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In the last decade network theory has proved an effective tool
for modeling and describing the complex topology emerging
either from anatomical or functional brain connectivity
patterns. From a graph theoretical perspective, the brain
can be conceived as a networked system composed of nodes
coincident with different brain sites and links which in the
current view can either represent anatomical tracts between
brain regions or measures of statistical dependencies between
their electrical activity. One of the most intriguing, and now
well known, examples of the application of network theory
to neuroimaging data unveiled that the way brain regions are
connected is typically neither regular nor random. Instead
brain networks, like other real networked systems, tend to
exhibit a complex structure theoretically consistent with the
capability of processing information within regional clusters
and avoiding excessive connections between clusters. While
the simplest instantiation of this configuration showed simi-
lar characteristics to mathematically defined “small-world”
networks, it has become clear that additional topological
structures including hierarchical modularity can nuance
our expectations of the brain’s underlying architecture and
dynamics. An important goal in these research endeavors is
to identify how brain network organization can inform our
understanding of the brain’s intuitive need to balance the
two competing principles of integration and segregation and
how alterations in brain structure and dynamics can lead to
alterations in human behavior and cognitive function. The
present special issue collects a series of selected contributions
related to the methodological and practical applications

of network theory to anatomical and functional brain
connectivity patterns.

The contribution entitled “Voxel scale complex networks
of functional connectivity in the rat brain: neurochemical
state dependence of global and local topological properties”
addresses the dependence of the functional connectivity
estimated from the fMRI signals of the rat brain in response
to alterations of the neurotransmitter system as induced by
the administration of specific pharmaceutical drugs such as
d-amphetamine, fluoxetine, and nicotine.

The contribution entitled “A signal-processing-based
approach to time-varying graph analysis for dynamic brain
network identification” proposes a dynamic network sum-
marization approach to describe the time-varying evolution
of connectivity patterns in functional brain activity. The
proposed method is evaluated on event-related potential
(ERP) data, which demonstrates the dynamic nature of
functional connectivity.

The contribution entitled “how the statistical validation
of functional connectivity patterns can prevent erroneous
definition of small-world properties of a brain connectivity
network” addresses important methodological choices that
are often made in the construction of functional brain
network from EEG data, including the choice of statistical
thresholds to determine the presence or absence of network
links and the role of spatial correlations in determining graph
properties.

The contribution entitled “weighted phase lag index
and graph analysis: preliminary investigation of functional
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connectivity during resting state in children” presents original
results concerning the application of small-world parameters
and betweenness centrality measures to characterize the
topological structure of the functional network in the
children’s brain from noninvasive MEG recordings.

The contribution entitled “source space analysis of event-
related dynamic reorganization of brain networks” conducts
a quantitative study of the dynamic reconfiguration of
connectivity for event-related experiments at source space
level, which provides a global and complete view of the stages
of processing associated with the regional changes in activity.

The contribution entitled “Redundancy as a Graph-Based
Index of Frequency Specific MEG Functional Connectivity”
focuses on quantifying the differential role that paths of
different lengths potentially play in brain connectivity and
demonstrates that a redundancy-based measure captures
unique information not accessible via approaches that only
examine the shortest paths through a network.

The contribution entitled “A computationally efficient,
exploratory approach to brain connectivity incorporating false
discovery rate control, a priori knowledge, and group inference”
proposes a multisubject, exploratory brain connectivity
modeling approach. The proposed method allows for the
incorporation of prior knowledge of connectivity and the
determination of the dominant brain connectivity pattern
among a group of subjects.

Fabrizio De Vico Fallani
Danielle Bassett

Tianzi Jiang
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Graphical models appear well suited for inferring brain connectivity from fMRI data, as they can distinguish between direct
and indirect brain connectivity. Nevertheless, biological interpretation requires not only that the multivariate time series are
adequately modeled, but also that there is accurate error-control of the inferred edges. The PCfdr algorithm, which was developed
by Li and Wang, was to provide a computationally efficient means to control the false discovery rate (FDR) of computed edges
asymptotically. The original PCfdr algorithm was unable to accommodate a priori information about connectivity and was designed
to infer connectivity from a single subject rather than a group of subjects. Here we extend the original PCfdr algorithm and
propose a multisubject, error-rate-controlled brain connectivity modeling approach that allows incorporation of prior knowledge
of connectivity. In simulations, we show that the two proposed extensions can still control the FDR around or below a specified
threshold. When the proposed approach is applied to fMRI data in a Parkinson’s disease study, we find robust group evidence of
the disease-related changes, the compensatory changes, and the normalizing effect of L-dopa medication. The proposed method
provides a robust, accurate, and practical method for the assessment of brain connectivity patterns from functional neuroimaging
data.

1. Introduction

The interaction between macroscopic brain regions has been
increasingly recognized as being vital for understanding
the normal brain function and the pathophysiology of
many neuropsychiatric diseases. Brain connectivity pat-
terns derived from neuroimaging methods are therefore of
great interest, and several recently published reviews have
described different modeling methods for inferring brain
connectivity from fMRI data [1, 2]. Specifically, graphical
models which represent statistical dependence relationships
between time series derived from brain regions, such as
structural equation models [3], dynamic causal models [4],
and Bayesian networks [5], appear to be well suited for
assessing connectivity between brain regions.

Graphical models, when applied to functional neu-
roimaging data, represent brain regions of interest (ROIs)
as nodes and the stochastic interactions between ROIs as
edges. However, in most nonbrain imaging graphical model
applications, the primary goal is to create a model that fits the
overall multivariate data well, does not necessarily accurately
reflect the particular connections between nodes. Yet in the
applications of graphical models to brain connectivity, the
neuroscientific interpretation is largely based on the pattern
of connections inferred by the model. This places a premium
on accurately determining the “inner workings” of the model
such as accounting for the error rate of the edges in the
model.

The false discovery rate (FDR) [6, 7], defined as the
expected ratio of spurious connections to all learned
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connections, has been suggested as a suitable error-rate
control criterion when inferring brain connectivity. Com-
pared with traditional type I and type II statistical error
rates, the FDR is more informative in bioinformatics and
neuroimaging, since it is directly related with the uncertainty
of the reported positive results. When selecting candidate
genes for genetic research, for example, researchers may want
70% of selected genes to be truly associated with the disease,
that is, an FDR of 30%.

Naively controlling traditional type I and type II error
rates at specified levels may not necessarily result in rea-
sonable FDR rates, especially in the case of large, sparse
networks. For example, consider an undirected network with
40 nodes, with each node interacting, on average, with 3
other nodes; that is, there are 60 edges in the network. An
algorithm with the realized type I error rate of 5% and
the realized power of 90% (i.e., the realized type II error
rate = 10%) will recover a network with 60 × 90% = 54
correct connections and [40 × (40 − 1)/2 − 60] × 5% =
36 false connections, which means that 36/(36 + 54) =
40% of the claimed connections actually would not exist
in the true network! This example, while relatively trivial,
demonstrates that the FDR may not be kept suitably low by
simply controlling traditional type I and type II error rates.

Recent work in the machine learning field has started to
investigate controlling the FDR in network structures using a
generic Bayesian approach and classical FDR assessment [8].
This work was subsequently extended to look specifically at
graphical models where the FDR was assessed locally at each
node [9].

Li and Wang proposed a network-learning method that
allows asymptotically control of the FDR globally. They
based their approach on the PC algorithm (named after
Peter Spirtes and Clark Glymour), a computationally effi-
cient and asymptotically reliable Bayesian network-learning
algorithm. The PC algorithm assesses the (non)existence
of an edge in a graph by determining the conditional
dependence/independence relationships between nodes [10].
However, different from the original PC algorithm, which
controls the type I error rate individually for each edge
during conditional independence testing, the Li and Wang
algorithm, referred as the PCfdr algorithm, is capable of
asymptotically controlling the FDR under prespecified levels
[11]. The PCfdr algorithm does this by interpreting the
learning of a network as testing the existence of edges, and
thus the FDR control of edges becomes a multiple-testing
problem, which has a strong theoretical basis and has been
extensively studied by statisticians [11].

Beside giving an introduction of these recent advance-
ments, this paper will present two extensions to the original
PCfdr algorithm, the combination of which leads to a multi-
subject brain connectivity modeling approach incorporating
FDR control, a priori knowledge and group inference. One
extension is an adaptation of a priori knowledge, allowing
users to specify which edges must appear in the network,
which cannot and which are to be learned from data.
The resulting algorithm is referred to as PC+

fdr algorithm
in this paper. Many applications require imposing prior
knowledge into network learning. For example, analyzing

causal relationship in time series may forbid backward
connections from time t + 1 to t, such as that in dynamic
Bayesian networks. In some situations, researchers may want
to exclude some impossible connections based on anatomical
knowledge. Incorporating a priori knowledge into PCfdr

algorithm allows for more flexibility in using the method
and potentially leads to greater sensitivity in accurately
discovering the true brain connectivity.

The second extension to PCfdr algorithm is a combina-
tion of the PCfdr algorithm and a mixed-effect model to
robustly deal with intersubject variability. As neuroimaging
research typically involves a group of subjects rather than
focusing on an individual subject, group analysis plays an
important role in final biological interpretations. However,
compared with the extensive group-level methods available
for analysis of amplitude changes in blood-oxygen-level-
dependent (BOLD) signals (e.g., Worsley et al. [12], Friston
et al. [13]), the problem of group-level brain connectivity
analysis is less well studied. This is likely due to the fact
that it requires not only accommodating the variances and
the correlations across subjects, but also accounting for the
potentially different structures of subject-specific brain con-
nectivity networks. The proposed group-level exploratory
approach for brain connectivity inference combines the
PCfdr algorithm (or the extended PC+

fdr algorithm if a priori
knowledge is available) and a mixed-effect model, a widely
used method for handling intersubject variability.

Several methods have been proposed to infer group
connectivity in neuroimaging. Bayesian model selection [14]
handles intersubject variability and error control; however,
its current proposed implementation does not scale well,
making it more suitable for confirmatory, rather than an
exploratory research. Varoquaux et al. [15] propose a data-
driven method to estimate large-scale brain connectivity
using Gaussian modeling and deals with the variability
between subjects by using optimal regularization schemes.
Ramsey et al. [16] describe and evaluate a combination of a
multisubject search algorithm and the orientation algorithm.

The major distinguishing feature of the proposed
approach compared to these aforementioned approaches is
that the current data-driven approach aims at controlling the
FDR directly at the group-level network. We demonstrate
that in simulations that, with a sufficiently large subject
size, the proposed group-level algorithm is able to reliably
recover network structures and still control the FDR around
prespecified levels. When the proposed approach, referred
as the gPC+

fdr algorithm, is applied to real fMRI data
with Parkinson’s disease, we demonstrate evidence of direct
and indirect (i.e., compensatory) disease-related connec-
tivity changes, as well as evidence that L-dopa provides a
“normalizing” effect on connectivity in Parkinson’s disease,
consistent with its dramatic clinical effect.

2. Materials and Methods

2.1. Preliminaries. Graphical models, such as Bayesian net-
works, encode conditional independence/dependence rela-
tionships among variables graphically with nodes and edges
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according to the Markov properties [17]. The concept
of conditional (in)dependence is very important for the
inference of brain connectivity, as it assists in distinguishing
between direct and indirect connectivity. For example, the
activities in two brain regions are initially correlated, but
become independent after all possible influences from other
brain regions are removed, then this is an example of indirect
connectivity, as the initial activity was actually induced by
common input from another region(s). On the other hand,
if the activities of two brain regions are correlated even
after all possible influences from other regions are removed,
then very likely there is a direct functional connection
between them and hence is an example of direct connectivity.
Conditional dependence is the real interest in learning brain
connectivity because it implies that two brain regions are
directly connected.

Since a graphical model is a graphical representation
of conditional independence/dependence relationships, the
nonadjacency between two nodes is tested by inspecting
their conditional independence given all other nodes. As
multiple edges are tested simultaneously, FDR-control pro-
cedures should be applied to correct the effect of multiple
testing.

Given two among N random variables, there are 2N−2

possible subsets of the other N − 2 variables upon which
the two variables could be conditionally independent. To
avoid exhaustively testing such an exponential number
of conditional independence relationships, the following
proposition [10] can be employed [9, 11].

Proposition 1. Given a multivariate probability distribution
whose conditional independence relationships can be perfectly
encoded as a Bayesian network according to the Markov
property, two nodes a and b are nonadjacent if and only if there
is a subset C of nodes either all in the neighbors of a or all in the
neighbors of b such that a and b are conditionally independent
on given C.

Based on Proposition 1, nodes a and b can be dis-
connected once they are found conditionally independent
upon a conditional node set C. As the tests of adjacency
progress for every node pair, the neighborhood of nodes
keeps shrinking, so an exhaustive search of the conditional
node set C is avoided. This greatly reduces computation,
especially for a sparse network.

2.2. Brain Connectivity Inference Incorporating False Discovery

Rate Control and A Priori Knowledge

2.2.1. PC+
fdr Algorithm. The initial version of Li and Wang’s

[11] method, called the PCfdr algorithm, was proved to
be capable of asymptotically controlling the FDR. Here
we present an extension of the PCfdr algorithm which can
incorporate a priori knowledge, which was not specified in
the original PCfdr algorithm. We name the extension as the
PC+

fdr algorithm where the superscript “+” indicates that
it is an extension. The pseudocode of the PC+

fdr algorithm
is given in Algorithm 1, and its Matlab implementation
is downloadable at http://www.junningli.org/software. It

handles prior knowledge with two inputs: Emust, the set
of edges assumed to appear in the true graph, and Etest,
the set of edges to be tested from the data. The original
PCfdr algorithm can thus be regarded as a special case of
the extended algorithm, by setting Emust = ∅ and Etest =
{all possible edges}.

2.2.2. Asymptotic Performance. Before we present theorems
about the asymptotic performance of the PC+

fdr algorithm
and its heuristic modification, let us first introduce the
assumptions related to the theorems.

(A1) The multivariate probability distribution P is faithful
to a directed acyclic graph (DAG) whose skeleton is
Gtrue.

(A2) The number of vertices is fixed.

(A3) Given a fixed significance level of testing conditional
independence, the power of detecting conditional
dependence approaches 1 at the limit of large sample
sizes.

(A4) The union of Emust, the edges assumed to be true, and
Etest, the edges to be tested, covers Etrue, all the true
edges; that is, Etest ∪ Emust ⊇ Etrue.

Assumption (A1) is generally assumed when graphical
models are applied, and it restricts the probability distri-
bution P to a certain class. Assumption (A2) is usually
implicitly stated, but here we emphasize it because it
simplifies the proof. Assumption (A3) may seem overly
restrictive, but actually can be easily satisfied by standard
statistical tests, such as the likelihood ratio test introduced
by Neyman and Pearson [18] and the partial-correlation test
by Fisher [19], if the data are identically and independently
sampled. Assumption (A4) relates to prior knowledge, which
interestingly does not require that the assumed “true” edges
Emust be a subset of the true edges Etrue, but just that all true
edges are included in the union of the assumed “true” edges
and the edges to be tested.

The detection power of the PC+
fdr algorithm and its

heuristic modification at the limit of large sample sizes is
elucidated in Theorem 2.

Theorem 2. Assuming (A1), (A2), and (A3), both the PC+
fdr

algorithm and its heuristic modification, the PC+
fdr∗ algorithm,

are able to recover all the true connections in Etest with
probability one as the sample size approaches infinity:

lim
m→∞P

(
E′true ⊆ E′stop

)
= 1, (1)

where E′true denotes the set of true edges in Etest; that is, E′true =
Etrue ∩ Etest, E′stop denotes the set of edges inferred by the
algorithm about Etest; that is, E′stop = Estop∩Etest, and m denotes
the sample size.

It should be noted that Theorem 2 does not need
Assumption (A4), which implies that the true edges in
Etest are still able to be recovered by the algorithms with
probability one at the limit of large sample sizes, even if



4 Computational and Mathematical Methods in Medicine

Input: the data D, the undirected edges Emust that are assumed to exist in the true undirected graph Gtrue

according to prior knowledge, the undirected edges Etest (Emust ∩ Etest = ∅) to be tested from the data D,
and the FDR level q for making inference about Etest.
Output: an undirected graph Gstop, that is, the value of G when the algorithm stops, or equivalently, Estop,
the edges in Gstop.
Notations: D denotes the multivariate input data. a, b denote the vertices. E, C denote the vertex sets. a ∼ b
denotes an undirected edge. adj(a,G) denotes vertices adjacent to a in graph G. a ⊥ b|C denotes the
conditional independence between a and b given C.

(1) Form an undirected graph G from Etest ∪ Emust.
(2) Initialize the maximum p values associated with the edges in Etest as Pmax = {pmax

a∼b = −1 | a ∼ b ∈ Etest}.
(3) Let depth d = 0.
(4) repeat
(5) for each ordered pair of vertices a and b that a ∼ b ∈ E ∩ Etest and |adj(a,G) \ {b}| ≥ d do
(6) for each subset C ⊆ adj(a,G) \ {b} and |C| = d do
(7) Test hypothesis a ⊥ b | C and calculate the p value pa⊥b|C .
(8) if pa⊥b|C > pmax

a∼b , then
(9) Let pmax

a∼b = pa⊥b|C .
(10) if every element of Pmax has been assigned a valid p value by step 9, then
(11) Run the FDR procedure, Algorithm 2, with Pmax and q as the input.
(12) if the non-existence of certain edges are accepted, then
(13) Remove these edges from G.
(14) Update G and E.
(15) if a ∼ b is removed, then
(16) break the for loop at line 6.
(17) end if
(18) end if
(19) end if
(20) end if
(21) end for
(22) end for
(23) Let d = d + 1.
(24) until |adj(a,G) \ {b}| < d for every ordered pair of vertices a and b that a ∼ b is in E ∩ Etest.

A heuristic modification, named the PC+
fdr∗ algorithm, at step 14 removes pmax

a∼b from Pmax as well once a ∼ b
is removed from G.

Algorithm 1: The PC+
fdr algorithm.

the edges assumed to be present by users are not completely
correctly specified.

The FDR of the PC+
fdr algorithm at the limit of large

sample sizes is elucidated in Theorem 3.

Theorem 3. Assuming (A1), (A2), (A3), and (A4), the FDR
of the set of edges inferred by the PC+

fdr algorithm about Etest

approaches a value not larger than the user-specified level q as
the sample size m approaches infinity:

lim sup
m→∞

FDR
(
E′stop,E′true

)
≤ q, (2)

where FDR(E′stop,E′true) is defined as

FDR
(
E′stop,E′true

)
= E

⎡
⎣
∣∣∣E′stop \ E′true

∣∣∣
∣∣∣E′stop

∣∣∣

⎤
⎦,

Define

∣∣∣E′stop \ E′true

∣∣∣
∣∣∣E′stop

∣∣∣
= 0, if E′stop = ∅.

(3)

Theorem 3 concerns the PC+
fdr algorithm, and it requires

Assumption (A4). We are still not sure whether similar

FDR performance can be proved for the PC+
fdr∗ algorithm.

Assumption (A4) does not require that the assumed “true”
edges Emust is a subset of the true edges Etrue but only that all
true edges are included in the union of the assumed “true”
edges and the edges to be tested. This is particularly useful
in practice, since it does not require users’ prior knowledge
to be absolutely correct, but allows some spurious edges to
be involved in Emust, once all true edges have been included
in either Emust or Etest. Assumption (A4) can be satisfied by
making Etest ∪ Emust large enough to cover all the true edges,
but as shown in (4) this will increase the computational cost
of the algorithm.

Theorems 2 and 3 address the performance of the PC+
fdr

algorithm and its heuristic modification at the limit of large
sample sizes. Because the PC+

fdr algorithm is derived from the
PCfdr algorithm, its performance should be very similar. The
numerical examples of the PCfdr algorithm in Li and Wang’s
[11] work may provide helpful and intuitive understanding
on the performance of the PC+

fdr algorithm with moderate
sample sizes.

The detailed proofs of Theorems 2 and 3 are provided in
Appendix A.
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Input: a set of p values {pi | i = 1, . . . ,H}, and the threshold of the FDR q
Output: the set of rejected null hypotheses
(1) Sort the p-values of H hypothesis tests in the ascendant order as p(1) ≤ · · · ≤ p(H).
(2) Let i = H , and H∗ = H (or H∗ = H(1 + 1/2, . . . , +1/H), depending on the assumption of the dependency among
the test statistics).
(3) while

H∗

i
p(i) > q and i > 0, (�)

do
(4) Let i = i− 1.
(5) end while
(6) Reject the null hypotheses associated with p(1), . . . , p(i), and accept the null hypotheses associated with p(i+1), . . . , p(H).

Algorithm 2: FDR setup [6].

2.2.3. Computational Complexity. The majority of the com-
putational effort in the PC+

fdr is utilized in performing
statistical tests of conditional independence at step 7 and the
FDR at step 11. If the algorithm stops at the depth d = dmax,
then the number of conditional independence tests required
is bounded by

T = 2|Etest|
dmax∑

d=0

Cd
Δ−1 ≤ |Etest|2Δ, (4)

where |Etest| is the number of edges to be tested, Δ is the
maximum degree of graph Ginit (the graph formed at step
1) whose edges are Emust ∩ Etest, and Cd

Δ−1 is the number of
combinations of choosing d unordered and distinct elements
from Δ−1 elements. The bound usually is very loose, because
it assumes that no edge has been removed until d = dmax.

The computational complexity of the FDR procedure,
Algorithm 2, invoked at step 11 of the PC+

fdr algorithm is
O(H log(H)) when it is invoked for the first time, where H =
|Etest| is the number of input p values and is O(H) later, with
the optimization suggested in Appendix B. In the worst case
that pa⊥b|C is always larger than pmax

a∼b , the complexity of the
computation spent on the FDR control in total is bounded
by O(|Etest| log(|Etest|) + T|Etest|) where T is the number of
performed conditional independence tests (see (4)). This is a
very loose bound because it is rare that pa⊥b|C is always larger
than pmax

a∼b .
In practice, the PC+

fdr algorithm runs very quickly,
especially for sparse networks. In our experiments (see
Section 3.1), it took about 10 seconds to infer the structure
of a first-order dynamic network with 20 nodes from data of
1000 time points.

2.2.4. Miscellaneous Discussions. It should be noted that
controlling the FDR locally is not equivalent to controlling
it globally. For example, if it is known that there is only one
connection to test for each node, then controlling the FDR
locally in this case will degenerate to controlling the point-
wise error rate, which cannot control the FDR globally.

Listgarten and Heckerman [8] proposed a permutation
method to estimate the number of spurious connections in
a graph learned from data. The basic idea is to repetitively

apply a structure learning algorithm to data simulated
from the null hypotheses with permutation. This method
is generally applicable to any structure learning method,
but permutation may make the already time-consuming
structure learning problem even more computationally
cumbersome, limiting its use in practical situations.

2.3. FDR-Controlled Group Brain Connectivity Inference with
or without A Priori Knowledge. In this section, we propose
another extension to the PCfdr algorithm: from the single
subject level to the group level. Assessing group-level activity
is done by considering a mixed-effect model (Step 7 of
Algorithm 3), and we name it the gPCfdr algorithm where “g”
indicates that it is an extension at the group level. When also
incorporating a priori knowledge, the resulting algorithm is
named the gPC+

fdr algorithm.
Suppose we have m subjects within a group. Then for

subject i, the conditional independence between the activities
of two brain regions a and b given other regions C can be
measured by the partial correlation coefficient between Xa(i)
and Xb(i) given XC(i), denoted as rab|C(i). Here X• denotes
variables associated with a vertex or a vertex set, and index i
indicates that these variables are for subject i. By definition,
the partial correlation coefficient rab|C(i) is the correlation
coefficient between the residuals of projectingXa(i) andXb(i)
onto XC(i) and can be estimated by the sample correlation
coefficient as

r̂ab|C(i) = Cov
[
Ya|C(i),Yb|C(i)

]
√

Var
[
Ya|C(i)

]
Var

[
Yb|C(i)

] , (5)

where

βa|C(i) = arg min
β

∣∣Xa(i)− XC(i)β
∣∣2,

βb|C(i) = arg min
β

∣∣Xb(i)− XC(i)β
∣∣2,

Ya|C(i) = Xa(i)− XC(i)βa|C(i),

Yb|C(i) = Xb(i)− XC(i)βb|C(i).

(6)

For clarity, in the following discussion we omit the
subscript “ab | C” and simply use index “i” to emphasize
that a variable is associated with subject i.
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Input: the multisubject data D, undirected complete graph G, complete vertex set E and the FDR controlled
level q for making inference about E.
Output: the recovered undirected graph Gstop.
Notations: a, b denote the vertices. E, C denote the vertex set. a ∼ b denotes an undirected edge. adj(a,G)
denotes vertices adjacent to a in graph. a ⊥ b | C denotes the conditional independence between a and b given C.

(1) Form an undirected graph G on the vertex set E.
(2) Initialize the maximum p values associated with the edges in E as Pmax = {pmax

a∼b = −1 | a ∼ b ∈ E}.
(3) Let depth d = 0.
(4) repeat
(5) for each ordered pair of vertices a and b that a ∼ b ∈ E ∩ E and |adj(a,G) \ {b}| ≥ d do
(6) for each subset C ⊆ adj(a,G) \ {b} and |C| = d do
(7) Test hypothesis a ⊥ b | C for each subject and calculate the p value pa⊥b|C at the group level.
(8) if pa⊥b|C > pmax

a∼b , then
(9) Let pmax

a∼b = pa⊥b|C .
(10) if every element of Pmax has been assigned a valid p value by step 9, then
(11) Run the FDR procedure, Algorithm 2, with Pmax and q as the input.
(12) if the non-existence of certain edges are accepted, then
(13) Remove these edges from G.
(14) Update G and E.
(15) if a ∼ b is removed, then
(16) break the for loop at line 6.
(17) end if
(18) end if
(19) end if
(20) end if
(21) end for
(22) end for
(23) Let d = d + 1.
(24) until |adj(a,G) \ {b}| < d for every ordered pair of vertices a and b that a ∼ b is in E.

Note: When a priori knowledge is available, we can also incorporate the prior knowledge into the gPCfdr

algorithm to obtain the gPC+
fdr algorithm, where the inputs are updated as follows: the multisubject data D,

the undirected edges Emust that are assumed to appear in the true undirected graph Gtrue according to prior
knowledge, the undirected edges Etest whose existences are to be tested from the data, and the FDR controlled
level q for making inference about Etest.

Algorithm 3: The gPCfdr algorithm.

To study the group-level conditional independence rela-
tionships, a group-level model should be introduced for ri.
Since partial correlation coefficients are bounded and their
sample distributions are not Gaussian, we apply Fisher’s
z-transformation to convert (estimated) partial correlation
coefficients r to a Gaussian-like distributed z-statistic z,
which is defined as

z = Z(r) = 1
2

ln
(

1 + r

1− r

)
, (7)

where r is a (estimated) partial correlation coefficient and z
is its z-statistic.

The group model we employ is

zi = zg + ei, (8)

where ei follows a Gaussian distribution N(0, σ2
g ) with zero

mean and σ2
g variance. Consequently, the group-level testing

of conditional independence is to be used to test the null
hypothesis zg = 0.

Because zi is unknown and can only be estimated, the
inference of zg should be conducted with ẑi = Z(r̂i). If

Xa(i), Xb(i), and XC(i) jointly follow a multivariate Gaussian
distribution, then ẑi asymptotically follows a Gaussian
distributionN(zi, σ2

i ) with σ2
i = 1/(Ni−p−3), whereNi is the

sample size of subject i’s data and p represents the number of
variables in XC(i). Therefore, based on (8), we have

ẑi = zg + ei + εi, (9)

where εi follows N(0, σ2
i ) and ei follows N(0, σ2

g ). This
is a mixed-effect model where εi denotes the intrasubject
randomness and ei denotes the intersubject variability. At
the group level, ẑi follows a Gaussian distribution N(zg , σ2

i +
σ2
g ). Note that unlike regular mixed-effect models, the

intrasubject variance σi2 in this model is known, because Ni

and p are known given the data X(i) and C. In general, σ2
i =

1/(Ni − p− 3) is not necessarily equal to σ2
j for i /= j, and the

inference of zg should be conducted in the manner of mixed
models, such as estimating σ2

g with the restricted maximum
likelihood (ReML) approach. However, if the sample size of
each subject’s data is the same, then σ2

i equals σ2
j . For this

balanced case, which is typically true in fMRI applications
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Figure 1: Simulation results for the PC+
fdr algorithm. (a) Simulation results for the network with 10 nodes and 23 edges. (b) Simulation

results for the network with 20 nodes and 56 edges. In the networks, solid arrows represent edges from time t to t + 1, and dashed arrows
represent edges with no time lag (i.e., from time t to t). For the FDR and detection power curves, the blue solid lines represent the PCfdr

algorithm, the red solid lines represent the PC+
fdr algorithm, the x-axis means the sample sizes, and the y-axis means the FDR or detection

power.

and as well the case in this paper, we can simply apply a t-test
to ẑi’s to test the null hypothesis zg = 0.

Replacing Step 7 of the single-subject PCfdr algorithm
(i.e., the intrasubject hypothesis test) with the test of zg = 0,
we can extend the single-subject version of the algorithm
to its group-level version. We will employ this t-test in our
simulations and in the real fMRI data analysis presented later
in this paper. Such a testing approach significantly simplifies
the estimation process, and our simulation results presented
later demonstrate that this method can still control the FDR
at a user specified error rate level.

3. Experiments

3.1. Simulations for the PC+
fdr Algorithm. Here we compare

the performances of the proposed PC+
fdr algorithm and the

original PCfdr algorithm, using time series generated from
two dynamic Bayesian networks in Figure 1. One network
has 20 nodes (10 channels) and 23 edges, and the other has
40 nodes (20 channels) and 56 edges. The dynamic Bayesian
networks are assumed Gaussian, with connection coefficients

uniformly distributed in [0.2, 0.6] with Gaussian noise whose
amplitudes are uniformly distributed in [0.5, 1.1]. We use
partial correlation coefficients to test conditional indepen-
dence relationships. The target FDR for both methods is set
as 5%. For the PC+

fdr algorithm, one-third of the nonexisting
connections are excluded as prior knowledge.

Figure 1 shows the estimated FDR and detection power
results, at sample sizes of 125, 250, 500, and 1000 time points
and with 50 repetitive trials for each sample size. As shown in
graphs (a) and (b), the PC+

fdr and PCfdr algorithms can both
control the FDR under or around 5%. For both methods,
the detection power increases as the sample size increases.
However, we can see that the PC+

fdr algorithm yields higher
detection power and lower FDR than the original PCfdr

algorithm does. As mentioned earlier in the Introduction
Section, the PC+

fdr algorithm has the advantage of providing
researchers more flexibility in using the method and higher
accuracy in discovering brain connectivity.

3.2. Simulations for the gPCf dr Algorithm. The simulations
here serve two purposes: first, to verify whether the proposed
gPCfdr algorithm for modeling brain connectivity can control
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the FDR at the group level, and second, to compare the
gPCfdr algorithm with the single-subject PCfdr algorithm
proposed in [11] and the state-of-art IMaGES algorithm
investigated in Ramsey et al. [16] for inferring the structure
of the group connectivity network.

The simulations were conducted as follows. First, a
connectivity network is generated as the group-level model.
Individual subject-level networks are then derived from
the group-level model by randomly adding or deleting
connections with a small probability, and subject-specific
data are generated according to individual subject networks.
Next, the network-learning methods, that is, the proposed
gPCfdr algorithm, the single-subject PCfdr method with
pooling together the data from all subjects, and the IMaGES
algorithm, are applied to the simulated data. Finally, the
outputs of the algorithms are compared with the true group-
level network to evaluate their accuracy.

