the power spectrum)
and of the triangle or tetrahedron made up by the momenta,

respectively for the bispectrum and the trispectrum. This
symmetry can be broken, as it for example happens in
the SU(2) case, by assuming the existence of preferred
spatial directions in the early universe that might be
revealed in the CMB observations. When this happens, the
correlation functions are expected to be sensitive to the
spatial orientation of the wave number or of the momenta
triangles and tetrahedrons w.r.t. these special directions.
Analitically, the bispectrum and the trispectrum will depend
on the angles among the vector bosons and the wave vectors
(besides the angles among the gauge bosons themselves), as
shown in the coefficients appearing in (52) and (55). This
implies that both the amplitude and the shape of bispectrum
and trispectrum will be affected by these mutual spatial
orientations. The modulation of the shapes by the directions
that break statistical anisotropy was discussed with some
examples both for the bispectrum and the trispectrum in our
previous papers [101, 102]. These examples are here reported
in Figures 8 and 9. In Figure 8 we show the plot of the vector
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Figure 5: Plots of the contact interaction and of the vector-exchange contributions in the specialized planar configuration (plus sign).

contribution to the bispectrum of ζ , properly normalized in
the configuration

�N3 = NA(0, 0, 1),

�N1 = �N2 = NA

(
sin θ cosφ, sin θ sinφ, cos θ

)
,

(65)

where, the (x, y, z) coordinate frame is chosen to be k̂3 = x̂

and k̂1 = k̂2 = ẑ and δ is the angle between �N1,2 and k̂3.
In Figure 9 we provide a similar plot for the trispectrum,

but in a different configuration

N̂2 · k̂i = 0 (i = 1, . . . , 4)

N̂1 · k̂1 = cos δ, N̂1 · k̂2 = 0,

N̂3 · k̂2 = cos θ, N̂3 · k̂1 = 0.

(66)

In both examples, it is assumed for simplicity that the �Na

have the same magnitude NA for all a = 1, 2, 3.
Another comment should be added concerning statistical

anisotropy in the model. Notice that both the bispectrum
and the trispectrum can be written as the sum of a purely

isotropic and an anisotropic parts. The orders of magnitude
of these two parts can, for instance, be read from Table 2 for
the trispectrum: each one among τNA2

NL , τA1
NL and τA2

NL provide
the order of magnitude of the level of both their isotropic and
anisotropic contributions, which are therefore comparable;
τNA1
NL instead quantifies a purely anisotropic contribution

which, as discussed in Section 5, can be comparable to
the other three parts, if not the dominant one. A similar
discussion applies to the bispectrum (see f ANL and f NANL in
Table 1). We can then conclude that for the three and for the
four point function, there is room in the parameter space of
the theory for the anisotropic contributions to be as large as,
or even larger than, the isotropic ones.

7. Conclusions

Motivated by the interest in models that combine non-
Gaussianity and statistical anisotropy predictions for the
CMB fluctuations, we have considered models of inflation
where primordial vector fields effectively participate in the
production of the curvature perturbations ζ . More specifi-
cally, we have reviewed the computation of the correlation
functions up to fourth order, considering an SU(2) vector
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Figure 6: Plots of the contact interaction and of the vector-exchange contributions in the specialized planar configuration (minus sign).
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Figure 7: Representation of momentum conservation for the bispectrum (the three momenta form a closed triangle) and for the trispectrum
(the momenta form a tetrahedron).

multiplet. The δN formalism was employed to express ζ in
terms of the quantum fluctuations of all the primordial fields.
The Schwinger-Keldysh formula was also used in evaluating
the correlators.

The correlation functions result as the sum of scalar and
vector contributions. The latter are of two kinds, “Abelian”

(i.e., arising from the zeroth order terms in the Schwinger-
Keldysh expansion) and “non-Abelian” (i.e., originating
from the self-interactions of the vector fields). The bispec-
trum and the trispectrum final results are presented as a sum
of products of isotropic functions of the momenta, Fn and
Gn in (52) and (55), multiplied by anisotropy coefficients, In
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and Ln in (52) and (55), which depend on the angles between
the (gauge and wave) vectors.

The amplitude of non-Gaussianity has been presented
through the parameters fNL and τNL; in particular we have
show the dependence of these functions from the nonangular
parameters of the theory. We have provided the comparisons
among the different (scalar versus vector, Abelian versus non-
Abelian) contributions to fNL and τNL, noticing that any one
of them can be the dominant contribution depending on the
selected region of parameter space. In particular, we have
stressed how the anisotropic contributions to the bispectrum
and the trispectrum can overcome the isotropic parts. An
interesting feature of these models is that the bispectrum and
the trispectrum depend on the same set of parameters and
their amplitudes are therefore strictly related to one another.

