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1. Introduction

The distinctive feature of human-robot collaboration is the
absence of physical separation between robots and humans;
i.e., they work with no safety fencing in the same work-
stations. This collaboration requires robots equipped with
advanced sensors, such as force/torque sensors and vision
systems. Moreover, advanced algorithms are needed to pro-
vide the robot with the level of intelligence required to
accomplish the collaborative task at hand. In particular, two
topics are especially relevant for human-robot collaboration:
robot control using force feedback and robot guidance. Some
literature review is presented below for these topics.

Robot Control Using Force Feedback. A position/force robot
control is presented in [1] using fuzzy techniques for grinding
applications. A force overshoot-free method was developed
in [2] using impedance control for force tracking. A control
technique based on the quarry matrix was proposed in [3] to
control the tool pose and the force in the tool Z-axis.

Robot Guidance. The forces/torques exerted by the operator
are usually obtained with a force sensor mounted at the
robot wrist and the measurements of the sensor are typically
converted into robot motions using compliance control [4];
however, other variants and methods can be found in the
literature; see [5, 6] among others.

2. Control Techniques

One of the fundamental requirements for the success of a
human-robot collaboration task is the capacity of the robot

system to interact with the human operator. The quantity
that describes the state of interaction more effectively is the
contact force at the robot’s end effector. High values of contact
force are generally undesirable since they produce stress.

To analyze this interaction, the behavior of the system
under a position control scheme when contact forces arise
is worth considering. Since these are naturally described in
the operational space, it is convenient to refer to operational
space control schemes.

The impedance control is convenient to analyze the
interaction of a manipulator with the environment under
the action of an inverse dynamics control in the operational
space. The block scheme representing impedance control is
reported in Figure 1.

The impedance control, in absence of interaction or along
the directions of free motion, is equivalent to an inverse
dynamics position control. Therefore, for the selection of
the impedance parameters, the need of high values to reject
disturbances, due to model uncertainties and to the approx-
imations into the inverse dynamics computation, should be
considered. Such high factors increase proportionally the
gainmatrix but the interaction forcesmust be limited to avoid
undesired oscillations.

Description of an interaction task between the robot and
its environment in terms of natural constraints and artifi-
cial constraints, expressed with reference to the constraint
frame, suggests a control structure that uses the artificial
constraints to specify the objectives of the control system
so that the desired values can be imposed only onto those
variables not subject to natural constraints [7]. The control
action should not affect those variables constrained by the
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surface to avoid conflicts between the control and interaction
with environment that could lead to undesired oscillations.
This type of control structure is called hybrid force/motion
control. The definition of artificial constraints involves both
force and position/velocity variables. The block scheme of a
hybrid force/motion control law is shown in Figure 2. The
output variables are assumed to be the vector of end-effector
forces and the moments of the robot (linear and angular
positions and/or velocities).

3. Mathematical Basis

The kinematics of the robot system is typically considered
to properly perform a closed-loop control. In particular, the
pose 𝑝 and the configuration 𝑞 of the robot are related as
follows [8]:

𝑝 = 𝑓 (𝑞) , (1)

where 𝑓 is the robot kinematic function. The first- and
second-order robot kinematics result in

�̇� =
𝜕𝑓 (𝑞)

𝜕𝑞
̇𝑞 = 𝐽, (2)

�̈� = 𝐽 ̈𝑞 + ̇𝐽 ̇𝑞, (3)

where matrix 𝐽 represents the robot Jacobian. Most works
tackling robot control assume the existence of low-level joint
controllers in charge of achieving the joint accelerations
commanded by the designed robot control. Obviously, the
robot dynamic model should be considered to design this
underlying robot control. Moreover, the bandwidth of the
designed control should be slower than that of the low-level
joint controllers for stability reasons.
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4. Description of the Special Issue

This special issue is focused on robotics in general and collab-
orative robotics particularly. A total amount of 27 paperswere
received during the time that the special issue was open. After
the reviewing process, 11 papers were accepted, which leads
to an acceptance ratio of 41%. The accepted papers belonged
to research centers mainly based in Latin America, Europe,
and China. A short description of the papers included in this
special issue is presented below.

D. Li and J. Wang study the position tracking of an
electric cylinder, which has internal perturbation, external
disturbance, and measurement noise of the output. A control
method is proposed for achieving high tracking accuracy
and tracking velocity for a wheel-legged robot application. E.
Guerra et al. present amultimodal sensory array to accurately
positioning an aerial multicopter drones with respect to
pipes. A solution based on vision sensors has been proposed.
A new method to explore unknown areas, by using a scene-
partitioning scheme and assigning weights to the frontiers
between explored and unknown areas, is presented by J. J.
Lopez-Perez et al. An algorithm based on free segments and
a turning point strategy for solving the problem of robot path
planning in a static environment is presented by I. Hassani
et al. The work presented by A. Ferjani et al. deals with the
design problem of a robust observer-based controller for a
motorcycle system.The nonlinear motorcycle model is firstly
modeled and then an observer-based H∞ robust controller is
designed. Meanwhile the work by J. Liu et al. is devoted to the
consensus problems for a fractional-order multiagent system
with double integral and time delay. The optimal control of
joint pitch angles in the process of a snake robot is tackled
by Y. Bai and Y. Hou. Many multiagent systems cannot be
described by an integer-order dynamical model and can only
be described by a fractional-order dynamical model. This is
the case of the work presented by J. Liu et al. A biologically
inspired motion control method is introduced by X. Zhang
et al. to ameliorate the flexibility and multijoint autonomy of
assistive walking devices based on human-robot interactions.
Z. Li et al. study the robust consensus for nonlinear mul-
tiagent systems with uncertainty and disturbance. Finally, a
multicriteria optimization is designed by Y. He et al. for end-
effector mounting bracket of a high speed and heavy load
palletizing robot.
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A biologically inspired motion control method is introduced to ameliorate the flexibility and multijoint autonomy of assistive
walking devices based on human-robot interactions (HRIs). A new HRI-based coordination control system consisting of a hip
central pattern generator (CPG) control, a knee hierarchical impedance control, and a hip-knee linkage control is also investigated.
Simulations and walking experiments are carried out which demonstrate that (i) the self-oscillation and external communication
characteristics of the CPG are capable of realizing ideal master/slave hip joint trajectories. In addition, symmetrical inhibition
in the CPG unit is essential for maintaining the antiphase motion of the left and right hip joints. (ii) High and low hierarchical
impedance control laws allow appropriate knee joint torque to be calculated to maintain posture during the support and swing
phases as walking proceeds. (iii) A hip-knee joint linkage mechanism which incorporates a hip joint CPG control and knee joint
impedance control allows natural and relevant hip-knee trajectories to be realized. The stability of the HRI-based coordination
control method is also confirmed using Lyapunov stability theory.

1. Introduction

Since the 1960s, limb assistive devices such as orthoses and
exoskeletons have undergone significant development. Such
devices are designedwith different architectures to assist their
users’ movements. Modern exoskeletons are essentially tools
used to relieve the repetitive and heavy rehabilitation work
imposed by physical therapists that improve the efficacy of
the patient’s recovery.

The Lokomat [1] and LOPES [2] exoskeletons are aimed
at helping paraplegic or quadriplegic people to regain loco-
motive ability in their daily life. ATLAS [3], ReWalk [4],
and Ekso [5] are augmentation systems adopted to empower
otherwise healthy people to perform the carrying of heavy
loads. The BLEEX [6], Sarcos [7], and MIT [8] exoskeletons
are mainly used to provide additional power to enable people
suffering from muscular weakness (e.g., the elderly) to walk

or climb stairs. Hybrid assistive limb (HAL) [9] and Honda’s
StrideManagement Assist system (Honda, Tokyo, and Japan)
are also helping people walk again. The latter emerging
field of application is a consequence of population aging in
industrialized countries [10] and low birth rates and high-life
expectancy in these countries [11]. The aging of populations
has resulted in considerable attention being focused on how
to provide flexible master/slave assistance for the elderly in
their daily lives, depending on their physical condition.

Assistive strategies can be divided into six categories:
sensitivity amplification, predefined gait trajectory control,
model-based control, oscillator-based control, predefined
action based on gait pattern, and hybrid assistive strategies.
The first, sensitivity amplification, is mostly used to handle
exoskeletons which increase the load-carrying capability of a
user. In this strategy, the controller usually relies on an inverse
dynamic model of the exoskeleton. The force exerted by the
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wearer on the exoskeleton is set on a positive feedback loop
of the controller and can be scaled down according to an
amplification parameter [12, 13].

With predefined gait trajectory control mechanisms, the
desired joint trajectory is either prerecorded using a healthy
person or extrapolated from a gait analysis data atlas and
is then replayed on the user’s exoskeleton [14, 15]. Under a
model-based control structure, the desired robotic action is
computed using a human-exoskeleton model. The strategy
usually aims to include gravity compensation and zero
moment point balance criteria and provide extra commanded
assistance [16, 17]. Although straightforward, this control
strategy relies on the accuracy of the model which is used
and requires a series of sensors to recognize kinematic and
dynamic variables.

Adaptive oscillators are mathematical models that are
a particular kind of central pattern generator (CPG). A
learning mechanism for them was first developed by Righetti
et al. in order to synchronize their frequency with the instan-
taneous frequency and phase of any periodic input signal
[18]. These models have been widely used in the robotics
field [19, 20]. Hybrid assistive strategies aim to control the
exoskeleton by applying different assistive strategies.

Assistive and rehabilitation robotics will naturally have
different objectives and use different assistive strategies.
However, the human-robot interaction (HRI) is a critical
issue in both applications. Indeed, the HRI is responsible for
both power and information transmission.

In general, a single control method cannot be the best
option to use for all the different motions encountered.
Instead, a comprehensive range of control strategies is
required for the assistive controller to provide natural and
appropriate assistance to humans. Strategies such as model-
based control and predefined action based on gait pattern
are considered adequate in cases where arbitrary motion is
involved. High impedance control of predefined gait trajec-
tory methods can be adequate in cases where the motion to
be made is relatively small and the force necessary is large.
The daily motion of humans, such as walking, sitting, and
standing, consists of combinations of these different cases.
Therefore, the controller of the assistive device is required to
be capable of conducting a comprehensive range of strategies
as well as switching between them according to the motion
desired.

Hybrid control schemes have been applied to various
assistive robots in recent years. For example, HAL (a full-
body assistive robot developed with multiple purposes) uses
a hybrid control that changes the control algorithm according
to the phase of the motion as walking proceeds. In this case,
the phase of the motion is detected according to the pattern
of the ground reaction force and classified by the type of
muscular activity involved [21]. The BLEEX exoskeleton also
uses a hybrid control method to assist the walking motion.
The controller of the BLEEX system has two main subcontrol
algorithms, one in which a master-slave control method is
activated (for stance phases), and one in which a sensitivity
amplification control method is used (for swing phases).
Foot-pressure patterns are also used in the BLEEX system to
detect the phase of the motion [22].

Oh et al. (2015) proposed a generalized control framework
incorporating various assistive control methods. The frame-
work consists of a feedforward disturbance compensation
control, reference tracking feedback control, reference track-
ing feedforward control, and a model-based torque control.
The proposed control framework is designed taking into
consideration the linearity of each control algorithm to enable
continuous and smooth switching between assistive control
algorithms [23]. Vijaykumar developed a control strategy that
provides the necessary assistance required and is related to
balance recovery and postural stability [24].

The aforementioned hybrid control methods essentially
consist of traditional impedance control, compliance control,
and relative stability strategies. Even though these hybrid
methods have been successfully implemented in various
assistive robots, and their performance has improved with
practice, none of the researches has been able to avoid
kinematic and dynamic modulation. As a consequence,
problems have emerged related to the complicity and stability
of the systems when switching strategies. In order to address
this problem, and to improve the flexibility and multijoint
autonomy in walking assist applications, this paper attempts
to provide a coordination control framework for theHRI.The
proposed framework incorporates HRI technology based on
CPG networks and traditional impedance structured control.

In previous studies, the validity and feasibility of the
application of CPGs to assistive devices have been evaluated
experimentally. The experimental results have confirmed
that CPG-based control enables master/slave motion to be
achieved and provides an assist effect as well [25]. Neverthe-
less, in walking assistance applications, two problems—how
to provide stable assistance and how to achieve multijoint
autonomy during walking—remain important issues. In this
paper, a CPG network is used to facilitate synchronization
between the assistive robot and human, as well as generating
the desired trajectory for the hip joint. In order to keep
an antiphase relationship between the left and right hip
joints, mutual inhibition between the left and right oscillators
is incorporated into the control system. A high and low
hierarchical impedance control law is also designed for
control of the knee joint. As a result, the knee joint torques
required during the support and swing stages are obtained
according to the gait requirements. Finally, a hip-knee joint
linkage mechanism is built that incorporates the hip joint
CPG control and knee joint impedance control.Thus, natural
and relevant hip-knee joint trajectories are realized. The
human-robot interaction based coordination control frame-
work was firstly proposed in our previous study [26], and
the rationality of the proposal was examined preliminarily
using simulation analysis. In this paper, we conduct a series of
further simulations and walking experiments using a robotic
suit with four degrees of freedom to verify the validity of
our proposed method and application (a wearable robot to
achieve natural hip and knee joint motion during walking).

The paper is structured as follows. In Section 2, we intro-
duce the framework for the HRI-based coordination control
method which consists of a hip central pattern generator
(CPG) control, a knee hierarchical impedance control, and
a hip-knee linkage control. We analyze the stability of the
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Figure 1: The structure of a single CPG unit.

proposed control system.This section also presents computer
simulations to investigate the stability of the control system.
In Section 3, we conduct walking experiments and discuss
the dynamic performance. The discussion is provided in
Section 4. Finally, conclusions of this study and outline of
future work are given in Section 5.

2. HRI-Based Coordination Control

This section provides details of the HRI-based coordination
controller, which is composed of three parts. Firstly, there
is a CPG-based hip joint control that serves to achieve
synchronization between the assistive robot and human. The
CPG returns the robot’s desired hip joint angle (master/slave
motion mode, depending on the users’ physical condition).
Secondly, there is a knee joint hierarchical impedance control
which serves to calculate the knee joint torque required for
the stance and swing stages. Finally, a knee joint and hip-knee
joint linkage mechanism is implemented in order to achieve
the required motion of the hip-knee joint.

2.1. CPG-Based Hip Joint Control

2.1.1. CPG Model. In this work, CPGs are used to generate
joint trajectories. Following the work of Matsuoka [27],
a CPG unit (an oscillator) consisting of two neurons is
designed: one is an extension neuron, and the other is a
flexion neuron. The two neurons correspond to the extensor
and flexor muscles in animals, respectively (Figure 1). A
mathematical model can be constructed for the unit which
can be expressed via the coupled equations

𝑇𝑟
d𝑥𝑖
d𝑡

+ 𝑥𝑖 = −∑
𝑗 ̸=𝑖

𝑎𝑖𝑗𝑔 (𝑥𝑗) + 𝑆𝑖 − 𝑏𝑖𝑥

𝑖 + (−1)

𝑖−1 𝐼𝑘 (1)

𝑇𝑎
d𝑥𝑖
d𝑡

+ 𝑥𝑖 = 𝑔 (𝑥𝑖) , 𝑔 (𝑥𝑖) = max (0, 𝑥𝑖) (2)

For the sake of clarity, the notation and definitions used
in (1) and (2) are presented in Table 1.

Table 1: The definitions of the parameters appearing in (1) and (2).

Parameter Definition
𝑥𝑖 The inner state of the i-th neuron (i = 1 or 2)
𝑥𝑖 Self-suppression parameter for the i-th neuron

𝑇r
Time constant for the inner state of the i-th

neuron

𝑇a
Time constant for the adaptation of the i-th

neuron

𝑏𝑖
Degree of self-inhibition of the inner state of the

i-th neuron
𝑎𝑖𝑗 Connecting weight from the j-th to i-th neuron
𝑆𝑖 Steady-state input to the i-th neuron
𝐶 Input weight
𝑔(𝑥𝑖) The output of a neuron

𝐼𝑘
External periodic input signal to the k-th CPG

unit

In Figure 1, the output of the CPG unit is calculated
using the formula 𝑔(𝑥1) − 𝑔(𝑥2), or equivalently max(0, 𝑥1) −
max(0, 𝑥2), to obtain a series of continuously oscillating
signals. The output of the CPG corresponds to the desired
trajectory of the hip joint of the assistive robot in this article.

The Matsuoka model is nonlinear with complex charac-
teristics (strong coupling and high dimension). As a result,
it is not possible to give an exact theoretical solution to the
problem, nor is it possible to give a full description of the
effects of the parameters on the unit’s output. In engineering
applications, therefore, numerical computer simulations are
widely used to find the rules governing how a specific
parameter affects the output. According to the rules thus
obtained, parameters can then be assigned relevantly and
directly. Therefore, in this article, typical CPG parameters
are determined based on the premise of combining stable
oscillation with the gait requirements needed (more specif-
ically, with reference to the frequency of the hip joint motion
associated with healthy walking adults).
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The values of the coefficients are subsequently assigned
to be 𝑎12 = 𝑎21 = 1.2, 𝑏𝑖 = 2.5, 𝑠𝑖 = 2.0, 𝑇r = 0.12, and 𝑇a =
0.6. As long as the parameters mentioned above are defined,
the two neurons will be activated alternately at a certain
frequency, which is about 1.0Hz. The input to the oscillator
is a kind of measurement signal (interaction torque in this
article)multiplied by the inputweight𝐶. If there is no input to
be fed back, the oscillatorwill output a stable sinusoidal signal
as a result of the aforementioned parameter assignments.
Once any input is fed back, the neural oscillator will export
output signals that are synchronized with the input signals.

The input weight coefficient 𝐶 is introduced to adjust the
coupling strength between the torque of the human-machine
interaction and the CPG’s self-excited oscillation. The input
function of theCPGunit can be expressed using the following
equation:

𝐼𝑘 = 𝐶 ⋅ 𝜏int. (3)

where 𝜏int. is the interaction torque fed back to the k-th CPG
unit (which is generated as soon as there is any difference
between the user’s and the suit’s movement) and 𝐼𝑘 is the
amplitude of input signal. Basically, 𝐼𝑘 should be in the
interval [–1, 1] to obtain stable and continuous master/slave
movement.

Therefore, the value of 𝐶 should be assigned to guarantee
𝐼𝑘 to be on the interval [−1, 1] according to the magnitude
of the interaction torque. By changing 𝐶, the amplitude
of the input to each CPG will be increased or decreased.
Consequently, different outputs will be obtained. Increasing
the gain will enable the CPG to be entrained and thus
synchronize with the input signal. Conversely, decreasing the
gain will weaken the input signal so that the CPG will tend
to lose synchronization and undergo autonomous oscillation.
In other words, the value of the gain 𝐶 determines whether
the robot’s joint motion corresponds to master or slave.
Furthermore, the larger the value of 𝐶 is, the more easily
an assistive device moves synchronously with the human
motion. (Conversely, the smaller its value is, themore difficult
it is for the assistive device to move synchronously with the
human motion—rather it will become the master and move
in autonomous oscillation mode.)

Figure 2 shows the output behavior of a CPG for different
values of C (0.1, 0.3, and 0.8).The plots on the left correspond
to the input to output transformation results; those on the
right represent the limit cycles of the output oscillation. The
dashed lines in the I/O graphs represent the input to the CPG,
which takes the form of the sinusoidal function sin(1.4𝜋𝑡).
The solid line represents the output of the CPG. Comparing
the results of the simulations, Figure 2(a) shows that the
self-oscillation of the CPG is maintained and the oscillation
frequency is about 1.0Hz (this corresponds to the low 𝐶
result). Figure 2(c), on the other hand, shows that in this case
(high 𝐶 value) the output frequency of the CPG is changed
from the original oscillation frequency of 1.0Hz to 0.7Hz.
In addition, the amplitude is also increased. Figure 2(b)
corresponds to an “intermediate” transition state somewhere
between self-oscillation and synchronous oscillation (due to
the “intermediate” value of 𝐶 used).

The limit cycles shown in (a) and (b) show that the
CPG unit can easily transform from a stable autonomous
oscillation mode to another stable oscillation mode that is
synchronous.The above results thus reveal that the proposed
method is applicable to master-slave motion.

The output of the CPG unit corresponds to the desired
angle 𝜃d of the robot joint which can be calculated using the
expression

𝜃d = 𝜃0 + 𝐾a ⋅ 𝑂𝑘, (4)

where 𝑂k is the output from the CPG unit (in Nm), 𝐾a =
28∘/(Nm) is a constant used to convert between torque and
angle and to tune the amplitude, and 𝜃0 = 15∘ is an offset
used to emulate the naturalmotion of the hip joint.The values
of 𝐾a and 𝜃0, of course, need to be determined according to
the requirements of the system involved. In this article, the
values of 𝐾a and 𝜃0 are, in the early stages, properly assigned
to correspond to natural hip joint trajectories according to
experimentally determined walking data [20].

2.1.2. Mutual Inhibition between Two CPGs. To walk stably,
the joints in the legs of humans have to maintain a certain
difference in phase. Zhang et al. (2011) revealed, in fact,
that the left and right hip joints have to have an antiphase
relationship. It is therefore necessary for robotic suits to
obey this relationship as well in order to confer stability to
the walking assistance provided. That is, there should be a
kind of human-like cooperative motion between each joint
in the robotic suit. To address this requirement, we propose
incorporating mutual inhibition between the CPG units.

Mutual inhibition between the neurons will cause them
to activate alternately. Figure 3 depicts a pair of oscillators
between which mutual inhibition can be achieved. In this
case, the number of neurons is four, and the number of oscil-
lators is two (as before, 𝑎12 = 𝑎34 = 1.2). The synchroniza-
tion gain𝐶 controls the outer synchronization, and the newly
introduced inhibitory weights 𝑎13 = 𝑎24 = 0.12 control the
inner-inhibition. The choice of identical inhibitory weights
(𝑎13 ≡ 𝑎24) has been discussed previously by Zhang et al.
(2012). This outer-synchronization/inner-inhibition mecha-
nism is repeated throughout the assisted walking process to
stabilize the assisted motion.

The output from the pair of CPGs, with and without
mutual inhibition, is compared in Figure 4. In the figure,
two different input signals are used: input 1 (represented by
the blue solid line in the upper part of the figure) which is
a normal sinusoidal curve and input 2 (represented by the
dotted line) which is partly sinusoidal and partly constant
with a zero value). The inputs are then set to zero from 5 s
onwards. The light region in Figure 4 indicates C = 0 and the
dark region C = 1.

In the casewithoutmutual inhibition, the CPGs individu-
ally synchronize with the different input signals (the outputs
shown by the black solid line in Figure 4). However, when
the different input signals become zero at 5 s, the original
antiphase relationships become disordered and the original
antiphase relationship is not retained.

In the case with mutual inhibition, the CPGs synchronize
with the input signals as well. What is important in this case
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Figure 2: The input-output characteristics of the CPG unit (left) and output limit cycles (right) for different gain values corresponding to 𝐶
equal to (a) 0.1, (b) 0.2, and (c) 0.8.

is that the behavior of the CPG units (blue dotted line in
Figure 4) returns to the original antiphase relationship imme-
diately and the input signals disappear. The autonomous,
antiphase behavior of the robotic suit thus helps the user to
walk in a stable manner.

2.1.3. CPG-Based Hip Joint Control. In the previous section,
the CPG network’s external communication mechanism
converts the interaction torque to the desired master/slave
trajectory according to the value of 𝐶. It is also responsible
for the communication between the assistive device and



6 Mathematical Problems in Engineering

Left 

hip joint 

Right 

hip joint 

C
int.

C
I1

x1

x2

x3

x4

I2 int.

a13

a12

a24

a34

Figure 3: A CPG network with mutual inhibitory functionality.

0 2 4 6 8 10

0
2
4

in
pu

t

I1=C∗sin(1.4∗pi∗t)
I2=-C∗sin(1.4∗pi∗t)

−2

0

2

4

le
ft 

CP
G

s o
ut

pu
t

without inhibition
with inhibition

−2
0 2 4 6 8 10

time t (s)

0

2

4

rig
ht

 C
PG

s o
ut

pu
t

−2
0 2 4 6 8 10

Figure 4: Antiphase autonomic regression of the left and right CPG units.

human being at the hip joints. Meanwhile, the internal
inhibition mechanism of the CPG network guarantees the
output oscillations of the left and right CPG units are
antiphase with respect to each other (so the left and right
hip joints move with the desired antiphase motion). A
proportional derivative (PD) controller is used to realize
control of the joint trajectory, and the motion differences
between the human and machine generate new interaction
torques. A block diagram for the control system is shown in
Figure 5.

In each control cycle, three aspects are considered: human
movement intension, human-robot interaction, and multi-
joint autonomy. As the output signal of the CPG is synchro-
nized with the frequency of the input signal, when the oscilla-
tion frequency of the assistive device is close to the oscillation
frequency of the human, resonance conditions are encoun-
tered. The traction force between the human and machine
will therefore amplify the amplitude of the system oscillation
to achieve motion assistance that is highly efficient. The
torque 𝜏mea. in Figure 5 is measured using a built-in torque
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sensor, and 𝐺 is the gravity compensation unit. The human-
robot interaction torque 𝜏int. is calculated using the formula:

𝜏int. = 𝜏mea. − 𝐺 (5)

The PD position control algorithm can be represented
mathematically using the expression:

𝜏 = 𝐾p (𝜃d − 𝜃) + 𝐾d (�̇�d − �̇�) (6)

where 𝐾p = 20.0Nm/(∘) and 𝐾d = 1.5Nm⋅s/(∘), 𝜃d and 𝜃
represent the desired and actual joint angles of the assistive
device, respectively, and �̇�d and �̇� represent the corresponding
angular velocities, respectively. The sampling time used is
1ms.

2.2. Knee Joint Hierarchical Impedance Control. In contrast
to hip joints, the motion of knee joints is much more
complicated. The requirements are as follows. Firstly, the
knee joint keeps straight to support the whole body weight
(stance phase), and then it flexes and extends (swing phase).
Secondly, knee joints require large stiffness (high impedance)
in the stance phase but are compliant (low impedance) in the
swing phase. According to the aforementioned gait require-
ments, a framework for high and low impedance hierarchical
control laws can be designed for the control of knee joint
motion in the stance and swing phases, respectively.

The high and low impedance control laws can be
expressed mathematically in the form

𝜏kneehigh = −𝐾p (𝜃k − 0) − 𝐾d�̇�k (7)

𝜏kneelow = 𝐾amp𝜏int. (8)

where 𝐾p and 𝐾d are PD controller gains, 𝜃k and �̇�k are the
knee joint angle and velocity, respectively, and 𝐾amp is an

amplifier gain. The control law represented by (8) allows the
knee joint to be compliant with the human-robot interaction
force. These equations allow the required knee joint torques
𝜏kneehigh and 𝜏kneelow to be calculated for the stance and swing
phases, respectively, as walking proceeds.

2.3. Hip-Knee Joint Linkage Mechanism. While walking, a
human being’s hip and knee joints undergo distinctive and
interdependent motion. For example, while the hip joint is
in a state of extension in the stance phase, the knee joint of
the ipsilateral leg is kept straight to support the whole body
weight. In the swing phase, the hip joint is flexing, while the
knee joint first undergoes flexion and then extension. In order
to realize this natural hip-knee joint interdependent motion,
a hip-knee joint linkage mechanism is designed, as shown in
Figure 6.

As the extension and flexion neurons of a given oscillator
become active alternately, the states of the neurons can
be used as variables to generate activation functions. Two
activation functions are employed defined by the following
equations:

𝑔ext (𝑥𝑖) = max (𝑥𝑖, 0) , 𝑖 = 1 or 3, (9)

𝑔flex (𝑥𝑗) = max (𝑥𝑗, 0) , 𝑖 = 2 or 4. (10)

The function𝑔ext(𝑥𝑖) (𝑖 = 1, 3) thus associates the hip joint
extension motion with the knee joint high impedance law,
and 𝑔flex(𝑥𝑗) (𝑗 = 2, 4) associates the hip joint flexion motion
with the knee joint low impedance law. This kind of linkage
is expected to allow the knee joint to execute high and low
impedance control laws along with the hip joint’s extension
and flexion motion. Thus, a series of natural hip-knee joint
interdependent movements can be accomplished.
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The hip-knee joint linkage mechanism is represented
using the following expression:

𝜏knee = 𝑔ext (𝑥𝑖) ⋅ [−𝐾p (𝜃k − 0)] − 𝐾d�̇�k + 𝑔flex (𝑥𝑗)

⋅ 𝜏kneelow
(11)

where 𝑖 = 1, 3 and 𝑗 = 2, 4. The high and low impedance
control laws are activated and adjusted during the stance and
swing phases by the extending 𝑔ext(𝑥𝑖) and bending 𝑔flex(𝑥𝑖)
activation functions, respectively.

The continuous differentiability of the neuron state ben-
efits the high and low impedance control laws by main-
taining continuity during switching. In short, the alternate
excitation mechanism of the extension/flexion neurons and
continuously differentiable characteristics enable the hip-
knee linkage control to activate or inhibit the high and low
impedance control laws smoothly and continually. As a result,
the knee joint can keep upright as the hip joint extends and
the lower thigh can move forward naturally as the hip joint
bends.Therefore, the smooth and continuous switching of the
control laws ensures the stability of the control system.

2.4. Stability Study. The proposed HRI-based coordination
control method is a hybrid control system composed of
several controlmethods.Therefore, the stability of the control
systemmust be confirmed first. As traditional PD controllers
are used in the hip joint for trajectory-tracking control, the
key to the stability of the whole control system is the stability
of the switching process between the high and low impedance
control of the knee joint. In this paper, Lyapunov stability
theory is used to study and evaluate the stability of the

switching process and thus to discuss the stability of the
proposed coordination control method.We take the left knee
joint as an example.

The dynamic equation for the knee joint takes the form

𝜏knee = 𝑀�̈�k + 𝐺 (𝜃k) (12)

where𝑀 is the moment of inertia (which is a constant) and
𝐺(𝜃k) is the gravity term.

Using (7)–(12), the control law for the knee joint can be
expressed as

𝜏knee = 𝐾

p (0 − 𝜃k) − 𝐾


d�̇�k + 𝐾amp ⋅max (𝑥2, 0) ⋅ 𝜏int.

+ �̂� (𝜃k)
(13)

where �̂�(𝜃k) is the gravity compensation term. The term
𝐾p(0 − 𝜃k) − 𝐾


d�̇�k represents high impedance control (i.e.,

position control), and 𝐾amp ⋅ max(𝑥2, 0) ⋅ 𝜏int. represents
low impedance control (i.e., force amplification control). In
these expressions, 𝜏int. is the interaction torque generated
during the cooperative walking process, 𝑥1 and 𝑥2 represent
the extension and flexion neurons of the left hip joint,
respectively, 𝐾p = 𝐾p ⋅ max(𝑥1, 0), 𝐾p = 20 Nm/∘ (∘), 𝐾d =
𝐾d = 1.5 N ms/∘ (∘), and 𝐾amp = 2.5. The alternate excitation
mechanism of the extension and flexion neurons enables the
knee joint to keep upright as the hip joint extends and the
lower thigh to move forward naturally as the hip joint bends.

As the gravity compensation term can be rectified accord-
ing to the measured joint torques under a set of static joint
positions, we can assume that the gravity term has been
fully compensated where we establish the closed-loop control
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system (we therefore ignore them in what follows). The
closed-loop control system can thus be established using (12)
and (13) giving

𝑀�̈�k + 𝐾

d�̇�k + 𝐾


p𝜃k = 𝐾amp ⋅max (𝑥2, 0) ⋅ 𝜏int.. (14)

The Lyapunov function of the system can be written as

𝑉(𝜃k, �̇�k) =
1
2
𝑀�̇�k
2 + 1

2
𝐾p (0 − 𝜃k)

2 . (15)

The time differential of the Lyapunov function is thus

�̇� (𝜃k, �̇�k) = �̇�k𝑀�̈�k + 𝐾

p𝜃k�̇�k (16)

According to (14), we have

𝑀�̈�k = −𝐾

d�̇�k − 𝐾


p𝜃k + 𝐾amp ⋅max (𝑥2, 0) ⋅ 𝜏int. (17)

Substituting (17) into (16) then gives an expression for the
time differential of the Lyapunov function of the form

�̇� (𝜃k, �̇�k) = −𝐾

d�̇�k
2 + 𝐾amp ⋅max (𝑥2, 0) ⋅ 𝜏int. ⋅ �̇�k. (18)

According to Lyapunov stability theory, a system is
asymptotically stable provided the following two conditions
are met:

(i) The Lyapunov function is such that 𝑉(𝜃k, �̇�k) ≥ 0.
(ii) The time differential of the Lyapunov function is such

that �̇�(𝜃k, �̇�k) ≤ 0.

Equation (15) implies that 𝑉(𝜃k, �̇�k) ≥ 0. However, as 𝜏int.
and �̇�k in (18) are parameters that vary over time, it is difficult
to determine directly whether the condition �̇�(𝜃k, �̇�k) ≤ 0
is obeyed. In this paper, real-time data is obtained for 𝜏int.
and �̇�k from walking experiments and �̇�(𝜃k, �̇�k) values are
then calculated using (18). The details of how the walking
experiments were implemented are given in Section 5.

Figures 7 and 8present graphs showing how the Lyapunov
function and its time differential were found to vary as
a function of time. The results reveal that the conditions
𝑉(𝜃k, �̇�k) ≥ 0 and �̇�(𝜃k, �̇�k) ≤ 0 are both met. Thus, the
results satisfy the Lyapunov stability criteria and so the con-
trol system is confirmed to be stable.

Figure 9 further illustrates the stability of the system. Fig-
ure 9(a) shows that the system is stable near the equilibrium
point and that the systemhas a domain that is attractive.Thus,
the asymptotic stability of the system is proved. Meanwhile,
kinematic limit cycles are shown in Figure 9(b) which also
demonstrate the stability of the knee joint motion.

2.5. Simulations. We first carried out computer simulations
to verify the rationality of using the proposed control system
as a method of generating hip-knee joint movement while
walking.

The simulations were based on a simplified unilateral leg
model consisting of two joints and two links, as shown in
Figure 10. We assume that the hip joint is connected to the
base and the terminal end of the leg is free and has no contact
with the environment.The parameters used to model the two
links are given in Table 2.

The dynamic equation was established using Lagrange
equations and the simulation method used is illustrated in
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Table 2: The parameters of the links used in the model.

Parameter
Mass (kg) Length (m) Center of mass (m)

First link 1.0 0.5 0.25
Second link 1.0 0.5 0.25

Figure 11.The hip joint and knee joint torques were calculated
using (5) and (10), respectively.

When the gain 𝐶 of the CPGs is zero (i.e., there is no
feedback to the CPGs), the trajectories of the joints during
one extension/flexion period are as shown in Figure 12.These
kinds of trajectories correspond to “master” motion, and the
frequency is about 1.0Hz. The upper part of Figure 12 shows
the desired and real hip joint trajectories, and the lower part
shows the knee joint trajectory. The trajectories show that in
the stance phase the hip jointmakes an extensionmotion, and
the knee joint keeps straight. In the swing phase, along with
hip joint flexion, the knee joint first flexes and then extends.

This result coincideswith the design requirementsmentioned
in Section 2.5. To be more explicit and reveal the motion
more clearly, the movement of the “leg” in the sagittal plane
is illustrated in Figure 13.

As human-robot interaction is not considered in the
current simulation, we change the value of the gain𝐶 to 0.5 in
order to evaluate the flexibility of this proposal and generate
master/slave motion. Thus, we define the input signal to the
CPGs to be sin(𝜋𝑡) ⋅ 𝐶.

Figure 14 shows the joint trajectories obtained during one
extension/flexion period when 𝐶 = 0.5. These trajectories
correspond to a kind of slave motion. The frequency found
corresponds to 0.5Hz, which coincides with that of the
input. The upper part again shows the desired and real hip
joint trajectories, while the lower part shows the knee joint
trajectory. It can be seen that in the stance phase the hip joint
undergoes extension and the knee joint keeps straight. In the
swing phase, along with flexion of the hip joint, the knee joint
first flexes and then extends. The motion of the leg in the
sagittal plane is shown in Figure 15.
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Figure 11: The simulation method used.

9.8 10 10.2 10.4 10.6 10.8
20

40

60

80

100

an
gl

e (
de

g)

Desired hip joint angle
Real hip joint angle

9.8 10 10.2 10.4 10.6 10.8
Time t (s)

−20

0

20

40

an
gl

e (
de

g)

Figure 12: The joint trajectories when C = 0.
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Figure 13: The movement of the joints in the sagittal plane (C = 0).

The simulations above preliminarily demonstrate that the
proposed HRI-based control method (consisting of hip joint
CPG control, knee joint hierarchical impedance control, and
hip-knee joint linkage control) is able to effectively generate
natural hip-knee joint movement.

3. Experiments

3.1. Participants and Experimental Setup. One healthy par-
ticipant took part in our experiments (a 35-year-old male,
1.70m tall, weighing 65 kg).The experiments were conducted
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Figure 14: The joint trajectories when C = 0.5.
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Figure 15: The movement of the joints in the sagittal plane (C = 0.5).

in agreement with the local institution’s ethics regulations,
and the participant signed a written consent form.

To test our approach, we used a wearable walking assist
robot called Curara� to assist the hip joint flexion and
extension and knee joint motion of our subject in the sagittal
plane (vertical plane through vertical axis of the body and all
of parallel plane) during walking. As shown in Figure 16, the
Curara system consists of a lumbar fixing device, knee and
hip joint bases, two knee joint fixing devices, thigh and shank
links on the left and right sides, harmonic drive gears, built-
in joint torque sensors, and an external computer. Each of
the actuators has a built-in torque sensor consisting of three
strain gauges fixed onto the flex-spline of the harmonic drive
gear. If there is any difference between the user’s and suit’s
movements, then the mutual joint torque is measured. The
sensitivity of the torque sensor is about 7.2 Nm/V. The type
and main parameters of the actuators are shown in Table 3.

Powerful Velcro is used to adhere the base of the hip
joint to the lumbar fixing device. The lumbar region fixing

device is made of a nylon composite material which gives
a good fit to the human body. It also allows a certain
adduction-abduction-driven degree of freedom and a certain
axial degree of freedom in the hip joint. This kind of flexible
design enables direction changes to be accomplished more
freely during walking. To achieve a lightweight design, the
knee joint fixing device, bases of the hip and knee joints,
and connecting thigh and shank rods are made of nanoresin
material. As a result, the total weight of the whole device is
about 5.3 kg. The Ubuntu platform on an external computer
(PCM-3363) was used to develop the software needed for the
current experiments.

3.2. Experimental Protocol. The participant, wearing the
Curara device on both legs, was asked to walk as he would
normally. A photograph of the participant walking is shown
in Figure 17. The Curara device was fastened via the attach-
ment cuffs to the middles of the thighs and tops of the
calves of the participant. The pelvic module was further
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Table 3: Type and main parameters of the actuators.

Type Parameter Value

Retarder SHF11-50 Maximum output torque (Nm) 17
Retarder ratio 50

Motor X-67087 Maximum speed (r/min) 3000
Maximum current (A) 3.2

Hip joint base

Lumbar fixing device

Actuator

Thigh link

Figure 16: The wearable walking assist suit Curara.

Figure 17: The experimental scenario.

attached to the participant’s waist using a belt. The tests were
carried out at ground level in our laboratory and involved
the participant walking to and fro in a straight line of length
5m. Each walking test lasted 1min. After this period, the
controller was stopped, and the user took off the wearable
robot.

The torques and angular positions of the robot’s joints
were recorded using the sensors within the Curara device.
Resistive foot-pressure sensors were placed on the left and
right insoles of the participant and used as switches to
detect heel-strike and toe-off events. All data (recorded and
derived) was separated into “strides”, i.e., intervals between
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Figure 18: Typical trajectories of the right hip and knee joints. The periods labeled relate to different stages in the participant’s gait
corresponding to double support (DS), swing, and single-support stance.
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Figure 19: Typical trajectories of the left hip and knee joints.Theperiods labeled relate to different stages in the participant’s gait corresponding
to double support (DS), swing, and single-support stance.

two consecutive left heel-strikes, using the pressure data
from the insole sensors. In each stride, we computed the
participant’s gait (left and right heel-strike and toe-off) as an
indicator of the symmetry of the step.

3.3. Experimental Results. Thetrajectories of the right and left
hip-knee joints recorded duringwalking are shown in Figures
18 and 19, respectively.Thedotted and solid lines represent the
trajectory of the hip and knee joints in a gait cycle, which is
for one typical stride. The results demonstrate that the knee
joint keeps upright as the hip joint extends, and the knee joint
bends at first and then extends as the hip joint bends. These
results coincide with the expectations of the design.

If we compare the experimental results with the simula-
tions, the kinematic profiles can be seen to be very similar. In
both kinematic profiles (demonstrated in Figures 14 and 18),
along with the hip joints undergoing flexion and extension,
the knee joints keep straight tomaintain posture in the stance
phase and undergo flexion-extension in the swing phase.
However, as the effect of the human-robot-environment
interaction was omitted in the simulations, the amplitudes of
the joint angles are greater therein. In contrast, the human
and robot were combined as one system in the walking exper-
iments, and so these kinematic profiles correspond to cooper-
ative walking.The assistive robot adapts to the human move-
ment, and so the amplitudes of the joint angles are smaller.

Figures 20 and 21 show how the right and left knee joint
torque changed over time (gait) during one complete walking
cycle, respectively. It can be seen that the changes in the

knee joint torque are mild within 0.1 s of the time at which
the support and swing stages switch (the 50% gate point).
Furthermore, and the differences between the maximum and
minimum torques at the right and left knee joints are 1.35
and 1.55 Nm, respectively. These results indicate that the
knee joint torque changes relatively smoothly as the system
switches between high and low impedance control. From
these results it can be concluded that the proposed control
method is an effective and feasible way of generating natural
hip-knee kinematics.

4. Discussion

In this article, we present simulations and experiments that
were recently conducted to evaluate a new hybrid assistive
approach to generating natural angular movement of hip
and knee joints during walking. The approach combines a
CPG network with hierarchical impedance control.The work
presented provides evidence that (i) the hybrid approach is
stable, and (ii) the CPG network allows natural movement
patterns to be realized.

The requirement to provide assistance depending on the
behavior of the user is of prime interest in the framework of
assist-as-needed assistive robotics. We believe that the CPG
network-based framework presented in this article nicely
complements other approaches based on compliance [28–31],
adaptation [28, 32, 33], or adaptive learning of a dynamical
model for the task at hand [34]. In particular, our approach
relies on the concept ofmotor primitives, which first emerged
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Figure 20: The torque recorded at the right knee joint. The periods labeled relate to different stages in the participant’s gait corresponding to
double support (DS), swing, and single-support stance.
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Figure 21: The torque recorded at the left knee joint. The periods labeled relate to different stages in the participant’s gait corresponding to
double support (DS), swing, and single-support stance.

in biology [35, 36] and is now extensively used in robotics
[37]. Assistive and rehabilitation robotics fall within the
overlap between both fields and should therefore be an ideal
testbed for the concept.

One of the main characteristics of our approach is
its capacity to robustly synchronize the frequency of the
output signal with the input signal. Furthermore, the level of
synchronization can be adjusted using the input weight 𝐶 to
obtain amixture ofmaster/slavemotion. Synchronization is a
ubiquitous phenomenon in biology [38]. During locomotion,
it is observed at the spinal CPG level to guarantee coordina-
tion of the locomotion pattern [39]. Here, we have attempted
to implement the synchronization mechanisms required by
means of CPGs that use the Matsuoka mathematical model
[27] to generate oscillatory behavior. The profiles presented
in Figure 2 (Section 2.2) show that the CPG constructed can
easily transform from stable autonomous oscillation to stable
synchronous oscillation. The results thus show that the pro-
posed method is capable of exhibiting master-slave motion.

The innovative aspect of our approach is that for the first
time in the field of assistive robotics an attempt has beenmade
to combine biologically inspired motion control with tradi-
tional impedance control. Togetherwith the rhythmic control
of the hip joint (achieved using the neural rhythm generator),
control is also needed over the mechanical impedance to
generate appropriate torques at the knee joints in order to
maintain posture during walking. The stiffness and viscosity
of the knee joints have to be increased during the stance
phase to avoid collapse. They are then decreased during the
swing phase to allow the wearer to step forward uninhibited.
The high and low impedance control laws to maintain the
corresponding posture are switched between depending on
the state of the hip joint neuron on the ipsilateral side.

Neurophysiological studies on quadruped animals suggest
that parallel pathways are involved in the control of rhythmic
movement and posture [40].

In the coming years, the biggest challenge for us will
be to transfer these concepts to providing actual walking
assistance, i.e., to studies with genuine patients. However, we
believe that our approach opens up some promising avenues.
There are two reasons for this: (i) no sensors are placed on
the human body (all sensors are containedwithin the device),
and (ii) the master-slave motion assistance it provides is very
flexible (therefore, various assist-as-needed protocols can be
explored by, for example, adjusting the input weight gain to
achieve the master-slave motion assistance required).

5. Conclusions

In this article, biological control theory is introduced to
improve human-robot interaction flexibility and multijoint
autonomy in walking assist devices. A novel HRI-based
control method that includes hip joint CPG control, knee
joint hierarchical impedance control, and hip-knee joint
linkage control is explored.

CPG networks allow adequate human-robot interaction
to be achieved and improve the flexibility with respect to
master/slave motion. Mutual inner-inhibition is useful for
maintaining an antiphase relationship between the left and
right hip joints (necessary for stable walking assistance in the
complicated HRI environment). An impedance structured
control was designed to control knee joint movement. A hip-
knee joint linkage mechanism was also designed to achieve
natural hip-knee joint motion.

Themost significant contribution of the proposed control
framework is that it opens up a new way of creating new
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assistive methods for robotic suits that avoid complicated
kinematic and dynamic modeling. At the same time, it
improves the flexibility and autonomy of multijoint systems.
Simulations andwalking experiments using awearable device
were used to prove the effectiveness of the proposed control
method to generate natural hip-knee joint motion during
walking. Finally, the stability of the hybrid control method
was studied using Lyapunov stability theory. The experi-
mental results show that the Lyapunov function is positive
definite and the time differential of the Lyapunov function
is negative definite (thus satisfying the Lyapunov stability
criteria). In addition, the system is stable near the equilibrium
point and has an attractive domain. Limit cycles for the knee
motion were also generated that prove the control system is
stable.

In future work, the proposed control framework will be
used in conjunction with a wearable robotic suit (provided
by the Hashi Laboratory of the Shinshu University in Japan)
to performwalking assist experiments involving real patients.
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This paper investigates robust consensus for nonlinear multiagent systems with uncertainty and disturbance. The consensus
evolution behavior is studied under general consensus protocol when each node is disturbed by the relative states between the
node and its neighbors. At first, the robust consensus condition is obtained and the convergency analysis is given by using Lyapunov
stability theory andmatrix theory.Then, the practical consensus is investigated and the boundof the error states is presented. Finally,
two numerical simulation examples are given to illustrate the proposed theoretical results.

1. Introduction

In the past few years, increasing attention has been devoted to
the coordination of multiagent systems due to its wide appli-
cations for sensor network andmultirobot systems [1]. As one
of the most important problems in the issue of distributed
coordination, consensus has even attracted muchmore inter-
est from researchers. Andmany profound results are reported
[2–6].

Consensus means that the states of the agents reach an
agreement on a common physical quantity by implementing
an appropriate consensus protocol based on the information
from local neighbors [7], which is mainly influenced by the
topology of the network and the dynamics of each node.
Thereby, on one side, many works about consensus of multi-
agent systems under switching topology are reported [8–10].
On the other side, consensus ofmultiagent systems with non-
linear dynamics or disturbances is intensively investigated
[11–15]. External disturbance widely exists in real processes
and is a main source of instability and poor performance.
When any of the nodes is disturbed, coordinated behavior
will be destroyed. Thereby, it is of great significance to inves-
tigate distributed coordination for nonlinear multiagent sys-
tems with bounded disturbances or stochastic disturbances.
Mean square average consensus is investigated for multiagent

systems with noisy measurement under directed topology.
Necessary and sufficient consensus conditions are established
[16]. Mean square leader-following consensus for multia-
gent systems with noisy channels under directed switching
topology is investigated [17]. Necessary and sufficient average
consensus conditions are established for multiple double-
integrator systems with noisy measurement. It is proven that
mean square average consensus can be realized if and only
if the topology is balanced and strongly connected [18].
Using disturbance observer method, robust leader-following
consensus was investigated for nonlinear coupled multiagent
systems with external disturbance [19]. Containment control
problem is studied for general linear multiagent systems with
exogenous disturbances. Both the state feedback and output
feedback containment protocol are proposed by using the dis-
turbance observer approach [20]. Using sliding-mode control
method, finite consensus and containment were investigated
for second-order nonlinear multiagent systems with distur-
bances under directed topology [21]. Bounded consensus
tracking is investigated for linear multiagent systems with ac-
tuator saturation and input additive uncertainties and distur-
bances based on low-and-high gain feedback approach [22].

However, few works investigate the consensus behavior
when the relative information of the subsystem is disturbed,
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which widely exists in the real world.Therefore, in this paper,
the consensus evolution behavior is investigated for nonlinear
multiagent systems with uncertainty and disturbance. The
main contribution in this paper is that the disturbance
considered is dependent on the addition of the relative states
between each node and their neighbors, and the disturbance
satisfies a very mild condition, which ismore relaxed than the
condition in [21, 22]. The uncertainty and disturbance func-
tion is described as a piecewise continuous function 𝑔(𝑥, 𝑡),
satisfying ‖𝑔(𝑥, 𝑡)‖2 ≤ 𝑔0(‖𝑥‖2) + 𝐷0. Both robust consensus
and practical consensus condition are obtained for 𝐷0 = 0
and 𝐷0 ̸= 0, respectively. This leads to the fact that the
problems investigated in this paper are theoretically challeng-
ing and practically important.

The rest of the paper is organized as follows. Section 2
states the model considered in the paper and gives some basic
definitions, lemmas, and assumptions. In Section 3, complete
consensus protocol is proposed and the convergency analysis
is given and practical consensus protocol is obtained in Sec-
tion 4. In Section 5, two numerical simulation examples are
given for illustrating the theoretical results. Finally, Section 6
concludes the paper.

2. Preliminaries and Model Description

A networked multiagent system under undirected topology
consists of many agents and their communication, which can
be described as an undirected graph G = (V,E,A). The set
of nodes V = (𝜐1, 𝜐2, . . . , 𝜐𝑁) denotes the agents. The set of
edges E ⊆ V × V denotes communication relation of the
agents. A = [𝑎𝑖𝑗] is the adjacent matrix of the nodes, which
is defined as follows: 𝑎𝑖𝑗 = 1 ⇐⇒ (𝜐𝑗, 𝜐𝑖) ∈ E; otherwise𝑎𝑖𝑗 = 0. A path is a sequence of edges in a directed graph of
the form (𝜗1, 𝜗2), (𝜗2, 𝜗3), . . ., where 𝜗𝑗 ∈ V. An undirected
graph is connected if there is a path between any two nodes.
The Laplacian matrix L = [𝑙𝑖𝑗] ∈ 𝑅𝑁×𝑁 is defined as 𝑙𝑖𝑖 =∑𝑁𝑗=1,𝑗 ̸=𝑖 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗, 𝑖 ̸= 𝑗.

