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A promising method of assessing the safety of vulnerable
structures is the application of vibration-based monitoring
(VBM) systems. $ese allow observation of the global re-
sponse for a structure, including damage detection, classi-
fication, and progressive development. In fact, dynamic
monitoring systems have proven to be particularly suited for
systems whose structural behaviours are strongly influenced
by their geometric complexity or the inhomogeneity of their
constituent materials. Moreover, because of its non-
destructive and noninvasive nature, vibration-based moni-
toring can be safely applied to historical or damaged
structures, which are potentially dangerous under other test
conditions. $us, the analysis of the modal behaviour can
reveal structural weaknesses or deficiencies amplified or
induced by unforeseen events. In fact, the monitoring of a set
of appropriately chosen features jointly with the identifi-
cation of the local and global structural weaknesses may
reveal the effectiveness of safety and retrofitting in-
terventions, as well as any progression of structural damage.
$anks to their noninvasive characteristics, VBM pro-
cedures are widely used, and several studies have addressed
structural identification through the vibration data.

$is special issue aims to explore structural health
monitoring via vibration-based approaches, especially for
complex systems. In welcoming interdisciplinary studies
from across several scientific communities—including en-
gineering, numerical modelling, seismology, and geo-
technics—we hope to present studies from the breadth of the
field and provide insights into its future development.

$e main areas are covered by the special issue: (1)
dynamic identification for model and data-driven ap-
proaches, (2) local and global damage detection, and (3)
numerical, experimental, and physical modeling.

Among the 41 researches, which constitute this special
issue, the main research topics addressed were damage
identification, data-driven approaches applied to relevant
case studies, and the operational-experimental modal
analysis for the SHM. In detail, the researches carried out
through procedures based only on statistical analysis of
experimental dynamic parameters outline a new trend based
on fast and reliable procedures for structural identification.

P. Zhang et al. study the fracture process of rock with
acoustic emission related to sudden inelastic deformations.
In detail, the rock stability assessment approach is estab-
lished based on the chronological order of the characteristic
acoustic emission phenomena, and then the rock stability
was assessed using the proposed approach.

$e study of Q. Xiong et al. proposes a method of in-
tegrating the vibration monitoring system of the axle box
bearing with the underfloor wheelset lathe, where the in-
tegration scheme and work flow of the system are introduced
followed by the detailed fault diagnosis method and ap-
plication examples. Firstly, the band-pass filter and envelope
analysis are successively performed on the original signal
acquired by an accelerometer. Secondly, the alpha-stable
distribution (ASD) and multifractal detrended fluctuation
analysis (MFDFA) of the envelope signal are performed,
and five characteristic parameters with significant stability
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and sensitivity are extracted and then brought into the
least-squares support vectors machine based on particle
swarm optimization to determine the state of the bearing
quantitatively. $e effectiveness of the method is finally
validated by bench test data.

$e work of P. G. Golanó et al. focuses on the structural
design and performances of a unique optical test system
(OTS) used for measuring metre-scale optical surfaces. $e
investigation was carried out using modal identification
procedures. Two sets of results are presented, and both
modal analysis of the entire OTS and the transmissibility
function related to its use as an optical system are carried out
and analysed. $e results of the modal analysis highlight the
natural modes of the entire OTS. Both numerical and ex-
perimental modal analyses were applied to the case study,
and a model updating procedure was also proposed.

$e energy transmission of the guided waves propa-
gating in composite sandwich structures is investigated in a
wide range of frequencies using numerical simulations by S.
Shoja et al. $e effects of different potential defects on the
guided wave energy transmission are explored in such
structures. Furthermore, the accuracy of homogenization
methods for finite element modelling of guided wave
propagation in sandwich structures is studied with the aim
of reducing the computational burden of the simulations in
the low range of frequencies.

A. Tessler et al. apply the inverse finite element method
(iFEM) to reconstruct the displacement field of a shell
structure, which undergoes large deformations using dis-
crete strain measurements as the prescribed data. $e iFEM
computations are carried out using an incremental pro-
cedure where, at each load step, the incremental strains are
used to evaluate the incremental displacements, which in
turn update the geometry of the deformed structure. $e
incremental iFEM procedure is demonstrated to be suffi-
ciently accurate in terms of reproducing the correct non-
linear character of the load-displacement curve even when a
reduced number of strain sensors are used.

Z. Li and B. Shi propose the stochastic resonance (SR)
to extract the weak fault characteristics, which are able to
utilize the noise to amplify weak fault characteristics. Al-
though classical bistable stochastic resonance (CBSR) can
enhance the weak characteristics by adjusting the param-
eters of the potential model, when potential barrier height
is adjusted, potential well width is also changed, and vice
versa. With the simultaneous change of both potential well
width and barrier height is difficult to obtain a suitable
potential model for better weak fault characteristic ex-
traction and further fault diagnosis of machinery. For this
reason, the output signal-to-noise ratio (SNR) of CBSR is
greatly reduced, and the corresponding enhancement
ability of weak fault characteristics is limited. In order to
avoid the shortcomings, a new SR method is proposed to
extract weak fault characteristics and further diagnose the
faults of rotating machinery, where the classical bistable
potential is replaced with a bistable confining potential to
get the optimal SR.

M. B. Bağbanc and Ö. K. Bağbanc study six historic two-
storied timber-framed masonry structures dating from the

nineteenth century in Bursa City. $e physical, mechanical,
and dynamic parameters of the studied structures are in-
vestigated, and the results are comparatively discussed
showing that the use of different infill materials affects the
dynamic behaviours of these structures.

F. Li et al. address the difficulty of fault feature extraction
when multiple failures occur in the reducer through the
variational mode decomposition that can be performed to
decompose the vibration signal according to frequency,
enabling separation of the vibration signals of the spur and
planetary gears. $e common fault features of these gears
can be extracted from the spectrum of the amplitude de-
modulation envelope. To verify the effectiveness of this
method, the authors first analysed a simulation signal and
then utilized the experimental signals from a laboratory
multistage reducer for verification.

$e work of D. Wang et al. propose a new method to
identify crack parameters in a rotor-bearing system based on
a Kriging surrogate model and an improved nondominated
sorting genetic algorithm-III (NSGA-III).

$e goal of the paper of S.-Y. Ok et al. is to expand the
multiobjective optimization approach developed for robust
damage identification in order to facilitate its applications to
more realistic bridge damage identification problems. Spe-
cifically, a benchmark problem on highway bridges, de-
veloped under the auspices of International Association for
Bridge Maintenance and Safety (IABMAS), is investigated.
Various issues regarding sensor noises, multiple measure-
ments, and loading scenarios are addressed to improve the
robustness of bridge damage identification.

W. Wan et al. propose a compound risk assessment by
combining probabilistic analysis with a computational fluid
dynamics (CFD) technique to numerically predict the po-
tential cavitation of a high-speed flow in a chute spillway.
Based on the local pressure and flow velocity of the nodes,
the traditional cavitation number is introduced to charac-
terize the possibility of cavitation. $e distribution of cav-
itation numbers was obtained according to the numerical
simulation of the flow field in an open spillway. $e pro-
posed numerical approach is economical and saves time;
moreover, it can provide greater information about the
potential cavitation region.

M. T. Kashani and S. M. Hashemi apply the Galerkin-
weighted residual method to convert the coupled differential
equations of motion of delamination beams to a discrete
problem, where, in addition to the conventional mass and
stiffness matrices, a delamination stiffness matrix, repre-
senting the extra stiffening effects at the delamination tips, is
introduced. $e linear eigenvalue problem resulting from
the discretization along the length of the beam is solved to
determine the frequencies and modes of free vibration. Both
“free mode” and “constrained mode” delamination models
are considered in formulation, and it is shown that the
continuity (both kinematic and force) conditions at the
beam spanwise locations corresponding to the extremities of
the delaminated region, in particular, play a great role in
“free mode” model formulation.

D. Tao et al. detect seismic damage of moment-resisting
frame (MRF) structures through a data-driven method using
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the fractal dimension (FD) of time-frequency feature (TFF)
of structural seismic dynamic responses at measured stories.
$e TFF is defined as the real part of Gabor wavelet
transform of translational interstory displacement, and FD is
used to give a quantitative value to describe the calculated
TFF. Static condensation method is first used to reduce the
degrees of freedom (DOFs) of MRF and to express the
rotational displacements using translational displacements.
For linear MRF, the FDs of TFFs at all stories are the same
using the definition of TFF and modal superposition
principle. For damaged MRF with plastic hinges at the ends
of beams and columns, the force analogy method is
implemented to establish the transformation matrix from
plastic hinge rotations to translational interstory inelastic
displacements.

G. Boscato et al. identify the intrinsic discontinuity and
the damage of multileaf masonry walls through the
vibration-based approach. In the first step, the character-
ization of initial conditions based on the investigation of the
intrinsic discontinuity and the manufacturing imperfections
has been done. In the second step, starting from the iden-
tification of the undamaged condition, the damage effects on
changes of the dynamic parameters have been recorded. $e
incoherent response between the leaves affects the dynamic
parameters.

In the work of M. B. Bağbancı and Ö. K. Bağbancı, five
historic timber minarets in Sakarya City are experimentally
and computationally examined to determine the effects of
the construction techniques and geometrical properties on
the dynamic behaviour of the minarets. Ambient vibration
tests of timber minarets are performed, and the construction
techniques and geometrical features are examined. An
empirical formula is derived from the relationships for a
rapid estimation of the fundamental period of timber
minarets.

X. Guan et al. investigate the effects of snow load to the
modal parameters of the steel structure roof of the Harbin
Railway Station. A single-span simply supported beam is
analysed from the theoretical perspective to study the
principles. FEM-based analyses are conducted for the steel
structure roof to illustrate the significance of the snow load
effects to modal parameters.

In the F. Jiang et al. study, the improved permutation
entropy (IPE) is defined as a feature for bearing fault di-
agnosis. In this method, the ensemble empirical mode de-
composition (EEMD), a self-adaptive time-frequency
analysis method, is used to process the vibration signals, and
a set of intrinsic mode functions (IMFs) can thus be ob-
tained. A feature extraction strategy based on statistical
analysis is then presented for IPE, where the so-called op-
timal number of permutation entropy (PE) values used for
an IPE is adaptively selected.

$e work of Q. Zhang and Z. Xiong proposes a new
sensing system combining BOFDA (Brillouin optical
frequency-domain analysis) and FBG (fiber Bragg grating)
technology, which are used to detect internal and surface
cracks and their development in reinforced concrete
structures, and an attempt is made to estimate the width of
surface cracks.

P. Guéguen and A. Tiganescu, after analyzing the cor-
relation of resonance frequency values with temperature for
one building, used a data mining procedure called “asso-
ciation rule learning” (ARL) to predict future frequencies
according to temperature measurements. $e study then
proposes an anomaly interpretation strategy using the
“traffic light” method.

J. Tian et al. propose a newmethod for the fault diagnosis
of intershaft bearings. $e fusion information exergy dis-
tance method (FIEDM) is proposed by fusing four in-
formation exergies, such as singular spectrum exergy, power
spectrum exergy, wavelet energy spectrum exergy, and
wavelet space spectrum exergy, which are extracted from
acoustic emission (AE) signals under multiple rotational
speeds and multimeasuring points.

$e work of M. Romero et al. shows operational modal
analysis (OMA) capabilities for evaluating the effectiveness
of intervention works on the health state of a historical
masonry structure. In detail, this work reports the evaluation
of the effects that the strengthening intervention has on the
structural health state of the Jura Chapel, in Jerez de la
Frontera (Spain), using nondestructive techniques based on
ambient vibration tests (AVT) and operational modal
analysis (OMA). $e AVT are performed for both prere-
stored and restored states and under environmental loads. A
discussion about the validity of doing AVT from extrados
when a vault presents disconnection between ribs and web is
included in the paper.

S. R. Borneman and S. M. Hashemi present a method for
detection of multiple cracks present in laminated composite
bending-torsion coupled cantilevered beams using natural
frequency data. $is methodology relies on both experi-
mentally collected natural frequencies and frequencies cal-
culated using amathematical model. An algorithm is devised
based on the Adam–Cawley criterion and extended to
laminated composites with multiple cracks. $is method has
shown exceptional convergence on the size and location of
cracks using a number of modes of free vibration with and
without errors in measured frequencies.

$e research of X. Fukun et al. adopts the French
ROCK600-50 three-axis experiment instrument and SH-II
system to evaluate the acoustic emission (AE) peak of the
rear axle of yellow sandstone by carrying out the confining
pressure synchronous unloading experiment and evolution
of mechanical properties and characteristics of energy
transformation and damage of a yellow sandstone.

E. Lenticchia et al. propose a seismic assessment of the
structures of Hall B of Turin Exhibition Centre, considering
the potential seismic damage and the related consequences
to global behaviour of nonstructural elements. $e appli-
cation of an optimal sensor placement strategy is described
with reference to two different scenarios: the first one
corresponding to the undamaged structure and the second
one that considers a possible damage to the infill walls. A
novel damage-scenario-driven sensor placement strategy
based on a combination of the two abovementioned sce-
narios is proposed and discussed.

In the research of S. Tashakori et al., two different SHM
methods are used to evaluate the strength of composite
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bonds by using two separate experimental setups. First, the
heterodyne effect method is used for assessing the separation
in the composite joint. $en, the surface response to exci-
tation (SuRE) method is used for studying various simulated
contamination levels.

A. Concha and L. Alvarez-Icaza propose a parameter
identification method and a high gain observer to identify
the model and to recover the state of a seismically excited
shear building using acceleration responses of the ground
and instrumented floors levels, as well as the responses at
noninstrumented floors, which are reconstructed by means
of cubic spline shape functions.

X. Zhang et al. present a novel fault diagnosis approach
for rotating machinery by combining improved local mean
decomposition (LMD) with support vector machine-
recursive feature elimination with minimum redundancy
maximum relevance (SVM-RFE-MRMR). Firstly, an im-
proved LMD method is developed to decompose vibration
signals into a subset of amplitude modulation/frequency
modulation (AM-FM) product functions (PFs). $en, time-
and frequency-domain features are extracted from the se-
lected PFs, and the complicated faults can be thus identified
efficiently.

M. Regni et al. analyze the effect of temperature and
wind velocity on the natural frequencies andmodal damping
ratios of the Faculty of Engineering Tower at the Università
Politecnica delle Marche, a 10-story reinforced concrete
frame building, permanently monitored with low-noise
accelerometers. $e data recorded over the first 5months
of monitoring demonstrate that temperature variations and
wind intensity have a clear effect on the first three natural
frequencies and the corresponding damping ratios. A me-
chanical explanation of these phenomena is offered, based
on a critical review of literature case studies.

M. R. Kaloop et al. develop and apply four advanced
heuristic regression methods to estimate raft foundations’
settlement, namely, multivariate adaptive regression splines
(MARS), M5 model tree (M5Tree), generalized regression
neural networks (GRNN), and support vector regression
(SVR) techniques. Simulation of raft pile foundations is
utilized to calculate the settlements of piles under the effect
of static and dynamic loads. $e results show that the four
models can be used to accurately predict foundations’ set-
tlements in the training stage.

X. Wang et al. address the damping identification with
acceleration measurements based on the sensitivity en-
hancement method. To reduce the measurement noise
effect and enhance the effectiveness of the response sen-
sitivity method, an enhanced sensitivity analysis method is
proposed to identify the structural damping based on the
principal component analysis (PCA) method. $e pro-
posed damping identification method is numerically val-
idated with a planar truss structure at first, and then the
experimental study is conducted with a steel planar frame
structure.

Br. Joyce et al. outline the design of an experimental test
bed with user-selectable parameters that can change rapidly
during the system’s response to external forces. $e test bed
consists of a cantilever beam with electronically detachable

added masses and roller constraints that move along the
beam. Both controllable system changes can simulate system
damage. Experimental results from the test bed are shown in
both fixed and changing configurations.

A. Malekjafarian et al. investigate the feasibility of
detecting local damage in a bridge using laser Doppler
vibrometer (LDV) measurements taken from a vehicle as it
passes over the bridge. It is shown that instantaneous
curvature (IC) at a moving reference, which is the curvature
of the bridge at an instant in time, is sensitive to local
damage. $e vehicle measures the rate of instantaneous
curvature (RIC), defined as the first derivative of IC with
respect to time. A comparison of filtered RIC measurements
in healthy and damaged bridges shows that local damage can
be detected well with noise-free measurements and can still
be detected in the presence of noise.

D. Han et al. propose a new method to solve detection
problems of multifrequency weak signals in noisy back-
ground; a novel weak signal detection method based on
variational mode decomposition (VMD) and rescaling
frequency-shifted multistable stochastic resonance
(RFMSR) with analytical mode decomposition (AMD) is
proposed. In this method, different signal frequency bands
are processed by rescaling subsampling compression to
make each frequency band meet the conditions of sto-
chastic resonance.

S. Yang et al. investigate the damage evolution of
sandstone specimens under two types of cyclic loading by
monitoring and analyzing changes in the elastic moduli and
the ultrasonic velocities during loading. A crack density
parameter is introduced in order to interpret the changes in
the tangential modulus and the ultrasonic velocities.

J. Gai and Y. Hu propose a method based on singular
value decomposition (SVD) and fuzzy neural network
(FNN) to extract and diagnose the fault features of diesel
engine crankshaft bearings efficiently and accurately.

J. Qian et al. analyze a method to identify strand tensions
based on scale energy entropy spectra of ultrasonic-guided
waves (UGWs).

S. Quqa et al. investigate the usability of easily obtainable
parameters instead of the modal traditional ones, in the
context of a flexibility-based damage detection procedure,
under the assumption of unknown structural masses. To this
aim, a comparison is made between two different ap-
proaches: the first involves the calculation of the flexibility
matrix by using traditional modal parameters, while the
second involves the use of singular vectors, obtained through
a simple matrix factorization.$e modal parameters and the
singular vectors necessary for the implementation of the
damage detection procedure are evaluated through two
different techniques: the eigensystem realization algorithm
and a wavelet-based procedure, for which a variant is
proposed by introducing the energy reassignment concept
into the original algorithm.

W. Shan et al. study a procedure to eliminate the
temperature effect on modal frequency, an effective method
to construct quantitative models which accurately predict
the modal frequency corresponding to temperature varia-
tion. In this paper, principal component analysis (PCA) is
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conducted on the temperatures taken from all embedded
thermocouples for extracting input parameters of regression
models. $ree regression-based numerical models using
multiple linear regression (MLR), backpropagation neural
network (BPNN), and support vector regression (SVR)
techniques are constructed to capture the relationships
between modal frequencies and temperature distributions
frommeasurements of a concrete beam during a period of 40
days of monitoring.

$e paper of H. Kordestani et al. provides a simple and
direct output-only baseline-free method to detect damage
from the noisy acceleration data by using moving average
filter (MAF). MAF is a convolution approach based on a
simple filter kernel (rectangular shape) that works as an
averaging method to smooth signal and remove in-
corporated noise. In this paper, a method is proposed to
employMAF to smooth acceleration signals obtained from a
series of accelerometers and determine the damage location
along a steel beam.

L. Gang et al. investigate the acoustic emission (AE)
characteristics of dry and saturated columnar joints basalt
under uniaxial compression and tensile damage process by
using the TAW-2000 rock experiment system and SH-
IIAE system for the whole loading. Dry sample of uniaxial
compression in the process at the beginning of loading
produces a large number of AE signals, and the AE signal
has shown steady growth along with the load increase, but
the sample destroy appears during the blank period that
can be used as a precursor of instability. From the am-
plitude-time-energy diagram, it can be found that when
amplitude increases with hit, the related energy decreases.

$e paper of Marco Buzzoni et al. focuses on the de-
velopment of a novel condition indicator specifically
designed for the damage assessment in rolling elements
bearings. $e proposed indicator allows to track the bearing
degradation process taking into account three different
possible positions: outer race, inner race, and rolling ele-
ment. $e validation of the proposed indicator has been
carried out by means of both simulated signal and a run-to-
failure experiment. $e results highlight that the proposed
indicator is able to detect more efficiently the fault occur-
rence and, most importantly, earlier than other established
techniques.

We hope that this special issue updates scientific evi-
dences in SHM integrative research based on vibrational
data contributing to a scientific and practical improvement
of the SHM topic.
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An experimental study was carried out to investigate the acoustic emission (AE) characteristics of dry and saturated basalt
columnar joints under uniaxial compression and tensile damage by using the TAW-2000 rock experiment system and SH-IIAE
system for the whole loading. /e results show that the softening coefficient of uniaxial compressive strength and the tensile
strength was 0.78 and 0.68, respectively, and water increases the sample complexity and has a strong effect on its strength./e dry
sample under uniaxial compression at the beginning of loading produced a large number of AE signals, and the AE signal showed
steady growth as the load increased, but the sample destruction occurred during the blank period, which can be used as a precursor
of instability. From the amplitude-time-energy diagram, it can be found that as amplitude increases with hit, energy decreases,
which shows an obvious triangle relation. From the uniaxial compression damage AE location map, we can find that AE events
exist disorderly and show scattered distribution in each area. From the failure modes and sections of tension and uniaxial
compression tests, it is found that there are many layers and fissures in rock samples, which are consistent with AE location.

1. Introduction

In the process of underground tunnel excavation, dynamic
disasters mainly rock burst and tunnel collapse occur. /ey
are caused mainly by combination of tension and com-
pression stress; the rock tensile strength has far less effect
than the compressive strength, but the tensile stress is the
primary reason for failure. Due to many disadvantages in
direct tensile rock material, an experimental method called
the Brazilian splitting method is recognized. Baihetan Hy-
dropower Station was constructed with a cofferdam and a
diversion tunnel (Figure 1). While constructing the di-
version tunnel, excavation of the surrounding rock revealed
a large number of basalt columnar joints in the left and the
right bank, and the rock section appears large-area collapse.
Diversion tunnel is very important in hydropower

construction./e purpose of the diversion tunnel is to divert
water, but the diversion of water weakens the rock to a
certain extent, which will have an impact on its mechanical
properties. During the excavation stage, the basalt columnar
joint will be in dry state, and the rock mass will be damaged
during excavation and unloading. During the process of
water conduction, the basalt columnar joints will get soaked
in water for a long time and remain in the state of full water.
At this time, the rock mass will be damaged, and it will also
be damaged under the action of the external load; hence, the
laboratory experiment is the mechanical experiment of the
basalt columnar joints conducted under dry and saturated
water conditions. /is affects the whole project progress
speed, so it is very necessary to study the characteristics of
basalt columnar joints of the diversion tunnel rock, the
nature of which is changed by the running water. AE
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technology monitors rock mass damage relatively mature,
and AE activities responses rock instability and failure.
/erefore, this article studies the AE monitoring of the
whole process of basalt columnar joints damage to know the
characteristic of AE of rock failure process, which provides
the theoretical basis for the AE prediction.

Rock instability failure is mainly due to a large number of
microcracks convergence, forming macrocracks and pene-
tration leading to fracture. Rock material loading damage is
due to the total strain energy accumulation; meanwhile, the
form of crack propagation releases elastic wave energy. /e
AE sensor receives rock energy information which detects
internal crack propagation and damage degree. AE moni-
toring of rock failure process has made many achievements.
Li et al. [1] studied the b-values and spatial distribution
fractal dimension values of AE during uniaxial compression
rock failure process. Zhang et al. [2] carried out AE ex-
periments on water-bearing sandstone under uniaxial
loading and discussed the changes of natural state, fre-
quency, and energy of water-bearing rock. Liu et al. [3]
established AE parameters and damage evolution equation
to analyze the relationship between damage and crack
propagation. Zhao et al. [4] discussed the rock sample
loading damage based on the relationship between sound
velocity and AE parameters. Yu et al. [5] used manufacture
tensile system that has carried on sandstone and limestone
the direct tension to splitting and uniaxial compression
damage AE experiment. Zhang et al. [6] performed direct
tensile AE experiment on raw coal and discussed the me-
chanical properties of raw coal and the rule of damage. Li
et al. [7] analyzed AE regularity in the failure process under
uniaxial compression and splitting test. Fu et al. [8] used
rock damage simulation software RFPA splitting the process
of stress distribution analysis. Li et al. [9] carried out the
combined AE experiment of compression-shear for bri-
quette specimens. Xiao et al. [10, 11] explored uniaxial- and
triaxial-type coal AE properties. Zhengwen et al. [12] and
Zhang et al. [13] researched on crack propagation and the
process of failure precursor information according to the AE
based on b-value dynamic characteristics and the signifi-
cance. Tang et al. [14] carried out numerical simulation of
AE activities in the process of pillar failure. Wu and Zhao
[15] studied the AE characteristics of materials under dif-
ferent stress states. Most scholars [16] discussed deformation

experiment of uniaxial compression in order to judge the
compressive strength of the stand rock. Few studies on
tensile failure have been carried out [17]. /e AE technique
is suitable to locate the failure positions and determine the
energy released in rock failure laboratory experiments due to
excavation in mines [18, 19]. /e AE and far-infrared (FIR)
techniques were applied to monitor the progressive failure of
a rock tunnel model subjected to biaxial stresses [20, 21]./e
rock tensile properties study AE in the process. It is a helpful
method to know the rock failure and for analyzing the
stability of surrounding rock AE, which is also very useful.
/ere are only few research studies on physical and me-
chanical properties of basalt columnar joints; this article
investigates the AE monitoring of basalt columnar joints
destruction under uniaxial compression and tensile damage
experiment. By analyzing the damage situation, AE pa-
rameters, and rock’s damage AE precursor information, this
study provides theoretical support for field monitoring. /e
stability of columnar jointed basalt in Baihetan Hydropower
Station dam area under saturated condition is studied, which
can provide some guidance for dam foundation, un-
derground chamber construction, and water-related rock
mass engineering problems with abundant columnar jointed
basalt.

2. Indoor AE Experiment of Basalt
Columnar Joints

2.1. Sample Preparation. /e test rock samples were taken
from K0+310−K0+325 columnar joint development section of
No. 3 diversion tunnel of Baihetan Hydropower Station on
Jinsha River. First, the rock sample was put on the machine
processing platform, and the diamond core drill was used
with a 50mm diameter cylinder, secondly, the same was cut,
respectively, into 100mm and 15∼28mm cylindrical spec-
imens by a stone cutting machine, and finally, the double
rock machine grinds flat two end face, thus the required rock
sample is obtained. Precision testing requirements are as
follows: (1) unparallelism of the maximum and the mini-
mum deviation should be controlled within 0.05mm. (2)
/e upper and lower end diameter deviation should not be
greater than 0.3mm. (3) /e specimen surface is smooth,
and the axial deviation should not be more than 0.25° [22].
Ten specimens of Φ50×100mm were processed. Ten
specimens of size Φ50×14.8∼27.3mm were processed.

2.2. Laboratory Equipment. /e rock sample was processed
under uniaxial compression and splitting AE experiment by
using the TAW-2000 microcomputer-controlled electro-
hydraulic servo rock triaxial test system that can render real-
time stress-strain curve and using the contact deformation of
high-precision acquisition extensometer. /e SH-II all-
weather health monitoring system is produced by Physi-
cal Acoustics Company; the system can simultaneously get
16 channels’ real-time acquisition AE signal, and it can
collect the flow waveform and store it in the signal storage
drive for repeating the analysis. /e system is also equipped

Figure 1: Jinsha Jiang crane sketch of basalt columnar joints of
Baihetan Hydropower Station and dam.

2 Shock and Vibration



with waveform analysis and postprocessing software for
analyzing the main AE parameters, such as the count,
amplitude, energy, and events. BSJ-A automatic vacuum
water-full testing machine is used as the water-filling
equipment. /e rock mechanics experimental system is
shown in Figure 2.

2.3./e Experimental Process. Before the test, the sample is
divided into two groups: one group is dried by heating for
24 hours so that the sample does not contain water and the
other group is filled with full water for 24 hours using the
vacuum water-filling machine. Dry sample and water-full
sample are used, respectively, for splitting and uniaxial
compression AE experiment, the diameter and the length
are measured after inputting information into the com-
puter, and the experiment process uses 0.05 kN/s dis-
placement control load through the feedback information
of plot stress-strain curve. To monitor the sample de-
struction of the whole process of AE, the simulation filter
is set between 20 kHz and 1MHz and the sampling fre-
quency is set at 1MHz. Uniaxial compression uses four
Nano 30 sensors that are fixed on both ends of the
specimen, and splitting uses two Nano 30 sensors to probe
on the side of the specimen (as shown in Figure 3); the
specimen-sensor interface was painted with an coupling
agent. To exclude the outside noise signal as far as pos-
sible, the AE threshold is set to 40 dB and the pre-amplifier
gain modulation is set to 40 dB. Compression experiment
is continued by loading until the sample breaks. To ensure
the coupling effect and the positioning accuracy of the
sensor, first, the sample is fixed in the set position by using
an elastic belt and a coupling agent, and then, the broken
lead method is used to determine the coupling and
connectivity of sensors near each sensor. Afterwards, the
AE automatic test system is used to obtain the receiving
matrix of each sensor after transmitting the standard
waveforms. /e coupling effect is judged by the amplitude
of AE. If the amplitude is greater than 90 dB, then it is
considered that the coupling effect is better. At the same
time, the average velocity of AE is 3850m/s, and it is used
as the location.

2.4. Energy Calculation Method. In the respect of doing
work, the distance passed in the direction of the force is the
work, and the process of providing force to the rock sample
is also the work of the rock sample, which leads to the
damage of the rock sample (Figure 4). Essentially, it is a kind
of energy transfer and transformation. Compression pro-
vides energy to the rock sample, and energy release occurs
when the rock sample reaches the limit state of energy
storage. /e released and accumulated energy is calculated
using the following formula:

Wi � P2 −P1( ∗ m2 −m1( ,

W � 

i�mN

i�0
Wi,

(1)

where Wi is the energy at a certain time and W is the energy
accumulated. /e corresponding loads and displacements of
P and m are measured in kN and mm, respectively.

3. Analysis of the Experiment Results

3.1. Tensile Strength and Softening Coefficient Analysis.
/ere are many theories and results on rock uniaxial
compression, but less research studies on tensile charac-
teristics, the essence of rock tension damage on macro
controls the stability of rock engineering. /e results of
tensile damage of basalt columnar joints are shown in
Table 1, the tensile strength curve is shown in Figure 5, and
the tensile failure pattern and failure surface are shown in
Figure 6.

From Figures 5(a) and 5(b), we can see that the saturated
state splitting declining curve peak period has a certain
radius than the drier conditions and the saturated rock
energy release rate is slower than that of the dry rock; thus, it
is shown that the rock is affected by the water viscosity. From
Table 1, it can be seen that the dry sample tensile strength
ranged between 6.330 and 6.982MPa, with an average of
6.657MPa, and the results have small discrete, the discrete
rate ranges between 0.27 and 4.91%; the saturated rock
strength ranges between 4.178 and 4.835MPa, with an av-
erage of 4.505MPa, and the discrete rate is in the range of
0.64∼7.32%. /e saturated specimen has more irregularity
obvious than the dry specimen. /e strength of saturated
specimens is 2.152MPa lower than that of dry specimens,
and the softening coefficient is 0.68. /e surface of the
splitting basalt columnar joints shows not only a large
number of small structural planes but also a large number of
microcracks in it.

When Brazilian splitting method is used to stretch rock
samples, mechanical energy is transferred by triangular knife
edge. /e degree of knife edge sharpness is related to the
amount of accumulated energy in the contact area of rock
samples, and the degree of contact surface and knife edge
closeness has an effect on the tensile strength. And the
degree of the cut blade affects the tensile strength. From the
failure process, the crack in all samples first appears at the
edge of high stress. Along with it external load continues to
provide energy, the rock sample damages in half under the
action of shear force and tension specimen. Most dry
samples’ split surfaces follow the baseline craze. Most of the
splitting surfaces of dry rock samples crack along the
baseline. /e splitting surface of saturated rock samples
cracks from upper and lower cutters, but seldom along the
baseline. /e main reason is that after saturated water of
columnar jointed basalt, some strong planes are converted
into weak planes under the physical and chemical action of
water, which enhances the discreteness of rock samples. /e
crisp sound of drying rock sample of columnar jointed basalt
occurs at the moment of splitting. /e main reason is that
more energy is accumulated in the drying sample, which is
released instantaneously. /e energy stored in the saturated
sample is less, and the sound is not obvious when the sample
is broken.
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3.2. Uniaxial Compressive Strength and Softening Coefficient
Analysis. /e rock stress-strain curve reflects the true failure
process. It reflects the rock-bearing capacity, and a study on
rockmechanics properties is one of the important basic ways
to evaluate the stability of rock engineering. Uniaxial

compressive strength of basalt columnar joints is shown in
Table 2, and the typical failure pattern is shown in Figure 7.

According to the results in Table 2, the basalt columnar
joints has certain discrete, because it has a large number of
joints and fissures. Compressive strength of dry state ranges

(a) (b)

Figure 3: Splitting experiment and uniaxial compression: (a) uniaxial AE test and (b) shear AE test.
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Figure 2: Rock mechanics experimental system.
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between 115.509 and 130.481, with an average of
122.405MPa, and the discrete rate ranges between 0.11 and
6.60%. Compressive strength of saturated state ranges be-
tween 74.727 and 109.518, with an average of 95.172MPa,
and the discrete rate ranges between 1.68 and 21.48%. /e
discreteness of saturated sample is larger than that of the dry
sample, which indicates that water aggravates irregularity of
basalt columnar joints leading to more complexing co-
lumnar joints of mechanical properties. After water

saturation, the strength of basalt decreases by 27.233MPa
and the softening coefficient is 0.78. Water has some in-
fluence on the strength of columnar jointed basalt.

/e strength of the basalt columnar joints is much higher
than that of other types of rock./e process of loading stores
a large amount of elastic energy, the rock damage instantly
produces a loud noise, and a large number of small blocks
burst. In order to analyze its failure characteristics, the basic
shape of the rock is preserved by external wrapping with the

Table 1: Basalt columnar joints and tensile strength of the sheet.

Moisture
condition

Specimen
number

Sample size: diameter
× height (mm)

Breaking
load (kN)

Tensile
strength (MPa)

Average
value (MPa)

Energy
(kN × mm)

Average value
(kN × mm)

Saturation

Pb-1 φ50.2 × 27.1 9.487 4.440

4.505

217.673

221.008
Pb-2 φ50.3 × 18.4 9.827 4.595 234.529
Pb-3 φ50.3 × 25.5 8.447 4.178 210.903
pb-4 φ50.3 × 20.1 7.128 4.476 213.481
pb-5 φ50.2 × 14.8 5.668 4.835 228.453

Dry

pg-1 φ50.3 × 25.3 13.386 6.675

6.657

239.891

242.401
pg-2 φ50.3 × 22.7 11.485 6.404 246.444
pg-3 φ50.2 × 18.8 9.381 6.330 242.405
pg-4 φ50.3 × 27.3 15.085 6.982 239.902
pg-5 φ50.5 × 15.0 8.247 6.895 243.364

Lo
ad
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)

Move (mm)

P1
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Figure 4: Schematic diagram of energy calculation.
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Figure 5: Splitting curve of the (a) saturated specimen and (b) dry specimen.
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tape. Longitudinal splitting is a typical damaging pattern,
that is, the rock breaks perpendicular to the direction of the
axial load, and a large number of microcracks break into
small pieces. From the cross section, we can find internal

multilayer and multiple fractures. /e stress-strain curve
indicates that this kind of yield stages of rock failure is not
obvious in the process, and the damage is instantaneous,
which is hard to predict fracture difficulty.

Table 2: /e uniaxial compressive strength.

Moisture condition Number Diameter (m) Length (m) Fracture load (kN) Compressive
strength (MPa)

Saturated

db-1 50.38 100.42 177.519 89.051
db-2 50.45 101.12 218.927 109.518
db-3 50.67 101.05 150.685 74.727
db-4 50.62 100.74 212.904 105.791
db-5 50.55 100.84 194.212 96.771

Dry

dg-1 50.76 100.36 237.522 117.374
dg-2 50.49 100.47 252.518 126.122
dg-3 50.37 101.22 260.004 130.481
dg-4 49.96 100.34 240.217 122.537
dg-5 50.48 100.32 231.178 115.509

(a) (b)

Figure 7: Typical failure pattern.

(a) (b)

(c)

Figure 6: Fracture morphology of columnar jointed basalt under tension.
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3.3. Splitting Rock AE Characteristics. /e AE characteristic
curve of the splitting dry and saturated basalt columnar
joints is shown in Figures 8 and 9, respectively.

Figure 8 shows changes in dry rock fracturing with respect
to AE parameters. Figure 8(c) the load is zero in the 0∼2 s, AE
activities thimbleful in 2–4 s period, the load suddenly in-
creases, the sample is densification phase, Figure 8(b) AE
energy is almost zero, Figures 8(a) and 8(c) AE of amplitude
and count number increases instantaneously. /e load in-
creases uniformly in the 4–22 s period. /e count and am-
plitude of AE increase steadily with the uniform increase of
load. From Figure 8(d), it can be seen that the energy is less
than 7000, the amplitude is less than 850 dB, and the am-
plitude and energy of AE are inversely proportional. In the
period of 22-23 s, it can be seen from Figure 8(d) that the load
has been reduced to zero and the specimen has been
destroyed. At this time, there are many high-energy AE
events./e total energy of AE instantaneously increases to the
maximum, while the amplitude and count rate of AE show a
downward trend. /rough the above process, it can be
concluded that the energy, amplitude, and load of AE show a
positive trend. Relatively, the rock sample destroys in-
stantaneously and releases a lot of energy. Figure 9 shows AE
parameter changes under saturation state splitting. Figure
9(c) shows that the load is zero in the 0∼2 s period, and the AE
signal barely increases. /e overall load rises in the 2–17 s
period, because the microcracks accumulate to a certain
degree to extend the big crack which causes the curve middle
to load back twice. In Figures 9(a)–9(c), AE amplitude, en-
ergy, and count show an increasing trend, but compared with
the dry sample, amplitude and count value are small and have
more fluctuations, the energy value is very small, and change
is not obvious. In Figure 9(d), it can be seen that from energy
within 4000 aJ and amplitude within 450 dB, the greater
amplitude corresponds to the lower energy, and it represents a
triangle trend. High amplitude counts appear at this time, and
the count number reaches the peak, but the count and am-
plitude ratio shows a trend of decline. From the aforemen-
tioned process, it can be seen that AE energy and amplitude
with load show the same trend, AE energy lags, and the dry
sample has similar results. At the initial load stage, the
protogenesis fracture closes with the AE signal when new
crack extension leads to the specimen’s AE activity. When
break reduces the AE activities, the rock sample has low
energy before the sample destruction, and the destruction
instantly reaches to the biggest.

By comparing the AE activity in the splitting process, it is
found that the AE activity in the dry state is more active than
that in the saturated state./emore the AE count is, the larger
the energy is, and the more the count of high amplitude is,
smaller the fluctuation of parameters is. /e dry sample
collects about 1258 AE signal counts and energy is 190004 aJ,
and the saturated sample collects 675 AE signal counts and
energy is 61080 aJ.

3.4. Typical AE Characteristics of Rock under Uniaxial
Compression. Each sample collection curve is similar, and
only typical curves are selected for analysis. Figure 10 shows

the AE characteristic curves of dry basalt columnar joints
under uniaxial compression, and Figure 11 shows AE char-
acteristic curves of saturated basalt columnar joints under
uniaxial compression.

Figure 10 shows the dry rock failure process of AE
parameters with respect to time. It is evident that basalt
columnar joints conform to the four stages of general rock
breaking (Figure 10(b)), and they are the compaction
stage, elastic stage, plastic stage, and remnant stage.
Figures 10(a) and 10(b) show that the count and amplitude
have high speed growth, but the energy has been in a
smaller value in 0∼70 s, and the early loading AE activity
shows sample internal fissures changed under low load.
Figure 10(c) shows that 12 AE events occurred and show
scattered distribution. Figure 10(d) shows that the energy
is less than 10,000 and the amplitude is less than 5,000 dB,
but the amplitude of AE is inversely proportional to the
energy, and they show a triangular relationship. Ampli-
tude and count start to decrease and then increase; the
energy rapidly increases to peak after stability in 70∼90 s,
and high-energy count reach to 65000. /e total events
produced were 38, and the overall distribution is irregular,
which explains the rock internal flaw complexity. When
the load increases to 85% failure load, amplitude and
count rate reach to trough low ebb area, but a large
number of high-energy counts appear. With the increase
of load, plastic deformation and failure occur in rock
samples. At the time of damage, the amplitude and cu-
mulative counting curve of AE increase by leaps.

Figure 11 shows the AE characteristics of saturated rock
failure process; from Figure 11(b), we can see the change of
stress and strain in the whole process of rock sample failure.
AE count and amplitude decreases in 0∼40 s, and energy is
almost zero. Figures 11(a) and 11(b) show that the count
and amplitude increase at a constant rate and energy raises
at a slower speed rate in 40∼125 s. /e count and amplitude
start to increase and then decrease within the scope of
125∼157 s, a large number of count with an amplitude
greater than 5000 dB occurred, and energy rapidly reaches a
maximum. Amplitude and energy present triangle relation;
a total of 34 AE events appears, but they exist disorderly.
/e rock whole failure process and the AE activities are
related: in the initial loading pressure stage, primary cracks
and voids closure phenomenon occur, which releases
certain energy and thus AE activities appear. When the load
reaches the elastic stage, only a small amount of energy is
released and thus the AE activity occurs less. Densification
stage and elastic stage show weak AE activity; hence, some
scholars call this period as the blank period. After entering
the plastic period, the new crack initiation and propagation
releases large amounts of energy, and the AE activity be-
comes active. When the destruction of the rock sample
occurs, a large number of cracks appear and it becomes a
macrocrack; the AE activity reaches the peak at this time. It
can be found from the above analysis that there is an
obvious period before the destruction of the dry basalt
columnar joints; an obvious densification stage exists in the
saturated sample, but the rock destruction in the blank
period is inconspicuous. Dry sample density is larger and
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Figure 8: AE characteristics of the basalt columnar joints under dry state: (a) AE amplitude and time, (b) AE energy and time, (c) AE count
and time, and (d) AE amplitude, energy, and time.
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the internal is close-grained, its densification stage is not
obvious, and the saturated rock starts to swell because
water has an effect, so there is an obvious pressure dense
phase.

3.5. Analysis of Uniaxial Compression and Splitting AE Ex-
periment Results. We find that uniaxial compression and
splitting the AE activities have their own characteristics by
experiment, but there is also a certain relationship. A large
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Figure 10: AE characteristics of basalt columnar joints of dry state under uniaxial compression: (a) AE amplitude and AE energy time, (b)
AE count and time, (c) AE location, and (d) AE amplitude, energy, and time.
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number of AE signals appear at the early stage of the dry
sample uniaxial compression. It is similar to the early
splitting AE characteristics. A large number of AE signals
appear at the later stage of the saturated rock uniaxial
compression. It is similar to late splitting AE character-
istics. In saturated rock uniaxial compression, exists
densification stage, but in dry sample uniaxial compression
and splitting experiment, densification stage is not obvious.
When the dry rock sample is close to failure, in the AE
appears blank period, but there is no AE blank period in
saturated rock samples and splitting experiments.

Uniaxial compression and splitting experiment process
show approximately the same AE characteristics. /e
densification stage produces less AE signal, the elastic stage
turns to be active, and the plastic phase is very active. Energy
has increased dramatically when it is close to the breaking
load. Splitting failure is caused by the combined action of
tensile stress and compressive stress; there is stress con-
centration at the edge of upper and lower end face, so the
failure mode is different from the principle. Compared to
uniaxial compression, splitting needs less energy to make
rock damage, and AE activity and energy are small. AE
amplitude is higher corresponding to the lower energy and

the count is less; thus, it shows an obvious triangle relation.
/e AE location result disorder shows the rock complex.

Crack stability extent, rapid extent, and cut-through
every stage of AE activity increased step by step. During
the whole process of rock sample loading to failure, the AE
activity and the propagation of microcracks in the rock
sample show a unified law, and AE dynamic also reflects the
law of rock sample. /e results of uniaxial and splitting
experiments show that the energy-time columnar accu-
mulative maps only occur in the failure stage, and the energy
of columnar jointed basalts in the early stage of failure is very
low, even neglected. As a result, the AE damage uses energy
variation expression that is more correct and more suitable
for prediction criterion.

4. Conclusion

/is paper studies on the saturated basalt columnar joints
and dry basalt columnar joints under uniaxial compression
fracture process AE law./rough the contrast analysis of AE
parameters and characteristics of failure process for basalt
columnar joints, damage prediction provides certain
guidance:
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Figure 11: AE characteristics of basalt columnar joint of saturated state under uniaxial compression: (a) AE amplitude and AE energy time,
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(1) It indicates that water increases the irregularity of
basalt columnar joints. /is result shows that water
weakens basalt columnar joints’ strength. /ere are
many beds and fissures in the columnar jointed
basalt, and heterogeneity is more complicated than
other rocks.

(2) Under uniaxial compression, in the dry basalt co-
lumnar joints, the AE appears in the blank period
before destruction. It can be used as early signs of
instability. /e saturated basalt columnar joints have
an obvious pressure dense stage that produces a
small number of AE signals.

(3) It can be found from the results of the uniaxial
compression and fracturing process experiment that
similarities exists in the AE law, but there are also
differences in local. As splitting is the combination of
tension and compression and stress concentrate
exists at the edge, compared with the uniaxial
compression, the AE of total energy and activity is
weak. It is mainly due to the differences in two kinds
of the failure mechanism.

(4) From the amplitude-events-energy diagram, it can
be found that with the increase of amplitude, the
corresponding count and energy decrease, pre-
senting obvious triangles. From the AE location
map of uniaxial compression failure, it can be
found that the AE events are disordered and
scattered in various regions, which is consistent
with the result that rock samples are destroyed into
a large number of small blocks.

(5) /e study of uniaxial compression and splitting AE
phenomenon found that the columnar jointed basalt
is in the process of loading to the early stage, AE
energy is very low even negligible, and the sample
damage occurs at high-energy concentration.
/erefore, it is more believable to judge stability
from the energy than from the high count.
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*e monitoring of rolling element bearings through vibration-based condition indicators plays a crucial role in the modern
machinery. *e kurtosis is a very efficient indicator being sensitive to impulsive components within the vibration signature
that often are symptomatic of localized faults. In order to improve the diagnostic performance of the kurtosis, blind
deconvolution algorithms can be exploited in order to detect bearing faults and, most importantly, their position. In this
scenario, this paper focuses on the development of a novel condition indicator specifically designed for the damage as-
sessment in rolling element bearings. *e proposed indicator allows to track the bearing degradation process taking into
account three different possible positions: outer race, inner race, and rolling element. *is indicator fits real-time
monitoring procedures allowing for the automatic detection and identification of the bearing fault. *e validation of
the proposed indicator has been carried out by means of both simulated signal and a run-to-failure experiment. *e results
highlight that the proposed indicator is able to detect more efficiently the fault occurrence and, most importantly, quicker
than other established techniques.

1. Introduction

One of the most frequent failures in rotating machines is
represented by bearing faults. *e early detection and
identification of bearing faults through vibration analysis is a
powerful strategy in order to avoid or prevent catastrophic
failures. However, the bearing fault identification can be very
challenging since the impulsive pattern generated by peri-
odic impacts due to localized faults is oftenmasked by strong
background noise, the dynamic response of the structure,
and other mechanical interferences.

Over the years, several strategies have been proposed
for the detection and identification of bearing faults. *e
most popular signal processing technique for bearing fault
identification is the envelope analysis [1], but many other
signal processing techniques have been proposed such as
second-order cyclostationary analysis that involves for
instance the cyclic modulation spectrum [2] and the
spectral correlation [3], the spectral kurtosis [4], blind

deconvolution (BD) algorithms [5], and other advanced
methods [6, 7].

Frequently, the final goal of condition monitoring is to
condense a huge amount of information into a scalar
number, also called condition indicator. *e kurtosis,
i.e., the fourth standardized moment, is probably the most
used condition indicator for bearing diagnosis [8]. *e
success of kurtosis does not lie only in its effectiveness and
computation simplicity but also in its relationship with
the envelope analysis [9]. However, the kurtosis often fails
because of strong interfering components [10–12], espe-
cially if such masking contributions have impulsive na-
ture. In this scenario, the BD methods can be used to
reduce the stationary background noise and, in certain
cases, to reduce the effect of masking contributions as
well.

From a general standpoint, the goal of BD is to extract a
source exhibiting a specific statistical property only from a
noisy observation (response), under the hypothesis of a
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linear time-invariant system. *e term “only” refers to the
fact that the system is assumed as unknown.

*e first BD algorithm was introduced by Wiggins [13]
in the field of seismic. Its methodology, called minimum
entropy deconvolution (MED), blindly estimates an inverse
filter which maximizes the kurtosis of the source. It should
be noted that even if the name recalls the minimization of
the entropy, MED is actually based on the maximization of
the kurtosis. In other words, the MED extracts the source
having the highest kurtosis. *e main limit of this method in
rotatingmachine diagnosis is that it tends to extract themost
impulsive source rather than a pattern of periodic impulses;
that is how the local faults of rotating machines appear in
vibration signals.

*e performances of MED in rotatingmachine diagnosis
have been recently improved by means of two novel BD
methods: maximum correlated kurtosis deconvolution
(MCKD) [11] and multipoint optimal minimum entropy
deconvolution (MOMEDA) [12]. Both methods are rooted
on improved versions of the kurtosis criterion. *e former
has been proposed byMcDonald et al. [11], and it is based on
an improved version of kurtosis called correlated kurtosis
(CK). *e CK combines the maximization of the impul-
siveness related with a certain repetition rate rather than
only the maximum impulsiveness. *e latter methodology
has been proposed by McDonald and Zhao [12] and is based
on a criterion called multipoint kurtosis (MK) which is a
modified version of the kurtosis weighted by a Dirac comb
which represents an ideal train of impulses generated by the
expected fault. Both the BD methods proved to be effective
for the fault identification in rotating machines, with par-
ticular reference to gears and bearings.

Returning to the application of indicators for machine
diagnosis, the final values of BD criteria can be exploited for
assessing the bearing condition. In this direction, Sawalhi
et al. [14] used the kurtosis values after performing MED in
order to improve the sensitivity of kurtosis to the bearing
faults. Analogously, McDonald et al. [11] exploited CK after
performingMCKD together with a threshold for monitoring
the condition of a multistage gearbox. Despite these
promising applications [11, 14], the use of BD methods for
monitoring the progressive damage of the system has not yet
been exhaustively studied. Moreover, the use of the kurtosis
and the MK involves some drawbacks. For instance, the
kurtosis is not sensitive to the bearing fault position or the
indicator variance can make their interpretation difficult.

*e proposed research work focuses on the development
of condition indicators for the bearing monitoring based on
the framework of blind deconvolution methods. Such
condition indicators can be synthesized in an online
monitoring procedure which allows for automatically
detecting and identifying the bearing faults through non-
parametric thresholds. *e core of this methodology is
rooted on two novel indicators, called cumulative correlated
kurtosis (CCK) and cumulative multipoint kurtosis (CMK)
that are derived from CK and MK, respectively. *ese in-
dicators overcome the kurtosis limitations since they allow
for identifying the bearing fault being dependent on the
characteristic fault frequency, and they are also robust to

impulse noise contributions. Moreover, the CCK and the
CMK have two valuable properties for diagnostic purposes:
as the sample size increases, their variance decreases, and
they can keep track of the progressive damage of the bearing.
*is methodology is then particularly fit for industrial ap-
plications which require clear data interpretation and early
fault detection capability.

*e proposed procedure is validated by using a simu-
lated signal and a run-to-failure test provided by the Center
of Intelligent Maintenance System (IMS) of the University of
Cincinnati [15].*e results show that the CCK and the CMK
overcome the performance of the raw values of CK and MK
in terms of early fault detection and identification as well as
bearing damage assessment. *e results are presented and
discussed in order to enlighten the improvements in-
troduced by the proposed method.

Section 2 reviews the application of BD algorithms for
bearing fault identification, with a specific focus on MCKD
and MOMEDA. Section 3 addresses the new diagnostic
method for the detection and identification of rolling ele-
ments bearing faults through the definition of a novel
condition indicator. Section 3 includes also a verification
through a signal model. Section 4 concerns the experimental
validation by using the IMS dataset. Finally, Section 5
summarizes the final remarks.

2. Bearing Fault Identification through Blind
Deconvolution Algorithms

In general, the response due to a localized bearing fault
occurring in a rotating machine can be modeled as a train of
impulses convolved with an impulse response function (IRF)
that characterizes the vibration transfer path between source
and excitation. A scheme about how BD works on a sim-
plified signal model is depicted in Figure 1.

*e term “simplified” refers to the fact that the bearing
fault signatures actually consist of a blend of random
(cyclostationary) and periodic contributions [16], but, for
the sake of simplicity, this formulation considers only the
contribution of the transfer path and the background
Gaussian noise. More details about how to model bearing
fault signatures can be found in [17]. Figure 1 is a single-
input-single-output (SISO) model that considers response x
as a convolutive mixture of two contributions: (i) a repetitive
train of impulses s0 which refers to the excitation due to the
local fault and (ii) a Gaussian background noise n. Note that
all these quantities are a function of time. Both are convolved
with their respective IRFs depending on the system prop-
erties (transmission path, natural frequencies, and damp-
ing). *e schematic in Figure 1 can be then formalized as
follows:

x � s0 ∗gs + n∗gn, (1)

where gs and gn are the IRFs related to s0 and n, respectively,
and ∗ is the convolution operator. Frequently, gs and gn are
unknown, and the goal of BD methods is to estimate the
inverse filter h, assumed to be a FIR filter that enables the
extraction of s0 just through a noisy observation x.
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*e estimation of the source of interest, s0, can be
achieved considering an arbitrary criterion based on a prior
assumption, e.g., assuming that a certain statistical property
is strictly related to the target source.*erefore, the BD finds
h such that

s � x∗ h ≈ s0, (2)

where s is the estimation of s0 by means of h. It is important
to underline that the approximation symbol refers to the fact
that BD cannot recover the actual IRF but recovers the
source, which exhibits the maximum value of the criterion.

*is research work focuses on two recent BD methods
specifically designed for the diagnosis of rotating machines:
the MCKD and the MOMEDA. Both criteria have been
proposed considering the fact that a criterion which de-
scribes the degree of impulsiveness of a vibration signal,
e.g., the kurtosis, is often inadequate to deal with mechanical
fault signatures. For instance, the vibration signature of a
developed bearing fault is typically described by an im-
pulsive contribution that is characterized by a series of
impulsive components repeated according to the rotational
frequency and the bearing kinematics.*us, these criteria do
not consider only the impulsive nature of bearing faults but
also takes into account the repetition rate of this impulsive
pattern. *us, these criteria are particularly fit to detect
bearing faults. A critical point shared by all the BD algo-
rithms is the selection of the filter length. At the moment, it
does not have any methodology or strategy for the filter
length selection, and generally this choice relies on expe-
rience and trial-and-error. However, it has been proved [5]
that short filters could be not effective while long filters
would lead to not acceptable computation times. From the
author’s experience, a filter length between 50 and 200
samples is generally enough for obtaining satisfactory
results.

2.1. Maximum Correlated Kurtosis Deconvolution. *e
MCKD is an iterative BD algorithm that aims to extract the
source having maximum CK. Unlike the kurtosis which
measures the tailedness of a probability distribution and

reaches its maximum with signals having a dominant peak,
the MCKD is sensitive to signal peakedness according to a
given periodicity. *e definition of CK is given in the
following:

CKM �

N
n�1 

M
m�0sn−mT 

2


N
n�1s

2
n 
M+1 , (3)

where T is the impulse period and M the number of shifts.
*e CK combines two features typical of the localized fault
signatures, i.e., high kurtosis and repetitive occurrence of the
fault. It should be noticed also that the CK is a cyclosta-
tionary criterion. Indeed, the numerator of equation (3) with
M � 1 is nothing but the autocorrelation function of the
instantaneous power of the signal. In this particular case, the
CK is a measure of the degree of autocorrelation referenced
to a given lag T. *erefore, CK withM � 1 quantifies if the
autocorrelation function exhibits periodicities at the fun-
damental cyclic frequency 1/T. For this reason, the CK can
be considered a cyclostationary criterion since a process
which exhibits periodicities in its autocorrelation function is
defined as a cyclostationary process.

It should be remarked that the CK [11] has been in-
troduced empirically without explicit mention of its
cyclostationary nature. By definition, the parameters of CK
(i.e., the FIR filter length L and the number of shiftsM) must
be properly set in order to achieve satisfying results. In
particular, M has to be carefully set if MCKD is applied to
mechanical vibration signals. In fact, low values of M may
not encourage enough the deconvolution of sequential
impulses while high values ofM, from experience more than
8, could lead to numerical precision issues since the CK can
assume very low values.

2.2. Multipoint Optimal Minimum Entropy Deconvolution
Adjusted. *eMOMEDA is a noniterative BD method, and
it is an improvement of the OMEDA. In brief, the
MOMEDA estimates a optimal inverse filter (in the least
square sense) for recovering a source that approximates a
target vector t, represented by a Dirac comb. *e definition
of the MOMEDA criterion is the following:

gn

gs

x h s

s0

+

+

n

Figure 1: General scheme of blind deconvolution.
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MK �
1
‖t‖

tTs

‖s‖
. (4)

Target vector t drives the deconvolution by imposing the
spacing and the weights of the impulses to be recovered.
Since t is defined as a train of equispaced impulses having
unit amplitude, this criterion can be considered as a periodic
one as opposed to the CK that is a cyclostationary criterion.

Since it is a periodic criterion, it naturally fits with the
diagnosis of gears or in any case of periodic fault signature.
Indeed, its first application regards the identification of a
chipped tooth in a 2-stage gearbox [12]. As said before,
bearing fault signatures exhibit second-order cyclo-
stationarity, and thus MCKD appears to be more suitable
than MOMEDA for the fault detection and identification.
However, a recent research [18] proved the effectiveness of
MOMEDA for extracting bearing fault signatures taking into
account the Case Western database.

3. Proposed Indicator and Diagnostic Protocol

3.1.*eoretical Formulation. *e proposed method is based
on condition indicators, namely, CK and MK, capable to
both detect and identify bearing faults at their early stage.
Specifically, this research investigates how the final values of
the criteria of MCKD and MOMEDA can be exploited as
bearing condition indicators. Particular attention is devoted
to verify how these indicators can be used for the real-time
monitoring of bearings and for detecting trends related to
the progressive degradation of the bearings.

Let ψ[k] be the final value of the BD criterion evaluated
from a vibration signal in the time window k. Let us assume
that ψ[k] is constituted of three different contributions: a
constant (trend) part, a variable part, and a Gaussian noise.
*is model can be formalized as

ψ[k] � ψ[k] + ψ[k] + n[k], (5)

where ψ is the constant part of ψ, ψ is the variable part of ψ,
and n is the additive Gaussian noise.

Hypothesizing that the diagnostic information is
retained into ψ, ψ and n de facto represent masking con-
tributions. Furthermore, variable part ψ is not supposed to
be necessarily a monotonically increasing function. *is
latter property is particularly useful for the design of robust
indicators due to the fact that it allows for keeping trace of
the “degree of damage” taking into account the whole time
history of the component under investigation.

In order to reduce the effects of ψ and n, a possible
strategy is to consider the cumulative of ψ:

c[j] �
1
j



j

k�1
(ψ[k] + ψ[k] + n[k]), (6)

where index k refers to the kth signal segments while j refers
to the total number of signal segments available. To give a
real-life example of this kind of indexing, in an online
condition monitoring system, k is the current measurement
run while j is the overall number of measurements recorded.
*e selection of the number of segments to be considered is a

pivotal step for the proper estimation of the proposed in-
dicator. In fact, the segment number should be selected
carefully since a k too small would affect the consistency of
the statistical threshold but a k too large would invalidate the
hypothesis of healthy bearing in that time span. Generally,
rolling element bearings are designed to work for a large
number of cycles and therefore a time span of 1 day can be
considered a reasonable trade-off.

Equation (6) is nothing but the sum of the expected
values of all the contributions of ψ. After some simple
manipulations, it can be noted that (under the hypothesis of
large j) the estimated expected value of n converges to zero
while the estimated expected value of ψ converges to its true
(constant) value. *us, equation (6) can be rewritten as
follows:

c[j] � E[ψ] +
1
j



j

k�1

ψ[k], (7)

where E[·] stands for the expected value of ·. From the
physical standpoint, the constant part of ψ, ψ, describes the
healthy condition of the system, and the variable one, ψ,
reflects the occurrence of the bearing fault. At this point,
after reducing the Gaussian noise contribution through the
cumulative, the constant part ψ can be minimized as well by
subtracting the expected value of ψ which is called E[ψ]∗:

β[j] � c[j]−E[ψ]∗ �
1
j



j

k�1

ψ[k], (8)

where E[ψ]∗ is the expected value of data referenced to the
healthy condition. E[ψ]∗ is theoretically unknown but a
reasonable estimation can be done by estimating the mean
value of ψ in the very first part of the acquisition when the
component is supposed to be healthy.

Indicator β describes the evolution of the bearing con-
dition and has two important properties: (i) it is mono-
tonically increasing, so it retains all the variations in its
whole time history, and (ii) it is consistent in the sense that
the random noise is reduced according to the considered
number of samples.*is indicator can be therefore exploited
for defining a diagnostic protocol in order to monitor
bearings. Specifically, when β is close to 0, it means that the
variable part of ψ is negligible and thus the system is healthy.
When β changes, it means that the bearing condition is
changing as well and an incipient bearing fault may be
occurring. For this purpose, a nonparametric statistical
threshold can be used, such as the thresholds evaluated
through Tukey’s method [19]: mild outlier threshold TH,1
can be used for establishing when the bearing degradation
process starts; outlier threshold TH,2 can be used for
establishing when the fault is manifest. Such thresholds are
also called Tukey fences and can be calculated by means of
the following formula:

TH � Q3 + p Q3 −Q1 , (9)

whereQ3 andQ1 are the lower and upper quartiles while p is
a constant that definesTH,1 if p � 1.5 andTH,2 if p � 3.*ese
thresholds are computed taking account the values of β
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referenced to the first day of test, under the hypothesis that
in this time span, the bearings are healthy. Note that a rule of
thumb for bearing diagnosis is to discard the first hours of
test since β may be affected by the contribution of running-
in phenomena and consequently the related thresholds can
be overestimated.

*e proposed diagnostic protocol is reported schemat-
ically in Figure 2 and can be summarized as follows:

(1) Training step: perform the BD algorithm on x[k],
take the final value of the BD criterion (ψ[k]),
compute the cumulative function c[j], and then
subtract the expected value in order to obtain β[j].
Repeat this step for the N time spans referenced to
the healthy condition in order to compute the
thresholds TH.

(2) Online processing step: perform the BD algorithm
on x[k], take ψ[k] and compute the cumulative
function reduced by the expected value β[j].

(3) Compare the cumulative function β obtained in step
2 and the thresholds TH calculated in step 1. If
β<TH, the bearing is healthy and the procedure
starts again from step 2. Otherwise, the bearing fault
is detected and identified.

Note that in this paper, β will be called in two different
ways: CCK and CMK.

3.2.Application toSimulatedData. Let us consider the signal
model described by equation (1). *e reader should bear in
mind that ψ can be any condition indicator estimated from a
certain signal segment. For instance, we may decide to track
the global vibration level of a component by monitoring ψ
(e.g., CK orMK) value estimated each 1 s of measurement. A
representation of this signal model having a total length of
20000 samples is reported in Figure 3 where Figure 3(a)
refers to ψ, Figure 3(b) refers to ψ, Figure 3(c) is the additive
noise, and Figure 3(d) refers to ψ.

*e constant contribution is defined as

ψ[k] � C, (10)

where C is constant and assumed as equal to unit while k is
the sample index and must be integer and nonzero. *e
variable contribution is assumed to be composed of a si-
nusoid with linear increasing mean:

n[k] �

0, k≥N∗,

ψ[k] � A sin
2πfk
L

  +mk, k≥N∗,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(11)

where the sine amplitude is A � 0.1, the sine frequency is
f/L � 2.5 · 10−4, and N∗ � 2 · 104, while m � 10−4 and
stands for the line slope. Finally, the background noise is
modeled as a Gaussian distribution:

n[k] �N(μ, σ), (12)

where the mean is μ � 0 while the standard deviation is
σ � 0.1. *e overall trend of Figure 3(d) shows a deviation

with respect to the previous constant trend after 10000
samples. However, the contribution that carries the di-
agnostic information (i.e., ψ in Figure 3(b)) is strongly
masked due to the presence of the noise as is clearly shown in
Figure 3(d). *erefore, a trend close to the one shown in
Figure 3(b) (ψ) is desired for the assessment of the bearing
damage level due to its easy interpretation. Moreover, if ψ is
a monotonic increasing function, then the information
provided would be even more valuable being actually a
measure of the global degradation of the bearing that must
be a quantity strictly increasing.

At this point, it is possible to compute β through
equation (8) from the raw values of ψ. *e results are
reported in Figure 4 where Figure 4(a) reports the values of
ψ while Figure 4(b) reports the values of the proposed
indicator β. *is numerical result shows that β actually
exhibits the desired properties. Indeed, the variance of ψ
has been significantly reduced and β is strictly increasing, in
contrast with ψ that has an oscillatory behavior after 10000
samples. Moreover, β is also scaled with respect to a ref-
erence value computed taking into account the first
values of the time history. In machine diagnosis, this
scaling allows for a better interpretation of the indicator
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Figure 2: Flow chart of the proposed diagnostic protocol.
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since (approximately) nil values refer to healthy conditions
and any deviation refers to anomalies in the system
condition.

4. Experimental Verification

4.1. Setup. *e data used in this experimental verification
have been provided by the Center of Intelligent Maintenance

System (IMS) of the University of Cincinnati [15]. *e test
rig is composed of four bearings type Rexnord ZA-115 tied
on the same shaft, as shown in Figure 5.

*is test has been performed at constant speed of
2000 rpm with a load of 27.7 kN applied on bearings 2 and
3. *e vibration signals have been collected by four ac-
celerometers type PCB 253B33 mounted in radial di-
rection. *e vibration signals have been recorded with a
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Figure 3: Simulated signal: (a) constant contribution ψ, (b) variable contribution ψ, (c) background noise, and (d) overall simulated signal ψ.
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Figure 4: Comparison of the trends of (a) the raw indicator ψ and (b) the proposed indicator β in the case of simulated signal reported in
Figure 3.
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sampling frequency of 20.48 kHz with a rate of 1 s of ac-
quisition each 10 minutes. After 7 days, corresponding to
16.4 minutes of actual acquisition, the test has been stopped
and an outer race fault, occurred in bearing 1, has been
detected.

4.2.Results andDiscussion. *e experimental data have been
investigated by means of the BD algorithms described in
Section 2, specifically MCKD and MOMEDA. *e final
values of the BD criteria, respectively, CK and MK, have
been computed for signal segments of duration 1 s in order
to monitor the progressive damage of the bearings during
the endurance test. According to the technical report pro-
vided by the experimenters, an outer race fault has occurred
in bearing 1. Hence, only the accelerometer placed on
bearing 1 has been considered.

Figures 6 and 7 depict the application of the proposed
methodology on the IMS dataset, respectively, by using
the MCKD and MOMEDA analyses: Figures 6(a) and
7(a) represent the CK and MK values estimated for each
signal segments of the endurance test, Figures 6(b) and
7(b) show the smoothed values of the previous CK and
MK values, called for simplicity smoothed correlated
kurtosis (SCK) and smoothed multipoint kurtosis
(SMK), while Figures 6(c) and 7(c) report the values of
the proposed indicator, namely CCK and CMK. All these
figures include the nonparametric statistical thresholds,
calculated as described in Section 3, in order to compare
the time instant of the bearing fault appearance. Note
that the SCK and the SMK have been computed by using
the moving average technique and that these results are
referenced to the prior period related to the outer race
bearing fault.

Figures 6(a) and 7(a) clearly show that the trend of CK
and MK is substantially constant taking into account in
the first hundred hours of test. Reasonably, this behavior
means that the bearings can be considered healthy in this
time span. *en, the values change, according to the
model given in equation (5): the variable part ψ is no
longer negligible with respect to the other contributions.
*erefore, it can be noticed a time-dependent deviation
with respect to the constant trend exhibited in the first

part of test. From the physical point of view, it can be
deduced that this variation is directly related to the ap-
pearance of a bearing fault. Moreover, the time-dependent
variation of the indicators are not monotonically in-
creasing but oscillatory. *is fluctuating trend reflects the
different stages of the bearing fault development and
propagation which can be briefly summarized as con-
secutive phases of damaging and healing until the com-
plete breakdown. *is mechanism of development and
propagation of the bearing fault is reported and discussed
in Reference [20].

In order to estimate the time instants associated to the
fault appearance, the indicators must be compared with the
thresholds calculated through Tukey’s method. Considering
Figures 6(a) and 7(a), one can immediately find two
drawbacks on the use of the raw BD criteria, hereafter called
ψ in general terms but referenced to CK and MK. *e first
one is related to the dispersion of the values of ψ: although
the major part of the values remains below the thresholds
during the early stage of the test, some values cross the
threshold although no fault has occurred. *e second one
regards the behavior of the variable part, ψ, during the last
stage of test: this variable contribution does not appear as a
monotonically increasing function and thus the raw in-
dicator ψ is not a good candidate for describing the bearing
damage level since the bearing damage is conceptually
irreversible.

*e first issue, i.e., the variance of ψ, can be mitigated by
using a smoothing technique, such as the moving average.
*is approach improves the results by reducing the dis-
persion of the indicators, as reported in Figures 6(b) and
7(b). Indeed, the indicators (SCK and SMK) lie below the
thresholds in the healthy stage but, during the faulty stage,
are not able to represent the evolution of the fault with a
strictly growing trend.

At this point, let us consider β defined in equation (8) as
the absolute error between the expected value E[ψ]∗ and the
current value of the cumulative indicator c. By definition, β
has two important properties: (i) its variance decreases when
the number of observation increases and (ii) it is a strictly
growing function in presence of nonnil values of ψ.
Figures 6(c) and 7(c) show the values of CCK and CMK
estimated through the procedure depicted in Figure 2. As
expected, CCK and CMK return a smoother trend with
respect to the raw values of CK and MK (Figures 6(a) and
7(a)). At the same time, the dispersion is reduced further as
well with respect to the smoothed values of CK and MK
(Figures 6(b) and 7(b)). CCK and CMK show a strictly
growing trend that makes the monitoring of bearing con-
ditions and the fault detection easier, and it returns also
consistent information about the overall damage level of the
bearing. *erefore, this experimental verification demon-
strates that β has a lower dispersion with respect to the raw
indicator and that β is actually a monotonically growing
function. *ese properties open to different scenarios
concerning the industrial applications, in particular on the
use of β as an indicator for the overall damage level of the
bearing. Furthermore, the robustness of bearing fault de-
tection through the combination of condition indicators and

Motor

Bearing 1

Load

Belt Bearing 4Bearing 3Bearing 2

Load

Figure 5: Experimental setup.
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thresholds is strongly improved thanks to the reduction of
the data dispersion.

Figure 8 reports the time instants when the indicators
cross threshold TH,1 with reference to the results reported
in Figures 6 and 7. *e experimental data used to validate
the proposed diagnostics protocol do not provide the exact
time instant in which the fault occurs, thus it is not possible
to know exactly when the fault began. However, it should
be noticed from Figure 5 that the test bench has been
designed in order to permit the appearance of faults in the
early stage of the test, due to the high radial loads applied
on the bearings. Starting from this consideration, it is
reasonable to think that for this particular application the
indicator used for the analysis has to identify the ap-
pearance of the fault, i.e., has to cross the thresholds, as
early as possible. Considering the results related to the
MCKD (first and second column of Figure 8), both SMK
and CMK provide approximately the same time, specifi-
cally 108 and 106 hours, respectively. *is slight difference
can be explained since MCKD is based on a cyclostationary
criterion, and thus it is particularly suitable for the early
fault detection of bearings. Considering the results related
to the MOMEDA (third and fourth column of Figure 8),
SMK and CMK provide values that are significantly dif-
ferent, i.e., 116 and 105 hours, respectively. Comparing
the times related to the CK and the MK (first and third
column of Figure 8), it can be noticed a significant dif-
ference in favor of the CK, due to the fact that the CK is

a cyclostationary indicator while MK is a periodic in-
dicator. *is difference is reduced if we consider the times
referenced to the CCK and the CMK (second and fourth
column of Figure 8). *e reduction of the difference be-
tween the time obtained by the application of the two
different algorithms is strictly related to the earliest fault
detection given by the CMK with respect to the raw values
of MK. According to the previous consideration, this
demonstrates that the proposed method is able to improve
the effectiveness of theMK for the bearing fault detection in
addition to its desired properties for the definition of a
robust bearing damage indicator.

Until now, the analyses have been performed by using as
a prior period the one referenced to the outer race fault. A
further and necessary investigation is how the method be-
haves taking into account also the other possible prior fault
periods, i.e., the one related to the inner race fault and the
one related to the ball bearing. *e results of this other
analysis, in terms of CMK and CCK trend, is summarized
and shown in Figures 9 and 10.

According to what has been detected experimentally on
the physical system, the only fault occurred on the bearing
is the one on the outer race, thus the values obtained after
the application of both BD algorithms should remain below
the thresholds during all the test. It is possible to note in
Figures 9(a), 9(b), 10(a), and 10(b) that due to the dis-
persion of the values of BD criteria, some values cross the
thresholds although no fault has occurred. After the
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Figure 6: Application of the proposed method with MCKD: (a) CK values, (b) smoothed CK values (moving average), and (c) cumulative
CK values. *e considered prior period is referenced to the outer race bearing fault.
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application of the smoothing technique, the obtained
values lie below the thresholds during all the tests but their
trends are not monotonic, as shown in Figures 9(c), 9(d),
10(c), and 10(d). Now, let us consider the values obtained
after the application of the proposed diagnostic protocol,
shown in Figures 9(e), 9(f ), 10(e), and 10(f ). It is possible to
note that the trends of CMK and CCK for both prior
periods, after a first stage, are decreasing; thus, the new
condition indicators are able to describe the effective de-
gree of damage of the system, according to the experi-
mental observation. It is also worth noting that the CCK
estimated by using the inner race fault frequency as a

reference prior period (Figure 9(f )) actually crosses the
mild outlier threshold but just for a short time span and,
above all, never crosses the outlier threshold.

5. Final Remarks

*e kurtosis is widely recognized as a very efficient con-
dition indicator being able to quantify the degree of
peakiness of the vibration signature which is often related
to fault occurrence. In this context, the kurtosis-based
blind deconvolution (BD) techniques proved to be effec-
tive for extracting the weak bearing fault signature from
observations frequently plentiful of masking contribu-
tions. In particular, the final values of the BD criterion can
represent a convenient strategy for the assessment of the
bearing condition. Despite some promising applications
[11, 14], the use of BD methods for monitoring the pro-
gressive damage of the system has not yet been exhaus-
tively studied.

In this context, the proposed research work focuses on
the development of a condition indicator rooted on BD
methods and specifically designed for the assessment of the
damage in rolling element bearings. *e proposed indicator
allows to track the bearing degradation process and to detect
the bearing fault at its initial stage by means of a non-
parametric statistical threshold. Specifically, the proposed
indicators, i.e., CCK and CMK that are derived from the CK
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Figure 8: Time associated to the appearance of the outer race
bearing fault.
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Figure 7: Application of the proposed method with MOMEDA: (a) MK values, (b) smoothed MK values (moving average), and (c)
cumulative MK values. *e considered prior period is referenced to the outer race bearing fault.
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and MK, are sensitive to the fault frequency and keep track
of the progressive damage of the bearing. Moreover, by
definition, as the sample size increases, their variance

decreases. *ese aspects represent an improvement with
respect to the other similar applications reported in Ref-
erences [11, 14].
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Figure 9: Application of the proposed method considering the inner race fault frequency starting from (a, c, e) MOMEDA and (b, d, f )
MCKD.
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*is methodology has been verified by means of a
simulated signal and the IMS run-to-failure test by com-
paring the diagnostic performance of the proposed indicator
with respect to the raw values of the BD criteria. *e results

show that the proposed methodology improves the effec-
tiveness of the criteria of MCKD and MOMEDA for the
bearing fault detection in terms of early fault diagnosis and
clarity of data interpretation.
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Figure 10: Application of the proposed method considering the rolling element fault frequency starting from (a, c, e) MOMEDA and
(b, d, f ) MCKD.
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Abbreviations and Symbols

BD: Blind deconvolution
CCK: Cumulative correlated kurtosis
CK: Correlated kurtosis
CMK: Cumulative multipoint kurtosis
IRF: Impulse response function
MCKD: Maximum correlated kurtosis deconvolution
MED: Minimum entropy deconvolution
MK: Multipoint kurtosis
MOMEDA: Multipoint optimal minimum entropy

deconvolution adjusted
SCK: Smoothed correlated kurtosis
SISO: Single-input-single-output
SMK: Smoothed multipoint kurtosis
β: Proposed indicator
ψ: Constant part of ψ
ψ: Final value of the BD criterion
ψ: Variable part of ψ
c: Cumulative of ψ
g: Impulse response function
h: Estimated inverse filter
M: Number of shifts
n: Background noise
Qi: ith quartile
s: Estimated source
s0: Source signal
T: Period of two consecutive impulses
t: Target vector
TH: Tukey’s threshold
x: Response signal.

Data Availability

*e Matlab scripts used in this research are available from
the corresponding author upon request. *e vibration data
used to support the findings of this study are freely
downloadable at the following link: https://ti.arc.nasa.gov/
tech/dash/groups/pcoe/prognostic-data-repository/.

Conflicts of Interest

*e authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

*is research work has made use of data provided by the
Center for Intelligent Maintenance Systems (IMS), Uni-
versity of Cincinnati. *e analyses have been performed
through the Matlab code within the Minimum Entropy
Deconvolution Multipack kindly coded and provided by
Geoff McDonald.

References

[1] P. D.McFadden and J. D. Smith, “Vibrationmonitoring of rolling
element bearings by the high-frequency resonance technique-a
review,” Tribology International, vol. 17, pp. 3–10, 1984.

[2] G. Elia, M. Cocconcelli, E. Mucchi, and G. Dalpiaz, “Com-
bining blind separation and cyclostationary techniques for
monitoring distributed wear in gearbox rolling bearings,” in
Proceedings of the Institution of Mechanical Engineers, Part C:
Journal of Mechanical Engineering Science, vol. 231, 6,
pp. 1113–1128, 2016.

[3] Z. Feng and F. Chu, “Cyclostationary analysis for gearbox and
bearing fault diagnosis,” Shock and Vibration, vol. 2015,
Article ID 542472, 12 pages, 2015.

[4] X. Zhang, J. Kang, L. Xiao, J. Zhao, and H. Teng, “A new
improved Kurtogram and its application to bearing fault
diagnosis,” Shock and Vibration, vol. 2015, Article ID 385412,
22 pages, 2015.

[5] M. Buzzoni, J. Antoni, and G. D’Elia, “Blind deconvolution
based on cyclostationarity maximization and its application to
fault identification,” Journal of Sound and Vibration, vol. 432,
pp. 569–601, 2018.

[6] L. Cui, J. Huang, and F. Zhang, “Quantitative and localization
diagnosis of a defective ball bearing based on vertical-
horizontal synchronization signal analysis,” IEEE Trans-
actions on Industrial Electronics, vol. 64, no. 11, pp. 8695–
8706, 2017.

[7] L. Song, H. Wang, and P. Chen, “Step-by-step fuzzy diagnosis
method for equipment based on symptom extraction and
trivalent logic fuzzy diagnosis theory,” IEEE Transactions on
Fuzzy Systems, vol. 26, no. 6, pp. 3467–3478, 2018.

[8] R. B. Randall and J. Antoni, “Rolling element bearing
diagnostics-A tutorial,” Mechanical Systems and Signal Pro-
cessing, vol. 25, no. 2, pp. 485–520, 2011.

[9] P. Borghesani, “*e envelope-based cyclic periodogram,”
Mechanical Systems and Signal Processing, vol. 58-59,
pp. 245–270, 2015.

[10] R. B. Randall, J. Antoni, and K. Gryllias, “Alternatives to
kurtosis as an indicator of rolling element bearing faults,” in
Proceedings of ISMA2016 International Conference on Noise
and Vibration Engineering, pp. 2503–2516, KU Leuven,
Leuven, Belgium, September 2016.

[11] G. L. McDonald, Q. Zhao, and M. J. Zuo, “Maximum cor-
related Kurtosis deconvolution and application on gear tooth
chip fault detection,” Mechanical Systems and Signal Pro-
cessing, vol. 33, pp. 237–255, 2012.

[12] G. L. McDonald and Q. Zhao, “Multipoint optimal minimum
entropy deconvolution and convolution fix: application to
vibration fault detection,” Mechanical Systems and Signal
Processing, vol. 82, pp. 461–477, 2017.

[13] R. A. Wiggins, “Minimum entropy deconvolution,” Geo-
exploration, vol. 16, no. 1-2, pp. 21–35, 1978.

[14] N. Sawalhi, R. B. Randall, and H. Endo, “*e enhancement of
fault detection and diagnosis in rolling element bearings using
minimum entropy deconvolution combined with spectral
kurtosis,” Mechanical Systems and Signal Processing, vol. 21,
no. 6, pp. 2616–2633, 2007.

[15] J. Lee, H. Qiu, G. Yu, and J. Lin, Rexnord Technical Services,
Bearing Data Set, IMS, University of Cincinnati, NASA Ames
Prognostics Data Repository, Cincinnati, OH, USA, 2007,
http://ti.arc.nasa.gov/project/prognostic-data-repository.

[16] J. Antoni, “Cyclic spectral analysis of rolling-element bearing
signals: facts and fictions,” Journal of Sound and Vibration,
vol. 304, no. 3–5, pp. 497–529, 2007.

[17] G. D’Elia, M. Cocconcelli, and E. Mucchi, “An algorithm for
the simulation of faulted bearings in non-stationary condi-
tions,” Meccanica, vol. 53, no. 4-5, pp. 1147–1166, 2018.

[18] Y. Wang, N. Hu, L. Hu, and Z. Cheng, “Rolling bearing fault
diagnosis based on multipoint optimal minimum entropy

12 Shock and Vibration

https://ti.arc.nasa.gov/tech/dash/groups/pcoe/prognostic-data-repository/
https://ti.arc.nasa.gov/tech/dash/groups/pcoe/prognostic-data-repository/
http://ti.arc.nasa.gov/project/prognostic-data-repository


deconvolution adjusted technique and direct spectral analy-
sis,” in Proceedings 2017 Prognostics and System Health
Management Conference, PHM-Harbin 2017, Harbin, China,
July 2017.

[19] F. N. David and J. W. Tukey, “Exploratoty data analysis,”
Biometrics, vol. 33, no. 4, p. 768, 1977.

[20] T. Williams, X. Ribadeneira, S. Billington, and T. Kurfess,
“Rolling element bearing diagnostics in run-to-failure lifetime
testing,” Mechanical Systems and Signal Processing, vol. 15,
pp. 979–993, 2001.

Shock and Vibration 13



Research Article
Rock Stability Assessment Based on the Chronological Order of
the Characteristic Acoustic Emission Phenomena

Penghai Zhang ,1 Tianhong Yang ,1 Tao Xu ,1 Qinglei Yu ,1 Jingren Zhou,2

and Wancheng Zhu 2

1Center for Rock Instability and Seismicity Research, Northeastern University, Shenyang, China
2State Key Laboratory of Hydraulics and Mountain River Engineering, College of Water Resources and Hydropower,
Sichuan University, Sichuan, China

Correspondence should be addressed to Qinglei Yu; yuqinglei@mail.neu.edu.cn

Received 31 May 2018; Revised 11 October 2018; Accepted 14 October 2018; Published 15 November 2018

Academic Editor: Giosuè Boscato
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Sudden inelastic deformations in rock are associated with acoustic emission (AE). -erefore, AE monitoring technique can be
used to study the fracture processes of rock. In this paper, AE tests were conducted on the granitic gneiss specimens under the
uniaxial compressive loading conditions. -e temporal changes in AE hit parameters and spatial-temporal evolution of AE events
during the failure process of the granitic gneiss specimens were studied, and several characteristic AE phenomena (i.e., dramatic
increase in dominant frequency, AE energy, and hit rate, the AE event with a high energy level, and the through-going distribution
of the AE events with intermediate energy levels) were statistically analyzed before the failure occurred. It was found that the
chronological order of the characteristic AE phenomena was relatively certain and correspondingly had a close relationship with
the crack development stage. Because of the difference of the stress level at each crack development stage, the stability at different
crack development stages is different. -erefore, a rock stability assessment approach was established based on the chronological
order of the characteristic AE phenomena, and then the rock stability was assessed using the proposed approach.

1. Introduction

As a brittle material, rock will experience sudden inelastic
deformations before failure, such as the initiation and
propagation of cracks when it is subjected to external loads.
-ese deformations are associated with acoustic emission
(AE) which is defined as a transient elastic wave generated by
the rapid release of strain energy [1]. -erefore, AE mon-
itoring technique can be used to study the fracture or failure
process of rock.

Since the 1960s, considerable efforts [2–6] have been
made to analyze the evolution characteristic of AE and
recognize the characteristic AE phenomena to assess the
rock stability and forecast its failure.

-e number of AE hits is most widely analyzed among all
the AE parameters because the AE hit is easy to acquire, and
its value has a positive correlation with the crack number.
Many previous studies have shown that, when approaching

the peak stress, the AE hit rate increases significantly in the
rock whose plastic deformation is not obvious, while the AE
hit rate might decrease in the rock whose plastic de-
formation is obvious [7]. -ese results indicate that the AE
hit rate is significantly influenced by the rock deformation
characteristic.

-e AE energy is another AE parameter that is widely
analyzed; the significant increase of AE energy before rock
failure is observed in a large number of rock types, such as
granite [8, 9], gneiss [10], and tuff [11], indicating that the
increase of energy is a reliable precursor of the rock failure.

In addition, research studies on the spectral analysis of AE
have been conducted in the past decades. For example,
Spetzler et al. [12] found that, as failure was approached, more
power was recorded at the lower frequency in large granite
and basalt specimens. He et al. [13] observed that there were
much lower frequency AE events near the bursting failure of
the limestone specimens. However, Li et al. [14] observed the
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increase of the higher frequency component before rock
failure under cyclic loading and multistage loading. Ji et al.
[15] have also observed the similar phenomena in granite and
marble. -e conflicting experimental results indicate the
relationship between the spectrum and fracture in rock is too
complex to be well summarized.

Further, detailed analysis of the space-time distribution of
AE events can help us better understand the rock fracture
process [1]. For example, if the failure was induced by through-
going shear fault or compaction band, then, before the failure
occurred, the AE events tended to gather around the future
macroscopic fracture plane [16–18]. -us, the spatial distri-
bution of AE events can be used for not only failure warning
but also macroscopic crack shape forecasting. Nevertheless, in
some relatively homogeneous rock, AE events exhibited dis-
persion when failure occurred, and the macroscopic crack
shape cannot be forecasted based on the spatial distribution of
AE events before the failure occurred [19].

Based on the above introduction, it can be found that,
many characteristic AE phenomena have been recognized.
However, the temporal relation between each characteristic AE
phenomenon has rarely been reported in the literature.
-erefore, in the present study, AE tests were conducted on
granitic gneiss specimens under uniaxial compressive loading
conditions, and then the chronological order (temporal re-
lationship) of characteristic AE phenomena was studied. On
this basis, a rock stability assessment approach was established.

2. AE Tests of Granitic Gneiss Specimens

2.1. Experimental System. -e experimental system consists
of the load device and the monitoring apparatus. -e load
device used the computer control electrohydraulic servo
press TAW-2000KN. PCI-2 AE test apparatus was applied to
collect the AE signals produced by granitic gneiss. In this
experiment, eight Nano30 sensors were arranged on the
specimen surface (the small grey cylinders). 45 dB threshold
was selected for all sensors, and the preamplifier gain was
40 dB. Each waveform was digitized into 1024 samples at
a sampling rate of 1MHz.

2.2. Rock Specimen and Loading Control. -e granitic gneiss
specimens (Φ50mm × 100mm) used in the AE experiment
were collected from the Shirengou iron mine, Tangshan city,
Hebei province, China. -e relatively detailed introduction
about the mine can be found in the literature [20]. -e
granitic gneiss consists of approximately 40% plagioclase,
32% alkali feldspar, 8% quartz, 5% biotite, and 15% horn-
blende [21]. Uniaxial loading was conducted on 12 speci-
mens (No. Sim1∼12), and the loading rate was 0.003mm/s.

3. Characteristic Parameters of AE

3.1. AE Hit Parameters. A typical AE hit is shown in
Figure 1. -e “threshold” is a preset voltage value; i.e., only
the signal whose voltage value is higher than the threshold
can be detected by the AE sensor. -e “hit” is a detected
signal. -e “hit rate” is the number of hits per second. -e
“energy” is based on the sum of the squared voltage readings

divided by a token resistance R (R is equal to 10 kΩ). -e
energy is reported in attojoules (aJ, 1 aJ � 10−18 J).

Using the fast Fourier transformation (FFT), the AE hit
can be converted from the time domain to the frequency
domain, and the dominant frequency is the corresponding
frequency of the maximum voltage (Figure 1).

3.2. AE Event Parameters. One of the major strengths of AE
technique is its ability to locate an active source in three
dimensions when enough hits are available from multi-
sensors.-e located source is called an AE event in this paper.

-e energy of each AE event is determined as follows:

Es �
1
n



n

i�1

r2i
102

· Ei , (1)

where Ei is the absolute energy of the AE hit detected by each
sensor, ri is the distance between the AE event and the ith
sensor in millimeters, and n is the total number of sensors
used for the energy calculation. -e computed value is an
average energy for the whole array, assuming elastically
propagating, spherical waves of a point source, corrected for
geometrical spreading on a 10mm reference sphere.

-e energy level of each AE event is determined as
follows:

Em � lgEs. (2)

4. The Change of AE Hit Parameters:
Experimental Results

To seek the change characteristic of AE during the fracture
process of rock specimens, the temporal changes in pa-
rameters of AE hits received by a single sensor are studied.

According to the difference in the change characteristic
of the AE hit parameters, the specimens can be divided into
two categories. One category includes the majority speci-
mens and can be represented by specimen Sim2. Another
category includes a minority of the specimens and can be
represented by specimen Sim10. In this section, the speci-
mens Sim2 and Sim10 were taken as examples to illustrate
the change characteristic of the AE hit parameters of the
granitic gneiss specimens. It should be noted that, the
change characteristics of the AE hit parameters of the other
specimens were similar with specimen Sim2 or Sim10 be-
sides the ranges of the AE hit parameter values being
somewhat different. To avoid the redundancy of illustration,
the change characteristics of the AE hit parameters of the
specimens have not been discussed one by one.

4.1. Hit Rate. As shown in Figure 2(a), the specimen Sim2
experienced the crack closure stage (I, 0%–17% peak
strength), the elastic stage (II, 17%–51% peak strength), the
stable crack growth stage (III, 51%–77% peak strength), and
the unstable crack growth stage (IV, 77%–100% peak
strength), successively. -e hit rate buildup commenced at
230 s–240 s, which corresponded to the transition from the
elastic stage to the stable crack growth stage, and became
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noticeable at approximately 300 s, when the rock entered the
unstable crack growth stage.

For the specimen Sim10 (Figure 2(b)), a different trend
in the AE hit record was observed; a noticeable increase of
the hit rate not only occurred at a high stress level (such as
the unstable crack growth stage) but also occurred at a low
stress level of only 6%–15% peak strength. We interpret this
special AE response at low stress level as unstable crack
growth in a local region of the specimen, which will be
confirmed by the spatial distribution of AE events in Section
5.3. -erefore, the special AE response stage was named
“local unstable crack growth stage (L)” in this paper. Fur-
thermore, it can be found that the maximum hit rate might

be reached at the local unstable crack growth stage or the
unstable crack growth stage.

4.2. Dominant Frequency. -e changes of dominant fre-
quency shown in Figure 3 were calculated using a moving
window approach. For both the calculation window and the
sliding window, 100 hits were adopted. -e arrival time of
the last hit in the calculation window was used as the time of
the calculated result.

As shown in Figure 3, for both Sim2 and Sim10, the
dominant frequency increased significantly with stress in the
low stress level. Before specimen failure occurred, different
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Figure 2: Changes of stress and AE hit rate with time: (a) Sim2; (b) Sim10.
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change trends of the dominant frequency, such as decrease
(Figure 3(a)) and fluctuation (Figure 3(b)), were observed in
different specimens. In addition, no obvious correlation was
observed between the change trend before the failure and
whether the specimen experienced the local unstable crack
growth stage.

4.3. Energy. -e changes of energy were calculated using the
same approach in Section 4.2. As shown in Figure 4(a), the
energy of specimen Sim2 fluctuated in a low level at the crack
closure stage (I), the elastic stage (II), and the stable crack
growth stage (III). In contrast, a drastic increase of energy
occurred at the unstable crack growth stage (IV). For the
specimen Sim10 (Figure 4(b)), the energy increased dra-
matically at the local unstable crack growth (L) and the
unstable crack growth stage (IV).

5. The Spatial-Temporal Evolution of the AE
Events: Experimental Results

According to the difference in the spatial-temporal evolution of
the AE events, the specimens can be divided into three

categories. In this section, the specimens Sim2, Sim9, and
Sim10 were taken as examples to illustrate the three categories.

5.1.0e General Spatial-Temporal Evolution of the AE Events.
-e evolution characteristic of the AE events in a majority of
specimens is similar to that of specimen Sim2. As shown in
Figure 5, the spheres represent the AE events and the dif-
ferent colors indicate the different energy levels.-e top 20%
of the energy level scale is defined as the high energy level
(red and orange), the bottom 45% of the energy level scale is
defined as the low energy level (blue and purple), and the
intervening 35% is defined as the intermediate energy level
(yellow and green).

According to the location results (Figure 5), the AE events
trend from the top and bottom to the middle of the specimen.
Before 318 s, AE events with low energy level and in-
termediate energy level were concentrated in the top and
bottom of the samples, and there were noAE events located in
the middle of the sample (Figure 5(a)). At 323.7 s, the first AE
event with a high energy level occurred (Figures 5(b) and 6),
corresponding to approximately 85% of the peak strength
(Figure 2(a)). From 318 s, the number of AE events with an
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Figure 3: Changes of stress and dominant frequency with time: (a) Sim2; (b) Sim10.
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Figure 4: Changes of energy with time: (a) Sim2; (b) Sim10.
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intermediate energy level began to increase in the middle of
the specimen and formed a through-going distribution
(Figures 5(b) and 5(c)). At 326 s, an AE event with a high
energy level occurred in the middle of the specimen
(Figures 5(c) and 7). After approximately 18 s, specimen
failure occurred (Figure 5(d)).

From the general spatial-temporal evolution of the AE
events, which can be represented by Sim2, it can be inferred
that the three phenomena, the first AE event with the high
energy level, the through-going distribution of AE events
with the intermediate energy level, and the AE event with the
high energy level in the area which was the last through by
AE events with the intermediate energy level, occurred in
sequence at the high stress level.

-e phenomenon that the number of AE events in the
middle of the sample was still few at the high stress level
(Figure 5(b)), might be mostly attributed to the loading
boundary effects such as friction and uneven stress on the
specimen ends. -e friction was due to elastic parameter
mismatch between the loading platen and the specimen, and
the uneven stress was due to the unflatness of the specimen
ends. -is observation is consistent with experimental ob-
servations made in [17, 22, 23]. Stress concentration at the
specimen ends is believed to be the consequences of the
fractures generated at the top and bottom of the specimen.
And as the load increases, the fractures propagated from the
top and bottom to the middle of the specimen.

In addition, the phenomenon that the spatial distribu-
tion of AE events exhibited dispersion before the failure
occurred was mainly due to the relatively homogeneous
strength distribution in the specimens. -e main mineral

components of granitic gneiss specimens used in this paper
are plagioclase, alkali feldspar, and hornblende, which ac-
count for more than 85%. -e hardness of plagioclase, alkali
feldspar, and hornblende is about 6, and the minerals with
similar hardness are generally similar in strength. -erefore,
granitic gneiss specimens are relatively homogeneous in
spatial distribution of strength. As the experimental results
shown in the literature [19, 24, 25], in some relatively ho-
mogeneous rock, the spatial distribution of AE events
exhibited dispersion and cannot forecast the macroscopic
crack shape before the failure occurred.

5.2. 0e Gap of AE Event with Intermediate Energy Level.
-e evolution characteristic of AE events at the high stress
level in some specimens is different from the general evo-
lution characteristic, as illustrated by specimen Sim9.

-e spatial-temporal distribution of AE events in Sim9 is
shown in Figure 8. At 344 s, two AE events with a high energy
level occurred in succession at the top of the specimen
(Figures 8(a) and 9), corresponding to approximately 88% peak
strength. -e phenomenon, i.e., the AE events with a high
energy level occurred at a high stress level, in agreement with
the general evolution characteristic is described in Section 5.1.
However, when the failure occurred at 364 s, there was still
a gap of the AE event with an intermediate energy level, and in
the gap, the AE events with low energy level were few (outlined
by dashed lines in Figure 8(c)). -is gap suggested that the
microfractures in the gap were few when approaching failure
and that the macroscopic crack (Figure 8(c)) passed through
the gap suddenly with an obvious brittle failure characteristic
when failure occurred.

Occurrence time: 323.7 s
Energy level: 6.96 aJ

Stress level: 85% peak strength
Crack development stages: IV

Figure 6: -e spatial distribution of the AE events in the area
outlined by the solid lines in Figure 5(b) at 323.7 s.

Occurrence time: 326 s
Energy level: 8.12 aJ

Stress level: 95% peak strength
Crack development stages: IV

Figure 7: -e spatial distribution of AE events in the area outlined
by the solid lines in Figure 5(c) at 326 s.

Low Intermediate High

(a) (c) (d)(b)

3.3 8.2

Figure 5: -e spatial-temporal distribution of the AE events in Sim2. (a) 0–318 s; (b) 0–324 s; (c) 0–328 s; (d) 0–346 s.
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5.3. 0e AE Events with a High Energy Level at a Low Stress
Level. -e evolution characteristic of AE events at low stress
levels in some specimens is different from the general
evolution characteristic. -e specific evolution characteristic
only appears at the local unstable crack growth stage, as
illustrated by specimen Sim10.

-e spatial-temporal distribution of AE events in Sim10
is shown in Figure 10. -e local unstable crack growth stage
lasted from approximately 128 s to 231 s, corresponding to
Figures 10(b) and 10(c). At 163 s, the first AE event with
a high energy level occurred at approximately 8.2% peak
strength (Figures 10(b) and 11), which was much lower than
the majority specimens. In the meantime, the AE events
gathered in a band shape around the AE event with a high
energy level, suggesting there was a weak area where the
strength was significantly lower than that in the other area
and the fracture of the weak area induced the high energy
level AE event. In addition, as the load applied on the
specimen was still low during the local unstable crack growth
stage, the density and energy level of AE events were low in
the area far away from the weak area.

6. Chronological Order of the Characteristic
AE Phenomena

Based on the above analysis, several characteristic AE
phenomena during the failure process of the specimens
can be observed, such as the obvious increase in the hit
rate, dominant frequency, and energy. -e chronological
order of these AE phenomena and the corresponding crack
development stage are summarized in Table 1.

As shown in Table 1, the obvious increase in dominant
frequency always occurred first among all the characteristic

AE phenomena, and it occurred before the specimens en-
tered the unstable crack growth stage.

-e obvious increase in the energy and the hit rate and
the first AE event with a high energy level (short for “first
high” in Table 1) tended to occur simultaneously or at
short intervals. In consideration of the observation that the
energy and hit rate have positive correlations with the
microfracture scale and crack number, respectively, and it

Occurrence time: 344.1 s
Energy level: 6.9 aJ

Stress level: 88% peak strength
Crack development stages: IV

Occurrence time: 344.1 s
Energy level: 7.7 aJ

Stress level: 88% peak strength
Crack development stages: IV

Figure 9: -e spatial distribution of the AE events in the area outlined by solid lines in Figure 8(a) at 344.1 s.

Low Intermediate High
3.3 7.7

(a) (c) (d)(b)

Figure 10: -e spatial-temporal distribution of the AE events in
Sim10: (a) 0–128 s; (b) 0–192 s; (c) 0–231 s; (d) 0–535 s.

Occurrence time: 163.1 s
Energy level: 7.7 aJ

Stress level: 8.2% peak strength
Crack development stages: L

Figure 11: -e spatial distribution of the AE events in the area
outlined by solid lines in Figure 9(b) at 163.1 s.

3.4 7.7
Low Intermediate High

(a) (c)(b)

Figure 8: -e spatial-temporal distribution of the AE events in Sim9 and the failure mode. (a) 0–351 s; (b) 0–364 s; (c) the failure mode.
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can be inferred that the crack area and crack number tend
to increase simultaneously or at short intervals.

For most of the specimens, the first AE event with a high
energy level might occur either at the local unstable crack
growth stage or at the unstable crack growth stage. If the first
AE event with a high energy level occurred in the unstable
crack growth stage, there are two types of AE event dis-
tribution characteristics: (1) AE events were few and scat-
tered, such as for Sim8 (Figure 12), which indicated that the
rock was relatively uniform and there were few new
microfractures formed under the high stress level and (2)
many AE events with intermediate energy levels occurred,
which indicated that the rock was relatively nonuniform and
there were many new microfractures formed under the high
stress level, such as for Sim2 (Figures 5(b) and 6) and for
Sim9 (Figures 8(a) and 9).

If the first high energy level AE occurred in the local
unstable crack growth stage, it can be found that some
AE events with intermediate energy levels gathered
around the AE event with a high energy level, and the
density and energy level of the AE events were low in the
area far away from the AE event with the high energy
level (Figure 10(b)). -us, the spatial distribution
characteristic of the AE events can help distinguish

between the local unstable crack growth stage and the
unstable crack growth stage.

-e through-going distribution of AE events (short for
“through-going distribution” in Table 1) and the AE event
with a high energy level in the area that was the last to
undergo AE events with intermediate energy levels (short for
“high in last to undergo” in Table 1) would occur at the
unstable crack growth stage (IV) and after all the charac-
teristic changes of the AE hit parameters. For some speci-
mens, such as Sim8, Sim9 (Figure 8(b)), and Sim12, the
failure occurred before the through-going distribution of the
AE events with intermediate energy levels. However, if the
through-going distribution of the AE events with intermediate
energy levels occurred, then an AE event with a high energy
level would be certain to occur in the area that was the last to
undergo AE events with intermediate energy levels.

7. Rock Stability Evaluation Based on the
Chronological Order of the Characteristic
AE Phenomena

7.1. Rock Stability Evaluation Approach. Based on the sta-
tistical result (Table 1) and analysis above, the general

Table 1: Statistics of characteristic AE phenomena.

No.
AE hit AE event

Dominant frequency Energy Hit rate First high -rough-going distribution High in last to undergo
Sim1 1-III 2-IV 2-IV 5-IV 4-IV 6-IV
Sim2 1-I 3-IV 2-IV 3-IV 5-IV 6-IV
Sim3 1-III 2-III 4-IV 2-IV 5-IV 6-IV
Sim4 1-II 3-IV 2-IV 3-IV 5-IV 6-IV
Sim5 1-II 2-III 4-IV 2-III 5-IV 6-IV
Sim6 1-II 2-IV 2-IV 2-IV 5-IV 6-IV
Sim7 1-II 2-IV 2-IV 4-IV 5-IV 6-IV
Sim8 1-II 2-III 3-IV 3-IV
Sim9 1-II 2-III 3-IV 3-IV
Sim10 1-I, L 2-L 2-L 4-L 5-IV 6-IV
Sim11 1-II, L 2-L 3-L 2-L 5-IV 6-IV
Sim12 1-I 2-L 2-L 2-L
Note.Arabic numerals before “-” represent the chronological order of the characteristic AE phenomena; roman numerals and letter “L” after “-” represent the
crack development stage at which the characteristic AE phenomena occurred.

Occurrence time: 272.8 s
Energy level: 6.0 aJ

Low Intermediate High
3.4 6.3

Figure 12: -e spatial distribution of the AE events from 0 s to 272.8 s in Sim8.
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chronological order of the characteristic AE phenomena and
the corresponding crack development stage are shown in
Figure 13. Because of the difference of the stress level at each
crack development stage, the stability at different crack
development stages is different. -us, based on the chro-
nological order of the characteristic AE phenomena, the rock
stability can be assessed.

-e rock stability evaluation approach is as follows:

(1) -e obvious increase in dominant frequency in-
dicates that the specimen has not entered the un-
stable crack growth stage, i.e., the stability is high to
medium.

(2) When the obvious increase in energy and hit rate
and the first AE event with a high energy level
occurred, if the AE events gathered in a band shape
around the AE event with a high energy level, and
the density and energy level of AE events were low
in the area far away from the AE event with a high
energy level, then the rock has entered the local
unstable crack growth stage. Because the stress level
is still low during the stage, the stability can be
assessed as high.

(3) When the obvious increase in energy and hit rate and
the first AE event with a high energy level occurred, if
there were rare AE events or many AE events with
intermediate energy levels, then the specimen has
entered the stable crack growth stage or the unstable
crack growth stage, indicating that the rock stability
is low.

(4) AE events with intermediate energy level forming the
through-going distribution indicate that the
microfractures have fully developed and the rock
stability is very low.

(5) -e occurrence of the AE event with high energy
level in the area that was the last through by AE
events with intermediate energy levels is the last
characteristic AE phenomenon before the rock
failure, i.e., failure is approaching.

7.2. Rock Stability Evaluation Result. Taking Sim2 as an
example, the rock stability evaluation can be illustrated. As
shown in Figure 14, the dominant frequency began to

increase at 30 s, and the stability was assessed as high. From
300.1 s to 324.2 s, obvious increases were observed in energy
and hit rate, and the first AE event with high energy level

I, II III IV

L

Gathered around the first highFirst high

Hit rateDominant 
frequency

Energy

Through-going
distribution

High in 
last through

Figure 13:-e general chronological order of theAEdata and the corresponding crack development stage and rock stability ( represents high to
medium stability; represents high stability; represents low stability; represents very low stability; represents the failure is approaching).
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occurred successively, i.e., the stability was low. From 324.3 s
to 325.9 s, the number of AE events with intermediate energy
level increased in the middle of the specimen and formed
a through-going distribution (Figure 14(c)), suggesting
that the rock stability was very low. At 326 s, an AE event
with high level occurred in the middle of the specimen
(Figure 14(d)), i.e., failure was approaching.

8. Conclusions

AE monitoring was used to study the fracture process of
granitic gneiss under the uniaxial loading condition. A rock
stability assessment approach was established based on the
chronological order of the characteristic AE phenomena.
-e following conclusions can be drawn:

(1) Under the uniaxial loading condition, several
characteristic AE phenomena, such as dramatic in-
creases in dominant frequency, energy, and hit rate,
the AE event with a high energy level, and the
through-going distribution of AE events with in-
termediate energy levels, were observed before
failure occurred, thus indicating that AE monitoring
has the potential to assess the rock stability.

(2) For most of the granitic gneiss specimens, the
chronological order of the characteristic AE phe-
nomena was certain and had a corresponding re-
lationship with the crack development stage. Because
of the different stress levels at each crack development
stage, the stability at different crack development
stages is different. -us, based on the chronological
order of the characteristic AE phenomena, the rock
stability can be assessed.
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A railway vehicle’s key components, such as wheelset treads and axle box bearings, often suffer from fatigue failures. If these faults
are not detected and dealt with in time, the running safety of the railway vehicle will be seriously affected. To detect these
components’ early failure and extend their fatigue life, a regular maintenance becomes critical. Currently, the regular maintenance
of axle box bearings mainly depends on manual off-line inspection, which has low working efficiency and precision of fault
diagnosis. In order to improve the maintenance efficiency and effectiveness of railway vehicles, this study proposes a method of
integrating the vibrationmonitoring system of the axle box bearing in the underfloor wheelset lathe, where the integration scheme
and work flow of the system are introduced followed by the detailed fault diagnosis method and application examples. Firstly, the
band-pass filter and envelope analysis is successively performed on the original signal acquired by an accelerometer. Secondly, the
alpha-stable distribution (ASD) and multifractal detrended fluctuation analysis (MFDFA) analysis of the envelope signal are
performed, and five characteristic parameters with significant stability and sensitivity are extracted and then brought into the least
squares support vectors machine based on particle swarm optimization to determine the state of the bearing quantitatively.
Finally, the effectiveness of the method is validated by bench test data. .e results demonstrated that the proposed method can
accomplish effective diagnosis of axle box bearings’ fault location and fault degree and can yield better diagnosis accuracy than the
single method of ASD or MFDFA.

1. Introduction

A railway vehicle is usually subjected to complex conditions
with variable speeds, loading, and temperatures, which un-
avoidably lead to wear, pitting, and even peeling fault of its
core components, such as wheel treads and axle box bearings
(Figure 1) [1–3]. .ese failures will not only reduce its ride
comfort and service life but also impair its safety that may
cause serious economic losses or catastrophic casualties, as
well as the formation of negative social influence. In August
2007, there was a train derailment accident in Zhengzhou
City, Henan Province, China. After investigation, it was
concluded that the accident was due to a failure of axle box

bearing extending to the axle fracture, eventually leading to
the train derailment. In July 2008, an ICE3 high-speed train
rated for 330 km/h service speed derailed during departure
from Cologne, Central Station, Germany, due to fatigue
failure of one of the driving axles. In November 2012, an axle
box bearing of a train suddenly broke down whose tem-
perature rose to about 200°C in a very short time, and a lot of
burning smell came out. .is accident detained the train for
a long time and caused a huge economic loss [4, 5]..erefore,
it is necessary to diagnose and process these faults in time.

Currently, the reparation of wheel tread and the fault
detection of the axle box bearing are carried out separately.
An under-floor wheelset lathe (UWL) is usually applied to
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regularly maintain railway vehicles and repair its wheel tread
failure, since UWL can profile the wheel tread with faults
precisely when the wheel set is not broken down [6].
However, the regular maintenance of axle box bearings
mainly depends on manual off-line inspection, which has
low working efficiency and precision of fault diagnosis due
to heavy weight and small assembly space along with several
steps of process [7].

.e maintenance period is usually formulated by the
manufacturer and related to the type and speed level of the
railway vehicles. Generally, the profile period of wheel treads
is about 200 thousand kilometers [8], and the maintenance
period of axle box bearings is generally from one million
kilometers [9]. If bearing maintenance and tread repair
happen at the same time, the maintenance period of axle box
bearings can be shortened and thus the cost can be reduced.
Secondly, when the UWL works, the wheel will rotate at
a low speed that provides objective conditions of bearing
fault diagnosis by monitoring its vibration. Also, this
method can reduce the manual intervention which is ex-
pected to further improve the diagnostic accuracy and
efficiency.

.is study proposes the applicable method of integrating
the fault diagnosis system of axle box bearings based on
vibration monitoring with UWL. Without changing the
original structure and function of UWL, this method can
diagnose the common faults of axle box bearings. It is
different from the current working mode that UWL can only
deal with tread damage, and it is of great significance to
improve and enrich the existing vehicle maintenance
strategy. Meanwhile, the installation of the fault diagnosis
system of axle box bearings on UWL has definite engi-
neering background and wide application prospect. It not

only increases a maintenance opportunity of bearings which
is beneficial to the early detection and prediction of the
bearings’ faults more accurately but also improves the op-
eration efficiency of the railway vehicle and the economic
benefits of the railway business.

2. Integrated Strategy

2.1. SystemWorkflow. An UWL, as illustrated in Figure 2, is
composed of a frame, a track system, a positioning device,
a parameter measuring device, a supporting device,
a clamping device, a profiling device, and a numerical
control system [10]. .e system workflow that integrates the
bearings’ fault diagnosis with UWL is shown in Figure 3.

.e proposed system workflow has specific steps as
follows:

(1) In the interaction of the clamping device, supporting
device, and driving friction wheels, the measured
wheel is firmly fixed in the center position of UWL.

(2) .e parameter measuring device measures the size
parameters of the wheelset, such as wheel diameter,
wheel inner distance, wheel flange thickness, and
wheel flange height. .en, the numerical control
system calculates these parameters to form the op-
timum profiling strategy.

(3) Under the action of two driving friction wheels, the
wheelset begins to rotate and reaches a pre-
determined speed..en, the profiling device is raised
and repair starts.

(4) After one profiling work, the device measures the
relevant parameters again. If the parameters are still

(a) (b)

(c) (d)

Figure 1: Common localized faults of wheel tread and axle box bearing: (a) failure on wheel tread; (b) failure on the outer race of bearing; (c)
failure on the inner race of bearing; (d) failure on the ball of bearing.
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unqualified, go back to step (2) until all parameters
are qualified.

(5) When all parameters are qualified, put down the
profiling tool. At the same time, let the wheelset
continue to rotate and enter the fault diagnosis stage
of axle box bearings.

2.2. 1e Process of Fault Diagnosis for Axle Box Bearings.
In order to ensure the profiling quality, the profiling speed is
usually between 30 and 120m/min [11] when the wheel
tread is repairing. According to the standard wheel diameter
of 0.84m [12], the corresponding wheel speed can be cal-
culated as about 12 to 46 r/min. At such a low speed, it is very
difficult to identify the bearing faults stably and efficiently.

In practical application, the envelope spectrum analysis
is the most common method for fault diagnosis of rolling

bearing. But this method has the following drawbacks
[13, 14]. First, at low-speed conditions, the fault frequency of
the bearing is very small that can easily be disturbed by
environmental noise. Especially for minor faults, the results
of spectrum analysis are poor and the omission judgment
occurs sometimes; second, this method can only distinguish
fault locations qualitatively but cannot analyze the fault
degrees quantitatively.

.erefore, in order to achieve the accurate diagnosis of
axle box bearings on UWL, in addition to the envelope
spectrum method, this paper also adopts a quantitative
method based on alpha-stable distribution (ASD) and
multifractal detrended fluctuation analysis (MFDFA).

.e widely used ASD has good robustness in the
modeling of pulse shape in non-Gaussian signals [15];
MFDFA is able to characterize the internal dynamics
mechanism of the fault signal and to detect slight changes in
the complex environment of rotating machinery [16]. In
References [17, 18], we have studied the sensitivity and
stability on fault degrees of the characteristic parameters
extracted by ASD and MFDFA, respectively. .e results
show that the three ASD parameters (the characteristic
exponent α, the scale factor c, and the peak value of the
probability density function H) and the two MFDFA pa-
rameters (the singularity exponent of the pole hq0 and the
minimum singularity exponent hqmin) have excellent sen-
sitivity and stability and can be used as the fault charac-
teristics to distinguish the rolling bearings’ faults with
different locations and degrees.

In summary, this paper will further explore the practi-
cality of the five characteristic parameters (shown in Fig-
ure 4) at low speed and aims to realize the intelligent
diagnosis of axle box bearings’ faults with different locations
and degrees on UWL.

.e fault diagnosis system of axle box bearings consists
of an accelerometer, a speed sensor, a data acquisition de-
vice, a communication line, and a high-performance com-
puter (including analysis software). .e specific process of
the fault diagnosis shown in Figure 5 can be described as
follows:

(1) Signal Acquisition. Connect the devices as shown in
Figure 5. .e two acceleration sensors are affixed to
the left and right clamping devices of the UWL by
two magnetic bases. .e speed sensor we selected is
a noncontact photoelectric one which must be
arranged close to the wheel and need to face the
reflective label on the wheel. Subsequently, the
output signals of all sensors are collected and pro-
cessed by the data acquisition device and then
communicated to the high-performance computer
through the OPC protocol. It is worth noting that the
acceleration sensors are mounted on the clamping
devices rather than on the axle boxes. Such ar-
rangement can improve the maintenance efficiency
because there is no need to rearrange the sensors
when replacing wheel sets. Furthermore, this ar-
rangement is easy to install because the material of
the clamping device is steel and the upper surface of

Clamping device

Frame

Driving
wheel

Profiling
device

Supporting
device

Wheelset

Figure 2: Underfloor wheelset lathe.

Fix the wheelset

Measure the size parameters

Obtain the optimal cutting plan

Drive the wheelset to rotate

Profile the wheel treads

Measure the size parameters

The parameters are qualified?

Diagnosis the axle box bearings

No

Yes

Figure 3: System workflow.
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clamping device is smooth enough to arrange the
magnetic base conveniently.

(2) Signal Processing. .e band-pass filter is performed
on the original signal obtained by acquisition, and
then the envelope analysis is carried out.

(3) Fault Diagnosis. .e ASD and MFDFA analyses of
the envelope signal are carried out, and five fault
characteristic parameters (α, c, H, hq0, and hqmin) are
extracted into the PSO-LSSVM model (least squares
support vectors machine based on particle swarm
optimization) which has been well trained to de-
termine the state of the bearing quantitatively.

It should be noted that the PSO-LSSVM model in Step
(3) above needs to be established and trained before the
bearing fault diagnosis begins. .e detailed process of
building the PSO-LSSVM model (shown in Figure 6) is as
follows:

(1) Under the working speed of UWL, n status of vi-
bration signals of axle box bearings are obtained as
training samples, including normal, inner-race faults
(different fault degrees), outer-race faults (different
fault degrees), and ball faults (different fault degrees),
and labeled as S1, S2, S3, . . . Sn, respectively

(2) All signals are band-pass filtered and analyzed by
envelope analysis to extract envelope signals

(3) Take ASD and MFDFA analyses on all the envelope
signals and extract five fault characteristic parame-
ters (α, c, H, hq0, and hqmin)

(4) Consider the five parameters (α, c, H, hq0, and hqmin)
as input samples and optimize the regularization
parameter λ and kernel parameter σ of LSSVM by
PSO

(5) Establish the PSO-LSSVM model based on the op-
timal parameters λ and σ

3. Applications

3.1. Data Acquisition and Processing. In order to further
prove the effectiveness of the method proposed in this study,
we have carried out the fault setting test of axle box bearings
on UGL-type UWL (Figure 7(a)) in Hefei Rolling Stock
Depot of Shanghai Railway Administration.

.e test bearings are double row cylindrical roller
bearings (NJ(P)3226X1) which are widely used in the axle
box of railway vehicles. .e geometrical parameters of the
bearings are shown in Table 1.

Jining mould company in Shandong Province provided
the test bearings with the precise machining to achieve seven
faults with different locations and degrees, as shown in
Figure 8. Every fault location consists of two degrees: slight
faults (the width is 5mm and the depth is 1.5mm) and
serious faults (the width is 10mm and the depth is 2.0mm).

When the UWL is running, the wheel speed is 45 r/min.
In other words, the outer race of the axle box bearing is fixed,
while the inner race of the axle box bearing rotates with the
rotational frequency of 0.75Hz; and the load of the axle box
is 80 kN. .e acceleration sensor affixed to the clamping
devices of the UWL is instrumented to collect vibration
signals (Figure 7(b)), with the sampling frequency of
25.6 kHz.

.rough experiments, we obtain seven kinds of vibration
acceleration signals with different fault locations and dif-
ferent fault degrees of axle box bearings. .e fault labels and
sizes of seven signals are shown in Table 2.

Figure 9(a) illustrates the gathered first half-second
acceleration time histories associated with the seven states
of axle box bearing. As we can see from the graph, the seven
states cannot be distinguished only by original waveforms.

In order to remove low-frequency noise and enhance the
periodic signals which contain fault information, the band-
pass filtering is performed on the original signals. According
to the document [19] and combined with our repeated
experimental experience, we select a 500 to 10 kHz band-
pass filter. .en, all filtered signals are subjected to the
envelope detector, and seven kinds of envelope signals are
obtained as shown in Figure 9(b). Since the Hilbert trans-
formation is used to demodulate the signal in the envelope
analysis, the amplitude unit of the envelope signal is di-
mensionless [20].

Compare the two figures shown in Figures 9(a) and 9(b),
we can find that, after band-pass filtering and envelope
analysis, the impact characteristics hidden in the signals
appear. However, it is still impossible to judge the states of
the bearings directly through these signals.

3.2. 1e Quantitative Diagnosis Method Based on ASD and
MFDFA. In order to reduce the randomness of operation,
we collected the data length of 3 minutes in each state and
divided each data set evenly into 20 segments. Since the
wheel speed is 45 r/min, the axle box bearing rotating
a revolution needs 1.333 (60/45) seconds and has 34125
(1.333 × 25600) points. .e length of total data is 4608000
(25600 × 60 × 3) points, and each segment has 230400

ASD

Mean
hq

p(
x)

f(
h q

)

Amplitude (x)

Time series

Probability density function (PDF) Multifractal spectrum

H
hqmin

hq0

MFDFA

Parameter estimation

Characteristic exponent
α γ

Scale factor

Figure 4: .e five characteristic parameters extracted by ASD and
MFDFA.
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(4608000/20) data points, so there are about 7 (230400/34125)
circles that can be rotated for bearing. According to our
experience, the fault information in each segment is enough
for further analysis.

.en, 10 segments in each state were randomly selected
for training samples and the remaining 10 segments as
validation samples. Hence, the total number of training and
validation samples is both 70, respectively.

Take ASD analysis and MFDFA analysis on the 70
training samples, the values of five fault characteristic pa-
rameters (α, c, H, hq0, and hqmin) are extracted as shown in
Table 3. After averaging, the probability density functions
(PDFs) and the multifractal spectrums of each state can be
gained, as shown in Figures 10 and 11, respectively.

From Figure 10, we can see the size, shape, and location
of PDFs of the seven signals are different, and also there are

clear distinction in parameter H. It illustrates that the seven
signals have different statistic characteristics. Similarly, from
Figure 11, we can see the size, shape, and location of
multifractal spectrums of seven signals are different, and also
there are clear distinction in parameters hq0 and hqmin. It
illustrates that the seven signals have different potential
dynamics mechanism and multifractal characteristics.

It can be seen from Table 3 that, in different states, the
values of the five parameters for each state are inequable. It is
worth noting that the four fault characteristic parameters α,
H, hq0, and hqmin have the same regularity which can be
applied to discern whether there is a fault in the axle box
bearing (failure < normal) and also to depict the fault degree
under the same fault location (serious faults < slight faults).
It is also important to note that the value of c can be applied
to discern whether there is a fault in the axle box bearing

Speed sensor

Axle box bearing

Accelerometer

Data acquisition

Data analysis

Original signal

Signal acquisition

Bandpass filter

Envelope analysis

Feature extraction

Signal processing

Fault diagnosis

PSO-LSSVM model

Fault classification results

Scale factor
Characteristic exponent

The peak value of PDF
ASD

α
γ
H

hqmin

Singularity exponent of the pole
Minimum singularity exponent

hq0MFDFA

Figure 5: .e process of fault diagnosis for axle box bearings.
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(failure > normal) and also to depict the fault degree under
the same fault location (serious faults > slight faults).

In order to show the stability and sensitivity for fault
quantitative expression of these parameters more clearly, the
data of each column in Table 3 graphically expressed are
shown in Figures 12(a)–12(e).

Figures 12(a) and 12(d) demonstrate that the values of α
and hq0 do not change significantly whichmay indicate that the
two parameters can be stably determined from each divided
sample data set for all considered bearing states. However, in
Figures 12(b), 12(c), and 12(e), the parameter fluctuations of
some states are relatively large, especially for the serious
outer-race fault states in Figure 12(b) and normal states in
Figures 12(c) and 12(e), which may indicate that the sta-
bility of parameters c, H, and hqmin is relatively poor
compared with that of the other two parameters. Regarding

the parameter sensitivity, significant value differences can
be seen between each other for all state curves in all Figures
12(a)–12(e), and such value differences are enough to dis-
tinguish the seven states, which indicates the sensitivity of all
the five fault characteristic parameters (α, c,H, hq0, and hqmin)
are significant in every state.

.e above analysis proves that the five characteristic
parameters (α, c,H, hq0, and hqmin) selected in this paper can
quantitatively reflect the fault degree of the axle box bear-
ings. If these parameters are combined with an appropriate
classification method, the intelligent diagnosis of the axle
box bearings on UWL may be realized.

.erefore, we put the 5D fault characteristic parameters
(α, c, H, hq0, hqmin) � [(α1, c1, H1, hq01, hqmin1), (α2, c2, H2,
hq02, hqmin2), . . ., (α10, c10, H10, hq010, hqmin10)] obtained in
Table 3 into the PSO-LSSVM model for training. .e

Vibration signals of axle box bearings in each
status (S1, S2, S3, ...Sn)

Bandpass filter and envelope analysis

Extract five feature parameters (α, γ, H, hq0, hqmin)

Parameter optimization of LSSVM based on PSO

Optimum parameters (λ, δ) of LSSVM

PSO-LSSVM model

Set the initial parameters

Compute the fitness of particles

Find the local best and global best

Update particle’s position and position
increment vector

Meet the end
condition?

Get the optimized parameters of LSSVM

No

Yes

Figure 6: .e detailed process of building the PSO-LSSVM model.

(a)

Wheelset

Axle box bearing

Clamping device

Accelerometer

(b)

Supporting device

Driving friction wheel

Profiling device

Track system

Frame

Figure 7: Experimental setup. (a) UGL-type underfloor wheelset lathe; (b) the installation location of the acceleration sensor.

Table 1: Geometrical parameters of the bearings.

Axle box
bearing

Outside diameter
(mm)

Inside diameter
(mm)

Pitch diameter
(mm)

.ickness
(mm)

Ball diameter
(mm)

Ball thickness
(mm)

NJ(P)3226X1 250 130 190 80 32 52
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(a) (b) (c)

(e)(d) (f) (g)

Figure 8: Artificial faults on the components of the axle box bearing: (a) normal; (b) slight outer-race faults; (c) serious outer-race faults;
(d) slight inner-race faults; (e) serious inner-race faults; (f ) slight ball faults; (g) serious ball faults.

Table 2: .e detail descriptions of seven vibration acceleration signals.

Label Running state Fault width (mm) Speed (r/min) Sampling frequency (kHZ) Load (kN)
S1 Normal 0 45 25.6 80
S2 Slight inner-race faults 5 45 25.6 80
S3 Serious inner-race faults 10 45 25.6 80
S4 Slight outer-race faults 5 45 25.6 80
S5 Serious outer-race faults 10 45 25.6 80
S6 Slight ball faults 5 45 25.6 80
S7 Serious ball faults 10 45 25.6 80
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primary parameters of PSO are shown in Table 4. After
iterated operation, we got the optimal parameters for
LSSVM: σ � 0.0973 and λ � 4.1701.

Meanwhile, we used the remaining ten segments data as
the validation samples to extract the five fault characteristic
parameters (α, c, H, hq0, hqmin)′ � [(α11, c11, H11, hq011,
hqmin11), (α12, c12, H12, hq012, hqmin12), . . ., (α20, c20, H20,
hq020, hqmin20)] and lastly put it into the PSO-LSSVM model
which had been trained well to classify. In order to reduce
the amount of calculation, we chose the coding method of

Table 3: .e detailed descriptions of seven vibration acceleration
signals.

Operational status α γ H hq0 hqmin

Normal (S1)

1.8993 0.0096 29.4120 1.8457 1.4556
1.9067 0.0087 29.0582 1.8591 1.5075
1.9151 0.0089 30.4335 1.8383 1.4541
1.9094 0.0092 30.9254 1.8247 1.5057
1.9195 0.0088 30.0025 1.8480 1.4841
1.9034 0.0095 29.6416 1.8510 1.4693
1.9052 0.0095 29.7845 1.8449 1.4516
1.9132 0.0094 30.0323 1.8395 1.4932
1.9077 0.0093 30.3889 1.8541 1.5014
1.9023 0.0090 31.1737 1.8451 1.4525

Slight inner-race
faults (S2)

1.3320 0.0107 26.1155 1.7160 1.0720
1.3154 0.0102 25.5469 1.7137 1.0633
1.3296 0.0101 25.8140 1.7135 1.0638
1.3230 0.0112 26.1135 1.7087 1.0595
1.3287 0.0109 26.1692 1.7065 1.0607
1.3292 0.0104 25.9836 1.7066 1.0590
1.3172 0.0104 27.0754 1.7176 1.0719
1.3133 0.0109 26.2662 1.7060 1.0611
1.3212 0.0111 26.0422 1.7197 1.0644
1.3164 0.0115 26.3823 1.7269 1.0789

Serious inner-race faults
(S3)

0.7018 0.0151 19.4513 1.6388 0.9678
0.6925 0.0144 18.1511 1.6445 0.9641
0.6956 0.0149 18.9960 1.6459 0.9738
0.7049 0.0152 18.8235 1.6483 0.9577
0.6841 0.0146 19.9549 1.6394 0.9867
0.6898 0.0144 19.9818 1.6560 0.9787
0.6985 0.0152 20.1924 1.6455 0.9669
0.6819 0.0153 19.1857 1.6498 0.9629
0.6900 0.0150 19.8159 1.6552 0.9838
0.6961 0.0156 19.4017 1.6496 0.9741

Slight outer-race
faults (S4)

1.5162 0.0158 17.6917 1.5515 1.2857
1.5307 0.0158 17.7755 1.5296 1.2828
1.5223 0.0164 17.7314 1.5451 1.3100
1.5254 0.0158 17.7576 1.5231 1.3149
1.5047 0.0159 17.7512 1.5361 1.2986
1.5282 0.0161 17.5879 1.5306 1.2912
1.5093 0.0158 17.8053 1.5216 1.2982
1.5190 0.0159 17.7555 1.5507 1.3040
1.5242 0.0161 17.6028 1.5440 1.3017
1.5221 0.0162 17.5019 1.5411 1.2853

Serious outer-race faults
(S5)

1.4205 0.0188 15.1236 1.4037 1.1938
1.4250 0.0186 15.2996 1.3930 1.2019
1.4322 0.0181 15.0908 1.3960 1.2091
1.4158 0.0186 15.1885 1.3908 1.1998
1.4307 0.0187 15.1936 1.3810 1.2067
1.4247 0.0185 15.3594 1.3926 1.2138
1.4193 0.0177 16.1091 1.3934 1.1992
1.4096 0.0193 15.7148 1.3824 1.2013
1.4166 0.0193 15.7449 1.3909 1.2060
1.4202 0.0191 15.8696 1.3758 1.1869

Slight ball faults (S6)

1.5929 0.0121 23.1508 1.6817 1.3872
1.6082 0.0119 23.4960 1.6839 1.3865
1.6002 0.0121 23.2410 1.6746 1.3822
1.5919 0.0119 23.6557 1.6863 1.3884
1.5844 0.0123 22.9531 1.6848 1.3910
1.5880 0.0120 23.4184 1.6831 1.3833
1.5999 0.0121 23.1717 1.6728 1.3847
1.5890 0.0117 24.0167 1.6733 1.3857
1.6057 0.0120 23.3415 1.6825 1.3832
1.5960 0.0123 22.8547 1.6835 1.3765

Table 3: Continued.

Operational status α c H hq0 hqmin

Serious ball faults (S7)

1.3643 0.0203 12.7830 1.4739 1.2476
1.3555 0.0199 12.9226 1.4870 1.2584
1.3634 0.0203 13.3643 1.4676 1.2451
1.3552 0.0210 13.2624 1.4715 1.2599
1.3583 0.0197 13.4797 1.4755 1.2608
1.3419 0.0199 14.0001 1.4803 1.2462
1.3540 0.0205 13.6946 1.4822 1.2461
1.3492 0.0211 13.3486 1.4821 1.2570
1.3509 0.0207 13.5415 1.4813 1.2592
1.3679 0.0215 13.1382 1.4982 1.2529
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minimum output coding and adopt three classifiers to meet
the requirement of diagnosis.

In order to investigate the advantages of the proposed
method, we also built the PSO-LSSVM model based on the
3D ASD characteristic parameters (α, c, and H) and the 2D
MFDFA characteristic parameters (hq0 and hqmin), re-
spectively. After decoding, the classification results with
three methods are shown in Figures 13–15.
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Figure 12: .e stability and sensitivity of the five fault characteristic parameters of seven signals. (a) α. (b) c. (c) H. (d) hq0. (e) hqmin.

Table 4: .e primary parameters of PSO.

Parameter Value
Primary position and its increment vector Generate randomly
Population size 40
Maximum iteration number 200
Accelerating coefficients c1 and c2 2
Optimal range of λ and σ 0.01–100
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It can be seen from Figures 13–15, under the condition of
training samples and validation samples are both 70, all the
above three methods can distinguish the states of the vali-
dation samples, though their diagnostic accuracies are dif-
ferent. .is once again shows that the five parameters (α, c,
H, hq0, and hqmin) can be used as the fault characteristics to

distinguish different fault locations and fault degrees of axle
box bearings on UWL.

Regarding the generalization ability, we can see from
Figure 13 that the method that combined five parameters (α,
c, H, hq0, and hqmin) with the PSO-LSSVM model has only
one mistake; that is, a sample originally belonged to S4 but
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Figure 13: Classification results of the PSO-LSSVM model based on ASD and MFDFA parameters.
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was classified under S3 (see the green arrow), and the di-
agnostic accuracy is 98.6%. Figure 14 shows that the method
that combined only three ASD parameters (α, c, andH) with
the PSO-LSSVM model has five green arrows which in-
dicates that there are five mistakes: a sample in S2 is assigned
to S7, a sample in S3 is assigned to S4, two samples in S4 are
assigned to S3, and a sample in S6 is assigned to S2, and the
diagnostic accuracy is 92.9%. Similarly, it also can be seen
from Figure 15 that the method that combined only two
MFDFA parameters (hq0 and hqmin) with the PSO-LSSVM
model has six mistakes, and the diagnostic accuracy is 91.4%.

So, the PSO-LSSVM model based on five parameters (α,
c, H, hq0, and hqmin) which is proposed in this paper has the
highest diagnostic accuracy. It demonstrated that the
combination of the characteristic parameters extracted by
ASD and MFDFA can improve their effectiveness and en-
hance the recognition ability of the classifier; hence, the
diagnosis accuracy of axle box bearings on UWL can be
improved.

4. Conclusions and Future Works

Based on the study, the following conclusions can be drawn:

(1) .rough the fault setting experiments, it is proved
that the idea of integrating the fault diagnosis system
of axle box bearings based on vibration monitoring
with UWL is feasible and practically applicable.

(2) .e method that combined the five ASD and
MFDFA parameters (α, c,H, hq0, and hqmin) with the
PSO-LSSVM model can effectively distinguish the
seven signals with different fault locations and fault
degrees of axle box bearings on UWL, and its di-
agnostic accuracy is higher than the single method of
ASD or MFDFA.

.ere may be some achievable directions for next works.
Firstly, this study has classified the states of axle box bearings
into only seven classes under the circumstance of small
samples, and thus more samples should be supplemented
with various health states to further test its capability for
multiclassifications. .en, the accelerated fatigue life tests of
axle box bearings may be implemented to obtain the ac-
celeration signals of all phases (normal, fatigue, and failure)
of the bearings’ life cycle so as to form the failure feature
sequences and set the failure thresholds of the bearings,
which could be combined with the grey model, the support
vector machine, or the random filter to predict the residual
lives of the bearings.

Secondly, the faults in this study were generated artifi-
cially which contains only a single fault in a bearing.
However, axle box bearings often have faults at different
locations at the same time in practice, which is called
compound faults. To further enhance the engineering ap-
plication value of the proposed method, enough samples
with compound faults of axle box bearings should be sup-
plemented to validate its effectiveness. On the basis of signal
denoising, the different features of compound faults may be
separated by the signal decomposition methods (such as
wavelet transform, empirical mode decomposition, or their

improved methods) combined with the blind source sepa-
ration method (such as independent component analysis).
.en, the signals after separation could be fed to the pro-
posed method in this paper to realize the diagnosis of
compound faults.

Data Availability

.e vibration acceleration data of axle box bearing used to
support the findings of this study are obtained by our own
experiments. In order to obtain these data which contain
different fault locations and fault degrees of axle box
bearings, our two units (Xihua University and Southwest
Jiaotong University) experienced the process of connecting
manufacturers (Hefei Rolling Stock Depot of Shanghai
Railway Administration and Jining mould company in
Shandong Province), purchasing bearings, setting up faults,
upgrading test rig, hiring testers, bench test, and so on.
Especially in the bench test, because the manufacturers have
their own production and maintenance tasks, we can only
take experiments in spare time. Moreover, the dismantling,
replacement, cleaning, marking, and other work of axle box
bearing must comply with the manufacturer’s working
time flow, so the whole test took more than half a year, and
we had spent a lot of time, money, and labor. .erefore, the
data in this paper cannot be open to the public free of
charge. If there is any need, contact the corresponding
author via e-mail. If our two units (Xihua University and
Southwest Jiaotong University) are licensed, these data can
be provided.
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/e work focuses on the structural design and performances of a unique optical test system (OTS) used for measuring metre-scale
optical surfaces./e investigation was carried out through a modal analysis. Two sets of results are presented. Both modal analysis
of the entire OTS and transmissibility function related to its use as an optical system are carried out and analysed./e OTS is used
for the measurements of the form accuracy at nanometre level of metre-scale concave surfaces. /e OTS is a four and half-metre-
tall mechanical structure made of bolted aluminium profiles, two structural platens, two dedicated precision positioning supports,
a test piece, and a state-of-the-art laser interferometer. /e OTS was numerically modelled and fully instrumented with triaxial
accelerometers. /e results of the modal analysis highlight the natural modes of the entire OTS. Both numerical and experimental
methods are designed. /e investigation methods are iterative. Indeed, a preliminary numerical model is created using finite
element analysis (FEA). FEA results enable the determination of the dynamic range and suitable locations of accelerometers that
are mounted onto the OTS for the experimental validation of the FEA model and further to carry out the transmissibility study.
Natural frequencies, damping ratios, and mode shape values are obtained and scrutinized. /ese results are used for refining the
FEA model. In fact, the lack of symmetry and the use of feet are identified as the key design feature that affects the OTS. /e
correlation between experimental and numerical results is within five percent for the first four modes. /e results of the
transmissibility study highlight the specific natural modes that influence the OTS measurement capability. Overall, the study
enables to guide engineers and researchers towards a robust design using a validated and methodical approach.

1. Introduction

Among the various uncertainties that affect high-precision
form measurements, vibrations can easily be the one with the
most damaging effects. Typically, vibrations are considered
when designing measurement systems and ultraprecision
pieces of equipment. /is issue has led the engineering
community to define serviceability curves for the design of
laboratory systems and equipment. /ey are referred as
general vibration criteria [1]./emain issue with vibrations is
that even a very low amplitude may be amplified and con-
sequently degrade system performances. Besides common
vibration sources such as other machinery operated in the

nearby environment and background noise, the major con-
cern is due to vibrations induced by human activities such as
walking [2]. /e typical frequency range to be monitored in
laboratories and research facilities ranges between 1Hz and
100Hz [3].

In this paper, an optical test system (OTS) designed,
fabricated, and characterised within the Precision Engi-
neering Institute at Cranfield University was investigated to
secure measurement repeatability and precision at nano-
metre level. /e OTS was installed in a moderately chal-
lenging environment due to the remote location of the
University. However, the environment was known to be
affected by vibrations that arisen from services, machineries,
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employee walks, and automobile circulation. /e OTS was
designed to be used for measurements of the form accuracy
at nanometre level of metre-scale concave spherical surfaces.
/e radius of curvature of the test piece imposed a three-
metre distance between the test piece and interferometer.
/e measurement technique used for this OTS is based on
laser interferometry. /is instrument provided a ∼500 um
spatial resolution of the measured topography. Other
methods such as deflectometry [4, 5], Hartman test [6], or
Sagnac interferometer [7] are available for large surfaces but
they do not provide the same benefits. Whatever, all the
optical measurement techniques are affected by both ther-
mal and structural performances of the test system. /is
work focuses on the modal aspects of the authors’ OTS.

Vibrations are transmitted to the OTS through either
supports or acoustic pressure waves. /e excitement of the
natural frequencies of the OTS potentially deteriorates the
measurement capability. /e authors propose to use opera-
tional and experimental modal analysis [8] to estimate modal
parameters from vibration data and using system identifi-
cation theory applied on linear time-invariant system.

A preliminary numerical model (Section 2.2) was created
using the finite element (FE) method. /e FE results enabled
the determination of the dynamic range and suitable locations
of accelerometers that were mounted onto the OTS (Section
3.2) for the experimental validation and furthermore for
carrying out the transmissibility study (Section 3.4).

/e present study aims to assess, predict, and investigate
the performance of this unique system within the framework
of the optical measurements for providing a reference
benchmark study.

2. The Optical Test System

2.1. )e Description of the Optical Test System. /e optical
test system (OTS) under investigation was a unique system
designed for the measurements of metre-scale specular
surfaces. /e OTS enabled the measurements of 3-metre
spherical forms at nanometre level accuracy, using the laser
interferometric technique. /e OTS was also used for per-
forming a variety of spectral analyses onto the topography
obtained./e OTS design allowed to carry out both accurate
and fast measurements. /e OTS benefited of a low-cost
mechanical design and a relatively small footprint in the
laboratory. Another benefit was that it could potentially be
adapted to a larger variety of test pieces.

/eOTSwas four and a halfmetres tall./emain structure
was constituted by bolted aluminium extruded profiles. /e
profile square sections were 80mm by 80mm. /e OTS
supported a laser interferometer located at the top, a test piece,
and a positioning support located at the bottom. /ese two
distinct elements were mounted onto two aluminium platens
that served different purposes. Indeed, the platens both ensured
the structural integrity and enabled the precise positioning of
the functional elements (Figure 1). Also, the OTS aluminium
structure was supported by five insulating and levelling feet.

/e upper platen of the OTS was equipped with a high-
performance interferometer (ZYGO DynaFiz™) [9, 10]. /e
chosen interferometer technology led to a less demanding

management of air turbulences [11, 12] because acquisi-
tion time was 12 microsecond and the data set obtained
through a high number of acquisitions could bemathematically
processed to remove the wavefront aberration due to struc-
tured and random air motions. On the other hand, the in-
terferometer was significantly heavier compared to other
instruments that also utilise interferometric techniques. Finally,
the interferometer was held in a vertical manner by a specially
designed support that was itself clamped onto the upper platen.

/e lower platen supported both the test piece and its
bespoke positioning support. /e support allowed the fine
positioning of the test piece surface through the adjustment
of five degrees of freedom (three translations and two ro-
tations). /e test piece was placed on top of a 5mm thick
PVC open cell foam [13, 14] that enabled the surface-contact
load to be uniformly distributed between the test piece and
positioning support. After the foam had settled, the test piece
was accurately positioned in the horizontal plan using two
manual translation stages. Finally, three precision screws
were used for the tip tilt adjustment. All these elements were
critical and necessary from a functional viewpoint.

2.2. )e Numerical Modelling of the OTS. A finite element
(FE) model of the OTS was created using ANSYS (version
16.2). /e block Lanczos algorithm was used for solving
the eigenvalue system [15]. Also, the software package was used
for the interpretation of the vibrational modes of the experi-
mental modal analysis (i.e., model-based decision process [16]).
In order to numerically model the OTS, one assumption was
made, and initial conditions were set. Hereafter, both the
detailed explanations and modelling approach are detailed.

First, the OTS was assumed to have linear behaviour.
/at assumption was justified because the amplitudes of the

Interferometer

Upper platen

Test piece

Positioning support

Lower platen

Translation stages

3.5 m

Figure 1: /e OTS in the Precision Engineering Institute
laboratory.
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vibrations were small. Indeed, the main source of excitations
was the background noise of the University laboratory.

Second, the aluminium profiles of the mechanical
structure were modelled by means of unidimensional beams.
Element BEAM188 available in ANSYS library was used./e
beams were meshed with an average element size of 40mm
that was determined through a mesh independency study
not detailed in this paper. Whatever, Figure 2(a) shows the
complete FE model. /emodel was composed of 2918 nodes
and 2873 elements. Figure 2(b) shows the CAD model done
using Siemens NX software.

/ird, the bolted connections that constrained com-
pletely the motion of the parts were modelled using a rigid
joint approach.

/e upper and lower aluminium platens of the OTS were
modelled using element SHELL181. /e weight of each
platen was implemented through this element too. Each
platen weighted 32 kg.

Fourth, in the upper section of the OTS, the total mass of
both the interferometer and the interferometer support
structure (ISS) weighted 70 kg. /e interferometer was
modelled using lumped mass element named MASS21. /e
mass element was positioned using the centre of gravity
(CoG) of the interferometer. On the other hand, the ISS was
modelled using the BEAM188 elements. /e ISS was made of
twomaterials./e horizontal and the vertical parts weremade
of stainless steel and aluminium, respectively. /e command
CERIG was used for generating constrain equations also
named rigid links (RL). /e RLs were used between the se-
lected six nodes of the ISS and the lump mass element
(i.e., CoG of the interferometer). In addition, RLs were used
for securing the transmission of inertia forces between the ISS
and the upper platen. /e numerical approach enabled the
modelling of the mass asymmetry. Figure 3 shows the
complete FE model of the OTS upper section.

Fifth, the lower platen held both the test piece support
that weighted 16.6 kg and the test piece that weighted
15.6 kg. /e test piece was made of ULE glass [17], and the
dimensions were 420mm × 420mm × 40mm. Figure 4(a)
shows the complete FE model of the OTS lower section.
Figure 4(b) shows the CAD model. It is clear that a high
degree of simplification was implemented.

Sixth, the feet of the OTS were modelled using numerical
artefacts equivalent to a set of three orthogonal linear springs.
Element type COMBIN14 was chosen [15]. /e OTS was
supported by five antivibration polyamide feet that were
bolted through the lower horizontal aluminium profiles
(Figure 5). In practice, three feet were used as the main ki-
nematic mount [18]. /is design feature ensured the stability
and the vertical adjustment of the OTS. /e additional two
feet were used for safety purposes and avoiding any rocking
motions. In the FE model, all feet have the same numerical
constrain. Figure 5 illustrates the modelled feet.

3. Experimental Modal Analysis

3.1. OTS Instrumentation. /e equipment used for carrying
out the experimental investigation and validate the FEmodel
described in Section 2.2 is detailed hereafter. A LMS

SCADAS III was used for multichannel dynamic data ac-
quisition. It was used with both a set of four triaxial ac-
celerometers (ICP® PCB Piezotronics models 2x 356A25
and 2x 356A25) and an impulse force test hammer (ICP®PCI Piezotronics model 086D20) using the super-soft tip in
order to excite frequencies in the range 0–500Hz. /e
system identification software used was LMS test lab.

/e OTS structure was tested using the techniques of
experimental and operational modal analysis (EMA and
OMA, respectively) presented in [8, 19]. /e next paragraph
provides further details. /e main difference between the
two techniques is that in EMA, the input is directly measured
whilst in OMA, only some assumptions about it can be done
(e.g., input is white Gaussian noise [20]). OMA was firstly
introduced in the area of civil engineering modal testing [8],
where the input excitation to a structure is difficult or
impractical to measure [21, 22].

For what concerns the experimental investigation,
a complete inspection of the structure was conducted to ensure
that all the two hundred screws were tightly screwed in up to
the recommended torque. Also, the five feet were checked to
ensure that they carried out adequate loading. /is task se-
cured an optimal and standardized experimental conditions.

/e experimental tests were designed taking into account
the first set of results of the FE model. Based on these pre-
liminary results, it was possible to determine the sensor lo-
cations, the excitation locations, and the frequency bandwidth.

For what concerned the sensor locations procedure,
a heuristic approach was chosen. Indeed, due to the relative
simple mechanical design of the OTS, a coarse strategy was
assessed to be sufficient [23] by the authors. /us, the upper
platen was chosen as the main excitation location./e platen
was struck with the impulse test hammer. Two orthogonal
directions were chosen. Directions X and Y and excitation
locations are shown in Figure 6.

In total, 24 sensor locations were determined and used.
/e 24 locations provided 72 responses as triaxial acceler-
ometers were used. /e sensors were mainly mounted onto
the four vertical aluminium extruded profiles along the dif-
ferent levels of the OTS (Figure 6 green dots). LMS Test.Lab
software was used for signal acquisition and for system
identification. /e geometry of the OTS was defined within
the acquisition software. Figure 6 shows the conceptual
structure, excitation locations, and the locations of the sensors.

/e entire OTS structure was investigated by changing
the position of the sensors after each data acquisition
(Figure 7). In practice, one sensor was set at a fixed position,
and the other sensors were moved to fresh locations. /e
data of five impacts were averaged for each configuration.

All the acquisitions were made at a sampling frequency
of the ADC of 360Hz. /e sampling was above the required
Nyquist frequency for the frequency range in study up to
100Hz. For this sampling frequency, the acquisition system
used provided a minimum resolution of 0.15Hz.

3.2. System Identification and Test Results. /e system
identification procedure was carried out after data cleaning,
preprocessing and detrending using the default parameters
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of LMS Test.Lab (i.e., mean removal and low-pass filter at
200Hz). /e system identification of the modal parameters
was carried out using PolyMAX software that solved the
problem through a polyreference least-squares complex
frequency (LSCF) domain method [24]. /e LSCF based
method allowed the extraction of natural frequencies,
damping, and modal shapes. /e method enabled the

estimation of aforementioned values, where a common-
denominator transfer function model was estimated with
very small computational effort. /is type of algorithm was
used for obtaining a clear stabilisation chart (Figure 8). In
the LSCF version of the algorithm, only eigenfrequencies
and damping related to the pole information of the model
can be extracted. /us, the main drawback of this method is

Y Z X

(a)

A

(b)

Figure 2: FEA model of the OTS (a) and CAD model (b).

M0

Mass element
(positioned at the COG)

Rigid links

Upper platen

Interferometer
support structure

Figure 3: Upper platen and the interferometer support structure (ISS). In pink, rigid links can be seen.
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that participation factors or modal shapes cannot be directly
estimated. PolyMAX, which is a polyreference version of the
LSCF method, resorts to a right matrix-fraction model. In
this study, also the participation factors are available in the
construction of the stabilisation diagram. It has also better
performance in decoupling closely spaced modes.

/e main step of the identification process with LMS
Test.Lab is the stabilisation chart for the bandwidth between
0 and 100Hz and for a model order in the range 75–100./is
chart is obtained when applying the LSCF method on the
experimentally gathered information as a FRF function
(Figure 8).

Only the clearly identified modes were selected in the
40–50Hz bandwidth. /e choice was also supported by the
results of the numerical modal analysis. In fact, in this
frequency range, the FE model helped to understand that
many local bending modes of the various truss elements
were grouped. Since local bending modes are not relevant
to the measurements of the OTS, they were not used further
in the analysis. From the point of view of experimental
modal analysis (EMA), local vibrational modes (LVM)

Translation stages

Test piece
PVC foam

Positioning
support

Precision screw
(kinematic mount)

Y

Z
X

Figure 4: FEA model of the lower platen model (a) and CAD model (b).

Figure 5: Levelling foot that supported the OTS. Superimposed, its
modelling approach (three linear springs).

Excitation locations

X direction

Y direction

Conceptual structure

Sensor locations

Figure 6: Excitation locations (green dots) and impact directions
(red arrows) on the LMS Test.Lab geometry definition.

Impulse hammer

Accelerometers

Acquisition
system

Data processing
software

Figure 7: Experimental setup with equipment identified.
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were less important because of the three reasons mentioned
hereafter:

(1) LVM involved small fraction of mass in their vi-
bration (thus the “local” name)

(2) LVM did not interfere with the global behaviour of
the structure

(3) LVM did not strongly affect the quality of the
measurements unless any global modes were coupled
in the same area

/e modal assurance criterion (MAC) was used as
a quality assessment tool to check that the modes selected
were independent and well defined. MAC is an indicator
originally introduced to determine the quality of the ex-
perimental modal vectors [25]. It is a widely-accepted cri-
terion for comparing modal shapes. /e function of the
MAC is to provide the correlation (not the orthogonality)
between two different modal shapes and is comprised be-
tween 0 and 1.

At this point, the experimental modal parameters
(i.e., frequencies, damping, and mode shapes) were ob-
tained. /e graphical visualization and the MAC criterion
assisted in the pairing between the FE model and the EMA
and also in the identification of discrepancy sources between
the model and the real structure. For instance, mode 11
revealed an anomaly in the FE model with respect to the
experimental results. /is mode, identified at a frequency of
70.55Hz, exhibited a deformation of the square storeys of
the OTS. /e modal shape is shown in Figure 9. Moreover,
this mode showed a large amplitude on the average response
function of the stabilisation diagram (Figure 8). /is mode
did not appear in the results of the FE model mainly because
the internal joints of the structure square storeys were as-
sumed infinitely rigid.

3.3. FE Model Updating and Matching. In order to validate
the FE model, a comparison with the experimental results
has been performed using the MAC between experimental

and numerical mode shapes. /e MAC values of the un-
calibrated model are listed in Table 1.

A model updating strategy was defined using an ad hoc
MATLAB routine and a genetic algorithm minimising the
penalty function:

ε(p) � 
m

i�1
αi

ωEMA,i −ωFEM,i

ωEMA,i




+ βi 1−MACi(  . (1)

/e penalty function is defined as the normalised dif-
ference between the experimental and numerical eigenvalues
(ωEMA,i and ωFEM,i, respectively) and one minus the MAC
value for the paired mode i. /e vector p defines the de-
pendency of the penalty function to the updating parameters
(typically material properties in the FE model). /e penalty
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Figure 8: Stabilisation diagram for PolyMAX method (polyreference LSCF). Poles identified with an “S” represents a stabilisation in
frequency, damping, and eigenvector. /e blue solid line as the averaged sum of FRFs.

Square
storey

Figure 9: Mode shape at 70.6Hz, mode 11 of the measured set
(note: angular distortion of the square storeys of the OTS).
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function (1) is generically used to update a FE model by
using the diagonal values of the MAC matrix, computed
between the experimental and numerical mode shapes. In
this case, it has been chosen to consider also off-diagonal
positions, in the case some modes are off-diagonal (wrong
order in the FE model with respect to the experiments) or
missing (local bending modes of the trusses are not iden-
tified via EMA, thus several local modes in the FE model
have no correspondence in the experimental results). /e
modal pairing (or correlation) can be done accordingly to
different methodologies (see Allemang [25] for a review). In
this paper, it has been done using the same penalty function
evaluated for each combination of modes and then paired
using the minimum of each row in the experimental results.
/is procedure has several advantages: it is robust, it does
not penalise excessively the updating procedures when
modes are swapped but close in frequency, it is automatic
(no need for manual pairing of modes), and it considers
frequencies and not only mode shapes for pairing—opposite
to a full MAC pairing procedure. A first graphical pairing
between EMA and FE model is shown in Figure 10.

In the second step, the FE and experimental results were
correlated resorting to the frequency and the mode shape
assessments. At higher frequencies, the mode shapes were
more complex and a direct graphical pairing was not pos-
sible. Whatever, it was acceptable to pair the modes in terms
of frequency.

/e error on the frequency and MAC values is shown in
Table 1./is method guarantees the correct mode pairing up
to the tenth mode and provides a quantitative evaluation of
the performance of the models.

/e model updating procedure has been carried out
minimising the penalty function via a genetic algorithm
(using the MATLAB optimisation toolbox) with an initial
population size of 1000 samples and 30 iterations. /e FE
model has been interfaced directly with MATLAB to run the
optimisation procedure sequentially, and the penalty function
has been computed using the first 10 modes. It has been
chosen to optimise the model resorting to 7 parameters.

/e results of the model updating procedure are
shown in Table 1. It is possible to notice how the frequency
error reduces significantly. Before updating, 4 modes
significantly differed in terms of frequency: mode 5, 8, 9,
and mode 10. For what concerns MAC value, only one

mode (number 9) was having a very low MAC, which
meant that the first version (manually updated and re-
fined) of the FE model was already a relatively good
approximation of the structure. After the model updating
procedure, frequency error decreased significantly, for 6
of the modes. In the case of mode 8 and 10, the updating
did not lead to a significant improvement in frequency
and MAC terms. In all other cases, the updating decreased
either the frequency error or increased the MAC value.
Typically, the frequency error of a model updating pro-
cedure is below 10% [26–28]. In this case, this is true for
the first 7 modes of the structure. Consequently, the FE
model was considered as successfully calibrated after the
updating procedure.

3.4. Transmissibility Study. A transmissibility study was
conducted to identify the transfer of mechanical vibra-
tions throughout the structure in the operational condi-
tions e.g., regular measurement. In fact, the results
obtained through the modal analysis were not specific
enough to highlight which of the identified modes may
have adverse effects on the measurement capability of the
OTS. /erefore, an experimental study of the system
transmissibility was carried out.

Two points of interest were identified onto the OTS for
computing the transmissibility function. /e two points were
named A and B (Figure 11). Both the reference lenses of the
interferometer (Point B) and the test piece surface (Point A)
were the appropriate locations for mounting the two accel-
erometers. But in practice, the mounting of an upper ac-
celerometer onto the reference lens would have ruined the
reference lens. /en the upper accelerometer was mounted
onto themount of the reference lens as shown in Figure 12(b).
Whatever, the measurements were unlikely to be strongly
affected.

3.4.1. )eory of Transmissibility Function. /e motion
transmissibility function [29] is defined as the ratio T
that indicates the relative vibration levels between two
points (j, k):

Tjk(ω) �
Xj · eiωt

Xk · eiωt
. (2)

Table 1: Frequency and MAC discrepancies between the numerical and the experimental models before and after the model updating
procedure.

Mode n° EMA freq (Hz) FEM freq (Hz) FEMUPD freq (Hz) FEM error (%) FEMUPD error (%) MAC MACUPD

1 4.26 4.37 4.26 −2.51 0.00 0.99 0.98
2 6.18 6.42 6.36 −3.88 −2.91 0.99 0.97
3 22.52 22.05 22.52 2.09 0.00 0.94 0.94
4 28.50 30.07 30.01 −5.51 −5.30 0.47 0.47
5 32.49 38.18 33.42 −17.51 −2.86 0.47 0.51
6 43.91 46.08 44.95 −4.94 −2.37 0.56 0.55
7 55.01 57.15 51.82 −3.89 5.80 0.51 0.45
8 58.97 71.91 45.34 −21.94 23.11 0.46 0.42
9 67.90 83.34 64.78 −22.74 4.59 0.12 0.47
10 70.56 97.07 94.51 −37.57 −33.94 0.83 0.84
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Transmissibility T can be determined, as the ratio be-
tween two transfer functions H with a common excitation
point (i):

iTjk(ω) �
Hji(ω)

Hki(ω)
. (3)

Normally, transmissibility T depends on the excitation
point (i) or (q):

iTjk(ω)≠ qTjk(ω). (4)

Nevertheless, near the resonance frequencies ωr, the
ratio becomes independent of the excitation point:

iTjk(ω) �
Hji(ω)

Hki(ω)
�

r ϕjrϕir / ω2
r −ω2(  

r ϕkrϕir( / ω2
r −ω2( ( 

, (5)

iTjk(ω)ω⟶ωr
�
ϕjr

ϕkr
. (6)

/e motion transmissibility function is particularly
useful when investigating vibration isolation systems and
when the structure is lightly damped and that only onemode
dominates the response near resonance [30, 31]. /is is the
case for the global vibration modes of the OTS (i.e., no
coupled modes).

Mode 1: 4.26 HZ, 0.57%.
Discrepancy: 2.52%

Y Z X

(a)

Mode 2: 6.18 HZ, 0.55%.
Discrepancy: 3.89%

Y Z X

(b)

Mode 3: 22.52 HZ, 1.18%.
Discrepancy: 2.09%

Y ZX

(c)

Mode 4: 28.50 HZ, 0.73%.
Discrepancy: 5.50%

Y Z X

(d)

Figure 10: /e first 4 paired modes. Frequency, damping, and discrepancy between the model (a, c) and the experimental results (b, d).
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3.4.2. Experimental Setup. /e experimental setup for the
measurement of the transmissibility function was carried out
using two accelerometers. One accelerometer was positioned
on the centre of the test piece (Figure 12(a)) and the other
one was secured on the mount of the reference lens of the
interferometer (Figure 12(b)). /eir axes (X, Y, and Z) were
parallel between them to compute later the transmissibility
functions in the three different directions.

3.4.3. Results and Discussion. /e transmissibility function
in a structure as the one under investigation is independent
from the point of excitation (Equation (6)). Nevertheless, in
practice, slightly different transmissibility functions were
obtained when changing the excitation position. /is is very
much influenced by the test type, using IHT, where only
specific frequency bands can be excited depending on the
head type. /e transmissibility functions have been com-
puted using offline postprocessing of the data with auto-
power and crosspower as input. To reduce that variability,
the transmissibility function was computed by averaging the
results obtained through different excitation locations, but
using only parallel excitation directions. Figure 13 shows the

transmissibility ratios computed between the mount of the
reference lens (i.e., upper accelerometer) and the test piece
(i.e., lower accelerometer). /e ratios are expressed in dB,
with respect to the frequency bandwidth 0 up to 100Hz. /e
grey lines overlapped to the graph correspond to the mode
frequencies identified through the EMA.

Transmissibility starts at 0Hz in the X and Y direction
with a value close to 0 dB. /is is probably due to the type of
excitation used (impact hammer test) which is not reliable
for low frequencies and therefore transmissibility ratio tends
to 0 dB. More reliable values of the X and Y transmissibility
start near the first mode until a broad peak at 20Hz. /ese
two transmissibility functions were characteristic of the
motions measured in the horizontal plan (X-Y directions).
/is result highlights the presences and effects of the two
main dominating modes. /ese modes identified at 4.3 and
6.2Hz are the first two bending modes in the X and Y di-
rection, respectively. /ey caused a relative displacement of
the upper end of the OTS. /ey were characterised by larger
vibrational amplitudes of the upper part of the OTS. /e 1st
and 2nd bending modes are displayed in Figure 10 (top). /e
lower part of the tower was almost static, which explains the
high values on the transmissibility function on the test piece

Z

X

Y

Z

X

Y

Point B
(upper accelerometer)

Point A
(upper accelerometer)

Figure 11: OTS and the two sets of Cartesian coordinate systems used for computing transmissibility functions.

Y

X

Z

Accelerometers

Interferometer

Mount of the 
reference lens

(a) (b)

Figure 12: (a) /e accelerometer on the test piece centre. (b) /e accelerometer secured onto the mount of the reference lens.
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horizontal plane. /ese modes dominated the dynamic
response because they were the easiest modes to excite.

/e fourth mode, named torsional mode (Figure 10(d)),
enabled the highlighting of a potential effect of the structural
design on themeasurement. Indeed by 28.5Hz, bothX and Y
direction transmissibility functions increase again.

/e differences between X and Y directions could be
explained by the nonperfect positioning of the accelerom-
eters. Indeed, as mentioned in Section 3.4 paragraph 2, the
upper accelerometer was not positioned onto the main
optical axis of the test system. But more importantly, it must
be emphasised that the OTS structure is asymmetric. /e
effects are evident for mode 4, which is a torsional mode,
where one would expect similar values of the transmissibility
function. In any case, the effects of the interferometer
supporting structure affect the overall global torsional be-
haviour, having a local bending of the structure in the Y-
direction. /ese remarks and observations can be extrap-
olated on the other frequencies.

/e transmissibility function in the Z (vertical) direction
tends to increase for frequencies above 50Hz. No direct
explanations could be found. In any case, the mode shapes
for these high frequencies become more complex and not
easily distinguishable even with a relatively dense setup.

At this point, it is important to mention that the test
piece both was supported by a complex positioning support
(Figure 4(b)) and rested on polyvinyl chloride (PVC) open
cell foam. Also, the interferometer was secured on the upper
platen by the ISS (Figure 3) that was designed for providing
three degrees of freedom: two rotations and one translation.
/ese two dedicated supports introduce complexity in the
dynamic of the system. /erefore, a second transmissibility

function was computed between the upper and lower alu-
minium platens in order to be able to determine the
transmissibility “to” and “through” the lower plate and the
support system.

Figures 14 and 15 show the results obtained in X and Y
directions, respectively. Results enable a direct comparison
between the current and previous set of results. /e
transmissibility functions between interferometer and test
piece (green plot) show both lower amplitudes and a rela-
tively similar function shape. /e transmissibility function
shows the efficacy of the 5mm PVC foam that was posi-
tioned between the test piece and the aluminium plate. /e
PVC foam insulates the test piece from vibrations
throughout the whole bandwidth, except in the range 80–
100Hz.Whatever, the authors could not exclude the effect of
the ISS.

As a matter of comparison, the transmissibility functions
between the lower and upper platen computed with the
updated FE model are reported in Figures 16 and 17 for the X
and Y direction (in order to save space, the Z-direction, less
relevant, is omitted). It is possible to notice how the large
amplification area between 0 and 25Hz, in the range of 20 dB
is present in the model as well. /e transmissibility differs in
the central area (besides some peak shifting, due to the not
perfect tuning of the model), as several sharp peaks are
present, whilst in the experimental transmissibilities, every-
thing is smoothed. /is is certainly due to: the not optimal
excitation used for the computation of the transmissibilities
(impact hammer), the averaging procedure (the FE model
results are not averaged), and the experimental noise.

In the Z direction (Figure 18), the graph lines are less
similar. Below 60Hz, the transmissibility function of the
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Figure 13: Transmissibility ratios in X, Y, and Z directions between the accelerometer placed in the test piece and the one mounted on the
reference lens. /e ratios are averaged between different excitation locations.
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OTS remained below the transmissibility function of the
platens. /e amplitude increases above that frequency. /e
main hypothesis to explain the increase in amplitude is the
appearance of local modes in the ISS or in the test piece
support.