The data generation process is as follows.

(1) Randomly generate a directed acyclic graph (DAG)
as the group-level network and associate each con-
nection with a coefficient. The DAG is generated
by randomly connecting nodes with edges and then
orienting the edges according to a random order of
the nodes. The connection coefficients are assigned
as random samples from the uniform distribution
U(β1,β2), where β1 and β2 characterize the coefficient
strength.

(2) For each subject, a subject-level network is derived
from the group-level network by randomly adding
and deleting connections. More specifically, for each
of the existing connections, the connection is deleted
with probability 0.05, and for each of the absent
connections, a connection is added with probability
0.01. The corresponding connection coefficients are
randomly sampled from the uniform distribution
U(β1,β2).

(3) Given a subject-level network, the subject-specific
data are generated from a Gaussian Bayesian net-
work, with the additional Gaussian noise following
the standard Gaussian distribution N(0, 1).

In the first simulation, we compare the performances of
the proposed gPCfdr algorithm, the original PCfdr algorithm,
and the IMaGES algorithm [16], when using different
connection coefficient strengths. In this example, the group-
level network is the DAG in Figure 2(a). From this model,
twenty subject-level models are derived, and for each subject,
data with three hundred samples are simulated. To test the
performances of the algorithms with a range of connection
strengths, we vary the connection coefficient generating dis-
tribution U(β1,β2) gradually from U(0.2, 0.3) to U(0.7, 0.8).
At the network-learning stage, we set the target FDR to be
5% for the gPCfdr algorithm. For reliable assessment, this
procedure is repeated thirty times.

Figures 2(b), 2(c), and 2(d) show the FDR and the
type I error rate, and the detection power results as a
function of connection strength. We note that all methods
are relatively invariant to connection strength. The proposed

gPCfdr algorithm steadily controls the FDR below or around
the desired level and accurately makes the inference at the
group level. The detection power of IMaGES algorithm is
higher than that of gPCfdr algorithm, but it fails to control
the FDR under the specified 5% level. Its higher detection
power is achieved by sacrificing FDR. This is reasonable,
since IMaGES is not specifically designed to control the FDR
error rate.

In the second simulation, we test the performances of the
algorithms as a function of the number of subjects within the
group. The group-level network is the DAG in Figure 3(a),
and the number of subjects increases from eight to twenty-
five. At the network-learning stage, we set the target FDR to
be 5%. This procedure is repeated thirty times.

Figure 3(b) demonstrates the FDR results as a function
of the number of subjects within the group. It is noted
that the proposed gPCfdr algorithm is able to keep the FDR
below or around the specified level. The detection power
gradually increases as the number of subjects increases.
When there are more than 15 subjects, the gPCfdr algorithm
seems that it can achieve higher (better) detection power and
lower (better) FDR and type I error rate than the IMaGES
algorithm does. It suggests that when the number of subjects
is large enough, the proposed gPCfdr algorithm can jointly
address efficiency, accuracy, and intersubject variability. The
original PCfdr algorithm of simply pooling the data together
fails to control the FDR, and the resulting FDR does not
decrease as the number of subject increases, probably due
to the increasing heterogeneity within the group. In order
to investigate the effects of the number of ROIs, we also
investigate two networks with 15 and 25 nodes, respectively,
and repeat the simulations (not shown here). The results are
qualitatively similar to what we show here.

3.3. fMRI Application. In order to assess the real-world
application performance of the proposed method, we apply
the gPC+

fdr algorithm for inferring group brain connectivity
network to fMRI data collected from twenty subjects. All
experiments were approved by the University of British
Columbia Ethics Committee. Ten normal people and ten
Parkinson’s disease (PD) patients participated in the study.
During the fMRI experiment, each subject was instructed to
squeeze a bulb in their right hand to control an “inflatable”
ring so that it smoothly passed through a vertically scrolling a
tunnel. The normal controls performed only one trial, while
Parkinson’s subjects performed twice, once before L-dopa
medication and the other approximately an hour later, after
taking medication.

Three groups were categorized: group N for the normal
controls, group Ppre for the PD patients before medication,
and group Ppost for the PD patients after taking L-dopa
medication. For each subject, 100 observations were used
in the network modeling. For details of the data acquisition
and preprocessing, please refer to Palmer et al. [20]. 12
anatomically defined regions of interest (ROIs) were chosen
based on prior knowledge of the brain regions associated
with motor performance (Table 1).

We utilized the two extensions of the PCfdr algorithm and
learned the structures of first-order group dynamic Bayesian
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Figure 2: Simulation 1: assessing the effects of connection strength on the learned group networks. (a) The group-level network, with 20
nodes and an average of two connections per node. (b) The FDR curves (with standard deviation marked) of the gPCfdr algorithm, the
original PCfdr algorithm by pooling all subject data together, and the IMaGES algorithm. (c) The type I error rate curves. (d) The detection
power curves. The x-axis represents the generating distribution U(β1,β2) for sampling the connection coefficients.

networks from fMRI data. Because the fMRI BOLD signal
can be considered as the convolution of underlying neural
activity with a hemodynamic response function, we assumed
that there must be a connection from each region at time t
to its mirror at time t + 1. We also assumed that there must
be a connection between each region and its homologous
region in the contralateral hemisphere. The TR interval (i.e.,
sampling period) was a relatively long, 1.985 seconds; we
restricted ourselves to learn only connections between ROIs
without time lags. In total, there are 12 + 6 = 18 pre-
defined connections and 12 × (12 − 1) ÷ 2 − 6 = 60
candidate connections to be tested. The brain connectivity

networks (with the target FDR of 5%) learned for the
normal (group N) and PD groups before (group Ppre) and
after (group Ppost) medication are compared in Figure 4.
Note the connection between the cerebellar hemisphere and
contralateral thalamus in the normal subjects and between
the supplementary motor area (SMA) and the contralateral
putamen, consistent with prior knowledge. Interestingly, in
Ppre subjects, the left cerebellum now connects with the
right SMA, and the right SMA ↔ left putamen connection
is lost. Also, there are now bilateral primary motor cortex
(M1) ↔ putamen connections seen in the Ppre group,
presumably as a compensatory mechanism. After medication
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Figure 3: Simulation 2: assessing the effects of increasing the number of subjects on the learned group networks. (a) The group-level
network, with 20 nodes and an average of two connections per node. (b) The FDR curves (with standard deviation marked) of the proposed
gPCfdr algorithm, the original PCfdr algorithm by pooling all subject data together, and the IMaGES algorithm. (c) The type I error rate
curves. (d) The detection power curves. The x-axis represents the number of subjects within the group.

(Ppost), the left SMA ↔ left thalamus connection is restored
back to be normal.

4. Discussion

Up to now, graphical models to infer brain connectivity
from fMRI data have implicitly relied on the unrealistic
assumption that if a model accurately represented the

overall activity in several ROIs, the internal connections
of such a model would accurately reflect underlying brain
connectivity. The PCfdr algorithm was designed to loosen this
overly restrictive assumption and asymptotically control the
FDR of network connections inferred from data.

In this paper, we first presented the PC+
fdr algorithm,

an extension of the PCfdr algorithm, which allows for
incorporation of prior knowledge of network structure into
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Figure 4: (a) Learned brain connectivity for the normal group (group N). (b) Learned brain connectivity for the PD group before medication
(group Ppre). (c) Learned brain connectivity for the PD group after medication (group Ppost). Here “L” and “R” refer to the left and right
sides, respectively. The solid lines are predefined connectivity, and the dashed lines are learned connectivity.

Table 1: Brain regions of interest (ROIs).

Full name of brain region Abbreviation

Left/right lateral cerebellar hemispheres lCER, rCER

Left/right globus pallidus lGLP, rGLP

Left/right putamen lPUT, rPUT

Left/right supplementary motor cortex lSMA, rSMA

Left/right thalamus lTHA, rTHA

Left/right primary motor cortex lM1, rM1

“l” or “r” in the abbreviations stands for “Left” or “Right,” respectively.

the learning process, greatly enhancing its flexibility in
practice. The PC+

fdr algorithm handles prior knowledge with
two inputs: Emust, which is the set of edges that are assumed
to appear in the true graph, and Etest, the set of edges that
are to be tested from the observed data. We proved that, with
mild assumptions and at the limit of large samples, the PC+

fdr
algorithm is able to recover all the true edges in Etest and also
curb the FDR of the edges inferred about Etest.

It is interesting that the PC+
fdr algorithm does not require

the assumed “true” edges Emust to be a subset of the true edges
Etrue, but only that all true edges are included in the union
of the assumed “true” edges and the edges to test. This is
very useful in research practice, since it allows some spurious
edges to be involved in Emust, as long as all the true edges have
been included in either Emust or Etest. Users can satisfy this
requirement by making Etest∪Emust large enough to cover all
the true edges.

When we compared the PC+
fdr algorithm with the original

PCfdr algorithm, both of them successfully controlled the
FDR under the target threshold in simulations, providing
a practical tradeoff between computational complexity and
accuracy. However, the PC+

fdr algorithm achieved better
detection power and better FDR than the original PCfdr algo-
rithm. Incorporating prior knowledge into PCfdr algorithm

therefore enhances inference accuracy and improves the
flexibility in using the method.

Another extension to PCfdr algorithm we described here
was the ability to infer brain connectivity patterns at the
group level, with intersubject variance explicitly taken into
consideration. As a combination of the PCfdr algorithm
and a mixed-effect model, the gPCfdr algorithm takes
advantage of the error control ability of the PCfdr algorithm
and the capability of handling intersubject variance. The
simulation results suggest that the proposed method was
able to accurately discover the underlying group network
and steadily control the false discovery rate. Moreover, the
gPCfdr algorithm was shown to be much more reliable than
simply pooling together the data from all subjects. This may
be especially important in disease states and older subjects.
Compared with the IMaGES algorithm, gPCfdr demonstrated
better control of the FDR.

As with all group models, a limitation of the proposed
gPCfdr algorithm is the requirement of a sufficient number
of subjects. While it is appreciated that in many biomedical
applications data collection is resource intensive, and if the
number of subjects is insufficient, the gPCfdr algorithm may
give unreliable results. Nevertheless, the group extension
to the PCfdr algorithm is one attempt to make brain con-
nectivity inference using error-rate-controlled exploratory
modeling.

When applying the proposed gPC+
fdr to fMRI data

collected from PD subjects performing a motor tracking
task, we found group evidence of disease changes (e.g.,
loss of left cerebellar ↔ SMA connectivity), compensatory
changes in PD (e.g., bilateral M1 ↔ contralateral putamen
connectivity), and evidence of restoration of connectivity
after medication (left SMA ↔ left thalamus). The tremen-
dous variability in clinical progression of PD is likely due
to variability not only in disease rate progression, but also
in variability in the magnitude of compensatory changes.
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This highlights the importance of the proposed method, as
it allows robust estimation of disease effects, compensatory
effects, and effects of medication, all with a reasonable
sample size, despite the enhanced intersubject variability
seen in PD.

Appendices

A. Proof of Theorems

To assist the reading, we list below notations frequently used
in the proof.

V : all the nodes in a graph,

Gtrue: the skeleton of the true underlying directed acyclic
graph (DAG),

Aa∼b: the event that edge a ∼ b is in the graph recovered by
the PC+

fdr algorithm,

AE′true : AE′true =
⋂

a∼b∈E′true
Aa∼b, the joint event that all the

edges in E′true, the true edges in Etest, are recovered by
the PC+

fdr algorithm,

pa∼b: the value of pmax
a∼b when the PC+

fdr algorithm stops,

C∗a∼b: a certain vertex set that d-separates a and b in the true
DAG and that is also a subset of either adj(a,Gtrue) \
{b} or adj(b,Gtrue) \ {a}, according to Proposition 1.
C∗a∼b is defined only for vertex pairs that are not
adjacent in Gtrue,

p∗a∼b: the p value of testing Xa ⊥ Xb | XC∗a∼b . The condi-
tional independence relationship may not be really
tested during the process of the PC+

fdr algorithm, but
p∗a∼b can still denote the value as if the conditional
independence relationship was tested,

H∗: the value in (�) in Algorithm 2 that is either H or
H(1 + 1/2, . . . , +1/H), depending on the assumption
of the dependency of the p values.

Lemma A.1. If Ai(m), . . . , AK (m) are a finite number of
events whose probabilities each approach 1 as m approaches
infinity

lim
m→∞P(Ai(m)) = 1, (A.1)

then the probability of the joint of all these events approaches 1
as m approaches infinity:

lim
m→∞P

⎛
⎝

K⋂

i=1

Ai(m)

⎞
⎠ = 1. (A.2)

For the proof of this lemma, please refer to Li and Wang’s
[11] work.

Lemma A.2. If there are F (F ≥ 1) false hypotheses among H
tested hypotheses and the p values of the all the false hypotheses
are smaller than or equal to (F/H∗)q, where H∗ is either H
or H(1 + 1/2, . . . , +1/H) depending on the assumption of the
dependency of the p values, then all the F false hypotheses will
be rejected by the FDR procedure, Algorithm 2.

For the proof of this lemma, please refer to Li and Wang’s
[11] work.

Proof of Theorem 2. If there is not any true edge in E′true, that
is, E′true = ∅, then the proof is trivially E′true = ∅ ⊆ E′.

In the following part of the proof, we assume E′true /=∅.
For the PC+

fdr algorithm and its heuristic modification,
whenever the FDR procedure, Algorithm 2, is invoked, pmax

a∼b
is always less than maxC∈V\{a,b}{pa⊥b|C}, and the number of
p values input to the FDR algorithm is always not more than
|Etest|. Thus, according to Lemma 5, if

max
a∼b∈E′true

{
max

C∈V\{a,b}
{
pa⊥b|C

}} ≤
∣∣E′true

∣∣
|Etest|

∑|Etest|
i=1 (1/i)

q,

(A.3)

then all the true connections will be recovered by the PC+
fdr

algorithm and its heuristic modification.
Let A′

a⊥b|C denote the event

pa⊥b|C ≤
∣∣E′true

∣∣
|Etest|

∑|Etest|
i=1 (1/i)

q, (A.4)

A′
E′true

denote the event of (A.3), and AE′true denote the event
that all the true connections in Etest are recovered by the PC+

fdr
algorithm and its heuristic modification.

∵ A′
E′true

is a sufficient condition for AE′true , according
to Lemma 5.

∴ AE′true ⊇A′
E′true

.

∴ P(AE′true ) ≥ P(A′
E′true

).

∵ A′
E′true

is the joint of a limited number of events as

A′
E′true

=
⋂

a∼b∈E′true

⋂

C⊆V\{a,b}
A′

a⊥b|C, (A.5)

and limm→∞P(A′
a⊥b|C) = 1 according to Assumption

(A3).

∴ According to Lemma 4, limm→∞P(A′
E′true

) = 1.

∴ 1 ≥ limm→∞P(AE′true ) ≥ limm→∞P(A′
E′true

) = 1.

∴ limm→∞P(AE′true ) = 1.

Lemma A.3. Given any FDR level q > 0, if the p value
vector P = [p1, . . . , pH] input to Algorithm 2 is replaced with
P′ = [p′1, . . . , p′H], such that (1) for the those hypotheses that
are rejected when P is the input, p′i is equal to or less than pi,
and (2) for all the other hypotheses, p′i can be any value between
0 and 1, then the set of rejected hypotheses when P′ is the input
is a superset of those rejected when P is the input.

For the proof of this lemma, please refer to Li and Wang’s
[11] work.

Corollary A.4. Given any FDR level q > 0, if the p value vector
P = [p1, . . . , pH] input to Algorithm 2 is replaced with P′ =
[p′1, . . . , p′H] such that p′i ≤ pi for all i = 1, . . . ,H , then the set
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of rejected hypotheses when P′ is the input is a superset of those
rejected when P is the input.

The corollary can be easily derived from Lemma 6.

Proof of Theorem 3. Let Pstop = {pa∼b} denote the value of
Pmax when the PCfdr-skeleton algorithm stops.

∵ The FDR procedure is invoked whenever Pmax is
updated, and Pmax keeps increasing as the algorithm
progresses.

∴ According to Corollary 7, E′stop is the same as
the edges recovered by directly applying the FDR
procedure to Pstop.

The theorem is proved through comparing the result of
the PC+

fdr algorithm with that of applying the FDR procedure
to a virtual p value set constructed from Pstop. The virtual p
value set P∗ is defined as follows.

For a vertex pair a ∼ b that is not adjacent in Gtrue, let
C∗a∼b denote a certain vertex set that d-separates a and b in the
true graph and that is also a subset of either adj(a,Gtrue)\{b}
or adj(b,Gtrue) \ {a}. Let us define P∗ = {p∗a∼b | a ∼ b ∈
Etest} as

p∗a∼b =
{
pa⊥b|C∗a∼b : a ∼ b /∈ E′true,

pa∼b : a ∼ b ∈ E′true.
(A.6)

Though pa⊥b|C∗a∼b may not be actually calculated during the
process of the algorithm, pa⊥b|C∗a∼b still can denote the value
as if it was calculated.

Let us design a virtual algorithm, called Algorithm∗, that
infers true edges in Etest by just applying the FDR procedure
to P∗, and let E∗ denote the edges in Etest claimed to be
true by this virtual algorithm. This algorithm is virtual and
impracticable because the calculation of P∗ depends on the
unknown E′true, but this algorithm exists because E′true exists.

For any vertex pair a and b that is not adjacent in Gtrue,
we have the following.

∵ Xa and Xb are conditional independent given XC∗a∼b .

∴ pa⊥b|C∗a∼b follows the uniform distribution on [0, 1].

∴ The FDR of Algorithm∗ is under q.

When all the true edges in the test set are recovered by the
PC+

fdr algorithm, that is, E′true ⊆ E′stop, all the edges in Gtrue are
included in Estop due to Assumption (A4). In this case, the
conditional independence between Xa and Xb given XC∗a∼b is
tested for all the falsely recovered edges a ∼ b ∈ E′stop \ E′true,
because for these edges, subsets of adj(a,Gtrue) \ {b} and
subsets of adj(a,Gtrue) \ {b} have been exhaustively searched
and C∗a∼b is one of them. Therefore, pa∼b ≥ p∗a∼b for all
a ∼ b ∈ E′stop when event AE′true happens. Consequently,
according to Lemma 6,

if event AE′true happens,E′stop ⊆ E∗. (A.7)

Let q(E′) denote the realized FDR of reporting E′ as the
set of true edges in Etest:

q(E′) =
⎧⎪⎨
⎪⎩

∣∣E′ \ E′true

∣∣
|E′| : E′ /=∅,

0 : E′ = ∅.
(A.8)

The FDRs of the PC+
fdr algorithm and Algorithm∗ are

E[q(E′stop)] and E[q(E∗)], respectively. Here E[x] means the
expected value of x.

∵ E[q(E′stop)] = E[q(E′stop)|AE′true ]P(AE′true ) +

E[q(E′stop)|AE′true ]P(AE′true ) ≤ Q + P(AE′true ), where
Q = E[q(E′stop)|AE′true ]P(AE′true ).

∴ lim supm→∞E[q(E′stop)] ≤ lim supm→∞Q +

lim supm→∞P(AE′true ).

∵ limm→∞P(AE′true ) = 1, according to Theorem 2.

∴ lim supm→∞P(AE′true ) = limm→∞P(AE′true ) = 0.

∴ lim supm→∞E[q(E′stop)] ≤ lim supm→∞Q.

∵ Q ≤ E[q(E′stop)].

∴ lim supm→∞Q ≤ lim supm→∞E[q(E′stop)].

∴ lim supm→∞E[q(E′stop)] = lim supm→∞Q =
lim supm→∞E[q(E′stop)|AE′true ]P(AE′true ).

Similarly, lim supm→∞E[q(E∗)] = lim supm→∞E[q(E∗)|
AE′true ]P(AE′true ).

∵ Event AE′true implies E′true ⊆ E′stop ⊆ E∗.

∴ Given event AE′true ,

q
(
E′stop

)
=
∣∣∣E′stop

∣∣∣− ∣∣E′true

∣∣
∣∣∣E′stop

∣∣∣
= 1−

∣∣E′true

∣∣
∣∣∣E′stop

∣∣∣

≤ 1−
∣∣E′true

∣∣
|E∗| = |E∗| − ∣∣E′true

∣∣
|E∗| = q(E∗).

(A.9)

∴ lim supm→∞E[q(E′stop) | AE′true ]P(AE′true ) ≤
lim supm→∞E[q(E∗) |AE′true ]P(AE′true ).

∴ lim supm→∞E[q(E′stop)] ≤ lim supm→∞E[q(E∗)].

∵ Algorithm∗ controls the FDR under q.

∴ E[q(E∗)] ≤ q.

∴ lim supm→∞E[q(E∗)] ≤ q.

∴ lim supm→∞E[q(E′stop)] ≤ q.

B. Computational Complexity

The PC+
fdr algorithm spends most of its computation on

performing statistical tests of conditional independence at
step 7 and controlling the FDR at step 11. If the algorithm
stops at the depth d = dmax, then the number of conditional
independence tests required is bounded by

T = 2|Etest|
dmax∑

d=0

Cd
Δ−1, (B.1)

where |Etest| is the number of edges to test, Δ is the maximum
degree of graph Ginit (the graph formed at step 1 of the
PC+

fdr algorithm) whose edges are Emust ∩ Etest, and Cd
Δ−1 is

the number of combinations of choosing d unordered and
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distinct elements from Δ− 1 elements. In the worst case that
dmax = Δ − 1, the complexity is bounded by 2|Etest|2Δ−1 =
|Etest|2Δ. The bound usually is very loose, because it assumes
that no edge has been removed until d = dmax. In real-world
applications, the algorithm is very fast for sparse networks.

The computational complexity of the FDR procedure,
Algorithm 2, invoked at step 11 of the PC+

fdr algorithm,
in general is O(H log(H) + H) = O(H log(H)) where
H = |Etest| is the number of input p values. The main
complexity H log(H) is at the sorting (step 1). However, if
it is recorded the sorted Pmax of the previous invocation
of the FDR procedure, then the complexity of keeping the
updated Pmax sorted is only O(H). With this optimization,
the complexity of the FDR-control procedure is O(H log(H))
at its first operation and is O(H) later. The FDR procedure
is invoked only when pa⊥b|C > pmax

a∼b . In the worst case
that pa⊥b|C is always larger than pmax

a∼b , the complexity of the
computation spent on the FDR control in total is bounded
by O(|Etest| log(|Etest|) + T|Etest|) where T is the number
of performed conditional independence tests. This is a very
loose bound because it is rare that pa⊥b|C is always larger than
pmax
a∼b .
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We used a recently proposed graph index to investigate connectivity redundancy in resting state MEG recordings. Usually, brain
network analyses consider indexes linked to the shortest paths between cerebral regions. However, important information might
be lost about alternative trails by neglecting longer pathways. We measured the redundancy of the connectivity by considering
the multiple paths at the global level (i.e., scalar redundancy), across different path lengths (i.e., vector redundancy), and between
node pairs (i.e., matrix redundancy). We applied this approach to a robust frequency domain functional connectivity measure,
the corrected imaginary part of coherence. The redundancy in the MEG networks, for each frequency band, was significantly
(P < 0.05) higher than in the random graphs, thus, confirming a natural tendency of the brain to present multiple interaction
pathways between different specialized areas. Notably, this difference was more evident and localized among the channels
covering the parietooccipital areas in the alpha range of MEG oscillations (7.5–13 Hz), as expected in the resting state conditions.
Interestingly enough, the results obtained with the redundancy indexes were poorly correlated with those obtained using shortest
paths only, and more sensitive with respect to those obtained by considering walk-based indexes.

1. Introduction

Over the last decade, there has been a growing interest in
the detection of functional connectivity in the brain from
different neuroelectromagnetic and hemodynamic signals
recorded by several neuroimaging techniques. Many meth-
ods have been proposed and discussed in the literature with
the aim of estimating the functional relationships among
different cerebral structures [1, 2]. The recent application of
graph theoretical analysis to human brain time series is a
valuable approach to the study of functional brain archite-
cture [3]. Graph theoretical properties of neural networks
have been studied in healthy subjects [4–8] and in patients
with brain pathologies such as Alzheimer’s disease (AD)
[9, 10], schizophrenia [11, 12], and brain tumors [13]. These
studies suggest that brain functional network parameters

might serve as useful biomarkers for neurocognitive disor-
ders and to improve therapies [14].

Usually, graph-based studies consider indexes linked to
the shortest path between two interacting cerebral regions.
However, the consideration of the shortest pathway alone
seems rather reductive, possibly providing incomplete infor-
mation about the alternative longer pathways by which two
cerebral regions could interact. In particular, in this work
we considered path-based alternative longer pathways, that
is, pathways in which nodes can be visited only once. Other
strategies including nodes and links that can be revisited sev-
eral times along the way (walks), as described in [15, 16] and
named “communicability,” are possible although less bio-
logically plausible.

The information about longer pathways appears strictly
related to the concepts of “redundancy” and “robustness.”
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These properties are critical for the survival of many bio-
logical systems as they allow for reliable functions despite
the death of individual elements. Indeed, the number of dif-
ferent pathways between two areas, rather than the shortest
one, could highlight the importance of the link between two
regions. Even more importantly, in brain pathologies (Alz-
heimer, Parkinson, Stroke, etc.) the availability of alternative
anatomical and functional pathways would allow the brain to
reshape its physiologic mechanisms in order to compensate
the critical consequences of the disease [17].

A graph-based index that includes robustness—taking
inspiration from the recent findings on the evaluation of
multiple paths between network elements [18–20]—has
been defined and successfully applied in rest EEG [21]. In
particular, three complementary indexes have been derived:
(i) the scalar redundancy, a scalar number that characterizes
the global level of redundancy in the network; (ii) the vector
redundancy, a vector characterizing the overall redundancy
for each path length; (iii) the matrix redundancy, a matrix
describing the redundancy in each of the node pairs regard-
less of path length.

Indeed, De Vico Fallani and colleagues [21] showed that
functional brain networks exhibit a high degree of redund-
ancy, consistently with a natural tendency of the brain to
establish multiple connections. However, EEG connectivity
profiles are known to be strongly biased from volume con-
duction effect due to the low pass spatial filtering properties
of the head and are influenced by the choice of the reference
electrode [22, 23].

In this work, we calculate redundancy indexes from rest
MEG data to avoid possible confounds from volume conduc-
tion and reference electrode effects. In fact, MEG does not
require a reference channel and is intrinsically less influenced
by volume conduction effect [24]. Moreover, the connectivity
metric estimated from MEG data is a corrected version of
the imaginary part of coherency [25] aimed at suppressing a
spatial bias towards remote interactions. Finally, redundancy
indexes from rest MEG data are compared to those identified
using shortest path and walk-based pathways.

2. Materials and Methods

2.1. MEG Recordings. The present data were acquired in 7
healthy young adult subjects. The study was approved by the
local ethical committee and all subjects gave their written
informed consent. The subjects contributed one 5 min
resting state MEG run during which they were instructed to
maintain fixation on a visual crosshair. MEG was recorded
using the 165-channel MEG system installed at the Uni-
versity of Chieti [26]. This system includes 153 dc SQUID
integrated magnetometers arranged on a helmet covering
the whole head plus 12 reference channels. Two electrical
channels were simultaneously recorded (electrocardiogram
and electrooculogram) to be used for artifact rejection. All
signals were band-pass-filtered at 0.16–250 Hz and digitized
at 1025 Hz. The position of the subject’s head with respect to
the sensors was determined by five coils placed on the scalp
recorded before and after each MEG run. The coil positions
were digitized by means of a 3D digitizer (3Space Fastrak;

Polhemus), together with anatomical landmarks (left and
right preauricular and nasion) defining the head coordinate
system. After downsampling to 341 Hz, the recorded data
were analyzed using Independent Components Analysis
(ICA) by means of the fast ICA algorithm [27]. The ICs were
automatically classified, the artefactual components were
removed, and the nonartifactual ICs were then recombined
thus providing cleaned time domain signals. In the present
work, we considered only 61 evenly spaced MEG channels to
compare the results with those reported with standard 64 ch
EEG data [21].

2.2. Functional Connectivity. In the present study, we esti-
mated a corrected version of the imaginary part of coherence,
a robust measure of the linear relationship between two-time
series in the frequency domain [25, 28].

Given two-time domain signals, xi(t) and xj(t), and their
fourier transforms, Xi( f ) and Xj( f ), coherence is a complex
valued measure of interaction defined as

Cij
(
f
) ≡ Si j

(
f
)

√
Sii
(
f
)
Sj j
(
f
) , (1)

where

Si j
(
f
) ≡

〈
Xi
(
f
)
X∗j
(
f
)〉

(2)

is the cross-spectrum between Xi( f ), and Xj( f ), Sii( f ) is the
power spectrum of Xi( f ), and Sj j( f ) is the power spectrum
of Xj( f ). The symbols ∗ and 〈 〉 in (2) indicate complex
conjugation and expectation value, respectively. In practice,
expectation value is estimated as the average over signal
epochs.

A nonvanishing imaginary component of complex
coherence (ImCoh) can only indicate a phase-shifted rela-
tionship between Xi and Xj . As a consequence of this pro-
perty, and assuming the quasistatic regime for Maxwell’s
equations, ImCoh is robust to self-connectivity induced by
volume conduction or crosstalk at the sensor level [25, 29].
Thus, ImCoh robustly measures functional connectivity [30–
33] meaning that a significant deviation from zero cannot be
generated by independent sources but rather by true brain
interaction.

Since classical ImCoh might exhibit a spatial bias towards
remote interactions, we rely on a corrected version of ImCoh
(cImCoh) with the same properties introduced above and
with the additional feature of compensating for preference
for remote interactions [28]:

cImCohi j
(
f
) ≡

Im
(
Cij
(
f
))

√(
1− Re

(
Cij
(
f
))2
) . (3)

The corrected ImCoh was estimated for each run as the
average over signal epochs of 2-second duration. Therefore,
a single complex coherence value for each frequency bin was
generated for each possible channel pair combination. In
order to study the level of synchronization in specific physio-
logical frequency bands, we averaged the corrected imaginary
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coherence values within specific ranges, thus, generating a
single value for each frequency band of interest, namely: delta
(1–3.5 Hz), theta (3.5–7.5 Hz), alpha (7.5–13 Hz), beta (13–
24 Hz), and gamma (24–60 Hz). The frequency band specific
values were thus, stored in a channel matrix. This matrix
describes a functional network, where the particular combi-
nation of the ith row with the jth column indicates the syn-
chronization value between the MEG signals of the ith and
jth channels. At this stage, the functional brain connectivity
is a fully connected and undirected network. To compute
topological features, a network has to be converted into undi-
rected and unweighted graph by considering a threshold,
expressed as connection density, that represents the number
of the most powerful connections to be considered. We
choose an “optimal” connection density of 0.101, as this is
the best statistical tradeoff to differentiate between the global
and local structural properties of a network with 61 nodes.
This highest separation would increase the independence
between the two indexes when measuring the global and local
properties of the network [34, 35]. This threshold retains the
370 highest values (in magnitude) for the MEG network by
setting them equal 1 and by setting the remaining ones to 0.