Assume that there are 𝑁 follower agents, labeled as1, 2, . . . , 𝑁. The dynamics of the 𝑖th agent are described as

�̇�𝑖 (𝑡) = 𝑓 (𝑡, 𝑥𝑖) + 𝑢𝑖 (𝑡) , 𝑖 = 1, 2, . . . ,𝑁, (1)

where 𝑥𝑖, 𝑢𝑖 ∈ 𝑅𝑛 are the position and the input vector of the𝑖𝑡ℎ follower, respectively. 𝑓 : 𝑅 × 𝑅𝑛 → 𝑅𝑛, 𝑖 = 1, 2, . . . , 𝑘,
is a continuous vector-value function, which describes the
intrinsic local dynamics of the 𝑖𝑡ℎ node.

The following assumption is necessary for our main
results.

Assumption 1. Assume that 𝐺 is connected.

Assumption 2. Suppose that 𝑓(𝑡, 𝑥) satisfies the Lipschitz
condition; that is, for arbitrary 𝑥1, 𝑥2, there exists a constant𝜂 such that

𝑓 (𝑡, 𝑥1) − 𝑓 (𝑡, 𝑥2)2 ≤ 𝜂 𝑥1 − 𝑥22 ,
∀𝑥1, 𝑥2 ∈ 𝑅𝑁. (2)

Lemma 3 (see [2]). If 𝐿 = (𝑙𝑖𝑗) ∈ 𝑅𝑁×𝑁 is a symmetric
irreducible matrix with 𝑙𝑖𝑖 = −∑𝑁𝑗=1,𝑗 ̸=𝑖 𝑙𝑖𝑗, 𝑙𝑖𝑗 = 𝑙𝑗𝑖 ≤ 0 (𝑖 ̸=𝑗), then 𝐿 is semipositive definite, and for any matrix 𝐻 =
diag(ℎ, 0, ⋅ ⋅ ⋅ , 0) with ℎ > 0, all eigenvalues of the matrix(𝐿 + 𝐻) are positive.
Lemma 4 (see [23]). For an undirected connected graph 𝐺
with the Laplacian matrix 𝐿 and the vector 𝑥 satisfying 1𝑇𝑥 =0,

min
𝑥 ̸=0

{𝑥𝑇𝐿𝑥𝑥𝑇𝑥 } = 𝜆2 (𝐿) . (3)

3. Robust Leader-Following Consensus
for Nonlinear Multiagent Systems with
Uncertainty and Disturbance

In this section, the robust leader-following consensus of non-
linear multiagent systems with bounded channel disturbance
is investigated. Suppose that there is a virtual leader in the
network, whose dynamics are described as

�̇�0 (𝑡) = 𝑓 (𝑡, 𝑥0) . (4)

Consider the following consensus protocol with the channel
disturbance:

𝑢𝑖 = ∑
𝑗∈N𝑖

𝑎𝑖𝑗 [𝛼 (𝑥𝑗 − 𝑥𝑖) + 𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡)]
+ 𝛼ℎ𝑖 (𝑥0 − 𝑥𝑖) , 𝑖 = 1, 2, . . . , 𝑁,

(5)

where 𝛼 > 0 denotes the control gain to be determined; the
nonlinear function 𝑔 : 𝑅𝑛 × 𝑅 → 𝑅𝑛 denotes the actuator
input additive uncertainty and disturbance, satisfying 𝑔(𝑥𝑗 −𝑥𝑖, 𝑡) = −𝑔(𝑥𝑖 − 𝑥𝑗, 𝑡).
Assumption 5. The channel disturbance function 𝑔(𝑥, 𝑡) is
piecewise continuous in 𝑡 and locally Lipschitz in 𝑥 and its
norm is bounded by a known function.

𝑔 (𝑥, 𝑡)2 ≤ 𝑔0 (‖𝑥‖2) + 𝐷0, ∀ (𝑥, 𝑡) ∈ 𝑅𝑛 × 𝑅+, (6)

where 𝑔0 : 𝑅+ → 𝑅+ is locally Lipschitz and satisfies 𝑔0(0) =0 and 𝐷0 is a positive constant.
Remark 6. For a given positive constant 𝛿, define

𝑀𝛿 = sup{𝑔0 (𝑠)𝑠 | 𝑠 ∈ (0, 𝛿)} . (7)

Under protocol (5), (1) can be rewritten as

̇𝑥𝑖 (𝑡) = 𝑓 (𝑡, 𝑥𝑖)
+ ∑
𝑗∈N𝑖

𝑎𝑖𝑗 [𝛼 (𝑥𝑗 − 𝑥𝑖) + 𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡)]
+ 𝛼ℎ𝑖 (𝑥0 − 𝑥𝑖) , 𝑖 = 1, 2, . . . , 𝑁.

(8)
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Let 𝑒𝑖 = 𝑥𝑖 − 𝑥0; then
̇𝑒𝑖 (𝑡) = 𝑓 (𝑡, 𝑥𝑖) − 𝑓 (𝑡, 𝑥0) + 𝑢𝑖

= 𝑓 (𝑡, 𝑥𝑖) − 𝑓 (𝑡, 𝑥0) + 𝛼ℎ𝑖 (𝑥0 − 𝑥𝑖)
+ ∑
𝑗∈N𝑖

𝑎𝑖𝑗 [𝛼 (𝑥𝑗 − 𝑥𝑖) + 𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡)]
= 𝑓 (𝑡, 𝑥𝑖) − 𝑓 (𝑡, 𝑥0) − ∑

𝑗∈N𝑖

𝛼𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖𝑒𝑖
+ ∑
𝑗∈N𝑖

𝑎𝑖𝑗𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡) , 𝑖 = 1, 2, . . . , 𝑁.

(9)

Lemma 7 (see [22]). For any 𝑒𝑖, 𝑒𝑗 ∈ 𝑅𝑛, 𝑖, 𝑗 = 1, 2, . . . , 𝑁,

12
𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗𝑒𝑇𝑖 𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡)

= − 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡) .
(10)

Lemma 8 (see [24]). For any 𝑒𝑖, 𝑒𝑗 ∈ 𝑅𝑛, 𝑖, 𝑗 = 1, 2, . . . , 𝑁,

12
𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 (𝑒𝑗 − 𝑒𝑖) = 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗. (11)

3.1. Robust Leader-Following Consensus. In this subsection,
robust consensus for nonlinear multiagent systems is investi-
gated in the case where𝐷0 = 0 in Assumption 5.

Theorem 9. Consider a networked multiagent system with𝑁 followers and a virtual leader, in which the dynamics are
described as (1)-(4). Suppose that Assumptions 1–5 hold and
the constant 𝐷0 = 0 in Assumption 5. Under the consensus
protocol (5), robust consensus of system (1) can be achieved if
the following two conditions hold:

(i) There exists at least one pinned node.
(ii) For a given positive constant 𝛿,

(𝛼 − 4𝑀𝛿) 𝜆1 > 𝜂, (12)

where 𝜆1 is the minimal eigenvalue of (𝐿 + 𝐻).
Furthermore, all the following nodes will track the virtual

leader asymptotically.

Proof. Choose the Lyapunov candidate function as

𝑉 = 12
𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖. (13)

Differentiating 𝑉 with respect to 𝑡 along (9), one can obtain

�̇� = 𝑁∑
𝑖=1

𝑒𝑇𝑖 ̇𝑒𝑖
= 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑓 (𝑡, 𝑥𝑖) − 𝑓 (𝑡, 𝑥0))

− 𝑁∑
𝑖=1

𝑒𝑇𝑖 ( 𝑁∑
𝑗=1

𝛼𝑙𝑖𝑗𝑒𝑗 + 𝛼ℎ𝑖𝑒𝑖 − 𝑁∑
𝑗=1

𝑎𝑖𝑗𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡))

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑎𝑖𝑗𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡) .

(14)

According to Lemma 4 and Assumption 5, one has

�̇� ≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
− 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖2 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)2
≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖2 𝑔0 (𝑒𝑗 − 𝑒𝑖2)

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2𝑀𝛿 𝑁∑

𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖22 .

(15)

According to Lemma 7, we get

�̇� ≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 4𝑀𝛿 𝑁∑

𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗
≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
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+ 4𝑀𝛿 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗 + 4𝑀𝛿𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
= − (𝛼 − 4𝑀𝛿) 𝑒𝑇 (𝐿 + 𝐻) 𝑒 + 𝜂𝑒𝑇𝑒.

(16)

According to (12), one has �̇� < 0, which means that the error
systems (9) are locally asymptotically stable. Then 𝑥𝑖(𝑡) →𝑥0(𝑡), for 𝑡 → ∞. This means that Theorem 9 holds.

3.2. Robust Leader-Following Practical Consensus. In this sub-
section, robust consensus for nonlinear multiagent systems is
investigated in the case where𝐷0 ̸= 0 in Assumption 5.

Theorem 10. Consider a networked multiagent system with𝑁 followers and a virtual leader, in which the dynamics are
described as (1)-(4). Suppose that Assumptions 1–5 hold and the
constant𝐷0 ̸= 0 inAssumption 5. Under the consensus protocol
(5), robust practical consensus of system (1) can be achieved if
the following two conditions hold:

(i) There exists at least one pinned node.
(ii) For a given positive constant 𝛿,

𝛽𝛿 = (𝛼 − (2 + 4𝑀𝛿)) 𝜆1 > 𝜂, (17)

where 𝜆1 is the minimal eigenvalue of (𝐿 + 𝐻).
Proof. Propose the Lyapunov candidate function as

𝑉 = 12
𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖. (18)

According to (15), one can obtain

�̇� ≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
− 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 (𝑒𝑗 − 𝑒𝑖)

+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡))𝑇 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡) .

(19)

According to Lemma 7 and Assumption 5, we get

�̇� ≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗

+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑔0 (𝑒𝑗 − 𝑒𝑖2) + 𝐷0)2

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗 + 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗𝑔0 (𝑒𝑗 − 𝑒𝑖2)2

+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝐷20.
(20)

According to Remark 6 and Assumption 5, one has

�̇� ≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗 + 2𝑀𝛿 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖22
+ 2𝑁 (𝑁 − 1)𝐷20

= 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 − 𝛼ℎ𝑖 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖
+ (2 + 4𝑀𝛿) 𝑁∑

𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗 + 2𝑁 (𝑁 − 1)𝐷20
≤ 𝑒𝑇 ((𝜂𝐼 − (𝛼 − (2 + 4𝑀𝛿)) (𝐿 + 𝐻)) ⊗ 𝐼𝑛) 𝑒

+ 2𝑁 (𝑁 − 1)𝐷20
≤ − (𝛽𝛿 − 𝜂)𝑉 + 2𝑁 (𝑁 − 1)𝐷20
= − (𝛽𝛿 − 𝜂)(𝑉 − 2𝑁 (𝑁 − 1)𝐷20𝛽𝛿 − 𝜂 ) .

(21)

Since 𝛽𝛿 > 𝜂, �̇� < 0 if 𝑉 > 2𝑁(𝑁 − 1)𝐷20/(𝛽𝛿 − 𝜂), which
means that all the state errors will enter into the set 𝑆 = {𝑉 ≤2𝑁(𝑁 − 1)𝐷20/(𝛽𝛿 − 𝜂)}. This means that Theorem 10 holds.

4. Robust Leaderless Consensus for
Nonlinear Multiagent Systems with
Uncertainty and Disturbance

In this section, the robust leaderless consensus of nonlinear
multiagent systems with bounded channel disturbance is
investigated. Consider the following consensus protocol:

𝑢𝑖 = ∑
𝑗∈N𝑖

𝑎𝑖𝑗 (𝑡) [𝛼 (𝑥𝑗 − 𝑥𝑖) + 𝑔 (𝑡, 𝑥𝑗 − 𝑥𝑖)] ,
𝑖 = 1, 2, . . . , 𝑁,

(22)
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where 𝛼 > 0 and 𝑔 : 𝑅 × 𝑅𝑛 → 𝑅𝑛 are defined the same way
as Section 3. Denoting 𝑥 = ∑𝑁𝑖=1 𝑥𝑖/𝑁, 𝑥 = (∑𝑁𝑖=1 𝑓(𝑡, 𝑥𝑖) +∑𝑁𝑖=1 𝑢𝑖)/𝑁. Since the Laplacian matrix 𝐿 is symmetric and
zero-row-sum, one has ∑𝑁𝑗=1 𝑎𝑖𝑗(𝑡)(𝑥𝑗 − 𝑥𝑖) = ∑𝑁𝑗=1 𝑙𝑖𝑗(𝑡)𝑥𝑗 =0; then ∑𝑁𝑖=1∑𝑁𝑗=1 𝑎𝑖𝑗(𝑡)(𝑥𝑗 − 𝑥𝑖) = −∑𝑁𝑖=1 ∑𝑁𝑗=1 𝑙𝑖𝑗(𝑡)𝑥𝑗 = 0.
Furthermore, noting that 𝑔(𝑡, 𝑥𝑗−𝑥𝑖) = −𝑔(𝑡, 𝑥𝑖−𝑥𝑗), one can
conclude that∑𝑁𝑖=1∑𝑁𝑗=1 𝑎𝑖𝑗(𝑡)𝑔(𝑡, 𝑥𝑗 − 𝑥𝑖) = 0. Then∑𝑁𝑖=1 𝑢𝑖 =∑𝑁𝑖=1∑𝑁𝑗=1 𝑎𝑖𝑗(𝑡)(𝛼(𝑥𝑗 − 𝑥𝑖) + 𝑔(𝑡, 𝑥𝑗 − 𝑥𝑖)) = 0. It follows that�̇� = 0. Let 𝑥𝑖 = 𝑥𝑖 − 𝑥; according to (9), the error system can
be described as

̇𝑒𝑖 (𝑡) = 𝑓 (𝑡, 𝑥𝑖) − ∑𝑁𝑗=1 𝑓 (𝑡, 𝑥𝑗)𝑁 − ∑
𝑗∈N𝑖

𝛼𝑙𝑖𝑗𝑒𝑗
+ ∑
𝑗∈N𝑖

𝑎𝑖𝑗𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡) , 𝑖 = 1, 2, . . . ,𝑁.
(23)

4.1. Robust Leaderless Consensus. In this subsection, robust
consensus for nonlinear multiagent systems is investigated in
the case where𝐷0 = 0 in Assumption 5.

Theorem 11. Consider a networked multiagent system with𝑁
follower agents, in which the dynamics are described as (1).
Suppose that Assumptions 1–5 hold and the constant 𝐷0 = 0
in Assumption 5. Under the consensus protocol (22), robust
consensus of system (1) can be achieved if

𝛽𝛿 = (𝛼 −𝑀𝛿) 𝜆1 > 5𝜂 (24)

where 𝜆2(𝐿) is the minimal eigenvalue of 𝐿 and 𝛿 is a given
positive constant.

Proof. Choose the Lyapunov candidate function as

𝑉 = 12
𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖. (25)

Differentiating 𝑉 with respect to 𝑡 along (23), one can obtain

�̇� = 𝑁∑
𝑖=1

𝑒𝑇𝑖 ̇𝑒𝑖
= 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑓(𝑡, 𝑥𝑖) − ∑𝑁𝑗=1 𝑓 (𝑡, 𝑥𝑗)𝑁 )

− 𝑁∑
𝑖=1

𝑒𝑇𝑖 ( 𝑁∑
𝑗=1

𝛼𝑙𝑖𝑗𝑒𝑗 − 𝑁∑
𝑗=1

𝑎𝑖𝑗𝑔 (𝑥𝑗 − 𝑥𝑖, 𝑡))

≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑖2 𝑒𝑖 − 𝑒𝑗2 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗
+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑎𝑖𝑗𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)

≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗
+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑎𝑖𝑗𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡) .
(26)

According to (15)-(16), one has

�̇� ≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗
+ 2𝑀𝛿 𝑁∑

𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖22
≤ 𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗 + 4𝑀𝛿 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗
= − (𝛼 − 4𝑀𝛿) 𝑒𝑇𝐿𝑒 + 5𝜂𝑒𝑇𝑒.

(27)

Noting that 1𝑇𝑒 = ∑𝑁𝑖=1(𝑥𝑖 − ∑𝑁𝑖=1 𝑥𝑖/𝑁) = 0, according to
Lemma 4, 𝑒𝑇𝐿𝑒 ≥ 𝑒𝑇𝜆2(𝐿)𝑒. Then, following with (24), one
has �̇� < 0, whichmeans that the error systems (23) are locally
asymptotically stable. Then 𝑥𝑖(𝑡) → 𝑥(𝑡), for 𝑡 → ∞. This
means that Theorem 11 holds.

4.2. Robust Leaderless Practical Consensus. In this subsec-
tion, robust consensus for nonlinear multiagent systems is
investigated in the case where𝐷0 ̸= 0 in Assumption 5.

Theorem 12. Consider a networked multiagent system with𝑁 follower agents, in which the dynamics are described as (1).
Suppose that Assumptions 1–5 hold and the constant 𝐷0 ̸= 0
in Assumption 5. Under the consensus protocol (22), robust
practical consensus of system (1) can be achieved if

𝛽𝛿 = (𝛼 − (2 + 4𝑀𝛿)) 𝜆2 > 5𝜂, (28)

where 𝜆2(𝐿) is the minimal eigenvalue of 𝐿 and 𝛿 is a given
positive constant.

Proof. Propose the Lyapunov candidate function as

𝑉 = 12
𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖. (29)

According to (26), one can obtain

�̇� ≤ 𝑁∑
𝑖=1

𝑒𝑇𝑖 (𝑓(𝑡, 𝑥𝑖) − ∑𝑁𝑗=1 𝑓 (𝑡, 𝑥𝑗)𝑁 )

− 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗
− 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)



6 Mathematical Problems in Engineering

≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − 𝛼 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗

+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖)𝑇 (𝑒𝑗 − 𝑒𝑖)

+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡))𝑇 𝑔 (𝑒𝑗 − 𝑒𝑖, 𝑡)

≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − (𝛼 − 2) 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗

+ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 (𝑔0 (𝑒𝑗 − 𝑒𝑖2) + 𝐷0)2

≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − (𝛼 − 2) 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗

+ 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗𝑔0 (𝑒𝑗 − 𝑒𝑖2)2 + 2 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝐷20.
(30)

According to Remark 6 and Assumption 5, one has

�̇� ≤ 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − (𝛼 − 2) 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗

+ 2𝑀𝛿 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑎𝑖𝑗 𝑒𝑗 − 𝑒𝑖22 + 2𝑁 (𝑁 − 1)𝐷20

= 5𝜂 𝑁∑
𝑖=1

𝑒𝑇𝑖 𝑒𝑖 − (𝛼 − 2) 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑒𝑇𝑖 𝑙𝑖𝑗𝑒𝑗

+ 4𝑀𝛿 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑙𝑖𝑗𝑒𝑇𝑖 𝑒𝑗 + 2𝑁 (𝑁 − 1)𝐷20
≤ 𝑒𝑇 ((5𝜂𝐼 − (𝛼 − (2 + 4𝑀𝛿)) 𝐿) ⊗ 𝐼𝑛) 𝑒

+ 2𝑁 (𝑁 − 1)𝐷20
≤ − (𝛽𝛿 − 𝜂)𝑉 + 2𝑁 (𝑁 − 1)𝐷20
= − (𝛽𝛿 − 5𝜂) (𝑉 − 2𝑁 (𝑁 − 1)𝐷20𝛽𝛿 − 5𝜂 ) .

(31)

Since 𝛽𝛿 > 5𝜂, �̇� < 0 if 𝑉 > 2𝑁(𝑁 − 1)𝐷20/(𝛽𝛿 − 5𝜂), which
means that all the state errors will enter into the set 𝑆 = {𝑉 ≤2𝑁(𝑁 − 1)𝐷20/(𝛽𝛿 − 𝜂)}. This means that Theorem 12 holds.

Figure 1: Topology graph 𝐺.
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Figure 2: Leader-following consensus of state trajectories.

5. Simulations

Consider a network with 8 nodes and a virtual leader. The
topology is described as Figure 1. We consider both complete
consensus and practical consensus for nonlinear first-order
multiagent systems for the cases where 𝐷0 = 0 and 𝐷0 ̸= 0,
respectively.The dynamics of each agent are described as ̇𝑥𝑖 =2𝑥𝑖 sin 3𝑡 + 𝑢𝑖.

For the complete consensus case, choosing the nonlinear
disturbance function is chosen as 𝑔(𝑥, 𝑡) = 0.02 sin 𝑥;
according to Figures 2 and 4, we can know that the consensus
for the proposed network can be achieved. For the practical
consensus case, choosing the nonlinear disturbance function
is chosen as 𝑔(𝑥, 𝑡) = 0.02 sin 𝑥 + 0.2 cos 𝑡; according to
Figures 3 and 5, it can be found that there is a tiny error in
the trajectories, which means that the practical consensus is
achieved.
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Figure 4: Leaderless consensus of state trajectories.

6. Conclusions

In this paper, both the robust consensus and the practical
consensus problem are investigated for nonlinear multiagent
systems with uncertainty and disturbance. The uncertainty
and disturbance function is piecewise continuous and is
described as 𝑔(𝑥, 𝑡), satisfying ‖𝑔(𝑥, 𝑡)‖2 ≤ 𝑔0(‖𝑥‖2) + 𝐷0.
Both complete consensus and practical consensus condition
are obtained and the analysis is presented by using hybrid
tools from matrix theory and Lyapunov stability theory.
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Figure 5: Leader-following practical consensus of state trajectories.
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The position tracking problem of the electric cylinder, which has internal perturbation, external disturbance, and measurement
noise of the output, is studied in this paper. A control method is proposed for achieving high tracking accuracy and tracking
velocity for the wheel-legged robot application. Nonsingular fast terminal sliding mode (NFTSM) control is investigated to ensure
that the system output can track the reference input in finite time. Besides, extended state observer (ESO) of the active disturbance
rejection control (ADRC) is used to estimate the system lumped perturbation and compensated it in the controller based on the
terminal slidingmode.This greatly reduces the chattering of the system caused by the gain of the slidingmode switch. Furthermore,
tracking differentiator is designed to attenuate the output measurement noise. Simulation and experimental results illustrate that
the NFTSM with ESO and TD algorithm, which is presented in this paper, has obvious superiority in the tracking precision and
the antijam ability.

1. Introduction

Since Boston Dynamics successfully developed the BigDog,
the world set off a wave of robotics research and the
driving mode has gradually shifted from the hydraulic to
the permanent magnet synchronous motor (PMSM) drive
[1–4]. As an important actuator of the robot, the electric
cylinder plays an important role in the control of the robot.
Therefore, the position control of the electric cylinder has
gradually become a hot research topic, which has attracted
wide attention. Because of its high performance such as
simple structure, high precision, high power density, high
torque to inertia ratio, smooth motion, low noise, and high
efficiency, the electric servo system is widely used in robot
control [5], medical equipment [6], precision control [7],
automotive electronics [8], and other industries [9].

A variety of methods were adopted by many scholars
to control the PMSM. Adaptive control [10–14], model
predictive control [15–17], fractional order control [18, 19],

and sliding mode control [20] are used to solve model
uncertainties. These algorithms have improved the control
performance of permanent magnet synchronous motor from
different aspects.

However, there are some defects that cannot be avoided in
the electric servo system, so it is not easy to get better control
precision. These defects mainly include model uncertainties
[21], external disturbance [17, 22], and measurement noise
[23]. The model uncertainties are divided into structural
uncertainties (model parameter uncertainties and unmodel
dynamics) and nonstructural uncertainties (nonlinear fric-
tion, load variant, nonlinear saturation, and dead zone).
These uncertainties seriously affect the control accuracy of
the system and even cause the system to be uncontrollable.
How to reduce the influence of these nonlinear factors on the
control system and simplify the control system has been the
goal of the researches in the control field. Control algorithms
mentioned in [10–19] need to establish amore accuratemath-
ematical model. Furthermore, in real industrial application
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Figure 1: The electric cylinder position tracking system structure diagram.

environment, friction model changes with the variation of
the motion state. In fact, it is hard to set up these system
models.Therefore, we use active disturbance rejection control
technology to solve the problem of uncertain interference in
the system.

20 years ago, Jingqing Han proposed the active distur-
bance rejection control (ADRC) algorithm, which needs less
quantity of model information. ADRC consists of tracking
differentiator (TD), extended state observer (ESO), and
feedback controller based on state error. Not knowing exactly
system model, we only need its output and input of infor-
mation and ESO can estimate the external disturbance and
internal perturbation [24–26].

Due to the fact that the sliding mode control has many
advantages, such as fast response, robustness to parameter
variations and external disturbances, and simple realization,
sliding model control (SMC) has been widely used in robot,
aircraft, and so on [27, 28]. The conventional sliding model
control is linear, whose system tracking error cannot con-
verge to zero within a fixed time, while terminal slidingmode
control (TSMC), which has a nonlinear switching manifold,
has high performance that can reach the equilibrium in
finite time [22, 29]. Unfortunately, when the system state is
far away from the equilibrium, its convergence rate is slow.
So, Yu and Man proposed the fast terminal sliding mode
control (FTSMC) [30]. However, in real application, there is a
singularity problem in some domain. Hence, nonsingular fast
terminal sliding mode control was proposed [31].

In this paper, we developed a fast terminal sliding mode
control algorithm to ensure that the system can achieve
equilibrium point in finite time. Besides, a novel disturbance
observer that needs less system model information was
introduced to estimate the internal interference and external
perturbation. In addition, we proposed a tracking differen-
tiator, which was used to attenuate the measurement noise of
the output. The tracking differentiator greatly improved the
system performance.

This paper is organized as follows: Section 2 describes the
principle of the system.Themodel of the system is established
in Section 3. Controller is designed in Section 4 and the
controller algorithm is simulated and verified in Section 5.
Section 6 summarizes the whole paper.

2. System Working Principle

Figure 1 is the electric cylinder position tracking system
structure diagram. The whole system is composed of PC104,
motor driver, PMSM motor, roller screw and variable load,
and photoelectric encoder. Numerical control technology

was used in the position loop of the system. Working prin-
ciple of the system is as follows: computing the error value
between the reference input and current state feedback value
from encoder. Then, the control input value was calculated
by the investigated control algorithm that was based on the
error value. Finally, after the D/A conversion and signal
processing, the control input is transferred to the motor
driver and controls the motor running and the system can
achieve position tracking effectively within a certain period
of time.

3. System Modeling

From aforementioned statement, we can know that the
system is second-order nonlinear uncertainty system, whose
equation the following:

�̇�1 = 𝑥2
�̇�2 = 𝑓 (𝑥1, 𝑥2) + 𝑑 (𝑥1, 𝑥2, 𝑡) + 𝑎 (𝑥) 𝑢 (1)

In (1), (𝑥1, 𝑥2) is the system state variable vector, 𝑥1, 𝑥2 rep-
resent position and velocity, respectively. 𝑓(𝑥1, 𝑥2) and 𝑎(𝑥)
are smooth continuous nonlinear functions that take (𝑥1, 𝑥2)
as the independent variables. 𝑑(𝑥1, 𝑥2, 𝑡) are the uncertainties
(i.e., external perturbation and parameter uncertainties),
which are bounded by |𝑓(𝑥1, 𝑥2)| ≤ 𝑓 and |𝑑(𝑥1, 𝑥2)| ≤ 𝑑.
𝑢 is control input of the system.

4. NFTSM Controller Design with ESO

Control objective of the system is to design a robust controller
so that the electric cylinder can track desired input signal
accurately and rapidly in the presence of model uncertainty
and external disturbance. In order to satisfy design demands,
a design method of controller is proposed. The structure
of the controller is designed to be as shown in Figure 2.
Generally speaking, the controller is composed of two parts:
extended state observer and nonsingular fast terminal sliding
mode controller (NFTSM). The following will be discussed
separately.

4.1. Extended State Observer. The extended state observer
does not depend on the specific mathematical model of the
disturbance, nor does it need to measure its effect directly. Its
structure is shown in Figure 3.

In our electric cylinder position tracking system,
𝑓(𝑥1, 𝑥2), which is bounded and continuously differentiable,
is composed of high-order unmodeling dynamics and
friction. 𝑑(𝑥1, 𝑥2, 𝑡) include load variation and external
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perturbation. The ESO defines the internal uncertainty
𝑓(𝑥1, 𝑥2) and the external uncertainty as lump extended
state 𝑥3.

𝑥3 = 𝑓 (𝑥1, 𝑥2) + 𝑑 (𝑥1, 𝑥2, 𝑡) (2)

Suppose that �̇�3 = 𝑚(𝑡). So we can rewrite the system state
equation as follows:

�̇�1 = 𝑥2
�̇�2 = 𝑥3 + 𝑎𝑢
�̇�3 = 𝑚 (𝑡)
𝑦 = 𝑥1

(3)

The ESO of the system is designed as follows:

𝑒 = 𝑧1 − 𝑦
�̇�1 = 𝑧2 − 𝜆1𝑒
�̇�2 = 𝑧3 − 𝜆2𝑓𝑎𝑙 (𝑒, 𝛽1, 𝛿) + 𝑎𝑢
�̇�3 = −𝜆3𝑓𝑎𝑙 (𝑒, 𝛽2, 𝛿)

(4)

𝑓𝑎𝑙 (𝑒, 𝛽, 𝛿) = {
{{

𝑒
𝛿𝛽−1 |𝑒| ≤ 𝛿
|𝑒|𝛽 sign (𝑒) |𝑒| > 𝛿 (5)

where state variables 𝑧1, 𝑧2, 𝑧3 are the observation values of
𝑥1, 𝑥2, 𝑥3, respectively. 𝜆1, 𝜆2, 𝜆3 are the adjustable param-
eters of the ESO and satisfy 𝜆1 = 3/𝜇, 𝜆2 = 3/𝜇2, and
𝜆3 = 1/𝜇3. When debugging the system, we can tune 𝜇 so
as to make 𝑧𝑖(𝑖 = 1 ∼ 3) approximately equal to 𝑥𝑖(𝑖 = 1 ∼ 3).
Using𝑓𝑎𝑙() canmake the system avoid high frequency flutter.

4.2. Nonsingular Fast Terminal Sliding Mode Control. In
order to solve the singularity and slow convergence of
traditional slidingmode control, a novel slidingmode control
design, nonsingular fast terminal sliding mode control, is
proposed.

4.2.1. SlidingMode Surface Design. The tracking position and
velocity error of the systemare defined as 𝑒1 = 𝑥1−𝑥𝑑 and 𝑒2 =𝑥2 − �̇�𝑑, respectively, where 𝑥1, 𝑥2, 𝑥𝑑 have been defined as
before. Particularly, 𝑥𝑑 has second derivative. Furthermore,
we define the sliding mode surface as

𝑠 = 𝑒1 + 𝛼1𝑒1𝑞/𝑝 + 𝛼2𝑒2ℎ/𝑙 (6)

where 𝛼1, 𝛼2 are positive parameters, 𝑝, 𝑞, ℎ, and 𝑙 are all
odd integers and 2𝑝 > 𝑞 > 𝑝 and 1 < ℎ/𝑙 < 𝑞/𝑝. 𝑒1
and 𝑒2 do not have negative exponent term, which ensures
that the controller based on the sliding mode surface design
avoids the singularity problem.When the system states arrive
at sliding mode surface, s = 0; that is to say, (6) satisfies

𝑒1 + 𝛼1𝑒1𝑞/𝑝 + 𝛼2𝑒2ℎ/𝑙 = 0 (7)

From (7), we can easily get

𝑒2ℎ/𝑙 = − 1
𝛼2 (𝑒1 + 𝛼1𝑒1𝑞/𝑝) (8)

Substituting ̇𝑒1 = 𝑒2 in (8) gives

̇𝑒1 = −( 1
𝛼2)
𝑙/ℎ

(𝑒1 + 𝛼1𝑒1𝑞/𝑝)𝑙/ℎ

= −( 1
𝛼2)
𝑙/ℎ

(𝑒1 (1 + 𝛼1𝑒1𝑞/𝑝))𝑙/ℎ

= −( 1
𝛼2)
𝑙/ℎ

𝑒1ℎ/𝑙 (1 + 𝛼1𝑒11−𝑞/𝑝)𝑙/ℎ

(9)

Suppose that the convergence time of the system is 𝑡. It means
that 𝑡 is the time required by the control system when the
controller makes the initial state of the system (error is not
equal to zero) reach the equilibrium point, where the error is
equal to zero. The time integrate of (9) satisfies

∫𝑒1(𝑡)
𝑒1(0)

̇𝑒1
𝑒1𝑙/ℎ 𝑑𝑡 = −∫𝑡

0
( 1
𝛼2)
𝑙/ℎ

(1 + 𝛼1𝑒1−1+𝑞/𝑝)𝑙/ℎ 𝑑𝑡 (10)
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𝑝 and 𝑞 are odd, so 𝑝-𝑞 is even integer and 𝑒1−1+𝑞/𝑝 ≥
0. Correspondingly, from (10), we can get the following
equation:

∫𝑒1(𝑡)
𝑒1(0)

̇𝑒1
𝑒1𝑙/ℎ 𝑑𝑡 = −∫𝑡

0
( 1
𝛼2)
𝑙/ℎ

(1 + 𝛼1𝑒1−1+𝑞/𝑝)𝑙/ℎ 𝑑𝑡

≤ −∫𝑡
0
( 1
𝛼2)
𝑙/ℎ

𝑑𝑡
(11)

From (11), we can easily draw the conclusion that when
the sliding surface and its parameters are determined, the
tracking error of the system will converge to zero within a
finite time on the sliding surface. Furthermore,

𝑡 = ∫|𝑒0|
0

𝛼2𝑙/ℎ
(𝑒1 + 𝛼1 𝑒1𝑞/𝑝)

𝑙/ℎ
𝑑𝑒1 (12)

Remark 1. For sliding mode surface (7), when the system
state variable is in the vicinity of the equilibrium point, the
position error of the system is very large and the convergence
speed is only determined by the high power of the position
error. While the system state variable is far away from the
equilibriumpoint, the position error of the system is relatively
small and the convergence speed is determined by the power
part of the position error. Without the high-order terms
error in the traditional sliding mode, NFTSM has faster
convergence rate than the traditional slidingmode, which can
solve the problem of slow convergence speed and improve the
transient performance of the system.

Remark 2. Because the exponents of 𝑒1 and 𝑒2 are larger than
1, they can avoid the negative index after derivation and thus
will not produce singular problem.

4.2.2. Controller Design. Before designing the controller,
we introduce Lemma 3, which plays an important role in
verifying the controller stability.

Lemma 3 (Bhat and Bernstein, 1998). Suppose that Ω(𝑥) is a
𝐶1 smooth positive definitive function (defined on𝑈 ⊂ 𝑅𝑛) and
Ω̇(𝑥) + 𝜏Ω𝛾 ≤ 0 on 𝑈 ⊂ 𝑅𝑛, for 1 < 𝛾 < 0 and 𝜏 > 0; then
there exists an area 𝑈0 ⊂ 𝑅𝑛 such that any Ω(𝑥) that starts
from 𝑈0 ⊂ 𝑅𝑛 can reach Ω(𝑥) ≡ 0 in finite time. Moreover,
if 𝑇𝑟𝑒𝑎𝑐ℎ is the time needed to reach Ω(𝑥) ≡ 0, then 𝑇𝑟𝑒𝑎𝑐ℎ ≤
Ω1−𝛾(𝑥0)/𝜏(1 − 𝛾), where Ω(𝑥0) is the initial value of Ω(𝑥).
Theorem 4. For the electric cylinder position manipulator (1),
if the NFSTMmanifold is chosen as (7) and the NFTSM control
is designed as follows, the tracking position error can converge
to zero in finite time.

𝑢 = −𝑎−1 ( 1
𝛼2

𝑙
ℎ𝑒2
2−(ℎ/𝑙) + 𝛼1

𝛼2
𝑙
ℎ
𝑞
𝑝𝑒1𝑞/𝑝−1𝑒22−(ℎ/𝑙)

+ 𝑧3 (𝑥, 𝑡) − �̈�𝑑 + 𝑀 sgn (𝑠))
(13)

where 𝑒1 = 𝑥1 − 𝑥𝑑, 𝑒2 = ̇𝑒1 = 𝑥2 − �̇�𝑑, and 𝑥1 and 𝑥2 are the
state variables, as defined previously. 𝑧3 is the estimated value

of the system lumped disturbance.𝑀 is the controller switching
gain.

Proof. Construct the following Lyapunov function:

𝑉 = 0.5𝑠2 (14)

Differentiating 𝑠 with respect to time, we get (15):

̇𝑠 = 𝑒2 + 𝛼1 𝑞𝑝𝑒1𝑞/𝑝−1𝑒2 + 𝛼2 ℎ𝑙 𝑒2
ℎ/𝑙−1 ̇𝑒2 (15)

Differentiating 𝑉 with respect to time and substituting (15)
into it, the yield is

�̇� = 𝑠 (𝑒2 + 𝛼1 𝑞𝑝𝑒1𝑞/𝑝−1𝑒2 + 𝛼2 ℎ𝑙 𝑒2
ℎ/𝑙−1 ̇𝑒2)

= 𝑠 (𝑒2 + 𝛼1 𝑞𝑝𝑒1𝑞/𝑝−1𝑒2 + 𝛼2 ℎ𝑙 𝑒2
ℎ/𝑙−1 (�̇�2 − �̈�𝑑))

(16)

Substituting (1) into above formula,

�̇� = 𝑠 (𝑒2 + 𝛼1 𝑞𝑝𝑒1𝑞/𝑝−1𝑒2 + 𝛼2 ℎ𝑙
⋅ 𝑒2ℎ/𝑙−1 (𝑓 (𝑥1, 𝑥2) + 𝑑 (𝑥1, 𝑥2, 𝑡) + 𝑎𝑢 − �̈�𝑑))

= 𝑠 (𝑒2 + 𝛼1 𝑞𝑝𝑒1𝑞/𝑝−1𝑒2 + 𝛼2 ℎ𝑙
⋅ 𝑒2ℎ/𝑙−1 (𝜔 (𝑥, 𝑡) + 𝑎𝑢 − �̈�𝑑)) = 𝑠𝛼2 ℎ𝑙 𝑒2

ℎ/𝑙−1 ( 1
𝛼2

⋅ 𝑙
ℎ 𝑒2
2−ℎ/𝑙 + 𝛼1

𝛼2
𝑞
𝑝

𝑙
ℎ𝑒1
𝑞/𝑝−1𝑒22−ℎ/𝑙

+ (𝜔 (𝑥, 𝑡) + 𝑎𝑢 − �̈�𝑑))

(17)

Substituting (13) into above formula,

�̇� = 𝑠𝛼2 ℎ𝑙
⋅ 𝑒2ℎ/𝑙−1 (𝑓 (𝑥, 𝑡) + 𝑑 (𝑥, 𝑡) − 𝑧3 (𝑥, 𝑡) − 𝑀 sgn (𝑠))
< 𝑠𝛼2 ℎ𝑙 𝑒2

ℎ/𝑙−1 (𝑓 + 𝑑 − 𝑧3 − 𝑀 sgn (𝑠))
(18)

Because ℎ, 𝑙 are positive odd integers and 1 < ℎ/𝑙 < 2 and
𝛼2 > 0, 𝑠𝛼2(ℎ/𝑙)𝑒2ℎ/𝑙−1 > 0. In order to make the system keep
stability, only if𝑀 satisfies𝑀 > 𝑓+ 𝑑 − 𝑧3, that is, �̇� satisfies
�̇� < 0, we have

�̇� < −𝑘 |𝑠| = −√2𝑘𝑉0.5 (19)

Hence,

�̇� + 𝑘𝑉0.5 < 0 (𝑘 > 0) (20)
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FromLemma 3, it is obvious that the control system is sta-
ble and that reaching the sliding mode surface in finite time
also can be obtained. Besides, according to the characteristics
of the sliding surface, we have previously obtained that when
the error reaches the sliding surface, it can converge to zero
in limited time. Verification is completed.

Remark 5. In fact, 𝑓 + 𝑑 − 𝑧3 is the estimation error of
the system lumped disturbance (suppose that 𝑓 + 𝑑 − 𝑧3 =
𝜀). Obviously, 𝜀 is much smaller than the system lumped
disturbance (𝑓 + 𝑑), so the system switching gain (𝑀) in the
control law can be designed as much smaller as possible only
if it satisfies Lyapunov stability condition (�̇� < 0). Hence, the
chattering of the system can be effectively suppressed, which
greatly improves the dynamic performance of the system.
Comparing Figure 8(a) and Figure 9(a), we can see that the
tracking differentiator can improve the dynamic performance
of the system.

Remark 6. In order to simplify the design of the system con-
troller, we do not take into account the system output noise
on the system tracking performance when we propose the
controller before. Simulation results show that the tracking
differentiator, which is added at the output of the system, can
improve the tracking accuracy of the system.

Tracking differentiator is such a device: for a given input
signal (e.g., 𝑥𝑑), its output signals satisfy that 𝑋1 tracks 𝑥𝑑
and 𝑋2 is used as approximate differentiator of �̇�𝑑. Under
normal condition, the differential signal is acquired by the
backward difference of the reference input signal. Tracking
differentiator has two functions:

(1) It can extract continuous signal and differential signal
from the measured signal with discontinuous or random
noise.

(2) It can realize the fast tracking of the input reference
signal and improve the response speed of the system through
adjusting the device’s parameter.

One feasible second-order tracking differentiator can be
designed as follows:

�̇�1 = 𝑥2
�̇�2 = 𝑓ℎ𝑎𝑛 (𝑥1 − 𝑥𝑑, 𝑥2, 𝑟, ℎ0)

(21)

where 𝑟 and ℎ0 are adjustable parameters, which decide
the device’s transient performance. 𝑟 is speed factor and it
determines the size of the tracking speed.The tracking speed
increases with the value of 𝑟. ℎ0 is filter coefficient. We all
know that the reduction of the integral step has great effect
on the noise suppression. While the step is constant value,
enlarging filter coefficient is an effective way to enhance the
filter effect. However, the parameters are bounded actually
and only in the adjustable range is the transient performance
acquired. 𝑓ℎ𝑎𝑛(𝑥1 − 𝑥𝑑, 𝑥2, 𝑟, ℎ0) is defined as formula (14).

𝑎0 = ℎ0𝑥2,
𝑑 = 𝑟ℎ02,
𝑦 = (𝑥1 − 𝑥𝑑) + 𝑎0

Table 1: System model components parameters.

Parameters Value
Ball screw thread diameter 9.5mm
Thread lead 5.08mm
Ball screw static friction coefficient 0.3
Ball screw Coulomb friction coefficient 0.15
Contact stiffness of ball screw 1×109𝑁/𝑚
Stribeck friction coefficient 0.06m/s
Screw mass 0.17 kg
Moment of inertia of rotating load 6 × 10−5𝑘𝑔𝑚2
Viscous friction coefficient of rotating
load 6 × 10−5𝑁𝑚/(𝑟𝑒V/min)
Disturbance torque (−0.06, 0.06) Nm
Step 0.005ms

𝑎1 = √𝑑 (𝑑 + 8 𝑦)

𝑎2 = sign (𝑦) (𝑎1 − 𝑑)
2 + 𝑎0

𝑓𝑠𝑔 = (sign (𝑦 + 𝑑) − sign (𝑦 − 𝑑))
2

𝑎 = (𝑎0 + 𝑦 − 𝑎2) 𝑓𝑠𝑔 + 𝑎2
𝑠𝑎 = (sign (𝑎 + 𝑑) − sign (𝑎 − 𝑑))

2
𝑓ℎ𝑎𝑛 = −𝑟 (𝑎

𝑑 − sign (𝑎)) 𝑠𝑎 − 𝑟 sign (𝑎)
(22)

Measurement noise and actuator default are also impor-
tant factors to the tracking performance of the control
system. According to the principle of absolute invariance,
two kinds of method can be used to eliminate or weaken
the measurement noise and actuator. When we know the
model of the system, we can adopt Kalman observer to
estimate the value of measurement. While the system model
cannot be obtained, RC filter and other filtering methods
were used. In this paper, without knowing the exact model
of the system, we select tracking differentiator to depress
the measuring noise and actuator default. With appropriate
adjustment parameters 𝑟, ℎ0, the noise can be removed.

5. System Simulation and
Experimental Verification

5.1. System Simulation. For the electric cylinder position
servo tracking system, whose model is shown as (1), we use
AMESim software to build mechanical model of the system,
using Simulink to set up the model of the control part as well.
Figure 4 and Table 1 are AMESim and Simulink cosimulation
system model diagram and simulation parameters table,
respectively.
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Figure 4: AMESim and Simulink cosimulation system model diagram.
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Figure 5: The system performance ADRC+NFTSM under constant load with sinusoidal reference input.
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Figure 6: The system performance of ADRC+NFTSM under constant load with step reference input.
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Figure 7: The system performance of PID under constant load with step reference input.

The simulation results with 0.5Hz sinusoidal reference
signal and unit step signal of the ADRC algorithm based on
NFTSM have been shown in Figures 5 and 6. Figure 5(a)
illustrates that the system output x can track the reference
signal smoothly with about 2∼3% tracking error except some
fluctuation in 0∼1 second, while the tracking error of the PID
algorithm (Figure 7(a)) is bigger than Figure 5(a). Figure 5(b)
shows that the amount of control u varies periodically with
external disturbance (Figure 5(c)).

Figure 6 illustrates the simulation result of system track-
ing unit step signal. Figure 6 illustrates that the output
of the system 𝑥 tracks the reference signal 𝑥𝑑 very well,
while the tracking performance of the PID algorithm is bad
(Figure 7(b)).

Figures 8 and 9 illustrate the performance of the system
in the case of noise suppression. Figure 8 is the tracking
performance of the tracking differentiator added to the
output of the system, while Figure 9 is the one without
tracking differentiator. Figures 8(b) and 9(b) are the system
original output. Figure 8(c) is the system output after tracking
differentiator filtering. By comparison, we can see that the
tracking effect of the system is improved obviously when we
add TD to the signal output end of the system.

5.2. Experimental Verification. In order to verify the feasi-
bility of the proposed fast terminal sliding mode controller
with an extended state observer, as shown in Figure 10, an
experimental platform is built, which consists of permanent
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Figure 8: The system performance of ADRC+NFTSM under measurement noise suppression with sine reference input.
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Figure 9: The system performance of ADRC+NFTSM without measurement noise suppression with sine reference input.
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1
1, PMSM; 2, electric cylinder; 3, load (vehicle); 4, optical encode;
5, driver; 6, controller; 7, load (weight)

Figure 10: Experimental platform.
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Figure 11: Tracking performance comparison of Case 1. Case 1 refers to the situation when the load of the system is the only vehicle.
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Figure 12: Tracking performance comparison of Case 2. Case 2 refers to the situation when the load of the system is the vehicle and weight.
They are two different loads of the system during the experiment.

magnet synchronous motor, electric cylinder, load, optical
encode, driver, and controller. The main parameters of the
motor are as follows:

(1) Rated power: 400w.
(2) Rated torque: 1.27Nm.
(3) Rated speed: 3000 r/m.
(4) Motor rotor inertia: 0.0003Nm.

We compare the tracking performance of the PID algorithm
with the NFTSM+ESO algorithm under two different oper-
ating conditions as follows. The reference input is 70+30sin2
𝜋 t (mm)

Case 1. The load of the system is the only vehicle.

Case 2. The load of the system is the vehicle and weight.

Case 1. Figure 11 plots the reference inputs of the two
algorithms and their corresponding outputs. As seen, the
control algorithm of NFTSM with ESO has better tracking
performance than the PID in transient and steady-state
performance. The main reason is that the ESO can estimate
the disturbance of the system and compensate it in real time.

Case 2. In order to further verify the robustness of the
proposed algorithmunder load disturbances, we add aweight
to the vehicle. The tracking performance comparison of the
two algorithms is shown in Figure 12. For the same reason,
NFTSM algorithm has better tracking performance than PID
algorithm.
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In addition, from (c) and (d) of Figures 11 and 12, it can
be seen that z1 can realize real-time estimation of the system
state x1. Hence, we can think that z3 is approximately equal to
the external disturbance of the system.

6. Conclusion

The electric cylinder position servo system may face the case
of the model uncertainty, external disturbance, andmeasure-
ment noise. Comparing the simulation result of the NFTSM
with ESO to the PID, we can easily draw a conclusion that
the former has good dynamic and steady performance. ESO
is utilized to estimate the lumped disturbance (both internal
interference and external perturbation) and compensated it
in the feed forward loop. Furthermore, the TD is designed to
attenuate the measurement noise in the system output. The
above methods can effectively improve the tracking accuracy
and tracking velocity of the electric cylinder.
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A multimodal sensory array to accurately position aerial multicopter drones with respect to pipes has been studied, and a solution
exploiting both LiDAR and vision sensors has been proposed. Several challenges, including detection of pipes and other cylindrical
elements in sensor space and validation of the elements detected, have been studied. A probabilistic parametric method has been
applied to segment and position cylinders with LIDAR, while several vision-based techniques have been tested to find the contours
of the pipe, combined with conic estimation cylinder pose recovery. Multiple solutions have been studied and analyzed, evaluating
their results. This allowed proposing an approach that combines both LiDAR and vision to produce robust and accurate pipe
detection. This combined solution is validated with real experimental data.

1. Introduction

Automation of tasks, driven by technical development, has
been gaining weight in industrial and civilian operations as
part of complex system for a long time. The introduction
of robotics (and other earlier advanced technologies) has
frequently found strong opposition; but no matter the field,
there has always been several factors pushing it: not only the
increased efficiency, but also the better and safer conditions
for human employees. In many areas, the introduction of
these technologies has been delayed because there is still
need for human capabilities hard to reproduce. One of these
capabilities, intrinsic to human beings, is the generality and
adaptability of human response, making them especially
suited for supervisory and monitoring tasks.

Monitoring and maintenance tasks rely heavily on avail-
ability of the information, which can be obtained from
remote/installation sensors, but many times require actual
physical inspection of some elements. This is especially true
for industry, where it would be impossible to sensorize all
the elements/points whichmust be inspected ormonitored at
some time as part of themaintenance operations. An example

of such elements would be pipes and canalizations, especially
in heavy industries, where kilometers of pipes have to be
periodically inspected.

These pipes and tubes are common structures not only
in industry but also in urban environments and can be
frequently found in hard-to-reach areas.This poses a problem
for the mentioned monitoring and maintenance operations,
as those operations are commonly performed by human
personnel or ground based unmanned vehicles (UGV) with
great efficiency and become expensive and exceptionally
risky in inaccessible areas. In such scenarios, operations with
humans in high and/or hard-to-reach areas generally imply
shutting off ordinary operation, building temporary scaffolds,
and following complex safety protocols and procedures to
minimize risks. In these situations, any opportunity to reduce
the participation or risks taken by human personnel can have
a great impact, both economically and in safety terms.