4. Conclusions

/is paper presented both the experimental and numerical
methods to determine the modal characteristics of a metre-
scale optical test system (OTS). A finite element model of the
OTS was created and a modal analysis was performed. On the

other hand, an experimental modal analysis was carried out.
/e correlation between the experimental and finite element
approaches was improved resorting to a model updating
procedure. A maximum 5% discrepancy on the natural fre-
quencies was achieved for a frequency range between 0 and
30Hz. /en, a transmissibility study was carried out between
the key optical components: the interferometer and the test
piece. /is transmissibility study highlighted the dynamic
response of the OTS and the effect it may have on its per-
formance. /e results revealed the effects of some particular
vibration modes on the measurement capability. It was de-
termined that the first two modes (4.26Hz and 6.18Hz) are
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Figure 14: Comparison of the two transmissibility functions in X direction.
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Figure 18: Comparison of the two transmissibility functions in Z direction.
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likely to present themost detrimental effects./e study set the
foundations for a further investigation on interferometer-
based measurement systems.

Acronyms

ADC: Analog-to-digital converter
CAD: Computer-aided design
EMA: Experimental modal analysis
FE: Finite element
FEA: Finite element analysis
ISS: Interferometer structure support
LSCF: Least-squares complex frequency
LVM: Local vibrational modes
MAC: Modal assurance criterion
OTS: Optical test system
PVC: Polyvinyl chloride
RL: Rigid link
ULE: Ultra-low expansion.
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In this study, energy transmission of the guided waves propagating in composite sandwich structures is investigated in a wide
range of frequencies using numerical simulations.&e effects of different potential defects on the guided wave energy transmission
are explored in such structures. Furthermore, the accuracy of homogenization methods for finite element modelling of guided
wave propagation in sandwich structures is studied with the aim of reducing the computational burden of the simulations in the
low range of frequencies. A 2D finite element model is developed and verified by comparing the results with the dispersion curves.
In order to examine homogenization methods, the homogenized stiffness matrices of the sandwich material and the laminate skin
are calculated using classical laminate theory. Results show that core-skin debonding causes absence of wave energy leakage from
the skin to the core material in that region in a specific range of frequencies. &e results are also obtained for the delamination
within the skin and compared with the healthy material. Finally, for the guided waves in the low range of frequencies, it is possible
to use the homogenization methods to create the finite element models and reduce the solution time.

1. Introduction

Composite sandwich structures are types of materials which
have a lightweight but thick core attached between two thin
but stiffer skins, often made of composite laminates. &ese
types of materials are extensively used in various applica-
tions due to their special characteristics such as high bending
stiffness, high strength, and excellent dynamic properties
together with low weight [1, 2].

One of the major challenges in using composite sand-
wich structures is that they are more likely to be subjected to
debonding and failure. &is is due to their large weak in-
terfaces between adjacent materials with very different
stiffness and strength properties [3]. An increase in the size
of the debonded region in composite sandwich materials can
lead to fatal failure in larger structures. &erefore, early
detection of the debonding using some nondestructive
testing (NDT) techniques can prevent catastrophic failures
and reduces the cost of maintenance. Due to the special
characteristics of the guided wave- (GW-) based inspection

techniques, they have been used for inspection of sandwich
structures.

An early study on the application of GW propagation to
defect detection in composite sandwich structures was
carried out by Bertoni and Park [4] in which the GW is
introduced as a potential tool for NDT of sandwich struc-
tures. In their study, an aluminium plate is bonded with
a semi-infinite honeycomb panel and the formal solution for
the GW is calculated. &eir calculation shows the leakage of
wave energy from the skin to the honeycomb. Also, they
realized in case of a sandwich plate, a honeycomb core, and
two skin plates, the wave energy radiated by the leaky waves
couples with the lower plate. Furthermore, the majority of
the studies show that, in a specific range of frequencies,
debonding between the laminate and the core material
causes an increase in the signal compared to the baseline.
&is is the range of frequencies in which Lamb waves
propagating in the top laminate skin shows leaky behaviour
meaning that it attenuates quickly because of loss of energy
to the core material. &ese studies are based on both
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numerical and experimental investigation, and attenuation
characteristics of the core material are accounted for [5–10].

It is also shown that, at frequencies lower than in the
abovementioned studies, debonding between the core ma-
terial and the skin of the sandwich structure causes creation
of reflected waves [11, 12]. Information regarding the se-
verity of a defect can be obtained by processing the reflected
and transmitted waves in the time or frequency domains
[13–16].

Further studies on the effects of defects on GW prop-
agation in sandwich structures can be performed using
numerical simulations. &e numerical models have been
mainly based on the finite element (FE) method, and
commercial codes are usually used to simulate the propa-
gation of the GW. Moreover, by transient simulation of GW
propagation, which can be done using the FE models, it is
possible to calculate the amplitude and consequently energy
transmission of the propagated waves. &e models are either
2D with plane strain approximation [5,17–19], or 3Dmodels
using shell or solid elements [6, 8, 10, 13, 20, 21]. In the 3D
FE models, the sandwich structures are modelled using two
plates with shell elements for the top and bottom layers
representing the laminate skin with a core which is modelled
by solid elements [6, 13, 22]. Modelling the foam or hon-
eycomb core layer using solid elements requires homoge-
nization assumptions. Studies show that assuming
a homogeneous isotropic material for the foam or honey-
comb core leads to reasonable accuracy for the fundamental
wave modes in the low range of frequencies [10, 23]. &e
simulations are mostly performed using explicit dynamic
procedures, and Abaqus is the commercial code which has
been widely used for these types of studies [5, 6, 8, 13, 20].

Most of the abovementioned studies shows different
behaviours of GW in different frequency ranges when they
interact with the defect. &is brings an emphasis on the need
of studying GW propagation problem in a wide range of
frequencies to observe the phenomena. Since amplification
of the signal in a defected structure comparing to the healthy
one is previously reported ([5, 12, 24]), the focus should be
on the change of the amplitude during the propagation and
interaction with defects. &is can be done by taking into
account the energy transmission of GW as a criterion.

FE modelling of any sandwich structure using the
mentioned methods requires considering special conver-
gence criteria which are functions of the excitation fre-
quency [25, 26]. &is makes the FE models computationally
heavy and in cases of large structures almost impossible to
solve. &erefore, the size of the models should be reduced in
terms of the number of elements. Homogenizing the
composite material into a single orthotropic layer reduces
the number of elements in the models.

In the current work, a study is performed based on a 2D
FE model. &e model is first verified by comparing the
results in the frequency-wavenumber domain with the
dispersion curves. Effects of debonding between the lami-
nate skin and the core material on GW are studied by further
computations in the range of frequency-thickness product
from 110 kHz-mm to 1100 kHz-mm. &e results are com-
pared with the results of a similar model in which

a delamination is placed between the plies of the top lam-
inate instead of a debonding between the laminate and core
material. Moreover, classical laminate theory (CLT) is used
to homogenize the sandwich composite structure, and the
possibility of using such models for GW propagation in the
very low range of frequencies is investigated. In the following
debonding between the core material and the laminate skin
is referred to as “debonding” and delamination in the
laminate skin is referred to as “delamination.”

2. Numerical Model

In this section, the FE model of wave propagation in
a composite sandwich plate is presented. ABAQUS with
explicit dynamic procedure is used to create the model and
perform simulations with the assumptions of linear elas-
ticity. Mass, stiffness of the material, and external force are
defined in the model. &e assumed material is a composite
sandwich plate with length 1.5m and total thickness 7.4mm.
&e sandwich plate consists of two laminate skins on top and
bottom of an isotropic light core. &e laminate skins have
four plies with the stacking sequence of [0/90]2 and 0.3mm
ply thickness. Table 1 shows the properties of the lamina and
the core material.

&e geometry of the model is a 2D rectangle, and it is
discretized using 2D elements with a plane strain assump-
tion (CPE4R).&e rectangle is divided into nine layers in the
thickness direction, of which the top four represent the top
laminate, the middle one is the isotropic core material, and
the bottom four are the bottom laminate. &e fibre orien-
tation angle is defined by switching the longitudinal and
transverse (x and y) properties of the 90° plies given in
Table 1. Using this method, it is possible to include 0 and 90°
fibre orientation angles to the proper plies. However, to
include other fibre orientation angles, a 3D model is needed.

To avoid the reflections from the ends of the geometry
disturbing the incident wave, so-called absorbing regions are
introduced at the two ends of the geometry. Absorbing layers
using the increasing damping (ALID) method is used to
damp the waves arriving to the regions. In this method, the
domain is extended with layers of the same material but
increasing damping factor [27]. &e Rayleigh damping
model is used according to

C � αM + βK, (1)

where C, M, and K are, respectively, damping, mass, and
stiffness matrices. α and β are the constants of pro-
portionality. For the absorbing regions, α is exponentially
increased from a small number to 2 × 105 s−1. &is expo-
nential increase of the damping factor avoids the unwanted
reflection between the elements of the ALID regions. &e
plain strain assumption together with the ALID regions
makes the FE model to be as close as possible to a model of
a plate with infinite size. In order to avoid attenuation of GW
during propagation and study the energy transmission,
damping is only applied in the absorbing regions and not in
the main part of the geometry.

&e excitation force is applied as a nodal force in the z-
direction to a node located on the top layer of the plate. &is
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type of excitation force creates both symmetric and asym-
metric wave modes in the structure and might make it
difficult to understand the behaviour of GW in the material.
However, since this type of one sided excitation is common
in the majority of applications, it is used in this work to study
the response of the material. To verify the model and create
symmetric and asymmetric wave modes separately, the
material can be excited at two nodes on two opposite sides of
the plate. &e force is applied as a tone-burst signal with the
centre frequency varying from 15 kHz to 150 kHz.

It has been shown that, in explicit FE modelling of GW
propagation, temporal and spatial resolution must be small
enough for the results to converge [28]. &e criteria for the
largest time step (Δt) and element size (le) are, respectively,

Δt �
1

10fmax
,

le �
λmin

10
,

(2)

where λmin is the smallest wavelength and fmax is the highest
frequency of excitation.

Figure 1 shows a schematic view of the FE model. &e
response of the system is observed by extracting the nodal
acceleration in the z-direction at 100 nodes equally dis-
tributed between the points 0.01m to 1.01m from the ex-
citation point. &ese measurement nodes are located on the
surface of the top and bottom laminates and give the spatial
sampling frequency 630 rad/m. Every run of the simulation
lasts for 1.5ms which is enough for the A0 mode to
propagate once through the plate and reach its far end.

Debonding between the laminate and the isotropic core
material and delamination between the plies of the laminates
have been modelled using the extended finite element
method (XFEM) implemented in Abaqus. In this method,
the presence of discontinuities is modelled by special local
enriched functions in conjunction with additional degrees of
freedom [29, 30]. Since the displacement due to the GW
propagation is negligible compared to the typical gap size
between the debonded layers in a sandwich plate, no in-
teraction is specified between the two debonded surfaces.
&e same procedure is applied to model a delamination
between the plies of the skin laminate.

2.1. Homogenized Model. Assuming that the bond between
the plies of the laminate is perfect, it is possible to ho-
mogenize the material into a single layer with equivalent
characteristics. &e CLT, which is derived from classical
plate theory, calculates stiffness properties of the laminate by
integration of in-plane stresses in the direction normal to the
laminates surface [31]. Since homogenization using CLT

makes a major reduction in FEmodel size, it has been widely
used in FE calculations of composite laminates.

Assuming [Q] to be the stiffness matrix of an individual
lamina that is calculated using the mechanical properties
presented in Table 1, it is possible to include the orientation
angles by multiplying by the transformation matrices:

Qc  � T1 
−1

[Q] T2 , (3)

where [T1] and [T2] are, respectively, stress and strain
transformation matrices. Here, [Qc] is the stiffness matrix of
a ply respecting its fibre direction. &e extensional stiffness
matrix can be calculated by integrating over the ply thickness
and summing:

[A] � 
N

j�1


hj+1

hj

Qc j dz, (4)

where N is the total number of plies, hj is the thickness of ply
j, and z is the coordinate of the ply in the thickness direction.
&e explicit description of CLT is shown in [31].

To calculate the equivalent stiffness matrix, the exten-
sional stiffness matrix is normalized by the thickness:

[K] �
[A]

ttot
, (5)

where ttot is the total plate thickness. For the out-of-plane
stiffness terms (K44, K45, K54, K55), the common shear
correction factor of 5/6 is applied in the calculation [31].

To examine if it is possible to homogenize the whole
sandwich material using the homogenization method, the
isotropic core should be considered as one of the plies.
Moreover, a general rule of mixtures is used to calculate the
equivalent density of the sandwich plate. &e calculated
stiffness and density are applied on the same 2D model for
which the homogenized material characteristics are used. A
homogenized 2D model of the top laminate skin is de-
veloped to compare the results with the two other models.
&e calculated material properties of the homogenized
sandwich plate and the homogenized laminate skin are
presented in Table 2.

2.2.ModelVerification. To verify the FE model, the response
of the system should be studied for a wide range of fre-
quencies. One way to perform the verification is to calculate
the dispersion curves for the same material and compare
them with the results obtain from the simulations. &e
dispersion curves are calculated using the method based on
the Floquet–Bloch theory [32]. In this method, the eigen-
frequencies are calculated for a unit cell for which the
Floquet periodic boundary conditions are applied for the
boundaries in the wave propagation direction. Next, the

Table 1: Mechanical properties of the lamina and the core material.

Lamina Core
Ex Ey Ez Gxy Gxz Gyz vxy vxz vyz ρ E v ρ

(GPa) (kg/m3) (MPa) (kg/m3)

130 7 7 4 4 2.5 0.3 0.3 0.4 1500 61.4 0.3 100
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dispersion curves can be calculated using the eigen-
frequencies and wavenumbers.

&e results obtained from the FE simulation are con-
verted from the time-space domain into the frequency-
wavenumber domain using the 2D Fourier transform. By
this conversion, it is possible to depict the area of the dis-
persion curves as high magnitude regions. &is method has
been previously introduced by Alleyne and Cawley [33] and
is mostly used to obtain the dispersion curves using FE
simulations or experimental measurements.

To obtain the results for a wide range of frequencies,
a sine pulse is used as the excitation signal. &e signal is
applied as forces on two nodes on the top and bottom of the
sandwich material, once in the same direction, then in the
the opposite directions (Figure 2). Using this method, it is
possible to generate only symmetric or asymmetric wave
modes in every simulation. &e results are summed together
and compared with the dispersion curves obtained pre-
viously, shown in Figure 3.

&e analysis shows that there is fair agreement between
the results obtained from the FE model and the dispersion
curves, for frequencies lower than 40 kHz. For the higher
wave modes, the disagreement between the results increases
by increasing the frequency which these modes are not in
focus of the current study.

3. Results and Discussion

3.1.GWEnergyTransfer. &e dispersion behaviour of the A0
and S0 wave modes presented in Figure 3 shows a drop in
phase velocity of the S0 wave mode at a frequency of ap-
proximately 25 kHz. &is drop has as a consequence that
both wave modes have approximately equal velocities above
this frequency. By exciting the plate with a single force on
one side of the plate, the displacement due to A0 and S0 wave
modes cancels each other on the other side of the plate.
&erefore, pure symmetric and asymmetric wave modes are
not visible in the results above this frequency. &is can be
seen in Figure 4 where the wave pattern is shown at the
excitation frequency 75 kHz. It is possible to see that con-
siderably higher magnitudes are created in the top laminate
skin in the beginning. By increasing the propagation time,

the high wave magnitudes are transferring to the core
material and then reache the bottom skin.

To better understand the phenomenon, the wave energy
is calculated and followed in the top and bottom skins along
the length of the sandwich material. &e normalized
transmitted energy is calculated as

Etrans � 
tend

tstart

a
2
(t) dt, (6)

where a(t) is the normalized acceleration [23]. &e A0 and
S0 wave modes are the dominant ones in the propagating
wave; therefore, the calculated energy corresponds mostly to
the energy of these two wave modes at one measurement
node. By repeating the same calculations for all the mea-
surement nodes along the length of the sandwich material, it
is possible to obtain the transformation of wave energy
between the top and bottom laminates. Figure 5 shows the
results obtained for different excitation frequencies between
15 kHz and 150 kHz.

&e results show that, at 15 kHz, the difference be-
tween the transmitted energy in the top and bottom
laminates is almost negligible, meaning that the A0 and S0
are created in the whole thickness with different phase
velocities so that they do not interact with each other. By
increasing the frequency, it is possible to see that the wave
energy starts transmitting back and forth between the top
and bottom laminates. &is is the frequency range where
the A0 and S0 wave modes have very nearly the same
phase velocities (Figure 3). Moreover, it is possible to see
that the number of intervals where the wave energy
transmits between the top and bottom laminates changes
by changing the difference between the phase velocities of
these two wave modes. By reducing the difference between
the velocities of the two wave modes, the number of
energy transmissions reduces. &is phenomenon is best
visible at the frequency of 150 kHz at which the amount of
transmitted energy between the top and bottom laminates
is reduced. Here, one can predict that when the wave-
length is smaller than the thickness of the top laminate,
the wave propagates on the surface of the laminate and it
does not reach into the core material.

Table 2: Equivalent stiffness and density of the homogenized plates.

Stiffness matrix (GPa) Density(kg/m3)

K11 K12 K13 K22 K23 K33 K44 K55 K66 ρ
Plate 24.5 13.9 13.9 24.5 2.52 7.02 0.89 0.89 1.3 554
Skin 75.2 42.86 42.86 75.2 2.5 7 2.71 2.71 4 1500

Laminate skin

ExcitationALID ALID100 measurement points

Isotropic core
Delamination Debondingx

z

Figure 1: Schematic view of the numerical model including the approximate locations of the defects.
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3.2. Interaction of GW and Debonding. Figure 5 shows the
energy transmission in the top and bottom laminate skins in
a range of frequencies between 15 kHz and 150 kHz. It is
observed that debonding causes fluctuation in the energy of
the transmitted wave in both the top and bottom skins at
15 kHz (Figure 5(a)).

&e effects of debonding on GW propagation are,
however, different at higher frequencies. Since the
debonding is located between the core material and the top

skins, the energy stops transmitting into the core material
from the layer and the magnitude of the energy remains
constant. At the same time, this causes a drop in the
transmitted energy to the bottom layer. &is can be seen by
following the red curves in Figure 5 for all the frequencies
higher than 15 kHz.&ese are the range of frequencies where
the A0 and S0 wave modes have approximately equal phase
velocities, and the GWs propagating in this range are re-
ferred to as the leaky Lamb wave in previous work [5–8, 20].

Z F (I) (II) (III) (IV)

I

II

III

IV

1m0 X

Figure 4:Wave pattern at the excitation frequency 75 kHz in different regions of the plate for (I) t � 0.09ms, (II) t � 0.15ms, (III) t � 0.21ms,
and (IV) t � 0.27ms. &e dotted lines show the approximate location of the laminate skins, and the arrows show the direction of
propagation.
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Figure 2: Creation of symmetric (a) and asymmetric (b) wave modes in a transient FE simulation.
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Figure 3: A comparison of the dispersion curves of the sandwich plate and the model’s response in the frequency-wavenumber domain (the
solid red lines are the asymmetric modes, and the dotted red lines are the symmetric modes).
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Figure 5: Energy response in the top and bottom laminate skins for both healthy and debonded plates for excitation frequencies of
(a) 15 kHz, (b) 40 kHz, (c) 60 kHz, (d) 80 kHz, (e) 100 kHz, and (f) 150 kHz.
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Due to the clear change in energy transmission of the GW,
the waves propagating in this range of frequencies are ca-
pable of detecting debonding in sandwich structures.

For a better understanding, a comparison is shown in
the time domain for the two frequencies 15 kHz and
40 kHz in Figure 6. &e results show that the interaction of
GW with a debonding in the composite material delays the
time signal (reduction in the wave velocity) and creates
reflections. As expected, this behaviour is different at
higher frequencies where the GW show “leaky” behaviour
and the debonding in the composite plate cause significant
increase in the amplitude of the propagating wave com-
paring to the healthy material. &is is due to absence of
energy transmission into the core material in the debonded
region.

3.3. Interaction of GW and Delamination. To compare the
effect of delamination on GW propagation in sandwich
plates with the previous results, a delamination is created in
the middle of the top laminate. Similar simulations are
carried out as in the previous section, and energy trans-
mission by the GW propagation is calculated using the
mentioned method. &e results are shown in Figure 7 to-
gether with energy transmission in the healthy material. It is
observed that the creation of a delamination in the top
laminate causes fluctuations in the energy transmission,
especially in the top laminate. However, no special pattern
has been found similar to the previous section. &is shows
that the special behaviour of GW at higher frequencies does
not affect the energy transmission of the propagated wave
when interacting with delaminations.

&is is further investigated by comparing the results in
the time domain for the two different frequencies 15 kHz
and 40 kHz in Figure 8. &e results show that the de-
lamination delays the time signal and creates reflected waves
at both frequencies.

3.4. HomogenizedModel for GWPropagation. As previously
mentioned, GWs are created in the low range of frequencies
in sandwich plates. To observe the effect of the homoge-
nization method in this range of frequencies, the results are
obtained using the two homogenized models of sandwich
plate and top skin and are compared with the results of the
layerwise model. A comparison of the time signals is shown
in Figure 9.

&e results show that significant disagreement is observed
comparing the response of the homogenized model with that
of the layerwise one. Moreover, by modelling the homoge-
nized top laminate skin and comparing the response signal
with the layerwise model, it is seen that good agreement is
reached. &is shows that propagation of GW in the sandwich
material is to some extent similar to propagation of GW in its
laminate skin at the excitation frequency of 15 kHz. Here, it is
possible to simplify the model by creating the homogenized
skin instead of the layerwise sandwich plate. &erefore, in
large 3D sandwich models, homogenized shell elements can
be used instead of layerwise models with solid elements;
however, each case needs to be examined individually.

4. Conclusion

Studying the GW energy transfer in sandwich structures
shows that depending on the frequency of excitation, the
effect of defects on GW propagation varies. At low excitation
frequencies, both skin delamination and core-to-skin
debonding cause reduction in GW velocity. However, at
higher frequencies, where the “leaky” behaviour is reported,
skin-to-core debonding prevents leakage of wave energy into
the core material and consequently causes significant am-
plification of the propagating wave compared to the healthy
material. &is does not occur in case of a skin delamination.
&erefore, debonding and delamination can be distin-
guished from each other in this range of frequencies. Fur-
thermore, in this range of frequencies, due to approximately
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Figure 6: Response of the system in the time domain for both healthy and debonded plates for excitation frequencies of (a) 15 kHz and
(b) 40 kHz at a measurement node after the debonded region.
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Figure 7: Energy response in the top and bottom laminate skins for both healthy and delaminated plates for excitation frequencies of
(a) 15 kHz, (b) 40 kHz, (c) 60 kHz, (d) 80 kHz, (e) 100 kHz, and (f) 150 kHz.
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similar phase velocities of A0 and S0 wave modes, a com-
bination of both wave modes propagates in the material
instead of pure symmetric and asymmetric modes.

Finally, it is shown that the FE model can be simplified
by modelling the homogenized top skin instead of the
sandwich plate in the low range of frequencies. &is can
create significant reduction in solution time which is im-
portant in FE modelling of wave propagation in large
composite structures.
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+e inverse Finite Element Method (iFEM) is applied to reconstruct the displacement field of a shell structure which undergoes
large deformations using discreet strain measurements as the prescribed data. +e iFEM computations are carried out using an
incremental procedure where at each load step, the incremental strains are used to evaluate the incremental displacements which
in turn update the geometry of the deformed structure. +e efficacy of the proposed approach to predict large displacements is
examined using two case studies involving a cantilevered wing-shaped plate and a clamped plate. +e incremental iFEM
procedure is demonstrated to be sufficiently accurate in terms of reproducing the correct nonlinear character of the load-
displacement curve even when a reduced number of strain sensors is used. +erefore, this approach may have important
implications for real-time monitoring of aerospace structures that undergo large displacements.

1. Introduction

Efficient structural health monitoring (SHM) systems are
enabling technologies for the maintenance and control of
future aerospace vehicles. When implemented, such systems
provide real-time monitoring of the vehicle’s structural
integrity. +is technology would thus enable improved
structural safety, reduced maintenance operations, and
significant cost savings. A SHM system uses a set of strain
sensors embedded on the surface of the structure. Using
real-time sensor measurements, the structural deformations
need to be reconstructed, thus requiring the solution of an
inverse problem known as “shape sensing”.

Existing shape-sensing methods can be classified into four
categories based on different approaches [1]: (1) numerical
integration of experimental strains, (2) use of global or piece-
wise continuous basis functions to approximate the dis-
placement field, (3) application of neural networks, and (4)
use of variational approaches. Most of the methods based on

the integration of measured strains deal with beam problems
and make use of the classical beam equations [2, 3]. For the
full-field estimation of the deformed shape of more complex
two-dimensional structures, basis-function approaches utilize
an a priori set of spatial functions and unknown coefficients to
fit discretely measured strains [4–8]. A major drawback of the
methods based on neural networks is that their accuracy
depends on the choice of the training load cases [9].

For many large-scale practical applications, the varia-
tional methods appear to be most attractive. In these
methods, a suitable error functional is minimized over the
entire problem domain, by comparing the estimated and
measured strains, commonly in the least-squares sense. One
such method is the inverse Finite Element Method (iFEM),
advanced by Tessler and Spangler [10–12] and initially de-
veloped for shear-deformable plate and shell structures. +e
method employs a weighted least-square variational for-
mulation by discretizing the problem domain using C0-
continuous finite elements. +e approach is suitable for
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modelling complex geometries and allows both static and
dynamic responses to be reconstructed without any prior
knowledge of material properties or the loading conditions
of the structure. +e inverse Finite Element Method was
adapted by Gherlone [13] for shape sensing of truss, beam,
and frame structures.

Since the initial introduction of iFEM, the approach has
been successfully applied on a variety of simple and complex
structures, where the focus has been primarily on the small
deformation, linear load-displacement response. +e exist-
ing iFEM formulations use the simplifying assumption of
“small displacements”; hence, applying these methods to
large-displacement problems will generally result in sig-
nificant errors in the prediction of the deformed shape.

+e first real attempt at addressing the problem of
geometric nonlinearity was made by Tessler et al. [14]. +e
method involves a modification of the standard linear iFEM,
where the linear iFEM is used over a number of load steps
and the incremental variation in deformation over each step
is summed to determine the final deformed shape of the
structure. +is method bears resemblance to the nonlinear
finite element method, which also uses a series of linear
displacement increments to recreate the nonlinear nature of
the load-deflection curve. Initial results obtained by
employing this technique to predict deformations in
a complex wing profile were seen as promising.

Shape-sensing techniques capable of predicting large
deformations have a wide range of applications for future
aircraft and spacecraft missions. Many aircraft components,
such as the fuselage skin and certain parts of the wing, are
subjected to compressive loading during aircraft operation.
An aircraft structural health monitoring system capable of
reconstructing the nonlinear structural response should fa-
cilitate improved predictions of the onset of buckling and
related failure. Such technologies can also be applied to shape
morphing structures in aircraft and membrane space struc-
tures such as solar sails, spacecraft deorbiters, and sun shields
(as in the James Webb Space Telescope), where large de-
formations are normally observed.+e predicted shape can be
used as feedback for the actuation system to facilitate control
over the deformed structural shape.

+is paper aims to describe the basic methodology and
procedure of the linear incremental iFEM formulation and to
demonstrate the method’s suitability to reconstruct large de-
formations in plate and shell structures. In Section 2, the for-
mulation of the standard linear iFEM is briefly described,
followed by the linear incremental iFEMprocedure. In Section 3,
the iFEM approach for predicting large deformations is dem-
onstrated on two example problems, one involving a cantilev-
ered wing-shaped plate and the other, a clamped square plate
under transverse loading. +e effect of the number of strain
sensors on the accuracy of the reconstructed displacement field
is also investigated. Finally, concluding remarks and future
directions of this research are presented in Section 4.

2. The Inverse Finite Element Method

In this section, a brief review of the iFEM approach for
applications to beam, plate, and shell structures is presented.

Let us consider the structural domain Ω to be discretized
using one-, two-, or three dimensional finite elements [11–13].
+e displacement field experienced by the structure is com-
pletely defined by the vector (ux(x), uy(x), uz(x)) in the
Cartesian coordinate system x ≡ (x, y, z). Depending on the
particular structural theory, the displacement vector can be
expressed in terms of a set of kinematic variables u(x). +ese
kinematic variables can be interpolated within each finite ele-
ment of the discretization by a set of element-shape functions:

u(x) ≈ ue
� N(x)qe

, (1)

where N is the shape-function matrix and qe the nodal
degrees-of-freedom.

Corresponding to the adopted structural theory, the
strain field is completely described by a set of K independent
quantities, ε ≡ εk (k � 1, . . . , K), usually referred to as
strain measures. Using Equation (1) and the linear strain-
displacement relations, the strain measures can be expressed
in terms of the nodal degrees-of-freedom:

ε ue
(  � L(x)qe

, (2)

where the matrix L contains the derivatives of the shape
functions.

+e iFEM approach is based on the minimization of
a functional defined as the least-squares error between the
analytic strainmeasures (Equation (2)) and the corresponding
experimental strain measures, εε ≡ εεk (k � 1, . . . , K). +e
latter are evaluated at n discrete locations using strain gauges,
strain rosettes, or other types of strain sensors. For a single
element, the error functional, Φe, is defined as the sum of the
products of the least-squares component, Φe

k, referred to the
k− th strain measure, and the corresponding weighting co-
efficient, we

k,

Φe ue
(  ≡ 

k

w
e
kΦ

e
k, (3)

with Φe
k defined as

Φe
k ≡

1
n



n

i�1
εk(i) ue

( − εεk(i) 
2
, (k � 1, . . . , K). (4)

+e weighting coefficients we
k are the products of di-

mensional parameters and dimensionless coefficients, λe
k.

+e dimensional parameters guarantee that the terms in
Equation (3) have the same mathematical units [11–13],
whereas the λe

k coefficients are assigned either high (1, unity)
or relatively low values (10−4) to enforce a stronger or weaker
correlation between the analytic strain measures and their
experimentally measured counterparts.

+e inverse-element error functional,Φe, is minimized with
respect to the unknownnodal degrees-of-freedom, qe, leading to
the element matrix equation aeqe � be. Applying the appro-
priate coordinate transformations, the element contributions are
assembled into a global system of equations, and upon enforcing
problem-dependent displacement boundary conditions, the
global equations in matrix form are

Aq � b. (5)
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In Equation (5), the matrix A depends on the shape
functions and strain-sensor locations, whereas the vector b
is a function of the experimental strain measures. Equation
(5) can be readily solved for the unknown nodal degrees-of-
freedom, q by inverting the matrix A. +us, for small
displacements, the strain-sensor locations are assumed to
remain unchanged, and A is inverted only once, whereas
the vector b is updated at each strain-data acquisition
increment.

Since only strain-displacement relations are used in
the definition of Φe, iFEM does not require the knowl-
edge of any material properties or the applied loading.
+us, it is applicable for both static and dynamic con-
ditions, without requiring inertial or damping material
properties.

2.1. Plate Formulation. Consider a plate of thickness 2t for
which the (x, y) plane of the Cartesian coordinate system
represents the midplane (Figure 1). +e components of the
displacement vector are given according to Mindlin plate
theory, as

ux(x, y, z) � u(x, y) + zθy(x, y),

uy(x, y, z) � v(x, y) + zθx(x, y),

uz(x, y, z) ≈ w(x, y),

(6)

where the five kinematic variables are u ≡ u, v, w, θx, θy 
T
;

u and v are average uniform displacements in the x and y

directions, respectively; w is the average transverse de-
flection; θx and θy are rotations of the normal about the
negative x and positive y axes, respectively.

+e strain field is identified by eight strain measures,
three membrane (k � 1−3), three bending (k � 4−6), and
two transverse shear (k � 7, 8), εk (k � 8), given by

e � u,x, v,y, θx,y, + θy,x 
T

� ε1, ε2, ε3 
T
,

k � θy,x, θx,y, θx,x + θy,y 
T

� ε4, ε5, ε6 
T
,

g � w,x + θy, w,y + θx 
T

� ε7, ε8 
T
.

(7)

If Reference [12], a three-node inverse plate/shell ele-
ment, iMIN3, has been developed and will be applied in the
present analysis. +e element is formulated using C0-
continuous anisoparametric shape functions to avoid shear
locking. +e deflection variable is interpolated with
a quadratic polynomial, whereas the other four kinematic
variables vary linearly over the element. +e strain mea-
sures defined in Equation (7) can then be expressed in
terms of the nodal degrees-of-freedom, as in Equation (2),
and the error functional can be written as in Equations (3)
and (4). +e weighting coefficients
are we

k  � λe
1, λ

e
2, λ

e
3, t2λe

4, t2λe
5, t2λe

6, λ
e
7, λ

e
8 , where λe

k (k �

1, . . . , 8) are dimensionless, positive constants.
+e membrane and bending curvature strain measures,

eε(i) and kε(i), can be evaluated at the location (x(i), y(i)) from
surface strain measurements on the top (+) and bottom (−)
surfaces (Figure 2) as

eε(i) �
1
2

ε+
xx + ε−xx( , ε+

yy + ε−yy , c
+
xy + c

−
xy  

T

(i)
,

kε(i) �
1
2t

ε+
xx − ε
−
xx( , ε+

yy − ε
−
yy , c

+
xy − c

−
xy  

T

(i)
.

(8)

+e transverse shear strain measures, g, cannot be
evaluated experimentally. +us, for the corresponding terms
in the functional (Equation (3)), the following expression is
adopted (k � 7, 8):

Φe
k ≡ 

Ae

ε2k(i) ue
(  dA, (9)

where Ae is the element area. Moreover, λe
k(k � 7, 8) are set

to small values, e.g., 10−4, relative to 1 (unity) which is used
for the λe

k(k � 1, . . . , 6) coefficients.
When only few strain sensors are available, some ele-

ments may not have any strain data. For the elements
without the strain data, the norms in Equation (9) are used
for all eight strain measures, where the λe

k(k � 1, . . . , 8)

coefficients are assigned small values, e.g., 10−4, relative to 1
(unity) which is used for the elements that possess strain
data.

2.2. iFEMIncrementalAlgorithm forNonlinearDeformations.
Herein, it is assumed that the structure under consideration
is instrumented with a high-speed strain-sensor measure-
ment system which is capable of measuring strain levels in
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Figure 1: Plate geometry and kinematic variables.
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Figure 2: Strains measurement.

Shock and Vibration 3



real time as the structure undergoes deformations under
quasistatic or dynamic loading. +e standard linear iFEM
formulation can be applied at each incremental load level to
reconstruct the current deformed shape, using the current
strain increments, and then updating the geometry of the
iFEM mesh and repeating the shape-sensing analysis based
on the next strain increment. +us, geometrically nonlinear
deformations (“large displacements”) can be reconstructed
in real time as the strain history becomes available to iFEM
from a strain-sensor measurement system [13].

(i) At each load increment, i, evaluate (experimentally
or with a nonlinear direct FEM analysis) the in-
cremental section strains that represent measured
strain increments.

(ii) Perform iFEM analysis using the strain increments
to obtain the nodal-degrees-of-freedom, qi.

(iii) Update the structural geometry (i.e., the iFEM nodal
coordinate positions) using the iFEM determined
displacements, i.e., xi+1 � xi + N(xi)qi

(iv) Update the orientation of the measured strains
corresponding to the current geometry, xi+1

(v) Repeat the above-stated incremental procedure
until the strain history is complete.

+e iFEM incremental procedure just outlined is thus in
complete agreement with the standard incremental pro-
cedures used for geometrically nonlinear analysis of the
direct FEM. Unlike the direct FEM, the iFEM incremental
procedure does not invoke equilibrium iterations at different
load increments. +is is because iFEM has no access to
equilibrium equations. Instead, the iFEM equations smooth
the measured strain data and integrate the strain-
displacement relations. Since the in-situ measured strains
are constantly updated at each load level, the strain-
displacement relations are constantly updated and cor-
rected to the current state of deformation. +us, within this
incremental formulation, the strain-level updates provide
the necessary corrections at each load increment. Conse-
quently, as will be demonstrated in Section 3, highly accurate
geometrically nonlinear deformations can be reconstructed
by this simple and computationally efficient incremental
iFEM procedure.

3. Numerical Examples

+e application of the incremental iFEM method is pre-
sented using two example problems for elastostatic de-
formation of plates subjected to transverse loading.
Nonlinear direct FE models are used both to provide the
strain measurements as input data and displacements as
reference results for the iFEM analysis.+e FEM analyses are
carried out using the finite-strain three-node S3R shell
element in ABAQUS/Standard 6.13 [15]. +e iFEM re-
construction is performed using the same triangular mesh,
where the strain sensors are positioned on both the top and
bottom surfaces of the iMIN3 elements.

+e accuracy of the iFEM prediction is then assessed by
calculating the Root Mean Square (RMS) of the nodal

transverse deflection error with respect to the direct FEM
results, defined as

%eRMS � 100

�������������������
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, (10)

where m indicates the total number of nodes, which is the
same for both the direct and the inverse analyses.

In the first example [1], a wing-shaped cantilevered plate
is considered (Figure 3(a)).+ematerial is an aluminum alloy
(Young’s modulus E � 72017MPa, Poisson’s ratio ] � 0.325).
+e plate is subjected to a uniformly distributed transverse
pressure providing a resultant load that corresponds to 30
times the plate’s own weight. Figure 3(b) shows the direct and
inverse triangular mesh. Single-strain component measure-
ments, simulating linear strain gauges, are provided to
a subset of inverse elements of the iFEM discretization. In
particular, 44 elements have linear strain gauges positioned on
the top and bottom surfaces (Figure 3(b)). For all the inverse
elements, λe

k(k � 7, 8) � 10−4 has been used for the contri-
butions to the error functional due to shear strain measures,
whereas λe

k � 10−4 has been used for all of the contributions
related to “non-measured” strain components or to elements
without strain data.

Figure 4 shows the comparison between the load-
deflection curves as obtained using the nonlinear direct
FEM and iFEM analyses. +e maximum deflection experi-
enced at the end of the loading process is comparable to the
wing span, and the direct solution exhibits significant
nonlinearity in the load-deflection curve. By using the
standard linear iFEM procedure based on the final value of
the “measured” strains, the reconstructed load-deflection
response cannot reproduce the correct structural response.
When adopting the incremental iFEM procedure, the load-
deflection curve is more accurate (Figure 5 shows that the
RMS percent error never exceeds 1%).

Figure 6 compares the deformed shapes of the plate
obtained using the nonlinear direct FEM analysis and the
linear incremental iFEM reconstruction.

In the second example, an isotropic square plate which is
clamped along the four edges is subjected to a static pressure
load of magnitude 5 MPa on the top surface. +e plate’s side
span is 5m and the thickness is 10mm. +e elastic modulus
and Poisson’s ratio are, respectively, E � 200000MPa and v �

0.2.
+e iFEM analysis used the same triangular mesh as the

direct FEM analysis, as depicted in Figure 7, and was
supplied with a complete set of strain values at the element
centroids.

Figure 8 shows the load-deflection curve for the trans-
verse deflection at the center of the square plate. +e linear
iFEM was employed incrementally across a total of 21 load
steps. +e resulting highly nonlinear load-deflection curve is
primarily due to stress stiffening. Even though the strain-
displacement relations are kept linear at any load step, the
gradual updating of the deformed geometry over a number
of steps allows the incremental iFEM procedure to re-
produce the highly accurate nonlinear deflections. In
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comparison, the standard single-step linear iFEM applica-
tion is represented by a straight line from the initial to the
final deflection point, completely missing any intermediate
nonlinear response. Note that the load-deflection curve of
the nonlinear direct FEM analysis matches closely with the
incremental iFEM results. +e results are also examined
further by computing the RMS error at each load step.

Figure 9 depicts the RMS error of the maximum de-
flection for each load step. +roughout the loading cycle, the
linear incremental iFEM procedure results in the RMS error
of less than 2%. In contrast, the linear iFEM procedure
results in substantially higher RMS error, reaching values of
around 40% during the loading process.

Figure 10 shows the final deformed shape obtained by
ABAQUS and the one predicted by the iterative iFEM
procedure.

To ascertain the effect of the number of strain sensors
and their locations on the predictive capability of the linear
incremental iFEM procedure, a parametric study is per-
formed for the clamped square plate problem. Six different
strain-sensor configurations are selected (refer to Figure 11)
to perform the parametric study. Each strain sensor is in-
dicated by a red circle and shows the elements in which the
strains are “measured” at the element centroids, on both top
and bottom surfaces.+e elements without the strain sensors
are formulated according to Equation (9), using
λe

k � 10−4(k � 1, . . . , 8).
+e total number of strain sensors used in each con-

figuration is different, but care is taken to ensure that each

28°
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(a) (b)

Figure 3: Wing-shaped plate model. (a) Geometry and boundary conditions (thickness 3mm) and (b) triangular mesh for both FEM and
iFEM analysis (132 elements), 44 inverse elements with linear strain gauges oriented along two sensing lines (for a total of 88 strain
measurements).
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Figure 4: Wing-shaped plate. Load-deflection curves corre-
sponding to the nonlinear direct FEM and linear iFEM solutions.
+e maximum deflection (wmax) is located at the intersection
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configuration has a uniform distribution of strain sensors
throughout the surface area of the plate to avoid any errors
due to highly localised placement of sensors. Each config-
uration is characterised using the parameter β, which is
defined as the average number of strain sensors in a 1m2

area of the plate. +e parameter β is proposed with the
intention of finding the minimum sensor density required
for accurate shape sensing of nonlinear deflection of the
considered plate structure.

+e results from the linear incremental iFEM analysis are
shown in Figure 12. As expected, higher values of β result in
lower RMS errors. As the value of β increases, the RMS
errors reduces and is seen to saturate starting at β � 4. For β
values as low as 2, the error magnitude is seen to be around
2%, which is not a significant variation from the minimum
error value of 1.61%. +ese results indicate that even when
using only 50 strain sensors, i.e., one quarter of the number
of elements, the linear incremental iFEM procedure is ca-
pable of reproducing the nonlinear displacement field with

good accuracy. +is serves as further proof of the robustness
of the linear incremental iFEM procedure.

4. Conclusions

+e inverse problem of reconstructing the displacement field
from the discrete strain-sensor data for plate and shell
structures undergoing large deformations is addressed us-
ing the inverse Finite Element Method. +e formulation is
based on an incremental procedure, where at each load step,
iFEM is applied using the incremental strains to obtain the
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Figure 6: Wing-shaped plate. Deformed shape at the maximum
load corresponding to the nonlinear direct FEM (blue) and linear
incremental iFEM (red) solutions.
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Figure 11: Six sensor arrangements used in the parametric study: (a) 200 strain gauges (β � 8), (b) 100 strain gauges (β � 4), (c) 67 strain
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incremental displacements that are subsequently used to
update the current deformed geometry.

To demonstrate the accuracy of the incremental iFEM
approach, two numerical case studies have been carried out:
(1) a cantilevered wing-shaped plate and (2) a clamped
square plate subjected to transverse loading. To provide the
incremental strain measurements as input data and dis-
placements as reference data for the iFEM analysis, geo-
metrically nonlinear direct FEM models were used. +e
iFEM accuracy was assessed by calculating the RMS of the
nodal transverse deflection error. +e incremental iFEM
approach was demonstrated to be highly accurate and leads
to precise load-displacement curves. Furthermore, the in-
cremental iFEM procedure was demonstrated to be robust
and accurate even when fairly sparse strain-sensor data is
available, with many inverse elements without any strain
data, and with only a single “measured” strain component
used in the elements that had strain data.

+e results of this paper clearly indicate that the in-
cremental iFEM approach can be readily implemented as
a viable real-time structural health monitoring tool for
aerospace structures undergoing nonlinear deformations.
Our future research will focus on the iFEM applications to
geometrically nonlinear dynamic problems.
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Since the weak fault characteristics of mechanical equipment are often difficult to extract in strong background noise, stochastic
resonance (SR) is widely used to extract the weak fault characteristics, which is able to utilize the noise to amplify weak fault
characteristics. Although classical bistable stochastic resonance (CBSR) can enhance the weak characteristics by adjusting the
parameters of potential model, when potential barrier height is adjusted potential well width is also changed and vice versa. *e
simultaneous change of both potential well width and barrier height is difficult to obtain a suitable potential model for better weak
fault characteristic extraction and further fault diagnosis of machinery. For this reason, the output signal-to-noise ratio (SNR) of
CBSR is greatly reduced, and the corresponding enhancement ability of weak fault characteristics is limited. In order to avoid the
shortcomings, a new SR method is proposed to extract weak fault characteristics and further diagnose the faults of rotating
machinery, where the classical bistable potential is replaced with a bistable confining potential to get the optimal SR. *e bistable
confining potential model not only has the characteristics of the classical bistable potential model but also has the ability to adjust the
potential width, barrier height, and wall steepness independently. Simulated data are used to demonstrate the proposed new SR
method. *e results indicate that the weak fault characteristics can be effectively extracted from simulated signals with heavy noise.
Experiments on the bearings and planetary gearboxes demonstrate that the proposed SR method can correctly diagnose the faults of
rotating machinery and moreover has higher spectrum peak and better recognition degree compared with the CBSR method.

1. Introduction

*e vibration test is often used method in fault diagnosis of
mechanical equipment, but the mechanical equipment is
usually affected by heavy noise, multi vibration source ex-
citation and response mutual coupling, human disturbance,
and so on [1–3]. All interferences cause the signal-to-noise
ratio (SNR) to be very small, and the fault characteristic
frequency is difficult to extract. In addition, the early fault
characteristics are fainter in the bad outside environment.
*erefore, the weak fault characteristics extraction is a key
problem in mechanical fault diagnosis [4, 5]. *e commonly
used fault diagnosis methods contain wavelet transform [6],
ensemble empirical mode decomposition [7–9], local mean
decomposition [10, 11], singular value decomposition [12],

and so on [13, 14]. *e above methods show good perfor-
mance in fault diagnosis and weak fault characteristics ex-
traction, but they detect fault characteristics from the view of
eliminating noise. For the weak fault characteristics of heavy
noise pollution, noise reduction is effective, but the weak
fault characteristic frequency is weakened. *erefore, the
traditional signal processing methods cannot effectively
extract the weak fault characteristics which are polluted by
the heavy noise. However, stochastic resonance (SR) is the
theory using noise to enhance hidden signal [15]. SR was
proposed by Benzi et al. in 1981 [16]. At present, SR has been
widely used in fault diagnosis. For the superiority of the SR
in the extraction of weak fault characteristics, SR has
gradually become the focus of research in signal processing.
At present, a large number of scholars have studied the weak

Hindawi
Shock and Vibration
Volume 2018, Article ID 8452509, 12 pages
https://doi.org/10.1155/2018/8452509

mailto:shiboqiang@ustb.edu.cn
http://orcid.org/0000-0003-0368-3866
http://orcid.org/0000-0003-0281-5476
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/8452509


signal detection technology in strong background noise.
According to the approximate adiabatic theory, SR is only
applicable to the condition of small parameters [17]. Leng
et al. [18] proposed two sampling frequency conversion in
order to achieve the large parameter signals SR. Tan et al. [19]
used frequency-shifted and rescaling detection technology,
which overcame the limitation of the small parameter con-
dition of the traditional SR for detecting high frequency
signals in practical engineering. Lai and Leng [20] proposed
linear amplitude transformation, time frequency scaling, and
parameter tuning methods for signal detection in large fre-
quency and high intensity noise. *ese studies provide ef-
fective methods for the detection of large parameter signal
with SR. *e classical bistable stochastic resonance (CBSR) is
the most commonly used method to detect the weak fault
characteristics. Many scholars have done a lot of research on
CBSR method. Lei et al. [21] proposed an underdamped SR
method with stable-state matching to achieve the best
matching between stable-state types and input signals and
applied to fault characteristic frequency extraction of rolling
element bearings. Lu et al. [22] proposed a full wave signal to
make better the construction of SR and applied to fault
characteristic frequency extraction of the wear bearing, Liu
et al. [23] proposed improved artificial fish-swarm algorithm
for parameters matching to achieve optimal SR. Zheng et al.
[24] proposed energy harvesting experiment which is applied
to SR. Ding et al. [25] proposed a method of fusion char-
acteristics extraction for local reservation prediction in order
to find out the difference between the bearing state and the
health condition. Han et al. [26] proposed a weak signal
extraction method for multistable SR of wavelet transform
and parameter compensation bandpass which is used to
detect multifrequency signals. Shi et al. [27] proposed
asymmetric bistable SR driven by unrelated multiplication
and additive noise. Li et al. [28] proposed the SNR of the
principal component and residual in the SR to realize
quantitative analysis of SR. Duan et al. [29] proposed a new
form of SR based on coding efficiency measurement. Li and
Shi [30, 31] proposed the SR extraction method for adaptive
singular value decomposition. In addition, a stochastic res-
onance potential model based on chaotic ant colony algo-
rithm is proposed and used in fault diagnosis of planetary
gearbox. *ese studies are based on the simultaneous ad-
justment of barrier height and potential width. As long as the
potential barrier height changes, the potential width is also
changed and vice versa. In this case, the perfect potential
model structure cannot be obtained.*erefore, many scholars
have substituted the potential model of CBSR with other
potential models to expect better SR. Lu et al. [32] proposed
monostable and tristable SR and applied them on bearing
experiments, and the results show that the two methods are
superior to the CBSR method in enhancing the weak fault
characteristics. Qiao et al. [33] proposed the piecewise mixed
SR, and the new potential model is applied to fault diagnosis
experiment of the planetary gearbox and the method has
achieved good results. However, all of the above methods
change the structure of classical bistable potential model.
When the potential barrier height is adjusted, the potential
width is changed and vice versa and do not fundamentally

solve the problem of structural adjustment of classical bistable
potential model.*e potential width and barrier height which
change simultaneously are difficult to obtain perfect potential
model structure. *is shortcoming makes to obtain the target
characteristic frequency difficulty and limits the enhancement
ability of weak fault characteristics in CBSR method.
*erefore, how to adjust the structure of the potential model
better is the key problem to achieve the best SR. In order to
avoid the problems of the CBSR method, this paper proposed
an adaptive bistable confining potential stochastic resonance
(BCPSR) method, which establishes the bistable confining
potential model to make the potential width, barrier height,
and wall steepness adjusted independently and simulta-
neously, so the potential model can better match parameters
and SR.

In Section 2, the bistable confining potential model and
strategy of the BCPSR method for weak signal extraction are
introduced. In Section 3, the validity of simulation signal is
verified by the new method comparing with the CBSR
method. In Section 4, the new method was applied to the
fault characteristic signal extraction of the bearing and the
planetary gearbox. *e diagnostic results reveal that the new
method can identify mechanical failure. Compared to the
CBSR method, the new method has the higher characteristic
frequency spectrum peak and recognition degree. *e
conclusions are drawn in Section 5.

2. SR Model with Bistable Confining Potential

2.1. !eoretical Model. Most of the research studies on SR
focus on the traditional bistable model. *e CBSR can be
explained as a particle driven by noises and the cycle force.
As the particles are driven by noise, the cycle force will be
enhanced. *e governing equation that illustrates such
a phenomenon under the assumption of overdamped
condition can be introduced by the following equation:

dx

dt
� −U′(x) + A sin 2πfdt + φ(  + N(t), (1)

where A is the amplitude of the cycle signal, fd is the driving
frequency, and φ is phase. Meanwhile, the noise item N(t)

needs to satisfy the following conditions:

N(t) �
���
2D

√
ξ(t),

〈N(t), N(t + τ)〉 � 2Dδ(t),
(2)

in which D is the strength of the noise and ξ(t) represents an
added Gaussian white noise (AGWN) where the mean value
is 0 and the variance is 1. For the classical bistable potential
model, U(x) � Ub(x) represents a reflection-symmetric
quartic potential:

Ub(x) � −
a

2
x
2

+
b

4
x
4
, (3)

in which a and b denote the potential parameters of the
classical bistable model. x(t) denotes the SR system output,
and Equations (1) and (3) describe essentially the over-
damped motion of the particle driven by external force
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signal (periodic signal) and noise in double potential
wells. *e potential function Ub(x) has two fixed positions
at x � ±

���
a/b

√
, the barrier altitude is ΔU � a2/4b, and the

highest point of barrier is located at x � 0, and these
characteristics are shown in Figure 1. It is similar for the
bistable confining potential model, U(x) � Ucb(x), which
is a symmetric nonlinear potential and is shown as
follows:

Ucb(x) � U0 exp
−x2

L2
0

  + k
|x|q

q
, (4)

in which the k is the remaining tunable parameter with
positive real value in bistable confining potential. In order to
ensure the constraints, we ask for q> 1. *e whole potential
model is symmetrical at x � 0, i.e., Ucb(x) � Ucb(−x).

To analyze the difference and similarity between the
classical bistable potential and the bistable confining po-
tential, the bistable potential curves with different potential
parameters are described in Figure 1. It is clear that the
height and width of potential can be controlled by the pa-
rameters a and b. In other words, under the same b con-
dition, the greater the a is, the higher the potential barrier is;
under the same a condition, the greater the b is, the lower the
potential barrier is. *is phenomenon can satisfy the the-
oretical value ΔUb � a2/(4b). Meanwhile, the bistable
confining potential curves with different parameters can also
be shown in Figure 2. It is clear that the different potential
structure can be caused by adjusting the potential param-
eters. From Figure 2(a), under any other parameters un-
changed, we can see the bistable confining potential also has
two wells and one barrier, which is similar to the classical
bistable potential. In addition, with the increase of parameter
q, the barrier height of potential well has no change, but the
minimum value points slowly move the middle point x � 0.
It can cause greater wall steepness of the potential and
smaller width of potential. In other words, the parameter q

can determine the wall steepness and width of potential.
Similarly, we can fix any other parameters to observe the
change of the potential with one parameter. In Figure 2(b), it
can be found that the smaller the L0 is, the higher the barrier
height of potential is. Likewise, with the increase of L0, the
potential width becomes greater. In Figures 2(c) and 2(d),
they can see that the greater the U0 is, the higher the barrier
height of potential, and the greater the k is, the smaller the
barrier height and the greater wall steepness of potential and
vice versa. *rough the above analysis, we can see that the
two models have similar adjustment characteristics through
adjusting the potential parameters. Additionally, the two
potential models are all bistable potential which has one
barrier and two symmetric potential wells. However, the
difference between the two models is that the wider range
of wall steepness and potential width can be obtained by
tuning the parameters of bistable confining potential, and
likewise more detailed potential structures can be realized
completely.

Substitute Equation (4) to Equation (1), the SR based on
the bistable confining potential can be obtained as follows:

dx

dt
�
2U0

L2
0

x exp
−x2

L2
0

 − k sgn(x)|x|
q−1

+ A0 sin 2πf0t + φ(  + n(t).

(5)

*e sgn(x) is the symbol function. It can be understood
from Equation (5) that the system can be adjusted by pa-
rameters U0, L0, q and k to enhance the output signal.
Equation (5) can be calculated using the discrete fourth-rank
Runge–Kutta method as shown below:

x′ � f(t, x), x(t[0]) � x[0]

x[n + 1] � x[n] +
h

6
k1 + 2k2 + 2k3 + k4( 

k1 � f(t[n], x[n])

k2 � f t[n] +
h

2
, x[n] +

h

2
k1 

k3 � f t[n] +
h

2
, x[n] +

h

2
k2 

k4 � f t[n] + h, x[n] + hk3( 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (6)

in which f(t, x) is a function corresponding to the right side
of Equation (5) and h is the calculated interval.

2.2. Weak Signal Detection Strategy Based on SR with Bistable
Confining Potential. *e essential of SR phenomenon is that
the particles move in the potential well under the interaction
of potential force, periodic force, and noise to consequently
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Figure 1:*e bistable potential function with different parameters.
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achieve the enhancement of system output. In three forces,
the periodic force and the noise are fixed. *us, the effect of
SR depends on the change in potential force. In general, if
the distance between two potential walls is too far, the
particles could not arrive to the wall edge that it is must give
the greater reverse elasticity. On the other hand, when the
distance between two potential walls is too narrow, the
particles cannot arrive to the potential wall edge, so it will go
back prematurely. Similarly, if the potential wall is too steep,
the particles may rebound rapidly due to an intense reverse
elasticity. When the restoring speed is too fast, the periodic

oscillation could not catch up with the restoring speed. If the
wall is too gentle, it cannot give a large enough acceleration
to cause the particles to periodic oscillation.*erefore, when
the potential model has the optimal structure, the system
output can have the best enhancement effect.

With these features, to enhance the periodic signal to an
extreme, the potential model should be well adjusted. For the
classical bistable potential (Equation (3)), it is well known
that the potential features can be determined jointly by the
parameters a and b. In other words, it is impossible to tune
one isolate potential feature (e.g., potential width) while
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Figure 2:*e bistable confining potential function with different parameters: (a) the bistable confining potential change with parameter q at
L0 � 1, U0 � 1, and k � 0.2; (b) the bistable confining potential change with parameter L0 at q � 3, U0 � 1, and k � 0.2; (c) the bistable
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keeping the others (e.g., potential wall steepness) invariable
by adjusting the parameters. In this case, we might assume
that the potential wall steepness has been adjusted to the
optimal state, but the optimal barrier height and wall
steepness may not be in the best condition. Hence, the
periodic signal cannot be enhanced optimally. However, we
can look back to the bistable confining potential model as
exhibited in Figure 2, and it can be found that the parameters
q, L0, and U0 can mainly determine the potential wall
steepness and barrier height. Additionally, the parameter k

can mainly determine the potential width, barrier height,
and wall steepness. It is sure that the bistable confining
potential can achieve the better potential features than
classical bistable. For example, keeping the optimal potential
width by tuning parameter k, and then the relative optimal
wall steepness and barrier height can be obtained, re-
spectively, by adjusting the parameters q, L0, and U0.

To optimally extract the target signal from the strong
noise, the optimal input signal can be obtained by tuning the
potential parameters. Here, the performance of the weak
signal detection is evaluated by employing the output SNR as
a criterion. Subsequently, a strategy to extract the weak fault
characteristics signal based on SR with bistable confining
potential is synthetically presented as shown in Figure 3.*e
flow chart is described as follows:

(1) Signal preprocessing: some common technologies
include filtering part of noises, detecting the driving
frequency by signal demodulation when the original
signal is modulated, and the shifting-frequency
rescaling transform which can be performed to
satisfy the small parameter condition when the
driving frequency is greater than 1.

(2) Parameter initialization: initialize the computed
ranges of the bistable confining potential parameters
q, L0, U0, and k.

(3) Output calculation: compute the output waveform
by using Equation (6), and then solve the frequency
spectrum and get the SNR.

(4) Output assessment: look for the maximum SNR in
ternary array that corresponds to the varying vari-
ables q, L0, U0, and k by using ant colony search
method and then get the best combination of pa-
rameters corresponding to the maximum SNR.

(5) Postprocessing of the processed signal: the processed
signal is input to the SR system to calculate the final
output and realize the fault diagnosis of the me-
chanical equipment.

3. Performance Evaluation

3.1. Effect of the SR with Bistable Confining Potential. To
intuitively illustrate the generated interaction between the
system output and the potential parameters, a simulated
failure bearing signal is produced and processed by the
BCPSRmethod asmentioned above. As the rolling bearing is
often in the form of impact, the periodic unilateral atten-
uation pulse signal with AGWN is selected as the simulated

signal waveform. *e simulated waveform is generated by
virtue of the below equation:

s(t) � A sin(2πft) · exp −d t− n(t)Td 
2

  +
���
2D

√
ξ(t),

(7)

where A � 1 is the signal amplitude, f � 1 kHz is the
modulation frequency, d � 6fs (fs � 10 kHz is the sampling
frequency) shows the decay rate, n(t) � [t/Td] dominates
the pulses appear cyclical, ξ(t) is the AGWNwhere themean
value is 0 and the variance is 1,

���
2D

√
� 1 is the noise in-

tensity, and Td � 0.02 s is the interval where the impulse
appears (fd � 1/Td � 50Hz is the driving frequency). *e
sampling time is 0.2 s. *e simulated bearing fault signal
without the AGWN, with the AGWN, and corresponding
spectrum are exhibited in Figures 4(a)–4(c), respectively.

After that, the SR equation with the bistable confining
potential for dealing with the simulated bearing failure signal
is as follows:

dx

dt
�
−2U0

L2
0

x exp
−x2

L2
0

  + k sgn(x)|x|
q−1

+ A sin(2πft) · exp −d t− n(t)Td 
2

  +
���
2D

√
ξ(t).

(8)

Since the simulated bearing fault signal is modulated, the
Hilbert transform (HT) can be employed to detect the

Original signal

System parameters initialization

SR with bistable confining potential

Compute output SNR

SNR > max SNR

max SNR = SNR
max U0 = U0
max L0 = L0
max q = q
max k = k

U0, L0, q and k exceed
value range?

The result of optimal SR

End

Vary U0, L0, q
and k

No

No

Yes

Yes

Signal preprocessing

Start

Figure 3: Proposed strategy to detect weak signal based on SR with
bistable confining potential.
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distinct fault-induced impulse features. Meanwhile, the en-
velop signal of the simulated failure bearing obtained by using
HT is depicted in Figure 5(a) and its spectrum is displayed in
Figure 5(b). From above figures, we can see the driving fre-
quency is fd � 50Hz. But there are many interfering fre-
quencies in the spectrum of envelop signal. In practical
application, it is very difficult for us to identify the driving
frequency of bearing fault signal, thus only depending on
envelop signal the fault frequency cannot be extracted and
identified exactly. In order to meet the requirement of small
parameters, the envelope signals are processed by the shifting-
frequency rescaling transform method, then the parameters of
bistable confining potential are optimized by ant colony al-
gorithm. Finally, the output SNRof BCPSRmethod is 22.63dB.
*e time-domain waveform and spectrum are displayed in
Figure 6. In Figure 6(b), it can be visualized that the charac-
teristic frequency of the noise-contaminated signal is displayed
conspicuously. *e characteristic frequency spectrum peak is
0.276, which is 0.23868 higher than that of the surrounding
noise. In the interest of showing the superiority of the BCPSR
method, the same signal is processed by the CBSRmethod.*e
output SNR is 20.17 dB, which is 2.46 dB lower than the BCPSR
method, and the time-domain waveform and spectrum are
shown in Figures 6(c) and 6(d). As observed in Figure 6(d),*e
characteristic frequency spectrum peak is 0.1628, which is
0.11869 higher than that of the surrounding noise. From the
above analysis, it can be known that the BCPSRmethod has the
effect of enhancing the weak fault signal obviously and is
superior to the CBSR method.

4. Experimental Verification

To prove the validity of the BCPSR method, the new method
is carried over into the fault characteristic frequency

extraction of a slight damage inner race of bearing. To
further analyze the powerful effect of the new method, the
experimental data of missing tooth and broken tooth of
planetary gearbox are used to prove the validation of the new
method.

4.1. Experimental Verification of the Bearing. Rolling bearing
is the key component of rotating equipment, and the
working state of the rolling bearing is bound up with the
operation reliability of the rotating machinery. However, the
rolling bearing is one of the most easily damaged parts in the
machine. In this case, the extraction of the slight damage
inner race of bearing signal is used to confirm the effec-
tiveness of the BCPSR method. Mechanical equipment
failure comprehensive test bench was used in the experi-
ment, as shown in Figure 7. ER-10k rolling bearing is used as
the fault bearing with its size D � 33.5, Z � 8, d � 7.9395,
α � 0∘, (pitch circle diameter of bearing is 33.5mm, the
amount of rolling elements is 8, the diameter of rolling
elements is 7.9395mm, and contacting angle of bearing load
is 0). *e sampling frequency is 2560Hz. According to the
vibration theory analysis, the characteristic frequency of the
inner race of bearing is 212.85Hz, and the time-domain
waveform, power spectrum, and envelope spectrum of the
original signal are shown in Figure 8. It can be concluded
that the target frequency cannot be extracted in the power
spectrum and envelope spectrum because the characteristic
frequency signal is polluted by powerful external in-
terference signals. Hence, the BCPSR method is used to
extract the target frequency of the inner race of bearing. *e
time-domain waveform and power spectrum of the output
waveform are shown in Figures 9(a) and 9(b). In Figure 9(b),
the characteristic frequency spectrum peak is 213.12Hz,
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Figure 4: Simulated bearing fault signal: (a) periodic impulse signal without the AGWN, (b) periodic impulse signal with the AGWN, and
(c) corresponding spectrum.
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which is much higher than the surrounding noise, and it is
closer to the theoretical value 212.85Hz. Hence, we can
draw that the target frequency of the bearing inner race has
been identified by proposed method. To indicate the better
effect of the BCPSR method, the collected signals are ap-
plied to the CBSR method, and the time-domain waveform
and power spectrum of the output waveform are shown in
Figures 9(c) and 9(d).*e target frequency of the inner race
of bearing is also extracted by the CBSR method, but it can
be clearly found that the BCPSR method has better effect
than the CBSR method. *e spectrum peaks of two
methods are 0.2051 and 0.1289, respectively. Here, the
difference between spectrum peak of the characteristic
frequency and the maximum surrounding noise is defined
as the recognition degree. *e recognition degree of the
BCPSR method and the CBSR method is 0.10913 and
0.05183, respectively. *e output SNR is 22.68 dB and
21.22 dB, respectively. From the above results, it can be
concluded that the BCPSR method has higher spectral
peak, recognition degree, and output SNR than the CBSR
method in the fault diagnosis experiment of the inner race
of bearing. So, it can judged that the proposed BCPSR
method has a better effect.

4.2. Experimental Verification of the Planetary Gearbox.
Comparing with ordinary fixed-axis gearbox, planetary
gearbox structure is more complex and has unique operation
mode and common complex dynamic load forces.*erefore,
the fault diagnosis problem of planetary gearbox should be
taken seriously. In this case, the fault extraction experiment
on missing tooth and broken tooth of the planetary gearbox
is used to prove the correctness of the BCPSR method. *e
test platform of planetary gearbox is used in the experiment.
*e three-dimensional model and physical model of the
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Figure 7: Mechanical equipment failure comprehensive test bench.
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system bench are shown in Figures 10(a) and 10(b).*e first-
stage sun gear is the tested gear. Parameters of planetary
gearbox are shown in Table 1.*e physical model of the fault
gear is shown in Figures 11(a) and 11(b). In order to simulate
the heavy load operation of the planetary gearbox, the brake
set voltage and current are 1.2V and 1.1 A, respectively.
According to the vibration theory, the characteristic fre-
quency of the first-stage planetary gearbox is calculated and
shown in Table 2.

*e time-domain, power spectrum, and envelope
spectrum of the collected missing tooth and broken tooth
signals are shown in Figure 12, respectively. Due to the
complex operation of the planetary gearbox, heavy loads and
heavy noises, the meshing frequency, and sidebands fre-
quency are not recognized by noise interference. *erefore,
so as to compare the BCPSR method and the CBSR method,
the two methods are carried over into identify the fault

characteristic frequency. *e missing tooth of planetary
gearbox optimal output signal using the proposed BCPSR
method and CBSR method is displayed in Figure 13. In
Figure 13(b), the spectral peak of meshing frequency and
sidebands frequency is much higher than the surrounding
noise by the BCPSR method. *e distance between the
meshing frequency and the sidebands frequency is 9.8 and
9.7, respectively, which is very closely to the theoretical value
10. *e above analysis shows that the sun gear of the first-
stage planetary gearbox was a failure. In Figure 13(d) with
the CBSR method, the distance between the meshing fre-
quency and the sidebands frequency is 9.6 and 9.4, which is
closer to the theoretical value 10. *erefore, it can be
concluded that the first-stage sun gear has been destroyed,
but the spectral peaks of the meshing frequency and the
sideband frequency are lower than those of the BCPSR
method. Similarly, the fault characteristic frequency
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Figure 9: A slight damage inner race of bearing: (a) optimal output signal using the proposed BCPSR method and (b) corresponding power
spectrum; (c) optimal output signal using the CBSR method and (d) corresponding power spectrum.
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extraction experiment of the broken tooth is applied by the
two methods, and the time-domain waveform and power
spectrum are shown in Figure 14. In Figure 14(b), the
spectral peak of meshing frequency and sidebands frequency
is clearly highlighted by BCPSRmethod. However, the CBSR
method can see the obvious meshing frequency and
a sideband frequency, and the other sideband frequency is
disturbed by the noise, resulting in a very small spectral peak.

In addition, comparing the power spectrum in Figures 13(b)
and 14(b), the spectrum peak of meshing frequency and
sidebands frequency of the missing tooth is higher than that
of the broken tooth. *is phenomenon shows that the vi-
bration caused by the missing tooth is higher than that of the
broken tooth, which is consistent with the actual situation.
*e SNR calculated by the two methods is as follows: in the
CBSR method, the output SNR of the missing tooth signal is

Table 1: Parameters of planetary gearbox.

Forms of gear Sun gear Planet gear Gear ring Number of planetary gear
Teeth number of stage 1 20 40 100 3
Teeth number of stage 2 28 36 100 4

The missing tooth

(a)

The broken tooth

(b)

Figure 11: *e physical map of experimental gears: (a) missing tooth and (b) broken tooth.

Table 2: Motor speed and the characteristic frequency of the first-stage planetary gearbox.

Motor
speed

Rotating frequency of sun gear
(fsidebands)

Rotating frequency of planet gear
(fp)

Rotating frequency of gear
ring (fr)

Meshing frequency
(fmesh)

600r/min 10Hz 1.667Hz 0Hz 166.667Hz

(a) (b)

Figure 10: *e experimental platform of planetary gearbox: (a) three-dimensional model and (b) physical map.
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23.08 dB and the output SNR of the broken tooth signal is
21.42 dB. In the BCPSR method, the output SNR of the
missing tooth signal is 25.06 dB, and the SNR of the broken
tooth output signal is 22.18 dB. *erefore, it can be con-
cluded that the BCPSR method is validated in the fault
extraction experiment of the planetary gearbox. Comparing
the BCPSR method with the CBSR method, the BCPSR
method has higher spectrum peak and better recognition
degree and better weak fault signal enhancement capability.

5. Conclusions

As the system parameters of the CBSR method are optimized,
it is difficult to obtain the perfect potential model structure
due to the simultaneous change of the barrier height and
width, which hinders the enhancement of the weak fault
characteristic frequency and reduces the output SNR. In order
to overcome this shortcoming, a new method for the BCPSR
is proposed. *e following conclusions are drawn:
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Figure 13: *e missing tooth of planetary gearbox: (a) optimal output signal using the proposed BCPSR method and (b) corresponding
power spectrum; (c) optimal output signal using the CBSR method and (d) corresponding power spectrum.
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(1) *e BCPSR systemmodel is analyzed and its potential
function and structural characteristics are described.
Compared with the CBSR system, the BCPSR system
parameters can not only be independently adjusted
for the local shape of the potential model but also have
a higher theoretical output SNR, which implies that it
can better detect and extract the weak signal in the
strong background noise.

(2) When the barrier height of the CBSR system po-
tential model is adjusted, the potential width is
changed and vice versa. When the potential width
and barrier height are changed synchronously, the
potential structure will not be perfect. *e BCPSR
system potential model can make the potential
width, barrier height, and wall steepness adjusted
independently and simultaneously, so the potential
model has better matching parameters.

(3) *e proposed BCPSR method is applied to a slight
damage inner race of bearing and the missing tooth
and broken tooth of the planetary gearbox. *e
experiment indicates that the BCPSR method not
only can extract the weak characteristic frequency
but also has better recognition, higher fault char-
acteristic frequency spectrum peak, and better SNR
than the CBSR method.

(4) *e proposed BCPSR method is based on the
overdamped state. *e SNR output and the weak
fault diagnosis method of the BCPSR on the
underdamped state and the factors of affecting the
saturation for the CBSR are the focus of further work
in the future. In addition, the proposed BCPSR
method is applied to the actual engineering verifi-
cation of the planetary gearbox to further determine
the application effect of the method in engineering.
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Timber-framed masonry structures are known as an effective earthquake load resisting system in high seismicity regions such as
Bursa, Turkey. Intense earthquakes have occurred throughout history; however, many of the traditional timber structures have
been able to survive without significant damage until the present day. In this study, six historic two-storied timber-framed
masonry structures dating from the nineteenth century in Bursa City are investigated by using laboratory and in situ structural
health monitoring tests. Although the houses have the same construction techniques, different masonry infill materials are used
inside the timber frames. Stone, adobe, and brick are used as infill materials. Mud and lime mortars are used as binding materials.
Mud mortar is used with stone and adobe materials. Lime mortar is used with brick material. -e physical, mechanical, and
dynamic parameters such as density, specific gravity, porosity, elastic modulus, frequencies, mode shapes, and damping ratios of
the studied structures were investigated and the results were comparatively discussed. It is understood that the use of different
infill materials affects the dynamic behaviors of these structures.

1. Introduction

Located in the northwest of Anatolia, the city of Bursa, has
been a settlement and a cultural centre since ancient times.
Bursa has survived until the present day by adapting to the
changes resulting from Roman, Byzantine, Seljuk, and Ot-
toman domination [1–3].

Traditional Bursa houses display a very specialized style
and use of materials that are characteristic of the area. -e
oldest houses have a timber framework, which is filled in
with bricks, stones, and adobe materials.

Timber-framed masonry structures are known as an
effective lateral load resisting system. -e selection of ra-
tional solutions in the design of the timber structural system
has helped the structures reach the present day without
having suffered any important damage. In this context,
structural analysis of timber-framed walls and structural
health monitoring of these structures are important for
understanding the behaviour of them.

In the last decades, dynamic monitoring of the archi-
tectural heritage and output-only modal identification
techniques ensure that the modal parameters of the struc-
tures can be obtained. For this aim, operational modal
analysis (OMA) is an effective way of providing the dynamic
properties such as mode shapes, natural frequencies, and
damping ratios [4]. Dynamic tests are performed consid-
ering ambient forces such as traffic, wind load, etc. -e data
are recorded by means of a series of accelerometers installed
in specific points of the structure. -e recorded data will be
then used to evaluate the real values of the model parameters
of the structures [5].

-e most commonly researched topics on historical
timber structures are the structural analysis of timber-
framed masonry walls [6, 7] and the long-term monitor-
ing of historical timber buildings [8, 9]. Few investigations
on the structural health monitoring of real in situ full-scale
historic timber structures exist in the literature. Among
these, Diaferio et al. [10] analysed the Saint James -eatre in
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the city of Corfu (Greece) used as the Municipality House.
-e study deals with the structural identification of the
structure through the analysis of its ambient vibrations
recorded with accelerometers. -e results of the dynamic
tests are compared with the modal analysis of the finite
element simulation of the structure. Due to the presence of
wooden floors, the evaluation of the structural modal pa-
rameters presents some difficulties. Takahashi et al. [11]
conducted a field survey with a microtremor measurement
for Japanese traditional timber dwelling houses on a part of
the Tokai district. -e researchers were able to propose an
effective seismic retrofit based on a microtremor measure-
ment of the timber structure. Toshikazu et al. [12] studied
the seismic and wind performance of a five-storied Pagoda
structure. -ey aimed to interpret the monitoring records
for understanding the seismic and wind performance of
heritage timber pagodas that have survived for many cen-
turies and to show the long-term monitoring records of the
horizontal displacement of the heritage structure. Min et al.
[13] studied the dynamic characteristics of a historic wooden
structure by ambient vibration testing, presenting a novel
estimation methodology of story stiffness for the purpose of
vibration-based structural health monitoring. Zhang et al.
[14] used a prediction method in the frequency domain for
predicting the vibrations in the Buddhist sutra depositary at
Yangzhou Zhunti Temple by using a double-confirmation
analysis method based on the autospectrum.

In this study; infill materials of six timber-framed ma-
sonry houses are investigated in the laboratory and insitu
structural health monitoring tests are conducted on full scale
of the houses. -e physical and mechanical properties such
as density, specific gravity, porosity, mass of water ab-
sorption, volumetric water absorption, and elastic modulus
of masonry infill materials are determined using standard
test methods. Structural health monitoring of real in situ
full-scale tests is performed in order to find out the dynamic
characteristics such as natural frequencies, mode shapes, and
damping ratios of houses.-e researchers aim to understand
the effects of the different infill materials used on the dy-
namic behaviours of these structures.

2. The Construction Techniques, Materials, and
Failures of the Traditional Timber Structures

-e construction type of the studied timber structures is
called as “hımış” (a Turkish term used to describe the timber-
framed system) in Turkey. -e construction is a timber
frame with masonry infill, such as bricks, adobe, or stones.
-is type of construction is a variation of a shared con-
struction tradition that has existed throughout history in
many parts of the world, from ancient Rome almost to the
present day. In Britain, where this technique is identified
with the Elizabethan Age, it is referred to as “half-timbered;”
in Germany it is “fachwerk;” in France, “colombage;” in
Kashmir, India, “dhajji-dewari;” and in parts of Central and
South America, one variant is “bahareque” [15].

In these houses, the single or double-based timber
structural system was used as shown in Figure 1 [16]. Floors
were built on the stone walls. Stone walls were used for the

foundation system. However, in structural timber system
designs, sometimes a stone wall bonding beam or a clean-cut
stone piece on tightened soil ground was used as the
foundation. -rough this foundation system, direct access
between the timber and soil was obstructed.

Turkey is frequently exposed to destructive earthquakes,
approximately one every year. It is one of the few countries
with the most rapid period for earthquake-based loss of lives
[17]. Bursa city has experienced numerous earthquakes
throughout history. Many of the historical monuments fully
or partly collapsed in these earthquakes; however, traditional
timber structures are able to survive without significant
damage until present day. -e severity of the earthquake
caused this type of structure to crack, plaster to fall, mortar
to fail, lost or failed connections, large lateral displacements,
dislodgement of the masonry infill, and failed foundation
connections [17, 18].

An important factor in the performance of the walls was
the use of weak, rather than strong mortar. It is poor when
field rubble is used and bonded with mud mortar, without
quoins and with no through stones, etc. Different from
reinforced and masonry buildings, for timber-framed
buildings the shedding of the plaster and stucco in both
the large and small earthquakes was similar. -e only visible
manifestation of earthquake excitation was the presence of
cracks in the interior plaster along the walls and at the
corners of the rooms. On the exterior, unless the masonry
was covered with plaster, it is difficult to see damage with the
naked eye. At the same time during the earthquake, the
presence of a soft story results insignificantly increased
deformation demands, and puts the burden of energy dis-
sipation on the first-story framing elements. In the structural
system for some traditional timber-framed buildings there
are no strong and stiff elements such as bracing to attract the
full lateral force of the earthquake. In these cases, it is
difficult for such a traditional timber frame to survive during
a strong earthquake.-us, while these structures do not have
much lateral strength, they do have lateral capacity. -ese
buildings respond to seismic forces by swaying with them,
rather than by attempting to resist them with a rigid frame
like those that have bracing elements.

-e connections of roof, floors, vertical framing ele-
ments, and bracing elements make the building a single solid
structure unit and are important features for holding
a building together during earthquakes. -us, the connec-
tions between the members must be strong enough to hold
together without loosening or worse, completely failing [18].

Resonance with earthquake vibrations is a principal
factor in the cause of earthquake damage to buildings in
general. -e controlled sliding and cracking of the infill
masonry reduces the infill frame structure’s ability to res-
onate with the earthquake by providing damping, just as
a shock absorber does for a car [19].

3. The Studied Traditional Timber
Structural Houses

-e studied houses are in Görükle and Ürünlü villages. -ey
are 10 km from Bursa city centre. Bursa city is the second
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largest metropolitan area after Istanbul and is located in the
Marmara Region of Turkey. -e Izmir-Bursa highway
separates Görükle and Ürünlü villages. Görükle is to the
north and Ürünlü is to the south of the highway (Figure 2).
Ürünlü was also known as “Kitai/Kite or Kete” in history.

-e villages still maintain their authenticity and in-
tegrity. However, they require urgent intervention because
they suffer from neglect and deterioration. -e villages
preserve their natural topography, authentic materials, and
construction techniques through their traditional lifestyle.
-e houses form a tight fabric and are isolated from the
public space by high stone walls, creating a private space
inside.

-e taşlık (courtyard) area is accessed directly after the
main door, and is surrounded by the kitchen, storage area,
toilet, and stable. -e timber pillars that support the upper
floor are seen from the taşlık space. -e rooms on the upper
floor open on to the hall called the sofa [20].

-e studied houses have two floors and every floor has
a separate function and identity. -e entrance floor is
a passage area that connects to the upper floor via the stairs.
-e stable, storage area, and toilet are on the ground floor.
-e upper floor hosts the “summer” spaces. -is con-
struction system uses a timber frame with masonry infill,
such as bricks, adobe, or stones. -e ground and upper floor
plans of a sample house are shown in Figures 3 and 4.

-e diagonal elements are formed as straight or curvi-
linear forms, and the timber elements are supported by
timber beams. To fix the timber elements together, metal
nails (mıh) were used. -e timber edges are chamfered and
nailed with wrought iron elements. -e dimensions of the
metal nails are 20, 15, 12, 8, and 6 cm. Timber from pine trees
was used in the construction system.

-e studied timber structures have similar timber frames
but infill materials are different. Stone and mud mortar is
used as an infill material in House 1 and House 2, while brick

Plaster
Wall

Infill material

Secondary stud
Bracing

Nogging

Beam
Beam

Stud
Foundation beam

Foundation

Ceiling covering

Top plate
Beam

Slab covering

Bottom plate
Floor joists

Slab covering

Figure 1: Double-based timber structural system [16].
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and lime mortar is used as an infill material in House 3 in
Görükle village. Adobe and mud mortar are used as an infill
material in the houses of Ürünlü village. -e houses dated
from the nineteenth century. -ree of them are in Görükle
village and the other three are in Ürünlü village.

-e geometrical and architectural features such as the
dimensions of the 1st and 2nd floors, story heights and
weights, and infill material types of the studied houses are
shown in Table 1.

4. The Laboratory and Nondestructive Tests

-e experimental characterization of the materials used as
an infill material was based on physical and mechanical tests.
-e materials are stone, brick, and adobe as shown in
Figure 5. Density (β, g·cm−3), specific gravity (γ, g·cm−3),
porosity (p, %), mass of water absorption (Ks, %), volumetric
water absorption (Hs, %), and elastic modulus (E, N·mm−2)
were determined using standard test methods [21, 22].

-e average results of the experimental tests are shown in
Table 2.

-e height of the stone material, the height of the brick
material, and the thickness of the limemortar varies between
7 and 15 cm, 5 and 7 cm, and 3 and 4 cm, respectively. -e
elastic modulus of lime mortar is calculated 1300N·mm−2 in
situ tests. -e dynamic parameters such as fundamental
frequency, mode shapes, and damping ratios of timber
houses constructed by using different infill materials such as
adobe, brick, and stone were investigated using non-
destructive test methods. -e technique utilized to obtain
the dynamic parameters of the buildings is called operational
modal analysis (OMA). -e choice of using an operational
modal analysis method derives from the necessity to know
the modal parameters of a structure with a nondestructive
testing method, because the structures have cultural his-
torical value. -e technique allows the possibility to extract
the modal parameters (natural frequencies, mode shapes,
and damping ratios) from output-only experimental data
obtained by mean of ambient vibration testing [23]. In this
technique, the loads are unknown and the modal identifi-
cation has to be carried out based on responses only [24].

Görükle village

Ürünlü village

Industrial zone

Bursa
city centre

Figure 2: Location of Bursa Ürünlü and Görükle villages in Google Earth view.

Room

KitchenTaşlik

0 50 100 150 200

Figure 3: -e ground floor plan.

Room Room

Sofa

0 50 100 150 200

Figure 4: -e upper floor plan.
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Table 1: -e geometrical and architectural features of studied houses.

House in Görükle 1 1st floor 2nd floor Photo

Dimensions (m)
8.10× 5.50

Weight (kN) 299.12 307.67
Height (m) 2.80 2.60

Material Stone-filled timber frame

House in Görükle 2 1st floor 2nd floor Photo

Dimensions (m)
10.17× 7.27

Weight (kN) 421.48 429.24
Height (m) 3.00 2.70

Material Stone-filled timber frame

House in Görükle 3 1st floor 2nd floor Photo

Dimensions (m)
13.30×10.20

Weight (kN) 569.06 531.54
Height (m) 3.20 2.60

Material Brick-filled timber frame

House in Ürünlü 1 1st floor 2nd floor Photo

Dimensions (m)
5.74× 5.60

Weight (kN) 189.17 207.16
Height (m) 2.90 2.70

Material Adobe-filled timber frame

House in Ürünlü 2 1st floor 2nd floor Photo

Dimensions (m)
11.25× 8.00

Weight (kN) 269.72 320.31
Height (m) 2.80 2.60

Material Adobe-filled timber frame

House in Ürünlü 3 1st floor 2nd floor Photo

Dimensions (m)

8.13× 7.82

Weight (kN) 261.56 304.31
Height (m) 2.80 2.60

Material Adobe-filled timber frame
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-e modal parameters of the civil engineering structures
such as bridges, dams, buildings, and towers can be obtained
from the tests. Real case examples of some engineering
structures can be found in Foti et al. [25], Wei-Xin and
Zhou-Hong [26], Sevim et al. [27], and Peeters and Roeck
[28].

-e accelerometers used are very low-noise sensors and
named Sensebox 7001/02/03 depending on the number of
axes included. In this study, Sensebox 7001 monoaxial ac-
celerometers are used. -is series is an ideal solution for
forced vibration dynamic identification, shake-table tests,
machinery health monitoring, and structural health moni-
toring of relatively less rigid structures. -ey have wide
selection options from ±2 g− 400 g measurement range and
0–4000Hz bandwidth. -e Testbox 2010 series data ac-
quisition system was used for structural health monitoring
of the houses. -e product, which has signal amplifiers at
channel inputs, is compatible with most of the frequently
preferred sensors in civil engineering tests [29].

-e modal analysis tests are performed on six timber
houses in Görükle and Ürünlü villages in Bursa City. Studied
houses have two stories and have the same plan types. Only
the difference is the use of infill materials in the construction
of the walls.-e sensors were placed in the x and y directions
at the corner walls inside the houses. -ey were placed at the
top of the second floor and at the top of the first floor. -e
sensor placements and test equipment are shown in Fig-
ures 6 and 7.

Twomeasurements were made for at least 30 minutes for
each. One of the sensors at the second-floor level was the
reference sensor until the end of the measurements. In
Figure 8, the sensor placement of the two tests, the place-
ment of the reference sensor, and the whole set of tests are
shown. In the first test, sensors are placed at the top of the
upper floor corner walls, and in the second test, a reference

sensor is left in the same position and the other sensors are
placed at the top of the ground floor corner walls as shown in
the figure.-e sensor placements are the same for all houses.
-e sensor placements of the houses on plan views are
shown in Figure 9.

-e ambient vibration tests were performed under en-
vironmental conditions, such as traffic and wind. -e
measurement durations were 30 minutes, and the frequency
span was chosen as 0–100Hz. -e singular values of the
spectral densities of all the test setups belonging to House 3
in Görükle village are shown in Figure 10 as an example.

-e orthogonality between the modes are checked by
using modal assurance criteria (MAC). According to the
MACValues, the experimental modes are independent from
one another and a good harmony obtained among natural
frequencies and mode shapes. In Figure 11, the 2D and 3D
presentation of MAC values belonging to House 3 in
Görükle village can be seen. -e numerical presentation of
MAC values belonging to House 3 in Görükle village is
presented in Table 3.

-e calculated five modes were bending and torsion
modes. -e first two modes were bending modes, the third
mode was torsion, and the fourth and fifth modes were
bending as shown in Figure 12. -e houses and the cal-
culated first three frequencies and their damping ratios are
shown in Table 4.-e damping ratios of the first three modes
ranging between 1∼5%.

5. Effect ofDifferent InfillMaterialUsageon the
Dynamic Behaviors of the Studied Houses

-e timber-framed construction techniques of the studied
six buildings are similar but the infill materials used are
different. Stone with mud mortar was used as an infill
material in Houses 1 and 2, while brick with lime mortar was

(a) (b) (c)

Figure 5: -e masonry infill materials of the studied houses. (a) Adobe. (b) Stone. (c) Brick.

Table 2: Physical and mechanical properties of infill materials.

Sample β (g·cm−3) c (g·cm−3) p (%) Ks (%) Hs (%) E (N·mm−2)
Stone 2.30 2.65 13.21 7.50 11.40 12000
Brick 1.80 2.70 33.30 18.20 29.80 7000
Adobe 1.40 2.20 63.64 – – 800
β� density; c � specific gravity; p� porosity; Ks�mass of water absorption; Hs� volumetric water absorption; E� elastic modulus.
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used in House 3 in Görükle village. Adobe with mud mortar
was used as an infill material in the Ürünlü houses. In this
case, timber-framed walls infilled with masonry units have
different stiffness ratios and weights. It was observed that the
studied houses in Görükle village are about 1.5 times as

heavy as the buildings in Ürünlü village. To understand the
effect of infill materials used on the dynamic behaviours of
the studied houses, the stiffness ratios of the houses were
investigated.-e fundamental frequency of the houses is in x
direction (short side of the houses) according to the test
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Figure 8: Sensor placements of two-story houses. (a) 1st test. (b) 2nd test. (c) All tests.

Figure 7: -e sensor placements and test equipment.

Figure 6: -e sensor placements.
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results. -erefore, the normalized stiffness ratios of the
masonry walls in x direction were determined with respect to
maximum value with the formula k� 3EI/L3, where k is the
stiffness, E is the elastic modulus of masonry walls, I is the
moment of inertia, and L is the height, respectively. Elastic

modulus of masonry walls were calculated by equation E �

((tm + tu)/((tm/Em) + (tu/Eu))).δ as described by Lourenço
et al. [30]. Where, tm and tu represent the thickness of the
mortar and the height of the masonry unit, respectively.
Efficiency factor δ is taken 0.5 in this study.
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Figure 10: -e singular values of the spectral densities of a selected house (House 3 in Görükle village).
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In Figure 13, it is seen that the stiffness ratios of the
masonry walls of the studied houses in Görükle village are
higher than those of the houses in Ürünlü village. -e use of
stone and brick as an infill material results in higher stiffness

ratios than the use of adobe infill. Also, according to the test
results, the first frequency damping ratios of the Görükle
houses were higher than those of the Ürünlü houses. Adobe
material is composed of mud, clay, and straw. After being

(a) (b) (c) (d) (e)

Figure 12:-e first five mode shapes of the houses. (a) 1st mode bending. (b) 2nd mode bending. (c) 3rd mode torsion. (d) 4th mode bending.
(e) 5th mode bending.

Table 3: Numerical presentation of MAC values of House 3 in Görükle village.

Modes Mode 1 Mode 2 Mode 3 Mode 4 Mode 5
4.492 5.005 8.936 13.135 14.038

Mode 1 1 0.007 0.137 0.024 0.2664.492
Mode 2 0.007 1 0.084 0.192 0.1095.005
Mode 3 0.137 0.084 1 0.087 0.0238.936
Mode 4 0.024 0.192 0.087 1 0.18613.135
Mode 5 0.266 0.109 0.023 0.186 114.038
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Figure 11: (a) 2D and (b) 3D presentation of MAC values of House 3 in Görükle village.
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compressed into the mould, the adobe blocks are sun-baked
in the open air. Because of its earth content, adobe blocks
have very weak mechanical behaviours under lateral loads
and cannot generate more damping with friction like stone
or brick infill materials.

On the other hand, the highest stiffness ratio belongs to
House 3 in Görükle. It is believed that the highest stiffness ratio
is due to use of brick with lime mortar as an infill material.

6. Conclusions and Recommendations

In this study, the physical, mechanical, and dynamic
properties of six timber-framed masonry structures in
Görükle and Ürünlü villages were investigated by using
laboratory and structural health monitoring tests. -e se-
lected timber-framed houses have the same construction
techniques, but different infill materials are used.

Considering all the investigations in situ, in the labo-
ratory and by nondestructive structural health monitoring
tests, the following results are obtained:

(i) -e use of adobe and brick as an infill material
ensures the lightness of the structural system unless
it is exposed to water because of its high porosity
characteristics.

(ii) Houses constructed by using stone and brick infill
materials have 1.5∼2 times higher first mode
damping ratios than those resulting from adobe use.

(iii) Houses constructed by using stone and brick infill
materials have higher stiffness ratios than those
resulting from adobe use.

(vi) -e use of brick with lime mortar as an infill ma-
terial ensured a 30%–50% higher stiffness ratio than
the houses constructed by stone and adobe with
mud mortar as an infill material, respectively.

In conclusion, it is understood that the infill material
used affects the dynamic behaviours of the timber-framed
masonry structures. -ese structures were built with a ho-
listic design understanding, and it is believed that they will
survive for many years, subject to regular maintenance and
repairs.
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House in Ürünlü 2 4.11 2.566 5.095 2.360 8.906 1.071
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Multistage reducer vibration signals have complicated spectral structures owing to the amplitude and frequency modulations of
gear damage-induced vibrations and the multiplicative amplitude modulation effect caused by time-varying vibration transfer
paths (in the case of local gear damage) when the multistage reducer contains both planetary and spur gears. Moreover, the
difference between the vibration energies of these gears increases the difficulty of fault feature extraction when multiple failures
occur in the reducer. As the meshing frequency of each gear group often varies significantly, variational mode decomposition can
be performed to decompose the vibration signal according to frequency, enabling separation of the vibration signals of the spur
and planetary gears. *e common fault features of these gears can be extracted from the spectrum of the amplitude demodulation
envelope. To verify the effectiveness of this method, we first analyzed a simulation signal, and then utilized the experimental
signals from a laboratory multistage reducer for verification. In the multistage reducer simulation, we considered the amplitude
and frequency modulation of the gear damage and transfer paths. In the experimental verification, we processed local faults
(broken teeth) and uniform faults (uniform wear) on the sun gear and the spur gear of the planetary gear separately.

1. Introduction

Multistage reducers are used extensively as key components
in industry because of their compact structures, large
transmission ratios, strong carrying capacities, stable op-
eration, and high efficiencies [1, 2]. Further, as single-stage
reducers can no longer meet the requirements of many types
of engineering machinery, automobiles, aircraft, ships, and
other equipment, multistage gear drives with multistage
reducers are now essential. However, because multispeed
reducers often contain multiple spur, planetary gears, or
a combination thereof, the housing vibration signals of the
gearbox are more complex than that of single-stage reducers,
especially when planetary gears are involved [3]. Further, as
reducer failure may lead to mechanical failure or even ac-
cidents, reducer fault diagnosis is very important.

*e structure of a spur gear is simple, and the vibration
signal mainly includes the rotation frequency, meshing
frequency, and harmonic component. A planetary gear

usually consists of a sun gear, several planet wheels, a ring
gear, and a planet carrier. Usually, the ring gear is stationary,
the sun gear rotates, and the planet gears not only revolve
with the planet carrier, but also spin around their own
centers. Because of the complicated internal dynamics and
external environmental excitation, the vibration signals of
planetary gears exhibit complex time-varying modulation,
which leads to fault feature extraction difficulty [1]. In
practice, to achieve more effective transmission, a planetary
gear is often used with a spur gear, which makes the
multistage reducer vibration signal more complex. When
many gear faults occur in a multistage reducer, modulation
of the gear faults and transmission paths to the vibration
signal and the difference between the vibration energies of
the gear groups increase the difficulty of diagnosing multiple
simultaneous failures.

Many scholars have conducted extensive research on
single reducer fault diagnosis. In particular, spur gear fault
diagnosis has been studied extensively, and many related
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methods have been proposed. *e proposed methods in-
clude time-frequency analysis, a wavelet method, ensemble
empirical mode decomposition (EEMD), and a particle
swarm optimization algorithm [4–7]. *e fault types in-
vestigated include tooth surface damage, tooth breaking,
wear, pitting, and cracking. In recent years, the amount of
planetary gear fault diagnosis research has gradually in-
creased. Lei et al. [8] proposed an adaptive stochastic res-
onance method that extracts the weak fault features of
planetary gearboxes and detects sun gear faults, including
chipped and missing teeth, successfully. Bartelmus and
Zimroz [9] presented an indicator for monitoring planetary
gearboxes under time-variable operating conditions, which
is the linear dependence between the meshing frequency
amplitude and operating conditions. McFadden [10, 11] and
Samuel and Pines [12] generalized the time-domain aver-
aging method, and respectively proposed planet and sun
gear vibration separation methods. Barszcz and Randall [13]
detected gear cracks in wind turbine planetary gearboxes by
spectral kurtosis. Zhang et al. [14, 15] proposed a novel
denoising structure and applied it to vibration signals col-
lected from a seeded-fault testbed of the main gearbox of
a helicopter. *e proposed structure integrates a denoising
algorithm, feature extraction, failure prognosis, and vibra-
tion modeling into a synergistic system. Chen and Feng [16]
used reassigned wavelet scalograms to extract fault features
from wind turbine planetary gearbox vibration signals. Feng
et al. [17–20] summarized the amplitude modulation (AM)
and frequency modulation (FM) characteristics in planetary
gearbox vibration signals and diagnosed planetary gear
faults through a variety of demodulation methods.

*ere are also a few studies on multiple gearbox faults.
Lin and Chen [21] applied the EEMD-based method to
diagnose multiple gearbox faults and successfully extracted
multiple faults information from the collected signal. Teng
et al. [22] proposed a complex wavelet transform-based
method that can provide multiscale enveloping spectro-
grams (MuSEnSs) to decompose and demodulate signals
simultaneously. Using this method, the weak bearing fault
features buried in intensive energies can be detected readily
by analyzing MuSEnSs at different scales. Zhang and Yu [23]
proposed a novel resonance-based signal sparse de-
composition (RSSD) with comb filter (CF) method in which
the collected signal is firstly separated into high and low
resonance components by using the RSSD method with
optimal decomposition parameters. *en, both the high and
low resonance components are demodulated by performing
Hilbert transforms, and the fault information can be found
in the Hilbert envelope spectra. Finally, a CF is constructed
to extract the weaker fault feature signal from the resonance
components and exclude the interference components. *e
studies cited above primarily focused on bearing and gear
faults; there are only a few studies on simultaneous planetary
and spur gear failure in reducers.

Usually, when a reducer gear fails, sensors are fixed near
the planetary or spur gear, so that the vibration signal can be
acquired more effectively [24]. When faults occur in
a multistage reducer, the sensor should be fixed in the
middle of the reducer box to collect the vibration signal of

each gear. In particular, when there are planetary gears, the
meshing positions of the sun and planet gears and that of the
planet and ring gears are time varying with respect to the
sensor, which results in vibration signal AM and makes the
vibration signal more complex [25].

Some scholars have performed reducer vibration signal
simulation research. Chaari et al. [26] studied the AM and
FM characteristics of the vibration signal of a fixed-shaft
gearbox by constructing a time-varying meshing stiffness.
Omar et al. [27] built a nine degree-of-freedommodel of one
stage of a gear system.*e model considers varying meshing
stiffness, gear size, errors, and faults. Wang and McFadden
[5] built a nonlinear vibration model of spur gears con-
sidering nonlinear factors such as stiffness excitation, tooth
wear, and gap variation. In all these methods, vibration
signals are obtained by constructing differential equations.
However, it is difficult to solve the equations, and the effects
of the transmission path are not considered.

Regarding planetary gears, McFadden and Smith [28],
McNames [29], and Mosher [30] studied the spectral
structure of planetary gearbox vibration signals and found
that the vibration signal spectrum is typically asymmetric,
but they did not consider factors such as the FM effect in the
signal modeling. Inalpolat and Kahraman [31] proposed
a mathematical model to describe the vibration signal
sidebands of planetary gearboxes. Inalpolat and Kahraman
[32] found that vibration signals have very complicated
sidebands by studying the spectral characteristics of plan-
etary gearbox vibration signals considering the AM caused
by the planet carrier rotation and AMFM resulting from
manufacturing errors. Mark and Hines [33] studied the
effects of nonuniform planet loading due to gear imper-
fections in the sidebands of the vibration response, as well as
the effects of planet carrier torque modulation. Feng and
Zuo [25] developed gear damage-induced vibration signal
models for planetary gearbox fault diagnosis, considering
the AMFM nature of locally and diffusely damaged gear
vibrations and the AM effect of time-varying vibration
transfer paths, derived their Fourier spectra in closed form,
and provided explicit equations for calculating the charac-
teristic frequency of each gear in a planetary gearbox.
However, the influences of the spur gear and transmission
path on the vibration signal when the sensor positions are
different were not considered.

Recently, some scholars have studied multistage reducer
vibration signal modeling. Raclot and Velex [34] introduced
a mathematical model for simulating the contributions of
shape deviations and mounting errors to the dynamic be-
haviors of single- and multimesh geared systems. Walha
et al. [35] analyzed the nonlinear dynamic system response
by developing a 12 degree-of-freedom gear dynamic model
that takes into account the meshing stiffness and gap
changes with time. Yassine et al. [36] calculated the dynamic
response of vibrations by using the Newmarkmethod, which
involves step-by-step time integration, and considers the
periodic fluctuations of the mesh stiffness, eccentricity de-
fects, profile errors, and cracked teeth. *ese vibration
signals are obtained by solving kinetic equations, but the
calculations are complex. Furthermore, the effect of the
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transmission path on the reducer vibration signal was not
considered. Only a single fault was analyzed, which is dif-
ferent from the actual situation.

In this study, we generated the vibration signal of
a multistage reducer with AM and FM caused by a time-
varying transmission path, rotation frequency, and fault
frequency. An explicit equation was developed to simulate
the vibration signal of a multispeed reducer, and the
structure of the vibration signal spectrum was obtained from
the corresponding Fourier transform. In a multistage re-
ducer, the meshing frequencies of each gear group change
significantly because of rotation speed variations. *us, the
AM and FM of the gears at each level occur in different
frequency bands. Based on this vibration signal property,
this paper proposes a method of frequency and amplitude
demodulation with combined variational mode de-
composition (VMD) and envelope demodulation. *e
proposed method is significantly different from the de-
modulation methods used in the previous studies. When
multiple failures occur, if empirical mode decomposition
(EMD), EEMD, or local mean decomposition (LMD) is used
to demodulate the reducer vibration signal, it cannot be
ensured that the obtained separation signal contains the
desired fault features. Furthermore, the number of signal
demodulation layers cannot be determined if EMD, EEMD,
or LMD is used, which makes it difficult to select a useful
decomposition signal. In contrast, the reducer vibration
signal can be decomposed according to the required fre-
quency band because of the advantages of VMD. In this way,
decomposition signals containing fault features can easily be
acquired. *en, the fault features can be clearly obtained by
analyzing the decomposition signal envelope. Notably, when
the multistage reducer contains planetary and spur gears,
their meshing frequencies often differ, which makes the
method proposed in this paper widely applicable.

*e remainder of this paper is organized as follows: *e
second section explains the principles of the VMD algorithm
and the related algorithmic program. *e third section
describes the multistage reducer vibration signal model. *e
fourth section describes the application of the proposed
method to a simulation signal. *e fifth section discusses the
verification conducted of the proposed method by pre-
senting the analysis of experimental signals obtained when
local damage (broken teeth) or distributed damage (uniform
wear) occurred in the planetary and spur gears simulta-
neously. *e sixth section presents concluding remarks.

2. Principles and Methods

2.1. VMD Principle. VMD is a multicomponent signal
adaptive decomposition method proposed by Dragomir-
etskiy and Zosso [37]. To date, it has been used in areas such
as bearing fault diagnosis, rotor rubbing, and speech signal
detection. VMD can be employed to decompose a real-
valued signal x(t) into a discrete number of subsignals uk

based on the specific sparsity properties of its bandwidth in
the spectral domain. *e bandwidth of a mode can be
assessed via a constrained variational optimization problem
with the following scheme:

(1) *e real signal is transformed into an analytical
signal by performing a Hilbert transform to form
a one-sided frequency spectrum of the signal.

(2) *e frequency spectrum of each mode is shifted to
the baseband bymixing with an exponential function
tuned to the relevant estimated center frequency.

(3) *e bandwidth of a mode is estimated based on the
Gaussian smoothness of the demodulated signal,
i.e., the squared norm of the gradient.

*e constrained variational problem can be written as

min
uk{ }, wk{ } 

k

zt δ(t) +
j

πt
 ∗ uk(t) e

−jwkt

�������

�������

2

2

⎧⎨

⎩

⎫⎬

⎭

s.t. 
k

uk(t) � f(t).

(1)

In Equation (1), uk is the kth mode of the signal, uk  is
the set of modes u1, u2, · · · , uk , wk is the center frequency
of the kth mode, wk  is the set of center frequencies of the
modes w1, w2, · · · , wk , f(t) is the signal to be decomposed,
and δ(t) is the Dirac function.

Equation (1) can be expressed as an unconstrained
optimization problem by introducing a quadratic penalty
and Lagrangian multipliers. *e modified equation with the
augmented Lagrangian can be written as

L uk , wk , λ(  � α
k

zt δ(t) +
j

πt
 ∗ uk(t) e

−jwkt

�������

�������

2

2

+ f(t) − 
k

ut(t)

���������

���������

2

2

+ λ(t), f(t) − 
k

uk(t),

(2)
where α represents the balancing parameter of the data-
fidelity constraint.

Equation (2) is solved using the alternate direction
method of multipliers. All the estimated modes in the fre-
quency domain are expressed as

u
n+1
k (w) �

f(w)−i≠kui(w) +(λ(w)/2)

1 + 2α w−wk( 
2 , (3)

where f(w), ui(w), λ(w), and un+1
k (w) are the Fourier

transforms of f(t), ui(t), λ(t), and un+1
k (t), respectively.

Note that Equation (3) is a Wiener filtering structure. *e
mode in the time domain can be obtained from the real part
of the inverse Fourier transform of this filtered analytic
signal.

*e complete VMD algorithm can be summarized as
follows:

(1) Initialization: let u0
k(t) , ω0

k , λ
0
(t) , and n be

zero and predefine a convergence threshold ε and the
number of intrinsic mode functions (IMFs) K to be
separated.
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(2) Update each IMF uk(t) and its associated center
frequency ωk, for k � 1 : k and ω≥ 0:

u
n+1
k (ω) �

x(ω)−i<kun+1
i (ω)−i>kun

i (ω) +(1/2)λ
n
(ω)

1 + 2α ω−ωn
k 

2 ,

ωn+1
k (ω) �


∞
0 ω un+1

k (ω)



2
dω


∞
0 un+1

k (ω)



2
dω

.

(4)

(3) Update the Lagrangian multiplier for all ω≥ 0:

λ
n+1

(ω) � λ
n
(ω) + τ x(ω)− 

k

u
n+1
k (ω)⎡⎣ ⎤⎦, (5)

where τ is the Lagrangian multiplier update
parameter.

(4) Check the convergence condition:


k

un+1
k (t)− un

k(t)
����

����
2
2

un+1
k (t)

����
����
2
2

< ε. (6)

If it is met, let uk(t) � un+1
k (t) and ωk � ωn+1

k and ter-
minate the decomposition. Otherwise, let n � n + 1 and
return to Step 2.

2.2. Procedure. *e basic steps of the signal processing al-
gorithm proposed in this paper are as follows: Firstly, to
avoid the influence of high-frequency harmonics, a low-pass
filter is used to filter the vibration signal. *en, VMD is
performed to decompose the filtered vibration signal to
obtain three VIMFs (the IMFs acquired by VMD) ranging
from low frequency to high frequency. Finally, the envelope
spectrum is employed to analyze VIMF1 and VIMF3, which,
respectively, include the spur gear and planetary gear vi-
bration information. Multiple multistage reducer faults can
be diagnosed by observing the characteristic frequency
changes of the gear fault envelope spectrum.

3. Vibration Signal Model

*e sensor is usually fixed onto the multistage reducer box
when measuring vibrations. Vibration signals are trans-
mitted to the sensor through multiple paths when the gears
mesh.*e vibration signals of each gear group are addressed
in this section.

3.1. Gear Vibration Signal Model. *e vibration signals of
each gear group (with no distinction between planetary and
spur gears) in a fault reducer can be modeled by the AM and
FM process. *e meshing frequency of the gears or their
multiple frequencies is the carrier frequency of the signal,
and the characteristic frequency of the damaged gear or its
multiple frequencies is the modulation frequency.

*e model of normal gear meshing vibration is as
follows:

x(t) � h(t) 
K

k�0
Vk(t),

Vk(t) � cos 2πkfmt + θk( ,

(7)

where h(t) is the influence of the transmission path on the
vibration signal, Vk(t) is the meshing vibration of the
normal gear, K is the highest order, fm is the meshing
frequency, and θk is the initial phase.

When the gear is damaged,

x
F
(t) � h(t) 

K

k�1
ak(t)V

F
k(t),

V
F
k(t) � cos 2πkfmt(  + bk(t) + θk ,

(8)

where ak(t) is the AM function caused by the fault, VF
K(t) is

the meshing vibration of the faulty gear, and bk(t) is the FM
function caused by the fault:

ak(t) � c 
M

m�1
Akn cos 2πmfFt + ϕkn( 

� c 1 + 

N

n�0
Akn cos 2πmt + ϕkn( ⎡⎣ ⎤⎦,

bk(t) � 
L

l�1
Bkl sin 2πlfFt + φkl( ,

(9)

where c is a dimensionless constant dependent on the signal
amplitude; Akn andBkl are the AM and FM coefficients,
respectively (Akn > 0, Bkl > 0); ϕkn andφkl are the initial
phases; fF is the characteristic frequency of the fault; and M

and L are the highest orders of modulation.

3.2. Influence of the Transmission Path. In a multistage re-
ducer, the vibration signal generated by each gear group is
transmitted to the sensor along multiple paths. We analyzed
the influence of the transmission path on the vibration signal
by using an example of a three-stage gear transmission system
(including a planetary gear and two spur gears, as shown in
Figure 1). We discuss the planetary and spur gears separately
as their transmission paths are different. For simplicity, we
only consider the case of order 1 (K � 1, L � 1, M � 1).

3.2.1. Planetary Gear Vibration Signal. A planetary gear is
typically composed of a sun gear, several planet gears, and
a ring gear. Usually, the ring gear is stationary, and the sun
and planet gears as well as the planet and ring gears mesh
simultaneously. Owing to the revolution of the planet gears,
the transmission path between the meshing point and sensor
varies periodically. Figure 1 shows six transmission paths
according to planetary gear. Taking a planet gear as the
object of analysis, the transmission of a vibration signal from
the meshing point of the planetary and sun gears to the
sensor occurs along paths 1–3 in Figure 1, and that from the
meshing point of the planetary and ring gears to the sensor
occurs along paths 4–6. In addition to these six transmission
paths, the vibrations will be transmitted to the sensor
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through the oil, box, etc. However, these vibrations are weak
and therefore are not addressed in this article.

*e transmission paths of the planetary gear are as
follows:

Path 1: sun gear⟶ sun gear shaft⟶ reducer
box⟶ sensor
Path 2: sun gear⟶ planet gear⟶ ring
gear⟶ reducer box⟶ sensor
Path 3: sun gear⟶ planetary gear⟶ planet gear
shaft⟶ planet carrier⟶ reducer box⟶ sensor
Path 4: planet gear⟶ sun gear⟶ sun gear
shift⟶ reducer box⟶ sensor
Path 5: planet gear⟶ planet gear shift⟶ planet
carrier⟶ reducer box⟶ sensor
Path 6: planet gear⟶ ring gear⟶ reducer
box⟶ sensor

For transmission paths 2 and 6, the position of the
meshing point of each gear pair changes constantly. *e time
variation of the meshing point location makes the distance
between the vibration source and sensor change periodically.
*e vibration signal amplitudemeasured by the sensor is large
when the planet gear is rotated just below the sensor. Con-
versely, this amplitude is small when the planet wheel is
rotated away from the sensor.*erefore, transmission paths 2
and 6 modulate the vibration signal amplitude. *e modu-
lation frequency is the planet gear revolution frequency, that
is, the planet carrier rotation frequency. *e remaining four
transmission paths will not change owing to the planet gear
revolution. *ey will change the vibration signal amplitude
but will not introduce a new modulation frequency. *e
signals of these four paths are considered as a whole when
simulating the vibration signal. Transmission paths 2 and 6
can be represented by Hanning windows, and they are

synchronous. *e lengths of transmission paths 2 and 6 are
different; thus, the attenuation is different. Ar1(t) is the
function of transmission path 6 where the first planet gear and
ring gear mesh, and As1(t) is the function of transmission
path 2 where the first planet gear and sun gear mesh:

Ar1(t) � 1− cos 2πfct( ,

As1(t) � k1Ar1(t),
(10)

where k1 is an attenuation coefficient and k1 < 1, and fc is
the planet carrier rotation frequency.

For transmission path 6, the transmission paths of the
other planet gears are

Ari(t) � Ar1
t +(i− 1)T

3
 , (11)

where T is the planet gear revolution period.
For transfer path 2, the transmission paths of the other

planet gears are

Asi(t) � Asl
t +(i− 1)T

3
 . (12)

*e transfer functions of the remaining four paths can be
considered to be constants, where paths 1 and 3 are
expressed in A1, and paths 4 and 5 are expressed in A2.

*erefore, considering the influence of all the paths, the
vibration signal of the planetary gear can be represented as
follows:

xp(t) � 

N

i�1
Ari(t)Vrpi(t) + AsiVspi(t) + A1Vrpi(t)

+ A2Vspi(t),

(13)

where Vrpi(t) and Vspi(t) are the meshing vibrations of
planet gear i with the ring gear and sun gear, respectively,
and N is the number of planet gears:

Vibration sensor

Sun gear sha�
(input sha�)

Planet gear

Ring gear

Gearbox casing

Planet carrier

Gear sha� 2
(output sha�)

Gear sha� 1

Spur gear 1

Spur gear 2
Spur gear 3

Spur gear 4

Transfer path 1
Transfer path 2

Transfer path 3
Transfer path 7
Transfer path 8

Sun gear

Transfer path 5

Transfer path 6

Transfer path 4

Transfer path 9
Transfer path 10

Figure 1: Transmission paths of the vibration signals in a multistage reducer.
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Vrpi(t) � Vspi(t) � cos 2πfmt +
i− 1
N

T + θ . (14)

When the sun gear has a fault,

x
S
p(t) � 

N

i�1
Ari(t)Vrpi(t) + Asiai(t)V

F
spi(t) + A1Vrpi(t)

+ A2ai(t)V
F
spi(t),

V
F
spi(t) � cos 2πfmt + bi(t) +

i− 1
N

T + θ .

(15)

Further, when the planet gear has a fault (assuming the
failure of planet gear j),

x
P
p(t) � 

N−1

i− 1
Ari(t)Vrpi(t) + Asi(t)Vspi(t) + A1Vrpi(t)

+ A2Vspi(t) + Arj(t)aj(t)V
F
rpj(t)

+ Asj(t)aj(t)V
F
spj(t) + A1aj(t)V

F
rpj(t)

+ A2aj(t)V
F
spj(t).

(16)

*e form of VF
rpj(t) is similar to that of VF

spj(t).

3.2.2. Spur Gear Vibration Signal. *e spur gear trans-
mission path is simple. When the normal gear is meshing,
the vibration signal is mainly derived from the meshing
position of the gear. *e transmission path of the signal to
the sensor is mainly along the two gear shafts (paths 7–10 in
Figure 1). As these paths are not time varying, they only
affect the vibration signal amplitude. *ese four transfer
path functions are regarded as a constant A3:

hs(t) � A3,

Vs � cos 2πfmt + φ( .
(17)

*e vibration signals of a spur gear fault can be
expressed as

x
F
s (t) � A3a(t)V

F
s (t),

V
F
s (t) � cos 2πfmt + b(t) + φ( .

(18)

3.3. Characteristic Frequency of Faulty Gear

3.3.1. Characteristic Frequency of Faulty Planetary Gear.

(1) Characteristic Frequency of Local Gear Damage.

Sun Gear

In each relative rotating cycle, a damaged sun gear tooth
comes into contact with all of the planet gears. *us, the
characteristic frequency of a locally damaged sun gear is equal
to the number of planet gears times the relative rotation
frequency of the sun gear with respect to the planet carrier:

f
l
s �

fm

Zs
N � Nfs,

fs �
fm

Zs
.

(19)

Planet Gear

A locally damaged planet gear has two characteristic
frequencies because it contacts the ring and sun gears si-
multaneously. One of those frequencies is

f
l
p1 �

fm

Zp
� fp, (20)

fp �
fm

Zp
. (21)

If the damage exists on one side of the planet gear tooth,
the damaged area contacts mating gears (either the sun or
ring gear) only once in each relative rotating cycle. Mean-
while, if the damage occurs on both sides of the planet gear
tooth, the damaged area contacts mating gears (both the sun
and ring gears) twice in each relative rotating cycle, and the
frequency is twice that of Equation (20):

f
l
p2 � 2

fm

Zp
� 2fp. (22)

Ring Gear

Similarly, the characteristic frequency of a locally
damaged ring gear is

f
l
r �

fm

Zr
N � Nfr,

fr �
fm

Zr
.

(23)

(2) Characteristic Frequency of Distributed Gear Damage. In
the case of distributed gear damage, the characteristic fre-
quency of a faulty gear is defined as its rotation frequency
relative to the planet carrier (in the cases of sun and ring gear
damage) or to the ring gear (in the case of planet gear
damage), because distributed gear damage modulates the gear
meshing vibrations with a period equal to the damaged gear
rotating cycle relative to the planet carrier or ring gear. In this
sense, the characteristic frequencies of planet, sun, and ring
gears with distributed damage can be calculated using

f
d
s �

fm

Zs
� fs,

f
d
p �

fm

Zp
� fp,

f
d
r �

fm

Zr
� fr.

(24)
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3.3.2. Characteristic Frequency of Faulty Spur Gear. *e
characteristic frequencies of a faulty spur gear with local and
distributed damage are

f
l

� fr,

f
d

� fm,
(25)

respectively.

4. Simulated Signal Analysis

To illustrate the effectiveness of the proposed method, we
simulated the vibration signal of a three-stage reducer
(including one planetary gear and two spur gears). *e first-
stage planetary gear and third-stage spur gear were equipped
with gear faults separately. Without loss of generality, we
ignored the influence of the initial phase and focused on
analyzing the meshing and characteristic frequencies of the
faults. To simulate the background noise interference, we
added Gaussian noise N(t), and the signal-to-noise ratio
was 20 dB. *e simulation signal model was as follows:

x(t) � x
F
p(t) + xs(t) + x

F
s (t) + N(t), (26)

where

x
F
p(t) � 

N

i�1
Ari(t)Vrpi(t) + Asiai(t)V

L
spi(t) + A1Vrpi(t)

+ A2ai(t)V
L
spi(t),

Ari(t) � kri 1− cos 2πfct +
(i− 1)

N
T  ,

Vrpi(t) � cos 2πfmt +
i− 1
N

T ,

Asi(t) � ksi 1− cos 2πfct−
(i− 1)

N
T  ,

ai(t) � 1 + Ap cos 2πfst +
(i− 1)

N
T ,

V
F
spi(t) � cos 2πfm1t + Bp sin 2πfst(  +

(i− 1)

N
T ,

xs(t) � 
5

i�1
A3 cos 2πlfm2t( ,

x
F
s (t) � 

5

l�1
A4 1 + As cos 2πfr1t( ( 

· cos 2πlfm + Bs sin 2πfr1t( ( .

(27)

*e relevant parameters in these formulas are listed in
Table 1. *e parameters of the related frequencies were
obtained based on the experimental data (the simulation

signal corresponds to the actual fault type Sun Gear Wear-
Spur Gear Broken Teeth). *e coefficients were obtained
based on the amplitude of the actual vibration signal and
rounded off. We tried to make the amplitude of the sim-
ulation signal similar to that of the actual vibration signal by
adjusting the coefficients. *is ensures that the ratio of the
vibrational energy of the spur gear to the planetary gear is
similar to that of the actual vibration signal. It further en-
sures that the fault feature signal of the spur gear is sub-
merged in the simulation signal like the reality.*e sampling
frequency was set to 2000Hz.

We analyzed the simulation signals in accordance with
the program described in Section 2.2. *e results are shown
in Figure 2.

Figure 2(b) shows the Fourier spectrum of the simula-
tion signal. In the frequency domain, virtually all of the
prominent spectral peaks appear at the expected charac-
teristic frequencies—such as themeshing frequencies of spur
gears 1 (fm2) and 2 (fm3), their product frequencies (nfm2,
nfm3), and the planetary gear meshing frequency (fm1).
*ere is a sideband (nfm3 ± kfr1) associated with the
spur gear failure frequency near the meshing frequency of
spur gear 2. Complex sidebands appear near the planetary
gear meshing frequency, including peaks such as those
at fm1 ± fc, fm1 ± fs, fm1 ± nfc, fm1 ± nfs, and fm1 ±
nfs ± nfe. Because the spur gear vibration energy is less
than that of the planetary gear, and the planetary gear
spectrum is complex, it is difficult to diagnose the gear faults
via traditional Fourier spectrum analysis when the spur and
sun gears fail simultaneously.

Figure 2(c) depicts the simulation signal envelope spec-
trum and clearly reveals the carrier frequency (fc), sun gear
fault characteristic frequency (fs), and modulation frequency
between them (fs ± fc). However, the spur gear fault features
do not appear in the envelope spectrum. *erefore, to extract
the fault information of each gear effectively, we used the
method proposed in this paper. We employed VMD to de-
compose the simulation signal and obtainVIMFs (Figure 2(d)).
*e instantaneous frequency spectrogram shows that the
frequency of VIMF1 is mainly concentrated in the 0–300Hz

Table 1: Simulation signal parameters.
Meshing frequency of planetary gear fm1(Hz) 648
Meshing frequency of spur gear 1 fm2(Hz) 188
Meshing frequency of spur gear 2 fm3(Hz) 68
Rotation frequency of planet carrier fc(Hz) 6.5
Characteristic frequency of spur gear fault fr1(Hz) 1.9
Characteristic frequency of the sun gear fault fs(Hz) 23
AM coefficient of path ii kri 0.03
AM coefficient of path vi ksi 0.03
AM coefficient of the sun gear fault Ap 1
FM coefficient of the sun gear fault Bp 2
AM coefficient of paths 1 and 3 A1 0.03
AM coefficient of paths 4 and 5 A2 0.03
AM coefficient of the paths to the vibration
signal of spur gear 1 A3 0.09

AM coefficient of the paths to the vibration
signal of spur gear 2 A4 0.06

AM coefficient of the spur gear fault As 1
FM coefficient of the spur gear fault Bs 1.5
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range, whichmainly contains the vibration information of spur
gear 2, and the frequency of VIMF3 is mainly focused in the
600–800Hz range, which mainly contains the vibration in-
formation of the sun wheel. Envelope spectra were acquired
separately for VIMF1 and VIMF3.

Figure 2(e) clearly shows the fault feature frequency of
the spur gears (fr1), its modulation frequency, and the
meshing frequency of spur gear 2 (fm3 ± fr1). Figure 2(f )
clearly provides the fault feature frequencies of the sun
gear (fs) and the planet carrier (fc). Compared with the
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Figure 2: Simulation results: (a) time-domain waveform of simulation signal, (b) spectrum of simulation signal, (c) envelope spectrum of
simulation signal, (d) time-domain and time-frequency VMD decomposition images, (e) envelope of VIMF1, and (f) envelope of VIMF3.
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traditional Fourier transform, Figures 2(e) and 2(f) more
clearly show the gears corresponding to the fault charac-
teristics. *us, the proposed method not only enables ef-
fective diagnosis of spur gear faults, but also facilitates
planetary gear fault diagnosis. *e above simulation signal
analysis illustrates the effectiveness of the proposed method
for extracting multiple faults in a multistage reducer.

5. Experimental Signal Analysis

In this section, we verify the effectiveness of the proposed
method by presenting experimental data. To obtain these
data, we fabricated local faults (broken teeth) and distributed
faults (uniform wear) on the planetary and spur gears of the
reducer.

5.1. Experimental Specifications. Figure 3 shows the mul-
tistage reducer test rig. *e reducer included three gear
transmission stages: a first-stage planetary gear, second-
stage spur gear, and third-stage spur gear. A magnetic
powder brake was used to provide the entire system load.
Table 2 lists the parameters of the multistage reducer
test rig.

We processed the local faults (broken teeth) and dis-
tributed faults (uniform wear) on the sun gear of the first-
stage planetary gear and the second-stage spur gear.
Figure 4 shows the different fault types of the sun and spur
gears. We artificially destroyed about 20% of one sun gear
tooth to represent a local fault (broken tooth) and cut
about 0.3mm off each sun gear tooth to represent a dis-
tributed fault (uniform wear). *e same fault types were
also processed on the third-stage spur gear artificially. *e
other gears were normal in each experiment. In the ex-
periment, we set the rotation frequency of the motor to
1800 rpm/min and the output torque of the magnetic brake
to 1N·m.

*e acceleration sensor was fixed in the middle of the
reducer box so that the vibration information of the reducer
at each gear stage could be collected. *e vibration signal
sampling frequency was 10 kHz.

According to the structure and rotation speed of the
planetary and spur gears, the rotation frequency of the gears
at each stage and the characteristic frequency of the faulty
gear were calculated; the results are presented in Table 3.

5.2. Multifault Experiment Signal Analysis. In this section,
we outline the experimental signal analysis performed using
the program proposed in Section 2.2. We analyzed the
experimental signals of the reducer box when the planet and
spur gears experienced local faults (broken teeth) or dis-
tributed faults (uniform wear) to demonstrate the effec-
tiveness of the method. In all the following figures, the blue
line indicates the baseline signal and the red line indicates
the fault signal.

5.2.1. Baseline: All of the Gears Are Perfect. Figures 5(a) and
5(b) depict the time-domain waveforms of the original and

filtered vibration signals, respectively. From the spectrum of
the filtered vibration signal (Figure 5(c)), the motor rotation
frequency (f(r)

s ), planetary gear meshing frequency (fm1),
spur gear meshing frequencies (fm2, fm3), and multiples of
the spur gear meshing frequencies (nfm2, nfm3) can be
identified. Sidebands appear near the spur gear meshing
frequency, which is mainly caused by the gear shaft rotation
frequency. *ere are also sidebands near the planetary gear
meshing frequency, but the form is relatively complex,
mainly because of the planet gear and planet carrier rotation
frequencies and their combined frequency. Comparison of
the amplitudes of the planetary and spur gear spectra shows
that the spur gear vibration amplitude is smaller than that of
planetary gear, especially for the third-stage spur gear. *us,
the planetary gear vibration energy is greater than that of the
spur gear. *erefore, only the characteristic frequency of the
planetary gear can be seen in the vibration signal envelope
spectrum. In the envelope spectrum, the rotation frequen-
cies of the planet gear and planet carrier, multiples of their
frequencies, and their combined frequency can be seen. *e
meshing frequency of the second-stage spur gear is ob-
servable, but the rotation frequency associated with the spur
gear is not visible.

After VMD decomposition, we obtained three VIMFs.
Figure 5(e) presents the time-domain and time-frequency
images for each VIMF, revealing that the three VIMFs are in
different frequency bands. VIMF1 and VIMF3 mainly
contain the vibration information of the spur and planetary
gears, respectively. *en, the envelope spectra of VIMF1 and
VIMF3 were obtained separately. Figure 5(f) shows the
envelope spectrum of VIMF1, revealing the multiples of the
rotating frequencies of the second spur gear (nfr1) and the
third spur gear (nfr2), the meshing frequency of the third
spur gear (fm3), and the modulation frequencies between
them (fm3 ± nfr1, fm3 ± nfr2) which are related to the
characteristic frequency of the spur gears. Figure 5(g) depicts
the envelope spectrum of VIMF3, revealing the rotation
frequency of the planet carrier (fc), characteristic frequency
of the planet gear (fp), characteristic frequency of the sun
gear (fs), their multiples (nfc, ifp, mfs), and the modu-
lation frequencies between them (mfs ± ifp ± nfc), which
are related to the characteristic frequency of the planetary
gear. In an actual reducer, manufacturing and assembly
error is inevitable, leading to the occurrence of these fre-
quency components in the FM spectrum.

Inverter

Drive motor

1st planetary gear

2nd stage spur gear 3rd stage spur gear

Vibration sensor

Magnetic
powder
brake 

Figure 3: Multistage reducer test rig.
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Table 2: Multistage reducer parameters.

Parameter
First-stage planetary gear Second-stage spur gear *ird-stage spur gear

Sun gear Planet gear Ring gear Number of planet gears Driving gear Driven gear Driving gear Driven gear
Number of teeth 28 36 100 4 29 100 36 90

(a) (b) (c)

(d) (e) (f )

Figure 4: Physical diagram of faulty sun and spur gears: (a) normal sun gear, (b) local fault (broken tooth) of sun gear, (c) distributed fault
(uniform wear) of sun gear, (d) normal spur gear, (e) local fault (broken tooth) of spur gear, and (f) distributed fault (uniform wear) of spur
gear.

Table 3: Rotation frequencies of the gears at each stage and characteristic frequencies of the faulty gears.

Parameter
First-stage planetary gear Second-stage spur gear *ird-stage spur gear

Sun
gear

Planet
gear

Planet
carrier

Meshing
frequency

Driving
gear

Driven
gear

Meshing
frequency

Driving
gear

Driven
gear

Meshing
frequency

Rotation frequency 29.63 18.02 6.48 648.59 6.48 1.88 188.09 1.88 0.75 67.71
Characteristic frequency of
local fault 92.64 18.02 — — 6.48 1.88 — 1.88 0.75 —36.04
Characteristic frequency of
distributed fault 23.16 18.02 — — 188.09 188.09 — 67.71 67.71 —
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Figure 5: Continued.
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5.2.2. Sun Gear Broken Teeth-Spur Gear Broken Teeth.
Figure 6 presents the vibration signal analysis results ob-
tained when both the sun gear of the planetary gear and the
driving third-stage spur gear had broken teeth simulta-
neously. *e fault characteristic frequency of the sun gear is
4fs and that of the spur gear is fr1.

*e spectrogram of the vibration signal (Figure 6(b))
shows that some continuous peaks occur between the
meshing frequency of the third-stage spur gear (fm3) and

four times that frequency (4fm3), because of the broken
teeth of the spur gear. However, these peaks are not
prominent. Some sidebands appear near the meshing fre-
quency (fm1) of the planetary gear, including at the com-
binatorial frequency between the meshing frequency of the
planetary gear and the sun gear fault characteristic fre-
quency. In addition, there are the combinatorial frequen-
cies (fm1 ± 2fs ± fp, fm1 −fs, fm1 + 3fs, fm1 ± 5fs, fm1+

5fs + fc) between the meshing frequency of the planetary
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Figure 5: Normal vibration signal analysis: (a) time-domain waveform of original vibration signal, (b) time-domain waveform of filtered
vibration signal, (c) spectrum of filtered vibration signal, (d) envelope spectrum of filtered vibration signal, (e) time-domain and time-
frequency VMD decomposition images, (f ) envelope of VIMF1, and (g) envelope of VIMF3.
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Figure 6: Sun and spur gear broken tooth analysis results: (a) time-domain waveform of filtered vibration signal, (b) spectrum of filtered
vibration signal, (c) envelope spectrum of filtered vibration signal, (d) time-domain and time-frequency VMD decomposition images,
(e) envelope of VIMF1, and (f) envelope of VIMF3.
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gear (fm1) and 1/4 times the fault characteristic frequency
(n/4(4fs)). Most likely, because manufacturing and as-
sembly errors are inevitable in a real reducer, the four planet
gears that meshed with the sun gear could not have been
exactly the same; thus, the impacts of the sun and four planet
gears differed. Some frequencies appear in the vibration
signal envelope spectrum (Figure 6(c)), such as the sun gear
fault characteristic frequency (4fs) and the frequencies
associated with it (n/4(4fs) ± mfp ± kfc). However, there
is no significant change in the spur gear fault characteristic
frequency (fr1).

After VMD decomposition, we obtained three VIMFs.
Figure 6(d) shows the time-domain and time-frequency
results for each one. VIMF1 and VIMF3 mainly contain
the vibration information of the spur and planetary gears,
respectively. Figure 6(e) shows the envelope spectrum of
VIMF1, revealing that the spur gear fault characteristic
frequency (fr1) is obviously increased, and the fault char-
acteristic frequenciesmultiplied times 11–27 are increased as
well. *us, a broken tooth fault occurred in the spur gear.
Figure 6(f ) shows the envelope spectrum of VIMF3, where it
can be seen that the sun gear fault characteristic frequency
(4fs) is obviously increased, and those related to the sun
gear fault characteristic frequency (2fs, 2fs ± fc, 2fs ± fp)
are increased as well. *ese results indicate that a broken
tooth fault occurred in the sun gear.

5.2.3. Sun Gear Wear-Spur Gear Wear. Figure 7 shows the
vibration signal analysis results obtained when both the sun
gear of the planetary gear and the driving gear of the third-
stage spur gear were worn simultaneously. *e fault char-
acteristic frequencies of the sun and spur gears are fs and
fm3, respectively.

*e vibration signal spectrogram (Figure 7(b)) shows
that the third-stage spur gear meshing frequency (fm3), as
well as two and three times the meshing frequency (2fm3
and 3fm3, respectively), is increased slightly. *e planetary
gear meshing frequency (fm1) has increased, as has the peak
of the sideband near the meshing frequency according to the
sun gear fault characteristic frequency (fs). Some fre-
quencies appear in the vibration signal envelope spectrum,
such as the sun gear fault characteristic frequency and its
associated frequencies (fm1 ± fs ± fc, fm1 + fs + fp −fc,
fm1 + 2fs + fp). *ese characteristics indicate that the sun
gear wear failure was identified, but the spur gear fault
diagnosis was not satisfactory.

After VMD decomposition, it can be concluded from
Figure 7(d) that VIMF1 and VIMF3 mainly contain the
vibration information of the spur and planetary gears,
respectively. Figure 7(e) shows the envelope spectrum of
VIMF1, revealing that the spur gear fault characteristic
frequency (fm3) is obviously increased. *is feature
indicates that wear fault occurred in the spur gear.
Figure 7(f ) presents the envelope spectrum of VIMF3,
showing that the sun gear fault characteristic frequency
(fs) is obviously increased, as are its related frequencies
(2fs ± fc, fs ± fp). *us, a wear fault occurred in the sun
gear.

5.2.4. Sun Gear Broken Teeth-Spur Gear Wear. Figure 8
shows the vibration signal analysis results obtained when
the sun gear of the planetary gear had broken teeth and the
driving gear of the third-stage spur gear was simultaneously
worn. *e fault characteristic frequencies for the sun and
spur gears are 4fs and fm3, respectively.

*e vibration signal spectrogram (Figure 8(b)) shows
that the meshing frequency of the third-stage spur gear
(fm3), as well as two and three times that frequency (2fm3
and 3fm3, respectively), is increased slightly. *ere are
some sidebands near the planet gear meshing frequency
(fm1). It is clear that there is a combination of the sun gear
meshing frequency and fault characteristic frequency in the
sidebands (fm1 ± 4fs). *ere are combined frequencies of
the meshing frequency and 1/4 times the sun gear fault
characteristic frequency (n/4(4fs)) in the sidebands si-
multaneously (fm1 ± 2fs ± fp, fm1 −fs, fm1 + 3fs, fm1+

5fs, fm1 + 5fs + fc).
Some frequencies appear in the vibration signal envelope

spectrum (Figure 8(c)), such as the sun gear fault charac-
teristic frequency (4fs) and its associated frequencies
(n/4(4fs) ± mfp ± kfc). However, there is no significant
change in the spur gear fault characteristic frequency.

After VMD decomposition, it can be concluded from
Figure 8(d) that VIMF1 and VIMF3 mainly contain the
vibration information of the spur and planetary gears, re-
spectively. Figure 8(e) shows the envelope spectrum of
VIMF1, revealing that the spur gear fault characteristic
frequency (fm3) is obviously increased. *us, a wear fault
occurred in the spur gear. Figure 8(f ) presents the envelope
spectrum of VIMF3, showing that the sun gear fault char-
acteristic frequency (4fs) and its related frequencies (2fs,
2fs ± fc, 2fs ± fp) are increased. *us, a broken teeth fault
occurred in the sun gear.

5.2.5. Sun Gear Wear-Spur Gear Broken Teeth. Figure 9
shows the vibration signal analysis results obtained when
the sun gear of the planetary gear was worn and the driving
gear of the third-stage spur gear simultaneously had broken
teeth.*e fault characteristic frequencies of the sun and spur
gears are fs and fr1, respectively.

*e vibration signal spectrogram (Figure 9(b)) shows
that some continuous peaks occur between the meshing
frequency of the third-stage spur gear (fm3) and four times
that frequency (4fm3), because of the broken teeth of the
spur gear. However, these peaks are not prominent. *e
planetary gear meshing frequency (fm1) exhibits a certain
increase, and the peaks in the sideband associated with the
sun gear fault characteristic frequency (fm1 ± fs −fc,
fm1 ± fp −fc, fm1 + fs + fp −fc, fm1 + 2fs + fp) are in-
creased as well. *e vibration signal envelope spectrum
(Figure 9(c)) clearly reveals that the fault characteristic
frequency (fs) and the frequencies associated with it
(fs ± fc, 2fs −fc, 2fs + 2fc −fp, 2fs + fp −fc) are in-
creased.*ese features indicate that wear failure occurred on
the sun gear, but the spur gear fault diagnosis is not ideal.

After VMD decomposition, it can be concluded from
Figure 9(d) that VIMF1 and VIMF3 mainly contain the
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Figure 7: Sun and spur gear wear analysis results: (a) time-domain waveform of filtered vibration signal, (b) spectrum of filtered vibration
signal, (c) envelope spectrum of filtered vibration signal, (d) time-domain and time-frequency VMD decomposition images, (e) envelope of
VIMF1, and (f) envelope of VIMF3.
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Figure 8: Analysis results for sun gear with broken teeth and worn spur gear: (a) time-domain waveform of filtered vibration signal,
(b) spectrum of filtered vibration signal, (c) envelope spectrum of filtered vibration signal, (d) time-domain and time-frequency VMD
decomposition images, (e) envelope of VIMF1, and (f) envelope of VIMF3.
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Figure 9: Analysis results for worn sun gear and spur gear with broken teeth: (a) time-domain waveform of filtered vibration signal,
(b) spectrum of filtered vibration signal, (c) envelope spectrum of filtered vibration signal, (d) time-domain and time-frequency VMD
decomposition images, (e) envelope of VIMF1, and (f) envelope of VIMF3.
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vibration information of the spur and planetary gears, re-
spectively. Figure 9(e) depicts the envelope spectrum of
VIMF1, showing that the spur gear fault characteristic
frequency (fr1) is obviously increased and 11–27 times that
frequency are increased as well. *us, a broken tooth fault
occurred in the spur gear. Figure 9(f) presents the envelope
spectrum of VIMF3, revealing that the sun gear fault
characteristic frequency (fs) is obviously increased, as are
the frequencies related to it (fs + fc, 2fs −fc, fs ± fp,
3fs −fp + fc). *us, a wear fault occurred in the sun gear.

6. Discussion

In the analysis results of the simulation signal, we could
effectively extract the desired fault characteristic frequencies
of the gears. However, the frequencies distribution of the
simulation signal is simpler than the actual vibration signal
because our focus is only on the ideal situation. We only
considered the meshing frequency of all gears, the rotation
frequency of the planet carrier, and the fault characteristic
frequencies of the sun and spur gears. Although these are
somewhat different from the actual situation, they suffi-
ciently demonstrate the effectiveness of the proposed
method.

When the reducer is running normally, assembly and
machining errors are unavoidable, the planet gears are not
exactly the same, and there are many other transmission
paths for the vibration signal. Further, the gear meshing
transmission has periodic fluctuations that can trigger the
related vibration. *us, the actual vibration signal is com-
plex, and it is therefore reasonable that there are some
frequencies in the spectrum figures.

When multiple faults occur in a multistage reducer,
peaks in the VIMF envelope spectra do not appear at the
fault characteristic frequencies of the gears and their har-
monics, most likely because of manufacturing and assem-
bling errors that are inevitable in actual multistage reducers.
*erefore, it is reasonable to see other peaks in VIMF en-
velope spectra. *e desired fault characteristic frequency of
the gear can be obtained based on the envelope spectra of
VIMF1 and VIMF3. *erefore, it is possible to diagnose
planetary and spur gear failures by employing the proposed
method.

To diagnose multiple faults in a multistage reducer, we
proposed a method based on amplitude and frequency
demodulation. In multistage reducer box vibration signal
analysis of the spectrum and envelope spectrum directly, the
spur gear fault characteristics are not obvious because its
vibration energy is smaller than the vibration energy of the
planetary gear. To recognize a spur gear fault, it is necessary
to separate the spur gear vibration signal from that of the
multistage reducer box. In a multistage reducer, the meshing
frequencies of the gear stages are often in different fre-
quency bands because of deceleration or acceleration.
*erefore, the vibration signal of a multistage reducer box
can be decomposed by frequency band, such that each
frequency band contains the vibration information of dif-
ferent levels of gears. *e VMD method can facilitate signal
decomposition according to the expected frequency band,

and the number of layers decomposed is manageable. To
validate fully the effectiveness of the proposed method, we
analyzed four different laboratory signals in a multistage
reducer, where the sun gear of the planetary gear and the
spur gear experienced local faults (broken teeth) or dis-
tributed faults (uniform wear). *e experimental multistage
reducer vibration signals were composed of various com-
ponents generated by the planetary gear, spur gear, bearings,
input/output shafts, and connected devices such as motors.
*ey have the samemulticomponent nature as those of a real
industrial multistage reducer. *us, they were sufficient to
test the performance of the VMD demodulation method.
*e analysis results obtained using the four different datasets
were all in line with our expectations.

We used VMD to decompose the vibration signals
according to frequency band. *e spur and planetary gear
vibration information was included in VIMF1 and VIMF3,
respectively, so their gear fault characteristic frequencies
could clearly be seen in the corresponding envelope spectra.
*e experimental validation demonstrates the effectiveness
of the proposed method and its potential for use in in-situ
applications.

7. Conclusions

To address fault characteristic frequency extraction when
multiple faults occur simultaneously in a multistage reducer,
we proposed a joint amplitude and frequency demodulation
method to identify the characteristic frequencies of faulty
gears in multistage reducer systems more effectively. In this
technique, VMD is employed to decompose the signal into
VIMFs such that each VIMF contains the vibration in-
formation of a gear stage.*en, the envelope spectrum of the
VIMF of interest is calculated, and the gear faults are
identified by the fault characteristic frequency peaks in the
envelope spectra. *e method was demonstrated by con-
ducting simulated signal analysis, and its performance was
validated experimentally using four experimental signals. In
future work, we will collect industrial multistage reducer
vibration datasets to validate the proposed method further.
*roughout this study, we assumed that the multistage
reducer rotation speed was constant. We are currently doing
research to address this issue when the rotation speed
fluctuates.
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Parameters identification of cracked rotors has been gaining importance in recent years, but it is still a great challenge to determine
the crack parameters including crack location, depth, and angle for operating rotors.*is work proposes a newmethod to identify
crack parameters in a rotor-bearing system based on a Kriging surrogate model and an improved nondominated sorting genetic
algorithm-III (NSGA-III). A rotor-bearing system with a breathing crack is established by the finite element method and the
superharmonic components are used as index to detect the cracks, the Kriging surrogate model between crack parameters and the
superharmonic component amplitudes of the vibration response for rotors are constructed, and an improved NSGA-III is
proposed to obtain the optimal crack parameters. Numerical experiments show that the proposed method can identify the crack
location, depth, and angle accurately and efficiently for operating rotors.

1. Introduction

Rotors are one of the most important parts of rotating ma-
chinery, which are widely used in power stations, aircraft
engines, motors, and so on. Transverse fatigue crack is easily
produced on rotors under bending excitation, and slant fatigue
crack is generated under torsional excitation due to the harsh
operation conditions. *e crack propagation speed might be
extremely slow at the initial stage, as the crack has propagated
to a certain depth, the crack propagation speed increases
sharply and the shaft may malfunction within a few hours of
operation, causing a catastrophic accident [1]. In order to
reduce the maintenance costs of equipment and avoid the
occurrence of serious accidents, it is of enormous significance
to continuously monitor the health of rotors during operation.

Many researchers have studied crack monitoring for
rotors based on vibration signals [2–6], the methods can be
split into two groups depending on whether the rotors are
rotating or not. *e crack parameter identification methods
under nonoperating state of rotors are usually based on
modal parameters of the cracked rotors. Dong et al. [7]
established a rotor system based on wavelet finite element

method and determined the position and depth of the crack
by the intersection of contours of the first three natural
frequencies. Haji and Olutunde Oyadiji [8] put forward the
concept of orthogonal natural frequencies (ONFs) and
achieved the location of cracks by calculating the ONFs at
different positions of a disc. Zapico-Valle et al. [9] and Yu
et al. [10] used the modal parameters of rotors corre-
sponding to different crack positions and depths as the
neural network input to identify rotor crack parameters.
Xiang et al. [11] estimated the crack parameters by mini-
mizing the errors of natural frequencies between simulation
and experimental results. But the modal parameters used in
crack identification cannot be easily obtained in operating
conditions, and it is more meaningful to identify the crack
parameters for rotors under operating conditions.

Generally, crack parameters identification methods for
operating rotors need to test the dynamic response of the
rotor. Prabhakar et al. [12] detected rotor crack during start-
up and shutdown of a rotor-bearing system qualitatively
with continuous wavelet transform. Singh and Tiwari [13] de-
tected the slope discontinuity in the elastic line of the shaft due to
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cracks and achieved localization of multiple cracks in a stepped
shaft. Saravanan and Sekhar [14] identified the crack in a rotor-
bearing system utilizing the concept of operational deflection
shape (ODS) and kurtosis of vibration response. Zhang
et al. [15] detected the singularity of the ODS in rotors to
identify the crack location and used the approximate
waveform capacity dimension (AWDC) to make the
singularity more prominent. Ramesh Babu and Sekhar [16]
proposed a concept called amplitude deviation curve
method based on ODS and realized the two cracks lo-
calization in a rotating rotor. Lu et al. [17] proposed
a multicrack location method based on proper orthogonal
decomposition (POD) using fractal dimension (FD) and
gapped smoothing method (GSM). Lees et al. [18]
reviewed the rotor crack parameter identification method
based on equivalent crack forces, which treated the effects
of cracks as equivalent forces exerted on a healthy rotor
system. Some researchers used equivalent crack forces
method to obtain the crack position and depth of rotors,
such as Sekhar [19–21], Markert et al. [22], Pennacchi and
et al. [23]. *e second group of studies concentrates on
crack detection and location for operating rotors, but it is
difficult to quantitatively identify the shape and depth of
the crack.

As the crack angle affects the stress, the speed of crack
propagation, and fatigue life of rotors, some researchers
studied the dynamic behavior of the rotor due to the slant
crack [24–28]. However, there is no relevant research on crack
parameters identification if crack angle is considered for
operating rotors at present, transverse crack and slant crack
have similar stiffness, and crack detection results could be
misleading. Focusing on this challenge, the problem of crack
parameters identification is transformed into multiobjective
optimization problem.*en, NSGA-III [29, 30] is improved to
obtain the optimal crack location, depth, and angle at the same
time, and the Kriging surrogate model [31, 32] is applied to
increase the optimization speed.

In this paper, a new crack parameters identification
method is proposed for operating rotors using Kriging
surrogate model and an improved NSGA-III. In Section
2, the model of a rotor-bearing system with breathing
cracks is constructed by the finite element method, and
the influence of different crack parameters on the am-
plitude of superharmonic components is discussed. In
Section 3, the Kriging surrogate model between crack
parameters and the superharmonic component ampli-
tudes is constructed. In Section 4, using an improved
NSGA-III to predict the optimal crack parameters based

on the Kriging surrogate model by minimizing the
multiobjective function values related to the superharmonic
components amplitudes. Numerical experiments show
that the proposed method can identify the crack location,
depth, and angle for operating rotors accurately and
efficiently.

2. Superharmonic Components Analysis of
a Rotor-Bearing System with
a Breathing Crack

2.1. Equations ofMotion of aCracked Two-Disc Rotor-Bearing
System. As shown in Figure 1, a two-disc rotor-bearing
system is established by the finite element method, and
the physical parameters are given in Table 1. *e shaft is
discretized into 60 Timoshenko beam elements with six
degrees of freedom at each node, the two discs are assumed
as rigid bodies with three translational and three rotational
inertias, and the gyroscopic effects of which are considered.
*e ball bearings are considered as linear springs and
dampers.

By assembling the cracked shaft element, the uncracked
shaft element, the rigid discs, and the bearings, the equation
of motion of the cracked rotor system in a fixed coordinate
system can be written as

Ms + Mr( €q + Cb + Cs +Ω Gs + Gr(   _q

+ Kb + Ks + Kc(t) q � Fu + Fg + Fex,
(1)

where Ms and Mr are the mass matrices of the shaft and the
two discs, respectively, Cs � αMs + βKs is the shaft Ray-
leigh damping matrix, Cb is the damping matrix of the
bearings, Ω is the rotational speed of the shaft, Gs is the
shaft gyroscopic matrix, Gr is the gyroscopic matrix of the
two discs, q is the displacement matrix of the node, Ks is the
stiffness matrix of the shaft, Kb is the stiffness matrix of the
bearing, Kc(t) is the stiffness matrix of the crack element,
Fu is the excitation due to static unbalance of discs, Fg is the
gravitational force, and Fex is the external excitation during
operation.

Taking into account the bending and torsional coupling
excitation caused by the eccentricity of the discs, the exci-
tation acted upon the discs is

Fui � Fuxi, Fuyi, Fuzi, Muxi, Muyi, Muzi 
T
. (2)

When rotors are rotating at a constant speed Ω, the
elements in Fu can be expressed as [33]

Fuxi � 0,

Muyi � 0,

Muzi � 0,

Fuyi � me Ω + _θxi 
2
cos Ωt + θxi + β( − €θxi sin Ωt + θxi + β(  ,

Fuzi � me Ω + _θxi 
2
sin Ωt + θxi + β(  + €θxi cos Ωt + θxi + β(  ,

Muxi � me €y sin Ωt + θxi + β( −(€z + g)cos Ωt + θxi + β(  ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)
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where θx(t) is the torsional angle, β is the unbalance ori-
entation angle of the disc, and e is the disc eccentricity.

2.2. Model of the Shaft Element with Breathing Crack.
Figure 2(a) shows a cracked shaft element of length L and
radius R, a is the crack depth, 2b is the crack width,
P1 −P12 are resultant forces acted upon the 12 nodes,
x−y− z is the global coordinate system, and x′ −y′ − z′ is
the local coordinate system. xL is the distance between the
center of the crack and the left end of the element, and θ is
the crack angle between the cross section and the shaft
centerline. *e most probable angle is 45° for a slant crack
and 90° for a transverse crack in practical engineering
[25, 26, 34], and so the crack angles studied in this paper
are 45° and 90°.

*e flexibility matrix G0 of the uncracked element and
the additional flexibility matrix Gc of the cracked element
can be derived based on SERR theory [4], and the detailed
expressions can be obtained from [24].

Gce is the total flexibility matrix of the crack element,
given by

Gce � G0
+ Gc

. (4)

*e stiffness matrix of the cracked element Kce and
uncracked element Kuce can be represented as

Kce � T Gce( 
−1TT

,

Kuce � T G0
 
−1
TT

,
(5)

where T is the transformation matrix written as

TT
�

1 0 0 0 0 0 −1 0 0 0 0 0

0 1 0 0 0 0 0 −1 0 0 0 l

0 0 1 0 0 0 0 0 −1 0 −l 0

0 0 0 1 0 0 0 0 0 −1 0 0

0 0 0 0 1 0 0 0 0 0 −1 0

0 0 0 0 0 1 0 0 0 0 0 −1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6)

So as to simulate the breathing behavior of the crack, the
stiffness of the crack element is calculated based on the
classical theory of crack closure line (CCL) [24], which is
a hypothetical line separating the closed and open parts of
the crack (Figure 2). *e crack front is subdivided into m
parts, the opening mode stress intensity factor KI is cal-
culated by Equation (7), and a positive KI corresponds to the
open crack state and a negative KI to the closed state. *us,
the location of the CCL is determined, and the stiffness
matrix of the crack element can be obtained as

KI � 
6

i�1
KIi. (7)

*e Newmark method [35] is utilized to solve the
equations numerically, setting the Newmark parameters
δ � 0.5 and αn � 0.25 to ensure numerical stability.

2.3. SuperharmonicComponentsAnalysis of theCrackedRotor
System. *e superharmonic components in subcritical speed
region can be used as index to detect the cracks in the rotor-
bearing systems [36, 37]. *e vertical vibration response of
the rotor-bearing system is collected at four measuring
points (illustrated as A, B, C, and D in Figure 1), and the
rotating speed is 1/3 of the first critical speed (840 r/min) of
the system. *e 1X, 2X, and 3X superharmonic components
amplitudes of the vibration response at the measuring point
A are obtained through fast Fourier transform (FFT).

Figure 3 depicts the amplitude curves of superharmonic
components of the vertical vibration response with different
crack depths as the crack is located at the 21st element of the
shaft. It shows that the 2X amplitude increases with in-
creasing crack depths, the 1X and 2X amplitudes resulted
from transverse crack are greater than those from slant
crack, and the 1X, 2X, and 3X amplitudes by transverse crack
are close to those by slant crack as the crack depth is small.

Figure 4 depicts the amplitudes curves of super-
harmonic components of the vertical vibration response

x

y

z

l2

l0

D

l1

l3

Bearing 2Bearing 1

Dics 2Dics 1

Crack

A B C D

l4
lA lB lC lD

Figure 1: *e two-disc rotor-bearing system with a breathing
crack.

Table 1: Parameters of the cracked rotor.

Parameters Value (units)
Shaft length (l0) 0.6m
Shaft diameter (D) 0.01m
Position of bearing 1 (l4) 0.015m
Position of bearing 2 (l2) 0.575m
Bearing stiffness 9.6×105N/m
Bearing damping 500Ns/m
Position of disc 1 (l3) 0.095m
Position of disc 2 (l2) 0.505m
Disc diameter 0.074m
Disc thickness 0.025m
Disc eccentricity (e) 2×10−5 N/m
Unbalance orientation angle 0
Density of steel 7.8×103 kg/m3

Young’s modulus 3.11× 1011 Pa
Poisson’s ratio 0.3
Gravitational acceleration 9.8m/s2

Rayleigh damping coefficient (a) 0.6842
Rayleigh damping coefficient (b) 2.8012×10−5

First critical speed 2520 r/min
Rotating speed 840 r/min
Measuring point (lA) 0.145m
Measuring point (lB) 0.245m
Measuring point (lC) 0.345m
Measuring point (lD) 0.445m
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with different crack location as the crack depth is 0.25 cm. It
shows that the 1X, 2X, and 3X amplitudes generated by
transverse crack are greater than those by slant crack and
the 1X, 2X, and 3X amplitudes generated by transverse
crack are close to those by slant crack as the crack is near
the bearing.

As the 1X and 2X amplitudes of the vertical vibration
response for the cracked rotor-bearing system are more
sensitive to crack parameters, then the 1X and 2X am-
plitudes are selected as the index vectors for crack
identification, and the superharmonic features of the four
measuring points are utilized to avoid the multisolution
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Figure 3: *e amplitude curves of superharmonic components with different crack depths. (a) 1X amplitude; (b) 2X amplitude; (c) 3X
amplitude.
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Figure 2: Schematic diagram of cracked shaft element. (a) Cracked shaft element. (b) Crack cross section.
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Figure 4: *e superharmonic components amplitudes with different crack locations. (a) 1X amplitude; (b) 2X amplitude; (c) 3X amplitude.
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problem in the process of crack parameters
identification.

3. Construction of the Kriging Surrogate Model

*e problem of crack parameters identification can be
transformed to an optimization problem. Using optimiza-
tion methods to estimate the optimal parameters via min-
imizing the objective function relating to output deviations
such as dynamical response and modal parameters [38, 39].
However, the optimization process requires a large number
of iterative steps, and each iterative step needs to repeat
calculation of complex finite element models, making the
problem very complicated. *us, it is necessary to establish
an uncomplicated relationship between the crack parame-
ters and the superharmonic features for crack identification.

*e Kriging surrogate model provides explicit functions
to represent the relationships between inputs and outputs of
a linear or nonlinear system [39], which is a statistics-based

interpolation method and is not affected by random error
[31, 32]. Construction of the Kriging model requires small
amount of samples to obtain high estimation accuracy,
significantly reducing calculation time.

Given initial crack parameters samples and the corre-
sponding 1X and 2X amplitudes are

X �

x1
x2
x3
⋮
xn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

l1 d1 β1
l2 d2 β2
l2 d2 β2
⋮ ⋮ ⋮

ln dn βn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (8)

where xi � li, di, θi  is the ith component of sampling crack
parameters (li is the crack position, di is the crack depth, and
θi is the crack angle), represented as a three-dimensional
variable vector, l∗ ∈ [5, 55], l∗ ∈ Z, d∗ ∈ [0.05, 0.5], and
θ∗ ∈ 45, 90{ }.

Y �

y1
y2
y3
⋮

yn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

amp1X1 x1(  amp1X2 x1(  amp1X3 x1(  amp1X4 x1(  amp2X1 x1(  amp2X2 x1(  amp2X3 x1(  amp2X4 x1( 

amp1X1 x2(  amp1X2 x2(  amp1X3 x2(  amp1X4 x2(  amp2X1 x2(  amp2X2 x2(  amp2X3 x2(  amp2X4 x2( 

amp1X1 x3(  amp1X2 x3(  amp1X3 x3(  amp1X4 x3(  amp2X1 x3(  amp2X2 x3(  amp2X3 x3(  amp2X4 x3( 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

amp1X1 xn(  amp1X2 xn(  amp1X3 xn(  amp1X4 xn(  amp2X1 xn(  amp2X2 xn(  amp2X3 xn(  amp2X4 xn( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

where yi is the ith set of the output Y vector, ampmX
n (xi) is

the superharmonic components amplitudes at the nth
measurement point, and n � 1, 2, 3, 4 and m � 1, 2.

And their relationship can be written as

yl xi(  � f xi( 
Tβ + εl xi( , i � 1, 2, ..., n, l � 1, 2, . . . , q,

(10)

where f(xi) is a vector of a linear combination of selected
functions, β is the matrix of regression coefficients, εl(xi) is
the stochastic process with a variance of σ2l and a mean of
zero, and q is the dimension of the Y vector. *e covariance
matrix is expressed by

Cov εl xi( , εl xj   � σ2l R θ, xi, xj , i, j � 1, 2, ..., n,

l � 1, 2, . . . , q.

(11)

R is the Gauss correlation function matrix and θ is the
correlation parameter, given by

Ri,j θ, xi, xj  � exp −θ xi − xj

�����

����� , i, j � 1, 2, . . . , n.

(12)

When existing an untested crack parameter x∗, the
corresponding superharmonic component amplitudes can
be estimated as the linear predictor, which is shown as

y
∗
l x
∗

(  � cΤyl, l � 1, 2, . . . , q, (13)

where c is a n × 1 coefficient vector and yl is the lth column of
the matrix Y.

*e correlation vector r(x) can be written as

r(x) � Ri,j θ, x1, x
∗

( , Ri,j θ, x2, x
∗

( , . . . , Ri,j θ, xn, x∗(  
T
,

(14)

where xi is the initial crack samples and x∗ is the new
sample.

*e predicted error is

y
∗
l x∗( −yl x∗(  � cTyl −yl x∗(  � cTZl − zl x∗( 

+ FTc− f x∗(  
T
βl,

(15)

in which

Zl � z1 x1( , z1 x2( , . . . , z1 xn(  ,

F �

f1 x1(  · · · fp x1( 

⋮ ⋱ ⋮

f1 xn(  · · · fp xn( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(16)

To keep the predictor unbiased, it is required that

FTc− f x∗(  � 0. (17)

Under this condition, the mean squared error of
Equation (13) is
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φl x∗(  � E y
∗
l x∗( −yl x∗( ( 

2
  � E cT

zl − zl x∗(  
2

 

� σ2l 1 + cTRc− 2cTr .

(18)

*e Lagrangian function for the problem of mini-
mizing the mean squared error with the constraint of
Equation (17) is

L(c, λ) � σ2l 1 + cTRc− 2cTr − λT FTc− f x∗(  . (19)

*e gradient of Equation (19) with respect to c is

L′c(c, λ) � 2σ2l (Rc− r)−Fλ. (20)

According to the first order necessary conditions for
optimality

c � R−1 r−F FTR−1F 
−1

FTR−1r− f x∗(   . (21)

Substituting the above equation into Equation (10)
gives

y
∗
l x∗(  � R−T r− F FTR−1F 

−1
FTR−1r− f x∗(   

T

yl.

(22)

Hence, the relation between crack parameters and the
corresponding 1X and 2X amplitudes values has been
deduced.

After the Kriging surrogate model is established, the
squared multiple correlations (SMC) and the empirical
integrated squared error (EISE) criterion [40] can be
used to evaluate the preciseness of the Kriging surrogate
model.

SC � 1−


q
j�1 yl −yl 

2


q
j�1 yl − y 

2 ,

EISE �
1
q



q

l�1
yl −yl 

2
,

(23)

where yl is the lth set of the Y vector of the Kriging surrogate
model, yl is the lth component of the superharmonic
component amplitudes calculated by finite element analysis,
y is the mean of the true values, and q is the length of the
vector yl. *is paper adopts the multipoint adding strategy
to update the Kriging surrogate model if the predicted
superharmonic components amplitudes cannot meet SC and
EISE [41].

4. Crack Parameters Identification Based on an
Improved NSGA-III

After the Kriging surrogate model between crack parameters
and the superharmonic components amplitudes is estab-
lished, crack parameters identification problem is trans-
formed into a multiobjective optimization problem, which
can be stated as follows:

find x
∗

� l∗, d∗, θ∗ , (24)

min

Object 1 � amp1X1 x∗( ) − amp1X1 xTarget( 
,



Object 2 � amp1X2 x∗( ) − amp1X2 xTarget( 
,



Object 3 � amp1X3 x∗( ) − amp1X3 xTarget( 
,



Object 4 � amp1X4 x∗( ) − amp1X4 xTarget( 
,



Object 5 � amp2X1 x∗( ) − amp2X1 xTarget( 
,



Object 6 � amp2X2 x∗( ) − amp2X2 xTarget( 
,



Object 7 � amp2X3 x∗( ) − amp2X3 xTarget( 
,



Object 8 � amp2X4 x∗( ) − amp2X4 xTarget( 
,



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)
with

l∗ ∈ [5, 55],

l∗ ∈ Z,

d∗ ∈ [0.05, 0.5],

θ∗ ∈ 45, 90{ },

(26)

where ampmX
n (x∗) and ampmX

n (xTarget) are the m× super-
harmonic component amplitudes at the nth measurement
point. ampmX

n (x∗) is calculated via the Kriging surrogate
model and ampmX

n (xTarget) is measured on actual cracked
rotor, and n � 1, 2, 3, 4 and m � 1, 2.

It is a great challenge for the classical multiobjective
optimization algorithms when the optimization problem
involves four or more objectives. To get the global optimal
solution, the NSGA-III recently proposed by Deb and Jain
[29, 30] may be a good choice to optimize 8 objective
functions at the same time. NSGA-III is an evolutionary
many-objective optimization algorithm based on reference
point, which can ensure the diversity of populationmembers
via adaptively updating a number of well-spread reference
points.

*e crack angles considered are 45° or 90°, and the crack
is located in the l∗th element in this paper. If the NSGA-III is
directly used for crack parameters identification in the it-
erative process, the crack parameters of the population
members are mostly decimal numbers, causing crack pa-
rameters identification results to be inaccurate. In addition,
the decimal crack parameters reduce the convergence rate of
the objective function and increase the optimization time.

*erefore, the NSGA-III needs to be improved for crack
identification of the rotor-bearing system. Preprocessing of
population members is added before members’ selection in
every iterative process to obtain crack parameters accurately
and efficiently, and the improved part of the NSGA-III is as
follows.

(1) Preprocessing of crack position:

l
∗
t � Round lt( , (27)

where l∗t is the crack position obtained by preprocessing of
lt at the tth generation and Round is the rounding
function.

6 Shock and Vibration



(2) Preprocessing of crack angle:

θ∗t � Round
θt − 45°( 

45°
+ 1  × 45°, (28)

where θ∗t is the crack angle obtained after preprocessing of
θt at the tth generation. *e preprocessing of the crack
angle can make the crack angle close to 45° or 90° change to
45° or 90°.

Replace lt and θt with l∗t and θ∗t to form a new
population.

*ere are many Pareto optimal solutions by the im-
proved NSGA-III. As it is very difficult to have a set of crack
parameters that minimize all the objective function values,
an index is required to select the optimal crack parameters in
the Pareto optimal solutions.

By defining Mobw as the selection index of the crack
parameters identification results, Mobw can be obtained by
weighing each objective function value:

Mobw � 
8

i�1
Object(i) × ki, (29)

where ki is the weight coefficient, and k1 � k2 � k3 � k4 �

0.15 and k5 � k6 � k7 � k8 � 0.1 in this paper.
*e corresponding identification result of the minimum

value of Mobw is taken as the final crack parameters.

5. Numerical Investigation

5.1. Identification Results Based on aKriging SurrogateModel.
Numerical experiments are carried out to verify the effec-
tiveness of the method.*e detailed parameters of the rotor-
bearing system are given in Table 1, 300 sets of samples of
crack parameters are generated by Latin hypercube sampling
[42], and then corresponding vertical vibration response of
the rotor-bearing system assuming a 5% randomwhite noise
is collected at four measuring points. *en, the Kriging
surrogate model between crack parameters and corre-
sponding 1X and 2X amplitudes is established.