2.3. Network Redundancy. A graph is defined as a set of
vertices/nodes N and a set of links/connections representing
some sort of interaction between the vertices. The adjacency
matrix A of size N × N contains the information about
the graph connectivity structure. If a link connects the two
nodes i and j, the corresponding entry of A is given by
ai j = 1; otherwise, ai j = 0. In a graph, a path is an alter-
nating sequence of vertices and links, beginning and ending
with a vertex, where each vertex is incident to both the
preceding link and the following link in the sequence. Given
such definition, it is clear that the shortest path is only one
of the possible ways in which two nodes in a graph can
interact. To account for all the possible ways, longer pathways
should also be considered for characterizing functional
brain connectivity [34, 35]. Our algorithm, implemented in
Matlab (The MathWorks Inc., Natick, MA, USA), computes
all the possible paths in a graph by counting the total num-
ber of links between the nodes excluding vertices already vis-
ited (self-connections). The main steps of this algorithm are
highlighted in the flowchart of Figure 1. The algorithm out-
put is a three-dimensional matrix P of size N × N × L,
containing the number of all the possible paths of length l =
1, . . . ,L in each node pair, where L ≤ N−1. Starting from this
P-matrix, we evaluate the following characteristic measures.

2.3.1. Scalar Redundancy. The scalar redundancy Rs is the
total sum of the number of paths, of any length l = 1, . . . ,N−
1, found between all the nodes, that is, (N2−N)/2, excluding
the self-connections:

Rs =
N∑

i=1

N∑

j=1

L∑

l=1

P
(
i, j, l

)
. (4)

It represents the global level of network redundancy by
means of a scalar number. The higher is Rs, the higher is the
tendency of the graph to exhibit multiple alternative path-
ways.
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Figure 1: The main steps of this algorithm are highlighted in the
flowchart that computes all the possible paths in a graph, able
to count the total number of paths between the nodes excluding
vertices already visited (self-connections).

2.3.2. Vector Redundancy. The vector redundancy Rv is the
total sum of the number of paths found between all the
nodes, that is, (N2 − N)/2, excluding the self-connections,
with respect to each path length l = 1, . . . ,N − 1:

Rv(l) =
N∑

i=1

N∑

j=1

P
(
i, j, l

)
. (5)

It represents the total level of network redundancy across
different path lengths. The higher is Rv(l), the higher is the
tendency of the graph to exhibit multiple alternative path-
ways with a specific length l.

2.3.3. Matrix Redundancy. The matrix redundancy Rm is the
total sum of the number of paths of any length l = 1, . . . ,N−
1 in each node pair:

Rm
(
i, j
) =

L∑

l=1

P
(
i, j, l

)
. (6)

It represents the total level of redundancy between the nodes
of the graph. The higher is Rm(i, j), the higher is the tendency
of the graph to exhibit many alternative pathways between
the nodes i and j.

In the present study, the analysis of the network redun-
dancy indexes was addressed by exploring paths of a maximal
length of L = 5.
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Table 1: Mean z-score values of scalar redundancy (Rs) and vector redundancy (Rv). Different rows correspond to different bands. In the Rv

section, each column refers to a different path length l. Asterisks denote a significant (P < 0.05) difference from random graphs.

Rs
Rv

l = 1 l = 2 l = 3 l = 4 l = 5

Delta 38.32∗ — 20.34∗ 23.74∗ 30.95∗ 39.60∗

Theta 45.30∗ — 19.86∗ 25.56∗ 34.41∗ 47.16∗

Alpha 60.03∗ — 24.77∗ 33.21∗ 45.76∗ 62.42∗

Beta 39.40∗ — 20.36∗ 24.62∗ 31.78∗ 40.72∗

Gamma 54.54∗ — 24.40∗ 31.41∗ 42.09∗ 56.68∗

2.3.4. Random Network Comparison. The same redundancy
indexes were computed in a set of reference graphs whose
links were arranged in a random fashion. Indeed, random
connections correspond to a scrambled situation, where no
anatomical nor functional organization is implied, and are
a baseline for the evaluation of all networks. In this work,
100 random graphs were generated by maintaining the same
number of nodes and connections of the original MEG
networks. Each time, links were randomly shuffled without
preserving the node degree distribution [36]. This choice is
motivated by the fact that the networks are rather small (61
MEG channels) and sparse (connection density ∼0.1), and
preserving the degree distribution would generate very simi-
lar network topologies due to reduced number of different
possible random combinations.

Finally, the statistical contrast with the random networks
was addressed for the experimental subjects and for each
frequency band by calculating the z-score of the obtained
redundancy indexes.

2.3.5. Comparison with Other Indexes. Redundancy indexes
were also compared with those found by using the shortest
paths between all the node pairs. Starting from the three-
dimensional matrix P of size N ×N × L defined before, and
containing the number of all the possible paths of length
l, we calculated the matrix PS containing the number of
shortest paths between the nodes (two-dimensional matrix
of shortest path):

PS
(
i, j
) = P

(
i, j, k

)
,

k = min(l) such that P
(
i, j, k

)
> 0.

(7)

Shortest path-based PS values were compared with the
redundancy matrix index Rm (with Lmax = 5). In order to
reduce any effect related to the different range of values (i.e.,
the number of shortest paths could significantly deviate from
the number of paths of any length), the original values were
normalized by the mean values obtained from 100 random
networks through a z-score. Then, the difference was assessed
by computing the difference of the normalized matricial
values, for each subject and frequency band.

Similarly, we implemented a matricial index using the
number of alternative pathways (with Lmax = 5) as revealed
by walks, along the line of the communicability concept
introduced in [16]. Starting from the adjacency matrix A,
we evaluated the matrix communicability indexG containing

the number of walks of length l = 1, . . . ,Lmax that started at
node i and finished at node j:

G
(
i, j
) =

Lmax∑

l=1

Al
(
i, j
)
. (8)

Again, G(i, j) was compared with the redundancy matrix
index Rm. In order to reduce any effect related to the different
range of values (i.e., the number of walks could significantly
deviate from the number of paths of any length), the original
values were normalized by the mean values obtained from
100 random networks through a z-score. Then, the difference
was assessed by computing the difference of the normalized
matricial values, for each subject and frequency band.

3. Results

The MEG network in the alpha frequency band relative to
one subject is shown in Figure 2(a), whilst Figure 2(b) shows
one random network obtained by randomizing the original
links among the channels. As it can be observed, there is a
clear difference between the two connectivity patterns. Not-
ably, in the MEG network the nodes of the temporal, parietal,
and occipital areas are strongly interconnected, while there is
no particular structure in the random network.

Figure 3 shows the cumulative MEG graph in alpha fre-
quency band relative to all of the 7 subjects.

Only values larger than 2 are shown. The cumulative
MEG network resembles the functional structure shown in
Figure 2(a), highlighting the consistency of temporal, pari-
etal, and occipital interconnections in resting state MEG net-
works.

All three redundancy indexes—Rs, Rv, Rm—computed
for MEG data showed statistically significant difference (P <
0.05) with respect to the random graph set for all frequency
bands: delta, theta, alpha, beta, and gamma, as indicated by
z-scores listed in Table 1.

Figure 4 details mean Rs values in the alpha frequency
band calculated from single subject MEG networks as well as
the mean Rs values from the random networks. The scalar
redundancy in the MEG networks is significantly higher
(P < 0.05) with respect to random graphs. Figure 5 details
mean Rv values in MEG and random networks in the alpha
band. Although they have similar trends, showing a vector
redundancy that increases with path length, the statistical
comparison between their values is highly significant. In
particular, the vector redundancy of the MEG network is
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MEG

(a)

Random

(b)

Figure 2: (a) Representation of the MEG network in alpha frequency band. Nodes represent MEG channels, while links indicate a significant
synchronization in the frequency domain between the time series of all the MEG channels (1342 highest values of corrected imaginary
coherence magnitude). (b) Representation of a simulated random network with same number of nodes and links of the MEG network.

5

4

3

2

1

0

Figure 3: Representation of the MEG network in alpha frequency
band for all subjects. Nodes represent MEG channels, while
thickness and color line code the number of subjects who share
that particular connection. Only values larger than 2 are shown.
According to the color bar, connections common to many subjects
are identified by green-black colors.

significantly higher (P < 0.05) than that of random graphs
for the path lengths l = 2, . . . , 5. Actually, the results for l = 1
are identical due to the statistical threshold that made all the
inspected networks having the same number of connections
(see Functional connectivity paragraph in Section 2).

Figure 6 shows the mean z-score values of the matrix
redundancy Rm for the representative alpha frequency band.
Also in this case, Rm calculated for MEG networks is signi-
ficantly different from that of random graphs. Similar results

MEG Random
0

0.5

1

1.5

2

2.5
×106

Figure 4: Mean scalar redundancy values for MEG network in the
alpha frequency band and for random graphs. Vertical bars denote
the standard deviation (of the values of 7 subjects for MEG graph
and of the values of 100 random graph). A significant difference
between the MEG and random values is found (P < 0.05).

were also obtained in the other frequency bands. Further-
more, MEG networks show a clear topographical specificity
as revealed by a very high redundancy between the nodes of
the parietal and occipital areas.

Finally, Figure 7 summarizes the comparison of redun-
dancy index with those obtained from shortest path and
communicability in the alpha frequency band. In particular,
we show in Figure 7(a) the mean z-score values related to
shortest path-based matricial index, in Figure 7(c) the mean
z-score values related to communicability-based matricial
index. Figures 7(b) and 7(d) show the difference between
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Figure 5: Mean vector redundancy values in logarithmic scale for
MEG network in the alpha frequency band (solid blue line) and
for random graphs (dashed black line). Vertical bars denote the
standard deviations. A significant difference between the MEG and
random values is found (P < 0.05).

the mean z-score values for the matrix redundancy index
(shown in Figure 6(a)) and the mean z-score for the shortest
path and the communicability, respectively. Moreover, the
number of nodes significantly correlated according to Spear-
man coefficient between redundancy index and shortest
path-based index is 0.93% (P < 0.05, corrected for multiple
comparisons through the rough false discovery rate [37]),
while is much higher (56,12%) between the redundancy
index and communicability-based index. Similar results were
obtained in the other frequency bands.

4. Discussion

In this study, we derived graph theory parameters from a
robust frequency domain functional connectivity measure,
the corrected imaginary part of coherence estimated from
MEG data. Indeed, MEG is immune to reference electrode
effect and is less confounded by volume conduction effect
[24]. The graph connectivity structure is represented as a
binary quantity in the adjacency matrix and provides infor-
mation about the links between vertices (i.e., MEG chan-
nels). Our data show that the MEG network features a less
spread topology with respect to similar networks mapped by
EEG [21]. In fact, the widespread topology found in EEG can
possibly be ascribed to volume conduction effect and/or to
the bias towards remote interactions.

In our study, we calculated three different indexes: scalar,
vector, and matrix, to the aim of characterizing overall
network redundancy, global network redundancy for a given
path length, and redundancy of pairwise connections in the
network. As a general rule, these indexes are related to the
maximum path length (Lmax) explored. The results presented
here are obtained for Lmax = 5, which corresponds to a
computationally reasonable amount of time and space (20 s
per subject and per frequency band on a Intel i5-2400 CPU
@ 3.10 GHz with 8 GB of RAM). The needed amount of time
diverges for higher Lmax values. Nevertheless, as it can be seen

 

 

M
00

0
M

00
8

M
00

9
M

01
4

M
01

5
M

01
8

M
01

9
M

02
8

M
02

9
M

03
8

M
03

9
M

04
2

M
04

3
M

04
8

M
04

9
M

05
4

M
05

5
M

05
6

M
05

7
M

05
8

M
05

9
M

06
0

M
06

1
M

06
2

M
06

3
M

06
6

M
07

0
M

07
1

M
07

6
M

07
7

M
08

6
M

08
7

M
09

3
M

09
6

M
09

7
M

09
8

M
09

9
M

10
0

M
10

1
M

10
4

M
10

5
M

10
8

M
10

9
M

11
6

M
11

7
M

11
8

M
12

0
M

12
1

M
12

8
M

12
9

M
13

0
M

13
1

M
13

2
M

13
3

M
13

6
M

14
3

M
14

4
M

14
9

M
15

0
M

15
1

M
15

2

M000
M008
M009
M014
M015
M018
M019
M028
M029
M038
M039
M042
M043
M048
M049
M054
M055
M056
M057
M058
M059
M060
M061
M062
M063
M066
M070
M071
M076
M077
M086
M087
M093
M096
M097
M098
M099
M100
M101
M104
M105
M108
M109
M116
M117
M118
M120
M121
M128
M129
M130
M131
M132
M133
M136
M143
M144
M149
M150
M151
M152

10

0

20

30

40

−40

−30

−10

−20

(a)

45

40

35

30

25

20

15

10

5

0

(b)

Figure 6: z-score values of matrix redundancy for MEG network in
the alpha frequency band. (a) the degree of z-score redundancy for
each channel pair is colour coded: highest values of redundancy,
significantly different between MEG and random networks, are
identified by yellow-red colours. (b) only values larger than 70%
of the maximum value are shown. According to the colour bar,
highest values of redundancy, significantly different between MEG
and random networks, are identified by green-black colours.

from Figure 5, where the dependence of vector redundancy
from L is shown, a linear trend (in semilogarithmic scale)
rules such dependence. Thus, the vector redundancy for
higher values of Lmax can be extrapolated. Moreover, the
matrix redundancy obtained for Lmax = 5 typically shows
a high spatial correlation degree with respect to matrix
redundancy obtained for higher L values (up to 10), meaning
that topographical information is preserved also for lower
L values. Graph theory parameters derived from adjacency
matrices are usually calculated by considering the shortest
possible pathway of interaction between two vertices. Never-
theless, shortest distances alone could provide an incomplete
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Figure 7: Comparison between redundancy, shortest path, and communicability for the alpha frequency band: (a) z-score values related to
matrix containing the number of shortest paths between all the node pairs; (b) difference between mean z-score values of redundancy and
mean z-score of shortest path; (c) z-score values of matrix of communicability, that is, redundancy indexes based on the computation of
walks; (d) difference between mean z-score values of redundancy and mean z-score values of communicability.

characterization of a network, since connectivity in complex
systems with similar shortest paths distribution can indeed,
exhibit distinct structural and dynamical properties [34, 35].
In particular, by neglecting the longer pathways important
information might be lost about the alternative trails that
could connect two nodes in a network. The possibility to
inspect multiple pathways within a system is strictly related
to the concept of redundancy and robustness, which is sup-
posed to be a natural mechanism of the brain for enhancing
the resilience to neural damages and dysfunctions [38].

Scalar redundancy is related to overall network resilience.
This index appeared significantly different than the corre-
sponding value obtained from random networks in all the
frequency bands.

Similar results were obtained with EEG recordings [21].
This difference suggests that scalar redundancy might be a
functional correlate of brain connectivity disruption with a
possible prognostic value.

Vector redundancy is related to global network redun-
dancy for a given path length. Higher vector redundancy val-
ues for MEG graphs compared to random graphs indicate the
network tendency to build a larger number of connections
for a given path length L, regardless of specific node con-
tribution. Analogous results were found for EEG [21]. Again,
this parameter might serve as a prognostic index.

The matrix redundancy index informs us about the
robustness of a given pairwise connection. Indeed, our data
showed the most redundant interactions between the parietal



8 Computational and Mathematical Methods in Medicine

and occipital channels in the alpha frequency band, as
expected in relation with the posterior alpha rhythm origi-
nating in occipito-parietal areas during rest [39]. Notably,
our MEG results on the network topology show an improved
spatial specificity with respect to its EEG counterpart [21],
possibly thanks to the diminished bias from volume conduc-
tion and reference electrode effects.

Methodological Considerations. One of the main issues
related to the used redundancy indexes is if they carry
different information from other existing measures like for
instance that related to the shortest paths or to walks.

As it can be noticed by comparing Figures 6 and 7(a), the
connections characterized by high redundancy values differ
from those obtained using shortest path-based values. A
direct comparison between the z-scores (Figure 7(b)) shows
that the redundancy values were generally higher than short-
est path-based values, the difference being largely positive.
Interestingly, the highest differences were located between
the occipito-parietal regions. The significant correlation
(Spearman) between the distribution of the shortest path-
based and redundancy index gathered from the population
observed in less than 1% of the connections strengthens the
finding that the two indexes are not related and provide
different information. Taken together these results indicate
that the topological information carried by shortest paths is
different from that obtained by redundancy. Furthermore,
these two measures are generally not correlated, thus, justify-
ing the additional time needed for redundancy computation.

When comparing communicability-based and redun-
dancy matrix index, we observed a high degree of correlation.
We would like to stress that the redundancy indexes are
based on paths which never visit the same vertex twice, [40]
thus, avoiding cycles that have a difficult interpretation in
functional brain networks and that are generally neglected
by the existing literature [41]. From a general point of view,
this can be seen as the main difference between the present
method and the communicability-based indexes. Indeed,
pathways visiting a node more than once are fake alternatives
to the possibly damaged link. To give an example, a link
between two nodes (just suppose that this is the only way they
can connect) is identified as a walk of distance equal to 3 and
as a path of distance 1. In our view, there is no real redundant
information between these two nodes, since they are directly
connected as correctly identified by the path-based distance.

Nevertheless, Figure 7(d) shows that z-scores found from
the redundancy values were generally higher than the ones
obtained from communicability-based values. Thus, there
exists a general tendency of the walk-based index to overesti-
mate the number of actual interactions between nodes, and
to generate lower z-scores with respect to redundancy values.
This suggests that redundancy indexes are in general more
sensible in identifying significant redundant interactions
between nodes.

Overall, in the present work, we demonstrated that a nat-
ural high degree of redundancy, confidently ascribed to func-
tional brain network behavior, is also exhibited by the MEG
networks in a group of healthy subjects. Moreover, although
we believe that it is not good practice to draw strong

conclusions about the underlying brain functioning from
channel level information, our results may be attributed
to the role of alpha band in mediating interactions in or
between visual, attention, and default mode networks [42].

Finally, it would be interesting to investigate how differ-
ent mental states or behavioral conditions, as well as alter-
ations due to cerebral diseases, can affect this high natural
redundancy of spontaneous functional brain networks.

5. Conclusion

This work has shown that functional brain networks as mea-
sured by MEG exhibit a natural high redundant degree of
frequency specific interaction between different regions. The
redundancy indexes used are defined to capture different
information at the global level (scalar), at each path length
(vector), and between any node pair (matrix). In our opin-
ion, this information might integrate rather than substitute
indexes based on the shortest path, thus, allowing for a
more comprehensive understanding of network properties.
In particular, the inclusion of redundancy metrics in a bench-
mark set of graph indexes might be particularly relevant for
studying plasticity in connectivity pattern organization [17]
such as those occurring during brain development in the first
span and in healthy aging [6] in the last part of life, as well
as brain injuries or diseases (e.g., Alzheimer’s disease, brain
tumors, etc.) [38].
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How the brain works is nowadays synonymous with how different parts of the brain work together and the derivation
of mathematical descriptions for the functional connectivity patterns that can be objectively derived from data of different
neuroimaging techniques. In most cases static networks are studied, often relying on resting state recordings. Here, we present a
quantitative study of dynamic reconfiguration of connectivity for event-related experiments. Our motivation is the development of
a methodology that can be used for personalized monitoring of brain activity. In line with this motivation, we use data with visual
stimuli from a typical subject that participated in different experiments that were previously analyzed with traditional methods.
The earlier studies identified well-defined changes in specific brain areas at specific latencies related to attention, properties of
stimuli, and tasks demands. Using a recently introduced methodology, we track the event-related changes in network organization,
at source space level, thus providing a more global and complete view of the stages of processing associated with the regional
changes in activity. The results suggest the time evolving modularity as an additional brain code that is accessible with noninvasive
means and hence available for personalized monitoring and clinical applications.

1. Introduction

Even the simplest of tasks, be it purely cognitive, purely mus-
cular, or a combination of the two involves coordinated
activity in distinct brain areas distributed across the cortical
mantle and deep brain nuclei. The coordination however is
full of redundancy so that an identical goal, for example, a
movement of a finger or an eye, the perception of a simple
figure or a letter, can be accomplished in any of number
of possible ways [1]; only in pathology the repetition of an
identical task involves a rigid repetition of a fixed sequence
of brain activations. The apparent orderly progression of
activity that the averaged (over many trials and subjects)
electroencephalography (EEG) and magnetoencephalogra-
phy (MEG) data reveal is a mirage of a sandwich of histories
[2]. There is however much useful information in this
mirage, primarily the identification of key brain areas and

points in time. In terms of cortical networks the analysis
of gross measures like the average signal elicited by a large
number of identical stimuli can reveal key nodes in the
network that play critical role in the task and points in time
when stages of processing reach a climax or are completed.
Careful experimental design can then help identify the stages
of processing supporting the perception of a specific type of
stimuli or how they are underpinning a specific task.

Here, we adapt a dynamic graph theoretical formalism [3,
4] to the study of real-time regional brain activations derived
from tomographic source analysis of MEG signals [5]. In line
with many recent studies we use phase coupling to describe
quantitatively the stimulus- and task-related synchronization
(as a putative mechanism for long-range integration) of
brain responses. We use single trial tomographic estimates
of brain activity to statistically identify the key individual
brain regions and derive dynamic brain networks and their
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graph theoretical properties. The methodology allows us
to generalize the viewpoint of isolated regional changes in
brain activity to the wider framework of quantifiable changes
in network properties and organization. We are specifically
interested in personalized monitoring of brain function and
therefore apply the methodology to the single trial MEG data
from individual subjects in two different sets of experiments.
The first set of experiments was designed to examine the
effect of attention on the earliest sensory processing stages
in the brain. In our earlier study of regional time courses we
found that spatial attention modulates the initial feedforward
response in the primary visual cortex beginning at ∼55 ms
[6]. The second set of experiments focuses on the use of letter
and pseudoletters as elements for category selection. The
earlier analysis of neural activity in individual brain regions
revealed key roles of cuneus and fusiform gyrus (FG) in this
task [7].

Using methodologies and algorithms from the well-
established branch of graph theory, the multidisciplinary
approach of complex-network analysis characterizes a wide
range of naturally occurring systems by quantifying the
topologies of their network representations [8–10]. A wide
range of methods have been proposed to characterize the rich
anatomical and functional connectivity patterns of the brain
using signals from modern brain-imaging techniques, such
as diffusion MRI, functional MRI (fMRI), and EEG/MEG
[11–14]. In retrospect, the description of the anatomical and
functional organization of the brain as complex networks
seems almost unavoidable and the question is which of the
many different ways is more appropriate. The vast majority
of previous studies have relied on analyzing the topological
properties of static graphs, where nodes correspond to
distinct brain regions and link to pairwise associations
among them. The links in these graphs remain unaltered over
time. Whereas this approach is reasonable for anatomical
connectivity, it fails to account for the labile and highly
dynamic nature of brain activity, particularly when signals
from fast-recording modalities of EEG/MEG are used [15]. It
is widely accepted that perceptually and behaviorally relevant
events are reflected in the changes of neural activity in
large-scale distributed neuronal networks [16]. However, it
is much less clear how these networks are organized dynam-
ically. This is due to the inherent difficulty in extracting
information, from multiple recording sites, about the various
processes participating in a particular cognitive task. The
situation is further complicated by the fact that not only the
state of any particular cortical area, but also the relations
between cortical areas can shift rapidly on a time scale of tens
of milliseconds [17, 18].

Recently a few studies have appeared focusing on the
evolution of connectivity pattern as this is estimated from
multichannel recordings. These studies use a moving time-
window to estimate distinct connectivity graphs from the
enclosed signal-segments, and by employing a topologi-
cal descriptor (i.e., network metric), they derive as out-
put a timeseries reflecting the event-related network self-
organization. In most network evolution studies the con-
nectivity is computed from the analysis of the raw signals
of individual EEG/MEG sensors [19, 20]. However, a sensor

based description of connectivity does not necessarily relate
in an obvious way to the actual functional connectivity in
the brain. For EEG, volume conduction effects and the high
resistivity of the skull make the signal of each EEG electrode
sensitive to a large number of brain areas. In the case of
MEG, the signal of magnetometers and axial gradiometers
are also influenced by a number of generators and in
addition the same generator in the brain gives rise to strong
contributions in different MEG sensors. The connectivity
pattern computed directly over EEG/MEG sensors must
therefore be interpreted with caution.

As a remedy, neuronal interactions can be studied based
on signals resulting from source reconstruction [15, 21–
23]. It is possible to compute the connectivity pattern from
actual source activity estimates derived from the average
signal of multichannel recordings of either EEG [24] or MEG
[25]. To fully capture the dynamic changes in event-related
connectivity, it is necessary to use single trial tomographic
solutions, but this has so far been attempted for only a small
number of areas [26, 27]. The results from studies using only
a small fraction of the network nodes do not necessarily
reflect large scale changes in network organization. Here,
we combine the potential of time-varying network-analysis
[3, 4] with the power of tomographic source reconstruction
derived either from single trial MEG signals or many averages
of few trials. The analysis allows us to examine visual
response mechanisms under the innovative perspective of
network reconfiguration dynamics.

2. Methods

2.1. Quantifying Functional Brain Connectivity

2.1.1. Time-Varying Functional Connectivity. Complex net-
works are characterized by recurring patterns, motifs, and
abrupt changes in network organization that demand the
refinement of existing methods and the development of
new ones [10]. In an effort to accommodate the need for
a dynamic description of functional brain connectivity, we
have developed a network analysis framework for quasi-
instantaneous estimates of connectivity patterns. In each
step of the analysis, functional coupling measures capture a
snapshot of connectivity within a window that encompasses
only a small segment of the signals. The window is then
moved forward by a fixed step to track the time evolution
of the computed quantities. The method can be applied to
broadband signals or to signals filtered within a predefined
frequency band. The selection of window width must pre-
serve the features in the signal, that is, it must correspond
to the frequency band used. For narrow band signals the
window is determined by the lower frequency limit since this
defines what brain rhythm (synchronized oscillations) sur-
vive the filtering process. In the narrow band computations
we will describe next the “cycle-criterion” (CC), as defined
by Cohen [28]. According to this criterion the time-window
width is CC = 2 cycles of the lower frequency. For the time
step we used 5 samples, moving forward by that amount the
centre of the window and recomputing the various quantities
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for the whole network connectivity based on the new signal
segments.

2.1.2. Functional Connectivity Graphs (FCG). To detect and
precisely characterize neural synchrony between distinct
recording sites, one can employ various synchrony measures
like the phase locking value (PLV) [29], phase lag index
(PLI) [30], coherence, and mutual information over the
corresponding signals. These measures are applied, using
N signals filtered within a particular frequency band, to
every possible pair of electrodes or regions of interests
(ROIs). The derived quantities are tabulated in an [N ×
N] matrix in which an entry conveys the strength of the
functional connection between a particular pair. This matrix
has a natural graph representation, called hereafter the
“functional connectivity graph” (FCG), with the nodes being
the recording sites and edges representing the in-between
links weighted by the tabulated value. In this study we put
emphasis on phase synchrony and decided to experiment
with two different measures of phase coupling, namely, PLV
and PLI. In our multitrial setting, both measures have been
adapted so as to describe response related synchronization
(as a putative mechanism for long-range integration) during
information flow in visual cortex.

Phase synchrony measures have recently gained great
popularity as tools for the study of brain network orga-
nization. Based on the theoretical argument that weak
coupling first affects the phases of oscillators, the detection
of phase synchronization is considered sufficient to reveal
interactions between two weakly coupled (sub)systems [31].
In addition, brain signals and phase synchronization in
specific frequency bands are thought to play a critical role in
neuronal information processing [32]. Recent studies have
demonstrated the pivotal role of phase synchronization in
memory processes [33] and mental calculations [34].

PLV is the basic measure for frequency-specific syn-
chronization between two signals. For every trial k (k =
1, . . . ,Ntrials), and for every latency n, the instantaneous
phase ϕ(n, k) is extracted using the signal segment enclosed
within a window of WL samples long. The window length
is defined, independently for each frequency band under
study, as WL = (CC/ flow) ∗ fs + 1, where CC denotes the
number of samples, which in our case corresponds to 2 cycles
of a cosine with the lowest frequency flow in the particular
frequency band, and fs is the sampling frequency. For a
given pair (u, v) of ROIs, the following formula estimates the
latency dependent phase synchronization according to PLV
estimator:

PLV(u,v)(n)across trials

= 1
Ntrials

∣∣∣∣∣∣

Ntrials∑

k=1

1
WL

n+WL/2∑

n′=n−WL/2

exp
(
iΔϕ(n′, k)

)
∣∣∣∣∣∣,

(1)

where Δϕ(n, k) is the phase difference ϕu(n, k) − ϕv(n, k)
between the corresponding signals (filtered within a particu-
lar frequency range). PLV quantifies the intertrial variability
of this phase difference at latency n. If the phase difference
varies little across the trials, PLV is close to 1; otherwise it

is close to 0 [29]. Usually, the above quantity is integrated
over successive latencies (that correspond to the moving
window) so as to achieve a more robust measurement. In
our implementation, the reconstructed regional activations
are filtered within known frequency bands (e.g., α-waves, γ-
oscillations) and the estimated latency-dependent PLV values
are used to derive the final weights for the FCGs with the
statistical procedure described at the end of this section.

PLI has been introduced as an alternative phase synchro-
nization measure, with the additional advantage of providing
coupling measurements that are insensitive to the presence of
common sources or volume conduction (and/or active refer-
ence electrodes in the case of EEG). The principal idea behind
PLI is to quantify, only, the (relative) phase distribution’s
asymmetry. In our latency-dependent implementation, this
phase synchronization estimator takes the following form:

PLI(u,v)(n)across trials

= 1
Ntrials

∣∣∣∣∣∣

Ntrials∑

k=1

1
WL

n+WL/2∑

n′=n−WL/2

∣∣sign
[
sinΔϕ(n′)

]∣∣
∣∣∣∣∣∣.

(2)

The PLI is bounded 0 ≤ PLI ≤ 1 and a PLI of zero indicates
either no coupling or coupling with a phase difference centr-
ed on 0 mod π. Since the neuroelectric recordings take place
at the quasistatic range of frequencies, volume conduction
introduces a zero lag phase, which is eliminated by PLI.
Depending on what frequency is used, PLI will also eliminate
contributions from synchronies with short delays.

It is a common practice to trim the initial estimates
of functional connectivity so as to null out insignificant
couplings that always appear due to random fluctuations in
any time series. Based on a Rayleigh test for the uniformity
of a synchronization measure (SM), we calculated the
significance of each value (significance is calculated as p =
exp(−Ntrials ∗ SM2) [35]; with SM denoting either PLV or
PLI). To correct for multiple testing, the false discovery rate
(FDR) method was adopted [36]. A threshold of significance
was set such that the expected fraction of false positives was
restricted to q ≤ 0.001. The PLV(u,v) (or PLI(u,v)) values
surviving this threshold were used to fill the weighted adja-
cency matrix W (the tabular counterpart of a given FCG).

2.1.3. Characterizing FCGs via Network Metrics. FCGs can
be described [37], classified, and selected as representatives
of a group [38] according to various network metrics. Here,
we characterize FCGs using a popular topological metric
established for weighted connectivity graphs known as local
efficiency (LE) [39]. It is defined as

LE = 1
N

∑

i∈N

∑
j,h∈Gi, j,h /= i

(
djh

)−1

ki(ki − 1)
(3)

with N representing the total number of nodes in the
network (i.e., the number of selected ROIs), ki corresponding
to the total number of neighbors of the current node, while
d denotes the shortest absolute path length between every
possible pair in the neighborhood of the current node.
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LE is understood as a measure of the fault tolerance of
the network, indicative of how well subgraphs exchange
information when the indexed node is eliminated [40].
Specifically, each node was assigned the shortest path length
within the subgraph, Gi.