In this context, UAV (Unmanned Aerial Vehicles) based
solutions have started to appear. While UAV drones have
been present for a long time, developments in MEMS
(microelectromechanical systems) and battery technologies
have produced an explosive growth of the field. This has
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made them cheaper and easier to deploy, with a big research
and development community supporting them, especially for
the massively popular rotary-wing multicopters. This kind
of UAV has already a strong presence in the audiovisual
production and the surveying industry and is gaining a
foothold in other industries.

On the other side, the problem of locating pipes from
robotic platforms is not new. There are many works that try
to locate defects in pipes from the inside [2, 3] which use
robots that try to build a map of the pipe while they navigate
inside the pipe. Those systems are based mainly in odometry
and inertial measurement units to build the path and the
map to locate themselves [4]. This is not the problem that
author encounters in this research. In [5], authors present an
on-board UAV visual system which tries to avoid collisions
of such flying robots. The range of visual detection varies
depending on the detected elements but the accuracy in
objects detection is not enough to locate the UAV with
precision enough to obtain a good pose of the robot. In [6]
another obstacle detection-equipped UAV is presented: the
robot has visual systems, laser, barometer, and ultrasound on-
board and, although they use a PTAM scheme [7] to locate,
the excess in sensors makes the accuracy in fusion give large
errors in location, at low heights the barometer is unreliable
due to turbulences, and at heights above 5 m the ultrasonic
distance sensor drops out.

The paper presented describes the research and develop-
ment performed to produce a solution to the problem of posi-
tioning an UAV with respect to pipes/columns/cylindrical
elements found in the environment, using LiDAR, vision,
or other sensors available to deploy in an UAV. The pro-
posed architecture combines two different of the studied
techniques to produce accurate and robust results. After a
brief description of the general architecture used by the
UAVs is considered, presented in Section 2, the respective
discussions of the studies performed with LiDAR and vision
sensors are discussed in Sections 3 and 4. In Section 3,
two different LIDAR-processing architectures designed are
shown: one built initially to allow joining multiple LIDAR
scans to produce denser data inputs for a RANSAC technique
to be used and a second lightweight approach, focused in
performance. In Section 4 a known state-of-the-art pose
recovery method is implemented and studied, detailing the
image processing used to detect the apparent contour of
the pipes. After finding the strengths and weaknesses of the
different approaches studied in Sections 3 and 4, Section 5
describes the combined approach proposed, which uses the
robustness of the LiDAR detection and segmentation and the
superior accuracy of the vision-based positioning method.
Experimental results are provided to benchmark the different
techniques studied and validate the proposed approach with
real data capturedwith a handheld sensor body emulating the
configuration to be found in the UAV.

2. UAV Architecture and Properties

One of the most challenging aspects of robotics in the
context of UAV is the weight constraint: the equipment

deployable on-board is twice limited by weight: the weight
of the equipment itself and the weight of the batteries
required to power the device.This translates into very limited
computational power deployable on-board, even introducing
additional SBC (single board computer). The chances of
delegating computational efforts to other systems are also
constrained by the range, bandwidth, and latency of wireless
communications, so the general assumption is to deploy
anything needed at real-time performance on-board.

This affects the architecture of the robotic UAV, not only
in hardware terms, but also from a high level architecture
point of view. Thus, the common approach of deploying
a single computing unit in the form of the FMU (Flight
Management Unit) is ignored in favor of deploying and
additional SBC. This additional computing unit will be
responsible for all the hardware and processes not needed
in the low level control loops to guarantee UAV stability and
safety. The FMU will receive data from those sensors which
require low computational power to process it (GPS, inertial
and height sensors, etc.) and control the low level operation of
the UAV. This way, the heaviest computational tasks, such as
image processing, localization in maps, video streaming and
communications, etc., are delegated to the SBC.

Figure 1 shows the architecture of the UAV drones
considered in this work.Though the architecture was initially
developed using Odroid SBC’s (based on ARM processors,
roughly equal to a high end smartphone), the kind of
computational power required by the proposed approaches
required upgrading the hardware to Intel NUC (Next Unit of
Computing) device (same performance as a mid-to-high end
laptop).

Under this architecture the FMU is still responsible for
the odometry estimation, so the research and experiments
have to account for the error characterization in these
measurements.

3. LiDAR-Based Detection and Segmentation
of Cylinders

Detection and positioning of pipes using LiDAR or similar
range-finder sensors are essentially a problem of shape
detection in point clouds. There are many approaches to this
problem, but they are generally based on five wide categories:
edge-based, region-based, attribute-based, graph-based, and
model-based methods. Each category shares a wide set of
features, according to its procedures and strategies.

Edge-based methods try to find the edges of a region
of similar points, generally through identification of those
points presenting a rapid divergence of the metric with
respect to the neighbors. Some methods are based in gra-
dient techniques [8], while other detect different edges and
group them, producing scan lines representing surfaces [9].
Approaches like the latter one are suitable for only-range
sensors but produce weak results when the point cloud
density is uneven. On the other hand, region-based methods
use local neighborhood information to build regions of points
with similar features and isolate regions according to the
dissimilarity, thus growing regions instead of delimiting them
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Figure 1: Architecture diagram with main sensors and processing hardware, noting some relevant processes for this work.

as the edge-based methods. Though they have been reported
to provide better results than edge-based methods, they have
low accuracy determining the limits of the regions and can
require accurately seeds to start growing regions [10].

Methods based on attributes, like [11], work as a two-step
process: in the first step an attribute or set of attributes is
computed; and in the second step the data points are classified
(commonly through clustering) according to the attribute.
Though they are resilient and the clustering can be used to
introduce clues, they are largely dependent on the attribute
chosen and its selection is not a trivial problem.

Graph-based methods read the whole point cloud as
a graph, with the simplest case matching each point to
a node. They can produce very good results, as they can
benefit from many techniques commonly applied to graph-
based problems, like Markov Random Fields [12], k-nearest
neighbor (kNN) [13], or conditional random fields (CRF)
[14], to cite a few examples. The size of the cloud point to be
processed generally proves a weakness, as dense or semidense
clouds are generally impossible to be processed in real time
with graph-based algorithms.

Model-based approaches are mostly based on the Ran-
dom Sample Consensus (RANSAC) technique [15]. The
procedure is based on fitting geometric primitive models and
group points according to their proximity to the models. The
RANSAC approach itself has been widely studied [16, 17] in
fitting problems and, given an adequate model and initial
seed, produces accurate results robustly.

Note that most of the popular laser range-finder (LRF)
sensors present a characteristic unevenness in sampling den-
sity and distribution, as they generally work by performing
single or multiple parallel scans by rotating the range-finder
element. As a consequence of this operation the samples
are quantized at some tens of coordinates along a limited

subregion of the dimension/axis orthonormal to the scan
plane, while the scan plane or half-planes are usually fully
sampled, as seen in Figure 2. For example, the sensor used
for this study, the Velodyne VLP-16, presents 16 scan lines
distributed between +15∘ and -15∘ in azimuth, with 360∘
coverage each [18] (see Figure 3). This feature can impact the
segmentation and positioning problem, especially in terms of
accuracy depending on the relative orientation between the
sensors and the objects, as it will be discussed.

For our problem, in order to detect a pipe generalized as
a straight homogeneous circular cylinder (SHCC) robustly,
in a real-time scenario with the limited computational power
deployable in an UAV, to determine their pose, a RANSAC-
based segmentation approach was chosen, using a state-of-
the-art implementation [10]. Thus, assuming that there is a
cylindrical pipe which can be described as a SHCC, C, and a
coordinate frame centered in the sensor L, with 𝑜𝐿𝑇 denoting
the homogenous transformation from a world origin 𝑜 to
this LiDAR frame, the RANSAC process tries to fit a SHCC
model into the point cloud. This point cloud is referenced
with respect to L, as the seven parameters of the model to
be fit, namely, the coordinates of a support point for the axis
of the SHCC in frame L, [xp, yp, zp], a vector denoting the
direction of said axis [xv, yv, zv], and the estimated radius rc.
A seed for the radius parameter can be provided, in the form
of a range [rmin, rmax], with the RANSAC procedure trying to
force that rc satisfies said range.

Proof of concept tests showed that the application of
a raw RANSAC procedure to the data obtained from the
LiDAR sensor was vulnerable to the unequal distribution of
samples along the different dimensions of the sensor frame
L, producing either false positives if the seed range for rc
was set with wide margins or failing to find a cylinder C
with parameters fitting the SHCC model. Because of this
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Figure 2: Characteristic sampling unevenness presented by most of the rotation-based LRF’s scanner, like the VLP-16 used in this work.

(a) (b)

Figure 3: Sensor Velodyne VLP16: (a) appearance of the sensor; (b) sensor coordinate frame, with origin and scan with detail.

weakness, two different architectures were studied: a first
one, designed to produce denser point clouds, exploiting the
assumption that odometry measurements of the movements
or the multicopter would be available, so an approximation
to 𝑜𝐿𝑇 is available; a second one, which would present a much
better performance.

For the first architecture, the procedure starts with a
scan joining step, where two or more of the point clouds
scans produced are combined to produce an assembled
point cloud. This operation is performed exploiting the
capabilities to store and operate several buffers of time-
stamped transformations and frames provided by ROS [19,
20]. Note that this procedure is entirely reliant in the accuracy
of the transformation 𝑜𝐿𝑇 and the sensing capabilities of the
multicopter to optimize its performance. This is because
as an ICP-derived [21] procedure, the scan joining process
uses the transformation between the point clouds at different
time instants as a seed. The main risk to this approach is
correlated with the size of the assembled point cloud, as

it grows linearly with the number of scans fused. If the
assembled point cloud is larger than the size limit which can
be robustly solved in real time, it again produces inaccurate
model fittings or spurious detections. To avoid this, the point
clouds are preprocessed to reduce the number of points
considered into the RANSAC approach, treating them with
a geometrical pass filter, a voxelization step, and a statistical
filtering phase, assuming that for a point being part of a
relevant surface it must lay in certain areas and be near
other points. Once the cloud has been filtered, the RANSAC
procedure determines the model of a homogeneous circular
cylinder described by an axis (a line with a support Euclidean
point and direction vector) and a radius, by fitting the
parametric model based on the neighbor surface normal of
the data points.

This approach was tested indoors, with a false positive
detection rate below 0.7%, and very accurate SHCC model
parameter estimation but presented two main weaknesses:
firstly the segmentation operation operated at an average
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rate of 0.73 Hz and secondly the indoor testbed used to
simulate the odometry (estimated through motion capture
with Optitrack�) produced an estimation with an accuracy
beyond what it can be really expected during actual flight
operations with on-board sensors. Introducing white noise
into the odometry estimated with the motion capture system
to simulate the actual accuracy that can be expected from
real-time inertio-visual odometry approaches [22] produced
a decrease in performance, with an average detection rate
of 0.64 Hz. Still, the results obtained from testing this early
architecture allowed experimentally determining through
human calibration the parameters to configure the RANSAC
procedure and gave insight into how to produce a lightweight,
faster approach.

The second lightweight architecture (see Figure 4) pre-
sented several differences over the first tested: the cloud
point joining process is removed, just like the statistical
filter and the voxelization, and a new curvature-based filter
was introduced. The lightweight architecture was possible to
design due to a better adjustment of the RANSAC parameters
and knowledge acquired testing the initial architecture. This
meant that the new architecture was able to detect the
desired SHCC with single point clouds, avoiding the scan
joining step, as seen in Figure 4. This in turn removed
the dependence on accurate odometry, with spatial filtering
being generally done with respect to the sensor frame to
remove the “shadow” of the UAV/rigid solid where sensor is
attached. The statistical filter was removed as it was observed
that it presented no relevant impact into the accuracy of
the RANSAC procedure, neither to avoid fake positive nor
improving accuracy. The voxelization process, though it
had proved useful for dealing with dynamically sized cloud
points, with the single point cloud approach it proved too
expensive, as it is essentially a full resampling of the whole
data.

Removing all these steps from the LIDAR pipeline
allowed freeing computation time; thus a curvature filter
was introduced. This filter is also a significant computational
burden, but allows working with fully unknown radius,
removing the need for an initial rc. This makes the prior
knowledge completely optional, though it greatly reduces the
chances of false positives and can be used to disable the
curvature filter increasing performance.

4. Vision-Based Detection and Pose Recovery
of a Cylindrical Pipe

One of themain physical characteristics of pipes and tubes, in
terms of vision-based perception and image, is the apparent
contour, i.e., the edges presented: even when they present
similar hue and texture as the background, the geometry of
a pipe, as a SHCC, is noticeable (see Figure 7(b)). Another
important characteristic that can be usually detected and
tracked is the material texture. Nevertheless, this saliency in
terms of texture with respect to the rest of the environment
may prove unreliable, as its detection can be largely affected
by shadows, dynamic lightning, and other visual artifacts.
These issues can be dealt with through computer vision
techniques, but generally imply computationally expensive
procedures, unsuitable for UAV deployment.

4.1. Pose Recovery. Several vision-based approaches have
tried to solve the pose estimation problem for cylinders from
monocular images. In [23], severalmethods to estimate linear
and quadratic primitives through analytics procedures are
presented, focusing on the perspective inversion approach.
In [24], a multistep process localizes each of the cylinder
axis using a priori knowledge about the projection of the
cross-sections, as described in [25], and uses them to localize
the cylindrical surface in the camera coordinate frame. More
recently, in [26], the metric reconstruction of surfaces of
revolution (SOR)was addressed combining the apparent con-
tour and captures of cross-sections. Some of the geometrical
properties and formulations described in [26] were also used
in [1]. Later works, like, have proposed solutions based in
nonlinear Levenberg-Marquardt optimization, though they
tend to rely on multiple views and iterative solutions.

In [1], Doignon et al. present a pose recovery method
for SHCC from the apparent contour in a single image.
The apparent contour is assumed to be known as a pair
of segments S1 and S2, with each one being denoted as
two points in homogeneous coordinates, Sia and Sib, for
segments i = [1 2]. A closed-form solution to determine the
pose between the axis of the SHCC and the camera scaled
by the radius in Plücker coordinates [27] is given. This is
achieved by formulating amatrix representing the degenerate
quadratic defining the cylinder, which can be annotated as
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Figure 5: Projection of the apparent contours of a SHCCmodelling a pipe in the image plane, with the camera projection center and the pose
coordinates (courtesy of Doignon et al. [1]).

Plücker coordinates of the symmetry axis (see Figure 5). This
formulation can be used in a conic-based pose fittingmethod,
which can determine the pose exploiting the relations
between the perspective projection and the pose parameters.

This solution was implemented to visually determine the
pose of the pipe, as the closed-form solution describedmeant
that the procedure could achieve real-time performance, as
only a singular value decomposition operation was required
to solve the optimization part of the method. Tests with
synthetic datasets for apparent contours showed results con-
sistent with those described in the original work. Indoor
experiments were also successful, producing average relative
error below 3.5% for depth estimation. Still, when the camera
optical axis and the pipe axis become close to parallel, which
constitutes a degenerate configuration, the method becomes
inconsistent.

4.2. Apparent Contour Extraction. Several approaches were
developed in order to extract the apparent contour of a pipe.
A simplistic solution based in the Hough transform [28] was
initially developed, where all the straight lines in a region of
interest are detected and studied. During the initial indoor
testing the probabilistic Hough transform based on Canny
edge detector [29] with Otsu’s threshold [30] proved enough
to achieve consistent binarization and edge detection (note
that Canny is still widely known as optimal detector [31]), as
seen in Figure 6. Note that, in an uncontrolled environment,
be it natural or artificial, there may appear multiple segments
and pair of themwhichmay appear to be an apparent contour
for a pipe, and they must be discriminated.

In order to initially find the apparent contour candidates,
they were filtered to reject those shorter than a given
threshold and grouped by pairs according to the similarities
in orientation and closeness. This closeness was defined as the
number of approximately parallel segments between them;
i.e., two edges of the same pipe or column should present
a low number of other parallel lines between them. This
step presents very challenging problems and scenarios, as

seen in Figure 6: in Figure 6(a) two different pair of lines
could be interpreted as pipe contours, and it would require
segmentation and/or scene interpretation techniques to solve
the ambiguity, while in Figure 6(b) both reflections and
shadows modify the apparent contours of the pipes.

Thus, a priori knowledge was used to choose the apparent
contour candidate to use in the method described earlier
to recover the pose. This knowledge was introduced as
geometric/model restrictions (i.e., approximately known ori-
entation or position of the pipe) or through a humanmachine
interface (HMI). Notice that using HMI knowledge to obtain
priors required using accurate odometry transform, the prior
knowledge to the relevant coordinate frame of the camera. To
add consistency to themethod, once an apparent contour has
been found and validated, a visual servoing tracking method
[32] searches for it in successive frames, and only when there
are inconsistencies the full detection is performed.

This implementation, including pose recovery, produced
robust results in indoor environments in terms of detection
but presented poor performance around 8.64 Hz, while still
being affected by multiple challenging issues in terms of
computer vision (see Figure 6). A small battery of out-
door tests further revealed some critical weaknesses. Firstly,
the global binarization process was not able to properly
detect edges under natural uncontrolled lighting, especially
when multiple/ambient light produces diffused shadows;
the implicit assumption of presenting features similar to
a bimodal image taken in the indoor case to use Otsu’s
thresholding was not useful in an uncontrolled environment.
Additionally, the indoor structured environments presented
easier to identify contours, usually presenting stronger edges
with approximately known size and structure, thus being
able to be detected and identified with our assumed model.
Finally, in the outdoor operation, the frame-to-frame contour
tracking was unable to track the contour consistently, requir-
ing to reintroduce prior knowledge in the case of the HMI.

A modified approach substituted the global binarization
with two different local adaptive binarization approaches
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(a) (b)

Figure 6: Two samples ofHough transform pipe detection. Random elements can be easily present straight edges in structured environments:
(a) two pairs of lines are detectedwhich can produce two equally strong apparent contour candidates; (b) reflections and shadowsmay produce
spurious apparent contours.

[32], but the performance achieved was too low to be
useful, with 2.34 Hz on average at 640x480 pixels. In the
end, the full binarization with Canny edge detection was
removed in favor of introducing a line segment detector (LSD
[33]). This final architecture, seen in Figure 7, improved the
performance of the approach, working at an average 21.4 Hz,
but still presented an unreliable contour detection step, as it
is discussed further in the results section.

Notice that the final architecture proposed, in Figure 7,
still uses prior knowledge, obtained through prior models
and odometry, or with human interaction with the HMI.
This allows determining the region of interest (ROI) to
search for the apparent contour to improve the robustness
of the technique, while reducing the number of false positive
detections. Another improvement of this architecture is the
introduction of visual-tracking for the lines composing the
apparent contour; so, once they are properly detected, if
the frame-to-frame tracking is successful all the steps to
detect and determine the apparent contour will be skipped
in successive frames.

5. Integrated LiDAR Segmentation and
Vision-Based Pose Recovery

Earlier sections have discussed work developed with each
of the available sensors in order to solve the problem of
detection and pose recovery of a pipe with known radius. Of
the studied approaches, using LiDAR and vision, respectively,
each one presented its own weaknesses and strengths. Our
study showed that each of the approaches was stronger at
one of the steps and noticeable weaker at the other task:
LiDAR registration procedure achieved great robustness at
the detection and segmentation task, while the vision-based
pose recovery presented great accuracy at higher rate, but
with very weak detection results. These results led to the
development of a combined approach to exploit the best
features provided by each sensing technology.

The integratedmethod solves the problem in twodifferent
steps, working at different speeds with different sensors.
Firstly, a RANSAC-based segmentation step, as described

earlier, uses the point cloud data provided by the VLP
16 LiDAR to fit the SHCC model into the environment
surrounding the UAV. This process works at an average 4.3
Hz, with an accuracy presenting dependencies with respect
to the material and texture of the pipe to be detected and
specially to the relative position between the pipe axis and
the sensors, as it will be discussed in Section 6.

Once an estimation of the pipe axis pose is available as
a point 𝐴𝐿𝑝 = [xp, yp, zp] and a 𝐴𝐿V = [xv, yv, zv] vector
in the LiDAR frame, L, these are converted into the world
coordinates using the transformation 𝐿𝑜𝑇𝑘, computed at the
instant the laser scanwas acquired, k. Once in theworld frame
O, the model of the pipe axis can be transformed into the
camera vision frame C, using transformation 𝑜𝐶𝑇𝑘or

𝑜
𝐶𝑇𝑘+𝑡,

depending on if it is assumed that the motion performed by
the UAV during the time to process the LiDAR cloud point
data is negligible or it is relevant and possible to capture it
with the odometry estimation available. Note that instead of
𝑜
𝐶𝑇𝑘, it is possible to work directly with the transformation
between the LiDAR sensor frame L and the camera vision
frame C, 𝐿𝐶𝑇𝑘, if movement during the time interval t will not
be considered in any case.

With the pipe axis translated to the relevant camera frame
C, described through point 𝐴𝐶𝑝 and vector 𝐴𝐶V, the shortest
segment between the camera optical center pose ([0,0,0] in
frame C) and the pipe axis is determined (see Figure 8).
A plane ∏, normal to said vector is computed, and two
lines lying on this plane, parallel to the pipe axis denoted by
𝐴𝐶𝑝 and 𝐴

𝐶
V, at distance rc are computed and considered as

predicted apparent contour.
The predicted apparent contour is projected into the cam-

era plane using the projectionmatrix of the calibrated camera
sensor [34].This allows determining a tightly boundedROI to
search for line segments in the image and using strict criteria
to accept or reject segments to use as image apparent contour.

Figure 9 shows the architecture diagram for the combined
approach. The first row shows the LiDAR-based segmenta-
tion pipeline, starting with the point cloud data obtained
from the VLP 16 sensor and following the process shown in
Figure 5, which provides robust detection of the pipe and
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Figure 7: Final vision-based architecture for detection and pose recovery of pipes.

an initial pose estimation. In the second row the step to
convert the initial pose estimation produced by the LiDAR
into a prior for the visual pose recovery is shown. Note that,
in order to be able to use pose estimated by the RANSAC-
based cylinder segmentation, an estimation of the state and
odometry of the UAV/sensors rigid body is required, as the
LiDAR segmentation and visual positioning pipelines work
at different rates. Because of this, we cannot assume that
the global position of the UAV/sensors rigid body will not
vary and use the relative pose between the LiDAR detected
cylinder and the UAV directly (as the frequency achieved is
around 4.5Hz the delay is around∼0.23 s), but we can assume
that the odometry estimation provided by the FMU (as
described in Section 2, see Figure 1) will be locally accurate to
transform the estimated line parameters into current camera
coordinates. This data is then used in the third row of the
architecture diagram, which details the visual pipe segmen-
tation and pose recovery. Notice that although somemeasure
of scene registration is still performed, the visual pipeline
has been modified to use the data from the LiDAR detected
pipe as a prior, so the processes and architecture described in
Section 4.2 are simplified and the apparent contour detection
rate is greatly improved.Thesemodifications remove the need
for human feedback or accurate pipe priors, the only required
that is the cylinder radius, with the pose recovery process
remaining largely the same once the apparent contour is
determined.

6. Experimental Validation

The proposed approach has been validated with real exper-
imental data. Each of the different techniques and architec-
tures was tested using the relevant sensors and ground truths.
The experiments were performed over real data sequences
captured (see Figure 10) through software provided by the
ROS middleware.

The software developed was integrated into the ROS
framework and tested in a i7 laptop, at 2.5 GHz, running ROS
Indigo over Ubuntu Trusty Tahr.

6.1. Experimental Hardware Setup. Two different hardware
setups have been used to capture sequences tested with the
developed techniques. Firstly, a multicopter drone platform,
used as concept test, to check viability of flight with the
increased weight and impact of vibrations and other dis-
turbances is introduced. An early image of the prototype
target platform to deploy the developed software can be seen
in Figure 11(a). A second hardware setup was developed in
order to test and validate the different techniques developed
without having to perform real flights; a standalone rigid
frame was built to deploy the sensors and operate them
manually in indoor environments (see Figure 11(b)).Working
with the handheld sensor frame allowed us to easily study
singular configuration and other cases of interest and also
permitted testing the approaches with data obtained inside
and indoor motion capture system, providing a millimeter
accuracy ground truth.

In both setups, the UAV and the handheld frame, the Y
axis of the VLP 16 was aligned parallel to the visual axis of
the camera (commonly Z in camera frame according to liter-
ature). This meant that although there is no actual difference
between X and Y axes in terms of LiDAR sensing capability,
as during the capture the camera was pointed towards the
pipe, the Y axis of the LiDAR became the depth from the
sensor to the pipe, while the X axis mapped the pan or side-
scrolling movements. Thus, during the results discussion,
those discussions that referred to the Y axis of the LiDAR are
actually related to the depth between pipe and sensor.

6.2. LiDAR Detection and Positioning Results. To evaluate
LiDAR segmentation robustness and accuracy several indoor
tests were performed locating a vertical 0.5m diameter pipe,
as these could be capturedwith an accurate ground truth.The
first validation step was finding if the lightweight architecture
without scan joining could achieve the same robustness and
how much better performance could be achieved. It was
determined that the false positive rate was almost negligible
for both (see Table 1), but, at the same time, avoiding the
scan joining step reduces greatly the computational effort.



Mathematical Problems in Engineering 9

Figure 8: Details of the projection into frame C operation, how the shortest segment (in red) between the axis crossing through 𝐴𝐶𝑝 and the
camera optical center Cc is used to build a normal plane to support the parallel lines used as apparent contour approximation (in light blue)
and intersect with the predicted field of view of the camera (projected in green).
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Figure 9: Integrated architecture combining the developed LiDAR and vision-based pipelines.

(a) (b)

Figure 10: Samples of one of the indoor experimental sequences captured: (a) visualization of the VLP16 point cloud, with and RGB axis
frame denoting the rigid sensor frame pose and those points pertaining to the detected SHCC plotted in white; (b) view from the camera
rigidly solidary to the sensor frame, the elements seen (pipe, chair) can be also observed in figure (a).
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(a) (b)

Figure 11: Hardware prototypes: (a) early prototype UAV hexacopter deploying the sensor setup considered in this work; (b) handheld sensor
rigid body for experimentation in flight-denied areas (indoor laboratories, etc.).
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Figure 12: Distance between LiDAR and SHCC versus position error in the plane XY of the LiDAR: (a) X position error in the XY plane of
the LiDAR at the pipe axis intersection; (b) Y position error in the XY plane of the LiDAR at the pipe axis intersection.

Table 1: RANSAC-based segmentation of a SHCC in point clouds,
“joining scans versus single scan”.

Method Initial size RANSAC
size Avg. rate False

positives
Figure 3
Architecture ∼60k points

19k avg.
points 0.73 Hz 0.71%

Figure 4
Architecture ∼30k points

8.5k
avg.points 3.94 Hz 0.73%

This is noticeable not only in the joining and preprocessing
phases, but also in the RANSAC step, as the number of
points introduced into the RANSAC method went down
from an average of 19k to 8.5k, thus greatly alleviating the
computational costs. The impact is evident in the average
frame rates achieved by each method.

The impact of the distance and orientation between the
pipe and the sensor was studied using the ground truth
form the motion capture system. Figures 12 and 13 show the

impact of distance in position and orientation estimation,
respectively, for one of the experiments. In said experiment
the rigid sensor frame was set a 3.5m distance from the pipe,
then the distance was closed until ∼1m, to later move away
from it again. At around 2.10m the sensor frame was rotated
in several axes, with multiple roll rotation around the line
joining the LiDAR and the pipe axis. It is noticeable how in all
the degrees of freedom the error is well bounded, and when
studying the 2.10m point, as the most sampled distance, the
error tends to follow a normal-like distribution (with a slight
bias in the depth estimation, noted as Y axis with respect to
plane XY plane of the LiDAR, per Figure 3(b)).

The study of the orientation error with respect to the
distance shows (Figure 13) that it iswell bounded around 1∘ for
one axis, at Figure 13(a), with slightlymore disperse results for
the angle in the YZ plane (Figure 12(b)). Notice that this angle
is correlated with depth perception, and as such, it presents a
slightly greater error, as it is noticeable in Figure 13(b).

The study of the sensibility of the SHCC estimation
with respect to the orientation of the sensor showed a



Mathematical Problems in Engineering 11

Cylinder pitch error over distance

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 31
distance (m)

−5

−4

−3

−2

−1

0

1

2

4

3

an
gl

e e
rr

or
 (∘

)

(a)

Cylinder yaw error over distance

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 31
distance (m)

−3

−2

−1

0

1

2

3

an
gl

e e
rr

or
 (∘

)

(b)

Figure 13: 2-DOF orientation between estimated SHCC axis and actual vertical pipe, assuming as roll rotation around the pipe axis which
extents along the Z axis of a coordinate frame: (a) pitch error, observed as the projected angle in a XZ plane containing the pipe axis; (b) yaw
error, as a projected angle in a YZ plane containing the pipe axis.
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Figure 14: Depth positioning and orientation error versus sensor roll around LiDARY axis: (a) position error in pipe axis interception against
the XY plane of the LiDAR, in the same XY plane; (b) yaw error, as a projected angle in a YZ plane containing the pipe axis.

strong correlation between the roll along the Y axis of the
sensor itself, and the depth related position and orientation
components. The relevant results are shown in Figures 14(a)
and 14(b), respectively. The low dispersion cluster with very
low errors around 90∘ was produced, both for position and for
orientation in short distances, below the 2m marks, with the
scan planes orthonormal to the floor and aligned to the pipe
axis. The other big clusters are near horizontal orientations
of the sensors and present a much wider dispersion. This
phenomenon was produced by the different detection rates,
affected both by distance and by orientation. As such, the
approximately vertical orientation of the sensor, with scan
lines almost parallel to the pipe, produces much more

accurate results if the distance is close enough so that enough
scan lines will hit the pipe, enabling detection of the SHCC
through RANSAC. If the distance crosses the 2m mark, the
accuracy drops slightly, but it is also prone to fail to find the
SHCC in the point cloud.

6.3. Vision-Based Contour Detection and Pose Recovery. The
vision-based approach was tested with the same indoor
sequences and some other outdoors sequences, which lacked
ground truth or LiDAR information. The accuracy of the
results obtained, in terms of pose recovery, was slightly
worse than those reported by [1], with an average 4.2%
relative errors, though this difference is probably produced
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Table 2: Detection accuracy and performance of the visual detec-
tion of pipe apparent contours.

Contour detection method Indoor
error rate1

Outdoor
error rate2

Avg.
rate

a Canny + Hough Transform 23.45% 48.71% 8.64 Hz
b a + Adaptive Binarization 17.29% 33.56% 2.34 Hz
c LSD + Hough Transform 19.42% 29.38% 21.4 Hz
d c + LiDAR based priors 1.32% - 3 19.78 Hz
1,2False positive rate (i.e., a contour not pertaining to the pipe or presenting
wrong fitting is found).
3No outdoors data with LiDAR and image is available.

by the different points of view studied, and other errors were
introduced by the methodology used.

In Table 2 statistics on the different approaches studied
are displayed, showing the accuracy of the contour detection
step, in terms of false positive rate (i.e., instances where no
contour is present, or an incorrect contour is detected), and a
general estimation of the performance of each method as the
average rate achieved. UsingHMI is excluded, as that method
delegates contour detection to the human component. Only
those based in approximate a priori knowledge about the
pipe (i.e., the general orientation and initial distance) and
odometry estimation are considered.

The purely edge attribute-based methods (a, b, and c in
Table 2) tested have been found unable to solve the general
pipe contour detection problem in a fully satisfactory way,
as seen in the high spurious detection rates. These results
remove the pure vision-based approach to pipe contour
detection on-board an UAV as an option, leading to the
integrated LiDAR and vision method.

Themethod proposed integrating both LiDAR and vision
(entry d in Table 2) presents the best detection rate, as the
apparent contour is detected using as support the actual
estimation of the pipe according to the LiDAR-based seg-
mentation (which presented spurious detection rates below
1%). It is interesting how the performance of the vision-
based pipeline of the integrated method is slightly lower than
that of the equivalent technique (entry c in Table 2) without
LiDAR, though the most probably cause is the needed added
layer introduced by the data sharing and conversion between
frames.

7. Conclusions

A methodology to accurately detect and recover the pose
of a pipe (or any other cylindrical structural element) with
respect to a roboticmulticopterUAVhas been developed.The
proposed method combines LiDAR and vision to produce
the best possible results in terms of robustness (as in ability
to detect the pipe in complex environments and avoid false
positives) and accuracy. This combined approach was the
only solution which could solve the challenges without
sacrificing either robustness or performance.

The initial studies tried to determine which of the
available sensor devices, namely, monocular vision cameras
or LiDAR, could provide a better solution to the detection

and positioning challenges. These tests showed that none
of the single-sensor solutions developed could provide an
all-encompassing satisfactory solution. The LiDAR detec-
tion and positioning solutions were implemented based in
RANSAC approaches, with two different developed architec-
tures: one based in single LiDAR scan processing and another
one based in joining multiple LiDAR scans. The single scan
architecture proved to be functionally as accurate as the
approach with multiple scan joining but presented a fivefold
increase in performance measured as rate. This approach
achieved very robust detection, with negligible false positives,
but at a slow rate with average accuracy.

The visual pipelines developed were based in the pose
recovery described in [1]. This required the detection of the
apparent contour of the pipe, which proved to be a hard to
solve challenge. Several edge-based methods were proposed
and studied, with different degrees of success. The most
successful unsupervised approach offered better results than
the LiDAR approach in terms of pose recovery accuracy and
speed, but with poorer detection rates.

Thus the integrated solution proposed uses the LiDAR
to robustly detect the presence of the pipe and to produce
an approximate estimation of its position, which in turn is
projected into the image to use it as a seed to improve visual
detection of the pipe. Once the pipe has been detected in the
image, the apparent contour is extracted and used to recover
the pose of an SHCC, considering the geometrical model of
the pipe.

All the proposed methods have been tested with real
experimental data acquired in a motion capture testbed,
which provided the ground truth for a handheld rigid frame
deploying the sensors used, in a configuration analogous to
the one that could be found in and UAV. Additional vision
only sequences, captured with an actual multicopter, were
used to test the vison based approaches as the differences
between indoor and outdoor environments greatly impact
their performance.
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In mobile robotics, the exploration task consists of navigating through an unknown environment and building a representation
of it. The mobile robot community has developed many approaches to solve this problem. These methods are mainly based on
two key ideas. The first one is the selection of promising regions to explore and the second is the minimization of a cost function
involving the distance traveled by the robots, the time it takes for them to finish the exploration, and others. An option to solve the
exploration problem is the use of multiple robots to reduce the time needed for the task and to add fault tolerance to the system.
We propose a new method to explore unknown areas, by using a scene partitioning scheme and assigning weights to the frontiers
between explored and unknown areas. Energy consumption is always a concern during the exploration, for this reason our method
is a distributed algorithm, which helps to reduce the number of communications between robots. By using this approach, we also
effectively reduce the time needed to explore unknown regions and the distance traveled by each robot.We performed comparisons
of our approach with state-of-the-art methods, obtaining a visible advantage over other works.

1. Introduction

One of the most challenging problems in mobile robotics
is the exploration of unknown scenarios. Exploration is
the task of gathering information about free space, obsta-
cles, and boundaries in an unknown environment, while
building a representation of the discovered area. When the
exploration task is finished, a map of the environment is
obtained.

Exploration is important in tasks such as search and
rescue, planetary missions, and surveillance [1]. In some of
these scenarios it is impossible or not reliable to teleoperate
a mobile robot to explore the environment. Due to this
restriction, the mobile robot should explore the unknown
environment autonomously.

There are many approaches focused on single agent
exploration in the literature [2–5], which consists of one

robot exploring an unknown environment. This robot is
capable of performing the exploration based on its perception
capabilities. The robot perception is based on sensors such
as laser range finders, RGB-D cameras, RGB cameras, or
others. While the use of one single robot to explore unknown
environments is the best-suited approach for planetary
exploration, this is not the case for search and rescue or
surveillance, when the time consumed in the exploration is
a critical issue.

In applications where the exploration time is an impor-
tant issue, the use of multiple robots is appropriate. Multi-
robot exploration is based on a team of robots that explore
an unknown environment and the information collected
by each robot is shared among the team members. The
coordination of the exploration, the task allocation, and the
communication among the robots are some of the challenges
that arise from this approach.
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Two initial approaches to solve the challenges in mul-
tirobot exploration were the seminal works of Yamauchi
[2, 6] and Burgard et al. [7, 8]. In his work, Yamauchi
states the elemental components to perform a decentralized
exploration. The robots need to coordinate their efforts to
efficiently explore the unknown environment.The Burgard et
al. approach is focused on task allocation, and the evaluation
of how good a new target pose for an individual robot is in
a global exploration context. Also, this approach covers the
fault tolerance feature ofmultirobot systems. In the following,
we review some relevant works in the multirobot exploration
community.

Wurm et al. [9] proposed amultirobot explorationmeth-
od based on a scenario segmentation. To divide the envi-
ronment, they use Voronoi diagrams. The resulting zones
are used to compute a function that evaluates the cost of
exploring a specific area for a given robot. The goal area for
each robot is assigned using the Hungarian Algorithm. The
combination of a centralized approach with the Hungarian
Method as task allocator has good results in structured
environments such as offices.

Juliá et al. [10] propose an integrated explorationmethod
for a team of robots. Its structure contains a layer of central
SLAM that shares the explored map with the robots and also
helps the localization of each robot. To control the navigation,
each robot contains a deliberative layer and a reactive layer,
where the deliberative layer controls the behavior of the
reactive layer.The exploration of the scenario is done through
the creation of an exploration tree, where each robot builds a
tree and where the final leaves are the new positions that the
robots must access.

The work in [11] is a centralized area exploration for
autonomous agents, with an unknown environment and
static obstacles. A reasoning algorithm is proposed which is
based on routing priority. This algorithm keeps track of the
frontiers, assigning robots to them whenever they fall into a
trap situation.

The problem of efficiently allocating navigation goals for
multiple robots in exploration tasks is addressed in [12],
for unknown environments. Goal candidate locations are
repeatedly determined during the exploration. Then, the
assignment of the candidate goals to the robots is solved as
a task-allocation problem.

One of the challenges in decentralized exploration, apart
from task allocation, is information fusion. The work pro-
posed by Rajesh et al. [13] is a good example of information
fusion.Their work is focused on the problem ofmap building
by a team of robots. Sensor fusion enables the robot team to
sense things that are beyond the capabilities of a single agent.
The maps are built by individual robots and these maps are
fused to generate a global map. The generated global map is
then filtered to remove the redundant data.Thememory used
for this redundant data is thus freed and can be used to store
other values.Thismap can be used in path planning or similar
activities.

Liu and Lyons [14] explain a multirobot exploration
method for unknown scenarios. The method is based on
creating a potential field that guides robots to unexplored
areas and away from explored areas or other robots. It

also proposes a decentralized method for the exchange
of information between robots. They use three metrics to
compare the performance of the proposal by varying some
parameters, such as the number of robots, the starting point
of the exploration of each robot, or the start delay of the
exploration for each robot.

Some recent works have focused on the use of cost func-
tions related to information theory, casting the exploration
problem as a minimization of map entropy. Bhattacharya et
al. [15, 16] use this approach, combining a grid-based map
decomposition with an entropy minimization which results
in complete coverage of a known map and full exploration if
the scenario is unknown.

Coordinating the robots in an exploration team is another
challenge. In [17], the authors address the problem of decen-
tralized exploration and mapping of an unknown environ-
ment by amultiple robot team.The explorationmethodology
relies on individual decision rules and communication of
topological maps to achieve efficient and fast mapping,
minimizing overlap of explored regions. This distributed
solution allows scalability of the proposed methods. Each
robot broadcasts a graph representing the topological map,
with information of the exploration status of each region.
Therefore, this kind of information can be transmitted to
robots that are not within the communication range, through
other robots in a multihop network.

Another example of coordination between multiple
robots is [18]. When multiple robots are able to coordinate
themselves to explore different areas of the environment,
the exploration efficiency can be greatly improved. In this
article, the authors present a decentralized approach for
multirobot exploration that leverages the classical frontier
based methods, combined with a utility function that takes
into consideration the information gain and the distance
costs of the frontiers to guide the exploration. The robots are
able to coordinate and avoid the exploration of redundant
areas by exchanging information and merging maps.

Benkrid and Achour [19] developed a method for explor-
ing unknown scenarios using a team of robots. Their algo-
rithm proposes the use of frontier cells by adding a weight,
which depends on the energy of the battery of each robot.
The method is compared against other methods of the state
of the art with respect to the time of exploration before two
simulated test scenarios.

In the reviewed works, the authors mainly focused on
improving the selection of the best next action for the
exploration. This selection results in a reduction in the
distance traveled by the robots and shorter exploration time.
The next best action could be the choice of the best frontier or
the best zone. Also, the selection could be performed using a
function to evaluate the environment such the map entropy
or potential fields. In addition to the selection of the best next
move, the communication among the robots has a critical role
in the exploration. In the method proposed by Yamauchi, the
robots only communicate when they arrive to an unknown
zone.As a result, themethod byYamauchi is unable to explore
some environments successfully. In contrast, in the method
proposed by Bhattacharya et al. the communication among
the robots is performed periodically, which guarantees the
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full exploration of the environment. Hence, an avenue for
research is to improve themethodology to select the next best
move and reduce the number of the communications among
the robots.

The method proposed in this work addresses this prob-
lem. Our contribution is a distributed algorithm that causes
the robots to explore nearby zones to reduce the traversed
distance,while efficiently using the resources to communicate
with the other robots, resulting in reduced energy consump-
tion. The results show that it can outperform information-
based approaches that the robots do not get into configura-
tions that block their movement and that they will in general
provide full exploration or coverage of the environment.

While important, the time to complete the exploration
is not the only metric to measure the performance of an
exploration algorithm. It is also necessary to record the
distance that the explorer robots traverse during the exe-
cution of this task. This distance metric directly influences
the energy consumption of the robot, since the distance
traveled is proportional to the battery depletion, reducing the
autonomy.

This document is organized as follows. In Section 2 the
proposed methodology of the exploration system developed
is described. The results of the simulations carried out
with the proposed system as well as the comparison of the
performance against other developed methods are found in
Section 3. Finally, Section 4 shows the conclusions obtained
during the development of this work together with future
work and acknowledgments.

2. Materials and Methods

2.1. Problem Formulation. We focus on themultirobot explo-
ration problem, also known as online multirobot coverage
problem [21]. In the multirobot exploration problem, the
objective is to discover all information about an unknown
environment by using a team of robots and optimizing some
criteria, e.g., exploration time and distance traveled by the
robots.

The exploration task is performed by a team of 𝑟 robots
R = {𝑅1, 𝑅2, . . . , 𝑅𝑟}, with the mission to explore an un-
known workspace W ∈ R𝑛. The robots do not have prior
knowledge about the environment, i.e., the exact boundaries
and the positions of any obstacles in the workspace are
unknown. The workspace is decomposed in a collection of𝑚 cells C = {𝑐1, . . . , 𝑐𝑚}, usually forming a grid of squares or
cubes. At the beginning of the exploration task, each robot
𝑅𝑖 knows only its initial configuration 𝑞𝑖𝑖𝑛𝑖𝑡 that describes the
position and orientation of the robot. This configuration is
used to define the set of points occupied by the robot in the
workspace. Each robot has its own exploration map 𝑀𝑖 ∈
C ×L, whereL are the different types of labels for a cell. In
addition, each robot has a sensor 𝑆𝑖 to explore the unknown
workspace.

While the description given so far is generic we shall
focus, as other works in the literature, on the case where
W ∈ R2 and 𝑞𝑖 ∈ R2 × [−𝜋, 𝜋]. Hence the space of ro-
bot configurations is 𝑆𝐸(2). The state of robot 𝑅𝑖 can be

decomposed as 𝑞𝑖 = (𝐶𝑖, 𝜃𝑖), where 𝐶𝑖 is the position compo-
nent and 𝜃𝑖 the orientation.

In our treatment of the problem, we make a few rea-
sonable assumptions about the conditions that the robotic
exploration team will face.

Assumption 1. Themaximum bounding box ofW can be es-
tablished, even if approximately, before the exploration starts.

Assumption 2. There is a surjective mapping 𝑞𝑖 : 𝑆𝐸(2) → C.

Assumption 3. The communication between robots is not
limited by the extension of the map or the presence of
obstacles.

Assumption 4. Each robot has access to its own localization
and orientation with respect to a common inertial frame.

Since C forms a square grid over R2, it will be useful for
our exposition to introduce two different distance concepts.
The first is the usual Euclidean distance. For some 𝑐𝑖 ∈ C,
we can denote its 𝑥 and 𝑦 components as 𝑐𝑖 = (𝑐𝑥𝑖 , 𝑐𝑦𝑖 ). The
Euclidean distance between two cells is then

𝑑 (𝑐𝑖, 𝑐𝑗) = √(𝑐𝑥𝑖 − 𝑐𝑥𝑗 )2 + (𝑐𝑦𝑖 − 𝑐𝑦𝑗 )2. (1)

The second concept of distance is related to the fact that
the set of cells C forms a space over which a connectivity
between neighbors can be defined in different ways. A
common assumption in the literature that we use in this
work is 8-connectivity, which means that an agent positioned
over a cell can travel to one of the surrounding 8 cells. We
define a geodesic distance between cells, 𝑑𝑔(𝑐𝑖, 𝑐𝑗), which is
the shortest path between cells 𝑐𝑖 and 𝑐𝑗 that respects 8-
connectivity.

2.2. Methodology. In this section we present our methodol-
ogy to solve the problem of the coordination of a robotic team
for the exploration of unknown scenarios.

2.3. System Description. The proposed system has a modular
structure, with the purpose of allowing some of its parts to be
further improved in future works or to permit the addition of
new modules.

Figure 1 shows the flowchart diagram of the proposed
multirobot coordination method. In this diagram, we can
distinguish four essential modules:

(i) Information sharing module: using this module the
robot shares information about its position and its
exploration map with the other robots.

(ii) Zone assignment module: this module is responsible
for separating the scene into zones and for selecting a
zone for the robot to explore.

(iii) Data acquisition module: this module is in charge
of obtaining data from an exteroceptive sensor, to
represent the scenario in which the mobile robot is
immersed.
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Figure 1: Flow diagram of the proposedmethod. Each robot implements all modules. During the exploration, each robot uses its information
sharing module to transmit its exploration map and its position. Using this information they compute and allocate a new zone to explore,
if needed. Then, each robot explores its assigned zone. During this exploration, the robot acquires new data from the environment. The
exploration process ends when there are no more new zones to explore.

(iv) Exploration module: this module is in charge of
controlling the movement of the mobile robot so that
it navigates through the area it has to explore.

2.4. Information Sharing Module. The information gathered
by each robot needs to be shared with the team members to
complete the exploration. The information sharing module
is in charge of performing the exchange of information
between two robots. A robot 𝑅𝑖 has a list of positions with
the locations of all other robots 𝑉𝑖 = {𝐶1, 𝐶2, . . . , 𝐶𝑟} and the
exploration map 𝑀𝑖. Each robot 𝑅𝑖 shares its current list 𝑉𝑖
and exploration map𝑀𝑖 with another robot.

During this exchange, each robot 𝑅𝑖 fuses its own map𝑀𝑖 and list of positions 𝑉𝑖 with the𝑀𝑗 and 𝑉𝑗 transmitted by
another robot 𝑅𝑗. The transmission network topology used
in the communication is a ring, which reduces the number of
messages used in the exploration.

2.5. ZoneAssignmentModule. Once the position information
is shared by each robot, it is necessary to separate the
scenario into different zones, so that each robot can explore
one. Making the robots explore different zones reduces any
potential blocking problems caused by interference, while
letting each robot focus on a different part of the map.

The assignment of zones to be explored by each robot is
done as follows. Each robot 𝑅𝑖 has a list 𝐸𝑖 = {𝑐1, 𝑐2, . . . , 𝑐𝑛}
with all the 𝑛 cells that itmust explore.The assignment of each
one of the cells 𝑐𝑗 to the list 𝐸𝑖 is done according to
𝐸𝑖 = {𝑐𝑗 : 𝑑𝑔 (𝐶𝑖, 𝑐𝑗) ≤ 𝑑𝑔 (𝑉𝑖 (𝑘) , 𝑐𝑗) ∀𝑖 ̸= 𝑘, 𝑐𝑗 ∈ 𝑈𝑖} (2)

where 𝑈𝑖 ⊂ 𝑀𝑖 are the unexplored cells from the map associ-
ated with robot𝑅𝑖. In Figure 2 one can observe how the zones
are assigned to each robot.

Once robot 𝑅𝑖 has explored all cells contained in the
list 𝐸𝑖 or if the robot can no longer explore the remaining
cells of the list, a zone reassignment is performed, using
the updated information about the robot positions and the
updatedmapwith the information from the other robots. If𝐸𝑖
is empty, 𝑅𝑖 will remain inactive until another robot activates
the information sharing and zone assignment modules, so
that 𝑅𝑖 can add cells to 𝐸𝑖 again.
2.6. Data Acquisition Module. This module is tasked with
obtaining and updating a representation of the scenario in
which a robot is immersed.Themobile robot is providedwith
proprioceptive and exteroceptive sensors.The proprioceptive
sensors are used to compute the current position of the robot.
The exteroceptive sensors let the robot acquire information
about its surrounding area. In this exploration task, the robot
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Figure 2: Scene separation into zones assigned to each robot. For the robot 𝑅1 cells that we will explore are the cells in green, for the robot𝑅2 are the cells in blue, for the robot 𝑅3 are the cells in red, for the robot 𝑅4 are the cells in black, and for the robot 𝑅5 are the cells in magenta.

uses a laser range finder (LRF) to get the measures from the
obstacles that are near it.

The LRF provides distance readings at fixed angles in
the form of an array 𝑆𝑖 = {𝑙1, 𝑙2, . . . , 𝑙𝑁} with 𝑁 being the
maximum number of readings taken by the LRF. After
processing the current readings of the LRF sensor, an updated
map 𝑀𝑖 is computed. This enables the robot to handle the
mobile and static obstacles present in the environment.

We use the method proposed by Lopez-Perez et al. [20]
to label each cell, where the cells in themap𝑀𝑖 can be labeled
using four possible values:L = {unexplored cell, explored cell,
static obstacle cell,mobile obstacle cell}.The labeling procedure
depends on the computation of two functions:

(1) Function𝑓1 serves to determine which cells are occu-
pied by an obstacle, either static or mobile obstacle.
This function uses the collision points of 𝑆𝑖.

(2) Function 𝑓2 serves to update the label of all the cells
inside the polygon formed by the laser measures to
the explored cell status.