*e improved NSGA-III is employed to estimate the
crack parameters found on the Kriging surrogate model by
minimizing the multiobjective function values given in
Equation (25), and the initial parameters of the improved
NSGA-III are as follows: the population size, maximum
number of iterations, crossover percentage, and mutation
percentage are 150, 100, 0.5, and 0.5, respectively.

*e flowchart of the method for identifying crack pa-
rameters based on the improved NSGA-III and Kriging
surrogate model is shown in Figure 5.

*is paper considers eight cases (Table 2) to evaluate the
performance of the proposed method and selects case 1 to
analyze the identification process of crack parameters for
rotors in detail.

Figure 6 illustrates the mean value of objective function
varies with evolutionary generations, and it shows that the
mean value of objective function optimized by the improved
NSGA-III has already converged in the 30th generation,

while the mean value of the objective function with the
original NSGA-III not only has higher values but also has
a slow convergence speed.

*e crack parameters results identified with the im-
proved NSGA-III are compared with results with the
original NSGA-III (Figure 7), and it can be seen that the
crack parameters obtained by the improved NSGA-III are
closer to the actual crack parameters in Pareto optimal sets.

Figures 6 and 7 indicate that the improved NSGA-III can
obtain Pareto optimal solutions accurately and efficiently.

*e values of the objective function corresponding to
each group of crack parameters in Pareto optimal solution
are shown in Figure 8, and it is necessary to select a best set of
solutions based on the index Mobw in Equation (29).

As shown in Figure 9, the selection indexMobw achieves
the minimum value in the 90th population member, and the
corresponding crack parameter is x∗i � 20, 0.375066, 90{ }.
Compared with other crack parameters in Pareto optimal
solutions, the 90th set of parameters is closer to the actual
values (marked as blue circle in Figure 7), which indicates
that it is reasonable to select the optimal crack parameters by
the index Mobw.

*e identified crack parameters are listed in Table 2, and
it is worth noting that results are very accurate except for
case 3, as the crack depth and crack position in case 3 are

Start

Construct the Kriging
 surrogate model

Calculate 1X and 2X
amplitudes via real

cracked rotor

Construct multiple
objective functions

Binary crossover

Polynomial mutation

Preprocessing of
population members

Nondominated sorting
based on reference

points

Population
initialization

Convergence
check?

Display results

Yes

No

Select final crack
parameters based on
selection index Mobw

Figure 5: Flowchart of the method for crack parameters
identification.
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near the boundary (crack location is close to the 55th ele-
ment and crack depth is close to 0.1 cm), so the 1X and 2X
amplitudes predicted by the Kriging surrogate model are less
accurate. *e accuracy of crack parameter identification
results is improved by increasing the number of samples in
the boundary area.

5.2. Comparison with the Results by Artificial Neural
Networks. Artificial neural network (ANN) models are
widely used in engineering for regression and classification,
which have been proved to be effective in identifying the
crack location and depth using modal parameters of static
rotors [9, 10]. In order to explain the accuracy and efficiency
of the proposed method in identifying the crack parameters,
ANN is used to construct the relationship between super-
harmonic components amplitudes and crack parameters of
a rotating rotor-bearing system.

*e configuration of ANN used in this paper is back-
propagation algorithm (BPA), and the input and target
output for training are expressed, respectively, as
P � P1 P2 · · · Pn  and T � T1 T2 · · · Tn , where

P� YT, Y is the superharmonic components matrix in
Equation (9) and Τ� XT, X is the crack parameters matrix
in Equation (10). A single hidden layer containing 20
neurons is designed for training process, and the training
progress of ANN uses Levenberg–Marquardt back-
propagation algorithm.

*e 300 sets of samples same as that in Section 5.1 are
used to construct the neural network, assuming the 5%
random white noise. Table 3 shows crack parameters
identified by ANN, and it is imprecise compared with
identified results obtained by the proposed method (Table 2)
in this paper.

In addition, the crack parameters identification results
obtained by the training neural network with 600 sets of
samples are shown in Table 4, and it can be found that
increasing the samples number trained by neural net-
work can improve the identification accuracy of crack
parameters.

However, increasing the number of samples requires
more time for finite element calculation, and identified
results are still imprecise compared with that obtained by the
proposed method (Table 2) in this paper.
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Figure 6: *e mean value of objective function varies with evolutionary generations obtained by (a) original NSGA-III and (b) improved
NSGA-III.

Table 2: Crack parameters identification results using 300 sets of samples.

Case
Actual crack parameters Predicted crack parameters Percentage error

Position, l

(element) Depth, D (cm) Angle, θ
(degrees)

Position, l∗

(element) Depth, D∗ (cm) Angle, θ∗

(degrees) Error (%) Error (%) Error (%)

1 20 0.375 90 20 0.37507 90 0.00 0.01 0.00
2 31 0.25 45 31 0.24988 45 0.00 0.05 0.00
3 50 0.1 45 49 0.15224 45 2.00 52.4 0.00
4 25 0.125 45 25 0.12145 45 0.00 2.84 0.00
5 21 0.225 90 21 0.20255 90 0.00 9.98 0.00
6 19 0.45 90 19 0.44813 90 0.00 0.42 0.00
7 49 0.225 45 49 0.22714 45 0.00 0.95 0.00
8 17 0.3 45 17 0.29411 45 0.00 1.96 0.00
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Figure 7: Comparison of Pareto optimal sets obtained by two methods: (a) crack position; (b) crack depth; (c) crack angle.
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Based on the comparison result, it is clear to draw that
the proposed method based on Kriging surrogate model
and an improved NSGA-III can identify the crack pa-
rameters of operating rotors more accurately with fewer
samples than ANN.

6. Conclusions

A new crack parameters identification method based on
a Kriging surrogate model and an improved NSGA-III is
presented in the paper. *e numerical results clearly show
that the proposed approach can identify the crack location,
depth, and angle for operating rotors accurately and
efficiently.

(1) *e 1X and 2X superharmonic components ampli-
tudes of a rotor-bearing system in 1/3 subcritical
speed region can be selected as the index vectors for
crack parameters identification.

(2) Crack parameters and their corresponding 1X and
2X amplitudes of vibration response for rotors are
used to establish the Kriging surrogate model, which
avoids complicated finite element calculation, de-
manding a large number of iterative steps.

(3) NSGA-III is improved by adding the preprocessing
of population members to avoid the disadvantages of
the original NSGA-III for crack parameters identi-
fication, which can improve the accuracy of crack
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Figure 9: Index Mobw selection of crack identification results.

Table 3: Crack parameters identification results by ANN using 300 sets of samples.

Case
Actual crack parameters Predicted crack parameters by ANN Percentage error

Position, l

(element) Depth, D (cm) Angle, θ
(degrees)

Position, l∗

(element) Depth, D∗ (cm) Angle, θ∗

(degrees) Error (%) Error (%) Error (%)

1 20 0.375 90 20 0.39386 90 0.00 5.03 0.00
2 31 0.25 45 31 0.25569 45 0.00 2.28 0.00
3 50 0.1 45 48 0.10314 45 4.00 3.14 0.00
4 25 0.125 45 28 0.11122 45 12.00 11.02 0.00
5 21 0.225 90 20 0.22909 45 4.76 1.81 50.00
6 19 0.45 90 23 0.49150 90 21.01 9.22 0.00
7 49 0.225 45 49 0.22645 45 0.00 0.64 0.00
8 17 0.3 45 17 0.27013 45 0.00 9.96 0.00

Table 4: Crack parameters identification results by ANN using 600 sets of samples.

Case
Actual crack parameters Predicted crack parameters by ANN Percentage error

Position, l

(element) Depth, D (cm) Angle, θ
(degrees)

Position, l∗

(element) Depth, D∗ (cm) Angle, θ∗

(degrees) Error (%) Error (%) Error (%)

1 20 0.375 90 20 0.39146 90 0.00 4.39 0.00
2 31 0.25 45 31 0.23780 45 0.00 4.88 0.00
3 50 0.1 45 49 0.12001 45 2.00 20.01 0.00
4 25 0.125 45 27 0.11725 45 8.00 6.20 0.00
5 21 0.225 90 22 0.22614 90 4.76 0.51 0.00
6 19 0.45 90 22 0.49150 90 15.79 9.22 0.00
7 49 0.225 45 49 0.22591 45 0.00 0.40 0.00
8 17 0.3 45 17 0.29535 45 0.00 1.55 0.00
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parameters identification and speed up the conver-
gence of the multiobjective function values.

(4) Compared with ANN, the proposed method can
identify crack parameters for operating rotors more
accurately with fewer samples.

It should be noted that only one crack is considered in
this paper. *ere may be multiple cracks in rotors, and
identification of multiple crack parameters is more com-
plicated and requires further study.
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One of the important goals of structural health monitoring is to identify structural damage using measured responses. However,
such damage identification is sensitive to noises in the response measurements. Even a small change in the measurement may
result in a significantly biased damage assessment. (e goal of this paper is to expand the multiobjective optimization approach
developed for robust damage identification in order to facilitate its applications to more realistic bridge damage identification
problems. Specifically, a benchmark problem on highway bridges, developed under the auspices of International Association for
Bridge Maintenance and Safety (IABMAS), is investigated. Various issues regarding sensor noises, multiple measurements, and
loading scenarios are addressed to improve the robustness of bridge damage identification. A major finding from this study is that
the stochastic process of Pareto optimal solutions obtained in a single run not only captures the actual damage locations
successfully but also provides useful information such as damage-detected ratio on the potential candidates for damage to be
inspected on site. Moreover, it is shown through the success, failure, and partial detection rates that the robustness of the proposed
approach can be improved by using appropriate excitation scenarios and multiple sets of measurement data.

1. Introduction

Structural health monitoring involves identification of
damage in the target structure using measured responses.
One of the challenges in such damage identification is to deal
with uncertainties caused by noises in the sensor or temporal
variability of the measurement. (e first step to overcome
this challenge is to improve the sensing aspect. Obviously,
the most suitable sensors should be selected for the type of
damage to detect. (e locations of sensors need to be op-
timized so as to maximize information gain [1]. Sometimes
a network of sensors is deployed with fault-tolerance [2],
such that meaningful measurements are obtained even with
noises or failures of a few sensors.

By improving the sensing aspect, uncertainties in the
measurement can be minimized but generally cannot be

eliminated. Since damage identification problems are in-
verse problems, they are highly sensitive against the un-
certainties in the measurement. (at is, for given output
responses (�sensor measurements) under specified loads,
changes in structural properties (�damage state) are in-
versely identified. Such an inverse problem is inherently
prone to errors in the response measurements because even
a small change in the response may cause the inverse analysis
to provide significantly different damage assessment results.

Various approaches have been proposed to deal with the
uncertainty issue, such as the Bayesian probabilistic ap-
proach [3], regularization [4], fuzzy sets [5], substructuring
[6], reliability index [7], and multiobjective optimization [8].
Most of the damage identification problems are formulated
as the single-objective optimization problem, whereby the
goal of the optimization is to identify the damage state that
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best describes the observed sensor measurement. Some re-
searchers employed the multiobjective optimization approach
in order to improve the damage identification performance
[8–12]. In particular, the multiobjective approach is shown to
improve the robustness of damage identification when noise
in the measurement is relatively high, or when available
measurement is insufficient [8]. To achieve robustness of
damage detection, the method should not miss the existence
of damage even with the uncertainties in the measurement. In
addition, preferably, the method should not show false-
negative detection. To achieve these, the multiobjective ap-
proach first obtains Pareto optimal solutions and then applies
stochastic processes to the solutions.

(e premise of the multiobjective approach is that op-
timization using multiple sets of measurements will improve
the accuracy of the damage detection, provided that the noise
or error in the measurement does not have intrinsic biases.
Compared to the N repetitions of single-objective optimi-
zation, the multiobjective optimization with N Pareto solu-
tions showed significantly better performances because the
Pareto solutions, based on the nondomination framework,
help prevent convergence to an incorrect solution [8]. On the
other hand, repetitions of single-objective optimization tend
to all converge to incorrect solutions, when there are high
levels of noise or error in the measurements. (erefore,
processing N solutions from single-objective optimization is
not as accurate as N Pareto optimal solutions.

(e goal of this paper is to expand the multiobjective
approach by the authors [8] by applying the method to more
realistic bridge damage identification problems, for which N
Pareto solutions are processed statistically to investigate the
possibility of damage at each location, and success/failure
rate of detection or partial detection rate. Previously, the
multiobjective approach was shown to improve the ro-
bustness of damage detection of a simply-supported truss
structure [8]. (is paper applies the method to a realistic
problem in terms of both the target structure and the
damage scenarios. (e damage detection benchmark ex-
ample investigated in this paper was developed by Caicedo
et al. [13] under the auspices of International Association for
Bridge Maintenance and Safety (IABMAS). Details of the
example structure will be first discussed in the next section.

2. Benchmark Problem

2.1. Benchmark Bridge Model. (e benchmark problem
represents behavioral characteristics of a generic deck-on-
beam-type bridge. (is type of bridge constitutes a signifi-
cant portion of the U.S. bridge inventory. Details of the
benchmark model as well as the finite element model can be
found at the benchmark bridge website [14]. Figure 1 shows
the finite element model of the benchmark bridge, which has
two spans. (e longitudinal length of the model is 5.5m,
with transverse beams spaced at 0.9m. (e overall di-
mension of the model is 5.5m× 1.8m× 1.1m. (e cross-
section was chosen as S3× 5.7 so that the model structure
can represent typical short-to-medium span highway
bridges in terms of their modal frequencies, deflections,
rotations, stresses, and strains [13].

(is study uses the numerical model provided in the
benchmark bridge website [14]. (e numerical model was
used in order to study the effect of the sensor noise sys-
tematically. (e model simulates randomly generated noise
in the sensor measurements. Although the default sensor
noise in the benchmark problem is a uniformly distributed
random noise with 0.1% of peak response, we vary the noise
level up to 10% to test and demonstrate the robustness of our
method. In order to simulate the uncertainties in the loads,
a normally distributed random noise with zero mean and
standard deviation as large as 0.2% of the loading magnitude
is added to each force value.

(e numerical phase allows researchers to simulate static
or dynamic tests, along with several different types of
sensors. During the static test, the sensors measure dis-
placement and strain, whereas acceleration and strain are
measured during the dynamic test measures. (e proposed
multiobjective optimization approach is applicable to both
static and dynamic tests, but the illustrative example of this
paper is based on the static tests.

2.2. Test Setup andDamage Scenarios. Figure 2 illustrates the
installation layout of the exciters and sensors. For mea-
surement purpose, a total of 14 displacement transducers are
used to measure the deflection of the bridge girder at each
connection node. For excitation purpose, we consider a total
of 4 excitation points which correspond to the center points
of the two longitudinal beams at each side of the bridge. We
consider the two sets of loading scenarios as listed in Table 1,
which will be used for two objective functions to be mini-
mized in the multiobjective optimization approach.

(e first loading scenario (LS1) has two sets of loading
conditions. (e first load set (Lset1) is to apply the pair of
loads with 2,500N on nodes 69 and 132, and the second load
set (Lset2) is to apply the pair of loads with 2,500N on nodes
90 and 111. For the applied loads, vertical displacements are
recorded at 14 locations shown in Figure 2. (e measure-
ment data collected from each load set are used to construct
the corresponding objective function. Here, random noises
are incorporated into the load and measurement data in
order to simulate the actual experimental environment.
(erefore, if the tests are repeated several times, the load and
displacement data obtained for each test will vary randomly
each time depending on generated samples representing the
noises in load and displacement.

(e second loading scenario (LS2) also has two sets of
loading conditions where the magnitudes of the loads
(2,500N) are the same as LS1, but the loading combinations
are different. (e first load set (Lset1), i.e., the pair of loads
on nodes 69 and 111, is used to construct one objective
function while the second objective function is determined
by the two loads on nodes 90 and 132 in the second load set
(Lset2). (e noises in the load and sensor data follow the
same distribution as LS1.

Among the damage scenarios provided in the benchmark,
we consider the damage scenarios presented in Table 2. (e
description of damage scenarios in the help file accompanying
the numerical model [14] is adapted in the context of this
study. Each scenario has multiple levels of damage.
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In order to examine the robustness of the proposed ap-
proach, the level of the sensor noise is varied over a wide
range: 0.1, 0.5, 1.0, 2.0, 3.0, 5.0, and 10.0% of the peak

displacement. One, five, and ten sets of measurements are
separately tried for both load cases to examine the effects of
loading scenarios, sensor noises, and repeated measurements.

3. Multiobjective-Optimization- (MOO-) Based
Damage Identification

3.1. MOO-Based Formulation for Damage Identification
Problems. (e goal of structural damage identification is to
detect the damage state given the change observed in the
measurement. For this purpose, the problem is often

W12 × 26

S3 × 5.7

5.48m

0.91m

1.07m

1.83m

Fix-end 
support

Figure 1: Two-span continuous bridge based on benchmark problem.
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Figure 2: Installation layout of exciters and sensors.

Table 1: Loading scenarios.

Case Load set Nodes Objective functions

LS1 Lset1 69, 132 To construct objective 1
Lset2 90, 111 To construct objective 2

LS2 Lset1 69, 111 To construct objective 1
Lset2 90, 132 To construct objective 2
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formulated in the context of single-objective optimization
where the objective function is defined as the weighted sum
of the differences between measured responses and model-
estimated responses, which are observed in multiple sets of
measurements. As pointed out in the previous study [8],
however, the accuracy and robustness of the solution of the
single-objective optimization problem are inevitably influ-
enced and significantly fluctuated by the selection of the
weighting factors and uncertain noises in measurements.
(erefore, it is not straightforward to construct a single-
objective function which successfully works for multiple sets
of measurements. In order to overcome this difficulty, we
adopt a weight-free bi-objective optimization approach that
employs the following vector form of two objective
functions:

min F(x) �



Nm

i�1
upi (x) − umi

����
����
2
Lset1



Nm

i�1
upi (x) − umi

����
����
2
Lset2

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (1)

where u is a 14×1 vector of vertical displacement of the
bridge; the superscripts p and m represent prediction and
measurement, respectively; the subscript i denotes the index
of the repeated measurements; Nm is the number of the
repeated measurements; and the subscript Lset1 and Lset2
represent the two sets of loadings of a specific loading
scenario given in Table 1. (e measured response um is the
a priori given information obtained from the simulation of
the benchmark bridge model under Lset1 and Lset2, and the
predicted response up is computed from the numerical
model, as follows:

up(x) � K(x)
−1F, (2)

where K(x) is the global stiffness matrix of the structure and
F is the global force vector. It should be noted that the
stiffness matrix is a function of the design variable vector x.
(e damage in the structure can be described by changes in
the design variables. (e procedure of minimizing the bi-
objective function is then to explore the damage in the
structure, which is represented by the global stiffness matrix
that makes the displacement predictions of the numerical
model as close as possible to the response measurements.

As explained in [8], a solution to the conventional single
objective optimization approach can easily converge to an

incorrect solution due to the bias caused by the sensor noise.
On the other hand, the multiobjective optimization ap-
proach can improve its accuracy because the conflicting
feature in multiple objectives helps to prevent convergence
to an incorrect solution. Also, it is demonstrated in [8] that
the nondomination scheme in the multiobjective optimi-
zation effectively discourages convergence to an incorrect
solution and enables the low level of false-negative solutions
for robust damage detection.

3.2. GA-Based Optimization Scheme. (e presence of mul-
tiple objectives in a problem, in principle, produces a set of
optimal solutions, referred to as Pareto optimal solutions,
rather than a single optimal solution. (is is due to the
nondomination concept in minimizing the two objective
functions simultaneously. For example, let us consider
min F � [f1(x) andf2(x)]. Since a global optimal solution
minimizing both functions does not exist in general engi-
neering problems, it is inevitable to have two solutions x1
and x2 satisfying the following relations:

f1 x1( <f1 x2( ,

f2 x1( >f2 x2( .
(3)

(is relation itself never guarantees that x1 is better than
x2 or vice versa. (ese two solutions are nondominated to
each other. (erefore, a simultaneous minimization of
multiple objective functions essentially leads to finding
many nondominated optimal solutions. Searching for these
mutually conflicting optimal solutions requires a multipoint
parallel comparison which is well suited for genetic algo-
rithm (GA). Accordingly, there have been various studies on
the application of genetic algorithm to the multiobjective
optimization problem in the field of structural control and
health monitoring [15–17]. In this study, we have in-
corporated NSGA-II [18], one of the most widely used
multiobjective optimization techniques into the structural
damage detection problem.

For multipoint parallel searching, the NSGA-II algo-
rithm first constructs a population of multiple encoded
individuals, i.e., design variables with damage information,
through the random generation. Each individual is evaluated
in terms of objective functions in Equation (1). (en, based
on the function values, the algorithm identifies the first level
of the nondominated solutions which correspond to the

Table 2: Damage scenarios.

Scenario Case Locations Damage scenarios

DS1

Single Node 7 Damage in connection between longitudinal and
transverse beams by removing connection plates and
bolts at joint, in order to simulate the local loss of

stiffness at the connection
Multiple Nodes 7, 26

DS2

Single Node 19 Damage in boundary of deck by adding bolts at
connection between pier and deck, in order to
simulate the support locking at the top of

the bridge pier
Multiple Nodes 19, 38
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individuals that are not dominated by any other individuals
in the population. (e first rank is identically assigned to the
first level of the nondominated individuals. Except for the
first-level individuals, the nondomination comparison is
repeated to assign the rank values to all remaining in-
dividuals. (e individuals with the same rank are addi-
tionally evaluated by using crowding distance which is
the density measure of a particular individual, i.e., how
many other individuals with the same nondomination
level exist closely around the particular individual. With
the rank value and the crowding distance, NSGA-II se-
lects the parent individuals to construct the population of
the next generation. (e solutions with lower rank are
most preferably chosen. (us, the first-level solutions are
selected first, and if the number of the solutions is in-
sufficient to construct the population of one generation,
then the second- and third-level solutions are included
into the parents. However, if the first-level solutions
exceed the population of a generation, the solutions with
larger crowding distance are preferred and those with
lower crowding distance are excluded. (is selection
process guides the search towards the better diversity of
Pareto optimal solutions and prevents the solutions from
converging to incorrect solutions. (en, NSGA-II per-
forms the typical GA operations such as crossover and
mutation in order to generate the offspring individuals
for the next generation of population. (en, the evalu-
ation of rank and crowding distance is repeated for the
offsprings, and so is the GA operation. (rough these
iterations up to a specified maximum number of gen-
erations, the population evolves towards the global Pareto
optimal solutions as much as possible.

4. Illustrative Example

4.1. ProblemSetup. For the proposed GA-based optimization
approach, the design variables correspond to the locations of
the damage, which reflects the local loss of stiffness at the
connection and the support locking at the top of the bridge
pier, finally converging to the measured responses through
the change in the global stiffness matrix. For the two pre-
viously- described damage scenarios, there are a total of 14
damage locations for the connection damage DS1 (nodes 1, 4,
7, 10, 13, 16, 19, 20, 23, 26, 29, 32, 35, and 38) and a total of 6
damage locations for the boundary damage DS2 (nodes 1, 10,
19, 20, 29, and 38). Accordingly, the design variables are
encoded as chromosomes in GA code to represent 14 damage
locations for the connection damages and 6 damage locations
for the boundary damages, including no damage case. Since
we will not know how many damage locations and what kind
of structural damage occur, it is assumed that the damage can
occur at up to 3 locations, regardless of the type of the damage.
If the damage locations are assigned to 1 or 2 design variables,
the remaining design variables will be defined to include no
damage case (�0). In this way, the 3 damaged and undamaged
locations are assigned to each chromosome, and they are
searched to best fit the measured displacements. (e pop-
ulation of one generation was set to 50, and the multiobjective

optimization process was performed till the maximum
number of the iteration for the entire generation reaches 100.

4.2. Effects of Loading Scenarios. In order to investigate the
effects of loading scenarios on the damage detection per-
formance, the proposed approach has been applied to the
damage scenarios in Table 2. (e loading conditions were
LS1 and LS2 shown in Table 1, and the excitation was applied
only once. (erefore, only one set of 14 displacement data
was used for damage detection. As a result of applying the
proposed approach, a total of 50 Pareto optimal solutions
were obtained for each case. Since each design variable
contains 3 damage locations including no-damage case, the
Pareto solutions consist of 150 “damage” or “no-damage”
information in total. Based on this information, the possi-
bility of damage at each location is illustrated in Figures 3–6.
Each figure shows the comparison of the optimization re-
sults obtained under the LS1 and LS2 excitation conditions.
(e horizontal axis corresponds to the location of the de-
tected damages, where the connection damages are referred
to as C01, C04, . . ., C38, and the boundary damages are
denoted as B01, B10, . . ., B38.(e vertical axis represents the
ratio of the number of the detected damages per location to
the total number of the damage cases detected by the
proposed approach. (erefore, the vertical value indicates
the possibility of damage at each location.

Figure 3 shows the case of single damage in DS1. Since
the connection damage occurs at node 7 in DS1, the true
solution is C07. It is shown that the true solution C07 was
captured successfully by both LS1 and LS2. However, the use
of LS1 and LS2 shows a slight difference in predicting the
possibility of the location-specific damage. LS1 provides C07
as the most probable solution with the highest ratio, while it
also offers a variety of potentially feasible solutions with the
lower ratio than C07. For example, C19 and C20 have the
second highest ratio; C10, C16, and C38 have the third
highest ratio; and so on. (ese solutions except for C07
correspond to false-positive solutions. In contrast, LS2
provides C20 as the most likely solution and C07 as the
second-highest solution, and two more solutions are de-
tected additionally with fairly low ratio values. When
considering the results of both methods simultaneously, C07
and C20 can be determined as the potential candidates for
damage to be inspected on site.

Figure 4 displays the case of multiple damages in DS1
where the true solutions correspond to C07 and C26. In this
case, both LS1 and LS2 successfully detect the two damage
cases at C07 and C26 with the equally highest ratio. On the
other hand, LS1 additionally captures the damage at C38
with the same highest ratio, whereas LS2 detects C19 and
C20 with lower ratio.

Similar results are observed for the DS2 cases as shown in
Figures 5 and 6. Figure 5 corresponds to the case of single
damage in DS2 where the true solution is B19. Both LS1 and
LS2 show successful detection of the true solution. Similar to
the previous results, additional false-positive solutions are also
being detected. As shown in Figure 6, both LS1 and LS2 have
successfully detected true solutions for multiple damage
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scenarios in DS2 as well, and, similarly, additional damage
locations are predicted as C16 by LS1 and C32 by LS2.

(ese results demonstrate that when statistically pro-
cessing all 50 Pareto optimal solutions obtained by the
proposed approach, the results can successfully include the
locations where the actual damage occurred. More specifi-
cally, the ratio of the number of the detected damage cases
per location to those detected by the proposed approach can
provide us with the information on potential candidates for
damage to be inspected on site, including the actual damage
and false-positive damage, although there exist some dif-
ferences in performance depending on the loading condi-
tions and the scale of the damage. Next, let us investigate the
effect of the sensor noise on the detection performance of the
proposed approach.

4.3. Effects of Sensor Noises. (e performance of the damage
identification technique is often evaluated by the success rate
of detecting the true damage cases. (at is, the performance
of the detection approach can be evaluated as an index
indicating how many times the actual damage cases are
detected among the total execution numbers of the ap-
proach. In this study, unlike the existing methods, we ob-
tained 50 Pareto optimal solutions simultaneously in a single
run. (erefore, we newly define the success rate index of the
true damage detection as the ratio of the number of Pareto
optimal solutions that correctly detected actual damage,
among all Pareto optimal solutions.

Here, we will investigate the effects of sensor noises on
the damage detection performance of the proposed ap-
proach. For this purpose, the proposed approach has been
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Figure 3: Damage identification results for DS1 single damage scenario.

DS1 multiple damage case (true solutions: C07 & C26)
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Figure 4: Damage identification results for DS1 multiple damage scenario.
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applied repeatedly to the same damage scenarios by varying
the level of sensor noise from 0.1% to 10%. (e results are
illustrated in Figures 7 and 8. Figures 7 and 8 show the
comparative results between the 4 damage scenarios under
the LS1 and LS2 excitations, respectively. (e horizontal axis
corresponds to the noise level in the sensor measurements,
and the vertical axis represents the success rate of the
damage detection among the 50 Pareto optimal solutions.

As can be shown in Figure 7, the boundary damages
consisting of the single andmultiple damage cases in DS2 are
all successfully identified with 100% certainty regardless of
the level of the sensor noises. However, for DS1, there are
cases where the success rate does not reach 100% when the
sensor noises are present, e.g., 0.1%, 1.0%, and 10% for single

damage, and 1.0%, 5.0%, and 10.0% for multiple damage
locations. In particular, in case of multiple damage locations
of DS1, the success rate was 0%, for which further in-
vestigations will be provided later (Figure 9). (is implies
that all Pareto optimal solutions fail to detect the two
damage locations at nodes C07 and C26. Overall, the per-
formance on the multiple damage detection is further de-
graded, compared to the case of the single damage detection.
(is tendency is similar for the case of LS2 excitation
conditions, as shown in Figure 8. In the case of multiple
damage locations in DS1, the success rate tends to decrease
with increasing sensor noises while showing some fluctu-
ations. On the other hand, Figure 8 shows that the single
damage is not missed even if sensor noises increase up to

DS2 single damage case (true solution: B19)
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Figure 5: Damage identification results for DS2 single damage scenario.

DS2 multiple damage case (true solutions: B19 & B38)
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Figure 6: Damage identification results for DS2 multiple damage scenario.
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3.0%. Unlike LS1, the success rate of DS2 multiple damages
does not show 100%. Nonetheless, when comparing Fig-
ures 7 and 8, the success rate of damage detection according
to sensor noise level is more stable under LS2 excitation
condition than LS1. (is is due to the fact that a load set 1 of
LS2 is acting at nodes 69 and 111, which are close to nodes 7
and 26 of the two damage locations. By doing this, the
excited responses show a clear difference from the response
of the bridge with no damage, which leads to more stable
success rate of damage detection.

In order to examine the results of Figures 7 and 8 in
which the success rate does not reach 100%, we define two
additional indices, i.e., failure rate and partial detection rate.
(e failure rate index is defined as the percentage of the
Pareto optimal solutions which fail to detect the true so-
lution. (is failure rate index indicates that the proposed
approach completely fails to detect the actual damage. When
the damages occur at multiple locations, it means that no
single damage is detected. On the other hand, in case of
multiple damage case, there also exists a possibility that the
method only finds partial damage among the multiple
damage cases. Accordingly, the partial detection rate is
additionally defined as the percentage of the Pareto solutions
which detect only one damage among the two damage cases.
As already observed in Figures 7 and 8, the success rates of
the DS2 single damage case have all reached 100% under
both LS1 and LS2 for all sensor noise levels. (erefore,
except for the DS2 single damage case, Figures 9–11 rep-
resent the contributions of success, failure, and partial de-
tection rate indices for the cases of DS1 single damage, DS1
multiple damage, and DS2 multiple damage, respectively.

In the single damage case of Figure 10, the partial de-
tection rate cannot appear. Under the LS2 condition, the
failure rate only appears with the sensor noises of 5.0% and
10.0%, and the success rate remains stable with the sensor
noises of 0.1%∼3.0%. On the contrary, under the LS1
condition, the failure rate appears irregularly with the sensor
noises of 0.1%, 1.0%, and 10.0%.

As shown in Figures 9 and 11, in the case of multiple
damage cases in DS1 and DS2, the failure rate actually does not
appear at all. Instead, if the 100% success rate is not achieved,
the partial detection rate is filling the remaining percentage.

Further, Figures 7–11 do not show a clear tendency to
converge along with the increase in sensor noise in terms of
success, failure, and partial detection rate indices of damage
detection. In other words, as the noise level increases, the
indices do not tend to decrease steadily but fluctuates instead.
(is is because these results were obtained with only one
measurement data.(erefore, it is inferred that irregularity or
biasedness of noise generation applied to 14 measurement
data has more significant influence than sensor noise level
itself. So, we will investigate the effects of measurement data
on the detection performance in the next section.

4.4. Effects of Measurement Data. Let us now consider the
case of using two different sets of measurement data, i.e., 5
sets and 10 sets, as input information for the optimization
process. When 5 sets of measurements are used, 14 dis-
placements are repeatedly measured 5 times using the same
loading sets. At each time, the noises of loads and sensors are
randomly generated under the prescribed distributions. As
a result, the variations of success rate of damage detection
with respect to measurement data are comparatively illus-
trated in Figure 12 (DS1 single damage), Figure 13 (DS1
multiple damage), and Figure 14 (DS2 multiple damages).
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Figure 7: Variations in success rate of damage detection under LS1 with respect to sensor noise levels.
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Figure 8: Variations in success rate of damage detection under LS2
with respect to sensor noise levels.
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Although there are still some fluctuations depending on
the sensor noise, it is confirmed that the success rates of
damage detection are generally shifted to the right according
to the sensor noise of the horizontal axis by repeatedly using
the measurement data. (is implies that the use of multiple
measurement data helps improve the success rate of damage
detection against the increase in sensor noise. In addition, in
case of DS1 multiple damages, the success rate has been
evaluated as 0% for the sensor noises of 0.5% and 10.0%
under LS1 condition. As shown in Figure 13, even if using 5
sets of measurement data, the success rate is computed to be
0% for the sensor noises of 1.0% under LS1 and 5.0% under
LS2. Even if the success rate is 0%, it does not necessarily

mean that the failure rate is 100%. Instead, it actually means
that the partial detection rate of identifying only one of the
two damage cases becomes 100%. Anyway, the use of 10
measurement data significantly improves the success rate up
to 100% under the sensor noises of both 0.5% and 1.0%
under LS1. (e improvement is also observed for the sensor
noise of 5.0% under LS2. (e use of 10 measurement data
shows a success rate of 0% only for 10% sensor noise under
LS1 condition, and otherwise it shows the success rates
above a certain level. In particular, as shown in Figure 14, the
use of 10 measurement data guarantees the 100% detection
success rate for all sensor noises for multiple damages in DS2
under LS2 excitation conditions. (ese results demonstrate
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Figure 10: Contributions of success, failure, and partial detection rate indices for DS1 single damage case.
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Figure 9: Contributions of success, failure, and partial detection rate indices for DS1 multiple damage case.
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Figure 11: Contributions of success, failure, and partial detection rate indices for DS2 multiple damage case.
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Figure 12: Variations in success rate for DS1 single damage with respect to measurement data.
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that the more the measurement data is used, the more robust
damage detection against the sensor noise is achieved.

5. Conclusions

(is study expands a multiobjective damage identification
approach through applications to a benchmark problem for
highway bridges. (e method utilizes multiple sets of

measurements under different loading conditions in order to
minimize adverse effects of uncertainty in the measurements
on the results of damage identification. In order to demon-
strate the robustness of the proposed approach, N Pareto
solutions obtained in a single run are processed statistically to
show the possibility of damage per location and success, failure,
and partial detection rates. (e illustrative example demon-
strates that the proposed approach is able to successfully
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Figure 14: Variations in success rate for DS2 multiple damages with respect to measurement data.
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Figure 13: Variations in success rate for DS1 multiple damages with respect to measurement data.
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capture not only the actual damage of the bridge but also the
potential damage (false positive damage) that is inevitably
observed in the inverse analysis of damage identification
problem. (is result provides us useful information such as
damage-detected ratio on potential candidates for damage to
be inspected on site. (e success rate turned out to be im-
proved possibly under the damage-specific loading scenario
and further by using more measurement data. (ese results
demonstrate that the robustness of the proposed approach
against the sensor noise can be improved by increasing the
measurement data under appropriate loading scenarios.
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Hydraulic cavitation is usually an undesirable phenomenon since it can damage the concrete surface of a chute spillway. In order
to numerically predict the potential cavitation of a high-speed flow in a chute spillway, a compound risk assessment is proposed by
combining probabilistic analysis with a computational fluid dynamics (CFD) technique. Based on the local pressure and flow
velocity of the nodes, the traditional cavitation number is introduced to characterize the possibility of cavitation. (e distribution
of cavitation numbers was obtained according to the numerical simulation of the flow field in an open spillway. A hydraulic
experiment was conducted to validate the numerical result. As a result, the potential cavitation region could be shown by
visualizing the numerical result. Comparing the numerical results with the experimental results, hydraulic model validates the
numerical simulation. (e proposed numerical approach is economical and saves time; moreover, it can provide greater in-
formation about the potential cavitation region. (is approach is more convenient for designers in their efforts to optimize the
spillway shape and protect the concrete structure from cavitation erosion while maintaining lower costs and achieving
higher visualization.

1. Introduction

A spillway is usually one of themost important structures for
releasing excess flows and ensuring the safety of a hydro-
power station. When a high-speed flow passes through the
spillway, a void may form in the lower pressure zone, and
then it can rapidly collapse in higher pressure zones with an
intense shock [1, 2]. (ese shocks can repeatedly wear out
the concrete and cause severe damage if they occur near the
concrete surface of the spillway [3]. (is kind of hydraulic
cavitation is an undesirable phenomenon, since it may
heavily damage the spillway. Hydraulic cavitation occurs
more frequently when the spillway releases the flows at high
velocity and low pressure [4–6]. Moreover, the cavitation
also occurs in some centrifugal pump [7, 8], ship structures
[9], and water-jet nozzle [10] and brings damages to hy-
draulic devices. (erefore, it is very important to prevent the
occurrence of hydraulic cavitation by optimizing the
structure and installing a protection device [11–13]. In

consequence, a credible simulation and prediction of hy-
draulic cavitation is necessary in the design stage to protect
the spillway from cavitation damage.

(e simulation and prediction of hydraulic cavitation is
helpful for optimizing the structure shape and protecting the
spillway from cavitation damage [14]. However, it is difficult
to forecast the location and intensity of potential cavitation
in large-scale spillways. Generally, observation of a pro-
totype and hydraulic test models can be used to evaluate the
hydraulic cavitation characteristics of a spillway [15–17].
Prototype observation and experimental tests are more
expensive and time consuming, thus they are used only for
some medium-head to high-head dam projects [6, 18–20].
Compared with physical experiments, numerical simula-
tions are more convenient with the development of the CFD
technique [21–24]. Presently, numerical methods are the
most commonly used to predict cavitation in mechanical
areas, such as marine current turbine [25, 26], pumps [27],
control valves [28], propellers [29–31], etc. For large-scale
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and high-speed flows in a spillway, however, the previous
research has usually focused on the simulation of the flow
field but not on the cavitation prediction for various spill-
ways. For instance, Chatila and Tabbara [32] simulated the
flow over an ogee spillway with the CFD method and val-
idated the results by experimental measurement. Li et al. [33]
simulated the three-dimensional hydraulic characteristics of
a spillway using the volume of fluid (VOF) model. Sabbagh-
Yazdi et al. [24] and Vosoughifar et al. [34] performed
a three-dimensional simulation of a stepped spillway using
3D finite volume software. Moreover, the CFD model has
also been used to simulate a fluid flow with air entrainment
by aerators [35–37].

All of this research shows that the CFD model is useful
and available for fluid flow simulation in various areas, and it
leads to great success in applications for a large-scale
spillway. However, it is still difficult to predict directly the
possibility of cavitation for a large open spillway, since the
uncertain surface irregularities can greatly affect the local
flow where the hydraulic cavitation may occur. In order to
predict the potential cavitation in an open spillway,
a compound numerical approach is proposed by coupling
the CFD technique with the cavitation number criterion for
hydraulic structures. In the proposed approach, the cavi-
tation number is calculated by velocity and pressure, after
the flow field has been simulated primarily by CFD tech-
nique. In order to evaluate the possibility of hydraulic
cavitation, the distribution of the cavitation numbers is
profiled. (en, the potential cavitation zones are marked
with the locations and risks of cavitation according to the
inception cavitation number (ICA). (is is important for
designers for optimizing the structure and reducing cavi-
tation damage.

2. Theoretical Mechanism and
Probabilistic Evaluation

2.1. Hydraulic Cavitation Mechanism on a Spillway Surface.
In a high-speed flow, the common type of cavitation is
a compound dynamic process, which includes the formation
and collapse of a void. (e void usually occurs where the
local pressure is lower than the corresponding vapor
pressure. Consequently, the void rapidly collapses with
intense shocks when it moves to a higher pressure zone [38].
For a high-head dam, a spillway usually releases the flows at
high velocity and low pressure. Usually, the velocity in-
creases and the pressure decreases in the slope section, and
then the velocity decreases and the pressure rises in the flip
bucket. (ese events support the basic conditions for cav-
itation occurrence. In particular, the surface irregularities
may induce cavitation damage by suddenly changing local
pressure and velocity.

Figure 1 shows the formation and damage mechanism of
the cavitation induced by irregularities in a spillway surface.
A relatively low-pressure zone occurs behind the irregularity
when the high-speed flow passes an irregularity on the solid
surface. (e voids form continuously in the low-pressure
zone and move downstream. Consequently, they collapse
when subjected to the higher pressure in the flip bucket. (e

collapse generates intense shocks and wears constantly on
the concrete surface when this occurs near a solid surface.
(erefore, the uncertain irregularities and cavitation are
potential risks for the concrete surface.

2.2. Possibility of Cavitation in a Spillway. In fact, the surface
irregularities play an important role in the hydraulic cavi-
tation of the spillway. (ey can greatly disturb the fluid flow
and decrease the local pressure below the vapor pressure.
Usually, the small-scale irregularities during concrete con-
struction include a wide variety of shapes, such as sudden
bulges and dents due to construction joints and defects.
(ese irregularities may reach a maximum height of 4–6 cm.
However, the surface irregularities are commonly uncertain
in the design stages, which depend on the construction
technology and surrounding conditions. Without consid-
eration of the irregularities, the numerical model can only
simulate the undisturbed flow field. Nevertheless, the oc-
currence of cavitation is only dependent on whether the
disturbed local pressure drops below the vapor pressure [26].
(erefore, the usual simulation of the undisturbed flow field
cannot directly predict the cavitation issues for a large
spillway. For a large-scale flow discharge structure, the
common method is to introduce a coefficient to evaluate the
possibility of cavitation in the design stage. (e coefficient is
called the cavitation number, and it is defined as

K �
2 p−pV( 

ρ|V|2
. (1)

According to the hydraulic analytical approach, the
cavitation number represents the degree of risk of cavitation
occurrences. Generally, the possibility of cavitation increases
with the decrease in cavitation number. In other words,
a slight disturbance induced by irregularity may lead to
cavitation in the flow with a small cavitation number. To
provide for irregularities, the inception cavitation number
(ICA) KI is used as a criterion to determine the occurrence
of cavitation. Usually, the hydraulic cavitation will occur in
the high-speed flow zone of spillway, if the cavitation
number is smaller than the ICA. Conversely, if the cavitation
number is larger than the ICA, there is no cavitation oc-
currence. (erefore, if the velocity and pressure can be
simulated accurately by a CFD technique, the cavitation

Irregularity

Concrete surface

Formation of voids
Move downstream

Collapse and damage

High-speed flow

Relatively low pressure

Figure 1: Cavitation formation and damage mechanism for
a spillway surface.
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number can be given for every node by Equation (1). By
analyzing the cavitation distribution, the potential cavitation
in a region can be distinguished visually.(is is important in
the design in order to avoid future damage, since it indicates
potential cavitation and its possible zones.

2.3. Governing Equations for Spillway Flows. In fact, it is
already a common work to simulate the flow of spillway by
CFD technique. (ere are three typical methods to solve
fluid flow in CFD areas, including the finite difference
method (FDM), finite element method (FEM), and finite
volume method (FVM). FVM is a powerful approach to
solve systems with fluid flow [39].(e general Navier–Stokes
equations can describe the flow well through continuity
equations and momentum equations. Considering gravity,
the closed-form expression can be written as
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A closed-form solution exists theoretically for the
equation system. However, it is almost impossible to
obtain an analytical solution at present. (e CFD tech-
nique is useful for yielding a numerical solution for the
equation system based on the common k-ε turbulence
model. (e two-equation model describes the effects of
turbulence on the mean flow equations. (e turbulence
kinetic energy equation and dissipative equations can be
written as [39].

zρk

zt
+ ∇ · (ρkV) � ∇

μt
σk
∇k  + 2μtSij · Sij − ρε,

zρε
zt

+ ∇ · (ρεV) � ∇
μt
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∇ε  + C1ε

ε
k
2μtSij · Sij −C2ερ

ε2

k
,

(3)

where μt � ρCμk2/ε, C1ε � 1.44, C2ε � 1.92, Cμ � 0.09,
σk � 1.0, and σε � 1.3.

A large-scale discharge needs to be considered as an
open free surface flow in the spillway. It is very important
to simulate the free surface besides the flow field. Usually,
a multiphase flow can be described by volume of fluid
(VOF) [40]. Considered an open flow, the basic VOF
method is used to simulate the water surface profile.
(e conventional VOF equation can be simplified and
written as

zCm

zt
+ V · ∇Cm � 0 

2

m�1
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,

ρ � 
2

m�1
Cmρm.

(4)

Based on the above closed-form equations, the solution
exists theoretically to the equation system, and the flow fields
can be numerically determined for the spillway. Fortunately,
various CFD codes are available to numerically solve the
flow field at present.

2.4. Analysis and Assessment of Cavitation Risk. With the
development of the CFD technique, the flow field simulation
becomes more convenient for the flow discharge of a spill-
way structure. Based on the numerical result from a flow
field, the cavitation number distribution can be obtained by
the traditional hydraulic cavitation analysis method. By
knowing the different cavitation numbers and comparing
these values with the ICA, the potential cavitation zone is
revealed and evaluated. Figure 2 shows the general pro-
cedure for cavitation numbers based on the CFD technique.
As shown in the figure, the approach includes three primary
procedures.

(1) According to the specific hydraulic structure, the
CFD software package draws the geometrical do-
main, meshes the grids, defines the boundary con-
ditions and carries out the flow field calculations.

(2) Based on the results of the CFD simulation, the
cavitation numbers of the node are computed with
the traditional hydraulic cavitation number formula,
which characterizes the cavitation potential.

(3) According to the ICA criterion, the flow is divided
into different zones, such as relative safe zones and
potential cavitation zones, which will represent the
cavitation potential. (e cavitation risks are pre-
dicted and evaluated via these visual zones.

3. Structure and Boundary of a Spillway

3.1. Physical Structure and Reference Frame. Figure 3 shows
the basic structure of the spillway, which consists of nozzle,
control valve, discharge chute, and flip bucket. In order to
compare the approach with physical model test, a hydraulic
model test is conducted. (e experiment is designed based
on the gravity similarity criterion (GRB). (e scale of model
is 60:1, the total length of the spillway model is 2.67m, and
the width of the main chute is 0.3m. In the experiment,
pressure gauges and micrometers are used to measure the
pressure and water depth. Considering the fluctuation of
water depth and pressure, the average values of the water
depths and pressures are taken as the measure result.
According to the physical experiment, the numerical results
were validated by comparing the experimental results. In
particular, it should be stated that the corresponding hy-
draulic model shown in Figure 4 was originally carried out
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for design optimization. Based on the present physical
structure, some extra measurements were obtained to verify
the numerical simulations. (e boundary conditions and
reference frame were adjusted according to the research
emphasis. (e paper focused on the numerical method, and
the selected experimental data is only used to verify the
numerical results.

3.2. Geometric Domain and Mesh. According to the hy-
draulic structure, the geometric domain and numerical mesh
were established with the Fluent CFD software. (e domain
includes the inlet, control valves, discharge chute, and flip
bucket for the whole spillway. In order to simplify the
boundary conditions, the influence of the gate slot on the
flow was ignored. Figure 5 shows the whole three-
dimensional volume mesh.

3.3. Boundary Conditions. According to the water level in
the inlet, the top of the water level is defined as the standard
atmospheric pressure, and the bottom of the water level is
defined as the flow velocity inlet with the mean velocity of
the inlet section. (e outlet of the spillway is defined as the
air pressure boundary with standard atmospheric pressure.
All of the borders of the structure are considered to be fixed
walls, and these include the bottom, chamber, left, and right
boundaries. Figure 6 shows all of the boundary conditions
defined in the spillway structure.

3.4. Conditions of Flow Discharge. Considering the worst
operating condition, the maximum discharge condition was
analyzed in the case. In the numerical simulation, the inlet
was defined as velocity boundary based on the discharge and

upstream water depth. To compare the results from the
numerical simulation, the same conditions were measured
in the hydraulic model test. (e pressures and velocities at
some key nodes were obtained to verify the numerical results
in the same positions. Usually, hydraulic models give hy-
draulic parameters for only some nodes, but numerical
simulations can provide hydraulic parameters for almost all
the nodes.

4. Simulation of Flow Fields and
Cavitation Analysis

4.1. Simulation of the Water Surface Profile. (e water sur-
face profile represents the distribution of the water depths. It
usually determines the height of the sidewall of a spillway.
Figure 7 shows both the numerical and experimental results
for the water surface profile. In the figure, the solid line
represents the results of the numerical simulation, and the
dots represent the experimental one. As seen in Figure 7, the
numerical simulation agrees with the experimental results
well. (is figure also shows that there are experimental
results for only some nodes; however, the numerical sim-
ulation gives the results overall for the water surface profile.

4.2. Distribution of Flow Velocity and Pressure. Velocity and
pressure are the most important factors for cavitation
analysis. Cavitation occurs commonly in the vacuum zone
with high velocity and low pressure. Of the provided water
temperature conditions, the flow velocity and pressure are
the determining factors for cavitation. (e pressure and
velocity near the bottom are significant for distinguishing
the potential cavitation zone, which is also the important
reference for installation of protection devices. Figure 8
shows the mean velocity distribution along the centerline
on the chute bottom. Figure 9 shows the pressure distri-
bution in the center of the chute bottom. As shown in the
figures, the numerical results agree with the experiment
results well. (e test can only measure some key points.
However, the numerical approach can provide more results
than experiment. Figures 10 and 11 show both numerical
simulation and experimental results; the numerical simu-
lation provides the entire vector and pressure distribution
overall for the water profile, but the experimental mea-
surement gives the results for only a few points. (us, it is
very difficult for us to obtain such a full range of results by
test measurements.

4.3. Cavitation Number and Verification. Given the local
conditions for vapor pressure pV and the density of water ρ,
Equation.(6) can calculate the cavitation number for all
nodes with known v and p. Table 1 shows the cavitation
number distribution along the centerline of the chute
soleplate. In the table, the hydraulic parameters marked with
subscript m are gained bymodel tests, and the othersmarked
with subscript n are gained by the numerical method.
Figure 12 shows the distribution of mean cavitation numbers
for the centerline of the soleplate. In this figure, the line
represents the cavitation number by the numerical method,

2(p − pV)K =
ρ V 2

pv & ρ

Spillway
structure

Mesh and
boundary

Flow field
computation

Surrounding
conditions v & p

K > KI

Safe zone
distribution

Potential
cavitation zone

Yes No

ICA KI

Cavitation prediction
and evaluation

CFD Simulation

Cavitation
computation

Cavitation
prediction

Figure 2: Flowchart for cavitation prediction.
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and the dots represent the cavitation number with the model
test method. As shown in the figure, the numerical results
agree with the results from the experiments.

4.4. Prediction of Cavitation Zones in the Central Plane.
Based on the numerical simulation, Figure 13 shows the
cavitation number profile in the central plane of the
spillway chute. (e result shows that the cavitation number
regularly declines from the control valve to the flip bucket.
According to the numerical simulation, the minimum
cavitation is about 0.145 in the center plane. Comparing the

numerical result, the experimental mean cavitation number
may omit the minimum value, so a numerical result may
better represent the full distribution of the cavitation
numbers.

(e cavitation number primarily represents the pos-
sibility of hydraulic cavitation in the high-speed flow of
a spillway. (e smaller the cavitation number is, the greater
the possibility of cavitation. However, it cannot in-
dependently determine whether cavitation occurs. When
a high-speed flow passes through the spillway, the irreg-
ularity of the surface plays an important role in the oc-
currence of cavitation. In hydraulic design, the ICA is a key
criterion, which is subject to local irregularities and ma-
terial properties, as well as the surrounding conditions.
Usually, the ICA is estimated based on the irregularities,
which depend on the construction process and imple-
mentation standards. If the cavitation number is smaller
than the ICA, cavitation will occur, otherwise, no cavitation
will occur.

Usually, ICA increases with the increase of the irregu-
larity in high-speed flow of the spillway. A streamline surface
with a smaller ICA can decrease the provability of the
cavitation. In fact, the irregularities form with various
shapes, such as sudden drop or rise at joints. After a pol-
ishing treatment, the irregularity is approximately consid-
ered as a triangular bulge. A ratio coefficient of irregularity is
commonly defined as

Control
valve

Flip
bucket

Main discharge
chute

Converging
transition

18cm

19
cm

32
cm

141cm72cm26cm

0

z
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Figure 3: Structure of the open spillway.

(a) (b)

Figure 4: Experimental model of the open spillway. (a) Main chute and (b) flip bucket.

Figure 5:(ree-dimensional mesh of the entire simulated domain.
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Δ �
e

l
. (5)

For high-speed flow in the spillway, the irregularity
primarily decides the ICA. An empirical relationship can
be expressed as Equation (6). For a common triangular

embossment, Figure 14 shows the ICA values increase with
the ratio coefficients of irregularity [41].

KI � f(Δ). (6)

After the ICA is estimated according to the irregularities,
the risk region can be distinguished by comparing the
cavitation number to the ICA. Conversely, the cavitation
number distribution is a significant reference, which, for the
designer, can guide the control standard for the irregularities
to prevent cavitation.

For various ratio coefficients of irregularity, such as 1/20,
1/30, 1/40, and 1/50, the corresponding ICA is estimated as
0.402, 0.255, 0.190, and 0.158 according to the relationship
between ICA and irregularities. (en, the potential cavitation
zone can be distinguished. In Figure 15, the colour zones show
the potential cavitation zone for various irregularities. In these
zones, the cavitation number is smaller than the ICA. A
sizable irregularity can induce the occurrence of the cavitation
andmay bring damage in the surface of the chute.(e result is
important for the designer for optimizing the spillway chute
and protecting the hydraulic structure from cavitation erosion
by predicted zones. As shown, the greater the irregularity is,
and the bigger the cavitation zone is.
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Figure 6: Definitions of the boundary conditions.
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4.5. ;ree-Dimensional Prediction and Evaluation of
Cavitation. In fact, a numerical simulation can provide
hydraulic parameters for all nodes. (us, the proposed
approach can also provide cavitation numbers for all nodes.
Finally, the three-dimensional distribution of cavitation
numbers can also be obtained through the numerical ap-
proach. Based on the various irregularities, the potential
zones were marked. Figure 16 shows the full potential zone
of cavitation through visualization of the result for various
irregularities. Analogously, the potential cavitation zone
increases with the irregularity and ICA.(erefore, control in
irregularity is significant to reduce cavitation damages.

As shown, the experimental method provides only the
mean value in the cross section. It may leave out some of the
worst results. (e numerical approach provides a more
comprehensive reference for the designer to improve and
optimize the chute shape. According to the distribution of
the pressure, the bubbles may collapse near the lowest
section of the bucket, because the pressure increases sud-
denly in the center of the bucket. It is known that the bucket
is usually subjected to cavitation damage. In fact, the nu-
merical simulation substitutes for the physical model test in
the proposed approach. Usually, the measurement can only
provide some data for the key nodes. However, the nu-
merical approach can provide more results than experi-
ments. As shown in Figure 13, the numerical simulation
provides the full potential zone of cavitation, but it is difficult
for the test measurement to obtain such abundant results.

5. Discussion and Statement

For a large-scale flow discharge, it is difficult to directly and
accurately predict the range and intensity of cavitation.
(eoretically, cavitation is only a necessary but not sufficient
condition for erosion damage. If the cavitation is far away
from the surface of the soleplate, the collapse occurred in the
middle of the flow will not damage the concrete surface.
Prediction of cavitation does not represent, in fact, erosion
damage, since the erosion is subject to the materials, time

Table 1: Cavitation number distribution on the centerline of the
soleplate.

N X (m) pm (Kpa) pn (Kpa) vm (m/s) vn (m/s) Km Kn

1 0 131.81 130.31 10.18 9.68 2.50 2.73
2 14 135.22 132.67 10.74 11.21 2.31 2.08
3 25 129.69 129.80 14.92 14.68 1.14 1.18
4 37 129.34 129.79 17.83 17.46 0.80 0.84
5 48 132.52 135.54 19.29 17.57 0.70 0.86
6 60 138.63 131.83 21.66 18.09 0.58 0.79
7 71 144.75 132.81 23.99 20.40 0.49 0.63
8 76 140.51 132.81 26.88 21.78 0.38 0.55
9 86 141.45 132.34 26.54 26.54 0.39 0.37
10 98 141.69 131.62 24.65 25.11 0.46 0.41
11 109 153.68 130.69 25.25 25.78 0.47 0.39
12 120 139.22 129.54 23.54 23.95 0.49 0.44
13 131 132.52 128.04 22.68 23.97 0.51 0.44
14 143 157.45 128.06 24.26 24.02 0.53 0.44
15 155 134.75 127.66 26.88 26.61 0.37 0.35
16 166 139.10 127.16 26.54 25.81 0.39 0.37
17 178 133.46 127.66 26.31 26.29 0.38 0.36
18 188 137.22 125.94 27.35 28.19 0.36 0.31
19 200 135.81 126.94 29.42 29.39 0.31 0.29
20 211 158.98 137.01 30.14 28.59 0.34 0.33
21 215 210.95 214.78 31.66 30.74 0.42 0.45
22 218 266.81 269.32 27.73 27.12 0.69 0.73
23 221 276.11 268.51 26.77 26.75 0.76 0.74
24 226 274.69 257.85 24.95 25.13 0.87 0.81
25 230 208.84 221.61 22.93 22.62 0.79 0.86
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Figure 12: Cavitation number distribution in the centerline of the
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0.00 0.11 0.22 0.33 0.44 0.56 0.67 0.78 0.89 1.00

Figure 13: Cavitation number distribution in the central plane.

10 20 30 40 50 60
0.0

0.2

0.4

0.6

0.8

1.0

1/Δ

Δ = e/l
KI e

l

Figure 14: Relationship between ICA and irregularities.

Shock and Vibration 7



0.145 0.209 0.273 0.338 0.402

(a)

0.145 0.172 0.200 0.228 0.255

(b)

0.145 0.156 0.167 0.179 0.190

(c)

0.145 0.148 0.152 0.155 0.158

(d)

Figure 15: Prediction of potential cavitation zone in the central plane. (a) Δ � 1/20, KI � 0.402, (b) Δ � 1/30, KI � 0.255,
(c) Δ � 1/40, KI � 0.190, and (d) Δ � 1/50, KI � 0.158.

0.402

0.338

0.273

0.209

0.145

(a)

0.255

0.227

0.200

0.172

0.145

(b)

0.190

0.179

0.167

0.158

0.145

(c)

0.158

0.155

0.152

0.148

0.145

(d)

Figure 16: (ree-dimensional prediction of the potential cavitation zone. (a) Δ � 1/20, KI � 0.402, (b) Δ � 1/30, KI � 0.255,
(c) Δ � 1/40, KI � 0.190, and (d) Δ � 1/50, KI � 0.158.

8 Shock and Vibration



period, and working conditions. However, it is important for
designers to predict cavitation, since cavitation prevention
can avoid erosion damage on the concrete surface of a chute.
In practice, the traditional method simplifies the spillway as
a one-dimension flow. (e cavitation number is a mean
value based on the mean velocity and pressure of the flow
cross section. It only represents the mean value of a flow
cross section. However, the pattern varies in the flow cross
section. (e traditional method may neglect the worst
conditions. (e proposed numerical approach can provide
the whole distribution of cavitation numbers. (is is the
advantage of the numerical approach, since it is difficult for
experiments to obtain these values. Moreover, the proposed
approach may determine the worst locations and find areas
requiring higher levels of cavitation prevention. Although
the proposed approach can provide a comprehensive cav-
itation prediction, the approach depends heavily on some
existing CFD software. (e precision also depends on the
flow field simulation using the CFD technique.(e approach
provides only a prediction of the possibility of cavitation;
however, practical cavitation erosion is more complicated
and indeterminate. Considering the empirical formula, this
approach is convenient for large-scale flow discharge with
fixed boundaries, especially open spillways, but not for
pumps and propellers.

6. Conclusions

With the development of the CFD technique proposed in
this work, it is easier and faster to determine the hydraulic
parameters of a flow discharge spillway. It is an economical
and inexpensive technique and gives better visualization of
the results. (e results obtained from physical model
validate the results obtained through the CFD simulation.
Based on the numerical CFD technique, a numerical ap-
proach is proposed to compute the cavitation numbers.
Combining the visualization of numerical results with the
cavitation number distribution represents the cavitation
potential. An example shows the proposed approach can
obtain cavitation prediction for an open spillway. (e
measurement validates the proposed approach. (e nu-
merical results agree well with the test results in mean
cavitation number distribution for a central plane. (e
advantage of the approach is that it provides compre-
hensive and vivid cavitation number distribution. How-
ever, it is difficult for experiments to provide such
abundant results. Numerical simulation provides overall
results for the water profile while physical experiments
provide results for only some points and it is difficult for
experiments to provide such abundant results. (erefore,
numerical simulations provide more comprehensive re-
sults compared to physical experiments. In fact, the tra-
ditional method may leave out some of the worst results,
and the numerical approach can provide a more com-
prehensive reference for designers to improve and optimize
the chute shape. In the end, erosion damage is subject to
various factors, but the prediction of cavitation provides
a necessary criterion to prevent cavitation. (e numerical
approach can supply the three-dimensional distribution

of cavitation numbers in the spillway, which can reveal
the potential cavitation zone. Optimization of a spillway
thus becomes easy and more reliable through numerical
simulation. (e proposed approach is a significantly im-
proved method for predicting the cavitation zone in efforts
to optimize and protect the spillway chute from cavitation
damage.

Nomenclature

K: Cavitation number
g: Gravitational acceleration (m/s2)
p: Absolute pressure (pa)
pV: Local vapor pressure (pa)
ρ: Density of water (kg/m3)
V: Flow velocity vector (m/s)
KI: Inception cavitation number
x, y, z: Distances in Cartesian coordinate system (m)
u, v, w: Velocity components (m/s)
t: Time (s)
∇: Divergence, gradient operator
τ: Shear stress (N/m2)
fz: Vertical body force component (m/s2)
k: Turbulent kinetic energy (j)
μt: Turbulent viscosity coefficient (Pa·s)
σk, σε: Dimensionless constant
Sij: Mean rate of deformation
ε: Dissipation rate of turbulent kinetic energy
C1ε, C2ε, Cμ: Dimensionless constant
Cm: Volume fraction function
m: Serials of phase
ρm: Density of phase (kg/m3)
N: Serials of measuring point
X: Location of measuring point (m)
pm: Pressure of model test (pa)
pn: Pressure of simulation (pa)
vm: Velocity of model test (m/s)
vn: Velocity of simulation (m/s)
Km: Cavitation number of model test
Kn: Cavitation number of simulation
e: Height of irregularity (m)
l: Length Height of irregularity (m)
Δ: ratio coefficient of irregularity.
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Free vibration analysis of beams with single delamination undergoing bending-torsion coupling is made, using traditional finite
element technique.*e Galerkin weighted residual method is applied to convert the coupled differential equations of motion into
to a discrete problem, where, in addition to the conventional mass and stiffness matrices, a delamination stiffness matrix,
representing the extra stiffening effects at the delamination tips, is introduced. *e linear eigenvalue problem resulting from the
discretization along the length of the beam is solved to determine the frequencies and modes of free vibration. Both “free mode”
and “constrained mode” delamination models are considered in formulation, and it is shown that the continuity (both kinematic
and force) conditions at the beam span-wise locations corresponding to the extremities of the delaminated region, in particular,
play a great role in “free mode” model formulation. Current trends in the literature are examined, and insight into different types
of modeling techniques and constraint types are introduced. In addition, the data previously available in the literature and those
obtained from a finite element-based commercial software are utilized to validate the presentedmodeling scheme and to verify the
correctness of natural frequencies of the systems analyzed here. *e paper ends with general discussions and conclusions on the
presented theories and modeling approaches.

1. Introduction

Materials or components built up in layers are used in
various manufacturing sectors ranging from shipbuilding to
aerospace. *e ever-increasing application of such layered
structural elements is primarily due to their many attractive
features such as high specific stiffness, high specific strength,
good buckling resistance, and formability into complex
shapes, to name a few. Delamination is the most common
failure mode in layered structural elements and may be
introduced during processing or subsequent service con-
ditions, leading to the reduction or loss of structural strength
and stiffness [1], which, in turn, will modify the vibration
characteristics of the structure, i.e., natural frequency and
mode shape. Natural frequencies will decrease caused by the
stiffness reduction, which may subsequently lead to reso-
nance, should the reduced frequency match the working

frequency. *erefore, it is imperative to understand the
effect of the delamination and its influence on the vibration
characteristics of structures. Depending on the number of
delamination, size, and location, the defective sublaminate
generally displays different vibration frequencies andmodes.

One of the earliest models for vibration analysis of
composite beams with delaminations was proposed by
Kulkarni and Fredericks [2] where they studied a one-
dimensional (1D) problem with a single delamination.
*ey investigated a defective, circumferentially symmetric
(circular) cylindrical shell, with a small length delamination
located at the middle surface. In their analysis, it was as-
sumed that the flexural rigidity of the delamination region
can be taken as the sum of the flexural rigidities of the all
individual delaminated layers. *is analysis resulted in
system natural frequencies considerably lower than those
found experimentally. Ramkumar et al. [3] investigated the
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vibration characteristics of defective composite beams,
where a single through-the-width delamination was mod-
eled as four Timoshenko beams connected at delamination
edges. *e predicted natural frequencies were consistently
found to be lower than those measured experimentally. *is
discrepancy was attributed to the contact between the
delaminated free surfaces during vibrations, and the authors
suggested that the inclusion of the contact effect might
improve the analytical prediction. However, it was later
discovered that underpredicted natural frequencies for off
midplane delaminations, resulting from the free mode
model, are in fact due to unrestricted penetration of the
beams into each other. Considering free vibration charac-
teristics of isotropic defective beams with through-the-width
split, Wang et al. [4] developed an improved theoretical
model to investigate the effect of delamination on the sys-
tem’s frequencies. Assuming each beam segment, modeled
as an Euler beam, vibrates freely without touching each
other, they included the coupling between flexural and axial
vibrations of the delaminated sublaminates in their model.
Although this improved analytical model resulted in fre-
quency data closer to experimental results, it predicted a few
physically inadmissible opening modes, addressed by
Mujumdar and Suryanarayan [5]. *e “constrained mode”
model [5] assumes that the delaminated beam segments
undergo identical transverse displacements and predicts
vibration behaviour more accurately for off midplane de-
lamination configurations. However, opening delamination
modes, commonly seen in experimental analysis [6, 7],
cannot be captured using the constrained model. Tracy and
Pardoen [8] also used the constrained model to assess the
effect of delamination on natural frequency of symmetric
laminated Euler beams containing midplane delamination.
Based on both the classical and high-order shear de-
formation beam theories, and using the FEM, Nagesh Babu
and Hanagud [9] studied the effects of delamination on the
system’s natural frequencies. Performing experiments, Shen
and Grady [7] observed the presence of opening modes,
undetected by the constrained model. By exploiting the
Galerkin method, they also investigated the effects of de-
lamination on the natural frequency and mode shape of
composite laminated beams. Introducing coupling between
longitudinal and bending motion, Stamos et al. [10] pre-
sented a delaminated composite beam model and further-
more suggested an inverse method to determine position
and size of delamination based on the degradation of the first
two natural frequencies. Lee et al. [11] analyzed the free
vibration of multi-delaminated composite beam-columns
subjected to axial compression load analytically and ex-
perimentally. In their work, the characteristic equation of the
defective system is obtained by dividing the multi-
delaminated beam-columns into segments and by impos-
ing recurrence relation from the continuity conditions on
each subbeam-column. To verify their results, experimental
results are obtained for isotropic single delaminated beam-
columns and confirmed that the sizes, location, and number
of delaminations have significant effect on the system’s vi-
bration and stability. Chen et al. [12] developed an analytical
model for free vibration of a delaminated layered composite

beam in the prebuckled state. *ey also presented a new
constrained model, including both compressive axial force
and bending-extension coupling effects. Saravanos and
Hopkins [13] investigated the damped-free vibration of
unstressed defective laminated composite beams, both an-
alytically and experimentally, where they considered the
kinematic perturbations induced by a delamination crack as
additional degrees of freedom. In a later work, Chrysochoidis
and Saravanos [14] assessed the effects of delamination on the
dynamic response of composite beam specimens with surface
attached piezoelectric actuators and sensors using experi-
ments and same analytical method developed earlier in [13].
Later, they developed an analytical model using coupled linear
layerwise laminate theory and a FE model to investigate both
static and dynamic response of flexible defective composite
beams, including delaminations and active piezoelectric
sensors [15]. Della and Shu [16, 17] reported an analytical
solution method, and more recently, Erdelyi and Hashemi
used Dynamic Stiffness Matrix (DSM) [18] and presented
a FEM-based novel assembly technique [19] to investigate the
behaviour of a delaminated slender beam and compared their
results with those reported byWang et al. [4] and Lee [20]. In
a recent work, Szekrényes [21] performed stability analysis on
delaminated composite beams undergoing coupled flexural-
longitudinal vibration. Starting with Timoshenko beam
theory and then reducing the model to Euler–Bernoulli so-
lution, they presented a formulation, considering both free
and constrained models. In addition, the equality of axial
forces in the top and bottom beams was derived and shown in
an exact way. Also, the continuity of the effective bending
moments was related to the equilibrium equations, and it was
also concluded and reported that if the normal force is
compressive in one of the half-periods of the vibration and
reaches a critical value, then it can lead to delamination
buckling [21–23].

In two recent publications, the authors exploited the
classical [24] and frequency-dependent (dynamic) FEM [25]
formulations for the free vibration of intact prestressed
beams. *e free vibration/buckling of intact and delami-
nated axially-loaded beams has also been investigated before
(e.g., [17–23]). However, to the authors’ best knowledge, the
vibration of prestressed delaminated beams, subjected to
combined axial load and endmoment, has not been reported
in the open literature.

In the recent years, layered, sandwich and composite
elements have found their place and have been integrated
in some commercial software, such as ANSYS®, used to
perform static and dynamic structural analysis. However, it
is worth noting that modeling of delaminated configura-
tions in such environments in not a straightforward pro-
cedure can involve cumbersome, complex, time-consuming,
and error-prone processes. It requires manual model cre-
ation, involving the use of, for example, Multipoint Con-
straint Rigid Link (ANSYS element MPC184) to enforce the
displacement and slope continuity at the edges of de-
lamination region [26]. *erefore, in the present study, the
free vibration behaviour of a delaminated prestressed
beam subjected to combined axial force and end moment is
investigated using the finite element method (FEM). By
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implementing the Galerkin weighted residual method, the
governing differential equations of motion are discretized,
leading to element matrices. As it will be explained later in
this paper, in addition to the mass and stiffness matrices
commonly resulting from the conventional FEM formu-
lation, the presented procedure also leads to three extra
stiffness matrices: a geometric stiffness matrix caused by
the axial load, a delamination stiffness matrix, resulting
from the relationships between the two delamination re-
gion’s extremities, and a coupling geometric stiffness
matrix caused by the applied end moment. *e assembly of
the element matrices and application of relevant boundary
conditions then leads to the system’s linear eigenvalue
problem. *e resulting eigenproblem is then solved to
extract the system’s natural frequencies and modes. *e
correctness of the proposed FEM method is first validated,
where the free vibration analysis of a simple delaminated
beam (in the absence of prestress) is conducted, and the
frequency results are compared with those presented in the
literature. *e application of the presented model and
formulation is then further demonstrated through the il-
lustrative examples of unstressed delaminated [09/0]2s
composite beams, as well as bending-torsion coupled
beams, subjected to various prestress load combinations
(i.e., axial forces and end moments). *e paper concludes
with a brief discussion on the presented method and nu-
merical results. While the FEM model presented in this
paper assumes isotropic materials, further research is
underway to extend it to sandwich and fibre-reinforced
laminated composite beams, characterized by an exten-
sional response coupled with flexural/torsional and cou-
pled bending-torsion vibration.

2. Mathematical Model

Figure 1 shows a prestressed two-layered beam of length L

and thickness H1 having a single through-the-width de-
lamination with a length L2, starting from x � x1. *is
delamination divides the beam into four segments, which are
assumed to have a slenderness ratio of greater than 10 and, as
a result will be analyzed as four interconnected Euler–
Bernoulli beams. Beam segments 2 and 3 have H2 and H3
thicknesses, respectively. *e structure is subjected to an
axial force of P0 and constant endmoment ofMzz, applied at
its ends, x � 0 and x � L.

Assuming that each uniform beam segment is made of
linearly elastic, homogeneous, isotropic material with con-
stant mechanical, material, and geometric properties, it can
be shown that the partial differential equations of motion,
governing free, linear, bending-torsion coupled vibrations of
the ith Euler–Bernoulli beam segment subjected to axial force
and end moment are as follows [24]:

EIiw
″″
i + P

0
i w″i + Mzz,iϕ″i − ρAi €wi � 0, (i � 1− 4),

(1)

GJiϕ″i + P
0
i IP,iϕ″i + Mzz,iw

″
i − ρAiIP,i

€ϕi � 0, (i � 1− 4),

(2)

where w is the lateral displacement along z direction, ϕ
stands for the torsional twist about x-axis, E is Young’s
modulus, G represents the shear modulus, J and Ip are,
respectively, the torsion constant and the polar moment of
inertia, and subscript i represents the beam segment’s
number, where i � 1, 2, 3, 4. P0

i and Mzz,i represent axial
force and end moment for ith beam, respectively. A prime,
(′), denotes spatial derivative with respect to x, and the over
dot, (•), stands for time derivative. *e beam’s torsional
rigidity (GJ) is assumed to be very large compared with its
warping rigidity (EΓ), and ends are free to warp, i.e., state of
uniform torsion.

As can be observed from Equations (1) and (2), the
system is coupled by the end moment, Mzz,i. Exploiting the
simple harmonic motion assumption to separate variables in
space and time, and introducing the (sinusoidal) functions
wi(x, t) � Wi sin(ωt) and ϕi(x, t) � θi sin(ωt) for lateral
and torsional displacements, respectively, in expressions
(1) and (2) leads to following form of the governing dif-
ferential equations, in frequency domain:

EIiW
″″
i + P

0
i W″i + Mzz,iθ″i − ρAiω

2
Wi � 0,

(i � 1− 4),
(3)

GJiθ″i + P
0
i IP,iθ″i + Mzz,iW

″
i − ρIP,iAiω

2θi � 0,

(i � 1− 4),
(4)

where ω denotes the frequency and Wi and θi are the
amplitudes of flexural and torsional displacements, re-
spectively, of the beam segment i.

2.1. Free Mode Delamination Model. In contrast to the
“constraint mode” model, the “free mode” delamination
scheme considers no constraint or interaction between the
upper and lowest layers in the defective zone, i.e., segments 2
and 3. *e “free mode” model predicts the behaviour of the
beam more accurately but it also exhibits some physically
impossible modes of vibration. To solve the four pairs of
coupled equations as one system numerically, the global end
conditions at both extremities of the beam, as well as
continuity requirements at the delamination tips, are to be
enforced.*e continuity conditions for lateral displacement,
slope, torsional displacement, and axial force at the left side
of the defective region (x � x1) are expressed as

z

Beam 1

Beam 3

Beam 2

Beam 4
H3

H2

H1

L4L1 L2, L3

x = x1 x = x2x

P0

Mzz P0

Mzz

L

Figure 1: Schematic illustration of a beamwith single delamination
under axial load and end moment.
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W11 � W21 � W31,

W11 � W1 x � x1( ,

W21 � W2 x � x1( ,

W31 � W3 x � x1( ,

(5)

W11′ � W21′ � W31′ ,

W11′ � W1′ x � x1( ,

W21′ � W2′ x � x1( ,

W31′ � W3′ x � x1( ,

(6)

θ11 � θ21 � θ31,
θ11 � θ1 x � x1( ,

θ21 � θ2 x � x1( ,

θ31 � θ3 x � x1( ,

(7)

P1 � P2 + P3. (8)

Similarly, continuity conditions for the right delami-
nation tip are written as

W42 � W22 � W32,

W42 � W4 x � x2( ,

W22 � W2 x � x2( ,

W32 � W3 x � x2( ,

W42′ � W22′ � W32′ ,

W42′ � W4′ x � x2( ,

W22′ � W2′ x � x2( ,

W32′ � W3′ x � x2( ,

θ42 � θ22 � θ32,

θ42 � θ4 x � x2( ,

θ22 � θ2 x � x2( ,

θ32 � θ3 x � x2( ,

P4 � P2 + P3.

(9)

Additionally, the requirement for the delamination tip
faces to remain planar after deformation, at the left de-
lamination tip, results in

u21 − u31 �
H1

2
W11′ , (10)

where ui is the axial displacement of beam section i.
Combining expression (10) with the similar expression from
the right delamination tip leads to

Δu3 −Δu2 �
H1

2
W42′ −W11′( , (11)

where

Δu3 � u32 − u31,

u32 � u3 x � x2( ,

u31 � u3 x � x1( ,

Δu2 � u22 − u21,

u22 � u2 x � x2( ,

u21 � u2 x � x1( ,

W42′ � W4′ x � x2( ,

W11′ � W1′ x � x1( .

(12)

It was originally assumed by Mujumdar and Sur-
yanarayan [5] and was later shown in an exact way by
Szekrényes [21] that for small deformations of a uniform
beam, the axial displacement will behave according to the
following expression (13):

ui xi � Li( − ui xi � 0(  � 
Li

0

Fi xi( 

EiAi xi( 
dxi �

FiLi

EiAi

, (13)

where xi represents the local position along the length and Fi

is the axial force induced in the segment i. Compressive force
during vibration, P(x, t), consists of applied static axial
force, P0, and perturbed axial force, Pt(x, t). *e latter,
preventing interlaminar slip, is induced in the delaminated
layers during vibration. Knowing that the change in axial
displacement for each segment is caused by induced per-
turbed component of axial force rather than its static
component, substituting Equation (13) into (11) yields

Pt
2L2

EA2
−

Pt
3L3

EA3
�

H1

2
W4′ x � x2( −W1′ x � x1(  . (14)

Taking the perturbation of Equation (8) for continuity of
axial force on the left delamination tip, one obtains

P
t
2 + P

t
3 � P

t
1. (15)

Since P1 � P0 and P0 is constant, Pt
1 � 0 which means:

Pt
2 + Pt

3 � 0. Substituting Pt
3 � −Pt

2 into Equation (14) results
in

P
t
3 � Λ∗ W4′ x � x2( −W1′ x � x1(  , (16)

where the coefficient Λ∗ is defined as

Λ∗ �
H1

2L2

EA2EA3

EA3 + EA2
 . (17)

At the left and right delamination tips, respectively,
continuity of bending moments leads to

M11 � M21 + M31 −P
t
2
H3

2
+ P

t
3
H2

2
, (18)

M42 � M22 + M32 −P
t
2
H3

2
+ P

t
3
H2

2
, (19)

where Mij � Mi(x � xj). *e internal bending moment,
M(x), shear force, S(x), and torque, T(x), in each of
the individual beam segments are written as
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Mi(x) � −EIiW
″
i , (20)

Si(x) � EIiW
‴
i + Mzz,iθi

′ + P
0
i Wi
′ , (21)

Ti(x) � GJiθi
′ + P

0
i IP,iθi
′ + Mzz,iWi

′ . (22)

Using Equations (20) and (18), the following continuity
of bending moments is obtained

EI1W
″
1

x�x1
� EI2W

″
2

x�x1
+ EI3W

″
3

x�x1

+ Λ W4′ x4 � 0( −W1′ x1 � L1(  ,
(23)

where the parameter Λ is defined as

Λ �
H2

1
4L2

EA2EA3

EA3 + EA2
 . (24)

Likewise, to satisfy the continuity of shear forces at the
left delamination tip, one should have

EI1W
‴
1 + P

0
1W1′ + Mzz,1θ1′

x�x1

� EI2W
‴
2 + P

0
2W2′ + Mzz,2θ2′

x�x1

+EI3W
‴
3 + P

0
3W3′ + Mzz,3θ3′

x�x1
,

(25)

and finally, the continuity of twisting moment at left de-
lamination tip yields

GJ1θ1′ + P
0
1IP,1θ1′ + Mzz,1W1′

x�x1

� GJ2θ2′ + P
0
2IP,2θ2′ + Mzz,2W2′

x�x1

+ GJ3θ3′ + P
0
3IP,3θ3′ + Mzz,3W3′

x�x1
.

(26)

Using Galerkin weighted residual formulation, the in-
tegral forms of the governing differential equations (3) and
(4), also representing the virtual flexural (Wf ) and torsional
(Wt) works are written as

Wf � 
4

i�1
 

Li

0
δWi( EIiW

″″
i + PiW

″
i

+ Mzz,iθ″i − ρAiω
2
Wi)dx � 0,

(27)

Wt � 
4

i�1
 

Li

0
δθi( GJiθ″i + PiIP,iθ″i

+ Mzz,iW
″
i − ρIP,iAiω

2θi)dx � 0,

(28)

where δWi and δθi are weighting functions corresponding
to flexural and torsional displacements, respectively,
for beam segment i. *en, performing integrations by
parts twice on Equation (27) and once on Equation (28)
leads to

Wf � 
4

i�1


Li

0
EIiW

″
i δW″i −PiWi

′δWi
′ + Mzz,iθi

′δWi
′ + ρAiω

2
WiδWi dx 

+ 
4

i�1
EIiW

‴
i + PiWi

′ + Mzz,iθi
′ δWi 

Li

0 − 
4

i�1
EIiW

″
i( δWi
′ 

Li

0
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

Δ

� 0,

Wt � 
4

i�1


L

0
GiJiθi
′δθi
′ + PiIP,iθ′δθ′ + Mzz,iWi

′δθi
′ − ρiIP,iAiω

2θiδθi dx 

− 
4

i�1
GiJiθi
′ + PiIP,iθi

′ʲMzz,iWi
′ δθi 

Li

0
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

Δ∗

� 0.

(29)

Considering expressions (20)–(22), it can be shown
that for all the system’s global classic end conditions (at
x � 0 and x � L), the corresponding relationships in
boundary terms (Δ) and (Δ∗) will vanish. For example, for
clamped-free boundary conditions, one has zero dis-
placements W1 � W1′ � θ1 � 0 and zero virtual displace-
ments δW1 � δW1′ � δθ1 � 0 at the clamped end (x � 0)
and null resultant shear force, S4(x), bending moment,
M4(x), and twisting moment, T4(x) at the free end (x � L).
*is leads to

EI1W
‴
1 + P

0
1W1′ + Mzz,1θ1′ δW1

x�0

− EI1W
″
1( δW1′

x�0 � 0,

EI4W
‴
4 + P

0
4W4′ + Mzz,4θ4′ δW1

x�x4

− EI4W
″
4( δW4′

x�x4
� 0,

GJ1θ1′ + P
0
1IP,1θ1′ + Mzz,1W1′ δθ1

x�0
� 0,

GJ4θ4′ + P
0
4IP,4θ4′ + Mzz,4W4′ δθ4

x�x4
� 0.

(30)
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*e remaining terms in (Δ), corresponding to de-
lamination edges (i.e., x � x1 and x � x2), can be resolved by

applying the continuity conditions (23) and (25), with the
following as a result:



4

i�1
EIiW

‴
i + P

0
i Wi
′ + Mzz,iθi

′ δWi 
Li

0 − 
4

i�1
EIiW

″
i( δWi
′ 

Li

0

� δW2
x�x1

EI1W
‴
1 + P

0
1W1′ + Mzz,1θ1′

x�x1
−EI2W

‴
2 + P

0
2W2′ + Mzz,2θ2′

x�x1
− EI3W

‴
3 + P

0
3W3′ + Mzz,3θ3′

x�x1
 
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

∗

− δW2′
x�x1

EI1W
″
1
x�x1
−EI2W

″
2
x�x1
−EI3W

″
3
x�x1

 

+ δW2
x�x2

EI4W
‴
4 + P

0
4W4′ + Mzz,4θ4′

x�x2
− EI2W

‴
2 + P

0
2W2′ + Mzz,2θ2′

x�x2
−EI3W

‴
3 + P

0
3W3′ + Mzz,3θ3′

x�x2
 
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

∗∗

− δW2′
x�x2

EI4W
″
4
x�x2
−EI2W

″
2
x�x2
−EI3W

″
3
x�x2

 .

(31)

*e terms (∗) and (∗∗) go to zero directly because of
shear force continuity conditions. *e following remaining
terms, however, do not vanish:



4

i�1
EIiW

‴
i + P

0
i Wi
′ + Mzz,iθi

′ δWi 
Li

0 � δW2′
x�x1
− δW2′

x�x2
  Λ W4′ x4 � 0( −W1′ x1 � L1(  ( . (32)

Likewise, the remaining terms in (Δ∗) can be resolved by
applying the continuity conditions (7, 11):



4

i�1
GJiθi
′ + P

0
i IP,iθi
′ + Mzz,iWi

′ δθi 
Li

0

� δθ2
x�x1

GJ1θ1′ + P
0
1IP,1θ1′ + Mzz,1W1′

x�x1
−GJ2θ2′ + P

0
2IP,2θ2′ + Mzz,2W2′

x�x1
− GJ3θ3′ + P

0
3IP,3θ3′ + Mzz,3W3′

x�x1
 
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

∗∗∗

+ δθ2
x�x2

GJ4θ4′ + P
0
4IP,4θ4′ + Mzz,4W4′

x�x2
−GJ2θ2′ + P

0
2IP,2θ2′ + Mzz,2W2′

x�x2
− GJ3θ3′ + P

0
3IP,3θ3′ + Mzz,3W3′

x�x2
 
√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

∗∗∗∗

.

(33)

*e terms (∗∗∗) and (∗∗∗∗) vanish as a result of
twisting moment continuity conditions for left de-
lamination tip (Equation (26)) and similar continuity
condition for right tip. With the end conditions and

continuity requirements satisfied and knowing that the
expressions (27) and (28) must satisfy the virtual work
principle, i.e., Wf + Wt � 0, the system discretization
leads to

Λ δW2′
x�x1
− δW2′

x�x2
  W4′ x4 � 0( −W1′ x1 � L1(  

+ 
4

i�1


n

m�1


xm+1

xm

EIiW
″
i δW″i −P

0
i Wi
′δWi
′ + Mzz,iθi

′δWi
′ + ρAiω

2
WiδWi dx ⎡⎣ ⎤⎦

+ 

4

i�1


n

m�1


xm+1

xm

GiJiθi
′δθi
′ + P

0
i IP,iθi
′δθi
′ + Mzz,iWi

′δθi
′ − ρiIP,iAiω

2θiδθi dx ⎡⎣ ⎤⎦ � 0,

(34)
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where n stands for the number of elements in beam segment
i. Following the traditional Euler–Bernoulli FE development,
cubic Hermite shape functions for flexural displacement and
linear shape functions for torsion displacement are used to
relate the displacement within each element (m) to their
corresponding nodal displacements:

Wi(x) � 〈N(x)〉 Wp ,

δWi(x) � 〈N(x)〉 δWp ,

θi(x) � 〈L(x)〉 Wp ,

δθi(x) � 〈L(x)〉 δWp ,

(35)

where, 〈N(x)〉 and 〈L(x)〉 are row vectors of cubic shape
functions and linear shape functions, respectively. Wp ,
δWp , θp , and δθp  are vectors containing the nodal real
and virtual displacements for each element (m), defined as

Wp  � W1 W1′ W2 W2′ 
T
,

δWp  � δW1 δW1′ δW2 δW2′ 
T
,

(36)

θp  � θ1 θ2 
T

,

δθp  � δθ1 δθ2 
T
.

(37)

Substituting the above approximate displacements in (34),

〈δWn′〉 Λ N{ }′
x�x2
− N{ }′

x�x1
  〈N〉′

x�x2
−〈N〉′

x�x1
   Wn′ 

+ 
4

i�1


n

m�1
〈δWn〉 

xm+1

xm

EIi N{ }″〈N〉″ −P
0
i N{ }′〈N〉′ + Mzz,i L{ }′〈N〉′ + ρAiω

2
N{ }〈N〉 dx  Wn ⎡⎣ ⎤⎦

+ 
4

i�1


n

m�1
〈δWn〉 

xm+1

xm

GiJi L{ }′〈L〉′ + P
0
i IP,i L{ }′〈L〉′ + Mzz,i N{ }′〈L〉′ − ρiIP,iAiω

2
L{ }〈L〉 dx  Wn ⎡⎣ ⎤⎦ � 0,

(38)

where Wn′  and δWn′  are real and virtual nodal dis-
placement vectors for the two nodes at the two ends of the
delamination, while Wn  and δWn  are the elemental
nodal vectors of real and virtual displacements (36) and (37),
rewritten as

Wn  � W1 W1′ θ1 W2 W2′ θ2 
T
,

δWn  � δW1 δW1′ δθ1 δW2 δW2′ δθ2 
T
.

(39)

Assembly of terms in (38) and enforcing the system’s
global boundary conditions leads to the following linear
eigenvalue problem:

〈δWn〉K(ω) Wn  � 0, with K(ω) � KG −ω
2
M ,

(40)

where KG � KB + KBT + KTB + KT + KD and KB and KT
are the global bending and torsion stiffness matrices,
respectively. KBT and KTB are global bending-torsion and
torsion-bending stiffness matrices, respectively, resulting
from coupled terms in bending and torsion equations. KD
is delamination stiffness matrix generated from the term
outside the integral in Equation (38), and M and KG
represent the overall (global) mass and stiffness matrices,
respectively. Finally the system’s natural frequencies and
corresponding modes are the system’s eigenvalues and
eigenvectors evaluated from eigenproblem (40), i.e., for
arbitrary 〈δWn〉, |K(ω)| � 0. *e above procedure is
achieved through a code developed in Matlab®.

2.2. ConstrainedModeModel. In the simplified “constrained
mode” model, the delaminated layers are “constrained” to
have the same transverse deformations. *e delaminated
beam configuration is analyzed as assembly of three beam
segments I, II, and III, as shown in Figure 1, where 0≤ x≤ x1
represents segment I, x1≤ x≤ x2 constitutes segment II, and
x2≤ x≤ L is segment III.

For beam segment I, the governing equations are

EI1W
″″
I + P

0
W″I + Mzzθ″I − ρA1ω

2
WI � 0,

GJ1θ″I + P
0
IP,1θ″I + MzzW″I − ρIP,1A1ω

2θI � 0.
(41)

For segment II,

E I2 + I3( W″″II + P
0
W″II + Mzzθ″II

− ρ A2 + A3( ω2
WII � 0,

G J2 + J3( θ″II + P
0

IP,2 + IP,3 θ″II + MzzW″II

− ρ IP,2A2 + IP,3A3 ω2θII � 0,

(42)

and for segment III,

EI4W
″″
III + P

0
W″III + Mzzθ″III − ρA4ω

2
WIII � 0,

GJ4θ″III + P
0
IP,4θ″III + MzzW″III − ρIP,4A4ω

2θIII � 0.
(43)

*e continuity conditions for lateral displacement, slope,
shear force, bending moment, and torsion torque at the left
edge of delamination, x � x1, are
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WI,1 � WII,1,

WI,1 � WI x � x1( ,

WII,1 � WII x � x1( ,

(44)

W′I,1 � W′II,1,

W′I,1 � WI′ x � x1( ,

W′II,1 � WII′ x � x1( ,

(45)

θI,1 � θII,1,
θI,1 � θI x � x1( ,

θII,1 � θII x � x1( ,

(46)

EI1W
‴
I + P

0
WI′ + MzzθI′

x�x1

� E I2 + I3( W‴II + P
0
WII′ + MzzθII′

x�x1
,

(47)

EI1W
″
I

x�x1
� E I2 + I3( W″II

x�x1
−P

t
2
H3

2
+ P

t
3
H2

2
, (48)

GJ1θI′ + P
0
IP,1θI′ + MzzWI′

x�x1

� G J2 + J3( θII′ + P
0
2 IP,2 + IP,3 θII′ + MzzWII′

x�x1
.

(49)

*e continuity conditions at the right delamination tip
are also written in a similar way to expressions (44)–(49).
*e general solution steps, namely, the assembly of ele-
ment equations, application of boundary conditions,
forming the system’s linear eigenproblem, and extraction
of the natural frequencies and modes for the “constrained
mode” are identical to those stated above for the “free
mode” model.

3. Numerical Results

In this section, numerical tests performed to confirm the
predictability and accuracy of the proposed FE models for
delaminated beams, are presented. A Matlab® code was
developed to create the model, assembly, and the application
of the system boundary conditions, and the resulting linear
eigenproblem was solved using the “eig” function.

In the first two examples, the natural frequencies of
defective steel and graphite/epoxy beam configurations, in
the absence of axial load and end moment (i.e., P0 �

Mzz � 0), are investigated to validate and verify the appli-
cability of the formulation against existing data. *e systems
are assumed to have a central split, about the midsection
(L1 � L4) and of various lengths up to 60% of the span
(0≤ L2/L≤ 0.6). *e split is occurring symmetrically along
the midplane of the beam and surrounded by intact beam
segments, as has also been presented and studied in [4, 18].
*e defective FEM models are then created and used to
evaluate the natural frequencies and mode shapes of various
prestressed delaminated beam configurations. As the
benchmarks for comparison and validation purposes, the
results from references [4, 5, 7, 13, 18] were used.

3.1. Validation of Presented Formulation

3.1.1. Steel Beam. Consider a delaminated steel beam with
elastic modulus of E� 200GPa, mass density of ρ�

7800 kg/m3, length of 8m, and a rectangular cross-sectional
area of width of 0.4m and depth of 0.2m. *e defect is
assumed to be a midplane (H2 � 0.5H1) delamination of
variable length of 0≤ L2/L≤ 0.6 (refer to Figure 1). A sample
of convergence study is presented in Figure 2, where the
analytical results presented byWang et al. [4] are used as the
benchmark to evaluate the performance of the presented
formulation.*e un-prestressed defective beam, in this case,
is assumed to be clamped- clamped and isotropic, with
P0 � 0, Mzz � 0, H2/H� 0.3, and L2/L� 0.4. To validate the
present FE solution method, the first two nondimensional
natural frequencies, λ2, of a defective clamped-clamped
beam with a through-the-width delamination occurring
symmetrically about the midsection (L1 � L4) on the mid-
plane (H2 �H3) for various delamination lengths are com-
pared with the analytical results reported by Wang et al. [4],
as well as the DSM [18] and FEM data [19] by Erdelyi and
Hashemi, where

λ4i �
ω2

i ρA1

EI1
L
4
, i � 1, 2, . . . . (50)

In the formulations presented by Wang et al. [4] and
Erdelyi and Hashemi [18, 19], no prestress effect and tor-
sional vibration are investigated. *erefore, for comparison
purposes, only bending equation is solved and applied axial
force and end moment are set to zero; P0 � 0 and Mzz � 0.
Erdelyi and Hashemi [19] presented FEM-based defective
beam models and the frequency data calculated from six-
and ten-element meshes of 2-node FEM elements. Tables 1
and 2 summarize the system’s first two natural frequencies
obtained using the presented method, in comparison with
those reported in the literature [4, 6, 17–19]. Referring to
Tables 1 and 2 of reference [18], they showed exact match
between the 1st frequency values obtained from both
meshes. *e 2nd frequency values obtained from the 6- and
10-element meshes, however, were found to be slightly
different. *erefore, in what follows, frequency data ob-
tained from the latter mesh are used for comparison.

As can be observed from Tables 1 and 2, the natural
frequencies calculated from the present method are in ex-
cellent agreement with the analytical results reported by
Wang et al. [4], Della and Shu [16, 17], FEM [19], and
layerwise FEM [6] data, with discrepancies less than 0.1%.

3.1.2. Laminated ([0/90]2s) T300/934 Graphite/Epoxy Can-
tilever Beam. For the second validation case, consider an
unstressed, defective, cantilevered, laminated beam
([0/90]2), made with T300/934 graphite/epoxy, containing
a single, variable-length central delamination, located at the
midplane, as also reported by Saravanos and Hopkins [13].
*e dimensions of the beam are the same as the one in-
vestigated in the experimental study by Shen and Grady [7],
i.e., 10× 0.5× 0.0435 inches. Since the presented model
in this paper is based on isotropic materials, the classic
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lamination theory (CLT) [27] is used to find the properties
of equivalent single layer beam for each of the four segments
in Figure 1. In addition, since the beam is unstressed, the
axial load and end moment are set equal to zero. As can be
observed from Figure 3, the FEM results obtained from the
present theory show excellent agreement with both ana-
lytical and experimental data reported by Saravanos and
Hopkins [13] and Shen and Grady [7]. It is to be noted that
the analytical and experimental frequency data are extracted
from Figures 4 and 5, reported in references [7, 13],
respectively.

3.2. Vibration Analysis of Prestressed Delaminated Beams.
To further investigate the validity and practical applica-
bility of the proposed formulation and the effect of axial
load on the frequency response of the defective beam

structures, following illustrative examples of prestressed
symmetrically delaminated beams (Figure 1), characterized
by various delamination lengths, applied axial force and end
moments are investigated. In each case, the change of
normalized fundamental frequency, λ2, versus the nor-
malized end moment, Mzz/Mb, compressive axial load,
P0/Pcr, for “free mode” is investigated, where

P0

Pcr
�

P0

4π2EI1
L
4
, (51)

where Pcr and Mb, respectively, stand for the critical
buckling load and buckling moment of an intact (with no
delamination) beam. Figure 4 shows the system’s funda-
mental natural frequency, λ2, of a homogeneous beam with
clamped-clamped boundary condition, Mzz/Mb � 0.4, and
central delamination located in midplane H2/H � 0.5,
versus normalized axial force in “free mode” model for

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6

0 5 10 15 20 25
Er

ro
r (

%
)

Number of elements

Figure 2: Convergence analysis for clamped-clamped isotropic beam, with P0 � 0, Mzz � 0, H2/H� 0.3, and L2/L� 0.4.

Table 1: *e first nondimensional natural frequency (λ21) of an isotropic beam with a midplane delamination, clamped-clamped boundary
conditions.

Delamination
length (L2/L)

1st natural frequency
Present 10 elements Wang et al. [4] FEM [19] DSM [18] Della and Shu [17] Layerwise FEM [6]

0.00 22.39 22.39 22.39 — 22.37 22.36
0.10 22.37 22.37 22.37 22.37 22.37 22.36
0.20 22.36 22.35 22.36 22.36 22.36 22.35
0.30 22.24 22.23 22.24 22.24 22.24 22.23
0.40 21.84 21.83 21.84 21.83 21.83 21.82
0.50 20.89 20.88 20.89 20.89 20.89 20.88
0.60 19.29 19.29 19.29 19.30 19.30 19.28

Table 2: *e second nondimensional natural frequency (λ21) of an isotropic beam with a midplane delamination, clamped-clamped
boundary conditions.

Delamination
length (L2/L)

2nd natural frequency
Present 10 elements Wang et al. [4] FEM [19] DSM [18] Della and Shu [17] Layerwise FEM [6]

0.00 61.61 61.67 61.67 — 61.67 61.61
0.10 60.76 60.76 60.80 60.76 60.76 60.74
0.20 55.99 55.97 55.99 55.99 55.97 55.95
0.30 49.03 49.00 49.00 49.03 49.00 48.97
0.40 43.90 43.87 43.89 43.90 43.87 43.86
0.50 41.55 41.45 41.52 41.55 41.45 41.50
0.60 41.03 40.93 41.03 41.04 40.93 41.01
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different delamination sizes, L2/L. As can be observed, when
the applied axial load, P0, approaches the system’s buckling
load, the natural frequency, λ2, turns into zero, i.e., the
structure has buckled. Moreover, as expected, the larger the
delamination size, the smaller the Pcr and the fundamental
frequency. *is reconfirms the fact that structural stiffness
decreases when the delamination size increased.

Figure 6 demonstrates the change in the first and second
natural frequencies with respect to normalized buckling load
P0/Pcr for Mzz/Mb � 0.4 and H2/H� 0.3. Results are shown
for different delamination lengths of L2/L� 0.2, 0.3, 0.4, and
0.5. *e figure reveals similar trends to those observed in
Figure 2. Fundamental frequency results of “constrained
mode” are compared to “free mode” data in Figure 7. As can
be observed, the difference between predicted frequencies
from these two modes increases as the applied axial load
increases. But for both natural modes, the larger the com-
pressive axial load, the smaller the frequency. It can be

observed that as P0 increases, the natural frequency λ2 first
decreases slowly, but by getting close to buckling load it
decreases drastically and eventually goes to zero. As can
also be seen from Figure 7, the “constrained mode”
comparing to “free mode,” overpredicts the natural fre-
quencies especially for compressive load values close to
buckling load. Additionally, from the same trends observed
in Figures 2–4, it can be inferred that compressive axial
load causes a reduction in the structural stiffness leading, in
turn, to lower natural frequencies. Similarly, increasing the
delamination length results in lower stiffness and natural
frequencies.
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Figure 3: Effect of central midplane delamination on the funda-
mental natural frequency of an unstressed cantilevered [0/90]2s
T300/934 graphite/epoxy beam, ──, present model; - - -, analytical
[13]; and ○, experiment [7].
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Figure 5 presents the normalized natural frequency, λ2,
versus the normalized end moment, Mzz/Mb, for both
constrained and free modes with H2/H� 0.5, P0/Pcr � 0.4,
and different values of L2/L� 0.3, 0.4, and 0.5. Referring to
Figure 5, the same trends as in the previous graphs (for axial
force) is observed for variation of natural frequency versus
buckling moment. *e difference between predicted fre-
quencies from these two modes increases as the applied end
moment increases, and the larger the end moment, the
smaller the frequency. It can also be observed that as Mzz
increases, the natural frequency λ2 first decreases slowly, but
by getting close to buckling load it decreases drastically and
eventually goes to zero. In addition, the “constrained mode”
comparing to “free mode,” overpredicts the natural fre-
quencies. Once again, it can also be seen that as the end
moment increases, the stiffness decreases, leading to lower
natural frequencies.

Figure 8 depicts the mode shape associated with fun-
damental natural frequency of an intact beam in comparison
with the first opening mode of vibration for a defective
beam, characterized by a central delamination on the
midplane, obtained using “free mode” model. *is mode,
however, cannot be detected using the constrained model.
As also reported in the literature [19, 22], not all the mode
shapes obtained from “free mode” model are admissible
since unlike “constrained mode” no constraints are imposed
between the two delaminated layers, which results in some
physically impossible mode shapes. It is also worth noting
that the experimentally observed delamination openings
have been reported to be much fewer than those suggested
by the free model, which would rather justify the use of the
constrained model for further analysis [21].

Finally, it has been recently shown and experimentally
verified by Szekrényes [22] that the opening is amplitude
dependent. In other words, the delamination opening takes

place only at certain critical amplitudes. *e mode shapes
are asymmetric and can be approximated by the superpo-
sition of the global shape of the entire beam and the local
buckling eigenshape of the delaminated part based on
a dynamic stability analysis [21]. Further investigation on
this topic, however, is beyond the scope of this paper.

4. Discussion and Concluding Remarks

A systematic FEM-based formulation and numerical solu-
tions for the free vibration modeling and analysis of
delaminated beams under axial compressive load and end
moment were presented. *e delaminated beam configu-
rations are modeled and analyzed as the assemblage of four
Euler–Bernoulli beams attached at the defect edges. Both the
“free mode” and “constrained mode” models were created to
carry out buckling and vibration analyses, and the results
were validated against the analytical data and other nu-
merical results available in the open literature. Parametric
studies were also performed to investigate the effects of
end moment and axial load on the natural frequencies and
mode shapes of delaminated beams. *e results exhibited
amonotonic relation between the system’s natural frequency
and both loads (i.e., axial compressive force and end mo-
ment). Both compressive axial load and end moment reduce
the structural stiffness and result in lower predictions for
natural frequencies. Similarly, increasing the length of de-
lamination results in lower stiffness and natural frequencies.
Based on the “free mode” model, the first and second mode
buckling loads of the delaminated beams were also studied.
In general, the “constrained mode,” when compared to “free
mode,” was shown to overpredict the natural frequencies
and specifically when compressive load approached to values
close to buckling load. Finally, the difference between
predicted frequencies from “free mode” and “constrained
mode” delamination models increases as the applied axial
load or end moment increases.
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To detect seismic damage of moment resisting frame (MRF) structures, a data-driven method using the fractal dimension (FD) of
time-frequency feature (TFF) of structural seismic dynamic responses at measured stories is extended and refined. +e TFF is
defined as the real part of Gabor wavelet transform of translational interstory displacement, and FD is used to give a quantitative
value to describe the calculated TFF. Static condensation method is first used to reduce the degrees-of-freedom (DOFs) of MRF
and to express the rotational displacements using translational displacements. For linearMRF, the FDs of TFFs at all stories are the
same using the definition of TFF and modal superposition principle. For damaged MRF with plastic hinges at the ends of beams
and columns, the force analogy method is implemented to establish transformation matrix from plastic hinge rotations to
translational interstory inelastic displacements. Due to the sparseness of the transformation matrix, plastic hinges only generate
interstory inelastic displacements, which are low-frequency contents, in the vicinity of plastic hinges. Correspondingly, the FDs of
TFFs of interstory displacements with inelastic component are different from the FDs of TFFs of the interstory displacements that
do not contain inelastic component. A numerical simulation on a 16-story MRF was conducted.+e simulation included 10 cases
such as no damage or linear structure, plastic hinges in single-story beams, plastic hinges in single-story columns, plastic hinges in
single-story beams and columns, and plastic hinges in multiple story beams and columns. +e robustness to measurement noise
was also investigated. +e seismic damage detection results demonstrated that the proposed method was capable of locating the
stories where the plastic hinges occurred.

1. Introduction

After big earthquakes occur, the national and local govern-
ments and owners, in order to take actions of postearthquake
emergency rescue and reconstruction, need to know the safety
and applicability of building structures damaged by strong
ground motions [1]. Traditional postearthquake evaluation
method for building structures is to arrange a large number of
structural experts to inspect tens of thousands of damaged
structures, check the damage of beams, columns, walls,
stories, and roofs, and mark the damaged structures as intact,
slightly damaged, medium damage, severe damage, and
collapse categories [2]. +is procedure is time consuming and
laborious, and it is difficult to assess the internal damage
which cannot be seen by eyes and the assessment is not
objective. For example, after the Kobe earthquake in 1995,

postearthquake investigation of 46,000 damaged structures in
one disaster-stricken area took 6,000 structural experts
spending up to three weeks to complete just a preliminary
assessment of the damage structures [3]. +is seriously
delayed the emergency rescue and reconstruction after the
earthquake. In addition, the damaged structures may collapse
in the subsequent aftershocks and pose a life threat to the
investigating structural experts. On the other hand, vibration-
based structural health monitoring (SHM) provides a new
rapid and effective approach for structural health condition
determination and seismic damage assessment [4–10]. SHM
deploys sensors to acquire the dynamic responses of the
prototype structures under real service environments and
external loads, extracts damage-sensitive features hidden in
the measurements, and provides safety information of the
monitored structures in real time or near real time. SHM does
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not induce additional damage or negative effect to the
structural and nonstructural components and does not affect
the normal operation and service of the monitored structure.
+e assessment of structural damage by SHM is automatic,
rapid, and effortless. Hence, SHM provides promising means
for assessing the safety condition of structures prone to
earthquakes, especially heritage structures such as towers and
churches [11–14].

Damage detection is the core part of SHM, and the first
important information needed for damage assessment and
seismic retrofit for structures shaken by strong ground mo-
tions is to determine whether the structures is damaged and
where the locations of damage are. Structural seismic damage
is divided into three levels as component-level damage, story-
level damage and structure-level damage. Due to the com-
plexity and huge degrees-of-freedoms (DOFs) of the structure,
sensors are only installed on very limited stories, which makes
the current seismic damage detection methods for real
structures mainly focus on the story-level. +e structure ex-
cited by strong ground motion will be in the nonlinear stage
because the structural material yields under high stress and
large deformation. +e plastic hinges will exist at the ends of
beams and columns, the cracks at components like beams,
columns, and walls will open and close, and the force-
displacement curves will show obvious hysteresis character-
istics. +ese kinds of nonlinear behaviour of monitored
structure make the damage detection methods based on linear
system theory not suitable for detecting structural seismic
damage. +us, nonlinear indicator function methods, which
belong to data-driven approaches, are proposed to detect these
kinds of damages by extracting the nonlinear features in the
dynamic vibration measurements. Farrar et al. gave a com-
prehensive review on damage detection using nonlinear sys-
tem identification and nonlinear indicator functions
approaches [15]. Due to the nonstationarity of measured
structural responses, time-frequency distributions such as
Wigner–Ville distribution and time-scale transforms such as
wavelet transform have been implemented and widely used to
analyse and interpret the nonstationary signals in time-
frequency or time-scale domain. Staszewski and Robertson
[16], Robertson and Basu [17], and Ceravolo [18] gave com-
prehensive reviews on using time-frequency and time-scale
transforms for SHM. In this paper, references focused on
wavelet transform were presented. Robertson et al. used the
Holder index derived from the continuous wavelet transform
to characterize the singularity of the structure due to non-
linearity and identified damage such as structural looseness,
collisions, and cracks [19]. Civera et al. proposed a novel
approach using bispectral analysis and neural network to
identify the locations of breathing cracks in a cantilever beam
[20]. Liew and Wang implemented wavelet theory to identify
crack damage in structures, where discrete wavelet transform
was used to decompose the vibrational shape of a simply
supported cracked beam, and the crack location was identified
by the variation of the imaginary parts of the 8th and 9th order
wavelet coefficients [21]. Loh et al. used the first-order discrete
wavelet coefficients, wavelet packet energy, and Holder index
to identify the seismic damage of a single-story reinforced
concrete structure in a shaking table test [22, 23]. Vafaei and

Adnan used continuous wavelet transform to identify the
simulated seismic damage of an airport traffic control tower
and found that continuous wavelet transform had stronger
noise immunity than discrete wavelet transform and did not
need as high sampling frequency as discrete wavelet transform
[24]. Kumar and Zanotti Fragonara proposed a time-frequency
method to identify nonlinear characteristics of a cable element
[25]. Nagarajaiah and Basu summarized the pros and cons of
short time Fourier transform, wavelet transform, and
Hilbert–Huang transform application in structural seismic
damage detection [26]. +e features of nonlinear system such
as fractal dimension (FD) and chaos were also used as non-
linear indicator function [27–30]. Li et al. proposed a data-
driven approach using the time-frequency feature (TFF) for
shear-type buildings where the FD of TFF at each DOF for
linear systemwas derived with the help ofmodal superposition
principle, and the FD of TFF for each substructure in nonlinear
system was derived with the help of substructure method [31].
Carrillo and Avila used FD of breathing cracks to assess the
seismic damage of reinforced concrete walls [32].

In this paper, a data-driven approach using the time-
frequency feature (TFF) of the interstory displacement is
further developed for detecting story-level damage of mo-
ment resisting frame (MRF) structure subjected to earth-
quake. +is nonlinear indicator function method was
proposed by the author to detect seismic damage of shear-
type buildings. For the integrity and understandability, some
important principles and equations are also given in the
paper. In Section 2.1, the real part of the Gabor wavelet
transform is introduced to stand for the TFF. Section 2.2
uses the FD to quantify the random fractal set of TFF.
Section 2.3 deduces the FD property of linear MRF using the
definition of TFF and modal superposition technique.
Section 2.4 deduces the FD property of damaged MRF with
plastic hinges at the ends of beams and columns using the
force analogy method, which establishes the relation be-
tween interstory inelastic displacements and plastic hinge
rotations. Section 3 presents numerical simulations on a 16-
story 3-bay MRF to demonstrate the validity of the ap-
proach, and finally Section 4 gives the conclusions.

2. Seismic Damage Detection Method of MRF
Using the Time-Frequency Feature (TFF)

2.1. TFF by Gabor Wavelet Transform. Wavelet transform is
a well-developed time-frequency analysis tool, transforming
time domain signal into time-frequency domain distribution
and showing the frequency contents evolution. Unlike
Fourier transform using the sine and cosine basis without
time resolution, wavelet transform uses wavelets with good
time and frequency localization and is good for analysing
nonstationary signals like strong ground motion and
structural response. Gabor wavelet is especially developed to
demonstrate local time and frequency distribution since it
minimizes the product of time resolution and frequency
resolution. Gabor wavelet, as one kind of analytical wavelet,
has the property that the real and imaginary part of the
corresponding wavelet coefficients is a Hilbert transform
pair. For other wavelet transform whose mother wavelet is
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not analytic, the above relationships are not true. +e Gabor
wavelet transform is given by [33]

Wx(b, a) � 
∞

−∞
x(t)

1
��
a

√ φ∗
t− b

a
 dt, (1)

where x(t) is the time domain signal, b is time, a is scale,
and φ∗ is the conjugate of Gabor wavelet given by

φ(t) �
1

σ2π( )
1/4 exp −

t2

2σ2
+ 2πjf0t , (2)

where j is the imaginary unit, σ is the frequency bandwidth,
and f0 is the central frequency. +e frequency in the time-
frequency domain is given by the scale a, sampling fre-
quency fs, and central frequency f0 as shown in the fol-
lowing equation:

f �
fsf0

a
. (3)

As deduced in Reference [31], the TFF is defined as the
real part of Gabor wavelet transform in a chosen scale or
frequency band given by

Fx � Re Wx(b, a) | a ∈ alah ( . (4)

To keep the linear superposition of TFF and to suppress
the interference between differentmodes, the real part, not the
norm of the wavelet coefficients of the signal, is used in this
study. Meanwhile, for most damage detection purpose, the
scale is chosen within the fundamental frequency of the
analysed structure. +e TFF of the damaged structure will
showmuch energy in the frequency band below the structural
fundamental frequency. +e TFF can be treated a matrix
whose columns stand for time and rows for frequency, and it
can be visualized as a three-dimensional (3D) surface.

2.2. Fractal Dimension (FD) to Quantify Time-Frequency
Feature (TFF). To quantify the calculated TFF of a signal,
FD is introduced. FD is an indicator for describing the
complexity or irregularity of natural objects, textures, im-
ages, and signals [34]. Unlike deterministic fractal such as
Koch curve or Sierpinski Triangle which has FD at any scale,
the TFF is a kind of random fractal set which has FD only in
specific scale. +e FD of TFF is calculated using the box
counting method given by

dim Fx(  � −c1, (5)

where c1 is the regression coefficient given by

log Nδ Fx( (  � c1log(δ) + c2, (6)

where δ is the side length of small box and Nδ is the minimal
number of δ-length small box to cover completely the 3D
surface of TFF.

2.3. FD Property of Linear MRF Structure. MRF has trans-
lational and rotational vibration. As static condensation
method points out, rotational vibration can be deduced by
translational vibration if the inertial effect of beams is ig-
nored. +e motion equation for linear MRF is given by
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0 0
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⎩
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⎭

+
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Xm

Xs

  � −
Mmm 0

0 0
  €xg,

(7)

where Xm denotes displacement vector in the translational or
master degree-of-freedom (DOF) and Xs displacement vector
in the rotational or secondary DOF; _Xm, _Xs are the corre-
sponding translational and rotational velocity vectors; €Xm, €Xs

are the corresponding translational and rotational accelera-
tion vectors;Mmm,Kmm are the translational blockmatrices of
mass, stiffness matrices; Kss is the rotational stiffness matrices;
Kms and Ksm are the off-diagonal stiffness matrices; α, β are
the Rayleigh proportional damping parameters, and €xg is the
ground motion acceleration. From Equation (7), the rota-
tional or secondary displacement vector can be expressed as

Xs � −K−1ss KsmXm. (8)

Substituting Equation (8) into (7), the static condensed
motion equation is given by

M
e €Xm + C

e _Xm + K
e
Xm � −Me1€xg, (9)

where Me, Ce, Ke are the effective mass, damping, and
stiffness matrices giving by Me � Mmm, Ke � Kmm −
KmsK

−1
ss Ksm, and Ce � αMe + βKe.

+e relative translational displacements of the con-
densed linear MRF can be given as follows with the help of
modal decomposition technique:

Xm � 
n

i�1
μiqi, (10)

where μi � μ1i μ2i · · · μNsi  is the ith mode shape vector,
and qi is the ith generalizedmodal displacement. Based on the
definition of TFF, the following equation can be deduced:
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n

j�1
μijFqj

.

(11)

Using the property of FD, which is that the FD of
a constant times a fractal is the same as the original fractal,
the following equation can be deduced:

dim Fxmi,j
  � dim μijFqj

  � dim Fqj
 , (12)

where xmi,j is the partial relative displacement at ith
translational DOF contributed by the jth mode. From
Equation (12), it can be seen that FD of TFF of all relative
translational displacements of a MRF contributed by any
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given mode is identical to the FD of that generalized mode
displacement.

2.4. FD Property of Damaged MRF Structure with Beam or
Column Plastic Hinges. When MRF structure is excited by
strong ground motion, plastic hinges will be formed at the
ends of beams and columns. It is these plastic hinges that
make the horizontal displacement of the structure contain
inelastic displacements. +e force analogy method establishes
an explicit expression between the inelastic displacement and
the plastic hinge rotation of the beams and columns.+e force
analogy method is a numerical method for solving dynamic
responses of nonlinear structures. It was first proposed by Lin
and developed and refined by Hart [35]. +e traditional
method to solve the structural dynamic response is to con-
stantly correct the instantaneous stiffness of the structure.
However, the force analogy method adjusts the inelastic
displacement so that the total restoring force equals the total
restoring force of the modified stiffness method. +e trans-
lational displacement of the reduced MRF is given by

X(t) � X
e
(t) + X

ie
(t), (13)

where Xe(t) is the elastic displacement and Xie(t) is the
inelastic displacement which is introduced by damage at the
ends of beams and columns. +e plastic rotation vector of
the plastic hinges at the ends of beams and columns is
defined as

Θie
(t) � θie

1 (t)θie
2 (t) · · · θie

n (t) 
T
, (14)

where θie
i (t) is the plastic rotation at the ith plastic hinge and

n is the total number of plastic hinges.
+e nonequilibrium restoring force in the translational

DOF generated by the plastic rotations at the ends of beams
and columns is given by −KPΘie(t) where KP is called
member force recovery matrix. +e unbalanced bending
moment generated at the beam-column joint is given by
−KRΘie(t) where KR is called member restoring force
matrix. KP and KR are the combination of corresponding
matrix of each element. For an element with plastic hinges at
both ends shown in Figure 1, the corresponding recovery
matrices is given by
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(15)

From Figure 1 and Equation (15), it can be seen that only
plastic hinges at the ends of columns produce horizontal
inelastic displacement, and the plastic hinges at both ends of
the beams do not produce horizontal inelastic displacement.
+e nonequilibrium restoring force caused by plastic hinges is
balanced by the restoring force due to inelastic displacement:

KX
ie

+ KPΘ
ie

(t) � 0. (16)

Equation (16) gives the explicit expression between the
inelastic displacement and the plastic hinge rotation of the
beams and columns. +us, the inelastic displacement at the
master DOF of the reduced order frame structure can be
deduced as

X
ie
m(t) � K

e
( 
−1

K
e
PΘ

ie
(t), (17)

where Ke
P � I −(K−1ss Ksm)T KP is the member force re-

covery matrix for the reduced order structure. If denoting
a matrix D as

D �

1 0 0 · · · 0

−1 1 0 · · · 0

⋮

0 · · · −1 1 0

0 0 · · · −1 1
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, (18)

then the explicit expression between interstory inelastic
displacement in the master DOF and the plastic hinge ro-
tation is given by

ΔXie
m(t) � D K

e
( 
−1

K
e
PΘ

ie
(t) � TΘie

(t), (19)

where T is a sparse transformation matrix from plastic hinge
rotation to interstory inelastic displacement.

When theMRF structure is in linear stage and there is no
plastic hinge at the ends of beams and columns, then, based
on Equation (19), there is no interstory inelastic displace-
ment in the master or translational DOFs, and the TFFs of
interstory displacement in the master DOFs have the same
FD.When plastic hinges occur at the ends of local beams and
columns, due to sparseness of transformation matrix T,
plastic hinges only generate inelastic displacements in the
vicinity of the stories. Since the inelastic displacement be-
longs to low frequency signal, the TFFs of the interstory
displacements with inelastic displacements are different
from the TFF of the interstory displacements that do not
contain inelastic displacements. Correspondingly, the FD of
the TFF is also different from that of other stories, so as to
determine the story location where exist plastic hinges at the
ends of columns or beams.

1
2

3
4

L

EI

Figure 1: Element with plastic hinges at both ends.
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3. Numerical Studies and Detection Results

3.1.MRF StructuralModel. +e 3D finite element model was
established by an open source software called the Open
System for Earthquake Engineering Simulation (OpenSees)
[36].+e simulated structural model was a 16-story steel MRF
structure as shown in Figure 2, which was a 1 : 8 scalemodel of
a real structure.+e height of the story was 0.5m, and the total
height of the structure was 8.0m. +e MRF had three bays
along the shaking direction with each span 0.75m and one
bay in the perpendicular direction with span 1.0m.+e size of
square column was 50 × 50 × 4 mm, the size of the I-beam
was 60 × 4 × 30 × 5 mm, the density of the steel was
7800 kg/m3, themodulus of elasticity was 2.06 × 105 N/mm2,
and the additional mass at each story was 300 kg. +e beam
and column elements were all made of Nonlinear Beam-
Column elements. Inelastic fiber cross sectionwas adopted for
the element section. Axial hardening stress strain (Uniaxial
Steel01) was chosen, the ratio of after-yield to preyield
stiffness was 0.01, and the Poisson ratio was taken as 0.3. +e
damping of the entire structure was Rayleigh proportional
damping, and the first-order and third-order modal damping
ratios were 0.02. +e 3D finite element model ignored the
rotational mass and vertical mass. +e rigid diaphragm was
turned off (RigidDiaphram OFF), and 5 Gaussian integration
points were set in nonlinear curvature distribution of the
element. Input ground motion used uniform excitation
pattern, and the calculation step interval was 0.01 s.

+e input ground motions were chosen from PEER’s
NGA database. +e record at El Centro site in October 15,
1979, Imperial Valley earthquake, was chosen as far-field
strong ground motion. +e record code was E12140. +e
PGA was 143 gal, the peak frequency was 1.76Hz, and the
original sampling interval was 0.05 s. +is record was ab-
breviated as El Centro.+e record at Ridge RTsite, in January
18, 1994, Northridge earthquake, was chosen as near-field
strong ground motion. +e record code was ORR090. +e
PGA was 580 gal, the peak frequency was 1.22Hz, and the
original sampling interval was 0.02 s. +is record was ab-
breviated as Northridge. In order to simulate no damage or
different damage in specific stories, the chosen ground mo-
tions were scaled up or down, and the yielding stress of beams
and columns were carefully set. +e simulation included 10
cases such as no damage or linear structure, plastic hinges in
single-story beams, plastic hinges in single-story columns,
plastic hinges in single-story beams and columns, plastic
hinges in multiple story beams, and columns as shown in
Table 1. +e yielding stress at nonweak elements was set at
300MPa so that these elements would be not yielded.

3.2. Structural Seismic Damage Detection Results. To detect
damage and locate the weak stories, the translational dis-
placements at each translational DOF were extracted from the
OpenSees dynamic response analysis.+e plastic rotation at the
ends of beams and columns were also extracted to demonstrate
where the weak stories were truly located. +e Gabor wavelet
transform program used was WAVELAB, a MATLAB wavelet
toolkit provided by David Donoho’s group at Stanford

University [37]. +e FD calculation program used was FRA-
CLAB, aMATLAB fractal toolkit provided by Canus et al. [38].
+e central frequency of the Gabor wavelet was set 2.4Hz,
which was close to the fundamental frequency of the simulated
MRF structure, and the bandwidth was set 1.

3.2.1. Linear Structure. In case 1 when theMRF structure was
excited by PGA� 28.6 gal El Centro ground motion, the
structure was in linear range without yielded element.+e first
two modal frequencies were 2.13Hz and 6.53Hz, respectively.
+e contour map of time-frequency distribution, Fast Fourier
Transform (FFT) spectra, and the interstory displacement is
shown in Figure 3. For simplicity and concision, only the plots
at 1st, 7th, and 15th stories were shown here. It could be seen
from Figure 3 that the time-frequency distributions at these
three stories were quite similar to each other. For the cut-off
frequency of 0.1–4.0Hz, the log-log plot of the box counting of
the TFF at the three stories is shown in Figure 4. +e double
logarithmic graph of the TFFs in the scale interval 2−5–2−2 was
approximately linear, indicating a fractal feature in this scale,
and the corresponding FDs obtained by the least-squares
method were 2.049, 2.048, and 2.049, respectively. +e
TFFs of the interstory displacement of other stories also had
fractal features in this scale interval. +e corresponding FDs
are shown in Figure 5, and they were equal.

3.2.2. Damaged Structure with Plastic Hinges in Single-Story
Beams. In case 2 when the MRF structure was excited by
PGA� 429 gal El Centro ground motion, the structure was
damaged with plastic hinges in the beams at the 1st story.+e
rotation of plastic hinges at the ends of columns and beams
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Figure 2: 16-story MRF structure model. (a) Geometrical size of
the building (unit: mm). (b) Section of columns and beams (unit:
mm).
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is shown in Figure 6, where columns A–D referred to the left
column, left middle column, right middle column, and right
column of the frame shown in Figure 2 and beams E–G
referred to the left side beam, the centre beam, and the right
side beam of the frame shown in Figure 2, and counts re-
ferred to the ends of the beams and columns. For example,
counts in the column counted as 1 was to indicate the lower
end of a column in the first story and 2 indicated the upper
end of a column in the first story.+e beam counted as 5 was
to indicate the left end of a beam on the 3rd story, 6 indicated
the right end of a beam on the 3rd story, and so on so forth.

From Figure 6, it could be seen that the beams at the 1st story
were damaged, and the columns at the 1st story and beams
and columns at other stories did not yield. +e contour map
of time-frequency distribution, FFTspectra, and the interstory
displacement is shown in Figure 7, from which it could be
seen that time-frequency distribution at the 1st story was
different from those at other stories, especially between 1.2
and 1.5Hz in the frequency range and 10 and 12 s in the time
range. +e corresponding FDs in the scale interval 2−5 − 2−2
were 2.092, 2.073, and 2.073 as shown in Figure 8. +e FDs of
TFFs at other stories are shown in Figure 9.+e FDs of TFF at

Table 1: Location of nonlinearity and input ground motion.

Case Yielding stress at weak component Input ground motion
1 Beams and columns 205MPa PGA� 28.6 gal El Centro
2 Beams at 1st story 180MPa, others 300MPa PGA� 429 gal El Centro
3 Columns at 1st story 180MPa, others 300MPa PGA� 429 gal El Centro
4 Beams and columns at 1st story 180MPa, others 300MPa PGA� 429 gal El Centro
5 Beams and columns 205MPa PGA� 715 gal El Centro
6 Beams and columns 205MPa PGA� 11.6 gal Northridge
7 Beams at 1st story 180MPa, others 300MPa PGA� 348 gal Northridge
8 Columns at 1st story 180MPa, others 300MPa PGA� 348 gal Northridge
9 Beams and columns at 1st story 180MPa, others 300MPa PGA� 348 gal Northridge
10 Beams and columns 205MPa PGA� 464 gal Northridge
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Figure 3: Time histories, TFFs, and the FFT spectra of interstory displacements of the structure under PGA� 28.6 gal El Centro ground
motion (Case 1). (a) Story 1, (b) Story 7, and (c) Story 15.
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Figure 4: Log-log plot of the box counting of the TFF of the structure under PGA� 28.6 gal El Centro ground motion (Case 1). (a) Story 1,
(b) Story 7, and (c) Story 15.
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the 1st and 2nd stories were a little different from those at other
stories, and this is because plastic hinges introduced inelastic
displacement at the 1st story as inferred from Equation (19).

3.2.3. Damaged Structure with Plastic Hinges in Single-Story
Columns. In case 3 when the MRF structure was excited by
PGA� 429 gal El Centro ground motion, the structure was
damaged with plastic hinges in the columns at the 1st story.
+e rotation of plastic hinges at the ends of columns and
beams is shown in Figure 10, from which it could be seen
that the columns at the 1st story were damaged and the
beams at the 1st story and beams and columns at other
stories did not yield. +e contour map of time-frequency
distribution, FFT spectra, and the interstory displacement is
shown in Figure 11, from which it could be seen that time-
frequency distribution at the 1st story was quite different
from those at other stories, especially between 1.2 and 1.7Hz
in the frequency range and 8 and 12 s in the time range. +e
corresponding FDs in the scale interval 2−5 − 2−2 were 2.134,
2.070, and 2.071 as shown in Figure 12. +e FDs of TFFs at
other stories are shown in Figure 13.+e FD of TFF at the 1st

story was quite different from those at other stories, and this
could be interpreted by the transformationmatrixT given by

T �

−0.1062 −0.1002 −0.1002 −0.1062 0.0484 0.0603 0.0603 0.0484

−0.1062 −0.0429 −0.0429 −0.1062 −0.0147 −0.0036 −0.0036 −0.0147

−0.0055 −0.0057 −0.0057 −0.0055 −0.0009 −0.0013 −0.0013 −0.0009

−0.0008 −0.0007 −0.0007 −0.0008 −0.0003 −0.0001 −0.0001 −0.0003

−0.0001 −0.0001 −0.0001 −0.0001 0.0000 0.0000 0.0000 0.0000

011×1 011×1 011×1 011×1 011×1 011×1 011×1 011×1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (20)

+e coefficients at the first row were much higher than
those at other rows, which meant the plastic hinges in the
columns at the 1st story mainly caused interstory inelastic
displacement at the 1st story, and thus, the FD of TFF at the
1st story was different from others.

3.2.4. Damaged Structure with Plastic Hinges in Single-Story
Beams and Columns. In case 4 when the MRF structure was
excited by PGA� 429 gal El Centro ground motion, the
structure was damaged with plastic hinges in the beams and
columns at the 1st story. +e rotation of plastic hinges at the
ends of columns and beams is shown in Figure 14, fromwhich
it could be seen that the beams and columns at the 1st story
were damaged and the beams and columns at other stories did
not yield. +e contour map of time-frequency distribution,
FFT spectra, and the interstory displacement is shown in
Figure 15, from which it can be seen that time-frequency
distribution at the 1st story was quite different from those at
other stories, especially between 0 and 1.0Hz in the frequency
range and 5 and 20 s in the time range. +e corresponding
FDs in the scale interval 2−5–2−2 were 2.172, 2.070, and 2.071
as shown in Figure 16.+e FD of TFF at other stories is shown
in Figure 17. +e FDs of TFFs at the 1st story were quite
different from those at other stories, and it was because the
plastic hinges in the beams and columns at the 1st storymainly
caused interstory inelastic displacement at the 1st story.

3.2.5. Damaged Structure with Plastic Hinges in Multiple-
Story Beams and Columns. In case 5 when the MRF
structure was excited by PGA� 715 gal El Centro ground
motion, the structure was damaged with plastic hinges in
the beams and columns at multiple stories. +e rotation of
plastic hinges at the ends of columns and beams is shown in
Figure 18, from which it could be seen that the columns at
Stories 1–6 and beams at Stories 1–10 were damaged. +e
contour map of time-frequency distribution, FFT spectra,
and the interstory displacement is shown in Figure 19,
where the plots at Stories 1–7 and 10 and 15 were shown
here to demonstrate the behaviour of widespread damages
in the frame. From Figure 19, it can be seen that time-
frequency distribution at Stories 1–6 were quite different
from those at other stories, especially between 0 and 1.0Hz
in the frequency range and 5 and 25 s in the time range. +e
low frequencies generated by plastic hinges at beams and
columns were obvious in the lower stories especially in
Stories 1–6, and disappeared in the upper stories. +e
corresponding FDs in the scale interval 2−5–2−2 were 2.230,
2.228, 2.222, 2.206, 2.179, 2.141, 2.119, 2.120, and 2.123 as
shown in Figure 20. +e FDs of TFFs at other stories are
shown in Figure 21. +e FDs of TFFs at Stories 1–6 were
quite different from those at other stories, and it was be-
cause the plastic hinges in the beams and columns at Stories
1–6 mainly caused interstory inelastic displacement at
Stories 1–6.
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Figure 5: FDs of the TFFs of interstory displacements of the
structure under PGA� 28.6 gal El Centro ground motion (Case 1).
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To investigate the robustness of the approach to
measurement noise, white Gaussian noise with 5%, 10%,
15%, and 20% root mean square (RMS) noise-to-signal

were added to the relative displacements at each story. +e
results for Case 5 are shown here. Time histories, TFFs, and
the FFT spectra of the interstory displacement at Story 1
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Figure 7: Time histories, TFFs, and the FFT spectra of interstory displacements of the structure under PGA� 429 gal El Centro ground
motion (Case 2). (a) Story 1, (b) Story 7, and (c) Story 15.
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Figure 8: Log-log plot of the box counting of the TFF of the structure under PGA� 429 gal El Centro ground motion (Case 2). (a) Story 1,
(b) Story 7, and (c) Story 15.
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Figure 6: Rotation of plastic hinges at the ends of columns and beams under PGA� 429 gal El Centro ground motion (Case 2). (a) Rotation
of plastic hinges at the ends of columns. (b) Rotation of plastic hinges at the ends of beams.
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under different noise levels are shown in Figure 22. +ough
the time series under different noise level were different, the
TFFs were quite similar even under 20% noise level. +e

calculated FDs of the TFFs of interstory displacements
under different noise levels are shown in Figure 23, from
which it can be seen that the results under 5% and 10%
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Figure 10: Rotation of plastic hinges at the ends of columns and beams under PGA� 429 gal El Centro groundmotion (Case 3). (a) Rotation
of plastic hinges at the ends of columns. (b) Rotation of plastic hinges at the ends of beams.
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Figure 11: Time histories, TFFs, and the FFT spectra of interstory displacements of the structure under PGA� 429 gal El Centro ground
motion (Case 3). (a) Story 1, (b) Story 7, and (c) Story 15.
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Figure 9: FDs of the TFFs of interstory displacements of the structure under PGA� 429 gal El Centro ground motion (Case 2).
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noise levels were quite the same as those without noise.
When the noise level became 15%, the FDs at lower stories
deviated from those values without noise, but it still could
be deduced that the lower stories from Stories 1–10 were
damaged and the upper stories from Stories 11–16 were not
damaged. When the noise level became 20%, the FD along
the structure was a zigzag line which may be caused by

damage or high-level noise, and the damage could not be
determined.

3.2.6. Detection Result for Other Cases Studies under Other
Ground Motions. +e results of the FDs of the TFFs of the
MRF structure for Cases 6–10 under Northridge ground
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Figure 13: FDs of the TFFs of interstory displacements of the structure under PGA� 429 gal El Centro ground motion (Case 3).
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Figure 12: Log-log plot of the box counting of the TFF of the structure under PGA� 429 gal El Centro ground motion (Case 3). (a) Story 1,
(b) Story 7, and (c) Story 15.
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Figure 14: Rotation of plastic hinges at the ends of columns and beams under PGA� 429 gal El Centro groundmotion (Case 4). (a) Rotation
of plastic hinges at the ends of columns. (b) Rotation of plastic hinges at the ends of beams.
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motion are shown in Figure 24 where all the extracted
translational displacements were added 10% RMS noise-to-
signal white Gaussian noise, and similar results as the
structure subjected to El Centro ground motion were
obtained.

+e damage detection results for the MRF excited by
other strong ground motions were also investigated. +e

ground motions included TCU052W in September 20, 1999,
Chichi earthquake abbreviated as Chichi, CUE90 in January
16, 1995, Kobe earthquake abbreviated as Kobe, C02065 in
June 28, 1966, Parkfield earthquake abbreviated as Parkfield,
and TAF111 in July 21, 1952, Kern County earthquake
abbreviated as Taft, and the time histories and FFT spectra
thereof are shown in Figure 25. To simulate different damage
level, these ground motions were scaled up or down, and the
time interval was set as 0.0035 second. For the cases when
the yielding stresses at weak components were chosen as
beams and columns 205MPa, the detection results are
shown in Figure 26.

+e results when the structure was subjected to Chichi,
Kobe, and Parkfield ground motions were similar as the
results when subjected to El Centro or Northridge ground
motions, and it could be seen that the lower stories were
damaged in these cases. However, the FD of TFFs under Taft
ground motion along the structure was a zigzag line, and it
could be seen that the structure was damaged but the lo-
cation of damage could not be determined. According to the
definition of TFF given by Equation (4), the TFF was
carefully chosen so that the frequency in the TFF was around
or below the fundamental frequency of the analysed
structure. If the chosen TFF was contaminated by higher
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Figure 15: Time histories, TFFs, and the FFT spectra of interstory displacements of the structure under PGA� 429 gal El Centro ground
motion (Case 4). (a) Story 1, (b) Story 7, and (c) Story 15.
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Figure 16: Log-log plot of the box counting of the TFF of the structure under PGA� 429 gal El Centro ground motion (Case 4). (a) Story 1,
(b) Story 7, and (c) Story 15.
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Figure 17: FDs of the TFFs of interstory displacements of the
structure under PGA� 429 gal El Centro ground motion (Case 4).
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Figure 18: Rotation of plastic hinges at the ends of columns and beams under PGA� 715 gal El Centro groundmotion (Case 5). (a) Rotation
of plastic hinges at the ends of columns. (b) Rotation of plastic hinges at the ends of beams.
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Figure 19: Continued.
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Figure 19: Time histories, TFFs and the FFT spectra of interstory displacements of the structure under PGA� 715 gal El Centro ground
motion (Case 5). (a) Story 1, (b) Story 2, (c) Story 3, (d) Story 4, (e) Story 5, (f ) Story 6, (g) Story 7, (h) Story 10, and (i) Story 15.
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Figure 20: Log-log plot of the box counting of the TFF of the structure under PGA� 715 gal El Centro ground motion (Case 5). (a) Story 1,
(b) Story 2, (c) Story 3, (d) Story 4, (e) Story 5, (f ) Story 6, (g) Story 7, (h) Story 10, and (i) Story 15.
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order frequency energy, the FD based approach would not
give correct detection results. +e first two modal fre-
quencies of the MRF was 2.13 and 6.53Hz, and it could be
seen from Figure 26 that Taft ground motion had relatively
more high frequency energy especially around the second
structural modal frequency. In this case, the chosen TFF
would have more energy from higher frequency contents
and the corresponding FDs would not show the right
damage detection result. +e above detection results’
comparison under several ground motions implied that the

proposed approach should be only used when the structural
response was mainly contributed by the fundamental mode.
For the structural response with dense mode contribution,
time frequency separation should be first implemented
before using the FD of TFF technique to detect damage.

4. Conclusions

In this paper, an extension of a data-driven approach
proposed by the authors for detecting damage of shear-type
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Figure 21: FDs of the TFFs of interstory displacements of the structure under PGA� 715 gal El Centro ground motion (Case 5).
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Figure 22: Time histories, TFFs, and the FFT spectra of interstory displacements at Story 1 under different noise levels (Case 5). (a) Noise
level of 5%, (b) noise level of 10%, (c) noise level of 15%, and (d) noise level of 20%.
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building structure is refined and further developed to detect
seismic damage of MRF subjected to far-field or near-field
strong ground motions. +e method is one kind of
vibration-based approach, which uses the measured dis-
placements to detect damage and locate stories with plastic
hinges at the ends of beams and columns. +e principle is
that the FD of TFF of interstory displacements with inelastic

component are different from the FD of TFF of the inter-
story displacements that do not contain inelastic compo-
nent. +e numerical simulation on a 16-story MRF indicates
that the method can locate the stories in which there are
plastic hinges at the end of beams and columns. +e
damaged story location accuracy is better when the plastic
hinges are at the end of columns than those at the end of
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Figure 23: FDs of the TFFs of interstory displacements under different noise levels (Case 5).
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Figure 24: FDs of the TFFs of interstory displacements of the structure under Northridge ground motion for Cases 6–10. (a) Case 6, (b)
Case 7, (c) Case 8, (d) Case 9, and (e) Case 10.
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beams. As the seismic damage of real MRF structure will
introduce plastic hinges at the ends of beams or columns, the
method may be utilized for detecting and localizing these

kinds of damage. Further study will include experiment
validation on a MRF in shaking table test, and testing on in-
situ MRF under real ground motions will also be conducted.
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Figure 25: Time histories, and the FFT spectra of strong ground motions. (a) Chichi, (b) Kobe, (c) Parkfield, and (d) Taft.
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Figure 26: FDs of the TFFs of interstory displacements of the structure under strong ground motions when all the yielding stress of beams
and columns as 205MPa. (a) Chichi, (b) Kobe, (c) Parkfield, and (d) Taft.
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Damage-imperfection indicators based on variation of dynamic parameters allow to identify the intrinsic discontinuity and the
damage of structures. Here, the structural health monitoring through the vibration-based approach has been carried out by two
steps on three different multileaf masonry specimens (full infill, damaged infill, and strengthened infill) subjected to uniaxial
compressive load. In the first step, the characterization of initial conditions based on the investigation of the intrinsic discontinuity
and the manufacturing imperfections has been done. In this phase, the detection, localization, assessment, and prediction of
damage have been given by the comparison between the experimental and numerical modal data calculated by the commercial
finite element code. Subsequently, in the second step, starting from the identification of undamaged condition, the damage effects
on changes of the dynamic parameters have been recorded. As well known, the incoherent response between the leaves is related to
frequency values, damping ratios, and modal shapes.

1. Introduction

*e process of implementing the damage identification
strategy for structures is referred to as structural health
monitoring (SHM). Damage is defined as any change af-
fecting the performance of a system [1]. In the framework of
civil structures, damage can be related to changes occurring
to material or geometric properties which may lead to
nonlinear behavior, but also to degradation of elastic stiff-
ness, loss of mass, or changes in the boundary conditions.
From this perspective, also imperfections and presence of
defects may be included in damage. *e attention to SHM
has constantly grown in the last decades: several non-
destructivemonitoring techniques have been developed with
the purpose of identifying damages in structures. Among the
various tools available to perform nondestructive
SHM—such as ultrasonography, thermography, and
X-ray—recently, methods based on the global vibration
response of the structure have aroused great interest, which
has been shown by the wide literature regarding this subject

[2, 3]. Damage in a structure leads to modification of the
vibration modes, manifested as changes in the modal pa-
rameters: natural frequencies, mode shapes, and modal
damping. Modal testing and system identification tech-
niques allow to easily and cheaply extract the modal pa-
rameters from the measured vibration response. Assuming
that ambient conditions do not significantly affect the system
properties, measured changes in the vibration response can
be associated with structural damage: degradation of stiff-
ness, alteration of the mass, and/or the damping
distribution.

Usually, damage identification methods based on vi-
bration responses have been used for the monitoring of steel
or concrete structures, such as long bridges or tall buildings,
where the relative homogeneity of materials or the structural
typology are particularly suitable for vibration analysis.
However, in the last fifteen years, their application has in-
terested also masonry structures [4], in particular the his-
torical architectural heritage [5–7]—mainly composed of
masonry buildings—thanks to their nondestructive nature
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and to their possibility of not providing direct access to the
damaged zone, which may be very important in case of
natural disasters such as seismic events [8–12]. *e adoption
of combined historical and architectural surveys together
with dynamic investigations allows realizing reliable nu-
merical models able to describe the actual behavior of
cultural heritage and, in case of alteration of the vibration
response, to identify possible damage or imperfections and
to predict future structural behavior [13, 14].

Laboratory tests have been proposed to improve
methodologies for dynamic identification and damage de-
tection of existing masonry structures, both on full-scale
masonry buildings [15] and on masonry wall panels [16, 17],
with attention focused on damage indicators. In particular,
in the work [17], damage has been specifically induced in
a masonry panel and the modal response of the specimens
has been extracted in order to evaluate the structural health
for different levels of damage, with the purpose of detecting
possible correlations between variations in the modal
properties and the entity of the damage.

In our study, attention is focused on multileaf masonry
walls. *e research is part of a wider project devoted to the
mechanical characterization of multileaf masonry walls by
means of experimental tests [18, 19] and numerical analyses
[20, 21]. Several specimens of multileaf masonry walls have
been realized and tested in the laboratory up to collapse at the
LabSCo (the Laboratory of Strength of Materials of the
University IUAV of Venice, Italy). During the compressive
tests, dynamic measures have been collected with the twofold
target of calibrating the numerical models and evaluating the
change of modal parameters under different conditions.

Multileaf is one of the most widely diffused typologies of
the historical constructive technique for masonry walls. It is
a multilayered wall, usually composed of two external leaves
made of bricks or stones containing an internal cavity filled
up with the incoherent material, usually made with a mix-
ture of scraps coming from the construction site, such as
brick potsherds, broken shingles, stones, cobblestones, and
mortar. Its wide diffusion in the historical architectural
heritage claims to the necessity of accurate studies, in
particular aiming at an effective evaluation of mechanical
properties and structural behavior.

*e mechanical behavior of multileaf masonry walls is
strongly dependent on the different mechanical properties of
the leaves. In particular, the different stiffness of the external
bearing walls and the weaker internal core may or may not
determine the load distribution between the leaves [22, 23].
*e behavior is strongly affected by constructive features,
such as the mechanical properties of constituent materials,
the thickness of the leaves, and presence or absence of
“diatoni,” that may lead to the lack of connection between
the leaves. Several experimental studies on multileaf walls
can be found in the scientific literature [24, 25], mainly
related to the effect of strengthening [26–29] and to the
modelling strategies able to properly describe the global
behavior of multileaf masonry walls [30–32].

A crucial role is played by defects and manufacturing
imperfections—quality of the internal filling, distribution of
mortar, presence of voids, etc.—and by the several

uncertainties related to the geometric configuration and the
state of conservation. In this work, dynamic identification
with the output-only methodology [4, 33] is proposed with
the specific target of determining the dynamic parameters of
multileaf masonry walls subjected to increasing uniaxial
compressive load. *e dynamic identification was carried out
by means of the output-only methodology, and the data were
processed through the least-square complex frequency
(LSFC) estimator by the LMS PolyMax algorithm [34]. In
order to investigate the presence of imperfections and
damage, three different types of multileaf masonry specimens
have been analyzed: (i) regular panels with full infill, (ii)
panels with imperfections with damaged infill, or (iii) panels
with imperfections with consolidated infill. With respect to
the previous work [20], here attention is focused on the
evolution of the damage during the tests, identified by
changes in the modal parameters extracted in correspondence
of three different steps of load provoking increasing damage.
*e intrinsic discontinuity ofmultileaf and themanufacturing
imperfections are amplified by the incremental damage: by
the comparison between the data of the initial conditions and
the evolution during the tests, it is possible to detect the
anomalies and the intrinsic vulnerabilities.

*e outline of this paper is as follows: in Section 2, the
mechanical characterization of the constituent materials
adopted in the realization of the specimens is provided. In
Section 3, the different typologies of multileaf specimens and
the tests performed in the lab are described. Section 4 deals
with the dynamic identification: initial conditions are an-
alyzed both experimentally and numerically, and then
a comparison with the evolution of damage during the tests
is performed in terms of changes in the modal parameters.
Finally, in Section 5, some final remarks are provided.

2. Mechanical and Physical Tests of the
Constituent Materials

2.1. Flexural and Compressive Tests on Mortar Samples.
For the laboratory tests on mortars, specimens were pre-
pared in accordance with the EN 1015-11. Different types of
mortars have been tested. A special mortar has been realized
in collaboration with Tassullo Materiali S.p.A. (note: ref-
erence is made to a manufacturer’s product for the purposes
of factual accuracy. No endorsement is implied) in order to
simulate a historic hydraulic lime mortar, namely, type
CP/5. *is mortar has been used in the construction of
masonry specimens both for joints and for the infill. Other
two typologies of mortar (TD13C and TD13SRG) with
higher structural performance have been used for the top
and bottom layers of masonry specimens.

Several tests were performed at LabSCo (IUAV). For
each type of mortar, sets of 3 prismatic specimens, sized
160× 40× 40mm, have been prepared. At first, tests were
performed for determination of flexural strength. After the
breaking of specimens, both halves were analyzed under
normal load. Mechanical characteristics obtained by flexural
tests and compressive tests are listed in Table 1. FF is the
maximum load of the flexural test, while FC is the maximum
load of the compressive tests; in detail, ft � flexural strength,
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ftm � average flexural strength, fc1 and fc2 � compressive
strengths of each half, and fcm � average compressive
strength.

2.2. Compressive Tests on Brick Samples. After the experi-
mental tests on mortars, compressive tests were performed
also on brick specimens. For this research, new standard
bricks (Danesi DM116), sized 250×120× 55mm3, were used
(note: reference is made to a manufacturer’s product for the
purposes of factual accuracy. No endorsement is implied), in
accordance with UNI 12.6.25.*e tests were performed on 3
specimens with the Galdabini universal testing machines
(200 kN), appointed with B-1, B-2, and B-3. For all of them,
the elastic modulus was evaluated experimentally, and the
results are reported in Figure 1.*rough the linear branch of
an average curve, the elastic modulus has been determined to
be equal to 4000MPa.

2.3. Determination of Initial Shear Strength. Nine specimens
were prepared in accordance with UNI EN 1052-3 and
subject to the load application in the Galdabini universal
testing machines (200 kN) to analyze the initial shear
strength. *e tests were performed according to the process
B (UNI EN 1052-3), which does not include the prestress
condition of the samples. *e results are reported in Table 2,
and all the specimens presented the type of failure A1 (UNI

EN 1052-3) (Figure 2). In detail, the shear failure mode A1
(1) is in the area of the union brick element/mortar on
a surface of the brick element, while the shear failure mode
A1 (2) is in the area of the union brick element/mortar
between two sides of the brick element (Figure 2 and
Table 2).

3. Characteristics of Masonry Walls and Test

*is research follows and develops a topic addressed pre-
viously in [18, 20]. Several multileaf masonry panels

Table 1: Mechanical characteristics of mortar samples.

Mortar type
Flexural tests Compressive tests

FF (N) ft (MPa) ftm (MPa) FC (N) fc1 (MPa) fc2 (MPa) fcm (MPa)

CP/5
130 0.299

0.330
2294 — —

1.162172 0.389 1495 0.921 0.676
133 0.301 2118 1.315 1.269

TD13C
888 2.010

1.859
14366 8.790 8.746

9.024538 1.224 14979 9.169 8.411
1054 2.343 14252 8.892 10.135

TD13SRG
1136 2.637

2.571
10225 6.372 6.310

6.5391003 2.299 10187 6.265 6.677
1189 2.776 10743 6.703 6.908
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Figure 1: Diagram of σ-ε of compressive tests on bricks.

Table 2: Maximum load (Fi,max) and the related shear strength (fv0,i)
for each triplet and average value (fv0).

Specimens Max load
Fi,max (N)

Types of
failure

fv0,i
(MPa)

fv0
(MPa)

C1 15792 A1 (2) 0.275

0.187

C2 27747 A1 (1) 0.488
C3 13268 A1 (2) 0.236
C4 11562 A1 (2) 0.203
C5 782 A1 (1) 0.014
C6 7591 A1 (1) 0.134
C7 1282 A1 (2) 0.023
C8 8877 A1 (2) 0.158
C9 8882 A1 (1) 0.156
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characterized by three different typologies of infill—full,
damaged, and consolidated, as illustrated in Figure 3—have
been tested by applying uniaxial compressive load, as shown
in Figures 4 and 5. In detail, Figure 3 shows the three
different infill typologies considered. *e panels consist of
two external leaves of periodic masonry and an inner core
made of brick potsherds mixed with mortar. In the case of
full infill (B1), the core has been completely filled up, while
for the other typologies, only the upper one-third and lower
one-third of the whole mass were completely filled up, in
order to simulate the presence of defects or damages in the
central part. In the case of damaged infill (B2), only brick
potsherds without mortar constitute the central area, while
for the consolidated typology (B3), the same part has been
strengthened by a consolidating mixture.

*e physical and mechanical characteristics of every
material have been detailed in [20].

Figure 4 shows the setup of the compressive test carried
out on masonry panels. All compression tests were

performed on a 6000 kN capacity loading machine with the
data control system (Figure 5(a)); the loading velocity was
taken as 0.03mm/s with the displacement control pro-
cedure. *e compression load was applied through a loading
history made up of three loading steps until the failure. Each
loading step (thresholds A, B, and C in Figure 5(b)) was
followed by a pause period of 10 minutes where the reached
compression loads are kept constant. In detail, step A
corresponds to the initial condition without the external
load, the threshold of step B is 700 kN, while the threshold of
step C is 1500 kN (Figure 5(b)).

*e vibration signals have been recorded through the
accelerometer sensors widely described in [20].

4. Structural Identification Based on
Vibrational Data

*e variation of dynamic parameters, modal shapes, fre-
quencies, and damping ratios increasing the compressive

(a) (b) (c)

Figure 2: Specimen test (a); failure mode A1 (1) (b); failure mode A1 (2) (c).
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Figure 3: Different typologies of masonry specimens: (a) B1-full infill; (b) B2-damaged infill; (c) B3-consolidated infill (dimension in
millimeters).
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load and changing the damage patterns has been analyzed.
*e steps B and C correspond to 35% and 75%, respectively,
than to the mean value of failure load.*e different dynamic
parameters of every load step have been analyzed and
compared; in detail, the values of step A characterize the
intrinsic imperfection of multileaf masonry panels at the
undamaged state [20], while the identified parameters of
steps B and C allow to quantify the damage effects.

4.1. Step A: Imperfection Identification. *e first analysis of
multileaf masonry panels has been carried out without the
compression load, step A (Figure 3(b)). *e imperfection
indicators have been evaluated by the variation of frequency
(var. freq.), variation of damping ratio (var. damp.), and
MAC [35] values between the two external layers that
constitute the multileaf masonry panels (“front” and “back”
in Figure 4).
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Figure 5: (a) Detail of the test setup; (b) load-vertical displacement relationship with different steps: A, B, and C.
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*ese indicators allow to define the global and/or local
behavior of every multileaf masonry panel. In detail, if an
MAC value is lower than 90%, a discordance between both
layers of multileaf masonry panels detecting uncoupled
and/or local modal shapes is identified.

*eMAC parameters is compared with the frequency and
damping variations to identify the absence of global behav-
iour (when the frequency and damping variations between
the two layers of multileaf masonry panels are less than 1%).

*e observance of these three indicators (frequency
variation and damping variation ≤1% and MAC ≥90%) is
able to identify the consistency and homogeneity of speci-
mens and then the global behavior. Instead, the non-
compliance of these indices detects the uncoupled modal
shapes. *ese thresholds have been identified in Figure 6 by
black arrows, while the exceeding of the limits has been
highlighted locally by the red arrows.

*e main global responses have been labelled by 1st_B,
1st_T, and 2nd_B to identify, respectively, the 1st bending,
1st torsional, and 2nd bending modal shapes.

For the full infill multileaf masonry panels (B1), only one
(B1-3) shows the intrinsic imperfection to the initial con-
dition, step A. In detail, the values that exceed the limits
concern the modal shapes 3, 4, and 5 (Figure 6(a)).

*e damaged infill of B2 typology (Figure 6(b)) causes
decoupled modal shapes due to the independent behavior of
the three layers of multileaf masonry panel, core, and outer
layers. B2-2 shows a better global behavior than B2-1 and
B2-3 characterized by imperfection indicators greater than
the limit by 1% for the frequencies and MAC values lower
than 90%.

Consolidating for the B3masonry panels (B3; Figure 6(c))
is not efficacious: the behavior between “front” and “back” is
different for all three masonry panels of B3; the imperfection
indicators are out of the limit for every panel.

*e imperfection effects on global structural perfor-
mances of the three typologies, B1, B2, and B3, are shown in
Figure 7. In detail, the structural behavior is affected by the
intrinsic imperfection when the indicators are out of the
limit above all in the first three modal shapes.
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Figure 6: (a) B1-imperfection indicators; (b) B2-imperfection indicators; (c) B3-imperfection indicators.
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For B1 masonry panels, specimen 3 (B1-3) shows through
the load-displacement relationship a reduction of strength by
26% than the mean value between B1-2 and B1-3. *e in-
dicators of the multileaf masonry panel B1-3 are out of the
limit (Figure 6(a)), showing the intrinsic imperfections that
affect the global behavior of the panel.

For the category B2, panel 3 (B2-3) shows a reduction of
strength by 18% than the mean value between B2-2 and B2-3,
confirming what was detected by the imperfection indicators
(Figure 6(b)).

For the consolidated infill masonry panels (B3), all
specimens show the intrinsic imperfections (Figure 6(c));
this result is confirmed by the similar load-displacement
trend defined by all three specimens (Figure 7).

4.2. InitialConditions:ComparisonbetweenExperimentaland
Numerical Data. A comparison between experimental and
numerical data is reported by authors, with reference to the
results provided in [18, 20]. *e difficulty in modelling
masonry is related to its composite nature, to the size of
heterogeneity, to geometric complexities, and to the pres-
ence of the infill. *e literature regarding models and an-
alyses of masonry structures is wide. Many different
approaches may be found, among which the most common
strategies adopted are the use of discrete [36–39] or con-
tinuous models [40–45]. Moreover, in the case of multileaf
walls, the presence of the fill, its thickness, the presence of
voids and imperfections, the adherence between the leaves,
etc. [23, 24] imply further difficulties regarding the evalu-
ation of its structural behavior [30, 31].

In order to perform structural identification, continuous
models have been adopted, with the purpose of comparing
experimental and numerical dynamic parameters, such as
modal shapes and frequencies. Finite-element models of the
three different typologies of masonry specimens tested in the
laboratory have been realized, using 3D brick elements and
adopting the standard FE code. *e structural identification
allows defining the mechanical properties to adopt in
modelling both the external masonry walls and the in-
coherent material of the internal fill. Models reproduce the
setup of the test: the base is fixed and the steel bar on top is

considered. *e comparison between experimental and
numerical results is of fundamental importance in order to
calibrate the models and to evaluate their reliability in the
description of the mechanical behavior of the specimens.
Attention is limited at the beginning of the tests, step A, in
order to evaluate the initial conditions.

It has been shown that the texture plays a crucial role
in the behavior of multileaf masonry [46]; therefore, the
mechanical properties of masonry external walls have
been defined by means of a full 3D homogenization
procedure [47]. Homogenization allows defining an
equivalent orthotropic continuum able to reproduce at the
macroscale the characteristics of masonry emerging at the
microscale. At the microscale, a representative volume
element (RVE), able to provide all the mechanical and
geometrical characteristics needed to completely describe
the whole panel, has been identified. *e solution of the
field problem, applying fully cinematic periodic boundary
conditions on the RVE, makes it possible to derive the
mechanical properties of the equivalent continuum to be
used at the macroscale [40]. *e mechanical properties of
the material components used at microscale are the ones
obtained by the mechanical characterization of constit-
uent materials in the lab: 4000MPa for bricks and
1150MPa for mortar, as reported in Section 2.

In order to evaluate the reliability of the proposed ho-
mogenization technique, a first comparison between the
experimental test on compression described in Section 3 and
a numerical linear static analysis has been performed [18].
Different load steps were applied in order to compare the
displacements on top with the one measured in the lab,
considering only the elastic phase—between the steps A and
B defined in Figure 3(b)—where the load is basically carried
only by the external walls [24]. Numerical results are in good
agreement with the experimental ones: the mechanical
properties obtained through the homogenization procedure
for the external walls seem to be suitable. *e mechanical
properties adopted at the macroscale for the external wall are
reported in Table 3.

A parametric natural frequencies analysis has been
performed in order to identify the mechanical properties
of the fill [20]. Attention has been focused initially on the
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Figure 7: Load-displacement relationship for B1 (a), B2 (b), and B3 (c).
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full infill typology B1. Being the central part completely
filled up with brick potsherds and mortar, as shown in
Figure 1, the infill has been considered as a continuum.
*e internal core has been therefore modelled as an
isotropic continuum exhibiting reduced mechanical
properties with respect to the external walls. Starting from
the frequencies observed in the lab at the beginning of the
test—step A—the solution of the inverse problem made
possible the evaluation of the appropriate values of the
mechanical properties to be adopted for the fill in the FE
model. In particular, adopting the mechanical properties
of the infill (E � 2756MPa and ]� 0.4), the analysis pro-
vides the 1st bending mode with a frequency of 6.3 Hz, in
good agreement with the mean value of 6.4 Hz recorded
experimentally for the 1st bending mode of B1 specimens.

A further parametric analysis has been performed to
define the properties of the fill in the case of damaged infill
B2 and consolidated infill B3. However, as shown in [20], the
adoption of a continuous model for the fill is not able to
provide reliable results for damaged fill, where the multileaf
walls lose their monolithicity and the two external walls
behave differently, as shown by the uncoupled modes ex-
perimentally recorded. To overcome this aspect, a model in
which the two external walls are modelled as two separate
leaves, taking into account the mass of the infill as a non-
structural mass, has been proposed. Being the damaged
filling realized only with brick potsherds (Figure 3), even the
adoption of very low values of mechanical properties of the
infill does not provide the decrease of frequencies compared
with the experimental ones. Modelling the two external walls
as separate leaves allows obtaining frequencies closer to the
experimental ones, also in the case of consolidated infill. *e
two models adopted are reported in Figure 8.

*e first six modes of vibration have been considered,
and numerical results are in good agreement with experi-
mental measures, as reported in Table 4.

4.3. Steps B and C: Damage Identification. Figures 9–11
define the trends and compare the dynamic parameters
with different damage conditions: undamaged, damaged to
35% of failure load, and damaged to 75% of failure load. In
general, the frequency values increase dramatically from
undamaged to damaged masonry panels, with a damage by
35% or 75%; the frequencies remain the same, while the
damping ratios vary without following a law and are in-
significant compared to a trend of structural response. *e
standard deviation (SD), calculated for every typology by the
identified frequency values, listed in Tables 5–7, allows to

define the correspondence or the dispersion of values and
then the local or global response of multileaf masonry walls.
In detail, in every tables (Tables 5–7), the SD values of
undamaged condition are subdivided into SD1 for all the
values and SD2 distinguishing the first typology (full infill)
from the second and third typologies (damaged and con-
solidated infill).

For the first bending modal shape (Figure 9), the fre-
quency values for every typology and for every damage
condition are constant and within a narrow range. *is
modal shape involves globally the response of multileaf
masonry walls.

*e SD1 values reported in Table 5 highlight the greater
scatter of all results for undamaged condition due to better
homogeneity of full infill than damaged and consolidated infill.

Distinguishing full infill from damaged and consolidated
infill, the SD value changes from 1.89 (SD1) to 0.42 (SD2).
For damaged conditions to 35% and 75% of failure load, the
SD values are equal to 0.2 and 0.25, respectively, showing the
uniformity between all specimens after the damage.

*e torsional effects identified by the dynamic param-
eters (Figure 10) show an incoherence between the three
categories of multileaf masonry panels and between the
specimens of the same typology. For this modal shape, the
undamaged condition highlights a small variation between
the frequencies of every specimen of the same category; for
the damaged conditions, the variation of frequency values
increases recording a wide range.

As shown in Table 6, the damaged conditions (35% and
75% of failure load) of the torsional modal shape show
a greater dispersion of results (SD� 15.5 for 35% and
SD� 21.3 for 75%) than the first bending modal shape
(Table 5; SD� 0.2 for 35% and SD� 0.25 for 75%).*e values
of undamaged condition confirm the trend of the first modal
shape.

A coherence of results is shown in Figure 11 with the
second flexural modal shapes. *e frequencies with the
flexural modal shapes respect the trend of the first modal
shape. Excluding some precise exceptions, the frequency
values are similar between the samples of each category.

In detail, for undamaged condition (Table 7), the vari-
ation between the results confirms the distinction between
the full infill and damaged-consolidated infill multileaf
masonry panels (Figures 9 and 10; Tables 5 and 6). SD1 equal
to 15.9 marks the variation of all values, while SD2 dis-
tinguishes the two categories with 0.9 and 1.5 values.

For both damaged conditions to 35% and 75% of failure
load, excluding few values, the ranges of frequency are
narrow like the first bending modal shape. In detail, for
damage to 35% and 75% of failure load, the SD values
confirm the subdivision identified for the undamaged
condition (see columns SD4 and SD5 of Table 7).

5. Final Remarks

*rough the first results on damage/imperfection indicators
based on vibration response, the following evaluations can
be drawn:

Table 3: Mechanical properties adopted for external masonry
walls.

Young’s
modulus (MPa)

Shear
modulus (MPa)

Poisson’s
coefficient

E11 � 3450 G12 � 765 ]12 � 0.220
E22 � 3063 G23 � 782 ]23 � 0.248
E33 � 3560 G13 � 933 ]13 � 0.210
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(i) *e size of the three-leaf specimens does not affect
the load-bearing capacity of three typologies that
do not vary between full, damaged, and consoli-
dated infill multileaf masonry panels.

(ii) *e size of the three-leaf specimens, instead, affects
the dynamic parameters of three typologies that do
not vary between full, damaged, and consolidated
infill multileaf masonry panels.

(iii) *e procedure adopted based on damage/imperfec-
tion identification through different steps: in-
vestigation, localization, description, estimation,
and prediction, is reliable to analyze the complex
systems characterized by multileaf masonry panels.

(iv) *e intrinsic imperfections can be evaluated
through the comparison between the different
indices: variation in modal frequencies and
damping measurements to detect the degradation
of structural characteristics (mass and stiffness),
and variation in MAC indicators that localize and
quantify the degree of correspondence between

two related mode shape vectors identifying the
uncoupled and local modal shapes.