2.1.4. Detecting Modules in the FCG. A recently introduced
graph-theoretic algorithm [38] is employed for identifying
the most-cohesive group of vertices given the undirected
weighted matrix W of a graph. The algorithm is based
on the identification of the dominant set of nodes and
when repeatedly applied yields the effective clustering, in
a sequential mode, of pairwise relational data. One of its
main characteristics is the compact, elegant formulation.
In our case takes the form of deriving the N-dimensional
vector y that maximizes the following objective function
(i.e., the set-compactness):

maxF
(
y
) = yTWy,

y ∈ Δ, Δn =
⎧⎨
⎩y ∈ RN : yi ≥ 0 ∀i∪

n∑

i=1

yi = 1

⎫⎬
⎭.

(4)

Following a random initialization (with N = (no. of sources)
small positive numbers as the components of y), a simple
recursive formula leads to the desired solution:

y[k+1]
i = y[k]

i

(
Wy[k]

)
i(

y[k]
)TWy[k]

, i = 1, 2, . . . ,N. (5)

After a fixed number of iterations, the support of y (i.e., the
set of indices corresponding to its nonzero components) is
computed providing the set of nodes participating in the
dominant graph-component. The full partition of a graph
into disjoint sets of nodes is accomplished by repeating the
following three steps: (i) finding the current dominant set,
(ii) removing the vertices in that cluster, and (iii) iterating
again on the rest of nodes.

With the above procedure, each single FCG is segmented
into distinct graph-components. Provided that internode
similarity is expressing functional coupling, the clustering
result can be considered as detection of independent func-
tional modules within the network of visual areas. The
end output is a N-tuple c = [c1, . . . , cN ], ci ∈ Z (e.g.,
c = [1 3 2 3 · · · 2 1 1 1 2]) summarizing the graph-
partition. Each integer is associated with an ROI and coin-
cides with the membership label in one of the sequentially
formed groups: 1 for the most prominent functional group,
2 for the second, and so forth. We adopted as cohesive
index (CI) of each cluster the objective function that is
maximized by the graph clustering algorithm (4). CI is
defined alternative to (4) as

CIi = 1
Nc

Nc∑

s=1

ICS(s), (6)

where CIi is the CI for each cluster i, Nc is the number
of nodes participated in the cluster, and ICS is the total
weight of within cluster connections of each node (called
intracluster strength).

2.2. Experiments Used. We applied the connectivity analysis
methodology described above to two sets of data, both using
visual stimuli presented to the lower left and right part of the
visual field. The first experiment was designed to study the
role of spatial attention and the main comparison of interest
to us here was between responses elicited by identical stimuli
in attended versus ignored conditions. The second experi-
ment was designed to study how the nature of stimuli (letter
versus pseudoletter) affected the categorization process in the
brain. The categories were defined based on either shape or
identity.

2.2.1. Spatial Attention Experiment. The full details of the
experimental protocol, data preprocessing and source anal-
ysis are described elsewhere [6, 41]. Here we used the subset
of the data where checkerboard stimuli were used to test
the effect of spatial attention on visually evoked responses.
Specifically, two sets of single trial data from two different
experimental runs are presented here. In both sets of trials
the same ellipse-shaped high-contrast checkerboard stimuli
were presented in a random order, at 10◦ eccentricity along
the 45◦ diagonals in lower left or right visual hemifield.
Checkerboards had dimensions of 8.5◦ × 6.5◦, a check size
of 0.85◦ × 0.85◦, and were oriented vertically, tilted at 18◦

or −18◦ angles. All stimuli were 350 ms in duration with
interstimulus interval varied randomly between 600 and
1200 ms. During a run, each stimulus exemplar (different
orientations) in each hemifield was presented for six times,
thus total of 36 trials are used here (3 orientations (exem-
plars) × 6 repetitions of each exemplar × 2 presentation
sides, left and right).

Subjects were instructed to avoid any kind of eye or body
movement, maintain fixation on a central cross, and respond
to stimuli appearing in the target hemifield, as accurately
and quickly as possible. In one run (18 trials) the target
was the left hemifield, in another run the right hemifield.
The effect of spatial attention is identified by comparing the
brain activity elicited by same stimuli when the attention is
directed to the stimulated versus opposite visual hemifield.

Two sets of ROIs are used in the current study for the
connectivity analysis. The first set includes twelve visual cor-
tical ROIs, bilaterally in: V1, V2, V4, V5, lateral occipital (LO)
cortex and fusiform gyrus (FG). These ROIs were defined by
statistically comparing visually evoked neural responses in
the post- versus prestimulus periods, as described in [41].
The second set includes eight ROIs in: medial precuneus,
paracentral lobule, middle frontal gyrus (MFG), right MFG,
and bilateral inferior parietal lobule (IPL) and precentral
gyrus (preCG). These are putative ROIs involved in the
control of visual attention. They were identified by com-
paring the prestimulus periods of tomographic estimates
from all the trials where attention was directed to visual
versus auditory modality (for the details on all visual and
auditory attention conditions see the full description of the
experiment in [41]).

2.2.2. Letters and Shapes Experiment. In this, the letters
and shapes experiment, subjects performed a two-alternative
forced-choice categorization task. The task was a shape
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(i.e., the two stimuli within a category had similar shape),
an identity (i.e., the two stimuli differed in shape), or an
arbitrary task. The stimuli were letters and pseudoletters
presented with either a congruent or incongruent surround,
and were presented to the center, lower left or lower right of
the visual field. The experiment is a continuation of an earlier
experiment where stimuli were presented in the left and right
part of the visual field only [7]. We will report here results
from the second experiment.

Before each run subjects memorized a pair of categories,
consisting of four target items each. They were labeled 1
and 2 and were presented simultaneously on the left and
right side of the screen. Next, subjects practiced the task in a
training session. A trial started with a cue (fixation cross, “<”
or “>”) at the center of the screen signaling to the subjects
in which part of the visual field the stimuli will be presented
(bottom left, centre or bottom right). We instructed subjects
to fixate on this cue during the entire trial. The stimulus
appeared in the cued part of the visual field after a random
interval (600–1200 ms), at 8 degrees eccentricity from the
center of the screen for the peripheral presentations. Cue
and stimulus remained on screen until the subject responded
“Category 1” (by lifting the left index finger), or “Category
2” (right index finger). During training visual performance
feedback was provided, but during recording runs (n = 16)
no feedback was given. A recording run had 144 trials, that
is, 6 repetitions of each of the 24 unique trials (2 letters and 2
pseudoletters, each occurring in 2 surround conditions and
3 visual field locations).

MEG signals were recorded while subjects performed the
task. We first used standard preprocessing of the MEG signal
to remove environmental noise and subject artifacts (heart
beats and eye blinks). We then averaged the signals for the
6 repetitions of each unique trial condition in each run and
each visual field location. Finally, we applied magnetic field
tomography to the averaged signal to obtain independent
tomographic reconstruction of activity throughout the brain
for each timeslice of the signal (every 0.8 ms), from 200 ms
before to 500 ms after stimulus onset. The analysis produces
for each visual field location and for each latency (step
0.8 ms) a total of 48 tomographic estimates of activity for
each stimulus type (letter or pseudoletter), and a total of
32 tomographic estimates of activity for each task condition
(Arbitrary “A”, Identity “I” and Shape “S”). To define ROIs,
we applied statistical parametric mapping. Factorial analysis
(ANOVA) quantified how the activity in each identified ROI
changed over factors of task, stimulus type, surround and
visual field location.

We again use ROIs defined functionally for the connec-
tivity analysis. For this case we include for V1 not only the
ROIs defined for the stimuli we used, but also the ones
defined for placements in the top part of the visual field. The
key areas for the experiment are the LO and mid-FG areas
and the Cuneus (Cu). In this and the previous study [7] the
separate regional analysis identified the LO and FG areas to
be most relevant for the processing of letters and sensitive
to task demands and the Cu to play a role in anticipation
of stimuli and coordinating the resource allocation for each
task.

Our analysis of the letter and shape experiments explores
how the network properties evolve in the left and right
hemispheres for two distinct cases. In the first case we
compare the network evolution for stimuli that are either
over-learnt symbols (letters) or similar in shape, that is, a
pseudoletter, that has not yet acquired the letter identity;
pseudoletters must be processed each time according to their
shape. In the second case we compare the network evolution
for three different tasks. In the first task the subject simply
responds to any stimulus without the need to make any
category distinction while in the other two a selection based
on category membership must be made. In the second task
(identity) the categories can be differentiated by identity of
the members since the shapes are mixed in each category.
In the last task (shape) the elements of each category can
be distinguished by a prominent shape difference (e.g.,
members of one category have curved surface while that of
the other are rectangular).

3. Results

3.1. Spatial Attention. PLV- and PLI-based FCGs were con-
structed for five frequency bands: δ (1–4 Hz), θ (4–8 Hz),
α (8–13 Hz), β (13–30 Hz), and γ (30–45 Hz). We used LE
of FCGs in each of these bands to identify the effect of
spatial attention on event-related connectivity. The clearest
attention-related changes were found in α and β bands for
both PLV- and PLI-based FCGs (Figure 1). In α-band there
was a marked attention-related decrease of LE, while oppo-
site effect was found in β-band. Interestingly, these effects
are identified at the same early latencies as the key regional
activity modulations found in our earlier studies [6, 41]. To
determine the sources of attention-related changes in LE we
examined the dynamics of α and β band FCGs in attended
and ignored conditions. Figure 2 shows the PLI-based α
(c, d)) and β ((a, b)) band FCGs at ∼70 ms, for stimuli
presented in the lower left visual quadrant, when attention
was directed to the left (attended condition, (a, c)) and right
(ignored condition, (b, d)) visual hemifields. In β band there
is a strong phase coupling (increased connectivity) between
early contralateral (right) visual cortical areas (V1, V2, V4,
and LO) in the attended condition, which likely enables an
efficient processing of attended stimuli. In the α band, strong
phase coupling is found in the ignored condition, between
the contralateral (right) visual cortical areas and the right
IPL. Such coupling between the IPL, which is involved in
attentional control processes [42–44], and lower level visual
areas likely reflects the top-down suppression of ignored
stimuli.

3.2. Letters and Shapes

3.2.1. Comparison between Letters and Pseudoletters. We first
used the cluster analysis described in Section 2.1.4 to study
the connectivity patterns elicited by each stimulus category
(letters and pseudoletters) presented in different parts of the
visual field (center, lower left, and right quadrants). The
adopted clustering algorithm was applied to PLV-based FCG
computed from wide band data. Figure 3 shows the dynamics
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Figure 1: Local efficiency (LE) difference between the attended and ignored conditions as a function of latency in the α (blue) and β (red)
frequency bands. These results were computed after averaging the corresponding values for the occipital sensors and for stimuli presented
to the left and right bottom parts of the visual field. The results are similar for the phase lag index (PLI; (a)) and for the phase locking value
(PLV; (b)). In both cases the minimum reduction in α band coincides with the peak of the early attentional effects in V1 (∼70 ms).
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Figure 2: The strongest links α (c, d) and β (a, b) frequency bands for stimuli presented in the bottom left part of the visual field at 70 ms.
For the β band the strongest links that differentiate attend versus ignore conditions are in the contralateral (right) hemisphere and connect
V1 and V2 to V4 and V4 to LO. For the α band, the strongest links are in the ignore condition, again in the contralateral (right) hemisphere;
they involve the same early visual areas, connecting V1 and V2 to V4 and V4 to LO, and in addition links between V1 and the FG and IPL.
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Figure 3: Global clustering patterns in the lower left (left column), centre (middle column), and lower right (right columns) visual fields
for (a) subject 1 and (b) subject 2. Separate computations are shown for letters (upper rows in (a) and (b)) and pseudoletters (lower rows).
Membership to the dominant cluster is represented by white and membership to any other cluster by black color. The computation for
cluster membership was done from the wide band data pooling all three conditions (arbirtrary, identity, and shape tasks).
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Figure 4: Global clustering patterns for each condition, Arbitrary (a), Identity (b) and Shape (c) for subject 1 and presentation the lower left
visual field. Membership to the dominant cluster is represented by white and membership to any other cluster by black; the computation for
cluster membership was done from the wide band data pooling together letter and pseudoletter stimuli presented in the lower left quadrant
of the visual field.

of the dominant clusters (cluster with the highest cohesive
index) for two subjects.

Within each subject, the clustering patterns were differ-
ent in response to stimuli presented in different parts of
the visual field (compare different columns in Figure 3), as
expected [25], but were very similar across different stimulus
categories (compare the rows in Figures 3(a) and 3(b)). The
patterns were also very different across subjects (compare
Figures 3(a) and 3(b)). These results suggest existence of
multiple alternative task-specific mechanisms for large-scale
communication in the brain, whereas the employment of
the particular mechanism is subject-specific. These results
show the suitability of the method for within subject analysis
while highlighting the need for care when group analysis is
attempted.

We describe in a little more detail the connectivity
pattern for subject 1, who was significantly more experienced
in the task. For this subject the connectivity pattern in the
prestimulus period resolved into 3 to 5 clusters, but only one
cluster had a high compactness and it was composed entirely
of early visual areas and the cuneus, all in the left hemisphere.
Within 100 ms of the stimulus arrival reorganization of
connectivity has taken place with distinct patterns of connec-
tivity emerging from the common prestimulus base for each
visual field location. Within 30 milliseconds of a stimulus
appearing in the left visual field the dominant cluster changes
drastically with right hemisphere areas (contralateral to
the stimulus) populating the dominant cluster and the left
hemisphere ones relegated to the second cluster. For stimuli
presented in the right visual field the transition is smoother
as more extrastriate areas of the right hemisphere gain
membership in the dominant cluster. Within 50 ms some
visual areas in the ipsilateral hemisphere become members
of the dominant cluster. The stationarity of the main cluster
extends from 30 to nearly 200 ms for stimuli presented in
the right visual field. For stimuli presented in the left visual
field the pattern is stationary for shorter period suggesting
that at least two stages of processing are involved. For stimuli
presented at the center of the visual field, visual areas from

both the left and the right hemispheres become members of
the dominant cluster, which is more cohesive and has more
members than in the other two cases.

For the second, less experienced, subject the organization
and evolution of the dominant cluster was less organized.
However few common features could be noted. In the first
100 ms of the poststimulus period, the dominant cluster was
composed mainly of contralateral visual areas, while at
later latencies (∼200 ms) many areas from the ipsilateral
hemispheres also became part of the dominant cluster.
Importantly, similar to subject 1, the clustering patterns were
similar for the two stimulus categories (letters and pseudo-
letters).

Figure 4 shows the changes in membership of the
dominant cluster (cluster with the highest cohesive index)
for stimuli presented in the lower left quadrant of the
visual field in the three different tasks for the first subject.
Since the responses to letters and pseudoletters were very
similar, we combined them within each task. There is a clear
difference between the random responses (arbitrary, random
response to any stimulus that appears) and the tasks where
categorization must take place, either in terms of identity or
the shape of the stimuli. In the ipsilateral hemisphere (left)
there is only a brief change in membership within the first
100 ms, or very soon after all areas return to the dominant
cluster. In the contralateral hemisphere the first response
is similar in all tasks. The most noticeable difference is
that for the arbitrary task, V2 and V4 are either absent
from the dominant cluster, or they participate for shorter
periods compared to the other two tasks. This probably
reflects the reduced demand for detailed visual stimulus
processing in the arbrirtrary task. Overall, in the second
phase of processing the participation of most visual areas in
the dominant cluster is weaker for the arbitrary task.

The presentations in terms of the dominant clusters
provide a global view of the topological organization of FCG.
While for each subject such presentations revealed clear
differences related to the stimulated part of the visual field,
they revealed only minute differences related to the stimulus
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Figure 5: The strongest links between ROIs elicited by letters, computed from the wide band data with window center at 71 ms (top part of
(a) and (b)) and 175 ms (bottom part of (c) and (d)). The results are shown separately for stimuli presented in the lower left (left part of (a)
and (c)) and lower right (right part of (b) and (d)) quadrants of the visual field. Only the top 5% links are displayed that have also passed
the threshold of FDR < 0.001. The results obtained from one subject are shown.

category (letters and pseudoletters) and active tasks (identity
and shape discrimination). Clearly much detail remains
hidden from the analysis presented in Figures 3 and 4. To
study the subtle differences that distinguish the processing
of different stimuli we use graph displays at key latencies
extracted from wide band (Figures 5 and 6) and the γ-band
(Figures 7 and 8). In these figures, we preserve the k = 5% of
the strongest connections that also satisfy a significance test
with FDR < 0.001; membership in the dominant cluster is
indicated by a filled square symbol and membership to the
second, third and fourth most cohesive clusters by an “×” a
“+” and filled circle.

Figures 5 and 6 show for two subjects, respectively, the
connectivity patterns elicited by each stimulus category (let-
ters and pseudoletters) at around 70 and 170 ms using the
results from the tomographic analysis of the wideband MEG

signals. At ∼70 ms the dominant cluster (filled squares) is
composed mainly of visual areas in the hemisphere con-
tralateral to the stimulus presentation. For the first subject
the separation is complete, that is, only areas of the con-
tralateral hemisphere belong to the dominant cluster. For the
second subject a small number of areas from the ipsilateral
hemisphere are clustered together with the contralateral
hemisphere areas.

At ∼170 ms we see a different pattern for each subject.
For the first subject, the dominant cluster is mainly in the left
hemisphere independent of where the stimulus is presented;
for stimuli in the right visual field the dominant cluster
includes all left hemisphere areas related to visual processing
and the cuneus. For stimuli presented on the left hemisphere
the dominant cluster involves early visual areas and the left
cuneus, while the second dominant cluster (“×”) involves
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Figure 6: The same as in Figure 5, but the results obtained from the second subject are shown.

all visual areas and the cuneus on the contralateral (right)
hemisphere and the extrastriate visual areas V4, V5, and FG
of the ipsilateral (left) hemisphere. For the second subject,
at the second phase of processing (∼170 ms), the dominant
cluster is made up of visual areas from both hemispheres.
The difference in the clustering pattern is reflected in the
connections between areas. For the first subject the con-
nections are primarily within each hemisphere, while for the
second subject there are more links between areas of the left
and right hemispheres.

Across both the early (∼70 ms) and late (∼170 ms)
phases of processing the regional activity and connections of
the cuneus seem to reflect the overall connectivity pattern.
A strong separation of clustering and connections in one
hemisphere is associated with strong connections between
the cuneus of the same hemisphere and the areas of the dom-
inant cluster. In cases where the connections and dominant
cluster involve areas from both hemisphere, the cuneus of
one hemisphere (mainly in the hemisphere contralateral to

the stimulated visual field) has connections with areas in
both hemispheres.

Figures 7 and 8 show for the two subjects the connectivity
patterns at 71 ms elicited by letters and pseudoletters in
the γ-band (30 to 45 Hz). Since the window extends for
30 ms on either side of the centre latency, the results display
the γ-band connectivity pattern at the earliest stages of
processing; nevertheless it is clear that the processing does
not fractionate into clusters, but that almost in all cases all
areas belong to one cluster. For both subjects stimulation of
the lower left part of the visual field produces strong links
(that survive the threshold criteria) in both hemispheres with
links extending across the two hemispheres. Furthermore for
left visual field stimuli links in the γ-band involve not only
the contralateral, right cuneus, but also the left hemisphere
cuneus and the extrastriate areas specialized for character
processing (LO and FG); these links often connect these
extrastriate areas with early visual areas (V1 and V2) of the
opposite hemisphere.
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Figure 7: The strongest links between ROIs computed from the γ-band data with window center at 71 ms. The results for letters are shown
in the top part of (a) and (b), and the results for pseudoletters on the bottom part of (c) and (d). The results are shown separately for stimuli
presented in the lower left (left part of (a) and (c)) and lower right (right part of (b) and (d)) quadrants of the visual field. Only the top 10%
links are displayed that have also passed the threshold of FDR < 0.001.

Stimuli presented in the right visual field produce strong
early links in the γ-band almost exclusively between areas of
the left (contralateral) hemisphere for subject 1. For the sec-
ond subject there is a preponderance of left hemisphere areas
involved in the links in the γ-band but with involvement of
some areas from the right hemisphere, especially V1.

In contrast to wide band, in the γ-band the differences
are apparent in the connectivity patterns between letters and
peudoletters, even at the early latencies depicted in Figures
7 and 8. These differences become prominent after 100 ms
poststimulus (data not shown). In both subjects and for all
stimuli the LO and FG in the left hemisphere, that is, the two
areas best known for letter processing, show prominent links
in response to both letters and pseudoletters. These two left
hemisphere areas are also linked to each other for all letter
stimulus cases, irrespective of which hemisphere these are

presented, but they are not linked for pseudoletters presented
in the contralateral (right) visual field.

4. Discussion

In the present study, we investigated the dynamic changes
of connectivity organization and the way transient cluster
formation is associated with the preparation and execution
of visual tasks. The adapted techniques have been previously
introduced for tracking the formation of functional clusters
in an EEG resting-state paradigm [4] and during sleep
[45]. Recently, a similar in spirit methodology for tracking
evolving modularity was applied to data from an fMRI
experiment [46] and succeeded in showing the reconfigura-
tion of brain networks with respect to a particular learning
task. Our methodology shares with few other studies the
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Figure 8: The same as in Figure 7, but the results obtained from the second subject are shown.

more generic perspective of dynamic changes in clustering
as the relevant framework for understanding brain function
and the common goal of an objective characterization of
time-varying functional connectivity. In two of the earliest
attempts adaptive multivariate processes were adopted for
modeling connectivity signals [47] and event-related net-
works were characterized based on multichannel recordings
from a visual stimulation paradigm [19]. In one of the most
recent works, fluctuations of functional connectivity among
the nodes comprising the oculomotor network were studied
in both awake humans and anesthetized macaques based on
BOLD signals [48]. The general trend of combining infor-
mation from different modalities is having some influence
in network analysis, for example for the fusion of EEG and
fMRI in network space [49].

The critical novelty in our current work is the use
of real time, millisecond by millisecond detailed tomo-
graphic estimates of brain activity, which allowed us to
describe cluster organization at the level of the key brain

areas involved in the task, and with time resolution that
is within the processing periods of these areas and the
transit time of information between them. Specifically we
demonstrated that phase couplings in α and β bands within
the visual cortical network differentiate between attended
and ignored stimuli. These results suggest at least two
different mechanisms by which spatial attention affects the
neural processing. First, because the increased β oscillations
are associated with efficient cortical processing, the visual
cortical network synchronization in this band facilitates the
neural processing of attended stimuli. On the other hand, the
α activity band can be interpreted as an indicator of cortical
inhibition and therefore the increased phase coupling in
this band, especially involving a key attentional control area
(IPL), realizes the top-down suppression of ignored stimuli.

In our previous analysis of MEG data elicited by letter
and pseudoletter stimuli we identified the cuneus and
the FG as key areas [7]. The timing and nature of the
cuneus activations suggested that this structure is related
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to visual field and task demands, in a role that combined
active anticipation and specialized routing of activity in
visual processing. Our connectivity analysis revealed that the
contralateral cuneus was one of the best connected areas
at the earliest latencies after the stimulus onset (e.g., as
seen in Figure 5), fully justifying the earlier interpretation
of it having an important role in specialized routing of
activity during visual processing. In our previous study,
the specialized involvement of the FG emerged rather late,
between 150 and 350 ms after stimulus onset in the right
FG, reflecting task demands, while those in the left FG
between 300 and 400 ms showing selectivity for graphemes.
The connectivity analysis showed that the involvement of
these two areas on the left hemisphere starts much earlier,
within 100 ms in the γ-band with stronger participation of
the left FG, irrespective of the stimulated location in the
visual field.

We have presented evidence for fast reorganization of
human brain networks associated with well-defined visual
tasks. We have used data from two sets of experiments where
the more established methodology based on the analysis
of individual regional activations showed significant results
across the sets of subjects studied [6, 7]. Our results show
that the view obtained from the separate study of regional
activations emerges from a network activity that is very rich
and with subtle dependence on task and stimulus categories,
the network changes become evident well before the changes
in regional activities become apparent. While the common
regional activations across subjects are preserved in our con-
nectivity analysis the details in the connectivity patterns vary
a lot from subject to subject, probably reflecting different
mechanisms that each subject can recruit to tackle a problem.
We presented results for two subjects to demonstrate the
nature of both key common features and differences across
subjects as these emerge from the analysis.

There are of course a number of ways to adapt the
proposed methodology for group analysis. An obvious way
is to first do it independently for each subject referring to
the same set of ROIs for each subject (after appropriate
transformation to a common source-space). The time series
of clusterings will then be forced to refer to a common time-
line and can therefore be easily combined using the principles
of consensus clustering [50]. After alignment the clusterings
(from all subjects) can be fed to a “vector-median” com-
putation [45] and in this way the most reliable among the
individual-clusterings is selected as the representative for the
whole group. The alignment can be done either by using the
same latency for all subjects or allowing a different latency for
each subject after time dilation and stretching to fit a given
scenario (defined in advance or extracted from the data).
There are however serious questions to be addressed when
attempting to pool the data across subjects. First the actual
anatomy differs both in terms of regional location and gray
matter content of individual areas and probably even more
so the effectiveness of anatomical connections. In addition
the influence of activity from different brain areas on the
EEG and/or MEG signal varies and in the worst case scenario
the activity from some areas may produce very little EEG
and MEG signal. All these problems are eliminated when the

comparisons are restricted within a subject, for example, by
comparing different conditions for the same subject as we
have done for most of the work we presented in this paper.

Our view is that this is an area where much work
is needed before reliable across subject summaries can be
obtained. The methodology is therefore ideal for within
subject studies and to emphasize the point we emphasized
in the presentation of our results the results from the
individual subject connectivity analysis. In our opinion, the
main impact of the work we have outlined will be in allowing
noninvasive access to the fine details of the exquisite neural
codes of individual subjects. We believe that comparing
conditions within a subject could well lead to novel ways
of personalized monitoring of healthy brain function and
the online evaluation of remediation and rehabilitation
programs, for example in developmental dyslexia training
and rehabilitation after stroke.
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Resting state functional connectivity of MEG data was studied in 29 children (9-10 years old). The weighted phase lag index (WPLI)
was employed for estimating connectivity and compared to coherence. To further evaluate the network structure, a graph analysis
based on WPLI was used to determine clustering coefficient (C) and betweenness centrality (BC) as local coefficients as well as the
characteristic path length (L) as a parameter for global interconnectedness. The network’s modular structure was also calculated
to estimate functional segregation. A seed region was identified in the central occipital area based on the power distribution at the
sensor level in the alpha band. WPLI reveals a specific connectivity map different from power and coherence. BC and modularity
show a strong level of connectedness in the occipital area between lateral and central sensors. C shows different isolated areas of
occipital sensors. Globally, a network with the shortest L is detected in the alpha band, consistently with the local results. Our
results are in agreement with findings in adults, indicating a similar functional network in children at this age in the alpha band.
The integrated use of WPLI and graph analysis can help to gain a better description of resting state networks.

1. Introduction

Resting state networks (RSN), that is, functionally linked
brain areas detectable independent of any task, are important
for the understanding of brain function during development
and in disease [1–8]. However, the neuronal mechanisms
underlying functional connectivity at rest remain poorly
understood. Recently, some limits of traditional approaches
to the description of functional brain networks by means of
fMRI have been reported by Power et al. [9].

We investigated the synchrony of rhythmic activity
in children brain networks with magnetoencephalography
(MEG). To capture the complexity of these networks,
graph theory was employed on the basis of the phase-
synchronization weighted phase lag index (WPLI) index.
Rhythmic activity has a relevant role in the human nervous

systems and has been implicated in numerous functions.
Oscillatory activity in different brain areas can be synchro-
nized (i.e., phase-coupled). Such characteristic has been
hypothesized to be an important mechanism for creating
an effective functional communication structure between
different areas [9–13]. In this respect, the fundamental task is
the application of reliable estimators to determine the phase
relationship between two signals.

Here, in a first step we compared sensor connectivity
mapping based on WPLI and spectral coherence which has
been extensively employed for connectivity studies using
MEG [10, 11, 14, 15]. Then, we used this new index
to calculate graph-theoretical measures to quantify basic
properties of the WPLI connectivity matrix. WPLI cannot
overestimate the phase lag values due to volume conduction
effects of uncorrelated noise sources. Furthermore, WPLI is
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less sensitive to noise than PLI and even in conditions of high
signal-to-noise ratio, it shows a more reliable relationship
with true phase consistency [16]. These characteristics make
WPLI a suitable tool for graph analysis. We considered the
MEG sensors as nodes of our graph network and the WPLI
values between sensor signals as the links between the nodes.

We calculated the weighted clustering coefficient C,
which describes local interconnectedness, and weighted path
length L, a measure of global interconnectedness, were com-
puted. As a measure of centrality, we calculated betweenness
(BC) for each node, which is the fraction of all shortest paths
in the network that pass through it. Since networks are often
composed by densely interconnected groups of regions, the
structure of these groups (the community structure) was also
determined. Community structure consists of a separation
into groups of nodes where the number of within-group
links is maximized and the number of between-group links
is minimized.

We tested this analysis approach with a simplified
setting: by studying resting state connectivity in children,
we investigated the interactions between a reference signal
obtained from the peak sensor in a power cluster of channels
in the occipital area and all other sensors.

1.1. Resting State Connectivity from Infancy to Adult Age.
We are analyzing preadolescents during resting state. Several
fMRI studies have shown that the horizontal interhemi-
spheric functional connections are already established in
preadolescent children. In contrast, the anterior-posterior
connections are largely reduced, compared to adults [17].
Over adolescence, short range correlation tend to weaken,
whereas long-range, especially anterior-posterior connection
start to strengthen [18]. The long-range connections increase
over development to form complete networks like the default
mode network (DMN) in adults [6, 19]. Overall, no signifi-
cant connections have been found in infants between frontal
and parietal areas, although the parietal area appears to con-
tain midline and lateral parietal connections, similar to the
posterior part of the DMN [20, 21]. In addition it has been
shown with electroencephalography (EEG) that, between
childhood and adulthood, the power in the occipital areas
decreases significantly in the alpha and theta bands [22].

2. Methods

2.1. Participants. Twenty-nine children between the ages of
9 and 10 years (Mage = 9.70 years, SD ± 0.47) participated
in the current study. Children who were taking any kind of
medication or were diagnosed with type I diabetes, attention
deficit hyperactivity disorder (ADHD) or any other chronic
disease were excluded. Written informed consent was given
by all children and their parents before participation. The
study was approved by the Ethical Committee of the Medical
Faculty of the University of Tübingen.

2.2. MEG Data Acquisition. Data was recorded using a
275-sensor whole-head system (VSM MedTech Ltd., Port
Coquitlam, Canada). To ensure continuous recordings of
the head position relative to the MEG sensors during the

measurement, localization coils were attached to the nasion
and the preauricular points on each side of the head of
the subject. To avoid any magnetic influence from the
surroundings, the MEG system was located in a magnetically
shielded room (Vakuumschmelze, Germany).

The recording sampling frequency was 586 Hz. Due to
technical reasons, for the present analysis, 2 of the 275 MEG
sensors could not be used. Children were asked to sit quietly
and relaxed with their eyes closed. Beginning and end of the
4 min resting state interval were indicated to the children by
an auditory signal.

2.3. Data Processing. Data analysis was performed using the
Fieldtrip toolbox [23]. The first 20 seconds were removed
from the analysis to account for initial accommodation,
and the data was divided in 2-second epochs, yielding
about 110 trials per dataset. A high-pass filter at 2 Hz was
applied. Frequency analysis was performed in each of these
trials between 2 and 30 Hz, which include the major power
contribution in children. We used a multitaper smoothing
of 2 Hz. The frequency range was separated in the standard
frequency bands (from delta to high beta, that is, from 2 to
30 Hz, see Figure 1).