For function 𝑓1, we obtain the collision points 𝑙𝑘 for each
of the measurements of the LRF. The distance from these
points 𝑙𝑘 to each of the center positions 𝑐𝑗 of the map grid
is computed. If the distance 𝑑(𝑙𝑘, 𝑐𝑗) is smaller than the safety
radius of themobile robot 𝑟𝑠, the function returns 1; otherwise
it returns 0 (see Figure 3).

𝑓1 (𝑐𝑗) = {{{
1 if min

𝑗
𝑑 (𝑙𝑘, 𝑐𝑗) ≤ 𝑟𝑠

0 otherwise
(3)

For the function 𝑓2, we generate a polygon using the laser
points 𝑙𝑘 as vertices. If a cell is inside the polygon,𝑓2 takes the

value of 1, otherwise it returns a value of 0. The computation
to know if the point 𝑐𝑗 is inside the polygon ismade by tracing
a vertical line and counting the number of intersections with
the laser measurement polygon. If there is an odd number of
intersections, the function 𝑓2 returns 1; otherwise it returns 0
(see Figure 4).

The transition between the states that a cell can have is
described via the finite-state machine diagram in Figure 5.
Note that the combination (𝑓1, 𝑓2) = (1, 1) is not represented
there, because it can not occur in any state. When 𝑓1 is 1, 𝑓2
automatically takes the value of zero. All the cells are initially
labeled as unexplored cells.

When a cell 𝑐𝑗 is labeled with a value different from unex-
plored cell, or if 𝑑𝑔(𝐶𝑖, 𝑐𝑗) > 𝑑𝑔(𝑉𝑖(𝑘), 𝑐𝑗) for any 𝑘 ̸= 𝑖, due to
the presence of undetected obstacles during the execution of
the zone assignment module, 𝑐𝑗 is removed from 𝐸𝑖.
2.7. Exploration Module. For a mobile robot to be able to
explore an unknown scenario, it must navigate towards
unmapped areas. The purpose of the exploration module is
to guide the mobile robot towards unknown zones of the
scenario. Figure 6 shows the flow diagram for the exploration
module. In this diagram we can distinguish three essential
submodules:

(i) Goal assignment: this submodule is in charge of
assigning a goal to each robot. The candidate goals
belong to the zone that the robot is tasked with
exploring. The goal assignment depends on a weight
function.

(ii) Path planning: this submodule uses the A⋆ algorithm
to provide a collision-free route between the robot
and the goal assigned.
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f1(cj) = 1 f1(cj) = 1

f1(cj) = 0

f1(cj) = 0 f1(cj) = 1

f1(cj) = 0

Figure 3: Computation of 𝑓1 function: static obstacle cells are shown in black, unexplored cells are shown in white, and measurement of the
LRF is shown in blue. Reprinted from dynamic object detection and representation for mobile robot application. In: Mexican Conference on
Pattern Recognition, Springer (2016) 84–93 [20].

f2(cj) = 1

f2(cj) = 0

f2(cj) = 0

Figure 4: Computation of the 𝑓2 function: explored cells are shown in yellow, unexplored cells are shown in white, LRFmeasurement polygon
is shown in blue. Reprinted from dynamic object detection and representation for mobile robot application. In: Mexican Conference on
Pattern Recognition, Springer (2016) 84–93 [20].

(iii) Trajectory execution: this submodule computes the
required set of (V, 𝜔, 𝑡) so that the mobile robot
displaces over the scenario, following the planned
trajectory.

During the execution of this module and the data acquisition
module, the robot continuously deletes some cells 𝑐𝑗 from
the list 𝐸𝑖. If 𝐸𝑖 is empty, robot 𝑅𝑖 will request a new zone
assignment.

2.7.1. Goal Assignment. Once robot 𝑅𝑖 has an exploration
zone assigned, a goal 𝐺𝑖 is selected, which is one of the cells
contained in the list 𝐸𝑖. The assignment of this goal depends
on a weight function 𝑓𝑝 which is computed as

𝑓𝑝 (𝑐𝑗) = 𝑘𝑑𝑑𝑔 (𝐶𝑖, 𝑐𝑗) + 𝑘𝑎𝜙𝑖 (𝑐𝑗) (4)

where 𝜙𝑖(𝑐𝑗) is the angle between the current orientation 𝜃𝑖
of the robot and the orientation of the vector with origin on

𝐶𝑖 that ends at 𝑐𝑗. The positive constants 𝑘𝑑, 𝑘𝑎 determine the
influence of the geodesic distance compared to the orienta-
tion the cell.

The cell 𝑐𝑗 assigned as the goal 𝐺𝑖 for a robot has to be a
cell labeled as unexplored which has the minimum value in
the weight function 𝑓𝑝(𝑐𝑗) of all cells belonging to list 𝐸𝑖.

𝐺𝑖 = arg min
𝑐𝑗∈𝐸𝑖

𝑓𝑝 (𝑐𝑗) (5)

Once cell 𝑐𝑗 has been selected as the goal𝐺𝑖 for the robot, it is
removed from the list 𝐸𝑖. When this cell is no longer labeled
as unexplored by the data acquisition module, it is removed
as a goal and replaced with a different one, by repeating
the goal assignment procedure. Using this continuous goal
assignment, the robot can displace in a safe manner and
explore the whole zone that it was assigned to.

2.7.2. Path Planning. Using the occupancy grid approach, the
mobile robot computes a path from the current position𝐶𝑖 to
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Figure 6: Flow diagram for the exploration module. The robot uses this module to compute and assign the next goal, obtain a path to the
assigned goal, and execute the motion commands to follow the trajectory.

the goal position𝐺𝑖 by using the𝐴⋆ planning algorithm [22–
24]. Initially, the robot does not know any information about
the environment, so it considers that the whole map is free
space and the robot computes an initial path𝑃𝑖. If, throughout
navigation, the planned path 𝑃𝑖 is obstructed by some static
or mobile obstacle, a replanning is performed on the updated
occupancy grid map𝑀𝑖, as shown in Figure 7. In this figure,
we observe in each frame the planned path 𝑃𝑖, the mobile

robot in the current position 𝐶𝑖 and its goal 𝐺𝑖, the real static
or mobile obstacles in the scenario, and the different labels of
the cells.

The global planning of a path is necessary so that the robot
is endowed with sufficient knowledge to be able to escape the
problems of local planning. For example, in the scenario of
Figure 7 a typical local planning problem is observed, which
is a local minimum.
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Figure 7: Path planning for a mobile robot. The robot performs replanning when its planned path is obstructed by some obstacle either (a)
static obstacle or (b) mobile obstacle. We observe the planned path 𝑃𝑖 (set of red line segments), the mobile robot in the current position 𝐶𝑖
and its goal 𝐺𝑖, the static obstacles in the scenario in gray color, the other mobile robots in color gray with blue, and the different labels of the
cells (in black color for the static obstacle cells, in yellow color for the explored cells, in green color for the mobile obstacle cells, and in white
color for the unexplored cells).
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Figure 8: Path planning for amobile robot.We observe the planned path𝑃𝑖 (set of red line segments), themobile robot in the current position𝐶𝑖 and its goal 𝐺𝑖, the static obstacles in the scenario in gray color, other mobile robots in color gray with blue, and the different labels of the
cells (in black color for the static obstacle cells, in yellow color for the explored cells, in green color for the mobile obstacle cells, and in white
color for the unexplored cells).

An initial path 𝑃 will only consist of unexplored cells and
explored cells (see Figure 8(a)). If the mobile robot does not
find a path, the submodule considers themobile obstacle cells
too and tries to find a path (Figure 8(b)). If an obstacle-free
path is not found with this process, another goal is selected in
the goal assignment submodule.

2.7.3. Trajectory Execution. The trajectory execution sub-
module is responsible for controlling the linear velocity V and
the angular velocity 𝜔 of the mobile robot so that it moves
from its current position 𝐶𝑖 to the position of a local goal𝐺𝑙𝑖,
following the planned path 𝑃𝑖. The local goal 𝐺𝑙𝑖 is obtained
from the selection of a cell belonging to the planned path 𝑃𝑖
and located at some distance from the current position 𝐶𝑖.

Finding the set of translational and rotational velocities,
in order to move the robot from its current position to a
local goal position, is a problem of inverse kinematics. For
this particular problem there exist many possible solutions,
some of which can cause the robot to not follow the path.
The analytic solution to this problem requires the use of
some constraints in order to simplify the problem. On the
other hand, there are techniques than can generate solutions
automatically without solving the analytic expression. One
such technique is evolutionary computation, which has been
used to solve complex design problems [25]. An advantage
of evolutionary computation for solving engineering design
problems is that it can generate interesting designs that are
competitive or in some cases better than designs by experts
[25].

If the problem of inverse kinematics is represented as a
parametric problem, where the parameters to find are the set
of velocities and the time interval during which they have to

be applied, we can use an evolutionary technique in order to
generate a solution to this problem. In this work, we propose
a method based on a Genetic Algorithm, given that it has
been successfully applied for solving differentmobile robotics
problems [26–28].

TheGenetic Algorithmfinds the set of V,𝜔, and 𝑡 required
for the robot to move from its current position 𝐶𝑖 to the
position of a local goal 𝐺𝑙𝑖. Each individual of the Genetic
Algorithm represents a triplet of variables V, 𝜔, and 𝑡. The
ranges of the variables to be optimized are:

V → [0.0𝑚𝑠 , 0.1
𝑚
𝑠 ] (6)

𝜔 → [−0.1𝑟𝑎𝑑𝑠 , 0.1𝑟𝑎𝑑𝑠 ] (7)

𝑡 → [0.0𝑠, 𝑑 (𝐶𝑖, 𝐺𝑙𝑖)0.1 𝑠] (8)

An individual is better fitted if it represents a motion
command suited to move the mobile robot in less time and
less distance. The individual is evaluated by simulating the
displacement of themobile robot, obtaining the final position𝐶𝑖 and the final orientation 𝜃𝑖 .

The fitness function to be minimized is

𝐹 (C𝑖 , 𝜃𝑖 , 𝐺𝑙𝑖) = 𝑘𝑑𝑑 (𝐶𝑖 , 𝐺𝑙𝑖) + 𝑘𝑎𝜙𝑖 (𝐺𝑙𝑖) (9)

where𝜙𝑖 (𝐺𝑙𝑖) is the angle between the orientation of the robot𝜃𝑖 and the vector from the location 𝐶𝑖 to 𝐺𝑙𝑖.
We used two weighting terms 𝑘𝑑 and 𝑘𝑎 that were ad-

justed during experimentation by trial and error. As can be
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Table 1: Benchmark set of test scenarios. We present the identifier and the size in meters of the each scenario.

Id Map Size [m ×m] Id Map Size [m ×m]
1 back and forth 20.0 × 20.0 4 gaps 20.0 × 20.0
2 complex2 20.0 × 20.0 5 rockpile 50.0 × 50.0
3 complex big 32.0 × 32.0 6 warehouse 40.0 × 40.0

1 2 3

4 5 6

Figure 9: Benchmark set of test scenarios from the repository of the Technical University of Prague.

observed, the fitness function rewards the closeness of the
final position 𝐶𝑖 with respect to the local goal 𝐺𝑙𝑖 and also
the similarity of the final orientation 𝜃𝑖 with the orientation
of the vector from the point 𝐶 to the 𝐺𝑙𝑖.

The discretization of the planned path 𝑃𝑖 in local goals𝐺𝑙𝑖 contributes to the following: (i) reducing the search space
of the Genetic Algorithm, which leads to obtain the best
individual in a faster way; (ii) helping the mobile robot
to develop smoother paths between its current position 𝐶𝑖
and its local goal 𝐺𝑙𝑖; and (iii) ensuring that the mobile
robot follows the planned path 𝑃𝑖 avoiding collision with any
obstacles.

3. Results and Discussion

We present the results obtained by the proposed system in
a series of comparisons with other methods, which involved
extensive simulations. Afterwards, we present the results of
an implementation of our method in an accurate simulation
using the Gazebo system. In the proposed system, the
GA uses a population size of 40 individuals, a crossover
probability of 0.8 with a single crossover point, a mutation
probability of 0.01 (multibitmutation), and the roulette wheel
selection. In addition, the GA uses a steady-state policy
with two elite members. These parameters were determined
experimentally. In these tests, we discretized the environment
as a grid of cells of dimensions 0.5m ×0.5m.

3.1. PerformanceComparisonwith the State-of-the-ArtMethods.
The performance of the proposed method was characterized

using 6 test scenarios shown in Figure 9 and in Table 1 we
present the identifier of each map with its size in meters.

They are available from the motion planning repository
[29].These maps can be related to real problems such as traps
for the robot, narrow corridors, areas with a large density of
obstacles, labyrinths, and rooms.

For each of the test scenarios, 9 different configurations
were generated.That is, the number of robots comprising the
exploration team was varied from 2 to 10. One-hundred exe-
cutions per configuration were made for each test scenario.

There exist several differentmethods to initialize the posi-
tions of the exploration team. Some related works initialize
the positions of the teamwith a predefined formation at some
selected zone of the scenario [14, 30]. Other authors define the
initial positions of the robots arbitrarily within a zone that
depends on the scenario [6, 15]. Finally, in other works the
positions of the exploration team are initialized at random
within the free space [8, 19]. We use this last initialization
strategy, since we consider it to be the best way to show the
performance of differentmethods for comparison.Webelieve
all exploration algorithms should achieve full exploration of
the reachable free space, so this initialization can also help to
demonstrate this for different techniques.

The metrics to be evaluated to compare the performance
of the proposed system against other methods established
in the literature are as follows: the average distance traveled
by each robot, the total distance of the exploration team,
the average time of exploration, and the average number of
communication exchanges between the robot teammembers,
divided by the average time of explore.
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Figure 10: Average distance traveled by each robot to complete the exploration task, for each test scenario.

The results presented in this article were obtained simu-
lating the proposed system on differential drive robots with
a LRF with 361 measurements, a vision field of 360∘ and 5
m of range. The distance that a robot travels is the sum of
the displacement of its wheels. The sum of the distance that
each robot of a team travels represents the total exploration
distance, and the total exploration time is measured from the
start of the simulation until the team has labeled each and
every cell of the map with a value different from unexplored.

In order to compare the performance of our method
(here named Scene Split into Zones, SSZ), we imple-
mented three different strategies. The first of them is the
method by Yamauchi, which is a decentralized algorithm
based on the exploration of the nearest frontiers. Many
other techniques have been compared to this method
[8–10, 19].

The second method we implemented is a variant of the
first, where instead of using the nearest frontier, the frontier
to use is chosen at random. Finally, the third method is
by Bhattacharya et al. [15], which is based on entropy
minimization and the exploration is guided towards the
centroid of a zone to explore by each robot.

In the interest of completeness, we now describe the
information-based method by Bhattacharya et al. In this
method, each robot maintains three grid-based maps con-
taining information about occupancy probability, obstacles,
and entropy. The robots are assumed to know their locations
and to relay them to their peers. To perform the exploration,
each robot computes a Voronoi tessellation of its own maps,
which is weighted using the entropy measure. Since the map
is constantly updated, the entropy is a time-varying quantity,
so for a given map cell 𝑐, it is computed as

𝑒 (𝑐, 𝑡) = 𝑝𝑡 (𝑐) ln𝑝𝑡 (𝑐) + (1 − 𝑝𝑡 (𝑐)) ln (1 − 𝑝𝑡 (𝑐)) (10)

where 𝑝𝑡(𝑐) is the probability of occupancy for cell 𝑐 at
time 𝑡. Then, each robot takes a step along the shortest-path
route towards the nearest entropy-weighted Voronoi region
centroid.We refer the reader to the article for details about the
handling of edge cases, such as nonconvex Voronoi regions
with a centroid not inside them.

In Figure 10 one can observe the average distance traveled
by each robot for each test scenario. On this figure the
distance that each robot travels diminishes as the number of
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Figure 11: Total distance traveled by the exploration team to complete the task on each test scenario.

exploring robots increases. It can also be seen that the pro-
posed method SSZ outperforms the others on all test cases.

All of the compared methods converge to some value as
the number of robots increases. In Figure 10 the Random
Frontier method is the worst performing, with the highest
performance being achieved by ourmethod, with themethod
by Bhattacharya et al. following as second best and matching
ours for teams of 6 robots or more.

Figure 11 shows the total distance traveled by the robot
team for each test scenario.The distance that the team travels
diminishes as the number of robots increases for the SSZ
method and the method by Bhattacharya et al. However,
our method has significantly better results for scenarios with
less than 6 robots and remains as the best for more than
6 robots. The nearest frontier algorithm and the Random
Frontier algorithm do not reflect such behavior, with the
traveled distance increasing with the number of robots.

In Figure 12, where the average exploration time is shown
for each test scenario, one can observe the same behavior as
in Figure 10, where the exploration time diminishes as the
number of robots increases and the results obtained by the
SSZ method are better in most cases.

As evidenced by the simulation results, the method that
we propose outperforms others, both classic and from the
state of the art. The last comparison from these simulations
is the average number of communication exchanges between
the robot team members, divided by the average time to
explore the scenario, shown in Figure 13. In this Figure there
is a notable difference between the twomethods with the best
performance from the prior tests, which are SSZ and that by
Bhattacharya et al.

It can be noticed that ourmethod has less communication
exchanges per time unit, for most test cases. As we men-
tioned earlier, the number of communication exchanges is an
important factor, since the battery life of the robots is related
to it. In a few cases, the Random Frontier method presents
better results than SSZ in this comparison, since the metric
is inversely proportional to the exploration time. Given that
the exploration time is much longer for the Random Frontier
algorithm, it is expected to show less communication per time
unit.

Figure 14 shows how the proposed system explores an
unknown scenario (test case 6 from Figure 9). At time step
1 the explorer robots are shown, along with the cells assigned
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Table 2: Summary of results of our method and others in the literature.

Metric Nearest Frontier Random Frontier Bhattacharya SSZ
AD (m) 161.04 551.88 151.88 91.31
TD (m) 795.44 2835.2 563.61 398.54
AT (steps) 907.8 3120.2 1237.6 733.86
NC/T 0.6784 0.5539 1.0617 0.2636

SCENARIO 1

0

500

1000

1500

2000

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

0

500

1000

1500

2000

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

SCENARIO 2

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

SCENARIO 3

0

1000

2000

3000

4000

5000

6000

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

SCENARIO 6

0

2000

4000

6000

8000

10000

12000

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

SCENARIO 5

0

2000

4000

6000

8000

10000

12000

14000

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

SCENARIO 4

Nearest Frontier
Random Frontier
Bhattacharya
SSZ

4 6 8 102
NUMBER OF ROBOTS

0

200

400

600

800

1000

1200

1400

AV
ER

AG
E 

TI
M

E 
(S

TE
PS

)

Figure 12: Average exploration time for each test scenario.

to each robot (using different colors). The static obstacles are
shown in gray. Over the next time steps, the cells change
their labels from unexplored (white color) to explored (yellow
color) or static obstacle (black color).The trajectories followed
by each robot are also shown (small squares with arrows
inside) while the exploration task continues.

The results contained in this section are summarized
in Table 2. It is clear that our proposed method (SSZ)
outperforms the others by an ample margin. The metrics
used to compare the methods are the average exploration
distance (AD), the total exploration distance (TD), the
average exploration time (AT), and the number of communi-
cation exchanges among the robots over the exploration time
(NC/T).

3.2. Accurate Simulation of Multirobot Exploration. The first
step to achieve real mobile robot implementation is the
validation of our approach in a realistic simulation environ-
ment. Many frameworks provide the facilities to simulate
multirobot systems; nonetheless, theRobotOperating System
(ROS) [31] using Gazebo [32] as a simulator engine is a
reliable choice for testing new algorithms. The usage of ROS
and the Gazebo simulator as the development environment
offers the possibility of using the same implementation for the
simulated and real mobile robots.

We chose the Husky A200 all-terrainmobile robot for the
simulation. This robot is equipped with a LRF that provides
640 measurements, a vision field of 180 degrees and 5 m of
range. The LRF is mounted at the front of the robot. We
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Figure 13: Relation between number of communications and average exploration time for each test scenario.

implemented the proposed SSZ approach on ROS using a
team of homogeneous robots utilizing this robot and the
Gazebo simulator.

The most common method to share information on
ROS is using topics. A robot publishes data utilizing a
topic (publisher) then another robot consumes this data
(subscriber) and performs some task. This model is used
to share information among the mobile robot team. In our
implementation, we use this communication model to share
the robot positions 𝑉𝑖 and the exploration map𝑀𝑖.

The SSZ approach is presented in this simulation envi-
ronment, and the data visualization is shown in Figure 15.
We present the Gazebo display output on the left side of
the figure. The Gazebo output serves to render the current
state of the virtual world. In our case, it renders the Husky
A200 robots and the test scenario 1 (Figure 9). We use the
RViz tool to visualize the current state of the exploration
map for each robot. This can be seen on the right side of
Figure 15. We can see that the robots have already divided the
environment and have assigned a region to explore. We can

observe that themap is labeled in the sameway as in Figure 14.
In the supplementary material, we provide a video (available
here) with the full simulation for this environment. From the
qualitative results obtained from this simulation, we conclude
that it is possible to implement the SSZ approach on a physical
platform.

4. Conclusion

In this work we present a method to coordinate a robot
team for the exploration of unknown scenarios, which
may include moving obstacles. The method we propose
is based on the separation of the scenario into zones, so
that each robot explores a different one. By continuously
assigning goals and based on the concept of frontier cells,
the mobile robot navigates inside its exploration zone to
acquire a representation of the scenario. This representation
is fused with those of the other robots to obtain a full
map.
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Figure 14: Exploration of test scenario 6 using 5 explorer robots. In each box the current state of the system is displayed.

The algorithm is implemented in a modular way, where
eachmodule is designed to deal with dynamic scenarios.This
augments the robustness of the system since any obstruction
by mobile obstacles, such as people, objects, or other robots
is minimized.

The method is decentralized, which reduces the commu-
nication cost between the robots, when compared to other
centralized methods. This also helps to make our method
fault-tolerant, since even if a robot is unable to complete
its own exploration task it can be aided by the others. The



16 Mathematical Problems in Engineering

Figure 15: Example simulation for the proposed exploration in Gazebo (in the left) and RViz (in the right).

decentralized and modular nature of our system allows the
use of heterogeneous teams of robots.

We tested the system with several test scenarios, in
extensive simulations. The results obtained demonstrate
that our method outperforms the well-established nearest
frontier method, a variant using Random Frontiers, and
an information-based method, when comparing exploration
time and the traveled distance per robot. From this we
conclude that our system is efficient in its coordination of a
robotic exploration team.

Our method can be further improved. One aspect that
can be enhanced is that the current implementation requires
the robots to know the dimensions, i.e., width and height
of the scenario to explore, and they will not venture out-
side these limits. Another point for improvement is the
resilience of the method under localization uncertainty,
since the current algorithm assumes that there is no sensor
noise.

As for future work, we plan to compare our approach
to more methods from the state of the art and to deploy
our algorithm on a hardware platform by using the pro-
posed implementation for the Robot Operating System
(ROS).
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Supplementary Materials

We include a video recording containing an execution of the
proposed system running on Linux and implemented using
ROS and the Gazebo simulator as supplementary material.
This demonstrative video shows three robots performing
the exploration of an unknown environment using the SSZ
algorithm. The Gazebo simulator is presented at the left side
of the video. We use a visualization tool called RViz to show
the exploration progress.This information is presented on the
right side of the screen. The visualization tool shows how the
grid values are changing during the execution of the explo-
ration task. The exploration process finalizes when all the
environment has been explored. (Supplementary Materials)
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Currently, the path planning problem is one of the most researched topics in autonomous robotics. That is why finding a safe path
in a cluttered environment for a mobile robot is an important requirement for the success of any such mobile robot project. In this
work, a developed algorithm based on free segments and a turning point strategy for solving the problem of robot path planning
in a static environment is presented. The aim of the turning point approach is to search a safe path for the mobile robot, to make
the robot moving from a starting position to a destination position without hitting obstacles.This proposed algorithm handles two
different objectives which are the path safety and the path length. In addition, a robust control law which is called sliding mode
control is proposed to control the stabilization of an autonomous mobile robot to track a desired trajectory. Finally, simulation
results show that the developed approach is a good alternative to obtain the adequate path and demonstrate the efficiency of the
proposed control law for robust tracking of the mobile robot.

1. Introduction

Nowadays, robots are considered as an important element in
society. This is due to the replacement of humans by robots
in basic and dangerous activities. However, designing an
efficient navigation strategy for mobile robots and ensuring
their securities are the most important issues in autonomous
robotics.

Therefore, the path planning problem is one of the most
interesting and researched topics. The aim of the robot path
planning is to search a safe path for the mobile robot. Also
the path is required to be optimal. In this sense, several
research works tackling the path planning problem have been
proposed in the literature [1–4]. Until now, many methods
have been used for path planning of mobile robots. Among
these strategies, the geometry space method such as Artificial
Potential Field [5, 6], Agoraphobic Algorithm [7], and Vector
Field Histogram [8, 9].These methods give the heading angle
for avoiding obstacles. The strategy of dynamic windows has
been used in [10, 11]. This approach is a velocity-based local
planner that calculates the optimal collision-free velocity

for a mobile robot. Another method used in [12] is named
turning point searching algorithm which consists of finding
a point around which the mobile robot turns without hitting
obstacles.

In the other side, several research works for tracking
control of a wheeled mobile robot have gained attention
in the literature [13–16]. The nonholonomic system suffers
of nonlinearity and uncertainty problem. Because of this
uncertainty, the trajectory error for a wheeled mobile robot
has always been produced and can not be eliminated. In this
sense, many tracking methods are proposed in the literature
as Proportional Integral Derive (PID) controller [17] but this
controller becomes instable when it is affected by the sensor
sensitivity [18]. Furthermore, a fuzzy logic controller is used
in [19] but this control law has a slow response time due to
the heavy computation [20]. Other works used sliding mode
controller in various applications [15, 16]. The aim advantage
of this control system is its insurance for stability, robustness,
fast response, and good transient [21].

The aim of the developed strategy is to solve the problem
when the robot is located between two obstacles such as

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 2163278, 13 pages
https://doi.org/10.1155/2018/2163278

http://orcid.org/0000-0001-6114-0902
http://orcid.org/0000-0003-0753-4198
https://doi.org/10.1155/2018/2163278


2 Mathematical Problems in Engineering

the following: how the robot can detect that the distance
between the two obstacles is safe enough to reach the target
without collision and how to avoid obstacles and move
between two obstacles in the shortest path. That is why
this work is based on selecting safe free segments in an
environment encumbered by obstacles firstly. After that, a
developed turning point searching algorithm is applied to
determinate the endpoint of the safe free segment which gives
the shortest path. This strategy is inspired from the approach
given by Jinpyo and Kyihwan [12]. In fact, the strategy
presented in [12] handles two fundamental objectives: the
path length and the path safety. This approach is focused
firstly on searching the endpoint of a free segmentwhich gives
the shortest path. Hence, if the distance of the free segment
selected is larger than the robot diameter, the endpoint is
considered as a turning point. If this is not the case, it must
replay the algorithm to search a new endpoint of the free
segments. The disadvantages of this strategy are that it is
focused firstly on finding the shortest path without taking
into consideration the safety and, after that, it is focused on
ensuring a safe path navigation which leads to an extensive
and heavy computation andneedsmore time for planning the
adequate path for a mobile robot. In order to overcome these
disadvantages, our developed algorithm serves to ensure at
first the path safety by selecting the safest free segments.Then,
it searches the path length by determining the endpoint of the
safest free segments which gives the shortest path. Using this
strategy, we can rapidly determine the safest and the shortest
path.Moreover, once the path is planned, a tracking lawbased
on sliding mode controller is used for the robot to follow the
designed trajectory.

Our contribution is to develop a new algorithm for
solving the problem of robot path planning with static obsta-
cles avoidances. This planning, also called static path plan,
presents the advantage of ensuring safety and shortness of
the path. Moreover, the proposed algorithm is characterized
by a reactive behavior to find a collision-free trajectory
and smooth path. On the other side, the mobile robot
should track the trajectory without collision with obstacles.
So, a sliding mode control is proposed for guaranteeing
robustness, stability, and reactivity.

The rest of this paper is organized as follows. Section 2
presents the mobile robot model used in this work. The
different steps of the proposed algorithm for path planning
purpose are described in detail in Section 3. In Section 4, a
slidingmode controller is used for trajectory tracking. Finally,
simulation results and conclusion are presented and analyzed
in Sections 5 and 6, respectively.

2. Mobile Robot Model

Several research works for autonomous navigation have been
applied to different types of mobile robots [22, 23]. In this
work, we consider the Khepera IV mobile robot which
has two independent driving wheels that are responsible
for orienting and commanding the platform by acting on
the speed of each wheel. Thus, the schematic model of the
wheeled mobile robot Khepera IV is shown in Figure 1.
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Figure 1: Schematic representation of Khepera IV.

The kinematic model of a nonholonomic mobile robot is
given as follows:

𝑑𝑥𝑑𝑡 =
𝑉𝑅 + 𝑉𝐿2 cos𝛼

𝑑𝑦
𝑑𝑡 =

𝑉𝑅 + 𝑉𝐿2 sin𝛼
𝑑𝛼𝑑𝑡 =

𝑉𝑅 − 𝑉𝐿𝐿

(1)

where (𝑥, 𝑦) are the robot’s Cartesian coordinates, 𝛼 is the
angle between the robot direction and 𝑋 axis, 𝑉𝑅 and 𝑉𝐿 are,
respectively, the robot right and left wheel velocities, and 𝐿 is
the distance between the two wheels.

3. Path Planning Algorithm

In order to solve the path planning problem, an algorithm
based on finding the turning point of a free segment is
proposed.

3.1. Principle of the Proposed Algorithm. A free segment is
considered as the distance between two endpoints of two
different obstacles (see Figure 2). It searches the endpoint of a
safe segment where the mobile robot turns around this point
without hitting obstacles.

When there are no obstacles, the path planning problem
does not arise. In fact, the robot moves from an initial
position 𝑝𝑖 to a goal position 𝑝𝑔 in a straight line which will
be considered as the shortest path. However, when themobile
robot encounters with 𝑛 obstacles as shown in Figure 2 (𝑛 =3), the robot should be turning without collision with
obstacles. So, the major problem is how to determinate a
suitable path from a starting point to a target point in a static
environment. To solve this problem our developed algorithm
is proposed to search for a turning point of a safe free segment
which gives the shortest path and allows the robot to avoid
obstacles. Once the turning point is located, a dangerous
circle with radius 𝑅𝑑 is fixed in this point. In this case, our
proposed strategy aims to search for the turning point 𝑃𝑡𝑝
of the safe free segment around which the robot turns safely.
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Figure 2: Framework of navigation.

For ensuring safety, we select the segment whose distance 𝑆𝑃𝑖
(𝑖 = 1, . . . , 𝑛 − 1) is larger than the robot diameter 𝐷𝑟 with a
margin for security 𝛿 (𝑆𝑃𝑖 ≥ 𝐷𝑟 + 𝛿). On the other hand, the
segmentwhose distance 𝑆𝑃𝑖 is smaller than the robot diameter
is considered as a danger segment (see Figure 2). In this work,
we take into account only safe segments and danger segments
are ignored. Furthermore, and to determinate the shortest
path, we have determined the point 𝑃𝑡𝑝 of the safest segment
which gives the shortest path.Then a dangerous circle is fixed
at this point and the robot turns and moves towards the
tangential direction to this circle. Even when there is a danger
problem, our proposed algorithm will be reactive to allow
the robot to avoid obstacles and reach the goal. In this case,
the robot reserves the determined turning point and searches
for a new turning point to avoid collision with obstacles.
To more clarify our strategy, the different notions of the
algorithm are incorporated in Figure 2 and the basic principle
is summarized in a flowchart presented in Figure 3.

3.2. Static Path Planning Steps. The aim of this section is to
find a safe path as short as possible. In this approach, it is
defined as the path having the tangential direction to the
circle located on the searched turning point.

3.2.1. Selection of the Safe Path. The safe path aims to find
a free path that helps the robot to reach the target without
hitting obstacles of the environment. The selection of a safe
segment needs to follow the next steps:

(i) Step 1: Find out all free segments of the environment
(see Figure 4). Equations (2) and (3) show how to
determinate the value of the distance 𝑆𝑃1 that con-
nects points 𝑝2 and 𝑝3 and the distance 𝑆𝑃2 that
connects points 𝑝4 and 𝑝5:

𝑆𝑃1 = √(𝑥𝑝3 − 𝑥𝑝2)2 + (𝑦𝑝3 − 𝑦𝑝2)2 (2)

No

Solve problemYes

Planning trajectory

Placement of the dangerous circle

Danger problem

Determination of the shortest path

Determination of the turning point

Calculate SPi

Selection of safe free segments (SPi ≥ Dr + )

Figure 3: The proposed algorithm.
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Figure 4: Determination of free segments (safe-danger).

𝑆𝑃2 = √(𝑥𝑝5 − 𝑥𝑝4)2 + (𝑦𝑝5 − 𝑦𝑝4)2 (3)

where (𝑥𝑝𝑖,𝑦𝑝𝑖) (𝑖=2..5) corresponds to the coordinate
of endpoints of free segments.

(ii) Step 2:The segment whose distance 𝑆𝑃𝑖 (𝑖 = 1, . . . , 𝑛 −1) is larger than 𝐷𝑟 is considered as a safe segment.
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However, the segment whose distance 𝑆𝑃𝑖 is smaller
than 𝐷𝑟 is considered as a danger segment. Only safe
segments are taken into consideration for the rest of
this work. Danger segments whose number is 𝑛𝑑 are
ignored. In this step, we define the number of safe
segments as

𝑛𝑠 = {{{
𝑛 − 1 if 𝑆𝑃𝑖 ≥ (𝐷𝑟 + 𝛿)
𝑛 − 1 − 𝑛𝑑 elsewhere.

(4)

Once the safety criteria are handled, in the next section we
are interested to determinate the shortest path.

3.2.2. Determination of the Shortest Path. When the robot
goes to reach the target position, it is important to do it in
the shortest path as possible.The objective of determining the
shortest path can be divided into three steps:

(i) Step 1: Calculate distances 𝑆𝐷1 and 𝑆𝐷2 between the
robot and the target with consideration of the safe
free segment (see Figure 5).These distances should be
calculated as follows:

𝑆𝐷1 = √(𝑥𝑝2 − 𝑥)2 + (𝑦𝑝2 − 𝑦)2

+ √(𝑥𝑡 − 𝑥𝑝2)2 + (𝑦𝑡 − 𝑦𝑝2)2
(5)

𝑆𝐷2 = √(𝑥𝑝3 − 𝑥)2 + (𝑦𝑝3 − 𝑦)2

+ √(𝑥𝑡 − 𝑥𝑝3)2 + (𝑦𝑡 − 𝑦𝑝3)2
(6)

(ii) Step 2: It concerns the determination of the turning
point which is defined as the point around which the

Obstacle
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Figure 6: Dangerous circle placement.

mobile robot turns for avoiding obstacles; the process
is achieved after comparing the distances 𝑆𝐷1 and 𝑆𝐷2.
The endpoint of the safe free segment which gives
the shortest path corresponds to the searched turning
point 𝑃𝑡𝑝 as shown in Figure 5.

(iii) Step 3: It concerns the placement of the dangerous
circle. Once the turning point is determined, a dan-
gerous circle with radius 𝑅𝐷 is fixed at this point as
shown in Figure 6.

3.3. Problems Examination. Even the adequate path is deter-
mined, some problems can persist whose results make the
robot damaged and can not avoid obstacles. Some problem
cases are highlighted in this work.

3.3.1. Collision Danger Problem. Path planning problem
means that the path should be safe enough to go through
without collision. However, a collision danger problem can
persist in some cases:

(i) Case 1: If there is an intersection between the robot
and the obstacle. To better concretize the problem,
Figure 7 is given: path 1 presents an example of a
mobile robot where it is entrapped by the obstacle and
it can not avoid it. To remove the collision between
the robot path and obstacle, path 2 is presented and
turned around a second dangerous circle with radius𝑅𝐷. So, we can conclude that path 2 is safe enough
for the robot to go to the destination point without
collision.

(ii) Case 2: If the distance between the line tangent of the
dangerous circle and the endpoint of an obstacle 𝑑
(see Figure 8) is less than the robot radius (𝑑 ≤ 𝑅𝑟),
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Figure 7: Collision danger problem-case 1.
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Figure 8: Collision danger problem-case 2.

a turning point algorithm is applied and a dangerous
circle is centered at the adequate turning point (see
Figure 9).

3.3.2. Problem of Local Minima. A local minima problem can
exist when all segments are danger or the robot is entrapped
with obstacles. To escape from such a situation, the robot goes
far away from those obstacles until reaching the target (see
Figure 10).

4. Sliding Mode Control

After planning the path of the robot Khepera IV, a sliding
mode controller is proposed for robust tracking trajectory
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Figure 9: Placement of the turning point.
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Figure 10: Local minima problem resolution.

([15, 16]). In this strategy, two positions are needed to
be known as shown in Figure 11: the desired position𝑝𝑟=(𝑥𝑟, 𝑦𝑟, 𝛼𝑟) which is defined as the desired position to be
reached and the current robot position 𝑝=(x, y, 𝛼) which is
defined as its real position at this moment. Furthermore, the
difference between the reference position 𝑝𝑟 and the current
position 𝑝 is called the tracking error position𝑝𝑒=(𝑥𝑒, 𝑦𝑒, 𝛼𝑒).
The expression of 𝑝𝑒 is defined in equation (7) as follows:

𝑝𝑒 = [[
[

𝑥𝑒
𝑦𝑒
𝛼𝑒
]]
]
= [[
[

cos𝛼 sin𝛼 0
− sin𝛼 cos𝛼 0
0 0 1

]]
]
[[
[

𝑥𝑟 − 𝑥
𝑦𝑟 − 𝑥
𝛼𝑟 − 𝛼

]]
]
. (7)

Tracking trajectory can be introduced as finding the
adequate control vector 𝑞 = (V, 𝑤)𝑇 (V is the linear velocity
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of the wheeled mobile robot and𝑤 is its angular velocity). So
that the error position 𝑝𝑒 converges asymptotically to zero.
The autonomous mobile robot is controlled according to

𝑉𝑅 = V + 𝐿.𝑤2
𝑉𝐿 = V − 𝐿.𝑤2 .

(8)

The process of designing a sliding mode controller is divided
into two steps:

(i) Step 1:The choice of the sliding surface: 𝑠 is defined as
the switching function because the control switches
its sign on the sides of the switching 𝑠 = 0. Therefore,𝑥𝑒=0 is chosen at the first switching function. When𝑥𝑒=0, the Lyapunov candidate function is defined
as 𝑉 = (1/2)𝑦2𝑒 . Then, we determinate the time
derivative of V:

�̇� = 𝑦𝑒 ̇𝑦𝑒 = 𝑦𝑒 (−𝑥𝑒𝑤 + V𝑟 sin (𝛼𝑒))
= −𝑥𝑒𝑦𝑒𝑤 − V𝑟𝑦𝑒 sin (arctan (V𝑟𝑦𝑒)) . (9)

We notice that �̇� ≤ 0 because V𝑟𝑦𝑒sin(arctan(V𝑟𝑦𝑒)) ≥0. We define 𝛼𝑒 = −arctan(V𝑟𝑦𝑒) as a switching
candidate function.Then, the expression of the vector
of sliding surfaces is given as follows:

𝑠 = [𝑠1𝑠2] = [
𝑥𝑒

𝛼𝑒 + arctan (V𝑟𝑦𝑒)] . (10)

(ii) Step 2: The determination of the control law: the
designing of a sliding mode controller needs firstly
to establish an analytic expression of the adequate
condition under which the state moves towards and
reaches a sliding mode. However, a chattering phe-
nomenon can be caused by the finite time delays
for computations and limitations of control. That is
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why the switching function is defined as a saturation
function. The control law is defined then as

̇𝑠 = −𝑘𝑠𝑎𝑡 (𝑠) . (11)

It is noted that the reaching control system is not
only able to establish the reaching condition but also
able to specify the dynamic of the switching function.
By differentiating the vector of the sliding surfaces
defined in equation (10), we obtain

̇𝑠 = [ ̇𝑠1
̇𝑠2] = [

−𝑘1𝑠𝑎𝑡 (𝑠1)
−𝑘2𝑠𝑎𝑡 (𝑠2)] = [[[

̇𝑥𝑒
̇𝛼𝑒 + 𝜕𝛾V𝑟 ̇V𝑟 + 𝜕𝛾𝑦𝑒 ̇𝑦𝑒

]]
]

= [[
[

𝑦𝑒𝑤 + V𝑟 cos𝛼𝑒 − V

𝑤𝑟 + 𝜕𝛾
𝜕V𝑟 ̇V𝑟 +

𝜕𝛾
𝜕𝑦𝑒 (V𝑟 sin𝛼𝑒 − 𝑥𝑒𝑤) − 𝑤

]]
]

(12)

where
𝜕𝛾
𝑑V𝑟 =

𝑦𝑒
1 + (V𝑟𝑦𝑒)2

and
𝜕𝛾
𝑑𝑦𝑒 =

V𝑟
1 + (V𝑟𝑦𝑒)2 .

(13)

5. Simulation Results

In mobile robot navigation, the building of the environment
is considered an essential issue to carry out motion planning
operations. In this section, to demonstrate the basic ability
of the proposed algorithm, we present some simulation
results. In all simulations, we will present results of an
environment including seven obstacles which are placed with
an arbitrary way (see Figure 12). Table 1 presents the initial
center coordinates of static obstacles.

The simulations are performed for the cases where the
target coordinate (𝑥𝑡, 𝑦𝑡) is fixed while the robot position
changed.
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(a) Navigation with safe segments ((𝑥𝑟, 𝑦𝑟)=(0, 0)).
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(b) Navigation with safe segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).
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(c) Navigation with safe and danger segments ((𝑥𝑟, 𝑦𝑟)=(0, 0)).
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(d) Navigation with safe and danger segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).

Figure 13: Path planning ((𝑥𝑡, 𝑦𝑡)=(250, 750)).
Table 1: Center coordinates of obstacles.

Obstacles 𝑥𝑂𝑏𝑠 𝑦𝑂𝑏𝑠
Obstacle 1 550 100
Obstacle 2 640 400
Obstacle 3 640 600
Obstacle 4 400 500
Obstacle 5 70 680
Obstacle 6 100 400
Obstacle 7 150 130

In this section, we present the case when the robot starts
from the initial positions (𝑥𝑟, 𝑦𝑟)=(0, 0) and (𝑥𝑟, 𝑦𝑟)=(400, 0)
as shown in Figures 13(a) and 13(b), where all free segments
are safe. We notice that the robot turns around circles which

Table 2: Center coordinates of obstacles ((𝑥𝑡, 𝑦𝑡)=(250, 750)).
Obstacles 𝑥𝑂𝑏𝑠 𝑦𝑂𝑏𝑠
Obstacle 1 550 100
Obstacle 2 640 400
Obstacle 3 640 600
Obstacle 4 400 500
Obstacle 5 200 550
Obstacle 6 150 420
Obstacle 7 150 300

are located in the adequate turning points and reaches the
target for each modification of the robot position.

Even the obstacle centers changed their positions as
shown in Table 2, and the path navigation changes are shown
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(b) Navigation with safe segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).
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(d) Navigation with safe and danger segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).

Figure 14: Path planning ((𝑥𝑡, 𝑦𝑡)=(500, 750)).

in Figures 13(c) and 13(d) because of the appearance of danger
segments.

Figure 16 illustrates the navigation of the mobile robot
with safe segments and danger segments. That robot starts
from different initial positions (𝑥𝑟, 𝑦𝑟)=(0, 0) (see Figures
14(a) and 14(c)) and (𝑥𝑟, 𝑦𝑟)=(400, 0) (see Figures 14(b)
and 14(d)). The obstacle center coordinates are addressed in
Table 3.

Another simulation results present the case where all free
segments are safe (see Figures 15(a) and 15(b)). The robot
turns around the dangerous circles until reaching the desired
target. By changing obstacle centers as shown in Table 4, we
remark the appearance of dangerous segments. The robot
takes into account just the free segments and moves in the
safe path (see Figures 15(c) and 15(d)).

Table 3: Center coordinates of obstacles ((𝑥𝑡, 𝑦𝑡)=(500, 750)).
Obstacles 𝑥𝑂𝑏𝑠 𝑦𝑂𝑏𝑠
Obstacle 1 550 100
Obstacle 2 640 400
Obstacle 3 640 600
Obstacle 4 400 500
Obstacle 5 240 550
Obstacle 6 100 420
Obstacle 7 150 250

Figures 16(a) and 16(b) show that the mobile robot
ensures reaching the destination with avoiding different
obstacles. Table 5 shows the center obstacle positions. In
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(b) Navigation in case safe segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).
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(c) Navigation in case safe and danger segments ((𝑥𝑟, 𝑦𝑟)=(0, 0)).
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(d) Navigation in case safe and danger segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).

Figure 15: Path planning ((𝑥𝑡, 𝑦𝑡)=(750, 750)).

Table 4: Center coordinates of obstacles ((𝑥𝑡, 𝑦𝑡)=(750, 750)).
Obstacles 𝑥𝑂𝑏𝑠 𝑦𝑂𝑏𝑠
Obstacle 1 550 230
Obstacle 2 630 450
Obstacle 3 540 500
Obstacle 4 400 500
Obstacle 5 70 680
Obstacle 6 160 400
Obstacle 7 150 130

this case, we constate that there is a local minima problem.
Therefore, the robot goes far away from obstacles and moves
directly to the target (see Figures 16(c) and 16(d)).

Table 5: Center coordinates of obstacles ((𝑥𝑡, 𝑦𝑡)=(800, 500)).
Obstacles 𝑥𝑂𝑏𝑠 𝑦𝑂𝑏𝑠
Obstacle 1 550 240
Obstacle 2 550 400
Obstacle 3 540 510
Obstacle 4 400 510
Obstacle 5 200 560
Obstacle 6 150 430
Obstacle 7 150 260

From all simulation results, it is obvious to see that the
developed strategy is very reactive because the robot achieves
the obstacle avoidance in each modification of the robot
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(a) Navigation with safe segments ((𝑥𝑟, 𝑦𝑟)=(0, 0)).
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(b) Navigation with safe segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).
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(d) Navigation with danger segments ((𝑥𝑟, 𝑦𝑟)=(400, 0)).

Figure 16: Path planning ((𝑥𝑡, 𝑦𝑡)=(800, 500)).

and the target positions and in presence of safe and danger
segments.

After planning the safest and the shortest path, it is
required for the mobile robot to track reference trajectories
based on sliding mode controller. Figure 17 shows that the
mobile robot always follows the reference trajectory.

To more illustrate the performance of the sliding mode
controller, the error positions, and the two speeds (right
and left) of the wheels for the cases. Figures 15(a) and 16(b)
were presented in Figures 18 and 19. Figure 18 shows that the
tracking errors tend to zero which allows concluding that
the proposed control law system provides a good tracking
trajectory.

In addition to this, Figure 19 presents the evolution of
two speeds (right and left) of the wheels. For example,
for Figure 19(b), initially the mobile robot advances with

the same speeds for both wheels. As soon as obstacle 1 is
detected, the control system provides a larger right wheel
speed compared to the leftwheel speed.After passing obstacle
1, the two speeds are equal until the robot reaches the target.
As soon as obstacle 2 is detected, the controller system
provides a larger right wheel speed than the left wheel speed.
After passing obstacle 2, we notice that the speed of the
left wheel is larger than the right wheel. This is to turn the
mobile robot to the target position. Once the robot is oriented
towards the target, the two speeds are equal until the robot
reaches the target.

6. Conclusion

In this paper, an algorithm which searches for a turning
point based on free segments is presented. It handles two
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(a) Tracking planned path of Figure 15(a).
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(b) Tracking planned path of Figure 16(b).

Figure 17: Tracking planned path.
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Figure 18: Tracking Errors (𝑥𝑒, 𝑦𝑒, 𝛼𝑒).

different objectives: the safe path and the path length. The
advantage of the developed algorithm is that the robot always
can move from the initial position to the target position, not
only safely, but also on the shortest path regardless the shape
of the obstacles and the change of goal position in the known
environment. In the other side, the proposed sliding mode
control is an important method to deal with the system. This
controller demonstrates a good tracking performances such
as robustness, stability and fast response. Simulation results
are performed on a platform Khepera IV to demonstrate that
the proposed method is a good alternative to solve the path
planning and trajectory tracking problems.

As a future work, it could be interesting to determinate
paths in dynamic environment.
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The present work deals with the design problem of a robust observer-based controller for a motorcycle system using LPV approach.
The designed model is specifically uncertain and disturbed one, whose uncertainties are related to variations of both the cornering
stiffness and the longitudinal velocity. The nonlinear motorcycle model is firstly transformed on an uncertain LPVmodel with two
vertices; then an observer-based 𝐻∞ robust controller is designed. Both the controller and observer gain matrices are computed
by solving a unified convex optimization problem under LMI constraints using YALMIP solver. Numerical simulation results are
given to illustrate the effectiveness of the designed method.

1. Introduction

In recent years, more and more people are moving towards
fast, light, less expensive means of transport and small jigs.
Among these means of transport, motorized two-wheeled
vehicles are increasingly popular because of the great freedom
of driving and the possibility of avoiding traffic congestion
and parking difficulties.

At the present time, scooters and motorcycles have
become necessary means of transport in our society and the
last statics of sales of these vehicles reinforce this statement.
The increase in the number of motorcycles and scooters is,
unfortunately, followed by an increase in accidents on the
road.

In these circumstances, safety in two-way transport has
become a central concern for public bodies and car manufac-
turers. Several preventive and repressive measures have been
put in place towarn drivers of the risks associatedwith certain
behavior on the steering wheel and the handlebars. On the
other hand, several research projects have been initiated in
order to provide solutions in the field of prevention and driver
assistance systems.

In the last years, many motorcycle equipment manufac-
turers focus on active and semiactive safety systems. The

first work to stabilize a motorcycle has been developed in
[1], by considering a simple linear model to describe the
motorcycle behavior. The control of motorcycles has been
investigated in [2, 3] and the problem of observation and
estimation of unmeasurable state variables have been studied
in [4–7]. Overall, motorcycle safety system design is still an
open problem and few results exist in the literature. To the
best of our knowledge, there are no studies that deal with both
the motorcycle stability and estimation in presence of distur-
bance, except thework in [7], which has studied the two prob-
lems separately, without considering external disturbance.

Overall, safety system design for motorcycle is still an
open problem and few results exist in the literature. In the
modelling aspect, we develop an uncertain polytope that
can cover the time-varying longitudinal velocity range and
has few vertices. Moreover, the nonlinear tyre model is
reformulated into a Linear Parameter-Varying (LPV) model
with norm-bounded uncertainties. LPV models have been
studied in many works like [8].