(v) *e damping ratio is not reliable to investigate the
imperfections and/or damage conditions.

(vi) Comparison with modal parameters allows de-
fining numerical models able to describe the be-
havior of multileaf masonry walls. In case of
multileaf walls where damage or imperfection
provokes a nonmonolithic behavior, continuous
model is not completely suitable.

(vii) With respect to the main modal shapes, the tor-
sional behavior amplifies with the damage the
degree of the structural continuity between the
different layers. *e first and second bending
modal shapes involve globally the masonry panels
with out-of-plane mechanisms.

(viii) *e increment trend of frequency values for
every modal shape recorded with the increment
of load and of crack patterns is due to the
change in the structure of multileaf masonry
walls through the closure of intrinsic gaps or
cracks and the trigger of the interlock phe-
nomena between the parts.

Starting from these remarks, it must be noticed that the
geometric dimensions of the specimens strongly influence
multileaf masonry behavior. In particular, it should be in-
teresting to perform an experimental campaign that takes
into account both bigger dimensions of the leaves and
several thickness of the fill that play a fundamental role in the
confinement effect.

(a) (b)

Figure 8: *e adopted models for full infill B1 (a) and damaged infill (B2) and consolidated infill (B3) (b).

Table 4: Comparison between numerical and experimental
frequencies.

Mode of
vibration B1 (Hz) FEM (Hz) B2 (Hz) B3 (Hz) FEM (Hz)

1st 6.4 6.3 3.1 3.6 3.4
2nd 16.9 14.4 7.4 6.7 6.9
3rd 21.3 16.5 18.3 14.8 12.0
4th 41.0 50.7 35.6 36.1 37.5
5th 58.1 65.4 41.7 43.2 43.4
6th 76.4 81.5 53.7 48.7 48.6
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Figure 9: 1st bending modal shape: comparison of dynamic parameters.
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Figure 10: 1st torsional modal shape: comparison of dynamic parameters.
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Nonlinear static analysis will be carried out on the nu-
merical model calibrated through the identified dynamic
parameters to verify the correspondence between the

numerical and experimental structural response. Model
updating will be proposed in order to describe evolution of
damage.
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Figure 11: 2nd bending modal shape: comparison of dynamic parameters.

Table 5: Frequency values and standard deviation (SD) for the 1st bending modal shape.

Typology
Undamaged Damaged to 35% Damaged to 75%

Freq. (Hz) SD1 SD2 Freq. (Hz) SD Freq. (Hz) SD
B1-1 7.468

1.892

0.428
9.83

0.201

10.181

0.249

B1-2 6.779 9.584 10.449
B1-3 6.683 9.38 9.904
B2-1 2.611

0.450

9.571 10.238
B2-2 3.507 9.396 9.711
B2-3 — 9.418 9.687
B3-1 3.61 9.687 9.883
B3-2 3.626 9.913 10.008
B3-3 3.687 9.81 9.953
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Sakarya City, as the host of many civilizations, has many historic monuments.-e city is in the most active earthquake zone in the
region.-eminarets of mosques are the most important structures because they are slender.-erefore, they are sensitive to lateral
loads, and earthquakes and strong winds may cause damage to these structures. -e highest number of mosque minarets partly or
totally collapsed in the 1999 Kocaeli and Düzce earthquakes that occurred in Turkey.-e region is rich in trees, so timber has been
used in the construction of different structures in Sakarya City and the vicinity for many years. In this study, five historic timber
minarets in Sakarya City were experimentally and computationally examined to determine the effects of the construction
techniques and geometrical properties on the dynamic behavior of the minarets. Ambient vibration tests of timber minarets were
performed, and the construction techniques and geometrical features were examined; the results of these are discussed below. It
was determined that the outer wall construction technique, body height, slenderness, and cross-sectional area play important roles
in the dynamic behavior of timber minarets. Finally, an empirical formula was derived from the relationships for rapid estimation
of the fundamental period of timber minarets.

1. Introduction

Minarets are towers that are close to or built into mosque
structures and are used by the muezzin to call out the adhan
to indicate that it is time to pray in Islam. -e earliest
mosques were built without minarets, and the muezzin
performed his duty in many other locations, such as in front
of or on the roof of the masjid. In Islamic architecture, the
first minarets were constructed at the corners of the Mosque
of ‘Amr at Fustat byMaslama, the Governor of Egypt, during
the reign of Mu’awiya in 673 A.D. Over time, numerous
magnificent minarets have been constructed from different
materials and structural systems in various regions of the
world [1].

Minarets, which were first built in a square shape, were
later built in conical and cylindrical shapes. -ey were
typically constructed using stone and brick materials, and
timber was rarely used in their construction because it is less

resistant to fire and water than stone and brick. As a result,
the use of timber minarets is very limited [2].

Minarets built adjacent to mosques are slender struc-
tures that are sensitive to horizontal loads. Structural safety
assessments of historic minarets have gained importance in
the last decade because of their weakness under strong winds
and intense earthquakes.

In this context, structural healthmonitoring is important
to determine the dynamic behavior of these structures. Few
investigations on the seismic and dynamic behavior of
timber minarets exist in the literature, as the most com-
monly studied minarets are masonry and reinforced con-
crete minarets. Dogangun et al. [3] analyzed historic
unreinforcedmasonryminarets that were 20, 25, and 30m in
height using two ground motions recorded during the 1999
Kocaeli and Düzce earthquakes in Turkey. A number of tests
have been applied to historical masonry and reinforced
concrete minarets by Bayraktar et al. [4–7]. In these studies,
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the enhanced frequency domain decomposition (EFDD)
and stochastic subspace identification (SSI) methods have
been used for the structural identification of minarets.

Şahin et al. [8] studied the dynamic characteristics of
a reinforced concrete minaret through finite element
analysis and field ambient vibration measurement. Digital
signal processing software SignalCAD was used for ana-
lyzing raw measured data obtained from ambient vibration
testing. In the dynamic characteristic identification,
ModalCAD software developed in MATLAB was used.
Oliveira et al. [9] performed ambient vibration tests to
determine the characteristics of seven minarets with heights
ranging from 23m to 67m in Istanbul, Turkey. Motaal [10]
studied to investigate the effects of soil stiffness, pile length,
diameter, and arrangement on the minaret and pile dynamic
behavior. Reinforced concrete and 60m height El-Rahman
El-Raheem Mosque minaret was selected to carry out the
study. -e most recent study was conducted by Livaoglu
et al. [11] regarding the effect of geometrical features on the
dynamic behavior of seven historic masonry minarets in
Bursa, Turkey. Ambient vibration tests were performed with
the aim of defining the modal parameters of the minarets.

Investigations of the dynamic behavior of tall timber
structures are concentrated on observation towers, multi-
story timber buildings, and traditional timber towers. Che
et al. [12] studied the dynamic characteristics of a typical
example of an ancient timber architecture structure, the
Yingxian Wooden Pagoda in Western Shanxi Province, by
using microtremor measurements and the finite element
method. Yu et al. [13] studied the structural mechanics
characteristics of ancient wooden architecture structures in
China. -ey studied the mechanical, structural, and com-
putational connection models, and static and dynamic tests
on the structure models and on-site measurements were
performed to determine the behavior of these structures.
Gaile [14] aimed at identifying the performance of steel and
timber lightweight observation towers that are open to the
public in Latvia. -e tower structure as well as its technical
conditions, dynamic parameters, and dynamic response to
human movement along the tower height were investigated.
-e main parameter that denoted the response level of the
tower to human movement was the tower self-weight.
Feldman et al. [15] evaluated the dynamic properties of
tall timber multistory buildings and timber towers under
wind-induced vibration. -e factors that influenced the
dynamic parameters, such as the construction type, height,
and vibration amplitudes, were discussed. Zhang et al. [16]
used a prediction method in the frequency domain for
predicting the vibrations in the Buddhist sutra depositary at
Yangzhou Zhunti Temple by using a double-confirmation
analysis method based on the autospectrum.

In this study, five historic timber minarets built using
different construction techniques and geometrical properties
are experimentally and computationally analyzed. -e
minarets are located close to each other in Sakarya, Turkey.
Sakarya City is located in the North Anatolian Fault Zone,
which is one of the most active strike-slip faults in the world.
-roughout history, many devastating earthquakes have
occurred in this region. Damaging earthquakes in this region

include the Sakarya-Hendek earthquake in 1943 (Ms � 6.6)
and the Sakarya-Akyazı earthquake in 1967 (Ms � 6.8), as
well as the Kocaeli (Ms � 7.8) and Düzce earthquakes in
1999 (Ms � 7) [17], each causing numerous deaths. Many of
the historic monuments and minarets in the area were
damaged or demolished as a result of these earthquakes. It is
important to understand the dynamic behavior of these
structures. In this study, the authors aimed to understanding
the effects of the construction techniques and geometrical
properties of timber minarets on their dynamic behavior and
proposed an empirical formula derived from these re-
lationships for rapid estimation of the fundamental period of
timber minarets.

2. Construction Techniques and Architectural
Features of Timber Minarets

-e architectural styles and structural systems of Turkish
minarets vary depending on the construction material and
available techniques, as well as the abilities and background
of workmen, among other factors. -erefore, contiguous or
separate minarets have been built from stone, brick, or
timber materials; they can be cubic, cylindrical, or polygonal.
However, in Turkish architecture, Classical Ottoman min-
arets may be assumed to be the final stage of the Turkish
minarets with slim, cylindrical, polygonal shafts, and conical
roofs. Classical masonry minarets have the following nine
segments: a foundation, pulpit, transition element, cylin-
drical body, balcony, upper part, spire, end ornament, and
stairs. -e foundation is constructed using very thick stone
blocks that are firmly connected. In many instances, this
segment is connected to the bearing walls of the mosque.-e
pulpit is the top of the bottom part of a minaret, which is
typically square or, less frequently, octagonal. Minarets from
the Early Ottoman period have eight-, ten-, twelve-, or
sixteen-faced polygonal pulpits. Transition elements provide
uninterrupted and smooth transitions between the pulpit
and the cylindrical or polygonal body. -erefore, the pulpit
and body shapes influence the geometric shape. Transitions
between polygonal pulpits to a cylindrical body were en-
sured using a cut pyramid and an inverted as well as plane
triangular element or various systematic Turkish triangular-
shaped elements. -e purpose of placing the balcony seg-
ments above the ground at definite height levels is to help
project the sound of the muezzin over extended distances.
Although this purpose has lost its effectiveness in recent
years due to the use of loudspeakers, balconies still survive
because they are aesthetically pleasing. Balcony decorations
are vitally important as they contribute to the magnificence
of minarets, and artisans exhibited their talents by producing
these decorations. Balconies consisting of a slab and parapets
behave as a cantilever. -e upper part of a minaret is the
segment that is located between the last balcony and the
spire, which generally includes a cylindrical or polygonal
body; however, different geometric properties were used
during the Seljuk period.

Minaret spires are generally considered to be a roof with
a timber structural system and are lead coated. -us, the
spire generally has different structural properties from those
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of the upper part of the minaret body. -e end ornament is
a metal device that is generally made of metal on top of the
minaret with a symbol at the end. Stairs are one of the main
structural elements of the minarets that provide a means to
climb to the balcony. Different structural materials have
been used, such as timber, steel, and masonry. -e restraint
conditions of stairs with rungs for the body of the minaret
affect their performance when subjected to lateral loads
[1, 2].

-ere are differences in the construction of masonry and
timber minarets. Timber minarets have no transition seg-
ment. -e outer wall designs of the cylindrical body and
upper part have the same thickness and are built using the
same construction techniques, unlike masonry minarets. A
timber core is only used in the upper part in masonry
minarets, but in timberminarets, the timber core is one piece
and is continuous from the foundation to the top of the
minaret. Stairs are arranged between the core and outer wall.
-e outer walls are constructed with different techniques.
-e sections of a timber minaret can be seen in Figure 1.

3. Studied Timber Minarets

-e studied five timber minarets are located in Sakarya City,
and they are close to each other. -e investigated minarets
have different geometrical properties. -e height of the
minarets and other geometrical properties have various
dimensions. Except for the outer wall of the minarets, the
other sections have similar construction techniques. -e
outer walls are constructed with different techniques. -e
most frequent usage is 8∼10× 4∼5 cm wide columns at
10∼15 cm intervals in a circular plan and 4× 4∼5× 5 cm
horizontal beams at 75∼200 cm vertical intervals between
the columns; bracing elements are used with different angles
and at different intervals. In the other technique, no bracing
elements are used between the columns, but a 2 cm thick
cladding timber material is used on the outside of the timber
columns (Figure 2).

-e geometric properties, construction dates, outer wall
construction techniques, weights, and positions relative to
mosques that are used in construction are presented in
Tables 1–5.

4. Experimental and Computational Analysis of
Timber Minarets

-edynamic parameters of the studied timberminarets were
both experimentally and computationally investigated. -e
experimental study was performed in situ using sensitive
sensors and a data acquisition system to determine the
dynamic structural properties. In addition, laboratory and in
situ ultrasonic tests were performed to find out the material
properties of timber elements. After the experimental ap-
proach, the structures were analyzed using a finite element
method.

4.1. Experimental Approach. -e dynamic parameters, such
as the fundamental frequency, mode shapes, and damping

ratios of timber minarets, were investigated using non-
destructive test methods.-is technique is called operational
modal analysis. -e modal parameters were determined by
the frequency-domain decomposition technique. -is is
often called the peak-picking technique. -e relationship
between the input x(t) and output y(t) can be written as
follows [18, 19]:

[Gyy(w)] � [H(w)]
∗
[Gxx(w)][H(w)]

T
, (1)

where Gxx is the power spectral density (PSD) matrix of the
input, Gyy is the PSD matrix of the output, H is the fre-
quency response function (FRF) matrix, and ∗ and T denote
complex conjugations and transpositions, respectively. -e
Heaviside partial fraction theorem is used under the as-
sumption that the input is random both in time and space
with a zero mean white noise distribution so that its PSD is
a constant matrix. -en, after mathematical manipulations,
the output PSD can be reduced to a pole/residue form as
follows:

End ornament

Cylindrical
body 

Foundation

Pulpit 

Spire 

Upper part
of the minaret

Balcony 

Figure 1: -e sections of a timber minaret.
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∗
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where Ak is the k-th residue matrix of the output PSD. -e
response spectral density matrix can be written in the form
below, considering a lightly damped system [19]:

[Gyy(w)] � 
k�Sub(w)

dkψkψkT

jw− λk
+

dk∗ψk∗ψkT

jw− λk∗
 , (3)

where dk is a scalar constant and ψk is the k-th mode shape
vector. -us, performing singular value decomposition of
the output PSD matrix at discrete frequencies w � wi, the
following can be obtained:

Gyy jwi(   � UiSiU
H
i , (4)

where matrix Ui is a unitary matrix holding the singular
vector uij and Si is a diagonal matrix holding the scalar
singular values sij; the superscript H denotes complex
conjugation and transposition. Near the peak corresponding
to the k-th mode in the spectrum, only the k-th mode is
dominant, and the PSD matrix approximates to a rank-one
matrix as follows [19]:

Ağa Mosque Ali Kuzu Mosque Fethiye Mosque Teşvikiye Mosque Güllük Mosque

Figure 2: -e studied mosque minarets.

Table 1: -e geometric properties and construction techniques of the Teşvikiye Mosque minaret.

Body Upper body Spire Construction techniques and the dimensions of the
circular outer wall (cm)

Teşvikiye Mosque
minaret (1953)

Height (m) 7.92 2.32 2.42

5
5

5

8 10 8 8 8 810 10 10 10 8 10 8 10 8 810

10
0

10
0

Outer diameter (m) 1.16 1.16 —
Outer wall thickness (m) 0.05 0.05 —

Weight (kN) 8.00 2.50 2.40
Timber core diameter (m) 0.30 0.24− 0.20 0.20− 0.10

Location Adjacent to the mosque
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Gyy jwi(  � siui1u
H
i1 , wi⟶ wk. (5)

-e first singular vector at the r-th resonance is an es-
timate of the r-th mode shape [19]:

ϕr � ur1. (6)

In the case of repeated modes, the PSD matrix rank is
equal to the multiplicity number of the modes. -e modal
frequencies can be identified via the peaks of the singular
value plots, while the corresponding singular vectors give the
mode shapes. It is worth noting that natural frequencies and
mode shapes can be estimated using such a method since the
enhanced frequency-domain decomposition technique al-
lows for the estimation of damping ratios [19].

In dynamic tests for very low noise sensors, the Sensebox
7001/02/03 series is used. -is series is an ideal solution for
forced vibration dynamic identification, shake-table tests,
machinery health monitoring, and structural health moni-
toring of relatively less rigid structures. A wide selection of
options exists from a ± 2 g− 400 g measurement range and
0–4000Hz bandwidth. -e Dynamic Data Acquisition/
Structural Health Monitoring Device Testbox 2010 series
data acquisition system has been used for applications in
structural monitoring, civil engineering, earthquake engi-
neering, and other dynamic applications [20]. Modal
analysis tests were performed at the balcony of the minaret.
-e sensors were placed at the x (north), y (east), and z
directions inside the balcony door. -e sensors and their
placements are shown in Figure 3.

Table 2: -e geometric properties and construction techniques of the Güllük Mosque minaret.

Body Upper body Spire Construction techniques and the dimensions of the
circular outer wall (cm)

Güllük Mosque
minaret (1966)

Height (m) 13.35 3.27 2.94

5
5

8 10 8 10 8 10 8 10 8 10 8 10 8 10 8 810

20
0

Outer diameter (m) 1.20 1.20 —
Outer wall thickness (m) 0.05 0.05 —

Weight (kN) 13.10 4.02 1.98
Timber core diameter (m) 0.30 0.24− 0.20 0.20− 0.10

Location Adjacent to the mosque

Table 3: -e geometric properties and construction techniques of the Fethiye Mosque minaret.

Body Upper
body Spire

Construction techniques and the
dimensions of the circular outer wall

(cm)

Fethiye Mosque minaret (middle of the
20th century)

Height (m) 9.05 3.25 2.70

5
20

0
5

8 15 8 15 8 15 8 15 8 15 8 815

Outer diameter (m) 1.06 1.06 —
Outer wall thickness

(m) 0.05 0.05 —

Weight (kN) 7.03 2.65 1.42
Timber core
diameter (m) 0.30 0.20− 0.16 0.16− 0.10

Location Adjacent to the mosque
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-e ambient vibration tests were performed under en-
vironmental forces, such as traffic and wind.-e tests should
be long enough to reduce the noise effects, and also, it is
required for the accurate damping estimations. -erefore,
the measurement durations were 30 minutes, and the fre-
quency span was chosen as 0–100Hz. -e singular values of
the spectral densities of all the test setups are shown in
Figure 4.

Laboratory and in situ ultrasonic tests were performed to
find out the material properties of timber elements used in
the construction of the minarets. -e density was measured
according to the EN 384 standard [21]. Ultrasonic tests were
conducted using a V-meter, with cylinder-shaped trans-
ducers. -e indirect method parallel to the grain and the
direct method perpendicular to the grain were used in the
tests (Figure 5).

-e relationship Edin � u2. ρ was used in the calculations,
where Edin represents the dynamic modulus of elasticity
(N/mm2), u is the propagation velocity of the longitudinal
stress waves (m/sn), and ρ is the density of the specimens
(kg/m3) [22]. -e average results are presented in Table 6.

4.2. Computational Approach. -e three-dimensional finite
element models of the studied five timber minarets were
prepared using the SAP2000 v20 finite element analysis
program [23]. -ey were modeled with the beam elements
having six degrees of freedom at every node. -e finite el-
ement model that belongs to one of theminarets investigated
in this study can be seen in Figure 6.

-e obtained experimental modes from in situ tests are
controlled using both modal assurance criteria (MAC) table

Table 4: -e geometric properties and construction techniques of the Ali Kuzu Mosque minaret.

Body Upper body Spire Construction techniques and the dimensions of the
circular outer wall (cm)

Ali Kuzu Mosque
minaret (1955)

Height (m) 12.86 3.04 3.06

8 8 8 8 8 8 8

75
5

75
5

75
5

15 15 15 15 15 15

Outer diameter (m) 1.34 1.34 —
Outer wall thickness (m) 0.05 0.05 —

Weight (kN) 14.73 3.27 2.03
Timber core diameter (m) 0.30 0.22− 0.18 0.18− 0.10

Location Adjacent to the mosque

Table 5: -e geometric properties and construction techniques of the Ağa Mosque minaret.

Body Upper body Spire Construction techniques and the dimensions of the
circular outer wall (cm)

Ağa Mosque minaret
(1870–restorated
2010)

Height (m) 7.68 2.62 2.66

8 15 8 15 8 15 8 15 8 15 8 8
5

5
20

0
15

Outer diameter (m) 1.46 1.46 —
Outer wall thickness (m) 0.05 0.05 —

Weight (kN) 16.04 4.20 1.91
Timber core diameter (m) 0.30 0.24− 0.20 0.20− 0.10

Location Adjacent to the mosque

6 Shock and Vibration



and the complexity plots. -e linear elastic material model
was assumed for the minaret analysis because the experi-
mental results for the in situ tests were also in the elastic
range. After the finite element models were prepared, the
modal analysis of the minarets was performed. -e natural
frequencies, mode shapes, and mass participation factors
were obtained from numerical analyses. -e boundary
conditions were updated depending on the experimental
results to represent the real behavior of the minarets. -e
material properties were obtained from the test results and
other sources [24, 25]. -e comparison of the seven modes
frequencies of the studied minarets between the experi-
mental and computational approaches is presented in Ta-
ble 7. -e first four modes are the bending modes, the fifth
mode is the torsion mode, and the sixth and seventh modes
are the bending modes. When comparing the experimental
and computational results, there is a good harmony among
mode shapes and natural frequencies. -e errors between
the results ranged up to a minimum of 1% to a maximum of
10%.

-e first seven modes and frequencies of one of the
studied minarets obtained frommodal analysis are shown in
Figure 7.

5. Discussion

5.1. Effect of Construction Techniques on Dynamic Behavior.
Minaret structural systems are based on a circular plan using
a timber core in the center and timber walls on the exterior.
-e stairs are arranged between the inner core and outer
walls. -e main difference in the construction of timber
minarets is in the outer wall design. -e builders used
different design techniques. -e outer walls of the studied
five minarets were also constructed with different tech-
niques, which play a role in the dynamic behavior. -e main
factors that affect this behavior are the stiffness-to-mass ratio
and damping.-e relationship between the stiffness-to-mass

ratio and the frequency is determined with the classical
formula f � 1/2π ∗

�����
(k/m)


, where f is the frequency and m

and k are the mass and stiffness, respectively. Comparisons
show that minarets with high stiffness-to-mass ratios also
have higher frequencies than minarets with low stiffness-to-
mass ratios. Figure 8 shows the stiffness-to-mass ratios and
frequencies of the studied minarets represented by their
outer walls.

-e minarets of the Teşvikiye Mosque have the highest
stiffness-to-mass ratio. -e timber columns of the outer wall
are arranged at 10 cm intervals, and the horizontal beams are
arranged between the columns at 100 cm intervals. Bracing
elements are continuously used throughout the minaret
height. Although the only difference between the con-
struction techniques of the Teşvikiye Mosque and Güllük
Mosque minarets is the frequency of horizontal beams, the
stiffness-to-mass ratio of the Teşvikiye Mosque was over 2
times than that of the minaret of the Güllük Mosque. -e
minaret of the Ağa Mosque had the second highest stiffness-
to-mass ratio. -e outer wall of the Ağa Mosque was built
with timber columns arranged at 15 cm intervals with
horizontal timber beams arranged every 100 cm between
columns. Additionally, a 2 cm thick timber claddingmaterial
was used outside the outer walls. -is cladding material
increased both the stiffness and mass of the structure. -e
minarets of the Fethiye and Ali Kuzu Mosques had the
lowest stiffness-to-mass ratios. -e lack of effective usage of
bracing elements and less column usage were the factors
leading to the lowest stiffness-to-mass ratios.

-e damping ratio also affects the dynamic behavior.-e
damping ratios varied between 1.2 and 2.0. -e minaret of
the Ağa Mosque had the highest damping ratio of 1.967. -e
usage of the timber cladding material and steel connections
led to a high damping ratio; however, the other minarets
have similar ratios.

5.2. Effect of the Geometrical Properties onDynamic Behavior.
Minarets are tall and slender structures; therefore, their
geometric properties, such as height, cross-sectional area,
and height/width ratio, are important regarding the dynamic
minaret behavior. Minarets behave like cantilevers in which
the stiffness can be calculated by the formula k� 3EI/L3,
where k is the stiffness, E is the modulus of elasticity, I is the
moment of inertia, and L is the height. In this study, without
normalization, the test results show that the highest minarets
have the lowest frequencies. However, the effect of height on
the frequency can be seen more clearly by eliminating the
other parameters from the frequency. Various minarets have
similar heights; therefore, the relationship between the
height and frequency can be seen in more detail. In Figure 9,
regression analysis between the height of the minarets and
the normalized frequencies shows that height affects the
dynamic minaret behavior.

In this study, the minaret height-to-width ratios were
investigated to determine their effects on the dynamic
behavior; minarets have high height-to-width ratios with
low frequencies that are affected by their height and
slenderness. -e relationship between the normalized

x

y
z

Figure 3: -e sensors and their placements on the balcony floor.
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frequencies and slenderness of the studied minarets can be
seen in Figure 10.

-e cross-sectional area also affects the dynamic prop-
erties. In the examined minarets, the cross-sectional area of
the Ağa Mosque minaret was higher than that of the other
minarets. -ese effects are particularly evident, and the first
period percentage of mass participation was expected to be
higher. Table 8 shows the mass participation factors that
were obtained from the numerical analyses. It can be seen
that the Ağa Mosque minaret has a 75% mass participation
factor in the first mode, which is 10% higher than those of
the other minarets.

6. Empirical Formula for Computing the
Fundamental Frequencies of Minarets

-e construction techniques and the geometrical properties
were important parameters for understanding the dynamic
behavior of these structures. Based on the data collected
from the experimental and computational approaches,
a simple formula was developed to estimate the first fre-
quency of vibration.

-e fundamental frequency of a minaret is expected to be
a function of the moment of inertia, the height of the
minaret, modulus of elasticity, cross-sectional area, and
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Figure 4:-e singular values of the spectral densities of all of the test setups: (a) Teşvikiye Mosque minaret; (b) Güllük Mosque minaret; (c)
Ağa Mosque minaret; (d) Ali Kuzu Mosque minaret; (e) Fethiye Mosque minaret.
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density. -e height of the minaret was given by the length
from the top of the pulpit to the base of the spire (body
+upper body in Tables 1–5); the cross-sectional area, and the
moment of inertia were calculated by using the base of the
body, density, and modulus of elasticity, which were given by
the data collected from the experimental approaches (Table 6).

Based on the parameters obtained from the experimental
and in situ measurements, a new equation was developed for
determination of the fundamental frequency:

f � ∝ · H
−3/2

·

����
E · I

ρ · A



, (7)

where ∝ is a constant, depending on the construction
techniques of the outer walls of the minarets, H is the height
of the minaret (body + upper body), E is the modulus of
elasticity (parallel to the grain), I is the moment of inertia, A

is the cross-sectional area, and ρ is the density.
-e parameter ∝ was calculated as 0.15 for the Teşvikiye

and Güllük Mosque minarets and 0.10 for the Ali Kuzu, Ağa,
and Fethiye Mosque minarets. -e Teşvikiye and Güllük

minarets had similar construction techniques, and the
distinctive features of the outer walls were the frequent use of
the outer columns and the bracing elements (Figure 2;
Tables 1 and 2). On the contrary, the lesser used bracing
elements can be seen in the construction of the outer walls
of the Ali Kuzu and Fethiye Mosque minarets (Figure 2;
Tables 3 and 4). Conversely, 2 cm thick timber was used as
a cladding material in the construction of the outer walls of
the Ağa Mosque minaret. It was observed that the param-
eter ∝ could be taken as 0.10, as in the Ali Kuzu and Fethiye
Mosque minarets. In Figure 11, the fundamental frequencies
of theminarets obtained from the experimental in situ values
and Equation (7) were compared with each other. -e errors
ranged up to a maximum of 9%.

7. Conclusions

Minarets are sensitive structures that are under lateral forces
and collapse during intense earthquakes and strong winds.
-ere are few studies regarding the construction techniques
and dynamic behavior of minarets, and many studies have
concentrated on masonry minarets. Although reinforced
concrete minarets are more common than masonry minarets,
they also collapse frequently under lateral forces. -erefore,
the use of timber in minaret construction has gained im-
portance. In this study, five timber minarets located in
Sakarya City, Turkey, were experimentally and computa-
tionally investigated to determine the effects of the con-
struction techniques and geometric properties of the minarets
on their dynamic behavior. Ambient vibration tests were
conducted to determine the dynamic characteristics of the

Figure 5: In situ ultrasonic test of timber core (the direct method).

Table 6: -e material properties of the timber elements used in the
construction of minarets.

Mosques

Modulus of elasticity (kN/m2)

Unit weight
(kN/m3)

Parallel to
the grain

Perpendicular
to the grain

Indirect
method Direct method

Teşvikiye
Mosque 3960000 520000 5.90

Güllük Mosque 4520000 530000 5.83
Fethiye Mosque 4010000 450000 5.87
Ali Kuzu Mosque 3520000 420000 5.92
Ağa Mosque 5070000 610000 6.01

Bracing
elements

Stairs

Beam

Center
core 

Outer
column

Frame
element

(12 DOF) 

Uz Uz
Rz Rz Rx

UxUx

UyUy
RyRy

Rx

Figure 6: -e finite element model and DOF system of the Güllük
Mosque minaret.
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minarets. Laboratory and in situ ultrasonic tests were per-
formed to determine the physical andmaterial properties.-e
finite element models of the studied five timber minarets were
prepared and modeled with the beam elements having six
degrees of freedom at every node. -e obtained experimental
modes from in situ tests are controlled using both modal
assurance criteria (MAC) table and the complexity plots. -e
linear elastic material model was assumed forminaret analysis
because the experimental results for the in situ tests were also
in the elastic range. -e boundary conditions were updated
depending on the experimental results to represent the real
behavior of the minarets. Using all data, an empirical formula
was derived for the rapid estimation of the fundamental

period of timber minarets. -is formula shows that the
construction technique of the outer wall is as important as the
material and geometric properties of the minarets. -e fre-
quent usage of the outer columns at 10 cm intervals and
bracing elements in the construction of the outer walls of the
Güllük and Teşvikiye Mosques minarets resulted in higher
fundamental frequencies than the others. On the contrary, in
the other minarets, the usage of 15 cm outer column intervals,
the usage of timber cladding material in the Ağa Mosque
minaret instead of bracing elements, and less usage of bracing
elements in the Ali Kuzu and FethiyeMosqueminarets are the
construction differences affecting the dynamic behavior. -e
formula leads to an upper limit with an error of 9%.

Y XZ Y XZ Y XZ Y XZ Y XZ Y XZ Y XZ

Mode 1
f: 1.18 Hz

Mode 2
f: 1.19 Hz

Mode 3
f: 6.50 Hz

Mode 4
f: 6.51 Hz

Mode 5
f: 9.52 Hz

Mode 6
f: 14.66 Hz

Mode 7
f: 14.70 Hz

Figure 7: -e first seven modes and natural frequencies of the Güllük Mosque minaret.

Table 7: First seven modes frequencies (experimental approach versus computational approach).

Mode number
Teşvikiye Güllük Fethiye Ali Kuzu Ağa

Exp. Comp. Exp. Comp. Exp. Comp. Exp. Comp. Exp. Comp.
1 2.42 2.46 1.27 1.18 0.93 0.96 0.72 0.78 2.10 2.15
2 2.69 2.47 1.27 1.19 1.05 1.01 0.74 0.79 2.32 2.15
3 11.40 11.64 7.15 6.50 3.22 3.93 3.71 4.09 9.59 10.35
4 12.21 11.65 7.24 6.51 3.52 3.96 3.91 4.14 9.69 10.45
5 13.70 13.75 10.30 9.52 5.20 5.02 5.08 4.50 11.96 11.52
6 22.85 21.04 15.01 14.66 8.15 8.41 8.15 7.94 12.13 12.58
7 23.07 21.21 15.02 14.70 8.42 8.45 8.42 8.26 13.10 12.60
Exp.� experimental approach; Comp.� computational approach.

Table 8: -e mass participation factors of the studied minarets.

Mosques
First mode Second mode Sum of first three modes

x y x y x y
Teşvikiye Mosque 63.83 63.81 20.64 20.67 85.36 85.22
Güllük Mosque 62.68 62.65 20.48 20.51 88.58 88.56
Fethiye Mosque 69.98 69.87 14.44 14.60 89.22 89.25
Ali Kuzu Mosque 66.48 66.11 18.43 19.34 87.91 90.06
Ağa Mosque 75.07 74.78 11.93 12.22 87.30 88.20
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In addition, minaret height, slenderness, and minaret
cross-sectional area affect the dynamic behavior of minarets.
-e frequent usage of horizontal beams in the outer wall
construction of timber minarets increases the rigidity of the
structure and affects their dynamic behavior. -e usage of
steel connectors provides high damping ratios.

In conclusion, the construction techniques and geo-
metric properties of timber minarets greatly affect their
dynamic behavior. Better design criteria development and

retrofitting guideline preparation with a different modeling
under different ground motions and strong winds will help
to ensure better minaret safety.
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“Earthquake analysis of reinforced concrete minarets using
ambient vibration test results,” Structural Design of Tall and
Special Buildings, vol. 19, no. 3, pp. 257–273, 2010.

[7] A. Bayraktar, A. C. Altunişik, B. Sevim, and T. Türker,
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Snowfall is one of the environmental factors that can cause effects on the identification of structural modal parameters. For the
steel structure roof of the Harbin Railway Station, effects of snow load to the modal parameters were investigated. A single-span
simply supported beam was analysed from the theoretical perspective to study the principles. FEM-based analyses were conducted
for the steel structure roof to illustrate the significance of the snow load effects to modal parameters. Uniformly and nonuniformly
distributed snow loads were regarded as the essential factors influencing modal frequencies and mode shapes. Monitoring
response data are collected and analysed to confirm the accuracy of analytical results. It is concluded that snowfall-induced
variations on structural stiffness and mass matrices reduce the modal parameters and alter the mode shapes. (e differences
between the change regulations of the various modes are closely related to the distributions of snow loads. (e theoretical and
numerical analytical results are validated to be feasible and credible using temperature, axial strain, and acceleration mea-
surements from the Harbin Railway Station field monitoring system.

1. Introduction

Over the past thirty years, damage identification has been
focused on the structural health monitoring (SHM) field. Due
to advances in sensor technology, integrated structural health
monitoring system can be more widely used to improve the
reliability, durability, longevity, system performance, and
safety of a structure that could potentially be affected by
natural disasters and accidental damage [1]. Furthermore,
based on many proposed damage identification methods, the
identification of modal parameters through vibration re-
sponse data has been widely used in damage detection, de-
velopment of early warning systems and safety assessments of
actual structures. Nevertheless, environmental factors can
deter the application of these methods, which can obstruct the
identification of modal parameters and reduce the reliability
of SHM. Specifically, environmental factors such as snow,
wind, temperature, freeze, and thaw conditions alter the
response of structures and thus impeding reliable damage
identification. (erefore, it is of great interest to study the

responses of structures under environmental factors and the
mechanisms that cause these responses.

Study on responses of a long-span spatial structure
caused by snowfall has always been a major research project
and attracted worldwide attention from scientists in relevant
fields. Snowfall can increase the structural burden, alter the
dynamic response of the structure, and increase the difficulty
of damage identification. In the 1990s, Majowiecki studied
the design methods of long-span subhorizontal structures
under snow loads through experimental analysis and noted
that the most important factors were the drift and accu-
mulation factors of the snow load. Additionally, the mon-
itoring of actual structures was proposed by Majowiecki as
a method of controlling the subsequent structural behaviour
and improving design methods and theoretical analysis [2].
However, monitoring of actual structures is a long-term and
complex work. Significant parameters associated with snow
load, such as the total mass, thickness, density, viscosity, and
distribution, usually differ based on the region and local
weather patterns. Furthermore, the associated effects can
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greatly vary based on the actual forms of structures.
(erefore, it is difficult to develop a research method that
can be applied to different types of structures.

As a significant environmental factor, snowfall often
causes damage to long-span spatial structures.(erefore, the
past main emphasis of the research is more concentrated in
the load-bearing capacity and static responses of structures
under snow loads. A large number of studies have exten-
sively investigated the distribution of the snow load in
different regions based on numerical and experimental
methods. Originally, snow load was considered as the
product of a ground load and a dimensionless ground-to-
roof conversion factor. In 1985, Ellingwood and O’Rourke
proposed probability models for ground snow accumulation
and the ground-to-roof conversion factor [3]. Over time,
additional factors of influence, such as wind, have been
considered. By verifying previous research and analysing
windward roof step data, O’Rourke and De Angelis justified
the rationality of the consideration of windward drifting and
verified the reliability of the proposed method [4].
Meløysund et al. suggested improvements to calculations of
wind exposure for roof snow loads in Norway by de-
termining exposure coefficients based on data from mete-
orological stations [5]. However, research on distributions
cannot reflect the dissimilar responses caused by snow load
to different structural types. Subsequently, analytical studies
of snow load effects have been performed for certain
structural types. Using the linear thin-shell theory of
Sanders, Plaut et al. proposed an analytical solution for the
initial stress on an arbitrary arch centerline structure under
snow and wind loading [6]. Holicky and Sykora proposed
a safety design procedure for lightweight steel roofs exposed
to snow loads and calculated the 3 associated reliability
indexes [7]. Additionally, based on the load-bearing capacity
status and the failure on actual structures, a number of
studies of the effects of snow loads on specific structures have
been published and serve as references for related analysis
methods. Lazzari et al. proposed nonlinear dynamic analysis
methods considering the static and dynamic effects of wind
and snow on the roof of Montreal Olympic Stadium to assess
the associated structural behaviour [8]. Using a football
stadium roof in Poland as an example, Flaga et al. obtained
new similarity criteria numbers considering dispersion
theory and factors such as snow precipitation and re-
distribution [9]. Additionally, del Coz Dı́az et al. conducted
a failure assessment based on sophisticated nonlinear finite
element models to discuss the collapse of a self-weighted
metallic roof [10]. Based on the Euler-Euler method in
multiphase flow theory, Sun et al. presented a numerical
simulation method combined with a snow deposition and
erosion model to analyse the mechanical performance of
a long-span membrane roof under a snowdrift [11].

As described above, for long-span spatial structures,
studies of the responses under snow loads have mainly been
performed from a static perspective. (e distribution of snow
loads and the load-bearing capacity of the structures under its
action have been widely investigated. However, research re-
garding dynamic responses is not comprehensive. For the
SHM area, using dynamic response data for modal parameter

identification is of great significance. Modal parameters are
often used as judging factors for damage identification and
condition assessment of long-span spatial structures. Research
on the changes of modal parameters caused by snow loads is
helpful to the safety assessment of long-span spatial structures.
Furthermore, studies on this topic can reduce the impact of
snowfall and improve the accuracy and reliability of damage
assessment based on SHM. (erefore, in this paper, effects of
snow load on modal parameters of the steel structure roof
from theHarbin Railway Station are analysed.(e next section
explains the principle of effects caused by snow loads onmodal
parameters. In Section 3, analytical investigations of the steel
structure roof under uniformly and nonuniformly distributed
snow loads are performed.(emonitoring results are reported
in Section 4, and the conclusions are summarized in Section 5.

2. Investigation on Principles of Snow Load
Effects on Modal Parameters

Snowfall covers the roof of long-span spatial structures and
transfers the load to structures. As a result, it not only in-
fluences the load-bearing capacity but also alters the stiffness
matrix andmass matrix of the structure. However, due to the
indeterminacy and temporal variations, it is complex and
difficult to monitor the effects of snow load on modal pa-
rameters. Considering these reasons, it is difficult to develop
snow load models in practice, even for specific structures. To
investigate the relationships between snow load factors and
modal parameters, a single-span simply supported beamwas
selected for analysis as a fundamental mechanical model.

(e roofs of spatial structures are covered with uni-
formly or nonuniformly distributed snow loads. Because the
snow load is not part of the structure, it is grouped with the
roof panels in force analyses. When roof panels are con-
tinuously supported by structural members, the snow load,
via the roof panels, can alter the force state on these
members. For a single-span, continuous, equal cross-
sectional beam with length l, modulus of elasticity E, sec-
ond moment of area J, density ρ, and axial force T (a positive
value represents a tensile force), the crosswise vibration
equation can be expressed as follows [12, 13]:

EJ
z4y

zx4 −T
z2y

zx2 + m
z2y

zt2
� q, (1)

where y is the transverse displacement over time t at po-
sition x along the span, m is the linear density, and q is the
transverse distributed load.Without considering the effect of
damping, the transverse vibration frequency of the n-th
mode is given by the following equation [14]:

fn �
nπ
l

��������������
EJ

ρ
1 +

Tl2

n2π2EJ
 



. (2)

According to Equation (2), assuming that the snow load is
uniformly distributed, the relationship between the transverse
vibration frequency fn and density ρ can be expressed as
fn∝ 1/

�ρ√ . In other words, the modal frequency decreases
with increasing snow load, and the rate of reduction gradually
decreases.
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When the roof panels are supported by uniformly dis-
tributed junctions of the structure, it is more accurate to
regard the snowfall as centralizedmasses at certain positions.
Nevertheless, the positions and characteristics of each
concentrated mass have different effects on the modal pa-
rameters of structures. Furthermore, concentrated masses at
some specific positions can have distinct effects on certain
modes [15]. In this case, a simple supported beam with one
concentrated mass M can be used as an example. Based on
Equation (1) and the boundary conditions for a simple
supported beam, the transverse principal vibration equation
of the n-th mode can be written as follows:

yn(x, t) � An sin
nπ
l

x  · sin ωnt + φn( , (3)

where An is modal vibration amplitude of the n-th mode, ωn

is the circular frequency, and φn is the initial phase at time t.
Assuming that the concentrated mass is located at the an-
tisymmetric vibratory position of a certain mode, as shown
in Figure 1, the boundary conditions can be represented as
follows:

yn(b, t) � 0, (4)

z2yn(b, t)

zx2 � 0. (5)

Substituting Equation (4) and (5) into Equation (3)
yields the following expressions:

An sin
nπ
l

b  · sin ωnt + φn(  � 0, (6)

−
n2π2

l2
An sin

nπ
l

b  · sin ωnt + φn(  � 0. (7)

According to Equation (6) and Equation (7),
nπb/l � kπ(k � 1, 2, 3 . . .). For a concentrated mass M, the
inertial force of transverse motion provided by the simple
supported beam can be formulated as follows:

1
2

M
z2y(b, t)

zt2
 

max
�

⎧⎨

⎩
1
2

M · An sin
nπ
l

b  · −ω2
n 

· sin ωnt + φn( 
⎫⎬

⎭
max

≡ 0.

(8)

Equation (8) indicates that no transverse vibration oc-
curs for concentrated mass M when arranged at the anti-
symmetric vibration positions of certain modes. In other
words, the effect of the concentrated mass M does not in-
fluence this specific mode.

When one or several concentrated masses are arranged
at ordinary positions along the simple supported beam, the
associated calculations can be extremely complicated [16].
(erefore, a multiple-degree-of-freedom simplified model is
developed to illustrate the inner relationships, as shown in
Figure 2(a).

In this study, the first seven modal frequencies and mode
shapes of the simplified models are calculated using the
subspace iteration method. For an undamped transverse

vibration system with multiple degrees of freedom, the vi-
bration equation can be represented as follows [17]:

M€x + Kx � 0, (9)

whereM and K are the mass and the stiffness matrices of the
system, respectively. For the simplified model shown in
Figure 2(a), the mass matrixM can be represented as follows:

M �
mL

8

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (10)

where mL represents the total mass of the simplified model.
For a multiple-degree-of-freedom system, the flexibility
matrix δ is the inverse matrix of the stiffness matrixK, which
can be represented as follows:

K−1 � δ �
l3

12288EJ

49 81 95 94 81 59 31

81 144 175 176 153 112 59

95 175 225 234 207 153 81

94 176 234 256 234 176 94

81 153 207 234 225 175 95

59 112 153 176 175 144 81

31 59 81 94 95 81 49

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(11)

where l is the length, E is the modulus of elasticity, and J is
the second moment of the area of the simplified model.
Based on the subspace iteration method, the calculation
results of first seven mode shapes without concentrated
masses are shown in Figure 3.

As shown in Figure 2(b), the modal parameters of the
simplified model with a single concentrated mass are in-
vestigated.(e concentrated massM varies within a range of

b

M

Antisymmetric vibratory position

M

Figure 1: Transverse antisymmetric vibration of the simple sup-
ported beam.
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Figure 2: (e simplified model: (a) preliminary model; (b) model with 1 concentrated mass; (c) model with 3 concentrated masses; (d)
model with 4 concentrated masses; and (e) model with 7 concentrated masses.
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Figure 3:(e first sevenmode shapes of the simplifiedmodel: (a) the 1st mode; (b) the 2ndmode; (c) the 3rdmode; (d) the 4thmode; (e) the
5th mode; (f ) the 6th mode; and (g) the 7th mode.
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0.0125mL to 0.125mL. Considering the symmetry of the
simplified model, the concentrated mass is considered at
positions 1 to 4. (e variations in the first seven modal
frequencies are shown in Figure 4.(e mode shape variations
corresponding to the orders with significant and insignificant
changes on frequencies are shown in Figure 5. (e modal
frequencies decrease as the concentrated mass increase, and
the rate of decline progressively slows. Notably, this result is
consistent with that for a continuously additional mass, as
shown above. Variations in different modal frequencies differ
as the position of the concentrated mass changes. As dis-
cussed above, locating the concentrated mass near the anti-
symmetric vibratory position of a certain mode causes little
change in modal parameters. Conversely, when the con-
centrated mass is arranged at the high-amplitude positions of
certain modes, the associated effects are larger. (ese results
are supported by the calculations, taking the 4th and 7th
modes as examples. Based on the mode shapes shown in
Figure 3, position 1 is the position with the highest amplitude
for the 4thmode and locates near the antisymmetric vibratory
position for the 7th mode. (us, the 4th modal frequency
visibly changes along with the increasing concentrated mass,
whereas the 7th modal frequency changes insignificantly.
Correspondingly, an equivalent phenomenon can be ob-
served for the mode shapes shown in Figure 5(a). Comparing
these two mode shapes, that of the 4th mode changes more
than that of the 7thmode. Additionally, changing the position
of the concentrated mass also has analogous effects on certain
modes. Figures 5(b)–5(d) show the most and least significant
changes in the mode shapes when the concentrated mass is
arranged at positions 2, 3, and 4. And the similar changing
trends can also be observed for the corresponding modal
frequencies, as shown in Figures 4(b)–4(d). (ese results
indicate that the different changes among different modes are
largely based on the distribution of the concentrated mass.

To illustrate the effects of multiple concentrated masses,
simplified models with several concentrated masses are
analysed, as is shown in Figures 2(c)–2(e). (e first seven
modal frequencies of the simplified models with three, four,
and seven concentrated masses are shown in Figure 6. (e
mode shape variations corresponding to the orders with
significant and insignificant changes on frequencies are shown
in Figure 7. Although the total mass of the simplified model is
increased, the difference caused by concentrated masses
among the positions decreases. (us, diversities of variations
among the first seven frequencies are less obvious. In other
words, the effects caused by the distribution of the concen-
trated mass gradually become weak, and it can be proved by
the calculation results shown in Figure 6. (e changes in the
modal frequency are more and more similar to those caused
by changing density, as discussed above.(is result reflects the
mutual agreement between these two theoretical analysis
methods. Furthermore, a corresponding phenomenon can be
observed for variations inmode shapes. For instance, although
the 3rd modal frequency showed the most significant change,
the 3rd mode shape did not show quite obvious variation, as
shown in Figure 7(a). For the 4th mode, the three concen-
trated masses are arranged at antisymmetric vibratory posi-
tions. So the mode shape is virtually unchanged. For the

simplified model with arranged concentrated masses on every
multiple-degree-of-freedom, the varying modal frequencies
overlap, as shown in Figure 6. It shows no diversities in the
change regulation of modal frequencies among different
modes. In this case, the effects caused by the distribution of
concentrated masses no longer exist, i.e., the effects on modal
parameters can be regarded as density variations and have no
effect on mode shape, as illustrated by the 7th mode shape in
Figure 7(c). In addition, when four concentrated masses are
distributed, the 4th mode shape of the simplified model re-
mains unchanged despite the significant variation in themodal
frequency, as shown in Figure 7(b). For the 4thmode, the three
positions without concentrated masses are the antisymmetric
vibratory positions. (us, the effects of the four concentrated
masses on the 4th mode equate to the effects of seven con-
centrated masses. (is result is supported by the similar
variations of 4th modal frequencies in Figure 6(b)–6(c). It can
be inferred that the degree of change in modal parameters is
closely related to the differences among the positions caused by
additional concentrated masses.

When regarding the snowfall as changing density of the
simplified model or additional concentrated masses, the
investigation results all show that the modal frequencies
decrease at a decreasing rate along with increasing snow
loads. Moreover, it can be deduced that changes of mode
shapes are closely related to the distribution of snow load
and the degree of change in themass and stiffness matrices of
the structure caused by the snow load. It should be noted
that in this section, a simplified model with 7 degrees of
freedom is created for simplicity. In reality, the number of
degrees of freedom can be increased for further verification.
Additionally, the damping ratio is a factor that is as im-
portant as the frequency and mode shape. However, to
simplify the analysis process, it is not included in this study.

3. Analysis of Snow Load Effects on the Steel
Structure Roof of Harbin Railway Station

3.1. Descriptions of the Structure and the Local Climate.
(e Harbin Railway Station is built in Harbin, Heilongjiang
Province, which is known as one of the largest trans-
portation hubs in Northeast China. An overall perspective of
the railway station is shown in Figure 8. (e roof of the train
elevated station is constructed using a steel structure roof
with dimensions of 162.15m× 72m× 13.25m. (e con-
struction of the steel structure roof is divided into two phases
and the completed first phase structure has dimensions of
69.75m× 72m× 13.25m.

(e steel structure roof is composed of transverse
principal trusses and transverse secondary trusses arranged
along the longitudinal direction, and these transverse trusses
are together connected through longitudinal trusses. (e
completed first phase structure consists of 10 transverse arch
trusses and 4 longitudinal vertical trusses, as is shown in
Figure 9(a)–9(c). According to Figure 9(d), the trusses are
composed of top chords, bottom chords and web members,
which all constructed by steel pipes. (e web members
connect the top chords and the bottom chords to form the
arched transverse trusses and the straight longitudinal
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Figure 4: Frequency variations of the simplified model with 1 additional concentrated mass: (a) 1 concentrated mass on position 1; (b) 1
concentrated mass on position 2; (c) 1 concentrated mass on position 3; and (d) 1 concentrated mass on position 4.
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Figure 5: Mode shape variations of the simplified model with 1 additional concentrated mass: (a) 1 concentrated mass on position 1; (b) 1
concentrated mass on position 2; (c) 1 concentrated mass on position 3; and (d) 1 concentrated mass on position 4.
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trusses. (e whole structure is mounted on the concrete
structure of the lower part through horizontal elastic sup-
ports and vertical rigid supports.

As a metropolis in northeastern China, Harbin has an
annual temperature difference at around 70°C. (e tem-
perature can be as low as −35°C in winter. As mentioned
above, environmental factors such as snowfall, wind,

temperature, freeze, and thaw conditions alter the response
of structures and change the modal parameters. In reality,
wind is slight at Harbin and the effects to the Harbin Railway
Station can be ignored. Additionally, according to the
temperature variations of the steel structure roof shown in
Figure 10, the maximum temperature difference from 1 Sep.
2017 to 31 Dec. 2017 is less than 10°C and the diurnal
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Figure 7: Mode shape variations of the simplified model with several additional concentrated masses: (a) 3 concentrated masses on position
2, 4, and 6; (b) 4 concentrated masses on position 1, 3, 5, and 7; and (c) 7 concentrated masses on every position.
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temperature difference is less than 2°C. (e temperature
difference between the top and bottom chords is less than
1°C. Due to such insignificant temperature variations, it can
be illustrated that the steel structure roof is almost unaffected
by the ambient temperature. (erefore, the snowfall be-
comes the main factor for alterations of modal parameters.

3.2. FEM Analysis of the Structure. For the completed first
phase of the steel structure roof, the FEM model was
established through ANSYS, as shown in Figure 11. As
a three-dimensional beam element, beam-188 element is
suitable for analysing slender to moderately stubby or thick
beam structures. Accordingly, 190,098 beam-188 elements
were established to simulate all of the top chords, bottom
chords, and web members of the structure. (e combin-14

element contains the longitudinal spring-damper option and
the torsional spring-damper option, which can provide
longitudinal or torsional capability, respectively. So, 120
combin-14 elements were established to simulate the elastic
supports. For the nonstressed components such as suspended
ceilings and roof panels, they transfer their own loads to the
steel structure roof. Because they are supported by uniformly
distributed junctions on the top and bottom chords, it is more
reasonable to consider them as additional concentrated
masses. For mass-21 element, it can assign a different mass
and rotary inertia to each coordinate direction. (erefore, all
of the nonstressed components are simulated as centralized
masses through 1830 mass-21 elements.

Due to the insignificant effects caused by wind and
temperature to the steel structure roof, only the constant
load of the structure and the nonstressed components are
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transverse trusses; (c) the longitudinal truss; and (d) the top chords, bottom chords, and web members.
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considered. Without consideration of the snow load, the
calculation results of the first 60 modes of modal frequency
using the FEM at the reference ambient temperature (20°C)
are shown in Figure 12. As a complex spatial structure, every
degree of freedom of the steel structure roof has approxi-
mately identical mass and stiffness. (us, the structure has
closely spaced natural frequencies. Additionally, due to the
actual form of the structure, stiffness and mass matrices on
transverse, longitudinal, and vertical directions are quite
different. (erefore, according to the first six mode shapes
shown in Figures 13–18, distinctions on the stiffness and
mass matrices make the three directions become the main
vibration directions. (e X, Y, and Z axes, respectively,
represent the transverse, longitudinal, and vertical di-
rections. (e calculated modal frequencies and mass par-
ticipation factors (MPF) for the first 6 modes are shown in
Table 1. For the 1st mode with a mode shape of longitudinal
vibration, the MPF has fairly large value on y direction
(longitudinal). Additionally, as a mode of transverse vi-
bration, the MPF values of the 2nd, 3rd, and 6th modes on x

direction are larger as well. Similarly, the MPF values of 4th
and 5th modes also have larger values on z direction because
they are vertical vibrations. (e correspondence between
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mode shapes and the MPF values reflects the accuracy of the
calculation results.

3.2.1. Analysis of a Uniform Snow Load Distribution
Condition. In this subsection, finite element model (FEM),
static and dynamic analyses of the structural elastic stage

were conducted. According to the discussion above, it can be
determined that the snowfall is the only environmental
factor with significant influence to the steel structure roof.
Consequently, in addition to the constant load of the
structure, only the effects of snow load on the first six modal
parameters are considered. (e other influential factors,
such as the foundation, wind, and ambient temperature, are
assumed to be invariable due to their insignificant effects.

Based on the load transfer mode of the steel structure
roof, the weights of roof panels and snowfall are transferred
to the roof through purlins. (e purlins are fixed at certain
locations on the top chords, as shown in Figure 19. So, the
snowfall is considered as multiple concentrated masses.
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Figure 14: (e 2nd mode shape (transverse).
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Figure 15: (e 3rd mode shape (transverse).
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Figure 16: (e 4th mode shape (vertical).
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Figure 17: (e 5th mode shape (vertical).
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Figure 18: (e 6th mode shape (transverse).

Table 1: (e mass participation factors of the first 6 modes.

Modes Frequency
(Hz)

MPF
(x direction)

MPF
(y direction)

MPF
(z direction)

1 1.868 5.7502e− 7 0.088211 2.9071e− 3
2 2.1515 0.13824 2.0175e− 05 9.2569e− 6
3 2.4782 0.043337 1.3335e− 05 1.1031e− 5
4 2.6548 1.3547e− 5 0.051783 0.15724
5 2.8389 1.7101e− 6 0.033359 0.043044
6 3.301 0.033303 4.0892e− 05 1.2661e− 3
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It is assumed that the snowfall is uniformly distributed
on the roof panels. Based on the reference of GB50009-2012
(Load Code for the Design of Building Structures) [18], the
ground snow loads in Harbin with a return period of 100
years is 0.5 kN/m2. So, in FEM of the steel structure roof, the
snow load varies from 0 kN/m2 to 0.5 kN/m2, with an in-
terval of 0.025 kN/m2. (e total mass of the snow load is
equivalent to 22.1% of the structure weight. Because neither
roof panels nor the snow is a force member, it is feasible and
reasonable to treat them as additional concentrated masses.

As the snow load is varied, the structural internal forces
are redistributed and can be reflected through axial force.
Figure 20 shows the curves of axial force variations for three
typical elements around the span center with a snow load
(element 160157 and 179795 are top and bottom chords,
respectively, and element 76067 is a web member, as is shown
in Figure 21). (e figure illustrates a linear relationship be-
tween the variations in the axial force and the snow load,
which suggests that structural internal forces consistently
increase along with the increasing snow load. Additionally, as
the snow load is directly transferred to the top chords, the
element on top chord exhibit the most significant change.
Notably, changes in the axial force all vary by approximately
20%, as shown in Figure 20, because the total mass of the snow
load is equivalent to 22.1% of the structure weight. Conse-
quently, these results suggest that the change of stress status of
the steel structure roof shows positive proportional re-
lationship with the increments of snow load.

As a complicated space truss, the modal parameters of the
steel structure roof are largely influenced by the actual form of
the structure. Figure 22 shows negative relationships between
the first six modal frequencies and the snow load. As discussed
above, along with the increase in number of concentrated
masses, the effects of the masses on the modal frequencies are
similar to density changes. Due to the dense and uniform
distribution of purlins shown in Figure 19, the snow load can
be considered as a change in the density of top chords, as
supported by the similar change trends in the modal fre-
quencies illustrated in Figure 22. Because of the diversity in the
stiffness and mass matrices in different directions, changes in
certain modal frequencies caused by snow load differ. As
a result, the 1st, 4th, and 5th modal frequencies exhibit rel-
atively small reductions compared to those of the 2nd, 3rd, and
6th modes. For the first mode, which exhibits the most

insignificant change in modal frequency, the mode shape
shown in Figure 13 is a longitudinal vibration. (e studied
steel structure roof has the largest span in the longitudinal
direction, and the integrity of the structure is strengthened by
four longitudinal trusses. (us, due to the high structural
stiffness, the effects of the snow load are insignificant and do
no visibly influence to the 1st modal frequency. Additionally,
the steel structure roof has a fairly high stiffness in the direction
of gravity. (erefore, because the 4th and 5th modes are
vertical vibrations, the effects of the snow load on the asso-
ciated modal frequencies are not obvious. By contrast, the
transverse stiffness of the structure is mainly supplied by the
four longitudinal trusses. Consequently, this structure has
a comparatively low stiffness in the transverse direction.
(erefore, modal frequencies of the 2nd, 3rd, and 6th modes
exhibit significant variations in their transverse vibrations.
Additionally, the 2nd and 3rdmodes have similarmode shapes
because the roof panels on the 10th truss were not installed for
the convenience of further construction.(us, the snow load is
not applied to these panels, which results in differences be-
tween the mass matrix of the 10th truss and those of other
trusses.(erefore, due to the local mass differences on the 10th
truss, two modes with similar mode shapes and modal fre-
quencies were produced. As discussed above, the degree of
stiffness and mass variations caused by snow load is an im-
portant factor that influences variations in modal frequencies.

Additionally, mode shapes are important modal pa-
rameters that should be investigated. To quantify the vari-
ations in mode shapes, the Modal Assurance Criterion
(MAC) is used as an index to evaluate the changes in mode
shapes. (e MAC can be defined as follows [19]:

MAC φi,φj  �
φi,φT

j 
2

φi,φT
i(  · φj,φT

j 
, (12)

where φi and φj are the mode shapes of modes i and j,
respectively. (e MAC values in three different directions are
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Figure 19: Steel structure roof.
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calculated as shown in Figures 23–25. According to the
calculation results, theMAC values decrease at a growing rate,
which suggests that variations in the mode shapes become
increasingly obvious as the snow load increases. Corre-
sponding to the changes of modal frequencies, changes in
MAC values are more significant for the 2nd, 3rd, and 6th
modes than the 1st, 4th, and 5th modes. (is finding reveals
that large variations in stiffness and mass in certain directions

caused by snow load can cause significant variations in mode
shapes as well. Additionally, as shown in Figures 24 and 25,
changes in MAC values in the vertical and longitudinal di-
rections with high stiffness are smaller than those in the
transverse direction.(is result indicates that variations of the
mode shapes on different directions are closely related to the
corresponding stiffness. Notably, the MAC value of the 6th
mode shape exhibits the most significant changes in every

#160157 

#179795 

#76067 

(a)

(b)

(c)

(d)

Figure 21: Layouts of element 160157, element 179795, and element 76067: (a) positions of the 3 chosen elements; (b) element 160157 (top
chord); (c) element 179795(bottom chord); and (d) element 76067 (web member).
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Figure 22: Frequency variations under uniformly distributed snow load: (a) the 1st, 4th, and 5th modes; and (b) the 2nd, 3rd, and 6th modes.
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direction. (is finding suggests that high modes with com-
plicated mode shapes are more sensitive to the effects of the
snow load. Additionally, the MAC values of the 2nd and 3rd
modes exhibit similar variations due to their similar mode
shapes. Overall, snow load affects modal parameters by
changing the stiffness and mass matrices of the structure.

3.2.2. Analysis of a Nonuniform Snow Load Distribution
Condition. As an external environmental load, the form and
distribution of snowfall will change over time and become
increasingly complex. (e effects of wind, temperature, and
freeze-thaw cycles can change, thereby influencing the
distribution of the snow load. Consequently, this subsection

focuses on the variations in modal parameters under the
effects of a nonuniformly distributed snow load. For the steel
structure roof of the Harbin Railway Station, the snowfall
distribution will change over time. According to the ref-
erence of GB50009-2012 [18], the snow load on an arched
roof can be calculated based on Figure 26.(e snow pressure
μr,m can be expressed as follows:

μr,m � 0.2 +
10f

l
, μr,m ≤ 2.0 . (13)

To investigate the variations in modal parameters under
uniformly and nonuniformly distributed snow loads, the
total mass of the snow load is held constant.
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Figure 23: MAC values of the mode shapes on transverse direction under uniformly distributed snow load: (a) the 1st, 4th, and 5th modes
and (b) the 2nd, 3rd, and 6th modes.
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Figure 24: MAC values of the mode shapes on vertical direction under uniformly distributed snow load: (a) the 1st, 4th, and 5th modes and
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Due to the nonuniform distribution of the snow load,
changes in axial forces will have different results.
According to Figure 27, despite the constant total mass of
snow load, the axial forces on the typical elements of the
top chord, bottom chord, and web members increase to
various levels. Because the snow load is concentrated in
the middle portion of the trusses, the load-bearing burden
of the force members increases at the span center. (us,
the axial forces on the top chord and bottom chord
changes in small increments at around 5%. Additionally,
the axial forces on typical elements of the web members
significantly increase by more than 65%. For the studied
steel structure roof, the web members transfer the snow
load from the top chord to bottom chord. (erefore, the
local load-bearing variations associated with the top and
bottom chords can drastically influence the correspond-
ing web members. As a result, the responses of typical
elements significantly increase.

Due to the close relationship between modal parameters
and structural stiffness and mass matrices, changes in the
distribution of the snow load can result in different variations.
Figure 28 shows the variations in the first six modal fre-
quencies for a nonuniformly distributed snow load. Com-
pared above, the first six modal frequencies exhibit similar
change trends under uniformly and nonuniformly distributed
snow loads. It is noteworthy that because of the nonuniform
distribution, the snow load on the exact center positions of the
trusses is reduced. For the 1st, 4th, and 5th modes, the exact
center position of the trusses includes high-amplitude posi-
tions according to Figures 13, 16, and 17. Consequently, the
1st, 4th, and 5th modes shown in Figure 28 exhibit at least
two-fold reductions compared with those shown in Figure 22.
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Figure 25: MAC values of the mode shapes on longitudinal direction under uniformly distributed snow load: (a) the 1st, 4th, and 5thmodes
and (b) the 2nd, 3rd, and 6th modes.
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In contrast, the nonuniformly distributed snow load has little
effect on the transverse stiffness and mass matrices. As a re-
sult, the modal frequencies of the 2nd, 3rd, and 6th modes
barely change. In summary, the different change regulations
of modal frequencies under uniformly and nonuniformly
distributed snow loads are the result of the internal changes
on stiffness and mass matrices.

Compared to the modal frequencies, variations in the
mode shapes are more closely related to internal differences
in the structural stiffness and mass matrices. For the steel
structure roof, variations of stiffness and mass matrices at
different positions caused by the nonuniformly distributed
snow load are more significant. As a result, the MAC values
of different modes changed compared above. Figures 29–31
exhibit variations in MAC values in different directions for
a nonuniformly distributed snow load. (e variations in
MAC values for the first six modes are mostly more obvious
than those shown in Figures 23–25. However, some specific
changing trends in MAC values should be noted. For the 1st
mode, the center positions of the trusses are the locations
with high amplitude. Due to the reduction of snow load on
these positions, the stiffness and mass matrices show the
least significant variation. (us, the MAC value in the
longitudinal direction exhibits little variation, as shown in
Figure 31(a). However, due to the nonuniform distribution
of the snow load, for the 1st mode, the variation quantities of
stiffness and mass matrices increase in the transverse and
vertical directions.(us, MAC values in these two directions
exhibit significant variations, as shown in Figures 29(a) and
30(a). Similarly, due to the same reason, the MAC values of
the 4th and 5th modes display insignificant variations in the
main vibration direction in Figure 30(a) and obvious var-
iations in the other two directions, as shown in Figures 29(a)
and 31(a). Additionally, for the MAC values of the 2nd, 3rd,
and 6th modes, due to the relatively small variations of
stiffness and mass matrices in the transverse direction for
these modes, the variations are less notable than those of the
1st, 4th, and 5th modes. It is worth noting that the MAC

value of the 6th mode in the vertical direction exhibits
a unique trend, as shown in Figure 30(b). (is finding may
be due to the complex shape of the 6th mode, which could
cause the MAC value to decrease in a unique manner under
the nonuniformly distributed snow load. Moreover, this
result indicates that high modes are more sensitive to the
nonuniformly distributed snow load than low modes. In
summary, the above phenomenon indicates that the effects
of the nonuniformly distributed snow load on different
mode shapes vary. Moreover, it again validates the close
association between the variations of mode shapes and the
changes of stiffness and mass matrices caused by non-
uniformly distributed snow load.

Comparing the FEM results of static and dynamic re-
sponses, one aspect to notice is that change of modal pa-
rameters is far below the change of axial forces. As the snow
load increases, the changes in the modal frequencies are
mostly less than 10% and the decreases of MAC values are
less than 0.01. It illustrates that modal parameters vary over
a relatively small range under effects of snow load. Ac-
cordingly, for the SHM system of a structure, data collection
of the dynamic responses needs to be quite accurate. In
reality, due to advances in sensor technology, the response
data collected by structural health monitoring system with
high precision sensors are becoming more and more ac-
curate. Studies on the modal parameters with small variation
ranges canmake the collected data better used. Furthermore,
due to the small range of variation, identifications of actual
changes and damages of the structure are likely to be covered
by the variations of modal parameters caused by snow load
effects. Consequently, it is of great importance to study the
relationship between modal parameters and snow load to
improve the accuracy and reliability of the SHM system.

4. Results of Structural Health Monitoring

4.1. Basic Information on Structural Health Monitoring Sys-
tems and Sensors. In the SHM systems of a spatial structure,
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Figure 28: Frequency variations under nonuniformly distributed snow load: (a) the 1st, 4th, and 5thmodes and (b) the 2nd, 3rd, and 6thmodes.
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the most important and most widely used method for safety
assessment, damage detection, and security prewarning is
the identification of modal parameters based on actual
structural behaviour data. However, the dynamic responses
collected by the SHM system can also be affected by envi-
ronmental factors. For the steel structure roof, effect of
snowfall is the main factor to the structural responses.
Accordingly, study of the snow load effects can reduce the
impact to the identification of modal parameters and im-
prove the accuracy of the SHM system.

For the steel structure roof of Harbin Railway Station,
a SHM system was designed and implemented to collect
and analyse the static and dynamic responses. (e static
responses can directly reflect the state of the structure. As is
shown in Figures 32 and 33, optical fibre Bragg grating

(OFBG) surface strain sensors were installed to collect the
axial strains on typical top chords, bottom chords, and web
members. 6 OFBG displacement sensors were installed to
collect the horizontal displacements of the supports. 6
OFBG temperature sensors were installed to monitor the
temperature changes. 5 static hydrostatic level gauges were
installed to monitor the settlements occurring at the
supports and typical positions of the structure. However,
static response monitoring has limitations, and the posi-
tions without monitoring equipment are ignored. (ere-
fore, it is necessary to collect dynamic responses for the
identification of modal parameters. As a result, 5 3-D
accelerometers were installed to collect the dynamic ac-
celeration data on the typical positions. Table 2 and 3 show
the properties of the sensors.
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Figure 29: MAC values of the mode shapes on transverse direction under nonuniformly distributed snow load: (a) the 1st, 4th, and 5th
modes and (b) the 2nd, 3rd, and 6th modes.
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4.2. Variations in Axial Strain. As noted above, the axial
strains of certain members were monitored with OBFG
surface strain sensors. (e monitoring results of at 12:00
from 1 Sep. 2017 to 30 Dec. 2017 are displayed in Figure 34.
According to Figure 32, the selected typical sensors locate at

the same positions as the typical elements chosen in FEM
results. Due to the small change in the ambient temperature,
the major environmental influence on the structure is
snowfall. (us, the monitoring results can be divided into
two parts according to the time of the first snowfall.
According to the weather in Harbin, the first snowfall oc-
curred on 9 Nov. 2017. According to Figure 34, the axial
strain responses at typical positions on the top chord and
bottom chord exhibited insignificant change in Sep. and Oct.
In the following Nov. and Dec., the axial strain increased,
especially on the day after a snowfall event, as a result of
snow accumulation on the roof. Correspondingly to the
FEM results discussed above, snow load can directly increase
the load-bearing burden of the structure. Additionally, the
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Figure 33: Frequency variation versus time: (a) the 1st modal frequency (longitudinal); (b) the 2nd modal frequency (transverse); and (c)
the 4th modal frequency (vertical).

Table 2: Properties of surface strain sensors, temperature sensors, and displacement sensors.

Parameters Surface strain sensors Temperature sensors Displacement sensors
Measurement range −1500 με∼+ 1000 με −40°C∼200°C 50 mm
Wavelength range 1510 nm∼1590 nm 1510 nm∼1590 nm 1510 nm∼1590 nm
Precision 1‰ F.S. 0.08°C∼0.1°C 1‰ F.S.
Resolution 0.5‰ F.S. 0.04°C 0.5‰ F.S.

Table 3: Properties of hydrostatic level gauges and accelerometers.

Parameters Hydrostatic
level gauges Accelerometers

Measurement range 2m ± 2.0 g
Operation temperature range −30∼80°C −20°C∼60°C
Precision 0.01% F.S 0∼50Hz
Resolution 0.003% F.S <0.01 gal
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second moment of area of the bottom chord is larger than the
top chord does. As a result, the monitoring result of the top
chord changes more significantly with larger fluctuations.

4.3. Modal Identification Method and Modal Parameters.
Modal identification methods have been designed and pro-
posed to improve the accuracy, resolution, and reliability of
estimating modal parameters. Due to the low signal-to-noise
ratio of the measured acceleration signal, modal identification
methods with high resolution, high accuracy, and strong
noise-resistance ability should be selected and used [20]. For
instance, the Eigensystem Realization Algorithm (ERA)
combined with the Natural Excitation Technique (NExT)
[21–23] is a common modal identification method that has
beenwidely applied for the identification ofmodal parameters.

It is worth noting that the variations of modal parameters
are closely related to the frequency characteristics of the
loading. For instance, fluid-structure coupling effects caused by
wind and explosion load with different ranges of frequencies
can change the modal parameters of the structure in different
forms and degrees. However, no kinds of load with specific
ranges of frequency characteristics generated during the
process of collecting structural response data. (erefore, the
dynamic response of the steel structure roof can be considered
as vibration caused by natural excitation. As a result, in this
study, modal parameters of the steel structure roof were
identified through NExT+ERA in the temporal domain using
acceleration response data collected by the 3-D accelerometers.

According to the previous FEM-based analyses, the
modal frequencies are quite close among the first 60 orders.
Moreover, the higher mode shapes become more and more
complicated as well. Consequently, the identification results
of higher orders have lower reliability and are difficult to
distinguish. (erefore, due to their relatively simple and
stable mode shapes, the 1st, 2nd, and 4th modal parameters
were identified. (e 3rd mode was skipped because it has
a mode shape similar to that of the 2nd mode. In the process
of Fourier transformation, the range of cut-off frequency was

set from 1Hz to 3Hz to eliminate the interference of high
and low orders of modal frequencies.

For the purpose of comparing to the calculation results
shown above, the acceleration responses at 12:00 on 13 Sep.
2017 were selected, i.e., the impact of snowfall has not yet
occurred. According to the identification results, the 1st,
2nd, and 4th modal frequencies were 1.8463Hz, 2.1573Hz,
and 2.6489Hz, respectively. (e results agree well with the
calculated modal frequencies and the differences are less
than 2%. Additionally, the corresponding identified mode
shapes are shown in Figure 35 (mode shape coefficients are
magnified for clarity). (e identified 1st mode shape shows
a significant structural deformation on longitudinal di-
rection, which is consistent with the calculated result shown
in Figure 13. Changes in the center of the transverse trusses
are especially obvious. Additionally, Figure 35(b) shows the
same kind of deformation trend on the transverse direction
as Figure 14 does. (e relative position of each truss is
gradually offset in the transverse direction. For the 4th order,
the identified mode shape shows a conspicuous form of
vertical vibration, which is the same as the calculation result
in Figure 16.(e displacements of the 1st and 10th trusses in
the vertical direction are significantly different. Overall, the
identified 1st, 2nd, and 3rd modal frequencies and their
corresponding mode shapes all agree well with the calculated
results of FEM analysis. (e accuracy of these two research
methods is proved through the contrast results.

4.4. Variations in Natural Structural Frequencies. As dis-
cussed above, effects of snowfall occurred in Nov. and Dec.
2017 changed the axial strains of the steel structure roof.
Correspondingly, the dynamic responses were altered by
snow load as well. (e acceleration records (collected by the
3-D accelerometers from 1 Sep. 2017 to 31 Nov. 2017) were
identified using the NExT+ERA method to obtain the re-
lationship between the modal frequency and snow load.
Figure 33 shows the identification results of the 1st, 2nd, and
4th modal frequencies. For the three orders, since no
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snowfall occurred, the fitting results of the identified fre-
quencies remain approximately constant in Sep. and Oct at
around 1.8520Hz, 2.1570Hz, and 2.6496Hz, respectively.
As can be seen, the fitting results are in good agreements
with the calculated FEM results shown above. Similarly, the
identified modal frequencies decrease as snow load in-
creases. After entering Nov., snowfall accumulated on the
structure and the identified frequencies show continuous
downward trends. Specifically, the decreased responses in
Dec. were particularly obvious. (e fitting results gradually
decrease to 1.8159Hz, 2.1274Hz, and 2.6275Hz. (e re-
ductions are less than 2%, which are basically kept at the
same order of magnitude to the FEM results. Overall, the
calculated modal frequencies and their fitting results are in
good agreements with the analysis results through FEM. As
is discussed, the accuracy of these two research methods is
once again been proved. Additionally, one noticeable and
similar phenomenon is that despite these decreases, the
distributions of the modal frequencies measured from Nov.
to Dec. almost cover the same range as the results measured
from Sep. to Oct. It is illustrated that the identification
results vary over a relatively small range under effects of
snow load, which is the same as the FEM result does. In
summary, it is concluded that the research methods applied
in this study are feasible and credible for the investigation of
snow load effects on structural modal parameters.

4.5. Variations in Structural Damping Ratios. In the iden-
tification, the proportional viscous damping was assumed to

be existence and the damping ratios of the steel structure
roof extracted were through NExT + ERA. Figure 36 shows
the damping ratios of the 1st, 2nd, and 4th orders. Similarly,
without effects of snow load, the fitting results of the
damping ratios barely change from Sep. to Oct. at around
0.0445, 0.0469, and 0.0459, respectively. Whereas a negative
relationship could be observed from Nov. to Dec as the
snowfall occurred and the damping ratios drop to 0.0331,
0.0382 and 0.0375. It is indicated that the damping ratios
decrease along with the increasing snow load as well. Fur-
thermore, it is worth noting that the identified damping
ratios decrease more obviously than the case for frequencies
and the reductions are about 20%. (is phenomenon il-
lustrates that the damping ratio is more sensitive to the
effects of snow load than the modal frequency does.

5. Conclusions

(is paper investigates the effects of snow load to the modal
parameters of spatial structures based on a SHM system of
the steel structure roof of Harbin Railway Station. (e
following conclusions were drawn from this study:

(1) According to the theoretical analysis of a single-span
simply supported beam, the modal frequencies de-
crease with increasing snow load and the decreasing
rate gradually diminishes. (e diversities of change
regulations among different modes are closely related
to the distributions of the snow loads. When the snow
loads are centrally distributed on the high-amplitude
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Figure 35: Mode shapes identified using NExT+ERA from 12:00:00, 13 Sep. 2017 to 12:30:00, 13 Sep., 2017: (a) the 1st mode shape
(longitudinal); (b) the 2nd mode shape (transverse); and (c) the 4th mode shape (vertical).
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positions of certain modes, changes of the modal
frequencies and mode shapes were significant.

(2) Variations of mode shapes are correlated to internal
differences in structural stiffness and mass matrices
caused by snow loads. (eoretical analysis showed
that when the snow load was considered as a density
change of the structure and no internal differences in
stiffness or mass existed, the mode shapes barely
change. Conversely, significant variations of mode
shapes can be found when the snow loads were
nonuniformly distributed.

(3) Both the theoretical analysis and the FEM results of
the steel structure roof exhibit the same change
regulations of modal frequencies under effects of
snow load. (e calculated MAC values decrease as
the snow loads increase, which revealed the in-
creasingly significant change of the mode shapes.
According to the FEM results, variations of modal
parameters among different modes are largely de-
termined by the actual form of the mode shapes.
Changes of stiffness and mass matrices caused by

snow loads are different for each mode and the
modal parameters show various changes.

(4) By comparison, both the modal frequency and mode
shape variations of the steel structure roof exhibit
close relationships with the distribution of the snow
load. Due to the different distributions, snow loads
bring dissimilar effects despite the unchanged total
mass. Correspondingly, the mode shapes changed
with varying degrees and several particular changes
were observed for certain modes. Additionally, high
modes with complicated mode shapes were more
sensitive to the effects of the snow load.

(5) Based on the identification and analysis of the SHM
data, it is concluded that snowfall-induced variations
of stiffness and mass matrices cause the changes of
modal parameters. (e identified results of modal
frequency and mode shape basically agree well with
the analysis results, which proved the accuracy of the
theoretical analysis and the FEM calculation. Both
the identified and FEM results show less obvious
variations on the modal parameters of the structure
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Figure 36: Damping ratio variation versus time: (a) the 1st mode damping ratio (longitudinal); (b) the 2nd mode damping ratio
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than on the internal forces. (ese results indicate
that modal parameters vary over a relatively small
range under effects of snow loads.

(6) (e identified damping ratios decrease along with
the increasing snow loads. Compared to the iden-
tified results of modal frequencies, the damping
ratios are exhibited to be more sensitive to the effects
of snow loads.

(7) (e investigation methods used in this research are
proved to be feasible and credible for the investigation
of snow load effects. In addition, the actual distri-
bution of snow loads on the steel structure roof from 1
Nov. to 31 Dec. 2017 was not measured due to the
high difficulty and the huge amount of work. In re-
ality, the actual distribution of snow load could be
very helpful to further improve the accuracy of FEM
results and have better fidelity to the identified results.
And more quantitative conclusions could be derived,
accordingly.
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Feature extraction is one of the most difficult aspects of mechanical fault diagnosis, and it is directly related to the accuracy of
bearing fault diagnosis. In this study, improved permutation entropy (IPE) is defined as the feature for bearing fault diagnosis. In
this method, ensemble empirical mode decomposition (EEMD), a self-adaptive time-frequency analysis method, is used to
process the vibration signals, and a set of intrinsic mode functions (IMFs) can thus be obtained. A feature extraction strategy based
on statistical analysis is then presented for IPE, where the so-called optimal number of permutation entropy (PE) values used for
an IPE is adaptively selected. -e obtained IPE-based samples are then input to a support vector machine (SVM) model.
Subsequently, a trained SVM can be constructed as the classifier for bearing fault diagnosis. Finally, experimental vibration signals
are applied to validate the effectiveness of the proposedmethod, and the results show that the proposedmethod can effectively and
accurately diagnose bearing faults, such as inner race faults, outer race faults, and ball faults.

1. Introduction

In the process of intelligent manufacturing, the reliability of
the equipment determines the final product quality and
operational safety. Meanwhile, rolling element bearings are
commonly employed in rotary machinery, such as motors,
mine hoists, and turbines, and their fault diagnoses will
affect the normal operation of rotating machinery. Once
a bearing fails, it will lead to performance degradation of the
entire machine that could potentially lead to disastrous
accidents [1, 2]. It is well known that bearing faults are one of
the most common sources of machine failures, and recent
studies show that more than 50% of machinery failures are
related to various bearing defects [3]. -erefore, it is nec-
essary to design an effective fault diagnosis method for
rolling element bearings. A complete rolling element bearing
usually comprises an inner race, outer race, a rolling ele-
ment, and a retainer, and its major fault sources are defects
on the inner race, outer race, or one of the rolling elements.
Once any of the above components has a defect, various

types of sensor data can be collected for fault diagnosis, such
as temperature, acoustics, and vibration [4]. As vibration
data are easily collected, and also contain abundant in-
formation regarding bearing faults, they are extensively used
to diagnose mechanical faults [5–7].

Suitable feature extraction can improve the diagnosis
results of bearing faults, and numerous scholars have pro-
posed a large number of effective methods to extract features
from vibration signals, such as Fourier-based methods,
Wigner–Ville distribution (WVD), wavelet transform-based
(WT) methods, empirical mode decomposition (EMD), and
EEMD. In [8], the zoom fast Fourier transform (ZFFT)
technique was employed for fault diagnosis of three-phase
induction machines that elicited an improvement in fre-
quency resolution. Antoni and Randall [9] used short-time
Fourier transforms (STFT) to conduct fault diagnosis of
rotating machines. In [10], a cyclic spectral density-based
WVD was proposed to diagnose faults of rolling element
bearings. Kankar et al. [11] presented a method for rolling
element bearing fault diagnosis using continuous wavelet
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transforms (CWT) and SVM classifiers, achieved a higher
accuracy of fault diagnosis by extracting useful features from
the original data, and removed irrelevant features. Zarei and
Poshtan [12] used wavelet packet transforms (WPT) to
develop a fault diagnosis method, and accurately detected
the faults of two holes on the outer race and one hole on
other bearing parts by analyzing the stator currents. In [13],
the redundant second-generation wavelet packet transform
(RSGWPT) was introduced to improve kyrtograms for weak
fault-feature extraction in rolling element bearings.

Unlike the above traditional signal processing methods,
EMD, a self-adaptive time-frequency analysis algorithm, was
presented in [14], and it has been extensively used in me-
chanical fault diagnosis. In [15], a new fault diagnosis
method was proposed based on EMD and yielded estimates
of the parameters of the alpha stable distribution (ASD)
using vibration analysis for fault diagnosis of low-speed
rolling bearings by filtering the trend and noise compo-
nents of EMD. Jiang et al. [16] developed a new fault di-
agnosis method based on EMD and singular value
decomposition (SVD) to diagnose faults in a roller-bearing
system. Ricci and Pennacchi employed EMD and Hilbert–
Huang spectrum analyses to diagnose faults in gears [17]. A
fault detection method for roller-bearing systems was
constructed using a wavelet denoising scheme and proper
orthogonal values (POV) of an intrinsic mode function
(IMF) covariance matrix [18]. Although the EMD is ex-
tensively used for mechanical fault diagnosis, traditional
EMD could suffer frommode-mixing problems when is used
to analyze complex signals. To overcome this issue, EEMD
was proposed by Wu and Huang [19] and is frequently used
for mechanical fault diagnoses. For example, an EEMD
based on a multiscale, independent component analysis
(ICA), multivariate-monitoring approach, was proposed for
slewing bearing fault detection and diagnosis [20]. A similar
fault diagnosis based on EEMD and principal component
analysis (PCA)/kernel principal component analysis
(KPCA) was presented in [21, 22]. A new improved version
of a multifault diagnosis method for axle bearings was in-
troduced by using EEMD and Hilbert marginal spectrum
analysis [23]. In this method, an IMF confidence index was
designed to realize the aim of adaptive self-selection of the
useful IMFs. Apart from the above studies, some other
EEMD-based fault diagnosis methods can be found in
[24–26].

In addition to the above signal processing method,
other indices should be employed to characterize the
collected vibration signal to complete the bearing fault
diagnosis. As we know, when a bearing is under a failure
state, its vibration signal will change in complexity syn-
chronously. As a result, the vibration signals of various
types of bearing fault types will have different complexities.
If the complexity of the vibration signal can be effectively
represented, then the bearing fault can be accurately di-
agnosed. Permutation entropy (PE), which was proposed
by Bandt and Pompe [27], can analyze the complexity of
signals in time series by utilizing the comparison of
neighboring values. Since PE is simple and invariant with
respect to nonlinear monotonous transformations, it has

been introduced to mechanical fault diagnosis, signal
complexity analysis, and other application fields [28, 29]. In
[30], the PE was investigated as a tool to predict the absence
of seizures of genetic absence epilepsy rats from Strasbourg
(GAERS) by using electroencephalographic (EEG) re-
cordings. Meanwhile, PE has also been employed to im-
prove fetal behavioral state classification by heart rate
analysis from biomagnetic recordings in near-term fetuses
[31]. In [32], the algorithm of PE was used to detect dy-
namic changes using a well-known nonlinear logistic map,
and a nonlinear statistical measure method was proposed
for status characterization of rotary machines. Yi et al. [33]
presented a PE-based tensor singular spectrum de-
composition algorithm and successfully applied it in
bearing fault diagnosis. Shi et al. [34] designed an improved
local mean decomposition (LMD) based on the self-
similarity of vibration signals, and then combined PE
and an optimized K-means clustering algorithm to di-
agnose bearing faults. Zhang et al. [28] integrated PE,
EEMD, and optimized SVM, for bearing fault diagnosis.
However, noise interference may also cause the complexity
of vibration signal changes. -at is to say, the PE values
extracted at various time periods may exhibit random
fluctuations that will ultimately reduce fault diagnostic
accuracy [16].

In this study, a new diagnostic parameter, referred to as
improved permutation entropy (IPE), is proposed for
bearing fault diagnosis with support vector machines
(SVM). First, a set of IMFs can be decomposed from vi-
bration signals based on EEMD. Second, a feature extraction
strategy based on statistical analysis is then presented for
IPEs. -ird, the obtained IPE-based samples are put into an
SVM model, and a trained SVM can then be constructed as
the classifier for bearing fault diagnosis. Finally, experiments
are carried out on simulators to collect real vibration data to
validate the effectiveness of the proposed method.-e rest of
this study is structured as follows: Section 2 introduces the
basic theories that include the EEMD algorithm and the
definition of traditional permutation entropy. -e proposed
method and experimental research are described in Sections
3 and 4, respectively. -e conclusions are presented in
Section 5.

2. Materials and Methods

2.1. EEMD. -e traditional EMD method is associated with
a mode-mixing problem when employed to analyze complex
vibration signals. To overcome this, EEMD, an improved
version of the EMD technique, was proposed by Wu and
Huang in 2009 [19]. -e fundamental steps of EEMD are
presented below [19–26]:

(1) Determine the decomposition number N, and add
noise with an amplitude A, thus yielding a new
signal

xn(t) � x(t) + en(t), (1)

where en(t) is white noise.
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(2) Decompose the noise-added vibration signal stan-
dard EMD and then obtain,

xn(t) � 
M

m�1
cn,M(t) + rn,M(t), (2)

where cn,m(t) and rn,M(t) are the mth IMF and
residual signals of the nth EMD decomposition,
respectively.

(3) Repeat steps (1) to (3) N times, and obtain the final
IMFs in accordance to

cm(t) �
1
N



N

n�1
cn,m(t),

rM(t) �
1
N



N

n�1
rn,M(t).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

(4) -e original signal can then be decomposed as,

x(t) � 
M

m�1
cm(t) + rM(t). (4)

2.2. Permutation Entropy. Permutation entropy (PE), was
proposed by Bandt and Pompe [27], and can analyze the
complexity of signals in time series by utilizing the com-
parison of neighboring values. Its advantages are simplicity,
robustness, and invariance, with respect to nonlinear mo-
notonous transformations [28]. -erefore, it has been
employed in numerous fields for evaluating the dynamic
characteristics of various signals.-emathematical theory of
PE is described briefly below [27–34].

For a time series x(n), n � 1, 2, 3, . . . , N{ }, its
m-dimensional embedding vector with time delay τ s can be
written as

x
m
i � [x(i), x(i + τ), x(i + 2τ), . . . , x(i +(m− 1)τ)].

(5)

All the elements in the embedding vector xm
i can then be

ranked from the smaller to the larger as

x i + k1τ( ≤x i + k2τ( ≤x i + k3τ( ≤ · · · ≤ x i + kmτ( ,

(6)

where ki ≠ kj and the rank discussed above is the permu-
tation of the embedding vector xm

i , marked as πk1 ,k2 ,...,km
.If

two or more elements of the embedding vector xm
i are equal,

we order them by their corresponding index value ki. When
there is an equality case, e.g., x(i + kiτ) � x(i + kjτ), if
ki < kj, then these two elements are ordered as
x(i + kiτ)≤x(i + kjτ).

Herein, we can obtain the relative frequency of the
permutation πk1 ,k2 ,...,km

using

P πi(  �
number xi(m) has type πi ∣ 1≤ i≤N−(m− 1)τ 

N−(m− 1)τ
.

(7)

Subsequently, the PE with dimension m is defined as

HPE(m) � − P πi(  ln πi( . (8)

-e maximum value of HPE(m) is ln(m!) when all
possible permutations have the same probability. -erefore,
the normalized permutation entropy (NPE) can be obtained
as

HNPE(m) �
HPE(m)

ln(m!)
. (9)

According to the definition of PE and its calculation
process, the selection of the time lag τ and the embedding
dimension m influences the final result. -erefore, the
method that is used to choose suitable parameters is one
important step for PE. -e choice of excessively large τ
values will make the correlation of all points to be too small
and cannot reflect the dynamic characteristics of the mea-
sured object. When the embedding dimension m is set to
take values that are too small, the reconstructed vector
contains little information, and it may be difficult for the
elicited PE to reveal the real features of a complex signal.
Large m values will not only be time-consuming, but also
difficult to reflect the subtle changes in the time series. In
[27], Bandt and Pompe suggested the selection of an em-
bedded dimension m � 3− 7, whereby the value of the time
lag was equal to unity. In this study, we mainly planned to
use statistical averaging analysis to reduce the impact of
noise on traditional PE features when PE was applied as
a distinguishing feature for mechanical fault diagnosis.
-erefore, we set m � 3 and τ � 1.

3. Bearing Fault Diagnosis Based on IPE
and SVM

In this study, a new diagnostic parameter, called improved
permutation entropy (IPE), is proposed for bearing fault
diagnosis. -e proposed method includes three steps: vi-
bration signals decomposed by EEMD, IPE feature extrac-
tion, and SVM-based fault diagnosis. Its implementation
process is shown in Figure 1.

3.1. PE Calculation Based on EEMD. In this study, EEMD is
used to process the vibration signals to obtain IMFs for PE
values and its two critical parameters need to be established:
the ensemble number and the amplitude of the added noise.
To make the EEMD more effective, Wu and Huang [19]
suggested that the amplitude of the added noise is 0.2 times
the standard deviation of the signal, and the value of the
ensemble number is a few hundred units. Note that after the
added noise amplitude is determined, the larger the en-
semble number is, the smaller the decomposition error will
be [19]. However, increasing the ensemble number above
100 will marginally improve the error, with a large increase
in the required computational time [35]. -erefore, in our
study, the ensemble number and the amplitude of the added

Shock and Vibration 3



white noise are set to 100 and to 0.2 times the standard
deviation of the signal, respectively.

In this study, only the vibration signals of one sensor are
considered.When one data segment of the vibration signal is
processed by EEMD, a set of IMF decomposition compo-
nents can be obtained, and each one can be used to calculate
a PE value. -erefore, if there are type I data segments, we
can obtain

Fpe � Fpe,1, Fpe,2, . . . , Fpe,i, . . . , Fpe,I , (10)

where Fpe,i � [fpe,i,1, fpe,i,2, . . . , fpe,i,j, . . . , fpe,i,J],
which is defined as the PE set of the ith data segment,fpe,i,j is
the PE value calculated from the jth IMF component of the
ith data segment.

3.2. Definition and Extraction of IPE. Different types of
bearing faults have vibration signals of differing complexity.
-e traditional PE, proposed by Bandt and Pompe [27], can
quickly show the complexities of vibration signals in the time
domain by utilizing the comparison of neighboring values.
However, noise interference causes the features extracted
from the vibration signals over different time periods to
display random fluctuations in some degree, which directly
affects the accuracy of the bearing fault diagnosis. In other
words, directly employing PE as a feature for fault diagnosis
with an SVM-based classifier may result in a lower di-
agnostic accuracy. -erefore, it is needed to develop
a method to extract suitable features with a smaller wave
range in the feature level.

-e law of large numbers is a particularly important
theory in mathematical statistics, and it shows that the mean
of a random event is equal to the average value in experi-
ments with a large number of measurements [36]. In

probability statistics, the central limit theorem (CLT) shows
that for a large number of repeated measurements of
a physical quantity, their arithmetic average value is dis-
tributed in accordance with the standard normal distribu-
tion [37]. -erefore, in theory, using the mean forms of
original features to construct a classifier may reduce the
fluctuating range of the values of these features.

Although the averaged PE values can be used to reduce
the fluctuating range of features to improve fault diagnosis
effects, the optimal number of original PE values to obtain an
accurate average PE remains to be solved. In this section,
a solution is designed for this issue and its main steps are
shown below:

(1) Set i � 1 and the termination condition, such as the
total number of iterations I, or the threshold value of
diagnostic accuracy T

(2) Calculate N averaged PE values to construct the ith
feature set, whereby each averaged PE value is the
mean of m original PE values

(3) Divide these obtained averaged PE values into two
parts to construct a train sample set and a pretest
sample set

(4) Put the train sample set into an SVM model and
obtain a trained classifier. Subsequently, put the
pretest samples into the obtained classifier and re-
cord its diagnostic accuracy value ρi

(5) Determine whether the stop condition is satisfied: if
i � I, the program terminates, and the averaged PE
with the largest diagnostic accuracy is defined as the
IPE; if the values of ρi, ρi−1, and ρi−2, are equal
to/larger than the preset threshold T, the program
also automatically terminates, and m � i− 2. It is
then set to the optimal number of original PE values

Obtain IMFs by using EEMD

Calculate PE value from each
IMF as original features

Computer averaged PE values with
various number of original features

Determine optimized number of PE
values for IPE based on the pre-SVM

model

Extracte IPE-based samples to construct
SVM model as a classifier

Fault diagnosis with
constructed classifier

Diagnoses results

Collected vibration signals
0.2

0
–0.2

0.1
0

–0.1
0.5

0
–0.5

0.2
0

–0.2
0 500 1000 1500 2000

0 500 1000 1500 2000

0 500 1000 1500 2000

0 500 1000 1500 2000

Figure 1: Flowchart of the proposed method.
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for the averaged PE, and the calculated result is the
IPE. Otherwise, i � i + 1, and the above steps are
repeated until the termination condition is satisfied

-e above two stop conditions may also be set at the
same time. If either is met, then the program terminates.
Meanwhile, the search for the optimal m value can be carried
out offline so that the termination conditions can be set with
large values. As long as the optimalm is found, the IPE value
of the j-th IMF of IVMD can then be calculated using
fipe,j � (1/m)

k�m
k�1 fpe,k,j, where the m PE values are ran-

domly selected from the original feature set obtained using
Equation (10).

3.3. SVM-Based Fault Diagnosis. After extracting the IPE
values, the next step is to construct a classifier. In this
section, an SVM-based fault diagnosis method is introduced.
First, considering the common faults in bearings, four
bearing health conditions are considered, including the
normal (S1), inner race fault (S2), ball fault (S3), and outer
race fault (S4), and their goal outputs are set as “1,” “2,” “3,”
and “4.” Other parameters of the SVM are set as the default
values in [38] and part of them are (a) the kernel function is
polynomial, (b) the punishment factor C is equal to 10, (c)
the degree in kernel function is set to three, and (d) the type
of SVM is C–SVC. -e obtained IPEs are then input to an
SVMmodel, and a trained SVMmodel can be constructed as
the classifier for bearing fault diagnosis. Finally, experiments
are carried out on simulators to collect real vibration signals
to validate the effectiveness of the proposed method.

4. Experimental Evaluation

4.1. Experiment 1: Fault Diagnosis with the Online
Bearing Datasets

4.1.1. Experiment Setup. To verify the effectiveness of the
proposed method based on EEMD, IPE, and SVM, an ex-
perimental research is carried out using the vibration signals
collected by the bearing data center of Case Western Reserve
University [39]. -e experimental bench is shown in Fig-
ure 2. As shown in this figure, this bench is consisted of
a three-phase induction motor, a torque transducer, an
encoder, shaft, a dynamometer, and rolling element bear-
ings. -e motor is used to drive the shaft on which a torque
transducer and an encoder are installed. For conducted tests,
single-point damages of the drive-end bearing (SKF deep-
groove ball bearings: 6205-2RS JEM) were seeded on the
rolling elements, inner race, and outer race, using an electro-
discharge machining method. -erefore, the considered
operating states of the bearing are normal operation and
three types of faults (0.014 inches), including the inner race
fault, ball fault, and the outer race fault. -e sampling
frequency used was 12 kHz, and the corresponding vibration
signals were collected by accelerometers and were attached
to the housing with magnetic bases using a 16-channel data
recorder when the bearings were rotated at speeds of
1797 rpm or less. Each feature was calculated from 2000
sampling points. Other information regarding the

experimental instruments can be found in [39]. Figure 3
shows the waves of the vibration signals based on the
consideration of the four bearing conditions in the time and
frequency domains.

Figure 4 shows the IMFs of these original vibration
signals plotted in Figure 3. In this figure, (a), (b), (c), and (d),
are plots of the IMFs of the bearing under normal, inner
race, ball, and outer race faults, respectively. From these
figures, it is difficult to diagnose the bearing conditions by
directly using these plots without professional knowledge,
even if some differences exist in the amplitudes and dis-
tributions of the IMFs at various health conditions. Con-
versely, there is noise in the collected vibration signals, and
the IMF signals of the same bearing statue may also be
different. -erefore, these so-called differences may also be
changed, or appear at different times. At the same time, each
IMF contains many data points, and use of all the
decomposed components to conduct fault diagnosis will
increase the computational load of the model. For different
bearing faults, the detail compositions of their vibration
signals may also have some differences. -at is to say, these
decomposed components of EEMD have characteristics that
can reflect the fault types of the rolling element bearing.

Figure 5 shows the comparative results of various features.
In Figure 5(a), the original features are shown, while each of
the features plotted in (b)–(d) correspond to the mean of
three, five, and ten original PEs, respectively. To ensure the
randomness of the original features, the data segments for the
original features are randomly extracted from the vibration
signals. In Figure 5(a), the amplitude values of these original
features range from 0.985 to 0.995, and the major features
appear to be around 0.989, i.e., these original features fluctuate
within a certain range. Similar to the original features, the
averaged features in Figure 5(b) fluctuate in the range of 0.988
to 0.991, and features also appear mainly around 0.989.
Analyzing Figures 5(c) and 5(d) shows that these averaged
features also appear around 0.989. Based on the comparisons
and analyses of these feature values and their standard de-
viations plotted in Figure 5, it can be observed that the
fluctuation range of Figure 5(d) is the smallest, and the
ranking of the fluctuation ranges in accordance to the order of
(d)<(c)<(b)<(a). Since each averaged PE value is the arith-
metic mean value of a set number of original PEs, it will be
closer to the real expectation of these features compared with
that formost of the original features.-erefore, as the number

6

4

2

3

1
5

Figure 2: Experimental bench. 1: fan-end bearing; 2: drive-end
bearing; 3: motor; 4: torque transducer and encoder; 5: shaft; and 6:
dynamometer.
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of the original PEs used for an averaged PE increases, the
fluctuation range of the averaged PEs will become smaller.

As it is known, these fluctuations of the same feature
values will affect the accuracy of the bearing fault diagnosis,
and it is difficult to use these features with large fluctuations
to construct a stability classifier with increased accuracy of
fault diagnosis. To overcome this issue, a feature extraction
strategy based on statistical analysis is presented in sub-
section 3.2. -at is, the averaged PEs will have less noise
interference and can improve fault diagnosis. To ensure the
randomness of original PE features, the corresponding data
segments are extracted randomly from these vibration
signals collected by accelerometers. Correspondingly, a fea-
ture dataset can be obtained for IPE.

4.1.2. Results and Discussion. In the optimal number of the
selection stage of the original PEs, various IPE feature sets
calculated by different numbers of original PE values are
used to obtain training and pretest sample sets. In this
study, the number of samples in the training sample set and
pretest sample set were 20 and 60, respectively. For the sake
of the descriptions outlined herein, the ith sample set is
defined as the averaged PE value estimated as the mean of
ith original PE values and the diagnostic accuracy of the ith
pretest sample set is marked as ρi. In addition, the ter-
mination condition of iterations I, and the threshold value
of diagnostic accuracy T, were preset to 25 and 100%,
respectively. According to the principle defined in sub-
section 3.2, the termination condition is defined as either
the iteration number I when the latter is larger than 25, or
when the diagnostic accuracy values of the ith, (i − 1)th and
(i− 2)th samples are all equal to 100%.

Figure 6 shows the diagnostic accuracy values of the
pretest sample sets in the selection stage of the optimal
number. In this figure, the x-axis is the serial number of the
pretest sample set, which indicates the number of used
original PE values for a specific IPE value. For example, “5”
implies that each averaged PE value in the pretest sample is
calculated using five original PE values. -at is to say, when
the serial number is “1,” the feature is the original PE value.
As observed in this figure, the diagnostic accuracy of the
original PE values is clearly less than those of the averaged
PE values. -is shows that the proposed averaged PE values
can improve the bearing fault diagnosis results without
optimizing the classifier. Further analyses of these diagnostic
results of the averaged PE values reveal that the diagnostic
precision increases gradually as the serial number increases
and that the diagnostic accuracy values, shown in green in
Figure 6, become 100% when the serial numbers are equal to
four and five. However, the diagnostic precision then de-
creases when the serial number becomes equal to six. In
simpler term, four, five, and six are not the optimal numbers
of the original PE values for IPE. Nevertheless, it can be
found that the diagnostic accuracy values are 100% when the
serial numbers become equal to seven, eight, and nine.
According to the algorithm defined in subsection 3.2, the
serial number seven is the optimal number for the original
PE values for the averaged PE. In other words, the IPE in
experiment 1 should be calculated using seven original PE
values.

Based on the simulator shown in Figure 2, 100 IPE-based
samples are extracted for each bearing condition, of which
20 samples are used to train the SVM model, and the
remaining 80 ones are used to test the trained SVM model.
In accordance with the principle of IPE, there are 700
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Figure 3: Waves of vibration signals in the (a) time and (b) frequency domains.
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original PE values obtained for each bearing condition. To
verify the effectiveness of the proposed method for feature
extraction and fault diagnosis, two comparative experiments
were carried out: “PE-based sample set (1) and SVM” and
“PE-based sample set (2) and SVM.”-e former experiment
used original PE-based samples and the same number of
training and testing samples as the proposed method. -e
latter also employed PE-based samples, but all the original
PE values used for the IPE values were applied to construct
samples.-erefore, each bearing condition had 700 samples.
As the same allocation proportion of the proposed method

and each IPE value needed seven PE values, there were 140
(20× 7) and 560 (80× 70) PE-based samples that were used
to construct the training sample set and the testing sample
set in the second comparative experiment. -e fault di-
agnosis results of the proposed and comparative methods
are shown in Figure 7.

As it can be observed in Figure 7(a), in the case of the test
samples with inner race and outer race faults, the test
outputs do not all match the corresponding goal outputs,
i.e., the diagnostic accuracies of the comparison method
“PE-based sample set (1) and SVM” are not 100%. -e same
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Figure 4: Decomposed IMFs of the four bearing operating conditions: (a) normal, (b) inner race fault, (c) ball fault, and (d) outer race fault.
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issue also occurs in Figure 7(b), and the test outputs of these
test samples with sample number 561 to 1120 are not equal
to the goal outputs. Additionally, some test samples with
outer race faults also elicit erroneous test outputs. -erefore,
these two comparative methods all contain some mis-
diagnosed samples. When analyzing Figure 7(c), it can be
observed that the outputs are all consistent with the goal
outputs, that is, the diagnostic accuracy of the proposed
method is 100%.

Table 1 shows the fault diagnosis results of the proposed
and comparison methods, where “4” indicates the types of
the bearing conditions considered in this study. From the
test results in Table 1, the proposed method has the highest

diagnostic accuracy, and a shorter test time. -is proves that
the proposed IPE can be used for bearing fault diagnosis
with increased accuracy.

4.2. Experiment 2: FaultDiagnosiswith theBearingDatasets of
Mine Hoist Simulator. Mine hoist is an especially important
equipment in vertical shaft and undertakes the transport task
of personnel, materials, equipment, and coal, between un-
derground and ground. Given the execution of frequent
start-stop operations, high speeds, and heavy loads, the mine
hoist will cause a fatal crash once the mine hoist experiences
a bearing fault, such as an inner race, a ball, or outer race
faults. Correspondingly, this will affect the safety of the mine
and the efficiency of the production. -erefore, it is sig-
nificant to diagnose the bearing faults that occur in the
working mine hoist.

-e above experiment is conducted in an indoor labo-
ratory, and its noise may not be as loud as that of an actual
operating equipment. To further illustrate the effectiveness
of the proposed method, an outdoor experiment was con-
ducted, and the test bench was a simulated mine hoist, as
shown in Figure 8.-is bench mainly consists of derrick and
driving systems. -e derrick system is powered by a driving
system. -us, the driving system is important for a mine
hoist. -e driving system induces a motor, a gear box, two
couplings, and two bearings (#1 and #2). As shown in
Figure 9, in this experiment, the considered conditions of
test bearing #2 are: normal (S1), inner race fault (S2), ball
fault (S3), and outer race fault (S4). -e sampling frequency
used was 2 kHz, and the corresponding vibration signals
were collected by an accelerometer, attached to the bearing
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Figure 5: Comparative results of various features: (a) original features, (b)–(d) average features which are the means of three, five, and ten
original features, respectively. -e red solid lines are the mean values of these features plotted in the corresponding plots; std is the
abbreviation of standard deviation.
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housing with magnetic base, when the shaft was rotating at
a speed of 180 rpm.

Figure 10 shows the selection results of the optimal
number of PEs for the IPE in experiment 2. It can be ob-
served that the diagnostic accuracy values are 100%when the
serial numbers become equal to 12, 13, and 14, as shown in
these red dots plotted in Figure 10. According to the al-
gorithm defined in Subsection 3.2, the optimal number of

original PE values for IPE equals 12. In other words, the so-
called IPE value of this experiment is calculated using 12
original PE values. From the comparison and analyses of
Figures 6 and 10, it can be found that the IPE features of
Figure 10 require an additional number of original PE values
to realize the same diagnostic accuracy compared with that
required by Figure 6. -erefore, more intense noise may
need more original PE values to calculate one IPE feature.
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Figure 7: Fault diagnosis results of the proposed method and comparative methods: (a) PE-based sample set (1) with the use of an SVM. (b)
PE-based sample set (2) with the use of an SVM, and (c) the proposed method.

Table 1: Diagnosis results of comparison experiments.

Items Training samples Test samples Time (train and test) (s) Total (%)
PE-based sample set (1) and SVM 20× 4 80× 4 0.0018 92.1875 (295/320)
PE-based sample set (2) and SVM 20× 7× 4 80× 7× 4 0.0075 98.9286 (2216/2240)
Proposed method 20× 4 80× 4 7.00e− 04 100 (320/320)
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Figure 9: Photographs of four bearing conditions, where (a) to (d) denote the conditions (S1) to (S4), respectively.
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Based on this simulation platform of mine hoist shown in
Figure 8, a total of 60 IPE-based samples are extracted for each
bearing condition, of which 20 are used to train the SVM
model. An SVM-based classifier is then constructed, and the
rest of the samples are used to test the trained SVMmodel.-e
two comparative experiments shown in Figure 7 are also
considered in this experiment. Since the optimal number of
original PE values for IPE equals 12, each IPE value requires 12
PE values. -erefore, each IPE-based sample can produce 12
PE-based samples. -e fault diagnosis results of the proposed
method and comparison methods are presented in Table 2. In
conjunction with the diagnostic results shown in Table 2, the
proposed method has the highest diagnostic accuracy, and is
associated with a shorter test time. -is proves that the pro-
posed method is effective in diagnosing bearing faults.

5. Conclusions

Vibration signal analysis is an effective way of diagnosing
rolling element bearing faults. However, noise interference
causes the same features that are extracted from these
collected vibration signals over different time periods to
vary, which directly affects the accuracy of bearing fault
diagnosis. To solve this problem, a new diagnostic parameter
was designed for bearing fault diagnosis using SVM, referred
to as the IPE. First, a set of IMFs was decomposed from
vibration signals using EEMD. Second, a feature extraction
strategy based on statistical analysis was designed for IPEs.
-ird, the obtained IPE-based samples were input to an
SVMmodel, and a trained SVM was then constructed as the
classifier for bearing fault diagnosis. Finally, an experiment
with real vibration signals was executed to validate the ef-
fectiveness of the proposed method. -e experimental re-
sults showed that the proposed method can effectively and
accurately diagnose bearing faults. However, the opposing
fault diagnoses methods with traditional PE features and
SVM not only have higher misdiagnosis rates but also
consume more training and testing time than the proposed
method. -erefore, this study provided a new diagnostic
parameter for bearing fault diagnosis.
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Reinforced concrete structural elements, as an important component of buildings and structures, require inspection for the
purposes of crack detection which is an important part of structural health monitoring. Now existing crack detection methods
usually use a single technology and can only detect internal or external cracks. In this paper, the authors propose a new sensing
system combining BOFDA (Brillouin optical frequency-domain analysis) and FBG (fiber Bragg grating) technology, which are
used to detect internal and surface cracks and their development in reinforced concrete structures, and an attempt is made to
estimate the width of surface cracks. In these experiments, a special reinforced concrete beam structure was designed by the author
for crack detection under load. Four continuous distributed optical fibers are fixed on the steel skeleton, which is located within
the reinforced concrete beam. /ree FBG sensors are fixed on the lower surface of the beam, near its centre. By analysing the
sensor data, it can be found that the BOFDA-distributed fiber can be used to detect internal cracking before surface cracking, and
the difference between scans can be used to judge the time of onset of internal cracking, but the relative error in position is about
5%, while the FBG sensor can detect the cracking time of microcracks on the lower surface in near-real-time and can be used to
calculate the crack width. /rough the experiment, it is found that if the combination of BOFDA and FBG technology is adopted,
we can initially use the strain data obtained by multiple groups of BOFDA monitoring to predict the general location of the
internal cracks, then to monitor the exact location of the surface cracks by FBG in the medium term, and to estimate the width of
the final expansion of the cracks finally.

1. Introduction

Reinforced concrete structures are widely used [1, 2] due to
load and other mechanical factors, and the concrete
structure may crack [3, 4]. /ese cracks may develop into
large cracks that can pose a threat to the safety of the
structure with time, so it is necessary to monitor the cracks
[5–7]. /ere are two types of cracks in reinforced concrete
beams, surface cracks [8, 9] and internal cracks [10–12].
When the crack occurs inside the beam, it gradually develops
and internal cracks penetrate the surface cracks, which re-
sults in structural damage. /e two cracks often form cracks
inside and outside the structure. For the monitoring of

cracks in reinforced concrete structures, traditional methods
include identification from visual images [13–15], resistance
strain gauges [16], the ultrasonic rebound method [17, 18],
and the X-ray CT method [19, 20]; however, due to the
influence of external environmental factors, the cracking of
a reinforced concrete structure is often random. /e above
methods require manual assistance and suffer from hys-
teresis and thus cannot realise long-term, real-time, ex-
tensive monitoring.

/e use of optical fiber sensing for crack detection is
a new technology developed in recent years. It has the
advantages of real-time monitoring, dynamic data logging,
and high precision. Optical fiber sensing technology can be
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divided into two types: distributed and point [21–23].
Distributed optical fiber sensing technology for crack
monitoring includes OTDR (optical time-domain re-
flectometer) [24, 25], BOTDR (Brillouin optical time-
domain reflectometer) [26, 27], BOTDA (Brillouin optical
time-domain analysis) [28–30], BOFDA (Brillouin optical
frequency-domain analysis) [31], and BOCDA (Brillouin
optical correlation-domain analysis) [32]. /ey can allow
continuous monitoring, but their accuracy is low./e point-
based fiber optic sensors used in crack monitoring are
mainly FBG technology, and a large number of FBG sensors
are used for crackmonitoring in concrete structures [33–38].
Zaidi and Krebber proposed a BOFDA/FBG sensor system
for simultaneous temperature/strain measurements [39],
which provides inspiration for the integration of BOFDA
and FBG for monitoring internal and external cracks.
However, there is little reported research on the monitoring
of cracks in reinforced concrete structures using a combi-
nation of distributed (BOFDA) and point (FBG) methods.
BOFDA is a distributed technology which can detect the
location of cracks in the whole optical fiber area but has low
spatial resolution. In contrast, FBG has a high position
measurement precision, and it should be placed in a critical
stress location to compensate for the lack of spatial reso-
lution of BOFDA. /e authors will try to use both BOFDA
and FBG techniques to monitor the cracks at the same time
in this paper.

/is paper is organised as follows: in Section 2, the
principles of BOFDA sensing and FBG sensing technology
are described briefly; in Section 3, the experimental setup is
introduced, including the design of a reinforced concrete
beam and the fixing of BOFDA and FBG sensors thereon; in
Section 4, an analysis of BOFDA and FBG experimental
data is presented; and in Section 5, the conclusions are
summarised.

2. Sensing Principle of BOFDA and FBG

2.1. BOFDA. BOFDA (Brillouin optical frequency-domain
analysis) technology is proposed by Garus et al. and en-
shrines the basic principles of BOFDA technology, as well as
using pulsed light and probe lighting [40]. Relationships
between temperature, strain, and Brillouin optical frequency
drift were used to obtain the information of each mea-
surement point on the fiber:

]B(ε, T)
d]B(T)

dT
T−T0(  � ]B(0) +

d]B(ε)
dε

ε, (1)

where ]B(0) is the Brillouin frequency shift in the initial
state, ]B(ε, T) is the Brillouin frequency shift at any time,
(d]B(T))/dT is the temperature term, (d]B(ε))/dε is the
strain term, (T−T0) is the temperature change, and ε is the
change in strain. When the temperature effect is ignored,
Equation (1) is simplified to

]B(ε) � ]B(0) +
d]B(ε)

dε
ε. (2)

/e following formula can be derived from Formula (2):

ε
dε

�
]B(ε)− ]B(0)

d]B(ε)
. (3)

/e expression of strain ε can be obtained from Formula
(3), and it is also the key variable to crack detection:

ε � −
Δ]B

]B∗Ks
, (4)

where ]B is the average frequency, Ks� 0.78. When internal
cracks are not easy to find, time series data of strain are used
to detect cracks. In the case where the value of the data
sequence is abrupt (usually the spike), it is determined that
the location of the crack occurs. In addition, it can be verified
by the location of the external cracks.

2.2. FBG. A fiber Bragg grating (FBG) is a passive optical
component in an optical fiber, which is one of the most
widely used optical fiber sensors. /is sensor can change the
wavelength of the reflected light according to the change in
temperature or strain./e basic principle of strain sensing in
a FBG sensor is shown in Figure 1.

When a beam of light is propagated in the fiber Bragg
grating, each segment of the fiber will only reflect a specific
wavelength of light, and the wavelength is called the Bragg
wavelength after the refractive index is changed (Equation
(5)). /e wavelength of the signal reflected by the Bragg
grating is [41, 42]

λB � 2neffΛ, (5)

where neff is the effective refractive index of the fiber core
andΛ is the grating period and is the mode index or effective
refractive index of the fiber, which can be regulated by
changing the relative angle between two interference ul-
traviolet beams to produce various wavelength-tuned
gratings.

λB also is the central wavelength of the reflected signal,
which is influenced by neff and Λ. Moreover, the central
reflection wavelength is strain- and temperature-dependent;
according to the principle illustrated above, the relationship
of reflection wavelength and measured parameters can be
established. /e relationship between reflection wavelength
Δλ and longitudinal strain Δε is given by [43, 44]

ΔλB
λB

� 1−Pe( Δε, (6)

where Pe � −((1/n)(dn/dε)) is the strain optical coefficient.
From Formula (4), we can get the following expression of
strain:

ε �
ΔλB

λB 1−Pe( 
+ ε0. (7)

/e strain of the crack FBG pasted region can be cal-
culated by the change of the internal wavelength of the fiber,
such as Formula (7), where ε0 is the initial strain. Similar to
BOFDA’s method of crack detection analysis, the locations
of cracks are determined by the location of abrupt changes in
time series (step in the data).
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3. Experimental Work

3.1.8eDesignofaReinforcedConcreteBeam. /e laboratory
conditions make it difficult to do a full-scale concrete beam
loading test: if the beam weighs too much, it will affect the
test, and if it is too long or too small, it is difficult to meet test
accuracy requirements, so the test beam parameters are
designed as shown in Table 1.

Reinforcement of reinforced concrete beams is done as
shown in Figure 2;① is the longitudinal reinforcement,② is
the tensile tendons (diameter 10mm), and ③ is the double
hoop (diameter 8mm and spacing 50mm); the ultimate load
is 37.39 kN.

Figure 3(a) shows the loading form of reinforced con-
crete beams, and the deformation of which is shown in
Figure 3(b). Figures 3(c) and 3(d) show the bending moment
and shear force diagrams under concentrated load, re-
spectively. /e bending moment and shear force in the cross
section are the largest, which is the location where the first
crack occurs under load.

3.2. Fixing Method: BOFDA and FBG Sensors. To monitor
internal and surface cracks in the reinforced concrete beam,
fiber optic sensors and FBG sensors are simultaneously fixed
in its interior and surface. Figure 4 shows the layout of the
fiber optic sensor and the FBG sensor, and the specific
surface and internal embedding fix process and method
consists of four steps as follows.

In the first step, an optical fiber sensor is fixed inside the
reinforced concrete beam, which will be used for internal
crack monitoring based on BOFDA technology. As shown in
Figure 5(a), before the concrete beam is poured, it is nec-
essary to fix the encapsulated optical fiber to the reinforcing
cage by strapping. /e fiber in the concrete beam is used in
the four back-and-forth loops of the circuit layout: the
concrete pouring then takes place (Figure 5(b)). It should be
noted that the concrete pouring process had to be done to fix
the sensor, and in particular, we pay attention to the di-
rection of connection of the fiber to avoid bending and
damage.

In the second step, we fixed the FBG sensors on the lower
surface of the concrete beam. To improve the strain transfer
rate and monitor the crack efficiency, bare FBG sensors are
used in this experiment (Figure 6(a)). Before fixing the FBG
sensors, the lower surface of the concrete beam is polished
smooth using a grinder. After this, alcohol is used to clean the
surface, and epoxy resin is used to fill the surface voids after

drying. After 24 hours, the FBG sensor was fixed to the lower
surface of the concrete beam with 502 glue (Figure 6(b)).

In the third step, instruments are used for data collec-
tion. /e BOFDA demodulator is used to obtain distributed
fiber centre frequency changes and then record the strain
information at the measurement point (Figure 7(a)). /e
wavelength change of the FBG sensors is collected by using
a MOI SM-125 demodulator with a scanning frequency of
2Hz (Figure 7(b)).

/e fourth step entails the loading experiment: the
concrete beam is placed on the reaction frame, the left and
right sides are supported, and the jack is positioned. /e
100 kN load cell is housed between the jack and the reaction
stand to measure the load during the test. /e load cell data
contain a strain gauge (Figure 8).

4. Results

4.1. Data Analysis: BOFDA Sensors and FBG Sensors. By
analysing the loading mode of the reinforced concrete beam,
the position of maximum strain can be calculated and forms
the earliest location of cracking (using finite element analysis
and the results in Figures 3(a)–3(d)). Correspondingly, the
theoretical positions on the fiber are 7.55m, 11.90m,
15.55m, and 19.60m. Inside the concrete beam, the dis-
tributed fiber is arranged in an S shape, and the four po-
sitions correspond to the same possible cracking positions.
/e concrete beamwas scanned 13 times (100 seconds) using
BOFDA technology. /e results show that the strain mea-
surement curve has four peak points (Figure 9). Among
them, the first peak point position approximates to the
loaded section of the beam, which is in good agreement with
the theoretical value, while the other three peaks are
influenced by the spatial resolution, and there are some
errors therein. /e mean values of the four peak positions
are 7.55m, 11.25m, 14.95m, and 18.65m, and the statistical
and error data pertaining thereto are listed in Table 2.

/e relative error in the actual measurement position is
between 5.8% and 10%, within ideal range, but for the 2.2m
long concrete beam, the error is slightly larger; however, it is
difficult to determine the time when cracking occurs only
according to the results in Figure 9. As shown in Figure 10,
the strain time series from BOFDA scanning are subjected to
differential time series effects. Figure 10 shows that three
independent spikes appear in the 3rd graph (T4-T3), but
from the 4th graph (T5-T4) to the 12th graph (T13-T12),
four distinct spikes can be found in almost the same po-
sition. When the small cracks on the lower surface of the

Optical fibre Bragg grating

Core

Transmitted signalInput signal

Reflected signal

Figure 1: Working mechanism of an FBG sensor.
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Table 1: Reinforced concrete beam design.

Size (mm) Concrete grade Longitudinal bar Stirrups /ickness of the protective layer (mm)
180× 250× 2200 C35 HRB400 HPB300 25

P

(a)

P

(b)

PL

(c)

P/2

(d)

Figure 3: (a) Schematic diagram of loading of reinforced concrete beams. (b) Schematic diagram of loading and unloading of reinforced
concrete beams. (c) Bending moment diagram. (d) Shear force diagram.
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Figure 2: Reinforcement of reinforced concrete beams.

Bare FBG sensors

Embedded optical fiber

Figure 4: /e sensor positions.

(a) (b)

Figure 5: Layout of fiber optic sensors. (a) Installation of fiber optic sensors on the beam. (b) Poured concrete beams.
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concrete are found, that time corresponds to the time period
of the fourth graph (T5-T4) in Figure 10; since the fiber optic
sensor is fixed inside the concrete beam, the time at which
the internal crack occurs is based on the third graph (T4-T3)
according to the differential time series of Figure 10 and the
time at which the surface crack occurs. /e 3rd graph (T4-
T3) shows the moment when the fracture first occurred, and
from the 4th graph (T5-T4) to the 12th graph (T13-T12),
four distinct peaks can be found in almost the same position.
When the 4th to 12th graphs show gradual crack expansion,
in the 12th graph, the increase in strain at the peak is close to

1000 microstrain. Moreover, the strain around the crack is
significantly increased.

/e three bare FBG sensors are located at the bottom of
the concrete beam (Figure 11) with their central wavelengths
of 1584 nm, 1560 nm, and 1550 nm, respectively. During the
step-by-step loading of the loader, the stepped strain
monitoring graph is obtained from three FBG sensors, as
shown in Figure 12. Among them, the strain time series of
FBG1 and FBG2 are similar, but FBG3 is above other two.
/e author concluded that cracks were generated in the paste
gauge of FBG3 sensor. In fact, the first crack was found in the

(a) (b)

Figure 6: Fixing FBG sensors. (a) Bare FBG sensor. (b) Pasting of FBG sensors.

(a) (b)

Figure 7: Data acquisition instruments. (a) BOFDA device. (b) SM-125 demodulator.

(a) (b)

Figure 8: Test loading process.
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Figure 9: Results of 13 scans using BOFDA.

Table 2: Error statistic.

/eoretical position (m) Measured position (m) Relative error (%)
7.55 7.55 0
11.25 11.90 5.8
14.95 15.55 4.0
18.65 19.6 5.1
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Figure 10: Differential time series data: BOFDA scanning.
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area by eye, and at the same time, no cracks were found in
the paste gauge of FBG1 and FBG2 sensors. It can be
concluded that the bare fiber grating sensor can effectively
monitor the occurrence of cracks.

According to several FBG strain time series, the location
of the crack can be roughly determined; however, the time to
onset of cracking is almost impossible to determine. To find
the time when the crack occurs, the strain data of the FBG3
sensor are subjected to first-order differential analysis
(dstrain in Figure 11(a)), but it is almost impossible to
determine the time with sufficient precision due to over-
sampling of the data. In the next analysis, the AR (3)model is
used to smooth the first-order differential sequence. /e
notation AR (p) indicates an autoregressive model of order
p. In this paper, the AR (3) model is defined as

εt � c + 
3

i�1
φiεt−i + δt, (8)

where φi are the parameters of the model, c is a constant, and
δt is the white noise. By analysing the AR (3) sequence
(dstrain-AR (3) in Figure 11(b)), we found a significant data

spike at 362 s, which is in good agreement with the moment
of artificial recording of the initial cracking: the data jumps
at 478 s and 584 s correspond to the rapid expansion of the
crack.

4.2. Initial Estimation of the Crack Width. With fiber and
FBG sensors, the position and timing of both internal and
external cracks can be detected. Furthermore, the author
attempted to use FBG data to estimate the crack width. In the
experiment, the author attempted to estimate the width of
crack 1 (red box, Figure 13) by using the strain data mea-
sured by the FBG 3 sensors. /e crack widths were evaluated
by high-precision fracture gauges.

/e final crack width can be calculated using FBG data:

ε �
Δλ
kλ

,

ε � 2431.62 με,

ω � εl,

ω � 0.24 mm,

(9)
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Figure 11: (a) First-order difference time series. (b) AR (3) smoothing sequence of FBG 3 sensor.
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Figure 12: Strain time series: three FBG sensors.
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where Δλ is the value of the change in wavelength, the value
of k is 0.78 × 10−6, and the gauge length of the sensor is
100mm (l).

To verify the calculated crack width as measured by the
FBG sensor, a crack width observation instrument is used
(Figure 14(a)). /e crack width obtained from the crack
width observation instrument was 0.16mm, and the FBG
measurement was 0.24mm: a relative error of about 50% of
the crack width was measured by FBG, but nevertheless, it is
feasible to use FBG sensors to measure crack widths.

5. Conclusion

A reinforced concrete beam designed by the author is used in
the paper, in which distributed fiber and FBG sensors are
fixed inside and on the surface, respectively. /e positions of
these sensors are obtained from force analysis (including
bending moment and shear force diagrams) of the beam
during loading. /rough the step-by-step loading of rein-
forced concrete beams, the information such as the cracking
time, position, and width of internal and surface cracks are
calculated according to the data collected using the sensors.
Some conclusions can be obtained from these tests:

(1) /e strain information pertaining to distributed fiber
points can be measured by BOFDA technology,
which can be used to detect the occurrence of in-
ternal cracks and external; however, due to the
resolution of BOFDA technology, there are posi-
tional errors of less than 10% in the measurement of
internal cracks.

(2) /e bare FBG sensor is extremely sensitive and can
monitor the surface strain and cracking of the
concrete beam. It should be noted that the FBG
sensor paste gauge need to cover the zone where
cracks may occur. Otherwise, the FBG sensors may
not detect the occurrence of cracking.

(3) /e method of calculating the width of the crack
using FBG strain monitoring data has a large error,
which can monitor the width of the crack in real
time; however, the reason for the low accuracy may
be caused by factors such as strain transfer, tem-
perature changes, and load vibration, which can be
further improved in later experiments.

(4) If both the distributed fiber and the FBG sensor are
used to monitor the cracks at the same time, the

(a) (b)

Figure 14: Visual crack width measurement. (a) KON-FK (B) crack width observation instrument. (b) Crack measurement.

Figure 13: Cracking of the beam bottom.
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appearance of the cracks inside and outside the
concrete beam and the width of the surface cracks
can be measured simultaneously. /is scheme
combines the advantages of BOFDA and FBG sen-
sors, which would achieve better measurement
results.
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.e real-time analysis of a structure’s integrity associated with a process to estimate damage levels improves the safety of people
and assets and reduces the economic losses associated with interrupted production or operation of the structure. .e appearance
of damage in a building changes its dynamic response (frequency, damping, and/or modal shape), and one of the most effective
methods for the continuous assessment of integrity is based on the use of ambient vibrations. However, although resonance
frequency can be used as an indicator of change, misinterpretation is possible since frequency is affected not only by the oc-
currence of damage but also by certain operating conditions and particularly certain atmospheric conditions. In this study, after
analyzing the correlation of resonance frequency values with temperature for one building, we use the data mining method called
“association rule learning” (ARL) to predict future frequencies according to temperature measurements. We then propose an
anomaly interpretation strategy using the “traffic light” method.

1. Introduction

.emanagement of risks associated with potentially hazardous
activities remains a matter of profound public and technical
interest for today’s societies. Among high-risk situations, the
deterioration of structures and infrastructures is critical. All
mechanical systems inevitably suffer deterioration [1]. Owners
of civil engineering structures and infrastructures need to detect
and track this deterioration as early as possible [2] for reasons
related to user safety and service disruption [3] and to define
rational asset management policies, strategies, and practices.
.e causes of deterioration fall into two categories: ageing
effects (e.g., environmental erosion, operating loads, and fa-
tigue) and extreme events (e.g., fires, earthquakes, and torna-
does). Since structural failure can be catastrophic, not only from
an economical and life safety point of view but also in terms of
its social and psychological impact, structural damage detection
has been a subject of worldwide research since the early 2000s.

It has been proven that a properly established and ef-
fectively implemented maintenance program based on
monitoring can significantly reduce operational and
maintenance costs throughout the life cycle of the system
[4]. Moreover, overall lifetime can be increased, leading to
a direct increase in profitability. .e process of determining
and tracking structural integrity and assessing the nature of
damage in a structure or mechanical system is often referred
to as structural health monitoring [2, 5–8]. .is process
involves observation over time using periodically spaced
measurements, extraction of damage-sensitive features from
these measurements, and statistical analysis of the said
features to determine the current state of the system..e key
issue that must be addressed first is to determine whether
damage has or has not occurred in the structure as a whole.
Damage can be defined as changes to the material and/or
geometric properties of a system, including changes in
boundary conditions and system connectivity, which have
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an adverse effect on its current or future performance.
Worden and Manson [9] classify the methods into two
groups: (1) model-driven methods, where an initial model of
the undamaged structure is assumed to describe the normal
condition and any deviation of actual parameters from
normal behavior indicates damage, and (2) data-driven
methods, which establish statistical-based models using
measured data only.

One of the most efficient methods for structural health
monitoring (SHM) based on the concept of pattern rec-
ognition and falling into the second group is vibration-based
damage detection [1, 8, 10, 11]. .is technique is particularly
relevant because it is cost-effective, with no visual inspection,
and monitoring can be implemented continuously and in
real time. .e premise of this technique is that structure
damage causes changes in the measured modal parameters
(frequency, damping, and modal shape) and that any
modification of the stiffness, mass, or energy dissipation
characteristics of a system alters its dynamic response [1].
Most SHM techniques are based on detecting changes rel-
ative to initial conditions, and their efficiency depends on the
level of knowledge of prior conditions. Among all the
available parameters, frequency is probably the parameter
most sensitive to structural change and is directly related to
the stiffness of the building [1].

However, for civil engineering structures (buildings and
bridges), the most challenging problem is that the modal
frequency, whose measurement is considered to be the most
cost-effective solution for SHM, is subject to changes caused
not only by damage but also by environmental and operating
conditions (traffic, wind, humidity, solar radiation, and,
most importantly, temperature). Salawu [12] reported that
significant frequency changes alone do not automatically
imply the existence of damage since variations exceeding 5%
due to ambient conditions have been measured in both
concrete and steel bridges within a single day. Other authors
have also observed this natural wandering of dynamic pa-
rameters in real buildings and temperature seems to be the
main parameter that induces changes in structures [13–17],
although wind and heavy rain can also lead to sizeable
variations [13, 14].

Data-driven methods consist in analyzing time series
using mathematical or statistical tools to explain and/or
predict the expected values of the modal parameters con-
sidering a normal condition [18]. .e natural wandering of
modal parameters means that methods must account for
uncertainties related to the accuracy of the measurements
[19] and these methods present a number of potential ad-
vantages. For example, they do not require complete nu-
merical modeling of the structure, uncertainties due to
measurements and environmental and operating conditions
are integrated using statistical tools, and finally they enable
decision-making based on a statistical approach.

Since the condition of the structure may change with
time, an effective SHM algorithm requires knowledge of
initial conditions. .erefore, the effects of environmental
changes must be fully understood and quantified to enable
reliable damage assessment. For the practical implementa-
tion of an efficient damage detection algorithm and to

prevent costly false alarms related to structure occupancy or
operability, we must make sure that natural variations are
not misinterpreted as a loss of integrity or vice versa; that is,
actual structural damage is not masked by changes due to
environmental conditions. In this paper, a method is de-
veloped using accurate assessment of the modal frequency of
the structure and a data-based statistical learning tool for the
consideration of frequency variations caused by temperature
based on the use of long-term measurement data. .is paper
is a companion paper of two previous ones, on the de-
scription of the building and data [15] and the observation of
ageing effect of the building in a conference paper [20].
Herein, an easily implemented, real-time warning system
based on deviation of the frequency from normal conditions
coupled with a traffic light decision method is finally pro-
posed and tested in an actual building.

2. Data Description

.is work considers one building: the Ophite tower (OT) in
France. OT is an 18-story residential structure built in 1972
and located in Lourdes (France) (Figure 1). .e interstory
height is regular (3.3m) throughout the height, and shear walls
of reinforced concrete provide lateral resistance in the two
horizontal directions. Its dimensions are 19m wide (T) and
24m long (L). .e building is founded on a rocky site
composed of ophitic rock, without resonance frequency and
amplification. A temperature sensor at the top of the building
provides one temperature measurement per hour and at the
same time sampling as for the monitoring of the building..e
quality and accuracy of the measurement is good enough for
the analysis we perform in this study. .is building has
a permanent monitoring system, designed with a 24-bit ac-
quisition system as part of the National Building Array
Program of the French Accelerometric Network [21]. Accel-
erometric sensors (EST-FBA), located at three top corners of
the building for bending and torsion-mode assessment, were
used to take continuous recordings at 125Hz and transmit
them in real time to theNational Data Center at the Institute of
Earth Science (ISTerre, Grenoble). In this study, the same
results were observed whatever the sensors considered, and we
then considered only one sensor for the monitoring.

.ese structures were not designed to resist earthquakes,
and the original design report was not available to the au-
thors. A full description of the acquisition system is given in
[15]. Recordings are continuous, and frequencies were
measured hourly for 47 months, from 3 January 2011 to 3
December 2014 using the data recorded at the top of the
building. Mikael et al. [15] used the random decrement
technique (RDT) [22] to assess the resonance frequency of
the building, that is, a method applied to extract an accurate
value of resonance frequency each hour. .e details of this
method applied to real data are given in [15, 23, 24]. Finally,
the fundamental frequencies of the building are 1.74Hz and
1.73Hz for the longitudinal (L) and transverse (T) di-
rections, respectively. Secondary bending modes were also
observed, corresponding to 5.28 and 6.13Hz in the L and T
directions, respectively. An additional torsion mode was
observed close to 2.2Hz. In this paper, only the continuous
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assessment of the first bending mode in the L direction is
used to propose an operative real-time condition-based
health assessment solution. We also assume that the
structure recordings have been archived and shared con-
tinuously and that the data mining algorithms are applied to
the real-time data in a manner that is suitable for health
monitoring and condition-based decision-making. In such
conditions, the decision-making tool must be efficient and
cost-effective in terms of computing resources to provide
information hourly.

3. Methods

In order to overcome the difficulties raised by changes in
modal structural frequency due to variations in environ-
mental conditions, it is necessary to distinguish the damage
condition from the natural variation of the structure’s be-
havior. Most previous investigations (e.g., [13–16]) indicate
that temperature is the main cause of modal parameter
variability in buildings and that changes in modal fre-
quencies caused by temperature could be as high as 4%.
Although many measurements and observations have been
made in the field, very few studies have addressed the
modeling of environmental effects on the modal properties
of real-scale buildings. One solution is to use a machine-
learning algorithm applied to long-term monitoring data to
predict the future and to observe deviations from expec-
tations based solely on prior normal conditions.

In this paper, we used the easy association rule learning
(ARL) solution [25], a method for discovering relationships
between variables in large databases. Such solutions were first
used in marketing to define “rules” between products and to

make decisions about promotional pricing or product
placement based on these rules [25]. All rules are in the form
X implies Y. For two sets of parameters, in our case, tem-
perature and frequency recorded at the same time, the rules
are simplified and a statistical relationship can be found
between them. We know that for the same temperature, the
building can experience a wide range of frequencies following
a normal distribution [15, 16]. .e different frequency values
for the same temperature are then quantified by assessing the
mean frequency value (±standard deviation) for each tem-
perature. Following the original definition proposed by [25],
each temperature implies a subset of frequencies.

.e proposed method relies on the probability that for
a given temperature, a certain frequency value is typically
observed, expressed in the probabilistic form P(Ef, EC),
where Ef and EC are the events corresponding to a situation
with a given value of frequency (f ) and a given value of
temperature (C). .is confidence term can be rewritten as
a conditional probability P(f |C), that is, a certain proba-
bility of a frequency value corresponding to a given tem-
perature. If the frequency and temperature values are known
for a long period, we can build a statistical model able to
predict the expected range of frequency for a given tem-
perature, which is defined by the mean value and the
standard deviation. .e continuous monitoring of the
building provides sufficient frequency and temperature data
for the rule developed to be considered statistically signif-
icant. For extreme (or rare) temperatures, the data are not
sufficient leading to uncertainty in the rules, but this will
improve over the years.

Figure 2 shows a flowchart of the method developed
for modeling the temperature-frequency relationship. Data
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Figure 1: Outside view of (a) the Ophite tower building and (b) its location in France.
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come from long-term monitoring of the building, that is,
a learning phase during which the natural wandering of the
modal frequency is observed (learning phase during the
period t< t0 where t0 is the time of the condition-based
monitoring process). First, temperature and modal fre-
quency are extracted for the first year of monitoring. Fre-
quency and temperature for the learning phase are then
used to provide the ARL model. For each temperature
value, the histogram for decision is computed and used to
predict the frequency values over the testing phase. .e
frequencies can of course only be predicted for temperatures
actually experienced by the structure. When the observed
frequency values fall outside the predicted range of values
(i.e., considering tolerance thresholds), the classification
indicates that the structure is in an abnormal situation. .is
situation may be the result of the building damage or the
observed frequency just fell into a tail of the observed fre-
quency histogram for that particular temperature experi-
enced by the structure. .is abnormal situation triggers the
system to be vigilant for the next values of frequency and
temperature (t0 � t0 + 1). .e structure is maintained in
a state of vigilance if the abnormal values persist over time
(Nt, the number of consecutive times the structure is in an
abnormal situation). Otherwise, the building returns to
a normal situation and the ARL process resumes, including
the new {frequency-temperature} rule (N�N+Nt),

updating the learning phase with the frequency-temperature
condition probability. If the situation persists (Nt>Ntth,
with Ntth being the maximal threshold for the number of
continuous abnormal situations), the structure is classified
as being in an abnormal situation, and this information is
used to decide a possible on-site inspection.

4. Application to the Ophite Tower

Figure 3(a) is a single plot showing overlapping frequencies
and temperature variations during the learning phase be-
tween January 2009 and February 2010. .e seasonal vari-
ation obtained by applying a low-pass filter (48 hours) and
the daily variation over 7 days are also shown. As previously
reported by [15], there is a clear positive correlation between
the variations for both seasonal (Figure 3(b)) and daily
(Figure 3(c)) terms, with values ranging from 0.6 to 0.8
depending on the direction and mode considered. Outside
the scope of this study, the correlation coefficient between
temperature and frequency shows a zero-time lag for the
maximal value.

In this study, we discuss the method considering the
fundamental frequency in the longitudinal direction. .e
Ophite tower experienced a temperature variation range of
46°C, with a minimum of −6°C, corresponding to frequency
values between 1.70 and 1.75Hz. During this period, the
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scattering of frequencies for the same temperature can be
explained by the fact that as shown in Figure 3(c) there are
different mechanisms impacting the relationship between
temperature and frequency, which are not discussed in this
paper. For example, Figure 3(c) shows that during the daily
heating cycle, the temperature and frequency variation rates
are the same, while during the daily cooling cycle, the rates
are different depending on the thermal diffusivity of the
material on the outer surfaces of the building exposed to the
temperature of the air. For a given value of temperature,
the structural modal frequency therefore varies according to
the rules developed for modeling the frequency-temperature
relationship. A complete description of the temperature-
frequency relationship for the Ophite tower is given by
Mikael et al. [15].

For example, Figure 4 shows the frequency distribution
for three ranges of temperature, with a bandwidth corre-
sponding to one degree centered on the temperature

concerned. At 10°C, mean frequency (µ) is 1.744Hz with
a standard deviation (σ) equal to 0.010Hz, that is, a co-
efficient of variation (COV� σ/μ) of 0.6%..e same order of
variation is observed at 15°C and 20°C, with μ� 1.754Hz and
σ � 0.009 (COV� 0.5%) and μ� 1.755Hz and σ � 0.006Hz
(COV� 0.3%), respectively. .e coefficient of correlation
between these examples show that the accuracy of the
method used for frequency analysis (in our case RDT) is
critical to ensure accurate assessment of the frequency values
and their associated wandering in order to improve
knowledge of the normal condition frequency values to be
used in an efficient SHM method.

Having defined the rules and knowing the temperature,
we can predict the n+ 1 value of frequency and compare it
with the value observed. Figure 5 shows an example of the
predicted frequency values for each temperature, with data
being processed every hour. .e predictions are produced
for the period between 1 March 2012 and 8 July 2012,
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Figure 3: Frequency (black) and temperature (red) variations recorded at the OT. (a) Raw data, (b) seasonal variations after applying a low-
pass filter (48 hours), and (c) daily variations over one week of frequency and temperature normalized to overlap the two curves. Gray zones
correspond to a gap in the continuity of the data.
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Figure 4: Distribution of the structural modal frequency recorded at OT over the learning phase for 10, 15, and 20°C.
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representing the mean predicted value ±2σ, assuming that
the learning process is over. .e error (ε) is computed as
follows:

ε �
fobs −fpre

σpred
, (1)

where fobs is the current frequency observed, fpred is the
mean predicted value corresponding to the current tem-
perature, and σpred is the standard deviation for that rule.

.e predictions are reliable until mid May, and the
calculated error is approximately 2σ. A few points fall
outside these thresholds, but after integration in the flow-
chart in Figure 2, new {frequency-temperature} rules appear,
leading to false predictions. In the method we propose, if
these situations are temporary, the new data will be added to
the dataset used for learning, and the rules are recalculated
regularly to improve the prediction, as long as no permanent
anomaly is observed.

After May 24, 2012, the observed value drops compared
with the normal predicted situation, with a maximum error
of approximately 6σ. .is deviation from normal conditions
triggered our attention and raises questions about its sig-
nificance in terms of decision-making in real time: (1) Is the
building returning to its original normal situation? (2) Does
the continued frequency decrease after this period placing
the building in an emergency situation? (3) Is the building
returning to a new normal situation, with permanent de-
viations caused by changes to its elastic properties? To
answer these questions, the learning dataset was adjusted to
provide predicted values in 2013 with different periods for
the learning phase. .e first one corresponds to the period
covering all the datasets since the beginning of monitoring,
including the frequency shift (January 2009–May 2012); the
second corresponds to the period after the frequency drop,
starting on 3 June 2012. Figure 6 shows that because the
frequency values are lower after the drop, the observed
values are at the lower boundary of the predicted range, and
the prediction scatter is much larger. In the second case,
a good match is found between observations and pre-
dictions, thus indicating that, after the drop, the frequency of
the building is stabilized and follows the normal distribu-
tion. We therefore conclude that the frequency drop oc-
curred over a limited period of 7 days (between 24May and 2
June) and was permanent, confirming degradation within
the building, but the building returned to a stabilized var-
iation of frequency that allowed the vigilance status to be
lifted.

In this example, in a temporary abnormal situation, the
rules defined in the learning phase must be upgraded, as
suggested in Figure 2. Anomaly detection must therefore be
instantaneous to ensure rapid detection of a changing sit-
uation that could degenerate into an emergency situation,
but also lasting to enable temporary anomalies to be dis-
tinguished from permanent anomalies. If the anomaly is
considered temporary, new conditions are integrated to
complement the rules describing the situations normally
experienced by the building during its lifetime. Over time,
the prediction of resonant frequencies integrating

environmental conditions (or other situations, operational
conditions, or natural conditions that may modify the
monitored parameter) is refined, and the monitoring models
improve. If the situation persists, the decision to intervene
must be made and inspection or maintenance operations
scheduled. Once the situation has stabilized, a new process
must be put in place to continue the monitoring. A final key
element for an operational and efficient condition-based
decision process is to be able to visualize the anomaly
quickly along with its evolution over time. .e solution
presented here is based on the traffic light principle.

5. The Traffic Light Concept

When making decisions, decision-makers face a very large
number of heterogeneous situations. Some are always rel-
evant (time period, unpredicted event, etc.) but others de-
pend upon the system analyzed. Decision-makers must deal
with an incomplete set of uncertain information on the
matter to be resolved to make their decisions [26]. Different
decision strategies exist and can be classified according to
interaction between decision-makers and the information re-
quired for the decision and the level of confidence and accuracy
of the information [27]. One important point is the passage
from contextual knowledge to the procedural context required
for operative decision-making, for which decision-makers
must accommodate data uncertainty and incompleteness
and the time sampling of the information available compared
with the timescale of the decision to be made.

Many such uncertainties are due to the intrinsic ran-
domness of natural phenomena (e.g., environmental load-
ing, natural hazards, and material deterioration). To address
this issue, several models have been proposed to assess the
most significant uncertainties, and this research field is
attracting increasing interest, as indicated by this list of
seminal papers published over the last couple of years:
Padgett et al. [28] and Ghosh and Padgett [29] studied the
evolution in time of probabilistic seismic fragility curves for
loss estimation; Mitropoulou et al. [30] present a probabi-
listic life cycle cost analysis of reinforced concrete structures
under seismic actions that take into account randomness in
both seismic demand and structural capacity; and Bocchini
et al. [31] present a discrete-time Markov chain (MC) model
to approximate the probabilistic life cycle analysis of bridges.

In terms of the safety of structures and infrastructures,
physical parameters related to the dynamic response of the
structure, considered as an accurate, physical proxy of
structural health, can be introduced into the decision chain.
Recently, Trevlopoulos and Guéguen [32] proposed an MC-
based model coupled with the degradation of frequency for
assessing the time evolution of probabilistic fragility curves
of existing buildings during aftershock sequences.

However, to address the demand of decision-makers for
certain and unambiguous information, the so-called “traffic
light” model is often used (e.g., [33–36]). .is model
evaluates the safety of structures according to criteria related
to their operability and occupancy, assigning the structures
to one of three categories [37]: tolerable (green), in-
termediate (amber), and intolerable (red). .is strategy is
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usually applied in emergency management systems and has
already been applied to postearthquake crisis management,
which consists in conducting a visual inspection of buildings
and classifying them according to occupancy safety, based
on empirical expert judgment [38, 39]. In this case, the traffic
light system defines a “green” level, indicating that the
buildings are safe, apparently undamaged and that people
can use them again; an “amber” level indicating that the
building presents all the characteristics of a damaged
building but with a high level of uncertainty; and a “red”
level to indicate that occupancy must be suspended im-
mediately and the building must ultimately be demolished.
.e same classification can be applied to infrastructures,
with consequences on the economic costs of maintenance
and operation.

Low statistical uncertainty and few catastrophic conse-
quences characterize the “green” level [40]. On the contrary,
the “amber” and “red” levels are more problematic because
the consequences of system failure may go beyond the or-
dinary dimensions of emergency management. .e re-
liability of health assessment is low, statistical uncertainty is
high, especially for the “amber” level, the consequences of
wrong decisions on structure occupancy and infrastructure
operation can have a significant impact on the well-being of

the people concerned and the economic viability of the
infrastructure, and there is little or no systematic knowledge
of the impact of these consequences. Wrong long-term
decisions on infrastructure operation may also result in
broader and/or irreversible decisions, leading to condition-
based maintenance strategies that are not suited to the actual
condition of the structure. Ultimately, this failure may lead
to costly recovery operations (curative action), with such
costs being much higher than investing in preventive
maintenance solutions.

Until the traffic light concept has been implemented and
proven in practice to provide a high degree of confidence,
dependence on such measures alone is a risky option.
Nevertheless, confidence in the ability of the system and its
operability require accurate and fast measurement of the
general modal parameters, and definition of the thresholds
corresponding to the suitability of the building for occu-
pancy will ensure safer, more resilient structures. Two terms
must be considered: (1) the short-term, corresponding to
a fast evolving situation which might be caused by an ex-
treme event, such as an earthquake, and being comple-
mentary to visual inspection; (2) the long-term,
corresponding to the continuous ageing of the civil engi-
neering structures and related to observations falling outside
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Figure 6: Observed values of structural modal frequency compared with predictions, considering (a) a learning phase including the
frequency drop period and (b) a learning phase after removing the frequency drop period. Same symbols as for Figure 5.
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the expected values for several hours/days. Several authors
have suggested correlations between European Macro-
seismic Scale damage grades [41] or the immediate red-
amber-green classification of structures and the modal
structural frequency drop observed after an earthquake
(e.g., [32, 38, 39]). .e results are summarized in Figure 7.
Dunand et al. [38] and Vidal et al. [39] performed frequency
measurements in a large number of buildings after the
Boumerdès (2003, Algeria) and Lorca (2012, Spain) earth-
quakes, respectively, while Trevlopoulos and Guéguen [32]
used empirical thresholds integrated into a decision-making
process during an aftershock sequence.

In this study, we used an easy and fast warning system to
monitor possible deviations of dynamic parameters from
normal conditions, in short- and long-term situations. We
customized the traffic light concept according to the prin-
ciple of the energy consumption labels used worldwide to
indicate product efficiency (http://europa.eu/youreurope/
business/environment/energy-labels/index_en.htm). Figure 8
shows the threshold values finally considered. In practice,
these labels can offer real-time information on the current
state of the structure, and they are easy to interpret because
they are widely assimilated by the community and can be
adapted to short- and long-term monitoring. In our model,
we use the green label for observed frequency values within
the 95.4% confidence interval [−2σ, +2σ], but distinguishing
different thresholds of deviation with different shades of
green (label A to C). Beyond this level, the building is
considered yellow (D) or amber (E), corresponding to 5%
and 1% from the lower limit for short- and long-term as-
sessments, respectively, and up to 15% and 3% for short- and
long-term assessments, respectively, triggering a Check
Level I procedure. If Check Level I is reached, the structure is
probably damaged and an immediate on-site inspection is
recommended. If frequency continues to fall, Check Level II
is flagged, corresponding to a frequency drop of more than
30%, as observed after earthquakes [38, 39] for short-term
assessments, and a 5% frequency drop for continuous
degradation. In such situations, immediate on-site

inspection is mandatory, and it is recommended to evacuate
the building before a complete inspection involving addi-
tional parameters that can be used to assess the level of
damage more accurately.

Figure 9 shows the real-time operating system applied to
OT, starting in March 2012 and covering the period of fre-
quency drop previously observed. Over the first period, the
values follow the predictions computed by ARL during the
learning phase, except for a short period at the end of March,
classified yellow because the deviation is less than 1%. After
this period, the values observed match the predicted values
once again and the building recovers its green classification.
After 24 May, the deviation increases to more than 1% and is
considered permanent..e deviation reaches 3% in early June
and the building classification changes from yellow to amber.
A Check Level I is required before a decision can be made.
After the inspection and decision, monitoring is restarted,
using the new modal structural frequency and the learning
phase is defined again month after month.

6. Conclusions and Discussions

In this study, we propose a framework for condition-based
decision strategy applied to civil engineering buildings, in
order to detect the occurrence of damage as soon as possible.
We show that for the buildings studied, there is a strong
correlation (see Mikael et al., [15] for a full description of the
coefficient of correlation for two modes and directions)
between frequency, that is, the parameter used for assessing
the health of the structure, and temperature, which can
induce changes up to 5% (depending on the structure) and
can mask actual damage or lead to false alarms. For a more
reliable assessment of damage, we used a simple data mining
method (association rule learning) comprising two steps,
learning and testing, to predict future frequency variations
based on data collected during the learning phase. Having
frequency and temperature data from two years, we analyzed
the behavior of the OT building.

Damage state – EMS98 
1 2 3 4

Masi and Vona [42] 13–30%
Vidal et al. [39] 19–30% 30–34% 34–40% >40%
Trevlopoulos and Guéguen
[32] 16–30% 30–40% >40%

Dunand et al. [38] 0–30% 10–70% 50–70%

Figure 7: Summary of the EMS98 damage state classification according to the drop in the structural modal frequency, taken from the
literature.
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Figure 8: Customized traffic light model inspired by energy consumption labels.
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After a certain period of learning to understand the
natural wandering of frequencies related to temperature
fluctuations, we propose a real-time, condition-based de-
cision strategy, using a customized traffic light model. .is
strategy is similar to the algorithm trained on data repre-
sented by numerical values [41] and extended to the his-
togram decision algorithm, in which the data are considered
in the form of histogram variables [42, 43]. Each histogram
variable (i.e., modal structural frequency value for a given
temperature) thus has an assigned variability with a relative
frequency. .e decision tree learning algorithm can then be
applied to histogram data. .is strategy provides precious
information about the overall health of the structure in the
long-term (ageing effects, operational load, and change of
building use), and we propose an extension for the short-
term, representing decision-making after an extreme event,
such as earthquake.

We tested the algorithm on real data from the Ophite
tower, for which we had observed a decrease in frequency,
which then stabilized at the new value..emost exciting fact
about the cost-effective methodology proposed is that it can
be implemented on real buildings, updated every hour,
without requiring time-consuming computation. Moreover,
an inherent advantage of data-driven methods is the con-
sideration of uncertainty and statistical decision-making,
without requiring costly numerical or physical models.

To improve this strategy, we could increase the number
of sensors in the building and add more parameters to the
health-monitoring process, such as damping, modal shape,
or interstory drift, thus increasing the level of confidence in

the warning system. With new parameters added to the
decision process, more sophisticated time series methods
based on data mining and learning concepts could be used
for fault detection methods, such as support vector machine,
which would improve decision accuracy but increase the
overall cost of the process. Such considerations are to be
taken into account when selecting a method, using a cost-
benefit analysis of the solution.
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For the fault diagnosis of intershaft bearings, the fusion information exergy distance method (FIEDM) is proposed by fusing four
information exergies, such as singular spectrum exergy, power spectrum exergy, wavelet energy spectrum exergy, and wavelet
space spectrum exergy, which are extracted from acoustic emission (AE) signals under multiple rotational speeds and multi-
measuring points. -e theory of FIEDM is investigated based on four information exergy distances under multirotational speeds.
As for rolling bearings, four faults and one normal condition are simulated on a birotor test rig to collect the AE signals, in which
the four faults are inner ring fault, outer ring fault, rolling element fault, and inner race-rolling element coupling fault.-e faults of
the intershaft bearings are analyzed and diagnosed by using the FIEDM. From the investigation, it is demonstrated that the faults
of the intershaft bearings are accurately diagnosed and identified, and the FIEDM is effective for the analysis and diagnosis of
intershaft bearing faults. Furthermore, the fault diagnosis precision of intershaft bearings becomes higher with increasing
rotational speed.

1. Introduction

In the birotor system of an aeroengine, the intershaft bearing
is widely used to connect high- and low-pressure rotors in
a rotor supporting system. -e outer and inner rings of
intershaft bearing rotate with the high- and low-pressure
rotor, respectively. It is easy for an intershaft bearing to
produce a fault owing to the extreme operation environment
under a high temperature, high speed, large dynamic load,
and poor lubrication. As an essential component of rotors,
therefore, the intershaft bearing is an important fault source
of rotor system and seriously affects the safety and reliability
of aeroengines and even aircrafts [1]. Due to the aeroengine
operation in so severe environments, the faults of the
intershaft bearings always contain noise, low signal to noise
ratio (S/N) signals, and coupling fault signals, so that it is
difficult to efficaciously analyze and identify the faults of
intershaft bearings [2]. Acoustic emission (AE) signals

possess high-frequency fault characteristics and are widely
considered as the objective of study in intershaft bearing
fault diagnosis. However, the sampling frequency of an AE
signal is required to be very high, so that it is problematic to
reflect the process characteristics of the intershaft bearing
operation by adopting only one transient signal. In addition,
the coupling fault of the bearing is difficult to be accurately
identified because of the interactions of two or numerous
faults.

In the past, various scholars investigated fault diagnosis
techniques for rolling bearings based on AE signals using
theory and experiments. Al-Ghamdi and Mba [3] validated
that AE signal was superior to vibration signal in the analyses
and diagnoses of rolling bearings incipient faults. Safizadeh
[4] adopted a multisensor data integration method for the
vibration fault diagnosis of rolling element bearings utilizing
an accelerometer and a load cell. Purushotham et al. [5]
proposed the hiddenMarkov model to conduct the diagnoses
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of single and coupling faults based on simulation experi-
ments. Al-Bugharbee and Trendafilova [6] researched the
fusion approach based on a singular spectrum analysis and an
autoregressive (AR) model, to improve the S/N of bearing
fault signals, and then to accurately identify the fault cate-
gories and defect sizes. Yang et al. [7] extracted the early
features of bearing faults and effectively restrained the noise
signals for a wind turbine based on the ART-2-information
fusion technique. Shakya et al. [8] improved fault diagnosis by
obtaining different physical parameters from different sen-
sors. Moosavian et al. [9] utilized the wavelet technique and
D-S evidence inference to process the noise and vibration
signals in a mechanical fault diagnosis with a diagnostic
precision of 98.56%.-e above works show that themulticlass
information fusion of multiple sensors is promising to im-
prove the fault diagnostic accuracy. However, a bearing fault
always couples with noise signals and thus is often the weak
and low S/N fault. In respect of complex bearing fault signals,
it is difficult for the abovemethods to process the bearing fault
signals because the effective features of weak faults cannot be
recognized and extracted.

Chen et al. [10] used the D-S theory and fusion in-
formation entropy method to study the diversity and un-
certainty of rotating machinery fault signals using the
simulation data rather than the effective test data. Xu et al.
[11] developed a multifuzzy ARTMAP classifier based on the
Bayes criterion for bearing fault recognition with the time-
and frequency-domain features of the fault signals. Zhao
et al. [12] employed the global empirical decomposition
mode to analyze single and coupling faults of bearings. Zhao
et al. [13] combined approximate entropy and empirical
mode decomposition to discuss the defect sizes of the rolling
elements in bearings. He and Zhang [14] utilized the ap-
proximate entropy and wavelet analysis method to manage
the AE signals in rolling bearing fault diagnosis. Herein, the
technique in which the approximate entropy is regarded as
a feature parameter of the signal was verified to be feasible
and effective in the defect detection of rolling element
bearings. Vazifeh and Hosseinabadi [15] investigated the
wavelet entropy and kernel function to analyze the fault
categories of gears. Li et al. [16] also demonstrated the
validity of the information entropy for reflecting the fault
condition in rolling bearings by using the multiscale fuzzy
entropy and bearing experimental data. Cheng et al. [17]
proposed an information entropy fusion method with the
ensemble empirical mode decomposition (EEMD) for gear
fault diagnosis.

-e above methods reveal that regarding the in-
formation entropy as a fault feature index is feasible and
efficacious in reflecting and describing the conditions of the
bearing operation and other machinery. However, the above
investigations mainly focused on the single faults in the
machinery by adopting the single information entropy
under one analytical domain such as time domain or fre-
quency domain. In addition, most of the above studies
mainly focused on ordinary rolling bearings. However, a few
investigations pertained to intershaft bearing fault analysis
and diagnosis. In contrast with an ordinary bearing, the
intershaft bearing connects high-pressure rotor and

low-pressure rotor, and the signals of the faults have to be
transmitted from the fault sources to the sensors. In this
process, fault signals significantly attenuate, and then have
a low S/N owing to the interference in the complex and long
path. -erefore, it is impossible to accurately extract the
features of the intershaft faults by using the traditional
extraction methods. It is of tremendous significance to
develop an effective method to extract the useful feature
information in an intershaft bearing fault diagnosis. We
have found a preliminary solution in the investigation of the
above documents at depth.

In conclusion, the objective of this study is to develop the
fusion information exergy distance method (FIEDM) for
intershaft bearing fault diagnosis by the AE signals of five
condition (rolling element fault, inner ring fault, outer ring
fault, inner ringrolling element coupling fault, and normal)
and four information exergies (singular spectrum exergy
(SSE), power spectrum exergy (PSE), wavelet energy spectrum
exergy (WESE), and wavelet space spectrum exergy (WSSE))
from different analytical domains (time, frequency, and time-
frequency domains). Herein, AE signals of the four faults and
normal condition are acquired from the simulation experi-
ments performed on a birotor test rig. -e fault diagnoses of
intershaft bearings are completed by obtaining the fusion
information exergy distance curve under multiple speeds.

-e rest of this paper is structured as follows. Section 2
introduces information exergy theory, including the in-
formation exergy concept and four information exergies
(SSE, PSE, WESE, and WSSE) under different analytical
domains including the time domain, frequency domain, and
time-frequency domain. In Section 3, the FIEDM is de-
veloped based on the information exergies of the AE signals
for the intershaft bearing fault diagnosis, with the emphasis
on the establishments of information exergy matrix, in-
formation exergy distance, and fusion information exergy
distance. -e intershaft bearing fault diagnosis is performed
based on the FIEDM with the assistance of fault simulation
experiments conducted on a rotor test rig in Section 4.
Section 5 gives some conclusions on this study.

2. Information Exergy Theory

2.1. Concept of Information Exergy. Information entropy is
a measure of the order degree of a system. For an intershaft
bearing fault, low order degree of the fault information
indicates large information entropy. Owing to the different
order degrees corresponding to different faults, the in-
formation entropy is often considered as an index to evaluate
the states of the intershaft bearing faults. However, it is
difficult to apply it to identify the operation process of the
bearings. To entirely consider the fault information to timely
diagnose the fault of the weak signal in early stages, the other
measurement as the index-information exergy is developed
[18].

For onemeasuring point, the AE signal is Lebesgue space
M. A measure of the space is μ satisfying μ(M) � 1, in which
M is an incompatible set with a limited partition A � Ai 

n

i�1
subjected to both M � ∪ni�1Ai and Ai ∩Aj � 0,∀i≠ j. -e
information entropy of A is expressed [19] as
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S(A) � −
n

i�1
μ Ai(  log μ Ai( , (1)

in which μ(Ai) is a measure of set Ai 
n

i�1.
Exergy was first proposed from a thermodynamics

perspective and thus is also called thermodynamic exergy.
-e exergy is defined as the maximum theoretical useful
work produced by a thermodynamic system, when the
systemworks in the reversible process, which varies from the
initial state to a thermodynamic equilibrium state with the
surrounding environment [14]. In this definition, thermo-
dynamic exergy is a quantity of process and similar to the
thermodynamic entropy. -e information exergy is a time-
based process function, which describes the active compo-
nents of a state signal that reflects a feature within a period of
time.

In line with the process information of an AE signal in
the time domain [t1, t2], the information exergy is gained by
integrating information entropy S of the measuring point in
[t1, t2], i.e.,

Ep(t) � 
t2

t1

S(A, t) dt, (2)

where t1 and t2 are the upper and lower boundary of the
time, respectively.

Information exergy reflects the degree of ordering of an
AE signal in the running process. In view of the working
process of the rotatingmachinery just like an aeroengine, the
integrating range may be discretized by the speed.