2.4. WPLI Description. The complex cross-spectrum C for
two real-valued signals x(t) and y(t) is computed by Fourier-
transforming them into X( f ) and Y( f ). Then, X and Yare
used to compute the cross-spectrum C( f ) = X( f )Y∗( f ),
where Y∗ indicates the complex conjugate of Y . If we focus
on a particular frequency of interest f ∗, we can consider the
complex nondiagonal part of C as Z.

Then, PLI is defined as absolute value of the sign of the
imaginary part of Z, � [24]:

PLI ≡ ∣∣E{sgn(�(Z))
}∣∣. (1)

Differently from PLI, WPLI weights the cross-spectrum
according to the magnitude of the imaginary component.
This allows it to limit the influence of cross-spectrum
elements around the real axes which are at risk of changing
their “true” sign with small noise perturbations.

Such an index of phase synchronization was proposed by
Vinck and colleagues [16]:

WPLI ≡ |E{�(Z)}|
E{�(Z)} =

∣∣E{|�(Z)| sgn(�(Z))
}∣∣

E{|�(Z)|} . (2)

This index is based only on the imaginary component of
the cross-spectrum. This implies robustness to noise because
uncorrelated noise sources will cause an increase of signal
power. It has been shown that WPLI outperforms PLI,
coherence, and imaginary coherence (IC) with real local field
potentials (LFP) data [16].

2.5. Graph Theory Analysis

2.5.1. Network Construction. In order to apply graph theory
methods, a network based on WPLI functional measures was
constructed. We employed an undirected weighted network
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Figure 1: Topographic plots of sensor power in 1.5 Hz wide frequency bands, from 2 to 30 Hz. A cluster of sensors with high power is
discernible in the alpha range.

[25, 26], where the nodes are the sensors, and the link weights
are the WPLI values between them.

In some cases, very weak links may obscure the topology
of the significant connections. These can be removed by
using a threshold, whose value is often arbitrary: therefore,
a broad range of values was tested [27]. We found that most
network measures were preserved over a rather broad range
of threshold values.

2.5.2. Network Measures. We characterized the network by
using measures of segregation, integration, and centrality.
For segregation, we used cluster coefficient for integration,
characteristic path length, and global efficiency as well as for
centrality, the betweenness centrality.

The clustering coefficient shows the fraction of the node’s
neighbors that are also neighbors of each other; on the other
hand, betweenness of a node is defined as the fraction of all
shortest paths in the network that pass through that node.
The nodes with high betweenness usually bridge disparate
parts in a network.

2.6. Community Structure and Modularity. The optimal
community structure is a subdivision of the network into
nonoverlapping groups of nodes in a way that maximizes the
number of within-group edges, and minimizes the number
of between-group edges [28, 29]. The modularity Q is a
statistic that quantifies the degree to which the network may
be subdivided into such clearly delineated groups; its values
range between −1 and 1, measuring density of links inside
communities as compared to links between communities.

Also, it is possible to determine a hierarchical structure
of these modules [30]. Lowering the link removal threshold
enabled us to reveal additional community structure.

3. Results

A cluster of sensors in the occipital part of the sensor array
was identified as the region of interest based on the peak of
the power distribution. A cut-off threshold was set at the full
width at half maximum (FWHM) of the mean power spread
in the alpha band (8–13 Hz). The cluster comprised 29 sen-
sors. The signal defined by the power peak in the cluster area
(central occipital sensor on the left of the midline, MLO11 in
CTF MEG systems) was employed to calculate connectivity
between it and the other channels (one-to-all connections).

Since a clear peak was shown for both connectivity
measures in the range between 3 and 12 Hz (Figure 2,
mean value across subjects), we focused on this range for
a topographical comparison between power, coherence and
WPLI. Moreover, in this range a minimum of intersubject
variability is detectable (red and blue areas for coherence and
WPLI, resp.).

Topographically, coherence coincides well with power
(Figure 3). Between 3 and 11 Hz, a single cluster of high
coherence value in the occipital area was detected in
coherence and power. Differently, WPLI provides a more
articulated and extended connectivity map in the alpha range
between 6.5 and 11 Hz. Here, an onset of different clusters
(one central and two lateral ones, mostly overlapping with
the power cluster) was detected in the occipital area of the
sensor surface.

It should be noted that the reduced variability of WPLI
values in the alpha band is not due to the choice of the epoch
length. Actually, this parameter showed high intersubject
reliability: in 25 subjects out of 29 the channel average of
WPLI values in the alpha is stronger than in the other
frequency bands (Figure 4).
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Figure 2: Plots of mean coherence and WPLI across subjects. Red
and blue areas represent the standard error of the mean (SEM)
across subjects.

3.1. Deriving a Graph from WPLI. Being WPLI an inherently
nonlinear measure (i.e., not proportional to either magni-
tude or phase of the signal frequency content), the change
in the estimator value from negligible to significant values
is very steep. In Figure 5, we show the distribution of values
for coherence and WPLI. The WPLI distribution is relevantly
steeper than the coherence distribution, representing mid-
range connectivity by smaller values. Moreover, whereas
coherence has non-negligible values for every combination
of channels and never actually gets smaller than 0.02, WPLI
has a large number of near-zero values.

The distinctions between the respective distributions are
a direct consequence of the different approaches: coherence
suffers from volume conduction effects, hence near-zero
values will be rare. Also, WPLI is expected to be steeper, since
it is a statistic on a discrete value (a sign function). Moreover,
this index is weighted by the imaginary part of coherence,
which is generally a minor quantity of the coherence value.
As a consequence, WPLI seldom reach values near 1.

Since WPLI’s values for low connectivity are very small,
when assigning the weights to the network, their inverse
is very high. Having fewer midrange values that map to
short link lengths, good connectivity on a WPLI network is
represented by comparatively longer path lengths than in a
similar network drawn by coherence measures. This could
be interpreted in terms of the higher specificity of the WPLI,
showing fewer but more robust connections.

On constructing the network, we tested proportional
thresholds for link removal from 1.0 (no links removed) to
0.1 (i.e., only 10% of links is preserved). From 1.0 to 0.3,
the differences were nearly negligible; from 0.3 to 0.1, the
network topology was distorted very quickly. This is not
unexpected: given that WPLI tends to have a large number
of near-zero values, thresholding them would make little
difference indeed.

3.2. Local Graph Measures. One-to-all WPLI values were
used as an input for graph theory local parameters: the
clustering coefficient (C), betweenness centrality (BC), and
modularity. Results in the alpha band show that while the
cluster coefficient depicts two central and right lateral areas
as separate structures, betweenness shows a clear peak on a
sensor (MRO21) which is located between the areas shown
by the C plotting (Figure 6).

3.3. Global Graph Measures. The characteristic path length L
[27] was calculated as a measure of global interconnectedness
based on all-to-all WPLI channel values. We considered
WPLI values as weights and the mapping function as the
inverse of these values. The characteristic path length was
then computed for the network associated to each frequency
bin, for each subject.

The results are shown in Figure 7 over the whole
investigated frequency interval.

The alpha band shows the shortest characteristic path
length, although the minimum is not statistically significant.

To further investigate the relationship between sensor
power and functional connectivity, we performed a linear
regression between power and characteristic path length
based on WPLI. The results are presented in Table 1: power
does not significantly predict the characteristic path length in
any band.

3.4. Community Structure. Community structure was ana-
lyzed by the approach described by Blondel et al. [30],
which deals efficiently with large networks and enables
also to distinguish a hierarchy of modules. In a first pass,
small modules are formed, and in successive passes, these
are fused in larger modules while modularity Q increases.
This is in our analysis the only case in which removing
the weak links of the network led to new information.
While high thresholds revealed only a large module in the
occipital area, approximately corresponding to the frequency
power map, we could discriminate with a threshold of
0.4 a second hierarchical level: it was composed of two
smaller modules, roughly lateralized. Figure 8 summarizes
the modular structure analysis. Lowering the threshold below
this level quickly degraded the analysis and did not add new
information.

This hierarchy is especially relevant if integrated with
the information of Figure 6(b): the nodes with highest
betweenness are the ones that lie at the border of the two
modules. Note that the algorithms to calculate betweenness
and modularity are radically different, rendering this result
more important for being revealed by two independent
methods.

4. Discussion

The oscillatory dynamics of resting state networks in the
brain is not completely understood in both children and
adults [1, 31, 32]. Some recent studies employing different
neuroimaging techniques have reported that children resting
activity is mainly localized in the occipital lobe, with less
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Figure 6: Topographic plots of graph-theoretical node-wise mea-
sures, calculated on WPLI for the alpha band, averaged across
subjects. betweenness centrality BC was normalized by the plot’s
maximum value, while clustering coefficient was normalized by the
standard deviation across subjects to minimize border artifacts.
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Figure 7: Characteristic path length, calculated on WPLI for the
alpha band, averaged across subjects. The error bars show the
standard error (SEM). Note how the alpha band displays not
only shorter path lengths, but also smaller SEM, indicating more
consistency.

Table 1: P and R2 values for the linear regression of power with L
as a function of WPLI in the different frequency bands.

Frequency band (Hz) P values R2

Delta (2–4) 0.8180 0.0020

Theta (4–8) 0.4675 0.0197

Alpha (8–13) 0.8675 0.0011

Low beta (13–20) 0.9501 0.0001

High beta (20–30) 0.9081 0.0005

connections to the orbitofrontal cortex than adults [20, 33,
34]. Moreover, a prevalence of low frequency (theta and
alpha) oscillations has been shown in the occipital area [22].
In accordance with these findings, we found highest power
between theta and alpha band (4–11 Hz). Furthermore, using
a similar approach as in [1] we have used the sensor showing
the peak of the power cluster as a seed for a connectivity study
by means of an advanced index of phase lag synchronization
(WPLI, [16]). A clear peak around 10 Hz of the mean value
across subjects and channels was detected for both WPLI and
coherence, roughly coinciding with a decrease of intersubject
variability as measured by SEM (Figure 2).

Comparing power, coherence and WPLI (Figure 3), two
relevant differences emerge between the two connectivity
indices. First, while the relevant values of coherence appear
to follow the power cluster as frequency increases from
3.5 to 12 Hz, the WPLI connectivity pattern is detectable
exclusively in the alpha band. Secondly, a more extended and
articulated picture is observable in this band in comparison
to coherence and power. This is possibly due to the fact
that only imaginary components of signals are considered in
WPLI processing. In this way, the components propagating
across close sensors with zero lag delay are discarded, avoid-
ing overestimates of local connectivity. It can only be spec-
ulated about an analogy between the WPLI plot shown in
Figure 3 and the posterior regions of the well-known default
mode network [6]. It is worth noting that the local graph
theory results plotted using WPLI as an input appear to be
consistent with such speculation: the clustering coefficient C,
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(a)

(b) (c) (d)

Figure 8: Community structure of functional connectivity in the alpha band. (a) Network connections based on WPLI, with a proportional
threshold of 0.4. (b) Network reordered according to modular structure: the two top level modules are indicated by solid white lines. (c)
Top level modules (Q = 0.2446). (d) The large occipital module can be subdivided in two smaller ones, indicated in (b) by dashed lines
(Q = 0.2391).

a parameter for local segregation, shows a roughly similar
pattern to the WPLI topographic plot. Moreover, a high level
of betweenness was detected in an area revealed by WPLI.
Betweenness quantifies the number of possible shortest paths
in a network. The occipital central peak revealed in the right
panel of Figure 5 (sensor MOR21) seems to confirm that
this point has a relevant maximum of network connections.
This result matches well with the results we obtained in an
independent way for community structure (Figure 8). It is
important to note that, with a small change of the modularity
Q, the single occipital module detected in Figure 8(c) is split
in two left and right modules (Figure 8(d)). The peak of
betweenness lies on the border of the two modules. This set
of results seems to confirm that resting state connectivity is
mainly interhemispheric in preadolescent children [9].

In a future study we intend to perform a connectivity
study at source level which can possibly provide further
evidence of such a network. Our results agree with a previous
similar study by Hillebrand and colleagues [4], showing
no significant relationship between power and connectivity
measures based on the imaginary part of Fourier trans-
formed signals as WPLI (Table 1). Differently from that
study, our results for the phase-lag index show a topologically
different picture from power at the sensor level.

Furthermore, from all-to-all WPLI values we calculated
the characteristic path length L of the network as an index
of connectivity in all frequency bands. Consistently with
[4], it was found that the alpha band showed the shortest
mean path length. The strongest functional connections
appear in the alpha band as the highest level of signal
power does. Nevertheless, the two quantities appear to be
rather independent, as shown in Table 1. This substantial
agreement with adult data suggests that, despite of the
evidence that the functional brain networks tend to develop
from a local configuration to more distributed patterns (a
path from segregation to integration) [33], several large-scale

network properties are established early in development [9].
Our study used children data for the testing of different
connectivity measures and associated network parameters.
The current result mainly shows that the WLPI approach
is justified and that our restrictive approach reveals basic
network topology. It has to be stressed that this approach
has to be extended to all frequency bands and applied to the
source level.
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[21] P. Fransson, B. Skiöld, M. Engström et al., “Spontaneous brain
activity in the newborn brain during natural sleep-an fMRI
study in infants born at full term,” Pediatric Research, vol. 66,
no. 3, pp. 301–305, 2009.
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The application of Graph Theory to the brain connectivity patterns obtained from the analysis of neuroelectrical signals has
provided an important step to the interpretation and statistical analysis of such functional networks. The properties of a network
are derived from the adjacency matrix describing a connectivity pattern obtained by one of the available functional connectivity
methods. However, no common procedure is currently applied for extracting the adjacency matrix from a connectivity pattern. To
understand how the topographical properties of a network inferred by means of graph indices can be affected by this procedure,
we compared one of the methods extensively used in Neuroscience applications (i.e. fixing the edge density) with an approach
based on the statistical validation of achieved connectivity patterns. The comparison was performed on the basis of simulated data
and of signals acquired on a polystyrene head used as a phantom. The results showed (i) the importance of the assessing process
in discarding the occurrence of spurious links and in the definition of the real topographical properties of the network, and (ii)
a dependence of the small world properties obtained for the phantom networks from the spatial correlation of the neighboring
electrodes.

1. Introduction

The concept of brain connectivity (i.e., how the cortical
areas communicate one to each other during the execution
of a specific task) is central for the understanding of the
organized behavior of cortical regions beyond the simple
mapping of their activity [1, 2]. In the last two decades,
several studies have been carried on in order to understand
neuronal networks at the basis of brain processes. These
networks are characterized by lots of interactions between
different and differently specialized cortical sites in relation
to the specific executed task.

Cortical connectivity estimation techniques aim at
describing interactions between cortical areas as connectivity
patterns holding the direction and strength of the informa-
tion flow between such areas. The functional connectivity

between cortical areas is then defined as the temporal
correlation between spatially neuronal events and it could be
estimated by using different methods both in time as well
as in frequency domain based on bivariate or multivariate
autoregressive models [3–6] applied to hemodynamic or
neuroelectrical signals. Past studies demonstrated that multi-
variate methods provide better estimates of connectivity pat-
terns than bivariate approaches [7], which cannot distinguish
between direct influence between two signals and the indirect
common influence from a third signal [8]. For this reason,
bivariate methods usually give rise to very dense patterns of
propagation, thus making it impossible to find the sources of
propagation [9, 10]. Different estimators, defined in time or
in frequency domain and based on a bivariate or multivariate
approach, rely on the concept of Granger causality between
time series [11]. According to Granger’s definition, an
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observed time series x(n) causes another series y(n) if the
inclusion of x(n)’s past into an autoregressive model of
y(n) significantly improves prediction of y(n). Among the
more advanced estimators based on this concept, partial
directed coherence (PDC) [5] is a spectral, multivariate
approach allowing to describe connectivity patterns with
a good accuracy and to distinguish direct from indirect
information flows [5, 12].

The extraction of salient characteristics from brain
connectivity patterns is a challenging topic, given the often
complex structure of the estimated cerebral networks. For
this reason, in the last ten years, a graph theoretical approach
was proposed for the characterization of the topographical
properties of real complex networks [13, 14]. In fact, it was
demonstrated that tools already implemented and used for
the treatments of graphs as mathematical objects could be
applied to functional connectivity networks estimated from
electroencephalographic (EEG), magnetoencephalographic
(MEG), or hemodynamic (fMRI) recordings [15–19]. The
use of characteristic indexes, borrowed by graph theory,
allows the evaluation of real networks in terms of density of
connections incoming or outcoming from a node, tendency
to cluster, centrality of some nodes or edges, and distances
between nodes [14, 20, 21].

The computation of graph indexes can be performed on
adjacency matrices achieved by applying a threshold on the
estimated connectivity values obtained by means of different
estimators. The application of a thresholding procedure
allows to convert the connectivity values into edges. An
edge connecting two nodes exists if the connectivity value
between those nodes is above a certain threshold; otherwise
the edge is null. The choice of the threshold should not
depend on the application and if done in an arbitrary way
could affect the results. In fact, the threshold influences
the number of connections considered for the subsequent
graph analysis and thus affects the indices extracted from
the networks [22]. Different methodologies are available
for defining such threshold. A possible approach is to
select a fixed threshold. In this respect, three criteria are
typically adopted: 5% significant level as a threshold fixed
for discarding connectivity values from the random case
[23–25]; an arbitrary value in order to discard the weak
connections [26]; the largest possible threshold allowing all
nodes to be connected at least to another node in the network
[27]. The second way to extract a threshold is to fix the
average degree within the networks in order to maximize
the small-world properties of the network [28–32]. A third
way to define a threshold is to fix the edge density of the
network, that is, the number of existing edges divided by
the number of possible edges [32]. This approach is useful
if we are interested in comparing different conditions but
can produce modifications in the topology of the studied
network [22].

All the approaches described above are empirical and
do not take into account the intrinsic statistical significance
of the estimator used in functional connectivity estimation
process. In fact, when the adjacency matrix is achieved by
imposing a threshold and fixing the number of residual
connections of the network, we cannot exclude a priori that

a percentage of such residual connections is estimated by
chance. The idea is thus to take into account the statistical
significance of the estimator used for functional connectivity
estimation in the construction of adjacency matrix. In the
case of PDC, the threshold is extracted by applying a
percentile, for a defined significance level, on the distribution
achieved for such estimator in the null case. Thus, an edge
exists in the adjacency matrix describing the considered
network only if it is statistically different from the null case.

Due to the nonlinear dependence of PDC estimator from
the parameters of MVAR, the theoretical distribution of PDC
in the null case in not known, so it should be constructed
is an empiric way. The shuffling procedure, which has been
introduced in 2001 for the similar estimator of directed
transfer function (DTF) [33], allows to reconstruct the null
case distribution by iterating the estimation of PDC, each
time on different surrogate data sets obtained by shuffling
the phases of original traces, in order to disrupt the temporal
relations between them. In this way, it is possible to extract
a threshold value for each couple of nodes, each direction
and each frequency sample. Due to the high number of com-
parisons between the estimate and the null case distribution,
corrections for multiple comparisons have to be taken into
account. However, statistical theory offers a lot of solutions
for adequately managing the occurrence of type I errors
during the execution of multiple univariate tests [34, 35].

The general aim of this study is to understand how the
methods for extracting the adjacency matrix could affect
the graph theory indices and their interpretation, in order
to define a reliable approach for the derivation of salient
indices from connectivity networks estimated by means of
multivariate methods. In particular, we used two different
datasets with the purpose of comparing one of the methods
extensively used in graph theory applications for extracting
adjacency matrices from the connectivity patterns (i.e., the
method based on fixing the edge density) with the statistical
validation of achieved connectivity patterns by means of a
shuffling procedure. The first dataset we used consisted of a
set of random uncorrelated signals, which should represent
a null model for functional connectivity estimates and a
random case for graph theory indices. In fact, since no
correlation exists between signals, the connectivity estima-
tion process should almost entirely discard the information
flows between signals, leaving only a few percentage of
connections, estimated by chance and organized according to
a random network. This dataset can be seen as an ideal “null
case” model, but it does not take into account some factors
strictly related to an electroencephalographic recording, such
as the existence of a correlation between the recorded signals,
due to effects of volume conduction, to the spatial positions
of electrodes disposed on the scalp, and to the location of
the reference [36]. For this reason, we introduced a second
dataset, composed by signals recorded from a mannequin
head during a pseudo experiment. This situation represents
the null model for functional connectivity estimates inferred
by applying partial directed coherence on EEG signals
recorded at scalp level. In fact, the absence of physiological
content in the recorded signals allows to model the absence of
information flows between electrodes, but at the same time,



Computational and Mathematical Methods in Medicine 3

the use of a real EEG cap, with electrodes positioned as 10–
20 systems and references placed at the earlobes, models the
effects of some factors typical of an EEG recording situation.

We estimated the functional connectivity patterns associ-
ated to both applications and we extracted the correspondent
adjacency matrices by means of two approaches: fixed edge
density k and shuffling procedure for a significance level
of 5%. This second approach was explored by applying no
corrections for multiple comparisons and by applying false
discovery rate (FDR) correction. Several graph indexes were
computed on binary adjacency matrices achieved with both
methodologies. The results, achieved on the two different
datasets by means of the two methods, were normalized
by means of 100 random graphs with the same number
of connections of the graphs obtained on simulated and
mannequin data. A statistical analysis of variance (ANOVA)
was performed on the results obtained by the two approaches
in each dataset to study the effect of the methodology applied
to the properties extracted from the networks.

2. Materials and Methods

2.1. Partial Directed Coherence. The PDC [5] is a full
multivariate spectral measure, used to determine the directed
influences between any given pair of signals in a multivariate
data set. PDC is a frequency domain representation of the
existing multivariate relationships between simultaneously
analyzed time series that allows the inference of functional
relationships between them. This estimator was demon-
strated to be a frequency version of the concept of Granger
causality [11], according to which a time series x[n] can
be said to have an influence on another time series y[n] if
the knowledge of past samples of x significantly reduces the
prediction error for the present sample of y. In this study, the
PDC technique was applied to the subset of signals S:

S = [s1(t), s2(t), . . . , sN (t)]T . (1)

Let us suppose that the following MVAR process is an
adequate description of the data set S:

p∑

k=0

ΛkS(t − k) = E(t) with Λ0 = I. (2)

In this expression, E(t) = [e1(t), e2(t), . . . , eN (t)]T is a vector
of multivariate zero-mean uncorrelated white noise process,
Λ1,Λ2, . . . ,Λp are the N × N matrices of model coefficients
and p is the model order, chosen, in this case, by means of
the Akaike information criteria (AIC) for MVAR processes
[37]. Once an MVAR model is adequately estimated, it
becomes the basis for subsequent spectral analysis. In order
to investigate the spectral properties of the examined process,
(2) is transformed to the frequency domain

Λ
(
f
)
S
(
f
) = E

(
f
)
, (3)

where

Λ
(
f
) =

p∑

k=0

Λke
− j2π f Δtk, (4)

and Δt is the temporal interval between two samples.

It is then possible to define PDC as

πi j
(
f
) = Λi j

(
f
)

√∑N
k=1 Λk j

(
f
)
Λ∗k j
(
f
) . (5)

Such formulation was derived by the well-known concept of
partial coherence [5]. The PDC from j to i, πi j( f ) describes
the directional flow of information from the signal s j(n)
to si(n), whereupon common effects produced by other
electrodes sk(n) on the latter are subtracted leaving only a
description that is exclusive from s j(n) to si(n).

PDC values are in the interval [0, 1] and the normaliza-
tion condition

N∑

n=1

∣∣∣πnj( f )
∣∣∣2

(6)

is verified. According to this condition, πi j( f ) represents
the fraction of the time evolution of electrode j directed to
electrode i, as compared to all of j’s interactions to other
electrodes.

Even if this formulation derived directly from infor-
mation theory, the original definition was modified in
order to give a better physiological interpretation to the
estimation results achieved on electrophysiological data. In
particular, two modifications have been proposed. First,
a new type of normalization, already used for another
connectivity estimator such as directed transfer function [4]
was introduced by dividing each estimated value of PDC for
the root squared sums of all elements of the relative row, then
a squared version of the PDC was introduced [38]:

sPDCi j
(
f
) =

∣∣∣Λi j
(
f
)∣∣∣2

∑N
m=1

∣∣Λim
(
f
)∣∣2 .

(7)

The better performances of sPDC have been demonstrated
in simulation studies which revealed reduced error levels
both in the estimation of connectivity patterns on data
characterized by different lengths and SNR and in distinction
between direct and indirect paths [38]. Such formulation
was used in this study for the estimation of functional
connectivity.

2.2. Statistical Validation of Connectivity Patterns. Random
correlation between signals induced by environmental noise
or by chance can lead to the presence of spurious links in the
connectivity estimation process. To assess the significance of
the estimated patterns, each value of functional connectivity
has to be statistically compared with a threshold level which
is related to the lack of transmission between the considered
signals at a certain probability. A possible procedure is to
generate an empirical distribution of the null case based
on the generation of sets of surrogate data [39] with the
same spectral properties of the original dataset, but with
no functional connections by construction, for example, by
randomly shuffling the time series of each channel. In this
study, original data were transformed from the time domain
to the frequency domain, by means of Fourier Transform;
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then, their phases were randomly shuffled without modifying
their amplitude, and finally the shuffled signals were back-
transformed in the time domain. This procedure is able to
keep the amplitude of the power spectrum of the time series
unaltered, but at the same time to disrupt any temporal
correlation between signals. A model was fit to surrogate
data set and connectivity estimates were derived from the
model. Iterating this process many times, each time on
a new surrogate data set, allowed to build an empirical
distribution of the null hypothesis for the causal estimator
[33]. Once obtained the empirical distribution, we assessed
the significance of the estimated connectivity patterns for
a given significance level. In particular, the threshold value
was evaluated for each couple of signals and for each
frequency by applying a percentile, corresponding to a
predefined significance level of 5%, on the null case empirical
distribution. Only the connections whose values exceeded
the threshold were considered significant.

2.3. Preventing the Occurrence of Type I Errors in Validation
Process. The statistical validation process has to be applied
on each couple of signals for each frequency sample. This
leads to the execution of a high number of simultaneous uni-
variate statistical tests, with consequences in the occurrence
of type I errors (false positives). The statistic theory provides
several techniques that can be usefully applied in the context
of the assessment of connectivity patterns in order to avoid
the occurrence of false positives [40]. The first one, proposed
by Bonferroni in 1936, is based on the consideration that
if we perform N independent univariate tests, each with a
significance probability β, the probability p that at least one
of the tests is significant is given by

p < Nβ. (8)

This means that if N = 20, tests are performed with the
usual probability β = 0.05, then on average one of them is
expected to become significant, just by chance. This means
that if N = 20, tests are performed with the usual probability
β = 0.05, at least one of them is expected to result, significant
by chance alone. So, if we want the probability p for which
this event could occur (i.e., one result being statistically
significant just by chance) to be equal to α, we can apply a
correction to β. The single test will then be performed at a
probability

β∗ = α

N
. (9)

This β∗ is the actual probability at which the statistical
tests have to be performed to conclude that all the tests are
performed at level of statistical significance α, Bonferroni
adjusted for multiple comparisons.

The Bonferroni method can be too conservative, for
instance when the statistical tests are highly dependent, like
in the case of physiological measurements. This may lead to
an increase of Type-II errors (false negatives). To mitigate
the severity of Bonferroni approach, the false discovery rate
(FDR) approach was proposed [34]. Such methodology is
based on the expected proportion of erroneous rejections

among all rejections. Considering V as the number of false
positives and S as the number of true positives, the FDR is
given by

FDR = E
[

V

V + S

]
. (10)

Let H1,H2, . . . ,Hm be the null hypothesis, with m as the
number of univariate test to be performed, and p1, p2, . . . , pm

their corresponding P values. These values were ordered in
increasing order as P(1) ≤ P(2) ≤ · · · ≤ P(m) and the value k
was chosen as the largest i for which

P(i) ≤ i

m
α. (11)

At the end, the hypothesis H(i) with i = 1, . . . , k
has to be rejected. In the case of independent tests, an
approximation for evaluating corrected significance level has
been introduced [35]:

β∗ = (m + 1)
2m

α. (12)

2.4. Graph Indexes. A graph consists of a set of vertices (or
nodes) and a set of edges (or connections) indicating the
presence of some sort of interaction between the vertices.
The adjacency matrix A contains the information about the
connectivity structure of the graph. When a directed edge
exists from the node j to the node i, the corresponding entry
of the adjacency matrix is Aij = 1, otherwise Aij = 0. In
graph theory, a path or a walk is a sequence of vertices in
which from each of its vertices there is an edge to the next
vertex in the sequence. Such adjacency matrix can be used for
the extraction of salient information about the characteristic
of the investigated network by defining several indices based
on the elements of such matrix.

2.4.1. Adjacency Matrix Extraction. Once the functional
connectivity pattern is estimated, it is necessary to define
an associated adjacency matrix for each network, on which
graph theory will be applied to extract salient indices able to
characterize the network properties. The generic i jth entry
of a directed binary adjacency matrix is equal to 1 if there is a
functional link directed from the jth to the ith signal and to
0 if no link exists. As explained in Section 1, the construction
of an adjacency matrix can be performed by comparing each
estimated connectivity value to its correspondent threshold
value. In particular,

Gij =
{

1 −→ Aij ≥ τi j
0 −→ Aij < τi j

, (13)

where Gij and Aij represent the entry (i, j) of an adjacency
matrix G and a connectivity matrix A, respectively, and τi j
is the corresponding threshold. It is possible to derive the
adjacency matrix simply by applying the same threshold for
all the links of the network. In this case, (13) becomes

Gij =
{

1 −→ Aij ≥ τ
0 −→ Aij < τ

, (14)
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where τ represents the threshold to be applied to all the links
in the network.

Different approaches have been developed for evaluating
the threshold values, as already described in Section 1.
In particular, in this study, we compared a methodology
extensively used in literature and a more rigorous one
proposed as an alternative in this paper. According to the
first approach, the threshold is selected as the value which
imposes a predefined edge density k (i.e., a percentage
number of existing connections with respect to all possible
connections, given the number of nodes in the network) for
the resultant adjacency matrix. In this case, the threshold is
the same for all links. The second method is based on the
use of the intrinsic statistical significance of the estimator
used for functional connectivity estimation. The threshold is
evaluated as (1− α)th percentile extracted from the null case
distribution of PDC estimator built by means of the shuffling
procedure. α is the significance level imposed in the statistical
test and it was set at 0,05. In this case, a statistical threshold
is evaluated for each link.

2.5. Graph Theory Indices. Different indices can be defined
on the basis of the adjacency matrix extracted from a given
connectivity pattern. In this study, we evaluated the most
commonly used, described as follows.

2.5.1. Characteristic Path Length. The characteristic path
length is the average shortest path length in the network,
where the shortest path length between two nodes is the
minimum number of edges that must be traversed to get
from one node to another. It can be defined as follows:

L = 1
n

∑

i∈N
Li = 1

n

∑

i∈N

∑
j∈N , j /= i di j

n− 1
, (15)

where Li is the average distance between node i and all other
nodes and di j is the distance between node i and node j [14].

2.5.2. Clustering Coefficient. The clustering coefficient
describes the intensity of interconnections between the
neighbors of a node [41]. It is defined as the fraction of
triangles around a node or the fraction of node’s neighbors
that are neighbors of each other. The binary directed version
of clustering coefficient is defined as follows [21].

C = 1
n

∑

i∈N
Ci

= 1
n

∑

i∈N

ti(
kout
i + kin

i

)(
kout
i + kin

i − 1
)
− 2

∑
j∈N gi jg ji

,

(16)

where ti represents the number of triangles involving node
i, kin

i and kout
i are the number of incoming and outcoming

edges of nodes i, respectively, and gi j is the entry i j of
adjacency matrix.