Motivated by these observations, a robust 𝐻∞ observer-
based controller will be investigated. The observer will be
used to estimate the unmeasured variables of the motorcycle
like the yaw rate, the roll rate, and the steering rate and the
controller ensures the robust stability despite the variation of

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 2158129, 11 pages
https://doi.org/10.1155/2018/2158129

http://orcid.org/0000-0002-4628-0269
https://doi.org/10.1155/2018/2158129


2 Mathematical Problems in Engineering

the road conditions and external disturbances. The less con-
servative LMI-based design conditions of both the observer
and the controller are proposed and can be solved in one step.

The rest of the paper is structured as follows: the analysis
of the motorcycle described by an LPV model is introduced
in Section 3. Hereafter, in Section 4, the analysis and the
design problems of the robust observer-based controller are
studied. To show the performance of the proposed observer
in different cases, some simulations are given in Section 5.
Finally, conclusions are given in Section 6.

2. Notations and Preliminaries

The following lemmas are used to prove our results.

Lemma 1 (see [9]). Given a positive scalar 𝜖 and two matrices𝐺 and𝐻, the following inequality holds:

𝐺𝑇𝐻 +𝐻𝑇𝐺 ≤ 𝜖𝐺𝑇𝐺 + 1𝜖𝐻𝑇𝐻 (1)

Lemma 2 (see [10]). Considering a negative definite matrixΞ < 0, a given matrix 𝑍, and a scalar 𝜇 > 0, the following
inequality holds:

𝑍𝑇Ξ𝑍 < −𝜇 (𝑍 + 𝑍𝑇) − 𝜇2Ξ−1 (2)

3. Motorcycle Model Analysis

3.1. Nonlinear Model of the Motorcycle. The model used in
this work describes themotorcycle’s lateral and roll dynamics,
which are obtained by considering Sharp’s motorcycle model
[11] (see Figure 1). The dynamics of a motorcycle can be
represented by amodel with four equations [12, 13] describing
the lateral motion mainly caused by lateral forces (𝐹𝑦𝑓, 𝐹𝑦𝑟)
and the yaw and roll motions under rider’s steering actions.

The movements that correspond to lateral, roll, yaw, and
steering motions, respectively, are expressed by the following
equations:

𝑀(V̇𝑦 + V𝑥�̇�) + 𝑀𝑓𝜁𝑟�̈� + 𝑑1 ̈𝜙 + 𝑀𝑓𝑒 ̈𝛿 = 𝐹𝑦𝑓 + 𝐹𝑦𝑟
𝑑1V̇𝑦 + 𝑏2 ̈𝜙 + 𝑎2�̈� + 𝑏1 ̈𝛿 + 𝑏5V𝑥�̇� + 𝑑3V𝑥 ̇𝛿 = ∑𝑀𝑥
𝑀𝑓𝜁𝑟 (V̇𝑦 + V𝑥�̇�) + 𝑎2 ̈𝜙 + 𝑎3�̈� + 𝑎1 ̈𝛿 − 𝑎4V𝑥 ̇𝜙 − 𝑑2V𝑥 ̇𝛿

= ∑𝑀𝑧
𝑀𝑓𝑒V̇𝑦 + 𝑏1 ̈𝜙 + 𝑎1�̈� + 𝑐1 ̈𝛿 − 𝑑3V𝑥 ̇𝜙 + 𝑐3V𝑥�̇� + 𝐾 ̇𝛿

= ∑𝑀𝑠

(3)

Using themoment principle, the following expressions can be
obtained:

∑𝑀𝑥 = 𝑏4 sin𝜙 − 𝑏3 sin 𝛿
∑𝑀𝑧 = 𝑙𝑓𝐹𝑦𝑓 − 𝑙𝑟𝐹𝑦𝑟
∑𝑀𝑠 = −𝑏3 sin𝜙 − 𝑐2 sin 𝛿 − 𝜂𝑓𝑦𝑓 + 𝜏

(4)

where coefficients 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, and 𝑑𝑖 are given in the Appendix.

Figure 1: Illustration of motorcycle’s motion.

Lateral and roll forces have the following expressions:

𝐹𝑦𝑓 = −𝐶𝑓1𝛼𝑓 + 𝐶𝑓2𝛾𝑓,
𝐹𝑦𝑟 = −𝐶𝑟1𝛼𝑟 + 𝐶𝑟2𝛾𝑟 (5)

where

𝛼𝑓 = (V𝑦 + 𝑙𝑓�̇� − 𝜂 ̇𝛿
V𝑥

) − 𝛿 cos (𝜀)

𝛼𝑟 = (V𝑦 − 𝑙𝑟�̇�
V𝑥

)
𝛾𝑓 = 𝜙 + 𝛿 sin (𝜀)
𝛾𝑟 = 𝜙

(6)

Substituting (4) and (5) in model (3), we obtain the
following form:

𝑀V̇𝑦 +𝑀𝑓𝜁𝑟�̈� + 𝑑1 ̈𝜙 + 𝑀𝑓𝑒 ̈𝛿
= 𝑎11 (V𝑥) V𝑦 + 𝑎12 (V𝑥) �̇� + 𝑎14𝜙 + 𝑎15 (V𝑥) ̇𝛿 + 𝑏16𝛿

𝑑1V̇𝑦 + 𝑏2 ̈𝜙 + 𝑎2�̈� + 𝑏1 ̈𝛿
= 𝑎22 (V𝑥) �̇� + 𝑎24𝜙 + 𝑎25 (V𝑥) ̇𝛿 + 𝑏26𝛿

𝑀𝑓𝜁𝑟V̇𝑦 + 𝑎2 ̈𝜙 + 𝑎3�̈� + 𝑎1 ̈𝛿
= 𝑎31 (V𝑥) V𝑦 + 𝑎32 (V𝑥) �̇� + 𝑎33 (V𝑥) ̇𝜙 + 𝑎34𝜙
+ 𝑎35 (V𝑥) ̇𝛿 + 𝑏36𝛿

𝑀𝑓𝑒V̇𝑦 + 𝑏1 ̈𝜙 + 𝑎1�̈� + 𝑐1 ̈𝛿
= 𝑎51 (V𝑥) V𝑦 + 𝑎52 (V𝑥) �̇� + 𝑎53 (V𝑥) ̇𝜙 + 𝑎54𝜙
+ 𝑎55 (V𝑥) ̇𝛿 + 𝑏56𝛿 + 𝜏

(7)

where motorcycle parameters are defined in Nomenclature
and parameters 𝑎𝑖𝑗 and 𝑏𝑖𝑗 are given in the Appendix.

Let us consider state vector 𝑥(𝑡) = [V𝑦 �̇� ̇𝜙 𝜙 ̇𝛿]𝑇;
system (7) can be written as follows:

𝐸�̇� (𝑡) = 𝐴11 (V𝑥) 𝑥 (𝑡) + 𝐵11𝛿 (𝑡) + 𝐵21𝜏 (𝑡) (8)
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where

𝐸 =
[[[[[[[[
[

𝑀 𝑀𝑓𝜁𝑟 𝑑1 0 𝑀𝑓𝑒𝑀𝑓𝜁𝑟 𝑎3 𝑎2 0 𝑎1𝑑1 𝑎2 𝑏2 0 𝑏10 0 0 1 0
𝑀𝑓𝑒 𝑎1 𝑏1 0 𝑐1

]]]]]]]]
]

𝐴11 (V𝑥)

=
[[[[[[[[
[

𝑎11 (V𝑥) 𝑎12 (V𝑥) 0 𝑎14 (V𝑥) 𝑎15 (V𝑥)0 𝑎22 (V𝑥) 0 𝑎24 𝑎25 (V𝑥)𝑎31 (V𝑥) 𝑎32 (V𝑥) 𝑎33 (V𝑥) 𝑎34 𝑎35 (V𝑥)0 0 1 0 0
𝑎51 (V𝑥) 𝑎52 (V𝑥) 𝑎53 (V𝑥) 𝑎54 𝑎55 (V𝑥)

]]]]]]]]
]

𝐵11 = [𝑏16 𝑏26 𝑏36 0 𝑏56]𝑇
𝐵21 = [0 0 0 0 1]𝑇

(9)

Matrix 𝐸 is a nonsingular matrix, so system (8) can be
expressed as follows:

�̇� (𝑡) = 𝐴 (V𝑥) 𝑥 (𝑡) + 𝐵1𝛿 (𝑡) + 𝐵2𝑢 (𝑡) (10)

where

𝐴 (V𝑥) = 𝐸−1𝐴11 (V𝑥) ,
𝐵1 = 𝐸−1𝐵11,
𝐵2 = 𝐸−1𝐵21,

𝑢 (𝑡) = 𝜏 (𝑡)
(11)

To simplify the development, V𝑥 is written as V.
In the following, we mention that the yaw control is only

tripped at a nonzero of the longitudinal velocity. For this, we
propose to accommodate the variation of this speed.

3.2. Motorcycle Uncertain LPV Model Using Polytopic
Approach and Reducing Vertices. Let us consider that the
longitudinal speed V is time-varying in interval [V𝑚, V𝑀].
Then, variable 1/V is time-varying in [1/V𝑀, 1/V𝑚]. For pair(V, 1/V), we can use a rectangular polytope [14] to describe it.

Since the choices for the parameter set (V, 1/V) only occur
on the solid line and most of the area inside the rectangle is
not achievable, the description using a rectangular polytope
could be conservative. Moreover, if the number of the
polytope vertices increases, the computational load and the
complexity also increase. In the following, we propose to
use the idea proposed by [15] to reduce the number of
the polytope vertices and also to simplify the modelling
complexity.

Based on [15] and considering matrix 𝐴(V𝑥) defined in
Section 3.1, for the set of the variables (V, 1/V), we consider
a rectangular polytope given in Figure 2.

Figure 2: Illustration of transforming the rectangular polytope to
the uncertain straight line segment.

As is shown in Figure 2, the rectangular polytope obtained
by the four verticesΩ1Ω2Ω3Ω4 illustrates the variation of the
set of variables (V, 1/V). A straight line 𝐷1 crosses Ω1 andΩ3; then, shifting the straight line until the tangent to the
hyperbola 𝑦 = 1/V, we obtain another straight line 𝐷2. 𝐷2
crosses the straight line Ω1Ω2 in point 𝑝2 and, on the other
hand, Ω3Ω4 in point 𝑝4. Then, the line crosses the middle of
lines Ω1𝑝2 and Ω3𝑝4 via 𝑝1 and 𝑝3. The sweep above and
below 𝐷3 along the two segments [Ω1𝑝2] and [Ω3𝑝4] can
achieve all possibilities ofmost of the area inside the polytope.

The two newly obtained vertices are defined by the
following coordinates:

𝑝1 = (V𝑚, V𝑀 − V𝑚2V𝑚V𝑀 + 1
√V𝑚V𝑀

+ (V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀)𝑁 (𝑡))

𝑝3 = (V𝑀, V𝑚 − V𝑀2V𝑚V𝑀 + 1
√V𝑚V𝑀

+ (V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀)𝑁 (𝑡))

(12)

Since |𝑁(𝑡)| is less than one, the uncertain straight line
segment crossing points 𝑝1 and 𝑝3 can cover the whole par-
allelogram Ω1𝑝2𝑝4Ω3. Then, based on the work of [16], each
point inside the parallelogramΩ1𝑝2𝑝4Ω3 can be represented
by a linear combination of the new uncertain vertices 𝑝1 and𝑝3 as follows:

𝑝𝑛 = 𝜇1𝑝1 + 𝜇2𝑝3 (13)

where 𝜇1 = (V − V𝑚)/(V𝑀 − V𝑚) and 𝜇2 = (V𝑀 − V)/(V𝑀 − V𝑚)
and 𝜇1 + 𝜇2 = 1.
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The description of the two parameters V and 1/V, in
expression (13), has only two vertices and it can overlay all
the possibilities for the set of V and 1/V.

To take into account the road condition variations, the
cornering stiffness is given by the following equations:

𝐶𝑓1 = 𝐶𝑓1 + Δ𝐶𝑓1,
𝐶𝑓2 = 𝐶𝑓2 + Δ𝐶𝑓2,
𝐶𝑟1 = 𝐶𝑟1 + Δ𝐶𝑟1,
𝐶𝑟2 = 𝐶𝑟2 + Δ𝐶𝑟2

(14)

Considering the representation in (10) and (13), the obtained
model is

�̇� (𝑡) = 2∑
𝑖=1

𝜇𝑖 ((𝐴 𝑖 + Δ𝐴 𝑖) 𝑥 (𝑡) + (𝐵1 + Δ𝐵1) 𝛿 (𝑡)
+ 𝐵2𝑢 (𝑡))

(15)

We define the state matrices by the first term containing
nominal parameters. So, the state matrices of the multiple
models are written as

𝐴1 =
[[[[[[[[[[
[

𝑓1𝑐11 𝑓2𝑐11 −𝑀V𝑚 0 𝐶𝑓2 + 𝐶𝑟2 𝑓3𝜂𝑐11
𝑓2𝑐11 𝑓4𝑐11 −𝑀𝑓𝜁𝑟V𝑚 𝑎4V𝑚 𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟 𝑑2V𝑚 + 𝑙𝑓𝑓3𝜂𝑐11
0 −𝑏5V𝑚 0 𝑏4 −𝑑3V𝑚
0 0 1 0 0

𝑓3𝜂𝑐11 𝑙𝑓𝑓3𝜂𝑐11 − 𝑐3V𝑚 𝑑3V𝑚 −𝑏3 − 𝜂𝐶𝑓2 −𝐾 − 𝜂2𝑓3𝑐11

]]]]]]]]]]
]

𝐴2 =
[[[[[[[[[[
[

𝑓1𝑐12 𝑓2𝑐12 −𝑀V𝑀 0 𝐶𝑓2 + 𝐶𝑟2 𝑓3𝜂𝑐12
𝑓2𝑐12 𝑓4𝑐12 −𝑀𝑓𝜁𝑟V𝑀 𝑎4V𝑀 𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟 𝑑2V𝑀 + 𝑙𝑓𝑓3𝜂𝑐12
0 −𝑏5V𝑀 0 𝑏4 −𝑑3V𝑀
0 0 1 0 0

𝑓3𝜂𝑐12 𝑙𝑓𝑓3𝜂𝑐12 − 𝑐3V𝑀 𝑑3V𝑀 −𝑏3 − 𝜂𝐶𝑓2 −𝐾 − 𝜂2𝑓3𝑐12

]]]]]]]]]]
]

(16)

The uncertain ones are given by

Δ𝐴1 = 𝐺11𝑁(𝑡)𝐻11,
Δ𝐴2 = 𝐺12𝑁(𝑡)𝐻12

(17)

where

𝐺11 =
[[[[[[[[
[

𝑓11 𝑓21 0 Δ𝐶𝑓2 + Δ𝐶𝑟2 𝜂𝑓31𝑓21 𝑓41 0 Δ𝐶𝑓2𝑙𝑓 − Δ𝐶𝑟2𝑙𝑟 𝜂𝑙𝑓𝑓310 0 0 0 0
0 0 0 0 0

𝜂𝑓31 𝜂𝑙𝑓𝑓31 0 −𝜂Δ𝐶𝑓2 −𝜂2𝑓31

]]]]]]]]
]

𝐺12 =
[[[[[[[[
[

𝑓12 𝑓22 0 Δ𝐶𝑓2 + Δ𝐶𝑟2 𝜂𝑓32𝑓22 𝑓42 0 Δ𝐶𝑓2𝑙𝑓 − Δ𝐶𝑟2𝑙𝑟 𝜂𝑙𝑓𝑓320 0 0 0 0
0 0 0 0 0

𝜂𝑓32 𝜂𝑙𝑓𝑓32 0 −𝜂Δ𝐶𝑓2 −𝜂2𝑓32

]]]]]]]]
]

𝑁 =
[[[[[[[[[[
[

𝑁 0 0 0 0
∗ 𝑁 0 0 0
∗ ∗ 𝑁 0 0
∗ ∗ ∗ 𝑁 0
∗ ∗ ∗ ∗ 𝑁

]]]]]]]]]]
]

𝐻11 = 𝐼 (5) ,
𝐻12 = 𝐼 (5)

𝐵1 =
[[[[[[[[[[
[

𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)
𝑙𝑓 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))

−𝑏3
0

𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)

]]]]]]]]]]
]

Δ𝐵1 = 𝐺2𝑁(𝑡)𝐻2
(18)
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where

𝐺2 =
[[[[[[[[
[

Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀)
𝑙𝑓 (Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀))0

0
Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀)

]]]]]]]]
]

𝐻2 = 𝐼 (5, 1)

(19)

with

𝑐11 = V𝑀 − V𝑚2V𝑚V𝑀 + 1
√V𝑚V𝑀 ,

𝑑11 = V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀

𝑐12 = V𝑚 − V𝑀2V𝑚V𝑀 + 1
√V𝑚V𝑀 ,

𝑑12 = V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀

𝑓1 = −𝐶𝑓1 − 𝐶𝑟1,
𝑓2 = − (𝐶𝑓1𝑙𝑓 − 𝐶𝑟1𝑙𝑟) ,
𝑓3 = 𝐶𝑓1,
𝑓4 = − (𝑙2𝑓𝐶𝑓1 + 𝑙2𝑟𝐶𝑟1) .

(20)

For more details, see [16].

4. Analysis and Synthesis of the Robust𝐻∞
Observer-Based Controller

The objective is to design a robust observer-based 𝐻∞
controller such that the closed-loop system is globally stable
and the𝐻∞ performances are guaranteed.

Based on LPVmodel (15), the observer and the controller
are defined as

̇̂𝑥 (𝑡) = 2∑
𝑖=1

𝜇𝑖 (𝐴 𝑖𝑥 (𝑡) + 𝐿 𝑖 (𝑦 (𝑡) − 𝑦 (𝑡)) + 𝐵2𝑢 (𝑡))
+ 𝐵1𝛿 (𝑡)

𝑦 (𝑡) = 𝐶𝑥 (𝑡)
𝑢 (𝑡) = 2∑

𝑖=1

𝜇𝑖𝐾𝑖𝑥 (𝑡)

(21)

where 𝑥(𝑡) is the estimated state and 𝐾𝑖 (𝑖 = 1 : 2) are the
controller gains to be determined, 𝐿 𝑖 are the observer gains to
be determined, as the yaw rate, the roll rate, and the steering

rate can be generally measured, and 𝐶 is an adequate matrix
which is given by

𝐶 = [[
[
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1

]]
]

(22)

Define the estimation error as

𝑒0 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) (23)

The derivative of the error estimation is given by

̇𝑒0 (𝑡) = 2∑
𝑖=1

𝜇𝑖Δ𝐴 𝑖𝑥 (𝑡) + (𝐴 𝑖 − 𝐿 𝑖𝐶) 𝑒0 (𝑡) + Δ𝐵1𝛿 (𝑡) (24)

By using (15), (21), and (24), we can express the augmented
system in the following form:

�̇� (𝑡) = 2∑
𝑖=1

𝜇𝑖 (𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡)) (25)

where

𝑋(𝑡) = [𝑥 (𝑡)𝑒0 (𝑡)]

𝐴𝑖 = [𝐴 𝑖 + 𝐵2𝐾𝑖 + Δ𝐴 𝑖 −𝐵2𝐾𝑖Δ𝐴 𝑖 𝐴 𝑖 + 𝐿 𝑖𝐶] ,
(26)

𝐵 = [𝐵1 + Δ𝐵1Δ𝐵1 ] (27)

To improve motorcycle’s lateral dynamics stability, the objec-
tive in 𝐻∞ controller design is to possess robustness against
external disturbance (steering angle) and uncertainties (cor-
nering stiffness and the longitudinal velocity), which guar-
antees a given attenuation level of disturbance rejection
attenuation.

The objective of this work is to design an observer-
based𝐻∞ controller such that the following requirements are
satisfied:

(i) Ensure the stability for closed-loop system (25) with
the controller when 𝛿(𝑡) = 0

(ii) Ensure disturbance rejection for system (25) such that

‖𝑋 (𝑡)‖∞ ≤ 𝛾2 ‖𝛿 (𝑡)‖∞ (28)

The stability conditions of augmented system (25) are given
in terms of LMIs in the following theorem and can be solved
in one step.

Theorem 3. For given scalars 𝜇 and 𝜖2, system (25) is asymp-
totically stable via the robust observer-based 𝐻∞ controller
(21), if there exist positive definite matrices 𝑍 and 𝑃2 and
matrices 𝑀𝑖, 𝐽𝑖, and 𝑆1, linear variables 𝜖1, 𝜖3, and 𝜖4, and a
positive scalar 𝛾, which guarantees the𝐻∞ performance, such
that the following LMIs are verified:
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[[[[[[[[[[[[[[[[[[[[[[[
[

𝜃𝑖1 𝑍𝐻𝑇1 𝑍𝐻𝑇1 −𝐵2𝑀𝑖 0 0 0 0 𝐵1 0
∗ −𝜀1𝐼 0 0 0 0 0 0 0 0
∗ ∗ −𝜀2𝐼 0 0 0 0 0 0 0
∗ ∗ ∗ −2𝜇𝑍 0 𝜇𝐼 0 0 0 0
∗ ∗ ∗ ∗ −2𝜇𝐼 0 0 0 𝜇𝐼 0
∗ ∗ ∗ ∗ ∗ 𝜃𝑖2 𝜀2𝑃2𝐺1𝑖 𝑃2𝐺2 0 𝜇𝐼
∗ ∗ ∗ ∗ ∗ ∗ −𝜀2𝐼 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀4𝐼 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜃3 𝐻𝑇2∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀3𝐼

]]]]]]]]]]]]]]]]]]]]]]]
]

< 0 (29)

where

𝜃𝑖1 = 𝑍𝐴𝑇𝑖 + 𝐴 𝑖𝑍 +𝑀𝑇𝑖 𝐵𝑇2 + 𝐵2𝑀𝑖 + 𝑆1 + 𝜀1𝐺1𝑖𝐺𝑇1𝑖
+ 𝜀3𝐺2𝐺𝑇2

𝜃𝑖2 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐽𝑇𝑖 𝑃2 − 𝐽𝑖𝐶 + 𝐼
𝜃𝑖3 = −𝛾2𝐼 + 𝜀4𝐻𝑇2𝐻2

(30)

And the gains of the controller and the observer are, respectively,

𝐾𝑖 = 𝑀𝑖𝑍−1 (31)

𝐿 𝑖 = 𝑃−12 𝐽𝑖 (32)

Proof. The Lyapunov function is chosen as

𝑉 (𝑋 (𝑡)) = 𝑋𝑇 (𝑡) 𝑃𝑋 (𝑡) (33)

where the Lyapunov matrix 𝑃 is chosen as

𝑃 = [𝑃1 0
0 𝑃2] (34)

The derivation of the Lyapunov function gives

�̇� (𝑋 (𝑡)) = 2∑
𝑖=1

𝜇𝑖 ((𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡))𝑇 𝑃𝑋 (𝑡)
+ 𝑋𝑇 (𝑡) 𝑃 (𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡)))

(35)

Then, objective (28) is guaranteed by ensuring the following
inequality:

�̇� (𝑋) + 𝑋𝑇𝑋 − 𝛾2𝛿𝑇𝛿 ≤ 0 (36)

Therefore, we have

2∑
𝑖=1

𝜇𝑖 [𝑋𝛿]
𝑇[
[
𝐴𝑇𝑖 𝑃 + 𝑃𝐴𝑖 + 𝐼 𝑃𝐵

𝐵𝑇𝑃 −𝛾2𝐼]]
[𝑋𝛿] (37)

Then, inequality (36) holds if the following condition is
satisfied:

[
[
𝐴𝑇𝑖 𝑃 + 𝑃𝐴𝑖 + 𝐼 𝑃𝐵

𝐵𝑇𝑃 −𝛾2𝐼]]
≤ 0 (38)

By substituting the expressions of 𝐴𝑖 and 𝐵 defined in (26)
and (27), inequality (38) is equivalent to

[[[
[

𝜛𝑖 −𝑃1𝐵2𝐾𝑖 + Δ𝐴𝑇𝑖 𝑃2 𝑃1 (𝐵1 + Δ𝐵1)∗ 𝜗𝑖 𝑃2Δ𝐵1
∗ ∗ −𝛾2𝐼

]]]
]
≤ 0 (39)

where

𝜛𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + Δ𝐴𝑇𝑖 𝑃1
+ 𝑃1Δ𝐴 𝑖 + 𝐼

𝜗𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼
(40)

In the following step, we expandmatrix (39) in threematrices;
that is,

Θ𝑖 = T𝑖 + Λ 𝑖 + Λ𝑇𝑖 (41)

with

T𝑖 = [[[
[

𝜓𝑖 −𝑃1𝐵2𝐾𝑖 𝑃1𝐵1∗ 𝜙𝑖 0
∗ ∗ −𝛾2𝐼

]]]
]

Λ 𝑖 = [[[
[

𝑃1Δ𝐴 𝑖 Δ𝐴𝑇𝑖 𝑃2 𝑃1Δ𝐵10 0 𝑃2Δ𝐵10 0 0
]]]
]

(42)

and

𝜓𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + 𝐼
𝜙𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼 (43)
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According to expressions ofΔ𝐴 𝑖 andΔ𝐵1 and using Lemma 1,
inequality (39) holds if there exist real scalars 𝜖1, 𝜖2, 𝜖3, and 𝜖4
satisfying

Θ𝑖 = [Π𝑖 Υ𝑖∗ Ξ𝑖] ≤ 0 (44)

with

Π𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + 𝐼
+ 𝜀−11 𝐻𝑇1𝐻1 + 𝜀1𝑃1𝐺1𝑖𝐺𝑇1𝑖𝑃1 + 𝜀−12 𝐻𝑇1𝐻1
+ 𝜀3𝑃1𝐺2𝐺𝑇2𝑃1

Υ𝑖 = [−𝑃1𝐵2𝐾𝑖 𝑃1𝐵1]
Ξ𝑖 = [𝜒𝑖 0

0 −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2]
𝜒𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼

+ 𝜀2𝑃2𝐺1𝑖𝐺𝑇1𝑖𝑃2 + 𝜀−14 𝑃2𝐺2𝐺𝑇2𝑃2

(45)

Prepost multiplying (44) by the matrix diag(𝑍, 𝑌) with𝑍 = 𝑃−11 and 𝑌 = diag(𝑍, 𝐼), we obtain
diag (𝑍, 𝑌)Θ𝑖diag (𝑍, 𝑌) = [Π𝑖 Υ𝑖∗ Ξ𝑖] (46)

with

Π𝑖 = 𝑍Π𝑖𝑍
= 𝑍𝐴𝑇𝑖 + 𝐴 𝑖𝑍 +𝑀𝑇𝑖 𝐵𝑇2 + 𝐵2𝑀𝑖 + 𝑆1
+ 𝜀−11 𝑍𝐻𝑇1𝐻1𝑍 + 𝜀1𝐺1𝑖𝐺𝑇1𝑖 + 𝜀−12 𝑍𝐻𝑇1𝐻1𝑍
+ 𝜀3𝐺2𝐺𝑇2

Υ𝑖 = 𝑍Υ𝑖𝑌 = [−𝐵2𝑀𝑖 𝐵1]
Ξ𝑖 = 𝑌Ξ𝑖𝑌 = [𝑍𝜒𝑖𝑍 0

0 −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2]

(47)

Matrices𝑀𝑖, 𝐽𝑖, and 𝑆1 are given by

𝑀𝑖 = 𝐾𝑖𝑍,
𝐽𝑖 = 𝑃2𝐿 𝑖,
𝑆1 = 𝑍𝑍

(48)

Then, 𝜒𝑖 is rewritten as follows:

𝜒𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐽𝑇𝑖 − 𝐽𝑖𝐶 + 𝐼 + 𝜀2𝑃2𝐺1𝑖𝐺𝑇1𝑖𝑃2
+ 𝜀−14 𝑃2𝐺2𝐺𝑇2𝑃2

(49)

Using Lemma 2, there exists a positive scalar 𝜇 such that
matrices Ξ𝑖 can be rewritten:

𝑌Ξ𝑖𝑌 ≤ −2𝜇𝑌 − 𝜇2Ξ−1𝑖 (50)
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 x
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·Ｍ
−
1
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Figure 3: Longitudinal velocity.

Using Schur’s complement, (50) can be written as

Ξ𝑖 = [−2𝜇𝑌 𝜇𝐼
𝜇𝐼 Ξ𝑖] (51)

which is equivalent to

Ξ𝑖

= [[[[[
[

−2𝜇𝑍 0 𝜇𝐼 0
∗ −2𝜇𝐼 0 𝜇𝐼
∗ ∗ 𝜒𝑖 0
∗ ∗ ∗ −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2

]]]]]
]

(52)

Using Schur’s complement, sufficient conditions in Theo-
rem 3 are established.

5. Simulation Results

To show the performance and the effectiveness of the pro-
posed observer-based controller law, we have considered
both the variation of the longitudinal velocity as given in
Figure 3 and the cornering stiffness. The steering angle is
given by Figure 4.

Longitudinal velocity is varying between V𝑚 = 11m⋅s−1
and V𝑀 = 18m⋅s−1. The reduced model using two-vertex
approach is firstly parameterized. Taking into account the
uncertainties of the cornering stiffness which are 12% of the
nominal values given in Table 1, the observer-based robust
state feedback controller is then designed. Figures 5–9 show
the performance of the designed observer-based controller by
considering fixed parameters 𝜇 = 1 and 𝜀2 = 0.8 and the
following initial conditions 𝑥(0) = [0.2 0 0 0.2 0]𝑇 and𝑥(0) = [0.02 0.5 0.5 1 10]𝑇.
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Figure 5: Lateral velocity.
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Figure 6: Yaw rate.
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Figure 7: Roll rate.
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Table 1: Main parameter values for the motorcycle.

Symbol Value𝑀 248.1 Kg𝐶𝑓1, 𝐶𝑓2 11173.9327N⋅rad−1, 9385N⋅rad−1
𝐶𝑟1,𝐶𝑟2 15831.2207N⋅rad−1, 1325.5700N⋅rad−1𝑙𝑓 0.829m
𝑙𝑟 0.585m

𝐾𝑖 and 𝐿 𝑖 controller gains are given by

𝐾1
= 1.0𝑒 + 03
∗ [1.0375 −1.2801 0.9633 −8.8939 −0.7356]

𝐾2
= 1.0𝑒 + 03
∗ [0.3112 −0.4961 0.3322 −2.9184 −0.3437]

𝐿1 = 1.0𝑒 + 03 ∗
[[[[[[[[
[

−0.0116 0.0448 −0.0214
−0.0399 0.0199 0.1854
0.0188 −0.0852 0.3045
−0.0000 −0.0000 0.0000
0.2679 0.2131 −9.8091

]]]]]]]]
]

𝐿2 = 1.0𝑒 + 03 ∗
[[[[[[[[
[

−0.0119 0.0447 −0.0214
−0.0396 0.0201 0.1855
0.0192 −0.0851 0.3045
−0.0000 −0.0000 0.0000
0.2662 0.2106 −9.8095

]]]]]]]]
]

(53)

Matrix 𝑍 is given by

𝑍

=
[[[[[[[[
[

19.9957 4.1994 −15.6686 0.2707 3.6278
4.1994 11.5428 2.8784 −0.4382 −23.0038
−15.6686 2.8784 2.8784 −0.4442 −6.5109
0.2707 −0.4382 −0.4442 0.0438 −0.0401
3.6278 −23.0038 −6.5109 −0.0401 9.8105

]]]]]]]]
]

(54)

Parameters 𝜖1, 𝜖3, and 𝜖4 are obtained as

𝜖1 = 0.8910
𝜖3 = 0.5028,
𝜖4 = 0.5117

(55)

Figures 5–9 show the results of a driving test with varying
longitudinal velocity, Figures 5–8 present the comparison
between one of the states of the model and its estimate from
the robust𝐻∞ observer-based controller. These figures show
the good estimation, stabilization, and the robustness with

respect to uncertainties. It can be seen that there is a close
approximation of the estimated andmeasured lateral velocity,
yaw rate, roll rate, and roll angle of the motorcycle. The yaw
rate, however, shows a deviation that is related to steering
angle of the motorcycle. We can also see that the designed
robust 𝐻∞ observer-based controller improves the stability
and safety under some unmeasured states and cornering
manoeuver.

6. Conclusion

In this paper, the problem of the design of the observer-based
robust control of the lateral dynamics of the motorcycle is
studied. Using LPV approach and some geometrical trans-
formations, the nonlinear motorcycle model is rewritten in
uncertain LPV model form. Then, a robust observer-based
controller has been designed using LMI approach. To prove
the performance of the controller, simulations using Matlab-
SIMULINK toolbox have been presented. The comparisons
of the estimated and measured states evolution and then
the stabilization and the robustness under some unmeasured
states and cornering manoeuver with respect to parameters
uncertainties of the LPV representation of lateral dynamic
motorcycle model are only treated in this manuscript.

Appendix

Coefficients and Parameters

𝑎1 = 𝑀𝑓𝑒𝜁𝑟 + 𝐼𝑘𝑓𝑧 cos (𝜀) ,
𝑎2 = 𝑀𝑓𝜁𝑓𝜁𝑟 − 𝐶𝑟𝑥 + (𝐼𝑓𝑧 − 𝐼𝑓𝑥) sin (𝜀) cos (𝜀)
𝑎3 = 𝑀𝑓𝜁2𝑟 + 𝐼𝑓𝑧 + 𝐼𝑓𝑥 sin (𝜀)2 + 𝐼𝑓𝑧 cos (𝜀)2 ,
𝑎4 = 𝑖𝑓𝑦𝑅𝑓 +

𝑖𝑟𝑦𝑅𝑟
𝑏1 = 𝑀𝑓𝑒𝜁𝑓 + 𝐼𝑓𝑧 sin (𝜀) ,
𝑏2 = 𝑀𝑓𝜁2𝑓 +𝑀𝑟ℎ2 + 𝐼𝑟𝑥 + 𝐼𝑓𝑥 cos (𝜀)2

+ 𝐼𝑓𝑧 sin (𝜀)2
𝑏3 = 𝜂𝐹𝑧𝑓 −𝑀𝑓𝑒𝑔,
𝑏4 = (𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ) 𝑔,
𝑏5 = 𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ + 𝑖𝑓𝑦𝑅𝑓 +

𝑖𝑟𝑦𝑅𝑟
𝑐1 = 𝐼𝑓𝑧 +𝑀𝑓𝑒2,
𝑐2 = (𝜂𝐹𝑧𝑓 −𝑀𝑓𝑒𝑔) sin (𝜀) ,
𝑐3 = 𝑀𝑓𝑒 + 𝑖𝑓𝑦𝑅𝑓 sin (𝜀)
𝑑1 = 𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ,
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𝑑2 = 𝑖𝑓𝑦𝑅𝑓 sin (𝜀) ,
𝑑3 = − 𝑖𝑓𝑦𝑅𝑓 cos (𝜀)

𝑎11 (V𝑥) = −𝐶𝑓1 + 𝐶𝑟1
V𝑥

,
𝑎12 (V𝑥) = −(𝐶𝑓1𝑙𝑓 − 𝐶𝑟1𝑙𝑟

V𝑥
+𝑀V𝑥)

𝑎14 = (𝐶𝑓2 + 𝐶𝑟2) ,
𝑎15 (V𝑥) = 𝜂𝐶𝑓1

V𝑥
,

𝑏16 = (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))
𝑎22 (V𝑥) = −𝑏5V𝑥,

𝑎24 = 𝑏4 sin𝜙𝜙 ,
𝑎25 (V𝑥) = −𝑑3V𝑥,

𝑏26 = −𝑏3
𝑎31 (V𝑥) = −𝑙𝑓𝐶𝑓1 − 𝑙𝑟𝐶𝑟1

V𝑥
,

𝑎32 (V𝑥) = −(𝑀𝑓𝜁𝑟V𝑥 + 𝐶𝑓1𝑙𝑓2 + 𝐶𝑟1𝑙𝑟2
V𝑥

)
𝑎33 (V𝑥) = 𝑎4V𝑥,

𝑎34 = (𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟)
𝑎35 (V𝑥) = (𝜂𝐶𝑓1𝑙𝑓

V𝑥
+ 𝑑2V𝑥) ,

𝑏36 = 𝑙𝑓 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))
𝑎51 (V𝑥) = 𝜂𝐶𝑓1

V𝑥
,

𝑎52 (V𝑥) = (𝜂𝐶𝑓1𝑙𝑓
V𝑥

− 𝑐3V𝑥)
𝑎53 (V𝑥) = 𝑑3V𝑥,

𝑎54 = −(𝜂𝐶𝑓2 + 𝑏3 sin𝜙𝜙 )

𝑎55 (V𝑥) = −(𝜂2𝐶𝑓1
V𝑥

+ 𝐾) ,
𝑏56 = − (𝜂 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)) + 𝑐2)

(A.1)

Nomenclature

Illustration of Parameters of Motorcycle

𝑀,𝑀𝑟,𝑀𝑓: Total weight of the motorcycle, mass
of the rear, and front portions𝑙𝑓: Distance from the gravity center of
the rear frame to the front wheel
contact𝑙𝑟: Distance from the gravity center of
the rear frame to the rear wheel
contact𝐶𝑓1, 𝐶𝑓2, 𝐶𝑟1, 𝐶𝑟2: Cornering front and rear stiffness𝜎𝑟, 𝜎𝑓: The rear and front tire relaxation
lengths𝜖, 𝜌, 𝑟: Steering head angle, curvature of the
road, and road curvature radius𝜂: Pneumatic trail𝜇, ℎ: Coefficient of friction of the road and
height of the bike’s center of gravity𝜁𝑓: Distance from the center of gravity of
the front frame to the ground𝜁𝑟: Distance between the gravity centers
of the rear and front frames𝐹𝑧𝑓, 𝑔: Front wheel load and the gravity force𝑒: Distance from the center of gravity of
the front frame to the fork𝜓, 𝛿, 𝜙: Yaw angle, steering angle, and roll
angle

V𝑥, V𝑦: Longitudinal and lateral velocities𝑖𝑓𝑦, 𝑖𝑟𝑦: Inertia’s polar moments of the front
and rear wheel𝐼𝑟𝑧: Polar moment of inertia of the
camber inertia of the rear wheel.
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This paper is devoted to the consensus problems for a fractional-order multiagent system (FOMAS) with double integral and time
delay, the dynamics of which are double-integrator fractional-order model, where there are two state variables in each agent. The
consensus problems are investigated for two types of the double-integrator FOMASwith time delay: the double-integrator FOMAS
with time delay whose network topology is undirected topology and the double-integrator FOMAS with time delay whose network
topology is directed topology with a spanning tree in this paper. Based on graph theory, Laplace transform, and frequency-domain
theory of the fractional-order operator, two maximum tolerable delays are obtained to ensure that the two types of the double-
integrator FOMAS with time delay can asymptotically reach consensus. Furthermore, it is proven that the results are also suitable
for integer-order dynamical model. Finally, the relationship between the speed of convergence and time delay is revealed, and
simulation results are presented as a proof of concept.

1. Introduction

In the past decade, an increasing number of scholars have
been interested in the consensus problems for multiagent
systems with potential applications in biology, control engi-
neering, and physics. Typical applications include flocking [1,
2], swarming [3, 4], formation control [5, 6], sensor networks
[7–9], and many other areas. For multiagent systems, con-
sensus means that a group of agents reach an agreement on
a common value by exchanging local information with their
neighbours. However, due to the limitation of the communi-
cation device and the undesirable communication environ-
ment, timedelays are ubiquitous in the information exchange.
The existence of time delays may have a bad impact on the
consensus formultiagent systems, so it is meaningful to study
the property of multiagent systems with time delays. Up till
now, consensus problems involving multiagent systems with
time delays have been resolved by many scholars. In [10], the
authors discussed the average consensus problem in undi-
rected networks of dynamic agents with fixed and switching
topologies as well as multiple time-varying communication

delays. In [11], the authors investigated consensus problems
of a class of second-order continuous-time multiagent sys-
tems with time delay and jointly connected topologies. In
[12], the authors investigated the leader-following stationary
consensus problem for second-ordermultiagent systemswith
time-varying communication delay and switching topology.
In [13], the authors proposed a distributed protocol for
consensus of second-order multiagent systems with inherent
nonlinear dynamics and communication time delay. In [14],
the authors solved control problems of agents achieving
consensus motions in presence of nonuniform time delays.
In [15], the authors investigated robust𝐻∞ consensus control
problems involving input delays for uncertain multiagent
systems.

Note that all above multiagent systems concern integer-
order dynamics. In fact, many natural phenomena in the
complex environment cannot be accurately explained by
using the framework of integer-order dynamics, such as
electromagnetic waves, viscoelasticity, and the heat flux of the
thermal field of the furnace wall [16], while more dynamic
properties of natural phenomena can be better revealed by
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using the framework of fractional-order dynamics, such as
food seeking of microbes, collection motion of bacteria in
lubrications, and underwater vehicles operating in lentic
lakes [17]. Fractional-order derivatives provide an excellent
instrument for the description of memories and hereditary
effects of variousmaterials and processes which are neglected
in classical integer-order dynamics. In addition, it has been
stated in [18] that the well-studied integer-order systems were
just the special cases of fractional-order ones. Consensus
of multiagent systems based on the fractional-order models
was early studied by Cao et al. [17]. After that, the research
results have been continuously springing up about consensus
problems of fractional-order multiagent systems with time
delays. In [19], a necessary and sufficient condition was
derived to ensure the consensus of fractional-order systems
with identical input delays over a directed topology. In
[20, 21], the authors successively studied the fractional-order
system consensus control with communication delays, where
homogeneous dynamics and heterogeneous dynamics were
investigated. In [22], the consensus of linear and nonlinear
fractional-order multiagent systems with input time delay
was studied. In [23], consensus problems were investigated
for fractional-order multiagent systems with nonuniform
time delays. Recently, a new fractional-order multiagent
system with double-integrator model was proposed by
authors in [24–26]. Based on the fractional-order stability
theory, Mittag-Leffler function, and Laplace transform, the
consensus problem of fractional-order multiagent systems
with double integral under fixed topology was studied in
[24]. By applying Mittag-Leffler function, Laplace transform,
and dwell time technique, the consensus of fractional-order
multiagent systems with double integral under switching
topology was investigated in [25]. The consensus for the
fractional-order double-integrator multiagent systems based
on the sliding mode estimator was studied in [26]. So far,
to the best of our knowledge, there are very few research
works done on the consensus problems of fractional-order
multiagent systems with double integral and time delay.

Motivated by above analysis, the consensus problems are
investigated for the two types of fractional-order multiagent
system (FOMAS) with double integral and time delay: the
FOMAS with double integral and time delay whose net-
work topology is undirected topology and the FOMAS with
double integral and time delay whose network topology is
directed topology with a spanning tree in this paper. Firstly,
a distributed control protocol based on state feedback of
neighbours is designed. By applying the graph theory tools,
the closed-loop double-integrator fractional-order dynamics
with time delay are established and the consensus problems
of the double-integrator FOMAS with time delay are trans-
formed into the problems of the system matrix eigenvalues
of the double-integrator FOMAS. By employing Laplace
transform of Caputo derivative, the characteristic equation
of the system matrix of the double-integrator FOMAS is
derived. Then, based on the frequency-domain analysis and
the matrix theory tool, the two maximum tolerable delays
are obtained to ensure consensus for the double-integrator
FOMASwith time delay.Themain contribution of this article
lies in the research on the double-integrator fractional-order

dynamics which can better reveal the essential characteristic
or behavior of an object in the complex environment and
the consensus of the double-integrator FOMAS with time
delay whose network topology G is, respectively, undirected
topology and directed topology.

The remainder of the paper is organized as follows. In
Section 2, some basic preliminaries about algebraic graph
theory and fractional calculus are shown out. In Sections 3
and 4, problem statement, main results, and some corollaries
for the two types of double-integrator FOMAS with time
delay whose network topology G is, respectively, undirected
topology and directed topology are proposed. In Section 5,
several simulation results are simulated to illustrate the
correctness of the proposed theoretical results. Finally, con-
cluding remarks are drawn in Section 6.

2. Preliminaries

In this section, basic preliminary knowledge about algebraic
graph theory and fractional calculus is introduced for the
following analysis.

2.1. Algebraic Graph Theory. Algebraic graph theory is a
practical framework for analyzing consensus problems. Let
G(V,E,A) be an interaction graph of order 𝑛, where V ={ℎ1, ℎ2, . . . , ℎ𝑛} is the set of nodes, E ⊆ V × V is the set
of edges, and A = [𝑎𝑖𝑘] ∈ R𝑛×𝑛 is a weighted adjacency
matrix. The node’s indices belong to a finite index set I ={1, 2, . . . , 𝑛}. If there is a directed edge 𝑒𝑖𝑘 ∈ E which is from
node ℎ𝑘 to node ℎ𝑖, then 𝑎𝑖𝑘 > 0; otherwise, 𝑎𝑖𝑘 = 0. Suppose
that there are no self-loops; that is, 𝑎𝑖𝑖 = 0. If 𝑎𝑖𝑘 = 𝑎𝑘𝑖 > 0
for any 𝑖, 𝑘 ∈ I, G is an undirected graph; if there exists𝑎𝑖𝑘 ̸= 𝑎𝑘𝑖,G is a directed graph.The set of neighbours of node
V𝑖 is denoted by𝑁𝑖 = {ℎ𝑘 ∈ V : 𝑎𝑖𝑘 > 0}.TheLaplacianmatrix
of the graph G is defined asL = D − A ∈ R𝑛×𝑛, whereD =
diag {degout(ℎ1), degout(ℎ2), . . . , degout(ℎ𝑖), . . . , degout(ℎ𝑛)} is
a diagonal matrix with degout(ℎ𝑖) = ∑𝑛𝑘=1 𝑎𝑖𝑘. A directed
path is a sequence of ordered edges of the form 𝑒𝑖𝑖1 , 𝑒𝑖1𝑖2 ,𝑒𝑖2𝑖3 , . . . , 𝑒𝑖𝑙𝑘, and if there is a path from every node to every
other node, the graph is said to be strongly connected.
Moreover, a directed graph is said to have a spanning tree, if
there exists a node such that every other node has a directed
path to this node. It is easy to verify that L has at least one
zero eigenvalue with a corresponding eigenvector 1, where
1 = (1, 1, . . . , 1)𝑇.
Lemma 1 (see [27]). For an undirected graph, the Laplacian
matrix L has a simple zero eigenvalue with an associated
eigenvector 1 and other eigenvalues are positive real numbers;
that is, 0 = 𝜆1 < 𝜆2 ≤ 𝜆3 ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛, if and only if G is
connected.

Lemma 2 (see [27]). For a directed graph, the Laplacian
matrix L has a simple zero eigenvalue with an associated
eigenvector 1 and other eigenvalues have a positive real part;
that is, 𝜆1 = 0, 𝜆𝑖 ̸= 0, 𝑖 = 2, 3, . . . , 𝑛, if and only if G has a
directed spanning tree.
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2.2. Fractional Calculus. There are many different definitions
of fractional-order operators; the Caputo fractional operator
andRiemann-Liouville (R-L) fractional operator are themost
broadly used to analyze fractional-order dynamical systems.
The major advantage of Caputo fractional derivative over R-
L fractional derivative is the initial conditions for fractional
differential equations can take on the same form as the
traditional integer-order differential equations. Therefore,
this paper adopts the Caputo fractional operator to study the
system dynamics. For an arbitrary real number 𝑎, the Caputo
derivative is defined as

𝐶
𝑎𝐷𝑞𝑡𝑓 (𝑡) = 1Γ (𝑝 − 𝑞) ∫𝑡

𝑎
(𝑡 − 𝜃)𝑝−𝑞−1 ( 𝑑𝑑𝜃)𝑝 𝑓 (𝜃) 𝑑𝜃, (1)

where 𝑞 ∈ (𝑝 − 1, 𝑝] (𝑝 ∈ 𝑍+) denotes the order of the
derivative and Γ(⋅) is the Gamma function:

Γ (𝑛) = ∫∞
0

𝑒−𝑡𝑡𝑛−1𝑑𝑡. (2)

Let 𝐹(𝑠) represent the Laplace transform of the function𝑓(𝑡); that is, 𝐹(𝑠) = L{𝑓(𝑡)} = ∫∞
0−

𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡, and let 𝑓(𝑞)𝑡
replace 𝑐𝑎𝐷𝑞𝑡𝑓(𝑡); then the Laplace transform is of the Caputo
derivative as follows:

L {𝑓𝑞 (𝑡)} = 𝑠𝑞𝐹 (𝑠) − [𝑞]+1∑
𝑖=1

𝑠𝑞−𝑖𝑓(𝑖−1) (0) , (3)

where 𝑓(0−) = lim𝑡→0−𝑓(𝑡) and 𝑓(𝑖)(0−) = lim𝑡→0−𝑓(𝑖)(𝑡).
3. Problem Statement

Consider a double-integrator FOMAS being made up of 𝑛
agents. Each agent is regarded as a node in the graphG. Each
edge 𝑒𝑖𝑘 ∈ E corresponds to an available information channel
between agents 𝑖 and 𝑘. The dynamical equations of agent 𝑖 of
the double-integrator FOMAS are described as follows:

𝑥(𝛼)𝑖 (𝑡) = 𝑦𝑖 (𝑡) ,
𝑦(𝛼)𝑖 (𝑡) = 𝑢𝑖 (𝑡) ,𝑖 ∈ I,

(4)

where 𝑥𝑖(𝑡) ∈ R and 𝑦𝑖(𝑡) ∈ R, respectively, represent the 𝑖th
agent’s two states, 𝑥(𝛼)𝑖 (𝑡) and 𝑦(𝛼)𝑖 (𝑡), respectively, denote the𝛼-order Caputo derivatives of 𝑥𝑖(𝑡) and 𝑦𝑖(𝑡) (𝛼 ∈ (0, 1]), and𝑢𝑖(𝑡) ∈ R represents control input.

Definition 3. The double-integrator FOMAS (4) reaches con-
sensus, if and only if the states of agents satisfy

lim
𝑡→+∞

(𝑥𝑖 (𝑡) − 𝑥𝑘 (𝑡)) = 0,
lim
𝑡→+∞

(𝑦𝑖 (𝑡) − 𝑦𝑘 (𝑡)) = 0,
𝑖, 𝑘 ∈ I.

(5)

Assume the following control protocol is given by

𝑢𝑖 (𝑡)
= ∑

k∈𝑁𝑖

𝑎𝑖𝑘 {𝑘1 [𝑥𝑘 (𝑡) − 𝑥𝑖 (𝑡)] + 𝑘2 [𝑦𝑘 (𝑡) − 𝑦𝑖 (𝑡)]} , (6)

where 𝑖, 𝑘 ∈ I, 𝑘1, 𝑘2 > 0 are the scale coefficients, 𝑎𝑖𝑘 > 0
is the (𝑖, 𝑘)th entry of the adjacency matrix A in G, and 𝑁𝑖
denotes the neighbour set of 𝑖th agent.

Define the state vector of a single agent as 𝜁𝑖(𝑡) ≜[𝑥𝑖(𝑡), 𝑦𝑖(𝑡)]𝑇; the joint state vector of the double-integrator
FOMAS (4) is 𝜓(𝑡) ≜ [𝜁1(𝑡)𝑇, 𝜁2(𝑡)𝑇, . . . , 𝜁𝑛(𝑡)𝑇]𝑇.