2.2. Time-Domain Information Exergy of the AE Signals.
For the AE signals with a discrete time series, assuming that
a certain AE signal is xi 

N
i�1, where N is the number of

sampling points for the time series analysis using the time
delay embedded space, and the length of a certain mode
window is M and the delay constant is 1, signal {x} can be
divided into N−M segments mode data. In line with N

sample points andM mode window length, patternmatrix A

may be structured as

A �

x1 x2 · · · xM

x2 x3 · · · xM+1

⋮ ⋮ · · · ⋮

xN−M xN−M+1 · · · xN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3)

-e singular value decomposition of the matrix A is used
to obtain singular value spectra σi 

M

i�1 of the AE signals. -e
number of nonzero singular values reflects the number of
patterns contained in each column of matrix A, and the size
of the nonzero singular value indicates the proportion of the
corresponding mode to total modes.-us, a singular value is
a time-domain division of the AE signal [20]. -e singular
spectrum entropy Ht of an AE signal in the time domain is

Ht � −
M

i�1
pi lnpi, (4)

in which pi � σi/
M
i�1σi is the proportion of the i-th singular

value to the entire singular value spectrum. With regard to
calculation, the signal may be normalized by white noise
signal. -e maximum singular spectral entropy of white
noise is Ht,max � logM. Hence, the singular spectrum en-
tropy can be normalized by the white noise with respect to
the maximum, i.e.,

Ht �
−M

i�1pi logpi

logM
. (5)

-e information exergy of the singular spectrum of the
AE signal, i.e., singular spectrum exergy (SSE), is

Eh.t(t) � 
t2

t1

Ht(t) dt. (6)

From the above analysis, the SSE is the time frequency
feature of an AE signal regarding information exergy.

2.3. Frequency-Domain Information Exergy of AE Signals.
By transforming the time-domain AE signal xt  of a certain
measuring point into the frequency-domain signal X(ω) by
a discrete Fourier transform, we gain the power spectrum
S(ω) � 1/2πN

X(ω)

2. In the process of the time-frequency

conversion, the energy of the AE signal is conserved in light
of

 x
2
(t)Δt � 

X(ω)

2Δω. (7)

-erefore, S � S1, S2, · · · , SN  may be regarded as a di-
vision of the original AE signal. Power spectrum entropy Hf

[21] of the AE signal in the frequency domain is defined as

Hf � −
N

i�1
qi ln qi, (8)

where qi � Si/
N
i�1Si is the proportion of the ith spectrum

value to the entire power spectrum.-e white noise signal is
used to normalize the power spectrum entropy [22, 23] in
view of Equation (9), in which the maximum power spectral
entropy of the white noise is Hf,max � logN:

Hf �
−N

i�1qi log qi

logN
. (9)

In line with the definition of information exergy, the
power spectrum exergy (PSE) is

Eh.f(t) � 
t2

t1

Hf(t) dt. (10)

In terms of the above analysis, the PSE reflects the
frequency-domain features of the AE signals in respect of
information exergy.

2.4.Time-FrequencyDomain InformationExergyofAESignal.
Wavelet analysis is a time-frequency analysis method that is
developed based on overcoming the shortcomings of the
Fourier transform [24, 25]. For an AE signal f(t) of
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a measured point, the energy conservation of the limited
energy contained in the function before and after the wavelet
transform is


+∞

−∞

f(t)

2

dt �
1

Cψ

∞

0
E(a)da,

Cψ � 
+∞

−∞

ψ(ω)

2

ω
dω,

E(a) � 
+∞

−∞
Wf(a, b)




2
db,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

where Cψ is the admissible condition of the wavelet function
and E(a) is an energy value of function f(t) at a.

E � E1, E2, . . . , En  is considered as the wavelet en-
ergy spectrum of a signal f(t) at n scales. -erefore,
according to the definition of the information entropy, E is
a type of signal energy, so that wavelet energy spectrum
entropy Hwe [22] in the time-frequency domain can be
denoted as

Hwe � −
n

i�1
si ln si, (12)

where si � Ei/
n
i�1Ei is the percentage of the ith spectrum

value to the entire wavelet energy spectrum value.
According to the definition of the exergy information,

the wavelet energy spectrum exergy (WESE) is

Eh.we(t) � 
t2

t1

Hwe(t) dt. (13)

Wavelet transform is a method of mapping a
one-dimensional signal onto a two-dimensional space. W �

[|Wf(a, b)|2/Cψa2] is the energy distribution matrix of the
signal in the two-dimensional wavelet space. Similar to the
singular spectrum entropy in the time domain, the singular
value decomposition for W determines the time-frequency
characteristic spectrum of wavelet space spectrum entropy
Hws [26, 27] which is expressed as

Hws � −
n

i�1
ri ln ri, (14)

where ri � σi/
n
i�1σi is the proportion of the ith eigenvalue to

the entire characteristic spectrum.
According to Equation (8), the wavelet space spectrum

exergy (WSSE) is

Eh,ws(t) � 
t2

t1

Hws(t) dt. (15)

-e basis function of a wavelet is a type of division of the
signal energy in the scale space that reflects the energy
distribution of the signal in both time domain and frequency
domain. Based on the WSSE, the information ordering
degree of the intershaft bearing AE signal in the acceleration
or deceleration process can be accurately measured.

3. Information Exergy Distance Method for
Fault Diagnosis

3.1. Information Exergy Matrix. For a typical intershaft
bearing fault, the information entropy matrix A of the AE
signals is expressed by

A �

S(1, 1) S(1, 2) · · · S(1, n)

S(2, 1) S(2, 1) · · · S(2, 1)

⋮ ⋮ ⋮

S(m, 1) S(m, 1) · · · S(m, n)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (16)

in which m indicates the number of sampling speeds of the
AE signal in the process of speed up or speed down; n is the
number of measuring points of the AE signal; and S(i, j) in
matrix A represents the AE information entropy of the jth
measuring points at the ith sampling speeds.

Assuming that two matrices A in any two sampling
intervals are equal and an interval is a sequence section of the
units, m sampling points of the rotating speed process might
be evenly divided into m− 1 sequence intervals. Each
measuring point of AE signals has one information exergy,
i.e.,

Ep(t) � 
t2

t1

S(t) dt � 
m−1

i�1

S(i) + S(i + 1)

2
. (17)

Equation (17) reflects the changing regularity of the
information ordering degree of an AE signal at the mea-
suring point in the process of speed up and speed down.

3.2. Information Exergy Distance Method of Fault Diagnosis.
As illustrated from the above analysis, the SSE, PSE, WESE,
and WSSE reflect the complexity of an AE signal in the
process of acceleration or deceleration of an intershaft
bearing in different analytical domains. If the four in-
formation exergies are fused to reflect the fault features from
different analytical domains, the information features of the
intershaft bearing faults can be fully described synthetically,
so that it is promising to improve the accuracy of the fault
analysis and recognition. If one information exergy for
the faults is regarded as one-dimensional space, four-
dimensional (4-D) space can be structured by the four in-
formation exergies from different domains. For one process
fault of the intershaft bearing, its four information exergies
can be extracted in the form of four information exergy
bands. Each information exergy band covers a narrow range
in which the information exergy values vary. -e in-
formation exergy center, also called information exergy
point, is obtained by computing the mean value of each
information exergy of each fault. For one fault, four in-
formation exergies points structure a single 4-D space.

Information exergy distance di is defined by the distance
between the information exergy point ea of an unknown fault
and the information exergy point ei of ith type of fault, i.e.,

4 Shock and Vibration



di �
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4

j�1
Eaj −Eij 

2




, (18)

where i is the ith fault category, j � 1, 2, 3, 4 denotes the jth
category of information exergy, Eaj is the jth information
exergy value of an unknown fault ea, and Eij expresses the jth
information entropy value of the ith type of fault ei.

Regarding the existence of multiple faults in the inter-
shaft bearings as a fault domain E � ei 

n
i�1, the fault di-

agnosis of the intershaft bearing is to determine to which
known fault the unknown fault ea belongs to. Namely, in-
formation exergy point ea of the unknown fault is closest to
information exergy point ei in the known fault in the 4-D
space according to the minimum information exergy dis-
tance. Based on Equation (18), the calculation accuracy of
the information energy can be improved by increasing the
number of sampling points with the rotational speed. All
information exergy distances between the unknown fault
and all known faults under multiple speeds in the bearing
operation can be depicted as one curve. -e curve is called
information exergy curve. In line with this curve, it is
promising to clearly judge to which known fault the un-
known fault belong by the minimum information exergy
distance. -e method based on numerous information
exergies under multiple speeds is called the fusion in-
formation exergy distance method (FIEDM) in this paper.

4. Fault Diagnosis of Intershaft Bearing

4.1. SimulationExperiment of Intershaft Bearing Fault. In the
speed up or speed down process of rotating machinery like
an aeroengine, the state of the intershaft bearing constantly
varies with low S/N, noise, weak signals, and coupling
signals. To validate the accuracy and practicability of FIEDM
in the fault diagnosis of the intershaft bearings, the simu-
lation experiment was conducted in a birotor test rig to
collect sufficient sample data. -e double rotor (birotor)
system is shown in Figure 1, which can run with positive and
negative rotational speeds. An intershaft bearing connects
two rotors. -e testing system of AE signals is the SAEU2S
system as shown in Figure 2, which comprises hardware
setup, analysis, and sampling control [15]. -e related pa-
rameters of this system are listed in Table 1. -e sensors in
the test system of the AE signals are piezoelectric sensors
(model no. SR150M) with a sampling rate range between
[0Hz, 500 kHz].

Four typical faults (rolling element fault, inner ring fault,
outer ring fault, and inner ring-rolling element coupling
faults) and normal condition were simulated on the rotor
system test rig to obtain the fault data under multirotating
speeds and multimeasuring points. -ereafter, the cylin-
drical roller bearing (model no. NU202) is regarded as the
test bearing. -e defects with the width of 0.1mm are
machined on the surfaces of inner ring, outer ring and roller
of the bearing via wire cutting. Four voltage sensors are used
to measure the AE signals in X and Y directions of the casing
and pedestal, which are displayed in Figure 3.-e signal data

are sampled from 800 rpm to 2000 rpm with an interval
speed of 100 rpm. -erefore, 52 groups of AE signals are
acquired for one speed up or speed down. Based on the
theory of four information exergies, the values of four in-
formation exergies for the AE signals are calculated for the
fault diagnosis of the intershaft bearings with the FIEDM
method.

4.2. Intershaft Bearing Fault Diagnosis. Based on the fault
simulations, we acquire the AE signals of four types of faults
(i.e., rolling element fault, inner ring fault, outer ring fault,
inner ring-rolling element, and coupling fault) and normal
condition. In terms of Equations (6), (10), (13), and (15),
the four information exergies(Eh·t, Eh·f, Eh·we, Eh·ws) were
extracted for all the acquired AE signals of the bearing faults
to structure a 4-D space. In light of Equation (16), the in-
formation exergy distance between an unknown fault and
known faults was computed to draw the information exergy
curve.

In the process of fault simulation, we specifically sim-
ulated the faults of outer ring with four sizes of deflects
(0.06mm, 0.08mm, 0.1mm, and 0.12mm) and collected
their AE signals. Similarly, in line with the Equation (18), we
achieve the fusing information exergy points of AE signals
under different rotational speeds as shown in Figure 4. As
revealed in Figure 4, the four information exergy curves of
four outer ring faults are obviously deferent and increase
with the increase of information exergy values. Although the
information exergy curve cannot completely separate the
faults with different sizes, the separability of fault data based
on information exergy has revealed. Based on this case,
therefore, the FIEDM method is proposed for bearing fault
diagnosis in this paper.

-e information exergy distance curves between rolling
element fault (unknown) and the five condition of intershaft

Figure 1: Rotor simulation test rig for intershaft bearing faults.

Figure 2: AE testing system.
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bearing are shown in Figure 5. Although the information
exergy distance curves of the unknown faults (inner ring
fault, outer ring fault and inner ring-rolling element cou-
pling fault) are shown in Figures 6–8, respectively.

Based on the theory of the information exergy distance,
the minimum information exergy distance (closest to the
abscissa axis in the curves) for an unknown fault indicates
that the unknown fault belongs to the corresponding known
fault. As illustrated in Figure 5, a separation obviously exists
between the information exergy distance curves, in which
the information exergy distance curve of the rolling element
fault is closest to the abscissa axis. -erefore, the unknown
fault is ascertained as a rolling element fault, which is
consistent with the physical examination. Furthermore, the

separation of the information exergy distance curves is more
obvious as speed up. Based on Equation (17), a larger se-
quence interval indicates more rotational information in the
information exergy point, so that it is more probable to
precisely identify the bearing faults.

As revealed from Figures 6 and 7, the inner and outer
faults of the intershaft bearing are also diagnosed successfully

Table 1: Related parameters of the AE data acquisition system.

Sampling frequency
(kHz)

Parameter interval
(μs)

Lockout time
(μs)

Filter
(kHz)

Waveform threshold
(dB)

Parameter threshold
(dB)

Preamplifier gain
(dB)

1000 20 50 20–400 40 40 40

Figure 3: AE sensor distributions.
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by the information exergy distance curve. In the low-sequence
interval in Figure 7, the information exergy distance of the
outer ring fault is close to that of the normal state of the
bearing. -e reason is that in the low-sequence interval, the
speed increase is not very high so that the outer ring fault is
not aroused and the fault feature is not too obvious. With an
increase in the speed, the feature of the outer ring fault is
excited and contains more process information. -us, the
information exergy distance curves can be obviously sepa-
rated. -e results in Figures 5–7 fully illustrate that the
proposed FIEDM can accurately diagnose the single fault of
intershaft bearing.

Figure 8 displays the information exergy distance curve
between the inner ring-rolling element coupling fault (un-
known) and five known faults (state). As exhibited by
Figure 8, the information exergy distance curve of the inner
ring-rolling element coupling fault is closest to the abscissa
axis, which clearly indicates that the unknown fault is the
inner ring-rolling element coupling fault. However, in the
sequence interval 1–3 as the speed increases from 800 r/min
to 1000 r/min, the information exergy distance curves of the
inner ring-rolling element coupling fault and inner ring fault
overlap. -is is because the coupling fault contains the inner
ring fault, whereas the feature of the rolling element fault
does not appear (or not obvious) in the 1–3 increasing
interval. With the increase in the sequence interval, the two
fault information exergy distance curves begin to separate,
and the information exergy distance curve of the coupling
fault approaches the abscissa axis.

In summary, the information exergy distance curve
accurately indicates the fault to which the single fault of the
intershaft bearing belongs. Relative to a single fault, the
coupling fault is difficultly diagnosed. However, with the
increase in the sequence interval, the coupling fault can be
also efficiently diagnosed by the proposed FIEDM.

5. Conclusions

-e objective of this study is to propose an efficient method
by using four information exergies of acoustic emission (AE)
signals for the intershaft bearing fault diagnosis from an
information fusion perspective. -is method is called fusion
information exergy distance method (FIEDM) in this paper.
-e FIEDM is investigated by extracting four information
exergy features such as singular spectrum exergy (SSE),
power spectrum exergy (PSE), wavelet energy spectrum
exergy (WESE), and wavelet space spectrum exergy (WSSE),
from the acoustic emission (AE) signals of intershaft
bearings under multimeasuring points and multirotational
speeds. Consequently, the information features based on the
FIEDM comprehensively reflects the exergy features of the
bearing faults from different analytical domains. -e AE
signals of the intershaft bearings are acquired based on the
simulating experiments on the rotor test rig. According to
the intershaft bearing fault diagnosis with the FIEDM, it is
revealed that the proposed method (FIEDM) can effectively
handle the low S/N fault signals. In addition, the FIEDM
with the AE signals can not only clearly identify the un-
known single faults such as rolling element fault, inner ring
fault, and outer ring fault, but also accurately diagnose the
coupling faults of inner ring-rolling element coupling fault
with the increasing sequence interval for the intershaft
bearings. Additionally, with the increase in the rotational
speed, the proposed FIEDM makes the effect of the inter-
shaft bearing fault diagnosis with high accuracy more
obvious.

Data Availability

-e data used to support the findings of this study are
available from the corresponding author upon request.
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Today’s society is sensitive to the architectural heritage conservation. )is implies to perform works to maintain these buildings and
to assure their structural security. In the last years, the structural analysis of historical masonry constructions has experienced a great
progress, thanks to the use of techniques based on the study of the dynamic properties of building structures. In this context, changes
on the structural health state of a building are one of the elements that can be assessed considering changes on their dynamic
properties.)is is useful to evaluate the effectiveness of structural interventions on this kind of buildings by analysing these properties
before and after it. )is paper focuses on the Jura Chapel, in Jerez de la Frontera (Spain). )is chapel is part of San Juan de los
Caballeros Church and is dated from the 15th century. In 2015 and after the identification of some structural damages in the chapel
vault, an intervention was initiated to improve its structural behaviour and to recover its original appearance. )e present work
reports the evaluation of the effects that this intervention has on the structural health state of the building, using nondestructive
techniques based on ambient vibration tests (AVT) and Operational Modal Analysis (OMA). )e AVT were performed for both
prerestored and restored states and under environmental loads. A discussion about the validity of doing AVT from extrados when
a vault presents disconnection between ribs and web is included in the paper. As a result, the first five natural frequency values have
increased while the corresponding mode shapes have not changed significantly. )is proves a structural health improvement caused
by the repairing process without changing the original behaviour of the structure. )is work shows OMA capabilities for evaluating
the effectiveness of intervention works on the health state of a historical masonry structure.

1. Introduction

Nowadays, it is a fact that modern societies are greatly
interested in preserving architectural heritage, one of the
most important links between ancient and current gener-
ations. In order to protect it and assure structural security,
this heritage has to be maintained and, if necessary, repaired,
so various technical works are often required. However,
building restorations can be ineffective and fail to produce
the expected improvements on the structures. Consequently,

the effects of restorations on the structural behaviour of
historical structures should be assessed in order to guarantee
their effectiveness.

)is assessment can be carried out considering the
changes that an intervention causes on the dynamic prop-
erties of a structure, as many identified changes on these
properties can help to evaluate how the intervention has
modified the structural health state of the historical building.
In this sense, Operational Modal Analysis (OMA) is a useful
tool to identify the modal parameters of a historical structure
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[1]. )is is a nondestructive technique, which works only
under ambient vibration, so it does not create any negative
effect on the measured structures, being respectful with
heritage. By doing OMA at least before and after the res-
toration process, changes on the dynamic properties of the
structure can be identified and analysed. )ese changes can
be easily detected as the dynamic behaviour is sensitive to
any alteration to geometrical dimensions, boundary con-
ditions, mass, and/or mechanical properties of materials.

In the last decade, there have beenmany cases of ambient
vibration test applications in historical buildings [2–10].
However, OMA applications for evaluating structural in-
terventions in historical buildings are more limited: from
2011 to 2013, the control of the intervention carried out in
the area of the Roman)eatre of Cádiz (Spain) was done by
means of ambient vibration tests [11]; in 2012, Osmancikli
et al. [12] studied the effects of the restoration of the bell-
tower of Hagia Sophia Church in Trabzon (Turkey); likewise,
in 2014, Çalık et al. [13] presented the evaluation of the
restoration process of the masonry vault of Küçük Fatih
Mosque, also located in Trabzon. In all these cases, the effects
of the restorations were evaluated by comparing the dy-
namic characteristics before and after the repairing of the
buildings and using OMA.

)is paper focuses on the Jura Chapel (Jerez de la
Frontera-Cádiz, Spain). )e chapel is a heritage building
dated from the beginning of the 15th century and is part of
San Juan de los Caballeros Church (Figure 1), one of the six
historic churches promoted by King Alfonso X in Cádiz. In
2015, the chapel showed damages such as cracks on the walls
and the vault webs. An intervention was then carried out in
order to recover a proper structural behaviour and the
original appearance of the chapel.

)e main purpose of this study is to evaluate the effects
of an intervention carried out in 2015 on the structural
health of the Jura Chapel by using nondestructive techniques
based on ambient vibration tests and Operational Modal
Analysis.

)e paper is organised as follows. Section 2 summarises
the main characteristics of the Jura Chapel together with
a historical overview and a brief description of the structural
intervention. Section 3 describes the followed methodology
to achieve the main purpose of the study. Section 4 describes
the ambient vibration tests and some preliminary tasks that
were carried out to improve the accuracy in the identifi-
cation process. Section 5 describes the identification of
modal parameters. Section 6 discusses the obtained results
and, finally, Section 7 presents the conclusion drawn from
the research.

2. Jura Chapel: History, Architectural
Configuration, and Consolidation Works

)e Jura Chapel adjoins the apse of the San Juan de los
Caballeros Church in Jerez de la Frontera (Cádiz, Spain)
(Figure 2). It was built in 1404, as a description in the
foundational records confirms [14]. From 1404 until 1890,
the chapel operated as such, opening on to the church
chancel. During the course of this period, it suffered the

consequences of the remodels that were carried out in the
rest of the church, such as the construction of the first
tierceron vault of the nave, which rested on the chapel walls
(1504).

)e most recent interventions were carried out during
the remodel that took place in the nineteenth century, be-
tween 1890 and 1895. It was an attempt to solve the
building’s serious structural problems that had been de-
tected. )e chapel walls and foundations were reinforced,
and the arch through which the chapel and the chancel
communicated was blinded. However, the works were never
fully completed due to lack of funding, and since then the
chapel has been neglected, eventually becoming just another
room in the parish priest’s house [15]. In 2006, during the
restoration of the aforementioned parish house, some
damages were identified in the chapel. First, there were some
cracks in the corner walls of the chapel (A-7-9 and 9-A-C;
Figure 2). Second, it was detected a misalignment in the
voussoirs of the vault ribs closest to the apse wall, as well as
disconnections between the ribs and the masonry webs.

)e Jura Chapel’s external appearance adopts the form of
a quadrangular prism-shaped volume completely covered by
its vault and practically devoid of ornamentation. )e
complete volume, about 10.30m high, is lower than both the
church chancel and the adjacent parish house. )e interior
space extends laterally via three pointed arches embedded in
the walls. )ese walls consist of two external stone masonry
layers filled with stone rubble, pieces of ceramic material,
and a sand-and-lime mortar, reaching a total thickness of
90 cm. Actually, the embedded arches reduce the walls’
thickness to 36 cm. With regard to the vault, it counts on
a height of 8.74m and a width of 6.85m. It is an octagonal
stellar vault with 45 cm high stone ribs and 12 cm thick brick
webs (Figure 3). )e webs generate a unified hemispherical
shell on the ribs.)is vault is differentiated from the walls by
a continuous stone cornice, and the transition from the
square-plan floor to the octagonal vault is achieved by four
brick squinches.

Each vault rib rises independently until it meets the
other at a right angle, producing a curious point of union
resolved without a special piece. A sand-and-lime mortar
was used to simulate the continuity between each three
arches that meet. )is mortar was also used to cover
misalignments between the ribs and the web. )e move-
ment of the vault caused the collapse of the mortar in one of
the voussoirs, and this fact discovered this unusual con-
structive solution (Figure 4). )e aforementioned building
solution displaces the line of thrust of the ribs to their upper

Figure 1: San Juan de los Caballeros church, Jerez de la Frontera.
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Figure 2: Original plan of the San Juan de los Caballeros church-Jura Chapel in red.
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Figure 3: Interior and exterior views of the Jura chapel.

(a) (b) (c)

Figure 4: Joint between ribs and voussoir devoid of ornamentation.
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part, thus decompressing the intrados. Figure 5 shows the
fissures in the ribs, which are associated with the damages
detected on the walls of the northern corner.

)e intervention focused on consolidating the struc-
tural unity of the chapel using minimally invasive tech-
niques. )e first step was to clean the walls and the vault
webs, making it easier to identify the cracks and fissures. In
the case of the walls, the cracks were sewn together using
carbon fibre bars with a diameter of 8mm. )e length of
these bars varies between 100 and 150 cm (Figure 6). )ey
were placed transversally and along each of the cracks, at
a depth of approximately 15 cm with respect to the exterior
wall. Likewise, the most deteriorated ashlars were replaced.
Regarding the consolidation of the vault web, the joints
between the bricks were cleaned and refilled with sand-
and-lime mortar. )is same procedure was repeated with
the joints between the voussoirs in the vault. With regard to
the vault, the only arches that were sewn to the web were
the lower ones.)is task was performed at each joint, where
the greatest displacement of the voussoirs had occurred.
In this case, 8mm diameter stainless steel bars were used to
do this.

3. Methodology

To evaluate the effects of the intervention on the structural
health of La Jura Chapel, two ambient vibration tests were
initially proposed, one before the intervention process and
the other after it. )e aim of these experimental campaigns
was the identification of natural frequencies and mode
shapes of the vault at each one of these stages and for a later
comparison between them. Equation (1) shows the re-
lationship between natural frequency fn, structural stiffness
Kn, and the mass m. In the case of this chapel, the increasing

of the mass after the intervention has been about 12% and is
due to the gypsum plaster. )is increasing will be taken into
account during the comparative analysis of frequencies
before and after the restoration process and the corre-
sponding interpretation with regard to modifications in the
stiffness of the structure.

fn �

���
Kn

m



. (1)

On the other hand, the identification of the mode shapes
will be useful in order to check if the intervention has
significantly changed the original structural behaviour. )e
corresponding experimental campaigns were initially pro-
jected to be done on the extrados of the chapel vault. )is is
the most common way to take this kind of measurements in
vaults [16], due mainly to two reasons: first, the accessibility
is usually easier and auxiliary equipment such as scaffolds or
lifting platforms are not necessary; second, some vault
intradoses count on decoration, which could be damaged
during the fixing of the accelerometers.

However, in this case, there were visual evidences of
a structural disconnection between vault ribs and the brick
web at some points (Figure 4). )is made one suspect that
taking measurements on the vault extrados could not
provide correct data to make a proper analysis. )is was the
reason why experimental campaigns by positioning accel-
erometers directly on the ribs from the intrados became the
most reasonable option to reach the main aim of this study.
As it has been explained before, the vault did not count on
decoration so the accelerometers could be fixed without
problems in this case.

9

9

7

7

C

A

C

A

Figure 5: Plan of the chapel vault. )e shaded area indicates the
ribs affected by the movements, the red lines indicate the cracks
mapped, and the dotted line illustrates the relationship between the
cracks in the vault and the side walls.

Figure 6: Position of the bars sewn with carbon fibre bars: wall
7-A-C.
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From this argument, a secondary objective related to the
methodology was adopted in this work. )is is the dem-
onstration of the hypothesis that taking measurements from
the extrados of a vault is not valid when a suspicion of
disconnection between ribs and web exists. To achieve this
secondary objective, it is necessary, on one hand, to analyse
dynamic properties obtained from both intrados and ex-
trados when there is a suspicion of disconnection between
elements, that is, before the intervention. On the other hand,
an analogous procedure will be performed but, in this case,
when the connection between these elements is expected,
that is, after the intervention.

Four ambient vibration tests were thus carried out: two
of them before the structural intervention and from the
intrados and extrados, and the other two after the structural
intervention and, in the same way, from the intrados and the
extrados.

4. Experimental Setup

Experimental campaigns before and after intervention
works took place in April and September 2015, respectively.
All of them were performed under similar temperature and
humidity conditions in order to avoid variations in the
identified modal parameters [17]. Likewise, the excitation
was always associated with environmental loads (Figure 7).

As it has been explained above, the identification was
carried out on the chapel vault. It was an identification of the
dynamic properties in a very local area, which is integrated
in a much larger whole. )is fact can make the identification
difficult, and the resulting mode shapes could be less clear.
)at is why two tasks were conducted in order to improve
the precision of this identification:

(1) Before intervention, the chapel vault counted on
a specific deformation state, so a geometrical model
built from coordinates based on a theoretical ge-
ometry would not be accurate. In order to improve
the identification of the dynamic properties, a pho-
togrammetric model [18] was developed to precisely
determine the XYZ coordinates of the accelerome-
ters’ position (Figure 8). From this model, it could be
confirmed that the difference between theoretical
and original coordinates reaches up to 6 cm.

(2) A suitable determination of the reference points of
the experimental campaign can also improve the
identification process [1]. Previously to the experi-
mental campaign, a finite element model (FEM) was
developed in order to conduct a subsequent struc-
tural analysis that is not a subject of this work. A
preliminary modal analysis was done by using this
model in order to identify which points suffered
greater modal displacements in as many vibration
modes as possible (Figure 9). Figure 10 shows
a representation of the considered measuring points
and highlights in blue points 2 and 12 as the ref-
erence ones.

Regarding the sensor layout, it can be seen in Figure 10
that the total number of measuring points in each

experimental campaign is 17. All of these points were set in
the three principal directions in order to also capture the
global vibration modes of the vault in the longitudinal,
lateral, and vertical direction. As the total number of ac-
celerometers was six and considering that two of them were
held stationary for reference measurements, a series of nine
setups in each stage were necessary to cover all measuring
points. In each one of these setups, the accelerations were
recorded with a sampling rate of 100Hz and a sampling time
of 12min. )e measuring points that correspond to the
ambient vibration tests from the extrados are analogous to
those in Figure 10. )eir coordinates are the result of the
normal projection of these last points on the extrados
surface.

)e equipment used for these tests consists of six uni-
axial force balance accelerometers, with a bandwidth
ranging from 0.01 to 200Hz, a dynamic range of 140 dB,
a sensitivity of 10V/g, and 0.35 kg of weight (model ES-U2).
)ey were connected by eight 40-metre coaxial cables to
a 12-channel data acquisition system with a 24-bit ADC,
provided with antialias filters (model GRANITE, KINE-
METRICS) (Figure 11).

5. Identification of Modal Parameters

)e in situ obtained data were processed with the software
ARTEMIS [19] by using two different identification
methods: the Enhanced Frequency Domain Decomposition
(EFDD) technique (Figure 12) and the Stochastic Subspace
Identification (SSI) method (Figure 13). EFDD is a fre-
quency domain technique based on the traditional PP and
FDD methods. Its main advantage with respect to the
previous ones is that close modes can be identified with high
accuracy, even in the case of strong noise contamination of
the signals. )is technique also clearly indicates harmonic
components in the response signals [20, 21]. With regard to
SSI, it is a method developed in the time domain. )is
method is still much faster than other nonlinear methods
that are usually proposed to estimate the modal parameters
from operational data [22, 23]. )e resolution of the spectral
density estimation was defined as 1024, which results in
a frequency line spacing of 0.005Hz. Harmonic detection
algorithms were also applied in order to check all the fre-
quencies in the spectrum.

In this way, the modal frequencies, the damping ratios,
and the mode shapes were obtained and then validated using
the Modal Assurance Criterion (MAC) between the EFDD
and SSI results [24]. )e MAC value is defined as follows:

MACj,k �
φT

j · φk 
2

φT
j · φj  · φT

k · φk 
, (2)

where φj and φk are the two modes to be compared and T

denotes the transpose. A good correlation between two
modes is achieved when the MAC ratio is greater than 0.85.
Data processing results, including the standard deviation of
modal frequencies and damping ratios, are presented in
Tables 1 and 2 (natural frequencies ( f ), damping ratios (ξ),
and standard deviation (std)).
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(a) (b)

Figure 8: Geometric model using the photogrammetric technique.

(a) (b)

Figure 9: Finite element model.
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6. Analysis and Comparison of Results

Results have been analysed and compared by following two
different approaches. )e first one is in line with the main
purpose of this study, that is, the assessing of changes on the
structural health of the chapel caused by the consolidation

process, so focuses on the results that were obtained from the
experimental campaigns that were performed from the vault
intrados before and after the intervention. On the other
hand, the second approach will compare results extracted
from the four experimental campaigns in order to satisfy the
secondary objective of this work, that is, to demonstrate the
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Figure 12: Ambient tests before and after works: intrados of the vault (EFDD).

(a) (b)

Figure 11: Accelerometers on the extrados and the intrados of the vault.
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Figure 13: Ambient tests before and after works: intrados of the vault (SSI).

Table 1: OMA results before the works: natural frequencies ( f ), damping ratios (ξ), and standard deviation (std).

Mode number
SSI EFDD

MAC
f (Hz) std ( f) ξ (%) std (ξ) f (Hz) std ( f) ξ (%) std (ξ)

Extrados of the vault
1 — — — — — — — — —
2 3.00 0.02 2.74 0.52 3.34 1.03 3.03 1.36 0.92
3 4.71 0.65 2.96 0.80 4.83 0.76 1.75 1.26 0.85
4 5.81 0.62 4.03 0.88 6.06 0.11 1.80 1.40 0.88
5 8.60 0.78 3.11 1.11 8.37 0.79 1.04 1.00 0.79
6 10.1 0.39 2.80 0.43 10.2 0.47 0.73 1.03 0.69
Intrados of the vault
1 0.20 0.02 4.62 0.95 0.19 0.00 3.64 0.24 0.88
2 2.99 0.02 3.00 0.41 2.97 0.02 2.75 0.27 0.98
3 4.41 0.01 2.35 0.45 4.59 0.06 1.16 0.10 0.91
4 6.00 0.09 4.16 1.28 6.00 0.07 1.84 1.19 0.89
5 7.82 0.02 2.84 0.34 8.02 0.12 0.73 0.02 0.85
6 10.4 0.04 0.95 0.97 10.4 0.03 0.27 0.34 0.98
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hypothesis according to which taking measurements from
the extrados of a vault is not valid when a suspicion of
disconnection between ribs and web exists.

6.1. FirstApproach. As shown in Tables 1 and 2, the ambient
vibration tests performed from the intrados of the vault
before and after consolidation works, allowed us to accu-
rately identify six and fivemodes, respectively, in a frequency
range from 0 to 12Hz. )e frequencies were identified with
relative errors lower than 4.0%, taking as a reference the
results of both methods. )e results for the damping ratio
show as higher variability as their standard deviations in-
dicate. )is result is not surprising, and higher excitation
seems to be required in order to obtain reliable measures of
damping [25]. )e damping values obtained by the EFDD
method are even less reliable than those obtained by the SSI
method, as can be extracted from their higher standard
deviation values. With respect to the mode shapes, the MAC
indicates a good correlation between the identified modes,
with values always higher than 0.80 for all collected data.

As shown in Table 3, the differences between the natural
frequencies are highly significant. It can be noted that the
first vibration mode, identified before the intervention
(about 0.2Hz), is a vibration mode whose associated fre-
quency is very low for this type of structure. )e explanation
of the existence of this mode is the crack on the rib that can
be seen in Figure 4. In this case, the mode shape shows the
free movement of the rib under the excitation frequency.
Once the consolidation works were carried out, it can be
observed that this vibration mode disappears, confirming
the connection between elements.

In addition to the above comments, the comparison of
the experimental data measured before and after the works
shows how each one of the vibration modes significantly
increases its own natural frequency (between about 3% and
20%), with the exception of the sixth mode, which does not
change its associated natural frequency (Table 3). )is fact
leads us to conclude that the rigidity of the structure of the
Jura Chapel after consolidation works has also increased,
overall taking into account the aforementioned original

mass increasing (about 12%) and according to (1). Mean-
while, MAC values were always higher than 0.80, which
indicate a good modal correlation between both experi-
mental campaigns. As can be seen in Figure 14, the mode
shapes, with the exception of the first mode, are very similar
before and after the works, which means that the final
structural behaviour of the vault has not changed in relation
to the previous one.

6.2. Second Approach. By comparing results from experi-
mental campaigns (Table 4), a significant reduction of the
difference between frequencies from extrados and intrados
can be observed after consolidation works. )us, the
maximum difference before the intervention is of 12.6%
(Table 4, second mode) while, after the connection of the
vault elements, this difference only reaches a maximum of
1.23% (Table 4, second mode).

In addition to an analysis based on frequencies, there are
two other relevant aspects which should be considered in
order to assess the suitability or not of taking measurements
from the extrados of a vault when ribs and web are dis-
connected. Tables 1 and 2 are useful to attend these aspects.
)e first aspect is referred to the standard deviation values
which are associated with the obtained frequencies. )ese
values are high in measurements from extrados before in-
tervention works and for both SSI and EFDD methods,
with maximums of 0.78 and 1.03, respectively (Table 1).
)ese standard deviation values are much more lower for

Table 2: OMA results after the works: natural frequencies ( f ), damping ratios (ξ), and standard deviation (std).

Mode number
SSI EFDD

MAC
f (Hz) std ( f ) ξ (%) std (ξ) f (Hz) std ( f) ξ (%) std (ξ)

Extrados of the vault
1 — — — — — — — — —
2 3.28 0.02 3.31 0.44 3.27 0.01 2.34 0.71 0.99
3 4.81 0.03 2.31 0.69 4.82 0.03 1.06 0.66 0.89
4 7.20 0.03 3.01 0.34 7.22 0.14 2.72 1.46 0.85
5 8.97 0.16 2.70 0.42 8.97 0.08 2.42 1.56 0.84
6 10.4 0.01 1.32 0.51 10.4 0.09 2.15 1.72 0.99
Intrados of the vault
1 — — — — — — — — —
2 3.24 0.01 3.33 0.59 3.23 0.01 2.03 0.37 0.99
3 4.77 0.02 2.58 0.60 4.77 0.03 0.96 0.32 0.92
4 7.24 0.09 4.82 0.62 7.20 0.04 0.77 0.31 0.87
5 8.96 0.02 3.82 0.64 9.01 0.11 1.79 0.01 0.81
6 10.4 0.04 0.40 0.52 10.4 0.07 0.12 0.34 0.99

Table 3: Comparison of modal results before and after restoration
works.

Mode
number

Natural frequency (EFDD, Hz)
% dif. MAC

Before works After works
1 0.198 — — —
2 2.977 3.238 +8.76 0.93
3 4.598 4.776 +3.85 0.80
4 6.007 7.205 +19.94 0.89
5 8.029 9.010 +12.21 0.85
6 10.40 10.40 +0.00 0.98
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frequencies that were obtained after intervention, with
maximums of 0.16 (SSI) and 0.14 (EFDD) (Table 2).
Meanwhile, standard deviation does not undergo significant
variations before and after works when measurements are
obtained from intrados. )e second aspect is referred to the
MAC improvement for measurements from extrados. )us
and as Table 1 shows, there are MAC values, which are lower
than 0.80 before intervention (0.79 for mode 5 and 0.69 for

mode 6), while after connecting ribs and web, all MAC
values are above 0.84 (Table 2). Variations ofMAC values for
measurements from intrados and before and after works are
not significant (Tables 1 and 2). On the other hand, it is also
observed that the first vibration mode was not identified
before consolidation works when the experimental cam-
paign was performed from vault extrados.

7. Conclusions

)is paper focuses on the Jura Chapel, in San Juan de los
Caballeros Church (Cádiz, Spain), in order to assess the
changes on its structural health after some consolidation
works that took place in 2015 and by using nondestructive
techniques, based on ambient vibration tests and Opera-
tional Modal Analysis. )e dynamic behaviour of its vault
has been assessed before and after these works.

Firstly, OperationalModal Analysis technique appears as
a useful and nondestructive tool for identifying the dynamic
parameters of historical masonry structures, such as ribbed
vaults. )e ambient vibration tests allowed to accurately
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Figure 14:)e first six-mode shape of the vault for the damaged and repaired cases. (a) 1st mode, (b) 2ndmode, (c) 3rdmode, (d) 4thmode,
(e) 5th mode, and (f) 6th mode.

Table 4: Comparison of modal results on the intrados and the
extrados of the vault.

Mode
number

Frequency before works
(EFDD, Hz)

Frequency after works
(EFDD, Hz)

Extrados Intrados % dif. Extrados Intrados % dif.
1 — 0.19 — — — —
2 3.34 2.97 12.6 3.27 3.23 1.23
3 4.83 4.59 5.22 4.82 4.77 1.04
4 6.06 6.00 1.00 7.22 7.20 0.27
5 8.37 8.02 4.36 8.97 9.01 0.44
6 10.20 10.40 1.96 10.42 10.40 0.19
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identify up to six modes in a frequency range from 0 to 12Hz.
It is enough number of modes to carry out the purposed
analysis, due to interventions on these structures mainly
impact on the first vibration modes.

)e frequencies were identified with relative errors of
less than 4.0%, taking as a reference the results of both
methods (SSI and EFDD). With respect to the mode shapes,
the MAC values were always higher than 0.80 for all col-
lected data. Both aspects reveal that the identification is
enough accurate to consider as valid the variations in modal
parameters after the intervention.

According to the results with regard to frequency values
and mode shapes, and considering (1), the stiffness of the
structure has increased after the consolidation works
without modifying its original natural movement. In ad-
dition, the disappearance of the first vibration mode after the
intervention confirms the connection between the ribs and
the vault web.

It is confirmed the importance of considering existing
structural damages in the way of designing the experimental
campaign. In the case of this chapel, and considering the initial
disconnection between elements in the vault, themost suitable
experimental campaign before consolidation works was that
performed from intrados. However, once the structure was
consolidated, it has been proved that taking measurements
from intrados or from extrados is indifferent. In this sense,
it can be pointed out that frequency error between extrados
and intrados campaigns before intervention reaches 12.6%
(Table 4, mode 2), while after intervention, the same error is
reduced in every modes, with maximum differences of 1.23%
(Table 4, mode 2).
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[12] G. Osmancikli, Ş. Uçak, F. N. Turan, T. Türker, and
A. Bayraktar, “Investigation of restoration effects on the
dynamic characteristics of the Hagia Sophia bell-tower by
ambient vibration test,” Construction and Building Materials,
vol. 29, pp. 564–572, 2012.
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Damage to composite structures occurs from impact, fatigue, or over stress and can be critical in the safe operation of wings or any
structural member.)is paper presents a method for detection of multiple cracks present in laminated composite bending-torsion
coupled cantilevered beams using natural frequency data, a type of Nondestructive testing (NDT). )is methodology relies on
both experimentally collected natural frequencies and frequencies calculated using a mathematical model. Precise natural
frequencies are calculated using a new dynamic finite cracked element (DFCE) formulated within and based on dynamic
trigonometric shape functions. An algorithm is devised based on the Adam–Cawley criterion and extended to laminated
composites with multiple cracks. )is method has shown exceptional convergence on the size and location of cracks using
a number of modes of free vibration with and without error in measured frequencies.

1. Introduction

A wealth of information is bundled up in a sequence of
numbers that define the way in which beams deform in time.
Lightweight structures with complex anisotropic behavior
are trending in industry because of their low weight to
stiffness/strength ratio. Additionally, the stiffness of these
materials can be tailored through ply orientation and stacking
sequence to achieve unique modal responses tailored for
specific applications. Analytical methods for evaluating the
vibration of laminated composite structures have progressed
rapidly in recent years incorporating more complex behaviors
to facilitate amore accurate evaluation of dynamics, structural
integrity, and fatigue. Natural frequencies are numbers that
describe the cyclic time required for a flexible structure to take
forms in correspondingly naturally deformed shapes or
modes. Knowledge of these frequencies can be used to avoid
stability issues in design of buildings, bridges, and any other
structures where natural frequencies are critical. Wings are
common cantilevered beam-like structures, where the

knowledge of crack initiation or propagation is critical in flight
safety. Currently, the structural integrity of aircraft wings is
tested when aircraft are grounded, generally with X-ray
scanning equipment. Although this process can be time
consuming, the safety of passengers and operators is para-
mount and essential in preventing catastrophic failure of
commercial or military aircraft. Wings consist of a unique set
of natural frequencies that are fundamentally based on mass,
stiffness, and geometry. If the mass and geometry of a beam is
constant, any changes in natural frequencies can be attributed
to stiffness. When a crack is introduced in a beam, an in-
stantaneous drop in stiffness consequently results in a change
in the characteristic frequencies. Analyzing and tracking these
changes by implementing the correct methodology can pro-
vide significant information about a structure and its integrity.

)is paper involves the study of how natural frequencies
can be used to find cracks of various sizes and locations in
laminated composite Euler–Bernoulli and St. Venant beams
nondestructively, a type of structural health monitoring. A
number of authors in the past have shown how altered mode
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shapes can be visually inspected in an attempt to indicate
possible defects in beams; however, often the size and location
of the crack remains ambiguous and difficult to determine with
confidence. Correspondingly, this becomesmore difficult when
errors in measured data are accounted for, or if the size of the
crack is small, visual detection of cracks using modes can be
very difficult, particularly when modes often contain noise.
)is research provides a definitive method to find defects in
complex coupled structures such as laminated composite
Euler–Bernoulli and St. Venant cantilever beams by simply
using frequency data. Collecting frequency data experimentally
from a structure with an unknown defect and subsequently
comparing these data with various natural frequencies obtained
from amodel with a known defect can provide detection of the
size and location of structural defects in a wing if these data are
managed by an appropriate algorithm. A crack can initiate
from over stress, impact, or fatigue, subsequently generating
reduction in stiffness and altering fundamental vibrations.

Cawley and Adams [1] first proposed a method for de-
termining the location of cracks in a cylindrical geometry
composed of homogeneous material using frequency data. In
contrast, there exist crack detection approaches that rely
solely on visual inspection of discontinuous natural modes;
however, visual changes in mode shapes can be difficult to
isolate crack locations and corresponding sizes, especially
when considering complex coupled responses inherent in
composites. A good review on damage identification methods
is done by Doebling et al. [2] who compared a number of
approaches including frequency-based crack detection, one of
which is the Adam–Cawley criterion [3], which was de-
veloped to determine the size and location of cracks in ho-
mogeneous materials, and subsequently provided excellent
results. )e criterion is much less accurate when used to
detect cracks in composite material where modes of free
vibration are naturally coupled. As a result, Wang [4] devised
a way to overcome this problem by resequencing the modes
by ordering the frequencies by themagnitude of the difference
between intact and crack frequencies from largest to smallest
change. Wang’s enhancement to the Adam–Cawley criterion
has shown to produce excellent detection of the size and
location of cracks in bending-torsion coupled composite
material. )is enhanced criterion can be described as
a damage index that involves the ratio of the change in ex-
perimental frequencies with the change in frequencies cal-
culated by model prediction. )ese changes in both
experimental and calculated frequencies are evaluated by
taking the difference of these frequencies from their respective
intact frequency values. )is forms a basis for the damage
index which is then normalized such that the size and location
of a crack are indicated by unity.

Amultiple crack detection strategy is devised herein based
on this criterion by implementing dual damage indices ca-
pable of confidently detecting two or more cracks for size
and location. )e introduction of this second indicator ul-
timately provides a measure of the primary indicator, si-
multaneously exposing both cracks. Accordingly, multiple
cracks are evaluated for both size and location using se-
quential order of modes and implementation of dual damage

indices. Correspondingly, it is important to have an accurate
model of a defective composite beam for the crack detection
to be successful. )is is accomplished with dynamic finite
elements (DFEs) combined with the appropriate local com-
pliance model of the cracks in a coupled bending-torsion
composite beam, thus establishing a dynamic finite cracked
element (DFCE). DFE has been validated by comparison of
both the finite element method (FEM) and the exact solution
of the natural frequencies of various beams. Although this
paper presents a new DFCE for damaged beams, it is envi-
sioned that the methodology could also be extended to two-
dimensional structural elements based on a new DFE recently
formulated for thin rectangular plates [5]. A laminated
composite DFE stiffness matrix is similar to the exact DSM
(dynamic stiffness matrix) [6], having a frequency-dependent
stiffness matrix, and is solved to extract the natural fre-
quencies using the Wittrick–William algorithm [7].

With these enhanced dynamic elements and the
methodology introduced in this paper, a highly robust de-
tection algorithm is capable of detecting multiple through
thickness cracks in a composite beam.

2. Dynamic Finite Cracked Element (DFCE)

Crack detection using natural frequencies relies considerably
on the accuracy of the representative of the beam. DFEs have
been shown in Reference [8] to provide highly accurate
natural frequencies for various beam geometries, for ex-
ample, uniform and nonlinear geometries and materials. For
this reason, the following formulation of a DFCE is created
and achieved using two DFEs adjoined with a local com-
pliance (Figure 1), where yc represents the length of the beam
from the fixed boundary along the span to the crack and L
denotes the length of the beam. Also, b and t denote the
width and thickness of the beam, respectively.

)e governing differentials governing the motion of
a coupled bend-twist composite beam based on the
Euler–Bernoulli bending and St. Venant torsion are given in
the following:

EI
z4h

zy4 + K
z3ψ
zy3 + m

z2h

zt2
� 0,

GJ
z2h

zy2 + K
z3h

zy3 + Iα
z2ψ
zt2

� 0,

(1)

where EI, GJ, and K are the bending, twisting, and coupled
bending-twisting rigidity of the laminated composite beam,
respectively, and defined in Appendix A, based on reduced
stiffness coefficients. m denotes the mass per unit length, and
Iα denotes mass moment of inertia per unit length of the
composite beam.)ese equations of motion are strictly valid
for symmetric stacking and unidirectional unbalanced
stacking of laminate plies. )e following variables for
bending and twisting displacements are defined based on the
assumption of harmonic motion:

h(y, t) � H(y)expiωt
,

ψ(y, t) � Ψ(y)expiωt
.

(2)
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)e Galerkin weighted residual method is used, ap-
propriate integration by parts is applied, and the continuity
requirements on the field variablesH andΨ are relaxed toC1
and C0, respectively, so that the integral weak form can then
be obtained. )e resulting weak integrals are then split over
two domains (0≤y≤yc and yc ≤y≤ L), each representing
one of the intact beam segments adjoined at the crack lo-
cation. )e weak form of flexural motion is then

Wf � 
yc

0
EI(y)H1,yyδH1,yy + K(y)Ψ1,yδH1,yy

−m(y)ω2
H1δH1 dy + 

L

yc

EI(y)H2,yyδH2,yy

+ K(y)Ψ2,yδH2,yy −m(y)ω2
H2δH2 dy

+ EI(y)H1,yy + K(y)Ψ1,y 
y
δH1 

yc

0

− EI(y)H1,yy + K(y)Ψ1,y δH1,y 
yc

0

+ EI(y)H2,yy + K(y)Ψ2,y 
y
δH2 

L

yc

− EI(y)H2,yy + K(y)Ψ2,y δH2,y 
L

yc
.

(3)

And twisting motion is

Wt � 
yc

0
−GJ(y)Ψ1,yδΨ1,y −K(y)H1,yyδΨ1

+ Iα(y)ω2Ψ1δΨ1 dy + 
yc

0
−GJ(y)Ψ2,yδΨ2,y

−K(y)H2,yyδΨ2 + Iα(y)ω2Ψ2δΨ2 dy

+ GJ(y)Ψ1,y + K(y)H1,yy δΨ1 
yc

0

+ GJ(y)Ψ2,y + K(y)H2,yy δΨ2 
yc

0 ,

(4)

which also satisfies the principle of virtual work (WEXT � 0,
for free vibrations):

Wf + Wt � total internal virtual work. (5)

Boundary conditions associated with a clamped-free
cantilever beam are such that

@y � 0, H1(0) � θ1(0) � Ψ(0) � 0,

δH1 � δθ1 � δΨ1 � 0, and
@y � L, Sh2(L) � M2(L) � T2(L) � 0,

(6)

where resulting shear force, Sh(y), bending moment, M(y),
and torsional torque, T(y), are

Sh(y) �
d

dy
EI(y)

d2H

dy2 + K(y)
dΨ
dy

 ,

M(y) � −EI(y)
d2H

dy2 −K(y)
dΨ
dy

,

T(y) � GJ(y)
dΨ
dy

+ K(y)
d2H

dy2 .

(7)

)e nonzero boundary conditions (Figure 2) generated
at the crack can be written in the following matrix form:

W
BC
f �

Sh1(y) 0 0 0
0 M1(y) 0 0
0 0 Sh2(y) 0
0 0 0 M2(y)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and (8)

W
BC
t �

T1(y) 0
0 T2(y)

 . (9)

A local flexibility at the crack location is developed by
combining two intact beam members with a spring, rep-
resenting the stiffness at the crack [4]. )e natural fre-
quencies can then be calculated for this damaged composite
beam structure. Forces and moments are continuous across
the crack, whereas displacements are discontinuous and
given by the following expression:

H2

H2,y

Ψ2,y

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

�

c22 0 c26

0 c44 0

c26 0 c66

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Sh

M

T

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
+

H1

H1,y

Ψ1

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
, (10)

where c22, c44, c26, and c66 are the components of the local
flexibility at the crack location and are based on the stress
intensity factors and correction functions corresponding to
a particular mode of the crack. )ese components are de-
fined by the following equation:

cij �
z2

zPizPj


t/2

−t/2


a

0
D1 KI1 + KI4 + KI5( 

2
+ D2K

2
II3

+ D12 KI1 + KI4 + KI5( KII3 + D3 KIII3 + KIII6( 
2
dα dz.

(11)

Fundamentally, three distinct modes of a crack are il-
lustrated in Figure 3.

KI, KII, and KIII are the stress intensity factors, re-
spectively, for each crack mode. CoefficientsD1,D2,D12, and
D3 were developed by Nikpour et al. [9] to describe the strain
energy release rate per unit crack width. A local flexibility is
then defined for the crack location (Figure 4) using these
stress intensity factors, based in part by Tada’s geometric
correction functions [10] (homogeneous material), and also
corrected for material anisotropy by Bao et al. [11]. Ac-
cordingly, the final stiffness matrix representing the local
flexibility at the crack location (Figure 4) can be derived as

Kc �
[C]−1 −[C]−1

−[C]−1 [C]−1
⎡⎣ ⎤⎦. (12)

Integration by parts is performed second time on the
system after the equations have been discretized over the

a
b

xy

t

xc L – xc 

z

Figure 1: Geometry of a laminated cracked composite beam.
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length of the beam. Nondimensional bending and torsional
contributions to the element’s virtual work, Wk

f and Wk
t ,

respectively, are

W
k
f � 

ξc

0
H1

EI/l3kδH1,ξξξξ − lkmω2δH1√√√√√√√√√√√√√√√√√√√√√√
∗a1

⎡⎣ ⎤⎦dξ

+ 
1

ξc
H2

EI/l3kδH2,ξξξξ − lkmω2δH2√√√√√√√√√√√√√√√√√√√√√√
∗a2

⎡⎣ ⎤⎦dξ

+
EI

l3k
δH1,ξξH1,ξ − δH1,ξξξH1 

ξc
0

+
EI

l3k
δH2,ξξH2,ξ − δH2,ξξξH2 

ξc
0

+
K

l2k

ξc

0
Ψ1,ξδH1,ξξdξ +

K

l2k

1

ξc
Ψ2,ξδH2,ξξ dξ

+ W
BC
f ξc(  and

W
k
t � 

ξc

0
Ψ1 −GJ/lkδΨ1,ξξ − lkIαω

2δΨ1√√√√√√√√√√√√√√√√√√√√
∗b1

⎡⎢⎣ ⎤⎥⎦dξ

+ 
1

ξc
Ψ2 −GJ/lkδΨ2,ξξ − lkIαω

2δΨ2√√√√√√√√√√√√√√√√√√√√
∗b2

⎡⎢⎣ ⎤⎥⎦dξ

+
GJ

lk
δΨ1,ξΨ1 

ξc
0 +

GJ

lk
δΨ2,ξΨ2 

1
ξc

+
K

l2k

ξc

0
H1,ξξδΨ1,ξdξ +

K

l2k

1

ξc
H2,ξξδΨ2,ξ dξ

+ W
BC
t ξc( ,

(13)

where the length of the beam is discretized to ξ � y/lk,
satisfying



NE

k�1
W

k
f + 

NE

k�1
W

k
t � 0. (14)

Local virtual work expressions evaluated at the crack
boundary, WBC

f (ξc) and WBC
t (ξc), can be replaced in the

stiffness matrix with the new local flexibility matrix. DFE is
a hybrid numerical method combining the accuracy of the
DSM method [6] with the finite element method (FEM).
Shape functions are derived such that integral expressions
∗a1,
∗a2,
∗b1, and ∗b2 in (9) and (10) are equal to zero.

Consequently, dynamic trigonometric shape functions must
be frequency dependent (Appendix B), and accordingly, the
final globally stiffness matrix is also frequency dependent
and given as

K � KIN,1 + Kc + KIN,2. (15)

)is final frequency-dependent stiffness matrix, denoted
by K, represents the stiffness of a cracked beam element,
where KIN,1 and KIN,2 are the intact beam stiffness matrices
andKc is the local crack stiffness.)is results in the following
nonlinear eigenvalue problem:

K(ω) U{ }n  � 0{ }. (16)

)e solution of the natural frequencies pertaining to
this nonlinear eigenvalue problem can be attained by
implementation of the Wittrick–William root counting
algorithm [7].

3. Multiple Crack Detection

In this section, a frequency-based strategy to detect both
multiple sizes and locations of cracks within a damaged
laminated composite cantilevered beam is presented. )e
technique was first devised by Adams et al. [3] for revealing
the presence of a single crack in homogeneous material.
Naturally, by inspection of themodal response of a structure,
if the natural frequencies are lower as compared to its
original measurements, it can be reasonably postulated that
there is a corresponding drop in stiffness potentially in-
dicating a discontinuity along the length of the beam.

M M
T T

S

S

Figure 2: Sign convention, where S denotes the transverse force, M denotes the bending moment, and T denotes the torque.

a

(a)

a

(b)

a

(c)

Figure 3:)ree fundamental modes of a crack. (a) Mode I: opening of the crack (extension). (b) Mode II: sliding of the crack (shearing). (c)
Mode III: tearing of the crack (twisting).

1 2
Kc

ξc lk – ξc

Figure 4: Cracked beam element.
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Although changes in natural frequencies of a structure may
indicate the presence of a crack, the challenge is using these
data to determine how large and the location of such a local
damage(s). )e following methodology is based on dual
damage indices, where the primary index follows the
equation derived by the Cawley–Adams and the second
index evaluates the accuracy of the primary index. Corre-
spondingly, the second index simultaneously determines the
locations and sizes of both cracks. In the following defini-
tions, it is important to be consistent with the definition of
each crack; therefore, crack-1 is defined as the discontinuity
closest to the fixed boundary of the cantilevered beam,
whereas crack-2 is defined as the crack closest to the free end
of the beam. )e frequency ratio of different modes, i and j,
as a function of both crack size and location for crack-1 and
crack-2 is defined as

eij α1, η1, α2, η2(  �

δλi/δλj

δωi/δωj

− 1 if
δλi

δλj

≥
δωi

δωj

,

δωi/δωj

δλi/δλj

− 1 if
δωi

δωj

≥
δλi

δλj

,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

for
i � 1, 2, 3, . . . , n− 1,

j � 2, 3, . . . , n,

⎧⎪⎨

⎪⎩

(17)

where δω is the change in frequency between intact and
damaged frequencies by model prediction and δλ is the
change in frequency between intact and damaged fre-
quencies collected by experiment. )e size and location of
crack-1 are denoted by α1 and η1, respectively, whereas the
second crack by α2 and η2. For each crack-2 size and lo-
cation, there exists a normalized primary indicator, Eqrst,
with counters q, r, s, and t, which are equal to 10α1, 10η1,
10α2, and 10η2, respectively.

Eqrst α1, η1, α2, η2(  �
min ζqrst 

ζqrst α1, η1, α2, η2( 
, 0≤Eqrst ≤ 1.

(18)

For each crack-1 size and location, there exists (s × t) – 1
primary indices for crack-2, where

ζqrst α1, η1, α2, η2(  � 
n−1

i�1


n

i�i+1
eij α1, η1, α2, η2( . (19)

)e normalized damage index Eqrst indicates unity
when crack-2 is likely found, and less than unity for
crack-2 size α2 and location η2 that do not coincide with
a crack. )e key is to determine which primary index is
indicating the correct crack-2. )is is accomplished by
implementing a second index to measure the relative
accuracy of each (s × t)–1 primary index using the fol-
lowing equation:

Fqr �
−1

ln μqr − 1 
, (20)

where

μqr �


k
s�1

l
t�1Eqrst α1, η1, α2, η2( − 1 

(kl− 1)
, (21)

where k is the total number of incremental locations and l is
the total number of incremental sizes sweeping across the
beam for the second crack. )e accuracy of this primary
indicator is then evaluated by this normalized secondary
indicator, Fqr. )e secondary index provides a value of unity
for the correct primary index. Subsequently, the secondary
index indicates the size and location of the first crack while
simultaneously indicating which primary index is specifying
the correct size and location of crack-2.

Detection becomes more difficult when considering
error in measured frequencies. However, by increasing the
number of modes when computing the two indices more
precision in the detection is achieved diminishing the effects
of this error. )e number of modes is increased until the
prediction of both the primary and secondary indices is
unchanged for the location and size of each crack (i.e., Fqr

and Eqrst remain constant with increasing modes).

4. Numerical Examples

4.1. Free Vibration and Validation. Evaluation of the free
vibration of a damaged Euler–Bernouilli and St. Venant
torsion uniform cantilevered composite beam is demon-
strated in the following example. By implementing the
theory of a new dynamic finite cracked element (DFCE)
based on the theoretical development in Section 2 and
comparing these results with the well-established exact
closed-form DSM solution, validation of a new cracked
element is confirmed.

Consider a laminated composite beam with unidirec-
tional plies at 70 degrees, length of 0.5m, width of 0.1m, and
thickness of 5mm, with a crack introduced at midspan. )e
fiber has an elastic modulus of 275.6GPa, shear modulus of
114.8GPa, Poisson’s ratio of 0.2, and a density of
1900 kg/m3. )e matrix has an elastic modulus of 2.76GPa,
shear modulus of 1.036GPa, and Poisson’s ratio of 0.33 with
a density of 1600 kg/m3. Moreover, the laminate is designed
with a fiber volume fraction of 0.5.

Natural frequencies of this beam are presented in Ta-
ble 1 for various crack sizes. For a beam with no damage,
the natural frequencies calculated using both the DFE and
DSM are nearly identical. When a crack is introduced, and
the size of the crack is increased, a reduction in the fun-
damental frequencies is observed for all modes. )e
amount of frequency decay depends on the type of mode
and stress intensity factor most influencing the crack mode.
For example, the first three modes are presented in
Figures 5–7 for both bending and twisting displacements.
)e mode most influenced by the introduction of a crack,
both by change in frequency value and modal displace-
ment, is the third mode, which is prominently influenced
by torsion.

4.2. Multiple Crack Detection. Consider a slender beam
assembled with DFE beam elements with DFCE elements at
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the appropriate damaged locations. )e beam is now con-
sidered to be damaged in two distinct locations by two
through thickness edge cracks present at η1 � 0.1 and η2 �

0.8 with corresponding crack sizes of α1 � 0.3 and α2 � 0.6.
Mechanical and geometric properties of this beam remain
identical as the previous example with exception of the
unidirectional ply angle of 15 degrees. For expediency,
a cracked beam numbering system is implemented such that
a multicracked beamwith the first crack η1, α1 and the second
crack η2,α2 is referred to as a 10η1 10α1 10η2 10α2  beam.
For example, the current beam is a [1386] beam. An illus-
tration of this nondimensional multicracked beam is shown
in Figure 8.

)e motivation for presenting this example is to show
that a multicracked detection algorithm can be used to
successfully converge on more than one crack, for both size
and location, using frequency data. )e first five natural
frequencies are calculated and presented in Table 2, for both
a damaged and intact laminated composite beam. Primary
and secondary damage indexes are then calculated using the

method described in Section 3 (Figures 9 and 10). )ese
results are based on zero error between experimentally
collected frequencies and frequencies calculated using
DFCE.

It is reasonable to conclude, natural frequencies collected
by experiment have uncertainty in measurement. Sub-
sequently, it is practical to test the detection methodology
with error included in these pseudoexperimental frequency
values, in the order of 2-3%. Consequently, this structural
health monitoring technique requires additional modes to
accurately converge on the location and size of each crack,
namely, 5 modes of free vibration (Figures 11 and 12). In
contrast, detection of cracks when zero error exists in
measured frequencies ideally requires the minimum number
of modes (2 modes). It is important to note the order of the
frequencies when forming the damage indices. Natural
frequencies must be ordered based on the largest to smallest
percent difference between intact and damaged frequencies.
)is is specific requirement when searching for damage in
laminated composite beams [4].
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Figure 5: First mode: (a) bending and (b) torsion of a composite beam with a crack located at 50% span and unidirectional ply angle of 70°.

Table 1: Natural frequencies of a composite beam with a crack at midspan.

Crack ratio 1st mode (Hz) 2nd mode (Hz) 3rd mode (Hz)
No crack, DSM 11.97 70.92 145.80
No crack, DFE 11.97 71.08 145.85
α � 0.2 10.92 70.35 119.85
α � 0.4 7.78 67.53 90.33
α � 0.6 4.16 62.29 79.64
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Figure 7:)ird mode: (a) bending and (b) torsion of a composite beam with a crack located at 50% span and unidirectional ply angle of 70°.
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Figure 6: Second mode: (a) bending and (b) torsion of a composite beam with a crack located at 50% span and unidirectional ply angle of 70°.
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5. Conclusion

)is paper presents a robust method for detecting multiple
cracks in laminated composite bending-torsion coupled
cantilevered beams using frequency data, a type of non-
destructive testing (NDT). In addition, a dynamic finite
cracked element (DFCE) is formulated where the trigono-
metric shape functions used to generate the stiffness matrix
are fundamentally frequency dependent. It has been shown,
by applying DFCEs with a dual damage index methodology,
damages in the form of through thickness edge cracks can
be detected for both size and location. )e results have
further demonstrated that cracks are identified when error in
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Figure 10: Damage index for the second crack of a multicracked
[1386] composite beam with no measured errors.
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Figure 11: Damage index for the first crack of a multicracked
[1386] composite beam using 5modes with measured error ranging
from 2 to 3%.
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Figure 12: Damage index for the second crack of a multicracked
[1386] composite beam using 5modes with measured error ranging
from 2 to 3%.

Table 2: Frequency data collected for an intact and multicracked
Euler–Bernoulli [1386] laminated composite beam.

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5
fi (Hz) 6.82 42.72 71.40 119.59 214.22
fd (Hz) 5.65 29.88 67.62 69.87 176.40
Measured error (%) 2.8 2.8 3 2 2.3
fd with error (Hz) 5.81 30.72 69.65 71.27 180.46
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Siz
e, α

0.1 

0.1 

Figure 8: Nondimensional plot (η� y/L, α� a/b) with actual crack
locations and sizes illustrated for an Euler–Bernoulli and St. Venant
torsion [1386] beam.
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Figure 9: Damage index for the first crack of a multicracked [1386]
composite beam with no measured errors.
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measured frequencies exists, by using multiple modes free
vibration.

Appendix

A

)e following relationships define the effective rigidities of
a unidirectional laminate beam [12, 13].

Flexural rigidity:

EI � b
D22 −D2

12
D11

 . (A.1)

Torsional rigidity:

GJ � 4b
D66 −D2

16
D11

 . (A.2)

Coupled bending-torsion rigidity:

K � 2b
D26 −D12D16

D11
 , (A.3)

where the bending terms of the constitutive equation are

Dij �
1
3



NL

k�1
Qij 

k
h
3
k
− h

3
k−1

 , (A.4)

where Qij are the reduced stiffness coefficients of a unidi-
rectional laminate.

B

Four dynamic trigonometric shape functions (DTFSs)
pertaining to bending are

Nf1 �
cos(β(1− ξ))cosh β− cos(βξ) + cosh(β((1− ξ))cos β− cosh(βξ) + sinh(β((1− ξ))sin β− sin(β((1− ξ))sinh β 

Δ
,

Nf2 �
(1/β) −sin(β((1− ξ))cosh β− sin(βξ) + cosh(β(1− ξ))sin β− sinh(β(1− ξ))cos β + cos(β(1− ξ))sinh β− sinh(βξ) 

Δ
,

Nf3 �
−cosh(β(1− ξ)) + cosh(βξ)cos β + cos(βξ)coshβ− cos(β(1− ξ)) + sinh(βξ)sin β− sin(βξ)sinh β 

Δ
,

Nf4 �
(1/β) sinh(β(1− ξ))− cosh(βξ)sin β− cos(βξ)sinh β + sin(β(1− ξ)) + sinh(βξ)cos β + sin(βξ)cosh β 

Δ
,

(B.1)

where

Δ � 2(cosh β cos β− 1). (B.2)

Similar DTSFs have also been used previously [5, 8]. For
torsion, one can write

Nt1 �
sin c(1− ξ)

sin c
,

Nt2 �
sin(cξ)

sin c
,

β �

�����

mω2l4k
EI

4



,

c �

������

Iαω2l2k
GJ



.

(B.3)
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.e research adopts the French ROCK600-50 three-axis experiment instrument and SH-II system to evaluate the acoustic emission
(AE) peak of the rear axle of yellow sandstone by carrying out the confining pressure synchronous unloading experiment, and
evolution of mechanical properties and characteristics of energy transformation and damage of a yellow sandstone, which is a two-
damage process, the results of which have shown the following: (1) there are two damages appearing when the confining pressure is
5MPa, 10MPa, and 20MPa. In contrast, these two damages do not appear when the confining pressure is 30MPa and 40MPa. .e
fracture degree and crack number of the two fractures are larger than those without two damages. (2) A failure stress release rate
showed an obvious “√” trend. With the increase of confining pressure, the stress release rate of the two failures is increasing. (3) By
keeping the strain of the body constant, it is determined to be the first time to destroy the warning. .e two failures of rock are
predicted by the inflection point of the axial strain slope. No two failures occurred, and the strain unloading process showed two
characteristics. (4) Meanwhile, with the increase of confining pressure, the energy released from the peak decreases first and then
increases; the law of releasing energy from one failure and two destructions is the opposite. No damage occurred two times. As the
confining pressure increases, there is a continuous decrease of the energy released from the peak. As the confining pressure increases,
the release rate of the primary energy decreases at first and then increases, and the rate of energy released two times is increasing..e
plasticity coefficient shows the trend of increasing first and then decreasing. (5) .e damage degree of the second rupture is greater
than the first rupture.

1. Introduction

Due to the rapid development of science and technology,
construction projects based on rock mass engineering dem-
onstrate a trend of increase in terms of scale, quantity, and also
complexity. Due to the variability of the rock formation
process, there are few cases of homogeneous and intact rock
mass on the excavation face, as shown in Figure 1. .e rock
mass in the project has suffered various degrees of damage
under the action of history stress. Historical stress leads to
increase in defects. During the excavation process, the three-
directional stress of the surrounding rock gradually decreases
and induces the ruptured rock mass to get further damaged.
.e failure of the rock is the consequence of the stress

reaching the limit condition (after the peak), and the exca-
vation process is bound to cause the unloading of the sur-
rounding rock. Accordingly, there is a uniformity between the
failure of the ruptured rock mass and the postpeak unloading
of the rock sample. Excavation and unloading have a certain
impact on the failure of rock mass; however, the main reason
is that the rock mass is fractured by joints, cracks, faults, slip
planes, and filled layers. Accordingly, the rock mass engi-
neering problem is the second serious one leading to the
destruction induced by the unloading of the residual strength
in the crushing body..e unit in three-way stress equilibrium
(including a large number of defects) changes to be in a three-
way simultaneous unloading state due to excavation, as shown
in Figure 1..e study on the secondary failure mechanics and
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damage evolution induced by unloading is of great signifi-
cance to the stability evaluation of surrounding rock.

Currently, massive studies have been made regarding the
cyclic loading and unloading. Some achievements have already
been made. For example, He et al. [1–4] made a study con-
cerning the acoustic properties under true triaxial rock
unloading conditions. Xu et al. [5] used the MTS press and
acoustic emission system to monitor rock mechanics and
acoustic properties under cyclic loading. Zhou et al. [6] carried
out cyclic loading experiments on brittle rocks, presenting an
analysis about the stress-strain curve characteristics, peak load,
and damage characteristics. Deng et al. [7, 8] carried out
a uniaxial cyclic loading experiment on sandstone, mainly
focusing on the correlations between total energy, elastic strain
energy, and dissipation energy, damage parameters and their
correlations, and also the correlations between the loading-
unloading response ratio and damage variables and regularities.
.e electromagnetic radiation was adopted by Song et al. [9] to
monitor the deformation characteristics and capacity dissipa-
tion characteristics of coal samples under cyclic loading. Yin
et al. [10] carried out triaxial tests on gas-bearing coal.
Meanwhile, they also analyzed themechanical characteristics of
stress paths in the unloading direction with axial loading. Ray
et al. [11] analyzed the strain and mechanical characteristics of
sandstone under cyclic loading. Bagde and Petros [12] made
a study about the fatigue characteristics and energy trans-
formation of rock under cyclic loading. Zhao et al. [13] explored
the damage and expansion characteristics of deep granite under
triaxial cyclic loading. Liu et al. [14] carried out a research
regarding the rock deformation and failure and the law of
ultimate energy storage under four loading and unloading
paths. Zhou et al. [15] carried out an in situ deep chamber in
situ high-pressure true triaxial unloading experiment. Wang
et al. [16] mainly attached their focus on the stress and volume
strain of surrounding rock after dynamic unloading of the
circular chamber under hydrostatic pressure. Wu et al. [17]
conducted the indoor unloading rockburst experiment and
numerical experiment with tunnel rockburst as the back-
ground. Xu et al. [18] implemented a research exploring the
saturated sandstone cyclic loading pore water using MTS815

and analyzed the changing characteristics of the stress-strain
curve during loading and unloading. Wang et al. [19] made
a study regarding the distribution characteristics of unconfined
uniaxial compression and initial hydrostatic pressure loading
and unloading stress field through the theoretical analysis. Yang
et al. [20] performed uniaxial cyclic loading tests on salt rock.
Meanwhile, they also analyzed the modulus, Poisson’s ratio,
and energy dissipation law. Xiao et al. [21–23] explored the
energy conversion during the rupture of coal and rock mass.
Liu et al. [24, 25] analyzed the energy variation characteristics of
the combined coal and granite destruction processes. Yang et al.
[26] analyzed the damage experiment of uniaxial acoustic
emission. Liu et al. [27] analyzed mining-induced inrushes
from subjacent water conducting karst collapse columns in
northern China. Li et al. [28] analyzed rock brittleness on the
hydraulic fractures in the shale reservoir.

It can be seen from above that previous studies mainly
focus on the mechanical characteristics, deformation char-
acteristics, and energy conversion rules under single and
triaxial cyclic loading and unloading paths. However, most
of them focus on changing the loading-unloading path to
simulate the on-site working conditions in the prepeak
period and do not consider the actual surrounding rock
itself as a rupture body. After the space is constructed, the
microcells will be in a three-way synchronous unloading
state and further rupture of the rock mass is induced.
.erefore, aforementioned research studies actually cannot
reflect the rupture characteristics of surrounding rock under
objective and actual working conditions. In this paper, we
use the Top Industrie ROCK600-50 adaptive multifield
coupling experiment instrument of France and SH-II health
monitoring system of American Acoustics Co. Ltd. to carry
out the postpeak synchronous unloading experiment of the
yellow sandstone at the axial and the confining pressure..e
mechanical properties, energy conversion characteristics,
and damage evolution of the yellow sandstone during pri-
mary failure and secondary failure are obtained. It focuses
on the identification of precursory information of fractured
rock mass, providing the basic data for the monitoring and
the controlling of the stability of underground rock mass.

2. Experimental Methods

2.1. Experimental Sample Preparation. In order to ensure
the validity of the experimental results, yellow sandstone is
processed according to the determination method of coal and
rock deformation parameters (GB/T 23561.8-2009). Standard
size isΦ50×100mm..e bulk density was finally determined
at 2.16 g/m3 based on the wax seal method. .e strength was
74.8MPa, while the elastic modulus was 12.8GPa and Pois-
son’s ratio was 0.28 by the uniaxial compression deformation
test. It is shown from the detection of the internal structures
through the industrial CT that the yellow sandstone is ho-
mogeneous and dense. When the rock samples are used for
ultrasonic testing, the P wave velocity is approximately
3900m/s and the S wave velocity is approximately 3100m/s,
which ensures that the rules for the exploration of these
batches are reliable. .e basic information of rock samples is
shown in Table 1. Due to the large number of rock samples,

Primitive rock area

Posttectonic

Pretectonic stress

Depth H

Tectonic space

Ground

Influence
area of

surrounding
rock

Figure 1: .e unloading of the stress field before and after the
spatial structure is constructed.
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only the typical analysis was selected to give specific in-
formation. .e fracture morphology of triaxial test specimens
is shown in Figure 2. As the depth of burial increases, the
ground stress increases correspondingly. Meanwhile, the local
main stress in the local area can reach 40MPa or even more.
For the representativeness and extensiveness of the research
problem, the hydrostatic pressure of the triaxial test was
designed to be 5MPa, 10MPa, 20MPa, 30MPa, and 40MPa,
respectively. Due to space limitations, only representative rock
samples were selected for analysis.

Wa � 
P

G
σdε, (1)

Wb � W1P + W2 + W3P + W4, (2)

W1P � 
R

P
σdε, (3)

W2·4 � 
S

R
σdε, (4)

W3P � 
N

S
σdε, (5)

vW �
wi

ti

, (6)

WS � Waccumulation before the peak −Wrelease after the peak, (7)

KP �
Waccumulation before the peak

WGHIT
, (8)

2.2. Experimental Equipment. .e experiment used the
ROCK600-50 multifield coupling mechanics test system
produced by the French Top Industrie company. Addi-
tionally, to monitor the rock-breaking process, the SH-II
acoustic emission system was adopted in the experiment.
.e device composition and arrangement relationship are
shown in Figure 3. In order to correct the moment of rock
rupture and information, the acoustic emission sensor 1 is
arranged on the base of the press, while data generated from
the processes of loading and unloading are collected. .e
acoustic emission sensor 2 is arranged on the side wall of the
confining pressure chamber. Since the signal is significantly
attenuated in the hydraulic oil, acoustic emission signals can
only be acquired when they are broken..e sensor is fixed in

the corresponding position with high-strength magnets,
during the process of which Vaseline coupling sensors and
contact surfaces have been used. .e acoustic emission
threshold is 40 dB.

2.3. Experimental Scheme. A servo pump was adopted in the
three-axis synchronous unloading test to load the test piece.
First, rock samples were loaded under hydrostatic pressures of
5MPa, 10MPa, 20MPa, 30MPa, and 40MPa at a rate of
1MPa/min. To ensure stable transition of the rock sample
system and to discriminate acoustic emission effects, the
hydrostatic pressure is maintained for a certain period of time.
Afterward, the deviatoric stress is increased at a rate of
1MPa/min until the rock sample is destroyed once. .en, the
confining pressure is kept constant for a while. It requires to
unload the axial pressure and confining pressure simulta-
neously after a certain value is reached while secondary
damage is induced. After the destruction, it is stabilized again
and unloaded again synchronously until the rock sample is no
longer stressed. From the initial loading to the completion of
the uninstallation, acoustic emission monitoring is used
throughout. .e experimental path is shown in Figure 4.

2.4. 1eoretical Basis. In order to effectively collect and
monitor the experimental data, the fracture process of rock
damage will be analyzed from various angles, including the
change of strain field, stress field, and energy field trans-
formation and the evaluation of yellow sandstone damage by
using the acoustic emission technology. In the strain field
analysis, the variation characteristics of the corresponding
strains at different initial hydrostatic pressures are analyzed
using the axial strain-annular strain-body strain and time
variation law. Body strain and axial strain are used to predict

Table 1: Basic information of yellow sandstone.

Numbering Diameter× height
(mm) Mass m (g) Confining pressure σ3

(MPa)
P wave speed

(m/s)
Loading and unloading

speed (MPa/min)
SZ-24 49.22×100.09 438.2 5 3910 1
SZ-5 50.30×100.10 434.7 10 3895 1
SZ-10 50.02×100.02 436.2 20 3927 1
SZ-21 50.20×101.30 436.6 30 3896 1
SZ-18 50.19×101.61 436.4 40 3908 1

Figure 2: Fracture photos of rock samples.
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rock breakage. In the energy analysis, stress-strain curves
and stress-time curves are used to analyze the characteristics
of energy accumulation, transformation, and release under
different hydrostatic pressures and the characteristics of the
plasticity coefficient and energy release rate of rock. When it
comes to the damage analysis, it adopts acoustic emission
energy to characterize the damage variables of the rock.
An analysis about the damage evolution process is made.
Figure 5 shows the relationship between energy accumu-
lation, conversion, and release. It can be found from the
figure that the energy calculation uses the stress-strain
curve’s integral form, in which the red line is the integral
calculation energy. .e unit of energy derived from the di-
mensions is kJ/m3, and the specific calculation formulas are
shown in (1)–(8).where Wa is the total strain energy accu-
mulated before the peak and Wb refers to the strain energy
released after the peak, while W1P means the strain energy
released from the first failure. W2 and W4 represent the strain
energy released by synchronous unloading, while W3P is the
second failure. vW is the rate at which strain energy is released.
wi is the strain energy released at the time after the peak. ti is
the time elapsed after a peak was destroyed or unloaded. It has
been marked in Figure 5. In the figure, WS represents the

remaining energy of the rock sample destruction process.KP is
the rock plasticity coefficient.

Based on the research, the cracking energy of the
rock and the strain energy released during the cracking
process can be reflected through the energy in the acoustic
emission characteristic parameters. .is paper will use
acoustic emission energy and cumulative energy to deduce
the evolution of the rock triaxial damage.

.e traditional damage variable is defined by the area
ratio. .is paper uses the deformation ratio method. .e
formula is

D �
ε0
ε

, (9)

where ε0 represents the change of strain in the process of
rock entering into complete destabilization and ε is the
maximum strain corresponding with the complete failure of
rock samples.

If the total energy collected by the acoustic emission
during the complete fracture of the rock specimen is as-
sumed to be W, the energy released by the rupture of the
microelements correspondingly is

MW �
W

ε
. (10)
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of the control system); e: base lift pump; f: base (f-1: axial sensor and f-2: ring sensor); g: power; h: acoustic emission host; i: acoustic emission
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When the damage volume reaches ε0, the accumulated
energy reaches WD:

WD � ε0 ∗MW � ε0 ∗
W

ε
, (11)

where

D �
ε0
ε

�
WD

W
. (12)

According to the aforementioned theory, the authors
will analyze the characteristics of energy conversion and
damage evolution during secondary rock failure induced by
simultaneous unloading. .e energy conversion parameters
are shown in Table 2.

3. Analysis of Synchronous
Uninstallation Results

3.1. Analysis of Characteristics of Simultaneous Unloading
Stress Change. In order to be truly close to the rock mass
excavation process, to simulate the on-site stress field
changes, and also to obtain the rock body failure evolution
process, the rock sample is first loaded to the peak state in the
experiment. Later, confining pressure-axial pressure is
unloaded synchronously to the state of zero stress, during
the whole process of which synchronous acoustic emission
is adopted for monitoring. A total of 25 specimens were
subjected to the above stress path experiment. .ere are two
situations being obtained from the analysis of the experi-
mental results. One is that the secondary rupturing occurs
under a certain stress state for the synchronous unloading,
and the other is that no secondary damage occurred after
unloading synchronously. Typical curves and broken photos
are shown in Figure 6.

Figure 6 records the changes of the field over time and
the fracture pattern of the rock sample at the moment of
rupture. Besides, Figure 6(a) shows the process information
corresponding to 5MPa confining pressure. In order to
ensure that the rock sample is in a stable state and the quality
of the acoustic emission signal can be improved, the con-
fining pressure is applied for 300 seconds before the ap-
plication of deviatoric stress. .e peak deviator stress at
failure was 91.22MPa. .e initial failure stress was reduced
by 60.58MPa, which took 3.89 seconds. .e difference
between stress and confining pressure after the initial de-
struction was 25.73MPa. In order to ensure the stability of
the stress and crack propagation, the converging pressure
and axial pressure were unloaded synchronously when there
is no change occurring on the observation curve. .e sta-
bility lasted for 250 s, and the stress changed by 2.23MPa.
.e corresponding confining pressure in the secondary
failure was 0.94MPa. It took 2.32 s to reduce the stress by
4.59MPa. .e difference between stress and confining
pressure after secondary destruction was 4.86MPa. After the
confining pressure was unloaded to zero, the residual stress
was 3.98MPa. It can be seen from the conventional triaxial
test that there were a typical single oblique shear failure and
a splitting failure shown from typical ruptures. According to
this, the primary damage is obtained from the master crack,

while the secondary fracture is from the microcrack. .e
figure has identified the oblique shear damage occurring
correspondingly with the first breakage and the drop below
the pattern. .ere were three shear cracks and one longi-
tudinal crack in different directions in the secondary frac-
ture. Figure 6(b) shows the process information when the
confining pressure is 10MPa. .e peak deviator stress at
failure was 126.11MPa. .e first failure stress was reduced
by 34.42MPa, which took 4.92 seconds. .e difference be-
tween stress and confining pressure after the first destruction
was 81.69MPa. Such a stability lasted for 900 s, and the stress
changed by 2.78MPa. .e corresponding confining pressure
during the secondary failure was 4.58MPa. .e stress was
reduced by 20.48MPa, which took 4.09 s. .e difference
between stress and confining pressure after secondary de-
struction was 30.83MPa. .e residual stress after the con-
fining pressure was unloaded to zero was 17.66MPa. .e
figure has identified the oblique shear failure occurring during
the first break and also the drop of the small pieces to the
bottom of the pattern. .ere were two shear cracks and one
horizontal crack in two different directions in the second
rupture. .ere were cracks. Meanwhile, partial shear spalling
occurred. Figure 6(c) displays the corresponding process
information when the confining pressure was 20MPa. .e
peak deviator stress at failure was 156.25MPa. .e initial
failure stress was reduced by 53.61MPa, which took 4.36 s.
.e difference between stress and confining pressure after the
initial destruction was 80.63MPa. .e stability lasted for
200 s, while the stress changed by 2.15MPa. .e confining
pressure corresponding to the secondary failure was 2.9MPa.
Stress was reduced by 19.90MPa, which took 1.78 s. .e
difference between stress and confining pressure after sec-
ondary destruction was 0MPa. .e residual stress was 0MPa
after the confining pressure was unloaded to zero. .e figure
has identified the oblique shear failure occurring during the
initial break. One shear crack and one longitudinal crack
appeared in the secondary fracture. Figure 6(d) presents the
process information corresponding to 30MPa confining
pressure. .e peak deviator stress at failure was 198.78MPa.
Meanwhile, it took 4.41 s to reduce the failure stress by
87.65MPa. .e difference between the stress and the con-
fining pressure after the destruction was 80.99MPa. .e
stability lasted for 200 s, the stress changed by 2.56MPa, and
the residual stress after confining pressure was unloaded to
zero was 5.91MPa. It can be seen from the figure that the
oblique shear failure occurred at the time of cracking. .is
also confirms the abovementioned argument regarding sec-
ondary cracking. Figure 6(e) shows the process information
corresponding to a confining pressure of 40MPa. .e peak
deviator stress at break was 224.90MPa..e failure stress was
reduced by 67.68MPa and it took 2.57 s. .e difference be-
tween the stress after the break and the confining pressure was
118.18MPa. .e stability lasted for 350 s, leading to the stress
change of 4.69MPa, while the residual stress after confining
pressure was unloaded to zero was 11.34MPa. In the figure, it
has been identified that there was an oblique shear damage.

.e secondary failure of the confining pressure of 5MPa
is 4 cracks (3 oblique shearing and 1 stretching), and the
unloading confining pressure value of the secondary failure
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Figure 6: Continued.

Table 2: Energy conversion parameter table.

Confining
pressure (MPa)

Wa

(kJ/m3)
Wb

(kJ/m3)
W1P

(kJ/m3)
W2

(kJ/m3)
W3P

(kJ/m3)
W4

(kJ/m3) t1 (s) t2 (s) Wv1
(kJ/m3/s)

Wv2
(kJ/m3/s)

WS
(kJ/m3) KP

WJHI
(kJ/m3)

5 41.58 57.08 43.73 8.48 2.43 2.44 3.89 2.32 11.24 1.05 0 0.87 47.74
10 80.51 38.39 18.30 0.17 6.33 13.59 4.92 4.09 3.72 1.55 42.12 0.98 81.9
20 118.00 100.63 46.07 48.60 5.96 0 4.36 1.78 10.57 3.35 17.37 1 117.53
30 178.20 36.97 75.28 3.69 0 −42.25 4.41 0 17.07 0 141.23 0.91 196.91
40 227.88 4.88 68.19 10.45 0 −3.76 2.57 0 26.53 0 223.00 0.92 248.82
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is 0.94MPa. .e secondary failure of the confining pressure
of 10MPa is 3 cracks (2 oblique shearing and 1 straight
shearing), and the unloading confining pressure value of the
secondary failure is 4.58MPa. .e secondary failure of the
confining pressure of 20MPa is 2 cracks (1 oblique shear and
1 tensile), and the unloading confining pressure value of the
secondary failure is 2.9MPa. No secondary damage occurred
at pressures of 30MPa and 40MPa. With the increase of the
initial confining pressure, the total number of cracks and the
number of oblique shear cracks generated during the sec-
ondary damage are reduced. When the secondary damage
confining pressure is large (4.58MPa), a straight shear crack
appears at this time. When the secondary failure confining
pressure is small (2.9MPa and 0.94MPa), one tensile crack
appears at this time. According to this, the crack type has
a certain correlation with the secondary damage confining
pressure value.

When the confining pressure was 5MPa, 10MPa, and
20MPa, secondary failure occurred. In contrast, there was no
secondary failure when the confining pressure was 30MPa
and 40MPa, indicating that the rock is easily destroyed again
during excavation and unloading of low confining pressure.
.is places higher demands on the support and stability
control of the surrounding rock. It is shown that the stability
of unloading rock mass is better under high confining
pressure. Meanwhile, the self-supporting capacity of sur-
rounding rock is strong. At the same time, the accumulated
elastic energy is also large, and it may cause serious disasters
under unsynchronized unloading.

In order to explore the characteristics of the destruction
process, the confining pressures of the three groups of rock
samples with secondary failures were set as low confining
pressures, while the confining pressures of rock samples

without secondary destruction were set as high confining
pressures. It is shown from the analysis of the first de-
structive stability interval that the pressure drop in the
40MPa stable interval is about twice that in the other
confining pressure stable interval. It shows that a period of
adjustment of about 200 s is required after rock failure under
confining pressure. A pressure drop of 2.43MPa occurs.
With the increase of mining depth (40MPa confining
pressure), the required stabilization time and pressure drop
are increasing. .e fractures and cracks of the three rock
specimens with secondary failure are larger than those of the
two rock samples without secondary damage. .e average
time required for the initial failure of rock samples was
4.03 s. Except that the destruction time is small when the
confining pressure is 40MPa, the results of other groups
are similar, which shows that it takes a certain period of time
for the main crack to extend to the penetration. .e time
required for cracking under high confining pressure is
relatively short. .e average value of the instantaneous
decline of the primary failure of the rock sample with
secondary failure is 49.54MPa, while the instantaneous
value of the rock failure without secondary damage is
77.67MPa. .e initial failure of the rock sample is more
thorough under the high confining pressure. Meanwhile, it is
not easy to cause secondary damage. .e unloading crack
under low confining pressure will continue to expand and
induce secondary damage. At this time, the result is cor-
responding to the failure form of the rock sample. With the
increase of confining pressure, the pressure difference
during the initial destruction generally showed an increasing
trend. However, the range of 10MPa and 20MPa did not
change much. After the confining pressure is unloaded
to zero, the residual stress does not demonstrate a certain
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regularity under low confining pressure, which indicates that
the residual stress in some areas is relatively large and the
residual stress in some areas is small, which poses a great
challenge to the stability control of the project. It can be
found that the residual stress is stable under high confining
pressure, which has certain guiding effect on the stability
control of rock mass. In the secondary demolition induced
by synchronous unloading, the corresponding confining
pressure value, the pressure difference during secondary
failure, the time of secondary failure, and the stress re-
duction value during failure are all different. .erefore, it
suggests that the problem of secondary failure pressure in
the project needs to be handled with care. .e decline in
stress is bound to be accompanied by the release of energy.
.e speed of stress reduction is the key to causing disasters.
Based on this, the stress release rate during the primary and
secondary failure of yellow sandstone under different con-
fining pressures is analyzed. .e curve fitting results are
shown in Figure 7. .rough analysis, it can be seen that the
stress release rate of the initial failure demonstrates a “√”
trend. .e stress release rate of confining pressure in the
range of 5MPa and 10MPa decreased, while the stress re-
lease rate in the range of 10MPa to 40MPa showed a linear
increase. Attention should be attached to the destruction of
disasters brought about by transients and deviants under the
high confining pressure. .e confining pressure (unloading)
can reduce and change the mechanical properties of sur-
rounding rocks. .e fitting of several groups of rock speci-
mens with secondary damage shows that the stress release
rate increases as the confining pressure increases. .e
initial stress of the surrounding rock, to which excavation
unloading can cause secondary destruction, is relatively
large. Corresponding measures should be taken to reduce
the stress release rate and ensure the stability of the project.

3.2. Analysis of Distortion Change Characteristics in Syn-
chronized Unloading. In order to grasp the variation of the
deformation before and after the unloading of the triaxial
test, the characteristics of the axial strain, hoop strain, and
body strain after simultaneous unloading under different
initial confining pressures were analyzed with time as pa-
rameters. Due to the way of hydrostatic pressure loading in
the early stage, the axial deformation took the average of D2
and D3.

Figure 8 presents the strain-time curve under different
confining pressures. At the initial stage of loading to 5MPa
hydrostatic pressure, there was an increase of the axial
deformation and a decrease of the circumferential de-
formation. .e axial variation was larger than the circum-
ferential direction. .e rock sample was continuously
compacted under the influence of external stress. .e overall
volume was continuously decreasing. During the process of
maintaining the hydrostatic pressure at 5MPa, the axial
strain and the hoop strain did not change, and the body
strain was 0.28. When deviatoric loading was applied, the
axial deformation increases and the circumferential de-
formation continued to expand. At 1464 s, the circumfer-
ential deformation exceeded the initial value and continued

to expand, and the body strain continued to decrease, in-
dicating that the circumferential change rate was less than
the axial change rate. When the body strain stayed the same
(1987 s), it indicates that the rate of axial change was con-
sistent with the rate of change of the circumferential di-
rection. Meanwhile, it was considered as a time of early
warning of damage. .en, the expansion of the rock sample
occurred, followed by destruction, and the body strain was
greater than the initial value. After the occurring of a failure,
it was found that the stress was stable and the strain changed.
When it entered into the phase of simultaneous unloading of
axial pressure and confining pressure, due to the difference
of initial unloading stress, the overall axial loading and
confining pressure unloading would occur, which was also
the essential reason for secondary damage. .e axial strain
increases and the circumferential deformation continuously
expanded. It can be seen from the body strain at this time
that the circumferential speed of change was greater than
that of the axial direction. .e circumferential deformation
reached the monitoring limit at specific moment. At this
time, the instability information could not be judged by the
circumferential change. Because there was a hoop strain in
the body strain, only the axial strain could be used to
evaluate the process information of the rock sample. .ere
was a change of the slope of the axial strain at 2759 s, in-
dicating that the rock specimen was about to undergo sec-
ondary damage and secondary damage occurred in 2827 s.
Confining pressure is unloaded to zero..e axial strain limit
was 2.92. .e results of the initial stage of the initial loading
of the 10MPa hydrostatic pressure rock sample and the
5MPa rock sample peak were similar. However, there was
no significant change occurring in the axial deformation
and the circumferential deformation during the initial stage
of axial unloading after the peak. .is shows that the axial
stress unloading speed and the hoop stress unloading
speed were exactly the same. Meanwhile, it can be found
that the state of stress was always in a stable state. After
the unloading, the axial deformation decreased and then

0 5 10 15 20 25 30 35 40 45
5

10

15

20

25

30

Tw
o-

tim
e f

ai
lu

re
 ra

te
 o

f s
tr

es
s r

el
ea

se
 (M

Pa
/s

) 

O
ne

-ti
m

e f
ai

lu
re

 ra
te

 o
f s

tr
es

s r
el

ea
se

 (M
Pa

/s
)

One-time failure rate of stress release
Two-time failure rate of stress release

Confining pressure (MPa)

0

5

10

15

20

25

30

Figure 7: Relation between stress release rate and confining
pressure of rock fracture.

Shock and Vibration 9



0 1000 2000 3000 4000
–1.0

–0.5

0.0

0.5

1.0

1.5

2.0
Two times of destruction

ε1

εV
ε3

Time (s)

Two destruction omens
Stress stable period

One time of destruction

Hydrostatic
pressure

retention 

Loading
hydrostatic

pressure

Destruction
of the omen

Trend line 

Zero-point
demarcation line

St
ra

in
 (%

)

Partial stress loading 

(a)

ε1
ε3
εV

0 1000 2000 3000 4000 5000 6000

–1

0

1

2

3

4

5

6

Two destruction omens 

Two times of destruction 

Stress stable period 

Zero-point
demarcation line

Trend line 

One time of destruction

Partial stress loading

Hydrostatic
pressure
retention

Loading
hydrostatic
pressure 

Time (s)

St
ra

in
 (%

)

Destruction
of the omen

(b)

Figure 8: Continued.

10 Shock and Vibration



0 1000 2000 3000 4000 5000 6000 7000 8000
–1.0

–0.5

0.0

0.5

1.0

1.5

2.0

2.5

Zero-point
demarcation line

Trend line

Destruction
of the omen

Destruction 

1

Partial stress loading 

Hydrostatic
pressure
retention

Loading
hydrostatic

pressure

Time (s)

St
ra

in
 (%

)

ε1
ε3
εV

Unloading
process 

2

(c)

0 2000 4000 6000 8000 10000

–1

0

1

2

3

Unloading
process 

Zero-point
demarcation line

Trend line

Destruction
of the omen

Destruction

Partial stress loading

Hydrostatic
pressure
retention

Loading
hydrostatic

pressure

Time (s)

St
ra

in
 (%

)

ε1
ε3
εV

1 2

(d)

Figure 8: Continued.

Shock and Vibration 11



increased. .e circumferential deformation increased. Af-
terward, secondary damage occurred. .is time, the de-
marcation points of the decrease and increase of the axial
strain were defined as the premonitory moment of the
secondary failure. .e results of the rock samples loaded to
20MPa hydrostatic pressure were similar to those of the
5MPa rock samples, which are not analyzed here. .e
peak of the rock sample before the occurrence of secondary
failure was consistent with that of other rock samples. .e
unloading process of the rock sample with initial hydro-
static pressure of 30MPa exhibited two-stage characteristics.
.e ring strain of process 1 remained basically unchanged,
while there was a continuous decrease of the axial strain.
Expansion shows that the axial unloading speed was faster,
and axial and circumferential unloading had less effect on
the steady state of the ring. In process 2, the circumferential
strain gradually decreased. Besides, the axial strain still
decreased. .e volume expansion rate slowed down. .is
indicated that both the axial direction and the circum-
ferential direction were unloaded, and the axial direction
still played a leading role. .e rock sample with the ini-
tial hydrostatic pressure of 40MPa was consistent with
the process 1 of the rock sample with initial hydrostatic
pressure of 30MPa. Meanwhile, process 2 showed a ten-
dency of gradual increase in hoop strain. .is shows that
the rock sample as a whole showed an axially unloaded and
circumferentially loaded state. With the increase of hy-
drostatic pressure, the body strain of the rock sample was
also increasing. When the pressure was lower, the increase

was faster, and when the pressure was higher, the increase
was more stable.

3.3. Synchronization Unloading Energy Change Characteris-
tics Analysis. According to the energy calculation method in
the theoretical basis of Section 2.4, the elastic energy ac-
cumulated before the peak. Afterward, it was released after
the peak. An analysis about the elastic energy released by the
first failure and secondary damage, the energy release rate,
the remaining energy, and the plastic coefficient is shown in
Table 2. For a clear analysis of the problem, Figure 9 displays
the stress-strain-time diagram of confining pressure 10MPa
rock samples, and Figure 10 gives the stress-strain-time
diagram of confining pressure 40MPa rock samples. .e
calculation methods and ideas under other confining
pressures are the same and are not repeated.

By analyzing the characteristics of energy conversion
under low confining pressure and energy conversion char-
acteristics under high confining pressure, it can be found that
there is similarity before peak. .e initial strain existed under
the influence of hydrostatic pressure, and the elastoplastic
section was obvious, during the process of which the rock
sample was continuously storing the strain energy. Afterward,
the fracture occurred and the energy was released instanta-
neously. High confining pressure rocks released more energy
compared the total amount of energy generated under low
confining pressure. In the initial phase of simultaneous
unloading, convex curves appeared. High confining pressure
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and low confining pressure have demonstrated obvious dif-
ferences in the later period. .e deformation of the low
confining pressure curve increased, and the strain energy is
continuously released. In the event of a second rupture, less
energy was instantaneously released and then the energy
continued to release until the confining pressure reached
zero. .ere was a certain amount of residual stress while the
energy release reached the end point. .e deformation of the
high confining pressure curve was continuously decreasing.
Meanwhile, the rock sample was continuously absorbing
energy until it reached the confining pressure zero point and
the energy absorption was completed.

Based on the analysis of the strain energy stored before
the peak under different confining pressures, it can be seen
that with the increase of confining pressure, the energy
stored before the peak is increasing. .e conclusion is
consistent with objective reality. .e greater the constraints
on rock samples are, the more energy they can store. .e
strain energy released after the peak does not have regularity.
When the confining pressure was 5MPa, the released energy
was greater than the absorbed energy. Due to the large
fragmentation of the block, the external input energy leads to
the release of self-energy. .e energy released after the peak
of the secondary fractured rock sample decreases and then
increases corresponding with the increase of the confining
pressure. .e energy released by the first destruction and the
energy released by W2 also satisfied the above rules. .e law
of the energy released by the secondary destruction and the
energy released by W4 was exactly the opposite, showing
a trend of increase and decrease afterward. .e energy that
was released after the peak of the rock sample without
secondary damage was decreasing along with the increase of
confining pressure. .e energy released after the destruction

also satisfied the above rules. .e law of change of W2 was
contrary to it, presenting an increasing trend. .e strain
energy absorbed by W4 increased continuously. .e release
velocity of the first destructive energy tended to decrease first
and then increased with confining pressure. .e rate of
release of secondary destructive energy continued to in-
crease. As the confining pressure increases, the remaining
energy appeared to increase first, then decrease and finally
increase. .e result is the reason why disasters under high
stress in deep mining are highlighted. .e plasticity co-
efficient showed a trend of increase first and then decrease.
When the confining pressure was 20MPa, the plasticity
coefficient of yellow sandstone was equal to 1.

3.4. Simultaneous Unloading Damage Change Characteristics
Analysis. According to formula (11), the damage variable is
normalized while the damage variable D based on the cu-
mulative energy of acoustic emission is obtained. .e curve
of the deviatoric stress and damage variable over time in the
process of synchronous unloading under triaxial conditions
is given. Because of the similarity between the high confining
pressure and the low confining pressure results, the curves
corresponding to confining pressures of 10MPa and 40MPa
were selected for analysis.

As can be seen from Figure 11, the curve can be divided
into eight phases. In the first stage, the hydrostatic pressure
made the original pores andmicrofissures of the rock sample
closed. At this point, the acoustic emission signal was less
and the energy was smaller. .e damage variable had a small
increase. In the second stage, deviatoric stress loading caused
the original cracks to continuously expand. At the same
time, new cracks are generated. At this point, a certain
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amount of acoustic emission signals was received while the
energy was increased. Additionally, the damage variable was
in a slow growth stage. In the third stage, the microcracks
caused by the first destruction continuously penetrated into
the main control cracks. At this time, the acoustic emission
activity was intense and the energy was extremely high. .e
damage variable was in a rapid growth stage. 72.91% of the
damage was caused by the initial destruction. In the fourth
stage, simultaneous unloading resulted in a more stable
resultant force and no new cracks appeared or expanded. At
this point, the acoustic emission signal was minimal and the
energy was minimal. .e damage variable was in a stable
phase. In the fifth stage, the stress difference caused by si-
multaneous unloading made the rock sample unstable, and
microcracks initiated and expanded. Both the acoustic
emission signal and energy demonstrate the increasing trend
at this time. Meanwhile, the damage variable was in a rapid
growth phase. At this point, it could be predicted that the
rock sample would undergo secondary damage. In the sixth
stage, the microcrack expansion caused by the secondary
damage was lost to the bearing capacity. At this time, the
acoustic emission activity was intense and the energy was
very large, and the damage variable was in a rapid growth
phase. About 10% of damage was caused by secondary
damage. In the seventh and eighth stages, the axial pressure
was greater than the confining pressure and the fracture was
further aggravated. At this time point, the acoustic emission
activity was more intense and the energy was larger, and the
damage variable was in a stage of slow growth and rapid
growth.

As can be seen from Figure 12, the curve can be divided
into five stages. .e first, second, and third stages were

similar to the low confining pressure rock samples, but the
growth rate of the damage variable was greater than that of
the low confining pressure. .e results were in line with
the actual situation. .e rock fracture could be predicted
by the rapid growth of the second-stage damage variable.
About 88% of damage was caused by destruction..e fourth
phase was the stable period before synchronous unloading.
No new cracks appeared and spread. At this point, the
acoustic emission signal was minimal and the energy was
minimal, and the damage variable was in a stable phase. In
the fifth stage, the axial unloading caused by the simulta-
neous unloading was greater than the confining pressure and
the fracture was further aggravated, making the rock sample
unstable. At this time, the acoustic emission activity was
more intense and the energy was larger, and the damage
variable was in a slow growth stage.

3.5. Analysis of Unloading Damage Precursor Information
Based on Rock Mechanics Characteristics, Energy Conversion
Characteristics, and Damage Evolution Law. .e precursory
information of the primary damage is consistent with other
research results and will not be discussed here. .e sec-
ondary damage precursor information caused by excavation
unloading is of great significance to the safety and stability
control of the project. .ere is an abnormal stage in the early
stage of rock failure. .e deformation anomaly, energy
anomaly, and damage anomaly are analyzed to compre-
hensively evaluate the precursor characteristics of the sec-
ondary failure of rock mass.

It is obtained in the analysis in Section 3.2 that primary
failure causes large radial deformation, which causes the
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toroidal sensor to reach or exceed the limit..ere is a certain
deviation in the radial deformation or the physical strain
evaluation. .e axial strain is used to analyze the secondary
damage precursor of the rock. By analyzing the samples of
the confining pressures of 5MPa, 10MPa, and 20MPa, it can
be inferred that the secondary damage will occur when the
axial strain slope changes..e axial strain slope of the 5MPa
sample at 2759 s was changed, and the secondary damage

occurred at 2827 s. .e energy release process during the
peak unloading process of the 5MPa sample was analyzed.
.e energy release process approximated the S-shaped
curve. .e energy release jump point appeared in the second
stage of the secondary failure..emoment occurred at 2812 s,
which indicates that energy release predicts the precursory
characteristics of the damage. Before the secondary failure of
the rock sample, there is a rapid growth period of damage
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evolution. .e damage evolution increase time is 2691 s, and
the second damage occurs after 136 s, indicating that the
damage can be predicted by accelerating growth of damage
evolution. From the perspective of deformation, energy, and
damage, it is found that the first feedback in the secondary
rupture of the rock sample is the acceleration of the damage
parameter, and then, the feedback is the inflection point of the
axial strain slope. Finally, the feedback is the energy release
jumping. .e above parameters all made abnormal feedback
before the second rupture, which can comprehensively judge
the arrival of instability, and it has certain guiding significance
for the scene.

4. Conclusion

In this paper, the triaxial tester and acoustic emission system
of France were used to perform the postpeak simultaneous
unloading of the peak pressure and confining pressure in the
yellow sandstone. .e mechanical characteristics, energy
conversion characteristics, and damage evolution of yellow
sandstone in a primary and secondary destruction process
are obtained. Meanwhile, the following rules are generated:

(1) When the confining pressure was 5MPa, 10MPa,
and 20MPa, secondary failure occurred. However,
no secondary failure occurred when the confining
pressure was 30MPa and 40MPa. After the de-
struction of the rock, it requires specific adjustment
and a certain pressure drop occurs. .e degree of
secondary rupture and the number of cracks are
larger than those without secondary damage. When
the secondary unloading is induced by synchro-
nous unloading, the corresponding confining pres-
sure value, the pressure difference during secondary
damage, the time of secondary failure, and the stress
reduction value during failure are all different. .e
problem of secondary damage in engineering should
be handled with care.

(2) .e stress release rate of the initial failure is obvious,
showing the trend of “√.” With the increase of
confining pressure, the stress release rate of secondary
failure rock samples increases correspondingly.

(3) .e law of strain change of the secondary failure
occurs as follows: .rough the body strain remains
unchanged, it is determined as a breakage warning
time. Due to the difference in initial unloading stress,
the overall axial loading and confining pressure
unloading occur. .is serves as the essential reason
for secondary damage. .rough the inflection point
of the axial strain slope, the secondary failure of the
rock is predicted. .e two-stage characteristics of
rock sample strain unloading without secondary
failure occur. As the hydrostatic pressure increases,
the body strain increases correspondingly. When the
pressure is lower, the increase is faster, and when the
pressure is higher, the increase is steady.

(4) As the confining pressure increases, the energy
stored before the peak increases continuously. For

the rock samples with secondary failure, the energy
released after the peak increases with the confining
pressure first decreasing and then increasing..e law
of releasing energy at the initial destruction is the
opposite of the law of secondary destruction of
energy. With the increase of confining pressure, the
energy released after the peak of the rock that has not
undergone the secondary destruction is continuously
decreasing. .e release velocity of the first destruc-
tive energy tends to decrease first and then increase
with the increase of the confining pressure. .e rate
of release of secondary destructive energy continues
to increase. As the confining pressure increases, the
remaining energy shows a tendency of fluctuating
growth. .e coefficient of plasticity shows a trend of
increasing first and then decreasing.

(5) .e damage evolution law of rock samples with
secondary damage is divided into eight stages: the
stage of small increase of damage variable, slow
growth of damage variable, rapid increase of damage
variable, stability of damage variable, rapid increase of
damage variable, rapid growth of damage variable,
slow growth of damage variable, and rapid growth.
.e damage evolution of rock specimens without
secondary damage is divided into five stages: small-
scale increase of damage variable, slow increase of
damage variable, rapid growth of damage variable,
steady state of damage variable, and slow growth of
damage variable. .e secondary damage of the rock
sample with secondary failure is superposed less than
the damage degree of the rock sample with one failure.
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Effective diagnostic and monitoring systems are highly needed in the building and infrastructure sector, to provide a com-
prehensive assessment of the structural health state and improve the maintenance and restoration planning. Vibration-based
techniques, and especially ambient vibration testing, have proved to be particularly suitable for both periodic and continuous
monitoring of existing structures. As a general requirement, permanent systems must include a sensing network able to run
a continuous surveillance and provide reliable analyses based on different information sources. $e variability in the envi-
ronmental and operating conditions needs to be accounted for in designing such a sensor network, but it is mainly the structural
typology that governs the optimal sensor placement strategy. Architectural heritage consists of a great variety of buildings and
monuments that significantly differ from each other in terms of typology, historic period, construction techniques, and materials.
In this paper, the main issues regarding seismic protection and analysis of the modern architectural heritage are introduced and
applied to one of the vaulted structures built by Pier Luigi Nervi in the Turin Exhibition Centre. $e importance of attaining an
adequate level of knowledge in historic structures is also highlighted. After an overview of the Turin Exhibition Centre and its
construction innovations, this paper focuses on Hall B, describing the structural design conceived by Pier Luigi Nervi. A seismic
assessment of the structures of Hall B is then presented, considering the potential seismic damage to nonstructural elements.
Subsequently, the application of an optimal sensor placement strategy is described with reference to two different scenarios: the
first one corresponding to the undamaged structure and the second one that considers a possible damage to the infill walls. Finally,
a novel damage-scenario-driven sensor placement strategy based on a combination of the two above mentioned is proposed and
discussed. One of the major conclusions drawn from the analyses performed is that nonstructural elements undergoing seismic
damage or degradation may significantly affect the global dynamic response and consequently the optimal sensing configurations.

1. Introduction

Optimal sensor placement techniques play a significant role
in assuring a reliable positioning of sensors for Structural
Health Monitoring (SHM). $is is particularly true in the
case of complex systems or configurations, in which a large
number of possible positions and degree of freedoms are
present. In the case of architectural heritage, these issues are
even more relevant due to the uncertainties of the building
construction technologies and the diversity of architectural
configurations. $ese uncertainties entail significant com-
plexities in the design of a possible dynamic monitoring

system. Indeed, architectural heritage consists of a great
variety of buildings and monuments, which differ from each
other in terms of typology, historic period, construction
techniques, and materials and very often are characterized
by the occurrence in time of several changes in the structural
design and in the end use. $e architectural heritage of the
modern movement makes no exception, and its conserva-
tion is perhaps one of the most controversial frontiers in the
field of architectural preservation. Presently, much of the
world’s heritage from this period is unrecognized or
undervalued, and therefore, it is at risk and in need of analysis
and protection. $is vulnerable situation can be attributed to

Hindawi
Shock and Vibration
Volume 2018, Article ID 3739690, 14 pages
https://doi.org/10.1155/2018/3739690

mailto:rosario.ceravolo@polito.it
http://orcid.org/0000-0002-3746-2933
http://orcid.org/0000-0001-5880-8457
http://orcid.org/0000-0002-3146-9106
https://doi.org/10.1155/2018/3739690


multiple factors: 20th century buildings still struggle to be
considered part of a heritage; moreover, their original
functions have substantially changed, and their technological
innovations have not always endured long-term stresses.

Vibration-based structural health monitoring tech-
niques for the control and diagnosis of structures have been
applied for years and have now become an important tool for
the preservation of either antique or modern architectural
heritage [1, 2]. Dynamic tests are particularly appreciated in
this field because they are a nondestructive technique and
provide information about the whole-body response of the
structure and its overall structural integrity.

However, the dynamic monitoring of architectural
heritage structures still raises different unresolved issues,
including (i) the complex optimisation problems due to the
spatial characters of architectural heritage; (ii) the need for
distributed sensing systems with corresponding optimisa-
tion of their configurations; and (iii) the possible effects of
damage degradation on the sensing system’s design.

Based on the above-reported considerations, in this
paper, an iconic structure of modern architectural heritage
was analysed, that is, the Turin Exhibition Centre, designed
and built by Pier Luigi Nervi. Its halls, with their vaulted
roofing systems, represent a structural masterpiece of the
period and are admired worldwide for their challenging and
innovative conception.

Despite its remarkable historical and architectural rel-
evance, the Turin Exhibition Centre has been abandoned for
a long time, and the lack of maintenance is starting to induce
serious preservation problems. In addition, its halls were
built without accounting for seismic actions, but only for
static configurations, in accordance with the technical
standards of the time. $erefore, it is of crucial importance
to assess the dynamic behaviour of these structures in order
to understand their vulnerability and plan their correct
preservation measures. $ese structures represent a chal-
lenging example, especially in view of defining their optimal
sensor configurations.

Numerical simulations under different damage scenarios
were conducted, in order to evaluate the influence of
nonstructural elements, such as the infill walls, on the be-
haviour of the building and thus on the optimal sensor
placement. In fact, sensor placement strategy, in such
complex structures, has to consider also the effect of possible
damage in nonstructural elements. $erefore, in this study,
the objective function of the algorithmwasmodified in order
to account for progressive damage in the infill walls. $e
numerical analyses demonstrated that these elements, when
subjected to seismic damage or degradation, may signifi-
cantly affect the global dynamic response and consequently
the optimal monitoring configurations.

2. Optimal Sensor Placement

2.1. Optimisation Algorithms for Optimal Sensor Placement.
When designing a SHM system, it is necessary to first
perform an accurate analysis of the structural behaviour, in
order to select the most significant and sensitive parameters.
One of the most critical issues in the design of a dynamic

monitoring system is the deployment of the sensors, usually
in the form of accelerometers, especially when testing
complex structures. In fact, in the case of structures that
present a simple geometry, the optimal location of sensors
can be considered a trivial problem that can be solved by
simply relying to the experience of the operator. On the
contrary, in the case of complex structures, as it often
happens with architectural heritage, it is recommended to
recur to more sophisticated strategies, such as optimal
sensor placement (OSP) [3].

Optimal sensor placement techniques play a significant
role in enhancing the quality of modal data in SHM. $is is
particularly true for large civil structures, where a limited
number of sensors are normally available to monitor a huge
number of movements. $e accelerometers must be placed
in order to obtain all the relevant features of the dynamic
response during the course of the test, and, at the same time,
the resulting sensor configuration must be optimal such that
testing resources are conserved [4].

$e problem of locating sensors on a structure can be
driven by the aim of maximising the data information in
order to fully characterize the structural dynamic behaviour.
In this case, the primary objective is the enhancement of the
modal testing results. Several studies have been carried out
to cope with this problem using the a priori information
derived by a FE model of the structure.

Although many different sensor placement algorithms
can be implemented to optimise the number and location of
sensors on the structure, a general common criterion of
information maximisation is recognizable. $e knowledge
of the expected type of damage represents an important
discriminating element. If the purpose is fault detection and
classification, the problem of determining the best number
of sensors and their locations is mainly an optimisation
problem. Recently some optimisation methods based on
analogies with biology and physics have been introduced.
Artificial Neural Networks (ANNs), Pattern Search (PS), and
Evolutionary Strategies (ES), such as the Genetic Algorithms
(GA) [5], the Particle Swarm Optimization (PSO) [6], and
the Covariance-Matrix Adaptation Evolution Strategy
(CMA-ES), are only some of the countless examples present
in the literature [7].

A popular OSP approach is the one proposed by
Kammer [8] and consists in a minimisation of the norm of
the Fisher information matrix. $e method of Effective
Independence (EI) was developed to assure the spatial in-
dependence and to maximise the signal strength of a certain
number of targeted mode shapes. $e algorithm is iterative:
at each step, as the lowest ranked sensor is removed, the
determinant of the Fisher information matrix is maintained,
resulting in a suboptimal optimisation which ends when the
required number of sensors is obtained.

Another way to solve the problem is the modal kinetic
energy-based method as proposed by Salama et al. [9] and
Chung andMoore [10] as a means of ranking the importance
of candidate sensor locations. $e Kinetic Energy Method
(KEM) looks for the sensor placement configuration whose
positions are the points of maximum kinetic energy for the
modes of interest in order to maximise their observability.
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$e procedure to derive the best sensors positions is similar
to that implemented in the EI method with the difference
that the Fisher information matrix is substituted by the KE
matrix.

A third approach that uses the mass-to-stiffness ratio
associated with each candidate sensor location was proposed
by [11]. A more detailed review of OSP methods with
particular emphasis on vibration measurements can be
found in [12–15].

In the aforementioned methods, the definition of
a certain number of target mode shapes is required. $is
number can be selected as the number of modes which are
expected to be identified by the modal testing. Finally, it
must also be stressed that due to economic considerations,
the number of available sensors is generally limited and
sometimes even insufficient to fulfil the requirements of the
optimal sensor placement techniques.

In order to overcome this limit, it is common to use
different overlaying setups during a dynamic testing cam-
paign. $e identified measuring positions are split into two
groups: the points belonging to the first group are assumed
as reference and kept fixed in every acquisition carried out
on the structure, and the other points are moved around the
structure defining a number of setups sufficient to in-
vestigate all the identified locations [3, 16]. $e positions
selected as reference points should correspond to the points
which undergo the largest modal displacements and defi-
nitely not coincide with the nodes of the structural mode
shapes.

2.2. Genetic Algorithms for OSP. A special family of opti-
misation strategies for OSP relies on the use of Genetic
Algorithms (GAs), offering simple and robust criteria for
the solution of the problem of optimal placement of
accelerometers.

GAs are a popular bioinspired approach, with many
examples of their use appearing in the engineering literature
[17], as their use is known to reduce the probability to incur
in local minima. According to [12], the first pioneering
studies on using GAs for the sensor placement problems
date back to the early nineties [18]. For the exposed reasons,
and due to their simplicity, GAs are highly recommended
also in the case of complex civil structures and, in fact, were
chosen to define the OSP for the vaulted halls in the Turin
Exhibition Centre.

GAs are optimisation algorithms which evolve solutions
in a manner analogous to the Darwinian principle of natural
selection, where members of the population compete to
survive and reproduce while the weaker ones die out [19].
Each individual is assigned a fitness value according to how
well it meets the objective of solving the problem and, in this
paper, to identify the optimal position of the sensors. Each
possible solution, that is, each set of possible parameters in
solution space, is encoded as a gene. Having decided on
a representation, the next step is to randomly generate an
initial population of possible solutions. $e number of genes
in a population depends on several factors, including the size

of each individual gene, which itself depends on the size of
the solution space [12].

Having generated a population of random genes (the
accelerometers), it is necessary to decide which of them are
fittest in the sense of producing the best solutions to the
problem (the vibration modes discerning). To do this,
a fitness function is required which operates on the encoded
genes and returns a single number which provides a measure
of the suitability of the solution. $ese fittest genes will be
used for mating to create the next generation of genes which
will hopefully provide better solutions to the problem. Genes
are picked for mating based on their fitness. $e probability
of a particular gene to be chosen is equal to its fitness divided
by the sum of the fitnesses of all the genes in the population
[12]. Once a sufficient number of genes have been selected
for mating, they are paired up randomly, and their genes are
combined to produce a new couple of genes. $e most
common method of combination used is called crossover.

With genetic methods, it is not always possible to say
what the fitness of a perfect gene will be [12]. $us, the
iterative process is usually continued until the population is
dominated by a few relatively fit genes. One or more of these
genes will generally be acceptable as solutions.

$e objective function used in the optimisation problem
here analysed is based on the concept of Modal Assurance
Criterion (MAC) [20, 21], amatrix containing element indices
of the correspondence of two modal vectors. In fact, the
elements of the matrix can take values between 0, which
indicates vectors devoid of correlation, and 1, which indicates
equal vectors. $e generic term of MAC can be defined as

MACij �
vT

i vj 
2

vT
i vi(  vT

j vj 
, (1)

where vi and vj are, respectively, the ith and jth column of
matrix v, which is the reducedmodal matrix of the degrees of
freedom corresponding to possible measurement positions.

$e goal of the OSP is to minimise the elements outside
the diagonal of the MAC matrix. $e genetic algorithm
searches for the best set of positions that allow to minimise
each termMACij (i≠ j).$is allows to distinguish the modes
to be monitored on the basis of a given number of accel-
erometers. $e objective function used to solve the problem
of the OSP is based on the above-stated definitions, as it
derives from the simple subtraction of terms related to the
MAC calculated using the modal matrix (MAC_R) with
those of the ideal MAC (MAC_I) and divided by the number
of the elements of the matrix with selected target modes
extracted from the FE model:

error �
ij(MAC R−MAC I)

n
, (2)

where (2) represents the objective function to be minimised
and n is the number of elements of the matrix.

$e above-referred OSP strategy will be hereinafter
applied to determine the best sensor locations from a large
set of possible candidates in Hall B of Turin Exhibition
Centre.
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3. Finite Element Modelling and Analysis

3.1. +e Turin Exhibition Centre. As stated in the in-
troduction, in recent years, there has been an increase in the
recognition of the cultural significance ofmodern architecture.
However, there are still challenges to secure its protection and
conservation [22, 23]. An area of conservation that requires
attention is seismic provision. In fact, modern architecture
buildings were designed and built with no, or very limited,
seismic provisions, due to the lack of reference technical
standards at the time of their construction. With a view to the
restoration and renewal of these complex structures, a careful
assessment of their structural performance is a priority, es-
pecially when they are situated in a high seismic risk area.

Pier Luigi Nervi (1891–1979) was one of the greatest and
most inventive structural engineers of the 20th century [24].
With his masterpieces, Nervi contributed to create a glorious
period for structural architecture [25]. Nikolaus Pevsner, the
distinguished historian of architecture, described him as “the
most brilliant artist in reinforced concrete of our time” [26].
Between the thirties and the sixties, structural research,
particularly into thin concrete shells for vaulted structures,
achieved extraordinary results. Dating back from the thirties,
thin-shell roofs in concrete were seen as “the starting point
for the specific solution of the vaulting problems” [27], and
vaulting forms were created taking inspiration by simple
ideas grounded in the laws of nature [28] both empirically
and mathematically. Researchers and designers of the time
adopted a highly pragmatic approach to the industrialisation
of construction systems, optimal use of materials, and
structural analysis [29]. Pier Luigi Nervi was one of the
leading structural designers of the period together with
Eduardo Torroja, Anton Tedesko, and Nicolas Esquillan and
many others. $e vaulted structures in the Turin Exhibition
Centre are among many spatial buildings that were built at
the time.

For Pier Luigi Nervi, the Turin Exhibition represented
the first possibility to apply the principle of structural
prefabrication, combining with a single large-scale vaulted
structure his patented ferrocement technique with the ex-
tensive use of prefabricated elements. $is combined use of
two different technologies for the construction of large
concrete shells became later one of the distinctive traits of
Nervi’s work.

In the construction of both halls of the Turin Exhibition
Centre, Nervi used new construction procedures that he
studied for some years before this project. In fact, he had
already successfully used these procedures with his engi-
neering firm Nervi and Bartoli, even on smaller experi-
mental buildings, such as the small storehouse in the
Magliana area in Rome (1946) [30], the wharf Conte Trossi
in San Michele di Pagana (1947), and the ceiling of the
pavilion at the Milan Fair (1947) [31].

$e Turin Exhibition Centre (Palazzo di Torino Espo-
sizioni) was built in 1948 for the 31st international Auto
Show. $e tender was committed to Nervi and Bartoli,
whose project proposed a new construction system that
combined prefabrication and the use of ferrocement. $e
building consists of the main Hall B and the smaller adjacent

Hall C [32], both designed and constructed by Nervi (1947-
1948 and 1950). A historical aerial view of the building is
reported in Figure 1.

3.2.+eVaulted Structures of Hall B. Hall B was inaugurated
on 15 September 1948. Conceived like a cathedral, the hall
consists of a nave covered by an undulated thin vault and of an
apse with a ribbed hemispherical dome. Figure 2 shows a plan
of the complex, with Hall B coloured in red (Figure 2(a)) and
a detail of the ribbed apse (Figure 2(b)). In its first configu-
ration, Hall B measured 96 metres in width and 110 metres in
length. Between 1952 and 1954, Hall B was enlarged by five
spans in order to move the facade on the street. Hall B reached
the length of 155 metres (Figure 3).

For the covering of the large hall, Nervi decided to build
a thin-shell vault with large undulations, using precast el-
ements built in ferrocement that was preferred for its
lightweight and its resistance. For the vault, Nervi studied
special wave-like elements in prefabricated ferrocement.$e
centre line of the arched vault of Hall B approaches the
funicular of permanent loads and is formed by the union for
each arch of the 13 prefabricated thin ferrocement undulated
elements of approximately 4.5m weighing 1500 kg each.
$eir ends are stiffened by diaphragms that leave an empty
space of 4 cm to be filled with cement mortar. $ese waved
elements were patented in August 1948 just before the in-
auguration of Hall B (patent no: 445781) [35]. $e idea was
to shape the prefab elements using a geometry that would
guarantee a high moment of inertia with a minimum
amount of material [36]. $e problem of obtaining a true
static collaboration of the precast elements was resolved by
casting in place a concrete rib on both the top and the
bottom of the undulations. $ese ribs were large enough to
resist the principal stresses, while the sides of the precast
elements assured the static tie between the ribs and rees-
tablished the monolithic nature of the whole [33, 37]. At the
end point of the individual corrugations, Nervi designed
a transitional element that matched the profile of three
adjacent corrugations to that of a reinforced concrete pier
below [38]. $e transitional element thus became a fan-like
shape in which the undulated elements above were traced
through a narrowing section until they disappeared into the
width and depth of the pier below [31].

$e apsidal semidome was instead constructed in small,
lozenge-shaped prefabricated ferrocement tiles, used as
permanent formwork. $ey were connected by reinforced
concrete cast on-site in the lateral ribs and on their tops and
are similar to the roof of the ribbed pavilion resting on four
inclined arches of the successive and adjacent Hall C (1949-
50). In the case of Hall B, the ring at the base of the half-
dome has to absorb the unsymmetrical forces. $is action is
entrusted to the perimetral slab.

As it has emerged from the preliminary knowledge
phase, Hall B is a very complex building (see Figure 4 for
a 3D representation). $e building is composed by a large
number of elements, 390 precasted ferrocement pans in
seven different depths [31], slanted pillars, and innovative
solutions like the fanned elements, that Nervi designed to
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condense loads from lightweight, folded plate roofs into the
piers [38].

3.3. Modelling and Analysis of Hall B. $e finite element
models (FEM) of Hall B were constructed on the basis of all
the significant data that were gathered from the original
drawings and calculation report, made by Pier Luigi Nervi,
which are stored in the Centro Studi e Archivio della
Comunicazione (CSAC) of Parma [39]. $is documentation
provided the geometric and dimensional characteristics of
the structure for the hall, as well as the classification of the
elements and the materials employed. $e historical analysis

allowed a better understanding of the constructive evolution
of the building as well as its structural conception. A critical
review of the drawings was fundamental in order to build the
geometrical model, especially in consideration of the diffi-
culties in identifying the pertinent design phase (pre-
liminary, definitive, or final), that often happens when
analysing an historical building [40]. $e simplified geo-
metric models were subsequently used for the construction
of the FE models [41]. At this stage of the analysis, linear
models were preferred, also due to the lack of experimental
data on material properties. $ey will be described in detail
in the next subsections.

From a spatial and structural conception point of view, it
can be said that Hall B is composed by two different spaces:
the vaulted undulated hall and the half-dome. $e two spaces
are linked by a tympanum and a vault in reinforced concrete,
lightened by masonry blocks (patent name: SAP) [42].

$e ribs of the half-dome were modelled with a linear (2-
node) beam element in 3D with six degrees of freedom at
each node. $e degrees of freedom at each node include
translations in x, y, and z directions and rotations about the
x, y, and z directions. $e ferrocement filling slabs, the
undulated elements of the thin-shell vault, the various slabs,
and the slanted piers weremodelled with bidimensional shell
elements with eight nodes and six degrees of freedom at each
node: translations in the x, y, and z axes and rotations about
the x, y, and z axes. Figure 5 shows the global FE model of
Hall B and the various materials used represented with
different colours.

In order to simulate different damage scenarios, two
FEMs were built: FEM1 considers the structure in its in-
tegrity, with infill walls (Figure 6(a)) and FEM2, instead,
represents the structure without infill walls, in order to
simulate a full damage state for nonstructural elements
during the ground motion (Figure 6(b)). FEM1 has 60,782
elements and 221,004 nodes. FEM2, instead, counts 55,887
elements and 192,038 nodes. After a static validation of the
models, the FE eigenvalue problems were solved in order to
evaluate the main modal characteristics in both damaged
and undamaged states.

$e structure was assumed to be clamped at the base.
Furthermore, in this linear FEM, the continuum underlying
the structure was disregarded. Material properties were
deduced partly from the values founded in literature in
Nervi’s projects and partly from typical values of the period
[30, 39]. As a result, the material properties are assumed as
shown in Table 1. Table 1 is reproduced from [43] (under the
Creative Commons Attribution License/public domain).

In order to evaluate the dynamic response of the spatial
structure built by Pier Luigi Nervi, as well as to identify the
higher vulnerabilities factor of the complex, a series of elastic
analyses of the entire undamaged building were performed.
Different analyses were undertaken in order to estimate the
influence of different structural elements on the global
behaviour of the hall.

Modes are classified based on a criterion of the mass
percentage participation along the x, y, and z directions and
torsion around the z axis. $e selection was based partly on
the mass participation percentage factor.

B

C

(a)

(b)

Figure 2: (a) Turin Exhibition Centre plan: the large hall with the
semicircular apse is Hall B built in 1948 B [33]. (b) An interior of
Hall B showing the detail of joint between the ribbed half-dome and
the undulated vault.

Figure 1: Aerial view of the Turin Exhibition Centre: the large hall
with the semicircular apse is Hall B built in 1948.
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3.3.1. Linear-Elastic FEM Analysis of the Undamaged
Building (FEM1). As a first step, a series of elastic analyses of
the entire undamaged building were performed, with the
aim of obtaining a preliminary rough description of the
overall structural behaviour. $e eigenvalue problem was
solved considering dead loads. $e first 100 modes were
extracted from the model. Some of the principal modes are
listed from Figures 7–10. Table 2 illustrates the principal

modal properties of the structure, selected by mass per-
centage participation and considering the possible activation
of local mechanisms as well.

3.3.2. Damaged Configuration (FEM2). In order to simulate
different damage scenarios, the second model of Hall B
(FEM2) was built without infill walls, so as to simulate a full

Tympanum

Fanned
elements

Slanted
pillar

Balcony

Undulated thin-shell vault
made with precast elements

Ribbed
half dome

Perimetric
slab

Reinforced
concrete vault

(patent name: SAP)

Figure 4: $e main structural elements of Hall B. Detail of the joint between the ribbed half-dome and the undulated vault of the hall.

(a)

(b)

Figure 3: Sections of Hall B [34].
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damage state for nonstructural elements during the ground
motion. In this case again, the modal shapes were calculated
considering dead loads. $e first 100 modes were extracted
from the model, and some the main modes are listed from
Figures 11–15. Table 3 shows the modal properties of the
structure and the principal modes and their classification.

3.3.3. Discussion of FEM Results: Emerging Issues and Critical
Elements. As it emerges from the previous sections, the
building presents a complex configuration. In fact, even if it
presents a symmetrical form, both halls exhibit a large va-
riety of structural elements. Moreover, especially in the case
of Hall B, the large hall structure is at the same time very thin
and overall lightweight.

From a comparison of the results of the different FE
models, the main issues to be raised concern the out-of-the-
plane movements of the tympanums, as highlighted by low-

frequency vibration modes (Figure 8).$emovements of the
large undulated vault could induce this type of behaviour,
especially in relation with the body of the apse (Figure 9).
Another issue to be evidenced regards the flexural modes of
the undulated thin-shell vault (Figures 7 and 12). Due to
Nervi’s structural conception, in Hall B, this mode happens
to fall in an amplified region of the typical seismic response
spectrum. $is type of behaviour is ascribed to the inertial
mass of the out-of-plane elements, including nonstructural
ones. It can also be observed that when not effectively
contrasted, these out-of-plane movements constitute a se-
rious vulnerability factor for the entire hall, as they may
induce overturning, pounding, and interaction with struc-
tural and nonstructural elements (e.g., the interaction

(a)

(b)

Figure 6: Geometrical model of Hall B with infill walls (a) and in its
damaged configuration (b).

Table 1: Materials and properties.

Material E (GPa) Poisson’s ratio ρ (kg/m3)
Ferrocement 26 0.2 2,500
Masonry (infill walls) 2 0.2 1,100
Reinforced concrete 30 0.2 2,500
Reinforced concrete slabs 21 0.2 1,250

Z Y
X

Nodal solution
Step = 1
Sub = 1
Freq = 1.77007
USUM

 

(avg)
RSYS = 0
DMX = 0.00127
SMX = 0.00127

Figure 7: Mode 1 of Hall B (front view).

Z

X Y

Figure 5: A 3D view of the global finite element model of the hall
showing its mesh and different materials (classified by colours).

Nodal solution
Step = 1
Sub = 4
Freq = 2.2027
USUM (avg)
RSYS = 0
DMX = 0.002746
SMX = 0.002746

Z
Y
X

Figure 8: Mode 4 of Hall B (front view).
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between the tympanum and the half-dome) (Figures 9 and
14). Finally, it should be noted that the presence of the apse
constitutes a further element of criticality, due to its complex
interaction with the main body of the hall (Figures 9 and 10).
$is type of behaviour is somehow similar to the one often
observed in other buildings characterized by large halls,
including churches. Indeed, models for such peculiar
structures cannot overlook the effect of nonstructural ele-
ments, also in view of their possible mechanical degradation
during a strong motion.

$e analyses evidence an inherent criticality of this kind
of structure to seismic actions. $is is expected to happen
especially in the presence of heavy structural elements,
which are conceived to withstand important gravity loads. In
addition, the model must take into account the effect of
nonstructural elements, as well as their possible mechanical
degradation during a strongmotion. In particular, infill walls
exhibit a typically elastic-brittle behaviour. Such premises
constitute critical aspects that will affect the design of a vi-
bration-based monitoring system.

4. An OSP-Based Monitoring System for HALL
B of the Turin Exhibition Centre

In order to design an optimal monitoring system for Hall B
of Turin Exhibition Centre, that currently is not monitored,
the FE models were firstly used to identify the main
structural portions and elements that affect the dynamic
behaviour of the structure. Based on the FE vibration modes,
the sets of measuring points (henceforth termed setups)
were defined.

As anticipated in Section 2.2, a simple and robust cri-
terion for the solution of the problem of optimal placement
of accelerometers was chosen. It refers to the mentioned
Genetic Algorithm that uses as objective function the simple
subtraction of terms related to the MAC [20], a matrix
containing element indices of the correspondence of two
modal vectors.

$e OSP algorithm was applied to Hall B of Turin Ex-
position Centre. $e FE models enabled to locate the main
structural elements that affect the dynamic behaviour of the
structure and calculate the solution of the eigenvalue
problem. $e measuring points were defined based on the
FE vibration modes.

$e setup chosen for Hall B has 245 possible positions
for accelerometers corresponding to 651 channels. Positions
were distributed on the macroelements of the building
previously identified: the tympanums, the undulated vault,
the SAP vault, the ribbed half-dome, the concrete fans, and
the slanted pillars. $e candidate channel positions are
reported in Figure 16. Accordingly, the candidate channels
were distributed as follows: 245 channels in the x direction,
245 channels in the y direction, and 161 channels in the z
direction. Channels in the z direction have a lower number
according to the fact that in this direction, only the
movements of vault and the half-dome are considered
significant.

In addition to their ideal positioning, different scenarios
were explored by varying the number of sensors from 2 to
100. $is variation range for the number of sensors was
selected based both on total cost and computational reasons.

$e possible variations in the optimal sensor placement
were also investigated, considering the presence or the
absence of the nonstructural elements such as the infill walls.
For this reason, the OSP algorithms were applied first on the
structure with infill walls, then on the structure without. $e
algorithm required some numerical constraints, such as
a limited number of sensors and a limited number of po-
tential positions. With these premises, different setups were
considered.

As seen in the previous sections, nonstructural elements
may importantly affect the vibration modes, and conse-
quently the OSP. For this reason, it was decided to develop
a damage-scenario-driven sensor placement strategy, and
the optimisation algorithm was run on the structure ac-
counting for damage scenarios. A first setup was designed
based on the undamaged configuration, that is, the setup
accounting for the infill walls. $e second setup, instead, was
associated to the damaged structure (bare structure), in the

Nodal solution
Step = 1
Sub = 11
Freq = 2.92717
USUM (avg)
RSYS = 0
DMX = 0.001331
SMX = 0.001331

Z

YX

Figure 9: Mode 11 of Hall B (apse view).

(avg)

Nodal solution
Step = 1
Sub = 17
Freq = 3.45174
USUM

 
RSYS = 0
DMX = 0.945E – 03
SMX = 0.945E – 03

Z

YX

Figure 10: Mode 17 of Hall B (apse view).
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assumption that all nonstructural elements would undergo
a complete degradation at the end of the strong motion. $e
algorithms were developed using the MATLAB software.

$e charts in Figure 17 depict the final error in the
objective function corresponding to the two optimised

configurations for Hall B. $e abscissa represents the
number of sensors used by different sensor placements.
While error for the damaged structure stabilizes at around

TABLE 2: Modal properties of Hall B and classification of the main vibration modes, considering the presence of the infill walls.

Mode Frequency Mass fraction
Mode classification

Hz x y z
1 1.770 0.119 0.000 0.000 1st bending X: vault
2 1.937 0.001 0.000 0.000 2nd bending X: vault
4 2.203 0.000 0.082 0.000 1st bending Y: front tympanum
7 2.660 0.000 0.017 0.002 2nd bending Y: vault and aspe
9 2.863 0.000 0.156 0.000 3rd bending Y: pounding between the apse and the vault
11 2.927 0.000 0.195 0.000 4th bending Y: vault and apse
17 3.452 0.230 0.000 0.000 Aspe mechanism
26 3.981 0.246 0.000 0.000 Vault and fanned elements
32 4.507 0.000 0.001 0.003 Vault and fanned elements
39 4.945 0.000 0.040 0.011 Apse and tympanum
47 5.379 0.000 0.058 0.010 Apse and tympanum
50 5.505 0.125 0.000 0.000 Vault
53 5.694 0.000 0.000 0.000 Tympanums mechanism
66 6.306 0.000 0.005 0.561 Vault
97 7.297 0.007 0.000 0.000 Vault and apse

Nodal solution
Step = 1
Sub = 1
Freq = 1.75495
USUM
RSYS = 0
DMX = 0.001231
SMX = 0.001231

(avg)

Z
Y
X

Figure 11: Mode 1 of Hall B in its damaged configuration (front
view).

Nodal solution
Step = 1
Sub = 3
Freq = 2.01674
USUM
RSYS = 0
DMX = 0.523E – 03
SMX = 0.523E – 03

(avg)

Z
Y
X

Figure 12: Mode 3 of Hall B in its damaged configuration (front
view).

(AVG)(AVAA G)

Nodal solution
Step = 1
Sub = 6
Freq = 2.40325
USUM
RSYS = 0
DMX = 0.695E – 03
SMX = 0.695E – 03

Z

X Y

(avg)

Figure 13: Mode 6 of Hall B in its damaged configuration (apse
view).

Nodal solution
Step = 1
Sub = 11
Freq = 2.96193
USUM
RSYS = 0
DMX = 0.001333
SMX = 0.001333

(avg)

Z

X Y

Figure 14: Mode 11 of Hall B in its damaged configuration (apse
view).
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20 sensors, the undamaged configuration appears to call for
additional sensors. $is result is to be ascribed to the in-
fluence of local movements activated at the infill walls
(nonstructural elements). In Figure 17, it is also possible to
note how the error increases after reaching a certain number
of sensors. $is is due to the fact that a large number of
sensors increase the difficulties in the decoupling of the
modal parameters.

$e optimal solutions found by the algorithm, in the
investigated range of modes, are illustrated in Figure 18, for
the two cases (with and without infill walls). From the optimal
sensor configurations (Figures 18(a) and 18(b)), the distri-
bution of the sensors in the two layouts is clearly different. In
setup (a), the sensors are mainly located on the undulated
vault and, contrary to setup (b), the vertical movements
appear to be more important. In general, setup (a) is char-
acterized by monitoring of vertical vibrations. By contrast, in
setup (b), where the nonstructural elements are not taken into
account, many sensors are distributed in order to monitor
translational movements. Most of the sensors are positioned
along the minor defence line in the Y direction. $is is due to
the missing stiffening contribution of the infill wall, which is
particularly important in this direction (Figure 12).

From the location of sensors, it appears that the local
mechanisms previously described strongly influence the

placement of sensor. For this reason, a weighting coefficient
was applied to the modal shapes of the structure. Sub-
sequently, the optimisation was performed by weighting
different contributions on the basis of the importance of the
different modes. $e introduction of the weighting co-
efficients led to an improvement of the decoupling per-
formance. As it can be seen in Figure 19, in the configuration
setup for the undamaged structure, the sensors are more
distributed on the apse system and especially on the tran-
sition between the undulated vault and the apse: the tym-
panum and the SAP vault.

4.1. Damage-Driven Approach to OSP. As it emerged from
the results previously reported, the influence of nonstructural
elements and their interaction with the structure cannot be
neglected when designing a dynamic monitoring system. In
particular, it was observed that when nonstructural elements,
such as infill walls, undergo seismic damage or degradation,
they may significantly affect the global dynamic response.
Such an aspect is even more important for historical spatial
structures, built in a period when seismic or other dynamic
actions were not taken into account in the design process.
$ese structures were frequently conceived on the basis of
gravity loads, and this purpose is clearly expressed in their
design. A development of these observations could consist in
a modification of the form of the objective function that takes
into account different seismic damage scenarios [43]. $e
optimal sensor placement applied for this case study is ob-
tained through a modified objective function. Equation (2) is
accordingly updated:

errormod � errorw + errorb, (3)

where errorw and errorb have the same expression as re-
ported in (2), but are referred to the structure with the infill
walls and to the bare structure without the infill walls,
respectively.

Figure 21 reports the optimal sensor configurations
obtained for the mixed configuration for Hall B. $e in-
tegrated design strategy of the monitoring system permits
a more rational use of the instruments, in which most
sensors appear to be less dispersed and localized in those
elements that govern the seismic response of the building:
the vault (B), the front tympanum, and the apses (D), (E),
and (F) (Figure 16).

5. Conclusions

$is study concerned OSP methods to be used in the design
of seismic monitoring systems for concrete spatial struc-
tures, with special emphasis on the vaulted structures built
by Pier Luigi Nervi. Sensor placement strategies for such
peculiar structures should include in their formulations the
possible damage and stiffness degradation in infill walls and
other nonstructural elements. Accordingly, the objective
function used to optimise the sensor positions must conform
to a damage-scenario-driven strategy. In this paper, a sce-
nario-driven OSP was applied to one of the most magnif-
icent and complex structures ever conceived by Nervi, that
is, Hall B of Turin Exhibition Centre.

Nodal solution
Step = 1
Sub = 12
Freq = 2.97047
USUM
RSYS = 0
DMX = 0.001283
SMX = 0.001283

Z

YX

(avg)

Figure 15: Mode 12 of Hall B in its damaged configuration (apse
view).

TABLE 3: Modal properties of the structure and classification of the
main vibration modes, considering the damage of the infill walls.

Mode Frequency Mass fraction
Mode classification

Hz x y z
1 1.7550 0.143 0.000 0.000 1st bending X: vault

3 2.0167 0.000 0.882 0.000 1st bending Y: vault
and apse

6 2.4033 0.058 0.000 0.000 2nd bending X: vault
and apse

11 2.9619 0.000 0.018 0.001
2nd bending Y:

pounding between the
apse and the vault

12 2.9705 0.084 0.000 0.000 Apse and SAP slab
16 3.2535 0.000 0.006 0.000 Tympanum
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$is type of research necessarily entails an increase in the
level of knowledge on the constituting elements and con-
struction details, as well as to gain a better understanding of
the design concept of the structural system of Hall B,
designed and constructed by Nervi between 1948 and 1949.
A numerical study was carried out accordingly. $e analysis
performed for this building suggests that in most cases, large
concrete buildings conceived in the postwar period are

inherently vulnerable with respect to seismic actions. $is is
especially true in the presence of heavy structural elements
conceived to withstand high gravity loads, like in Hall C of
the same Turin Exhibition Centre. As a result, after the

(A) Front tympanum

(B) Undulated thin-shell vault
 made with precast elements

(C) Apse tympanum

(E) Ribbed half-dome

(D) Reinforced concrete
vault (patent name: SAP)

(F) Perimetral slab

(G) Fanned elements
(H) Slanted pillars

Figure 16: A 3D view of Hall B showing its macroelements and the possible sensor positions.
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Figure 17: Normalized error function of the structure accounting
for different scenarios: undamaged and damaged structure of
Hall B.
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Figure 18: Sensor configuration layout: setup (a) shows the OSP
for the undamaged structure and setup (b) represents the OSP for
the damaged structure.
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recent reclassification of the Italian territory, the seismic
actions cannot be neglected. $e Turin Exhibition Complex
is located in a low seismic area but, in view of its reuse, it
cannot be considered as safe with respect to seismic actions.
In fact, the vibration modes of Hall B highlight several
critical elements to seismic actions.

In Hall B, critical mechanisms appear to affect the
tympanums in the out-of-plane direction, which are induced
by the movements of the large undulated vault. In addition,
when not effectively contrasted, these out-of-plane move-
ments may induce overturning, pounding, and interaction
with structural and nonstructural elements (e.g., the
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Figure 19: Sensor configuration layout: placement of sensors for the undamaged structure, after the weighting of the different contributions.
Also in the damaged configuration, there was an improvement in the placement of sensors. $e sensors are oriented especially in the y
direction Figure 20.
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Figure 20: Sensor configuration layout: placement of sensors for the damaged structure, after the weighting of the different contributions.
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Figure 21: $e mixed configuration setup applied to Hall B.
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interaction between the tympanum and the half-dome).
Finally, it has been shown that additional irregularities in
the response are potentially introduced by the presence of
the apse due to its complex interaction with the main body of
the hall.$is type of behaviour is somehow similar to the one
often observed in other structures characterized by large
halls, including churches.

To conclude, numerical investigations confirmed that
nonstructural elements strongly affect the dynamic behav-
iour of the structure and, consequently, the sensor place-
ment of vibration-based monitoring systems. In this respect,
this study demonstrated that the damage-scenario-driven
OPS strategy is an efficient design tool.

Data Availability

$e data used to support the findings of this study are
available from the corresponding author upon request.
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With increasing utilization of the composite materials in commercial and military applications, the longevity of composite
bonds has become a crucial concern of the aerospace industry. In spite of the previous studies in the literature for
characterization of bonding condition in composite materials, implementation of more advanced structural health
monitoring (SHM) techniques are still required to ensure flight safety and quick inspections of structures. In this study,
two different SHM methods were used to evaluate the strength of composite bonds by using two separate experimental
setups. First, the heterodyne effect method was used for assessing the separation in the composite joint. *en, the surface
response to excitation (SuRE) method was used for studying various simulated contamination levels. Results of the
experimental studies showed that the proposed methods could be efficiently utilized for evaluating bonding strength of
composite materials.

1. Introduction

Composite materials have found numerous applications in
automotive, industrial, aerospace, civil, and mechanical
engineering applications due to their excellent strength to
weight ratio and resistance to corrosion [1–5]. Particularly,
Carbon Fiber Reinforced Plastics (CFRPs) have been widely
used in the aerospace industry because of these benefits.
Investigation of the longevity of the composite materials is of
great importance in these critical applications [6–8]. Two
important areas of concern regarding the usage of the
composite materials are delamination and debonding of
composite joints. Debonding and delamination would se-
verely reduce the strength of the composite structures and
may lead to catastrophic failures [9, 10].

Nondestructive testing (NDT) methods were proposed
for inspection of different Engineering applications by
Farhangdoust et al. [11, 12] and composite materials during

their service lives by Bayraktar et al. [13]. Application of
various NDT methods, such as visual testing (VT or VI),
ultrasonic testing (UT), thermography, radiographic testing
(RT), electromagnetic testing (ET), acoustic emission (AE),
and shearography testing in the evaluation of composite
bonds, has been reviewed by Gholizadeh [14]. Boopathy
et al. [2] discussed the merits of the NDT methods for
inspecting the composite structures of the aircraft. Two
approaches have been developed to detect various types of
bond damages in composites by considering the surface or
internal defects [14, 15]. Detection of the defects of the
composite structures by using piezoceramic sensors has been
studied by Staszewski et al. [16]. Structural health moni-
toring (SHM) methods were implemented for online
monitoring of composite structures [16–21]. Two inspection
methods for the composite bond were analyzed by Crane
and Dillingham [22]. *ey included a brief review of in-
spection methods for the adhesive bonds. Lissenden and
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Rose [23] embedded piezoelectric fibers into the composite
materials and experimentally evaluated their performance.
Sensor-embedded composite structures have great potential
for implementation in military applications.

When pinching, harmonic excitation is applied to the
surfaces of the well manufactured composite planes; the
surface waves primarily propagate with the applied fre-
quencies. *is behavior is considered linear. Particular types
of damages, such as debonding and delamination, can cause
the structure to change its behavior from a linear to
a nonlinear state. *e propagating surface waves will have
additional frequencies. When these structures with these
types of nonlinear behavior are excited with two appropriate
excitation frequencies, the new frequencies appear in the
response of the system at the difference, summation, and
some other harmonics of the two excitation frequencies.*is
phenomenon is known as the heterodyne effect [24, 25]. *e
heterodyne method uses relatively low voltage excitation
signal in comparison to the other nonlinear SHM methods
[26–29], and the excitation frequencies are not limited to the
combination of a high and a low frequency.

Electromechanical Impedance (EMI) method is one of
the most popular linear SHM methods. Surface response to
excitation (SuRE) method is the cheaper alternative of the
EMI approach and gives the user the freedom for selection of
the sensor and the location of the monitored response
[30–36]. *e SuRE method detects the developing structural
defects by monitoring the variation of the frequency re-
sponse of the structure when it is excited by using a sweep
sine wave in a broad frequency range.

In this study, heterodyne and SuREmethods are used for
inspection of the bonds of composite joints. *e goal was
a comparison of the performances of nonlinear and linear
approaches. In the following sections, the theoretical
background, experimental methods, results, and conclusion
are presented.

2. Theoretical Background

*e heterodyne and SuRE methods will be briefly discussed
in this section.

2.1. Heterodyne Method. *e heterodyne method was
originally developed for radio transmission; however, it has
been used in many other applications. Typically, the input
and the output frequencies of linear systems are the same.
However, nonlinear systems create additional frequencies.
When some nonlinear systems are excited at two different
frequencies, their behaviors are very predictable. *ey
generate new frequencies at the difference, addition, and
some other harmonics of the excitation frequencies. *is is
called the heterodyne effect. *e heterodyne method
monitors the development of these new frequencies in the
signal. Since the characteristics of the system change from
linear to nonlinear with the development of the defects, it is
not necessary to get baseline or reference in pristine con-
ditions and to quantify the difference of these characteristics
with the time.

2.2. Surface Response to Excitation (SuRE) Method. SuRE
method uses a piezoelectric transducer to excite the structure
in a wide frequency range. *e response of the system is
monitored at the desired location with another piezoelectric
sensor.*e frequency spectrum of the response is calculated.
*e frequency spectrum is consistent if there are no changes
in the structure. By the development of any defects such as
a crack or delamination, the frequency spectrum changes.

*e frequency response of the monitored signal is col-
lected when the structure is in the desired condition. *is is
considered the reference or baseline.*e frequency response
of the system was periodically obtained, and the sum of the
squared differences (SSD) between the baseline and collected
data is calculated by the following equation:

SSD � 
m

i�1
Bm×1 −Rm×1



2
. (1)

In this equation, B and R are the amplitudes of the FFT
for the baseline and periodically collected data at another
time and m represents the number of frequencies for the
FFT.

3. Experimental Setup

To evaluate the performances of the heterodyne effect and
the SuRE method, contamination between two plates was
simulated. Two square carbon fiber composite plates with
11.75″×11.75″× 0.06″ dimensions were held together by
using four nickel-plated magnet pairs each with 1″ diameter
and 3/8″ thickness. Aluminum foils were used to act like
simulated contamination or debonding.

3.1. Heterodyne Method. For evaluating the performance of
the heterodyne method, two PZT disks with the distance of
6″ were attached to the top plate to excite the system with
two harmonic waves with different frequencies. Another
PZTdisk was attached to the center of the bottom plate to act
as the sensor. *ree different sizes of aluminum foils were
used to act as the contaminant by separating the composite
plates. *e diameter and the thickness of the PZTdisks were
0.8″ and 0.04″, respectively. *e signals of the PZT disk
located at the center were recorded at 1MHz sampling rate.

3.2. Surface Response to Excitation (SuRE) Method. To
evaluate the performance of the SuRE method, the same
plates with two PZTs attached to the top plate were used.
One of them was used as an exciter and the other one was
used as the sensor. *e exciter was used to create surface
waves at the surface of the structure in the broad range of
frequencies by using sweep sine wave. *e diameter and the
thickness of the PZTdisks were 0.8″ and 0.04″, respectively.
*e signal of the PZT disk which was used as a sensor was
recorded at a 1MHz sampling rate.

4. Results and Discussion

Two sets of experiments were performed to detect the size of
simulated contamination between two composite plates
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when composite plates were held together using magnet
pairs. In the course of the experiment, it was shown that
heterodyne effect and SuREmethod can efficiently detect the
simulated contaminations in the composite bonds as non-
linear and linear SHM methods, respectively.

4.1. Heterodyne Method. *e experimental setup shown in
Figure 1 was used to evaluate the effect of different levels of
contamination between the plates. First, practical test fre-
quencies were selected for the experiments. Later, the best
frequency combination was used when different foil sizes
were sandwiched between the plates. *e amplitude of the

frequency at the difference of the excitation frequencies was
monitored.

In the experiments, three different sizes of aluminum foil
sheets were sandwiched between the composite plates. *e
plates were held together with four couples of magnets. *e
experimental setup shown in Figure 1 was used. *e PZTon
the top plate was excited with a sweep sine wave from 50 kHz
to 550 kHz. *e spectrogram of the PZTsignal at the bottom
is presented in Figure 2.*e structure showed the significant
nonlinear behavior around 250 kHz. *is frequency and two
other frequencies with 20 kHz difference, 230 kHz and
270 kHz, were selected as the excitation signal for the next
step.
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Figure 1: Diagram of the bond inspection setup to evaluate the performance of the heterodyne effect.
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Figure 2: Time-frequency spectrum to determine optimum excitation frequency.
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In this step, two PZTs on the top plate were excited with
230 kHz, 250 kHz, and 270 kHz using 20 V peak to peak
voltage for excitation frequencies. One of the PZTs was
excited using the combination of all three, 230 kHz,
250 kHz, and 270 kHz, frequencies when another PZT only
used 250 kHz. *e PZT attached to the bottom plate
recorded the response signal with 1MHz sampling fre-
quency. *e spectrum was calculated when the experiment
was repeated by three different size foils simulating varying
degrees of the simulated contamination. First, the 6″ by 6″
aluminum foil was used for separation of the top and
bottom composite plates. Later, the experiment was re-
peated when the 8″ by 8″ and 10″ by 10″ aluminum foils
were utilized. *e spectrum of the signals of the PZTwhich
was attached to the bottom plate was calculated by using
FFT and is presented in Figure 3. In this plot, the spikes
around three excitation frequencies (230 kHz, 250 kHz, and
270 kHz) can be seen. By zooming in on the difference of

the excitation frequencies, 20 kHz, it can be seen that the
amplitudes of the spike increased when the separated area
between the composite plates was increased (Figure 3).

4.2. Surface Response to Excitation (SuRE) Method. *e ex-
perimental setup shown in Figure 4 was used. A sweep sine
wave from 10 kHz to 370 kHz was applied to the PZTon the
top plate (Figure 5). *e other PZT at the bottom plate was
used as the sensor.*e baseline data were collected when the
composite plates were held together without any aluminum
foil between them.*e spectrum of the signal was calculated
by using the FFT. *e experiment was repeated three times
with the different sizes of aluminum foil were sandwiched
between the plates. *e spectrums collected at the four tests
are presented in Figure 5. Experiments were performed
without any foil, and three different sizes of foils were
sandwiched between the plates.
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Figure 3: Comparing FFT results between different levels of simulated contamination in the heterodyne method.
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Figure 4: Schematic of the bond inspection in composite plates
using the SuRE method.
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*e SSD increased when the size of the simulated
contamination between two composite plates increased
(Figure 6). *e results indicated that the SuRE method can
be used for detection of simulated contamination between
the plates.

5. Conclusions

Composite materials are joined together with adhesives in
many applications. Several SHM methods have been de-
veloped for detection of weak bonding and delamination
which can lead to failure. In this study, performances of the
heterodyne and SuRE methods were compared. Heterodyne
method evaluated the change of the behavior of the structure
from linear to nonlinear. *e SuRE method assessed the
change of the response characteristics or linear behavior.

First, the heterodyne method was used to identify the
change in the size of the simulated contamination between
two composite plates. First, a sweep sine wave was used to
recognize the proper excitation frequencies for the hetero-
dyne method. Since there was nonlinearity in the system,
new frequencies at the difference, summation, and some
other harmonics of the two excitation frequencies appeared.
By monitoring the amplitude of the spike at the difference
frequency, it was shown that the amplitude of the spike
increased by the increase of the simulated contamination
size between two composite plates.

Secondly, the surface response to excitation (SuRE)
method was used for the detection of simulated contami-
nation between two composite plates with a linear SHM
method. A PZT attached to the top plate was used to excite
the surface of the top composite plate at a broad frequency
range. Second PZT on the same plate was used to monitor
the surface waves.*e SSD increased with the increase of the
size of the simulated contamination between the two
composite plates. *e SSD index was reasonably sensitive to
the changes of the simulated contamination size.

Based on the results, the use of both methods is feasible
for detecting separation between the joined composite plates
with sturdy fasteners or adhesives. *e SuRE method was
more sensitive to the simulated contamination and size of it.
However, it requires a baseline or reference data. *e het-
erodyne effect also worked well without any baseline.

Typically, we cannot expect the increase in the amplitude of
the spike at the difference of the excitation frequencies by the
length of the contamination since the amplitude of the spike
depends on the effective length of the rubbing surfaces, not
the nominal length of the contamination. In this case, the
size of the rubbing surface was carefully increased while
sandwiching the aluminum foils. Also, it would be possible
to locate the delamination in the heterodyne method using
neural network approaches, by looking at the amplitude of
the spikes at different combinations of excitation
frequencies.

Data Availability

*e time and frequency domain data used to support the
findings of this study were collected by Shervin Tashakori.
Requests for access to these data should be made to Shervin
Tashakori at Florida International University.
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1Facultad de Ingenieŕıa Mecánica y Eléctrica, Universidad de Colima, 28400 Coquimatlán, COL, Mexico
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A parameter identificationmethod and a high gain observer are proposed in order to identify themodel and to recover the state of a
seismically excited shear building using acceleration responses of the ground and instrumented floors levels, as well as the responses
at noninstrumented floors, which are reconstructed by means of cubic spline shape functions. The identification method can be
implemented online or offline and uses Linear Integral Filters, whose bandwidthmust enclose the spectrum of a seismically excited
building. On the other hand, the proposed state observer estimates the displacements and velocities of all the structure floors using
the model estimated by the identification method. The observer allows obtaining a fast response and reducing the state estimation
error, while depending on a single gain. The performance of the parameter and state estimators is verified through experiments
carried out on a five-story small scale building.

1. Introduction

Acceleration responses of the building floor, obtained when
it is excited through earthquakes or wind, are employed
for parameter and state estimation of the structure or for
monitoring its health. Because of cost, most of the buildings
are instrumented only at a few stories. For this reason,
the estimation and health monitoring of a structure must
be carried out using as data only the responses of the
instrumented stories.

Parameter and state estimation of civil structures using
recorded responses has attracted the attention of a large
number of researchers around the world during the last four
decades. Some relevant references for not fully instrumented
structures [1–15] are revised here. Amini and Hedayati [1]
propose a Sparse Component Analysis approach for modal
identification of structures, where the number of sensors is
smaller than the number of active modes. References [2–5]
employ the extended Kalman filter in order to estimate the
parameters of a structure, as well as its displacements and
velocities at noninstrumented floors. This filter is obtained

by linearizing a nonlinear state equation that considers the
building parameters as states. Nevertheless, some poles of
the linearized model may lie on the imaginary axis and,
as a consequence, some parameter and/or states may be
unbounded. On the other hand, Zhou et al. [6] recursively
estimate the stiffness and damping ratios of a structure
using the first two derivatives of Log-Likelihood Measure
and the knowledge of the building mass. Mukhopadhyay
et al. [7] develop mode shape normalization and expansion
approaches that utilize the topology of the structuralmatrices
for estimating the mass and stiffness parameters of a building
under base excitation; authors obtain the global identifia-
bility requirements for their methodology and show that,
for estimating the structural parameters, the number 𝑃 of
instrumented floors should satisfy 𝑃 ≥ √𝑛 and 𝑃 ≥ (1 +√4𝑛 − 3)/2 if the floor masses at sensor locations are known
and if the total mass of the structure is known, respectively,
where 𝑛 is the number of floors of the building. Yuan et
al. [8] estimate the mass and stiffness matrices of shear
buildings using a method depending on the first two orders
of modal data. References [9–11] present OKID identification
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techniques, which determine the Markov parameters of a
Kalman observer in order to identity a building model.These
techniques identify a discrete timemodel of the structure, but
if the sampling frequency of responses is too high in relation
to the dominate frequencies of the structure, then the poles of
the estimated model lie close to the unit circle in the complex
domain, whichmay produce parameter estimates statistically
ill-defined [16]. Kaya el al. [12] identify a structure using
the Transfer Matrix formulation of the response, where the
histories at noninstrumented floors are offline reconstructed
using the Mode Shape Based Estimation (MSBE) method,
which assume that modal shapes can be approximated as a
linear combination of the mode shapes of a shear beam and
a bending beam. It is worth mentioning that using MSBE
requires solving two partial differential equations and the
knowledge of the modal acceleration of the instrumented
floors. Hegde and Sinha [13] estimate the modal param-
eters of a seismically excited, torsionally coupled building
using limited number of responses; modal parameters are
extracted using an offline estimation methodology based
on the principles of the Natural Excitation Technique and
the Eigen Realization Algorithm; authors use a cubic shape
function for estimating the responses at noninstrumented
floors. On the other hand, [14, 15] carried out structural
identification using ambient vibration measurements and
offline algorithms. Huang [14] proposes a procedure for
identifying the dynamics characteristics of a shear building
using the multivariate ARVmodel, whereas Chakraverty [15]
estimates mass and stiffness parameters frommodal test data
and the Holzer criteria.

This manuscript presents (1) an identification technique
to identify the parameters of the model of a seismically
excited shear building using a limited number of responses
and (2) a high gain state observer that employs the identi-
fied parameter in order to estimate the displacements and
velocities of both instrumented and noninstrumented floors.
The parameter and state estimators rely on the acceleration
measurements of ground and some instrumented floors. The
acceleration at noninstrumented floors is reconstructed by
means of cubic shape spline functions that use the available
measurements. The state observer gain is easily designed and
depends on a positive parameter that guarantees the stability
and a fast response of the observer. On the other hand,
the parameter estimator uses a parameterization with the
following features: (1) assuming that building has Rayleigh
damping; (2) containing a vector whose entries are the
stiffness/mass ratios of the building, which are estimated
through a Least Squares algorithm; and (3) employing Linear
Integral Filters (LIF) that attenuate low and high frequency
noise of the measured and reconstructed responses. The LIF
were previously employed in Garrido and Concha [17] for
parameter estimation of fully instrumented structures. In this
manuscript, the application of these filters is extended to
estimate the model of buildings instrumented at only few
floor levels. Moreover, by considering Rayleigh damping for
the structure, the number of parameters of the proposed
parameterization is the half of the one corresponding to the
parameterization in [17]. In comparison with techniques in
[7–15] described above, the proposed parameter estimator

allows attenuating low and high frequency noise of both
measured and reconstructed acceleration and can be imple-
mented online at a low computational effort.