2.5.3. Small Worldness. A network G is defined as small-
world network if LG ≥ Lrand and CG � Crand where LG and

Figure 1: Experimental setup employed for the simulated electrical
recording on a mannequin head by means of a 61-channel EEG cap.
The polystyrene mannequin head was posed in front of a screen to
include the interferences on signals due to the presence of a monitor.

CG represent the characteristic path length and the clustering
coefficient of a generic graph and Lrand and Crand represent
the correspondent quantities for a random graph. On the
basis of this definition, a measure of small-worldness of a
network can be introduced as follows:

S = CG/Crand

LG/Lrand
. (17)

So, a network is said to be a small world network if S > 1
[42].

2.6. Simulated Data. The first dataset we used to compare
the two approaches was generated to build the null case
(complete lack of correlation between the signals). To this
purpose, we generated random datasets of signals with the
same average amplitude and the same standard deviation
of the data acquired on the mannequin head (see following
paragraph for details) to avoid differences between the two
datasets due to different signals amplitudes. In particular,
each dataset is composed by 20 signals segmented in 50
trials of 3s each. 20 electrodes are the typical number of
sensors used for connectivity measures estimated by means
of multivariate method on scalp EEG signals.

In the following, we will refer to this dataset as “simulated
data”.

2.7. Mannequin Data. We simulated an EEG recording on
a head of a synthetic mannequin by using a 61-channel
system (Brain Amp, Brain-Products GmbH, Germany). The
sampling frequency was set to 200 Hz. In order to keep the
impedance below the 10 kΩ, the mannequin was equipped
with a cap positioned over a humidified towel. It must be
noted that there were not electromagnetic sources inserted
within the mannequin’s head, that is instead composed
only by polystyrene. Thus, the mannequin head cannot
produce any possible electromagnetic signals on the electric
sensors disposed on the recording cap. Figure 1 presents the
experimental setup employed for the electrical recordings.
The mannequin was put in front of a screen to take into
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account the interferences of a monitor on EEG recording.
To avoid any differences between the two datasets we used
the same number of trials and samples per trial of simulated
data.

We referred to this dataset as “mannequin data.”

2.8. Signal Processing. Both datasets were subjected to the
same signal processing procedure, made by the following
steps:

(1) generation of 20 simulated signals (simulated data)
or selection of 20 channels randomly chosen among
the 61 used for the recording (mannequin data);

(2) functional connectivity estimation, performed by
means of sPDC;

(3) extraction of the correspondent binary adjacency
matrices by applying a threshold τ achieved in two
different ways:

(a) by means of shuffling procedure for a sig-
nificance level of 5% in two conditions: (i)
not corrected for multiple comparisons and
(ii) adjusted for multiple comparisons by false
discovery rate, and

(b) by fixing the edge density k to predefined values.
The levels of such values were chosen equal
to those achieved by the shuffling procedure,
to avoid different performances between the
two methods due to the selection of a different
density;

(4) extraction of the graph indices described above
from the adjacency matrices achieved with both
methodologies;

(5) normalization of the indices achieved at point 4 with
those extracted from 100 random graphs generated
by maintaining the same number of connections of
the correspondent adjacency matrix, to normalize the
values to the model dimension.

2.9. Analysis of Variance. The signal processing procedure
(point 1 to 5 of the previous paragraph) has been repeated
50 times to increase the power of the statistical test (ANOVA)
computed for comparing the two different modalities used
for the extraction of the adjacency matrices.

We computed a two-way ANOVA with each graph index
as dependent variable. The main factors were

(i) the method used for extracting adjacency matrices
(METHOD), with two levels;

(a) shuffling procedure,
(b) fixed Edge Density procedure;

(ii) the edge density (EDGE) corresponding to two cases:

(a) Case 1: percentage of edges survived to the
shuffling procedure for a significance level 5%
not corrected. This percentage was resulting

from the application of the shuffling proce-
dure and was consequently imposed also to
the fixed edges procedure, to avoid different
performances due to different densities,

(b) Case 2: percentage of edges survived to the
shuffling procedure for a significance level 5%
corrected by FDR. Same procedure described
above.

The ANOVA was applied to both simulated and mannequin
data.

3. Results

3.1. Simulated Data. To describe how we selected the edge
density to be used in the two approaches, we reported in
Figure 2 the histograms describing the distribution of the
edge density characterizing the adjacency matrices extracted
during different iterations of functional connectivity esti-
mation process on simulated data. The situations described
in the two panels represent the levels Case 1 (Figure 2(a))
and Case 2 (Figure 2(b)) used for the ANOVA analysis. In
particular, the average edge density resulting from the shuf-
fling procedure applied to simulated (random uncorrelated)
data was 7% for the not corrected case and 4% for the FDR
corrected case.

This first result confirmed the importance of statistical
validation process combined with the correction for multiple
comparisons. In fact, only the application of the shuffling
procedure in the FDR case allowed to discard spurious links
(obtained in this case on random, uncorrelated signals) at
the correct level (below 5%). The edge densities obtained for
the shuffling procedure, reported in Figure 2, were used also
in the fixed edges method, to avoid different performance
of the two methods to be due to the different number of
connections. In particular, in the fixed edges method, if the
imposed edge density is k, the threshold is chosen as the value
which allowed to keep the k higher connections of the graph.

The two approaches were statistically compared by
means of an ANOVA performed as described in Section 2
with each graph derived index as a dependent variable.
The indices were normalized with the values obtained from
100 random graphs generated by keeping the number of
connections of the correspondent adjacency matrix. This
process was repeated 50 times in order to increase the
robustness of the statistical analysis.

The ANOVA analysis was computed considering the
small-worldness index as dependent variable and the meth-
ods used for adjacency matrices extraction (METHOD) and
the edge density of the achieved adjacency matrix (EDGE) as
within main factors. The main factor METHOD was com-
posed by two levels: shuffling procedure, fixed edge density
method. The main factor EDGE was composed by two levels:
Case 1 (edge density associated to significance level 5%,
not corrected for multiple comparisons) and Case 2 (edge
density associated to significance level 5%, FDR corrected).
Results revealed a statistical influence of the main factors
METHOD (P < 0.00001, F = 34.87) and METHOD ×
EDGE (P < 0.00001, F = 13.46) on the small-worldness
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Figure 2: Distribution of the edge density characterizing the adjacency matrices extracted during the different iterations of the connectivity
estimation process on simulated data in two different cases: Case 1 (a) → percentage of edges survived to shuffling procedure for a
significance level of 5% not corrected for multiple comparison; Case 2 (b) → percentage of edges survived to shuffling procedure for a
significance level of 5% corrected for multiple comparisons by means of FDR.

index computed on connectivity networks inferred from
simulated data.

In Figure 3, we reported results of the ANOVA performed
on the small world index considering METHOD × EDGE
as main factor. The diagram shows the mean value for the
small-worldness computed on adjacency matrices extracted
by means of shuffling procedure (blue line) and fixed edge
density (red line), from the connectivity patterns estimated
on simulated data. The bar represented their relative 95%
confidence interval. Considering that the edge density is
equal by construction for the two methods, the diagram
shows significant differences between the two methods in
the description of the network in terms of small-worldness,
confirmed by the post hoc analysis computed by means
of Tukey’s test (∗ symbol in Figure 3). In fact, the use of
the method based on a fixed edge density revealed small-
world properties of the network obtained from uncorrelated
signals, for both density values. On the contrary, the
application of the shuffling procedure allowed to correctly
identify the absence of small-worldness in the network.

To understand if the erroneous attribution of small-
worldness to the networks achieved by means of the
fixed edge density method is mainly due to the clustering
coefficient or to the characteristic path length, correlations
between the small-worldness index and these two indices
were computed for the two different edge densities. The
results achieved in the Case 2 (edge density as Figure 2(b))
were shown in Figure 4. The diagram showed the scatter plot
of small worldness versus clustering coefficient (Figure 4(a))
and small-worldness versus path length (Figure 4(b)) for
each iteration of the adjacency matrix extraction process
computed by means of the fixed edge density method, in
the case of edge density correspondent to those achieved in
Case 2 (edge density as Figure 2(b)). The line in the figure
represents the linear fitting computed on the data. In the
box, the associated values of correlation (r) and r-square
(r2) were reported. From these results, it can be inferred

that the small-worldness of networks achieved by means of
fixed edge density method in Case 2 can be mainly due to
the clustering coefficient, with a correlation of 0.93 and a r-
square of 0.86. A minor dependence of small-worldness from
path length index is highlighted by low values of correlation
coefficient (−0.36) and r-square (0.13). The same effect can
be described for Case 1 (small-worldness versus clustering
r = 0.91, r2 = 0.82; small-worldness versus path length
r = −0.38, r2 = 0.15).

3.2. Mannequin Data. The simulated dataset used as null
model for functional connectivity estimations represents
an ideal case, because it does not take into account the
spatial correlation between neighboring electrodes which
always occurs during an EEG recording. For this reason,
we used a second dataset, composed by signals acquired
simultaneously from a mannequin head equipped with a
cap positioned over a humidified towel, which, with its
absence of physiological signals but with its correlation
between neighboring electrodes, represents the null model
for connectivity inferred from signals acquired during an
EEG experiment. In the second dataset, we randomly
selected 20 channels among the 61 acquired (same number
of signals used for simulated data) and subjected them
to functional connectivity estimation process. Then the
correspondent adjacency matrix was extracted by means of
the two considered methods and some graph indices, such
as small-worldness, path length, and clustering coefficient,
were computed. The indices were normalized with the values
obtained from 100 random graphs generated by keeping
the number of connections of the correspondent adjacency
matrix. This process was repeated 50 times in order to
increase the robustness of the following statistical analysis.

The shuffling procedure was applied for a significance
level of 5%, both in the not corrected case and in the case
of FDR correction. In Figure 5, we reported two histograms
describing the distribution of the edge density characterizing
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Figure 3: Results of ANOVA performed on the small-world
index computed on networks inferred from simulated data, using
METHOD and EDGE as within main factors. The diagram shows
the mean value for the small-worldness computed on the adjacency
matrices extracted by means of the shuffling procedure (blue line)
and fixed edge density method (red line) in Case 1 (edge density
as described in Figure 2(a)) and Case 2 (edge density as described
in Figure 2(b)). The bars represent their relative 95% confidence
intervals. The green dotted line represents the threshold above
which a network is said to be “small world.” The symbol (∗)
indicates a statistical difference between shuffling procedure and
fixed edge density method, highlighted by Tukey’s post hoc test
(P < 0.05).

the adjacency matrices extracted during the different itera-
tions of functional connectivity estimation process on man-
nequin data, for the uncorrected case (Case 1, Figure 5(a))
and for the FDR corrected case (Case 2, Figure 5(b)). In
particular, the average edge density was 22% for the not
corrected case and 16% for the case corrected by means of
FDR. This result showed the effect on connectivity measures
due to the spatial correlation of neighboring electrodes. In
fact, the statistical validation process combined with the
correction for multiple comparisons couldn’t completely
discard spurious links due to random fluctuations of the
signals (residual edge density above 5%). The same edge
densities, reported in Figure 5, were used in the second
method in order to avoid differences between the two
methods due to the different number of connections.

The same statistical analysis described in the previous
paragraph for simulated data was computed on graph
indices extracted from mannequin data networks. In the
ANOVA, computed considering the small worldness as
dependent variable and the methods use for adjacency
matrices extraction (METHOD) and the edge density of the
achieved adjacency matrix (EDGE) as within main factors,
the main factor METHOD was composed by two levels:
shuffling procedure and fixed edge density method. The
main factor EDGE was composed by two levels: Case 1 (edge
density as in Figure 5(a)) and Case 2 (edge density as in
Figure 5(b)). Results revealed statistical influence of the main

factors METHOD (P = 0.00001, F = 23.42), EDGE (P <
0.00001, F = 104.47), and METHOD× EDGE (P < 0.00021,
F = 15.99) on the small-worldness index computed on
connectivity networks inferred from mannequin data.

In Figure 6, we reported results of the ANOVA performed
on the small world index considering METHOD × EDGE
as main factor. The diagram shows the mean value for the
small-worldness computed on adjacency matrices extracted,
by means of shuffling procedure (blue line) and fixed edge
density (red line), from the connectivity patterns estimated
on mannequin data. The bar represented their relative 95%
confidence interval. The small-world index is above 1 for
both methodologies, with statistically higher values for fixed
edge density in respect to shuffling procedure in Case 2 as
confirmed by the post hoc analysis computed by means of
Tukey’s.

In order to understand which indices, between the
clustering coefficient and the characteristic path length,
mainly contributed to the small worldness of the networks
achieved by means of shuffling procedure and fixed edge
density method, correlations between the small-worldness
index and these two indices were computed for the two
edge density cases. The results achieved in the case of edge
density correspondent to Case 2 (edge density as Figure 2(b))
were showed in Figure 7. The diagram showed the scatterplot
of small-woldness versus clustering coefficient (Figures 7(a)
and 7(c)) and small-worldness versus path length (Figures
7(b) and 7(d)) for each iteration of the adjacency matrix
extraction process computed by means of shuffling proce-
dure (first row) and fixed edge density method (second row)
in the case of edge density correspondent to those achieved
in Case 2 (edge density as Figure 5(b)). The solid lines in
the figure represent the linear fitting computed on the data.
In the box, the associated values of correlation (r) and r-
square (r2) were reported. The small-worldness of networks
achieved by means of shuffling procedure in Case 2 can be
due, at the same time, to the clustering coefficient, with a
correlation of 0.92 and a r-square of 0.85 and to the path
length with a correlation coefficient of −0.69 and a r-square
of 0.48. Same consideration could be done for fixed edge
density method (small-worldness versus clustering r = 0.83,
r2 = 0.70; small-worldness versus path length r = −0.79,
r2 = 0.63). The same effect could be described for Case 1
(shuffling procedure: small-worldness versus clustering r =
0.92, r2 = 0.83; small-worldness versus Path Length r =
−0.79, r2 = 0.63; fixed edge density: small-worldness versus
clustering r = 0.91, r2 = 0.83; smal-worldness versus path
length r = −0.87, r2 = 0.76).

4. Discussion

The strong dependence of graph measures from the number
of nodes, the edge density, and the degree of the networks
under analysis should lead to reflect on the modalities used
for adjacency matrix extraction [22]. Different methodolo-
gies are currently used for this purpose; some of them based
on the definition of fixed thresholds [26, 27], others based
on fixed average degree [28–32], and others on fixed edge
density [32]. The choice of a threshold in order to fix the
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Figure 4: Scatterplot of small-worldness versus clustering coefficient (a) and small-worldness versus path length (b) for each iteration of the
adjacency matrix extraction process computed by means of fixed edge density method for edge densities correspondent to those achieved in
Case 2 (as from Figure 2(b)). The solid line represents the linear fitting computed on the data. The associated values of correlation (r) and
r-square (r2) were reported in the boxes.
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Figure 5: Distribution of the edge density characterizing the adjacency matrices extracted during the different iterations of connectivity
estimation process on mannequin data in two different cases: Case 1 (a) → percentage of edges survived to shuffling procedure for a
significance level of 5%, not corrected for multiple comparisons; Case 2 (b) → percentage of edges survived to shuffling procedure for a
significance level of 5%, FDR corrected.

number of edges or the degree allows to avoid size and
density effects in the comparison of networks inferred from
two different conditions, but can affect the structure of
the network by enforcing nonsignificant links and ignoring
significant connections [22]. To understand the effects on
the structural properties of a network due to the method
applied for adjacency matrix extraction, we computed a
statistical comparison between one of the methods most
extensively used in graph theory applications for extracting
adjacency matrices from brain connectivity patterns (i.e., the
method based on fixing the edge density) with an approach
based on the statistical validation of achieved connectivity
patterns by means of a shuffling procedure. The comparison
was performed on two different datasets, one composed
by random and uncorrelated simulated data, modeling the

null case for the connectivity estimates, and another one
composed by signals acquired on a mannequin head, taking
into account the spatial correlation between neighboring
electrodes [36].

The results presented in this section allow to discuss
about some open problems which affect the application of
graph measures to the functional connectivity estimates.

The first issue addressed in the present paper is the
necessity to statistically validate the connectivity measures
in order to discard the spurious links due to random
fluctuations of the signals considered simultaneously in the
multivariate [33, 43, 44] or bivariate model [45, 46]. In
this paper, we confirmed the importance of the statistical
validation combined with the corrections for multiple
comparisons in multivariate estimates [47] by showing
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Figure 6: Results of ANOVA performed on the small-worldness
index computed on networks inferred from mannequin data, using
METHOD and EDGE as within main factors. The diagram shows
the mean value for the small worldness computed on the adjacency
matrices extracted by means of Shuffling procedure (blue line)
and fixed edge density method (red line) in two cases, Case 1
(edge density as in Figure 5(a)) and Case 2 (edge density as in
Figure 5(b)). The bar represents their relative 95% confidence
interval. The green dotted line represents the threshold above which
a network is said to be “small world.” The symbol (∗) indicates
a statistical difference between shuffling procedure and fixed edge
density method, highlighted by Tukey’s post hoc test (P < 0.05).

the edge densities survived to the shuffling procedure on
the simulated data (Figure 2). Being the simulated data a
null model for connectivity estimation, all the survived
links can be seen as false positives. The application of
the shuffling procedure for a significance level of 5% not
corrected produces 7% of false positives. Only applying the
statistical correction of FDR the false positives went down the
threshold of 5%. Unfortunately, the application of shuffling
procedure to connectivity networks inferred on mannequin
data led to a high number of false positives (22% in the
not corrected case and 16% in the case of FDR correction).
This could be explained by taking into account that some
of the survival links are due to real correlations between
neighboring electrodes induced by the registration on a wet
towel, but which can occur also in real EEG recordings
[48, 49].

A second issue to be considered as relevant in graph
theory concerns the modality in which the adjacency matrix
is extracted from the connectivity network. As already said
in the previous sections, the threshold choice is crucial for
the computation of graph measures because it affects the
topographical properties of real networks. In the present
study, we made a comparison between one of the methods
extensively used in graph theory applications for extracting
adjacency matrices from the connectivity patterns (i.e.,
the method based on fixing the edge density) and an
approach based on the statistical validation of achieved
connectivity patterns by means of a shuffling procedure, to

describe the effects of the modalities for adjacency matrix
extraction on the “small-world” properties of the network.
The results achieved on simulated data highlighted small-
world properties of the analyzed networks even in random,
uncorrelated data, when the fixed edge density method was
applied. Such small-worldness is mainly correlated with
an increase of the clustering coefficient and disappeared
when shuffling procedure was used. The fixed edge density
criterion led to an erroneous diagnosis of small-worldness
for the connectivity patterns estimated on simulated data,
independently from the edge density chosen. In fact, the
simulated data, being uncorrelated, should produce connec-
tivity patterns without any topographical properties of small-
worldness. These results led to two conclusions. The first
is that the shuffling procedure does not just preserve the
strongest connections, as demonstrated by different results
obtained by means of fixed edge density which is based on
this criterion. It means that the significance of a link is not
merely related to its strength. The second conclusion is that
the choice of an empirical threshold can affect so much the
topography of the network that an erroneous definition of
small-worldness could result. Thus, a statistical validation,
combined with multiple comparisons adjustments, to be
applied on connectivity networks, is necessary to define the
significance of each edge within the adjacency matrix, in
order to extract graph measures able to describe the real
properties of the considered network.

The results achieved on mannequin data showed small
world properties of the networks extracted by applying both
methodologies. In this case, the shuffling procedure couldn’t
prevent the description of mannequin networks as small
world networks, even applying the corrections for multiple
comparisons, but the entity of small-worldness is lower than
those achieved by means of fixed edge density method. In
both cases the small-worldness is equally correlated with
an increase of the clustering coefficient and with a decrease
of the path length. This effect could be explained with
the existence of real correlations between electrodes, which
can occur in real EEG data, due to volume conduction
effect and to the location of the reference [36, 50, 51].
These considerations led to a possible redefinition of the
meaning of the small-worldness index. In fact, it cannot
be considered as an absolute measure, because its value
contains some of the real correlations due to neighboring
electrodes. A possible solution is to consider only variations
of this measure between two conditions within the same
subject, or between two subjects in the same conditions,
in order to discard all the effects due to the position of
the electrodes on the scalp. Another way to mitigate such
effect is to apply the connectivity estimation process to the
data obtained by methods which allow to reduce the spatial
correlation between electrodes, such as all the approaches for
the reconstruction of cortical sources from high-resolution
EEG recordings [52–55]. Such methodologies allow to focus
the activations of cerebral sources by means of a high
number of sensors, realistic head models, and the solution
of the associated linear inverse problem [56–58]. It must
be also noted that other methods used for reducing spatial
correlation at the scalp level, such as blind source separation
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Figure 7: Scatterplot of small-worldness clustering coefficient ((a) and (c)) and small- worldness versus path length ((b) and (d)) for each
iteration of the adjacency matrix extraction process computed by means of shuffling procedures (first row) and fixed edge density method
(second row) for edge densities correspondent to those achieved in Case 2 (edge density as in Figure 5(b)). The line represents the linear
fitting computed on the data. The associated values of correlation (r) and r-square (r2) were reported in the boxes.

and superficial laplacian [59], cannot be used, due to the
correlation they induce in the data, which would, in turn,
produces spurious results.

5. Conclusion

The present work aims at highlighting some erroneous
results that can be obtained by the application of commonly
used approaches for the extraction of adjacency matrix from
connectivity patterns, and to describe how such procedures
can affect the topographical properties of a network inferred
by means of graph measures. For this reason, we com-
puted a statistical comparison between one of the methods
extensively used in graph theory applications for extracting
adjacency matrices from the connectivity patterns (i.e., fixing
the edge density) with an approach based on the statistical
validation of achieved connectivity patterns by means of
a shuffling procedure. The results achieved on simulated
data highlighted the importance of a statistical validation of
connectivity patterns which allows from one side to prevent

the occurrence of false positives due to random fluctuations
of signals, and from the other side to extract graph measures
able to describe the real properties of the considered network.
The results achieved on mannequin data showed an effect
of the spatial correlations between electrodes and of the
location of the reference on small-worldness index. Such
effect could be mitigated by applying methodologies for the
reconstruction of cortical sources.
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In recent years, there has been a growing need to analyze the functional connectivity of the human brain. Previous studies
have focused on extracting static or time-independent functional networks to describe the long-term behavior of brain activity.
However, a static network is generally not sufficient to represent the long term communication patterns of the brain and is
considered as an unreliable snapshot of functional connectivity. In this paper, we propose a dynamic network summarization
approach to describe the time-varying evolution of connectivity patterns in functional brain activity. The proposed approach
is based on first identifying key event intervals by quantifying the change in the connectivity patterns across time and
then summarizing the activity in each event interval by extracting the most informative network using principal component
decomposition. The proposed method is evaluated for characterizing time-varying network dynamics from event-related potential
(ERP) data indexing the error-related negativity (ERN) component related to cognitive control. The statistically significant
connectivity patterns for each interval are presented to illustrate the dynamic nature of functional connectivity.

1. Introduction

The human brain is known to be one of the most complex
systems and understanding its connectivity patterns for
normal and disrupted brain behavior remains as a challenge.
Over the last decade, there has been a growing interest
in studying brain connectivity. In literature, three kinds of
brain connectivity have been addressed to define interactions
between different regions of the human brain: anatomical
connectivity, functional connectivity, and effective connec-
tivity [1, 2]. Anatomical connectivity is defined as the set of
connections at the physical or structural layer which links
neuronal units at a given time and can be analyzed using
techniques such as diffusion tensor imaging [3, 4]. Func-
tional connectivity is defined as the statistical dependencies
among remote neurophysiological events, which indicate the
integration of functionally segregated brain regions. Finally,
effective connectivity refers to causal relations between
neural systems where causality is understood in at least two
distinct ways: temporal precedence and physical influence

[5–7]. In this paper, we limit our focus on discovering
functional connectivity where reciprocal interactions are in-
vestigated.

Functional connectivity can be inferred from differ-
ent neuroimaging data such as the functional magnetic
resonance imaging (fMRI), electroencephalography (EEG),
and magnetoencephalography (MEG) [8]. fMRI provides
a high spatial resolution whereas EEG, and MEG have
more limited spatial resolution. However, EEG and MEG
offer higher temporal resolution required for quantifying
the time-varying relationships between neuronal oscillations
compared to fMRI which makes these recording techniques
more appealing for quantifying the functional brain con-
nectivity. Various measures, such as spectral coherence and
phase synchrony, have been proposed for quantifying the
functional relationships among different brain regions [9].
However, these measures are limited to quantifying pairwise
relationships and cannot provide an understanding of the
collective behavior of different brain regions. Attempts to
characterize the topologies of these large networks led to
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the emergence of a new, multidisciplinary approach to the
study of complex systems based on graph theory, which
has been used to analyze models of neural networks,
anatomical connectivity, and functional connectivity based
upon fMRI, EEG and MEG. Network characterization of
functional connectivity data is motivated by the develop-
ment of neurobiologically meaningful and easily computable
measures, such as graph theory-based clustering coefficient
and characteristic path length, that reliably quantify brain
networks [1, 10–13]. These measures also offer a simple
way to compare functional network topologies between
subject populations and have been shown to reveal presumed
connectivity abnormalities in neurological and psychiatric
disorders [14, 15].

A network is a mathematical representation of a real-
world complex system with relational information and can
be represented by a graph consisting of a set of vertices
(or nodes) and a set of edges (or connections) between
pairs of nodes. The presence of a connection between two
vertices means that there is some kind of relationship or
interaction between the nodes. In order to emphasize the
strength of the connectivity between nodes, one can assign
weights to each of the edges and the corresponding graph
is called a weighted graph. In the study of functional
brain networks, nodes represent the different brain regions
and the edges correspond to the functional connectivity
between these nodes which are usually quantified by the
magnitudes of temporal correlations in activity. Depending
on the measure, functional connectivity may reflect linear
interactions such as correlation or nonlinear interactions
such as phase synchrony [9]. Graph theory provides a way
to capture the topology of this network and to quantify the
multivariate relationships among neuronal activations across
brain regions as well as to suggest models for functional
brain networks which may allow us to better understand the
relation between network structure and the processes taking
place on these networks. One such model is the “small-
world” network introduced by Watts and Strogatz [16],
that demonstrates both clustered “cliquish” interconnectivity
within groups of nodes (like regular lattices) and a short path
length between any two nodes (like random graphs). This
is an attractive configuration for the functional architecture
of the brain, because small-world networks are known to
optimize information transfer, increase the rate of learning,
and support both segregated and distributed information
processing. Recently, there have been multiple functional
network studies using graph theory based on fMRI [17], EEG
[14, 18], and MEG data [12, 19] which have shown small-
world patterns in functional networks of healthy subjects.
Several studies have also shown how brain pathology, such
as schizophrenia and Alzheimer’s diseases, may interfere with
the normal small-world architecture [10–12, 14, 20].

Currently, topological features of functional brain net-
works such as clustering coefficient, path length, small world
parameter [21], modularity, global, and local efficiency are
defined over long periods of time, thus focusing on static
networks and neglecting possible time-varying properties
of the topologies [22–24]. This consideration might be
reasonable for anatomical connectivity; however, a single

graph is not sufficient to represent the communication
patterns of the brain and can be considered as an unreliable
snapshot of functional connectivity. Evidence suggests that
the emergence of a unified neural process is mediated by
the continuous formation and destruction of functional links
over multiple time scales [21].

In recent years, there has been an interest in character-
izing the dynamic evolution of functional brain networks.
Most of the existing approaches to dynamic network analysis
are either graph theory based such as direct extensions of
component finding [25–27] and community detection [28]
from the static to the dynamic case or are feature based
where features extracted from each graph in the time series
are used to form time-varying graph metrics [29, 30]. This
extension to dynamic networks reveals that the processing
of a stimulus involves optimized functional integration of
distant brain regions by dynamic reconfiguration of links.
More recently, the dynamic nature of the modular structure
in the functional brain networks has been investigated by
finding modules for each time window and comparing the
modularity of the partitions across time [31]. However, this
approach does not evaluate the dynamic evolution of the
clusters across time and is basically an extension of static
graph analysis for multiple static graphs. Mucha et al. [28]
proposed a new time-varying clustering algorithm which
addresses this issue by defining a new modularity function
across time. All of these module finding algorithms result in
multiple clustering structures across time and there is a need
to reduce this multitude of data into a few representative
networks or to quantify the evolution of the network in time
using reliable metrics. Therefore, these approaches do not
track the change in connectivity or clustering patterns and
cannot offer meaningful summarizations of time-varying
network topology.

Recently, researchers in signal processing have addressed
problems in dynamic network analysis such as detection of
anomalies or distinct subgraphs in large, noisy background
[32] and tracking dynamic networks [33]. Simple approaches
such as sliding window or exponentially weighted moving
averaging have been proposed for inferring long-term infor-
mation or trends [34, 35]. However, these methods have
some disadvantages such as preserving historical affinities
indefinitely, which makes the network topology denser as
time evolves [34]. In this paper, we will contribute to this
line of work by finding the event intervals in functional brain
connectivity patterns, revealing the most relevant and infor-
mative information for each interval and summarizing brain
network activity with a few number of representative net-
works, similar to data reduction in signal processing where
the ideal summary should conserve the minimum redun-
dancy in representing the dynamics of the particular interval.
Recently, similar data reduction problems in psychophys-
iological studies involving evoked brain potential activity
across time, frequency, and space have been addressed [36,
37]. However, the work in this area focuses on reducing
activation patterns across time, frequency, and space using
a Bayesian classification approach [37]. Unlike this paper
which considers the activation of each electrode individually
in time- and frequency, our paper considers functional
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connectivity or multivariate relationships between electrode
pairs and tries to reduce this relational information using a
segmentation approach along time.

In this paper, we first construct time-varying graphs,
which are needed to describe the brain activity across time,
by quantifying the time-varying phase synchrony between
different electrodes of the EEG data [38]. Then, a framework
for summarizing or reducing the information in dynamic
brain networks into a few representative networks will be
proposed by computing the distances between subsequent
graphs, detecting changes in distances to determine the event
boundaries, and, finally, forming a key network for each
interval such that this key network summarizes the particular
interval with minimal redundancy.

2. Background

Phase synchrony is defined as the temporal adjustment of
the rhythms of two oscillators while the amplitudes can
remain uncorrelated. The first step in quantifying the phase
synchrony between two signals is to estimate the instan-
taneous phase of the individual signals, Φi(t,ω), around
the frequency of interest, ω. Once the phase difference,
Φi, j(t,ω) = |Φi(t,ω)−Φ j(t,ω)|, between the two signals, xi
and xj , is estimated, phase synchronization can be quantified
by means of the phase-locking value (PLV) which ranges in
[0, 1]:

PLVi, j(t,ω) = 1
K

∣∣∣∣∣∣

N∑

k=1

exp
(
jΦk

i, j(t,ω)
)
∣∣∣∣∣∣, (1)

where K is the number of trials and Φk
i, j(t,ω) is the time-

varying phase difference estimate for the kth trial. If the
phase difference varies little across the trials, PLV is close to 1
which indicates high phase synchrony pair signals.