Define two matrixes:

𝐴 = [0 1
0 0] ,

𝐵 = [ 0 0
𝑘1 𝑘2] .

(7)

Let Φ ≜ 𝐼𝑛 ⊗ 𝐴 − L ⊗ 𝐵; the double-integrator FOMAS
(4) without time delay can be described as:

𝜓(𝛼) (𝑡) = Φ𝜓 (𝑡) , (8)

where 𝜓(𝛼)(𝑡) denotes the 𝛼-order Caputo derivative of 𝜓(𝑡).
Consider that time delay cannot be avoided; the control

protocol involving time delay can be given by

𝑢𝑖 (𝑡) = ∑
k∈𝑁𝑖

𝑎𝑖𝑘 {𝑘1 [𝑥𝑘 (𝑡 − 𝜏) − 𝑥𝑖 (𝑡 − 𝜏)]
+ 𝑘2 [𝑦𝑘 (𝑡 − 𝜏) − 𝑦𝑖 (𝑡 − 𝜏)]} , (9)

where 𝜏 > 0 is the time delay.
Now, we adopt protocol (9); the double-integrator

FOMAS (4) with time delay can be described as

𝜓(𝛼) (𝑡) = (𝐼𝑛 ⊗ 𝐴)𝜓 (𝑡) − (L ⊗ 𝐵)𝜓 (𝑡 − 𝜏) . (10)

4. Main Results

4.1. Consensus of the Double-Integrator FOMAS with Time
Delay over Undirected Topology

Theorem 4. Suppose that a double-integrator FOMAS is com-
posed of 𝑛 agents whose network topology G is connected and
undirected. By the distributed control protocol (9), the double-
integrator FOMAS (10) with time delay can asymptotically
reach consensus, if

𝜏 < 𝜏
= 1𝜔 [𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2)] ; (11)

the value of 𝜔 is given by the following equation:

𝜔2𝛼
√𝑘21 + 𝑘22𝜔2𝛼 + 2𝑘1𝑘2𝜔𝛼 cos (𝜋𝛼/2) = 𝜆𝑛, (12)

where 𝜆𝑛 is the maximum eigenvalue of the Laplacian matrix
L.

Proof. Applying the frequency-domain method to analyze
the double-integrator FOMAS (10) and defining Ψ(𝑠) as
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the Laplace transform of 𝜓(𝑡), it is obvious that Ψ(𝑠) =𝐺−1𝜏 (𝑠)𝜓(0−) and
𝐺𝜏 (𝑠) = 𝑠𝛼𝐼2𝑛 − 𝐼𝑛 ⊗ 𝐴 + (L ⊗ 𝐵) 𝑒−𝜏𝑠. (13)

For the stability analysis of a fractional-order system,
Matignon has pointed out that the stability of the linear
fractional-order system can be judged by characteristic roots
of the system function and all the poles of the system function
have negative real parts if the linear fractional-order system
is stable [28, 29]. So we can analyze the root’s position of the
characteristic polynomial det[𝐺𝜏(𝑠)] to study consensus of
the double-integrator FOMAS (10). Specifically, as 𝜏 increases
continuously from zero, the characteristic root will change
continuously from the left half plane (LHP) to the right half
plane (RHP). Once the characteristic root passes through the
imaginary axis to theRHP, the double-integrator FOMAS (10)
will be unstable and cannot achieve consensus. Therefore, it

is necessary for us to consider a critical condition where the
nonzero characteristic root is located just on the imaginary
axis and the corresponding time delay is just the maximum
tolerable delay of the double-integrator FOMAS (10).

Suppose that 𝑠 = −𝑗𝜔 ̸= 0 is a characteristic root of
det[𝐺𝜏(𝑠)], 𝑢 = 𝑢1 ⊗ [1, 0]𝑇 +𝑢2 ⊗ [0, 1]𝑇 is the corresponding
eigenvector, and ‖𝑢‖ = 1, 𝑢1, 𝑢2 ∈ C𝑛; then we have the
following equation:

{(−𝑗𝜔)𝛼 𝐼2𝑛 − 𝐼𝑛 ⊗ 𝐴 + (L ⊗ 𝐵) 𝑒𝑗𝜔𝜏} 𝑢 = 0. (14)

Note that all the complex roots of each det[𝐺𝜏(𝑠)] appear
in conjugated pairs; it is just for us to study the situation
where 𝜔 > 0. Since the elements of the vector obtained by
calculating the left part of (14) are equal to zero, it can be easy
to obtain that (−𝑗𝜔)𝛼𝑢1 = 𝑢2. Then, on the left side of (14),
multiply by 𝑢𝐻 (the conjugate transpose of 𝑢); the following
equation can be obtained:

𝑢𝐻 {(−𝑗𝜔)𝛼 𝐼2𝑛 − 𝐼𝑛 ⊗ 𝐴 + (L ⊗ 𝐵) 𝑒𝑗𝜔𝜏} 𝑢 = 0,
𝑢𝐻{𝐼𝑛 ⊗ [(−𝑗𝜔)𝛼 0

0 (−𝑗𝜔)𝛼] − 𝐼𝑛 ⊗ 𝐴}𝑢⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑆1

+ 𝑢𝐻 {(L ⊗ 𝐵) 𝑒𝑗𝜔𝜏} 𝑢⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑆2

= 0, (15)

where

𝑢𝐻 = {𝑢1 ⊗ [1, 0]𝑇 + 𝑢2 ⊗ [0, 1]𝑇}𝐻
= {𝑢𝐻1 ⊗ [1, 0] + 𝑢𝐻2 ⊗ [0, 1]} . (16)

Because of (−𝑗𝜔)𝛼𝑢1 = 𝑢2, we get
𝑆1 = 𝑢𝐻1 𝑢1 ⊗ (−𝑗𝜔)𝛼 + 𝑢𝐻1 𝑢2 ⊗ (−1) + 𝑢𝐻2 𝑢1 ⊗ 0

+ 𝑢𝐻2 𝑢2 ⊗ (−𝑗𝜔)𝛼
= 𝑢𝐻1 𝑢1 ⊗ (−𝑗𝜔)𝛼 − 𝑢𝐻1 𝑢2 + 𝑢𝐻2 𝑢2 ⊗ (−𝑗𝜔)𝛼
= (−𝑗𝜔)𝛼 𝑢𝐻1 𝑢1 − 𝑢𝐻1 𝑢2 + (−𝑗𝜔)𝛼 𝑢𝐻2 𝑢2
= (−𝑗𝜔)𝛼 𝑢𝐻2 𝑢2;

(17)

because of 𝑢1 = (−𝑗𝜔)−𝛼𝑢2, we get𝑆2
= (𝑢𝐻2 (L ⊗ 𝐼2) 𝑢1 ⊗ 𝑘1 + 𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2 ⊗ 𝑘2) 𝑒𝑗𝜔𝜏
= (𝑘1𝑢𝐻2 (L ⊗ 𝐼2) 𝑢1 + 𝑘2𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2) 𝑒𝑗𝜔𝜏
= [𝑘1 (−𝑗𝜔)−𝛼 + 𝑘2] 𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2𝑒𝑗𝜔𝜏.

(18)

Finally, we can get

(−𝑗𝜔)𝛼 𝑢𝐻2 𝑢2 + [𝑘1 (−𝑗𝜔)−𝛼 + 𝑘2] 𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2𝑒𝑗𝜔𝜏
= 0,

[𝑘1 (−𝑗𝜔)−𝛼 + 𝑘2] 𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2𝑒𝑗𝜔𝜏
= − (−𝑗𝜔)𝛼 𝑢𝐻2 𝑢2,

𝑢𝐻2 (L ⊗ 𝐼2) 𝑢2𝑒𝑗𝜔𝜏𝑢𝐻2 𝑢2 = 𝑢𝐻 (L ⊗ 𝐼2) 𝑢𝑒𝑗𝜔𝜏𝑢𝐻𝑢
= − (−𝑗𝜔)𝛼

𝑘1 (−𝑗𝜔)−𝛼 + 𝑘2 = − (−𝑗𝜔)2𝛼
𝑘1 + 𝑘2 (−𝑗𝜔)𝛼 .

(19)

Define

𝑎𝑛 = 𝑢𝐻 (L ⊗ 𝐼2) 𝑢𝑢𝐻𝑢 ; (20)

there is

𝑎𝑛𝑒𝑗𝜔𝜏 = − (−𝑗𝜔)2𝛼
𝑘1 + 𝑘2 (−𝑗𝜔)𝛼 . (21)

Because 𝑗 = cos(𝜋/2) + 𝑗 sin(𝜋/2) = 𝑒𝑗(𝜋/2), (−𝑗) =
cos(−𝜋/2) + 𝑗 sin(−𝜋/2) = 𝑒𝑗(−𝜋/2), it is easy to know that−(−𝑗𝜔)2𝛼 = −𝜔2𝛼 ⋅ (−𝑗)2𝛼 = −𝜔2𝛼𝑒−𝑗𝜋𝛼 = 𝜔2𝛼𝑒𝑗𝜋(1−𝛼), and(−𝑗𝜔)𝛼 = 𝜔𝛼(−𝑗)𝛼 = 𝜔𝛼𝑒𝑗(−𝜋𝛼/2).

So (21) can be simplified to the following equation:

𝑎𝑛𝑒𝑗𝜔𝜏 = − (−𝑗𝜔)2𝛼
𝑘1 + 𝑘2 (−𝑗𝜔)𝛼 = 𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼𝑒𝑗(−𝜋𝛼/2)

= 𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼 [cos (−𝜋𝛼/2) + 𝑗 sin (−𝜋𝛼/2)]
= 𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼 (cos (𝜋𝛼/2) − 𝑗 sin (𝜋𝛼/2))
= 𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2) − 𝑗𝑘2𝜔𝛼 sin (𝜋𝛼/2)
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= 𝜔2𝛼𝑒𝑗[𝜋(1−𝛼)+arctan(𝑘2𝜔𝛼 sin(𝜋𝛼/2)/(𝑘1+𝑘2𝜔𝛼 cos(𝜋𝛼/2)))]
√𝑘21 + 𝑘22𝜔2𝛼 + 2𝑘1𝑘2𝜔𝛼 cos (𝜋𝛼/2)

≜ 𝐹 (𝜔) .
(22)

Take modulus of the both sides of (22), and, according to
Lemma 1, we can get the following inequality:

𝑀(𝜔) ≜ |𝐹 (𝜔)| = 𝑎𝑛𝑒𝑗𝜔𝜏 ≤ 𝑎𝑛 = 𝑢𝐻 (L ⊗ 𝐼2) 𝑢𝑢𝐻𝑢≤ 𝑀(𝜔) = 𝜆𝑛;
(23)

it is obvious that 𝑀(𝜔) is an increasing function for 𝜔 > 0,
and if 𝜔 ≤ 𝜔, we can get 𝑀(𝜔) ≤ 𝑀(𝜔) = 𝜆𝑛; that is,
inequality (23) is true.

In addition, the principal value of the argument of 𝐹(𝜔)
is as follows:

𝜃 (𝜔) ≜ arg [𝐹 (𝜔)]
= 𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2) .

(24)

Let

𝜏 (𝜔) ≜ 𝜃 (𝜔)𝜔
= 𝜋 (1 − 𝛼) + arctan (𝑘2𝜔𝛼 sin (𝜋𝛼/2) / (𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2)))𝜔
= 1𝜔 [𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2)]
= 𝜋𝜔 (1 − 𝛼)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐿1(𝜔)

+ 1𝜔arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐿2(𝜔)

.

(25)

Define 𝑝 = sin(𝜋𝛼/2), 𝑞 = cos(𝜋𝛼/2). Obviously, 𝑝2 +𝑞2 = 1. Then the first derivative of is 𝜏(𝜔) as follows:
Γ (𝜔) ≜ 𝑑𝜏 (𝜔)𝑑𝜔 = 𝐿1 (𝜔) + 𝐿2 (𝜔) , (26)

where

𝐿1 (𝜔) = − 𝜋𝜔2 (1 − 𝛼) ≤ 0,
𝐿2 (𝜔) = [𝛼𝑘2𝑝𝜔𝛼−1 (𝑘1 + 𝑘2𝑞𝜔𝛼) − 𝛼𝑘22𝑝𝑞𝜔2𝛼−1]

{𝜔 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]} − {arctan [𝑘2𝑝𝜔𝛼/ (𝑘1 + 𝑘2𝑞𝜔𝛼)]}𝜔2

= [𝛼𝑘2𝑝𝜔𝛼 (𝑘1 + 𝑘2𝑞𝜔𝛼) − 𝛼𝑘22𝑝𝑞𝜔2𝛼]
{𝜔2 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]} − {arctan [𝑘2𝑝𝜔𝛼/ (𝑘1 + 𝑘2𝑞𝜔𝛼)]}𝜔2

= 𝛼𝑘1𝑘2𝑝𝜔𝛼
{𝜔2 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]} − {arctan [𝑘2𝑝𝜔𝛼/ (𝑘1 + 𝑘2𝜔𝛼𝑞)]}𝜔2

= {𝛼𝑘1𝑘2𝑝𝜔𝛼/ [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼] − arctan [𝑘2𝑝𝜔𝛼/ (𝑘1 + 𝑘2𝑞𝜔𝛼)]}𝜔2 .

(27)

Construct the following function:

H (𝜔) = arctan[ 𝑘2𝑝𝜔𝛼(𝑘1 + 𝑘2𝑞𝜔𝛼)]
− 𝛼𝑘1𝑘2𝑝𝜔𝛼

[(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼] ;
(28)

then the first derivative ofH is as follows:

H
 (𝜔)

= [𝛼𝑘2𝑝𝜔𝛼−1 (𝑘1 + 𝑘2𝑞𝜔𝛼) − 𝛼𝑘22𝑝𝑞𝜔2𝛼−1]
[(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]

− {𝛼2𝑘1𝑘2𝑝𝜔𝛼−1 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼] − [2 (𝑘1 + 𝑘2𝑞𝜔𝛼) 𝛼𝑘2𝑞𝜔𝛼−1 + 2𝛼𝑘22𝑝2𝜔2𝛼−1] 𝛼𝑘1𝑘2𝑝𝜔𝛼}
[(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]2

= {𝛼𝑘1𝑘2𝑝𝜔𝛼−1 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼] − 𝛼2𝑘1𝑘2𝑝𝜔𝛼−1 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼] + [2 (𝑘1 + 𝑘2𝑞𝜔𝛼) 𝛼𝑘2𝑞𝜔𝛼−1 + 2𝛼𝑘22𝑝2𝜔2𝛼−1] 𝛼𝑘1𝑘2𝑝𝜔𝛼}
[(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]2 .

(29)
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Note that the denominator ofH(𝜔) is greater than 0; we
just need to consider themolecule ofH(𝜔). 𝜉(𝜔) denotes the
molecule ofH(𝜔); we have

𝜉 (𝜔) = 𝛼𝑘1𝑘2𝑝𝜔𝛼−1 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]
− 𝛼2𝑘1𝑘2𝑝𝜔𝛼−1 [(𝑘1 + 𝑘2𝑞𝜔𝛼)2 + 𝑘22𝑝2𝜔2𝛼]
+ [2 (𝑘1 + 𝑘2𝑞𝜔𝛼) 𝛼𝑘2𝑞𝜔𝛼−1 + 2𝛼𝑘22𝑝2𝜔2𝛼−1]
⋅ 𝛼𝑘1𝑘2𝑝𝜔𝛼 = 𝛼 (1 − 𝛼) 𝑘1𝑘2𝑝𝜔𝛼−1 [𝑘21
+ 2𝑘1𝑘2𝑞𝜔𝛼 + 𝑘22𝜔2𝛼] + [2𝛼𝑘1𝑘2𝑞𝜔𝛼−1
+ 2𝛼𝑘22𝜔2𝛼−1] 𝛼𝑘1𝑘2𝑝𝜔𝛼
= 𝛼𝑘1𝑘2𝑝𝜔𝛼−1 [(1 − 𝛼) 𝑘21 + 2 (1 − 𝛼) 𝑘1𝑘2𝑞𝜔𝛼
+ (1 − 𝛼) 𝑘22𝜔2𝛼 + 2𝛼𝑘1𝑘2𝑞𝜔𝛼 + 2𝛼𝑘22𝜔2𝛼]
= 𝛼𝑘1𝑘2𝑝𝜔𝛼−1 [(1 − 𝛼) 𝑘21 + 2𝑘1𝑘2𝑞𝜔𝛼
+ (1 + 𝛼) 𝑘22𝜔2𝛼] > 0.

(30)

Due to 𝜉(𝜔) > 0 andH(𝜔) > 0, one hasH(𝜔) > H(0) =0 for 𝜔 > 0. Moreover, H(𝜔) > 0; thus, 𝐿2(𝜔) < 0, which
means that Γ(𝜔) < 0. Therefore, 𝜏(𝜔) is a decreasing function
for 𝜔 > 0; when 𝜔 ≤ 𝜔, one has

𝜏 = 𝜏 (𝜔) ≤ 𝜏 (𝜔) . (31)

Note that the above inequality (31) is based on the
assumption that det[𝐺𝜏(𝑠)]’s root of the double-integrator
FOMAS (10) exists on the imaginary axis. If we let 𝜏 < 𝜏,
we can obtain the following inequality:

𝜏 (𝜔) = 𝜃 (𝜔)𝜔 = arg (𝑎𝑛𝑒𝑗𝜔𝜏)𝜔 ≤ max {𝜔𝜏}𝜔 < 𝜔𝜏𝜔 = 𝜏. (32)

Inequality (32) contradicts inequality (31).That is, as long
as 𝜏 < 𝜏, we can ensure that all the characteristic roots
of det[𝐺𝜏(𝑠)] are located in the LHP of the imaginary axis;
the double-integrator FOMAS (10) can achieve consensus.
On the other hand, when 𝜏 = 𝜏, −𝑗𝜔 is a characteristic
root of det[𝐺𝜏(𝑠)], and the corresponding vector 𝑢(𝜔) makes|𝑎𝑛| = 𝜆𝑛 hold. So 𝜏 is called the maximum tolerable delay.
In addition, when 𝜏 > 𝜏, the double-integrator FOMAS (10)
must have characteristic roots of det[𝐺𝜏(𝑠)]which are located
in the RHP of the imaginary axis. According to the principle
of stability, the double-integrator FOMAS (10) cannot achieve
consensus.

This completes the proof of Theorem 4.

Corollary 5. Suppose that a double-integrator FOMAS is com-
posed of 𝑛 agents whose network topology G is connected and
undirected. When the fractional order satisfies 𝛼 = 1, by the
distributed control protocol (9), the double-integrator FOMAS
(10) with time delay can asymptotically reach consensus, if

𝜏 < 𝜏 = 1𝜔 [arctan(𝑘2𝑘1𝜔)] ; (33)

the value of 𝜔 is given by the following equation:

𝜔2
√𝑘21 + (𝑘2𝜔)2 = 𝜆𝑛, (34)

where 𝜆𝑛 is the maximum eigenvalue of the Laplacian matrix
L.

4.2. Consensus of the Double-Integrator FOMAS with Time
Delay over Directed Topology

Theorem 6. Suppose that a double-integrator FOMAS is
composed of 𝑛 agents whose network topology G is directed
and has a spanning tree. By the distributed control protocol
(9), the double-integrator FOMAS (10) with time delay can
asymptotically reach consensus, if

𝜏 < 𝜏 = min
|𝜆𝑖| ̸=0

{ 1𝜔𝑖 [𝜋 (1 − 𝛼)
+ arctan

𝑘2𝜔𝛼𝑖 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼𝑖 cos (𝜋𝛼/2) − arg (𝜆𝑖)]} ,
(35)

where arg(𝜆𝑖) ∈ (−𝜋/2, 𝜋/2) and 𝜆𝑖 is the 𝑖th eigenvalue of the
Laplacian matrix L. The value of 𝜔𝑖 is given by the following
equation:

𝜔2𝛼𝑖
√𝑘21 + 𝑘22𝜔2𝛼𝑖 + 2𝑘1𝑘2𝜔𝛼𝑖 cos (𝜋𝛼/2) = 𝜆𝑖 . (36)

Proof. Similarly to the proof method of Theorem 4, we
suppose that 𝑠 = −𝑗𝜔 ̸= 0 is the characteristic root of the
system matrix on the imaginary axis, 𝑢 is the corresponding
eigenvector, and 𝑢 = 𝑢1 ⊗ [1, 0]𝑇 + 𝑢2 ⊗ [0, 1]𝑇 and ‖𝑢‖ =1, 𝑢1, 𝑢2 ∈ C𝑛. According to Lemma 2, we can get the
following equation:

𝐵𝑎 ≜ 𝑎𝑛𝑒𝑗𝜔𝜏 = − (−𝑗𝜔)2𝛼
𝑘1 + 𝑘2 (−𝑗𝜔)𝛼

= 𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼cos (𝜋𝛼/2) − 𝑗𝑘2𝜔𝛼 sin (𝜋𝛼/2) .
(37)

Taking modulus of the both sides of (37), we get

𝐵𝑎 =


𝜔2𝛼𝑒𝑗𝜋(1−𝛼)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2) − 𝑗𝑘2𝜔𝛼 sin (𝜋𝛼/2)


= 𝜔2𝛼
√𝑘21 + 𝑘22𝜔2𝛼 + 2𝑘1𝑘2𝜔𝛼 cos (𝜋𝛼/2) ,

(38)

where |𝐵𝑎| is an increasing function for 𝜔 > 0; thus 𝜔(|𝐵𝑎|) is
also an increasing function for |𝐵𝑎|.

Calculate the principal value of the argument of (37); we
get

arg (𝐵𝑎) = 𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2) . (39)

According to the definition of 𝐵𝑎 in (37), we get
arg (𝐵𝑎) ≤ arg (𝑎𝑛) + max (𝜔𝜏) , (40)
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Figure 1: The connected interaction topology in Example 1.

so one has

max (𝜔𝜏) ≥ 𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2)
− arg (𝑎𝑛) .

(41)

Due to 𝑎𝑛 = 𝑢𝐻(L ⊗ I2)𝑢/𝑢𝐻𝑢, the possible values of 𝑎𝑛
must be nonzero eigenvalues of the LaplacianmatrixL of the
graphG; that is, 𝑎𝑛 = 𝜆𝑖 (𝜆𝑖 ̸= 0), whichmakes themaximum
tolerable delay 𝜏 minimized. So when |𝐵𝑎| ≤ |𝜆𝑖|, 𝜔(|𝐵𝑎|) ≤𝜔(|𝜆𝑖|) = 𝜔𝑖. If we let 𝜏 < 𝜏, one has

max (𝜔𝜏) < 𝜔𝑖𝜏 = min
|𝜆𝑖| ̸=0

{[𝜋 (1 − 𝛼) + arctan (𝑘2𝜔𝛼𝑖 sin (𝜋𝛼/2) / (𝑘1 + 𝑘2𝜔𝛼𝑖 cos (𝜋𝛼/2))) − arg (𝜆𝑖)]𝜔𝑖 }𝜔𝑖
= min
|𝜆𝑖| ̸=0

{[𝜋 (1 − 𝛼) + arctan (𝑘2𝜔𝛼𝑖 sin (𝜋𝛼/2) / (𝑘1 + 𝑘2𝜔𝛼𝑖 cos (𝜋𝛼/2))) − arg (𝑎𝑛)]𝜔𝑖 }𝜔𝑖
≤ 𝜋 (1 − 𝛼) + arctan 𝑘2𝜔𝛼 sin (𝜋𝛼/2)𝑘1 + 𝑘2𝜔𝛼 cos (𝜋𝛼/2) − arg (𝑎𝑛) .

(42)

Inequality (42) contradicts inequality (41). That is, when𝜏 < 𝜏, the eigenvalues of the system matrix of the double-
integrator FOMAS (10) cannot reach or cross the imaginary
axis; then the double-integrator FOMAS (10) will remain
stable and consensus of the double-integrator FOMAS (10)
can be achieved. On the other hand, when 𝜏 > 𝜏, there
must exist at least one eigenvalue of the system matrix of the
double-integrator FOMAS (10) in the RHP; then the states of
the double-integrator FOMAS (10) are no longer convergent;
the double-integrator FOMAS (10) cannot reach consensus.

This completes the proof of Theorem 6.

Corollary 7. Suppose that a double-integrator FOMAS is
composed of 𝑛 agents whose network topology G is directed
and has a spanning tree. When the fractional order satisfies𝛼 = 1, by the distributed control protocol (9), the double-
integrator FOMAS (10) with time delay can asymptotically
reach consensus, if 𝑘1 ∈ (0, 𝜌𝑘22) [30] and

𝜏 < 𝜏 = min
|𝜆𝑖| ̸=0

{ 1𝜔𝑖 [arctan(𝑘2𝑘1𝜔𝑖) − arg (𝜆𝑖)]} , (43)

where 𝜌 = min|𝜆𝑖| ̸=0{|𝜆𝑖|2 Re(𝜆𝑖)/ Im(𝜆𝑖)2}, arg(𝜆𝑖) ∈(−𝜋/2, 𝜋/2), and 𝜆𝑖 is the 𝑖th eigenvalue of the Laplacian
matrixL. The value of 𝜔𝑖 is given by the following equation:

𝜔2𝑖
√𝑘21 + (𝑘2𝜔𝑖)2

= 𝜆𝑖 . (44)

5. Simulation Results

To illustrate the correctness of the theoretical results, numer-
ical simulations will be given in this section.

Example 1 (simulations for Theorem 4). Consider a double-
integrator FOMAS with four agents whose dynamics are
described by (10) with 𝛼 = 0.8, 𝑘1 = 1, and 𝑘2 = 1.
The connected interaction graph G of the double-integrator
FOMAS (10) is undirected and is shown in Figure 1, and the
Laplacian matrix of which is as follows:

L = [[[[[
[

3 −1 −1 −1
−1 2 −1 0
−1 −1 3 −1
−1 0 −1 2

]]]]]
]

. (45)

It is easy to obtain that the four eigenvalues of the
Laplacian matrixL are 0, 2, 4, and 4, respectively; then 𝜆𝑛 =4. According to Theorem 4, the maximum tolerable delay 𝜏
of the double-integrator FOMAS (10) is 0.266567 s. Assume
that the initial states of the double-integrator FOMAS (10)
are taken as 𝑥1(𝑡 = 0) = −3, 𝑦1(𝑡 = 0) = −3, 𝑥2(𝑡 = 0) =−1.5, 𝑦2(𝑡 = 0) = −1.5, 𝑥3(𝑡 = 0) = 1.5, 𝑦3(𝑡 = 0) = 1.5, and𝑥4(𝑡 = 0) = 3, 𝑦4(𝑡 = 0) = 3.Then three different time delays
are used for simulation: (1) 𝜏 = 0.26 s, (2) 𝜏 = 0.25 s, and (3)𝜏 = 0.24 s.

Figures 2, 3, and 4 show the trajectories of all the agents’
states 𝑥𝑖(𝑡). Figures 5, 6, and 7 show the trajectories of all



8 Mathematical Problems in Engineering

Time (s)

0

1

2

3

4

−4

−3

−2

−1

0 5 10 15 20 25 30 35 40

x
i(
t)

x1(t)

x2(t)

x3(t)

x4(t)

Figure 2: The trajectories of 𝑥𝑖(𝑡) when (1)𝜏 < 𝜏 in Example 1.
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Figure 3: The trajectories of 𝑥𝑖(𝑡) when (2)𝜏 < 𝜏 in Example 1.

the agents’ states 𝑦𝑖(𝑡). It is clear that the double-integrator
FOMAS (10) can reach consensus.

By comparing the simulation results of Figures 2, 3, and
4 and Figures 5, 6, and 7, we can find that as the time delay
stays away from the maximum tolerable delay 𝜏 when the
communication topology and the fractional-order 𝛼 of the
double-integrator FOMAS (10) stay the same, the conver-
gence speed will become faster, whereas the convergence
speed will become slower as the time delay is close to the
maximum tolerable delay 𝜏.

In order to make a comparison, under the same condi-
tions, suppose that 𝜏 = 0.27 s. Figures 8 and 9 show the
trajectories of all the agents’ states 𝑥𝑖(𝑡) and𝑦𝑖(𝑡), respectively.
It is obvious that the double-integrator FOMAS (10) cannot
reach consensus.

Time (s)

0

1

2

3

4

−4

−3

−2

−1

0 5 10 15 20 25 30 35 40

x
i(
t)

x1(t)

x2(t)

x3(t)

x4(t)

Figure 4: The trajectories of 𝑥𝑖(𝑡) when (3)𝜏 < 𝜏 in Example 1.
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Figure 5: The trajectories of 𝑦𝑖(𝑡) when (1)𝜏 < 𝜏 in Example 1.

The above simulation results are consistent with Theo-
rem 4. So the correctness of Theorem 4 is validated.

Example 2 (simulations for Theorem 6). Consider a double-
integrator FOMAS with four agents whose dynamics are
described by (10) with 𝛼 = 0.8, 𝑘1 = 1, and 𝑘2 = 1. The
directed graphG of the double-integrator FOMAS (10) has a
spanning tree and is shown in Figure 10, the Laplacianmatrix
of which is as follows:

L = [[[[[
[

1 0 −1 0
−1 1 0 0
0 −1 1 0
−1 0 −1 2

]]]]]
]

. (46)
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Figure 6: The trajectories of 𝑦𝑖(𝑡) when (2)𝜏 < 𝜏 in Example 1.
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Figure 7: The trajectories of 𝑦𝑖(𝑡) when (3)𝜏 < 𝜏 in Example 1.

It is easy to obtain that the four eigenvalues of the
Laplacian matrix L are 2, 0, 1.5000 + 0.866𝑖 and 1.5000 −0.866𝑖, respectively. According to Theorem 6, the maximum
tolerable delay 𝜏 of the double-integrator FOMAS (10)
is 0.3847 s. Assume that the initial states of the double-
integrator FOMAS (10) are taken as 𝑥1(𝑡 = 0) = −3, 𝑦1(𝑡 =0) = −3, 𝑥2(𝑡 = 0) = −1.5, 𝑦2(𝑡 = 0) = −1.5, 𝑥3(𝑡 = 0) =1.5, 𝑦3(𝑡 = 0) = 1.5, and 𝑥4(𝑡 = 0) = 3, 𝑦4(𝑡 = 0) = 3. Then
three different time delays are used simulation: (1) 𝜏 = 0.37 s,
(2) 𝜏 = 0.36 s, and (3) 𝜏 = 0.35 s.

Figures 11, 12, and 13 show the trajectories of all the agents’
states 𝑥𝑖(𝑡). Figures 14, 15, and 16 show the trajectories of all
the agents’ states 𝑦𝑖(𝑡). It is clear that the double-integrator
FOMAS (10) can reach consensus.
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Figure 8: The trajectories of 𝑥𝑖(𝑡) when 𝜏 > 𝜏 in Example 1.
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Figure 9: The trajectories of 𝑦𝑖(𝑡) when 𝜏 > 𝜏 in Example 1.

By comparing the simulation results of Figures 11, 12, and
13 and Figures 14, 15, and 16, we can find that as the time
delay stays away from the maximum tolerable delay 𝜏 when
the communication topology and the fractional-order 𝛼 of
the double-integrator FOMAS (10) stay the same, the con-
vergence speed will become faster, whereas the convergence
speed will become slower as the time delay is close to the
maximum tolerable delay 𝜏.

In order to make a comparison, under the same condi-
tions, suppose that 𝜏 = 0.39 s. Figures 17 and 18 show the
trajectories of all the agents’ states 𝑥𝑖(𝑡) and𝑦𝑖(𝑡), respectively.
It is obvious that the double-integrator FOMAS (10) cannot
reach consensus.

The above simulation results are consistent with Theo-
rem 6. So the correctness of Theorem 6 is validated.
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Figure 10: The connected interaction topology in Example 2.
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Figure 11: The trajectories of 𝑥𝑖(𝑡) when (1)𝜏 < 𝜏 in Example 2.
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Figure 12: The trajectories of 𝑥𝑖(𝑡) when (2)𝜏 < 𝜏 in Example 2.

6. Conclusion

In this paper, the consensus control problems of the double-
integrator FOMAS with time delay are studied. First of
all, the consensus problem is investigated for the double-
integrator FOMAS with time delay over undirected topology,
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Figure 13: The trajectories of 𝑥𝑖(𝑡) when (3)𝜏 < 𝜏 in Example 2.
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Figure 14: The trajectories of 𝑦𝑖(𝑡) when (1)𝜏 < 𝜏 in Example 2.

and a maximum tolerable delay is obtained to ensure the
consensus. Then, the consensus problem is investigated for
the double-integrator FOMAS with time delay over directed
topology, and a maximum tolerable delay is obtained to
ensure the consensus. Moreover, extending above results,
some corollaries are obtained for the corresponding integer-
order multiagent systems, which are the same as traditional
integer-order systems. Finally, the relationship between the
speed of convergence and time delay is revealed, and the
correctness of our theoretical results is validated by the
simulations.
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Figure 15: The trajectories of 𝑦𝑖(𝑡) when (2)𝜏 < 𝜏 in Example 2.
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Figure 16: The trajectories of 𝑦𝑖(𝑡) when (3)𝜏 < 𝜏 in Example 2.
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End effector mounting bracket is an important load bearing part of high speed and heavy load palletizing robot, which is located at
the most distant point in robot rotation radius and frequently works in complex conditions such as start-stop, switch direction,
and acceleration and deceleration motion; therefore, optimizing design for its structure is beneficial to improve the dynamic
performance of robotic system and reduce energy consumption. Firstly, finite element model of end effector mounting bracket was
established, and its accuracy was verified by contrastive analysis of modal test result and finite element model. Secondly, through
modal analysis, vibration response test, frequency response analysis, and the static analysis, taking inertia into account, the mass is
minimized, themaximal stress isminimized, themaximal deformation isminimized, and the first natural frequency ismaximized as
the optimization objectives are determined; the design variables were selected by sensitivity analysis, taking their value range as the
constraint conditions; approximation models of objective functions were established by the Box-Behnken design and the response
surface methodology, and their reliability was validated; to determine weighting factor of each optimization objective, an analytic
hierarchy process based on finite element analysis (FEA + AHP) method was put forward to improve the objectivity of comparison
matrix; subsequently, themulticriteria optimizationmathematicalmodel was established by themethodsmentioned above.Thirdly,
the multicriteria optimization problem was solved by the NSGA-II algorithms and optimization results were obtained. Finally,
the contrastive analysis results between optimized model and initial model showed that, in the case of the maximum stress and
deformation within allowable values range, the mass reduction was 17.8%; meanwhile, the first natural frequency was increased,
and vibration response characteristics of the entire structure were improved significantly. The validity of this optimization design
method was verified.

1. Introduction

Because palletizing robots can accurately and efficiently take
the place of humankind in handling changing palletizing
tasks, they have been widely applied in logistics operations
[1, 2]. With the accelerating pace of production and as
product scale expands unceasingly, putting forward higher
requirements for palletizing robot performance such as
work efficiency, load capacity, and motion stability, this will
unceasingly present new challenges to robot structural design
and reliability. The end effector mounting bracket is an
important part which is used to mount end effector and
bear working load; it is located at the most distant point
in robot rotation radius and frequently works in start-stop,

switch direction, acceleration and deceleration motion, and
other complex working conditions; therefore, optimizing the
design for its structure and reducing its mass in the premise
of guaranteeing the strength, rigidity, and vibration stability
not only are beneficial to improve the dynamic performance
of robotic system but also reduce energy consumption.

Domestic and foreign scholars have done a lot of studies
on optimal design of the robot structure. Kunpeng et al.
researched structure optimization problem on ER300 type
palletizing robot forearm and end bracket based on the
finite element method (FEM), using minimal mass as the
optimization objective, stiffness and strength as the con-
straints, and plates thickness and holes diameter as design
variables [3]. Oral and Kemal Ider researched structure
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optimization problem on flexible robot arm based on the
FEM. Using stress and deformation as constraints, section
size of each robot arm as design variables, and the sequential
quadratic programming algorithm as solving method opti-
mized the structure of the robot arm [4]. Albers and Ottnad
researched structure optimization problem on the arms of
the humanoid robot ARMAR III based on the mechanical
and electrical cosimulation optimization method, effectively
reducing the mass of the arm [5]. Ghiorghe researched
lightweight design on a RRR type industrial robot based
on the FEM, used size parameters as design variables, and
reduced the mass of robot [6]. Saravanan et al. researched
lightweight design on 2-link and 3-link planar robots, using
minimized torque and maximized manipulability measure
of robot as objectives, maximized deformation and joint
angle as constraints, and lengths and cross-sectional area
parameters of mechanical arm as design variables [7]. Guo
et al. researched lightweight design on manipulator elderly
service robot based on the FEM, reducing the mass of
manipulator under the condition of satisfying strength and
stiffness requirements [8]. Yoshimura and Masui researched
on integrated optimization of motion planning and structure
of the robot, using the stiffness as constraint, by optimizing
the section size of mechanical arm to reduce mass and inertia
[9]. Anfu and Cheng optimized 6-DOF robotic welding big
arm based on statics analysis via FEM; maximum stress
and maximum deformation were decreased; the mass of
the big arm was significantly reduced [10]. Rui and Ma
optimized frame of aluminum ingot palletizing robot end
effector based on FEM, under the condition of satisfying
strength and stiffness requirements, reducingmass of the end
effector frame [11]. Most robots involved in the above study
work at lower speed and lighter load working condition; the
corresponding research is mostly based on statics analysis;
main factors considered are strength and stiffness; under the
condition of satisfying strength and stiffness requirements,
the mass of robot is reduced. However, with the constant
improvement of the palletizing robot high speed and heavy
load performance requirements, the influence of inertia force
cannot be ignored, provided that the palletizing robot and
the load are regarded as a multidegree vibration system; the
system will be subject to a variety of exciting forces such as
inertial force, joint torque, and heavy torque. In the working
process of the robot, these exciting forces alter in real time,
and their frequency increases with the increase of speed,
but each order natural frequency of the palletizing robot
and each posture do not alter with the increase of speed.
When frequency of exciting force increases to reach natural
frequency of the system, resonance may occur, affecting the
working stability of palletizing robot, even causing damage of
components. Therefore, for structure optimization design on
high speed and heavy load palletizing robot, statics analysis
is not enough; we should also do the modal analysis and use
natural frequency of structure as constraint or optimization
goal in the optimization design.

In the other studies, carried out on statics analysis and
modal analysis on the robot structure, Cao et al. [12] and
Tian et al. [13], respectively, researched on the lightweight
palletizing robot arm and reducer machine base of 7-DOF

humanoid robot arm shoulder; modal analysis was simulated
with FEM; however, the natural frequencywas not considered
in the optimization process.

Liu et al. researched structure optimization problem on
wafer handling robot arm, with the natural frequency of the
robotic arm as the optimization objective, the end effector
static deformation as constraints, andwall thickness andmass
of the second and the third arm as optimization variables;
the results show that optimization improved the natural
frequency of the arm and reduced the amount of deformation
of the end effector [14]; Ye et al. researched lightweight
design on the humanoid robot frameworks. They adopted
evolutionary structural optimization method and took into
account some factors such as mass, maximum stress, and
the first natural frequency [15]. However, in the above study,
the basis of selection for the order of natural frequency
was not discussed in detail, which has a certain degree of
subjectivity and deficient guiding significance in practice,
while the influence after the natural frequency improvement
on the structure performance was not deeply discussed.

In addition, the multicriteria optimization results are a
Pareto optimal set, which need to set the weight coefficient
of the optimization objectives to select the most satisfac-
tory optimization design plan from the Pareto optimal set.
Using analytic hierarchy process (AHP) obtains the weight
of each performance index. AHP, which is a qualitative,
quantitative, systematic, and hierarchical analytical decision-
making method, was put forward by American operations
researcher Saaty in the early 1970s [16, 17] and has beenwidely
used to solve problems like performance evaluation, weight
analysis, decision-making in education [18], management
[19], energy [20], tourism [21], and other fields. However,
applyingAHP in themechanical structure optimization study
is relatively rare; in this paper, the AHP is introduced into
themulticriteria structural optimization design.Additionally,
the establishment of pairwise comparison matrix of the AHP
usually relies on expert’s or designer’s experience or pref-
erences, which has a certain degree of subjectivity [22–24];
it is difficult to obtain other researchers’ consensus. In this
paper, an improved AHP based on results of finite element
analysis is proposed in order to improve the objectivity of
comparison matrix to a certain extent. The size of variable
threshold of optimization objectives is obtained by the finite
element analysis results. According to the size of variable
threshold, the importance of optimization objectives can be
obtained.

In this paper, optimization object is end effector mount-
ing bracket of MD-1200 type YJ palletizing robot. Firstly,
the finite element model of end effector mounting bracket
is established, and its veracity is verified by the contrastive
analysis of modal test result and finite element calculating
modal. Secondly, through modal analysis, vibration response
test, frequency response analysis, and the static analysis,
considering inertia, the mass is minimized, the maximal
stress is minimized, the maximal deformation is minimized,
and the first natural frequency is maximized as the optimiza-
tion objectives are determined. Approximation models of
optimization objective functions are established by the design
of experiment (DOE) and the response surface method
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End effector mounting bracketMachine base

Waist joint

Small arm joint
Big arm joint

Big arm link

Small arm link

Attitude hold link 2

Drive arm of small arm

Small arm drive link

Balancing weight

Attitude hold link 1 Attitude hold tripod

Waist mounting bracket 

Figure 1: 3D model of MD-1200 type YJ palletizing robot.

(RSM), and reliability of approximation models satisfies
accuracy requirements through precision verification. We
use the analytic hierarchy process based on finite element
analysis (FEA + AHP)method to determine weighting factor
of each optimization objective and establish multicriteria
optimization mathematical model. Using the NSGA-II algo-
rithm solves the multicriteria optimization problem and
obtains optimizationmodel parameters. Finally, it proves that
the optimization design method is effective by contrastive
analysis results of static analysis, model analysis, and fre-
quency response analysis on the optimized model and initial
model.

2. Multicriteria Optimization Design for
the End Effector Mounting Bracket

The optimization object is the end effector mounting bracket
of MD-1200YJ type palletizing robot. The MD-1200YJ type
palletizing robot has 4 degrees of freedom; its 3D model is
shown in Figure 1. It is mainly composed of machine base,
waist joint, small arm joint, drive arm of small arm, balancing
weight, small arm drive link, attitude hold link 1, attitude
hold tripod, attitude hold link 2, small arm link, big arm
joint, big arm link, waist mounting bracket, end effector
mounting bracket, and so on.The action of two parallelogram
mechanical linkages (one consists of attitude hold link 1, big
arm link, attitude hold tripod, and waist mounting bracket;
the other consists of attitude hold tripod, attitude hold link
2, small arm link, and end effector mounting bracket) makes
the undersurface of end effector keep parallel to the ground.
The load capacity is 120 kg, maximum turning radius is
2400mm, repeat positioning accuracy is ±0.4mm, and waist
maximum rotation speed is 85∘/s, belonging to high speed
and heavy load palletizing robot [25]. The end effector is
mainly composed of AC servo motor, RV reducer, motor
flange, end effector mounting bracket, some fasteners, and
so on, with total mass of about 22.53 kg and mass of the end
effector mounting bracket of about 9.79 kg, accounting for
43.5% of the total mass.

Figure 2: Simplified model of end effector mounting bracket.

Table 1: Material property.

Item Property
Material ZL110
Elastic modulus (N/m2) 6.89 × 1010

Poisson ratio 0.35
Shear modulus (N/m2) 3.19 × 108

Density (kg/m3) 2770
Tensile strength (N/m2) 1.65 × 108

2.1. Establishment of Finite Element Model of the End Effector
Mounting Bracket. Before the finite element model is estab-
lished, the 3Dmodel is simplified by removing chamfer, fillet,
screw holes, and others of the part. The simplified model is
shown in Figure 2. The material property and mesh setting
are shown in Table 1 [26] and Table 2, respectively. The finite
element model is shown in Figure 3.

The following is a justification of the above mesh setting.
First of all, element selection: tetrahedral mesh has been
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Table 2: Mesh setting.

Item Property
Mesh type Tetrahedral
Minimum element size (mm) 4.96532
Maximum element size (mm) 14.8961
Total number of nodes 19995
Total number of units 10884

Figure 3: Finite element model of end effector mounting bracket.

gaining popularity for solving finite element analysis with its
simple, flexible, and strong adaptability to complex boundary
(Chunge et al. [27]). The end effector mounting bracket is an
irregular and complicated part; therefore, tetrahedral mesh
is selected in this work. Second, number of elements: in
order to ensure the accuracy of finite element analysis, the
highest quality elements are adopted in the finite element
software; therefore, the number of elements, total number of
nodes, minimum element size, and maximum element size
are obtained automatically.

2.2. Finite Element Model Accuracy Verification Based on
the Modal Test. The modal test method is used to verify
the accuracy of the finite element model. Experimental
equipment includes LMS TEST.LAB vibration and noise
analysis system, LMS SC305 type vibration and noise data
acquisition system, three Lance LC0152T type unidirectional
piezoelectric acceleration sensors, B&K Impact Hammer
Type 8207, signal cable, IBM computer, crane, and elastic
rope. We use single-point excitation andmultipoint response
test method that selects 21 pick points and 1 knock point (𝑂
point) on the part and then use impact hammer knock on
the 𝑂 point, respectively, along −𝑥, +𝑦, and +𝑧 directions;
meanwhile,𝑥,𝑦, and 𝑧 direction responses of every pick point
(a total of 63 sets of data) aremeasuredwith three acceleration
sensors, and measurement signals are acquired by the LMS
SC305 system and are processed by the LMS TEST.LAB
system; the test modal of the end effectormounting bracket is
obtained afterwards. Tomeasure the free modal of the part, it

Computer
LMS SC305

Impact hammer 

Acceleration
sensor x

z

y

o

Elastic rope

Figure 4: The experimental environment.

Table 3: Comparison between the test model and the FEM model
for the first five modal frequencies (Hz).

Modal order 𝐹test modal 𝐹fem modal Relative error%
1 229.11 228.34 0.3404
2 448.41 449.75 0.3011
3 757.03 732.32 3.2628
4 789.54 768.58 2.6547
5 932.24 942.74 1.1263

Table 4: The first four natural frequencies of the end effector
mounting bracket, Hz.

Order number 1 2 3 4
Frequency 409.57 802.07 1021.2 1312.1

is overhung by a greatly flexible elastic rope tomake it close to
the free boundary conditions.The experimental environment
is shown in Figure 4.

The free modal of the end effector mounting bracket is
calculated by the finite elementmethod. Comparing the FEM
model with test modal for the first three modal shapes and
the first five modal frequencies is shown in Figure 5 and
Table 3, respectively, where 𝐹test modal is test modal frequency
and 𝐹fem modal is finite element modal frequency.

The comparison results indicate that the first three modal
shapes of the calculatingmodal and test modal are consistent,
and the relative error between the first fivemodal frequencies
of the calculating modal and test modal is less than 5%.
This shows that the accuracy of the established finite element
model meets the requirements, and it can be used for the
subsequent calculating simulation [28, 29].

2.3. Constraint Modal Analysis of the End Effector Mounting
Bracket. According to the assembly relation of end effector
mounting bracket and other parts, cylindrical surface con-
straints are applied in three bearing holes of its finite element
model, and the first fourmodals are calculated bymaking use
of Block Lanczos method. The first four natural frequencies
are shown in Table 4.
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A: Modal
Total Deformation 7
Type: Total Deformation
Frequency: 228.34 Hz
Unit: mm
2016/8/12 9:50

34.455 Max
30.692

26.929

23.166

19.404

15.641

11.878

8.1158
4.3531

0.59041 Min

(a) Comparison between the test model and FEMmodel for the first modal shape

A: Modal
Total Deformation 8
Type: Total Deformation
Frequency: 449.75Hz
Unit: mm
2016/8/12 9:55

40.216 Max
35.755

31.295

26.834

22.373

17.913

13.452

8.9913

4.5307

0.070012 Min

(b) Comparison between the test model and FEMmodel for the second modal shape

A: Modal
Total Deformation 9
Type: Total Deformation
Frequency: 732.32 Hz
Unit: mm
2016/8/12 9:57

44.024 Max
39.136
34.249

29.362

24.475

19.588

14.701

9.8141

4.927
0.039963 Min

(c) Comparison between the test model and FEMmodel for the third modal shape

Figure 5: Comparison between the test model and FEMmodel for the first three modal shapes.

2.4. Vibration Response Test. Using the vibration response
test obtains the exciting force spectrum on the end effector
mounting bracket in the working process of palletizing robot.
Main experimental equipment still includes LMS TEST.LAB
system, LMS SC305 system, three one-way piezoelectric
acceleration sensors, and computers. Because vibration is

passed on to the end effector mounting bracket mainly
through bolts, therefore the test points, a total of 3, were
set near the bolts on the end effector. Measurement: the test
points are set on the center of three bearing caps, as shown in
Figure 6. Each test point ismeasured at the acceleration signal
of 𝑥, 𝑦, and 𝑧 directions. Data acquisition parameters setting:
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Figure 6: Test points location.
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Figure 7: Acceleration spectrum in the +𝑥 direction of #1 test point.
sampling time is 30 s, frequency bandwidth is 1024Hz, and
resolution is 0.125Hz. The acceleration spectrum in the +𝑥
direction of #1 test point, for example, is shown in Figure 7.

2.5. Frequency Response Analysis of the End Effector Mounting
Bracket. In accordance with the position of test points,
the measured acceleration spectrums are applied on the
corresponding position points of the finite element model,
respectively, along the 𝑥, 𝑦, and 𝑧 directions, and then the
frequency response results are solved. By comparing and
analyzing maximum vibration velocity (4.08mm/s) at node𝐴 in the red zone on themodel, as shown in Figure 8, thismay
cause fatigue damage of parts. The frequency response curve
of node𝐴, as shown in Figure 9, shows that there are two peak
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Figure 8: Frequency response of initial model.
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Figure 9: Frequency response curve of node 𝐴.
vibration velocities: #1 and #2; the #1 peak vibration velocity is
themaximum(4.08mm/s) that occurs at a frequency of about
430Hz, in the vicinity of the first natural frequency of the end
effector mounting bracket. In order to reduce the impact of
vibration on the reliability of the parts and motion accuracy
of the robot, choose the maximizing first natural frequency
as one of the optimization goals.