It is worth mentioning that the cubic spline functions,
employed by the proposed parameter and state estimators,
are designed following the ideas in [18, 19]. Moreover, the
design of these functions does not require the knowledge of
the modal shapes of the structure, and they allow recursive
estimation of the responses at noninstrumented floors. Tech-
niques in [20–26] are also able to estimate the unmeasured
floor level responses, but unlike the cubic spline functions
they are implemented offline and require an estimated build-
ing model, which may be unavailable.

The paper has the following structure. Sections 2 and 3
present the shear building model and its parameterization,
respectively. The cubic spline functions used for estimating
the floor responses at noninstrumented floors are described
in Section 4. Section 5 shows the methodology for estimating
the building parameters. The proposed high gain observer
is described in Section 6. Experiment results using the
parameter and state estimators are shown in Section 7.
Finally, Section 8 includes the conclusions of this paper.

2. Mathematical Model of a Shear Building

The dynamics of a shear building with 𝑛 stories subjected to
earthquake or basemotion is described through the following
mathematical model [27]:

M (ẍ (𝑡) + l�̈�𝑔 (𝑡)) + Cẋ (𝑡) + Kx (𝑡) = 0 (1)

x (𝑡) = [𝑥1 (𝑡) , . . . , 𝑥𝑛 (𝑡)]𝑇 ,
ẋ (𝑡) = [�̇�1 (𝑡) , . . . , �̇�𝑛 (𝑡)]𝑇
ẍ (𝑡) = [�̈�1 (𝑡) , . . . , �̈�𝑛 (𝑡)]𝑇 ,
l = [1, 1, . . . , 1]𝑇

(2)

ẍa (𝑡) = ẍ (𝑡) + l�̈�𝑔 (𝑡) = [�̈�𝑎1 (𝑡) , . . . , �̈�𝑎𝑛 (𝑡)]𝑇 , (3)

where variables 𝑥𝑖(𝑡), �̇�𝑖(𝑡), and �̈�𝑖(𝑡) are, respectively, the
displacement, velocity, and acceleration of the 𝑖th floor, which
are measured with respect to the basement. Signal �̈�𝑎𝑖(𝑡)
represents the absolute acceleration at the 𝑖th floor, and�̈�𝑔(𝑡) is the ground acceleration produced by earthquake.
Moreover, M and K are the mass and stiffness matrices,
respectively, which are defined as

M = [[[[[[[

𝑚1 0 ⋅ ⋅ ⋅ 00 𝑚2 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝑚𝑛

]]]]]]]
,

K = [[[[[[[

𝑘1 + 𝑘2 −𝑘2 ⋅ ⋅ ⋅ 0−𝑘2 𝑘2 + 𝑘3 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝑘𝑛
]]]]]]]

(4)
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The entry 𝑘𝑖 (𝑖 = 1, 2, . . . , 𝑛) is the column lateral stiffness
between the 𝑖th and (𝑖 − 1)th floors.

The building has Rayleigh damping that is represented
through the following matrix C:

C = 𝑎0M + 𝑎1K (5)

Parameters 𝑎0 and 𝑎1 are constant, and they are computed as
[27]

12 [[[[
1𝜔𝑖

𝜔𝑖1𝜔𝑗

𝜔𝑗

]]]]
[𝑎0𝑎1] = [𝜁𝑖𝜁𝑗] , (6)

where 𝜁V and 𝜔V, V = 𝑖, 𝑗, are the damping ratio and natural
frequency of the Vth structural mode, respectively.

Remark 1. Computing the constants 𝑎0 and 𝑎1 in (6) requires
knowledge of the parameters 𝜔𝑖, 𝜔𝑗, 𝜁𝑖, and 𝜁𝑗 that corre-
sponds to the 𝑖th and 𝑗th structural modes. Natural frequen-
cies 𝜔𝑖 and 𝜔𝑗 can be extracted by means of the Fourier
spectra of the building responses produced by ambient or
force excitations. On the other hand, the parameters 𝜁𝑖 and𝜁𝑗 can be obtained with any of the following techniques:

(i) Half-power bandwidth method [28], which estimates
the damping ratios using the peaks of the response
Fourier spectra

(ii) LogarithmicDecrementmethod, which computes the
damping ratios in the time domain by means of
the ratio between the amplitudes of any two closely
adjacent peaks of acceleration responses [29]

(iii) Enhanced Frequency Domain Decomposition meth-
od that estimates the modal damping from the Singu-
lar Value plots of recorded acceleration [30]

(iv) Using the recommended damping values shown in
Table 11.2.1 from [27], which depend on the type and
condition of the structure.

The state space model corresponding to the differential
equation (1) is given by

�̇� (𝑡) = A𝜂 (𝑡) + B�̈�𝑔 (𝑡) (7)

A = [ On×n In×n−M−1K −M−1C
] ,

B = [On×1−l ]
(8)

𝜂 (𝑡) = [xT (𝑡) , ẋT (𝑡)]𝑇
= [𝑥1 (𝑡) , 𝑥2 (𝑡) , . . . , 𝑥𝑛 (𝑡) , �̇�1 (𝑡) , �̇�2 (𝑡) , . . . , �̇�𝑛 (𝑡)]𝑇 , (9)

where Ip×r and Op×r are the identity and zero matrices with
size 𝑝 × 𝑟, respectively.

The output equation of the state space model depends on
the absolute acceleration of the instrumented floors. Let 𝑃 be

the number of instrumented floors, and let 𝑖 = 1, 2, . . . , 𝑃 be
the 𝑖th instrumented floor numbered from bottom to top of
the building. Then, the output equation is given by

y (𝑡) = Γẍa (𝑡) = Γ [ẍ (𝑡) + l�̈�𝑔 (𝑡)] = ΓD𝜂 (𝑡) ,
D = [−M−1K, −M−1C] , (10)

where Γ ∈ 𝑅𝑃𝑥𝑛 is the localization matrix of the accelerome-
ters, whose entries are defined asΓ𝑖,𝑗
= {{{

1 if the 𝑗th floor is the 𝑖th instrumented story0 otherwise

(11)

3. Model Parameterization

Assume first that all the stories are instrumented; it means
that Γ = I𝑛𝑥𝑛; then substituting (5) into (1) yields

ẍ (𝑡) + l�̈�𝑔 (𝑡) = −M−1 [𝑎0M + 𝑎1K] ẋ (𝑡) −M−1Kx (𝑡) (12)

Equation (12) can be rewritten as

ẍa (𝑡) + 𝑎0ẋ (𝑡) = −𝑎1M−1Kẋ (𝑡) −M−1Kx (𝑡) (13)

Define the following equalities:

M−1Kẋ (𝑡) = u̇ (𝑡) 𝜃,
M−1Kx (𝑡) = u (𝑡) 𝜃, (14)

where u̇(𝑡) is the time derivative of u(𝑡) and
𝜃 = [ 𝑘1𝑚1

𝑘2𝑚1

𝑘2𝑚2

⋅ ⋅ ⋅ 𝑘𝑛𝑚𝑛

]𝑇 = [𝜃1 𝜃2 𝜃3 ⋅ ⋅ ⋅ 𝜃2𝑛−1]𝑇
u (𝑡)
= −[[[[[[[

𝑥1 (𝑡) 𝑥1 (𝑡) − 𝑥2 (𝑡) 0 ⋅ ⋅ ⋅ 00 0 𝑥2 (𝑡) − 𝑥1 (𝑡) ⋅ ⋅ ⋅ 0... ... ... ... ...0 0 0 ⋅ ⋅ ⋅ 𝑥𝑛 (𝑡) − 𝑥𝑛−1 (𝑡)
]]]]]]]

(15)

Using equalities in (14) leads to the following expression:

ẍa (𝑡) + 𝑎0ẋ (𝑡) = [𝑎1u̇ (𝑡) + u (𝑡)] 𝜃 (16)

In order to use only acceleration measurements and
to attenuate low and high frequency measurement noise,
(16) is first derived three times with respect to time, and,
subsequently, the resulting expression is integrated five times
over finite time intervals, thus obtaining𝐼5 {ẍ(3)a (𝑡) + 𝑎0ẍ(2) (𝑡)} = 𝐼5 {𝑎1ü(2) (𝑡) + ü(1) (𝑡)} 𝜃 (17)

The superindex (𝑖) denotes the 𝑖th time derivative of the
corresponding signal; and 𝐼5{⋅} is a Linear Integral Filter
(LIF). The general definition a LIF is given by𝐼𝛼 {𝜌 (𝑡)}

= 1𝛿𝛼−1 ∫𝑡

𝑡−𝛿
∫𝜏1

𝜏1−𝛿
⋅ ⋅ ⋅ ∫𝜏𝛼−1

𝜏𝛼−1−𝛿
𝜌 (𝜏𝛼) 𝑑𝜏𝛼 ⋅ ⋅ ⋅ 𝑑𝜏1, (18)
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where 𝛼 is the number of integrations, and 𝛿 is the time
integration window length defined as𝛿 = ℏ𝑇𝑠, (19)

where ℏ > 0, and 𝑇𝑠 is the sampling period of 𝜌.
The Laplace transform of 𝐼𝛼{𝜌(𝑡)} in (18) is given by [17]

L [𝐼𝛼 {𝜌 (𝑡)}] = 𝛿𝐺𝛼 (𝑠)L [𝜌 (𝑡)] (20)

𝐺𝛼 (𝑠) = (1 − 𝑒−𝛿𝑠𝛿𝑠 )𝛼 ,
𝐺𝛼 (𝑗𝜔) =  sin (𝜋𝜔/𝜔𝑐)(𝜋𝜔/𝜔𝑐)


𝛼 ,

𝜔𝑐 = 2𝜋𝛿 ,
𝑓𝑐 = 1𝛿

(21)

Terms 𝜔𝑐 and 𝑓𝑐 determine the bandwidth of the 𝛼th-order
low-pass filter 𝐺𝛼(𝑠) in rad/s and Hz, respectively.

Equation (17) is equivalent to the following parameteri-
zation, which will be employed for parameter identification
purposes:

𝜒 (𝑡) = 𝜙 (𝑡) 𝜃 (22)

𝜒 (𝑡) = 1𝛿3 𝐼2{{{
3∑

𝑗=0

(3𝑗) (−1)𝑗 ẍa (𝑡 − 𝑗𝛿)}}}
+ 𝑎0𝛿2 𝐼3{{{

2∑
𝑗=0

(2𝑗) (−1)𝑗 ẍ (𝑡 − 𝑗𝛿)}}}
(23)

𝜙 (𝑡) = 𝑎1𝛿2 𝐼3{{{
2∑

𝑗=0

(2𝑗) (−1)𝑗 ü (𝑡 − 𝑗𝛿)}}}
+ 1𝛿𝐼4{{{

1∑
𝑗=0

(1𝑗) (−1)𝑗 ü (𝑡 − 𝑗𝛿)}}}
(24)

It is important tomention that variables 𝜒(𝑡) and 𝜙(𝑡) can
be written in the Laplace domain as

L [𝜒 (𝑡)] = H3 (𝑠)L [ẍa (𝑡)] + 𝑎0H2 (𝑠)L [ẍ (𝑡)]
L [𝜙 (𝑡)] = 𝑎1H2 (𝑠)L [ü (𝑡)] +H1 (𝑠)L [ü (𝑡)] , (25)

where
H1 (𝑠) = 𝛿𝑠𝐺5 (𝑠) ,
H2 (𝑠) = 𝛿𝑠2𝐺5 (𝑠) ,
H3 (𝑠) = 𝛿𝑠3𝐺5 (𝑠)

(26)

Remark 2. The filters H𝑖(𝑠), 𝑖 = 1, 2, 3, are band pass filters,
and they are designed to encompass the frequency band of
the seismically excited building and to attenuate low and high
frequency measurement noise.

Table 1: Boundary conditions for a shear building.

Boundary Absolute acceleration�̈�𝑎(𝑡) = �̈�(𝑡) + �̈�𝑔(𝑡)ℎ = 0 �̈�𝑎(0, 𝑡) = �̈�𝑔(𝑡)�̈�𝑎(0, 𝑡) = 0ℎ = 𝐻 �̈�𝑎 (𝐻, 𝑡) = 0�̈�𝑎 (𝐻, 𝑡) = 0
4. Estimation of the Responses at
Noninstrumented Floor Levels

In practice, most of the buildings are instrumented in only
some floors; it means that not all signals �̈�𝑎1(𝑡), . . . , �̈�𝑎𝑛(𝑡),
which appear in variables ẍ(𝑡), ẍa(𝑡), and ü(𝑡) of parameter-
ization (22), are available. In order to implement ẍ(𝑡), ẍa(𝑡)
and ü(𝑡), the acceleration types at noninstrumented floors
are reconstructed by means of cubic spline shape functions,
which are described in this section.

Consider a building with height 𝐻 and 𝑛 stories that
is instrumented at its basement and at 𝑃 floors, as shown
in Figure 1. Moreover, let ℎ0 = 0 and 𝑟0(𝑡) = �̈�𝑔(𝑡)
be the height and acceleration response at the basement,
respectively. Similarly, terms ℎ𝑝 and 𝑟𝑝(𝑡), 𝑝 = 1, 2, . . . , 𝑃, are
the height and absolute acceleration at the 𝑝th instrumented
floor, respectively, where 𝑟𝑝(𝑡) ∈ ẍa(𝑡).

Let �̈�𝑎(ℎ, 𝑡) be the absolute acceleration of the building
at height ℎ. Using (3) yields �̈�𝑎(0, 𝑡) = �̈�𝑔(𝑡) and �̈�𝑎(𝐻, 𝑡) =�̈�𝑛𝑎(𝑡). In addition, let ℎ∗ be the height of the 𝑤th non-
instrumented floor that is located within the subintervalΔ𝑝 = ℎ𝑝+1 − ℎ𝑝 delimited by two instrumented floors with
heights ℎ𝑝 and ℎ𝑝+1, where ℎ𝑝+1 > ℎ𝑝. The response at this
noninstrumented floor is given by �̈�𝑎(ℎ∗, 𝑡), or, equivalently,�̈�𝑎(ℎ∗, 𝑡) = �̈�𝑎𝑤(𝑡) according to definition (3). An estimatê̈𝑥𝑎(ℎ∗, 𝑡) = ̂̈𝑥𝑎𝑤(𝑡) of �̈�𝑎(ℎ∗, 𝑡) = �̈�𝑤𝑎(𝑡) is computed through
the following cubic spline shape function:

̂̈𝑥𝑎𝑤 (𝑡) = ̂̈𝑥𝑎 (ℎ∗, 𝑡)
= 𝑎𝑝 (𝑡) + 𝑏𝑝 (𝑡) [ℎ∗ − ℎ𝑝] + 𝑑𝑝 [ℎ∗ − ℎ𝑝]2
+ 𝑒𝑝 (𝑡) [ℎ∗ − ℎ𝑝]3 , ℎ∗ ∈ [ℎ𝑝, ℎ𝑝+1] ,

(27)

where 𝑎𝑝(𝑡), 𝑏𝑝(𝑡), 𝑑𝑝(𝑡), and 𝑒𝑝(𝑡) are the coefficients of the𝑝th cubic polynomial, which are computed at every sampling
instant from continuity of the spline function, from responses𝑟𝑝(𝑡), 𝑝 = 0, 1, 2, . . . , 𝑃, at the instrumented floors, and
from the boundary conditions of the absolute acceleration
of the building. These conditions assume that the building
behaves as a cantilever, and they are shown in Table 1, where
superscripts , , and  indicate the first, second, and third
derivative with respect to the spatial variable ℎ. Appendices
A and B present the cubic spline function obtained if the
acceleration response at the top floor is available or not,
respectively.

Once absolute acceleration ̂̈𝑥𝑎𝑤(𝑡) of the 𝑤th noninstru-
mented floor has been obtained, it is possible to estimate its
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Figure 1: Building with height𝐻 instrumented in 𝑃 floor levels.

relative acceleration ̂̈𝑥𝑤(𝑡) through the expression ̂̈𝑥𝑤(𝑡) =̂̈𝑥𝑎𝑤(𝑡) − �̈�𝑔(𝑡). Then, the unavailable responses �̈�𝑤(𝑡) and�̈�𝑎𝑤(𝑡) in variables ẍ(𝑡), ẍa(𝑡) and ü(𝑡) are replaced by their
estimates ̂̈𝑥𝑤(𝑡) and ̂̈𝑥𝑎𝑤(𝑡), respectively. From now on, vari-
ables constructed with recorded and reconstructed responses
are denoted as ̂̈xa(𝑡), ̂̈x(𝑡), and ̂̈u(𝑡), which are given by

̂̈x (𝑡) = ẍ (𝑡) + 𝜀 (𝑡)̂̈xa (𝑡) = ẍa (𝑡) + 𝜀a (𝑡)̂̈u (𝑡) = ü (𝑡) + 𝜀u (𝑡) ,
(28)

where terms 𝜀(𝑡), 𝜀
𝑎
(𝑡), and 𝜀u(𝑡) depend on the error of the

reconstructed responses and on the noise of the recorded
responses.

5. Parameter Estimation of the Building

Substituting signals ̂̈x(𝑡), ̂̈x𝑎(𝑡), and ̂̈u(𝑡) given in (28) into
(22)–(24) yields

�̂� (𝑡) = �̂� (𝑡) 𝜃 + 𝐼5 [𝜆 (𝑡)] , (29)

where variables �̂�(𝑡) and �̂�(𝑡) have the same structure as 𝜒(𝑡)
and 𝜙(𝑡), respectively. However, �̂�(𝑡) and �̂�(𝑡) contain the
terms ̂̈xa(𝑡), ̂̈x(𝑡), and ̂̈u(𝑡) instead of ẍa(𝑡), ẍ(𝑡), and ü(𝑡). On
the other hand, vector 𝜆(𝑡) depends on 𝜀, 𝜀a, and 𝜀u. The
Laplace transform of 𝜆(𝑡) is given by

Λ (𝑠) = L [𝜆 (𝑡)]
= 𝑠3L [𝜀a] + 𝑠2 (𝑎0L [𝜀] − 𝑎1L [𝜀u] 𝜃)− 𝑠L [𝜀u] 𝜃

(30)

Employing (20) and (30) allows obtaining the next
Laplace transform of 𝐼5[𝜆(𝑡)]

L [𝐼5 [𝜆 (𝑡)]] = H3 (𝑠)L [𝜀a]+H2 (𝑠) (𝑎0L [𝜀] − 𝑎1L [𝜀u] 𝜃)−H1 (𝑠)L [𝜀u] 𝜃,
(31)

whereH𝑖(𝑠), 𝑖 = 1, 2, 3, were previously defined in (26).
Expression (29) can be rewritten as

�̂� (𝑘𝑇𝑠) = �̂� (𝑘𝑇𝑠) 𝜃 + 𝐼5 [𝜆 (𝑘𝑇𝑠)] , (32)

where 𝑡 = 𝑘𝑇𝑠, 𝑘 = 0, 1, 2, . . ., are the sampling instants of
signals �̂�(𝑡) and �̂�(𝑡). Omitting 𝑇𝑠 in (32) leads to

�̂� (𝑘) = �̂� (𝑘) 𝜃 + 𝐼5 [𝜆 (𝑘)] (33)

In order to estimate the parameter vector 𝜃 in (33), the
Least Squares (LS) algorithm is employed, which is defined
as [31]

�̂� = P (𝑁) 𝑁∑
𝑘=0

�̂�
𝑇 (𝑘) �̂� (𝑘) ,

P (𝑁) = [ 𝑁∑
𝑘=0

�̂�
𝑇 (𝑘) �̂� (𝑘)]−1 , (34)

where P is the covariance matrix;𝑁 is the number of samples
of �̂� and �̂�. Note that vector �̂� can be computed only if matrix
P exists.

On the other hand, 𝜃 can also be recursively identified
since the responses at noninstrumented floor levels can be
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computed at every sampling period 𝑇𝑠. The recursive version
of the LS, denoted as RLS, is given by

�̂� (𝑘) = �̂� (𝑘 − 1) + L (𝑘) 𝜖 (𝑘)
L (𝑘)
= P (𝑘 − 1) �̂�𝑇 (𝑘) [𝛽I𝑛×𝑛 + �̂� (𝑘)P (𝑘 − 1) �̂� (𝑘)𝑇]−1

P (𝑘) = [P (𝑘 − 1) − L (𝑘) �̂� (𝑘)P (𝑘 − 1)]𝛽
𝜖 (𝑘) = �̂� (𝑘) − �̂� (𝑘) �̂� (𝑘) ,

(35)

where𝛽 is the forgetting factor such that 0 < 𝛽 ≤ 1; moreover,
𝜖(𝑘) is the output estimation error.

Proposition 3. Suppose that input signal �̈�𝑔(𝑡) is persistently
exciting at least of order b = 2𝑛 − 1, where b is the number
of parameters of 𝜃 to be estimated, then vector norm ‖�̃�‖ of the
parameter estimation error �̃�, defined as �̃� = 𝜃− �̂�, is bounded.
Moreover, the smaller the perturbation term 𝐼5[𝜆(𝑘𝑇𝑠)] in (33),
the smaller the value of ‖�̃�‖.
Proof. It is given in books [31, 32].

5.1. Estimation of Modal Parameters. Once that vector �̂� has
been estimated with the offline or the online estimation
methodology, it is possible to identify the natural frequencies
and modal damping factors of the building. To this end, the
following matrix Â, which is an estimate of matrixA given in
(8), is constructed:

Â = [ On×n In×n−M̂−1K −M̂−1C
] (36)

M̂−1K = [[[[[[[[

𝜃1 + 𝜃2 −𝜃2 ⋅ ⋅ ⋅ 0−𝜃3 𝜃3 + 𝜃4 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝜃2𝑛−1

]]]]]]]]
(37)

M̂−1C = 𝑎0In×n + 𝑎1M̂−1K, (38)

where parameters 𝜃𝑖, 𝑖 = 1, 2, . . . , 2𝑛 − 1, are the entries of
vector �̂�. Note that (38) is deduced from (5).

The eigenvalues of the matrix Â in (36) are given by

𝜆𝑖,1 = −𝜎𝑖 + 𝑗𝜛𝑖 = −𝜁𝑖�̂�𝑖 + 𝑗�̂�𝑖
√1 − 𝜁2,

𝜆𝑖,2 = −𝜎𝑖 − 𝑗𝜛𝑖 = −𝜁𝑖�̂�𝑖 − 𝑗�̂�𝑖
√1 − 𝜁2, (39)

where 𝜎𝑖 = 𝜁𝑖�̂�𝑖 and 𝜛𝑖 = �̂�𝑖
√1 − 𝜁2. Moreover, �̂�𝑖 and 𝜁𝑖,𝑖 = 1, 2, . . . , 𝑛, are, respectively, the estimates of the natural

frequency 𝜔𝑖 and damping factor 𝜁𝑖 corresponding to the 𝑖th
mode of building model (1).

From (39), the following equations for computing the
parameters �̂�𝑖 and 𝜁𝑖 are obtained:�̂�𝑖 = √𝜎2𝑖 + 𝜛2

𝑖 ,
𝜁𝑖 = 𝜎𝑖�̂�𝑖

,
𝑖 = 1, 2, . . . , 𝑛

(40)

5.2. Estimation of Matrices𝑀, 𝐾, and 𝐶. Assume that mass𝑚1 of the building is known; then matrix Ĉ and the entries of
matrices M̂ and K̂ are given by�̂�1 = �̂�1𝜃1,�̂�𝑖 = �̂�𝑖−1𝜃(2𝑖−2),

�̂�𝑖 = �̂�𝑖𝜃(2𝑖−1) , 𝑖 = 2, 3, . . . , 𝑛
Ĉ = 𝑎0M̂ + 𝑎1K̂

(41)

A similar procedure can be carried out if another floor mass
is known instead of𝑚1.

6. High Gain State Observer

The proposed high gain state observer employs the building
model estimated by the LS method. This observer estimates
the complete state of a building instrumented at only fewfloor
levels, and it is given bẏ̂𝜂 (𝑡) = Â�̂� (𝑡) + B�̈�𝑔 (𝑡) + L�̃� (𝑡) ,
�̃� (𝑡) = ̂̈xa (𝑡) − ŷo (𝑡) (42)

̂̈xa (𝑡) = ẍa (𝑡) + 𝜀a (𝑡) = D𝜂 (𝑡) + 𝜀a (𝑡) ,
ŷo (𝑡) = D̂�̂� (𝑡) (43)

�̂� = [x̂T, ̂̇xT]𝑇 = [𝑥1, 𝑥2, . . . , 𝑥𝑛, ̂̇𝑥1, ̂̇𝑥2, . . . , ̂̇𝑥𝑛]𝑇 , (44)

where �̂� is an estimate of 𝜂, L is the observer gain matrix,
variable ̂̈xa is established in (28), term ŷo is the absolute
acceleration estimated by the observer, matrix Â is presented
in (36), and matrix D̂, which is an estimate of D in (10), is
defined as

D̂ = [M̂−1K, M̂−1C] (45)

with M̂−1K and M̂−1C shown in (37) and (38), respectively.
Define the state estimation error �̃�(𝑡) as follows:
�̃� (𝑡) = 𝜂 (𝑡) − �̂� (𝑡) = [x (𝑡)

ẋ (𝑡)] − [x̂ (𝑡)̂̇x (𝑡)] = [x̃ (𝑡)̃̇x (𝑡)]
= [𝑥1, 𝑥2, . . . , 𝑥𝑛, ̃̇𝑥1, ̃̇𝑥2, . . . , ̃̇𝑥𝑛]𝑇

(46)
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Then, the state estimation error dynamics ̇̃𝜂(𝑡) is given bẏ̃𝜂 (𝑡) = �̇� (𝑡) − ̇̂𝜂 (𝑡)
= (A − LD) 𝜂 (𝑡) + (Â − LD̂) �̃� (𝑡) − L𝜀a (𝑡)
= (A − LD) 𝜂 (𝑡) + (Â − LD̂) (𝜂 (𝑡) − �̂� (𝑡))
− L𝜀a (𝑡) = (Â − LD̂) �̃� (𝑡) + Ξ (𝑡)

(47)

= A∗�̃� (𝑡) + Ξ (𝑡) (48)

with

A∗ = (Â − LD̂) ,
Ξ (𝑡) = (Ã − LD̃) 𝜂 (𝑡) − L𝜀a (𝑡) (49)

Ã = A − Â,
D̃ = D − D̂

(50)

Proposition 4. Let L be the gain of the state observer defined
as

L = [On×n −𝛾In×n]𝑇 (51)

(1) If 𝛾 satisfies0 ≤ 𝛾 ≤ 𝜅 = min [1, 2, . . . , 𝑛] ,
𝑖 = 1̂𝜁2𝑖 − 1, 𝑖 = 1, 2, . . . , 𝑛,

(52)

where 𝜁𝑖 is presented in (40), and min[⋅] denotes the
smallest value of the set [⋅], then, one has the following:
(a) The eigenvalues of matrixA∗ in (48) are given by𝜆∗𝑖,1 = −𝜎∗𝑖 + 𝑗𝜛∗

𝑖 ,𝜆∗𝑖,2 = −𝜎∗𝑖 − 𝑗𝜛∗
𝑖

(53)

𝜎∗𝑖 = 𝜁∗𝑖 𝜔∗
𝑖

𝜛∗
𝑖 = 𝜔∗

𝑖
√1 − 𝜁∗2 (54)

𝜔∗
𝑖 = �̂�𝑖√1 + 𝛾,𝜁∗𝑖 = 𝜁𝑖√1 + 𝛾, (55)

where 𝑖 = 1, 2, . . . , 𝑛 and �̂�𝑖 and 𝜁𝑖 are the
natural frequency and damping factor of the 𝑖th
mode of the estimated building model, which are
computed using (40).

(b) Increasing the value of gain 𝛾 in (51)-(52) allows
the real part of the eigenvalues of matrixA∗ to be
more negative.

(c) Norm of the estimation error �̃� is bounded, and
when 𝑡 → ∞ it satisfies

�̂� (𝑡) ≤ 𝜇𝜁∙�̂�∙

‖E‖ 𝜂 (𝑡) + 𝜇𝛾 𝜀a (𝑡)(1 + 𝛾) 𝜁∙�̂�∙

(56)

E = [[
On×n

11 + 𝛾 In×n−M̃−1K −M̃−1C
]] ,

M̃−1K = M−1K − M̂−1K,
M̃−1C = M−1C − M̂−1C,

𝜇 = ‖M‖ M−1 ,𝜁∙�̂�∙ = min
1≤𝑖≤𝑛

{𝜁𝑖�̂�𝑖} ,

(57)

where M is a matrix, whose columns are the
eigenvectors of matrix A∗.

(2) If 𝛾 → ∞, then the eigenvalues of𝐴∗ approach 𝜆∗𝑖,1 =−�̂�𝑖/(2𝜁𝑖) and 𝜆∗𝑖,2 = −∞, 𝑖 = 1, 2, . . . , 𝑛.
Proof. See Appendix C.

6.1. Attenuation of the State Estimation Error. The norm‖�̂�(𝑡)‖ of the state estimation error can be reduced as follows:

(i) Increase 𝛾 in order to decrease ‖E‖ and to obtain a fast
response for the observer. Based on our experience,
good results in the state estimation are obtained using
a gain 𝛾 between 𝜅/10 and 𝜅, where 𝜅 was defined in
(52).

(ii) Reduce ‖M̃−1K‖ and ‖M̃−1C‖, which allows decreas-
ing ‖E‖. According to Proposition 3, the smaller
the term 𝐼5[𝜆] in (33) is, the smaller the parametric
error norms ‖M̃−1K‖ and ‖M̃−1C‖ are. Signal 𝐼5[𝜆] is
filtered through the filters H1(𝑠), H2(𝑠), and H3(𝑠)
shown in (31). They are designed to include the
bandwidth of the building responses and to filter
measurement noise, which in turn attenuates the term𝐼5[𝜆] and norms ‖M̃−1K‖ and ‖M̃−1C‖.

(iii) Instrument the building at regular intervals over its
height, which permits reducing ‖𝜀a‖ [19, 33]. These
references also show that increasing the total number
of instrumented floors decreases the value of ‖𝜀a‖.

(iv) Attenuate themeasurement noise corrupting the state
observer. To achieve this, vector ̂̈xa(𝑡) in (28) is
replaced by the following filtered vector ̂̈xaf(𝑡) in
variable �̃� of the state observer (42):̂̈xaf (𝑡) = L

−1 [F1 (𝑠)] ∗ ̂̈xa (𝑡) , (58)

where ∗ is the convolution operator, and F1(𝑠) is a
fourth-order low-pass Butterworth filter, whose cut-
off frequency is appropriately chosen.
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Figure 2: Experimental structure.
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Figure 3: Excitation of the experimental structure.

7. Experimental Results

Figure 2 depicts a five-story small scale building with dimen-
sions 65×55×175.5 cm,which is used during the experiments.
The structure is mounted over a shake table with Parker
linear motors 406T03LXR, and it is built with aluminum
with exception of a column of each floor, which is made
from brass. During the experiments, the structure is excited
with the North-South component of the Mexico City 1985
earthquake, which is fitted in amplitude to be in agreement
with the structure and shown in Figure 3.The responses of the
shake table and floors are measured through Analog Devices
accelerometers, model ADXL203, placed at every floor and
at the base. Moreover, the absolute position of each floors
is obtained by means of Micro-Epsilon laser sensors, model
optoNCDT 1302. These sensors are only used for comparing
the displacements and velocities of the floors with their
estimates provided by the high gain state observer. Filtering
the response of the laser sensors with the filter (75𝜋)2𝑠/(𝑠 +75𝜋)2 produces the nominal velocity of the building floors.
Filter F1(𝑠) in (58) has a cut-off frequency of 100Hz. The
parameter identification algorithm and the state observer are
implemented inMatlab-Simulink. Data acquisition is carried
out through twoNational Instruments PCI-6221 cards, which
communicate with a personal computer by means of the

Simulink Desktop Real-Time toolbox. It is worth mentioning
that a sampling period of 1ms is used during the experiments.

The first two natural frequencies of the small scale build-
ing are 𝜔1 = 11.07 and 𝜔2 = 31.8 rad/s, which were obtained
from frequency response experiments. It is considered that
the first two modes of the structure have a damping factor of
1%, i.e., 𝜁1 = 𝜁2 = 0.01, based on experimental data and since
it is slightly damped. During experiments we have observed
that 𝜁1 and 𝜁2 vary between 0.7% and 1.6%, and this variation
depends on the excitation signal. In order to compute the
coefficients 𝑎0 and 𝑎1 of the Rayleigh damping, we decided
to fix both damping ratios 𝜁1 and 𝜁2 to 1%, since this value
is between 0.7% and 1.6%. These natural frequencies and
damping factors allow obtaining parameters 𝑎1 = 0.1642 and𝑎2 = 0.0005 using (6), which are employed for computing the
variables �̂� and �̂� of parameterization (33).

In order to determine the effectiveness of the cubic spline
function in the response reconstruction of the𝑤th noninstru-
mented floor, the following function E𝑤 is computed, which
was previously defined in [19]

E𝑤 = √∑𝑃
𝑘=0 [�̈�𝑎𝑤 (𝑘) − ̂̈𝑥𝑎𝑤 (𝑘)]2∑𝑁

𝑘=0 �̈�2𝑎𝑤 (𝑘) , (59)

where �̈�𝑤𝑎 and ̂̈𝑥𝑤𝑎 are the nominal and estimated absolute
acceleration of the 𝑤th building floor, respectively. Value
of function E𝑤 depends on the number of instrumented
floors and on their distribution along the building height.
Let Π𝑃

𝑗 , 𝑗 = 1, 2, . . . , 𝜄; 𝜄 = (𝑛!/[𝑃!(𝑛 − 𝑃)!]), be all possible
distributions of 𝑃 instrumented floors of a building with 𝑛
stories. Each distribution produces a set of errorsE𝑤, and the
mean value of these errors is denoted as E. It is considered
that the smaller the value ofE, the better the performance of
the cubic spline functions.

On the other hand, let �̃�𝑖 be the identification error in
percentage (%) of the 𝑖th natural frequency �̂�𝑖 corresponding
to estimated building model. Performance index 𝐸�̃� in (60)
measures the quality of the identified model by taking into
account all errors �̃�𝑖; i.e.,

𝐸�̃� (𝛿) = √ 5∑
𝑖=1

�̃�2
𝑖 ,

�̃�𝑖 (%) = �̂�𝑖 − 𝜔𝑖
𝜔𝑖

× 100 (60)

The smaller the value of 𝐸�̃�, the better the quality of the
model. Since function 𝐸�̃� depends on the integration period𝛿 of the LIF, it is useful to compute the following terms:𝐸∗

�̃� = min
𝛿∈[𝛿min,𝛿max]

𝐸�̃� (𝛿) ,𝛿∗ = argmin
𝛿∈[𝛿min,𝛿max]

𝐸�̃� (𝛿) ,
𝑓∗
𝑐 = 1𝛿∗

(61)

The performance of the high gain state observer is also
examined. To this end, function 𝐸x̃(𝛿) in (62), which also
depends on 𝛿, is computed.
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Table 2: Results obtained when all floors are instrumented.Π5
𝑗 Instrumented floors Non-instrumented floors E 𝐸∗

�̃� 𝛿∗ [s] 𝑓∗
𝑐 [Hz] 𝐸∘

x̃ 𝛿∘ [s] 𝑓∘
𝑐 [Hz]

1 0 1 2 3 4 5 – – 1.96 0.035 28.57 6.37 0.055 18.18

Table 3: Results with four instrumented floors.Π4
𝑗 , 𝑗 Instrumented floors Non-instrumented floors E 𝐸∗

�̃� 𝛿∗ [s] 𝑓∗
𝑐 [Hz] 𝐸∘

x̃ 𝛿∘ [s] 𝑓∘
𝑐 [Hz]

1 0 1 2 4 5 3 0.18 3.50 0.04 25 11.64 0.048 20.83
2 0 1 3 4 5 2 0.27 3.59 0.038 26.32 9.45 0.058 17.24
3 0 1 2 3 5 4 0.16 4.18 0.04 25 13.38 0.048 20.83
4 0 2 3 4 5 1 0.45 5.79 0.044 22.73 7.50 0.062 16.13
5 0 1 2 3 4 5 0.32 12.32 0.068 14.71 26.07 0.048 20.83

Table 4: Results with three instrumented floors.Π3
𝑗 ,𝑗 Instrumented floors Non-instrumented floors E 𝐸∗

�̃� 𝛿∗ [s] 𝑓∗
𝑐 [Hz] 𝐸∘

x̃ 𝛿∘ [s] 𝑓∘
𝑐 [Hz]

1 0 1 3 5 2 4 0.48 5.17 0.046 21.74 13.88 0.054 18.52
2 0 2 4 5 1 3 0.68 5.21 0.048 20.83 11.98 0.05 20
3 0 2 3 5 1 4 0.63 6.08 0.046 21.74 14.63 0.056 17.86
4 0 1 2 5 3 4 0.53 8.55 0.054 18.52 25.4 0.048 20.83
5 0 1 3 4 2 5 0.61 9.03 0.05 20 26.27 0.046 21.74
6 0 1 2 4 3 5 0.55 9.98 0.05 20 21.83 0.044 22.73
7 0 1 4 5 2 3 0.74 10.98 0.052 19.23 18.71 0.038 26.32
8 0 2 3 4 1 5 0.78 13.15 0.07 14.29 25.88 0.05 20
9 0 3 4 5 1 2 0.98 14.57 0.06 16.67 12.71 0.064 15.63
10 0 1 2 3 4 5 0.96 – – – – – –

𝐸x̃ (𝛿) = 5∑
𝑖=1

[𝑥𝑖 + ̃̇𝑥𝑖] ,
𝑥𝑖 = √ 𝑁∑

𝑗=1

𝑥2𝑖 ,
̃̇𝑥𝑖 = √ 𝑁∑

𝑗=1

̃̇𝑥2𝑖
(62)

The better the reconstruction of the state, the smaller the
value of 𝐸x̃(𝛿). The following expressions depending on the
minimum of function 𝐸x̃(𝛿) are also computed during the
experiments 𝐸∘

x̃ = min
𝛿∈[𝛿min,𝛿max]

𝐸x̃ (𝛿) ,𝛿∘ = argmin
𝛿∈[𝛿min,𝛿max]

𝐸x̃ (𝛿) ,
𝑓∘
𝑐 = 1𝛿∘

(63)

The goal of the experiments presented in the next subsec-
tion is to obtain and compare the value of the performance
indexes defined above, when the small scale building is
instrumented from one to five floors. A comparison of
measured and estimated values of the state will also be
included. In all the experiments, the value of the observer gain𝛾 is fixed to 𝛾 = 1000.
7.1. Results with Five Instrumented Floors. This case repre-
sents the fully instrumented case, where no cubic splines
functions are used, and it is included for comparison pur-
poses. Table 2 shows the values of 𝐸∗

�̃�, 𝛿∗, 𝐸∘
x̃, and 𝛿∘ for

the unique distribution of five instrumented floors, which is
named Π5

1. Moreover, Figures 4(a) and 4(b) show, respec-
tively, the variation of the performance indexes 𝐸�̃�(𝛿) and𝐸x̃(𝛿), where 𝛿 ∈ [0.01, 0.12]. Note that 𝛿∗ ̸= 𝛿∘, indicating
that the estimated model with the best quality does not
produce the smallest value of 𝐸x̃(𝛿). The reason is that term
𝜀a in (43) that depends only on the measurement noise in
this case with full instrumentation of the structure affects the
performance of state observer, which provokes the fact that
the identified model with the best quality does not originate
the smallest value 𝐸∘

x̃. From Figures 4(a) and 4(b), it is
possible to see that 𝐸�̃�(𝛿) varies within [1.96, 29.47], whereas
function 𝐸x̃(𝛿) takes values within the interval [6.37, 14.84].
7.2. Results with Four Instrumented Floors. Table 3 presents
the parameters E, 𝐸∗

�̃�, 𝛿∗, 𝑓∗
𝑐 , 𝐸∘

x̃, 𝛿∘, and 𝑓∘
𝑐 , which are

computed using the distributions Π4
𝑗 , 𝑗 = 1, 2, . . . , 5.

Furthermore, Figures 5(a) and 5(b) depict, respectively, the
functions 𝐸�̃� and 𝐸x̃ with respect to 𝛿. From these figures,
it is possible to observe that values of 𝐸�̃�(𝛿), produced by
distributions Π4

𝑘, 𝑗 = 1, 2, . . . , 4, for 𝛿 ∈ [0.02, 0.05], are
similar. Moreover, functions 𝐸x̃(𝛿) corresponding to these
distributions have a small variation for 𝛿 ∈ [0.05, 0.1]. On
the other hand, the smallest value of E is obtained with
distributionΠ4

3, but this layout does not produce the smallest
values of 𝐸∗

�̃� and 𝐸∘
x̃. Note that the largest values of 𝐸�̃�(𝛿) and𝐸x̃(𝛿) for 𝛿 ∈ [0.02, 0.06] are computed with distribution Π4

5,
i.e., where the top floor is not instrumented.

7.3. Results with Three Instrumented Floors. Table 4 presents
the values of E, 𝐸∗

�̃�, 𝛿∗, 𝑓∗
𝑐 , 𝐸∘

x̃, 𝛿∘, and 𝑓∘
𝑐 for distributions
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Figure 5: Functions 𝐸�̃�(𝛿) and 𝐸x̃(𝛿) computed with four instrumented floors.

Π3
𝑗 , 𝑗 = 1, 2, . . . , 9, of three instrumented floors. It is

not possible to identify the building model using layoutΠ3
10, since the reconstructed absolute acceleration types at

noninstrumented floors produce a regressor vector �̂� such
that covariance matrices P in (34) and (35) do not exist.
On the other side, Figures 6 and 7 show, respectively, the
functions 𝐸�̃� and 𝐸x̃ with respect to 𝛿. Note that distributionsΠ3

𝑗 , 𝑗 = 1, 2, 3, which are uniform or approximately uniform
along the building height, allow obtaining small values of 𝐸∗

�̃�
and 𝐸∘

x̃, which are close to the ones computed with layoutsΠ4
𝑗 , 𝑗 = 1, 2, 3, of four instrumented floors. On the other

hand, distributions Π3
𝑘, 𝑘 = 7, 8, 9, that are not uniform over

the building height produce the largest values of E and 𝐸∗
�̃�;

however, a small value of 𝐸∘
x̃ is computed with Π3

9.

Figure 8 depicts the absolute acceleration types ̂̈𝑥𝑎2 and̂̈𝑥𝑎4 and the two noninstrumented floors, which are recon-
structed by the cubic shape function in the configurationΠ3

1.
It is shown that these responses are close to their nominal
value. On the other side, Figure 9 shows the entries 𝜃𝑖, 𝑖 =1, 2, . . . , 9, of the estimated vector �̂� provided by the RLS

and corresponding to layout Π3
1. Note that parameters 𝜃𝑖,𝑖 = 1, 2, . . . , 9, converge to a neighborhood around a constant

value in approximately 5 s.

7.4. Results with Two Instrumented Floors. Values of E, 𝐸∗
�̃�,𝛿∗, 𝑓∗

𝑐 , 𝐸∘
x̃, 𝛿∘, and 𝑓∘

𝑐 for distributions Π2
𝑗 , 𝑗 = 1, 2, . . . , 7,

are shown in Table 5. Furthermore, Figures 10 and 11 present,
respectively, the performance indexes 𝐸�̃� and 𝐸x̃ computed
by varying 𝛿. Layout Π2

1, with which the building is instru-
mented at approximately regular intervals, originates the
smallest value of 𝐸∗

�̃� and small values of E and 𝐸∘
x̃ among

the ones shown in Table 5. On the other hand, distributionsΠ2
5 and Π2

6 that also are approximately uniform along the
building height produce large values of 𝐸∗

�̃� but small values
of E and 𝐸∘

x̃. It is worth mentioning that configurations Π2
𝑗 ,𝑗 = 7, 8, 9, 10, which are not uniform, generate large values of

E. Note also that value of 𝐸∗
�̃�, computed with the identified

building model corresponding to Π2
7, is large. Moreover, it is

not possible to identify the model of the structure through
layouts Π2

𝑗 , 𝑗 = 8, 9, 10.
Figures 12(a) and 12(b) present the displacements 𝑥5

estimated by the proposed state observer using layouts
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Figure 7: Function 𝐸x̃(𝛿) computed with three instrumented floors.

Π4
1 and Π2

1, respectively. Distribution Π4
1 was included for

comparison purposes to show a degradation in the quality of
the displacement reconstruction when usingΠ2

1. In addition,
Figure 13 compares the velocities ̂̇𝑥5 obtained using these
samedistributions.Note that the quality of the reconstruction
of ̂̇𝑥5 is even worse than that of 𝑥5 when using Π2

1.
Note that in the distributionΠ4

1 only the acceleration �̈�3𝑎
is estimated by means of the cubic spline shape function,
whereas in the distribution Π2

1 three acceleration types �̈�1𝑎,�̈�3𝑎, and �̈�5𝑎 are reconstructed. Figures 14(a) and 14(b) depict
the acceleration ̂̈𝑥3𝑎 obtained with the distributions Π4

1 andΠ2
1, respectively. It is shown that both estimates are close to

the nominal acceleration �̈�3𝑎. On the other hand, Figure 15
presents the other two estimated acceleration types ̂̈𝑥1𝑎 and̂̈𝑥5𝑎 corresponding to the distribution Π2

1. By comparing
Figures 14(b), 15(a), and 15(b), it is concluded that the
acceleration that is best reconstructed in the distribution Π2

1
is �̈�3𝑎.
7.5. Results with One Instrumented Floor. It is not possible to
identify the model of the building with all distributions of

one instrumented floor, since the reconstructed acceleration
responses generate a regressor vector �̂�, with which the
covariance matrices P in (34) and (35) do not exist.

7.6. Parameter Estimates Obtained with Two, Three, Four,
and Five Instrumented Floors. Define (Π𝑃

𝑗 , 𝛿∗) as the 𝑗th
distribution of 𝑃 instrumented floors with its corresponding
integration period 𝛿∗ of the LIF that produces 𝐸∗

�̃�. Table 6
presents the estimated parameters 𝜃𝑖, 𝑖 = 1, 2, . . . , 9, by
the proposed technique with (Π2

1, 𝛿∗), (Π3
1, 𝛿∗), (Π4

1, 𝛿∗), and(Π5
1, 𝛿∗). Moreover, this Table shows parameters �̂�𝑟, 𝜁𝑟, �̂�𝑟

and �̂�𝑟, 𝑟 = 1, 2, . . . , 5 computed using those layouts. It
is possible to observe that the error in all the estimated
natural frequencies �̂�𝑟 and damping factors 𝜁𝑟 is less than4%. Note that for (Π5

1, 𝛿∗), (Π4
1, 𝛿∗), (Π3

1, 𝛿∗), and (Π2
1, 𝛿∗),

the error of the parameter estimates 𝜃𝑖, 𝑖 = 1, 2, . . . , 9, is
less than 10%, 20%, 25%, and 73%, respectively. Moreover,
for all these distributions, the maximum error obtained by
estimating floor mases and stiffness parameters decreases as
the number of instrumented floors increases. For example,
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Figure 12: Estimates produced by the state observer in the distributions Π4
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1.

the floor masses identified with layouts (Π3
1, 𝛿∗) and (Π4

1, 𝛿∗)
have an error less than 18% and 8%, respectively.

7.7. Summary of Experimental Results and Discussion. By
comparing the results shown in Sections 7.1–7.6, the following
points are concluded:

(i) The term 𝑓∗ = 1/𝛿∗ tends to decrease as the number
of instrumented floors is reduced. Based on this fact
and in our experience, the parameter 𝛿 should be
selected so that 𝜔𝑐 = 2𝜋/𝛿 takes a value within
the interval 𝜔𝑐 ∈ [1.8𝜔max√𝑃/𝑛, 2.8𝜔max√𝑃/𝑛],
where 𝜔max is the maximum natural frequency of the
structure.

(ii) Parameter 𝑓∘ does not depend on the number of
instrumented floors. During experiments, term 𝑓∘

usually takes values close to 20Hz with either com-
plete or reduced instrumentation.

(iii) The quality of the estimated model mainly depends
on the sensor location over the structure. When the

building is instrumented at regular intervals over
its height, then usually (1) the cubic spline shape
function yields good results in the reconstruction of
the unknown responses and (2) the parameter and
state estimators have good performance.

(iv) In distributions of sensors that are not uniform
along the building height, the cubic spline function
produces responses with large errors, and therefore
the quality of the estimated model is not guaranteed.
In some cases, it is not even possible to identify
the model and state of the structure using those
responses.

(v) As expected, increasing the number of instrumented
floors allows decreasing the error of the responses
computed by the cubic spline function. This occurs
with an increase in the cost of instrumentation.
According to our experience, when the ratio 𝑃/𝑛 is
around 0.4–0.6, good results in terms of the perfor-
mance indexes 𝐸�̃�(𝛿) and 𝐸x̃(𝛿) and the reproduction
of displacements and velocities can be obtained.
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(b) State estimate ̂̇𝑥5 corresponding to the distribution Π2
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Figure 13: Estimates produced by the state observer in the distributions Π4
1 and Π2
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(a) Acceleration ̂̈𝑥3𝑎 corresponding to the distribution Π4
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(b) Acceleration ̂̈𝑥3𝑎 corresponding to the distribution Π2
1

Figure 14: Acceleration ̂̈𝑥3𝑎 obtained with the distributions Π4
1 and Π2
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(b) Acceleration ̂̈𝑥5𝑎 obtained with the distribution Π2
1

Figure 15: Acceleration ̂̈𝑥1𝑎 and acceleration ̂̈𝑥5𝑎 corresponding to the distributions Π4
1 and Π2

1.

Values of 𝑃/𝑛 smaller than 0.4 may yield numerical
problems, as shown in the experimental results for the
case of one instrumented floor.

Remark 5. Themethods described in [1, 3, 6–15] report good
results in the parameter estimation of buildings with ratios

𝑃/𝑛 up to 0.5, 0.33, 0.5, 0.43, 0.5, 0.33, 0.25, 0.5, 0.18, 0.5, 0.5,
and 0.5, respectively. Note that the ratio 𝑃/𝑛 = 0.5 is the
most common among them. Moreover, all of these methods
operate offline with exception of the techniques presented in
[3, 6], and most of them require transforming the building
model from continuous one to its discrete time counterpart.
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Table 5: Results with two instrumented floors.Π2
𝑗𝑗 Instrumented floors Non-instrumented floors E 𝐸∗

�̃� 𝛿∗ [s] 𝑓∗
𝑐 [Hz] 𝐸∘

x̃ 𝛿∘ [s] 𝑓∘
𝑐 [Hz]

1 0 2 4 1 3 5 1.01 5.40 0.054 18.52 20.7 0.042 23.81
2 0 1 4 2 3 5 1.14 12.46 0.074 13.52 28.42 0.048 20.83
3 0 1 5 2 3 4 1.23 14.68 0.084 11.90 29.29 0.04 25
4 0 3 4 1 2 5 1.28 18.35 0.06 16.67 25.37 0.06 16.67
5 0 2 5 1 3 4 0.99 19.05 0.058 17.24 23.83 0.046 21.74
6 0 3 5 1 2 4 1.14 33.9 0.064 15.63 16.12 0.048 20.83
7 0 4 5 1 2 3 1.47 38.54 0.06 16.67 22.71 0.05 20
8 0 2 3 1 4 5 1.41 – – - – – –
9 0 1 3 2 4 5 1.39 – – - – – –
10 0 1 2 3 4 5 2.24 – – – – – –

Table 6: Parameter estimates corresponding to the distributions Π2
1, Π3

1, Π4
1, and Π5

1 of two, three, four, and five floors.

Nominal
value Unit Estimate(Π5

1, 𝛿∗) Error
%

Estimates(Π4
1, 𝛿∗) Error

%
Estimates(Π3

1, 𝛿∗) Error
%

Estimates(Π2
1, 𝛿∗) Error

%𝜃1 = 1708.3 1/s2 1648.0 3.53 1629.0 4.64 1644.8 3.72 2940.5 72.13𝜃2 = 1144.3 1/s2 1134.4 0.86 1105.5 3.39 1121.8 1.96 1608.1 40.53𝜃3 = 1340.9 1/s2 1319.1 1.63 1262.9 5.82 1462.1 9.04 1104.4 17.64𝜃4 = 1340.9 1/s2 1337.7 0.24 1343.2 0.17 1504.3 12.19 1230.3 8.25𝜃5 = 1340.9 1/s2 1257.5 6.22 1526.8 13.87 1276.5 4.80 1150.7 14.19𝜃6 = 1340.9 1/s2 1307.8 2.47 1598.7 19.23 1466.1 9.33 1100.6 17.92𝜃7 = 1340.9 1/s2 1441.3 7.49 1336.6 0.32 1668.9 24.46 1392.7 3.86𝜃8 = 1.3409 1/s2 1456.6 8.63 1299.1 3.11 1344.9 0.30 924.4 31.06𝜃9 = 1340.9 1/s2 1346.1 0.38 1317.7 1.73 1065.0 20.57 1144.0 14.68𝜔1 = 11.07 rad/s 10.90 1.51 10.86 1.88 10.81 2.32 11.36 2.66𝜔2 = 31.80 rad/s 31.64 0.49 31.87 0.25 31.66 0.42 31.07 2.27𝜔3 = 48.86 rad/s 48.46 0.81 49.15 0.59 47.51 2.76 48.21 1.33𝜔4 = 61.63 rad/s 62.13 0.81 60.80 1.35 62.77 1.85 62.32 1.13𝜔5 = 70.14 rad/s 70.14 0 71.93 2.55 72.37 3.18 72.75 3.72𝜁1 = 1 % 1 0 1 0 1 0 0.99 1𝜁2 = 1 % 1 0 1 0 1 0 0.99 1𝜁3 = 1.31 % 1.3 0.76 1.31 0 1.28 2.29 1.3 0.76𝜁4 = 1.57 % 1.58 0.64 1.55 1.27 1.6 1.91 1.59 1.27𝜁5 = 1.75 % 1.75 0 1.79 2.29 1.8 2.86 1.81 3.43𝑚1 = 10.78 Kg 10.78 0 10.78 0 10.78 0 10.78 0𝑚2 = 9.20 Kg 9.27 0.77 9.44 2.57 8.27 10.09 15.70 70.62𝑚3 = 9.20 Kg 9.86 7.20 8.30 9.77 9.75 5.95 16.78 82.43𝑚4 = 9.20 Kg 8.95 2.73 9.93 7.93 8.56 6.92 13.26 44.16𝑚5 = 9.20 Kg 9.68 5.26 9.79 6.42 10.81 17.53 10.72 16.48𝑘1 = 18415 N/m 17766 3.53 17560 4.64 17731 3.72 31699 72.14𝑘2 = 12336 N/m 12229 0.87 11917 3.39 12093 1.97 17335 40.53𝑘3 = 12336 N/m 12402 0.87 12675 2.75 12443 0.87 19312 56.55𝑘4 = 12336 N/m 12898 4.56 13272 7.57 14291 15.85 18471 49.73𝑘5 = 12336 N/m 13035 5.66 12900 4.57 11516 6.65 12260 0.62

Although the ratio 𝑃/𝑛 = 0.4, corresponding to the proposed
method, is larger than the ratios𝑃/𝑛 obtained with the offline
techniques described in [9, 10, 12], the proposed technique
can be implemented online and can detect parameter changes
produced by an anomaly in the structure due to a weak
component or failure of elements. Moreover, unlike the
methodology in [3], the proposed method does not need
measurements of displacements and velocities of the floors,

which are more difficult to obtain than floor acceleration
measurements.

8. Conclusions

This paper presented a parameter estimation method and
a high gain state observer that, respectively, identify the
model and state of a shear building using acceleration
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measurements from only few floor levels and the responses
at noninstrumented floors, which are computed through
spline cubic shape functions. The building model, obtained
by the LS parameter estimation method, is employed by
the state observer. The performance of both the observer
and the identification method was verified in a five-story
experimental structure using one, two, three, four, and five
instrumented floors.The experimental results give the follow-
ing conclusions: (1) it is not possible to estimate the model
and state of the structure with only one instrumented floor;(2) in general, the parameter and state estimators produce
good results if the layout of recording sensors is uniform
or approximately uniform along the height of the building;(3) increasing the number of instrumented floors improves
the quality of the estimated model and reduces the state
estimation error; (4) if the structure is not instrumented at
regular or approximately regular intervals over its height,
then a good quality of the identified model is not guaranteed.
Even in this case, it may be not possible to identify the model
and state of the structure; (5) a reasonable trade-off between
estimators performance and the number of instrumented
floors occurs when three floors are instrumented. It is worth
mentioning that instrumenting two floors also yields good
results as long as the distribution is regular.

Appendix

A. Cubic Spline Shape Function Obtained
Using the Response at ℎ=𝐻

Let a building with height 𝐻, 𝑛 stories, be instrumented
at its basement and at 𝑃 floors and be divided into 𝑃
subintervals, where each subinterval is delimited by two
instrumented floors, as shown in Figure 1. The absolute
acceleration at height ℎ within the 𝑝th subinterval [ℎ𝑝, ℎ𝑝+1],𝑝 = 0, 1, 2, . . . , 𝑃−1, is estimated through the following cubic
shape spline function:

̂̈𝑥𝑎 (ℎ) = 𝑎𝑝 + 𝑏𝑝 (ℎ − ℎ𝑝) + 𝑑𝑝 (ℎ − ℎ𝑝)2
+ 𝑒𝑝 (ℎ − ℎ𝑝)3 , ℎ ∈ [ℎ𝑝, ℎ𝑝+1] (A.1)

For the sake of simplicity the argument 𝑡 of signal ̂̈𝑥𝑎(ℎ, 𝑡) and
parameters 𝑎𝑝(𝑡), 𝑏𝑝(𝑡), 𝑐𝑝(𝑡), 𝑎𝑝(𝑡) has been omitted in this
equation.

Coefficients 𝑎𝑝, 𝑏𝑝, 𝑑𝑝, and 𝑒𝑝 are computed by assuming
that the 𝑃 cubic polynomials in (A.1) have continuous first
and second derivatives with respect to the spatial variableℎ. This assumption allows obtaining the following equations
[34]:

Δℎ𝑝 = ℎ𝑝+1 − ℎ𝑝, 𝑝 = 0, 1, 2, . . . , 𝑃 − 1 (A.2)

𝑎𝑝 = 𝑟𝑝, 𝑝 = 0, 1, 2, . . . , 𝑃 (A.3)

𝑏𝑝 = 1Δℎ𝑝 (𝑎𝑝+1 − 𝑎𝑝) − Δℎ𝑝3 (2𝑑𝑝 + 𝑑𝑝+1) ,
𝑝 = 0, 1, 2, . . . , 𝑃 − 1 (A.4)

𝑒𝑝 = 𝑑𝑝+1 − 𝑑𝑝3Δℎ𝑝 , 𝑝 = 0, 1, 2, . . . , 𝑃 − 1 (A.5)

Δℎ𝑝−1𝑑𝑝−1 + 2 (Δℎ𝑝−1 + Δℎ𝑝) 𝑑𝑝 + Δℎ𝑝𝑑𝑝+1
= 3Δℎ𝑝 (𝑟𝑝+1 − 𝑟𝑝) − 3Δℎ𝑝−1 (𝑟𝑝 − 𝑟𝑝−1) ,𝑝 = 1, 2, . . . , 𝑃 − 1

(A.6)

First, the unknown parameters {𝑑𝑝}𝑃𝑝=0 of the system of
linear equations (A.6) are computed. Then, the constants{𝑏𝑝}𝑃−1𝑝=0 and {𝑒𝑝}𝑃−1𝑝=0 are obtained using equations (A.4) and
(A.5), respectively. In order to solve the system of equations
(A.6), two extra equations are needed, which are deduced
from the boundary conditions �̈�𝑎(0) and �̈�𝑎 (𝐻). Taking into
account these conditions produces

�̈�𝑎 (0) = 𝑏0,�̈�𝑎 (𝐻) = 2𝑑𝑃 (A.7)

Substituting �̈�𝑎(0) = 0 and �̈�𝑎 (𝐻) = 0, given in Table 1,
into (A.7) yields

𝑏0 = 0 (A.8)

𝑑𝑃 = 0 (A.9)

Substituting 𝑏0 = 0 into (A.4) and using (A.3) lead to

1Δℎ0 (𝑟1 − 𝑟0) − Δℎ03 (2𝑑0 + 𝑑1) = 0 (A.10)

Expressions (A.6), (A.9), and (A.10) can be rewritten in
matrix form as follows:

SD = V (A.11)

S

=
[[[[[[[[[[

2Δℎ0 Δℎ0 0 0 ⋅ ⋅ ⋅ 0Δℎ0 2 (Δℎ0 + Δℎ1) Δℎ1 0 ⋅ ⋅ ⋅ 00 Δℎ1 2 (Δℎ1 + Δℎ2) Δℎ2 ⋅ ⋅ ⋅ 0... ... ... d
...0 0 0 0 ⋅ ⋅ ⋅ 1

]]]]]]]]]]
(A.12)
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D =
[[[[[[[[[[

𝑑0𝑑1𝑑2...𝑑𝑃

]]]]]]]]]]
,

V =
[[[[[[[[[[[[[

3Δℎ0 (𝑟1 − 𝑟0)3Δℎ1 (𝑟2 − 𝑟1) − 3Δℎ0 (𝑟1 − 𝑟0)3Δℎ2 (𝑟3 − 𝑟2) − 3Δℎ1 (𝑟2 − 𝑟1)...0

]]]]]]]]]]]]]

(A.13)

From (A.11), the matrixD is computed as follows:

D = S−1V, (A.14)

where the inverse matrix S−1 exists, since S is a diagonally
dominant matrix. Once matrixD is obtained, the parameters{𝑏𝑝}𝑃−1𝑝=0 and {𝑒𝑝}𝑃−1𝑝=0 are computed using (A.4) and (A.5).

B. Cubic Spline Shape Function Deduced
When the Response at ℎ=𝐻 Is Not Available

In this case the building is divided into 𝑃 + 1 subintervals, as
shown in Figure 1(b), where the subinterval Δℎ𝑃 is given byΔℎ𝑃 = 𝐻 − ℎ𝑃 (B.1)

The absolute acceleration at height ℎwithin the 𝑝th subinter-
val is computed with (A.1), where 𝑝 = 0, 1, 2, . . . , 𝑃.

Since the cubic polynomials corresponding to the subin-
tervals Δℎ𝑃−1 and Δℎ𝑃 have the same spatial derivative atℎ = ℎ𝑃, the next equality is obtained [34]:�̈�𝑎 (𝐻) = 𝑏𝑃 = 𝑏𝑃−1 + 2𝑑𝑃−1Δℎ𝑃−1 + 3𝑒𝑃−1Δ2

𝑃−1 (B.2)

Moreover, the cubic spline function has the following
second and third derivatives with respect to ℎ at the boundary𝐻: �̈�𝑎 (𝐻) = 2𝑑𝑃 + 6𝑒𝑃Δ𝑃 (B.3)

�̈�𝑎 (𝐻) = 6𝑒𝑃 (B.4)

Substituting the boundary conditions �̈�𝑎 (𝐻) = �̈�𝑎 (𝐻) =0, given in Table 1, into (B.3) and (B.4) yields𝑑𝑃 = 0 (B.5)

𝑒𝑃 = 0 (B.6)

Moreover, the boundary condition �̈�𝑎(0) = 0 in Table 1
produces expression (A.10).

Coefficients {𝑑𝑝}𝑃𝑝=0 are computed by solving the set of
equations (A.6), (A.10), and (B.5). Subsequently, the param-
eters {𝑏𝑝}𝑃𝑝=0 and {𝑒𝑝}𝑃𝑝=0 are obtained using (A.4), (B.2) and
(A.5), (B.6), respectively.

C. Proof of Proposition 4

Proof. Substituting the gain L = [On×n −𝛾In×n]𝑇 into term(Â − LD̂) of (47) produceṡ̃𝜂 (𝑡) = A∗�̃� (𝑡) + Ξ (𝑡) (C.1)

A∗ = (Â − LD̂)
= [ On×n In×n− (1 + 𝛾) M̂−1K − (1 + 𝛾) M̂−1C

] , (C.2)

where matrices Â and D̂ are defined in (36) and (45),
respectively.

Using expression �̃�(𝑡) in (46) permits writing the homo-
geneous part of (C.1) as follows:

̃̈x (𝑡) + (1 + 𝛾) M̂−1C̃̇x (𝑡) + (1 + 𝛾) M̂−1Kx̃ (𝑡)= On×1

(C.3)

Define the following equalities:

M̂−1C = M̂−1Ĉ,
M̂−1K = M̂−1K̂

(C.4)

Using these definitions, it is possible to write (C.3) as1(1 + 𝛾)M̂̃̈x (𝑡) + Ĉ̃̇x (𝑡) + K̂x̃ = On×1 (C.5)

Modal analysis allows expressing (C.5) as the following 𝑛
uncoupled differential equations:1(1 + 𝛾)�̂�𝑖∙ ̈𝑞𝑖 (𝑡) + 𝑐𝑖∙ ̇𝑞𝑖 (𝑡) + �̂�𝑖∙𝑞𝑖 (𝑡) = 0,

𝑖 = 1, 2, . . . , 𝑛, (C.6)

where 𝑞𝑖(𝑡) denotes modal coordinate, and parameters �̂�𝑖∙,𝑐𝑖∙, and �̂�𝑖∙ are estimates of the modal mass, damping, and
stiffness, which are defined as

x̃ (𝑡) = 𝑛∑
𝑟=1

𝜓i𝑞𝑖 (𝑡) ,
�̂�𝑖∙ = 𝜓i𝑇M̂𝜓i,𝑐𝑖∙ = 𝜓i𝑇Ĉ𝜓i,�̂�𝑖∙ = 𝜓i𝑇K̂𝜓i

(C.7)

where 𝑖 = 1, 2, . . . , 𝑛; variable 𝜓i is the natural mode vector
corresponding to the 𝑖th natural frequency �̂�𝑖 (40) of the
estimated building model; i.e.,

[K̂ − �̂�2
𝑖 M̂]𝜓i = On×1, �̂�𝑖 = √ �̂�𝑖∙�̂�𝑖∙

, 𝑖 = 1, 2, . . . , 𝑛 (C.8)
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Equation (C.6) is equivalent to the following expression:

̈𝑞𝑖 + 2 (1 + 𝛾) 𝜁𝑖�̂�𝑖 ̇𝑞𝑖 + (1 + 𝛾) �̂�2
𝑖 𝑞𝑖 = 0,

𝜁𝑖 = 𝑐𝑖∙(2�̂�𝑖∙�̂�𝑖) ,
(C.9)

where 𝑖 = 1, 2, . . . , 𝑛 and 𝜁𝑖 are the modal damping ratios of
the identified building model.

Using equalities in (55), it is possible to write (C.9) as

̈𝑞𝑖 + 2𝜁∗𝑖 𝜔∗
𝑖 ̇𝑞𝑖 + 𝜔∗2

𝑖 𝑞𝑖 = 0, (C.10)

The characteristic equation corresponding to the 𝑖th
differential equation in (C.10) is given by

𝑠2 + 2𝜁∗𝑖 𝜔∗
𝑖 𝑠 + 𝜔∗2

𝑖 = 0, 𝑖 = 1, 2, . . . , 𝑛 (C.11)

The roots 𝜆∗𝑖,1 and 𝜆∗𝑖,2, 𝑖 = 1, 2, . . . , 𝑛, of (C.11) or equivalently
the eigenvalues of A∗ in (C.2), are given by expressions
(53)–(55). Therefore, point (1)(a) of Proposition 4 has been
proved.

On the other hand, substituting equalities in (55) into the
characteristic equation (C.11) gives

𝑠2 + 2 (1 + 𝛾) 𝜁𝑖�̂�𝑖𝑠 + (1 + 𝛾) �̂�2
𝑖 = 0, 𝑖 = 1, 2, . . . , 𝑛 (C.12)

Equation (C.12) can be rewritten as

1 + 𝛾Z𝑖 (𝑠)
Q𝑖 (𝑠) = 1 + 𝛾P𝑖 (𝑠) = 0,
P𝑖 (𝑠) = Z𝑖 (𝑠)

Q𝑖 (𝑠) = 2𝜁𝑖�̂�𝑖 (𝑠 + �̂�𝑖/2𝜁𝑖)𝑠2 + 2𝜁𝑖�̂�𝑖𝑠 + �̂�2
𝑖

(C.13)

According to the root locus technique, the two roots 𝜆∗𝑖,1
and 𝜆∗𝑖,2 in (53)–(55) of each characteristic equation in (C.13)
traverse the path shown in Figure 16. It is possible to see that
root locus has a break-in point where the two roots 𝜆∗𝑖,1 and𝜆∗𝑖,2 return to the real axis. Let 𝑖 be the value of the gain 𝛾
in which the two roots 𝜆∗𝑖,1 and 𝜆∗𝑖,2 of the 𝑖th characteristic
equation become real.This gain 𝑖 is computed by considering
as zero the imaginary part of 𝜆∗𝑖,1 and 𝜆∗𝑖,2; i.e.,

𝜔∗
𝑖
√1 − 𝜁∗2 = 0 ⇒𝜁∗2 = 1 ⇒
(1 + 𝛾) 𝜁2 = 1 ⇒

𝑖 = 1̂𝜁2𝑖 − 1
(C.14)

Thus, increasing 𝛾 from 0 to 𝑖 allows moving the real part
of the roots 𝜆∗𝑖,1 and 𝜆∗𝑖,2 further and further away from the
left side of the real axis. Therefore, if 𝛾 satisfies 0 ≤ 𝛾 ≤ 𝜅 =
min[1, 2, . . . , 𝑛], then the real part of the roots 𝜆∗𝑖,1 and 𝜆∗𝑖,2,

Imaginary
axis

Real
axis

Break-in
point

−i

2i

Figure 16: Root locus for the 𝑖th characteristic equation in (C.13).

𝑖 = 1, 2, . . . , 𝑛, becomes more and more negative as the gain 𝛾
varies from zero to 𝜅. Thus, point (1)(b) of Proposition 4 has
been proved.

From Figure 16, it is possible to see that roots 𝜆∗𝑖,1 and𝜆∗𝑖,2 of the 𝑖th characteristic equation converge to the zeros
ofZ𝑖(𝑠) as 𝛾 → ∞, which are given by

𝑧𝑖,1 = − �̂�𝑖2𝜁𝑖 ,𝑧𝑖,2 = −∞, 𝑖 = 1, 2, . . . , 𝑛
(C.15)

Therefore, point (2) of Proposition 4 has been proved.
In order to prove point (1)(c), the solution of (48) is used,

which is given by

�̂� (𝑡) = eA∗t�̂� (0) + ∫𝑡

0
eA∗(t−𝜏)Ξ (𝜏) 𝑑𝜏, (C.16)

where eA∗t is the state transition matrix of system (48).
Since all the eigenvalues 𝜆∗𝑖,1 and 𝜆∗𝑖,2, 𝑖 = 1, 2, . . . , 𝑛, ofA∗

are different, the matrix eA∗t can be rewritten as

eA∗t = MeD∗tM−1, (C.17)

where columns ofmatrixM are the eigenvectors correspond-
ing to the eigenvalues 𝜆∗𝑖,1 and 𝜆∗𝑖,2, 𝑖 = 1, 2, . . . , 𝑛; moreover,
matrix eD∗t is given by

eD∗t = [[[[[[[[

𝑒𝜆∗1,1𝑡 0 ⋅ ⋅ ⋅ 00 𝑒𝜆∗1,2𝑡 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝑒𝜆∗𝑛,2𝑡
]]]]]]]]
= eR∗teI∗t (C.18)

= [[[[[[[[

𝑒−𝜎∗1 𝑡 0 ⋅ ⋅ ⋅ 00 𝑒−𝜎∗1 𝑡 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝑒−𝜎∗𝑛 𝑡
]]]]]]]]

[[[[[[[[

𝑒𝑗𝜛∗1 𝑡 0 ⋅ ⋅ ⋅ 00 𝑒−𝑗𝜛∗1 𝑡 ⋅ ⋅ ⋅ 0... ... d
...0 0 ⋅ ⋅ ⋅ 𝑒−𝑗𝜛∗𝑛
]]]]]]]]
(C.19)

Substituting the equality eD∗t = eR∗teI∗t (C.18) into (C.17)
yields

eA∗t = MeR∗teI∗tM−1 (C.20)
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Matrix eA∗t (C.20) satisfies

eA∗t = MeR∗teI∗tM−1 ≤ 𝜇𝑒−𝜎∗𝑚𝑡,𝜎∗𝑚 = min
1≤𝑖≤𝑛

{𝜎∗𝑖 } (C.21)

𝜇 = ‖M‖ M−1 ,eR∗t ≤ 𝑒−𝜎∗𝑚𝑡,eI∗t = 1,
(C.22)

where ‖ ⋅ ‖ = ‖ ⋅ ‖𝑝 is the induced matrix norm, and 𝑝 can be
1, 2, or∞.

The following inequality follows from (C.21):

eA∗t�̂� (0) ≤ 𝜇 �̂� (0) 𝑒−𝜎∗𝑚𝑡 (C.23)

Applying the matrix norm on both sides of (C.16) and
using inequalities (C.21) and (C.23) produce

�̂� (𝑡) ≤ 𝑒−(1+𝛾)𝜁∙�̂�∙𝜇[�̂� (0) − ‖Ξ (𝑡)‖(1 + 𝛾) 𝜁∙�̂�∙

]
+ 𝜇 ‖Ξ (𝑡)‖(1 + 𝛾) 𝜁∙�̂�∙𝜎∗𝑚 = (1 + 𝛾) 𝜁∙�̂�∙ = (1 + 𝛾)min

1≤𝑖≤𝑛
{𝜁𝑖�̂�𝑖}

(C.24)

Substituting the gain L (51) into Ξ(𝑡) defined in (49) leads
to

‖Ξ (𝑡)‖ ≤ (1 + 𝛾) [[
On×n

11 + 𝛾 In×n−M̃−1K −M̃−1C
]]
 𝜂 (𝑡)

+ 𝛾 [On×n −In×n]𝑇 𝜀a (𝑡) ,[On×n −In×n]𝑇 = 1
(C.25)

where M̃−1K and M̃−1C are defined in (57).
Substituting inequality (C.25) into (C.24) and taking the

limit of ‖�̂�(𝑡)‖ as 𝑡 → ∞ yield (56). Thus, finally the point(1)(c) of Proposition 4 has been proved.

Nomenclature

LIF: Linear Integral Filter
LS: Least Squares
RLS: Recursive Least Squares𝑛 ∈ N: Number of floors of a building
M ∈ R𝑛𝑥𝑛: Mass matrix of the building, kg
C ∈ R𝑛𝑥𝑛: Damping matrix of the building,

N⋅s/m
K ∈ R𝑛𝑥𝑛: Stiffness matrix of the building, N/m
x(𝑡) ∈ R𝑛𝑥1: Displacement vector of the floors

relative to the building basement, m
ẋ(𝑡) ∈ R𝑛𝑥1: Velocity vector of the floors relative

to the building basement, m/s
ẍ(𝑡) ∈ R𝑛𝑥1: Acceleration vector of the floors

relative to the building basement,
m/s2�̈�𝑔(𝑡) ∈ R: Ground acceleration produced by an
earthquake, m/s2

l ∈ R𝑛𝑥1: Vector of ones
ẍa(𝑡) ∈ R𝑛𝑥1: Absolute acceleration vector of the

floors, m/s2𝑎0 ∈ R: Rayleigh damping coefficient, 1/s𝑎1 ∈ R: Rayleigh damping coefficient, s𝜔𝑖 ∈ R+: Natural frequency of the 𝑖th mode,
rad/s𝜁𝑖 ∈ R+: Damping ratio of the 𝑖th mode, %

A ∈ R2𝑛𝑥2𝑛: State matrix of a seismically excited
building

B ∈ R2𝑛𝑥1: Input vector of a seismically excited
building

D ∈ R𝑛𝑥2𝑛: Output matrix of a seismically
excited building

𝜂(𝑡) ∈ R2𝑛𝑥1: State of a seismically excited building𝑃 ∈ N: Number of instrumented floors
Γ ∈ R𝑃𝑥𝑛: Localization matrix of accelerometers
ü(𝑡) ∈ R𝑛𝑥(2𝑛−1): Matrix composed of acceleration of

floors relative to the building
basement, m/s2

𝜃 ∈ R(2𝑛−1)𝑥1: Stiffness/mass vector to be identified,
N/(kg⋅m)̂: Superscript used in estimated
parameters or signals𝐼𝛼{𝜌(𝑡)}: LIF representing 𝛼 integrals over
finite time intervals of 𝜌(𝑡)𝛿 ∈ R+: Time integration window length of
the LIF, s𝑇𝑠 ∈ R+: Sampling period, s

L[⋅]: Laplace operator
𝜙(𝑡) ∈ R𝑛𝑥(2𝑛−1): Regressor vector
𝜒(𝑡) ∈ R𝑛𝑥1: Output of the parameterization

model𝐺𝛼(𝑠): 𝛼th-order LIF𝜔𝑐 ∈ R+: Cut-off frequency of the filter 𝐺𝛼(𝑠),
rad/s𝑓𝑐 ∈ R+: Cut-off frequency of the filter 𝐺𝛼(𝑠),
Hz

H𝑖(𝑠), 𝑖 = 1, 2, 3: Band pass filters
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𝐻 ∈ R+: Building heightℎ𝑝 ∈ R+: Height of the 𝑝th instrumented floor𝑟𝑝 ∈ R: Absolute acceleration of the 𝑝th
instrumented floor, m/s2�̈�(ℎ, 𝑡) ∈ R: Absolute acceleration at height ℎ of
the building, m/s2�̈�𝑤𝑎(𝑡) ∈ R: Absolute acceleration at the 𝑤th
noninstrumented floor, m/s2ℎ∗ ∈ R+: Height at the 𝑤th noninstrumented
floorΔ𝑝 ∈ R+: Subinterval delimited by two
instrumented floors𝑎𝑝, 𝑏𝑝, 𝑑𝑝, 𝑒𝑝: Coefficients of the 𝑝th cubic
polynomial

𝜖(𝑡) ∈ R𝑛𝑥1: Error between estimated and
nominal relative acceleration, m/s2

𝜖a(𝑡) ∈ R𝑛𝑥1: Error between estimated and
nominal absolute acceleration, m/s2

𝜖u(𝑡) ∈ R𝑛𝑥(2𝑛−1): Matrix composed of errors between
estimated and nominal relative
acceleration, m/s2

𝜆(𝑡) ∈ R𝑛𝑥1: Signal depending on the acceleration
estimation errors𝑁 ∈ N: Number of samples used by the LS

P ∈ R(2𝑛−1)𝑥(2𝑛−1): Covariance matrix of the LS or RLS
L ∈ R𝑛𝑥2𝑛: State observer gain matrix𝛾 ∈ R+: Multiplying factor of the state

observer gain matrixΠ𝑃
𝑗 : 𝑗th distribution of 𝑃 instrumented

floors
E𝑤 ∈ R+: Metric to determine the effectiveness

in the reconstruction of the 𝑤th
noninstrumented floor

E ∈ R+: Mean value of a set of errorsE𝑤 of a
distribution of instrumented floors�̃�𝑖 ∈ R+: Identification error in percentage of
the 𝑖th estimated natural frequency,
%𝐸�̃�(𝛿) ∈ R+: Performance index that measures the
quality of the identified model𝐸∗

�̃� ∈ R+: Minimum value of 𝐸�̃�(𝛿)𝛿∗ ∈ R+: Time integration window length that
produces the minimum value of𝐸�̃�(𝛿), s𝑓∗

𝑐 ∈ R+: The reciprocal of 𝛿∗, Hz𝐸x̃(𝛿) ∈ R+: Performance of the high gain state
observer𝐸∘

x̃ ∈ R+: Minimum value of function 𝐸x̃(𝛿)𝛿∘ ∈ R+: Time integration window length that
produces the minimum value of𝐸x̃(𝛿), s𝑓∘

𝑐 ∈ R+: The reciprocal of 𝛿∘, Hz.
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model calibration of multi-story buildings through estimation
of vibration time histories at non-instrumented floors,” Bulletin
of Earthquake Engineering, vol. 13, no. 11, pp. 3301–3323, 2015.



Shock and Vibration 21

[13] G. Hegde and R. Sinha, “Method of modal identification of
torsionally-coupled buildings using earthquake responses,” in
Proceedings of the The 14th World Conference on Earthquake
Engineering, pp. 1–8, 2008.

[14] C. S. Huang, “Structural identification from ambient vibration
measurement using the multivariate AR model,” Journal of
Sound and Vibration, vol. 241, no. 3, pp. 337–359, 2001.

[15] S. Chakraverty, “Identification of structural parameters of
multistorey shear buildings from modal data,” Earthquake
Engineering & Structural Dynamics, vol. 34, no. 6, pp. 543–554,
2005.

[16] H. Garnier and L. Wang, Identification of Continuous-time
Models from SampledData, Springer-Verlag, London,UK, 2008.

[17] R. Garrido and A. Concha, “Estimation of the parameters of
structures using acceleration measurements,” in Proceedings of
the Universite Libre de Bruxelles, pp. 1791–1796, Belgium, July
2012.

[18] M. P. Limongelli, “Optimal location of sensors for reconstruc-
tion of seismic responses through spline function interpola-
tion,” Earthquake Engineering & Structural Dynamics, vol. 32,
no. 7, pp. 1055–1074, 2003.

[19] M. P. Limongelli, “Performance evaluation of instrumented
buildings,” ISET Journal of Earthquake Technology, vol. 42, no.
2-3, pp. 47–61, 2005.

[20] F. E. Udwadia, “Methodology for optimum sensor locations
for parameter identification in dynamic systems,” Journal of
Engineering Mechanics, vol. 120, no. 2, pp. 368–390, 1994.

[21] E. Heredia-Zavoni and L. Esteva, “Optimal instrumentation
of uncertain structural systems subject to earthquake ground
motions,” Earthquake Engineering & Structural Dynamics, vol.
27, no. 4, pp. 343–362, 1998.

[22] M. M. Abdullah, A. Richardson, and J. Hanif, “Placement of
sensors/actuators on civil structures using genetic algorithms,”
Earthquake Engineering & Structural Dynamics, vol. 30, no. 8,
pp. 1167–1184, 2001.

[23] J. Li and S. S. Law, “Substructural response reconstruction in
wavelet domain,” Journal of Applied Mechanics, vol. 78, no. 4,
Article ID 041010, 10 pages, 2011.

[24] S. S. Law, J. Li, and Y. Ding, “Structural response reconstruction
with transmissibility concept in frequency domain,”Mechanical
Systems and Signal Processing, vol. 25, no. 3, pp. 952–968, 2011.

[25] J. He, X. Guan, and Y. Liu, “Structural response reconstruction
based on empirical mode decomposition in time domain,”
Mechanical Systems and Signal Processing, vol. 28, pp. 348–366,
2012.

[26] Z. Wan, S. Li, Q. Huang, and T. Wang, “Structural response
reconstruction based on the modal superposition method in
the presence of closely spaced modes,”Mechanical Systems and
Signal Processing, vol. 42, no. 1-2, pp. 14–30, 2014.

[27] A. K. Chopra, Dynamics of Structures: Theory and Applications
to Earthquake Engineering, Prentice Hall, Englewood Cliffs, NJ,
USA, 2001.

[28] G. A. Papagiannopoulos and G. D. Hatzigeorgiou, “On the use
of the half-power bandwidth method to estimate damping in
building structures,” Soil Dynamics and Earthquake Engineer-
ing, vol. 31, no. 7, pp. 1075–1079, 2011.

[29] J. Butterworth, J. H. Lee, and B. Davidson, “Experimental
determination ofmodal damping from full scale testing,” inPro-
ceedings of the 13th world conference on earthquake engineering,
vol. 310, Vancouver, Canada, 2004.

[30] A. Devin and P. Fanning, “Impact of nonstructural components
on modal response and structural damping,” in Topics on the
Dynamics of Civil Structures, vol. 1, pp. 415–421, Springer, New
York, NY, USA, 2012.
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The vibration signals are usually characterized by nonstationary, nonlinearity, and high frequency shocks, and the redundant
features degrade the performance of fault diagnosismethods. To deal with the problem, a novel fault diagnosis approach for rotating
machinery is presented by combining improved local mean decomposition (LMD) with support vector machine–recursive feature
elimination withminimum redundancymaximum relevance (SVM-RFE-MRMR). Firstly, an improved LMDmethod is developed
to decompose vibration signals into a subset of amplitude modulation/frequency modulation (AM-FM) product functions (PFs).
Then, time and frequency domain features are extracted from the selected PFs, and the complicated faults can be thus identified
efficiently. Due to degradation of fault diagnosis methods resulting from redundant features, a novel feature selection method
combining SVM-RFE with MRMR is proposed to select salient features, improving the performance of fault diagnosis approach.
Experimental results on reducer platform demonstrate that the proposed method is capable of revealing the relations between the
features and faults and providing insights into fault mechanism.

1. Introduction

Rotating machines are the heart of some modern equipment
such as aircraft engine, gas turbine, and reducer and often a
common source of machine faults. However, most vibration
signals are nonstationary, nonlinear, and disturbed with
heavy background noises, and the machinery components
are seriously coupled, providing a challenge to detect and
identify specific rotating machine faults accurately [1, 2]. For
accurate diagnosis of rotating machine fault, a number of
techniques have been developed in recent years [3–5].

Generally, vibration signals from mechanical equipment
are the most effective and common way to identify the states
and faults of rotating machine [3]. According to the domains
to which the extracted features belong, machinery fault diag-
nosis methods can be categorized into time domain-based,
frequency domain-based, and time-frequency domain-based
diagnosis methods [4]. The time domain-based features have
intuitive physical meaning with low computation complexity
while the classification, location, and severity of fault cannot

be identified through these features. The frequency domain-
based methods like Fourier transform and its variants detect
the fault according to the spectrum of vibration signal.
However, Fourier transform is not capable of dealing with
nonstationary and nonlinear signal. Time-frequency domain
diagnosis methods can decompose signal into multiple-
scale components; the local characteristics of signal can
be revealed. Moreover, the components are approximately
stationary and linear, and the time or frequency features are
then extracted to detect machinery faults.

Due to poor working environment, fault features are
usually immersed in heavy background noise. Especially
for incipient fault, the fault features are too weak to be
extracted [5]. Time-frequency analysis techniques, such as
Wigner-Ville distribution [6], wavelet transform [7], and
EMD [8], are effective in suppressing signal noise. InWigner-
Ville distribution, cross-term interferences among multiple
component signals impair fault feature because of quadratic
form of Wigner-Ville distribution. Due to the limited length
of wavelet basis function, energy leakage may happen for
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Figure 1: Schematic of local mean decomposition.

wavelet transformation, degrading the resolution signals
in time domain and frequency domain. Empirical mode
decomposition (EMD) suffers from mode mixing and end
effect. SMITH [9] proposed the LMD to compute instan-
taneous frequency and the distribution of time-frequency
energy of electroencephalogram signals in 2005.Themethod
suppresses end effect, eliminates over-envelope and under-
envelope, and reduces computational complexity. Compared
with EMD, LMD achieves instantaneous amplitude and fre-
quency without Hilbert transformation and fitting the upper
and lower envelopes.Therefore, LMDnot only overcomes the
problems existing in EMD, but also concentrates more useful
information in a few decomposition components, which is
suitable to analyze nonlinear andnonstationary signal [10]. At
present, the LMD integratingwithmachine learningmethods
has been developed to enhance fault features and identify
fault patterns [11–14].

Fault feature extraction from vibration signals is a critical
step of fault diagnosis. However, in many real-world applica-
tions, there are some redundant features in high-dimensional
data, reducing generalization performance of fault detection
model. Therefore, removing redundant features from high-
dimensional data has become an effective way to enhance
the performance of fault diagnosis model [15, 16]. Aiming at
the insufficient stability when variable predictive model class
discrimination (VPMCD) was applied to small samples or
in multi-correlative feature space, Tang et al. [15] proposed
ARSFSmethod based on affinity propagation (AP) clustering,
RReliefF, and sequential forward search for feature selection.
The experimental results showed that ARSFS effectively
identified the faults of the rolling bearing. Intelligence opti-
mization methods have been commonly applied for feature
selection, which achieves better identification accuracy than
most existing feature selection approaches [16]. Support vec-
tormachine–recursive feature elimination (SVM-RFE) based
on one-to-one or one-to-many strategy provides a feasible
way to identify multiple machinery faults [17–19]. Tang et
al. [18] proposed a two-stage SVM-RFE, in which feature
extraction and the feature subset selection were conducted
sequentially. However, SVM-RFE barely takes the degree of
the features effect on the classifier into account and ignores
redundant features. Sometimes, the classification accuracy on
subset consisting ofM features fromN (M<N) salient features

may be higher than that on the subset consisting of N salient
features in some applications.

Taking the above problem into account,minimum redun-
dancymaximum relevance (MRMR) algorithm is introduced
to evaluate the feature subset selected by SVM-RFE, and the
optimal feature subset is thus yielded. In MRMR, mutual
information is used tomeasure the relevance and redundancy
of features, and the feature subset is achieved through two
cost functions called information difference and informa-
tion entropy [20]. This algorithm is called support vec-
tormachine–recursive feature elimination–minimum redun-
dancy maximum relevance (SVM-RFE-MRMR). As seen
later, the new method is capable of effectively dealing with
the problem of traditional feature selection algorithm.

The structure of this paper is organized as follows:
Section 2 briefly introduces the improved LMDmethod, and
the elimination of end effect is illustrated. SVM-RFE-MRMR
algorithm is proposed and the details are given in Section 3.
Experiments are performed on a reducer test system to verify
the effectiveness of the proposedmethod in Section 4. Finally,
some conclusions are drawn in Section 5.

2. Improved Local Mean Decomposition

LMD is an adaptive time-frequency analysis method similar
to empirical mode decomposition (EMD). Bothmethods can
decompose a complex signal into several single component
signals with physical meaning. Compared with EMD, LMD
can diminish end effect and eliminate over-envelope and
under-envelope with low computational complexity and less
information loss [21].

LMD decomposes complicated signals into a set of prod-
uct functions (PF).The instantaneous frequency of each PF is
the product of an envelope signal and a frequency modulated
signal. The time-frequency distribution of original signal can
be yielded by combining the instantaneous amplitude and
instantaneous frequency of all PF components.The schematic
of LMD is shown in Figure 1.

Local extreme value is the premise for evaluating product
functions. Due to the limited length of a signal, the endpoint
of the signal may not be the extreme point. Then false com-
ponents will gradually “pollute” the whole signal sequence
inward from two endpoints, resulting in the divergence of
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envelope function and degradation of the decomposition
results, namely, end effect. To deal with the problem, an
improved LMD method is proposed. Firstly, support vector
regression (SVR) model is utilized to extend both ends of the
original signal, and then the extended signal is decomposed
into a set of PFs via LMD.

Assuming a set of data {(𝑥𝑖, 𝑦𝑖)}𝑁𝑖=1, where 𝑥𝑖 ∈ 𝑅𝐷, 𝑦𝑖 ∈ 𝑅,
and𝑁 is the length of the samples, a SVRmodel is formulated
as follows:

𝑓 (𝑥) = 𝑤𝑇𝜙 (𝑥) + 𝑏 (1)

where 𝜙(𝑥) is a nonlinear mapping function to map the
sample data into the high-dimensional feature space,𝑤 is the
weight vector, and 𝑏 is the offset.

Introducing penalty parameter 𝐶 and insensitive loss
function, the SVR model can be achieved by solving the
following convex optimization problem:

min
𝑤,𝑏

𝑃 = 12𝑤𝑇𝑤 + 𝐶 𝑁∑
𝑖=1

(𝜉𝑖 + 𝜉∗𝑖 )
s.t. 𝑦𝑖 − 𝑤𝑇𝜙 (𝑥) − 𝑏 ≤ 𝜀 + 𝜉𝑖

𝑤𝑇𝜙 (𝑥) + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉∗𝑖
𝜉𝑖, 𝜉∗𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑁

(2)

where 𝜉𝑖 and 𝜉∗𝑖 are the slack variables.
This above optimization problem can be transformed into

the dual problem by introducing kernel trick; i.e.,

min
𝛼,𝛼∗

𝐷
= 12
𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝐾(𝑥𝑖, 𝑥𝑗) (𝛼𝑖 − 𝛼∗𝑖 ) (𝛼𝑗 − 𝛼∗𝑗 )
− 𝑁∑
𝑖=1

𝑦𝑖 (𝛼𝑖 − 𝛼∗𝑖 ) + 𝑁∑
𝑖=1

𝜀 (𝛼𝑖 + 𝛼∗𝑖 )
s.t. 𝛼𝑖, 𝛼∗𝑖 ∈ [0, 𝐶] , 𝑖 = 1, 2, . . . , 𝑁

𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) = 0

(3)

where 𝛼𝑖 and 𝛼∗𝑖 are the Lagrangian multipliers.
Finally, the SVR model is obtained.

𝑦 = 𝑓 (𝑥) = 𝑙∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 )𝐾 (𝑥𝑖, 𝑥) + 𝑏 (4)

Here, radial basis function (RBF) is selected as the kernel
function.

𝐾(𝑥𝑖, 𝑥) = exp(−𝑥𝑖 − 𝑥22𝜎2 ) (5)

where 𝜎 and 𝐶 is required to be prespecified.

Begin

Initialize the PSO
parameters

Initialize the position
and velocity randomly

Train SVR model

Calculate the fitness of
each particle and find

global best fitness

Is terminal condition
satisfied?

Update the position
and velocity of each

particle

Optimal SVR parameters

End

N

Y

Figure 2: The process of optimized PSO-SVR.

Penalty parameter 𝐶 and the kernel parameter 𝜎 play a
significant role in the model generalization. Particle swarm
optimization (PSO) algorithm is introduced to find the
optimal parameters. The hybrid PSO-SVR method treats the
parameters 𝐶 and 𝜎 as the particles, and the velocity and
location are constantly updated.

In above 2D searching space, population 𝑋 = (𝑋1, 𝑋2,. . . , 𝑋𝑛) consists of n particles, where the 𝑖th particle is
expressed as a 2D vector𝑋𝑖 = (𝐶𝑖, 𝜎)𝑇.

Let 𝑉𝑖 = (𝑉𝑖1, 𝑉𝑖2)𝑇 be the velocity of 𝑖th particle
and denote individual and global extremums by 𝑃𝑖,𝑏𝑒𝑠𝑡 =(𝑃𝑖1, 𝑃𝑖2)𝑇 and 𝑔𝑏𝑒𝑠𝑡 = (𝑔𝑏𝑒𝑠𝑡1, 𝑔𝑏𝑒𝑠𝑡2)𝑇, respectively. In each
iteration, the velocity and position of each particle are
updated according to the following formula:

𝑉𝑘+1𝑖,𝑑 = 𝜔𝑉𝑘𝑖,𝑑 + 𝑐1𝑟1 (𝑝𝑘𝑖,𝑏𝑒𝑠𝑡,𝑑 − 𝑋𝑘𝑖,𝑑)
+ 𝑐2𝑟2 (𝑔𝑘𝑏𝑒𝑠𝑡,𝑑 − 𝑋𝑘𝑖,𝑑) (6)

𝑋𝑘+1𝑖,𝑑 = 𝑋𝑘𝑖,𝑑 + 𝑉𝑘+1𝑖,𝑑 (7)

where 𝜔 represents the inertia factor, d represents d-
dimensional space, 𝑖 = 1, 2, . . . , 𝑛, 𝑘 represents the current
number of iterations, 𝑉𝑖,𝑑 represents the velocity of 𝑖th
particle, 𝑐1 = 𝑐2 = 2 are acceleration factors, and 𝑟1 and 𝑟2
are random numbers between [0, 1].

The process of optimized PSO-SVR is illustrated in
Figure 2.

The fitness function is mean square error (MSE).

𝑀𝑆𝐸𝑖 = 1𝑙
𝑙∑
𝑖=1

(𝑓 (𝑥𝑖) − 𝑦𝑖)2 (8)
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Figure 3: Optimal parameter results of PSO.

where𝑀𝑆𝐸𝑖 represents the fitness of 𝑖th particle, 𝑓(𝑥𝑖) is the
output of SVR with input 𝑥𝑖, 𝑦𝑖 is the expected output, and 𝑙
is the number of samples.

In order to demonstrate the efficiency of the improved
LMD method, end effect evaluation index 𝛿 is introduced,
which is calculated as follows:

𝛿 = 1𝑅0
𝑅0 − √𝑅

2
𝑢 + 𝑘∑
𝑝=1

𝑅2𝑝
 (9)

where 𝑅0 is the effective value of original signal, 𝑅𝑝 is the
effective value of the 𝑝th PF, 𝑅𝑢 is the effective value of
residual component, and

𝑅 = √ 1𝑙
𝑙∑
𝑖=1

𝑠2 (𝑖) (10)

where 𝑠(𝑖) is the signal to be calculated. The larger the 𝛿 (𝛿 >0) is, the greater the influence of end effect is.
Based on the above specifications, a synthesis signal is

generated as

𝑦 = 1.8 ∗ [cos (2𝜋 ∗ 20𝑡 + 2 sin (2𝜋 ∗ 𝑡))]
+ sin (0.6𝜋 ∗ 𝑡) ∗ sin (2𝜋 ∗ 6𝑡) . (11)

The sampling frequency is 500 Hz; the time interval is[0.056, 0.654] and it contains 300 points in total. Optimal
parameter results of PSO with generations are shown in
Figure 3. The optimized penalty parameter is 𝐶 = 82.6, and
the kernel function parameter is 𝜎 = 1.181.

The extreme mirror extension method and the SVR-
based extension method are performed on the simulation
signal. LMD results of the extreme mirror extension and
SVR-based extension methods are shown in Figures 4 and
5; the corresponding end effect evaluation indexes are 𝛿 =0.0348 and 𝛿 = 0.0144, respectively. It can be seen from
Figure 4 that PF2 has obvious distortion in its left and right
endpoint, so the method cannot characterize the trend of the
original signal. Based on the comparison of twomethods, it is
induced that the SVR-based extension approach outperforms
the other method.
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Figure 4: LMD results of the extremal mirror extension method.
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Figure 5: LMD results of the SVR-based extension method.

3. Proposed SVM-RFE-MRMR Method

3.1. Support Vector Machine–Recursive Feature Elimination
(SVM-RFE). SVM-RFE was firstly introduced to rank genes
from gene expression data for cancer classification [22].
SVM-RFE performs backward feature elimination. All fea-
tures are firstly sorted in terms of the ranking scores of
features, and the feature with smaller ranking score will be
removed from candidate feature subset. Similar to the above
procedure, SVM is literately trained on the new candidate
feature subset, and the remaining features are resorted until
one feature is left in candidate feature subset.

More specifically, given training dataset {(𝑥𝑖, 𝑦𝑖)}𝑁𝑖=1,
where 𝑥𝑖 is the training sample, 𝑥𝑖 ∈ 𝑅𝐷, 𝑦𝑖 ∈ {−1, +1} is
the class label of 𝑥𝑖, 𝑁 is the number of training samples,
and 𝐷 is the feature dimension of the sample, the decision
function of SVM is expressed as 𝑓(𝑥) = 𝑤𝑇𝑥 + 𝑏, where 𝑤 =[𝑤1, 𝑤2, . . . , 𝑤𝑚]𝑇 is a vector and 𝑏 is a scalar. By introducing
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Input: Training samples {𝑥𝑖, 𝑦𝑖}𝑁𝑖=1, 𝑦𝑖 ∈ {−1, +1}.
Output: Ranked feature list 𝑅.
(A) Initialize: The original feature subset 𝑆 = {𝑓1, 𝑓2, . . . , 𝑓𝑖} and the

ranked feature list 𝑅 = ⌀.
(B) Loop following procedures until 𝑆 = ⌀.

(1) while 𝑆 ̸= [] do
(2) Train a SVM with features in 𝑆
(3) for all 𝑖th feature in 𝑆 do
(4) Compute 𝑐𝑖 using equation (14)
(5) end for
(6) 𝑝 = argmin

𝑖
𝑐𝑖

(7) 𝑅 = {𝑝} ∪ 𝑅
(8) 𝑆 = 𝑆 − {𝑝}
(9) end while
(10) return 𝑅

Algorithm 1: SVM-RFE.

the kernel trick, the dual optimization problem of SVM can
be written as

min 12
𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝐾(𝑥𝑖 ⋅ 𝑥𝑗) − 𝑁∑
𝑖=1

𝛼𝑖
s.t. 𝑁∑

𝑖=1

𝑦𝑖𝛼𝑖 = 0
0 ≤ 𝛼𝑖 ≤ 𝐶, 𝑖 = 1, 2, . . . , 𝑁

(12)

where 𝐶 is a trade-off between the training accuracy and the
model complexity.

In SVM, the importance of features is measured by their
weight coefficients:

𝑤 = 𝑁∑
𝑖=1

𝛼𝑖𝑦𝑖𝑥𝑖 (13)

where 𝛼𝑖 is achieved by solving the optimization problem in
(12).

In SVM-RFE, the ranking score of 𝑖th feature is defined
as

𝑐𝑖 = 𝑤2𝑖 . (14)

The detailed algorithm of SVM-RFE is shown in
Algorithm 1.

From Algorithm 1, it is induced that the ranking criteria
can measure the correlation between features and decisions
by judging the weight of features. Although SVM-RFE can
eliminate those unimportant features one by one, it is noted
that whether the deleted features are redundant is a problem
that requires attention. To address the issue, MRMR is
introduced in the paper.

3.2. Minimum Redundancy Maximum Relevance (MRMR)
Method. Ding and Peng introduced a criterion firstly to
measure relevance and redundancy of features by using

mutual information called minimum redundancy maximum
relevance (MRMR) [23]. MRMR measures the maximal
sample information and the minimal relevance among fea-
tures by defining maximum relevance criteria and minimum
redundancy criteria, respectively. MRMR can achieve the
ranking score of each feature. Specifically, given two feature
vectors 𝑥 and 𝑦 with probability density 𝑝(𝑥) and 𝑝(𝑦), let𝑝(𝑥, 𝑦) be the joint probability density of 𝑥 and 𝑦. Their
mutual information (MI) which measures the redundancy
among features is defined as follows:

𝐼 (𝑥, 𝑦) = ∬𝑝 (𝑥, 𝑦) log 𝑝 (𝑥, 𝑦)𝑝 (𝑥) 𝑝 (𝑦)𝑑𝑥 𝑑𝑦. (15)

The minimum redundancy and maximum relevance are
calculated as

min𝑅 (𝐹) , 𝑅 = 1|𝐹|2 ∑
𝑓
𝑟
,𝑓
𝑜
∈𝐹

𝐼 (𝑓𝑟, 𝑓𝑜) (16)

max𝐷(𝐹, 𝑐) , 𝐷 = 1|𝐹| ∑
𝑓
𝑟
∈𝐹

𝐼 (𝑓𝑟, 𝑐) (17)

where 𝐹 and |𝐹| represent feature set and the number of
features in 𝐹, respectively, 𝑐 is class label, 𝐼(𝑓𝑟, 𝑐) represents
the MI of feature 𝑓𝑟 and class label 𝑐, 𝐼(𝑓𝑟, 𝑓𝑜) represents the
MI of feature 𝑓𝑟 and feature 𝑓𝑜, 𝐷 is the mean of MI, and 𝑅
represents the MI among the features.

MRMR intends to yield the features with minimum
redundancy and maximum relevance through the following
two criteria:

maxΦ1 (𝐷, 𝑅) , Φ1 = 𝐷 − 𝑅
maxΦ2 (𝐷, 𝑅) , Φ2 = 𝐷𝑅 . (18)

3.3. Support VectorMachine–Recursive Feature Elimination–
Minimum Redundancy Maximum Relevance (SVM-RFE-
MRMR). According to the above introduction, SVM-RFE
takes the correlation between features and decisions into



6 Shock and Vibration

Input: Training samples {𝑥𝑖, 𝑦𝑖}𝑁𝑖=1, 𝑦𝑖 ∈ {−1, +1}.
Output : Ranked feature list 𝑅.
(A) Initialize: The original feature subset 𝑆 = {𝑓1, 𝑓2, . . . , 𝑓𝑖} and the

ranked feature list 𝑅 = ⌀.
(B) Loop following procedures until 𝑆 = ⌀:

(1) while 𝑆 ̸= [] do
(2) Train a SVM with features in 𝑆
(3) for all 𝑖th feature 𝑓𝑖 in 𝑆 do
(4) Compute 𝑐𝑖 using equation (14)
(5) Compute 𝑟𝑖 using equation (19)
(6) end for
(7) Find 𝑐𝑖 and 𝑟𝑖 using equation (20) and (21) respectively
(8) for all 𝑖th feature 𝑓𝑖 in 𝑆 do
(9) Compute 𝑠(𝑖) = 𝑐𝑖 + 𝑟𝑖
(10) end for
(11) 𝑝 = argmin

𝑖
𝑠𝑖

(12) 𝑅 = {𝑝} ∪ 𝑅
(13) 𝑆 = 𝑆 − {𝑝}
(14) end while
(15) return 𝑅

Algorithm 2: SVM-RFE-MRMR.

account, ignoring the relation among features while MRMR
can yield the features with minimum redundancy and max-
imum relevance. Therefore, SVM-RFE-MRMR is proposed
to yield a subset of features with minimum redundancy and
maximum relevance. Besides the ranking criterion defined
by SVM-RFE, SVM-RFE-MRMR defines a new criterion for
feature 𝑓𝑖, which is formulated by

𝑟𝑖 = 𝐼 (𝑓𝑟, 𝑐)(1/ |𝐹|) ∑
𝑓
𝑜
∈𝐹

𝐼 (𝑓𝑟, 𝑓𝑜) (19)

where 𝐹 is the set of features that remain in each iteration. A
ranking score is defined by normalizing SVM-RFE criterion
and MRMR criterion of each feature; i.e.,

𝑐𝑖 = 𝑐𝑖𝑐∗𝑖 (20)

𝑟𝑖 = 𝑟𝑖𝑟∗𝑖 (21)

where 𝑐∗𝑖 = max𝑖 𝑐𝑖, 𝑟∗𝑖 = max𝑖 𝑟𝑖.
The overall algorithm of SVM-RFE-MRMR is described

in Algorithm 2.

4. Fault Identification and
Analysis for Reducer

4.1. Experimental Device. Fault diagnosis for reducer is con-
ducted on vibration data while it is difficult to acquire mul-
tiple fault signals in practice. Therefore, a reducer simulation
platform is constructed to acquire fault signals. The mechan-
ical system of the whole device is shown in Figure 6(a), and
the number of each component is shown in Figure 6(b). This
system mainly consists of motor, reducer, magnetic powder
brake, vibration sensor, etc. The vibration sensor is installed
at the 4# bearing. The magnetic powder brake is used to

simulate mechanical load by adjusting the voltage. In the
experiment, a tooth of gear b, a part of inner circle in 4#
bearing, and a part of outer circle in 4# bearing were cut
off by line cutting. Figure 7 shows broken tooth fault, inner
circle fault, and outer circle fault, respectively. The sampling
frequency was 4 kHz, and the motor rotating speed was 1420
r/min. Original waveforms of various states are shown in
Figure 8.

4.2. Fault Feature Generation. The fault diagnosis process
for reducer under different states is shown in Figure 9.
After acquiring the original vibration waveform, we select
reasonable signal segments that can reflect fault. Then we
use the improved LMD algorithm to decompose the 4
kinds of vibration signals and obtain corresponding PFs
(Figures 10–13). It is particularly important to extract effective
feature parameters. Common fault features include amplitude
domain features, time domain features, frequency domain
features, and time-frequency features. Approximate entropy
as a time domain characteristic has good anti-noise, anti-
interference ability and good robustness. Power spectral
entropy as a frequency domain characteristic represents the
distribution state of vibration energy in frequency domain.
The more uniform the distribution of vibration energy, the
less concentrated the signal distribution; namely, the signal
is more complex. Therefore, we select the PF that contains
fault feature frequency to calculate the root mean square,
kurtosis, approximate entropy, and power spectral entropy
in this paper. All these parameters are combined to form the
original feature set as shown in Table 1. Only part of the data
is listed due to limited space.

The feature parameters extracted from vibration signals
under 4 states are arranged in sequence into a matrix of
120 rows and 8 columns, and each column of the matrix is
normalized to [0, 1].
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(a)

motor
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(b)

Figure 6: Experimental device: (a) part name, (b) part number.

(a) (b) (c)

Figure 7: Fault pictures of (a) broken tooth fault, (b) inner circle fault, and (c) outer circle fault.
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Figure 8: Original waveforms of various states of the gearbox: (a) vibration signal of normal state, (b) vibration signal of broken tooth fault,
(c) vibration signal of 4# bearing inner circle fault, (d) vibration signal of 4# bearing outer circle fault.
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Figure 9: Flowchart of fault diagnosis for reducer.
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Figure 10: LMD results of normal signal.
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Figure 11: LMD results of broken tooth fault signal.
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Figure 12: LMD results of inner circle fault signal.
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Figure 13: LMD results of outer circle fault signal.
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Figure 14: Classification training and test results based on grid method.

The normalized equation can be expressed as

𝑓 : 𝑦 → ℎ = 𝑦 − 𝑦min𝑦max − 𝑦min
(22)

where 𝑦, ℎ ∈ 𝑅𝑛, 𝑦min is the minimum value of 𝑦, and 𝑦max is
the maximum value of 𝑦.
4.3. Multifault Classification Model Training. There are 4
kinds of fault states in this experiment, which belongs
to multiclassification problem. The training of multifault
classification model is shown as below:

Firstly, we label the different operation status as Table 1.
The normal state is defined as 1, broken tooth fault is defined
as 2, inner circle fault is defined as 3, and outer circle fault is
defined as 4.

Secondly, 6 binary classifiers need to be constructed, such
as (1v2), (1v3), (1v4), (2v3), (2v4), and (3v4). Corresponding
vector is selected as the training set in the process of training
each binary classifier, and we obtain 6 kinds of training
models.Thenwe use corresponding test set to test the 6 kinds
of results, respectively. The entire feature set contains 120
samples; each sample contains 8 feature characteristics. Lines
1–30 represent normal state (label 1); lines 31–60 represent
broken tooth state (label 2); lines 61–90 represent the inner
circle fault (label 3); and lines 91–120 represent the outer circle
fault (label 4). We randomly select two-thirds of the samples
in each label as the training samples, and the remaining as the
test samples.

Finally, we apply the test samples to test the accuracy of
classification model.

Optimal parameters need to be searched in the pro-
cess of classification training. Common parameter opti-
mization methods include grid method, genetic algorithm
(GA) method, and PSO method. The process of searching
optimal parameters via threemethods and corresponding test
results are shown in Figures 14, 15, and 16, respectively. The
classification accuracy of eachmethod is shown in Table 2. As

Table 2: Optimized parameters 𝐶 and 𝜎 and corresponding classi-
fication accuracy.

Optimization
method Penalty factor 𝐶 Kernel function

parameter 𝜎 Classification
accuracy 𝐴𝑐𝑐

Grid method 5 1.6 97.5%
GA 4.12 1.62 97.5%
PSO 4.12 1.62 97.5%

can be seen from the table, two model parameters achieved
by these methods are very close and their classification
accuracy is consistent. The advantage of grid method is that
it can search multiple parameters at the same time. For
independent parameter pairs, it is easy to search in parallel
and it takes less time when searching for fewer optimization
parameters. Besides, the approach can find global optimal
solution when the optimization interval is large enough and
the step distance is short enough [24]. GA method has
good global search performance, but the search speed is
slow and the solution efficiency is low. PSO method has
strong local search performance and fast convergence speed,
but it is prone to premature convergence and then fall into
local optimal solution [25, 26]. Therefore, the SVM model
parameters are selected via grid method in this paper.

4.4. Fault Feature Selection. Theprocess for selecting optimal
feature subset via SVM-RFE-MRMR is shown in Figure 17.A
We use the training set of overall feature set to train support
vector classifier (SVC) and get corresponding classification
model. B The classification model is used to calculate the
ranking score. The feature attribute with minimum ranking
score is eliminated according to the ranking criteria. C
SVM is used to retrain the remaining features to obtain a
new ranking score until a feature ranked table is found. D
The ranked table is used to train SVM by defining several
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Figure 16: Classification training and test results based on PSO.

nested feature subsets 𝐹1 ⊂ 𝐹2 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐹𝑛. Prediction
accuracy of SVM is used to evaluate the performance of these
subsets so as to obtain the optimal feature subset. E We use
two criteria, training set leave-one-out cross validation error
recognition rate (Loo Error Rate) and independent test set
error recognition rate (Test Error Rate), to determine the
optimal feature subset.

Following the steps outlined above, we use the training
set designed in Section 4.3 to derive the SVC training and get
optimized parameters 𝐶1 = 0.7579 and 𝜎1 = 1.3195. These
parameters are then applied to rank the influence degree of
each feature; the result is shown in Table 3. At the same time,
the nested feature subset is obtained as shown in Table 4. In
this table, the relationship among each subset is 𝐹1 ⊂ 𝐹2 ⊂

⋅ ⋅ ⋅ ⊂ 𝐹8. Next, calculate the classification accuracy on the
basis of optimized parameters and nested feature subset in
first step, and use the Loo Error Rate criterion to determine
the optimal feature subset. The result is shown in Table 5.
Finally, select the nested feature subset to train SVC and get
optimized parameters 𝐶2 = 9.7656 × 10−4, 𝜎2 = 4. The
two parameters and the test set are used to calculate the
classification accuracy and Test Error Rate as before, which
can evaluate the performance of predictive model. It can be
seen from Table 6 that the Test Error Rate of feature subset 𝐹8
is the lowest.

Through contrasting and analyzing Tables 5 and 6, we
can conclude the following information: (a) different com-
binations of features can achieve the same effect; (b) some
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Table 3: SVM-RFE-MRMR feature ranked table.

Influence Degree 1 2 3 4 5 6 7 8
Feature app pf1 kpf1 HF1 app pf2 rms1 HF2 kpf2 rms2
Characteristic Code 3 2 4 7 1 8 6 5

Table 4: Nested feature subset.

Characteristic number 1 2 3 4 5 6 7 8

Characteristic code 3 3,2 3,2,4 3,2,4,
7

3,2,4,
7,1

3,2,4,
7,1,8

3,2,4,7,
1,8,6

3,2,4,7,
1,8,6,5

Subset symbol 𝐹1 𝐹2 𝐹3 𝐹4 𝐹5 𝐹6 𝐹7 𝐹8
Table 5: Loo Error Rate.

Subset Symbol 𝐹1 𝐹2 𝐹3 𝐹4 𝐹5 𝐹6 𝐹7 𝐹8
Non Normalization Classification Accuracy 87.5% 72.5% 82.5% 82.5% 87.5% 82.5% 80% 77.5%
Normalization Classification Accuracy 87.5% 87.5% 92.5% 95% 97.5% 97.5% 97.5% 97.5%
Loo Error Rate 12.5% 12.5% 7.5% 7.5% 2.5% 2.5% 2.5% 2.5%

Table 6: Test Error Rate.

Subset Symbol 𝐹1 𝐹2 𝐹3 𝐹4 𝐹5 𝐹6 𝐹7 𝐹8
Normalization Classification Accuracy 25% 25% 25% 25% 25% 80% 90% 97.5%
Test Error Rate 75% 75% 75% 75% 25% 20% 10% 2.5%

Overall
Data Set

Multi-
Classification
SVM Training

SVM-RFE-
MRMR Feature

Ranking

Leave-one-out
Cross

Validation

Loo Error
Rate

Model
Parameters

Test Set
Optimized
Parameters

Test Set
Independent

Validation

Test Error
Rate

Training
Set

Nested
Feature
SubsetC1 , 1

C2 , 2

Figure 17: Diagram of searching the optimal feature subset.

fault features contain analogous information; (c) the optimal
feature subset contains the least number of features.

5. Conclusions

This paper presents a fault diagnosis method based on
the combination of improved LMD and support vector
machine–recursive feature elimination–minimum redun-
dancy maximum relevance (SVM-RFE-MRMR) for feature
redundancy of reducer vibration signals. The approach

reduces feature dimensionality of original feature set through
discarding those features that contribute less to classification
or are insensitive to fault and preserving the best feature set
made up of the optimal feature parameters. The results of
the experiment verify that the proposed approach has good
reliability and achieves high classification accuracy, which
provides good reference value for condition monitoring of
rotating machinery. In addition, this method can also be
applied to multichannel fault signals processing and over-
come the problem of high data bits and small samples.
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We analyse the effect of temperature and wind velocity on the natural frequencies and modal damping ratios of the Faculty
of Engineering Tower at the Università Politecnica delle Marche, a 10-story reinforced concrete frame building, permanently
monitored with low-noise accelerometers. The data recorded over the first 5 months of monitoring demonstrate that temperature
variations and wind intensity have a clear effect on the first three natural frequencies and the corresponding damping ratios.
Temperature is positively correlated to the first and second frequencies, corresponding to shear displacement modes and negatively
correlated to the third frequency, corresponding to a torsional mode. All frequencies are positively correlated to wind velocity
and changes in damping ratios are inversely correlated to any change in frequency. A mechanical explanation of these phenomena
is offered, based on a critical review of literature case studies. These results suggest that using changes in modal parameters for
damage detection always requires accurate knowledge of the correlation between modal parameters and environmental quantities
(temperature, humidity, and wind velocity), an information which is only available through long-term continuous monitoring of
the structural response.

1. Introduction

Vibration-based Structural Health Monitoring (SHM) refers
to a family of methods pretending to gain information on
the damage state of a structure through measurement and
analysis of its vibration response. The key idea behind these
methods is based on the assumption that a damage alters
locally the stiffness, the mass, or the energy dissipation
mechanisms of a structural member, which in turn affect
the overall structural dynamic behaviour. While in principle
this rationale is flawless, its practical application has some
limits [1]. First, even the most severe damage may have a
limited effect on the global dynamic response of the structure
(in other words, the global response may be insensitive to
local damage). Second, different damage states may similarly
affect the global response, thus inferring the damage based on
the observed response is logically an indeterminate problem,
unless we make proper assumptions a priori. Third, while it
is generally true that a structural damage produces changes

in the dynamic response, it is not true that any change in
the dynamic response is the result of a damage: notably,
environmental conditions may produce variations of modal
parameters in the same order of those induced by damage and
often much bigger.

Vibration-based structural damage detection of civil
structures dates back to the early 1980s, as documented
by extensive technical literature reviews [2–4]. These early
studies include development of methods for optimal sensor
placement, selection of the most sensitive parameters to
damage, and the definition of techniques to separate changes
in the dynamic properties caused by damage from those
due to environmental and operational conditions [3]. Inter-
estingly, all these issues are still of strong interest among
researchers, as evident in numerous recent works; see for
instance [5–7]. Particularly, the use of changes in natural
frequency as suitable damage indicators is still a matter
of lively discussion. On one side, frequencies, contrary to
mode shapes or damping ratios, are easily identified with
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a good accuracy even from ambient vibration tests (AVT).
The recent improvement and diffusion of effective automated
operational modal analysis (OMA) techniques [8–13] have
further contributed to elect frequencies as privileged damage
detection parameter. On the other hand, natural frequencies
are often not especially sensitive to local damage, while
they are strongly affected by environmental and operational
conditions, such as temperature, humidity [5, 14], and, par-
ticularly in the case of tall structures, wind intensity [15].

Separating the effect of damage from the effect of the
environment requires the use of statistical models, such
as the multiple data regression (MDR) and the Principal
Component Analysis (PCA) [16–19], and other suitable
compensation techniques [16, 20, 21]. Among the various
environmental factors, temperature is especially important:
numerous case studies reported in the literature show that
natural temperature variations could produce changes in the
modal propertiesmuch bigger than those induced by a typical
structural damage [22] or the normal operational loads [23].
While it is generally understood that temperature affects the
natural frequencies of a structure, this relationship is appar-
ently dependent on the particular structure and can be either
direct (i.e., frequencies grow with temperature) or inverse
(i.e., frequencies decrease with temperature) [24]. Literature
cases include bridges, buildings, and heritage structures.

With reference to bridges, Cornwell et al. [25] studied
the variability of modal frequencies with temperature of
a single span of a bridge concluding that, for the tested
structure, modal frequencies can vary significantly (up to
6%) as a consequence of the temperature daily changes. The
authors correlated the frequency changes to the temperature
differential across the deck. Cross et al. [26] discussed the
effects of temperature on the natural frequencies of the Tamar
Suspension Bridge in southwest England, concluding that
seasonal effects, rather than daily, can be of significance.
Analysing the Seohea Grand cable-stayed bridge in South
Korea, Kim et al. [27] proposed a systematic procedure
to account for environmental conditions changes in the
observed structural response, including the elimination of
effects due to temperature changes. They found that tem-
perature increments lead to a reduction in the fundamental
frequency of the bridge. Jung et al. [28] presented a correla-
tion analysis between the temperature and the fundamental
natural frequency of a suspension bridge, showing that the
relationship between temperature and natural frequencies
is inversely proportional. Zolghadri et al. [29] published a
report addressing results of their studies, focused on the
effects of temperature on vibrational characteristics of three
continuously monitored bridges and a lab specimen. Bridges
include a pre-cast I-girder concrete bridge located in Perry,
Utah, a concrete box-girder bridge in Sacramento, California,
and a steel plate girder bridge in Salt Lake City, Utah, while
the lab specimen is a 72-inch long steel plate instrumented
with sensors and subjected to temperature changes.While the
dynamic properties of the lab specimen showed a very slightly
dependence on temperature, real monitored bridges showed
clear increasing or decreasing trends of the natural frequen-
cies, depending on modes, with the temperature increase.
Jin et al. [30] proposed a new damage detection method,

using artificial neural network and an extended Kalman filter,
for damage identification in a composite steel girder bridge
under severe temperature changes, also considering freezing
effects. They found that the natural frequencies decrease
when temperature increases, and vice versa.

The effect of the environmental conditions on the natural
frequencies is also typically observed in buildings. With
reference to amonitored 17-story steel frame building, Nayeri
et al. [31] observed a strong correlation between the modal
frequency variations and the temperature variations in a 24
h period. Yuen and Kuok [32] examined the fundamen-
tal frequencies of a 22-story reinforced concrete building
obtained from a one-yearmonitoring, finding that, contrarily
to their numerical estimations, the first three frequencies
increased with an increase in ambient temperature. Faravelli
et al. [33] analysed the daily fluctuations of frequencies of the
Guangzhou New TV Tower (600m high) in China observing
that also ambient temperature variations of few degree Cel-
sius may induce variations in the structural frequencies, up
to 0.5%. Mikael et al. [34] focused on the long-term variation
of frequency and damping ratios in several buildings and
reported contrasting behaviours, including direct and inverse
correlation with temperature variations. More recently, Wu
et al. [35] presented results of the continuous dynamic
monitoring of an office building using ambient vibration
measurements in conjunction with a recently developed
stochastic subspace identification methodology. The results
are examined to recognize effects of environmental con-
ditions: they found that first fundamental frequencies are
directly related to the wind speed and indirectly related to
the air temperature. Furthermore, the authors identified clear
relationships between the root mean square of acceleration
and the modal parameters.

Vibration-based SHM has been extensively applied to
cultural heritage buildings (e.g., [36–40]). However, a limited
number of works focus on the effects of environmental vari-
ations on the fundamental frequencies of historic masonry
towers. Among the others, Saisi et al. [41] monitored the
Gabbia Tower in Mantua and observed an almost linear
increase of the fundamental frequencies with the temperature
increment. They attributed this phenomenon to the thermal
expansion of materials, which produces an overall closing of
superficial cracks, minor masonry discontinuities, or mortar
gaps. Ramos et al. [39] observed a similar phenomenon in
masonry structures and highlighted the significant contribu-
tion of humidity. Ubertini et al. [14] investigated the effects
of changes in the environmental conditions on the natural
frequencies of a monumental masonry bell Tower demon-
strating that temperature, rather than humidity, can affect
the measured frequencies. The authors found an increase
in frequencies of the bending modes with temperature,
consistently withmechanism suggested by Saisi et al. [41]. On
the other side, they observed a decrement in the frequency of
the first torsional mode, and they attributed this behaviour
to the slackening induced by temperature of the tie elements
and of the fibre reinforcements.

In summary, there is abundancy of evidence in the techni-
cal literature that environmental conditions, and particularly
temperature, affect the natural frequencies of civil structures,
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Figure 1: View of the Tower: (a) from North-West; (b) from South (c) aerial view from Bing Maps.

including bridges, building, and heritage structures. The
correlation between environmental quantity (temperature,
humidity, or wind intensity) and frequency can be either
direct or inverse, depending on the particular structure
and vibration mode, and the way that the two correlate
is not easily predictable. Similarly, there is no unanimous
agreement on the mechanisms whereby the environmental
conditions produce the observed frequency changes.

In this paper, we wish to offer our contribution to the
discussion of this subject, by analysing in detail the effect
of temperature variations and wind intensity on the modal
parameters of a 10-story reinforced concrete building. The
case study is the Tower of the Faculty of Engineering at the
Università Politecnica delle Marche (UnivPM), in Ancona,
Italy. The Tower has been chosen as case study within a
research project funded by the UnivPM addressing on the
development of low-cost wireless sensors for the continuous
dynamic monitoring of buildings (with applications to the
SHMfield). To this purpose, a permanentmonitoring system,
based on traditional wired low-noise accelerometers, has
been installed to record the dynamic properties of the Tower
and their changes with respect to the wind intensity and
temperature variations.These data are used as a benchmark to
evaluate in the future the effectiveness of the developing low-
cost sensors network. This paper illustrates the results of the
monitoring over a first operational period of about 5 months.
After a brief description of the structure, the preliminary
AVTs performed to characterise the dynamics of the building
and to design the continuous dynamic monitoring system
are addressed. The monitoring system is then described and
the results of measurements are presented and discussed,
adopting a multiple data regression to interpret effects of
ambient parameters variations on modal properties.

2. The UnivPM Faculty of Engineering Tower

The Tower of the Faculty of Engineering at the Università
Politecnica delleMarche (UnivPM) is a 10-story buildingwith
interstory height of 5 m. Each floor level is conventionally
labelled with the letter q followed by their altitude in meters
with respect to the sea level, from q150 to q200 (Figures
1(a) and 1(b)). The Tower was designed and constructed

between 1980 and 1983. The structure has a square plan
and is constituted by r.c. spatial frames. Depending on
the floor, plan dimensions vary between 18.9 and 19.2 in
both directions. The building is flanked by a small r.c. wall
structure, separated by a structural joint, hosting the stairway,
and elevators (Figure 1(b)).The Tower position in the campus
is shown in Figure 1(c). Up to the 5th floor, the Tower is
adjacent to other r.c. buildings, characterised by a similar
structural scheme and separated by expansion joints. The
internal partitions are allmade of light panels while perimeter
walls are built with prefabricated r.c. panels anchored to the
frame beams but disconnected from the columns. Between
panels of adjacent floors, aluminium window frames are
located (Figures 1(a) and 1(b)). Floor slabs are prefabricated
predal panels as well as the roof that is of flat type.

R.c. frames are made of 9 columns, equally spaced of 9 m
in the two principal directions (Figure 2(a)). Columns have
a square cross section with an indentation (5x20 cm) in the
central part and dimensions progressively reduced with the
building height (Figure 2(c)). It is worth noting that columns
of upper floors are divided into 4 square subcolumns having
cross sections of dimension 35x35 cm, connected to each
other atmid-height with a small r.c. link. Beams have overall a
wide of 90 cm and a height of 65 cm.The structure is founded
on piles; in particular, 2x2 pile groups with piles of diameter
1 or 1.2 m, depending on the column, are located beneath
each column, excepting one edge column, founded on a 3-
pile foundation (Figure 2(b)).

During construction, 240 concrete samples were taken
and tested at the Materials and Structures Testing Laboratory
of UnivPM. Results of experimental tests revealed that the
mean cubic strength of concrete is Rck,p = 28.14 MPa for
foundation piles, Rck,f = 43.91 MPa for the floors (i.e., for
beams), and Rck,c = 41.62 MPa for the columns. As for
reinforcements, rebars FeB44k (corresponding to modern
B450C) were used.

3. Preliminary AVTs and System Identification

AVTs have been performed with the aim of evaluating the
modal parameters of the structure, namely, natural frequen-
cies,modal shapes, anddamping ratios. To this purpose, three
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piezoelectric monoaxial accelerometers PCB model 393B31
have beenplaced at each floor to record both translational and
rotational components of displacements. Sensors have been
connected through coaxial cables to acquisition cards (24-bit
NI 9234 acquisition cards and one chassis NI cDAQ-9178)
coupled to a laptop and equipped with dedicated software.
The position of the sensors on a typical floor is shown in
Figure 2(a). Due to the limited number of accelerometers
available for the experiment, the measurements have been
carried out with three separate sensor configurations, each
covering four floors, and always including floor 8 (q195) as
a reference, as shown in Figure 3. The tests were performed
in August 2017.

The fundamental frequency of the structure was prelim-
inary estimated to be around 1 Hz and therefore recordings
with a duration of 1800 seconds (30 minutes) were made,
dividing each time histories into 90 samples of 20 seconds.
The analogic signal is initially recorded at a sampling fre-
quency of 2048Hz; then, the recorded data are processedwith
standard signal processing techniques: first a correction of the
spurious trends of the signals is performed by using a third-
degree polynomial function; then, all the frequency compo-
nents in the analogic signal above the Nyquist frequency are
removed through a low-pass filter with cut-off frequency of
20 Hz to eliminate the contribution of high frequencies and
avoid aliasing phenomena; finally, signals were downsampled
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Figure 4: First three global mode shapes of the Tower from AVTs: (a) axonometric view; (b) lateral views; (c) plan view.

at 51.2 Hz to limit the amount of data to be managed. The
covariance-driven stochastic subspace identification (SSI-
cov) technique [42] was used to identify the dynamic prop-
erties of the Tower from the recordings. As stated above,
tests were made at different times, according to 3 different
sensors configurations; in operational modal analysis of large
structures this often occurs, making necessary to process data
from multiple nonsimultaneously recorded measurement
setups. The Post Separate Estimation Re-scaling (PoSER)

approach [43] is used to process data from nonsimultaneous
acquisitions. The first three global mode shapes are shown in
Figure 4 and the related eigenfrequencies and damping ratios
are reported in Table 1.

Results of ambient vibration tests are interpreted through
a Finite Element Model (FEM) of the Tower, developed by
means of the SAP2000 code [44]. Both beams and columns
aremodelledwith elastic frame elements, while shell elements
are used to simulate the floor slabs. The hypothesis of fixed
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Table 1: Numerical and experimental first three eigenfrequencies and damping ratios.

Mode AVTs 3D FEM Error
Frequency [Hz] Damping ratio [%] Frequency [Hz] [%]

1st 1.07 2.55 1.15 7.5
2nd 1.21 1.62 1.17 3.3
3rd 1.51 1.86 1.51 0.0

base is assumed, supported by the deep foundations. To better
reproduce the building response subjected to small vibra-
tions, nonstructural members (i.e., prefabricated perimeter
panels) are included in the model through shell elements
(Figure 5(a)). The mechanical properties of the structural
concrete are based on the experimental results, conducted in
the framework of a recent seismic vulnerability assessment of
the building. In particular, 2 cylindrical specimens of diame-
ter d=93mmandheight h=93mmhave been extracted from
2 columns of the Tower (at q175 and q195, respectively) and 20
pull-out tests were performed on columns (2 tests per floor).
Specimens were subjected to compressive tests and results
used to calibrate a regression formula to interpret results of
pull-out tests. The mechanical characterisation of concrete
leads to a mean Young’s modulus Ecm = 32493 MPa, obtained
from concrete compressive strength according to [45]. The
static value of Young’s modulus has been incremented of
about 20%, according to suggestions of Lydon et al. [46]. The
Tower is separated fromadjacent buildings by efficient expan-
sion structural joints; however, continuous nonstructural
components may affect sensibly the Tower dynamics and
the interpretation of AVTs through the numerical 3D FEM
requires adjacent buildings to be modelled. In detail, the r.c.
wall structure hosting the stairway and interacting with the
Tower for the whole length is included in the model (Figures
5(a) and 5(b)) and connected to the Tower by elastic links,
while interactionswith lower buildings are taken into account
through concentrated compliant restraints (Figure 5(c)). The
comparison between the first three numerical (red lines) and
experimentalmode shapes (blue lines) are reported in Figures
6(a) and 6(b), adopting both an axonometric projection and
a plan view of the last floor.

The Tower interaction with the adjacent stairway deter-
mine a coupling of the horizontal and torsional modes;
numerical results refer to a calibrated model, obtained by
updating stiffnesses of elastic links simulating interactions
with the stairway, determined by nonstructural components.
On the contrary, interactions with lower buildings are of less
significance and results shown in Figure 6, which demon-
strate a good agreement betweennumerical and experimental
mode shapes, refer to a model disregarding their contribu-
tions. The first three natural frequencies obtained with the
numerical model are reported in Table 1; differences between
numerical and experimental data are of about 7% and 3% for
the first and second frequency, respectively, while the third
frequency is almost perfectly reproduced.

Comparison between numerical and experimental mode
shapes is also presented through the Modal Assurance Cri-
terion (MAC) in Figure 6(c). According to this criterion, a

MAC equal to 1 identifies the perfect matching of the exper-
imental and numerical mode shapes while a MAC equal to 0
denotes the orthogonality of the twomodes. It is worth noting
that the developed model is able to well reproduce the exper-
imental data, in terms of both frequencies and mode shapes.

4. The Continuous Dynamic
Monitoring System

According to the cantilever-type behaviour of the system,
a simple dynamic monitoring system has been developed,
starting on results of AVTs that provides expected frequencies
and damping ratios of the first modes. In particular, 3 sensors
have been installed at the last floor of the Tower (q195),
according to layout of Figure 2(a). The system is completely
wired and consists of three accelerometers PCBmodel 393B31
(Figures 7(a) and 7(b)), one data acquisition unit (DAQ),
and one PC (Figure 7(c)). The computer can be accessed
remotely, in order to download the recorded data and check
for any malfunctions. 30-minute samples are acquired twice
a day, with registrations beginning at 01:00 and at 13:00
o’clock each day. In addition, 12 samples within 24 hours are
acquired one day per month, in order to detect eventual daily
wander of modal properties. Values of the air temperature
are recorded by a thermometer positioned on the Tower
and protected from the solar exposure. The mean internal
temperature is regulated by a centralised conditioning system
and very moderate daily changes have been observed, during
one week long monitoring through a portable thermometer.
Mean temperatures of 19∘C and 25∘C have been observed
during the summer and winter periods, respectively. The
wind velocity is obtained by two weather stations very close
to the Engineering Faculty, the Brecce Bianche, and the Q2
weather stations. Position of the two stations with respect
to the Engineering faculty of the Università Politecnica delle
Marche are shown in Figure 7(d). The continuous dynamic
monitoring systemwas installed on the Tower in August 2017
and it is still fully operative.

The acquisition software has been ad hoc developed in
Labview, a system-design platform and development envi-
ronment for a visual programming language from National
Instruments [47]. The analogic signal is sampled at 2048 Hz
and resampled at 51.2 Hz before the storage. To avoid aliasing,
all the frequency components in the analogic signal that are
above the Nyquist frequency are removed through a low-pass
filter and then eventual offset is eliminated. An automated
procedure was developed within the acquisition algorithm
to extract the desired modal parameters exploiting the SSI-
based toolkit proposed by Hu et al. [48]. The procedure
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allows handling the daily vibration measurements and the
acquisitions of the air temperature and the wind velocity;
the latter is obtained through the weathers stations websites.
Furthermore, the algorithm assures the data storage on
a dedicated server for future in-depth analysis. Figure 8
compares results obtained from the developed automated
procedure and a robust consolidated algorithm, based on the
SSI approach [42], over a period of 1 month (i.e., 60 samples).

In particular, fundamental frequencies and damping ratios of
the first three vibration modes automatically obtained (dots)
are compared with the relevant values resulting from the SSI
analysis (continuous lines) performed on the stored data.
For each mode, Figure 8 also shows residuals 𝜀

𝑖
(𝑖 = 𝑓, 𝜉)

between the two approaches and the standard deviation 𝜎
𝑖

of the residuals distribution. Residuals relevant to natural
frequencies are very low (the error of the automatic extracted
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Figure 9: (a) Singular-Value Decomposition plot and (b) typical stabilization diagram of an acquisition.

values are below 0.5% for the majority of samples and all
modes) while residuals of modal damping ratios are sensibly
higher, with a mean error of about 30%.

Figures 9(a) and 9(b) show the Singular-Value Decom-
position (SVD) of a typical record for the setup of the
monitoring system and the stabilization diagram of a typical
acquisition, respectively. The SVD plot clearly highlights the
first fundamental frequencies of the system while higher
modes are less evident, according to the sensors position.

5. Monitoring Outcomes

This section shows results of the Tower monitoring from
August 11, 2017, to December 17, 2017. Data from a total
of 207 30-minute acquisitions are statistically reelaborated.
Figure 10 shows the evolution of the air temperature (T) and
wind velocity (w) during the monitoring period. It can be
observed that some data in September and October 2017 are
missing, due to a temporal shout-down of the acquisition
software handling the environmental parameters (grey filled
areas). Furthermore, a technical inconvenient also occurred
in November 2017, also causing the loss of the vibrational
measurements (grey filled area). The acquisition software
has been enhanced according to the encountered problems
to avoid future measurements breaks. Available environ-
mental data show an evident seasonal and daily variation
of temperatures. On the contrary, wind velocities are less
governed by seasonal fluctuations, even if the higher values
have been registered in relatively cold months (October and
December). With reference to wind, daily fluctuations are
more pronounced, probably due to the land and sea breezes,
typical of coastal areas. The automated identification of the
modal frequencies and damping ratios from the dataset
resulted in the frequency and damping histories reported in
Figure 10. At a first glance, dependency of modal parameters
to the wind intensity is evident with the all fundamental
frequencies reducing significantly in occasion of registered
high wind velocities (grey dashed lines).

Figure 11 shows similar quantities obtained from the daily
monitoring of selected days (one per month). Wander in
frequencies, even if of minor amplitude, is also visible in the
daily frequencies trends shown in Figure 11. In particular, a
significant increase of the first frequency can be observed

with the temperature increment on 11 August (h 12:00) at
almost constant wind velocities. Overall higher frequencies
are observed on 12 October with respect to 11 August and
12 September, consistently with the lower values of the
wind velocities. Moreover, by assuming that 12 October and
17 November are characterised by the same mean wind
velocities, overall higher values of frequencies are observed
on October, in correspondence of higher registered temper-
atures. Finally, an overall increase of the third frequency is
observed from August to November, namely, for decreasing
air temperatures.

By assuming a normal distribution of the dynamic para-
meters, statistics of modal parameters are reported in Table 2,
which includes the mean values and the standard deviation
of fundamental frequencies and modal damping ratios, as
well as the relevant Coefficient of Variation (COV). It can be
observed that standard deviation values of natural frequen-
cies are very low; on the contrary, standard deviation of
damping ratios are sensibly higher; thus, damping ratios
are much more dispersed than frequencies, as confirmed by
COVs.

Figure 10 shows a sensitive variation of the fundamental
frequencies with respect to environmental conditions. In
order to better address the phenomenon, each frequency and
damping ratio is plotted with respect to the relevant value of
temperature and wind velocity.

Figures 12(a) and 12(b) show variations of the identified
fundamental frequencies and damping ratios with respect
to air temperature and wind velocity, respectively. The best
fitting lines, in the least square sense, are shown with black
lines. As can be observed from Figure 12(a), although highly
scattered, results demonstrate a positive interaction of the
first and second frequencies with the temperature while a
negative pronounced interaction is observed for the third
frequency. Damping ratios are characterised by opposite
trends; overall, a decrement of the damping ratio is observed
for an increment of the vibration frequency, consistently
with the “apparent” stiffness increase and the reduction of
the dissipative contributions (e.g., material damping effects,
frictions between structural and nonstructural elements,
and small nonlinear effects). Concerning dependency of
modal parameter on wind velocity, it can be observed from
Figure 12(b) that all frequencies decrease by increasing the
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Table 2: Statistics of eigenfrequencies and damping ratios.

Mode Frequencies Damping ratios [%]
Mean [Hz] Standard deviation [Hz] COV [%] Mean [Hz] Standard deviation [Hz] COV

1st 1.0518 0.0159 1.51 1.9625 0.5994 30.54
2nd 1.1931 0.0136 1.14 1.6256 0.4296 26.43
3rd 1.4667 0.0258 1.76 1.6105 0.4822 29.94

wind speed. This can be justified by the increase of the
external actions that leads the structure to develop higher
small nonlinear effects or frictions between elements.

This hypothesis can be supported by the observation
that a decrease in the frequency is always associated with
an increase in the value of the damping ratio, as can be
observed from Figure 13.The relationship between frequency
and damping ratio shown in Figure 13, as well as previous
considerations concerning trend of frequencies and damping
ratios with respect to the wind velocities, can be better inter-
preted by observing the variation of the modal parameters

with respect to the root mean square (RMS) of the recorded
(Figure 14) acceleration signals opportunely filtered with a
band-pass filter (in the range 0.5 – 3.0 Hz) in order to
eliminate contributions not related to the investigatedmodes.
It can be observed that by increasing the amplitude of the
acceleration a reduction of the fundamental frequencies and
an increase of the relevant damping ratios are observed. Data
are interpolated with power functions and the relevant coef-
ficient of determination is reported in the graph; although
few data are characterised by acceleration higher that 45 𝜇g,
the regression model, which quite well fits the experimental
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Figure 11: Daily evolution of the air temperature and wind velocity for selected days and histories of identified fundamental frequencies.

results, reveals that phenomena inducing the frequencies
decrease and damping ratio increase tend to saturate.

This is consistent with the hypothesized nature of these
phenomena that, as previously stated, may be due to small
frictions developing between structural and nonstructural
elements.

Although clear trends of frequencies and damping ratios
can be observed due to changes of temperature and wind
velocity, it should be remarked that weather phenomena
occur simultaneously and effects on themodal parameters are
strictly correlated. From a more rigorous point of view, the
MDR technique is used to find linear correlations between
frequencies and the two independent environmental vari-
ables (air temperature and wind velocity). From a formal
point of view, and with only reference to frequencies, the
regression model is described by

F̂ = AX (1)

where

F̂ = [𝑓
1
𝑓
2
𝑓
3
]𝑇 (2a)

X = [1 𝑇 𝑤]𝑇 (2b)

are the vectors of estimates of the first three fundamental
frequencies 𝑓

1
, 𝑓
2
, and 𝑓

3
and the vector of the independent

environmental variables, respectively. Furthermore, A is a
3x3 full matrix of coefficients weighting contributions of

environmental parameters for all the fundamental frequen-
cies. Coefficients are determined according to a least square
scheme that can be formulated according to

min
A
𝑔 (A) = 1

2

𝑁

∑
𝑗=1
(AX − F)2𝑗 (3)

where g is the objective function depending on the unknown
parameters A and N is the number of the couple of data
(F,X)𝑗 . F, similar to F̂, is the vector collecting the identified
first three fundamental frequencies. It is worth noting that
since only two environmental parameters are considered,
the regression models (1) correspond to planes. Matrix A,
obtained from the linear least square optimization, assumes
the following form:

A=[[
[

10520 6.2997 −15.787
11978 2.3042 −12.083
15014 −16.143 −11.645

]]
]
10−4 (4)

Components of matrix A reveal positive and negative inter-
actions of frequencies with ambient parameters. It is worth
noting that, with reference to the first two frequencies,
coefficients of temperature are sensibly lower than those of
wind velocity while for the third frequency coefficient of
temperature is higher. This implies that frequency variations
of the first and second mode are more related to variations of
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Figure 12: Variation of frequencies and damping ratios: (a) variations with respect to temperature and (b) variations with respect to wind
velocity.
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Figure 13: Correlation between frequencies and damping ratios.

the wind velocity than to variations of ambient temperatures
while for the third mode frequency variations are almost
equally influenced by both ambient parameters.

Figure 15 shows results of the MDR analysis performed
with reference to the first three fundamental vibration fre-
quencies. In detail, regression planes are reported and the
relevant R-squared coefficients are included to provide an
idea of the fitting goodness.

In addition, components of the residual vector (AX-F) are
plotted for all the samples. Trends of frequencieswith temper-
ature and wind velocities previously highlighted disregarding

the combined effects of the environmental parameters are
confirmed by the MDR.

The first and second frequencies show a positive inter-
action with temperature and a negative interaction with the
wind velocity while the third frequency shows a negative
interaction with both temperature and wind velocity. As
previously observed, the increase of all fundamental fre-
quencies with the increase of the wind velocity may be due
to the development of small nonlinear effects or frictions
between structural and nonstructural elements, activated by
the increasing wind velocity and amplitude of oscillations.
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Figure 14: Variation of frequencies and damping ratios with respect to the amplitude of the measured acceleration (RMS).

On the other hand, the contribution of temperature on the
fundamental frequencies is more difficult to interpret; trends
agree with what observed in the literature concerning the
behaviour of a masonry structures [14, 41]; although the
structural typology of the presented case study is completely
different, considerations concerning the thermal expansion
in the material, which may determine an overall closing
of microcracks, can hold, leading to an overall increase of
the first two fundamental frequencies. Furthermore, thermal
expansion, acting on both structural and nonstructural ele-
ments, may be responsible for an increase of the coupling
between the two components of the building, making the
structure overall stiffer.

6. Conclusions

We discussed the effect of temperature variations and wind
intensity on the fundamental frequencies and modal damp-
ing ratios of the UnivPM Faculty of Engineering Tower, a
10-story r.c. framed building, permanently monitored with
low-noise accelerometers. The analysis of the data recorded
over the first 5 months of operation of the monitoring system
demonstrates that temperature variations and wind intensity
have a clear effect on the first three natural frequencies and
the corresponding modal damping ratios. In detail,

(i) with respect to temperature, we observed a posi-
tive correlation of the first and second frequencies,
corresponding to lateral displacement modes, and
a sharp negative correlation of the third frequency,
corresponding to a torsional mode. The sign of the
correlation trends, positive for the first two frequen-
cies and negative for the third, is curiously analogous
to those reportedly observed in masonry towers;

(ii) for masonry towers, the increase of the fundamental
frequencies is explained with the stiffening of the
structure produced by microcracks reclosure in the
mortar layers, as a result of thermal expansion.
To explain the observed behaviour of the UnivPM

building, we can suppose that a similar phenomenon
occurs for microcracks in concrete. An alternative
explanation, or contributory cause, is that ther-
mal expansion enhances the degree of connection
between structural and nonstructural prefabricated
elements, eventually increasing the global stiffness;

(iii) with respect to wind, all frequencies decrease by
increasing the wind speed.This can be justified by the
increase of the external actions that leads the structure
to develop higher small nonlinear effects or frictions
between structural and nonstructural elements;

(iv) the frequencies associated with bending modes
appears more sensitive to the wind velocity rather
than to the air temperature, while the frequency of
the torsional mode is equally dependent on both
environmental factors;

(v) the damping ratios generally decrease by increasing
the vibration frequency.

The results presented in this paper demonstrate, once again,
thatmodal parameters are strongly affected by environmental
and operational conditions. It is clear that using changes
in modal parameters for damage detection always requires
proper compensation from the environmental effects.This in
turn requires accurate knowledge of the correlation between
modal parameters and environmental quantities (tempera-
ture, humidity, and wind velocity), an information which is
available only after long-term continuous monitoring of the
structural behaviour.
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One of the main driving factors for structures’ evaluation is the foundation settlement. Measuring structures’ settlement in field is
costly especially when heavy loads are applied. Settlement prediction models can be used to avoid the high cost of settlement
field tests. Four advanced heuristic regression methods are developed and applied in this study to estimate raft foundations’
settlement, namely, multivariate adaptive regression splines (MARS), M5 model tree (M5Tree), generalized regression neural
networks (GRNN), and support vector regression (SVR) techniques. Simulation of raft pile foundations is utilized to calculate the
settlements of piles under the effect of static and dynamic loads. Previous studies are compared with the newly developed models.
The results show that the four models can be used to accurately predict foundations’ settlements in the training stage. Also, the
results reveal that the MARS and SVR models performed slightly better than the M5Tree and GRNN models in the testing stage
and accordingly can be used to predict foundations’ settlement. The SVRmodel outperformed other models when few numbers of
measurements are available.

1. Introduction

Piles foundations are usually used to decrease the settlements
of heavy loads structures. Monitoring or predicting piles
foundations settlement of important structures (e.g., long-
span bridges, and skyscrapers) is an essential task to ensure
their safety. Understanding the behavior of foundations
buried in soil is complex and not defined completely yet
[1]. The soil characteristics, pile geometry, and the loads
are the main factors for the settlement of foundations [2–
5]. Principles of pile foundation and settlement analysis are
described in [6]. The geometry of raft pile foundations is a
common factor for the settlement of piles [5]. The geometry
of piles foundation is defined by the length, diameter, number,
and distribution of piles [5]. In this paper, prediction of raft
pile foundations’ settlement is investigated under both static
and dynamic loads.

In the literature, many studies utilized different meth-
ods to study the behavior and predict the settlement of

foundations subjected to different types of loads and with
different foundations shapes [1–3, 5, 7]. Detection of piles
capacity and settlement using field tests is costly and takes
long time. Therefore, computation techniques can be used to
detect the settlement of piles [1]. In this study, a newmodel is
developed to predict the settlement of raft foundations using
four different heuristic regression methods.

In the literature, many numerical models are applied for
the foundations settlement prediction under static and static-
dynamic loads. Shahin [1] summarized previous studies that
used the artificial intelligence techniques. Neural networks
are utilized to estimate the piles’ settlement based on standard
penetration tests data and the shaft geometry and Shahin
[1] concludes that the correlation between measured and
predicted values is 0.972. Dantas et al. [3] utilized back-
propagation neural networks to estimate the settlement of
piles under static loads; the correlation between measured
and predicted settlements is 0.94. Ghorbani and Niavol [5]
applied the neural networks and evolutionary polynomial
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Figure 1: (a) 9-pile foundation diagram and (b) affected dynamic load [5].

regression models to estimate pile foundations’ settlement
under static and static-dynamic loads. They concluded that
the two methods can be used to accurately estimate settle-
ments of piles with correlation 0.97 for the two models with
the two loading cases. Alkroosh and Nikraz [8] utilized the
genetic expression algorithm to identify the piles capacity
based on dynamic loads, and they conclude that the genetic
model is more accurate than the neural networks and the
correlation between predicted andmeasured values is 0.96 for
the training sets.

On the other hand, regression computationalmethods are
widely used to simplify the nonlinear prediction behavior for
the engineering characteristics in many different areas [9–
12]. Moreover, some applications of regression methods for
the geotechnical engineering are presented in [13–15]. Instead
their applications to predict settlement of pile-raft founda-
tions under static-dynamic loads are still limited [16, 17]. In
this study, the multivariate adaptive regression (MARS), M5
model tree (M5Tree), generalized regression neural networks
(GRNN), and support vector regression (SVR) techniques
are applied to predict the pile-raft foundations settlement
under static-dynamic loads. Simulation models are used to
evaluate pile-raft foundations behavior with different piles
dimensions [18].Moayed et al. [18] found that piles with equal
diameters have higher settlement variation than those with
unequal diameters. Moreover, Baziar et al. [19] evaluated the
simulationmodel for a pile-raft foundation and compared the
performance of this model with 1g physical model, and they
found that the simulation model can be utilized to simulate
the accurate behavior of settlement for pile-raft foundations.
In this study, the results of the settlements extracted by a
simulation model presented in [5] for pile-raft foundations
are utilized to design a model for foundations’ settlement
prediction.

This study aims, mainly, to investigate the ability of
regressionmodels to predict pile-raft foundations’ settlement

under coupled static and dynamic loads. Four regression
models, MARS, M5Tree, GRNN, and SVR, are developed,
assessed, and evaluated using statistical analysis. In addition,
the obtained results are discussed and compared with the
results of a previous study by Ghorbani and Niavol [5].

2. Data and Methods

2.1. Data Used. Figure 1 illustrates the simulation model
design with dynamic loads utilized; Figure 2 presents the data
used and extracted from this simulationmodel.The results of
this simulationmodel and its ability to accurately estimate the
settlement values (S) are verified against the physical model
results [19].The simulation model designed by Ghorbani and
Niavol [5] comprises a square raft foundation with different
number of piles “N” (9, 16 and 25), piles’ diameter “d” (0.3
and 0.5 m), piles spacing “s”, and length of piles “l”.The static
loads “P” are assumed to be 60 and 90 Kpa, as presented in
Figure 2.

Table 1 shows the statistical analysis (maximum, mini-
mum, and standard deviation (sd)) for the input parameters
and settlement calculations. As per the data presented in
Table 1, the s/d and l/d variations are 2 and 16, respectively,
with high settlement variation value, 9.48 cm. Also, as the
number of piles and their diameters change, small values
for the settlements are reported [5]. The relative parameters
are studies and evaluated using the autocorrelation function
between the inputs (N, d, s/d, l/d, and p) and the output (S)
parameters [5]. The correlation between N, d, s/d, l/d, and
p and S are 91.1, 92.5, 92.2, 86.2, and 96.1 %, respectively.
However, the most important parameter is the axial load,
while the parameter l/d effectiveness is shown to be lower.
In addition, the variation between the effectiveness of five
parameters is shown small for theN, d, s/d, and l/d.Therefore,
the settlements of pile-raft foundations can be considered
affected by the five inputs.
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Figure 2: Input and output data used.

Table 1: Statistical analysis for the input and output parameters of
the simulation model.

Variables N d (m) s/d l/d P (kPa) S (cm)
Max 25.00 0.50 6.00 32.00 90.00 12.31
Min 9.00 0.30 4.00 16.00 60.00 2.83
sd 6.57 0.10 0.82 5.94 15.05 2.21

2.2. Settlements Predicting Models. In this study, predicting
settlement for pile-raft foundations’ models under static and
dynamic loads using heuristic methods is developed. Five
input parameters (N, d, s/d, l/d, and p) are used. A brief
description of each model is presented in the following
subsections.

2.2.1. Multivariate Adaptive Regression Spline. The Multi-
variate adaptive regression spline (MARS) is a nonlinear
nonparametric regression approach introduced by Friedman
[21] and Friedman and Roosen [22]. The MARS is utilized
to predict piles drivability [23], but its application to predict
piles settlement is still limited. the MARS constructs a
simulation nonlinear relationship between the dependent
and independent regression variables using piecewise linear
splines [10]. The basis functions (BFs) are used to design
the MARS models [23]. The BFs are defined in pair forms
based on a knot to define an inflection region. This method
involves forward and backward phases. In the forward phase,
candidate knots are placed at random positions, within the
range of each predictor variable, to define pairs of BFs. The
knots and their corresponding pair of BFs are adapted, in each
step, to minimize the sum-of-squares of the residual errors.
This process of adding BFs continues until the maximum
number is reached. In the backward phase, redundant BFs
that made the least contributions are deleted. An openMARS
source code [24] is adopted and used to perform the analysis
presented in this paper.

The MARS model for estimating pile-raft foundations’
settlement can be presented as follows:

𝑦 (𝑥) = 𝑏0 + 𝑚∑
𝑖=0

𝑏𝑖𝐵𝐹𝑖 (1)

where, 𝑦(𝑥) is the predicted settlement, b is unknown
coefficients which can be estimated by the least square
method, andm is theBF numbers in the final model that is
estimated in a forward and backward stepwise process.BF
is the basis function which is defined based on knot (t)
from piecewise linear basis functions which follow the form
max(0, 𝑥− 𝑡) [23].Themodel performance is improved using
the backward process with the less computationally expensive
method of Generalized Cross-Validation (GCV):

𝐺𝐶𝑉 = (1/𝑁)∑𝑁𝑖=1 𝑒𝑖2(1 − (𝑚 + 𝑑 ∗ (𝑚 − 1) /2) /𝑁)2 (2)

where d is a penalty for each BF included in the developed
submodel,N is the number of training data, and e is themodel
error.The numerator represents the mean square error of the
model in the training phase, penalized by the denominator
which accounts for the variance increase if model complexity
increases.TheGCVpenalizes both the number of BFs and the
number of knots. More details for this method can be found
in [10, 23].

2.2.2.M5Model Tree. Quinlan [25] introduced theM5model
tree (M5Tree) and it was then improved byWang andWitten
[26], who found that it is more accurate than regression trees
to model a nonlinear approaches [25]. Many engineering
applications used the M5Tree method to design prediction
models [11, 27, 28]. This study introduces the modeling for
the settlement usingM5Tree. In general, theM5Tree depends
on a regression function at terminal nodes. The model
constructs a regression tree recursively by the instance space;
the splitting criterion is used to minimize the intrasubset
variability in the values down from the root through the
branch to the nodes. Moreover, the splitting was utilized to
design the decision tree (Figure 3). Variability is measured
using the standard deviation of the values that reach that
node from the root through the branch with calculating the
expected reduction in error as a result of testing each attribute
at that node. The attribute minimizing the expected error is
chosen. The splitting stops if the values of all instances that
reach a node vary slightly or only a few instances remain.The
standard deviation reduction (SDR) is calculated as follows:

SDR = sd (T) − ∑(Ti
|T| ) ∗ sd (Ti) (3)

where T is the set of examples that reach the node, Ti is the
sets that resulted from splitting the chosen attribute, and sd
is the standard deviation. Details of the method and model
design can be found in [10, 20].

2.2.3. Generalized Regression Neural Networks. Nonlinear
prediction models using family of radial basis function
neural networks (RBFNN) are used successfully in many
engineering applications [9, 29]. Generalized regression neu-
ral network (GRNN) is a paradigm of RBFNN and shares
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Figure 3: M5Tree, splitting the input space into subspaces and the resultant diagram [20].

a special property; while that does not need iterative training,
the weight vector between the RBF and the output can be
fixed as the target vector [29]. Kisi [9] stated that the dif-
ference between GRNN and RBF is in the weight parameter
generation. Therefore, the processing time of the GRNN
model is shorter than that of the RBF model when large
data are utilized. In this study, the GRNN model is used to
estimate the settlement of pile-raft foundations; this method
is proposed in [29]. The neural network model consists of
three layers, input, hidden, and output.Neurons in the hidden
layer are used to hold the input vector, and theweight between
newly hidden and output layers is assigned the target value
[9, 29, 30].The prediction output can be expressed as follows:

𝑦 (𝑥) = ∑𝑁𝑖=1 ℎ𝑖𝑤𝑖𝑥∑𝑁𝑖=1 ℎ𝑖 (4)

where h is the output of the hidden neurons (ℎ𝑖 =
exp[−𝐷2𝑖 /2𝜎2];𝐷2𝑖 = (𝑥−𝑢𝑖)𝑇(𝑥−𝑢𝑖), whereD is the distance
between input (𝑥) and training (𝑢) vectors and 𝜎 is a constant
controlling the size of the perceptive region) and 𝑤 is the
weight corresponding to input vector (𝑥) and hidden output
(𝑖). The misclassified pattern with minimum activation at the
output neuron is applied based on Hoya and Chambers [29]
theory to remove the prediction outliers results.

2.2.4. Support Vector Regression. The support vector regres-
sion (SVR) is introduced by Gunn [31] and proposed by
Suykens and Vandewalle [32] as tool for nonlinear modeling
of different behaviors of engineering application [11, 12, 33].
The SVR performance with small samples is more popular
than traditional statistical methods to model the nonlinear of
dynamic behavior [12].This study investigates the use of VSR
models for the settlement prediction of pile-raft foundations.
The SVR model maps input data into a higher dimensional
feature space via a nonlinear mapping, and then a linear
regression problem is obtained and solved in this space [33].
The SVR is described using 𝜀-insensitive loss function as
follows [31]:

𝐿𝜀 (𝑦) = {{{
0 𝑓𝑜𝑟 𝑦 (𝑥) − 𝑦 < 𝜀𝑦 (𝑥) − 𝑦 − 𝜀 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (5)

where 𝑦(𝑥) and 𝑦 are predicted and observed vectors and𝐿𝜀(𝑦) indicates that it does not penalize errors below 𝜀. The
nonlinear SVR solution is given by

max
𝛼,𝛼∗

𝑊(𝛼, 𝛼∗)
= max
𝛼,𝛼∗

𝑁∑
𝑖=1

𝛼∗𝑖 (𝑦𝑖 − 𝜀) − 𝛼𝑖 (𝑦𝑖 + 𝜀)
− 0.5 𝑁∑
𝑖=1

𝑁∑
𝑗=1

(𝛼∗𝑖 − 𝛼𝑖) (𝛼∗𝑗 − 𝛼𝑗)𝐾 (𝑥𝑖, 𝑥𝑗)
(6)

with constraints

0 ≤ 𝛼, 𝛼 ≤ 𝐶, 𝑖 = 1, 2, . . . 𝑁
𝑁∑
𝑖=1

𝛼∗𝑖 − 𝛼𝑖 (7)

where 𝐾 is a kernel function andC is a regularized constant
determining the tradeoff between the training error and
model fitness. Solving (6) with the constraints presented in
(7) to calculate the Lagrangemultiplier (𝛼) and the regression
function, we get the following:

𝑦 (𝑥) = 𝑁∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 )𝐾 (𝑥𝑖, 𝑥) + 𝑏 (8)

where b is a bias term. Based on the nature of quadratic pro-
gramming, only a number of coefficients among 𝛼𝑖 𝑎𝑛𝑑 𝛼∗𝑖
will be nonzero, and the data points associated with them
refer to support vector [33]. Many kernel functions can
be used in this case; the Gaussian kernel function is the
most popular function utilized to predict the nonlinear of
dynamic behavior [33]; in this study the linear, polynomial,
and Gaussian functions are evaluated.

2.2.5. Model Design and Performance Evaluation. Based on
Ghorbani and Niavol [5] results and the developed model,
the five parameters (N, d, s/d, l/d, and p) are used for the
settlement prediction of pile-raft foundations. One hundred
and forty-four data samples are utilized in this study. The
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Table 2: Statistical analysis of the training and testing data samples.

Training N d (m) s/d l/d P (kPa) S (cm)
Mean 16.48 0.40 5.00 23.03 74.86 6.65
Max 25.00 0.50 6.00 32.00 90.00 12.31
Min 9.00 0.30 4.00 16.00 60.00 2.83
sd 5.98 0.10 0.82 5.96 15.07 2.31
Testing N d (m) s/d l/d P (kPa) S (cm)
Mean 17.22 0.40 5.00 22.92 75.41 6.72
Max 25.00 0.50 6.00 32.00 90.00 11.35
Min 9.00 0.30 4.00 16.00 60.00 3.62
sd 8.11 0.10 0.82 5.94 15.20 1.91

data set is divided into training 75% (107 samples) and
testing 25% (37 samples) subsets. Table 2 shows the statistical
analysis for the training and testing subsets. It is clear that
the input data sets have the same statistical parameters
evaluation, approximately, while the settlement parameters
for the training and testing have some changes and this may
be caused by some extrapolation in the predicting values.

Figure 4 shows the four stages of the prediction process
for the four models. First, the input and output data are pre-
pared and processed by removing the outlier’s data; second,
the fourmodels parameters are developed using training data
set and evaluated using testing data set. In the third stage,
the four models results are compared to select the best model
that can be used to predict the settlement; then the selected
model results are comparedwith theGhorbani andNiavol [5]
results.

To evaluate the models, three statistical measures are
utilized: coefficient of determination (R2), route mean square
error (RMSE), and mean absolute error (MAE):

𝑅2 = 1 − ∑𝑁𝑖=1 (𝑦𝑖 − 𝑓𝑖)2∑𝑁𝑖=1 (𝑦𝑖 − 𝑦)2 (9)

𝑅𝑀𝑆𝐸 = √0.5 𝑁∑
𝑖=1

(𝑦𝑖 − 𝑓𝑖)2 (10)

𝑀𝐴𝐸 = 1𝑁
𝑁∑
𝑖=1

𝑦𝑖 − 𝑓𝑖 (11)

where 𝑦 and 𝑓 are the actual and predicted settlements
values, 𝑦 is the mean value for the actual values, and N is the
number of observations.

3. Results and Discussions

For the MARS model, the number of BFs should be selected
first. The mean square error (MSE) and GCM are calculated
to estimate the BFs numbers for the training data set.
Figure 5(a) shows theMSE andGCM for the 18 BFs. From this
figure, the 14BFs are selected to develop the settlementmodel,
where MSE and GCM almost converge and MSE changes
slightly. Moreover, Figure 5(b) presents the BFs coefficients’
values which can be used in (1) for settlement prediction
based on the BFs equations presented in Table 3. The values
of the model’s evaluation parameters R2, RMSE, and MAE
are 0.99, 0.18 cm, and 0.13 cm, respectively; these results
indicate that the designed model can be used to predict the
settlements.

To design the M5Tree model, the regression tree and
model tree, combined regression with linear regression func-
tion at the leaves, are utilized. In this study, the two models
of tree are examined. For the model tree, the number of
trees should be selected first to improve the nonlinearity
performance of the settlement prediction. Figure 6 shows the
MSE for the prediction model of training data with 200 trees.
It is seen that 24 trees are enough to estimate lowerMSE (1.38
cm) for the prediction model. The regression tree, as well, is
evaluated and it was found that the MSE for the prediction
model is 0.57 cm with 35 rules. From these results, it can
be observed that the regression tree is better to predict the
settlement. The designed regression tree model is presented
in Table 4; the R2, RMSE, and MAE for this model are
0.97, 0.41 cm, and 0.27 cm, respectively, during the training
stage. Thus, this model can be used to estimate settlement
values.