Two major approaches to extracting the instantaneous
phase are the Hilbert transform and the complex wavelet
transform. The Hilbert transform-based method obtains an
analytic form of the signal and estimates the instantaneous
phase from this analytic form [39]. However, one has to
ensure that the signal is composed of a narrowband of
frequencies and this requires the bandpass filtering of the
signal around a frequency of interest which is followed by
the application of the Hilbert transform to obtain the instan-
taneous phase. The second approach to phase synchrony
computes a time-varying complex energy spectrum using
the continuous wavelet transform (CWT) with a complex
Morlet wavelet [40]. The main drawback of this measure is
the nonuniform time-frequency tiling where the frequency
resolution is high at low frequencies and low at high
frequencies. Although this property is desirable in detecting
high frequency transients in a given signal, it inherently
imposes a non-uniform time-frequency resolution which
results in biased energy and phase estimates. In this paper,
we propose to use a new time-varying phase estimation
method based on the Reduced Interference Rihaczek (RID-
Rihaczek) distribution belonging to Cohen’s class [38]. This
distribution offers phase estimates with uniformly high time-
frequency resolution which can be used for defining time-

and frequency-dependent phase synchrony. Compared to the
existing measures, in our previous work we have shown
through both simulation and analysis that RID-Rihaczek-
based phase and phase synchrony estimators are more robust
to noise, have uniformly better time-frequency resolution
with less bias in extracting time- and frequency-dependent
phase, and perform superior at detecting actual synchrony
within a group of oscillators [38].

It is important to note some limitations of PLV that
have been investigated in recent work, specifically in the
context of intertrial phase synchrony [41]. Specifically, the
PLV cannot discriminate between additive versus phase-
resetting activation in ERPs from trial to trial, and thus is not
a reliable measure for studying event-related brain dynamics
(ERBD [42]). Some recent approaches based on t-statistics
type measures from complex time-frequency distribution
coefficients offer some methods to decompose constituent
contributions of amplitude and phase resetting to the PLV
for intertrial measures [43]. However, it is not clear what role
these components have in PLV when measuring functional
connectivity.

2.1. RID-Rihaczek Distribution. Rihaczek distribution is a
complex time-frequency distribution that provides both a
time-varying energy spectrum as well as a phase spectrum
with good time-frequency localization for phase modulated
signals [44] and is defined as

Ci(t,ω) = 1√
2π

xi(t)X∗i (ω)e− jωt, (2)

where xi(t) is the signal and Xi(ω) is its Fourier transform.
The time- and frequency dependent phase estimate based on
this distribution can be found as

Φi(t,ω) = arg
[

Ci(t,ω)
|Ci(t,ω)|

]
= φi(t)− θi(ω)− ωt, (3)

where φi(t) and θi(ω) refer to the phase in the time and the
frequency domains, respectively. Once the phase estimate in
the time-frequency domain is obtained, the phase difference
between two signals, xi(t) and xj(t), can be computed as

Φi, j(t,ω) = arg

[
Ci(t,ω)
|Ci(t,ω)|

C∗j (t,ω)

|Ci(t,ω)|

]

=
(
φi(t)− φj(t)

)
−
(
θi(ω)− θj(ω)

)
.

(4)

For multicomponent signals, cross-terms occur at the
same time- and frequency locations as the original signals
and will lead to biased energy and phase estimates. In
order to eliminate these cross-terms, we proposed a reduced
interference version of the Rihaczek-distribution, which is
referred to as RID-Rihaczek, by applying a Choi-Wiliams
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(CW) kernel function to filter the cross-terms in the ambi-
guity domain [45, 46]:

Ci(t,ω)

=
∫ ∫

exp

(
− (θτ)2

σ

)

︸ ︷︷ ︸
CW kernel

exp
(
j
θτ

2

)

︸ ︷︷ ︸
Rihaczek kernel

A(θ, τ)e− j(θt+τω) dτdθ,

(5)

where exp( j(θτ/2)) is the kernel function for the Rihaczek
distribution and A(θ, τ) = ∫ xi(u + τ/2)x∗i (u− τ/2)e jθudu is
the ambiguity function of the signal, xi(t).

3. Dynamic Network Summarization

Let G = {Gt}t=1,2,...,T be a time sequence of weighted and
undirected graphs where Gt is an N × N weighted and
undirected graph at time t, T is the total number of time
points, and N is the number of nodes within the network.
The connectivity strength or the edge between nodes i and
j at time t is represented by Gt(i, j) and is in the range of
[0, 1].

We propose a dynamic graph summarization framework
consisting of constructing time-varying graphs from pair-
wise phase synchrony measure, identifying event windows,
revealing the most important and informative connectivity
patterns to summarize each event window with a key graph
and to describe the dynamic evolution of the network over
time.

3.1. Forming Time-Varying Graphs via Phase Synchronization.
In order to describe the evolution of time-varying connectiv-
ity patterns in the brain network, we first need to obtain the
time-varying graphs. We quantify the bivariate relationship
between nodes within the network and construct the time-
varying graphs by considering the average synchrony within
a frequency band at a certain time as

Gt
(
i, j
) = 1

W

ωb∑
ω=ωa

PLVi, j(t,ω), (6)

where Gt(i, j) represents the connectivity strength between
the nodes i and j within the frequency band of interest,
[ωa,ωb], and W is the number of frequency bins in that
band. In this paper, our focus is to evaluate the dynamics
of the networks over time and the proposed framework
is designed accordingly. However, one can extend this
framework to consider each time and frequency bin sepa-
rately to evaluate the network changes over both time and
frequency.

3.2. Event Interval Detection. Once the time-varying graphs
are obtained, we need to identify meaningful time intervals
which may account for the underlying neurophysiological
events such as error-related negativity or Pe event-related
potential elicited in the process of decision making. For
this purpose, we propose to quantify the change in node i’s

connectivity with other nodes from time point t to t + 1
as

dt, t+1(i) = ∥∥gi(t + 1)− gi(t)
∥∥∞

= max
k

{∣∣∣gki (t + 1)− gki (t)
∣∣∣
}

, k = 1, 2, . . . ,N ,

(7)

where gki (t) is the kth element of ith row of Gt and dt, t+1(i)
is in the range of [0, 1]. l∞ norm highlights the maximum
change in a node’s connectivity from time t to t + 1
instead of the average change in the node’s connectivity
and, thus, is better at filtering out connections that are
insignificant for that particular node. The average distance,
Dt, t+1, between the graphs Gt and Gt+1 is then defined
as

Dt, t+1 = 1
N

N∑

i=1

dt, t+1(i). (8)

In order to detect the abrupt changes in the distance measure
Dt, t+1 at any time, we propose to employ a standard change
detection algorithm based on adaptive thresholding:

I(t, t + 1) =
{

1, if
∣∣Dt, t+1 − μt

∣∣ ≥ 2σt
0, if

∣∣Dt, t+1 − μt
∣∣ < 2σt,

(9)

where an event boundary is detected, I(t, t + 1) = 1,
depending on the deviation of Dt,t+1 from the moving
average, μt = (1/δ)

∑δ
k=1 Dt−k, t−k+1. Adaptive thresholding

value, 2σt , is based on the standard deviation, σt =√
(1/δ)

∑δ
k=1(Dt−k, t−k+1 − μt)

2, and the length of the moving
average window, δ, can be chosen based on the sampling
frequency and total number of time samples, T .

3.3. Key Graph Estimation Using Principal Component Analy-
sis. After determining the event intervals, we need to form
key graphs which best summarize the particular intervals.
For this purpose, we need to distinguish between transient
(high variance) and stationary (low variance) interactions
within a given time interval and obtain a key graph which
captures the transient or dynamic interactions. The ideal key
graph should describe dynamic behavior of the particular
interval with minimal redundancy. This is analogous to
finding signal components that have low and high variance
in a given data set and this separation in terms of variance
is usually addressed through principal component analysis
(PCA). Hence, we propose to employ PCA in order to
extract key graphs and summarize the dynamics of the event
intervals with minimal redundancy.

Let G1,G2, . . . ,GM be the set of M graphs that com-
pose an event interval that we try to summarize. Since
the graphs are undirected and symmetric, we create vec-
tors, z1, . . . , zM, to equivalently represent the graphs where
zi is obtained by stacking the columns of the upper
triangular portion of Gi and has the dimensions

(
N
2

)
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by 1. Hence, we compute the sample covariance matrix
as:

C = 1
M − 1

M∑

i=1

(zi − z)(zi − z)T , (10)

where z = 1/M
∑M

i=1 zi.
Let the eigenvalues of the

(
N
2

) × (
N
2

)
matrix C be

denoted by λ1, . . . , λ(N
2

) and arranged in decreasing order,

λ1 ≥ λ2 ≥ · · · ≥ λ(N
2

), so that λ1 = λmax. The associated

eigenvectors are used to construct an
(
N
2

)× ( N2
)

matrix V =
[v1, . . . , v(N

2

)]. We can then write the eigendecomposition

equation as CV = VΛ where Λ is a diagonal matrix defined
by the eigenvalues of matrix C.

In order to ensure minimal redundancy, we need to
project the original data set, z1, . . . , zM, onto a few prin-
cipal components which correspond to the eigenvectors,
[v1, . . . , vL], with the largest L eigenvalues such that

∑L
i=1 λi

∑(
N
2

)

i=1 λi

× 100 ≥ ξ (11)

the cumulative energy represented by these principal com-
ponents account for some certain percentage, ξ, of the total
energy in the data set. In this paper, we use ξ = 90% to obtain
a projected set of vectors as

pi = [v1, . . . , vL]Tzi, i = 1, . . . ,M. (12)

The projected vectors are transformed to the original space
as

z̃i = [v1, . . . , vL]pi

= [v1, . . . , vL][v1, . . . , vL]Tzi.
(13)

Hence, the new set of vectors, z̃1, . . . , z̃M, conserves 90%
of the total energy within the particular event interval
and contains only the most relevant information about the
network dynamics. For each event interval, we compute the
mean vector:

z̃ = 1
M

M∑

i=1

z̃i, (14)

which will be reshaped such that it constitutes the upper
triangular part of the symmetric key graph.

3.4. Significance Testing for the Key Graph Estimation. Since
the distribution of the interactions under the null hypothesis
which form a key graph for a particular interval cannot
be obtained analytically, we resort to generating random
networks to derive this distribution. For each key graph
extracted for a given time interval, we derived an ensemble
of 2000 surrogate time-varying networks by randomly
reshuffling the edge weights [15]. The key graph estimation
algorithm is applied to each surrogate time-varying graph
set in each interval which resulted in 2000 surrogate key

graphs. In order to compare the original key graphs with the
ones obtained from the surrogate data sets, we selected two
different P-values, P < 0.01 and P < 0.001, to determine the
significant interactions at 99% and 99.9% significance levels,
respectively.

4. Data

4.1. EEG Data. To evaluate the performance of the proposed
measure in summarizing the event intervals with biological
data, we use a set of EEG data containing the error-related
negativity (ERN). The ERN is an event-related potential that
occurs following performance errors in a speeded reaction
time task [47, 48]. The ERN is observed as a sharp negative
trend in EEG recordings which typically peaks from 75–
80 ms after the error response. Previously reported EEG data
from 62 channels were utilized [49]. This study included 90
(34 male) undergraduate students. (Two of the original 92
participants were dropped due to artifacts rendering compu-
tation of the PLV values problematic.) Full methodological
details of the recording are available in the previous report
[49]. The task was a common speeded-response letter (H/S)
flanker, where error and correct response-locked trials from
each subject were utilized. A random subset of correct trials
was selected, to equate the number of errors relative to
correct trials for each participant. Before computing the
phase-synchrony measures, all EEG epochs were converted
to current source density (CSD) using published methods
[50, 51]. This was done to accentuate local activity (e.g., to
better index small world properties) and to attenuate distal
activity (e.g., volume conduction).

There has been longstanding interest in time-frequency
representations of the ERN [36, 52, 53]. It has now been
established that the time-frequency energy in the ERN
occurs in the theta band (4–8 Hz) of the EEG, occurring
medial frontally. This activity has been shown to have
primary sources in the anterior cingulate cortex (ACC)
[54–56]. Observations of similar theta activity across a
number of different tasks has been reported, suggesting that
midline frontal theta activity may serve related roles across a
number of cognitive processes [57]. New attention has been
focused on the functional connectivity occurring during
the ERN, to better understand the role of medial-frontal
theta activity in functional networks subserving cognitive
control. Cavanagh and colleagues [58], for example, found
evidence that lateral-prefrontal cortex (lPFC) activity was
phase synchronous with medial-frontal theta, supporting the
idea that medial-prefrontal (mPFC) and lPFC regions are
functionally integrated during error processing. By assessing
medial-frontal regions active during the ERN in relation
to diffusion tensor imaging (DTI), new work has also
helped demonstrate how mPFC regions are highly integrated
with other prefrontal areas during control processing [59].
Together, advances in this area support the view that medial-
frontal sources serve as a central region of activity during
error processing, and that phase-synchrony measures of theta
activity can index this functional integration. At the same
time, work in this area is nascent, and new research into
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the nature of this functional integration is important. The
proposed approach is a graph-based data-driven approach
to characterizing functional connectivity, and can offer a
new look at network patterns occurring during the ERN.
Thus, while the primary aims of the current report are
methodological (i.e., developing a method for characterizing
time-varying graphs), we hypothesize that the medial-frontal
region will play a central functional role during the ERN,
and will have significant integration with frontal areas,
including lateral frontal. Such findings can offer support that
the proposed time-varying graph approach produces effects
consistent with current theoretical and empirical work in the
field.

5. Results

5.1. Event Intervals. In this paper, we analyzed data from
90 subjects corresponding to the error responses. For each
subject, time- and frequency dependent phase synchrony
between all possible electrode pairs is computed by RID-
Rihaczek-based PLV measure and time-varying graphs,

G
(q)
t , t = 1, . . . , 256, for the qth subject are constructed

using (6) where the number of nodes, N , is equal to 62, the
frequency band of interest is the theta band (4–8 Hz), and the
sampling frequency is 128 Hz. Furthermore, a mean time-
varying graph sequence, Gt, is computed over all subjects
as

Gt = 1
90

90∑

q=1

G
(q)
t , (15)

and the event interval detection algorithm is applied to
this average sequence, Gt , where the length of the moving
average window, δ, is chosen as 2.5% of the sampling period.
The value of δ is selected such that the window length is
able to both detect the abrupt changes in the connectivity
patterns and prevent oversmoothing. Different values of
moving average window can be chosen depending on the
sampling frequency or the application type. We identified
6 different key event intervals based on the proposed
change detection algorithm which roughly correspond to the
stimulus processing (−1000 to −102 ms), pre-ERN (−101 to
0 ms), ERN (1 to 117 ms), post-ERN (118 to 259 ms), Pe
(260 to 461 ms), and intertrial (462 to 1000 ms) intervals,
respectively, as shown in Figure 1.

The detected event intervals are consistent with the
speeded reaction-time task as the subjects respond to the
stimulus at time 0 ms. The first interval indexes complex
processing of the imperative stimulus before making a
response. The Pre-ERN and Post-ERN intervals, just before
and after the ERN, index activity around the incorrect
motor response. Importantly, the ERN interval (117 ms time
window after the response) and Pe interval (260–461 ms time
window) are detected successfully by the event detection
algorithm. The Pe (error-positivity) interval corresponds to
a P3-like component observed subsequent to the incorrect
response [60, 61]. However, measures of P3 energy generally
show activity in lower frequency delta bands (e.g., [62–65]),
rather than the currently measured theta activity.
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Figure 1: Event interval detection: 6 event intervals are identified
which roughly correspond to the stimulus processing (−1000 to
−102 ms), pre-ERN (−101 to 0 ms), ERN (1 to 117 ms), post-ERN
(118 to 259 ms), Pe (260 to 461 ms), and intertrial (462 to 1000 ms)
intervals, respectively. The subjects respond to the stimulus at time
0 ms where the response is represented by the red spike.

5.2. Key Graphs. For each event interval detected from
the mean time-varying graph sequence, Gt, M vectors,
z1, . . . , zM, corresponding to the upper triangular part of
the graph, sequences in that interval are formed and the(
N
2

) × ( N2
)

covariance matrix is computed as given in (10)
where M corresponds to the number of graphs that compose
the particular event interval and N is the number of nodes
within the network (N = 62). Note that M will change for
each time interval. For instance, for this particular study
M = 115 for the stimulus processing, M = 13 for the
pre-ERN, M = 15 for the ERN, M = 18 for the post-ERN,
M = 26 for the Pe and M = 69 for the inter-trial intervals.
The L largest eigenvalues for that event interval are selected
such that a 90% energy threshold is satisfied using (11). A
corresponding mean vector, z̃, which constitutes the upper
triangular part of the symmetric key graph for the particular
event interval is obtained using (14). Furthermore, we
compared the extracted key graphs with the ones obtained
from the surrogate time-varying graphs and identified the
interactions which are statistically significant as described
in Section 3.4. For each event interval, Figure 2 shows
the interactions which are significant at two different
significance levels where the interactions with P < 0.01 and
P < 0.001 are represented in blue and red colors, respectively.
As one can see from Figure 2, ERN interval has much more
significant connections compared to the Pre-ERN and
Post-ERN intervals as expected because of the complex
activity associated with the error commission. In particular,
the frontal electrodes (F5, FZ, F2, and F4) have significant
connections with the central electrode (FCz) with P < 0.001,
consistent with previously observed interactions in theta
band between medial prefrontal cortex (mPFC) and lateral
prefrontal cortex (lPFC) during error-related cognitive
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(a) Stimulus processing
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Brain network: pre-ERN interval
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Brain network: ERN interval
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Brain network: post-ERN interval
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Brain network: Pe interval
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Figure 2: For each event interval, a key graph is obtained using the framework described in Section 3. We compared the extracted key graphs
with the ones obtained from the surrogate time-varying graphs and identified the interactions which are significant. Using each key graph,
the interactions which are found to be significant at two different levels, P < 0.01 and P < 0.001, are represented in blue and red colors,
respectively.

control processes [58], whereas the other event intervals do
not include such interactions among frontal and central sites.
During the Pe, on the other hand, we observe significant
connections only among the parietal and occipital-parietal
electrodes with P < 0.01 and P < 0.001. Hypotheses about
theta activity during the Pe are underdeveloped in the
literature, because P3-related activity generally occurs at
lower frequencies (e.g., 0–3 Hz, as described above). Thus,
while the observed pattern of effects could be interpreted, it is
more reasonable to note that this interval contains the fewest
connections between nodes among the identified intervals.

We also focused on the change in connectivity for FCz
electrode with the remaining 61 electrodes within the key
graphs for Pre-ERN, ERN, and Post-ERN intervals and
compared these connectivity values to identify if FCz has
stronger connectivity during the ERN interval compared to
the Pre-ERN and Post-ERN intervals. We used a Welch’s
t-test at 5% significance level to test the null hypothesis
that the connectivity strengths from different key graphs

are independent random samples from normal distributions
with equal means. For both comparisons, Pre-ERN versus
ERN and Post-ERN versus ERN, the null hypothesis is
rejected where FCz has a larger mean connectivity for
the ERN interval indicating that the central electrode has
significantly larger connectivity with the rest of the brain
during the ERN interval. Moreover, we compared the
connectivity values for Pre-ERN and Post-ERN where there
is no significant difference between the connectivity values
from these intervals.

6. Conclusions

In this paper, we proposed a new framework to summarize
the dynamic evolution of brain networks. The proposed
approach is based on finding the event intervals and revealing
the informative transient or dynamic interactions within
each interval such that the key graph would summarize
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the particular interval with minimal redundancy. Expectable
results from the application to real EEG data containing the
ERN supports the effectiveness of the proposed framework in
determining the event intervals of dynamic brain networks
and summarizing network activity with a few number of
representative networks.

Future work will concentrate on exploring different event
interval detection and key graph extraction criteria such as
entropy-based divergence measures and Bayesian approaches
such as the one discussed in [37], which may result in an
improved performance in summarizing dynamic networks.
Furthermore, the proposed framework will be extended
to compare the dynamic nature of functional networks
for error and correct responses to get a more complete
understanding of cognitive control. In addition, we will
employ the proposed framework to analyze data in other
frequency bands including delta, which may be more central
to activity during the Pe interval. Future work will also
consider exploring single-dipole [56, 66] and distributed-
dipole [67] source solutions to the inverse problem for
extending our proposed dynamic functional connectivity
analysis framework to the source domain. Finally, we will
explore different group analysis methods to consider the
variability across individual subjects and possibly reveal the
distinctive network features for each subject rather than
averaging the time-varying graphs from all subjects.
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Network analysis of functional imaging data reveals emergent features of the brain as a function of its topological properties.
However, the brain is not a homogeneous network, and the dependence of functional connectivity parameters on neuroanatomical
substrate and parcellation scale is a key issue. Moreover, the extent to which these topological properties depend on underlying
neurochemical changes remains unclear. In the present study, we investigated both global statistical properties and the local,
voxel-scale distribution of connectivity parameters of the rat brain. Different neurotransmitter systems were stimulated by
pharmacological challenge (d-amphetamine, fluoxetine, and nicotine) to discriminate between stimulus-specific functional
connectivity and more general features of the rat brain architecture. Although global connectivity parameters were similar,
mapping of local connectivity parameters at high spatial resolution revealed strong neuroanatomical dependence of functional
connectivity in the rat brain, with clear differentiation between the neocortex and older brain regions. Localized foci of high
functional connectivity independent of drug challenge were found in the sensorimotor cortices, consistent with the high
neuronal connectivity in these regions. Conversely, the topological properties and node roles in subcortical regions varied with
neurochemical state and were dependent on the specific dynamics of the different functional processes elicited.

1. Introduction

Functional connectivity analyses of neuroimaging data aim
to elucidate relationships between signals originating in
spatially distinct brain regions [1–7] as an indication of
coordinated activity in distributed neural systems, an ap-
proach that complements the more established univari-
ate approaches in which the responses in each brain
region are analyzed independently. Consistent with this
emphasis on interactions between distributed brain struc-
tures, neuroimaging data can be represented mathemati-
cally as a graph, or network, of nodes and links [8–11].
In this framework, image voxels or parcellated brain regions

represent the nodes and a measure of similarity in their
responses defines the connections between them [7, 12–17].

Recent developments in the theory of complex networks
have shown that the topological and statistical properties of
networks can reveal fundamental behaviors of the systems
that they model. For example, “small-world” topology,
characterized by dense local clustering and few-long range
connections [18, 19], can support connectivity at multiple
spatial-scales while minimizing wiring costs. Another class
of networks of particular interest is that of “scale-free”
networks, that is, graphs presenting a power-law distribution
of the node degree—the number of other nodes to which
each node is connected. Scale-free networks appear to be
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almost ubiquitous in real-world situations, including epi-
demiology, sociology, and cell biology, thus suggesting that
their properties satisfy some general principle of efficiency,
robustness and cost-effectiveness [18].

Brain functional connectivity is amenable to complex
network analysis, and the interest in the statistical properties
of these brain networks is growing rapidly [9–11]. The brain
presents several features reminiscent of complex networks,
including its ability to support both segregated and dis-
tributed information processing at multiple scales, its relative
robustness to random neuronal loss due to disease or aging,
and its efficiency in terms of low energy and wiring costs [20].
Indeed, functional connectivity networks constructed from
human fMRI data under a finger tapping paradigm were
shown to exhibit scale-free behavior, with the exponent of
the power law robust to the specific choice of threshold [13].
Other authors [14] have reported an exponentially truncated
power-law distribution for cortical functional connectivity
in human subjects. More generally, “small-world” topology
has been demonstrated in both “resting-state” functional
[14, 16, 21, 22] and anatomical [23, 24] connectivity in the
brain.

However, while global statistical parameters may be
informative of large scale connectivity properties, they do
not capture the heterogeneity of the brain. Indeed, different
anatomical structures that evolved at different times may
be characterized by different local network topology. Many
studies thus far have employed volume of interest (VOI)-level
parcellations and focused on cortico-cortical connections
in humans and primates [14, 25–27], with less attention
on the organization of subcortical networks and their
connections to cortical structures. Recently, a voxel-scale
analysis of human resting state data confirmed scale-free
and small-world global properties of the resulting brain
networks, and showed nodes of highest degree localized to
regions in the cingulate and superior temporal cortices as
well as the thalamus [28]. However, the extent to which
the afore-mentioned graph-theoretic properties hold in the
mammalian brain more generally has not, to date, been
resolved. Another key question is the manner in which
functional network properties are constrained by underlying
anatomical connections and the relationship between their
topological characteristics—an issue which has begun to
be elucidated in humans [29–33], where perturbed resting
functional network parameters in chronic disease states
[16, 21, 22] may be closely coupled to disruptions in
anatomical structure and connectivity [34]. In turn, the
extent to which network properties are modulated by the
active engagement of specific brain circuits has begun to
receive attention [35]. In humans, there is evidence that
global network structure is preserved in the presence of
modified connectivity relationships due to performance of
functional tasks [36, 37] or acute drug exposure [15].

In this paper, we report on a complex-network analysis
characterizing voxel-scale topological properties of func-
tional connectivity networks in the rat brain under distinct
pharmacological conditions. In contrast to human fMRI
studies, in which functional connectivity is typically probed
in the brain’s resting state or in the context of cognitive tasks,

we examine characteristics of complex networks derived
from the response of the rat brain to acute pharmaco-
logical challenge with three canonical drugs with distinct
pharmacological mechanisms (d-amphetamine, fluoxetine,
and nicotine), thus probing the dependence of functional
connectivity network parameters on the engagement of
different neurotransmitter systems. This approach, based
on intersubject correlations, follows a procedure estab-
lished in 2-DG autoradiography [38] and PET [39, 40]
and validated in pharmacological MRI (phMRI) [6, 41–
43]. Recent network-theoretic investigations of anatomical
networks based on cortical gray matter thickness derived
from MRI data have also employed this approach [23, 34].
Our aim was to work with explicit network representations
of the data with nodes defined at the voxel rather than a
regional parcellation scale and, in addition to node degree
(the number of connections from a given node to others),
to examine the node clustering coefficient (a measure
of “cliquishness” in node connections). We mapped the
anatomical distribution of these node parameters at single-
voxel resolution to investigate at high spatial resolution
how network connectivity depends on anatomical substrate
and pharmacological stimulus, and compare with VOI-level
summary statistics. These high-resolution neuroanatomical
distributions of complex network parameters in the rat
brain reveal foci of high connectivity in the sensorimotor
cortex but also drug-dependent features in sub-cortical and
prefrontal regions; in particular, a disjunct distribution of
nodes of highest degree versus those with highest clustering
coefficient.

2. Methods

2.1. MRI Data Acquisition. All experiments were carried
out in accordance with Italian regulations governing animal
welfare and protection. Protocols were also reviewed and
consented to by a local animal care committee, in accordance
with the guidelines of the Principles of Laboratory Animal
Care (NIH publication 86–23, revised 1985). MRI data were
acquired from male Sprague-Dawley rats using a Bruker
Biospec 4.7T scanner with a cylindrical volume coil for
RF transmit and a Bruker quadrature “rat brain” surface
receive coil. PhMRI data were acquired as RARE time series,
sensitized to changes in relative cerebral blood volume
(rCBV) by administration of a 2.67 mL/kg intravenous bolus
of the blood pool contrast agent Endorem (Guerbet, France).
Experiments were performed under 0.8% halothane main-
tenance anesthesia, neuromuscular blockade and artificial
ventilation with blood gas values maintained within physi-
ological range (30 < pCO2 < 50; pO2 > 100), and peripheral
blood pressure within the autoregulatory range associated
with halothane anesthesia [44, 45]. The data described in
this paper originate from three studies, for which acquisition
details were substantially similar and which have been
published previously [6, 46]. In the first study, the animals
were challenged with either d-amphetamine (1 mg/kg i.v.,
N = 17) or vehicle (saline, N = 7), respectively [6, 42]. In the
second, animals were challenged with fluoxetine (10 mg/kg
i.p., N = 7) [6]. In the third, animals were challenged with
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nicotine (1 mg/kg i.v., N = 9) [46]. In total, complex
networks were constructed as detailed below from four
subject cohorts: the d-amphetamine and vehicle groups in
the first study as well as from the fluoxetine and nicotine
groups.

2.2. Analysis Details

2.2.1. MR Image Preprocessing. Anatomical and time series
data were converted to Analyze (AVW 7.5) format and signal
intensity changes in each time series were transformed into
fractional rCBV on a voxel-wise basis, using a constrained
exponential model of the gradual elimination of contrast
agent from the blood pool to provide a robust prediction
of postinjection background signal and remove the worst
effects of this systematic trend in the resulting rCBV data
[47]. Data for each subject were then spatially normalized
to a stereotaxic rat brain template [48] by computing a nine
degree-of-freedom affine transform for the anatomical image
and applying the resulting transformation matrix to the
accompanying rCBV time series (FSL/FLIRT v.5.2). Finally,
the rCBV data were multiplied by a brain parenchyma mask
to remove extra-cranial and CSF contributions.

2.2.2. Time Series Analysis. Image-based time series analysis
of the response in individual subjects was carried out in
a general linear model framework in order to calculate
3D maps of the post-injection response amplitude in each
subject. The images were spatially smoothed with a Gaussian
kernel of FWHM = 0.6 mm, corresponding to ∼ 2× the in-
plane voxel dimension. All image processing was performed
with the voxel dimensions scaled up in the image headers by a
factor of 10, in order to ensure compatibility with any explicit
length scales that may be encoded in algorithms designed for
use with human data. However, explicit voxel dimensions are
quoted at the original scale. The design matrix for each study
comprised a signal model function identified by study-level
Wavelet Cluster Analysis (WCA), the temporal derivative of
this regressor and a linear ramp [49, 50]. This allows a good
model fit to signals whose temporal response profile can vary
slightly across subjects and brain regions.

The coefficients of the signal model function thus
provided a map of the post-injection response amplitude for
each subject. The response maps for the subjects in each
study were then stacked together so that each voxel had
an associated response vector. The inter-subject correlations
analyzed here leverage the differential anatomical profiles of
phMRI response between subjects [6, 42].

2.3. Creation of Network Representations. The response
maps, calculated at the template dimensions, were rebinned
in-plane by a factor of two. This was performed so that
subsequent adjacency matrices remained within the memory
limits of the IDL software used for much of the processing
and also to recover voxel volumes closer to the actual acqui-
sition resolution, since as part of the spatial normalization
process the time series’ were interpolated to the resolution
of the standard space template [48]. The rebinned response

maps thus had 0.12 mm3 voxels, close to the acquisition
resolution size of 0.09 mm3. A binary brain mask, covering
only slices for which complete data were present for all
subjects in all studies, was used to define brain parenchyma
voxels for further analysis. This resulted in networks of N =
8130 nodes (voxels).

A fully weighted, complete network was created for each
study by considering each voxel as a node and defining the
strength of the edge between each pair of voxels based on
the linear correlation between the response vectors associated
with each. Specifically, the weight of each edge wij was
defined as the absolute value of the Pearson correlation coef-
ficient ri j between the inter-subject response amplitudes in
each voxel, converted to lie under an approximately normal
distribution by applying Fisher’s r-to-z transformation:

wij =
∣∣∣zi j

∣∣∣,

zi j = 1
2

log

(
1 + ri j
1− ri j

)
,

(1)

where i, j ∈ {1, . . . ,Nnodes} specify the pair of nodes con-
nected by each edge. Note that these networks are undi-
rected—each edge simple conveys the strength of a con-
nection without regard to a causal direction. Each of the
four weighted networks was then converted into a binary
one by retaining only the edges with the highest weights
(i.e., representing the strongest connections). This step was
performed in order to make networks of this size tractable for
further analysis; specifically, calculation of nodewise network
parameters is substantially faster for sparse binary networks.
Although extension of complex network theory to weighted
networks is of considerable current interest, properties of
binary networks are well established and previous fMRI
network studies have also employed a binarization step. We
applied a threshold zthresh to the link weights, determined as
that which retained the strongest 2% of the Nnodes×(Nnodes−
1)/2 edges in the fully weighted network; that is, we worked
with equi-sparse networks, ensuring a consistent number of
network edges across data sets to emphasize differences in
the relative connection topology rather than overall edge
density per se. This value was empirically determined as
one that allows a diversity of node connectivities, whilst
retaining a connected network, and is consistent with the
thresholding scheme used in our previous seed region and
community structure analyses [43]. The network features
and in particular the anatomical profiles of the nodewise
connectivity parameters were robust across a range of
binarization thresholds (see Supplementary Data available
online at doi:10.1155/2012/615709). The threshold values
zthresh are summarized for each of the four networks analyzed
in Table 1.