2.6. Static Analysis of the End Effector Mounting Bracket. In
palletizing process, the end effector carrying load undergoes
acceleration and deceleration process; therefore, inertia force
should be taken into account in the static analysis. In this
paper, palletizing robot picks material from the conveyor belt
andplaces it on the specified position on the tray along a plane
“door” shaped motion trajectory. In order to avoid shock
and vibration phenomenon caused by the sudden change of
velocity and shorten the operation cycle to increase efficiency,
two turning points (𝑃𝑚 and 𝑃𝑛) are replaced by two arcs, with
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Figure 10: Motion trajectory of the palletizing robot end diagram.
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Figure 11: Modified trapezoidal rule.

motion trajectory of the end effector as shown in Figure 10.
The end effector picks the material from 𝑃1, followed by 𝑃2,𝑃3, 𝑃4, 𝑃5, and 𝑃6, and places it on the specified location tray.
The establishment of coordinate system 𝑜-𝑥𝑦𝑧 at the 𝑃1 point
(𝑦 direction perpendicular to the paper surface outward) and
the coordinate value of key points on the target trajectory
is as follows (unit: mm): 𝑃1 = [0, 0, 0], 𝑃𝑚 = [0, 0, 700],𝑃𝑛 = [−2400, 0, 700], and 𝑃6 = [−2400, 0, 0].

The modified trapezoid motion rule is adopted [1]; its
distance, velocity, and acceleration have varying tendency
with time as shown in Figure 11. During operation,maximum
acceleration 𝑎max is 3.2m/s2 and maximum velocity Vmax is
1.2m/s.

Maximum acceleration, which occurs in vertically accel-
erated lifting and decelerated falling process of the materials,
will make the material in the overweight state. This moment,
the end effector mounting bracket bears maximum force in
the process of the wholemovement; therefore, this maximum

6.8056 Max
6.0503

5.295

4.5397

3.7843

3.029

2.2737

1.5184

0.76312

0.0078089 Min

A: Static Structural
Equivalent Stress
Type: Equivalent (von-Mises) Stress
Unit: MPa
Time: 1
2016/11/21 16:58

Figure 12: Stress nephogram.
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Total Deformation
Type: Total Deformation
Unit: mm
Time: 1
2016/11/21 17:04

0.042029 Max
0.037359

0.032689

0.028019

0.02335

0.01868

0.01401

0.00934

0.0046701

2.7224e − 7 Min

Figure 13: Deformation nephogram.

force is used as load boundary condition of static analysis, and
its value can be calculated as𝐹max = 𝑀(𝑔 + 𝑎max) , (1)

where 𝐹max is the maximum force (N); 𝑀 is the total mass
including maximum load mass and the total mass of other
parts of the end effector without end effector mounting
bracket, with a value of 132.74 kg; 𝑔 is the gravitational
acceleration, with a value of 9.8m/s2.

By (1), the maximum load on the motor installation
surface of the end effector mounting bracket size is 1725.62N,
and its direction is the gravitational direction. The displace-
ment constraints are cylindrical surface type constraints in
three bearing holes.

The stress nephogram and deformation nephogram are
obtained by the statics analysis, as shown in Figures 12
and 13, respectively. The maximum stress is about 6.8MPa,
far less than the allowable stress values of material; the
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Table 5: The initial value and range of design variables, mm.

Design variable Name Initial value Value range𝑥1 Small hole diameter of high upright plate 50 50∼75𝑥2 Large hole diameter of high upright plate 80 80∼120𝑥3 Arc upright plate thickness 15 6∼15𝑥4 Bottom plate thickness 25 8∼25𝑥5 Posterior slope plate thickness 15 6∼15𝑥6 Elliptical hole major axis of middle plate 100 100∼180𝑥7 Elliptical hole minor axis of middle plate 50 50∼80𝑥8 Middle plate thickness 15 6∼15𝑥9 Stiffener thickness of high upright plate 15 6∼15
x1

x2

x3

x4

x5

x6

x7

x8

x9

Figure 14: Initial choice of design variables.

maximum deformation is 0.042mm, because the greater
the deformation, the lower the stiffness of structure, and
therefore the stiffness of structure can be characterized by the
size of deformation [30]. Statics analysis shows that the end
effector mounting bracket is of great potential in structure
optimization.

2.7. Establishment of Multicriteria Optimization Model for
the End Effector Mounting Bracket

2.7.1. The Choice of Design Variables

(1) Initial Choice of Design Variables. Initially, 9 structure
parameters𝑋 = (𝑥1, 𝑥2, . . . , 𝑥9) of the end effector mounting
bracket were selected as shown in Figure 14; their names,
initial values, and value range are shown in Table 5. Structural
parameters are all local parameters, independent of each

other, without changing the overall size and the assembly
dimensions with other parts.

(2) Sensitivity Analysis. In the process of optimizing design, if
the design variables are too many, the key structure param-
eters can be neglected, resulting in the pseudo optimization
results, and the calculated quantity is large and the efficiency
is low. Through the sensitivity analysis, some structural
design parameters, which have significantly influenced the
structure response parameter, are selected as the design
variable from the initial selection [30].

There are many kinds of sensitivity analysis methods;
among them, sensitivity analysis method based on exper-
imental data combined with Spearman rank correlation
coefficient method is a reliable and effective method [31, 32].

(i) Design of Experiments (DOE) Method. Experimental data
can be obtained by DOE method such as Central Composite
Design (CCD), DoehlertMatrix (DM), and the Box-Behnken
design (BBD)method [33]. Comparedwith theCCDandDM
methods, Box-Behnken design method is more efficient and
economical; therefore, Box-Behnken method [34] is used to
estimate coefficient of the second-order polynomial response
surfacemodel.TheBox-Behnken designmethod is an incom-
plete three-level part factorial experiment design method,
is of nearly rotatable symmetry, is composed of multiple
orthogonal cubes, and includes a central point. Schematic
diagram of the three-level Box-Behnken experimental design
plan is shown in Figure 15.The advantage of the Box-Behnken
design is that it can avoid emergence extreme point [35].

(ii) Sensitivity Analysis Based on DOE Combined with Spear-
man Rank Correlation Coefficient Method. Suppose sensitiv-
ity of structural response 𝑦 (such as maximum stress) to
structural design parameters 𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑚 is examined.
According to the initial value and value range of structural
design parameters, we use the design of experiments (DOE)
method to obtain a set of sample points of these structural
design parameters 𝑥1𝑖, 𝑥2𝑖, 𝑥3𝑖, . . . , 𝑥𝑚𝑖 (𝑖 = 1, 2, . . . , 𝑛), and𝑛 response values of maximum stress 𝑦1, 𝑦2, 𝑦3, . . . , 𝑦𝑛 are
obtained by 𝑛 times calculating simulations. 𝑚 data pairs
consist of the sample values 𝑥𝑗1, 𝑥𝑗2, 𝑥𝑗3, . . . , 𝑥𝑗𝑛 that are
calculated 𝑛 times by the 𝑗th (𝑗 = 1, 2, 3, . . . , 𝑚) structural
design parameters, and the response values of maximum
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Table 6: Experiment design matrix, mm.

Number Design variables𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8 𝑥9
1 62.5 100 10.5 16.5 10.5 140 65 10.5 10.5
2 50 100 10.5 8 10.5 140 50 10.5 10.5
3 75 100 10.5 8 10.5 140 50 10.5 10.5⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
97 62.5 100 15 16.5 15 140 80 10.5 10.5

x1

x2

x3

Figure 15: Schematic diagramof Box-Behnken experimental design
plan.

stress 𝑦1, 𝑦2, 𝑦3, . . . , 𝑦𝑛 by calculating simulations 𝑛 times are
as follows:[𝑥𝑗1𝑦1 ] , [𝑥𝑗2𝑦2 ] , . . . , [𝑥𝑗𝑛𝑦𝑛 ] 𝑗 = 1, 2, . . . , 𝑚. (2)

The correlation between the 𝑗th structural design param-
eters and the maximum stress is investigated by the Spear-
man rank correlation coefficient method. Respectively, the 𝑛
sample values 𝑥𝑗1, 𝑥𝑗2, 𝑥𝑗3, . . . , 𝑥𝑗𝑛 of the 𝑗th structural design
parameters and the response value 𝑦1, 𝑦2, 𝑦3, . . . , 𝑦𝑛 of the
maximum stress are sorted in descending order, respectively,
using 𝑅𝑗𝑖, 𝑄𝑖 to indicate the position number of the original
data 𝑥𝑗𝑖, 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑛) in the sorted list, where 𝑅𝑗𝑖, 𝑄𝑖 are
called the rank of 𝑥𝑗𝑖, 𝑦𝑖 A set of new data pairs are formed by𝑅𝑗𝑖, 𝑄𝑖 instead of 𝑥𝑗𝑖, 𝑦𝑖 as follows:[𝑅𝑗1𝑄1] , [𝑅𝑗2𝑄2] , . . . , [𝑅𝑗𝑛𝑄𝑛] . (3)

Then Spearman rank correlation coefficient of the origi-
nal data pairs is𝑟𝑠𝑗 = ∑𝑛𝑖=1 (𝑅𝑗𝑖 − 𝑅) (𝑄𝑖 − 𝑄)√∑𝑛𝑖=1 (𝑅𝑗𝑖 − 𝑅)2√∑𝑛𝑖=1 (𝑄𝑖 − 𝑄)2 ,(𝑗 = 1, 2, 3, . . . , 𝑚) , (4)

Table 7: Experiment design results.

Number Output result𝑚 𝑓1 𝛿max 𝜎max
1 7.5701 391.18 0.0603 7.7425
2 7.0498 399.94 0.0765 9.6833
3 6.9479 399.60 0.0773 9.5524⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
97 8.0109 396.10 0.0499 7.4748

where 𝑅 = ∑𝑛𝑖=1 𝑅𝑗𝑖𝑛 = (𝑛 + 1)2 ,
𝑄 = ∑𝑛𝑖=1 𝑄𝑖𝑛 = (𝑛 + 1)2 . (5)

Simplification of formula (1):

𝑟𝑠𝑗 = 1 − 6∑𝑛𝑖=1 (𝑅𝑗𝑖 − 𝑄𝑖)2𝑛 (𝑛2 − 1) . (6)

Rank correlation coefficient 𝑟𝑠𝑗, in the range of [−1, 1],
reflects the correlation between themaximum stress response𝑦 and the 𝑗th structural parameters. That 𝑟𝑠𝑗 has a posi-
tive value indicates a monotonically increasing relationship
between the two; that 𝑟𝑠𝑗 = 1 indicates perfect positive
correlation; that 𝑟𝑠𝑗 has a negative value indicates a mono-
tonically decreasing relationship between the two; that 𝑟𝑠𝑗 =−1 indicates perfect negative correlation; the greater the
absolute value |𝑟𝑠𝑗|, the greater the correlation, that is, the
more sensitive the structure response 𝑦 to the 𝑗th structural
parameters; 𝑟𝑠𝑗 = 0 indicates that there is no relationship
between two variables.

By that analogy, the sensitivity of structural response
parameters to all selected structural design parameters can
be obtained.

According to the value range of initial design variables as
well as Box-Behnken design method generating experiment
design matrix table, with a total of 97 sets, the mass (m, unit:
kg), the first natural frequency (𝑓1, unit: Hz), the maximum
stress (𝜎max, unit: MPa), and the maximum deformation
(𝛿max, unit: mm) are calculated, respectively. The experiment
design matrix and corresponding results are obtained as
shown in Tables 6 and 7.

Then, the Spearman rank correlation coefficient method
is used to obtain the mass sensitivity, the first natural
frequency sensitivity, the maximum stress sensitivity, and
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Figure 16: Sensitivity analysis of structural design parameters to response parameters.

the maximum deformation sensitivity of the end effector
mounting bracket, as shown in Figure 16.

Here, five structural design parameters, whose every kind
of sensitivity value is greater than 0.2, are selected as design
variables. The design variables are identified as𝑋 = (𝑥2, 𝑥3, 𝑥4, 𝑥6, 𝑥8) . (7)

2.7.2. Constraint Condition. Constraint conditions are values
range of every design variable.

(1) Design Variable 𝑥2 and 𝑥6 Are the Diameter of the Hole.
The greater the hole, the lighter the mass, therefore initial
values of these holes diameter are set to the minimum value,
their maximum values are less than boundary dimensions of
structure.

(2) Design Variables 𝑥3, 𝑥4, and 𝑥8 Are theThickness of Plates.
The smaller the thickness, the lighter the mass; therefore,
the initial values of these plates’ thicknesses are set to the
maximum value, and their minimum value is set to the
minimum thickness value of cast aluminum alloy part [26],
as shown in Table 5.

2.7.3. The Establishment of Objective Function

(1) Response Surface Methodology (RSM). The end effector
mounting bracket is an irregular part; by the structural
parameters, directly constructing accurate objective func-
tions is difficult; therefore, Response Surface Methodology
(RSM) [36] is introduced, using numerical approximation
and functional fit method to construct objective functions.
The basic principle of RSM is to use DOE [37] method
experiments with design variables to obtain response surface
model of objective functions and predict the response value
of nonexperimental points. Suppose a function of design
variables 𝑋 and response variables 𝐹(𝑋) can be described
as 𝐹 (𝑋) = 𝐹 (𝑋) + 𝜀 = 𝐿∑

𝑖=0

𝛽𝑖𝜙𝑖 (𝑋) + 𝜀, (8)

where 𝐹(𝑋) is the actual response function of the optimiza-
tion objective for the design variables, 𝐹(𝑋) is the approx-
imate response function, namely, response surface model,𝐿 is the number of basis functions, 𝜙𝑖(𝑋) is a polynomial
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Table 8: Experiment design matrix.

Number Design variable (mm)𝑥2 𝑥3 𝑥4 𝑥6 𝑥8
1 120 15 16.5 140 10.5
2 120 6 16.5 140 10.5
3 80 15 16.5 140 10.5⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
41 100 10.5 16.5 140 10.5

Table 9: Experiment design results.

Number Output results𝑚 𝑓1 𝛿max 𝜎max

1 8.0534 402.72 0.0508 5.9895
2 7.3791 399.45 0.0774 7.1030
3 8.3144 398.43 0.0489 5.9539⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
41 7.8617 399.85 0.0587 6.0313

function of design variable 𝑋, and 𝜀 is the random error of
the approximate value and the actual value.

The approximate models of objective functions are con-
structed by the second-order polynomial response surface
model as shown in𝐹 (𝑋) = 𝛽0 + 𝑛∑

𝑖=1

𝛽𝑖𝑥𝑖 + 𝑛∑
𝑖=1

𝛽𝑖𝑖𝑥2𝑖 + 𝑛∑
𝑖<𝑗

𝛽𝑖𝑗𝑥𝑖𝑥𝑗, (9)

where 𝑥𝑖 are input variables, 𝛽0 is the constant, and 𝛽𝑖 is a
variable coefficient of regression model.

Using the least squaremethod solves the coefficient of (9):𝐴 = (𝛽0, 𝛽1, . . . , 𝛽𝐿)𝑇 . (10)

Then, 𝐴 = (𝑋𝑇𝑋)−1𝑋𝑇𝑌, (11)

where𝑋 is the basis function matrix, which is described as

𝑋 = [[[[[[
𝜙1 (𝑋1) 𝜙2 (𝑋1) ⋅ ⋅ ⋅ 𝜙𝐿 (𝑋1)𝜙1 (𝑋2) 𝜙2 (𝑋2) ⋅ ⋅ ⋅ 𝜙𝐿 (𝑋2)⋅ ⋅ ⋅ ⋅ ⋅ ⋅ d ⋅ ⋅ ⋅𝜙1 (𝑋𝑄) 𝜙2 (𝑋𝑄) ⋅ ⋅ ⋅ 𝜙𝐿 (𝑋𝑄)

]]]]]] . (12)

(2) The Establishment of Objective Functions Based on the
RSM. With minimal mass, minimizing the maximal stress,
minimizing the maximal deformation, and maximizing the
first natural frequency as optimization objectives, therefore
objective functions are established as𝐹𝑚 (𝑋) = min

𝑋∈𝐷
𝑚(𝑋) ,𝐹𝑓1 (𝑋) = max

𝑋∈𝐷
𝑓1 (𝑋) ,𝐹𝜎 (𝑋) = min

𝑋∈𝐷
𝜎max (𝑋) ,𝐹𝛿 (𝑋) = min

𝑋∈𝐷
𝛿max (𝑋) .

(13)

According to the value range of selected design vari-
ables as well as the Box-Behnken design method generating
experiment design matrix table, with a total of 41 sets, the
mass (m, unit: kg); the first natural frequency (𝑓1, unit:
Hz), the maximum stress (𝜎max, unit: MPa), and maximum
deformation (𝛿max, unit: mm) are calculated, respectively.
The experiment design matrix and its results are obtained as
shown in Tables 8 and 9, respectively.

With the design variables in Table 8 as inputs and the
calculated results in Table 9 as outputs, the response surface
models of the four objective functions are obtained as in (14)∼
(17), respectively, where 𝑚(𝑋) is the mass function, 𝑓1(𝑋) is
the first natural frequency function, 𝜎max(𝑋) is themaximum
stress function, and 𝛿max(𝑋) is the maximum deformation
function.𝑚(𝑋) = 5.56 − 1.2 × 10−5𝑥2 + 0.1𝑥3 + 0.08𝑥4− 6.88 × 10−5𝑥6 + 0.06𝑥8 − 3.26× 10−5𝑥22 − 9.36 × 10−5𝑥23 + 3.06× 10−7𝑥24 + 2.44 × 10−7𝑥26 + 1.04× 10−5𝑥28 + 1.15 × 10−18𝑥2𝑥3 + 1.47× 10−8𝑥2𝑥4 + 3.13 × 10−9𝑥2𝑥6 + 2.78× 10−8𝑥2𝑥8 − 0.001𝑥3𝑥4 + 1.39× 10−8𝑥3𝑥6 + 1.23 × 10−7𝑥3𝑥8 + 2.18× 10−19𝑥4𝑥6 + 9 × 10−18𝑥4𝑥8− 0.0001𝑥6𝑥8,

(14)

𝑓1 (𝑋) = 345.91 + 0.4𝑥2 + 1.84𝑥3 + 0.18𝑥4+ 0.05𝑥6 + 3.49𝑥8 − 0.0004𝑥22
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Table 10: Comparison between the calculation results and predicted results of the approximate model.

Number Calculated results Response surface model
predicted results Relative error (%)𝑓1 𝛿max 𝜎max 𝑓1 𝛿max 𝜎max 𝑓1 𝛿max 𝜎max

1 398.73 0.0504 6.0405 399.05 0.0497 5.9992 0.0816 1.4429 0.6840
2 382.31 0.0552 6.2636 382.54 0.0553 6.3163 0.0591 0.1819 0.8411
3 388.72 0.0534 6.0975 389.01 0.0532 5.9920 0.0722 0.4544 1.7298⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
10 395.56 0.0576 6.0904 395.89 0.0570 6.0237 0.0833 1.0272 1.0945

− 0.09𝑥23 − 0.01𝑥24 − 0.001𝑥26 − 0.03𝑥28− 0.008𝑥2𝑥3 − 0.005𝑥2𝑥4− 0.0002𝑥2𝑥6 + 0.002𝑥2𝑥8 + 0.03𝑥3𝑥4+ 0.01𝑥3𝑥6 − 0.07𝑥3𝑥8 − 0.0013𝑥4𝑥6+ 0.007𝑥4𝑥8 − 0.002𝑥6𝑥8,
(15)𝛿max (𝑋) = 0.18 + 2.011𝑥2 − 0.01𝑥3 − 0.006𝑥4 + 6.18× 10−5𝑥6 − 0.0007𝑥8 + 3.08 × 10−7𝑥22+ 0.0002𝑥23 + 6.76 × 10−5𝑥24 + 8.37× 10−8𝑥26 − 2.98 × 10−7𝑥28 − 1.92× 10−6𝑥2𝑥3 − 2.5 × 10−7𝑥2𝑥4 + 9.37× 10−9𝑥2𝑥6 − 3.89 × 10−7𝑥2𝑥8+ 0.0002𝑥3𝑥4 − 5.58 × 10−6𝑥3𝑥6 + 4.4× 10−5𝑥3𝑥8 + 9.26 × 10−7𝑥4𝑥6 − 6.34× 10−6𝑥4𝑥8 − 1.39 × 10−8𝑥6𝑥8,

(16)

𝜎max (𝑋) = 13.1 + 0.008𝑥2 − 0.85𝑥3 − 0.33𝑥4+ 0.004𝑥6 + 0.09𝑥8 + 4.58 × 10−5𝑥22+ 0.023𝑥23 + 0.004𝑥24 + 5.6 × 10−5𝑥26+ 0.005𝑥28 − 0.0001𝑥2𝑥3 − 0.0001𝑥2𝑥4− 2.19𝑥2𝑥6 − 0.0009𝑥2𝑥8 + 0.016𝑥3𝑥4− 0.0004𝑥3𝑥6 + 0.0028𝑥3𝑥8 + 8.39× 10−5𝑥4𝑥6 − 0.002𝑥4𝑥8 − 0.001𝑥6𝑥8.
(17)

In order to validate the credibility of the response surface
models, reselect 10 sets’ value of design parameters in their
value range by the Box-Behnken method and calculate;
the calculated results were compared with response surface
models predicted results as shown in Table 10. Due to the
fact that the mass error is 0, therefore it is not listed in
the table. Table 10 shows all the errors are within 2%; the

Table 11: Criteria of 1∼9 scale.
Scale Scale of 𝑖 compared to 𝑗
1 Equally important
3 Weakly important
5 Strongly important
7 Very strongly important
9 Extremely important

2, 4, 6, 8 Intermediate values between
two adjacency values

Reciprocal If mark 𝑖 to 𝑗 is 𝑎𝑖𝑗, then mark 𝑗 to 𝑖 is𝑎𝑖𝑗 = 1/𝑎𝑖𝑗
Goal level

Criteria level

Policy levelPolicy (Cm)Policy (C2)Policy (C1)

Factor (Bn)Factor (B1) Factor (B2)

Goal problem (A)

· · ·

· · ·

Figure 17: Hierarchical structure model.

credibility of the above response surfacemodels meets design
requirements, which can be used as objective functions for
the optimization design [38].

2.7.4. Determine the Weight Coefficients. This paper presents
an analytic hierarchy process based on finite element analysis
results (FEA + AHP) method to determine the weight
coefficients of each optimization objective.

(1) Analytic Hierarchy Process (AHP). The basic principle and
steps of the AHP are as follows [39].

(i) Establish Hierarchical Structure Model. Generally, a hierar-
chical structuremodel includes three levels: goal level, criteria
level, and policy level, as shown in Figure 17. Hierarchy
number is unrestricted; generally, the number of the elements
is not more than nine in each level.

(ii) Construct Pairwise Comparison Matrix. If a level has 𝑛
factors, then compare their importance to a certain factor of
the above level. The 1–9 scale method is used to obtain mark
results as shown in Table 11. The pairwise comparison matrix
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Structure optimization

Mass Maximal displacement First natural frequency Maxima stress

(A)

(B1) (B2) (B3) (B4)

x2(C1) x3(C2) x4(C3) x6(C4) x8(C5)

Figure 18: Hierarchical structure model.

Table 12: Random index.𝑛 1 2 3 4 ⋅ ⋅ ⋅ 10
RI 0 0 0.58 0.90 ⋅ ⋅ ⋅ 1.51

𝐴 is obtained according to the mark results, with matrix𝐴 as
shown in

𝐴 = (𝑎𝑖𝑗)𝑛×𝑛 = (𝑎11 𝑎12 ⋅ ⋅ ⋅ 𝑎1𝑛𝑎21 𝑎22 ⋅ ⋅ ⋅ 𝑎2𝑛⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅𝑎𝑛1 𝑎𝑛2 ⋅ ⋅ ⋅ 𝑎𝑛𝑛). (18)

(iii) Hierarchy Sorting and Consistency Checking. (a) Calculate
the consistency index (CI):

CI = 𝜆max − 𝑛𝑛 − 1 , (19)

where 𝜆max is the maximum eigenvalue of the comparison
matrix.

(b)The randomconsistency indexRI is shown inTable 12.
(c) Calculate the consistency ratio CR:

CR = CI
RI

. (20)

When CR < 0.1, the consistency of the compari-
son matrix is acceptable; otherwise, the comparison matrix
should be properly modified until CR < 0.1.
(iv) Solving the Maximum Eigenvalue 𝜆max Corresponding
Eigenvector𝑊∗ = (𝜔1, 𝜔2, . . . , 𝜔𝑛)𝑇 of the ComparisonMatrix
Which Passes the Consistency Checking. And then the weight
vector𝑊 is obtained by the normalization to the eigenvector𝑊∗.
(2) Determine the Weight Coefficients

(i) Establishing the Hierarchical Structure Model Shown in
Figure 18. The goal level is structure optimization, using 𝐴 to
represent it.The criteria level ismainly composed of themass,
the maximum deformation, the first natural frequency, and
the maximum stress, respectively, using 𝐵1, 𝐵2, 𝐵3, and 𝐵4 to
represent them. The policy level is mainly composed of five

Table 13: Pairwise comparison results of each factor.𝐴 𝐵1 𝐵2 𝐵3 𝐵4𝐵1 1 5 3 7𝐵2 1/5 1 1/2 2𝐵3 1/3 2 1 3𝐵4 1/7 1/2 1/3 1

design variables, respectively, using 𝐶1, 𝐶2, 𝐶3, 𝐶4, and 𝐶5 to
represent them.

(ii) Construct the Comparison Matrix. Based on the results of
finite element analysis, the importance of each performance
index is investigated. The main objective of this study is the
lightweight of the end effector mounting bracket; therefore,
reducing mass is the main goal. The importance of the first
natural frequency, deformation, and stress is discussed. It is
known from the frequency response analysis that vibration
frequency corresponds to the maximum vibration velocity
located in the vicinity of the first natural frequency, easily
causing vibration fatigue of parts; consequently, its impor-
tance is ranked the second; as can be seen from the statics
analysis, the maximum deformation is very small; however,
in order to reduce the impact of the deformation on the
positioning accuracy of the palletizer robot, the maximum
deformation should be smaller to be better; therefore, the
importance of deformation is ranked the third; themaximum
stress is far less than the allowable stress; therefore, its
importance comes in the last row. Accordingly, the pairwise
comparison results of each factor in the criterion layer are
shown in Table 13. And get the comparison matrix as shown
in

𝐴 = ((
(

1 5 3 715 1 12 213 2 1 317 12 13 1
))
)

. (21)

The eigenvalue of maximum of matrix 𝐴 is𝜆max = 4.0192; (22)𝜆max corresponding eigenvector is𝑊∗ = (0.9142, 0.1912, 0.3392, 0.1124)𝑇 . (23)
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Figure 19: The main flow chart of NSGA-II.

(iii) Consistency Checking

Consistency index: CI = 0.0064 < 0.1.
Random consistency index: RI = 0.9.
Consistency ratio: CR = 0.007 < 0.1.

Accordingly, it can be determined whether comparison
matrix A passes the consistency checking.Then, we carry out
the eigenvector normalization process to obtain the weight
vector of minimum mass, the maximum deformation, the
maximum first natural frequency, and maximum stress:𝑊 = (0.5872, 0.1228, 0.2179, 0.0722)𝑇 . (24)

2.8. Solving Multicriteria Optimization Problem

2.8.1. Elitist Nondominated Sorting Genetic Algorithm (NSGA-
II). NSGA-II algorithm is an improved algorithm of NSGA,
which was proposed by Deb et al. [40]. NSGA-II algorithm
uses fast nondominated sorting procedure, elite strategy,
and nonparameter ecological niche operator, overcoming
the shortcomings of the traditional NSGA such as high
computational complexity, nonelite strategy, and the need for
specially designated shared radius. NSGA-II algorithm has
been widely used due to its good performance in exploring;
Pareto set, which is obtained byNSGA-II algorithm, has good
accuracy and dispersity. The NSGA-II procedure is shown in
Figure 19 [7, 40].

Step 1. Initially, a randomparent population𝑃0 is created.The
population is sorted based on the nondomination. Each solu-
tion is assigned a fitness (or rank) to its nondomination level;
binary tournament selection, recombination, and mutation
operators are used to create a child population 𝑄0 of size 𝑁
and set 𝑡 = 0.
Step 2. A combined population 𝑅𝑡 = 𝑃𝑡 ∪ 𝑄𝑡 is formed.
Here, 𝑃𝑡 is the parent population in tth iteration; 𝑄𝑡 is the
child population in 𝑡th iteration; 𝑡 denotes the iteration or
generation number; the population 𝑅𝑡 is of size 2N. Then,𝑅𝑡 is sorted according to nondomination. Since all previous
and current population members are included in 𝑅𝑡, elitism
is ensured. And then nondominated fronts 𝐹1, 𝐹2, . . . , 𝐹𝑖 are
obtained.

Step 3. Sort 𝐹𝑖 using the crowded-comparison operator <n in
descending order and choose the best solutions to form a new
population 𝑃𝑡+1.
Step 4. The new population 𝑃𝑡+1 of size 𝑁 is used for
selection, crossover, andmutation to create a new population𝑄𝑡+1 of size𝑁.

Step 5. If the termination conditions are satisfied, it is over;
otherwise, 𝑡 = 𝑡 + 1; go to Step 2.

Parameter configuration of NSGA-II algorithm: popula-
tion size is 40; number of generations is 200; crossover rate is
0.9; cross distribution index is 10;mutation distribution index
is 20.

Justification of NSGA-II algorithm parameters selec-
tion: firstly, population size directly affects astringency or
computational efficiency. If population size is too small,
optimization results are likely to converge to local optimal
solution. If population size is too large, the calculations will
take a long time.Therefore, population size usually is selected
in the range 20∼200. Secondly, the meaning of number of
generations is that NSGA-II algorithm will be terminated
when the number of evolutionary generations reaches this set
value. Generally, the number of generations is selected in the
range 100∼500 [41]. In this work, the above two parameters
are determined by some tests for permutation and combi-
nation of different values of population size and number
of generations in their respective ranges. The comparison
test results indicate that there is only small difference in the
decimal part among the group results; however, precision of
results is improved with the increase of population size and
number of generations, and the calculation time has become
longer. Population size = 40 and number of generations = 200
are determined by taking into account the calculation preci-
sion and time.Thirdly, crossover rate controls frequentness of
crossover operation. If crossover rate is too high, generation
gap is likely to happen. However, if crossover rate is too low,
many individuals will be prone to duplicating in the next
generation directly, leading to stagnation during searching.
Therefore, crossover rate is usually selected in the range 0.4∼
0.99 [41]. In some literatures, crossover rate is 0.9 [38, 42].
Finally, cross distribution index and mutation distribution
index both are nonnegative number and user-defined rule,
and the higher their values, the smaller the probability of
offspring individuals far away from parent individuals, and
vice versa.Therefore, the selected cross distribution index and
mutation distribution index, respectively, are 10 and 20; they
are smaller, in order to enhance searching ability of algorithm
[38, 43].

3. Calculation Results and Analyses

Recommended values of structure parameters are obtained
by the NSGA-II algorithm, and then they are adjusted in
a small range with comprehensive consideration of casting
process parameters, mounting holes on the influence of the
actual structure, and many simulation tests with changing
parameters; the optimization results are shown in Table 14,
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Table 14: Optimization results of structural parameters, mm.

Structural parameter 𝑥2 𝑥3 𝑥4 𝑥6 𝑥8
Initial value 80 15 25 100 15
Recommended value 114.7 10.87 15.08 100.08 14.99
Optimized value 100 10 16 100 15

Table 15: Optimization results of objective parameters.

Objective parameters 𝑚 𝑓1 𝛿max 𝜎max

Initial value 9.790 409.6 0.042 6.806
Optimized value 8.048 419.1 0.054 8.473
Variation −1.742 9.5 0.012 1.667

A: Static Structural
Equivalent Stress
Type: Equivalent (von-Mises) Stress
Unit: MPa
Time: 1
2016/11/22 13:20

8.473 Max
7.5327

6.5924

5.6521

4.7119

3.7716

2.8313

1.891

0.95075

0.010479 Min

Figure 20: Stress nephogram of optimized model.

using the optimized structure parameters to regenerate 3D
model. Structure response parameters of the optimized
model are obtained by static analysis and modal analysis and
compared with structure response parameters of the initial
model as shown in Table 15. The comparison results indicate
that, after the structure optimization, the mass is reduced
by 17.8%; the maximum deformation is increased by about
0.012mm, and the maximum stress value is increased by
about 1.7MPa, but still far less than the allowable value; the
first natural frequency is increased by about 9.5Hz. And then
the frequency response analysis for the optimized model is
conducted again, and the analysis result indicates that the
maximum vibration velocity still occurred in the same region
as node 𝐴; however, the #1 peak vibration velocity at 430Hz
almost completely disappeared, moreover, the #2 peak vibra-
tion velocity is reduced by about 75%, significantly reducing
the influence of vibration on the reliability and motion
accuracy of the palletizing robot. The stress nephogram, the
deformation nephogram, the first modal shape of optimized
model, and comparison of frequency response curve for the
optimized model and the initial model are shown in Figures
20–24, respectively.

A: Static Structural
Total Deformation
Type: Total Deformation
Unit: mm
Time: 1
2016/11/22 13:17

0.054328 Max
0.048291

0.042255

0.036219

0.030182

0.024146

0.01811

0.012074

0.0060372

9.0194e − 7 Min

Figure 21: Deformation nephogram of optimized model.

B: Modal
Total Deformation
Type: Total Deformation

Unit: mm
2016/11/22 13:21

29.324 Max
26.065

22.807

19.549

16.291

13.033

9.7747

6.5166

3.2585

0.00032322 Min

Frequency: 419.14（Ｔ

Figure 22: The first modal shape of optimized model.

4. Conclusion

(1) In this paper, the multicriteria structure optimization
problem of the end effector mounting bracket of MD-1200YJ
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Figure 23: Frequency response curve of optimized model.
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Figure 24: Comparison of frequency response curve for the opti-
mized model and the initial model.

type palletizing robot was researched. The finite element
model of the part is established, and the accuracy of the finite
element model was verified by modal test.

(2) Through modal analysis, vibration response test,
frequency response analysis, and the static analysis, con-
sidering inertia, the mass is minimized, the maximal stress
is minimized, the maximal deformation is minimized, and
the first natural frequency is maximized as the optimization
objectives are determined. Five design variables were selected
by sensitivity analysis based on the DOE combined with
the Spearman rank correlation coefficient method, as well
as their value range as the constraint conditions; the Box-
Behnken method was used to construct the RSM model of
objective functions and verify the credibility of theRSMmod-
els meeting the requirements, putting forward an analytic
hierarchy process based on the finite element analysis (FEA
+ AHP) method, to improve the objectivity of comparison
matrix to a certain extent, to determine theweight coefficients

of objective functions; the multicriteria optimization design
model was established and theNSGA- II algorithm is used for
solving to obtain optimization results.

(3) Compared with the initial model, mass of the opti-
mized model is reduced by 17.8% in the case of the maximum
stress and deformation within the allowable range; and the
first natural frequency of the optimized model is increased
and vibration response characteristics of the entire structure
are improved significantly. The validity of the optimization
design method is verified.
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Aiming at how to achieve optimal control of joint pitch angles in the process of the robot surmounting obstacle, taking the developed
coal mine rescue snake robot as an experimental platform, a pose control algorithm based on particle swarm optimization weight
coefficient of extreme learning machine (PSOELM) is proposed. In order to obtain the optimized hidden layer matrix of the
extreme learning machine (ELM), particle swarm optimization (PSO) is applied to optimize the weight coefficient of hidden layer
matrix.The simulation and experiment results prove that, compared with the ELM algorithm, the smaller mean square error (MSE)
between the joint pitch angles of robot and the expected values is acquired by the PSOELM, which overcomes the shortcoming that
traditional extreme learning machine cannot reach the best performance because of the random selection of the parameters of the
hidden layer nodes. PSOELM is superior to ELM algorithm in control accuracy, fast searching for the optimal and stability. Optimal
control of robot’s joint pitch angles is achieved.The algorithm is applied to the surmounting obstacle control of the developed snake
robot, and it lays the foundation for further implement of the coal mine rescue.

1. Introduction

The snake robot has the characteristics of good stability,
multiple degrees of freedom, multimovement gaits, small
cross-section, and so forth. The snake robot can walk on the
rugged grounds, can move through caves, and has strong
obstacle surmounting abilities. Therefore, compared with
the traditional mobile robot driven by wheels or caterpillar
tracks, faced with the complex environment after a coal mine
disaster, the snake robot can quickly and reliably respond to
rescue work. The robot can replace the rescue personnel to
enter the site as a first responder. The site information can be
collected, and scientific basis for a rapid rescue is provided.
Hence developing a coal mine rescue snake robot has a very
important practical significance. At the same time, multiple
degrees of freedom and flexibility in the movement of the
snake robot has brought opportunities and challenges for
the research of its pose control. To allow the snake robot to
move as flexibly as biological snakes, there are a variety of
methods for pose control such as the discrete curve method,

dynamics and kinematics model generation method, neural
networkmodel generationmethod (e.g., CPG: central pattern
generator) [1], and so on.

Discrete Curve Method. This method refers to that a curve
which is defined according to biological snake gait is fitted
by the body of snake robot; thus each joint rotating angle of
the robot is obtained, also known as the “inverse kinematics
method.” According to the serpenoid curve of serpentine
locomotion proposed by Hirose [2], Wang et al. [3] used
the specific parameters including the wave propagation rate
and the number to disperse the serpenoid curve, and the
governing equations of serpentine locomotionwere obtained.
Ye et al. [4] proposed a simple snake curve for rotational and
lateral motion and thus made the motion control equation
of snake robot simpler. Hatton and Choset [5] used a back
curve (backbone curve) to extract the waveform of the
snake robot and to fit the waveform by using the simulated
annealing algorithm; hence multiple gaits for the snake
robot were acquired. Xie et al. [6] developed a prototypical
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underwater snake robot. The snake’s body is composed of
16 light waterproof small servomotors, and the serpentine
locomotion control of robot was realized by using the snake
curve. The discrete curve method has the advantages of
simple implementation and easy control. The disadvantage is
that the jumping of joint angular velocity and torque can lead
to the servomotors locking phenomenon and the damage of
servomotors.

Dynamic and Kinematic Model Generation Method. Aim-
ing at the snake robot with linkage type equipped with
three driven wheels, Ostrowski and Burdick [7] established
a dynamic model of serpentine locomotion by using the
Lagrange method and analyzed the controllability of the
snake robot. Liljeback et al. [8] established a dynamic model
of the snake robot by making use of the relationship between
contact force and relative angle, thereby achieving control
of obstacle-aided snake robot locomotion. Chen et al. [9]
established a space kinematic model (spatial linkage model),
and two kinds of three-dimensional motion of snake robot,
side winding and lateral rolling, were implemented. Wei and
Sun [10] established a kinematic model of snake robot based
on orthogonal joints, achieving control of the bridge cable
climbing gait. Guo et al. [11] put forward a velocity tracking
control algorithm avoiding the singular posture based on
the dynamic and control unified model. The algorithm was
applied to motion control of a snake robot with passive
wheels. Cheng et al. [12] presented the method of surmount-
ing obstacle for snake robot with 16 P-R-T unitmodules based
on the kinematic model. The advantage of the dynamic and
the kinematic model generation method is that complex and
accurate gait control can be realized.The disadvantage is that
the modeling process is difficult, and the controller must
perform a large amount of calculation, and the adaptability
to unknown environments is poor.

Neural Network Model (CPG) Generation Method. The CPG
method has been widely used in the control of snake robots.
Crespi and Ijspeert [13] made use of the CPG model and
accomplished optimal control of the swimming and crawling
of a snake robot. Lu et al. [14] proposed a cyclic inhibitory
CPG controller and serpentine locomotion of a snake robot
was successfully implemented. Aiming to resolve the problem
of low efficiency and instability of parameter tuning in the
cyclic inhibitoryCPG controlmodel, Lian et al. [15] presented
a parameter optimization method of CPG model based on
genetic algorithms, and the method was effectively applied to
the gait control of a snake robot. Gao et al. [16] established a
CPG motion control network by using Hopf oscillators and
applied the network to the serpentine locomotion of a snake
robot, which improved the environmental adaptability of the
robot. CPG control has the advantage of easy integration of
environmental information, so that the snake robot has the
ability to adapt to the environment. The disadvantage is that
the control parameters in CPG model need to be further
optimized.

Based on the present methods for pose control of the
snake robot, combined with the advantages of particle swarm

Figure 1: The orthogonal joint connection diagram.

optimization (PSO) algorithm and extreme learningmachine
(ELM), a pose control algorithm based on particle swarm
optimization weight coefficient of extreme learning machine
(PSOELM) is put forward. Taking the developed coal mine
rescue snake robot as an experimental platform, and, in order
to achieve optimal control of robot’s joint pitch angles, the
PSOELM algorithm is applied to the robot’s surmounting
obstacle behavior.

2. Design of the Coal Mine
Rescue Snake Robot

2.1. Design of Mechanical Structure. The mechanical body of
the coal mine rescue snake robot adopts orthogonal joint
connection, which has four orthogonal joints, as is shown in
Figure 1. The total length of the snake robot is 1m, and it is
composed of the head, the body, and the tail. Considering
the rugged tunnel environment after the coal mine disaster,
the robot is driven by the self-made blades wheels. Compared
with snake robot driven by wheels or caterpillar tracks,
this robot has better obstacle surmounting capabilities. The
mechanical structure of the robot is shown in Figure 2.

The robot’s characteristics are as follows.
(1) Unit module idea is adopted; the head of snake robot

(6) is composed of a night vision device and sensor group,
installed in the front end of the unit module (1).

(2) The body of snake robot (29) is composed of five unit
modules (1, 2, 3, 4, and 5), five connecting plates (12, 13, 14, 15,
and 16), four orthogonal joints (8, 9, 10, and 11), and two speed
servomotors (27 and 28). Among them, each orthogonal joint
consists of a horizontal and a vertical direction servomotor.

(3)Thefive unitmodules are, respectively, installed on the
five connecting plates and are connected successively through
the four orthogonal joints to form the body of the snake
robot. In which, the unit modules (2, 3, and 4) have the same
structure, each having two direction servomotors, two direct
current speed reduction motors, and two blades wheels; the
unit modules (1, 5) are identical in structure, each having one
direction servomotors, two direct current speed reduction
motors, and two blades wheels.

(4)The tail of snake robot (7) consists ofmaster controller,
power source, obstacle avoidance module, and communica-
tion module, installed in the back end of the unit module (5).
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Figure 2: Mechanical structure of the blades wheels snake robot.
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Figure 3: The snake robot entering the simulated coal mine tunnel.

(5) The blades wheels (17, 18, 19, 20, 21, 22, 23, 24, 25,
and 26) as moving mechanism, installed on both sides of the
snake robot.

(6) The speed servomotor (28) is used to control the
rotation of the blades wheels (17, 19, 21, 23, and 25) on the left
side of the snake robot. The speed servomotor (27) is used to
control the rotation of the blades wheels (18, 20, 22, 24, and
26) on the right side of the snake robot.

The snake robot enters the simulated coal mine tunnel,
which is semioval tunnel, as shown in Figure 3.

2.2. Design of the Control System. The control system, as
shown in Figure 4, is made up of the power source, envi-
ronmental detection system, pose control system, master
controller, mobile mechanism, obstacle avoidance module,
communication module, and host computer system.

Among them, the power source includes E1 and E2, of
which E1 is a 12.6v Li-PO rechargeable battery with charging
current of 1300mAh. E1 supplies power to servomotors and
direct current speed reduction motors. E2 is 4.5v mercury-
free alkaline battery and supplies power to the obstacle
avoidance module.

The environmental detection system consists of a night
vision device and sensor group. The night vision device can
be set to night mode and general mode. The sensor group is
composed of two ultrasonic sensors and an infrared sensor.
Taking into account the special environment of coal mine
tunnel, the night vision device is installed on the top of
head, and the overall environment information of simulated
coal mine tunnel can be obtained by the night vision device.
Two ultrasonic sensors are installed on the left and right
sides of the head, and the infrared sensor is installed in the
middle. The distance information between the snake robot
and obstacles can be obtained by using ultrasonic sensors
and infrared sensor, and the infrared sensor can effectively

module
Communication 

Master 
controller

Obstacle 
avoidance 
module

Power source

system

Environmental 
detection 

system
Pose control 

Host computer system

Mobile 
mechanism

Figure 4: Control system of the snake robot.

compensate for the fade zone existing in ultrasonic sensor
ranging.

The pose control system is mainly composed of four
horizontal and four vertical direction servomotors.The hori-
zontal direction servomotors control serpentine and straight
posture of the snake robot.The vertical direction servomotors
control concertina and head rising posture. The M-24 digital
servomotor is selected. When used as the joint motor, it
can rotate 0∼300 degrees and provide up to 16 kg⋅cm of
torque, which is 2 times that of the general digital servomotor.
Each servomotor has an individual ID. Each servomotor can
be independently controlled, and thus the control of snake
robot’s gait and pose is acquired.

The master controller uses the Vensmile W10 Mini PC,
which has the Atom Z3735F Bay Trail processor, 2 GB
memory, and 64GB storage space.

The mobile mechanism is made up of two speed ser-
vomotors, ten direct current speed reduction motors, and
ten blades wheels. By controlling the speed servomotors,
the direct current speed reduction motors are driven to
motivate the blades wheels to rotate, and then the purpose
of controlling the speed of the snake robot is realized.

The obstacle avoidance module uses Arduino Uno R3
control board, and its main control chip is ATMEGA328P-
PU of Atmel Company.

The communication system uses a self-organized LAN
(local area network) to complete data and video image
transmission function.

The host computer system includes a monitoring screen
of the snake robot’s locomotion and the real-time display
screen of the environment of the simulated coal mine tunnel.



4 Mathematical Problems in Engineering

Initialization

Start

ahead
Straight

Avoid obstacle
Move ahead

Whether 

in front

there are 
obstacles 

End

PSOELM
Optimizing by 

PSOELM
Optimizing by 

PSOELM
Optimizing by 

Yes

Yes

Yes

Yes

No

No

No

No

Execute R-1

Execute R-2

Execute R-3

ℎ < 5

ℎ < 8

ℎ < 12

Figure 5: Flowchart of the pose control algorithm.

And intelligent identification and location of cracks on the
tunnel could also be achieved.

3. Pose Control Algorithm
Based on the PSOELM

Pose control algorithm based on particle swarm optimization
weight coefficient of extreme learning machine (PSOELM)
is proposed, and the algorithm is applied to the robot’s
surmounting obstacle behavior. The obstacles are divided
into cuboids, cubes, or cylinders. The flowchart of the pose
control algorithm is shown in Figure 5, in which R-1, R-
2, and R-3 refer to the first three rules in the expert rules
of robot’s pose control. The algorithm is composed of three

steps: firstly, the expert rules of robot’s pose control are
obtained; secondly, the control model based on extreme
learning machine (ELM) is established; thirdly, the particle
swarm optimization algorithm is used to optimize the hidden
layer matrix weight coefficient of extreme learning machine,
so as to obtain the optimized hidden layer matrix, and the
optimal control of joint pitch angles of the snake robot is
achieved.

3.1. The First Step: Expert Rules of Pose Control. (1) When
the sensors detect the height of obstacle is low (ℎ < 5 cm),
the first joint is raised to 45 degrees and the second joint is
raised to 15 degrees by UK1 and UK3, and then UK5 and
UK7 cause the third and fourth joints to synchronously move
ahead. Here, UK1, UK3, UK5, and UK7, respectively, refer
to the output variables of master controller controlling four
vertical direction servomotors.

(2) When the sensors detect the height of obstacle is
higher (5 cm < ℎ < 8 cm), the first joint is raised to 45 degrees
and the second joint is raised to 35 degrees by UK1 and UK3,
and then UK5 and UK7 cause the third and fourth joints to
synchronously move ahead.

(3) When the sensors detect the height of obstacle is
higher (8 cm < ℎ < 12 cm), the first joint is raised to 45
degrees and the second joint is raised to 45 degrees and the
third joint is raised to 25 degrees by UK1, UK3, and UK5, and
then UK7 lets the fourth joint move ahead.

(4) When the sensors detect the height of obstacle is
highest (ℎ > 12 cm), the robot chooses the obstacle avoidance
action to bypass the obstacle.

(5)While surmounting the obstacle, the robot must bend
at the joint (waist). When the head joint of the snake is past
the apex of the obstacle, it must tilt downwards such that the
joint contacts the ground and the angle of the joint in the
vertical direction is 0 degrees. Such as the first joint inclines
downward to −45 degrees and, at the same time, the joint
is associated with the first joint rises. When the first joint
is on the ground and the joint angle changes to 0 degrees,
the actions of surmounting the obstacle are completed. In
summary, the whole process of surmounting an obstacle
includes the six related actions, which are raising the head,
moving forward, bowing head, bowing the body, raising the
tail, and making straightening out.

3.2. The Second Step: The Control Model Based on Extreme
Learning Machine (ELM). Snake robot’s locomotion of sur-
mounting obstacle refer to that, in the orthogonal joint, the
angle of joint in the horizontal direction (namely left and
right) keeps 0 degrees, while the angle of joint in the vertical
direction (namely up and down) changes according to the
cosine curve. Here, according to the equation of serpenoid
curve curvature of Hirose, 𝜃𝑖 is defined as the angle between
the 𝑖th joint and the horizontal direction (namely the pitch
angle) and expressed as follows:

𝜃𝑖 = 𝑎0 cos(𝑖𝐿𝑘𝑛 ) , (1)

where 𝑎0 is the initial angle of serpenoid curve. 𝑘 is the scale
factor of robot’s pitch angle. 𝐿 is the total length of snake
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robot. 𝑛 is the number of unit modules. 𝑛 − 1 is the number
of joints. 𝑖 represents 𝑖th joint. 𝑖 = 1, 2, . . . , 𝑛 − 1.

𝜑𝑖 is defined as the relative rotation angle between the
𝑖th joint and the (𝑖 − 1)th joint. The relative rotation angle
function of the 𝑖th joint in dynamic condition can be obtained
as follows:

𝜑𝑖 (𝑡) = −2𝑎0 sin (𝑘1𝑙) sin (𝜔𝑡 + 𝑘1 (𝑠 − 2 (𝑖 − 1) 𝑙)) , (2)

where 𝑎0 is the initial angle of serpenoid curve. 𝑘1 is the scale
factor of joint’s relative rotation angle. 𝑠 is the total length
of serpenoid curve. 2𝑙 is the length of unit module of snake
robot. 𝑖 represents 𝑖th joint. 𝑖 = 1, 2, . . . , 𝑛 − 1. Here, 𝑘1 =2𝜋/(𝑠 + 𝑐), 𝑐 is the adjustment parameter.

Amodel of extreme learningmachine (ELM) algorithm is
a feed-forward neural network with single hidden layer. The
basic idea is that all the hidden node parameters (including
the weight between the hidden layer and the input layer and
the bias of the hidden layer nodes) are randomly generated
and are independent of the objective functions and the
training sample and do not need iterative adjustment. Only
the number of hidden layer nodes needs to be set, and then
the weight between the hidden layer and the output layer
is analyzed and calculated. The optimal weight coefficient
is obtained by using the particle swarm optimization (PSO)
algorithm and the final network output acquired is the opti-
mal solution. If the pitch angle is optimized, the algorithm is
used to optimize formula (1). If the relative rotation angle is
optimized, the algorithm is used to optimize formula (2).The
following is mainly aimed at the optimization of pitch angle
in the second step.