In the GRNN model design, the spread or 𝜎 value is an
important factor in the model design [9]. Figure 7 shows
the RMSE of different spread values selected for the training
data set. The lowest RMSE value resulted at a spread value
of 0.05 and, accordingly, this value is used to design the
GRNN model for settlement prediction. The performance
parameters of this model, R2, RMSE, and MAE, are 0.99,
4.67e-6 cm, and 2.89e-6 cm, respectively. Based on these
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Table 3: Basis functions and corresponding equations of MARS model for settlement.

BF Equation BF Equation
BF1 max(0, x4 − 24) BF8 BF3 ∗max(0, x4 − 24)
BF2 max(0, 24 − x4) BF9 BF3 ∗max(0, 24 − x4)
BF3 max(0, x5 − 60) BF10 BF2 ∗max(0, x3 − 4)
BF4 max(0, x3 − 5) BF11 BF3 ∗max(0, x2 − 0.3)
BF5 max(0, 5 − x3) BF12 max(0, 20 − x4)
BF6 max(0, x1 − 16) BF13 max(0, x4 − 20) ∗max(0, 16 − x1)
BF7 max(0, 16 − x1) BF14 BF3 ∗max(0, x1 − 16)
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Figure 5: BFs number and coefficient for the settlement prediction: (a) BFs numbers, (b) BFs coefficients.
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Figure 6: M5Tree model tree selection.

results, this model can be used to estimate the settlements of
the foundation with higher accuracy than other models.

Finally, the design of the SVR model for foundations
settlement prediction depends mainly on the 𝛼 vector and

kernel function, (8). In this study the linear, Gaussian, and
cubic poly kernels functions are assessed. The RMSE for the
Gaussian function is 0.09 cm,while the other functions errors
are high (RMSE=NAN value); however, the Gaussian kernel
function is used in this study. Figure 8 presents the 𝛼 vector
calculated for the Gaussian kernel function with the model
b value equal to −2.08e+6. The R2, RMSE, and MAE for the
training data set are 0.99, 0.09 cm, and 0.09 cm, respectively.
The results for training data show that this model is accurate
to detect the settlements of pile-raft foundations.

As per the results presented, the four designed models
outperformed the neural network and the genetic algorithm
for the Ghorbani and Niavol [5] study in the training stage.
The R2 values for the neural network and genetic algorithm
are reported as 0.96 and 0.97, respectively [5]. Therefore,
the testing stage is used to detect the behavior of the four
models with small number of data sets. Figure 9 presents
the relationship between the training and testing data for
the measured and predicted settlements. In addition, Table 5
presents the performance of four models in both sets.

The performance of the MARS model is almost constant
during both the training and testing stages. The slopes of
the linear regression for the training and testing cases are
found to be 0.99, and 0.94, respectively. In addition, the
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Table 4: Regression tree obtained fromM5Tree for settlement modeling.

if x4 <= 22
if x5 <= 75
if x3 <= 4.5
y = 7.85 (8)

else
if x1 <= 12.5
if x4 <= 18
y = 5.9533 (3)

else
y = 5.0467 (3)

else
if x4 <= 18
y = 7.2633 (6)

else
if x1 <= 20.5
if x3 <= 5.5
y = 6.06 (2)

else
y = 5.66 (2)

else
y = 6.625 (2)

else
if x3 <= 4.5
if x4 <= 18
y = 11.677 (5)

else
if x2 <= 0.4
y = 9.4867 (3)

else
y = 10.695 (2)

else
if x4 <= 18
if x1 <= 12.5
y = 8.8236 (2)

else
if x3 <= 5.5
y = 10.335 (4)
else
y = 9.53 (3)

else
if x2 <= 0.4
y = 7.6925 (4)

else
y = 8.69 (4)

else
if x5 <= 75
if x4 <= 28
if x3 <= 4.5
y = 5.6125 (4)

else
if x1 <= 12.5
if x3 <= 5.5
y = 3.965 (2)

else
y = 3.695 (2)

else
if x1 <= 20.5
if x3 <= 5.5
y = 4.585 (2)
else
y = 4.335 (2)

else
y = 5.16 (2)

else
if x1 <= 12.5
y = 3.148 (5)

else
if x3 <= 4.5
y = 4.39 (3)

else
if x1 <= 20.5
if x3 <= 5.5
y = 3.61 (2)

else
y = 3.39 (2)

else
y = 4.135 (2)

else
if x4 <= 28
if x3 <= 4.5
if x1 <= 20.5
y = 7.36 (3)

else
y = 8.245 (2)

else
if x1 <= 20.5
if x2 <= 0.4
y = 5.7625 (4)

else
y = 6.27 (2)

else
y = 6.94 (2)

else
if x3 <= 4.5
if x1 <= 20.5
y = 5.7367 (3)

else
y = 6.315 (2)

else
if x2 <= 0.4
y = 4.4675 (4)

else
y = 5.36 (4)
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R2, RMSE, and MAE are 0.01, 0.066 cm, and 0.062 cm,
respectively (Table 5). The worst prediction is reported with
the M5Tree model with the R2, RMSE, and MAE being
0.10, 0.268 cm, and 0.254 cm, respectively. The slopes of the
linear regression for the training and testing sets are found
to be 0.97 and 0.93, respectively. The GRNN model, on the
other hand, outperforms the M5Tree with small number of
data sets. The slopes of linear fitting of the measured and
predicted values for the training and testing phases are 1.0
and 0.95, respectively. In addition, the R2, RMSE, and MAE
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Figure 8: Lagrange multiplier vector for the SVR model.

are reported to be 0.03, 0.366 cm, and 0.316 cm, respectively.
The SVR model outperformed the above three models in the
training and testing data sets with The R2, RMSE, and MAE
values being 0.001, 0.052 cm, and 0.036 cm, respectively. Also,
the slopes of linear fitting for this model for the predicted and
d values in the training and testing phases are almost equal
(0.99). From these results, the maximum changes for the
RMSE and MAE are reported with the M5Tree and GRNN
models. Based on the presented discussion, it is noted that
the MARS and SVR models outperformed the M5Tree and
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Figure 9: Measured and predicted settlement for the (a) MARS, (b) M5Tree, (c) GRNN, and (d) SVR models.

GRNN models in the testing stage. Accordingly, the MARS
and SVRmodels are used to detect the settlements of the pile-
raft foundations under static and dynamic loads.

Finally, the results of the developed models are compared
with Ghorbani and Niavol [5] models. Ghorbani and Niavol
[5] used feed-forward back-propagation neural network and
genetic algorithm models to predict foundations settlement
and compared the results of both models. Their results
show that the R2 values for the neural network and genetic
algorithm are 0.97 and 0.973, respectively. In the current
study, the MARS and SVR models for testing data sets
outperformed the neural network and genetic algorithm
models. As such, the developed MARS and SVR models can
be used for foundations settlement prediction under static
and dynamic loads effects.

Figure 10 presents the MARS and VSR prediction values
and compared them with the extracted simulation settle-
ments values for the training and testing data sets. From this
figure, it can be seen that the correlation between measured
and predicted values is high. Finally, from Table 5, Figure 10,
Qin et al. [12] conclusions, and the above discussions, it can
be concluded that the SVR model is better for predicting
foundations settlements with low number of available data
set, while we recommend using the MARS model with high
number of data sets.

4. Conclusions

This study investigates the use of soft computing mod-
els based on heuristic regression methods to predict the
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Table 5: Statistical performance of the designed settlement prediction models.

Model Training Testing
R2 RMSE (cm) MAE (cm) R2 RMSE (cm) MAE (cm)

MARS 0.993 0.179 0.133 0.983 0.245 0.195
M5Tree 0.968 0.413 0.275 0.869 0.681 0.529
GRNN 0.999 4.67e-06 2.89e-06 0.962 0.366 0.316
SVR 0.995 0.096 0.095 0.994 0.148 0.131
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Figure 10: Measured and predicted values for the SVR and MARS models for the (a) training and (b) testing sets.

settlements of pile-raft foundations. Four models, namely,
MARS, M5Tree, GRNN, and SVR, are introduced, designed,
evaluated, and compared with Ghorbani and Niavol [5]
models. The settlements for a simulation model of different
pile-raft foundations under static and dynamic loads are used
in this study. Based on the obtained results, the following
conclusions are drawn.

The heuristic regression tools can be used effectively
for predicting the settlements of pile-raft foundations under
static and dynamic loads.The evaluation of the fourmodels in
the training stage shows that the GRNNmodel outperformed
the other models, with the M5Tree model performing the
worst. Comparing the results of the four models with previ-
ous study shows that the four models can be used to predict
the foundations settlement.

The results in the testing stage show a change in the
performance of the four designed models. The MARS and
SVRmodels performed better than the GRNNmodel. More-
over, the SVR model outperformed all the other models and
can be used to accurately predict foundations settlement.
The results, also, show that the SVR performance is high
when low numbers of data sets are used while it is recom-
mended to use the MARS model with higher number of data
sets.
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The damping is important for forward and inverse structural dynamic analysis, and damping identification has become a hot issue
in structural health monitoring recently. The dynamic responses of the structure can be measured in practice, and the structural
parameter usually can be identified by inverse response sensitivity analysis. To reduce the measurement noise effect and enhance
the effectiveness of the response sensitivitymethod, an enhanced sensitivity analysismethodwas proposed to identify the structural
damping based on the Principal Component Analysis (PCA) method.Themeasured acceleration responses were analyzed by PCA
method, and the updated analytical responses and the response sensitivities were projected into the subspace determined by the
first-order principal component.Theprojection equationswere adopted to identify the parameters of dampingmodel.Theproposed
damping identification method was numerically validated with a planar truss structure at first, and then the experimental study
was conducted with a steel planar frame structure. It shows that the proposed method is effective in identifying the parameters of
dampingmodel with better accuracy compared with the conventional acceleration response sensitivity method, and it is also robust
to the sensor placement and measurement noise.

1. Introduction

The damping ratio is a dimensionless measure and a measure
of describing how rapidly the oscillations of a structural
system decay from one bounce to the next, which is a signif-
icant factor when analyzing the structural dynamic behavior
dominated by energy dissipation [1]. Unlike the mass or
stiffness that can be measured or determined by static test,
the damping cannot be determined by measurement or static
test [2], but the damping characteristic is very important
in structural health monitoring. Accurate damping matrix
construction is a determining factor in analyzing structural
dynamic responses and predicting energy dissipation behav-
ior, which makes the damping estimation become a key
issue for the structural design, dynamic response analysis,
structural health monitoring, etc.

In order to construct accurate structural dampingmatrix,
damping identification has been studied by some researchers
for different systems, including rotor systems [3], mistuned
blisks [4] and monopile foundation [5]. For the structural
system, the damping identification method can be classified
into frequency domain method [6–8], time domain method
[9–11], and time-frequency domainmethod [12, 13].The half-
power bandwidth method [6, 7] in frequency domain is
usually adopted in the dynamic test, andWang [8] studied the
errors of calculating damping effect between the classical and
the third-order half-power method. Li and Law [9] proposed
a time domain damping ratio identification method based
on the acceleration response sensitivity, and the proposed
method is validated by numerical study and experimental
study [11]. The time domain response sensitivity method was
combined with iterative regularization method to identify
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damping ratios [10]. The wavelet analysis method [12, 13]
and Hilbert–Huang Transform method [14] have also been
adopted to identify the damping ratio.

Sensitivity analysis can be used to estimate the system
output variation due to a perturbation in the system param-
eters by means of partial derivatives [15, 16], and forward
sensitivity analysis has been used in many applications [17–
19]. Inverse sensitivity-based method with model updating
is usually based on a first-order Taylor series that min-
imizes an error function to assess the system parameter
perturbation, and time domain sensitivity method has been
adopted in structural parameter identification widely [20–
22].The time domain response sensitivitymethod has advan-
tages including no requirement of computing the higher
order system model parameters, obtaining the responses
easily, and providing more identification equations, which
makes it a good tool for damping identification. Time
domain response sensitivity method has also been studied
and gained significant attention in damping identification
[9–11].

The time domain response sensitivity method also has
the disadvantage of being sensitive to the measurement noise
[23, 24], and it is also important to enhance the response
sensitivity for the structural parameter identification [24–26].
The Principal Component Analysis (PCA) technique, also
known as Karhunen-Loeve transform or proper orthogonal
decomposition [27], decomposes data series through orthog-
onal linear transformation to get the principal components,
the first few of which contain more information of the
parameter variation and less random noise information. The
relationship between the system parameters and its output
has been broadly studied with a combination of sensitivity
analysis and Principal Component Analysis (PCA) [28, 29],
and it has been proved that PCA method can improve the
response sensitivity for structural damage identification [25,
26] with subspace projection method.

With the rapid development of measurement technique,
the time domain responses of the structure can be obtained,
and the acceleration responses of the structure can be mea-
sured easily.This paper will propose a damping identification
method based on the acceleration response measurement.
The inverse acceleration response sensitivity method for
damping ratio identification is revisited, and the model
updating method is also briefly reviewed in this paper at
first. The measured acceleration responses are decomposed
by PCA method, and time domain response sensitivity
equations of damping ratio identification are projected into
the finer subspace. With the iterative procedure of model
updating and subspace projection, the enhanced sensitivity
method is proposed to identify the parameters of damp-
ing model. The proposed method is described in detail,
and it is validated with simulation studies on a plane
truss structure, in which different sensor placements and
different measurement noise levels are studied. A seven-
storey steel frame was designed and manufactured in the
laboratory, and hammer test was performed. The proposed
acceleration response sensitivity enhancement method is
used to identify the damping ratio of the steel frame struc-
ture.

2. Methodology

2.1. Damping Identification Based on Acceleration Response
Sensitivity. The equation of motion of a damped linear
structure can be written as

Mẍ + Cẋ + Kx = LP (𝑡) (1)

whereM,C, andK are themass, damping, and stiffnessmatri-
ces of the structural system, respectively. P(𝑡) is the vector
of excitations on the structure and L is the mapping matrix
for the excitations. ẍ, ẋ, and x are vectors of the acceleration,
velocity, and displacement responses, respectively.

Performing differentiation to both sides of (1)with respect
to damping ratio 𝜁𝑗, which is the critical parameter in
structural damping model, we have

M 𝜕ẍ
𝜕𝜁𝑗

+ C 𝜕ẋ
𝜕𝜁𝑗

+ K 𝜕x
𝜕𝜁𝑗

= −𝜕C
𝜕𝜁𝑗

ẋ (2)

where 𝜁𝑗 is the 𝑗th damping ratio of the structural system,
and 𝜕ẍ/𝜕𝜁𝑗, 𝜕ẋ/𝜕𝜁𝑗, and 𝜕x/𝜕𝜁𝑗 are the acceleration, velocity,
and displacement sensitivity vectors, respectively, which can
be determined by Newmark-𝛽method solving (2).

The acceleration sensitivity vector corresponding to 𝑗th
damping ratio can be rewritten as S𝜁𝑗 . All the sensitivity
vectors are assembled as

S = [S𝜁1 ⋅ ⋅ ⋅ S𝜁𝑗 ⋅ ⋅ ⋅ S𝜁n] (3)

The identification equation for all the damping ratios of a
structure can be represented as

SΔ𝜁 + 𝑜 (Δ𝜁)2 = ẍ𝑐 − ẍ𝑚 (4)

The higher order term 𝑜(Δ𝜁)2 can be omitted in (4). With
an iterative method the damping ratio perturbations can be
determined from (4), and Tikhonov regularization is used
for optimizing the following objective function in the 𝑘th
iteration as

J (Δ𝜁𝑘, 𝜆𝑘𝜁) =
SΔ𝜁
𝑘 − (ẍ𝑐 − ẍ𝑚)


2
+ 𝜆𝑘𝜁

Δ𝜁
𝑘 (5)

where 𝜆𝑘𝜁 is the regularization parameter in the 𝑘th iteration
obtained with the L-curve method [30].

After Δ𝜁𝑘 is solved, the damping matrix is updated with

𝜁
𝑘 = 𝜁0 +

𝑘

∑
𝑖=1

Δ𝜁𝑖 (6)

where 𝜁0 is the assumed initial damping ratio vector.
Then after recalculating the structural responses and the

sensitivity matrix, the vector 𝜁𝑘+1 for the next identification
iteration is obtained until the given convergence criterion is
met:

𝜁
𝑘+1 − 𝜁𝑘𝜁
𝑘+1

< 𝑇𝑜𝑙 (7)

Tol values are selected to meet the challenge in convergence
of the identified results with measurement noise effect, and
then the final value of the damping ratio can be obtained.
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2.2. Acceleration Response Sensitivity Enhancement by PCA.
The initial structural damping ratio vector is assumed as
𝜁
0, and the initial analytical acceleration responses corre-
sponding to 𝜁0 in the initial stage can be determined from
(1) with the Newmark-𝛽method. The measured acceleration
responses can be obtained with the accelerometers in the
structure. Based on the initial analytical acceleration response
vectors ẍ0𝑐 andmeasured acceleration response vectors ẍ𝑚, the
identification equation for the first identification iteration can
be written as

S (𝜁0) Δ𝜁1 = ẍ0𝑐 − ẍ𝑚 (8)

The PCA is applied to the measured acceleration responses
ẍ𝑚, and the covariance matrix of ẍ𝑚 is cov(ẍ𝑚) =
𝐸((ẍ𝑚)(ẍ𝑚)

𝑇), when written in the form of spectral decom-
position as

cov (ẍ𝑚) =
𝑝

∑
𝑖=1

𝜆𝑚𝑖 U
𝑚
𝑖 (U
𝑚
𝑖 )
𝑇 (9)

where 𝜆𝑚𝑖 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) is the vector of eigenvalues of the
covariance matrix; U𝑚𝑖 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) is the corresponding
eigenvector matrix which defines an orthogonal subspace; p
is the number of measured acceleration responses here.

Theprincipal components ẍ𝑚,𝑖 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) ofmeasured
acceleration responses are then obtained as

ẍ𝑚,𝑖 = (U𝑚𝑖 )
𝑇 ẍ𝑚 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) (10)

The initial analytical responses can be projected into the
subspace constructed by the eigenvector matrix U𝑚𝑖 (𝑖 =
1, ⋅ ⋅ ⋅ , 𝑝) as

ẍ𝑐,𝑖 = (U𝑚𝑖 )
𝑇 ẍ0𝑐 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) (11)

The same projection can be conducted to the sensitivity
vectors, so the projection of (8) with the same subspace can
be written as

(U𝑚𝑖 )
𝑇 S (𝜁0) Δ𝜁1 = (U𝑚𝑖 )

𝑇 ẍ0𝑐 − ẍ𝑚 (𝑖 = 1, ⋅ ⋅ ⋅ , 𝑝) (12)

The orthogonal vectors U𝑚𝑖 insure each equation in (12) is
independent in the subspace.Thedimension of the projection
sensitivity matrix for each principle component is 𝑛𝑡 × 𝑛,
where 𝑛𝑡 is the length of the measured acceleration and 𝑛
is the number of the damping ratios. If there are 𝑟 principal
components selected for determining the damping ratios, the
projection sensitivity matrix dimension becomes (𝑟 × 𝑛𝑡) × 𝑛.

The principal components, which contain less measured
noise information and most of the structural damping per-
turbation information, will be selected, and the selection
of principal components will be discussed in next section.
Then the damping ratio perturbation Δ𝜁1 can be obtained by
Tikhonov regularization method as (5) with the projection
sensitivity equation in (12).

Similar to the conventional response sensitivity method
[9], the model updating procedure is conducted when each
damping ratio perturbation Δ𝜁𝑗 is determined in the 𝑗th

iterative step. After each iteration step, the damping ratio
is updated with (6), and the analytical acceleration and
sensitivitymatrix are updated.The procedure of the proposed
method for damping ratios identification is presented as the
following 5 steps.

Step 1. The measured acceleration responses are analyzed
with the PCA method, and the principal components, which
contain less measured noise information and more damping
ratio perturbation information, are selected.

Step 2. Based on the finite elementmodel and initial damping
ratio, the corresponding analytical acceleration responses
and sensitivity matrix are calculated with the Newmark-
𝛽 method, and then the identification equation in (12) is
determined based on (1)-(12).

Step 3. The identification equation is solved with Tikhonov
regularization method to obtain the damping ratio perturba-
tions.

Step 4. Thedamping ratio vector is updated, andwith the new
damping ratios, the damping matrix of the structural model
is updated and the analytical responses and corresponding
response sensitivity matrix are recalculated. The identifica-
tion equation in (12) is determined based on (1)-(12) with the
updated damping ratios.

Step 5. Step 3 to Step 4 are repeated, and the iterative process
will stop until the convergence criterion defined in (6) is
satisfied.

The flowchart of the proposed damping identification
method is shown in Figure 1.

3. Numerical Simulation Study

3.1. Numerical Simulation Case. A two-dimensional truss
structure as shown in Figure 2 serves for the numerical study.
This structure is modeled using 61 truss finite elements, and
each node consists of 2 Dof s including the translational
displacements in horizontal and vertical directions. This
structure is pin-supported at Node 1 and roller-supported at
Node 25, and the node number and element number are also
shown in Figure 2. Each vertical and horizontal member is of
1.0-meter length, and the cross-sectional area of all members
is 0.0016 m2. The Rayleigh damping model is adopted, which
has two damping ratios needed to be identified.

The mass density of material and the elastic modulus of
material are 7.8×103 kg/m3 and 2.06 GPa, respectively. The
system mass and stiffness matrices can be established based
on the geometry and material properties of the model. The
first eight natural frequencies of the structure are 1.5792 Hz,
5.2627 Hz, 7.0661 Hz, 12.6623 Hz, 18.4986 Hz, 21.2952 Hz,
29.0158 Hz, and 32.3490 Hz, respectively.

It assumes that the real damping ratio coefficients asso-
ciated with the first and second modes are 1% and 2% in the
Rayleigh damping model, respectively. The truss structure is
subjected to vertical and horizontal external dynamic forces
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Construct the analytical model, assume the
initial damping ratio and measure the response

of the structure

principal components and corresponding
orthogonal subspace

Compute the responses from Eq. (1) and
acceleration sensitivity from Eq.(2) , and then

project Eq. (4) into the subspace to get Eq. (12)

Is the pre-set convergence met?No

Let k=k+1,
and update C

END

with Eq. (5)

Yes

Decompose xm with PCA method; select

Identify the damping perturbation Δ
k

Figure 1: The flowchart of the proposed damping identification
method.

as shown in (13), and the dynamic forces are modeled as
follows to simulate excitations over a relatively wide range of
frequencies.

F1 = 65 sin (20𝜋𝑡) + 60 sin (30𝜋𝑡) + 55 sin (80𝜋𝑡)

F2 = 60 sin (30𝜋𝑡) + 60 sin (70𝜋𝑡) + 50 sin (80𝜋𝑡)
(13)

The accelerometers are set to collect acceleration responses of
the structure, and the duration of measurement is 1.0 second
with 1000 Hz sampling rate. The “measured responses” are
simulated by adding random components to the “measured
responses without noise effect” as

ẍ𝑚 = ẍ𝑚𝑟 + Ep𝜎 (ẍ𝑚𝑟)N𝑛𝑜𝑖𝑠𝑒 (14)

where ẍ𝑚𝑟 is the “measured response without noise effect”
which can be determined by Newmark-𝛽 method with the
real damping ratio in numerical simulation; Ep is the noise
level; 𝜎(ẍ𝑚𝑟) is the standard deviation of the “measured
response without noise effect”; and N𝑛𝑜𝑖𝑠𝑒 is a vector of
random values with zero mean and unit standard deviation.

It is impractical to measure the responses of all the
Dof s in a real structure, and the measurement location will
affect the identification result. This work will not discuss the
sensor placement effect, and six arbitrarily selected sets of the
sensors, which are shown in Table 1, are adopted to validate
that the proposed damping identificationmethod is robust to
sensor placement.

Table 1: Sensor placements.

No. of Sensor Sets Sensor Location
Sensor set 1 3x, 11x, 21x
Sensor set 2 3y, 11y, 21y
Sensor set 3 5x, 13x, 21x
Sensor set 4 5y, 13y, 21y
Sensor set 5 5x, 15x, 23x
Sensor set 6 5y, 15y, 23y

3.2. Damping Identification without Measurement Noise.
Both of the initial damping ratio coefficients are assumed
to be 3%. The structural responses are simulated with the
Newmark-𝛽method from the structurewith the real damping
ratios and initial damping ratios, in which the responses
with the real damping ratios are considered as “measured
responses without noise effect” and the responses with the
initial damping ratios are considered as “initial analytical
responses”. The measurement noise is not considered in this
case, so the “measured responses without noise effect” are
adopted to identify the damping ratio in this section to
validate the correctness of the proposed method.

The “measured responses without noise effect” from
different sensor placement are decomposed by PCAmethod,
and the corresponding “analytical responses” are projected
into the subspace constructed by the principal components
as (11). The damping ratios are identified with single princi-
pal component based on the “measured responses without
noise effect”, and the identified results from the proposed
method with different sensor placements are listed in Table 2.
It shows that the identified results match the real value
perfectly indicating the correctness and good accuracy of the
proposed method in damping identification, and it can be
concluded that without considering the measurement noise
the satisfactory identification results can be achieved based
on every single component.

The PCA decompose time domain data series into prin-
cipal components via orthogonal linear transformation, and
the components corresponding to larger eigenvalues usually
contain more information of the original data series. In order
to study the perturbation information of damping ratio in the
principal components of the measured responses, a ratio Δ 𝑗
is defined in (15) to present the relative perturbation informa-
tion of damping ratio in different principal components.

Δ 𝑗 =
C𝑗,𝑚𝑟 − C𝑗,𝑐

ẍ𝑚𝑟 − ẍ0𝑐


(15)

where ‖C𝑗,𝑚𝑟−C𝑗,𝑐‖ is the norm of the difference between the
jth principal component of the “measured responses without
noise effect” and the corresponding projected component of
“initial analytical responses”, and ‖ẍ𝑚𝑟−ẍ0𝑐‖ is the normof the
difference between the “measured responses without noise
effect” and “initial analytical responses”.

All the ratios with different sensor placements are shown
in Table 3.The ratios of the lower order principal component
are usually larger than that of higher order principal compo-
nents. It indicates that the lower order principal component
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Figure 2: The plane truss structure.

Table 2: Identification results from single principal component without measurement noise effect.

Damping ratio Sensor set 1 Sensor set 2 Sensor set 3
1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd

𝜁1 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
𝜁2 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02

Damping ratio Sensor set 4 Sensor set 5 Sensor set 6
1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd

𝜁1 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
𝜁2 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02

Table 3: The ratio Δ for different principal components without measurement noise.

Δ Sensor set 1 Sensor set 2 Sensor set 3 Sensor set 4 Sensor set 5 Sensor set 6
Δ 1 0.9774 0.7769 0.9194 0.9991 0.9763 0.7964
Δ 2 0.4764 0.8528 0.3361 0.4781 0.6614 0.8612
Δ 3 0.2699 0.5147 0.4898 0.1295 0.7052 0.4523

contains more perturbation information of damping ratios,
which makes the lower order principal component better for
damping ratio identification than higher order components.

3.3. Principal Components Selection for Damping Identifica-
tion with Measurement Noise. In practice the measurement
noise cannot be avoided, so the measurement noise effect
should be considered in damping identification. All the
principal components of the “measured responses without
noise effect” can be used to identify the damping ratio with
perfect accuracy, but the principal component will be affected
by the measurement noise. In this section, the measurement
noise information distribution in the principal component
will be discussed, and the principal component selection
criterion will be given.

Both of the initial damping ratio coefficients are also
assumed to be 3% in this section.The structural responses are
simulated with the Newmark-𝛽 method from the structure
with the real damping ratios and initial damping ratios, in
which random noise is added to the responses with the real
damping ratios being considered as “measured responses”.
In this section 10% measurement noise is considered in
damping ratio identification and the measurement noise

information distribution in different principal components is
discussed.

The “measured responses” from different sensor place-
ment are decomposed by PCA method, and the correspond-
ing “measured responses without noise effect” are projected
into the subspace constructed by the principal components
as (11). In order to study the measurement noise information
in the principal components of the measured responses, a
ratio 𝛿𝑗 is defined in (16) to present the measurement noise
information distribution in different principal components.

𝛿𝑗 =
C𝑗,𝑚 − C𝑗,𝑚𝑟

C𝑗,𝑚𝑟


(16)

where ‖C𝑗,𝑚−C𝑗,𝑚𝑟‖ is the norm of the difference between the
jth principal component of the “measured responses” and the
corresponding projected component of “measured responses
without noise effect”.

Ten different measurement noise series are added to the
“measured responses without noise effect” to simulate the
“measured responses” as in (14), and the ratio defined in (16)
is calculated. The values of 𝛿𝑗 with different measurement
noise series are shown in Figure 3; it seems that the noise
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Figure 3: 𝛿 value with different sensor placement. (a) Sensor set 1. (b) Sensor set 2. (c) Sensor set 3. (d) Sensor set 4. (e) Sensor set 5. (f)
Sensor set 6.

information distribution in every principal component is
stable for all the sensor placements, in which the first
principal component always contains least noise information.
Themean values 𝛿𝑗 for different sensor placements are shown
in Table 4, and it can be seen that the lower order principal
components are noted to be less affected by measurement
noise.

In the last section, it has been proved that the lower order
principal components of the “measured responses without
noise effect” also usually contain more perturbation infor-
mation of damping ratios. The “measured responses without
noise effect” in (15) are replaced by “measured responses”,
and the values of Δ 𝑗with different measurement noise series
are shown in Figure 4. It can be seen that the perturbation
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Table 4: The mean values of 𝛿 with 10% measurement noise.

𝛿 Sensor set 1 Sensor set 2 Sensor set 1 Sensor set 4 Sensor set 5 Sensor set 6
𝛿1 1.03% 1.46% 1.79% 0.51% 5.05% 1.41%
𝛿2 20.12% 15.11% 36.04% 20.22% 14.92% 15.31%
𝛿3 10.35% 18.98% 9.6% 6.67% 25.28% 16.80%
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Figure 4: Δ value with different sensor placement. (a) Sensor set 1. (b) Sensor set 2. (c) Sensor set 3. (d) Sensor set 4. (e) Sensor set 5. (f)
Sensor set 6.
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Table 5: The mean values of Δ with 10% measurement noise.

Δ Sensor set 1 Sensor set 2 Sensor set 3 Sensor set 4 Sensor set 5 Sensor set 6
Δ1 0.9775 0.7779 0.9198 0.9991 0.9765 0.7975
Δ2 0.4760 0.8480 0.3443 0.4781 0.6554 0.8568
Δ3 0.2703 0.5210 0.4832 0.1293 0.7103 0.4585

Table 6: Identification results with proposed method.

Damping
ratio

Sensor set 1 Sensor set 2 Sensor set 3

Mean value Coefficient of
variation Mean value Coefficient of

variation Mean value Coefficient of
variation

𝜁1 0.0100 0.0476 0.0099 0.2411 0.0102 0.0907
𝜁2 0.0200 0.0071 0.0200 0.0305 0.0200 0.0134

Damping
ratio

Sensor set 4 Sensor set 5 Sensor set 6

Mean value Coefficient of
variation Mean value Coefficient of

variation Mean value Coefficient of
variation

𝜁1 0.0098 0.0921 0.0111 0.1869 0.0099 0.2765
𝜁2 0.0200 0.0114 0.0203 0.0287 0.0200 0.0349

Table 7: Identification results with conventional method.

Damping
ratio

Sensor set 1 Sensor set 2 Sensor set 3

Mean value Coefficient of
variation Mean value Coefficient of

variation Mean value Coefficient of
variation

𝜁1 0.0127 0.2172 0.0090 0.2416 0.0124 0.1893
𝜁2 0.0208 0.0387 0.0197 0.0329 0.0207 0.0330

Damping
ratio

Sensor set 4 Sensor set 5 Sensor set 6

Mean value Coefficient of
variation Mean value Coefficient of

variation Mean value Coefficient of
variation

𝜁1 0.0098 0.4422 0.0122 0.2041 0.0091 0.2913
𝜁2 0.0199 0.0567 0.0206 0.0328 0.0197 0.0378

information of damping ratio in every principal component is
stable for all the sensor placements with measurement noise,
and the damping perturbation information distribution is
similar to that without measurement noise. The mean values
Δ𝑗 for different sensor placements are shown in Table 5, and
they are close to the ratio Δ 𝑗 of the “measured responses
without noise effect”.

Based on the above discussions the lower principal com-
ponents contain more perturbation information of damp-
ing ratios and less measurement noise information, so the
identification equation based on the lower order principal
component will give more accurate identification result
considering the measurement noise.The first-order principal
component is adopted to identify the damping ratios, and ten
different measurement noise series are considered for each
sensor placement. The ten identification results are shown
in Figure 5 with the proposed method and conventional
sensitivity method, and it can be seen that the proposed
method can give more accurate and stable identification
result than the conventional method.

The mean values and coefficients of variation of the
identification results with the proposed method are shown
in Table 6, and those of the identification results with the

conventional response sensitivity are shown in Table 7. Com-
paring the mean values in Table 6 with those in Table 7,
the mean values of the identification results from proposed
method are closer to the true value, so it can be concluded that
the proposed method can give more accurate identification
results.

Comparing the coefficients of variation in Table 6 with
those in Table 7, the coefficients of variation, which can
represent the standardized measure of dispersion, for identi-
fication results from the proposed method are much smaller
than those in Table 7, so it shows that the proposed method
can give more stable identification results.

3.4. Damping Identification with Different Measurement Noise
Level. In this section 20% and 30% measurement noise
levels are considered to investigate the performance of the
proposedmethod under higher levelmeasurement noise, and
the identification results are compared with the conventional
response sensitivity method.The evolution of damping ratios
in these two noise level scenarios with different sensor place-
ments is shown in Figure 6, and the finial identified results
are shown in Table 8. The identification results in Figure 6
and Table 8 with 20% and 30% noise levels indicate that the
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Figure 5: Identification results with different sensor placement with 10% measurement noise. (a) Sensor set 1. (b) Sensor set 2. (c) Sensor set
3. (d) Sensor set 4. (e) Sensor set 5. (f) Sensor set 6.

sensor placement effect is not significant for the proposed
method, but for the conventional method the difference of
the identification results between different sensor placements
is much larger.

The damping ratio identification results show that the
proposedmethod can identify the damping ratio with accept-
able accuracy even under 30% measurement noise, and the
difference of identification results between different noise
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Figure 6: Continued.
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Figure 6: Evolution of identification frommeasured responses with different noise level. (a) Sensor set 1 with 20% noise. (b) Sensor set 1 with
30% noise. (c) Sensor set 2 with 20% noise. (d) Sensor set 2 with 30% noise. (e) Sensor set 3 with 20% noise. (f) Sensor set 3 with 30% noise.
(g) Sensor set 4 with 20% noise. (h) Sensor set 4 with 30% noise. (i) Sensor set 5 with 20% noise. (j) Sensor set 5 with 30% noise. (k) Sensor
set 6 with 20% noise. (l) Sensor set 6 with 30% noise.
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Table 8: Identification results with 20% and 30% measurement noise.

Noise level Damping ratio Sensor set 1 Sensor set 2
Proposed method Conventional method Proposed method Conventional method

20% 𝜁1 0.0099 0.0099 0.0099 0.0155
𝜁2 0.0199 0.0199 0.0200 0.0214

30% 𝜁1 0.0099 0.0079 0.0099 0.0180
𝜁2 0.0199 0.0195 0.0200 0.0220

Noise level Damping ratio Sensor set 3 Sensor set 4
Proposed method Conventional method Proposed method Conventional method

20% 𝜁1 0.0104 0.0082 0.0101 0.0115
𝜁2 0.0201 0.0195 0.0202 0.0205

30% 𝜁1 0.0107 0.0073 0.0103 0.0122
𝜁2 0.0202 0.0192 0.0200 0.0208

Noise level Damping ratio Sensor set 5 Sensor set 6
Proposed method Conventional method Proposed method Conventional method

20% 𝜁1 0.0114 0.0089 0.0096 0.0112
𝜁2 0.0202 0.0195 0.0199 0.0204

30% 𝜁1 0.0124 0.0083 0.0098 0.0119
𝜁2 0.2040 0.0192 0.0200 0.0207

Table 9: Weights of mass blocks.

Storey Node number Weight (kg) Node number Weight (kg)
1 5 3.986 8 3.907
2 13 3.967 16 3.946
3 21 3.934 24 3.944
4 29 3.966 32 3.937
5 37 3.940 40 3.952
6 45 3.944 48 3.923
7 53 3.940 56 3.958

levels is very small, which means the proposed method is less
affected by measurement noise. With the increasing of the
measurement noise level, the results from the conventional
method become worse, and with 30%measurement noise the
identification error of the conventional method is too large to
be accepted.

4. Experimental Study

4.1. Experimental Model and Finite Element Modeling. A 7-
storey planar steel frame is adopted to verify the proposed
damping identification method in the laboratory, and more
details of the test can be found in the thesis of the second
author [26]. The configuration of the test model is shown
in Figure 7. The measured mass densities of the column and
beam materials are 7850kg/m3 and 7764kg/m3, respectively,
and the measured cross sections of the column and beam
elements are 50.06 mm × 5.10 mm and 49.88 mm × 8.06 mm,
respectively. Additional mass blocks have been placed on the
1/4 and 3/4 length along the beam members to simulate the
inertia of floor slab in practice, and theweights ofmass blocks
are listed in Table 9.

B&K 3023 accelerometers shown in Figure 8(a) and
B&K Nexus amplifiers shown in Figure 8(b) were adopted
to collect the acceleration responses. Impact test was per-
formed with SINOCERA LC-04A dynamic hammer shown
in Figure 8(c) to apply the impact excitation, and theNational
Instrument data acquisition board shown in Figure 8(d) was
adopted to record data for the test.

To reduce the discrepancy between the analytical model
and the experimental model, the initial finite element model
is updated before the damping ratios identification. The
baseline finite element model of the test structure is obtained
from model updating with the modal sensitivity approach.
Young’s modulus for each element and the stiffness values
for two restraints at the supports are updated, because the
dimensions and mass can be measured in situ. The detailed
procedure for the baseline model updating can be found in
[26], in which the accuracy of the baseline finite element
model is verified by the minimized errors in the Modal
Assurance Criteria (MAC) values before and after updating.

4.2. Damping Identification of the ExperimentalModel. Based
on the Rayleigh damping model assumption, the proposed
method is adopted to identify the first two damping ratios
of the test model. The measured acceleration responses of
the test model under hammer impact force are adopted,
and the hammer impact location andmeasurement locations
are shown in Table 10. Both of the initial damping ratios
for the first and second modes are set as 0.5%, and the
analytical responses calculated by the assumed damping
ratios and baseline finite element model are compared with
themeasured responses shown in Figures 9(a), 9(c), and 9(e).

Because the true values of the damping ratios of the test
model are unknown, the relative errors between the mea-
sured responses and analytical responses with the identified
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Figure 7: Test model and finite element model. (a) The test model in laboratory. (b) The dimensions of the test model. (c) The element and
node numbering system of the finite element model.
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(c) (d)
Figure 8: Instruments adopted in the test. (a) B&K 3023 accelerometer. (b) B&KNexus amplifier. (c) Hammer. (d) NI data acquisition board.
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Figure 9: Comparison between the measured responses and the analytical responses. (a) Measured responses and analytical responses with
the initial damping ratios at 43x. (b) Measured responses and analytical responses with the identified damping ratios at 43x. (c) Measured
responses and analytical responses with the initial damping ratios at 29x. (d) Measured responses and analytical responses with the identified
damping ratios at 29x. (e) Measured responses and analytical responses with the initial damping ratios at 15x. (f) Measured responses and
analytical responses with the initial damping ratios at 15x.

Table 10: Location of impact load and accelerometer.

Type of Sensor Location (Node) Location (DOF)
Impact Load 50x 148

Accelerometer
43x 127
29x 85
15x 43

damping ratios are selected to represent the identification
error. The damping ratios are identified as 𝜁1 = 0.00173 and

𝜁2 = 0.00097 with the proposed method, and the analytical
responses calculated by the identified damping ratios and
baseline finite element model are compared with the mea-
sured responses in Figures 9(b), 9(d), and 9(f).

The relative errors between the initial analytical responses
and measured responses are shown in Table 11, and the cor-
responding relative errors between the analytical responses
with the identified damping ratios and measured responses
are also shown in Table 11. It shows that with the identified
damping ratios the analytical responses match the measured
responses very well and using the identified damping ratios
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Table 11: The relative errors in the measured and analytical
responses.

Sensor location
(Node)

Error with assumed
damping ratios

Error with identified
damping ratios

43x 42.16% 4.94%
29x 43.32% 5.76%
15x 51.06% 5.53%

from the proposed approach to calculate the analytical
response can give a smaller relative error in the dynamic
response prediction compared with the experimental mea-
sured response.

5. Conclusions and Discussions

A damping identification method is proposed based on
the combination of response sensitivity analysis and PCA
method, in which the response sensitivity equation is pro-
jected into the subspace constructed by the first principal
component of the measured responses. The first principal
component of the measured responses contains more damp-
ing ratio variation information and less noise information,
so the measurement noise effect is reduced significantly
and the sensitivity of the measured response is enhanced
simultaneously by the projection. This proposed method is
validated in numerical studies with a planar truss structure
with up to 30% measurement noise, and the enhanced sensi-
tivity method performs better compared to the conventional
sensitivity-based method for damping ratio identification.
With a steel place frame, the proposed method is also vali-
dated experimentally, and the identification results also pro-
vide experimental evidences to support conclusions drawn
above.

It should be noted that the Rayleigh damping model is
adopted in this paper, and the damping ratios in Rayleigh
dampingmodel are identified based on the proposedmethod.
A generalized projection method was proposed, so we can
use similar procedure to identify the damping parameters
in other types of damping model. It should also be noted
that the identification results of the proposed method have
some variations with different sensor placements under high
level measurement noise, so the sensor placement effect and
improved damping identification method should be studied
later.
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Complex, high-rate dynamic structures, such as hypersonic air vehicles, space structures, and weapon systems, require structural
health monitoring (SHM) methods that can detect and characterize damage or a change in the system’s configuration on the
order of microseconds. While high-rate SHM methods are an area of current research, there are no benchmark experiments
for validating these algorithms. This paper outlines the design of an experimental test bed with user-selectable parameters that
can change rapidly during the system’s response to external forces. The test bed consists of a cantilever beam with electronically
detachable added masses and roller constrains that move along the beam. Both controllable system changes can simulate system
damage. Experimental results from the test bed are shown in both fixed and changing configurations. A sliding mode observer
with a recursive least squares parameter estimator is demonstrated that can track the system’s states and changes in its first natural
frequency.

1. Introduction

Researchers have studied a variety of techniques and appli-
cations for structural health monitoring (SHM) [1–4]. Much
of this interest has focused on civil structures with low
frequency dynamics and use SHMtechniques that collect and
process data on the order of several seconds or longer. Many
of these classic methods are too slow to accommodate the
need for real-time SHM in the growing number of advanced
structures in high-rate, dynamically harsh environments,
such as hypervelocity air vehicles, space structures, high-
speed turbomachinery, andweapon systems.These structures
can experience high-speed impacts (>4 km/s) that result in
damage propagating through the structures in microseconds
[5, 6]. These high-rate dynamic systems present a number
of challenges to contemporary SHM and damage prognosis
algorithms including the need for rapid damage detection,
robustness to sensor noise, uncertainties in external forces,

unknown changes in system parameters, and unmodeled
dynamics [7, 8].

A number of authors have begun to study the problem
of damage detection for high-rate, time-varying systems.
Dodson et al. studied SHM at the microsecond timescales
using strain energy and wave propagation methods [9].
Kettle, Anton, and collaborators have studied extending
electromechanical impedance techniques to the megahertz
frequency range for use in real-time damage detection
[10–12]. Hong et al. utilized a data-driven, variable input
space observer for damage detection [8, 13]. Dodson et
al. previously studied recursive least squares and extended
Kalman filter methods for estimating model parameters in
simulations of time-varying systems [14, 15]. These works
show promise for developing techniques for damage detec-
tion in high-rate systems, but sufficient data pertaining
to these rapidly changing systems is limited. Such data is
needed for developing high-rate SHMtechniques and gaining
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insight into detecting structural damage. While researchers
have developed benchmark experiments for assessing SHM
algorithms in civil structures [16], few have developed test
beds with fundamental natural frequencies above tens of
hertz and fast changing parameters that can change during
the system response.

To address the absence of such data, Abramczyk et
al. began developing a test bed with time-varying, user-
controllable parameters for developing real-time SHM algo-
rithms [17]. A summary of this test bed was previously
presented by Joyce et al. [18]. Their setup, known as the
DROPBEAR (Dynamic Reproduction of Projectiles in Bal-
listic Environments for Advanced Research), is a cantilever
beam featuring two time-varying, user-controllable parame-
ters: the attachment of an electromagnet and the position of
roller constrains. Powering off the magnet detaches the mass
and simulates a sudden damage or detachment of a system
component. A linear actuator moves the rollers and varies the
location of the external constraint. Varying either parameter
can simulate damage by producing a repeatable, controllable
change in the system dynamics. Similar simulated damage
strategies can be found elsewhere in the literature, such as
attaching masses [19, 20], loosing bolts [21, 22], or remov-
ing structural components [16, 23]. Rather than changing
configurations between tests, the DROPBEAR’s simulated
damage can be induced during the system’s response as would
occur for real damage in high-rate dynamic systems. For
repeatability, these temporary changes are preferred over
inducing a crack or other permanent defect in the beam.
Data sets from the DROPBEAR under known parameter
changes can be used to assess the accuracies and speeds of
different damage detection or parameter estimation schemes.
This allows the DROPBEAR to be an experimental test bed
for developing and evaluating methods of real-time damage
detection and prognosis.

This paper focuses onmodeling the experimental test bed
started byAbramczyk et al. [17, 18] in different parameter con-
figurations and developing a sliding mode observer (SMO)
to demonstrate a model-based state estimator for tracking
system changes. SMOs have been successfully implemented
for disturbance rejection, disturbance estimation, and struc-
tural health monitoring [24, 25]. SMOs offer robustness
to uncertain and unmodeled dynamics which make them
attractive for implementation in more complex and difficult
to model systems. The results from the SMO are combined
with a recursive least squares (RLS) algorithm to estimate
the beam’s time-varying first natural frequency during the
simulated damage. This natural frequency estimation serves
as an indicator and measure of the simulated system damage.

The next section provides details of the DROPBEAR
setup. An initial analytical model of the system in fixed
configurations is derived, discretized using a finite element
method, and reduced to a lower order system model for
implementation. Next, a SMO is examined to estimate time-
varying parameters in the initial model and estimate damage.
Modal hammer data from the systemwith different tipmasses
and roller positions are compared against predictions from
the finite element model. Finally, the SMO is applied to data
captured either while the tip mass detaches or while the

rollers move along the beam to demonstrate the ability to
detect and track simulated damage to this system.

2. Experimental Setup

Figure 1 shows the layout of the DROPBEAR experiment.The
test bed features a large, rectangular aluminum plate fastened
to a tabletop to secure a clamp housing and a clamped steel
beam. The steel beam is 51mm (2 in) wide with a free length
of 503mm (19.82 in) and a thickness of 6.3mm (0.25 in). A
PCB 353B17 accelerometer was attached to the beam near the
tip. The mass of the beam involved in bending is 1.29 kg. A
PCB 086C01 modal hammer was used to excite the beam
at different locations along the beam. The accelerometer
and modal hammer were connected to a NI-9234 IEPE
analog input module seated in a National Instruments (NI)
cDAQ-9172 eight-slot chassis. The chassis was connected to a
computer with NI LabVIEW to acquire the measured signals,
and the collected data was postprocessed in MATLAB to
generate frequency response functions (FRFs).

The DROPBEAR has two mechanical parameters that
the operator can change during the system response. A
detachable electromagnet adds additionalmass to any desired
location along the beam’s length. The electromagnets can
be disengaged quickly to simulate a sudden detachment of
a system component. Additional mass plates can be bolted
to the electromagnet to increase the total added mass. The
DROPBEAR also features a sliding cart with rollers on
a linear actuator that creates a moveable constraint along
the span of the beam. The electromagnet’s attachment and
the rollers’ position can be used as fixed parameters or as
variable parameters to simulate damage at any time during
testing. The versatility of both components coupled together
provides an array of repeatable, fixed, or variable testing
configurations. The results in this paper are for the beam in
clamped-free (cantilever) boundary conditions, but the setup
allows for clamping both ends of the beam to increase the
natural frequencies of the system.

3. Analytical and Numerical Models

A finite element model (FEM) is developed for the can-
tilevered beam with different tip masses and a midspan
pinned constraint. Because of the large number of elements
used in this initial model, a model reduction scheme is
adopted to approximate the system’s dynamics with a single
mode. While this reduced order model will not capture
the full transient response of the beam, this model is com-
putationally more efficient to implement in the SMO and
captures the necessary dynamics for damage detection as
demonstrated later.

3.1. Initial Analytical and Finite Element Models. The trans-
verse displacement of a point along the beam, 𝑤(𝑥, 𝑡), at
location𝑥 from the base of the beam and at time 𝑡 is described
by the Euler-Bernoulli equation [26, 27]

𝜌𝐴 (𝑥) 𝜕2𝑤 (𝑥, 𝑡)𝜕𝑡2 + 𝐸𝐼𝜕4𝑤 (𝑥, 𝑡)𝜕𝑥4 = 𝑏 (𝑥) 𝑢 (𝑡) , (1)
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Figure 1: Configurations for the DROPBEAR test bed. Subfigures (a) and (b) show a photo and a schematic of the cantilever beam with
detaching electromagnet. Subfigures (c) and (d) show the same setup including the cart with rollers to create a moving pin condition along
the span of the beam.

where 𝜌𝐴(𝑥) is the beam’s mass per unit length, 𝐸𝐼 is the
beam’s bending stiffness, 𝑢(𝑡) is an externally applied force on
the beam, and 𝑏(𝑥) describes the distribution of the applied
force along the length of the beam.The steel beam is assumed
to have an elastic modulus of 200GPa and a density of
7800 kg⋅m−3 [28]. The boundary conditions at the clamped
end (𝑥 = 0) and the free end (𝑥 = 𝑙) are

𝑤 (0, 𝑡) = 0,
𝜕𝑤 (0, 𝑡)𝜕𝑥 = 0,
𝜕2𝑤 (𝑙, 𝑡)𝜕𝑥2 = 0,
𝜕3𝑤 (𝑙, 𝑡)𝜕𝑥3 = 0.

(2)

Because of the electromagnet’s size, the masses of the electro-
magnet and added plates at the tip of the beam are included
in the spatially varying mass per unit length 𝜌𝐴(𝑥), i.e.,

𝜌𝐴 (𝑥) = {{{{{
𝜌𝑏𝐴𝑏, for 𝑥 < 𝑙 − 𝐷𝑀
𝜌𝑏𝐴𝑏 + 𝑀𝐷𝑀 , for 𝑙 − 𝐷𝑀 ≤ 𝑥 ≤ 𝑙, (3)

where 𝑙 is the length of the beam, 𝜌𝑏𝐴𝑏 is the mass per unit
length of the beam only,𝑀 is the total amount of addedmass,
and 𝐷𝑀 is the diameter of the electromagnet (40mm). The
rollers impose a pin condition with an additional torsional

stiffness on the beam at a time-varying position 𝑎(𝑡). The
constrains from the rollers are represented as

𝑤 (𝑎 (𝑡) , 𝑡) = 0,
𝜕2𝑤 (𝑎 (𝑡) , 𝑡)𝜕𝑥2 = −𝑘𝜃 𝜕𝑤 (𝑎 (𝑡) , 𝑡)𝜕𝑥 , (4)

where 𝑘𝜃 is the rotational stiffness from the rollers.
A FEM of the beam with tip mass and variable roller

position was derived from the above equations and boundary
conditions using Hermite cubic interpolation polynomials.
For a derivation of a FEM of a beam without the rollers,
see, for example, Reddy 2005 [29] or Inman 2016 [30]. A
MATLAB script is written to compute the mass and stiffness
matrices, compute the natural frequencies and mode shapes,
and add a damping matrix to account for energy loss in the
system. For this application, a total of 400 elements are used.
This leads to a model of the form

𝑀q̈ (𝑡) + 𝑆q̇ (𝑡) + 𝐾q (𝑡) = Γ𝑢𝑢 (𝑡) , (5)

where q(𝑡) is a vector of the transverse displacements and
rotations of the finite element nodes, 𝑀 is the mass matrix,𝑆 is a proportional damping matrix, 𝐾 is the stiffness
matrix, and Γ𝑢 is the influence vector for the force 𝑢(𝑡). The
overdot denotes time differentiation. The vector q(𝑡) can be
decomposed into modal coordinates as

q (𝑡) = Φ𝜂 (𝑡) , (6)
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where 𝜂(𝑡) is the vector of modal coordinates and Φ is the
matrix of mass-normalized mode shapes. From this, the FEM
(see (5)) can be written as

�̈� (𝑡) + Λ 𝑆�̇� (𝑡) + Λ𝜂 (𝑡) = Φ𝑇Γ𝑢𝑢 (𝑡) , (7)

where the superscript 𝑇 denotes transposition, Λ = diag(𝜔2𝑟 )
is a diagonal matrix of the squares of the beam’s natural
frequencies 𝜔𝑟, Λ 𝑆 = diag(2𝜁𝑟𝜔𝑟) is a diagonal matrix of the
modal damping terms, and 𝜁𝑟 is the modal damping ratio for
mode 𝑟. The modal damping ratios are estimated from the
experimental FRFs. The solution in modal coordinates to (7)
can be transformed back to physical coordinates using (6).

3.2. Reduced Order Model. For ease of implementation in
the SMO discussed in the next section, a model reduction is
performed to retain a lower order model. While there are a
number ofmodel reduction techniques [31, 32], here amodal-
based approach is used to approximate the system dynamics
with only a few modal coordinates. Let the displacement
vector q(𝑡) be approximated as the response due only to the
first mode, i.e.,

q (𝑡) ≈ 𝜙1𝜂1 (𝑡) , (8)

where 𝜙1 is the first mode shape and 𝜂1(𝑡) is the modal coor-
dinate for the first mode. From this onemode approximation,
only the first modal equation in (7) is considered, i.e.,

̈𝜂1 (𝑡) + 2𝜁1𝜔1 ̇𝜂1 (𝑡) + 𝜔21𝜂1 (𝑡) = 𝜙𝑇1Γ𝑢𝑢 (𝑡) . (9)

Next define a state space vector x(𝑡) as the first modal
coordinate and its time derivative, i.e.,

x (𝑡) = [𝜂1 (𝑡)̇𝜂1 (𝑡)] . (10)

This leads to the state space equation of the form

ẋ (𝑡) = 𝐴x (𝑡) + B𝑢 (𝑡) , (11)

where the state matrix 𝐴 and the input vector B are defined
as

𝐴 = [ 0 1
−𝜔21 −2𝜁1𝜔1] ,

B = [ 0
𝜙𝑇1 Γ𝑢

] .
(12)

For the experiments to follow, the system output 𝑦(𝑡) is the
measured acceleration at the tip of the beam. This can be
written as

𝑦 (𝑡) = 𝜕2𝑤(𝑙, 𝑡)𝜕𝑡2 . (13)

In terms of the first modal coordinate, the output is approxi-
mately

𝑦 (𝑡) ≈ Γ𝑇𝑦𝜙1 ̈𝜂1, (14)

where the vectorΓ𝑦 is one at the element corresponding to the
translation degree of freedom at the beam tip and zero for all
other entries, i.e., Γ𝑦 = [0 0 0 ⋅ ⋅ ⋅ 0 1 0]𝑇. In state space
representation, the output is written as

𝑦 (𝑡) = 𝐶x (𝑡) + 𝐷𝑢 (𝑡) , (15)

where the output matrix 𝐶 and the direct feedthrough term𝐷 are defined as
𝐶 = Γ𝑇𝑦𝜙1 [−Λ −Λ 𝑆] ,
𝐷 = Γ𝑇𝑦𝜙1𝜙𝑇1 Γ𝑢.

(16)

4. Model-Based State and
Parameter Estimation

An SMO is derived utilizing the reduced order systemmodel.
The results from this observer are combined with an RLS
algorithm to estimate the natural frequency of the beam
during parameter changes.

4.1. State Observer with Uncertain Plant Dynamics. An SMO
is derived following work outlined by Shtessel et al. [24]. The
reduced order model derived previously (see (11) and (15))
is rewritten to include uncertain dynamics from a parameter
change as

ẋ (𝑡) = 𝐴x (𝑡) + B𝑢 (𝑡) +M𝜉 (𝑡, x (𝑡) , 𝑢 (𝑡)) ,
𝑦 = 𝐶x (𝑡) + 𝐷𝑢 (𝑡) , (17)

where the termM𝜉(𝑡, x(𝑡), 𝑢(𝑡)) represents the time-varying,
uncertain dynamics. Next, introduce the new coordinate
z(𝑡) = 𝑇x(𝑡) with

𝑇 = [𝑁𝑇𝐶𝐶 ] , (18)

where 𝑁𝐶 is a matrix whose columns span the null space of𝐶. In the new coordinates, the state space equations become

ż (𝑡) = 𝐴𝑧z (𝑡) + B𝑧𝑢 (𝑡) +M𝑧𝜉 (𝑡, 𝑇−1z (𝑡) , 𝑢) ,
𝑦 = 𝐶𝑧z (𝑡) + 𝐷𝑢 (𝑡) , (19)

with the transformed matrices 𝐴𝑧 = 𝑇𝐴𝑇−1, B𝑧 = 𝑇B, 𝐶𝑧 =𝐶𝑇−1, andM𝑧 = 𝑇M. These matrices can be partitioned as

z (𝑡) = [ 𝑧1 (𝑡)
𝑦 (𝑡) − 𝐷𝑢 (𝑡)] ,

𝐴 = [𝐴11 𝐴12𝐴21 𝐴22] ,

B𝑧 = [𝐵𝑧1𝐵𝑧2] ,
𝐶𝑧 = [0 1] ,
M𝑧 = [𝑀𝑧1𝑀𝑧2] .

(20)
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The new state vector z(𝑡) has two components: an unmea-
sured state 𝑧1(𝑡) and a state that is the measured tip accel-
eration 𝑦(𝑡) without the direct feedthrough term 𝐷𝑢(𝑡). The
SMO in the transformed coordinates has the structure

̇̂z (𝑡) = 𝐴𝑧ẑ (𝑡) + B𝑧𝑢 (𝑡) + G𝑧V (𝑡) ,
𝑦 (𝑡) = 𝐶𝑧ẑ (𝑡) + 𝐷𝑢 (𝑡) , (21)

where𝑦(𝑡) is the estimatedmeasurement, ẑ(𝑡) is the estimated
state vector, G𝑧 is a gain vector to be determined, and the
discontinuous injection term V(𝑡) is defined as

V (𝑡) = 𝜌 sgn (𝑦 − 𝑦) , (22)

where 𝜌 is a positive scalar to be determined and sgn is the
signum function. The gain G𝑧 has the structure

G𝑧 = [ 𝐿
−1] . (23)

As shown in Shtessel et al. [24], the estimated states of this
observer will converge to the true states if the gain 𝐿 is chosen
to stabilize the matrix 𝐴11 + 𝐿𝐴21 and 𝜌 is selected large
enough such that

𝜌 > 𝐴21𝑒1 + 𝐴22𝑒𝑦 + 𝑀𝑧2𝜉 + 𝜇, (24)

where 𝑒1 is a bound on the estimation error of the unmea-
sured state 𝑧1, 𝑒𝑦 is a bound on the output error, 𝜉 is a bound
on themodel uncertainty, and𝜇 is a positive scalar. Finally, for
application to the DROPBEAR system, the observer in (21) is
implemented in the state space coordinates x(𝑡) as

̇̂x (𝑡) = 𝐴x̂ (𝑡) + B𝑢 (𝑡) + GV (𝑡) ,
𝑦 (𝑡) = 𝐶x̂ (𝑡) + 𝐷𝑢 (𝑡) , (25)

where x̂(𝑡) = 𝑇−1ẑ and G = 𝑇−1G𝑧.
4.2. Natural Frequency Estimation from Least Squares Regres-
sion. The observer feedback term GV(𝑡) in the SMO can be
used to estimate damage or time-varying parameters. Let the
time-varying first natural frequency of the beam 𝜔1(𝑡) be
written as

(𝜔1 (𝑡))2 = 𝜔20 + 𝜃 (𝑡) , (26)

where 𝜔0 is the assumed first natural frequency in the model
and 𝜃(𝑡) is a time-varying parameter indicating the change in
natural frequency. 𝜃(𝑡) may be nonzero due to model error
and may change in time when damage occurs that alters the
first natural frequency. If there is a change in the natural
frequency and assuming that there is little change in damping
or force influence terms, then the systemmodel in (11) can be
written as

ẋ (𝑡) = 𝐴0x (𝑡) + B𝑢 (𝑡) + [ 0
−1] 𝜂1 (𝑡) 𝜃 (𝑡) , (27)

where 𝐴0 is the original state matrix in the model given by

𝐴0 = [ 0 1
−𝜔20 −2𝜁1𝜔0] . (28)

By comparing this to the uncertain system equations in (17),
after the estimated states converge to the true states, one can
equate the perturbation term in (17) to the equivalent form of
the feedback term in (27), i.e.,

G𝐹 [V (𝑡)] ≈ [ 0
−1]𝐹 [𝜂1 (𝑡)] 𝜃 (𝑡) , (29)

where 𝐹 denotes a low-pass filter applied to the signals to
smooth the discontinuities from the injection signal V(𝑡).This
leads to an RLS algorithm to estimate a value of 𝜃(𝑡) that best
minimizes the error to (29) [33]. The estimated parameter𝜃(𝑘) at discrete time 𝑡(𝑘) is written as

𝜃 (𝑘) = min
𝜃

( 𝑘∑
𝑖=1

𝜆𝑘−𝑖 𝐺2𝐹 [V (𝑖)] + 𝐹 [𝜂1 (𝑖)] 𝜃2) , (30)

where 𝐺2 is the second component of G and 𝜆 is a forgetting
factor between zero and one that allows the parameter
estimate to adapt to system changes. A smaller value of 𝜆
results in faster convergence of the parameter estimate but
reduces robustness to measurement noise.

5. Modal Testing in Fixed Configurations

First the DROPBEAR setup was tested in various fixed
parameter conditions to validate the finite element model.
Frequency response functions (FRFs) are computed from
a set of impact hammer tests. These FRFs and the beam’s
natural frequencies are compared against predictions from
themodel.This validated modelwas then implemented in the
SMO to track the system under time-varying parameters.

5.1. Modal Testing in Fixed Mass Configurations. The beam
was first tested with various masses attached near the tip
of the beam and the cart and rollers removed. Two added
mass configurations were tested. The first consisted of the
electromagnet alone (mass of 0.259 kg), and the second
consisted of the electromagnet, three mass plates, and the
adjoining bolt (total mass of 0.695 kg). The beam was struck
by the modal hammer at 483mm (19 in) from the clamp.
The beam was struck five times per test with enough time
between each strike to observe the full decay in the response.
Themeasured, time-domain data was processed inMATLAB
to compute the experimental FRFs using the 𝐻1 estimation
method [34, 35]. For each mass configuration, the natural
frequencies predicted by the FEM were validated against
natural frequencies calculated using the FRFs derived from
experimental data. Figure 2 plots the FRFs from experimental
data alongside those determined by the finite element model.
The figure also shows the coherence, which is a measure of
the linear dependency of the output tip acceleration due to
the input force from the modal hammer as a function of
frequency [35].The natural frequencies for the three different
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Table 1: Finite element and experimental natural frequencies for the DROPBEAR with no added mass (𝑀 = 0 kg), adding the electromagnet
near the beam tip (𝑀 = 0.259kg), and with the electromagnet and added mass plates (𝑀 = 0.695 kg). Percent errors are relative to the
experimentally obtained natural frequencies.

Added Mass (𝑀) Mode Experimental Finite Element
Natural Frequency [Hz] Natural Frequency [Hz] Error

0 kg
1 19.6 19.8 0.8%
2 124.5 123.8 −0.5%
3 350.0 346.8 −0.9%

0.259 kg
1 15.3 15.2 −0.7%
2 106.9 106.6 −0.3%
3 311.8 307.2 −1.5%

0.695 kg
1 11.6 11.6 0.3%
2 91.5 90.6 −1.0%
3 240.8 233.3 −3.1%
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Figure 2: Frequency response functions (FRFs) for the bare beam
(𝑀 = 0 kg), beamwith the electromagnet (𝑀 = 0.259 kg), and beam
with the electromagnet and added mass plates (𝑀 = 0.695 kg). Data
is from the tip accelerometerandmodal hammer impacts at 483mm
(19 in) from the base. Note that 𝑔𝑛 = 9.81m⋅s−2 .

tip masses are listed in Table 1. The FRFs from the model
and the data show good agreement. Adding moremass to the
beam decreased the natural frequencies as expected. It should
be noted that model updating could be used to refine the
initial model parameters and improve the model’s accuracy.
The small errors between the experimental and finite element
natural frequencies indicate that the model captures the
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Figure 3: Frequency response functions (FRFs) for the DROPBEAR
with the rollers in three different positions: 46mm, 147mm, and
246mm. Data is from the tip accelerometer and impacts at 305mm
(12 in) from the base. Note that 𝑔𝑛 = 9.81m⋅s−2.

behavior of the baseline system with fixed parameters and
could predict the beam’s response once the mass detaches.

5.2. Modal Testing in Fixed Roller Positions. Next, the DROP-
BEAR system was tested without the added masses and with
the rollers in different positions. Modal hammer tests were
repeated for the rollers in three positions spanning the full
displacement range of the actuator. Figure 3 plots the FRFs
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Table 2: Finite element and experimental natural frequencies for the DROPBEAR with the rollers at distances from the clamped end (𝑎) of
46mm, 147mm, and 246mm. Percent errors are relative to the experimentally obtained natural frequencies.

Cart Position (𝑎) Mode Experimental Finite Element
Natural Frequency [Hz] Natural Frequency [Hz] Error

46mm
1 22.9 22.8 −0.4%
2 144.8 143.4 −1.0%
3 404.0 402.7 −0.3%

147mm
1 33.2 33.7 1.5%
2 218.6 217.7 −0.4%
3 645.2 615.6 −4.6%

246mm
1 55.6 56.6 1.8%
2 352.1 355.2 0.9%
3 550.2 503.5 −8.5%

computed from experimental data and from the FEM. The
model treated the rollers as a midspan pinned condition
with an additional torsional stiffness (𝑘𝜃) of 900N m rad−1.
This stiffness was manually estimated from the experimental
FRF near the first natural frequency with the rollers in the
46mm position. Table 2 lists the natural frequencies from
the experimental FRFs and those predicted by the model for
the three roller positions. The natural frequencies and FRFs
from the model show good agreement with the experimental
results. Further model updating could be conducted to
improve the model accuracy.

5.3. Dropping Mass Experiments. With the FEM validated
for different fixed parameters, the system was examined with
time-varying conditions. Two experimentswith time-varying
parameters were conducted. The first involved detaching
the electromagnet during the beam’s ringdown from an
impact. The second experiment used the linear actuator to
move the rollers along the beam to replicate changes in
external constraints on the beam and create a continuous
change in system parameters. The SMO was used to track
the varying first natural frequency of the beam during both
parameter changes. For both experiments, the RLS algorithm
for estimating 𝜃 used a forgetting factor 𝜆 of 0.999 and a
fourth-order Butterworth filter with a corner frequency of
50Hz for the smoothing filter 𝐹.

Figure 4 plots the data from the tip accelerometer during
the mass detachment. The beam was given an initial impulse
and allowed to ringdown. Then, the electromagnet was
powered off. There was a sudden spike in the tip acceleration
when themagnetwas released.Thebeamcontinued to vibrate
for about one cycle at the original 12Hz frequency before
there was a noticeable change in the oscillation frequency.
This transition occurs over approximately 86ms. While the
mass detachment was nearly instantaneous, the structural
waves had to propagate from one end of the beam to the
other and back before the standing waves or structural modes
formed. At higher natural frequencies, this time scale of
change would be less than 86ms.

Figure 5 shows the experimental results and estimations
from the SMO during the mass drop. Figure 5(c) plots
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Figure 4: Detailed view of tip acceleration after the mass releases
from the beam.There is a transition period between the beam in the
first configuration (1) and the second configuration (2).

data from the tip accelerometer recorded during the mass
drop, and Figure 5(d) plots a power spectrogram of this
data. The power spectrogram is based on a short-time Fast
Fourier Transform using a moving Hanning window. The
spectrogramhighlights the time-varying frequency spectrum
of the acceleration signal. Here, the sampling rate was 5,120
samples per second, the spectrogram window had a length
of 1 s, and the overlap of spectrogram windows was 99%.
The spectrogram initially shows a dominating frequency near
12Hz corresponding to the first natural frequency of the beam
with 0.695 kg of added mass.Themass removal increased the
natural frequencies of the beam and caused a rapid increase
in the dominate frequency in the observed spectrogram in
Figure 5(c). The remainder of the signal was concentrated
around 20Hz corresponding to the first natural frequency of
the bare beam.

The SMO was applied to the data from the accelerometer
at the tip of the beam. The SMO used a beam model with
the electromagnet only (no additional mass plates). The
estimated output from the SMO is also shown in Figures 5(c)
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Figure 5: Results from the mass drop experiment. (a) Diagram of the mass dropping from the beam. (b) Amplitude of the discrete Fourier
series (DFS) of the tip acceleration. (c) Time history of the tip acceleration. (d) Spectrogram of the tip acceleration when the mass drops. The
horizontal dashed lines indicate the frequencies for the first natural frequency with and without the added mass.

and 5(d). Before the initial impact, the estimator operated
on only signal noise and could not accurately update its
parameters. Joyce et al. [15] illustrated this issue for param-
eter estimation in simulations of time-varying mechanical
systems. After the initial impulse from the impact hammer,
the estimated first natural frequency decreased toward the
correct value for a beam with electromagnet and added mass
plates. When the electromagnet was detached, the estimated
first natural frequency quickly increased toward the correct
value of the beam with no mass. Both changes in estimated
natural frequency settled near the correct values after about
0.2 seconds.

5.4. Time-Varying Roller Positions. Next, the DROPBEAR is
tested with the rollers moving along its length during the
beam’s ringdown, as illustrated in Figure 6(a). As the rollers
move along the beam, they create a moving pinned condition
along the span of the beam. The beam was first struck by
the impact hammer, then the rollers moved from 46mm to
195mm over a 1.5 s duration, the rollers sat at the 195mm
position for 1 s, and then the rollers returned to the 46mm
position over 0.5 s. The SMO was again applied to data from
the accelerometer to track the states and estimate the first
natural frequency.

Figure 6 plots the time response of the tip accelerometer,
the power spectrogram of the data, and the results from the
SMO. Over this displacement range of the linear actuator,
the first natural frequency of the beam increased when the

rollers moved away from the base and decreased when they
moved back.The SMOwas able to track the changing natural
frequency over this range of roller motion. The estimated
natural frequency from the observer initially converged to the
correct value before the rollers began to move. As the rollers
moved away from the base (increasing natural frequency), the
estimated first natural frequency tracked the actual valuewith
a maximum error of 2.2Hz and a normalized-root-mean-
square error (NRMSE) of 3.4%. During the faster return
toward the base, the parameter estimation lagged behind the
actual value but was able to converge to the correct value
in approximately 1 s. During the rollers return (decreasing
natural frequency), the maximum error was 10.7Hz and the
NRMSE was 16.3%.

6. Conclusions and Future Work

There is a need for an experimental test bed for developing
and demonstrating high-rate damage detectionmethods.The
DROPBEAR serves as a unique test bed capable of producing
repeatable, time-varying system conditions that can assist in
evaluating real-time SHM and state estimation algorithms
for high-rate systems. Results from a finite element model
of the DROPBEAR showed good agreement to the experi-
mentally obtained FRFs with different tip masses and cart
positions. Detaching the electromagnet mimicked sudden
damage to the DROPBEAR and illustrated the speed at which
the simulated damage affected the system’s response. The
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Figure 6: Results from the moving roller experiment. (a) Diagram of the beam with moving rollers. (b) Amplitude of the discrete Fourier
series (DFS) of the tip acceleration. (c) Time history of the tip acceleration. (d) Spectrogram of the tip acceleration while the rollers move.
The dashed line shows the natural frequency estimated from the cart position obtained from the encoder on the linear actuator.

moving roller test showed how the natural frequencies of
the DROPBEAR can also be adjusted continuously at a user
definable range and rate to mimic continuously progressing
damage or changes in external constraints.

For both varying parameter tests, a SMO was able to
track the time-varying first natural frequency. This measure
of natural frequency change could be used to detect and
quantify system damage in application. The demonstrated
ability of an SMO to quickly detect changes in the beam’s first
natural frequency shows promise for applying other SHMand
damage prognosis techniques to this system. Data from the
DROPBEARwill guide developing and evaluating algorithms
for real-time state estimation, system identification, and dam-
age detection of more complex, high-rate dynamic systems
such as high-speed airframes, space structures, car crashes,
or civil structures subjected to impacts.

The currentDROPBEARmodel is limited to fixed param-
eters. To fully understand the dynamics involved in the time-
varying system, future work will extend the FEM presented
here to study amodelwith time-varying parameters. It should
also be noted that the DROPBEAR’s parameter changes alter
the beam’s mode shapes as well as its natural frequencies.This
means the modal decomposition and resulting state space
matrices will vary as a function of the attached mass or roller
position. The SMO can compensate for some of this model
uncertainty; however detailed analysis of the DROPBEAR
with changing mode shapes Φ, output matrix 𝐶, and direct
feedthrough term𝐷 is left for future work.
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This paper investigates the feasibility of detecting local damage in a bridge using Laser Doppler Vibrometer (LDV) measurements
taken from a vehicle as it passes over the bridge. Six LDVs are simulated numerically on amoving vehicle, collecting relative velocity
data between the vehicle and the bridge. It is shown that Instantaneous Curvature (IC) at amoving reference, which is the curvature
of the bridge at an instant in time, is sensitive to local damage.The vehicle measures Rate of Instantaneous Curvature (RIC), defined
as the first derivative of IC with respect to time. A moving average filter is found to reduce the effects of noise on the RIC data.
A comparison of filtered RIC measurements in healthy and damaged bridges shows that local damage can be detected well with
noise-free measurements and can still be detected in the presence of noise.

1. Introduction

Highway bridges are important components of trans-
port infrastructure. Aging, environmental conditions, and
increased loading can cause deterioration in their lifetime
but damage from bridge strikes due to vehicles passing
underneath is of particular concern [1]. In recent years,
many methods have been used by road owners to provide
an acceptable level of safety [2–5]. Visual inspection is the
most frequently used approach to bridge damage detection.
However, this method can be expensive with the result that it
may not be done with sufficient frequency [6]. Several exam-
ples exist of direct instrumentation of bridges for structural
health monitoring (SHM) purposes [7–10]. Many sensors
(e.g., accelerometers or strain gauges) are installed directly
on the bridge and the bridge condition is evaluated using
the response measured at these sensors. Despite its reliability
and efficacy, direct instrumentation has several drawbacks.
The most notable is that many systems of sensors, with
associated data acquisition systems, are needed to monitor a
large network of bridges.

The idea of indirect (or drive-by) bridge health mon-
itoring is first proposed by Yang et al. [11, 12]. In this
method, the bridge condition is assessed using the response
measured on a passing vehicle [13, 14]. Several studies have
used indirect measurements to estimate the bridge modal
parameters such as natural frequencies [15, 16] and mode
shapes [17, 18]. Malekjafarian et al. [13] provide a critical
review of indirect methods published up to 2015. Yang
and Chen [19] propose a novel method for estimating the
bridge natural frequencies from the responses measured on
a vehicle based on the Stochastic Subspace Identification
(SSI) method which is claimed to be more effective than
conventional methods. Nagayama et al. [20] use a cross-
spectrum of the signals measured from different vehicles. A
higher peak corresponding to the bridge natural frequency
is obtained compared to the power spectral density (PSD).
González et al. [21] use a Half-Car model over a finite
element bridge to obtain the damping value on a simply
supported beam. Damping is identified as the value that
minimizes the error function. Malekjafarian and OBrien [22]
use drive-by measurements to estimate the bridge mode
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shapes. OBrien and Malekjafarian [17] introduce a mode
shape-based damage detection algorithm using the response
measured by laser vibrometers installed on a passing vehicle.
Kong et al. [23] present a tractor towing two trailers crossing
a bridge. They show an optimized vehicle configuration for
drive-by estimation of bridge natural frequencies and mode
shapes.

OBrien et al. [24] propose a drive-by damage detection
method using empirical mode decomposition (EMD) of the
accelerations measured on a passing vehicle. It is shown that
some components of the signal include damage information.
Hester and González [25] employ a wavelet transform of
the signal measured on a vehicle for the localization of
bridge damage. McGetrick et al. [26] use Global Navigation
Satellite Systems (GNSS) in a drive-by monitoring approach.
The potential of smartphones to measure accelerations is
investigated by comparing the results to the accelerations
obtained through sensors installed in the vehicle. Kim et
al. [27] develop a laboratory test consisting of a truck-
trailer system. They show that the effect of road profile can
be reduced by subtracting the signals measured from two
following axles. Elhattab et al. [28] obtain bridge displace-
ment profile differences using accelerations measured from
a passing vehicle for damage detection. The approach is
able to detect localized damage, but vehicle calibration is
needed to use the method in field applications. OBrien et
al. [29] propose using curvatures of the bridge deflections
at a moving coordinate for damage detection. They assume
that the bridge deflection can be measured from a passing
vehicle. OBrien et al. [30] propose the use of a Traffic Speed
Deflectometer (TSD) for drive-by bridge damage detection.
A TSD [31] is a specialized vehicle which is used to measure
the deflection “basin” (depression) in a road pavement due to
a heavy axle load. It is equippedwith several laser vibrometers
which measure relative velocities between the road pavement
and the vehicle [32].

In this paper, a local damage detection method is pro-
posed using relative velocities such as those measured on a
TSD. The method is based on the concept of Instantaneous
Curvature (IC). It is shown that curvature is sensitive to
damage and can detect the presence and location of damage
[14, 29, 30]. Since velocities are measured on a TSD, Rate
of Instantaneous Curvature (RIC), the first time derivative
of IC, is introduced for damage detection. Data such as that
which would be collected from Laser Doppler Vibrometers
(LDVs) are used for RIC calculation. A numerical case study
of a TSD passing over a simply supported bridge with a class
A road roughness is used. Two damage scenarios including
single damage and multiple damage points are considered.
Two damage indicators are proposed using the concept of
RIC.The effectiveness of the proposed indicators is evaluated
for noisy measurements.

2. Numerical Modelling

2.1. Vehicle Bridge Interaction Model. A numerical model of
vehicle bridge interaction is implemented using the finite
element (FE) method (Figure 1) in MATLAB. A Half-Car
model is used here to represent the TSD. The model has

Table 1: Properties of the vehicle.

Half-Car property Notation Value
Weight of the sprung mass 𝑚𝑠 16.2 t
Unsprung mass axle 1 𝑚𝑢1 900 kg
Unsprung mass axle 2 𝑚𝑢2 900 kg
Length of the vehicle 𝐿V 11.25m
Tyre 1 stiffness 𝐾𝑡,1 1.75 × 106N/m
Tyre 2 stiffness 𝐾𝑡,2 3.5 × 106N/m
Damper 1 stiffness 𝐾𝑠,1 4 × 105 N/m
Damper 2 stiffness 𝐾𝑠,2 106N/m
Damper 1 damping 𝐶𝑠,1 104Ns/m
Damper 2 damping 𝐶𝑠,2 2 × 104Ns/m
Body mass frequency 𝑓body 1.27Hz
Axle 1 mass frequency 𝑓axle1 7.80Hz
Axle 2 mass frequency 𝑓axle2 11.28Hz
Centre of gravity distance from axle 1 𝐷1 4.71m
Centre of gravity distance from axle 2 𝐷2 2.89m

Table 2: Properties of the bridge.

Bridge property Notation Value
Number of elements 𝑁 200
Length 𝐿 20m
Young’s modulus 𝐸 3.5 × 1010 N/m2

2nd moment of area 𝐼 1.26m4

Bridge depth ℎ 1m
Mass per unit length 𝜇 37,500 kg/m
Damping 𝜉 3%
First natural frequency 𝑓1 4.26Hz
Length of the approach 𝐿app 10m

4 independent degrees of freedom (DOFs) corresponding
to body mass vertical translation (V𝑠), body pitch rotation
(𝜃𝑠), and two vertical axle translations (V𝑢,1 and V𝑢,2). The
vehicle body mass is 𝑚𝑠 and 𝐼𝑠 is its moment of inertia.
Two unsprung masses, 𝑚𝑢,1 and 𝑚𝑢,2, between the tyres and
the suspension, represent the axle weights. These unsprung
masses are connected to the road by linear springs simulating
tyre stiffnesses, 𝐾𝑡,1 and 𝐾𝑡,2. The sprung and unsprung
masses are connected by a combination of linear springs, 𝐾𝑠,1
and 𝐾𝑠,2, and viscous dampers, 𝐶𝑠,1 and 𝐶𝑠,2. The properties
of the vehicle are given in Table 1.

The bridge is modelled as a simply supported beam using
200 discretized elements. Each element has 4 DOFs (one
translation and one rotation per node). The properties of
the beam are listed in Table 2. Viscous damping is generally
accepted tomodel the complex behaviour of a bridge [33–35].
Rayleigh damping is adopted here to model viscous damping
of the bridge using its mass and stiffness matrices with

𝐶𝑏 = 𝛼𝑀𝑏 + 𝛽𝐾𝑏, (1)
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Figure 2: Damage scenarios: (a) single damage case and (b) multiple damage case.

where 𝛼 and 𝛽 are constants estimated from the two main
natural frequencies,𝜔1 and𝜔2, of the bridge and the damping
ratio, 𝜉 [36]:

𝛼 = 2𝜉𝜔1𝜔2
𝜔1 + 𝜔2

𝛽 = 2𝜉
𝜔1 + 𝜔2 .

(2)

A bridge damping ratio of 3% is assumed in this study.
The vehicle and bridge are coupled at the tyre contact

point. The equation of motion of the coupled system is

𝑀𝑔V̈ + 𝐶𝑔V̇ + 𝐾𝑔V = 𝐹, (3)

where 𝑀𝑔, 𝐶𝑔, and 𝐾𝑔 represent the global matrix mass,
damping and stiffness matrices and 𝐹 represents the force
vector.The equation ofmotion of the coupled system is solved
using the Wilson-Theta integration method at each time step
[37]. Unconditional stability of the integration is achieved by

setting 𝜃 = 1.420815. The model is implemented using a
sampling frequency of 1000Hz.

Six Laser Doppler Vibrometers (LDVs) are taken to be
installed on the TSD, as illustrated in Figure 1. Such sensors
measure the relative velocity between the vehicle and the
bridge, ̇𝑞 = V̇ − V̇veh.

2.2.DamageModelling. Thedamage in the bridge ismodelled
using the method described by Sinha [38]. Distress in the
locations close to the crack is considered, resulting in a
progressive loss of stiffness. The model assumes a linear
decrease in stiffness over a distance of 3 times the bridge
depth, ℎ, resulting in a triangular reduction that is zero at a
distance of 1.5ℎ on either side of the crack and maximum at
the crack location.

Two damage scenarios are used in this research. The
first one has a single crack at 4.2m from the left support
(Figure 2(a)) and the second has two cracks, at 4.2m and
10.6m (Figure 2(b)). A crack depth equal to 20% of the
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Figure 3: Contour plot of deflections (in m) for the damaged bridge
for single damage scenario in Figure 2(a).

total depth of the bridge is considered at each location. This
equates to a maximum loss of stiffness of approximately 50%
at the damage location.

3. Instantaneous Curvature

Curvature is commonly approximated as the ratio of bending
moment to stiffness [39]. Consequently, a local increase in
curvature is expected at a damage location due to the local
loss of stiffness. In this section, bridge deflection is considered
versus time and position, as the vehicle is passing over it.

3.1. Bridge Deflection versus Time and Position. The TSD is
simulated to pass over the healthy and damaged bridges at
a speed of 𝑐 = 20m/s. The first damage scenario shown in
Figure 2(a) is considered. The deflections are calculated at all
positions on the bridge at each time step. A contour plot of
the damaged bridge deflection is shown in Figure 3. No road
profile is considered in this example.

Bridge deflections can be measured at a fixed point (e.g.,
using laser-based systems). He and Zhu [40] show that the
bridge deflection response at a fixed point to a moving load
can be used for damage detection. Such a measurement can
be represented by line A in Figure 3. Figure 4(a) shows the
deflections at a fixed point on the beam for the healthy and
damaged cases. There are peaks, partly due to vibration and
partly due to the axles passing the “sensor” location. The
bridge deflections can also be represented at a point in time.
Line B in Figure 3 represents this measurement. Figure 4(b)
shows the deflection at a fixed point in time (corresponding
to line B) as would be captured by a camera measurement
system. In this way, the vehicle is located at the same location
in the damaged and healthy cases and there is a difference in
the deflections due to damage. Such a measurement would
need something like a high-quality camera that can cover the
whole bridge in one shot which is infeasible at the required
level of accuracy at this time.

OBrien et al. [24] show that the bridge deflection response
to a passing vehicle at a moving coordinate provides the
damage location. This measurement type is represented by
lines C andD in Figure 3. Figure 5 shows the bridge deflection
signal for a moving reference—line D—as would be recorded
by a vehicle travelling at constant speed measuring relative to
a perfectly horizontal reference line.There is a clear difference
between the healthy and damaged bridge models and the

difference is greatest in the region of the damage location.
The challenge with this method is that it is not possible
to measure the bridge absolute deflection directly from the
passing vehicle.

3.2. Curvature. Curvature at each point in time can be
estimated from deflection measurements at three different
positions on the bridge [29]. Figure 6 shows a contour plot
of deflections for the healthy bridge without considering a
road profile. A system of 3 equally spaced sensors (3 yellow
points) passing at constant speed over the healthy bridge
is illustrated. Instantaneous Curvature (IC) is the second
derivative of deflection at a given instant and is estimated
here as the difference of the differences. In this case, it could
be calculated using the deflections from the 3 yellow points
shown.

Figure 7 shows the IC for the healthy and damaged cases
when the measurements are centered on the second axle of
the vehicle. The 𝑥-axis in the figure shows the position of the
middle yellow point (middle sensor). A sharp difference near
the crack location is clear, as expected due to the local loss of
stiffness. By comparing Figures 5 and 7, it can be concluded
that IC provides more local information about damage.

4. Damage Detection Using
Velocity Measurements

Although IC is a good damage indicator, it is infeasible at
this time to measure bridge deflection accurately at a moving
reference. However, the TSD is equipped with several laser
vibrometers which can measure the relative velocity between
vehicle and bridge at several points (see Figure 1). Such a
relative velocity contains the vehicle and bridge response
components. Rate of Instantaneous Curvature (RIC) is intro-
duced as a newparameter in this section based on the concept
of IC. Two damage indicators are proposed based on RIC.

To estimate the Rate of Instantaneous Curvature, three
laser vibrometers are required:

RIC (𝑥, 𝑡) = ̇𝑞 (𝑥 − Δ𝑥, 𝑡) − 2 ̇𝑞 (𝑥, 𝑡) + ̇𝑞 (𝑥 + Δ𝑥, 𝑡)
Δ𝑥2 , (4)

where ̇𝑞(𝑥, 𝑡) is the relative velocity (between vehicle and
bridge) when the central laser vibrometer is located at a
distance of 𝑥 from the left end of the bridge. As there are
six sensors available, four combinations of the sensors can be
taken for RIC (sensors 1, 2, and 3, sensors 2, 3, 4, sensors 3, 4,
and 5, and sensors 4, 5, and 6). To increase the accuracy of the
measurement, an average of these four measurements, RICav,
is used.

Two variations of the damage indicator are proposed
based on RICav. Difference Ratio (DR) is based on the
difference between the RICav values for the healthy and
damaged bridges at each point:

DR (𝑥) = RICdam
av (𝑥) − RIChea

av (𝑥)
min (RIChea

av ) × 100 (%) , (5)
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Figure 4: Cross sections through the contour plot of deflections in Figure 2(a): (a) line A, constant “sensor” position at 4.2m; (b) line B,
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Figure 6: Instantaneous Curvature calculation using three deflec-
tion measurements on the healthy bridge.

where RIChea
av and RICdam

av are the average RIC values for
the healthy and damaged bridges, respectively. In the second
variation, a moving average filter is applied to these functions
to remove high frequency effects:

MAD (𝑥) = (1/𝑧) ∑𝑖=(𝑧−1)/2𝑖=−(𝑧−1)/2 RIC
dam
av (𝑥 + 𝑖𝑑𝑥) − (1/𝑧) ∑𝑖=(𝑧−1)/2𝑖=−(𝑧−1)/2 RIC

hea
av (𝑥 + 𝑖𝑑𝑥)

min (RIChea
av ) × 100 (%) , (6)

where 𝑧 is the number of points used for the moving average
and𝑑𝑥 is the sampling interval in space, defined by𝑑𝑥 = 𝑐/𝑓𝑠,
where 𝑐 is the vehicle’s speed and𝑓𝑠 is the sampling frequency.
A value of 𝑧 = 51 is considered in this study which averages
over 1m (equal to the bridge depth in this example) around
each point.

5. Numerical Case Study

5.1. Noise-FreeMeasurements. Thenumericalmodel outlined
in Section 2 is employed here. A class “A” road profile is
introduced, as is typical of a highway in good condition [41].

It is generally assumed that profiles in adjacent tracks of a
vehicle in a lane are well correlated, reducing the change
in dynamic excitation. Other changes in the road profile
caused by environmental issues such as spring thaw in cold
climates aremuch less likely in a bridge than on a regular road
foundation. However, there is a risk that local profile damage,
such as a pothole, may be confused as bridge damage.

The same two damage scenarios as used in Section 2
are considered. Relative velocities are noted from six laser
vibrometers on the simulated TSD. Four RICs are calculated
using (4) and RICav is calculated for the healthy and damaged
bridges. Other external factors such as temperature change
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are not considered in the simulation. Axial temperature
changes in concrete affect stiffness but in a uniform way and
no local drop in stiffness are expected at any particular bridge
location. Differential temperature changes (e.g., top heating
up relative to bottomof bridge deck) do cause curvature along
bridges but do not cause local changes in curvature.

Figures 8(a) and 8(b) show RICav for the single and
multiple damage scenarios, respectively.The effect of damage
at the 1st location is quite clear at that location for both
damage scenarios. RICav tends to oscillate, likely due to
bridge vibration, and the damage causes a phase shift in that
oscillation in the 2nd half of the bridge. Damage at the 2nd
location has some effect (Figure 8(b)) but it is not as obvious
as at the 1st location. Further, there is risk that the effect of
damage at the 2nd location could be confused with the phase
shift caused by damage at the 1st location.

Figure 9 shows the damage ratio (DR) for both damage
scenarios. For the single damage case, there is a clear peak
at the damage location and oscillations in the second half of
the bridge, corresponding to the phase shift evident in Fig-
ure 8(a). For the multiple damage scenario (Figure 9(b)) the
second damage close tomidspan is not clearly distinguishable
from the oscillation.

The moving average filter has been found to be effective
in filtering out the oscillation due to the phase shift. Figure 10
shows the MAD for the two damage scenarios. It can be seen
that there are reasonable peaks at both damage locations.

5.2. Influence of Changes in Bridge Boundary Condition.
Boundary conditions in a simply supported bridge may
change due to failure of a bearing which may result in it
becoming resistant to rotation. In this section, a rotational
spring is added to the left support of the bridge to investigate
the influence of changes in the bridge boundary conditions
on the effectiveness of the proposed method. Two different
cases are considered, first with 𝐾rs = 108Nm and a second
with 𝐾rs = 3.15 × 108Nm, where 𝐾rs is the rotational
stiffness added to the left support.This additional component
of stiffness is added to the beam stiffness matrix using the
procedure explained in [42]. Figure 11 presents MAD using

the rotational springs (with nonzero stiffness) as the damage.
Differences in values close to the left support can be seen
due to the hogging moment generated by the presence of
the springs. It is noteworthy that changes in MAD due to
bridge damage to the underside of a girder are of opposite
sign (corresponding to sagging moment).

MAD is also calculated for the combined effect of a
rotational spring and regular (loss of stiffness) damage.
Figure 12 shows the influence of adding a rotational spring
with stiffness 𝐾rs = 3.15 × 108Nm. In this case, the change
in support condition has little effect on the result. Changes
in boundary conditions are not considered in the following
sections.

5.3. Influence of Measurement Noise. Although the LDV is
known as a very accurate sensor, its signals are still polluted by
some levels of noise and there are other sources of inaccuracy
that may affect the measurement. LDV noise is a function of
sampling frequency [43]. In order to evaluate the effectiveness
of the proposed damage indicators in a noisy environment,
a noise is added to the relative velocity measurements as
follows:

̇𝑞ns (𝑡) = ̇𝑞 (𝑡) + 𝐾 × √𝑓𝑠 × 𝑁ns, (7)

where ̇𝑞ns(𝑡) is the noisy relative velocity, ̇𝑞(𝑡) is the original
signal, 𝐾 is a constant value defining the energy in the noise,
and 𝑁ns is a random vector with zero mean value and unit
standard deviation.𝐾 = 10−6m/s√Hz is chosen in this study
according to information provided by the designer of the TSD
[44].

The simulations are repeated and noisy relative velocities
from six sensors are obtained. In order to reduce the influence
of the noise on the measurements, a low-pass Blackman
window filter is applied [45] to the measurements:

̇𝑞fil (𝑡) =
𝐼

∑
𝑖=1

𝜔norm [𝑖] × ̇𝑞ns (𝑡 + (𝑖 − 𝐼 + 1
2 ) × 𝑇

𝑓) , (8)

where ̇𝑞fil(𝑡) is the filtered signal, 𝜔norm[𝑖] is the normalized
vector of the Blackman window and 𝑇 is the total time of
measurement. 𝜔norm[𝑖] is defined by

𝜔norm [𝑖] = 𝜔 [𝑖]
∑𝐾𝑘=1 𝜔 [𝑘] , (9)

where 𝜔[𝑘] is a component of the vector of the Blackman
window, defined by

𝜔 [𝑘] = 0.42 − 0.5 cos( 2𝜋𝑘
𝐾 − 1) + 0.08 sin( 4𝜋𝑘

𝐾 − 1) , (10)

where𝐾 is the number of components in the vector𝜔 and 𝑘 is
the position of the window vector. In this study, a Blackman
window of 𝐾 = 11 points is used to filter the noisy signals.
RICav is obtained from the filtered noisy relative velocity
measurements. Figure 13 shows the effect of noise on RICav.
Althoughmore oscillation can be seen in Figure 13 compared
to Figure 8, there are still detectable changes in RICav at the
damage locations.
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Figure 8: Comparison of RICav for healthy and damaged cases: (a) the first damage case and (b) the second damage case.
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Figure 14 shows the DR for the noisy measurements. It
can be seen that more oscillations are present than in the

absence of noise (Figure 9). The location of first damage in
both cases is hardly detectable and there is no dominant peak
at the location of the second damage in the multiple damage
case.

Figure 15 show the results for the filtered results (MAD)
in the presence of noise. In this case, the damage locations
are detectable in both damage cases with acceptable accuracy.
There is a clear peak at the damage location in Figure 15(a).
Figure 15(b) shows that even multiple damages can be
detected using theMAD.There is a smaller peak at the second
damage location compared to the first one.

6. Discussion

It is shown here that the proposed damage detection strategy
workswell in numerical case studies.However, there are some
issues that may need to be considered before application in
the field. In this paper the influence of additional random
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traffic is not considered. However, it is expected not to affect
the ability of RIC to locate damage. Drive-by methods are
generally proposed for short and medium span bridges. A
short time is spent crossing the bridge, normally between 1
and 2 seconds. Considering that following vehicles are gener-
ally more than a second apart, no contamination is expected
to affect the measurements from the same-lane vehicle.
However, contamination from a vehicle in an adjacent lane
in same-direction lanes is likely to be common though the
contribution of traffic in one lane to curvature in another lane
is relatively small. Furthermore, vehicles in a neighboring
lane are usually of lesser weight (e.g., cars) compared to the
TSD. Fortunately, no sharp change in curvature is expected
to occur due to vehicles in adjacent lanes. While there may
be a change in the velocity response, bridge strike damage
should still be detectable through the “bump” caused by the
local change in curvature.

Wind and boundary motion tend to cause vibration at
the bridge natural frequencies. If a frequency is excited that
has a similar local effect as damage, this may be a source
of increased contamination of the signal. However, wind
influence is usually considered for the analysis of long-span
bridges (e.g. greater than 100m). As mentioned before, a
drive-by strategy usually involves short and medium span
bridges. For this reason, wind influence is expected not to
create a sharp increase in an unexpected location.

The road profile roughness could be rougher than a class
A profile. The expansion joints at the bridge entrance/exit
may be damaged and may generate bouncing and/or pitch-
ing in the vehicle response. Finally, there may be other,
unanticipated sources of inaccuracy which may influence the
effectiveness of the proposed method.

7. Conclusion

In this paper, a new damage detection approach is proposed
using the response measured on a TSD. It is shown that Rate
of Instantaneous Curvature (RIC), which is obtained from
relative velocities, is sensitive to damage. Two variations of the
damage indicator,DifferenceRatio (DR) andMovingAverage
Difference (MAD), are introduced. The effectiveness of the
approach in the presence of noise is also investigated. It is
shown that MAD provides the damage location in a noisy
environment for single and multiple damage scenarios. The
numerical results confirm that the proposed approach can
be used for drive-by damage detection for a vehicle speed of
20m/s.
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For solving detection problems ofmultifrequencyweak signals in noisy background, a novel weak signal detectionmethod based on
variationalmode decomposition (VMD) and rescaling frequency-shiftedmultistable stochastic resonance (RFMSR)with analytical
mode decomposition (AMD) is proposed. In this method, different signal frequency bands are processed by rescaling subsampling
compression to make each frequency band meet the conditions of stochastic resonance. Before the enhanced signal components
are synthesized, they are processed to achieve the enhanced signal by means of AMD, leaving only the enhanced sections of the
signal.The processed signal is decomposed into intrinsic mode functions (IMF) by VMD, in order to require the detection of weak
multifrequency signals. The experimental analysis of the rolling bearing inner ring fault and gear fault diagnosis demonstrate that
the proposedmethod can not only enhance signal amplitude, reduce false components, and improve theVMDalgorithm’s accuracy,
but also effectively detect weak multifrequency signals submerged by noise.

1. Introduction

Because rotating machinery has come to play an increasingly
significant role in transportation and industrial production,
mechanical faults and damage, particularly bearing and gear
faults, have recently been the cause of greater catastrophes
and losses. Therefore, an accurate health monitoring and
diagnosis system is required to identify incipient faults that
may occur in rotating machines. However, two challeng-
ing issues exist in vibration signal analysis: nonstationary
collected signals and signals that are usually mingled with
heavy noise as a result of coupled machine components and
the working environment [1, 2]. Advanced signal processing
techniques have been extensively developed for machine
fault feature extraction, voice recognition, image processing
techniques, leak detection in pipelines [3–5], and so on.
Established techniques include wavelet transform [6], time-
frequency distribution (TFD) [7], Hilbert–Huang transform
(HHT) [8], blind source separation [9], and multivariate sta-
tistical analysis [10]. In summary, signal detection technology
can be divided into two concepts [11–13]. The first involves
obtaining a useful signal by eliminating or suppressing

noise. Standard techniques, such as the wavelet denoising
method, analytical mode decomposition (AMD), empirical
mode decomposition (EMD) method, ensemble empiri-
cal mode decomposition (EEMD), local mean decomposi-
tion (LMD) method, and variational mode decomposition
(VMD), inevitably weaken the useful signal while removing
noise. For example, in the wavelet denoising method, the
appropriate wavelet basis needs to be selected; if selection
of the wavelet basis is improper, the final result will differ
from the original signal. EMD exhibits a boundary effect
and produces many false mode components, which has an
impact on signal detection results [14–16]. EEMD, developed
to overcome the mode mixing of EMD in [17], must be
conducted numerous times, which inevitably results in a
large computational burden [18]. Meanwhile, LMD methods
are still recursive and data-driven and never consider the
form of fault features. As a new adaptive decomposition
method, VMD, which is also based on the concept of IMF,
was proposed by Dragomiretskiy and Zosso [19]. It has been
pointed out that VMD is theoretically much better founded
than the sequential iterative sifting of EMD, because VMD
is based on a clear variational model, and the resulting
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Figure 1: Multistable nonlinear system.

minimization steps perform concurrent mode extraction
intuitively. As a result of noniterative decomposition and
adaptively selected bands, VMD has the ability to overcome
the mode mixing and misclassification problems caused by
fixed band allocation [20]. Furthermore,much of the research
[21, 22] has indicated that VMD, which can decompose
the nonstationary signal into a couple of intrinsic mode
functions adaptively and nonrecursively, offers a feasible tool.
However, VMD is still not appropriate for analysis of a
vibration signal with strong background noise [23], and the
presence of strong noise in the measured vibration signal is
unavoidable.

The second detection method is stochastic resonance
(SR), which can detect signals by using the noise instead of
removing it. Since the SR concept was proposed by Benzi
et al. in 1981 [24], it has been widely applied in signal
processing, physics, biology, largemechanical fault diagnosis,
and other fields [25–33]. A weak periodic signal SR method
has been proposed in locally optimal processors with a Fisher
information metric [34]. Tan et al. realized SR with large
parameters by means of subsampling [35]. Leng et al. [36]
developed methods for transforming a high frequency into a
low frequency, based on frequency rescaling or modulation,
in order to satisfy the traditional SR requirements. These
studies provide methods for the application of SR technology
in processing large parameters signals. However, themajority
of research has been based on the bistable SR system.
The noise metastatic capacity of a multistable SR system is
superior to that of the bistable SR system; therefore, using the
multistable SR method to obtain frequency provides greater
accuracy [37]. Meanwhile, the rotating machine’s defect-
induced fault signal is often corrupted by noise from other
coupledmachine components and the working environment,
which makes certain incipient faults difficult to recognize. In
particular, for the detection problem of weak multifrequency
noisy signals under the influence of strong noise, extracting
useful information is highly challenging, and has important
practical significance.

In this paper, a novel method is proposed based on
VMD after denoising, by means of rescaling frequency-
shiftedmultistable SRwithAMD.The remainder of this paper
is organized as follows. Section 2 provides a brief introduction
to the principles ofmultistable SR and theAMDalgorithm, as
well as introducing the principle of VMD and the limitations
of the method in practical applications. Section 3 presents
the application examples for the bearing and gears. Finally,
conclusions are outlined in Section 4.

0

2

4

6

U
(x

)

0 2 4−2−4
x

Figure 2: The multistable potential function 𝑈(𝑥).

2. Multistable SR with Analytical
Mode Decomposition

2.1. Principles ofMultistable SR. Themodel formultistable SR
consists of a multistable nonlinear system, driven by periodic
signals and Gaussian noise, which is shown in Figure 1. The
Langevin equation can be obtained as follows [38]:

d𝑥
d𝑡 = −d𝑈 (𝑥)

d𝑥 + 𝑠 (𝑡) + 𝜂 (𝑡) , (1)

where 𝑠(𝑡) = ∑𝑛𝑖=1 𝐴 𝑖sin(2𝜋𝑓𝑖𝑡) is the input signal with
periodic signal amplitude𝐴 𝑖 and driving frequency𝑓𝑖, 𝜂(𝑡) =√2𝐷𝜀(𝑡). Furthermore, ⟨𝜂(𝑡)𝜂(𝑡 + 𝜏)⟩ = 2𝐷𝜀(𝑡) denotes the
noise item, in which the 𝐷 is the noise intensity and 𝜀(𝑡)
represents the Gaussian white noise with a zero mean and
unit variance.

Based on the structural characteristics of current res-
onance models, the reflection-symmetric sextic potential
function 𝑈(𝑥) in (1) is defined as [37]

𝑈 (𝑥) = 𝑥66𝑎 − (1 + 𝑐) 𝑥44𝑏 + 𝑐2𝑥2, (2)

where 𝑎, 𝑏, and 𝑐 denote the barrier parameters of the
multistable potential with positive real values and 𝑏 = 5,𝑐 > 0, 𝑎 = 20+5𝑐 (0 < 𝑐 < 1), 𝑎 = 27.5−2.5𝑐 (1 < 𝑐 < 3).The
above equation has three stable and two unstable solutions, as
shown in Figure 2.
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Figure 3: The schematic diagram of the extracted signal by AMDmethod.

Meanwhile, (2) can be rewritten as

d𝑥
d𝑡 = −𝑥5𝑎 + (1 + 𝑐)𝑏 𝑥3 − 𝑐𝑥 + 𝑛∑

𝑖=1

𝐴 𝑖 sin (2𝜋𝑓𝑖𝑡)
+ 𝜂 (𝑡) .

(3)

When ∑𝑛𝑖=1 𝐴 𝑖 sin(2𝜋𝑓𝑖𝑡) + 𝜂(𝑡) = 0, the potential energy
is at a minimum and the system is most stable. When a
weak periodic signal and noise are input into the system, the
noise energy is partially transferred to the signal to produce
interactions; the output signal amplitude is greater than that
of the input signal, which illustrates the SR phenomenon.

2.2. Brief Introduction to AMD Algorithm. A signal decom-
position method known as AMD was proposed by Chen and
Wang in 2012 [39]. This method can decompose signals with
closely spaced frequency components, which results in the
ability to extract the signal [40]. Furthermore, Feldman [41]
presented a proof with a new interpretation of the formula,
using the Bedrosian identity for overlapping signals, and
further explained the decomposition method, which can be
used as a low-pass filter. Because the AMD method can
decompose a time series into the form of any two signals, it
can not only realize the low-pass filtering function, but also
extract the signal on any frequency components. However,
the key to solving this problem is knowledge of the original
signal’s frequency components. Suppose a time series exists𝑥(𝑡) = 𝑥1(𝑡)+𝑥2(𝑡)+⋅ ⋅ ⋅+𝑥𝑛(𝑡), with frequencies𝑓1, 𝑓2, . . . , 𝑓𝑛,
respectively, and 𝑓1 < 𝑓2 < ⋅ ⋅ ⋅ < 𝑓𝑛. If we extract 𝑓𝑛
frequency components of the signal, we can simply take the

value between 𝑓𝑛 and 𝑓𝑛+1 as the two-partitioning frequency
to decompose. Figure 3 illustrates a schematic diagram of the
extracted signal, and the details of the AMD algorithm can be
obtained from [39].

2.3. Brief Introduction to VMD. As a new, adaptive, and
quasi-orthogonal signal decomposition method, VMD aims
to decompose a real-valued signal 𝑓 into a discrete number
of subsignals 𝑢𝑘 with certain sparsity properties, and all
subsignals are mostly compact around a centre pulsation 𝜔𝑘.
Therefore, VMD can be regarded as a constrained variational
problem, as given in (4) [19]:

min
𝑢𝑘,𝜔𝑘

{∑
𝑘

𝜕𝑡 [(𝛿 (𝑡) + 𝑗𝜋𝑡) ∗ 𝑢𝑘 (𝑡)] 𝑒−𝑗𝜔𝑘𝑡
2

2

}
s.t. ∑

𝑘

𝑢𝑘 = 𝑓.
(4)

In (4), 𝑢𝑘 represents the sub-signals and 𝜔𝑘 the centre
frequencies of the submodes, 𝛼 denotes the penalty param-
eter, and 𝛿(𝑡) is the Dirac distribution. In order to render
this problem unconstrained, the quadratic penalty term and
Lagrangian multipliers are incorporated, and the problem is
rewritten as

𝐿 (𝑢𝑘, 𝜔𝑘, 𝜆) = 𝛼∑
𝑘

𝜕𝑡 [(𝛿 (𝑡) + 𝑗𝜋𝑡) ∗ 𝑢𝑘 (𝑡)] 𝑒−𝑗𝜔𝑘𝑡
2

2

+ 𝑓 − ∑𝑢𝑘22 + ⟨𝜆, 𝑓 − ∑𝑢𝑘⟩ .
(5)
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Figure 4: The time domain and spectrum of the simulated signal with the𝐷 = 0.

Eq. (5) can be solved by means of the alternate direction
method of multipliers (ADMM) [42]. Firstly, the mode
number 𝑘 is determined artificially, while the frequency
domain expression ofmode function �̂�1𝑘, the centre frequency
of each mode 𝜔1𝑘, and the Lagrangian multiplier �̂�1 are
initialized.Then, modes 𝑢𝑘 and their centre frequency 𝜔𝑘 are
updated by (6) and (7), respectively:

�̂�𝑘𝑛+1 ← �̂� − ∑𝑖<𝑘 �̂�𝑖𝑛+1 − ∑𝑖>𝑘 �̂�𝑖𝑛+1 + �̂�𝑛/2
1 + 2𝛼 (𝜔 − 𝜔𝑛𝑘)2 , (6)

𝜔𝑘𝑛+1 ← ∫∞
0

𝜔 𝑢𝑛+1𝑘 (𝜔)2 d𝜔∫∞
0

𝑢𝑛+1𝑘 (𝜔)2 d𝜔 . (7)

Following the updating of modes and centre frequencies,
the Lagrangian multiplier �̂� is also renewed by

�̂�𝑛+1 ← �̂�𝑛 + 𝜏(�̂� − ∑
𝑘

𝑢𝑛+1𝑘 ) . (8)

The updating is executed iteratively until the convergent
Eq. (9) is satisfied, and

∑𝑘 �̂�𝑛+1𝑘 − �̂�𝑛𝑘22�̂�𝑛𝑘22 < 𝜀. (9)

IMFs based on the preset mode number are obtained.

2.4. Limitations of VMD in Feature Extraction. As VMD
regards the mode as an AM–FM signal and allocates modes
adaptively in the frequency domain, it can effectively extract
the characteristic frequency. In order to verify the efficiency
of the VMD method, three sine signals are selected as the
simulated signals. The test signals are generated according to
the following equation:

𝑥 (𝑡) = 0.1 × sin (2𝜋 × 10 × 𝑡) + 0.1
× sin (2𝜋 × 60 × 𝑡) + 0.1 × sin (2𝜋 × 500 × 𝑡)
+ 𝜂 (𝑡) ,

(10)

where 𝜂(𝑡) = √2𝐷𝛿(𝑡) represents the noise item, in which 𝐷
is the noise intensity and 𝛿(𝑡) denotes Gaussian white noise
with zero mean and unit variance. In order for this signal to
consist of three different frequencies, the value of 𝑘 is set to
3. At first, we set the value of 𝐷 = 0. Figure 4 illustrates the
simulated signal waveforms, where the labels (a) and (b) rep-
resent the time domain and spectrumwaveform, respectively.
Subsequently, we decompose the simulated signal by using
VMD and show the decomposition result in Figure 5, where
we note that the VMD method accurately distinguishes the
mixed sine signals in the spectrum. Furthermore, we set the
value of𝐷 to 2, in order to observe the robustness of theVMD
method for mixed sine signals. The result of the simulated
signals is presented in Figure 6, which indicates that the
characteristic frequency is submerged in the heavy noise
background. It can be seen from Figure 7 that the characteris-
tic frequency is submerged by noise in the spectrum of IMFs,
which means that the VMD method cannot fully identify
the feature frequency hidden in the heavy noise background,
although the VMD method decomposition is based on an
accurate mode number.Therefore, we can conclude that even
if themode number is accurately preset, the feature frequency
is still difficult to extract from the heavy background noise.
Therefore, signal processing is required for noise reduction
prior to VMD decomposition.

3. Method for Weak Multifrequency
Signal Detection Based on VMD following
Denoising by RFMSR with AMD

3.1. Detailed Implementation Steps of ProposedMethod. It can
be observed that although the VMD method can effectively
extract fault features from the multifrequency signal, heavy
background noise may lead to information loss. Meanwhile,
improved mode number selection of mode number plays an
important role in avoiding weak fault features submerged by
noise [19]. In order to overcome these constraints, we propose
a method based on the VMD following denoising by RFMSR
with AMD, for better extracting the characteristic frequency
and to observe clearly the VMD decomposition results. In
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Figure 6: The time domain and spectrum of noisy signal.

order to obtain the better selection of mode number 𝑘 and
penalty parameter 𝛼, this paper adopted the method pro-
posed by [23].We use the genetic algorithm [43, 44] to search
the best value and regard the envelope spectrum entropy of
the intrinsic mode as the fitness value of the optimization
process. The envelope spectrum entropy minimization is the
final goal of optimization. The faults in bearings and gears
usually are indicated as periodic impact features, which can
be detected through the envelope spectrum of a given signal.
Therefore, the envelope spectrum entropy value of intrinsic

mode components obtained by VMD can be selected as the
fitness value. For a given signal 𝑥(𝑡), its envelope spectrum
entropy value 𝐸𝑝 can be described as follows:

𝐸𝑝 = − 𝑁∑
𝑗=1

𝑝𝑗 ln (𝑝𝑗) ,

𝑝𝑗 = 𝑎𝑗 (𝑡) 𝑙 𝑁∑
𝑗=1

𝑎 (𝑗) ,
(11)
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Figure 7: The spectrum of three IMFs through VMD with noise intensity𝐷 = 2.

�̂� (𝑡) = 1𝜋 ∫+∞
−∞

𝑥 (𝑡)𝑡 − 𝜏d𝜏,
𝑧 (𝑡) = 𝑥 (𝑡) + 𝑗�̂� (𝑡) = 𝑎𝑗 (𝑡) 𝑒𝑗𝜃(𝑡),

(12)

𝑎𝑗 (𝑡) = √𝑥2 (𝑡) + �̂�2 (𝑡),
𝜃 (𝑡) = arctan 𝑥 (𝑡)�̂� (𝑡) ,

(13)

where 𝑎(𝑗) represents the envelope of the given signal 𝑥(𝑡),
which can be obtained from (13), 𝑝𝑗 is the normalized form
of envelope 𝑎(𝑗), �̂�(𝑡) is the Hilbert transform results of
the given signal 𝑥(𝑡), 𝑧(𝑡) is the analytic signal, and 𝜃(𝑡)
is the instantaneous phase. According to the information
theory, the strongest sparse characteristics have theminimum
entropy value. That is, the smaller the size of the envelope
spectrum entropy 𝐸𝑝 is, the clearer the distribution of signal
sequence will be. Therefore, in this study, the minimum
envelope spectrum entropy value (MESEV) of intrinsicmode
components is regarded as the fitness value of the genetic
algorithm, and it can be expressed as follows:

min {𝐸𝑃} = {𝐸𝑃1, 𝐸𝑃2, . . . , 𝐸𝑃𝑘} , (14)

where 𝑘 is the number of intrinsic mode components
obtained by VMD and 𝐸𝑃𝑘 represents the envelope spec-
trum entropy value of the kth intrinsic mode components.
Consequently, we obtain the optimal decomposition param-
eters, regarding the minimization of MESEV as the ultimate

optimization goals. That is, when MESEV becomes the
smallest, the optimal decomposition parameters 𝛼 and mode
number 𝑘 can be obtained. In this paper, we generate the
initial population 𝑝 = [𝑝1, 𝑝2, . . . , 𝑝𝐿]. In this process, the
decomposition parameters 𝛼 and 𝑘 are subject to binary
coding, and the encoded 𝛼 and 𝑘 form the individuals 𝑃𝑖
(𝑖 = 1, 2, . . . , 𝐿). The population scale 𝐿 and the number of
iterations are set as 50 and 30, respectively. And the crossover
probability and aberration rate are set as 0.05 and 0.7. In
order to improve the computational efficiency and precision,
the value range for parameters 𝛼 and 𝑘 is set to [100, 2000]
and [2, 10], respectively. Carry out the procedure of selection,
crossover, and mutation and use new individuals to update
the population until obtaining the minimization of MESEV,
so that themode number 𝑘 could be obtained.Moreover, fault
feature frequency in the theory of bearings and gears can be
calculated prior to the experiment, which greatly promotes
application of the AMD method. The steps of the proposed
method are as follows:(1) Use the genetic algorithm to search the best value
and regard the envelope spectrum entropy of the intrinsic
mode as the fitness value of the optimization process. The
envelope spectrum entropy minimization is the final goal of
optimization. So the number of characteristic frequencies can
be obtained.(2) A frequency band transform of the sampling fre-
quency of the noisy signal is carried out, in order to satisfy
the SR small parameter condition in the two sampling
frequencies.
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Figure 8: The flow process diagram of proposed method.

(3)The transformed signal passes through themultistable
SR system to enhance the frequency band’s useful signal.(4)The random resonance output signal is restored.(5) The AMD method is used to restore the signal, and
only the signal components of the band are reserved.(6) The steps are repeated for different frequency bands
(n) of the original signal (1)–(5).(7) The enhancement signals of the different frequency
bands are synthesized to obtain an enhanced signal to realize
the weak multifrequency signal measurement.

The flow process diagram for the proposed method
can be seen in Figure 8. As opposed to [34], which is

based on improving the VMD itself, the proposed method
is based on the multistable SR and AMD method can be
considered as an improved pretreatment method prior to
VMD decomposition. Furthermore, the combination of the
RFMSR with AMD and VMD takes full advantage of each
method, increasing its practicality and effectiveness.

3.2. The Simulation Validation. In Section 2.4, it was noted
that the primal VMD method cannot effectively extract the
feature frequency from a noisy signal; therefore, we apply
the improved method to address this problem. On this
occasion, we still use the simulated noisy signal structured
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in Section 2.4, and the mixed signal waveform is shown in
Figure 6(a), in which we can hardly determine the charac-
teristic frequency. The spectrum in Figure 6(b) also reveals
little information about the feature frequency; therefore,
the improved method is applied. The relation curve of the
MESEV changing with evolutional generation is depicted in
Figure 9. It can be seen from Figure 9 that the MESEV is
the steadiest and smallest when the evolutional generation is
gradually increased from 23 to 50. Consequently, according
to the evolution results of the genetic algorithm as shown
in Figure 9, the optimal decomposition parameters 𝛼 and𝑘 of VMD are set as 1800 and 3, respectively. According
to the decomposition 𝑘, we can assume three characteristic
frequencies with 𝑓1, 𝑓2, and 𝑓3, respectively, and we then
process the RFMSR on each frequency range in order to
improve the signal intensity of 𝑓1, 𝑓2, and 𝑓3, respectively.
It should be noted that the parameter 𝑐 of the multistable
model is set to 0.2 and the double sample frequencies are
set to 3, 1, and 0.8Hz, respectively. The enhancement effect
of the rescaling frequency-shifted SR can be observed in
Figure 10. It can be seen from Figure 10(a) that certain high-
frequency components are weakened, while the amplitude of
the corresponding frequency bands is greatly improved. The
amplitude of the characteristic frequency of 10Hz increases
from 0.1 to 0.7133, that of 60Hz increases from 0.1 to 0.5183
in Figure 10(b), and that of 500Hz increases from 0.1 to 0.346
in Figure 10(c). Although the amplitudes of the three feature
frequencies in Figures 10(a), 10(b), and 10(c) are enhanced,
they are still weak; therefore, they are difficult to detect in
the output signal. Moreover, certain interference frequencies
exist around the fault frequency, which means that at times
the weak multifrequency signals cannot be detected using
multistable SR alone. Next, the three output signals through
the multistable system are, respectively, dealt with by means
of the AMDmethod.The different frequency band signals are
selected by the AMD method, and each resonance band is
retained only after AMD processing. The time domain plot
of synthetic signals in Figure 11(a) has been obtained. Finally,
the synthesized signal is decomposed by means of VMD, in
order to obtain an ideal frequency enhancement effect, as
shown in Figures 11(b)–11(d), which effectively demonstrates
that simulated signal frequencies exist. Therefore, this study
verified the effectiveness of the method.

Table 1: The main parameters of the rolling bearings.

Inner diameter 17.0002 (mm)
Outer diameter 39.9999 (mm)
Pitch diameter 28.4988 (mm)
Ball diameter 6.7462 (mm)
Ball number 8
Contact angle/(∘) 0

Table 2: Rolling bearing fault feature frequency (𝑓𝑟 = 29.95Hz).

Bearing element Failure frequency
Inner ring 4.9469𝑓𝑟
Outer ring 3.0530𝑓𝑟
The retainer 0.3817𝑓𝑟
Rolling body 3.9874𝑓𝑟

3.3. Application of Proposed Method

3.3.1. Analysis of Rolling Bearing. Rolling bearing fault signals
are typically nonstationary, modulated, and weak, making it
challenging to detect and extract feature information, which
is often submerged in strong background noise. The data
used in this study are taken from the Case Western Reserve
University (CWRU) Bearing Data Centre. As illustrated in
Figure 12, the apparatus for data acquisition consists of a
1.5 kw motor, torque transducer, dynamometer, and control
electronics (not shown). The IEPE Accelerometer is adopted
with linear frequency band from 0.7 to 13,000Hz in this
paper.

Two deep-groove ball bearings support the motor shaft at
the drive and fan ends of the motor. Single-point defects are
set on the test bearings at the location of the outer raceway,
inner raceway, and rolling element, using electrodischarge
machining. The vibration data were taken from the fan end
of the bearing (type 6203-2RS JEM SKF) with the inner race
defects, by using an accelerometer attached to the motor
housing at the drive end. The bearings used in this test
are deep-groove ball bearings of type 6203-2RS JEM SKF,
the motor speed is 𝑛 = 1797 rpm (𝑓𝑟 = 29.95Hz), and
the sampling frequency is 12kHz. The geometric details
of this bearing type are provided in Table 1, while the
characteristic frequencies are displayed in Table 2. Taking the
inner raceway faults as an example, calculating the feature
frequencies results in 148.2Hz; twice this is 296.4Hz and
triple is 444.6Hz.

Figure 13 illustrates the time domain and spectrum of
the rolling bearing inner race fault and its partial amplified
graph. In Figure 13, we label the respective fault characteristic
frequencies in order to compare these with the output signal
through the multistable system. It can be seen that the time
domain waveform of the signal periodic impact vibration is
very obvious. However, the spectrum energy is distributed
in a wide frequency range, rather than in the low-frequency
vibration characteristics, causing the fault characteristic fre-
quencies to be extremely weak. According to the proposed
method, firstly, genetic algorithm is adopted to acquire the
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Figure 10: The time domain and spectrum of output signal through the rescaling multistable SR.

optimal decomposition parameters of VMD based on the
minimization criterion ofMESEV. In the process, the optimal
decomposition parameters 𝛼 and 𝑘 of VMD are set as 2000
and 3, respectively. According to the mode number 𝑘, the
experimental data is handled using the RFMSR system with
three different double sampling frequencies, namely, 1.4, 1.6,
and 2Hz.

It can be seen from Figures 14(a)–14(c) that certain
high-frequency components are weakened and the amplitude
of the corresponding frequency bands is greatly improved.
The amplitude of the characteristic frequency of 148.1 Hz
increases to 0.3687, while twice this increases to 0.1377, and

triple increases to 0.1186. Following AMD, only the signal of
each resonance band is reserved and the synthesized signal in
the time and frequency domains is shown in Figure 15(a).The
results of the VMD can be seen in Figures 15(b)–15(d), where
it can be clearly observed that imf1, imf2, and imf3 consist of
the respective fault feature frequencies, proving the accuracy
and effect of the proposed method.

3.3.2. Analysis of the Gears. In order to verify the effect of
the proposedmethod on single-frequency diagnosis, the fault
simulation in a multiple gear transmission system test bench
experimental device is shown in Figure 16. Furthermore, the
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Figure 11: (a) The synthesized signal by AMDmethod and (b–d) the three IMFs of simulated signal with VMD decomposition.
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Figure 12: Rolling bearing fault simulation platform.

schematic diagram of the fixed axis gearbox can be seen in
Figure 17.Thegeometric details of these types of experimental
parameters are provided in Table 3. We analysed sets of data
from gear fault information using the method illustrated in
Figure 8.

The number of the big gear’s teeth on a low-speed shaft is
90, while the number of the small gear’s teeth on a medium-
speed shaft is 36. And the number of big gear teeth on the
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Figure 13: The time domain and spectrum of experimental signal.



Shock and Vibration 11

2000 4000 6000 8000 100000
Sample points

−4

−2

0

2

4
A

m
pl

itu
de

 (m
·Ｍ−2

)

X: 148.2
Y: 0.3687

0

0.1

0.2

0.3

0.4

A
m

pl
itu

de
 (m

·Ｍ−2
)

200 400 600 800 10000
Frequency (Hz)

(a)

X: 295.5
Y: 0.1377

200 400 600 800 10000
Frequency (Hz)

0

0.1

0.2

0.3

0.4

A
m

pl
itu

de
 (m

·Ｍ−2
)

2000 4000 6000 8000 100000
Sample points

−4

−2

0

2

4

A
m

pl
itu

de
 (m

·Ｍ−2
)

(b)

X: 444.1
Y: 0.1186

200 400 600 800 10000
Frequency (Hz)

0

0.1

0.2

0.3

0.4

A
m

pl
itu

de
 (m

·Ｍ−2
)

2000 4000 6000 8000 100000
Sample points

−4

−2

0

2

4

A
m

pl
itu

de
 (m

·Ｍ−2
)

(c)

Figure 14: The time domain and spectrum of output signal through the rescaling multistable SR with different double sample frequency: (a)
1.4Hz, (b) 1.6Hz, and (c) 2Hz.

Table 3: Experimental parameter table.

Experimental parameters Parameter values
Model of experimental gear ER-16K
The number of big gear’s teeth on medium
speed shaft 100

Rotational speed
Gear box ratio

1500 r/min
39.408867

Sampling frequency 12kHz
Characteristic frequency of low speed shaft 2.9Hz

medium-speed shaft is 100. The meshing frequency of the
gear can be calculated as follows:

𝑓2 = 𝑛1 × 𝑓𝑧 = 𝑛1 × 𝑓𝑟𝑅 = 4.571 × 2539.408867
= 2.898 ≈ 2.900Hz,

𝑓𝑚 = 𝑧1 × 𝑓1 = 𝑧1 × 𝑓2 × 𝑀1𝑀2 = 100 × 2.900 × 9036
= 725Hz,

(15)
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Figure 15: (a) The synthesized signal by AMDmethod and (b–d) the three IMFs of experimental signal with VMD decomposition.

Induction motor Fixed axle gear box Planetary gear wheel box

Magnetic vibrator

Figure 16:Machinery fault simulator- (MFS-)magnum experimen-
tal platform.

where 𝑛1 is the characteristic coefficient of the low-speed
shaft, 𝑓𝑧 is the feature frequency of the spindle, 𝑓𝑟 is the
rotating frequency, 𝑅 is the gearbox ratio, 𝑧1 represents the
number of big gear teeth on the medium-speed shaft, and𝑀1 and 𝑀2 represent the number of the big gear’s teeth on
the low-speed shaft and that of the small gear’s teeth on the
medium-speed shaft, respectively.

The vibration signal is measured by an accelerometer
under the condition of large gear wear on the medium-
speed shaft (the area marked by the dashed-dotted red line

High speed shaft

Medium speed shaft

Low speed shaft

The small gear on the
medium speed shaft

The big gear on the low
speed shaft

The big gear on
the medium
speed shaft

Bear

Figure 17: The schematic diagram of fixed axis gearbox.

in Figure 17). The gear fault signal and its spectrum diagram
are illustrated in Figure 18, where it can be seen that there
are obvious periodic shocks in the time domain waveform;
however, the fault characteristic frequency can hardly be
seen in the frequency spectrum map, because of heavy back-
ground noise interference. Therefore, we must process the
gear fault signal using other effectivemeans.The time domain
waveform and frequency spectrummap of the output signals,
after passing through the multistable SR system, are shown
in Figure 19. Following the steps in Figure 8, the minimum
entropy value appears in the twenty-seventh generation, and
the best combinations of parameters 𝛼 and 𝑘 are set as
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Figure 18: The experimental time domain signal and frequency domain signal.
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Figure 19: The output signal of experimental data through the rescaling multistable system.
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Figure 20: (a) The time domain of output signal by AMD. (b) The experimental signal results of VMD decomposition.

1900 and 1. The signal in the time and frequency domains
through AMD and VMD can be observed in Figure 20. It is
clear that the fault feature characteristics have been extracted
using the AMD andVMDmethods.The experimental results
demonstrate that the proposed method also proves to be
accurate and practical for weak single-frequency signals.

4. Conclusion

In order to address the detection problems inmultifrequency
signals in noisy backgrounds, a novel method based on

VMD after denoising by RFMSR with AMD is proposed.The
following conclusions have been reached:(1) A rescaling frequency-shifted multistable SR with
AMD can enhance the weak multifrequency signal at differ-
ent scales and effectively extract useful signals in different
frequency bands.(2) Combining the RFMSR and AMD with VMD, signal
noise reduction processing can be realized. Meanwhile, the
RFMSR with AMD can be considered as an improved
pretreatment method, prior to VMD decomposition, which
solves the overdecomposition problem due to the selection
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of parameter 𝑘. In addition, it is beneficial for VMD to
decompose the frequency components contained in the sig-
nal accurately, so as to improve the decomposition accuracy.(3) The analysis of the simulation results and exper-
imental examples demonstrates that this method can not
only effectively detect the weak multifrequency signal under
a strong noise background (including single-frequency sig-
nals), but also accurately decompose the characteristics of the
signal, which further reduces the false components of VMD,
improving the decomposition quality.

These conclusions provide a reliable basis for realizing
weakmultifrequency signal detection, and improve the short-
comings of the VMD method, particularly in a heavy noise
background.
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This laboratory study investigated the damage evolution of sandstone specimens under two types of cyclic loading by monitoring
and analyzing changes in the elastic moduli and the ultrasonic velocities during loading. During low-level cyclic loading, the
stiffness degradation method was unable to describe the damage accumulations but the ultrasonic velocity measurements clearly
reflected the damage development. A crack density parameter is introduced in order to interpret the changes in the tangential
modulus and the ultrasonic velocities. The results show the following. (1) Low-level cyclic loading enhanced the anisotropy of the
cracks. This results from the compression of intergranular clay minerals and fatigue failure. (2) Irreversible damage accumulations
during cyclic loading with an increasing upper stress limit are the consequence of brittle failure in the sandstone’s microstructure.

1. Introduction

The accumulated damage from dynamic (cyclic) loading is
highly detrimental in many engineered structures like mine
openings [1–4], petroleum and natural gas boreholes [5],
tunnels [6, 7], foundations [8], and underground chambers
[9, 10]. The sources of cyclic or repetitive loading can
be roughly divided into two types: (1) periodic operations
including drilling, blasting, and mining; (2) sporadic vibra-
tions including earthquakes and traffic loads. Repetitive
loading-unloading opens and closes the micropores and
microcracks within the rock and induces the growth of
cracks. Consequently, the accumulated damage can become
a potential trigger for the rapid and violent failures of large-
scale engineered structures.

Because this kind of damage is the cumulative destruction
of bonds in the rock’s microstructure, it cannot be directly
measured by macroscopic scale tests [11]. The most common

techniques and analytical methods used to investigate rock
damage are acoustic emissions (AE), the damage energy
dissipation method, and the stiffness variation method [12–
18]. Acoustic emissions can be used as a highly sensitive
detector for the microseismic events and energy release that
accompany the initiation and growth of cracks in geomate-
rials. However, the AE technique has an inherent limitation
in that it cannot quantify the damage to the material because
the seismic events and energy do not directly reflect the ratio
of structurally damaged portion to integrity portion. For this
reason, AE studies mainly focus on qualitative analyses such
as where the damage is taking place.

Xie et al. [19] originally attempted to use the rock energy
dissipation theory under cyclic loading conditions to quantify
damage. They proposed the damage variable𝐷 defined as

𝐷 = 1 − exp[−𝐵𝑌 − 𝑌01/𝑛𝑌∗ ] , (1)
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where 𝑌 is the dissipated damage strain energy during the
loading-unloading cycle; 𝑌∗ represents an energy dissipation
per unit volume. The two parameters 𝐵 and 𝑛 are related to
the mechanical properties of the rock. According to the data
presented by Xie et al. [19] and Liu et al. [16], the damage
variables estimated by (1) agreed with their experimental
results. Nevertheless, it should be pointed out that the values
of the two key parameters, 𝐵 and 𝑛, are highly dependent on
the numbers returned by the stiffness variation calculation.

The stiffness variation method is quite useful for describ-
ing dynamic damage in rocks. It is based on the strain equiv-
alence hypothesis proposed by Lemaitre [20]; the damage
variable𝐷 is expressed as

𝐷 = 1 − 𝐸𝐸 , (2)

where 𝐸 is the elastic modulus of the undamaged material;𝐸 is the elastic modulus of damaged material. This method
quantifies the changes in degree of damage by measuring
variations in the properties that are the consequence of
temporal changes in the rock’s microstructure. Therefore,
to reveal the underlying mechanisms of damage initiation
and development, an appropriate monitoring technique is
required. One technique, ultrasonic velocity testing, is an
attractive technique because it can provide spatial and tem-
poral information on the inner structure of the rock. The
stiffness variation method is superior compared to AE and
damage energy dissipation for two notable reasons: (1) the
damage variable (𝐷) can be directly quantified by the two
elastic moduli and (2) the moduli are directly measurable.

This study investigates the evolution of damage in sand-
stone under two types of cyclic loading by monitoring
both the variations in the elastic modulus and ultrasonic
responses. We adopted the stiffness variation method for
damage assessment and compared it with the results from
dynamic ultrasonic velocity measurements. Finally, the influ-
ences from two different types of cyclic loading on the
microstructure of the rock and the subsequent damage are
discussed.

2. Previous Studies

2.1. Mechanical Behavior of Rock Subjected to Cyclic Loading.
Rock is a type of natural material characterized by hetero-
geneity.The intrinsic physical and mechanical properties can
be determined indirectly by performing cyclic loading tests.
The stress-strain behavior of rock under cyclic loading can
provide useful information for theoretical analysis and for
numerical calculations for rock engineering purposes such as
estimating long-term stability, creep behavior, and response
to fatigue [21, 22].

As an effective way to quantify rock deformation, uniaxial
and triaxial cyclic loading tests on laboratory-scale rock
samples have been used extensively by numerous researchers.
Costin and Holcomb [23] suggested that stress corrosion is
a time-dependent mechanism that is most sensitive to the
mean stress level, whereas cyclic fatigue is most sensitive to
the amplitude of the stress cycles. Tao and Mo [24] proposed
that the total deformation from cyclic loading consists of

initial deformation (induced by static loading), creep defor-
mation, and damage deformation (produced by the cyclic
loading itself). Martin and Chandler [25] used a repetitive
loading-unloading test to investigate the progressive failure
of Lac du Bonnet granite and their results describe the
influence of crack damage on crack damage stress and crack-
initiation stress. Ray et al. [26] found that failure strength
increased with an increase in strain rate and, furthermore,
they observed an abrupt increase in strength at a strain rate of
2.5/s. Jafari et al. [27] evaluated the effects of cyclic shearing
on the strength of rock joints and found that the increase in
shear strength results from an increase in confining pressure.
By combining the plasticity theory and the self-organization
theory of cellular automata, Feng et al. [28] developed
an elastoplastic cellular automaton model to numerically
investigate the influence of cyclic loading on the complete
stress-strain curve and on AE emission from a rock specimen
under uniaxial compression. The results indicated that their
numerical simulation reproduced some of the well-known
phenomena observed by other researchers. Liu and He [9]
performed a series of laboratory tests to assess the effects of
confining pressure on the mechanical properties and fatigue
damage evolution of sandstone samples subjected to cyclic
loading. They found that, with an increase in the number
of cycles, the samples gradually became plastic and irre-
versible deformation occurred along both the axial and lateral
directions. Khaledi et al. [29] proposed an elastoviscoplastic-
creep model to predict the stress-strain relationships around
a rock salt cavern during cyclic loading. The constitutive
model Khaledi et al. developed in that paper combined three
existing models, with some modifications, to combine the
positive features of the three models for the specific purpose
of their investigation. This allowed their new model to be
applied in different simulationswith different types of loading
conditions as well as different time scales.

A pronounced feature of rocks subjected to cyclic loading
is fatigue. It is known that fatigue in rocks is influenced by
a number of factors, for example, the confining stress, the
loading rate, the loading amplitude (the maximum stress),
the type and frequency of the loading cycle, and the number
of cycles [10, 30]. Bagde and Petroš [31] demonstrated that
the quartz content, texture, and microstructure of a rock
had a huge influence on its fatigue strength. Xiao et al.
[32] conducted a laboratory-scale investigation on the fatigue
behaviors of granite under cyclic loading. They found that
determining initial fatigue damage was vital in order to
establish a unified critical damage parameter. Furthermore,
their result also indicated that, in most cases, the loading
induced damage was continuously amplified. By comparing
the results from conventional fatigue tests with those from
interval fatigue tests, Fan et al. [33] demonstrated that com-
bined cyclic stresses can significantly influence the fatigue
response of rock salt.

2.2. Ultrasonic Wave Velocities in Rock. Extensive laboratory
measurements of ultrasonic wave velocities in rock samples
have demonstrated that elastic wave velocities can provide
valuable information about the rock’s internal structure.
Ultrasonic velocity in a rock sample is largely dependent
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on the water content, density, composition, and boundary
conditions [34]. Gupta [35] measured the P- and S-wave
velocities along three mutually perpendicular directions in a
limestone cube under uniaxial compression and found that
prior to failure, both P- and S-wave velocities decrease in all
three directions but by different amounts. The P- to S-wave
velocity ratio remained nearly constant along the loading
direction, decreased slightly along the direction parallel to the
shear plane, and dropped considerably along the direction
perpendicular to the shear plane. By performing uniaxial
cyclic loading tests on granite specimens, Rao and Ramana
[12] monitored the variations in the compressional wave
velocity in the direction perpendicular to the applied stress.
They observed a steady rise in the compressional wave
velocity with an increase in the load of up to 30% of the
compressive strength. However, when the rock was loaded
again to 80% of its compressive strength, the compressional
wave velocity fell rapidly, indicating the development of
microcracks. Stanchits et al. [36] found that P-wave velocity
in basalt was about 3 km/s at atmospheric pressure but
increases by more than 50% when the hydrostatic pressure
was increased to 120MPa. In his granite samples, initial P-
wave velocity was 5 km/s but increased by less than 20%
under increased pressure. Stanchits et al. proposed that the
pressure-induced changes of elastic wave speed indicated
dominantly compliant low-aspect ratio pores in both the
basalt and the granite. Xiao et al. [32] proposed a mathe-
matical model to quantify damage evolution in granite under
cyclic loading and observed an obvious three-stage behavior
reflecting the evolution of fatigue damage.

Given its high sensitivity to the inner defects in rock
materials, the ultrasonic velocity technique can be used to
accurately and quantitatively monitor the changes in rock
fractures. This makes it possible to observe the mechanical
changes in the rock. Cyclic loading tests typically produce
continuous initiation and closing of cracks and these cracks
cannot be adequately monitored by conventional methods
and, so far, very few results from the application of the
ultrasonic velocity technique to cyclic loading tests have been
reported.Therefore, this work employed the ultrasonic veloc-
ity technique to investigate changes in the inner structure of
rock specimens during cyclic loading.

3. Experimental Work

The sandstone blocks from which cores were drilled for
this study were collected from an open-pit mine located
in Kittanning, Pennsylvania. Dry cylindrical cores were
drilled from the same large sandstone block and prepared
as 50mm diameter by 100mm long specimens. Both ends
of the specimens were ground and polished according to
the ISRM standards [37] before the tests were run; prepared
specimens are shown in Figure 1. In order to eliminate the
influence of water, the specimens were oven-dried until their
weight remained constant. Uniaxial compressive strength
(UCS) and cyclic loading tests were conducted using a
hydraulic servo-testing machine with a single loading rate
of 50N/s for all the experiments. The machine had a load
frame of stiffness 6000 kN/mm and a compression load

Figure 1: Sandstone specimen prepared for testing.

capacity of 1000 kN with a resolution of 0.5%. Its stroke was±50mm with a resolution of 1 𝜇m. Commercially available
piezoelectric transducers with a 200 kHz main frequency
were used for both transmitting and receiving the ultrasonic
signals. As illustrated in Figure 2, one piezoelectric trans-
ducer was placed between the top face of specimen and
the upper, fixed platen of the hydraulic testing machine;
the receiver was inserted between the bottom face of the
specimen and the lower (loading) platen. The acquisition
rate was set to 20MHz and honey was used as a couplant.
Before each test, the transducers were placed against each
other to determine the face-to-face arrival time so that the
ultrasonic velocity could be properly determined by sub-
tracting the face-to-face arrival time from the arrival times
measured during the test. During the cyclic loading tests, the
ultrasonic signals were transmitted and recorded at 4MPa
intervals.

In order to obtain the mechanical properties of the
sandstone specimens, three preliminary UCS tests were
conducted. Based on those UCS data, the elastic limit and
compressive strength for these specimens were determined.
Then two types of cyclic loading tests were carried out, Type
1 and Type 2. In Type 1 tests, the loading was cycled between
zero and a prescribed stress. This type of test was designed
to investigate the effect of low-level cyclic stress on specimen
damage. Because the elastic limit is widely recognized as a
threshold beyond which the mechanical damage increases
rapidly [16, 38–40], the prescribed stress was 16MPa lower
than the elastic limit. With this 16MPa margin, the possi-
bility of rapid damage resulting from specimen-to-specimen
variations in the elastic limit could be avoided. The loading
rate was 50N/s; the slow rate made each experiment fairly
time-consuming, so only four cycles were conducted. For
Type 2 tests, the prescribed stress was progressively increased
from one cycle to the next until the specimen ruptured. This
test focused on damage in a high-rate damage environment;
therefore the initial prescribed stress for cyclic loadingwas set
4MPa higher than the elastic limit and increased by 4MPa
per cycle. Three replicate tests were conducted for each test
type.
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Table 1: Mechanical properties of sandstone specimens𝑁1,𝑁2, and𝑁3.
Number Peak strength/MPa Average/MPa Young’s modulus/GPa Average/GPa Elastic limit/MPa Average/MPa
𝑁1 63.22

55.51
8.03

7.41
54.82

47.14𝑁2 53.07 6.96 42.79𝑁3 50.24 7.24 43.82

Pulse generator &
digital storage

(a) (b)

Figure 2: Illustrations showing the ultrasonic measurement testing system. (a) Schematic diagram. (b) Photograph of the hydraulic testing
machine.
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Figure 3: Stress-strain curves for sandstone specimens𝑁1,𝑁2, and𝑁3 tested under uniaxial loading.

4. Experimental Results and Discussion

The stress-strain curves for three sandstone specimens tested
under uniaxial loading are shown in Figure 3. As expected,

the stress-strain curves can be divided into four stages: con-
solidation/compaction, elastic deformation, plastic deforma-
tion, and failure/postfailure.The overall mechanical behavior
of the sandstone specimen follows that of classic brittle
materials.Themechanical properties for the three specimens
are listed in Table 1; the average peak strength, elastic mod-
ulus, and elastic limit are 55.51MPa, 7.41 GPa, and 47.14MPa,
respectively.

4.1. Cyclic Stress-Strain Curves and Stiffness. Based on the
specimen’s mechanical properties, we conducted the Type 1
and Type 2 cyclic loading experiments. Typical stress-strain
curves for the two types of cyclic loading tests are shown
in Figure 4. The figure shows that the hysteresis loops of
tests become narrower as the number of cycles increases.The
essence of the loading-unloading cycle is energy conversion
in the rock specimen tested. Specifically, the area under the
loading curve represents the external work absorbed by the
rock and the area under the unloading curve represents
the elastic strain energy released [19]. Therefore, the area of
the hysteresis loop is the dissipated energy due to damage
development and plastic deformation. In Figure 5, the first
cycle of Figure 4(a) is shown alone to illustrate howdissipated
energy and released strain energy are calculated. In Figure 5,
the grey portion represents the released strain energy during
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Figure 4: Typical stress-strain curves for cyclic loading tests. (a) Type 1; (b) Type 2.
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Figure 5: Stress-strain curve for the first cycle of Figure 4(a)
illustrating the areas under the curve that represent dissipated
energy and released strain energy.

the unloading phase and the white portion represents the
dissipated energy. Tables 2 and 3 list the dissipated energy for
the tested specimens under Type 1 and Type 2 conditions. It
is clear that dissipated energy decreases as the cyclic number
increases for the Type 1 test but it remains relatively constant
for Type 2 test. The decrease in energy for Type 1 test can
be attributed to the plastic closure of preexisting pores and
cracks under cyclic loading below the specimen’s elastic limit,
which results in a continuous reduction of open pores and
cracks. The closure of pores and cracks is also reflected by an
increase in the specimens’ stiffness, as shown inTable 4where
the average increase in Young’smodulus for the three samples
is 37.5%. As for Type 2 tests, the relatively stable dissipated
energy is the result of the irreversible damage produced after
the elastic limit is exceeded. In Table 5, the 11.4% average
decrease in Young’s modulus also reflects the irreversible
damage.

Table 2: Dissipated energy for sandstone specimens under Type 1
cyclic loading tests in J/m3.

Number of cycles Number of specimens
#1 #2 #3

1 6.12 × 104 6.26 × 104 5.70 × 104
2 3.02 × 104 2.86 × 104 3.35 × 104
3 2.21 × 104 2.77 × 104 2.62 × 104
4 1.98 × 104 2.21 × 104 2.02 × 104

Table 3: Dissipated energy for sandstone specimens under Type 2
cyclic loading tests in J/m3.

Number of cycles Number of specimens
#1 #2 #3

1 6.49 × 104 8.69 × 104 9.30 × 104
2 6.33 × 104 7.55 × 104 7.93 × 104

Table 4: Young’s modulus for sandstone specimens under Type 1
cyclic loading tests in GPa.

Number of cycles Number of specimens
#1 #2 #3

1 5.01 5.03 5.30
2 5.87 5.36 5.89
3 6.49 6.16 6.48
4 7.25 6.73 7.10

The tangential moduli calculated from Figure 4 are plot-
ted versus axial stress in Figure 6. It is clear that the tangential
moduli generally increase with increasing stress but as the
cycle number increases, the moduli for Type 1 and Type 2
tests show opposite trends. For Type 1 tests, as the cycle
number increases, the tangential modulus for each loading
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Figure 6: Graphs of tangential moduli versus axial stress for (a) Type 1 loading stages; (b) Type 1 unloading stages; (c) Type 2 loading stages;
(d) Type 2 unloading stages.

Table 5: Young’s modulus for sandstone specimens under Type 2
cyclic loading tests in GPa.

Number of cycles Number of specimens
#1 #2 #3

1 8.41 7.67 7.54
2 7.78 7.58 7.21
3 7.47 6.68 6.77

cycle also increases and an obvious reduction can be seen in
the tangential modulus for each unloading cycle. In contrast,

both the loading and unloading tangential moduli for Type
2 tests decrease at higher cycle numbers. In addition, the
loading cycle tangential moduli for specimens tested under
Type 2 tests show a dramatic decline when the sample is near
failure.This is caused by the rapid development of irreversible
damage.

In order to further investigate the damage caused by
cyclic loading, (2) is used to calculate the damage variable
for each loading cycle for Type 1 and Type 2 tests. For these
calculations, the maximum loading tangential modulus from
the cyclic loading tests is selected as the elastic modulus for
intact sandstone. This is 9.92GPa, the maximum stress point
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Figure 7: Graphs showing damage variables versus axial stress for the loading cycles of (a) Type 1 tests; (b) Type 2 tests.

for Cycle 1 of a Type 2 cyclic loading test. As illustrated
in Figure 7, the preexisting defects (the pores and cracks
formed during geological events and specimen preparation)
in specimens are deemed the initial damage. Increasing stress
gradually closes preexisting defects resulting in a general
descending trend for the damage variable, but at higher
stresses during Type 2 tests, the damage variable increases,
implying that the high stresses have caused cracks to be initi-
ated and propagate. Figure 7 also shows that, with increasing
cycle number, the progression of the damage variable for
Type 1 and Type 2 tests is different. For Type 1 tests, the
damage variable consistently decreases as the number of
cycles increases, implying that compaction is taking place.On
the other hand, the damage variable for Type 2 tests clearly
increases at higher cycle numbers indicating continuous
damage accumulation.

4.2. Responses of Ultrasonic Wave Velocities to Cyclic Loading.
During each cyclic loading test, the P- and S-wave signals
at an ultrasonic frequency of hundreds of thousands of Hz
were acquired using the ultrasonic transducers shown in
Figure 2(b). Figures 8 and 9 show graphs of the ultrasonic
velocities for Types 1 and Type 2 tests plotted against stress.
Similar to the tangential moduli shown in Figure 6, both
the P- and S-wave velocities generally raise with increasing
axial stress; however the wave signals do show some different
responses to the number of test cycles.

Figure 8 demonstrates that as the cycle number increases,
the P-wave velocity gradually decreases but the S-wave
velocity remains relatively constant. This implies that cyclic
loading below the elastic limit does cause damage but the
form of the damage leads to differences in the velocities. The
elastic modulus 𝐸0 and the shear modulus 𝜇 can be expressed
as [41]

𝐸0 = 𝜌𝑉
2
s (3𝑉2P − 4𝑉2S )𝑉2P − 𝑉2S ,

𝜇 = 𝜌𝑉2s ,
(3)

where 𝜌 is the density, 𝑉p is the P-wave velocity, and 𝑉s is
the S-wave velocity.Therefore, the decreasing P-wave velocity
and the steady S-wave velocity indicate that the damage in
the specimen reduced the dynamic Young’s modulus but
had only a slight influence on the dynamic shear modulus.
The decrease in dynamic Young’s modulus is contrary to the
stiffening trend from loading shown by Figure 6(a) but con-
sistent with the softening trend of unloading in Figure 6(b).
It is well known that the P-wave velocity is more sensitive
to the development of cracks oriented perpendicular to the
direction of wave travel (in this case, wave travel is parallel
to vertically applied load), whereas the S-wave velocity is
more sensitive to the cracks oriented parallel to the direction
of wave travel [42–44]. Therefore, the decrease in P-wave
velocities indicates that low-level cyclic stress induces the
initiation and development of cracks oriented horizontally or
subhorizontally, and the more stable S-wave velocity means
that few irreversible microstructural changes are oriented in
a vertical direction. Considering the stiffening trend during
loading and the softening trend during unloading suggested
by Figures 6(a) and 6(b), it is reasonable to attribute the
development of horizontal cracks to the collapses of pores.
The collapses would cause the relocation of sandstone grains
and result in a densification of the rock.The denser structure
means the specimen would stiffen during loading, but the
rebound during unloading would be limited. Furthermore,
the gradual decrease in P-wave velocity in Figures 8(a) and
8(b) indicates a progressive development of horizontal cracks.
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Figure 8: Graphs showing P- and S-wave velocities versus axial stress for Type 1 tests. (a) Loading stage P-wave velocities; (b) unloading stage
P-wave velocities; (c) loading stage S-wave velocities; (d) unloading stage S-wave velocities.

This progressive crack formation is a clear indication of
fatigue damage.

Similar to the trends of the tangential moduli with
increasing axial stress in Figures 6(c) and 6(d), Figures
9(a) and 9(c) both show obvious velocity declines at high
stress values. The decline indicates that, at these stress levels,
damage develops rapidly in the rock’s microstructure and
this clearly indicates brittle behavior. During Cycle 3 loading,
the sudden failure of the specimen at 58.3MPa resulted in
no data being collected at higher stresses; otherwise there
would be a similar velocity decline at the right end of the

Cycle 3 curves in Figure 9. This ultrasonic velocity behavior
conforms to the Kaiser Effect [45] and reveals that the
rate of damage accumulation during Type 2 loading rapidly
accelerates when the former maximum applied stress is
exceeded. This rapid accumulation of damage can also be
demonstrated by the change in P-wave velocities during the
whole loading-unloading test. As shown in Figure 10 for Type
2 tests, the P-wave velocity for any single stress value is higher
during loading than it is for unloading, but just the opposite
is true for Type 1 tests.The decrease in velocity shows that the
rock’s microstructure had suffered considerable damage at
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Figure 9: P- and S-wave velocities versus axial stress for Type 2 tests. (a) Loading stage P-wave velocities, (b) unloading stage P-wave velocities,
(c) loading stage S-wave velocities, (d) and unloading stage S-wave velocities.

the higher stress levels. Nevertheless, the increase in velocities
during Type 1 testing is still the result of the densification
described above.

In order to quantify the deformation of the microstruc-
ture, a crack density parameter (developed by Ayling [46];
Ayling et al. [47]) is introduced that uses three dimensionless
parameters (q1, q2, q3) to describe cracking anisotropy.
Cracking anisotropy can be expresses as

q3 = 4.28(1 − ( 𝑉S𝑉S0)
2) − 1.77(1 − ( 𝑉P𝑉P0)

2) ,

q1 = 0.92(1 − ( 𝑉P𝑉P0)
2) − 0.57(1 − ( 𝑉S𝑉S0)

2) .
(4)

In (4), q3 (equal to q2 for uniaxial compression) denotes
the crack density for cracks aligned parallel to the loading
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Figure 10: P-wave velocity evolution during loading and unloading. (a) Cycles 1 and 3 from Type 1 testing; (b) Cycles 1 and 2 from Type 2
testing.

direction, q1 denotes the crack density for cracks aligned
perpendicularly to loading direction, and 𝑉P0 and 𝑉S0 are,
respectively, the P- and S-wave velocities of the noncracked
solid. In this case, 𝑉P0 and 𝑉S0 are the maximum velocities
measured under Type 1 loading (meaning that the pores and
cracks in the rock are supposed to be closed). Because Type
1 loading did not exceed the elastic limit, the highest stress
condition underType 1 loading (where themaximumvelocity
values were recorded) was expected to close the vast majority
of cracks and not initiate any new cracks.

The changes in the crack density parameter during cyclic
loading have been determined using (4) and are shown in
Figure 11. The general trends in crack density are shown
by the density parameter at three stress values, values that
represent low, medium, and high stresses. From Figures 11(a)
and 11(b) it can be seen that the microstructural evolution
during Type 1 cyclic loading exhibits different tendencies in
the directions parallel with and perpendicular to the loading
axis. The reduction in q3 as the number of loading steps
increases indicates that the applied stress tends to close the
cracks that are aligned parallel to the loading axis. This
is counterintuitive. We attribute this to the compaction of
clay minerals in the sandstone; specifically, the compression
squeezes the quartz grains against the intergranular claymin-
erals forcefully closing the microcracks. This compression
stiffens the sandstone but lessens its capacity for rebound.
This is confirmed by the increase in tangential moduli from
cycle to cycle shown in Figure 6(a) and their reduction
in Figure 6(b). In contrast, the step-wise escalation of q1
in Figure 11(b) suggests that the loading stage gradually
increases the number of cracks oriented perpendicular to
the loading axis. As described previously, a continuously
applied stress would close the horizontal cracks, but the cyclic

loading-unloading causes the cracks to repeatedly close and
open, leading to fatigue failure and elongation of the existing
cracks.This is reflected by the decrease in P-wave velocities as
the number of cycles increases, as shown in Figure 8(a). Crack
densities during Type 2 loading, illustrated in Figures 11(c)
and 11(d), show an increase of both q3 and q1, implying that,
for this style of loading, crack density and damage increase
continuously.

5. Conclusions

The influence of the two types of cyclic loading on the
damage evolution of sandstonewas investigated. Based on the
differences in elastic moduli and ultrasonic wave velocities,
attributes of microstructural deformation were identified.
The main findings are as follows:

(1) Low-level cyclic loading caused the specimens to
stiffen during loading but soften during unloading.
The stiffness degradation method does not describe
the accumulated damage satisfactorily, but P-wave
velocities clearly reflect the damage development.

(2) The energy dissipated by damage and plastic defor-
mation decreases as the number of loading cycles
increases for Type 1 loading, but energy dissipation
remains relatively constant for Type 2 loading. The
decrease during Type 1 tests can be attributed to the
plastic closure of preexisting pores and cracks caused
by the low-level cyclic loading.This loading results in
a continuous reduction of the number of open pores
and cracks. The relatively stable dissipated energy
from Type 2 loading results from the accumulation of
irreversible damage.
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Figure 11: Graphs showing changes in the crack density parameter at three selected stresses representing low, medium, and high stress values
during loading and unloading. Crack density parameter q3 denotes cracks parallel to the load direction, parameter q1 denotes perpendicular
cracks. (a) q3 for Type 1 tests, (b) q1 for Type 1 tests, (c) q3 for Type 2 tests, and (d) q1 for Type 2 tests. The units on the 𝑥-axis are the
loading-unloading stages (e.g., C2U stands for Cycle 2 unloading).

(3) Low-level cyclic loading enhances the anisotropy
of cracking. This anisotropy results from the com-
pression of intergranular clay minerals and cracks
developed by fatigue failure.

(4) The irreversible damage accumulated during cyclic
loading with an increasing upper stress limit is
the consequence of brittle failure in the sandstone’s
microstructure.
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A method based on singular value decomposition (SVD) and fuzzy neural network (FNN) was proposed to extract and diagnose
the fault features of diesel engine crankshaft bearings efficiently and accurately. Firstly, vibration signals of crankshaft bearings
in known state under the same working condition were decomposed by EMD to obtain the modal components containing fault-
feature information. Then, the singular values of modal components which include the main fault features were used as the initial
vector matrix, where the eigenvectors were decomposed to form a fault characteristic matrix. At last, the fault features matrix was
trained by the fuzzy neural network, in order to realize the diagnosis and identification of the crankshaft bearings in different states
in the form of numerical values. The experiment showed that the numerical identification of the fuzzy neural network based on
the singular value had high fault diagnosis accuracy and stability. This method can also reflect the gradual change of the crankshaft
bearings’ fault to some extent, so it has the desired reliability and value.

1. Introduction

Crankshaft bearing is an important part of the diesel engine
with a high failure and abrasion rate. If we can extract fault-
feature information from the vibration signals effectively and
identify the operating state of the crankshaft bearing and then
repair or replace it in time, it will be of great significance for
the safety and economy of the diesel engine [1].

If we want to classify different fault states exactly, it is
necessary to extract accurate signal features and identify these
features accurately. Many experts have done a great deal of
research on this. Yang et al. [2] decomposed nonstationary
vibration signals into a series of intrinsic mode functions
with empirical mode decomposition and input their energy
into the neural network for fault diagnosis, and this method
achieved good results; Xia et al. [3] proposed a method
of fault diagnosis based on the combination of empirical
mode decomposition and AR spectroscopy; Si et al. [4] used
wavelet packet to denoise the vibration signal, extracted the
eigenvalue of the fault signal, and used the fuzzy neural
network to diagnose and recognize the fault states. With
reference to the modal aliasing of EMD, Zhang et al. [5]

extracted engine crankshaft fault features by integrated
empirical mode decomposition, which can identify different
fault states efficiently. However, the above extractionmethods
of fault features still need to be further discussed in terms
of accuracy and stability. Singular values are the inherent
features of the matrix. When the matrix elements change
slightly, the singular values of the matrix change very little.
At the same time, singular values have scale invariance and
rotation invariance. Therefore, based on empirical mode
decomposition, singular value decomposition can effectively
solve the above-mentioned problem. Guo et al. [6] con-
structed the time-frequency matrix of the vibration signal
by Hilbert-Huang transform, and the singular value of the
matrix was regarded as the feature vector, and then they used
FCM to classify the fault states of the distribution switch.
Zhou et al. [7] proposed a fault diagnosis method of rolling
bearing based on EMD-SVD and FCM. Although the extrac-
tion of fault features was effectively improved by singular
value decomposition, it is still worth a further discussion
on the accuracy and stability of diagnosis and recognition.
As an important intelligent information processing method,
fuzzy neural network has strong self-learning and data direct
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processing ability, so it can express the structure of the result
clearly. Therefore, the fuzzy neural network can be used to
classify the features of different faults in the formof numerical
value; this method can also reflect the gradient of fault to
some extent.

This paper combined the advantages of the above-
mentioned method in the extraction and recognition of fault
features for the first time; a new fault diagnosis method based
on EMD-SVD and fuzzy neural network was proposed. It
was proved by experiment that this method can effectively
compensate the shortage of previous research, and it had high
accuracy and stability of fault diagnosis.

2. The Introduction of EMD-SVD

2.1. Empirical Mode Decomposition (EMD). Empirical mode
decomposition is a smoothing process, which can decompose
a complex, nonstationary signal into a number of intrinsic
mode functions, and we abbreviate it as IMF [8]. The instan-
taneous frequency of any point in the IMF is meaningful.
At any given moment, the signal can contain several IMF
components. Each IMF’s frequency and composition are
different and the decomposition process is self-adaptive,
so EMD is very suitable for dealing with nonstationary
bearing vibration signals [9]. In the process of empirical
mode decomposition, each IMF component must satisfy the
following two conditions: firstly, the number of the extreme
points and the zero points should be equal to or not more
than one; secondly, themean of themaximum andminimum
of extreme points is zero at any point in the signal curve [10].
Sincemost of the nonstationary signals do not satisfy the IMF
conditions directly, Huang made the following assumptions
[11]: any complex signal is composed of IMFS which are
independent of each other and each IMF component can be
linear or nonlinear. For the signal 𝑋(𝑡), its empirical mode
decomposition equation can be expressed as

𝑋 (𝑡) =
𝑛

∑
𝑖=1

𝐶𝑖 (𝑡) + 𝑟 (𝑡) . (1)

In the equation, 𝐶𝑖(𝑡) means the IMF components, 𝑟(𝑡)
means the residual component, and it represents the average
trend of the signal.

However, vibration signals of diesel engine crankshaft
bearings often contain noises or intermittent signals, and this
makes empirical mode decomposition exhibit a shortage of
modal aliasing, so the extraction of signal features becomes
unstable and inaccurate [12]. Singular value decomposition
can effectively reduce the interference of noise components
and intermittent signals, so singular value decomposition
based on empirical mode decomposition can effectively
extract the stable fault features. In the process of solving
practical problems, we often focus on the effective IMF com-
ponents, which contain the main fault-feature information.
Therefore, selecting the effective IMF components is also a
key step of fault-feature extraction in this paper.

2.2. Singular Value Decomposition (SVD). Singular value
decomposition (SVD) is an important orthogonalization

method of matrix decomposition in linear algebra. For a
linear correlation matrix of rows or columns, it can be
transformed into a linearly independent one by multiplying
an orthogonal matrix on its left and right side, respectively.
For a real matrix, 𝐴𝑚×𝑛, whose rank is 𝑟, if there exist
two orthonormal matrices, 𝑈 and 𝑊, and another diagonal
matrix,𝐷, they satisfy the following equation:

𝐴𝑚×𝑛 = 𝑈𝑚×𝑚𝐷𝑚×𝑛𝑊𝑛×𝑛𝑇 =
𝑟

∑
𝑖

𝛿𝑖𝑢𝑖𝑤𝑇𝑖

𝑈𝑇𝑈 = 𝐸𝑚×𝑚 𝑊𝑇𝑊 = 𝐸𝑛×𝑛.
(2)

Equation (2) is called the singular value decomposition of
the real matrix 𝐴𝑚×𝑛.

In this equation, 𝑈𝑚×𝑚 = [𝑢1, 𝑢2, . . . , 𝑢𝑚], 𝐷𝑚×𝑛 =
[ Δ 𝑟×𝑟 0
0 0
], Δ 𝑟×𝑟 = diag(𝛿1, 𝛿2, . . . , 𝛿𝑟),𝑊𝑛×𝑛 = [𝑤1, 𝑤2, . . . , 𝑤𝑛],

𝑟 = min(𝑚, 𝑛), and 𝛿𝑖 (𝑖 = 1, 2, . . . , 𝑟) are the singular values
of the real matrix𝐴𝑚×𝑛. 𝛿𝑖 = √𝜆𝑖, 𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑟 ≥ 0, are
the eigenvalues of 𝐴𝑇𝐴. Under the restrictions of 𝜆1 ≥ 𝜆2 ≥
⋅ ⋅ ⋅ ≥ 𝜆𝑟 ≥ 0, the singular value of thematrix (𝛿1, 𝛿2, . . . , 𝛿𝑟) is
unique [10].The singular value has the following two features:
(1) the singular values of matrices have a better stability and
(2) the singular values also have both proportion invariance
and rotation invariance.Therefore, singular values can reflect
the features of eigenvectors very well. In the process of
constructing the real matrix 𝐴, the time delay embedding
technique is usually used to reconstruct the phase space
of one-dimensional time series. However, there is no clear
theoretical guidance on how to determine the embedding
dimension and the delay constant. For this problem, this
paper combined EMD and SVD and formed the initial
eigenvector matrix automatically by the IMF components
with EMD.This combined EMD and SVDmethod can avoid
the arbitrary choice of embedding dimensions and delay
constants [10].

3. Fuzzy Neural Network

Fuzzy neural network is an important intelligent information
processing method, which combines the advantages of fuzzy
logic and neural networks well. Therefore, the fuzzy neural
network algorithm not only has a strong self-learning ability
to deal with data directly but also has a strong ability of
structural knowledge expression. Figure 1 shows the general
structure of the fuzzy neural network.

In the fuzzy neural network, the function of the first layer
is to transfer the input signal to the next layer without any
change. Each of its nodes corresponds to an input constant.
The number of nodes in the input layer is determined by
the input signal. In this paper, the number of input nodes
is consistent with the number of key IMF components. The
second layer is the quantized input layer; its function is to
fuzzify the input variables.The third layer is the hidden layer;
its function is to realize themapping between the fuzzy values
of the input variables and the output variables. The fourth
layer is the quantized output layer; its output result is the
fuzzification value.Thefifth layer is theweighted output layer;
it can make sure of the clarity of the output results.
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Figure 1: Structure diagram of the fuzzy neural network.