The resulting binary networks can be represented math-
ematically by an adjacency matrix A, whose elements ai j
describe the connectivity:

ai j =
{

1, if nodes i and j are connected

0, otherwise.
(2)
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Table 1: Summary of global network parameters for the four
phMRI networks and the random networks.

Drug zthresh Power law slope K C γ σSW

Amphetamine 0.71 −1.031 162.3 0.387 3.989 3.011

Fluoxetine 0.94 −0.888 183.1 0.453 3.893 2.836

Nicotine 0.96 −0.671 193.2 0.449 4.627 2.898

Vehicle 0.93 −0.844 177.8 0.422 4.795 2.672

For symbol definitions, see Section 2.

2.4. Nodewise Network Parameters. Based on the topology
defined by the adjacency matrix (2), a number of network
parameters can be derived that convey information about
the network. Here, we investigate the node degree k and the
clustering coefficient c, as follows.

The degree ki of any node i is simply the number of nodes
to which it is connected, that is, the number of edges incident
upon it:

ki =
Nnodes∑

j=1

ai j . (3)

The clustering coefficient ci is defined as the fraction of
total possible edges Nedges(Gi) in the sub-network Gi, defined
by all nodes directly connected to node i, that are actually
present:

ci =
2Nedges(Gi)

ki(ki − 1)
. (4)

In other words, this parameter reflects how many pairs of
nodes connected to a given node are also connected to each
other.

Global, whole-network histograms for the parameters k
and c were generated for each network. These distributions
capture global statistical properties of the network and
reflect its basic principles of organization. The form of the
histogram of node degree k is of particular interest and in
networks derived from human functional imaging data has
been observed to show power law behavior (a straight line
when plotted on logarithmic scales) up to a high-degree
cutoff [13, 14]. The power law behavior of the networks in
the present study was quantified by fitting an equation of the
form y = k−γ to the linear portion of the histogram, where
y is the frequency (number of nodes in the bin) and k is the
mean value of each bin in the histogram.

Each network was further characterized by calculating
the following global summary parameters:

(i) The power law decay constant from the degree dis-
tribution histogram;

(ii) K , the average degree ki over all nodes in the network;

(iii) C, the average clustering coefficient ci over all nodes
in the network.

The presence of long-distance links in random networks
results in small values of L, the average shortest path
between all node pairs, compared, for example, to regular

lattices with only next-neighbor links, with L scaling as
the logarithm of N (the total number of nodes). Watts
and Strogatz [18] identified a particular class of networks,
dubbed “small-world” networks, with comparable values
and scaling properties of L (L ≈ Lrandom) in the presence
of a high degree of local clustering C � Crandom (where
Lrandom and Crandom are the values from equivalent random
networks with the same Nnodes and link density). We thus also
report two indices that explicitly compare these properties in
the phMRI networks with those in appropriate comparator
networks, namely:

(i) γ = (C/Crandom), a measure of local clustering;

(ii) σSW = (C/Crandom)/(L/Lrandom), often referred to as
the “small world index” [19, 24].

For each phMRI network, we used 10 randomly rewired
versions of the network as a comparator null model [51].
All network parameters were calculated using the brain
connectivity toolbox in Matlab [52].

In addition, since each node corresponds to a position
in the image volume, their anatomical locations in the
brain were used to generate voxel-wise maps and profiles by
anatomical structure of each of the above parameters. In this
way, the dependence of the above parameters on brain region
was evaluated for networks associated with each drug.

For the anatomical structure profiling, volumes of
interest (VOIs) corresponding to specific brain structures
were selected to enable a formal statistical comparison of
differences in network parameters suggested by examination
of the parameter maps. VOIs were defined bilaterally using
a 3D reconstruction of a rat brain atlas coregistered with
the anatomical MRI template [48]. The VOIs selected were:
caudate putamen, cingulate cortex, insular cortex, medial
prefrontal cortex, parietal association cortex, visual cortex,
anterodorsal hippocampus, subiculum, ventral hippocam-
pus, primary motor cortex, whisker barrel field of the
primary somatosensory cortex, forelimb field of the primary
somatosensory cortex, dorsolateral thalamus, midline dorsal
thalamus and ventromedial thalamus.

3. Results

3.1. Global Network Properties. We first examined the global
characteristics of the rat brain networks. A summary of
the global parameters is provided in Table 1. Values of the
parameters γ and σSW were substantially greater than unity
and consistent with “small-world” behavior, whereby any
one node is connected to any other node in the network by
a far fewer number of edges than in a random network with
the same overall number of nodes and edges.

The degree histograms for all four of the phMRI
networks exhibited power law (count ∼ k−γ) behavior,
characterized by a near linear dependence of frequency on
k when displayed on a log-log plot, up to a high-k cut-
off of k ∼ 800–900 (Figure 1(a)). The presence of a cut-
off in the distribution of kreflects the finite size of the
networks. The decay parameters γ were similar in each case,
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Figure 1: Global parameter histograms. (a) Histograms of the node degree (k) reveal a power law dependence of frequency on k (evident as
a linear relationship in this log-log display) up to a high-frequency cutoff for all networks. The slope of the linear portion of the histograms
is similar in each network as indicated by the lines of linear fit (shown here offset below the data for visual clarity) and the values of γ in
Table 1. Note that the histogram for the vehicle network reaches zero at a lower value than the three drug challenge networks, indicating
fewer nodes with very high degree. (b) Histograms of the clustering coefficient (c) for each network reveal an increased spread of values for
each of the active drug networks relative to the vehicle network.

ranging from−0.67 for the nicotine network to−1.03 for the
amphetamine network (Table 1).

We also examined histograms of the clustering coefficient
c for each network (Figure 1(b)). While some differences in
the median values across networks were observed (Table 1),
we also found strong drug-dependent changes in the
distribution of c values; in particular, each of the three
active-drug networks evidenced a profile distinct from the
vehicle network and indicated drug-dependent increases and
decreases in c. While all three active drug networks showed
a broader spread of c values compared with vehicle, the
amphetamine network contained more nodes with lower
values of c, whereas the fluoxetine and nicotine networks
contained more nodes with higher values of c.

3.2. Anatomical Dependence of the Local Connectivity Param-
eter k. We next examined the anatomical dependence of
node degree and clustering coefficient, both by mapping
these parameters nodewise back onto the anatomical brain
template and by statistical comparison with the vehicle
network in selected brain structures of interest. The maps
of the node degree k revealed a strong dependence of
connectivity on brain region in all of the phMRI networks
(Figure 2).

In the amphetamine network, voxels with the highest
values of k were localized in particular to frontal and pre-
frontal cortical regions, including the orbitofrontal, medial
prefrontal, cingulate, insular, motor, and somatosensory
cortex (Figure 2(a)). Sub-cortical regions containing highly-
connected voxels included parts of the striatum (caudate
putamen and accumbens), structures in the ventromedial
thalamus and medial hypothalamus, with small foci also in
the regions of the ventral subiculum and lateral entorhinal
cortex.

In the fluoxetine network (Figure 2(b)), voxels in cortical
regions were also characterized by high k, but there were
substantially more highly-connected sub-cortical nodes evi-
denced by high-connectivity nodes in the caudate putamen,

amygdala and more extensively in the thalamus. Midbrain
regions, including parts of the superior colliculi, periaque-
ductal grey, and medioventral nodes consistent with the
raphe nuclei were also highly connected in the fluoxetine
network.

The nicotine network also evidenced high connectivity
in prefrontal and frontal cortices, parietal association cortex,
with focal high-k subcortical foci within the thalamus,
hypothalamus and amygdala (Figure 2(c)).

In contrast, the anatomical distribution of k in the
vehicle network was scattered with a noisier and overall
less symmetric appearance than for the networks derived
from the three psychoactive drugs (see Supplementary
Data)—only slight anatomical dependence was evident with
regions of relatively higher connectivity including the medial
prefrontal cortex, and nodes within the thalamus and ventral
hippocampus/entorhinal cortical regions.

3.3. Anatomical Dependence of the Clustering Coefficient c.
The anatomical distributions of the cluster coefficient c are
shown in Figure 3. Again, similarities and differences in the
anatomical features across networks are evident.

In the amphetamine network (Figure 3(a)), the regions
of high c showed some commonality with those of high k
(cf. Figure 2(a))—in particular in frontal (somatosensory,
motor) and prefrontal cortices. However, high-k foci in the
ventromedial thalamus and hypothalamus were not evident
in the c map. Moreover, in the caudate putamen, high-c
nodes were found more rostrally than high-k nodes.

In the fluoxetine network (Figure 3(b)), the regions of
high-c in the frontal slices were more medial and preferen-
tially localized to the mPFC and accumbens, in contrast to
the k map where the high-k voxels were distributed across
the motor cortex and more widely in the caudate putamen.
Compared with the amphetamine network, more high-c
nodes were localized in more caudal regions, including the
midbrain areas identified above.

In the nicotine network, regions of high-c appear less
well-defined than those of high-k, but high-c regions in the
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Figure 2: Anatomical distributions of node degree k. (a) amphetamine, (b) fluoxetine, and (c) nicotine phMRI networks. In order to
highlight the neuroanatomical correspondence of the most highly connected nodes, the overlay shows the upper quartile (75%–100%) of
the k distribution for each network (the color scale maxima are compressed slightly to optimize the dynamic range.)

more dorsal sensorimotor cortices and ventral hippocam-
pus/entorhinal cortex are evident (Figure 3(c)). Interestingly,
the medial and prefrontal cortices, identified in Figure 2 as
high-k regions, are not regions of high c in this network.

The vehicle network showed few anatomically meaning-
ful regions of high c, with the exception of the medial pre-
frontal cortex and entorhinal cortex (Supplemental Data).

3.4. Differences between Drug and Vehicle Networks by An-
atomical Region. We also examined the anatomical pro-
files of k and c across selected VOIs representing brain
structures of interest. Figure 4 illustrates the differences in
connectivity structure between the active drug networks and
the vehicle network. Consistent with the nodewise maps
reported above, the latter was characterized by relatively
flat profiles of both parameters with the exception of the
mPFC and cingulate cortex (Figure 4(d)). In contrast, the
other three networks show clear shifts, as a function of
both brain region and drug, in the values of both k and c
(Figures 4(a), 4(b), and 4(c)). While some brain regions

exhibited an increase in connectivity in the active pharma-
cological state, in others the values were decreased relative to
vehicle.

We further examined these differences in anatomical
profile of k and c at the VOI level by statistical comparisons
between the node parameter values within each brain
structure for each psychoactive drug network compared
to vehicle (Mann-Whitney tests). Results for the node
degree k are summarized in Table 2. The fluoxetine network
had the highest connectivity in thalamic regions, and a
differential distribution of k across different hippocampal
regions. In contrast, the amphetamine network exhibited
very low connectivity within the thalamic and hippocampal
regions and a differential distribution across cortical regions.
Profiles of c by VOI for each of the amphetamine, fluoxe-
tine, and nicotine networks also confirmed the differential
anatomical dependence indicated by the parameter maps
(Table 3). Common differences from vehicle across all three
psychoactive drug networks were increased k in cingulate,
motor and somatosensory cortices, and increased c in motor
and somatosensory cortices. In other brain regions—in
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Table 2: Differences in degree k by VOI compared to vehicle network.

Brain region VOI Amphetamine Fluoxetine Nicotine

Prefrontal cortex
Cg + +++ +++

mPFC + — ns

Somatosensory
and motor cortex

M1 +++ +++ +++

S1BF +++ +++ +++

S1FL +++ +++ +++

Other cortex
ctxV — +++ +++

Ins +++ ns ns

PtA ns + +++

Hippocampus
hcAD — — ns

hcS −− ns ns

hcV — ns −
Striatum CPu ns +++ —

Thalamus
thalDL — +++ —

thalMD — ++ ns

thalVM ns ns ns

“+” signs indicate significantly greater k compared to vehicle while “−” signs reflect significantly lower k, determined in each case using Bonferroni-corrected
Mann-Whitney tests: + or − indicates Pc < 0.05, ++ or – indicates Pc < 0.01, and +++ or — indicates Pc < 0.001 (Abbreviations: Cg: cingulate cortex;
mPFC: medial prefrontal cortex (prelimbic and infralimbic regions combined); M1: primary motor cortex; S1BF: barrel field of primary somatosensory
cortex; S1FL: forelimb field of primary somatosensory cortex, ctxV: visual cortex; Ins: insular cortex; PtA: parietal cortex; hcAD: anterodorsal hippocampus;
hcS: subiculum region of hippocampus; hcV: ventral hippocampus; CPu: caudate putamen; thalDL: dorsolateral thalamus; thalMD: mediodorsal thalamus;
thalVM: ventromedial thalamus.)
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Figure 4: VOI profiles of network parameters. Selected VOIs rank ordered by degree (median k value in each VOI) for each network.
Amphetamine, fluoxetine, and nicotine networks (a–c) show both increases and decreases in k and c relative to the mainly flat VOI profile
of the vehicle network (d). Rank ordering of both parameters is similar for amphetamine and nicotine, but less closely coupled for the
fluoxetine network (see Table 2 for VOI abbreviation definitions.)

particular subcortically—the anatomical profiles were drug-
dependent.

3.5. Neuroanatomical Differences between High-k and High-
c Foci. At the scale of individual nodes (voxels), graphs of
c versus k (Figure 5) revealed that these two parameters
were not related by a simple monotonic dependence. For
all four networks, there was a far greater range of values
of c at lower values of k. The vehicle network (Figure 5(d))
was characterized by a spread in c values between ∼0.1
and 0.7 at low k, with the range of c converging to a
value ∼0.4 as k approached a maximum value ∼1000. In
contrast, for each of the three active drug networks the
distribution extended over a greater range in both k and
c. Dividing the brain into cortical and sub-cortical nodes
revealed that in the amphetamine and nicotine networks,
cortical nodes were shifted toward higher k and c, whereas
in the amphetamine network in particular the sub-cortical
nodes were shifted toward lower values of both k and c
(Figures 5(a) and 5(c)). In contrast, both cortical and sub-
cortical nodes in the fluoxetine network were characterized
by a greater extent toward higher values of k and c, with little
decrease in either parameter relative to vehicle (Figure 5(b)).
For all networks, nodes of highest degree were not those
with highest cliquishness, as represented by the clustering
coefficient.

Building on the above observations of differences
between active drug and vehicle networks at the VOI scale,
we anatomically mapped nodes of altered connectivity at
the finer neuroanatomical scale offered by the individual
voxel nodes. Using the vehicle network as representing a
baseline physiological state, we determined common cutoff
values of k and c for the three active drug networks. The
95th percentile of the vehicle k distribution and the 2.5th
and 97.5th percentiles of the vehicle c distribution yielded
cutoff values of k > 657, c < 0.28, and c > 0.50, shown as
dashed lines in Figure 5. The con/disjunction maps depicted
in Figure 6 highlight the voxels in which the nodes of highest
k and those of highest c are localized for each network and
indicate the presence of heterogeneity on a finer spatial scale
than VOI-scale parcellation schemes.

Interestingly, nodes with highest values of c were, in
general, differentially localized from those with the highest
values of k. For all three drug networks, high-k and high-
c nodes were identified within the sensorimotor cortex,
with the greatest amount of overlap for the amphetamine
network. Clear boundaries between high-k and high-c nodes
separated the sensorimotor and prefrontal/cingulate cortices
in all networks (Figure 6). In the amphetamine network, the
mPFC was dominated by high-k nodes, whereas a portion
of the cingulate cortex more caudally was a high-c focus. In
the fluoxetine network, both mPFC and cingulate contained
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Table 3: Differences in clustering coefficient c by VOI compared to vehicle network.

Brain region VOI Amphetamine Fluoxetine Nicotine

Prefrontal cortex
Cg ns +++ ns

mPFC ns +++ ++

Somatosensory
and motor cortex

M1 +++ +++ +++

S1BF +++ +++ +++

S1FL +++ +++ +++

Other cortex
ctxV — +++ +++

Ins ++ ns +++

PtA — +++ +++

Hippocampus
hcAD — − ns

hcS — +++ ++

hcV — +++ ns

Striatum CPu — +++ +++

Thalamus
thalDL — +++ +++

thalMD — +++ ns

thalVM — +++ ns

“+” signs indicate significantly greater k compared to vehicle while “−” signs reflect significantly lower k, determined in each case using Bonferroni-corrected
Mann-Whitney tests: + or – indicates Pc < 0.05, ++ or – indicates Pc < 0.01, and +++ or — indicates Pc < 0.001. (See Table 2 for abbreviation definitions.)

high-c foci, whereas in the nicotine network the mPFC
and cingulate were high-k regions. The fluoxetine network
showed an interesting differential distribution between the
dorsal (CPu) and ventral (nucleus accumbens) striatum,
with the former dominated by nodes of high degree whereas
the latter featured nodes of high clustering coefficient. More
caudally, the fluoxetine and nicotine networks had high-c
foci in entorhinal cortex/ventral hippocampal regions along
with midbrain structures.

The low-c nodes were localized to sub-cortical and
midbrain regions in the amphetamine network, consistent
with preferential localization of the high-k and high-c
regions to frontocortical brain regions (see Supplementary
Data). Low-c nodes for the fluoxetine and nicotine networks
were few and localized primarily to the brain edge (see
Supplementary Data).

4. Discussion

There is increasing interest in using functional imaging
techniques to probe connectivity properties of the brain.
In this context, it can be intuitive to think of the imaging
data—and by extension the brain—as a network, comprising
a set of nodes with functional connections defined by links
between them. Beyond the conceptual tractability of such a
representation, this approach also enables concepts in net-
work theory to be leveraged. The present study extends the
application of complex network theory in functional imaging
of the rat brain by examining global as well as voxel scale,
nodewise, network parameters for data sets characterizing
the response to three canonical psychoactive drugs differing
in both clinical/behavioral profile and mechanism of action.

Whole-network histograms of connectivity parameters
can reveal statistical properties of the network that have
deep repercussions for its behavior. Moreover, changes in

connectivity properties may also reflect disease states—
for example, the global network-mean clustering coefficient
and small-world index have been shown to be reduced in
Alzheimer’s Disease relative to normal aging [16, 22]. For all
four of the phMRI networks considered here, whole-brain
histograms of k demonstrated the characteristic scale-free
signature up to a high-k cutoff as previously reported for
human brain motor task [13] and resting state [14] data.
The form of these distributions was robust to the binariza-
tion threshold and independent of the challenge drug. A
distribution of this type is qualitatively different from that
found with random networks, where the degree distribution
is strongly unimodal [53]. Heavy-tailed, scale-free degree
distributions reflect the presence of a significant number
of highly connected nodes, or “hubs,” a characteristic that
results in short average distance between any two nodes of
the network, and in robustness to random failure of nodes
[53]. This is consistent with our observation in the present
study of highly-connected brain regions in both cortical
and sub-cortical structures in all three active drug networks.
Scale-free characteristics have been found in several network
analyses of functional imaging data in humans [13, 14].
However, structural studies, based, for example, on diffusion
MRI tractography [26], tend to find more exponential
distributions (linear on a log-linear scale), consistent with
the relatively uniform distribution of neuronal density in
grey matter [54]. Hence, it may be argued that the presence
of highly connected hubs reflects functional organization of
the brain, rather than the structure of the neuronal substrate
[10].

In the present study, the anatomical distributions of
two key nodewise connectivity parameters—the node degree
k and the clustering coefficient c—revealed bilaterally
symmetric patterns whose features correlated well with
known anatomical subdivisions of the brain—including, for
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Figure 5: Scatter plots of c versus k for all nodes, at the voxel scale. Overall, low degree (k) nodes were associated with a spread of clustering
(c) behaviors, whereas the nodes of highest degree had clustering coefficients toward the middle of the range. Compared with vehicle (d), the
active-drug networks (a–c) had a greater range in both k and c. Amphetamine and nicotine showed a differential shift in the k-c distributions
between cortical and subcortical nodes, whereas for fluoxetine nodes in both brain subdivisions were shifted to higher values. The green
lines indicate cutoff values used to identify nodes whose k and/or c characteristics were outside the range associated with the vehicle state
(see text).

example, sensorimotor, cingulate, and prefrontal cortices
(see Figures 2, 3, and 6). These patterns revealed a common
increase in connectivity in sensorimotor cortical regions but
a dependence on the challenge drug elsewhere in the brain.
A statistical analysis of nodes grouped into anatomical VOIs
demonstrated significant differences from vehicle in median
k and c within large-scale brain structures. Interestingly, both
increases and decreases in connectivity relative to vehicle
were observed (Figures 4 and 5). This is consistent with a
preferential functional engagement of certain interregional
connections and a suppression of others in the pharma-
cologically active states. The presence of common features
of the anatomical distribution in the sensorimotor cortex
for all node-parameters investigated (high k and high c)
suggests that these reflect a general functional or structural
organization of the rat brain, consistent with the high local
connectivity of cortical grey matter.

Regions of high k reflect voxels that are functionally
connected to many others. Studies in which clusters of
functional connections in these data were elucidated [6,

42, 43, 55–57] indicate that the voxels in the sensorimotor
cortices are likely to be preferentially connected to each
other, consistent with the widespread distribution of high-
k nodes in the cortex for all three drug networks. However,
foci of high node degree were also observed as a function
of challenge drug in subcortical structures including the
thalamus and striatum, and midbrain regions including
the raphe nucleus. The clustering coefficient c reflects the
extent to which the nodes connected to a given node are
interconnected within themselves and can be interpreted as
an index of local connectivity (where “local” is defined by
connections and does not necessarily coincide with anatom-
ical locality) and also representative of local information
transfer efficiency [15, 58]. For the d-amphetamine network,
the anatomical profiles of k and c both had a strong cortical
localization, consistent with a strong cortical subnetwork
[42]. In contrast, for fluoxetine regions of high c were more
localized to prefrontal/cingulate cortices and sub-cortical
structures such as the thalamus. This is consistent with the
observation of a large sub-network involving these structures
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Figure 6: Maps of high-k and high-c foci for each drug network. These maps were created using cutoff values of k and c based on the vehicle
parameter distributions (see Figure 5). The maps illustrate the anatomical disjunction between nodes of highest clustering, compared with
those of highest degree. The neuroanatomical dependence of these is a function of the applied pharmacological challenge for prefrontal and
subcortical regions, but similar across networks in the sensorimotor cortex.

by both seed region analysis [6] and network partitioning
approaches [43, 55]. The nicotine network also showed
widespread elevated node degree in cortical regions, but
less clear anatomical structure in the maps of the clustering
coefficient. Nevertheless, the VOI analysis demonstrated a
different anatomical profile of both k and c in the response
to nicotine, in comparison with the other drug networks.
Overall, the high-k and high-c nodes shown in Figure 6
lie within the communities of “core” nodes identified in a
network partitioning analysis of the same data [55].

In networks such as those considered here, with connec-
tions based on the response to the injection of a pharmaco-
logical agent, comparison with a vehicle network is valuable.

Explicit comparison with a vehicle group is standard
practice in more traditional group analysis approaches in
order to differentiate the effects of the pharmaceutical
compound per se from those due to the solvent in which it
is dissolved. Ideally a benign vehicle, such as physiological

saline in the group analyzed here, is used and expected to
elicit minimal response. Nevertheless, in addition to captur-
ing physiological “baseline” variation in the time courses,
vehicle injection may itself give rise to weak effects. In the
present context, this allows network structure arising from
the intravenous injection of the vehicle to be characterized
and used as a baseline for determining effects due to the
compounds of interest. In the vehicle group analyzed herein,
an intravenous injection volume of 1 mL/kg was used, along
with a 0.3 mL/kg flush, yielding a total injection volume
of 1.3 ml/kg, injected over one minute. For a 300 g rat,
assuming a blood volume of 18.77 mL, this equates to ∼7%
of the total blood volume. When using blood pool contrast
agents as in the CBV method employed in the present
study, this results in a slight dilution of the agent which
can manifest as a small central signal change post-injection.
The injection may also give rise to an autonomic response
whose response in particular brain regions may manifest
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as correlated signal changes, albeit of small amplitude.
The network analysis showed weaker anatomical features of
connectivity parameters in the vehicle network than in the
other three, with elevated k and c observed in prefrontal
cortical regions. Indeed, the global degree distribution of
the vehicle network had a scale-free structure very similar
to the other phMRI networks, consistent with findings of
preserved global topological structure in the presence of
cognitively and pharmacologically induced perturbations
in (local) functional connectivity in human brain imaging
studies [15, 36, 37].

Nevertheless, the connectivity characteristics in the active
drug networks were qualitatively different from the vehicle
network, as evident from Figures 4–6. Indeed, using the
vehicle network as a quantitative reference, regions of both
high-k and high-c were clearly identified for all three active
drug networks (Figures 5 and 6). These indicated the
presence of foci in frontal cortices as a common feature
across drugs. Moreover, by considering nodes at the scale
of individual voxels, we were able to resolve an anatomical
differentiation between the nodes with highest k and those
with highest c at a finer spatial scale than that of typical
VOI parcellations. While the use of more liberal cutoff values
in Figure 6 would result in increased overlap between high-
k and high-c nodes, the selected values convey that nodes
with highest values of k do not, in general, coincide with
nodes of highest c—a finding implied also in the scatter
plots depicted in Figure 5. Furthermore, the maps in Figure 6
also illustrate how the highest-k and highest-c nodes often
occupy anatomically adjacent brain structures, particularly
in frontal cortical, prefrontal cortical and striatal regions.
Sub-cortical foci were also identified, in particular in the
fluoxetine network. In contrast, few sub-cortical high-k or
high-c nodes were identified for the amphetamine network
at the thresholds used here, despite the presence of a sub-
network from the VTA projecting forward to the ventral
forebrain and the mPFC [6, 42, 55]; this may reflect the
smaller size of this module, or potentially a “sequential”
nature of connections along this highly localized pathway
(see, e.g., Figure 3 in [6]), which would also tend to produce
lower k and c values.

As in previous studies examining network characteristics
of functional imaging networks, we reduced each complete,
weighted network (in which all possible links exist and have
a variable weight dependent on the correlation in response
between its two nodes) to a binary one. The primary reason
for this was computational tractability for the relatively
large (ca. 104 nodes) networks that resulted from retaining
the spatial scale of functional image voxels. For the main
results presented here, we thresholded each network so as
to retain the strongest 2% of the edges in the binarized
version. The resulting network topology represents a middle
ground between two undesirable extremes: as more edges
are retained, node connections become increasingly dense
and topological distinction is lost; alternatively, as fewer
edges are retained, the network becomes disconnected and
topological information becomes increasingly suppressed.
In fact, the global network properties and the relative
anatomical distribution of the network parameters k and c

are robust to the precise value of the binarization threshold
over a range of thresholds in this “intermediate” regime
of interest (see Supplementary Data). Furthermore, the 2%
networks at the voxel scale satisfy the K > ln(Nnodes) criteria
for estimable topological properties in random comparator
networks of the same size [15].

In human studies, brain functional connectivity is typi-
cally derived from fMRI series by calculating correlations in
the time domain. Recent progress has also been made toward
establishing robust and reproducible temporal correlation
patterns in rodent fMRI [59–64]. Based on the nature of
the present phMRI data, acquired with a lower temporal
resolution than required to resolve temporal correlations, we
constructed and characterized networks derived from inter-
subject correlations in the response amplitude following
drug administration, following a procedure established in
2DG autoradiography [38] and PET [39, 40]. The correlated
responses used to determine the links can be interpreted
as reflecting a functional coupling in response to the
pharmacological challenge in each case [38]. It should be
noted that the concept of functional connectivity was first
introduced in this context, based on inter-subject correlation
analysis and prior to the invention of fMRI. Moreover, this
approach has been employed recently to elucidate anatomical
networks of grey matter volume from structural MRI data
[23, 34]. The use of cross-subject correlations to derive
functional connectivity from phMRI data has been recently
demonstrated [6], shown to delineate functional connec-
tivity along different neurotransmitter systems when they
were selectively stimulated pharmacologically, and further
validated in subsequent work [42, 55].

The images in this study were smoothed before conver-
sion into the network representation, introducing a local
correlation between responses in neighboring voxels. A key
reason for smoothing is to compensate in part for residual
differences in image alignment between different subjects
when performing group-level, voxel-wise operations. In the
present data, the networks are derived from inter-subject
correlations and so spatial normalization of the image data to
a common space is critical. To assess the effect of smoothing,
we also performed the analyses on networks derived from
unsmoothed image data. Smoothing did not greatly affect
global characteristics nor anatomical distribution of param-
eters; a fine anatomical resolution was maintained (Figures
2, 3, and 6). The results in terms of global and anatomical
parameter distributions were highly consistent with those
obtained from the smoothed image networks—the most
noticeable difference was that the parameter maps appeared
noisier and less easy to interpret visually in the unsmoothed
case. Thus, to depict the neuroanatomical dependence of
the network parameters with maximum clarity, we presented
data based on the smoothed images.

An important feature of networks generated from func-
tional imaging data is that each node represents a brain
region and has a well-defined neuroanatomical location.
Here, we investigated the dependence of node degree and
clustering coefficient in response to different pharmaco-
logical stimulation in the rat. Global degree histograms
indicated similar global, scale-free structure in all networks.
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However, nodewise maps at the scale of functional image
voxels and VOI-level comparisons of these parameters
revealed drug- and brain region-dependent modulation of
connectivity parameters relative to the physiological baseline
state. Increases in both node degree and clustering coeffi-
cient in frontal cortices were observed for all active-drug
networks, revealing foci of high connectivity independent
of the pharmacological challenge. Sub-cortical and pre-
frontal features were stimulus-dependent, and showed a
disjunct distribution of nodes of highest degree versus
those with highest clustering coefficient. These findings
suggests that the cortical foci of high connectivity reflect the
intrinsic functional organization of the rat brain, with the
connectivity properties and node roles in sub-cortical and
prefrontal regions being more dependent on the activation
of specific neurotransmitter systems, that is, on the specific
dynamics of the functional processes elicited by the different
pharmacological challenges.

Summary

The brain’s functional architecture is complex, and largely
unknown. Recently, correlation analyses of brain activity
measured by neuroimaging methods have been shown to
resolve patterns of functional connectivity, thus providing
a powerful means to unravel its details. Functional con-
nectivity data can be naturally represented in the form of
networks, in which the nodes are represented by individual
brain regions or image voxels and their interconnections
are determined by the correlation strength between each
pair of regions. The global topological properties of these
networks reveal emergent features of the brain and provide
measures of the integration of function within the brain.
However, the mammalian brain is not a homogeneous
network. For example, the neocortex presents a substantially
different functional organization compared with subcortical
structures. Here, we applied functional MRI methods to
study the anatomical distribution of local network param-
eters in the rat brain at high spatial resolution (∼ 400μm)
under different stimulus conditions. We demonstrate that
substantial differences in network topology and functional
connectivity exist between brain regions that evolved at
different times. Some of these statistical properties are inde-
pendent of the neurotransmitter system activated, indicating
that they reflect general features of the underlying anatomical
connectivity rather than specific aspects of the functional
process elicited by the stimulation paradigm.
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