The systemmodel is the 3-6-1 type network.The network
input is three kinds of random permitted solution 𝜃𝑖 =
[𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3]𝑇, (𝑖 = 1, 2, 3), which indicates the first three joint
angles of snake robot when the obstacle is three different
heights. The hidden layer nodes are 6. The output node of
network is 1, which corresponds to the actual angles of the
first three joints of the snake robot when surmounting the
obstacle. The angles specified by each expert rule in the
first step are used as the expected angles. The error between
the actual angles and the expected angles of the joints is
minimized by the extreme learning algorithm; that is, the
error between the network output (actual angles) and the
expected output (expected angles) is minimized and Δ𝜃𝑖 → 0
is accomplished.

The extreme learning algorithm is equivalent to solving
the objective function 𝐿:

min: 𝐿

= 1
2
𝛽2 + 12𝐶

3

∑
𝑖=1

Δ𝜃𝑖2

−
3

∑
𝑖=1

6

∑
𝑗=1

𝜆𝑖 (ℎ (𝜃𝑖) 𝛽𝑗 − 𝑦𝑖 − Δ𝜃𝑖) ,

(3)

where 𝜃𝑖 = [𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3]𝑇, (𝑖 = 1, 2, 3) are input neurons for
extreme learning machine; 𝑌 = [𝑦1 𝑦2 𝑦3]𝑇 is expected
output for extreme learning machine; 𝛽 is weight between

hidden layer and output layer; Δ𝜃𝑖 is pitch angle error
of snake robot of network training; 𝐶 is corresponding
penalty factor of Δ𝜃𝑖; 𝜆𝑖 is Lagrange multiplier; ℎ(𝜃𝑖) =
[𝐺(𝑎1, 𝑏1, 𝜃𝑖), 𝐺(𝑎2, 𝑏2, 𝜃𝑖), . . . , 𝐺(𝑎𝐿, 𝑏𝐿, 𝜃𝑖)] is the output vec-
tor of hidden layer about 𝜃𝑖, where𝐺(𝑎𝑗, 𝑏𝑗, 𝜃𝑖) is the output of
the 𝑗th hidden node through the activation function. 𝑎𝑗 is the
weight between the 𝑗th hidden layer node and the network
input. 𝑏𝑗 is the bias of the 𝑗th hidden layer node. Here, the
hyperbolic function is chosen as the activation function, the
input of the 𝑗th hidden node of the network is gained, as the
following formula:

𝑞𝑗 =
6

∑
𝑗=1

𝑎𝑗𝜃𝑖 + 𝑏𝑗. (4)

So, the output vector of the 𝑗th hidden node about 𝜃𝑖 is as
follows:

ℎ𝑗 (𝜃𝑖) = 1 − 𝑒−𝑝𝑞𝑗
1 + 𝑒−𝑝𝑞𝑗 , (5)

where 𝑝 is the optimal weight coefficient.
Calculate the partial derivative for each variable of the

objective function 𝐿:
𝜕𝐿
𝜕𝛽𝑗 = 0 →

𝛽𝑗 =
3

∑
𝑖=1

𝜆𝑖ℎ (𝜃𝑖)𝑇 →

𝛽 = 𝐻𝑇𝜆
𝜕𝐿

𝜕 (Δ𝜃𝑖) = 0 →
𝜆𝑖 = 𝐶 (Δ𝜃𝑖)
𝜕𝐿
𝜕𝜆𝑖 = 0 →

ℎ (𝜃𝑖) 𝛽 − 𝑦𝑇𝑖 + (Δ𝜃𝑖)𝑇 = 0,

(6)

where𝐻 is a 3 × 6-dimensional hidden layer output matrix:

𝐻 = [ℎ (𝜃1) ℎ (𝜃2) ℎ (𝜃3)]𝑇 , (7)

because

𝑌 = [𝑦1 𝑦2 𝑦3]𝑇 . (8)

From formula (3) we obtain 𝜕𝐿/(𝜕𝛽𝑗, 𝜕(Δ𝜃𝑖), 𝜕𝜆𝑖) > 0.
So, according to the principle of least squares, the following
formula can be derived:

( 𝐼𝐶 + 𝐻𝐻𝑇)𝜆 = 𝑌. (9)

Then, the weight 𝛽 can be deduced as shown in the
following formula:

𝛽 = 𝐻𝑇𝜆 = 𝐻𝑇 ( 𝐼𝐶 + 𝐻𝐻𝑇)−1 𝑌. (10)
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(a) (b)

Figure 6: (a) Action 1 of surmounting the obstacle. (b) Action 2 of surmounting the obstacle.

Therefore, the output formula (11) of the extreme learning
machine is obtained:

𝑓 (𝜃𝑖) = ℎ (𝜃𝑖) 𝛽 =
6

∑
𝑗=1

ℎ𝑗 (𝜃𝑖)𝐻𝑇 ( 1𝐶 + 𝐻𝐻𝑇)−1 𝑌. (11)

3.3. The Third Step: Particle Swarm Optimization Weight
Coefficient 𝑝. In formula (11), in order to solve the optimal
weight coefficient 𝑝 of hidden layer matrix, the particle
swarm optimization algorithm is used. In the process of
solving, the particle is updated by tracking the two optimal
values.The first one is the optimal solution which is searched
by the particle itself, and the other is the optimal solution
searched by the whole swarm so far. The formula used is as
follows:

V𝑖 (𝑡 + 1) = 𝜔V𝑖 (𝑡) + 𝑐1𝑟1 (𝑥𝑝best𝑖 − 𝑥𝑖 (𝑡))
+ 𝑐2𝑟2 (𝑥𝑔best𝑖 − 𝑥𝑖 (𝑡)) ,

𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + V𝑖 (𝑡 + 1) ,
(12)

where 𝑖 represents a particle. 𝑥𝑖 indicates the position of
the particle at 𝑡 moment (corresponding to the optimal
weight coefficient 𝑝 of output matrix of the hidden layer at
𝑡moment). V𝑖 indicates the velocity of particles at 𝑡moment.
𝑥𝑝best𝑖 represents the best position of the particle so far. 𝑥𝑔best𝑖
represents the best position searched by the whole swarm
so far. 0 < 𝜔 < 1 is inertial coefficient. 𝑐1 and 𝑐2 are
learning factors. 𝑟1 and 𝑟2 are the randomnumbers uniformly
distributed on interval (0, 1). After calculating V𝑖(𝑡 + 1), the
position 𝑥𝑖(𝑡 + 1) of the particle 𝑖 at next moment can be
calculated.That is, position 𝑥𝑖 is changed bymodifying speed
V𝑖 to make Δ𝑝𝑖 → 0, achieving optimal weight coefficient 𝑝.

In this system, the weight coefficient of hidden layer
matrix is optimized by the particle swarm optimization
algorithm. It makes that the error between the actual output
of extreme learning machine 𝑓(𝜃) and the expected output
𝑌 is minimized, that is, Δ𝜃𝑖 → 0. The optimal pitch angle of
each joint is obtained.

4. Simulation Experiment and Result Analysis

Combined with the snake robot’s behavior of surmounting
obstacle which are shown in Figures 6(a) and 6(b), the 15

training samples and 5 test samples were randomly selected.
Input variables are pitch angles of the first three joints
when the obstacle is three different heights, that is, 𝜃𝑖 =[𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3]𝑇, 𝑖 = 1, 2, 3, and input layer nodes are 3. Output
variables are the actual pitch angles of the first three joints,
that is, 𝑓(𝜃) = [𝑓(𝜃1) 𝑓(𝜃2) 𝑓(𝜃3)]𝑇, and the output node
is 1. The computer simulation is carried out in MATLAB.

The effects of the ELM and POSELM control models
are evaluated by comparing the following 4 indicators. The
performance and generalization ability of the model are
evaluated by calculating MSE (mean square error) and deter-
minant coefficient 𝑅2. The computation speed is evaluated by
comparing the runtime of models. The stability of the model
is evaluated by analyzing the effect of the number of hidden
layer nodes on MRE (mean relative error).

(1) MSE (Mean Square Error) and Determinant Coefficient 𝑅2.
Here,

MSE = 1
𝑛
𝑛

∑
𝑖=1

(𝑓 (𝜃𝑖) − 𝑦𝑖)2 ,

𝑅2

= (𝑛∑𝑛𝑖=1 𝑓 (𝜃𝑖) 𝑦𝑖 − ∑𝑛𝑖=1 𝑓 (𝜃𝑖)∑𝑛𝑖=1 𝑦𝑖)2
(𝑛∑𝑛𝑖=1 𝑓 (𝜃𝑖)2 − (∑𝑛𝑖=1 𝑓 (𝜃𝑖))2) (𝑛∑𝑛𝑖=1 𝑦𝑖2 − (∑𝑛𝑖=1 𝑦𝑖)2)

.
(13)

In formula (13), 𝑛 represents the number of samples.
𝑓(𝜃𝑖) is the output of the optimal control model, and 𝑦𝑖 is
the expected output. The smaller the MSE, the better the
performance of themodel.The value of𝑅2 is in the interval of
[0, 1].The closer to 1, the better the performance of themodel.

PSOELM and ELM are used, respectively, to control the
joint pitch angles of snake robot, and the simulation results
are shown in Figure 7. The 𝑥-axis represents the first three
joints of snake robot, and the 𝑦-axis indicates the joint pitch
angle. During surmounting the obstacle, when the obstacle
height ℎ < 5 cm, pitch angles of the first three joints are,
respectively, controlled by the PSOELM and ELM, and the
results are, respectively, given as shown in Figures 7(a) and
7(b). Determinant coefficient 𝑅2 is 1, and mean square error
of pitch angles, respectively, reaches 6.4198 × 10–35 and 1.0272
× 10−32; when the obstacle height 5 cm < ℎ < 8 cm, pitch
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Figure 7: (a) Pitch angles optimized by the PSOELM (ℎ < 5 cm). (b) Pitch angles controlled by the ELM (ℎ < 5 cm). (c) Pitch angles optimized
by the PSOELM (5 cm < ℎ < 8 cm). (d) Pitch angles controlled by the ELM (5 cm < ℎ < 8 cm). (e) Pitch angles optimized by the PSOELM
(8 cm < ℎ < 12 cm). (f) Pitch angles controlled by the ELM (8 cm < ℎ < 12 cm).
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Table 1: MSE comparison between PSOELM and ELM.

Algorithm types MSE of pitch angle
(ℎ < 5 cm)

MSE of pitch angle
(5 cm < ℎ < 8 cm)

MSE of pitch angle
(8 cm < ℎ < 12 cm)

PSOELM 6.4198 × 10−35 4.1087 × 10−33 1.0272 × 10−33

ELM 1.0272 × 10−32 1.3132 × 10−32 1.2326 × 10−32
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Figure 8: Comparison of the runtime of the 10 models (POSELM
versus ELM).

angles of the first three joints are, respectively, controlled by
the PSOELMand ELM, and the results are, respectively, given
as shown in Figures 7(c) and 7(d). Determinant coefficient
𝑅2 is 1, and mean square error of pitch angles, respectively,
reaches 4.1087 × 10–33 and 1.3132 × 10−32; when the obstacle
height 8 cm < ℎ < 12 cm, pitch angles of the first three joints
are, respectively, controlled by the PSOELM and ELM, and
the results are, respectively, given as shown in Figures 7(e)
and 7(f). Determinant coefficient 𝑅2 is 1, and mean square
error of pitch angles, respectively, reaches 1.0272 × 10–33 and
1.2326 × 10−32. MSE based on PSOELM and ELM is shown in
Table 1. It can be seen from Figure 7 and Table 1, compared
with ELM, the smaller mean square error and better control
accuracy and generalization ability are acquired by PSOELM.
Optimal control of joint pitch angles can be realized.

(2) The Model Runtime. Since the training set and the test
set are generated randomly, each runtime of the model is
different.The above-mentioned 10 identical ELMmodels and
10 identical POSELMmodels are, respectively, selected to test
their computation speed.Themaximumnumber of iterations
is 3. As shown in Figure 8, the average runtime of the 10 ELM
models and the 10 POSELM models is, respectively, 0.0426 S
and 0.0535 S. So the runtime of the ELM and POSELM
models is roughly the same, and it is all around 50ms. It can
be seen that the POSELMmodel continues the characteristics
of the fast learning of the ELMmodel;

j

×10−5

PSOELM
ELM
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1.011
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M
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Figure 9: Hidden layer nodes andmean relative error (MRE) curves
(POSELM versus ELM).

(3) The Stability of the Model. The effect of the number
of hidden layer nodes on MRE is analyzed to evaluate the
stability of the model. The relationship curves between the
hidden layer node 𝑗 and MRE are shown in Figure 9. As
obtained from Figure 9, the ELMmodel shows great volatility
with the change of 𝑗, which is caused by random selection
of input weight and hidden layer node bias. In the POSELM
model, the fluctuation of MRE is smaller with the change of
𝑗, and the smaller hidden layer nodes can ensure that MRE is
the smallest.When 𝑗 is 6, MRE is the smallest, which is 1.3673
× 10−16. The POSELM model has the characteristic of fast
searching for the optimal and stability, and it has significant
advantages in the control of the joint pitch angles of the snake
robot.

5. Conclusion

A coal mine rescue snake robot is developed, and, taking
the robot as an experimental platform, aiming at the robot’s
obstacle surmounting behavior, a pose control algorithm
based on particle swarm optimization weight coefficient of
extreme learningmachine (PSOELM) is studied in this paper.
The following conclusions are drawn.

(1) The mechanical structure and control system of
the coal mine rescue snake robot are designed and made,
respectively. The mechanical part is consisted of five unit
modules, five connecting plates, four orthogonal joints, and
two speed servomotors. The robot has better capability to
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surmount the obstacle because of using the self-made blades
wheels. The control system is made up of the power source,
environmental detection system, pose control system, master
controller, mobile mechanism, obstacle avoidance module,
communication module, and host computer system. The
snake robot can walk on the rugged grounds. By controlling
the direction servomotors, serpentine, straight, concertina,
and head rising posture of the snake robot can be acquired,
and the speed of the snake robot can be changed by control-
ling the speed servomotors.

(2) The pose control algorithm based on PSOELM is
proposed and discussed; compared with simulation results
of the algorithm based on ELM, the PSOELM algorithm
has the following advantages: the smaller mean square error
and better control accuracy and generalization ability are
acquired; the characteristics of fast learning of ELM are
continued, having the characteristic of fast searching for the
optimal and better stability; so optimal control of robot’s joint
pitch angles is achieved by the PSOELM algorithm.

(3)ThePSOELMalgorithm is applied to the surmounting
obstacle control of the developed snake robot, and it lays the
foundation for further implement of the coal mine rescue.
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Due to the complex external environment, many multiagent systems cannot be precisely described or even cannot be described
by an integer-order dynamical model and can only be described by a fractional-order dynamical model. In this paper, consensus
problems are investigated for two types of fractional-order multiagent systems (FOMASs) with nonuniform time delays: FOMAS
with symmetric time delays and undirected topology and FOMAS with asymmetric time delays and directed topology. Employing
the Laplace transform and the frequency-domain theory, two delay margins are obtained to guarantee the consensus for the two
types of FOMAS, respectively. These results are also suitable for the integer-order dynamical model. Finally, simulation results are
provided to illustrate the effectiveness of our theoretical results.

1. Introduction

During recent years, consensus problems of multiagent sys-
tems have attracted a great deal of attention due to their
enormous potential applications in many areas such as the
formation control of multirobot systems [1], cooperative con-
trol of unmanned aerial vehicles [2], and distributed infor-
mation filtering [3]. In the past decade, research results have
been continuously springing up about consensus problems
of various multiagent systems. Examples include consensus
problems of multiagent systems with different dynamics such
as first-order dynamics in [4], second-order dynamics in
[5], and high-order dynamics in [6]; consensus problems of
multiagent systems with different time delays such as fixed
time delays in [7], time-varying delays in [8], and multiple
time delays in [9]; and consensus problems of multiagent
systems with different network topologies such as fixed
topology in [10], switching topology in [11], and randomly
switching topology in [12].

As is known to us, the essential characteristic or behav-
ior of an object in the complex environment can be bet-
ter revealed using the fractional-order dynamical model
[13]. The reason why the system’s actual order (fractional

order) is neglected is the complexity and the lack of cor-
responding theories. But in recent years, this obstacle is
being gradually solved in many fields, and relevant research
results continue to emerge. The authors of [14] simulated
the dynamical characteristics of self-similar protein in the
fractional-order model due to the relaxation processes and
the reaction kinematics of proteins deviated from the expo-
nential behavior. In [15], Professor Liu described the rela-
tionship between weather and climate in fractional deriva-
tive. In [16, 17], Podlubny firstly proposed the fractional-
order proportional-integral differential (PID) controllers,
which had better dynamical performance and robustness
than classical integer-order PID controllers. Fractional-order
dynamical control has received some persuasive results in
the field of linear/nonlinear dynamics [18, 19]. Furthermore,
to the best of our knowledge, Cao et al. specifically studied
distributed coordination of multiagent systems based on
fractional order [13, 20], and they analyzed and summed up
the relationship between the number of individuals and the
fractional order in a stable multiagent system for the first
time.

In practical applications, time delays often exist in
fractional-order multiagent systems (FOMASs), which are
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caused by measuring, computing, or communication. Time
delays are inevitable and they have a bad impact on con-
sensus of FOMASs. Up to now, the consensus problems
for FOMASs with time delays have been studied by some
academic researchers. In [21], a new distributed control pro-
tocol based on the delayed state and delayed-state fractional-
order derivative was introduced for improving the robustness
against communication delays, and all the time delays were
identical. Moreover, a sufficient condition for consensus in
FOMAS with input delays has been presented in [22], and
the time delays contained up to 𝑛 different values when
FOMAS was composed of 𝑛 agents. A generalized form of
FOMAS with self and communication uniform time delays
was considered in [23], and all the time delays were identical.
The fractional-order and compound-order multiagent coop-
erative control protocols with communication delays were
studied in [24, 25], and the time delays contained up to 𝑛
different values when FOMAS was composed of 𝑛 agents.
So far, there exists rare work considering the most common
situation where all the time delays are of different values; that
is, the asymmetric time delays contain up to 𝑛(𝑛−1) different
values when FOMAS consists of 𝑛 agents.

Motivated by the previous analysis, this paper investigates
consensus problems for the two types of FOMAS with
nonuniform time delays: the FOMAS with symmetric time
delays and undirected topology and the FOMAS with asym-
metric timedelays anddirected topology. Firstly, a distributed
control protocol based on state feedback of neighbors is
designed and the closed-loop dynamics are built. By applying
graph theory tools, the model of FOMAS with nonuniform
time delays is established and the consensus problems of
FOMAS with nonuniform time delays are transformed into
the problems of the transform functionmatrix eigenvalues of
FOMAS. By employing Laplace transform of Caputo deriva-
tive, the transform function matrix of FOMAS is derived.
Then, based on the frequency-domain analysis, two delay
margins are obtained to guarantee consensus for the two
types of FOMAS via the characteristic polynomial analysis
of the transform function matrix and the matrix theory
tools. The main innovation of this article lies in the research
on the fractional-order dynamics which can better reveal
the essential characteristic or behavior of an object in the
complex environment and the consensus of FOMAS with
asymmetric time delays which contain up to 𝑛(𝑛−1) different
values when FOMAS consists of 𝑛 agents.

The rest of the paper is organized as follows. In Section 2,
we introduce some basic preliminaries about graph theory
and fractional calculus knowledge. The fractional consensus
algorithms for multiagent dynamical systems with different
types of time delays are studied in Sections 3 and 4. In
Section 5, some numerical examples are simulated to verify
the theoretical results. Finally, conclusions are drawn in
Section 6.

2. Preliminaries

2.1. Graph Theory. In this section, some preliminary knowl-
edge of graph theory is introduced for the following analysis.
Let G(V,E,A) be an interaction graph of order 𝑛, where

V = {𝑠1, . . . , 𝑠𝑛} is the set of nodes, E ⊆ V × V is the
set of edges, and A = [𝑎𝑖𝑗] ∈ R𝑛×𝑛 is a weighted adjacency
matrix. The node indexes belong to a finite index set I ={1, 2, . . . , 𝑛}. If there is a directed edge 𝑒𝑖𝑗 ∈ E which is
from node 𝑠𝑗 to node 𝑠𝑖, then 𝑎𝑖𝑗 > 0; otherwise, 𝑎𝑖𝑗 = 0.
Moreover, we assume 𝑎𝑖𝑖 = 0 for 𝑖 = 1, 2, . . . , 𝑛. If all𝑖, 𝑗 ∈ I have 𝑎𝑖𝑗 = 𝑎𝑗𝑖 ⩾ 0, then it is said that graph
G is an undirected graph; otherwise, it is called a directed
graph. The set of neighbors of node 𝑠𝑖 is denoted by 𝑁𝑖 ={𝑠𝑗 ∈ V : (𝑠𝑖, 𝑠𝑗) ∈ E}. The Laplacian matrix of the
interaction graph is defined as 𝐿 = Δ −A ∈ R𝑛×𝑛, where Δ ≜
diag {degout(ℎ1), degout(ℎ2), . . . , degout(ℎ𝑖), . . . , degout(ℎ𝑛)} is
a diagonal matrix with degout(ℎ𝑖) = ∑𝑛𝑗=1 𝑎𝑖𝑗. For two nodes𝑖 and 𝑘, if the subscript set {𝑘1, 𝑘2, . . . , 𝑘𝑙} satisfies 𝑎𝑖𝑘1 >0, 𝑎𝑘1𝑘2 > 0, . . . , 𝑎𝑘𝑙𝑘 > 0, then there is a directed path from
node 𝑖 to node 𝑘, which is said to be strongly connected. If
any two nodes in the graph are strongly connected, the graph
is said to be strongly connected. If there exists a node such
that there is a directed path from every other node to this
node, this directed graph is said to have a spanning tree. If
there are some graphs G1,G2, . . . ,G𝑀 and graph G with the
same nodes, where the edge set of the graph G is the sum of
the other graphsG1,G2, . . . ,G𝑀, then its Laplacianmatrix of
graphG is the sum of other graphs’ Laplacian matrix; that is,𝐿 = ∑𝑀𝑚=1 𝐿𝑚.
Lemma 1 (see [26]). If graph G is an undirected graph, then
its Laplacian matrix 𝐿 has a zero eigenvalue and the other
eigenvalues are positive real numbers.

Lemma 2 (see [26]). If graph G is a directed graph and has a
spanning tree, then its Laplacianmatrix𝐿 has a zero eigenvalue
and the other eigenvalues have a positive real part.

2.2. Fractional Calculus. Inmodern science, fractional calcu-
lus has played a significant role. There are several different
definitions of fractional calculus operators, such as Caputo
fractional operator and Riemann-Liouville (R-L) fractional
operator in [17]. In this paper, the Caputo fractional operator
will be adopted to model the system dynamical charac-
teristics. What needs to be supplemented is the Caputo
fractional operator that contains the Caputo integral and
Caputo derivative, and the Caputo integral is defined as

𝐶
𝑎𝐷−𝜎𝑡 𝑓 (𝑡) = 1Γ (𝜎) ∫

𝑡

𝑎

𝑓 (𝜂)
(𝑡 − 𝜂)1−𝜎 𝑑𝜂, (1)

where 𝐶𝑎𝐷−𝜎𝑡 𝑓(𝑡) denotes the Caputo integral with order 𝜎 ∈(0, 1], 𝑎 is an arbitrary real number and denotes the initial
value, and Γ(⋅) is the Gamma function

Γ (𝜎) = ∫∞
0
𝑒−𝑡𝑡𝜎−1𝑑𝑡. (2)

For a nonnegative real number 𝛼, the Caputo derivative takes
on the same formwith the traditional integer-order derivative
in essence, but it is based on the Caputo integral:

𝐶
𝑎𝐷𝛼𝑡 𝑓 (𝑡) = 𝐶𝑎𝐷−𝜎𝑡 [ 𝑑[𝛼]+1𝑑𝑡[𝛼]+1𝑓 (𝑡)] , (3)
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where 𝜎 = [𝛼] + 1 − 𝛼 ∈ (0, 1] and [𝛼] is the integral part
of 𝛼. If 𝛼 is an integer, then 𝜎 = 1 and the Caputo derivative
is equivalent to the integer-order derivative. In this paper, let𝑓(𝛼)(𝑡) replace 𝐶𝑎𝐷𝛼𝑡 𝑓(𝑡), and 𝐹(𝑠) = L{𝑓(𝑡)} = ∫∞

0−
𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

denotes the Laplace transform of the function 𝑓(𝑡); then, the
Laplace transform of the Caputo derivative is obtained:

L {𝑓(𝛼) (𝑡)}
= {{{

𝑠𝛼𝐹 (𝑠) − 𝑠𝛼−1𝑓 (0−) , 𝛼 ∈ (0, 1]
𝑠𝛼𝐹 (𝑠) − 𝑠𝛼−1𝑓 (0−) − 𝑠𝛼−2𝑓 (0−) , 𝛼 ∈ (1, 2] ,

(4)

where 𝑓(0−) = lim𝑡→0−𝑓(𝑡) and 𝑓(0−) = lim𝑡→0−𝑓(𝑡).
3. Problem Statement

Consider a FOMAS consisting of 𝑛 agents. Each agent is
regarded as a node in a graph G. Each edge (𝑠𝑖, 𝑠𝑗) ∈ E

corresponds to an available information channel between
agents 𝑠𝑖 and 𝑠𝑗. Suppose that the 𝑖th agent 𝑠𝑖 (𝑖 ∈ I, I ≜{1, 2, . . . , 𝑛}) has dynamics as follows:

𝑥(𝛼)𝑖 (𝑡) = 𝑢𝑖 (𝑡) , 𝑖 ∈ I, (5)

where 𝑥𝑖(𝑡), 𝑢𝑖(𝑡) ∈ R, respectively, denote the 𝑖th agent’s
state and control input and 𝑥(𝛼)𝑖 (𝑡) denotes the𝛼 order Caputo
derivative of 𝑥𝑖(𝑡).
Definition 3. FOMAS (5) reaches consensus if and only if the
states of agents satisfy

lim
𝑡→+∞

(𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)) = 0 (6)

∀𝑖, 𝑗 ∈ I.

To solve the consensus control problem for FOMAS (5),
the distributed control protocol is given as

𝑢𝑖 (𝑡) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 [𝑥𝑗 (𝑡 − 𝜏𝑖𝑗) − 𝑥𝑖 (𝑡 − 𝜏𝑖𝑗)] , 𝑖, 𝑗 ∈ I, (7)

where 𝑎𝑖𝑗 denotes the adjacency elements of interaction graph
G,𝑁𝑖 represents the neighbors collection of the 𝑖th agent, and𝜏𝑖𝑗 > 0 is the time delay for the 𝑖th agent to get the state
information of the 𝑗th agent. If 𝜏𝑖𝑗 = 𝜏𝑗𝑖 holds for all 𝑖, 𝑗 ∈ I,
the time delays are said to be symmetric. Otherwise, the time
delays are said to be asymmetric.

Assume that there are𝑀 different time delays, which are
denoted by 𝜏𝑚 ∈ {𝜏𝑖𝑗 : 𝑖, 𝑗 ∈ I} (𝑚 = 1, 2, . . . ,𝑀). Then, the
control protocol (7) can be rewritten to

𝑢𝑖 (𝑡) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 [𝑥𝑗 (𝑡 − 𝜏𝑚) − 𝑥𝑖 (𝑡 − 𝜏𝑚)] ,
𝑚 = 1, 2, . . . ,𝑀.

(8)

Define 𝜑(𝑡) ≜ [𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇. Using protocol
(8), the closed-loop dynamics of FOMAS (5) can be written
as

𝜑(𝛼) (𝑡) = − 𝑀∑
𝑚=1

𝐿𝑚𝜑 (𝑡 − 𝜏𝑚) , (9)

where 𝜑(𝛼)(𝑡) denotes the 𝛼 order Caputo derivative of 𝜑(𝑡)
and𝐿𝑚 denotes the Laplacianmatrix of a subgraph associated
with the delay 𝜏𝑚.
4. Main Results

4.1. Consensus of FOMAS with Symmetric Time Delays

Theorem4. Assume that the undirected interaction graphG is
connected and the time delays are symmetric. By the distributed
control protocol (8), FOMAS (9) can reach consensus if all
the time delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are less than 𝜏, and
FOMAS (9) cannot reach consensus if all the time delays 𝜏𝑚
(𝑚 = 1, 2, . . . ,𝑀) are greater than 𝜏, where

𝜏 = 𝜋 (2 − 𝛼)2𝜔 , (10)

𝛼 ∈ (0, 2), 𝜔 = 𝜆1/𝛼𝑛 , and 𝜆𝑛 is the maximum eigenvalue of the
Laplacian matrix 𝐿 of graphG.

Proof. Applying the Laplace transform to FOMAS (9), the
following equation can be obtained:

𝑠𝛼𝐼𝑛Ψ (𝑠) − Ω + 𝑀∑
𝑚=1

𝐿𝑚Ψ (𝑠) 𝑒−𝑠𝜏𝑚 = 0, (11)

where Ψ(𝑠) is the Laplace transform of 𝜑(𝑡) and 𝐼𝑛 ∈ R𝑛×𝑛 is
the identity matrix.

Ψ (𝑠)(𝑠𝛼𝐼𝑛 + 𝑀∑
𝑚=1

𝐿𝑚𝑒−𝑠𝜏𝑚) = Ω, (12)

where

Ω = {{{
𝑠𝛼−1𝜑 (0−) , 𝛼 ∈ (0, 1]
𝑠𝛼−1𝜑 (0−) + 𝑠𝛼−2𝜑 (0−) , 𝛼 ∈ (1, 2] . (13)

Equation (12) can be further simplified as

Ψ (𝑠) = Ω𝐺𝜏𝑚 (𝑠) , (14)

where

𝐺𝜏𝑚 (𝑠) = 𝑠𝛼𝐼𝑛 +
𝑀∑
𝑚=1

𝐿𝑚𝑒−𝑠𝜏𝑚 . (15)

For an integer-order system, the roots of the characteristic
polynomial det[𝐺𝜏𝑚(𝑠)] when 𝛼 = 1 are called eigenvalues
of the system; if all nonzero eigenvalues of the system lie in
the left half plane (LHP) of the complex plane, the system
can reach a stable state. However, for a fractional-order
system, is this stability criterion equally applicable?Matignon
firstly studied this problem and pointed out that the stability
of the linear steady-state fractional-order system could be
judged by the eigenvalues of the system in [27]. Two years
later, he gave a conjecture for the stability condition of the
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general linear fractional-order system, which was that all
the poles of the system had negative real parts in [28]. This
conjecture was later rigorously proved in [29] and further
extended to the stability analysis of the delays and neutral
delays for the fractional-order system.Therefore, the stability
criterion of an integer-order system is also applicable to the
stability criterion of a fractional-order system. In addition,
consensus conditions of FOMAS (9) without time delays
(𝜏𝑚 = 0, 𝑚 ∈ {1, 2, . . . ,𝑀}) are obtained in [13]. Thus, as 𝜏𝑚
increases continuously from zero, the eigenvalues of FOMAS
(9) will change continuously from the LHP to the right half
plane (RHP). Once the trajectories of these eigenvalues reach
the RHP through the imaginary axis, FOMAS (9) will no
longer be stable, which results in the failure of the consensus
condition. So what we need to consider is the time delay
when the nonzero eigenvalues of FOMAS (9) appear on the
imaginary axis for the first time, and the time delay will
become the critical point of FOMAS (9) stability, which is
known as the delay margin. Therefore, if we assume that 𝑠 =−𝑗𝜔 is the imaginary eigenvalue of FOMAS (9), 𝑢 ∈ R𝑛 is
the corresponding eigenvector, and ‖𝑢‖ = 1, then there is the
following equation:

[(−𝑗𝜔)𝛼 𝐼𝑛 + 𝑀∑
𝑚=1

𝐿𝑚𝑒𝑗𝜔𝜏𝑚]𝑢 = 0. (16)

Note that all the complex roots of each 𝐺𝜏𝑚(𝑠) appeared
in conjugated pairs and we only need to study the situation
where 𝜔 > 0. On the left side of (16), multiply 𝑢𝐻 (the
conjugate transpose of 𝑢); the following equation can be
obtained:

𝑢𝐻 [(−𝑗𝜔)𝛼 𝐼𝑛 + 𝑀∑
𝑚=1

𝐿𝑚𝑒𝑗𝜔𝜏𝑚]𝑢 = 0,

𝑢𝐻𝑢 (−𝑗𝜔)𝛼 + 𝑢𝐻 𝑀∑
𝑚=1

𝐿𝑚𝑒𝑗𝜔𝜏𝑚𝑢 = 0,
𝑀∑
𝑚=1

𝑢𝐻𝐿𝑚𝑢𝑒𝑗𝜔𝜏𝑚 = −𝑢𝐻𝑢 (−𝑗𝜔)𝛼 ,
𝑀∑
𝑚=1

𝑢𝐻𝐿𝑚𝑢𝑢𝐻𝑢 𝑒𝑗𝜔𝜏𝑚 = − (−𝑗𝜔)𝛼 = −𝜔𝛼 (−𝑗)𝛼

= −𝜔𝛼 {cos(−𝜋2 ) + 𝑗 sin(−𝜋2 )}
𝛼 = −𝜔𝛼𝑒𝑗(−𝜋𝛼/2)

= 𝜔𝛼𝑒𝑗(𝜋(2−𝛼)/2).

(17)

Then, we get

𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚 = 𝜔𝛼𝑒𝑗(𝜋(2−𝛼)/2) ≜ 𝐹 (𝜔) , (18)

where

𝑎𝑚 = 𝑢𝐻𝐿𝑚𝑢𝑢𝐻𝑢 . (19)

Taking the modulus of both sides of (18), we can get the
following inequality:

𝑀(𝜔) ≜ |𝐹 (𝜔)| = 
𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚
 ≤
𝑀∑
𝑚=1

𝑎𝑚 = 𝑢𝐻𝐿𝑢𝑢𝐻𝑢 . (20)

According to Lemma 1, we can get

𝑢𝐻𝐿𝑢𝑢𝐻𝑢 ≤ 𝜆𝑛. (21)

In addition, because |𝐹(𝜔)| = 𝜔𝛼, therefore 𝜔𝛼 ≤ 𝜆𝑛; that
is, 𝜔 ≤ 𝜆1/𝛼𝑛 .

Next, we analyze the principal value of the argument of𝐹(𝜔). According to (18), there is
𝜃 (𝜔) ≜ arg [𝐹 (𝜔)] = 𝜋 (2 − 𝛼)2 , (22)

where 𝜃(𝜔) ∈ [0, 𝜋]. Let
𝜏 (𝜔) ≜ 𝜃 (𝜔)𝜔 = 𝜋 (2 − 𝛼)2𝜔 , (23)

and calculate the derivative of 𝜏(𝜔) about 𝜔:
𝐷1 (𝜔) ≜ 𝑑𝜏 (𝜔)𝑑𝜔 = −𝜋 (2 − 𝛼)2𝜔2 < 0. (24)

It shows that 𝜏(𝜔) is the decreasing function of 𝜔. So, when𝜔 ≤ 𝜔, there is
𝜏 = 𝜏 (𝜔) ≤ 𝜏 (𝜔) . (25)

What we need to be aware of is that the above conclusion
is based on the assumption that the system eigenvalues exist
on the imaginary axis. If we make all 𝜏𝑚 < 𝜏, there is
𝜏 (𝜔) = 𝜃 (𝜔)𝜔 = arg (∑𝑀𝑚=1 𝑎𝑚𝑒𝑗𝜔𝜏𝑚)𝜔 ≤ max {𝜔𝜏𝑚}𝜔

< 𝜔𝜏𝜔 = 𝜏.
(26)

Inequality (26) contradicts inequality (25).That is, as long
as all 𝜏𝑚 are less than 𝜏, we can avoid the eigenvalues of the
FOMAS crossing the imaginary axis to reach the unstable
RHP and the FOMAS can still reach consensus. On the other
hand, when all 𝜏𝑚 = 𝜏, −𝑗𝜔 is an imaginary eigenvalue of
the FOMAS, whose corresponding eigenvector 𝑢(𝜔) makes| ∑𝑀𝑚=1 𝑎𝑚| = 𝜆𝑛 hold, so 𝜏 is the critical delay which is called
the delay margin. When all 𝜏𝑚 > 𝜏, there must exist at least
one eigenvalue of the FOMAS in the RHP. Then, according
to the principle of stability, the states of the FOMAS are
no longer convergent and the FOMAS with symmetric time
delays cannot reach consensus. Proof is completed.

Remark 5. For FOMAS (9) without time delays (𝜏𝑚 =0, 𝑚 ∈ {1, 2, . . . ,𝑀}), consensus is achieved if an undirected
interaction graph is connected and 𝛼 ∈ (0, 2) in [13]. In
addition, because 𝜏 > 0 in (10), we can derive that𝛼 < 2. So, in
order to achieve the consensus of FOMAS (9)with symmetric
time delays, the fractional order should also satisfy 𝛼 ∈ (0, 2).
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Corollary 6. Assume that the undirected interaction graphG
is connected and the time delays are symmetric. When 𝛼 = 1,
by the distributed control protocol (8), FOMAS (9) can reach
consensus if all the time delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are less
than 𝜏, and FOMAS (9) cannot reach consensus if all the time
delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are greater than 𝜏, where

𝜏 = 12𝜋𝜆−1/𝛼𝑛 . (27)

4.2. Consensus of FOMAS with Asymmetric Time Delays

Theorem 7. Assume that the directed interaction graph G
has a spanning tree and the time delays are asymmetric. By
the distributed control protocol (8), FOMAS (9) can reach
consensus if all the time delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are less
than 𝜏, and FOMAS (9) cannot reach consensus if all the time
delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are greater than 𝜏, where

𝜏 = min
‖𝜆𝑖‖ ̸=0

{𝜋 (2 − 𝛼) /2 − arg (𝜆𝑖)𝜔𝑖 } , (28)

𝛼 ∈ (0, 2𝜃/𝜋), 𝜃 = min{𝜋 − arg(𝜆𝑖)} (𝜆𝑖 ̸= 0, 𝑖 = 1, 2, . . . , 𝑛),𝜔𝑖 = ‖𝜆𝑖‖1/𝛼, and 𝜆𝑖 is the 𝑖th eigenvalue of the Laplacian
matrix 𝐿 of the graphG.

Proof. We use the frequency-domain proof method, which
has been used in provingTheorem 4. Suppose that 𝑠 = −𝑗𝜔 ̸=0 is the eigenvalue of FOMAS (9) on the imaginary axis, 𝑢 ∈
R𝑛 is the corresponding eigenvector, and ‖𝑢‖ = 1. By similar
methods and Lemma 2, we can get the following equation:

𝐵𝑎 ≜ 𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚 = − (−𝑗𝜔)𝛼 = (−1) (−𝑗)𝛼 (𝜔)𝛼
= 𝑒𝑗𝜋𝑒𝑗(−𝜋𝛼/2) (𝜔)𝛼 = 𝜔𝛼𝑒𝑗((2𝜋−𝜋𝛼)/2)
= 𝜔𝛼𝑒𝑗(𝜋(2−𝛼)/2).

(29)

By taking themodulus of both sides of (29) and regarding𝜔 as the function of ‖𝐵𝑎‖, we can get

𝜔 (𝐵𝑎) = 𝐵𝑎1/𝛼 , (30)

where 𝜔(‖𝐵𝑎‖) is an increasing function of ‖𝐵𝑎‖.
Calculating the principal value of the argument of (29) on

both sides separately, we can get

arg (𝐵𝑎) = 𝜋 (2 − 𝛼)2 . (31)

According to the definition of 𝐵𝑎 in (29), we can get

arg (𝐵𝑎) ≤ arg( 𝑀∑
𝑚=1

𝑎𝑚) +max (𝜔𝜏𝑚) , (32)

so, there is

max (𝜔𝜏𝑚) ≥ 𝜋 (2 − 𝛼)2 − arg( 𝑀∑
𝑚=1

𝑎𝑚) . (33)

Due to ∑𝑀𝑚=1 𝑎𝑚 = 𝑢𝐻𝐿𝑢/𝑢𝐻𝑢, the possible values of∑𝑀𝑚=1 𝑎𝑚must be nonzero eigenvalues of the Laplacianmatrix𝐿 of the graph G; that is, ∑𝑀𝑚=1 𝑎𝑚 = 𝜆𝑖, (𝜆𝑖 ̸= 0). So, when‖𝐵𝑎‖ ≤ ‖𝜆𝑖‖, 𝜔(‖𝐵𝑎‖) ≤ 𝜔(‖𝜆𝑖‖) = 𝜔𝑖 = ‖𝜆𝑖‖1/𝛼. If we let all𝜏𝑚 < 𝜏, there is
max (𝜔𝜏𝑚) < 𝜔𝑖𝜏

= min
‖𝜆𝑖‖ ̸=0

{[𝜋 (2 − 𝛼) /2 − arg (𝜆𝑖)]𝜔𝑖 }𝜔𝑖
= min{[𝜋 (2 − 𝛼) /2 − arg (∑𝑀𝑚=1 𝑎𝑚)]𝜔𝑖 }𝜔𝑖
≤ 𝜋 (2 − 𝛼)2 − arg( 𝑀∑

𝑚=1

𝑎𝑚) .

(34)

Inequality (34) contradicts inequality (33). That is, when
all 𝜏𝑚 < 𝜏, the eigenvalues of the FOMAS with asymmetric
time delays cannot reach or cross the imaginary axis, and the
FOMAS will remain stable and the consensus of the FOMAS
can be achieved. On the other hand, when all 𝜏𝑚 > 𝜏, there
must exist at least one eigenvalue of the FOMAS in the RHP,
and then the states of the FOMAS are no longer convergent
and the FOMAS with asymmetric time delays cannot reach
consensus. Proof is completed.

Remark 8. For FOMAS (9) without time delays (𝜏𝑚 =0, 𝑚 ∈ {1, 2, . . . ,𝑀}), consensus is achieved if the directed
interaction graph G has a spanning tree and 𝛼 ∈ (0, 2𝜃/𝜋),𝜃 = min{𝜋 − arg(𝜆𝑖)} (𝜆𝑖 ̸= 0, 𝑖 = 1, 2, . . . , 𝑛) in [13]. In
addition, because 𝜏 > 0 in (28), we can derive that 𝛼 < 2𝜃/𝜋,𝜃 = min{𝜋 − arg(𝜆𝑖)} (𝜆𝑖 ̸= 0, 𝑖 = 1, 2, . . . , 𝑛). So, in order to
achieve the consensus of FOMAS (9) with asymmetric time
delays, the fractional order should also satisfy 𝛼 ∈ (0, 2𝜃/𝜋),𝜃 = min{𝜋 − arg(𝜆𝑖)} (𝜆𝑖 ̸= 0, 𝑖 = 1, 2, . . . , 𝑛).
Corollary 9. Assume that the directed interaction graphG has
a spanning tree and the time delays are asymmetric. When𝛼 = 1, by the distributed protocol (8), FOMAS (9) can reach
consensus if all the time delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are less
than 𝜏, and FOMAS (9) cannot reach consensus if all the time
delays 𝜏𝑚 (𝑚 = 1, 2, . . . ,𝑀) are greater than 𝜏, where

𝜏 = min
‖𝜆𝑖‖ ̸=0

{𝜋/2 − arg (𝜆𝑖)𝜆𝑖1/𝛼 } . (35)

5. Simulation Results

To illustrate the correctness of the theoretical results, numer-
ical simulations will be given in this section.

5.1. Example 1: Simulations for Theorem 4. Consider a
FOMASwith four agents, whose dynamics is described by (9)
with 𝛼 = 0.7. The connected interaction graph G of FOMAS
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Figure 1: The connected interaction topology in Example 1.
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Figure 2: The trajectories of 𝑥𝑖(𝑡) when (1) all 𝜏𝑚 < 𝜏 in Example 1.

(9) is undirected and shown in Figure 1, whose Laplacian
matrix is as follows:

𝐿 = [[[[[
[

2.6 −0.7 −0.9 −1
−0.7 1.5 0 −0.8
−0.9 0 0.9 0
−1 −0.8 0 1.8

]]]]]
]
. (36)

According to Theorem 4, the delay margin 𝜏 of the
FOMAS is 0.3379 s. Assume that the initial states of the
FOMAS are taken as 𝑥1(𝑡 = 0) = −6.4, 𝑥2(𝑡 = 0) =−3.2, 𝑥3(𝑡 = 0) = 3.2, and 𝑥4(𝑡 = 0) = 6.4. Then, three sets of
different time delays are used in the simulation:(1) 𝜏12 = 𝜏21 = 0.2 s, 𝜏13 = 𝜏31 = 0.19 s, 𝜏14 = 𝜏41 = 0.18 s,𝜏24 = 𝜏42 = 0.17 s.(2) 𝜏12 = 𝜏21 = 0.25 s, 𝜏13 = 𝜏31 = 0.24 s, 𝜏14 = 𝜏41 =0.23 s, 𝜏24 = 𝜏42 = 0.22 s.
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Figure 3: The trajectories of 𝑥𝑖(𝑡) when (2) all 𝜏𝑚 < 𝜏 in Example 1.
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Figure 4:The trajectories of 𝑥𝑖(𝑡) when (3) all 𝜏𝑚 < 𝜏 in Example 1.

(3) 𝜏12 = 𝜏21 = 0.3 s, 𝜏13 = 𝜏31 = 0.29 s, 𝜏14 = 𝜏41 = 0.28 s,𝜏24 = 𝜏42 = 0.27 s.
Figures 2, 3, and 4 show the trajectories of all the

agents’ states 𝑥𝑖(𝑡) in Example 1. It is obvious that the
FOMAS with symmetric time delays can reach consensus.
Furthermore, by comparing the simulation results of Figures
2, 3, and 4, we can find that when all the time delays stay
away from the delay margin 𝜏 when the communication
topology and the fractional order 𝛼 of the FOMAS stay the
same, the convergence speed will become faster, whereas the
convergence speed will become slower when all the time
delays get close to the delay margin 𝜏. Similarly, we change
the communication topology, which changes the eigenvalues
of the Laplacematrix of the communication topology, and the
delay margin 𝜏 also increases (decreases) with the decrease
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Figure 5: The trajectories of 𝑥𝑖(𝑡) when all 𝜏𝑚 > 𝜏 in Example 1.

(increase) of the maximum eigenvalue of all the eigenvalues
of the Laplace matrix of the communication topology when
a set of valid time delays and the fractional order 𝛼 of the
FOMAS stay the same. This will result in the change of
distance between the taken valid time delays and the delay
margin 𝜏, which will eventually lead to the similar rules
above.

On the other hand, in order tomake a comparison, under
the same conditions, we suppose that 𝜏12 = 𝜏21 = 0.35 s, 𝜏13 =𝜏31 = 0.36 s, 𝜏14 = 𝜏41 = 0.37 s, and 𝜏24 = 𝜏42 = 0.38 s.

Figure 5 shows the trajectories of all the agents’ states𝑥𝑖(𝑡). It is clear that the FOMAS cannot reach consensus.
All of the above simulation results are consistent with

Theorem 4. So, the correctness of Theorem 4 is validated.

5.2. Example 2: Simulations for Theorem 7. Consider a
FOMASwith four agents, whose dynamics is described by (9)
with 𝛼 = 0.7. The connected interaction graph G of FOMAS
(9) is directed and shown in Figure 6, whose Laplacianmatrix
is as follows:

𝐿 = [[[[[
[

1 0 0 −1
−0.7 0.7 0 0
−0.9 0 0.9 0
0 −0.8 0 0.8

]]]]]
]
. (37)

According to Theorem 7, the delay margin 𝜏 of the
FOMAS is 0.9120 s. Assume that the initial states of the
FOMAS are taken as 𝑥1(𝑡 = 0) = −6.4, 𝑥2(𝑡 = 0) =−3.2, 𝑥3(𝑡 = 0) = 3.2, and 𝑥4(𝑡 = 0) = 6.4. Similarly, three
sets of different time delays are used in the simulation:

(1) 𝜏14 = 0.61 s, 𝜏21 = 0.64 s, 𝜏31 = 0.67 s, 𝜏42 = 0.7 s.
(2) 𝜏14 = 0.71 s, 𝜏21 = 0.74 s, 𝜏31 = 0.77 s, 𝜏42 = 0.8 s.
(3) 𝜏14 = 0.81 s, 𝜏21 = 0.84 s, 𝜏31 = 0.87 s, 𝜏42 = 0.9 s.
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4 3

2

Figure 6: The connected interaction topology in Example 2.

Figures 7, 8, and 9 show the trajectories of all the
agents’ states 𝑥𝑖(𝑡) in Example 2. It is obvious that the
FOMAS with asymmetric time delays can reach consensus.
Moreover, by comparing the simulation results of Figures
7, 8, and 9, we also find that when all the time delays stay
away from the delay margin 𝜏 when the communication
topology and the fractional order 𝛼 of the FOMAS stay the
same, the convergence speed will become faster, whereas the
convergence speed will become slower when all the time
delays get close to the delay margin 𝜏. Similarly, we change
the communication topology, which changes the eigenvalues
of the Laplacematrix of the communication topology, and the
delay margin 𝜏 is also changed with the change of eigenvalues
when a set of valid time delays and the fractional order 𝛼 of
the FOMAS stay the same. This will result in the change of
distance between the taken valid time delays and the delay
margin 𝜏, which will eventually lead to the similar rules
above, too.

Now, in order to make a comparison, under the same
conditions, we suppose that 𝜏14 = 1 s, 𝜏21 = 1.1 s, 𝜏31 = 1.2 s,
and 𝜏42 = 1.3 s.

Figure 10 shows the trajectories of all the agents’ states𝑥𝑖(𝑡). It is clear that the FOMAS cannot reach consensus.
All of the above simulation results are consistent with

Theorem 7. So, the correctness of Theorem 7 is validated.

6. Conclusion

In this paper, the consensus problems of the FOMAS with
nonuniform time delays are studied. First of all, the consensus
problem is investigated for the FOMAS with symmetric time
delays and undirected topology, and the time-delay margin
is obtained to guarantee the consensus for this FOMAS.
Then, the consensus problem is investigated for the FOMAS
with asymmetric time delays and directed topology, and the
time-delay margin is obtained to guarantee the consensus
for this FOMAS. Furthermore, the relationship between the
speed of convergence and communication topology and the
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Figure 7: The trajectories of 𝑥𝑖(𝑡) when (1) all 𝜏𝑚 < 𝜏 in Example 2.
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Figure 8: The trajectories of 𝑥𝑖(𝑡) when (2) all 𝜏𝑚 < 𝜏 in Example 2.

time delays is revealed. And extending the above results, two
corollaries are obtained for the corresponding integer-order
multiagent systems, which are the same as traditional integer-
order systems. Finally, the correctness of our theoretical
results is validated by the simulations.
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