Network learning is a process of updating network con-
nection parameters constantly, and it ultimately makes the
network achieve optimal performance [4].The learning error
is calculated according to the actual output value and the
target value, and then the condition parameter is adjusted by
the back-propagation error. The specific adjustment process
is as follows.

(1) Network initialization: determine the number of input
nodes, hidden nodes, and output nodes of the network;
initialize parameters of fuzzy neural network and fuzzy
membership degree at the same time.

(2)The training of fuzzy neural network: input the sample
𝑋𝑛 (𝑛 = 1, 2, . . . , 𝑛) and the label 𝑌𝑛 (𝑛 = 1, 2, . . . , 𝑛), and
then set the hyperparameter (such as the number of iterations
and the network learning rate).

(3) Start iteration: adjust the network connection param-
eters constantly until the actual output of the network is
consistent with the ideal one; then, the training is over.

(4) Classify the samples with the trained fuzzy neural
network.

4. Fault Diagnosis Based on EMD-SVD
and Fuzzy Neural Network

The fault diagnosis method based on EMD-SVD and fuzzy
neural network is shown in Figure 2.

The specific diagnostic steps are as follows.
Empirical mode decomposition: first, pick out the vibra-

tion signals 𝑋(𝑡) of crankshaft bearings in normal state,
slight wear, and severe wear under the same condition and
decompose the signals with EMD; we can obtain several
IMF components with different feature scales 𝑐1, 𝑐2, . . . , 𝑐𝑛.
Then, form the initial eigenvector matrix 𝐴 with the IMF
components, 𝐴 = [𝑐1, 𝑐2, . . . , 𝑐𝑛]𝑇.

Singular value decomposition: decompose the key IMF
components in the initial eigenvector matrix with SVD and
then obtain the singular values, 𝛿 = [𝛿1, 𝛿2, . . . , 𝛿𝑛], 𝛿1 ≥
𝛿2 ≥ ⋅ ⋅ ⋅ ≥ 𝛿𝑛. And the singular values are used as the final
fault-feature vector.

Fault diagnosis of fuzzy neural network: the fault-feature
matrix was formed by the singular values of three kinds of

Table 1: The relevant parameters of the test and diesel engine.

Rated power Speed Sampling frequency
3990KW 1500 r/min 5.12 kHz

bearings’ states under the same working condition. And the
singular values are also used as an input training sample
of fuzzy neural network. At the same time, three groups of
signals are picked out from each state, and then we verify
the identification of the fuzzy neural network. The specific
diagnosticmethods are as follows: after learning and training,
each fault state will be trained as a numerical value; we
can distinguish different fault states by the numerical values,
and the approximation between the output results and the
numerical indexes can effectively reflect the gradient of the
fault.

5. Experimental Analysis

DH5922N dynamic signal tester was used with appropriate
IEPE piezoelectric acceleration sensors to measure the vibra-
tion of diesel engine crankshaft bearing in this experiment.
The acceleration sensor is placed on the bearing seat. Con-
necting the testerwith a computer, we canmonitor and collect
the vibration signals of crankshaft bearings and distinguish
the vibration features of crankshaft bearings in normal state,
slight wear, and severe wear. The relevant parameters of the
test and diesel engine are shown in Table 1. When the diesel
engine worked at the rated power, the time-domain vibration
signals of crankshaft bearing collected in different states are
shown in Figure 3.

5.1. The Extraction of Fault Features. Decompose the vibra-
tion signals in the three above-mentioned states (normal
state, slightly worn state, and severely worn state) with
EMD (take a group of vibration signals in normal state as
an example). The time and frequency-domain signals after
empirical mode decomposition are shown in Figure 4.

Figure 4(a) shows the time-domain diagram of the first
8-order IMF obtained after EMD of the above vibration
signal.The abscissa axis indicates the temporal variation, and
the ordinate indicates the amplitude. IMF1–IMF8 represent
the relationship between the amplitude and the sampling
time of each intrinsic mode function. Figure 4(b) shows
the frequency-domain diagram of IMF1–IMF8, the abscissa
axis indicates the frequency, and the ordinate indicates the
amplitude.The spectrum shows the frequency range in which
different intrinsic mode functions concentrate. From the
first eight IMF components and their spectrums, it is easily
found that the energy of the signals was almost occupied by
the first five IMF components. Therefore, the first five IMF
components can be considered as the key IMF components,
and they are used to generate the initial vector matrix
(vibration signals of bearings in slightly worn state and
severely worn state were treated in the same way; each state
will be taken in five groups of signals).

Decompose the initial vector matrix with SVD. The
result of singular value decomposition in different states of
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Figure 2: Fault diagnosis method based on EMD-SVD and fuzzy neural network.
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Table 2: Singular value decomposition results of vibration signals in different states of crankshaft bearing.

Wear degree of crankshaft bearing Signal 𝛿
1

𝛿
2

𝛿
3

𝛿
4

𝛿
5

Normal state

Group 1 102.3797 75.3013 54.9141 26.9316 14.4099
Group 2 106.5650 78.3713 51.4455 20.2149 11.7647
Group 3 107.3573 78.9566 46.7620 25.6204 12.5991
Group 4 110.3927 75.6752 46.3543 25.3347 15.1932
Group 5 108.7006 74.8050 51.1752 24.5572 14.2192

Slight wear

Group 1 217.9721 64.7321 37.0377 27.6948 15.9726
Group 2 219.5561 65.1054 36.2118 27.7099 14.8522
Group 3 220.7921 64.7638 36.4818 27.0298 15.3634
Group 4 221.6588 65.6042 36.1307 28.3611 15.5129
Group 5 218.1416 66.5646 38.8615 28.4011 15.9406

Severe wear

Group 1 253.2741 88.1292 40.9097 27.4871 15.9595
Group 2 255.3187 89.2155 37.3920 25.3073 16.6829
Group 3 228.0774 92.6607 43.8101 25.8627 17.3696
Group 4 245.3930 98.4203 39.6401 24.2324 17.5652
Group 5 253.1356 96.0376 38.6695 25.4074 15.6127
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Figure 3: Time-domain signal of crankshaft bearing.

crankshaft bearing is shown in Table 2 (𝛿1–𝛿5 are singular
values).

The singular values of different IMF components reflect
the features of each frequency band of the vibration signal.
They also correspond to the energy changes in different
frequency band signals [10]. From Table 2, it is found that
the singular value matrix changes correspondingly with the
wear degree of crankshaft bearings; the singular value of the
components in slightly worn state and severely worn state will
be higher than those in the normal state; however, it does not
increase linearly with the wear degree.

5.2. Fault Identification. In this experiment, the input data
dimension of fuzzy neural network is 5 while the output data
dimension is 15. According to the number of input and output

nodes of the network, the number of selected membership
functions is better to be 10 after the optimization. Therefore,
the construction of the network structure is 5-10-15. Table 2
shows input training samples and Table 3 shows testing
samples.

Through the operation of fuzzy neural network, the
results can be obtained in Table 4.

In the training process, we trained the normal state of the
crankshaft bearings to the value of 1, the slightly worn state
to the value of 2, and the severely worn state to the value of 3,
as shown in the output trained sample 𝑦. Combined with the
test results, we define the numerical values as the independent
variable 𝑥, and the bearings’ state is the function 𝑔(𝑥).We can
give the decision function as follows:

𝑔 (𝑥) =
{{{{
{{{{
{

normal state 𝑥 ≤ 1.5
slight wear 1.5 < 𝑥 ≤ 2.5
severe wear 𝑥 > 2.5.

(3)

The decision function can be regarded as the criterion for
running state of crankshaft bearings. We can also consider
that the closer the value is to the critical one, the more likely
the bearing is to be in the corresponding state; that is to say,
the running state of crankshaft bearings is closer to the critical
state. When the independent variable 𝑥 is greater than 2.5,
thismeans the bearing should be repaired or replaced in time.

The verification between the output results and the above
identification criterion is shown in Figure 5. As can be seen
from Figure 5, the numerical indexes can classify the running
state of the crankshaft bearing accurately. Therefore, the
diagnosis and recognition in the form of numerical value are
realized. The accuracy and feasibility of this method can be
fully proved by the above experimental results.

6. Conclusion

A fault diagnosis method based on EMD-SVD and fuzzy
neural network was presented and evaluated. In this paper,
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Table 3: Detection sample.

Wear degree of crankshaft bearing Signal 𝛿
1

𝛿
2

𝛿
3

𝛿
4

𝛿
5

Normal state
Group 1 106.6085 78.1076 51.9938 21.4124 13.9582
Group 2 104.2226 79.5154 54.2490 23.5038 12.2369
Group 3 102.3797 75.3013 54.9141 26.9316 14.4099

Slight wear
Group 1 217.1926 59.1240 36.0639 27.7408 16.1523
Group 2 215.0976 63.3503 37.8884 28.2991 19.0441
Group 3 217.9721 64.7321 37.0377 27.6948 15.9726

Severe wear
Group 1 246.6129 97.0573 39.1976 27.3352 17.0874
Group 2 242.2781 103.4151 41.3402 27.5708 17.8415
Group 3 253.2741 88.1292 40.9097 27.4871 15.9595

Table 4: Results of the operation of fuzzy neural network.

Calculation error Output trained sample The result of fault feature recognition

7.14𝐸 − 09
𝑦 = [1.0000 1.0000 1.0000 1.0000 1.0000

1.9994 1.9990 2.0007 2.0006 1.9999
2.9999 2.9999 3.0003 2.9999 3.0000]

𝑦𝑡 = [1.0675 1.1513 1.0000
1.8092 2.0708 1.9994
3.0899 3.2722 2.9999]
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Figure 4: The first 8 IMFS and their frequency-domain diagrams after EMD of crankshaft bearing vibration signal in normal state.
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Figure 5: Comparison of output results and training standards.

empirical mode decomposition was optimized by singular
value decomposition, and the singular value was used as the
training sample of the fuzzy neural network. The diagnosis
and recognition in the form of numerical values can be
realized. Through the combination of EMD-SVD and fuzzy
neural network, the following conclusions can be obtained
according to the experimental analysis.

(1) SVD can reduce the noise components and intermit-
tent signals. Because the singular value has high stability,
it can realize the optimization of EMD. Therefore, the fault
features extracted by the combination of EMD and SVD
have higher accuracy, which lays a good foundation for the
identification of fault states.

(2) The experimental results showed that the singular
value can reflect the features of each frequency band of the
vibration signal, which corresponds to the energy changes of
signals in different frequency bands.

(3) The fuzzy neural network not only can identify
the fault features by numerical value with high recognition
accuracy but also has a positive correlation with the gradual
change of fault state.

(4) The combination of EMD-SVD and fuzzy neural
network can effectively compensate the shortcomings of the
previous research, and it is of great significance to the fault
diagnosis of crankshaft bearings.
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Accurate identification of tension inmultiwire strands is a key issue to ensure structural safety and durability of prestressed concrete
structures, cable-stayed bridges, and hoist elevators.This paper proposes amethod to identify strand tensions based on scale energy
entropy spectra of ultrasonic guided waves (UGWs). A numerical method was first developed to simulate UGW propagation in
a seven-wire strand, employing the wavelet transform to extract UGW time-frequency energy distributions for different loadings.
Mode separation and frequency band loss of 𝐿(0, 1)were then found for increasing tension, and UGW scale energy entropy spectra
were extracted to establish a tension identification index. A good linear relationship was found between the proposed identification
index and tensile force, and effects of propagation distance and propagation path were analyzed. Finally, UGWs propagation was
examined experimentally for a long seven-wire strand to investigate attenuation and long distance propagation. Numerical and
experimental results verified that the proposed method not only can effectively identify strand tensions but can also adapt to long
distance tests for practical engineering.

1. Introduction

As the crucial component bearing tensile loads, steel strands
can efficiently improve concrete crack resistance and are
commonly employed for prestressed concrete structures,
cable-stayed bridges, hoist elevators, and so forth. However,
tensile force is difficult to maintain at design levels within
strands over time, because of stretching, material character-
istics, and various practical circumstances. Tension increases
or decreases can lead to decreased bearing capacity and
potentially cause major safety incidents [1].

Many studies have investigated steel strand tension,
mainly based on optical fiber, magnetoelasticity, magnetic
flux leakage (MFL), and ray path methods. Lan et al. [2, 3]
developed fiber Bragg grating (FBG) intelligent steel strands
to monitor lifecycle prestress and subsequently monitored

prestress losses in reinforced concrete beams. They showed
that intelligent steel strands can effectively provide pre-
stressed time history and spatial distributions. However, the
optical fiber(s) must be embedded in advance. Therefore, the
method cannot be used for current in-service steel strands.
Wang et al. [4, 5] used a magnetoelastic method to estimate
steel strand tensions and considered calibration tests, engi-
neering tests, and temperature compensation. However, test
sections must be demagnetized many times prior to repeated
measurements. It is difficult to ensure the material state after
demagnetization is consistent with the initial state; hence
the measurement results may be significantly affected by the
demagnetization process. Krause et al. [6] and Mandache [7]
usedMFL signals to identify stress concentration regions and
analyzed the influence of stress and geometry onMFL. How-
ever, this method can be applied to accessible components,
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such as external prestressing strands or bridge cables and
cannot be used to identify strand tensions for cables or
strands imbedded in concrete. Ogilvie [8] proposed an X-
ray based stress analysis method assuming the material was
homogeneous and isotropic. Although this method is widely
used to identify residual stress [9, 10], application for steel
strand tension identification has been only rarely reported.
The test is extremely expensive and has significantly human
health impacts and other potential safety issues.

Ultrasonic guided wave (UGW) is a structural nonde-
structive detection method widely studied in recent years,
because UGWs are formed by multiple reflections at the
waveguide boundary. Therefore, UGW propagation charac-
teristics are strongly affected by boundary conditions and
local media defects, compared with body waves used for
traditional ultrasonic testing, and can effectively provide
waveguide defect characteristics and mechanical boundary
variation.Thus, UGW based methods have been widely used
for defects detection, for example, in bolts [11], pipes [12], and
plates [13].

However, UGW propagation in strands is somewhat
more complex than bolts, pipes, or plates. Kwun et al.
[14] used UGW propagation to show experimentally that
frequency band loss of first-order longitudinal guided waves
(𝐿(0, 1)) in strands was caused by tension and defined the
center frequency of the missing band as the notch frequency.
Laguerre et al. [15] developed a low frequency ultrasonic
reflectance magnetic elastic device to identify multiple UGW
modes and dispersion in strands and also identified 𝐿(0, 1)
frequency band loss. Treyssède and Laguerre [16] obtained
UGW dispersion curves for seven-wire strands using a
semianalytical finite element method based on simplified
contact between wires and proposed a mode related to
the notch frequency. Bartoli et al. [17] used finite elements
to simulate UGW propagation in a seven-wire strand and
employed two-dimensional Fourier transforms to identify
UGW modes. They also identified 𝐿(0, 1) modal separation,
caused by prestressing. Liu et al. [18] developed a dispersive
expression for first-order screws using helical coordinates
and analyzed spiral geometric parameter influences.

Strands are assembled in spiral and straight wires, and
UGWs have a complex energy transfer between the wires due
to mutual coupling; hence strand waveguide must be treated
significantly different from spiral and straightwires.Themain
factor affecting the coupling state betweenwires is the contact
stress caused by axial tensile force in the strands. Therefore,
UGW propagation in strands includes tension effects, but it
is extremely difficult to find a feature to characterize tension
magnitude from complex UGW signals, although this would
be greatly desired for engineering applications. Rizzo and
Lanza di Scalea [19, 20] studiedUGWpropagation in a seven-
wire strand at different stress levels using laser ultrasound
and showed the UGW energy transmission spectrum has
high sensitivity for tensile force. Peak frequency, amplitude,
and area of the UGW energy transfer spectrum was used
to identify tension. Bartoli et al. [21] used semianalytical
finite elements to investigate tension and UGW energy
transfer relationships between wires in a seven-wire strand.
They proposed that the energy ratio between wires was

significantly affected by increased tensile force, but no clear
relationship between UGW energy ratio and tension was
derived. Chaki and Bourse [22] studied the relationship
between UGW velocity and tension using acoustic elasticity
theory and proposed optimal excitation mode and frequency
suitable for strand tension detection.However, UGWvelocity
is insensitive to strand tensile force, and the proposed
approach can only be applied to tension recognition for
strands with high strength strands due to residual stress
effects. Nucera andDi Scalea [23] experimentally investigated
nonlinear UGW propagation in a seven-wire strand and
found that higher harmonic wave amplitudes decrease with
axial tension. They proposed that nonlinear contact between
adjacent wires was the main factor causing nonlinear UGW
behavior in strands and employed nonlinear UGW was to
monitor loading, including wrapping concrete effects. Liu et
al. [24] used 𝐿(0, 1) characteristic frequency and frequency
band notch peak ratio to test strand tension and corrected
the relationship between the bandnotch center frequency and
tension. However, propagation distance was not considered
in the experimental results and the notch frequency is not
explained by current theories.

Most previous studies have focused on identifying high
tension strands and have poor recognition accuracy for low
tension strands.Thus, although they are suitable for prestress
loss evaluation where the strand still has large pulling force,
the whole process of tension variation cannot be constantly
monitored. Propagation effects have also been almost entirely
ignored. Nevertheless, many studies have shown that UGWs
propagated in strands carry significant tension information,
but further studies are required to identify suitable tension
identification method(s) for the wide range of practical
conditions.

The current study selected seven-wire steel strands, com-
monly used in engineering structures, as the research object,
and used UGW scale energy entropy spectra to identify steel
strand tensions. Section 2 uses a continuous wavelet trans-
form (CWT) to extract the UGW time-frequency energy
distribution and defines the UGW scale energy entropy
spectrum. Section 3 employs finite elements to simulate
UGWpropagation in a seven-wire strand, using the proposed
CWT to obtain scale energy entropy spectra under different
tension states. The UGW scale energy entropy spectra are
then used eigenvectors to construct an identification index,
and the effects of propagation distance and path are analyzed.
Section 4 investigates UGW propagation experimentally in
a seven-wire strand to verify proposed tension identifi-
cation method. Section 5 summarizes and concludes the
paper.

2. Ultrasonic Guided Wave Energy
Entropy Spectrum

2.1. Time-Frequency Energy Analysis. Let the UGW signal be𝑓(𝑡) ∈ 𝐿(𝑅); then the CWT is defined as

𝑊𝑓 (𝑚, 𝑛) = ∫
𝑅
𝑓 (𝑡) ⋅ 𝜓𝑚,𝑛 (𝑡) d𝑡, (1)
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where 𝜓𝑚,𝑛(𝑡) is the complex conjugate of basis wavelet𝜓𝑚,𝑛(𝑡), which is obtained by translation and expansion of the
mother wavelet, 𝜓(𝑡):

𝜓𝑚,𝑛 (𝑡) = 1
√|𝑚| ⋅ 𝜓 (

𝑡 − 𝑛
𝑚 ) , (2)

where 𝑚 and 𝑛 are scale and time factors, respectively; and𝜓(𝑡)must meet

𝐶𝜓 = ∫∞
−∞

|Ψ (𝑤)|2
|𝑤| d𝑤 < ∞, (3)

where Ψ(𝑤) is the Fourier transform of 𝜓(𝑡).
Applying Fourier transform, (1) can be expressed in the

frequency domain as

𝑊𝑓 (𝑚, 𝑛) = 1
√𝑚 ∫

𝑅
𝐹 (𝑤) ⋅ Ψ (𝑚𝑤) ⋅ e𝑗𝑤𝑛 d𝑤, (4)

where𝐹(𝑤) is the Fourier transform of𝑓(𝑡) andΨ(𝑚𝑤) is the
complex conjugate of Ψ(𝑚𝑤).

Since 𝜓(𝑡) and 𝜓(𝑤) are window functions of the time
and frequency domains, respectively, smaller window width
provides higher resolution in the CWT time-frequency win-
dow. From the Heisenberg uncertainty principle, time and
frequency domain windows are mutually restricted, and the
same basis wavelet cannot be simultaneously limited in both
time and frequency domains. Therefore, the wavelet time-
frequency window has higher frequency resolution in low
frequency bands and has higher temporal resolution in high
frequency bands. Thus, multiple resolution analysis means
CWT can effectively extract small signal changes and has
beenwidely used for fault detection and diagnosis of dynamic
systems [25, 26].

The Morlet wavelet is a complex exponential function
under a Gaussian envelope, which has advantages of small
time-frequency window area, strong localization in the time-
frequency domain, and good symmetry. Therefore, the com-
plex Morlet wavelet was adopted as the mother wavelet for
CWT. 𝜓(𝑡) center time, 𝜓(𝑡) center frequency, 𝜓(𝑡) time
windowwidth, and𝜓(𝑡) frequency band width were assumed
to be 𝑡𝑐, 𝑓𝑐, 𝑡𝑏, and 𝑓𝑏, respectively. When 𝑡 = 𝑛, the
UGW time-frequency energy distribution can be obtained in
a time-frequency window with time and frequency lengths
TL and FL:

TL = [𝑚𝑡𝑐 + 𝑛 − 𝑚𝑡𝑏2 ,𝑚𝑡𝑐 + 𝑛 + 𝑚𝑡𝑏2 ] , (5)

FL = [𝑓𝑐𝑚 − 𝑓𝑏2𝑚,
𝑓𝑐𝑚 + 𝑓𝑏2𝑚] , (6)

respectively. The energy density of the entire UGW signal,𝑀(𝑚, 𝑛), for any time-scale can be obtained by translation
and expansion of𝑚 and 𝑛, that is,

𝑀(𝑚, 𝑛) = 𝑊𝑓 (𝑚, 𝑛)2 , (7)

and the UGW time-frequency energy matrix can be
expressed as

TFR = [[
[

𝑀(1, 1) ⋅ ⋅ ⋅ 𝑀 (1, 𝑛)
⋅ ⋅ ⋅

𝑀 (𝑚, 1) ⋅ ⋅ ⋅ 𝑀 (𝑚, 𝑛)
]]
]
. (8)

2.2. Scale Energy Entropy Spectrum. The amplitude spectrum
of a signal is assumed to be a discrete random variable {𝑋} ={𝑥1, 𝑥2, . . . , 𝑥𝑁}, and the Shannon entropy [27] of𝑋 is defined
as

𝐻(𝑋) = − 𝑁∑
𝑖=1

𝑃𝑖 ⋅ log𝑒 (𝑃𝑖) , (9)

where 𝑃𝑖 = 𝑥𝑖/∑𝑁𝑖=1 𝑥𝑖, ∑𝑁𝑖=1 𝑃𝑖 = 1, and 𝑖 = 1, 2, . . . , 𝑁.
The UGW time-frequency energy matrix shown in (8)

can be expressed as a column vector:

TFR (𝑚) =
{{{{{{{{{

𝑀(1, 𝜂)
...

𝑀 (𝑚, 𝜂)

}}}}}}}}}
, (𝜂 = 1, 2, . . . , 𝑛) , (10)

where 𝑀(1, 𝜂) and 𝑀(𝑚, 𝜂) are the change between the
energy of UGWs and time when the scale is 1 and 𝑚,
respectively.

Any element in TFR can be regarded as a set of random
variables, and the Shannon entropy of every element can be
calculated from (9). Thus, the scale energy entropy spectrum
is

H (𝑚) = {{{{{

𝐻(𝑀(1, 𝜂))
⋅ ⋅ ⋅

𝐻 (𝑀 (𝑚, 𝜂))
}}}}}
, (11)

where𝐻(𝑀(1, 𝜂)) and𝐻(𝑀(𝑚, 𝜂)) are the Shannon entropy
of𝑀(1, 𝜂) and𝑀(𝑚, 𝜂), respectively.

The UGW complexity at different decomposition levels
in the time domain can be effectively described by H.
Compared with traditional time-frequency [28] and wavelet
[29] entropy, H characterizes UGW signals more precisely
and is more sensitive to dynamic UGW changes due to full
utilization of information fromcombined time and frequency
analysis.

Since there is mutual contact between adjacent wires, a
complex energy transfer relationship is generated by UGW
propagation. At different loading levels, contact state discrep-
ancies alter UGW transfer characteristics, providing further
sensitivity to the time-frequency domain energy distribution,
and entropy is altered accordingly. Therefore, we adopted
H as the eigenvector to construct the tension identification
index.

3. Numerical Simulation

3.1. Numerical Setup. Propagation of UGWs in a seven-wire
strand was numerically simulated by the ABAQUS/explicit
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Table 1: Strand geometric and material parameters adopted for numerical analysis.

Geometric parameter Material parameter
Center wire diameter, 𝑑𝑐 (mm) 5.08 Young’s modulus, 𝐸 (GPa) 196
Peripheral wire diameter, 𝑑ℎ (mm) 5.08 Poisson’s ratio, V 0.29
Strand diameter, 𝑑 (mm) 15.2 Density, 𝜌 (kg/m3) 7850
Peripheral pitch, ℎ (mm) 230 Yield load, 𝐹 (kN) 203
Peripheral twist angle, 𝛽 (∘) 7.9 Ultimate tensile stress, UTS (MPa) 1860

Constraint regions

Excitation load

(a) Excitation load and the boundary condition (b) Finite element mesh

Figure 1: Finite element model for the seven-wire strand.

time-transient solver with strand length 𝐿 = 0.52m and
material damping was not considered. Table 1 shows the
strand geometric and material parameters.

Finite elementmodel (FEM)mesh size is usually imposed
by the minimum UGW wavelength. Accurate calculation of
the volatility effect requires every wavelength to have at least
8 calculation nodes [30], and the recommended element size
is

RES = Δ𝑙 ≤ 𝜆min𝑛 − 1 , (12)

where 𝑛 = 8. The highest frequency (𝑓max) considered was
500 kHz, and transverse wave velocity (𝐶𝑇) = 3130m/s in
steel; hence

RES = Δ𝑙 ≤ 𝜆min8 − 1 =
𝑐𝑇7 × 𝑓max

= 0.92mm. (13)

Mesh size was reduced near contact regions to better
simulate contact between adjacent wires. Therefore, the
element size in the axial direction was chosen as RES = 1mm
(slightly above 0.92mm), and the minimum element size
in the contact regions was RES = 0.1mm. The final FEM
mesh comprised 1,745,623 linear hexahedral 8 node elements.
Figure 1 shows the finite element model for the seven-wire
strand.

The time integral step is another significant factor in
controlling precision. A structure’s dynamic response can be
considered a combination of each vibration mode, and the
minimum time integral step should be sufficient to solve the
highest order vibration mode. Thus, the time integral step
is typically required to be less than 1/20 of the minimum
period in the finite element solution for transient dynamics

problems. Automatic time integral stepwas applied due to the
strand complexity.

Normal and tangential contacts between wires were
simulated using hard contact and friction, respectively. The
friction coefficient was defined as 0.6. To simulate anchor-
ages, all displacements were constrained at one end, and all
displacements aside from axial direction displacements were
constrained at the other end to apply tension and excitation.
The constraint regions were the edge of the wire end face.

The simulation process consisted of three stages.

Stage 1 (applying axial tension). Tension is applied to the end
where axial displacement is permitted. To prevent interfer-
ence signal generation, the applied tension amplitude curve
should be as smooth as possible and over suitable time frame.
We selected the time frame as 300 𝜇s, and Figure 2 shows the
loading amplitude curve.

Stage 2 (excitation). We employed a triangular pulse as the
excitation load with excitation time = 3𝜇s, as shown in
Figure 3. The excitation load was axially applied to the center
node of the center wire.

Stage 3. Simulating UGWpropagation in the strand required
697 𝜇s after completing Stage 2.

3.2. Time-Frequency Energy Analysis. The UGW time-
frequency energy matrices were obtained by wavelet trans-
form to axial acceleration signals at the center node of end
face in the center wire, with decomposition scale = 128.
Figure 4 shows contour maps of the time-frequency energy
distribution at different tensions compared with theoretical
time-frequency curves of free wire.
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Peripheral steel wire without tension (Figure 4(a)) has
a weaker restraining effect on the center steel wire, and the
center wire boundary conditions are basically similar to free
wires. Thus, UGW modal distribution coincides well with
the theoretical time-frequency curve of free wires, with the
axial acceleration signal of the center node in the end of the
central wire containing only 𝐿(0, 1). Low frequency 𝐿(0, 1)
components arrive at the monitoring point after approx-
imately 100 𝜇s, and UGW energy is largely concentrated
on 200–550 kHz. Two distinct echoes are evident, but their
arrival time is earlier than the theoretical time-frequency
curve, which suggests that UGWs with multiple reflections at
the end surface in strands increases the propagation velocity.
UGWs only need to meet circumferential surface boundary
conditions before propagating to the end, following the
theoretical time-frequency curve. However, the end surface
boundary condition must be also met at every reflection,
which increases propagation velocity.

When the strand tension was equivalent to 70% of the
ultimate tensile stress (UTS), the restraining effect of the
outer wire on the center wire was significantly strengthened,
causing 𝐿(0, 1) modal separation (Figure 4(b)), significantly

different from free wires. UGW energy was mainly concen-
trated in first waves, in approximately 300–500 kHz band,
with a significant band loss at 550 kHz. Echo energy was also
significantly reduced, and only one echo was evident.

3.3. Tension Identification Index. Section 3.2 verified that the
time-frequency energy distribution was sensitive to UGW
changes, because it not only reflects UGW energy distribu-
tion in the time-frequency domain, but also contains modal
information. Figure 5 shows H calculated from (9) using
the UGW time-frequency energy distribution for different
tensions and normalized by dividing by the maximum value.
Echoes are usually difficult to receive in practical engineering
applications due to severe attenuation. Therefore, not all H
considered end-echo impacts.

Figure 5 shows the effect on H from increasing strand
tension. Significant H deviation is evident for scales 3–42
and 64–92, but other regions (scales 42–64 and 92–109)
remain almost unchanged. This indicates that UGW energy
transmission characteristics in the local frequency band can
be affected by tensile force variations, and different frequency
components have different sensitivity for stress boundary
changes caused by tension. Thus, tension variations can be
effectively reflected by H, but the precise relationship is
difficult to quantify, and the tension in strands cannot be
accurately determined.

The signal differences can be generally described by the
eigenvector differences for these signals, using the eigenvec-
tor established at a tensile force as the reference.Thedeviation
level between a tension which is waiting to be detected
and a tension corresponding to the reference is vividly
characterized by the differences of eigenvectors.Therefore, we
defined the distance 𝐷(𝑃) between two vectors as a tension
identification index:

𝐷 (𝑃) = 𝐼𝑃 − 𝐼𝑐 , (14)

where 𝐼𝑐 and 𝐼𝑃 are the reference and tension,𝑃, eigenvectors,
respectively.

Figure 6 shows 𝐷(𝑃) between H for different tensions,
usingH for 70%UTS as the reference, where𝐾 is the absolute
value of the slope, and 𝑅2 is the correlation coefficient of
the fitted curve, respectively.The tension identification index,𝐷(𝑃), changes monotonically and approximately linearly
with tensile force. Thus, eigenvector difference provides an
effective index to identify strand tension. Even if tension
changes only slightly, 𝐷(𝑃) has a more significant variation
for larger 𝐾. Therefore, 𝐾 represents the sensitivity of the
identification index to tension variation.

3.4. Propagation Distance. Propagation distance has a sig-
nificant influence on UGW characteristics. Therefore, we
investigated H for different locations, selecting the section
center node at𝑍 = 0.12, 0.135, and 0.52m from the excitation
point (Figures 6, 7(a), and 7(b), resp.) to eliminate influences
from end surface echoes.

Figures 6 and 7 show similar linearity, with sensitivity
(𝐾) increasing by 21.46% from 𝑍 = 0.12–0.135m, but only
5.63% from 𝑍 = 0.135–0.52m; that is, sensitivity increases
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with increasing propagation distance, but the change is
somewhat nonlinear with smaller increase for larger distance.
The correlation coefficient (𝑅2) always exceeds 0.95. Contact
information carried by UGWs is more abundant with longer
propagation distance, which is the main reason for increased
sensitivity.

3.5. Propagation Path. Propagation of UGWs in strands has
multiple propagation paths due to mutual coupling of wires
in strands. In the previous sections, UGW excitation and
receiving points were located on the same wire, that is, the
uncoupled propagation path. Propagation path effects can be
estimated by ensuring that the excitation and receiving points
are located on different wires.

Figure 8 shows the proposed identification index for
the coupled propagation case, for the same propagation
distance as Figure 6. The relationship between 𝐷(𝑃) and
tension remains similar to Figure 6, and numerical results
show reasonably good agreement to the fitted line (𝑅2 =
0.9696). However, 𝐾 = 0.8188 and 19.33% is lower than the
uncoupling propagation path, which is due to differences of
contact information carried by the UGWs. In the uncoupled
propagation path, guided waves are excited at the center
wire, which propagates peripheral wires through contact
regions between wires. Hence, it mutually transmits between
center and peripheral wires with increasing transmission
distance. Thus, UGWs carry contact information between all
peripheral wires and the center wire. However, only contact
information between wires to the excitation and receiving
points were carried for the coupled propagation path. In
contrast, UGWs following the uncoupled propagation path
carry significantly more abundant contact information.

Although 𝐾 for the coupled propagation path is lower
than for the uncoupled path, linearity between the identi-
fication index and tension remains significant. Hence, the
propagation path has little effect on linearity, and results from
the coupled propagation path can be used to verify uncoupled
path outcomes, to further ensure the accuracy and reliability
of recognition results.
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Figure 7: Effects of propagation distance on the proposed identification index (𝐷(𝑃)).
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Figure 8: Proposed identification index for coupled propagation
path.

4. Experimental Analyses

Attenuation is the basic UGW characteristic. UGWs have
a wider wave packet when propagating longer distances,
which can cause lower amplitude, and material damping can
also reduce UGW energy. Calculation limitations meant only
undamped short distance UGW propagation was considered
for the FEM. However, test distances are usually significantly
larger for actual engineering tests; hence UGW signals will
have lower energy and narrower frequency band. Therefore,
a long seven-wire strand was used for ultrasonic guided
wave propagation experiments to investigate longer distance
propagation influence on tension identification.

4.1. Experimental Setup for Loading in a Seven-Wire Strand.
Large reaction walls and through-core hydraulic jacks were
employed for the seven-wire strand loading experiment, as
shown in Figure 9. The overall strand diameter = 15.2mm
and length = 5.5m and other strand material parameters
were consistent with the FEM analysis. One end of the strand
was anchored, and the other was tensioned to maximum
= 178.9 kN (70% UTS). Loading and unloading steps were
25.6 kN (10% UTS). A pressure sensor was placed between
the hydraulic jack and the reaction wall to provide accurate
loading data.

4.2. Experimental Setup for Ultrasound Guided Wave Prop-
agation in a Seven-Wire Strand. The PCI-2 acoustic emis-
sion system produced by American PAC was selected to
conduct the UGW long propagation experiment. The sys-
tem frequency range was 0–4000 kHz, sensors were WD
broadband piezoelectric transducers with testing frequency
range 100–1000 kHz, and sampling rate was 2000 kHz. It is
difficult to generate sufficient energy using the normal FEM
triangular pulses due to material damping over the long
strands. Therefore, to ensure high signal-to-noise ratio for
the measured signals, a series of 100–700 kHz single cycle
sinusoidal pulses with 2 kHz step frequency were selected as
the excitation source:

𝑓 (𝑡) = 𝑓−𝑓0/Δ𝑓∑
𝑖=0

𝑉𝑖 (𝑡) ⋅ sin (2𝜋 (𝑓0 + Δ𝑓)) , (15)

where𝑉𝑖(𝑡) is the rectangular window function;𝑓0 = 100 kHz,𝑓 = 700 kHz, Δ𝑓 = 2 kHz are the minimum, maximum,
and step frequencies, respectively; and the rectangle window
length 𝑇𝑖 = 1/𝑓0 + 𝑖 ⋅ Δ𝑓.

The excitation sensor was arranged on one end of the
center wire and receiving sensors were arranged on the center
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(a) Layout of experiment equipment (Unit: mm)

(b) Receiving sensors (c) Hydraulic jack and pressure sensor
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Figure 9: Long propagation experiment layout and pictures.

and helical wires, respectively. Each load is held for 2min
after loading; then the same excitation pulse was generated to
excite UGWs in the strands. The measured waveforms were
used for judging strand tensions.

4.3. Experimental Results. Figure 10 shows measured guided
wave signals and corresponding time-frequency energy dis-
tributions of the receiving sensor at the center wire for
minimumandmaximumapplied loads.UGWenergy leakage
from the central to outer wires becomesmore significant with
increasing tension due to increased contact forces between
the wires. Thus, the UGW amplitudes decrease significantly
with increasing tension.

Although a wide band is excited (100–1000 kHz), mea-
sured UGW energy is concentrated near 270 kHz, because
UGW high frequency components are severely attenuated
over the long propagation. For the zero tension case, UGW
arrival time for themaximum energy is reasonably consistent
with the theoretical time-frequency curve, and only 𝐿(0, 1)
is included. In contrast, at 70% UTS, arrival time for the
maximum energy is significantly offset from the theoretical
time-frequency curve. The excitation source is a long dura-
tion signal, which causes overlap between measured UGWs,

and there is no evident modal separation, as shown in Fig-
ure 10(b). Although the UGWs propagate the long distance,
time-frequency energy distribution still shows significant
differences for different loadings.

Figure 11 shows the relationships for 𝐷(𝑃) and tension
under different propagation paths. 𝐷(𝑃) is broadly linear
with tension, consistent with FEM results, and loading and
unloading have little effects on this linearity.

Sensitivity for the uncoupled propagation path is 1.221,
60.19%, and 20.30% larger than that for the coupled prop-
agation path and FEM results with short propagation path,
respectively. This supports the FEM based conclusions that
identification index has higher sensitivity for the uncoupled
propagation path, and sensitivity is enhanced with increasing
propagation distance.

Contacts between wires in the long propagation path
experiment are somewhat different from the ideal state
assumed for FEM analysis. The experimental UGWs only
carry contact information between the central and outer wire
for coupled propagation paths. Therefore, the local coupling
state of the contact area has a large influence on themeasured
UGW, and hence coupled pathway sensitivity = 0.762 and
6.91% is lower than FEM results.
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Unloading 

Unloading Loading 

Loading 

10 20 30 40 50 60 700
Tension (%UTS)

0.0

0.2

0.4

0.6

0.8

1.0

Id
en

tifi
ca

tio
n 

in
de

x 
D
(P

)

Linear fit
Loading
Unloading

K = 1.221 R2 = 0.9673

(a) Uncoupled propagation path

Unloading 

Unloading 

Loading 

Loading 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

Id
en

tifi
ca

tio
n 

in
de

x 
D
(P

)

10 20 30 40 50 60 700
Tension (%UTS)

Linear fit
Loading
Unloading

K = 0.7622 R2 = 0.9750

(b) Coupled propagation path

Figure 11: Proposed identification index and tension relationships for different long propagation pathways.

For both FEM and experimental results, 𝐾 for coupled
propagation paths decreases by 19.33% and 37.58% compared
with uncoupled propagation paths, respectively. Compared
with the decreased FEM amplitude, the decreased experi-
mental amplitude increases by 94.41%. This discrepancy is
because UGW propagation distance in the experiments was
farther than that for FEM. Thus, as propagation distance
increases, the propagation path has more significant impact
on recognition results.

These outcomes confirm that that the proposed method
could be used to identify tension in longer strands and would
be suitable for practical engineering tests.

5. Conclusions

This study proposed a tension identification method for
seven-wire strands. Numerical simulation and experimental
measurements were employed to study tension effects on

UGW propagation. A tension identification index based on
UGW scale energy entropy spectra (H) was derived, and
propagation distance and path effects were considered.

UGW time-frequency energy distribution shows signifi-
cant differences for different loading levels, exhibiting 𝐿(0, 1)
modal separation and frequency band loss with increasing
tensile force, mainly due to changing boundary condi-
tions.

The variety of tension in strands has significant influ-
ence on H. The proposed identification index measures
the distance between H vectors for the different tensions,
which is strongly linearly dependent on tension (𝑅2 >
0.95). Experimental results were in good agreement with the
numerical simulations.

The proposed identification index becomes more sensi-
tive to tension as UGWpropagation distance increases. How-
ever, this enhancement decreases with further propagation
distance increase.
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The proposed identification index can accurately identify
strand tension for coupled and uncoupled paths, although
the propagation path influences sensitivity to tension due
to the different contact information carrying UGWs in the
two cases. The effect of propagation path on sensitivity
becomes more significant as propagation distance increases.
Coupled path sensitivity (𝐾) decreases by 19.33% and 37.58%
(numerical simulation and experiment, resp.) compared to
the uncoupled path. Thus, it is more effective in using the
uncoupling propagation path to identify tension, and the cou-
pling propagation path can be used to verify the uncoupling
propagation path and ensure accuracy and reliability.
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Themain purpose of this work is to investigate the usability of easily obtainable parameters instead of themodal traditional ones, in
the context of a flexibility-based damage detection procedure, under the assumption of unknown structural masses. To this aim, a
comparison is made between two different approaches: the first involves the calculation of the flexibility matrix by using traditional
modal parameters, such as natural frequencies and modal vectors, normalized to unitary values, while the second involves the use
of singular vectors, obtained through a simplematrix factorization.Themodal parameters and the singular vectors necessary for the
implementation of the damage detection procedure are evaluated through two different techniques: the Eigensystem Realization
Algorithm and a wavelet-based procedure, for which a variant is proposed by introducing the energy reassignment concept into
the original algorithm. Through the latter approach, in particular, it is possible to obtain a high number of singular vectors even
in the case of reduced availability of sensors. The study is performed under the assumption of nonstationary excitation, in order to
achieve general results, and the effectiveness of the procedures is evaluated through simulated tests regarding different structural
schemes.

1. Introduction

Seismic risk, meant as an estimate of the damage expected
in a given time interval, is determined by the combination
of three factors: seismic hazard, measured on the frequency
and the energy of earthquakes registered in a certain area,
vulnerability (i.e., the proneness of a building to manifest
damage in occurrence of a seismic event), and the exposure,
evaluated on the number of assets exposed to risk. In view of
the seismic risk reduction, it is possible to operate only on the
vulnerability factor, by adopting appropriate measures in the
design phase for the newly built structures or by monitoring
the existing ones in order to ensure the necessary safety
interventions.

In most of the practical cases, the safety of a civil building
is traditionally assessed on the basis of qualitative direct
observations, driven by experience, often accompanied by
invasive techniques [1]. Together with the need of detecting
more accurate data related to the structural operational
conditions and thanks to the recent improvements of sensing
technology, several techniques have been developed in the

Vibration-Based Structural Health Monitoring (SHM) sce-
nario, through the processing of data collected by suitable
sensors (generally accelerometers), arranged on the moni-
tored structure [2, 3].

One of the main purposes of SHM is the qualitative
identification of a possible damage on the operative structure
and its localization [1, 4, 5]. The damage generally entails
a reduction of structural performances, modeled as a stiff-
ness decrease. It is also assumed that the damage directly
affects natural frequencies and modal shapes but does not
involve any change in masses. Flexibility-based approaches
are among the most used methods for damage detection and
entail the computation of the flexibilitymatrix at two different
time instants, in order to evaluate the variation between
these matrices, which can be interpreted as a variation of
the structural characteristics. In order to build the flexibility
matrix, natural frequencies and modal shapes are needed
[6], which can be evaluated through dynamic identification
techniques.

In literature, two main methods for conducting modal
identification are widely described: Experimental Modal
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Figure 1: Synthetic scheme of a flexibility-based damage detection procedure.

Analysis (EMA), in which the identification procedure is
performed starting from input and output data [7], andOper-
ational Modal Analysis (OMA), in which only the output
data is used [8, 9]. The difficulty of implementing the EMA
for large-scale structures and its high economic burden have
shifted the interest of the most recent studies towards output-
only methods, in which the input is given by the natural
excitation (i.e., wind, traffic, and minor seismic phenomena)
[10]. Most of the algorithms used in OMA are based on the
assumption of modeling the input signal as white noise with
stationary characteristics. Owing to the partial enforceability
of the aforementioned assumptions (e.g., sudden changes
in wind direction and speed) [11], some recent researches
refer to techniques based on the assumption of nonstationary
inputs. In this context, new tools have been developed, such
as the Wigner-Ville distribution and the wavelet transform,
which allow the joint time-frequency domain representation
of the signal [11–18].

The most recently implemented procedures in these
research fields go towards the increase in performance,
preferring fast and computationally less expensive methods.
In the context of flexibility-based damage detection, the
main objective of this paper is to propose and evaluate
the effectiveness of an approach that uses a mixing matrix,
obtained through Singular Value Decomposition (SVD) [19],
compared to the traditional approach that involves themodal
matrix (Figure 1), under the assumption of unknownmasses.
It is known from the literature that a fast estimation of
modal vectors from the dynamic structural responses can be
obtained through Blind Source Separation (BSS) techniques
[9], which provide a mixing matrix with properties different

from those of the real modal matrix. In particular, the SVD is
one of the simplest techniques used for BSS, and its use would
allow simplifying the whole damage detection procedure.

Since the SVD would provide a number of singular
vectors (i.e., the columns of the mixing matrix) equal to
the number of recorded dynamic structural responses, a
Wavelet Scalogram and Singular ValueDecomposition-based
technique (WS-SVD) [20, 21] or a transformed version (WS-
TSVD) [11, 22–25] could be applied for signal sparsification
in case of reduced availability of sensors, in order to allow
the extraction of modal responses, which can be used for the
estimation of a larger set of singular vectors.These procedures
also allow the estimation of natural frequencies, even in the
case of nonstationary excitation. Since a correct estimate
of these parameters is of the utmost importance for the
flexibility-based damage detection, a variant of the original
WS-TSVD-based procedure is proposed, aimed at further
improving the obtained results. In particular, two steps are
introduced within the original workflow: the first entails an
energy reassignment process, widely applied in the field of
signal analysis [18, 26–29], and the second consists of an
energy-based filtering procedure.

The combination of the Reassigned WS-TSVD-based
method (RWS-TSVD) for signal sparsification and the SVD-
based approach for the computation of the flexibility matrix
would allow fast recognizing structural damage by approxi-
mate calculations, without a large number of sensors and the
knowledge of structural masses, only by using the accelera-
tion time histories recorded at different points of the analyzed
structure. In this way, contrary to other methods that provide
specific tests to mass-normalize the modal matrix [30, 31], it
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is possible to estimate the damage without interrupting the
ordinary use of the analyzed structure. After a first quick test,
the procedure could be reperformed by moving the sensors,
in order to investigate more accurately the damage entity and
location.

The paper is organized as follows: in Section 2 the SVD
and the analogies with modal superposition are recalled; in
Section 3 the wavelet-based sparsification and identification
procedure is briefly described, focusing on the highlights
of the proposed variant; in Section 4 the flexibility-based
damage detection is discussed, with particular attention to
the use of singular vectors as damage sensitive parameters
and to the approximations caused by the lack of mass matrix.
In Section 5 the described procedures are applied on dis-
crete and continuous systems, by simulated tests performed
through a finite element software.

In order to study the effectiveness of the examined proce-
dures, several comparisons are reported in Section 5. Firstly,
the estimated error on the natural frequencies obtained
through the RWS-TSVD-based method is evaluated. Sub-
sequently, a comparison is made between the frequencies
obtained by the RWS-TSVD-based procedure, the traditional
WS-TSVD-based algorithm, and the consolidated Eigensys-
tem Realization Algorithm (ERA) method [32]. After eval-
uating errors on natural frequencies, those on the flexibility
matrices are estimated. In particular, the matrix computed
through natural frequencies and modal vectors, obtained by
using the ERA, will be compared to the matrix computed
through singular vectors and natural frequencies, estimated
by the RWS-TSVD-based method. Finally, the errors on the
damage estimates are studied, comparing the results obtained
by using the two different flexibilitymatrices described above.

2. Singular Value Decomposition and
Modal Superposition

In this section, we briefly recall the basic theory of Singular
Value Decomposition and the analogies with the modal
superposition problem. From now on, with the notation A ∈
R𝑎×𝑏 we mean that A is a real matrix with 𝑎 rows and 𝑏
columns, while with the notation a ∈ R𝑎 we mean that a
is a real column vector with 𝑎 terms. Also, we call 𝑛 the
number of Degrees of Freedom (DOFs) of the structure and𝑚 the number of sensors arranged on it. For the discrete
systems, since every DOF is associated with an independent
movement and with recorded time histories we intend the
acceleration relative to an independent movement, it is
assumed that control points can be chosen within the set of
DOFs (and𝑚 ≤ 𝑛).

Considering H ∈ R𝑚×𝑘 the matrix whose rows represent
the acceleration time histories h𝑗 (each containing 𝑘 time
samples) collected at the 𝑗th control point of the structure,
every row can be expressed as a linear combination of all the𝑛 structural responses, represented as columns in the matrix
S = [s1,s2, . . . ,s𝑛] ∈ R𝑘×𝑛:

H = ΣΦST, (1)

where Φ = [𝜙1,𝜙2, . . . ,𝜙𝑛] ∈ R𝑛×𝑛 is the modal mass-
normalized matrix (i.e., the norm of each modal vector is
equal to 𝛼𝑖 = (𝜙T𝑖 M𝜙𝑖)−1/2, where M is the mass matrix of
the structure and 𝜙𝑖 = 𝜙𝑖/‖𝜙𝑖‖) and Σ ∈ R𝑚×𝑛 is a selection
matrix whose rows are each equal to zero vectors, except for
the 𝑖th element equal to 1, which corresponds to the position
of the 𝑗th control point. Considering the case in which the
number of sensors is equal to the number of DOFs (𝑚 ≡ 𝑛),
the matrix Σ becomes an identity matrix of order 𝑛, and the
problem can be described as

H = ΦST = 𝑛∑
𝑖=1

𝛼𝑖𝜙𝑖sT𝑖 . (2)

Since the aim of identification process is that of estimating
modal parameters by analyzing registered time histories,
neither S structural responses nor the modal matrix Φ are
known. The modal superposition problem described above
lies in the class of unmixing problems, on which a Blind
Source Separation (BSS) technique can be applied with the
aim of estimating the mixing matrix Φ. If the number of
mixed recordings 𝑚 is equal to the number of sources 𝑛
(columns of S), the problem is determined and can be solved
directly.Otherwise, if𝑚 < 𝑛, that is, themost common case in
the modal identification problems, Φ can be estimated after
sparsifying the registrations, that is, changing the domain
of the registered mixes in order to bring out a number of
independent parameters characterizing the sources, equal to
or greater than 𝑛.

Focusing on the determined problem (𝑚 ≡ 𝑛), the BSS
can be carried out by means of a SVD of the recordings
matrix. In particular, a real matrix H ∈ R𝑚×𝑘 can be
factorized as

H = ΨZΧT, (3)

where Ψ = [𝜓1,𝜓2, . . . ,𝜓𝑚] is a 𝑚 × 𝑚 matrix such that
ΨΨT = ΨTΨ = I, where I is the identity matrix, whose
columns 𝜓𝑗 (namely, the left singular vectors) are a set of
orthonormal eigenvectors ofHHT. Similarly,Χ = [𝜒1,𝜒2, . . . ,
𝜒𝑘] is a 𝑘 × 𝑘 matrix composed of the right singular vectors
𝜒𝑙 (with 𝑙 = 1, . . . , 𝑘), which are a set of orthonormal
eigenvectors of HTH, and Z is the 𝑚 × 𝑘 diagonal matrix
of singular values, which are the square roots of nonzero
eigenvalues of both HHT and HTH. The H matrix can thus
be expressed as a sum of contributions given by the outer
product of the 𝑗th left 𝜓𝑗 and right 𝜒𝑗 singular vectors, each
weighted by the 𝑗th nonzero element 𝑧𝑗 of the matrix Z:

H = 𝑚∑
𝑗=1

𝑧𝑗𝜓𝑗𝜒T𝑗 . (4)

Starting from the latter representation, since the modulus
of 𝑧𝑗 decreases when the 𝑗 index increases, it is simple to
note the analogies between themodalmatrix, whose columns
consist in ordered modal vectors, and the matrix Ψ, whose
columns represent the sets of coefficients that, multiplied
by the right singular vectors, better approximate the matrix
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Figure 2: Comparison between right singular vectors, extracted by
means of SVD, and modal responses of a 4-DOF share-type frame
in free vibration, with reference to the example at Section 5.1.3. For
an effective comparison, the vectors are both normalized to the
maximum value and only the first 100 terms are plotted.

H. In fact, a structural response signal can be effectively
approximated by taking into account a number of vibration
modes proportional to the desired precision level.

It is noted that the matrixΨ does not correspond exactly
to the modal matrix, and thus the right singular vectors are
different from the modal responses (Figure 2). In particular,
Ψ is composed of orthonormal vectors, that is, 𝜓T𝑗𝜓𝑗 = 1,
whileΦ is composed of vectors such that 𝜙

T
𝑖 M𝜙𝑖 = 1 [33].

3. Modal Identification

The main purpose of dynamic identification is to deter-
mine modal parameters, represented by natural frequencies,
damping ratios, andmodal shapes, from dynamic recordings.
In case the exciting input is nonstationary, assuming the
analyzed system as linear, the structural response will also
have time-varying characteristics [6]. For this reason, in order
to obtain significant results, it is essential to conduct analyses
in the time-frequency domain. Indeed, the vibration modes
are easier to detect when the input has frequency values
similar to the structural natural ones. If the input acceleration
is characterized by a narrowband of frequencies, which varies
over time, it is likely that not all modes can be identified
simultaneously, but only at certain time intervals.

In this section we briefly describe the RWS-TSVD-based
technique for signal sparsification and modal identification.
The procedure is composed of three steps: the sparsification
of the collected time histories (TH), the features detection,
and the modal identification (Figure 3).

3.1. Signal Sparsification and Features Detection. In the first
step the collected data is processed by continuous wavelet
transform, in order to compute a scalogram, whose content
can be interpreted as a signal energy density distribution
[13]. Specifically, the analysis is carried out by selecting the

Morlet wavelet asmother function,which best suits harmonic
signals, since the scale parameter is characterized by a unique
relationship with the signal frequency obtainable by Fourier
analysis [14].

In order to improve the scalograms readability and to
reduce the interference caused bymutual energy between dif-
ferent signal components, an energy reassignment operation
is performed.This technique involves assigning the calculated
energy levels to theweighted centroid of the analysis windows
rather than to their geometric center [18, 26–29]. In this way
the energy peaks are more homogeneous in the different
scales and have a lesser spread in the time-frequency plane.

Following the computation of scalograms, the areas of
interest to extract the modal parameters should be evaluated.
This phase consists of features detection, which can be done
by decomposition of the two-dimensional distribution into
vectors representing the energy density of the analyzed signal
[11]. For this purpose, recent studies that use the SVD [20, 21]
and theTSVD (whose bases are obtained by rotating the bases
of the traditional method) [11, 22–25] have been developed.

In the feature detection phase, the energy peaks asso-
ciated with vibration modes are selected. It often happens
that computational modes are also identified, which do not
refer to the dynamic behavior of the system. In order to
minimize user intervention in the identification procedure,
a filter has been introduced into the algorithm to eliminate
computational modes. In particular, the Root Mean Square
(RMS) energy has been computed for each wavelet coeffi-
cients vector, and a threshold has been set to eliminate those
with an energy value lower than the 10% of the highest RMS
value.

As the RWS-TSVD-based algorithm detects narrow areas
in terms of frequency, the corresponding wavelet coefficients
can be interpreted as single modal responses and then
processed as SDOF responses for the identification of modal
parameters.

3.2. Extraction of Modal Parameters. Following the selection
of the modes of interest, natural frequencies can be estimated
by Fast Fourier Transform (FFT) of the wavelet coefficients
extracted from each energy peak. It is noted that FFT does not
consider the time aspect of the analyzed recordings, but each
wavelet component is characterized by a narrow frequency
band,making it possible to estimate natural frequencies with-
out merging vibration modes. For the same reason, also the
damping ratio can be computed for each wavelet component
as for SDOF signals. Damping ratio can be considered as a
further damage detection parameter [34] but is of difficult
interpretation for the sake of damage magnitude evaluation.
Therefore, in the present paper, we only focus on natural
frequencies andmodal shapes to formulate considerations on
the damage level.

Regarding the modal shapes, in the case of large number
of sensors (nearly determined problem), we investigate if
the modal matrix can be assumed as the Ψ matrix com-
puted as explained in Section 2, considering the fact that
the error increases with the 𝑛/𝑚 ratio. Otherwise, in the
case of strongly underdetermined problem (𝑚 ≪ 𝑛), the
scalogram could result in a convenient sparse representation
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Figure 3: Workflow of the identification algorithm.

for each registered signal, since it highlights the energy peaks
associated with single vibration modes. The BSS problem
could thus be formulated by assuming thewavelet coefficients
corresponding to each identified peak as a single source
vector, multiplied by the 𝜙𝑗,𝑖 element of modal matrix, where𝑗 is the control point position index at which the registration
is recorded and 𝑖 is the mode index that represents the
peak identified in the 𝑗th scalogram. This procedure allows
extracting the 𝑖th vector 𝜓𝑖 ∈ R𝑚 (whose 𝑚 elements are
nearly proportional to the corresponding 𝑚 elements of the
modal vector 𝜙𝑖 ∈ R𝑛 associated with the frequency 𝜔𝑖) by
computing the SVD of the matrix whose columns consist
of wavelet coefficients, obtained at the same identified 𝑖th
natural frequency (energy peak), each corresponding to a
different control point of the structure.

Considering w𝑖,𝑗 ∈ R𝑘 the wavelet coefficients vector
computed at the circular frequency 𝜔𝑖 on the time history
registered at the 𝑗th control point, a SVD of the matrix
W(𝑖)
𝑚×𝑘

= [w𝑖,1,w𝑖,2, . . . ,w𝑖,𝑚]T can be performed as

W(𝑖) = Ψ(𝑖)Z(𝑖)Χ(𝑖)T, (5)

whereΨ(𝑖) is an𝑚×𝑚matrix, whose first column represents
the vector 𝜓𝑖. In order to obtain a complete (or a larger)
vector 𝜓𝑖, if the number of sensors is small compared to
the number of DOFs (𝑚 ≪ 𝑛), repeated tests can be
performed, after displacing the sensors and keeping at least
one in the same position, to allow the normalization of the
whole set of collected coefficients at the same value. Indeed,
taking two elements 𝜓𝑎,𝑖 and 𝜓𝑏,𝑖 of the vector 𝜓𝑖, they are
only representative of the ratio 𝜓𝑎,𝑖/𝜓𝑏,𝑖, because of their
normalization.

Several identification algorithms widely described in the
literature allow estimating directly the modal matrix instead
of a similar-meaning matrix, assuming that the matrix of
structural masses is known. One of them is the ERA [32],
originally implemented for impulse response signals, which
allow the immediate description of the Hankel matrix, start-
ing point of the algorithm.Thanks to the speed and accuracy
of thismethod, several variants have been introduced in order
to make it applicable to natural vibration signals. In this
context, the Natural Excitation Technique (NExT) [35] and
the RandomDecrement technique (RD) [36, 37] were used to
derive system impulse response functions from response time
histories to stochastic input. The first mentioned technique
uses signal correlation and is based on the assumption
that the input is characterized by a stationary zero-mean
white noise, withGaussian distribution; the second technique
instead refers to the average of different signal segments that
have the same initial conditions.

If the mass matrix is unknown, the modal matrix
obtained by ERA (or othermethods) is notmass-normalized,
and the 𝑖th modal mass-normalized vector 𝜙𝑖 is expressed as

𝜙𝑖 = 𝜑𝑖

√𝜑T𝑖 M𝜑𝑖
, (6)

where 𝜑𝑖 is the 𝑖th nonnormalized modal vector. In order to
obtain usable results for the sake of damage detection through
flexibility-basedmethods, the structural flexibility matrix has
to be computed. To this aim, without the knowledge of
masses, a pursuable criterion is that of normalizing every
modal estimated vector so that

𝜙𝑖 = 𝜑𝑖√𝜑T𝑖 I𝜑𝑖
, (7)
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Figure 4: Modeling limit cases for a plane frame.

where I is the identity matrix and Φ = [𝜙1,𝜙2, . . . ,𝜙𝑛]
is the unitary-mass-normalized modal matrix. Because of
its normalization, the flexibility matrix obtained from Φ is
proportional to the flexibility matrix of a structure with a
diagonal mass matrix such that M = 𝜇I, where 𝜇 is a
constant value, equal to the mass associated with each DOF
of the structure. It is easy to see that the more the masses are
effectively equally distributed along the structure, the more
precisely the described criterion is pursuable.

It is noted thatΦ andΨmatrices are obtained by different
procedures, and in particular, the matrix Ψ is generally
obtainable in an easier way, since it involves a simple matrix
factorization. However, considering the similarities between
relations (2) and (4) in addition to the analytical meaning of
the two matrices, as explained above, Ψ could be used in a
flexibility-based damage detection procedure instead ofΦ. In
the following sections, the case of damage estimation under
the assumption of unknown masses will be investigated,
evaluating the reliability of the results obtained by using the
matrixΨ instead ofΦ by means of simulated tests.

4. Damage Detection

For a precise and reliable estimate of the damage in complex
structures, a large number of sensors are generally required
[4, 5] and the model suitable for damage detection strictly
depends on the typology of the analyzed structure. Consider-
ing the example of reinforced concrete frames, damage may
occur at the columns, beams, or nodes, requiring appropriate
assessments for each element. However, usually even in the
design phase, it is possible to assume simplified hypotheses at
the basis of themodel used to perform structural calculations
[38]. Moment Resisting Frame (MRF) and other structural
typologies can be analyzed, depending on the case, by evalu-
ations made on two limit schemes or a mediated condition.

In particular, if it is possible to model the beams as
infinitely stiff, the frame behavior can be assumed as shear-
type (Figure 4(a)); that is, it is assumed that the nodes

can only translate, by inhibiting rotations. In this case, it is
possible to model the structure as a discrete system, where
the number of DOFs is equal to the number of allowed
translations. The mentioned system can also be modeled as
a continuous cantilever beam, deformable only for shear,
whose stiffness is obtained by the methods described in the
following sections.

If columns are made up of strong elements and the
connecting beams can be schematized as weakly bending
resistant elements, the structure can be modeled as a set of
cantilever beams connected by truss elements (Figure 4(b)).

From the knowledge of natural frequencies and modal
mass-normalizedmatrix, it is possible to obtain the flexibility
matrix of the structure [6, 33], expressed by the relation:

G = ΦΩ−2ΦT, (8)

where Φ ∈ R𝑛×𝑛 is the mass-normalized modal matrix and
Ω = diag{𝜔𝑖} is the natural circular frequencies matrix. If
the available data is incomplete, or for a number of known
vibrational modes of 𝑟 < 𝑛, we can estimate the approximate
flexibility matrix as

G ≅
𝑟∑
𝑖=1

1
𝜔2𝑖 𝜙𝑖𝜙

T
𝑖 , (9)

where 𝜙𝑖 is the 𝑖th mass-normalized modal vector [39].
By using the vectors 𝜓𝑖, computed by means of the SVD
(possibly through a set of repeated tests), we can compute an
approximate nonnormalized flexibility matrix as

Γ = 𝑟∑
𝑖=1

1
𝜔2𝑖 𝜓𝑖𝜓

T
𝑖 . (10)

4.1. Shear-Type Frame. Assuming that a unit load vector p =[1, 1, . . . , 1]T is applied to the analyzed structure, it is possible
to estimate the corresponding displacement vector as

u = Gp. (11)
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Given the vector (11) it is also possible to compute the
interstory drift (ID) 𝛿𝑗 for the 𝑗th story, by the difference
between two subsequent terms of the u vector. It is therefore
possible to evaluate the variation of the ID between an initial
and an eventually damaged condition, in order to determine
whether the system has undergone a decrease in stiffness
between the two different time instants. In particular, the ID
of the 𝑗th story caused by the story shear𝑉𝑗 can be expressed
as

𝛿𝑗 = 𝑉𝑗𝑓𝑗 = 𝑉𝑗 ℎ3𝑗12𝐸𝐽𝑠,𝑗 , (12)

where 𝑓𝑗 is the 𝑗th story flexibility, ℎ𝑗 represents the 𝑗th story
height, 𝐸 is the elastic modulus of the considered material
(supposed as constant for each story), and 𝐽𝑠,𝑗 is the 𝑗th story
stiffness (i.e., the sum of column stiffness of the 𝑗th story) in
the direction of load. In order to obtain the 𝑗th story stiffness
variation 𝜀𝑗 between the integer and the damaged condition,
the relation (12) can be reversed, obtaining

𝜀𝑗 = 𝐸𝐽𝑠,𝑗 − 𝐸𝐽𝑠,𝑗𝐸𝐽𝑠,𝑗 = 𝛿𝑗 − 𝛿𝑗𝛿𝑗 , (13)

where the terms ◼̃ characterize the damaged structure.
Finally, the results of (13) can be grouped into vectors 𝜀 and 𝛿,
the elements of which represent, respectively, the variations
in story stiffness and the ID of the whole structure. The 𝑗th
element of 𝜀 can also be expressed as

𝜀𝑗 = (g̃𝑗p − g̃𝑗+1p) − (g𝑗p − g𝑗+1p)
(g̃𝑗p − g̃𝑗−1p) , (14)

where g𝑗 is the 𝑗th line of the system’s flexibility matrix. With
reference to relation (9), flexibility matrix can be expressed as
a function of themodal vectors normalized to unitarymasses:

G ≅ 𝑟∑
𝑖=1

𝛼2𝑖𝜔2𝑖 𝜙𝑖𝜙
T
𝑖 , (15)

where 𝜙𝑖 is the 𝑖th unitary-mass-normalized modal vector
and 𝛼𝑖 is the normalization coefficient [30, 31], generally
different for each modal vector, obtained as

𝛼𝑖 = (𝜙T𝑖 M𝜙𝑖)−1/2 , (16)

where M is the mass matrix of the structure, supposed as
unknown. It is noted that, in traditional flexibility-based
damage detection techniques, the normalization coefficients
evaluation is necessary. For this reason, if the real distribution
of masses is unknown, the approximate assessment of the
structural masses involves the introduction of related estima-
tion errors.

Substituting (15) in (14) it is possible to express the
elements of the story stiffness variation vector as a function
of unitary-mass-normalized modal shapes and natural fre-
quencies of the system, obtained by the identification process
conducted at two different time instants. Assuming that

modal shapes vary in modest quantities between the integer
and the damaged conditions,𝛼𝑖 coefficients can be considered
as unchanged. Furthermore, if masses are nearly uniformly
distributed along the structure, the decrease in stiffness can be
evaluated depending on the first 𝑟 vibrationmodes identified,
through the relation:

𝜀𝑗
≅ ∑
𝑟
𝑖=1 [((𝜙𝑗,𝑖 − 𝜙𝑗+1,𝑖) /�̃�2𝑖 ) �̃�T𝑖 p − ((𝜙𝑗,𝑖 − 𝜙𝑗+1,𝑖) /𝜔2𝑖 )𝜙T𝑖 p]

∑𝑟𝑖=1 [((𝜙𝑗,𝑖 − 𝜙𝑗+1,𝑖) /�̃�2𝑖 ) �̃�T𝑖 p]
, (17)

where p represents a unitary vector and 𝜙𝑗,𝑖 the 𝑗th element
of 𝜙𝑖. Similarly, by using the singular vectors, we can evaluate
the decrease in stiffness as
𝜖𝑗
≅ ∑
𝑟
𝑖=1 [((�̃�𝑗,𝑖 − �̃�𝑗+1,𝑖) /�̃�2𝑖 ) �̃�T𝑖 p − ((𝜓𝑗,𝑖 − 𝜓𝑗+1,𝑖) /𝜔2𝑖 )𝜓T𝑖 p]

∑𝑟𝑖=1 [((�̃�𝑗,𝑖 − �̃�𝑗+1,𝑖) /�̃�2𝑖 ) �̃�T𝑖 p] . (18)

In the Applications section the reliability of relation (18) and
the differences between the results obtained by using (18)
instead of (17) are investigated.

4.2. Continuous Shear-Deflecting Cantilever Beam. In order
to generalize the obtained results, continuous schemes are
also studied. If the structure analyzed in the previous case is
regular in height, both in terms ofmass and stiffness, it can be
modeled as a continuous cantilever beam deflecting for shear,
where its mass is distributed and whose equivalent stiffness is
the mean value over all stories of the terms (𝐺𝐴)𝑒𝑞,𝑗 (i.e., the𝑗th segment stiffness), estimated by equating the drift of the
two systems shown in Figure 5:

(𝐺𝐴)𝑒𝑞,𝑗 = 12𝐸𝐽𝑠,𝑗ℎ2𝑗 , (19)

where ℎ𝑗 is the 𝑗th story height, 𝐸 is the elastic modulus of
the consideredmaterial (supposed as constant for each story),
and 𝐽𝑠,𝑗 is the 𝑗th story stiffness in the direction of load, as in
the previous case.

Applying a number 𝑚 of sensors at a variable spacing
on the analyzed structure, the procedure is similar to the
shear-type case, where the order of the system is represented
by 𝑚. Assuming the application of a unitary force vector
at the sensors location, the damage index can be estimated
as an ID variation, as explained above. It is noted that the
localization and quantification of decreasing stiffness depend
on the spacing: the greater the number of sensors is, the more
precisely the damage position will be located. In addition, the
decrease in stiffness, expressed as a percentage of variation,
is related to the part of the structure between two sensors:
for the same damage, the higher the spacing, the lower
the percentage of estimated damage, with the consequent
increase in calculation error.

4.3. Continuous BendingMoment-Deflecting Cantilever Beam.
In case the structure can be modeled as a continuous can-
tilever beam deflecting for bending moment (e.g., reinforced
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Figure 5: Model used for calculating the translational stiffness of the equivalent shear-deflecting cantilever beam. (a) A shear-type frame
story; (b) a continuous element of the same length, subjected to the same shear of the scheme on (a).

concretewalls), each control point can also rotate as a result of
load application (Figure 4(b)). By assuming that the sensors
are close enough, the structure can be modeled as a set
of beam segments with different stiffness values, delimited
by control points. In this case, it is possible to obtain the
flexibility matrix and the displacement vectors of the control
points subjected to unitary loads, similarly to the previous
cases. However, since nodes are also allowed to rotate, the 𝑢𝑗
displacement has to be cleaned of the term associated with
the rigid rotation 𝜃𝑗 of the structure above the 𝑗th node,
caused by the whole set of loads applied on the structure. It is
therefore necessary to perform a recursive procedure, initially
evaluating the rotation of the first control point from the base,
knowing the 𝑢1 displacement of the same point:

𝜃1 = 3𝑢1ℎ1 (
ℎ1𝑚 + 2∑𝑚𝑖=1 (ℎ𝑖 − ℎ1)2ℎ1𝑚 + 3∑𝑚𝑖=1 (ℎ𝑖 − ℎ1)) , (20)

where 𝑚 is the number of sensors applied to the structure
and ℎ𝑗 is the distance of the 𝑗th sensor from the base of
the structure. Considering for simplicity that the sensors are
placed at constant spacing 𝑠, the relation (20) becomes

𝜃1 = 6𝑚𝑢1𝑠 (1 + 3𝑚) . (21)

The upper part of the structure will therefore be subject to
a rigid rotation of 𝜃1, in addition to the elastic deformation
caused by the loads above the first control point. The net ID
of the second segment is thus evaluated as

𝛿2 = 𝑢2 − 𝑢1 − 𝜃1𝑠. (22)

This value must be used to obtain the total rotation of the
second node, as

𝜃2 = 𝜃1 + 6 (𝑚 − 1) 𝛿2𝑠 [1 + 3 (𝑚 − 1)] . (23)

It will thus be possible to evaluate the next ID from which
the rotation of the same node can be obtained, until the 𝑚th
term.The estimate of damage is thus evaluated as an 𝜀 vector
whose elements have the form:

𝜀𝑗 = 𝛿𝑗 − 𝛿𝑗𝛿𝑗 . (24)

It is important to emphasize that relations (20)–(23) are valid
if the stiffness value is constant along the considered segment.
This hypothesis is usually not verified if the damage is
concentrated in a small section of the structure (e.g., cracking
or concentrated lesions, where the element curvature changes
abruptly). In this case, relation (24) would provide accurate
results only with respect to the first lesion from the base of
the structure, as the upper control points rotations would
be incorrectly evaluated. This drawback can be overcome
by decreasing the discretization interval, so that segments
between sensors are small enough to be considered with a
constant stiffness along their whole length.

In the case of reduced availability of sensors, however, it is
possible to decrease the discretization interval by performing
repeated tests with the same sensors in different positions,
maintaining one fixed at a time, in order to normalize modal
shapes at the same value (Figure 6). In this way, it is possible
to increase the number of control points and thus the rank of
the matrix Γ.

It is also noted that the method described in this para-
graph is more sensitive to the errors on natural frequencies
than the technique described for shear-type structures. This
phenomenon is due to the increased overall number of DOFs
and can be fixed by averaging the results obtained through the
modal identification processes, carried out on different tests
with displaced sensors.

In case of systems that can be modeled as several can-
tilever structures connected together by flexible beams, it is
possible to approximate them as truss elements. Under these
assumptions, we evaluate the overall stiffness of a flexural
deformable equivalent structure as

(𝐸𝐽)𝑒𝑞 =
𝑞∑
𝑖=1

𝐸𝐽𝑖, (25)

where 𝐸𝐽𝑖 is the stiffness of a single cantilever beam and 𝑞 is
the number of interconnected structures.

The described cases represent simple structures whose
behavior can be studied in two dimensions. If the exam-
ined structures have a more complex behavior (e.g., asym-
metrical structures or with eccentricity of the masses), a
higher number of sensors could be needed to record the
acceleration in multiple directions, in order to study the
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Figure 6: Reduction of the discretization interval through repeated tests.

three-dimensional behavior of the system. If, moreover, the
materials have a strongly nonlinear behavior (e.g., historical
masonry buildings), the problem becomes more complicated
and a precisemechanical characterizationmust be carried out
before choosing the model to be used for damage estimation
purposes [40–43].

5. Applications

In this section, the effectiveness of the use of singular vectors
for damage detection purposes is examined by means of
simulated tests on different structural typologies. A com-
parison between the modal parameters obtained by the
traditional ERA and those computed by using the wavelet-
based procedures is also shown, by using the same dynamic
recordings, with the aim of comparing two quantities affected
by error. In order to prove the reliability of the methods even
for real life cases, in which there is always an error due to the
instrumentation sensitivity, for each application a white noise
level is artificially introduced into the recordings, as specified
for each following case.

In the analyzed examples, the fluctuations of the modal
parameters due to environmental mutations, such as changes
in temperature or operative conditions, are neglected. How-
ever, since the analysis in the time-frequency domain allows
the estimation of instantaneous modal parameters over time,
under more complex environmental conditions, in order to
obtain the clean modal parameters necessary for the estima-
tion of damage, removal techniques could be used, as widely
described in literature [40–45]. Therefore, in the following
examples we use parameters cleaned up by environmental
effects, taking into account the instrumentation sensitivity
only.

5.1. Shear-Type Frame. The first case is a lumped-mass
reinforced concrete plane frame composed of four stories,
each consisting of five equal columns, in which the beams
are assumed as infinitely stiff, so that the structure can be
modeled as shear-type (Figure 7). The described structure is
fully characterized by four vibration modes.

S4

S3

S2

S1
m1

m2

m3

m4

̈s

Figure 7: Shear-type frame and sensors disposition.

Table 1: Geometric data of the analyzed shear-type frame.

Story Story mass[kN s2/m]
Story
height[m]

Column
section[m]

Sum of story
columns inertia[m4]

4 69.2 3.20 35 × 50 1.823 ⋅ 10−2
3 95.4 3.20 40 × 50 2.083 ⋅ 10−2
2 96.4 3.20 45 × 50 2.344 ⋅ 10−2
1 97.3 3.50 45 × 50 2.344 ⋅ 10−2

The mass matrix M and the stiffness matrix K are
evaluated on the basis of the geometric data (Table 1), taking
into account also the other structural and nonstructural
components in mass computation. The mass-normalized
modal matrix Φ and the natural circular frequency matrix
Ω are obtained by solving the eigenvalue problem for the
undamped system in free vibration.

M =
[[[[[
[

69.2 0 0 0
0 95.4 0 0
0 0 96.4 0
0 0 0 97.3

]]]]]
]

kN s2/m,
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K

=
[[[[[
[

133514 −133514 0 0
−133514 286102 −152588 0

0 −152588 324249 −171661
0 0 −171661 302856

]]]]]
]

kN/m,

Φ =
[[[[[
[

−0.0696 −0.0713 0.0616 −0.0270
−0.0621 −0.0116 −0.0600 0.0538
−0.0474 0.0524 −0.0234 −0.0695
−0.0288 0.0617 0.0592 0.0462

]]]]]
]
,

Ω =
[[[[[
[

14.4431 0 0 0
0 40.1943 0 0
0 0 61.7279 0
0 0 0 75.9607

]]]]]
]

rad/s.

(26)

Finally, the flexibility matrix G is obtained as inverse of the
stiffness matrix:

G =
[[[[[
[

0.2749 0.2000 0.1345 0.0762
0.2000 0.2000 0.1345 0.0762
0.1345 0.1345 0.1345 0.0762
0.0762 0.0762 0.0762 0.0762

]]]]]
]
⋅ 10−4m/kN. (27)

5.1.1. Modal Identification. In the first analysis, a stochastic
acceleration with nonstationary characteristics is applied at
the base of the structure, with reference to the accelerogram
shown in Figure 8(b).

By applying the RWS-TSVD-based identification pro-
cedure on the time history collected at the sensor S1, on
which an error of 5% (in terms of energy, with respect
to the recorded signal) has been introduced, the circular
frequencies 𝜔𝑖 are evaluated and reported in Table 2. Fur-
thermore, an SVD of the matrix composed of the whole
set of structural dynamic responses has been performed,
obtaining the left singular vectors (also shown in Table 2)
and the right singular vectors, reported in Figure 9 next
to their frequency domain representations. It is observed
that the frequency values estimated by the RWS-TSVD-based
procedure are approximately coincident with the maximum
frequency values of the Fourier spectra computed on the
right singular vectors, confirming the fact that the estimated
parameters correspond to real vibration modes.

In Figure 10 the features detection procedure is shown in
detail: the traditional wavelet scalogram (Figure 10(a)) and
the reassigned version (Figure 10(b)) are reported, and since
the energy spread is lower in the second case, a more precise
features detection (Figure 10(c)) is allowed. It should be noted
that the structural masses have not been used during the
identification phase.

5.1.2. Error Evaluation and Comparison. A comparison
between the identified singular vectors 𝜓𝑖 and analytical
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Figure 8: Accelerograms representing a white noise with Gaussian
distribution (a), a nonstationary stochastic signal (b), and the
modeling of an elastic shock (c).

Table 2: Natural frequencies identified by the RWS-TSVD-based
algorithm and singular vectors computed for the undamaged frame.

Mode 𝑖 �̂�𝑖 [rad/s] �̂�4,𝑖 �̂�3,𝑖 �̂�2,𝑖 �̂�1,𝑖
1 14.4463 0.6424 0.5723 0.4360 0.2641
2 39.9893 −0.6004 −0.0774 0.5261 0.5972
3 64.4856 0.4519 −0.6243 −0.2442 0.5886
4 77.0482 −0.2049 0.5454 −0.6722 0.4569

Table 3: Percentage errors on estimated values (normalized to
unitary masses). Mean errors are computed on the absolute values
of above terms.

Mode 𝑖 Err(�̂�𝑖) [%] Err(�̂�𝑗,𝑖, 𝜙𝑗,𝑖) [%]
1 +0.22 +0.15 +0.01 −0.18 −0.48
2 −0.51 −9.70 −28.44 +7.76 +3.78
3 +4.47 −22.95 +9.19 +9.42 +4.32
4 +1.43 −22.27 +3.96 −0.90 +1.46
Mean 1.66 13.77 10.40 4.57 2.51

unitary-mass-normalized modal shapes is reported in Fig-
ure 11. With the terms ◼̂ we indicate the quantities estimated
by the identification algorithm, thus having an error, as
reported in Table 3.

The identification algorithm is general and would allow
the correct identification of the examined structure, even in
case of flexible beams. In particular, assuming beams of 30 ×50 cm and removing the hypothesis of infinite stiffness, the
average error over all modes in natural frequency evaluation
is of 1.87%.

In this section we also compare the error level of the
frequencies obtained through the wavelet-based methods
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Figure 9: First four right singular vectors and their frequency contents.

and the ERA. For this purpose, three different tests are per-
formed, each by using one of the acceleration time histories
of Figure 8 as input, for which the natural frequencies of the
structure represented in Figure 7 are evaluated. In particular,
the time history of Figure 8(a) is a zero-mean white noise
with Gaussian distribution, representing stationary ambient
vibration applied to the base of the analyzed structure. The
accelerogram of Figure 8(b) is a nonstationary stochastic
signal which represents a more general ambient excitation,
also applied to the base of the structure; meanwhile the
input of Figure 8(c) represents an elastic shock applicable to
any level of the structure (in this case at the second floor,
simulating a forced impulsive vibration test).

The structural responses (collected with a frequency
sampling of 100Hz) have then been processed by using the

wavelet-based procedures and the ERA, separately. In partic-
ular, the results of wavelet-based algorithms are compared
to those obtained by means of NExT-ERA, applied to the
responses obtained by the input acceleration (a), RD-ERA,
applied to the responses obtained by the input acceleration
(b), and ERA, applied to the responses obtained by the
input acceleration (c) of Figure 8. Lastly, a comparison has
been made between the WS-TSVD-based technique, with
reference to the traditional scalogram, and the RWS-TSVD-
based procedure, with reference to the reassigned one. The
first two time histories have a duration of 30 s, while the third
has a duration of 10 s.

Observing the results in Table 4, the ERA provides a
complete dynamic description for the analyzed system only
in the case (c), since the recordings (a) and (b) are too
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Figure 10: Morlet scalogram (a), Morlet reassigned scalogram (b), and detected features (c).
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Figure 11: Comparison between identified left singular vectors and analytical modal shapes. In this representation the values are simply
connected by continuous or dashed lines (resp., for identified and analytical values) in order to improve the graph readability.

short to allow an efficient execution of RD technique and
NExT, while the wavelet-based procedures work properly
even with short recordings. It is also noted that in general
the reassigned scalogram ismore accurate in determining the
natural frequencies, especially for the first modes. Moreover,
the third column associated with the RWS-TSVD-based

method shows an improvement with respect to the WS-
TSVD-based procedure, as regards the estimation of natural
frequencies.

Repeating the tests by using a stationary excitation (as
the one of Figure 8(a)), with a duration of 5 minutes, all
the modes are identified through the NExT-ERA technique
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Table 4:Modal parameters identified by ERA,WS-TSVD-based algorithm, and RWS-TSVD-based algorithm on the undamaged frame, with
reference to input accelerations of Figure 8.

Input Mode 𝑖 ERA WS-TSVD RWS-TSVD
�̂�𝑖 [rad/s] Err [%] �̂�𝑖 [rad/s] Err [%] �̂�𝑖 [rad/s] Err [%]

(a)

1 14.3482 −0.66 14.2788 −1.14 14.2788 −1.14
2 41.2713 +2.68 40.8269 +1.57 40.6176 +1.05
3 - - 62.3920 +1.08 62.3920 +1.08
4 - - 78.9325 +3.91 79.1417 +4.19

(b)

1 14.6804 +1.64 14.0746 −2.55 14.4463 +0.02
2 39.4661 −1.81 41.4552 +3.14 39.9893 −0.51
3 66.5500 +7.81 63.6487 +3.11 64.4856 +4.47
4 - - 74.5355 −1.87 77.0482 +1.43

(c)

1 14.4551 +0.08 14.4369 −0.04 14.4369 −0.04
2 40.3869 +0.48 40.1722 −0.05 40.1722 −0.05
3 64.5058 +4.50 - - 63.3973 +2.70
4 72.5101 −4.54 - - - -

and the obtained results are comparable to those obtained
through the RWS-TSVD-based procedure (the average error
over all modes is of 1.76%), while using a nonstationary input
with a duration of 5 minutes, all the modes are identified
through the RD-ERA technique, with an average error over
all modes equal to 3.74% and amaximum value of 8.48%.The
results obtained through the RWS-TSVD-based procedure,
on the other hand, are not dependent on the duration of
the recording, since the errors computed on longer tests are
similar to those shown in Table 4.

It is observed that in wavelet-based techniques the nature
of the excitation does not affect the estimation error onmodal
frequencies, but the number of estimated modes. In fact, as
we can see in Table 4, not all the modes have been identified
in the impulsive excitation test. This happens because the
frequency spectrum of the input of Figure 8(c) has low
values for the range between 7 and 15Hz and thus generates
structural responses in which the third and fourth vibration
modes have low energy level. By performing the wavelet
analysis on these responses, the energy peaks associated
with the last two modes are low and widespread in the
time-frequency plane. For this reason, by using the WS-
TSVD-based procedure, the peaks associated with the last
two modes are classified as noise and therefore discarded by
the algorithm. Instead, by applying the RWS-TSVD-based
method, the thirdmode is also identified, since the associated
energy peak is sharper in the time-frequency plane and
therefore is recognized as representative of a structural mode.
The fourth mode would only be identified by lowering the
threshold of the RMS-based filter, but in this case, other
noise-related modes would also be recognized as structural
modes.

In order to obtain good results in terms of frequencies by
using the described wavelet-based techniques, an excitation
characterized by a sufficiently wide spectrum of frequencies
(i.e., that includes the natural frequencies of the analyzed
structure) is therefore necessary, regardless of whether it has
stationary or nonstationary characteristics over time. As for

Table 5: Flexibility matrix obtained by using unitary-mass-
normalized identified modal vectors (from ERA-based procedure)
and relative errors.

Elements of the flexibility matrix

Ĝ [m/kN ⋅ 102]
0.2329 0.1696 0.1145 0.0650
0.1696 0.1703 0.1136 0.0646
0.1145 0.1136 0.1155 0.0644
0.0650 0.0646 0.0644 0.0663

Err(Ĝ/max Ĝ,G/maxG) [%]
0.00 0.08 0.54 0.66
0.08 0.50 −0.25 0.02
0.54 −0.25 1.39 −0.25
0.66 0.02 −0.25 2.61

the singular vectors instead, the best results are obtained for
impulsive excitation, that is, in the case of free vibration.

In order to set up the damage detection procedure, the
flexibility matrix G or Γ has to be computed. Assuming that
the mass matrix is unknown, one of the simplest criteria
to mass-normalize the modal matrix is that of assuming a
constant distribution of masses along the structure. In order
to reduce the error due to the nature of input time histories,
ten repeated tests are carried out. For each test, unitary-
mass-normalized vectors and left singular vectors are used to
compute, respectively, G̃ and Γ̃, whose mean values (of each
element, computed over the whole set of experiments) and
errors are reported in Tables 5 and 6. Errors are evaluated
between estimated matrices G̃, Γ̃ and the analytic matrix
G—reported at (27)—dividing each for its maximum value,
in order to assess the ratios between the elements of each
matrix.

It is observed fromTables 5 and 6 that the errors evaluated
for the Γ̂ matrix are on average greater than those estimated
on the Ĝ matrix. This happens because the masses of the
analyzed structure are rather uniformly distributed and the
unitary normalization of modal vectors produces an accurate
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Table 6: Flexibility matrix obtained by using identified left singular
vectors (from SVD-based procedure) and relative errors.

Elements of the flexibility matrix

Γ̂ [m/kN ⋅ 102]
0.2273 0.1688 0.1144 0.0643
0.1688 0.1726 0.1145 0.0642
0.1144 0.1145 0.1177 0.0660
0.0643 0.0642 0.0660 0.0674

Err(Γ̂/max Γ̂,G/maxG) [%]
0.00 2.09 2.94 2.11
2.09 4.37 3.00 1.93
2.94 3.00 5.90 4.70
2.11 1.93 4.70 6.92

estimate of themodalmatrix.These errorsmay have a limited
influence on the results of damage detection: this aspect is the
object of the following section.

5.1.3. Damage Detection. In order to assess the reliability of
using singular vectors instead of modal vectors for the pur-
poses of damage detection under the assumption of unknown
masses, four different examples of damaged structure are
analyzed. Consider the structure represented in Figure 7,
with damaged columns, according to the patterns described
in Table 7. For the sake of brevity, the modal parameters
estimated in a single identification procedure (by using the
RWS-TSVD-based approach for the estimation of natural
frequencies and SVD for the extraction of singular vectors)
are reported in Table 8 only for the damage pattern D1. It
should also be noted that the tests for the damaged condition
are carried out by using inputs uncorrelated to the ones used
for the undamaged condition. We indicate with ◼̃ the terms
related to the damaged structure, obtained by identification
tests.

From the identified parameters, it is possible to evaluate
the matrices G̃ and Γ̃ (assuming a homogeneous distribution
of masses along the structure) associated with the damaged
frame and, by using relations (17)-(18), the percentage losses
in the story stiffness. Ten repeated tests are performed, each
by using a 30-second segment of a 5-minute time history, in
order to avoid errors due to the nature of each input segment.
In Table 9, the mean values of stiffness decrease, computed
for each test by using the RWS-TSVD-based algorithm and
the singular vectors, are reported, in the case of complete and
partial identification, for which it is assumed that only the
first vibration mode is detected, while in Table 10 the results
obtained by using ERA are reported, as an example of modal
vectors-based procedures.

By selecting the negative terms only, as the positive ones
indicate an increase in stiffness and are due to estimation
errors, the SVD-based method is particularly effective in
both localization and damage quantification, with a max-
imum evaluation error of 0.79%, even in case of partial
identification. The errors obtained by the two approaches
for the damage detection are absolutely comparable, despite
the different errors on flexibility matrices computed in the
previous section (Tables 5 and 6).
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Figure 12: Comparison of average absolute errors on analytical
damage indices for the shear-type frame, computed by traditional
modal vectors-based procedure and SVD-based procedure with
reference to the mass patterns of Table 11 and damage pattern D3
of Table 7.

In order to prove, independently of the instrumentation
sensitivity, that the SVD-based method works efficiently for
the damage detection if masses are supposed as equally
distributed when the real distribution is different, Figure 12
shows the mean errors (over all DOFs, for each mass pattern
described in Table 11) of damage indices obtained by using
analytical parameters instead of the identified ones. The tests
are performed on the structure analyzed in the previous
example, with different mass patterns and a multiple damage
condition represented by the pattern D3 of Table 7.

Regarding the modal vectors-based procedure, the flex-
ibility matrices have been calculated by using the analytic
matrices Ω and Φ, normalized to unitary masses, while the
results concerning the SVD-based procedure are computed
by using the analytic matrix Ω and the left singular vectors,
obtained from the impulse response functions of the consid-
ered shear-type frame, without adding noise to the recordings
(Figure 3).

In Figure 13 the average percentage errors on the flexibil-
ity matrix for the damaged condition, computed through the
two analyzed approaches, are reported.The error is evaluated
as the average of the errors calculated on each element of the
matrix. It is noted that these values are independent from
those computed for the damage indices.

Themean error on damage indices (over all the tests, with
reference to Table 11) for the classical procedure is of 0.25%,
while for the SVD-based procedure it is of 0.19%. Since these
values are very close and low, it emerges that both relations
(17) and (18) work properly for the purposes of damage
detection, independently of the error of flexibility matrices.
Furthermore, the SVD-based approach does not require any
introduction of additional estimated quantities. Indeed, while
𝜙𝑖 vectors have to be mass-normalized, and in the absence of
the knowledge of structural masses, additional error could be
introduced by awrong assumption on themassmatrix, and𝜓𝑖
vectors are alreadymass-representative. In fact, it can be seen
that SVD-based procedure suffers from slightly lower errors
than the classical one, in most cases where the masses are
not uniformly distributed. It is also noted that 𝜓𝑖 vectors are
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Table 7: Damage patterns. The description is referred to as a single column per story.

Damage pattern Description of the damage in the columns 𝜀𝑗 [%]𝜀1 𝜀2 𝜀3 𝜀4
D1 15% at the 1st story 3 0 0 0
D2 15% at the 2nd story 0 3 0 0
D3 15% at the 1st and 10% at the 2nd story 3 2 0 0
D4 15% at the 1st, 15% at the 2nd, and 30% at the 3rd story 3 3 6 0

Table 8: Modal parameters identified for the damaged frame,
according to the pattern D1 of Table 7. Natural frequencies are
identified by the RWS-TSVD-based algorithm.

Mode 𝑖 �̃�𝑖 [rad/s] �̃�4,𝑖 �̃�3,𝑖 �̃�2,𝑖 �̃�1,𝑖
1 14.4441 0.6474 0.5715 0.4328 0.2586
2 39.7741 0.5831 0.0267 −0.5515 −0.5959
3 60.3263 0.4683 −0.6795 −0.1313 0.5493
4 77.1488 0.1468 −0.4592 0.7009 −0.5257
Table 9: Damage indices estimated by SVD-based procedure in case
of complete (on the left) and partial identification (on the right, by
using only the first vector) on the shear-type frame.

Damage pattern Story
1 2 3 4

𝜖𝑗 [%]
D1 −2.59 +0.05 −0.09 −0.26
D2 −0.50 −3.61 −0.39 −0.25
D3 −3.38 −2.25 −0.46 −0.21
D4 −3.71 −3.54 −6.51 −0.42

𝜖(𝑝)𝑗 [%]
D1 −2.23 +0.73 +0.99 +1.01
D2 −0.65 −3.62 −0.03 −0.01
D3 −2.73 −1.57 +0.93 +0.85
D4 −2.33 −2.21 −5.65 +1.23

Table 10: Damage indices estimated by modal vectors-based proce-
dure in case of complete (on the left) and partial identification (on
the right, by using only the first vector) on the shear-type frame.

Damage pattern Story
1 2 3 4

𝜀𝑗 [%]
D1 −3.95 +0.08 +0.37 −0.30
D2 −1.09 −3.57 −0.36 −0.29
D3 −3.42 −2.65 +0.18 −1.02
D4 −3.84 −3.92 −7.51 −0.38

𝜀(𝑝)𝑗 [%]
D1 −1.62 +0.42 +1.04 +1.02
D2 −1.03 −2.69 −0.36 −0.12
D3 −2.64 −1.51 +0.94 +0.95
D4 −2.22 −2.29 −5.48 +1.35

considerably simpler to be computed than 𝜙𝑖 vectors, which
require the use of complex algorithms.

5.2. Continuous Structures. With the aim of proving the
generality of the outlined methods, the identification proce-
dure and the damage detection algorithm are also applied

Table 11: Mass patterns used for the comparison of the damage
errors reported in Figure 12.

Mass pattern Story
1 2 3 4

Mass pattern [kN s2/m]

A 100 100 100 100
B 50 100 50 100
C 50 50 100 100
D 50 50 100 150
E 50 150 150 100
F 100 50 100 150
G 50 50 50 150
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Figure 13: Comparison of average absolute errors on analytical
flexibilitymatrix of the damaged condition, computed by traditional
modal vectors-based procedure and SVD-based procedure with
reference to the mass patterns of Table 11 and damage pattern D3
of Table 7.

to continuous structures. The accelerogram of Figure 8(b) is
used for modal identification purposes while, for the damage
detection, a set of ten repeated tests with input stochastic
acceleration, not related to the time history (b), are used.

5.2.1. Shear-Deflecting Cantilever Beam. The first analyzed
continuous structure consists in a shear-deflecting cantilever
beam with homogeneously distributed mass (all the geomet-
ric parameters are reported in Table 12). Modal identification
is performed on the time history collected by the sensor S2
(positioned as in Figure 14, where 𝑠 is a constant spacing
between the sensors) and by exciting the structure with the
accelerogram of Figure 8(b) as a ground acceleration. Other
time histories are collected from sensors S1 to S8, in order to
carry out damage detection tests. Each recording is affected
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Figure 14: Sensors arrangement and first modal shape of the
continuous structure.

Table 12: Geometric parameters of the undamaged shear-deflecting
cantilever beam.

𝑚[kN s2/m2] 𝐺𝐴 [kN] 𝐻 [m]
Linearly distributed mass Shear stiffness Total height
26 200000 12

Table 13: Modal parameters estimated on the undamaged con-
tinuous shear-deflecting structure by using the RWS-TSVD-based
algorithm.

Mode 𝑖 𝜔𝑖 [rad/s] �̂�𝑖 [rad/s] Err [%]
1 11.4806 11.4944 +0.12
2 34.4419 35.3581 +2.66
3 57.4033 59.2345 +3.19
4 80.3646 83.3783 +3.75

Table 14: Damage evaluation in case of 4 and 8 sensors on
the continuous shear-deflecting structure, by using SVD-based
algorithm.

Sensor 𝜖1 𝜖2 𝜖3 𝜖4 𝜖5 𝜖6 𝜖7 𝜖8
Case 1 - −7.43 - −1.26 - +0.86 - −1.85
Case 2 −14.81 −0.71 +1.16 +3.54 +2.29 −2.09 +1.55 +1.06

by an artificial added noise of 5%with respect to the collected
signals (in terms of energy).

The modal identification results for the undamaged
structure are reported in Table 13, with the comparison to
analytical values and the relative errors. Twodifferent tests are
conducted for the damage detection, by considering 4 and 8
equally spaced sensors along the structure (Figure 14).

Assuming damage at the base of the structure, which can
be modeled as a stiffness decrease of the first segment 0.5 s
long (Figure 14), equal to 20% of its total stiffness, the damage
detection procedure should evaluate a 11% decrease for the 8-
sensor analysis and a 6% decrease for the 4-sensor analysis.
The results of these tests are reported in Table 14.

Table 15: Geometric parameters of the undamaged bending
moment-deflecting cantilever beam.

𝑚[kN s2/m2] 𝐸𝐽 [kNm2] 𝐻 [m]
Linearly distributed mass Stiffness Total height
26 200000 12

Table 16: Modal parameters estimated on the undamaged continu-
ous bendingmoment-deflecting structure by using the RWS-TSVD-
based algorithm.

Mode 𝑖 𝜔𝑖 [rad/s] �̂�𝑖 [rad/s] Err [%]
1 2.0197 1.9672 −2.60
2 13.5253 13.5064 −0.14
3 37.5704 38.0062 +1.16
4 73.6379 70.4494 −4.33
Table 17: Damage evaluation on the continuous bending moment-
deflecting structure, by using SVD-based algorithm.

Segment 𝑖 𝜖𝑗 [%] Err [%]
1 −1.34 −1.34
2 +5.56 +5.56
3 +4.18 +4.18
4 −17.88 −2.12

It should be noted that the second identification case
can be obtained by using a smaller number of sensors
and performing repeated tests, each by displacing all the
accelerometers except one, necessary for normalizing modal
vector elements to the same value. In this way, it is possible
to increase the discretization level of the analyzed structures
in order to better assess the localization of the damage.
The errors reported in Table 14 are higher with respect
to the errors estimated in the previous simple case (the
maximum error is of 3.81%). However, the procedure still
works for damage detection purposes and further tests may
be conducted if necessary.

5.2.2. Continuous Bending Moment-Deflecting Cantilever
Beam. Modal identification and damage detection proce-
dures are finally performed on a bending moment-deflecting
cantilever beam (whose parameters are reported in Table 15),
on which 4 equally spaced accelerometers are arranged,
starting at +3.00m from the base (as in Figure 14, on the
left). As in the previous paragraphs, collected signals are
affected by a 5% noise (in terms of energy, with respect to
the registered signals). The evaluated modal parameters are
reported in Table 16 together with the respective estimation
errors.

Assuming damage at the base of the structure (affecting
the segment between 0.0 and +3.0m), which can be modeled
as a 20% decrease in stiffness, the analysis results are reported
in Table 17.

In a further analysis, it is assumed that there are two
damaged segments, the first of which is between +2.0m and
+3.0m, with a 30% reduction in overall stiffness, and the
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Table 18: Damage estimation in case of 4 repeated tests using 4 sensors, I iteration.

Height [m] +1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +11 +12
𝜀𝑗 [%] 0 0 −30 0 0 −15 0 0 0 0 0 0
𝜖𝑗 [%] +2.9 −3.1 −28.3 +2.3 +2.8 −14.5 −33.8 - - - - -

Table 19: II iteration local damage estimation.

Height [m] +5.0 +5.5 +6.0 +6.5 +7.0 +7.5
𝜀𝑗 [%] 0 0 −50 0 0 0
𝜖𝑗 [%] +1.9 −1.4 −48.9 +4.6 −1.4 −3.5

second one between the +5.5m and +6.0m, with a 50%
reduction in overall stiffness. Performing the analysis with
the sensor arrangement used in the previous case, only the
first damage from the base would be properly evaluated, as
the rotations computed for the upper control points would
be inaccurate. By performing a set of four repeated tests
on the damaged structure, each after displacing the sensors
(Figure 6), a flexibility matrix of order 12 is obtained. The
identified damage indices compared to the theoretical ones
are reported in Table 18. It is noted that up to the height of
+5.0m the identification is correct, while beyond the +6.0m
height invalid values are recorded (i.e., positive, across the
allowed error range).

By carrying out further tests and installing the sensors S3,
S2, and S1 at +5.5m, +6.5m, and +7.5m, a local analysis can
be performed to identify the damage with a sensitivity range
of 0.5m (Table 19).

As expected, the errors evaluated in the tests carried out
in this paragraph are on average higher than those of the
previous cases. However, the more the discretization interval
is reduced (by performing a large set of repeated tests),
the more the obtained results are accurate. In fact, after a
preliminary test to locate the damaged areas, it is possible
to perform subsequent local tests by providing all available
sensors in the concerned segment.

6. Conclusions

Two aspects have been addressed in this paper: the first,
which is the main purpose, is to study the effectiveness
of using singular vectors within a flexibility-based damage
detection procedure if the structuralmasses are unknown; the
second is to evaluate the improvements in modal parameters
estimation by using the energy reassignment into the frame-
work of a wavelet-based identification procedure. These top-
ics, in particular, have been addressed under nonstationary
excitation, for the case of reduced availability of sensors, for
which the wavelet-based procedure is also useful for signal
sparsification.

As concerns the use of singular vectors as damage
sensitive parameters, it has been shown that the results of
SVD-based damage estimation are comparable with those
obtained by modal matrices. In some cases, the SVD-based
damage detection has provided also better results, especially
for nonuniformly distributed masses, even if the flexibility
matrices computed on singular vectors are on average less

precise than those evaluated by modal matrices. It is further
observed that singular vectors are generally obtainable in
a simpler way with respect to modal vectors. Moreover, by
means of the described wavelet-based sparsification tech-
nique, they can also be calculated in the case of a limited
number of sensors.

Since the sparsification procedure allows a correct esti-
mation for natural frequencies (also necessary to build the
flexibility matrix) even under nonstationary excitation, the
aspect of dynamic identification has been deepened. In this
context a variation to a wavelet-based algorithm described in
the literature has been proposed by introducing the energy
reassignment. A comparison has been made between the
results obtained by means of the RWS-TSVD-based proce-
dure, the originalWS-TSVD-based algorithm, and other clas-
sical identification techniques capable of computing natural
frequencies and modal vectors (for which the ERA has been
chosen since it is still one of the most used algorithms in the
identification field).

These comparisons have shown that wavelet-based tech-
niques are reliable even in the case of short and nonstationary
recordings. However, in order to eliminate the errors in
natural frequencies due to the type of excitation and the
sensitivity of sensors, several repeated tests have been per-
formed, with the aim of obtaining averaged parameters that
are as sensitive as possible only to the changes in structural
characteristics. Moreover, in the case of reduced availability
of instrumentation, such repeated tests can be performed
by displacing the sensors, so as to obtain a more precise
discretization and a higher order of the flexibility matrix.

The described procedures are applicable to a wide range
of structural schemes, some of which have been studied in the
applications part: several tests have been conducted in case of
single andmultiple damage, obtaining reliable results on both
discrete and continuous structures.
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Temperature variation has been widely demonstrated to produce significant effect on modal frequencies that even exceed the effect
of actual damage. In order to eliminate the temperature effect on modal frequency, an effective method is to construct quantitative
models which accurately predict the modal frequency corresponding to temperature variation. In this paper, principal component
analysis (PCA) is conducted on the temperatures taken from all embedded thermocouples for extracting input parameters of
regression models. Three regression-based numerical models using multiple linear regression (MLR), back-propagation neural
network (BPNN), and support vector regression (SVR) techniques are constructed to capture the relationships between modal
frequencies and temperature distributions from measurements of a concrete beam during a period of forty days of monitoring.
A comparison with respect to the performance of various optimally configured regression models has been performed on
measurement data. Results indicate that the SVR exhibits a better reproduction and prediction capability than BPNN and
MLR models for predicting the modal frequencies with respect to nonuniformly distributed temperatures. It is succeeded that
temperature effects on modal frequencies can be effectively eliminated based on the optimally formulated SVR model.

1. Introduction

With the development of advanced techniques in sensing,
data acquisition, computing, and information management,
structural health monitoring (SHM) systems have been
widely implemented to diagnose structural condition [1–3].
Vibration-based damage identification, as an important part
of SHM system, has beenmost widely investigated because of
their capability for accurately identifying structural damage
[4]. The basic concept underlying the use of vibration-based
damage identification is that vibration properties (natural
frequencies, mode shapes, and damping ratio) are functions
of the physical properties (mass, stiffness, and damping) of
structure [5, 6]. The measured changes in dynamic parame-
ters can be used to evaluate corresponding changes in phys-
ical properties that indicate the structural damage. However,
dynamic parameters are inevitably affected by environmental
and operational conditions (temperature, humidity, wind,
traffic load, etc.). Changes of dynamic parameters caused by

environment may lead to a false damage identification result
[7–10].

Modal frequency is the most widely used dynamic
parameter to identify structural damage because it is easy to
be measured with high precision [11]. Extensive researches
have demonstrated that temperature change is the most
important source that causes the variation in modal fre-
quencies of structures [12]. Researchers from Los Alamos
National Laboratory find that the first three frequencies of
Alamosa Canyon Bridge vary about 4.7%, 6.6%, and 5.0%
during 24 hours, in which the temperature of the bridge
deck changes by approximately 22∘C [13, 14]. Peeters et al.
[15, 16] report that the first four modal frequencies of Z24
Bridge vary by 14%–18%during 10-monthmonitoring period,
and this variation is more significant than the change of
10% caused by destructive damage. Desjardins et al. [17]
make a continuous monitoring for the modal frequencies
and average girder temperature of Confederation Bridge.The
modal frequencies are reduced by 4% when the temperature
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varies from −20∘C to 25∘C. Askegaard and Mossing [18]
continuously monitor a three-span reinforced concrete (RC)
bridge for three years, and the seasonal changes of modal
frequencies reach as much as 10%. Yuen and Kuok [19]
extract the modal frequencies of a 22-storey RC building
for one year using Bayesian spectral density approach. They
find that the first three modal frequencies increase with an
increase in ambient temperature. Chen et al. [20] explore
the correlation between modal frequencies of Guangzhou
New TV Tower and air temperature through more than
100 h measurement. Results show that modal frequencies are
linearly dependent on air temperature. Saisi et al. [21, 22]
present the results of continuous dynamic monitoring for
Gabbia Tower in Italy during a period of 8 months. Identified
natural frequencies are observed to vary by 5–11% when the
measured temperatures range from 2∘C to 45∘C. Ubertini et
al. [23] monitor the modal frequencies of San Pietro Bell
Tower during more than nine-month period. Temperature
variation produces significant changes in natural frequencies,
up to 16MHz/∘C, while effects of air humidity were relatively
marginal. As indicated by the prior researches, temperature
significantly affects the modal frequencies. In addition, no
such temperature dependence has been observed for the
mode shapes and damping ratio, and hence the temperature
effect on them can be generally ignored [12, 24]. For the reli-
able performance of vibration-based damage identification, it
is of paramount importance to eliminate and discriminate the
variations in modal frequencies due to temperature change
from those caused by structural damage.

In order to eliminate the temperature effect on modal
frequency, quantitative models between them are required
to normalize the identified modal frequencies to an identical
reference temperature [25–27]. Xia et al. [24] propose a sim-
ple linear regression model to correlate the air temperatures
and modal frequencies of a RC slab based on laboratory
monitoring data. Peeters and De Roeck [15] derive an autore-
gressive andmoving average (ARMA)model to formulate the
relationship between air temperature and modal frequencies
for the Z24 Bridge. Moser and Moaveni [28] utilize several
models (a static linear model, an ARX model, a bilinear
model, and polynomials with various orders) to represent the
relationship between the modal frequencies and measured
temperatures. Ding and Li [29] propose a polynomial regres-
sion model to describe the frequency-temperature seasonal
correlations of the Runyang Suspension Bridge. Ni et al.
[30, 31] apply the support vector machine (SVM) and back-
propagation neural network (BPNN) techniques to formulate
regression models that quantified the temperature effect on
modal frequencies of the cable-stayed Ting Kau Bridge.
These studies mentioned above have proposed methods for
predicting the modal frequencies of bridges, but none has
compared the prediction accuracy of multiple linear regres-
sion (MLR), BPNN, and SVM methods. In addition, these
regression models mainly focus on the relationships between
modal frequencies and air temperature or structural tem-
peratures measured at some surface points. They ignore the
nonuniformly distributed temperatures in the cross-section
of structure, which may lead to information loss in modeling
the temperature effect on modal frequencies [32, 33].

In this paper, three regressionmodels of predictingmodal
frequencies corresponding to nonuniformly distributed tem-
peratures are built on measurements from a concrete beam
during 40-day monitoring period. Prediction capabilities
are compared in order to select the optimal model for
eliminating temperature effect on modal frequency. The rest
of the paper is organized as follows. The various regression
algorithms that are adopted to predict the modal frequencies
are first outlined. A concrete beam is constructed and the
details are described. Principal component analysis (PCA) is
performed to extract principal components from the mea-
sured temperatures. And the quantitativemodels usingMLR,
BPNN, and SVR are constructed by use of extracted principal
components (PCs) of temperatures. Prediction capabilities
of constructed regression models are studied and examined
on training and test samples. Selected optimal model is later
used to remove the variability of identifiedmodal frequencies
due to temperature effect. Lastly, results are summarized with
important conclusions.

2. Theoretical Background

Modal frequency is directly related to the temperature
distribution across the structure. This research proposes
to employ internal distributed temperature measurements
to predict the modal frequency of a concrete beam. The
methodology is outlined in the formof a flowchart in Figure 1.
Temperature measurements collected from monitoring are
first preprocessed by PCA for dimensionality reduction. The
PCs of temperatures are then supplied as input to statistical
regression techniques to compute regression models. Predic-
tion capabilities of regressionmodels are examined and com-
pared based on statistical indicators. The regression model
with the best prediction accuracy is then used to predict
modal frequency from collected temperatures, which have
been preprocessed by PCA. Temperature effect on modal
frequency is successfully eliminated using the regression
model with the best prediction accuracy.

2.1. Principal Component Analysis (PCA). PCA is multivari-
ate statistical tool that takes advantage of inherent corre-
lations between variables for dimensionality reduction and
feature extraction. It is a linear transformation mapping an
original set of variables into a substantially smaller set of
uncorrelated variations that represents most of information
in original set of variables [3, 34]. Using PCA, original set
of correlated variables 𝑋 ∈ 𝑅𝑛 in an 𝑛-dimensional space
can be transformed into a new set of uncorrelated variables𝑌 ∈ 𝑅𝑚 in an 𝑚-dimensional (𝑚 < 𝑛) orthogonal space by
the application of the following equation:

𝑌 = Γ𝑇𝑋, (1)

where Γ(𝑛 × 𝑚) is a transformation matrix that applies
an orthogonal rotation to the original coordinate system.
Through the singular value decomposition for the covariance
matrix of original variables𝑋, we can obtain

𝑋𝑋𝑇 = 𝑈Λ𝑈𝑇, (2)



Shock and Vibration 3

Distributed temperatures 
and modal frequency

PCA of temperatures

M
LR

BPN
N

SV
R

Prediction capability 
comparison 

Optimal regression 
model

PCA of temperatures

Modal frequency 
prediction

Elimination of 
temperature effect

Comparison of modal 
frequency before and 
after eliminating 
temperature effect

Construction and selection of 
regression models

Eliminating temperature effect 
on modal frequency

Figure 1: Technical flowchart of proposed method in this paper.

where 𝑈 is the orthogonal eigenvector matrix with 𝑈𝑇𝑈 = 𝐼
and Λ is a diagonal matrix composed of singular values as
follows:

Λ =
[[[[[[[[[

𝜆1 0 ⋅ ⋅ ⋅ 0
0 𝜆2 ... 0... ... d

...0 0 ⋅ ⋅ ⋅ 𝜆𝑛

]]]]]]]]]
, (3)

where the singular values rank in descending order 𝜆1 ≥𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑛 ≥ 0. They represent the variances of
principal components, and the small singular values are
not relevant to explain the overall variance of data set. The
proportion of original variables explained by the first 𝑚
principal components is defined as

𝛽𝑚 = ∑𝑚𝑗=1 𝜆𝑗∑𝑛𝑖=1 𝜆𝑖 , (4)

where 𝛽𝑚 is accumulated variance contribution rate and
decides the number of selected principal components. Gen-
erally, if 𝛽𝑚 × 100% ≥ 85%, the transformation matrix Γ
could be obtained by the first𝑚 column vectors in orthogonal
eigenvector matrix 𝑈. Once 𝑚 has been chosen and orthog-
onal transformation matrix Γ has been determined, variables
in principal space can be calculated by (1).

2.2. Multiple Linear Regression (MLR). MLR is an extension
of simple linear regression for the purpose of predicting
dependent variables by multiple explanatory variables [35].
When a dependent variable 𝑦 is linearly related to 𝑛 explana-
tory variables, the general form of MLR model can be
expressed as

𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + ⋅ ⋅ ⋅ + 𝛽𝑛𝑥𝑛 + 𝑒, (5)

where 𝑦 is the predicted value of dependent variable, 𝛽0 is
the intercept and (𝛽1, 𝛽2, . . . , 𝛽𝑛) are regression coefficients
associated with the explanatory variables (𝑥1, 𝑥2, . . . , 𝑥𝑛), and𝑒 is random error with mean zero and variation 𝜎2. Based
on the data from 𝑛 measurements, unknown regression
coefficients can be determined using least-squaresmethod. In
this study, 𝑦 represents the modal frequency at specific time,
and (𝑥1, 𝑥2, . . . , 𝑥𝑛) represent PCs extracted from measured
temperatures in cross-section at mid-span of concrete beam.

2.3. Back-Propagation Neural Network (BPNN). Artificial
neural network (ANN) is a functional abstraction from bio-
logic neural structure, which can process complex nonlinear
relationships among several variables through learning [36].
Therefore, it provides a powerful tool for modeling the
relationship betweenmodal frequencies and distributed tem-
peratures. As one of the widely used ANN structures, BPNN
is established through forward transfer of information and
back-propagation of training error. The biases and weights
are constantly adjusted to minimize target error through
gradient descent algorithm. An evaluator, the sum of square
error (SSE) between actual and target outputs, is taken as the
objective function of BPNN model, as shown in

SSE = 𝑝∑
𝑘=1

𝑛∑
𝑚=1

(𝑂𝑘𝑚 − 𝑇𝑘𝑚)2 , (6)

where 𝑂𝑘𝑚 and 𝑇𝑘𝑚 are the actual and target output of 𝑚th
node in output layer for 𝑘th pattern, respectively, 𝑛 is the
number of outputs, and 𝑝 is the number of patterns.

The typical two-layer BPNN contains an input layer,
hidden layer, and output layer. The transfer function for
hidden layer is taken as a tan-sigmoid function and that
for the output layer is a linear function. In this research,
BPNN is simulated usingMATLAB’s neural network toolbox,
and the “traingdx” and “learngd” functions are chosen as
training function and learning function, respectively [37].
An important parameter in BPNN is the optimal number
of nodes in the hidden layer. It is optimally determined
through trials and validation errors. In order to avoid the
underfitting and overfitting phenomena, an early stopping
technique is employed. Training process is stopped when
the errors on validation data increases for a specific number
of iterations. The parameters (weights and biases) of BPNN
model are determined as those associated with the minimum
of validation error.

2.4. Support Vector Regression (SVR). Support vector ma-
chine (SVM) is a newly emerging learning technique fol-
lowing the structural risk minimization (SRM) principle
rather than the common empirical risk minimization (ERM)
principle. It transforms sample data to a higher dimensional
feature space and defines the optimal linear hyperplane to
minimize the upper bound on the generalization error [3,
30, 38]. SVR refers to the regression model of SVM. It is
to transform the nonlinear relationship in original space
into linear relationship in a feature space so as to discover
relationship more easily.
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Consider a set of training data 𝑆 = {(x1, 𝑦1), (x2, 𝑦2),. . . , (x𝑛, 𝑦𝑛)} ∈ 𝑅𝑃 × 𝑅, where x𝑖 is a 𝑃-dimensional input
vector and 𝑦𝑖 is the corresponding scalar output in original
space. For linear regression problem in the feature space, the
linear estimation function is described as

𝑓 (𝑥) = ⟨w, 𝜑 (x)⟩ + 𝑏, (7)

where w and 𝑏 are weights and thresholds, respectively, 𝜑 is
the mapping function transforming input vector to feature
space, and ⟨∗, ∗⟩ denotes the inner product.

The SRM principle is adopted in SVR to avoid overfitting
and improve generalization performance. The optimization
object is set as

Minimize 12 ‖w‖2 + 𝐶 𝑛∑
𝑖=1

(𝜉𝑖 + 𝜉∗𝑖 ) (8)

Subject to 𝑦𝑖 − ⟨w, 𝜑 (x𝑖)⟩ − 𝑏 ≤ 𝜀 + 𝜉𝑖
⟨w, 𝜑 (x𝑖)⟩ + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉∗𝑖
𝜉𝑖, 𝜉∗𝑖 ≥ 0,

(9)

where 𝜀 is loss function,𝐶 is penalty coefficient, and 𝜉𝑖, 𝜉∗𝑖 are
slack variables.

Solution of (8) under constraints of (9) is achieved by
introducing the Lagrange multipliers and using the duality
principle.

Maximize − 12
𝑛∑
𝑖,𝑗=1

(𝛼𝑖 − 𝛼∗𝑖 ) (𝛼𝑗 − 𝛼∗𝑗 ) ⟨𝜙 (x𝑖) , 𝜙 (x𝑗)⟩
− 𝜀 𝑛∑
𝑖=1

(𝛼𝑖 + 𝛼∗𝑖 ) + 𝑛∑
𝑖=1

𝑦𝑖 (𝛼𝑖 − 𝛼∗𝑖 )
Subject to

𝑛∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) = 0
0 ≤ 𝛼𝑖, 𝛼∗𝑖 ≤ 𝐶,

(10)

where 𝛼𝑖, 𝛼∗𝑖 are the Lagrange multipliers, which can be
obtained from the above optimization problem. The weight
vector w can be solved and written as

w = 𝑛∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) 𝜑 (x𝑖) . (11)

For nonlinear regression problems, SVR transforms data
to a high-dimensional feature space by a kernel function.The
linear SVR algorithm conducted in feature space represents
the nonlinear SVR operation in original space. Inner product
in the feature space calculated using a kernel function is
expressed as

𝐾(x𝑖, x𝑗) = ⟨𝜙 (x𝑖) , 𝜙 (x𝑗)⟩ . (12)

Radial-basis kernel function (RBF) is a reasonable choice
of kernel functions since it equips with more flexible and
fewer parameters. It is applied and listed as follows:

𝐾(x𝑖, x𝑗) = exp (−𝛾 x𝑖 − x𝑗
2) . (13)

Therefore, the nonlinear regression function can be cal-
culated and expressed by

𝑓 (𝑥) = 𝑛∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 )𝐾 (x𝑖, x) + 𝑏. (14)

In the formulation of SVR model, selection of hyperpa-
rameters (𝐶, 𝛾, 𝜀) is crucial to improve the generalization abil-
ity and prediction accuracy. Grid search method is applied to
optimize the hyperparameters. For each combination of the
hyperparameters, SVR is trained using the training data and
their performance is evaluated by a cross-validation scheme.
Optimal hyperparameters are determined to construct the
SVR model for modeling the relationship between modal
frequencies and nonuniformly distributed temperatures.

2.5. Prediction Capability Evaluation Index. The prediction
capabilities of formulated models (MLR, BPNN, and SVR)
are examined and compared using training and test set.
Prediction error (PE) is proposed to reflect the difference
between target and prediction values. PE is defined as

PE = 𝑓𝑖 − 𝑓𝑖, (15)

where 𝑓𝑖 is identified modal frequency and 𝑓𝑖 is predicted
modal frequency.

In order to quantify and rank the performances of formu-
lated models, two statistical indicators including root mean
squared error (RMSE) and correlation coefficient (𝑅) are
used to quantitatively evaluate the performance of regression
models, which are expressed by (16), and 𝑅 is a numerical
value between −1 and 1, which illustrates the relationship
between target and predicted values. A high 𝑅 value close to
1 indicates a strong positive correlation between target and
predicted values, which demonstrates good generalization
capability of models. RMSE represents the root mean square
of differences between actual and predicted values. It can be
also used to evaluate forecasting accuracy of models.

RMSE = √∑𝑛𝑖=1 (𝑓𝑖 − 𝑓𝑖)2𝑛
𝑅 = cov (𝑓, 𝑓)

𝜎 (𝑓) 𝜎 (𝑓) ,
(16)

where 𝑛 is the number of sample data, cov(𝑓, 𝑓) represents the
covariance between target value𝑓 and predicted value𝑓, and𝜎(𝑓), 𝜎(𝑓) are standard deviations of 𝑓 and 𝑓, respectively.
3. Case Study

3.1. Monitoring of Concrete Beam. A RC beam with cross-
sectional dimensions of 4000mm × 300mm × 400mm is
constructed and placed outside the laboratory in Changchun
City, China. It is simply supported on concrete piers by two
bearings, as shown in Figure 2. The measured span between
two bearings is 3700mm, and 150mm overhangs are present
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Figure 2: RC beam constructed for monitoring (unit: mm).

at each end. The RC beam was produced on 8 June 2015 and
was installed on 12 September 2015. During this period, the
hydration reaction is sufficiently completed, and shrinkage
and creep of concrete would produce negligible effect on
measurement results. Considering that the nonuniform tem-
perature is primarily distributed in cross-section, a total of
14 type T thermocouples are embedded in the cross-section
at the mid-span of the beam to monitor the temperature
field. Figure 3 illustrates the deployment of thermocouples
at mid-span. “V” represents thermocouples along vertical
direction, while “H” represents the thermocouples along
horizontal direction. In order to fix the thermocouples
in accurate position, preformed concrete units containing
type T thermocouples are located at predetermined position
before pouring concrete. Type T thermocouples are made
by copper and constantan, and measurement range of them
is −250 to 260∘C. A TP700 multichannel data recorder is
employed to sample data collected by type T thermocouples.
It features an auto-zero channel, a cold-junction compen-
sator, and automatic voltage-temperature conversions for
common thermocouples. Due to the operating temperature
ranging from 0 to 50∘C, it is installed in laboratory to ensure
the accuracy ofmeasurement. TypeT thermocouples are con-
nected to TP700 data recorder using shielded thermocouple
compensation lead [39].

As for the modal testing, two DH131E piezoelectric accel-
erometers are used to acquire the acceleration response under
impact excitation from a rubber hammer at 7/10 span length
from left end along vertical direction.The 1# accelerometer is
placed at mid-span and 2# accelerometer at 3/10 span length
from left end. DH131E accelerometers feature a sensitivity of
1mV/g, a frequency range of 1–8000Hz, small size (𝜑10 ×
16mm), and light weight (5.5 g). The operating temperature
ranging from −40 to 80∘C makes it ideal for outdoor appli-
cation. The magnetic bases are fixed on the upper surface of
RC beam usingmetal/concrete epoxy, and accelerometers are
mounted on the magnetic bases. A DH5922 type dynamic
signal measurement and analysis system is used to measure
and analyze acceleration response. It includes sixteen 24-bit
Integrated Electronics PiezoElectric (IEPE) input channels
and supports sampling rates of up to 51.2 kHz. Antialias-
ing filters and time-base export for tight synchronization
between channels are equipped. The DH5922 system has
an operating temperature range of 0 to 40∘C, and it is
placed in laboratory. Accelerometers are connected with data

acquisition device using L5 coaxial extension cables with
lengths of 15m. DH5922 system samples a 16-second data
from the two acceleration channels at a 5120Hz sampling
rate. Data processing is performed by DHDAS-2013 software
platform, which is an important part of DH5922 system.
Firstly, the recorded sample data is bandpass-filtered between
10 and 1000Hz using a finite impulse response filter. Secondly,
Hamming window with 50% overlap is used to intercept
acceleration signal. The number of spectrum lines is set as
6400, and obtained frequency resolution is 0.156Hz. Finally,
modal frequencies are identified and extracted by frequency
spectrum analysis using fast Fourier transform (FFT). For
example, samples of data collected from accelerometers
installed on the RC beam on March 6, 2016, at 8:00 am are
shown in Figure 4. Both the time history of acceleration signal
and corresponding amplitude spectrum are illustrated.

Vibration tests were carried out with two hour intervals
from 8:00 am to 22:00 pm in everyday monitoring, while
temperatures are measured at an interval of 5 minutes. The
continuously measured temperatures are used to analyze the
temperature variation and its nonuniform distribution. In
this study, temperatures corresponding to vibration rests are
selected and employed to explore the correlation between
temperature and modal frequency and construct regression
models between them.

3.2. Temperature Effect on Modal Frequencies. Due to the
restrictions of measurement equipment, RC beams are dis-
continuously monitored. Measurement data have been col-
lected during the period beginning on 20 September 2015 and
ending on 29August 2016. In this research,measurement data
from forty days of monitoring since 19 January 2016 covering
winter (minimum temperature) and summer (maximum
temperature) are used. During this period, measurements are
carried out under weak wind condition (hourly-average wind
speed less than 3m/s).Therefore, wind speed effect onmodal
frequency can be ignored.

Under the influence of solar radiation, air temperature,
and thermal inertia of concrete, temperature distributions
in the RC beam are usually nonuniform and nonlinear. In
order to specifically exhibit the nonuniform temperature
distributions in beam, temperatures measured on 27 June
2016 at 14:00 pm are shown in Figure 5. One can find
that the temperature distributions along vertical direction
and horizontal direction are nonuniform and nonlinear.
This indicated that it is important to consider the nonuni-
formly distributed temperatures in modeling the relationship
between modal frequencies and temperatures.

A total of 320 sets of modal frequencies and temperature
data from January to August in 2016 are obtained. The
measured data samples are sorted in measurement time
order. Figure 6 presents the identified modal frequencies and
measured average temperature during monitoring period. As
can be seen, significant negative correlations exist between
modal frequencies and temperature. The modal frequencies
decrease with average temperature increasing. Statistical
analysis for the variation of modal frequencies during moni-
toring period is summarized in Table 1. Average temperature
variation ranging from−22∘C to 37∘C accounts for the change



6 Shock and Vibration

H1 H7

Top 

Bottom

V1

V7

50 × 6 = 300

6
6
.7

×
6
=

4
0
0

N
or

th

So
ut

h

(a)

ThermocouplesPreformed unit

(b)
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Figure 6: Modal frequencies (red) versus average temperature (blue) (thick lines represent the fitting curve). (a) 1st mode; (b) 2nd mode; (c)
3rd mode; (d) 4th mode.

in modal frequencies of 14.29% to 41.70% in the relative sense
for the first four modes. And the variation coefficient varies
from 4.05% to 11.48%. For the second modal frequency, it is
combined action from vertical vibration and torsional vibra-
tion interfered. The higher relative variation (41.70%) and
variation coefficient (11.48%) could be caused by the couple
effect of vertical vibration and torsional vibration. As listed
in Table 1, significant changes of first four modal frequencies
demonstrate the necessity to eliminate temperature effect.

4. Performance Comparison between
Regression Models

4.1. Formulation of RegressionModels. Three regression algo-
rithms presented in previous section are applied to predict
modal frequencies of RC beam, and prediction accuracy of
models becomes the utmost concern. Table 1 indicates that
the ranges of variation ofmodal frequencies varywithmodes.
If models are configured to accommodate all the modes,
corresponding reproduction and prediction capabilities will
be reduced [40].Therefore, an individual model is developed
for each mode separately, which will improve the accuracy

of predicting and eliminating temperature effect on modal
frequencies. Measurement data from 40 days of monitoring
on RC beam are divided into three nonoverlapping and
independent data sets: a training set of 50% (160 sets of data
from 20 days of monitoring), a validation set of 20% (64 sets
of data from 8 days of monitoring), and a test set of 30% (96
sets of data from 12 days of monitoring). Training set is used
to construct and train the regression models, validation set
to optimize the models, and test set to check their prediction
accuracy. The detailed partition is illustrated in Figure 7
taking the first modal frequency, for example. Training set
covers a complete temperature range, which is necessary to
contain the limitation of prediction. Validation set and test
set are uniformly distributed in the range of training set.This
partition is helpful to improve the accuracy of prediction
models.

In multivariate regression, the highly correlated data
could produce unstable regression estimates [3, 35]. Inter-
nal temperatures of RC beam measured by thermocouples
embedded in the cross-section at mid-span are highly corre-
lated. In this research, PCA technique is employed to extract
the PCs of temperatures taken from all thermocouples over
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Table 1: Statistics of first four modal frequencies.

Mode Max
(Hz)

Min
(Hz)

Mean
(Hz)

Relative
variation (%)

Standard
deviation
(Hz)

Variation
coefficient

(%)
1st 56.25 47.50 50.51 17.32 2.16 4.28
2nd 185.31 123.49 148.38 41.70 17.04 11.48
3rd 575.31 462.5 499.63 22.58 32.67 6.54
4th 797.50 693.13 730.30 14.29 29.56 4.05
Note. Relative variation = (Max −Min)/Mean ∗ 100%.

Table 2: RMSE and 𝑅 values of reproduced modal frequencies.

Model 1st mode 2nd mode 3rd mode 4th mode
RMSE 𝑅 RMSE 𝑅 RMSE 𝑅 RMSE 𝑅

MLR 0.8413 0.9163 5.0748 0.9427 9.0764 0.9547 7.7886 0.9639
BPNN 0.4072 0.9839 3.0462 0.9849 3.8317 0.9935 3.6636 0.9927
SVR 0.3234 0.9910 2.4426 0.9916 2.8059 0.9965 2.6063 0.9964
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Figure 7: Sample selection for training, validation, and test set.

the monitoring period, and the transformed data is then
given as input to the regression models. The 320 sets of
temperatures measured by 14 thermocouples are analyzed by
PCA.Variance contribution rate of the first four PCs accounts
for 99.99% of total variance, and hence the extracted four PCs
of temperatures are applied to construct regression models
for accurately predicting modal frequencies.

The relationship between modal frequencies and PCs of
temperatures are first formulated for each mode by MLR.
Training data set is used to build MLR models and calculate
regression coefficients using the least square method. For the
formulation of BPNN model, an early stopping technique is
employed to optimize the BPNNmodel and avoid overfitting
caused by unreasonable performance goal. With intent to
determine the optimal number of hidden nodes, BPNN
models with different number of hidden nodes are trained by
the early stopping technique using training data.The optimal
number of hidden nodes is determined so that the validation
error reaches the minimum value. Optimally configured
BPNN model is selected as the one with 5 hidden nodes
for the first vibration mode. Similarly, the optimal numbers
of hidden nodes for the other modes are determined as

4, 4, and 5, respectively. SVR modeling is also carried out
individually for each mode using the LIBSVM toolbox in
MATLAB [41]. A grid search method is used to determine
the optimal hyperparameters (𝐶, 𝛾, 𝜀). The bounds on the
hyperparameters 𝐶 and 𝛾 are set to vary from 2−10 to 210, and𝜀 is set to vary from 0 to 10−3. SVR models are built by the
training data set using fivefold cross-validation scheme.

4.2. Reproduction Capability. PEs between identified and
reproduced modal frequencies are calculated on training set
and are evaluated by the use of histograms. Figure 8 presents
the histograms of PEs generating from the three regression
models. As can been seen, the PEs generated by BPNN
and SVR model are concentrated in narrower range, and
the observed probability distribution is in good agreement
with a normal distribution with zero mean. It indicates that
the reproduction capacities of formulated BPNN and SVR
models are excellent compared to MLR model. Additionally,
the PEs from SVRmodel are smaller than BPNNmodel, and
the distributions are concentrated in zero more significantly,
which demonstrates the outstanding reproduction capability
of SVR model.

RMSE and 𝑅 values between target and reproduced
modal frequencies for the first four modes are listed in
Table 2. It is observed that the MLR model generates the
highest RMSE among the three models, while the SVR
model achieves the lowest. In addition, 𝑅 values of the SVR
model are larger than those of MLR and BPNN models. This
reveals that SVRmodel presents a stronger linear relationship
between reproduced and identifiedmodal frequencies. Based
on above comparisons, SVR model has higher accuracy in
reproducing the training data and the reproduction capability
rank with a descending order of SVR, BPNN, and MLR.

4.3. Prediction Capability. The prediction capacities of for-
mulated models are verified using testing data set. His-
tograms of PEs generating from the three regression models



Shock and Vibration 9

Table 3: RMSE and 𝑅 values of predicted modal frequencies.

Model 1st mode 2nd mode 3rd mode 4th mode
RMSE 𝑅 RMSE 𝑅 RMSE 𝑅 RMSE 𝑅

MLR 0.9140 0.9005 5.8713 0.9416 9.9947 0.9465 8.0774 0.9535
BPNN 0.6553 0.9417 3.5616 0.9766 5.6797 0.9777 6.6021 0.9638
SVR 0.6223 0.9492 2.6851 0.9846 5.0268 0.9826 5.5101 0.9750
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Figure 8: Histograms of PEs generated by three regressionmodels on training set (horizontal axis represents PEs, and vertical axis represents
sample number). (a1) MLR for 1st mode; (a2) MLR for 2nd mode; (a3) MLR for 3rd mode; (a4) MLR for 4th mode; (b1) BPNN for 1st mode;
(b2) BPNN for 2nd mode; (b3) BPNN for 3rd mode; (b4) BPNN for 4th mode; (c1) SVR for 1st mode; (c2) SVR for 2nd mode; (c3) SVR for
3rd mode; (c4) SVR for 4th mode.

are illustrated in Figure 9. It presents that the PEs generated by
BPNN and SVR model are concentrated in narrower range.
And the observed probability distribution is in good agree-
ment with a normal distribution with zero mean. Similar
to reproduction capability, BPNN and SVR models possess
better prediction accuracy than MLR model because of less
prediction error.

RMSE and 𝑅 values of three regression models for all the
modes are listed in Table 3. It can be seen that RMSE values of
MLR, BPNN, and SVR models rank with a descending order
of MLR, BPNN, and SVR. The SVR model with minimal
RMSE value performs higher prediction accuracy than the
BPNN and MLR models. Moreover, 𝑅 values of SVR model
are larger than those of other models, which imply that
the performance of SVM models is excellent in predicting
the modal frequencies under the nonuniformly distributed
temperatures.

5. Eliminating Temperature Effect on
Modal Frequency

Themain purpose of constructing accurate regression model
is to eliminate the temperature effect on the modal frequen-
cies and to normalize all the modal frequencies to a set of

reference temperature. Comparing to the MLR and BPNN
regression models, the SVR model exists with better capa-
bility for predicting modal frequencies of RC beam in this
research. The established SVR model above is used to elim-
inate the temperature effect on modal frequencies. Firstly,
the modal frequencies at the reference temperature of 20∘C
are identified. Then the normalized modal frequencies after
removing environmental effect can be obtained by

𝑓 = 𝑓reference + (𝑓identified − 𝑓predicted) , (17)

where 𝑓reference is the modal frequencies at reference tem-
perature, 𝑓predicted is the modal frequencies predicted by
SVR regression model, and 𝑓identified represents the modal
frequencies identified at different temperature.

Figure 10 illustrates the PEs of first fourmodal frequencies
produced by SVR regressionmodel. It can be clearly observed
that the variation of PEs is around zero (the small difference
is due to the measurement error, prediction error, and other
noise). This indicates that the seasonal variation of modal
frequencies is successfully eliminated. Histograms of modal
frequencies before and after correction by SVR regression
model are plotted to demonstrate the reduction of the vari-
ation of modal frequencies. Figure 11 presents the histograms
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Table 4: Variability of first four modal frequencies before and after eliminating temperature effect.

Mode Standard deviation (Hz) Variation coefficient (%)
Before After Ratio Before After Ratio

1st 2.16 0.46 21.30 4.28 0.92 21.50
2nd 17.04 2.82 16.55 11.48 2.05 17.86
3rd 32.67 3.91 11.97 6.54 0.82 12.54
4th 29.56 4.39 14.85 4.05 0.62 15.31
Note. Ratio = after/before ∗ 100%.
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Figure 9: Histograms of PEs generated by three regression models on test set (horizontal axis represents PEs, and vertical axis represents
sample number). (a1) MLR for 1st mode; (a2) MLR for 2nd mode; (a3) MLR for 3rd mode; (a4) MLR for 4th mode; (b1) BPNN for 1st mode;
(b2) BPNN for 2nd mode; (b3) BPNN for 3rd mode; (b4) BPNN for 4th mode; (c1) SVR for 1st mode; (c2) SVR for 2nd mode; (c3) SVR for
3rd mode; (c4) SVR for 4th mode.

of first fourmodal frequencies during the period of 40 days of
monitoring. It is clear that the modal frequencies are concen-
trated in narrower range with normal distributions after the
application of SVR regression model. Standard deviation and
variation coefficient of first four modal frequencies before
and after eliminating temperature effect are listed in Table 4.
As can be seen, standard deviations of modal frequencies
after eliminating temperature effect are only 25% of standard
deviations before eliminating temperature effect. Maximum
variation coefficient is reduced from 11.48% to 2.05% after
eliminating temperature effect. This verifies the effectiveness
of SVR regressionmodel in eliminating temperature effect on
modal frequencies.

6. Conclusions

In this paper, three regression models are constructed to
predict the modal frequencies of a concrete beam caused by
temperature change in seasonal cold region. The prediction
capabilities of formulated MLR, BPNN, and SVR models are
evaluated and compared. The following conclusions can be
obtained.

(1) During the monitoring period, average temperature
variation in RC beam ranging from −22∘C to 37∘C accounts
for the changes in first four modal frequencies of 14.29%
to 41.70% in relative sense. And the variation coefficient
ranges from 4.05% to 11.48%. It demonstrates the necessity
to eliminate temperature effect on modal frequency.

(2) A series of statistical indexes including PE, RMSE, and𝑅 are introduced to evaluate the reproduction and prediction
capability of the formulated models. Histograms statistics
of PEs demonstrates that the reproduction and prediction
capability of SVR model are superior to MLR and BPNN
models. Comparison analysis on RMSE and R indicators also
prove that SVR model exhibits excellent reproduction and
prediction capabilities and evaluates the modal frequency
with high accuracy.

(3) Eliminating temperature effect on modal frequen-
cies is achieved by use of the established SVR model.
After eliminating temperature effect, seasonal variation of
modal frequencies disappeared, and modal frequencies are
concentrated in narrower range with normal distributions.
Comparison between variabilities of modal frequencies
before and after eliminating temperature effect demonstrates
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the effectiveness of SVR model in eliminating temperature
effect.
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This paper provides a simple and direct output-only baseline-free method to detect damage from the noisy acceleration data by
using Moving Average Filter (MAF). MAF is a convolution approach based on a simple filter kernel (rectangular shape) that works
as an averaging method to smooth signal and remove incorporated noise. In this paper, a method is proposed to employ MAF
to smooth acceleration signals obtained from a series of accelerometers and determine the damage location along a steel beam.
To verify the proposed method, a simply supported beam was modelled through a 3D numerical simulation and an experimental
model under a moving vehicle load. The response acceleration data was then recorded at a sampling frequency of 500Hz. Finally,
damage location was identified by applying the proposed method. The results showed that the proposed method can accurately
estimate the damage location from the acceleration signal without applying any frequency filtering or baseline correction.

1. Introduction

Infrastructures, such as bridges, play an important role in city
life and are exposed to various kinds of excitation during their
operational life. StructuralHealthMonitoring (SHM) is a tool
to control safety and detect possible damage from structural
responses. In some cases, it is impossible to measure the
operational load exerted on a bridge, for example, under
heavy traffic [1]. In such cases, where a complete knowledge
of excitation is not available, output-onlymodal identification
and damage detection methods can be used.

Obtaining a structural vibration response by an accel-
erometer is one of the easiest and cheapest approaches to
SHM. Accelerometers are easy to install at virtually every
point along the structure and can provide time-history
acceleration data at a wide range of sampling frequencies.
Using accelerometers in damage detection methods reduces
the cost of SHM significantly.

Acceleration data contain responses of all frequencies and
show singularities when damage occurs. Such singularities
in acceleration signals cannot be observed by the naked eye.
Several researchers dealt with the acceleration data to find

these singularities using different methods, such as wavelet-
based methods [2–5], RandomDecrement Technique (RDT)
[1, 6–9], and Blind Source Separation (BSS) methods [10–14].

Hester and González [2], Balafas and Kiremidjian [3],
and Cantero and Basu [4] worked on wavelet transform
analysis to find damage and singularities from acceleration
signals. The wavelet transform output-only method exhibits
large potentials for detecting singularities and damage to
structures and bridges and can easily identify the damage
with a delta value of 0.1 (where delta refers to the ratio of the
crack height to the member height) in a noise-free dataset.
Hester and González [5] showed that the impact of the road
profile can generate a significant error, affecting structural
damage results identified by the wavelet-based methods.

Introduced by Cole in 1968, RDT is one of the most
promising output-only techniqueswhen the controlled or ini-
tial excitation cannot bemeasured. RDT is a special averaging
method to obtain the free response from output-only data
[15]. Further, Ibrahim et al. [1] illustrated the application of
RDT for multisignal processing to find modal parameters.
Later on, Vandiver et al. [6] offered a mathematical solution
for RDT, wherein the input force was considered as a zero-
mean stationaryGaussian randomnoise.Themost important
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problem with the application of RDT in SHM is the fact that
operation loads such as those developed by wind, traffic, and
earthquakes are nonstationary in nature. Several researchers
tried to either improve or combine RDT with other methods
such as neural network technique [7] and empirical mode
decomposition [8] to find damage from nonstationary exci-
tation loads. Buff et al. [9] presented a systematic procedure
to implement the RDT for modal identifications and damage
detection on an arbitrary system.

As mentioned above, ambient vibration usually comes
from nonstationary or the multisource excitations. Blind
Source Separation algorithms comprise another category of
output-only methods, where the signal is decomposed to
its components. Two famous techniques for BSS are the
Independent Component Analysis (ICA) and the Second-
Order Blind Identification (SOBI) [10, 12]. Kerschen et al.
[11] found a one-to-one relationship between vibrationmodes
and ICAmodes for low damped systems.Theywell illustrated
that the vibration mode is represented by the columns of
the mixing matrix. So, natural frequencies and damping
ratios can be calculated through SDOF techniques formixing
matrix columns. Huang andNagarajaiah [13] combined a BSS
technique, namely, SOBI, with wavelet to find damage across
a bridge. They proved that their improved SOBI can find
more modal parameters with limited sensors. Loh et al. [14]
compared the results of damage detection using BSS-SOBI for
the bridge with other damage detection methods.

All of the above methods need to determine modal
parameters for damage detection. Yan and Golinval [16] used
Kalman model to detect damage from output-only data. The
Kalmanmodel does not need themodal identification, which
is an advantage over the methods above. They built the
Kalman model using stochastic subspace identification and
computed residual error as a damage index [17, 18].

Averaging methods tend to smooth a signal, making
it seemingly easier to understand. Such smoothed signals
can then be used as a modal parameter identifier or a
damage indicator. Moving Average Filter (MAF) is one of
the most popularly used methods for real-time processing in
the industry, because of its simplicity and noise attenuation
capability [19]. However, it is not a good filter in the frequency
domain because it cannot separate a band of frequencies
from another band [20]. González and Hester [21] applied
MAF twice to find damage location using acceleration data
obtained from a numerical model.

The aim of present paper is to propose a method that can
workwith noisy acceleration data and can locate damagewith
no need of using the baseline or FEM model. The proposed
approach uses a series of accelerometers to find the damage in
laboratory. Accordingly, as a first step,MAFmakes the signals
smooth, and next, the damage and its location are highlighted
along the smoothed signals. Then, reapplication of MAF
ends up predicting the baseline. In the next step, a damage
index is defined as the sum of squares of the acceleration
data, so as to transform the plot from time-history domain
to scalar values (column type plot). These scalar values
show the damage location near the accelerometer, where
the index is maximal. A 3D numerical model of a simply
supported beam under moving load (vehicle simulation)
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Figure 1: Frequency response of MAF using different spans𝑀.

is then developed and analyzed to obtain acceleration data
at sampling frequency of 500Hz. Additionally, several
damage scenarios are considered at different locations and a
sensitivity analysis is performed to study the effect of changes
in the moving load velocity. According to the numerical
model, an experimental work is then conducted to prove the
accuracy of the proposed method.

2. Basic Theory and Method

MAF is one of the fastest filtering methods in digital signal
processing. A significant advantage of MAF is its random
noise reduction capability while keeping the signal sharp.
This makes MAF the best filter for time domain signals [20].
As shown in (1),MAFwill replace each acceleration point 𝑎(𝑡)
at instant 𝑡 with average of the points in the vicinity of 𝑡

𝑎 (𝑡) = 1
𝑀

𝑗=(𝑀−1)/2

∑
𝑗=−(𝑀−1)/2

𝑎 (𝑡 + 𝑗Δ𝑡) , (1)

where𝑀 is MAF’s span and Δ𝑡 is the time step. For example,
if 𝑀 equals 125, the 100th sample of the smoothed signal is
average signal value from the 38th point to the 162nd point.

It should be noticed that MAF is a convolution of
the input signal with a rectangular pulse (. . . , 0, 0, 0, 1/𝑀,
1/𝑀, 1/𝑀,𝑀 times, 0, 0, 0, . . .) [20]. Noise attenuation capa-
bility of MAF is evaluated based on square-root of MAF span
(e.g., if𝑀 = 100, MAF attenuates the noise by a factor of 10).
Applying Fourier transform on the rectangular pulse, (1) can
be rewritten in the frequency domain as follows [20]:

𝐻[𝑓] =
sin (𝜋𝑓𝑀)
𝑀 sin (𝜋𝑓)

, (2)

where 𝑓 is the frequency,𝑀 is MAF’s span, and 𝐻[𝑓] is the
frequency response. Equation (2) is plotted in Figure 1 by
using 3 spans of𝑀 = 10, 50, and 100. The figure shows that
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Figure 2: Filter kernels of MAF when applied more than once and its frequency response using FFT.

MAF works as a low-pass filtering method with poor stop-
band attenuation.

Theoretically, it is possible to use MAF more than once.
The kernel of MAF is a rectangular pulse, so that using
MAF twice is equivalent to using a triangular filter kernel
(rectangular filter kernel convolved to itself); similarly, using
MAF 4 times means having a filter kernel of Gaussian shape
[20]. Figure 2 shows the effect of using MAF more than
once in terms of filter kernel and frequency response. From
Figure 2, it is clear that usingMAF several times improves the
stop-band behavior.

So far, the filtering method to smooth the signal and
attenuate random noise was described. Now, a numerical
model is required to show the effect of MAF on acceleration
signals. For such a purpose, a simply supported beam under
a moving load was modelled by finite-element method. The
response of the beam under the excitation load 𝑓(𝑡) was
solved using the second-order matrix differential equation,
given as follows:

𝑁 ̈𝑦 (𝑡) + 𝐶 ̇𝑦 (𝑡) + 𝐾𝑦 (𝑡) = 𝑓 (𝑡) , (3)

where𝑁,𝐶, and𝐾 aremass, damping, and stiffness matrixes,
respectively. The variables ̈𝑦(𝑡), ̇𝑦(𝑡), and 𝑦(𝑡) are vertical
acceleration, vertical velocity, and vertical displacement,
respectively. A compressive load moving at some constant
velocity along vertical direction was assumed as loading
function 𝑓(𝑡).

Typically, bridges are the low damped systems [2, 21]. As
such, the present study ignored the damping term in (3). A
crack of 0.003m width and different depths was considered
as the damage to the structure.

In order to identify the damage position, a step-by-step
procedure was adopted in the present research. First of all,
the acceleration time history was obtained from different
points located at the bottom of the bridge deck. These data

can be obtained from either laboratory experiments or finite-
element models. Then, the best MAF span was determined
by numerical modelling. Next, MAF was applied to each set
of data to smooth signals and provide a baseline. Finally,
a damage index was defined to estimate the location of
nearest damage on either laboratory or numerical models.
The described procedure is schematically shown in Figure 3.

3. Laboratory and Numerical Models of the
Simply Supported Beam

3.1. Laboratory Model. In order to utilize the proposed
method and examine its accuracy, a laboratory model was
constructed. The model was comprised of five simply sup-
ported steel beams with 6m length and an 𝐼-shape section
profile with overall dimensions of 0.072m×0.005m (flanges)
and 0.112m × 0.005m (web) (the flanges of beam were used
as a lane for a truck in the laboratory and a moving load
in the numerical model). The density, Young’s modulus, and
Poisson’s ratio of the steelmaterial were 7850 kg/m3, 200GPa,
and 0.3, respectively. In the laboratorymodel, a vehicle served
as a real moving load. In the numerical model, however, the
moving load was applied to the beam in terms of a pressure
on the lanes with an area of 0.15m × 0.01m. When the
moving load passed the steel beam at different speeds, the
acceleration data were recorded by accelerometers installed at
9 stations along the steel beam with a fixed distance of 0.6m.
Figure 4 shows the positions of accelerometers installed on
the experimental model. Figure 5 shows the beams, vehicle,
and few of the accelerometers. Figure 6 shows the width and
depth of a typical damage crack simulated in these beams in
the experimental study.

The accelerometers attached to the bottom of the beam
and the flanges of the beam served as a lane for the vehicle,
so that the vehicle could easily travel along the beam in a
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Record the acceleration signals from different
points along the model

Determine the best MAF span and the number
of MAFs required to apply on the model

Apply MAF on each signal

Calculate damage index for each signal

Estimate the location of damage based on the
damage index

Predict and remove the baseline from all
signals

Figure 3: General flowchart of damage detection based on MAF.

Accelerometers

Node 1 Node 2 Node 8 Node 9Node 7Node 6Node 5Node 4Node 3

Figure 4: Locations of accelerometers to record acceleration data.

(a) (b)

Figure 5: A general view of the vehicle (a) and accelerometers (b).

(a) (b)

Figure 6: A general view of the crack. (b) shows the width of the crack (around 0.003m) and (a) shows the height of the crack for delta =
30% (0.072 × 0.3 = 0.0216m ≈ 0.021).
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Response acceleration data at Node 5, obtained from
numerical model
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(a) Response acceleration, obtained from numerical model
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(b) Response acceleration, obtained from laboratory model

Figure 7: Acceleration data at Node 5, as (a) simulated by the numerical model (blue color) and (b) recorded in laboratory (red color).

straight line. Additionally, to check the effect of changes in
velocity on the damage detection, three different speeds were
considered (0.3, 0.4, and 0.5m/s). The sampling frequency of
the acceleration signal was 500Hz.

3.2. NumericalModelling andAnalysis. According to geomet-
rical dimensions and material properties of the beam model,
a corresponding numerical model was established using 3D
shell elements. In this numericalmodel, the beamwas divided
into 5400 elements, in which linear quadrilateral elements of
the type S4R were used for meshing. In the numerical model
analysis, four different damage scenarios were considered,
as listed in Table 1. Although the numerical model used the
same geometrical dimension and material properties, these
two models were considered as two separate works. Thus, no
comparison is required between numerical and experimental
works.

4. Results and Discussion

4.1. Preliminary Data. Figure 7 shows the acceleration signal
in the mid-span of the beam from the test and numerical
model under moving load at 0.3m/s. All the 9 sensors
recorded the acceleration data simultaneously.

4.2. Detecting Singularities along the Signal. In this paper,
the MAF span is set to sampling frequency and MAF is
applied to the signal more than once (normally, twice) until
the signal is smoothed and free of fluctuations. In a noise-free
environment, it is possible to locate the damage using only
one accelerometer. Here, based on the established numerical
model, the results show that, regardless of the location of
the accelerometer along a bridge structure, it can locate
the damage accurately. The smoothed signals exhibit an
inconsistency in the damage position when a vehicle passes
across the structure.

Figure 8 gives smoothed acceleration signals for both
damaged and undamaged beams (the damage (delta = 40%)
occurred in the middle of the beam) at different locations
obtained from the numerical model using MAF. From Fig-
ure 8, the signals obtained from all nodes can show the
damage location easily. In this figure, the horizontal axis is
the normalized time, which shows the place of the moving

load. For example, at the normalized time of 0.3 on the
horizontal axis, the moving load has travelled 30% of the
beam. To get a better result and find the damage position
more easily, one can remove the baseline from damaged
signals. Figure 9 further gives the smoothed acceleration
signals after removing the baseline for Nodes 3, 5, and 7.

4.3. Predicting the Baseline. As shown in Figure 9, all signals
can locate the damage following baseline elimination. Given
that these signals are the results of applyingMAF, it is noticed
that MAF removes the vibrations and gives a smoothed
signal. So, it is possible to predict the baseline based on
applying MAF once more and then removing it from signals
to find the damage. This predicted baseline based on MAF
is not a real baseline; however, it can serve as a baseline to
find the damage. Figure 10 shows the smoothed signal for
the damaged beam (delta = 40% in the middle of the beam)
and its predicted baseline. Figure 11 shows damage location in
Nodes 2, 3, 5, and 7 based on the predicted baseline according
to MAF (the predicted baselines were subtracted from the
signals).

As shown in Figure 11, the predicted baselines worked
well, and all signals highlighted the singularity around the
damage location. The damage showed itself as abnormal
vibrations in the smoothed acceleration signal around the
damage position. Although Figure 11 shows the abnormal
vibrations, it is messy and cannot work if there is a noise
or damage that occurred even at a small ratio. Equation (4)
defines a damage index to transform the plots to scalar values,
as illustrated in Figure 12:

𝐸𝑛 =
𝑡
2

∑
𝑡
1

𝐴2arbl, (4)

𝑡1 =
𝐿/𝑉
𝑛𝑡 + 1
× 2𝑛 − 1
2
, (5)

𝑡2 =
𝐿/𝑉
𝑛𝑡 + 1
+ 𝑡1, (6)

where 𝐸𝑛 is the damage index that substitutes a signal by a
unique scalar value, 𝑛𝑡 is the number of the accelerometers, 𝐿
is the length of the beam,𝑉 is the velocity of the vehicle, and 𝑛
is the number of the nodes.𝐴arbl is the smoothed acceleration
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(a) Response acceleration at Node 3

Damage location

×10
−4

−2

−1

0

1

4

2

5

3

Re
sp

on
se

 ac
ce

le
ra

tio
n 

(m
/Ｍ

2
)

Smoothed acceleration signal at Node 5 for N5D40,
obtained from numerical model
Smoothed acceleration signal at Node 5 for baseline,
obtained from numerical model

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1
Normalized time

(b) Response acceleration at Node 5

Damage location

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1
Normalized time

×10
−4

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

Re
sp

on
se

 ac
ce

le
ra

tio
n 

(m
/Ｍ

2
)

Smoothed acceleration signal at Node 7 for N5D40,
obtained from numerical model
Smoothed acceleration signal at Node 7 for baseline,
obtained from numerical model

(c) Response acceleration at Node 7

Figure 8: The smoothed acceleration signal for both damaged and undamaged beams (the damage occurred in the middle of the beam) at
different locations along the beam. Blue color refers to the undamaged beam and orange color denotes the damaged beam: (a) signals from
Node 3, (b) signals from Node 5, and (c) signals from Node 7.

Table 1: Four damage scenarios considered in the numerical model analysis.

Scenarios 1 2 3 4
Crack depth-to-beam flange ratio 40% 30% 40% 30%
Location At Node 5 (mid-span) At Node 7 At Nodes 2 & 5 At Nodes 3 & 7
Name N5D40 N7D30 N2N5D40 N3N7D30
Note. The scenarios are designated as N (damage location) D (delta). For example, N5D40 refers to a scenario where delta is 40% at Node 5, or N3N7D30
indicates the one where delta is 30% at Nodes 3 and 7.
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(a) Response acceleration at Node 3
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(c) Response acceleration at Node 7

Figure 9:The smoothed acceleration signal after removing the baseline (the damage occurred in themiddle of the beam) at different locations:
(a) signals from Node 3, (b) signals from Node 5, and (c) signals from Node 7.

signal after removing the predicted baseline. For example, if
the velocity, the length, 𝑛𝑡, and 𝑛 are 0.3m/s, 6m, 9, and 4,
respectively, then 𝑡1 = 7 s and 𝑡2 = 9 s. On the other hand,
(4) gives sum of the squares of the acceleration data when the
moving load is around the accelerometer.

Using (4), one can calculate damage index for all
accelerometers. Figure 13 shows the values of damage index
for each accelerometer in the damaged beam (N5D40).

Figure 13 shows that the damage index in the mid-span
is larger than the other ones. So, it can be seen that the
damage exists near the mid-span of the beam. Although the
amount of 𝐸 in this plot is very small (as it is calculated based
on finding abnormal vibrations after applying MAF), it still
serves both numerical and experimental works satisfactorily
with no need for any filtering or any other signal processing

operation such as baseline correction. Figure 14 gives the
damage index for each sensor along the intact beams N5D40
and N7D30, as obtained from the numerical model.

From Figure 14, it is easy to find the maximum damage
index and its related accelerometer (node). As seen, Fig-
ure 14(a) follows a regular pattern without any significant
difference between the data points. Additionally, the values
depicted in this figure are smaller than the ones on the
damaged beam. Thus, no damage is assumed to happen in
this case.

As mentioned above and shown in Figures 5 and 6, an
experimental work was made and the acceleration data was
recorded under a moving vehicle load. Figure 15 shows the
damage indexes for each accelerometer using the proposed
method.
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Figure 10: The smoothed acceleration signal obtained at Node 5 with delta = 40% (red color) and its predicted baseline based on MAF (blue
color).
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×10
−5

Smoothed acceleration signal at Node 7 for N5D40
after removing the predicted baseline

Re
sp

on
se

ac
ce

le
ra

tio
n 

(m
/Ｍ

2
)

0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.950.05
Normalized time

−1.5

−0.5

−1

0
0.5

1
1.5

(d) Smoothed acceleration signal at Node 7

Figure 11: The smoothed acceleration signals after removing the predicted baseline (the damage occurred in the middle of the beam) at
different locations: (a) signal from Node 2, (b) signal from Node 3, (c) signal from Node 5, and (d) signal from Node 7.

Figure 15 proves that the proposed method does not need
a baseline correction for detecting damage location along
noisy signals. The experimental work had associated noise
due to the changes in the baseline of the accelerometers

and also due to the environmental noise. Because of this
noise, extra vibrations are observed with the behavior of the
predicted baseline changed slightly.MAF attenuates the noise
and makes the signal smooth, so that, in the absence of noise
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Figure 12: Schematic of calculating a representative scalar value for
an accelerometer. 𝑎 = the domain of data from 𝑡1 to 𝑡2.
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Figure 13: Scalar values for each accelerometer in the damaged
beam (N5D40) (velocity = 0.3m/s).

after applying MAF, the signal is smoother and the damage
index is very small. So, the presence of noise results in much
smaller 𝐸𝑛 values in the numerical model rather than the
experimental model, while both models show principally the
same behavior and pattern.

4.4. Effect of Velocity of Moving Load. Effects of changes in
the velocity of the moving load were studied. Accordingly, it
was observed that, with increasing the speed of the moving
load, the accuracy of the proposed method will be decreased
[2, 5, 21]. Here in this work, the accuracy was studied at
three different velocities (0.3, 0.4, and 0.5m/s), with the
results proving the above-mentioned statement (damage
detection failed at velocities equal to or greater than 0.5m/s).
Furthermore, at velocities slower than 0.3m/s or faster than
0.4m/s, either MAF span should be changed or the MAF
should be applied more times to get a better accuracy. Here
in this work, for the MAF span of 500, the velocity range
0.3–0.4m/s gave perfect results.
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Figure 14: Distribution of damage index along the beams for differ-
ent accelerometers (velocity = 0.3m/s): (a) without any damage, (b)
delta = 40 at Node 5, and (c) delta = 30 at Node 7.
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Figure 15: Distribution of the damage index along the beams, as obtained from laboratory tests: (a) delta = 40 at Node 5 (velocity = 0.3m/s)
and (b) delta = 30 at Node 7 (velocity = 0.3m/s).
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Figure 16: Scalar values of damage index 𝐸𝑛 for all accelerometers at different locations and load moving velocities, as obtained from the
numerical model: (a) case N5D40 (velocity = 0.3m/s), (b) case N7D30 (velocity = 0.3m/s), (c) case N5D40 (velocity = 0.4m/s), and (d) case
N7D30 (velocity = 0.4m/s).
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Figure 17: Scalar values of the damage index 𝐸𝑛 for all accelerometers at different locations and load moving velocities, as obtained from
laboratory test data: (a) case N5D40 (velocity = 0.3m/s), (b) case N7D30 (velocity = 0.3m/s), (c) case N5D40 (velocity = 0.4m/s), and (d)
case N7D30 (velocity = 0.4m/s).

Figures 16 and 17 show the effect of two different velocities
on 𝐸𝑛, as obtained from the numerical model and laboratory
data.

In Figure 16(b), the damage index close to thirty-percent
damage location was calculated to be 400% larger than other
values for V = 0.3m/s in noise-free numerical model. This
difference was then decreased to 200% for V = 0.4m/s
(Figure 16(d)). Thus, by increasing the speed, the difference
between the values obtained around the damage location and
other places along the beam is decreased. In addition, this
difference decreases more in noisy environment as shown in
Figure 17. In Figures 17(b) and 17(d), themaximumdifference
is less than 100% due to noises incorporated in themodel.The
difference then decreases more by increasing the speed.

4.5. Multiple Damage Scenarios. So far, the procedure to find
singularity and estimate damage location along the beamwas
described and the damage was successfully detected in the
laboratory and numerical models. However, all explanations
given so far referred to the case where only one damage
scenario exists along the model. In this section, in order
to investigate the case where multiple damage scenarios are
present in the beam, two further scenarios were defined in the
numerical model. In the first scenario, delta = 0.4 at Nodes 2
and 5 (N2N5D40), while the second scenario had delta = 0.3
at Nodes 3 and 7 (N3N7D30).

Figure 18 shows the damage indexes obtained from the
proposedmethodwhen there are two damage scenarios along
the beam.Thefigure indicates howMAF can find themultiple
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Figure 18: Scalar values of the damage index 𝐸𝑛 for all accelerometers for the multiple damage scenarios: (a) case N2N5D40 (velocity =
0.3m/s) and (b) case N3N7D30 (velocity = 0.3m/s).

damage scenarios in the beam under amoving load travelling
at 0.3m/s.

Using the proposed model in a noisy environment is
accompanied by a margin of error. However, it can accurately
detect the multiple damage scenario in noise-free data with
speed equal to or less than 0.3m/s. Having noises incorpo-
rated in data and also increasing the truck speed make some
local maximums, which cannot be considered as damage
location.Thus, to detect the multidamage locations using the
proposed method, these two conditions must be considered:
(1) the noise ratio should be small and (2) the velocity should
be highly adjusted.

5. Conclusion

This paper proposed an output-only method where MAF
was used to make the acceleration signal smooth, thereby
highlighting abnormal vibrations around the damage loca-
tion without applying any signal processing or correction
technique (such as the baseline correction). Since the pro-
posed method could predict the baseline, there was no need
for calculating the response of an intact structure. Therefore,
the proposed method is a baseline-free method which only
requires acceleration signal data to identify damage.

The main conclusions drawn from this study are as
follows:

(1) It is proved that the damage location can be found
using only one accelerometer along a steel beam
in a noise-free environment. The location of this
accelerometer is also irrelevant and it can be installed
anywhere along the steel beam except near the sup-
ports.

(2) Performance of the proposed method can be
improved by defining a damage index, 𝐸𝑛, that
assigned a scalar value to each signal to estimate

damage location along a simply supported steel
beam.

(3) Investigating the effect of load moving velocity, it was
shown that, by increasing the velocity, the proposed
method had its accuracy decreased significantly.

(4) Accuracy of the proposed method was examined
through two models, namely, a numerical and an
experimental model.

(5) It was indicated that the proposed method can easily
find the location of a single damage on a noisy signal;
it also succeeded to find multiple damage scenarios
on noise-free signals obtained from the examined
numerical model.

Last but not least, the proposed method does not need
modal identification for damage detection; this can effectively
reduce the time and cost of SHM through this method, as
compared to other approaches to SHM. Thus, this method
provides a very useful tool for damage detection in com-
plicated structures. This topic will be further studied by the
authors in their future research on a cable-arch bridge model
in a laboratory.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work is financially supported by the Zhejiang University
scholarships for foreign students, Cyrus Tang Foundation
of China and Natural Science Foundation of China (NSFC,
no. 51178416), and the College of Architectural and Civil
Engineering of Zhejiang University as well.



Shock and Vibration 13

References

[1] S. R. Ibrahim, “Random decrement technique for modal identi-
fication of structures,” Journal of Spacecraft and Rockets, vol. 14,
no. 11, pp. 696–700, 1977.
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