We have presented the shapes of both the bispectrum and
the trispectrum. The isotropic functions appearing in their
final expressions had been analyzed separately from their

anisotropy coefficients. The bispectrum isotropic functions
had been found to preferably show a local shape. The
trispectrum ones had been plotted selecting equilateral and
specialized planar configurations. The full expressions (i.e.,
complete of their anisotropy coefficients) of bispectrum
and trispectrum have been presented in specific momenta
configuration, in order to provide a hint of the modulation
of shapes and amplitudes operated by anisotropy.

We have reviewed old and recent vector field models,
indicating both their limits and achievements. We would like
to stress that, in our view, the most promising features of
these models consists in the possibility of providing both
non-Gaussianity and statistical anisotropy predictions that
are related to one another because of the fact that they share
the same underlying theory. This might, at some point in
the future, become a great advantage: measurements of non-
Gaussianity could be used to constrain statistical anisotropy
or vice versa.

Acknowledgments

This research has been partially supported by ASI Cont-
ract I/016/07/0 “COFIS”. A. Riotto acknowledges sup-
port by the EU Marie Curie Network UniverseNet
(HPRNCT2006035863).

References

[1] D. H. Lyth and A. Riotto, “Particle physics models of inflation
and the cosmological density perturbation,” Physics Report,
vol. 314, no. 1-2, pp. 1–146, 1999.

[2] G. F. Smoot, C. L. Bennett, A. Kogut, et al., “Structure in the
COBE differential microwave radiometer first-year maps,”
Astrophysical Journal, vol. 396, no. 1, part 2, pp. L1–L5, 1992.

[3] C. L. Bennett, A. J. Banday, K. M. Górski, et al., “Four-year
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[84] C. G. Böhmer and D. F. Mota, “CMB anisotropies and
inflation from non-standard spinors,” Physics Letters, Section
B, vol. 663, no. 3, pp. 168–171, 2008.

[85] T. Watanabe, “Dirac-field model of inflation in Einstein-
Cartan theory,” http://arxiv.org/abs/0902.1392.

[86] G. De Berredo-Peixoto and E. A. De Freitas, “On the torsion
effects of a relativistic spin fluid in early cosmology,” Classical
and Quantum Gravity, vol. 26, no. 17, Article ID 175015,
2009.



20 Advances in Astronomy

[87] C. Germani and A. Kehagias, “P-nflation: generating cosmic
Inflation with p-forms,” Journal of Cosmology and Astroparti-
cle Physics, vol. 2009, no. 3, article 028, 2009.

[88] T. Kobayashi and S. Yokoyama, “Gravitational waves from
p-form inflation,” Journal of Cosmology and Astroparticle
Physics, vol. 2009, no. 5, article 004, 2009.

[89] T. S. Koivisto and N. J. Nunes, “Three-form cosmology,”
Physics Letters, Section B, vol. 685, no. 2-3, pp. 105–109, 2010.

[90] C. Germani and A. Kehagias, “Scalar perturbations in p-
nflation: the 3-form case,” Journal of Cosmology and Astropar-
ticle Physics, vol. 2009, no. 11. article 005, 2009.

[91] T. S. Koivisto and N. J. Nunes, “Inflation and dark energy
from three-forms,” Physical Review D, vol. 80, no. 10, Article
ID 103509, 18 pages, 2009.

[92] T. S. Koivisto, D. F. Mota, and C. Pitrou, “Inflation from N-
forms and its stability,” Journal of High Energy Physics, vol.
2009, no. 9, article 092, 2009.

[93] N. Mandolesi, M. Bersanelli, and R.C. Butler, “Planck
pre-launch status: the Planck-LFI programme,” preprint,
http://arxiv.org/abs/1001.2657.

[94] S. Yokoyama and J. Soda, “Primordial statistical anisotropy
generated at the end of inflation,” Journal of Cosmology and
Astroparticle Physics, vol. 2008, no. 8, article 005, 2008.

[95] C.A. Valenzuela-Toledo, Y. Rodrı́guez, and D. H. Lyth, “Non-
Gaussianity at tree and one-loop levels from vector field
perturbations,” Physical Review D, vol. 80, no. 10, Article ID
103519, 7 pages, 2009.

[96] K. Dimopoulos, M. Karčiauskas, D. H. Lyth, and Y.
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